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INTRODUCTION

Intuitively, a foliation corresponds to a decomposition of a manifold into a
union of connected, disjoint submanifolds of the same dimension, called leaves,
which pile up locally like pages of a book.

The theory of foliations, as it is known, began with the work of C. Ehresmann
and G. Reeb, in the 1940’s; however, as Reeb has himself observed, already
in the last century P. Painlevé saw the necessity of creating a geometric theory
(of foliations) in order to better understand the problems in the study of solutions
of holomorphic differential equations in the complex field.

The development of the theory of foliations was however provoked by the
following question about the topology of manifolds proposed by H. Hopf in the
1930’s: “Does there exist on the Euclidean sphere S* a completely integrable
vector field, that is, a field X such that X - curl X = 0?7’ By Frobenius’
theorem, this question is equivalent to the following: “Does there exist on the
sphere S* a two-dimensional foliation?”

This question was answered affirmatively by Reeb in his thesis, where he
presents an example of a foliation of S with the following characteristics:
There exists one compact leaf homeomorphic to the two-dimensional torus, while
the other leaves are homeomorphic to two-dimensional planes which accu-
mulate asymptotically on the compact leaf. Further, the foliation is C*. Also
in the work are proved the stability theorems, one of which, valid for any dimen-
sion, states that if a leaf is compact and has finite fundamental group then
it has a neighborhood consisting of compact leaves with finite fundamental
group. Reeb’s thesis motivated the research of other mathematicians, among
whom was A. Haefliger, who proved in his thesis in 1958, that there exist no
analytic two-dimensional foliations on S, In fact Haefliger’s theorem is true
in higher dimensions.

The example of Reeb and others, which were constructed later, posed the
following question, folkloric in the midst of mathematics: “Is it true that every
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foliation of dimension two on S* has a compact leaf?” This question was
answered affirmatively by S. P. Novikov in 1965, using in part the methods
introduced by Haefliger in his thesis. In fact Novikov’s theorem is much
stronger. It says that on any three-dimensional, compact simply connected
manifold, there exists a compact leaf homeomorphic to the two-dimensional
torus, bounding a solid torus, where the leaves are homeomorphic to two-
dimensional planes which accumulate on the compact leaf, in the same way
as in the Reeb foliation of S°.

One presumes that the question initially proposed by Hopf, was motivated
by the intuition that there must exist nonhomotopic invariants which would
serve to classify three-dimensional manifolds. In fact this question did not suc-
ceed in this objective, since any three-dimensional manifold does admit a two-
dimensional foliation. However, a refinement proposed by J. Milnor with the
same motivation, had better results. In effect, Milnor defined the rank of a
manifold as the maximum number of pairwise commutative vector fields,
linearly independent at each point, which it is possible to construct on the mani-
fold. This concept translates naturally in terms of foliations associated to actions
of the group R". The problem proposed by Milnor was to calculate the rank
of $3. This problem was solved by E. Lima in 1963 by showing that the rank
of a compact, simply connected, three-dimensional manifold is one. Later H.
Rosenberg, R. Roussarie and D. Weil classified the compact three-dimensional
manifolds of rank two.

In this book we intend to present to the reader, in a systematic manner, the
sequence of results mentioned above. The later development of the theory of
foliations, has accelerated, especially in the last ten years. We hope that this
book motivates the reading of works not treated here. Some of these are listed
in the bibliography.

We wish to express here our appreciation to Airton Medeiros and Roberto
Mendes for various suggestions and especially to Paulo Sad for his collaboration
in the reading and criticism of the text.

Rio de Janeiro, May 1979

César Camacho
Alcides Lins Neto

Addendum to the English edition

This book is a translation of TEORIA GEOMETRICA DAS FOLHEACOES,
no. 12 of the Series Projeto Euclides, published by IMPA — CNPq (BRAZIL).
In this translation the arguments of some theorems were improved and an ap-
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pendix about elementary properties of the fundamental group was suppressed.
We wish to acknowledge Sue Goodman for the excellent work of translation.

Rio de Janeiro, March 1984

César Camacho
Alcides Lins Neto



I. DIFFERENTIABLE MANIFOLDS

In this chapter, we state the basics of the theory of differentiable manifolds
and maps with the intention of establishing the principal theorems and notation
which will be used in the book.

§1. Differentiable manifolds

Just as topological spaces form the natural domain of continuous functions,
differentiable manifolds are the natural domain of differentiable maps. In order
to better understand the definition of manifold, we begin by recalling some
aspects of differential calculus.

A map f: U — R” from an open set U C R™ to R” is differentiable at
x € U if there is a linear transformation 7: R”™ — IR” which approximates
f in a neighborhood of x in the following sense:

f(x+v)=f(x)+T-v+ R(v)

and

for all sufficiently small v € R™.
The map T, when it exists, is unique. It is called the derivative of f at x and
is denoted Df (x).
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Figure 1

The derivative has the following geometric interpretation. Given v € R™ we
take a differentiable curve a: I — U defined on an open interval I £ IR con-
taining 0 € R such that « (0) = x and «’ (0) = v. Then

o= g (D) =f(x) _d
Df(x)-v = lim ; = 2 @) |-

Fixing the canonical basis {e, ,..., e,,} of R, we define the partial derivatives
of fat x by (3f/9x;) (x) = Df(x) - e,. In this manner we have that for each

m .
vector v = 3, o, a;e; in R™

-y -y
Df(x) - v = g «;Df(x) - e; = 217’7 (x) - a; .
We say that f is of class C' on U when all the partial derivatives (3/dx;) (x)
are continuous as functions of x € U. Proceeding inductively on r, f is of class
C" when all the partial derivatives of f are of class C"' on U. When f is of
class C" for all r €N, we say f is of class C*.

The differentiability of the composition of two maps is determined by
the chain rule which says that if f: U — R"and g : ¥— R are of class
C" and f(U) C Vthen gof: U — R¥is of class C" and D(gof) (x) =
= Dg(f(x)) - Df(x).

AmapofclassC’,r= 1, f: U — V = f(U) between open sets U, V in
IR" is called a C" diffeomorphism if f possesses an inverse f~' : V— U of
class C'. In particular, a diffeomorphism is a homeomorphism. Moreover, for
each x € U, Df(x) : R™" — R" is an isomorphism and (Df(x)) =
= Df ' (f(x)).

Letf: W — R", W < R" be an open set. We say that f is a local diffeo-
morphism when for each p € W there exists a neighborhood U C W of p such
that f| U : U — f(U) C R" is a diffeomorphism.
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The notion of differentiability, which until now was associated with maps
defined on open sets of Euclidean spaces, will be extended next to maps defined
on certain topological spaces locally homeomorphic to R™.

With this objective we define a local chart or a system of coordinates on a
topological space M as a pair (U,¢) where U is an open set in M and ¢ :
U — R"is a homeomorphism from U to an open set ¢ (U) in R™. An atlas
@ of dimension m is a collection of local charts whose domains cover M and
such that if (U,¢), (U, %) €@ and UN U # & then the map @ o ¢ ':
e(UN U) — (U N 0)is a C" diffeomorphism between open sets of R”™.
The diffeomorphisms % « ¢~ ' as above are called changes of coordinates.

Figure 2

The concept of differentiability can now be extended to maps between topo-
logical spaces which possess an atlas of class C", r = 1.

Indeed, let M and N be topological spaces and suppose that @ and ® are
atlases of class C" on M and N respectively. We say that f: M — N is dif-
ferentiable of class C*, k < r, if f is continuous and for each x € M there
exist local charts (U,¢) € @Qand (V,y) € @ withx € Uand f(x) € Vsuch that

Yofep lioUNSfY(V) CR” — y(V) CR"

is of class C*.

Since the changes of variable are C”" diffeomorphisms, r = k, this definition
is independent of the local charts chosen. It is clear that in the Euclidean spaces
R"™, if we consider the single local chart (IR™, identity map), the notion of
differentiability given above coincides with the usual one.

An atlas @ of class C" on M is called maximal when it contains all the local
charts (U, ) whose changes of coordinates with elements (U,¢) € @
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peeliopUNO) — 2(UND) *)

are C" diffeomorphisms. The advantage of considering a maximal atlas @ is
that in this case the domains of local charts of @ form a topological basis of
M. On the other hand, each atlas @ is contained in a unique maximal atlas Q.
Indeed, @ is defined as the union of all the local charts (U, %) such that if
(U,p) € @and U N U # O then the changes of coordinates (*) are of class C.

A maximal atlas of dimension m and class C" on M is also called a differen-
tiable structure of dimenston m and class C" on M. It is now clear that a
continuous map f : M — N between spaces M and N with C” differentiable
structures is of class C¥, k < r, if and only if for each x € M there exist local
charts (U,¢), (V,¥) on Mand Nsuch thatx € U, f(U) C Vandy o fop ' :
o (U) — ¢ (V) C R"is of class C*.

A differentiable manifold of class C" and dimension m is a Hausdorff topo-
logical space M, with a countable basis, provided with a differentiable struc-
ture of dimension m and class C".

To denote a manifold M of dimension m we will at times use the notation
M™,

Unless otherwise specified, all manifolds considered hereafter will be of class
Cc=.

A map f: M — N of class C’, r = 1, is a diffeomorphism when it pos-
sesses an inverse f~' : N — M of class C". In this case we say that the mani-
folds are diffeomorphic and we write M = N.

Example 1. The sphere S™.
The sphere S™ defined by

S™ = {x = (X sees Xpyy) €R™ X+ L+ X0, =10,

with the topology induced from IR™*' possesses a C* manifold structure of
dimension m.

Indeed, let U/C S™, 0 = +1,1<i<m+ 1, be the set U’ = {x€S™|ox; > 0}.
The local charts o7 : Uy — R”™ defined by 07(X; ,..., Xi_ 1, XisXi1 1 5oy Xpmyy) =

= (X1 seees Xio15Xj41 5eeer Xy ) COver S™ and the changes of coordinates are
Cc”.

Example 2. Real projective spaces.

Let P", n = 1, be the set of lines of R"*! which pass through the origin. P"
can be considered as the quotient space of R"*! — {0} with the equivalence
relation which identifies two vectors u,v # 0if u = tv, where t ¢ R — {0].
We consider IP” with the quotient topology, that is, U C P" is open if = ~! (U)
is open in R"*' — {0}, where 7= : R"*' — {0} — IP" is the quotient map
which associates to each element v € R"*' — (0} its equivalence class 7 [u].
The space PP" with this topology is compact and Hausdorff and it is called the
real projective space of dimension n.
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Let us see how one constructs a C* atlas on PP". The equivalence class
[x) 5--.» X,41] Of the vector (x,,..., x,,, ) can be thought of as being the line in
R"*! which passes through the origin and through the point (x, ,..., X,,;) # 0.
Foreachi€ {l,...,n+1},let U; = {[x,,..., X,,,] € P" | x; # 0}. We define
P U, — R’ by ¢i[x1 seees Xjseeos xn+1] = (l/xi)(xl seees Xim13Xig1 se0es Xpy ).

It is easily shown that U; is an open subset of IP”, that ¢, is a homeo-
morphism and that U™,' U; = P”". Moreover, if i,j € {1 ,..., n + 1} with i < j,
we have that U; N U; # & and

Pi° ‘Pj—l 1o (U;NU) = ¢;(U; NV
is given by the expression

-1 1
Pi° wj (yl ERRES ] yn) = y_ (yl ERRES] yi‘lr yi+l ey )’141,1,}’; yeeey J’,.)-

1

Then {(U,¢;) |i =1,...,n+ 1} is a C” atlas on P".

Example 3. Classification of manifolds.

A natural problem in the theory of differentiable manifolds is the problem
of classification. We will say that two manifolds M and N are equivalent if they
are homeomorphic. The problem then consists of determining explicitly a repre-
sentative of each equivalence class.

For example it is very easy to show that if M has dimension 1 and is con-
nected, then M is homeomorphic to S' or to R (see exercise 4). In the case
of dimension 2 the problem is already complicated, since its solution implies
in particular a classification, modulo homeomorphisms, of all open subsets of
IR%. However if we restrict to compact connected manifolds of dimension 2
a classification is possible. One proves ([32] and [61]) that every compact con-
nected surface is homeomorphic to the quotient of a polygon by an equivalence
relation that pairwise identifies the sides of the polygon according to the follow-
ing rules.

ORIENTABLE SURFACES

a
i p p
a a b b
p p
14 a
sphere torus surface of genus

g or g-torus
Figure 3
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NONORIENTABLE SURFACES

a
L P - P
| Q - a
- p 3 p
projective plane Klein bottle nonorientable surface
of genus g
Figure 4

In figures 3 and 4 the sides with the same letter are identified to preserve
the sense of the arrows.

In the sequence of figures below we illustrate how a surface of genus 2 can
be obtained by identifications from an octagon.

Figure 5
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In figure 5, we first identify sides a, followed by sides c. Observing that the
vertices of the octagon are all identified to the same point, in the fourth figure
we identify the common endpoints of sides b and d that in the third figure form
the boundary of a hole. In the fifth figure we identify the sides d. In the sixth
figure we change the position of the figure, deforming it a little. Finally in the
seventh figure we see the final position of the curves a, b, c, d on the surface
of genus two.

Example 4. Manifolds of dimension 3.

The problem of classification of compact manifolds of dimension 3 is still open.
Even a classification of those that are simply connected is not known. However
some useful properties of manifolds of dimension 3 can be obtained in an elemen-
tary manner. For example one can show that any compact connected manifold
of dimension 3 can be decomposed into the union of two handlebodies bounded
by a surface of genus g in R>.

This can be shown using the fact that such manifolds can be triangulated,
i.e., decomposed into a union of tetrahedra such that any two of them intersect
along faces, edges or vertices [51]. The union of all the edges and vertices form
a connected set of dimension one which will be the “skeleton” of one of the
two handlebodies T,. The complement of T, is a handlebody 7', whose skeleton
is formed by the edges and vertices of a “triangulation” dual to the first. The
dual triangulation is obtained in the following manner. In the center of each
tetrahedron put a vertex. The vertices that are in adjacent tetrahedra are joined
by an edge which cuts the common face in one point. The faces are taken so
that they intercept each edge of the first triangulation in only one point. In
this manner we obtain a decomposition of the manifold into polyhedra (not
necessarily tetrahedra). For more details see [51].

Example 5. Non-Hausdorff manifolds.

In the definition of manifold it was required that every differentiable manifold
is a Hausdorff space. Nevertheless there exist spaces that satisfy all the axioms
of the definition of manifold except that of Hausdorff. Such spaces are called
non-Hausdorff manifolds and they occur naturally in certain discussions. Let
us look at an example.

Let f: R> — R be defined by f(x,y) = a(x?)e’ where o : R — R is
a function class C” such that a(#) = 1iff€ (—e€,¢e), (1) = 0anda’ () < 0
for t > e.

It is easy to see that the level curves of f,f~!(¢), ¢ fixed, have the follow-
ing form:
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X

Each connected component of a level curve of f is called a leaf of f. Let M
be the quotient space of IR* for the equivalence relation which identifies points
on the same leaf of f. Let = : R* — M be the projection map for the
quotient. The space M with the quotient topology is not Hausdorff since the
pointsa = w(1,¢)and b = = (—1,1), t € IR, are points of ramification, that
is, they do not admit disjoint neighborhoods of M. However if it is possible
to define a C* atlas on M of dimension 1.

In fact, the sets U, = {7 (x,y) € M|x < l}and U, = {r(x,y) e M| x> -1}
are open in M = U, U U,. Define ¢, : U; — R by ¢, (7 (x,y)) = f(x,5),
i=1,2. It is easy to show that ¢, and ¢, are homeomorphisms, that
¢, (U, N Uy) = (0,+) and that ¢, ° ;' is the identity on (0, + o).
Hence { (U,,¢,),(U,,p5)} is a C* atlas for M.

Observe that M is homeomorphic to the quotient space of two disjoint copies
of IR for the equivalence relation which identifies points with the same negative
coordinate.

Figure 6

Example 6. A manifold structure for covering spaces.

Let X and Y be locally path connected topological spaces, and Y be connected.
We say that a continuous, surjective map = : X — Y is a covering map if it
satisfies the following properties:

(a) For each y € Y there exists a connected neighborhood U of y such that
= N(U) = U rex-(y) Vx Where for each x € 7~ '(y) the restriction 7 | Ve
V., — U is a homeomorphism.

(b) If x),x, € 7' (y) and x| # x, then V,, N V,, = O.

In particular the set = ~!(y) is discrete and has no accumulation points. The
neighborhood U is called a distinguished neighborhood of y and the set = ' ()
the fiber over y.
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We will consider the following two situations which occur at various times
throughout the text:

(A) Suppose that Y is a differentiable manifold. In this case it is possible to
define a differentiable manifold structure on X so that dim(X) =
= dim(Y) and 7 is a local C* diffeomorphism.

Indeed let x € X and let y = 7 (x). Consider neighborhoods V of x and
U of y such that = | V: V — U is a homeomorphism. Since Y is a
manifold, let ¢ : W — IR” be a local chart such that y ¢ W C U. Take
V, = ="' (W) N U, which is open in X. Then the composition y =
=go (7| V) :V, = ¢(W) isahomeomorphism. Also the collection
of charts ( V,,¥), constructed as above, is a C* atlas of dimension n on
X, as can be easily shown. This structure is called the structure co-induced
by =. It is the unique structure which makes = a local C* diffeomorphism.

(B) In the case that X is a differentiable manifold (but not necessarily Y),
with one more natural hypothesis, we can induce on Y a C” differentiable
manifold structure by means of =. With this structure = will be a C" local
diffeomorphism.

Hypothesis. Suppose that given y € Y there exists a distinguished neighbor-
hood U of y with the following property: if x,,x, € = ' (») and V, and V, are
neighborhoods of x, and x, such that = | V;: V; — U (i = 1,2) is a homeo-
morphism on U then (7| V,) ™' o (x| V}) : V, — V,is a C’ diffeomorphism
(r=1).

Construction of the atlas on Y. Given y € Y, we fix U, a distinguished neigh-
borhood as in the hypothesis. Let x € ' (y) and take V a neighborhood of
x such that « | ¥V : V — U is a homeomorphism. Since X is a differentiable
manifold, there exists a local chart ¢ : W — R", with x € W C V. Let
Y =¢eo (x| W) ':7(W) — R". Then y is a homeomorphism. By using
the hypothesis it is possible to prove that the collection of all the maps ( W, )
constructed as above, constitutes a C” atlas of Y. We leave the details to the
reader.

A specific example is the following. Let M be the quotient space of R? for the
equivalence relation ~ where (x,y) ~ (x’,y’)ifand onlyif (x —x",y —y’)
€ Z’. Let 7 : R> — M be the quotient projection. It is easy to verify that
7 is a covering map and satisfies the hypothesis of B. Hence M, with the
structure induced by =, is a C* differentiable manifold of dimension 2. It is
possible to show that M is diffeomorphic to the torus 72 = §' x S'.

§2. The derivative

We introduce now the notion of derivative of a differentiable map between
two manifolds, taking as a model the geometric interpretation of the derivative
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of a differentiable map in R” given in the beginning.

Fixing x € M, we consider the set C,(M) of all C* curves, o : ( —¢,€)
— M withe > 0and «(0) = x. Given a local chart ¢ : U — R", x € U,
the curves a, (¢) = ¢ '(¢(x) + tu), u € R™, are in C,(M). So C,(M) #
# &. We introduce the following equivalence relation on C, (M) : a ~ B if
for any local chart (U,¢), x € U, we have (d(¢ ° a)/dt)(t)|,., =
=(d(¢ > B)/dt) (t) |,=0 . Observe that if ( V,{) is another local chart with
xe€V,thenyea = (Y0 ') e (¢ °a),soby the chain rule, the relation
~ is independent of the chart chosen.

The quotient of C,(M) by ~ is called the tangent space to M at x and
is denoted T,M. The space T, M has a natural structure of a real vector
space of dimension m. Indeed, if [«] denotes the equivalence class of a
curve o € C, (M), for u = [a], v = [B] and X € R, we define u+v =-
=[p (poa+¢oB)landru=[p '(N- o o a)], wherep: U — R”
is a local chart such that ¢ (x) = 0. It is easy to show that these definitions
are independent of the chart chosen and satisfy the axioms for a vector space.
It is also true that if ¢ : U — IR” is a local chart with ¢(x) = 0 and
{e, ,..., e,,} is a basis for R”, then the set {[¢ "' (te;)] ,..., [¢ '(te,,)]} is a
basis for T, M, te; being the curve ¢t +> te;, t € R. Therefore T, M is a vector
space of dimension m. When (e, ,..., e,,} is the canonical basis for R™ we also
use the notation [¢ ' (te;)] = 8/3x,, i =1,..., m.

Every differentiable map f: M — N induces at each point x € M a linear
map Df(x) : T,(M) — T,(N),y = f(x), in the following manner. Given
u = [a) € T,M we take Df(x) - u = [f » a], the equivalence class of the
curve f » o in T;N. It is easy to see that Df(x) is well-defined and linear. It
is called the derivative of f at x.

A differentiable manifold can be thought of as being a topological space that
is locally Euclidean. Taking into account this pictorial image, a tangent vector
to M at x is, essentially, the linear approximation of a differentiable curve which
goes through x. The derivative of a differentiable function f: M — Natx e M
is a linear approximation of the function in a neighborhood of x. In practice,
in order to work with differentiable functions, one should always have this in-
tuitive idea in mind.

§3. Immersions and submersions

Given a C"map (r= 1), f: M — N, we say f is an tmmersion if for
every x € M, Df(x) : T M — T,N, y = f(x), is injective. We say f is a
submersion if for every x € M, Df (x) : T,M — T,N is surjective.

An immersion f: M — N is called an tmbedding if f: M — f(M) C N
is a homeomorphism, when one gives f(M) the topology induced by N. In par-
ticular, if f: M — N is an imbedding, then f is a one-to-one immersion;
however the converse is false, that is, there are one-to-one immersions which
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are not imbeddings, as is illustrated by the immersion in figure 7.

Figure 7

The following theorems follow from the inverse function theorem in R”.

Theorem (Local form of immersions). Let f: M™— N" be of class C”
(r = 1). Suppose Df (p) : T,M — T,N, q = f(p), s injective. Then there
exist local charts ¢ : U — R", pe U, and ¢y : V — R", g€ Vand a de-
composition R" = R™ x R"™" such that f(U) C V and f is expressed in the
charts (U,¢), (Vo¥)asy o fo o '(x) = (x,0)ifx € ¢ (U). In other words
f 1s locally equivalent to the linear tmmersion x +— (x,0).

ol
M=S N=-R?
| 4
f ‘@
U I
v
")
Vofow™
—_— —_—
()

Figure 8
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Theorem (Local form of submersions). Let f: M™ —> N" be of class C' (r = 1).
Suppose Df(p) : T,M — T,N, q = f(p), is surjective. Then there exist
local charts ¢ : U — R", pe U, y: V — R", g € V and a decomposi-
tion R™ = R" x R" " such that f(U) C V and f is expressed in the charts
(U,0), (V,¥)asy o feoeo ' (x,y) = x. In other words, f is locally equiv-
alent to the projection (x,y) +— x.

N=S!
l . f
}«,
v
Yofop™!
o) —_— V@)
Figure 9

§4. Submanifolds

A subset N C M" is called a submanifold of M of dimension n and class
C'(r = 1) if for every p € N there exists a C" local chart, (U,¢), with
e(U) =V x Wwhere0e VC R",0¢ W C R" "and ¥V, W are Euclidean
balls such that ¢ (N N U) = V x 0. In this situation we also say that the
codimension of Nism — n = dim (M) — dim (N).

It follows that a submanifold N of M is, in particular, a C" manifold. For
example S” is a C* submanifold of dimension n of R"*".

From the theorem giving the local form of immersions one can obtain the
following consequence.

Theorem. Let f: M — Nbe a C" map (r = 1) such that Df(p) : T,M
— T,N, g = f(p), s injective. Then there is a neighborhood U of p in M
such that f(U) is a C" submanifold of N of dimension equal to dim (M).
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Corollary. If f: M — Nisa C" imbedding then f(M) is a C" submanifold
of N of dimenston dim (M).

When f: M — N is an immersion we say that f(M) is an 1mmersed sub-
manifold in N. The example in figure 7 shows that an immersed submanifold
may not be a submanifold, even when f is one-to-one.

§5. Regular values

Let f: M — NbeaC map (r = 1). When p € M is such that Df (p) :
T,M — T,N, q = f(p), is surjective, we say p is a reqular point of f. When
g € Nissuch that f~'(g) = @ or f~'(q) consists entirely of regular points,
we say that g is a regular value of f. A point g € N which is not a regular value
of fis called a critical value of f.

The following result is an immediate consequence of the local form of
submersions.

Theorem. Let f: M — Nbeofclass C'(r = 1). If g € N is a regqular value
of fand f7'(q) # @, then f'(q) is a C" submanifold of M of codimension
equal to dim (N).

An elexmple of the above situation is §” = f~' (1) where f(x, ,..., X,.1) =
n+ 2
= E i=1 Xie
An important theorem in the theory of differentiable functions is the following
([35D).

Theorem (Sard). Let f: M — N be a C® map. Then the set of critical
values of f has Lebesgue measure 0. In particular the set of reqular values of
f 1s dense in N.

§6. Transversality

Let f: M — NbeaC map (r = 1) and S C N a submanifold of N. We
say f is transverseto Sat x e Mif y = f(x) ¢ Sorif y = f(x) € S and the
following condition is satisfied:

I,N =T,S + Df(x) - (T.M).

When fis transverse to S at every point of M we say f is transverse to S.
A local characterization of transversality is the following.

Theorem. Let f: M — N"bea C" map (r=1) and S° C N a C" sub-
manifold of N. Letp € Mand q = f(p) € S. A necessary and sufficient condi-
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tion for f to be transverse to S at p is that there exist a local chart Y : V
—R", g € V, a neighborhood U of p in M and a decomposition R" = R’ X
R"* such that f(U) C V, ¢ (SN V) C R’ x {0} and the map 7, > ¢ ° f:
U — IR"°is a submersion, where 7, : R®* X R"™* — IR"™°is the projec-
tion on the second factor.

S(M)

t

(7
LA
\nlz Wy nNSs) s
RS
/ 2C)]

Figure 10

Theorem. Let f: M — N be of class C"(r = 1) and S° a C” submanifold
of N. If f is transverse to S and f~' (S) # @ then f~'(S) is a C” submanifold
of M, with the codimension of f~'(S) equal to the codimension of S.

When §°, M™ C N" are two C" submanifolds of N, we say that S meets M
transversally at x € S if the imbedding i : S — N, i(y) = y, is transverse
to M at x. This condition is equivalent to 7N = TM+ T,.Sincase x € S N M.

For more information about the theory of transversality we refer the reader
to [1] or [26].

§7. Partitions of unity

Consider a countable open cover (U, ) of a manifold M. We say this cover
is locally finite if every point of M has a neighborhood which meets only a finite
number of U,’s.
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Definition. A partition of unity subordinate to the cover (U, ) is a collec-
tion of nonnegative functions (¢,) such that
(1) The support of ¢, is contained in U,. Recall that the support of a func-
tion is the closure of the set of points where the function is nonzero.
2) E,,go,,(p) =1 for every p € M.

Theorem. FEwvery countable, locally finite, open cover of a manifold admaits a
partition of unity subordinate to it.

The proof can be found in [27].

A Riemannian metric on a manifold M is a map that associates to each
point p € M an inner product ¢ , ) defined on the tangent space to M at p.
The metric is said to be C” if for each point p € M there is a system of coor-
dinates ¢ = (X, ,..., x,,) : U — R" with p € U such that the maps 8;(q) =

_ 9 0 . .
= ¢ 5, (q), 5%, (q)y are of class C" for all i,j = 1 ,..., m.

It is easy to see that on any manifold there exists a C* Riemannian metric.
In fact, take a countable, locally finite cover (U,) of open coordinate neigh-
borhoods of a manifold M. On each U, fix a system of coordinates (x, ,..., x,,) :
U, — R and define the following metric ¢ , ) (g), g € U,, by the values on
-;x—j (q)) = 6;whered; = 0if i # j
and §; = 1. Now let (¢,) be a partition of unity subordinate to (U,). The
metric on M is defined at each point p € M by the expression ¢, ) (p) =
=Y. ea(0)(,).

the basis elements of T, (M) : ¢ % (q),



II. FOLIATIONS

We introduce in this chapter the notion of a foliation and the more elementary
properties which will be used in the rest of the book. We will also see various
examples illustrating the concept.

§1. Foliations

A foliation of dimension »n of a differentiable manifold M™ is, roughly speak-

ing, a decomposition of M into connected submanifolds of dimension » called
leaves, which locally stack up like the subsets of R™ = R” x IR™™" with the
second coordinate constant.

ce R"".

The simplest example of a foliation of dimension 7 is the foliation of R”
= R" x R”™" where the leaves are n-planes of the form R" x {c} with

The diffeomorphisms #: U C R™ — V¥ C R”" which preserve the leaves
of this foliation locally have the following form
(*) h(x,y) = (h(x,9),h;(¥)),

(x,y) € R" x R"™"

RM-N RM-n
v v
h X
n n

\ R > X\ R
E )
t
%E é

Figure 1
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Definition. Let M be a C* manifold of dimension m. A C” foliation of dimen-
sion n of M is a C” atlas § on M which is maximal with the following properties:

(@) If (U,¢) € F then p(U) = U, x U, C R" x R"™" where U, and U,
are open disks in R” and R” ™" respectively.

(b) If (U,¢) and (V,y) € F are such that U N V # O then the change of
coordinates map y e ¢ ' : o (U N V) — ¢ (U N V) is of the form (*),
thatis, ¢ o @ ' (x,¥) = (h,(x,¥),h,(»)). We say that M is foliated by
&, or that § is a foliated structure of dimension n and class C" on M.

In figure 2, we illustrate the local aspect of a two-dimensional manifold foliated
by a one-dimensional foliation.

Yoy~

Figure 2

Remark 1. When we say M is a C” manifold which has an atlas § as above,
we are implicitly saying that M has an atlas @ whosechanges of coordinates
are C=; however, if (U,¢) € @and (V,¢) € FandU N V # Sthenep o ¢!
and ¢ o ¢ ' are C". The only relation between F and @ is that the mixed
change of variables, as above, are C’. As is clear from the definition, the atlas
F is very special (due to condition (*)) and, as we will see further in §4, not
all manifolds of dimension m possess a foliation of dimension n, where
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0<n< m.

We observe that if A = {(U,,¢;) | i € I} is an atlas, not maximal, whose
local charts satisfy (a) and (b), then there is a unique maximal atlas which con-
tains A4 and satisfies (a) and (b). This atlas is defined as the set of all charts ¢ :
U — R" such that if UN U, # & for some i€ I, then h = ¢ o o' :
e, (UNU) — o(UN U;) is a C" diffeomorphism of the form (). Al-
though the condition of the atlas being maximal is not necessary in the definition,
it is convenient since in that case the set of all domains of local charts form
a basis for the topology on M.

From now on we consider only foliations of class C”, r = 1. The charts
(U,p) € F will be called foliation charts.

Let § be a C” foliation of dimension n, 0 < n < m, of a manifold M™.
Consider a local chart (U,¢) of § such that ¢ (U) = U; x U, C R" x R"™".
The sets of the form ¢ ™' (U, x {c}), c € U, are called plaques of U, or else
plaques of §. Fixing ¢ € U,, themap f = ¢ '/U, x {c}: U, X {¢} — Ulis
a C" imbedding, so the plaques are connected n-dimensional C” submanifolds
of M. Further if « and B are plaques of Uthena N g = & or a = B.

A path of plaques of § is a sequence « ,..., o, of plaques of & such that
o; N a;,, # Qforallje{l,..., k—1}. Since M is covered by plaques of &,
we can define on M the following equivalence relation: “pRgq if there exists a
path of plaques «; ,..., o, With p € «;, g € a,”. The equivalence classes of the
relation R are called leaves of F.

From the definition it follows that a leaf of & is a subset of M connected
by paths. Indeed, if F is aleaf of § and p, g € F, then there is a path of plaques
&y ,..., oy such that p € a; and g € . Since the plaques «; are connected by
paths and «; N a;,; # O, it is immediate that «; U ... U , C F is con-
nected by paths, so there is a continuous path in F connecting p to q.

Another important fact is that every leaf F of § has the structure of a C”
manifold of dimension »n naturally induced by charts of §. Before proving this,
we will look at some examples of foliations.

Example 1. Foliations defined by submersions.

Let f: M™ — N"be a C" submersion. From the local form of submersions,
we have that given p € M and ¢ = f(p) € N there exist local charts (U, ¢)
onM, (V,y)onNsuchthatpe U,ge V,o(U) = U, x U, C R"" x R"
and (V) = V, D U,and Y o fe o ' : U x Uy, — U, coincides with the
projection (x,y) = y.
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m

Figure 3

Figure 4
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Therefore it is clear that the local charts (U, ¢ ) define a C” foliated manifold
structure where the leaves are the connected components of the level sets
f7'(¢), c € N. Let us look at a specific example. Let f : R*> — IR be the sub-
mersion defined by f(x,,x,,X;) = a(r?)e™ where r = Vxi + x% and
a: R — Ris a C® function such that « (1) = 0, «(0) = 1andif ¢t > 0
then a’ (#) < 0. Let F be the foliation of IR® whose leaves are the connected
components of the submanifolds f~'(c), ¢ € R.

The leaves of & in the interior of the solid cylinder C = {(x,,x,,x;) |
x] + x3 < 1} are all homeomorphic to R? and can be parametrized by
(x,,%,) € D* ¥ (x,,%;,log (¢/a(r?))), where ¢ > 0. The boundary of
C,dC = {(x,,%3,x3) | x} + x3 = 1} is also a leaf. Outside C the leaves are all
homeomorphic to cylinders (see fig. 4).

Example 2. Fibrations.

The fibers of a fiber space (E, =, B, F) define a foliation on E whose leaves
are diffeomorphic to the connected components of F. A fibered space (E,, B, F)
consists of differentiable manifolds E, B, F and a submersion = : E — B such
that for every b € B there is an open neighborhood U, of b and a diffeomorphism
¢p: T ' (Uy) — U, x F which makes the following diagram commute:

N (Uy) —2L o U, XF
T P,
Up

In the above diagram P, is the projection onto the first factor. The fibers
of the fibration are the submanifolds = ~' (), b € B.

An important example of this situation is given by the following theorem,
whose proof the reader can find in [27].

Theorem (On Tubular Neighborhoods). Let N C M be a C" submanifold
with r = 1. There is an open neighborhood T(N) D N and a C" submersion,
w: T(N) — N, such that 7 (q) = q for all g € N. If the codimension of N
18 k, then T(N) can be obtained in such a way that (T(N),w,N, R¥) is a
fibered space.

Example 3. The Reeb foliation of §*, [46].

The following example plays an important role in the development of folia-
tion theory.

Consider the submersion of Example 1, f: D> x R — IR given by f(x,,X,,%;) =
= a(r) - €, where now «(7) is the function a(r) = exp(—exp(1/1 — r?)).
The foliation defined by f has for leaves the graphs of the functions x; =
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=exp(1/1 — r?) + b, b € R and it extends to a C* foliation of IR* whose
leaves in the exterior of D?> x IR are the cylinders x? + x5 = r2,r > 1.

2/

L=

Q=
Figure 5

On D? x [0,1] we identify the boundary points in the following manner:
(x,,%5,0) = (¥,,¥2,1) if and only if (x,,x,) = (»,,y,). The quotient
manifold D? x [0,1]/ = is diffeomorphic to D* x S' and, since the foliation
defined on D* x R is invariant by translations along the x;-axis (that is, these
translations take leaves to leaves), it induces a C* foliation, ® on D?* x S'.
It is called the (orientable) Reeb foliation of D> x S'. In this foliation the
boundary d(D* x S') = §' x S!is a leaf. Moreover, the other leaves are
homeomorphic to IR? and they accumulate only on the boundary (see Fig. 5).
It is easy to see that this foliation is not defined by a submersion. If, instead
of the above identification, we consider on D? x [0, 1] the relation (x,,x,,0) ~
(¥1,¥5,1) if and only if (x,,x,) = (y;, —»,) then the quotient D?* x [0,1]/ ~
will be a non-orientable three-dimensional manifold, K*, whose boundary is dif-
feomorphic to the Klein bottle. Since this identification preserves the foliation
of D* x R, this induces a foliation ® of K> called the non-orientable Reeb
foliation of K*. The leaves of ® in the interior of K> are all homeomorphic to
R? and the boundary of K* is a leaf.

From two Reeb foliations of D> x S' we can get a C* foliation of S* in the
following way. The sphere S* = {(x,,X2,x3,%,) € R*| ¥ 1_, x> = 1} can be
considered as a union of two solid tori 7, = D* x S', i = 1,2 identified along
the boundary by a diffeomorphism which takes meridians of 47, to parallels
of 37, and vice versa. The solid torus T, can be defined by the equations

Y i x*=1and x* + x2 = 1/2 and the solid torus T, by the equations
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Y i x=1andx? + x2 = 1/2.

Another way of seeing this decomposition of S* into two solid tori is the
following. Consider the stereographic projection 7 : §* — P — IR® where
P = (0,0,0,1) and 7 (x) is the point of intersection with the plane x, = 0
of a ray containing P and x. Since = is a diffeomorphism, S* can be thought
of as the union of IR* and the point P at infinity.

Consider now in the x, x;-plane the region S, bounded by the circles of radius
1 centered at p = (2,0), ¢ = (—2,0) and S, = R? - S,.

Figure 6

Taking this figure into R* by rotating about the x;-axis, we generate by the
region S, a solid torus S,. Let S; = R® — S/ and note that = ' (S3) U Pis
also a solid torus. Indeed consider the circles in the x, x;-plane with center on
the x;-axis and which pass through the points p and g. Let ¢, be the connected
component of one of these circles in S, which intersects the x;-axis in the point
a. Letting £, = {(x,,0) | x2 = 9}, we get a foliation of S, whose leaves are
the curves {£,}, @ € R U {o}. By rotating the x, x;-plane about the x;-axis,
we see that the curves ¢,(a € R) generate disks D, and ¢, generates a
cylinder D,,. Each D,, a € R U {o}, meets the torus 4S{ along a parallel.

It is now clear that by adding to IR? the point P of the stereographic pro-
jection, the x;-axis together with P defines the axis of a solid torus T, which
is foliated by disks = ~'(D,), @ € R plus the disk D, = 7' (D,) U P.

If we denote by 7, the solid torus = ' (S]) we get that S> = 7, U T, and
the parallels of 47, coincide with the meridians of a7, and vice-versa.

Returning to the construction of the foliation of S*, consider the foliation
that results from glueing two Reeb foliations of 7, and T, where 4T, = 9T,
is a leaf. We obtain in this way a foliation of S* of codimension one called the
Reeb foliation of S*. This foliation is C* and has one leaf homeomorphic to 77.
All the other leaves are homeomorphic to IR? and accumulate on the compact
leaf.
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Example 4. Vector fields without singularities.

A vector field on a manifold M is a map that associates to each point p € M
a vector of the tangent space to M at p. An integral curve of X through p € M
isacurvey : (a,b) — M, withy(0) = p,suchthat X (y (7)) = v’ (¢) for
any t € (a,b). Thus integral curves are, locally, solutions of the differential
equation dx/dt = X (x). The existence and uniqueness theorem for ordinary
differential equations guarantees that under certain differentiability conditions
on X, for instance if X is C", r = 1, there passes through any p € M an
integral curve of X (of class C") which is unique in the sense that any two
integral curves through the same point necessarily agree in the intersection
of their domains of definition. Moreover, these integrals define a local flow
at any point p € M, i.e. there is a neighborhood U, of p and an interval («,8)
such that for any g € U, the integral curve through g,v,(#) is defined for all
t € («,B) and the map (local flow) ¢ : (a,8) X U, — Mgivenby ¢ (t,q) =
= 7,(¢) is of class C". Clearly, ¢ (0,9) = ¢ forany ge M and ¢ (5,0 (£,9)) =
= ¢(s+t,q) provided that ¢ (¢,q) € U, and s,t,s + t € (a,B). Let X be a
vector field on M without singular points. Leti : B"™' — M, i(0) = p, be
an imbedding of a small m — 1 disc centered at 0 € R™, transverse to X
everywhere. Since X (p) # 0, the map ® : B"™' x («,8) — M given by
®(x,t) = ¢(t,i(x)) has maximal rank at (0,0) € B™"' x («a,8). Thus, by
the inverse mapping theorem there is a neighborhood V' C M of p such that
&'/ V is a diffeomorphism onto a product neighborhood B! x (a’,8")
C B" x (a,B) of (0,0). This map will be a local chart for the one dimen-
sional foliation on M defined by the integral curves of X.

Example 5. Actions of Lie groups.

A Lie group is a group G which has a C* differentiable manifold structure
such that the map G x G — G, (x,y) xy~'is C*. This last condition
is equivalent to saying that the maps (x,y) + xyand x +— x 'are C™. An
immersed C* submanifold H C G that is also a subgroup of G is called a Lte
subgroup of G.

Examples of Lie groups
(1) The additive group IR".
(2) The group€* = € — {0}, with the multiplication of complex numbers.
The circle S' = {z€C l |z] = 1} is a Lie subgroup of C*.

(3) The torus 7" = §' x ... x S' (n times) with the multiplication

(Z) 3eeer Z) = (Wy ey W) = (21 - Wy ety 2, - W,) .
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(4) The group GL (n,IR) of allreal n X n nonsingular matrices is a Lie group
of dimension n®. This can be seen by considering each element 4 =

= (a;) € GL(n,R) asa pozint of R"™. So GL (n,R) can be taken to be
an open submanifold of R™.

(5) The orthogonal group O (n, R) which consists of n X n real matrices A
such that AA’ = I is a compact Lie subgroup of GL (n,R). In fact, if
8 (n,R) denotes the space of symmetric matrices, the map f: GL (n,R)
— 8(n,R), f(X) = XX" is well-defined and is C®. Moreover
O(n,R) = f~'(I). One can verify that I is a regular value of f. Con-
sequently, O (n,R) is a submanifold of GL (n,R). If @, ,..., «, are the
rows of A € O (n,R), the condition A4’ = Iimplies |a,|* +...+ |a,|* =
n. So O (n,R) is compact.

A C" action of a Lie group G on a manifold Misamape:G X M — M
such that ¢ (e,x) = xand ¢ (g; - 82,%X) = ¢(8,,0(&,,X)) foranyg,,g, € G
and x € M. The orbit of a point x € M for the action ¢ is the subset O,(¢) =
= {¢(g,x) € M| g € G}. The isotropy group of x € M is the subgroup G, (¢) =
= (g€ G| (g x) = x}. It is clear that G, (¢) is closed in G. The map ¢, :
G — Mgiven by V¥, (g) = ¢(g,x) induces the map —';x :G/G,(¢) — M,
¥.(Z) = ¥, (g) where = g - G,(¢). Since g;'g, € G,(¢) if and only if
e(g1,x) = ¥, (8) = ¥ (8) = ¢(g,,X), we conclude that%is well-defined and
injective. Further it can be shown that G/G,(¢) has a differentiable struc-
ture and that $ is an injective immersion whose image is O,(¢). (See
Chapter VIII).

We say that ¢ : G X M — M is a foliated action if for every x € M the
tangent space to the orbit of ¢ passing through x has fixed dimension k. When
k is the dimension of G we say ¢ is locally free.

Proposition 1. The orbits of a foliated action define the leaves of a foliation.

Proof. Let ¢: G x M — M be a foliated action whose orbits have
dimension k& = 1. Fixing x, € M, let E C T,G be a subspace complementary
to the tangent space of G, (¢) and i, : B* — G, i,(0) = e, an imbedding
of a k-disk tangent to E ate. If i, : B™ % — M, i,(0) = x,, denotes the im-
bedding of a small transverse section to the orbit O, (¢) of xo, we can define
the map & : B¥ x B™* — M™ given by & = ¢ (i,i,). Since D®(0,0) :
R x R" “— T, M is an isomorphism, there is a neighborhood U of x,
such that ! : U — B* x B™ ¥ is a diffeomorphism taking the orbit of
i»(x) € UN iy(B"¥) to an open subset of the surface B¥ x {x}. This
defines a local chart of the foliation by orbits of ¢.
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Figure 7

Remark 2. Given a Lie group G and a Lie subgroup H C G, the map
H x G — G, (h,g) ¥ g - h defines an action of H on G. The isotropy
group of each element g € G is the identity. So this action is locally free and
the orbits define a foliation of G whose leaves are all homeomorphic to H. The
leaves of this foliation are imbedded if and only if H is closed in G. In fact,
if H is not imbedded, there exists an # € H and V a neighborhood of # such
that ¥ N H contains a countably infinite number of path-connected components.
Let L be a transverse section to the orbits of the action passing through A.
Then £ N H contains a countably infinite number of points. On the other hand,
as is easy to see, the set of accumulation points of L N H contains £ N H,
so L N H C Zis perfect. From general topology we know that a perfect set
is not countable, thus L N H — L N H is not empty. Thus H is not closed.

Conversely, if H is not closed there is a sequence 4, in H such that 4, —
g ¢ H. Hence there exists an open set V containing g such that ¥V N H has
an infinite number of path-connected components. Let U = g~! - V. We have
that 1 € U N H, the sequence g, = h;' - h,,,isin ﬁ, converges to 1 and if
m # n then g,, and g, are in distinct path-connected components of H N U.
So H is not imbedded.

A specific example of this can be obtained by considering G = 9 (4,R) and
H the subgroup generated by matrices 4 of the form

A 0 cos § sin s cos ¢ sin ¢
A= where A, = and 4, = .
0 A, —sins coss —sint cost¢

It is easy to see that H is isomorphic to 72.
Remark 3. An action ¢ : R X M — M (R the additive group of real

numbers) is also called a flow on M. A flow ¢ on M satisfies the following
properties:

(a) ¢(0,x) = xforallxe M
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(b) o(s + t,x) = o(s,0(t,x)), s,t€eR,xeM.

To a C" flow ¢ on M(r = 1) it is possible to associate a C"! vector
field by the formula: X (x) = (de(t,x)/dt) |,_, . The field X so defined
is such that ¢+ ¥ ¢ (¢,x) is the integral of X which passes through x. In
fact, from this definition we have do (#,x)/dt = (de (s + t,x)/ds) ‘Fo =
= (d(e(s,0(t,x))/ds) |,_, = X(¢(t,x)). Conversely, if X is a C" vector
field on M whose integrals are defined on IR, there exists a unique C” flow,
¢ : R X M — M, such that = ¢ (¢,x) is the integral of X with initial
condition ¢ (0,x) = x. ([20]).

Proposition 1 in the case of flows is called the flow-box theorem.

§2. The leaves

Each leaf F of a C”" foliation § has a C” differentiable manifold structure
induced by the charts of &. This structure, called the intrinsic structure of F,
is constructed in the following manner. Given p € F, let (U, ¢) be a chart of
& such that p € Uand ¢ (U) = U, x U, C R"** where U, and U, are open
balls in IR"” and IR’ respectively. Let a be the plaque of U which contains p.
Setting ¢ = (¢,,9;) Where ¢, : U — R", ¢, : U — R’ we define p:
a— R'byyp = ga,l It is clear that ¢ : « — U, C R" is a homeomor-
phism since ¢ (a) = Ul X {a} for some a € U,. Now we prove that

= {(a,9) | @ C Fis plaque of U with (U,¢) € F}

is a C" atlas of dimension n for F.

It is enough to show that if («, %), (8, \b) are in 8 and a N B # D then
Z2(aNB) and ¥ (a N B) are open in R” and o ° v l:iy(anp) —

¢ (a N B) is a C" diffeomorphism. First we show that a N 6 is open in «
and in 3. Let (U,p), (V:/z)bemffsuchthatga = ¢,| and¢ = \//l From
condltlon (*) in §1, ooy ™ 1Y (U N V) —no(U(’l V) is glven by
ey (%) = (h(xY),h(»)) € R" X R° with (x,y) € R" x R

In particular since « N B # & we have

(**) ey (x,b) = (h(x,b),hy(b)) = (h,(x,b),a) .

Since Yy (BN U) =y (UNVNR)y=y¢YUN V)N ¢(R" x {b}) and
e(aNV)y=9pUNV)N (R" X {a}), from (*=) we have

e(BNU) =gy '(Y(BNU)) =p-¢y ' (Y(UN V)N (R" X (b))
Co(UNV)YN (R” X {a}) = e(aN V)

ie, BN UC aN V. Analogously,a N VC BN U,soaNB=aNV=
= B N U. This proves the claim.
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Since @ and ¢ are homeomorphisms we get that ¥ (« N B) and ¥ (axNB)
are open in R". The map p _l/:_l Y (aNB) = g(a N B)is C since
Zov '(x) = h(x,b)ifxey (an B). Similarly y « g 'is C’, hence g o ¢
is a C" diffeomorphism. This defines the intrinsic structure of F. It can be
shown that the leaves have a countable basis. (See exercise 6).

We note that the topology of F associated to the atlas ® defined above is
such that the set of all the plaques « of & with o C F constitute a basis of open
sets of F. This topology, in general, does not coincide with the one induced
naturally by the topology of M. The reason is that the leaf F can eventually
meet the domain U of a chart (U, ¢) € F in a sequence of plaques («,) N
which accumulate on a plaque o C F, i.e., any neighborhood of « contains an
infinite number of plaques of F and, hence F is not locally connected in the
topology induced by M, while in the intrinsic topology, F'is a manifold and hence
locally connected. In Chapter III we will see some examples where this occurs.

We consider now the canonical inclusioni : F — M,i(p) = p,and F with
its intrinsic manifold structure. It is easy to verify that / is a one-to-one C”
immersion. When i/ is an imbedding we say that F is an imbedded leaf. This
occurs if and only if the intrinsic topology of F coincides with the topology
induced by that of M. We summarize the above in the following:

Theorem 1. Let M be a manifold foliated by a C" n-dimensional folration F.
Each leaf F of § has the structure of a C" manifold of dimension n such that
the domains of the local charts are plaques of . The map i : F — M defined
by i(p) = pis a C" one-to-one immersion, where on F we take the intrinsic
manifold structure. Further F is a C" submanifold of M if and only if i s
an 1mbedding.

§3. Distinguished maps

As one would expect, the transverse structure plays an important role in
the study of foliations. This structure is emphasized in the following alternate
definition of foliation.

