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Preface

This book is primarily concerned with the study of cohomology theories of
general topological spaces with “general coefficient systems.” Sheaves play
several roles in this study. For example, they provide a suitable notion of
“general coefficient systems.” Moreover, they furnish us with a common
method of defining various cohomology theories and of comparison between
different cohomology theories.

The parts of the theory of sheaves covered here are those areas impor-
tant to algebraic topology. Sheaf theory is also important in other fields of
mathematics, notably algebraic geometry, but that is outside the scope of
the present book. Thus a more descriptive title for this book might have
been Algebraic Topology from the Point of View of Sheaf Theory.

Several innovations will be found in this book. Notably, the con-
cept of the “tautness” of a subspace (an adaptation of an analogous no-
tion of Spanier to sheaf-theoretic cohomology) is introduced and exploited
throughout the book. The fact that sheaf-theoretic cohomology satisfies
the homotopy property is proved for general topological spaces.! Also,
relative cohomology is introduced into sheaf theory. Concerning relative
cohomology, it should be noted that sheaf-theoretic cohomology is usually
considered as a “single space” theory. This is not without reason, since
cohomology relative to a closed subspace can be obtained by taking coef-
ficients in a certain type of sheaf, while that relative to an open subspace
(or, more generally, to a taut subspace) can be obtained by taking coho-
mology with respect to a special family of supports. However, even in these
cases, it is sometimes of notational advantage to have a relative cohomology
theory. For example, in our treatment of characteristic classes in Chapter
IV the use of relative cohomology enables us to develop the theory in full
generality and with relatively simple notation. Our definition of relative
cohomology in sheaf theory is the first fully satisfactory one to be given.
It is of interest to note that, unlike absolute cohomology, the relative co-
homology groups are not the derived functors of the relative cohomology
group in degree zero (but they usually are so in most cases of interest).

The reader should be familiar with elementary homological algebra.
Specifically, he should be at home with the concepts of category and func-
tor, with the algebraic theory of chain complexes, and with tensor products
and direct limits. A thorough background in algebraic topology is also nec-

IThis is not even restricted to Hausdorff spaces. This result was previously known
only for paracompact spaces. The proof uses the notion of a ‘“relatively Hausdorff
subspace” introduced here. Although it might be thought that such generality is of no
use, it (or rather its mother theorem II-11.1) is employed to advantage when dealing
with the derived functor of the inverse limit functor.
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essary. In Chapters IV, V and VI it is assumed that the reader is familiar
with the theory of spectral sequences and specifically with the spectral se-
quence of a double complex. In Appendix A we give an outline of this
theory for the convenience of the reader and to fix our notation.

In Chapter I we give the basic definitions in sheaf theory, develop
some basic properties, and discuss the various methods of constructing new
sheaves out of old ones. Chapter II, which is the backbone of the book,
develops the sheaf-theoretic cohomology theory and many of its properties.

Chapter III is a short chapter in which we discuss the Alexander-
Spanier, singular, de Rham, and Cech cohomology theories. The meth-
ods of sheaf theory are used to prove the isomorphisms, under suitable
restrictions, of these cohomology theories to sheaf-theoretic cohomology.
In particular, the de Rham theorem is discussed at some length. Most of
this chapter can be read after Section 9 of Chapter II and all of it can be
read after Section 12 of Chapter II.

In Chapter IV the theory of spectral sequences is applied to sheaf co-
homology and the spectral sequences of Leray, Borel, Cartan, and Fary are
derived. Several applications of these spectral sequences are also discussed.
These results, particularly the Leray spectral sequence, are among the most
important and useful areas of the theory of sheaves. For example, in the
theory of transformation groups the Leray spectral sequence of the map to
the orbit space is of great interest, as are the Leray spectral sequences of
some related mappings; see [15].

Chapter V is an exposition of the homology theory of locally compact
spaces with coefficients in a sheaf introduced by A. Borel and J. C. Moore.
Several innovations are to be found in this chapter. Notably, we give a
definition, in full generality, of the homomorphism induced by a map of
spaces, and a theorem of the Vietoris type is proved. Several applications
of the homology theory are discussed, notably the generalized Poincaré
duality theorem for which this homology theory was developed. Other
applications are found in the last few sections of this chapter. Notably,
three sections are devoted to a fairly complete discussion of generalized
manifolds. Because of the depth of our treatment of Borel-Moore homology,
the first two sections of the chapter are devoted to technical development
of some general concepts, such as the notion and simple properties of a
cosheaf and of the operation of dualization between sheaves and cosheaves.
This development is not really needed for the definition of the homology
theory in the third section, but is needed in the treatment of the deeper
properties of the theory in later sections of the chapter. For this reason,
our development of the theory may seem a bit wordy and overcomplicated
to the neophyte, in comparison to treatments with minimal depth.

In Chapter VI we investigate the theory of cosheaves (on general spaces)
somewhat more deeply than in Chapter V. This is applied to Cech homol-
ogy, enabling us to obtain some uniqueness results not contained in those
of Chaper V.

At the end of each chapter is a list of exercises by which the student
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may check his understanding of the material. The results of a few of the
easier exercises are also used in the text. Solutions to many of the exercises
are given in Appendix B. Those exercises having solutions in Appendix B
are marked with the symbol ®).

The author owes an obvious debt to the book of Godement [40] and to
the article of Grothendieck [41], as well as to numerous other works. The
book was born as a private set of lecture notes for a course in the theory of
sheaves that the author gave at the University of California in the spring
of 1964. Portions of the manuscript for the first edition were read by A.
Borel, M. Herrera, and E. Spanier, who made some useful suggestions.
Special thanks are owed to Per Holm, who read the entire manuscript of
that edition and whose perceptive criticism led to several improvements.

This book was originally published by McGraw-Hill in 1967. For this
second edition, it has been substantially rewritten with the addition of
over eighty examples and of further explanatory material, and, of course,
the correction of the few errors known to the author. Some more recent
discoveries have been incorporated, particularly in Sections II-16 and IV-
8 regarding cohomology dimension, in Chapter IV regarding the Oliver
transfer and the Conner conjecture, and in Chapter V regarding generalized
manifolds. The Appendix B of solutions to selected exercises is also a new
feature of this edition, one that should greatly aid the student in learning
the theory of sheaves. Exercises were chosen for solution on the basis of
their difficulty, or because of an interesting solution, or because of the usage
of the result in the main text.

Among the items added for this edition are new sections on Cech co-
homology, the Oliver transfer, intersection theory, generalized manifolds,
locally homogeneous spaces, homological fibrations and p-adic transforma-
tion groups. Also, Chapter VI on cosheaves and Cech homology is new to
this edition. It is based on [12].

Several of the added examples assume some items yet to be proved,
such as the acyclicity of a contractible space or that sheaf cohomology
and singular cohomology agree on nice spaces. Disallowing such forward
references would have impoverished our options for the examples.

As well as the common use of the symbol O to signal the end, or absence,
of a proof, we use the symbol © to indicate the end of an example, although
that is usually obvious.

Throughout the book the word “map” means a morphism in the partic-
ular category being discussed. Thus for spaces “map” means “continuous
function” and for groups “map” means “homomorphism.”

Occasionally we use the equal sign to mean a “canonical” isomorphism,
perhaps not, strictly speaking, an equality. The word “canonical” is often
used for the concept for which the word “natural” was used before category
theory gave that word a precise meaning. That is, “canonical” certainly
means natural when the latter has meaning, but it means more: that which
might be termed “God-given.” We shall make no attempt to define that
concept precisely. (Thanks to Dennis Sullivan for a theological discussion
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in 1969.)

The manuscript for this second edition was prepared using the SCIEN-
TIFIC WORD technical word processing software system published by TCI
Software research, Inc. This is a “front end” for Donald Knuth’s TEX type-
setting system and the INTEX extensions to it developed by Leslie Lamport.
Without SCIENTIFIC WORD it is doubtful that the author would have had
the energy to complete this project.

NorTH FORkK, CA 93643
November 22, 1996
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Chapter I

Sheaves and Presheaves

In this chapter we shall develop the basic properties of sheaves and pre-
sheaves and shall give many of the fundamental definitions to be used
throughout the book. In Sections 2 and 5 various algebraic operations on
sheaves are introduced. If we are given a map between two topological
spaces, then a sheaf on either space induces, in a natural way, a sheaf on
the other space, and this is the topic of Section 3. Sheaves on a fixed
space form a category whose morphisms are called homomorphisms. In
Section 4, this fact is extended to the collection of sheaves on all topo-
logical spaces with morphisms now being maps f of spaces together with
so-called f-cohomomorphisms of sheaves on these spaces. In Section 6 the
basic notion of a family of supports is defined and a fundamental theorem
is proved concerning the relationship between a certain type of presheaf
and the cross-sections of the associated sheaf. This theorem is applied
in Section 7 to show how, in certain circumstances, the classical singular,
Alexander-Spanier, and de Rham cohomology theories can be described in
terms of sheaves.

1 Definitions

Of central importance in this book is the notion of a presheaf (of abelian
groups) on a topological space X. A presheaf A4 on X is a function that
assigns, to each open set U C X, an abelian group A(U) and that assigns,
to each pair U C V of open sets, a homomorphism (called the restriction)

ruy : A(V) — A(U)
in such a way that
ryu =1

and
TUVTV,W = TUW when UcVcw.

Thus, using functorial terminology, we have the following definition:
1.1. Definition. Let X be a topological space. A “presheaf” A (of abelian

groups) on X is a contravariant functor from the category of open subsets
of X and inclusions to the category of abelian groups.
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In general, one may define a presheaf with values in an arbitrary cate-
gory. Thus, if each A(U) is a ring and the ry v are ring homomorphisms,
then A is called a presheaf of rings. Similarly, let A be a presheaf of rings
on X and suppose that B is a presheaf on X such that each B(U) is an
A(U)-module and the ry v : B(V) — B(U) are module homomorphisms
[that is, if a € A(V),8 € B(V) then ry.v(aB) = ry,v(a)ru,v(B)]. Then B
is said to be an A-module.

Occasionally, for reasons to be explained later, we refer to elements of
A(U) as “sections of A over U.” If s € A(V) and U C V then we use the
notation s|U for ry v (s) and call it the “restriction of s to U.”

Examples of presheaves are abundant in mathematics. For instance,
if M is an abelian group, then there is the “constant presheaf” A with
A(U)= M for all U and ry,y =1 for all U C V. We also have the presheaf
B assigning to U the group (under pointwise addition) B(U) of all functions
from U to M, where ry vy is the canonical restriction. If M is the group of
real numbers, we also have the presheaf C, with C(U) being the group of all
continuous real-valued functions on U. Similarly, one has the presheaves
of differentiable functions on (open subsets of) a differentiable manifold X;
of differential p-forms on X; of vector fields on X; and so on. In algebraic
topology one has, for example, the presheaf of singular p-cochains of open
subsets U C X the presheaf assigning to U its pth singular cohomology
group; the presheaf assigning to U the pth singular chain group of X mod
X - U, and so on.

It is often the case that a presheaf A on X will have a relatively simple
structure “locally about a point £ € X.” To make precise what is meant
by this, one introduces the notion of a “germ” of A at the point z € X.
Consider the set M of all elements s € A(U) for all open sets U C X
with £ € U. We say that the elements s € A(U) and t € A(V) of M
are equivalent if there is a neighborhood W Cc U NV of z in X with
rw,u(s) = rw,v(t). The equivalence classes of 901 under this equivalence
relation are called the germs of A at x. The equivalence class containing
s € A(U) is called the germ of s at z € U. Thus, for example, one has the
notion of the germ of a continuous real-valued function f at any point of
the domain of f.

Of course, the set ., of germs of A at  that we have constructed is
none other than the direct limit

oAy = l.!lI_}A(U)7

where U ranges over the open neighborhoods of z in X. The set ., inherits
a canonical group structure from the groups A(U). The disjoint union .«
of the ., for x € X provides information about the local structure of
A, but most global structure has been lost, since we have discarded all
relationships between the «, for x varying. In order to retrieve some
global structure, a topology is introduced into the set . of germs of A, as
follows. Fix an element s € A(U). Then for each x € U we have the germ
s, of s at x. For s fixed, the set of all germs s, € 4« for ¢ € U is taken
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to be an open set in . The topology of .« is taken to be the topology
generated by these open sets. (We shall describe this more precisely later
in this section.) With this topology, . is called “the sheaf generated by
the presheaf A” or “the sheaf of germs of A,” and we denote this by

oA = Sheaf(A) of A = Sheaf(U — A(U)).]

In general, the topology of .« is highly non-Hausdorff.

There is a natural map 7 : & — X taking ; into the point z. It will
be verified later in this section that 7 is a local homeomorphism. That is,
each point t € . has a neighborhood N such that the restriction #|N is
a homeomorphism onto a neighborhood of n(t). (The set {s; |z € U} for
s € A(U) issuch aset N.) Also it is the case that in a certain natural sense,
the group operations in #, for  varying, are continuous in z. These facts
lead us to the basic definition of a sheaf on X:

1.2. Definition. A “sheaf” (of abelian groups) on X is a pair (A,T)
where:

(i) o is a topological space (not Hausdorff in general);
(ii) 7 : & — X is a local homeomorphism onto X

(iii) each A, = n~Y(z), for x € X, is an abelian group (and is called the
“stalk” of A at x);

(iv) the group operations are continuous.

(In practice, we always regard the map m as being understood and
we speak of the sheaf .#.) The meaning of (iv) is as follows: Let A«
be the subspace of # x & consisting of those pairs (o, 8) with m(a) =
7(8). Then the function 4 A — & taking (a, 3) — a — 8 is continuous.
[Equivalently, & — —a of # — « is continuous and (o, 8) — a + 8 of
A N — A is continuous.]

Similarly one may define, for example, a sheaf of rings or a module
(sheaf of modules) over a sheaf of rings.

Thus, for a sheaf # of abelian groups to be a sheaf of rings, each stalk is
assumed to have the (given) structure of a ring, and the map (o, ) — af
of RAR — R is assumed to be continuous (in addition to (iv)). By a
sheaf of rings with unit we mean a sheaf of rings in which each stalk has a
unit and the assignment to each T € X of the unit 1, € &, is continuous.!

If R is a sheaf of rings and if .« is a sheaf in which each stalk .« has
a given & ;-module structure, then & is called an #-module (or a module
over &) if the map RAA — A given by (p, @) — pa is continuous, where,
of course, RAA = {{p,a) € R x A |7(p) = 7(a)}.

IExample 1.13 shows that this latter condition is not superfluous.
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For example, the sheaf Q° of germs of smooth real-valued functions on
a differentiable manifold M™ is a sheaf of rings with unit, and the sheaf 27
of germs of differential p-forms on M™ is an Q°-module; see Section 7.

If .« is a sheaf on X with projection 7 : & — X and if Y C X, then
the restriction #|Y of .« is defined to be

||y = 71(1),]

which is a sheaf on Y.

If « is a sheaf on X and if Y C X, then a section (or cross section) of
A over Y is a map s : Y — & such that 7 o s is the identity. Clearly the
pointwise sum or difference (or product in a sheaf of rings, and so on) of
two sections over Y is a section over Y.

Every point x € > admits a section s over some neighborhood U of x
by (ii). It follows that s — s is a section over U taking the value 0 in each
stalk. This shows that the zero section 0 : X — ., is indeed a section.
It follows that for any Y C X, the set #(Y) of sections over Y forms an
abelian group. Similarly, #(Y) is a ring (with unit) if & is a sheaf of rings
(with unit), and moreover, #(Y) is an # (Y )-module if .« is an #-module.

Clearly, the restriction #(Y) — A& (Y’), for Y’ C Y, is a homomor-
phism. Thus, in particular, the assignment U — & (U), for open sets
U C X, defines a presheaf on X. This presheaf is called the presheaf of
sections of .

Another common notation for the group of all sections of . is

|T(t) = (X).|

See Section 6 for an elaboration on this notation.
We shall now list some elementary consequences of Definition 1.2. The
reader may supply any needed argument.

(a) = is an open map.
(b) Any section of . over an open set is an open map.
(c) Any element of . is in the range of some section over some open set.

(d) The set of all images of sections over open sets is a base for the
topology of .

(e) For any two sections s € #(U) and t € A(V), U and V open, the
set W of points £ € U NV such that s(z) = t(z) is open.

Note that if &/ were Hausdorff then the set W of (e) would also be
closed in U N V. That is generally false for sheaves. Thus (e) indicates
the “strangeness” of the topology of #. It is a consequence of part (ii) of
Definition 1.2.
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1.3. Example. A simple example of a non-Hausdorff sheaf is the sheaf
on the real line that has zero stalk everywhere but at 0, and has stalk Z,
at 0. There is only one topology consistent with Definition 1.2, and the
two points in the stalk at 0 cannot be separated by open sets (sections over
open sets in R). As a topological space, this is the standard example of a
non-Hausdorff 1-manifold. o

1.4. Example. Perhaps a more illuminating and more important example
of a non-Hausdorff sheaf is the sheaf € of germs of continuous real-valued
functions on R. The function f(z) = = for r > 0 and f(z) = 0 for £ < 0 has
a germ fo at 0 € R that does not equal the germ 0 of the zero function, but
a section through fo takes value 0 in the stalk at z for all z < 0 sufficiently
near 0. Thus fo and 0y cannot be separated by open sets in €. The sheaf
of germs of differentiable functions gives a similar example, but the sheaf
of germs of real analytic functions is Hausdorff. O

1.5. We now describe more precisely the construction of the sheaf gener-
ated by a given presheaf.

Let A be a presheaf on X. For each open set U C X consider the space
U x A(U), where U has the subspace topology and A(U) has the discrete
topology. Form the topological sum

E =t (UxAQU))

Consider the following equivalence relation R on E: If (x,s) € U x A(U)
and (y,t) € V x A(V) then (z, s)R(y,t) & (z = y and there exists an open
neighborhood W of z with W C U NV and s|W = t|W).

Let .« be the quotient space E/R and let # : & — X be the pro-
jection induced by the map p : E — X taking (z,s) — z. We have the
commutative diagram

E———=u

N

Recall that the topology of & = E/R is defined by: Y C « is open
& q~1(Y) is open in E. Note also that for any open subset E’ of E, the
saturation R(E') = ¢~ 'q(E') of E’ is open. Thus q is an open map. Now
w is continuous, since p is open and ¢ is continuous; 7 is locally one-to-one,
since p is locally one-to-one and ¢ is onto. Thus 7 is a local homeomorphism.

Clearly &, = 7~ !(r) is the direct limit of A(U) for U ranging over
the open neighborhoods of . Thus the stalk ., has a canonical group
structure. It is easy to see that the group operations in . are continuous
since they are so in E. Therefore .# is a sheaf.

A is called the sheaf generated by the presheaf A. As we have noted,
this is denoted by & = Fheaf(A) or A = Fheaf(U — A(U)).
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1.6. Let #o be a sheaf, A the presheaf of sections of «y, and & =
Sheaf(A). Any element of /¢ lying over x € X has a local section about it,
and this determines an element of .« over x. This gives a canonical func-
tion A : g — . By the definition of the topology of .#, X is open and
continuous. It is also bijective on each stalk, and hence globally. Therefore
A is a homeomorphism. It also preserves group operations. Thus ¢ and
-4 are essentially the same. For this reason we shall usually not distinguish
between a sheaf and its presheaf of sections and shall denote them by the
same symbol.

1.7. Let A be a presheaf and . the sheaf that it generates. For any
open set U C X there is a natural map 8y : A(U) — & (U) (recall the
construction of /) that is a homomorphism and commutes with restrictions
(which is the meaning of “natural”). When is 8y an isomorphism for all
U? Recalling that &, = limyey A(U), it follows that an element s € A(U)
is in Kerfy < s is “locally trivial” (that is, for every z € U there is a
neighborhood V of z such that s|V = 0).

Thus 8y is a monomorphism for all U € X < the following condition
holds:

(S1) If U = U,, with U, open in X, and s,t € A(U) are such that
a
s|Uq = t|U, for all a, then s = t.2

A presheaf satisfying condition (S1) is called a monopresheaf.

Similarly, let t € «(U). For each x € U there is a neighborhood U, of
z and an element s, € A(U;) with 8y, (sz)(z) = t(z). Since 7 : & — X
is a local homeomorphism, 8(s,) and t coincide in some neighborhood V,
of z. We may assume that V; = U;. Now 0(s;|U; NUy) = 6(sy|U NUy)
so that if (S1) holds, we obtain that s;|U, N Uy = s,|U, NU,. If A were
a presheaf of sections (of any map), then this condition would imply that
the s, are restrictions to U, of a section s € A(U). Conversely, if there is
an element s € A(U) with s|U, = s, for all z, then 0(s) =¢.

We have shown that if (S1) holds, then 8y is surjective for all U (and
hence is an isomorphism) < the following condition is satisfied:

(S2) Let {Ua} be a collection of open sets in X and let U = |JUq. If
Sa € A(Uy) are given such that so|Ua NUpg = sg|Ua NUg for all o, 3,
then there erists an element s € A(U) with s|Uy = 84 for all a.

A presheaf satisfying (S2) is called conjunctive. If it only satisfies (S2)
for a particular collection {Uq }, then it is said to be conjunctive for {Us}.
Thus, sheaves are in one-to-one correspondence with presheaves satis-
fying (S1) and (S2), that is, with conjunctive monopresheaves. For this

2Clearly, we could take t = O here, i.e., replace (s,t) with (s —t,0). However, the
condition is phrased so that it applies to presheaves of sets.
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reason it is common practice not to distinguish between sheaves and con-
junctive monopresheaves.3

Note that with the notation Uy g = Uy N Upg, (S1) and (S2) are equiva-
lent to the hypothesis that the sequence

0 — A(U) —’—»I;I A(Ua) i»(nﬂ | A(Ua,p)

is exact, where f(s) =[] (s|Ua) and
a

g (n sa) = 1 (salUas — s5lUap),
(a,B)

a

where (a, 8) denotes ordered pairs of indices.

1.8. Definition. Let & be a sheaf on X and let Y C X. Then A|Y =
7~ 1Y) is a sheaf on Y called the “restriction” of & to Y.

1.9. Definition. Let G be an abelian group. The “constant” sheaf on X
with stalk G is the sheaf X x G (giving G the discrete topology). It is also
denoted by G when the context indicates this as a sheaf. A sheaf & on X
is satd to be “locally constant” if every point of X has a netghborhood U
such that A|U is constant.

1.10. Definition. If « is a sheaf on X and s € #(X) is a section, then
the “support” of s is defined to be the closed set |s| = {z € X | s(z) # 0}.

The set |s| is closed since its complement is the set of points at which
s coincides with the zero section, and that is open by item (e) on page 4.

1.11. Example. An important example of a sheaf is the orientation sheaf
on an n-manifold M™. Using singular homology, this can be defined as the
sheaf 0, = Fheaf(U +— Ho(M™, M™ — U;Z)). 1t is easy to see that this is
a locally constant sheaf with stalks Z. It is constant if M™ is orientable. If
M™ has a boundary then 0, is no longer locally constant since its stalks
are zero over points of the boundary.

More generally, for any space X and index p there is the sheaf #,(X) =
Sheaf(U — Hy(X,X — U;Z)), which is called the “p-th local homology
sheaf” of X. Generally, it has a rather complicated structure. The reader
would benefit by studying it for some simple spaces. For example, the sheaf
#1(L) has stalk Z@® Z at the triple point, stalks 0 at the three end points,
and stalks Z elsewhere. How do these stalks fit together? o

3Indeed, in certain generalizations of the theory, Definition 1.2 is not available and
the other notion is used. This will not be of concern to us in this book.
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1.12. Example. Consider the presheaf P on the real line R that assigns to
an open set U C R, the group P(U) of all real-valued polynomial functions
on U. Then P is a monopresheaf that is conjunctive for coverings of R,
but it is not conjunctive for arbitrary collections of open sets. For example,
the element 1 € P((0.1)) (the constant function with value 1) and the
element z € P((2,3)) do not come from any single polynomial on (0,1) U
(2,3). The sheaf & = Fheaf(P) has for P(U) the functions that are “locally
polynomials”; e.g., 1 and z, as before, do combine to give an element of
#((0,1) U(2,3)). Important examples of this type of behavior are given in
Section 7 and Exercise 12. O

1.13. Example. Consider the presheaf A on X = [0,1] with A(U) = Z
for all U # @ and with ryy : A(U) — A(V) equal to the identity if 0 € V
orif 0¢g Ubut ryvy =0if 0 € U~ V. Let & = Hheaf(A). Then . = Z
for all z. However, any section over [0, €) takes the value 0 € .« for z # 0,
but can be arbitrary in .o = Z for £ = 0. The restriction .#|(0,1] is
constant. Thus  is a sheaf of rings but not a sheaf of rings with unit. (In
the notation of 2.6 and Section 5, & =~ Z (o) & Z(o,)-.) o

1.14. Example. A sheaf can also be described as being generated by a
“presheaf” defined only on a basis of open sets. For example, on the circle
S!, consider the basis 8 consisting of open arcs U of S!. For U € & and for
z,y € U we write £ > y if y is taken into x through U by a counterclockwise
rotation. Fix a point 2o € S!. For U € B let A(U) =Z and for U,V € #
with V.CcUletryy =1ifxzg € Vorifxzy ¢ U (ie., if 2o is in both U and
V or in neither). If 2o e U —V thenlet ryy = 1if xp > y for ally € V,
and ryy = n (multiplication by the integer n) if zo < y for all y € V. This
generates an interesting sheaf .,, on S!. It can be described directly (and
more easily) as the quotient space (—1,1) x Z modulo the identification
(t,k) ~ {t —1,nk) for 0 <t < 1, and with the projection (¢, k)] — [t] to
S!' = (-1,1)/{t ~ (t = 1)}. Note, in particular, the cases n = 0, —1. The
sheaf «#,, is Hausdorff for n # 0 but not for n = 0. o

2 Homomorphisms, subsheaves, and
quotient sheaves

In this section we fix the base space X. A homomorphism of presheaves h :
A — B is a collection of homomorphisms hy : A(U) — B(U) commuting
with restrictions. That is, h is a natural transformation of functors.

A homomorphism of sheaves h : & — & is a map such that h(-#;) C
B, for all £ € X and the restriction h, : &, — &B, of h to stalks is a
homomorphism for all z.

A homomorphism of sheaves induces a homomorphism of the presheaves
of sections in the obvious way. Conversely, let h: A — B be a homomor-
phism of presheaves (not necessarily satisfying (S1) and (S2)). For each
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x € X, h induces a homomorphism h; : =liexBA(U) _'lié}} B({U) = B,
T x

and therefore a function h: & — B. If s € A(U) then h maps the section
0(s) € A& (U) onto the section 6(h(s)) € B(U). Thus h is continuous (since
the projections to U are local homeomorphisms and take this function to
the identity map).

The group of all homomorphisms .« — & is denoted by Hom(.#, %).

2.1. Definition. A “subsheaf” A of a sheaf B is an open subspace of B
such that A, = A N B, is a subgroup of By for allx € X. (That is, A is
a subspace of B that is a sheaf on X with the induced algebraic structure.)

If h: & — B is a homomorphism of sheaves, then
Kerh = {a € A | h(a) = 0}

is a subsheaf of .« and Im A is a subsheaf of #. We define exact sequences

of sheaves as usual; that is, the sequence .« 4, B -L € of sheaves is
exact if Im f = Kerg. Note that such a sequence of sheaves is exact <
each &, — B, — €, is exact.? Since lim is an exact functor, it follows
that the functor A — Fheaf(A), from presheaves to sheaves, is exact.

Leth: A2 B2 Cbe homomorphisms of presheaves. The induced

sequence L35 ¢ of generated sheaves will be exact if and only
if o go f =0 and the following condition holds: For each open U C X,
z € U, and s € B(U) such that g(s) = 0, there exists a neighborhood
V C U of z such that s|V = f(t) for some t € A(V). This is an elementary
fact resulting from properties of direct limits and from the fact that .« —
B — € is exact & AL, — B, — € is exact for all z € X. It will be
used repeatedly. Note that the condition # o g o f = 0 is equivalent to
the statement that for each s € A(U) and z € U, there is a neighborhood
V C U of x such that g(f(s|V)) =0, i.e., that (g o f)(s) is “locally zero.”

2.2. Proposition. If0 — &' — & — " — 0 is an ezact sequence of
sheaves, then the induced sequence

0L (Y) = AY) > AL (Y)

is ezact for allY C X.

Proof. Since the restriction of this sequence to Y is still exact, it suffices
to prove the statement in the case Y = X. The fact that the sequence
of sections over X has order two and the exactness at «'(X) are obvious

4Caution: an exact sequence of sheaves is not necessarily an exact sequence of pre-
sheaves. See Proposition 2.2 and Example 2.3.

Categorical readers might check that these definitions give notions equivalent to those
based on the fact that sheaves and presheaves form abelian categories.



10 I. Sheaves and Presheaves

(look at stalks). We can assume that ¢’ is a subspace of .#. Then a section
s € A(X) going to 0 € #”(X) must take values in the subspace ', as is
seen by looking at stalks. But this just means that it comes from a section
in #'(X). n]

2.3. Example. This example shows that .#(Y) — .«”(Y) need not be
onto even if o — " is onto. On the unit interval I let .« be the sheaf IXZ,
and " the sheaf with stalks Z; at {0} and {1} and zero otherwise. (There
is only one possible topology in .«¢”.) The canonical map ./ — " is onto
(with kernel being the subsheaf .’ = (0,1) x ZU[0,1] x {0} C Ix Z3), but
A (1) = Zy while &"(I) ~ Zy ®Z2, so that () — " (I) is not surjective.
Also see Example 2.5 and Exercises 13, 14, and 15.

2.4. Definition. Let A be a subsheaf of a sheaf B. The “quotient sheaf”
B/ A is defined to be

B/ A = Sheof (U — BU)/A (V).

The exact sequence of presheaves
0—AU)— B(U) > BU)/LU) -0 (1)

induces a sequence 0 — & — B — B/ — 0. On the stalks at z this is the
direct limit of the sequences’(1) for U ranging over the open neighborhoods
of z. This sequence of stalks is exact since direct limits preserve exactness.
Therefore, 0 — & — B — B/A — 0 is exact.’

Suppose that 0 — & — B — € — 0 is an exact sequence of sheaves.
We may regard . as a subsheaf of #B. The exact sequence

0—A(U) - BU)— €¢U)

provides a monomorphism B(U)/A(U) — €(U) of presheaves and hence
a homomorphism of sheaves #/«# — €, and the diagram

0> A - B — BfAd -0

I Il !
0> A - B—> € -0

commutes. It follows, by looking at stalks, that #8/.4 — € is an isomor-
phism.

2.5. Example. Consider the sheaf € of germs of continuous real-valued
functions on X = R? — {0}. Let Z be the subsheaf of germs of locally
constant functions with values the integer multiples of 2r. Then Z can
be regarded as a subsheaf of €. (Note that Z is a constant sheaf.) The
polar angle @ is locally defined (ambiguously) as a section of €, but it

5Note, however, that (B/4)(U) # #B(U)/4(U) in general.
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is not a global section. It does define (unambiguously) a section of the
quotient sheaf €/Z. This gives another example of an exact sequence
0— Z— € — €/Z — 0 of sheaves for which the sequence of sections is
not right exact. Note that €/Z can be interpreted as the sheaf of germs of
continuous functions on X with values in the circle group S!. Note also that
Z(X) is the group of constant functions on X with values in 27Z and hence
is isomorphic to Z; €(X) is the group of continuous real valued functions
X — R; and (€/Z)(X) is the group of continuous functions X — S!. The
sequence

0— Z(X) — €(X) - (€/2)(X) —E~Z - 0
is exact by covering space theory, and so Coker j =~ Z.

2.6. Let A be alocally closed subspace of X and let 8 be a sheafon A. It is
easily seen (since A is locally closed) that there is a unique topology on the
point set BU(X x {0}) such that # is a subspace and the projection onto X
is a local homeomorphism (we identify A x {0} with the zero section of 8).
With this topology and the canonical algebraic structure, U (X x {0}) is
a sheaf on X denoted by

B = BU(X x {0}).

Thus B is the unique sheaf on X inducing 8 on A and 0 on X —A. Clearly,
B — B~ is an exact functor. The sheaf B is called the extension of B
by zero.

Now let .« be a sheaf on X and let A C X be locally closed. We define

o = (L]4)X.|

For U C X open, Ay is the subsheaf 7=} (U) U (X x {0}) of «, while for
F C X closed A is the quotient sheaf #p = & /I x_p. f A=UNF,
then 4 = (Ay)r = (dp)U.s

In this notation, the sheaf ./’ of 2.3 is (g 1), and " = & (,1}.

2.7. Example. Let U, be the open disk of radius 1 — 27* in X = D", the
unit disk in R®. Put A; = U; and A, = U, — U,_; for i > 1. Note that for
i>1, A, ® 8" x (0,1] is locally closed in X. Using the notation of 2.6,
put

@ = Zy,
2, = 2,022y,
25 =

L2 U4Zy,

6Note that any locally closed subspace is the intersection of an open subspace with
a closed subspace; see [19].
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Let ¢ = J¥. C Z. Then the stalks of & are 0 on D" and are 2'Z on A,.
This is an example of a fairly complicated subsheaf of the constant sheaf
Z on D™ even in the case n = 1. It is a counterexample to [40, Remark
11-2.9.3). o

3 Direct and inverse images

Let f : X — Y be a map and let .« be a sheaf on X. The presheaf
U A(f~1(U)) on Y clearly satisfies (S1) and (S2) and hence is a sheaf.
This sheaf on Y is denoted by fu/ and is called the direct image of .7

Thus we have
| f2(U) = (7}(V)).| )

By 2.2 it is clear that & — f& is a left exact covariant functor. The
direct image is not generally right exact, and in fact, the theory of sheaves
is largely concerned with the right derived functors of the direct image
functor.

For the map € : X — %, where x is the one point space, the direct
image €4 is just the group I'(«@) = #(X) (regarded as a sheaf on ).
Consequently, the direct image functor & — f.« is a generalization of the
global section functor I'.

Now let & be a sheaf on Y. The inverse image f*# of & is the sheaf
on X defined by

|f*B = {(x,b) € X x B| f(z) = n(0)},|

where 7 : 8 — Y is the canonical projection. The projection f*# — Y
is given by (z,b) — z. To check that f*% is indeed a sheaf, we note that
if U C Y is an open neighborhood of f(z) and s : U — & is a section
of B with s(f(z)) = b, then the neighborhood (f~'(U) x s(U)) N f*RB
of (z,b) € f*® is precisely {(z',sf(z’)) |z’ € f~}(U)} and hence maps
homeomorphically onto f~!(U). The group structure on (f*%) is defined
so that the one-to-one correspondence

f; : tﬁf(a:) = (f“%):n (3)

defined by fx(b) = (z,b), is an isomorphism. It is easy to check that the
group operations are continuous.

We have already remarked that if s : U — & is a section, then z
(z,s(f(z))) = f2(s(f(x))) is a section of f*3B over f~'(U). Thus we have
the canonical homomorphism

5 - BU) — (f*B)(f~1V)) (4)
defined by fj;(s)(z) = f;(s(f(2))).

"For a generalization of the direct image see IV-3.
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From (3) it follows that f* is an exact functor.
Note that for an inclusion i : X — Y and a sheaf 8 on Y, we have
B|X =~ i*B, as the reader is asked to detail in Exercise 1.

3.1. Example. Consider the constant sheaf Z on X = (0, 1] and its re-
striction & = Z|(0,1). Let ¢ : (0,1) — X be the inclusion. Then
i¥% = Z, because for U a small open mterval about 0 or 1, we have that
i¢(U) = £(UnN(0,1)) = Z. Also, " = Z(o,,). Therefore, i& % 7
general.

However, for an inclusion i : F' < X of a closed subspace and for any
sheaf &€ on F, it is true that ¥ = z* , as the reader can verify. (This is
essentially Exercise 2.) o

3.2. Example. Consider the constant sheaf « with stalks Z on R — {0}
and let ¢ : R—{0} — R. Then i« has stalk Z@Z at 0 and stalk Z elsewhere,
because, for example, i.#(—¢,e) = A ((—£,0) U (0,¢)) =~ Z D Z. A local
section over a connected neighborhood of 0 taking value (n,m) € (id)g at
Oisn € (id); for x <0 and is m € (id); for > 0. o

3.3. Example. Consider the constant sheaf .# with stalks Z on X = S!;
let Y = [-1,1] and let 7 : X — Y be the projection. Then 7.« has stalks
Z at —1 and at 1 but has stalks (7d), =~ Z® Z for —1 < £ < 1. The
reader should try to understand the topology connecting these stalks. For
example, is it true that n/ ~ Z & Z(_,,;), as defined in Section 57 Is
there a sheaf on Y that is “locally isomorphic” to .« but not isomorphic
to it? o

3.4. Example. Let Z be the constant sheaf with stalks Z on X = S! and
let Z* denote the “twisted” sheaf with stalks Z on X (ie., Z2* =[0,1] x Z
modulo the identifications (0 x n) ~ (1 x —n)). Let f : X — X be the
covering map of degree 2. Then fZ is the sheaf on X with stalks Z & Z
twisted by the exchange of basis elements in the stalks. Also, f*Z =~ Z
since it is the locally constant sheaf with stalks Z on X twisted twice,
which is no twist at all. Note that fZ has both Z and Z* as subsheaves.
The corresponding quotient sheaves are (fZ)/Z ~ Z* and (f2)/2* ~ Z
However, fZ % Z @ Z* (defined in Section 5).

3.5. Example. Let X and Z be as in Example 3.4 but let f: X — X be
the covering map of degree 3. Then fZ is the locally constant sheaf with
stalks Z® Z & Z twisted by the cyclic permutation of factors. Thus fZ has
the constant sheaf Z as a subsheaf (the “diagonal”) with quotient sheaf the
locally constant sheaf with stalks Z @ Z twisted by the, essentially unique,
nontrivial automorphism of period 3. o

3.6. Example. Let m : S* — RP" be the canonical double covering. Then
nZ is a twisted sheaf with stalks Z @ Z on projective space, analogous to
the sheaf fZ of Example 3.4. It contains the constant sheaf Z as a subsheaf
with quotient sheaf Z*, a twisted integer sheaf. If n is even, so that RP"
is nonorientable, Z! is just the orientation sheaf #,, of Example 1.11. ©
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4 Cohomomorphisms
Throughout this section we let f: X — Y be a given map.

4.1. Definition. If A and B are presheaves on X andY respectively, then
an “f-cohomomorphism” k : B ~ A is a collection of homomorphisms
ky : B(U) — A(f~Y(U)), for U open in Y, compatible with restrictions.

4.2. Definition. If & and B are sheaves on X and Y respectively, then
an “f-cohomomorphism” k : B ~ A is a collection of homomorphisms
ky : By(gy — Ay for each x € X such that for any section s € B(U) the
function z — k. (s(f(z))) is a section of & over f~1(U) (1.e., this function
is continuous).®

An f-cohomomorphism of sheaves induces an f-cohomomorphism of
presheaves by putting ky (s)(z) = kz(s(f(z))) where U C Y is open and
s € B(U). Conversely, an f-cohomomorphism of presheaves k : B ~ A
induces, for £ € X, a homomorphism

ke : '%f(:z:) =lim B(U) — lm}A(f‘lU) — oy

[where U ranges over neighborhoods of f(z)]. Then for § : B(U) — #B(U)
the canonical homomorphism and for s € B(U), we have

O(ku (s))(z) = kz(s(f(x))),

so that {k.} is an f-cohomomorphism of sheaves B ~» .« (generated by B
and A).
For any sheaf # on Y, the collection f* = {fz} of (3) defines an f-
cohomomorphism
fr:B~ f*RB

If k: B~ A is any f-cohomomorphism, let h, : (f*B), — A, be defined
by hy = k; o (f2)~!. Together, the homomorphisms h, define a function
h: f*#8 — . For s € B(U), the equation

h(f5(s)(x)) = h(f(s(f(2)))) = k=(s(f(x))),

together with the fact that the f;(s) form a basis for the topology of f*%,
implies that h is continuous. Thus any f-cohomomorphism k admits a

unique factorization
h

k.35 32,

h being a homomorphism.

8Note that an f-cohomomorphism # ~ « is not generally a function, since it is
multiply valued unless f is one-to-one, and it is not defined everywhere unless f is onto.
Of course, cohomomorphisms are the morphisms in the category of all sheaves on all
spaces.
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Similarly, for any sheaf .« on X, the definition (2) provides an f-
cohomomorphism f : fu ~ &. Since fy : fH(U) — AL (f~1(U)) is
an isomorphism, it is clear that any f-cohomomorphism k admits a unique
factorization

k:B -1 ft Lot

(i.e., kv = fuju), where j is a homomorphism.

Thus to each f-cohomomorphism k there correspond unique homomor-
phisms h: f*# — & and j: B — fa. This correspondence is addi-
tive and natural in « and #B. Therefore, denoting the group of all f-
cohomomorphisms from % to .« by f-cohom(%,.#), we have produced the
following natural isomorphisms of functors:

Hom(f*®B, &) =~ f-cohom(RB, «) ~ Hom(B, fA).

Leaving out the middle term, we shall let ¢ denote this natural isomorphism

@ : Hom(f*®, &) = Hom(B, fL£) (5)

of functors.®
Taking .« = f*3, we obtain the homomorphism

[B=v(1): B 3] (6)

and taking # = f, we obtain the homomorphism

la=¢1(1): fo 1t — .| (7)

Ifh: f*#B — A is any homomorphism, then the naturality of ¢ implies
that the diagram

Hom(f*®, f*B) -2+ Hom(%B, ff*B)
Hom(f* #,h) l 1Hom<m,f<h>)
Hom(f*®, &) -£» Hom(®B, f.«)

commutes. That is,

(k) = f(h) 0 p(1) = f(h) o B, (8)

which means that ¢(h) is the composition

B frra L0, fa.

9The existence of such a natural isomorphism means that f* and f are “adjoint
functors.”
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Similarly, if j : 8 — f. is any homomorphism, then the diagram

Hom(f*ft, &) % Hom(fH, fd)
Hom(f'(amj jnomu.m
Hom(f*®,#) —%» Hom(%B, f&)

commutes, whence
e (3) =97 (1) o f1(4) = a0 f1()) (9
is the composition
Rl g 2,

In particular, applying (9) to j = 8 : B — ff*B, we obtain that
ao f*(B) = ¢~1(B) = 1. That is, the composition

f-u f* (ﬂ) f ff- ftg

is the identity. Thus f*(8) is a monomorphism, and since (f*®). = By(s),
it follows that
B:B— ff*B
is & monomorphism provided that f : X — Y is surjective.
In the next chapter we shall apply this to the special case in which
f : X4 — X is the identity, where X denotes X with the discrete topology.

In this case
(B U) =[] 2.
€U
is the group of “serrations” of # over U, where a serration is a possibly

discontinuous cross section of B|U. Then 8 : B(U) — (ff*B)(U) is just
the inclusion of the group of (continuous) sections in that of serrations.

4.3. We conclude this section with a remark on cohomomorphisms in quo-
tient sheaves. Let .’ be a subsheaf of a sheaf .« on X and & a subsheaf
of BonY. Let k: B~ & be an f-cohomomorphism that takes % into
', Then k clearly induces an f-cohomomorphism

BU)/B (U) ~ AL (fH(U)) /L' (f7H(V))

of presheaves, which, in turn, induces an f-cohomomorphism B/% ~
/A" of the generated sheaves.

5 Algebraic constructions
In this section we shall consider covariant functors F(G,, Gz, ...) of several

variables from the category of abelian groups to itself. (More generally, one
may consider covariant functors from the category of “diagrams of abelian
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groups of a given shape” to the category of abelian groups.) For general

illustrative purposes we shall take the case of a functor of two variables.
We may also consider F' as a functor from the category of presheaves

on X to itself in the canonical way (since F is covariant). That is, we let

F(A, B)(U) = F(A(U), B(V)),

for presheaves A and B on X. The sheaf generated by the presheaf
F(A, B) will be denoted by ¥(A, B) = Shea/(F(A, B)). In particular,
if o and B are sheaves on X then ¥ (4, B) = Fheaf/(U — F (A, B)(U) =
F(«(U), B(V)))."°

Now suppose that the functor F commutes with direct limits. That
is, suppose that the canonical map lim F(Gq, Hy) — F(lim G, lim Hy)
is an isomorphism for direct systems {G,} and {H,} of abelian gfoups.
Let & and & denote the sheaves generated by the presheaves A and B
respectively. Then for U ranging over the neighborhoods of z € X, we
have lim F(4, B)(U) = lim F(A(U), B(U)) ~ F(limA(U),imB(U)) =
F(A,, B,) so that we have the natural isomorphism

¥(A,B); = F(A 5, B;) (10)

when F' commutes with direct limits.

More generally, consider the natural maps A(U) — «(U) and B(U) —
B(U). These give rise to a homomorphism F(A, B) — F(«, %) of pre-
sheaves and hence to a homomorphism

F(A,B) — F (A, B) (11)

of the generated sheaves. If U ranges over the neighborhoods of z € X,
then the diagram

lim F(A(U),B(U)) — ligF(L(U),BU))
! !
F(lim A(U), limg B(U)) — F(lim«(U), lim B(V))

commutes. The bottom homomorphism is an isomorphism by definition of
« and #. The top homomorphism is the restriction of (11) to the stalks
at . The vertical maps are isomorphisms when F' commutes with direct
limits. Thus we see that (11) is an isomorphism of sheaves provided that
F commutes with direct limits. That is, in this case,

| Sheof (U — F(d (U), B))) ~ Sheaf (U — F(A(U), B(U)))]

naturally.

100ur notation in some of the specific examples to follow will differ from the notation
we are using in the general discussion.
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We shall now discuss several explicit cases, starting with the tensor
product. If &/ and & are sheaves on X, we let

A ® B = Shoat(U — A (U) @ B(U)). |

Since ® commutes with direct limits, we have the natural isomorphism

(4 ®B). ~ 4, ® B,

by (10). Since ® is right exact for abelian groups, it will also be right exact
for sheaves since exactness is a stalkwise property.
The following terminology will be useful:

5.1. Definition. An exact sequence 0 — ' — & — A" — 0 of sheaves
on X is said to be “pointwise split” if 0 — A, — A, — Ao — 0 splits for
eachz € X.

This condition clearly implies that 0 —» .#'@%# — A QB — A" QB — 0
is exact for every sheaf B on X.

Our second example concerns the torsion product. We shall use G x H
to denote Tor(G, H). For sheaves .« and & on X we let

oA * B = Shoaf(U — A(U) x Q(U)M

We have that

| By ~ oty * B |

since the torsion product * commutes with direct limits.
Let 0 » &' — . — " — 0 be an exact sequence of sheaves. Then
for each open set U C X, we have the exact sequence

0— L' (U)*x BU) - A(U) x BU) — (L£(U)/L'(V)) x B(U)
— o' (U)® BU) — L(U) @ BU) — (L(U)/ L' (U)) ® BU) — 0

of presheaves on X, where & is any sheaf. Now .#” is canonically iso-
morphic to Fheaf(U — &(U)/'(U)). Thus this sequence of presheaves
generates the exact sequence

O A kB A *xBod"+ B A @B—ARRB— A" @B — 0| (12)

of sheaves on X.!!
Before passing on to other examples of our general considerations, we
shall introduce some further notation concerned with tensor and torsion

111t should be noted that this is a special case of a general fact. Namely, if {Fn} is
an exact connected sequence of functors of abelian groups (as above), then the induced
sequence of functors {F . } on the category of sheaves to itself is also exact and connected.
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products. If X and Y arespacesand rx : X XY = X, my : X xY =Y
are the projections, thg\n for sheaves # on X and #B on Y we define the
total tensor product 4 QR to be the sheaf

ARBB = (1% A) ® (13 B)

on X x Y. Similarly, the total torsion product is defined to be

| 3B = (n3 ) x (3 B). |

Clearly, we have natural isomorphisms
(déw)(x.y) ~ da: ® Qy,
('—d?’%)(:,y) ~ d: * éﬂy.

Another special case of our general discussion is provided by the direct
sum functor. Thus, if {#,} is a family of sheaves on X, we let

P A o = Sheaf (U — (A o(U))) ]

Since direct sums commute with direct limits, we have that

(@), ~@uee

In the case of the direct product, we note that the presheaf U ~ [[(#(U))
satisfies (S1) and (S2) on page 6 and therefore is a sheaf. It is denoted
by [][ #o. However, direct products do not generally commute with di-
rect limits, and in fact, ([T #qa)z % [[(#a)z in general. [For example
let &, = Zjp/s) CZfori>1on X = [0,1. Then for U = [0,1/n),
we have that &,(U) = 0 for i > n, and so [[2,(#,(U)) = Z", whence
(IT#+) 0y = UmZ™ = Z*, the countable direct sum of copies of Z. How-
ever, [T(«,)(0} = [I1=, Z, which is uncountable. For another example, let
= Z{1/n)- Then H Bn) 0y = 0; but ([]Bn)(0) # O since the sections

s,. € Bn(X) that are 1 at 1/n give a section s = [[ s, of the product that
is not zero in any neighborhood of 0 and hence has nonzero germ at 0.]

For a finite number of variables (or, generally, for locally finite families),
direct sums and direct products of sheaves coincide. For two variables (for
example) & and &, the direct sum is denoted by .« ® B. (Note that 4 AR
is the underlying topological space of & & %B.) The notation & x & is
reserved for the cartesian product of & and B, which with coordinatewise
addition is a sheaf on X x Y when . is a sheaf on X and # is oneon Y.
Note that & x B = (1% 4) & (7} B).

Note that for X =Y, we have that # ®B = (& x B)|A, where A is the
diagonal of X x X, identified with X, and similarly that # Q% = (£ DB)|A
and A x B = (A*B)|A.
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Our next example is given by a functor on a category of “diagrams.”
Let A be a directed set. Consider direct systems {Gq; o 5} (Where mq g :
Gp — G, is defined for a > 3 in A and satisfies 7o gmg 4 = 7o) Of abelian
groups based on the directed set A. Let F' be the (covariant) functor that
assigns to each such direct system {Gq; 7o g} its direct limit

F({Ga?"a,ﬁ}) = lim G,.

Now let {# ;74 3} be a direct system of sheaves based on A. Then we
define

lim o o = Hheaf (UH li_rg,,.da(U)).

There are the compatible maps & o (U) — limo# o (U) that induce canoni-
cal homomorphisms 73 : g — lim,# 4 such that 73 = 7, 0m, g whenever
a > f3. Since direct limits commute with one another, we have that

(lim A o)z ~ lim(L o )z-

Now suppose that .« is another sheaf on X and that we have a family
of homomorphisms h, : &, — & that are compatible in the sense that
hg = hy 04,3 whenever a > 3. These induce compatible maps #4(U) —
A (U) for all open U and hence a homomorphism lim(#,(U)) — « (U) of
presheaves. In turn this induces a homomorphism

h:limoy — A

of the generated sheaves such that hom, = h, for all @. That is, the direct
limit of sheaves satisfies the “universal property” of direct limits.

In particular, if {#,} and {#B,} are direct systems based on the same
directed set, then the homomorphisms ., — lim ., and B, — lim B,
induce compatible homomorphisms &, ® 8, — lim #, ®lim #, and hence
a homomorphism lim(# o ® B,) — lim A, ® lim B,. On stalks this is an
isomorphism since tensor products and direct limits commute. Thus it
follows that this is an isomorphism

A lim( Ay ® Ba) =2 lim o o @ limy B (13)

The functor Hom(G, H) on abelian groups is covariant in only one of
its variables, so that the general discussion does not apply. However, note
that every homomorphism & — & of sheaves induces a homomorphism

AU — B|U.
Thus we see that the functor

U s Hom(«|U, B|U) (14)
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defines a presheaf on X. We define

[%m(d, B) = Fheaf(U — Hom(A|U, $|UM

It is clear that the presheaf (14) satisfies (S1) and (S2), so that

l%m(d,.%)(U) ~ Hom(.¢|U, 33|U).]

It is important to note that the last equation does not apply in general to
sections over nonopen subspaces, and in particular that

Hom(A , B)z % Hom(A 5, Bz)

in general. For example, let & be the constant sheaf with stalks Z on X =
[0,1] and let .« = B}, which has stalk Z over {0} and stalks 0 elsewhere.
Then Hom(,B)(U) ~ Hom(A|U, B|U) = 0 for the open sets of the form
U = [0,¢), and hence Hom(A,B)oy = 0, whereas &9y = Z = Byq),
whence Hom(# (o}, B(0}) ~ Hom (Z,Z) = Z.

If R is a sheaf of rings on X and if .« and % are #£-modules, then one
can define, in a similar manner, the sheaves

A Qg B,  To (A, B), Homg(A,RB).

6 Supports

A paracompact space is a Hausdorff space with the property that every
open covering has an open, locally finite, refinement. The following facts
are well known (see [34], (53] and [19]):

(1) Every paracompact space is normal.
(2) A metric space is paracompact.
(3) A closed subspace of a paracompact space is paracompact.

(4) If {Ua} is a locally finite open cover of a normal space X, then there
is an open cover {V,} of X such that Vo C U,.

(5) A locally compact space is paracompact < it is a disjoint union of
open, o-compact subspaces.

A space is called hereditarily paracompact if every open subspace is
paracompact. It is easily seen that this implies that every subspace is
paracompact. Of course, metric spaces are hereditarily paracompact.

6.1. Definition. A “family of supports” on X is a family ® of closed
subsets of X such that:
(1) a closed subset of a member of ® is a member of ®;
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(2) ® is closed under finite unions.

® is said to be a “paracompactifying” family of supports if in addition:
(3) each element of ® is paracompact,
(4) each element of ® has a (closed) neighborhood which is in ®.

We define the ertent E(®) of a family of supports to be the union of
the members of ®. Note that E(®) is open when ® is paracompactifying.

The family of all compact subsets of X is denoted by c¢. It is para-
compactifying if X is locally compact. We use 0 to denote the family of
supports whose only member is the empty set @. It is customary to “de-
note” the family of all closed subsets of X by the absence of a symbol, and
we shall also use cld to denote this family.

Recall that for s € #(X), |s| = {z € X | s(z) # 0} denotes the support
of the section s. Now if A is a presheaf on X and s € A(X), we put
|s| = 16(s)|, where 8 : A(X) — (X)) is the canonical map, « being the
sheaf generated by A.

Note that for s € A(X), z ¢ |s| & (s|U = 0 for some neighborhood U
of z).

If & is a sheaf on X, we put

[To(t) = {s € #(X)| 5] € 2}.|

Then 'y () is a subgroup of .«(X), and for an exact sequence 0 — &' —
A — A" — 0, the sequence

0 — Te(') — Tp(at) — Co (")

is exact.
For a presheaf 4 on X we put A¢(X) = {s € A(X)| |s| € ®}.12

6.2. Theorem. Let A be a presheaf on X that is conjunctive for coverings
of X and let A be the sheaf generated by A. Then for any paracompactifying
family ® of supports on X, the sequence

0 — Ag(X) — As(X) 2 To(at) — 0

s exact.

Proof. The only nontrivial part is that 6 is surjective. Let s € I's(#) and
let U be an open neighborhood of |s| with U paracompact. By covering
U and then restricting to U, we can find a covering {U,} of U that is
locally finite in X and such that there exist s, € A(U,) with 8(sa) = s|Ua.
Similarly, we can find a covering {V,} of U with UNV, C U,. Add X —|s|
to the collection {V,}, giving a locally finite covering of X, and use the
zero section for the corresponding s,.

12The I notation will be used only for sheaves and not for presheaves.
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For z € X let I(z) = {a|z € V,}, a finite set. For each z € X there
is a neighborhood W(z) such that y € W(z) = I(y) C I(z) and such that
W (z) C V, for each a € I(zx).

If a € I(x), then 8(s,)(z) = s(x). Since I(z) is finite, we may further
assume that W(z) is so small that s,|W(z) is independent of a € I(z)
[since &, = lim A(N), N ranging over the neighborhoods of z].

Let s, € A(W(z)) be the common value of s,|W{(zx) for a € I(z).

Suppose that z,y € X and z € W(z)NW (y). Let a € I(2) C I(z)NI(y).
Then s; = s4|W(y), so that s;|W(z)NW(y) = s|W(z)NW(y). Since A is
conjunctive for coverings of X, there is a t € A(X) such that t{W(z) = s,
for all z € X. Clearly (t) = s, and by definition, |t| = |s| € ®. o

Note that Ag(U) = 0 for all open U C X & A is a monopresheaf.

6.3. Definition. If A C X and ® is a family of supports on X, then ®NA
denotes the family {K N A| K € ®} of supports on A, and ®|A denotes the
family {K | K C A and K € ®} of supports on A or on X.13

If X, Y are spaces with support families ® and ¥ respectively, then
® x U denotes the family on X XY of all closed subsets of sets of the form
KxLwithKe®andLeV.

Iff: X —>Y and ¥ is a family on Y, then f~1¥ denotes the family on
X of all closed subsets of sets of the form f~'K for K € b.

6.4. Example. For the purposes of this example, let us use the subscript
Y on the family of supports cld or ¢ to indicate the space to which these
symbols apply. (In other places we let the context determine this.) Let
X =R and A = (0,1). Then cldx N A = cldg and cldx|A = ca. Also,
ex NA=clds and cx|A = ca.

If instead, X = (0,1], then cddx N A = clds and cx|A = ca, while
cldx|A is the family of closed subsets of A bounded away from 1. Also,
cx N A is the family of closed subsets of A bounded away from 0.

If X =R =Y, then the family cx X ¢y = cxxy, while cx x cldy is
the family of all closed subsets of X x Y whose projection to X is bounded
(but the projection need not be closed). This is the same as the family
mx'cx. Also, cldx x cldy = cldxxy = my'cldx.

For any map f : X — Y, the family f~!cy can be thought of as the
family of (closed) “basewise compact” sets. In IV-5 we shall define what
can be thought of as the family of “fiberwise compact” sets. <

6.5. Proposition. If ® is a paracompactifying family of supports on X
and if Y C X is locally closed, then ®|Y is a paracompactifying family of
supports on Y.

Proof. For Y = U N F with U open and F closed, we have that ®|Y =
(®IUH|(U N F), so that it suffices to consider the two cases Y open and Y
closed. These cases are obvious. o

13Note that ®|F = &N F for F closed.
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6.6. Proposition. Let A C X be locally closed, let ® be a family of sup-
ports on X, and let B be a sheaf on A. Then the restriction of sections
I‘(QX) — I(#B%)|4) = ['(®B) induces an somorphism

To(B*) = Tya(B).

Similarly, for a sheaf « on X, the restriction of sections induces an iso-
morphism

To(sl4) = Caya(f|A).

Proof. A section s € I's(#* ) must have support in A since 8% vanishes
outside of A. Thus |s| € ®|A. Moreover, s|A can be zero only if s is zero.
Now suppose that ¢t € ['gj4(%), and let s : X — #B% be the extension of
t by zero. It suffices to show that s is continuous. Since s coincides with
the zero section on the open set X — |¢|, it suffices to restrict our attention
to the neighborhood of any point z € |t|. Let v € #%(U) be a section
of B~ with v(z) = t(z) = s(z). We may assume, by changing the open
neighborhood U of z, that v]lUNA = t|{UN A. But v must vanish on U — A4,
so that v = s|U. Hence s is continuous on U, and this completes the proof
of the first statement. The second statement is immediate from the identity
(L) A)X = oA . a)

6.7. In this book the I' notation will be used only for the group of global
sections. Thus the group of sections over A C X of a sheaf .« on X is
denoted by I'(:#|A). In the literature, but not here, it is often denoted by
I'(A, ). Of course, for the case of a support family ® on X, there are at
least two variations: ['gna(#|A) and T'gja(#|A4).

7 Classical cohomology theories

As examples of the use of Theorem 6.2 and also for future reference we will
briefly describe the “classical” singular, Alexander-Spanier, de Rham, and
Cech cohomology theories.

Alexander-Spanier cohomology

Let G be a fixed abelian group. For U C X open let AP(U;G) be the
group of all functions f : UP*! — G under pointwise addition. Then the
functor U + AP(U;G) is a conjunctive presheaf on X. [For if fo : UP*! —
G are functions such that f, and fs agree on UR+! N Ug“ , then define
f:UPHL & G, where U = |JU,, by f(z) = fa(z) if z € UR*! and f(z)
arbitrary if z ¢ UP*! for any a.] Let #P(X;G) = Sheaf(U — AP(U;G)).
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The differential (or “coboundary”) d : AP(U;G) — AP*}(U;QG) is de-
fined by

p+1
df(Zoy- -\ Tps1) = Z(—l)'f(xo,...,f,, ey Tptl),
1=0
where f: UP*! — G.
Now d is a homomorphism of presheaves and d? = 0. Thus d induces a
differential
d: A°(X;G) — AP (X;0)
with d2 = 0.
The classical definition of Alexander-Spanier cohomology with supports
in the family ® is

|asHR(X; G) = HP(43(X; G)/45(X; G))-

Note that AB(X;G) is the set of all functions XP*! — G that vanish in
some neighborhood of the diagonal. Thus two functions f,g : XP*! — G
represent the same element of A?(X; G)/Af(X; G) < they coincide in some
neighborhood of the diagonal.}4

Thus Theorem 6.2 implies that if ® is a paracompactifying family of
supports, then there is a natural isomorphism

AsHE(X; G) = HP(To (" (X; G))). (15)

There is a “cup product” U :AP(U; G1)®AY(U; G2) — APH(U; G1®G2)
given by the Alexander-Whitney formula

(fU)Zos--- 1 Tptq) = f(Tos-- -, Tp) ® G(Tps- - -1 Tp+q),

with d(fUg) =df Ug+ (-1)?fUdg and |fUg| C |f| N]g]- This induces
products

U: P(X;G1) ® #U(X;Gr) = APH(X; G ® Ga),
To(A7(X;G1)) ® Ty (A ?(X;G2)) — Conu(2”7(X; G ® G2)),
and
HP(Po (#%(X; G1))®H! (Ty (#9(X; G2)) — HP*(Tony (4™ (X; 18 G2)));

ie.,
asHE(X;Gy) ® asHL(X;Ga) — asHEL(X;G1 ® Ga).

In particular, for a base ring L with unit and an L-module G, dO(X ;L) is
a sheaf of rings with unit, and each #"(X;G) is an 4°(X; L)-module.

14Note that it is the taking of the quotient by the elements of empty support that
brings the topology of X into the cohomology groups, since A*(X;G) itself is totally
independent of the topology.
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Singular cohomology

Let & be a locally constant sheaf on X. (Classically .« is called a “bundle
of coefficients.”) For U C X, let SP(U;«) be the group of singular p-
cochains of U with values in /. That is, an element f € SP(U; ) is a
function that assigns to each singular p-simplex o : A, — U of U, a cross
section f(o) € I'(c*(¥)), where A, denotes the standard p-simplex.

Since .« is locally constant and A, is simply connected, o*(#) is a
constant sheaf on A, (as 0*(#) is just the induced bundle on A,). It
follows that we can define the coboundary operator

d: SP(U; ) — SPH(U; of)

by df(r) = £(87) € D(r* ().

Let $7(X; ) = Sheaf(U — SP(U;&)) with the induced differential.
The presheaf SP(e ;) is conjunctive since if {U,} is a collection of open
sets with union U and if f(o) is defined whenever o is a singular simplex
in some U, with value that is independent of the particular index a, then
just define f(o) = 0 (or anything) if o ¢ U, for any a, and this extends f
to be an element of SP(U; ).

