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INTRODUCTION

Let g be a simple finite dimensional Lie algebra of type ADE, let g be the cor-
responding (untwisted) affine Lie algebra, and let U,(g) be its quantum enveloping
algebra of Drinfel’d-Jimbo, or the quantum affine algebra for short. In this pa-
per we study finite dimensional representations of U,(g), using geometry of quiver
varieties which were introduced in [29, 44] 45].

There is a large amount of literature on finite dimensional representations of
U,(g); see for example [T} 10, 18, 25| 28] and the references therein. A basic
result relevant to us is due to Chari-Pressley [I1]: irreducible finite dimensional
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146 HIRAKU NAKAJIMA

representations are classified by an n-tuple of polynomials, where n is the rank
of g. This result was announced for Yangian earlier by Drinfel’d [I5]. Hence the
polynomials are called Drinfel’d polynomials. However, not much is known about
the properties of irreducible finite dimensional representations, say their dimensions,
tensor product decomposition, etc.

Quiver varieties are generalizations of moduli spaces of instantons (anti-self-dual
connections) on certain classes of real 4-dimensional hyper-Kéahler manifolds, called
ALE spaces [29]. They can be defined for any finite graph, but we are concerned for
the moment with the Dynkin graph of type ADFE corresponding to g. Motivated by
results of Ringel [47] and Lusztig [33], the author has been studying their properties
[44,[45]. In particular, it was shown that there is a homomorphism

U(g) — Hiop(Z(w),C),

where U(g) is the universal enveloping algebra of g, Z(w) is a certain lagrangian
subvariety of the product of quiver varieties (the quiver variety depends on a choice
of a dominant weight w), and Hiop( ,C) denotes the top degree homology group
with complex coefficients. The multiplication on the right hand side is defined by
the convolution product.

During the study, it became clear that the quiver varieties are analogous to the
cotangent bundle T*B of the flag variety B. The lagrangian subvariety Z(w) is
an analogue of the Steinberg variety Z = T*B x » T*B, where N is the nilpotent
cone and T*B — N is the Springer resolution. The above mentioned result is an
analogue of Ginzburg’s lagrangian construction of the Weyl group W [20]. If we
replace homology group by equivariant K-homology group in the case of T*B, we
get the affine Hecke algebra H, instead of W as was shown by Kazhdan-Lusztig [26]
and Ginzburg [I3]. Thus it became natural to conjecture that an equivariant K-
homology group of the quiver variety gave us the quantum affine algebra U,(g).
After the author wrote [44], many people suggested this conjecture to him, for
example Kashiwara, Ginzburg, Lusztig and Vasserot.

A geometric approach to finite dimensional representations of U,(g) (when g =
sl,,) was given by Ginzburg-Vasserot [21] [68]. They used the cotangent bundle of
the n-step partial flag variety, which is an example of a quiver variety of type A.
Thus their result can be considered as a partial solution to the conjecture.

In [23] Grojnowski constructed the lower-half part U, (g)~ of U,(g) on equivari-
ant K-homology of a certain lagrangian subvariety of the cotangent bundle of a
variety Eq. This Eq was used earlier by Lusztig for the construction of canonical
bases on the lower-half part U,(g)~ of the quantized enveloping algebra Ug(g).
Grojnowski’s construction was motivated in part by Tanisaki’s result [52]: a ho-
momorphism from the finite Hecke algebra to the equivariant K-homology of the
Steinberg variety is defined by assigning to perverse sheaves (or more precisely
Hodge modules) on B their characteristic cycles. In the same way, he considered
characteristic cycles of perverse sheaves on Eq. Thus he obtained a homomorphism
from Ug,(g)~ to K-homology of the lagrangian subvariety. This lagrangian subva-
riety contains a lagrangian subvariety of the quiver variety as an open subvariety.
Thus his construction was a solution to ‘half’ of the conjecture.

Later Grojnowski wrote an ‘advertisement’ of his book on the full conjecture [24].
Unfortunately, details were not explained, and his book is not published yet.

The purpose of this paper is to solve the conjecture affirmatively, and to derive
results whose analogues are known for H,. Recall that Kazhdan-Lusztig [26] gave
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QUIVER VARIETIES AND QUANTUM AFFINE ALGEBRAS 147

a classification of simple modules of H,, using the above mentioned K-theoretic
construction. Our analogue is the Drinfel’d-Chari-Pressley classification. Also
Ginzburg gave a character formula, called a p-adic analogue of the Kazhdan-Lusztig
multiplicity formula [13]. (See the introduction in [I3] for a more detailed account
and historical comments.) We prove a similar formula for U,(g) in this paper.

Let us describe the contents of this paper in more detail. In JIlwe recall a new re-
alization of U, (g), called Drinfel’d realization [15]. It is more suitable than the orig-
inal one for our purpose, or rather, we can consider it as a definition of U,(g). We
also introduce the quantum loop algebra U, (Lg), which is a subquotient of Uy(g),
i.e., the quantum affine algebra without central extension and the degree opera-
tor. Since the central extension acts trivially on finite dimensional representations,
we study U,(Lg) rather than U,(g). Introducing a certain Z[q, ¢~ ']-subalgebra
UZ(Lg) of Uy(Lg), we define a specialization U.(Lg) of U,(Lg) at ¢ = . This
Ug(Lg) was originally introduced by Chari-Pressley [12] for the study of finite di-
mensional representations of U.(Lg) when ¢ is a root of unity. Then we recall
basic results on finite dimensional representations of U, (Lg). We introduce several
concepts, such as [-weights, I-dominant, [-highest weight modules, [-fundamental
representation, etc. These are analogues of the same concepts without [ for U.(g)-
modules. ‘I’ stands for the loop. In the literature, some of these concepts were used
without ‘I’.

In 2l we introduce two types of quiver varieties, M(w), Mo (0o, w) (both depend
on a choice of a dominant weight w = > wyAy). They are analogues of T*B and
the nilpotent cone AN respectively, and have the following properties:

(1) 9M(w) is a nonsingular quasi-projective variety, having many components of
various dimensions.

(2) Mo(co, w) is an affine algebraic variety, not necessarily irreducible.

(3) Both 9(w) and My (0o, w) have a Gy x C*-action, where Gy = [ GLy, (C).

(4) There is a Gy, x C*-equivariant projective morphism 7: 9(w) — (o0, w).

In J31-§8]we prepare some results on quiver varieties and K-theory which we use
in later sections.

In §9-§11] we consider an analogue of the Steinberg variety Z(w) = 9(w)
Xy (00,w)D(W) and its equivariant K-homology Kw*C" (Z(w)). We construct
an algebra homomorphism

Uy (Lg) — K (Z(w)) ®z1g,4-1] Qq)-

We first define images of generators in §9, and check the defining relations in §I0
and §I1l Unlike the case of the affine Hecke algebra, where H, is isomorphic to
K&*®(Z) (Z = the Steinberg variety), this homomorphism is not an isomorphism,
neither injective nor surjective.

In §12 we show that the above homomorphism induces a homomorphism

U%(Lg) — K% (Z(w))/torsion.

(It is natural to expect that U?(Lg) is an integral form of U,(Lg) and that
KGw*C (Z(w)) is torsion-free, but we do not have the proofs.)

In §T3] we introduce a standard module M, .. It depends on the choice of a
point & € My(oco, w) and a semisimple element a = (s,e) € Gy x C* such that
x is fixed by a. The parameter ¢ corresponds to the specialization ¢ = &, while
s corresponds to Drinfel’d polynomials. In this paper, we assume ¢ is not a root
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148 HIRAKU NAKAJIMA

of unity, although most of our results hold even in that case (see Remark [Z:3.9)).
Let A be the Zariski closure of a”. We define M, , as the specialized equivariant
K-homology K*(M(w),) @ p(a)Ca, where M(w), is a fiber of M(w) — My (oo, w)
at x, and C, is an R(A)-algebra structure on C determined by a. By the convo-
lution product, M, , has a K4(Z(w)) ®pg(a) Cq-module structure. Thus it has a
U, (Lg)-module structure by the above homomorphism. By the localization theo-
rem of equivariant K-homology due to Thomason [55], M, , is isomorphic to the
complexified (non-equivariant) K-homology K (9M(w)4) ® C of the fixed point set
IM(w)2. Moreover, it is isomorphic to H,(9(w)2,C) via the Chern character
homomorphism thanks to a result in §71 We also show that M, , is a finite dimen-
sional [-highest weight module. As a usual argument for Verma modules, M, , has
the unique (nonzero) simple quotient. The author conjectures that M, , is a tensor
product of /-fundamental representations in some order. This is proved when the
parameter is generic in JT4.1]

In §I4] we show that the standard modules M, , and M, , are isomorphic if
and only if z and y are contained in the same stratum. Here the fixed point set
Mo (0o, w)? has a stratification My (oo, w)4 = LI, M5®(p) defined in §d. Further-
more, we show that the index set {p} of the stratum coincides with the set P = { P}
of [-dominant [-weights of My 4, the standard module corresponding to the central
fiber 771(0). Let us denote by pp the index corresponding to P. Thus we may
denote M, , and its unique simple quotient by M (P) and L(P) respectively if x
is contained in the stratum 9, ®(pp) corresponding to an I-dominant I-weight P.
We prove the multiplicity formula

[M(P) : L(Q)] = dim H* (i, IC(MG™(pq)))
where x is a point in M2 (pp), ix: {} — Mo(co,w)? is the inclusion, and
IC(M™®(pg)) is the intersection cohomology complex attached to 9 (pg) and
the constant local system Coprez ().
Our result is simpler than the case of the affine Hecke algebra: nonconstant local
systems never appear. This phenomenon corresponds to an algebraic result that

all modules are [-highest weight. It compensates for the difference of Ug (Lg) and
K&wxC"(Z(w)) during the proof of the multiplicity formula.

If g is of type A, then My(oco, w)? coincides with a product of varieties Eq
studied by Lusztig [33], where the underlying graph is of type A. In particular, the
Poincaré polynomial of H*(i',IC(9;®(pg))) is a Kazhdan-Lusztig polynomial for
a Weyl group of type A. We should have a combinatorial algorithm to compute
Poincaré polynomials of H* (i, IC(9M5®(pg))) for general g.

Once we know dim H* (i, IC(9M;(pg))), information about L(P) can be de-
duced from information about M (P), which is easier to study. For example, con-
sider the following problems:

(1) Compute Frenkel-Reshetikhin’s ¢g-characters [18].
(2) Decompose restrictions of finite dimensional U.(Lg)-modules to U.(g)-
modules (see [28§]).

These problems for M (P) are easier than those for L(P), and we have the fol-
lowing answers.

Frenkel-Reshetikhin’s g-characters are generating functions of dimensions of [-
weight spaces (see §13.5)). In §I35 we show that these dimensions are Euler numbers
of connected components of M (w)# for standard modules Mpy,,. As an application,
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we prove a conjecture in [I8] for g of type ADE (Proposition [3:5.2)). These Euler
numbers should be computable.

Let Res M (P) be the restriction of M(P) to a U.(g)-module. In §I5l we show
the multiplicity formula

[Res M(P) : L(w — v)] = dim H* (i}, IC(IM 8 (v, w))),

where v is a weight such that w — v is dominant, L(w — v) is the corresponding
irreducible finite dimensional module (these are concepts for usual g without ‘I’),
x is a point in M E(pp), iy: {x} — Mo(oo, w) is the inclusion, M & (v, w) is a
stratum of M (oo, w), and IC(IM# (v, w)) is the intersection cohomology complex
attached to 9™ (v, w) and the constant local system Copres (v, -

If g is of type A, then the stratum 90, (v,w) coincides with a nilpotent or-
bit cut out by Slodowy’s transversal slice [44, 8.4]. The Poincaré polynomials of
H* (i, IC(OM;8 (v, w))) were calculated by Lusztig [30] and coincide with Kostka
polynomials. This result is compatible with the conjecture that M (P) is a tensor
product of I-fundamental representations, for the restriction of an I-fundamental
representation is simple for type A, and Kostka polynomials give tensor product
decompositions. We should have a combinatorial algorithm to compute Poincaré
polynomials of H* (i, IC (98 (v, w))) for general g.

We give two examples where (v, w) can be described explicitly.

Consider the case that w is a fundamental weight of type A, or more generally a
fundamental weight such that the label of the corresponding vertex of the Dynkin
diagram is 1. Then it is easy to see that the corresponding quiver variety 9t (oo, w)
consists of a single point 0. Thus Res M (P) remains irreducible in this case.

If w is the highest weight of the adjoint representation, the corresponding
Mo(o00, w) is a simple singularity C2/T", where I is a finite subgroup of SLa(C) of
the type corresponding to g. Then 9y (co, w) has two strata {0} and (C?\ {0})/T.
The intersection cohomology complexes are constant sheaves. Hence we have

Res M(P) = L(w) & L(0).

These two results were shown by Chari-Pressley [9] by a totally different method.

As we mentioned, the quantum affine algebra U,(g) has another realization,
called the Drinfel’d new realization. This Drinfel’d construction can be applied to
any symmetrizable Kac-Moody algebra g, not necessarily a finite dimensional one.
This generalization also fits our result, since quiver varieties can be defined for arbi-
trary finite graphs. If we replace finite dimensional representations by [-integrable
representations, parts of our result can be generalized to a Kac-Moody algebra g, at
least when it is symmetric. For example, we generalize the Drinfel’d-Chari-Pressley
parametrization. A generalization of the multiplicity formula requires further study.

If g is an affine Lie algebra, then U,(g) is the quantum affinization of the affine
Lie algebra. It is called a double loop algebra, or toroidal algebra, and has been
studied by various people; see for example [22], 48, [49] [56] and the references therein.
A first step to a geometric approach to the toroidal algebra using quiver varieties for
the affine Dynkin graph of type A was given by M. Varagnolo and E. Vasserot [57].
In fact, quiver varieties for affine Dynkin graphs are moduli spaces of instantons (or
torsion free sheave) on ALE spaces. Thus these cases are relevant to the original
motivation, i.e., a study of the relation between 4-dimensional gauge theory and
representation theory. In some cases, these quiver varieties coincide with Hilbert
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schemes of points on ALE spaces, for which many results have been obtained (see
[46]). We will return to this in the future.

If we replace equivariant K-homology by equivariant homology, we should get
the Yangian Y (g) instead of Ug(g). This conjecture is motivated again by the
analogy of quiver varieties with T*B. The equivariant homology of T*B gives the
graded Hecke algebra [32], which is an analogue of Y (g) for H,. As an application,
the affirmative solution of the conjecture implies that the representation theory of
U,(9) and that of the Yangian are the same. This has been believed by many
people, but there is no written proof.

While the author was preparing this paper, he was informed that Frenkel-Mukhin
[17] proved the conjecture in [I8] (Proposition [3.5.2) for general g.

Acknowledgement. Part of this work was done while the author enjoyed the hospi-
tality of the Institute for Advanced Study. The author is grateful to G. Lusztig for
his interest and encouragement.

1. QUANTUM AFFINE ALGEBRA

In this section, we give a quick review for the definitions of the quantized uni-
versal enveloping algebra U,(g) of the Kac-Moody algebra g associated with a
symmetrizable generalized Cartan matrix, its affinization U,(g), and the associ-
ated loop algebra U,(Lg). Although the algebras defined via quiver varieties are
automatically symmetric, we treat the nonsymmetric case also for completeness.

1.1. Quantized universal enveloping algebra. Let g be an indeterminate. For
nonnegative integers n > r, define

], %< " —q" ]! %< [nlgln —1]q - [2]g[1]g (n>0),
T og—gt Y 1 (n=0),

Suppose that the following data are given:

1) P : free Z-module (weight lattice),

) P* = Homy(P,Z) with a natural pairing ( , }: P ® P* — Z,
) an index set I of simple roots

) ai € P (k € I) (simple root),

) hi € P* (k € I) (simple coroot),

(6) a symmetric bilinear form (, ) on P.

(1.1.1)

(

(2
(3
(4
(5

These are required to satisfy the following;:

(a) (hg,A) =2(ax, \)/(ag,ar) for k€ T and A € P,
def.

(b) C =" ((hk, )k, is a symmetrizable generalized Cartan matrix, i.e., (hy, ag)
=2, and (hg, ) € Z<o and (hg, o) = 0 <= (hy, o) = 0 for k # 1,
(c) (aw,an) € 27y,
(d) {ak}rer are linearly independent,
(e) there exists Ay € P (k € I) such that (h;, Ay) = di; (fundamental weight).
The quantized universal enveloping algebra Uy(g) of the Kac-Moody algebra is
the Q(q)-algebra generated by ey, fr (k € I), ¢" (h € P*) with relations

(1.1.2) =1, ¢"¢" =",
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(1.1.3) ¢"erg " =" e, g fra" =g gy,
(ak,ap)hi/2 _ q_((yk,ak)hk/Q
(1.1.4) exfi — fiexk = Onl — :
qk — qg
’ b ’ b
1s) Y ] dadr=Soar )| as =0 okt
p=0 ax p=0 ke

where g, = ¢(@%)/2 b =1 — (hy, ).

Let U,(g)" (resp. U,(g)”) be the Q(q)-subalgebra of U,(g) generated by the
elements ey (resp. fi). Let U, (g)o be the Q(g)-subalgebra generated by elements
q" (h € P*). Then we have the triangle decomposition [36, 3.2.5]:

(1.1.6) Uy(g) = Uq(9)+ ® Uq(g)o ® Ug(g) -

) def. ) def.

Let e,in er/[nlg! and £, =" fi/[n]e!. Let Ug(g) be the Z[q,q ']
subalgebra of U,(g) generated by elements e,(cn)7 fkn), q" for k € I, n € Zo,
h € P*. Tt is known that Ug(g) is an integral form of U,(g), i.e., the natural map
U?(g) ®z1q,0-1] Q(q) — Uy(g) is an isomorphism. (See [10} 9.3.1].) For € € C*, let
us define U.(g) as U?(g) ®2zq,¢-1] C via the algebra homomorphism Z[g, ¢~ '] — C
that takes ¢ to . It will be called the specialized quantized enveloping algebra. We
say a Uy(g)-module M (defined over Q(q)) is a highest weight module with highest
weight A € P if there exists a vector mg € M such that

(1.1.7) e *mo =0, U,(g)” *mo = M,

(1.1.8) ¢" xmo = ¢"Mmg for any h € P*.

Then there exists a direct sum decomposition M = @, p My (weight space de-
composition) where M)y def- {m | ¢" v = ¢"Nm for any h € P*}. By using

the triangular decomposition (IL6]), one can show that the simple highest weight
U,(g)-module is determined uniquely by A.

We say a Ug,(g)-module M (defined over Q(q)) is integrable if M has a weight
space decomposition M = @, . p My with dim My < oo, and for any m € M, there
exists np > 1 such that ef xm = f! *m =0 for all kK € I and n > nyg.

The (unique) simple highest weight U, (g)-module with highest weight A is in-
tegrable if and only if A is a dominant integral weight A, i.e., (A, hg) € Z>o for
any k € I ([36] 3.5.6, 3.5.8]). In this case, the integrable highest weight U,-module
with highest weight A is denoted by L(A).

For a U.(g)-module M (defined over C), we define highest weight modules,

integrable modules, etc. in a similar way.

Suppose A is dominant. Let L(A)Z def. Ug(g) * Mg, where mg is the highest

weight vector. It is known that the natural map L(A)% ®zq4-1 Q(q) — L(A)
is an isomorphism and L(A)Z ®z[q,q4-1] C is the simple integrable highest weight
module of the corresponding Kac-Moody algebra g with highest weight A, where
Z[q,q 1] — C is the homomorphism that sends ¢ to 1 ([36, Chapter 14 and 33.1.3]).
Unless € is a root of unity, the simple integrable highest weight U, (g)-module is
the specialization of L(A)% ([10] 10.1.14, 10.1.15]).

1.2. Quantum affine algebra. The quantum affinization Ugy(g) of Uy(g) (or
simply quantum affine algebra) is an associative algebra over Q(q) generated by
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ek for (K €1, 7 €Z), ¢" (h € P*), =2, ¢*, and hyp (k € I, m € Z\ {0})
with the following defining relations:

(1.2.1) q¢/? is central,
122) =1, ¢"¢" =", (" hm]l =0, ¢lqgl=1 ¢/ =1,
(1.2.3) Vi ()07 (w) = ¥ ()i (2),

(Z — q_(akval)ch)(z — q(akval)q_cw)
(2; — q((’lkﬁll)ch)(z — q—(akval)q_cw)
[qda qh] = 07 qdhk,mqid
d —d __ . r d —d __ . r
q €k,rq =4q €gr, (¢ fk,rq =4q fk,rv
(1.2.6) ¢errg" =" epr, Q" frrg " =g fr
(¢*°%2 — =" D w)gp (2)ay; (w)

(1.2.4) o ()9 (w) = b (W) (2),
= thk,mv

(1.2.5) .

(27 = (qEMeen) gEoel2y — w)aif (w)i(2),
)
(1:28) [of () (@] = = {0 (a7 ) 0t 0 =0 (40 ) i @722)
k
(1.2.9) (z — qﬂw)xf (z)xf(w) = (qﬂz — w)xf (w)xf(z),
—(ak,hi)
[T G- Pw)i(2)f (w)
(1.2.10) =t
— (o, ha) )
= H (¢FC =)y —w)at(w)ri (z), itk #1,
p=1

b
(211 33 (-1 [2] 7y (o) -+ T (Zo ()2 (W)} (20(p41)

oeS, p=0

eay (zom) =0, ik AL

where g, = ¢ )/2 s =+ b=1— (hy,q;), V' = —(ag, ), and S is the sym-
metric group of b letters. Here §(z), x;l' (2), =, (2), w,:f (z) are generating functions
defined by

o0 o0 o0
0) SN 2w @ Y e ()Y e

r=—oo r=—00 r=—o00
oo
def. —
Vi (2) g lemehn 2 exp <i(qk - hk,:l:mZ:Fm> :
m=1

We will also need the following generating function later:

def. = hbtm —m
Py (2) = exp (— D T > :

m—1 [m]q,

We have w,;t(z) = qi(a’“’a’“)h’“/%f(ka)/pf(qlg_lz)-
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Remark 1.2.12. When g is finite dimensional, then min({ax, ki), (o, hg)) = 0 or 1.
Then the relation (LZI0) reduces to the one in literature. Our generalization seems
natural since we will check it later, at least for symmetric g.

Let Uy(g)" (resp. Uy(g)~) be the Q(q)-subalgebra of U,(g) generated by the
elements ey, (resp. fr,). Let Ugy(g)? be the Q(q)-subalgebra generated by the
elements ¢", hy .

The quantum loop algebra U,(Lg) is the subalgebra of U,(g)/(¢*/? — 1) gen-
erated by ey, fxr (k € I, r € Z), ¢" (h € P*), and hym (k € I, m € Z\ {0}),
i.e., generators other than ¢=¢/2, ¢=?. We will be concerned only with the quantum
loop algebra, and not with the quantum affine algebra in the sequel.

There is a homomorphism Ugy(g) — U,(Lg) defined by

" —q", en—ero, fr— fro

Let ") ©en /lnlg,! and £ def-

= f}?,r/[n]qu Let Ug(Lg) be the Z[q,q ']
subalgebra generated by e,(fr) , ,577,), ¢" and the coefficients of pf(z) for k € I,
r €Z,n € Zso, h € P*. (It should be true that Ug(Lg) is free over Z[q, ¢~ 1] and
that the natural map UZ(Lg) ®z4,,-1] Q(g) — Ugy(Lg) is an isomorphism. But the
author does not know how to prove this.) This subalgebra was introduced by Chari-
Pressley [12]. Let UZ(Lg)* (resp. UZ(Lg)~) be the Z[q, ¢~ ']-subalgebra generated
by e,(;;), (resp. fknr)) for k € I, r € Z, n € Z~o. We have U%(Lg)* C U%(Lg). Let
U?(Lg)O be the Z[q, ¢~ !]-subalgebra generated by ¢", the coefficients of pki(z) and

|:qhk;n:| r q(akvak)hk/2qz'75+1 _ qf(ak,ak)hk/qufnJrsfl

=11

s _ S
r s—1 Ar — 9

foralhe P, ke I, n € Z,r € Z~p. One can easily show that U?(Lg)O C U?(Lg)
(see, e.g., [36, 3.1.9]).

For ¢ € C*, let U.(Lg) be the specialized quantum loop algebra defined by
U?(Lg) ®z[q,q-1] C via the algebra homomorphism Zlq,q7'] — C that takes ¢
to . We assume ¢ is not a root of unity in this paper. Let U.(Lg)* and U.(Lg)°
be the specializations of Ug(Lg)ﬂE and UZ(Lg)° respectively. We have a weak form
of the triangular decomposition

(1.2.13) U.(Lg) = U.(Lg)™ - UE(LE)O : UE(LE)Jrv

which follows from the definition (cf. [12} 6.1]).

We say a U.(Lg)-module M is an [-highest weight module (‘I’ stands for the
loop) with Il-highest weight (A, (¥ (2))) (where A € P, (Wi (2)), € C[[zF])) if
there exists a vector mg € M such that

(1.2.14)
egr*mo =0, U.(Lg)™ *mg = M,
(1.2.15)
" xmg =e"Nmg for h € P*, w,f(z) * Moy = \I/f(z)mo forkel.

By using (CZTI3) and a standard argument, one can show that there is a simple
[-highest weight module M of U.(Lg) with [-highest weight vector mg satisfy-
ing the above for any (A, (V5 (2))x) with ¥} (00) = (ax,ar)(A, hi)/2, Uy (0) =
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—(ag, ag)(A, hi)/2. Moreover, such M is unique up to isomorphism. For abuse of
notation, we denote the pair (A, (¥3(2))x) simply by the symbol ¥ (2).
A U.(Lg)-module M is said to be l-integrable if
(a) M has a weight space decomposition M = @,.p Mx as a U.(g)-module
such that dim M) < oo,
(b) for any m € M, there exists ng > 1 such that exr, -« €xr, *m = fror - fror,
sm =0 for all ry,...,r, €Z, k€ I and n > ng.
For example, if g is finite dimensional, and M is a finite dimensional module, then

M satisfies the above conditions after twisting with a certain automorphism of
U.(Lg) ([0, 12.2.3]).

Proposition 1.2.16. Assume that g is symmetric. The simple [-highest weight
U. (Lg)-module M with l-highest weight U*(z) is l-integrable if and only if A is
dominant and there exist polynomials Py(u) € Clu] for k € T with P,(0) = 1 such

that
Puei/2)\
1.2.17 Uk (z) = elesPr <7k k > ,
( ) k ( ) k Pk(fk/z)
where e = e(@m2x)/2 and () € C[[zF]] denotes the expansion at z = oo and 0
respectively.

This result was announced by Drinfel’d for the Yangian [15]. The proof of the
‘only if” part when g is finite dimensional was given by Chari-Pressley [10], 12.2.6].
Since the proof is based on a reduction to the case g = slp, it can be applied
to a general Kac-Moody algebra g (not necessarily symmetric). The ‘if’ part was
proved by them later in [I1] when g is finite dimensional, again not necessarily
symmetric. As an application of the main result of this paper, we will prove the
converse for a symmetric Kac-Moody algebra g in §I31 Our proof is independent
of Chari-Pressley’s proof.

Remark 1.2.18. The polynomials Py are called Drinfel’d polynomials.
When the Drinfel’d polynomials are given by

Pk(u):{l—su if k # ko,

1 otherwise,

for some ky € I, s € C*, the corresponding simple [-highest weight module is
called an I-fundamental representation. When g is finite dimensional, U.(Lg) is
a Hopf algebra since Drinfel’d [I5] announced and Beck [3] proved that U.(Lg)
can be identified with (a quotient of) the specialized quantized enveloping algebra
associated with Cartan data of affine type. Thus a tensor product of U.(Lg)-
modules is again a U.(Lg)-module. We have the following:

Proposition 1.2.19 ([10, 12.2.6,12.2.8]). Suppose g is finite dimensional.

(1) If M and N are simple [-highest weight U, (Lg)-modules with Drinfel’d poly-
nomials Py ar, Pen such that M ® N is simple, then its Drinfel’d polynomial
Py vmeon s given by

Py von = Pev PN

(2) Ewvery simple l-highest weight U.(Lg)-module is a subquotient of a tensor

product of l-fundamental representations.
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Unfortunately the coproduct is not defined for general g as far as the author
knows. Thus the above results do not make sense for general g.

1.3. An l-weight space decomposition. Let M be an I[-integrable U.(Lg)-
module with the weight space decomposition M = @,.p M. Since the com-
mutative subalgebra U.(Lg)? preserves each M), we can further decompose M
into a sum of generalized simultaneous eigenspaces for U.(Lg)°:

(1.3.1) M =P My-,
where W¥(2) is a pair (A, (Wi (2))) as before and

" xm=e"Nm  for he P*,
Mys < {me M| (gE(z) — UE(2) 1d)N «m =0

for k € I and sufficiently large N

If Mg+ # 0, we call Mg+ an l-weight space, and the corresponding U*(z) an I-
weight. This is a refinement of the weight space decomposition. A further study of
the [-weight space decomposition will be given in §T3.5]

Motivated by Proposition [LZT6, we introduce the following notion:

Definition 1.3.2. An [-weight UF(2) = (A, (U (2))) is said to be I-dominant if
A is dominant and there exists a polynomial P(u) = (Py(u))r € C[u]! for with
P,(0) = 1 such that (Z2ZI2) holds.

Thus Proposition [L2Z.T6 means that an [-highest weight module is I-integrable if
and only if the [-highest weight is [-dominant.