Definition. A C"(r = 1) codimension s foliation § of M is defined by a max-
imal collection of pairs (U,,f;), i € I, where the U/s are open subsets of M
and the f/'s, f; : U; — IR’ are submersions satisfying

1) V,qU=M
(2) if U; N U; # O, there exists a local C" diffeomorphism g; of IR* such
that f; = g; < fon U; N U,

The f/s are called distinguished maps of F.

In this definition the plaques of ¥ in U, are the connected components of the
sets f7'(¢), c € R".

We verify that this definition is equivalent to the definition of §1. To do this
we need the following lemma.
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Lemma 1. Let §F be a foliation of a manifold M. There is a cover C =
= {U;|i € I} of M by domains of local charts of & such that if U; N U; # @
then U; U U, 1s contained n the domain of a local chart of &.

Proof. We consider a cover of M by compact sets K, where K, C int (K, ).
For each n € N we fix a cover of K, by domains of foliation charts of &,
{(Vi|i=1,..., k,}. Let §, > 0 be the Lebesgue number of this cover with
respect to some fixed metric on M. We can assume that the sequence (6,)
is decreasing.

It is now sufficient to take a cover of K, by domains of foliation charts,
{U7|j = 1,...,¢,}, such that the diameters of the U}’s are less than 6,/2 for
allj = 1,..., ¢, Itisclear thatif U7 N U] # @ then U7 U Uj C V, for some
pe€f(l .., k). ThenC = (U|j=1,.,0,ncN). B

Suppose now that M has an atlas § which defines a codimension s foliation,
according to the definition in §1. Consider a cover C = (U, |i € I} of M by
domains of local charts of &, as in Lemma 1.

Given an open set U; € C, i € I, we have defined ¢, : U; — R" x R’ on
F such that ¢, (U;) = U} x U} where U} and U} are open balls in IR” and
IR’ respectively. Let p, : R" x IR® — IR’ be the projection on the second
factor. Then f; = p,  ¢; : U; — IR’ is a submersion and for every c € U},
[ (c) is a plaque of U,. If U; N U, # @, U; U U;is contained in the domain
of a chart (V,¢) € F with ¢ (V) = V, x V,. Hence, letting o and 8 be
plaques of U;and U; with o N 8 # &, we have that o U § is contained in a
plaque v of V. Then 8 N U; C «, which implies that f; (8 N U;) contains a
unique point. This implies that given y € f;(U; N U)), f; - /7' (») contains a
unique point g; (). We leave it to the reader to verify that g; : f;(U; N U;)
— fi(U; NU;) is a C" diffeomorphism. Suppose now that there exists a col-
lection of pairs (U,,f;), i € I, satisfying the definition of this section. Since
for every i € I, f;: U; — IR’ is a C" submersion, from the theorem of the
local form of submersions, given p € U, there exist ¥V, and V, open balls of
R" and R’ respectively, with V, C f;(U;), and a C"local chart ¢ : V — V,
x V, with V C U;, such that f; « ¢ 7' : ¥, X V, — V, is the projection on
the second factor. The set of all the charts (V, ¢) constructed in this manner
is a C" atlas of a foliation of M.

In fact, if (V,¢) and (W, ) are two charts as above suchthat ¥V N W = O,
then ¥ C U;and W C U, with i,j € 1. On the other hand, ¢ = ™' : (V' N W)
— (V' N W) canbewrittenas ¢ « ¥ ' (x,y) = (A, (x,9),h,(x,¥)), (x,y) €
R" X R°. So hy(x,y) =pyee-y ' (x,y) =fiep ooy ' (xy) =
=fiov ' (xy) =g;°f; ¥ ' (x,y) = g;(») only depends on y, as we
wished.

Definition. Let N be a manifold. We say that g : N — M is transverse to
§ when g is transverse to all the leaves of &, i.e., if for every p € N we have
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Dg(p) - T,(N) + T,(F) =T,M q=2¢g(p)

where by T,(F) we mean the tangent space to the leaf of & which passes
through q.

Theorem 2. Let § be a C” foliation (r = 1) of Mand g : N — M a C" map.
Then g s transverse to § if and only if for each distinguished map (U, f) of
F the composition fo g: g ' (U) — IR® is a submersion.

Proof. Suppose g is transverse to § and let (U, f) be a distinguished map
of F.If pe Uand g = g(p), we have T,M = T,(F) + Dg(p) - T,(N).
Applying Df(q) : T,M — IR’ to both sides and using the chain rule, we get

R’ = Df(q) - T,M = Df(q) - T,(§) + D(f-g),  T,N .

Since f is constant on the plaque of F in U which passes through g, we have
Df(q) - T,(F) = {0},s0D(f-g),  T,N = IR’ i.e., f - gis a submersion.

Conversely, consider p € N and a distinguished map (U, f) of ¥ such that
g = g(p) € U. From the hypothesis, we have that Df(q) - Dg(p) - T,N =
= R’, i.e., the restriction Df(q) | Dg(p) - T,N is onto R’ and so Dg(p)
- T,N contains a subspace E of dimension s such that Df(q) | E: E — R’
is an isomorphism. Since 7, (F) = (Df(g)) "' (0) it follows that E N T,(%) =
= {0},s0 M = E® T,(F), sincedim(E) = cod(7,(F)). Hence T,M =
= Dg(p) - T,N + T,(F), as desired. W

As an immediate consequence of this theorem we have the following

Theorem 3. Let § be a C” foliation on M and g : N — M a C" map trans-
verse to F. Then there exists a unique C” foliation g* (F) on N of codimension
cod (F ) whose leaves are the connected components of the sets g~ (F), F a leaf

of .

Proof. Let {(U,.f,g;) | fi = g ° f;» i,j € I} be a system of distinguished
maps of F. Since f; e g = g; > f; > gong ' (U;) N g~'(U)), it is evident that
the collection { (g~ ' (U;),f; ° g,8;) | i,j € I} is a system of distinguished C”
maps of a foliation g* (F) on N of codimension cod (F). On the other hand,
if Fis a leaf of § and « is a plaque of F N U, for some i € I, then the connected
components of g ' («) are plaques of g* (F) in g 7' (U;) and this impliesthat
g~ '(F) is a union of leaves of g* (F). Since {g ' (F) | Fis a leaf of F} is a
cover of N, it follows that the leaves of g* (F) are the connected components
of the sets g 7' (F), Faleafof 5. W

In particular when g is a submersion g* § is well-defined for any foliation
F of M.
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§4. Plane fields and foliations

A field of k-planes on a manifold M is a map P which associates to each point
q € M a vector subspace of dimension k of T, M.

A field of 1-planes is also called a line field. For example, if X is a vector
field without singularities on M, we can define a line field P on M by letting
P(q) = R - X(q), the subspace of dimension 1 of T, M generated by X (g).

Conversely, if P is a line field on M, we can define a vector field without
singularities on M by choosing at each point ¢ € M a nonzero vector in P(q).
One says that such a vector field is tangent to P. We say that a line field on
M is of class C” when for each g € M there is a C” vector field X defined in
a neighborhood V of g such that P(x) = R - X (x) for every x € V. In general,
a continuous line field on M does not have a continuous tangent vector field.
The figure below illustrates some examples in R? — {0}.

=57 ©

Figure 8

Analogous to the case of line fields, we say that a k-plane field P on M is
of class C” if for every g € M there exist k C” vector fields X', X? ,..., X*,
defined in a neighborhood V of ¢ such that for every x € V, {X'(x) ,..., X¥(x)}
is a basis for P(x). A relevant fact is the following.

Proposition 2. Every C'(r = 1) k-dimensional foliation § on M defines a
C’ ! k-plane field on M which will be denoted TS .

Proof. Let P(x) = T,F be the subspace of 7, M tangent at x to the leaf of
F which passes through x. Given x, € M, let (U, ¢), x, € U, be a local chart
of &. It is easy to see that for each x € U, P(x) is the subspace generated
by vectors (8/dx;) (x) = (De(x)) '(e;), i =1 ,..., k where e, is the
i™ vector of the canonical basis of R™. Since ¢ is C’, the fields 8/dx;,

i=1,..,k are C""' and hence PisC"~'. W

In particular, if M does not admit a continuous k-plane field, then M does
not possess a k-dimensional foliation. For example, the sphere S° does not
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have a continuous 2-plane field (see [53] page 142); so, there do not exist folia-
tions of dimension 2 on S°. A natural question then is the following. Given a
k-plane field P on M, under what conditions does there exist a k-dimensional
foliation § such that, for each g € M, T,F = P(q)?

This question is answered by the theorem of Frobenius whose statement
follows. Its proof is in the appendix.

Definition. One says that a plane field P is involutive if, given two vector
fields X and Y such that, for each g € M, X(q) and Y(gq) € P(q), then
[X,Y](q) € P(q).(For the definition of the Lie bracket [ , ], see the appendix).

Theorem (of F'robenius). Let P be a C" k-plane field (r = 1) on M. If P is
wnvolutive then there exists a C” foliation § of dimension k on M such that
T,(F) = P(q) for every q € M. Conversely, if § is a C"(r = 2) foliation and
P 1s the tangent plane field to § then P is involutive.

We say also that an involutive plane field is completely integrable.

In particular, if K = 1, P is always completely integrable. In this case the
theorem reduces to the existence and uniqueness theorem for ordinary differen-
tial equations.

§5. Orientation

Given a vector space E of dimension n = 1, we say that two ordered bases
of E, ® = {u,,..., u,} and 8’ = {v, ,..., v,}, define the same orientation on
E if the matrix for the change of basis, A = (a;),<; <., defined by v; =
= E ;':1 a;;u;, has positive determinant. If B is the set of ordered bases of E,
the relation “® and @’ define the same orientation on E” is an equivalence
relation on B, which has two equivalence classes, called the orientations of E.
Let P be a continuous k-plane field on M. We will say that P is orientable if
for each x € M it is possible to choose an orientation O (x) on P(x) such that
the map x = 0O (x) is continuous in the following sense. We consider a cover
of M by open sets (U,);, such that for each i € I, the restriction P | U, is
defined by k continuous vector fields X ' ..., X*. For each x € U,, the bases
®(x) = (X' (%) oo, XX (X)) and B’ (x) = [ - X' (%), X7 (X) ,..., X (x)}
define two distinet orientations of P(x), say O;(x) and O;(x). We say that
the choice of O is continuous if © | U; = O/ for every iand if U; N U; # @
then O = O/ in the intersection.

If kK = dim (M) and P(x) = T,M we say that M is orientable.

For example, a line field P on M is orientable if and only if there exists a
continuous vector field X on M such that, for all x € M, P(x) is the subspace
generated by X (x). In figure 8 we see some examples of line fields that are
not orientable.
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§6. Orientable double coverings

The orientable double covering of a k-plane field P is defined in the follow-
ing way: Let M = {(x,0) | x € M and O is one of the orientations of P(x)}
and 7 : M — M be the projection 7 (x,0) = x. For each x € M, '(x) =
= {(x,0), (x, —0)}, where O is one of the orientations of P(x) and — O the
other. On M consider the topology whose basis of open sets is constructed as
follows. Given (x,,0,) € M, let U be a neighborhood of x, on M where there
is defined a continuous orientation O of P | U. We can assume O (x,) = O,.
We define then a neighborhood V of (x(,0,) as V = {(x,0(x)) | x € U}.
With this topology, = : M — M is a two-sheeted covering (that is, = ' (x)
is a set of two elements for every x € M). Since = is a local homeomorphism
we can define a C* differentiable structure on M, compatible with the
topology co-induced by 7 and such that = is a C* local diffeomorphism (see
example 6 of Chapter I).

The orientable double covering of P is by definition the k-plane field =* (P)
given by 7* (P), = D (x) 'P(w(x)).

Example. Consider on the torus T2 the non-orientable field P tangent to the
foliation F sketched in Figure 9a.

A

Figure 9a

—
—

Figure 9b
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In this figure, T? is the square [0,1] x [0,1] with sides identified according
to the arrows. The vertical sides constitute a unique leaf of F. The double cover-
ing of P is still defined on 77 and looks like figure 9b. In this figure, 72 is the
rectangle [0,2] x [0,1] with the sides identified.

Theorem 4. Suppose M is connected and let P be a continuous k-plane field
on M. Let (M, n,=* (P)) be the double covering of P. Then

(a) =* (P) is orientable.
(b) M is connected if and only if P is not orientable.

Proof. (a) By definition 7*(P)(x,0) = (D7 (x,0)) " - (P(x)), if
(x,0) € M.We define an orientation O* for =* (P) by saying that the ordered
basis (X' (x,0) ,..., X*(x,0)} of 7*(P)(x,0) is in O*(x) if the basis
{Dr(x,0) - X' (x,0) ,..., Dx (x,0) - X¥(x,0)}is in O. One easily verifies
that O* is a continuous orientation of 7* (P).

(b) Suppose M is connected. Given x, € M, consider a continuous path
v* :[0,1] = M such that y*(0) = (x4,0,) and v*(1) = (xp, — Oy),
where O, is a fixed orientation on P (x,) and — O, is the opposite orientation.
Let v = w o 4*. Then v is a closed path in M with y(0) = y(1) = x,.
Suppose P were orientable with continuous orientation ©. We can suppose that
0(xy) = 0,. However, in this case the path F(7) = (y(£),0(y(¢)))
satisfies w o ¥ (t) = y(¢) foreveryt € [0,1]and 5 (0) = (x,,9,) = v*(0).
Therefore it is easy to see that we must have ¥ (¢) = y*(¢) forevery ¢ € [0,1]
and hence y* (1) = (x,,09,), a contradiction.

Conversely, suppose M is disconnected. If M, is a connected component of
M, we must have 7 (M,) = M, since 7 is a local diffeomorphism and M is
connected. This implies that A has exactly two connected components M, and
M,.

In fact, if there were another connected component M,, for every x € M,
7' (x) would contain at least three points, which does not happen. It is also
true that for every x € M, if (x,0) € M, then (x, — ©) € M,. Then, « | M,
is bijective and so h = = | M, { M, — M is a diffeomorphism. Since 7* (P)
is orientable, it follows that the restriction #* (P) | M, is orientable and we
can define a continuous orientation on Pby h~' : M — M,, as was done in
part (a) of the proof. M

Corollary. If M is stmply connected then every k-plane field is orientable
(1 < k = dim(M)). In particular, M is orientable.

§7. Orientable and transversely orientable foliations

In the theory of foliations, more useful than the notion of orientability is that
of transverse orientability.
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Let P be a k-plane field on M. We say that P is a field complementary to
P or transverse to P if for every x € M we have P(x) + P(x) = T.M and
P(x) N P(x) = {0}. It is a plane field of codimension k. If P is C” it is
possible to define a complementary C” field as follows. Fix on M a Rieman-
nian metric ( , . Let P* (x) = {ve T,M|u,v), = Oforallu € P(x)}. It
is clear that P* is a plane field complementary to P. We leave it to the reader
to verify that P* is C'.

Definition. Let Pbe a continuous k-plane field. We say that P is tranversely
orientable if there exists a field complementary to P which is continuous and
orientable.

Proposition 3. If P is tranversely orientable, any continuous plane field com-
plementary to P 1s orientable.

Proof. 1t is enough to show the following: let P* be a plane field orthogonal
to P and let P be a plane field complementary to P. Then P* is orientable
if and only if Pis orientable. For each g € M let A,: T,M — P*(q) be the
orthogonal projection. Given u € T,M, we can write u = u' + u* where
u' € P(q)and u®> = A,(u) € P* (q) are unique. If X is a continuous vector
field on M, it is easy to see that Y(g) = A4,(X(q)) is also a continuous field.
Moreover if F C T,M is a plane complementary to P(q) then the restric
tion 4, | F: F — P* (g) is an isomorphism. It follows that A, | ﬁ(q)
: P(q) — P*(q) induces a bijection A; between the orientations of
P* (q) and the orientations of P(gq) : if O is an orientation of P* (q) and
{uy ..., u,_,} € O then A7(0) is the orientation determined by the ordered
basis {4, ' () ,..., A; ' (u,_;)}. Therefore O is a continuous orientation of
®* if and only if A*(0O), defined by A*(0)(g) = A;(0O) is a continuous
orientation of . W

Theorem 5. Let P be a C’ k-plane field on M. The following properties are
true: '

(a) if P s orientable and transversely orientable, then M is orientable,
(b) if M 1is orientable then P is orientable if and only if it is transversely
orientable.

Proof. (a)Let O be a continuous orientation of P and O * a continuous orien-
tation of P*. We define a continuous orientation © of M in the following way:
given g € M consider {u, ,..., u,} € O(q) and {u;,, ,..., u,} € O* (q). Define
0 (g) to be the equivalence class of the ordered basis {u, ,..., u,}. It is easily
verified that © is a continuous orientation of M.

(b) Suppose M and P are orientable. Let © and O be continuous orientations
of M and P respectively. We define a continuous orientation ©* of P* in the
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following manner: given g € M, let {u, ,..., u,} € O(q). We say {u;,, ,..., 4,
€ 0*(q) if {u, ,..., u,} € ©(q). It is easily shown that O* is a continuous
orientation of P*. If M and P* are orientable, one proves similarly that P is
orientable. W

Definition. A C'(r = 1) foliation § is orientable if the plane field tangent
to § is orientable. Similarly, F is transversely orientable if the plane field tangent
to F is transversely orientable. We denote the plane field tangent to § by T'F.

If § is not orientable, we can consider the orientable double cover of TF,
7* (TF), where 7 : M — M is as before. Since 7 is a local diffeomorphism,
we can define the foliation 7* (§) on M. Evidently T(7*(F)) = n*(TF).
So, 7* (F) is orientable.

Analogously, if F is not transversely orientable, we can consider the orien-
table double cover (w*)*(TF*) of TF* where TF* is a plane field com-
plementary to 7% and = : M — M is the covering projection. The
foliation (7 *)* (F) is transversely orientable. This construction is used in the
proofs of many theorems in the theory of foliations in order to reduce the
arguments to the case that F is orientable and transversely orientable.

The transverse orientability of a foliation § of co-dimension & and class C”,
r = 1, can be expressed in terms of a collection of distinguished maps, D =
{fi: Uy — R*} with U, U, = M. Recall that if U; N U; # & then there
exists a diffeomorphism g; : f;(U; N U;) — f,(U; N U;) such that f; =
= g; ° f;- We say that D is a coherent system of distinguished maps when,
for every i,j€l, g;:f;(U N U) — f,(U N U) preserves the canon-
ical orientation of IR*. In other words, if {e, ,..., e} is the canonical
basis of IR¥ then for every i,j € I and every g € f;{U; N U;) the basis
{Dg;(q) - e ,..., Dg;(q) - e} has the same orientation as {e, ,..., ]}. This
is equivalent to saying that det (Dg;(q)) > 0 for every g € f;(U; N U;).

Theorem 6. Let F be a C' (r = 1) foliation. Then § is transversely orientable
if and only f F possesses a coherent system of distinguished maps.

Proof. Suppose F is transversely orientable. Let ©* be a continuous
orientation of P*, the plane field orthogonal to §. Let D = { (U firg5) | i,J € I}
be a system of distinguished maps of F. From D we are going to construct
a coherent system ® = {(U,,f;,g;|i,j € J} for §. For each i € I and each
q € U,let A, = Dfi(q) | P* (q) : P* (qg) — R*. Since P* (q) is orthogonal
to F at g, A; is an isomorphism for every i € I and every g € U. Let
{u, ,..., uy} € 0* (q). In the case that the basis {A;(ul) eens A;(uk)} has the
same orientation as the canonical basis of R*, we define fi(q) = fi(g). In
the other case we define f;(g) = R(f,(q)) where R : R* — R* is the
reflection R (x, ,..., Xy) = (= X,X;,..., X¢). Since O* is a continuous orienta-

tion, we have that if f;(g) = f,(q) for some ¢ € U, then f, = f, on U, (since
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U, is connected). Analogously if f;(g) = R(f;(gq)) for some g € U,, then
fi = R ¢ f;. The transition diffeomorphisms are defined by

(i) 2; = g; in the case that f; = f; and f; = f;

(ii) 2; = g; ° R in the case that f; = f,and f; = R - f;

(i) 2, = R o g; in the case that f; = R - f; and f; = f;

(iv)g; = R-g;° Rinthecasethat f, = R+ fand f; = R - f,.

One easily verifies that f; = g;; - f; for any i # j such that U, N U, # @.
Moreover if A, = Df,(q) | P*(q), i € I, A, takes a basis of P* (g) in
O* (q) to a basis of R¥ with the same orientation as the canonical basis.
Then, if x = f,(g), Dg;(x) = A} - (A}) ' takes the canonical basis of
IR to a basis with the same orientation, as we wished.

Conversely, if F has a coherent system of distinguished maps D =
= {f;: U, — R"|ieI}, consider on P* the orientation O* induced by
Al, = Df;| P* and by the canonical orientation of R* : {u, ,..., u,} € 0* (q)
if and only if {A} (u,) ,..., A} (1)} has the orientation of the canonical basis
of R¥. One easily verifies that O* is a continuous orientation of P*. W

Notes to Chapter 11
(1) Suspension of diffeomorphisms

A specific example of a foliation of dimension one, induced by a vector field without
singularities, is obtained by the suspension of a C” diffeomorphism (r = 1) f: N —> N
defined as follows.

On the product N x R consider the equivalence relation ~ defined by (x,#) ~ (x',¢’)
if and only if 1 — ¢’ =neZ and x' = f"(x) (f" is defined by f° = id, f" =
=fo..of (ntimes)ifn = land f" = f ' o...o £ (|n| times) if n = —1). So, if
g(x,t) = (f'l(x),t + 1), then g is a C" diffeomorphism of N x R and (x,t)
~ (x’,t") if and only if (x',t’) = g"(x,t) for somen€ Z .Let M = N x R/ ~
be the quotient space, with the quotient topology, and = : N x R — M the projection
of the equivalence relation.

Giveny = w(x,t) e M,letV =N x (t — 1/2,t + 1/2)and U = 7 (V). Itis easily
verified that = ' (U) = U ,c 2 V,, where V, = g"(V) and 7|V, : V, — Uis a
homeomorphism for every n € Z . One concludes then that 7 : N x R — M is a
covering map. On the other hand, for every n € Z , one has that g" = (= | V,) !
om|V:V — V,is a C” diffeomorphism. Hence it is possible to induce on M a C”
manifold structure such that = is a local C” diffeomorphism and dim (M) = dim(N) + 1
(see example 6 in Chapter I).

On N x R, consider the foliation F, whose leaves are the lines {x} x R, x € N, which
is tangent to the vector field x° (x,t) = (0,1) on N x R. This foliation and the field
x° , are invariant under the diffeomorphism g, that is, g* (F,) = F, and g* (X0 ) =
= (dg) - (XO o g) = x° ). Under these conditions, it is easy to see that there exists
a foliation ¥ and a field X on M such that §, = 7*(F) and X% = (X). The integral
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curves of X are the leaves of F. The foliation ¥ is called the suspension of the diffeomor-
phism f and the field X, the suspension field of f.

Let us see the relation that exists between f and §. Let Ny = m(N x {0}). Then
Ny is an imbedded subvariety of M, diffeomorphic to Nby A = = | N x {0} — Nj.
Given y = 7(x,0) € N, let F, be the leaf of § which passes through y. Then F), can
be parametrized by v (7) = 7 (x,t), which is the orbit of X with initial conditions
v(0) = y. This orbit returns to Ny at ¢ = 1 in the point 7 (x,1) = 7 (f(x),0) =
=hofoh '(y), so we can define a map of “first return,” 3 : Ny — Ny, by g =
=hofoh ' ThemapgisaC diffeomorphism of N, conjugate to f (8 = h o fo A Y.
This map is also known as the Potncaré map of the section Nj and of the field X. The
topological and algebraic properties of f translate to analogous properties of §. For
example, if x € N is a periodic point of f of period k (that is, F'(x) = xif and only if
¢ = j - k for some j € Z) then the leaf of § containing y = h(x) is a closed curve that
cuts Ny k times. If x is not a periodic point of f, then the leaf of F through 4 (x) is
not compact and cuts N, in the set (A (f"(x)) |n € Z]}. If the orbit of x for f,
{f"(x) | n€Z)},is dense in N, the leaf of § through 4 (x) is dense in M.

As a specific example of this situation, consider the diffeomorphism £, : S - ¢!
defined by f, (z) = e*™® . z. This diffeomorphism is a rotation of angle 2ra. The
suspension of f, is a foliation defined on M = T, which we denote by §,. If « =
= p/q € Q, where p and q are relatively prime, then all the points of s' are periodic
for f,, which means that the leaves of §, are all homeomorphic to s' and they cut
Ny = m( S' x {0}) g times. If o ¢ Q all the leaves of ¥, are dense in T? (see exercise 13).

Identification by f

—

b4

0

“
HELH Y
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Figure 10

The method of suspension will be generalized in Chapter V. It is used, as we will see,
to construct examples of foliations exhibiting specific recurrence phenomena.
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(2) The Hopf fibration

2n— n . .
Let S ' = {(2) ... 2,) €C" | E i=1] 2 !2 = 1}, n = 2. Given an n-tuple of integers
l= (k21 e k), thefre k; # 0 for alli =1,..., n, we can associate an action ¢ :
S' x §771 — 577 letting

k k
ox(U,2) 4oy 2y) = (U ' 2y ooy U "2,)
It is easy to verify that the vector field X defined on ¥~ by
X (2) 5000y 2,) = (ki 2y ..., Tk, 2,)

is tangent to the orbits of ¢, and hence ¢, is locally free, since X, (z) # 0 for every
z € S !, The leaves of the foliation %, induced by ¢, are all homeomorphic to s'.
In the case that k; = k, =---= k,= 1, the foliation &, is known as the Hopf fibration.
In this case, for every z € sn-! the isotropy group of z is {1} and, for this reason, it
is possible to prove that the orbit space of ¢, has a differentiable manifold structure.
This manifold is diffeomorphic to the complex projective space CP" ™", which is defined
as being the quotient space of €" — {0} by the equivalence relation which identifies two
points z,w € C" — {0} if there isa A\ € C* such that z = Aw. The projective space cp!
has real dimension 2n — 2, and since the projection for this equivalence = : sn-1
— CP""'is a submersion, §, = 7* (F,), where F, is the foliation of CP"~ "'y points.

In the case n = 2, CP"~ ! is diffeomorphic to 5? and the projection « can be defined,
for example, by the expression:

7(21,23) = (|7, = |z5]%, 2Re(2,2Z,), 2Im(2,Z,)) € 52

(3) Holomorphic vector fields

A holomorphic flow is a holomorphic action & : € x M —> M where M is a complex
manifold (locally diffeomorphic to €™ by a holomorphic diffeomorphism). The flow ¢
induces a holomorphic field Z on M defined by Z(p) = (d®(T, p)/dT) |T=0 CIf

Z(p) = 0then (T, p) = p for every T € C, or, the orbit of p is the point p. In the
case Z(p) # 0, the orbit of & through p has complex dimension 1 (2 real).
Consider for example the flow on €" defined by

®(T,z) = exp(T - A) - z, TeC€C, zeC",

where 4 € D (n,C), the set of complex n X n matrices.

The field induced by & is the linear field z ¥ A - z. If A is nonsingular, & defines
a foliation of two real dimensions in€”" — (0}.

Let us look at the case where A = diag () ,..., \,), where \; ¢ R); if i # j. In this
case, the eigenspaces E;, relative to the eigenvalues \,. are invariant under the field
A, (A(E;) = E;). So, fori =1 ,..., n, E; — {0} is an orbit of & homeomorphic to
R x S'. The orbits of & through points outside E, U...U E,, are all homeomorphic to
C.Let 3¢ (A) C C be the closed convex hull of the set {}, ,..., A,}. 3 (A) is the smallest
polygonal convex set which contains {\, ,..., \,}. If 0 ¢ 3C(A) it is possible to prove
that there exists an ry € € — {0} such that lim,_, , o ®(7 - ry,2) =0 for all z €eC".
This means that there exists a sphere S of real dimension 2n — 1, transverse to the tra-
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Jectories of the real “subflow” X,(z) = & (¢ - r5,z). So the intersection of orbits of &
with S define a foliation & of (real) dimension 1 on S. The intersection of each eigenspace
E; with S is a closed curve. Any other leaf of § is homeomorphic to R. For example,
if n = 2, F has two leaves homeomorphic to S' and any other has as its limit set the
union of these two.

In the case that A = diag(1,..., 1), the identity on €", one sees that the foliation
F is the Hopf fibration of §*"~'.

Another example of a foliation generated by a holomorphic differential equation is the
following.

Consider the holomorphic differential equation

(1) Yy =f(xy3y") xeC

where the derivatives of y are taken with respect to the parameter x. Setting z = y’,
equation (1) is transformed to the system

) Yy =1z
' =f(x0.2)
on C>. This equation induces a holomorphic vector field Z on €* given by

A3) Z(x,y,z) = (1,2, f(x,,2))

whose integral surfaces contain the solutions of (2). The field Z can be considered as
a plane field of real dimension 2 on €3, completely integrable and transverse to the
fibers x = constant.

(4) Turbulization of a foliation

Let § be a codimension one foliation of a three manifold M. Suppose there exists an
imbedding

¢:8' x D — M
such that:

i) | s' x {x} is transverse to § for each x € D?
(ii) ¢ (8 x D?) is contained in a leaf for all 6 € S'.

In this case it is possible to modify ¥ in the solid torus ¢ (S' x D?) without changing
the foliation on the outside, as follows:

In the solid cylinder R x D? consider the C® foliation defined by the cylinder
xf + x% = 1/2 plus the graphs of the functions x; = a(xf + x%) +b, b € R, on the

points (x;,x,) with x + x% = 1/2.
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X3

/N

Figure 11

Here a(r) = 0 in a neighborhood of r = 1 and (d"a(r)/dr") — — o when r
—> 1/2 for all n = 0. Since this foliation is invariant under translation along the
x3-axis, it defines a folaition of S' x D? which in turn induces via ¢ a foliation §’ of
M with one more compact leaf. In the region ¢ (S' x D, ,,), the foliation F ’ has a Reeb
component, where D, ,, is the disk of radius 1/2.

We say ' is obtained from § by turbulization.

(5) Foliations of three-manifolds

We will sketch here the proof of the theorem of Lickorish [25], Novikov-Zieschang
[40]: every compact, orientable manifold of dimension three admits a foliation of codimen-
sion one. The proof of [40] is based on the following result on the topology of
three-manifolds.

Theorem (H. Wallace [58]). Let M be a compact, connected, orientable manifold of dimen-
sion three. There exist imbedded, disjoint solid tori T;in M and T/in S*,i = 1,..., n,
such that M — U ,-:, Tyand §° - U 7=, T} are diffeomorphic .

One shows then that the tori 7/ can be taken transverse to a Reeb foliation of S°.
Using the turbulization process, we obtain a C* foliation of $* — U :'=| T/where each 377
in the boundary is a leaf diffeomorphic to 72. By the theorem of Wallace this induces
a foliation of M — U :'=, T; where the 87;’s are leaves. This foliation is completed to
a foliation of M by putting a Reeb foliation in each solid torus 7;.

Remark. Using Alexander decomposition, B. Lawson ([24]) proved in 1970 the existence

k
of codimension-one foliations on the spheres 2 *3, k = 1,2,3. This result was gener-
alized to any odd-dimensional sphere by Durfee [9] and Tamura [54].
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Later, and with different methods, W. Thurston ([55],[56]) proved that any plane
field of codimension one on a compact orientable manifold of dimension » is homotopic
to a completely integrable plane field, that is, tangent to a foliation.

In the case n = 3 this result was already known [60]. In particular, one has that any
compact manifold with zero Euler characteristic admits a foliation of codimension one.

(6) Geodesic flows

Let M be a compact Riemannian manifold. A unit vector v € 7, M determines a unique
geodesic v passing through p in the direction of v. We denote by ¢, ( p,v) the point of
M at distance ¢ from p measured along vy in the direction of v. Since the vector
(des(p,v)/ds) |s=1 has length 1, the map &, : T'M — T'Mgiven by ¢,(p,v) =

= (¢, (p,v), (des(p,v)/ds) |s=l ) is well-defined on the fiber space T'M of unit

tangent vectors to M. (See example 3, chapter V). Setting ¢, (p,v) = ®_,(p, —v) for
t < 0, we obtain a flow ¢ : R X T'M — TlM, given by ® (¢, (p,v)) = ®,(p,v).
This is called the geodesic flow of M.

On manifolds of negative sectional curvature, the geodesic flows has the following
property. There is a decomposition of the tangent fiber space 7T'( T' M) invariant under
D, (1€ R):

T(T'M) =E°®E"® X

where @ denotes the Whitney sum and X the space generated by the velocity vector
of the geodesic flow, and there are positive constants a,b,X > 0 such that

|D®,(p,v) - £ < ae ™|l if t >0 and £e€E°
| D&, (p,v) - £] < be™|&|| if t<0 and §eE“.

The plane fields generated by £ @ X and E® @ X are completely integrable, i.e., they
define two foliations which intersect transversely along orbits of &. The study of these
foliations, taking into account the dynamical properties of the system, proves that the
set of periodic orbits of & is dense in T'M , that is, given (p,v) € T'Mande > 0 there
exists (p’,v’) € T'M , e-close to ( p,v) such that the geodesic which passes through
p’ in the direction of v’ is closed. This result is due to Anosov [2]. We also recommend
[3] and [4].



III. THE TOPOLOGY
OF THE LEAVES

We saw in the previous chapter that the leaves of a C" foliation inherit a
C’ differentiable manifold structure immersed in the ambient manifold. In this
chapter we will study the topological properties of these immersions, giving
special emphasis to the asymptotic properties of the leaves.

§1. The space of leaves

Let M™ be a foliated manifold with a foliation § of dimension n < m. The
space of leaves of F, M/F, is the quotient space of M under the equivalence
relation R which identifies two points of M if they are on the same leaf of §.
From the definition of leaf it is clear that this relation coincides with the rela-
tion R defined in §1 of Chapter II. On M/J take the quotient topology. The
topology of M/ is in general very complicated, possibly being non-Hausdorff
as in the case of the Reeb foliation of S*, or of the foliation of IR? as in figure
6 of Chapter I.

Let A € M. The saturation of A in F is by definition the set F(A4) =
= {x € M| xRy for some y € A}. If r : M — M/ is the projection for the
quotient, we have F(A) = 7 ' (w(A)) = U w4 Fy, Where by F, we denote
the leaf of ¥ containing x.

Theorem 1. The projection w is an open map, or, the saturation F (A) of an
open subset A of M 1is open.

Proof. Letp € F(A) and F the leaf of § through p. Then F N A # O, and
if g € A N F there is a path of plaques «, ,..., «, such that ¢ € «, and p € ay.
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Suppose that each «; is a plaque of U; with (U;,¢;) € § and let ¢;(U;) =
= U/ x U{where U/ and U/ are open disks in IR" and IR” " respectively,
J = 1,..., k. Suppose that for some j € {1 ,..., k} there is an x € «; which has
an open neighborhood V' C §(A4) N U,. Since ¢;: U; — U/ x U/ is a
homeomorphism, ¢; (V) is openin U/ x U/, soif m, : U/ x U/—> U/ is the
projection onto the second factor, 7, ! («»f-( V)) is open in U/ x U/". On the
other hand W = ;' (7;' (¢}(V))) isopen and o; C W C F(A) and so o,
is in the interior of F (A). It suffices now to note that since A4 is open, «, is
in the interior of (A4), so @; N «, is also in the interior of F (A4 ) and from
the previous argument, there is a neighborhood W of «, such that a, C
W C §(A). Repeating this process £ — 1 times, one proves inductively that
a, is in the interior of F (A) and hence that F(A4) is open. W

In general the projection = is not closed. When this occurs, each leaf F of
F is a closed subset of M, since F = ' (7 (x)) where x € F. The foliation
in figure 6 of Chapter I is an example where 7 is not closed, although each
leaf of F is a closed subset of R

Definition. We say that a set A C M is tnvariant or saturated in § when
the saturation of 4 in § is A4, thatis, 7 ' (7 (A4)) = A.

Theorem 2. Let A C M be an invariant subset in F. Then its interior A,
its closure A and its boundary dA are also invariant in F.

Proof. The set A is characterized as being the largest open set contained
in A, that is, if B is an open set such that A C BC Athen B = A. Since
x is open we have that = ' (7w (A)) = B is open. Further, A C B C 4,
since A is invariant, hence A = B = © ' (7 ( A)). Observe now that if
A is invariant then M — A is also, so int (M — A) is. On the other hand
int(M — A) = M — 4, or, M — A is invariant and hence 4 is invariant.
Since 94 = A — A, it follows that dA is also invariant.

§2. Transverse uniformity

Let T be a submanifold of M. We say that L is transverse to & when L is
transverse to every leaf of & that it meets. When dim(Z) + dim(F) =
=dim (M) we say L is a transverse section of F.

Given p € M there is always a transverse section of § passing through p.
In fact it suffices to consider a local chart (U,¢) € § with p € U, ¢ (U) =
=U x U, CR" x R, ¢(p) = (¢,,c;) and take £ = ¢~ ' ({¢;} x U3).
Since {c¢,;} x U, is transverse to the plaques U, X {c}, c € U, it is clear that
L is a transverse section of F.
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Theorem 3  (Transverse uniformity of F). Let F be a leaf of §. Given q,,q, € F,
there exist transverse sections of §, L, and £,, with g, € £, (i = 1,2) and a
C' diffeomorphism, f: £, — £, such that for any leaf F' of §, one has
f(F"NEL)=F NE,

Proof. Let q,,q, € F. Consider a path of plaques « ,..., a, joining g, and
q,, that is g, € o} and ¢, € «,. Suppose that, for each j, a; is a plaque in
(Uj,¢;) € . By Lemma 1 in Chapter II we can suppose that if U, N U, # &
then U; U U, is contained in some open set, the domain of a local chart of .
Let¢;(U) = U} x U, C R" x R°.Fixpointsp; € ; N aj,;,1 < j < k-1,
Po = q,and p; = g,. Foreachj =1 ,..., k, set ¢;(p;) = (x;,y;) and con-
sider the transverse disk D; = <pj" (fx;) x U). For j = 0, let 01 (py) =
= (x0,%) and Dy = o' ({x,} x U}).

Figure 1

Since for each j =0 ,..., kK — 1, U; U U,,, is contained in a chart of
F, there is a disk B; of dimension s with p; € B; C D; N U;,, such that
each plaque of U;,, cuts B; at most one time. We can then define an in-
jective map f;: B, — D,,, calling f;(p), the point of intersection of the
plaque of U;,, which passes through p with D;_,. So we have that f;(p;) =
= p;,, and that f;: B, — f;(B;) C D;,, is a C" diffeomorphism. From
the construction it is immediate that, for every leaf F’ of &, f;(F’ N B;) =
=F’' N f(B;)ifj = 0,1,..., k — 1. Finally take a disk I, such that p, € L,
C By, N f (B N..N f3' (S (.. feli(Dy) ... )) and define f: I,
— Dy by f(p) = fici(fiea Coon fi(fo(P)) ... ). Tt is clear that fis a
diffeomorphism on £, = f(Z,) C D, and that for every leaf F’ of F we have
Sf(F" N L) =F NZ,, as we wanted.
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Let us see some consequences of this theorem.

Theorem 4. Let F be a foliation of M, F a leaf of § and L a transverse section
of § such that L N F # &. We have three possibilities:

(1) L N Fis discrete and in this case F is an imbedded leaf.

(2) The closure of £ N F in I contains an open set.
This occurs if and only if the closure F has non-empty interior and
int (F) = F — 9F is an open set which contains F. In this case we say
F is locally dense.

(3) £ N Fis a perfect set (i.e., without isolated points) with empty interior.
In this case we say F is an exceptional leaf.

Proof. Suppose pe€ L N Fand g € F, g # p. By Theorem 3 there exist
transverse disks I, and I, with p € £, C £, ¢ € L, and a diffeomorphism
f: L, — L, such that, for every leaf F’ of &, f(F’ N L) = F' N E,. In
particular f(F N E;) = F N L,, therefore F N E, is homeomorphic to
F N I,and F N I, is homeomorphic to F N I, (by f). In the case g € T we
can take I, C L. From Theorem 3 we have the following possibilities:

(1) p is an isolated point of L N F. In this case £ N F consists entirely of
isolated points, i.e., is discrete,

(2) pis an interior point of £ N F in . In this case all the points of £ N F
are interior points of £ N F ,

(3) £ N F has empty interior in £ and £ N F is not discrete.

Consider alternative (1). In this case, if ¢ € Fand (U, ¢) is a foliation chart
of F withg € Uand ¢ (U) = U, x U, then D° = ¢~ ({x} x U,) is a trans-
verse disk to &, so F N D’ is a discrete set which contains g. Therefore, there
is a smaller disk U, C U, such that D = ¢~'({x} x 0,) cuts Fonly in g, or
¢ ' U, x U,: U, x U, — MisaC"imbedding such that F N =" (U, x T,)
contains only one plaque of U, hence Fis a C" submanifold of M. Conversely, if
Fis a C" submanifold of M one proves easily that F N £ is discrete.

Let us look at alternative (2). Let g € Fand (U,¢) € F, q € U, withp (U) =
=U, x U,, as above. Let D° = ¢~ ' ({x} x U,). Then ¢ is an interior point of
F N D°, so there is adisk U, C U, suchthat D = ¢~!({x} x 0,) c F N D°.
Therefore F contains the open set A = ¢~ ' (U, x 0,). On the other hand,
F is invariant under & so F contains the saturation of A, F (A ), which is open,
by Theorem 2. Hence, F C $(A) C F and §(A4) = F — 9F as we wanted.

Alternative (3) is the complement of the other two and this concludes the
proof. M

As a consequence of this theorem, the immersed submanifold F, sketched in
the figure below, is not a leaf of any foliation defined on an open set of IR2.
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The reason is that a point x, as in the figure, is an accumulation point of points
of L N F, where I is a transverse segment passing through x, while the same
does not happen with the point y.

§3. Closed leaves

Theorem 5. Let F be a leaf of a foliation § on M. The following statements
are equivalent:

(a) F 1s a closed leaf,

(b) if (U, ¢) 1s a foliation chart of § such that U is compact then U N F con-
tains a finite number of plagques of U,

(c) the immersion i : F — M, i(x) = x, is proper . In particular, if F is
closed then F s imbedded.

Proof. Let F be a closed leaf of § and (U,¢) a foliation chart of & with
e(U) =U; X U, C R" X R°suchthat UN F# @.Let D C D C U,bea
disk such that L = ¢! ({x} x D) is a transverse section with £ C U and
L N F # . Since the plaques of U N F are open and disjoint in the intrinsic
topology of F, U N F contains at most a countable number of plaques and
therefore T N Fis countable. Since Fis closed, F N £ = F N T is countable.
However, we know from general topology that a perfect set is uncountable, hence
F necessarily satisfies alternative (1) of Theorem 4, so, L N F is discrete and
hence finite since I is compact. We conclude therefore that F N ¢~' (U, x D)

) A continuous map f: X — Y is proper if for every compact K C Y, f ™' (K)
is compact.
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contains a finite number of plaques of U. Taking U compact, this implies that
F N U contains a finite number of plaques. Conversely, suppose that for each
foliation chart (U, ¢) of § with U compact, U N F contains a finite number
of plaques of U. In this case, if p,, n € IN, is a sequence in F with lim, p, =
= p € M, we take a foliation chart (U,¢) of F suchthat pe Uand U N F
contains a finite number of plaques. Then there exists an n, and a plaque «
of U such that p, € a forall n =n,. Sop € o and hence p € F, i.e., Fis a closed
leaf of .

We will show that (a) implies (c). If Fis a closed leaf of &, theni: F — M
is an imbedding and the intrinsic topology of F coincide with the topology in-
duced by the topology of M. Thus if K C M is compact, K N F = i"'(K) is
compact in F, so the immersion i : F — M is proper.

We will now prove that (c) implies (b). If i : F — M is proper, given a folia-
tion chart (U,¢) of F such that U is compact, i "' (U) is compact in F; so,
U N F contains a finite number of plaques, which shows that Fis a closed leaf.

§4. Minimal sets of foliations

Let M be a manifold with a foliation §. A subset 4 C M is minimal if it
satisfies the following properties:

(a) p is closed, nonempty and invariant,
(b) if u’ C p is a closed, invariant subset then either p’ = & or pu’ = p.

Examples.

(1) Every closed leaf of & is a minimal subset.

(2) The only minimal set of the Reeb foliation of $? is the compact leaf
homeomorphic to 72

(3) Let F, be the foliation of 72 obtained by a suspension of the rotation
f,: 8" — 8, f.(z) = €™ . z. If a is irrational, all the leaves of &,
are dense in 7? and, therefore 7? is the only minimal set of ,.

Theorem 6. Every foliation of a compact manifold has a minimal set.

Proof. Let M be a compact manifold and § a foliation of M. Denote by €
the collection of nonempty compact subsets of M invariant in §. It is clear that
@ is nonempty. If Fis a leaf of & then F € C. Consider on € the partial order-
ing induced by set inclusion. Given a sequence u; D pu, D ... of elements of
@, it is clear that u = N{_, y; is nonempty, invariant, compact and p C y; for
every i € IN. By Zorn’s lemma, € contains minimal elements. A minimal ele-
ment of C is obviously a minimal subset of 5. W
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Theorem 7. Let u be a minimal subset of F. The following properties hold:

(a) Every leaf of § contained in u is dense in u.

(b) If M is connected and p has nonempty interior then u = M.

(¢c) Let p = codF and £ a p-dimensional disk transverse to § such that
pNE# D If uis not a closed leaf then p N I ts a perfect set.

(d) Moreover, if p = 1, dL N u # D and p has empty interior but is not a
closed leaf, then u N L is homeomorphic to a Cantor set. In this case we
say p is an exceptional minimal set.

Proof.

(a) Let F be a leaf of § contained in u. We have then that F is closed,
F # @ and F C p, since p is invariant. As y is minimal, F = u.

(b) Since u has nonempty interior, there exists an open subset A C u. By
(a), all leaves of u meet A,s0F (A) = u. Since F (A) is open in M, u is closed
and open in M, which is connected, so p = M.

(c) Given x € L N u, let Fbe the leaf of F through x. Since 4 is not a closed
leaf, there exists a leaf F’ # F, contained in u. Taking a local chart of § con-
taining x and using (a), one concludes that x is an accumulation point of F' N L.

(d) By (c), p N L is a compact, perfect subset with empty interior in E. The
proof is reduced to the following lemma, which can be found in [12], p. 123. B

Lemma. Let K C R be a compact perfect subset with empty interior. Then
there exists a homeomorphism h : K — C where C 1is the Cantor set in [0,1].

Notes to Chapter III

(1) Foliated structures of the plane.

In Example 5 of Chapter I we saw a foliation of R? whose leaf space is a non-
Hausdorff manifold of dimension one, equivalent to the manifold obtained by taking two
copies of the real line and identifying points with the same negative coordinate.

One can say that this space is obtained by branching over R, at the point 0 € R, a
ray in the positive direction. If we repeat this process at all the rationals, we get a manifold
called a simple feather for which R represents the shaft and the branched rays the barbs.

A double feather is obtained by substituting each barb by a simple feather. If now this
process is taken to the limit substituting all the barbs by simple feathers one gets a com-
plete feather. In this space the nonseparable points form a dense set.

It is possible to show that there exist foliations of R? whose leaf spaces are simple
feathers. This process is sketched in figure 3.

Taking, in the figure, the curve L as axis, the process is repeated by substituting a
simple feather for a barb. Substituting simple feathers for all the barbs by this process,
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one obtains a foliation of R? whose leaf space is a complete feather. This is called
Wazewski’s example [59]. The following theorems are known about foliations of the plane.

Theorem (Kaplan [22]). To each continuous foliation of the plane it is possible to associate
a continuous real-valued function defined on R which does not have either a local maz-
imum or a local minimum and is constant on each leaf.

Theorem (Kamke [21]). IfF is a C* foliation and U is bounded then there exists a C*
map f: U —> R which is constant on the leaves of /U and such that df # 0 at each
point of U.

Theorem (Wazewski [59]). There is a C™ foliation of R? such that each C' Sfunction
on R? , constant on the leaves, is constant.

Yy y

+
1
trivial foliation insertion of a barbat y = 1
y
1
[ )
- Cc C
172

insertion at y = %
Figure 3

These theorems were proved again by Haefliger and Reeb in [16] and [47], by means
of an analysis of leaf spaces of foliations of the plane. They observed that the leaf space
of a C” foliation of R? is, in general, a non-Hausdorff manifold, of dimension one, simply
connected and of class C”. Kaplan’s theorem follows from this and from the fact that
on a simply connected, one-dimensional manifold (Hausdorff or not), there always exists
a continuous strictly monotonic function. Kamke’s theorem follows from the fact that
the leaf space of /U has a C* (Hausdorff) manifold structure. Finally, Wazewski’s
theorem follows from the fact that, on a complete feather, there exists a C* differen-
tiable structure such that any C' function defined on it is necessarily constant.
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(2) Minimal sets of foliations of codimension 1.

The study of minimal sets began with H. Poincaré who studied the behavior of orbits
of analytic diffeomorphisms of the circle. The concept of rotation number, which he in-
troduced, can be defined by the limit p (f) = (lim, —, o (f"(x) — X)/n)(mod 1),
where 7: R — R s a diffeomorphism which covers £, that is, = (f(x)) = f(7(x))
where 7 (x) = ™. One shows that the limit always exists and is independent of x.
Poincaré proved that p ( f) is rational if and only if f has a periodic point. In terms of
foliations, this means that a foliation & of T2 has no compact leaves if and only if it is
equivalent to the foliation defined by the suspension of a diffeomorphism of S ! with ir-
rational rotation number.

In 1916 Bohl ([4]) observed, without constructing them that there exist foliations of
T? having exceptional minimal sets. In 1924 Kneser ([23]) constructed examples of such
foliations of class C°.

The theory of foliations on T? has as one of its highest points the theorems of
A. Denjoy ([7] and [8]). In 1932, he constructed examples of C! foliations on 7? with
exceptional minimal sets. Further he proved that if ¥ is a C? foliation of T2 and p is
a minimal set of § then y = T? or pis a compact leaf (p = s'y.In particular if & does
not have compact leaves, Denjoy’s theorem implies that § is topologically equivalent(')
to a foliation obtained by a suspension of an irrational rotation of the circle (see note
1 in Chapter II). In note 3 of this chapter we construct Denjoy’s example. Later results
on C’ diffeomorphisms of the circle can be found in: M. R. Herman, Sur la conjugaison
différentiable des diffeomorphismes du cercle a des rotations. Publ. THES no 49 (1979).