The classical definition of singular cohomology (with the local coeffi-
cients &/ and supports in ®) is

|aH3(X; o) = HP(S3(X; ). |

However, it is a well-known consequence of the operation of subdivision
that
HP(S5(X;4)) =0 for all p.

[We indicate the proof: Let U = {U,} be a covering of X by open sets and
let SP(U; #) be the group of singular cochains based on {{-small singular
simplices. Then a subdivision argument shows that the surjection

Ju i S*(X; ) — 8 (4; )

induces a cohomology isomorphism. Therefore, if we let Kjj = Ker jy, then
H*(K}) = 0 by the long exact cohomology sequence induced by the short
exact cochain sequence 0 — K| — S*(X; &) — S*({; &) — 0. However,
S3(X; &) =J K =lim K, so that

H*(S3(X; ) = H* (lim K3) = lim H* (K3) = 0]
Therefore, if ¢ is paracompactifying, then the exact sequence
0—-S; —»Sg = Ta(F”)—0

of 6.2 yields the isomorphism

[AHE(X; o) ~ HP(To(P*(X; ). | (16)
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As with the case of Alexander-Spanier cohomology, the singular cup
product makes #°(X; L) into a sheaf of rings and each #™(X;.¢) into an
P2X; L)-module, where .« is a locally constant sheaf of L-modules.

Remark: If X is a differentiable manifold and we let S*(U; ) be the complex
of singular cochains based on C* singular simplices, a similar discussion
applies.

de Rham cohomology

Let X be a differentiable manifold and let Q?(U) be the group of differential
p-forms on U with d : QP(U) — QP*}(U) being the exterior derivative.!®
The de Rham cohomology group of X is defined to be

aH3(X) = H (23(X)).|

However, the presheaf U — QP (U) is a conjunctive monopresheaf and hence
is a sheaf. Thus, trivially, we have

|aH3(X) ~ H? (o (")) (17)

for any family ® of supports.

Cech cohomology

Let { = {Uy;a € I} be an open covering of a space X indexed by a set
I and let G be a presheaf on X. Then an n-cochain ¢ of 4 is a function
defined on ordered (n + 1)-tuples (ay,...,a,) of members of I such that
Uag,....an = Ugo N+ NU,, # @ with value

c(ag,...,an) € GUq,,...an )

These form a group denoted by C™(i{; G). An open set V of X is covered
by UNV = {U,NV;a € Il. Thus we have the cochain group C*(UNV;G),
and the assignment V — C*(UNV; G) gives a presheaf on X, and hence a
sheaf

€" (4; G) = Sheaf(V — CUNV;G)).
Thus it makes sense to speak of the support |c| of a cochain, i.e., |¢| =
10(c)|, where 8 : C*(i§; G) — I'(€" (4; G)). This defines the cochain group

C'g(gl; G) for a family ® of supports on X. The coboundary operator
d:CR(YU;G) — C3+ (U; G) is defined by

n+1

de(ao, .., ang1) = 3 (=1)'c(a0, .-, Gry- - nt1 )| Vag, . anss -
1=0

15See, for example, [19, Chapters II and V].
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It is easy to see that d> = 0 and so there are the cohomology groups
HZ(4;,G) = H™(C3(4;G)).

A refinement of U is another open covering B = {V3; 8 € J} together with
a function (called a refinement projection) ¢ : J — I such that Vg C Uy g
for all 3 € J. This yields a chain map ¢* : C3(U; G) — C}(%; G) by

(p‘(c)(ﬁ()a v ):Bn) = C(‘P(,BO), cee ,Sp(ﬁn))lvao,. Bn e

If Y:J =1 is another refinement projection, then the functions D :
C2t(U; G) — C3(; G) given by

Dc(Bos - +Ba) = Y _(—1)'c(@(Bo), - -, #(B)s ¥(BL)s - - -, ¥(Bn)) Vio.....6

1=0

provide a chain homotopy between ¢* and 1*. Therefore, there is a homo-
morphism ) 5

Jgu: Hy(G) — HE(B; G)
induced by ¢* but independent of the particular refinement projection ¢
used to define it. Thus we can define the Cech cohomology group as

13(X; G) = limuHE(44; G).

Since it does not affect the direct limit to restrict the coverings to a
cofinal set of coverings, it is legitimate to restrict attention to coverings
U = {Ugz;z € X} such that £ € U, for all z. In this case there is a
canonical refinement projection, the identity map X — X, for a refinement
B = {V;;z € X}, Vz C Uz. Thus there is a canonical chain map

C3(;G) — C3(T; G),

and so it is legitimate to pass to the limit and define the Cech cochain
group

C3(X;G) = limuCq (4 G).

Since the direct limit functor is exact, it commutes with cohomology, i.e.,
there is a canonical isomorphism

H3(X;G) ~ H*(C3(X;G)),

which we shall regard as equality.

We shall study this further in Chapter III. For the present, let us restrict
attention to the case in which G is an abelian group regarded as a constant
presheaf. We wish to define a natural homomorphism from the Alexander-
Spanier groups to the Cech groups. If f : X®*! — G is an Alexander-
Spanier cochain and 4 = {U;;z € X} is a covering of X, then f induces
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an element fy € C™(4; G) by putting fy(zo,...,Ts) = f(Zo,...,Zn) when
Us,....z. # @. Consequently, f induces foo = limfy € C*(X; G). We claim
that |foo| = | f|- Indeed,

¢ |fo] < 35.1,V,:L'EVa.ndfu|V=0inC'(5JﬂV;G)
< Bu,V,zeVB:co,...,:c,,eV = fu(xo,...,xn)=0
& AW, reWsdzy,....,.2n. €W = f(zo,...,2,) =0
& IW,reW s flIwntl =9
o z¢|fl

Also, ‘_foo] =@ ¢ fo = 0. Now, given g € C*(X;G), g comes from some

gu € C™(4; G), and it is clear that gy extends arbitrarily to an Alexander-
Spanier cochain g. It follows that f — f., induces an isomorphism

A3(X;G)/AR(X;G) = C3(X;6),

whence

4asHZ(X;G) ~ HR(X;G) (18)

for all spaces X and families ® of supports on X.

Now, the Cech cohomology groups are not altered by restriction to any
cofinal system of coverings. Therefore, if X is compact, we can restrict the
coverings used to finite coverings. Similarly, if X is paracompact, we can
restrict attention to locally finite coverings.

Finally, if the covering dimension'® covdim X = n < oo then we can
restrict attention to locally finite coverings 4 = {U,;a € I} such that
Ugo,...any; = @ for distinct o,. Now, C*(U;G) is the ordered simpli-
cial cochain complex C*(N(4); G) of an n-dimensional abstract simplicial
complex, namely the nerve N(U) of 4L.}7 For ¢ € CP(4;G) we have that
lel = U{Uao,....ap | c(ao, . .. ,@p) # 0}, since i is locally finite. Thus

Ci(;,G)={c € C*(4;G)|3IK € ® 3 c(a, ..., 0p) =0 if Ua,,....a, ¢ K}
=lijxea{c € C*(;G) | c(ao, ..., ap) = 0if Ugy,...a, K}
=l_imKe¢C‘(N(U),NK(u); G)v

where Nk (U) = {{ao,...,ap} € N()|Uaq,,....a, ¢ K}, which is a sub-
complex of N({). But C*(N (), Nk (U); G) is chain equivalent to the cor-
responding oriented simplicial cochain complex that vanishes above degree
n. Therefore H}(4;G) = 0 for p > n, whence H3(X;G) = 0 for p > n.
Consequently,

[ASH(’I’,(X;G) =0 for p > covdimX.l (19)

16The covering dimension of X is the least integer n (or co) such that every covering of
X has a refinement for which no point is contained in more than n + 1 distinct members
of the covering.

17This has the members of I as vertices and the subsets {ao,...,ap} C I, where
Uag,.. ,ap # 9, as the p-simplices.
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Singular homology

Even though the definition of singular cohomology requires a locally con-
stant sheaf as coefficients,'® one can define singular homology with coef-
ficients in an arbitrary sheaf .. To do this, define the group of singular
n-chains by

Sn(X; ) = DT (0" ),

where the sum ranges over all singular simplices 0 : A,, - X of X. If F; :
A, — A, is the ith face map, then we have the induced homomorphism

N : (o) > T(F'o"A) =T ((c o F,)"A)
of Section 4, and so the boundary operator
0: Sn(X;4) = Sn_1(X; )

can be defined by

ds = 3 (=1)'mi(s)
1=0
for s e I'(o* ).

When  is locally constant, then this, and the case of cohomology,
is equivalent to Steenrod’s definition of (co)homology with “local coeffi-
cients”; see [75] for the definition of the latter.

The functor U — S, (U; ) is covariant, and so it is not a presheaf.
Thus it has a different nature than do the cohomology theories. See, how-
ever, Exercise 12 for a different description of singular homology that has
a closer relationship to the cohomology theories.

Exercises

1. ® If « is a sheaf on X and i : B — X, show that i*.« =~ 4|B.
2. ® If Bis asheafon B and i : B — X, show that (i®8)|B ~ 8.

3. Let {Ba,ma,g} be a direct system of presheaves [that is, for U C X,
{Ba(U),7a,5(U)} is a direct system of groups such that the 7o 3’s commute
with restrictions]. Let B = limj Bo denote the presheaf U +— lim Ba(U).
Let B, = Sheaf(B.) and B = Sheaf(B). Show that & and lim B, are
canonically isomorphic.

4. ® A sheaf # on X is called projective if the following commutative diagram,
with exact row, can always be completed as indicated:

B—>"€—0
..

2.
18This will be generalized by another method in Chapter I11.
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Show that the constant sheaf Z on the unit interval is not the quotient of
a projective sheaf. (Thus there are not “sufficiently many projectives” in
the category of sheaves.)

More generally, show that on a locally connected Hausdorff space with-
out isolated points the only projective sheaf is 0.

. Show that the tensor product of two sheaves satisfies the universal property

of tensor products. That is, if &, %, and € are sheaves on X and if
f: ANLB — € is a map that commutes with the projections onto X
and is bilinear on each stalk, then there exists a unique homomorphism
h:AQB — € such that f = hk, where k : LAB — A ® B takes
(a,b) € Ao X B = (ALB): intoa®b € A @B = (A @ B)s.

Treat the direct sum in a similar manner.

. Show that the functor Hom(e, e) of sheaves is left exact.

7. Let f: X = Y and let  be a sheaf of rings on Y. Show that the natural

10.

11.

12.

equivalence (5) of Section 4 restricts to a natural equivalence
¢ : Hom j2(f* B, o) — Homg(B, f ),

where & is an #-module and .« is an f*%-module. [The #-module struc-
ture of f.¢ is given by the composition

RU) @ (fA)U) — (f*R)f'U)@(f7'V) - (f7'V))

® Let f : X —» Y and let &« be a sheaf on X. Show that s (f#) =
[f-14(), under the defining equality (f#)(Y) = #(X), for any family
® of supports on Y. [Also, see IV-3.]

® Let 0 » &' — A4 — A" — 0 be an exact sequence of sheaves on
a locally connected Hausdorff space X. Suppose that ¢’ and " are
locally constant and that the stalks of .#" are finitely generated (over
some constant base ring). Show that . is also locally constant. [Hint:
For z € X find a neighborhood U such that «#(U) — «"(U) is surjective
and such that #'(U) — ¢}, and " (U) — £ are isomorphisms for every
yeUl]

® Show by example that Exercise 9 does not hold without the condition
that the stalks of .#" are finitely generated.

®If0— &' — 4 — A" — 0is an exact sequence of constant sheaves on
X, show that the sequence

0 — Pe(t') = Te(A) - Cop(”) -0

is exact for any family ® of supports on X.
® Let A.(X, A) [respectively, AS(X, A)] be the chain complex of locally
finite (respectively, finite) singular chains of X modulo those chains in A.
Show that the homomorphism of generated sheaves induced by the obvious
homomorphism

AL(X, X —U)—> A(X, X -D)
of presheaves is an isomorphism. Denote this generated sheaf by A.. Show
that the presheaf U — A.(X,X — U) (which generates A.) is a mono-
presheaf and’that it is conjunctive for coverings of X. Deduce that

0:A.(X) — I(A)
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13.

14.

15.

16.

17.

18.

19.
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is an isomorphism when X is paracompact. [Note, however, that U —
AL (X, X —U) is not fully conjunctive and hence is not itself a sheaf] Also
show that @ induces an isomorphism

A(X) = To(4).

(This provides another approach to the definition of singular homology
with coefficients in a sheaf, by putting AS(X;#) =T'.(A. ® A).)

Let X be the complex line (real 2-dimensional) and let C denote the con-
stant sheaf of complex numbers. Let .« be the sheaf of germs of complex
analytic functions on X. Show that

0-C -l 2t =0

is exact, where ¢ is the canonical inclusion and d is differentiation. For
U C X open show that d : #(U) — #(U) need not be surjective. For
which open sets U is it surjective?

® Let X be the unit circle in the plane. Let R denote the constant sheaf
of real numbers; @ the sheaf of germs of continuously differentiable real-
valued functions on X; and € the sheaf of germs of continuous real-valued
functions on X. Show that 0 = R —» @ - € = 0 is exact, where d is
differentiation. Show that Coker{d : #(X) — €(X)} is isomorphic to the
group of real numbers.

® Let X be the real line. Let # be the sheaf of germs of all integer-valued
functions on X and let ¢ : Z — & be the canonical inclusion. Let ¢ be the
quotient sheaf of # by Z. Show that #(X) — §(X) is surjective, while
Coker{l':(¥) - T(9)} =~ Z.

Show that there are natural isomorphisms

Hom (@d,\,@) ~ [ Hom(A», B)
y A

and
Hom (d,[],%,\) ~ [ Hom(, By).
x X

Prove or disprove that there is the following natural isomorphism of func-
tors of sheaves &, &, and € on X:

Hom (A, Hom(B, €)) ~ Hom(A ® B, €).

®If f: A— X is a map with f(A) dense in X and .# is a subsheaf of a
constant sheaf on X, then show that the canonical map 3 : M — ff* M
of Section 4 is a monomorphism. Also, give an example showing that this
is false for arbitrary sheaves .# on X.

® For a given point z in the Hausdorff space X, let z also denote the
family {{z}, @} of supports on X. Show that 4sHZ(X;G) = 0 for all
n > 0. (Compare II-18.)



Chapter 11
Sheaf Cohomology

In this chapter we shall define the sheaf-theoretic cohomology theory and
shall develop many of its basic properties.

The cohomology groups of a space with coefficients in a sheaf are defined
in Section 2 using the canonical resolution of a sheaf due to Godement.
In Section 3 it is shown that the category of sheaves contains “enough
injectives,” and it follows from the results of Sections 4 and 5 that the
sheaf cohomology groups are just the right derived functors of the left
exact functor I' that assigns to a sheaf its group of sections.

A sheaf . is said to be acyclic if the higher cohomology groups with
coeflicients in .« are zero. Such sheaves provide a means of “computing”
cohomology in particular situations. In Sections 5 and 9 some important
classes of acyclic sheaves are defined and investigated.

In Section 6 we prove a theorem concerning the existence and uniqueness
of extensions of a natural transformation of functors (of several variables)
to natural transformations of “connected systems” of functors. This result
is applied in Section 7 to define, and to give axioms for, the cup product
in sheaf cohomology theory. These sections are central to our treatment of
many of the fundamental consequences of sheaf theory.

The cohomology homomorphism induced by a map is defined in Section
8. The relationship between the cohomology of a subspace and that of its
neighborhoods is investigated in Section 10, and the important notion of
“tautness” of a subspace is introduced there.

In Section 11 we prove the Vietoris mapping theorem and use it to
prove that sheaf-theoretic cohomology, with constant coefficients, satisfies
the invariance under homotopy property for general topological spaces.

Relative cohomology theory is introduced into sheaf theory in Section
12, and its properties, such as invariance under excision, are developed. In
Section 13 we derive some exact sequences of the Mayer-Vietoris type.

Sections 14, 15, and 17 are concerned, almost exclusively, with locally
compact spaces. In Section 14 we prove the “continuity” property, both
for spaces and for coefficient sheaves. This property is an important fea-
ture of sheaf-theoretic cohomology that is not satisfied for such theories as
singular cohomology. A general Kiinneth formula is derived in Section 15.
Section 17 treats local connectivity in higher degrees. This section really
has nothing to do with sheaf theory, but the results of this section are used
repeatedly in later parts of the book.

In Section 16 we study the concept of cohomological dimension, which
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has important applications to other parts of the book. Section 18 contains
definitions of “local cohomology groups” and of cohomology groups of the
“ideal boundary.”

If G is a finite group acting on a space X and if 7 : X — X/G is the
“orbit map,” then 7 induces, as does any map, a homomorphism from the
cohomology of X/G to that of X. In Section 19 the “transfer map,” which
takes the cohomology of X into that of X/G, is defined. When G is cyclic
of prime order we also obtain the exact sequences of P. A. Smith relating
the cohomology of the fixed point set of G to that of X (a general Hausdorff
space on which G acts).

In Sections 20 and 21 we define the Steenrod cohomology operations
(the squares and pth powers) in sheaf cohomology and derive several of
their properties. This material is not used elsewhere in the book.

All of the sections of this chapter, except for Sections 18 through 21,
are used repeatedly in other parts of the book.

Most of Chapter III can be read after Section 9 of the present chapter.

1 Differential sheaves and resolutions

1.1. Definition. A “graded sheaf” %" is a sequence {#"} of sheaves, p
ranging over the integers. A “differential sheaf” is a graded sheaf together
with homomorphisms d : 7 — ¥ such that d? : P — %P*? is zero for
all p. A “resolution” of a sheaf o is a differential sheaf * with ¥ = 0
for p < O together with an “augmentation” homomorphism € : A& — Z°

such that the sequence 0 — & —» 2° -4 @' 4 @ ... is ezact.

Similarly, one can define graded and differential presheaves.
Since exact sequences and direct limits commute, it follows that the
functor Fheaf, assigning to a presheaf its associated sheaf, is an exact

functor. Thusif A > B % Cis a sequence of presheaves of order

two [i.e., g(U) o f(U) = O for all U] and if & 2 B <+ € is the

induced sequence of generated sheaves, then Im f’ and Ker g’ are gener-
ated respectively by the presheaves Im f and Kerg. Similarly, the sheaf
Kerg’/Im f’ is (naturally isomorphic to) the sheaf generated by the pre-
sheaf Kerg/Im f : U — Ker g(U)/Im f(U).

If £° is a differential sheaf then we define its homology sheaf (or “de-
rived sheaf”) to be the graded sheaf #*(£"), where as usual,

HP (%) =Ker(d: ¥ - £P*)/Im(d: 77" — &P).

The preceding remarks show that #P(¥") = Fheat (U — HP(£"°(U))),
and in general, if " is generated by the differential presheaf L*, then
HP(2L") = Fheof (U — HP(L*(U)).

Note that in general, #?(Z*)(U) % H?(£*(U)). [For example, if we
let #° = #' be the “twisted” sheaf with stalks Z on X = S! and let



§1. Differential sheaves and resolutions 35

%% = Z,, the constant sheaf, then 0 — %° 2, Ql — %% - 0 is exact,

so that #P(£*)(X) = O for all p. However, #°(X) = 0 = £'(X) and
P*(X) = Zy, so that H*(%* (X)) = Z,.]

1.2. Example. In singular cohomology let G be the coefficient group
(that is, the constant sheaf with stalk G; this is no loss of generality since
we are interested here in local matters).

We have the differential presheaf

0-G - SU;G) - SY(U;G) - -, (1)

where G — S°(U; G) is the usual augmentation. Here we regard G as the
constant presheaf U — G(U) = G. This generates the differential sheaf

05 G- #%X;G) - &' (X;G) — - (2)

When is this exact? That is, when is #*(X; G) a resolution of G? Clearly
this sequence is exact at G since (1) is. The homology of (1) is just the
reduced singular cohomology group A H*(U;G). Thus (2) is exact < the
sheaf s # " (X;G) = Shoaf(U — nH*(U;G)) is trivial. This is the case &

lim AH*(U;G) =0 3)

for all £ € X, where U ranges over the neighborhoods of z. In the ter-
minology of Spanier, (3) is the condition that the point z be “taut” with
respect to singular cohomology with coefficients in G. Note that this con-
dition is implied by the condition HLC. [A space X is said to be HLCT
(homologically locally connected) if for each z € X and neighborhood U
of z, there is a neighborhood V C U of z, depending on p, such that the
homomorphism s H,(V; L) — aH,(U;L) is trivial for p < n. Obviously
any locally contractible space, and hence any manifold or CW-complex, is
HLC.) An example of a space that does not satisfy this condition is the
union X of circles of radius 1/n all tangent to the z-axis at the origin. It is
clear that this is not HLC!, and at least in the case of rational coefficients,
the sheaf o' (X; Q) 3 0 for this space. <o

1.3. Example. The Alexander-Spanier presheaf A*(e;G) provides a dif-
ferential presheaf

0— G — A(U;G) — ANU;G) — -~ @)

and hence a differential sheaf. However, in this case (4) is already exact.
[For if f: UP*! — G and df = 0, define g : U? — G by g(zo,...,Tp-1) =
f(z,xo,...,Zp—1), where z is an arbitrary element of U. Then

S (-1)'g(zo,... &y ..., Tp)

Z:( 1 f(x Zo,- . :'i.\u"'vzp)
fgxo,...,:cp) df(z,xo, ..., oy, Tp)
=f

.y Tp)y

dg(zo,...,xp)
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so that f = dg.]
Thus the Alexander-Spanier sheaf #*(X;G) is always a resolution of
G. o

1.4. Example. The de Rham sheaf Q* on any differentiable manifold is
a differential sheaf and has an augmentation R — QO defined by taking a
real number r into the constant function on X with value r. Moreover,
0 - R — Q% Q! - ... is an exact sequence of sheaves, as follows from
the Poincaré Lemma, which states that every closed differential form on
euclidean space is exact; see [19, V-9.2]. Therefore, Q* is a resolution of
R. O

2 The canonical resolution and sheaf
cohomology

For any sheaf & on X and open set U C X we let C°(U;«) be the
collection of all functions (not necessarily continuous) f : U --+ & such
that 7o f is the identity on U, 7 : «/ — X being the canonical projection.
Such possibly discontinuous sections are called serrations, a terminology
introduced by Bourgin [10]. That is,

COU; ) = [] s
z€U

Under pointwise operations, this is a group, and the functor U — C%(U; )
is a conjunctive mon &)resheaf on X. Hence this presheaf is a sheaf, which
will be denoted by € (X;«). Note that if X4 denotes the point set of X
with the discrete topology and if f : X4 — X is the canonical map, then
%’O(X A) = ff*s, as already mentioned in I-4.

Inclusion of the collection of sections of & in the collection of all ser-
rations gives an inclusion & (U) — C%(U;#) = %O(X;.d)(U) and hence
provides a natural monomorphism

£:uf — €OX; ).

(For f : X4 — X as above, this inclusion coincides with the monomorphism
B: 4 — ff* of (6) on page 15.)
If ® is a family of supports on X, we put

CY(X;H) =Ta(€°(X;)).
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is obviously exact. Moreover, for any family ® of supports, the sequence
0— Ca(e; ') = Ca(e;4) — Cg(e;4") = 0

is exact. [To see that the last map is onto, we recall that f € C3(X; « "
can be regarded as a serration f : X --» ", Then |f] is the closure of
{z| f(z) = 0}. Clearly f is the image of a serration § of . that vanishes
wherever f vanishes. Thus |g| = |f| € ®.]

Let yl(X;d) Coker{e : & — €°(X;.)}, so that the sequence

0— o -5 O(X; ) 2 FHX; ) = 0
is exact. We also define, inductively,
€"(X; ) = €°(X; F™(X; A))
FrNX ) = FHX (X5 A))
so that
0— F™(X; ) < € (X; ) -2 (X ) - 0
is exact. Let d = £ o 3 be the composition
" (X; ) 20 (X ) S €V (X A).

Then the sequence

0— o -5 €O(X; ) S €1(X; ) S €HX ) S

is exact. That is, €*(X; ) is a resolution of .. It is called the canonical
resolution of & and is due to Godement [40].

This resolution satisfies the stronger property of being naturally “point-
wise homotopically trivial.” In fact, for x € U C X consider the homomor-
phism CO(U; &) — , that assigns to a serration U --+ & its value at z.
Passm% to the limit over neighborhoods of z, this induces a homomorphism
N € (X; .M),c — . Clearlz/ Nz 0€: A, — A is the identity. Thus,
defining v; : 3’ (X;d)y = € (X; )y by vz 08 =1 — € on, (which is
unambiguous), we obtain the pointwise splitting

¥ €°(X; ) _; (X; )z
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[Note that as a consequence of these splittings, all these sheaves are torsion
free (i.e., have torsion free stalks) when .« is torsion free.] Let D, = v on, :
€"(X; ), — " (X; ), for n > 0. Then on €"(X;A); forn >0 we
have dD; + D.d = €0vzn; + ;1260 = eng + 1,0 = 1, while on %”O(X; o)z
we have D.d = v;7;60 = v,0 = 1 — en,. These three equations,

dD; + D,d =1, in positive degrees,
D;d=1-¢n;, in degree zero, (5)
N€ =1, on .,

show that €”(X; ), is a homotopically trivial resolution of ./, and this
is what we mean when we say that €*(X;.#) is pointwise homotopically
trivial. Moreover, the D, and 7, are natural in .

2.1. Lemma. If 4" 1s a pointurse homotopically trivial resolution of a
sheaf A on X (e.g., A" = €*(X;A)), then A" ® B is a resolution of
A Q@ RB for any sheaf B on X.

Proof. The hypothesis means that there are the homomorphisms D, :
AT — A for n >0 and n, : A2 — o, satisfying (5). Tensoring with
B preserves these equations and the result follows immediately. o

Now suppose that & is a sheaf of rings and that .« is an #-module.
Then 'igo(X; &) is a %O(X;.%)—module and, a fortiori, it is an #-module.
Also note that ¢ : & — ¥°(X;¢) is an #-module homomorphism. Thus
7'(X; ) is an #-module. By induction, each €¢™(X;«) and Z™(X; )
is an #-module, and d is an #-module homomorphism.

Since 7"(X; ) is an #-module, when . is an #-module, it follows
that €™ (X; &) = %O(X;g"(X;d)) is a €°(X; #)-module. We remark,
however, that d is not a %O(X ; R)-module homomorphism (for if it were,
then it would turn out that the cohomology theory we are going to develop
would all be trivial).

Since ¥°(X;.) is an exact functor of ., so is yl(X; ). By induction
it follows that €™ (X ;) and 3"(X; ) are all exact functors of .«.

For a family ® of supports on X we put

C3(X; ) =Ta(€"(X;4)) = CY(X; F™(X; A)).

Since C3(X;e) and 7"(X;e) are exact functors, it follows that

ng (X;e) is an exact functor. l

2.2. Definition. For a family ® of supports on X and for a sheaf A on
X we define

|H3 (X; ) = H*(C3(X; ). |
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Since 0 — () — [a(€°(X;H)) — Te(€'(X;)) is exact, we
obtain the natural isomorphism

To() = HY(X; L)

of functors of .
From a short exact sequence 0 — &’ — & — " — 0 of sheaves on X
we obtain a short exact sequence

0— Co(X; ') = Co(X; ) - Co(X; ") — 0

of chain complexes and hence an induced long exact sequence

= HY(X; ') — HE(X; ) — HE(X; ") = HEP(X;t') — -+

2.3. If & is a sheafon X and A C X, and if ¥ is a family of supports on
A, then we shall often use the abbreviation

| HE (4;40) = HY(4;414).|

2.4. We shall now describe another type of canonical resolution, also due
to Godement, which is of value in certain situations. Most of the details
will be left to the reader since this resolution will play a minor role in this
book. Let #P(X; ) be defined inductively by F°(X; &) = €°(X; ) and
FP(X; ) = €°(X; 7" (X;A)). Define FE(X; ) = Do(FP(X;A)) for
any family ® of supports on X. Then both FP(X;.«/) and FP(X;«)
are exact functors of /. We shall define a differential § : FP(X; ) —
FP*1(X; ) that makes F*(X; ) into a resolution of . To do this we
first give a description of FP(X;.«) = ['(¥#7(X;«)) that is analogous to
the definition of Alexander-Spanier cochains.

Denote by MP(X;.#) the set of all functions defined on (p + 1)-tuples
(zo,z1,...,Zp) of points in X such that f(zo,...,7,) € #;,. We shall
define an epimorphism

Yp: MP(X; ) » FP(X; )

by induction on p. Let 1 be the identity. If 1, has been defined, let
f € MP(X; ), and for each 29 € X, let f., € MP~!}(X; ) be defined by

fzo(z1, ... Zp) = f(z0, 21, . - -, Tp)-
The assignment
o = Pp-1(fzo) (20) € FP7H(X; A )z,
is a serration of #”~!(X; ) and hence defines an element of

CoUX; P Y (X; ) = FP(X; A).
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We let ¥,(f) be this element. Clearly, ¥, is surjective.

By an induction on p it is easy to check that Ker Yp consists of all
elements f € MP(X; ) such that for each (g + 1)-tuple (zo,...,,) there
is a neighborhood U(zy, ..., zq) of z4 such that if

zy € U(zy),
z2 € U(xo, 11),

z, € U(zo,...,Tp-1),

then f(zo,...,zp) =0.

We now define the differential 6. If t € ., let S(t) be any serration of
«/ that is continuous in some neighborhood of z and with S(t)(z) = t. [Note
that S induces the canonical inclusion € : & — €°(X;.#) = FOUX; )
For f € MP(X; ) let 6f € MP¥!(X; ) be defined by

51(@0,n 1) = I (=1)'f(@o, s By s Zpra) + (1) S(F @0, ) ().

1=0

The reader may check that §(Ker1/,) C Ker,4, and that 66f € Kery,42
for all f € MP(X;.«). Thus, we may define a differential § on F?(X;.«) by
Yp4+16 = 61p. Note that on FP(X; ), § does not depend on the particular
choice function S. On FP(X;.«) we have that 66 = 0. These definitions
are natural with respect to inclusions of open sets U C X, and thus we
obtain a differential 6 on #P(X; ) = Sheat(U — FP(U;A)).

Consider the homomorphism E, : MP(X; ) — MP~Y(X; ), for p >
0, given by E.(f) = f.. We claim that this induces a homomorphism
D, : $°(X; ), — FP N (X;A),. To see this, let 02 : MP(X; L) —
FP(X; ), be the composition of ¥, : MP(X; &) — FP(X;«) with the
restriction FP(X; ) = [(FP(X;H)) — FP(X;),. If f € Ker6? then
there exists a neighborhood U of x such that f|[U € MP(U; ) is in Ker 9,
Thus there is a sequence of neighborhoods U(zy, ..., z4) in U as above such
that if each z¢4 € U(zo,...,Tq—1), then f(zo,...,zp) = 0. Specializing to
zo = = we can cut U down so that U = U(z). Put V(zy,...,z,) =
U(z,z1...,%4). Then if z; € V(z1), 23 € V(x1,2), etc., we have that
fe(z1,72,...,2p) = f(z,71,...,2p) = 0, whence E.(f) = f, € Ker62~!,
as claimed.

Now, it is easy to compute that E 6+ 6E, = 1, whence D 6 +6D; = 1.
We also have n, : F(X; &) = €°(X; ) — A, as before, and the reader
may check that D, 6 = 1 — en,. Thus, we have produced a pointwise split-
ting of #*(X; ). In particular, this implies that (X .«) is a resolution
of A.

One advantage of this resolution is that it has a semisimplicial structure.
The description above in terms of the Alexander-Spanier type of cochains
has an analogue for €*(X; ). For these facts we refer the reader to [40].
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3 Injective sheaves

Let & be a sheaf of rings with unit on X. All sheaves on X in this section
will be #-modules; homomorphisms will be #&-module homomorphisms
and so on. An #-module # on X is said to be injective (with respect to
R) if, for any subsheaf .« of a sheaf 8 on X and for any homomorphism
h:d — # (of R-modules) there exists an extension B — & of h. That is,
# is injective if the contravariant functor

Homg(e, )

is right exact and hence exact (see I-Exercise 6).

In this section we shall show that there are “enough” injective sheaves
in the category of %#-modules.!

First, we need the following preliminary result:

3.1. Theorem. Let f: W — X be a map and let £ be an f*R -injective
sheaf on W. Then f& is an R -injective sheaf on X.

Proof. We must show that the functor Homg(e, f&) is exact. But by
I-Exercise 7, it is naturally equivalent to the functor Homy.z(f*(e), £),
which is exact since f* is exact and & is f*R-injective. (m]

We shall now apply this result to the case in which W = X4, the discrete
space with the same underlying point set as X. Here # and f*# have the
same stalks, and it is clear that a sheaf £ on X4 is injective <& each stalk
% is an injective & ,-module. Thus 3.1 immediately yields the result that
if I(z) is an injective & ;-module for each x € X, then the sheaf 4 on X
defined by

s) =[] 1), (6)
zeU
with the obvious restriction maps, is an injective sheaf on X, since it is
just the direct image of the sheaf on X whose stalk at z is I(x).

3.2. Theorem. Any sheaf & on X is a subsheaf of some injective sheaf.

Proof. With the previous notation, let I(x) be some injective & ,-module
containing ., as a submodule. Then the inclusion

Ht,dxc—» HI(a:)

z€lU zeU

provides a monomorphism %O(X ;) — F. Composing this with the
canonical monomorphism « — %°(X;) yields the desired monomor-
phism & — £. O

1We shall make use of this fact only in the case in which & is a constant sheaf.
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3.3. Proposition. Let L be an integral domain and suppose that R is the
constant sheaf with stalks L. If 4 is an L-injective sheaf on X, then I'y(F)
is divisible (with respect to L) for any family ® of supports on X .2

Proof. Let Q be the field of quotients of L and let s € #(X) with K =
|s| € ®. Then s defines a homomorphism g of the constant sheaf L into
& by g(Az) = Azs(z). Since this kills the subsheaf Lx_g, it factors to
give a homomorphism h : Lx — & such that s is the image of the unity
section 1 of L via L — Lg -, . Since  is injective, h can be extended
toh': Qg — 4. Now if k € L, then 1/k € Q gives a section of Qg that is
carried by h’ to a section t € #(X) with |t| = K and kt = s. a

3.4. Proposition. If # is an injective sheaf, then so is F|U for any open
setU C X.

Proof. Let 0 — & — & be an exact sequence of sheaves on U and let
& — F|U be any homomorphism. The exact commutative diagram3

0 — X— BX

]

(FU)X— g

can be completed as indicated since # is injective, yielding the required
homomorphism & = 8% |U — 4|U. O

Because of 3.2, standard methods of homological algebra can be ap-
plied to the theory of sheaves. For example, every sheaf has an injective
resolution.? Moreover, suppose that 4" is a differential sheaf with each 47
injective and that # — Ker(&'o a4 l) is a given homomorphism. Then
for any resolution " of a sheaf ., any homomorphism h : & — % admits
an extension to a chain map £* — $*, that is, a commutative diagram

o - PO, @t 4,
hl i !
B -9 L4

Moreover, any two such chain maps £* — 4" extending h are chain homo-
topic, that is, if h’,h” : £* — #* are chain maps extending h, then there
is a sequence of homomorphisms

n: %" — $P7' such that dn+nd=h —h".

2Also see Exercise 6.

3Recall that (F|U)X = Fy C 4.

“4For the benefit of readers with deficient background in homological algebra, we detail
this and some other items we need about injective resolutions at the end of this section.
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Any chain map £* — #* induces a chain map of complexes I's (") —
Ce(#*). Since a chain homotopy induces a chain homotopy, we see that
there is a canonical homomorphism

h* : H*(Te(£")) — H*(Ta(¥7))

induced by h : & — %, independent of all choices.

Now let #* be an injective resolution of #. If £* is also an injective
resolution of & and if & = 3, h being the identity, we see that h* is an
isomorphism, since a map in the other direction exists and both composi-
tions must be the identity because of the uniqueness. Thus H*(F's(#"))
depends only on # and not on the particular injective resolution.

The functor B — HP(['s(F")) is called the pth right derived functor of
the left exact functor B +— g (RB). We shall show in Section 5 that this
functor is precisely the functor

B — HE(X; B).

More generally, the functor 8 +— HP(Lg(Homg(,F"))) is the pth
derived functor of the left exact functor B — g (Homg(A,B)) and is
denoted by Ext} 4(«,®). Since Homz(R,B) ~ B (naturally) we will
have that

HE(X; B) ~ Ext} 4(R, B).

3.5. Sometimes it is convenient to have a canonical injective resolution
of a sheaf. To obtain this we need only choose, canonically, the injective
module I(z). We now show how to do this.

Let L be a ring with unit and let A be an L-module. Recall that an
abelian group is injective as a Z-module ¢ it is divisible. 5 We let T denote
the group of rationals modulo the integers. Let A denote the L-module
Homz(A,T) and note that A — A is an exact contravariant functor since
T is injective as a Z-module. Since T is injective, it is easily seen that the

map A — A, taking a — a* where a*(f) = f(a), is a monomorphism.

We claim that if A is projective then A is injective (as L-modules). To
see this, consult the following diagrams

0— B—+C C—-B—-o 0—+B—~C
»
| 0 \ P
T w, A 0—+B—~C
A 5 b %
A A

in which we are to produce the map g. The map h exists since A is projec-
tive. This duahzes to give the third dlagram, and we let g be the composi-

tion C —» C 2, A The composition B »— B —Ais easily seen to be the

5See, for example, 19, V-6.2].
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original map f. Thus, by commutativity of the third diagram, f = g o1,
as desired.

Now, for an L-module B, let F(B) be the free L-module on the nonzero
elements of B. (More accurately, F(B) should be considered as the free
module on B as a basis modulo the cyclic submodule generated by 0 € B.)
Then F is a covariant functor. Moreover, there is a/xﬂural surjection

F(B) — B and hence a natural monomorphism B — F(B).

The composition A » A F(;f) is then a natural monomorphism

into the injective L-module I(A) = F(;f). Also, A — I(A) is a covariant
functor. Note, however, that I(e) is not an exact functor since F is not
exact.

If « is a sheaf of #-modules, where # is a sheaf of rings with unit,
let #°(X;.«) denote the sheaf # of (6) on page 41, where I(z) is taken to
be I(«;) as constructed above (for the ring #;). The proof of 3.2 gives
a monomorphism . — #°(X;.«¢), which we shall regard as an inclusion.
Define, inductively,

(X)) = 5 (X; )/ A,
I (X l) = F(X; 47X ),
IN(X ) = gHX 40X ).

Then we have the exact sequences
0 —I(X; ) = g1 (X;) =0

and

0 — 4"(X;) = SN (X;t) — F"H(X;) = 0,
which concatenate to give the natural exact sequence
0— o — FUX; ) —» FHX; ) > FH(X; ) > -

That is, #*(X; ) is an injective resolution of .« and is a covariant functor
of .8 It will be called the canonical injective resolution of <.

3.6. For the benefit of readers who have insufficient background concerning
resolutions, we indicate here the derivations of some of the statements
we have made about injective resolutions and others we shall need later.
Readers already at home with this subject should skip to the next section.
Although we discuss this subject in the language of sheaves, everything
here can be done in general abelian categories.

The discussion in 3.5 already indicated how one can construct an injec-
tive resolution of a sheaf just given the fact that any sheaf can be embedded
in an injective sheaf.

If h : & — B is any homomorphism of sheaves on X, and if¢ : & — Z°
is a resolution and 1 : 8 — #* is a degree zero map of & into an injective

6Unfortunately, however, it is not an ezact functor.
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differential sheaf, let us show how to construct an extension h* : £* — 4"
of h. Consider the diagram

in which the top row is exact. The map h° extending 7 o h exists since #°
is injective. This makes the diagram commute. Next, the induced diagram

0 — £°/Ime < &'

B!}
\

#°/Imy T, g

can similarly be completed. The inductive step for the completion of the
argument is now clear.

Now suppose that h*,k* : £* — $" are two such extensions of the
same map h : & — B. We wish to construct a chain homotopy g* between
them. That is, we want homomorphisms g™ : " — 4" ! with ¢° = 0 and
d" g™ 4+ g"*tld™ = h™ — k™, where d* stands for the differentials in both
£" and #*. We have the commutative diagram

0 - o 5 ¢ L gt &, g2 &

h—k=ol h°—k°l h‘—k‘l h’—-k’l

B 1 g0 L oo & g &

which has (h® — k%) o = no 0 = 0. Thus h® — k° factors through Zo/.,d,
and d° induces a monomorphism y : 20/t — 2. Since #° is injective, p
extends to give a homomorphism ¢! : ' — #° such that g' od® = h® — kO.
Since g° = 0 by definition, this is the desired equation d=1g° + g'd® =
hO — k. Now,

(R — k' —d®g")d® = (h! —k1)d® — d®(g'd®) = (h! —k)d® —d®(R® - k%) =0

by the commutativity of the diagram. Thus (k! — k! — d%g!) : &' — 4!
factors through #'/Imd® = %'/ Kerd!. Therefore, since #' is injective,
there exists a map g2 : #2 — #! such that d'¢? = h! — k! — d°?, which is
exactly the equation we are after. The inductive step is now clear.
Finally, given an exact sequence 0 — & — B -1+ € — 0 of sheaves,
we wish to construct injective resolutions .«*, 8%, and €" of them and an
exact sequence 0 — &* — B* — €* — 0 extending the original sequence.
First, let € : € — %" be an injective resolution and let k : B —®
be a monomorphism into an injective sheaf. Put #° = «#° @ €° and
let j° : B° — €° be the projection. Then n =(k,ej) : B — & is a
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monomorphism and j® o = ¢ 0 5. Next, by looking at the quotient of 2°
by Im 7 there is a map «° : #° — ' with Kerx® = Im n, where B7ART
some injective sheaf. Then define ' = #'@® € ! with j!: #8' — @' being
the projection and with d® = (x?,d%;°) : #° = #° 0 ¢’ - ' B €' = B
Then jld® = d°;j°. The inductive step should now be clear, and it gives a
resolution " = #" @ €" of B (but the differential is not the direct sum
of that on " and the one to be put on %) and a map j* : B — €~
of resolutions extending 7. Also, j* is the projection and thus has kernel
A", which was chosen to consist of injective sheaves (and hence #"* also
consists of injective sheaves). By a simple diagram chase, #* inherits a
differential and is a resolution of .#, as follows by looking at the long exact
homology sequence (of derived sheaves) associated with the short exact
sequence 0 — &* — $B* — €* — 0 of differential sheaves.

4 Acyclic sheaves

Let ® be a family of supports on X and .« a sheaf on X. The sheaf .« is
said to be ®-acyclic if

HR(X;4) =0, forallp>D0.

We shall see in Section 5 that injective sheaves are ®-acyclic for all ®.
Let £ be a resolution of the sheaf «#. We shall describe a natural

homomorphism
v: HP(Te(£")) — HR(X;A).

Let 37 = Ker(#7 — °*') = Im(#P~! — ¢7), where 3° = . The exact
sequence 0 — F77' — @71 . 2” — 0 induces the exact sequence

0 — Ta(3”") = To(#P7!) = Ta(37) — HL(X; 7771).

(Note that the next term is 0 if 7! is ®-acyclic.) Thus we obtain the
monomorphism

* _ P‘b(gp) — 1 . ~p—1
HI o) = o i s — HA ) ()

[since 0 — T'p(F?) — Fa(¥P) — Co(£P*') is exact], which is an isomor-
phism when 2P~ is ®-acyclic. Moreover, the exact sequence 0 — FFT -
#P7" — FP7"*1 0 induces the connecting homomorphism

Hy Y(X; 7777 — Hy(X;3777), (8)
and we let v be the composition
HP(To(2") — Hy(X; 377") —» H3(X; 377 — - — H(X; 3°).

Now (7) and (8) are isomorphisms if each #* is ®-acyclic. Thus we have:
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4.1. Theorem. If #* is a resolution of & by ®-acyclic sheaves, then the
natural map
v HP(Do(2")) — HE(X; )

s an isomorphism for all p. a

Naturality means that if the diagram

g — £

Lf ln
B — M

commutes (h being a homomorphism of resolutions, i.e., a chain map) then
HP(To(£")) — HR(X;)
h‘ lf‘
HP(To(M")) — HH(X; B)

also commutes. A similar statement holds regarding connecting homomor-
phisms, but we shall not need it.

4.2. Note that it follows from 4.1 that if ¥* — #" is a homomorphism
of resolutions by ®-acyclic sheaves of the same sheaf .#, then the induced
map

HP(Te(£")) — HP(To(M"))
is an isomorphism.

4.3. Corollary. If 0 — P — @' - #* — ... is an ezact sequence of
®-acyclic sheaves, then the corresponding sequence

0 - Fa(2°) - To(L') - Te(L?) - To(£%) — -

is ezact.

Proof. We must show that H?(I'¢(Z*)) = 0 for all p. By 4.1 we have
HP(Ts(£")) = H}(X;0) since £* is a ®-acyclic resolution of the zero sheaf
0. But ®°(X;0) = 0, and it follows that €"(X;0) = 0 for all n, whence
C(X;0) = 0 and HE(X;0) = 0. o

5 Flabby sheaves

In this section we define and study an important class of ®-acyclic sheaves
containing the class of injective sheaves. In particular, we will show that
injective sheaves are ®-acyclic for all ®.

5.1. Definition. A sheaf & on X is “flabby” if #(X) — A (U) is sur-
Jective for every open set U C X.

5.2. Proposition. If « is flabby on X and ® is any family of supports
on X, then T's(A) — Conu(A|U) is surjective for all open U C X.
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Proof. Let s € Fonu(A|U). Then |s| = K NU for some K € ®. Then
s extends by 0 to the open set U U (X — K). Extend this arbitrarily to
t € T'(4) using that « is flabby. Then |t| C K and so t € ['g (). a

For any sheaf . on X, it follows directly from the definitions that
€°(X; ), and hence €"(X:.#) and F"(X;.Z), are flabby.

5.3. Proposition. Every injective module 4 over a sheaf R of rings with
unit is flabby.

Proof. Let s € #(U). The map R|U — #|U defined by p, — p. - s(z),
where p; € & for € U clearly extends to a homomorphism h : By — 4.
Since # is injective, h extends to a homomorphism g : # — #. Thus the
section z +— g(1;) of & extends s to X. o

5.4. Theorem. Let 0 — &' — & — A" — 0 be exact and suppose that
A" is flabby. Then for any family ® of supports on X,

0 — Fg(at') — Fa() — To(") — 0
1s ezact. In particular, since «'|U is flabby for U open in X,
0— L'(U)—> AU)— L"(U) -0
is ezact. Moreover, A is flabby < " is flabby.

Proof. We may consider ' as a subsheaf of . Let s € T'g(”). Let
€ be the collection of all pairs (U,t), U open in X, t € &(U), such that
t represents s|U € «&"(U). Order € by (U,t) < (U',t') if U c U’ and
t'lU = t. Then € is inductively ordered (i.e., a chain in € has an upper
bound, its union) and hence has a maximal element, say (V,t). Suppose
that V # X. Let £ ¢ V and let W be a neighborhood of z such that
(W,t') € € for some t' € (W) (which clearly exists).

Now, tHVNW —t'[VNW € &'(V N W) and hence extends to some
t" € &' (W) since &' is flabby. Then t and ¢’ + t” agree on V NW, so that
together they define an element of .« (V U W) extending ¢ and representing
s on VUW. This contradicts the maximality of (V,t) and shows that
V=X.

Now put U = X — |s| and note that t|U € «'(U). We can extend t|U
to some t' € &'(X) since ' is flabby. Then t — ¢’ represents s on X and
is zero on U. Therefore |t —t'| = |s] € .

The last statement follows from the exact commutative diagram

0 - A'(X) » AX) - A"'(X) -0
l l !

"U) - #(U) - £"(U) -0
l
0

and a diagram chase. m]
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5.5. Theorem. A flabby sheaf is ®-acyclic for any ®.

Proof. Since %O(X ;) is always flabby, it follows from the last part of
5.4 that 3 (X; ) is flabby when .« is flabby. By induction, all ™(X; )
are flabby when . is flabby.
Thus if we apply the functor I'¢ to the exact sequences
0— FM(X; ) - € (X; ) - F™H(X; ) - 0

[n = 0,1,... and where gO(X;.d) = |, we obtain exact sequences. It
follows immediately that the concatenated sequence

0 — Tp() — C(X; ) — Ca(X;) — ---
is exact, as was to be shown. ]

5.6. Corollary. The functor & — HE(X;) is the pth right derived
functor of the left exact functor Ug.

Proof. This follows immediately from 4.1, 5.3 and 5.5. ]

5.7. Proposition. If f : X —» Y and « is a flabby sheaf on X, then f
is flabby on Y.

Proof. This is immediate from the definition of f& and of “flabby.” O

5.8. Corollary. If F C X is closed and & is a flabby sheaf on F, then
B is flabby on X.

Proof. Ifi: F < X is the inclusion, then B = iB. O

5.9. Proposition. If {Z5| A € A} is a family of flabby sheaves on X,
then [, £ is flabby.

Proof. This follows from the definition ([T, £,)(U)=[],(£A(U)). O

A family {£x | A € A} of sheaves on X is said to be locally finite if each
point x € X has a neighborhood U such that £,|U = 0 for all but a finite
collection of indices A.

5.10. Corollary. If {Z5|) € A} is a locally finite family of sheaves on
X then
[H(X; 1T, 2) = 1) HP(X; 25). |

If A is finite then this holds for arbitrary support families.
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Proof. If we let £3 = €7(X; %)), then {Z}} is also locally finite, and it
follows that ([, £3): = [1,(£3)= since locally near z, [], &5 = B, .
Since [], is exact, it follows that [], &} is a resolution of [], £ for locally
finite collections. It is flabby by 5.9. The result then follows from 4.1, the
fact that [], commutes with ', and the fact that [], is exact. The last
statement follows from the fact that T's (], £3) = [[,(Te(¥£)) when A is
finite, due to the fact that the union of a finite collection of members of ®
is a member of ®. ]

5.11. Example. This example shows that 5.9 does not hold for (infinite)
direct sums instead of direct products. Let #,, = Z(;/,) on X = R. Then
%, is flabby but & = @,, € = Z(1,1/2, .} is not. (The unique serration
of & that is 1 at all the points 1/n is continuous over (0, c0) but not at 0
since it does not coincide with the zero section in some neighborhood of
0.) Note that for this example, (Z,,)(0) = 0 for all n and (6, Zr){0} =0,

<o

but ([1, Zn)(0} #0.

5.12. Example. This example shows that 5.10 does not hold for general
support families. Let #, = Z(,,) on X R. Then {¥,} is locally finite.
Clearly HY(X;[], %n) = T (H ~ @,, Z, which is countable, while
Hn(Hg(X;Qn)) =[1,,C(Zn) = H Z is uncountable. o

5.13. Proposition. Let L be a principal ideal domain. If 4 is a flabby
sheaf of L-modules on X and A is a locally constant sheaf of L-modules
on X with finitely generated stalks and with o x; M = 0, then A ®p M 1s

flabby.

Proof. Since flabbiness is a local property by Exercise 10, it suffices to
treat the case in which  is constant. Since a direct product of flabby
sheaves is flabby by 5.9, it suffices to consider the case of a cyclic L-module
M = L, = L/kL for which .« has no k-torsion. Then the exact sequence

0>t ®, L2 48, L — & Ly — 0 shows that .« ®; Ly is flabby
by 5.4 since & ® L = .« is flabby. @]

5.14. Corollary. Let L be a principal ideal domain. Let +Z be a sheaf
of L-modules on X and let M be a locally constant sheaf of L-modules
on X with finitely generated stalks such that o *; M = 0. Then with
A* = €°(X;A), there is a natural isomorphism

[H3 (X © M) ~ H (T ®L M)

for any family ® of supports on X. If M is constant with stalks M, then
also

| Hy(X;f ® M) ~ H* (o (") ©1 M).|
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Proof. Since " has no torsion that .« does not have, &* *; M = 0,
and so " ® M is a flabby resolution of «# ® # by 5.13 and 2.1. Thus
the first statement follows from 4.1. If M is a finitely generated L-module,
then there is an exact sequence 0 - R — F — M — 0 with R and F free
and finitely generated. The sequence

0> Te(#*®LR) > Te(H*"®LF) > Te(H"®LM)—0

is exact since & ® R is flabby by 5.13. Now ¢ (# " Q. F) ~ e (A ")QLF,
and similarly for R, since it is just a finite direct sum of copies of Iy (#*). It
follows that I (4" ®1L M) =~ e (") ®, M, whence the second statement
follows from the first. O

5.15. We conclude this section with an improved version of the map «y of
Section 4. Let « be a sheaf on X, £* a resolution of &, and #" an injective
resolution of . Denote €*(X;«) by «". We can find homomorphisms
of resolutions (unique up to homotopy)

I — A
By 4.2 together with 5.3 and 5.5 the induced map
H*(To(#")) — H*(Te(47))
is an isomorphism. Let
p: H*(To(2")) — Hy(X; )

be the composition H*(T'¢ (£*)) — H* (Lo (F* )~ H* (Lo (A ) =H3(X; A).
It is easy to see that p does not depend on the choices made. Also, #* could
be replaced by any ®-acyclic resolution, provided the indicated maps from
&* and A" exist.

Note that p is an isomorphism when #* is ®-acyclic. One can see
without much difficulty that p = (—1)P(P+1)/2y where 7 is the isomorphism
of Section 4, but this is immaterial and will not be proved here; see {24,
V-7.1]. It is of more importance that p is easier to work with. For example,
when " = €°(X; ) = 4", it is clear that p is the identity.

Let 0 - & — B — € — 0 be an exact sequence of sheaves on X;
let %, 4", and M" be resolutions of &, &, and € respectively; and
let #* — 4" — M" extend & — B — €. Assume further that 0 —
Fe(ZL") — Ce(A") — Te(M*) — 0 is exact, so that there is an induced
long exact sequence in homology. Then it can be shown that p maps this
induced sequence into the cohomology sequence of 0 —» & — B — € — 0
so as to form a commutative ladder. (Use the fact from 3.6 that a short
exact sequence can always be extended to a short exact sequence of injective
resolutions and use Exercise 47.)



52 Il. Sheaf Cohomology

6 Connected sequences of functors

In this section we prove an elementary theorem on functors of sheaves that
will be basic in following sections. It will be useful in defining and proving
the uniqueness of various homomorphisms involving cohomology groups. A
basic reference is [58, Chapter XII]. Also see [80, Chapter III]. All sheaves
in this section are sheaves on a fized base space X. All functors will be
additive covariant functors from the category of sheaves to that of abelian
groups.”

A class & of short exact sequences 0 —» &' — & — " — 0 will be
said to be admissible if the following three conditions hold:

e & is closed under isomorphisms of exact sequences.
o Every pointwise split® short exact sequence is in &.

e If0— &' — & — " - 0isin &, then regarding .« as a subsheaf
of ., the sequence

0— ' — €°X; ) - € (X; )/ t' -0
isin &.

Remark: The class of pointwise split short exact sequences is admissible because
there is a splitting ., — 7 by definition and a splitting €°(X; ), —
4 ; as shown in Section 2. Also, any “proper class” in the sense of Mac Lane
[58, p. 367] is admissible provided it contains all pointwise split sequences.

An &-connected sequence of (covariant) functors (F*,6) is a sequence
of functors F™ : &/ — F™(), n an integer, together with natural trans-
formations 6 : F*(") — F"+1(') defined for all exact sequences 0 —
A" — o — A" - 0in & such that the induced long sequence

"_'Fn(-,d’)_’Fn(ﬂ)—an(d”)—6—>Fn+l(d') .. (9)
is of order two, and such that a commutative diagram

0> ' — o - " -0

! 1 !
0> #F - B> B -0

(the rows being in &) induces a commutative diagram
F"(d") SCIN Fri(a')

l l
F(®B') = Fr+\(&).

"The results of this section remain true if we replace the category of all sheaves by
that of #-modules, where & is a fixed sheaf of rings with unit.
8See 1-5.1.
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“Connected” will stand for &-connected when & consists of all short exact
sequences.

An &-connected system of multifunctors is a system (F** 6y,...,6,),
where F** is a system of functors of n variables (where n is fixed) indexed
by n-tuples of integers, such that if all indices p;, ..., p, are fixed except for
the ith, and all variables 1, ..., &, are fixed except the ith, then together
with 6,, we obtain an &-connected sequence of functors of one variable, and
we also require that 6,6, = 6,6; for all ¢, j when this is defined.

6.1. We shall call a connected sequence of functors (F*,§) fundamental if
the following three conditions hold:

o FP(£) =0if p<O.
e FP(«) =0if p> 0 and & has the form €°(X; %) for some sheaf B.

e For any short exact sequence 0 — &' — & — &" — 0, the induced
sequence (9) is ezact.

These conditions imply that FP? is the pth right derived functor of the
left exact functor F°.%9 The standard examples are, of course, F*(.«) =
Hi(X; A) for any given family ® of supports on X.

6.2. Theorem. Suppose that (F},6:),...,(Fx,6r) are fundamental con-
nected sequences of functors and that (F* »*,61,...,6!) is an &-connected
system of multifunctors of n variables, with & admissible. Assume that we
are given a natural transformation of functors

700 F () ® - @ FO(sd ) — FO-0(y, ..., y).
Then:
(a) There exists a unique extension of T 0 to natural transformations
TPiPr s FPY () @ -+ @ FPr () — FPUoPr( oy, .., Aly)

that are compatible with respect to 6, and &, for all i; (see below for
the meaning of “compatible”).

(b) If for fized indices p,, j # i, and for fired variables A,, j # i, the
sequence of functors A, v~ FP1Pn(sfy ... od,) is &' -connected,
for some admissible &' D &, by a transformation 8 extending 6!,
then 6, and 6, are compatible.

(¢) If n=1 and (F*,6}) is also fundamental, then:

(i) If TO: F)() — FO(A) is surjective for all A, then so are all
the TP.

(ii) If TP is injective for all A and is an isomorphism for « flabby,
then TP is an isomorphism for all & and p.

9For one can resolve any sheaf by injective sheaves of the form @°(x ;o).
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Proof. The “compatibility” of §, and é] means that if
0 o, >y = A —0
isin & and if a, € F}’(,) for j # i, and a, € F™*(«;), then
TPy oPtbeoPr(o) @ ®6,0,® - @ an) = TPV Pr () ® - ® an).

Let us use the abbreviations 77 = 27(X;«,) and ¢} = €”(X;.,),
where ¥ ? =/, and €, 1 = 0. Also, for brevity, let

T=T%°% and F=F%"0°
Applying F; to the sequences
037 =67 - 37 >0 (10)
we obtain the sequence of homomorphisms
R (€77 = F)(37) » FAFT™") = FXGT™") = = FI(A),

which is exact at the second term.
Then the composition of the 6, of the sequences (10) yields canonical
surjections
0 1 1
Y B (FT) > FP ()

whose kernel is the image of A, :Ff’(%’:'_l) — F)(F™).

Similarly for FP1-?~, using the fact that §,6] = 6/6;, the composition
of the 8]'s of the sequences (10) in any order yields a canonical homomor-
phism:

n:F(FT ... F0) = FPooPe (o, ).

Moreover, the kernel of this map contains the images of all of the induced
maps p, =

T(l’ ."’7“""1) : F( ’l),""’ (g?‘—l’ ,;zn) - F( ’1,11""3?‘—1!'--1;7’;”)

(the € term in only the ith variable) so that np, = 0. Now, if b, € %* and
7,(bj) = 0 for some j, then b, = A,(c,) for some ¢, € F;’(‘g;”_l), so that

NTh1® - ®b;® - ®bn)) = N(T(b1®--®A(c;)®- ®by))
g(PJ(T(bl®"'®b1®"'®bn)))

Therefore the map T : FY(7%) ® --- ® FQ(Z?") — F(3%',...,7"") in-
duces a unique compatible map

TP1r-Pn . Flm (.,dl) R - F‘zn(dn) — FP1-Pn (dh L. ,dn)
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given by P17 (a1 ® - ® a) = n(T(17(@1) ® - ® 7 (an)))-

It is clear from the definition of TP~ that the §’s are compatible
on the class of short exact sequences of the form 0 — «# — €°(A)—
4 () — 0. The sequences (10) are of this form. Thus to complete the
proof of (a) we need only prove (b). But then it suffices to prove the case of
one variable, for if we fix p,, #,, and a; € FJp’ (,) for j # i, we need only
consider the functors F* and & — FP1» (s, ..., B, ..., 4 ,) of one vari-
able 8 = &, and the transformation S7*(8) = TP Pr(ay,...,B,...,0p) :
FP(B) — FPveopr(ady, ..., B, ..., A yp).

For one variable, (b) is contained in (a). Therefore we need only com-
plete the proof of (a) for the case of one variable. Let 0 — A - A -
A" — 0 be in & and consider the commutative diagram with exact rows

0 - o — 2 & -0
Il 1 |
0 - & - €) = €H)/d' -0 (11)

| E

0o & - €w) - FHA') -0

N

all of whose rows are in €. Applying F, (respectively F) we obtain a
commutative diagram!®

Fit) —  Fi") 2 Fpa

r !l
FP(2%()) <5 FP(€%(A)/a’) 25 PP (a') — 0

.

9
FP (@) == FpF'(a) 2 FPH(at) — 0

and a map of this into the corresponding diagram for F. Denoting é; by
8, we must show that if a € FP(«"), then

§T?(a) = TP+ (5,a).
However,
§TP(a) = 6f*T?(a) = 6T?(f*a) and TP*}(61a) = TP*'(8,f*a).
Thus it suffices to show, for o’ € FP(€°(A)/ "), that
8T (') = TP (6,d/). (12)

However, note that FP(3 ' (")) maps onto FP(€°()/')/(Imk*). (Also
note that the kernel is Im{*.) Thus it suffices to prove (12) for o' = g*(a’)

10Note that for p > O the bottom two groups in the first column are zero.
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for some o’ € FP(3'(«')). We compute!!
0T?(a’) = 6TP(g9*a") = 6¢*TP? (") = 6TP(a")
—aer TP (610) = TP*1(5,9%a") = TP (6,0

as was to be shown; completing the proof of (a) and (b).
Part (c) is an elementary application of the five-lemma, which will be
left to the reader. O

Remark: The conditions defining a fundamental connected sequence are more
restrictive than is necessary, but they are sufficient for our purposes. See
[58, Chapter XII] in this regard.

6.3. Example. Let f: X — Y and let ® and ¥ be families of supports
on X and Y respectively such that f=1¥ C ®. Then F}(8) = H},(Y; B)
is a fundamental connected sequence of functors of sheaves # on Y. Also,
F3(#) = Hy(X; f*B) is a connected system of functors of %, since B —
J*®B is exact. We have the natural transformation

FY(#) =Ty(®B) - Tj-19(f*B) — Lo (f*B) = FJ(B).

Therefore, Theorem 6.2 gives us a natural transformation

|/*: Hi (Vs B) - Hy(X; £ B)|

of functors compatible with connecting homomorphisms. This means that
an exact sequence 0 — B — B — B’ — 0 of sheaves gives rise to a
commutative ladder

<o HY(Y;#) — HL(Y;B) —» HL(Y;B') — HY''(V;B) — -
! ! ! l
o Hy(X; f* B )~ Hy (X f* B)—~Hy(X; f*B" )~ H ™ (X; f* &) -+

in cohomology. This will be generalized and discussed at more length in
Section 8. o

7 Axioms for cohomology and the cup
product

A cohomology theory (in the sense of Cartan) on a space X with supports
in ® is a fundamental connected sequence of functors Hg(X;e) (additive
and covariant from the category of sheaves on X to that of abelian groups)
together with a natural isomorphism of functors

TO : Ty(e) = Ho(X; o).