2. QUIVER VARIETY

2.1. Notation. Suppose that a finite graph is given and assume that there are no
edge loops, i.e., no edges joining a vertex with itself. Let I be the set of vertices
and F the set of edges. Let A be the adjacency matrix of the graph, namely

A = (A ier, where Ay, is the number of edges joining k and I.

We associate with the graph (I, E) a symmetric generalized Cartan matrix C =
2I — A, where I is the identity matrix. This gives a bijection between the finite
graphs without edge loops and symmetric Cartan matrices. We have the corre-
sponding symmetric Kac-Moody algebra g, the quantized enveloping algebra U, (g),
the quantum affine algebra U,(g) and the quantum loop algebra U,(Lg). Let H
be the set of pairs consisting of an edge together with its orientation. For h € H,
we denote by in(h) (resp. out(h)) the incoming (resp. outgoing) vertex of h. For
h € H we denote by h the same edge as h with the reverse orientation. Choose
and fix an orientation  of the graph, i.e., a subset Q C H such that QU Q = H,
QNQ = 0. The pair (I,) is called a quiver. Let us define matrices A and Ag by

k,out(h) =1},
yout(h) =1}.

(Ag)w L #{h e Q| in(h)
(Ag)u L #{h e Q| in(h) =

So we have A = Ag + Ag, 'Ag = Ag.

(2.1.1)
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Let V = (Vi)rer be a collection of finite-dimensional vector spaces over C for
each vertex k € I. The dimension of V' is a vector

dim V = (dim Vi )rer € ZL,.

If V! and V? are such collections, we define vector spaces by
L(V',V?) S @ Hom(V;!, Vi2),

kel

def.

E(V!,V?) = @ Hom (Vs Vie(n))-

heH

For B = (By) € E(V1,V?) and C = (C},) € E(V2,V3), let us define a multipli-

cation of B and C' by

(2.1.2)

CBE (Y CuBp)r e LV, VP,
in(h)=Fk

Multiplications ba, Ba of a € L(V!,V?2), b e L(V2 V3), B € E(V2,V?) are defined
in an obvious manner. If a € L(V!, V1), its trace tr(a) is understood as >_, tr(ay).

For two collections V', W of vector spaces with v = dimV, w = dim W, we
consider the vector space given by

(2.1.3) M = M(v,w) L EWV,V)® LW, V)& LV, W),

where we use the notation M unless we want to specify dimensions of V', W. The
above three components for an element of M will be denoted by B, 4, j respectively.
An element of M will be called an ADHM datum.

Usually a point in P, Hom(Volut(h)7 Vf](h)) is called a representation of the
quiver (I,82) in the literature. Thus E(V,V) is the product of the space of repre-
sentations of (I,€2) and that of (I,Q). On the other hand, the factor L(W, V) or
L(V, W) has never appeared in the literature.

Convention 2.1.4. When we relate the quiver varieties to the quantum affine al-
gebra, the dimension vectors will be mapped into the weight lattice in the following

way:
Vi E VpQE, W E wi A,
% %

where vy (resp. wy) is the kth component of v (resp. w). Since {ay} and {Az}
are both linearly independent, these maps are injective. We consider v and w as
elements of the weight lattice P in this way hereafter.

For a collection S = (Sk)rer of subspaces of Vi, and B € E(V,V), we say S is
B-invariant if Bp,(Sout(n)) C Sin(h)-

Fix a function e: H — C* such that e(h) +e(h) = 0 for all h € H. In [44] 45],
it was assumed that ¢ takes its value 1, but this assumption is not necessary as
remarked by Lusztig [38]. For B € E(V!,V?2), let us denote by ¢B € E(V!,V?)
data given by (eB)y = e(h)By, for h € H.

Let us define a symplectic form w on M by

(2.1.5) w((B,i,j), (B',i',j")) < tr(eB B') + tr(ij’ — i'j).
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Let G be the algebraic group defined by
G =G, < T[GLv),

k
where we use the notation GGy when we want to emphasize the dimension. It acts
on M by
. ..\ def. 1.
(2.1.6) (B,i,j) —g-(B,i,j) = (9Bg~ ', gi,jg "),

preserving the symplectic form w. The moment map p: M — L(V, V) vanishing at
the origin is given by

(2.1.7) w(B,i,7) = eBB +1ij,

where the dual of the Lie algebra of G is identified with the Lie algebra via the
trace. Let 1 ~1(0) be an affine algebraic variety (not necessarily irreducible) defined

as the zero set of pu.
For (B,1i,j) € u~1(0), we consider the complex

(2.1.8) L(V,V) == E(V,V) & LW, V) e L(V, W) 2% L(V, V),
where dy is the differential of p at (B, 4, ), and ¢ is given by
u(§) = (B = €B) ® (—¢i) ® j&.
If we identify E(V,V) @& L(W, V) @ L(V, W) with its dual via the symplectic form
w, ¢ is the transpose of dy.

2.2. Two quotients My and M. We consider two types of quotients of 1 ~1(0) by
the group G. The first one is the affine algebro-geometric quotient given as follows.
Let A(z=1(0)) be the coordinate ring of the affine algebraic variety p~=*(0). Then
9y is defined as a variety whose coordinate ring is the invariant part of A(p=1(0)):

(2.2.1) Mo = Mo(v, w) 2 11(0) /G = Spec A(u~(0))C.

As before, we use the notation 9ty unless we need to specify the dimension vectors
v, w. By the geometric invariant theory [43], this is an affine algebraic variety. It
is also known that the geometric points of My are closed G-orbits.

For the second quotient we follow A. King’s approach [27]. Let us define a
character x: G — C* by x(g) = [[, det g * for g = (gx). Set

_ n def. _ .o n .o
A(p=H(0)5X = { f € A(p™H0) | f(9(B,i5)) = x(9)" f(B.i,j) }-
The direct sum with respect to n € Zx( is a graded algebra, hence we can define
(2.2.2) M = M(v, w) = Proj @D A(u1(0))X".
n>0
These are what we call quiver varieties.

2.3. Stability condition. In this subsection, we shall give a description of the
quiver variety 9t which is easier to deal with. We again follow King’s work [27].

Definition 2.3.1. A point (B,i,5) € u~1(0) is said to be stable if the following
condition holds:

if a collection S = (Si)rer of subspaces of V' = (Vi)ker is B-invariant and
contained in Ker j, then S = 0.

Let us denote by p~1(0)* the set of stable points.
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Clearly, the stability condition is invariant under the action of G. Hence we may
say an orbit is stable or not.

Let us lift the G-action on p=1(0) to the trivial line bundle x=1(0) x C by
9-(B,i,j,2) = (9" (Baiaj)ax_l(g)z)'

We have the following:

Proposition 2.3.2. (1) A point (B,1i,j) is stable if and only if the closure of G -
(B,1,34,2) does not intersect with the zero section of u=1(0) x C for z # 0.

(2) If (B,1,j) is stable, then the differential dy: M — L(V, V) is surjective. In
particular, p=1(0)® is a nonsingular variety.

(3) If (B,i,j) is stable, then v in (ZI8) is injective.

(4) The quotient u=*(0)*/G has a structure of nonsingular quasi-projective vari-
ety of dimension (v,2w —v), and p~*(0)° is a principal G-bundle over u=*(0)%/G.

(5) The tangent space of u=*(0)*/G at the orbit G - (B,i,7) is isomorphic to the
middle cohomology group of (ZI3J).

(6) The variety M is isomorphic to u=1(0)*/G.

(7) p=1(0)%/G has a holomorphic symplectic structure as a symplectic quotient.
Proof. See [45, 3.ii] and [44] 2.8]. O
Notation 2.3.3. For a stable point (B,i,5) € u~1(0), its G-orbit considered as a
geometric point in the quiver variety 9 is denoted by [B, 1, j]. If (B,4,5) € p~1(0)
has a closed G-orbit, then the corresponding geometric point in 9ty will be denoted
also by [B,1, j].

From the definition, we have a natural projective morphism (see [45, 3.18])

(2.3.4) m: M — M.

If 7([B,1,4]) = [B,i°,5°], then G - (B, j°) is the unique closed orbit contained
in the closure of G - (B, 1, 7). For € My, let

(2.3.5) m, <L a ().

If we want to specify the dimension, we denote the above by 9(v,w),. Un-
fortunately, this notation conflicts with the previous notation 9y when = = 0.
And the central fiber 771(0) plays an important role later. We shall always write
£ = £(v,w) for 771(0) and not use the notation ([2:3.5) with x = 0.

In order to explain a more precise relation between [B, 1, j] and [B°,i°, j°], we
need the following notion.

Definition 2.3.6. Suppose that (B,4,7) € M and a B-invariant increasing filtra-
tion
0=V cyvO c...cyW) —y

with Imi C V() are given. Then set gr,, V =V V("1 and gr V = Per,, V.
Let gr,, B denote the endomorphism which B induces on gr,, V. For m = 0, let
groi € LW, V) be such that its composition with the inclusion V() c V is i,
and let gry j be the restriction of j to VO, Form # 0, set gr,,t=0and gr,, 7 =0.
Let gr(B, 1, j) be the direct sum of (gr,, B, gr,,, i, gr,, j) considered as data on gr V.

Proposition 2.3.7. Suppose w(x) =y. Then there exist a representative (B,1i,7)
of x and a B-invariant increasing filtration V*) as in Definition such that
gr(B,i,7) is a representative of y on grV.
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Proof. See [45, 3.20] O
Proposition 2.3.8. £ is a Lagrangian subvariety which is homotopic to M.
Proof. See [44, 5.5, 5.8]. O

2.4. Hyper-Kahler structure. We briefly recall hyper-Kéhler structures on 91,
M. This viewpoint was used for the study of 9, My in H4]. (Caution: The
following notation is different from the original one. K and G, were denoted by
Gy and GY respectively in [44]. p in (Z17) was denoted by uc and the pair (ug, z1)
was denoted by p in [44].)

Put and fix hermitian inner products on V and W. They together with an
orientation §2 induce a hermitian inner product and a quaternion structure on M
(|44, p.370]). Let K, be a compact Lie group defined by Ky = [[, U(V4). This is
a maximal compact subgroup of Gy, and acts on M preserving the hermitian and
quaternion structures. The corresponding hyper-Kéhler moment map vanishing at
the origin decomposes into the complex part i: M — @, gl(Vi) = L(V, V) (defined
in (ZI7)) and the real part ugr: M — @, u(Vy), where

pr(B,i,7) = 5 Z BB} — B%BE-F ini}, — jijn

he H:k=in(h) &

Proposition 2.4.1. (1) A Gy-orbit B, i, 5] in u=*(0) intersects with g *(0) if and
only if it is closed. The map

(1" (0) N pH(0)) /Ky — p=(0) )Gy = Mo (v, W)
is a homeomorphism.

(2) Choose a parameter (r = ( H(%k))k € R! so that ql(%k) € v—1Rso. Then a
Gy-orbit [B,i, ] in u=*(0) intersects with uﬂgl(—@g) if and only if it is stable. The
map

(hz' (=) N 1(0)) /By — = H(0)°/G = M(v, w)
is a homeomorphism.
Proof. See [44, 3.1,3.2,3.5]. O
2.5. Suppose V = (Vi)rer is a collection of subspaces of V' = (V}/)rer and
(B,i,j) € u=t(0) € M(v,w) is given. We can extend (B,i,j) to M(v/,w) by
letting it equal 0 on a complementary subspace of V in V'. This operation induces
a natural morphism

(2.5.1) pH(0) in M(v,w) — p~1(0) in M(v/, w),
where v/ = dim V’. This induces a morphism
(2.5.2) Mo (v, w) — Mo (v, w).
Moreover, we also have a map
pH0) N gt (0) in M(v, w) — p7H(0) N pg(0) in M(V/, w).
Thus closed Gy-orbits in p=1(0) € M(v,w) are mapped to closed Gys-orbits in

p~1(0) € M(v/,w) by Proposition 2:Z1](1).
The following lemma was stated in [45] p.529] without proof.

Lemma 2.5.3. The morphism (252 is injective.
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Proof. Suppose x!, 2% € My(v, w) have the same image under ([Z5.2). We choose
representatives (B',il, j1), (B2,i?, j?) which have closed Gy-orbits.
Let us define S = (S¢)rer (a =1,2) by

Sem [ Y (B +if
in(h)=k
Choose complementary subspaces T} of Si in Vi. We choose a 1-parameter sub-
group A\%: C* — Gy as follows: A\%(t) =1 on S¢ and \%(t) = ¢~ on T{. Then the
limit A%(t) - (B%,4%,j%) exists and its restriction to T is 0. Since (B%,i%,j*) has
a closed orbit, we may assume that the restriction of (B%,4%,j) to T is 0. Note
that S is a subspace of V' by the construction.

Suppose that there exists ¢’ € Gy+ such that ¢’ - (B, i, ') = (B?,4%,52). We
want to construct g € Gy such that g - (B',it, j!) = (B2,i?, j?). Since we have
g'(S') = S2, the restriction of ¢’ to S! is invertible. Let g be an extension of the
restriction ¢’|g1 to V so that T is mapped to T2. Then g € Gy maps (B,it, j!)
to (B2,i?, j%). O

Hereafter, we consider My(v, w) as a subset of My (v, w). It is clearly a closed
subvariety. Let

(2.5.4) Mo (00, w) = Mo(v, w).

If the graph is of finite type, My (v, w) stabilizes at some v (see Proposition
and Lemma [ZT74(2) below). This is not true in general. However, it presents no
harm in this paper. We use 9y(co, w) to simplify the notation, and do not need any
structures on it. We can always work on individual 9t (v, w), not on My (co, w).

Later, we shall also study (v, w) for various v simultaneously. We introduce
the following notation:

mw) L | My, w),  ew) L] |e(v,w).
Note that there are no obvious morphisms between M(v, w) and MM(v’, w) since
the stability condition is not preserved under ([Z5T]).

2.6. Definition of M. Let us introduce an open subset of My (possibly empty):
e = M (v, w)
(2.6.1) def. [y o - o . L
="{[B,i,j] € My | (B,1,7) has the trivial stabilizer in G }.

Proposition 2.6.2. If [B,i,j] € M, then it is stable. Moreover, 7 induces an
isomorphism 7 (OMy) ~ MyE.

Proof. See [45, 3.24] or [44], 4.1(2)]. O

As in §2.5] we consider My#(v,w) as a subset of My(v/,w) when v/ — v €
> i Zzoak. Then we have

Proposition 2.6.3. If the graph is of type ADE, then
Mo (v, w) = Ufmgeg(v,w),

where the summation runs over the set of v such that v/ —v € Ek Z>pouy;.
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Proof. See [44, 6.7], [45] 3.28]. O

Definition 2.6.4. We say a point x € 9My(co, w) is regular if it is contained in
My (v,w) for some v. The above proposition says that all points are regular if
the graph is of type ADE. But this is not true in general (see [45], 10.10]).

2.7. G x C*-action. Let us define a Gy, x C*-action on 9t and 9y, where Gy, =
[I1c; GL(Wy). (Caution: We use the same notation Gy and G, but their roles
are totally different.)

The Gw-action is simply defined by its natural action on M = E(V,V) @
L(W, V)@ L(V,W). It preserves the equation eBB + ij = 0 and commutes with
the G-action given by (ZI.6). Hence it induces an action on 9t and 9.

The C*-action is slightly different from the one given in [45] 3.iv], and we need

extra data. For each pair k,I € I such that ¥ = —(ag,q) > 1, we introduce
and fix a numbering 1,2,...,0" on edges joining k and I. Tt induces a numbering
hi,...,hy € Q, hy,..., hy € Q on oriented edges between k and [. Let us define
m: H — 7Z by

(2.7.1) m(hy) =0 +1—2p, m(hy) =—-b —1+2p.

Then we define a C*-action on M by

(2.7.2) B — t"MWFIB, s ti, jtj  fort e CF

The equation e BB + ij = 0 is preserved since the left hand side is multiplied by
t2. It commutes with the G-action and preserves the stability condition. Hence
it induces a C*-action on 9 and M. This Gy, x C*-action makes the projective
morphism 7: 9 — My equivariant.

In order to distinguish this Gy, x C*-action from the Gy-action ([2.1.6), we denote
it as

(B,i,5) — hx(B,i,5) (h € Gw x C¥).

2.8. Notation for C*-action. For an integer m, we define a C*-module structure

on C by

(2.8.1) towgmy teCrveC,

and denote it by L(m). For a C*-module V, we use the following notational con-
vention:

(2.8.2) "V Lm) o V.

We use the same notation later when V' is an element of C*-equivariant K-theory.

2.9. Tautological bundles. By the construction of 9, we have a natural vector
bundle

Pt (0)° xa Vi — M

associated with the principal G-bundle p~1(0)* — 9. For abuse of notation, we
denote it also by Vj. It naturally has the structure of a C*-equivariant vector
bundle. Letting G, act trivially, we make it a Gy, x C*-equivariant vector bundle.
The vector space Wy, is also considered as a Gy x C*-equivariant vector bundle,
where Gy, acts naturally and C* acts trivially.
We call Vi, and Wy, tautological bundles.
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We consider E(V, V), L(W, V), L(V,W) as vector bundles defined by the same
formula as in (ZI2). By the definition of tautological bundles, B, i, j can be
considered as sections of those bundles. Those bundles naturally have structures of
Gw x C*-equivariant vector bundles. But we modify the C*-action on E(V, V) by
letting t € C* act by t"™+1 on the component Hom(Vous(n), Vin(n))- This makes
B an equivariant section of E(V, V).

We consider the following Gy, x C*-equivariant complex Cp = Cp(v,w) over
M= M(v,w) (cf. [45, 4.2]):

(2.9.1)
Cr=Crvow) W —%— ¢ | Pl a)l Vio Wi | —"— Wi,
Lkl

where

o) = @ By, & ji, T = Z e(h)Bp + ig.
in(h)=k in(h)=k

Let us explain the factor [—(hg, a;)]4Vi. Set b’ = —(hg, a;). Since the C*-action in
is defined so that

@ Hom(vkv W) = Hom(Vkv W)GBbl
Cin(h)=k
‘out(h)=l

has weights ', —2,...,2 — b, the above can be written as
(¢ +¢" "2+ + ¢*"") Hom(Vk, Vi) = g[t'], Hom (Vi Vi)

in the notation ([2:8:2). By the same reason Cp is an equivariant complex.
We assign degree 0 to the middle term. (This complex is the complex in [45], 4.2]
with a modification of the Gy, x C*-action.)

Lemma 2.9.2. Fiz a point [B,1,j] and consider Cy as a complex of vector spaces.
Then oy, is injective.

Proof. See [45, p.530]. (Lemma 54 therein is a misprint of Lemma 5.2.) O

Note that 74 is mot surjective in general. In fact, the following notion will play
a crucial role later. Let X be an irreducible component of 7=1(z) for z € My.
Considering 75 at a generic element [B, 1, j] of X, we set

(2.9.3) er(X) aef- codimy, Im 7.

Lemma 2.9.4. (1) Take and fiz a point [B,i,j] € M(v,w). Let 73, be as in (Z97]).
If [B,i,j] € 7= 1(9°8 (v, w)), then we have

(2.9.5) Imm, =V, for any k € 1.

Moreover, the converse holds if we assume w([B,1i,j]) is reqular in the sense of

Definition [2.6.4. Namely under this assumption, [B,i,j] € 7= (M2 (v, w)) if and

only if [Z9) holds.
(2) If M8 (v, w) # 0, then w — v is dominant.
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Proof. (1) See [45] 4.7] for the first assertion. During the proof of [45, 7.2], we have
shown the second assertion, using [45, 3.10] = Proposition [Z31]
(2) Consider the alternating sum of dimensions of the complex Cy. It is equal

to the alternating sum of dimensions of cohomology groups. It is nonnegative, if
M ®(v,w) # 0 by Lemma [2.9.2] and (1). On the other hand, it is equal to

Z dlm‘/;n(h) + Wi —2dim Vg, = <W—V, hk>
h:out(h)=k

Thus we have the assertion. O

3. STRATIFICATION OF 901,

As was shown in [44] §6] and 45| 3.v], there exists a natural stratification of 9
by conjugacy classes of stabilizers. A local topological structure of a neighborhood
of a point in a stratum (e.g., the homology group of the fiber of 7) was studied in
[44, 6.10]. We give a refinement in this section. We define a slice to a stratum,
and study a local structure as a complex analytic space. Our technique is based on
work of Sjamaar-Lerman [50] in the symplectic geometry and hence our transversal
slice may not be algebraic. It is desirable to have a purely algebraic construction
of a transversal slice, as Maffei did in a special case [42].

We fix dimension vectors v, w and denote M(v, w), D(v,w) by M, 9 in this
section.

3.1. Stratification.

Definition 3.1.1 (cf. Sjamaar-Lerman [50]). For a subgroup G of G denote by
M(@) the set of all points in M whose stabilizer is conjugate to G. A point

[(B,1,7)] € My is said to be of G-orbit type (@) if its representative (B,1,j) is

~

in M) The set of all points of orbit type (G) is denoted by (zmo)(@).

The stratum (M) (1) corresponding to the trivial subgroup 1 is M by defini-
tion. We have the following decomposition of 9iy:

My = U(&RO)(@*);
@)
where the summation runs over the set of all conjugacy classes of subgroups of G.
For a more detailed description of (fmo)(@), see [44, 6.5], [45] 3.27].

3.2. Local normal form of the moment map. Let us recall the local normal
form of the moment map following Sjamaar-Lerman [50].

Take x € My and fix its representative m = (B,4,j) € u~1(0). We suppose m
has a closed G-orbit and satisfies pr(m) = 0 by Proposition ZZI(1). Let G be
the stabilizer of m. It is the complexification of the stabilizer in K = [[U(V%)
(see, e.g., BT} 1.6]). Since p(m) = 0, the G-orbit Gm = G/G through m is an
isotropic submanifold of M. Let M be the quotient vector space (T,,Gm)* /T,,Gm,
where T;,,Gm is the tangent space of the orbit Gm, and (7,,,Gm)* is the symplectic
perpendicular of T, Gm in T, M, i.e., {v € T, M | w(v,w) =0 for all w € T,,,Gm}.
This is naturally a symplectic vector space. A vector bundle T'(Gm)“ /T (Gm) over
Gm is called the symplectic normal bundle. (In general, the symplectic normal
bundle of an isotropic submanifold S is defined by T'S«/T'S.) It is isomorphic to
G xg M. (In [44, p.388], M was defined as the orthogonal complement of the
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quaternion vector subspace spanned by T,,Km with respect to the Rlemanman
metric. ) The action of G on M preserves the induced symplectic structure on M.
Let u: M — g* be the corresponding moment map vanishing at the origin.

We choose an Ad(G) invariant splitting 9= g@g+ and its dual sphttlng gt = g *®

g%, Let us consider the natural action of G on the product T*GxM = G x g x M.
Wlth the natural symplectic structure on T*G = G x g*, we have the moment map

I:Gxg"xM — g
(9767777\7‘) = _pr§+ﬂ(m)7

where pr € is the projection of £ € g* to g*. Zero is a regular value of j1, hence the
symplectic quotient 1~1(0)/G is a symplectic manifold. It can be identified with

G xga (ﬁl* X ﬁ) via the map
G xg (34 % B1) 5 G- (g,.6.7) — G- (g€ + (). ) € 7 (0)/C.

The embedding G/ G into G x a (ﬁl* X ﬁ) is isotropic and its symplectic normal
bundle is G x 5 M. Thus two embeddings of Gm = G/(A?, one into M and the other

into G x & (ﬁl* X ﬁ), have the isomorphic symplectic normal bundles.

The G-equivariant version of Darboux-Moser-Weinstein’s isotropic embedding
theorem (a special case of [50], 2.2]) says the following:

Lemma 3.2.1. A neighborhood of Gm (in M) is G-equivalently symplectomorphic
to a neighborhood of G/(A? embedded as the zero section of G X5 (ﬁl* X ﬁ) with

the G-moment map given by the formula
i (G (g.6m)) = Ad"(g) (§ + ()

(Here ‘symplectomorphic’ means that there exists a biholomorphism intertwining
symplectic structures.)

Note that Sjamaar-Lerman worked on a real symplectic manifold with a com-
pact Lie group action. Thus we need to take care when applying their result to
our situation. Darboux-Moser-Weinstein’s theorem is based on the inverse func-
tion theorem, which we have both in the category of C°°-manifolds and in that
of complex manifolds. A problem is that the domain of the symplectomorphism
may not be chosen so that it covers the whole Gm as it is noncompact. We can
overcome this problem by taking a symplectomorphism defined in a neighborhood
of the compact orbit K'm first, and then extending it to a neighborhood of Gm, as
explained in the next three paragraphs. This approach is based on a result in [51].

A subset A of a G-space X is called orbitally convex with respect to the G-action
if it is invariant under K (= maximal compact subgroup of GG) and for all x € A and
all ¢ € € we have that both x and exp(y/—1¢)x in A implies that exp(v/—1tf)x € A
for all t € [0,1]. By [561), 1.4], if X and Y are complex manifolds with G-actions,
and if A is an orbitally convex open subset of X and f: A — Y is a K-equivariant
holomorphic map, then f can be uniquely extended to a G-equivariant holomorphic
map.

Suppose that X is a Kédhler manifold with a (real) moment map pg: X — €*
and that x € X is a point such that ug(x) is fixed under the coadjoint action of K.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVER VARIETIES AND QUANTUM AFFINE ALGEBRAS 165

Then [51], Claim 1.13] says that the compact orbit Kz possesses a basis of orbitally
convex open neighborhoods.

In our situation, we have a Kéhler metric (§24) and we have assumed pg(m) = 0.
Thus K'm possesses a basis of orbitally convex open neighborhoods, and we have
Lemma [3.2.71

Now we want to study local structures of 9y, M using Lemma B2.1. First
the equation g = 0 implies £ = 0, fi(m) = 0. Thus My and M are locally iso-
morphic to ‘quotients’ of G x5 ({0} x 7=*(0)) by G, i.e., ‘quotients’ of ~*(0) by
G. Here the ‘quotients’ are taken in the sense of the geometric invariant theory.
Following Proposition 2.3.2(1), we say a point m € i~ (0) is stable if the closure
of G - (m,z) does not intersect with the zero section of i"(0) x C for z # 0.
Here we lift the G-action to the trivial line bundle 7~'(0) x C by § - (m,z) =
(G- m, x(g)"1z), where x is the restriction of the one-parameter subgroup used in
22 Let 171(0)® be the set of stable points. As in §Z3, we have a morphism
i~1(0)*/G — 7i~1(0) /G, which we denote by 7. By [51, Proposition 2.7], we may
assume that the neighborhood of Gm in LemmaB.ZTlis saturated, i.e., the closure of
the G-orbit of a point in the neighborhood is contained in the neighborhood. Thus
under the symplectomorphism in Lemma B:ZT], (i) closed G-orbits are mapped to
closed é—orbits7 and (ii) the stability conditions are interchanged.

Proposition 3.2.2. There exist a neighborhood U (resp. UL) of x € My (resp.
0 € 77 1(0)/G) and biholomorphic maps ®: U — UL, ®: 7= 1(U) — 7~ Y({U1) such
that the following diagram commutes:

T HU) —— 71 Uh)
U N Ut

In particular, 7=t (z) = M, is biholomorphic to 71(0).
Furthermore, under ®, a stratum (Mo) gy of Mo is mapped to a stratum

(ﬁ—l(o)//@>( ) which is defined as in Definition [3.L1L (If (Mo)(my intersects
H
with U, then H is conjugate to a subgroup of @)

The above discussion shows Proposition [322.2] except for the last assertion. The

last assertion follows from the argument in [50] p.386].

3.3. Slice. By [44] p.391], we have a G-invariant splitting M =T x T+, where T
is the tangent space T, (M) @) of the stratum containing z, and G acts trivially
on T. Thus we have

AN0))E=T x (TN (0) /G,
AL 0)3/G =T x (T+ N7~ 1(0)%) /G.
Furthermore, it was proved that (TN za='(0)) //CA? and (T+N7a=1(0)%) /@ are

quiver varieties associated with a certain graph possibly different from the original
one, and possibly with edge loops. Replacing U~ if necessary, we may assume that
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U~ is a product of a neighborhood Uz of 0 in T and Ugs of 0 in (TN ~1(0)) JG.
We define a transversal slice to (fmo)(@) at = as

& <ot (Ut n ({0} x (T n7(0) /G)) = 7' ({0} x Us).

Since @ is a local biholomorphism, this slice & satisfies the properties in [13] 3.2.19],
i.e., there exists a biholomorphism

(vnmo)g) <& =U
which induces biholomorphisms between factors
(1} x6 26, (U N (smo)(é)) x {2} = (Um (zmo)(é)) .

Remark 3.3.1. Our construction gives a slice to a stratum in

Mo,cc) = 1 (—Ce) /G
for general (c. (See [44, p.371 and Theorem 3.1] for the definition of Mg ¢.y.) In
particular, the fiber 77!(z) of 7: Mica.co) — Mo,¢e) is isomorphic to the fiber of
(T+Na=t(0)") /G — (T+N7E='(0)) /G at 0. This is a refinement of [44, 6.10],
where an isomorphism between homology groups was obtained. We also remark
that this gives a proof of smallness of

| Miecer = [ Moo
¢e ¢
which was observed by Lusztig when g is of type ADE [40)]. An essential point is,
as remarked in [44, 6.11], that (T+ N a—1(0)%) /é is diffeomorphic to an affine alge-
braic variety, and its homology group vanishes for degree greater than its complex
dimension.