The results of Denjoy motivated the study of minimal sets of foliations of codimension
one on compact manifolds of dimension = 3. In Chapter V we will see an example, due
to Saksteder ([49], 1964) of a C* codimension one foliation of M, x s! (M, = surface
of genus two) which has an exceptional minimal set.

Later, Raymond showed, using Fuchsian groups, the existence of foliations of S° with
exceptional minimal sets.

(3) Denjoy’s example.

Denjoy’s example is obtained by suspending a C' diffeomorphism f: S' — §' which
has an exceptional minimal set. A subset p C S' is called minimal for f if u is closed,
nonempty, f(x) = pandforall u’ C u with the above three properties we have u’ = u.
A minimal set is called exceptional when it is perfect and has empty interior, i.e.,
homeomorphic to a subset of the Cantor set on S'.

The construction of a diffeomorphism with an exceptional minimal set will be done
in the following manner. Given an irrational rotation Ra(ez'") = U+ oyt the
circle S' at all the points of an orbit {6, | n € Z)of R,. In each cut insert a segment J,,
of length ¢, where E := —wf = L < o.We obtain in this manner a new circle longer
than the first. The set ' — U nez Jn = wu will be homeomorphic to the Cantor set. The
diffeomorphism f will be constructed in such a way that f/u’ will be conjugate to

) We say two foliations ¥ and F’ on M are topologically equivalent when there exists
a homeomorphism 4 : M —> M which takes leaves of § to leaves of F".
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R,/ (S' - {6,|n€ Z}) where p’ = p — U .z J,. From this fact one sees that every
orbit of f in p will be dense in 4.

In order to construct f formally, we construct a C' increasing diffeomorphism, f :
R — R such that f(7) = ¢ + ¢ (t) where ¢ is perlodlc of period 1. As it is known,

such a map finduces a C' diffeomorphism f: ' — S' which can be defined by the
formula

f(eZWil) - eZwif(l) .
(A) Construction of the minimal set .

Fix « € (0,1) — Qand y, € (0,1). Given n € Z the number y, + na is not an in-
teger so yo + na € (m,m+ 1) for some m ¢ Z . Set y, = yo + na — me (0,1).
Since « is irrational the sequence {y,),¢z is dense in [0,1] and moreover Ym # Yy if
n # m. Let (£} ,,e 2z De a sequence of positive numbers satisfying the following proper-
ties: (1) 3 _aly =L < o, (2) Y e b/l =1 and (3) 1/3 < 4,,,/1,
< 5/3 for all n E Z. For example the sequence ¢, = (n® + 1) ! satisfies these
properties.

From the sequences {y,},cz and {{,},.z we will construct a set K C (0,1 +1L),
homeomorphic to the Cantor set and which will essentially be the minimal set of Denjoy’s
example. The idea for the construction of K is, basically, that for each n € Z one cuts
the interval [0,1] at the point y, and inserts an interval of length ¢,. Formally we
proceed in the following manner.

Consider the two sequences «a, = y, + qu <y, iand B, = a, + . Let I, =

= (a,,B8,). It is clear that for every ne¢ Z one has 0 < a, < B,<1+L, so
1, C (0,1+L). Moreover one can verify that if y, < Ym then B8, < «,, and hence
LN 1, =0.8etK=1[0,1+L] — U,z I, Itis clear that K is compact.

Lemma 1. K is perfect and has empty interior.

Proof. With this goal we define two auxiliary functions. Define £~ and 4™ : [0,1]

— [0,1+Llby k™ (¥) =y + 1 ooy fand h* () =y + E 0<yi<y - Using
that the series E nez tx converges, one easily proves that A~ and 4* are monotonically
increasing that 4~ is lower semi-continuous (i.e. s< ylimg_, Y h™(s) = h™ (y)) and that
h* is upper semi-continuous (i.e., s>y limg_ h*(s) = h* (»)). Moreover h~ (yp) =
= a,and (yn) =B, n€Z,andif y¢{y,|ne Z)thenh (y) = h* (y).

K has empty interior. Suppose [a,b] C K is such that a,b € 3K. Since a € K , there
is a sequence {B,,} .z such that Bu < Bp,,, < aforall kandlim,_, , B8, = a.Since
LNr,=9o 1fn¢mwehavethat6,,k<oz,,k o <Bpy,, <asolimy_, ,a, = a.
Since the sequence {a,, } e IS increasing, the corresponding sequence { V) ke 1S also
increasing, so limy _, o y,, = y for some y € [0,1] and hence ¢ = llmk__,m Q, =
=limy_, o A (y,) = A (y). Analogously one concludes that b = h* (y") for some
y’ €[0,1]. In the case y = y, for some n we have a = a, SO a = b since
KNI, = @. Intheothercasey ¢ {y,|ne€ Z}jandsoh (y) = At (y) = a. Hence,
h*(y) = a=<b=h"(y’) and thus we conclude that y < y’ because h* is increasing.
On the other hand if y < y~ there exists y, € (y,y’) since {Vn) pen 1s dense in [0,1]
soa=h"(y) <h* (y,,) < ht(y’') = borelse [a,b] N I, # O, a contradiction. We
conclude that y = y’ so @ = b and hence K has empty interior.
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K is perfect. Let x € K. In the case x = a, for some n € Z, let £ n) ke D€ 2 sequence
such that y, < y, for all k € N and limy_, o ¥, = ¥, We have then that «, =
=limy_, o b (y,) = lim,_, o, o, and therefore «, is an accumulation point of K.
In the case x = B, for some n € Z, with an analogous argument, one proves that
B, = limy __, o B, where 8, > B, for all k € N and therefore g, is an accumulation
point of K. On the other hand if x ¢ («,,8,|n € Z}, it is easy to see that x =
= limy _, , a,, for some sequence {a,, since K has empty interior. This proves
that K is perfect ]

Now set X = K - {a,,B8,|ne€ Z} and Y— [0,1]1 — (y,| n € Z}. Define R Y
— Xbyh(y) =h*(y) =h™(y), ye¥.

Ve

Lemma 2. % is a homeomorphism onto X.

Proof. h is continuous since 4~ is lower semicontinuous and 4* is upper semi-
continuous. On the other hand # is increasing since 4~ is. The inverse of 4 is given by

h“(x):x— E 6 =x - E g, xeX,

O<aj<x 0<Bi<x

which, as one can verify directly, is continuous on X. M
We consider now the map ¢y (x) = (1 + L)~ x. The homeomorphism ¢ takes
K C [0,1 + L] to the set y (K) C [0,1], which is homeomorphic to the Cantor set.
Set i = ¥ (K) + Z. By an abuse of notation we designate y (1,,) by I,,, ¥ («a,) by «,
and ¥ (B,) by B8,. With this notation we have [0,1] ~ & = U,en I

(B) Construction of f:
Lemma 3. There exists a continuous function ¢ : R —> R satisfying the following
properties:

(a) ¢ is positive and periodic of period 1,
®ela=1,
(c)Sa" e(7)dr = Byyy =y = (L + L) 6.
Proof. 1t is enough to define ¢ on U, z I,. Using this we extend ¢ to R, letting

e(t+m) =p(t)ifmeZ ande| i = 1. Wethendefinep(r) =1+ N, (B, — 1) -
(t — a,) for t € I, where

A = 6 ﬁn+l—an+1_ 1 =6(1+L)2 fn-o—l -1
" (B, — ot,,)2 Bn — oy (’i b

Condition (c) is immediately verified. We verify that ¢ is positive and continuous. For
t € I, we see that

x"
(D) = 1] = By~ D1 — ap) | s 22 (g, — )2

since 1/3 < ¢,, /¢, < 5/3. So ¢ is positive.
On the other hand
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3
sup o (1) - 1] = 3
rel,

S0 lim |, —s o (SUPyey, @ (£) — 1)) = 0, since lim, — o G41/8 = 1. This implies
that ¢ is continuous on & N [0,1] and thus continuous on R. M

Nowletc= (1 + L) '"(a + T 0<yi<a &) Where « is the irrational number used in
definition of the sequence {y,],c z - Define 7: R — R by F(x) = ¢ + [o e(r)dr.
1t is clear that fis a C' diffeomorphism.

Lemma 4. The following properties are true:

@ f(1) =1t + D(t) where @ is periodic of period 1,
(b) for each n € Z such that y, + a < 1, one has that f(a,) = a,,, and F(B,) =

=ﬂn+l:
(c) for each n € Z such that y, + o > 1, one has that f(a,) = 1 + o, and F(B,) =
=1+ Bpy-

Proof. Let m be the Lebesgue measure on R. We have then that

Flag) - c= §0 p(r)dr = S p(r)dr + SL () dr

Ky
where K, = i N [0,0,] and L, = Ugqcq, ;- Since [, o(7)dr = (1 + L) ' gj,,,
one sees that §L,. e(r)dr = (1 + L)™! E 0<aj<an fj+1- On the other hand

§K,,¢(r)dr = §K,d7 =m(EN[O0,0,]) =, = (1+L)7" Y} ¢
0<aj<ap
since_ % N [0,0,] = [0,0,] = Ugcq,ca, I; and m(L) = (1 + Ly ! ¢;. Recalling
that 35 0<yyn & = 1 0<aj<a, §j and that after the change of scale ¥, a, = (1 + L)™'

(¥ + X 0<y <y, &j) We have finally

Fla) = 0+ L)y Ny v e+ Y 6+ Y, Gay) .
O<yi<a 0<y;j<yn
Suppose y, + o < 1.In this case, from the definition of the sequence { y } ; z , one sees
that y, + « = y,,;and y; + « = y;, for every j such that y; < y,.

We have then that gkhw" U1 = 2 a<y <y, & and therefore Z(a,,) =
= (1 + L)' (Jps1 + Lo<ycpmer §) = @sy. On the other hand 7(8,) =
=7(a,,) + i,ﬂ e(7)dr = ay, + Briey — Apy1 = Bpsi- In an analogous manner one
proves that f(a,) = 1 + a,,, and f(8,) = 1 + B,,,, in the case y, + o« > 1. We
leave the details to the reader. In order to prove (a) it is enough to observe that ¢ is
periodic of period 1 and that

t+1 1
S, o(7)dr = so(p(r)df = S#mo‘”w('r)d'r + S U o(7)dr =

ne Z
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o

=g+ '+ Y g=1.

Jj=-o
Therefore f(¢t + 1) — f(t) = 1forallr e R,sof (1) =t + @ (t) where @ is periodic
of period 1.
Now let u_ = (e*™|t¢ @), a, = €™, b, = ™ J = (™| t €1,}] and
f(&™y = ¥ Ttisclear that £: S' — S'is well-defined and isa C' diffeomor-
phism of S'. Further x C S' is homeomorphic to the Cantor setand 4 = S' — U nez In-

Lemma 5. p is a minimal set of f.

Proof. Conditions (b) and (c) of the preceding lemma imply that f(J,) = J,, for all
n €Z and hence f(p) = §' — U nez f(J,) = p, pis invariant under f. In order to
prove that u is a minimal set for f it is enough to prove that the orbit of § under f,
0(0) = {f"(0) |ne Z}, is dense in u for all 8 € u.

1t case. 6 = a; (or by) for some k € Z . In this case O (a;) = {a, | n €Z} which is
dense in u since S' — u = U nez Jn» p is homeomorphic to the Cantor set and for all
n € Z, a, is an endpoint of J,.

2it 27i(t+a)

2™ cose - general case. Consider the rotation by angle 27, R, (e“™) = e
For each n € Z set 6, = *™". It is easy to see that 0, = R"(6,) for all n¢ Z. Con-
sider also the homeomorphism h: ¥ — X c [0,1 + L]. This map induces a
homeomorphism

h:Y = (S —{6,|neZ}) — S —(a,b,|neZ)) =X setting h(e’™) =
i+l (o , 1 € Y. Observe that Y is invariant under R, and X is invariant under
f . The proof resumes now to show that the following diagram commutes

Indeed, the fact that all the orbits of R, are dense implies that all the orbits of f in X
are dense in X, so in u. The commutativity of the diagram is equivalent to showing
that f”(l?(y)) - ff(y + ) € Z for all y € Y. This can be verified directly using the
formulas given above. We leave the details to the reader.



IV. HOLONOMY
AND THE
STABILITY
THEOREMS

In this chapter § denotes a foliation of codimension # and class C”, r = 1,
of a manifold M™. Our objective is to study the behavior of the leaves near
a fixed compact leaf F. By the transverse uniformity of ¥ it is sufficient to
study the first returns of leaves to a small transverse section X of dimension
n passing through a point p € F. For each closed path v in F passing through
D, these returns can be expressed by a local C” diffeomorphism of L, £, , with
f,(p) = p and where for x € L sufficiently near p, f, (x) is the first return
“over y” of the leaf of & which passes through x.

If v’ is another closed path in F through p, homotopic to y (with fixed end-
points) then it happens that f, and . coincide on a common neighborhood of
p € L, that is, f,. and f, have the same germ at p € E. So it follows that the
map y > f, induces a homomorphism

m (F,p) — G(L,p)

from the fundamental group of F at p (the group of homotopy classes of closed
paths) and the group of germs of C” diffeomorphisms of I at p. This represen-
tation is called the holonomy of F at p. This notion was introduced by Ehres-
mann in [10].

It is clear that if «, ( F, p) is small the recurrence of leaves near F will be
small. The Theorem of Local Stability expresses this in the following manner:
if Fis a compact leaf of § with finite fundamental group, then there exists
a neighborhood V of F, saturated by leaves of &, such that every leaf in Vis
compact with finite fundamental group.
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The Global Stability Theorem offers the following global version: if codF = 1,
M is compact and connected and there is a compact leaf with finite fundamental
group then all the leaves are compact and have finite fundamental group. These
theorems are due to G. Reeb [46].

§1. Holonomy of a leaf

Lety: I = [0,1] — F be a continuous path and L, £, small transverse
sections to § of dimension n passing through p, = ¥ (0) and p, = y(1)
respectively. We will define a local map between I, and I, “along” the leaves
of &, “over” the path y taking p, to p,.

20 plaques %

Figure 1

According to Lemma 1 of Chapter II, there exists a sequence of local charts
(U)%, and a partition of [0,1], 0 = £, < ... < #,,, = 1 such that (a) if
U;N U; # @ then U; U U;is contained in a local chart of § and (b) v ([#;,%,,1)
C U;forall0 < i < k. We will say then that (U,)%_, is a chain subordinated
to .

For each 0 < i < k + 1 fix a transverse section to §, D(¢;) Cc U;,_, N U,
homeomorphic to an n-dimensional disk, passing through v (z;). Also set
D(0) = Zyand D(1) = Z,. Then for each x € D (¢;) sufficiently near v (¢;)
the plaque of U; passing through x meets D (¢, ) in a unique point f;(x).

The domain of the map f; contains a disk D; C D(¢;) containing v (¢;).
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Figure 2

So it is clear that the composition
f'y = JfeoSi-1 oo So

is well-defined in a neighborhood of p, € L,. We will call £, the holonomy map
associated to .

Lemma 1. The map f, is independent of the disks (D (t;) )| chosen and of
the chain subordinated to v, that s, if f, and f, are two holonomy maps
associated to the same path then fy and f., coincide on the intersection of the
two domains.

Proof. First fix the chain subordinated to v, and suppose that (D (¢;))%,
and (B(t;))%, are two collections of disks as above with v (#;) € D(#) N B(¢;)
for every i. Given x € D (t;) near v (¢;) we can define §8;(x) € B(t;) as the inter-
section of the plaque of U; which passes through x and B(¢;). We have then
defined a homeomorphism B, : 5; — B, between open sets D, c D( t;)
and B, C B(t;) containing y(t,). Let f;: D — D(t,,,) and g; : B/ — B(t;,,)
be as before. Since U; U U,,, C V, alocal chart of &, each plaque of V meets
each transverse disk in at most one point; then, the following diagram commutes

oy

5i+l
l6i+l
B/ B

i gi +1

>

=
D «——D>

Ji
D ———
—_—
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Restricting the maps f;, g;and 8;, 0 < i < k, to smaller domains, we have that

f7 =JfeoSi-1 00 So

=B o8 BBl e g oo BioBog By =g,

since B, and B, , are identity maps. With an analogous argument one proves
that f, is independent of the partition0 = t, < #, < ... < t,,, = 1. Now we
take (U;)%, and (U/)¥.,, two chains subordinated to y. If for every
i€f{0,...,k"}, U/ C U for some j, it is immediate that £, and f, coincide on
the intersection of their domains. The argument is similar to the one above.
‘In case this does not occur, by Lemma 1 of Chapter II, we can construct a
chain subordinated to v, (U/)f_, which refines {U; N U/}|Z/Z(’, that is, such
that for every i€ (0 ,..., k”}, U”C U; N U/ for some j € (0 ,..., k} and
£€{0,..., k'}. This implies that f, = f and f,; = f. on the intersection of
their domains, so f, = f.

Remark 1. The following facts follow from the definition of £, :

@) f,(po) = p1,

®) if y™' () = v(1 - ¢) thenf, , = (f,) "'

(c) if Fis of class C"(r = 1). The intermediate maps f;(0 < i < k) are C’
s0 f, is C". Since f, has an inverse, also C’, f, is a C' diffeomorphism,

(d) if ¥ is obtained from v by a small deformation in the leaf, with endpoints
fixed, then f; = f, in a neighborhood of p, € E,. One proves this ob-
serving that, for 7 near v, there is a chain that is simultaneously sub-
ordinated to v and %,

(e) if Ay C U, and A, C U, are other transverse disks to &, centered at
po and p,, the projections along the plaques of U, and U, define C"
diffeomorphisms, ¢, : 40 — EL,and ¢, : A; — I,. The new holonomy

transformation, Ay D A§ — A, satisfies

g, (x) =@ o f 0op(x), x€4,.

In particular, if v is a closed path, I, = I; and A, = A, then g, and f, are
conjugate, that is, g, = ¢~ '« f, o ¢ Where ¢ = ¢; = ¢,.

Definition 1. Let X, Y be topological spaces and x € X. On the set of maps

XDoV l- Y, where V is a neighborhood of x, we introduce the equivalence
relation R : fRg if there is a neighborhood W of x such that f| W = g | W. The
equivalence class of f is called the germ of f at x.

When X = Y the set G (X,x) of germs of local homeomorphisms which leave
x fixed is a group with the multiplication germ (f) - germ(g) = germ (f ~ g)
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where the domain of f- g is the intersection of the domain of g with
g~ ! (domain of f).

Theorem 1. Letvy;: I — M, i = 0,1 be paths contained in a leaf F of § such
that v;(0) = py, v;(1) = p,, i =0,1. Let L,, L, be transverse sections

Sy,
to F at py,py; Ly D D; = L, holonomy maps assoctated to v; and ¢, the
germ of 1y, at po.

(1) If vy = v, rel(0,1) then Py, = Oy
(2 If py = p, and L, = L, then the transformation v ¥ ¢, _, induces a
homomorphism

®: 7 (F,pp) = G(Xg,p0), (YD =0,

from the fundamental group of F at p, to the group of germs of C" dif-
feomorphisms of L, which leave p, fixed.

Proof. Let H:I x I — F be a homotopy between y, and 7v,, i.e.,
H(t,0) = v4(t), H(t,1) = v,(t) and H(0,s) = p,, H(1,s) = p, for all
s,t €l

For each path y, : I — F, v,(t) = H(t,s), there is a chain subordinated
to v,. By continuity, each chain is also subordinated to any v, with s’ near
s. Consequently, we can find a collection of chains (C;)iZ, and a partition
of 1:0 =sy< s <..<s,=1suchthat foranyi =1,..., m, C;is sub-
ordinate to all the paths v,, 5;_;, < s < s;. This implies by (d) of Remark 2 that
germ(f.,s l) =germ(f, ) for all i=1,., m. So ¢, . For this
reason, when Po = Dy the map & : ['y] — ¢, is well- defmed Fmally, if
C,,C, are chains subordinated to A~ "and p ' then C, U C, is a chain subor-
dinated to the product A~' * u~! of the paths \ and u. This says that

([p] - [AD) = @y-1,,-1 = @ -1 ° -1 = ([w]) - 2(IND
and so ® is a homomorphism between the groups =, ( F, py) and G (Z,,p,). B

Definition 2. The subgroup Hol (F, py) = ®(m,(F,p,)) of G(Zg,po) is
called the holonomy group of F at p,. Given p,,p, € F, any path o : I — F
with o (0) = p, and « (1) = p, induces an isomorphism

a* : Hol (F, py) — Hol(F,p,)

where o* (®[p]) = ¢, ° ®[ul o ¢, - In this way we can speak of the
holomomy group of F as any group isomorphic to Hol ( F, py). To simplify nota-
tion, we will at times identify an element of the holonomy group with a par-
ticular representation.
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Example 1. In the Reeb foliation of S* the fundamental group of the com-
pact leaf is isomorphic to Z @ Z . Its holonomy group can be represented
by two C* diffeomorphisms f,g: R — R, f(0) = g(0) = 0 such that
f(x) = xforx = 0and f(x) < xifx < 0;g(x) = xifx < 0andg(x) < x
for x > 0 (see figure 3).

fx),

Figure 3

Remark 2. The holonomy of a leaf F can also be defined using a fibration
transverse to F. With this goal in mind we first prove the following lemma.

Lemma 2. Let F be a leaf of F and K C F a compact subset. There exist
neighborhoods U D W of K, U open in M and W open in F and a C" retrac-
tion ©: U — W such that for any x € W, 77" (x) is transverse to §/U.

Proof. Since K C Fis compact there exists an imbedded surface W formed
by a finite union of plaques of ¥, such that K ¢ W. Let 7 : W — W be a
C’ tubular neighborhood of W. Since each fiber 7' (y), y € W, meets W
transversally and at y only, it is clear that if x € = 7' () is sufficiently near
v, then 77! (y) meets the leaf of & through x transversally at x. We can then
obtain a neighborhood U C W such that for all y e U N F, 7~ (») meets
§/U transversally. W

Now let y : I — F be a continuous curve with y (0) = poand y (1) = p,.
Let U be a neighborhood of i (/) in M, W a neighborhood of v (/) in F and
7 : U — Wasin Lemma 2. Given x € = ~' ( p,) sufficiently near p,, there is
a unique path ¥ : I — M, contained in the leaf F, of ¥ which passes through
x such that ¥(0) = xand 7 (5(¢)) = v (¢) for all ¢ € I. The path 7 is a lift
of y to the leaf F, along the fibers of w. The map f, (x) = ¥ (1) is well-defined
for x near p, and coincides with the holonomy map associated to v (see figure 4).
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§2. Determination of the germ of a foliation in a neighborhood
of a leaf by the holonomy of the leaf

Let & be a foliation of a manifold M, F a leaf of & and p, a point of F as
above. The holonomy of F induces a local action of =, ( F, py) on L, defined
as follows: to each [y] € m, ( F, p,) and x € L, sufficiently near p,, we associate
the point f, (x) € L,. When F is compact, this action characterizes the folia-
tion in a neighborhood of F. More precisely, let (M,F), (M’,F’) be folia-
tions of codimension nand class C’, r = 1,and F C M, F’ C M’ be compact
leaves. We say the holonomies of F and F’ are C° conjugate (s <.r) when
there exist transverse sections to F and F’, £, and L4, po € L, N F, pg
€ XZg N F’'-and a homeomorphism A:F U X, — F’ U I; such that
h(py) = pg, h| Fand h| L, are C° diffeomorphisms (a homeomorphism if
s = 0) and for each [y] € m, (F, p,), one has

hof,eh™'(x") = fr,(x)
for every x’ € g sufficiently near pg.

Theorem 2. Let F and F’ be compact leaves of F and F ' respectively. The
holonomaes of F and F' are C° congugate if and only if there exist nerghbor-
hoods V O F, V' D F’ and a C°® diffeomorphism H: V — V' H(F) = F’,
taking leaves of T/ V to leaves of §'/ V' (homeomorphism if s = 0). In this
case we say § and F' are locally equivalent on F and F’ and H s a local
equivalence.

Proof. Suppose first that there exists the local equivalence H. Fix p, € Fand
let Ty, and £§ = H(L,) be transverse sections passing through p, and pg =
= H(p,). Let [y] € 7, (F, p,) and € = (U;)%_, be a chain subordinated to
v. The open sets U/ = H(U;) define a chain €’ = (Uy)*_, subordinated to

S
H o . Thus it follows that the holonomy transformations £, > W, = )N
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and L§ D W(;fﬂ"»’ L; satisfy H o f, o H ' (x) = fy.,(x") if x’ € E§ is suf-
ficiently near pg. Then the holonomies of F and F’ are conjugate.

Suppose now that the holonomies of F and F’ are conjugate. Since F and
F' are compact, there exist, by Lemma 2, neighborhoods V of F, V' of F’ and
retractions 7 : ¥V — Fand '’ : V' — F’ with fibers transverse to & and
&’ respectively. Let A: FU £y — F’ U I be a homeomorphism which
conjugates the holonomies of F and F’. We can suppose without loss of
generality that L, = #7'(py) and I{ = (7') ' (h(p,)). Given p € F,
D # Dy, let v : I — F be a curve joining p, to p. Let f : D,,0 c 7 '(py)
— 77 '(p) and fj,, : Djy(p, — (") ~1(h(p)) be the holonomy transfor-
mations of y and 4 < . For x € £, (D,) we define H(x) = fj(, (h(fv“ (x)))
(see figure 5).

hxo) H(x)
H .
7 (h(p))
Fl
h(po) h(®)
Figure 5

This definition is independent of the path v chosen. In fact,if p: I — F
is another path with 4 (0) = p, and u (1) = p, we have by hypothesis that
Bofpot = Fuuy-1y ° B, consequently fi ) o ho f, o = fiy o hef = H.

Now we see the domain of H. Given p € Flet U, be a coordinate neighbor-
hood of & such that, for every y € U, N F, 7' (») meets all the plaques of
U, and U, N F contains only one plaque. Fixing a curve y which goes from
Po to p, we can suppose that for every z € U, the plaque of U, through z cuts
7~ '(p) at a point z, in the domain of J,-1. Let U, be a coordinate neigh-
borhood of F such that every plaque of U,,,, cuts (7 ") “!(h(p)) in a point
of the domain of f; . -,. Reducing, if necessary, U, and Uj,, we can also sup-
pose that A(f,-1 (7~ (p) N Uy)) = Sy, ((x") "' (R(P)) N Uj(,,) and
h(U, N F) = U, N F’. With these properties H is defined on U, and
H(U,) = Uy, Since F is compact we can obtain a neighborhood of F,
U=U,U..UU,, where H is defined.

From the construction, it is immediate that H: U — H(U) = U’ isaC’
diffeomorphism (or homeomorphism if s = 0) and that H takes leaves of /U
to leaves of F'/U".



Holonomy and the Stability Theorems 69

§3. Global trivialization lemma

Denote by F a foliation of class C", r = 1, and codimension » on a manifold
M™.

Lemma 3. Lety : I — M be a continuous, simple (injective) path whose tmage
1s contained in a leaf F of §. There is a neighborhood V O v(I) and a C”
diffeomorphism

h:D" " x D" — V

such that h*§ 1is a foliation whose leaves are the surfaces P~ (y) where
P:D" " x D" — D" is the projection P(x,y) = y.

Proof. Let (U;)*_, be a cover of v (1) by coordinate neighborhoods such that
if U;N U; # & then U; N U; is a coordinate neighborhood of &. Let = :
U= U%,U — W C F be a retraction as in Lemma 2. Since v has no
self-intersections we can suppose that for each i, U; meets at most U,_, and
Uy and Uy N Uy = @. Let pp = v(0), py = v(1) and L, = 7~ ' (py),
L, = 7 '(p,). It is clear that each leaf of F/U cuts L, at most once. The

holonomy map L, D D, IZ» L, is well-defined on a disk D, with p, € D,. Let
V be the saturation of D, by leaves of §/ U¥_,U; and f: V — D, the map
which to each x € V associates the intersection of the leaf &/ V passing through
x with D,. Since § is C", f is also C". One easily verifies that f is a
submersion.

Let A C F be the leaf of /V containing v. It is clear that by reducing 4
if necessary we can suppose that 4 is homeomorphic to the disk D™~ " by a
diffeomorphism k, : D™™" — A. Let k, : D" — D, be a diffeomorphism
such that k, (0) = p,. If F is C" we can take k, and k, as C” diffeomorphisms.
Define h : D™ " x D" — Vletting h(x,y) = 7 ' (k;(x)) N f k().
Then A is a homeomorphism which takes the surface P~!(y) = D™ " x {y},
y € D", intheleaf f~'(ky(¥)) of /V.If Fis C", r = 1, it is easy to see that
his a C’ diffeomorphism, whose inverse is given by 2~ (p) = (k; ' (7 (p)),
ki '(f(p))).

When cod (F) = 1, this result can be improved, as is shown in the follow-
ing lemma which is used in later chapters.

Lemma 4. Let Fbe aleaf of a transversally oriented foliation on M of codimen-
ston 1, and fy: K — F a continuous map homotopic to a constant, K com-
pact and path-connected. There is a continuous family of maps f,: K — M,
t el = [0,1], such that f,(K) is contained tn o leaf F,. For x € K fixed, the
curve t = f,(x) is normal to .
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Proof. Let 91 be a normal vector field to § and denote by 9T, (x) the
parametrized orbit of x. We can suppose that f; is homotopic to the constant
map C: K — F, C(x) = y, where y, = f;(x,) for x, € K. Given a path
v:I— K,y¥(0) = x5, y(1) = x,thepath §:I — F, § = f, o v induces
a holonomy map

g
J, OV =1, yeV, y=f(x),

where J, denotes an integral segment of 9. For ¢ = 0 sufficiently small,
define f,(x) = g;(9,(¥,)). This definition is independent of . In fact, let
p : I — Kbe another path, n(0) = x5, u(1) = xand H: K x I — Fthe
homotopy between f; and C, that is, H(x,0) = f,(x), H(x,1) = y, for all
x € K. Then the map H:IxI— F, H(s,u) = H(y»*p '(s),u) is a
homotopy between the path 5 * =" (s) and the constant path C(s) = y,.
So ¥ = [ and the germs of g; and g; at y, coincide.

By the compactness of K, there is an interval [0,¢] such that f,(x), 7 € [0,€]
is well-defined for all x € K. Then it suffices to parametrize the integral curve
Iy in order to obtain the same for all ¢ € [0,1].

§4. The local stability theorem ([10],[461)

Theorem 3. Let  be a C' codimension n foliation of a manifold M and F a
compact leaf with finite holonomy group. There exists a neighborhood U of F,
saturated in §, in which all the leaves are compact with finite holonomy groups.
Further, we can define a retraction = : U — F such that, for every leaf
F' Cc U, n|F':F' — F1is a covering with a finite number of sheets and,
for each y € F, #~'(y) is homeomorphic to a disk of dimension n and is
tranverse to §. The meighborhood U can be taken to be arbitrarily small.

Proof. Since F is compact, there is a covering (U;)¥_, of F by coordinate
neighborhoods, where U, is compact, and diminishing the U;’s if necessary we
can by Lemma 2 define a retraction = : U*_, U, — F of class C' such that
for any x € F, = '(x) is transverse to §/U*_, U,. In each U, consider
D; = ©~'(x;) where x; € U; N F. By hypothesis there exist closed paths
v;: I — F,v;(0) = v;(1) = X, j = 1,..., m, and corresponding holonomy
maps f; : W; C Dy — D, such that Hol (F,x,) = (fy = 1, fi ,..., f,»}. Con-
sequently, if W = N /., W,, the domains of all the maps contain W. Set
V=uU f:o U.

We will now show that there exists W, C W, a neighborhood of x,, such
that, if y € W, then the leaf 1:"} of the restriction & | ¥ which passes through
y does not meet the boundary of V. This will imply in particular that if F, is
a leaf of & through y then F, = F,. Moreover, if & (W) is the saturation of
W, in § then F(W,) C V. Observe first that if y € W then F, N D,
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C{fiy)|j=0,.., m]. In fact, if there is a z € ﬁy N D, such that z #
# f;(»),j =0,..., m, there exists a curve 7 : I — 1:“; such that 5 (0)
=y, ¥(1) =z and (/) C V. Since 7 (y) = w(z) = x,, the curve y =
= 7 o ¥ induces an element f, € Hol (F,x,) such that f, () = z # fj(»),
Jj = 0,..., m, which is absurd.

The global trivialization lemma shows that for all i = 0 ,..., k there is a
neighborhood W, of x, in D, such that, for all y € W, IFY N D, contains at most
m + 1 points. Let Wy=WwW N W, N ..N W,C D, and for y e W, 17";
N D; ={q(i,j,y)|1 <j <¢} where §, < m+ 1. Let P(i,j,y) be the
plaque of U; through ¢ (i, j,y).

Let d be a metric on M. We have d(dV,F) = 6 > 0. Let §,(y) =
= max,sjséd(x,.,P(i,j,y)), forye Wigand 1 =i < k.

For i = 0 we have

lim max d(x,q(0,/,y)) = lim max d(x,f(y)) =0.
y—Xxyl=sj=<y y—Xx 0=<j=m

Then lim, _,, 8 (y) = 0. Analogously lim,_,, é;(y) = 0for1 <i < k.
We conclude therefore that there is a neighborhood W, C W; of x,, such that
forally € Wyandi = 0,..., k, §;(¥) < 6/2. We have then that for all y € W,
andi = 0,..., k the plaques offy N U; do not meet dV, so F, C V. The above
argument also shows that for all y € W, the leaf F, = F) is compact. In fact,
for all y € W,, F, is covered by a finite number of plaques P(i,/,y),
0=<i=<k,1=j=</{=< m+1;soF,iscompact. In particular the saturation
U = F(W,) C Visaneighborhood of Fand # = n | U: U — Fis a retrac-
tion such that = | F’ : F’ — Fis a covering map with a finite number of sheets

for each leaf F’ C U.
We have yet to prove that the holonomy group of the leaves F* C U'is finite.

It suffices to note that for all j = 0,..., m, f;: Wy, — W, is defined and
therefore Hol (F’) C {fy,.-.,fn}, since every closed curve in F’ is the lift of
a closed curve in F.

Corollary. Let § be a C', codimension n foliation of a manifold M and F a
compact leaf with finite fundamental group. Then, there exists a neighborhood
U of F, saturated by F, in which all the leaves are compact with finite fundamen-
tal group.

Proof. First, Fhas finite holonomy. So it follows from Theorem 3 that there
exists a neighborhood U of F saturated by & such that if F* C Uis a leaf then
w|F':F’ — Fisacovering. Since (w |F’), : m (F') — =, (F) is injec-
tive, we have that =, (F’) is finite.
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§5. Global stability theorem. Transversely orientable case

In this section § will denote a codimension one, transversely orientable,
C’" (r = 1) foliation on a compact connected manifold M.

Theorem 4 (global stability). Suppose F has a compact leaf F with finite fun-
damental group. Then all the leaves are diffeomorphic to F. Moreover there is
a C” submersion f: M — S' such that the leaves of § are the sets f~1(9),
6es.

Since F has finite holonomy group, we begin by studying the properties of
these groups.

Lemma5. Let Hom (IR,0) be the group of germs at 0 € R of homeomorphisms
which leave 0 € R fixed. Let G be a finite subgroup of Hom (IR,0). Then G has
at most two elements. If G has two elements, then one of them reverses orienta-
tion and the other is the identity.

Proof. Let f e G. We claim that f> = 1, the identity of Hom (IR,0). Con-
sider a representation of f, which we will denote by f also. We have then that
f:(a,b) — (c,d) wherea <0< b,c <0< dand f(0) = 0.

Suppose initially that f(0,b) C (0,+ o). If there exists a y € (0,b)
such that f(y) < y, we have that for all ¥k > 0, 0 < fX(y) < f*"'(»)
< ... < f(y) < y so the points of the sequence {f*(y) | kK € IN} are distinct
points and therefore f* = f/ if k # j. This contradicts the hypothesis of G
being finite. Analogously we cannot have f(y) > y. We conclude therefore
that f(y) = y for all y € (0,b). By an analogous argument f(y) = y if
y € (a,0) and therefore f = 1. In the case that f(0,b) C (—,0), that is,
f reverses orientation, we have f2(0,b) C (0,+ ), so f> = 1. We con-
clude therefore that every element of G has order =< 2. In particular G is
abelian.

Suppose there exists f,g € G such that f,g # 1. Let (a, b) be the intersec-
tion of the domains of f and g with the image of g. Since f,g # 1, we have
£(0,b) C (a,0) and f° g(0,b) C (0,+);s0 fog = 1and hence f =
= g~ '. Since g> = 1, we have f = g~! = g, as desired.

Corollary. Let F be a compact leaf of a codimension 1 foliation ® such that
7, (F) s finite. Then Hol (F,x,), x, € F, contains at most two elements. If &
18 transversely orientable, then Hol (F,x,) = {1}.

Proof. By Lemma 5, it suffices to prove that Hol ( F,x,) = {1}, in the case
that @ is transversely orientable. In this case, there is a vector field X on M
that is nonzero and transverse to ®. Given x € F, take as a transverse section
to ® through x a small segment I, of the orbit of X through x. So, if
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f: E,:o C E,, — L, is an element of Hol (F,x,), we have f(x) = x, and
by the above lemma, f = 1 if and only if f preserves the orientation of Ly
that is, if and only if Df(x,) - X(x,) = N\, X(x,) where A\, > 0 (in fact
A\ =1). Letvy:[0,1] — Fbe a closed curve such that f is the element of
Hol (F, x,) corresponding to [y]. For each ¢ € [0,1], there is a holonomy map
fi L/ C By — L, and we have Df,(xp) - X(xp) = A(#) X (y(t)) where
A :[0,1] — IR is a continuous nonvanishing function. Since A (0) = 1, we
have A, = A (1) > 0 as desired.

Lemma 6. Let ® be a codimension one, C’, (r = 1) foliation. Suppose F is
a compact leaf of @ such that # (Hol (F,x,)) = 1. Then there exists an open
netghborhood V (F) of F in M, saturated by ®, and a C" diffeomorphism
h:(-1,1) x F — V(F) such that the leaves of & in V (F) are the sets of
the type h({t} X F), te€ (—1,1), letting F = h({0} X F). In particular
V(F) — F has two connected components.

Proof. By the local stability theorem there is a neighborhood ¥V = V (F) of
F, saturated by ®, and a retraction = : ¥ — F such that, for every x € F,
7' (x) is a segment transverse to @. Moreover if F* C Vis a leaf of ® then
1 < #(F' N7 ' (x)) < #(Hol(F,x))) =1, so #(F' N 7 '(x)) = 1.
Consider a C” parametrization o : (—1,1) — 7~ '(x,) such that ¢ (0) = x,
and o’ (¢) # Oforalls e (—1,1). Denote by F, the leaf of ® in ¥V which cuts
7 '(x,) at a(¢). The map ¢t ¥ F,is evidently one-to-one. Consider now the
mapg: V — (-1,1) X Fdefinedby g(y) = (g (¥),7(y)) where g, (»)
is the unique element of ( —1,1) such that y € Fe - If F, is as above, we
have g (F,) = {t} X F, because 7 (F,) = F. Further, g is one-to-one because
ifg(y) =g(y’)wehavet = g,(y) = g, (y’) soyand y’ are in the same
leaf F, of @ and since = | F, : F, — F'is a diffeomorphism, we have y = y’
because 7 (y) = w(y’).Leth: (—1,1) x F — Vbe the inverse of g. We
have then that 4 (,x) is the unique point of F, N ™' (x). One easily verifies
that 4 and g are C” and hence are diffeomorphisms. W

Corollary. Let F be a leaf of & such that # (Hol (F,x,)) = 1 and let V(F)
be a neighborhood of F as in Lemma 6. If { is a segment transverse to & such
that ¢ C V (F) then for every leaf F' C V(F) we have# (¢ N F') < 1. Ifthe
endpoints of £ are in 3V then # (£ N F’) = 1 for every leaf F' C V(F).

Proof. This follows immediately from the preceding lemma.

Proof of Theorem 4. Let U be the set of points x in M such that the leaf
F, of § through x is compact and has finite fundamental group. By hypothesis
U # @ and by Lemma 6, U is open. Let U be a connected component of U.
We will show that 80 = @ and, since M is connected, we will have U =
=U = M.
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Since U is saturated by &, U and 30 are also saturated by &. Suppose by
contradiction that 30 # @. We prove first that all leaves contained in 80 are
compact.

In fact, suppose by contradiction that ¥ ¢ 80U is a non compact leaf. Since
M is compact, F has an accumulation point p € M — F. Let J be a compact
segment transversal to & with p € J. Clearly F N J # @ and since p ¢ F, it
follows that F N J is infinite. We can suppose that the extremities of J are
p and a point of F. Moreover, since F C U, from the transverse uniformity
of & (Theorem 3, Chapter III), it follows that any transverse segment which
intersects F, intersects U. In particular U N J = U , 5 J,, where for each
n € B, J, is an open segment in Jand J, N J,, = @ if n # m. Let us prove
that Bis infinite. Since J is a segment we can order J and consider a monotone
sequence {x,} ,en in £ N J, such that lim, _, ., x, = p. For each m € B, clearly
Jm C (Xy,%,,,) for some n € IN, where (x,,x,,,) is the segment of J between
x, and x,,,. Now, (x,_,%,,,;) N U # @, which implies that there exists
m € B such that J,, C (x,_,,x,,,). Since there is an infinite number of such
segments, it follows that B is infinite.

F
U Ji
\/:Q
p Jb
Figure 6

Now we prove that for each n € B, sat (J,) = U. Clearly sat(J,) ¢ Uand
from Lemma 6, it follows that sat (J,) is open in U. Since U is connected it
is sufficient to prove that sat (J,) is closed in U. Let { Pjljen be a sequence
in sat(J,) such that lim,_, ., p, = po € U. Since F, C U, by Lemma 6,
there exists a neighborhood V(F, ) = ¥V C O, saturated by § and such that
&/ V is equivalent to a product foliation (-1,1) x F, . Since p; € V for j suf-
ficiently big, it follows that J, N V # &. Now, the extremetles of J, can not
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be in V, therefore J, intersects all the leaves of V, hence p,, € sat (J,). This
implies that sat(J,) = U for each n € B.

Now, let F* c U be a leaf of . Since sat (J,) = U it follows that for each
ne€B,F' N J, # @.0n the other hand, F’ and J are compact andso F' N J
is finite, which implies that B is finite, a contradiction. Therefore Fis com-
pact. The same argument implies that for any compact segment 7 which is
transverse to &, then I N U contains a finite number of open intervals.

Now, let us fix a tubular neighborhood W of F ¢ 80, such that dW is com-
pact, and a retraction v : W — F such that for any p € F r '(p)isa seg-
ment transverse to &. Let us prove that there exists a leaf F’ of F such that
F’ ¢ W N U. Suppose by contradiction that for any leaf F* c U such that
F'N W # & then F' N dW # &. Let J = 7' (x), where x € F is fixed.
Since F ¢ 30, x is accumulated by points of J N U and so J N U contains
a monotone sequence {x,},n such that lim,__, ., x, = x. For each n € N, let
Yo € F, N 0W. Since dW is compact, by considering a subsequence if
necessary, we can suppose that lim,_, . y, = y € 0W. Set S, = sat(x,,x)
and S = N ,.; S,, where (x,,x) is the segment of J between x, and x. Since
S, is compact, connected, saturated and S,,,, C S, for each n € N, we get that
S is also compact, connected and saturated. Moreover for all n € N,
{X.,Yn) € S,, which implies that {x,y} € S. Let us consider the leaf F,. Clearly
F, intersects the segment [x,,x) for all » = 1 and since F, # F,, this implies
that F, N [x,,x] is infinite. On the other hand, y = lim, _, . y,, ¥, € U, and
so y € aU, which implies that F), is compact. Therefore F, N [x,,x] is finite,
a contradiction. It follows that there exists a leaf F* ¢ U N W.

Now F’ is compact and n/F’ : F’ — F is a local diffeomorphism, which
implies that #/F’ : F’ — Fis a covering map. Since F’ is compact and has
finite fundamental group the same is true for £, hence £ ¢ Uand 80U = @
as we wish.

We will now prove that all the leaves of § are diffeomorphic. Given F’, a
leaf of &, let

Ur. = {x € M| F, is diffeomorphic to F'} .

By Lemma 6, Uy is open in M for every F’. For the same reason M — Uy,
is also open in M. Since M is connected, we have M = Ug. as desired.

To conclude the proof we prove that there is a submersion f: M — S'
such that the leaves of & are the surfaces f~'(8), 6 € S'. For this it is enough
to show that there exists a closed curve y : §' — M transverse to & and such
that v (S') meets each leaf of & in exactly one point. In fact, this being the
case, it is enough to define f(p) = v! (F,N v(S")). The existence of y
follows from the following two lemmas.

Lemma 7. Let F be a codimension one foliation defined on a compact manifold
M. Then
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(a) There is a curve y : S — M transverse to F,

(b) If § s transversely orientable, 7 : S' — M is transverse to & and 7 (S")
N Fy # @ where Fyis a compact leaf of F, then thereisay :S' — M
transverse to § such that v (S') N Fy contains only one point.

Proof. (a) Suppose initially that F is transversely orientable. Let X be a
vector field transverse to §. It suffices to get an integral curve of X which
cuts a leaf F of F twice. In fact, suppose that o : R — M is an integral
curve of X such that o (#,) and a(#,) € F where t;, < t,. If a(#;) = a(t,)
the curve « is a closed path in X and we are done. If a (#,) = p; # p, = a(t,)
let 6 : [0,1] — Fbe a simple curve such that §(0) = p,andé(1) = p,. By
the global trivialization lemma there is a neighborhood V of 6 (/) and a dif-
feomorphism 4 : D™ ' x (—e,e) — V such that #*(F) = F* is the
foliation whose leaves are of the form D™ ! x (¢}, t € (—¢,e) where
Di1sD; € h(D™ ! x {0}) C F.Let X* = h* (X) be the vector field X* (¢) =
= (Dh(q))~"' - (X(h(q)). This vector field is transverse to F* so we can
assume that its last component in D™~! x ( —¢,¢) is positive. Let &, and 5,
be the segments of a[?,,7,] N V which contain p, and p, respectively. Since
t, < t, we have that A7'(8,) C D™ ! x [0,¢) and A~!(8,) c D™ ! x
( —¢€,0]. It suffices now to define v : [¢,,,] — M by modifying the curve
a | [t,1,] as in the figure below.

Figure 7

In the figure, « is modified in intervals of the form [#,,7, + 8] and [¢, — 6,1,]
so that vy | [#, + 6,8, — 6], v | [#,,¢, + 8] and v | [t, — 8,¢,] are transverse to
F,y(4) =v() and y' (4) = 7' ().

We prove now that given an integral curve « of X, not closed, then o meets
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a certain leaf of &, an infinite number of times. Let o : R — M be such a
curve and p an accumulation point of the sequence {«(n)},.n- Let U be a
foliation box of & containing p. Then there exists a sequence n, — o such
that a (n,) € U. The segments of o (R) N U which contain « (n;) necessarily
meet the plaque of U which contains p for & sufficiently large. This proves our
claim.

If ¥ is not transversely orientable consider a line field L transverse to § and
take the double covering 7 : M — M of L. Since M is compact the above case
applies and we obtain a curve ¥ : S' — M transverse to 7* (F). The curve
m o § = v is transverse to F.

a(ny) U

Figure 8

(b) Suppose § is transversely orientable, 7 : S' — M is transverse to
and 7(S') N F, # @ where F, is compact. Then 7 (S') N F, is finite. In the
case that 5 (S') N F, contains more than one point we choose 6,,8, € S' such
that 7 (6,), ¥(6,) € F, and ¥(6,,8,) N F, = & where (6,,6,) is one of the
segments of S' — (,,6,}. One can now repeat the first argument, since & is
transversely orientable. W

Lemma 8. Let § be a transversely orientable, codimension one foliation of
a compact, connected manifold M. Let v : S' — M be a closed curve trans-
verse to F such that every leaf in sat (v (S')) is compact and has finite fun-
damental group. Then sat(y(S')) = M. Moreover, the number of points of
intersection of the leaves of § with v (S') is constant.

Proof. We will show that W = sat(y(S')) is open and closed in M and
hence W = M.

W is open. Givenx € W, F, N v(S') # @.1fy ¢ F, N v(S') we consider a
simple curve p : [0,1] — F, such that u(0) = xand (1) = y. Using the
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global trivialization lemma it is easy to show that there is a neighborhood A4
of u[0,1] such that for every z € A, F, N v(S') # O as desired.

W is closed. Given x € v (S'), by Lemma 6 there exist a neighborhood ¥ ( F,)
of F,, saturated by § and a diffeomorphism A : (-1,1) X F, — V(F,)
such that the leaves of & in V(F,) are the sets of the form A ({t} X F,),
t € (—1,1). Denote by ¥V, the compact neighborhood of F,, A([-1/2,1/2]

x F.).Itis clear that V. N v (S !y contains an open interval which contains
x, which we will call I,. We have then U , I, = v (S") and since v (S') is com-
pact there is a finite cover of v (S') by intervals {1, };_,. It is easily verified
that W is the finite union ¥, U ... U V,, of compact sets, so it is compact
hence closed, from which it follows that W = M.

Now let k(x) = #(F, N y(S")), x € v(S'). We want to prove that & (x)
is constant. For this we consider the sety; = {x € v(S') | #(v(S') N F,) =
= j}. We claim that v, is open in v (S') for every j € N. In fact, given x ¢ Y»
let V(F,) be a neighborhood as in Lemma 6. Then y(S') N V(F,) has a
finite number of components ¢, ,..., . For all i = 1 ,..., r the endpoints of
are contained in a4V ( F,) so by the corollary of Lemma 6, # (¢, N F) = 1 for
every leaf F C V(F,). In particular #({, N F,) = 1,i=1,...,rsor = j.
Moreover for every leaf F C V(F,), #(£(S') N F) = j so 7 is open in
v(S'). We have then v (S') = UL, v;50 v(S') = v, for some k € IN, since
v (S') is connected.

§6. Global stability theorem. General case

Theorem 5. Let § be a C', codimension one foliation of a compact connected
manifold M and F a compact leaf of T with finite fundamental group. Then
all the leaves are compact with finite fundamental group.