11n this computation g* stands for both FP(g) and FF(g) and similarly for f*.
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By Theorem 6.2, any cohomology theory is naturally isomorphic to
Hi(X;o).

The following theorem similarly defines and gives axioms for the cup
product in sheaf cohomology.

7.1. Theorem. Let ®, ¥V be families of supports on X. Then there exists
a unique natural transformation of functors (on the category of sheaves on
X to abelian groups)

U: H3(X; ) ® HY(X; B) — HL (X, 4 ® B) (13)
called the “cup product” and satisfying the following three properties:

(a) Forp=qg=0,U:T(#) @y (B) — Conu (& @ B) is the transfor-
mation induced by the canonical map A(X) @ B(X) — (A ® B)(X)
of I-Section 5.

IO ' > > A" 50and0 » L' B > A QB —
A" ® B — 0 are ezact, then for a € HY(X; 4") and B € HY(X; B)
we have §(a U §8) = da U 3.

) OB - B->RB' —0and0 > AQRB — AQB — AR — 0
are ezact, then for o € HY(X; ) and B € HL(X; B") we have
§(aU B) = (-1)Pa U bs.

Proof. Let F7 (&) = H}(X; ) and F§(B) = H}(X; B), and
FP9(od, B) = HR Y (X; 4 © B).

Let & be the class of pointwise split short exact sequences.

IfE, : 0> &' > 4 > A" - 0isin & then0 » &' @ B —
AQRB— A" @B — 0 is exact for all B, and we take &, : FPI(L", B) —
Fr+1.4(4¢' B) to be the connecting homomorphism § on H!Y (X;e) of
this sequence.

Similarly, if E2: 0 > # - B— &' — 0isin &, then 0 - 4 @ B —
ARQRB— A QB — 0is exact, and 6} : FPI(, B') - FPI*+Y (4, R is
taken to be (—1)Pé.

If E, and E; are both in &, then applying C3~y to the diagram

0 0 0
! 1 !

0> ' QB - LB — L"QF — 0
! ! !

0» 'RB > ARB — A" QB — 0
l ! i)

0- A'B > AQB - 4"B" — 0
! l !

0 0 0
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we obtain a commutative diagram of chain complexes, and it is a well-
known algebraic fact that the induced square

HIN (X, " @ B') 2 HEX(X; ' @ B')
6 )
HES (X, ot" © #) o HIH(X:' @ F)

anticommutes. Thus, by definition, ;65 = 656.

The theorem now follows from 6.2. [To get the full (b), one needs to
show that the class of sequences 0 — &' — & — &” — 0 satisfying
the conditions of (b), for # given, is admissible; and 51mllarly for (c).
Thls is immediate because the only thing needing proof is that .7’ ® & —
#° (X; )@ B is a monomorphlsm, and this is just the composmon of
the monomorphisms ' ® B — 4 ® B and 4 @ B — €°(X; ) @ B,
the latter being a monomorphism because the canonical monomorphism
A — ‘€°(X ; ) splits pointwise. a

Remark: For uniqueness, (b) and (c) can be restricted to sequences of the form

0— o — €°X; ) = 7' (X; ) = 0.

7.2. Corollary. Let7: BQR A — A @ B be the canonical isomorphism.
Then for o € H(X;A) and B € H(X; B), we have that

laup=(-1)"7*(8Ua) ]

Proof. If T: HY(X;«)® H}(X; B) —» H} (X, B) ® H3(X; L) is given
by T(a ® 8) = (-1)P93 ® o, then 7* o U o T is immediately seen to satisfy
the hypotheses of 7.1, and so it must coincide with the cup product. Hence
aUf=(m*oUoT) (aUpB)=1*((-1)P6U a). a

Remark: Clearly either of the conditions (b) or (¢) of 7.1 could be replaced by
the commutativity formula of 7.2.

Remark: If we restrict attention to the category of #-modules where & is a
sheaf of rings, then in (13) &/ ® # can be replaced by the tensor product
over & and the other tensor product by the tensor product over I'(#).
This is an easy consequence of the following result.

7.3. Proposition. The cup product is associative.

Proof. We are to show that the two ways of defining the map
HE(X; ) ® HY(X; B) © H5(X; €) — Hyhire(X; 4 @ B® )

agree. Thus we apply Theorem 6.2 to the &-connected system of trifunctors
(with & being the class of pointwise split short exact sequences)

FPO7 (ol 8, %) = HYS o (Xl © B D ©),
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where if 6 is the ordinary connecting homomorphism of Hg~yng, then we
put 8§ = 6, 6, = (—1)?6, and 65 = (—1)?*96 on FP9". The result follows
immediately. 0

If R is a sheaf of rings, then the product # @ # — R together with the
cup product makes Hg(X;#) into a ring (with unit if & has a unit and
® consists of all closed sets) called the cohomology ring of X. Moreover,
for any #-module «#, the map £ ® & — & makes Hz(X;.«) into an
Hy(X; R)-module for any ¥ D &.

Let X and Y be spaces; & and % sheaves on X and Y respectively; and
® and ¥ families of supports on X and Y respectively. Let rx : XxY — X
and 1y : X x Y — Y be the projections. We use the notation & x Y =
7% (®) and X x ¥ = 7' (V). Note that ® x ¥ = (& x Y) N (X x ¥). In
Example 6.3 we defined a natural homomorphism

”:Y . Hg(X,d) — ngY(X X Y,ﬂ;((d))

and similarly with 3.
Following n% and mj with the cup product, we obtain the homomor-
phism

x: HE(X; ) ® HL(Y; B) — HEY, (X x V; 4B B),

called the cross product. Thus

lax B8 =n%(a)ur}(8).]

We shall allow the reader to develop the properties of this product.

7.4. Let L be a ring with unit and let .« and % be sheaves of L-modules
on X. Let 3 € I'(#8) = H°(X; %B). Then 3 induces a homomorphism

hd,ﬁ:d—n,d@L:@

by hyp(a)(z) = a ® B(x) for a € ;. Therefore we have the induced
homomorphism

hip: Hy(X; ) - HY(X; o ®L B). (14)
It follows from 6.2 that
hiypla) =aUp.

(The reader might investigate generalizing this to the case 8 € T'y(%).)
If =1L and 8 =1 € I'(L), then h,, is the canonical isomorphism

A = 4 ®p L and so hy (@) = a, whence

(This also follows directly from 6.2.)
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Note that (14) factors as
HE(X;ol) = HE(X; o ®p, L) L2280 HE(X; 4 @1, B),

where 1® 3 : 4 QL L — A4 Qp Bis (1@ 0)(az ® A\z) = az ® A.0(x). In
particular, if the subsheaf hy g(L) =Im{hLp: L - L ®; B~ B} ot B is
a direct summand, then h’ 5 is a monomorphism. Particularly note this in
the case in which L is a field and the coefficient sheaves are the constant
sheaves A and B (vector spaces over L). Then any element 0 # b € B
induces a monomorphism

hap: H3(X; A) — HZ(X;A®L B),
which is given by
hap(a) =aUp,

where 3 € H°(X; B) is the constant section with value b. It follows that
aU B # 0 when a # 0 in this case.

In particular, if X is connected and A, B are vector spaces over the field
L, then

0#a€ HE(X;A),0+# B8 e H(X;B) = o;éauﬁeﬂg(x;A@LB).}

7.5. We conclude this section with remarks concerning the “computation”
of the cup product by means of resolutions.

Suppose that & — Z* () (respectively, #* and .#") are exact functors
carrying a sheaf .« into a resolution of . by ®-acyclic (resp., ¥-acyclic and
® N W-acyclic) sheaves. Suppose, moreover, that we are given a functorial
homomorphism of differential sheaves ¥*(#) @ N*(B) — M (A @ B)
(where the source has the total degree and differential 1 ® 6 + 6 ® 1, with
the usual sign convention (1®6)(a ®b) = (—1)9%8%a ® 6b; see, for example,
(19, Chapter VI]).

Then we have the natural map

To(27(4))@Tw (A" (B)) — Toru (L™ (A)@N (B)) — Conu (M (A BB)),
which induces a product
HP(To(£L" () ® HI(Ty (AN (B))) — HP*¥(Cony (M (L @ B))).

We claim that under the isomorphisms p of 5.15 this becomes the cup
product. This is just a matter of easy verification of the axioms for the cup
product, which will be left to the reader.

For example, with the notation of Section 2, the map

U: MP(X; ) @ MY(X; B) - MPY(X; 4 @ B)
defined by

(fUg)(o,---sTptq) = S(f(Zo,. . Tp))(ZTptq) ® G(Tp, - - -1 Tpiq)
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is easily seen to induce a functorial product
U: FP(X; ) @ FUX; B) — FPT(X; A ® B)

[with d(aUB) = daU B+ (—1)PaUdpf], which must induce the cup product
in cohomology by the preceding remarks.!?

Our next remarks will depend on some notions to be defined later in
this book. Let L be a principal ideal domain considered as a ground ring.
We also consider L to be a constant sheaf on X. Let ® and ¥ be para-
compactifying families of supports on X, and let #* be a resolution of L
consisting of sheaves that are torsion free and both ®-fine and ¥-fine (va-
rieties of acyclic sheaves to be defined in Section 9), and for which there is
a homomorphism h : £* ® * — £* of differential sheaves. (We shall see
in Chapter III that this is the case for the Alexander-Spanier and the de
Rham resolutions.)

Since &* is torsion free, #* ® « is a resolution of & for any sheaf
A of L-modules. In the preceding discussion, put £*(#) = £* ® &,
N(B)=Z"®@B,and M (4 QB) = %" ® A4 ®B. It will be shown in
Section 9 that ¢* ® « is exact in & and is ®- (and ¥ and ® N ¥)-acyclic,
and hence the preceding remarks apply to show that the cup product

HY(X; ) ® HY (X; B) - HEIL(X x YVl © B)

is induced by ['e(£* @ #) Qg (L ® B) > Toru (" A @ Z* @ B) =
Coru (" @2 @A @ B) 2228, Loy (2* @ A ® B).

We conclude this section with another description of the cup product
via resolutions. Using the fact from Section 2 that €*(X;.#) is pointwise
homotopically trivial, it follows that the total differential sheaf €*(X; #)®
€*(X; B) is a resolution of « ® #B. Thus, by 5.15 we have the map

p: H*(Tonu(€°(X; ) ® €"(X; B))) — Hyny(X; A4 ® B),
which, when combined with the natural map
Lo (%" (X;u)) @ Ty (€"(X; B)) — Fonu (€°(X;4) ® €°(X; B))
(and the map H?(A*) ® HY(B*) — HP*9(A* ® B*) from ordinary homo-
logical algebra), yields a product satisfying the axioms for the cup product.
8 Maps of spaces

Let f: X — Y be a map and let k : 8 ~ & be an f-cohomomorphism
from the sheaf B onY to « on X.

121¢ is shown in [40] that a similar construction is possible with the canonical resolution
#%(X; ). Also see 21.2.



62 Il. Sheaf Cohomology

For U C Y, we have the induced map kf, : C°(U; B) — CO(f~1(U); A)
defined by taking a serration s: U --+ & into the serration

k(s) : fH(U) --» A

given by
kg (s)(z) = ko(s(f(2)))-

These evidently form an f-cohomomorphism %O(Y B) ~ %O(X ) com-
muting w1th k and the canonical monomorphisms & — €°(X; ) and
B— €° (X; #8). This yields an f-cohomomorphism of the quotient sheaves
3’ (e;®) by I-4.3. By induction, we obtain an f-cohomomorphism

k*: €*(Y;B) ~ €' (X; )

of resolutions (i.e., commuting with differentials).

It is clear that for any f-cohomomorphism k : # ~ &, the induced
map ky : B(Y) — A (X) satisfies |ky(s)| C f'(|s|). Consequently, if &
and ¥ are families of supports on X and Y respectively with f~1¥ C @,
then

ky :Ty(B) — T'e(A).

Thus k* induces the chain map
ky : Ca(Y; B) — Cy(X; )

and hence gives rise to a homomorphism

k*: Hy(Y; B) — Hy(X;f) when 710 C ®.| (15)

Noting that €*(e; e) is functorial with respect to cohomomorphisms, we
see that if X -5 Y -2 Z are maps, k : B~ A is an f-cohomomorphism,
and j: € ~ & is a g-cohomomorphism, then in cohomology with suitable
supports we have that

[(koj) =k

Recall that any f-cohomomorphism k : 8~ .« factors in two ways:

fa 4

where j and h are homomorphisms.!® Thus the induced square in coho-
mology commutes, with composition k*. Thus k* is determined by either
of the natural transformations of functors

Lf*: Hy (Y B) — Hy(X; f*B) | (16)

13Recall that homomorphisms are special cases of cohomomorphisms.
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and

fUoHy(Y; ful) —» Hy(X; ), (17)

which are induced by the f-cohomomorphisms f* : # ~ f*%# and f :
f ~ A respectively. That is, we have

[k‘:h"of‘:f*oj‘.

[Of course, f* (with 8, and hence f*3, constant) is the one of these most
familiar to readers.)

Since the functor B — f*& is exact, we see easily from the definition
that (16) commutes with connecting homomorphisms. Thus, by 6.2, it
coincides with the version of f* defined in 6.3.

In case & = f*#B, wehave h=1and j =3 : B — ff*B, the canonical

homomorphism of I-4. Thus
(18)

which is the composition

foHy (Y B) L Hy (v 10 ®) L Hy (X £ B).

8.1. Suppose now that B* and " are resolutions of & and  respectively
and that
9 B~ A

is an f-cohomomorphism of resolutions' extending k : B ~» . Let
#* be an injective resolution of 8 and £* an injective resolution of ..
Then f*#"* is a resolution of f*%, since f* is exact, and we can construct
homomorphisms #° - #*, «* 2, £*, and f*9* - &* of resolutions
that are unique up to homotopy and where v extends the canonical map

h: f*# — & induced by the f-cohomomorphism k : B ~ . We have
the diagram

# Lo o
ltp lf‘(w) 1¢
g f* o v, ¢t
in which the composition along the top is g*, the left-hand square com-

mutes, and the right-hand square commutes up to chain homotopy. Taking
sections, we obtain the square

Ty (") 25 Ty(ut?)
"4 lw
Cy(#*) 5 Te(2")

4L e., commuting with differentials and augmentations.
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which commutes up to chain homotopy. By definition, ¢ and v induce the
maps denoted by p in 5.15.

The special case in which #* = €*(X; &), 8" = €*(X; %), and ¢g* =
k* shows that the map 7 induces the canonical homomorphism

k* Hy(Y; B) — Hy(X; o)

of (15). The general case then shows that the diagram

H*(Ty(%")) “= H*(To(A"))
) )
Hy(Y;#) *5 Hy(X;d)
commutes. If #* is ®-acyclic and 8" is ¥-acyclic, then the vertical maps
in this diagram are isomorphisms. This shows that the canonical homo-
morphism k* of (15) can be “computed” (via the isomorphisms p of 5.15)
from any f-cohomomorphism g* : 8" ~» &* of acyclic resolutions of & and
« that extends the given f-cohomomorphism k : B~ .

8.2. We conclude this section by indicating the proof that (16) preserves
cup products. Let ¥,, ®,, i = 1,2, be support families on Y and X re-
spectively with f~!(¥,) C ®, and let #, and B, be sheaves on Y. The
cohomomorphisms #B, ~» f*%B, induce a cohomomorphism of presheaves
B (U) ® Bo(U) ~ f*B1(f~1(U)) ® f*B2(f~1(U)) and hence a cohomo-
morphism of the induced sheaves 8, ® By ~ f*B; ® f*B,. There is the
factorization of this: $B; ® By ~ f*(B1® B) — f*B1 ® f*Ba. The latter
homomorphism is fairly clearly an isomorphism on stalks, and hence it is
an isomorphism of sheaves. Then we have the commutative diagram

B1(Y) ® Ba(Y) f*B1(X) ® f*Ba(X)
! ! (19)
(B1® Bo)(Y) — f*(B1® Bo)(X) S (f*B1 ® f*Ba)(X).

We wish to show that the diagram

Hy (Y;8) @ Hy (Vi By) ——= Hy, g, (Y B1 ® B2)
fref f° (20)
H (X; f*B1) ® H, (X; f*B2) == Hj,0,(X; (%1 ® B2))
commutes. This is true in degree zero by (19) and follows in general from
6.2 (see the proof of 7.1) where we take &€ to be the class of pointwise split

sequences so that the functors on the lower right-hand side of (20) will be
&-connected. This gives the formula

F(B1UB2) = f*(Br) U f*(B2)]
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for 8, € Hy (Y; #,), which converts immediately into

Lf1(B1) x £3(82) = £i (B1) x f3(B2) |

for f,: X, =Y, and §, € H\;:,(Yl;gz)‘

9 &-soft and P-fine sheaves

When @ is a paracompactifying family of supports, the class of flabby
sheaves can be extended to an important larger class of ®-acyclic sheaves,
the ®-soft sheaves. We define this notion for general support families & but
stress that they are not, in general, ®-acyclic unless ® is paracompactifying.
(For example if z € R? and we let = denote the support family {{z}, 2},
then the constant sheaf Z is z-soft on R? but is not z-acyclic. Indeed,
H2(R?;Z) =~ Z; see formula (41) on page 136.)

We shall use the abbreviation #(K) = (#|K)(K) = I'(#|K) for arbi-
trary sets K and not just open sets.

9.1. Definition. A sheaf & on X is called “®-soft” if the restriction map
A (X) — A(K) is surjective for all K € ®. If & = cld then A is simply
called “soft.”

9.2. Proposition. If A is a ®-soft sheaf on X, then £|A is |A-soft for
any subspace A C X.

Proof. This is trivial, but note that in general, A must be locally closed
in order that ®|A be paracompactifying on A when ® is paracompactifying
on X. O

9.3. Proposition. Let ® be paracompactifying on X. Then the following
three statements are equivalent:

(i) A is ®-soft.
(ii) A|K is soft for every K € ®.

(ili) T'e(A) — Lo p(A|F) is surjective for all closed F C X.

Proof. Statement (iii) implies (i) trivially, and (i) implies (ii) by 9.2.
Assume (ii) and let s € T'gp(#|F). Let K = |s| and let K’ € ® be a
neighborhood of K. Let B be the boundary of K'. By (ii), the element of
A((K'NF)U B) that is s on K’ N F and is 0 on B can be extended to
some s’ € #(K’). Then s’ extends by zero to s” € #(X) with |s"| C K’,
and so s” is the desired extension of s. o
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9.4. Example. Consider the sheaf # of germs of smooth real-valued func-
tions on a differentiable manifold M™. For a closed set K C M, an element
of #(K) can be regarded as a real-valued function on K that extends lo-
cally about each point to a smooth function. By a smooth partition of unity
argument, such a function extends globally to a smooth function on all of
M!S This means that ¥ is soft, indeed, ®-soft for & paracompactifying.
Similarly, on any paracompact topological space X, the sheaf € of
germs of continuous real-valued functions is soft. o

The following result is basic. (Also note Exercises 6 and 37.)

9.5. Theorem. Let A be a subspace of X having a fundamental system of
paracompact neighborhoods. Then for any sheaf &£ on X, we have A (A) =
lim o (U), where U ranges over the neighborhoods of A.'6

Proof. The canonical map lim #(U) — #(A) is injective since two sec-
tions that coincide on A must coincide on an open set containing A. Thus
it suffices to show that any section s € «#(A) extends to some neighbor-
hood of A. Cover A by open sets U, such that there is an so € A (Uy)
with s4|Uy N A = s|U, N A. By passing to a neighborhood of A, we may
assume that X is paracompact and that {U,} is a locally finite cover-
ing of X. Let {Va} be a covering of X with Vo C U, for all a. Put
W={z€X|z€VanVs=s4(z) = 55(x)}. Let J(z) = {a|z € Vo},
a finite set. Then every £ € X has a neighborhood N(z) such that
y€ N(z) = J(y) C J(z).

If x € W, the sections s, for a € J(x) coincide in a neighborhood of z,
since J(z) is finite. Thus W is open. Also, A C W. Now let t € (W) be
defined by t(z) = sq(z) when x € V, N W. Then t is well-defined by the
definition of W, and it is continuous since it coincides with s, on V, " W.
Therefore t is the desired extension of s. O

9.6. Corollary. If ® is paracompactifying, then every flabby sheaf on X
is ®-soft. 0O

9.7. Corollary. If X is hereditarily paracompact and 4 is a flabby sheaf
on X, then A|A is flabby for every subspace A C X.

Proof. Let s € & (U N A) for some open set U C X. Then there is an
open subset V O UN A of X and a section t € # (V) with s = t|{U N A, by
9.5. Then t extends to X since « is flabby. The restriction of this to A
gives the desired extension of s. ]

Let us call a subspace A C X relatively Hausdorff (in X) if any two
points of A have disjoint open neighborhoods in X. By the same proof

15Gee, for example, (19, 11-10.6}.
16The condition on A is satisfied for any closed subset of a paracompact space X, and
also for an arbitrary subspace A of a hereditarily paracompact space X.
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that shows that a compact Hausdorff space is normal, a compact relatively
Hausdorff subspace A of X has the property that any two disjoint closed
sets in A have disjoint neighborhoods in X.

The following is a modification of 9.5 that we will find useful in dealing
with the invariance of cohomology under homotopies.

9.8. Theorem. Let A be a compact, relatively Hausdorff subspace of a
space X. Then for any sheaf & on X, we have that A (A) = lim 4 (U),
where U ranges over the neighborhoods of A in X.

Proof. Given s € #(A) we can find a finite open covering {U,} of A in X
and elements s, € A (U,) with s,|]ANU, = s|ANU,. We can find compact
sets K, C U, N A such that A = |JK,. By a finite induction it suffices
to prove the following assertion: If P; and P, are compact subsets of A
with open neighborhoods V; and V2, respectively, in X, and if t, € #(V,)
coincide on P, N Py, then there is a section t over some neighborhood of
P, U P; coinciding with t, on P,, i =1, 2.

To prove this, notice that ¢; coincides with t; on some neighborhood V
of PN P; and that we may suppose that V C V1 NV;. The sets P, —V and
P, — V are compact and disjoint, and since A is relatively Hausdorff, they
have disjoint open neighborhoods @, D P, — V in X. Then the sections
t1|@Q1, t1]V = t2]V, and t2|Q2 coincide on their common domains and
thereby provide the desired section t on @, UV U Q3 D P, U Ps. [m)

9.9. Theorem. Let ® be paracompactifying and suppose that
0ot 5 - A" -0
is exact with &' being ®-soft. Then the sequence
0 — Tg(t') — Te(a) — (L") — 0

ts exact.

Proof. We may consider /' as a subsheaf of «. Let s € ' (") and let
K = |s| € ®. Let K' € ¢ be a neighborhood of K. Suppose that we can
find an element t € & (K"') representing s|K’. Then on the boundary B of
K', t|B € «'(B) can be extended to .«'(K'). Subtracting this from t, we
see that we may assume that ¢|B = 0. But then t can be extended by zero
to X. Thus we may as well assume X to be paracompact and ® to be the
class cld of all closed subsets of X.

Let s € #”(X) and let {U,} be a locally finite covering of X with
Sa € A (U,) representing s|U,. Let {V,} be a covering of X with V4 C U,.

Assume that the indexing set {a} is well-ordered and put F, = |J V.

B<a

Since {U, } is locally finite, Fy, is closed for all «. We shall define inductively

an element t, € & (F,) representing s|F, such that t,|Fg = tg for all
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B < a. Say that tg has been defined for all 8 < a. If a is a limit ordinal,

then F, = |J Fjs and t, is defined as the union of the previous tg’s. This
B<a
is continuous since each z € X has a neighborhood meeting only finitely

many of the V 5’s. If a is the successor of o’ then tos and s, both represent
son FyNV4. The difference is a section of #’ over F,-NV, and hence can
be extended to «#'(V4). Therefore, to- can be extended to F, representing
s|Fy, completing the induction. O

9.10. Proposition. If ® is paracompactifying and 0 — &' — A —

A" — 0 is exact with ' being ®-soft, then A" is also ®-soft & A is
d-soft.

Proof. This follows from 9.3 and 9.9 by a simple diagram chase. O
9.11. Theorem. A ®-soft sheaf is ®-acyclic if ® is paracompactifying.
Proof. Let & be a ®-soft sheaf and consider the sequence

0o — € (X; ) > FHX; ) — 0.

Since #°(X;.) is flabby, we have that H5(X; €°(X;«)) = 0 for p > 0,
and it follows from the associated cohomology sequence that

H3(X; ) ~ Hy7'(X; 71(X; ),

for n > 1. Also, H}(X; /) = 0 by 9.9. By 9.10, 7'(X; ) is also ®-soft,
so that the theorem follows by induction on n. 0O

9.12. Proposition. Let ® be a paracompactifying family of supports on
X and let A C X be locally closed. Then for a sheaf B on A,

B is D|A-soft on A & B is -soft on X.

Proof. The <« part follows from 9.2 since 8 = 2% |A. For the = part, we
note that I‘q.(.%x ) ~ I'g|4(B) naturally by I-6.6, and similarly, for F C X

closed, Tgr(B*) ~ T'gjanx (B|AN F). The result now follows from 9.3iii.
]

9.13. Corollary. Let ® be paracompactifying and A C X locally closed.
Then for a sheaf A& on X,

[ is B-soft = o, is D-soft.|



§9. ®-soft and P-fine sheaves 69

Proof. /|A is ®|A-soft by 9.2, so that & 4 = (#|A)X is ®-soft by 9.12.
O

The following result shows that softness is a “local” property. Recall
that E(®) = | {K | K € ®}.

9.14. Lemma. Let ® be paracompactifying and & a sheaf on X. If each
point x € E(®) has a closed neighborhood N such that Z|N is soft, then &
is O-soft.

Proof. By 9.3(ii), it suffices to consider the case in which X is paracom-
pact and ® = cld. Let {U,} be a locally finite open covering of X such
that Z|U,, is soft. Let {V,} be an open covering of X with V', C U,. Well
order the indexing set and let F, = |J Vj (a closed set).
B<a

Let K C X be closed and s € £(K). We must extend s to X. By an
easy transfinite induction we can define t, € Z(F,) such that to|Fo N K =
s|Fo N K and t4|Fg = tg for B < a. In the end we have the desired
extension. - 0O

9.15. Definition. A sheaf & is said to be “®-fine” if Hom(l, ) is B-
soft.

The following is another basic result.

9.16. Theorem. Let & be paracompactifying. Then any module over a
®-soft sheaf R of rings with unit is ®-fine, and any P-fine sheaf is P-soft.

Proof. Let & be an #-module. We must show that Hosm (., ) is P-
soft. But HHom (o, ) is an #-module so that it suffices to show that every
R-module « is $-soft. [The last statement of the theorem will follow since
a ®-fine sheaf & is a module over the ®-soft sheaf of rings Hom (B, B).]
Thus, let s € #(K) for some K € &. By 9.5 there is a neighborhood
K' € ® of K and an s’ € #(K') extending s. Since # is ¥-soft, there is a
section t € & (K') that is zero on the boundary B of K’ and 1 on K. The
section ts' : z — t(z)- §'(z) in #(K’) is zero on B and coincides with s on
K. Therefore ts’, and hence s, can be extended to X. )

9.17. Example. The sheaf ¥ of germs of smooth real-valued functions
on a differentiable manifold M™ is soft, as shown in Example 9.4. This is
a sheaf of rings with unit, and so & is fine. Consequently, any #-module
is fine. This includes the sheaf of germs of differential p-forms on M, the
sheaf of germs of vector fields on M, etc. o

Since A @ RB is a Hom(4, A4 )-module, we have the following consequence
of 9.16: ‘
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9.18. Corollary. If .« is ®-fine, ® paracompactifying, then 4 @ B is ®-
fine, and hence ®-soft, for any sheaf #B.17 0

9.19. Corollary. If ® is paracompactifying and £* is a torsion free ®-
fine!® resolution of Z on X, then there is a natural isomorphism

HY(X; o) ~ HY(To (%" ® ).

Proof. Since &” is torsion free, #* ® .« is a resolution of Z ® & ~ .19
It is ®-soft, and hence ®-acyclic, by 9.18. The result follows from 4.1. O

9.20. Definition. Let A C X. A family ® of supports on X will be said
to be “paracompactifying for the pair (X,A)” if ® is paracompactifying
and if each K N A, for K € ®, has a fundamental system of paracompact
neighborhoods in X.

Note that these conditions imply that ® N A is a paracompactifying
family of supports on A. Also note that if A is closed, then ® is paracom-
pactifying for the pair (X, A) & ® is paracompactifying. Moreover, for A
open and & = cld, ® is paracompactifying for the pair (X, A) & both X
and A are paracompact.

9.21. Proposition. If ¢ is paracompactifying for the pair (X, A), then
for any sheaf & on X, the map

0 : im Tonu (#|U) — Tona(#|A)

(U ranging over the neighborhoods of A) is bijective. Moreover, if A is
flabby, then A|A is (® N A)-soft.

Proof. 6 is clearly injective. Let s € I'gna(#|A) with |s|] = KN A where
K € ®. Let K’ € ® be a neighborhood of K. By 9.5 there is a neighborhood
V of K'N A in K’ and an element s’ € & (V) extending s|K' N A. Let L
be the closure in X of |s’|. Then s'|(V — L) =0 and so s’ on V and 0 on
X — L combine to form a section s” over the open set U = VU (X — L).
Now VOK' NAand K' DL,sothat A-V Cc X - K'c X - L. Thus
ACVU(X —-L)=U. Both s” and s vanish outside V' and coincide on
VNA, andso s”|A =s. Also, |s”|=|s'| cUNL e UN®since L C K' € &.
Therefore, s” induces an element of lim I'¢ny (#|U) mapping to s under 6,
proving the first statement.

For the last statement, let t € & (AN K) for some K € &. By 9.5, ¢
can be extended to X since .« is flabby, and a fortiori to A. 0O

Using 9.8 instead of 9.5 in the last paragraph gives:

17 Also see 16.31.
180r just $-soft by 16.31.
19This is a stalkwise assertion, so it follows from standard homological algebra.
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9.22. Proposition. If A is a compact relatively Hausdorff subspace of X,
then | A is soft for any flabby sheaf o on X. 8]

For more facts concerning soft sheaves see Section 16.

9.23. Let L be a ring with unit, let G be an L-module, and let ® be a para-
compactifying family of supports on X. Then the singular and Alexander-
Spanier sheaves #°(X;L) and «°(X;L) are the same as ¥°(X;L) and
so they are ®-soft. Also, they are sheaves of rings, and #"(X;G) and
A" (X;G) are modules over them, and so they are also ®-soft. As re-
marked in Section 1, #*(X;G) is always a resolution of G, and #*(X;G)
is a resolution of G if X is HLC. Therefore, by 4.1 or 5.15,

asHy(X;G) ~ Hy (X G)
for ®-paracompactifying, and
aH3(X;G) = Hy(X;G)

for ®-paracompactifying and X HLC. Similarly, by 9.17, if X is a smooth
manifold then the de Rham sheaf Q*(X) is a ®-fine resolution of R, and so

aHy(X;R) ~ Hy(X;R)

for ® paracompactifying.

In Chapter III we shall study these isomorphisms in more detail. We
shall extend them to more general coefficients, show they are natural in X
as well as in the coefficients, and show that they preserve cup products.
We also take up the relative case there. Except for the latter, that chapter
can be read at this point.

10 Subspaces

In this section we study relationships between the cohomology of a space
and that of a subspace, with coefficients in sheaves related to the subspace.
The main theorem 10.6 relates the cohomology of a subspace to that of its
neighborhoods. This will be of central importance throughout the book.

10.1. Theorem. Suppose either that ® is a paracompactifying family of
supports on X and that A C X is locally closed, or that ® is arbitrary and
A C X is closed. Then there is a natural isomorphism

Hy(X; B%) ~ Hy 4 (A; B)

of functors of sheaves on A, which preserves cup products.?°

20 Also see Exercise 1.
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Proof. Note that the functor % — % is exact. Thus we have the con-
nected sequences of functors FP(%B) = HE(X; B*) and FP = H3 4 (4; B),
both of which are fundamental by 9.12 and 5.8. Now,

F)(®B)=Te(8") and  F(B)=Toa(HB).

The restriction map T° : 1‘4,(53" ) = T's4(B) is an isomorphism of functors
by I-6.6, whence the first part of the result follows from Theorem 6.2. The
fact that cup products are preserved follows immediately from the axioms
7.1 for the cup product on the cohomology of A.%! m]

10.2. Corollary. With the same hypotheses as in 10.1 we have the natural
isomorphism

Hy(X; 4 4) = Hy 4 (4; A|A)

of functors of sheaves A on A, which preserves cup products.

Proof. This follows from the fact that .« 4 = («|A4)%. ]

In particular we have the most important cases:

Hy(X;AF) = ;,F(F;JJIF) for F closed and & arbitrary,

and

Hy(X;Ay) = Hg,;(U; £|U) for U open and @ paracompactifying.

Note that €*(X; &y)|U = €*(U; #|U), so that there is the chain map
Coy(Ui A|U) =Ty (€ (U; #|U)) — Te(€"(X; Ly)) = C3(X;Ay),
which clearly induces the preceding isomorphism.

10.3. Suppose that F C X is closed and U = X — F. If ® is paracompact-
ifying, then 10.2 together with the exact coefficient sequence 0 — Ay —
A — A p — 0 yields the fundamental exact cohomology sequence

v — Hy ,(U; ) — Hy(X; ) — HE p(Fi i) — Hyl g (Usl) — -

This sequence will be generalized in Section 12.

10.4. Let A C X be an arbitrary subspace, ® any family of supports on
X, and «# a sheaf on X. By 6.2 the restriction of sections I'g(&) —
Fena(#|A) extends canonically to a homomorphism

rax Hy(X; ) — Hy 4 (A; A|A)

21This uses the obvious natural isomorphism &% @ % ~ (& ® B)X.
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called the restriction homomorphism. We also denote r x(a) by al4.
Since ® N A = i7!(®) and #|A = i*(«) where i : A < X, r* is none
other than the homomorphism induced by i; see Section 8. In particular
(or directly from 7.1), r* preserves cup products.
For a closed subspace F C X, ® N F = ®|F, and the restriction map

Thx : Ho(X; ) — Hg p(F A |F)

is the same as the homomorphism H}(X;#) — Hg(X; 4 F) induced by
the ~pimorphism & — #F followed by the isomorphism Hg(X;#F) =
H} o(F;A|F) of 10.2. This follows from the uniqueness portion of 6.2.

We wish to relate the cohomology of a subspace to that of its neighbor-
hoods. In order to deal with several cases at the same time, we make the
following definition. It will also be useful in the study of relative cohomol-
ogy. The term “taut” is borrowed from Spanier, who uses it in situations
analogous to 10.6, but mainly in singular homology.

10.5. Definition. Let ® be a family of supports on X. Then a subspace
A C X is said to be “P-taut” if for every flabby sheaf F on X, the restric-
tion Ty (F) — Fona(F|A) is surjective and F|A is (P N A)-acyclic.

The following five cases are examples of ®-taut subspaces A of X:
(a) ® arbitrary, A open.
(b) ® paracompactifying for the pair (X, A).

(c) ® paracompactifying, X hereditarily paracompact (e.g., metric), A
arbitrary.

(d) ® paracompactifying, A closed.
(e) ® =cld, A compact and relatively Hausdorff in X, e.g., a point.

Item (a) follows from 5.2; (b) follows from 9.21; (c) and (d) are special
cases of (b); (e) follows frem 9.8 and 9.22. Also see 12.1, 12.13, 12.14,
12.15, and Exercise 8.

The following result is fundamental and will be used often in the re-
mainder of the book.

10.6. Theorem. Let ® be a family of supports on X and let A be a sub-
space of X. Let N be a collection of ®-taut subspaces of X containing A
and directed downwards by inclusion. Assume that for each K € | X - A
there is an N € & with N C X — K. Then A is ®-taut & the map

0 :lim Hy n(N;A|N) - Hz1(A;A|A),
New

induced by restriction, is an isomorphism for every sheaf & on X.
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Proof. For <, suppose that # is an isomorphism and let & be flabby.
For N € &, A|N is (N N)-acyclic, since N is ®-taut. It follows that .|A
is (® N N)-acyclic. Moreover, I's(#) — lim Conn(A#|N) = Cona(A|A)
is surjective since each N is ®-taut. Thus A is $-taut.

For =, suppose that A is ®-taut and consider the functors FF () =
lim Hy v (N; #|N) and FJ () = H} o(A; #|A). The tautness of 4 and
of each N € . implies that these are both fundamental connected se-
quences of functors. Moreover, in degree zero, 6 : lim Cenn(N; A|N) —
Cana(A|A) is clearly one-to-one for .« arbitrary and is onto for .« flabby,
since A is ®-taut. It follows from 6.2(c) that # is an isomorphism in gen-
eral. ]

Remark: An important case of 10.6 is that for which .4 is a fundamental system
of neighborhoods of A. However, as we shall see, the usefulness of this result
is hardly limited to that case.

Remark: Let f : X — Y be ®-closed (meaning f(K) is closed for K € ®) where
® is a family of supports on X. Then putting A = f~!(y) for some y € Y,
we see that the family {f~!(U)|U a neighborhood of y} of neighborhoods
of A refines the family {X — K | K € ®|(X — A)}. Thus 10.6 implies
that Hj o1, (f " (0)id) = lim Hyn -1, (f ' (U); &) when f(y) is
®-taut. (This holds, in particular, when & is paracompactifying, or when
® = cld and f~'(y) is compact and relatively Hausdorff.) This will be
of importance in Chapter IV. Note that in general, {f~!(U)} is not a
fundamental system of neighborhoods of f "1(y).

10.7. Corollary. (Weak continuity.) If {F,} is a downward directed fam-
ily of closed subspaces of the locally compact Hausdorff space X, then

H (O Faiod) ~ lim HE (Fai ). 5

This result will be generalized considerably in Section 14.

10.8. Corollary. (The minimality principle.) Let X be a locally compact
Hausdorff space and c the family of compact subsets of X. Then for any
nonzero class o € H}(X; ), the collection of closed subspaces F' of X
such that 0 # a|F € H*(F; A|F) has a minimal element. O

10.9. Example. Consider the “topologist’s sine curve,” which is the union
X={(z,y)|y=sinm/z;0<x <1} U {0}x[-1,2] U [0,1]x {2} U {1} x[0, 2]

or any of its variants. This space has the singular cohomology of a point.
However, it is a decreasing intersection of spaces homeomorphic to an an-
nulus, and the inclusion maps are homotopy equivalences. Therefore, by
10.7, H*(X;Z) ~ H*(S';Z). This is a typical example of the difference
between singular theory and “Cech type” theories such as sheaf-theoretic
cohomology. <o
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10.10. Example. Let X be the union in R? of spheres of radius 1/n all
tangent to the zy-plane at the origin. This is a decreasing intersection of
spaces of the homotopy type of a finite one-point union of spheres, and
hence

HY(X;Z)~ éz,
=1

and H*(X;Z) = 0 for i # 0,2. This contrasts with singular theory for
which the cohomology of this space is nonzero in arbitrarily large degrees;
see [3]. o

10.11. Example. Let M be any abelian group. An open interval U in R
is contractible, and it will be shown in the next section that this implies
that H?P(U; M) = 0 for all p > 0. Since an open subset of R is a topological
sum of open intervals, this also holds for any open set U C R. By 10.6 it
follows that HP(A; M) = O for all p > 0 and all subspaces A C R, since
R is hereditarily paracompact. In 16.28 and the solution to V-Exercise 26
the much more difficult fact is shown that HP(U; M) = 0 for p > n and
any open set U C R™. Thus it will follow from 10.6 that H?(A; M) =0 for
p > n and any subspace A of R™. o

11 The Vietoris mapping theorem and
homotopy invariance

Let f: X — Y be a closed map. Let .« be a sheaf on X and ¥ a family
of supports on Y. Assume further that each f~!(y), for y € Y, is taut
in X. This holds, for instance, when X is paracompact or when each
f~(y) is compact and relatively Hausdorff in X. The f-cohomomorphism
f: fa ~ A induces an f-cohomomorphism €*(Y; f&) ~ €*(X;H),
which has the factorization

C*(Y; fl) = fE*(X;l) ~ € (X; ).

Now, assume that HP(f~!(y); ) = 0 for all p > 0 and all y € Y. Then
the derived sheaf of the differential sheaf f€*(X;.#) has stalks

HP(fE"(X; )y = lim H(C*(f~1(U); )
lim H?(f~1(U); )
HP(f~1(y); ) = 0

Il

by 10.6 for p # 0 (where U ranges over the open neighborhoods of y), while
the exact sequence

0— fl — fE°X; ) — f€(X; )
(since o — fuf is left exact) yields an isomorphism

fd = H°(F€°(X;H)).
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It follows that f €”(X; ) is a resolution of f/. Moreover, f€*(X; )
is flabby by 5.7. Thus the chain map Cy(Y; f) — Ty (f€"(X;A)) in-
duces an isomorphism in cohomology by 4.2. Moreover, by Exercise I-8,
the map [y (f€"(X; ) — Ty-19(€"(X;)) = Cj_14(X; ) is an iso-
morphism.

Combining these facts, we obtain the following very general version of
the Vietoris mapping theorem:

11.1. Theorem. Let f: X — Y be a closed map, & a sheaf on X, and ¥
a family of supports on Y. Suppose that HP(f~1(y); &) = 0 for allp > 0
and all y € Y, and that each f~(y) is taut in X. Then the natural map

1 H (Y fl) = Hporg (X5 ),
induced by the f-cohomomorphism f : fud ~ A, is an isomorphism. O

Note the case of an inclusion ¢ : F < X of a closed subspace. In this
case 14 = dx, and we retrieve 10.1.

11.2. Let us specialize, for the moment, to the case of a closed map f :
X — Y that is finite-to-one (e.g., a covering map with finitely many sheets,
or the orbit map of a finite group of transformations). Let & be a sheaf on
Y and put & = f*%. Then

(fl)y = @ Az @ By =B, S 0B,

z€f~1(y) ze€f-1(y) n times

(where n is the number of points in f~!(y)). The f-cohomomorphism
B ~ A induces the homomorphism 3 : B — f, which on the stalks at
y, is the diagonal map &, — $B, @ --- & #,. The composition

F18° : Hy(Y; B) — Hy(Y; fl) = Hjo1g(X; )

is just f* : Hy(Y; B) — H";_W(X;d). (This is, of course, a general fact
that we discussed in Section 8.)

Now suppose that f is a covering map with n sheets. Then the map
0: fd — B, defined by (fA)y = B, ®--- ® B, — B, where

0(81,.-,8n) = 2 84,
is continuous, since it is induced from
(f)U) = (f7IV) =t (U1) @+ & (Un)-BU) & - - & BU)>B(U)

on the presheaf level, where U is a connected evenly covered neighborhood
of y and the U, are the components of f~!(U), and where © is the direct
sum of the inverses of the isomorphisms

(FIU)* : BU) = (f*B)U,) = A(U,).
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Thus we have the homomorphisms
B
BT foA
(-4

with ¢3 = n, which induce, via 11.1,

f‘
H\;/(Y; B) ~ H}-lq,(X;f"%):

with uf*(a) = na. The map p is called the transfer. A similar “transfer
homomorphism” is considered in Section 19, and Exercise 26 generalizes
both.

This implies, for example, that if f : X — Y is a covering map with
n < oo sheets, then dim H§(Y;Q) < dim H}_,,(X;Q) for each k.

11.3. Example. Consider the covering map f : S* — RP" and let & =
fZ. This has stalks Z® Z and is “twisted” via the automorphism (n, k) —
(k,n); see I-3.6. By 11.1 we have H*(RP"; &) ~ H*(S*;Z). We have the
inclusion 8 : Z — « as the diagonal, and the composition

H*(RP*;Z) 25 H*(RP™; ) 2 H*(S™; Z)

is f* by the remarks in 11.2. The quotient sheaf &/ /Z = Z* has stalks Z
twisted by n — —n. The exact sequence 0 » Z — & — Z' — 0 and 11.2
give
Zy, i0dd,0<i<mn,
HY(RP"ZY~{ Z, i=neven,
0, otherwise.

Note that in case n is even, RP" is nonorientable and Z! is its orienta-
tion sheaf. In this case, Poincaré duality (see Chapter V or IV-2.9) yields
H*(RP*;Z') ~ H,_,(RP";Z), giving another calculation of this. Also,
H,(RP";Z%) ~ H* *(RP";Z). For n odd, duality gives H'(RP";Z") ~
H,_,(RP";Z!), and so our calculations give these homology groups. <

11.4. Example. Let f : S — I = [—1, 1] be the projection, and consider
the sheaf fZ on I; see I-3.3. It is not hard to check that fZ ~Z ® Z;_s;.
Hence, by 11.1, we have

H?(I; f2) ~ HP(I;Z) ® H(I; Z1_o1)
HP(I;Z)® H?(I — 8I;Z) by 10.2
H?(x;Z) ® HP(I,8I;Z)  as will be seen later,

e

which is Z for p = 0,1 and is 0 otherwise. This agrees with 11.1, which
gives H*(I; fZ) ~ H*(S";Z). <o
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11.5. Example. Consider the 3-fold covering map f : S' — S!; see I-3.5.
The sheaf fZ has stalks Z & Z & Z twisted by the cyclic automorphism.
By 11.1, H*(S'; fZ) ~ H*(S};Z). Let 8 : A — fZ be the “diagonal”
subsheaf, which is constant with stalk Z. Then by 11.2, the composition
HY(SY;Z) ~ H\(SY; 4) £ HV(S'; fZ) = H'(S';Z) is just f*, which
is multiplication by 3. Let & = (fZ)/A, which has stalks Z & Z twisted
by the essentially unique automorphism of period 3. The exact coefficient
sequence 0 - A4 — fZ — & — 0 induces the exact sequence

0=T() - H'(S; ) L HY(S'; £Z) — H'(S'; ) — 0,

and it follows that

1, ~ Z3v for p=1,
H¥(S'5A) ~ { 0, otherwise. o
11.6. Example. Let N be the positive integers with the non-Hausdorff
topology in which N and the initial segments U, = {1,...,n} are the
open sets; see Exercise 27. Let A; «— As «— --- be an inverse sequence of
abelian groups. According to the exercise, this is equivalent to the sheaf
« on N where #(U,) = A4,. Also by the exercise, H*(N; #) = |imA, and
H(N; ) = lim' A4,, the derived functor of Jim. Let 0 = 49 <i; <ip < ---
be a sequence of integers and let f : N — N be given by f(n) = k for
ik—1 < n < ix. Then f is continuous and closed. Each f~!(k) is finite,
and Exercise 58 shows that «|f~!(k) is acyclic for all sheaves .« on N and
that f~1(y) is taut in N. Now (f#)(Ux) = A (f~1Ux) = L (U,,) = A,,, s0
that fa is just the inverse subsequence given by this sequence of indices.
By 11.1 we have that H*(N; f.¢) =~ H*(N; ). This means that passage
to a subsequence does not change lim or |im!. Lo

An important special case of 11.1 is that for which each f~!(y) is con-
nected, and o = f*& for some sheaf B on Y, particularly a constant sheaf.
In this case we have:

11.7. Theorem. (Vietoris mapping theorem.) Let f : X — Y be a closed
surjection, let B be a sheaf on Y, and let ¥ be a family of supports on
Y. Also assume that each f~1(y) is connected and taut in X and that
HP(f~Y(y);By) =0 forp>0andallye Y. Then

foHY(Y; B) — Hy 1y (X f* B)
is an isomorphism.

Proof. Consider the monomorphism 8 : # »— ff*® of I-4 which is in-
duced by the f-cohomomorphism & ~+ f*% via the composition

BU) — (f*B)(f~1(V)) = (£ B)(V).
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On the stalks at y € Y this becomes

By — (f*B)f(y)) = (ff* B)y

since f~1(y) # @ is taut. This is an isomorphism, since (f*®)|f~1(y)
is constant with stalks %, and since f~1(y) is connected. It follows that
B: B — ff*Bis an isomorphism. Since f* = flop* : H}(Y;B) —
H} 14 (X; f*B) by (18) of Section 8, the theorem follows from 11.1. O

Note that the inverse image of a constant sheaf is constant.

11.8. Corollary. Let X be a space and B a sheaf on X. Let T be a
compact, connected Hausdorff space that is acyclic for any constant coef-
ficient sheaf [it suffices that HP(T; B;) = 0 for p > 0 and all z € X].
Ifm: X xT — X is the projection, put Bx T = n*B. Fort € T, let
i¢: X — X x T be the inclusion ¢ — (z,t). Then

iy t Hy o (X xT; BxT) — Hy(X; B)

ts an isomorphism that is the inverse of m* and hence is independent of
teT.

Proof. This makes sense, since i} (B x T) = i;(7*B) = 1" =B. In
cohomology we have i} o1 = (moi)* = 1* = 1. Each {z} x T is
compact and relatively Hausdorff, whence taut, in X x T. By 11.7, n* is
an isomorphism, and hence i} = (7*)~! is independent of . o

We now prove a strengthened version of 11.8 valid for locally compact
spaces:

11.9. Theorem. Let X be a locally compact Hausdor[f space and let T be
a compact connected Hausdorff space. Then with the notation of 11.8,

i HNX xT; BxT) — H (X; B)

is independent of t € T .22

Proof. The point is that here, T need not be acyclic. Let 7 : X xT — X
be the projection. For any a € H(X xT; BxT), let K(a) ={te€T|a €
Kerit}. By 10.6,t € K(a) = a|(X x N) = 0 for some neighborhood N
oft € T. Then N C K(a), and it follows that K(«) is open for any a.

Now let t € T and put i;(a) = B. Then i}(a — 7#*B8) = 0, so that
t € K(a—n*(3). Thus, for all s near t, we have that s € K(a— n*3), which
implies that

0= ij(a—m*B) = ii(a) - (17°)ii (@) = i%(a) — i} (a)-

Thus the value of i} (a) is locally constant in t and hence is constant, since
T is connected. =

22Gee, however, Example 14.8.
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11.10. Corollary. The unit interval 1 is acyclic for any constant coeffi-
cients.

Proof. Consider the map p : I x I — I given by u(s,t) = st. By 11.9
we have that (poip)* = (poiy)* : HY([;G) — H*(I;G). But poi is
the identity map while p 019 is the constant map to 0 € I, and the result
follows. o

Remark: Corollary 11.10 can be proved in other ways. See, for example, Exercise
2. It also follows from 9.23, assuming the result for singular theory as
known. However, we find it somewhat amusing to use a type of homotopy
invariance to prove the acyclicity of I instead of the other way around.

11.11. Corollary. IfG is a compact connected topological group acting on
the locally compact Hausdorff space X, then G acts trivially on H}(X; L)
for any constant coefficient group L. O

We remark that there are compact connected groups (e.g., inverse limits
of circle groups, called solenoids) that are not arcwise connected. Thus such
actions need not be homotopically trivial.

If ® and ¥ are given families of supports on X and Y respectively, we
shall say that a map f : X — Y is proper (with respect to ® and ¥) if
F~10 C &. If that is the case, then f* : H}(Y) — H}(X) is defined. A
homotopy X x I — Y is proper if it is so with respect to the families ® x I
and . For locally compact spaces, “proper” means proper with respect to
compact supports unless otherwise indicated.

11.12. Theorem. Any two properly homotopic maps (with respect to ®
and V) of a space X into a space Y induce identical homomorphisms

Hy(Y;G) - Hy(X;G),
where G is any constant coefficient group. O
Note the special cases:

(a) ® = cld = . In this case, “properly homotopic” is the same as
“homotopic.”

(b) X, Y locally compact Hausdorff, ® =c = V.

() ACX,BCY,® =cldlX — A, ¥ = cldlY — B, with the homotopy
taking A through Bj; see Section 12.

The foregoing results of this section will be considerably generalized in
Chapter IV. ’

11.13. Corollary. For constant coefficients in G, H*(e;G) is an invari-
ant of homotopy type for arbitrary topological spaces and maps.

Also, H}(e;G) is an invariant of proper homotopy type for locally com-
pact Hausdorff spaces and proper maps. a
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11.14. Example. This example shows that the condition that f be closed
in 11.7 cannot be removed. In fact, in this example, f is an open map
from a locally compact space to the unit interval, and each fiber f~1(y) is
homeomorphic to the unit interval except at one point, y = 0, for which it
is a real line. Moreover, X has the homotopy type of a circle, so that 11.7
will not hold for any nontrivial constant sheaf of coefficients.

Let X be obtained from the square I x I by deleting the point (0, %)
and identifying the points (0,0) and (0,1). Let f : X — I be induced by
(z,y) — z. The reader may verify the properties claimed for this example.

o

11.15. Example. Let us do some elementary calculations involving the
cross product, even though they will follow trivially from later results. Let
X be an arbitrary space and ® a family of supports on X. Let L be a fixed
base ring with unit and let .« be a sheaf of L-modules. Consider the product
I x X and the constant sheaf L on I. The epimorphism L&« —» L{o}éd
induces an isomorphism

Ho(Ix X; L&®A) = HP o (I x X; Lio)®)

by 10.2 ang 11.8. the exact sequence induced by the coefficient sequence
0 — Lo,j®4 — LA — L{0}®«4 — 0 then shows that

H{y o (I x X; L(o,1)®«) = 0 for all n.

Then the coefficient sequence 0 — L(o.l)éd — L(o‘u@d — L{l}éd —0
shows that

Hfyo (I % X; L3 @al) — HE3 (I x X; Lo 1yBd)

is an isomorphism for all n. In particular,
H({1}; L) = HO(L; L{yy) > H'(L; Lo.yy)

is an isomorphism. There are the cross products

HO(; L)) ® HE(X; ) — Hiso (I X; L3y @A),

HY(I; Lio,1)) ® HE(X; ) — HH (I x X; Lo, 1)84).

The first of these is equivalent to the cross product

HY({1}; L) ® H3(X; o) — Hiko({1} x X; LB)
by 10.2, and this is equivalent to the composition

L® Hy(X; ) “2 HO(X; L) ® Hy(X;ut) 5 HR(X; ),

which is an isomorphism taking 1 ® a — 1 Ua = a. Letting 1 denote the
generator of HO(I; L{1}) ~ H°({1}; L) ~ L we have, for a € H}(X; ),

(1 xa) =t xa,
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where
L= 5(1) € HI(H; L(O,l))-
Consequently, we have the isomorphism
H3(X; ) = HZ (I x X Loy &),

given by a — ¢ X a.
In particular we have the isomorphism

n L p=n
14 . ~ * )
H (]I ,LU)~{ 0' L ,

where U = (0,1)" and where H™(I"; Ly) is generated by ¢ x --- x ¢. This
is isomorphic to H?((0,1)"; L) = HP(R"; L) by 10.2, so that

L, p=n,
0, p#n

Regarding S™, n > 0, as the one-point compactification of R", the exact
coefficient sequence 0 — Lg» — L — L() — 0 on S™ gives

H?(R™ L) = {

L, p=0,n,

PIST. T} ~
H(S’L)~{O, p # 0,n.

Now consider the sheaf Ly on S™ where V = S™ — {z} for some point
z € S*. Let f:I® — S™ be the identification of dI" to the point z. By
11.7,
fr+H*(S"; Ly) —» H*(I"; Ly)
is an isomorphism. Let o, € H™(S™; Ly) be such that f*(a,) =¢x - x¢.
Let up, = j*(an) € H™(S™; L), where j* : H*(S";Ly) — H"(S™; L).
Similarly, by 11.7,

(f x1)*: HE. 4(S™ x X; Ly®«) — HE o(I" x X; Ly®u)
is an isomorphism for all p that carries a, x 8+ ¢ x --- x ¢ X 3. By the

previous remarks, 8 ¢x---xtx 3 of HR(X; ) — Hp B (I"x X; Ly ®)
is an isomorphism. Therefore we have the isomorphism

H2(X; ) = HZFPL(S™ x X; Ly @)
given by 8 — a, x 8. By naturality, the map
HZ., 5(S™ x X; Ly®A) — HE., 5(S™ x X; L®A)

takes an x B to up x B. The exact coefficient sequence 0 — Ly®«A —
L®« — L(;}®4 — 0 induces the exact sequence

HE.  o(S" X X;Ly®) — HE. o(S™ x X;L&A) — HE., o(S" x X; L(z)®A),
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in which the last map can be identified with the map HE., 4(S™ x X; L3sA)
— HY(X; A ) induced by the inclusion i; : X — S™ x X. This sequence
is split by 7 : H3(X; ) — Hb., 4(S™ x X; L&), noting that L& ~
m* . It follows that the map

n:HY ™(X; ) ® Hy(X; ) — HEn\ 5(S™ x X; LA

given by
n(a,b) =u, xa+1xb

is an isomorphism, since 1 x b = w*(b). In particular, since u2 = 0 for
n>0,
H*(S" x X;L) = AL(va) @ H™(X; L),

where v, = up, x 1 € H*(S" x X; L) is an algebra isomorphism for n > 0,
where AL(v,) is the exterior algebra over L on v,. An induction shows
that for all n, > 0,

H*(S™ x -+ x S™; L) =~ Ap(wy,...,wy),

where w, = 7} (up, ), T, : S™ x-.-xS" — S™ being the ith projection. <

12 Relative cohomology

In this section, we establish a sheaf-theoretic relative cohomology theory.
For a closed subspace F C X and for ® paracompactifying, we will have, by
12.3, that H3(X, F; &) = Hy x _p(X —F; 4| X —F) and so in this case, we
already have the long exact cohomology sequence of the pair (X, F) by 10.3.
This is also enough to conclude a very strong excision property. Hence, for
closed paracompact pairs, closed supports, and constant coefficients, this
gives us all the Eilenberg-Steenrod axioms for cohomology. The Milnor
additivity axiom also holds obviously. Consequently, we can conclude, in
this case, that this cohomology theory agrees with singular theory on CW-
complexes. (Chapter III, most of which can be read at this point, also
establishes this in a different manner.) For most purposes this suffices,
and so we recommend that first-time readers skip this somewhat technical
section, after making note of the formulas in 12.1 and 12.3 for the purpose
of understanding the relative notation.

Let i: A — X and let ® be a family of supports on X. For any sheaf
« on X we have the natural i-cohomomorphism (see Section 8)

€*(X; ) ~ €*(A;A|A).

Equivalently, we have the homomorphism

i € (X; ) - i€"(4;4|A)|

of sheaves on X.
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In order to define relative cohomology, we shall show that i* is surjective
and has a flabby kernel. We introduce the notation

| Keri* = €°(X, A; ), |

C3(X, A;d) = To (€ (X. A;)),

and

| Hy(X, 4 t) = H*(Cy(X, A; ). |

Since Ker i* is flabby and since I'g (%) = F'sna(B) by I-Exercise 8, we will
obtain the induced short exact sequence

[0 C3(X, 45 ) — C3(X;t) = Cira(Ai#]4) 0] (21)

and hence the long exact cohomology sequence

|- —HE(X, A )~ HE(X; )= HE 4 (4; | A) = HEY (X, A t)— | (22)

Now €*(X,A;«) and C3(X, A; ) are exact functors?3 of «, so that
a short exact sequence 0 — &' — & — " — 0 of sheaves will induce the
long exact sequence

s HB (X, sl )~ HE (X, Assl )~ HE (X, Ayt ")~ HEF (X, sl )| (28)

compatible with (22).

We now proceed to verify our contention. If & and % are sheaves on
X and A respectively and k : & ~» & is an 1-cohomomorphism, we shall
say that k is surjective if each k, : o, — B, is surjective for x € A; that
is, if the induced homomorphism #|A — & is surjective.

If k : & ~ B is surjective and U C X is open, then we have the exact
sequence

0 J] #x [] Ker(kﬂ-»ﬂdx&» II %.-o.
zeU-A zeUNA zeU z€UNA

Thus kf : CO(U; &) — C°(U N A; B) is surjective. [Note that this is
the map %OSX;.;J)(U) — (i%o(A;Q))(U),] Moreover, the kernel of the
surjection €°(X;.#) —» i®°(X; B) is the flabby sheaf

U J] #=x ] Ker(ke).

zeU-A z€UNA

It follows immediately that the induced i-cohomomorphism

KO : €°%(X; ) ~ €°(A; B)

23This follows from the exactness of the absolute versions by an easy diagram chase.
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is surjective in our sense. Passing to quotient sheaves, we see that
1
FHX )~ FH(A; B)

is also surjective.
By induction, it follows that the homomorphisms

E"(X;A) > i€"(A4;B)

are all surjective and have flabby kernels. Taking # = #|A yields our
original contention.
Note that

0 — Coyx_a(#) = Ca(t) = Cana(A|A)

is always exact, so that

HY (X, A; ) = Toix—a(A) = Hg x_4(X; ).

Thus the derived functors of H§ (X, 4; ) are Hy y _ 4(X;¢). The follow-
ing result shows that ®-tautness is a necessary and sufficient condition for
the H3 (X, A; ) to be the derived functors of H3(X, 4;«).

12.1. Theorem. If A is a ®-taut subspace of X, then there is a natural
tsomorphism

H%(X»A;J) =~ H$|x—A(X§~")-

Conversely, if H (X, A; &) =0 for p > 0 and every flabby sheaf A on X,
then A is ®-taut.?t

Proof. Let &#* = €*(X;«). By Definition 10.5 the following sequence,
which is always left exact, is exact when A is ®-taut:

0 b FQIX—A('—‘{‘) tand Fq,(d‘) — F&nA(.ﬂ‘IA) band 0

We also have the natural map #*|4 — €*(A;«|A) induced by the nat-
ural cohomomorphism «#* ~ €*(A;#|A). Thus we have a commutative
diagram

0 - Fox-a(#*) = Ta(A*) — TCpna(A|4) — 0
f = 9
0 - C3(X,A4) — C3(X; ) — Cina(A;H4|A) — 0.

Since A is ®-taut, whence #*|A is N A-acyclic, g induces an isomorphism
in cohomology. By the 5-lemma, f also induces an isomorphism. The

24 Also see Exercise 18.
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second statement follows directly from (22) and the definition of tautness.
m]

Note that the proof also shows that in the situation of 12.1. the exact
sequence of the pair (X, A) is equivalent to the long exact sequence induced
by the short exact sequence

0— PQIX-A("J‘) band Fq;(d‘) i F@nA(d*IA) -0

of cochain complexes.

We remark that by (21), C3x_ (X, 4; ) = C§ x_ (X; ) because
(®]X —A)NA = 0, and that the isomorphism of 12.1 is induced by inclusion
of supports: Hy x_4(X; ) = Hy x_o(X,A;d) — Hy (X, A; A).

12.2. The cup product in relative cohomology will be discussed briefly at
the end of this section. However, in some special cases it can be produced
based on 12.1 as follows. If & and ¥ are families of supports on X, then
there is the cup product

Ut HE x _4(X;0) ® HY x_p(X;B) — Hot o 1 p(X; A ® B).

Therefore, if A is ®-taut, B is ¥-taut, and AU B is (& N ¥)-taut, then by
12.1, this gives a relative cup product

U: HE(X, A;f) ® HY(X, B; B) — HE'L(X, AU B; A ® B).

In particular, this holds for arbitrary ® and ¥ if A and B are open, and it
also holds for paracompactifying families when A and B are closed. [Such
a product for A and B closed and arbitrary families can also be based on
12.3.] Various compatibility formulas follow directly from 7.1. For example,
if U D V areopen in X and j* : Hy(X,V; &) — Hy(X; ) is the canonical
map (induced, for example, by the inclusion of supports &|X — V — @),
a € HY(X,U;«), and 8 € H(X,V; B), then

aUj*(B) =aUpB e HEH (X, U; 4 ® B).