For our application, we only need the case when x is regular, i.e., z € My (v0, w)
for some v°. Then, by [44} p.392], (T+N7a~(0)) /G and (T+N7a=1(0))" /G are
isomorphic to the quiver varieties Mo(vs, ws) and M(vs, W), associated with the
original graph with dimension vector

vy =v—v’, w, =w — Cv’,

where

cvl = E (21}2 — a v?) Ay if v0 = E vy
kel kel

in Convention 2.1.4.

Theorem 3.3.2. Suppose that x € M (v0, w) as above. Then there exist neigh-
borhoods U, Ur, Us of x € My = Mo(v,w), 0 € T, 0 € My(vs, ws) respectively,
and biholomorphic maps U — Ur x Ug, 71 (U) — Ur x 7Y (Us) such that the
following diagram commutes:

M Or Y (U) —— Ur x7 ' (Us) C T x M(vs, Ws)

o [iax

NMoD U _ Ur xUs CT xMy(vs,ws)

oy

In particular, 7=1(x) = M, is biholomorphic to £(vs, wy).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVER VARIETIES AND QUANTUM AFFINE ALGEBRAS 167

Furthermore, a stratum of My is mapped to a product of Ur and a stratum of
Mo (Vs, Ws).

Remark 3.3.3. Suppose that A is a subgroup of Gy, x C* fixing z. Since the A-
action commutes with the G-action, M has an A-action. The above construction
can be made A-equivariant. In particular, the diagram in Theorem can be
restricted to a diagram for A-fixed point sets.

4. FIXED POINT SUBVARIETY

Let A be an abelian reductive subgroup of G, x C*. In this section, we study the
A-fixed point subvarieties 9 (v, w)? and Mo (v, w)? of M(v, w) and My (v, w).

4.1. A homomorphism attached to a component of M(v, w)?. Suppose that
r € M(v,w)? is fixed by A. Take a representative (B,i,5) € p~(0)° of x. For
every a € A, there exists p(a) € Gy such that

(4.1.1) ax (B,i,j) = p(a)~" - (B4, ),

where the left hand side is the action defined in ([Z772) and the right hand side
is the action defined in (ZI6). By the freeness of the Gy-action on p=1(0)% (see
Proposition Z332), p(a) is uniquely determined by a. In particular, the map a —
p(a) is a homomorphism.

Let 9 (p) C M(v, w)? be the set of fixed points 2 such that (L) holds for some
representative (B,i,7) of x. Note that 9(p) depends only on the Gy-conjugacy
class of p. Since the Gy -conjugacy class of p is locally constant on (v, w)4, M(p)
is a union of connected components of M(v,w)?. Later we show that 9(p) is
connected under some assumptions (see Theorem [(.5.6). As in Proposition [2:3.8]
we have

Proposition 4.1.2. M(p) is homotopic to M(p) N L(v, w).

We regard V' as an A-module via p and consider the weight space which corre-
sponds to A € Hom(A, C*):

V) L v eV pla) v = Aa)l.

We denote by Vi () the component of V() at the vertex k. We have V = @, V/(A).
We regard W as an A-module via the composition

projection
A— Gy xC" —————— Gy.

We also have the weight space decomposition W = @, W(X), Wy = @, Wi(N).
We denote by g the composition

A Gy x CF Projection
Then (ZIT]) is equivalent to
Bh(Vous(ny (X)) € Vingny (7™M =N,
i(Wie(N) € Vi(@™'N),  dk(Vi(N) € Wi(g™ '),
where m(h) is as in 2.71)).
Lemma 4.1.4. If Vi (A) # 0, then Wi(g"\) # 0 for somen andl € I.

(4.1.3)
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Proof. Consider A satisfying W;(¢"\) =0 for any [ € I, n € Z. If we set

S E P vy

A as above

then S = (Sk)ker is B-invariant and contained in Ker j by (EIL3)). Thus we have
S = 0 by the stability condition. O

The restriction of tautological bundles Vi, Wy, to 9(p) are bundles of A-modules.
We have the weight decomposition Vi = @ Vi(A), Wi = @ Wi (). We consider
Vie(N), Wi(\) as vector bundles over M(p).

Similarly, the restriction of the complex Cp in (2.9.0]) decomposes as Cp =

D, Cr .\ where
(4.1.5)

Cra=Cpa(p) Vi 2B @ Vous(m (@™ FIN) @ Wi (g)) =2 Vi (V).
h:in(h)=k

Here oy, Tk,x are restrictions of oy, 7,. When we want to emphasize that this is
a complex over M(p), we denote this by C} , (p).
The tangent space of M(p) at [B,i, ] is the A-fixed part of the tangent space

of M. Since the latter is the middle cohomology group of ([2:1.8), the former is the
middle cohomology group of the complex

D.p Hom (Voug(ny(N), Vinny ("™ =1N))
®
D End (Vi,(\)) — Dy, Hom (Wi (N), V(g7 N)) — @ Hom (Vi(V), Vi(g~2N)
b X,k
@, Hom (Vi (A), Wi (g~ ')

where the differentials are the restrictions of ¢, du in (ZI8). Those restrictions
are injective and surjective respectively by Proposition Z32. Hence we have the
following dimension formula:

dim M (p)

— Z [Z dim Vouen) (A) dim Vi p) (™ m=1))
A h

(4.1.6) +3 " dim Wi(A) (dim Vi(g ™' A) + dim Vi ()

— dim Vi (\)? — dim V;,(\) dim Vk(q—QA)] .
Recall that we have an isomorphism 7 (9®) = M (Proposition Z6.2). Let
re, def — re _ re
(4.1.7) ME(p) = (771G ) N M(p)) = 7~ (MG™®) N (M(p)) -

By definition, 7= (M2 (p)) = 7~ 1(M®) N M(p) is an open subvariety of M(p)
which is isomorphic to My (p) under 7.

4.2. A sufficient condition for 9§ = {0}. Let a = (s,e) be a semisimple
element in Gy x C* and let A be the Zariski closure of {a" | n € Z}.

Definition 4.2.1. We say a is generic if My (v, w)? = {0} for any v. (This con-
dition depends on w.)
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Proposition 4.2.2. Assume that there is at most one edge joining two vertices of
I, and that

AN ¢ {e" | n e Z\{0}}

for any pair of eigenvalues of s € Gy . (The condition for the special case X = N
implies that € is not a root of unity.) Then a = (s,¢) is generic.

Proof. We prove My(v, w)* = {0} by induction on v. The assertion is trivial when
v =0.

Take a point in 9y (v, w)? and its representative (B,i,7). As in (@ILI), there
exists g € G such that

a’*(szvj) =9 (szv.j)

We decompose V' into eigenspaces of g:
V=PV, where V() E {veV|g v=Aa)}

We also decompose W into eigenspaces of s as @ W (A). Then (£1.3) holds where
q is replaced by e.
Choose and fix an eigenvalue p of s. First suppose V(™) # 0 for some n. Let

no < max {n|V(e"u) #0}.
Since ¢ is not a root of unity, we have "u # €™ u for m # n. Hence the above
no is well defined. By (L3) (and m(h) = 0 from the assumption), we have
Im B, N V(e™pu) = 0. By the assumption, we have W(e"1y) = 0, and hence
Imi, N V(e™pu) = 0 again by [@I13)). Then we may assume the restriction of
(B,1i,7) to V(e™u) is 0 as in the proof of Lemma [253]

Thus the data (B,i,j) is defined on the smaller subspace V © V(¢"0pu). Thus
(B,i,j) = 0 by the induction hypothesis.

If V(¢"u) = 0 for any n, we replace p. If we can find a ¢’ so that V(e"u') # 0
for some n, we are done. Otherwise, we have V(¢"u) = 0 for any n, p, and we
have i = j = 0 by (£13). Then we choose p, which may not be an eigenvalue of s,
so that V() # 0 and repeat the above argument. (This is possible since we may
assume V # 0.) We have Im B, N V(e pu) = 0 and the data B is defined on the
smaller subspace V & V(") as above. O

5. HECKE CORRESPONDENCE AND INDUCTION OF QUIVER VARIETIES

5.1. Hecke correspondence. Take dimension vectors w, v!, v2 such that v? =
v!+ay. Choose collections of vector spaces W, V1, V2, with dim W = w, dim V¢ =
ve.

Let us consider the product M(v!, w) x M(v?, w). We denote by V;! (resp. V}?)
the vector bundle Vi B Ognv2,w) (resp. Ognivt w) K Vi). A point in M(v', w) x
M(v2, w) is denoted by ([B',il, j1],[B?,i%,?%]). We regard B%, i%, j% (a = 1,2) as
homomorphisms between tautological bundles.

We define a three-term sequence of vector bundles over M (v, w) x M(v?, w) by

(5.1.1)
L(VL,V?) 5 qE(VL V) @ qL(W, V) @ qL(VL, W) — @ LV, V?) @ ¢*0,
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where
a(6) = (B*¢ - ¢BY) @ (=¢i') @ j%¢,
T(C®a®b) = (eB°C+eCB' +i*b+aj') ® (tr(i'b) + tr(aj?)) .

This is a complex, that is, 7o = 0, thanks to the equations e BB + ij = 0 and
tr(ilj2¢) = tr(&itj?). Moreover, it is an equivariant complex with respect to the
G X C*-action.

By [45| 5.2], o is injective and 7 is surjective. Hence the quotient Ker 7/Im o
is a Gy x C*-equivariant vector bundle. Let us define an equivariant section s of
Ker7/Imo by

(5.1.2) s=(0® (—i*) ®j') mod Imoa,

where 7(s) = 0 follows from e BB +ij = 0 and tr(eB'B!) = tr(e¢B2B?) = 0. The
point ([B!,il, j1],[B?,i2,4?]) is contained in the zero locus Z(s) of s if and only if
there exists £ € L(V1,V?) such that

(5.1.3) ¢B'=B%, <&i'=4, =%

Moreover, Ker € is zero by the stability condition for B2. Hence Im ¢ is a subspace
of V2 with dimension v! which is B2-invariant and contains Im 2. Moreover, such
¢ is unique if we fix representatives (B!,i!,j') and (B?,i?,j2). Hence we have
an isomorphism between Z(s) and the variety of all pairs (B,i,5) and S (modulo
G2-action) such that

(a) (B,i,7) € p~1(0) is stable, and

(b) S is a B-invariant subspace containing the image of i with dim S = v! =

V2 — 0.

Definition 5.1.4. We call Z(s) the Hecke correspondence, and denote it by
Pr(vZ, w). It is a Gy, x C*-invariant closed subvariety.

Introducing a connection V on Ker7/Im o, we consider the differential
Vs: TM(v', w) © TM(v?, w) — Ker7/Imo
of the section s. Its restriction to Z(s) = Px(v?, w) is independent of the connec-
tion. By [45} 5.7], the differential Vs is surjective over Py (vZ, w). Hence, Py (v2, w)

is nonsingular.
By the definition, the quotient V;2/V;! defines a line bundle over P (v, w).

5.2. Hecke correspondence and fixed point subvariety. Let A be as in §4
and let M(p) be as in FIlfor p € Hom(A4, Gy).
Let us consider the intersection (9t(w)* x 9 (w)?) NPx(v2, w). It decomposes

(M(w)™ > M(w) ™) NPi(vZ,w) = || (M(p") x M(p*)) N Pr(v?, w).
Take a point ([Bl,i',j1],[B2,i2%,5%]) € (M(p') x M(p?)) N Pr(v?, w). Then we
have

ax (BF,i,j7) = pP(a)~" - (BP,i",j7),  a€A (p=1,2),
and there exists £ € L(V1,V?) such that
€B'=B%, &'=d, jl =
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By the uniqueness of ¢, we must have p?(a)é = &pl(a), that is, &: VI — V2 is
A-equivariant. Since ¢ is injective, V! can be considered as an A-submodule of V2.

V=@ V() and V2 = @ V?2(\) are the weight decompositions, then there
exists \g such that

(a) ViE(N) 5, V;2(\) is an isomorphism if A # \g or | # k,

(b) Vit(Xo) 5, V:2(Xo) is a codimension 1 embedding.
5.3.  We introduce a generalization of the Hecke correspondence. Let us define
m,(cn)(v,w) as
(5.3.1) B (v,w) L {(B,i,5,5) | (B,i,§) € M(v,w), S C V as below}/Gy,

(a) (B,i,5) € u~1(0)%,

(b) S is a B-invariant subspace containing the image of ¢ with dim .S = v — nay.
For n = 1, it is just Pr(v,w). We consider ‘]3,2”) (v,w) as a closed subvariety of
M(v — nag, w) x M(v,w) by setting

(B, i, 5h) 4% the restriction of (B,i,7) to S,

(B%,i%,j%) &

=" (B,i,4)-

We have a vector bundle of rank n defined by V;2/V!.
We shall show that ‘B,(Cn) (v,w) is nonsingular later (see the proof of Lemma

[1.2.3).

5.4. Induction. We recall some results in [45], §4]. Let Qx(v,w) be the middle
cohomology of the complex (ZZ9]), i.e.,

Qr(v,w) 4 Ker 7/ Im 0.

We introduce the following subsets of (v, w) (cf. [34, 12.2]):

My (v, w) < {[B,z',j] € M(v,w)

codimy, Im 7, = n} ,
(5.4.1)
ef. ef.
Misn (v, W) = M (v, W), Mo (v, W) = D (v, W),

m<n m>n

Since M. <n(v,w) is an open subset of M(v, w), My.,(v,w) is a locally closed
subvariety. The restriction of Qr(v,w) to M., (v, w) is a Gy x C*-equivariant
vector bundle of rank (hy, w — v) + n, where we used Convention ZT7

Replacing Vi, by Im 7, we have a natural map

(5.4.2) D My (V, W) — Mpo(v — nag, w).

Note that the projection 7 ([2:34) factors through p. In particular, the fiber of 7 is
preserved under p.

Proposition 5.4.3. Let G(n, Qr(v — nag, W)l o (v—nay,w)) be the Grassmann
bundle of n-planes in the vector bundle obtained by restricting Qr(v — nag, w)
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to My.0(v — nay, w). Then we have the following diagram:

G(TL, Qr (V — N, w)|mk;0(v_n0’kaw)) — mk;o (V — nayg, W)
Dpen (V, W) SN Mp0(V — nag, w)

pzTg H

,in) (v, w) N (M(V — nag, W) X Mi.<pn (v, W) —2— Mpo(v — nog, w),
where w is the natural projection, and p1 and ps are restrictions of the projections
to the first and second factors. The kernel of the natural surjective homomorphism
p*Qr(v — nag, w) — Qr(v,w) is isomorphic to the tautological vector bundle of
the Grassmann bundle of the first row, and also to the the restriction of the vector
bundle V2 V! over m;n)(v,w) in the third row.

Proof. The proof is essentially contained in [45, 4.5]. See also Proposition 552 for
a similar result. |

5.5. Induction for fixed point subvarieties. We consider an analogue of the
results in the previous subsection for fixed point subvariety 9(p). Let us use
notation as in §4&I, and suppose that A is the Zariski closure of a semisimple
element a = (s,¢) € Gy x C*.

Let Qg (p) be the middle cohomology of the complex C7 | (p) in @ILH), i.e.,

def.
Qk,,\(p) = KeerJ\/Imak,,\.

Let

(5.5.1) Ms(ny(p) < {[sz',j] € M(p)

codimy, (x) Im 7 x = ny for each )\} .

Replacing V3, (A) by Im 74 x, we have a natural map

P M) () = M0y (0,

where p’': A — Gy (v = v — > njay) is the homomorphism obtained from p: A —
Gy by replacing Vi (A) by its codimension ny subspace. Its conjugacy class is
independent of the choice of the subspace. This map is just the restriction of p in
the previous subsection.

For each A, let G(ny, Qk,q*2>\(/)')|mk;(o>(p')) denote the Grassmann bundle of njy-
planes in the vector bundle obtained by restricting Qy ,-2x(p’) to My, 0)(p’). Let

H G(Tl)\, Qk,q*zz\(pl)bnk;(o) (P'))
A

be their fiber product over M. o) (p’).
We have the following analogue of Proposition
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Proposition 5.5.2. Suppose that €2 # 1. We have the following diagram:
[1G (. Q=220 om0y () —— M) (p')
A

= H

A
mk;(nx)(p) e i):),tk;(O)(p,)a
where  is the natural projection. For each X, the kernel of the natural surjective
homomorphism (pA)*Qr.q-22(p") — Qr.q—2x(p) is isomorphic to the tautological
vector bundle of the Grassmann bundle. Moreover, we have

(5.5.3) nx > max (0, —rank C 5 (p)) ,
(5.5.4) dim My () (p) = dim M (p) — Zn,\ (rank Cf \ (p) + ) -
A

(Here rank of a complex means the alternating sum of dimensions of cohomology
groups.)

Proof. We have a surjective homomorphism (p?)*Qy, ;-2 (p") — Qp.q—22(p) of codi-
mension ny over My, ,,)(p). This gives a morphism from My, ,,)(p) to the fiber
product of Grassmann bundles. By a straightforward modification of the argu-
ments in [45] 4.5], one can show that it is an isomorphism. The details are left to
the reader. The assumption €2 # 1 is used to distinguish Q,x and Qj ,-2».

Let us prove the remaining part (B53), (B54). First note that

rank Qk,q—2>\(Pl)|m,c;(o>(p’) =rank C,:,qu)\(pl)
=rank Oy 2, (p) +nx +ng-2x.
Since we have an njy-dimensional subspace in Qk,q_a/\(p’)|mk;(o)(p/), we must have

ng-2) + rank C,;q_“ > 0.

Replacing ¢~2\ by A, we get (5.5.3).
Moreover, we have

dim My, () (p) = dim My, 0y (p') + Z n (rank Crqa—2a(p) + nq—g)\) .
)

On the other hand, the dimension formula (.16 implies
dim M(p) — dim M(p’) = Z n (rank Cralp) +rank Cp 2y (p) +1x + ’I’Lq—z/\> .
A

Since M0y (p’) is an open subset of M(p’), we get (B.5.4). O

Note that the inequality (B.5.3]) implies that

ny (rank C \ (p) +na) >0
and the equality holds if and only if
ny = max (0, — rank C}, \ (p)) .

In particular, we have the following analog of [45, 4.6].

Corollary 5.5.5. Suppose €2 # 1. On a nonempty open subset M(p), we have
codimy;, () Im 73\ = max (O, —rank C,;)\(p))

for each A. Also, the complement is a lower dimensional subvariety of M(p).
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As an application of this induction, we prove the following:

Theorem 5.5.6. Assume that € is not a root of unity and there is at most one
edge joining two vertices of I. Then IM(p) is connected if it is a nonempty set.

Proof. We prove the assertion by induction on dim V', dim W. (The result is trivial
when V =W =0.)
We first make a reduction to the case when

(5.5.7) rank Cy ,(p) <0 for some k, A.
Fix a u € Hom(A, C*) and consider

no < max {n | Vi(¢"p1) # 0 or Wi(q" ) # 0 for some k € T}.

Since € is not a root of unity, we have ¢"u # ¢™u for m # n. Hence the above ng
is well defined.
Suppose Wi (¢™ u) # 0. By (13) and the choice of ng, we have

Im ji. N Wi(q" ) = {0}.

Let us replace Wi, (¢™ u) by 0. Namely we change (restriction of iy): Wy (¢™p) —
Vi (¢~ 1) to 0 and all other data are unchanged. The equation u(B,i,5) = 0 and
the stability condition are preserved by the replacement. Thus we have a morphism

M(p) — M (p),

where 9 (p) is a fixed point subvariety of 9(v, w’) obtained by the replacement.
(This notation will not be used elsewhere. The data w is fixed elsewhere.)

Conversely, we can put any homomorphism Wy (¢"™pu) — V(g™ 'u) to get
a point in 9M(p) starting from a point in M'(p). This shows that W(p) is the
total space of the vector bundle Hom(Wj (g™ ), Vi(q™ ")) over MM (p), where
Wi (g™ u) is considered as a trivial bundle. In particular, 9M(p) is (nonempty and)
connected if and only if 9(p’) is also. By the induction hypothesis, I(p’) is
connected and we are done.

Thus we may assume Vj(¢"°u) # 0. Then Cj gnop(p) consists of the last term
by the choice of ng. (Note m(h) = 0 under the assumption that there is at most
one edge joining two vertices of I.) Hence we have (B.5.7) with A = ¢"u.

Now let us prove the connectedness of M(p) under (5.5.7). By Corollary [£.5.5]
we have

dim My, (n, ) (p) < dim M(p)

unless n) = max (O, —rank C,;’)\(p)) for each A. Hence it is enough to prove the

connectedness of My, (.01 (p) for nY = max (0, —rank C,:,/\(p)).

Let us consider the map p4: My;(n0)(P) — M0y (p'). By (B5I), dim V' be-
comes smaller for M.y (p"). Hence M(p’) is connected by the induction hypoth-
esis. Again by Corollary 555, 9y, 0)(p') is also connected. Since p# is a fiber
product of Grassmann bundles, 9. ,,9 y(p) is connected. O

6. EQUIVARIANT K-THEORY

In this section, we review the equivariant K-theory of a quasi-projective variety
with a group action. See [I3, Chapter 5] for further details.
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6.1. Definitions. Let X be a quasi-projective variety over C. Suppose that a
linear algebraic group G acts algebraically on X. Let K¢ (X) be the Grothendieck
group of the abelian category of G-equivariant coherent sheaves on X. It is a
module over R(G), the representation ring of G.

A class in K%(X) represented by a G-equivariant sheaf E will be denoted by
[E], or simply by E if there is no fear of confusion.

The trivial line bundle of rank 1, i.e., the structure sheaf, is denoted by Ox. If
the underlying space is clear, we simply write O.

Let K&(X) be the Grothendieck group of the abelian category of G-equivariant
algebraic vector bundles on X. This is also an R(G)-module. The tensor product
® defines a structure of an R(G)-algebra on K2(X). Also, K%(X) has a structure
of a K& (X)-module by the tensor product:

(6.1.1) K2(X)x K9(X) > ([E],[F])) — [E® F] € KY(X).

Suppose that Y is a G-invariant closed subvariety of X and let U = X \ 'Y be
the complement. Two inclusions
i

Y—)XLU

induce an exact sequence

(6.1.2) K9(Y) — K9(x) L KOWU) —— 0,

where 4, is given by [E] — [i.E] and j* is given by [E] — [E|v]. (See [53].)
Suppose that Y is a G-invariant closed subvariety of X and that X is nonsingular.

Let K%(X;Y) be the Grothendieck group of the derived category of G-equivariant

complexes E*® of algebraic vector bundles over X, which are exact outside Y (see

[4, §1]). We have a natural homomorphism K% (X;Y) — K%(Y) by setting

[E*] =Y (=1)[er H'(E®)).
Here H'(E®) is the ith cohomology sheaf of E*®, which is a G-equivariant coherent
sheaf on X which is supported on Y. If Jy is the defining ideal of Y, we have
3% . HY(E*) = 0 for sufficiently large N. Then

grH'(E°) S DIy - HI(E)/ - HI(E?)
J
is a sheaf on Y, and defines an element in K“(Y"). Conversely if a G-equivariant
coherent sheaf F' on Y is given, we can take a resolution by a finite G-equivariant
complex of algebraic vector bundles:

O_)Ein—)Elin_)"'_)EO_)i*F_)(L

where i: Y — X denotes the inclusion. (See [I3, 5.1.28].) This shows that the
homomorphism K%(X;Y) — K&(Y) is an isomorphism. This relative K-group
K% (X:;Y) was not used in [I3] explicitly, but many operations were defined by using
it implicitly. When Y = X, K%(X; X) is isomorphic to K&(X). In particular, we
have an isomorphism K2(X) = K(X) if X is nonsingular.

We shall also use equivariant topological K-homology K gp (X). There are several
approaches for the definition, but we take the one in [54, 5.3]. There is a comparison

map

K%(X)— K&

top

(X)

which satisfies obvious functorial properties.
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Occasionally, we also consider the higher equivariant topological K-homology

group K, (X). (See [54, 5.3] again.) In this circumstance, KG (X) may be
written as Kgftop (X). But we do not use higher equivariant algebraic K-homology

K (X).
Suppose that Y is a G-invariant closed subvariety of X and let U = X \ 'Y be
the complement. Two inclusions

vy Lx LU
induce a natural exact hexagon

thop(y) 1—*) K(ftop(X) j—) K(?top(U)

(6.1.3) T l

chftop(U) <]— KG (X) <7’—* Kthop(Y)’

for suitably defined i,, j*.

6.2. Operations on K-theory of vector bundles. If ' is a G-equivariant vec-
tor bundle, its rank and dual vector bundle will be denoted by rank F and E*
respectively.

We extend rank and * to operations on K2 (X):

rank: K2(X) — yALICS " KG(X) — K&(X),

where 7y(X) is the set of the connected components of X. Note that the rank of a
vector bundle may not be a constant, when X has several connected components.
But we assume X is connected in this subsection for simplicity. In general, operators
below can be defined component-wisely.

If L is a G-equivariant line bundle, we define L®" = (L*)2(-") for r < 0. Thus
we have L®" @ L®® = L®+9) for r s € Z.

If E is a vector bundle, we define

rank E/
det E <A™ P, AEE Y WNE
=0

These operations can be extended to K2 (X) of G-equivariant algebraic vector bun-
dles:

det: K&(X) — K&(X), A, K&(X) — [Ox] + Kg(X) ® uZ[[u]].

This is well defined since we have det FF = det E ® det G, A, F = \,E ® \,G for
an exact sequence 0 - F — F — G — 0.
Note the formula

/\uE _ urankE det E /\1/uE*

for a vector bundle E. Using this formula, we expand A, E into the Laurent
expansion also at u = oco:

u” TR E (det B)* AL E € [Ox] + K&(X) @ u™ ' Z[[u™ ).
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6.3. Tor-product. (Cf. [4, 1.3], [13, 5.2.11].) Let X be a nonsingular quasi-
projective variety with a G-action. Let Y7, Yo C X be G-invariant closed subvari-
eties of X. Suppose that E} (resp. F3) is a G-equivariant complex of vector bundles
over X which is exact outside Y; (resp. Y2). Then we can construct a complex

— P E'eEl — P EVE]— -
p+q=k ptHq=Fk+1
with suitably defined differentials from the double complex E} ® E3. It is exact
outside Y7 N Ya. This construction defines an R(G)-bilinear pairing
KC(X;Y1) x K¢(X;Ys) — K9(X; Y1 NYa).

Since we assume X is nonsingular, we have K¢ (X;Y;) = K9 (Y}), K¢(X;Ys) =
K% (Ys), K¢(X;Y1 NYs) =2 K1 NYy). Thus we also have an R(G)-bilinear
pairing

K%Y x K4(Y,) — K9(Y1 N Yy).
We denote these operations by - ®@% -. (It is denoted by ® in [T3].)

Lemma 6.3.1 ([I3], 5.4.10], [58, Lemma 1]). Let Y1, Yo C X be nonsingular G-

subvarieties with conormal bundles Ty, X', Ty, X. Suppose that Y def. YiNYs is

nonsingular and TY1|y NTZa|y = TY, where |y means the restriction to Y. Then
for any By € K& (Y1) = K§ (Y1), B2 € K&(Y2) = K§(Y2), we have

E1@% B2 =) (-1))A'N® Eily ® Bsly € K&(Y) = K¢ (Y),
i
def. 4 *
where N '="Ty X|y NTy, X|y.

6.4. Pull-back with support. (Cf. [4 1.2], [13, 5.2.5].) Let f: Y — X be a
G-equivariant morphism between nonsingular G-varieties. Suppose that X’ and Y’
are G-invariant closed subvarieties of X and Y respectively satisfying f~1(X’) C Y.
Then the pull-back

El. —s f*E.
induces a homomorphism K¢ (X; X') — K% (Y;Y"). Via isomorphisms K (X') =
KC(X:X"), K¢(Y') =2 KE(Y;Y’), we get a homomorphism K%(X’) — K&(Y").
Note that this depends on the ambient spaces X, Y.

Let f: Y — X as above. Suppose that X1, X} C X, Y/, Y] C Y are G-invariant
closed subvarieties such that f=1(X’) C Y/ for a = 1,2. Then we have

(6.4.1) (B @% E2) = [*(E1) ®% f*(E2)

for B, € K¢(X!) (a =1,2).

6.5. Push-forward. Let f: X — Y be a proper G-equivariant morphism between
G-varieties (not necessarily nonsingular). Then we have a push-forward homomor-
phism f.: K¢(X) — K%(Y) defined by

LB (1) [RILE).
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Suppose further that X and Y are nonsingular. If X/ € X, Y’ C Y are G-
invariant closed subvarieties, we have the following projection formula ([I3] 5.3.13]):
(6.5.1) J(B&% ['F) = LLEGE F e K (f(X)nY")
for E € K¢(X'), F € K¢(Y").

6.6. Chow group and homology group. Let H,(X,Z) = @, Hi(X,Z) be the

integral Borel-Moore homology of X. Let A,(X) = &, Ax(X) be the Chow group
of X. We have a cycle map

A(X) — H(X,Z),
which has certain functorial properties (see [I9, Chapter 19]).

If Y is a closed subvariety of X and U = X \ Y is its complement, then we have
exact sequences which are analogues of (G.1.2), (GI3):

(6.6.1) Ap(Y) 25 Ap(X) L A,(U) — 0,
(6.62) - — Hy(Y,Z) 25 Hy(X,Z) 2 Ho(U,2) 2= Hy o (Y, Z) — - .

We have operations on A.(X) and H,(X,Z) which are analogues of those in
B3 B4 3 (See [19].)

In the next section, we prove results for K-homology and the Chow group in
parallel arguments. It is the reason why we avoid higher algebraic K-homology.
There is no analogue for the Chow group.

7. FREENESS

7.1. Properties (5), (T), (T"). Following [14], B9], we say that an algebraic variety
X has property (S) if

(a) Hoad(X,Z) =0 and Heyen(X,Z) is a free abelian group.