Proof. By Theorem 4 we can suppose F is not transversely orientable. Let
Pbe a line field transverse to the plane field of codimension one which is tangent
to the leaves of . Let 7 : M — M be the orientable double covering of P.
Since P is not orientable, M is connected. Consider on M the foliation
F* = 7*(F). Since = takes leaves of F* to leaves of &, F* has two types of
leaves:

(1) leaves F* such that = | F* : F* — = (F*) is a diffeomorphism and
(2) leaves F* such that = | F* : F* — w(F*) is a two-sheeted covering.

In either case, the leaf 7 ( F*) is compact and has finite fundamental group. W
Example 2. We will now construct a foliation F on a three-dimensional

manifold which has two leaves, F, and F,, diffeomorphic to the projective
plane. The other leaves of F are diffeomorphic to S>.
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First consider M = §2 x [1,2], foliated trivially by §2 x (¢}, t € [1,2].

-y, 2)

sx2

0.2

Figure 9

On M consider the equivalence relation ~ such that (x,#) ~ (x’,t¢’) ifand
onlyifx=x",t=¢t"orx= —x"whent=1¢"=1or whent=1¢" =2.
Taking M = M/ ~, we have that §? x {1} and §? x (2} are transformed to
two projective planes F, and F,. The other leaves S x {t} are taken to
spheres; with this we get a foliation ¥ on M with the desired properties.

Example 3 ([46]). We will see here that the global stability theorem of Reeb
does not generalize to foliations of codimension greater than one.

Let M" = §"7? x S' x S' and designate a point p € M" by p = (x,¢,0)
where x = (X, ,..., X,;) €R"™' x2 +...+ x2_, =1, and ¢ and 0 are
angular coordinates defined modulo 2.

The differential forms

nm =di, m = ((1 —sind)? + x?)dy + sind dx,

are linearly independent at every point and define on M”" a plane field = of
codimension two by the following equation:

7(p) = {ve T,M|n (v) =n(v) =0}

Since dn, A n, Ay = dny Ay A g, = 0, the plane field = is completely in-
tegrable, that is, it is tangent to a foliation & of codimension two on M" (see
the appendix).

It is easy to verify that the surfaces given by sin6 = 0 and ¢ = constant
are leaves of this foliation, homeomorphic to $”~%, and consequently simply
connected if n > 3. Nevertheless the surfaces defined by sinf = 1 and ¢ =
= ¢y + 1/x; are non-compact leaves of F.
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Remark 3. Reeb’s stability theorem was generalized by W. Thurston [57] in
the following way. Let F be a compact leaf of a transversely oriented codimen-
sion one, C! foliation §. If H' (F,IR) = 0 then the holonomy of & is trivial.
Applying Lemma 6 we can conclude that § | V' is a product foliation where V
is a small neighborhood of F.

Remark 4. Reeb’s stability theorems (§ 4,5,6) hold even when the foliation
is C°. In the C' case the proof simplifies and illustrates better the techniques
of the theory of foliations. For these reasons we restricted ourselves to the
C' case.

Notes to Chapter IV

(1) Foliations induced by closed 1-forms.

Every C’, closed 1-form w(r = 1) defined on a manifold M induces a codimension
one, C” foliation ¥ (w) on M — sing(w) where sing(w) = {p € M | w, = 0}. A system
of distinguished maps for F (w) can be defined in the following manner.

Let py € M — sing (w). Consider a neighborhood D of py, homeomorphic to a disk and
such that w, # 0 for every p € D. Since D is simply connected, by Poincaré’s lemma
(see [52]), there is a C” function f: D — R such that df = w. This function is a
submersion, since df (p) = w, # 0 for every p € D. One easily verifies that the set of
all pairs (D,f), constructed as above, constitutes a system of distinguished maps and
hence a foliation §F (w).

One particularly interesting fact about such foliations is that the holonomy of any leaf
is trivial. This follows from Stokes’ theorem, as we will see in the following. Although
the result also holds for C! forms, we are going to suppose that w is C?, in order to
simplify the argument. Let F be a leaf of F(w) and v : S' — F be a closed curve in
F. We can suppose that v is a C* immersion. By Remark 2 of this chapter the holonomy
of vy can be defined using a one-dimensional fibration along y and transverse to § (w).
More precisely, there is a C?immersion & : S' x (—¢,e) —> M such that A (6,0) =
= y(0) forevery 0 € s'and the curve t > & (6,1) is transverse to § (w). The inter-
section of the leaves of F (w) near F with 2 (S' x ( —¢,e)) define the holonomy of .
The map 4 can be defined, for example, by taking 4 (8,7) = X,(y(6)) where X is the
C? vector field defined by w,(v) = (X(p),v), for every p € M — sing(w) and
veT,M, letting ( , ) be a Riemannian metric on M. This vector field X is also called
the gradient of w with respect to ¢ , ) and one easily verifies that it is normal to the
leaves of F(w).

Let w* = h* (w) be the form co-induced by w and 4 (see [52]), defined by Wiy, (V) =
= wy(g,ry (dh (g, * v). Then w* is a closed C' 1-formon S' x (—e,¢) and the foliation
defined by w*, F*, is exactly the foliation #* (F (w)). One sees also that S U x {0}isa
leaf of F* and that §* is transverse to the lines {6} x ( —¢,€), 0 € S'. Fix a transverse
line § = (6} X (—¢,e) andlet g: ¢; C § —> § be a representative of the holonomy
of S' x {0}. Then g is conjugate to the holonomy map of v, £, € Hol (F). This follows
from the fact that §* = A* (F (w)). It suffices to show that g = identity.
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Suppose on the contrary that thereisa g = (6,,7) € ¢ysuch that g(g) = (8p,t)) =
= g, # q. In this case the leaf L, of $* which passes through g meets {, for the first
time at q,. Let a be the simple closed curve of S s ( —¢,¢) formed by the segments
qq, of § and g, q of L, as in Figure 9.

Figure 10

The curves « and S' x {0} define a region R C S' x (—¢,¢). Applying Stokes’
theorem to the form w* in the region R, we have

S \ w* = S dw* =0
s'x{0Ua R

and hence Em w* = Ss'xlox w*. Since S' x {0} is an integral curve of w*, we have

S w*=0.

Therefore

O=Sw‘=§ w‘+§w‘=§w‘.
o qq, f, 2

Since ¢, is transverse to &, it is easy to see that 5, w* # 0, which is a contradiction.
Hence we must have ¢ = ¢, i.e., the holonomy of y is trivial.
The following converse of the above-mentioned fact was proved by Sacksteder in [50].

Theorem. Let § be a C? codimension one foliation defined on a manifold M". Suppose
the holonomy of every leaf of F is trivial. Then § is topologically equivalent to a foliation
defined by a closed 1-form. We say that two foliations F and F' of M are topologically
equivalent when there is a homeomorphism of M which takes leaves of § to leaves of F ' .
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(2) Singular points of completely integrable 1-forms.

A differentiable 1-form w on R” of class C” is written

n
w = E a;(x)dx;
i=1
where the a;(x) are C” functions. The form o is called completely integrable when
w A dw = 0 (see the appendix).

A singularity of w is a point p where all the ¢;(x) vanish simultaneously. In what
follows we will show that in certain cases it is possible to determine the topological struc-
ture of the leaves of w near a singularity using the stability theorems of Reeb.

For simplicity we suppose 4;(0) = 0 fori =1 ,..., n. Let by = (9a;) (0)/(3x;),
1 < i,j < n. Then we can write

S . Ri(x)
a;(x) = b;ix; + R;(x), lim —+—— =
Z v xmvo I

Then,

n n
w= Y, byxdx+ R, R=Y R(x)dx .
i=1

iLj=1

The form w, = Ef’j:l bjjx;dx; is called the linear part of w at 0.
Lemma. The form w, is completely integrable.

Proof. From the relation w A dw = 0 we have that
0=wAdw =w ANdwy + oy ANdR + RANdw, + RAdR .

From the above expression we see that w; A dw, is the linear part of w A dw. So
wyANdw; =0. B

Proposition. Let w be C' and completely integrable and 0 € R" a singularity of . We
have two possibilities:

(1) dw | x=0 = 0. In this case B = (bj;) <, j<n 1S symmetric.

2) dw l x=0 # 0. In this case B has rank < 2.

Proof. Since dR |,_o = 0, one has that dw| ,_¢ = dw;. So, dw|,_o =L,
(bj; — b;)dx; A dx;. Clearly, if dw | y~o = 0 then B is symmetric.

Suppose now that dw, # 0. We claim that dw;, = 6, A 6, where 6, and 6, are linearly
independent 1-forms which do not vary with the point (i.e. 6; , = 6;9, x € R"). In fact,
set dw, = EKJ- cjdx; A dx;, c¢; = b — by;. Since dw; # 0, we can suppose that ¢, #
# 0, for example. Set §, = 1/¢;, ), j- ¢|;dx; and 60, =E}'=1 c;dx;(cy = ¢ = 0).
Taking the product we get

1
(i) 0, A0, = o™ Z (c1jcj — €1€2) dx; A dx; .

i<j
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On the other hand the relation w; A dw; = 0implies that dw; A dw; = 0. The coefficient
of dx; A dx; A dxy A dxypin dw A dw, is 2 (cjce + C4iCie + Cji€p) SO taking & = 1 and
=2 we get

(ii) C12Cjj + €1iCj2 + Ci1Cip = 0.

Comparing (ii) with (i), we see that 6, A 8, = dw,, which proves the claim.
1 n n
Take now fj(x) = P E cx; and fr(x) = E CyiXj .
Jj=1 Jj=1
We have then that dw, = df| A dfy sod(w, — fidf;) = 0. By Poincaré’s lemma ([52]),

thereisa g : R” — R of degree 2 such that w, = f, df, + dg. Take a linear change
of variable y = A (x) defined by

Y =hx), ¥y =L(x), v =x, for k=3,
In this system of coordinates w; is written as A (w;) = y,dy, + dh,h = g » A_‘,A‘ =
(a™hr.
Using now the relation w; A dw; = 0 we get dy; A dy, A dh = 0, a relation that is

equivalent to dh/dy, = 0 for k = 3.
Therefore h depends only on y; and y,, i.e.,

oh oh
A (w) = gd)’l + (O + a—yz)d)’z = (e y) + epy2)dy, + (eyy) + enpyy)dy
1

Then the matrix B, of A, () has rank < 2. Thus it is possible to deduce that B has
rank < 2. We leave the final details to the reader. W

Examples

(1) Let w = x;dx; + X,dx, — X3dx; = df where f = 1/2(x} + x5 — x3).
The leaves of w are the connected components of the level surfaces of f| R’ - {0}
and are given in figure 11 below.

=D
\_/

Figure 11
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(2) The form 5 = x,dx, — 2x,dx, in R’ satisfies 7 Adnp = 0. Further dy =
= —3dx; A dx, # 0. The set of singularities of 5 is the x;-axis. The leaves of 7 are
products of the x;-axis with the orbits of the vector field X = 2x, (3/3x,) + x,(3/dx,)

(see figure 12).

Study of centers in R", n > 3.

Let w be a completely integrable 1-form in R” with a singularity at 0. Let w, =
= E,-,j b;; x;dx; be the linear part of w at 0.

Definition. We say that 0 is a stmple or nondegenerate singularity for w when
det (b;) # 0.

This definition does not depend on the coordinate system chosen. Further, the simple
singularities are isolated.

By the previous proposition if n = 3 and 0 € R" is a simple singularity then neces-
sarily dw | y—¢ = dw; = 0. Consequently, w, = df where f is a quadratic function. By

means of a linear change of variable we can suppose f is written as the sum of squares.
Thus

w; = d(xf +...+ xi - xiH — . xf,) .
Definition. The singularity 0 € R” of w is called a center when it is positive definite
or negative definite, that is, when w, is written w; = id(x% +...+ xf,) in some linear
system of coordinates.
In this case the leaves of w, are the spheres x% +...+ xf, = 2. Our objective here is
to show that if w is C? then its leaves are also diffeomorphic to spheres.

Theorem (Reeb [46]). Let w be a completely integrable, c? form defined in a neighbor-
hood of 0 € R", n = 3. Suppose that 0 is a center of w. Then there is a neighborhood of
0 in which all the nonsingular leaves of w are diffeomorphic to the sphere S"~ L
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Proof. Since 0is a center of w by a linear change of coordinates we can suppose that
w =df, f(x) =1/2 3", x%

Consider the map ¢ : R x §"' — R" defined by ¥ (p,u) = p - u where u =
= (U yeuuy Uy) € $" 'and p € R.

Observe that the restrictions y | (0,0) X s" 'and V| (—,0) X "~ ! are diffeo-
morphisms on R" — {0}. Therefore if F is a leaf of y*(w) contained in (0,) X

=1 ¥ (F) will be a leaf of w in R" — {0}. We will now prove that all the leaves of
¥* (w) in a neighborhood of {0} x $"~! are diffeomorphic to S" " and this implies that
all the nonsingular leaves of w in a neighborhood of 0 € R" are diffeomorphic to $" '
To do this, set

©=df + Y R(x)dx, dR;(0) =0, R;(0)=0.

i=1

We have then

) V@) =d(fo¥) + Y Ri(p-u)d(p - u) .

i=1

Since fo Y (p - u) = 1/22, ,p u, l/2p , one sees that d(f - y) = pdp. As
R; 1sofclassC R; (0) = 0and dR;(0) = 0one obtains, R;(p - u) = pS;(p,u) where
S; is C'onR x $" ' and lim,_, o S;(p,u) = 0. From (+) above we have

n n
V(@) =pldo +m), 1=() uS)do+p Y, Sy .

Consequently the form & defined on R x st bya = 1/py*(w) forp # 0and @ = dp
forp = 0is C ', integrable and has the same integral surfaces as y* (w) on (R — {0})
x S"L,

Observe now that {0} x s" lisan integral surface of @, so, since n = 3, by Reeb’s
stability theorem, there is a neighborhood ¥ of {0} x S”~' such that all the integral sur-
faces of & in V are diffeomorphic to $”~'. This concludes the proof. W

In the case that w is analytic, the above theorem can be strengthened.

Theorem (Reeb). Let w be an analytic, integrable 1-form defined in a neighborhood of
0€R", n = 3. Suppose that wy = 0 and that w has nondegenerate linear part w, =
= df. Then there exists an analytic diffeomorphism h from a neighborhood U of 0 to a
neighborhood V of 0 and an analytic function g : U —> R such that g(0) = 1, Dh(0)
18 the tdentity and h* (w) = gdf.

The proof of this theorem can be found in [46].

Other results about the existence of first integrals of integrable forms can be found
in [37] and [31].

For the study of singularities of integrable forms we suggest the following references:
[33], [30] and [5].



V. FIBER BUNDLES
AND FOLIATIONS

The notion of holonomy of a leaf introduced in the previous chapter is essen-
tially of local character. It is defined by a group of germs of diffeomorphisms of
a transverse section to a leaf, with a fixed point. In certain circumstances,
however, it is possible to associate to the foliation a group of diffeomorphisms
of a global transverse section, containing in a certain well-defined sense the
holonomy of each leaf. This is the case of foliations whose leaves meet
transversely all the fibers of a fiber bundle E. The importance of these folia-
tions is in the fact that they are characterized by their holonomy, in this case
given by a representation ¢ : m; (B) — Diff ( F) of the fundamental group
of the base of E to the group of diffeomorphisms of the fiber of E. In this man-
ner properties of ¢ translate to properties of the foliation. For example, the
action ¢ has exceptional minimal sets if and only if the same occurs for the
foliation. Sacksteder’s example, of a C* codimension one foliation with an ex-
ceptional minimal set, is a typical case of what we will see in this chapter.

A necessary and sufficient condition for the existence of a foliation transverse
to the fibers of a fiber bundle is that it has discrete structure group. Once show-
ing this, we obtain the following result due to Ehresmann [11]: let Nbe a com-
pact C? submanifold of M. A necessary and sufficient condition in order to
exist a foliation of a neighborhood of N for which N is one of the leaves is that
the normal bundle to N be equivalent to one that has discrete structure group.

As an elementary application of this theory we will prove a classic result about
the solutions of the differential equation of Ricatti (see note 1).

§1. Fiber bundles

A fiber bundle consists of differentiable manifolds £, B, F and a differentiable
map w : E — B. Further E has a local product structure defined by a cover
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(U;) sy of B and by diffeomorphisms ¢, : #7'(U;) — U, x F, i € J, which
make diagrams of the type below commutative

N (U)—2Ei _»U, X F

\ ﬁ

Ui
that is, # = p ° ¢;, where p is the projection on the first factor. In particular
w is a submersion on B and E is locally diffeomorphic to the product of an open
set in B and F.

The space E is called the total space, B the base and F the fiber of the bundle.
The map = is called the projection. If x € B, the submanifold F, = 7~ ' (x)
= F is called the fiber of E over x. Usually a fiber bundle is denoted by
(E,w,B, F). If there is no danger of confusion we will denote it simply by E.
Moreover we will assume that E is C*, that is, all the manifolds and maps in-
volved in the definition of a fiber bundle are assumed to be C”.

Given i,j € Jsuch that U; N U; # &, we can define g; : U; N U; — Diff (F)
in such a way that the map &, which makes the following diagram commute,
(U, N U))

Pi d)ij P
(UNU) x F— = (U;NU)) X F

is written ®;(x,y) = (x,h;(x,y)). For each x € U; N U;, the map hj;: F
—> F defined by y — h;(x,y) is clearly a diffeomorphism. We will use
the notation g; (x) = hj.

When F and the fibers are vector spaces and all the g;(x) are linear
automorphisms of F, we say that E is a vector bundle. We say that the fiber
bundle E has discrete structure group if, for any i and j, the map x + hj;
is locally constant.

When E has discrete structure group the foliations of ™' (U;) given by
submersions

- Pi q
™ (Ui)—’UiXF—-’Fr ‘I(X,}’)=y

define distinguished maps of a foliation whose leaves are transverse to the fibers
of E. The plaques of the foliation in 7! (U,) are the sets (g ° ¢;) "' (»),
y€F.
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Example 1. The tangent bundle.

Let M be a C*, n-dimensional differentiable manifold. For each p € M, let
T, M be the space of tangent vectors to M at p, and

™ = {(p,v,) |[peM, v, eT,M].

If r: TM — M s given by 7 (p,v,) = p then (TM, =, M,IR") is a C* vec-
tor bundle. In fact, given a local chart x : U — IRR”" of M, introduce a local
chart

(*») ¥x:7 ' (U) = Ux R"

for TM in the following manner:

X (pX(P) = (P, Y o) = (Bar e @) = (2.DX(P) - X(P)) .
i=1 !

When x: U — R", y: V—=R", UNV# @ and X(p) = L i1 9
3/3x; = ) ;_, B; 3/3y’, we have that

yeox 'l (pa,.,d) = (p.B ... 8"

with

() E al

This permits us to define on TM both a differentiable manifold structure by
(*) and a vector bundle structure by (*) and (*+).
A section of a fiber space is a map ¢ : B — E such that = - ¢ = identity.
A section of the tangent bundle is a vector field on M. So, a vector field X,
is, in effect, a map which to each p € M associates a vector X (p) € T,M.

Example 2. The normal bundle.

Let ¢ , ) be a Riemannian metric on M™ and N" C M™ a submanifold of M.
Given p € M, let T,N* C T, M be the subspace of normal vectors to T, N; we
define »(N) = {(p,v,) |p €N, v, € T,N*} and

T :v(N) — N, T(p,v,) =p .

Then (v (N),w,N,R™™ ") is a vector bundle.
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In fact, since N is a submanifold, for each p € N there exists a local map
x:U — R"onM, p € U, such that g € U N N if and only if x(g) has its
last m — n coordinates zero. These coordinate functions x"*! ,..., x™ define

vector fields X,,, = grad x"*! ,..., X,, = grad x™, which form a basis for
N 1. The vector field grad f is defined by the relation Df(p) - u =
= (grad f(p),u),.

So, we can define local charts X : 7' (U N N) — (U N N) x R™ "by

m

X(q,X(q) =%X(q, Y, oXi(q) = (qysy reees )

i=n+r

whose changes of coordinates are: if y: V — IR™ is as above and
UN V # O then

) VX gt s> Q) = (@ Brsy 5eer By) for geUNV,

where X(q) = L im0 X, = U eanBY, Yy =grady/, n+ 1 =j=m
and

=Y X 2ra.

J 1 ay 1

i=n+1 J

Thus a vector bundle structure is determined on » (N) by (x).

Example 3. The unit tangent bundle.

Let ¢, ) be a Riemannian metric on M™ and T'M = {(p,v,) |peM,
v, € T,M, |v,| = 1}.

Denote by = : T'M — M the map 7 (p,v,) = p. Then (T'M,=,M,5""")
is a fiber space whose fiber is the unit sphere $"~' C R" = T, M.

In fact, let x : U — IR" be a local chart of M, where x = (x,,..., x,,). Let
a 9
ax; * dx;
symmetric so it has a unique square root 4, = (a}) <, j<. (€., Al = G,)
which is symmetric and positive definite. We define local charts for 7' M by
setting

gy =« >. The matrix G, = (g};) i j<n iS positive definite and

(*») X:7m ' (U)y = Ux §"!
x(p,v) = (p,A(Dx(p) - v)).

Ifv = EL, v; 8/0x; is a unit vector, we have A, (Dx(p) - v) = L, a;v;e; =
= L,o;e; where f{e, ,..., e,} is the canonical basis of R”, so the norm of

A,(Dx(p) - v) in the usual inner product is I; ajz- =L,k Vi@ ayv, =
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=L, vgkv=1,o0r, A (Dx(p) -v)eS" "
If y: V — IR" is another local chart on M with U N V # & then

y ° -Y“(pla] gecey an) = (p:Bl yeeey Bn)

ay, .
y 22 44y o, letting (a2, 4 =
GXk -

o y .
= A, .Since B = (by);<;<n, Where b, = L, , a}, 5—x—’ a¥, takes unit vectors
k

to unit vectors, B is orthogonal (that is, B~' = B’). We say then that 7'M
is a fiber bundle with structure group O (n), the group of orthogonal n x n
matrices.

where £, of = £;8} =1 and B = L,(Z,, a

Example 4. Let M be a compact connected manifold and F a transversely
orientable, codimension one foliation of M which has a compact leaf F with
finite fundamental group. Then the leaves of & are fibers of a fiber bundle with
base S', fiber F and discrete structure group.

In fact, by the global stability theorem all the leaves of & are diffeomorphic
to F. Further, there is a submersion f: M — S' such that the leaves of
are the sets of the form f7'(0), 6 € S'. In this case, (M, f,S',F) is a fiber
bundle, as can easily be seen.

§2. Foliations transverse to the fibers of a fiber bundle

Let 7 : E — B Dbe the projection of a fiber bundle with fiber F. We say a
foliation & of E is transverse to the fibers when it satisfies the following
properties:

(a) for every p € E the leaf L, of & which passes through p is transverse to
the fiber F,(,) and dim(F) + dim(F) = dim(E).

(b) Foreveryleaf Lof §, v | L : L — B s a covering map. It follows from
the definition that for every p € E one has

T,E = T,(L,) ® T,(Fy) -

An important observation due to Ehresmann is the following.
Proposition 1. Suppose that the fiber F is compact. In this case (a) vmplies (b).

Proof. LetLbealeafof §. Since m : E — Bis a submersion, L is transverse
to the fibers and dim (L) = dim (B)), it follows that = | L : L — Bis alocal
diffeomorphism. To prove that = | L : L — B s a covering it suffices to show
that, for every b € B, thereisa disk U C B with b € Usuch that for eachx € U
the fiber 7' (x) cuts each leaf of the restricted foliation F | 7' (U) in ex-
actly one point.
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In fact, the connected components of L N 7~ ' (U) are leaves of § | ' (U).
If V is one such connected component, and if x € U then 7~ '(x) N V contains
exactly one point, sow | ¥ : ¥ — U s one-to-one and onto and hence is a dif-
feomorphism, which shows that = | L : L — B is a covering.

In order to construct U we show first that, given z € 7~ (b) there is a folia-
tion box W, of F such that, for every x € 7 (W), 7~ (x) cuts each plaque
of W, in exactly one point.

/—/—“\

7 (b)

b B

Figure 1

Let L, be the leaf of & through z € = “1(b). Since z is an isolated poi}nt of
7~ '(b) N L, in the intrinsic topology of L, there is a disk z € D C L, such
that for every y € D, the fiber 7~ '(7(y)) cuts D exactly in the point y. This
implies that the map A: 7~ (x (D)) — Dsuch thath(y) = = '(x(»)) N D
is a submersion and A (D) = D. On the other hand, D could have been chosen
so that D is contained in a plaque of a foliation box W of &. It is easy to see
now that it is possible to construct a foliation box W, of & such that W,
C W N x ' (x (D)) and the plaques of W, cut each fiber 7~' (x) in exactly
one point, if x € 7 (D). We leave the details to the reader.

Since 7= !(b) is compact, we can take a finite cover (W, = Wzl)ﬁ‘=l of
7~ 1(b). For each i€ (1 ,..., k}, m( W,) is a neighborhood of b in B so
N%_, = (W,) is a neighborhood of b in B. Let U C N¥_, = (W;) be a disk con-
taining b. If Jis a leaf of & | 7~ '(U), then J is contained in some plaque P
of W, for some i € {1 ,..., k}. Thus we can conclude that = | J : J — U is in-
jective. On the other hand, from the injectivity, it follows that = (J) =
=7(PNx ' (U)) = x(P) N U= U. Therefore = |J:J — U is a dif-
feomorphism, as desired.
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§3. The holonomy of &

When & is a C"(r = 1) foliation transverse to the fibers of E, there is a
representation

¢ : 7 (B,b) — Diff"(F) = Diff" (v~ ' (b))

of the fundamental group =, (B, b) in the group of C” diffeomorphisms of F,
Diff" (F), called the holonomy of &, which we define as follows.

Let a:1=[0,1] — B, a(0) = a(l) =b and y € 7 '(b). Since
w|L,: L, — Bis a covering, there exists a unique path &, : I/ — L, such
that &,(0) = y and 7 - &, = o~ '. If we identify #~'(b) with F, we can
define a map ¢, : F — Fby ¢,(y) = &,(1).

Since the endpoint of the curve &, only depends on the homotopy class of
o', it follows that ¢, () only depends on the homotopy class of ' and we
can write ¢, = ¢,. Further ¢, = (wla,)"‘ and if [B] € 7, (B), Qg =
= @y ° P It is easy to verify that ¢, is C’. Since ¢, has an inverse ¢,
that is also C”, ¢, is a C” diffeomorphism. So, ¢ : 7, (B, b,) — Diff’ (F)
given by ¢ ([a]) = ¢, is the desired group homomorphism.

§4. Suspension of a representation

In note 1 of Chapter II we saw the simplest example of a foliation transverse
to the fibers of a fiber bundle. It is that of a suspension of a diffeomorphism
f:F — F to a foliation of dimension one of the quotient space E = F
x [0,1]/ ~ where ~ is the equivalence relation which identifies (0, y) with
(1,f7"(»)). This foliation is the one induced on E by the trivial foliation of
F x [0,1] with leaves {x} x [0,1], x € F. The space E is fibered over S' with
discrete structure group since we can take as local charts of E the quo-
tients U,V of U= (e,1—€¢) X F, V= ([0,2¢) U (1-2¢,1]) x F.
Then U N ¥V has two connected components W,,, W, and g,, : W,, —
Diff (F), g, : W, —> Diff (F) are given by g,, (x) = identity and g,, (x) =
= f.

A natural question is the following: how does the above construction
generalize to the case where we have a representation ¢ : G — Diff" (F)
where G is a group? As we have seen, G must be the fundamental group of
the base B. More specifically the problem is the following: given two manifolds
F, B and a representation ¢ : 7, (B) — Diff" (F), to find a manifold E (¢)
fibered over B with fiber F, and a foliation & (¢) transverse to the fibers of
E such that the holonomy of F (¢) is ¢. Before giving the general construc-
tion, let us see an example.

Example 5. Let B = T?> and F = S'. We have that =,(7?) = Z* so a
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representation ¢ : Z> — Diff"(S') is determined by two diffeomorphisms
of 8!, namely f = ¢(1,0) and g = ¢(0,1). These diffeomorphisms are com-
mutative since feo g = ¢(1,0) o ¢(0,1) = ¢((1,0) + (0,1)) = ¢(0,1)
o ¢(1,0) = g o f. Suppose for simplicity that f preserves the orientation of
S' but not g. We will now construct the suspension of . On I x S' consider
the foliation &, whose leaves are I’ x {6},0¢S'.

/\ [

1 .

rPxs! \1
/ leaves of
) - 1 SF]
\[T/ \
A4 AN

Figure 2 — The foliation &,

We define E (¢) by identifying the points of the boundary of I? x S'accord-
ing to the following equivalence relation: (x,y,0) and (x’,y’,8’) on I x S'
are equivalent if

MDx=0,x"=1,y=y" and 0 = f(0’) or
RQ)x=x",y=0,y’ =1and 0 = g(0’).

Making identification (1) we obtain a manifold diffeomorphic to 7 x S’
x S' = I x T?since f preserves orientation. Evidently &, induces a foliation
&, transverse to the boundary whose holonomy is generated by f.

Identification 1

E(p)

Figure 3 — The foliation &,
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In making identification (2) on I X T? we obtain a nonorientable manifold
E(¢) fibered over T? with fiber S'. Since g commutes with f, the leaves of
F, | {0} x T?are taken to the leaves of &, | {1} x T? by identification (2). So
F, induces a foliation F (¢) on E(¢). Since &, is transverse to the curves
{x} X {y} x 8!, (x,y) € I*, F(¢) is transverse to the fibers of E(¢). The
leaves of E (¢) are homeomorphic to R?, R x S' or 72 and in any case the
projection of the fibers restricted to each leaf is a covering.

Theorem 1 (Suspension of a representation). Let B and F be connected
manifolds and ¢ : m (B,b,) —> Diff (F) a representation. Then there exist
a fiber bundle (E(¢),w,B,F) and a foliation §F (@) transverse to the fibers
of E (@) whose holonomy is ¢. The fiber bundle E(¢) has discrete structure
group.

Proof. Let P: B — B be the universal covering of B. The representation
¢ induces an action

#: m (B,by) — Diff" (B x F)

given by  ([a]) (B,f) = (la] - b, ¢ ([a]) ™" - /).

In the above definition, [«] - b denotes the image of b by the deck transfor-
mation associated to [«]. Recall that a deck transformation is a diffeomorphism
g: B — B such that P - g = P. The deck transformation associated to
[«] is defined in the following manner. Fix b, € B such that P(b,) = b,.
Given b € B consider a curve 7 : [0,1] — Bsuchthat7(0) = band5(1) =
= b, Lety =Pojandd =y *a ' +y '.Then [a] - b = 5(1) where 3 is
the unique lift of § such that 3(0) = b.

[a]-5 a

o
Qe
(=)

Figure 4

For the details see [29].

The set of deck transformations B = B with the operation of composition
is a group naturally isomorphic to m, (B, b,), since B is the universal cover-
ing of B. We are identifying [«] with the automorphism associated to it by
this isomorphism. In Example 5 the action & is defined by

p(m,n) - (x,y,0) = (x+m,y+n,f"eg7"(0)) .
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The action @ satisfies the following property. For every b € B there is a
connected neighborhood V of 5 in B such that if g € =, (B,b,) and g # 1
thend(g)(V X F) N (V x F) = J. In fact, let V be a neighborhood of b
such that P: V — P(V) is a diffeomorphism. For every g € =, (B, b,),
g#1,g- VN V= O since if there werea y € g(¥) N V, we would have
that y = g(x) withx € V, so P(x) = P(y) and P would not be injective on
V. We have thenthat 3 (g) (VX F) N (V X F) = (g - V X ¢(g)"' - F)
N (V x F) = @. We will now describe the construction of E(¢) and F (¢).

Introduce on B x F the equivalence relation which identifies two points when
they are in the same trajectory of @, that is, (b,y) ~ (&’,y") if there exists
a g € m (B,b,) such that @ (g) (E,y) = (5’,y'). In Example 5 this equiva-
lence corresponds to the identifications (1) and (2). Using the above-mentioned
property we prove that the quotient space of B x F by this equivalence rela-
tion is a differentiable manifold which we denote by E(¢).

From the expression for @ it follows that it preserves the fibers of B

x F ﬁ B, P,(b,y) = b. We can then define a map = : E(¢) — B that
makes the following diagram commute:

Q/B X F\P|~
(*) E(o) / B

W\B P

In the above diagram Q is the projection of the equivalence relation.

Observe also that the leaves, B x {f}, of the product foliation B x F are
preserved by @. So, this foliation will induce on the quotient space E (¢) a folia-
tion transverse to the fibers of =, ,vfhich we will denote F (o).

We go now to the proofs.

E(¢) is a fiber bundle with base B, fiber F and projection =: let V C Bbe
an open set such that if g € = (B,by), g # 1theng(V) N V = &. From this
property it follows that Q |V x F: V X F — Q(V X F) = 7~ '(P(V)) is
bijective. On the other hand, Q | ¥V x F is continuous and open, as is easy
to see, so Q| V x F is a homeomorphism. It follows then that ¢, =
=(Q|VxF)':# " (P(V)) — V x F is a homeomorphism. We will
show that the set of such ¥, defines on E(¢) a C’ differentiable structure.

Let us prove first that if U, V C B are two open sets as above with P(U)
N P(V) # O then

Yooyt (PTH(PU) NV)yXxF— (UNP'(P(V)) XF

is given by ¥, ° ¥;' = @ (g) where g € 7, (B, by) is fixed in each connected
component of (P~'(P(U)) N V) x F. To simplify the argument we suppose
that (P~'(P(U)) N V) x Fis connected, which is the same as saying that
P(U) N P(V) is connected.
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Fix (El,f,) € (P (P(U)) N V) x F. Since vyt =~Q on V x F and
Yy = (Q| U x F)~' we have that (By, fr) = Yy ° ¥y (By,f)) is equivalent
to (El,fl), ) (Ez,fz) = ¢(g)(51,f,) for some g € r,(B,b_g). Take now
(B, f) € (P (P(U)) N V) x Fandset yy o ¢y, ' (b,f) = (&’,f"). In this
case (b, f) is equivalent to (b',f)andb’ e U N P~ ' (P(V)). We have then
that5' = g’ - band f' = ¢(g’) " - ffor some g’ € m, (B, by). On the other
hand P"'(P(V)) = U e, (B.50) h(V), where {h(V) |11 € m,(B,by)} is the
set of connected components of P '(P(V)). Since b, =g -beUNg
.V % @and UN P ' (P(V)) is connected, we have U N P~ (P(V)) =
=UNg-V,s0b’ =g’ -b =g ¢with ¢ € V. Therefore ¢ ¢ (g'-g -V
NVsog' g =1 and then g = g’. It follows therefore that ¢,
c ¥y ' (B,f) = 2(g)(b,f) for every (b,f) € (P"'(P(U)) N V) X F,
or, Yy o ¥y’ = B(g).

We can now introduce on E(¢) a C” manifold structure, composing each
¥y as above with local charts ¢ : W — IR* where W C V x Fis an open set,
obtaining in this manner a C” atlas

R={( (W) E /Y (W) g- VN V=0 if

g # 1and (W,£) is a local chart on V X F} .

The fact that ¢, » ;! = &(g) on each connected component of its domain
implies that the change of coordinate maps are C'.

The composition of ¥, with P x idy yields a diffeomorphism ¢, : =~ ' (P(V))
— P(V) x F. The set {(V,¢y) lg-VNV=yIif g1} induces on
E (¢) a structure of a fiber bundle with base B, fiber F and projection =, as
is easy to see from the definition of §1. Observe that E (¢ ) with this structure
has discrete structure group.

The foliation F (¢) is transverse to the fibers of E (¢). A set of foliation boxes
of F(¢) can be defined using the C” diffeomorphisms ¢, : 7~ ' (P(V))
— V X F defined before. The plaques of F (¢) on w~' (P(V)) are the sets
of the form y;'(V x {f}), f€F. Since Yy, ¢;' = (g) for some
g € m (B,by) and @ preserves the leaves B X {f} of the product foliation
of B x F, it follows that F (¢) is well-defined.

Observe that from the construction it also follows that & (¢) is transverse
to the fibers of E(¢). In fact, the charts (V,y,) are both local charts for
E(¢) as well as for the foliation F (¢), so the fibers of E(¢) in ¥, ' (V x F) =
= 7~ '(P(V)) are represented in ¥ x F by submanifolds of the form {v} x F
and the plaques of & (¢) are represented by submanifolds of the form V x {f};
hence the condition

(a) T,E(¢) = T,(L,) ® T,(Fyp)
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from the definition of section 2 is immediate.

On the other hand the map =/x~'(P(V)) is represented in V x F by
P P,/V x F, where P, is the first projection. Therefore the restriction of
7 to each plaque of F(p)/x~'(P(V)) is represented by P+ P, : V x {f}
— P( V), which is a homeomorphism. This implies that for any leaf L of § (¢),
w|L:L — Bis a covering, as we wanted.

The holonomy of F(¢) is ¢. Take b, as base point. The fiber 77! (b,) is
naturally diffeomorphic to {5y} x F by the diffeomorphism

Q/ ({by} X F) : {by} x F — w7 '(b,) ,

where P(b,) = b,. Identify the points of F with those of 7' (b,) by the dif-
feomorphism 6 (f) = O (by,f). Now consider g € m, (B,b,). Let &: [0,1]
— B be a curve such that @(0) = b, and &(1) = g - b,. Let a™! =
= P - &. From the construction it is clear that [a] = g and & is a lift of a™!
which satisfies @ (0) = b,. We will see now that the image of f € F by the
holonomy transformation associated to g is ¢ (g) - f (taking into account the
identification of F with =~ !(b,) by 6). First, note that the leaf L of
F(¢) which passes through Q(b,,f) € 7' (by) is Q(B x (f}). Fur-
ther, Q/B x {f}: B x {f} — L is a covering map, where on L we
take the intrinsic C” manifold structure. These facts follow from the
construction of F(¢) and from the commutativity of the diagram ().
Let & : [0,1] — L be the covering of «~' such that &(0) = 0(b,,f). The
image of (by,f) by the holonomy map associated with [«] will be @(1). On
the other hand the lift of & to B x {f} by Q/B x {f} which begins at (b,,f)
is the curve t — (&(t),f), as is easy to see. The endpoint of the curve is
(&(1),f) = (g - by,f) which is identified in E (¢) with the point (5,,¢ (g)
- f) € {50} x F. We have then that @(1) = Q(50,¢p(g) - f) which is iden-
tified by 6 with ¢ (g) - f. This proves the theorem.

Definition. We say that two representations ¢ : =, (B,b,) — Diff (F) and
¢’ m (B,by) — Diff (F’) are C*-conjugate if there is a C* diffeomorphism
@if s = 1) or homeomorphism (if s = 0) A : F — F’ such that, for every
[a] € 7, (B,by), we have o ([a]) = h™' o ¢’ ([a]) © A.

Theorem 2 (Uniqueness of the suspension). Let ¢ and ¢’ be C*-conjugate
representations as above. There exists a C° diffeomorphism H : E(¢)
— E(¢’) (homeomorphism if s = 0) such that
(@ 7' o H = mand consequently H takes fibers of E(¢) to fibers of E(¢’).
(b) H takes leaves of T () to leaves of T (¢').

Proof. Let H: B x F — B x F’ be the C* homeomorphism defined
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by Hb,f) = (E,h(f)), where h conjugates ¢ and ¢’. It is immediate
that A preserves the fibers of the fibration {5} x F and also takes the
leaf B x {f} of the product foliation to the leaf B x {4 (f)}. Further, for every
g € m (B,by) we have H((g)) = ' (g)  H, where 3 and 3’ are as in the
construction of Theorem 1.

Therefore H takes equivalent points of B X F to equivalent points of B x F’.
Thus it follows that there exists a C*(s = 1) diffeomorphism (or homeomor-
phismifs = 0)H : E(¢) = E(¢’) such that the diagram below commutes.

Bx F-Hef x F'

) o
E(p)—HeE(p")

It is immediate that H takes fibers of E(¢) to fibers of E(¢’) and leaves
of F(¢) to leaves of F(¢’). B

Note. Theorem 2 can be proved in a little more general context. Let B, B’
and F, F’ be connected manifolds. Suppose that ¢ : m, (B,b,) — Diff"(F)
and ¢’: 7 (B’,bj) — DIiff"(F’) are conjugate representations in the
following sense: there exist diffeomorphisms g: B — B’ and h: F — F’
such that g (b,) = b4 and for every [a] € 7, (B, b,) we have

e(la]) =h ' oo (g,([a]) o h

where g, : m (B,by) — m (B’,by) is the isomorphism induced by g between
fundamental groups. Then there exists a diffeomorphism H : E(¢) — E(¢’)
which takes fibers of E (¢) to fibers of E(¢’) and leaves of § (¢) to leaves
of F(e').

Suppose now that (E,r,B, F) is a fiber bundle and that §F is a foliation on
E transverse to the fibers. Let ¢ be the holonomy of & (with respect to the fiber
7~ '(by), b, € B). How can one relate the foliation F (¢) on (E(¢) ,T,,B, F)
with the foliation §? The answer is given in the following theorem.

Theorem 3. Let § be a C'(r = 1) foliation transverse to the fibers of
(E,,B, F) whose holonomy in the fiber =~'(by), by € B, is ¢ : m (B, by)
—> Diff"(F). Then there exists a C” diffeomorphism H : E — E () which
takes leaves of F to leaves of F (¢) and such that w7, - H = . In particular,
H takes fibers of E to fibers of E(¢).

We leave the proof to the reader (see exercise 38).

Definition. We say that the fiber bundles (E,w,B, F) and (E’,n’,B, F) are
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(C") equivalent if there exists a C” diffeomorphism H : E — E’ such that
w' o H = 7. In the case of vector bundles we require also that H takes fibers
to fibers linearly.

As a consequence of Theorem 3, we have the following.

Theorem 4. Let (E,w,B, F) be a fiber bundle. Then there exists a foliation
on E transverse to the fibers if and only if (E,w,B,F) is equivalent to a fiber
bundle with discrete structure group.

Proof. Suppose there is a foliation & transverse to the fibers of E. Let
¢ : m (B,by) — Diff"(F) be the holonomy of . As we saw (E,w,B,F) is
equivalent to (E(¢),n,,B,F) which by Theorem 1 has discrete structure
group.

Let us consider the converse. We can suppose that (E, w, B, F) has discrete
structure group. In this case we define the foliation F using the local trivializa-
tion for the fiber bundle. Let {U}, ¥} ,.s where U ;s U; = B and for everyi € §,
U, is open in B and ¢, : = ' (U;) — U, x Fis a chart of the fiber bundle.
Since the fiber bundle has discrete structure group, the change of variables

Vo't (UNU)x F— (UNU) XF
is written in the form
Yio ¥ (b, f) = (b,%;(S))

that is, the second component @; does not depend on b. So the charts
¥;: #71(U;)) — U, x Finduce a foliation § on E whose plaques on =~ ! (U;)
are of the form y;" (U; x {f}), f € F. It follows immediately from the con-
struction that if L is a leaf of & then « | L : L — B s a covering and hence
F is transverse to the fibers of £. W

We will now see some applications.

§5. Existence of germs of foliations

In this section we will study the following problem. Let N C M be a sub-
manifold imbedded in M. Under what conditions does there exist a foliation
§ defined on a neighborhood of N and such that N is a leaf of §?

Let »(N) = {(p,v) € TM | p € N and v € T, N*} be the normal bundle of
N with respect to a fixed Riemannian metric ¢ , > on M. Then the zero section
of »(N), Ny = {(p,0) € »(N)} is diffeomorphic to N and by the tubular
neighborhood theorem [27], » (N) is diffeomorphic to a neighborhood U of N
in M by a diffeomorphism f: »(N) — U such that f(N,) = N. We see then
that the existence of a foliation defined in a neighborhood of N which has N
as a leaf is equivalent to the existence of a foliation in a neighborhood V of
N, in v (N) which has Nj as a leaf.
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Suppose that » (N) is equivalent to a vector bundle E which has a discrete
structure group. The equivalence in this case must be a diffeomorphism
H : v(N) — E which takes fibers to fibers linearly; in particular taking the
zero section N, of » (N) to the zero section of E. By Theorem 4 there is a folia-
tion F on E transverse to the fibers, so § = H*(F) is a foliaton on » (N)
transverse to the fibers. The local charts of ¥, as we saw in Theorem 4 are
also local charts of the fiber bundle E and since they are linear in the fibers
the zero section of E must be a leaf of ¥ which implies that N, is a leaf of F.

Conversely, suppose there exists a foliation § defined in a neighborhood of
Ny in v (N) such that N, is a leaf of &.

Consider a cover (U;),s of N, by foliation boxes of &, where there are
defined submersions f;: U; — R?, p = m — n, such that the plaques of
F | U; are of the form f;'(x), x € R” and f;(N, N U;) = 0. Consider also
the changes of coordinates Ay, : f;(U; N U,) = f,(U; N Uy) such that f, =
= hy ° fi.

S
Rp RP
Je
3 +
hyi
—_—
Figure 5

Using the distinguished maps f;, we will redefine the structure of the normal
bundle so that in the new structure » (/N) has discrete structure group. This
is the same as defining an equivalence between fibrations.

Given g € N, N U,, consider the linear map L;(g) = df;(q) | T,Ny: T,Ny
— IR”. Since N, is a leaf of &, for every i € 8 and g € U;, L;(g) is an
isomorphism. Fix a basis (e, ,..., e,) of R”. Then the vectors Xi(q) =
= (L (q))"'(¢),J = 1,.., p, form a basis of T, Ny.

We can now define local charts X, : 7' (N, N U;) — (N, N U;) X R?

P
X(a,X(q) = (¢.Li(q) - X(@)) = (g, ), o) ,

j=1

where X(q) = 1 °_, o, XI(q) € T,N;.
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IfU, N U, N N, # @, the change of coordinates willbe X, X, (g,v) =
= (g,84(q) - v) where g(q) = L,(q) * L' (g) = Dh;;(0). Therefore,
the new structure group of »(N) is discrete. We have then the following.

Theorem 5. Let N C M be an imbedded C* submanifold of M. There is a
neighborhood U DO N and a foliation § on U such that N is one of the leaves
of § if and only 1f the normal bundle of N has some fibered structure with discrete
structure group.

Note that the hypothesis of C? in the statement of Theorem 5 permits us to
use the tubular neighborhood theorem of [27].

§6. Sacksteder’s example

As was mentioned in note 2 of Chapter III, a codimension one C"(r = 2)
foliation of 77 does not have exceptional minimal sets (Denjoy’s theorem). In
this section we describe a codimension one C* foliation of a compact three
manifold which has an exceptional minimal set. The example is due to Sack-
steder ([49]) and shows that the original version of Denjoy’s theorem is not
valid in dimensions larger than 2. Sacksteder, in 1964, proved a generaliza-
tion of Denjoy’s theorem for foliations of codimension one and class
C"(r = 2). For more details see note 2 of this chapter.

Let V, be an orientable compact surface of genus two (two-holed torus).
This surface can be represented by the region bounded by an octagon as in
figure 5 Chapter I, with the sides with the same letter identified according
to the arrows.

The fundamental group of V¥, is a non-abelian group generated by closed
curves a, b, ¢, and d so that the unique nontrivial relation between these curves
isaba™'b'cdc™'d™' = 1 (see [29]).

Let G be the subgroup of =, ( ¥,) generated by a and c. The subgroup G is
free, since all relations in =, (¥,) involving only @ and c are trivial. Conse-
quently, given two diffeomorphisms f,g € Diff* (S') we can define a homo-
morphism ¢ : G — Diff® (S') setting ¢ () = fand ¢ (c) = g. The homo-
morphism ¢ induces, in turn, a homomorphism ¢ : 7, (V,) — Diff* (S')
defined on the generators of =, (V,) by ¢(b) = ¢(d) = 1, ¢(a) = fand
¢(c) = g. Observe that ¢ is well-defined, since

o(aba™'b 'cdc™'d™ 'y = fof logogt=1.

Let § () be the suspension of ¢. The fiber bundle E(¢), where F(¢) is
defined, is homeomorphic to ¥, x S', if we choose f and g preserving orien-
tation. Moreover, by Theorem 7 of Chapter III, § (¢) has an exceptional
minimal set if and only if the action ¢ of the group G on S' defined by f and
g has a minimal set homeomorphic to the Cantor set. In what follows we con-
struct such an action.
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We consider here S' as R/Z. So, a diffeomorphism f of §' can be thought
of as a diffeomorphism of R satisfying the property f(x + k) = f(x) + k
for every x € R and k € Z. Define f: R — R by f(x) = x + 1/3 and
g:IR — Rsuch that g(x + k) = g(x) + kif x€ R and k € Z and the
graph of g in the interval [0,1] has the following form:

1
|
l
N /o
L
2/3 ] i :
L
2y o
! |
/3 fmm e Do
1 H I
] | :
/g fm e — - : | [
| | | |
1 | | |
| | 1 |

+ 4 + 4 + —>
0 1/6 1/3 1/2 2/3 5/6 1

Figure 6

The diffeomorphism g is defined in such a way that g(x) = x/3 if x
€1[0,1/2], g(x) =3x — 5/3 if x€[2/3,5/6], g(1) =1, g’ (1) = 1/3,
g® (1) =0 if k=2 and g is C* on [0,1]. The diffeomorphism f cor-
responds to a rotation of angle 27/3 on S' and its expression on R/Z is
f(x(mod 1)) = (x + 1/3)(mod 1).

Let K be the subset of [0,1] defined by K = N ., K; where for every j € N,
K; is a union of closed intervals, defined inductively in the following manner:

K, = [0,1/6] U [1/3,1/2] U [2/3,5/6] =

[0,1] — (1/6,1/3) U (1/2,2/3) U (5/6,1) .

Supposing K;_, = U2 ' [a™',847"] then K; is defined from K,_, by
removing from the interval [af~',8%7'], its middle third, for every n =
=1,.,3- 2"'_. Doing this we get K; = U ,3,=2{ [e?,B%] where for every
m=1,.,3-2/andforeveryn =1,...,,3 -2/},

It is clear that K is compact and nonempty. From the construction it is easy
to verify that K is homeomorphic to the usual Cantor set, since after the first
step the construction of both is the same.
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Lemma: Consider K as the subset of S'. Then K is a minimal set of the action
generated by f and g.