Similarly, if « € H5(U;#) and 8 € H}(X;®) and § is the connecting
homomorphism for the pair (X, U), then

§(aUB) =6aU B e HE U (X, U; 4 ® B).
Many other such formulas are self-evident.

For the case of closed subspaces, relative cohomology has the following
“single space” interpretation:

12.3. Proposition. If F C X is closed, then there is a natural isomor-
phism

[HE(X, F;at) ~ HE (X; o x_F) |
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valid for any sheaf & on X and any family ® of supports. If, in addition,
® is paracompactifying,?® then

HY (X, F; ) ~ H«’11>|x-F(X - F, ).

Proof. Since & x_p|F = 0, the cohomology sequence of the pair (X, F)
with coefficients in & x _ p shows that the map

JP i Hy(X,Fid x-p) — Hy(X; A x_F)

is an isomorphism.

The map Hy(X;4F) - Hynp(F;4|F) is an isomorphism by 10.2.
Thus the cohomology sequence of (X, F) with coefficients in «r shows
that

Hy(X,F;4F) =0.
It follows from the sequence (23), with ¢’ = & x_r and &” = & p, that
h*  Hy(X,F;d x_p) = Hy (X, F; A)

is an isomorphism. Thus j* and h* provide the required isomorphism. The
last statement is a special case of 10.2, included here for the benefit of
browsers. o

Clearly, the last part of 12.3 is a very strong type of “excision” isomor-
phism in cases where it applies. In the case of locally compact Hausdorff
spaces and compact supports this is often stated as “invariance under rela-
tive homeomorphism.” A relative homeomorphism is a closed map of pairs
(X,A) — (Y, B) such that A = f~!B and the induced map X -4 — Y —-B
is a homeomorphism.

12.4. Corollary. Let (X,A) and (Y,B) be closed pairs. Let ¥ and ®
be paracompactifying families of supports on X and Y respectively. Let
f: (X,A) — (Y,B) be a relative homeomorphism such that ¥|X — A =
f~Y®|Y - B) (e.g., if ¥ = f~1®). Then

f* Hy(Y, BiA) = Hy(X, A; f* )

is an tsomorphism for any sheaf & onY.

Proof. This follows directly from 12.3 except for the parenthetical con-
dition. To see that the condition is sufficient, let K € ¥|X — A. Then
K C f~!L for some L € ® and so f(K) C L. Since f(K) is closed, it
follows that f(K) € ®|Y — B. The converse is immediate. O

This has the following two special cases as the main cases of interest:

25 Also see 12.10.
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12.5. Corollary. If (X, A) and (Y, B) are closed paracompact pairs and
f:(X,A) - (Y, B) is a relative homeomorphism, then

f*H*(Y,B; &) - H*(X,A; f*A)
is an tsomorphism for any sheaf & onY . O

12.6. Corollary. If (X, A) and (Y, B) are closed locally compact Haus-
dorff pairs and f : (X,A) — (Y, B) is a proper relative homeomorphism,
then

[T HY,B;od) - HI (X, A; f* )
s an isomorphism for any sheaf & onY. 0O

12.7. If f : (X,A) — (Y, B) is a map of pairs and «, & are sheaves on
X and Y respectively with a given f-cohomomorphism k : 8 ~ &, then
there is the induced commutative diagram (assuming that f~!¥ C @)

0— C3(Y,B;B) — Cy(Y;8) — Ciyrp(B;B) — 0
! ! !
0 = C3(X,4;) — Cy(X;l) — Cinp(4;d) — 0

and hence a corresponding diagram of cohomology groups.
For the particular case of the inclusion (4, B) — (X, B) where B C A C
X, we have the commutative diagram (with coefficients in « understood)

0 0
i) )
0 - C3(X,A) — C3(X,B) — C3qas(A,B) - 0
I ! l
0 - C3(X.,A) — CE,EX) — C&nf(A) — 0
Cinp(B) = Ciqp(B)
i) i)
0 0

in which the columns and second row are exact. Simple diagram chasing
yields the fact that the first row is exact. Thus we have the induced exact
“cohomology sequence of a triple (X, 4, B)":

[ —HE(X Aust)—~ HE (X Bit )~ HE, o (A, Bt~ HE" (X Ast) | (24)

Note that when A and B are closed then this is induced by the exact
coefficient sequence 0 — A x_4 — Ax_p — AL 4_p — 0 via 12.3 and
10.2.

Most of the remainder of this section is devoted to generalizing the
foregoing results. For example, we wish to see how much the “paracom-
pactifying” assumption can be weakened in the last part of 12.3. We also
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want to investigate more general types of subspaces. Consequently, the rest
of this section is rather technical and can be skipped with little loss.

For closed subspaces, we have the following “excision” theorem for ar-
bitrary support families:

12.8. Theorem. If F C X is closed and U C F is open in X, then the
restriction

i*: Hy(X,F;l) = Hynix—py(X = U,F — U )

is an isomorphism for any sheaf & on X and any family ® of supports.

Proof. By 12.3 it suffices to show that the homomorphism
Hy(X; ol x-F) = Hynx (X = Ul x_F)
is an isomorphism. By (22) it suffices to show that
Hiy(X, X -U;Ax_fr) =0,

but by 12.3, this group is isomorphic to Hg (X; & (x_F)ny), which is zero
since (X - F)NU = 2. O

The following result is the basic excision theorem for nonclosed sub-
spaces:

12.9. Theorem. If A and B are subspaces of X with B C int(A), then
the inclusion of pairs i : (X — B,A— B) — (X, A) induces an isomorphism

€* (X, A; ) =5 i€*(X — B,A- B; ),
and hence the restriction map
i Hy(X, A d) = Hy x_py(X — B,A - B; A)

is an isomorphism for any family of supports ® on X.

Proof. Since €"(X, A; ) is zero on int(A), €*(X — B, A— B;«) is zero
on int(A) — B. 1t follows that i¢*(X — B, A — B; ) is zero on int(A4).
Consider the commutative diagram
0— € (X,A4;4) - €'(X;H) — i€'(AH) —0
f g h
0—i%*(X — B, A — B; A)—i€"(X — B; ) —i€"* (A — B; L)—0

with exact rows,?6 where i is used for all inclusion maps into X. Now g
and h are isomorphisms on the stalk at any point £ € X — B, and the same

26Exactness of the bottom row is by 5.4 and 5.7.
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fact follows for f by the 5-lemma. Thus f is an isomorphism, as claimed,
since both sheaves vanish on int(4) > B. a

In some situations, one can prove stronger excision theorems, such as
the following:

12.10. Theorem. If B C A C X and ® is a family of supports on X
such that A is ®-taut and X — B is (®|X — A)-taut in X and such that
A — B is (8| X — B)-taut in X — B (e.g., if A is open and B is closed and
®-taut) then there is a natural isomorphism

Hy(X,A;d) ~ Hy x_g(X — B,A— B; A).
Thus, for F closed and ®-taut in X, we have (by taking A= B = F)

Hy(X,F; ) ~ Hy x_p(X = F; ).

Proof. Since ®|X —A = (®|X — A)N(X — B) we have the exact sequence
(coefficients in )

o Hy x_a(X, X — B) = Hg x _4(X) = Hyx_4(X = B) — -+

Since X — B is ®|X — A taut and since (®|X — A)|B = 0, the first term is
zero by 12.1. Since A is ®-taut, the second term is isomorphic to H3 (X, A)
by 12.1. Since (®|X — A) = (®|X — B)|(X — B) — (A — B), the third term
is isomorphic to H;,lx_B(X — B,A - B) by 12.1. o

Note that in 12.10, #|X — B can be replaced by any family ¥ on X — B
such that A — B is U-taut and ¥|X — A = ®|X — A.

12.11. Corollary. Let A C X be closed, let A be a sheaf on X /A, and let
® be a family of supports on X/A such that {x} is ®-taut in X/A where
* = {A}; e.g., either some member of ® is a neighborhood of x or {x} ¢ ®.
Let ¥ = f~1® where f : X — X/A is the collapsing map. If A is U-taut
in X then

frHy(X/A, % 4) — Hy (X, A; f* L)

15 an isomorphism. In particular, if X is paracompact, then
frHY(X/A x;) - H (X, A; f*A)

15 an isomorphism. Similarly, if A is compact and X 1s locally compact
Hausdorff, then

froHY(X/A %) — HX (X, A; f*A)

is an isomorphism.
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Proof. It follows from the proof of 12.4 that ¥|X — A = f~}(®|X/A—x).
Since {x} is ®-taut, the result is an immediate consequence of the last part
of 12.10.%7 ]

12.12. Example. This example shows that the tautness assumption in
the first part of 12.11 (or the paracompactness assumption in the second
part) is necessary. Let [0,§] denote the compactified “long ray” in the
compactified long line; see Exercise 3. Let Y = [0,9] x [0,1] and B =
Y - (0,9) x (0,1), the “boundary” of Y. Let X =Y — {(Q,1)} and
A = XN B. Standard arguments show that any neighborhood of 4 in X is
the intersection with X of a neighborhood of B in Y. It follows that X/A4 ~
Y/B. However, it is not hard to show, with the aid of Exercise 3, that X, Y,
and A are all acyclic while B has the cohomology of a circle. It follows that
H?*(X, A;Z) = 0 while H*(X/A;Z) ~ H*(Y/B;Z) ~ H¥(Y,B;Z) =~ Z. ©

We shall now show how to simplify the hypotheses of 12.10 in the case
in which B is closed.

12.13. Proposition. Let B C A C X and let ® be a family of supports on
X. Assume that B is closed. Then A—B is (®|X —B)-tautin X—B & A
is (®|X — B)-taut in X.

Proof. Let ¥ = ®|X — B. Then (¥ N A)|B =0 and, since A — B is open
(hence taut) in A, the restriction (arbitrary coefficients)

Hyna(A) = H\;IH(A—B)(A - B)

is an isomorphism by 12.1. Similarly, for an open neighborhood U of 4,
the restriction
Hyny(U) — Hin(u—a)(U - B)

is an isomorphism. The result now follows from 10.6. a

12.14. Proposition. If A and B are subspaces of X with B C A, and if
B is ®-taut in X, then B is (® N A)-taut in A.

Proof. Let .« be a flabby sheaf on A. Then i« is flabby by 5.7, where
i : A — X is the inclusion. Since B is ®-taut in X, the map I'¢(id) —
TFenp(iA|B) is surjective. But I's (i) = Fpna(#) and #|B = (id)|B,
so that I'gna(#) — Tenp(A#|B) is surjective. Also, #|B = (i4)|B is
(® N B)-acyclic since B is ®-taut in X and i« is flabby. But 'gna(#) —
TFenp(|B) being surjective and #|B being (& N B)-acyclic for all flabby
sheaves .« on A is the definition of B being (® N A)-taut in A. O

12.15. Proposition. If A and B are ®-taut subspaces of X with B C A,
then A is (®|X — B)-taut in X.

27The second and third parts are also immediate consequences of the corollaries to
124.
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Proof. Let .« be a flabby sheaf on X. Note that
(P|X ~-B)NA=(PNA)A-B

since if KNA e (PN A)A—- B, then KNANB=KNANANB =
KNANB = @. Consider the commutative diagram

0 0
! ; !
1"<1>|x—113(d¢) — [(g)x-B)na(A|A4)
l
Fe(#) — Tona(A|A) — 0
! !

Tenp(#|B) — Tenp(#|B)

with exact row and columns (since A is ®-taut). Diagram chasing reveals
that f is onto. Thus it suffices to show that H&,OA)M_B(A;JM) =0
for p > 0. But this is isomorphic to H3,(4, B;#) by 12.1, since B is
(® N A)-taut by 12.14. By (24) it now suffices to show that

Hiy(X,B; k) =0=Hg(X,A; A)

for p > 0. But Hy(X,B;4) = H;,lx_B(X;d) =0 by 12.1 and since # is
flabby. Similarly, H3(X, A; &) = 0. O

12.16. Corollary. If B C A C X with B closed and A and B ®-taut in
X, then
H3(X, A d) ~ Hy x_g(X — B,A — B;A). a

Now we will show that relative cohomology does not depend on the use
of the canonical resolution in its definition. The proof will rely on the fact
that for any resolution £* of a sheaf ., the differential sheaf €*(X;%")
is also a resolution of . Here €*(X;&") is given the total gradation
€ (X, L°) = D,y g=n €7(X; £7) and total differential d = d’+d”, where
d’ is the differential of ¥*(X; %7) and d” is, on €7(X; "), (—1)P times the
homomorphism induced by the differential of £*. This fact follows from
the pointwise homotopy triviality of the canonical resolution €*(X;e); see
Exercise 48.

12.17. Theorem. Leti: A < X and let £ be a sheaf on X. Let £* and
A" be resolutions of & and A|A respectively for which there is a surjective
i-cohomomorphism k : " ~» A" of resolutions. Suppose, moreover, that
& consists of P-acyclic sheaves and A of (PNA)-acyclic sheaves, and that
kx :To(&") — Lona(AN") is onto. Let K™ be the kernel of the associated
homomorphism £* — iA"* [so that Te(H") = Kerkx|. Then there is a
natural isomorphism

H*(Te(A")) = Hy (X, A; ).
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Proof. Note that there are the homomorphisms of resolutions #* —
€ (X;2") — €*(X; ) and similarly for A4°.
We have the commutative diagram

0 > Te(H") — Te(¥) — Tpna(#*) -0

| 1 !
0 — K* — C3(X;2") —» Ciaa4;4") -0
T T T

0 - C3(X,AH) - Ci(X;H) — Cya(4;H|A) — 0

in which the rows are exact (hence defining K*). The vertical maps on the
right and the middle induce isomorphisms in cohomology [since €*(X; £")
is a flabby resolution of ., etc.]. By the 5-lemma, the vertical maps on
the left also induce isomorphisms. O

Now we shall apply 12.17 to the case of the resolution *(X; ) defined
at the end of Section 2. We shall use the notation introduced in that section.

Let MP(X,A;.«) be the collection of all f € MP(X;.«) such that
f(zo,...,xzp) = 0 when all z, € A. Let FP(X, A; ) = ¢,(MP(X, A; A)).
We claim that

FP(X,A; A) = Ker{i" : FP(X; ) — FP(A; H#|A)}.
In fact, if g € MP(X;«) and ¥,(g) € Keri*, define h € MP(X;A) by

_f g9(zo,...,xp), ifz;€ Aforalli
Ao, 1) = { 0, otherwise.

Then h € Kery, and f = g — h € MP(X, A; o), whence ¥,(g) = ¥p(f) €
FP(X, A; ).

Passing to open subsets of X, we see that the presheaf U — FP(U, AN
U; ) is a flabby sheaf [denoted by F7(X, A; )] which is the kernel of the
restriction FP(X; &) — iFP(A; 4|A). Let

F(X,A; A) =To(FP(X, A; A)).
Then it follows that
0— FR(X,A; k) — FE(X; ) — FE 4(A; ) — 0

is exact, and by 12.17, that

[HE (X, 4; ) ~ HP(F3(X, A4; ). |

The cup product on M*(X;e) defined at the end of Section 7 induces
a homomorphism

FP(X; L) @ FUX, A; B) — FPTUX, A; A @ B), (25)
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which in turn induces
U: FR(X; ) ® F§(X,A; B) — FEX (X, A; 4 @ B)

and

U: HY(X; ) ® HY (X, A; B) — HENL (X, A; 4 ® B).

The reader may develop properties of this product as well as show that it
coincides with the “single space” cup product

U: Hp(X;l) ® HY y_ 4(X; B) — HELY (1 (X5l @ B),

via 12.1, when A is ¥-taut and (® N ¥)-taut in X. We shall return to this
subject at the end of Section 13.

13 Mayer-Vietoris theorems

In this section we shall first derive the two exact sequences of the Mayer-
Vietoris type that one encounters most frequently. We shall then endeavor
to generalize these sequences through the use of the relative cohomology
groups introduced in the preceding section.

First, let & be a sheaf on X and ® a family of supports on X. Let X,
and X be closed subspaces of X with X = X, U X3 and put A = X;NX,.
We have the surjections

T, »Adx and s, :Ax, » A4
Considering stalks, we see that the sequence
0ol 2 Ay, DA x, 2 Aa—0

is exact, where a = (r;,72) and 8 = s; — s,. Thus, by 10.2, we have the
exact Mayer-Vietoris sequence (for X, closed and arbitrary ®)

[~-~—onz(xm—oﬂznx,(xlmenznx,(xam—»nzm(Am—onz“(xm—»-~ (26)

since ¥ N X; = ®|X,, etc.
Second, assume instead that & is paracompactifying and let U; and U,
be open sets with U = Uy N U, and X = U, U U;. We have the inclusions

ik Ay — ALy, and Ji: Ay, — A.
Again the sequence
0— Ay - Ly, ® Ay, 2>l =0

is exact, where a = (), 42) and 8 = j; — j2. Thus we obtain from 10.2 the
exact Mayer-Vietoris sequence

‘.._.H:IU(U;.;()—onwl(U;;.l)eH:luz(U,;.;()—oH{(X;A—»H:TJ(U;J)—..,.I (27)
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when & is paracompactifying. One can generalize this to the case of ar-
bitrary supports on a normal space X = U; U U, as follows. In fact it is
enough to have a separation for the sets A = X — U, and B = X — Uy; say
V D Aisopenand X -V D B, i.e., V C U,. Let #" be a flabby resolution
of &/ on X. Then the sequence

0 — TFo(fy) — Lo(Ay, ®Ly,) = Ta (A7)

is exact, and this is equivalent to the sequence

0 — Tou (Z*|U) = T, (4*|U1) @ Toju, (7 |Uz) - To(at*).

The claimed sequence will follow from this and the fact that Hg,,(U; «) =

H*(Tgy(A*|U)) etc., if we can show that 3 is surjective. For this, suppose
that f € Tg(") and let h € (") be an extension of f on V and 0 on
X —(|f|nV). Then |h| C |f|NV € ®|U,. Also, g = f —h is zeroon V and
on X —|f|, so that |g| C |fIN(X —V) € ®|U;. Thus f =g+ h =B(g9,—h)
is the desired decomposition.

Conversely, if the sequence (27) always holds for ® = cld on a space
X, then the disjoint closed sets A = X — U, and B = X — U, can be
separated. To see this, let & = ¥°(X; Z) and let f € T's(A) be the
section that is the constant serration of Z with value 1. Since #|U is
flabby, we have H;,W(U ;Z|U) = 0, and so the assumed exactness of the
sequence implies the existence of a decomposition f = g + h with g €
F<I>|U1 (J!Ul) and h € FQle(dlUQ)' Then X — Igl DA X - |h| D B and
(X —|gl) N (X = |hl) = X = (lg| UA]) C X — |f] = 2.2

13.1. Example. For an arbitrary space X, the cone CX on X is the
quotient space X x I/X x {0}. Since this is contractible, it is acyclic for
any constant coefficients and closed supports. The (unreduced) suspension
of a space X is X = CX/X x {1}. This is the union along X x {}} of two
cones. The Mayer-Vietoris sequence (26) applies to show that H*(ZX) ~
Hk=1(X) for all k. If x € X is a base point, then £X contains the arc I,
which is the image of x x I and is a closed subspace of £¥X. The reduced
suspension of X is SX = L£X/I. Now the collapsing map £X — SX
is closed and I is connected, acyclic, and taut (since it is compact and
relatively Hausdorff in £ X)), so the Vietoris mapping theorem 11.7 applies
to show that H*(SX) ~ H*(£X) ~ H*=1(X) for all k. Note that this does
not hold in this generality for singular theory where one must assume the

space to be “well pointed,” that is, that the base point is nondegenerate.
<o

13.2. Example. We shall use the Mayer-Vietoris sequence (26) to com-
pute a rather interesting cohomology group. Let S = {0,1,1/2,1/3,...}
on the z-axis of the plane. Let K = {(z,y) e R?®|z € S, -1 <y <1},

28Compare Exercise 6.
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which is compact. Let X = K — {(0,0)}, which is locally compact. We
wish to compute H!(X;Z). Let X, be the part of X with coordinate y > 0
and X, that with y < 0. Then X; N X2 = {1,1/2,1/3,.. .} is discrete, and
so H%(X; N X2) = []2,Z is uncountable. However, X; has S x {1} as
a deformation retract and so H%(X;) = H°(S) ~ @, Z since it is just
the locally constant integer-valued functions on S. (This also follows easily
from weak continuity, 10.7.) This group is countable. Similarly for X,.
The Mayer-Vietoris sequence has the segment

H°(X1) ® H%(X2) — H(X1 N X2) — H'(X),

and it follows that H!(X) is uncountable.?® Note that by Exercise 40,
HY(X) =~ [X;S!], the group of homotopy classes of maps X — S!. Thus,
there exist an uncountable number of homotopically distinct maps X — S!.
This might seem quite unintuitive, and the reader is encouraged to con-
struct some such homotopically nontrivial maps. (Note that they cannot
extend to all of K, since [K;S!] = H!(K) = 0 because K ~ S.) <o

In the remainder of this section we shall generalize these sequences to
more general subspaces. For instance, one may want such a sequence for a
pair of subspaces, one of which is open and the other closed. However, this
is rare and the rest of this section is rather technical, so we recommend
that first-time readers skip to the next section.

The following terminology will be convenient:

13.3. Definition. Let ® be a family of supports on the space X. A pair
(X1, X2) of subspaces of X will be said to be “®-excisive” if the inclusion
(X1, X1 N X3) — (X; U X2, X3) induces an isomorphism

Hyn(x,ux,) (X1 U X2, X2, A) = Hinx, (X1, X1 N X2; )
for every sheaf o on X.

Proposition 13.4 will show that this property does not depend on the
order in which we take X, and Xs.

In order to characterize excisive pairs it will be convenient to work with
the resolutions #*(X; .«) of Section 2. However, the resolutions €*(X; «)
could be employed in much the same way.

Define

MP(X’ leX2;d) = Mp(Xley"d) n Mp(Xv Xﬁ;d)v

that is, the set of all f € MP(X;.«) such that f(zo,...,zp) = 0 whenever
all the z, are in X; or all are in X;. Let

FP(X, X1, X2;A) = p(MP (X, X1, X2;4)).

29In V-9.13, another method is given for doing this computation. It shows that any
subspace of the plane looking very roughly like this one has similar properties.
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We claim that
FP(X, Xy, X2; ) = FP(X, X1;4) N FP(X, X3 ).
In fact, if 1,(g) is in the right-hand side, define

_J g(zo,...,xp), ifall x, € X;orifall z, € Xy,
h(zo,...,zp) = { 0, otherwise.

Then ¥,(h) =0 and g — h € MP(X, X1, Xo; ), so that
¥p(9) = ¥p(9 — h) € FP(X, X1, X2; A)

as claimed.

The presheaf FP(X, X1, Xa; o) : U — FP(U, X, NU, Xa N U; ) is the
intersection of the subsheaves #7(X, X,; #) of FP(X; ), and hence it is
a sheaf. It is obviously flabby since FP(U, X, NU, X; NU; ) is the image
under 9, of

{f € MP(U; L) | f(z0o,---,Zp) =0 if all z, € X; or all z, € X,},
and such an f extends to all of X. Let
Fg(XaleX'-’vd) =P<P(gp(XvX1aX2;d))

and
HE(X, X1, X2;4) = HP(Fg(X, X1, Xo; ).

Consider the commutative diagram (28), which has exact rows and
columns (coefficients in «):

0 0 0
1] 1 1

0 - Fg(X,X1,X2) — Fg(X, X2) —Fgnx, (X1, X1 N X2)— 0
i i !

0—  Fi(X,X1) — F§X) =5 Fiax, (X))  —0 (gg)

I I

0 —Finx,(X2, X1 N X2)=Fnx, (X2)" Finx,nx, (X1 N X2)— 0
l ! 1
0 0 0.

Taking X = X, U X, in (28) we obtain immediately, from the cohomol-
ogy sequence of the first row, the following criterion for ®-excisiveness:

13.4. Proposition. (X1, X3) is ®-excisive & HE (X1 U X2, Xy, Xo; ) =
0 for all p and all sheaves A on X, U Xy, where ¥ =®dN (X, UX,). O
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For general X D X; U X, we also have the exact sequence
Fg(X, X1UXa; &) — Fg(X, X1, Xo; ) = Fgx,0x,) (X1UX2, X1, X2; )
and it follows that for (Xi.X3) ®-excisive, there is a natural isomorphism
H3(X, X1 UXo; ) = Hy (X, X1, Xo;4). (29)
From (28) we derive the exact sequence (coefficients in &)
0 — F3(X, X1, X2) — F(X) 822 pz o (X)) © Fyox, (X2)
Lo, Finx,nx, (X1NX3) — 0.

For the moment let G3(X;, X2) = Fg(X1 U X2)/F3(X1 U X2, X1, X2).
Then Hg (X, U X, ) = H*(Gy(X1, X2)) for (X1,X3) P-excisive, and
from (30) we have the exact sequence

G3 (X1, X2) = Fanx, (X1) ® Fnx,(X2) = Fgax,nx, (X1 N X2). (31)

For (X, X2) ®-excisive, (31) induces the exact Mayer-Vietoris sequence
(26), where X = X; UX5 and A = X; N Xs.
Now let (A;, A2) be a pair of subspaces of X with 4, C X,. Let

G:P(Xl,Xz;Al,Az) = Ker{G;(Xl,Xg) had G;ﬁ(Alqu)(Al’ Az)}
Then for (X1, X2) and (A4;, A2) both ®-excisive, we have
Hi(X1U X2, A1 U Ag; ) = H*(G3(X1, X2; A1, A2)).

(30)

Consider the following commutative diagram with exact rows and columns
(in which we have omitted the obvious supports):

0 0 0
) ! !
OﬁG'(Xl,Xz;Al,Az)—vF‘(Xl,Ax) 23} F‘(Xg,Ag)—*F‘(XlﬂXQ.AxﬂAz)—*O
1 ! !
0— G*(X1,X2) -  F*'(X1)® F*(X2) -  F*'(XinXz) —0
l ! !
0— G*(A41,A2) —  F*(A1)® F*(A2) —  F*(AinNA2) —0
l ! !
0 0 0.

From this we derive that when (X, X2) and (A1, A2) are both &-
excisive with A, C X,, there is the following exact Mayer-Vietoris sequence
(with coefficients in .#):

-+ — HE(X1U X2,A1 U Az) — Hx, (X1, A1) @ H3x, (X2, A2)

P (32)
= Hix,ax,(X1N X2, A1 N A2) — -

This exact sequence generalizes both (26) and (27).
In both of the following cases, the pair (X, X2) is ®-excisive for all ®:
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(a) X1 U X, =int(X,) Uint(X2), interiors relative to X; U Xo, by 12.9.

(b) X, and X both closed in X, U X2, by 12.8.3°

In particular, (32) is always valid when the X, and A, are all closed.
Consequently, (27) is valid by 12.10 whenever the closed sets X —U,;, X —Uy,
and X — U are all ®-taut (and X = U, UU).

The following result gives another sufficient condition for ®-excisiveness:

13.5. Proposition. Let X = X, UX; and A = X1 N Xa. If ® is a family
of supports on X with

(@ N X))|(X1 — A) = B|(X — Xa) C ®|int(X;)

and such that X2 is ®-taut in X and A is (PN A)-taut in X, then (X1, X3)
is $-excisive.

Proof. Since €*(X, X1;«) vanishes on int(X;) and since
‘I’lX -X;C q’l int(Xl),

we have that
Hy x_x, (X, X1;4) = 0.

By 12.1 it follows that X is (®|X — X;)-taut. Let " be a flabby resolution
of & on X. Since (®|X — X3) = (®|X — X2) N X, the restriction

fiTaix-x, (") = Tox—x, (L X1)

is surjective. Its kernel is I'(¢|x- x,)1x-x, («¢") = 0. Since X, is (?|X —
X2)-taut and ®|X — Xo = (&N X;)|X; — A, f induces an isomorphism

F i Hyx_x, (X5 d) =5 Higax,x,-a(X1; 4| X0),
which by tautness and 12.1 can be canonically identified with
H;(Xv X2"'d) = H&nxl (Xl’Av"d)'
as was to be shown. O

13.6. Corollary. If X = X;Uint(X2) = int(X,1)U X2 and if X\, X2, and
X1 N X2 are all ®-taut in X, then (X, X3) is P-excisive.

30This contrasts with singular theory, where such a weak condition falls far short of
sufficing.
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Proof. This follows easily from 12.14 and 13.5. a

We note that with the hypotheses of 13.6, the Mayer-Vietoris sequence
(26) can be derived directly as the cohomology sequence of the short exact
sequence

0—Ta (") Tonx, (71 X1) BT anx, (7| X)L Tona (™| 4) -0
where " is a flabby resolution of ..

13.7. Let A and B be subspaces of X and let .# and # be sheaves on
X. The cup product on M*(X;e) defined in Section 7 clearly induces a
product

MP(X,A; ) @ MI(X,B; B) - MP*9(X, A, B; A @ B)
and hence also

FP(X,A; ) ® FI(X,B; B) - FPYI(X,A,B; 4 @ B),

F2(X,A; ) ® F§(X,B; B) — Fo*i (X, A, B; A @ B),

and
HE(X,A; ) ® HY (X, B; B) — HEH, (X, A, B; A ® B).

Thus, by (29), when (A, B) is (® N ¥)-excisive, we obtain the cup product

U: HY(X,A; &) ® HY(X,B; B) — H3 Y (X,AUB; 4 ® B).| (33)

Also see Exercises 19 and 20 at the end of the chapter.

If AC X and BCY and if ® and ¥ are families of supports on X and
Y, respectively, such that (X x B, AxY) is (® x ¥)-excisive, then the cup
product (33) induces the cross product3!

X : yA; ) ® y 35 d ' X (Y,B); é ’
HE(X,A HY(X,B; B) — H} %, ((X,A) x (Y, B); 4B)

by a x 8 = n%(a) Uy (B), mx and my being the projections (X x Y, A x
B) — (X,A) and (X x Y, A x B) — (Y, B) respectively. In particular, the
cross product is defined when either A or B is empty or when A and B are
both closed or both open.

14 Continuity

Let D = {\,p,...} be a directed set. Let {X; fx .} be an inverse system of
spaces based on D (that is, fi, : X, — X, is defined for u > X and satisfies
fauo fuw = fru), and let X = lim X . For each A € D let .« be a sheaf

31Where (X, A) x (Y, B) denotes the pair (X XY, X x BUAXY).
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on X, and for 4 >\ assume that we are given an f) ,-cohomomorphism
kayu @ Ay ~ oy such that for v > u > A, k,, 0ky s = kya. (That is,
{Ax; kur} is a direct system of sheaves and cohomomorphisms.)

Let f) : X — X be the canonical projection. Note that k, » induces a
homomorphism

h#',\ : f;.,d,\ — f;d#
(regard fyy as fj fx , ) with hy 0 hy s = hy,x. Let & = lim fd.

14.1. We have, for z € X, the natural commutative diagram

ArA(X2) — (frd\)(X) — Jf(lx)
! l
() frz) — (frdr)s — .

The horizontal map on the lower right becomes an isomorphism upon pas-
sage to the limit over A (since . = lim fy.#,). Thus we obtain the com-
mutative diagram
limts(Xa) - (X)
l l
lim(2)fr(z) = Ao

Note that for suitable supports, H*(X);.#)) forms (via k}, ,) a di-
rect system of groups and that there are compatible maps H*(X,;.«)) —
H*(X; fxd)) — H*(X; ), so that 0 generalizes to a map

0 : lim H*(Xx;45) — H*(X; ).

14.2. Lemma. If each X, (and hence X) is compact Hausdorff, then the
canonical map

8 lim (X)) — H(X)

is an isomorphism.

Proof. First, we show that 6 is one-to-one. Let s, € (X)) and for
u> A let s, =k, a(s6) € A£,(X,). Let s € lim(5(X))) be the element
defined by s, and assume that 6(s) = 0.

Now, 8(s)(z) = 0:(lim s,(f.(x))) by 14.1. Thus, for each £ € X there
is an element p > A of D such that s,(f,(z)) = 0. But then s,(f.(y)) =0
for all y sufficiently close to z, because a section of a sheaf meets the zero
section in an open set. By the compactness of X and the directedness
property of D, there is a u > A such that s,(f,(z)) = 0 for all T € X.
Thus s,, vanishes in a neighborhood N of f,(X) C X,. Since the X, are
compact, there is a v > u such that f, ,(X,) C N (this follows from the
fact that the inverse limit of nonempty compact sets is nonempty), and it
follows that s, = k,, ,(s,) = 0 on all of X,,. Thus 8 is injective.
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We now show that 6 is onto. Let s € #(X). For each z € X, there
isa A = A(z) € D and an element of (,)y, ;) mapping onto s(z) by
14.1. Let Uy C X be a neighborhood of fy(z) and let sy € #5(U) be
such that s)(fx(x)) maps to s(x). Then, using kx to also denote the map
A r\(Ux) — A(fy (Ur)). ka(sy) coincides with s in some neighborhood
of z. We may assume that kx(sx) = s|f;'(U,), since sets of the form
f71(Uy), p varying, form a neighborhood basis in X.

Now, since X is compact, there are a finite number of such f; Ly)
that cover X, and by the directedness property of D, we may assume that
for some fized A, there are a finite number of open subsets Uy, ..., U, of
X and elements s, € .#(U,) such that

ka(s)) = s|fy1(U) fori=1,...,n,

and such that the f;!(U,) cover X. Passing to a larger A, it may even be
assumed that the U, cover X,.

Let {V;]i = 1,...,n} be an open covering of X, such that V. c
U,. Then, for each palr (3,7), kx maps s,lV, 2 — 8|V, to zero, where
Viy = VinV,. Now f1(V,,) = ]mexp(V ) (over g > A),; and simi-
larly for the restrictions of the sheaves to these sets, so that the fact that
¢ is a monomorphism implies that there is a 4 = pu(s,j) > A such that
kur(s:]V;) = kua(s,|V,.,). We may assume that u is independent of
(i,7), and replacing A by u, we see that we can assume that s, and s,
coincide on V,; NV, for all i,j. Thus there is an s) € (X)) (A large)
restricting on V, to s,. Hence kj)s)x = s and the lemma follows, since 8 is
induced by the k. O

14.3. Corollary. If each X, is compact Hausdorff and each ) is soft,
then A is soft.3?

Proof. For any closed set F C X, F = lim(f»F), so that by 14.2, #(F) =
lim 5 (f»F), and the result follows immediately. a

14.4. Theorem. (Continuity.) If each X, is locally compact Hausdorff
and each f , is proper, then the homomorphism

0 : lim H; (Xx; ) — HZ(X; A)
is an isomorphism.

Proof. Embed each X, and hence X, in its one-point compactification
X% and extend each . by zero to a sheaf on X} This does not alter the
+
cohomology with compact supports because H?(X; &) = H*(X +;.,dx )
by 10.1. Therefore it suffices to treat the case in which each X, is compact.

32 Also see 16.30 and Exercise 29.
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Now let &) = €*(Xx; ). The cohomomorphism kur :ly ~ Ay,
induces a cohomomorphism
k;"\ : g; A g:‘.

Note that f; &} is a resolution of f}., since f} is an exact functor. Thus,
Z* =qes lim f3 &) is a resolution of lim f3# ), = . By 14.3, £* is soft.

The cohomomorphism k} : &} = € (X»; ) ~ €°(X;H) = &*
admits the factorization

By~ 25— A"
inducing
H*(Xail) = H'(Z3(X))) = H* (F23(X)) — H* (" (X)) = H*(X;u),
which induces 8 upon passage to the limit. However,
lim H*(£3(X))) = H*(lim £3(X))) = H"(£7(X))

by 14.2, and the homomorphism £* — «* of resolutions induces an iso-
morphism H*(#*(X)) — H*(«" (X)) by 4.2, since £ is soft. O

There are two special cases of 14.4 of individual importance. First,
when each X, = X, we obtain:

14.5. Corollary. Let {& )} be a direct system of sheaves on a locally com-
pact Hausdorff space X and let & = lim . Then the canonical map

0 lim H (X; ) — H:(X; )
is an isomorphism.33 o
Second, if each ) is the constant sheaf G, we obtain:

14.6. Corollary. Let {X,} be an inverse system of locally compact Haus-
dorff spaces and proper maps, and let X = |lim X. Then for constant
coefficients in G, the canonical map

6 :lim H:(X); G) - HZ(X;G)
is an tsomorphism. ]

14.7. Example. For each integer n > 0let X,, = S! and let 7, : Xp 41 —
X, be the covering map of degree p. Then the space ¥, = lim X, is called
the “p-adic solenoid.” By 14.6 we see that H!(Z,;Z) ~ Q,, the group of
rational numbers with denominators a power of p.

33Contrast Exercise 4.
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If instead, we take 7, to be of degree n, then the solenoid £ = |im X,
has H(;Z) =~ Q. o

14.8. Example. Let Y;, be the union of the unit circle C = S! with the
line segment I = [—1,1] x {0}. Let m, : Y41 — Y5 be the covering map
of degree 3 on X, 1 = C together with the identity on I. Put Y =limY5,,
which is compact and contains the compact subspace X = X3. Also let
a,b € Y be the points corresponding to the end points of the interval I.
Then Y is just the mapping cone of the inclusion {a, b} — X. In simplicial
homology with integer coefficients take the basis of H!(Y;) represented by
the counterclockwise cycle in C and the cycle given by I in the direction
from 1 to —1 followed by the counterclockwise lower semicircle in C. Take
the Kronecker dual basis {an,8n} in H(Y;). Let g, : Y, — C be the
projection collapsing X,, to a point and let v € H'(C) be the class dual to
the counterclockwise circle. Then one can compute that

mhl(an) = 3ant1 + Bnsr
W;(ﬂn) = Br+1
95(7) = ﬂm

It follows from continuity that in terms of generators and relations,
Hl(y) =~ {ﬂ’al’aL- .. Ian = 3an+l + ﬂ}

The map g : ¥ — Y/X =~ C induces g*(y) = B. Since HY(Y,X) ~
H*(Y — X) ~ H*(1,0I) = 0 and H°(X) = 0, there is the exact sequence

0— HY(Y,X) - HY(Y) —» H(X) — 0,
which has the form
0-2Z— HY(Y)— Q3 —0.

We claim that this does not split. Indeed, a splitting map f : H}(Y) - Z
would have the form
f(an)

f(8)

for some integers sy, and the relations imply that

Sn,
1,

Sp = 3Sp4+1 + 1.

It is easy to see that no such sequence of integers can exist.

For a space K consider the Mayer-Vietoris sequence (26) of the pair
(K x X,K x I) of closed subspaces of K x Y. Let j: K x X — K xY be
the inclusion. Identifying the cohomology of K x I with that of K and that
of K x {a, b} with the direct sum of two copies of that of K, this sequence
has a segment of the form

HY(K xY)— H' (K x X)® H' (K) % H'(K) ® H'(K),
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and the homomorphism ¢ is given by
o(s,t) = (iz(s) +t, —ip(s) — t),

where i, : K — K x X is the inclusion i;(k) = (k, z). We wish to ask, as in
11.9, whether i} = i;. If this is the case, then for any s € H!(K x X) there
isate H(K), namely t = —i%(s) = —i;(s), such that ¢(s,t) = 0. This
implies that s € Im (* : H'(K xY) —» H'(K x X)). Thus the condition
i = 1, implies that j* is surjective. By Exercise 40 this is equivalent
to j# : [K x Y;C] — [K x X;C] being onto. By the exponential law in
homotopy theory this implies that j : [K; CY] — [K;CX] is onto. Now take
K = CX, which is metrizable and hence paracompact. If j is onto, then
there is a map A : CX — CY such that the composition CX — CY — CX is
homotopic to the identity. Then Ay : [X;C] — [Y;C] splits the surjection
HYY) = [Y;C] — [X;C] =~ H'(X). We have seen that such a splitting
does not exist in the present example, and so we conclude that for K = CX
where X = I, the epimorphisms i} : H'(K x X) - H'(K) are not
independent of z € X. o’

14.9. Example. Consider Example 1-2.7, and retain the notation used
there. The sheaves &, there form a direct system, of which an increasing
union is a special case, with direct limit &¢. We wish to illustrate 14.5
by calculating the cohomology of X with coefficients in &. Note that
Cn/ln1=Z,u, forn>1,and &, = Zy,. Thus, for n > 1,

H?(X; %n/@n-1) ~ H?(X;Za,)
~ H)ya (AnZ) by 10.2
~ HE(An;Z) since cld|A, = ¢
~ H?(S""! x (0,1];Z) homeomorphism
~ HP(S"™! x ([0,1],{0});Z) by12.3
~ 0 by 11.12.

By the exact cohomology sequence of the coefficient sequence 0 — £, —
Loyl = Lns1/%n — 0, we conclude that HP(X; %,,) — HP(X;%n4+1) is
an isomorphism. By 14.5 we get HP(X; %) ~ HP(X;¥%,) ~ HP(X;Zy,) =~
H?(U\;Z) ~ HP(D",S"~};Z) ~ Z for p = n and is 0 otherwise. <o

14.10. Example. The direct system Z 2,z-237 -4 ... haslimit Q,
and since tensor products and direct limits commute, tensoring this with
a group A gives that the limit of A 2,4354-%5 ... s A®Q. Thus if
X is compact Hausdorff then

HP(X;Q) ~ HP(X;lim Z) ~lim HP(X;Z) ~ H?(X;Z) ® Q

by 14.5. This does not generally hold for a noncompact space. For example,
if X, is the mapping cone of the covering map S' — S! of degree n, and
X = 4 X, then H?(X;Q) = [ H*(X,;Q) = 0 while H*(X;Z) @ Q ~
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(I1Z.) ® Q # 0, since [] Z, is not all torsion. Thus the displayed formula,
which will be generalized in Section 15, represents a limitation on which
groups can appear as cohomology groups of compact spaces. <

Continuity does not extend to more general support families, as is shown
by Exercise 4. However, somewhat restricted continuity type results can
be shown in more generality, as we shall now see.

14.11. Definition. A sheaf & on X is said to be concentrated on a sub-
space ACX f I X—-A=0.

14.12. Lemma. If ¥ is a sheaf on X that is concentrated on A C X and
if T is a torsion free sheaf on X, then the canonical map

6:1mTe(9 ®F) - Ta(P ® ),

where &' ranges over the subsheaves of & concentrated on members of ®|A,
is an isomorphism for any paracompactifying family ® of supports on X.

Proof. Each ¢’ ® § — & ® J is monomorphic since & is torsion free.
Thus each ['s (#'®F) — s (#®F) is monomorphic, so that 8 is monomor-
phic since lim is exact.

Let s € T'¢(# ® F). Then |s| has a neighborhood K € ®. For z € |s]
there is a neighborhood U C K of z such that s|U = }_ sq,u ®ta v for some
Sa,u € P(U) and toy € I(U). Since K is paracompact, we can cover |s|
by a locally finite family {U} of such sets U. By passing to a shrinking
of this covering, we can assume that {U} is locally finite, and that the
Sa,u extend to some 5,y € [(#|U). Let B = J|54,v| C KN A. The set
B is closed since the collection {U} is locally finite, and so B € & since
K € ®. The sections s, i generate a subsheaf &’ of # that is concentrated
on B € ®|A, and clearly s € To (¥’ ® ). O

14.13. Theorem. If & is a sheaf on X that is concentrated on A C X
and if ® is a paracompactifying family of supports on X, then the canonical

map
lim H3(X; ') — H3(X; #)

is an isomorphism, where &' ranges over the subsheaves of & that are
concentrated on members of ®|A.

Proof. Let " be a torsion-free ®-fine resolution of Z, such as the canon-
ical resolution. Then by 9.19 and 14.12, we have that

H2(X; %)~ HP(To(¥ ® T°)) =~ H(limTe (¥ ® T*))
~ lim H? (T (&' ® T°)) ~ lim HA(X; #'),

which is obviously induced by the inclusions &' — &. a
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This result means, intuitively, that when & is concentrated on a set A,
then H}(X;#) “depends” only on the subsets B C A that are closed in
X, in fact only on those sets B € ®|A. Important applications of this will
be given in IV-8.

14.14. Example. This example shows that the condition that ¢ be para-
compactifying in 14.13 is essential. Let X = [0,1], A = (0,1}, and & =
cld|{0}. Then H}(X;Z) = HP(X,A;Z) = 0, so that the cohomology
sequence of 0 — Z OIL — Z — Zioy — 0 shows that H}(X; Z,)) ~

H® ad|{0} (X;Z0y) =~ H°({0};Z) ~ Z. However, for any sheaf & concen-
trated on K C A with K closed in X, we have H}(X;¥) = 0 since
€”(X; %) is also concentrated on K, whence C3(X;¥) = 0. o

14.15. Example. It might be thought that H} (X, A; &) = 0 when &
is concentrated on A. This is true for A closed since then Hg(X;#) =
H3(X; A4 4) = Hyn4(A; A#|A), and the contention follows from the coho-
mology sequence of (X, A). However, this is far from true when A is not
closed. For example, we shall compute H?(R2,U;Zy) for the open unit
ball U about the origin. We have H?(R?;Zy) ~ H2(U;Z) = Z, as follows
from 11.15 or from the Kiinneth formula in the next section or by noting
that this is the same as H?(S?; Z) and using the fact that this is isomorphic
to the singular cohomology by 9.23. Also, H?(U;Zy|U) = HP(U;Z) = 0
for p > 0, since U is contractible. Thus the exact sequence of (R?,U) with
coefficients in Zy shows that H2(R2?,U;Zy) ~ Z

However, it is true that HP(X;#) =~ H?(X,X — A; ) when & is
concentrated on A, as follows immediately from the cohomology sequence
of the pair (X, X — A). o

15 The Kiinneth and universal coefficient
theorems

In this section a principal ideal domain L will be taken as the ground ring.
Thus tensor and torsion products are over L throughout the section.

Let X and Y be locally compact Hausdorff spaces. If .# and # are
sheaves of L-modules on X and Y respectively and if U c X and V C Y
are open, we have the cross product u : & (U) @ B(V) — (LBB)(U x V),
which induces an isomorphism &, ® B, — (X ®B)(s,,) on stalks.

15.1. Proposition. If # and B are c-fine sheaves on the locally compact
Hausdorff spaces X and Y respectively, then the canonical map

is an isomorphism.
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Proof. If X* is the one-point compactification of X and if &% = & X+,
then [;(#) = ['(&t). Fori: X — X+, we have Hom(A*, 4T (U) =
Hom(#*|U, &% |U) ~ Hom(#|U N X, #|U N X) = Hom(A, #£)(U N X) =
(iHom(A , A))(U), whence Hom(At, V) = iHom(A, ), so that &7 is
c-fine since i#om(, #) is c-soft by Exercise 15. (' can also be seen to be
c-fine by direct application of Exercise 12.) It follows that we may assume
that X and Y are compact.

We shall first show that u : #(X) ® B(Y) — (LRB)(X x Y) is
onto. Let s € (#®B)(X x Y). There are finite coverings {U,} of X
and {V,} of Y such that s|U, x V; = u(t,,) for some element t,, €
A(U,)®B(V,). Let {g.} and {h,} be partitions of unity subordinate to {U,}
and {V,} respectively [in Hom(.#, .« ) and Hom(%, 8) respectively]; see Ex-
ercise 13. Then the induced endomorphisms g,®h, € Hom(4®%, .« ®R)
form a partition of unity subordinate to {U, x V;}. Suppose that for
i,j fixed, t,, = 3, ak ® br, where ax € #(U,) and by € B(V,). Then
(9:8h,)(s) = 1(Z, 9:.(ak) ® hy(bk)). Now g,(ax) vanishes outside some
compact subset of U,, so that it extends by zero to an element of #(X)
and similarly for h,(bc). Thus we obtain from 3, g.(ax) ® h,(bk) an el-
ement ¢,, € A(X)® B(Y) with u(c,;) = (9.®h,)(s). It follows that

s=3,, (9:®h,)(s) = Yo, uey) =p (Zw c,,,), so that u is onto.
Similarly, if ¢ = ", (ax ® bi) is an element of #(X) ® B(Y) with
u(c) = 0, then there are finite coverings {U,} of X and {V,} of Y such
that ", (ax|U,) ® (b|V;) = 0 in #(U,) ® B(V;). Again, let {g,} and
{h,} be partitions of unity subordinate to these coverings. Then, since
application of g, followed by extension by zero defines a homomorphism
A(U,) - A(X), it follows that >, g.(akx) ® h,(bx) = 0 for all i, j. Thus

]

c=3 (E gt(ak)) ® (Z hJ(bk)> =22 g.(ak) ® hy(bk) = 0.
k 1 7 1,7 k

15.2. Theorem. (Kiinneth.) If X and Y are locally compact Hausdorff
spaces and if £ and B are sheaves on X andY respectively with Z%%B =0,
then there is a natural exact sequence (over the principal ideal domain L
as base ring)

DHZ(X: 4) @ HI(Y; B) —~ HX(X x Y; ABB) —» DHE(X; L) x H(Y; B)
p+e=n pte=n+l

that splits nonnaturally.

Proof. Let #" = ¢*(X;«) and B* = €*(Y; ®B). The differential sheaf
A *@B" is c-fine by Exercise 14. It is also a resolution of #/®, since &*
and & are pointwise homotopically trivial. (This also follows from the
algebraic Kiinneth formula for differential sheaves; see Exercise 42.) Thus
we have

H(X xY; 48RB) ~ H*(Tc(A4 " ®B")) = H*(Te(") @Tc(A%)).  (34)
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Since I'¢(#*) * T'¢(#B") = 0 by Exercise 36, the algebraic Kiinneth formula
(which we assume to be known; see [54] or [75]), when applied to the right-
hand side of (34), yields the result. o

15.3. Theorem. (Universal Coefficient Theorem.) Let X be a locally
compact Hausdorff space. Let £ be a sheaf on X and let M be an L-
module such that o x M = 0. Then there is a natural exact sequence (over
the principal ideal domain L as base ring)

[0~ HXX; ) ® M — HPX; ot @ M) — HP*N(X;t) s M — 0]

which splits (naturally in M but not in X).

Proof. With the notation of the proof of 15.2, this follows from the al-
gebraic universal coefficient theorem applied to the formula

H}(X; 4 ® M) ~ H*(Te(H" ® M)) ~ H*(Lo(A*) @ M),

by 15.1 applied to the case in which Y is a point. [Except for the naturality
in M of the splitting, this also follows directly from 15.2 by taking Y to be
a point and 8 = M to be an L-module.] a

In general these results do not extend to more general spaces. For
example, if X is the topological sum of the lens spaces L(p,1), p ranging
over all primes, then H3(X;Q) ~ [, H*(L(p,1);Q) ~ [1,(Z, ® Q) = 0,

while H(X;Z) ® Q =~ ([] Z ) ® Q # 0 since [],Z, is not all torsion.

However, the following gives one case of the universal coefficient theorem
that is valid for general spaces.

15.4. Theorem. Let A be a sheaf of L-modules (L being a principal ideal
domain) on the arbitrary space X and let M be a finitely generated L-
module with & * M = 0. Then for any family ® of supports on X, there is
a natural exact sequence

0> HYX;A)®M — HF(X; 4 @ M) —» HF (X;) * M — 0

which splits (naturally in M but not in X).

J

Proof. By 5.14, H3(X; &4 @ M) =~ H*(Ts(€"(X;«)) ® M), so that the
result follows from the algebraic universal coefficient theorem applied to
the complex Ty (€ (X; #)) @ M. |

See IV-7.6, IV-Exercise 18, and V-Exercise 25 for further results of the
Kiinneth type on cohomology. Chapter V contains analogous results on
homology.

The following result is an immediate corollary of 15.2:
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15.5. Proposition. If .« and #B are sheaves on the locally compact Haus-
dorff spaces X and Y respectively, then over a principal ideal domain as
base ring, the canonical map p : Te( &) ® [o(B) — C(ABDB) is an iso-
morphism in any of the following three cases:

(a) A arbitrary, B torsion free and c-acyclic.
(b) A and & both torsion free.
(c) A*B =0 and & and B both c-acyclic. o

15.6. Example. H?(R;L) =~ H?((0,1);L) ~ L for p = 1 and is zero
otherwise, as follows from the cohomology sequence of ([0,1],{0,1}). By
15.2 we deduce that ;

L, p=n,

Hf(]R";L)z{ 0, ptn

From the cohomology sequence of (S™, %) we also have that

L, p=0,n,

HP(S™ L) =~
( ) { 0, p:,aéO,n. O

16 Dimension

In this section we study the notion of cohomological dimension, which has
a close relationship with the classical dimension theory of spaces.

The case of locally compact spaces is of the most importance to us, and
the proofs for it are often much simpler than for more general results. Thus
we shall redundantly state and prove some results in the locally compact
case even though more general results are given later in the section.

Also, although we shall occasionally comment upon known items from
classical dimension theory, our formally stated results, with minor excep-
tions, are based solely upon the theory developed in this book. This makes
the present discussion, as well as its continuation in Section 8 of Chapter
IV, essentially self-contained.

16.1. Proposition. For a paracompactifying family & and a sheaf € on
X, the following four statements are equivalent:

(a) & is ®-soft.

(b) Ly is ®-acyclic for all open U C X.
(c) HY(X;%y) =0 for all open U C X.
(d) Hyy(U;Z|U) =0 for all open U C X.
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Proof. Item (a) implies (b) by 9.13. Item (b) trivially implies (c), which
is equivalent to (d) by 10.2. If (d) holds, F C X is closed and U = X — F;
then the exact sequence °

0 — Loy (2|U) — Ta(£) — Lo p(LIF) - Hyyy (U; £|U) = 0

of 10.3 shows that & is ®-soft by 9.3. O

16.2. Theorem. For a paracompactifying family ® of supports on X and
a sheaf A& on X, the following four statements are equivalent:

(a) For every resolution 0 — A& — PP @0 of A of
length n in which £? is ®-soft forp < n, " is also -soft.

(b) & has a P-soft resolution of length n.
(c) H§(X;Ay) = HE)y(U;|U) = 0 for all open U C X and all k > n.

(d) H3*'(X;y) =0 for all open U C X.

Proof. The lmphcatlons (a) = (b) = (c) = (d) are clear. Assume (d)
andlet 0 —» o — ° » &' - ... - @™ O beasin (a). Let 37 =
Ker(%P — 7). Then for U C X open, the exact sequences

0- 30 - 25 - 30 S0

show that H(X; 37) ~ H3(X; 70 ") ~ -+ ~ Hi*'(X;uy) = 0. Thus
" = F" is P-soft by 16.1. o

16.3. Definition. Let ® be a family of supports on X and let L be a fized
ground ring with unit. We let dimg, 1 X be the least integer n (or 0o) such
that HE(X: &) = 0 for all sheaves A of L-modules and all k > n.

16.4. Theorem. The following four statements are equivalent:
(a) dimg,L X < n.
(b) HF* (X; ) = 0 for all sheaves A of L-modules.
(c) For every sheaf A of L-modules, 7"(X; ) is ®-acyclic.
(d) Every sheaf A& of L-modules has a ®-acyclic resolution of length n.

Moreover, if ® is paracompactifying, then “®-acyclic” in (c) and (d) can
be replaced by “®-soft.”
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Proof. Clearly (c) = (d) = (a) = (b), so assume (b). Then as in the
proof of 16.2, we have [for 77 = 7(X; ) and 3° = |

HE(X; 3™) ~ HEP(X, 3™ Y~ HIYYXG 7571 =0

for all k > 1, proving (c). O

The following fact is an immediate consequence of 9.14 and shows that
softness and dimension with respect to a paracompactifying family ® of
supports depends only on the extent E(®) of the family.

16.5. Proposition. If & and ¥ are paracompactifying and E(®) C E(¥),
then any W-soft sheaf is ®-soft and dimg 1 X < dimy 1 X. ]

We say that a space X is locally paracompact if it is Hausdorff and each
point has a closed paracompact neighborhood. Such a space possesses a
paracompactifying family & with E(®) = X (and conversely). Indeed, the
set of all closed K such that K has a closed paracompact neighborhood in
X is such a family.

16.6. Definition. If X is locally paracompact then we define (using 16.5)
dim; X = dime, 1 X, where ® is paracompactifying and E(®) = X.

Note that dimy X need not coincide with dimgq r X when X is not
paracompact.

Suppose that ® is paracompactifying on X and put W = E(®), an
open set. Then I'y(B) = Fgyw (B|W) for any sheaf B on X, since each
member of & has a neighborhood in ®. It follows that H}(X; ) ~
H:IW(W;.MIW), whence dimg ; X = dimgw,L W = dim;, W, since W
is locally paracompact, ®|W is paracompactifying, and E(®|W) = W.
Therefore, when ® is paracompactifying, the study of dimg 1 X reduces to
the study of dimy W for W locally paracompact.

The following is an immediate consequence of 9.3 and 16.2(a).

16.7. Proposition. If ® is a paracompactifyrng family of supports on X,
then

Idimq>,L X = supgeg{dimg K}J o

16.8. Theorem. Let X be locally paracompact (respectwely, hereditar-
ily paracompact). Then dimy X > dimp A for any locally closed (resp.,
arbitrary) subspace A C X. Conversely, if each point x € X admits a
locally closed (resp., arbitrary) neighborhood N with dimp N < n, then
dimy X < n.
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Proof. Let ® be a paracompactifying family with E(®) = X. Then the
first part follows from 16.2 and the facts that |4 is ®-soft for & ®-soft
and that ®|A is paracompactifying for A locally closed.

Now suppose that X is hereditarily paracompact and A C X is arbi-
trary. Let ¢ : A < X be the inclusion, let & be a sheaf on A, and recall
that & ~ (i)|A. By 10.6 we have that HP(A; #) = lim HP(U; i), where
U ranges over the open neighborhoods of A in X, since A is taut in X.
Now dimy U < dimp X = n, by the portion already proved. Therefore
HP(A; #) =0 for p > n, whence dimy A < n as claimed.

For the converse, we may assume that NN is closed in the statement of
the theorem, in either case. Let ® be paracompactifying with E(®) = X
and let £* be a resolution of & of length n with #” ®-soft for p < n. Then
ZP|N is ®|N-soft for p < n. We may assume that N € &, so that Z7|N
is soft for p < n by 16.2. Thus £" is ®-soft by 9.14 and dim; X < n by
16.2. 0O

In the nonparacompact case one still has the following monotonicity
property of cohomological dimension, which is an immediate consequence
of 10.1 and Definition 16.3:

16.9. Proposition. If F C X is closed, then dimgp,, F' < dime, L X.
a

Generally, little can be said about dimg ; X when & is not paracom-
pactifying. An exception is the next result concerning families of the form
®|A and its corollary concerning arbitrary families. It will be used in Chap-
ter V.

16.10. Theorem. Let ® be paracompactifying on the locally paracompact
space X andlet A C X with X — A locally closed, paracompact, and ®-taut
(e.g., A closed and X — A paracompact). Then dimg 4, X < dimp X +1.

Proof. Letn =dim; X. Note that ® N X — A is paracompactifying since
X — A is paracompact. By 16.8 we have that dimy X — A < n, so that
HE x_A(X — A; &) = 0 for p > n and any sheaf & of L-modules on X.
The exact sequence of the pair (X, X — A) shows that H} (X, X —A; &) =0
forp > n+1. By 12.1, HgIA(X;d) ~ HE(X,X-A; ) =0forp>n+1,
whence dimg 4,1 X < n + 1 by definition. O

16.11. Corollary. If X is hereditarily paracompact and ® is an arbitrary
family of supports on X, then dimg ; X < dimp X + 1.34

Proof. Note that I's(#") = lim 'y ("), where K ranges over ® and
" is a flabby resolution of ./, whence H3(X; &) = lim Hy, o (X; ).
This implies that dimg 1 X < supgeedimgik,r X < dimy, X + 1, the last

34By Exercise 25 this also holds when X is only locally hereditarily paracompact.
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inequality resulting from 16.10 since ®|K = cld|K and cld is paracompact-
ifying on X. o

Exercise 23 shows that the +1 in 16.10 and 16.11 cannot be dropped.

16.12. Lemma. Let G be a class of sheaves of L-modules (L a ring with
unit) on a space X satisfying the following three properties:

(a) If 0 » ' — A — A" — 0 is ezact with &' € S, then £ € 6 &
A" € 6.

(b) If {44} is an upward-directed family of subsheaves of A with each
Ay €6, then | JAq € 6.

(c) For any ideal I of L and open set U C X we have Iy € 6.

Then & consists of all sheaves of L-modules.3®

Proof. Assume that the sheaf # ¢ &. The class of subsheaves (of
L-modules) of # that are in G has a maximal element « by (b). If
0 # s € (B/A)(U) for some open U C X, then s defines a nontrivial
homomorphism A : Ly — %/. The image of h is not in & by (a), so that
the kernel of i cannot be in G by (a) and (c). Thus we see that it suffices
to show that any subsheaf (of ideals) of L is in &.

Now let # be a subsheaf of L. Then any element of # is contained in a
subsheaf of # of the form Iy, where I is an ideal of L and U C X is open.
Thus # can be expressed as the sum (in #, not direct) of subsheaves of the
form Iy, and by (b), it suffices to show that every finite sum of sheaves of
the form Iy is in 6.

Let Uy,...,U, beopen sets and I,..., I, ideals of L. Let 4 = (I)v, +
-+ + (I)y,. For k < n, let Vi be the set of points lying in at least k of
the sets U,. Consider the sequence

0cdy, CHy,_,C - Chy =4

We note that each quotient f, /4,  is the direct sum of sheaves of the
form Ja, where typically J is the ideal I,, + -+ I,, of L and A is the
locally closed set consisting of those points in U,,, U,,,..., U,, but in no
other U,.

Thus, by (a), it suffices to show that J4 € & for J an ideal of L and
A locally closed. But if A = U N F with U open and F closed, then
Ja=Ju/Jx-r)nv € 6 by (a) and (c). o

16.13. Lemma. If X is a locally compact Hausdorff space and L is a ring
with unit, then

H}X;L)=0 = H}X;J)=0
for all ideals J of L.

35 Also see Exercise 35.
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Proof. We have H*(X;Z) ® L = 0 = H?*)(X;Z) * L by the universal
coefficient theorem 15.3. Therefore, H?(X;Z)®J = H} X;Z)®L®LJ =0
and H**!(X;Z)*J = 0 since the latter group injects into H**+!(X;Z)* L.
Thus the universal coefficient theorem over Z implies that H?(X; J) = 0.

a

16.14. Theorem. Let X be locally compact Hausdorff and L a ring with
unit. Then dimy X <n & H?*Y(U;L) = 0 for all open sets U C X .36

Proof. The = part is trivial. Thus suppose that the condition is satisfied.
Then H**Y(X;Jy) =~ H*'(U;J) = 0 by 16.13, so that 16.2 implies that
Hk(X;Jy) = 0for all open U C X, all ideals J of L, and all k > n. Now let
G = {Z|HkK(X; %) =0 for all k > n}. Then & clearly satisfies conditions
(a) and (c) of 16.12. Condition (b) follows from 14.5. Thus & consists of all
sheaves of L-modules and this implies that dim, X = dim,, X <n. O

The following is an immediate consequence of the definition:

16.15. Proposition. If X is locally paracompact, then dimy, X < dimz X
for any ring L with unit. a

16.16. Proposition. Let X be locally compact Hausdorff with dimg, X <
n. Let G C H}(X;L) be a subgroup such that every point x € X has
a neighborhood U with Im{j% , : H}(U;L) — HP(X;L)} = G. Then
G=H}X;L).