(b) The cycle map A.(X) — Heven(X,Z) is an isomorphism.

Similarly, we say X has property (T) if

(a) Kitop(X) =0 and Kiop(X) = Ko,top(X) is a free abelian group.

(b) The comparison map K (X) — Kiop(X) is an isomorphism.

Suppose that X is a closed subvariety of a nonsingular variety M. We have a
diagram (see [4])

EX)®Q —%— A(X)®Q

l l

Ktop(X) ®Q C—h’ Heven(X; Q);

where the horizontal arrows are local Chern character homomorphisms in algebraic
and topological K-homologies respectively, the left vertical arrow is a comparison
map, and the right vertical arrow is the cycle map. It is known that the upper
horizontal arrow is an isomorphism ([19, 15.2.16]). Thus the composite K (X)®Q —
Heven (X, Q) is an isomorphism if X has property (.59).

Assume that X is nonsingular and projective. We define the bilinear pairing
K(X)®@ K(X) — Z by

(7.1.1) FQF — p(F % F),

where p is the canonical map from X to the point.
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We say that X has property (T") if X has property (T') and the pairing ([ZT1)
is perfect. (In [39], this property is called (S5').)

Let G be a linear algebraic group. Let X be an algebraic variety with a G-action.
We say that X has property (Tq) if

(a) Kftop(X) =0and KJ,(X) = thop(X) is a free Rg-module.

(b) The natural map K¢(X) — K& (X) is an isomorphism.

(c) For a closed algebraic subgroup H C G, H-equivariant K-theories satisfy

the above properties (a), (b), and the natural homomorphism K¢ (X) ®g(q)
R(H) — KH(X) is an isomorphism.

Suppose further that X is smooth and projective. By the same formula as (1.1,
we have a bilinear pairing K¢(X)® K% (X) — R(G). We say that X has property
(T¢,) if X has property (T¢;) and this pairing is perfect.

A finite partition of a variety X into locally closed subvarieties is said to be an
a-partition if the subvarieties in the partition can be indexed X1,..., X, in such a
way that X3 UXoU---UX; is closed in X for i = 1,...,n. The following is proved
in [I4, Lemma 1.8].

Lemma 7.1.2. If X has an a-partition into pieces which have property (S), then
X has property (5).

The proof is based on exact sequences (G.6.1),(E6.2)) in homology groups and
Chow groups. Since we have corresponding exact sequences (G.1.2),[6L3) in K-
theory, we have the following.

Lemma 7.1.3. Suppose that an algebraic variety X has an action of a linear alge-
braic group G. If X has an a-partition into G-invariant locally closed subvarieties
which have property (T), then X has property (Tc).

Lemma 7.1.4. Let 7: E — X be a G-equivariant fiber bundle with affine spaces
as fibers. Suppose that w is locally a trivial G-equivariant vector bundle, i.e., a
product of base and a vector space with a linear G-action. If X has property (Tq)
(resp. (S)), then E also has property (Tg) (resp. (S)).

Proof. We first show that 7*: K¢(X) — KY(E) is surjective. Choose a closed
subvariety Y of X so that F is a trivial G-bundle over U = X \ Y. There is a
diagram

K¢Yy) —— KYX) —— K¢U) —— 0

= [ =
KO 1(¥)) —— KO(E) —— KS(x 1)) —— 0,

with exact rows by (6-1.2). By a diagram chase it suffices to prove the surjectivity
for the restrictions of E to U and to Y. By repeating the process on Y, it suffices
to prove it for the case when E is a trivial G-equivariant bundle. By Thom iso-
morphism [53, 4.1] 7* is an isomorphism if E' is a G-equivariant bundle. Thus we
prove the assertion.

Let us repeat the same argument for 7*: K§, (X) — K§,,(E) and 7 :
K op(X) — Kf,,(E) by replacing by (6.1.3). By the five lemma both
7* are isomorphisms. In particular, we have K{%, (E) = K\ (X) = 0 by as-
sumption.
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Consider the diagram

KG(X) -~ KG(E)

! l

(X) —— K&, (B),

top
where the vertical arrows are comparison maps. The left vertical arrow is an iso-
morphism by assumption. Thus the right vertical arrow is also an isomorphism by
the commutativity of the diagram and what we just proved above. Condition (c)
for (T) can be checked in the same way, and F has property (T¢).
Property (S) can be checked in the same way. O

KG

top

Lemma 7.1.5. Let X be a nonsingular quasi-projective variety with G x C*-action
with a Kdhler metric g such that

(a) g is complete,

(b) g is invariant under the mazimal compact subgroup of G x C*,

(c) there exists a moment map f associated with the Kdhler metric g and the
Sl-action (the maximal compact subgroup of the second factor), and it is
proper.

Let
L {r € X| lim t-x exists}.
t—o00
If the fized point set X© has property (Tgxc-) (resp. (S)), then both X and L have
property (Taxc~) (resp. (S)).
Furthermore, the bilinear pairing

(7.1.6) K (X)) x K¢ (L) 3 (F, F') — p.(F @% F') € R(G x C*)

is nondegenerate if XC has property (Ttic+)- A similar intersection pairing be-
tween A.(X) and A.(L) is nondegenerate if X has property (S). Here p is the
canonical map from X to the point.

Proof. By [2} 2.2] the moment map f is a Bott-Morse function, and critical man-
ifolds are the fixed point X€ . Let Fy, Fb, ... be the components of X¢'. By
[2, §3], stable and unstable manifolds for the gradient flow of —f coincide with
(£)-attracting sets of Bialynicki-Birula decomposition [7]:

Sk:{xeXuii%txeFk}, Uk:{x€X|t1iI&t~x6Fk}.

These are invariant under the G-action since the G-action commutes with the C*-
action.

Note that results in [2] are stated for compact manifolds, but the argument can
be modified to our setting. A difference is that |J, Up = L is not X unless X is
compact. On the other hand, (J, Sk is X since f is proper.

As in [3], we can introduce an ordering on the index set {k} of components of
X© such that X = |J S is an a-partition and L = |JUy is an a-partition with
respect to the reversed order.

By [7] (see also [8] for analytic arguments), the maps

SkBmH%ir%t-xEFk, UkaHtlimt-mEFk
— —00
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are fiber bundles with affine spaces as fibers. Furthermore, Sy, (resp. Uy) is locally
isomorphic to a G x C*-equivariant vector bundle by the proof. Thus Sy and Uy
have properties (S) and (Tgxc+) by Lemma [ T4 Hence X and L have properties
(S) and (Tgxcx) by Lemmas [T 2 and [TT3]

By the argument in [39, 1.7, 2.5], the pairing (Z1.6) can be identified with a
pairing

D K () x PETE (F) — R(G < C)
k k

of the form

<Z @252) =D (& & dn
k k k>k
for some pairing (, )2 K€ (F) x KE*C (F]) — R(G x C*) such that ( , )gx
is the pairing (1) for X = Fj. Since (, )k is nondegenerate for all k by the
assumption, (Z-1.6) is also nondegenerate.

The proof of the statement for A.(X), A.(L) is similar. One uses the fact that
the intersection pairing A, (Fy) x A.(Fx) — Z is nondegenerate under property
(S). O

7.2. Decomposition of the diagonal.

Proposition 7.2.1 (cf. [16], [13} 5.6.1]). Let X be a nonsingular projective vari-
ety.

(1) Let Oax be the structure sheaf of the diagonal and [Oax] the corresponding
element in K(X x X). Assume that

(7.2.2) [Oax] = Zai X 3;

holds for some «;, B; € K(X). Then X has property (T').
(2) Let G be a linear algebraic group. Suppose that X has G-action and that
[T22)) holds in K€ (X x X) for some v, i € K€(X). Then X has property (T}).
(3) Let [AX] be the class of the diagonal in A(X x X). Assume that

(7.2.3) [AX] = pia; Upsb;

holds for some a;, b; € A(X). Then X has property (S).

Proof. Let p,: X x X — X denote the projection to the ath factor (a = 1,2). Let
A be the diagonal embedding X — X x X. Then we have [Oax] = A, [Ox]. Hence

prs (D5F @5 x [Oax]) = pis (05F @5 x A:[Ox])
= ps (A*p5F ®% [Ox])  (by the projection formula)

= F % [Ox] (p1oA=pyoA=idx)
=F.

If we substitute (Z.2:2) into the above, we get

(7.2.4) F=> pu(psF %, x pios @% . x p38i) = Y _(F.Bi)ou.

In particular, K(X) is spanned by «;’s.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



182 HIRAKU NAKAJIMA

If mF =0 for some m € Z\ {0}, then 0 = (mF, ;) = m(F, 5;). Hence we have
(F,B;) = 0. The above equality (CZ4) implies ' = 0. This means that K(X)
is torsion-free. Thus we could assume the «;’s are linearly independent in (T22).
Under this assumption, {«;} is a basis of K(X), and (TZ4)) implies that {3;} is
the dual basis.

If we perform the same computation in Ko top(X) ® K1 t0p(X), we get the same
result. In particular, {a;} is a basis of K¢ top(X) ® K1 top(X). However, «;, §; are
in Ko top(X), thus we have K1 1op(X) = 0. We also have K(X) — Ko top(X) is an
isomorphism. Thus X has property (7).

If X has G-action and (Z.Z.2)) holds in the equivariant K-group, we do the same
calculation in the equivariant K-groups. Then the same argument shows that X
has property (T¢).

The assertion for Chow groups and homology groups can be proved in the same
way. ([l

7.3. Diagonal of the quiver variety. Let us recall the decomposition of the di-
agonal of the quiver variety defined in [45 Sect. 6]. In this section, we fix dimension
vectors v, w and use the notation 9% instead of M(v, w).

Let us consider the product 9t x 9. We denote by V;! (resp. V;?) the vector
bundle Vj, X Ogy (resp. O X Vi). A point in 9t x 91 is denoted by ([B!,i!, j!],
[B2,i2,5%]). We regard B%, i%, j* (a = 1,2) as homomorphisms between tautolog-
ical bundles.

We consider the following Gy x C*-equivariant complex of vector bundles over
M x M

(7.3.1) LVLV?) L gEVLVH @ qLW, V) @ qL(VELW) D LV, V?),
where
o(€) = (B% - ¢BY) @ (—&i") @ 5%,
H(C®adb) L (eB2C +CB' +i%b + aj").

It was shown that o is injective and 7 is surjective (cf. [0, 5.2]). Thus Ker7/Im o
is an equivariant vector bundle. We define an equivariant section s of Ker7/Imo
by

s (0@ (=) @ ') mod Im g,
Then ([B!,i', j1],[B?,i2,?]) is contained in the zero locus Z(s) of s if and only if
there exists £ € L(V1,V?) such that
¢B' =B, &i'=7 =%
Moreover £ is an isomorphism by the stability condition. Hence Z(s) is equal to the
diagonal AMi. If V is a connection on Ker 7/ Im o, the differential Vs: T(9x M) —

Ker7/Imo is surjective on Z(s) = A9 (cf. @5 5.7]). In particular, we have an
exact sequence

0— A" (Ker7/Imo)* — -+ — (Ker7/Imo)* — Ogmxom — Oam — 0.
In KG*C (M x M), Ker7/Imo is equal to the alternating sum of terms of
(C3T) which has a form Y «; ¥ §; for some «;,3; € KGwxC (). Hence M

satisfies the conditions of Proposition [[ZZ1] except the projectivity. Unfortunately,
the projectivity is essential in the proof of Proposition 21l (We could not define
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(p1)« otherwise.) Thus Proposition [[ZZ1] is not directly applicable to 9t. In order
to get rid of this difficulty, we consider the fixed point set 9C" with respect to the
C*-action.

For technical reasons, we need to use a C*-action, which is different from @72I).
Let C* act on M by

(7.3.2) Bp— tBr, ir—ti, j—tj for t € C*.

This induces a C*-action on 9t and 99y which commutes with the previous Gy, x C*-
action. (If the adjacency matrix satisfies Ay < 1 for any k,l € I, then the new
C*-action coincides with the old one.) The tautological bundles Vi, Wi become
C*-equivariant vector bundles as before.

We consider the fixed point set 9T . [B,4,5] € M is a fixed point if and only if
there exists a homomorphism p: C* — G such that

lfO(B,’L',j) = p(t)il ’ (B’ihj)

as in §&T1 Here ¢ denotes the new C*-action. We decompose the fixed point set
INC" according to the conjugacy class of p:

mE = | Mmp].
Lemma 7.3.3. Mp] is a nonsingular projective variety.

Proof. Since M[p] is a union of connected components (possibly single component)
of the fixed point set of the C*-action on a nonsingular variety 9%, 9[p| is nonsin-
gular.

Suppose that [B,i,j] € My is a fixed point of the C*-action. It means that
(tB,ti,tj) lies in the closed orbit G - (B,4,5). But (¢B,ti,tj) converges to 0 as
t — 0. Hence the closed orbit must be {0}. Since 7: MM — My is equivariant, ME
is contained in 771(0). In particular, M[p] is projective. O

This lemma is not true for the original C*-action.
We restrict the complex (Z3.0]) to 9[p] x M|p]. Then fibers of V! and V2 become
C*-modules and hence we can take the C*-fixed part of (T31):

LVL VAT 2o (gB(VE,V2) & g LW, V) @ g LVY, W) o (¢ LV, V)T,

where o©" (resp. 7€) is the restriction of o (resp. 7) to the C*-fixed part. Then
oC" is injective and 7€ is surjective, and Ker 7C /Im o€ is a vector bundle which
is the C*-fixed part of Ker7/Imo.

The section s takes values in Ker 7€ /Imo® = (Kerr/Imo Considering
it as a section of Kerc® /Im7%", we denote it by s€. The zero locus Z(s€) is
Z(s) N (Mp] x M[p]) which is the diagonal AM[p] of M[p] x WM[p]. Furthermore,
the differential Vs© : T(9M[p] x Mp]) — (Ker7/Im )€ is surjective on Z(s¢) =
AMp].

Our original Gy, x C*-action (defined in §2.7)) commutes with the new C*-action.
Thus M[p] has an induced Gy x C*-action. By the construction, Ker 7€ /Tm o®”

is a Gy, x C*-equivariant vector bundle, and s*" is an equivariant section.

e

Proposition 7.3.4. M(p| has properties (S) and (T¢, . c-). Moreover, Mp] is
connected.
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Proof. Let Oasn|p) be the structure sheaf of the diagonal considered as a sheaf on
IMp] x M[p]. By the above argument, the Koszul complex of s gives a resolution
of OA‘.IYI[p] :

0 /\maX(KerT(C*/ImO_(C*)* e — (KeI‘TC*/ImUC*)*
= Omip)xmip] = Oamip) — 0,

where max = rankKero® /Im7C . Thus we have the following equality in the
Grothendieck group K“w*C (9M[p] x Mp]):

[Oag] = A_i[(Ker 7™ /Im o™ )"].

. * o, . . . * . .
Since ¢ is injective and 7¢ is surjective, we have

[Ker ¢ /Im o]
= —[LOVL VST + (@B, V2) @ gLW, V) @ gLV, W) |
~ [ LV, V).

Each factor of the right hand side can be written in the form ), a; X 3; for some
i, B € K> (M[p]). For example, the first factor is equal to

LV, v2)© EBL VZ(m)),

where V*(m) is the weight space of V¢, i.e
Vi(m)={veV*|tov=1t"v}.

The remaining factors have a similar description. Thus by Proposition [ZT], 91[p]
has property (T4, .c-)-

Moreover, the above shows that K%w*C™(91[p]) is generated by exterior powers
of Viz(m), Wi(m) and its duals (as an R(Gw x C*)-algebra). Note that these
bundles have constant rank on M[p]. If M[p] have components M;, Ms, ..., the
structure sheaf of M; (extended to M[p] by setting 0 outside) cannot be represented
by Vi:(m), Wi(m). This contradiction shows that 9[p] is connected.

The assertion for Chow groups can be proved in exactly the same way. By
the above argument, the fundamental class [A9M[p]] is the top Chern class of
Ker TC*/Im oC", which can be represented as > ;Pia; U psb; for some a;, b; €
A(X). O

Theorem 7.3.5. M and £ have properties (S) and (Ta, xc+). Moreover, the bi-
linear pairing
KGwxC (9m) x KE>*C(2) 5 (F, F') — p.(F @k F') € R(Gy x C*)

is nondegenerate. A similar pairing between A, (9M) and A.(£) is also nondegener-
ate. Here p is the canonical map from 9M to the point.

Proof. We apply Lemma [[LTH By [44, 2.8], the metric on 9 defined in §Z7 is
complete. By the construction, it is invariant under Ky, x S, where Ky, = [T U(W)
is the maximal compact subgroup of Gy,. (Note that the hyper-Kéhler structure is
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not invariant under the S!-action, but the metric is invariant.) The moment map
for the S'-actions is given by

; (Z 1Bl + D (el + ||jk||2)> .

This is a proper function on 9. Thus Lemma is applicable. Note that we
have £ = {z € M | lim;_, ¢t © x exists} as in [44] 5.8]. (Though our C*-action is
different from the one in [44], the same proof works.) O

7.4. Fixed point subvariety. Let A be an abelian reductive subgroup of Gy, x C*
as in §@ Let 94 and £4 be the fixed point set in Mt and £ respectively. Exactly as
in the previous subsection, we have the following generalization of Theorem [.3.5]

Theorem 7.4.1. M* and £4 have properties (T) and (S). Moreover, the bilinear
pairing
KO x K(&Y) 3 (F,F') — p(F @k F') e Z

is nondegenerate. A similar pairing between A,(MA) and A.(£4) is also nonde-
generate. Here p is the canonical map from M? to the point.

7.5. Connectedness of (v, w). Let us consider a natural homomorphism
(7.5.1) R(Gw % C* x Gy) — KG*C" (9m),

which sends representations to bundles associated with tautological bundles. If we
can apply Proposition [7.2.3] to 9, then this homomorphism is surjective. Unfor-
tunately we cannot apply Proposition [7.2.1] since 90t is not projective. However,
it seems reasonable to conjecture that the homomorphism (Z.5.0]) is surjective. In
particular, it implies that 91 is connected as in the proof of Proposition[7.3.4l This
was stated in [45, 6.2]. But the proof contains a gap since the function ||s1|| may
not be proper in general.

8. CONVOLUTION

Let X3, X2, X3 be a nonsingular quasi-projective variety, and write pqp: X1 X
X2 x X35 — X, x Xj for the projection ((a,b) = (1,2),(2,3),(1,3)).

Suppose Z12 (resp. Za3) is a closed subvariety of X7 x X3 (resp. Xa x X3) such
that the restriction of the projection p;3: p1_21 (Z12)0p2_31 (Za3) — X1 x X3 is proper.
Let Z15 0 Z33 = p13 (p1_21(Z12) N p2_31(223)). We can define the convolution product
*: K(ZlQ) & K(Zgg) — K(Zlg @) Zgg) by

def. * L *
Kip % Kog =" p1ss (p12K12 @K, « x,x x5 Po3K23)

for K15 € K(Zlg), K3 € K(ZQ3)

Note that the convolution product depends on the ambient spaces X7, X5 and
X5. When we want to specify them, we say the convolution product relative to X7,
X5, X3.

In this section, we study what happens when X;, Xo, X3 are replaced by

(a) submanifolds Sy, Sa, S3 of X7, X5, X5,

(b) principal G-bundles Py, P2, Ps over X1, Xo, X3.

Although we work on nonequivariant K-theory, the results extend to the case
of equivariant K-theory, the Borel-Moore homology group, or any other reasonable
theory in a straightforward way.
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8.1. Before studying the above problem, we recall the following lemma which will
be used several times.

Lemma 8.1.1. In the above setting, we further assume that X1 = X9 and Z15 =
Image Ax,, where Ax, is the diagonal embedding X1 — X1 x Xo. Then we have

(Ax,)«[E] % Ka3 = p3[E] @ Ko

for a vector bundle E over X1, where pa: Xo x X3 — Xo = X7 is the projection,
and ® in the right hand side is the tensor product [GII) between K°(Za3) and
K(Zs3).

The proof is obvious from the definition, and is omitted.

8.2. Restriction of the convolution to submanifolds. Suppose we have non-
singular closed submanifolds Sy, So, S3 of X7, Xo, X3 such that

(8.2.1) (S1 x X2) N Z13 C St X Sa, (S2 x X3) N Zag C Sy x Ss.

By this assumption, we have

(8.2.2) (S1 X X3)N (Z12 0 Za3) C S1 x Ss.

Let Z1, (vesp. Zbs) be the intersection (S7 X Sa2) N Z12 (resp. (S2 X S3) N Zag). By
®22), we have Zi, 0 Zhy = (S1 x X3) N (Z12 0 Za3). We have the convolution
product ' : K(Z1,5) ® K(Z43) — K(Z1, 0 Z}3) relative to Sy, Sa, S5:

11 g def. 4 1% 7ol L 27
Ky %" K3 =" pig, (P12K12 @51 x S5 x S5 P23K23) ;

where p/, is the projection S; x S x S3 — Sg X Sp.

We want to relate two convolution products * and *’ via pull-back homomor-
phisms. For this purpose, we consider the inclusion i, X idx, : Sq X X — X4 X Xy,
where 4, is the inclusion S, — X, ((a,b) = (1,2),(2,3), (1,3)). By (821, we have
a pull-back homomorphism

i1 xidxy)*

K(Z12) = K (X1 % Xo; Z12) 2 (81 % X3 21501 ) % Xa) = K (Z)).

Similarly, we have

(i2xidxy)" (11 xidx5)"

K(Zy3) ———— K(Z33),  K(Zi20 Zas) ——— K(Z15 0 Zy).
Proposition 8.2.3. For K12 € K(Z12), Kog € K(Za23), we have
(8.2.4) (i1 X idx, ) * (K12 * Ka3) = ((i1 X idx, )*Ki2) *" ((i2 X idx,)*Ka3) .
Namely, the following diagram commutes:
K(Z19) ® K(Z23) —— K(Z130 Za3)
(i1><idx2)*®(i2><idx3)*l l(il xidxg)*
K (212) ® K(Zgs) —— K(Zi° Z).

Example 8.2.5. Suppose X; = X5, S;1 = Sy and Z12 = Image Ax,, where Ax,
is the diagonal embedding X; — X; X X5. Then the above assumption S; x
X2 N Zia C 81 x Sy is satisfied, and we have Zj, = ImageAg,, where Ag, is
the diagonal embedding S; — S1 x S3. If E is a vector bundle over X7, we have
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(41 x idx,)*(Ax,)«[E] = (As,)«[i7E] by the base change [I3] 5.3.15]. By Lemma
R.T1], we have

(Ax,)«[E] * K23 = p3[E] ® Kas,
(Ag))«[i*E] ¥ (ig X idx,)*Kaz = p5ii[E] @ (i2 X idx, )" Kag,
where pa: Xo X X3 — Xo, ph: Sy x X35 — Sy are the projections. Note
Py i*[E] @ (ig x idx, ) Koz = (i2 X idx, )*p3[F] ® (i2 x idx,)* Kos
= (12 X idx, )" (p3[E] ® K23)
by (G-4.1)). Hence we have (8:2:4) in this case.

Proof of Proposition [8.Z.3 In order to relate * relative to X1, Xa, X5 and *’ relative
to S1, Sa, S3, we replace X, by S, factor by factor.
Step 1. First we want to replace X; by S;. We consider the following fiber

square:
i1 Xidx, X idx.
51XX2><X3 i i N X1 XXQXX?,
pﬁ,J{ J{Pw
Sl X X3 e X1 X X3,
ilxidxs

where pY; is the projection. We have

(8.2.6)
(i1 x idx,)* (K12 * K23) = (i1 X idx,) P13« (P12 K12 ©%, « xyx x4 Posk23)
= P, (i1 x idx, x idx;, )" (pfsz ®§(1 X Xox X3 p§3K23)

= p/1,3* (('Ll X idX2 X idXs)*pTQKU ®é1 X Xox X3 (il X idX2 X idXs)*p;3K23) )

where we have used the base change ([I3} 5.3.15]) in the second equality and (E-47])
in the third equality. If pf5: S1 x X x X3 — S1 x X2 denotes the projection, we
have p12 o (i1 x idx, X idx,) = (i1 X idx,) o p{5. Hence we get

(il X idx2 X idx3)*pT2K12 = p/{;(il X idxz)*Klg.
Similarly, we have
(i1 x idx, X idx,)*p3gKaz = phs Koas,

where pfs: S1 x Xax X3 — X2 X X3 is the projection. Substituting this into (826]),
we obtain

(8:2.7) (i1 x idx,)" (Ko * Kaz) = plls, (95 (i1 x idx, ) K2 @8, « x,  x, P K23) -
Step 2. Next we replace X5 by S2. By (BZTl), we have a homomorphism
(idsl Xig)*l K(ZEQ) = K(Sl X SQ; Z{Q) — K(Sl X XQ; Z{Q) = K(ZEQ),

which is just the identity operator. We will consider (i1 x idx,)* K12 € K(Z15) as
an element of K(S; x So; Z15) or K(S1 x Xa; Z{5) interchangeably. We consider
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the fiber square

1"

P
51XSQXX3;2>51><SQ
ids; xi2 ><idx3l lidsl Xig

51XX2><X3 —_— Sl XXQ,
P12
/1

where p!} is the projection. By base change [13], 5.3.15], we get

Pl (i1 x idx, ) K12 = pi (ids, Xiz)«(i1 X idx,)* K12

= (idg, xiz X idx,)«pys (i1 X idx, ) Ki2.

By the projection formula ([G5.0), we get
P (i1 X idx, ) K12 ©F, « x, x x, P53 K2s
= (idg, xiz x idx, )« (pY5 (i1 x idx,) " K12 ®%, v, x x, (ds, Xia X idx, ) phs Kos) .
Substituting this into (82Z7), we have
(i1 x idx,)" (K12 * Ka3)

= p5,(ids, xig X idx,)«

x (ply (i1 % idx,) K12 ©8, w5, x x, (ds, xia x idx,)*phs Kas)

111 1% ( 3 * L I11% (- 3 *
= Pia. (P15 (i1 X 1dx, ) K12 ©F, x5, % x, Phy (i2 X idx,)" Ka3)

(8.2.8)

where piy: S1x Sax X3 — S1x X3, phs: S1xS2x X5 — Sy x X3 are the projections,

and we have used pf4 = pf5 o (idg, xi2 X idx,) and phy o (idg, Xiz X idx,) =
o y
(12 X idx,) o phs.

Step 3. We finally replace X3 by S3. By ®2Z1), we have a homomorphism
(ids, xi3).: K(Z33) = K(Sa x S3;Z33) — K(S2 x X3; Z33) =2 K(Z;),
which is just the identity operator. We consider the fiber square

51><SQ><S3 L SQXSg

ids, x ids, x@l lidsz X3

S1 X 89 x X3 —— S5 x Xj.

P23
By base change [13, 5.3.15], we get

pgé* (ig X idxg)*KQ;g = pgé*(idsz Xig)*(ig X idx3)*K23

= (idsl X idsz Xig)*plz*?,(ig X idxg)*KQ;g.
Substituting this into (B82Z8]), we obtain
(11 x idx, )" (K2 * K23)

= pi%. (P15 (i1 X idx,)* K12 @8, x5y x x, (ids, ¥ idg, Xis).«p5s(iz X idx,)*Kas)
= plllé* (idsl X idsz Xi?))*

x ((ids, xids, xi3)* Py (i1 x idx,)" K12 ©F, x5, x5, Vs (i2 X idx,)* Ka3)

= (ids, Xi3).Pha. (Pa(i1 X idx,)" K1a ©F, x5, x5, P53 (ia X idx,)" Kag) ,
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i

where we have used (G5.0) in the second equality and pf; o (idg, x idg, xi3) =
(ids, xi3) o pis, P4 o (idg, X ids, xi3) = pls in the third equality. Finally, by
(BZ2), the homomorphism (idg, Xi3). is just the identity operator K(Z},0 Z%s) —

K (Z{4 0 Zbs). Thus we have the assertion. O

8.3. Convolution and principal bundles. Let G be a linear algebraic group
and suppose that we have principal G-bundles 7, : P, — X, over X, fora =1,2,3.
Consider the restriction of the principal G-bundle 7, xidx, : P, X Xp — X, X X to
Zap for (a,b) = (1,2),(2,3). Then the pull-back homomorphism gives a canonical
isomorphism

(8.3.1) (7 x idx,)*: K(Zap) — K ((mq x idx,) ™ Zap).
Similarly we have an isomorphism
(8.3.2) (m1 x idx,)*: K(Z12 0 Zas) — K%((m x idx,) " (Z12 0 Za3)).

Let G act on P, x P, diagonally. We assume that there exists a closed G-invariant
subvariety Z/, of P, x P, such that

the restriction of idp, X mp: Py X Py, — Py X X to Z(’Ib is proper, and
(idp, X m)(Zy) = (ma X idx,) ™" Zab
for (a,b) = (1,2),(2,3).

Let p!, be the projection Py x P» x Py — P, x P,. Since the restriction of the

projection pis: pia* (Zis) Nphs'(Zhs) — Pi x P is proper, we have the convolution
product ¥ : KE(Z},) ® K9 (Zb3) — K%(Z}4 0 Z}3) given by

(8.3.3)

1 1 g1 def. 4 1% 7 L 1% 71
Ky #" Koz =" pi3s (p12K12 QP x Py x Py p23K23)

for K{, € K%(Z3,), Kb € K%(Z}3). We want to compare this convolution product
with that on K(Z12) ® K(Za3).

By ®33), we have
(idp, x m). Ky, € KC((idp, x m)(Zy;)) = K9((ma x idx,) ™" Zap).