Proof. First we prove that K is invariant. We will denote by G the subgroup
of Diff* (S') generated by f and g. From the construction of the sequence
{K;}jen, one has f(K;) = K; for every j € N so f(K) = K. From the defini-
tion of g and the inductive construction of K;, we have

g(K; N [0,1/2]) = K;,, N [0,1/6] (j=1)
and
g(K; N [2/3,5/6]) = K;_, N [1/3,5/6] (j=z1).
Since K; C [0,1/2] U [2/3,5/6], from the above relations we get that
g(K;) CK., UK_, CK,_, .
Sog(K) =g(NZK)) =N, 8(K;) C N7, K;_; = K. Analogously
g '(K;N[0,1/6]) = K;_, N [0,1/2]
and
g '(K; N [1/2,5/6]) = K;,, N [2/3,5/6] ,
)
g (K) CK;_, .

Then g ™' (K) C K. Therefore g(K) = K. We conclude therefore that X is in-
variant under f and g so K is invariant under G.

Since K is compact and invariant under G, K contains a minimal subset u.
We will see next that u = K. To do this we will prove first that 1/3 is in p
and then that the orbit of 1/3in G, © (1/3), is dense in K. We will have then
that p = ©(1/3) = K since O(1/3) is dense in u and p is minimal.

1/3 € u. Let x € u. We can suppose, without loss of generality, that x
€ [0,1/2], since if x € (1/2,1] it is clear that f~'(x) or f73(x) €0,1/2] N p.
Consider then the case that x € [0,1/2] N ux. Since u is invariant under G,
for every n =0, g"(x) = (1/3") - x€up, so lim,_, , 8" (x) =0¢€np.
Therefore 1/3 = f(0) € u.0

O(1/3)isdensein K.LetI — K = U ,n (a,,8,). Since X is homeomor-
phic to the usual Cantor set, the set B = {8, | n € IN} is dense in K. Observe
that 1/3 € B, since the interval (1/6,1/3) is one of the intervals of the decom-
position of 7 — K. Next we will prove that © (1/3) = Bandhence 0 (1/3) =
= K.



Fiber Bundles and Foliations 105

If suffices to prove that I — K = U ,.; h(1/6,1/3). Indeed, if there were
the case, for every n € IN there would existan # € Gsuchthat h(1/6,1/3) =
= (a,,B,). Since dh/dt > 0 for every h € G we see that h(1/3) = 8, and
therefore © (1/3) = B. We will prove that I — K = U . h(1/6,1/3). In
the first place, it is clear that U, h(1/6,1/3) C I — K. To see that
I -KcCU,s;h(1/6,1/3) it is sufficient to prove that for every j € N,
I - K; C Ush(1/6,1/3). We prove this by induction on j.

For j = 0, we have I — K, = (1/6,1/3) U (1/2,2/3) U (5/6,1) and
(1/2,2/3) = f(1/6,1/3), (5/6,1) = f2(1/6,1/3). So I — K, C U s
h(1/6,1/3). Suppose by induction that I — K; C U, h(1/6,1/3)
for 0 <j=</¢—-1. We have that 7 — K, D I - K,_; and (I - K;) —
(I — K,_,) = U223 " I', where the intervals I, have length 1/6 - 3'. Since
(I - K;) - (I —K,_,)C (0,1/6) U (1/3,1/2) U (2/3,5/6), ¢ =1,
given n € (1,2 ,..., 3 - 21}, there exists an i€ {0,—1, -2} such that
Sf'(I3) C (0,1/6). On the other hand, as we saw, g~' (K, N [0,1/6]) =
= K;_; N [0,1/2] for every j€ N, so g I - K,) N (0,1/6)) =
= (I - K,_;) N (0,1/2) and therefore g~' = f'(I') C I — K,_,. By the in-
duction hypothesis g~' » f'(I5) = h(1/6,1/3) for some h € G, so I} =
=f"ogoh(1/6,1/3),and 50 I’ C U s h(1/6,1/3). W

Let us look at a simple way to see the foliation § (¢) geometrically. Let b
and d be two closed curves in ¥, which do not meet and are homotopic to b
and d respectively. Let ¥, = ¥, — (b U d) and M = ¥, x S'. The figure
below represents M.

Vox {0}

vx {1}

Identification Identification
by (8,8) by (8,1)

Figure 7

In this figure a manifold with boundary ¥, x [0,1] is drawn. The mani-
fold M should be thought of as ¥, x [0,1], where we identify the points
of ¥, x 0 and ¥, x 1 with the same first coordinate. Observe that Mis a
3-dimensional manifold such that M is made up of four copies of 772, b, x
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S', D, x S',d, x §'and d, x S', where b, and b, (resp. d, and d,) are the
results of lifting b (resp. d) from V,. In order to obtain ¥, from V, we need
two diffeomorphisms of identification, say 8 : b, — b, and é : d, — d,.
Let us construct M from M. Given the diffeomorphisms of S', fand g define
v:(b,x SHYU (d, x §') — (b, x §") U (d, x S") by ¥(x,y) =
= (B(x),f(»)) if (x,») €b, x §" and ¥ (x,y) = (8(x),g(»)) if (x,)
€d, x S'.

Consider on M the equivalence relation ~ defined by (x,y) ~ (x’,y’) if
x=x"and y =y’ or (x,y) = ¥ (x',y"), or (x,y) = ¢ '(x',y’) in the
case (x’,y’) € M. Then M = M/~ isa compact manifold of dimension 3 and
we have defined a submersion 7 : M — V, which makes the following
diagram commute:

7 x S'= M a7,

P p

M———W—sz

In this diagram =, is projection on the first factor =, (x,y) = x, p is the
projection of the identification and p is the natural projection from V, onto
V,. By construction = : M — V, defines on M a fibered space structure with
base V, and fiber S'.

Let & be the product foliation on M, whose leaves are of the form V,
X {x}, x€S'. A leaf ¥, x {x] meets M in four circles 5, X {x}, 52
X {x}, d, x {x}, and d, x {x}. Observe that the diffeomorphism of identi-
fication ¢ takes the circle b, x {x} to the circle b, x {f(x)} and the
circle 32 X {x} to the circle d, x {g(x)}, or, as we identify the points of oM
by ¥ we automatically glue the boundary of a leaf of . In this way F induces
on M a foliation & equivalent to F (¢).

Notes to Chapter V

(1) An application to the study of Ricatti’s equation.
The equation of Ricatti in the complex domain is a differential equation of the follow-

ing type:

d—y=a(x)y2+b(x)y+c(x), xeC ,
dx

where a, b and c are entire functions, i.e. holomorphic in C.
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In this note we will prove that the solutions of the Ricatti equation are meromorphic
functions from € to €. This result was originally proved by Painlevé [41]. Observe that
this fact is not true for example for the equation dy/dx = »3 x, y €C. In fact, this equa-
tion can be integrated by separation of variables and the solution such that g (0) =
= yo # 0is y(x) = yo/ £ V1 — 2xy2, which is not a function in the usual sense of the
word, since it is multi-valued, that is, for each x = 1/2 y%, y(;v) assumes two distinct
values.

Before we prove this result we will remember some facts about the theory of mero-
morphic functions. Consider the Riemann sphere of radius 1/2, S ¢ R® with a
parametrization defined by the stereographic projections

¢, :€ — S% - {(0,0,-1/2)} and ¢, : € — S* — {(0,0,1/2)}

. 1 1
)+ i) = —— (zl,zz,E (1 - |z|2))

e (z
! 1+ |z|

. 1 1
ez =2 + i) = ——— (21,2, 5 (27 - D).
4

The changes of parametrizations are given by
- _ 1 -
03! e 01(2) = @1 0y(2) =E,‘p2l°¢|t¢— {0} — C - {0} .

A meromorphic function f:€ — € can be considered a holomorphic function
F:€ — S2. In fact, if z €€ is not a singularity of f, set f(z) = ¢,  f(2z) and if
z is a singularity of f, set F(z) = (0,0,-1/2). We claim that f:C —> s%is
holomorphic. Proof: if z, is not a singularity of f then ¢ !« 7 is holomorphic in a
neighborhood of z, and if f(zy) # 0, sp{l o f(z) = 1/f(z) is also holomorphic in
a neighborhood of z,. In case z, is a singularity of f then z; is a pole of f and therefore
f(z) = (2 — zp) Akg(z), where k = 1 and g is holomorphic and nonvanishing in a
neighborhood of z;,. We have then that tpz_l o f(z) = (z - Zo)k - (g(2)) _1, which
is holomorphic.

Conversely, if f:C — s?is a holomorphic function then the function f(z) =
= <p,_l o f(z), z €C, is meromorphic.

Consider now the Ricatti equation

d—yza(x)y2+b(x)y+c(x), yeC .
dx

The local solutions of this equation are (complex) integral curves of the complex 1-form
2
onC

w=dy — (a(x)y* + b(x)y + c(x))dx.
From the real point of view, w = w; + iw,, Where

w; = dy, — Re(F(x,y))dx; + Im(F(x,y))dx;
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wy; =dy, — Im(F(x,y))dx; — Re(F(x,y))dx,
where
F(x,y) = a(x)y* + b(x)y + c(x) .

Therefore the plane field defined by w = 0 on€? has real codimension 2 and complex
1. This plane field is integrable and can be considered as a plane field on € x 52,
transverse to the fibers {z} X s2. Indeed, consider the parametrizations of € x SZ,
¥, :CXC — € x (5 -1{(0,0,-1/2)}) and ¢, : € xC — € x (S’ —{(0,0,1/2)})
defined by ¥, (x,¥) = (x,¢;(»)) and ¥, (x,») = (x,02(¥)).

On€ x (S% - {(0,0,-1/2)}) the plane field is defined by the complex 1-form
(¢fl)"(w), and on € X (S2 - {(0,0,1/2)}) the plane field is defined by the complex
1-form (\/«{l)"(n) where n = —dy — (a(x) + b(x)y + c(x)yz)dx. We must verify
that this plane field is well-defined. It is enough to show that they coincide on €
X (S2 -1{(0,0,1/2),(0,0,—1/2)}). In this region, the plane field defined by
(\&{')‘(n) is equivalent to the plane field defined by the form ¢l‘(¢{' Y (n) =
= (\L{I °¥;)*(n) on € X (C — {0}), which can be expressed

W' ey () = —d(™") = (a(x) + b(x)y '+ c(x)y P dx =

Y 3dy - (a(x)y* + b(x)y + c(x))dx) =

=y o=y Y ()
Hence the two complex 1-forms w and ¥/ (¥, ! )* () differ by the factor y‘2 which does
not vanish on € x (€ — {0}), and this proves that the plane field is well-defined
onC x §°.

On the other hand, since w,, (0,7, + i) =y + iy and n(y ) (0,5, + ipy) =
= -y, — iy,, we have that the plane field is transverse to the fibers {z} x S 2 of the
fibration (€ x Sz,7r, C,S%) where m, is projection on the first factor. Let & be the folia-
tion of complex codimension 1 defined by the plane field on€C x S 2. Since the fiber is
compact, by Proposition 1, given a leaf L of &, the map =, | L : L — C is a covering.
Since C is simply connected, we can conclude that =, | L : L — C is a diffeomorphism,
so L CC x S? is the graph of a function y:C — S%. The function y(x) =
=9, ! (¥ (x)) is single-valued and meromorphic, being also a solution to the Ricatti
equation. We can then state the following

Theorem. Let a,b,c :C —> C be holomorphic functions. The solutions of the Ricatt:
equation

L a(x)y* + b(x)y + c(x), xy€C
dx

are meromorphic functions from C to C.
(2) Sacksteder’s Theorem ([50]).

In 1965, Sacksteder proved the following theorem.



Fiber Bundles and Foliations 109

Theorem. Let § be a codimension one, C* foliation of a compact manifold M™ (m = 2).
Suppose that F has an exceptional minimal set u. Then thereis a leaf L C pand a closed
curve y : I —> L such that, if f is the germ of holonomy of v on a transverse segment
L passing through p = v(0) = vy (1) then f' (p) < 1. In particular, the holonomy of
L 1s not trivial.

Denjoy’s theorem (see note 2 of Chapter III) is a consequence of the above theorem.
In fact, if x is an exceptional minimal set of a foliation § of codimension 1 defined on
a compact manifold M? then all the leaves are homeomorphic to R and hence simply
connected; so the holonomy of such leaves is trivial. By Sacksteder’s theorem such a
foliation cannot be C2. In fact, the calculations made by Sacksteder for the proof of the
above theorem are similar to those made by Denjoy.

In the example of Sacksteder described in the text, two leaves which satisfy the con-
clusion of the theorem are those corresponding to the fixed points 0 and 5/6 of the dif-
feomorphism g defined in §6.

(3) Hector’s example ([19]).

We will see here an example of a codimension one foliation on R® = R? x R whose
leaves are dense and transverse to the fibers {x} X R, x € RZ. This foliation satisfies
condition (a) of the definition of §2, but not condition (b), thatis, = | L : L —> R is
not a covering, where L is a leaf and = the projection on the first factor.

Consider the solid cylinder D? x R C R®where D? = {(x;,x;) € R*|x} + x% < 1
and let S' x R = a(D2 X IRZ). Given a diffeomorphism f: IR — IR such that
f(x) = x for every x € (a,b), we are going to define a foliation & (f) on D? x R
- ({0} X (—o,a] U {0} x [b,»)), as follows.

Consider on S! x R a foliation G ( f), the suspension of f, such that for every
z € (a,b) the circle S U x {z} is a leaf of G (f) and the leaves of G ( f) are transverse

to the lines {g} X R, q € s'.

f@)—

b,
fey=z__| ______ |EasNy—
abt------ e .
Figure 8

Define now the leaves of § ( f) saturating the leaves of G ( f) by the flow of the radial
field X (x,5,2) = (—x, —»,0) inside D?* x S', as in figure 8.

So, if t = (cos ¢, sin ¢, z(¢)) = vy (1) is the parametrization of a leaf G ( f) which
passes through a point (x, y,z) € S' x D?*such that z > bor z < a, then y(r,t) =
= (rcost,rsint,z(t)),t€ R,0 < r < 1, is the parametrization of a leaf of F ( f).
The leaves of & (f) in the region D? x (a,b) are the disks D?* x {z}, 2 € (a,b).
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Now consider a C* diffeomorphism 4 : DX R — D'x R - ({0} x (-o,a]
U {0} X [b,o)) which satisfies the following properties:

(@) A ({0} X (a,b)) = {0} X R,
(b) for every x € D* — {0}, h({x} X R) = {x} X R,
(c) h is the identity in a product neighborhood of S' x R.

We can define a diffeomorphism 4 as above taking 4 (x,x;,2) = (x],%,a (r2 YB(2)
+ (1 - a(rz))z), where r? = xf + x% and the graphs of a and 8 are as in figure 9.
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It is clear that in the above construction we can have @ = —o or b = + . Let

F*(f) = h*(F(f)). Itis clear that F* (f) is a foliation on D? x R whose leaves are
transverse to the fibers {x} X R, x € D>. Further, $* (f) coincides with & (f) on a
neighborhood of S' x R. The idea now is to glue together various foliations like this
defined initially on solid, disjoint cylinders, identifying the boundaries of these cylinders
in the following manner.

Suppose that f) : R — Rand f, : R — R are diffeomorphisms with f;(x) = x
ifx € (a;,b;),i = 1,2. We can suppose that the leaves of G (f;), i = 1,2, are horizon-
tal in the region ¥; of S' x R defined by Vi=1((1,6,z) € S' x R|6, - 1/2 < 6 < 0;
+ m/2} (where we are writing the point (x;,x,) € S' in polar coordinates and 0; € s!
is fixed). Figure 11 illustrates what we want.

F* ()

Figure 10
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With this restriction the leaves of & (f;) are horizontal in the region 17, = {(r,0,2)
€D’XR|0<r<1,0,—7/2<6<86, + 1/2}.
Since F* (f;) coincides with & (f;) in a neighborhood 4; x R of s' x R, where
A;={(r,0)|1—-€ < r < 1}, the leaves of * (f;) | ((A; N V;) x R) are horizontal.
Glue together now the two cylinders by a diffeomorphism g: (4, N ¥;) x R
— (A, N V;) X R of the form g(x,z) = (a(x),z) where a: 4, N V| — A4,
N V; is a diffeomorphism. Thus we obtain a foliation F(f,,f,) as in Figure 11.
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Figure 11

The region where F ( f}, f,) is defined is a product of the form U x R where U is dif-
feomorphic to the unit disk D?. So we can consider § (f1,/2) as being a foliation of
D? x R transverse to the fibers fx} X R, x¢€ D*.

Let us see now how a leaf Fof F (f,,f,) meets a fiber {x;} X R, x, € D,. Observe
first that in every step of the construction vertical fibers were taken to vertical fibers.
If ¢, and ¢, are the axis of the initial cylinders, there are p # g € D? such that ¢, is taken
to {p} X R and ¢, to {g} x R, at the end of the process. If we consider F(f1,/2)
restricted to (D2 - {p,q}) X R, itis easy to see that, for every leaf F of the new folia-
tion, 7 | F: F — D? - {p.q} is a covering, where = is the projection = (x,z) =
=X,Xx€ Dz, z € R. We have then that the new foliation satisfies the hypothesis (a) and
(b) of the definition of §2.

Given x; € D? - {p.q}, if y:1 — D? - {p,q} is a continuous curve such that
v(0) = y(1) = xy, we can get a holonomy transformation 8y : {x} X R —> (xp}
X R as in Theorem 1. Observe that the fundamental group of D? - {p,q]} is the free
group of two generators, a and 8, which can be taken as in the figure below:

Figure 12
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It is easy to see that the holonomy transformations 8(a) (OF g(y1-1) and gig (or gg-1)
are conjugate to f, and f, respectively, by the same diffeomorphism. We have then that
the intersection of the leaf F of & (£}, f;) which passes through (xy,z) with {x;} x R
can be represented by the set

K0 k0, ¢
0(2) =Sy oy ofy of7 oo S7(2) | Ky v kjuly ey G € Z) .

We now consider diffeomorphisms f; ,..., f : R = R as before. Using the same
process as before, we can inductively define a foliation ¥ (f, ,..., f;) on D* x R
transverse to the fibers {x}] x R, x € D?. As before, the intersection of the leaf of
F (f} ».-» fi) which passes through (xp,z) with {x;} X R can be represented by the set

e
o) =( [/ IneZ, ez andje1 .., kj)

i=1

where H L,f;:(z) = fj: o...ef;:(z).
Finally observe that since D? is diffeomorphic to R?, we can consider & (Sf1 seees f2)
as being a foliation on R’ = R? x R transverse to the fibers {x} X R, x€ R%
Now we will see that there exist diffeomorphisms ( f;) ?=| such that all the leaves of
F(f) »...r f3) are dense in R>.

First fix ¢ : R < R of class C® such that ¢(x) =0 if x <0, ¢(x) = 1 if
x = 1and ¢’ (x) = 0 for every x € R. Define f,(x) = x + ap(x), where a > 0 is
irrational. It is clear that f, is a C” diffeomorphism and that fi(x) =xifx < 0and
fi(x) = x + aifx = 1. Set f,(x) =ff'(x + a). Itis clear that f, is a C* diffeomor-
phism and that f,(x) = x if x = 1. Analogously define f3(x) = x + ¢(x) and
fa(x) = f;‘ (x + 1). We claim that if « is irrational, all the leaves of F (f ,..., f;)
are dense in R>. In fact, let g; (x) = f1  fo(x) = x + aand g,(x) = f; ° f(x) =
= x + 1. It suffices to prove that, for every z € R, the set B = {g'g5(z) | m,n ¢ Z}
is dense in R. Indeed, g'l"g;'(z) = Z + ma + n and, since « is irrational the set
{mo + n|m,n € Z} is dense in R, so B is dense in R. Wl

(4) Foliations on open manifolds.

As was already mentioned not every compact n-dimensional manifold has a codimen-
sion k foliation where 0 < k < n. However when the manifold is open (i.e., not compact)
the situation changes. The following theorem in this direction is known.

Theorem. Every codimension one plane field defined on an open manifold is homotopic
to a plane field tangent to a codimension one foliation.

This theorem is contained in a more general result due to Gromov [15] and Phillips
[44] about homotopies of plane fields of arbitrary codimension, of which the following
is a sample.

Theorem. Let o be a codimension k plane field on an open Riemannian manifold. If
the normal fibration o* of o has discrete structure group then o is homotopic to a com-
pletely integrable plane field.
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(5) Foliations on R".

A problem which has been studied recently is that of the characterization of a folia-
tion when one imposes strong conditions on the topology of the leaves. A typical result
in this direction is the following, due to C.F. Palmeira ([42]).

Theorem. Let § be a C'(r = 0), codimension one foliation defined on R" (n = 3).
Suppose that all the leaves of § are closed subsets of R" and are homeomorphic to R" ™.
Then there is a foliation F on R?and a C” diffeomorphism (homeomorphism if r = 0)
f:R" — R? x ]‘l}"‘2 such that the leaves of F are of the form f_l(F X R"_Z),
where F is a leaf of §. In other words F s topologically equivalent to a product foliation
of a foliation on R with fibers R" ™2

This theorem can in fact be strengthened, to the following statement ([42]): Let &
and G be two foliations on R" (n = 3) whose leaves are closed and homeomorphic to
R""'. Then F and G are topologically equivalent if and only if the leaf spaces of § and
G are homeomorphic. This fact is not true for n = 2.

The above result admits other generalizations which can be found in [42].



VI. ANALYTIC FOLIATIONS OF
CODIMENSION ONE

A codimension n foliation & of an m-dimensional manifold is analytic when
the change of coordinate maps which define F are analytic local diffeomorphisms
of R™. Under these conditions any element of the holonomy of a leaf of & has
a representation which is an analytic local diffeomorphism of R”.

For example, the Reeb foliation of S* is not analytic. Indeed, the Reeb folia-
tion has a compact leaf whose holonomy is represented by the germs of two
commuting diffeomorphisms of the line, f and g, with the following
characteristics: f(x) = x, g(x) < x if x€ (0,»)andf(x) < x,g(x) = x
ifx € (—,0). These diffeomorphisms are not analytic since an analytic map
which coincides with the identity on an interval is the identity. It is natural
then to ask if there exists analytic foliations of $*. In this chapter we will see
that the answer is no. More generally, we will show that no compact manifold
with finite fundamental group has an analytic foliation of codimension one. The
results of this chapter are due to A. Haefliger ([17]) and [18]). The obstruc-
tion to the existence of analytic foliations of codimension one is contained in
the following theorem.

Theorem 1. Let § be a codimension one C? foliation of a manifold M. Sup-
pose there exists a closed curve transverse to § homotopic to a point. Then there
exist a leaf F of § and a closed curve T C F whose germ of holonomy in a
segment J transverse to &, with x, = J N T, is the identity on one of the com-
ponents of J — {x,} but differ from the identity on any neighborhood of x, in J.

Corollary. Let M be a real analytic manifold on which is defined an analytic
Joliation § of codimension one. Every closed curve transverse to § represents
an element of infinite order in m, (M).
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Proof of the Corollary. Let~ :S' — M be a curve transverse to § and
[v] its homotopy class. Suppose, by contradiction, that [y] has finite order,
[v]" = 1. Then the path « : ' — M defined by « (e?) = y(e™) is homo-
topic to a point. This yields a contradiction, since by Theorem 1, there is a path
in a leaf of & whose holonomy germ cannot be analytic.

§1. An outline of the proof of Theorem 1

In this section we will present a sketch of the proof of Theorem 1. In subse-
quent sections this proof will be developed in detail.

Let o : S' — M be a curve transverse to § homotopic to a point. This
means that there is an extension of « to a map 4 : D> — M. This map is
continuous, but by the Stone-Weierstrass approximation theorem, we can
assume that A4 is C* (see [26]).

The map A is next approximated by a map g : D> — M transverse to §,
except at a finite number of points { p, ,..., p;}, where the tangency of g with
the leaves of F is nondegenerate, that is, of one of the following types:

center

T2 N

<t,~

Pi

TN

Ya

saddle

Figure 1

From this we obtain a foliation with singularities on D?, §* = g* (F),
transverse to the boundary and whose singular set { p, ,..., p,} is made up of
centers and saddles.
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When p; is a saddle of §*, if we restrict to a small neighborhood V of p; as
in figure 1, * | V has four integral manifolds v,, v;, v3, 74 Which accumulate
on p;. These leaves are called local separatrices of p;. If v is a leaf of F* such
that y N V contains a local separatrix of p;, we say that v is a separatrix of
Pi, and if v N V contains two local separatrices of p;, v is a self connection of
a saddle. When v is a separatrix of two distinct saddles, we say that vy is a
saddle connection and that the two saddles are connected. In the final part of
the proof of the theorem we will use the fact that it is possible to obtain g so
that no two distinct saddles of F* are connected.

Observe that if p; and p; are two connected saddles of F*, then g (p;) and
g(p;) are contained in the same leaf of . When this occurs, we can modify
g to obtain a function § : D> — M, near g, such that g (p,) and g (p ;) are in
distinct leaves of & whenever p; # p; are saddles of g* (F). We can then sup-
pose, without loss of generality, that $* does not have distinct connected
saddles, possibly having self-connections (which are indestructible under small
perturbations). In the figure below we illustrate an example of what can happen:

Figure 2

Observe that the foliation F* is locally orientable (even in a neighborhood
of a singularity). Since D? is simply connected there is a vector field ¥ on D?,
with singularities {p, ,..., p;}, whose regular orbits are the leaves of &F*.
Applying Poincaré-Bendixson theory to the vector field Y, one shows that there
is a closed curve T, invariant under Y, and a segment J, transverse to Y, such
that it is possible to define a first-return map f, in a neighborhood of x, =
=T N Jin J, following the positive orbits of Y, which is the identity on one
of the components of J — {x,}, but is not the identity on any neighborhood
of x, in J. The image of I under g defines a closed curve g(T') in a leaf of &
whose holonomy is conjugate to f. This concludes the proof.
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§2. Singularities of maps f: R" — R

A singularity of a differentiable function f: R” — IR is a point p € R”
where df (p) = 0. If (x,,..., x,,) 1s a coordinate system about p, this means
that

af _ _ of _
I (p) =..= ax, (p) =0.

A singularity p of f is nondegenerate if the symmetric quadratic form

n

2 -1
H(p) -u=D"f(pyuu) = ¥ T (o)), uy

dx;0x;
ij=1 L

is nondegenerate, where (u, ,..., u,) = dx(p) - u. Since p is a singularity
of f the form H(p) is independent of the system of coordinates chosen. So,
ify = (y,..,¥,) : U= R", pe€ U, is another system of coordinates and
dy(p) - u = (v ,..., v,), one easily verifies that

F(fey -y aUxh
(*) E Sy, (PPN = Y W(x(p))u- U .

ij=1 i,j=1
Associated to the quadratic form H(p) and to the system of coordinates

2 -1
g(fex ) ‘a’;a;‘j L (x(D))) 121 jen
which is called the Hessian of f at p with respect to x.

The form H (p) is nondegenerate if and only if the Hessian matrix of f, in
some system of coordinates, is nondegenerate.

These notions extend naturally to differentiable functions defined on mani-
folds. In fact, if f: M — IR is a differentiable function, a singular point of
fisapoint p € Msuch thatdf(p) = 0. A singular point of f is nondegenerate
if for some system of coordinates x : U C M — RR", p € U, the function
feox ':x(U) — R has a nondegenerate singularity at x (p). In virtue of
(*), this definition is independent of the system of coordinates. Moreover the
Hessian quadratic form of f at p remains well-defined by

x: V — R", we have the symmetric matrix (

n 2 -1
Hpy -u= Y, EU=X) (y(p))

ax; 0x;
ij=1 e

where (u, ,..., u,) = dx(p) -

Letp e Mbe a singularity of f M — R. If E is a subspace of T,M, we
say that H ( p) is positive (respectively negative) definite on Eif H(p) - u > 0
(resp. H(p) - u < 0)foreveryu € E — {0}. The index of f at pis the largest
possible dimension for a subspace E C T, M where H( p) is negative definite:
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ind(f,p) = max{dim(E) | E is a subspace of .M
and H(p) -u<0 if ueE — {0} .
The proof of the result below can be found in [36].

Theorem (Morse Lemma). Let p be a nondegenerate singular point of f with
ind (f,p) = k. There is a system of coordinates x = (x; ,..., X,) on a neigh-
borhood U of p such that

(@) = f(p) = x1(@) == X0(@) + X501 (@) +.t X0(q)
In other words, the function f is locally equivalent to the function
X f(p) —xt - X+ X .+ X2

In the case n = 2 one has three possible canonical forms:

@) f(x) = f(p) — x3 — x}
() f(x) = f(p) + x} + x3
© f(x) = f(p) — x} + x3.

In the first two cases the level curves of f in a neighborhood of p are dif-
feomorphic to circles and p is a local maximum or minimum, respectively. In
the third case p is a saddle point of f and the equation f(x) = f(p) defines
the four local separatrices of p (see figure 1).

We say that f: M — IR is a Morse function when all its singularities are
nondegenerate.

Next we will see how one defines the C” uniform convergence topology on
the space of C” functions of M to R, C"(M,R), in the case when M is com-
pact. For r = 0 and f € C°(M,R), define

Iflo = sup |f(x)] .
XeEM

One easily verifies that | ||, defines a norm on C°(M,R). With this norm
C°(M,R) is a Banach space. For r = 1, the C" norm can be defined by means
of finite covers of M by systems of coordinates. Since M is compact, consider
covers (U;)%_, and (V;)%, of M such that for every i € {1 ,..., k}, one has

U, C V, and V; is the domain of a local chart ¢;: V; — R". Given f
€ C"(M,R), define the C" norm of f on U, by

I£ll,; = max ( sup {[|D/(f=o")(e;(P)]}) -
0<j<r peU;

For each j = 1 and each pe U, D/(f°¢")(¢:(p)) =L, is a sym-
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metric j-linear map from R"” X..x R" = (R")’ to R, where ||L;| =
= Sup(L; (ty eees ) | | 1]} == ] = 1.

The C" norm of f with respect to the cover (U;)%_, and (V;)%_, is defined
by | fll, = max;_; 4|l f]l.;- One verifies that || ||, is a norm on C"(M,R).
With this norm this space is Banach.

Let (U/){_,, (V{)!_, be other covers of M such that for everyi ¢ (1 ,..., 8},
U; C V/is the domain of a local chart y, : ¥/ — R". Let | ||, be the C" norm
induced on C" (M, R) by the covers (U/)i_, and (¥/)!_,. One verifies easily
that there exist constants K, > K; > 0 such that

Killlr=1l-= &1/ -

Therefore, the C” uniform convergence topology is well-defined. For more
details see [27]. The result stated below proves, in particular, the existence
of Morse functions.

Theorem. Let M be a compact manifold, with or without boundary. If r = 2
the set of C" Morse functions is open and dense in C" (M, R).

The proof can be found in [36].
The following lemma will be used in the next section:

Lemma 1. Let U,V and W be open sets of R" where U C V C V C W and
Wis an open ball. Let h: W — Rbe C’, r = 2. For every e > 0, there is
f: W — R which is C" and such that If = hl,<e fI(W-V)=
=h| (W - V) and f| Uis a Morse function.

Proof. By the preceding theorem, given § > 0 there is an f,: W — R
such that f, is Morse and || f, — 4|, < 8. Let ¢ : R” — IR be C* and such
that o |U=1,¢ | (R" = V) =0and ¢ = 0. Let f = of, + (1 — ¢)h.
We have (f — h) = o(fy — h) = ¢ - «. Differentiating ¢ - o k times we
get DX (¢ - a) = Ef=0Cij(¢)Dk"(a), where for every j = 0 ,..., k, C}
is a constant independent of « and of ¢. We have then

k
ID*(e - a)lo = Y IC| 1D ¢l - | D* ety
j=0

k
=8 ) ICH D¢l .
j=0

Letting

k
p= max {) |Cf[|De|e},
Jj=0

O<k=<r
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we get |[D*(¢ - a)|lp < u - 8for0 < k =< r. So, if § is sufficiently small, we
will have ||f — A, <e. R

In an analogous manner one defines the C” uniform convergence topology
for maps between manifolds (see [27]).

§3. Haefliger’s construction

In this section § will denote a C” (r = 2) codimension-one foliation defined
on a manifold M of dimension = 3.If # : D> — M is a C* map, we say that
p € D? is a point of tangency of & with & if Dh(p) - R* C Ty, 5.

Proposition 1. Let A : D> — M be a C* map such that the restriction
A | 3D? is transverse to 5. Then for every € > 0 and every r = 2, there exists
g: D> — M, C®, e near A in the C” topology and satisfying the following
properties:

(@) g|aD? is transverse to .

(b) For every point of tangency p € D* of g with F, there exist a foliation
box U of § with g(p) € U and a distinguished map = : U — IR such
that p is a nondegenerate singularity of = g : g~ ' (U) — R. In par-
ticular there are only a finite number of ta,ng(mcg/ points, since they are
isolated, and they are contained in the open disk D* = {z€ R?*| ||z|| < 1}.

©) If T = {p, ,..., Py} s the set of points of tangency of g with &, then g (p;)
and g (p;) are contained in distinct leaves of §, for every i # j. In par-
ticular the singular foliation F* = g* (F) has no distinct connected
saddles.

Proof. Let Q, ,..., Q be foliation boxes for & whose union covers 4 (D?)
and m; : Q; — IR distinguished maps of &,/ = 1,..., k. Observe that A meets
F transversely at p € 47! (Q,) if and onlyif D(m; o A)(p) # 0. We will use
the notation W, = A~'(Q;),i=1,..., k.

It is clear that U¥_, W, = D? and since D? is compact, there exist covers
(V,)i=, and (U;)%_, of D* by open sets such that U, ¢ ¥, C V, C W, for
everyi =1,..., k.

Let 6 = min,.;<; inf{d(A(x),y)|x €V, and y € dQ,}, where d is a
metric on M. If f: D* — M is such that dy(f,A) < 6 where d,(f,A) =
= sup{d(f(x),A(x)) | x € D*}, then f(V;) C Q, and therefore the maps
m; o f: V; — R are well-defined. All the maps we consider from here on are
such that d,(f,A) < é.

For eachi = 1,..., k consider a foliation chart of F, ¢, : Q; — R”, such
that ¢, = (¢! ,..., ¢,_,, 7). The nonempty subsets of Q; defined by ;" (7)
are the plaques of & in Q,. We have then ¢, o 4 = (A4} ,..., 4_,,m o A). A
point p € V; is a point of tangency of 4 with § if and only if
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D(w o A)(p) = 0. The construction of g satisfying (a) and (b) will be made
by inductive modifications of 4 | U’_, W, j € {1 ,..., k}.

Forj =1. By Lemma 1 of §2 there exists f, : ¥, — IR such that f, | U,
isMorse fi | (W, — V) =m cA| (W, — V,)and“fl — @ o A, < §,. We
now define & D? — M setting g | (D* - V) =A|(D*-V,) and
g | W, =7 o (A} ,..., AL_|,f1). Since m, o A coincides with f, on W,
- V,, it is clear that gl is well-defined and that =, o g, |U, = fi| U, is a
Morse function. Further, taking 6, sufficiently small, we have d,(g,,4)
< e/k.

Suppose by induction that a map g;: D — M, 1 <j=<k-1, has
been constructed so that d,(A,g;) < je/k, g;| (D* — Ui, V;) = A| (D?
— Ui_, V))andforeveryi = 1,...,j,m o g : U, — RRis a Morse function.
By Lemma 1, there exists f;, , : Wj+l — Rsuchthat f;,, | (W, = Vi) =
=7, 08| (W H, = Viu1), fis1| Uy, is a Morse function and | f;,, —
Te12 & |, < 801 Then set g1 | (D* = V;,)) = g (D* = ¥;.,) and
g1l Win ‘P,_1+1 ° (81 ,--s &n-1>S541) Where (8% 1o Eno1>Tjp1 ° &) =
®j+1 ° &. It is clear that g;,, is well-defined since le | (Wipr = Vig1) =
=7 2 & | (W1 — V). Moreover, if §;,, is sufficiently small we will
have d,(gj,,8) < e¢/k and also m; » g;,, : U; — IR a Morse function, i =
=1 ,..,Jj+ 1, since the set of Morse functions is open and |, - g,
— m; ° gj||, can be taken arbitrarily small (in U; N U}, ,). Proceeding induc-
tively we get finally g, : D> — M such that for every i = , k, w;
o g : U, — IR is a Morse function and d,(g;,4) < e. From thls we obtaln
g, satisfying (b). Observing that A4 |6D2 is transverse to &, we see that
g,/dD? is transverse to F if ¢ is sufficiently small.

Let T = {p, ,..., py} be the set of tangencies of g, with F. Next we will in-
dicate how it is possible to modify g, to obtain g such that the set of tangen-
cies of g is T and g satisfies (c). Suppose for example that g (p,) and g ( p,)
are contained in the same leaf F of ¥ and that p, € U,. Set f; = m; o g, | V;:
Vi — R, t; = f;(p,;) and fix neighborhoods U C V of p, such that U
C V C V C V;and p, is the only singularity of f;in V. Let o : ¥V, — R
be a C* function such that « |U =1, a| (V; — V) = 0 and a = 0. De-
fine f, = f; + 6a where & > 0. Since df, + éda, one verifies easily that if &
is sufficiently small then p, is the only singularity of £, in ¥, which is non-
degenerate. Moreover the set of singularities of f; coincides with that of f,,
since (f;, — f;) | (V; = V) = 0. Define then g,: D* — M setting g | Vi=
¢l o (& ss &n-1f) and B, | (D? — V) = g | (D* — V). One easily
verifies that g, satisfies (a) and (b) if 6 is sufficiently small and that the set
of tangencies of g, is 7.

Observe now that F N Q; contains at most a countable number of plaques
of F so there exists 6 = 0 arbitrarily small so that ;' (£, + 6) = =" (f.(p,))
¢ F,or g,(p,) and g, ( p,) are in distinct leaves of F. Repeating the process
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a finite number of times it is possible to obtain g, arbitrarily near 4, whose
set of tangencies {p, ,..., p;} is such that g ( p;) and g( p;) are in distinct leaves
of Fifi=j. W

Corollary. Lety:S' — M be a C* curve transverse to § homotopic to a
constant. Then there is a C* map g : D? — M such that g* (F) = F* isa
foliation with singularities, satisfying the following properties:

(@) g | dD? is homotopic to v and F* is transverse to aD?,
(b) the singularities of $* are saddles or centers (see §2),
(¢) F* has no distinct connected saddles.

Proof. Since y is homotopic to a constant in M, there is a C® map A : D?
— M such that A | aD* = v (see [26]). It suffices now to take g as in Pro-
position 1, where d,(g,A) < ¢, € sufficiently small. B

§4. Foliations with singularities on D?

In this section we denote by F* a foliation of D* with a finite number of
singularities and transverse to the boundary dD?. The set of singularities of
%* will be denoted by 7. We say that §* is C” locally orientable if for every
p € D? there exist a neighborhood U of p and a C” vector field ¥ on U such
thatif g € U — Tthen Y(gq) # 0 and is tangent to the leaf of F* through q,
and if g € T then Y(gq) = 0. We say that §* is C" orientable if there is a
vector field Y as above, defined on the whole disk D>.

Proposition 2. If §* is a foliation with singularities on D?, C" locally orien-
table, then F* is C” orientable.

Proof. For every p € D? there is a C” vector field Y defined on a neigh-
borhood U of p such that Y is tangent to $* and Y(g) = 0 if and only if ¢
is a singularity of $*. Let U, ,..., U, be a cover of D* by such neighborhoods
and Y, ,..., Y, the corresponding vector fields.

The problem of determining a vector field Y as desired reduces to con-
veniently orienting Y, ,..., Y, obtaining a new collection of vector fields
Y, ,..., ¥, such that for every i € {1 ,..., k}, Y, = Y,or ¥, = — Y, and, fur-
ther, if g € (U; N U;) — T then )';,-(q) and fj-(q) have the same orientation.
In fact, suppose for a moment that this is possible. In that case, it suffices to
consider a partition of unity (¢;)_, and define

k
Y = E @i }7,-.
i=1

Since ¢; | (D?* — U;) = 0, the vector field ¢; 17, extends to a C” vector field
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on D? setting (¢, Y,-)(q) = 0if g ¢ U,. So Y is well-defined and is C" on D?.
It is tangent to F*, since each ¢, Y, is. Further Y(gq) = 0 if and only if g is
a singularity of §* since if ¢ is not a singularity of F*, at least one of the vec-
tors ¢; - Y,-(q) is not zero and those that are not zero coincide in direction
and sense.

Now we will see how it is possible to obtain vector fields ¥, ,..., ¥, as above.
First observe that we can assume without loss of generality that the open sets
U, ,..., U, are connected so that if U; N U; # @ then U; N U; is connected.
On (U, N U;)) - T we can write Y;(g) = N\;(q) Y;(q) where \;: (U
N U;) = T — R is continuous and does not vanish. So \; > 0 or \; < 0.
If \; > 0 we say Y; and Y, have the same orientation. If \;; < 0 we say they
have opposite orientations.

Fix Y, = Y,and a point p, € U,. Givenj > 1, fixa curvey : [0,1] — D?
such that v (0) = p, and v (1) = p; € U,. Consider a cover (V;)_, of v (1)
by neighborhoods so small that V; N V; # @ if and only if j = i + 1 and for
every i we have V; C U,. Now deflne Yp, 1 = s < n, inductively so
that Y = Y, and Y,, , has the same orientation as Y Note thatif ¢, , = ¢
we have Y, o= Y‘ = + Y,. Then set Y = Y Further if we take a curve

:[0,1] — D? such that 6(1) cuUunr the definition of Y along 6 will
comc1de with the definition of Y/ along ¥.

It follows from this fact and from D? being simply connected that the defini-
tion of YI is independent of the curve chosen. We leave it to the reader to
verify the details. W

Corollary. Let § be a C'(r = 2) codimension one foliation on M and g :
D?* — M a C" map such that the points of tangency of g with § are non-
degenerate, in the sense of (b) of Proposition 1. Let * = g*(F). Then F* 1s
C"™! orientable.

Proof. Let Q, ,..., Q, be foliation boxes of § such that U¥_, Q; D g(D?)
and 7; : Q; — R be distinguished maps of F on Q;. The nonsingular leaves
of F* in Q; are the connected components of level curves of the function

m o g = g&. One easily verifies that for every i € {1 ,..., k} the vector field
ag; ag; . . .
Y, = ( af‘ y — 551 ) is tangent to the level curves of g;. This proves that
2 1

§* is C"~! locally orientable, hence C"~'-orientable. W

We will now see some properties of the vector field Y constructed above,
in the case that &* satisfies the properties of the corollary of Proposition 1.

Consider first a singularity p of Y, where p € W = g~' (Q), Q being a
distinguished map of F. Let 7 : 9 — IR be a distinguished map of &. Then
p is a nondegenerate singularity of the map f = 7 - g : W — R and the orbits
of Y are contained in the level curves of f. By the Morse Lemma there is a
diffeomorphism o : U — V, where p € V C W and «(0) = p, such that



Analytic Foliations of Codimension One 125

fealx,y) = f(p) + q(x,»)

where g (x,y) = x> + y*or — (x* + y?) or x* — y®. In the first two cases
pis a center of Y, that is, the nonsingular trajectories of Y in W are all closed.
In the last case p is a saddle of Y, that is, f Y (f(p)) is made up of two dif-
ferentiable curves &, and 8, that meet transversely at p so that §, U 8, — {p}
contains four regular trajectories of Y | ¥, which we call o, o, a3, oy where
a,UayUfp} =6and o, Ua,Ui{p} =24,

The trajectories o, 1 < j < 4, are the local separatrices of Y. Two of them,
say «, and «;, are characterized by the property lim, . Y,(q) = p,
q € o; (i=1,3) and the other two are characterized by the property lim, _, _.,
Y,(q) = p, q € o; (i = 2,4). The trajectories of the first type are called
stable and those of the second type unstable.

The fact of g | 3D* being transverse to & implies that Y is transverse to
aD? = S'. We can suppose that Y points to the inside of D* along S', since
in the other case we simply substitute Y by — Y.

Given a trajectory v (that is, v (¢) = Y,(q), q € D?) we define w(y) =
= (x€D*|x = lim,_ , v(f,) where lim,_, ., = ©} and a(y) =
= {x € D?|x = lim,_, , v(¢,) where lim,_, . t, = —o]}.

By the Poincaré-Bendixson theorem (see [20]), the set w (y) can only be a
singularity, a closed orbit or a graph of Y. A graphisa connected set I' formed
by saddles and separatrices of saddles such that if p is a saddle of T' then at
least a stable and an unstable separatrix of p are contained in T'. Analogously,
« () can only be a singularity, a closed orbit, a graph or a(y) = @ in the
case where y meets dD?.

Definition. We say that T C D? is a limit cycle of Y if T' does not reduce
to a singularity and there is an orbit y of Ysuchthaty N T' = Qandw(y) =T
ora(y) =T.

From what we saw above, a limit cycle T of Y is a closed orbit or a graph
of Y. One also can verify that I is always connected and that D?* — T contains
at least two connected components, one of which contains aD*(T N aD* = V).
In the figures below we illustrate some possibilities for T in the case that it
is a graph:

N\ S

Figure 3 r

In the case we are considering, Y has no connections between distinct saddles
and hence the above possibilities are the only ones up to homeomorphisms.
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Let I be the set of all limit cycles of I'. Given I" € L we denote by R (T') the
union of the closures of the connected components of D> — I' which do not
contain d D2. On L we define a partial ordering < by

I, <T, e R(T,) C R(T,) .

Observe that R(T') is invariant under Y, since T is.

Proposition 3. Let (T,) N be a decreasing sequence of limit cycles and T,
the boundary of the set N ., R(T,). Then T, is a closed orbit or a graph of Y.

Proof. Without loss of generality we can suppose that all the terms of the
sequence (T',) ,n are distinct. Since the number of saddles of Y is finite, Y
has a finite number of graphs and hence we can also suppose that all the T,
are closed orbits. Under these conditions closed orbits of Y accumulate upon
I',. Forevery n = 1, R(T',) is invariant under Y, homeomorphic to a closed
disk and R(T',,,,) C R(T,). It follows therefore that N ,., R(T,) and T, are
invariant under Y and nonempty. Further I', contains at least one point p
such that Y (p) # 0. In fact, there are no centers in I', since those are not
accumulated upon by limit cycles. On the other hand, if T',, contains a saddle,
it must also contain two separatrices.

Suppose that I',, is not a closed orbit of Y and let p € T, be a regular point.
We claim w (p) ) is a saddle contained in T’ . First observe that w ( p) does
not contain a center of Y. If w ( p) were not a saddle of Y, w ( p) would contain
a point g such that Y(gq) # 0, since w( p) is connected.

Observe that since ', is not a closed orbit of Ytheng ¢ O(p) = {Y,(p) |
t € R}. The argument now is analogous to that of the Poincaré-Bendixson
theorem. Let 6 be a small segment transverse to Y with ¢ € 6. Then O ( p) meets
6 in a monotonic sequence p, = Y, (p) where lim,_, ., t, = o and lim, _,
P, = q (see figure 4.).

Figure 4

* w(p) = w(vy)and a(p) = a(y) where vy is the orbit of Y such that y(0) = p.
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Let 7 be a closed curve of D> made up of the union of segments
(PrsPril] Codand p={Y,(p)|t, <=t =<1t,,,} CO(p)and let A be the
connected component of D?> — n which contains g. An orbit which cuts the
segment [p,, p,, ] cannot be closed, since it enters the region A and never
again leaves, so p, cannot be an accumulation point of closed orbits of Y, a
contradiction since p, € T',,. Hence w( p) is a saddle. Analogously a (p) is a
saddle.

Observe that since a saddle in I',, is an accumulation point of closed orbits
of Y, then it has at least one stable and one unstable separatrix contained in ',
(see figure 5). Hence T',, is a graph.

a3

Figure 5

§5. The proof of Haefliger’s theorem

Let § be a C* codimension one foliation on M and suppose vy : ' — M is
a closed curve transverse to &, homotopic to a point. By the corollary to
Proposition 1 there is a map C* g : D> — M such that g*(F) = F* is a
foliation with singularities on D* By the corollary to Proposition 2 there is
a C! vector field Y, tangent to F*, whose singularities are the same as those
of &*. This vector field Y is transverse to dD? and on dD? points inward
toward D2, its singularities are centers or saddles (finite in number) and there
do not exist connections between distinct saddles.

Let T be the set of limit cycles of Y, to which we add the closed orbits and
graphs obtained as in Proposition 3 of §4. Observe that T is nonempty since
if pedD?, w(p) is a limit cycle. Moreover by Proposition 3, T is such
that if (T',) . is @ decreasing sequence in T, then there exists I',, in T such
that T, < T, for every n € IN. The order relation on T is analogous to that
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already considered on I. By Zorn’s lemma I has a minimal element I'. Such
a I' bounds a region R(I') whose interior contains no limit cycles, that
is, for every p € R(T'), O (p) is a singularity, a periodic orbit or O ( p) is con-
tained in a graph.

Y2

Figure 6

Consider now a segment §, transverse to Y, cutting I' in a point p such that
Y(p) # 0. Suppose first that I' is a closed orbit of Y. In this case it is possible
to define a holonomy transformation f: §, — §. This transformation is the
identity on 6, N R(T) but not the identity on any neighborhood of p in §,
since if it were, I' would not be in L. Let = g(T') and n = g(8). Then p is
a closed curve in F, the leaf of & which contains g ( p), whose holonomy #4 is
givenby h(x) = g o fo (g/8,) "' (x). It is clear that 4 is the identity on one
of the components of » — g (p), but not the identity on any neighborhood of
g(p) inn.