Proof. Let & be the collection of all open subsets U of X with Imj% ,, =
G. The Mayer-Vietoris diagram

HMU)® HM(V) — HMUUV) — 0
l !
H}(X)® H}X) - HX}X) —0

shows that the union of two members of G is in &. Thus & is directed
upwards, and X = |J{W|W € &} by assumption. But H}(X;L)
UIm j% y for W ranging over & [since L = lim Lw, whence H}(X; L)
lim H}(X; Lw) = lim H?(W; L) by 14.5] and the result follows.

ounn

16.17. Corollary. Let X be Hausdorff and locally compact with dimy, X <
n. Suppose that for each open set U C X and x € U there is a neighborhood
W C U of z such that jiw : H}(W;L) — HZ}U;L) is trivial. Then
dim; X < n.

36 Also see 16.25, 16.32. and 16.33.
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Proof. Applying 16.16 to each open set U with G = 0 gives H™(U; L)y=o0
for all open sets U, whence dimy X < n by 16.14. u]

16.18. Example. The one-point union X of a countably infinite number
of 2-spheres with radii tending to zero has dimz X = 2 as follows from
Example 10.10 and 16.17. Since X is metrizable, it follows from 16.8 that
HP(A;Z) = 0 for all subspaces A C X and all p > 2. As remarked in
10.10, however, the singular cohomology of X is nonzero in arbitrarily
high degrees. Also, computation of the singular groups is several orders of
magnitude more difficult for such spaces than is sheaf-theoretic cohomology.
This illustrates a fundamental difference between the two theories. <o

16.19. Lemma. If the space K is locally compact, Hausdorff, and totally
disconnected, then dimy, K = 0 for any ring L with unit.

Proof. Let « be a sheaf on K. We will suppress coefficients in .« from
our notation. Let v € H!(K) and let the compact set B be the sup-
port of some cochain representative of 4. For any point x € B there
is a neighborhood A, which can be assumed to be open and compact,
of x such that H!(K) — H!(A) takes v to zero, by 10.6. Thus B is
contained in a disjoint union of such open and compact sets A;,...,Ap.
Let Ap = K — (A; U---UA,). Then v also restricts to 0 in H2(Ay).
(Note that ¢ N Ag = ¢|Ap and cN A, = c|A, = cld for i« > 0.) Since
HYK) ~ H!(Ao) ® --- ® H!(A,), we conclude that v = 0, whence
dim; K = 0. =]

16.20. Proposition. If X is a connected space with at least two closed

points, then dimgg 1 X > 0 for any ring L with unit.

Proof. Let x # y be distinct closed points in X and put U = X — {z,y}.
Then the exact sequence of the pair (X, {x,y}) has the segment

L(L) = T(Li{z,y}) = H'(X; Lv);
see 12.3. This has the form L —2. [, ®L - HY(X;Ly), and hence
HY(X;Ly) #0. o
16.21. Corollary. A locally compact Hausdorff space K has dimp K =0
& K is totally disconnected.3”
Proof. If K+ is the one-point compactification of K, we have

dim, K =0 = dimp, K* =0 by Exercise 11
= KT is totally disconnected by 16.9 and 16.20
= K is totally disconnected  obviously
= dimp K =0 by 16.19. m]

37 Also see 16.35.
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16.22. Example. The “Knaster explosion set” K is an infinite subset of
the plane that is connected but has a point zo € K such that K — {z¢} is
totally disconnected.3® Now dim; K > 0 by 16.20, so dim; K — {zo} > 0
by Exercise 11 for any ring L with unit. This shows that the condition in
16.19 and 16.21 that K be locally compact may not be discarded. Since
K embeds in the plane and its closure K there has dimy, K = 1, it follows
from 16.8 that dim;, K = 1. (The fact that dim;, K = 1 follows from
Exercise 11, the fact that K — {zo} =~ C x (0, 1] where C is a Cantor set,
and 16.27.) O

16.23. Example. According to Exercise 37 there exists a compact, totally
disconnected Hausdorff space X containing a locally closed subspace A
such that I'(L|U) — T'(L|A) is not surjective for any open U D A. Now,
dimy, X = 0 by 16.19. Also, A = U N F for some open U and closed F,
whence A is closed in U. The exact sequence

[(L|U) — T(L|A) - H (U, A; L)

and 12.3 show that H(U; Ly-4) = H(U, A; L) # 0. Thus dimq,, U > 0,
while dimy, U = dim. 1, U = 0 by 16.8. Of course, cld cannot be paracom-
pactifying on U. o

16.24. Corollary. (H. Cohen.) Let X and K be locally compact Haus-
dorff spaces. If dimy, X = n and dimp, K > 0, then dimp (X x K) > n.

Proof. By passing to the one-point compactification and using Exercise
11, we can assume that K is compact. By 16.21 and 16.9 we can also assume
that K is connected and is not a single point. By passing to an open subset
and using 16.14 we can assume that H*(X; L) # 0. Let 0 # o € H*(X; L)
and let k; # k2 € K. Consider a as lying in H?(X x {k;1}; L) and let
B € HZ(X x {k1, k2}; L) correspond to a@®0 in H*(X x {k1}; LY® H} (X x
{ka}; L). If dimp(X x K) < n then H?*(X x (K — {k1,k2}); L) = 0 by
16.14, and so the exact sequence

H(X x K;L) — H}X x {k1,k2}; L) = HI}Y(X x (K ~ {k1,k2}); L)
shows that 8 comes from some class v € HZ(X x K; L). But the compo-
sition

HMX x K;L) — H*(X x {k}; L) = H*(X; L)
is independent of k € K by 11.9, and this provides a contradiction. a

16.25. Lemma. For a locally compact Hausdorff space X, suppose that
HX¥(U;L) =0 for all k > n and all U in some basis for the open sets of X
that is closed under finite intersections. Then dimp X < n.

381f X is the union of line segments in the plane from z¢ = (0, 1) to points in the Cantor
set in the unit interval on the z-axis, then K is the set of points in X of rational height
on rays from zo to end points of complementary intervals of the Cantor set together
with the points of irrational height on the other rays; see [49, Example II-16]. The fact
that K is connected is an exercise on the Baire category theorem.
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Proof. By the Mayer-Vietoris sequence
HYU)® HE(V) — HY(UU V) - H*Y (U N V)

we can throw finite unions into the basis. Then any open set U is a union
U = |JUq of elements of the basis directed upwards. Then Ly = lim Ly, ,
and so

HMYU; L) ~ HMY(X, Ly) =~ lig H*(X; Ly, ) = lig H**'(Uy; L) = 0
by 14.5, and so dim; X < n by 16.14. 0

Remark: It does not suffice in 16.25 that H*(U;L) = O for k = n + 1 rather
than for all k > n, since R™*? satisfies that hypothesis. Also, the Hilbert
cube I* satisfies that hypothesis for any given n.

16.26. Corollary. Let X and Y be locally compact Hausdorff spaces.
Then dimy (X x Y) < dimy X + dim, Y for any ring L with unit.3

Proof. Let p=dim; X and ¢ =dimp Y. The sets U x V where U ¢ X
and V C Y are open form a basis for the topology of X x Y which is closed
under finite intersections since (U; x V)N (U x V3) = (U NUR) x (Vi NV,).
By 15.2, H}(U x V; L®zL) = 0 whenever n > p+ q. Now the composition

L~Z&zL —» L®zL — L®, L~ L

is the identity, and so H?(U x V;L) = 0 whenever n > p + ¢g. Thus the
result follows from 16.25. o

Examples have been constructed by Pontryagin of compact spaces X,Y
for which dimp (X xY) < dimy X + dim, Y.

16.27. Corollary. Let X and K be locally compact Hausdorff spaces. If
dimy, K = 1, then dimp(X x K) =1+ dimy X.

Proof. We have dim(X x K) > dimj, X by 16.24 and dim.(X x K) <
1+ dim; X by 16.26. O

16.28. Corollary. If M™ is a topological n-manifold, then dim;, M™ =n
for any L.

Proof. By the cohomology sequence of the pair (I, dl), H?((0,1); L) =~ L
for p = 1 and is zero otherwise. Since an open subset of R is a disjoint
union of open intervals, it follows from 16.14 that dim;, R = 1. By 16.27,
dimy, R™ = n. The result now follows from 16.8. a

39 Also see IV-8.5.
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16.29. Corollary. Let M be a connected topological n-manifold and K
any constant coefficient group. Then:

(a) If F & M is a proper closed subspace, then H} (F; K) =0
(b) If @ # U C M is open, then jy; , : H}(U; K) — H(M; K) is onto.
(c) H}(M;K)~ K or K/2K.

Proof. By 15.3 it suffices to prove this in the case K = Z. First we
prove (a) for M = S™. Let U C S® — F be an open metric disk. Now
H™(S™) — H™(F) is surjective since H?*1(S® — F) = 0 by the fact that
dimS™ = n. However, this map factors through H*(S* — U) = 0 (since
S™ — U is contractible), proving the contention. By adding a point at
infinity, (a) follows for the case M = R".

From the exact sequence of the pair (M, M — U) we see that (b) holds
when M = R".

Suppose now that U ¢ M and U = R™. Then for any open V C U,
Jov + HX(V) — HZ(U) is onto by the case of (b) just proved. It follows
that Im 53 = Imj3 .

If U and V are open sets each homeomorphic to R™ and if UNV #
@, then it follows that Imj},, = Iij vav = Imjy . Since M is
connected we deduce that G = Im j}, ,; is independent of U for U =~ R".
By 16.16 we have G = H*(M), proving (b) in general. The exact sequence
of the pair (M, F) proves (a) in general.

Suppose that {U,} is an upward-directed family of connected open sets
such that each H?(U,) is either Z or Z,. Then continuity 14.5 (applied
to Zy, ) shows that the same is true for U = |JU,. It follows that there
is a mazimal connected open set U satisfying part (c) (for U in place of
M). If U # M, then let V = R™ be an open neighborhood of a point
in the boundary of U. Then U UV is connected, U NV # &, and the
Mayer-Vietoris sequence

HMUNV) — HYU)® HMV) —» HYUUV) — 0

shows that (c) is true for U U V since H}(U N V) is the direct sum of
the cohomology of the components Us of U NV and each HZ*(Usg) —
H*(U) @ H*(V) has an image that is the diagonal {(\,\\)} C Z® Z ~
HZ(U) ® H2(V) or the antidiagonal {(A,—\)}, and similarly for the case
in which H}(U) =~ Z,. This contradicts the maximality of U, and so
U=M. o

Now we wish to extend 16.14 to general paracompactifying families of
supports on general spaces. The main tool is the following extension of
14.3:

16.30. Theorem. (Kuz’'minov, Lisetkin [55].) Let ® be a paracompacti-
fying family of supports on X and let {&; A\ € A} be a direct system of
®-soft sheaves on X. Then & =lim & is also ®-soft.
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Proof. By 9.3 it suffices to treat the case in which X is paracompact and
® = cld. Let K C X be closed and let s € Z(K). Then we can find a
locally finite open covering {Us | € A} of X and sections sq € €)(4)(Ua)
such that kj(q)(sa)|K N Us = s|K N Uy, where the k) : €5 — & are the
canonical homomorphisms.

Any finite number of the s, coincide in the direct limit at a point of
K, and hence in a neighborhood of the point. Therefore, by passing to a
refinement, it can also be assumed that for any finite subset F C A there
is an index A € A such that A > A(a) for all a € F and the k) j(q)(54) all
coincide on K N, ¢p Ua-

Let {V,|a € A} be a shrinking of {U,}; i.e., V4 C U, for all a. For

F C A finite, put
Cr= ﬂ ‘_/a - U Vﬁv
a€F BEF

and note that
Cpl ﬂCﬁ CCplnp,. (35)

For a given integer n > 0 and for all F C A with fewer than n el-
ements, suppose that we have defined an index A(F) € A and sections
Sp € g,\(p)(Cp) such that A(F) > AG) and sp = k,\(F),A(G)(SG) on
Cr N Cg for all proper subsets G ¢ F and such that sp = ky(r),r(a)(Sa)
on KNCr foralla e F.

For a given subset F C A with n elements, there is an index A(F)
such that A(F) > A(G) for all G & F and such that the ky(r) x(a)(5a) all
coincide on KNCF for o € F. Then the sections kx(r) a(c)(sg), for G & F,
and the ky(r) a(a)(sa)|K N CF fit together to give a section of Z(r) over
U{CG NCr|G G F}U (K N CF), which is closed in Cr. Since .Q,\(a) is
soft, this extends to a section sp € £(r)(CF).

This completes the inductive construction of the sp. Because of (35),
the projections ky(r)(sr) € Z(CF) fit together to give a section s’ € £(X),
and s’'| K = s by construction. a

16.31. Corollary. Let the base ring L be a principal ideal domain. If @ is
paracompactifying on X and B is a torsion-free ®-soft sheaf of L-modules
on X, then o @1 B is ®-soft for all sheaves A of L-modules on X.

Proof. Let & be the collection of all sheaves . on X such that & ® B is
®-soft. Since Ly ® B ~ By is $-soft by 9.13, Ly € G, and so G satisfies
condition (c) of 16.12. Condition (b) is satisfied by 16.30. Condition (a) is
satisfied by 9.10, since & is torsion-free, whence (o) ® 8 is exact. Therefore
S consists of all sheaves of L-modules by 16.12. a

16.32. Corollary. If & is paracompactifying on X and L is a principal
ideal domain, then the following four conditions are equivalent:

(a) dimg X <n.
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(b) Hgjt/(U;L) =0 for all open U C X.

(c) H3*Y(X,F;L) =0 for all closed F C X.

(d) HE(X;L) — HZ(F;L) is surjective for all closed F C X.
Proof. By definition, (a) = (b), since Hgl’t,l(U;L) ~ Hz*(X;Ly) by
10.2. Also, (b) = (c) because Hg*!(X, F; L) = Hgt} (X —F;L) by 10.2

and 12.3. Third, (c¢) = (d) by the exact sequence of the pair (X, F'). To
prove the final implication (d) = (a), consider the exact sequences

0— 3" NX;L)r — €7 (X; L)r = F'(X; L)r =0

for 0 < i < n and closed subsets F C X, where 3’0(X;L) = L. Since
€"(X; L) is ®-soft by 9.13, the cohomology sequences of these coefficient
sequences give the natural isomorphisms

Hy(X; 3" (X; D)F) = -+~ = HY(X; °(X; L)F) = H3(X; Lr)
and the exact sequences
HY(X; €™~ (X; L)F) —~ H3(X; 3™(X; L)F)— Hp(X; ™71 (X; L)F) —0.
These combine to give the exact commutative diagram
Te(¥" 7 (X;L)) — Te(3"(X;L)) — HZ(X;L) — 0
f g h
Te(€¢" Y (X;L)F) — Fe(7™(X;L)r) — HE(X;Lr) — 0.

Now, f is onto by 9.3 since ['¢(#r) = [y \r(#|F) by 10.2 and since

" (X ; L) is ®-soft. Also, h is onto by assumption and 10.2. The 5-
lemma implies that g is onto, showing that 7"(X;L) is ®-soft. It is also
torsion free, as remarked in Section 2, and so (for tensor products over L)

0-L@A— EOX;L)@A — - — € (X; L) @A = F(X;L) @A -0

is a ®-soft resolution of ., for any sheaf . of L-modules. Thus dimg 1 X <
n by 16.4. |

16.33. Corollary. If X is paracompact, then the following four conditions
are equivalent over a principal ideal domain L :4°

(a) dimp, X < n.

(b) H3* (X;L) =0 for all paracompactifying ® on X.

() H"*Y(X,F;L) =0 for all closed F C X.

(d) H*(X;L) — H™(F; L) is surjective for all closed F C X.

40The equivalence of (c) and (d) is due to E. G. Skljarenko. The equivalence of these
with (a) is new at least to the author.
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Proof. Items (a), (c), and (d) are just those of 16.32 for & = cld. Also, (a)
= (b) by 16.5. Given (b), the cases & = cld|U show that HJ4},(U; L) ~
H] %5 (X;L) = 0 for all open U C X (since Tojy(#|U) = Toyy(t) for
all sheaves . on X). That is just case (b) of 16.32 for & = cld, whence
dim; X = dimgq,;, X < n by (b) = (a) of 16.32. a

16.34. Corollary. If ® is paracompactifying on X, then

ldimQ’L X < supgeqf{covdim Im

for any ring L.

Proof. By 16.7 it suffices to show that dim; K < covdim K for K € .
Thus we may assume that ® = c¢ld on a paracompact space X. The result
is then immediate from (19) on page 29, 9.23, and 16.33(b). a

It is a theorem of Alexandroff {62, p. 243] that if covdim X < oo, then
covdim X = n & H¥(X;Z) — H*(F;Z) is onto for all closed F C X and
all k > n. Thus, by 16.33, covdim X = dimz X as long as covdim X < oo.
There is a recent example of Dranishnikov {33] of a compact metric space
X of infinite covering dimension but with dimz X = 3. The long line (see
Exercise 3) is a nonparacompact (hence of infinite covering dimension)
space with dimz X = 1. Also see the remarks below 16.39.

We shall now generalize 16.21 to the case of paracompactifying supports
on general spaces. To do this we define the strong inductive dimension
Inde X with respect to a paracompactifying support family ® as follows:
Put Inde X = —1 if X = @. Then we say, inductively, that Inde X < n
if for any two sets A,C € ® with A C int C there exists a set B € ® with
A C int B and B C intC and with Inde 8B < n. If Inde X < n and
Inde X £ n— 1, then we say that Indg X = n. The case in which ® = cld
and X is metric is the classical case of the strong inductive dimension,
which is known to coincide with covering dimension; see [62).

16.35. Theorem. If ® is a paracompactifying family of supports on X
and L is a ring with unit, then Inde X =0 & dimg,, X =0.

Proof. Let A,C € ® be as in the definition. Let F = AU (X — intC)
and let s € Ty p(L|F) be 1on A and 0 on X —int C. If dimg 1, X = O then
L is ®-soft and so s must extend to some t € 's(L). Let B = |t|. Then B
is both closed and open since L is a constant sheaf. Thus Indg X = 0.
Conversely, suppose that Indg X = 0. For a sheaf .« of L-modules, let
c € C(X;A) be a cocycle with cohomology class v and put B = |c| € ®.
Since B has a neighborhood N in ®, it has one that is both open and closed.
As in the proof of 16.21 (and since N is paracompact), there is a locally
finite covering {U,} of N consisting of sets both open and closed such that
Y|Ua =0 € Hyny_ (Ua;#) for all a. Note that & N Uy = ®|U, since U, is
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closed as well as open, and so we can just call this family ® without fear of
confusion. Just by passing to finite intersections, we can assume that the
U, are disjoint. Now, HL(X; &) — HL(X — N; &) ®[[ HL(Uqs; #) and v
restricts to O in all these sets. Thus v = 0, so that H} (X; ) = 0, whence
dimQ,L X =0. a

Note that it follows that the statement dimg ; X = 0 is independent of
the base ring L, and also that the statement Indg X = 0 depends only on
the extent E(®) and not on ® itself. At least the first of these definitely
does not extend to higher dimensions; i.e., there are examples for which
dimy, X depends on L.

There is an example, due to E. Pol and R. Pol [67], of a normal, but
not paracompact, space X with Ind X = 0 but dimgq4, X > 0 for any L;
see [72, 4.2).

16.36. Theorem. Let ® be a paracompactifying family of supports on
X and let {Ay} be a locally finite closed covering of X. Suppose that
dimg 1, Ao NAg < n for all a # B. Then the restriction maps induce a
monomorphism

r s Hpt (X o) — [[ He (Aai )
«

for any sheaf A of L-modules on X. If, moreover, there is a K € ® with
A, C K for all but a finite number of o, then r* is an isomorphism.

Proof. Let A =|J,.3Aa N Ap and note that dimg A < n as follows
from 16.8 and the fact that dim(B U C) = max{dim(B),dim(C — B)}
for closed sets B and C, by Exercise 11. Consider the identification map
f: -;Il— A, — X. This is closed and finite-to-one. By 11.1 we have

HP (X f£° ) m HPHo (F Aai frot) — [T HE (Aa; ).
«

[If there is a K € ® with A, C K for all but a finite number of «, then this
is clearly onto.] There is the canonical monomorphism 8 : & — ff*«.
Let B = ff*A4/BA. Since B is concentrated on the closed set A and
dimg,1, A < n, we have that H(X; 8B) = H} (X; Ba) = H3(A; B) = 0 for
P > n. Then the exact cohomology sequence
H3(X; B) - Hy*'(X; ) — H*'(X; ff* ) — HG* (X B)
shows that Hpt!(X; &) = HF* (X, ff*) — [ H3 ' (Aa; A). o
«

16.37. Theorem. (H. Cohen.) Suppose that X is locally compact Haus-
dorff and that L is a ring with unit. Let X = J,¢; Aa, where A, is closed
anddimy, A, < n for each a. Assume that each A, has an arbitrarily small
closed neighborhood B, with dimp 0By < n. Then dimp X < n.41

41 Als0 see 16.40 and Exercise 60.
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Proof. By 16.8 we can assume that X is compact. For a sheaf .« of
L-modules let v € H"*!1(X;.«). Let K € ¢ be the support of some co-
cycle representative of 4. Since v]A, = 0 we have that y|B, = 0 for all
sufficiently small closed neighborhoods B, of A, and such sets B, can
be chosen so that dim; 8B, < m. Since the interiors of the B, cover
K, there is a finite subcollection that does so. By passing to the inter-
sections and closures of differences of these B,, we obtain a finite family
Ci,...,C; of closed sets whose interiors cover K and such that 4|C, = 0
and dim; C, N C; < n (since C, N C, C 0B, for some a). Throwing in the
closure Cy of the complement of C; U --- U C,., we get a collection of sets
satisfying the hypotheses of 16.36 and with v|C, = 0 for all i. From 16.36
it follows that v = 0. m]

Because of the finiteness of the collection {B,} in the foregoing proof,
one could use a less sophisticated argument based on Exercise 11 rather
than on 16.36.

Recall that the weak inductive dimension ind X is defined by ind @ =
—1 and ind X < n if each point £ € X has an arbitrarily small neighbor-
hood N with inddN < n — 1. It is well known that ind X = Ind X for
separable metric spaces but not for general metric spaces. By taking the
A, to be the points of X in 16.37 we deduce:

16.38. Corollary. If X is locally compact Hausdorff and L is any ring
with unit, then dimyp X < ind X. O

According to [49, p. 65] a separable metric space X can be embedded
in a compact separable metric space X of the same inductive dimension.
Thus the corollary and 16.8 imply that dim; X < ind X for all separable
metric X. The following result is somewhat more general.

16.39. Theorem. For a paracompactifying family ® of supports on X
and any ring L with unit, we have dimg, 1 X < Inde X.

Proof. The proof is very similar to that of 16.37, so that we will just indi-
cate the necessary modifications. Assume that Inde X = n and that the re-
sult holds for smaller inductive dimensions. Then, given v € Hzt}(X; ),
there is a locally finite closed covering {B,} of X such that 4|B, =0 and
Indg 6B, < n. By the inductive hypothesis, dimg B, < n. Construct

the C,, now just locally finite, and proceed as before. ]

Note that if X is paracompact, then Ind X is defined, and it is clear
that Inde X < Ind X. (In fact, it follows from the sum theorem for Ind X
on paracompact spaces that Ind X = Inde X if E(®) = X; see [62, p. 193].)

It is known that covdim X < Ind X for X normal; see [62, p. 197]. There
is a compact (but not metrizable) space X with covdim X = 1 (whence
dimz X = 1) but with Ind X = 2 = ind X; see [62, p. 198]. Moreover, this
space is the union X = F) U F, of two closed subspaces with Ind F, = 1.
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There is also an example due to P. Roy [70] of a metric space (not separable)
X for which ind X < Ind X.

16.40. Theorem. (The sum theorem.) Let X be locally paracompact and
let L be any ring with unit. Suppose that X = Ay U A2 U-- -, where the A,
are closed and dim; A, < n. Then dimp X <n.

Proof. Let ® be a paracompactifying support family on X and put «* =
€*(X;). Let Uy = X and B, = A;U---UA. By Exercise 11, dimy Bi <
n. Let a € Hy*'(X; &) = H"*!(Ty(")) and suppose that ag € [y (H")
is a cocycle representative of @. The exact sequence of the pair (X, B;) has
the form

H™*!(Toix-p5,(L")) = H**!(Co(t")) — H"*!(Tonp, («*|B1)) =0,

since H"*!(Tonp, (£"|B1)) ~ Hytp (Bi;|By). Therefore there exist
elements a; € Ty x—p,(Z") and by € gy, (#*) with a; = ag — dbo.
Since ® is paracompactifying, there is an open set U; with |a;| C U; and
Uy C X — By = Uy — By. Thus a; € Ty, (¥*). An inductive argument
along these lines (replacing ® = ®|Up with ®|U;, etc.) gives a sequence of
open sets Uy with Uy C Ux_; — B and elements

ak, b € Cayy, (™)

with
Ok41 = a — dby.

Now, NUx = N Uk = 2, and so any given point r € X has a neighborhood
meeting only finitely many Uj. Since |bx| C Uy it follows that it makes
sense to define

b=bo+by+--- €F¢(J¢‘).

On X — Uy, b coincides with by + - -+ + bx_1, and so db coincides with
d(bo + 04 bk-l) = ap — ak,

which coincides with ap outside Ux. Consequently, ap = db everywhere.
Thus a = [ag] = 0, whence H3*'(X; ) = 0, and so dim; X < n. o

16.41. Example. There are examples of countable connected Hausdorff
spaces X. See [34, V-problem I-10] for one such example with a countable
basis. For such a space, dimgg 1 X > 0 by 16.20. Thus a result such as
16.40 (without local paracompactness) cannot hold for X. o

16.42. Example. Let X be the set of points in Hilbert space with all
coordinates rational. Then X is totally disconnected, but Ind X = 1 as
shown in [49]. Thus dimy X =1 by 16.35 and 16.39 for any principal ideal
domain L. Note that X x X =~ X,sothat1 =dimy; XxX < 2dimy X = 2.
Also note that there must be an open set U C X with H}(U;Z) # 0 by
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16.32, where ® = cld|U. Now H}(U;Z) is torsion-free by Exercise 28.
Thus the cross product Hg(U;Z) ® Hy(U; Z) — H2, (U x U;Z) = 0 is
not monomorphic in this example. o

For further results concerning dimension, see Exercises 11 and 22-25 as
well as IV-Section 8.

17 Local connectivity

In this section we take cohomology with coefficients in the constant sheaf
L, where L is a principal ideal domain. There is the canonical inclusion
L — (L) = H(X; L), and the cokernel is called the reduced cohomology
group H%(X;L) = H°(X;L)/L. For p # 0 we let H?(X; L) = H?(X; L).

17.1. Definition. The space X is said to be n-clcy (cohomology locally
connected) if for each point £ € X and neighborhood N of z, there is a
neighborhood M C N of x such that the restriction homomorphism

ryn: HYN; L) — H"(M; L)

is zero.

X is said to be clc} if it is k-clcp, for all k < n and clcf® if it is k-clcg,
for all k.

X is said to be clcy if given x and N as above, M can be chosen,
independently of n, so that rfy y = 0 for all n.

Of course, the definition is not affected if we require M and N to be
taken from a given neighborhood basis. It is clear that X is O-clcy if
every point z € X has arbitrarily small connected neighborhoods (i.e., X
is “locally connected”), since H°(U; L) = I'(L|U)/L = 0 < U is connected.
Conversely, if X is 0-clcy, then given an open set N and a point z € N,
there is an open neighborhood M of = such that for any separation N =
U UV into disjoint open sets with £ € U we have M C U. This means that
the quasi-component of N containing r is open. But if all quasi-components
of an open set are open then these quasi-components must be connected,
and that implies that X is locally connected.? Thus we have shown:

X is O-clcy <« X is locally connected.J

17.2. Proposition. The space X is n-clcy < given z € X and N as in
17.1, there is a neighborhood M C N of = such that Imrj, y is finitely
generated.

42Als0 see [85, pp. 40ff.].
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Proof. This follows from the fact that lim H*(N) = H"(z) = 0, since a
point is always taut. ]

17.3. Lemma. Consider a commutative diagram of L-modules of the form

Ay - A3

[ s
B, — B; -5 B
[ s

(oo

in which the middle row is exact. Let “small” mean ‘“zero” or “finitely
generated.” In both of these cases, if Inth and Im ks are small, then Imgf
is also small.

Proof. Put K = Kerjf. Then gf(K) C Imth and hence is small. Also,
jf induces a monomorphism A2/K ~ B3, and its image jf(A2) = ks(A2)
is small, whence A3/K is small. Thus there is a small submodule S C A4,
such that A, = K+ S. Then gf(A2) = gf(K)+gf(S), which issmall. O

17.4. Theorem. (Wilder.) Let X be locally compact Hausdorff. Consider
the following four conditions:

(r®) If K and M are compact subspaces of X with K C int M, then
Im(rk p : H*(M; L) — H*(K; L)) is finitely generated.

(r?) If M is a neighborhood of x € X. then there is a neighborhood K C M
of z withImrk », finitely generated; i.e., X is n-clcy,.

(™) IfU and V are open, relatively compact subspaces of X with V C U,
then Im(35 y : HZ(V; L) — HZ}(U; L)) is finitely generated.

(J2) If U is an open neighborhood of x € X, then there is an open neigh-
borhood V C U of z with Im jf; , finitely generated.

Then the following implications are true:

(r") = (),

U™ = G
(r*) and (r"~1) = (57),
(rg) and (") = (™),
(47) and (5771) = (r"71),
(433) and (j7*Y) = (7).
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Proof. The first two implications are trivial.

Suppose that (") and (r"~!) hold. Given relatively compact open sets
U, W with U ¢ W, construct an open set V and compact sets K, L, and M
suchthat Uc V Cc W Cc K ¢ L C M, with the closure of each contained
in the interior of the next. Then 17.3 applied to the diagram

HZ(U) — H™"(M)

! !
HY(L-V) — H™V) - H™IL)
l !

H*Y (K - W) — H}W)

implies that condition (j") holds.

Now assume that X satisfies (r?) and (r"~!). Let M be fixed and
let & be the collection of compact subsets K of int M such that K has
a neighborhood K’ in int M with Imr%. ,, finitely generated. Then &
contains a neighborhood of each point of int M by (7). Let K|, K2 € 6
and let K, be a compact neighborhood of K, (i = 1,2) such that Imr%,
is finitely generated and let K|’ be a compact neighborhood of K, with
K! C int K. The Mayer-Vietoris diagram

H M) — H"(M)®H"(M)

! !
HYK{NK3) — H"(KilUKé) — H"(Kj) @ H"(K3)

1
H"Y(K{ N K3) — H"(K{ UKj3)

together with 17.3 shows that K; U K; € & and consequently that &
contains all compact subsets of int M, proving (r™).

Now suppose that (j*) and (57~!) hold. Given K and M, construct L
compact and U, V, and W open and relatively compact, with K € L C
M c U cV c W, the closure of each being in the interior of the next.
Condition (r"~!) then follows from the diagram

H™Y(M) — HXU - M)
! l
H}Y(V) - H"Y(L) — H}(V-1L)
{ l
H} Y (W) — H™(K).

Finally assume that X satisfies (j7) and (j"*!). Let U be a fixed open
and relatively compact subset of X and let & be the collection of open
subsets V of U such that V has an open neighborhood V' with V7 C U and
with Im j; ,,, finitely generated. Then & contains a neighborhood of each
point in U by (51'). Let V},V; € G and let V! be an open neighborhood
of V; (i = 1,2) with Im jg,vg finitely generated. Also, let V' be an open
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neighborhood of V, with V,ﬁ C V/'. Then the Mayer-Vietoris diagram
H}(V'UVY) —» HZY (W' n V)

! !
H}W)® HXV) - HXVWUV3) — HHY(VINVg)
! !
HX (U)o H(U) —  HZ({U)

together with 17.3 shows that ViUV, € 6 and consequently that G contains
all open sets V with V C U, proving (7). m]

17.5. Corollary. If (r<¥) stands for “(r") for alln < k,” etc., then the
following tmplications are true:

dek = (r$%) & (%) = (F) = (55
4

(r&*1y = clck1,

(dimp X < 00 and (j&°)) = (j<*°) & dcP.

In particular (r$®) = clcP, (1<) and (§<*°) are equivalent, and they are
equivalent to (j<°°) provided that dim; X < oo.

Proof. The proofs of all but the last implication are by an obvious in-
duction on n < k. The proof of the last implication is a similar downwards
induction from dimy X. O

17.6. Theorem. If X is compact Hausdorff and clc}™", then H™(X; L)
is finitely generated <& X satisfies condition (j™).

Proof. To see the implication <=, take U = V = X in (j"). For the
implication =, let U and V be open sets in X with U C V. In the diagram

H""Y(X -U) - H}(U) —» HY(X)

rn—l J” =

H™Y(X - V) — HZ(V) —» H™X)

Imr™~! is finitely generated since clc}~! = (r"~!). It follows that Im j"
is finitely generated, which is condition (j"). a

17.7. Corollary. If X is compact Hausdorff and clc}, then HP(X;L) is
finitely generated for 0 < p < n. m]

17.8. Proposition. A closed subspace F of an n-manifold M™ satisfies
property (r™). If M — F has only finitely many components, then F also
satisfies property (r2~!).
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Proof. The first part is a trivial consequence of 16.29(a). For the second
part, let B be a compact neighborhood in M of a point z € F, so small
that it does not contain any component of U = M — F. Let A C int B be
another compact neighborhood of z. Then H}(U N B) = 0 = H}(U N A)
by 16.29(a). Since M is clc3, the restriction H""}(B) — H" 1(A) has
finitely generated image. Then the exact commutative diagram

H"Y(B) - H"Y(BNF) —» HYBNU) =0
) ! !
H"Y(4) - H"Y(ANF) — HYANU)=0

shows that H*~1(BNF) — H""}(ANF) has finitely generated image. O

The following is an immediate consequence of the Mayer-Vietoris se-
quences:

17.9. Proposition. Let X = AU B be locally compact Hausdorff. If A
and B are closed, then

(r*) for A and B, (r**') for X = (r¥) for AN B,
and similarly for (re) in place of (r). If A and B are open, then
(%) for A and B, (*°1) for X = (§*) for ANB. 0

17.10. Example. This example shows that the finite dimensionality as-
sumption is essential for the implication (j5*°) = (5<*°) in 17.5. Let
X = Y xI* for some locally compact Hausdorff space Y. Then every neigh-
borhood of a point z € X contains an open neighborhood homeomorphic to
V x (0, 1] for some locally compact subspace V. But H?(V x (0,1]) = 0 for
all p by the Kiinneth theorem since H}((0, 1]) = H*([0, 1], {0}) = 0. There-
fore X satisfies (j<°°). On the other hand, if Y is not locally connected,
then neither is X.

Similarly, the infinite product X = []72,S' satisfies (j<°°) because
every point has a neighborhood homeomorphic to R¥ x X for arbitrarily
large k. However, X = |im(S")", and so H'(X; Z) =~ @2, Z, by continuity,
which is not finitely generated. Thus X does not satisfy 17.7. o

17.11. Example. This example shows that the implication (j<¥) = clck
is false in general. Let K be the union of k-spheres with radii 1/n, n >1
integral, and with a single point in common. Let X be the cone on K.
Then X is compact, contractible, and clcf'l, but not clc'l‘, By 17.6, X
satisfies condition (j<F). o

17.12. Example. The compactified long line*? is an example of a space
that is clcz but is not HLC, since it is not locally arcwise connected at the
point 2. o

43Gee Exercise 3.
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17.13. Example. Let Y be the interval [0,Q] in the compactified long
line. Let W =Y xS!, let z€ S!, and let A = {Q} xS'U[1,Q] x {z} c W.
Let X = W/A. Then X is clcz (indeed it is a cohomology manifold with
boundary; see V-16). Also, X is locally arcwise connected (which is the
reason for the inclusion of the interval (1, Q] x {2} in the set to be collapsed).
However, X is not HLC in dimension 1, for the circle {0} x S! cannot
bound a singular 2-chain. [If it did, then X would be the image of a finite
polyhedron. This would imply that X is metrizable, and it is not.] <

17.14. Example. If a space is locally connected, then each point has
arbitrarily small neighborhoods that are connected. It is reasonable to
ask whether this holds for higher connectivities such as clc§, k > 1. This
example shows that this is false. It is a slightly modified and generalized
version of an example due to Wilder [85, p. 198], which we shall call Wilder’s
necklace. First we describe a bead of the necklace. Let S, be a k-sphere
with base point for i € Z,, and let f, : S, - S, be the base point
preserving surjection of degree zero obtained by mapping S, to a k-disk
by identifying the upper and lower hemispheres and then collapsing the
boundary of the k-disk to a point. Let B, be the mapping cylinder of f,.
That is one bead. The k-sphere S, is its “top” and S,4; is its “bottom.”
Let Y, = BoU:--UBp_;. (Note that S, = Sy.) This is a “strand” of
the necklace. The n line segments made up of the generators I, of the
cylinders B, between the base points form an n-gon T}, called the “thread”
of the strand Y,,. Let X, be the quotient space of the topological sum
Y + .- + Y, obtained by identification of the threads. Let the circle T be
the common thread. Now, there is an obvious retraction p, : B, — I,, and
these provide a retraction of the strand Y,, onto its thread T,. This gives
retractions 7, : X,, -» X, (n > 2) forming an inverse system of spaces.
We let X = lim X,,, which is the whole necklace. We think of X as the
union of the Y;, along T with a topology making ¥;, “thin” as n — oo. It
can be seen that X embeds in R¥*2 but we do not need that. Note that
dimy X = k + 1 by 16.40.

Now let C, be the mapping cylinder of the map S, — S,41 taking
all of S, to the base point of S,;,. (This is the one-point union, at the
vertex, of a cone with a k-sphere.) Let D be the necklace, analogous to
X, made up of the beads C, rather than B,. (D might be called a dunce
necklace.) We will still use T to stand for the thread of D. Then there
is a homotopy equivalence ¢ : X — D (restricting to ¢, : B, — C,) with
homotopy inverse ¢ : D — X, both being the identity map on the S, and
on the thread T’ see (19, p. 48]. But there is an obvious strong deformation
retraction 8 : D x I — D of D onto T. Then the composition

XxI12 px1-%5 D x

is a strong deformation retraction of X onto T'. It follows that X is locally
contractible,** and a fortiori, it is HLC and clcy. (The argument just given

44This means that for each point £ € X and neighborhood U of z, there is a neigh-
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proves local contractibility at points of T. Local contractibility at points
outside T is obvious.)

Suppose now that N is some neighborhood in X of a point £ € T. We
assume that N is small enough so that it omits a neighborhood in X of
some other point of the thread T'. Then for n sufficiently large, N contains
some bead, but not all beads, of the strand Y,,. Clearly there must be some
bead B,, of Y, such that the top S, of B,  is completely inside N but the
entire bead B,, is not. (This is where the surjectivity of f, is used.) Let
Yn € B,, — N and let T, be a variant of T,, in Y, that misses y,. There
isamap Y, —» T, UB, UC, 4 thatis ¢, 41 on B, ,;, the identity on
B,., and p, on B, for j # i,,1, + 1. Consideration of several cases shows
that T, US,, is a retract of T, U B, UC,_+1 — {yn}, whence of Y;, — {yn}.
Putting N, = N NY,, there are the restriction maps

H*(Yy = {ya}; L) — H*(No; L) — H*(S,,; L) = L

whose composition is surjective. Now, H*(N N T;L) = 0.5 Thus, for
m > n, a Mayer-Vietoris argument shows that

H*¥(N) — H¥(N,U---UN,_1)®H*(N,)® - - @ H¥ (N ) @ H*(Nppg U- - )

is surjective, and it follows that the map H*(N; L) — @)~ H*(S, ;L) is
surjective. Consequently, H*(N; L) is not even finitely generated.

By taking a union along the threads T of Wilder’s necklaces for k =
1,...,n and adding a 2-disk spanning T, one obtains a compact, con-
tractible, and locally contractible space of dimension n + 1 > 2 that has
points z such that any sufficiently small neighborhood N of = has H*(N; L)
not finitely generated for any 1 <k < n. o

17.15. Theorem. (F. Raymond [69].) Let X be compact Hausdorff and
let F C X be closed and totally disconnected. Suppose that X —F 1is clc'[“.
Then X is clc} < HP(X; L) is finitely generated for each p < n.

Proof. Let z € F. Then any neighborhood of x contains an open neigh-
borhood U such that UNF is open and closed in F. Then there is a compact
neighborhood B; C U containing U N F and there is a compact neighbor-
hood A, C int B, also containing U N F. Similarly, using X — B, as U was
used, there are compact sets Az, B with FF— U C int A3, A2 C int By, and
BiNBy; =@. Let B= B;UB; and A = A; U A;. In the commutative
diagram
H?(X) — H?(B) — HI*Y(X - B)

= T 7

HP(X) — HP(A) — HI*'(X - A)

borhood V C U such that the inclusion V «— U is homotopic to a constant map.
45For k = 1 this follows from 10.11.
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we have that Im j* is finitely generated for p < n since X — K satisfies
(j7*1) by 17.5. It follows that Imr* is finitely generated for p < n. Since
B is the disjoint union of B; and By, it follows that H?(B,) — HP(A;) has
a finitely generated image for p < n, showing that X is clc}. The converse
follows from 17.7. o

17.16. Corollary. If X is locally compact Hausdorff and clc'[“, then the
one-point compactification of X is clc] & HP(X; L) is finitely generated
for each p < n.

Proof. This follows from the fact that H?(X+; L) ~ HP(X; L). 0

We conclude this section by giving one application of 17.5 and 17.8. It
is a result of Wilder (85, p. 325] in modern dress and slightly generalized.6
First we need a lemma.

17.17. Lemma. Let X be locally compact Hausdorff and F C X closed.
Let U be a union of some of the components of X — F and put G = X - U.
Suppose that X is clc]'*! and that F is clc'. Then G is also clc].

Proof. Let P,Q be compact subsets of X with Q C int P. Let k < m.
By 17.5, H*(P) — H'(Q) has finitely generated image for ¢ = k,k + 1 and
HX(PN F) — H*(Q N F) has finitely generated image. Then the exact
sequences of (P, PN F) and (Q, QN F), and an argument using 17.3 (and a
set between P and Q), show that the restriction H**!(P—F) — HF+1(Q -
F) has finitely generated image. Now, X - F =U+V =(X -G)+V for
some open set V, and it follows that H**1(Q — G) — H¥*'(Q - F) is a
monomorphism (onto a direct summand). From the commutative diagram

HE(P—G) — HE*\(P - F)
1 l
HFY(Q-G) — HI'Y(Q-F)
it follows that H¥+1(P—G) — H*+!(Q-G) has a finitely generated image.

Then the exact sequences of these pairs show that H*(PNG) — H*(QNG)
has finitely generated image. 0

17.18. Theorem. (Wilder.) Let M be an n-manifold. Suppose that F C
M is closed and clcg;z. Let U C M be the union of a finite number of the
components of M — F. Then U and 8U are locally connected.

46Wilder states his result for “generalized manifolds,” but the present proof applies
to that case. Wilder also assumes that M has the cohomology of a sphere, but that is
not needed here
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Proof. Coefficients will be in Z; throughout. Asin 17.17, let G = M —
U. Then G is clcg} by 17.17 and 17.8. Let W and W’ be connected
open neighborhoods of a given point x € U with W/ ¢ W. Then in the
commutative diagram

HYW'NG) » HNUNW') — HYW') ~ Z,
| 5
HY(WnNG) - HMUNW) — HNW)~ Z,,

Im f* is finite by property (j”7!) for G. It follows that Im j* is also fi-
nite. By 16.29, this implies that only a finite number of components, say
Viee. s Vi, of UNW meet W. If z € V, for i < kg and z ¢ V, for i > ko,
then V,U- - .UV, is a connected neighborhood of z in U. Thus U is locally
connected. Since U = GN T, it is also locally connected by 17.9. ]

17.19. Corollary. (Torhorst.4”) If M is a 2-manifold and if F C M
ts a locally connected closed subset, then for any finite union U of the
components of M — F, U and 8U are also locally connected. O

17.20. Example. Let U be the union of disjoint open disks in X = S?
converging to a point £ € X. Then F = X — U is locally connected, but
U and U are not locally connected at z. This shows that the last result
is false without the restriction to finite unions. Similar examples in higher
dimensions apply to Wilder’s theorem. <o

18 Change of supports; local cohomology
groups

This section will not be used in other parts of this book. It is partially
based on Raymond [68].

Let & and ¥ be families of supports on X with & C V. Define the
groups

I3 o(X:ut) = H(Cy(X; ) /C3(X; 1)),

The exact sequence
0— C3(X;4) = Cy(X; ) = Cy(X; L) /Co(X;4) — 0

of cochain complexes yields the exact cohomology sequence

= HY (X o) = HY(X; o) = I o (X; ) = HEP (X3al) -+ | (36)

If # is a flabby sheaf, such as €*(X;.#), then for K € ®, we see that
the sequence

0— Ty x(¥) = Tw(¥) = Tunx-K)(£I1X - K)—0

47Torhorst proved this in the case M = §2.
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is exact. But I'¢(¥) = lim} 'y, (¥), and hence
Ked

" Tw(2)/Te(¥) =lim Tynix-k)(Z|X - K)
Keo

naturally. Applying this to ¢ = €*(X;.&) we have
I o(X;) = H*(lig Cynx_g)(X — K; 4| X — K))
Ke? (37)
~ lim Hyqx_g)(X — K;4|X - K).
Ked

In case ¥ = cld, we put

If X is locally compact, then in [68], I} (X) is denoted by I*(X) and is
called the cohomology of the ideal boundary.

18.1. Let F C X be closed. We define

IZ o (X t) = Ign(x-r),e;(x—p)(x - F;A).

Assume now that F is ®-taut (e.g., ¢ paracompactifying) and let U =
X — F. For a flabby sheaf & on X we have the exact sequence

0 - Fejp(€) = Te(¥) - Tonu(£IU) =0

(since U is always ®-taut). Moreover, the subgroup gy (&) of I's(¥)
maps isomorphically onto 'y (£|U) C T'enu(Z|U). Thus the sequence

Fe(¥Z) Conv(ZU)

0— Lyr(£) — Tow (@)  Tew(2I0)

—0

is exact. Since F is ®-taut, the middle group is naturally isomorphic to
Conr(Z|F). Replacing € by €*(X;«), where « is a sheaf on X, and
passing to cohomology, we obtain the exact sequence (coefficients in )

++— Hy(X,U) = Hyp(F) = If 5 (X) — HEV(X,U) —---|  (39)

Note that when ¢ = cld, then by (37) it follows that

I2(X; ) = i HY(W — F; ), (39)

W ranging over the neighborhoods of F.
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18.2. Perhaps the most interesting case is that of the groups I?(U;.#),
where U is a dense open subspace of a compact space X. Then (36) becomes

= H2(U; o) — HP(U; o) = I2(Us )~ HEP (Us ) — -

Letting F = X — U, we have I (X; &) = I3 (U; ), so that (38) becomes

= HP(X,Us ) = HP(Fy ) — IZ(Us o) » BV V(XU ) = -

The latter sequence shows, for example, that if F is totally disconnected,
then IP(U; ) ~ HP*(X,U; ) for p > 0. Finally, (39) becomes

I?(U; ) = lim H?(W — F; ),

W ranging over a neighborhood basis of F in X.

18.3. When F in (39) consists of a single point, we obtain a type of local
cohomology group.*®* We now consider a different, but closely related,
notion of local cohomology.

The local cohomology group at the point x € X with coeflicients in
4 is defined to be H;(X;.«#) where the subscript z denotes the family
of supports consisting only of {z} and the empty set. For any family ¢
containing {z} we have, by 12.1 (provided that {z} is closed),

|H2(X; ) = Hy(X, X — {z};4).|

If ® = cld and if {z} is closed, then {z} is ®-taut, so that (38) and (39)
yield the exact sequence

0— HYX;A) » A, — limgt(W — {x}) > HY(X;4) - 0 (40)

and the isomorphisms

HP(X; ) =~ lim HP~Y (W - {z}; &), forp>1 (41)

(where W ranges over the neighborhoods of ). [This can, of course, be
obtained directly by passing to the limit of the cohomology sequences of
the pairs (W, W — {z}).]

Assume now that & = L is constant. Then if z is not isolated, we
have H3(X;L) = T,(L) = 0. If, furthermore, U — {z} is connected for
a fundamental system of neighborhoods U of z, then (40) implies that
HY(X;L) =0 also.

If X is an n-manifold with boundary B, then it can be seen that

0, forp#n or =ze€B,

P . ~
H’(X’L)~{L, forp=n and z¢B.

48For an n-manifold and constant coefficients it is the cohomology of the (n—1)-sphere.



§19. The transfer homomorphism and the Smith sequences 137

Also, if X is a compact n-manifold with boundary B, then I?(X — B; L) =~
HP(B; L), whence the term “ideal boundary.” To see this, note that
I%(X; L) = I?(X — B; L) and apply (38).

The local cohomology groups introduced here have some pleasant prop-
erties, mainly because the limit in (41) is a direct limit. However, the
problem of “comparing” the local groups at different points is quite dif-
ficult. See Raymond [68] in this regard. The situation in homology is
considerably simpler because of the fact that the local homology groups
form a sheaf (see Chapter V).

19 The transfer homomorphism and the
Smith sequences

In this section let X be any topological space and let G be a finite group
of transformations of X. Let X/G be the orbit space and 7 : X — X/G
the orbit map [that is, X/G is the set of orbits {G(z)|z € X} given the
quotient topology via the canonical map 7 : z — G(z)]. We shall assume
that each orbit is relatively Hausdorff in X (e.g., X Hausdorff). Note that
the map = is both open and closed.

19.1. Theorem. Let ¥ be any family of supports on X/G and let ® =
n~1W. Let B be any sheaf on X/G and let 4 be the sheaf 7* B on X. Then
there is a canonical action of G as a group of automorphisms of m. The
induced action of G on HY(X/G;mA) coincides with that on HY(X; )
via the isomorphism

wt: HY(X/G;md) = HE(X; )

of 11.1. Moreover, the canonical homomorphism 3 : B — wd = nn*B of
I-4 is a monomorphism onto the subsheaf (m.4)C of G-invariant elements,
whence

(rk)C = (nm*B)C ~ B, (42)

so that there is the canonical isomorphism

B* : HY (X/G; B) = HY (X/G; (mt)C)

with

lﬂ" =*3* and w* = wfﬂ",l

where ¢ : (14)C — m.A.
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Proof. The equation 3* = ¢*3* is by definition. The equation 7* = ='3*
has already been noted in Section 8.

For g € G, regarded as a map g : X — X, we have mg = 7. Thus
9*A = g*nm* B = (rg)*B = 4. Therefore we have the g-cohomomorphism

g A~ g = A

,\ / (43)

of cohomomorphisms commutes. On stalks, (43) is the commutative dia-
gram

such that the diagram

A g(z) ——=— Az
";(x /'(;
Qx(z)

of isomorphisms. If U C X/G is open, then we obtain the induced com-
mutative diagram

(ml)(U) (ml)(U)

=1 1-_-

L (V) =Y Samtu, L(r=10)

"f\ /ﬂ'u
B(U)
where gy; is defined by commutativity.

Thus we have the commutative diagram

A g el
N/
B

of homomorphisms of sheaves on X/G and the commutative diagram

wd—awd

,1 . ,l (44)

o
of cohomomorphisms. The diagram (44) induces the commutative diagram
Hy(X/G;mat) L Hy(X/Gimat)
LARPS =t =

Hy(X;t) <5 Hy(X;)
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in which the vertical maps are isomorphisms by 11.1 and the horizontal
maps are also isomorphisms since each g : X — X is a homeomorphism.
For y € X/G, we have

(), =limy A (171U = A (x(y)) ~ By @+ D By,
yeuU ——
n times
where n = #(n~!(y)). The homomorphism 8, : #B, — (7«), is the
diagonal map, and g; : (&), — (mA), permutes the factors &, as g l:
m~1(y) — 7 !(y) permutes the points of 7~!(y). Thus we see that 3 :
#B — mad is a monomorphism onto (7)C. ]

Let 0 : m — mo be the endomorphism of m#/ defined by ¢ =
P gec 9"+ Since the image of ¢ is invariant under G, ¢ induces a homo-

morphism p : T — (1.4)C =~ B. Therefore, we have the homomorphisms
B

B rnd (45)
M

with Sp=0=3 sec 9" and uf8 = ord G (i.e., multiplication by the integer
ord G).

Since m!3* = 7* we see that together with the isomorphism 7', the
homomorphisms (45) induce the homomorphisms

Hy(X/G: B) <= Hyoy o (X;m* B) (46)
73
with
pm*(b) =ord(G)b and m*u*(a) =) g"(a). (47)
g€eG

The map p* is called the transfer homomorphism.

Let H:_,,(X;m*®)C denote the subgroup of invariant elements. The
image of 7* clearly consists of invariant elements. The following result is
immediate from (47):

19.2. Theorem. Let #B be a sheaf of L-modules, where L is a field of
characteristic relatively prime to ord G. Then

7 Hy(X/G; B) — Hy_14(X; ™ B)C
s an isomorphism. a

19.3. Theorem. If X is Hausdorff and n-clcr, where L is a field of char-
acteristic relatively prime to ord G, then X/G is also n-clcy,.*®

49 Also see 19.14.



140 - Il. Sheaf Cohomology

Proof. The case n = 0 is clear, so assume that n > 0. Let £ € X and
let # € X/G be its image. Let U C X/G be a given open neighborhood
of . Let S C G be a set of representatives of the left cosets of G, in
G, so that {g(z)|g € S} is an enumeration of the orbit G(z). For any
g € S there is an open neighborhood W, C 7~1}(U) of g(z) so small that
H"(Wg4; L) — H*(m~Y(U); L) is zero by the definition of n-clcy. Since X
is Hausdorff, we can assume that Wy,NW, = @ if ¢ # h. Put V = N 7(W,)
and Vg = n~(V) N W,. (Recall that 7 is an open map.) Then V, C W,
and 7w~ !(V) is the disjoint union of the V. Therefore the restriction r* :
H™(n=Y(U); L) —» H*(m~'(V); L) is zero. From the diagram

HMNUL) 2 HMV) L)
w | Jui ‘ wi | o
H*(n~Y(U); L) = H™"(=~Y(V); L)

we have ord(G)s* = uymys* = pyr*ny; = 0, whence s* = 0 since the
characteristic of L is relatively prime to ord(G). a

We wish to generalize the transfer to the case of the map X/H — X/G,
where H is a subgroup of G. First we need a lemma:

19.4. Lemma. Let a: & — A be an endomorphism of a sheaf & on any
space X and put 4% = {s € & |a(s) = s}. Ifm: X =Y, then a induces
an endomorphism w(a) : 7 — nd and there is a canonical isomorphism

m(A®) = (mad )™,

Proof. The composition (7#)(U) = (x~U) = (7 U) = (nk)(U)
gives the endomorphism 7(a). Also, &% = Ker(1—a), so that the sequence
0t oo 1220 g
is exact. Applying the left exact functor 7 to this gives the exact sequence

0 — m(A%) — mag =T,

e,
which shows that (&%) = (ma)™(®). o

Returning to the main discussion, let 7 = w4 factor as

X M. X/H "M X/G.
Then the lemma and (42) provide the isomorphism

() = (WG/HWHW;,Wa/HQ)H
~ ne/u((Tunyng, y B (48)
~ me/H(TG uB),
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whence
HYL(X/G,; (m,d)”) =~ H\’,’,(X/G; WG/H(”&/HQ)) =~ H\’,’,(X/H; ‘"E;/ng)

by 11.1. There is the homomorphism pg gy = ¥, 97 @ (rd) — ()@,
where {g,} C G is a set of representatives of the right cosets of H in G.%°
This induces a map H%(X/G; (nd)!) — HE(X/G; (nat)C), giving the
transfer homomorphism

Wapn  HEs X/ H; G ®) — HY(X/G:; B)

Te

such that

BG uTG u = ord(G/H).

Since dec 9" = 2, 2hen(hg)® = 3,97 3hen h*, we have that
KG = Bg/HUEH, giving the relationship

BG = “E;/H/J';I'

19.5. We shall now restrict our attention to the case in which G is cyclic
of prime order p. Let L be a field of characteristic p and let & be a sheaf
of L-modules on X/G. Let F C X be the fixed-point set of G on X and
note that F is closed. We shall also consider F to be a subset of X/G.
Let g € G be a generator, chosen once and for all. Let 7 and o denote the
elements

T=1- g9,

o= 1+g+gz+...+gp"1

of the group ring L(G), and note that ¢ = 7P~! since char(L) = p.

Since &, and hence .« = 7*% and 7, are sheaves of L-modules, L(G)
operates on m.

If p denotes either o or 7, let p denote the other. Let p(m.#) denote the
image of m.« under

p:rd - A
Consider the sequence
0 — p(met) = mdd —282+ p(nt) & Br — 0, (49)

where 1 is the inclusion and j is the canonical map e — (14)f ~ BF.

We claim that the sequence (49) is exact. On the stalk at y € F this is
clear since p(r), =0 for both p =0,7. Fory ¢ F, (), = B, ® L(G),
where the operation of L(G) is via the regular representation on the factor
L(G). Thus it suffices to show that

0 — pL(G) — L(G) — pL(G) — 0

501t is immediate that ug s 1 is independent of the choice of the representatives g,,
whence its image is G-invariant.
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is exact. Since it has order two (because o7 = 70 = 1 — g = 0) it suffices
to show that dim L(G) = dim pL(G) + dim sL(G) as vector spaces over L.
Now Ker{r : L(G) — L(G)} consists of the invariant elements and hence
has dimension one. Consider the homomorphisms

L(G) 5 7L(G) — T?L(G) - --- 5 7PL(G) = 0.

The kernel of each of these homomorphisms has dimension at most one,
but the composition 77 has kernel L(G) of dimension p. It follows that
dim7*L(G) = p — i, whence dimoL(G) + dim7L(G) =1+ (p—-1) =p=
dim L(G) as claimed.

This discussion also shows that 7*(m#)/7**!(ma) ~ Ker{r : nd —
mAd} on (X — F)/G and is zero on F, for i = 1,2,...,p — 1. That is,

T (nk) [T (nk) ~ o(nd) = B(x-F))c for 1 <i<p. (50)

We define

[pH.%(X;d) = HY(X/G; p(nt)),|

called the “Smith special cohomology group.” More generally, put
HHY(X; ) = HY(X/G; 7 (nat)).

Note that by (50) and 12.3, we have

| H3(X; o) ~ HY(X/G, F; ). | (51)

By (49), 10.2, and 11.1, we have the exact Smith sequences

oo HY (Xl ) 5 HY (X o) £250  HY (X ) @ H o (F3 ) 62)

L pH (Xial) =

(where = 7*® and ® = m~! ). It is easy to check that j* is the usual
restriction map. Similarly, using (50) we derive the exact sequences

o HY (X k) 5 e HY (X o) 2 o HY (X5 )

. (83)
6—»,.&+1H‘;+1(X;.}1) — e

Note that there is the commutative diagram

0 — 'Q(X—F)/G — B v%p — 0

2 e

0 — o(md) - nd "2+ r(nd)®Br — 0,
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which induces the diagram

= Hy(X/G,F; B)-Hy(X/G; B) — Hyp(F; B) — -
~ ln‘ loel (54)
- GJHY(X k) — HYX;A) - HYy(X; L) HYF;)— -+

Similarly, using the fact that ¢ = 777~2, we have the following commu-
tative diagram for p > 2,

0 - o(rd) —» nd — 7T(rAd)®Br — O

O

0 - 7(nd) — 7wk — o(nd)DBr — O (55)

lr"“’ 11-”" ll@O

0 - o(rd) — nd — T(nd)DBr — 0O,

which yields a relationship between the sequences (52) for p = o, 7.
Here are some applications of our general considerations:

19.6. Theorem. Let X be a Hausdorff space that has a connected double
covering space X. Then H'(X;Z;) # 0.

Proof. Since 7 = o for p = 2, the exact sequence (52) has the segment
0— HY(X;2Z2) = HY(X;Z;) —» H(X; Z;) — H'(X; Zo)

by (51), and the result follows. o

19.7. Theorem. (P. A. Smith and E. E. Floyd.) Let X be a Hausdorff
space with an action of G = Z,, with fized point set F. Let L = Z, and let
B be a sheaf of L-modules on X/G, and put & = n*B. Let ¥V be a para-
compactifying family of supports on X/G and put ® = n=1¥, which is also
paracompactifying. Assume that dime 1 X = n < co. Then dimg,, F < n
and dimy 1, X/G < n. Also, for each r,

[e.) o0
dimp, Hy (X/G, F; ®B) + ¥ dimp, Hy p(F;f) < Y dimy, Hy (X; ).

=r 1=r

Moreover, if the Euler characteristic x(X) = Y_(-1)*dimg H}(X; ) of
X is defined, then so are those of F and of X/G, and

| X(X) = x(F) + px(X/G, F).|
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Proof. The statements on dimension of F and X/G follow immediately
from Exercise 11 and the local nature of dimension from 16.8. Let us use
the shorthand notation H*(X) = HL(X;) and H'(7%) = . HY(X; ),
etc. Then, from (52) and (53) we derive the inequalities (with p = 7 or
p=0)

dim H™(F) + dim H"(p) < dim H"(X) + dim H™*!(p),
dim H™(F) + dim H™+1(p) < dim H™+1(X) + dim H™+2(p),

These eventually become totally zero by the dimension assumption, and
a downwards induction shows that all terms are finite if those for X are
finite. Adding these inequalities gives

[o o] oo
dim H"(p) + Y dim H'(F) < ) _ dim H'(X),
1=r 1=r
which gives the inequality of the theorem upon application of (51). Also,

the exact sequences (52) and (53) give the following equations about Euler
characteristics (with the obvious notation):

x(X) = x(F)+x(r) + x(0),
x(1) = x(r%) + x(o),
x(?) = x(7°) + x(0),
x(t77%) = x(r*71) + x(0).
Since 777! = ¢ in the present situation, adding these and cancelling gives
the desired result. m]

19.8. Corollary. Under the hypotheses of 19.7, suppose that X is acyclic.
Then so are F and X/G. In particular, F # &. o

19.9. Corollary. Under the hypotheses of 19.7, suppose that Hy(X; A) =~
H*(S™;Zp). Then Hy p(F;A|F) =~ H*(S";Z,) for some —1 <1 < m.

Moreover, m — r is even if p is odd. m]

19.10. Corollary. Let X be a paracompact space with dimz, X < oo and
with H*(X;Z,) ~ H*(S"; Z,). Suppose we are given a free action of G =
Z,on X. Ifp=2 then
H*(X/G;Zy) = Zs[u)/(u™+),
where degu = 1. If p is an odd prime, then n must be odd and
H*(X/G;Zy) = A(u) ® Z[v)/(v"*/?),

where degu = 1 and degv = 2.
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Proof. Coefficients will be in Z, unless otherwise indicated. Since Z,
has no automorphisms of period p, p* : H*(X) — H*(X) is zero for both
p* =7* =1-g* and p* = 0* = (7*)P~1. The exact sequences

0 pH(X) <5 HO(X) £ ,HO(X)
then show that ,H%(X) ~ Z, and that p* : H*(X) — ,H%(X) is zero,

because the composition H°(X) LN 2HO(X) 2, HO(X) is zero.
By 19.7, H¥(X/G) = 0 for k > n. Similar considerations then show
thst p* : H*(X) — ,H™(X) is an isomorphism and that the maps

) S S S HY(X)

are all isomorphisms, where n = p or n = j, depending on the parity of n.