Via (8.3.), we define
(8.3.4) Kap L (g x idx,)*) " (idp, x m). K, € K(Zap).

Thus we can consider the convolution product Kis * Ko3.
By the construction, we have

(idp, x 73)(Z15 0 Zh3) = (m1 x idx,) " (Z12 0 Za3).
Noticing that the restriction of idp, X w3 to Z1, o Z44 is proper, we have
(idp, x m3).(K1q %' Kby) € KC((m1 x idx,) " (Z12 0 Za3).
Combining this with (8:3:2]), we have
((m X idx,)*) " (idp, X 3). (Ko ' Kbs) € K(Z12 0 Za3).
Proposition 8.3.5. In the above setup, we have

(836) (71'1 X idXs)*(Klg * K23) = (idpl X 7T3)*(K12 o Ké3)
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Namely the following diagram commutes:
KO(Z1y) ® K9(23) —— KS(Ziy 0 Z4s)

! !

K(Z12) ® K(Z23) ——— K(Z120 Za3),
where the left vertical arrow is
((m1 x idx,)") " (idp, x m2)s @ (2 x idx,)*) " (idp, X 73)s,
and the right vertical arrow is
((m1 x idx,)*) "' (idp, X 73)s.

Example 8.3.7. Suppose X; = X5, P, = P, and Z;2 = Image Ax,, where Ay, is
the diagonal embedding X; — X3 x X. If we take Z], = Image Ap,, where Ap, is
the diagonal embedding P; — Py X P», the assumption ([§3.3) is satisfied. In fact,
the restriction of idp, x w3 to Z{, is an isomorphism. Take a vector bundle £ and

consider K12 = Ax,«[F]. By the isomorphism K (X;) W—Nl> K¢%(P;), we can define
K{y = Ap,«7i[E]. Then both (idp, x m2). K15 and (m xEdX2)*K12 is A[E] where
A’ P — (idp, x m)Ap, = (m1 x idx,) Ay, is the natural isomorphism. Hence
(B3.4) holds for K13 and K{5. By Lemmal[R1.1] we have

(Ax, )« [E] * Koz = p3[E] ® Kas,

(Ap,):[m E] +' Koy = pym3[E] ® K,

where pa: X5 X X3 — Xa, phy: Py x X3 — P» are the projections. We can directly
check (B30) in this case.

Proof of Proposition 835l As in the proof of Proposition R23, we replace X, by
P, factor by factor.
Step 1. First we replace X; by P;. Consider the following fiber square:

T Xidx2 X idX3
- < -

P1><X2><X3 X1><X2><X3
p/l’;,J( lpls
P1 X X3 _— X1 X Xg,

1 Xidxg
where p{5 is the projection. By base change [13], 5.3.15] and (6-4.1)), we have
(8.3.8)

(m1 X idx,)* (Ko * Kag) = (m1 X idx,) P13« (012512 @K, % x, x x P33/ 23)
= pla(m X idx, X idx,)* (PiaKi2 ©%, xx,xx, Pa3k23)
= pls, ((m1 x idx, X idx,)*PiaK12 ® B,y x,xx, (M1 X idx, X idx, ) pisKas)
= pl3. (P13 (m X 1dx, )" K12 ©F, y x, x x, Po3 K23)

where pYy: Pp x Xo X X3 — P; X X and pis: Pp x X3 X X3 — X5 x X3 are
projections.
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Step 2. Consider the fiber square

"
p
P1><P2><X3 —, P1><P2

idpl ><7T2><idx3J/ J/idpl X o
P1><X2><X3 —>P1 XXQ,
P12

/11

where pY} is the projection. By base change [13], 5.3.15], we have

. . /11 ! // . ! /! :
(idp, x g x idx, ).y Kig = P13 (idp, Xm2) K1y = pi5(m1 X idx,)" K12,

where we have used (834 for (a,b) = (1,2). Substituting this into [83), we get
(8.3.9)
(7T1 X idx3)*(K12 * K23)

o : . IES7d) L /1%
= D13« ((ldP1 x my X idxy)«P12 Ko @B, x5 x x5 P23 K23)

= Pl (idp, X 2 X idx, ) (P15 K1z @B, xpyx, (idpy X w2 X idx, ) 53 Kas) |
where we have used (G510 in the second equality. Let py%: Py x Po x X3 — Pax X3
be the projection. By pl; o (idp, X ma X idx,) = (72 x idx,) o phs, we have

(idp, x ma X idx,)*pys = phy’ (w2 X idx, )"

We also have

/! . 3 /11
Pl (idp, X mo X idx, )« = P34,

where p13: P X P, X X3 — P} x X3 is the projection. Substituting these two
equalities into (8.3.9), we get
(8.3.10)

(1 % idxy )" (K12 % Kag) = i3, (P15 Kla @F, x pyxx, Py (T2 X idxy) Kog) -

Step 3. Consider the fiber square
P1><P2><P3 —)I)23 P2><P3

idpl Xidp2 ><7l'3l lidpz X 3

111

P1><P2><X3 L P2><X3.
By base change [13], 5.3.15], we have

. . /% A VIENS A ZES . *
(idp, x idp, X 73)«pPa3 Kog = pog” (idp, X 73)« Koz = po3* (m2 X idx,)" Kas,

where we have used (834) for (a,b) = (2,3) in the second equality. Substituting
this into (8:3:10), we have

(71'1 X idxs)*(Klg * Kgg)
= pl3. (P15 Kls @B, wpyxx, (idp, X idp, X m3).phy K 53)

= plllili*(idpl X isz X 71—3)* ((idpl X isz X 7r3)*plllé*K12 ®IQ—’1><P2><P3 pIQ*BKéd) .
By pi% o (idp, X idp, x w3) = (idp, X 73) 0 p3 and p} o (idp, x idp, X 73) = pl,, We
get
(m1 % idx,)" (K12 * Ko3) = (idp, X m3). 0 Pl (pi*zKiz ®lé—’1><P2><P3 plz*?,Kés) .

This proves our assertion. O
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9. A HOMOMORPHISM U, (Lg) — K> (Z(w)) ®z14.4-1 Qlq)

9.1. Let us define an analogue of the Steinberg variety Z (v, v?

(9.1.1) {(z',2?) € MV, w) x MV, w) | 7(2!) = 7(z?)}.

;W) by

Here 7(z1) = m(2?) means that 7(x!) is equal to 7(2?) if we regard both as elements
of Mo (0o, w) by ([Z54). This is a closed subvariety of M(vi, w) x M(vZ, w).

The map pi3: pro (Z(VY,vEw)) N pos (Z(vE,v3;w)) — M(vE,w) x M(v3, w)
is proper and its image is contained in Z(v!,v3;w). Hence we can define the
convolution product on the equivariant K-theory:

K% (Z2(v' viw)) @ KO (Z2(v? v w)) — KO (Z(v', v3;w)).
Let
H /KGWXC*(Z(VI,VQ;W))
viv2
be the subspace of []

such that

(1) for fixed v!, Fy1 y2 = 0 for all but finitely many choices of v,

(2) for fixed v?, Fy1 y2 = 0 for all but finitely many choices of v'.
The convolution product * is well defined on H:,17v2 K&xC(Z(v' v? w)). When
the underlying graph is of type ADE, (v, w) is empty for all but finitely many
choices of v, so [ is just the direct product [].

Let Z(w) denote the disjoint union | |1 (. Z (v, v¥ w). When we write

K (Z(w)),

vy KG&wxC(Z(v',v?;w)) consisting of elements (Fy1 y2)

we mean H;lyvg KG&wxC(Z(v',v?;w)) as convention.

The second projection Gy, x C* — C* induces a homomorphism R(C*) —
R(Gw x C*). Thus R(Gw x C*) is an R(C*)-algebra. Moreover, R(C*) is isomor-
phic to Z[g, ¢'] where ¢™ corresponds to L(m) in (Z81I). Thus K“*C" (Z(w))
is a Z[q, ¢~ 1]-algebra.

The aim of this section and the next two sections is to define the homomor-
phism from U,(Lg) into KGwxC(Z(w)) ®7[q,¢-1] Q(g). We first define the map on
generators of Uy (Lg), and then check the defining relation.

9.2. First we want to define the image of ¢", hy, .

Let Cp(v,w) be the G, x C*-equivariant complex over M(v,w) defined in
@30). We consider Cg(v,w) as an element of K&w*C (M (v, w)) by identify-
ing it with the alternating sum

—lg Vil + |a 7 | D= el Vie Wi | | — [Vil-
L:k#l
The rank of the complex (Z:9.1)), as an element of K%w*C (M(v, w)) (see §6.2),

is given by

rank Cp (v, w) = — Z (o, 0q) dim V) + dim Wy, — 2dim Vi, = (hg, w — V).
Lkl
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Let A denote the diagonal embedding (v, w) — M(v, w) x W(v, w);
qh — Zq(h,w—v>A OEUI(V,W);
+
(9.2.1) — ZA ( _17.(CR(v, W))) :

= XA ( R CEO) et CF (v w) Ay (CRvw))

where ()* denotes the expansion at z = oo, 0 respectively. Note that

ihk pk qz rank C (v,w) /\ 1/qz(C (V W)) *
W) = i T 2 (/\ - (Cr(v.w)

9.3. Next we define the images of ey, and fi,. They are given by line bundles
over Hecke correspondences.

Let v!, v? and Py (v?, w) be as in §5.1. By the definition, the quotient V;2/V}!
defines a line bundle over PBx(vZ, w). The generator ey, is very roughly defined as
the rth power of V;2/V;!, but we need a certain modification in order to have the
correct commutation relation.

For the modification, we need to consider the following variants of Cp (v, w):

(9.3.1) (v, w) < Cokero,  CF*(v,w) < Vi[-1],

where Vi, [—1] means that we consider the complex consisting of Vj, in degrees 1 and
0 for other degrees. Since « is injective, we have Cp (v, w) = C;*(v,w)+ C}/* (v, w)
n K€ (M(v,w)). We have the corresponding decomposition of the Cartan
matrix C:

C=C+C", wheeC' € cCc-1,c"<1
We identify C’ (resp. C”) with a map given by

v = kaak € @Zak — ka(ak — Ag) (resp. kaAk> e P

We also need matrices Cq, Cq given by

Co™@1-Ag, Cu¥1-Ag,
where Aq, Ag are as in ZII). We also identify them with maps @ Zay — P
exactly as above.
Let w: M(vi, w)xM(v2, w) — M(v2, w) x M(v!, w) be the exchange of factors.
Let us denote w (PBr(v? + ag, w)) C M(v? + ap, w) x M(vZ, w) by B, (v, w). As
on Pi(v,w), we have a natural line bundle over P, (v?,w). Let us denote it by

ViV
Now we define the images of ey r, frr by
(9.3.2)
—(h,Cqv®) [+ (. —17,2 j1,1\©r— (A, C'v?) r10( 2 < \k
ekr'—>z Q Z*(q Vk/Vk) ® det C;° (v, w)* |,

i = SO (=1) =€) [ (g 1y pu2) 2O g e ot (v, w)'
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where i: Pr(vi,w) — Z(v? — ag, v} w) and i~ Py (v, w) — Z(v? + ag, v w)

are the inclusions. Hereafter, we may omit i, or i, , hoping that it causes no
confusion.

9.4.

Theorem 9.4.1. The assignments (Q.2.0]), (0.3.2) define a homomorphism
U, (Lg) — KO (Z(w)) 214,41 Q4)

of Q(q)-algebras.

We need to check the defining relations (L2I)-(TZII). We do not need to
consider the relations (L21), (IZH) because we are considering U, (Lg) instead of
U,(g). The relations (LZ2), (CZ3) and (LZ4) follow from Lemma B] and the
fact that E® F' = F'® E. The relation (I20)) also follows from Lemma The
remaining relations will be checked in the next two sections.

10. RELATIONS (I)

10.1. Relation (I.2.7). Fix a vertex k € I and take v!, vZ = v! + aj. Let i
be the inclusion P (v, w) — Z(vl,v?;w) and let p; and py be the projections
PBr(vi,w) — M(vh w) and Pi (v, w) — M(v2, w) respectively.

By Lemma RI1], we have

(10.1.1)

AN (CH W) i, [ S @V w e (A Cr et w)

=i, [A_l/zpﬁc;(vl,w))@(A_l/zp;w;(v?,w)))_l@ > (glvg/vkl)wwﬂ :

We have the following equality in K %w>C (P (vZ, w)):
Vi = V2= V2V
Hence we have
-1
A1y piCr v w) @ (A 3O (V2 w)) = Ayl cn)ly (a7 VE/VE)
Substituting this into (I, we get

A*/\,l/z(cl.(vl,w)) * Ty l Z (q—lka/Vk1)®T w | x A, (Afl/zcl.(VQ,W)>7
(1‘7) (1_ _> [_Z (a7 V2V w if k=1,
- o) (hi,ou)+142 -1 )
H <1 %) T l Z (q71Vk2/Vk1)®r w"] otherwise.

This is equivalent to (ICZ7) for ;" (w). The relation (ICZT) for x; (w) can be proved

in the same way.
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10.2. Relation (I.ZB) for k # I. Fix two vertices k # [. Let v!, vZ, v3, v* be
dimension vectors such that
V2:v1—|—04;§=v3—|—ozl7 v4=v1—al=v3—ak.

We want to compute e, . * fi s and f; sxeg, » in the component KGwxC(Z(vl,v3 w)).
Let us consider the intersection

P12 B (v, W) Npog By (v, W) (vesp. pry By (v2, w) Ny Pu(v2, w))
in M(vh w) x M(v2, w) x M(v3, w) (resp. M(vi, w) x M(vi, w) x M(v3, w)). On
the intersection, we have the inclusion of restrictions of tautological bundles

VicVviove  (resp. VI D Vi C V3.

Lemma 10.2.1. The above two intersections are transversal, and there is a Gy X
C*-equivariant isomorphism between them such that

(a) it is the identity operators on the factor M(v, w) and IM(v3, w),
(b) it induces isomorphisms V2 /V} 2 V2Vt and V2 VP 2 VL VA

Proof. See [45, Lemmas 9.8, 9.9, 9.10 and their proofs]. O
Since the intersection is transversal, we have
(10.2.2) b * fio = (1)~ (mCavIHuw=Cavi)y o 11)
where L is the following line bundle over py5 P (vZ, w) N p2_312]3[_(v3, w):
(VE )T g (g v B )
® det Cp* (v, w)* @ det C'* (v3, w)*.
Similarly, we have

(10.2.3) fis % ehr = (_1)<h1,wfcgv4>,(hk,cﬁw)plg*[E/]’

where £’ is the following line bundle over pi; B, (v, w) N pas P (v, w):

®s+(h;,w—C'v* E ®r—(hy,C"v?
( l‘rll/‘rl4) s+(h ) ® ( l‘rl?/‘fkél) (h )
®detC’l” (V ,W)*®detC,; ("37“)*-

Let us compare (ITZ2) and (IILZ3). On piy Pr(v:,w) N poy Py (v, w), we

have
det C1* (v?, w) = det C}* (v?, w) @ det ([~ (o, al)]q(qfl‘/f/‘/f))
— det Cp (v, w) @ (q V2 /VB) @ e
On the other hand, we have
det C/"*(v?,w) = det C/"*(v*, w)

on pl_zlipl_(VQ, W) N pos Pr(v3, w). Hence under the isomorphism in Lemma [TZ.T]

we obtain
£L=2r,
where we have used
(10.2.4) (h;,C'V?) = (h,C'v*) — A, (b, C"'v?) = (hy,, C"'v?3).
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By
(h1, Caov?) = (h;, Cov?) — (AQ)k,
(hi, Cqv?) = (hi, Cqv®) — (Ag)ki,  (Ao)u = (Ag)u,

we have

(_1)—(hk,Cﬁv2)+(hl7W—CSZV3> _ (_1)(hl7w—CSzv4>_<hkacﬁv3>.
Thus we have [eg,r, f1,s] = 0.

10.3. Relation (ILZI0). We give the proof of (LZI0) for + = + in this subsec-
tion. The relation (L2.10Q) for + = — can be proved in a similar way, and hence is
omitted.

Fix two vertices k # [. Let v, v2, v3, v* be dimension vectors such that

V2:v1—|—04k7 v4:v1—|—0q7 v3:v2+al:v4+akzvl+ak+al.

We want to compute ey, . *e; s and e, s*ey, - in the component K> (Z (v, v3 w)).

Let us consider the intersection
PRV W) N (v W) (resp. p (v, w) 0o B (v, w)
in M(v,w) x M(vZ,w) x M(v3,w) (resp. M(v, w) x M(v*, w) x M(v3, w)).
Lemma 10.3.1. The above two intersections are transversal respectively.

Proof. The proof below is modeled on [45, 9.8, 9.9]. We give the proof for
o Pr(v2, W)ﬁp;-; P:(v*, w). Then the same result for py5- 9 (v, W)ﬁp;-; B (v3,w)
follows by k « [, vZ « v

We consider the complex (5.1.1]) for Pr(vZ, w) and Py (v3, w):

L(V',V?) 25 E(VE, V) & LGV, V2) @ LV, W) o LV, V2) @ 0,
23 23
L(V2 V%) IS E(VA V) e L(W, V) @ L(V2, W) Z= L(V2, V3 @ 0,
where we use suffixes 12, 23 to distinguish endomorphisms. We have sections s'2
and 523 of Ker712/Imo'? and Ker 723/ Im 0%® respectively.

Identifying these vector bundles and sections with those of pull-backs to M(v!, w)
xM(vZ, w) x M(v3, w), we consider their zero loci Z(s'2) = PBr(v2, w) x M(v3, w)
and Z(s23) = M(vi, w) x P(v3,w).

As in the proof of [45, 5.7], we consider the transpose of Vs'2, Vs?3 via the
symplectic form. Their sum gives a vector bundle endomorphism

t(Vslz) + t(VSQQ): Kertalz/ Imir? @ Kert023/ Im ‘7%
— TM(v,w) & TM(V2, w) S TM(vE, w).

It is enough to show that the kernel of *(Vs'?) 4 £(Vs?3) is zero at (x!, 22, 23).
Take representatives (B%,i%, j%) of 2% (a = 1,2,3). Then we have £!2, €23 which
satisfy (B13)) for (B%,i% j%). Suppose that

(0'12,a’12,b/12) (mod Imt7_12) D (0,23,G/23,b/23) (mod Imt7_23)
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lies in the kernel. Then there exist v* € L(V%, V%) (a = 1,2, 3) such that

50112 512 _ 'Yl Bl _ Bl ,Yl, 55230123 _ 73 B3 _ B3 3,
b/12 — ,yl ’il 523 b/23 — 73 13
) )
—a'12£12:—j1’yl, _a123:_j3,y3,

(1032) 6(512 C/12 + C/23 523) _ ’)’2 32 o 32 27

512 b112 T b123 _ 72 i2,

N2 _ 1282

—a —j22,

Then we have
B3 (§23(72€12 O '73523§12) _ (523(72512 _etzyly 73§23€12) Bl
j3 (523(72512 o 51271) _ 73523512) =0.

Hence we have
(10.3.3) €23(42¢12 _ g12,1) _ 43¢23¢12 _
by the stability condition.

Consider the equation (IT:33) at the vertex [. Since k # [, ? is an isomor-
phism. Hence ([[0.3.3)) implies that Im &3 is invariant under ~7. Since Im &7 is a
codimension 1 subspace, the induced map 'yl?’: Vf’/ Im 5123 — Vf/ Im 5123 is a scalar

which we denote by A23. Moreover, there exists a homomorphism Q%: Vf — Vf
such that

3 23 . _ ¢23,23
VP = A ld‘/l3_l P

For another vertex I’ # [, £#* is an isomorphism, hence we can define (7 so that
the same equation holds also for the vertex I’. Thus we have

(10.3.4) 2 = ABidys = €23¢%.

Substituting (IL3.4)) into (I03.2) and using the injectivity of £23, we get
O = o((PB® — B2 (P,
/% = PEBCB 1A idys),
B2 = (P32 4 A idye )i,

This means that (C23,a/23,6'23) = 1723(¢3 @ \?3).
Substituting ([0:3.4)) into (10.3.3) and noticing £2? is injective, we obtain

(10:3.5) (77 = (€767 + X idyz)) €17 = €121,

Thus Im &2 is invariant under 72 — ((?3¢2% + A\23idy2). Arguing as above, we can
find a constant A'? and a homomorphism ¢'2: V2 — V! such that

(10.3.6) 72— (232 4+ ABidya) — A2idye = £12¢12)
Substituting this equation into ([[0.3.2), we get

012 = ¢(¢12B? — B! (12),

a2 = J2(£12¢12 4 N2 idya),

b = (¢ 4+ A idya )it

This means that (C'12,a2,12) = t712(¢12 & A12). Hence {(Vs'2) + £(Vs?3) is
injective. O]
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Let us consider the variety Zn (resp. Zk) of all pairs (B,i,5) € u~1(0)* and
S C V3 satisfying the following:

(a) S is a subspace with dim S = v! = v? — ay — «y,

(b) S is B-stable,
(¢c) Imi C S,
(d) the induced homomorphism By, : V2 /S, —V?/ S, (vesp. By: V2 /S — V2 /Sk)
is zero for h with out(h) = k, in(h) =I.
Then Zy/Gys (resp Zii/Gys) is isomorphic to Plo Pr (v, W) Npos Pi(v3, w) (resp.
Pio Pi(vZ, w) N pos Pr(v3, w)). The isomorphism is given by defining
(B4, 5!

)-
)
(32 i?,5%) 4" the restriction of (B,i,7) to S,
)
%)=

def

=" the restriction of (B,i,7) to S,

(resp (B*,44, 54 4% the restriction of (B,i,7) to S")

(B?,i?, = (B,i,7),

where S’ (resp. S”) is given by

S;n d;f. Vin 1fm7él resp. SZL d;f. Vin lfm#k .
S ifm=1 S, idm=k

It is also clear that the restriction of pi3 to Zkl/Gv3 (resp. Zk/Gvs) is an iso-

morphism onto its image. Hereafter, we identify Zi;/Gys (resp. Zj/Gys) with

the image. Then Z/Gys and Zjz/Gys are closed subvarieties of Z(v!,v3;w).

Let ig: Zi/Gys — Z(vE,v3;w) (resp. ip: Zix/Gys — Z(v',v3;w)) denote the
inclusion.
The quotient V2 /Sy (resp. V;/S;) forms a line bundle over

Z1a/Gys = prs Pu(v2, w) N pgg Pa(v3, w)

(resp. Zu,/Gys = P2 B (v, W) Nposg B (v3, w)). By the above consideration, ey, .
er,s (resp. ey s * ek, ) is represented by

(10.3.7)
(= 1) Cavi )t Cav®)y  1(g=1Y3 /6, )@=V ) (=113 / g))@s—(.C"v?)
® det Cp* (v, w)* @ det C/* (v, w)*]
(resp.
(1) (e O DG i [(q = VP 51) 20 0O g (g7 1V 8 @ e O
® det C)* (v, w)* @ det C;2 (v, w)*]).
Note that we have
(hi, Cqv?) + (h, Cqv?) = (hi, Cqv?) + (hi, Cav?®) + (ag, i),
(hy, C"v?) = (hy,, C"'v?), (h1, C"v3) = (h;, C"v?),
det Ci? (v2, w) = det CGif (v?, w) @ (g7 V77 /8 (e,
det C}*(v*, w) = det C}*(v* ,w) ® (¢~ V3 /8y, B era),

(10.3.8)
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Set b = —(ay, ;). We consider

D B

out(h)=k,in(h)=I

as a section of the vector bundle ¢[b'], Hom(V;?/S;, V;3/Sk) over Zi/Gys. Let us
denote it by sg;. Similarly ®out(h)=k in(h)=l By, is a section (denoted by s;i) of the

vector bundle ¢[b'], Hom(V;2 /S, V2 /S)) over Zi/Gys.

Lemma 10.3.9. The section sy (resp. si) is transversal to the zero section (if it
vanishes somewhere).

Proof. Fix a subspace S C V3 with dim S = v!. Let P be the parabolic subgroup of
G5 consisting of elements which preserve S. We also fix a complementary subspace
T. Thus we have V3 = S & T. We will check the assertion for sg;. The assertion
for sj, follows if we exchange k and .

We consider

B(S) c S, Imi C S,
M L (B,i,j) e M(V3, w) | Br: V/S, — V2/S, is 0 for h
with out(h) =k, in(h) =1

It is a linear subspace of M(v3 w). Let fi: M — L(V3,8) be the composition
of the restriction of the moment map u: M(v3, w) — L(V3,V3) to M and the
projection L(V3,V3) — L(V3,9). Let z~1(0)* denote the set of (B,1,5) € i~ 1(0)
which is stable. It is preserved under the action of P and we have a Gys-equivariant
isomorphism

Gy3 Xp ﬁ_l(O)s = 7.

Note that the L(V3,T)-part of the moment map u vanishes on M thanks to the
definition of M.
The assertion follows if we check that

dfi & T1: M — L(V*, 5) @ q[t'], Hom(V}* /51, Vi¥/ Sk
is surjective at (B,4,4) € i~ *(0)°. Here IT: M — q[b']q Hom(V;3/S;, V2 /Sk) is the
natural projection. Thus it is enough to show that dgi: M N KerIl — L(V3,S) is

surjective. s
Suppose that ¢ € L(S,V?) is orthogonal to dji(IM N Ker IT), namely

tr (e(0BB+ BdéB)(+6ijC+1i0j()=0
for any (0B, di,d7) € M N KerII. Hence we have
0=j¢€L(S,W),  0=DB¢—(Bls €L(S, V),

where B|g is the restriction of B to S. Therefore the image of ¢ is invariant under
B and contained in Ker j. By the stability condition, we have ¢ = 0. Thus we have
proved the assertion. O
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Let Z(sgi) (resp. Z(si)) be the zero locus of sg; (resp. six). By Lemma [039)
we have the following exact sequence (Koszul complex) on Zy; /Gys (resp. Zix/Gys):

0 — A" (g), Hom (Vi /S, Vi /81))* — -+ = (qlt')y Hom(V /1, ViE/1)"
- OZM/GV3 - OZ(SM) —0

(resp.

0 — /\maX(q[b/]q HOIII(V]?/S]@, W&/Sl))* — e — (q[b’]qHOH’l(V]j/Sm VE‘S/SI))*
- OZlk/Gvs - OZ(Slk) - 0)'

Hence we have the following equality in K w*C"(Zy; /Gys) (resp. KG*C(Z1 /Gys)):
Oz(s) = Ny (alb']g Hom(Vi* /1, ViZ/Sr))*
(resp. Oz(su) = N_1(qlt']g Hom(V;? /Sy, Vlg/Sl))*).

Both Z(sg) and Z(sy;,) consist of all pairs (B, i, j) € p=1(0)* and S C V3 satisfying
the following:

(a) S is a subspace with dim S = v! = v3 — ay, — ay,

(b) S is B-stable,

(¢c) Imi C S,

(d) the induced homomorphism B: V/S — V/S is zero,

modulo the action of Gys. In particular, we have Z(sy) = Z(s1;). Hence we have
it [N 1 (alb')g Hom(V /51, Vi2 /81))*] = uws [\ (alb'] Hom(V3 / Sk, Vi?/51))*] -
This implies
(10.3.10)

ik [V /S0 @ (a7 VP /S0P @ Ay (alb]y Hom (Vi /81, Vi /Sk))*]

=i (a7 VR /S0 @ (7 VP /S1)% @ A1 (alb']y Hom (Vi / Sk, Vi* /S1))]

by the projection formula (G5J). Multiplying this equality by z~"w™* and taking
the sum with respect to r and s, we get

b’ 00

H(l - qb/_%%) Z Llx [(q_lvkg/sk)@)r ® (q_lvf/sl)@)s] 27wt

p=1 r,8=—00

Comparing this with (I0.37) and using (IL31), we get [210).

10.4. Relation (I.ZIT). We give the proof of (LZII) for + = + in this sub-
section, assuming other relations. (The relations (LZJ) with & = [ and (C2ZJ)
will be checked in the next section, but its proof is independent of results in this
subsection.) The relation (IZII) for £ = — can be proved in a similar way, and
hence is omitted.