Suppose now that I' is a graph of Y. In this case the transformation f can
only be defined on an open segment §, C § — (6 N R(I')). We can extend
f continuously to p so that f(p) = p.Oné N int (R(T')), although the orbits
of Y are closed, the “holonomy transformation” in this component does not cor-
respond to the curve I' (see figure 6). Nevertheless the segment g(d) is
transverse to § and the element A of the holonomy of & corresponding to
g(T') C Fis unilaterally conjugate to f, thatis, if x € g(6,) we have h(x) =
=g o fo (g/8,) '(x) and hence 4 is not the identity on any neighborhood
of g(p) in g(8). It is possible to prove however that 4 is the identity on
g(6,), where 6, = 6 N R(T'). Indeed, let s be the saddle of Y which is con-
tained in I'. Any regular orbit y C I'is such that w(y) = a(y) = {s}, soT
contains one or two regular orbits (see in figure 3 the last two pictures
sketched). In the case that I' contains only one regular orbit, the other two
local separatrices of ¥ must be contained in R (T'), since a graph I as in the
next figure cannot be a minimal element of T.
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0
O, V G,

Figure 7

In figure 7, O, and O, are not in T'.

We leave to the reader the verification of the above-mentioned fact. Note
that this implies that the two local separatrices of s which are not in I' must
be connected, since otherwise there would be a limit cycle contained in the in-
terior of R(T").

Therefore the separatrices of s are pairwise connected, forming closed curves
v, U {s} and v, U {s} as in figure 6, where ' = y, Uy, U {s} or T =
=y, Ufsjandé Ny, = J.

Consider for example the first case (I' = vy, U v, U {s}). Take a segment
8’ transverse to Y such that 6’ N vy, # &. Let 6, = R(T') N4, §; =
=R(T) N5 and §{ = 6’ — 8.

We can then define unilateral holonomy maps f, : 8, — &, and f{: §;
— 5,. Wehave f,(x) = xif x € §,and f{(x) = xif x € 85, since the orbits
of Y in the interior of R(T') are closed. Let u, = g(v, U {s}) and u, =
= g(v, U {s}) and A, A be the holonomy maps of u, and p,, which are
defined on open segments of g(6) and g(é").

The restrictions A, | g(8,) and h{|g(6;) are conjugate to f; and f| so
h (x) = xif x € g(8,) and h{(x) = xif x € g(8;). Since the holonomy map
h of g(I') is the composition of those of u, and p,, one easily sees that
h | g(6,) = identity.

The case that ' = §, U {s} is analogous to the above and we leave it to the
reader. This ends the proof of Theorem 1.

Theorem 2. Let M be an analytic compact manifold with finite fundamental
group. Then there exists no analytic foliation of codimension one on M.

Proof. By Lemma 7 of Chapter IV there is a closed curve : S' — M
transverse to &. Since M has finite fundamental group, [¥]" = 1 for some n,
so the curve y (e”) = 5 (e™) is homotopic to a constant on M and is trans-
verse to §. It now suffices to apply Theorem 1. W

In particular, there are no analytic foliations of codimension one on S°.



VII. NOVIKOV’'S THEOREM

The following theorem, due to Novikov [40], is one of the deepest, most
beautiful theorems in foliations.

Theorem. Every C? codimension one foliation of a compact three-
dvmensional manifold with finite fundamental group has a compact leaf.

In particular every C? codimension one foliation of S* has a compact leaf
homeomorphic to 72, This theorem has an elaborate proof; for this reason we
will first give an informal sketch of the more important steps. Later we will
see a rigorous proof.

§1. Sketch of the proof

The first step consists of showing the existence of vanishing cycles. A
vanishing cycle is a map f, : S' — M contained in a differentiable family
f,: 8" — M, te€[0,e], e > 0, such that: (1) for every ¢, f,(S') is contained
in a leaf A,, (2) f,: S' — A, is homotopic to a point (in 4,) if and only if
t # 0 and (3) for every x € S ! the curve ¢ +— f,(x) is transverse to F.

Example 1. In the Reeb foliation of the solid torus D* x S', any meridian
of the boundary is a vanishing cycle.

The existence of a vanishing cycle follows, as one would expect, from the
techniques of Haefliger, described in Chapter VI. The vanishing cycle is then
modified to get a simple cycle in the following way: if 7, : A, — A, denotes
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the universal covering of A4,, then the lifts 7, : §' — A, of f, are imbeddings
for every ¢t # 0.

The rest of the proof of Novikov’s theorem consists of proving that the ex-
istence of a simple vanishing cycle implies the compactness of 4,. Having a
simple vanishing cycle (), it is possible to prove that there is a family of
immersions F, : D> — M such that F,|S' = f,and F,(D?) C A, for every
¢t # 0 and such that for every x € D?, the curve ¢ = F,(x) is normal to &
(Figure 1).

fo(sl) ‘[ FAX)

Figure 1

Next one shows that for any « > 0 there exist ¢, 1,,0 < #, < f; < a, such
that (1) A, = 4,, (2) F, (D*) C F,(D?) and (3) for every ¢ such that
0<t,<t<t one has F,(D*) N F,I(Dz) = . (Figure 2). Hence it
follows that arbitrarily near A, there is a region R bounded by the surfaces

Ci= U F(x) and G = F,(D?) - F,(D?)
xeS'
12<l‘<lI

such that Ay N R = . This region has the following property: any simple
curve transverse to & that enters R is trapped to wander indefinitely without
being able to leave R. Since R is arbitrarily near A, it follows that through
the leaf A, there passes no closed curve transverse to F. On the other hand,

one easily shows that if A is noncompact then there exists a closed curve
transverse to § passing through it. So A, must be compact.
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Figure 2

§2. Vanishing cycles
Consider a codimension one foliation & on a manifold M.

Definition 1. Let A, be a leaf of §. We say that a closed curve f, : S' — A,
is a vanishing cycle if f, extends to a differentiable map F : [0,e] X S' — M
satisfying the following properties:

(@) for every t € [0,el, the curve f, : S' — M, defined by f,(x) = F(t,x)
s contained i a leaf A, of &,

(b) for every x € S' the curve t vV F(t,x) is transverse to ¥,

(c) fort > 0, the curve f, is homotopic to a constant in the leaf A, and f,
18 not homotopic to a constant in A,.

We will call a map F as above a coherent extension of the vanishing cycle f;.
In this section we will examine diverse properties of vanishing cycles. We
begin with an existence theorem:
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Proposition 1. Let M be a compact manifold of dimension n = 3 with finite
fundamental group and F a C* codimension one foliation of M. Then § has
a vanishing cycle.

Proof. Since M is compact and m, (M) is finite by Lemma 7 of Chapter IV,
there is a curve o : S' — M transverse to § and homotopic to a point. Under
these circumstances, by Haefliger’s construction (Chapter IV), there is a C*
map g : D* — M such that the foliation §* = g*F of D? is given by the
orbits of a vector field Y on D? whose singularities are centers or saddles and
such that the only saddle connections permitted are self-connections.

By what was seen in §5 of Chapter VI, there exists an open region R of trivial
holonomy in Y such that the boundary dR is a curve with nontrivial holonomy
(see figure 6 in Chapter VI).

The proof that & has a vanishing cycle consists of finding a curve I' C R which
is a periodic orbit or a graph invariant under Y such that (1) g(T') is not
homotopic to a constant in the leaf A, and (2) T is the boundary of a band
C C R, a union of periodic orbits of Y, C = U , (o, v,, where g (v,) is homo-
topic to a constant in the leaf 4,, .

Since the tangency of g with §F at the centers is of parabolic type, all the
regular trajectories v of Y, near a center, are closed and have image g(v)
homotopic to a point in 4,(,, (see Figure 1 of Chapter VI). It is natural then
to look for I' starting from the centers of Y in R. Observe that if the number
of centers of Yis ¢ = 1, then the number of saddles is ¢ — 1. This is a conse-
quence of the index theorem (see [35]). The same is true for the closure R
of R, thatis, if ¢; ,..., ¢, (kK = 1) are the centers of Yin R, then Yhask — 1
saddles in R, say s, ,..., S;_,. Fori = 1,..., k let V;be the maximal connected
subset of R that contains ¢; and is a union of ¢; and closed orbits of Y
homotopic to a constant in their respective leaves.

The set V;is, by construction, non empty and invariant under Y. Moreover
it is open and 8V, = V; — V;is a closed connected curve in D? which is a union
of orbits of Y.

In fact, let v, C ¥;. Since all the orbits of Y in R have trivial holonomy, it
follows from Theorem 3 of Chapter IV, that there exist a cylindrical neigh-
borhood C, of v,, C;, C R, and a diffeomorphism 42 : (—-1,1) X vy = C,,
such that forany # € (—1,1), v, = h({t} X 7,) is a closed orbit of Y. Denote
by A, the leaf of F which contains g (,). Let us fix some Riemannian metric
(, ) in M. Since g(v,) is homotopic to a constant in A4, there exists a dif-
ferentiable map f, : D* — A, such that f,(dD?) = g(~,). It follows from
Lemma 4 in Chapter IV that f;, extends to a continuous family of maps
f,: D> — M, t € (—¢,e), such that f,(D?) C A, and for each x € D? the
curve t — f,(x) is normal to . The curve f,(dD?) = §, is clearly homotopic
to a constant in A4,. Moreover, for ¢ small, the curves §, and g(v,) are
homotopic in A4,, because lim,_, (6, = lim, ., 2g(v,) = g(v,). Therefore
g(v,) is homotopic to a constant in A,, which implies that V; is open.



Novikov’s Theorem 135

Since V; is invariant under Y, it follows that dV; is either a closed orbit or
a graph of Y. If 9V, is a closed orbit vy, of Y then, g(v,) is not homotopic to
a constant in A, ,. Since v, C R, it follows that in the interior of y all the
orbits of Y are closed, i.e., v, belongs to a family of orbits of Y, {7,} ), Such
that for ¢ > 0 g (v,) is homotopic to a constant in 4,, and we are done. In the
other case, V; = T, is a graph of Y and we have two possibilities. The first
is that there is 1 < i < k such that g (T;) is not homotopic to a constant in
Ag(r,- In this case g (T;) is a vanishing cycle in 4,r, . The second possibility
is that for all i = 1,..., k, g(T;) is homotopic to a constant in 4, ,. Since
the difference between the number of centers and saddles in R is one, it follows
that two of these graphs, let us say I'; and I';, contain the same saddle s, as
in the following figures.

Figure 3

In this case, ¥, U ¥, is homeomorphic to a closed disk or to two closed disks
with one point in common. Consider the graph T' = a¥, U 8V, =T, U T,.
Since g(T';) and g(I;) are homotopic to constants in A, ), = Ay, =
Ay, it follows that g(I'") is homotopic to a constant in Agrty -

So there is a neighborhood U of I'' such that U — I' consists of closed orbits
of Y, homotopic to constants in their respective leaves. This can be verified
using a simple extension of the proof of Lemma 4 (Chapter IV).

LetT' =Ty ,..., Ty, where k; < k/2, be all the graphs of Y obtained in
the same way as T''. For each i = 1,..., k,, let V| be the maximal connected
set which contains '} and such that ¥} — T} consists of centers and of closed
orbits of ¥ homotopic to constants in their respective leaves. By the arguments
used above V!is open. Its boundary 8V} is a closed curve in R, union of
orbits of Y. As before, if there exists 1 < i < k, such that g(dV}) is not
homotopic to a constant in 4,1, then g( aV'!) is a vanishing cycle in A -
There remains the possibility that for every i = 1 ,..., k;, g(3V}) is homotopic
to a constant in A4, . In this case aVlis a graph for every i =1 ,..., k.
Again at least two of the aV}, let us say 9 V1and 8V}, contain the same saddle
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Figure 4

Let I? = 3V} U aV}. Clearly I'’ is a graph of ¥ and g (I'?) is homotopic to
a constant in A,y2, . If k, is the number of graphs as above, we evidently have
1 < k, < (1/2) k,. Moreover I'* has a neighborhood U such that U — I con-
sists of closed orbits of Y homotopic to constants in their respective leaves.
Since dR N dD? = @ and there are only a finite number of singularities of
Yin R, proceeding inductively with the above argument we get, after a finite
number of steps, a closed orbit or a graph T of Y such that g (T') is a vanishing
cyclein A,py. W

Suppose now that & is a transversely orientable foliation of a manifold M
and X a vector field normal to F with respect to a Riemannian metric ¢ , )
on M. We say that a curve transverse to &, v : I — M, is positive (respec-
tively, negative) if, for every t € I, (v’ (), X(y(t))) > 0 (resp. < 0).

Let f,:S' — A, be a vanishing cycle and F: [0,e] x S! — M a co-
herent extension of f,. We say that f; is a positive (resp. negative) vanishing
cycle if the curves t — F(¢,x) are transverse positive (resp. negative). If fur-
ther, the curves ¢t — F(¢,x) are orthogonal to the leaves of §, we say F is
a normal extension of f;.

Proposition 2. Let f,: S' — A, be a positive vanishing cycle. Then

(i) there is a normal positive coherent extension of f,,
(i) if fo : S' — A, is homotopic to f, in Ay, then f,is a positive vanishing
cycle.

Proof. (i). Denote by X, the flow generated by the normal field X. The
map F(t,x) = X, (fo(x)) is well-defined on [0,8] % S! for 6 > 0 suffi-
ciently small. Let us reparametrize now the curves ¢ +— F(t,x) by a
— F(t(a,x),x)insucha way that the new map F(a,x) = F(t(a,x),x)
is a normal positive coherent extension of f;. Since f; is a positive vanishing
cycle, the positive holonomy of f; is the identity. This implies that the integral
curves of the foliation F* (F) of [0,6] X S' near 0 x S'are all simple closed
curves. Fix x, € S' and let S, denote the integral curve of F* () passing
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through (#,x,) € [0,6] x S'. Thus it follows that, for « = 0 small, S, meets
the curve ¢t + (t,x) in only one point (f(«a,x),Xx).

@ x) (t(a, x), x)

(ay xo)

(0 xg)

Figure 5

By construction, themap F : [0,€] X S' — Mgivenby F(o,x) = F(t(a,x),x)
satisfies conditions (a) and (b) of the definition of coherent extension. We show
now that by reducing more the domain of F we can guarantee that the
curves f,(x) = F (a,x) are homotopic to zero for o > 0.

Indeed, let F: [0,€] x S' — M, f,(x) = F(t,x) be a positive coherent
extension for f,. For simplicity suppose € < #and that, for ¢ < €, £,(S') and
f,(S") are in the same leaf. It is clear that for # small the curves f, and
f, are close in the intrinsic topology of A, and therefore are homotopic. Con-
sequently, restricting F to a domain of the form [0,e] X S', ¢ < €, we have
that F is a normal, positive coherent extension of f,.

(ii) Observe first that there exists ¢ > 0 such that if f,:S' — A4, and
dy(fo,fo) < € then f, is a vanishing cycle, where d, is the intrinsic metric
on A, . The proof of this fact can be done considering positive normal exten-
sions F:[0,6] x S' — M and F:[0,6] x S' — M of f, and f, re-
spectively, where F is coherent. The proof that the restriction of F to an interval
of the form [0,¢] X S'(0 < e < &) is coherent reduces, as in (i), to proving
that the curves f, and f, are close for small ¢, in the intrinsic metric of 4,,
and therefore are homotopic.

Suppose now that f, and f, are homotopic in 4, and that f; is a vanishing
cycle. Let ¢ :[0,1] x S' — A, be a homotopy connecting f, and f,. By the
preceeding observation and by compactness of the interval [0, 1], there exists
a positive integer ny such that if ¢/, (x) = ¢,(x) is a positive vanishing
cycle, then ¢, (x) is a positive vanishing cycle. By transitivity, we conclude
that ¢, (x) = fo(x) is a positive vanishing cycle.
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§3. Simple vanishing cycles

From now on we assume that M is a compact orientable three-dimensional
manifold and & a C? foliation of codimension one on M.

Let f, : S' — A, be a positive vanishing cycle and F: [0,e] x S' — M
a positive, normal coherent extension of f,. By transversality theory and by
Proposition 2 we can assume, taking an approximation of f;, that (i) f, is an
immersion, (ii) the points of self-intersection of f, are double points and
transverse, that is, the sets of the form f;'(p) contains at most two points
and if p = f,(x;) = f5(x;) with x, # x, in S’ then the vectors f;(x,) and
f§(x,) generate the tangent space to 4, at p.

With this consideration, it is clear that the set By = {p € /,(S") | f5' (p)
contains two elements} is finite. Let B, = {p € £,(S") | f/' (p) contains two
elements} and n, = #B, = cardinality of B, if r = 0.

Since f,(S') is compact and the curves ¢t — F(t,x) are reparametriza-
tions of trajectories of the normal vector field, we can take e > 0 sufficiently
small so that if x;,x, € S, the curves v; = F([0,€l,x;),j = 1,2 either do not
meet or one is contained in the other. It follows therefore that n, < n, for
0<t=<e.

Given a leaf A of F denote by A its universal covering andby 7,: 4 — A4
the covering projection. Since f;, ¢ > 0, is homotopic to a constant in A4,, we
can lift £, to a curve f,: S' — A4, such that L 7, = f, (see [29)). Our lifts
always neglect base points, implicitly assuming that they are fixed.

Definition. We say F is a simple coherent extension of f; if thef, are simple
curves in A4, for ¢ > 0.

Proposition 3. Let f,:S' — A, be a positive vanishing cycle and
F:[0,e] x S' — M a positive normal coherent extension of fy. Let f,(x) =
= F(t,x), x € S' and A, be the leaf of F that contains f,(S'). Then there
exists a sequence t, — 0 such that for every n = 1, the leaf A, contains a
vanishing cycle g, : S'— A i which has a simple, positive, normal coherent
extension (it is possible that, for every n = 1, we have t, = 0).

Proof. Letf :S' — A,bealiftof f,and B, = (p € £;,(S") |p = fi(x)) =
= f,(x;) with x; # x, in §'}. As we have already seen, we can take e small
enough so that n, = #B, < #B, = k. For t > 0 set B, = {pef',(Sl) |p =
=F(x) = f.(x,) with x; # x, in §'}.. Clearly 1rA,(§,) C B, and there-
fore r?, = #ﬁ, < n, < k. Suppose B, = {p, ,..., p¢} and let x; # x/in S' be
such that f,(x;) = fo(x/) = p;, i = 1,..., k. By uniqueness of solutions of
the normal vector field, if p € B,, then p = f,(x;) = f,(x{) for some i =
= 1,..,k.

Let K, = {1 € [0,e] | f,(x)) = fi(x{)} and U, = (1€ (0,e) | ], (x,) =
= f,(x{)}. Clearly K, is closed and K|, D U,. We will show that U, is open.
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Let S' — {x;,x{} = « U 8, where o and § are open segments and o N 8 =
= &.1f t € U, we have thatf“, (x,) = 7,(x/) and therefore the restriction of
/; to the closure @ of « is a closed curve in 4, homotopic to a constant in A4,.
By Lemma 4 of Chapter IV there existsaé > Osuch thatfors € (¢ — 6,¢ + 8),
/.| @ is closed and homotopic to a constant in A,, so 7, | @ is a closed curve
in A,, which implies that s € U, and therefore U, is open. We have three
possibilities:

(1) There exists 6 > 0 such that [0,6] N U, = . In this case, restricting
F to [0,6] x S' we obtain /i, < n, = k. We continue the argument with

= [t € (0,8] |}, () = Fi(x). ) )

(2) There exists 6 > 0 such that (0,6] C U,. In this case f,(x;) = f,(x{)
for t € (0,68] so f,(x,) = f,(x{) for t € [0,6]. We can consider g, =
= fy|@and g, = f, | B as maps of S' on A4,. Since f, is not homotopic
to a constant in A,, we can suppose, for example, that g, is not
homotopic to a constant in 4,. Take G = F|[0,6] X a and g,(x) =
= G(t,x). Since f,(x,) = J,(x]) for t € (0,8], g, is homotopic to a con-
stant in A, for t€ (0,8]. If A! = #{p|&(x) = 8(x') = p, x #
# x' in o}, we have 71} < 7, < k.

(3) There exists a sequence 7, — 0 such that 7,, € U, — U, C K,. We can
assume that for every m = 1, there exists ¢,, > 0 such that (-r,,,,r,,, + €]
c U,. As in the above case we have f,(x;) = f,(x{) fort € [7],7}, + €,].
Since ., € K; — Uj, the restrictions Ji | @ and £ | B are not homotoplc
to a constant in A1 and since (T,,,,r,,, +e,] C U forrl, <t <7l
+ €,, We have that f,| « and f, | B are homotopic to constants in 4,.
Therefore for every m = 1, f1 | @ is a positive vanishing cycle on A 1
and F|[7},7), + e,] X @ is a positive, normal, coherent extension of
frl@ I AT= #{pef(@) |p =Fi(x) =F(x") with {x,x"} # {x,x]}
and x # x’ in &} then A]'< 7, < k.

In any case we obtained a sequence 7}, — 0 such that, for every m = 1,
the leaf A contains a vanishing cycle g,, which has a positive,
normal coherent extension G 1rl,7l + €,] X S' — M such that
the number of self-intersections of 2}, ,, a lift of g, , = G, (¢, - ), is A,
< min{k — 1,4, — 1}. In the first two cases 7}, = 0 for every m = 1. In the
last case we identify the endpoints of &, obtaining S'.

By an analogous argument we can obtain a sequence 72.n —> T such that
the number of self- intersections of g2,,,is nk,,, < min{k — 2,7, — 2}. Ex-
tracting a subsequence 72, () = 72, — 0, we get vanishing cycles g2, which
have positive, normal coherent extensions G2, such that the number of self-
intersections of g g,,,,, is n,,,,, < min{k — 2,n, — 2}. Proceeding with this argu-
ment, at the end of at most k — 2 steps, we get a sequence 7,, — 0 such that
for every m = 1, the leaf A, contains a vanishing cycle satisfying the desired
properties, remembering that at each stage we can always substitute for the
vanishing cycle, which may not be differentiable at a point, a differentiable
vanishing cycle. W
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§4. Existence of a compact leaf
The objective of this section is to prove the following theorem.

Theorem 2. Let A, be a leaf of F which admits a vanishing cycle with a
simple, positive, normal coherent extension F : [0,e] X S! — M. Then

(@) Ag is a compact leaf,

(b) Ay s the boundary of a submanifold V C M such that V = U o A4,
(c) for every t € (0,el, A, — A, = limA4, = A,,

(d) for every t € (0,¢], A, is diffeomorphic to R

This theorem will be a consequence of the following propositions.

Proposition 4. If A is a noncompact leaf of a foliation § of codimension one
of a compact manifold, then for every p € A, there exists a closed curve v,
transverse to §, passing through p.

Proof. Since M is compact and A4 is not compact, limA4 = 4 — A # @&. Con-
sider a point x, € lim A and let U be a foliation box of &, such that x, € U. Let
¢ C U be a segment normal to § such that x; € ¢. Since x, € limA, there is a
sequence of distinct points {x,} ,.» such that for everyn € N, x, € £ N A. Con-
sider the segment ¢ with an orientation as in the figure below.

U

xn

—+—

X0 V

Figure 6

Let o : [0,1] — A be a differentiable curve without self-intersections,
such that a(0) = x, # a(1) = x,,,. By the global trivialization lemma
(Chapter 1V), there exists a neighborhood V of a([0,1]) such that & | V' is
equivalent to the product foliation D" ' x {tyon D"' x (—p,p). Suppose
first that & is transversely orientable. In this case we can assume that the orien-
tation of ¢ is compatible with the normal orientation of & | V, so £ cuts V as
in figure 7.
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Let 6, and §,,, , be connected components of ¢ N ¥V which contain x, and x,,, ,
respectively and ¥ : [0,1] — ¢ be the curve that begins at x, and ends at
X,+1- It is clear that a4V N §, contains two points, g and g * say, where we can
assume g > @’ in £ (the orientation of ¢ induces a natural order). Since x,,, ,
is “pbelow” g and F | V is the horizontal foliation on V, there is a curve ¥ :
[0,1] — V, transverse to & | V, compatible with the positive orientation of
§ | Vand such that ¥ (0) = x,,,and 7(1) = g. We can also assume that the
tangent vectors of 3 and ¥ at x,,,, and g coincide. Hence the curve v : [0,1]
— M defined by v () = (2¢t) if 1 € [0,1/2] and y(¢) = y(2¢t — 1) if
t€[1/2,1],is a C' curve transverse to & and cuts A4 at x,., ;.

Let x be an arbitrary pointof 4. Let 3 : [0,1] — A be a differentiable curve
without self-intersections and such that 3(0) = x,,, and 8(1) = x. Let W
be a neighborhood of 8 ([0,1]) such that § | W is equivalent to a horizontal
foliation D"~ x {t}on D"™' x ( —e,e). Itis clear that y N W contains two
points g and ¢’ withg > ¢q’, say. We can then define a curve i : [0,1] — W,
transverse to ¥ and such that 5(0) = ¢q’, i(1) = ¢g and E(1/2) = x,
assuming without loss of generality that the tangent vectors of y and & at ¢
and g’ coincide. Joining the curve & with the segment of y contained in the
exterior of W, we get a closed curve u, transverse to & and which cuts A4 at x (see
Figure 8).

— ~
q
A P
ERRN Xn+1 7
~ =

Figure 8
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Suppose now that F is not transversely orientable. In this case the argu-
ment is the same, except that we must consider a foliation box V that contains
at least three points of the sequence {x,},«n, as in the following figures.

~4 X
Xn <nHl Xpao Xn Xn+1 | Xn+2

Figure 9

Proposition 5. Let D*> C R? be the closed disk of radius 1. There is a dif-
ferentiable'” immersion H: (0,e] x D> — M satisfying the following
properties:

(a) the curves t — H(t,x), x € D?, are positive and normal,
(b) for every t € (0,¢], H(t x D?) C A,
(c) the restriction of H to (0,e] x S' coincides with F| (0,e] x S'.

Proof. First of all, observe that for any leaf 4 of &, its universal cover-
ing A is homeomorphic to IR?. Indeed, either 4 = R*or 4 = S2. If 4 = §?
then either 4 = S? or A = IP2. In this case, it follows from Theorem 4 of
Chapter IV that § has no vanishing cycle. Therefore A = R2.

In particular /Al( = IR’ Since F is a simple coherent extension of f;, the
curvef : §' —» ﬁe is simple and so by the Jordan curve theorem there exists
h,: D* — A, such that A, | c‘)D2 = f.. Since 7.(S") is an embedded simple
curve we can suppose that h is a diffeomorphism onto the disk h (D?).
It follows that f, = Ty f extends to an immersion A, = Ty, © h :D? — A,.

By Lemma 4 of Chapter IV, h, extends to an immersion H : (¢,€e] X D2
— M such that (a’) the curves t = H (t,x) are positive normal and (b ")
H(t x D*) C A, for every f € (€y,e]. Let F Dbe the restriction of H to

) Observe that (0,€] % D? is a manifold with boundary and corners. The notion of
differentiability for mappings with these domains can be seen in [39].
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(€9-€] X S'. We have then F(e,x) = h (x) = f.(x) = F(e,x). Since the
curves ¢t = F(t,x),t v F(t,x) are reparametrizations of trajectories of
the normal vector field, by considering a reparametrization of the interval
(€0,€], we can suppose that F(t,x) = F(¢,x), thatis: (¢’) H| (¢,€] X s' =
= F| (e,€] X S".

Assuming ¢, > 0 we are going to prove that for every x € D? ,_, lim ¢
H (t,x) exists. Indeed, the simple curve Zo is the boundary of a disk in ;150 and
therefore using the same argument as before, there exist 8 > 0 and an exten-
sion H' : (¢ — 6,6y + 8) X D?> — M satisfying (a’), (b ),(c”).

If o < t) < € + 8, the restriction h, = H’ | £, X D? is homotopic to a
constant in A4, and therefore A/ lifts to h . D? — A . By construction
a(h; (DZ)) —f, (s ) = a(h, (DZ)), since H' = H F on t, X st
Since A = R?and h, Lk / are 1mbedd1ngs, one sees that A, ,(D?) = h; (D?).
This 1mp11es that for every x € D? there exists y € D? such that h (x) =
= h; (). So, by the uniqueness of trajectories of the normal field, H (t x) =
= H (t,y) for every t € (&,€ + 6) and therefore ,_,  lim,, H(f,x) =
= H'(¢y,y) exists. This argument shows that we can extend Hto (¢ — 6,¢)
x D? since /., is homotopic to a constant in A, and f is a simple curve
in A

By connect1v1ty we can extend H to (0,e] x D2

Since the construction of H was done using orbits of the normal field, clearly
H is an immersion. W

Proposition 6. Let H: (0,e] x D> — M be as in Proposition 5, h, the
restriction of H to t x D* and D, = h,(D?). There exists a decreasing
sequence 7, —> 0, 7, > 0 such that

(@ A4, =4, =Afornz1,

(®) D, DD, fornz=l,

(c) for every n = 1, there exists a map g, : D* — D? such that g, : D?
— g,(D?) is a diffeomorphism and h, =h, 8.

Proof. LetU = {x € D*|,_,olim,,o H(t,x) exists}. Then U is an open set
in D? containing S' and U # D?. Indeed, that U is open follows from the fact
that the curves t — H(t,x) are reparametrizations of orbits of the normal
field and of the tubular flow theorem for vector fields. Also, U O S' because
the restriction of H to (0,e] x S' coincides with F. Finally if U = D?, H
would extend continuously to 0 x D? which would mean that f; is homotopic
to a constant in A4, a contradiction.

Consider x, € D* — U. Since M is compact, there is a decreasing sequence
s, = 0,s, > 0, such that p, = H(s,,x;) and p, — p, € A, aleaf of F. Let
V be a foliation box of p,. We can assume that p, € V for every n.
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Since the curve y () = H(t,x,) is normal to F, for every n = 1, there
exists 7, > 0 such that ¢, = H(t,,x,) € A and the segment of  between s,
and ¢, is contained in V (see figure 10). Clearly the sequence ¢, is decreasing,
t, — 0and A, = A for every n. This proves (a). We can assume 4 # A,.

We claim that po € D, for n sufficiently large. Indeed, if not, since g,
€int(D, ), there exists a sequence b, € 0D, such that b, — p,. On the other
hand, 8D, C £, (S '), which converges uniformly to f,(S'). So p, € fo(S")
¢ A which is absurd This proves the claim.

Fix p, €7y '(py) and neighborhoods W of p, in A and W of p Py in A such
that 7, : W — Wisa dlffeomorphlsm Consider a sequence §, € W, 4, — P
with 1rA(q,,) =g, = h, (x). Let h D2 — A be the unique lift of A,
such thath (xo) = q,,(n > 1) and setD = h (D ). If m # ne N, the
curves h, (S ) —f, (S') and A, (S ) -f, (S! ) are disjoint in 4 and the

curves h,m(S ) and h',. (S') are 51mple and disjoint in A, and therefore D,"
C 13,”’ or 5'”, C ﬁ,ﬂ, since these disks have a common point p,. Thus we con-
clude that D, > D, or D, > D, .

Letlim(A) = A4 — A be the adherence of A. Let d, be the intrinsic metric
on A. Since the sequence of curves #, (S ) converge to f,(S"), it follows that
fo(S ) C lim(A); solim, _, dA(po,h (S')) = . We can then choose a
decreasing subsequence 7, = #, of , such that d 4 (Posh, (S')) is increasing
and tends to mfmity The sequence 7, satisfies (a) and (b) of the lemma. Let
D, =nh, (D)andD —h (D)

Observe now that for all neN, h :D* — D,i s a diffeomorphism and
that D, c D,,,. Define g,: D> — 02 by g, = (h, ) 'e h . The dif-
feomorphism g, evidently satisfies (c). W

Tn+1

Remark. For every t € (0,¢], there is a sequence r, — 0 such that D,
C A,and U ., D, = A,. This fact, which is to be proved next, implies that
U 0,0 D = U 1c(0,q A;- This observation will be used later.
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We will verify this fact first for the leaf 4 = 4, . Let d, be the metric
on A, co-induced by d,. The fact that dA(po,h,"(S‘)) — o implies
that 3,,(1‘)0,}7,”(5')) — o where 74 (Py) = Po, 50 U nay D, = A. It follows
therefore that U ,., D, = A.

Consider now p, as in the above proof. Then, as we have already seen,
po € D, for large n, or, p, = H(7,x) for some x € D? and 7 = 7, fixed.
Observe now that p, is in the w-limit set of the orbit of the normal field
through the point g, = H(7,x,). Since the w-limit set of an orbit is invariant
under the flow ([34]), p. 13), we conclude that, if 7€ (0,e], then
p, = H(t,x) = lim,_,, H(r,,x,) for some sequence r, — 0. Using now
the same arguments made in the proof of Proposition 6, we can conclude that
there exists a sequence r, — O such that D, C D,  C A, and p, € D, for
n = n, large. Repeating what was already done for the leaf 4, , we conclude
that U,., D, = A,.

Consider now a manifold with boundary and corners K, obtained from
[7+1,7.] X D? by identifying each point of the form (7,,x) € r, X D? with
(Tns1,81(X)) € 7,., X D?*(see figure 11). Let m, : [7,.,,7,] X D> — K, be
the projection of the equivalence relation.

gn(D?)

Tn

-
TnXDL_)

Figure 11

Observe that for every x € D*, H(7,,,,8,(x)) = h,’”I (& (x)) = h, (x) =
= H(r,,x). Therefore there exists a map H, : K, — M such that H = H,
o m,. Since H and =, are immersions, H, is an immersion. This construction
contains the main idea of the proof of Novikov’s Theorem.

Proof of Theorem 2. Suppose, by contradiction, that 4, is not compact. Fix
X, € S' and let g, = f,(x,). By Proposition 4, there is a closed curve y
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transverse to §F passing through g,. Modifying the curve v a little we can ob-
tain a positive closed curve ¥ satisfying the following properties:

(i) 7 meets F([0,e] x S') along the normal segment {fi(x) |t €[0,a]}
where 0 < o < ¢,
(ii) ¥ does not meet the normal segment {f,(x) | ¢ € [0,a]} if x # x,.

Reparametrizing ¥ we can assume without loss of generality that 7 (¢) =
= fi(x) fort € [0,a]. Let 0 < 7,,, < 7, < « be as in Proposition 6 and H,, :
K, — M be as in the above construction.

For each x € D* consider the curve B8,(t) = ,(t,x). By construction
H,(B,(t)) = H(t,x) and hence the curve 8,(¢) is mapped by H, to a tra-
jectory of the normal vector field. In particular, 7 (¢) = ﬁ,,(ﬁxn(t)) for
L€ [1,,0,70] .

We are going to lift the part of ¥ contained in H, (X,) to a curve ¥ in X,
such that H, ¥ = ¥. Define ¥ (¢) = B, (¢) if t € [7,,,,7,]. Since 7 (¢) is
in the interior of H(KX,) for 7, < t < 7, + u, we can lift ¥ in the interval
[The1>Ta + 1], u > 0 (see figure 12).

B = My(Tpe1 X D?) - Mp(Tp X D?)

Tn(ltn sy, Tn) XSh

Kn
Figure 12

For, since H,, is a local diffeomorphism, we can continue to lift ¥ while 5
remains in the interior of K,,. We will only be obliged to stop the lift when 7
touches 3K, again. On the other hand, ¥ must again meet 8K, since 7 is a
closed curve and the lift begins in dK,,. So, there are only two possibilities for
¥ to meet 9K, : (1) In =, ([7,4,,7,] X S'). This is impossible since 7 cuts
H([7,,1,7,) X S') only along the segment 1 — f,(x,) = 5(¢), ¢ € [r

n+l’7n]'
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(@ InB = =,(7,,, X D*) - m,(7, x D?). This also is impossible. In fact,
since H,(B) C A = A, , if ¥ leaves K, at a point z € B, its tangent vector
at this point would be pomtmg outside of K,,, so the tangent vector to ¥ at the
point H, (z) would be pointing in the negative direction of &, a contradiction
(see figure 12). This proves that A, is a compact leaf.

Consider now the compact, connected regions V, = H,(K,) = H([7,,,7,]
x D?) € M, n = 1. Observe in the argument above that the curve B, (r)
enters the interior of K, and never again leaves, for every x ¢ D?. This cor-
responds to the fact that the positive integral curves of the normal field, which
enter V,, never again leave. This fact will be used later and implies that
Vaet C Uier, aDr = Vo Let V = U ., V,. Itis clear that V is connected,
compact and its boundary ¥ O A,. We will show next that aV = A,.

Observe first that V = U,_,.. 4,, so V and dV are saturated by &.

Indeed, by the remark after Proposition 6, we have that U,_,., D, =

= U< Ay, 80

Uv,=u D= U D,= U 4,.

nx=1 nzl 7,<t<e O<t=<e 0<r=<e

Hence V = U o, 4,.

We claim that dV is connected. Indeed, 3V is the set of accumulation points
of U,., aV,. This follows from the fact that V, C V,,,(n = 1) and V =
= U,., V,. Suppose by contradiction that aV is disconnected. In this case
there exist open disjoint sets W,,W, C M such that a4V C W, U W, and
oV N W, # & (i =1,2). This implies that there exists n, such that 3V,
N W, and aV, N W, are nonempty for n = n,, so for n = n, there exists
P, €9V, — (W, U W,), since dV,, is connected. We can assume without loss
of generality that p,,, € 3V,,, — V,, n = n,. Since M — (W, U W,) is com-
pact, the sequence { p,} has an accumulation point p. Since p,, , ¢ V, it is clear
that p is an accumulation point of U ., dV,, or, p€ 3V — (W, U W,), a
contradiction. So d¥ is connected. Next we will prove that A4, is a connected
component of d¥. This will imply that 4, = aV. Let N be a tubular neigh-
borhood of A,. Since F is transversely orientable N is diffeomorphic to
Ay X (—46,8), where we can assume that the fibers of N are the trajectories
of the normal field to §. Given g € A, let O, be the fiber of N which passes
through g. It suffices to prove that for every q € 4,, 8V N 0, = {q}, if the
length of the fibers is sufficiently small. In fact, this w111 imply that
dV N N = A, so A, will be a connected component of dV. Observe first that
it suffices to verify the above fact for some g € A,. In fact, this follows from
the fact that 9V is invariant under & and from transverse uniformity of &
(Chapter II). On the other hand, given g € £, (S l) C Ay, let W C N be a folia-
tion box of & which contains ¢q. Set W = H~ '(W). Since the orbits of the
normal field in W meet A4,, one sees that if (f5,x,) € W then x, € U =

= {x € D*|lim,_, , H(t,x) exists} and therefore lim, o H(t,x,) € Ayp. It
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follows therefore that the set of accumulation points of U ,,., (aV, N W) is
contained in Ay, or, 3V N W C A,. This proves that 0, N 3V = {q}, as
desired.

Part (c) of Theorem 2 follows from the fact that 0V D lim A4, D A, for every
t and that aV = A,.

In order to prove that 4,, ¢t > 0, is diffeomorphic to IR?, we are going to
use the following facts:

(a) Let N be a two-dimensional manifold without boundary, not diffeomor-
phic to IR?, whose universal cover is IR. Then there is a deck transfor-
mation f: R? — IR? which has infinite order (that is f* # identity if
k # 0). Recall that a deck transformation is a diffeomorphism f: IR?
— IR? such that = o f = 7, where 7 : IR> — N is the covering
projection.

(b) If £: R? — R?is a deck transformation such that f(x) = x for some
x € R?, then f = identity.

We leave the proof of (a) and (b) as an exercise for the reader. We need the
following lemma.

Lemma 1. Let R? = U ., D,, where for every n, D, is a disk, b, c b,.,
and 3D, N 65“, = @. Let 7 : R? — N be a covering and suppose that for
every n, m( aD ) is a closed curve in N whose self-intersections are transverse
double points. Let m, be the number of self-intersections of 7 (3Dy). If the
sequence my is bounded then = : R> — N is a diffeomorphism.

Proof. Suppose 7 is not a diffeomorphism. In this case, there exists a deck
transformation f: R> — IR? of infinite order. Let z, € D, and set z; =
= f*(z). If 7, = z, with k # ¢, we would have f*~* = identity, contrary to
the hypothesis. So the sequence {z, | k € Z} is made up of distinct points.

On the other hand, for every k # 0 f* (5,,) contains points outside ﬁ,,,
since otherwise, by the Brouwer fixed point theorem, f ¥ would have a fixed
point in 5,,, a contradiction.

For n large let k, be such that o ,..., z, € 13 and z, | ¢ 5 We have that
6D N f’(aD ) contams at least two points, 1 < j < k,,, since z; € D
N f(D,) and D, N (R* - f(D,)) = @. Let p;,pj€ dD, N f(3D,),
1 <,/ <k, Sincenr :f’ = =, m(p;) and 7 (p;) correspond to points of self-
intersection of w(8D,) and since these points are all double points, for
l<i=<k,and i # j we have p; # p;,p;, so if m, is the number of self-
intersections of = (3D,), then m, = k,. Since U ., D, = R?, it follows that
lim,_, ., k, = o and therefore m, is not bounded, contrary to hypothesis.
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We now prove that 4, = A4 = R>. The proof that 4, = R?, t # 7, is
similar.

By the considerations preceding Proposition 3, if #, is the number of self-
intersections of the curve f,(S') C A4,, then n, < n,. Since n, is the number
of self-intersections of =, ( abk) = f,k (Sh), it follows from the above lemma
that 4 =~ R?and 7, : A — A is a diffeomorphism. In particular n, = 0 for
every k. This proves Theorem 2. W

As a consequence, we have the following.

Theorem 1. Let § be a transversely orientable, C*, codimension one foliation

of a compact, three-dimenstonal manifold with finite fundamental group. Then
F has a compact leaf.

Proof. By Proposition 1 there is a vanishing cycle of §. By Proposition 3,
¥ has a leaf A, containing a vanishing cycle, which admits a simple, positive,
normal coherent extension. By Theorem 2, the leaf 4, is compact. W

§5. Existence of a Reeb component
In this section we will present a sketch of the proof that the compact leaf
A,, found in Theorem 2, in fact bounds a Reeb component. More precisely,

with the notation of Theorem 2:

Theorem 3. The manifold V bounded by A, is diffeomorphic to D* x S' and
F | V is topologically equivalent to the Reeb foliation on D* x S'.

Proof. By Propositions 5 and 6 there is an immersion H : (0,e] X D> — M,
h,(x) = H(t,x), and a sequence 7, — 0 such that (1) h,(D*) C A, for
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every t, (2) the curves t ¥ h,(x) are positive normal, (3) 4, = A4, N for

everyn 2 1, (4) h, (Dz) D h, (D?). Further for every n > 1 there isa
map g, : D> — D2 that isa dlffeomorphlsm onto its image and such that
h, =h,_ o°g,.

n n+1

As before, let K, be the manifold with boundary obtained from [7,, ,7,]
x D? by identifying the points (7,,x) € 7, X D* with (7,,,,8,(X)) € 7,,,
x D? and 7, : [7,.,,7,] X D* — K, be the quotient projection. Also let
H,: K, — M be the immersion induced by H and V, = H (K). The nor-
mal field to § will be denoted by X. Since the set B, = {t € [7,,,,7,] |
A, = A, }is discrete (since two distinct curves £,(S') and f,(S") contained
in A, are far apart in the intrinsic metric of A; ), we can assume that if
t € (7,,1,7,) then 4, % A, , n = 1. We will next prove that, with this
hypothesis, H, : K, — V, is a diffeomorphism. As a consequence of the
lemma of §4 we have that for every ¢ € [0,e], the curve f,(S') is simple and
this implies that the restriction of H to ¢ X D? can be taken to be injective
(review the proof of Proposition 5). Since 4, # A,if7,,, < t' <t = 7,1t
follows that H is injective and therefore a diffeomorphism.

On the other hand, since M is orientable, for every n = 1, V,, is orientable,
so K, is also. It follows therefore that the identification diffeomorphism
g, : D* — D?, from which we obtain K, preserves the orientation of D*. We
conclude then that K, and V, are topological solid tori for every n = 1.

We are now going to construct a sequence of two-dimensional tori {7} such
that

(@) T, meets each leaf of § transversely in a closed curve which is the
boundary of a disk in this leaf,

(b) T, is the boundary of a solid torus R, C V = U, u, v,

(c) the trajectories of the normal field cut T, in at most one point,

d) T, C V,,, — V,_, and, therefore, if n is sufficiently large, every posi-
tive trajectory of the normal field through a point of A4, cuts 7.

Consider a cylinder C C D, - D, such that aC = S, (S 'y U v, where
v is a closed curve such that ‘y nf., (S ) = . Saturatmg C by X in an in-
terval [0,x], » > 0 we obtain a reglon U of V, diffeomorphic to C X [0,u]
where the normal field is represented in C x [0,u] by the field d/d¢ = (0,1)
(see Figure 14). We take p such that f, (S 'y ¢ U. Construct now T, by
attaching the cylinder
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Vn+1 cca, Ny,

Figure 14

Ci = (D, - D,) - C such that 3C, = y U £, (S'), to a cylinder G,
transverse to X and to &, C, C C x [0,u] and 3C, = f,"(S') U 7. (See
Fig. 14). It is clear from the construction that 7, = C, U G, satisfies proper-
ties (b), (c) and (d), as desired. Modifying the torus T, slightly, we can get
a torus T, transverse to the foliation § (see Fig. 15).

leaf of #/Vp
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The above figure is a type of “dual” to figure 14. In that figure the elongated
part of ¥, is contained in the leaf 4, and the short part is transverse to
F while in figure 15 the elongated part is transverse to & and the short part
is contained in A4, . The transverse torus is obtained by pushing C, slightly to
the inside of V,, , as shown in figure 15. It follows from the construction that
T, can be gotten arbitrarily near T, which is transverse to the normal field,
so, we can assume that T, is transverse to & and to the normal field.

Now consider p € 4,. Let X, be the flow of X. The orbit of X through p
enters the region V bounded by A, and never again leaves. Further, since
V=UV,V,c V,, and 4, is compact, given § > 0 there exists n, € N
such that for n = ny, X;(p) € int (V,) for every p € A,. This implies that for
n sufficiently large and for every p € A;, the segment of the orbit
{X,(p)|te€[0,8]} cuts T, in only one point P(p). This defines a map P :
A, — T, that evidently is a diffeomorphism. So A, is diffeomorphic to 7.
In a similar manner it follows that V is diffeomorphic to V,. So V is diffeomor-
phic to D? x S'. We leave it as an exercise for the reader to prove that & | ¥
is equivalent to the Reeb foliation of D? x S'.

Remark. Using Proposition 3 and Theorem 3 one can show that every leaf
A, of F which contains a vanishing cycle is the boundary of a Reeb component.

Indeed, let f, : S' — M be a positive normal extension of f,. By Proposi-
tion 3, there exists a sequence 7, V> 0 such that for every m = 1, the leaf
A, contains a positive vanishing cycle g, : s — A, , which has a simple,
positive, normal, coherent extension. By Theorem 3, 4, is compact and is the
boundary of a Reeb component of &, which we denote by V™. We claim that
A, = A, and V" = V' for arbitrary m,¢ € N.

In fact, since for every m = 1, g, is a positive vanishing cycle which has
a simple coherent extension, it follows that for p € 4, , V" entirely contains
the positive orbit O, ( p) of the normal field to &, passing through p at ¢ = 0.
On the other hand, if £ > m, there exists a point p = f, (x,) € A, such that
0, (p) N V™% @, soV'N V™% &. Since the boundaries of ¥™ and V*
are leaves of &, V' 2 V™. By Theorem 2, the leaves of F contained in int ( V)
are diffeomorphic to planes and therefore 4, = dV"™, which is compact, can-
not be contained in the interior of V', s0 A, = A4, and V™ = V. Hence we
see that 4, = A, and V" = V! for every m = 1, so A, is the boundary of
a Reeb component of &.

§6. Other results of Novikov

A natural problem to propose is that of the characterization of three-
dimensional manifolds which only admit foliations with Reeb components. By
Theorem 2 this problem is equivalent to characterizing compact three-
dimensional manifolds such that every foliation has a vanishing cycle. In this
direction we have the following theorem due to Novikov [40].
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Theorem 4. Let § be a transversely orientable, C*, codimension-one foliation
of a compact, orientable, three-dimensional manifold M such that m, (M) #
# 0. Then either § has a Reeb component or the leaves of § are compact with
Sfinite fundamental group.

This applies for example to the manifold $? x S'.
This theorem is a consequence of Theorem 3 and of the following lemma:

Lemma 2. Let § be a transversely orientable, C*, codimension-one foliation
of a compact, orientable, three-dimensional manifold M such that m, (M) #
# 0. If F has no vanishing cycles then all the leaves of § are compact with finite
Sundamental group.

Proof. Saying that m, (M) = 0 is equivalent to saying that every continuous
map f: S?> — M is homotopic to a constant.

Let g : S — M be a map not homotopic to a constant. By methods we
used in Haefliger’s construction, g can be approximated by another map which
we will again denote by g such that g* (F) is a foliation of S2 defined by a vec-
tor field Y whose singularities are centers or saddles and such that Y admits
no saddle connections, other than self-connections.

We will next see that the hypothesis that § does not have vanishing cycles
implies that if v is a nonsingular trajectory of Y then + is closed or v is con-
tained in a graph of Y. Moreover, if T' is a closed trajectory or graph of Y
then g (I') (with the orientation given by Y) is homotopic to a constant in the
leaf of § that contains it.

Indeed, suppose that Y has a non-closed orbit v that is not a self-connection
of saddles. In this case by the Poincaré-Bendixson Theorem, the « or w-limit
set of v is a closed orbit or a graph formed by a saddle and one or two
separatrices. Call it I'. The curve g (T') is not homotopic to a constant in the
leaf of & which contains it. We can apply then the same arguments as in §2
in order to obtain a vanishing cycle of &. Since ¥ does not have vanishing cycles,
an orbit  as above cannot exist. So, all the nonsingular orbits of Y are closed
or are separatrices of saddles forming self-connections. If there exists a closed
path or a graph I such that g (T') is not homotopic to a point in A,r,, again
by the arguments of §2, we can obtain a vanishing cycle. So, if ' is a closed
orbit or graph of Y, g (T') is homotopic to a constant in the leaf which contains it.

We will prove ahead that there is a map g, : S* — M, homotopic to g and
such that g, (§%) C A, for some leaf 4 of . We claim that this implies that
A = P?or S? therefore it is compact with finite fundamental group and so by
Reeb’s global stability theorem (Chapter IV) all the leaves of F are compact
with finite fundamental group. Let us prove the claim.

Let 7 : A — A be the universal covering of A. Then A = R%or A = S,
It suffices to prove that 4 = S2. Suppose by contradiction that 4 = RZ.
Since S? is simply connected we can lift g, to a map &, : S> — A such that
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o gl = g,. Since A = R?, 3, is homotopic to a constant. Let F:Ix5?
— A be a holonomy taking 2, to a constant. Then F = = o Fisa homotopy
taking g, to a constant, which is a contradiction, since g, is homotopic to g
which is not homotopic to a constant, by hypothesis. Therefore, all the leaves
of & are compact with finite fundamental group.