Let L = Z, as a sheaf on X. Consider the case p = 2, so that
p =0 =1 = p. We have the exact coefficient sequence 0 — o(mL) —
nL — o(nL) — 0 of (49). If 1 € H(X/G) = H°(X/G;o(rL)) and a €
H*(X/G; L), then for the connecting homomorphism 6* : H*(X/G; o(n L))
— H¥*Y(X/G;0(nL)), we have 6*(1Ua) = 6*(1)Ua = uU a by 7.1(b),
where u = 6*(1) € H}(X/G;o(rL)) = H'(X/G). Since

§*: H*(X/G) ~ ,H*(X) — ;H**'(X) ~ H**(X/G)

is an isomorphism for 0 < k < n, the result follows.

Now let p be an odd prime. Then n is odd by 19.9. The proof proceeds
as in the case p = 2 except that o and 7 now alternate. Let 6} : ,H*¥(X) —
+HY(X) and 63 : H*¥(X) — ,H**!(X) be the connecting homomor-
phisms for the exact coefficient sequences 0 — 7(rL) — 7L — o(nL) — 0
and 0 — o(mrL) —» 7L — 7(wL) — 0 on X/G, respectively, which we know
to be isomorphisms for 0 < k < n. Then for 1 € H(X/G) = ;H*(X) we
have the elements

w=6}(1) € ,H'(X) and v = 63(w) € ,H*(X) = H*(X/G).

Still, for a € H*(X/G) = , H*(X), we have 6567 (1Ua) = 63(wUa) = vUa
by 7.1(b). It follows that v* generates H?(X/G), 1 < 2i < n. We know
that H'(X/G) = HY(X) = Z,, so let u € H'(X/G) be any generator.
Then the preceding remarks also show that uv' generates H#+1(X/G),
1 <2i+1<n Nowu? =0 for the usual reason: u? = uUu = —uUu.
The result follows. m]

When Z, acts on a space with the integral cohomology of S™, then the
fixed-point set F is a cohomology r-sphere over Z,, by 19.9. but it may well
have other torsion. (The first such example, given by the author [13], was a
differentiable action of Z; on S® with F a lens space.) It is now known, due
mainly to work of Jones and Oliver, that this torsion is virtually arbitrary.
Thus it may be somewhat surprising that the integral cohomology of the
orbit space is completely determined by n and r, as the following result
shows.
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19.11. Corollary. (17] Let X be a paracompact space with dimz, X < co.
Let L be either Z or Z,, p prime, and assume that H*(X;L) ~ H*(S™; L).
Suppose that G = Z, acts on X with H*(F;Z,) ~ H*(S";Z,). Then in
both cases,

=k ) ) Zp, forr+2<k<n,
HY(X/GiZy) ~ { 0, otherwise.
If L = Z, then also
: Zy, forr+3<k<n,k—r odd,
H*(X/G;Z)~{ Z, fork=nifn—r is even,
0, otherwise.

Moreover, n — r is even & ¢* =1 on H*(X;Z).
Proof. By suspending X twice, it can be assumed that r > 1. The Smith
sequence shows that the maps
H™(F;Zp) — yH™ N (X;Z,) = sH™ (X Zp) — -+ — H™(X;Z))
are all isomorphisms, as is
H™(X;Zp) — ,H™ (X, Zp).
Then it follows from (54) that in the exact sequence of the pair (X/G, F),
H™(F;Z,) - H*Y(X/G,F;Z,) and H*"'(F;Z,) — H*(X/G, F;Z,)

are isomorphisms. The cohomology with Z, coefficients then follows.
For integer coefficients, the composition

H*(X/G;Z) =~ H*(X;Z) < H*(X/G;Z) (56)

is multiplication by p by (47). Therefore, H*(X/G;Z) is all p-torsion for
k # n. The exact coefficient sequence 0 — Z -2 Z — Z, — 0 shows that
there is the exact sequence

0 — H*(X/G,Z) — H*(X/G;2Z,) — H**'(X/G;Z) - 0

for 0 < k < n—1 and for k > n, and this sequence is left exact for k = n—1.
An induction then shows that H*(X/G;Z) is as stated for k < n —1 and
for k > n.

Now suppose that n — r is even. Then H""!(X/G;Z) =~ Z, maps
monomorphically into H*~}(X/G;Z,) = Z,, and so there is the exact
sequence

0 — H"(X/G;Z) 2~ H"(X/G;Z) - H"(X/G;Z,) — 0,
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where the marked map is the composition o*n* of (56). This implies that
n* : H*(X/G;Z) — H"(X;Z) is monomorphic, whence H*(X/G;Z) = Z.
Moreover, 0* # 0, and so 1 + ¢g* = 7*¢* # 0, whence g* = 1.

Now suppose that n — r is odd. Then fI""(X/G’; Z) = 0, and so there
is the exact sequence

0— H""}(X/G; Z,)=H"(X/G;2)->H"(X/G; Z)~H"(X/G; Z,) 0,

in which the middle map is the composition (56). It follows that K =
Coker § is a subgroup of Z, whence K =0, or K =~ Z and H*"(X/G;Z) =
Z,® K. If K ~ Z then the sequence implies that H*(X/G,Z,) = Z, ® Z,,
and so K = 0. Thus H*(X/G;Z) = Z,. The composition

Z~ H"(X;Z) *> H"(X/G;Z) = H"(X;Z) ~ Z
is 1 + g*. Since the middle group is all torsion, this must be zero and so

g* = —1 and this can only happen when p = 2. (The reader should verify
the somewhat exceptional case p=2and r =n —1.) a

19.12. Corollary. Suppose that X is paracompact with dimz, X < oo (p
prime) and H*(X;Z) = H*(S™;Z). Suppose that G = Z, acts on X with
H*(F;Z,) =~ H*(S";Z,). Ifr = n—2 then H*(X/G,Z) =~ H*(S*;Z). If
r=n—1, then H*(X/G;Z) = 0. O

19.13. Theorem. (E. E. Floyd.) Let X be a paracompact space with
dimz X < oo. Suppose that G is a finite group acting on X. If X 1is
Z-acyclic then so is X/G.

Proof. If H C G is cyclic of prime order p, then H*¥(X/H; Z,) = 0 for
k > 0 by 19.8. Since a p-group has nonzero center, an induction proves the
same thing for H being the p-Sylow subgroup of G. Now, ug gy =
ord(G) : H*(X/G;Z,y — H*(X;Z,) — H*(X/G;Z,) is an isomorphism
factoring through zero, so that H¥(X/G; Z,) = 0 for k > 0 and all primes p.
An induction, using the cohomology sequences of the coeflicient sequences

02, -2,,—Z,—0,

shows that H*(X/G;Z,,) = 0 for all m. Taking m = ord G, we have that
p&ms = m, whence H*(X/G;Z) ™ H*(X/G;Z) is zero. The cohomology
sequence of the coefficient sequence 0 — Z —— Z — Z,, — 0 then shows
that H*(X/G;Z) = 0 for k > 0. a

Remark: One can use Exercise 53 to replace the finite-dimensionality hypothesis
in 19.7 and its corollaries, as well as 19.13, by an assumption that X is
compact Hausdorff. This is done by showing, as in the proof of 19.10, that
the connecting homomorphisms in the Smith sequences are cup products
with fixed elements of H'(X/G;7*(xZ,)), 0 < k < p.

19.14. Theorem. (E. E. Floyd.) Let X be a locally paracompact Haus-
dorff space with dimz X < oco. Suppose that G is a finite group acting on
X. Let L be Z or Z,, for some prime p. If X is clc3®, then so is X/G.
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Proof. Let K be a closed paracompact neighborhood of y € X/G. Since
X is cler, there is a closed neighborhood M C K of y such that the map
H¥(K*; L) — H*¥(M*®; L) is zero for k > 0, where K* denotes 7~ !(K).
Assume for the moment that G is cyclic of prime order p. Then by a down-
wards induction using 17.3 and the Smith sequences of the form (coefficients
in Z,)

HY(K®) — ,H*(K*) @ HY(F N K*) = ;H*(K*),

M can be chosen to be so small that ,H*(K*) — ,H*(M*) and H*(F N
K*) — fI"(Fﬂ M?*) are both zero for all k and for both p = 7 and p = 0.
From the exact sequence of the palr (X/G, F), we see that M can be taken
so small that H*(K;Z,) — H*(M;Z,) is zero, ie., that X/G is cleg;.
By an induction, as in the proof of 19.13, this also follows for G bemg
any p-group. For general G and for H bemg the p-Sylow subgroup of G,
kg uTG/u = ord G/H is an isomorphism for Z, coefficients, so that X/H
being clcz’ implies that X /G is cleg, proving the case L = Z, for any
p. For any given integer m, an induction shows that M can be taken to
be so small that r};  : H*(K;Z,,) — H*(M;Z,,) is zero for all k. For
a closed nelghborhood N C M of y and with m = ord G, we have that
My M = BGTETN .M = BGTNe me e = 0 for N sufficiently small. Then
17.3, applied to the diagram

HYK;Z) — H*K:Zpn)
o
H*(M;Z) = HYM;Z) — H*(M:Z,,)
"7v,M

HY(N;Z) ™ H*(N;2),
gives the result for L = Z. ]

The subjects of the transfer map and of Smith theory will be taken up
again in V-19 and V-20.

20 Steenrod’s cyclic reduced powers

In this section and the next we shall construct the Steenrod cohomology
operations (the reduced squares and pth powers) in the context of sheaf
theory and shall derive several of their properties. These two sections are
not used elsewhere in this book and may be skipped. Several details of a
straightforward computational nature are omitted.

Throughout these two sections p will denote a prime number, although
much of what we do goes through for general integers p. The case p = 2
differs in several details from the case of odd p, but it is basically much
simpler. To avoid undue repetition, we shall concentrate on the case of odd
p and merely note modifications that are necessary for the case p = 2.
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20.1. If & is a sheaf on X, we let
p times

e
Ty(l) =A@ @A .

The symmetric group S, on p elements acts on T,(.¢) as a group of auto-
morphisms in the obvious way. Let & and & be given sheaves on X and
assume that we are given a homomorphism

h:Ty() — B

that is symmetric (i.e., such that hy = h for any v € S,). The skew-
symmetric case can also be treated, and most of what we shall do applies
to both, but it is not as important as the symmetric case and will be
omitted for the sake of brevity.

For a differential sheaf ", T,(.") is also a differential sheaf with the
usual total degree and differential. In this case, we assume that the action
of S, includes the usual sign conventions (i.e., so that a transposition of
adjacent terms of degrees r and s is given the sign (—1)"*). Then the action
of S, commutes with the differential.

Let ® be a family of supports on X and let «* be any ®-acyclic res-
olution of & for which T,(&*) is a resolution of T,(.#). For example,
the canonical resolution ¢*(X,.«), or any pointwise homotopically trivial
resolution, may be used. Let 8* be any injective resolution of 2.

Let a € S, denote any cyclic permutation of the factors of Tp(#")
and of Tp(«#). For notational convenience, and for nonambiguity of later
definitions, we shall take o to be that permutation taking the ith factor to
the (¢ — 1)st place. We also introduce the notation

T=1-a,
o=14+a+a?+---+aP L

These are endomorphisms of T,(.«#*) commuting with differentials. Note
that
To=0=o7.

20.2. Let hg : Tp(#") — B* be a homomorphism of resolutions extending
h. Recall that hy induces the cup product

HP (X; ) ® - ® Hy? (X; ) — HE(X; Tp()) 25 HY(X; B),

where n = 3~ n,. (We have not actually shown this, but it will follow from
later developments in this section.)

The composition hor extends ht = h — ha = 0 : Tp,(#) — B, and it
follows that ho7 is homotopically trivial, since #"* is injective. Thus there
exists a homomorphism h; : Tp(#*) — B*, of degree —1, such that

hot = hyd + dh,. (57)
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Applying o to the right of (57), we see that h)o anticommutes with d.
Preceding h,o by the sign (—1)9°€, one obtains a chain map Tp(#*) —
#" (of degree —1), and since this must extend T,(«/) — 0, it must be
homotopically trivial. In terms of h,o itself, this means that there is a
homomorphism hg : T(#") — B of degree —2 such that

h](f = hgd - dhg. (58)

Similarly, applying 7 to the right of (58) shows that hs7 is a chain map
and must be homotopically trivial. Continuing inductively one obtains
homomorphisms h, : T,(#*) — B of degree —i such that

honT = hani1d + dhonsy,
{ hino10 = hond — dho (59)

20.3. In this subsection we shall assume that p# = 0 (i.e., that # is a
sheaf of Z,-modules). Then ho = ph = 0, so that taking ko = ho, we can
modify the above constructions to find homomorphisms k, : Tp(#*) — %B°

such that
kono = kan41d + dkonya, (60)
k2n 2T = kopd — dkg,

In the present situation, of course, we can factor h : T,(.«#) — % through
T,(«/pa). Thus it is actually of no loss of generality to assume that .«
and & are both sheaves of Z,-modules. With this assumption, * and
& can be taken to be sheaves of Z,-modules, with #° now Z,-injective.
(Note that in fact €*(X; #B) would be Z,-injective because of formula (6)

on page 41.)
For Z,-modules we have that o = 7771, and if we define
kan = h2n,
61
{ kan—1 = han_1T, (61)

we see immediately that the k, will satisfy (60) when the h, satisfy (59).

20.4. By applying 's and using the canonical map Tp(Fs(A")) —
T's(Tp(4")), we obtain homomorphisms h, : Tp(Ce(&")) — T's(#B"), which
still satisfy (59).

In this subsection we shall suppose, generally, that we are given chain
complexes A* and B* or differential sheaves, with differentials of degree
+1, and homomorphisms

h, : Tp(A*) — B*
of degree —i such that the formulas (59) hold. For a € A* we put
Aa=aQ®- - Qae€ T,(A%). (62)

Since the case p = 2 differs from the case of odd p, we shall first assume
that p is odd and shall then give the modifications necessary for p = 2. If p
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is odd then 7(Aa) = 0, and it follows from (59) that hy,—1(Aa) is a cycle
when a is a cycle. We wish to show that hs,_)(Aa) is a boundary when
a is a boundary and, moreover, to obtain a formula for hz,—1(A(db)). We
claim that there is a natural formula of the following type:

han_1(A(db)) = Z(—l)'dhgn-,('y,) (p odd) (63)
=1

where 4, is a natural integral linear combination of terms of the form a; ®
-++ ® ap in which 7 of the a; are equal to b and the rest are equal to db.
Moreover, we claim that <,, which must be an integral multiple of Ab, is
given by

T = (-1)™+ml(Ab), (64)

where
m=(p—1)/2 and q=degb.

To obtain these formulas, we shall consider the chain complex L*, where

L9 is the free abelian group generated by the symbol b, LI*! is the free

abelian group generated by the symbol db, and the remainder of the L*

are zero. The differential is defined to take b +— db. Let A : L™ — L™~}

be that homomorphism taking db — b. Let A : T,(L*) — T,(L*) be
A®1®1®---®1. Then

Ad+dA =1. (65)

Note that 7A(db) = 0. Let
1 = A(A(db))
and note that A(db) = dvy;,. We define, inductively,

{ Y2. = AT'YZ:—I:
Y2u41 = Aoy

Using (65), it follows by an easy inductive argument that for ¢ > 1,

dvy2, = T™y20-1,
66
{ dY¥2i+1 = 072 (66)

These definitions make sense in T,,(A*), and the equations (66) remain
valid, since we have a natural chain map L* — A*. [In T(A*), A can be
thought of as a formal operator that tells us how to write down 4,4, from
the expression for 4,.] Using (59) and (66) inductively leads immediately
to equation (63). (Note that v, is necessarily zero.) It remains for us to
prove formula (64).

For the proof of (64) let us define, in T,(L*), the operator A, given by

Afa1®---®ap) = (-1)*" 410, @ ;-1 ® A6, ® 211 @~ B ap,
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where ¢; = dega;. Thus A = A, and it is easily computed that
Ao? =ad’Ayy,.

In particular, we have

AzT = Az - aAt+ly
{ Ao = 3, a?Ayy. (67)
Moreover,
MA, = M)A,
{ A, = 0. (68)

Now let M, = A, A,. Using (67) and (68) to move the operators A, to
the right, we see that y2 = —aM;(Adb), 73 = — Y. o*"1A, M, (Adb), and,
by an easy induction, that

{ Y2r = (_l)rzaJMJ"'Mle(Adb)’

Yorer = (=1)7 T ¥ IAM, - MMy (Adb), (%)

where the number of M’s occurring in each equation is r and the summa-
tions run over all free indices.

Now, in the computation of 4, note that the term Ay M, - - - M, M, (Adb),
when it is nonzero, must be Ab up to sign. Each M, contributes the
sign (—1)7, where ¢ = degb, and A, contributes no sign (since k is nec-
essarily odd and the first k — 1 terms in the tensor product it operates
on are of the same degree). Thus, when 7 = (p — 1)/2 = m, we have
AcMj - MM (Adb) = (—1)™9(Ab). It follows that =, is (—1)™ times
(—1)™¢ times the number of permutations of m objects [the M’s and A,
in (69)] times Ab. This yields formula (64).

Now let a,b € A9 be cycles, and consider A(a +b) — Aa — Ab € T,(A9).
This is a sum of monomials in @ and b. These monomials are permuted by
a, and none of them is left fixed by a. Thus the cyclic group generated by
a, being of prime order, acts freely on this set of monomials. Select one
of these monomials out of each orbit of this group action and let ¢ be the
sum of these. Then dc =0 and oc = A(a + b) — Aa — Ab. It follows from
(59) that

hzn-1(A(a + b)) = han-1(Aa) — han_1(Ab) = —dhan(c).  (70)

By (59) the mapping a — ho,_1(Aa) takes cycles into cycles, and by
(63) it takes boundaries into boundaries. Thus, by (70), it yields homo-
morphisms

Styn_1: HI(A*) — HPI~(3»=1)(B*) for p odd. (71)

For p = 2 we have that 0(Aa) = 0 when ¢ = dega is odd, and 7(Aa) =0
when ¢ is even. It follows easily from (59) that

hn+1(da®da) = (=1)"*dhpi1(a®da)+(—~1)?""dh,(a®a) for g—n odd.
(72)
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As before, it is easily seen that a — h,(a ® a) induces a homomorphism
St, : HY(A*) - H¥~"(B*) for p=2 and ¢ —n odd. (73)

It is convenient to introduce the notation St = St,, on H9(A*), where
j =4q(p—1) —n. Thus (71) and (73) become, for any p,

St? : HY(A*) —» H9*(B*) for j odd.

Finally, we claim that the image of St? consists of elements of order
p. In fact, for p odd, we have that p(Aa) = o(Aa), and (59) shows that
phan—1(Aa) = hen—1(0(Aa)) is a boundary when a is a cycle, as claimed.
This also follows when p = 2 in a similar manner.

20.5. Now suppose that for chain complexes A* and B* we are given

homomorphisms
k. :T,(A*) — B*

(of degree —1) satisfying the equations (60). Then as in 20.4, we can derive
the formula

p—1

k2n(8(db) = D _(~1)dkzny(vi41) for p odd, (74)
1=0

with 7, as in 20.4 and, in particular, with -, given by formula (64). Simi-
larly to (70), we also have, for da = 0 = db,

k2n(A(a +b)) = kzn(8a) = kza(A8) = dkzns1 (). (75)

For p = 2 we have formula (72) with k, in place of h, and valid for g—n
even (¢ = dega), as well as an analogue of (74).
Thus, a — k2n(Aa) [or a — ky,(a®a) for p = 2] induces homomorphisms

Ston : HI(A*) — HP4~2"(B*) for p odd,
St, : HI(A*) - H¥-"(B*)  for p=2 and q — n even.

That is, we obtain homomorphisms
St? : HI(A*) — H9%(B*) for j even. (76)

20.6. We may apply 20.4 to the case in which A* = '¢(#") and B* =
Ce(#B") with the h, induced from the h, defined in 20.2. Thus we obtain
homomorphisms

St? : HY(X; ) — HIM (X;B) for j odd.
Now suppose that p# = 0. Then the k, constructed in 20.3 induce

St) : HY(X; ) — H{T'(X;B) for j even. (77)
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If, as we may as well assume, .# and & are both sheaves of Z,-modules,
then (for p odd) St9(P=1=2n — §t,  of (77) is induced by a — hg,(Aa)
because of (61). A similar remark holds for p = 2.

If j = (p—1)g, then St? = Sty is induced by a — ho(a ® --- ® a) and
hence it is the p-fold cup product followed by A*.

Also note that if 3 > (p — 1)g, then St = St(,_;),—, =0, since h, =0
for ¢ < 0 by definition.

20.7. We wish to show that the homomorphisms St? constructed in 20.6
are independent of the choices involved. In particular, we wish to show
that the definitions do not depend on the choice of the &, in 20.2.

Suppose that {h.} is another system of homomorphisms T, (.#*) — #*
satisfying (59) and such that Ag extends the given map h. Then hg is chain
homotopic to kg, so that there is a homomorphism D, with

ho — hy = Dyd + dD,.
Applying 7 to the right of this equation, we obtain
(D17)d + d(Dy7) = hor — hgT = (h1d + dhy) — (h}d + dh}).
Rearranging terms, we have

(hy — K} — Dy7)d + d(hy — k), — Dy7) = 0.

As in (57), this implies the existence of a homomorphism D, with
hl - h,l b DlT = D2d et dD2

Apply o to the right of this equation and proceed as before. An easy
inductive argument provides the existence of homomorphisms D, with

{ h2n—-l - h,2n—1 — Dap_17T = Dapd — dD3p,

78
hon — h,2n — Dypo = Dypy1d + dDpty. ( )

[Note that the construction of the D, (and of the h, themselves) does not
use the assumption that #* is a resolution of # but only that it is an
injective differential sheaf.)

Applying I's to these equations, we see that for p odd and a € g (")
with da = 0, we have

hgn_l (Aa) b h”2n- 1 (Aa) = —dDg,,(Aa)

since TAa = 0 and d(Aa) = 0. This proves our contention for odd p, and
the case p = 2 is similar.

The analogous result for the k, (when p# = 0) is proved in exactly the
same manner.

We shall also show in 20.8 that the definitions of the St/ are independent
of the choices of the resolutions " and #" (for the latter this should be
clear). It is shown in Section 21 that the St are also independent, up to
sign, of the choice of the particular cyclic permutation a.
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20.8. Suppose that f: X — Y is a map and let A’ : Tp(¥) — M be a
symmetric homomorphism of sheaves on Y. Let ¥ be a family of supports
on Y with f~!¥ C ® and suppose that we are given ¥-acyclic resolutions
£° and M™ of & and M such that T,(£") is a resolution of T,(¥). Also
assume that we are given homomorphisms k! : T,(£*) — M satisfying
(59) [or k! satisfying (60)] and extending h'. Suppose further that we are
given f-cohomomorphisms k : & ~ « and g : M ~ & such that the
diagram

T,(2) 25

M

T, () 2> B

commutes (where Ak = k ® --- ® k). Also suppose that k and g extend
to f-cohomomorphisms k* : £* ~» #* and g* : M* ~» B of resolutions.
Consider the (not necessarily commutative) diagram

T,(£%) h M

Ak‘l lg' (79)
F(Tp)) —LE2e f(7).
The maps f(hn)A(k*) and g*h!, of Tp(£*) — f(#B") both satisfy (59) and

extend f(h)Ak = gh'. Since f(#") is injective, it follows that homomor-
phisms Dy, : T,(£*) — f(#8") can be constructed, as in (78), such that

F(hn)AK* — g*h!, — Dunp = Dpyrd + (=1)"dDpyy,

where 7, = 7 for n odd and 7, = o for n even. This formula remains
valid upon passing to sections with supports in ¥ [of (79)], and it follows
immediately that the diagram

HY(Y; %) —2— H{P(Y;M)
B I 0
Hi(X; ) —2X ~ HIM(X;B)
commutes, where j is odd. This may also be shown for even j when p# =
0 = p.# and St’ is defined as in (76).
When f is the identity, these results show that the St? are independent
of the choice of the resolution &* (the independence of the choice of #"* is

clear). In fact, any & such that T,(«") is a resolution of T,(.#) can be
compared with €*(X; «) by means of the maps

A G X l*) — € (X ),

and the middle term satisfies our hypothesis that the tensor product of
the resolutions be a resolution of the tensor product. (This follows from
Exercise 48, which asserts that the first map is a pointwise homotopy equiv-
alence.)
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20.9. Suppose that we are given exact sequences 0 — &' — &% —
A" - 0and 0 — B* — B — F"™ — 0 of chain complexes (with
differentials of degree +1). Suppose, moreover, that we have commutative
diagrams
Tp(d{l*) _t’ Tp(d{‘) _J’ Tp(dlls)

I [ I (81)

B’ _f__' B* 9, B"‘,
where the h!,, h,, and h], satisfy (59) [respectively (60)]. Consider the
induced diagram

e Hq(A/-) i__' Hq(A') _L Hq(A”‘) L Hq+1(A") — e

st st St st (82)
l l ! !

. Hets (B L gats(Br) L gats(Bre) S gatsti (B

which is defined for odd s (respectively, for even s). This diagram is clearly
commutative except for the square containing connecting homomorphisms.
For this square, let a € A9 represent a cycle j(a) € A”*. Let a’ be such
that i(a’) = da. Then in the case of odd s and odd p, for example, we have

fhon_1(80") = han_1(A(da))
(83)
d (‘Tph?n—p(Aa) + E :(—1)'h2n—t(%))

1=1

by (63) and (64), where 7, = (=1)™@+Dm! and m = (p — 1)/2.

Now, ghen—.(7) = h4,_,(i(m)) =0 for i < p (since 7,, for i < p, is a
sum of monomials each of which contains a factor da = i(a’)). Thus we
also have that

~Tphin_p(A5(a)) = g(—Tphan—p(Aa)) .
(84)
g (—rphzn_,,(Aa) + Z(—l)‘hzn_l('y,)> .

=1

From (83) and (84) we see that —r,6Stan_p[j(a)] is represented by
n—1(Aa’). But the latter also represents Stzn_16[j(a)]. In terms of St
this means that

St*6 = (—1)*(-1)™@+D(m1)65t*  for p odd. (85)

We have proved this for odd s. The case of even s follows in the same way
from (74).

In the case p = 2 it can be seen, in the same way, that (82) is commu-
tative when it is defined (since in this case, the image of St* consists of
elements of order 2).
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We wish to apply these remarks to spaces. Let A be a $-taut subspace
of X and assume that & is flabby. The maps h, : T,(#"*) — B" restrict
to maps Tp,(#*|A) — B*|A, and the diagrams

Tp(Caix-a(H*)) — Tp(Te(L”)) — Tp(Cona(L*|A))
B he ha
Coix—a(®B) — To(B) — Tona(%F|A)

clearly commute. Thus, if we define the St* on the relative cohomology of
(X, A), for A ®-taut, via the isomorphism 12.1, it follows that the diagram

oo HI(X,A;d) - HI(X; ) —HI A (A;d)— HIPY(X,A; ) —---
St® St* St*® St*
re o HEP (X, Ay l) — HE (X o) — HERS (A ) = HEP P (X, Ayl ) — -

commutes when defined, except for the square involving connecting homo-
morphisms. This square commutes when n = 2 and satisfies (85) when p
is odd.

We remark that this result can be extended to nontaut A by using the
naturality of the particular set of h, constructed in Section 21.

20.10. We shall now consider the case in which .« and & are torsion-free.
We put £, = o /pa and note that the given map h : Tp,() — B induces
a symmetric homomorphism T}, () — &,,.

Now St? : HY(X; ) — HI"(X;B) is defined for odd j, while St7 :
H3(X;p) — HI (X; B,) (or from coefficients in &) is defined for all j.
We wish to find relationships between these operations.

If we use the fact, proved in Section 21, that the St? can be defined using
torston-free resolutions of ./ and #B then we could reduce these resolutions
mod p to obtain resolutions of ./, and #, and could use these for our
comparison. However, we prefer to use another method, which, although
longer, does not depend on this fact and has, perhaps, some independent
interest.

The method we adopt utilizes the “mapping cone,” of multiplication
by p, of a differential sheaf. The mapping cone of p : #* — &" is the
differential sheaf M,(£"), where

My(2°) = 2 @ 9

and d: M,(£*)? — M,(£*)9*! is given by

|d(a,b) = (~da,pa + db).|

We have the exact sequences

0 2% 25 My(2*) 2L g9*! Lo, (86)
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where p(b) = (0,b) and B'(a,b) = a. If £* is a ®-acyclic resolution of
a torsion-free sheaf &, then according to Exercise 50, there is a natural
isomorphism
HY(To(Mp(£7))) = HY(X; £,),

and the homology sequence induced by I's of (86) can be identified with
the cohomology sequence of the exact coefficient sequence 0 — £ 2 &£ —
%, — 0. [Note that p becomes reduction mod p and 3 = —3' becomes the
connecting homomorphism, which is called the “Bockstein” homomorphism
in this case. We retain the notation p and (3 for these induced cohomology
homomorphisms.]

Remark: The homology sequence of (86) shows that if £* is a resolution of a
torsion-free sheaf &, then

. %, forq=0,
A (Mp(€ ))z{ 0, forZ;éO.

However, Mp(£") is not a resolution of &, since Mp(£*)™! ~ £° # 0.
The minor alteration of dividing M,(£*)° by d(M,(£*)™!) provides a res-
olution of Z,, but we need not use this fact. The augmentation is induced
by the canonical inclusion b (0,b) of € in &' & #°.

Note that p— o, as a polynomial in a, is divisible by 7. We let w denote
the quotient, so that
p—0 =uwr
Now suppose that h,, : T,(#*) — M* are homomorphisms that satisfy
(59). We claim that the following two statements hold:

(i) Let hl, : T,(£*) — Mp(#") be defined by ki, = (0, h,). Then the h,
satisfy (59).

(i) Let Y : Tp(2") — M,(A") be defined by A, = (han_1, h2a) and
41 = (h2n, —h2n41w). Then the k! satisfy (60).

These facts are easily obtained by straightforward computations, which
will be omitted.

We shall digress for a moment to consider a construction to be used
below. Define, for any differential sheaf .«* (or chain complex), the ho-
momorphisms 6 and ¥ of T,(My(#*)) — Tp(#") as follows: If z =
(a1,01) ® -+ ® (ap, by) € Tp(M,(£*)) and if ¢; = degb,, then we put

o(z)
¥(z)

b1 ®--- ®by,
a1 ®b2® - ®bp+ (1)1 ®a20b3® - ® by
+(=1)%2h; @b, ®a3 @by ® -+ - @by + -+
.*.(_1)<n+~-+qp-1[,1 R bp_l ® ap.

It is easy to check that

0d = py + db,
Yd = —dy.
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fo
Yo
Now define the homomorphisms

At Tp(My(*)) — B*

Also note that
ab,

ap.

by the equations
A2n = honl + honipwe,
A2n—1 = hon_10 + h2,9.

We compute

Aond — dA2n = (hond — dh2,)0 + honpy — (h2ns1d + dhonyr )Wy
hon—108 + hon(p — TwW)Y (87)

(h2n-10 + han)o = Aan_10.

Similarly we have

Aon—1d + dAon_1 = (hon_1d+ dhon_1)0 + hon_1p¥ — (hond — dhoa)y
hon—270 + hop_1(p — o)9

(h2n—20 + h2n—lww)7 = Agn_27.

(88)
Thus, by (87) and (88), the A, satisfy (59).
Now we let #* = €*(X;«) and let 8" be any injective resolution of
& as usual. By statement (i) above, we see that the homomorphisms

pn = (0,n) : Tp(Mp(A7)) — Mp(B")
satisfy (59), and by (ii), we see that the homomorphisms v,, defined by

{ Van = (A2n-1,A20),
Vang1l = (A2n, —A2n41w)

satisfy (60).

Since, in degree zero, A2,((0,5)) ® -+ ® (0,b,)) = hon(by ® -+ - ® bp), it
follows that po and vy both extend the homomorphism h : T, (#,) — Bp.
We claim that the homomorphism St’ : H3(X;«,) — HIV(X;B,) is
induced by (a,b) — pn(A(a,b)) for j odd and by (a,b) — v, (A(a,bd)) for j
even [where, of course, n = q(p — 1) — j]. To see this, we note that there is
a canonical homomorphism

Mp(A7) = €*(X; ) = €*(X;4)/p€"(X; ),

which takes (a,b) — b (mod p). This homomorphism clearly induces an
isomorphism of derived sheaves, and in fact, it is just the map that identifies
H9(Te(M,(£"))) with H3 (X ;) (see Exercise 49). The diagram

Tp(Mp(A7))  — My(&)

l !
T,(¢"(X;p)) — (Bp)*
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[where (#,)* is any Z-injective resolution of %,] can then be treated as
in 20.8, and our contention follows immediately. [Note that without mod-
ification, Tp(M,(#")) is not a resolution of Tp(.#,), and in fact, some of
the derived sheaves in negative degrees are nonzero. However, the derived
sheaves in positive degrees are all zero by the algebraic Kiinneth formula
applied to the stalks, and this is sufficient for the construction of the ho-
motopies of 20.7.]

Assume for the moment that p is odd. Taking sections, a g-cycle of
Fe(M,(£™)) is a pair (a,b) with degb = ¢, da = 0, and db = —pa. Thus,
for coefficients in &, and %8B, Stz,_; is induced by

(a,b) = p2n-1(A(a,b)) = (0, h2n—1(0A(a, b)) + h2n(vA(a, b)),
while St,,, is induced by

(a,b) — von(A(a,b)) = (han—1(84(a, b)) + hon(PA(a, b)),
h2n(9A(a’ b)) + h2n+l(“"/)eA(a1 b)))

Note that 6A(0,b) = Ab and $A(0,b) = 0.
Recall that reduction modulo p is induced by b — (0,b) and that the

Bockstein is induced by (a,b) — —a. It follows immediately that in the

diagram

St2r+!

H(X, ) HE* (X, B)
B
p Hg+21 (X, Byp) e (89)

HE(X,p)

2741
S+l Hg+ ! (X7 '%P)
both of the triangles anticommute (and hence the outside square com-
mutes). This also holds for p = 2 by the same arguments.

Remark: If in (59) and in similar equations we had chosen to use dh + hd rather
than hd £ dh (which would have been more logical in some ways), we
would have obtained strict commutativity in (89). Clearly, such a change
merely appends the sign (—1)" to h2n and h2n4+1. We have adopted the
present conventions because they provide slightly simpler formulas in sev-
eral places, such as (63).

20.11. Let &%, B*, &%, and A" be differential sheaves (or chain com-
plexes) and assume that we are given homomorphisms

h i Ty(A”) = B,
{ b s Ty (2%) — M, (90)
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both of which satisfy the system (59) of equations. Let
A:Ty(al" @ 2°) = Ty(wt") ® Tp(&")

be the obvious “unshuffling” isomorphism (with the usual sign convention).
It commutes with differentials. On T,(#") ® T,(¥") we use the notation
AT = 1®@1-a®a and Ao = 1®1+a®a+---aP~'®@aP~! [so that A"} (AT)A
and A"!(Ao)\ are the operators “7” and “o” on T,(#"* ® £*)]. Also, let
Q=) a*®a?, where the summation is over the range 0 < i < j < p. The
following identities are easy to verify:

o®1+(1®7)2 = (1®a)(Ao),

10— (T®1)Q = Ao, (91)
17+ 7®a = AT,
1@0c—-—0®1 = Q(AT).

We define homomorphisms jy, : Tp(#* ® £°) — B" ® M" by

Jon = 2[(h2 @ k2n—2,) + (h2i41 ® k2n—2.-1)QA,
Jan+1 = 2[(h2 ® k2n-2.41) + (h2i41 ® k2n—2.)a]A.
We claim that the j, also satisfy (59). This is easily shown by formal
manipulation using the identities (91). Note that Q = 1® a if p = 2, so
that both equations can be combined in that case.

Now suppose that ., 8B, &, and A are all sheaves of Z,-modules and
that we are given symmetric homomorphisms

h:Tpy(A) > B and k:T,(%)—> M.

Let #* = €°(X;«) and similarly for 8%, £*, and #*. These are all
Z,-injective resolutions by (6) on page 6 since every (classical) Z,-module
is Zp-injective. Thus the homomorphisms (90) can be constructed as in
20.2. Defining j, as above, we see that jo extends

I=h@kKN: T(LRL) > BRSO M.

Also, 8* ® M*, being a resolution of B ® .#, can be mapped into any
injective resolution.
Now, for a € «° and b € £ and for p odd, we have
Jan(B(a®@b)) = (~1)PC=2 R Thy(Aa) @ kzn-2u(AB)  (92)

since A\(A(a ® b)) = (—1)PP~1st/2(Aq) ® (Ab) and since Q(Aa ® Ab) =
p(25}) (Aa ® Ab) = 0. Similarly, if p = 2, we have

in((@®b)® (@®b) = (-1)* Y h(a®a) ®ka-i(b®D)  (93)

(the sign is, of course, immaterial here).
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Taking sections, passing to homology, and converting to upper indices,
we get

St (aUb) = (~1)PP=Dst/2Y " 5i2(q) U S22 (b) for podd  (94)

by (92). These are maps Hj(X; ) ® HL(X; &) — HELF M (X; B ® M)
for sheaves of Z,-modules where ® and ¥ are arbitrary support families.
Similarly, by (93),

St*(aUb) = Y Sti(a) U St"*(b) for p=2

of HY(X; ) ®HL(X; &) — HH ™ (X; B®M) for sheaves of Zo-modules.
These equations are known as the Cartan formulas.

21 The Steenrod operations

In this section, which is a continuation of the last section, we shall find
certain values of j for which the operation St? is trivial. Using this infor-
mation, we then alter these operations to define operations, the “Steenrod
powers,” that possess somewhat simpler properties than do the StJ.

21.1. We shall first apply the results of 20.7 to show that up to sign, the
St? are independent of the choice of the particular cyclic permutation a.
We shall then use this fact to find, for p odd, various values of j for which
the operation St? is trivial.

Let a denote the particular cyclic permutation that we have been us-
ing and let o’ be any cyclic permutation of the factors of a p-fold ten-
sor product. Then a and o' are conjugate in the symmetric group S,.
That is, there is an element v € S, with v&’ = ay. If 7/ =1 - a’ and
o' =140 +---+ o}, then we have

v’ =71y and ~o' =o7.
Applying 7 to the right side of (59), we see that

{ (hen¥)™" = (hont+17)d + d(h2nt17),
(hon-17)0’ = (honv)d — d(hon7).

Also, hoy extends hy = h, since h is symmetric. However, if a € F'g (")
is a cycle of degree g, then v(Aa) = (sgny)?Aa, so that

(h2n-17)(Aa) = (sgnv)?hon-1(Aa), (95)
(h2nY)(Aa) = (sgnv)%hon(Aa).

Thus Sty,_1, defined by means of o/, differs from Sts, 1, defined by means
of a, by the sign (sgnv)? in degree ¢. This is also true, clearly, for Stz
when it is defined (i.e., for p# = 0).
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Let us now consider a particular choice of ¥ € S, and let p be odd. Let
take the ith term into the (i/k)th place (modulo p), where k is a generator
of the multiplicative group of Z, (which is cyclic of order p — 1). Then
o’ = vy~ !a~ takes the ith term into the k(i/k —1)st = (i — k)th place. Thus
o' = a*. Moreover, v takes (k!,k2,... ,kP~! = 1) — (kP~1, k! k2,...), and
so 7 is an odd permutation.

Now ¢’ = ¢ for this choiceof @ =a* and 7/ =1—-af =(1+a+ -+
a*~1)r. Let us define

/
{ 2n
’
h2n—- 1

An easy computation shows that the {h}} satisfy (59) with 7 replaced
by 7’ = 1 — a*. But so do the {h,y}. By 20.7 it follows that for a €
Cs(#") a cycle of degree g, we have that (hen—17)(Aa) is homologous to
(Rhpn_1)(A@) = hopn_1((1 + a + - -- + @¥~1)*(Aq)) = k™hzp-1(Aa). From
this and (95) it follows that

hon(l +a+--- +o*"1)",
hon1(1+ a4+ a* 1",

Stan-1: HI(X; ) - HE (X, B)

is zero unless
k" = (-1)7 (modp). (96)

(Recall that the image of St, consists of elements of order p.) If p# = 0,
we can prove a similar fact for Sta, using the k, of 20.3. However, we can
treat this case directly by using formula (61), which reduces the question
to one concerning hg,. Again, it is seen that (hop,v)(Aa) is homologous to
(h5,)(Aa) = k™han(Aa), and by (95), it follows that

Ston : HY(X; ) — HE ™ (X; B)

is zero unless formula (96) holds.

Since k generates the multiplicative group of Z,, the equation k" =1
(mod p) is equivalent to n = r(p — 1) and the equation k™ = —1 (mod p) is
equivalent to n = (2r + 1)(p — 1)/2 (where r is some integer). In terms of
St7, which is more convenient, a short calculation shows that our criterion
(96) becomes

St? =0 unless j=2r(p—1)orj=2r(p—1)+ 1, for somer € Z. (97)

21.2. We wish to show that St? = 0 for j < 0 and to identify St°. To
do this we must, for the first time, give an explicit construction of one
particular system of h,. We shall, in fact, construct such homomorphisms
h,: Tp(A™) — B*, where & = €*(X;4) and B* = €*(X; B). This can
then be followed by a map to an injective resolution of # if so desired.
Recall that €*(X; ) is pointwise homotopically trivial. In fact, as in
Section 2, let 7, : {go()(;aei)z — &, be the map assigning to a germ of a
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serration f : X --+ . its value n;(f) = f(z) € A, at x. Then 7, provides
a splitting

—f e 0 b,
oAy - € (X;A )z 7—3 (X; A )z
and hence, generally, a splitting

Fh(Xl)e = € (X; )z .__3"“()( o).

Then d =€¢d: €"(X;4) — ‘?"H(X;.,d), and letting
Dy =vn, : €V (X )y — €"(X; A )z,

we have that

D,d+dD,=1:¢"(X;H), » €"(X;A); forn>0,
D,d=1-¢n,: %’O(X;.Jz.'l)aC — %’O(X;d)x.

Since nyv, = 0, we have
D =o.
Tp(A*) = Tp(€*(X;A)) is also pointwise homotopically trivial, with
the homotopy provided by the operator A, defined by

A::(al ®:® ap) = 5771:(0'1) ®:-: ®57’x(at—~l) ® D.’t(a't) Ra1 ® - Qay,

where a,, ...,a,_ have degree zero and deg(a,) > 0. It is easily computed
that, as claimed,

Azd=1-—en, in degree zero,

Azd +dA; =1 in positive degrees,
A2 =,

where €7, stands for en, ® --- ® en, here. [Note that e = e ® --- ® ¢ :
Tp(&) — Tp(#") is the augmentation.]

We shall often suppress the variable £ in A, and in other operators.
Define operators A; on Tp(#"), inductively by

Al = Aa
A2 = ATA2n—la
Azny1t = AoAzn.
Also define M; on Tp(A4"), by
M, = A=Ay,
M2n = AUM2n—l’
M2n+l = AT Msq.

Since A2 =0 we have

A,‘Aj = A,MJ = M,Aj = M,MJ = 0. (98)
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Since D? = 0, it is clear that A,, and M, are linear combinations of
terms of the form K; ® K, ® --- ® K, where n of the K, are D and the
rest are 1 (or possibly en). It follows that

Apt1=0=My,;. (99)

It is easily shown by induction that for n > 1, we have

{ Aznd = Mo 17T — TAgn_1 + dA2q,, (100)

Agnt1d = ManT + 0A2q — dA2nyy,

where the first equation holds in degrees at least 2n and the second in
degrees at least 2n + 1. However, another induction shows that for n > 1,
these equations hold in degrees 2n — 1 and 2n, respectively (using the facts
that n commutes with 7 and o in degree zero, that A = 0, and that A,, =0
in degrees less than n). The equations also hold in degrees less than 2n —1
and 2n respectively, since all terms are zero in that case. Thus (100) is
valid for n > 1 in all degrees. Similarly we obtain, for n > 1,

{ M2nd = A2n—la - 0M2n—l + dM?na (101)

Mopi1d = Agpo + 7 Moy — dMop .

We shall now define h,, : Tp(#*) — B". Note that to define h,, it suffices
to define 7 h,, for each £ € X. The definition proceeds by induction on n
and on the total degree in T,(#"). Define hq in degree zero by

neho = hne.

[That is, the serrations a,...,a, of & are taken by hq into the serration
T — h(a1(z) ® --- ® ap(z)).] Note that n hoen: = hnzenz = hne = nzehn,
so that

hoen, = ehng = enzhy.

Define hg in positive degrees, inductively, by
T),ho = ahoA

More generally we define, by double induction,

p—1
Nzhan = 3 (—1)'0han-Myy1,
50 (102)
Nehon—1 = Y (—1)*0hon_,A,.

=1

(We could leave the upper limits of summation open because of (99). The
reader should notice the formal similarity with (63) and (74).) Note that
if N is either M, or A, then 9 h,N =0 by (102) and (98). Thus

VzO0hyN = ho,N for N =M, or N =A,, (103)
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since v,0 = 1 — en;.
To show that the h,, satisfy (59), it suffices to prove that

Nz (h2nd — dhan) = Nzhon-10 (104)
and
Nz (h2n-1d + dhan_1) = Nzhon_27.

We shall only prove (104), which is typical. The proof proceeds by
double induction as in the definition (102). In degrees less than 2n — 1
both sides of (104) are zero. In degree 2n — 1 (so that the image has degree
zero), the left-hand side of (104) is

Nehond =) (~1)'0hon_,Mip1d = 0
=0
by degree. The right-hand side of (104) is
Neh2n-10 = Z(“l)iath—tAiU =0

=1

by (102) and degree.
Now, for degrees greater than 2n — 1, it suffices to show that

D.hand — Dzdh2, = Dzhon_10,

since v; is one-to-one and D, = v,7n,. Using (102), (103), and (101) we
have
Dzh2nd = Zo(“l)'han—zMz-Hd
= hon — hondM, + Z hon— -23 A2_70' + TM2] - dM2]+l)

]_.

- Zl h2n—2]+l(A2]—lU UM2]-1 +dM2])
]=

Also, by (102),

D:dh2n = h2n - dD:rh2n = han — Z(_l)‘dhmz—iMH»l-
1=0

Subtracting and rearranging, we obtain
D;hand — Dzdhz, = — Z (h2n 2]d dhap - 2])M2]+l
- Z (h2n-2j+ld + dh2n 2]+1)M21
J—

+ Z han—2,(A2,0 + 7 M>;)

- Zohzn 27-1(A2;410 — o M2j41).
]—
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Using the inductive assumption on the first two terms yields

D,hgnd - Dzdh'zn = - Z hgn -27— IOMQJ.H - 2 hgn QJTMQJ
- Zohzn 2j-1(A2j410 '_UMQJ.’_])
J_.
+ Y hon—2j(A2,0 + TMa,)
3=1

= - E hon-2;-1A2;410 + Z han_2;A2,0
)=
= Z 1) h2n-— )U = D::h2n—10"

as was to be shown. [The last equation is obtained by applying v, to (102)
and using (103).]
We claim that for the h,, we have just constructed,

hn(@1 ® - ®a,) =0 ifpn > (p—1)deg(a1 ® - ® ap). (105)

This is easily proved by induction using the definition (102). In particular,
we have
hn(Aa) =0 if n> (p—1)deg(a). (106)

Remark: The construction of this special system of h,, was undertaken for one
purpose only, the proof of (105), and from now on this property is all we
will use. It might be possible to show directly that the h, defined by
the general procedure of 20.2 can be so chosen to possess this property,
but it is not clear how to do this. Of course, the present h, have the
added advantage of being homomorphisms into €*(X; %) rather than into
an injective resolution, and of being natural. This fact could be used to
simplify and shorten the discussion of 20.10, but we prefer the method used
there.

21.3. It follows directly from (106) that
StV =0 for j<O. (107)

Now assume that .« and & are sheaves of Z,-modules. By (61), (64), and
(74), equation (105) implies that

hp e+ (B(da)) = (=1)™D (m)dhgp—1)g(Aa),
where ¢ = dega, p is odd, and m = (p—1)/2. For p = 2 we have, similarly,
hg+1(da @ da) = dhy(a ® a), where ¢ =dega.
If p is odd we define
ty = (~1)™E@+D/2(m)) =4 € Z,,
and if p = 2, we put t, = 1. Then it follows that the maps
A:a s tohp_1)e(Aa)
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of &7 — B? commute with the differential. For ¢ = 0 this is just a —
ho(Aa), so that A extends the map hA : a — h(Aa) of & — B. Now
hA is a homomorphism since’p# = 0. Moreover, by (61), (75), or their
analogues for p = 2, it follows from (105) that A is a homomorphism. Thus
A is a homomorphism of resolutions extending hA, and it follows that
A HI(X; ) — HE(X; B) is just the homomorphism (hA)* induced by
the coefficient homomorphism hA. Consequently,

t,St° = (hA)* : HY(X; ) — HI(X; B). (108)

21.4. For the remainder of this section we shall restrict our attention ex-
clusively to sheaves of Z,-modules.
For p = 2 we define the Steenrod squares by

S¢? = St : HY(X; ) — HIM (X; B) (109)

since these homomorphisms already possess the properties we desire.
We shall now restrict the discussion to the case of odd p. Taking cog-
nizance of (97) and (108) as well as (89), we define the Steenrod pth powers

oy Hy(X; ) — HE~D(X; ) (110)

by

p; = (_l)rthtQT(p-l) — (—l)rtht(p—l)(q-—Zr)- (111)

By (108) we have

p) = (hA)* : HY(X; ) - H(X; B),

which is the map induced by the coefficient homomorphism hA : & — 3.
According to (62), Stg(a) = h*(aP) (aP denotes the cup pth power of
a), and it follows easily from this and (107) that

h*(aP), if dega = 2r,

pp(a) = { 0, if dega < 2r. (112)

[The verification of this uses the fact that (m!)? = (—1)(P*1/2 (mod p),
which follows easily from Wilson’s theorem. Formula (112) is the reason
for using the sign (—1)" in (111).]

Similarly,

rrn_ [ h*(a®), if dega=r,
5¢"(a) = { 0, if dega <r.

An easy computation using (94) yields the Cartan formula

ph(aUb) = 1o ph(a) U g (b) |
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in the situation of (94), and similarly for the Sq".

169

Trivially, ] commutes with the homomorphisms induced by maps (or,
generally, cohomomorphisms of coefficient sheaves) in the situation of 20.8.
(See the diagram (80).) It also follows from (85) that pj commutes with

connecting homomorphisms. That is, for A C X ®-taut, the diagram

oo HI(X, A l) — HY(X; k) —=HE4(A;)— HIPU(X, Ajd) —- -

r

A 4 4 A

s HIY(X,A; B) - HIY (X B)— HIE (A, B) —HIT T (X, A, B)— - -

commutes, where s = 2r(p — 1), and similarly for Sq".

Exercises

1. ® Show that 10.1 need not hold for A open and ® not paracompactifying.
In fact, give an example for which ® = cld|X — A and Hj(X;B) # 0,

where & is a constant sheaf on A.

2. ® Let X be a simply ordered set with the order topology and assume
that X is compact. Prove that H?(X) = 0 for p > 0 with any constant
coefficient sheaf. [Hint: Use the minimality principle 10.8 and the Mayer-

Vietoris sequence.]

3. ® Show that the “long line"®! is acyclic with respect to any constant
coefficients. [Hint: Use the “long interval,” a compactified long ray, as a
parameter space to define a contracting “long homotopy” of the long line

and apply 11.12 and Exercise 2.]

4. ® Let X be the real line and let {,} be a direct system of sheaves
on X with .« = lim.#,. Show, by examples, that the canonical map

0 : lim A (X) — A (X) need be neither one-to-one nor onto.

5. Let @ be a family of supports on X, and {Ua} an upward-directed family
of open sets such that each K € ® is contained in some U,. Then show

that
Hy(X; o) ~ lim Hyy, (Ua; A).

6. ® If X is not normal then show that X contains a closed, nontaut sub-
space. Give such an example in which X is Hausdorff and the subspace is
paracompact. [Thus it does not suffice for A to be paracompact in 9.5.]

7. If « is a sheaf of L-modules on X, where L is a ring with unit, show
that €*(X, A; ) is a €°(X; L)-module and hence that it is ®-fine for &

paracompactifying.

8. Call A hereditarily ®-taut in X if ANU is ®-taut in X for every open
U C X. [Then AnU is (P NU)-taut in U.] Prove that if A is hereditarily

®-taut and B C A, then B is ®-taut in X & B is (P N A)-taut in A.

S1If 2 is the set of countable ordinal numbers as a well-ordered set, then the long ray
Y is 2 x [0, 1) with the dictionary order and the order topology. Then 0 x 0 is the least
element of Y. The long line X is two copies of Y with their least elements identified. It

is a nonparacompact topological 1-manifold.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

1. Sheaf Cohomology

. ® Define the “one-point paracompactification” X* of a space X with a

given paracompactifying family of supports & for which E(®) = X, and
show that Hj(X;.) ~ H*(X*; 2 *").

® If « is a sheaf on X such that #|U, is flabby for some open neighbor-
hood U; of each z € X, then show that . is flabby.

® For paracompactifying ¢, F C X closed and U = X — F, show that
dim&,L X = max{dimq,w,;, U, dimﬂp,[, F}

® Let ® be paracompactifying. Show that a sheaf .« is ®-fine < for every
K € ® and neighborhood U of K there is an endomorphism .« — .« that
is 1 on K and 0 outside U.

Let & be paracompactifying. Show that a sheaf .« is ®-soft < for every
K € ® and s € A(K) and for every locally finite covering {Ua.} of K in X
there exist elements s, € & (X) with |sa] C Ua and with s = (3_sa)|K
lie., s(z) = Y sa(z) for z € K|. Also show that « is ®-fine < there
exists a partition of unity subordinate to any locally finite covering {Ua}
of X containing (at least) one member of the form X — K where K € ®
[i.e., there exist endomorphisms h, € Hom(A, ) with |hy| C U, and
Y ha =1].

® (a) Let X and Y be locally compact Hausdorff and let . and & be
c-fine sheaves on X and Y respectively. Show that #®% is also c-fine.
[Hint: By taking one-point compactifications, reduce this to the compact
case. If K C X xY and W is a neighborhood of K, let {Ua.} and {V3}
be finite coverings of X and Y respectively such that {U, x V3} refines
{W, X — K}. Apply Exercises 12 and 13,

(b) If o and & are c-soft sheaves on the locally compact Hausdorff spaces X
and Y respectively and if /%% = 0, then show that #®% is c-soft. [Hint:
Consider the collection of all open sets W C X x Y such that (4@®B)w is
c-acyclic, and use the Kiinneth Theorem 15.2, the Mayer-Vietoris sequence
(27), continuity 14.5, and 16.1.)

® If W is the one-point compactification of the locally compact Hausdorff
space X and if i : X — W is the inclusion, show that i is soft for any
c-soft sheaf .« on X.

If L is a ring with unit and # is an injective sheaf of L-modules on X, show
that #(X) is an injective L-module. [Hint: Map X into a point.]

If & is an injective sheaf on X, show that the sheaf Hom(o, #) is flabby
for any sheaf .« on X. (For & = 4, it follows that & is ®-fine for any
paracompactifying family ® of supports.)

® If the derived functors Hg, _ ,(X;e) of HY(X, A;e) = [pix—a(e) fitin
an exact “cohomology sequence of a pair”

o HE o f(X; ) > HY (X5 ) = Hp 4 (A; A | A)— HE Y ((Xil) =

then show that A is ®-taut in X.

Let (A, B) be a N V¥-excisive pair of subspaces of X and assume that A is
®-taut, B is U-taut, and AU B is (& N ¥)-taut. Show that, through 12.1,
the cup product (33) on page 100 coincides with that of 7.1.
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20.

21.

22.

23.

24,

25.

26.

27.

Let A and B be closed subspaces of X. Show that, through 12.3, the cup
product (33) on page 100 coincides with that of 7.1.

® Show that for a sheaf & on the space X, the following four conditions
are equivalent:

(a) £ is flabby.

(b) & is ®-acyclic for all families ¢ of supports on X.
(c) Hi(X;Z) =0 for all $.

(d) HY(X,U; %) = 0 for all open sets U C X.

Define Dim X to be the least integer n (or 00) such that H(X; ) = 0
for all k > n, all sheaves .« on X, and all ®; i.e., Dim X = supg dime,z X.
Show that the following three statements are equivalent:

(a) DimX < n.
(b) F™(X;A) is flabby for all .
(c) Every sheaf . on X has a flabby resolution of length n.

® Let X be the subspace of the unit interval [0, 1] consisting of the points
{0} and {1/n} for integral n > 0. Show that dimz X = 0 but Dim X = 1.

If every point of X has an open neighborhood U with DimU < n, show
that Dim X < n. [Hint: Use Exercises 10 and 22.]

® If X is locally hereditarily paracompact, show that Dim X < dimz X +
1. By 16.28, a topological n-manifold M™ has dimz M™ = n, and thus
Dim M™" is either n or n+ 1. Show that in fact, Din M" =n+1forn > 1.
This latter fact is due to Satya Deo [31].

Let f : X — Y be a closed surjection between locally paracompact spaces.
Assume that X is second countable and that each z € X has a neighbor-
hood N such that f|N : N — f(N) is a homeomorphism. Then show that
dim. Y = dim X.

® Define a topology on the set N of positive integers by taking the sets U,, =
{1,2,...,n} to be the only open sets, together with the whole space and the
empty set. Show that every sheaf on N is equivalent to an inverse system of
abelian groups based on the directed set N. If .« is a sheaf on N, show that
C°(Un; o) is isomorphic to the set of all n-tuples {ay, ..., an), where a; €
o = A (U;) and where the restriction to Uy, (m < n) takes (a1, ..., an) into
(a1, ..., @m). Show that Z!'(Un; ) = gl(N;.,d)(U,,) = C%Un-1; ) with
the induced restriction map and such that the differential C°(Un; ) —
Z'(Un; A) takes (ai,...,an) into (@1 — m2a2,...,@n—1 — Tn@n), Where m,
denotes the restriction & (Un) — A (Un—1). Show that dimaazN = 1.
Show that H°(N; ) = lim/,, so that H'(N;«) is the right derived
functor lim ', of the inverse limit functor. Show that . is flabby &
each mn : Afn — An-1 is surjective, and that .« is acyclic & for every
system {a, € #,} the system of equations

1
ma2 = a) — a),

7
m3a3 = A2 — A3,
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28.

29.

30.

31.

32.

33.
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has a solution for the a,.

Also show that an inverse sequence & = {.1,.#2,...} is acyclic if it
satisfies the “Mittag-Leffler condition” that given i, there is a j > ¢ such
that Im(; — ;) = Im(Ax — &,) for all k > ;.

® If M is a torsion-free L-module, where L is an arbitrary ring, show that
Hy(X; M) is torsion-free over L for any space X and support family ®.
[Hint: Use I-Exercise 11.] Give an example of a torsion-free sheaf . on
X = S! such that H'(X;) is not torsion-free.

® Give an example of a sequence {¥, } of flabby sheaves on the unit interval
such that lim &, is not flabby.

A Zariski space is a space satisfying the descending chain condition on
closed subsets (such as an algebraic variety with the Zariski topology). If
{£,} is a direct system of sheaves on a Zariski space X, show that the
natural map

lim H*(X; %)) — H (X; Z)
is an isomorphism, where € = lim Z». Also show that & is flabby if each
& is flabby.

® A Zariski space is called irreducible if it is not the union of two proper
closed subspaces. The Zariski dimension Z-dim X of a space X is the
least integer n (or 0o) such that every chain Xo 2 X1 2 X2 2 -+ 2 Xp #
@ of closed irreducible subspaces of X has “length” p < n. Show that
dimga,z X < Z-dim X. [Hint: Prove an anologue of 16.14 and show that
if X is irreducible then all constant sheaves on X are flabby.]

A differential sheaf £* on X is said to be homotopically ®-fine, where ® is
a paracompactifying family, if for every locally finite covering {U,} with
one member of the form X — K for some K € &, there are endomorphisms
ho € Hom(£*, £") of degree zero with |ha| C Ua and such that h = Y ha
is chain homotopic to the identity. [That is, there exist homomorphisms
D : %* — & of degree —1 with 1 — h = dD + Dd (d being the differential
on £").] If this holds for every locally finite covering of X, we merely say
that &* is homotopically fine.

(a) If £° is homotopically ®-fine, show that H*(H}(X;£")) = 0 for all
p> 0. [Hint: If 0 € C(X;£"), cover X by {Ua} such that Usy = X —|s]
and U, € ® for a # ao, and such that s]U, is a coboundary, say of to €
CP N Uqs; &°), with ta, = 0. Let t = Y hi(ta). Show that d't = h*(s),
where &’ is the differential of C3(X;e), so that h*(¢) = 0 in H}(X; £"),
and finish the proof.]

(b) Show that the sheaf A. of singular chains defined in I-Exercise 12
is homotopically fine. [Hint: Use the generalized operation of subdivision
defined in [38, pp. 207-208] on the defining presheaf.]

® Let L be a principal ideal domain. Let us say that an L-module M has
property F if for each finite set {a1,...,an} C M,

N={a€M|ka=Zk,a, for some k,€L and 0#ke€L}

=1

is free. Prove the following statements:
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34.

35.

36.

(a) If M is countably generated and has property F, then M is free.

(b) If X is locally compact Hausdorff, then H2(X;L) has property F.
[Hint: Reduce this to the compact case and consider reduced coho-
mology. Cover X by closed sets K}, ..., Kx with a,]|K, € H°(K,;L)
trivial for all i,7.]

(c}) If X is locally compact, Hausdorff, and locally connected, then
H}(X; L) has property F. [Hint: Cover X by the interiors of sets
Kji, ..., Kx with each K, compact for i > 1 and with K a neighbor-
hood of co. Prove by induction on r that if {D,} is a closed covering
of X with D; C int K,, then the image of N in HY(D1U---U Dy; L)
is finitely generated, and hence free by Exercise 28.]

(d) If X is locally compact and separable metric, then Hg (X; L) is count-
ably generated. [Hint: Use continuity.]

® If S is a set, let B(S) be the additive group of all bounded functions
f:8 — Z If X is a space, let C(X) be the group of all continuous
functions f : X — Z where Z has the discrete topology. Prove the following
statements:

(a) H°(X;Z) =~ C(X) =~ asH°(X;Z); generalize this to arbitrary con-
stant coefficient groups.

(b) B(S) =~ C(.fo‘), where § denotes the Stone-Cech compactification of
the discrete space S.

(c) The following two statements are equivalent:

i. B(S) is free for every S with card(S) < 7.

ii. C(X) is free for every compact Hausdorff space X with a dense
set of cardinality < 7.

(d) The same as part (c) with “free” replaced by “Ext(e,Z) =0.”

Remark: Noébeling [63] has proved that B(S) is free for all S (previ-
ously, Specker [77] had done this for countable S) and so we conclude
that H(X;Z) is free for all locally compact Hausdorff X. The Univer-
sal Coefficient Theorem 11-15.3 and Exercise 28 then imply that the same
holds for an arbitrary coefficient ring L.

Let L be a Dedekind domain (i.e., a domain in which every ideal is pro-
jective). Show that 16.12 remains true if condition (c) is replaced by the
following two conditions:

(¢') £ ®B €S = both .« and B are in 6.