By the proof of [45, 9.3], operators ey o, fx.0 acting on K&w*C" (Z(w)) are locally
nilpotent. (See also Lemma [3:24 below.) It is known that the constant term of

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVER VARIETIES AND QUANTUM AFFINE ALGEBRAS 201

(C21D), ie.,

(10.4.1) Z(—l)p [b] ei,oez,()ez;)p =0,
p=0 p qk

can be deduced from the other relations and the local nilpotency of ey o, fr.o (see,
e.g., [13, 4.3.2] for the proof for ¢ = 1). Thus our task is to reduce

b
b
(10.4.2) Z Z(_l)p [P} Chyro() " CR o () CLsChy o 1) T oy = 0
qk

og€S, p=0

to ([0-41). This reduction was done by Grojnowski [23], but we reproduce it here
for the sake of completeness.
For p € {0,1,...,b}, let v¥,..., v®*1 be dimension vectors with

; vitlpap ifi#p+1,
vi=<
vil4to ifi=p+1.
Let
mii: MO, w) x - x MV w) — MV, w) x M(v, w)
be the projection. Let
(10.4.3)
& def. _
PBp = 7T121(‘J3k(V17W)) n---N ﬂ-p—ll,p(mk(vp7w))
N 77;7,;1)+1(q3l(vp+17 w)) N ﬂ;—&l,p—i—Q(mk(vp—i_Q? w))n--N W,;l}+1(‘)3k(vb+17 w)).
This is equal to
{(B,i,j,V° C--- c V") | as below}/Gybi1,

(a) (B,i,9) € =} (0)F (in M(v"*1, w)),

(b) V*is a B-invariant subspace containing the image of i with dim V' = v*.
In particular, we have line bundles V¢/V¢~! on 53[, (¢t =1,...,b+1). By the
definition, there exists a line bundle £,(r1,...,7;s) € KGw*C(P,) such that

6}617«1 e €k7rpel’5€k7rp+l e e;w,b = 7T0’b+1*£p(7“1, vy Thy S).
Moreover, we have

(10.4.4)
r _ -~ ®rp _ ®Rs
Lo(r1,...,rp;8) = ((flel/VkO)® ®~-~®(q vp v 1) ®(q IVEPH/VEP)

- 2 1
® (v vt
Now consider the symmetrization. By (I0LZ4]), we have

Xs
D Tty s ey s) =TV V) @ (q_l‘/lp+1/‘/zp> ® £,(0,...,0;0)
oc€ESy

®Tp+1

® @ (¢ VTV @ £,(0,...,0;0).

for some tensor product T (VP /V) of exterior products of the bundle V;'**/V}
and its dual. (In the notation in §I1.4] below, T(kaJr1 /V}2) corresponds to the

symmetric function Y g 27 ;7™ ) Note that we have ¢~ VP VP =
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g VP V0. Thus T(VEH/V0) @ (q*1%b+1/‘/}0)®s can be considered as a vector
bundle over 7T07b+1(‘i¥p). Then the projection formula implies that

Z 7T07b+1*£p(7”0(1), e ,Tg(b); S)
oc€ESy

_ ®s
=TV VO @ (¢ VIV @ mo,p414L5(0, - . ., 0;0).

®s . . .
) * s independent of p, we can derive

Noticing that T(VT1/V0) & (¢~ LV;t+ /170
(I042) from (I0.4.1).

11. REraTIONS (IT)

The purpose of this section is to check the relations (CZJ) with k = [ and (23).
Our strategy is the following. We first reduce the computation of the convolution
product to the case of the graph of type A; using results in §§ and introducing
modifications of quiver varieties and Hecke correspondences. Then we perform the
computation using the explicit description of the equivariant K-theory for quiver
varieties for the graph of type A;.

In this section we fix a vertex k.

11.1. Modifications of quiver varieties. We take a collection of vector spaces
V = (V)ier with dim V' = v. Let py be the Hom(Vy, Vi )-component of p1: M(v, w)

—L(V,V), ie,
pi (B, j) = > e(h)ByBg + inji-
in(h)=k
Let
an ef. .o — .
My, w) L {(Bi.j) € u0) P Buoin: Ve
out(h)=k
- @ Vin(n) © Wy is injective}/GL(Vk).
out(h)=k

This is a product of the quiver variety for the graph of type A; and the affine space:

im(v,w) = m(”ka N) X M,(V,W),

where
vp =dimVy, N =-=Y (o ) dimVj + dim Wy,
l:l£k
M'(v,w) S P Hom(Vouyny, Viany) @ €D Hom(Wi, Vi) @ Hom(Vi, Wy).
. in(h)#k l: l#k

“out(h)#k

Moreover, the variety 9 (vg, N) is isomorphic to the cotangent bundle of the Grass-
mann manifold G (v, N) of vi-dimensional subspaces in the N-dimensional space.
(See [44] Chap. 7] for details.) The isomorphism is given as follows: 9M(vi, N) is
the set of GL(vg, C)-orbits of i: CV — C¥, j: C% — C¥ such that

(a) ij =0,

(b) j is injective.
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The action is given by (i,5) — (gi,7g~ ). Then
M(vg, N) 3 G - (i,5) — (Image j ¢ CV)
defines a map M (v, N) — G(vk, N), and the linear map
ji: CV/Imagej — Imagej

defines a cotangent vector at Image j.
Let 1~ 1(0)* be as in Definition 23Tl and let 4, ' (0) be the set of stable points
in p; '(0). Although the stability condition (Z30]) was defined only for (B, i, j) €
= 1(0), it can be defined for any (B,i,j) € M(v,w). Let
(v, w) (0 GL(VR),  M(v, w) &

We have a natural action of

wH(0)/ GL(VA).

a, = ] Lo
I:1#k

on %(v, W), e (v,w) and ﬁ(v7 w). We have the following relations between these
varieties:

(a) me (v, w) is an open subvariety of ﬁ(v, W),

(b) ﬁ(v7 w) is a nonsingular closed subvariety of 9t° (v,w) (defined by the equa-

tion u; = 0 for I # k),

(c) ﬁ(v7 w) is a principal G%-bundle over M (v, w).

The vector space Vj. defines vector bundles ﬁ(v,w)7 ﬁ"(v,w)7 §J\T(v,w) and
M(v,w). We denote all of them by V}, for brevity, hoping that it causes no confu-
sion.

11.2. Modifications of Hecke correspondences. Fix n € Z~,. Take collections
of vector spaces V! = (V}'),er, V? = (V;?)1e1 whose dimension vectors v!, v satisfy
v2 = vl + nay. (For the proof of Theorem [IA] it is enough to consider the case
n = 1. But we study general n for a later purpose.) These data will be fixed
throughout this subsection, and we use the following notation:

ﬁ1 = ﬁ(vlvw)a ﬁQ = ﬁ(vQ,w), ﬁcl) = ﬁo(vlvw)a ﬁg = ﬁo(v27w),
My =MV, w), My = M(v2, w), My =M(v!,w), My = M(v2, w).

Consider ﬁl and ﬁg. These varieties are products of quiver varieties for the
graph of type A; and the affine space. We fix an isomorphism V;' = V2 for [ # k.
Then we have identifications G/, = G/, and M'(v!,w) =2 M'(v?, w). We write
them as G’ and M’ respectively for brevity. We write V; for V;! and V;? for [ # k. Let
us define a subvariety ‘i?,(cn) C My x My as the product of the Hecke correspondence

for the graph of type A; and the diagonal for the affine space. Namely

B = (w2, N) x AM/
N N
M x My = M —n,N)x M, N) x M x M/,

where vi = dim V,f and

N == (g, 00)dim V' + dim Wy, = — Y (o, o) dim V> + dim W.
l:l#k l:l#k
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Here ‘B,&n) (3, N) C M(vi —n,N) x M(v, N) is the generalization of the Hecke
correspondence introduced in (B:3.1]). Since the graph is of type Ay, it is isomorphic
to the conormal bundle of

O™ (v}, N) E {(R,V?) € G} —n, N) x G}, N) | i € 12

The quotient V;?/V;! defines a vector bundle over ml(cn)(vi, N) of rank n.

We have
(11.2.1) PN (9715 X %) cmg xmg, PN (9711 X 971;) M x M.
The latter inclusion is obvious from the definition of stability, and the former one
follows from the argument in [45], Proof of 4.5]. Let

S+ (n)o def. Z5(n Py 5o
PP 0 (Mg < Mg
For ([BY,i', j1], [B?, 2'2,‘7'2])6‘?3,2"), the first factor [B!,i!, j1] satisfies u(B?!, !, j1)
= 0 if and only if the other factor [B2,:2, 2] also satisfies u(B2,i2,52) = 0. This
implies that
(11.2.2)
N,i”)o N (i/D\Tl X ﬁg) C My x My, N,i”)o N (ﬁ‘f X ﬁg) C My x Mo
Let

H def. 3 o v v
“ngn) = ipl(cn) N (ml X mg) .

The quotient V;2/V;! defines vector bundles over ‘13,(?), ‘;3,&”)0 and ‘/I};") For brevity,
all are simply denoted by V,2/V!.

Let us denote by i, the inclusion M, C M for a = 1,2. By ([@I1.2:2), the
Mo (v2,w) - M(vi,w) x M°(v2, w) — M°(vh, w) x M°(v2, w)
induces the pull-back homomorphism with support

(il X ldgﬁg)* K¢ XGWXC*(~](€n)°) - K@ X Gy XC* (mgn))

inclusion map 47 X id

Similarly, we have
(idge xi2)": K xGwxC ({]}2")0) _, K@ XGwxC" (;:]\3§€n)).
Lemma 11.2.3. We have

(il X idﬁg)*[O%Sz)o] = [O@Sz)], (idgvvIg Xiz)*[oqain)o] = [053(’:)]

More generally, if T(V;Z/V}}) denotes a tensor product of exterior products of the
bundle V2 /V,} and its dual, we have
(i1 x idg}}g)*[T(VkQ/Vkl)] =[T(V/Vi) @ O@ZML

(idg xig)* [T (VZ/V)] = [T (VZ/Vi}) & Ogm].

Proof. The latter statement follows from the first statement and the formula ([G4.T]).
Thus it is enough to check the first statement, and the first statement follows from

the transversality of intersections (ITZZ) in ﬁ‘l’ X 9725
Let p/: M(v,w) — D, gl(V1) be the P, gl(Vi)-part of the moment map .

It induces a map ﬁ; — @#k gl(V}) for a = 1,2. Let us denote it by pl,. Thus we
have M, = w.=1(0). Composing !, with the projection p, : ﬁj’ X ﬁg — ﬁ;, we
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have a map p!, o p,: ﬁ‘f X ﬁg — B, 8U(V1) for a = 1,2. We denote it also by
uh, for brevity. It is enough to show that the restriction of the differential du, to
T‘f3§€n)° is surjective on ‘ﬁ,(:) = 553,(:)0 N (ﬁ‘f X ﬁg) = 532")0 N (ﬁl X ﬁg)

We consider the homomorphisms o, 7, defined in where (B, 1,j) is re-
placed by (B%,i%,j%) (a = 1,2). We denote them by of and 7f respectively.

Take a point ([B!,i',j1],[B2,i2,5%]) € B\, Then

By =B; (in(h) #k,out(h) # k), 4 =i, ji =i (#k)
and there exists & : Vk1 — V,f such that
&Bj,=Bi, Bt =By (n(h)=k), &ip =1, Jk = il

The tangent space T‘f},(cn)o is isomorphic to the space of (§B1, §it, 651,882, §i%,652)
€ M(v!,w) x M(v?,w) such that
6B = 6B} (if in(h) # k, out(h) # k),
§if = 6if, 8jl =050 (for 1 # k),
Th 6o + 01 o), =0 (a=1,2),

& o (57,% = (57,3, (50; = (50,% o&

(11.2.4)

modulo the image of

{(3€},0€3) € gl(V3}) x gl(V;2) | 662 & = &1,061}
S¢L By, —Bio&t, 662BE, —B25&E  (in(h) = k),
— § 0&Lik, —iR0&k, 6&RiR, —iRo&R

other components are 0,

(11.2.5)

where

sop = @ oBLa@dji, omp= P e(n)iBy+dif (a=1,2),
in(h)=k in(h)=Fk

and we have used the identification V;' = V2 for [ # k.
Now suppose that ()12 € @l;ék gl(V}) is orthogonal to the image of du

Putting (x = 0, we consider ¢ = ((;) as an element of L(V*, V®). Then

4l pgpie:

tr (€6B*(B*¢ — (B®) + 0i j*¢ + (i* 6j%) = 0

for any (6B, §it, 851,082, 8i%,552) € T‘ién)o. Since the image of (IT2A) lies in the
kernel of di/,, the above equality holds for any (6B, 6il, 651, 6B2, §i2, §52) satisfying

Taking (§B*, 6i', 651,082, 6i?,652) from AM'(v,w), we find

B}%Cout(h) = Cin(h)BZ if 1n(h) 7é ka Out(h) # k7

11.2.6
( ) Git =0, j2G=0 ifl#k
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Next taking (§B*, dit, 651, §B2, 092, 652) from the other component (data related
to the vertex k), we get

Ul% o Z €(h)Bgc:out(h)a 0
in(h)=k

= @ Cout(h)B% @®0] o € End @ Vout(n) © W
in(h)=k in(h)=k

Comparing Hom (V¢ (n), Wi )-components, we find

(11.2.7) e(h)jkBh Cout(n) = 0.
Comparing Hom(Vou(n), Vout(n))-components, we have
(11.2.8) B (1) B Cont(y = Cont() B () B
If we define
def. Im Cl if l 75 k,
S = “ .
> in(h)y=k M (BiCous(ny)  if L=k,

([IT2:9), (IT.277) and [I1:2:8) imply that S = (S;) is B%invariant and contained in
Kerj. Thus S = 0 by the stability condition. In particular, we have { = 0. This
means that du, yo 18 surjective. O

e

Let 7, : E/D\Ta — M, be the projection (a = 1,2). Then we have

the restriction of idéﬁ1 X Trg E/D\Tl X E/D\Tg — 53\11 X My to 532") is proper,
(idgg, x m2) (By™) = (1 x idan,) ™" (B},

the restriction of m; x idﬁt2 : ﬁl X ﬁg — My X 53\72 to 53,(;1) is proper,

(my x idgs, ) (BY) = (idan, > m2) ™" (B}"):

By these properties, we have homomorphisms

(11.2.9)

(71 X idan, )" (idﬁl % Wz)* . G xGwxC* (535:)) . KGWXC*( ;n))7
(idan, x 7)1 gy, ) KOXOXET () - KO (i),
Lemma 11.2.10. We have
(m1  idan, )* ! (idﬁl x WQ)* [Oge] = [Ogwl,
(i, x 2)*1 (m x id%)* [Ogn] = O]

More generally, if T(V?/V)}) denotes a tensor product of exterior products of the
bundle V2 /V,} and its dual, we have

(7‘(1 X idgmz)*_l (1(‘157\11 X 7T2)* [(71'1 X 7T2)*T (VkQ/Vkl)] = [T (sz/vkl)]v

(idon, x 72) (w1 gy, ) [(m1 ¢ m2) T (VE/VE)] = [T (V).
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Proof. The latter statement follows from the former one together with the projec-
tion formula (6E5.1). Thus it is enough to prove the former statement.

By definition, (71 x idgy,) " ( ,in)) consists of
(GL(V;Y) - (BY,i',j1), Gy2 - (B2,i%,52)) € My x My
such that there exists ¢ € L(V!,V?) satisfying (GL3). We fix representatives
(BY,it, 51, (B?,i2,72). Then the above ¢ is uniquely determined. Recall that we

have chosen the identification V}l ~ ‘/}2 for | # k over 53\11 X E/D\TQ. Let us define
¢ e L(V2,V?) by
, def. {id if 1=k,
1=

& otherwise.

We define a new datum
.3 .3y def. _ ~1.2 .
(BS,Z37]3) et (é-l 1B2§I,€l 1Z27]2§I)-

By definition, we have

&Bj =B, Bp=B& (in(h)=k), &iy=i} Jr =75

By, =By, (in(h) # k,out(h) # k), 4 =i}, j =3 (#k)
Hence (GL(V}!) - (BY,il, j1), GL(V}2) - (B3,43,4%)) is contained in Pi. Moreover,
GL(V2) - (B3,43, %) is independent of the choice of the representative (B?,i?, j2).
Thus we have defined a map (m x id%)_l(m,(cn)) — 53,(;1) by

(GL(Vy) - (B',i',j), Gz - (B, 1%, 5%))
= (GL(V,) - (B, j1), GL(V?) - (B, %, 5%)),

which is the inverse of the restriction of idﬁtl Xms. In particular, this implies

(ids)?zl x ”2)* [Opm] =102, xidany) -1 (p) )

Since 11 X idgn, : (71 X idng)_l(m](cn)) — ‘43,(6”) is a principal G’-bundle, we have

(m1 X idam, )" [On] =[O, i) -1 m())

Thus we have proved the first equation. The second equation can be proved in a
similar way. [l

11.3. Reduction to the rank 1 case. First consider the relation (LZ3]) for k = .
Let v!, v2, v3, v* be dimension vectors such that
v! :v3, vi=v! + ag, vi=vl — .

We want to compute z} (z) * z; (w) and z;, (w) * 2}

KO (7 v w),

and then compare it with the right hand side of (L28) with ¥ = [ in the same
component.

Let M(v®, w), M(v®, w), M°(v®,w), Gla and M/(v®, w) be as in §ITT Let
Pr(ve, w), ‘/I}k(v“, W), %k(v“, w), ‘iz (v®*,w) be the Hecke correspondence and its

modifications introduced in §11.20 (We drop the superscript (n) and write the di-
b

(z) in the component

mension vector v*, w.) Let w be the exchange of factors as before. Let E(V", v w),
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Z(v“,vb;w)7 ZO(v“,vb;w) be subvarieties in ﬁ(v“,w) X 53\1(vb,w)7 ﬁ(v“,w) X
M(vP, w), M°(ve, w) x M°(v®, w) defined in the same way as Z(v?, v®; w).
We have the following commutative diagram:

KO (PBr(v?,w) x K (w(vi,w)  —— K (Z(v' vw)

I

KG’XGWXC* (%k(v27w)) % KG/XGWX(C* (w%k(VQ,W)) KG/XGWX(C* (2(‘/1
KOG (PR (v?, w)) x KOO (B (v2 w)) ——— K90 (Z0(v v w))

I I

KG’XGWXC* (‘ik(VQ, W)) ~ KG’XGWX(C* (w‘ik(VQ, W)) KG’XGWX(C* (Z(Vl, VS; W))

Vi w))

The horizontal arrows are convolution products relative to

(2) M(v!, w), M(vZ, w), M(v?, w),

(3) mo(vl7w)) mo(v2)w)7 mo(v37w))
The vertical arrows between the first and the second rows are homomorphisms given
in Proposition 830l The arrows between the second and the third are homomor-
phisms given in Proposition 823l By the properties (TL2.2)), (IT2.9) and

(0) 20 vow) 1 (T w) (2, ) © 200 v w),

(b) the restriction of m x idg; MV, w) x M3, w) — MV, w) x

—

" (vow)
M(v3,w) to Z(v!,v3; w) is proper,

(c) (m x idﬁ(vgyw))(z( Lvw)) C (danvr wy X m3) " H(Z (v, v35w)),

those homomorphisms can be defined. Finally the arrows between the third and
the fourth are restrictions to open subvarieties.

The commutativity for the first and the second squares follows from Propositions
and BZ23 respectively. The last square is also commutative since 9°(v®, w)
is an open subvariety of (v, w) and since we have ([L.2.1).

Recall that the modified Hecke correspondence in the last row is the product of
the Hecke correspondence for type A; and the diagonal AM/(v!,w). Under the
composite of vertical homomorphisms, ey, fr,s at the upper left are the images of
the exterior products of the corresponding elements for type A; and Oany (v w) at
the lower left, except for the following two differences:

(a) the groups acting on varieties are different,
(b) the sign factors in ([@3:2), which involve the orientation €2, are different.

For the quiver varieties of type A;, the group is

GL| @ Vi @ Wi | x C* = GLy(C) x C*.
h:out(h)=k
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But, if we define a homomorphism G’ x Gy x C* — GLx(C) x C* by

((g)ierazr, (hv)ver, q) — B " Vgnm @b |,
h:out(h)=k

we have an induced homomorphism in equivariant K-groups: KSL~ (C)XC*( ) —
KG'™*GwxC" () (Here m(h) is as in (2.7.1).) It is compatible with the convolution
product, hence it is enough to check the relation in K GLn(©)*C7 ()

Furthermore, the sign factor cancels out in ey, * fi s. Thus the above differences
make no effect when we check the relation (L.2.8)).

By the commutativity of the diagram, ey, , * fi s is the image of the corresponding
element in the lower right.

We have a similar commutative diagram to compute f s * ey, . Hence the com-
mutator [ey ,, fx,s] is the image of the corresponding commutator in the lower right.
In the next section, we will check the relation (I.2.8)) for type A;. In particular, the
commutator in the lower right is represented by tautological bundles, considered
as an element of the K-theory of the diagonal AM(v!, w). Note that OAﬁz(vl,w)
is mapped to Oag(vi,w) by examples in g8l and that the tautological bundles

on M(v!, w) are restricted to tautological bundles on M(v', w). Hence we have
exactly the same relation (IZR) for the general case.
Similarly, we can reduce the check of the relation (IZ3)) to the case of type Aj.

11.4. Rank 1 case. In this subsection, we check the relation when the graph is of
type A;. This calculation is essentially the same as the one by Vasserot [58], but
we reproduce it here for the convenience of the reader. (Remark that our C*-action
is different from the one in [58]. The definition of eg, ., etc. is also different.) We
drop the subscript k& € I as usual.

We prepare several notations. For a,b € Z, let
def. {{a,a—i— 1,...,b} ifb>a,

a,b] =
la, 5] 0 otherwise.

Let
def. _
R = Zlg, ¢ ), ... 2y

For a partition I = (I1,1I3) of the set {1,..., N} into 2 subsets, let S; = S, x Sy,
be the subgroups of Sy consisting of permutations which preserve each subset. For
a subgroup G C Sy, let R be the subring of R consisting of elements which are
fixed by the action of G. If J is another partition of {1,..., N}, we define the
symmetrizer &7 : RS1MS7 — RS7 by

feo Y o),
c€S;/SINS

where R is the quotient field of R. For each v € [0, N], let [v] be the partition

([L,v],[v+ 1,N]). If I = (I1,I5) is a partition of {1,..., N} into 2 subsets and

k € I (resp. k € I), we define a new partition 7, (I) (resp. 7, (I)) by

T (AR L URY) (resp 7 (1) (U kL B\ {K)))
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If I = (I, I5) is a partition and f € R, we define

def.
f(:[,']) = f(xiu'~'7:Civvxj1a'~'7xj1v—v)v

where Il = {il, . ,iv}, .[2 = {jl; N ,jN,v}.

Let 9t(v, N) be the quiver variety for the graph of type A; with dimension
vectors v, IN. It is isomorphic to the cotangent bundle of the Grassmann variety
of v-dimensional subspaces of an N-dimensional space. Let G(v, N) denote the
Grassmann variety contained in 9t(v, N) as the 0O-section. Let Z(v',v%; N) be the
analogue of Steinberg’s variety as before. The following lemma is crucial.

Lemma 11.4.1 (|58 Lemma 13], [13| Claim 7.6.7]). The representation of
P KO (20", 0 N))
on @ K~ OXC(T*GQ(v, N)) by convolution is faithful.

Thus it is enough to check the relation in @ K~ (©xC(T*G(v, N)).
Let B (v, N) € M(v — n, N) x M(v, N) be as in (E31). It is the conormal
bundle of

0™ (v, N) L {(V', V%) € Glv—n,N) x G(v,N) | V! c V2}.

We denote the projections for (v, N) by pi1, p2, and the projections for O(v, N)
by P, P». Note that both Py, P> are smooth and proper. Let w1, w2 denote the
projections T*G(v —n,N) — G(v — 1, N), T*G(v, N) — G(v, N).

Lemma 11.4.2 ([58, Corollary 4]). For E € KS'W(©XC(GQ(v, N)) (resp. E €
KGN ©OXC(GQ(v —n, N))), we have

(O] # T E = 3 (=g~ 2)imi P (INTP @ P E)

<resp. O o) ¥ T E = > (¢ %) Pa. ([/\iTPQ] ® Pl*E) )

(3

where TPy (resp. TPy) is the relative tangent bundle along the fibers of Py (resp.
P).

Proof. As explained in [58, Corollary 4], the result follows from Lemma [E31 The
factor ¢~ 2 is introduced to make the differential in the Koszul complex equivariant.
O

By the Thom isomorphism [I3] 5.4.17],
7 KCEN©OXC Gy, N)) — KCLNOXT (7 (y, N))
is an isomorphism. Moreover, we have the following explicit description of the
K-group of the Grassmann variety (cf. [13, 6.1.6]):
KGN ©OXC Gy, N)) = R(C* x GL,(C) x GLy_,(C)) = R,

where S[,) = Sy X Sy—, acts as permutations of x1,...,7, and xy41,...,2n. If
E denotes the tautological rank v vector bundle over G(v, N) and @ denotes the

quotient bundle O®" /E, the isomorphism is given by
ei(xy,...,x0) — N'E, ezt ay ) - NE

» v

ei(xv-‘rlw'me)’_)/\zQ; ei(x;j.lw'wm;/'l)’_)/\zQ*a
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where e; denotes the ith elementary symmetric polynomial.

The tautological vector bundle V' is isomorphic to ¢F, and W is isomorphic to
the trivial bundle O®N. Let C*(v,N) (resp. C'*(v, N), C""*(v, N)) be the com-
plex (Z90)) (resp. (@31)) over M(v, N). In the description above, we have

-1

ANy = | T 0=="an) | [T (=2t a0,

(11.4.3) wello] tefo-1,N]
det C"*(v, N) = H q txy, detC”"*(v,N) H q ot
te[v+1,N] w€[l,v]

We also have

KGLN(C)XC* (O(n) (U, N)) o~ RS[U,,,L]FIS[U]

?

where

S[v—n] N S[v] = Svfn X Sn X Sva
acts as permutations of x1,...,Zy—n, Ty—nt1,..., Ly, and Ty41,...,2n. The nat-
ural vector bundle V2/V?! is ¢(zy—nt1 + -+ + @,). The relative tangent bundles
TPy, TP, are

TP = Zzaf—; szzzx—k.

t=v+1 k=v—n+1 u=1 h=o—nt1 "4
Lemma 11.4.4 ([58] Proposition 6]). (1) The pull-back homomorphisms
Py KGN EXC Gy —n, N)) — K OXC (O, N)),
Py KGN ©XC (G(y, N)) — KLY OXC (O(y, N))
are identified with the natural homomorphisms
RS- — RSv-n1"50 RS — RSw—m1150)

respectively.
(2) The push-forward homomorphisms

Py, : KGN OXT Oy, N)) — KV OXC Gy — n, N)),
Py, : KCENOXE(O(p, N)) — KOV OXE(G(v, N))
are identified with the natural homomorphisms

t=v+1 k=v— n+1

ulkvn+1

respectively. (The right hand sides are a priori in R, but they are in fact in R.)
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Using the above lemmas, we can write the operators 27 (z) explicitly as:

£(2)f = ()Y “G%zﬁ<f > ()=

-1
Lo (-2) ()
] v

telv+1,N

[eS) r 1
- T Sy X (%) 50 ] ot

ke€[v,N] =—00 telv, N]\{k}

for f € R, Similarly,

o (wg = (-1 s (g > () e

-1
(3 ()
Ty Ty
u€[l,v—1]
> T\ ° N qilxl — Ty
- Z [v] Z (E) i H T — Ty
le[1,v] s=—00 u€[Lv]\{l}

for g € RSw-11.
Let us compare 7 (z)z™ (w) with ¥ (w)z ™ (z) in the component
KGLN(C)XC* (T*G(’U, N)) N KGLN(C)XC* (T*G(’U -2, N))
as follows:

(11.4.5)
at(2)z" (w)f

> Yty Z( LY Zm(g)sx,:%f’v

le[v—1,N] ke[v—1,N]\{l} r=—00

-1 -1
QT —q Ty qr —q Ty
X H Tk — Tt H Ty — Ty
te[v—1,N]\{k,l} u€v—1,N]\{I}
et (w)z ™ (2) f
_ o (Tk) = (T NN
== XX e X () X (F) w
k€[v—1,N]le[v—1,N]\{k} r=—00 s=—00

1 -1

qry —q Tyt qr; —q Ty
x H Tk — Tt H T
tefo—1,N]\{k} w€lo—1, N\ {k,1}

Hence we have
~1
+ o)=Y d Z 4,
T (w)zt(z) = —/——— z ¥ (w).
(e (2) = 22t () )
The relation ([L2Z.9)) for 7 (z), 2~ (w) can be proved in the same way.
Let us compare z~ (w)x*(2) and ¥ (2)z~ (w) in the component

KGLN((C)X(C* (T*G(’U,N)) _ KGLN(C)XC* (T*G(U,N))
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as follows:

] k€[v+1, N]u{l} §=—00

" H qxy, —_rflxt

te(o+1, NUE\(k} R T T

e wi= Y Y fee) (2

z
ke[v+1,N]l€[1,v]u{k} r,8§=—00

Coq merm o

tefo+1,N\{k} o

Terms with k # [ cancel out for 27 (2)z™ (w)f and 2~ (w)x™

[27(2), 27 (w)]

ue([Lo]u{kH\{1}

213

e 5 () (@) ()
II

ue[1,v]\{l}

(G
w

q o — quy

] — Ty

) (2)

q 'z — gz,

T — Ty

(z)f. Thus

-1

SN E G T e g s

ke[v+1,N] r,s=—00 e+ LN\ (R} R T T e TR T T
-y i (ﬂ)r (ﬂ)s 11 gz — q @y 11 q 'm —qry
z w T — Tt T — Ty
le[1,v] rys=—00 te[v+1,N] we[l,v]\{l}

Let

A ] @-za) [ (@-a0),

u€(l,v] te[v+1,N)

Ba) [ (¢'z—ara) [[ (s —a 'a0).

uw€[l,v] te[v+1,N]

Then we have

[27(2), 2~ (w)] =
me[l N]r,s=—00

CY Y () ()

Applying the residue theorem to qﬂlrl :,Oszfoo (E)r (i)s B2) dr e get

z

0 r - + >
[#F(2), 27 (w)] = q_qul <T:z_:oo (§> (§EZ;> - Z

T=—00

£
where (ﬁgzg) € C[[zT]] denotes the Laurent expansion of
respectively. Since

B(z) _ quQ'u A—l/(QZ)C.(v’N)
A(z) N_q/.C*(v,N)

by (IT.Z3)), we have completed the proof of Theorem [IZAT]
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12. INTEGRAL STRUCTURE

In this section, we compare UZ(Lg) with KGwxC(Z(w)). In the case of the
affine Hecke algebra, the equivariant K-group of the Steinberg variety is isomorphic
to the integral form of the affine Hecke algebra (see [13, 7.2.5]). We shall prove a
weaker form of the corresponding result for quiver varieties in this section.