We must still show that there exists g, : $ — M homotopic to g and such
that g, (S?) C A for some leaf A of F. The idea, basically, is the following:
using that for every closed orbit or graph I of Y, g (T') is homotopic to a constant
in A, starting from the centers we are going to deform g progressively,
obtaining a continuous family g, : S> — M, ¢ € [0, 1], satisfying the follow-
ing properties:

(1) For every t € [0,1] there exists a compact region R, C S? such that if
s > tthen R, 2 R,.

(2) The connected components of dR, are centers, closed orbits or graphs of
Y.

(3) If R!,..., R% are the connected components of R, then g, (R?) C A for
some leaf A4 of §, where g, : R — A/ is homotopic to a constant in 4.

@eg|(S*-R)=¢g|(S-R).

(5) R, is a center of Y and R, = S%.

In the figure below we see two stages of the deformation in a neighborhood
of a center.

(51

\
\./ |
s G/

Figure 16

The following lemma implies Lemma 2.

Lemma 3. Let G:[0,a] X S2 — M be continuous and set g (p) =
= G (t,p). Suppose that the family g,, t € [0,a], satisfies properties (1) to (4)
above, where R, # S*. Then we can extend G to [0,a + €] X S2, obtaining an
extension of the family g, which satisfies properties (1) to (4).
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Proof. The technique of proof is similar to that used in Lemma 4 of Chapter
IV and in Proposition 5 of this chapter. The only difference is that we cannot
use the normal field to F to obtain the extension of g, to a neighborhood of
g, (0R,). We consider three cases:

(1) R, has a connected component which is a center.

(2) R, has a connected component S, such that 3S, consists of closed orbits
of Y.

(3) For every connected component S of R, dS contains a graph of Y.

In the first case the center of Y has a neighborhood V saturated by Y and
such that all the orbits of Y in ¥V — {c} are closed, constituting a continuous
family ¢t =— T, t € [a,a + €], where T, is the boundary of a small disk V,
such that ¥, N R, = {c}. In this case, for ¢ € [a,a + €], g(T,) is the bound-
ary of a small disk in 4, and we can extend the deformation as shown in figure
17. Here, the image g (S?) is changed only in a foliation box of F.

Figure 17

In the second case, let ' ,..., I'* be the connected components of 3S,. For
each i = 1 ,..., k, there exists a small tubular neighborhood V' of T' sat-
urated by Y and such that all the orbits of Y in V' are closed. Observe that
&, (TY) ..., g.( I'*) are contained in the same leaf A, of § and are homotopic
to a constant in this leaf. Since g, | S, is homotopic to a constant in A4,, by
Lemma 4 of Chapter IV, we can extend the family g, | S, to a continuous
family g, : S, — M, t € [a,a + &), such that for every ¢ € [a,a + 6], &,(S,)
C A, for some leaf A, of §. This implies that it is possible to define continuous
familiest — T/, 7€ (a,a + €],i = 1,..., k, such that for every i € {1 ,..., k}
and every 1 € (a,a + €], I'} C V' — R, and g(T'}) = g, (T'!) C A, where
0 < e = & is sufficiently small. Let S, be the connected region of $? which con-



156 Geometric Theory of Foliations

tains S, and whose boundary is T'} U...U T'¥and set R, = S, U R,,. Then the
family R, satisfies properties (1) and (2) of the lemma. The construction of the
family g, that extends g, and satisfies (3) and (4) is obtained using arguments
analogous to Lemma 4 of Chapter IV, with the only difference being that it
is not possible here to use the normal field of . We leave the details to the
reader.

We consider now the third and last case. This is divided into two subcases:

(@) Some connected component of S — R, contains a center ¢ of Y.
(b) S? - R, contains no centers of Y.

Subcase (). In this case it is sufficient to add the center ¢ to R, reducing
the problem to the first case.

Subcase (b). In this case we will prove that R, contains a connected compo-
nent S, with properties analogous to those of the second case, that is, if I'!
,..., ¥ are the connected components of 35, then there exists a neighborhood
V of 3S,, such that ¥ — S, is saturated by Y and the orbits of Yin V' — S_ are
closed.

Observe that from the construction of g (Chapter VI), we see that if s and
s’ are distinct saddles of Y then g(s) and g(s’) are in distinct leaves of §.
It follows therefore that if S is a connected component of R, then 4S contains
at most one graph of Y. On the other hand, given a graph I" of Y which con-
tains two separatrices, S> — T has three connected components, say B;(T),
Jj = 1,2,3. Two of these components, say B, (I') and B,(I'), are such that
B;(T) is homeomorphic to a closed disk, while B, (T) is not homeomorphic
to a disk. Observe that B;(I') must contain a center for each i = 1,2,3.

It suffices to prove the following fact:

(*) There exists a component S, of R, such that if ' is the graph contained
in 8S, then T, contains the two separatrices and B;(T',) N S, # & for
Jj=12o0rBy(T,) NS, # D.

If S, satisfies (*) we can define a family of regions S,, 7 € [a,a + €], satis-
fying (1) and (2) of Lemma 3. In the case that B;(T',) N S, # O, the exten-
sion S, of S, is obtained inside the regions B, (T',) and B, (T,) and in the other
case, inside B, (T,).

Let S, ,..., Sy be connected components of R,. For eachj = 1,..., k, 3S; con-
tains a saddle point s;. Let T'; be the union of the two separatrices of s;, so that
T';is a graph of Y and at least one of its separatrices is contained in 3S;. Sup-
pose S, does not satisfy (#). In this case it is easy to see that B; (T)) contains
a center ¢ ¢ S, for some j, = 1,2,3. So B; (') contains a component of R,
distinct from S, which we can assume to be S,. If S, does not satisfy (*), by
the same argument, for some j, = 1,2,3, B, (I';) contains a component of R,
distinct from S, and S,, say S;, with S; C B; (T',). Proceeding inductively we
obtain finally a component S; of R, satisfying (+).
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We can now extend the family R,, ¢t € [0,«], obtaining a new family, satis-
fying (1) and (2) of Lemma 3. In order to extend the family t+ — g,, the argu-
ment is similar to the one used in the second case. W

End of the proof of Lemma 2. As was already said above we begin the defor-
mation of g at a center of Y. Using Lemma 3 successively we obtain a homotopy
G:[0,a) X S2 = M satisfying properties (1) to (4). For each ¢ € [0,«)
there exists a region R, such that g (R,) C A, for some leaf A, of § and
g (S* = R) =g| (8% — R,). Observe that U ., R, = R, is a region of
S? whose boundary 3R, consists of closed orbits or graphs of Y. Let S be a
connected component of R,. Let T ..., ' be the closed orbits or graphs with
a separatrix contained in 4S. Since S C S? the closed curves T'! ,..., TI'¥
generate the fundamental group of S. Since g | T’ : T — A is homotopic to
a constant in 4, we can extend g | 4S to a continuous map 4 : S — A. By
Lemma 4 of Chapter IV, we can assume that there is a continuous family of
maps h,: S — M, t € [a — §,a + 8] such that h, = A and h,(S) C A4,,
1€ — 6,0 +8]. Set S, =S8N R, For every t¢€[a - §,a), &S, is
homotopic to a constant in A4,, so it is homotopic to g, | S, by a homotopy
F,:Ix (R,NS) — A, Using the (continuous) family of homotopies
t — F,, we can modify the family 4, obtaining a new family g, such
that 2, 5[ Sy s = 8a-s|Sa-sand &, 5| Secs2 = Mo—sr2 | Su_sra-

Qbserve that we can obtain the family ¢+ — &, such that 4, | 3S, = g| 3S,.
The family g thus defined extends g, | S,, € [0,a — 8] to a family g, | S,,
t € [0,a] which satisfies properties (1) to (3). We leave the details to the reader.
Proceeding in a similar manner in the other components of R,, we can finally
obtain a family g, : > — A,, t € [0,a], which satisfies property (4) also.

By Lemma 3 and by the above argument, we stop the process only when
R, = S*. This concludes the proof of Lemma 2. W

§7. The non-orientable case

Suppose that & is a transversely orientable foliation of a compact-three dimen-
sional manifold M. Suppose further that & has a vanishing cycle which admits
a simple, positive, coherent extension. Theorem 2 guarantees the existence
of an open set ¥ C M saturated by leaves homeomorphic to IR?. Further, V
is homeomorphic to the set K, obtained from [7,,,,7,] x D? by identifying
(7,,%) € 7, X D* with (7,,,,8,(x)) € 7,,, X D> where g, : D* — D%isa
diffeomorphism onto g, (D?).

In the proof of Theorem 3 we used the orientability of M only to guaran-
tee the orientability of ¥V, which has as a consequence that g, preserves
orientation.

When M is not orientable we must consider two cases:
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(1) g, preserves orientation; then X, is homeomorphic to D* x S'and § | V
is equivalent to the orientable Reeb foliation of D? x S'.

(2) g, reverses orientation; then K, is homeomorphic to the solid Klein bottle
K and § | V is equivalent to the nonorientable Reeb foliation of K.

Since the existence of vanishing cycles, with the hypothesis =, (M) finite
or m, (M) # 0, is independent of orientation of M, we have the following
theorem:

Theorem 5. Let F be a transversely orientable C* codimension-one foliation
of a compact three-dimensional manifold M.

If m (M) 1s finite then § has a Reeb component (orientable or not).

If Ty (M) # 0 and § has no Reeb components, then all the leaves of F are
compact with finite fundamental group.



VIII. TOPOLOGICAL ASPECTS
OF THE THEORY
OF GROUP ACTIONS

In this chapter M denotes a C* differentiable manifold and G a simply con-
nected Lie group.

Our objective here is to show how the theory of foliations can be applied to
obtain global informations about the orbit structure of a locally free action of
G on M. The central theorem of this chapter is the theorem on the rank of
S? due to E. Lima, which states that two commutative vector fields on S are
necessarily linearly dependent at some point. In other words, there do not exist
locally free actions of the group IR* on S*. We generalize this theorem to
higher dimensions showing that no locally free action of G on a compact simply
connected manifold M has vanishing cycles.

§1. Elementary properties

Recall that a C¥ action of G on Misa C¥map ¢ : G x M — M satisfying
the properties below:

(1) ¢ (e,x) = x for every x € M, where e is the identity of G.
(2) ¢(81,0(82,%)) = ¢ (g - &,x) for any g,,8, € G and x € M.

Denote by ¢, : M — M the map ¢,(x) = ¢(g,x). From the definition it
follows that ¢, , = (<pg)‘l for every g € G, which proves that ¢, : M
— M is a C* diffeomorphism.

The orbit of a point x € M (by the action o) is the subset 0, = O,(¢) =
= {p(8,x) | g € G}. The 1sotropy group of x € M (for the action ¢) is the
subgroup of G defined by G, = G,(¢) = (g€ G| ¢(g,x) = x}. From the
definition it is evident that G, is a closed subgroup of G. Consider the
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equivalence relation ~ on G such that g, ~ g;ifandonlyif g;' - g, € G,. Let
G/G, be the quotient space of G by ~ and = : G — G/G, the projection
which takes g € G to its equivalence class 7 (g).

Theorem 1. There is on G/ G, a unique differentiable structure such that
7 : G — G/G,defines a fibered space with fiber G,. In particular if we con-
sider G/ G, with this structure, = is a submersion and if G, ts discrete then
T 1S Q@ covering map.

Proof. Lettingg = n(g) wehaver '(8) =g -G, ={g-g’'|g’ € G},
a set which is diffeomorphic to G, by left translation L, : G — G, L,(g') =
= g - g’. Consider now a disk D, imbedded in G, of class C®, transverse to
G,, with e € D and such that dim (D) = cod (G,). Shrinking D if necessary,
we can assume that for every g € D, D is transverse to g - G, in g and more-
over that D does not have distinct equivalent points. We have then that
7 '(v(D)) =D -G, ={g-h|geD,heG,, sothe map

Y:D X G, — 7 '(n(D))

given by ¢ (g,h) = g - h is a bijection, since it is surjective and if g - 4 =
=g’'-h'"withg,g’e Dand h,h’' € G, theng ~ g’ sog =g’ andh = h’.
Further, since g - G, is transverse to D at g, for every g € D, and dim (D) =
= cod (G,), it follows that y is a C* diffeomorphism. Therefore =~' (7 (D))
is open in G, so, by definition of the quotient topology, = (D) is open in G/ G,
and 7 | D : D — = (D) is a homeomorphism, since it is a continuous, open
bijection.

For each g € G, consider the disk D, = g - D = L, (D).

Theng € D, L,| D: D — D, is a diffeomorphism and for every g’ € D,,
D, is transverse to g’ - G, at g’. By an argument analogous to the above, we
have that = (D,) is open in G/G, and = | D, : D, — w(D,) is a homeo-
morphism. Moreover the map y,: D, x G, — Y« (D,)) defined by
v, (g’,h) = g’ - hisa C* diffeomorphism. This proves that = : G — G/G,
defines a fibered space structure. The collection A = {(= | D,) -1 7 (D,)
— D, | g € G}isa C” atlas on G/G,, which defines a C* manifold structure
on G/G,. 1

Theorem 2. Let ¢: G X M — M be a CX k = 1, action and let x € M.
There exists a unique one-to-one C* immersion, @, : G/G, — O, such that
@, °® = ¢, If G, is discrete, the map ¢,: G — 0O, is a covering map.

Proof. Letg = n(g).Definep,: G/G, — 0,byp,(g) = ¢(g,x).1tis
immediate that p, is well-defined and that it is a bijection. We will show now
that @, is an immersion. Given D, C G as before, we have that ¢, - (7 | D,) :
D, — O,isgivenby g, (7| D,)(g') = ¢(g’,X) = ¢,(g’); soitis C¥,
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and if u is a tangent vector to Dyat g’, D(g, e v | D,) - u = Do, (g') - u.
On the otherhand g’ - G, = {h € G| o(h,x) = o(g",x)} = o7 (e,(8")).
One sees therefore that T,. (¢’ - G,) = {x € T,.(G) | Dp,(g’) - u = 0}; so,
if Do, (g’) -u =0andu € T, (D,) then u = 0, since g’ - G, and D, have
complementary dimensions. This shows that O, is a manifold immersed injec-
tively in M. If G, is a discrete subgroup of G, = : G — G/G, is a covering,
S0 ¢, : G — 0, s also a covering, since ¢, = ¢, ° «. In particular dim(G) =
= dim(G/G,) = dim(0,). Conversely if dim(G) = dim(0,), we have
dim (G) = dim(G/G,), which implies that G, is discrete. B

When for every x € M, dim (O,) = dim G, we say that the action is locally
free. The orbits of a locally free action on M are leaves of a foliation in M (see
Proposition 1 in Chapter II).

Let us see what the orbits of an action of IR? on a manifold M can be.

Proposition 1. Let G be a closed subgroup of R>. Then G is isomorphic to
ome of the groups R* x Z'where k,{ are integers with 0 < k + £ < 2. In par-
ticular, the orbits of an action of R? are immersions of some of the following
manifolds: a point, S', R,S' x $', §' x R, R

Proof. Let G C IR? be a closed subgroup. We distinguish two cases:

(1) G is not discrete
(2) G is discrete.

Consider case (1). In this case there exists a sequence (x,), x, € G — {0},
x, — 0. Let us write x, = (r,,0,) in polar coordinates, where 0 < 6, < 2.
Let 6, € [0,27] be an accumulation point of the sequence (8,). We assert that
the line with direction 6, is contained in G. Indeed, fix z = (r,6,),r # 0, and
a subsequence (6, = ¢) such that ¢, — 6,. Put p, = r, . Now, the set
px - Z divides R in intervals of length p, and this implies that there exists
my € Z such that |[m,p;, — r| < p,. This implies that lim, _, ,, (mp;,0x) =
= (r,6,) and so lim, _, , mgX, = Z. Since G is closed it follows that z € G
and so the line R, = {(r,6,) | r € R} C G. Now, we have two subcases to
consider:

(a) There exists a sequence x,, = (r,,0,) € G — {0} such that x, — 0 and
the sequence (6,) has two accumulation points 6,,6,, which define dif-
ferent directions in R?.

(b) There exists 6, € [0,m] such that for any sequence x, = (r,,0,) such
that x, — 0, the set of accumulation points of (6,) is contained in
(00,00 + ).

In subcase (a), G contains two different vector subspaces of dimension 1 of
R? and so G = IR%. In subcase (b), G contains the vector subspace Ry =
= {(r,8y) | r € R}, but does not contain any other line which passes through
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the origin. We have two possibilities: (i) G = IRy or (i) G # Ry . Let us con-
sider possibility (ii). In this case for any x € G — IR, , the line x + R, =
= {x + y|y € Ry} C G. Let ¢ = Ry be the subspace of R? which is perpen-
dicular to R, . Then ¢ N G is a subgroup of R%. Moreover £ N G is discrete.
In fact, if ¢ N G was not discrete then £ C G and we were in case (a). Therefore
¢ N Gisdiscrete and this impliesthat N G = X - Z, whereX € £ N Gis such
that [x| = 8, where § = min{|x|; x € £ N G — {0}}. It follows that G = R,
@x - Z =R XxXZ.

Suppose now that G # {0} is discrete. If there exists x € IR? such that
G = xZ then clearly G = Z . If this is not the case, let x,,x, € G be such that
|x;| = inf{|x|; x € G — {0}} and |x,| = inff|x| | x € G — x;R}. We will prove
that G = . Z + x,Z = 2Z @ Z. For this it suffices to prove that in the
parallelogram with vertices 0,x;,x; + x,,X, there do not exist other elements
of G. In fact, in the triangle with vertices 0,x,;,x, there do not exist other
elements of G by the definition of x;, and x,, and if there were a g € G in the
triangle x,,x, + x,,x; then x; + x, — g would be in the triangle 0,x,,x,.

The rest of the proposition follows from Theorem 2.

Example. Let us see now an example of an action of IR? on S°.
Let D? x 8! = {(x,y) e R* x R?|x? + x3 < 1,y2 + y3 =1}.
Consider the vector fields

d d
X(x1,X%,y) = (p(r)x; — Bx;) o, + (Bx; + p(r)xz)‘.j—x2
= oy O 9 _, 9 9
Y(x1,%,01,02) = —oax, ax, + ax, ax, B! F + ) 3,

where r = Vx2 + x2 and p (r) is a C* nonnegative function such that p (r) =
=0ifandonlyifr = 1,d"p/dr" (1) = O0foralln = landp(r) =1 forr
in a neighborhood of zero.

It is easy to see that the flows X, and Y, commute, i.e., X; Y, = Y, o X,

(s,t € R) on D* x S', so they define a C* action of R* on D* x S', having
two compact orbits which are {0} x S' and 8 (D* x S'). In the case that «
is an irrational number, all the remaining orbits are planes dense in D x S'.
When « is rational they are imbedded cylinders.
Taking two copies of D? x S' and identifying them along the boundary
3d(D? x 8') = §' x S' by means of a diffeomorphism which takes parallels
of one to meridians of the other and vice-versa, we obtain examples of actions
of IR? on S* in which the orbits of dimension < 2 are two linked circles
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D*xs!

D*x{y} D*x {y}

(orbits of X) (orbits of Y)
Figure 1

Other examples of actions can be obtained by taking the suspension of an
action ¢ : Z ® Z — Diff (M). As we saw in Chapter V, these are locally
free actions of IR?, that is, the dimension of every orbit is two.

§2. The theorem on the rank of $°

We will show in this section that it is impossible to define locally free actions
of R? on S3. All the actions considered will be C”, r = 2.

An important result in the direction of this theorem is the following
proposition.

Proposition 2 ([28]). Let X and Y be commuting vector fields on D* x S'
such that on points of 3 (D? x S') they are linearly independent and tangent
to d (D* x S'). There exists a point of D> x S' where X and Y are linearly
dependent.

Proof. Let o :R?> x (D?> x §') — D? x S' be the action induced by X
and Y. By hypothesis 8(D? x S') is an orbit of ¢, so there exist r,,r,
€ R*> — {0}, r, € ,IR, such that the isotropy group of dD? x S', is Z
-r+ Z - r,.If we taker = m,;r, + m,r, where m;, # 0or m, # 0, then the
flow ¢,(t,x ) = ¢ (tr,x),x € 3D* x S', has all orbits closed with period 1.
Now, it is easy to see that there exists (m,,m,)} € Z? — {0}, such that the or-
bits of ¢, are tangent to the meridians of S' x S', so that any of such orbits
is the boundary of a disk in D? x S'. After a change of basisinZ - r, + Z

- r, we may assume that r = r,. Let e, (x) = %¢(I © LX) | l=0and e(x)=
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= % o (t - r,x) | 0 Since ¢ is an R*-action, e, and e, are linear combina-

tions of X and Y. Since the orbits of e, are closed and bound a disk in
D? x S', we can suppose (after a diffeomorphism) that e, is tangent to the
boundary of D* x (8} C D* x S'and e, is transverse to D*> x {6} in the points
of the boundary S' x {6}. Consequently the proposition will be proved with
the following lemma.

Figure 2

Lemma 1. Consider the disk D* C R®: x} + x3 < 1, x, = 0 and the vector
fields e, (x) = —x,8/3x; + x; 8/03x,, e;(x) = 8/9x;, x = (x;,%,,0) € D
Then for any continuous extension (e;(x),e,(x)) cp? of (€, (x),;(X)) xesp?
there exists x, € D* where e, (x,) and e,(x,) are linearly dependent.

Proof. First we observe that if there exists an extension (e, (x),e,(x)) yep?
of linearly independent vector fields, then we have an extension by ortho-
normal fields. In fact if f,(x) = e,(x) — (€, (x),e,(x)) €, (x), &, (x) =
e (x) S (%)
ey (x)] [£2(x)]
normal system.

To prove the lemma, it suffices to show then that there do not exist orthonor-
mal extensions of the pair (e, (x),e,(X)) sesp?-

Let V,; be the space of ordered pairs of orthonormal vectors of IR>. The
set (e, (x),e, (X)) ysp? can be understood as a path & : dD> — V, 5, a(x) =
= (e;(x),e(x)). It is sufficient then to show that « is not homotopic to a
point.

To prove this we identify V, ; with the real projective space IP?, of dimen-
sion 3, in the following manner. To each (f,f,) € V,3 we associate a vector
w = w(f,f,) € B(0,7) C R3 of the ball with center 0 € R? and radius =
defined as follows: the matrix F, whose columns are f;, f;, f; X f, is orthog-
onal and has as axis of rotation the subspace ¢ of dimension 1 in IR3. Let P
be the plane orthogonal to . In P the matrix F acts as a rotation of angle
© € [0,7]. For © = 0 one verifies that F = Iand weset w = 0. For0 < ©
< =, we associate the vector w € ¢ with magnitude © and the same direction
asv X F(v),wherev e P — {0}.For® = 7,v x F(v) = 0, and in this case

and e,(x) =

, the pair (e,(x),e,(x)) would be an ortho-



Topological Aspects of the Theory of Group Actions 165

the direction of w is not well-defined. This corresponds to identifying antipodal
vectors of magnitude 7 on £. We obtain in this way a homeomorphism on the
quotient space of B(0,w) by the equivalence relation which identifies antipodal
points of the boundary, which, as is known, is homeomorphic to IP*. The path
«, in this model, is represented by the diameter of B(0,w), parallel to the
x;-axis and traversed once from the bottom to the top. This path, after iden-
tification of its endpoints, is nontrivial in IP>.

Definition. The rank of a manifold is the maximum number of linearly in-
dependent commuting vector fields that the manifold admits. This concept was
introduced by J. Milnor.

Theorem 3 ([28]). Every compact three-dimensional manifold with finite fun-
damental group has rank one. For example, S* has rank one.

Proof. As is well-known every manifold of odd dimension has Euler charac-
teristic zero. So it admits a non-singular vector field and its rank is = 1. Taking
a double cover, we can assume that the manifold is orientable. Proceeding by
contradiction, suppose that there exists a locally free action of IR*> on some
compact three-dimensional manifold with finite fundamental group. By Novi-
kov’s theorem, there exists a compact orbit bounding an imbedded solid torus,
where there are defined two linearly independent commuting vector fields,
which is impossible by Proposition 2. W

§3. Generalization of the rank theorem

In this section we will see that the theorem on the rank of S* generalizes
to actions of simply connected groups on compact manifolds with finite fun-
damental group.

Proposition3. Lety : G X M — M be a locally free action of a Lie group
G on a manifold M and f: I x I — M be a C° map such that for every t € I
the curve s — f(s,t) s contained in an orbit F, of ¢. Let x(t) = f(0,t) and
suppose that, for every t € I x'(t)¢T, (,,(F) Then there exzstsaumque con-
tmuousﬁmcmonf IxI— Gsuchthatf(o 1) =e, andq:(f(s t),x(t)) =

= f(s,t) for any (s,t) €I X I.

Proof. By Theorem 2, for every ¢ the map ¢,, : G — F, given by
oxy(8) = ¢(g,x(1)) is a covering of F,. By the lifting theorem for paths,
there exists a unique continuous curve f, I — G such that f,(O) = e and
for every s € I one has ¢,(, (f,(s)) = f(s,t). Define f(s,1) = f,(s). It is
evident that £(0,7) = eand ¢ (f(s,1),x(2)) = f(s,t) forany (s,t) € I x I.
Moreover, if h:I x I — G satisfies the conditions 4(0,7) = e and
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o(h(s,t),x(1)) = f(s,t) for every (s,t) € I x I, we must have # = f, by
the uniqueness of the lift of the curve s ¥ f(s,t) to the covering
@xry - G — F,. It remains to be proved that 7 is continuous.

Let x, € M, yo = ©(80,X,). Let I, x, € L, be a transverse section to the
orbits of ¢. Since ¢, : M — M is a diffeomorphism which preserves the
orbits of ¢ it follows that TyoM = D«:(go,xo)(TgoG X TXOE). So Dy (gg,Xp) :
T,,G x T, L — T, M is an isomorphism. By the inverse function theorem
there exist neighborhoods g, € V C G and x, € D C T such that U =
= ¢ (V X D) is a neighborhood of ypand ¢ = ¢ | ¥V X D is a diffeomorphism
of V x D onto U.

Let us prove that 7 is continuous at all the points of the type (0,1,), 1, € I.
Fix t, € I and let x, = x (%), o = £(0,4)), & = 7(0,7,) = e and consider
D,V,Uand ¢y = ¢ |V X D:V x D— U as above. Let I, = [0,6) and
Jo = (&, — 8,1, + &) be intervals such that f(I, x J,) € Uand x(J,) C D.
Defineg:1, x J, = V C G by (g(s,1),x(t)) = v ' (f(s,1)). Then g is
continuous, g(0,7) = e and ¢ (g(s,2),x(t)) = f(s,t) for every (s,t) € I,
X Jy. By uniqueness of the lift of the curve s — f(s,t) across Pxn: G
— F,, one concludes that g (s,?) = f(s t) for (s,t) € I, x J,, SOflS con-
tinuous on (0,7,).

We prove now that the set A = {(s,7) € I x I'|fis continuous at (s,?)}
is open in I x I. Let (so,10) € A, Xo = x(15), Yo = f(Sor10), 8 = S (So»t0)
and consider D, V,U, and ¥ = ¢ | V X D as above. Since 7 is continuous at
(Sost0), there exist open sets I;,J, C I such that s, € I, t, € Jy, x(Jp)
C D, f(Iy, x Jy) C Vand f(I, x Jy) C U. For every (s,t) € I, x J, we
have (7(s,t),x(t)) = ¢y~ '(f(s,t)), which proves that f is continuous on
Iy X Jy, so Aisopenin I x I.

For each t € I, let a () = sup{s € I|f’is continuous at (u,t) for every
p € [0,s)]. It suffices to prove now that (a(?),?) € A for every ¢ € I. Fix
thel, s = alty), Xo = x(t), Yo = f(S4,%) and g, =f(s0,t0). Consider
D,V,Uand y = ¢ | V x D as above. Since s f(s, ty) is continuous (by
construction), there exists & > 0 such that if s € [s, — 8,5,] then f”( S, t) €V
and 7 is continuous at (s1,%), 5, = s — 6. Since A is open there exists §, > 0
such that the segment ¢ = {s,} X [(#, — 8,,¢y + 8,) N I] C A. Set I, =
= (sg — 8,5 + 8) N Tand J, = (#, — &,,¢, + 6,) N I. If § and §, are suf-
ficiently small, we have f(I, x J,) C U, x(J,) C D and 7(&’) C V. Now
defineg: Iy X J, — V C Gby (g(s,t),x(t)) = ¢ ' (f(s,1)). However it
is clear that g(s,,t) = 7(sl,t) for (s,,t) € ¢ and that ¢ (g(s,?),x(t)) =
= f(s,t) for (s,t) € I, X J,. By uniqueness of the lift of the curve s
— f(s,t), it follows that g = ]”| I, x J, and therefore f is continuous on
(Sp,2,) as desired. W

Theorem 4. Let ¢ : G X M — M be a locally free action of a simply con-
" nected Lie group G on a manifold M where dimM = dim G + 1. Then the folia-
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tion of M by orbits of ¢ does not have vanishing cycles. In particular, if dimG =
= 2 and dimM = 3, §F has no Reeb components.

Proof. Suppose by contradiction that there exists a leaf Fy of § which has
a vanishing cycle y : I — F;,. Then v is a closed curve not homotopic to a con-
stant in F, and there is an extension f: 7 X I — M such that for every
s€l,f(s,0) = v(s) and for every ¢ > 0, t € I, the curve f,(s) = f(s,t) is
a closed curve contained in a leaf F, of ¥, homotopic to a constant in F,.
Letf: I x I — G be as in Proposition 3. Now, for # > 0, the curve f,(s)
is homotopic to a constant in F,, so the curvef’, (s) = ;‘(s,t), which is a lift
of f, to G, is necessarily closed, that is, f’,(O) = 7.(1). By continuity we
have]’o(O) = f”o(l), or, f}) is a closed curve. Butfo is a lift of v to G, so it
cannot be closed since G is simply connected and v is not homotopic to a con-
stant in F,, which is a contradiction. We conclude therefore that & has no
vanishing cycles. W

Corollary 1. Let G be a stmply connected Lie group and M a compact manifold
with finite fundamental group such that dim (M) = dim(G) + 1 = 3. Then
there is mo locally free action of G on M.

Proof. By Proposition 1 of Chapter VII we know that a foliation & of codimen-
sion 1 on M necessarily has a vanishing cycle, so it cannot have a locally free
actionp: G xM — M. R

Corollary 2. Let G be a simply connected Lie group and M a manifold such
that dim (M) = dim(G) + 1 = 3. Let ¢ : G X M — M be a locally free
action. Then the following properties are true:

(@) if F is an orbit of ¢ and i : F —> M 1is the canonical immersion then
i, :m (F) — m (M) 1s injective, that s, if v is a closed curve in F
homotopic to a constant tn M then v is homotopic to a constant in F,

(b) if v is a curve transverse to the orbits of ¢, then the homotopy class of
v i 7 (M) has infinite order.

Proof. (b)is immediate from Theorem 4 and from the proof of Proposition
1 of Chapter VII. Let us consider (a). Suppose v is a closed curve in F,
homotopic to a constant in M. Let f: D> — MbeaC'(r=2) map such
that f|S' = y and f is in general position with respect to the foliation &
defined by orbits of ¢. Let X be a vector field on D? tangent to the foliation
with singularities f* (F) (see Proposition 2 of Chapter VI). S' = aD? is a
closed orbit of X. We claim that all the nonclosed orbits of X are separatrices
of saddles. Indeed, if X has a nonclosed orbit which is not a separatrix of a
saddle, let us say 8, the w-limit set of 6 is a closed orbit or a graph and this
implies that there exists a closed curve x in D? transverse to the orbits of X.
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Repeating the argument of Proposition 1 of Chapter VII on the disk
D? c D? bounded by x, one concludes that § has a vanishing cycle, which
is not possible. Therefore all the regular orbits are separatrices of saddles. Sup-
posing by contradiction that S' = aD? is not homotopic to a constant in its
leaf, repeating the argument of Proposition 1 of Chapter VII, it is possible to
prove that § has a vanishing cycle. We leave the details to the reader.

Corollary 3. Let G be a stmply connected group and M a (noncompact)
manifold with finite fundamental group such that dim(M) = dim(G)
+1=23.Let o: G X M — M be alocally free action and F the foliation
whose leaves are the orbits of ¢. If F is a leaf of F then =, (F) s finite and
F 1s a closed subset of M. In particular every minimal set of § is a leaf and
if M is simply connected then all the leaves are diffeomorphic to G.

Proof. Let F be a leaf of §. By (a) of Corollary 2, i* : w1 (F) — = (M)
is injective so m, (F) is finite and #m, (F) < #x,(M). In particular if M is
simply connected, F is also and therefore if x € F the map ¢, : G — F given
by ¢,(g) = ¢(g,x) is a diffeomorphism, since it is a covering.

Suppose by contradiction that § has a leaf not closed in M. Then there is
a sequence x, € F, x, — x, ¢ F. Let Q be a foliation box of x,. The leaf F
cuts Q in an infinite number of plaques, therefore we can construct a closed
curve transverse to & . Since , (M) is finite this curve has finite order, which
contradicts (b) of Corollary 2. W

§4. The Poincaré-Bendixson Theorem for actions of IR?

One of the versions of the Poincaré-Bendixson theorem for a flow £ on the
sphere S? or in the plane says that every minimal set of £ is an orbit.
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In this section we generalize this theorem to locally free actions of IR? on
manifolds of dimension three. Other results in this direction can be found in
[6]1, [38] and [45].

Let ¢ : G X M — M be an action. A subset of M is invariant (under ¢)
if it is the union of orbits of ¢.

A minimal set of ¢ is a subset p C M which is closed, invariant, non-empty
and such that no subset properly contained in u has these three properties.

The theorem below is a special case of Corollary 3 of Theorem 4. We think
it is interesting to include this new proof because it is more geometric than
the first and also because it contains the original argument of [28] in the proof
of the fact that an action of IR? on S (if it exists) must have an invariant torus.

Theorem 5. Let ¢ : R> X M — M be a locally free action on a simply con-
nected three-dimensional manifold. Then any minimal set of ¢ is an orbit (in
fact by Corollary 1 of Theorem 4, the manifold is not compact).

Proof. Given p € M we define 30,(¢) = N;_, 0,(¢) — K, where K,
C K,y C 0,(p) are compact neighborhoods of pand U7, K, = 0,(¢). It
is clear that O, (¢) = 0,(¢) U 30,(¢). Now let x C M be a minimal set of
¢ and p € u.

Proceeding by contradiction we suppose that u # 0,(¢). Since p is minimal
we have that u = 0,(¢). So 09, (¢) is nonempty and, since it is closed and
invariant, 0, (¢) = u. This means that if U is a coordinate neighborhood of
the foliation ¥ (¢) induced by ¢, with p € U, the orbit 0, (¢) has as intersec-
tion with U an infinite number of plaques, each being an accumulation point
of plaques in 0, (¢).

Thus it follows (Proposition 4, Chapter VII) that there is a closed path
a:S! —= M passing through p and tranverse to the leaves of & (¢). Since
M is simply connected, « extends to a map 4 : D> — M in general position
with respect to the leaves of F(¢). The foliation A*F (¢) of D? has singu-
larities which are saddles and centers. Further it is transverse to the bound-
ary. Let g € aD? be such that 4 (g) = p.

Modifying A slightly if necessary, we can assume that the point g is not con-
tained in a separatrix of a saddle. There will exist, then, in the limit set of the
point g a limit cycle v : S' — D?, inducing a curve 7:S' — M, 7 =
=A-v, (8" C O,,(¢) C p with nontrivial holonomy. So O, (¢) is
homeomorphic to R x S' or S! x S'. Since 0,,(®) # u, O, (¢) cannot be
a torus. Consequently Ox0(¢) is an immersed cylinder with 60x0(<p) D Oxo(‘ﬂ ).
We next show that this is impossible.

Since G, (¢) # 0 there exist r,,r, € R?, r, ¢ Rr,, such that the orbit T
through x, of the flow ¢,, ¢, (#,x) = ¢ (tr;,x), is periodic of period #, and the
orbits of ¢,, ¢, (t,x) = ¢ (tr,,x), for x € I are transverse to I. Since ¢, and
¢, are commutative, for every x € Ox,, () the orbit of ¢, through x is periodic
of period ¢,.
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Let € be a two-dimensional cylinder imbedded in M, transverse to the orbits
of the action ¢ withI' C €. We next show that arbitrarily near I there exists
a closed curve I'" C O, N € such that I'NT = & and I'"UT is the
boundary of a closed cylinder B C O, (¢). Let V be a cylindrical neighbor-
hood of T in @, such that the orbits of ¢, are transverse to V. If ¢ > 0 is small,
the set V, = {p,(t,x) | —€ < t < €, x € V} is a neighborhood of I' in M and
the orbits of ¢, | V, define a projection 7 : ¥, — V. Since I' is a periodic orbit

of ¢, with period 7z and ' C V,, there exists a neighborhood U C V, of T such
that, for every x € U, ¢,(t,x) € V_for |¢| < 2t,. Since 8(‘),0(99) D 0, (),

TA—

Figure 4

there exist sequences x, € ' and s, € R where |s,| — o, such that ¢, (s,,x,)
— x, € U. If n is sufficiently large, y, = ¢,(s,,X,) € Uun 0,,(¢), so
e (t,y,) € V for|t| < 2t,and since the orbit O, of y, under ¢, has period ¢,
we have that 0, C V. If T, = 7 (0,) it is clear that T, C O, (¢) N € and
I, NT = . On the other hand, if d is the intrinsic metric of 0, (©),
d(T,0,) = o;so0, T UT,is the boundary of a cylinder B, C O, (¢) since
d(T,,0,) is bounded because 0, C {p,(t,x) | x €T, |t| < €}. This proves
what we wanted.

Let A, C C be the annulus bounded by I' and T,. Since lim,_, , T, =T
there exists n, such that 4, N B, =T UT,. We have then that T =
= A, U B, is a topological torus imbedded in M.

Since M is simply connected, T is the boundary of an open bounded set

W C M (see [28]). Let X be the vector field given by X (x) = % @, (1,x) | o’

We have that X is tangent to 7 on B, and X is transverse to T on A4, . We
can assume that for every x € A, , X(x) points inward toward W. This
implies that every orbit of ¢, which enters W does not leave in positive time,
s00, NA4, =T, UT,a contradiction. W
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Remark. The above theorem can be used to prove, by contradiction, the rank
theorem of S°.

Indeed, since S* is compact, every action ¢ : R? x > — §* has a minimal
set u. If ¢ were locally free, u would have to be a compact orbit. So, u would
be diffeomorphic to a torus S' x S'. Using Alexander’s theorem (Proc. Nat.
Acad. Sci. (1924) pp. 6-8) according to which for any imbedded torus u, one
of the connected components of S — y is a solid torus, it follows again from
Proposition 2 that there is a contradiction. This proof of the rank theorem was
given in ([28]), when Novikov’s theorem had not yet been proved.

One problem still open about the rank of manifolds is to find out the rank
of SZn+l.

It is well-known that there do not exist 2-dimensional plane fields on S°
([53]). On the other hand, the existence of locally free actions of R? on §” is
unknown.

In [48], H. Rosenberg, R. Roussarie, and D. Weil prove the following result:
a compact orientable three-dimensional manifold has rank 2 if and only if it
is a fibration over S' with fiber 72.

§5. Actions of the group of affine transformations of the line

The Lie group of affine transformations of the line is the set G, of all affine
diffeomorphisms f: IR — IR with the operation of composition (f,g)
f° g. The affine transformations are those of the form f(x) = ax + b where
a,beR, a #0, are fixed. Given f,g€ G,, f(x) =ax + b, g(x) =
=a’x + b’,the composition f g(x) = (aa’)x + (ab’ + b) isalso affine
so G, is a two-dimensional Lie group which has two connected components.
We consider only the connected component G, = {f(x) = ax + b|a > 0}
of affine transformations that preserve the orientation of R.

The following facts can be easily verified:

(a) G; is not abelian, so is not isomorphic to R?,
(b) G; is diffeomorphic to IR?, so is simply connected,
(¢) G; is isomorphic to the subgroup G* of GL (2,R), defined by the set

a b

of matrices
0 1

} such that b € R and @ > 0.

In this section we will prove that the two-dimensional orbits of an action
of G5 on a manifold M" are diffeomorphic to planes or cylinders. Finally, we
will see an example of a locally free action of G on a compact manifold M*
which has a countably infinite set of cylindrical orbits whose complement con-
sists of orbits diffeomorphic to the plane. As we will see, all the orbits of this
action are dense in M>.

Proposition 4. Let ¢ be an action of G* on a manifold M". Then the two-
dimensional orbits of ¢ are diffeomorphic to planes or cylinders.
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Proof. Letpe Mand G, = (g ¢ G* | ¢(g,p) = p} be the isotropy group
of p. As we know, the orbit O ( p) is diffeomorphic to the manifold G * | G,,
obtained as the quotient of G* by the equivalence relation ~ on G* which
identifies g, and g, if g,g;' € G,. If © (p) has dimension 2, it is clear that G,
is a discrete subgroup of G*. It suffices then to prove that every discrete

subgroup of G* is of the form H = {g" | n € Z} where g = {Z T} is
fixed. Let us identify G* with the half plane P* = {(x,y) € R*|x > 0}.

With this identification, the product on P* is given by (x,y) o (x',»")
— (xx’,xy’ + y)andg = (a,b). First suppose that a # 1. In this case the
liner = {(1,y) | y € R}isidentified by ~ with theliner - g = {(a,b + y) =
= (1,y) ° (a,b) | y € R}.

The lines rand r - gbound a strip4 = {(x,y) |1 = x < max (a,a"1)}. It
is easy to see that the two distinct points contained in the interior of 4 are
not identified by ~ ; so O (p) is diffeomorphic to the quotient of A by ~ ; that
is, the manifold obtained from A be identifying the boundaries r and r - g by
the diffeomorphism (1,y) € r ¥ (a,b + y) € r o g, which is clearly a
cylinder.

In the case that @ = 1 and b # 0 we can make the same argument,
substituting the line r by the line s = {(x,0) | x € R} and the strip 4 by
the strip B = {(x,y) |0 < y < |b|x} bounded by the lines s and s - g =
= {(xy) |y = [b|x}.

In the case thata = 1and b = 0, clearly O ( p) is diffeomorphic to R?. Con-
sider then a discrete subgroup H C G*. First we are going to prove that H
is contained in a line ¢ which passes through (1,0). Suppose that (a,b),
(c,d) € H where a # 1. In this case it is easy to see that (a,b)" =
= (a",b(d" — 1)(a — 1)7") for every n € Z Therefore

1

hn = (a,b)in o (C,d) . (a,b)" = (c,
a-—1

[be(l —a™ ™) + b(a" = 1)] +da").

If @ > 1 one sees that lim,_, , &, = (c,(bc — b)/(a — 1)) = h € H, since
h, € H for every n € Z and H is closed. Since H is discrete one concludes that
h, = h for every n = n,, which implies that (a,b) and (c,d) commute, as
can easily be seen using the relation 4,,,  h,' = (1,0) = 1. On the other
hand, this implies the relation b(c — 1) = d(a — 1) and so (c,d) € £ =
= {(x,g) | b(x — 1) = (@ — 1)y}.Inthecasethata = 1andc # 1the same
argument applies, so we can assume that @ = ¢ = 1 and in this case
H C {(1,y) |y € R}. Suppose now that H C £ N P* = {(x,y) | x > O and
y = k(x — 1)}. In this case £ N P* is a subgroup of G* isomorphic to the
additive group IR by the isomorphism f(¢) = (e’,k(e’ — 1)), as can easily
be seen. Therefore f~' (H) is a discrete subgroup of R, so H = {g" | n € Z}

for some g € H. In the case that H C £ = {(1,y) |y € R}, the argument is
similar. W
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Example. First we are going to define a locally free action @ of G* on R®.
The manifold M* will be constructed as the quotient of R? by an equivalence
relation ~ defined in such a way that @ induces an action ¢ of G* on M.

(A) Construction of 2.

2 1

Let 4 = [ } . As can be directly verified the eigenvalues of 4 are

I 1

Nand N7 where 0 < A = (3 - V5)/2 < 1. Let v = (v;,v3) be an eigen-
vector of A4 relative to . Define 3 : G* x R® — R? by

?(g:(x%2) = (x + é]og o 7+ g e~ . v)

a B
where in the above expression g = [ } ,z€R*and a = In(\) < 0.
0 1

As can be verified directly (g’ - g;p) = 2(g’;3(g;p)) and (I, p) = p
for any g,g’ € G* and p € R®. Therefore 3 is an action of G* on R>.

(B) Construction of M.

Consider on R® = R x IR? the equivalence relation ~ which identifies two
points (x,z) and (x’,z") if one of the following conditions are true: (a) x = x’
andz —z’€Z*or(b)x —x'=keZ and z’ = A*z.

Making the identification (a) we get the manifold R x 7?2. Note that 4 and
A~! are matrices with integer entries. This implies that if z— z’ € Z? then
A¥z — A¥z’ € Z* so A induces a diffeomorphism 4 : 7> — T2, The iden-
tification (b) is equivalent to identifying two points (x, p) and (x’,p’) € R
x T*whenx — x’ = ke Z and p’ = A “(p). Note that the equivalence
relation ~ is generated by the diffeomorphisms f,f, and f; : R® — R?
defined by f, (x,z) = (x + 1,47 '2), £,(x,2) = (x,z + ¢) and f;(x,2) =
= (x,z + e,) where ¢, = (3) and e, = (J). This means that two points
g and g’ of R® are equivalent if and only if g = h(g’) where h = f1" o f3!
o f oo fT% o f3k o f% k€ Nand m,n;,¢ € Z fori = 1,..., k. Denote by
H the set of all diffeomorphisms of this type.

Let M = R?/ ~ with the quotient topology and 7 : R*> — M the natural
projection of ~ . It is easily verified that = is a covering map and therefore
we can induce on M a C? differentiable manifold structure as was done in
Chapter 1. An atlas of M is the set of all local charts (7 (V), (7 | V) ~1) where
V= {(x,2,23) | |x — a| < 1/2, |z, = B, < 1/2, |23 — B3| < 1/2}, where
(a,8;,8;) € R>. The changes of coordinates of this atlas are restrictions of dif-
feomorphisms of H.
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(C) Construction of ¢.

Observe that @ commutes with the diffeomorphisms f,f, and f;, that
is, for every (g,p) € G* x R® and i = 1,2,3 one has &(g,f;(p)) =
= fi(#(g,p)). We can then define a C* action on M setting

e(gm(p)) = w(2(8p)) .

It is easy to verify that ¢ is well-defined by this expression, that is, if 7 (p) =
=mn(p’) then 7 (&(g,p)) = 7(8(g.p")).

(D) Geometric description of the orbits of ¢.

First let us see what happens to the orbits of % as we make the identification
(a). Observe that the orbit & (p) of a point p € R? by  is the plane that
passes through p and is parallel to the subspace of IR® generated by the vec-
tors (1,0,0) and (0,v,,v;). In making the identification (a) we do not change
the first coordinate and each plane {x} x R?is transformed in the quotient
to the surface {x} x T2 where T2 = IR%2/Z2. On the other hand 0 (p) cuts
the plane {x} x IR? along the line t — p’ + tv, p’ = (p3,p3), which has
slope ® = v;/v, = — (1 + V5)/2 in this plane. Therefore after identification
(a), the orbit 8 ( p) is transformed into an immersed submanifold R X £, where
£ is an orbit of the irrational flow of slope © in T2. As we know ¢ is dense in
T? (see exercise 13 of Chapter II), so R x £ is dense in R x T2 This implies
that all the orbits of ¢ are dense in M.

We will now see what occurs after identification (b). The immersed sub-
manifold R x £ meets {k} X T?in the line {k} X & (k € Z) and this line will
be identified by (b) with the line {0} x A *(£). Now, the irrational flow of
slope O is invariant under A4 , since v is an eigenvector for A4, so 4 (¢) is an
orbit of this flow. In the case that ¢ contains a periodic point g of period k of
A (A*(q) = q), the endpoints {0} x £ and {k} x ¢ of the strip {x} X £,
0 = x =< k, will be identified and we hence have a cylindrical orbit of ¢.

Conversely, if the endpoints {0} x &and {k} X £(k > 0) are identified, we
have A% (%) = & and this implies that £ contains a unique fixed point g, of 4 ¥,
since A* | ¢ is a contraction, that is, if g and ¢* € £ then d (4 “(g),4*(q’))
< Nd(q,q’). With this argument we establish a one-to-one correspondence
between cylindrical orbits of ¢ and periodic orbits of 4 . As is known, A4 has
countably infinite periodic orbits (see [34]), so ¢ has countably infinite cylin-
drical orbits. The remaining orbits of ¢ are diffeomorphic to the plane, by the
previous proposition.



APPENDIX
FROBENIUS' THEOREM

Let § be a k-dimensional, C"(r = 1) foliation defined on a manifold M of
dimension n. The foliation ¥ induces on M a C"~! k-dimensional plane field,
denoted by T'F (see Chapter II). Here TF (p) = T,F is the subspace of T,M
tangent to the leaf of & which passes through p. A natural question is the
following. Let Pbe a C"(r = 1) k-plane field on M. Under what conditions
does there exist a foliation § such that 79 = P?

As we saw earlier this does not happen in general for an arbitrary k-plane
field (k = 2). Frobenius’ Theorem provides necessary and sufficient condi-
tions for such a foliation to exist. With the purpose of proving this theorem,
we introduce in §1 of this appendix the notion of Lie bracket between two vec-
tor fields, proving its main properties. In §2 we prove Frobenius’ Theorem.
In §3 we state and proof, without going into details the dual version of
Frobenius’ Theorem in terms of differential forms.

§1. Vector fields and the Lie bracket

Recall that a C"(r = 0) vector field on Mis a C"map X : M — TM such
that 7 - X = identity map of M, where = : TM — M is the natural projec-
tion of the tangent fibration. Denote by X" (M) the set of all C” vector fields
on M.

Definition. Let X € ¥°(M). A C' curve vy : (a,b) — M is called an in-
tegral curve of X if v’ (t) = X (y(t)) for every 1 € (a,b).