(c") Ly € & for all open sets U C X.

Thus extend 16.31, 16.32, and 16.33 to Dedekind domains. [Hint: Use the
known fact that every ideal of a Dedekind domain is finitely generated.]

Let L be a principal ideal domain. If .« is an L-module or a sheaf of L-
modules and p € L is a prime, we say that . has p-torsion if multiplication
by p: & — £ is not a monomorphism. Let T'(.«) denote the set of all
primes p € L such that « has p-torsion. Prove the following statements:

(a) T() = U T(Aa).
T€EX
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37.

39.

40.

41.
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(b) T(A*B) = T(A)NT(MB). (Prove this first for modules and then
generalize to sheaves).

(c) If F is a covariant left exact functor (from sheaves to sheaves or
sheaves to modules) that preserves the L-module operations, then

T(F (s, 2, ... st n)) C [ T(s).

=1

[Note the cases: F(,®B) = C3(X;H) *x CL(Y; B)) and F(A, B) =
Fe(A @L)*Ty(BQAN) when & and A are torsion-free.]

(d) T(+ ® B) C T(A)UT(B).

[Hint for (b): If p € T(A), there is a monomorphism L, = L/pL — A.
Moreover, L, * B = Ker{p: B — B}

® Give an example of a compact, totally disconnected Hausdorff space
X and a locally closed subspace A C X such that the canonical map
lim & (U) — £(A), where U ranges over the neighborhoods of A4, is not
surjective for any constant sheaf & # 0 on X.

® If AC X and . is a sheaf on X that is concentrated on A, then show
that H}(X, A; ) = HE_1(A, A; ).

® Let A C X and let ® be a family of supports on X such that each
K € ®N Ais in the interior of A in A (i.e., K has a neighborhood N with
NN A C A). Show that Cj4(A, A; &) = 0 for all sheaves « on X. If &
is concentrated on A, show that the restriction H3(X; ) — Hyna(A; )
is an isomorphism. [Note that the conditions on ® are satisfied when A is
locally closed and #NA = N A, and each member of & has a neighborhood
in .

® Let T = R/Z. Let X be any space and let F (respectively, o) denote
the sheaf of germs of continuous functions from X to R (respectively, T').
Show that there is an exact sequence

0-2Z—-F o0

of sheaves, where j is induced by the canonical surjection R — T. Conclude
that if X is paracompact, then H!(X;Z) is isomorphic to the group [X;T)
of homotopy classes of maps from X to T. Generalize this to arbitrary
paracompactifying families of supports on X.

® Let o#°(X, A; &) be the derived sheaf of €°(X, A;.«), and let & be
constant.

(a) Show that #°(X, A; ) ~ A x_ 4.

(b) Show, by example, that #'7(X, A; &) need not be zero for ¢ > 0.

(c) If #9(X, A; ) = 0 for ¢ > 0, show that there is a natural isomor-
phism H3 (X, A; &) ~ Hy(X; A x_ 4) for any ®.

(d) If there exists an isomorphism H* (U, ANU; «) = H*(U; Ay _z) that
is natural for open sets U C X, show that #(X, A; «) = 0 for ¢ > 0.
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42.

43.

44.

45.

46.

47.

Let «° and #B"* be differential sheaves on the spaces X and Y respectively.
Suppose that #7*%? = 0 for all p,q. Show that there is a natural exact
sequence

0— PH(A)RHY(B") - H™ (A" BB — P HP(A")*HI(B") — 0

pa=n pra=n+l

of sheaves on X x Y. In particular, show that #*®%" is a resolution of
ARRB if £° and B are resolutions of . and B respectively such that
AP%%B? = 0 for all p,q. [Hint: Consider the algebraic Kiinneth formula for
the double complex «#*(U) ® B*(V), where U and V are open in X and
Y respectively.]

Let ® be a paracompactifying family of supports on X. If {Z.} is any
family of ®-soft sheaves on X, show that [], £ is ®-soft.

Let X be a locally paracompact space and let F' be the fixed point set of
a homeomorphism of period p on X, where p is a prime. Let L = Z, and
assume that dimy X < oo. If X is clc?°, show that F is also clc?’.

® Let & be a sheaf on the Hausdorff space X such that Zy is flabby for
all open sets U C X. Show that |s| is discrete for all s € Z(X).

® If X is a nondiscrete Hausdorff space and if M # 0 is a constant sheaf
on X, show that there does not exist a sheaf £ on X containing M as a
subsheaf and such that ¢ ® « is ®-acyclic for all families ¢ of supports
and all sheaves .« on X.

Let
0 - & - B L% -0
oo
0- 2 Lo Lo oo
be a diagram of differential sheaves (or of ordinary chain complexes) such

that the rows are exact and the square is homotopy commutative, i.e., there
is a homomorphism D : 8* — A4 of degree —1 such that

4’9 —hj =dD + Dd.

Define a homomorphism f* : H* (L") — H*(ZL") as follows: If a € A"
with da = 0 and if D(i(a)) = 7'(m), put

£la) = () (g(i(a)) — dm)),

where square brackets denote homology classes. Show that the induced
diagram

o P (") P (B) L P (€7 P ()
/- - e 5
o P(27) 2 P (M) L P () s e (27—

is commutative.
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Similarly, suppose that

0 - & 4 B L€ -0

bl

0— ¢ e Lo o
has exact rows and homotopy commutative square, that is,
gi—i'f=dD' + D'd, where D' :.4* — M".
Define h* : #°(€°) — H*(A") as follows: If b € B" and db = i(a), put
h*[5(8)] = [5'(g(b) - D'(a))]-

Again, show that the diagram above of derived sheaves is commutative.
Also show that these maps (f* in the first case and h* in the second)
depend only on the homotopy class of D or of D’. Suppose that f, g, and h
are all given such that both squares are homotopy commutative. Assume
that there is a homomorphism J : &* — A4, of degree —2, such that
j'D’' — Di = dJ — Jd. Then in the first case above, show that f* is induced
by f and in the second case, that h* is induced by h.
Use the fact that €*(X;e) is naturally pointwise homotopically trivial
(see Section 2) to show that for any differential sheaf .#°, the inclusion
€: A" — €°(X;H") is a pointwise homotopy equivalence. That is, for
each £ € X there are natural homomorphisms

Ne: € (X; A"z — A of degree zero,
D;: €"(X; A )z = €"(X;A")z of degree —1,

with

nze=1 and 1-eéen; =dD;+ D.d.
Thus, for example, €*(X;«") is a resolution of & if &° is.
Let f : & — &B* be a homomorphism of differential sheaves. (We note the
special case in which these are ordinary chain complexes with differentials
of degree +1, for example, the induced map I's (") — 's(#B°).) Define
the mapping cone of f to be the differential sheaf 4%, where

MY = AP © B

with differential given by d(a, b) = (—da, f(a) +db). [Note that I's(A}) is
the mapping cone of f : Ta (") — ['s(HB*).] Consider the exact sequences

0— B - My 2 A7 S0,
where i(b) = (0,b) and j(a,b) = a. Show that the connecting homomor-
phism 6 : HP(A*) — HP(B") of this sequence is just f*. Note that j
anticommutes with d. )
Suppose now that f is one-one and let €* = Coker f, so that the
sequence 0 — ° -1+ B £, €° — 0 is exact. Let & : XHP(€*) —
HP*(4") be the connecting homomorphism of this sequence. Consider
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50.

51.

52.

53.

the homomorphism h : #% — €” given by h(a,b) = g(b). Show that the
diagram

D HP () S (B s P (M) L AP (AT

R R

o HP (A7) —o HIE) — HH(ET) -6—-'«7("+'(~¢')-'
. g. ’

commutes up to the sign that is indicated. In particular, h* is an isomor-
phism.

[Note that if #* is ®-acyclic then passing to sections, we obtain that
h* : H?(Ty(M5)) — HP(T's(€")) is an isomorphism by applying the above
results to the case of ordinary chain complexes and using the exactness of
0—- le(A") 5 Te(B*) - Ta(€") - 0]

Let .« be a torsion-free sheaf and consider the multiplication n : o — ,
where n # 0 is some fixed integer. Let «£° be a given ®-acyclic resolution
of « (not necessarily torsion-free) and let M, (") denote the mapping
cone of n : A° — 4 (see Exercise 49). Show that there is a natural
isomorphism h* : HP(Pe(Mn (")) — HE(X; ), where &, = o [ndd,
such that the diagram

- = HP (Do (")) % HP (Do (")) 5 HP (Do (Ma (")) 5 HP (T (")) = -

+1 +1 h* -1

< — HY(X;) — HR(X;) — HE(X;,) -B-»H;“(X;d)—»--~
n P

commutes up to the signs indicated. [Here the top row is as in Exercise
49, the vertical maps H*(I's(.¢")) — H3(X; ) are the canonical isomor-
phisms of 5.15, and the bottom sequence is the cohomology sequence of
the coefficient sequence 0 — o — & — A, — 0]

[Hint: Compare £* with an injective resolution and then compare
€°(X; ) with the same injective resolution and apply Exercise 49.)

® Let #* and B" be d-acyclic resolutions, of Z;-modules, of Z; on X.
Suppose that we are given a homomorphism 0 : #* ® #* — #" of differ-
ential sheaves which is symmetric [i.e., 6(a @ b) = (—1)(d°8®)(deb)g(p @ q)]
and which extends the multiplication map Z; ® Z; — Z;. Then show that
H{(X;Z;) = 0 for all ¢ > 0. Moreover, if ® is paracompactifying with
E(®) = X, and if #* and #B" are ®-soft, then show that dimz, X = 0.

Let p be a prime and let £° be a sheaf of differential algebras over Z, on
a space X (i.e., £° is a differential sheaf of Z,-modules and we are given a
homomorphism 6 : £* ® * — £° of differential sheaves preserving degree
and associative). Suppose that £* is a P-acyclic resolution of Z,, that
0 is (signed) commutative, and that 6 extends multiplication Z, ® Z, —
Z,. Then show that H3(X;Z,) = 0 for all n > 0. If, moreover, & is
paracompactifying with E(®) = X, and £* is ®-soft, then show that
dimz, X = 0.

® Let & and B be sheaves on a Hausdorff space X, let ® C ¢ (but X
need not be locally compact), and let ¢ > 0. For o € HE(X;«) and
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B € HI(X; B), show that the cup product af™ = 0 for some integer n.
[Hint: & may as well be taken to be c|K for some compact set K C X.
Then n may be chosen to depend only on K and 3. Use the fact that 3 is
“locally zero.”]

® Let G be a compact Lie group acting on the paracompact space X. Show
that over any base ring L, dim; X/G < dim; X. [Hint: Use the fact that
every orbit G(z) has a “tube” about it, that is, an invariant neighborhood
N with an equivariant retraction r : N — G(z). Also, the set § = r~!(z)
(called a “slice at £") induces a homeomorphism S/G, — N/G.]

® Let 0 - &' — 4 — " — 0 be an exact sequence of sheaves on
the Hausdorff space X and assume that /' and " are locally constant.
Assume one of the following three conditions:

(a) X is locally compact Hausdorff and clcZ.

(b) X is clcz and the stalks of &’ are finitely generated.

(c) X is clcg and the stalks of ' are finitely generated and free.

Then show that . is locally constant. (Compare I-Exercise 9.) Also, give
an example showing that X being locally compact and clc! is not sufficient
for the conclusion.

. ® If X is a locally compact Hausdorff space and dimz X = n, then show

that dimz X x X is 2n or 2n — 1. (This is due to I. Fary.)

® Call a space X rudimentary if each point £ € X has a minimal neigh-
borhood. (The prototype is the topology on the positive integers given
by Exercise 27.) If {£x]| A € A} is an arbitrary family of sheaves on the
rudimentary space X, then show that

| H?(X;[], 2») ~ [1, H?(X; £»).

® Let X be a rudimentary space. For z € X let U, be the minimal
neighborhood of z. If A C X, then show that A is rudimentary. If z €
A C U, then show that all sheaves on A are acyclic and that A is taut in
X.

® Let M = N x N where N is as in Exercise 27. Then a sheaf .« on M is
equivalent to the double inverse system

{Aus Tyt Ay = Avmrys @y 0 Aryy = Asyotly Tayym 1@y = Wam1,; Moy}

Show that . admits a flabby resolution 0 — & — #° — ' — &% — 0,
whence

lim;, A, = H*(M; ) =0 for n>2
Show, however, that for the inverse sequence #|A = {Ay,; — A22 «— ---}
we have

lim;, A,,; = limk Ak &,

and hence that |im? ,4:,; =0 also.
Let X be locally paracompact and let {Fa} be a locally finite closed cov-
ering of X with dimy F, < n. Then show that dim; X < n.

Let K be a totally disconnected compact Hausdorff space. If .«/ is a sheaf
on K with I'(«) = 0, then show that .«/ = 0.



Chapter III

Comparison with Other
Cohomology Theories

We return in this chapter to the classical singular, Alexander-Spanier, de
Rham, and Cech cohomology theories. It is shown that under suitable
restrictions, these theories are equivalent to sheaf-theoretic cohomology.
Homomorphisms induced by maps, cup products, and relative cohomology
are also discussed at some length. In Section 3 the direct natural transfor-
mation between singular theory and de Rham theory, which is important
in the applications, is considered.

Throughout this chapter L will denote a given principal ideal domain,
which will be taken as the base ring. All sheaves are to be sheaves of
L-modules; tensor products are over L; and so on.

Most of this chapter can be read after Section 9 of Chapter II.

1 Singular cohomology

For the moment, let X be a fixed space and let ¥ = &*(X;L), in the
notation from I-7. For a sheaf ./ on X we define the singular cohomology
groups of X with coefficients in .« and supports in the paracompactifying
family ¢ by

sHY(X; ) = HP (T3 (9" ® A)). (1)

For .« locally constant with stalks G, we also have the functors o H3(X; &)
= H*(To(#*(X;A))) of Chapter 1, which coincide with classical singular
theory when ® is paracompactifying. There is, for .« locally constant, the
homomorphism

p:S*(U; L) ® A(U) — §*(U; L|U)

given by u(f ® g)(o) = f(o) - of;(9) € T'(0*A), where o}, : A(U) —
(0* ) (0~ U) = ['(0*A) is the map (4) on page 12. Over an open set U
on which .« is constant, this is just the canonical map

$*(U; L) ® G = Hom(A.(U), L) ® G — Hom(A.(U), G) = S*(U; G).

Since A.(U) is free, this is obviously an isomorphism when G is finitely
generated. Therefore

sHy(X; ) = aHy(X; A)

179



180 [ll. Comparison with Other Cohomology Theories

when .« is locally constant with finitely generated stalks. This is not true if
the stalks are not finitely generated; see Exercise 7. However, for a general
locally constant sheaf .« the map p is a map of differential presheaves, and
so it induces a map of differential sheaves

g:F(X; L)@ — F*°(X;A)

and hence a natural map

|1 1 sHy (X ) — aHy(X;.) [ ()

to which we will return later.

The cup product of singular cochains SP(U; L)®S9(U; L) — SP+9(U; L)
induces a product #” ® #¢ — $P*? which is a homomorphism of differen-
tial sheaves when &* ® #" is given the total degree and differential. Thus
&° is a sheaf of rings with unit and each #” (and hence 7 ® .« ) is an
#°-module.

The sheaf #° is clearly the same sheaf as €°(X; L) and hence is flabby,
and consequently is ®-fine for any paracompactifying family ®. Thus each
#? ® A is also ®-fine. Similarly, #*(X; /) is ®-fine for & paracompacti-
fying and « locally constant.

Now, the stalks of &7 are torsion-free so that #” ® .« and I'e(¥” ®
) are ezact functors of .# when @ is paracompactifying. Thus & —
sH3(X; ) is a connected sequence of functors. The sequence

0 — Co() = To(#° ® ) 5 To(P' @ ) -2 - -

is of order two (see II-1). Hence ¢ takes I'¢(.¢) = H3(X;.«) into Ker(d) =
sH3(X; ), yielding a natural transformation of functors

HY(X; ) — sHY(X; ).

Thus, by I1-6.2, we obtain a unique extension (compatible with connecting
homomorphisms)

[6: Hy(X; ) — sHy(X; ). |

If X is HLC, then by II-1, &#* is a resolution of L, and since " is
torsion free, #* ®.# is a resolution of .« for any .«/. By II-4.3 it follows that
sHE(X; ) =0 for p> 0 and .« flabby and also that 6 is an isomorphism
in degree zero for ® paracompactifying. Thus, if X is HLC and @ is
paracompactifying, then sHg (X;.#) is a fundamental connected sequence
of functors, whence 8 is an isomorphism by II-6.2.!

We shall be concerned with the properties of 8 for general X, with ¢
paracompactifying.

1By 11-6.2 the inverse of 6 is the homomorphism p of 11-5.15.
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Again, for X general and ® paracompactifying, the singular cup product
induces a chain map

(PPRA) R (P @B) » P ® (4 @ B)
and hence a homomorphism
U: sHE(X; ) ® sHL(X; B) — sHOLY(X; 4 © B)

satisfying properties analogous to those in II-7.1.
We claim that 8 preserves these products. That is, if & and ¥ are
paracompactifying, then the two maps

Hy(X;4) ® Hy(X; B) — sHyny (X; A ® B)
defined by a ® 8 — 8(a U 3) and a ® f — 6(a) U 6(8), coincide. To check
this in degree zero, note that the obvious commutative diagram
LeL = L
e®c ) €
Py Y g°
induces, upon tensoring with & ® %, the commutative diagram
LRAQRLRRB — LeAR®RB
l€®l®e®l le@l@l
ARSI OB — I'OADB

and this induces the commutative diagram

To()®Ty(B) - Tornu(#®B) — Tonu(A®B)
EQe €

To(#°®4)QTy (#°OB) T ony (¥° @4 F° @ B)—T oy (F° @A @ B)

in which the composition along the bottom is the degree zero cup product.
By the definition of 6 this implies that 8(a U 8) = 6(a) U 6(8) in degree
zero. The contention then follows from II-6.2 applied to the two natural
transformations a ® 8 — 6(a U B) and a ® B — 6(a) U §(5).

Now let f: X — Y be a map and let ¢ and ¥ be paracompactifying
families on X and Y respectively, with ® O f~!¥. Then f induces a
homomorphism $*(U; L) — S*(f~}(U);L), U C Y open and therefore an
f-cohomomorphism of the induced sheaves

PV L) ~ #*(X; L).

Tensoring this with the f-cohomomorphism « ~ f*.« for a sheaf & on
Y, we obtain a functorial f-cohomomorphism

SV, L)@ A~ P (X;L)Q f*A.



182 Ill. Comparison with Other Cohomology Theories

This induces, in turn, f* : Tg(#*(Y;L) ® &) — Fe(#*(X;L) ® f*A),
which extends the canonical map 'y () — Ce(f*#). (That is, we have
compatibility with the augmentations & — #*(X;L) ® « and f*«/ —
#*(X;L)® f*«.) This gives the commutative diagram

0 —» Ty(&) > Tu(F%Y;L)®H)

L lr

0 — To(f*) <= Ta(#°(X;L) ® ),
which induces the commutative diagram
HY(Yil) = sHY(Y; )
- I
HY(X; f*l) = sHY(X; f* ).
Consider the diagram

Hy(Y;w) 2 sHy(Y;)

L %

Hy(X; f*od) = sHy(X; f*4).

We claim that this diagram commutes. This is so in degree zero as just
shown. Considering the upper left and lower right parts of the diagram as
connected sequences of functors of ., it is easily seen that both composi-
tions f* 0 § and 8 o f* commute with connecting homomorphisms. Thus
the contention follows from II-6.2.

Now we wish to study relationships with subspaces. Let F C X be
closed and put U = X — F. Let ® be a paracompactifying family of
supports on X.

The exact sequence 0 — Ay — 4 — 4p — 0 induces an exact
sequence 0 —» #*(X;L)®@ Ay —» F*(X;L)® A — F*(X;L)@AF — 0.
But #*(X; L)®Ay ~ (#*(X; L)®«)y. Therefore, also, #*(X; L)®A r ~
(Y(X;L)® A)F.

The restriction homomorphism S*(V;L) —» S*(VN F;L), for V Cc X
open, induces an epimorphism (#*(X;L) ® «)|F — #*(F;L) ® A of
sheaves on F. The kernel of this is an &#°(X; L)|F-module and hence is
®|F-soft. Thus we have an epimorphism

Lo(#*(X;L) ® #F)=To|r((#"(X; L) ® )|F) »Tqp(#"(F; L) ® A|F)

of chain complexes. The map ['s(#*(X;L) ® &) — Te(L*(X;L) ® AF)
is also onto. Define the chain complex K3(X, F; ) to be the kernel of the
epimorphism T's (#*(X; L) ® &) —» g p(#*(F; L) @ A|F).

We define the relative singular cohomology with coefficients in the sheaf
A by

| sH3 (X, F; ) = H* (K3 (X, F;0)). |
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For & locally constant we have the commutative diagram

0 K3(X,F; &) > Te(#*(X; L) ® L) > Lo (¥ (F; L) ® L|F) — 0
l ! !
0— S3(X,F; ) — S3(X; A) — Sgp(F; ) -0

in which the two vertical maps on the right are induced by i and the one on
the left is forced by commutativity and exactness of the rows. The 5-lemma
shows that the vertical map on the left induces a homology isomorphism if
both the Z maps do.

To relate these relative groups to the absolute groups and to the sheaf-
theoretic cohomology groups, we consider the homomorphisms 8 for the
sheaves &y, A, A F, and the following diagram of chain groups:

0 - T (¥ (X;L)®Ay) = To(¥°(X; L)®A) = To(F(X;L)®AF) — 0
- s
0 — K3 (X, F; A) —*P@(y'(X;L)®d)—'Pq»'p(y‘(F;L)@le)—-'0.

This induces the following commutative diagram:

Hyy(U;L|U) Hy p(F;A|F)
I
= Hy(X;dy) — HY(X;H&) — HYX;dp) —--
0 0 P)
= sHR(X;4y) — sHp(X; ) — ng()lf;dF) -
= f.
= sHY(X,F;l) - sHY(X;A) — sHy p(Fit|F) — -

The bottom row, for & = L, is just the singular cohomology sequence of
the pair (X, F). The row of vertical maps marked “§” are isomorphisms if
X is HLC. The composition of vertical maps on the right is the “4” map for
F by the uniqueness part of II-6.2. Also, f*, and hence each of the vertical
maps on the bottom row, is an isomorphism if X and F are both HLC, as
also follows from II-6.2. Note that (#*(X;L)®«)|U ~ #*(U; L) ® «# and
Le(#*(X; L)®Ay) =Te((*(X; L)®A)y) = Cou((£*(X; L)®A)|U) =
Lo (#*(U; L) ® A), so that sHR(X; Ay) = SH;IU(U;JlU).

It follows that if X and F are both HLC, then all vertical maps in
the last diagram are isomorphisms, and in particular, the relative singular
cohomology of (X, F) “depends” only on X —F = U;? i.e., invariance under
relative homeomorphisms is satisfied. Of course, this is false without the
HLC condition on both X and F.

Since CW-complexes are locally contractible, and hence HLC, we now
know that sheaf-theoretic cohomology agrees with singular cohomology (in-
cluding cup products) on pairs of CW-complexes. (This also follows from

2Strictly speaking, it also depends on ®|U, but in the most important case of compact
supports on locally compact spaces, ®|U = ¢ is also intrinsic to U.
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uniqueness theorems for cohomology theories on CW-pairs, but the present
result is stronger because it covers the case of twisted coefficients.)

For HLC pairs and constant coefficients, one can do much more using
the methods employed at the end of the next section; see 2.1.

If X is HLC, « is locally constant, and ® is paracompactifying, then
#*(X;L) ® & and & (X;) are both ®-acyclic resolutions of ., and it
follows that u* of (2) is an isomorphism. Since p preserves cup products,?
so does p*. Therefore, for X HLC, .« locally constant, and & paracom-
pactifying, we have the natural multiplicative isomorphisms

H3 (X3 ) > sH(X;d) ¢ aH3(X; ).
We summarize our discussion in the following theorem.

1.1. Theorem. There exist the natural multiplicative transformations of
functors (of X as well as of A)

Hy(X; ) 20 sHy(X; o) £ AHY(X; o)

in which the groups AHg(X; ), and hence p*, are defined only for locally
constant & and are the classical singular cohomology groups when ® is
paracompactifying. The map p* is an isomorphism when A has finitely
generated stalks. Both 6 and p* are isomorphisms when X is HLC and ®
is paracompactifying. Both natural transformations extend to closed pairs
of spaces with the same conclusions. 0O

1.2. Example. Let X be the union of the 2-spheres of radius 1/n all
tangent to the zy-plane at the origin zo. (See II-10.10.) Let W be the
same point set with the CW-topology. Then the identity map (W, z¢) —
(X, zo) is a relative homeomorphism, since the complement is a countable
topological sum of 2-planes in both cases. However, by the foregoing results,
aHM(W,z0;Z) ~ HM(W, 20, Z) ~ DX, H*(R?; Z) vanishes for n > 2. On
the other hand, A H"(X,z0;Z) ~ aH™(X;Z) is nonzero for arbitrarily
large n, as shown in [3]. o

1.3. Example. Let X be the Cantor set. Then by continuity II-14.6
we have H(X;Z) ~ l_iggZT', which is countable. On the other hand,

aH®(X;Z) ~ Hom(Ho(X;Z),Z) ~ Hom(@ x Z,Z) ~ [] x Z, which is un-
countable. o

Another such example is the “topologist’s sine curve” of II-10.9.

3This follows directly from the definition of the cup product in singular theory.



§2. Alexander-Spanier cohomology 185

2 Alexander-Spanier cohomology

Put #* = #*(X; L) as defined in I-7. For any sheaf # on X we define the
Alexander-Spanier cohomology with coefficients in & and supports in ® by

[4H3(X: B) = H* (Do (4" © #)). ®)

When 8 = L and ® is paracompactifying, this coincides, by I-7, with
the classical Alexander-Spanier cohomology. This is also true for 8 = G
constant and ¢ paracompactifying, as we shall see presently.

By II-1, «"* is a resolution of L, and .«" is torsion free. Thus, " ® #
is a resolution of # and is an ezact functor of 8. The cup product
AP(U;L) ® AY(U;L) — AP*9(U; L), defined by (f U g)(zo,...,zp.,.q) =

f(Zoy- -, 2p)g(Zp, - - - s Tptq), induces a product &? ® ¢ — & (a ho-
momorphism of dlﬂerentlal sheaves) and also (#” ® B) ® (¥ ® €) —
AP ® (B €). Thus .,d is 3 sheaf of rings with unit, and each #”® ® is
an .¢°-module. Now .#® ~ ¥°(X; L), and hence it is flabby. Thus, when
® is paracompactifying, 47 ® B is P-fine.

Since «/* ® & is a resolution of %, we have the homomorphism

Lp: AHM(X; B) — H;,(X;SB)] (4)

of I1I-5.15.

If & is paracompactifying, then .#* @ & is ®-fine, so that p is an iso-
morphism. (Its inverse is the analogue of the map 6 of Section 1.) For
& paracompactifying, a development similar to that of Section 1 can be
made. It is somewhat simpler since 4 is now always an isomorphism.

In particular, for F C X closed, U = X — F, and ® paracompactifying,
there is the natural commutative diagram with exact rows:

= HR,(U;B) — HY(X:®B) — HY(Fi®)

! ! !
> AHR(X,F;B) —» sAHY(X;B) — AHgIF(F;«%) -

where the relative Alexander-Spanier cohomology is defined to be the ho-
mology of the kernel of the canonical surjection

To(A*(X; L) ® B) — Top(wl" (F; L) ® ).

If f: UPt! - L is an Alexander-Spanier p-cochain on the open set
Uc X and if 0 : A, — U is a singular p-simplex in U, put (Af)(o) =
f(o(eo),...,o(ep)), where the e, are the vertices of the standard p-simplex
A,. This defines a natural map A : A*(U; L) — S*(U; L), which induces
a homomorphism #* — &#* of differential sheaves. This, in turn, induces
a chain map Fg(#* @ B) — I's(#"* ® B) and hence a natural homology
homomorphism

[A*: aHy(X; B) — sHL(X; B). |
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When @ is paracompactifying, the compatibility properties of A*, to-
gether with II-6.2, imply that A* = @p, where 8 is as in Section 1 and p is
as in (4).

We now turn to the case of constant coefficients in the L-module G.
There is a natural map

A*(U;L) ® G — A*(U;G).

Note that when G is finitely generated, this is already an isomorphism.
This induces a homomorphism #* ® G — &*(X;G). Also, £*(X;G) is
an &°(X; L)-module and is a resolution of G. We have the maps

Te(w” ® G) = Lo(H"(X;G)) — Ap(X;6),

where A} = A3 /A}. When & is paracompactifying, the first map induces
an isomorphism in homology by II-4.2, while the second map is already an
isomorphism by I-7. Thus, for & paracompactifying and G constant,

[H3(X;G) ~ aH3(X;G) ~ asH(X;G). |

Moreover, these isomorphisms preserve the cup product, the first by the
functorial method used in Section 1 (or by II-7.5) and the second by its
definition.

Now suppose that B C X is arbitrary. Let A;(X , B; G) be the ker-
nel of the canonical surjection A%(X;G) —» A%ng(B;G). The relative
Alexander-Spanier cohomology group is defined by

AasHY(X,B; G) = HP(A4(X, B; G)).

For U C X open, the restriction A*(U;G) — A*(BnNU,;G) is onto and
hence, passing to the limit over neighborhoods U of x € B, the induced
map 4" (X;G), — A*(B;G), is also onto. Thus the canonical cohomo-
morphism &*(X;G) ~ A*(B;G) is surjective in the sense of II-12. We
have the commutative diagram

Z;,(X; G) — /i{‘mBEB;G)
l

Te(A*(X;G)) = Tonp(A*(B;G))

in which the top map is always onto and the vertical maps are isomorphisms
provided that ® is paracompactifying. Thus Kerr* =~ A%(X, B;G), and
by 11-12.17,

| H3(X,B; G) ~ asH(X, B; G) |

when ® and ® N B are both paracompactifying.
In a similar manner, when X and B are both HLC, .« is locally constant,
and ® and ® N B are both paracompactifying, one can show that

| H3(X, B; ) ~ AH}(X, B; o) ~ sHY (X, B; ).

We summarize the main results:
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2.1. Theorem. There ezist the natural multiplicative transformations of
functors (of X as well as of A)

asHE(X; o) 255 AHy(X; ) 2 Hy(X; )
o
sHy(X; A)

in which the groups asHg(X;A), and hence pu*, are defined only for con-
stant « and are the classical Alexander-Spanier cohomology groups. The
map p* is an isomorphism when & = L or when ® is paracompactifying.
The map p is an isomorphism when ® is paracompactifying. The map \*
is an isomorphism when X is HLC and ® is paracompactifying. All three
natural transformations extend to closed pairs of spaces unth the same con-
clusions. The isomorphism pu* extends to arbitrary pairs (X, B) if & and
® N B are paracompactifying and A is constant. The isomorphism A\*p~!
eztends to arbitrary HLC pairs (X, B) when ® and ®N B are paracompact-
ifying and & s locally constant. o

3 de Rham cohomology

Let X be a C*°-manifold and let L = R. Let .« be any sheaf of R-modules
and define the de Rham cohomology with coefficients in & by

[aH3(X; o) = H*(To (2" © )]

Now, Q* is a resolution of R, so that Q* ® .« is a resolution of .. The
exterior product A : QP(U) @ QI(U) — QP+9(U) induces a product (P ®
A)Q (R B) — QP ® (& ® B). Thus Q° is a sheaf of rings with unit
and each 0” ® « is an Q%-module. [Recall that Q°(U) is the ring of C*°
real-valued functions on U.|

For any paracompactifying family ® on X and K, K’ € & with K C
int K’ there is an f € Q°(X) with f(z) = 1 for z € K and f(z) = O for
z ¢ K'. Let g € T(Q°K). We can extend g to a neighborhood, say K’,
of K by II-9.5. Then f - g is zero on the boundary of K’ and thus can be
extended to all of X. It follows that Q0 is ®-soft, and hence each Q° @ &
is ®-fine for any paracompactifying family &.

By II-5.15, there is a canonical map

lp: oHy(X;ul) — Hy(X;0)]

for arbitrary ®, and this is an isomorphism when ® is paracompactifying.
Moreover, p preserves products when ® is paracompactifying by II-7.1.
(This is also true for arbitrary ®, but we have not proved it.)

For many applications it is important to have a more direct “de Rham
isomorphism”: sHg(X; ) =~ oHg(X; ), ® paracompactifying. We shall
briefly describe this.
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We use singular theory based on C* singular simplices. Let w € QP(X).
We let k(w) denote the singular p-cochain defined as follows. Let o : A, —
X be a C* singular simplex. Then define

k(w)(o) = /A o*(w).
Stokes’ theorem may be interpreted as saying that
k(dw)(0) = /z(w)= /{g:*w>= /a 7 =H@)0) = UK,

so that k(dw) = dk(w). That is,
k:Q*(X) - S*(X;R)

is a chain map.4
Clearly |k(w)| = |w|, so that k : Q%(X) — S§(X;R) for any family &.
Thus k induces a homomorphism

k*:qHg(X) — aHz(X;R).

We claim that k* is an isomorphism when ® is paracompactifying and, in
fact, that k* = 6p, where 6 is as in Section 1.

To do this, we first generalize k* as follows. The map k : Q*(U) —
S*(U;R) induces a sheaf homomorphism Q* — #”(X;R), which extends
to a map Q* ® & — #*(X;R) ® « inducing an extension of k to k :
Fe(Q* ® &) — Te(#*(X;L) ® ). Thus we have, in general, a natural
homomorphism

[k* s aH3 (X; ) — sHy(X; ) |

coinciding with the former map for & = R and ® paracompactifying.
Now, when & is paracompactifying, k : Q* ® & — #*(X;R) ® « is
a homomorphism of resolutions of .« by ®-soft sheaves. Consequently k*
is an isomorphism by II-4.2. This isomorphism k* also commutes with
connecting homomorphisms, and it follows from II-6.2 that k* = 6p.
We summarize:

3.1. Theorem. For smooth manifolds X and sheaves & of R-modules,
there are natural multiplicative transformations of functors (of X as well
as of A)
Hy(X; ) —2~ sH3(X; )
P Kk
aH3(X; o)
in which all three maps are isomorphisms when ® is paracompactifying.

The map k* is induced by the classical integration of differential forms
over singular simplices. O

4For a reasonably complete exposition of these matters see 19, V].
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4 Cech cohomology

In I-7 we defined Cech cohomology with coefficients in a presheaf and
proved one substantial result in the classical case of coefficients in a con-
stant presheaf. In this section, we further develop the Cech approach to
cohomology with coefficients in a sheaf as well as in a presheaf and study
the connections between the two. The reader is advised to review the
material in I-7 as to our notational conventions.

Let A be a presheaf on X and 4 = {U,; @ € I} an open cevering of
X. We shall use o™ to denote an ordered n-simplex (ag,...,a,) of the
nerve N(U) of U, and Uy~ to denote Uyy,... 0, = Uao N NU,,. Let
c € C3(X; A). Then the support |c| of c is characterized by

[z¢le @ 3V 3 0=c(0™)|Usn NV € A(Upn N V,) Vo™ € N(Y), |

where V is an open neighborhood of z.

4.1. Proposition. The functor C"(l;e) of presheaves is eract.

Proof. It is essential to understand that this applies to exact sequences
of presheaves and not to sheaves, since an exact sequence of sheaves is not
generally right exact as a sequence of presheaves.

Let 0 - A’ - A — A” — 0 be an exact sequence of presheaves; that
is, for all U C X open, 0 — A'(U) — A(U) — A”(U) — 0 is exact. Then
the induced sequence

0— C™M; A) —» C™(Y; A) —» C™ (1, 4") - 0
has the form

0— [[4'Won) - [[AWor) = [[A"(WUsm) — 0
on on o

which is exact. 0

4.2. Theorem. If every member of ® has a neighborhood in ® then the
functor CZ(X;e) of presheaves is exact.

Proof. By passing to the direct limit over the coverings {{ = {Uy;z € X},
we see that, for an exact sequence 0 — A’ — A — A” — 0, the sequence

0— C'(X;A') = C'(X;A) - C'(X;A") -0
is exact by 4.1. It is also clear that
0 — C3(X; A') — C3(X; 4) = C3(X; A”)

is exact, and it remains to show that j is surjective. Thus, suppose that cfj €
C3(U; A”) represents a given element of C3(X; A”), where 4 = {U;z €
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X}, and that K = |c{j| € ®. Let K’ € ® be a neighborhood of K. Then for
each z € X — K there is a neighborhood V, C U, such that ¢{{(c™)|U,~ N
Ve =0in A”(U,nNV;) for all o™. For z € K let V, = U,Nint K’. Then for
the refinement 0 = {V, }, we see that the image ciy of ¢| has cip(c™) =0
whenever 0 = {zo,...,7,} has some vertex z; ¢ K. If cfy = jo(cg) for
some cy € C™(0; A), then define éy € C™(V; A) by

Ep(o™) = cy(o™), if all vertices z, of o™ are in K,
b ~ 10, if some vertex z, of o™ is in X — K.

Then, also, jyg(Ey) = ¢y and |Ey| C K’ € ®. O

It follows, of course, that if 0 — A’ — A — A” — 0 is an exact sequence
of presheaves, then there is an induced long exact sequence

- — H3(X; A') - H3(X; A) - H3(X; A") - HZ* ' (X;4") — -+

of Cech cohomology groups when & is paracompactifying. Presently we
shall show that this also applies to short exact sequences of sheaves.

4.3. Prop95ition. If ® is paracompactifying, then any given cohomology
class v € HR(X; A) is represented by a cocycle cy € CP(U; A) for some
locally finite covering U of X.

Proof. Let v be represented by the cocycle cy € C3(4; A) for some open
covering il = {U,} and let K = |c| € ®. Let K’ € ® be a neighborhood of K
and K” € ¢ a neighborhood of K’. For z € X — K there is a neighborhood
V; C U, — K of z such that 0 = ¢(o™)|Vy N Uyn € A(Vy NU,yn) for all o™.
Let {W,;a € I} be a locally finite open (in X) covering of K’ in K” that
refines the covering {U, Nint K"} and is such that if Wo N (X - K') # @
then W, C V; for some . Then U = {V,;;z € X - K'}U{W,;a €[} isa
refinement of 4. The projection ¢y of ¢y has the property that cy(c™) =0
unless all vertices a, of o™ have V,, C K’, since otherwise V,, C V; for
some z. Let W = {W,;a € I} U{X — K’ = Wy} (where oo ¢ I) and let
ey € C2(20; A) be given by

cm(o™) = cyp(o™), if no vertex of o™ is oo,
m ~1 o, if some vertex of o™ is oo.

Then U refines both {{ and 2. Moreover, cqp projects to cg € Cg(m; A).
We have degg(o™+!) = deg(o™*!) = 0if no vertex of o™*! = {ap, ..., an+1}
is 00. Also, degg(o™t!) = 0 if o™*! has at least two such vertices. If only
the vertex ay = oo, then

deg(0™Y) = teq(ao, - -8Ry - - -1 0ng1)|Wag N - A Weoo Mo - N Wiyy =0,

since Weo N W,, = @ unless W,, N X — K’ # &, in which case W,, C V,
for some z, whence degy(o™*!) = teg(ap, .-\ 0k, .- -y Ans1)|Wons1 = 0.
Since 20 is locally finite, cqg is the required cocycle representative of y. O
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4.4. Theorem. If ® is paracompactifying and A is a presheaf on X such
that Sheaf(A) = 0, then HZ(X; A) =0 for all n.

Proof. Let v € HZ(X; A) be represented by the cocycle cy € C2(4f; A)
where 4 = {U,;a € I} is a locally finite open covering of X. For each
z € X there is an open neighborhood V, of z such that V, nU, # @ for
only a finite number of a. Then V,, can be further restricted so that each
cy(e™)|Usn NV, = 0 and such that B = {V,} refines Y. But then the
projection cg € c"g (°0; A) of cy is the zero cocycle, and so v = 0. ]

4.5. Corollary. If ® is paracompactifying on X, A is a presheaf on X, and
A = Sheaf(A), then the canonical map 6 : A — « induces an isomorphism

Hy(X; A) = Hy(X; ).

Proof. Let K = Ker# and I = Im#. Then the exact sequences
0-K—->A—->1-0

and
0TI —>A>AT—-0

of presheaves induce long exact cohomology sequences. Since Fhea/(K) =
0 = Fheaf(A /), the claimed isomorphism follows. a

4.6. Corollary. If & is paracompactifying and 0 — &' 5 A 5 4" — 0
is an exact sequence of sheaves on X, then there is an induced long exact
sequence

o HY(X; ') 25 HR(X o) 25 HR(X ") 25 HpH (X ut') > -

of Cech cohomology groups.

Proof. If A"(U) = «(U)/isd'(U) then the exact sequence 0 — &' —
A — A" — 0 of presheaves induces a long exact cohomolf)gy sequence.
But Hheaf(A"”) = «" by definition, and so H2(X;A") ~ H}(X;«") by
4.5. O

4.7. Proposition. If # is a sheaf, then for any open covering U of X,
the presheaf V — C*"(UNV;A) is a sheaf If A is flabby, then so are the
CM(UnNe; ).
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Proof. We have
CrUnVi) = [[#Uon nV) = [[ion (#]Usm))(V),
o™ [ Aid

where i,n : Usn — X. Since the direct product of sheaves is a sheaf and
the direct image of a flabby sheaf is flabby, the result follows. a

4.8. Lemma. Ifil = {Uy;a € I} is a covering of X that includes the set
X, then H"(U; A) =0 for n > 0 and any presheaf A.

Proof. Let® = {X}. Then Y and U refine one another, whence C*(U; A)
is chain equivalent to C*(0; A), which vanishes in positive degrees. a

4.9. Theorem. If & is a sheaf on X and i = {U,;a € I} is any open
covering of X, then € (U; ) is a resolution of A .

Proof. Let V be a neighborhood of a given point z € X, so small that
V C U, for some a € I. We have the sequence
0 — (V) 5o OUN V) Ln CHUN Vi) 25 C2UN Vi) — -

and Kerd? = ImdP~! for p > 0 by the lemma. The remainder of the
exactness comprises the conditions (S1) and (S2) of I-1. Passage to the
direct limit over neighborhoods V of x shows that

0=ty —» @ (W), —» B (), — -
is exact. O

4.10. Corollary. Let 4 be a sheaf on X and let U be an open covering
of X. Then HY(U; &) ~ To(). If A is flabby, then HZ(h; &) = 0 for
n>0.

Proof. Since V — C*(INV; &) is a sheaf by 4.7, it is € (14;.«/). By 4.9,
0 — Ta(f) — To(@ (1)) — Do %' (1)) is exact, whence ['s () ~

HYTo (%" (1)) = HY(Cp(4; &) = HY (k). If A is flabby then 4.7,
4.9, and I1-4.3 show that

0 — To () — To(@° (Ui t)) — To (&' () — - -
is exact, so that H}(U; &) = H™(To(€ (4;))) =0 for n > 0. O

By passing to the limit over il we have:

4.11. Corollary. Let & be a sheaf on X. Then f{g(X;d) ~Te(A). If
A is flabby, then HE(X; &) =0 for n > 0. O

4.12. Corollary. For ® paracompactifying and sheaves .4 on X there 1s
a natural isomorphism

[ Hg(X; ) ~ Hy(X; ). |




§4. Cech cohomology 193

Proof. By the previous corollary and 4.6, I?g(X ;) is a fundamental
connected sequence of functors of sheaves . Thus the result follows from
I1-6.2. |

4.13. Theorem. Let o be a sheaf on X and let 4 = {Uy;a € I} be an
open covering of X having the property that HP(Uyn; ) = 0 forp > 0 and
all o™ € N(M), all n. Then there is a canonical isomorphism

H*(X; ) ~ H*(4; ).

Prrof. Let #7 = %%(X;.«) and consider the complex Cr(U; ™) for p
fixed. Since CP(4l; ¢) is an exact functor of presheaves, we have

HI(CP( 7)) = CP(U; HI(D(A"|e)))

CP(U; H(o;4))

{ CP(yU; ), for g =0,
0, forqg#0

by the hypothesis that H¥(U,n; &) = 0 for ¢ > 0.
Consider the diagram

0 0 0 0
! ! ! !

0> I(#) — I - Iw') - I —...
! o ! o

0 — COt ) — COtkt’) — CO(tht') — COh®) — -
! ! ! !

0 = CHthwt) — CHL ") — CHtht') — CHekwt?) — -
! ! ! !

0 — C2( ) — CHekt®) - CHkut') - CHh®) — -

! | | %

in which the rows are exact, excepting the first, as just shown and the
columns are exact, excepting the first, by 4.10 and 4.9. A diagram chase
shows that the homology of the first (nontrivial) row is isomorphic to that
of the first column. O

4.14. Let f: X — Y be amap and .« asheafon Y. Then f*: s ~ f*o
induces fy : L(U) — (f*A)(f'U). If U = {Uy;a € I} is an open
covering of Y and f~!(U) = {f~}(U) |U € y}, indexed by the same set I,
then we can define

fu: C3 ) — CPoig(f74 £l

by fu(c)(e™) = fu,.(c(c™)). This is clearly a chain map, and so it induces
a map 5 )
fi s HY(h o) — Hp o (f7'4h; f*l).
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Following this with the canonical map
HP o (714G f* ) — HPag (X5 7o),

we obtain maps i )
Hg (4 &) — HE 14(X; f* )

compatible with refinements. Therefore, these induce homomorphisms

froHR(Y ) - H 1o (X £ ).

It is clear that for n = 0 this is just the canonical map
Lo() = Lp-10(f").

Therefore, by 11-6.2, f* becomes f* : H(Y;.#) — H}_14(X; f*sf) under
the isomorphisms of 4.12.
4.15. For presheaves A and B on X, we can define a cup product

U: C3(X;A) ® CT(X; B) - C3ri(X;A® B),
where (A ® B)(U) = A(U) ® B(U), by
crUc(ao,- .. 0ngm) = (€10, .., ) ® 2(An, .. -y Ongm) | Uso,....anpm-
This induces a cup product

U: H3(X; A) ® HY'(X; B) —» Hph i (X; A® B).
If & = Sheaf(A) and B = Sheaf(B), then & ® B = Fheaf(A ® B) by

definition, whence this becomes a cup product
U: HY(X; ) ® HY (X; B) — H3TH(X; A © B)

when ® and ¥ are paracompactifying. It is not hard to see, by using I1-7.1,
that this coincides with the cup product for sheaf cohomology via 4.12.

Exercises

1. Complete the discussion of Section 2 with regard to homomorphisms in-
duced by maps.

2. Investigate the behavior of de Rham cohomology with respect to differen-
tiable mappings.

3. Let G be a compact Lie group acting differentiably on a C*°-manifold M.
There is an induced action of G on Q*(M) and on oH*(M) = H*(M;R).
Denoting invariant elements by a superscript G, show that the inclusion
Q*(M)€ — Q*(M) induces an isomorphism

H*(Q*(M)®) = H" (M)°.
[This is nontrivial. Note that H*(M)€ = H*(M) when G is connected.]
[Hint: Let J : Q*(M) — Q*(M) be the inclusion. By integration over

G, define I : Q*(M) — Q*(M)€ so that o J = 1 and such that for
a € HP(M)® and w € Q*(M) representing a, I(w) also represents .
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4. ® If X is hereditarily paracompact and G is a constant sheaf, show that
&*(X;G) and A" (X; G) are flabby. Thus H*(Fa(#"(X;G))) = H3(X;G)
for any family ® of supports.

5. A continuous surjection f : X — Y is called “ductile” if for each y € Y,
there exists a neighborhood V' C Y of y which contracts to y through U in
such a way that this contraction can be covered by a homotopy of f~!(V);
see [16]. Let ;S*(U;Z) = Hom(f.AS(f~}(U),Z)) where f.AS(f~1(U))
is the image in AZ(U) of the classical singular chain complex of f~}(U)
under f. If S*(W;Z) = Hom(AS(W),Z), as usual, then the inclusion
foAS(f7H(U)) — AS(U) induces a homomorphism $*(U;Z) — ;8*(U;Z)
of presheaves and hence a map #* — ;&" of the generated sheaves. If ®
is a paracompactifying family of supports on Y and if f is ductile, show
that the induced map

aHs(Y;Z) = H*(Sa(Y;2Z)) — H™(;Sa(Y;2))
is an isomorphism, and that for any sheaf .« on Y, the map
H*(Ca(#" @ ) —» H*(Pa(; " ® A))

is an isomorphism. (That is, for ductile maps, the singular cohomology
of Y can be computed using only those singular simplices of Y that are
images of singular simplices of X.)

6. Let X be a complex manifold. Let #"7 denote the sheaf of germs of C*
differentiable forms of type (p, ¢) on X and let QP denote the sheaf of germs
of holomorphic p-forms of X. (This is not to be confused with the notation
used in the real case.) The operator d of exterior differentiation has the
decomposition d = d' + d”’, where & : "% — &P and d" : P! o
AP (&) =0 = (d")? and d'd” + d’d’ = 0. It can be shown that via
d"’, &P" is a resolution of QP for each p. Using this fact, prove that (with
the obvious notation) there is a natural isomorphism

HY(X; 97 ® B) ~ "HI(La(A™" @ B)),

where ® is paracompactifying, 3 is any sheaf of complex vector spaces, and
the tensor products are over the complex numbers. (This result is known
as the theorem of Dolbeault [32].)

7. ® Construct a compact space X with singular homology groups

H\(X;Z) ~ QBZ,., Hy(X;Z) = 0.

n=2
Let Z be the base ring, let Q denote the rationals as a Z-module, and show
that o H%(X; Q) = 0 while
sHY(X;Q) ~ sH(X;Z) ®Q~ aH*(X;Z) ® Q # 0.
In particular, unlike o H*, the sH* depend on the base ring.
8. Show that HLC = clcg®.

9. If F C X is closed and . is a sheaf on X, show that H™(X; AF) =~
H™(F; A|F).



196

10.

11.

12.
13.
14.

16.

lIl. Comparison with Other Cohomology Theories

® Let X be a rudimentary space; see II-Exercise 57. Then show that
H™(X;A) ~ H™(X; ) for all n and any presheaf 4 on X with & =
Sheaf(A).

® Let the Cech cohomology groups rrH™(X; A) be defined using only
locally finite coverings of X. If N is the rudimentary space of II-Exercise
27, show that L rH™(N; A) = 0 for all n > 0 and all presheaves A on N.
(Compare Exercise 10.)

Define and study relative Cech cohomology groups HZ (X, B; «).
® For the sheaf ., on S! described in I-1.14, compute HI(S';J,.).

® Use constant coefficients in some group throughout. Let X be a compact
metric space and 0 # ¥ € H"(X). Show that there is a number € > 0,
depending on <, such that if f : X — Y is a surjective map to a compact
Hausdorff space Y with diam f~!(y) < ¢ for all y € Y, then v = f*(v') for
some 7' € H™(Y).

. For sheaves .« on X define a natural map h* : H*(i; o) — H*(X; ). If

for every intersection U of at most m+1 members of U we have H(U; ) =
0 for 0 < ¢ < n, then show that h* is an isomorphism for k < min{n,m}
and a monomorphism for k = min{n,m}.

® Construct an example showing that 4.2 is false without the assumption
that each member of ® has a neighborhood in ®.



Chapter IV

Applications of Spectral
Sequences

In this chapter we shall assume that the reader is familiar with the the-
ory of spectral sequences, especially with the spectral sequences of double
complexes. This basic knowledge is applied specifically to the theory of
sheaves in Sections 1 and 2. See Appendix A for an outline of the parts of
the theory of spectral sequences we shall need.

In Section 3 we define an important generalization of the direct image
functor, the direct image relative to a support family. Its derived functors,
which yield the so-called Leray sheaf, are studied in Section 4. It should
be noted that the direct image functor fy generalizes the functor 'y since
they are equivalent when f is the map to a point.

Section 5 is concerned with a construction dealing with support families
and is primarily notational.

In Section 6 the Leray spectral sequence of an arbitrary map is derived
and a few remarks about it are given. The cup product in this spectral
sequence is also discussed. This spectral sequence is the central result of
this chapter, perhaps of the whole book, and the remainder of the chapter
is devoted to its consequences.

The important special case of a locally trivial bundle projection is dis-
cussed in Section 7, and it is shown that under suitable conditions, the
Leray sheaf (the coefficient sheaf in the Leray spectral sequence) is locally
constant and has the cohomology of the fiber as stalks. We also obtain
a generalization of the Kiinneth formula to the case in which one of the
factors X of X xY is an arbitrary space, provided, however, that the other
factor Y is locally compact Hausdorff and clc$® and is provided with com-
pact supports and constant coefficients in a principal ideal domain. These
results are then applied to the case of vector bundles over an arbitrary
space, and such things as the Thom isomorphism and the Gysin and Wang
exact sequences are derived.

Some important consequences that the Leray spectral sequence and the
fundamental theorems have for dimension theory are discussed in Section 8.
That section also contains a strengthening of the Vietoris mapping theorem
due to Skljarenko.

In Section 9 the Leray spectral sequence is applied to spaces with com-
pact groups of transformations acting on them, and the Borel and Cartan
spectral sequences are derived.

197
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In Section 10 we apply the discussion of Section 7 to give a general
definition of the Stiefel-Whitney, Chern, and symplectic Pontryagin char-
acteristic classes, and to derive some of their properties. Applications to
the study of characteristic classes of the normal bundle to the fixed point
set of a differentiable transformation group are discussed at the end of this
section.

In Sections 11 and 12 we derive the Fary spectral sequence of a map
with a filtered base space. This is applied in Section 13 to derive the Smith-
Gysin sequence of a sphere fibration with singularities. In Section 14 we
derive Oliver’s transfer map and use it, as he did, to prove the Conner
conjecture.

1 The spectral sequence of a differential
sheaf

Let £* be a differential sheaf on X. We are concerned with two cases:
(a) £ =0 for q < qo.
(b) dime 1 X < 00 for a given ground ring L and family ® of supports.
If we are in case (b) with dimg,; X < n, then
0o — €X; ) > - = € (X ) = FH(X; ) = 0

is a resolution of .« by ®-acyclic sheaves and is an exact functor of .. In
the discussion below, C3 (X;.#/) should be replaced by I's of this resolution
when we are in case (b).

Let

P9 = C3(X; £7).|

We take d’ : LP9 — LP+19 to be the differential of the complex Cg(X; £7)
and (—1)Pd"” : LP9 — LP9*! to be the differential induced by the coefficient
homomorphism 7 — #9*'. Let d = d’ + d” be the total differential and
L* the total complex, where

"= P rr.

p+g=n

There are two spectral sequences, 'E?'9 and ”EP9, of the double complex
L** converging® to graded groups associated with filtrations on H?+9(L*).
We abbreviate this statement by the notation E5? = HP*9(L*); see
Appendix A.

IThe first spectral sequence converges because of condition (a) or (b).
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In the first spectral sequence we have 'E5? = 'HP(”HI(L**)) and in
the second "ES? = "HP('HI(L**)), where 'H and " H are computed using
d’ and d" respectively.

Now

"HI(L™") = C3(X; #%(2"))
since C3(X;e) is an exact functor. Thus

'ERT = Hy(X; #9(27)). (1)

1.1. In the second spectral sequence 'HI(L**) = HJ(X;¥"), so that

VB3 = HY(HY(X; %)) ]

Note that in particular, ”E2® = HP(Ty(£")).
In the second spectral sequence we have the edge homomorphism

H?(Tg (")) ="E}® — "EL’ — HP(L"). 2)
Recall that this is induced by the chain map
Te(£7) — L?, 3)

given by s (£7) — C3(X; ¥") = LO? ~— LP; see Appendix A.

Suppose that we are given a homomorphism £* — #" of differential
sheaves. Putting MP9 = CZ(X; #7), we have a map LP?9 — MP9 of
double complexes and hence a corresponding map of spectral sequences.
Since (2) is induced by the chain map (3), it follows that the diagram

H?(Te(Z")) — HP(L*)
l l (4)
HP(Te(AM")) — HP(M*)

commutes.
Let 0 —» £* — M* — A" — 0 be an exact sequence of differential
sheaves. Since Cg(X;e) is an exact functor, the sequence

0— LP9 — MP9 — NP9
(with the obvious notation) is exact. We shall assume that the sequence
0 - Te(Z*) > To(M) - To(AN)—>0

is also exact. This is the case, for example, when &* is ®-acyclic.? Then
it follows that the diagram
H?(Te(A")) — HP(N*)
J¢ J¢ ®
HP+I(F¢(Q')) N H’D‘H(L“‘)

is commutative, where the horizontal maps are the edge homomorphisms
(2) and the vertical maps are the obvious connecting homomorphisms.

2 Also see exercise 14.
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1.2. We wish to obtain naturality relations such as (4) and (5) for the edge
homomorphisms of the first spectral sequence. In order to obtain results
of the generality needed, we must go into this situation somewhat more
deeply than we did for the second spectral sequence.

In the remainder of this section we shall assume either that dime 1 X <
oo or that all differential sheaves considered are bounded below; that is,
that condition (a) or (b) is satisfied. This assumption is needed to ensure
the convergence of the “first” spectral sequences considered.

Let £ be a differential sheaf such that

HIL*)=0 for ¢<O.

Let & be some given sheaf and let ¥ — #°(%") be a given homomor-
phism. Since 'E}'? = HE(X;#%(£")) = 0 for ¢ < 0 we have the edge
homomorphism

H2(X; %) — HE(X; #°(£*)) ="EP° - 'ER0 »o HP(L*).  (6)

Since we have not assumed that #* vanishes in negative degrees, we
cannot immediately conclude that (6) is induced by a chain map. In order
to provide such a chain map, we make the following construction. Let Z;
be the differential sheaf defined by

0, for ¢ <0,
28 ={ Coker{® ' — £°}, for ¢=0,
9, for ¢>0,
with differentials induced from those of #*. We have the canonical map
- @, (7

and it is clear that the induced map #%(£*) — #9(%;) is an isomorphism
for all q. Thus we have the isomorphism

HY(X;°(2%)) = HY (X, #%(%p)) (8)

for all p, g.

The homomorphism (7) induces a map of the “first” spectral sequences,
which, by (8), is an isomorphism from E; on. Thus, with the obvious
notation, we have the commutative diagram

HX(X;2) — HI(X; 1;rf"(g*)) - le(L*)
~ =~ (9)
HY(X; %) — HL(X;#°(%5)) — HP(LY)

in which the horizontal maps are edge homomorphisms. Note that the
given map ¢ — #°(2*) = Jt’o(Qa) now arises from a homomorphism



§1. The spectral sequence of a differential sheaf 201

% — %]. We also know that the edge homomorphism on the bottom of
(9) arises from the chain map

CE(X; %) — L}

given by C5(X;¥%) — CH(X; %)) = LE° — L5; see Appendix A. It
follows that the edge homomorphisms (6) satisfy, via (9), naturality rela-
tions similar to (4) and (5). Explicitly, let 4" be a differential sheaf with
HI(M") =0 for ¢ <O and let M — H°(M") be given. Then for any
homomorphism £* — #"* of differential sheaves and any compatible map
% — M, the diagram

HE(X;%) — HP(L*)
l | (10)
HE(X; M) — HP(M*)

commutes.

Similarly, suppose we are also given 4™ with #9(A4") = 0 for ¢ < 0
and a compatible map S — H° (N ). Suppose also that we have an exact
sequence 0 — " — M* — N* — 0 of differential sheaves compatible with
an exact sequence 0 — & — M — N — 0, that is, such that the diagram

! ! !
HL) - HO(M) — HO(N)

commutes. Then the diagram
Hi(X;A4) — HP(N®)
] l& (11)
HEYY(X; %) — HPH(L*)

commutes.

Remark: The spectral sequences considered in this section are not changed,
from E; on, if we replace C3(X;e) by F'a(R*(X;e)), where B*(X;e0) is
any exact functorial resolution by ®-acyclic sheaves. To see this, consider
the natural homomorphisms

R*(X;0) = € (R(X;0)) — €°(X50),

where the middle term is considered as a functorial resolution with the
total degree. Then apply these resolutions to £°, take 'y, and consider
the spectral sequences of the resulting double complexes. The contention
follows immediately. Of course, in case (b), we must assume that Z°(X;e)
has finite length. For example, we could take #*(X;e) = F*(X;e) of II-2.
If & is paracompactifying, we could take #*(X;e) = #* @ (o), where "
is a ®-fine torsion-free resolution of the ground ring, such as the Alexander-
Spanier sheaf.
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2 The fundamental theorems of sheaves

The previous section has two cases of importance, corresponding to the
degeneracy of one or the other of the spectral sequences.

Degeneracy of the second spectral sequence
Assume that
"E}9 = HP(H}(X;Z"))=0 for ¢>0.
This holds, for example, when each " is ®-acyclic. We also have that
"E§° = HP(Ts(2"))

It follows that the canonical homomorphisms H?(Fe(¥")) — HP(L*) of (2)
are isomorphisms. The first spectral sequence then provides the following
result:

2.1. Theorem. (First fundamental theorem.) Let £* be a differential
sheaf on X. Assume either that dime 1 X < oo or that £ is bounded
below (i.e., 7 = 0 for q < qo, for some qo). Also assume that

HP(H{(X;Z™))=0 for ¢>0.

Then there 1s a spectral sequence with

B} = Hy(X; #°(2")) = HP*(To(£)).

0

Note also that if #?(£") = 0 for ¢ < 0 and if £ — H°(£") is a given
homomorphism, then the edge homomorphism provides a canonical map

H3(X; %) — H(To (L"),

which satisfies the naturality relations resulting from formulas (4), (5),
(10), and (11) of Section 1.

2.2. Theorem. (Second fundamental theorem.) Let h : &* — M" be
a homomorphism of differential sheaves and assume that dimg 1 X < oo
or that both &* and M" are bounded below. Also assume that for some
0 < N < oo the induced map h* : K (L") — H(M") of derived sheaves
s an isomorphism for ¢ < N and that

H*(HY(X; ")) =0 = H* (HY(X; M")) for q>0.

Then the induced map H*(Ts(¥%")) — H™(TCo(M")) is an isomorphism
for eachn < N.
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Proof. If N = oo (as suffices for most applications) then the proof is im-
mediate from the fact? that a homomorphism of regularly filtered complexes
that induces an isomorphism on the E; terms of the spectral sequences also
induces an isomorphism on the homology of the complexes. In general, we
must digress to study a purely combinatorial construction.

For integers r > 2, define the collection

S,={L1+@F-1),1+@r-1)+@r=-2),...,1+FC-1+--+2+1,3}

of integers, where the symbol = indicates that all integers beyond that
point are included in S,. Then

Srpp={L1+rl+r+(r-1),...,1+r+(r—-1)+---+2+1,3}.

Now, for p > 0, define k,(p) = N —p+ #(S, N[0, p]). Note that m € S,
m+ 71 € Sy for m > 0. This implies that k.4, (p+r) — k-(p) is constant
in p > 0. Therefore

kr+l(p+r) _kr(p) = r+l(r) (0)
= —r+ #(Sr+1N[0,7]) — #(S, N [0,0])
= -r+1-0
= -r+1.

Thus we have the partial recursion formula

krs1i(p+r1) =k (p) -7 +1 forp>0. (12)
Also note that
kr1(p) < kr(p),
kz(P) N,
kw(p) = N—p+1 forp>0,
kx(0) = N.