12.1. Rank 1 case. We first consider the case when the graph is of type A;. We
drop the subscript k. We use the notation in §I1.4. We also consider w (™ (v, N))
where P (v, N) is as in (E31) and w: M(v — n, N) x M(v, N) — M(v, N) x
M(v —n, N) is the exchange of factors. We identify its equivariant K-group with
R5v—n11901 as in §IT4 In particular, the vector bundle V! /V? is identified with
q(xv—n-i-l + o+ xv)-

Lemma 12.1.1. (1) Let p1 < --- < ps be an increasing sequence of integers and
let ni,...,ns be a sequence of positive integers such that Y . n; = n. Let A be the
partition

((p2 —p1)" -+ (ps —p1)™) -

Then for g € KS"~©OXC(T*G(v —n, N)), we have

FOI - 12

N
=xq" ) 9@t it ) (@02 - 2,) PPy (21, 0P
{l1, ln} )
1

« H q Ty, —qTy

. Ty, — Ty
i=1,...,n v
we[L,v]\{l1,....0n}

for some L € Z. Here Py is the Hall-Littlewood polynomial (see [41], 111(2.1)]), and
the summation runs over the set of unordered n-tuples {l,...,l,} C [1,v] such that
i # 1 fori # j.

(2) Let us consider a tensor product T(V/V?) of exterior products of the bun-
dle VY/V? and its dual over w(P™ (v, N)), and denote by T(Ty_pni1,...,20) €
Z[xffnﬂ, o, xr]% ¢ RO—"S01 the corresponding element in the equivariant
K -group. Then for g € RSv—1, we have the following formula:

[T(Vl/VZ) ® det C".(U —n, N)®*n] * g

=+ Z g(let"'Tlt, [U]) (J,‘ll ... mln)v—n T(Jtll, . ,J)ln)

{l1,..,0ln}
-1

4 Ty — 4Ty
>< -
I ep—

i=1,...,n 4

we[L,v\{l1,....In}
where the summation runs over the set of unordered n-tuples {l1,...,l,} C [1,v]

such that l; #1; fori # j.
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Proof. (1) Generalizing (IT4A5]), we have the following formula for f., fr, ... fr,:
K GLn (C)xC* (G(’U —n, N)) —, KGLn(C)xC” (G(p, N))

N
f7"1f7"2 f?"ng:i Z g(mq—ltmff;[v])mﬁ "'l{:(ﬂﬁll ...xln)

(T1y-0ln)
-1 -1
q Ty, — 4Ty q "Ti; — 4T
X
. H Ty, — Ty H Ty, — Xy, ’
i=1,...,n v > ¢ J
te[Lo]\{l1,...ln}
where the summation runs over the set of ordered n-tuples (I1,...,l,) such that
l; € [1,’[)], l; 75 lj for 4 75]
Choose 11 <19 < ... <7, so that
(ri,72y o) = (P1ye ey D1, D25« oy D2y -2 ).
—_——— ———

ny times no times

Consider the following term which appeared in the above formula:

—1 -
LT g 4 oo ~ 9%,
lo(1 lo(n
(1) (n) T — 2

€Sy i>j (i) o ()
—1
_ _ q T, — 4T,
_ . 1 0 T2—T1 | Tn—T1 o (i) (4
= (xll J7ln) Z ml(r(l)xla(2) xl(r(n) H T — :
c€s, i>j 0] lo(s)

By [T, II1(2.1)] it is equal to
(@0, -+ 20,)" g " 20x (@) Paany - - @, 0P,
where P, is the Hall-Littlewood polynomial and
oa(q?) = qm(m—1)/2[nl]ngn2(n2—1)/2[n2]qg . ..qns(ns—l)/2[ns]q1 )

Thus we have the assertion.
(2) By Lemmas [T.22, IT.2.4 we have

[T(V'/V?) @ det C"* (v —n,N)® "] x g

= GF;],”] <g T(xvfnJrlv oo 7xv) H (qxu)n

u€([l,v—n]
-1
< I (%) ()
g an
l€[v—n+1,v]
=4 Z g(l‘ﬁtmﬁ: [U]) (J,‘ll .. .mln)v—n T(J,‘ll, L. ,xln)
{li,eln}
1
q Ty — 4Ty
X B —
H xli — Ty

i=1,....,n
we[L,v]\{l1,....In}
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12.2. Let KGw*C (Z(w))/torsion be

Image (KGWX(C* (Z(W)) N KGWX(C* (Z(W)) ®Z[q,q*1] Q(q)) .

(It seems reasonable to conjecture that KSw*C (Z(v',v?;w)) is free over

R(Gw x C*) since it is true for type A,. But I do not know how to prove it
in general.)

Theorem 12.2.1. The homomorphism in Theorem[9.Z1| induces a homomorphism
UZ(Lg) — KGwxC(Z(w))/torsion.

Remark 12.2.2. The homomorphism is neither injective nor surjective. It is likely
that there exists a surjective homomorphism from a modification of U?(Lg) to

KGwxC"(Zve8(w)) /torsion for a suitable subset Z"%(w) of Z(w), as in [45, 9.5,
10.15].

Proof of Theorem [[ZZ1l Tt is enough to check that egfg, ,if:n), ¢" and the coeffi-

cients of pf () are mapped to KSw*C"(Z(w)). For ¢" and the coefficients of pf (2),
the assertion is clear from the definition.

For egfg and f,gf:n), we can use a reduction to the rank 1 case as in §111 Namely,
it is enough to show the assertion when the graph is of type A;.

Now if the graph is of type A1, Lemmal[I2.1.1] together with Lemma[IT.4.1] show
that fvgn) is represented by a certain line bundle over w(P (v, N)) extended to
Z(v,v —n;N) by 0. We leave the proof for e&") as an exercise. The only thing we

need is to write down an analogue of Lemma [Z.1.1] for e\™. It is straightforward.
[l

12.3. The module K“+*¢"(£(w)). By TheoremsTZZTand [[35, K“*C" (£(w))
is a Ug(Lg)-module. We show that it is an [-highest weight module in this subsec-
tion.

Lemma 12.3.1. Let ‘I?,(C")(v,w) be as in and let w: M(v — nag, w) X
M(v, w) — M(v, w)xM(v—nay, w) denote the exchange of factors. Let T(V;}/V}?)
be a tensor product of exterior products of the vector bundle V,}/Vk2 and its dual
over w( ,in) (v,w)). Let us consider it as an element of KEw*C (Z(v,v—noy; w)).
Then [T(V,}/V2) @ det C}/* (v — noy,, w)® "] can be written as a linear combina-
tion (over Zlq,q 1)) of elements of the form

flgzr;ll)f]gz)zz) o flgzl,;b) * [OAEm(vfnak,w)] (nl +ng+---+ns=n, p; dZStant)a
where AM(v — nag, w) is the diagonal in M(v — noy, w) X M(V — nay, w).

Proof. As in Il we may assume that the graph is of type A;. Now Lemma [ZTT]
together with the fact that Hall-Littlewood polynomials form a basis of symmetric
polynomials implies the assertion. O

Proposition 12.3.2. Let [0] € KSw*C (£(0,w)) be the class represented by the
structure sheaf of M(0,w) = £(0, w) = point. Then

JGwxC” (&(w)) = U?(Lg)_ * (R(Gw x C)[0]).

Proof. The following proof is an adaptation of the proof of [45, 10.2], which was
inspired by [35] 3.6] in turn.
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We need the following notation:

Lin (v, w) def. L(v,w) N My (v, w), Lr<n(V, W) def. L(v,w) N My.<n (v, w),

Lhi>n(V, W) def. Lv, W) N M. >n (v, w).

We prove K&w*C" (g(v,w)) C UZ(Lg)™ * (R(Gw x C*)[0]) by induction on the
dimension vector v. When v = 0, the result is trivial since K%w*C" (point) =
R(Gw x C*). Consider £(v,w) and suppose that

ifv—v' e @Zzoak \ {0},

(12.3.3) .
then KT (g(v/,w)) C U?(Lg)’ * (R(Gyw x CH[0]).

Take [E] € K&w*C (£(v,w)). We want to show
[E] € Ug(Lg)™ * (R(Gw x C)[0]).

We may assume that the support of E is contained in an irreducible component of
£(v, w) without loss of generality. In fact, suppose that Supp E C X UY such that
X is an irreducible component. Since Y is a closed subvariety of X UY and since
X NY is a closed subvariety of X, we have the diagram

- x

KOwxC(y) L KO (xUY) —L— KO C(X\Y) —— 0

I ] H

v
7’*

KOwxC (X nY) —=  KGwxC(x) L KGwxC(x\Y) — 0,

where the first and the second row are exact by (61.2)). Thus there exists [E'] €
KG&w>xC(X) such that j”*[E'] = j*[E]. Then j*([E] —i”[E']) = 0, and therefore
there exists B € K%»*® (V) such that [E] = i,[E"] +4”[E’']. By induction on the
number of irreducible components in the support, we may assume that the support
of F is contained in an irreducible component, which is denoted by Xg.

Let us consider ¢ defined in Z33)). If (Xg) = 0 for all k € I, Xp must be
£(0,w) by Lemma[Z34 We have nothing to prove in this case. Thus there exists
k such that e, (Xg) > 0. Set n = ¢, (Xg). By the descending induction on gi, we
may assume that

(12.3.4) if Supp(E’) C Lk;>n+1(v, W), then [E'] € U?(Lg)’ * (R(Gw x C*)[0]).
Since £x.<n(v, W) is an open subvariety of £(v, w), we have an exact sequence
KO (s (v, w)) 25 KO (v, w)) L KO (8,0 (v,w)) — 0
by (6.1.2). Consider b*[E]. By ([2.3.4), it is enough to show that
(12.3.5) there exists [E] € U?(Lg)_ % [0] such that b*[E] = b*[E].

Since Xg N Lg<n(v,W) C Li.n(v,w), the support of b*(E) is contained in
Lin (v, w). We have a map

P: Lin(v,w) = Lio(v — nag, w)
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which is the restriction of the map (5.4.2)). Recall that this map is a Grassmann
bundle (see Proposition B43). Let us denote its tautological bundle by S. Then
b*[E] can be written as a linear combination of elements of the form

[T(S)] @ P*[Eol,

where T'(.5) is a tensor product of exterior powers of the tautological bundle S and
Ey € K> (£;.0(v — nay, w)). Since the homomorphism

b KT (8(v — nog, w)) — KE*C (L4.0(v — nag, w))

is surjective by (BLZ2), there exists [E;] € KS*C (£(v — nay, w)) such that
b™*[Er] = [Eo).

Consider ml(cn)'(v—nozk, W)N(Lr;<n (v, W) x £(v—nay, w)). By Proposition[5.4.3]
it is isomorphic to £, (v, w) and the map P can be identified with the projection
to the second factor. Moreover, the tautological bundle S is identified with the
restriction of the natural vector bundle V;! /V;2. Hence we have

[T(S)] @ P*[Eo] = b* (T(Vi{/ViZ) * [Ex]) ,
where T'(V;!/V;2) is considered as an element of K¢v*C (Z(v,v — nag;w)). By
LemmaM23T] T(V;!/V;?) can be written as a linear combination of elements

f/g;? fli,r;i) e f]i,r;)l) * [P; det Cllcl. (V — nayg, w)@ﬂ]’

where pa: AM(v — nag, w) — M(v — nay, w) is the projection. By ([[23.3),
[det C}/* (v — nag, w)®" @ Ey] € U?(Lg)* * (R(Gw x C)[0]).

Hence T(V;} /V;2)x[E1] € U%(Lg) ™ #(R(Gw x C*)[0]). Thus we have shown (T2Z3.5).
O

13. STANDARD MODULES

In this section, we start the study of the representation theory of Ug (Lg) using
K&wxC (Z(w)) and the homomorphism in (IZZI). We shall define certain mod-
ules called standard modules, and study their properties. Results in this section

hold even if € is a root of unity.
Note that R(Gy, x C*) is contained in the center of K&w*C"(Z(w)) by

R(Gw xC)2p—p® Z[Omn(v,w)]-

Hence a K%w*C"(Z(w))/torsion-module M (over C), which is l-integrable as a
U?(Lg)—module7 decomposes as M = @ M,, where x is a homomorphism from
R(Gw xC*) to C and M, is the corresponding simultaneous generalized eigenspace,
i.e., some powers of the kernel of x act as 0 on M,,. Such a homomorphism x is given
by the evaluation of the character at a semisimple element a = (s,¢) in Gy x C*.
(This gives us a bijection between homomorphisms and semisimple elements.)

What is the meaning of the choice of a = (s,e) when we consider M as a
Ug(Lg)—module? The role of € is clear. It is a specialization ¢ — ¢, and we get
U.(Lg)-modules. It will become clear later that s corresponds to the Drinfel’d
polynomials by

Py (u) = (a normalization of) the characteristic polynomial of sy.
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13.1. Fixed data. Let a = (s,¢) be a semisimple element in Gy x C* and let A
be the Zariski closure of {a™ | n € Z}. Let x4: R(A) — C be the homomorphism
given by the evaluation at a. Considering C as an R(A)-module by this evaluation
homomorphism, we denote it by C,. Via the homomorphism R(Gyw x C*) — R(A),
we consider C, also as an R(Gyw x C*)-module. We consider R(A) as a Z[q, ¢~ ']-
algebra, where R(Gy, x C*) is a Z|[q, ¢~ 1]-algebra as in §9.1]

Let 9 (w)A, My(oo, w)? be the fixed point subvarieties of M(w), Mp(co, w)
respectively. Let us take a point 2 € Mp(oco,w)? which is regular, ie., z €
M e (v, w) for some v°.

The data x, a will be fixed throughout this section.

13.2. Definition. As in ([Z30), let M(v,w), denote the inverse image of = €
M*E (v, w) C Mp(co, w) under the map 7: M(v,w) — My (v, w) — Mo(co, w).
It is invariant under the A-action. Let 9(w), be ||, M(v, w),. We set

KA (M(w),) = @ KAM(v, w).)
as convention.
Let K4 (Z(w))/torsion be
Image (K*(Z(w)) — K*(Z(W)) @z4.4-11 Qq)) -
Let
(13'2'1) M:c,a dgf’ KA(EDT(W);C) ®R(A) Ca.

By Theorem together with Theorem B32, KA(M(v,w),) is a free R(A)-
module. Thus the K4(Z(w))-module structure on K4 (9M(w),) descends to a
KA(Z(w))/torsion-module structure. Hence M, , is a U.(Lg)-module via the com-
position of
U.(Lg) — KGwxC (Z(w))/torsion ® (g, xc*)Ca

— K*(Z(w))/torsion ®r(4)Ca-
We call M, , the standard module.

It has a decomposition M, o = @ K4 (9M(v,w),) ®r(4) Ca, and each summand
is a weight space:

(13.2.3) " kv =Wy forv e KA(m(V,W)x) ®ra) Ca-

(13.2.2)

Thus M, , has the weight decomposition as a U.(g)-module.
In the remainder of this section, we study properties of M, ,. The first one is
the following.

Lemma 13.2.4. As a U.(Lg)-module, M, , is l-integrable.

Proof. The assertion is proved exactly as in [45, 9.3]. Note that the regularity
assumption of x is not used here. O

13.3. Highest weight vector. Recall that 7: M(v?, w) — Mo(v®, w) is an iso-
morphism on 71 (M8 (v®, w)) (Proposition ZX6.2). Under this isomorphism, we
can consider x as a point in M(v®, w). Then M(v®, w), consists of the single point
x, thus we have a canonical generator of K4(9(v®, w),). We denote it by [z].
Since z is fixed by A, the fibers (V4),, (Wk), of tautological bundles at z are

A-modules. Then the restriction of the complex C} (v®,w) to = can be considered
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as a complex of A-modules. In particular, it defines an element in R(A). Let us
denote it by Cf .

Let us spell out Cf , more explicitly. Since  is fixed by A, we have a homomor-
phism p: A — Gyo by &1 It is uniquely determined by x up to the conjugacy.
Then a virtual G,o X Gy X C*-module

g’ <@[—<hk, a)lVy @ Wk)

l

can be considered as a virtual A-module via p X (inclusion): A — Gyo X Gy x C*.
Its isomorphism class is independent of p and coincides with C,;}I. Note that the
first and third terms in (Z30]) are absorbed in the term [ = k.

Proposition 13.3.1. The standard module M, o is an l-highest weight module with
I-highest weight Py (u) def. Xa (AfuC,;x> Namely, the following hold:
(1) Pi(u) is a polynomial in u of degree (hy, w — v°).

(2)
wh(2)x 2] =0, ¢"x[a] =PV,

i (2) % 2] = P(1/2)[2],  py (2) * [2] = (=2)™" Do Pr(1/2) xa ((det CF ,)%) [a].
(3) My,q = U (Lg)™ = [x].

Proof. (1) If we restrict the complex Cp(v®, w) to x, 7 is surjective and oy, is
injective by Lemma [2.9.2l Thus C,;’I is represented by a genuine A-module, and
Xa (AfuC,;x> is a polynomial in u. The degree is equal to (hx,w — v%) by the
definition of Cf 4.

(2) The first equation is the consequence of M(v — o, w), = @, which follows
from Lemma[Z3.4. The remaining equations follow from the definition and Lemma
o. 1L

(3) The assertion is proved exactly as in Proposition Note that the

assumption z € M8 (v®, w) is used here in order to apply Lemma T4 O

k

Remark 13.3.2. Pg(u) is the Drinfel’d polynomial attached to the simple quotient
of M 4, which we will study later.

We give a proof of Proposition [[.2:16] as promised:

Proof of Proposition It is enough to show that there exists a simple I-
integrable [-highest module with given Drinfel’d polynomials Pj(u). We can con-
struct it as the quotient of the standard module M, , by the unique maximal proper
submodule. (The uniqueness can be proved as in the case of Verma modules.) Here
the parameter a = (s, ) is chosen so that Py (u) = xq (Afuq_ka), ie., Py(u)isa
normalization of the characteristic polynomial of sy. O

13.4. Localization. Let R(A), denote the localization of R(A) with respect to
Ker xq.

Let Z(w)“? denote the fixed point set of A on Z(w), and let i: M(w)? x
M(w)A — M(w) x M(w) be the inclusion. Note that it induces an inclusion
Z(w)# — Z(w) which we also denote by i. By the concentration theorem [53]

it KAZ(w)Y) @roay R(A)a — KA (Z(w) @) RIA)
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is an isomorphism. Let

i*: KA(Z(w)) =2 KAM(w) x M(w); Z(w))
— KA(w)? x M(w)*; Z(w)?) = K4(Z(w)?)

be the pull-back with support map. Then i*i, is given by multiplication by A _; N*X
A_N*, where N is the normal bundle of M(w)# in 9 (w). By [13] 5.11.3], A_,N*
becomes invertible in the localized K-group. Thus ¢* is an isomorphism on the lo-
calized K-group. As in [13] 5.11.10], we introduce a correction factor to i*:

ro S ABA_N) ) 08" KAZ(W)) @) R(A)a — K (Z(w)*) @) R(A).

Then r, is an algebra isomorphism with respect to the convolution.
Since A acts trivially on Z(w)?, we have

(13.4.1) KA Z(w)*) =2 K(Z(w)*) @ R(A).
Thus we have the evaluation map
evy: KA(Z(W)A) QR(A) R(A), = K(Z(W)A) ® R(A)q — K(Z(W)A) ® C,

by sending F'® (f/g) to F'® (Xa(f)/Xa(9))-
By the bivariant Riemann-Roch theorem [13] 5.11.11],

RR " (1 K Tdgn(w)4) Uch: K(Z(w)4) — H.(Z(w)*,Q)
is an algebra homomorphism with respect to the convolution. Here ch is the local
Chern character homomorphism with respect to Z(w)? c M(w)? x M(w)4 and
Tdgp(w)a is the Todd genus of M(w)4.
Composing with all these homomorphisms, we have a homomorphism

(13.4.2) U.(Lg) — H,(Z(w)*,C).

Note that the torsion part in (I3.2.2) disappears in the right hand side of (I3.4.1])
after tensoring with R(A),.
We have similar C-linear maps for I(w),:

M, o = KNO(W)a) @) Ca — KA OU(W)D) @p(a) Ca
(13.4.3) . -
LK (M(w)) © C S Ho(M(w)2, C),

x

where ¢* is an isomorphism by the concentration theorem [53] and the invertibil-
ity of A_;N* in the localized K-homology group, ev, is an isomorphism since A
acts trivially on 9t(w)Z, and ch is an isomorphism by Theorem [Z.4.1] and Theo-
remB.3.2 The composition is compatible with the U, (Lg)-module structure, where
H,(M(w)2,C) is a U.(Lg)-module via the convolution together with ([3.4.2).

Recall that we have the decomposition

M(w)* = |_|M(p),

where p runs over the set of homomorphisms A — G, (with various v) (§4.1)). Let

M(p): E M(p) NM(w)2
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Thus we have the canonical decomposition

(13.4.4) Mo = H.(M(w)2,C) = @ Ho(M(p)a, C).

Each summand H,(9M(p),,C) in ([3ZF) is an [-weight space with respect to the
U. (Lg)-action in the sense that operators ¢ (z) act on H.(9M(p),,C) as scalars
plus nilpotent transformations. More precisely, we have

Proposition 13.4.5. (1) Let V}, be the tautological vector bundle over IM(v,w).
Viewing \,Vi as an element of KA(AM(v, w))[u], we consider it as an operator
on My q. Then we have

H.(M(p)a; C) ={m € Mza | (A, Vi — Xa(A, Vi) Id)N *m =0
for k € I and sufficiently large N},

where Xq(A\, Vi) is the evaluation at a of N\, Vi, considered as an A-module via
p: A— Gy.
(2) Let us consider

Cr(v,w) =q " <@[_<hk7 )l Vi @ Wk)

l

as a virtual A-module via p X (inclusion): A — Gy X Gy x C*. Then operators
Ui (2) act on H.(M(p)s, C) by

+
. _1.,Ch(v,w
(13.4.6) crankop vy A1z GV W)
qu/z k(V,W)

plus nilpotent transformations.

Proof. (2) follows from (1). We show (1).

Note that Oam(v,w) is mapped to Oagp(v,w)a under ro, and Opgp(v,w)a is
mapped to the fundamental class [A9(v, w)4] under RR. Combining with the
projection formula (6.5.1), we find that the operator A,V is mapped to

(choevg 0i*A, Vi) N [AM(v, w)?]

under the homomorphism (I3:42)). Thus as an operator on H,(9M(p),,C), it is
equal to

(13.4.7) m — (j* och o evy 0i* A, Vi) Nm,

where j: M(p), — M(v, w)4 is the inclusion.

Now, on a connected space X, any a € H*(X,C) acts on H,(X,C) as a scalar
plus nilpotent operator, where the scalar is the H°(X, C)(=2 C)-part of a. In our
situation, the H-part of (I3:47) is given by x4 (A, Vk)- (Although we do not prove
M (p). is connected, the H-part is the same on any component.)

Furthermore, xq(/A, Vi) determines all eigenvalues of the operator a acting on
Vi. Hence it determines the conjugacy class of the homomorphism p: A — Gy.
Thus the generalized eigenspace of A,V with the eigenvalue x,(A, Vi) coincides
with H,(9M(p)., C). O
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13.5. Frenkel-Reshetikhin’s g-character. In this subsection, we study Frenkel-
Reshetikhin’s g-character for the standard module M, ,. The result is a simple
application of Proposition[I3.4.0l Results in this subsection will not be used in the
rest of the paper.

We assume g is of type ADFE and ¢ is not a root of unity in this subsection.

Let us recall the definition of g-character. It is a map from the Grothendieck
group of finite dimensional U, (Lg)-modules M. As we shall see later in §14.3]
standard modules My, (z = 0 is fixed, w and a = (s,€) € Gy x C* are moving)
give a basis of the Grothendieck group, thus it is enough to define the g-character
for standard modules My ,. We decompose M = M, as

M =P My-,
as in (C3J). Moreover, by Proposition 343, \I/f(z) have the form
_ pdog Qu—deg Ry Qr(1/e2)Ri(e/2)
Ri(1/e2)Qk(e/z)’

where Qp(u), Ri(u) are polynomials in « with constant term 1. (Compare with
[18, Proposition 1]. Note v = 1/z.) Suppose

Qr(u) 1,01 —uak,)

Rp(u)  TI,(1 — ubgs)’

Then the g-character is defined by

Xq(Mo,a) = Z dim Vi HHYkaaerkablksv

TE(2) kel r s

(13.5.1) TE(2)

where Y, 4., Ykb,, are formal variables and x, takes its value in Z[ij;] kel,ceCx -
(x4 should not be confused with x,.)
Let

def. _
Ak,a = Yk,aEYk,as—l H Youtl(h),ae"‘(“)'
h:in(h)=k
Proposition 13.5.2 (cf. Conjecture 1 in [I8]). Let Mo 4 be a standard module with
x = 0. Suppose that Py(u) in Proposition 1331 equals

2

Po(u) = ] = ual?)

i=1
for k € I. Then the g-character of My q has the following form:
ng
H H Yot (1 + Z lea) ’
keli=1
where each M, is a product of Al_c1 with ¢ € Uagk)az.

Proof. By Proposition I34H, H,(M(p) N £L(w),C) is a generalized eigenspace for
wki(z) for a homomorphism p: A — Gy. Thus it is enough to study the eigenvalue.
We consider Vi, Wy as A-modules via p X (inclusion): A — Gy X Gy x C* as before.
Let Vi:(A\), Wi (\) be weight spaces as in §11
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By the definition of C} (v, w) and Py(u), we have
o (PR Ayt W At e
¢ /\ q/zC (V W) ¢ qu/zq_lwk /\ q/zq [ <hk,0{l>] w ’
Pe(u) = Xa (A_pa "W).
By Proposition [3.4.5 we have

g:gz; = <H/\ W0 =, )l Vl>,
where Qk(u), Ry (u) are defined by (I3.5.1)).

Let {cil)} be the set of eigenvalues of a € A on V; counted with multiplicities.
Then we have

-1

<H(1 — ucgk))(l — uszcgk)) ifk=1,
Xa(A_uq™ = (rs )] Vi) = tH [0 - uem®+1e0)

otherwise.
in(h)=k t
‘out(h)=l

Thus we have

MO a ZdlmH H H O HA];ici’“)
t

kel i=1

Note that the term for p with v = 0 has the contribution

2
[T Yeuw-

kel i=1
and any other terms are monomials of A e which are not constant.

Moreover, we have c ) ¢ Ua(k) Z by Lemma BT This completes the proof.
O

14. SIMPLE MODULES

The purpose of this section is to study simple modules of U, (Lg). Our discussion
relies on Ginzburg’s classification of simple modules of the convolution algebra
[13, Chapter 9]. (See also [37].) He applied his classification to the affine Hecke
algebra. However, unlike the case of the affine Hecke algebra, his classification does
not directly imply a classification of simple modules of U.(Lg), and we need an
extra argument. A difficulty lies in the fact that the homomorphism U.(Lg) —
H.(Z(w)4,C) in (I3:Z2) is not necessarily an isomorphism. Our additional input is
Proposition I33TY3). In order to illustrate its usage, we first consider the special
case when a = (s,¢) is generic in the first subsection. In this case, Ginzburg’s
classification becomes trivial. Then we shall review Ginzburg’s classification in
I4.2 and finally we shall study the general case in the last subsection.

We preserve the setup in §I3.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVER VARIETIES AND QUANTUM AFFINE ALGEBRAS 225

14.1.  Let usidentify e ., fx» with their image under (I342). Let 1, € H.(Z(w)4)
denote the fundamental class [AD(p)] of the diagonal of M(p) x M(p).

Lemma 14.1.1. Let us consider
(M (p') x M(p*)) N Pu(v?, w) < (M(v, W)™ x MV, w)h) NP (v?, w),
and let Mg be the weight of A determined by p' and p? as in §5.4. Then we have
the following equality in H.((9M(p') x M(p?)) N Pr(vZ, w), C):
p3ch (A_,V2(N) N (L (2)1,2)

_ pich (A_ ViHN) N Lz (2)1,2) if l £k or X # Ao,
(1= Dpich (A_ V' V) N Az (2)1,2) ifl=k, A= .

Proof. We have the following equality in K°((9(pt) x 9 (p?)) N P (v2, w)):

PV 1k or A # Ao,

sV2(N) =
V() {p’;vkl(Ao)Jr(v?/vl) if 1=k, A=A,

where V?/V! is (the restriction of) the natural line bundle over By (v?, w). The
assertion follows immediately. O

Theorem 14.1.2. Suppose that a = (s,e) is generic in the sense of Definition
/-2 (Hence, &(w)?* = M(w)*.) Then the standard module

Moo = K*(M(w)*) @p(a) @ Ca = H(M(w)", C)
is a simple U, (Lg)-module. Its Drinfel’d polynomial is given by
Py.(u) = det(1 — ue sy,

where sy is the GL(W4)-component of s € Gw. Moreover, My , is isomorphic to a
tensor product of l-fundamental representations when g is finite dimensional.

Proof. Recall that we have a distinguished vector (we denote it by [0]) in the stan-
dard module My, (§I33). It has the properties listed in Proposition [3.31] In
particular, it is the eigenvector for pf(z), and the eigenvalues are given in terms of
Py (u) therein. In the present setting, Py(u) is equal to det(1 — ue™'sg).