On a local chart x: U ¢ M — IR" a vector field X is represented by the
vector field x, (X) defined on x(U) C IR" by the expression

X,(p) = x,(X)(p) =dx , - X(x"'(p)) .

(V4
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Since x : U — IR"is a C* map, the vector field X, has the same class of dif-
ferentiability as X. A fact that can be easily verified is the following. Let
v: (a,b) — U C Mbea C' curve. Then v is an integral curve of X if and
only if x v : (a,b) — x(U) is an integral curve of X, . Putting the above
fact together with the theorem on the existence and uniqueness of solutions
of ordinary differential equations on IR", we can state the following result.

Theorem (Existence and uniqueness). Let X be a C", r = 1, vector field on
M. Given py € M and t, € R there exist e > 0 and a neighborhood U, of p, in
M such that for every p € U, there exists an integral curve v of X defined on
(ty — €, + €) withy(ty) = p. Ify,: I, = Mand v, : I, — M are two
integral curves of X such that ty € I, N I, and v, (1,) = v,(t,) then v, = 7,
on I, N I,.

From the above theorem we can conclude that for each p € M there exist
a < 0 < b and an integral curve v : (a,b) — M with y(0) = p such that
for any other integral curve v, : I, — M such that0 € 7, and v, (0) = p then
I, C (a,b) and v, = v | I,. The interval (a,b) is called the maximal inter-
val of definition of the solution which passes through p; we will denote it by 7,.

Let V = {(t,p) € R x M|t € 1,}. Define ¢ : ¥V — M such that for each
fixed p € M, the curvet — ¢ (¢, p) is the integral curve of X with ¢ (0, p) =

Definition. The map ¢ defined above is called the flow of X. Denote the map
peM — o(t,p), tel, by X,. For convenience, we omit the domain of
such a map.

From the existence and uniqueness theorem, it follows that V is open in
R X M and that ¢ has the following property:

e(s +t,p) = e(s,0(t,p)) = e(t,o(s,p))

whenever the expressions make sense, that is, are compatible with the domain
V. If V=R x M, the above identities can also be written as X,,,
=X,o X, = X, X,.

The theorem on the differentiable dependence of the solutions of an ordinary
differential equation on IR" with respect to initial conditions implies the
following:

Theorem. Let X be a C'(r = 1) vector field defined on M. Then ¢ : V
— Mis C'.

Suppose now that ¢, € R is such that ¢ (¢,,p) is defined for all p € M. In this
case X, : M — M is a C" diffeomorphism. In fact, if ¢ (#,, p) is defined for
all p € M, it is easy to see that ¢ ( —#,p) is also, therefore Xy o Xy =
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= X_, o X, = the identity on M. Since X, and X_, are C’: by the above
theorem we conclude that X,, is a C" diffeomorphism. More generally, if V,
is the open set in M, defined by V, = (p € M| t € 1,} then V, is the domain
of X,, where X,(V,) = V_,. Therefore X, : V, — V_,is a C” diffeomorphism
whose inverseis X_,: V_, — V,. If M is compact it is possible to prove that
V =R X M and hence V, = M for every ¢ € R (see [34]).

Change of variables

Let f: N — Pbealocal C"(r = 1) diffeomorphism. If X is a C°® vector
field on P we can define a vector field f* (X) on N by

f*(X)(g) = (Df(q))™' - X(f(q)) .
The vector field f* (X) is C' where ¢ = min(s,r — 1). If f is a diffeomor-
phism we can write

S (X)(q) = (Df(g)™" - X(f(q)) = DF ' (f(q)) - X(f(q)) .

In this case the operator f* has an inverse f, defined by
LN (p) =DF(SH(p) - Y(ST(P)) .

The following proposition is a direct consequence of these definitions.

Proposition 1. Let f: N — Pandg: P — Mbe C'(r = 2) diffeomor-
phisms. The following properties hold:

@ (geN*=f"g*and (g-f), =8, °/,-

(b) Let X be a C°(s = 1) vector field defined on P. Let ¢ : V — P and
@* : V* — N be the flows of X and f*(X) respectively. Then V* =
= {(,p) € RX N[ (t,f(p)) € V] and further f(¢*(t,p)) =
= ¢(1,f(p)) for every (t,p) € V*.

Property (b) above tells us that if we know the integral curves of f* (X)
and the diffeomorphism f, then we know the integral curves of X, and con-
versely. In the notation X,(p) = ¢ (¢,p), (b) is written as fo X} = X, o f.

Lie Bracket

Let X and Y be two vector fields on M. For simplicity we are going to assume
that X is C2, Y is C' and the flow of X is defined on R x M.
Fix p € M and ¢ € R; the vector

v(?) = X7 (Y)(p) = DX_,(X,(p)) - Y(X,(p))

is tangent to M at p. So t ¥ v(¢) is a C' curve in M.
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Definition. The Lie bracket of X and Y is the vector field [X, Y] defined by
by

=4 (x»
(X, YI(p) = 2 (X7(Y)) = -

Note that the definition of [X, Y]( p) is local, that is, depends only on values
of X and Y in a neighborhood of p. Consequently the hypothesis of the flow
of X being defined on R X M is unnecessary.

We will next see that the bracket [X, Y] is defined even when X is C'.

Lemma 1. (Expression of [X, Y] on a local chart).

Let x : U C M — R" be a local chart. Denote by 3/ 9x; the vector field on
U defined by 8/3x;(q) = (dx(q)) ' - e; where (e, ,..., e,} is the ca-
nonical basis of R". If X and Y are vector fields on M, we can write X =
=Y a,8/0x, Y =Y, b 3/dx. Then [X,Y] = Y, _, c; d/dx, where

" ab, aa;
¢ = E (aja—x - bjg;) .
j=1 i i

In particular we can define [X, Y] even when X is C'. Further, if X and Y
are C', [X,Y]is C" .

Proof. Wecanwritex, (X) = ), ,o;¢; = X andx, (Y) = ), /_, Bie; =
=Y,whereq; = g;° x 'and 8, = b; o x~', i = 1,..., n. With this notation,
taking into account Proposition 1, it is easy to see that (X,)* (Y) =
= x, ((X,)* (Y)) where X, and X, are the flows of X and X respectively. At
a point g € x (u), this identity can be written as below

(X)*(Y)(q) = Dx(p) - ((X)*(Y)(p)), p=x""(q) .

Since p is fixed, Dx(p) : T,M — R"is a linear transformation and therefore

(X.71(a) = 2 (Dx(p) - (XD (P)))mo =

Dx(p) -%KX,*(Y)(PHFO = Dx(p) - [X,Y1(p) = x, (IX,Y]D(q) .

We can say then that x, [X, Y] = [x, (X),x, (Y)]. It now suffices to calculate
[X,Y1(q). For this we are going to look at X and Y as functions X, :
x(U) — R". We will also use the notation W, = DX _,(X,(q)). We will
look at t — W, asacurve (C') in £ (R"), the set of linear transformations
from R" to R". With this notation we have that W, = I and that
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X.719) = 4w, - T(X(aN)_, =

d - - d
ZWil o Y@ + DY (0) - 2 (X)), _,.

On the other hand, it can be verified that W, - DX,(g) = I, therefore

4
dt

d

d —
7l P (DX (q)),_ = —D(

X/(9),_, = -DX(q) .

Thus we conclude that
[X.Y](q) =DY(q) - X(q) - DX (q) - Y (q) .

Therefore the i™ component of [X,Y](q) is

9B; da;
Z (aja—x; - 5ja—xj) .
Jj=1

This concludes the proof. W
An important consequence of this lemma is the following.

Proposition 2. The following properties hold:
@ If f: N — Pis a C'(r=2) diffeomorphism and X,Y € X°(P),
s =1, then
SAAX YD = (X)), /7 (Y)] .
(b) If X and Y are two vector fields defined on an open set U C R", then
[X,Y](q) = DY(q) - X(q) - DX(q) - Y(q), g€V .

© [X, Y] = - [Y,X]
@ [, ] is bilinear: [aX, + bX,,Y] = a[X,,Y] + b[X,,Y] and
[X,aY,+ bY,] = alX,Y,] + b[X, Y,].

The proof is immediate from the lemma.

Commuting flows and actions of R*.

Recall that a C" action of a Lie group Gon MisaC mape : G X M — M
such that

(@) ¢(e,p) = p for every p € M, where e is the identity of G,
(®) ¢(g - &,P) = ¢(&,9(&,p)) forany g,,8, € Gand p € M.

It follows immediately from the definition that for every g € G, themapp € M
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— ¢, (p) = ¢(gp) is a C’" diffeomorphism, whose inverse is ¢ _, (p)
_ g
=e(g'p).

If G = IR¥, the additive group, an action ¢ : R x M — M is generated
by k vector fields on M. Indeed, let {v, ,..., v} be a basis for R* and for
each j € {1 ,..., k} set ¢;(t,p) = ¢(tv;,p). As is easy to verify, for every
J€{1,...,k}, p;is a C" flow, to which is associated the vector field X /. of class
C’™!', defined by X’ (p) = ‘% 0;(1,p) | ,_,- Itis easy to see that the flow
of X’ is ¢;, so we can write

k
e( Y tv,p) = X} o X} o0 XF(p) .
i=1

We say that the vector fields X' ,..., X* are generators of the action ¢. Since
addition in R* is commutative, we have that

Xie Xl = X010 X1,
for any i,j € {1 ,..., k} and 5,7 € R.

Proposition 3. Let X' ..., X*be C"(r = 1) vector fields defined on M. Sup-
pose that for every i € (1 ,..., k}, the flow X' is defined on R x M. The follow-
ing statements are equivalent:

(a) The fields X' ,..., X* are generators of a C" action ¢ : R* x M — M.
(b) For any i,j € {1 ,..., k} and s,t € R, we have X} « X, = X/ o X!,
(c) For any i,j € {1,..., k} we have [X',X’] = 0.

Proof. (a) = (b) has already been done.

() = (c): The condition X! = X’ _ o X! o X/ implies that

X(p) =L Xi(p) |, = 2 (X, Xio Xip)) = (XD* (X)(p)

as is easy to see. Differentiating the above expression with respect tosats = 0,

we get [X’,X'](p) = % (XH)* (XY (p) | o =0, since X'(p) does not
depend on s.
(¢) = (b). The chain rule implies that

2 (XD (XN () = L (X (X)), =

% (X)* o ((XD* < (X)) (P) | _, = X', (XD*(X))(p) .

On the other hand (X{)*(X') = X'so
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(XD* [X,X) = [(XD* (X)), (XD*(XD)] = [X',(X)* (X))

and therefore% ((X)D*(X)(p)) = 0, 0r, (X')*(X’)(p) is independent of

t,s0 (X" (X)) (p) = X (p).
By Proposition 1, the flow of (X;)* (X’) is given by

s— (XHleX o Xi=X,0X o X!,

Thus one sees immediately that X’ « X/ = X/ o X! for any s,7 € R.
(o) = (a): Let {e, ,..., e,} be the canonical basis of IR*. It suffices to define

k
(Y tie,p) = X, o X[ oo Xi(p) . W
i=1
Definition. A local action of R* on M is a map ¢ : V — M, where V
is an open set of IR¥ x M containing {0} x M, and ¢ satisfies the prop-
erties ¢ (0,p) = p for every p € M, and ¢ (u + v,p) = ¢(u,o(v,p)) =
= ¢(v,¢(u,p)), whenever (u,p), (v,p) and (u + v,p) € V.

Corollary 1. Let X' ,..., X* be C"(r = 1) vector fields defined on M. If
[X',X’] = 0foranyi,j€ (1,..., k) then there exists a basis {v, ,..., v;} of R¥
and a local action ¢ : V C R¥ x M — M such that ¢ (tv, p) = Xi(p) for
every (t,p) € R X M such that both sides are defined.

The proof is similar to that of Proposition 3.
Corollary 2. Let X', XfbeC(r=1) vector fields defined on M such
that [X',X’] = 0 for any i,j € {1 ,..., k}. Suppose that for every q € M the

subspace P(q) of T,M, generated by X' (q) ,..., X*(q) has dimension k. Then
the k-plane field P is tangent to a unique C” foliation § of dimension k.

Proof. We will see how the local charts of § are defined. Let ¢ : V — M
be the local action given by Corollary 1. Given p € M, fix an imbedded disk
D" ¥ = D C M such that D is compact, p € D and for every g € D we have

(*) .M =P(q)®T,D.
Since D is compact and V is open, it is easy to see that there exists a ball B

such that 0 € B¥* C R* and B x D C V. Set ¢ = ¢ | B*¥ x D. Given
(u,v) € R X T,D, u = ), ,_, ue;, it is easy to see that

k
0y (0,p) -u= E uiXi(p) and 9,¥(0,p) v =v.
i=1

So from the condition (*) we have that Dy (0,p) : R x T,D — T,Mis
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an isomorphism. By the inverse function theorem there exist small disks
B’ C B*and D' C D such that 0 e B’, pe D’ and y' = ¢ |B' X D':
B’'x D’ — y(B’'x D’) C Mis a C' diffeomorphism onto the open set
Y(B’X D')of M. Set U =y (B’ x D')and £ = (¢’)"". Then (U, $) is
a local C" chart on M and the submanifolds of the form ¢™'(B’ x {q}),
g € D', are the plaques of a C" foliation &, defined on U and tangent to P.

We claim that & is the unique foliation on U that is tangent to P. Indeed,
the leaves of &, are mapped by £ to disks of the form B’ x {q}, g € D’. On
the other hand, the plane field P is mapped by D¢ to the horizontal plane field

P*(q) = DE(£7'(q)) - P(§7'(q)) = R* x (0}, 0€ T,D" .

As is easy to see, the foliation of B’ x D’ whose leavesare B’ X {q}.q € D’
is the only one on B’ x D’ that is tangent to the plane field g = R* x {0}.
This proves the claim.

The set of all charts (U, ) constructed as above defines a C” foliation §
on M. Indeed, if (T, £ ) is another local chart as above with U N U # @ then,
by the preceding claim, &, coipcides with § ;on U N U and this implies that
the change of coordinatemap £ - ¢ ': ¢(UN U) Cc Bx D — E(UN O)
C B x Dis of the form (x,y) — (h,(x,7),h(y)). A

§2. Frobenius’ theorem

Before stating the theorem we are going to fix some notations. Given a k-
plane field P on M we say that the vector field X is tangent to Pif X (q) € P(q)
for every g in the domain of X.

A C'(r = 1) k-plane field P is called involutive if given X and Y, C' fields

tangent to P, then [X, Y] is tangent to P. We say that P is completely integrable
if there exists a C” foliation of dimension k£ on M such that TF = P, where

TF is the plane field tangent to &.

Theorem 1 (Frobenius). Let P be a C'(r = 1) k-plane field defined on M.

Then P is completely integrable if and only if it is involutive. Further if either
of these conditions hold, the foliation tangent to P is unique.

Proof. Suppose P is involutive. The idea is to use Corollary 2 of Proposition
3. We prove that for every p € M there exist C” vector fields, X' ,..., X,
defined on a neighborhood U of p, such that [X',X’] = 0 for any i,j
€ {1,..., k} and P(q) is the subspace of T, M generated by (xX'(q) ..., X*(q)}
for every g € U. By Corollary 2, there will exist a unique C" k-dimensional
foliation on U, &, such that 7%, = P | U. In this manner, it will be possible
to define a cover {U,};; of M be open sets such that for each i € I there will
be defined a foliation F; on U;. By uniqueness of such foliations it follows that
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ifU;NU;# @ then & |U N U, =F;|U; N U,. In this way we will have
defined a unique foliation ¥ on M such that T = P.

Fix then p € M. From the definition of C” k-plane fields, there exist k¥ C”
vector fields, Y',..., Y* defined on a neighborhood ¥ of P such that P(q) is
the subspace generated by {Y'(q) ,..., Y*(q)} for every g € V. We can
assume that V is the domain of a local (C®) chart x: V — R". For each
J €{l,..., k} we can write ¥; = E " a; 8/dx; where {3/0x, ,..., 3/0x,} is the
basis associated to the local chart xand a; : ¥ — R is of class C’. Consider
the matrix A = (a;;) |Z/Z%. The fact that Y'(p) ,..., Y*(p) are linearly in-
dependent implies that the matrix A (p) has rank k, that is, there exists a
k X k submatrix B of A such that det (B(p)) # 0. Since the determinant is
a continuous function we have that det(B(q)) # 0 for every g € U, a neigh-
borhood of p. Permuting the variables (x, ,..., x,) if necessary, we can assume
that B = (a;),<; <. In this way the matrix B™' = (b;) <, <4 is defined and
has C” coefficients on U.

Set X/ = Y1 b Y, j=1,.,k

In the first place, it is clear that {X'(q) ,..., X*(q)} is a basis of P(q) for
every g € U. On the other hand,

k n

n k
X =Y by Y aq9/0x, = Y, ()] anb;)d/0x, .
i=1 =1 =1 i=1
For ¢ = j we have that ), :-;la,-,«b,-j = 1and for ¢ # j, with | < ¢ < k, we
K
have that ), ;_, agb; = 0; so

X =9/0x+ ), cja/dx, for j=1,.,k.

(=k+1

We claim that [X’,X’] = 0 for any i,/ € {1 ,..., k}. In fact, from Lemma 1
one has that [3/dx,,d/dx,] = O for any r,s € {1 ,..., n} so
(X', X)) =1 ) cid/dx, 3/3x] + [8/0x, Y, ¢l 8/0x,]
=k+1 m=k+1
n . i n
+ ) [c;d/0x, ), 0/0x,) = Y d8/x .
m=k+1 r=k+1

Since P is involutive and {X'(q) ,..., X*(q)} is a basis of P(q) for every
q € U, we must have that

k k
2": da/dx, = Y, f,.X° =Y f,0/0x + E g, 3/0x, .
s=1

r=k+1 s=1 s=k+1

From the above relation we can conclude that f, =...= f, = 0, so [X',X’] =
= 0, as desired.
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Suppose now that P is completely integrable. Let F be a foliation such that
TF = P. Consider two cases:

1* case. F is C'(r = 2): Fix p € M and a foliation chart for ¥, ¢: U
— R* x R"* Let X and Y be C' fields tangent to § and defined on U.
Since the leaves of § | U are mapped to plaques R* x {y}, y € R" ¥, the
fields X, = ¢, (X)and Y, = ¢, (Y) areof theform X _(x,y) = (f(x,»),0)
and Y, (x,») = (g(x,y),0) where f,g: R* x R" ¥ — R, Using (b) of
Proposition 2, one sees that [X,,Y,1(x,y) = (h(x,y),0) where h(x,y) =
= f(x,y) - 0g/30x — g(x,y) - 8f/9x.So[X,Y] = ¢*[X,,Y,]is tangent to
P.

2™ case. F is C': Although § is C', the fact that P is C' (by hypo-
thesis) implies that the leaves of & are C2. Indeed, let Q be a plaque of
§ contained in a coordinate chart of M, x: U — R". Then x(Q) is a
submanifold of R” = R* x R"*, which we can assume is the graph of
a function ¢ : D¥ ¢ R¥ — RR""". In this way Q is mapped by x onto the
submanifold x (Q) defined by the equation y = ¥ (x), x € D* and P|Qis
mapped onto the k-plane field P along x(Q) defined by P(x,y¥(x)) =
= {(u,Dy(x) - u) | u € R*}. However P is C!, so Dy is C', as is easy
to see, therefore y and Q are C2. Since Q is C?, given p € Q, there exists
a C? diffeomorphism ¢: U’ — R" = R* x R" %, p ¢ U, such that
¢(U'N Q) = R*¥ x {0). We can now apply the same argument as in the
first case.

Remark. The argument in this theorem proves that if P is a C” involutive
plane field on M then the leaves of the foliation associated to P are of class
C™!, although & is in general C’.

Examples.

(1) Every 1-plane field is completely integrable.

(2) Define a 2-plane field P on R?, setting P(x,,X,,X;) = the plane
generated by (1,0,0) and (0,e ™,e™). Then P has no integral
surfaces. Indeed, if X'(x;,%,%) = (1,0,0) and X2(x,,%,X;) =
= (0,e”™,e") € P(x,,%,%;) then [X',X?] (x,,%,,%;) = (0,—e ™1,e")
¢ P(x;,X,,X;). Therefore P is not involutive at any point (x;,X,,X;) € R®.

§3. Plane fields defined by differential forms

In this section we will see a version of Frobenius’ theorem in terms of dif-
ferential forms. We assume here that the reader has some basic knowledge
of the theory of differential forms, such as the exterior product, exterior
derivative, co-induced forms, etc. For more details about the subject we refer
the reader to [52].
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Let o' ,..., w* be C"(r = 0) 1-forms defined and linearly independent on
an open set U C M". For each g € U define
P(q) = {veT,(M)|w,(v) =...= wj(v) =0} .

Since w; yeees wz are linearly independent elements of the dual (T, M)*, it is
clear that P(q) is a subspace of codimension k of 7, M. We claim that the k-
plane field g = P(gq) is C". Indeed, givenp € U, let x : ¥ — IR" be a local

chart with p € V C U, where x(q) = (x,(¢q) ,..., x,(q)), x;: V — R
for j =1 ,..., n. Consider also for each j € {1 ,..., n} the C* 1 form dx;.
Then {dx, (p) ,..., dx,(p)} is a basis of (7;,M)" so it is possible to deter-
mine indices i, ,..., i,_, such that {w,, yeers w X, (P) dx,» (P} isa
basis of (T,M)*, this because w b oseees w¥ p are lmearly mdependent Set,
for convenience, dx = @k*! yeens dx,- = w” so that [w yeens wp} is a

basis of (T,M)*. By continuity there exists a neighborhood W of p with
W C V, such that [wp sees Wg) is @ basis of (7, M)* for every g € W. Con-
sider now ‘vector fields X' ,..., X" defined on W, such that for every
q € W the set {X'(q) ,..., X"(q)} is the dual basis to {w, ,..., wj} that is,
wh(X7(q)) = 8; (8; = 0if i # jand §; = 1). It is easy to see now that the
vector fields X! ,..., X" are C” and further that P(q) is generated by the vectors
X**1(q),..., X"(q), g € W. Conversely, given a C" plane field P of codimen-
sion k defined on U C M, it is possible to locally define P as the kernel of &
C’ 1-forms. Indeed, given p € U, consider n — k C” vector fields X**' ..., X"
such that P(q) is the subspace of T, M generated by X*Y(q),..., X" (q) for
every g € V C U. By a similar argument to that made in the case of forms,
it is possible to define kK C* vector fields X' ,..., X* on V such that X' ,..., X"
are linearly independent on a neighborhood W with p € W C V. It suffices now
to consider the dual basis {w' ,..., »"} which consists of C” forms. We have
then

P(q) =(ve T,M|w)(v) =...= wh(v) =0} .

We sum up what was done above in the following:

Proposition 4. A C'(r = 0) codimensiton k plane field can be defined
locally as the kernel of k C" linearly independent 1-forms. Conversely
if o' ..., 0" are C” linearly independent 1-forms then P(q) = {v € T,M |
w},(v) =..= w',;(v) = 0} define a C" codimension k plane field.

Proposition 4 assures that there must be a version of Frobenius’ theorem in
terms of differential forms. Indeed, this version is given by the following result.

Theorem 2. Let Pbe a C'(r = 1) codimension k plane field defined on an
open set U C M by k linearly independent C” 1-forms ' ,..., w*. Then P is
completely integrable if and only if for every j € {1 ,..., k} we have
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(»); do’ ANw' AN =0

Proof. Suppose that the equalities (*); are true. It suffices to prove that P
is involutive. For this we will need two lemmas.

Lemma 2. Let 1 be a 2-form on U such that n A o' A...A 0¥ = 0. Givenp € U
there exist a neighborhood V of p with V C U and k 1-forms «, ,..., o, such
that 1 = oy A @' +...+ o, A o,

Proof. Since w' ,..., w* are linearly independent, it is possible to define
n — k C* 1-forms w**! ..., w" and a neighborhood V of p with V C U, such
that for every g € V, {wq yeees wq} isa basis of (T,M)*, We can write g =

=E,<Jaw Aol Smcen/\w A...A @* = 0 one sees that

Y gjo'n’ Ae' ALAG* =0, or, a; =0 if k<i<.
i<j
SOn=E,-5ka,-jw'/\w’=E,=,a,-Aw' where o; = —Ej>iaijw’. ]

i<j

Lemma 3. Let w be a C"(r = 1) I-form and X and Y two C' vector fields
defined on an open set U C R". Then

do(X,Y) =d(w(X)) - Y —d(«(Y)) - X + o([X,Y]).

We denote the function g — w (X (q)) by w(X).

Proof. Suppose w = ), _, a;dx; where a;: U — R is of class C’ for
i =1,..,nand {dx, ,..., dx,} is the dual basis of the canonical basis {e, ,..., e,}.
Also set X = Y, _, be;and Y = Y 7. cie,. We have then that

n

() w(X) =) ab, w(Y) = Z a;c; and
i=1 i

w([X,Y)) = E Z(b—_—,gfj")=

ac;
"Eai(bja_xj_ ’ax Ly,

iJj

. da; da;
(i) do = )3 ;o a;dx; A dx;, a; = o a—xjsodw(X Y) = Y.

a; (bic; — bic;). !
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By (i) we have that

do(X) - Y = Zi(a)"c&-cj= Zc‘,(a-%+ b-%)
ij

dx; g oy,
and
d(a;c;) ac; da;
do(Y) - X = ETb,: Ebj(a,-a+c,-a—x‘_) )
ij J ij J J
So

(i) dw(X) - ¥ — dw(Y) - X = Ea(c——b.ﬁ)+
X, )

+ ’zj: 6—xj (bic; — bjc;) .
Summing the expression for o([X, Y]) from (i) with (iii), we obtain
do(X) - Y - dw(Y) - X + o(X,Y]) = Y ;L; (bic; — bc;) .
ij

Thus,

da; da;
Eax bc)—E (—_j)(b,-cj—bjc,-)=dw(X,Y).I

i<j

Suppose then that X and Y are two C' vector fields tangent to P. Since
dw’ A w' A...A w* = 0, from Lemma 2 we obtain

and therefore
k
do’(X,Y) = E ((X)w'(Y) - al(Y)e'(X)) =0
i=1
since for every i = 1 ,..., k we have w (X) =w “(Y) = 0.On the other hand
from Lemma 3, we obtam

0 =dw(X,Y) = d(uo' (X)) - Y - d(o’(Y)) - X + o/([X, Y) .

Since w’/(X) = w/(Y) = 0, one sees that W/ ([X,Y]) = 0 for every j =
=1,.,k, ie, [X,Y]is tangent to P.
We leave the converse to the reader. W



Exercises

Chapter I

1.

Let f: M — N be a submersion, where N is connected.
(a) Prove that if 4 is an open subset of M then f(A) is open in N.
(b) Prove that if M is compact then N is also.

Let « : [a,b] — M be a continuous simple (i.e., injective) curve. Suppose
that d is a metric on M. Prove that, given ¢ > 0, there exists a cover of
a([a, b)), by domains of local charts U, ,..., U, such that, if U; N U; # &,
thenj € {i — 1,i,i + 1} and the diameter of U, in the metric d is less than
eforalliefl,..., k}.

Let M be a connected manifold. Prove that, given p,q € M, there exists
a simple C” curve « : [0,1] — M such that «(0) = p, (1) = g and
(da)(t)/dt # 0 for every ¢ € [0,1].

Let M be a connected 1-dimensional manifold. Prove that M is diffeomor-
phic to R or to S'.
Hint. Use Exercise 3.

Let ¢ , ) be a Riemannian metricon M. If f: M — RisaC'(r=1)

function, one defines the gradient of f in the metric ( , ) as the unique

vector field v f such that df,(u) = <V f(p),u),, for any p € M and

ueT,M.

(a) Prove that vfis well-defined and is of class C"'.

(b) Prove that p € Mis a singularity of v fif and only if it is a critical point
of f.

(c) Prove that v fis normal to the level surfaces of f and therefore has
no periodic orbits.
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Chapter 11

6.

10.

11.

12.

13.

14.

Let F be a foliation on M and F a leaf of ¥. Consider on F the intrinsic
manifold structure. Prove that F has a countable basis.

Hint. Show that F meets a foliation box of F in a countable number of
plaques.

Let § be the Reeb foliation of D? x S'and N an n-dimensional manifold.
Prove that if f: D?> x §! — N is continuous and constant on each leaf
of & then f is constant.

Let S° = {(z,,2,) €C? | |z,|> + |z2|/> = 1}. Prove that the map = : §°
— 57 defined by

T(zl»zz) = (|Z1|2 - |Zz|2, 2Re(z122)y Zlm(zlfz)) »

is a submersion and that = "' (p) = S' for all p € S2. Show that there
does not exist a submersion f: S> — R2.

Let f: M — Nbea C'(r = 1) submersion and § the foliation on M
given by level surfaces of f. Prove that if N is orientable then & is
transversely orientable.

Let § be a transversely orientable foliation on Nand f: M — N a map
transverse to F. Prove that f* (F) is transversely orientable.

Let § and G be two C” foliations on M. Suppose that for every p € M one
has T,M = T,§ + T,G. Prove that there exists a foliation 3C on M, of
class C', such that if F and G are leaves of § and G respectively, then
the connected components of F N G are leaves of 3C. Show that dim (3C) =
= dim(F) + dim(G) — dim M.

Let M be a compact manifold of dimension n. Prove that if there exists
a foliation of codimension one on M then the Euler characteristic of M is
zero.

Hint. If there exists a continuous nonsingular vector field on M then the
Euler characteristic of M is zero [26].

Leta € R — Q.

(a) Prove that the set {m + no | m,n € Z} is dense in R.

(b) Define £, : S' — S'by f,(z) = e*™* - z. Prove that for every z € §'
the orbit of z by f,, O(z) = (f"(z) | n € Z} is dense in S'.

(c) Let X be the vector field obtained by the suspension of f, to a com-
pact manifold M 2 (see note 1 of Chapter II). Prove that M 2 is dif-
feomorphic to 72 and that all the orbits of X are dense.

Let P be a C” k-plane field and < , ) a (C*) Riemannian metric on M.
Define P* by P* (q) = tv € T,M|u,v), = 0 for every u € P(q)}.



15.

16.
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(a) Prove P* is of class C”.

() IfA,: T,M — P* (q) is the orthogonal projection on P* (¢) and X
is a C°(s = r) vector field, prove that the vector field Y, defined by
Y(q) = A,(X(q)) is of class C°.

Let ~ be the equivalence relation on €"*' — {0} defined by z ~ w if and
only if there exists N € € — {0} such that z = Aw. Let CP(n) be the
quotient space of €C"*' — {0} by ~. Denote by [z] the equivalence class
of zeC" — {0}.

(a) Let U; = {[z ;... 2,411 €CP(n) |z; #0}, 1 <=i<n+ 1, and ¢;:
U; — C" defined by @;[2) »..s Zos1] = 27 (21 seees Zio13Zin 1 2eees Zns1) -
Prove that @ = {((U,¢;) |i = 1,..., n + 1} is a (holomorphic) atlas
for CP(n).

(b) Let F be the foliation of §*"~! defined by the Hopf fibration. If M is
the quotient space of $2"~! by the equivalence relation which identifies
the points which are in the same leaf of &, prove that M is homeomor-
phic to CP(n — 1).

Let f: R — Rbe of class C"(r = 2) and G C R? the graph of f. For

each p € G, let ¢, be the normal line to G at p with p € ¢,,.

(a) Prove that there exists an open neighborhood U of G such that, if F,
is the connected segment of £, N U that contains p, then F, N F,. #
# & implies that p = p’.

(b) Prove that the segments F,, p € G, are the leaves of a C" ! foliation
on U.

(¢) Prove that if f is not C"*' then ¥ is not C".

(d) Give an example of a foliation on R?, of class C”, but not C"*', whose
leaves are C”.

Chapter 111

17.
18.

19.

Prove that all the leaves of the Reeb foliation of S* are imbedded.

Let f: R> — R be defined by f(x,y) = (1 — x*)e”. Prove that f is
a submersion. Let & be the foliation of R? given by level surfaces of f
and 7 : R*> — IR?/F the projection onto the leaf space of ¥. Prove that
w is not closed.

Let § bea C"(r = 1) 1-dimensional foliation on R* and = : R? — R*/§

be the projection onto the leaf space of &.

(a) Prove that all the leaves of § are closed, but that & has no compact
leaves.

(b) Prove that IR?/% has a C” 1-dimensional manifold structure (in general
non-Hausdorff). Show that = is a C” submersion.

(¢) Prove that IR?/§ is simply connected.
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20.

21.

Hint. Prove that if o : [0,1] — IR?/F is a closed curve then there

exists a closed curve & : [0,1] — R?such that o = 7 o &.

(d) Give an example of a foliation § on IR? such that R%/F has three
points which are pairwise nonseparable. We say that p and g are
nonseparable if, given arbitrary neighborhoods U and V of p and g then
UNVs#a.

Given an example of a foliation & of codimension 1 on T? which has every

leaf dense (73 = S! x S' x §'). Using the method of turbilization (note

4 of Chapter II) modify F, obtaining a foliation &’ on T* with the follow-

ing properties:

(a) There exists a solid torus D?> x S'imbedded in 7 such that D? x S!
is saturated by ¥’ and §'/D? x S'is the Reeb foliation.

(b) All the leaves of §’ are dense in T° — (D? x S').

Let § be a 1-dimensional C' foliation on 7. Prove that § has at most
one exceptional minimal set.

Hint. Suppose that p is an exceptional minimal set of ¥. Show that there
exists a circle C imbedded in T2, such that C is transverse to F,CNpu#
# @and C N p’ = O for every minimal set p’ suchthatp’ N p = @
(see Prop. 4 of Chapter VII). Using the fact that 7> — C = R x S'and
the Poincaré-Bendixson theorem [34], prove that F has no exceptional
minimal sets in 72 — C.

Chapter IV

22.

23.

24,

25.

Show with an example that the global stability theorem is not true in
R’ - (0).

Let § be a transversely orientable, C" (r = 1) foliation, F a leaf of § and
f:L’C L — I an element of holonomy of F. Prove that Df(p) : T,Z
— T,X preserves the orientation of T, I, that is, takes a basis of T, to
another basis with the same orientation.

Let § be a C! codimension-one foliation on M. If F is a nonclosed leaf of
&, prove that, given p € F, there exists a closed curve transverse to &
passing through p.

Hint. Use Lemma 3.

Let f: M — NbeaC’'(r=1) submersion and F the foliation on M
given by level surfaces of f. Suppose M and N are connected. Let F
C f7'(g) be a leaf of &.

(a) Prove that, given p € F, there exists a neighborhood V of g and a section
L transverse to F through p, such that f|Z:L — Vis a C’
diffeomorphism.

(b) Show that the holonomy of F is trivial.

(c) Suppose that F is a compact leaf of §. Let # : ¥ — Fbe a C” tubular



26.

27.

28.
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neighborhood of F. Show that there exists a neighborhood U C ¥ of
F, saturated by § and such that the intersection of each leaf of § | U
with a fiber 7 ' (g) N U contains only one point.

(d) With the notation of (c), define h : U — F x f(U) in the following
way: h(p) = (w(p),f(p)). Prove that h is a C" diffeomorphism
which takes the leaves of F contained in U to the sets F x {y},
y e f(U).

(e) If all the leaves of § are compact, prove that they are diffeomorphic
to F.

(a) Let f: R — R be a C! diffeomorphism. Suppose that there exists
0 < A < 1 such that f(\x) = M (x) for every x € R. Prove that f
is linear.

(b) Let § bea C"(r = 1) codimension-one foliation on 72 x R such that
F=T?x {0} is a leaf of . Fix a section L = {p} X (—¢,¢)
transverse to § which we identify to ( —e,e). Suppose that one of the
elements of the holonomy of F, g : L — I, is given by g(x) = \x
where 0 < A < 1. Prove that all the elements of holonomy of F are
linear.

(c) If F is as in (b), describe F | V where V is a neighborhood of F.

Let w; ,..., w; be linearly independent, C"(r = 1) closed 1-forms

defined on M. Let P be the codimension & plane field defined by P(q) =

=weT,M|w(qg) -v=0,i=1,..,k}.

(a) Prove that there exists a unique C’ foliation on M such that T, =
= P(q) for every g € M. Show that F is transversely orientable.

(b) Prove that the holonomy of any leaf of F is trivial.

Let f: M — RbeaC’(r = 1) submersion and § the foliation on M
given by level surfaces of f. Suppose that M is connected and that all the
leaves of F are compact.

(a) Show that there does not exist a closed curve transverse to F.

(b) Let F be a leaf of &F. Prove that there exists a C” diffeomorphism
h: F x R — M such that h* (§) is the foliation whose leaves are of
the form F x {¢}, t € R.

Hint. For the construction of 4 use the trajectories of a vector field

transverse to &.

29. Let M"(n = 3) be a compact connected manifold with boundary (see

[89)) 0M = U _|F, where k = 1 and F, is simply connected. Suppose
that & isa C"(r = 1) transversely orientable codimension 1 foliation on
M such that F, ,..., F, are leaves of &.

(a) Prove that k = 2.

(b) Prove that there exists a C” diffeomorphism 4 : F, x [0,1] — M
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30.

such that A* (F) is the foliation whose leaves are F, x {t}, t € [0,1].
(c) Give an example of a codimension 1 foliation §F defined on a compact
manifold M* with boundary dM = S? and such that dM is a leaf of &.

Let & be a C” transversely orientable codimension-one foliation defined
on a connected manifold of dimension » = 2. Suppose that all the leaves
of § are compact.

(a) Show that any two leaves of § are diffeomorphic.

(b) Suppose that M is compact. Prove that there exists a submersion
f: M — S'such that the leaves of § are the level surfaces ' (9),
6esS'.

(c) Prove that there does not exist a foliation of codimension 1 on R? such
that all its leaves are compact.

Chapter V

31.

32.

33.

34.

3s.

36.

Let § be a C"(r = 1) foliation transverse to the fibers of the fibration
(E,w,B,F). Prove that any element of holonomy of § is C".

Let (E,n,B,F) and (E’,«r’,B,F) be two fibered spaces where B and F
are connected. Let § and &’ be C"(r = 1) foliations transverse to the
fibers of E and E’ respectively. Let H : E ~— E’ be a continuous one-to-
one map which takes fibers of E to fibers of E’ and leaves of F to leaves
of § . Prove that H is a homeomorphism and that there exists a homeomor-
phism 4 : B — B such that 7’ « H = h - 7. Suppose now that 4 and
the restriction of H to some fiber F, of E are C” diffeomorphisms. Prove
that H is a C" diffeomorphism.

Let f: M — Nbe a submersion where M is compact and connected. Let

p € N be fixed.

(a) Prove that (M, f,N, f~'(p)) is a fibered space.

(b) Show by an example that (a) is not true if M is not compact, N being
compact or not.

Let (E,w,B, F) be a fibered space where E is connected and F compact.
Suppose § is a foliation on E such that for every p € E one has T,E =
=T1,5 + T,(F,) where F, = x"(x(p)). Prove that if L is a leaf of
§ then L cuts all the fibers of E.

Let f: S* — S? be a submersion. Prove that there does not exist a folia-
tion & of codimension 1 on S* whose leaves are transverse to the fibers
f~Y(p), p € §%. Conclude that there does not exist a fibered space struc-
ture with discrete structure group, whose total space is S* and base is 2.

Let E be a fibered space with base S' and compact fiber. Prove that E is
equivalent to a fibration with discrete structure group.

Hint. Prove that there exists a vector field on E transverse to the fibers.



37.

38.

39.
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Let (E,n,B,F)and (E',n’,B’',F’)be two fibered spaces and F and F ’
C’ foliations transverse to the fibers of E and E’, with holonomies ¢ and
¢’ respectively. We say that ¢ and ¢’ are C'-conjugate at b, and
b if there exist C” diffeomorphisms #: B — B’ and f: 7 '(b,)
— (7’) "' (bg) such that 4 (b,) = bgand for every [«] € =, (B, b,) one
has that f° ¢ ([a]) = ¢’ ([h ° «]) » f. Prove that, if ¢ and ¢’ are C’-
conjugate, then there exists a diffeomorphism H : E — E’ taking leaves
of F toleaves of F’ withxw’ « H = h o 7.

Let (E,w,B,F) be a fibered space, § a C’ foliation transverse to the
fibers of E and ¢ the holonomy of F. Let F (¢) be the suspension of ¢
to E(¢). Prove that the holonomy of F (¢) is ¢.

Let § be a C? transversely orientable foliation. Let F be a compact leaf
of . Prove that F has a tubular neighborhood diffeomorphic to a product.
Hint. Prove that the normal fibration of F is diffeomorphic to a product.

Chapter VI

40.

41.

42.

43.

44.

45.

Show that there does not exist a foliation of codimension one on S whose
leaves are all homeomorphic to IR?.

Let § be an analytic, codimension-one, transversely orientable foliation
on M". Let F be a leaf of §. Suppose that y : S' — M is homotopic to
a constant and that 4 (S') C F. Show that the holonomy of v is trivial.
Hint. If the holonomy of v is not trivial, construct a curve 5 : ' — M
transverse to § and homotopic to v.

Let F be an analytic foliation of codimension one defined on a simply con-

nected manifold.

(a) Let v : R — M be a curve transverse to §. If F is a leaf of § such
thaty (R) N F # & prove thaty (R) N F contains exactly one point.

(b) Prove that all the leaves of § are closed.

(c) If y(IR) cuts all the leaves of F prove there exists a submersion
f: M — Rsuch that § is the foliation whose leaves are the level sur-
faces of f.

Show that an analytic foliation of codimension one on R” (n = 2) has no
compact leaf.

Let § and G be two analytic foliations defined on a connected manifold
M. Suppose there exists an open set U C Msuchthat § | U = G | U. Prove
that § = G.

Hint. Use the fact that two analytic functions which coincide on an open
set are equal on the intersection of their domains.

Let § be the foliation by parallel planes in R?> and f: R® — {0} — S?
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x IR defined by f(x) = (|x]|™" - x, log|x]). Set * = (f~")* (F | R®

- {o}.

(a) Prove that * is invariant by translations of §> x R of the type (g,?)
= (y,t + 1), I, fixed.

(b) Prove that & * induces an analytic foliation on §? x S' which has one
leaf F diffeomorphic to 72 and two Reeb components, R, and R,, such
that dR, = R, = F.

(c) Generalize the above procedure, obtaining an analytic foliation of
codimension one on S"~! x §' which has one leaf diffeomorphic
to §"~% x S' and the others diffeomorphic to R"™"'.

Chapter VII

46.

47.

48.

49,

50.

51.

Let M be a compact manifold of dimension 3, without boundary, with finite
fundamental group. If X is a vector field on M, without singularities and
transverse to a C? codimension-one foliation, then X has nonperiodic orbits
and at least one periodic orbit.

Let F be a compact leaf of a C? codimension-one foliation & on
M"(n = 3). Suppose there exists a closed curve vy : S' — F such that
v is homotopic to a constant in M but not in F. Prove that & has a vanishing
cycle.

Give an example of a foliation on S* which has a Reeb component R such
that §* — R is not homeomorphic to a solid torus.

Hint. Consider the Reeb foliation of S* and a closed transverse curve that
is knotted. Turbulize.

Let § be a codimension-one foliation on R®. Prove that

(a) if F has a compact leaf then F has a Reeb component,

(b) if F is a compact leaf of & then F is diffeomorphic to 72.
Hint (for b). Prove that the Euler characteristic of F is zero.

Let § be a codimension-one foliation on D? x S' such that 72 =
= 3(D? x §') is the only compact leaf of ¥ . Show that & is topologic-
ally equivalent to the Reeb foliation of D? x S'.

Hint. Prove that the curve S! x {0} C T?is a vanishing cycle for § and
that the leaves of F, contained in the interior of D? x S!, are diffeomor-
phic to IR

Let 7 : R? — M be a covering. Prove that if M = IR? then there exists
a covering transformation f: R> — IR? which has infinite order (i.e.,
ff=id=k=0).

Hint. Let abea sirpple closed curve in M not homotopic to a constant.
Let f be the transformation relative to [«]. If f¥ = id then [a]* = 1 so,
if & is a lift of «* = o u.... & (k times) then & is a simple closed curve in
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IR2. Let A be the region of IR? bounded by &. Then f(A) = A so by
Brouwer'’s fixed point theorem ([35]), f has a fixed point in A. Conclude
that f = id.

Chapter VIII

52. On R" consider the additive group structure. Let G C IR" be a closed

53.

54.

subgroup.

(a) Suppose G is not discrete. Show that G contains a subgroup of dimen-
sion 1.

(b) Givenv € G — {0},let L = R - v, the subspace generated by v. If H
is a subspace of dimension » — 1 complementary to L, prove that G
is isomorphicto (HN G) ® L,if LC G,or (HN G) @ Z - v, if
L¢gG.

(c) Using (a) and (b), prove by induction on n that G is isomorphic to
R* x Z'where 0 < k + ¢ < n.

Let ¢ be a C? action of R? on R>.

(a) Prove that all the orbits of ¢ are closed subsets of R? homeomorphic
to R2.

(b) Suppose there exists a curve y : R — IR? which cuts all the orbits of
¢ transversely. Prove that ¢ is conjugate to the product action
v (s,t,(x,9,2)) = (x + s,y + t,z). We say that ¢ and ¢ are conjugate
if there exists 4 : R® — R’ such that h o o (4, p) = ¢ (u,h(p)) for
any (u,p) € R? x R>.

(¢) Give an example of an action of R? on R® which is not conjugate to
the product action .

Hint. Prove that a curve transverse to the orbits of ¢ cuts each orbit in

at most one point. In (b) define #: R*> x R — R>® by h(u,t) =

= ¢(u,v(t)).Prove that 4 is a diffeomorphism and conjugates ¢ with y.

Actions of IR? linearly induced on S”. Let 4 and B be commuting (n + 1)
X (n + 1) matrices. Define ¢ : R> x R"*! — R"*! by

p(s,t;p) = exp(sA + tB) - p .

(a) Prove that ¢ is an action of R? on R"*",
(b) Define  : R?> x §" — S" by

o(s,t;p) sn

e(s,t;p) = 2277 | pe
le(s.t;p)|

Show that @ defines an action of R? on S”.
(c) Prove that a necessary and sufficient condition for all the orbits of &
to have dimension =< 1 is that 4, B and I be linearly dependent, where
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55.

56.

57.

Iis the (n + 1) x (n + 1) identity matrix.

(d) Suppose that 4, B and I are linearly independent and that the eigen-
values of 4 and B are pairwise distinct. For n = 2 and 3 describe the
orbits of @ in terms of the Jordan canonical forms of 4 and B.

Let X and Y be C!' vector fields on S? such that [X, Y] = 0. Prove that
there exists p € S? such that X(p) = Y(p) = 0.

Hint. If Y,is the flow of Yand X(p) = 0, prove that X(Y,(p)) = 0,
for every ¢ € R. Next show that the o and w-limit sets of p for Y consist
of singularities of X. Now use the Poincaré-Bendixson Theorem.

Let f: S8 — S?be a diffeomorphism and X a vector field on S2. Suppose
that f*(X) = X .

(a) Prove that f o X, = X, o ffor every ¢ € R, where X, is the flow of X.
(b) Show that there exists p € §? that is simultaneously a periodic point

of f and a singularity of X.

Hint. Every diffeomorphism of S? has a periodic point. If f is a dif-
feomorphism of R? without periodic points, then the w-limit set of any
point is empty (Brouwer).

Prove that the rank of the following manifolds is one: 3, §? x S',
P2 x S'and §* x R.
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Holonomy group, 65

map, 63

__ of aleaf, 62

of a foliation on a fiber bundle, 93
Hopf fibration, 43

Imbedding, 14

Immersion, 14

Integral curve, 28, 175
Intrinsic structure of a leaf, 31
Invariant set, 48
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Involutive plane fields, 36, 182
Isotropy group, 29, 159

Kamke’s theorem, 54
Kaplan’s theorem, 54
Kueser, 55

Leaf, 23

Lie bracket, 178

group, 28
_____subgroup, 28

Lima’s theorem, 165

Line field, 35

Local action, 181

chart, 7
diffeomorphism, 6
equivalence, 67

____ flow, 28

__ form of immersions, 15
__ form of submersions, 16
stability theorem, 70
Locally dense leaves, 50

___ free action, 29, 161

Maximal atlas, 7
interval of definition, 177
Minimal sets of actions, 169
of diffeomorphisms, 55
__ of foliations, 52,55
Morse function, 119
lemma, 119
theorem, 120

Non Hausdorff manifold, 11

Non orientable Reeb foliation, 26

Non orientable surfaces, 10

Normal bundle, 89

extension of vanishing cycle, 136
Novikov’s theorem, 131, 153

Orbit of a point, 29, 159
Orientable double coverings, 37
__ foliations, 40
_____k-plane fields, 36

Painlevé, 107
Palmeira’s theorem, 113
Partitions of unity, 18
Plane fields, 35
Plaques, 23

Poincaré, 55

Poincaré-Bendixson theorem for R?
actions, 168

Poincaré map, 42

Positive vanishing cycles, 136

Projective spaces, 8, 43

Rank of manifold, 165

theorem, 163

Reeb’s center theorem, 84,85
______component, 149

___ foliation, 25,66

stability theorems, 70, 72
Regular point, 17

___value, 17

Ricatti’s equation, 106
Riemannian metric, 19

Sacksteder’s example, 103

___ theorems, 81,109

Saddle connection, 117
self-connection, 117
Sard’s theorem, 17

Saturated set, 48

Saturation of a set, 47

Section of a fiber bundle, 89
Simple vanishing cycle, 138
Singularity of a function, 118
—___of an integrable form, 82
Space of leaves, 47
Submanifolds, 16

Submersions, 14

Support of a function, 19
Suspension of diffeomorphisms, 41
____of a representation, 93,95

Tangent bundle, 89

space, 14

Thurston’s stability theorem, 80
Topological equivalent foliations, 55
Total space, 88

Transversality of manifolds, 18
______ of maps and foliations, 33

of maps and manifolds, 17
Transverse section, 48
____uniformity, 49

Transversely orientable foliations, 40
k-plane fields, 39

Tubular neighborhood, 25
Turbulization of a foliation, 44

Uniform topology, 119



Uniqueness of the suspension, 98
Unit tangent bundle, 90

Vanishing cycle, 131,133
Vector bundle, 88
fields, 28

Wasewki’s example, 53,54
theorem, 54
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