Let

Mg, et {me My,o|err*m=0forany keI, reZ}

We have [0] € Mg ,. We want to show that any nonzero submodule M’ of My, is
Moy, itself. The weight space decomposition (as a U.(g)-module) (13.2.3) of My,
induces that of M’. Since the set of weights of M’ is bounded from w with respect
to the dominance order, there exists a maximal weight of M’. Then a vector in
the corresponding weight space is killed by all ey, by the maximality. Thus M’
contains a nonzero vector m € Mg ,. Hence it is enough to show that Mg , = C[0]
since we have already shown that My , = U.(Lg)~ * [0] in Proposition [33.1(3).

Let us consider the operator

(AN € B4 (Z(v,viw))

where A: M(v,w) — Z(v,v;w) is the diagonal embedding. If we consider such
operators for various v, [ € I, they form a commuting family. Moreover, Mg , is
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invariant under them since we have the relation

A*/\ Vl}*ekr if k#1
cx (A VR) = { R AV ek |
Ch,r * [ /\u‘/z ] {[A*/\uvkl} * (ek,r + uq@k,r+1) if k= Z’

where V!, V2 are tautological bundles over MM(v!, w), 9 (v?, w) respectively. (Here

v? = v!' + a;.) Thus Mg, is a direct sum of generalized eigenspaces for A, A\ V;.
Let us take a direct summand Mg5,. By Proposition M34.5(1), MgS, is contained
in H.(M(p),C) for some p: A — Gy. If we can show Mg5 = C[0], then we get
Mg, = C[0] since M5, is an arbitrary direct summand.

Since a is generic, we have MMy(c0, w)? = {0}. Hence

Z(w)d = M(w)? x M(w)4,

and 9M(w)? is a nonsingular projective variety (having possibly infinitely many
components). By the Poincaré duality, the intersection pairing

(, ) Ho(@M(w)*,C) @ Ho(M(w)*,C) — C

is nondegenerate.
Let !fi,, denote the transpose of fj , with respect to the pairing (, ), namely

(ferxm,m’) = (m, " fr, xm') for m, m’ € H,(M(w)*,C).

By the definition of the convolution, ’fj , is equal to w, fx,, where w: EDT(W)A X
M(w)? — M(w)? x M(w)4 is the map exchanging the first and second factors
and w, is the induced homomorphism on H,(9M(w)4 x M(w)4, C).

Let us consider 1, fx »1,/, where p is as above and p’ is any other homomorphism.
It is just the projection of fj , to the component H,(M(p) x M(p’),C). We have

1y tflw’ L, =1pwifkrly=(praUpsB) N1lyeg, 1,
for some 1’ € Z, a € H.(M(p),C), and 8 € H.(M(p'),C). These o and 3 come
from asymmetry in the definition of fj ,, ex,, and in the homomorphism ([[342).
We do not give their explicit forms, although it is possible. What we need is for 8
to be written by tensor powers of exterior products of V;2()) for various k, A. Thus
we can write
(PTaUpsB) N1y epyr 1, = ZPTQT” N1y ekl

r't

for some a,.» € Ho(9M(p),C) by Lemma [[4.T.1] Therefore, for m € Mg, we have

(fk,r * m', m) = (].p fk,r ].p/ * m', m) = (m/, ZPTQTN n ].p/ ek r1 ].p * m) =0
7

for any k € I, r € Z, p/, m' € H,(M(p'),C). Here we have used 1, x m = m,
Ly xm' =m', e *m = 0. Since H,(9M(w)?,C) = U.(Lg)~ *[0], we have one of
the following:

(a) (m',m) =0 for any m’ € H,(9M(w)4,C),

(b) m € CJ0].
The first case is excluded by the nondegeneracy of ( , ). Thus we have m € C[0].

Let us prove the last assertion. First consider the case w = Ay for some k. If ¢
is not a root of unity, a = (s,e) € C* x C* is generic for the quiver variety 9 (Ay).
Hence the above shows that the standard module for 9t(Ay) is simple, and hence
gives an [-fundamental representation.
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Let us return to the case for general w = Y, wiAy. Let ap,... ,a,* be eigenval-
ues of s counted with multiplicities. By Proposition [L2.19] it is enough to show
that

wr
(14.1.3) dim Mo o = [ [ ] dim My o1 (Ax),
koi=1

where My 4, (Ax) is the standard module for 9t(Ay) with aj, = (si, €). Since M (w)A
has no odd homology groups (Theorem [T-Z1]), we have

dim My , = Euler(M(w)?),

where Euler( ) denotes the topological Euler number. By a property of the Euler
number, we have

Euler(M(w)?) = Euler(M(w)).

If we take a maximal torus T of Gy, the fixed point set M (w)T is isomorphic to
[T, M(Ag)*r. Again by a property of the Euler number, we have

Euler(M(w)) = [ [ Euler(M(Ax))**.
k

Since we have
dim My ,; (Ax) = Euler(M(Ax)),
we get (IZT3). O

14.2. Simple modules of the convolution algebra. We briefly recall Ginz-
burg’s classification of simple modules of the convolution algebra [13, §8.6]. (See
also [37].)

Let X be a complex algebraic variety. We consider the derived category of com-
plexes of sheaves with constructible cohomology sheaves, and denote it by D?(X).
We use the notation in [13]. For example, we put

Exthy, ) (4, B) = Homps x) (A, B[k]),

EXt*Db(X) (A7 B) d;f. @ EXtIBb(X) (A7 B)
k

Exthe(x) (4, A) is an algebra by the Yoneda product. The Verdier duality operator
is denoted by V. Given graded vector spaces V, W, we write V = W if there exists
a linear isomorphism which does not necessarily preserve the gradings. We will also
use the same notation to denote that two objects are quasi-isomorphic up to a shift
in the derived category.

Let f: M — X be a projective morphism between algebraic varieties M, X, and
assume that M is nonsingular. Then we are in the setting for the convolution in §§
with X1 = X2 = X3 and Zlg = 223 = Z, where

7 M xx M = {(m',m?) € M x M| f(m") = f(m?)}.
Since Z o Z = Z, we have the convolution product

H.(Z.C)® H,(Z,C) — H,(Z,C).
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Let A be the algebra H,(Z,C). Set M, = f~!(z). Then the convolution defines an
A-module structure on H,(M,,C). More generally, if Y is a locally closed subset
of X, then H,(f~1(Y),C) has an A-module structure via convolution.

By [13], 8.6.7], we have an algebra isomorphism, which does not necessarily pre-
serve gradings,

A = H*(Z, (C) = EXt*Db(X)(f*(CM7f*(CM)7

where Cj is the constant sheaf on M.
We apply the decomposition theorem [6] to f.Cps. There exists an isomorphism
in D*(X):
(1421) f«Cpr = @L@k ® P¢[/€],
b,k

where { Py} is the set of isomorphism classes of simple perverse sheaves on X such
that some shift is a direct summand of f.Cpy;. We thus have an isomorphism

A= @ Home(Lgi, Ly ;) @ Exthx)(Py, Py).
1,5,k,¢,%
def.
Set Ly = @k Ly 1 and
A € @ Home(Lg, Ly) @ Exthy ) (Ps, Py)
@,
so that A = @ Aj. By definition, Ay - A; C Ak under the multiplication of A. By

a property of perverse sheaves, we have Ar = 0 for k < 0 and Ext()Db(X)(P¢, Py) =
Cégy id. Hence,

(14.2.2) A=Ay o @Ay A= @PEnd(Ly).

k>0 ¢
In particular, the projection A — A is an algebra homomorphism. Furthermore,
Ao is a semisimple algebra, and the kernel of the projection, i.e., @, A, consists
of nilpotent elements, thus it is precisely the radical of A. In particular,

{Ls}s
is a complete set of mutually nonisomorphic simple A-modules.

For x € X, let iy: {x} — X denote the inclusion. Then H*(i' f.Cyps) is an
Exthe x) (f«Car, f«Cpr)-module. More generally, if iy : ¥ < X is a locally closed
embedding, then the hyper-cohomology groups H*(Y, 4} f.Cps) and H*(Y, 4%, f.Cnr)
are Extps(y)(f+Cur, fxCar)-modules. Tt is known (see [13, 8.6.16, 8.6.35]) that
H*(Y,i% f.Cpr) is isomorphic to H,(f~1(Y),C) asan A = Extpex) (f+Car, fxCor)-
module.

For C € D({z}), we write H*(C) instead of H*({z},C), and H*(C) instead of
H*({z},C). By applying H*(i},e) to (IZZ]), we get an isomorphism

H.(M,,C) = Ly H* (i}, P;).
b,k
Let

. ef. ’.
Mk (ib f.Cur) = @D Lo @ HY (i, Py).
k'>k
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By definition, we have Ay, - le(i;f*(CM) - MZkH(i;f*(CM) under the A-module
on H*(i, f.Cyp). In particular, Msy (i’ f«Cas) is an A-submodule for each k. Hence

gr M (i, f.Car) "= @) M (it foCar) Mz (05 o Car)
k

is an A-module, on which @, , A acts as 0. By definition,

gr M(il, f.Crr) = @D Ly © H* (i}, Py),
¢

where the A-module structure on the right hand side is given by a: Q& +— af ®E'.
Thus we have

Theorem 14.2.3. In the Grothendieck group of A-modules of finite dimension
over C, we have

H.(M,,C) =D Ly ® H* (i, Py),
[

where the A-module structure on the right hand side is given by a: ERE& — afRE’.

Proof. Since gr M (i', f.Cyr) is equal to M (i}, f.Cps) in the Grothendieck group, the
assertion follows from the discussion above. O

14.3. In this subsection, we assume that the graph is of type ADFE, and ¢ is not a
root of unity. We apply the results in the previous subsection to our quiver varieties.
Recall

Z(w)"* = {(z!,2%) e M(w)* x M(w)* | 7 (a") = 7 (2?)},

where 74: M(w)? — Mo(co, w)? is the restriction of 7: M(w) — My(co, w).
Thus the results in the previous subsection are applicable to this setting. We have
an algebra isomorphism

H.(Z(w)",C) = Extu(any (o0,w)4) (T4 Ca(w) 45 7o o) 4)-

Let us denote this algebra by A as in the previous subsection.

Since the graph is of type ADE, we have Mg (oo, w) = | |, M (v, w) by Propo-
sition Thus we have the stratification (00, w)?A = | |M(p). (In fact,
this holds under the same assumption as in Theorem If we decompose
[B,i,j] € Mo(co,w)? as in 45, 3.27], then the restriction of B to V* for i > 0
is zero by Proposition 221 with w = 0.) Since the restriction

T ey -1 gamzes (o) (1) THONGE (p) — M (p)

is a locally trivial topological fibration by Theorem B3.2, all the complexes in
the right hand side of (IZZI) (applied to f = 74, M = 9M(w)?) have locally
constant cohomology sheaves along each stratum 9, (p). Since M (p) is irre-
ducible by Theorem B.5.6] it implies that Py is the intersection cohomology complex
IC(IM8(p), ¢) associated with an irreducible local system ¢ on My#(p). Thus we

have

(14.3.1) T Coniwya = D Loy ® IC(MGE (), 6)[K]
(p,,k)
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for some finite dimensional vector space L, ¢ ). Let L, ) def. Pr Lok By a
discussion in the previous subsection, {L(, )} is a complete set of mutually non-
isomorphic simple .A-modules. Via the homomorphism (13.4.2), L(,,¢) is considered
also as a U, (Lg)-module.

Theorem 14.3.2. Assume € is not a root of unity.

(1) Simple perverse sheaves P, whose shift appears in a direct summand of
Wf@gn(w)A are the intersection cohomology complezes IC(IM®(p)) associated with
the constant local system Coprez(,y on various My (p).

(2) Let us denote the constant local system Copres(py by C, for simplicity. Then
Lp.c,) is nonzero if and only if My™(p) # 0. Moreover, there is a bijection between
the set {p | L(pc,) # 0} and the set of l-weights of Mo . which are I-dominant.

(3) The simple A= H,(Z(w)#,C)-module Lic,) = @y, Lip,c, k) is also simple
as a Uc(Lg)-module, and its Drinfel’d polynomial is Py(u) = Xa (/\_HC,;I) n
Proposition LT3 for = € My (p).

(4) Lp,c,) is the simple quotient of My o, where x is a point in a stratum My (p).

(5) Standard modules M, , and M, . are isomorphic as U.(Lg)-modules if and
only if © and y are contained in the same stratum.

Proof. We use the transversal slice in §3.31 The idea to use transversal slices is
taken from [13| §8.5].

Choose and fix a point z € My (co, w)*. Suppose that z is contained in a stratum
My (ps) for some p,. We first show

Claim. If C,, denotes the constant local system on 9,®(p,), the corresponding
vector space L, c, ) is nonzero.

If we restrict 7% to the component M(p.), then we have

(14.3.3) 7 Conp,) = EP L, ) @ IC(MGE(p), 9),
(p,9)

where L'(p ) is a direct summand of L, 4y. The summation runs over the set of

pairs (p, ¢) such that MM (p) is contained in 74(M(p,)). (In fact, was
obtained by applying the decomposition theorem to each component M (p,) and
taking the direct sum.) If we restrict (I£33) to the open stratum 9, (p,) of
74 (9M(pz)), the right hand side of ([4.3.3) becomes

@ Ll(pm&) ® ¢,

[

where the summation runs over the set of isomorphism classes of irreducible local
systems ¢ on M (p;). On the other hand, 74 induces an isomorphism between
() ~L(OM® (p)) and M8 (p.) by PropositionZ6.2 This means that the restric-
tion of the left hand side of (IZ33) is the constant local system C,,. Hence we
have L/(px,pr) = C, and L(,, c,,) is nonzero. This is the end of the proof of the
claim.

The claim implies the first assertion of (2). Let us prove the latter assertion of
(2). Suppose My2(p) # 0. Then we have M(p) # @ and H.(M(p) N L(w),C) # 0
by Proposition ET.2l By Proposition 340, the corresponding [-weight space is
nonzero, where the l-weight W*(z) = (U (2))y, is given by ([3.48). Furthermore,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVER VARIETIES AND QUANTUM AFFINE ALGEBRAS 231

since Cp (v, w) can be represented by a genuine A-module over a point in M (p) by
Lemma 232 x, (A_,Cr(v,w)) is a polynomial in u. Thus U*(z) is I-dominant.

Conversely suppose that we have the I-weight space with the I-weight (I3.4.0)
nonzero. Since € is not a root of unity, the e-analogue of the Cartan matrix
[—(hk, aq)]e is invertible. Hence (I3.4.6) determines x4(A,Vs), and a homomor-
phism p: A — G. Moreover, the I-weight space is precisely H,(9(p) N £(w),C)
by Proposition I3Z4H(1). In particular, we have H.(9M(p) N £(w),C) # 0, and
hence M(p) # 0. Furthermore, if we decompose C} (v, w) into P, C} 5(p) as in
411 we have rank C}, ,(p) > 0 since the [-weight (I3.Z.6) is I-dominant. By Corol-
lary Tk, x 18 surjective for any k, A on a nonempty open subset of M(p). By
Lemma[2.9.4] 9" (p) is nonempty. This shows the latter half of (2).

Let v, denote the dimension vector corresponding to p., i.e., My®(ps) C
M ®(vy, w). Take a transversal slice to MM ®(v,, w) at = as in §8.3 Let S
be its intersection with 9g(co, w)?. Since the transversal slice in §3.3] can be

reg

made A-equivariant (Remark [3.3.3)), it is a transversal slice to 9*(p,) (at z) in

Mo (o0, w)?. Let S def. (m4)~1(S). Let e: S — My(oo, w)?, &: 5 — M(w)? be

the inclusions.

The stratification Mo(w)? = | |9My*(p) induces by restriction a stratification
S = |5, where S, = My (p) N'S. Any intersection complex IC(IM*(p), P)
restricts (up to shift) to the intersection complex IC(S,, ¢|s,) by transversality.
Here @|s, is the restriction of ¢ to S,. Taking ' of (TZ3), we get

(14.3.4) g (W*A(CW(W)A) = @ L(p,d)) ® IC(SIN ¢|Sp)'
(p,®)
Let i5: {x} — S be the inclusion. It induces two pull-back homomorphisms 45",
i3*, and there is a natural morphism i3'E — i5*E for any E € D*(S). We apply
these functors to both sides of (IZ.34) and take cohomology groups. By a property

of intersection cohomology sheaves (see [I3] 8.5.3]), the homomorphism
(14.3.5) H*(i5'1C(S,, ¢]s,)) — H* (i3 IC(S,, dls,))

is zero unless S, = {z} (or equivalently p = p;), in which case it is a quasi-
isomorphism. Thus

(14.3.6) Im [H*(i§!€!7T*A(Cm(W)A) — H*(if*gﬂfcm(w)A)} = @ Ly, .¢) @ P,
¢

where the summation runs over isomorphism classes of irreducible local systems on
M2 (ps), and ¢, is the fiber of the local system ¢ at x. Moreover, (I£3F) is a
homomorphism of A-modules, and ([IZ:3:6) is an isomorphism of .A-modules, where
the module structure on the right hand side is given by a: £ ® €' — af ® £'.
On the other hand, we have
H*(i5'e'n Copwya) = H (iyn2Cg) = H (M(w)2, C).

xT 7

As shown in (I3:4.3), the right hand side is isomorphic to the standard module My 4.
Thus the left hand side of (I£38) is a quotient of M, 4, and it is indecomposable
by Proposition [33TI(3). Thus the right hand side of (IZ3:6) consists of at most
a single direct summand. Since we have already shown that L, c, ) # 0 in the
claim, we get L, 4y = 0 if ¢ is a nonconstant irreducible local system. Since x
was an arbitrary point, we have the statement (1).
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Let us prove (3). For the proof, we need a further study of (IZ£3H). By the
above discussion, we have

(14.3.7) Im [H*(i5'e'n Can(wya) = H*(i5 ' Conwya)] = Lip, c,.)-

By the base Change theorem, we have ¢ (7r (an W)A) = 7og (an (w) 4 where 7° is

the restriction of 74 to S. Further, we have & (Cm(w)A = Cg since Sisa nonsingular
submanifold of 9(w)4. Applying the Verdier duality, we have

Hom (H*(i5'e' 7 Copwya ), C) = H*((i5'7Cg)Y) = H*(i5* 75 Cg).
Hence (IZ37) becomes
(14.3.8) Im [Myo — M7, = Ly, c,,)»

where M, is the dual space of M, , as a complex vector space. Let us introduce
an A-module on M , by

(a*h,&) = (h,(w«a) x&), a€ A heM;

xT,a’

ge MJC,(L)

where (, ) denotes the dual pairing, w: Z(w)* — Z(w)* is the exchange of two fac-
tors of Z(w)? = M(W)* Xan, (co,wya M(w)#, and w, is the induced homomorphism
on A= H,(Z(w)?,C). Then ([Z38) is compatible with .A-module structures (cf.
[13, paragraphs preceding 8.6.25]).

The decomposition ([3.4.4) induces a similar one for My ,:

M, = @Hom(H*(im(p)x, C),C).

The homomorphism M, , — M , respects the decomposition, and induces a de-

x,a
composition on (IZ3R).

Recall that we have the distinguished vector [z] in M, ,. The component
H,.(OM(ps),C) of My, is 1-dimensional space C[z]. (See §I33l) By the above
discussion, [7] is not annihilated by the above homomorphism M, , — M ,. Thus
we may consider [z] also as an element of M ,.

We want to show that any nonzero U, (Lg)-submodule L' of L, ¢, ) is L(,, c,.)
itself. Our strategy is the same as in the proof of Theorem MZT.2 Since we
already show that L, c, ) is a quotient of M, ,, Proposition [33.T(3) implies
Ly, c,,) = Uc(Lg)™ *[z]. Thus it is enough to show that L’ contains [z]. To show
this, consider

M, dif{ €My, |exxm"=0forany kel,reZ}

By the argument as in the proof of Theorem [[41.2, L’ contains a nonzero vector
in M;*,. Hence it is enough to show that M;¢, = Clz].

As in the proof of Theorem [ above, M7 is a direct sum of generalized
eigenspaces for A A\, Vi. Let us choose and fix a direct summand M’ contained

in H.(M(p)z, C). Then m* € M satisfies
<fk,r * mvm*> =0
for any k, r. Since M, , = U.(Lg)~ * [z] by Proposition [3.31|(3), the above
equation implies that m* € Hom(C[z], C). Thus we get M;¢, = Clz] as desired.
We have shown the statement (4) during the above discussion.

Let us prove (5). Since 74 is a locally trivial topological fibration on each
stratum 9M#(p), M, , and M, , are isomorphic if both = and y are contained
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in My (p). Conversely, if M, , and M, , are isomorphic as U, (Lg)-modules, the
corresponding [-highest weights x, (/\_uC,:x) and x, (/\_uC,:y) are equal. Since

Xa (AfuC,;x> determines the homomorphism p as in the proof of (2), z and y are
in the same stratum. O

Remark 14.3.9. The assumption that € is not a root of unity is used to apply
Theorem [5.5.6] and to have the invertibility of the e-analogue of the Cartan matrix.
It seems likely that Theorem holds even if € is a root of unity. The latter
condition was used to parametrize the index set of p (i.e., Theorem [4:3:2(2)). But
one should have a similar parametrization if one replaces a notion of [-weights in a
suitable way. Thus Theorem [432] should hold even if € is a root of unity, if one
replaces the statement (2).

Let P = {P(u) = (Pi(u))r } be the set of I-weights of My ,, which are I-dominant.
Since the index set {p} of the stratum coincides with P, we may write L, c,) as
L(P), when 9M®(p) corresponds to P € P. The standard module M, , depends
only on the stratum containing x, so we may also write M, , as M(P). We have
an analogue of the Kazhdan-Lusztig multiplicity formula:

Theorem 14.3.10. Assume ¢ is not a root of unity.

For x € My(oo, w)?, leti,: {x} — Mo(oo,w)? denote the inclusion. Let P € P
be the l-weight corresponding to the stratum M (p,) containing x. In the Gro-
thendieck group of finite dimensional U.(Lg)-modules, we have

M(P) = @ L(Q) & H* (i, IC(M5*(pq))),
QeP

where M= (pg) is the stratum corresponding to Q € P, and IC(My2(pg)) is
the intersection cohomology complex attached to My (pg) and the constant local
system Copres ). Here the U, (Lg)-module structure on the right hand side is given

bya: EQE — af®E.
This follows from Theorem [[4.3.2 and a result in the previous subsection.

Remark 14.3.11. By [13, 8.7.8] and Theorem [[.Z.1] with Theorem [3:3:2] the coho-
mology group H+" (it IC(9M;(pg))) vanishes for all odd n, where dg is the
dimension of My (pg).

15. THE U.(g)-MODULE STRUCTURE

In this section, we assume the graph is of type ADFE. The result of this section
holds even if ¢ is a root of unity, if we replace the simple module L(A) by the
corresponding Weyl module (see [I0} 11.2] for the definition).

15.1. For a given w € @ Z>oAk, let Vyo(w) be the finite set consisting of all
v € @ Z>oay such that w — v is dominant and the weight space with weight
w — v is nonzero in the simple highest weight U,(g)-module L(w — v).

Let V(w) be the union of all Vyo(w) for various v0. It is the set consisting of all
v such that w — v is dominant.

Since the graph is of type ADE, we have My(co, w) = | ], M (v, w). Since
M, ®(v,w) is isomorphic to an open subvariety of M(v,w), My (v, w) is irre-
ducible if M(v,w) is connected. Although we do not know whether Mi(v,w)
is connected or not (see §.Hl), we consider the intersection cohomology complex
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IC(9My™® (v, w)) attached to My™® (v, w) and the constant local system Copres (y wy)-
It may not be a simple perverse sheaf if 0(v, w) is not connected.
We prove the following in this section:

Theorem 15.1.1. As a U.(g)-module, we have the following decomposition:

ResM, .= @ H*(i,ICONGE(v,w))) @ L(w - v),
vev(w)

where ig: {x} — Mo (00, w) is the inclusion, and U.(g) acts trivially on the factor
H* (i, IC(MG* (v0, w))).

Remark 15.1.2. By [13, 8.7.8] and Theorem with Theorem [3:32] the coho-
mology group H°4 (i, IC(9M® (v, w))) vanishes.

15.2. Reduction to ¢ = 1. Suppose that z is contained in a stratum 9, (v, w).
Take a representative (B, 1, j) of z and define p(a) as in ([@I11]). Here a is fixed and
we do not consider A. We choose S € gw = LieGyw, R € gy = LieGy, F € C so
that exp S = s, exp R = p(a), exp E = ¢, where a = (s,¢). Let a; = (exptS,exptE)
for t € C. Then we have

ar * (B,i,j) = exp(tR) ™" - (B,i,j)

from (@IT). If A, denotes the stabilizer of z in Gy, x C*, the above equation means
that a; € A,.
Let us consider a Ueyp¢r(Lg)-module

M, S KA (M(w),) @pa,) Ca,
parametrized by t € C, where C,, is an R(A;)-module given by the evaluation
at a; as in §13] When ¢t = 1, we can replace A, by A by Theorem [7.3.5] and
Theorem hence the module M;—; coincides with M, ,. Moreover, it depends
continuously on ¢, also by Theorem [T.3.5.

Let us consider M; as a Uexptr(g)-module by the restriction. Since finite di-
mensional Ueyp g (g)-modules are classified by discrete data (highest weights), it
is independent of ¢. (Simple modules L(A) of Uexp¢r(g) depend continuously on
t.) Thus it is enough to decompose M; when t = 0, i.e., s = 1, ¢ = 1. By The-
orem [235 and Theorem B32 K4« (9 (w),) is specialized to H,(9M(w),,C) at
s =1, e = 1. Thus our task now becomes the decomposition of H, (9M(w),, C) into
simple g-modules.

15.3. WhenY is pure dimensional, we denote by Hyop(Y, C) the top degree part of
H.(Y,C), that is, the subspace spanned by the fundamental classes of irreducible
components of Y. Suppose that Y has several connected components Y7, Y3, ...
such that each Y; is pure dimensional, but dimY; may change for different ¢. Then
we define Hiop(Y,C) as @ Hiop(Yi, C). Note that the degree top may differ for
different ¢ since the dimensions are changing.

By [45, 9.4], there is a homomorphism

Uc=1(g) — Hiop(Z(w),C).

In fact, it is the restriction of the homomorphism in (I342) for A = {1}, e = 1,
composed with the projection

H,(Z(w),C) — Hiop(Z(w),C).
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For each v, we take a point zy, € My®(v,w). (By Lemma ZTA(2), w — v is
dominant 1f M8 (v, w) is nonempty.) By [45, 10.2], Hyop(9M(W),, , C) is the simple
highest weight module L(w —v) via this homomorphism. (In fact, we have already
proved a similar result, i.e., Proposition [3:311)

Proposition 15.3.1. Consider the map m: M(v°, w) — Mo(v®, w). Then 7, as
a map into T(M(v,w)), is semi-small and all strata are relevant, namely

2dim M(v°, w),, = codimMy(v,w) for x, € M;E (v, w),
where codim is the codimension in w(M(v,w)).

Proof. See [44, 6.11] and [45], 10.11]. O

Proposition 15.3.2. We have

(15.3.3)
Tx ((Cfm(vo,w) [dlm m(v()’ W)]) = @ Htop (m(v07 W)xv; (C) 0 Ic(gngeg (V7 W))a
veV,o(w)

where xy is taken from M E(v,w). (By Theorem [3:3.2 Hyop(M(v0, W), ,C) is
independent of the choice of v .)

Proof. By the decomposition theorem for a semi-small map [13, 8.9.3], the left hand
side of ([5.3.3) decomposes as

e (Con(vo,w) [dim M0, w)]) = @D Liv.a.p) ® IC(MGE (v, W)™, 9),

v,a,¢

where 98 (v, w)® is a component of MM ®(v,w) and IC (M2 (v, w)*,¢) is the
intersection complex associated with an irreducible local system ¢ on E)ﬁreg(v, w)e.
Moreover, by [I3] 8.9.9], we have

(1534) Htop(m(v W Ivv @ L(V a,$)»

where ¢ runs over the set of irreducible local systems on the component of
M (v, w)* containing z,. But as argued in the proof of Theorem 1432 the
1ndec0mposability of Hyop(IM(W)s, , C) implies that no intersection complex associ-
ated with a nontrivial local system appears in the summand. Moreover the left hand
side of ([[5:3.4)) is independent of the choice of the component by Theorem [3.3.2)
Thus we can combine the summation over a together as

D Ly.oo @ ICEREE (v, )%, 6) = Hiop(M(V, W), C) © IC(MH(v, w)).
¢

Our remaining task is to identify the index set of v. The fundamental class
[M(vY, W), ] is nonzero if M(v®, w),, is nonempty. Thus M(vY, w),., is nonempty
if and only if

HtOP(EW(VO W)y )3&0

By [45, 10.2] and the construction, Hiop (9M(vP, W), , C) is isomorphic to the weight
space of weight w—v? in L(w—v). Thus it is nonzero if and only if v € Vyo(w). O
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Take = € M(oco, w) and consider the inclusion i,: {x} — My(co, w). Applying
H*(i') to (I5.33) and then summing with respect to v°, we get

(1535)  H.(O(W)a,C) = ) Hiop(M(W)ay, C) & H (i, ICONE (v, w)).
vev(w)

By the convolution product, Hiop(9(W)z, ,C) is a module of Hyop(Z(w),C). By
[13, §8.9], the decomposition ([[533) is compatible with the module structure,
where Hiop(Z (W), C) acts on Hyop(M(W)4y, C) @ H* (i, IC (MM (v, w))) by 2: £€®
& — 26 ® & . This completes the proof of Theorem [IH.1.1]

ADDED IN PROOF

Crawley-Boevey recently proved that 9t(v, w) is connected (see §7.5) in “Geom-
etry of the moment map for representations of quivers”, to appear in Compositio
Math.
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