For r > 2, we claim that EP9(£") — EP9(.#") is an isomorphism for
¢ < k.(p). The proof is by induction on r. It is true for r = 2 since
k2(p) = N for all p. Suppose it is true for 7. Then we must show that

g2k (p) = g-r+12kpa(p+r)
when p > 0 (regarding differentials leading out of EP9) and
g+r-12k(p—1) = q¢2krsa(p)

when p —r > 0 (regarding differentials leading into E?P-?). But these follow
immediately from (12). (We also need that k,,1(p) < k,(p), which has also
been noted.)

In particular, E%9(¥*) — EPJ3(#") is an isomorphism for p+q < N
if p>0and for g < N-1if p=0. Therefore the total terms map
isomorphically for total degree less than N. u]

3See A-4.
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Remark: The case N < oo can also be attacked using a mapping cone argument;
see II-Exercise 49. However the present method applies more generally
since it is a pure spectral sequence argument. It also gives slightly better
conclusions. Also note that Exercise 33 sharpens 2.2, perhaps only by an
amount < ¢.

The following result is needed in Section 12:

2.3. Proposition. Let ¥* be a ®-soft differential sheaf on X with ®
paracompactifying, and let A C X be locally closed. Then the spectral
sequence 2.1 of the differential sheaf % on X with supports in ® is canon-
ically isomorphic to the spectral sequence 2.1 of the differential sheaf *|A
on A with supports in ®|A (from E2 on).

Proof. It is sufficient to prove this for the cases in which A is either open
or closed. Note that since #B +— B|A and B — B4 are exact functors, we
have

H*(LA) = X (L*)|A and H*(LY) = H" (L )a.

If U C X is open, then the map
Cou(U; 2*U) — Cap(X;: Ly) — Ce(X; Zy)

(using that £*|U = Z[;|U) induces a map of spectral sequences that on
the E; terms reduces to the natural isomorphism

HE (U, #%(2")|U) = Hp(X; #°(L)v)

of I1-10.2. It follows that this map of spectral sequences is an isomorphism
from F; on, as was to be shown.
If F C X is closed, then the map

C3(X; Zy) — Cy\p(F; 2" |F)

of II-8 induces a map of spectral sequences that on the E» terms is the
isomorphism

HY(X; #°(2")p) = Hy p(F; #%(2")|F)
of II-10.2. Again, it follows that the spectral sequences in question are
isomorphic from E3 on. 0O

Degeneracy of the first spectral sequence

Here we assume that #7(%") = 0 for %;é 0. Also assume that either (a)
or (b) of Section 1 holds. Let & = H°(¥£"). Note that these conditions
hold, for example, when &” is a resolution of Z.
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We have that

'EP9 — 0, for ¢ #0,
2 Hy(X; %), for ¢=0,

and it follows that the canonical homomorphism
HY(X; %) — HP(L*)

of (6) is an isomorphism. From the second spectral sequence we conclude
the following:

2.4. Theorem. (Third fundamental theorem.) Let £ be a differential
sheaf such that #%(Z*) = 0 for q # 0. Assume either that dimg 1 X < 00
or that €* is bounded below. Then with & = H°(L"), there is a spectral
sequence with

B} = HP(HY(X; ¢°) = HEH(X; 9). 0

In particular, the edge homomorphism gives a canonical homomorphism
p: H?(Te(£")) - HE(X; %)

satisfying the naturality relations resulting from formulas (4), (5), (10),
and (11) of Section 1. If ¢" is a resolution of &, then it follows from the
naturality that this p is identical to the homomorphism p of I1-5.15.

Also, there is the following generalization of 1I-4.1:

2.5. Theorem. (Fourth fundamental theorem.) Let £* be a differential
sheaf such that #%(£"*) =0 for 0 # ¢ < N and H*(H}(X; ¥")) = 0 for
g > 0. Assume either that dime 1 X < 0o or that £” is bounded below.
Then with € = #°(£"*), the edge homomorphism

" H3(X; %) = Ep® — EX° o H™(Dy(£7))

in the spectral sequence 2.1 is an isomorphism for n < N and a monomor-
phism for n = N.* In particular, for N = oo there is an isomorphism

HP(To(¥4")) =~ HY(X; ¥).

Proof. Since Ef'? =0 for 0 # ¢ < N, £ is an isomorphism for n < N.
Also, EN'® - EN.0 is an isomorphism, whence £V is a monomorphism. O

We shall conclude this section with six examples of applications.

4 Also see Exercise 32.
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2.6. Example. Let " (X; &) = #*(#*(X;L) ® #) be the singular
cohomology sheaf. If ® is paracompactifying, then #*(X; L) ® « is ®-fine,
whence 2.1 yields a spectral sequence with

ER? = HY(X; s (X; ) = sHE I (X; ).

There is also a similar spectral sequence with the subscript S replaced by
A when . is locally constant. The edge homomorphism Hj(X; ) <
HY(X; s#°(X; o)) = ER° — EB0 = sHE(X;.) is the map 0 of III-1.
If X is HLCT, then o#?(X;L) = 0 for 0 # ¢ < n and AJKO(X; L)y= L.
Therefore AHY(X; L) ~ HY(X; L) for k < n. In particular,

HLC} = dc}.

For some explicit cases see Exercises 22 to 25 and their solutions. o

2.7. Example. For the Alexander-Spanier sheaf «*(X; L) ® # we obtain
from 2.4 a spectral sequence with

ER? = HP(HY(X; " (X; L) ® B)) => HY'(X; B).

This reduces to the isomorphism s H3(X; #) = HP(To(4*(X; L) ® B)) =
H%(X; #B) when ® is paracompactifying or when 8 = L and X is heredi-
tarily paracompact; see III-Exercise 4. o]

2.8. Example. There is a spectral sequence with

EPY = HE(X;#%(X, A; ) = HEYI(X, A; ).

(See II-Exercise 41.) o

2.9. Example. Let A, be the sheaf of germs of singular chains with
coefficients in the given base ring L, as defined in I-Exercise 12, and let
a¥.(X; L) denote its derived sheaf. Note that A .(X; L) = Fheat/(U —
aHS(X,X —U; L)), where oHS(X, X — U; L) is the classical relative sin-
gular homology group based on finite chains. Suppose that ® is a para-
compactifying family of supports on X and that dime . X < oco. Let &”
be the differential sheaf defined by #? = A_,. Since £* is homotopically
fine by II-Exercise 32b, it follows from II-Exercise 32a and 2.1 that there
is a spectral sequence with

Eg.q = Hg(X;AJf_q(X; L)) =3 AI"{‘I>

—-p—

o(X; L),

where the right-hand side is H_,_4(I's(A4.)), which is the classical singular
homology group based on locally finite chains with supports in ®.5

5That is, the union of the images of the simplices in a chain is in ®.
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If X is a topological n-manifold, then it is clear that o o(X; L) = 0
for ¢ # n. Moreover, the “orientation sheaf” 6 = A, (X;L) is locally
constant (constant if X is orientable, by definition), with stalks isomorphic
to L. It follows that for an n-manifold X there is the isomorphism

HY(X;0) ~ aHy_(X; L).

This is the Poincaré duality theorem. It is easy to generalize this theorem
so that it will apply to arbitrary coefficient sheaves. One may also obtain
extensions to relative groups. Since this is done in considerably more gen-
erality in Chapter V, we shall not pursue the subject further here. o

2.10. Example. Let N be the positive integers with the topology as in
II-Exercise 27. Let A; D A2 D --- be a decreasing sequence of subsets of a
space X and let & be a family of supports on X. Assume either that ® is
paracompactifying and the A, are arbitrary, or that ® is arbitrary and each
A, is closed. Put K = () A, and assume that K = (] A, and that 4, € ®.
Let " be a flabby differential sheaf on X. For a given index p consider
the inverse system {T'g 4, (¢")}. As in the exercise, this is a sheaf £” on
N. We claim that it is acyclic. According to the exercise, to prove this
we must show that for every sequence {a},a),...} of sections of &7 with
laj,| C An there exists such a sequence {a1, az,...} with ap41 = a, —al,
for all n. Since &7 is ®-soft, we can find a section b; € I's(#P) that
coincides with a} on X — A;. (When & is paracompactifying make b; = a}
on X —int A3.) Then |bj] C A; and |by — a}| C A2. Next, we can find
a section b, that coincides with a} + a} — b; on X — A3. Then |by| C A,
and |by + by — @} — aj| C As. Continue inductively in the obvious manner.
Define b = by + b2 + --- on X — K. (This makes sense because each point
€ X-K=X-NA, = (X - 4,) has a neighborhood disjoint from
all but a finite number of the A,,.) Since #7 is flabby, b extends to all of
X with support necessarily in . Now put a, =b—a} —---—a,_,. Then
Gn4+1 = Gp — al, and at least outside of K,

Ian|=’b_a',l—"'_a’in—llClbn+bn+l+""UAnCAm

as required.
Now the spectral sequence of 2.1 has

EP? = HP(N; #9(£")) => HPY([(L")).
For the limit term we have
H™([(£")) = H*(limTg)4,(£")) = H" (T x (L)),

by II-Exercise 27. Also, E§'? = 0 for p # 0,1 since dimN = 1. We also
have
By = HO(N; {H (T4, (£"))}) = lim H*(Tgya, ("))
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and
E}? = H'(N; {H(Tp1a,(£"))}) = lim' HI (T4, ("))

by the exercise. Since all differentials are zero and only two columns are
nonzero, the spectral sequence degenerates into the exact sequences

0— Ey™ ' — H™ Tk (")) — E3™ — 0,

that is,

lim'H*~ ! (Cgpa, (7)) = H™(Coix(”)) - lim H™(Tpja,(4")).

Now let us specialize to the case in which each A, is open, ® is para-
compactifying, and #* = €*(X;.). Then we have H*(Tg|x(-¢")) =~
<I>|K(X A) =~ H'(X,X — K; ) by 1I-12.1 and II-12.9 since K has a
neighborhood in ®. Also, H*(Tga,(¢")) (A,; ) since 4, is
open. Therefore, for ¢ paracompactifying, if U1 D l} . is a decreasing
sequence of open sets with K = U, = U, and U, € d> then we get the
exact sequence

0 — lim' H3} (U d) — H™(X, X — K; ) — |im Hyyy, (Us; &) = 0.| (13)

Particularly note the case in which X is locally compact Hausdorff, & = c,
and K is a point. In this case the exact sequence becomes

0 — lim' HZ "' (Us ) — H*(X, X — {z}; ) — lim H} (U;#) — 0,

where U ranges over the open neighborhoods of z and we assume that r
has a countable neighborhood basis. Note that if K = ﬂ_ﬁt = @&, then
the middle term, whence each term, of (13) is zero. Thus this discussion
is essentially an elaboration of the proof of the sum theorem II-16.40 in
cohomological dimension theory. In V-5.15 we will have an application of
these remarks to homology theory. o

2.11. Example. Let ® be a family of supports on X and let A; C A; C

- be an increasing sequence of subspaces with X = | Jint A,. Assume
either that each A, is open or that ® is paracompactifying and each A,
is closed. Let " be a flabby resolution of a given sheaf .« on X. Then
one can treat the inverse system %7 = {Tgna4, (-#7|A,)} as in 2.10. This
situation is somewhat easier since #? is flabby on N in both cases; i.e., each
restriction map Tena,,,(#7|Air1) — Cona, (#”|A,) is surjective. As in
2.10 we get a spectral sequence

E$? = HP(N; {H}n 4, (A A)}) = HPI(X; )
in either of our two cases, where

¥ ={KCXclosed KNA, €N A, all i}.
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This degenerates to the exact sequence

0 — lim' H3 ) (A o) — HY(X; &) — lim Hp 4 (Ay; £) — 0.

In particular, if & = cld, then there is an exact sequence

0 — lim'H"Y(A,; &) — H"(X; o) — lim H"(A; ) — 0|  (14)

whenever each A, is open, or when X is paracompact and each A, is closed
with X = (Jint 4,.

For example, consider the union X of the mapping cylinders of S! 2,
st 2, st A, L. Let A, be the union of the first ¢ of these. Then

H?(A,;Z) = 0 and the inverse system
{H'(A1;Z) — H' (A% Z) — -}

has the form Z <~ Z <> ... In V-5.15 we shall show that Jim! of this is
Ext(Q, Z) and that this is an uncountable rational vector space. Therefore

H*(X;Z) ~ Ext(Q, Z),
which is uncountable. On the other hand, the inverse sequence
{H'(A;;Q) — H'(A2;Q) — -}

is flabby, and so

H*(X;Q) =0.
If K is the one-point compactification of X and z is the point at infinity,
then by (41) on page 136 we have that

H}(K;Z) =~ Ext(Q,Z) # 0

even though dimz K = 2 and K is separable metric, contractible, and
locally contractible.

As another example consider the space X of II-13.2. Let N, be an
open square of side 1/n about the origin, and put K, = X — N,,. Then
HY(K,;Z) = 0. We deduce from (14) that ’

lim'H°(K,; Z) ~ H'(X;Z),

which is uncountable. Note that H°(K,;Z) is free abelian. Also note that
the reasoning that showed that H!(X;Z) is uncountable is also valid over
a countable field L as base ring. Thus we conclude that unlike Ext and
Tor, lim! does not generally vanish over a field as base ring. However, an
inverse sequence of finite-dimensional vector spaces is Mittag-Lefller, and
so lim! does vanish in that case.

As a nonexample consider X = S! and the arcs A, = {€*"?|0 <8 <
1 -1/n}. Then lim'H%(A,;Z) = 0 = lim H'(A,;Z), but H(X;Z) # 0.
This shows that the condition X = [ Jint A, is essential. ©
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3 Direct image relative to a support family

Let f: X — Y and let ¥ be a family of supports on X. To simplify
notation we let U®* = f~1(U) for U C Y.

3.1. Definition. For an open set U C Y let ¥(U) be the family of rela-
tively closed subsets A of U® such that each point y € U has a neighborhood
N with ANN®* € YN N°.

Note that if this condition holds for N then it holds for any smaller
neighborhood of y, and so N can be taken to be open in this definition.

Taking N C U, which is no loss of generality, we remark that the
condition AN N*® € ¥ N N° is equivalent to ANN® € ¥. To see this,
note that if ANN® € ¥ then ANN® = ANN*NN®* € ¥ N N* since
ANN*NN*C ANU®* = AnU® C A. Conversely, if ANN® € ¥ N N°®,
then ANN®* = KN N* forsome K € ¥,andso ANN*CK =K € ¥.

Also note that if Y is regular, then N, and hence N*, can be taken
to be closed, in which case ¥ N N°®* = ¥|N*, which may make it easier to
understand this family.

Also note that if Y is compact, then ¥(Y) = ¥ because a family of
supports is closed under finite unions.

If & is a sheaf on X, then the presheaf U — [y y)(#|U®) is clearly a
conjunctive monopresheaf, and hence a sheaf.

3.2. Definition. Let & be a sheaf on X and let ¥ be a family of supports
on X. Then the “direct image of < with respect to U” is defined to be
fuvA, where

(fed)(U) = Ty)(H|U*).

Note that ¥(U) D ¥ NU®, so that there is the inclusion
Lynue (#|U*) = Ty (L|U°) = (fod)(U). (15)

For a section s € I'y)(#|U°®) and for any point y € U there is, by
definition, an open neighborhood N of y such that |sinN®* € ¥NN®. Then
s|N® € Tynne(A|N*®). It follows that the map (15) of presheaves induces
an isomorphism of the generated sheaves. Thus fy.# can be described as
the sheaf generated by the monopresheaf

U Tynye (A|U*),

a useful fact. However, this presheaf is not conjunctive.
Obviously, the functor fy is left exact.

3.3. Proposition. If & is a flabby sheaf on X and if ® is a paracom-
pactifying family of supports on 'Y, then fo ¥ is ®-soft for any family ¥ of
supports on X.5

6 Also see 11-5.7 and Exercise 1.
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Proof. Let s € (fu¥Z)(K), where K € . By II-9.5, there is an open
neighborhood U of K and an extension s’ € (f£)(U) = Ly (LIU*®) of
s. Since K has a paracompact neighborhood and since paracompact spaces
are normal, there is an open neighborhood V of K with V.c U and V € ®.
Let s = s'|V* € T'yv)(£|V*) and let t be the zero section of £ over
X - (V' nls).

Since s” and t agree where both are defined and since & is flabby, there is
a section s* € Z(X) extending both s” and t. Then |s*| C V" n|s/| € ¥(Y).
Thus we may regard s® as an element of (f¢%)(Y'), and as a section of fy &

it has support in V € ®. Thus s* is the required extension of s to I's (fy %).
w}

3.4. Proposition. Let & and R be sheaves of rings on X and Y re-
spectively, and suppose that there exists an f-cohomomorphism & ~ &
preserving the ring structures. Then for any & -module & on X, fysA is
an R-module. In particular, if & is a €°(X;L)-module (where L is the
base ring), then fy is a €°(Y; L)-module.

Proof. Note that (fy)(U) = I'y)(#|U®) is a module over #(U*®) via
the cup product

F(U*)®Tyw)(H|U®) - Tyw)((# ® A)|U*) - Tyw)(A|U®),

where the last map is induced by the module product & ® & — &. Thus
(feA)(U) is also an #(U)-module, via the f-cohomomorphism #(U) —
&(U*®), whence fy is an #-module as claimed. o

3.5. We shall need the following elementary observations concerning the
naturality of the direct image under cohomomorphisms. Let

X1 5 X,

be a commutative diagram of maps. Let ., be sheaves on X, (i = 1,2) and
let k : &3 ~ A, be a g-cohomomorphism. Let ¥, be a family of supports
on X, with g~1(¥;) C ¥;.

For U, C Ya, let U = f;(U2), Uy = h=Y(Uz) and Uy = f{H(U)) =
¢~ 1(U3). The homomorphisms

Lysnug (#2|U3) — Ty, nup (41|U7)

induced by k form an h-cohomomorphism of presheaves and hence give rise
to an h-cohomomorphism

k*: fow, oy~ fru, o
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of induced sheaves.
If & : are also sheaves on X, and

oty & oty
! i
oy 5 )

is a commutative diagram of homomorphisms and g-cohomomorphisms,
then the diagram

frva(l2) 5 fru, (1)
! !

fo.2a(3) 5 frg, (0))

also commutes.

The remaining material of this section is not used in this chapter’ and
is presented to aid the reader’s understanding of the these matters. The
following is actually a special case of 4.2, but this direct treatment may be
useful.

3.6. Proposition. Let f : X — Y be W-closed for a family ¥ of supports
on X. Then for any sheaf « on X, the sheaf fy is concentrated on f(X).

Proof. We have that fy# = Hheaf(U — T'ynye(#|U*®)). Let y € U with
y &€ f(X), and let s € Tynye(A|U®). Then |s| = KNU* for some K € ¥.
Now, f(K) is closed and y ¢ f(K). Thus there is an open neighborhood
V C U of y with V* N K = &. Therefore s|V* = 0, showing that s induces
0 € (fed)y = limlynye (H|U®). Consequently, (fyo), = 0. O

3.7. Corollary. Leti: A — X be the inclusion of a subspace and let ¥
be a family of supports on A such that each member of U is closed in X.
Also assume that every point of A has a neighborhood, in A, that is in .8
Then iy =~ X

Proof. By 3.6, iy« vanishes outside of A. Now U® =U N A and
i\]}d = yW(U — PWnUO(.ﬂ'U N A)) .

Thus (ig#)|A = Fheat (U N A Tynye (AU N A)). Since every point of
A has a neighborhood, in A, in ¥, this is the same as the sheaf generated
by the presheaf U N A — I'(#|U N A), which is just . But &% is the
unique sheaf inducing .« on A and zero on X — A. O

3.8. Corollary. Ifi: A — X is the inclusion of a locally closed subspace
A of a locally compact Hausdorff space X, then we have i o = A% O

"The last corollary is used in Chapter V.
8This implies that A is locally closed in X.



§4. The Leray sheaf 213

4 The Leray sheaf

Let A C X, let ¥ be a family of supports on X, let & be a sheaf on X,
and let f: X — Y be a map.

4.1. Definition. The “Leray sheaf of the map f mod f|A” is the sheaf

Hy(f, flA; ) = Fhoat (U — Hiyryo (U, U N A; £ |U*))

onY.

For A = @, HY(f; ) = Sheaf (UrTyw)(L|U*) = (fy)(U)), and
SO

HY(frl) = fyod.

Now, fy %" (X, A; ) is generated by the presheaf
U — Tynue(€*(X,4;4)|U®)
= Dynu«(€°(U*,U* N 4;#|U*))
= Cynu- (U, U N A; L|U®).
Thus its derived sheaf is the sheaf generated by the presheaf
U Hyny (U, U N A; |U®),

and so it is the Leray sheaf Y (f, f|A; ). That is, the Leray sheaf is the
derived sheaf

|31, Fl A t) = 2* (f3 8" (X, A; 0)). |

More generally,

Hy(f, flA;A) = K7 (fad”),

where " is any flabby differential sheaf of the form
A* =Ker{k: £* — iN*}, (16)

where £° is a flabby resolution of & on X, 4" is a flabby resolution of
A|A on A, and k : &* ~ A" is a surjective i-cohomomorphism, where
i: A< X. For example, &" could be taken to be F*(X, A;«); see
I1-12.17.

For A = @, the Leray sheaf is denoted by 54 (f; «), and by the pre-
ceding remarks, it is the derived sheaf

|5 (f;) = 2" (fout”)

for any flabby (e.g., injective) resolution & * of «&. Therefore #%,(f;#) is
just the pth right derived functor of the left exact functor fy.
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The exact cohomology sequences of the pairs (U®,U® N A) induce an
exact sequence '

|- oL, 1145 )=, (£ )35 (| As )= 5 (£, Sl As )~ | (1)

of sheaves on Y.
For y €Y, let y* = f~!(y). The restriction map

Hynye (U, U NA;AL|U®) — Hyrye (u°,4° N A5 £ ]y°)

induces a homomorphism

ry Ky (f, flA )y — Hynye (y°,y° N A; ). (18)

It will turn out to be of great importance to obtain sufficient conditions

for r; to be an isomorphism. Since r; maps the sequence (17) into the

cohomology sequence of the pair (y°,y® N A), sufficient conditions in the
absolute case, for both f and f|A, will also be sufficient for the relative
case.

4.2. Proposition. If f is ¥-closed and y* = f~1(y) is ¥-taut in X (e.g.,
if ¥ is paracompactifying or if U contains a neighborhood of y* and y*® is
compact and relatively Hausdorff in X), then

ry Ky (fial)y = Hynye(y*; A)

is an isomorphism for all A. (Also see Section 7.)

Proof. This follows immediately from II-10.6. 0

4.3. Consider the situation of 3.5. Let A, C X,, ¢ = 1,2, be such that
g(A;) C A; and let &, = €*(X,,A,;#,). The g-cohomomorphism k :
oy ~ 4y extends to one &5 ~ A of differential sheaves. Thus we have
the induced h-cohomomorphism

f2,0,(A3) ~ frw, (A7)

of differential sheaves and hence an h-cohomomorphism
Hy, (f2, f2|A2; A2) ~ Ky, (f1, il Ar; A1) (19)

of graded sheaves.

Again, in the absolute case, consider the special case of an inclusion
B CY and B* = f~!(B) C X. The cohomomorphism (19) gives rise to a
homomorphism

r*: #y(f;l)|B — Hynp (f|B*; 4|B°). (20)

If B is open, then it is clear that r* is an isomorphism, but this is false
for general B. However, we have the following result:
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4.4. Proposition. Let f : X — Y be ¥-closed and let B C Y be a sub-
space such that for each y € B, f~1(y) is ¥-taut in X. Then the natural
map

™ HY(f; A)|B — Hynpe (f|B*; L|B®).

s an isomorphism.

Proof. This follows immediately from 4.2 and II-12.14, which imply that
r* in (20) is an isomorphism on each stalk. m]

4.5. Let & be a sheaf on X and & a sheaf on Y, where f : X — Y. For
open sets U C Y, the cup product on U* = f~(U) induces the map

HE(U*,U* N A; ) ® B(U) — HL(U®,U* N A;4) ® (f* B)(U*®)
= HP(U*,U* N A; 4) @ HY(U®; f*B)
— HE(U*,U*NA; A @ f*B)

of presheaves. This, in turn, induces a homomorphism

| H5 (S, f14s ) ® B — H5 (S, f14; 4 © £*B) | (21)

of the generated sheaves.
If f is U-closed and if y* = f~!(y) is Y-taut in X, then on the stalks
at y, (21) for A empty is just the cup product

HE (v ) @ M — HE (5% ® M),

where M = &,,.
From these remarks and the Universal Coefficient Theorem I1-15.3 we
deduce:

4.6. Proposition. Let f : X — Y be a closed map such that each y* =
f~Y(y) is compact and relatively Hausdorff in X. Let « be a sheaf on X
and B a sheaf onY such that £*B = 0 and such that HP+(y*; &)= By, =0
for ally € Y. Then the homomorphism

HP(f; ) QB — HP(f; 4 @ f*B)
of (21) is an isomorphism.® ]
4.7. Again, let f : X - Y and A C X. Let ¥ and © be families of

supports on X and let . and 9 be sheaves on X. For open sets U C Y,
the cup product

HY yo (U )@ HE e (U, U N A; B) — HEFL (U, U N A; 4 @ B)

9 Also see Exercise 4.
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on U® = f~1(U) is compatible with restrictions and therefore defines a cup
product of the generated sheaves:

K, (fr o) @ HE(f, fA; B) — HYL(, flA; o ® B).

Note that in particular, for A empty and p = 0 = q this provides a natural
map

| fu () ® fo(B) - fune( ® B), |

which is, of course, easy to describe directly from Definition 3.2. The reader
should be aware of the fact that in the absolute case, this cup product sat-
isfies an analogue of the uniqueness theorem II-7.1 since II-6.2 generalizes
word for word to the case of functors from the category of sheaves on X to
the category of sheaves on Y. (Specializing Y to be a point retrieves the
original situation.)

4.8. Example. Here is a simple, but not completely trivial, example of a
Leray sheaf. Let X = RP? considered as the unit disk in R? with antipodal
points on the boundary identified. The circle group G = S! acts on X by
rotations in the plane. Let Y = X/G be the orbit space, which can be
considered as the cross section consisting of the interval [0, 1] on the real
axis. Let f: X — Y be the orbit map. The point 0 corresponds to a fixed
point; the orbit corresponding to 1 is a circle wrapping around twnce, and
all other orbits are free. From this it is clear that the Leray sheaf #'(f; Z)
is the subsheaf of the constant sheaf Z on [0, 1] that is 0 at 0, 2Z at 1, and
Z at interior points. (For example, a generator of H(f~ ( ,1];Z) gives
a section of #(f;Z) over ( ,1] that induces a generator of the stalk at
1 since f71(1) is a deformatlon retract of f~1(1,1], but it gives twice a
generator in the stalk at z # 1 since H!(f~1(3,1};Z) — H'(f~!(x); Z)
does that.) Since all orbits are connected, .7{0( f;Z) = Z, and of course,
HP(fiZ) =0 for p #0,1. <o

4.9. Example. Let X = (IxI-{(0,3)})/{(0,y) ~(0,1-y)|0<y < 3},
a square with the midpoint of one side deleted and the remaining two rays
of that side identified. Let Y =1 and let f : X — Y be the projection
f(z,y) =z. Then the Leray sheaf " (f; Z) vanishes away from 0, but the
stalk at 0 € Y is #'(f;Z)o ~ Z since H'(f“l[O,e);Z) ~ Z. Therefore
X' (f;Z) =~ Z {0} is nonzero even though H'(f~'(y);Z) =0 forally € Y.
Note that each f~1(y) is taut, but f is not closed. Now, X and Y are
locally compact and f is c-closed, of course. The Leray sheaf x! (FZ)=0
since, for example, f~![0,¢] =~ D?—{0} ~ S!x (0, 1] and ngS‘ x(0,1);Z) ~
H!(S! x [0,1],S! x {0};Z) = 0. By similar calculations, #.(f;Z) = Z -
By 4.2 these stalks of &} (f;Z) are the cohomology groups w1th compact
supports of the corresponding fibers, as the reader may verify. <

In some situations it is possible to prove some general niceness results
about the Leray sheaf. The material in the remainder of this section is
based largely on the work of Dydak and Walsh [35].
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4.10. Definition. Let L be a principal ideal domain. A presheaf S of L-
modules on X is said to be locally finitely generated if for each point x € X
and open neighborhood U of x, there is an open neighborhood V C U of x
such that Im(ry,y : S(U) — S(V)) is finitely generated over L. A sheaf
& is said to be locally finitely generated if & = Fheaf(S) for some locally
finitely generated presheaf S.

4.11. Theorem. Let L be a principal ideal domain. Suppose that S is
a locally finitely generated presheaf of L-modules on the separable metric
spc 2 Y. Let & = Sheaf(S) and suppose that & has finitely generated stalks
over L. Let G be a given L-module and put Yo = {y € Y| ¥y = G}. Then
Y. is covered by a countable collection of sets Y,, closed in Y, such that
each #|Y, contains a constant subsheaf & with stalks G such that G, is a
direct summand of &, for each y € Y,.

Proof. Let {U,} be a countable basis for the topology of Y. Call a triple
i, 7,k of indices admissible if Uy C U,, U] c U, and G,;, =Imry, y, is
finitely generated. For y € U, let ry,, : G,;, — &, denote the canonical
map. Then for each y € Y and neighborhood U of y, there exists an
admissible triple ¢, j, k such that y € Uy, U, C U, and 1y, , : G, , — &, is
an isomorphism onto &, (since &, is finitely generated). For an admissible
triple 1, j, k, let

B,,={yeYenU,|ry,, is an isomorphism}

and
K,,J,k = Bw N U.

Suppose that £ € K, ;. Then there is an admissible triple p, ¢, such
that z € U, U, C U,, and 1554 : Gpq — &z is an isomorphism. Since
z € B, , NUy, there is a point y € B, , N U,. Since U, C U,, there is the
commutative diagram

G, % ~G
] N
Sz

~ Gp,q

showing that G is a direct summand of &,. By construction, the closed
sets K, ,r cover Yg. The maps r;,, : G,, — & form a homomorphism
of the constant sheaf ¢ with stalks G to #|K, ,k, and we have shown this
to be a monomorphism onto a direct summand on each stalk. a

4.12. Corollary. With the hypotheses of 4.11, suppose that Y is locally
compact or complete metrizable and assume that the stalks of & are mutu-
ally isomorphic. Then there is an open dense subspace U of Y over which
& is locally constant.
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Proof. By the Baire category theorem some Y, must have nonempty in-
terior. Thus | JintY, is dense in Y and & is locally constant on it. O

4.13. Theorem. If f : X — Y is a proper closed map between separa-
ble metric spaces and L is a principal ideal domain then the Leray sheaf
H"(f; L) is locally finstely generated over L.1°

Proof. We may assume that X is a subspace of the Hilbert cube I*°; see
(19, I-9]. Consider the presheaf S on Y given by S(U) = H™(Nyy)(U*); L),
where d(U) is the diameter of U and Nyy)(U®) is the set of points in I*°
of distance less than d(U) from U®. Let & = Hhea/(S). .

We claim that the sets Nyy(U®) form a neighborhood basis of y* in [*°.
If not, then there is an open neighborhood V of y* in I°° containing no set
of the form Nl/n(f_l(Nl/2n(y)))' Let z, € Nl/n(f_l(Nl/?n(y))) —V and
let £, € f~'(Ni/2,(y)) with dist(zs,2,) < 1/n. Then f(zn) € Nij24(y),
so that f(z,) — y. It follows that {y, f(z1), f(x2),...} is compact. Since
f is proper, some subsequence {z,,} must converge to a point z € X.
Then f(z) = lim f(z,,) = y, so that £ € y*. Since dist(z,,2,) < 1/n,
lim 2,, = x € y*, contrary to the fact that no z,, isin V.

Thus &, = H"(y*; L). Now, the canonical map H"(Nyy)(U*®); L) —
H"™(y*; L) factors through H"(U®; L), and the latter generate the Leray
sheaf 5™ (f; L). This gives a map & — #"(f; L), which is an isomorphism
on each stalk. Therefore, ¥ =~ H#"(f; L). Since the Hilbert cube I* is clcr,
it follows from II-17.5 that the presheaf S is locally finitely generated. O

4.14. Corollary. Let f : X — Y be a proper closed map between sepa-
rable metric spaces such that the stalks H*(y*; L) of #*(f; L) are finitely
generated for ally € Y. Let Yo be as in 4.11. Then Y is covered by a
countable family of sets Y,, closed in'Y, such that each #*(f; L)|Y, contains
a constant subsheaf §, with stalks G, that is a stalkwise direct summand.
0

4.15. Example. Let Y = [-1,1],
X={z,0] -1<z<1}U{{(z,1)| -1 <z <0} U {{(z,z)|0 <z < 1},

and f(r,y) = . ThenYr gL =Y. However, # = Jt’o(f; L) is not constant.
Instead, there is an exact sequence 0 — L — & — Li_;,0) ® L(o,1) — 0.
No Y, as in 4.14, can have {0} in its interior. The collection Yy = [-1,0]
and Y, = [27",27"*!] for n > 0 works, and each #|Y,, is constant. o

4.16. Example. Let X be the Cantor set and let f : X — Y = [0,1] be
the identification of the end points in each complementary interval. Then
f is 2-to-1 over a countable set Q@ = Y. o and 1-to-lover P=Y -Q =Y.

10This is also true without separability. One uses the space C(X) of continuous
bounded real-valued functions 6n X instead of the Hilbert cube. Since C(X) is not
locally compact, 11-17.5 does not apply directly, but its proof does.
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Now, for Q = |JQ, as in 4.14, the Q, can simply be the points of Q. In any
case there must be infinitely many @, since they are closed and contained
in Q. For P we could take P, =Y. In any covering P C P, U P, U- - with
P, closed in Y, some P, must have nonempty interior by the Baire category
theorem. Let U be an open interval inside some such P, and let & = ¢|U.
Then the exact coefficient sequence 0 — L — # — 2 — 0 induces the
exact sequence

0 — Tg(L) = Tg(#) — Te(2) — Hg(Y; L) — Hy(Y; ).

The right-hand term is Hy(Y; fL) ~ H}_,4(X; L) = 0 by II-11.1, and the
previous term is H},(Y;L) = H;(U;L) =~ L. Thus e(#) — T's(2) is
not surjective, and so 2|P,, and hence L|P,, cannot be a direct summand
of #|P, even though it is a stalkwise direct summand. o

5 Extension of a support family by a family
on the base space

Let f : X — Y with ¥ and & being families of supports on X and Y
respectively.

5.1. Definition. Let the “extension ®(¥) of ¥ by ®” be the family of
supports on X defined by

(V) = {K € U(Y) | f(K) € 8} = ¥(Y)n f~}(®).

Intuitively, ®(¥) is the result of “spreading ¥ out over ®.” The reason
for considering this construction is the following:

5.2. Proposition. For any sheaf & on X we have

ﬁ"@(fwf) = F@(W)(d)l

under the defining equality (fo)(Y) = Ly(v)(A) C A(X).

Proof. Let s € (fy#)(Y) = Fy(y)(«#) and K = |s| C X as a section
of «/. Then the support of s as a section of fy.# is clearly f(K). By
Definition 5.1, f(K) € ® & K € ®(¥), since K € ¥(Y), and the result
follows. 0O

Most cases of interest are those in which ®, ¥ are one of the four com-
binations of cld, ¢ on locally compact Hausdorff spaces X and Y and map
f : X — Y. The following table indicates the intuitive meaning of ®(¥) in
these four cases:
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® (onY) [ ¥ (on X) | &(¥) (on X)
closed closed closed

compact | compact compact

closed compact | fiberwise compact
compact | closed basewise compact

The following is immediate from the definitions.!!

5.3. Proposition. If f: X — Y is a map between locally compact Haus-
dorff spaces, then

(a) (Y) ={K C X closed| fI[K : K — Y 1is proper},
(b) ®(c) ={K € f~X(®)| fIK : K —Y is proper},

() ¥CP®(c) & (f(¥)C P and fI[K: K =Y is proper for all K € U).
0

We collect some further miscellaneous facts about this construction:

5.4. Proposition. Let f : X — Y, let ®, = be families of supports on'Y
and ¥, © families of supports on X. Then, with A* = f~!(A),

1. ¥ Cc ¥(Y),

2. U C 8= U(Y)C O() and &(¥) C (©),

. ®(cld) = 19,

cld(¥) = U(Y),

T(Y)(Y) = ¥(Y),

2(2()) = 2(¥),

()N f7HE) = (2N E)(Y),

f U-closed, A CY = ®(U)|A* = (D|A)(T) = (B|A)(¥ N A°),
(T)NE(O) = (N E)(¥ N 1)

© ® N o o ke W

Proof. Items 1-5 are clear. For 6, note that ®(¥) C ¥(Y') by definition.
Thus ®(¥)(Y) Cc ¥(Y)(Y) = ¥(Y) by 2 and 5. Therefore

O(B(V)) =aet (YY) N (D) C (V)N (D) =aer B(T).

Conversely, ®(¥) C ®(¥)(Y) by 1, and ®(¥) C f~!(®) by definition,
whence ®(¥) C (T)(Y) N f~1(3) = B((T)).

11Note that f|K : K — Y being proper implies that f(K) is closed in Y.
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For 8, note that

B(T)|A* = {K € ¥(Y)|F(K) € ® and K C A*}
= {K e U(Y)|f(K) € ® and f(K) C A}.

Now suppose that K € ®(¥)|A°®, and let y € f(K). Then by the definition
of ¥(Y), there exists a neighborhood N of y and a K’ € ¥ such that
KNN®=K'nN®. Therefore f(K)NN = f(K')NN. Thus y € f(K') =
F(K') since f is U-closed. Hence y € f(K). Thus f(K) is closed in Y, and
so f(K) C A. Also, KN A*NN* = KnN*since K C A®. Hence

B(¥)4* = {K € ¥(Y)|FK) € 8|4} = (8] 4)(¥)
(also) = {K € (TN A*)(Y)|F(K) € B|A} = (B|A)(¥ N A°)

as claimed. Items 7 and 9 are obvious. 0O

5.5. Proposition. If f : X — Y with ¥ paracompactifying on X and ®
paracompactifying on Y, then ®(¥) is paracompactifying on X.

Proof. Since every member of & has a neighborhood in @, it suffices
to consider the case in which Y € ®. Thus we can assume that Y is
paracompact and ® = cld, whence ®(¥) = ¥(Y). It is also clear that we
can assume that E(¥) = X and hence that X is regular. Now, if K € ¥(Y),
then there is a locally finite open covering {U,} and a shrinking {V,} of
{Ua} such that each K N f~!(V,) € U. Therefore K = {J, Ka, Where
K, € ¥V and K, C f~ (V ), for some such covering. Conversely, any
set K that can be written this way is in ¥(Y). Now, any such set K is
paracompact since a locally finite union of closed paracompact subspaces
of a regular space is paracompact; see [34, p. 178]. Also, by considering
sets W, with Vo C W, and W, C U,, it is clear that such a set K has a
neighborhood K’ of this form. 0

6 The Leray spectral sequence of a map

Let AC X,let f: X — Y, and let ¥ and ® be families of supports on X
and Y respectively. In this section we shall assume that at least one of the
following two conditions holds:

(A) ¥ =cld.
(B) ® is paracompactifying.

Let .« be a sheafon X and let " = €*(X, A;.#), or as in (16) in gen-
eral. Then each fy & is $-acyclic by 3.3 or II-5.7. Thus from 2.1 we have a
spectral sequence, derived from the double complex C%(Y'; fy#?), in which
EP? = HE(Y; %% (f, flA;4)) and E is the graded group associated with
some filtration of H*(T¢(fy#")) = H*(Cgw)(#*)) = Hy ) (X, A;A).

From this and 4.2 we obtain the following basic result, whlch is one of
the most important consequences of sheaf-theoretic cohomology:
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6.1. Theorem. If (A) or (B) holds, then there is a spectral sequence (the
“Leray spectral sequence”) in which

E§Y = HY(Y; 2%(f, fIA; o)) = HEFE (X, A; o).

Moreover, if f 1s U-closed and U N A-closed and if each y* = f~1(y) is ¥-
taut and each y*NA is YN A-taut in X, then the canonical homomorphisms

ry t Hy(f, flA; )y = Hynye (y°,y° N A; L)
are isomorphisms. ]

This is clearly a far-reaching extension of the general Vietoris mapping
theorem II-11.1; see 8.21. Most of the remainder of this chapter is concerned
with applications of this spectral sequence.

6.2. Let us briefly discuss the naturality of the Leray spectral sequence.
Consider the situation and notation of 3.5 and 4.3. Let ®, be a family
of supports on Y, satisfying (A) or (B) and with A=1(®;) C ®;. The
h-cohomomorphism f ¢,.#¢5 ~ f1,4,#] induces an h-cohomomorphism
€°(Y2; f2,u,45) ~ €*(Y1; f1,9,4]) and hence a map of double complexes

C3,(Y2; fou,3) — Cy (V1; f1w,447).
Therefore there is an induced map of spectral sequences
2Epe L, 1EPA,
The homomorphism 2E}'? — 1ERY, ie.,
HE, (Yo; K, (f2, f2l A2 #2)) — HE (Y1, 55, (f1, filA; 1)),

is induced by the h-cohomomorphism (19) of Leray sheaves. Moreover,
the homomorphism 2E%9 — !EP9 is the graded map associated to the
homomorphism

H;,(w,)(x2,l42§d2) — H;)l(\pl)(XhAl;dl)
induced by k : 3 ~» ) [note that g=1(®2(¥2)) C &,(¥,)).

6.3. In the situation of 6.1 again, let f° denote the edge homomorphism

£ Hy(Y; fod) = ER® — BB — Hy g (X; )

of the Leray spectral sequence. We wish to relate this to more familiar
maps. To do this, apply 6.2 to the diagram

X,cld 2 X, 0

J lf

x, 1o L ve
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of maps and support families. There is a map of the spectral sequence
of f: (X,¥) - (Y,®) to that of (X,cld) — (X, f~'®). This gives the
commutative diagram

HY(Y: fut) L5 HE (X )

I -
lo
H",’_W(X,.,d) — H}’_,Q(X;.,d)

since (f~'®)(cld) = f~'®. The edge homomorphism 1° is the identity,?
and ¢* is induced by inclusion of supports. By the general discussion of
6.2 the map f! is induced by the f-cohomomorphism fy. ~ 14 = A,
which is equivalent to the inclusion of supports homomorphism fy. —
fot, ie., it is the composition fy — ff ~» . Therefore, we have the
general relationship

o fo=ft:HY(Y; fod) — H}’-,Q(X;.,d),

where f1 is induced by the f-cohomomorphism fy . ~ .« and ¢* is induced
by the inclusion of supports ®(¥) — f~1.

Now suppose that ¥ = cld. Then f' : HY(Y; ful) — H}_,4(X; )
is the map of that name in II-8. Also, ¢* is the identity. Thus the edge
homomorphism f¢ is just the canonical map

fo = £t HE(Y; ful) — HP, (Y5t

of II-8 induced by the f-cohomomorphism fZ ~ 4.

Now also suppose that & = f*#& for some sheaf B on Y. Then by
(18) on page 63, f* = f! o 3*, where 8 : B — ff*®B is the canonical
homomorphism. Therefore the composition

feopt =f*:HY(Y;B) — H] . (X; f*B)

is the usual homomorphism induced by f.
See Exercise 5 regarding the other edge homomorphism.

6.4. Example. Consider the map f: X — Y = [0,1] of 4.8. The Leray
sheaf ¢! (f3Z), as computed there, is a subsheaf of the sheaf Zg ;) with
quotient sheaf 2 having stalk Z, at 1 and being zero elsewhere. We com-
pute HP(I;Z,1)) = H?(L,{0};Z) = 0 for all p by II-12.3. Therefore, the
cohomology sequence of the exact coefficient sequence ! (f;Z) > Zp,)
2 gives that HP(I; #' (f;Z)) ~ HP~(I; 2) ~ HP~1({1};Z2) ~ Z; (by II-
10.2) for p= 1 and i s zero otherwise. Thus the Leray spectral sequence of
f has E =7, E‘2 = Z, and E}'? = 0 otherwise. This spectral sequence
degenerates, ie., BB = EP9, and gives, of course, the usual cohomology
groups of the projective plane. o

12g3ee¢ Exercise 29.
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6.5. Example. This is an example of the Leray spectral sequence in a
case in which the map f is not closed and the r} are not all isomorphisms.
Let X = S% — {z0}, where z, is the north pole; let Y be the unit disk in
the plane; and let f : X — Y be the projection taking o — o, the center
of the disk Y. Use closed supports. Then at points y # y in Y the Leray
sheaf o#9(f;Z) is the same as that for the projection map from S2, and so
it vanishes for ¢ > 0. However, the stalk at yg is

ZDHZ, forq=0,
H(f:T)y, = imH(UZ)~{ 2,  forg=1,
0, for ¢ #0,1,

where U ranges over the open disk neighborhoods of yg, since such U*® are
disjoint unions of open disks and open annuli (i.e., are homotopy equivalent
to x + S1). It is fairly clear that #°(f;Z) = fZ ~ Z® Zy_p, where
B =8Y. Also, #'(f;Z) ~ Z{y,}, the sheaf that has stalk Z at yo and is
zero elsewhere. Thus the Leray spectral sequence has

0 _ 1rp(v. 400/ f. o PV POV BT Z, forp=0,2,
EP® = HP(Y; " (f;Z)) ~ H?(Y;Z)®H? (Y B’Z)~{O, otherwise

and

S ol g - . - oy ) Z, forp=0,
Eg = HP(Y,J(’ (f,Z)) ~ HP(Y,Z{W}) ~ HP({yo},Z) ~ {0’ for p # 0.
Since this converges to the cohomology of the contractible space X, we
must have that the only possible nonzero differential,

d
Z~Ey' L EY°~1Z,

is an isomorphism.

It is of interest to consider the same example but with supports in ¢
on X. Here, all of the hypotheses of 6.1 are valid, so that the Leray sheaf
XY(f;Z) vanishes for g # 0, and #°(f;Z) = f.Z has stalks

Z, for y € B,
Hfi2), ~{ ZDZ, foryeY — B - {y},
Z, for y = yo.

Here, of course, the Leray spectral sequence degenerates to the isomorphism

piv. 40/ f. priv.oy ~ ) Ly forp=2,
H(Y’”c(f'z))“‘Hc(X’Z)~{ 0, forp#2.
From the stalks, one might think that &# 0( [iZ) ~ ZOZy_p_(y,), but this

cannot hold since I‘(Jfo(f Z)) = HO(Y;#°(f;Z)) = 0, so that Hf; Z)
has no nonzero global sections.
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6.6. Example. Let U; C Uz C --- be an increasing sequence of open
subsets of a space X with union X. Let N be as in II-Exercise 27. Define
m: X — N by m(z) = min{n|z € U,}. Then 7 is continuous (but not, of

course, closed) since 7=1{1,...,n} = U,. Then the Leray spectral sequence
of m with closed supports is identical to the spectral sequence of 2.11, as
the reader may detail. o

As an application of the Leray spectral sequence, suppose that f : X —
Y is a map between locally compact Hausdorff spaces. We say that f
is a “c-Vietoris map” if H?(f~!(y); L) = 0 for p > 0 and any constant
coefficients L. We say that f is a “locally c-Vietoris map” if flU:U —Y
is c-Vietoris for all open U C X, e.g., f finite-to-one or “discrete-to-one”
such as any covering map. [Note that this implies that dimy f~(y) = 0.]

6.7. Theorem. If f: X — Y is a locally c-Vietoris map between locally
compact Hausdorff spaces and if & is a c-fine sheaf on Y, then f*¥ is a
c-fine sheaf on X.

Proof. In the Leray spectral sequence
ER? = HY(Y; H%(f; f* L)) = HPYY(X, f*¥)

we have that the coefficient sheaf #?(f; f* &) has stalks HI(f~1(y); %) =
0 for ¢ > 0 by 6.1 and our assumption. Also, Jfg(f; f*Z) = fof*Z is c-fine
by Exercise 8. Hence H}(X; f*#) = 0 for n > 0, meaning that f*& is
c-acyclic. This applies to the map f|U for U C X open, and so (f*&)|U is
c-acyclic. Therefore f*¥ is c-soft by 11-16.1. If & is a module over a c-soft
(hence c-fine) sheaf & of rings, then f*% is a module over the c-soft sheaf
f*R of rings, so that f*Z is c-fine. ]

6.8. We conclude this section with a discussion of the cup product in
the Leray spectral sequence. Recall that the Leray spectral sequence of
f: X — Y mod A C X may be identified with the “first” spectral sequence
of the double complex

F2(Y; fyd?), where &7 =FX, A;A).

Now, for 7+ = 1,2 let ., be a sheaf on X, ¥, a family of supports
on X, and ®, a family of supports on Y. Let #] = FI(X;4,), #47 =
FUX,A; A3), and L], = FI(X, A; 4, ® A2). The cup product (25) on
page 93 provides a chain map #9 ® 5 — .,d‘{:;t. Similarly, we obtain the
following cup product of double complexes:

s -1
FL(Y; fu, ) ®F3,(Y; fupts) L8 FEHSL (Y fu, (1) ® fu, (03)
- g-frﬁé, (Y; f‘l’lf'\\l'z (dg ® "422»

+ t
gxr:ég (Y; f‘x’nn\l’zd({:; )
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(see 4.7). This induces the cup product of the corresponding spectral se-

quences
uU: lE’x_’,q ® QE;’" — 1.2E£+s,q+t

with the usual properties. On the E; terms this coincides with the compo-
sition
HZ (Vi 5, (fi1)) ® H3, (Y; H4,(f, flA; 1))
N HE e, (V5 6, (faty) ® K4, (1, fl A )
HEloe, (Vs Y b, (f, flAi 1 © ),
and on E it is compatible with the cup product
U Hg 4, (X5 1) ® Hg, (4, (X, A;2) = HFP™ (X, A; ot © oA2)

on the “total” cohomology, where © = ®,(¥,) N $2(¥2) = ($1 NP2) (¥, N
¥,). [To see this, consider the second spectral sequence of the double
complex F(Y; fytt?).]

The differential d, satisfies the identity

dr(aUB) = d,aU B+ (-1)P*aud,p, |

where o € ! EP9 (see Appendix A).

6.9. Let us specialize to the case in which f : X — Y is ¥-closed and each
f~Y(y) is ¥-taut and @ is paracompactifying on X. Also assume that the
Leray sheaf 54 (f; L) is constant with stalks Hy (F; L), where L is some
base ring with unit. There are the canonical homomorphisms H (F) —
HY(Y; HL(F)) (the constant sections) and HZ(Y;L) — HE(Y;#°(f))
induced by the canonical homomorphism L — Jt’o( f), which is often an
isomorphism [e.g., when Y is locally connected and the f~!(y) are con-
nected; but we need not assume this or even that Jfo( f) is constant or
that it has stalks H%(f~!(y))]. Thus we have the maps (coefficients in L)

HE(Y)®. HL(F)— HE(Y; #°(f)) @1 HO(Y; HL(F)) % HE(Y; HL(F)) = EZ*,

and the preceding remarks imply that this is an algebra homomorphism
with the usual cup product

(@®b)U(c®d) = (—1)de® e (g uc) ® (bUd)

on HR(Y;L) ®. H}(F;L). [The cup product on H}(F;L) is that of the
stalk HJ(f~'(y); L). We are assuming that this is independent of y € Y.
The reader should show that this is always the case if Y is connected.] In
particular, if L is a field and ® = ¢ = ¥ on locally compact Hausdorff
spaces, then

HP(Y;L)®L HI(F; L) = H?(Y; HI(F; L)) = E}?

is an isomorphism of algebras. More generally, this holds when L is a
principal ideal domain and HJ(F; L) is torsion-free over L.
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7 Fiber bundles

Clearly it is important to understand the Leray sheaf in particular cases.
We begin by looking at the case of a projection in a product space:

7.1. Theorem. Let f : Y x F — Y be the projection. Let © be a family
of supports on F and put ¥ = Y x ©. Let B be a sheaf on F and put
o =Y x B. Let HE(F;B) denote the constant sheaf on Y with stalks
HZ(F;B). Then there is a canonical monomorphism

n*: H3(F; B) — HG(f; A).

Moreover, if the map r; of 4.2 is an isomorphism for all y € Y, then 7* is
an isomorphism.

Proof. Let m:Y x F — F be the projection. Then for open sets U C Y,
m: U® = U x F — F induces the homomorphism 7* : HZ(F;®) —
H} e (U®; ), which is a homomorphism of presheaves, the source being
regarded as the constant presheaf. This then induces a homomorphism
of the generated sheaves as required. On the stalks at y € Y this is a
homomorphism

3 H3(F; B) — i Hynye (U5 4),
yeU

*

and it is clear that rj o my = 1. Thus 7* is a monomorphism, as claimed.
y *)~1, so that =* is an

Moreover, if r; is an isomorphism, then m; = (r;
isomorphism if this holds for all y € Y. O

Note that the condition that the r; be isomorphisms holds for fiberwise

compact supports on locally compact Hausdorff spaces. More generally:

7.2. Theorem. LetY be an arbitrary space and let F be a locally compact
Hausdorff space. Let o be any sheaf onY x F and let m: Y x F — Y be
the projection. Then for any point y € Y, the homomorphism
ry i Hyxe(m )y — HZ (F; )
of 4.2 is an isomorphism. Thus, for any sheaf B on F, the Leray sheaf
Yxc(m Y x B) is the constant sheaf H*(F; B).

Proof. Since 7 is (Y x ¢)-closed, it suffices, by I1-10.6, to show that each
m~1(y) = {y} x F is (Y x ¢)-taut. This is trivial if Y is locally paracompact
(see item (d) below I1-10.5), but we wish to prove this for completely general
Y, not necessarily even Hausdorff.

Thus let # be a flabby sheaf on Y x F and let s € I'.(#|{y} x F) with
|s| = {y}xK. Let W =Y xF*, where F* is the one-point compactification
of F. By I1-9.8 there is an extension t € ['(#F"Y|U x F*) of s, where U
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is some neighborhood of y in Y. By cutting U down, we can assume that
|t| € U x K’ for some compact K’ that is a neighborhood of K. Then t
extends by 0 to (U x F+)U (Y x (F* — K')). Restrict this extension to
Y x F and then extend it (using that & is flabby) to a section t’' € F (Y x F)
with [t/| CY x K’ € Y x c. This shows that ['yx.(¥) — T (¥|{y} x F)
is surjective. By II-9.22, #|{y} x K is soft for all compact K C F. By
11-9.3, #|{y} x F is c-soft. Therefore, by Definition I1I-10.5, {y} x F is
(Y x c)-taut. 0

This result has an obvious generalization to (locally trivial) fiber bun-
dles. A “fiber bundle” is a map f : X — Y such that each point y € Y has
a neighborhood U such that there is a homeomorphism

h:UxF— f{U)=U* with fh(u,t)=u for ueY,teF

Often, h is restricted to belong to a smaller class of “admissible” homeo-
morphisms forming what is called the structure group.

Then let ¥ be a family of supports on X such that for sufficiently small
open U C Y and any admissible representation of U*® as a product U x F,
we have that ¥ NU® = U x 6, where O is a given family of supports on
F. (For locally compact Hausdorff spaces the families of closed, compact,
fiberwise compact, or basewise compact supports all are examples.)

Suppose also that .« is a sheaf on X that for any admissible represen-
tation U® = U x F has the form U x & for a given sheaf # on F. Then
we deduce:

7.3. Corollary. In the preceding situation, assume that each r;, is an iso-
morphism (which is the case, for example, for compact or fiberwise com-
pact supports on locally compact Hausdorff spaces). Then the Leray sheaf
Hy(f;A) is locally constant with stalks H3(F; B). In this case, we usu-
ally denote the Leray sheaf by #'g(F; B). o

Analogous results obviously can be formulated in the relative case of
(X, A) — Y, where for any admissible o : U x F —» U® we have that
h~}(U* N A) = U x B for a given subspace B C F.

7.4. Example. Consider the solenoid £!, which is the inverse limit of the
covering maps

st .2 st 3 gt A ...
There is the projection 7 : ¥1 — §! to the first factor. This is a bundle
whose fiber F is the inverse limit of the sequence

1‘—Z214—Z3g4——Z414—-'”

of epimorphisms, which is homeomorphic to the Cantor set. By continuity
II-14.6, F has cohomology (integer coefficients) only in dimension zero,

where
H = H°(F) = li; Z",



§7. Fiber bundles 229

which is free abelian on a countably infinite set of generators. (This also
follows from II-Exercise 34.) Also by continuity,

H'(Z) = Q,
and of course H°(Z!) ~ Z since £! is connected. The Leray sheaf # =
H 0(1r) is locally constant with stalks H by the preceding results. The Leray
spectral sequence degenerates into the isomorphisms H°(X!) ~ I'(+#¢) and
HY(X') ~ H(S!; ). Since H°(X!) ~ Z % H, the sheaf & is not constant
(which is also clear from its definition). Of course # = 7Z, and so the
isomorphism H!(S'; ) = H'(S';7Z) ~ H'(X!) is also a consequence of
II-11.1; also see 8.21. Let y € S! be given. The exact sequence of the pair
(S, y) has the segment
0— HO(S'; #) — H'(y; H) — H'(S',y;#) — H'(S';#) - 0,
which has the form
0-Z—-H-5H-Q-0.

It is fairly clear that ¢ = 1 — 5, where n : H — H is the monodromy
automorphism. There is the canonical homomorphism

B:Z— 'l =K.
On the stalks at y, this is just the inclusion
Z — H°(n~'(y); Z) = {continuous functions 7~ !(y) — Z}

of the set of constant functions into that of continuous functions. Thus
the quotient sheaf § = #/Z is torsion-free. (In fact, the stalk of §
at y can be identified with the image of g, and so it is free abelian.)
Since nt : HY(S!;n7*Z) — H'(Z!;n*Z) is an isomorphism by II-11.1,
B* : HY(S';Z) — H!(S'; #) can be identified, by (18) on page 63, with
m* : HY(S';Z) — H'(Z!;Z), which is the inclusion Z — Q. The exact
sequence 0 — Z — # — § — 0 induces the exact sequence

0 —-TI(Z) - T(#)—TI(%) — H'(S";Z) - H'(S'; #) — H'(S"; %) — 0,
which by the preceding remarks has the form
0-Z—>Z—-I(%—>Z—Q— H'S; % —0,
and so I'(9) = 0 (since it is torsion-free) and H!(S!; 9) ~ Q/Z. o
We wish to find other conditions on the spaces of projections X xF — Y

and the support families for which the rj are isomorphisms. One useful
such result is the following:

7.5. Theorem. Let X be an arbitrary space and let Y be a locally compact
Hausdorff space that is clck, where L is a given base ring that is a principal
ideal domain. Let © be a family of supports on X and let A be a sheaf of
L-modules on X. Let m : X xY — Y be the projection. Then the Leray
sheaf H gy (m; xY) of m is the constant sheaf H3(X ;&) for alln < k,
and similarly for r modm|A x Y for any subspace A C X.
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Proof. Let y € Y and the integer n < k be fixed once and for all. If
K, is any compact neighborhood of y in Y, the property cick implies
that there exists a neighborhood K2 C K of y such that the restriction
HY(K;,y; L) - HY(K,,y; L) is trivial for all ¢ < k. By II-17.3 and I1I-15.3
it follows that K> may be so chosen that

HY(K,,y; M) — HY(K2,y; M)

is trivial for every L-module M and all ¢ < n. Similarly, choose K; D
K, O .- D K,, with the same property at each stage.

Consider the Leray spectral sequence ,EP'? of the projection 7 : X x
K, — X mod(X x {y}) with supports in © on X and closed on X x K,
and with coefficients in & x K;. Thus

By =HE(X; H(n;n| X x{y}; AxK,)) :Hg;qx'(Xth, Xx{y}; ZxK,).

Since K, and {y} are compact, the stalk at £ € X of the Leray sheaf of 5
is HI(K,, y; A ).

The inclusion K,,; — K, induces a homomorphism of the spectral
sequence , EP*? into ,4 ) EP'9, which for r = 2 reduces to the homomorphism
attached to the coefficient homomorphism of Leray sheaves; see 4.3. But
this coefficient homomorphism is trivial for ¢ < n and for all ¢ by the choice
of the K,.

If follows that the homomorphism ,E%? — ,EP2? is trivial for all
g<nandalli=12..,m-1 Now the “total terms” are filtered as
follows:

H3 k(X x K, X x {yht x K,)=J2" > JM" ' o..0J™0 D0,

where JP?/JP+1971 ~ [ Epa. This filtration is preserved by K, — K,
and is compatible with the homomorphism , E?:9 — , 1 EP:% (which is trivial
for ¢ < n). Thus the induced homomorphism from K,,, — K, maps J™?

into J? :11"’_1 for all 7 and all ¢ < n. It follows that the restriction map

SXKI(XX Ky, X x {y}w'JXKl) - ngxm(Xme,XX {y},dXKm)

is trivial for all m > n + 2.

The cohomology sequences of the pairs (X x K,, X x {y}) show that
any element o € HZ, ., (X x Ky; & x K1) that restricts to zero in X x {y}
must also restrict to zero in X x K,,, for m > n + 2.

Now let i, : X — X x K be the inclusion = — (z,y) and consider the
following commutative diagram:

HE(X; o) —— HB, (X x K; ol x K)—2 HZ(X; )

lim
f — r*

K

‘#ng(W; oA X Y)v
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in which the composition across the top is the identity and r, = limi,.
The vertical map f is an isomorphism in the limit by the definition of the
Leray sheaf of 7. We have shown that if o € H3, , (X x K;4 x K) and
if iy(a) = 0, then also f(a) = 0. It follows that rj is a monomorphism,
and hence it must also be an isomorphism. The theorem now follows from
7.1. O

Remark: Theorem 7.5 remains true if we take Y to be locally contractible
(i.e., every neighborhood of y € Y contains a smaller neighborhood of y
contracting through it), but not necessarily locally compact. The proof
is essentially contained in the last paragraph above, with the preceding
spectral sequence argument replaced by a more elementary argument using
homotopy invariance in the form of I1I-11.8.

We shall now use 7.5 to prove a result of the Kiinneth type.

7.6. Theorem. Let A C X, where X is any space, and let the base ring L
be a principal ideal domain. Let .« be a sheaf of L-modules on X and let
® be any family of supports on X. Let Y be a locally compact Hausdorff
and clc® space. Then there is a natural ezact sequence

D HL(X, Ad)@H(Y:L)—H3 (X, A)X Y iutx V) =@ HE (X, Ait)s H(Y;L)
ptg=n rte=n+l

which splits.!3

Proof. Let7m: X xY - Y and n: X x Y — X be the projections. Let
B =€ (Y;L), 4" =€ (X,A;4),and " = € (X xY,AxY;n*A) [or
use ¥ *(e; o)]. The n-cohomomorphism ™ ~» #* induces a homomorphism

To(A™) = Tp-10)(£7) = Tady (oxy) (L") =T(maxy L°)

by 5.2, since n71(®) = & xY C (& x Y)(Y) = cldy(® x Y) by 54.
Thus the cup product on Y induces the following homomorphism of double

complexes:
KP9 = T (B°) ®Ta(H7)
— PC(QP) ® P(ﬂ@xygq)

— [e(B° @ moxy£?) = LPI.

The “second” spectral sequence of the double complex L?9 shows that the
homology of the total complex L* of L** is isomorphic to

H*(T(L ® Toxy Z")) = H*(Toxe(2")) = Hy (X, A) x Vil x Y).

+

In the “first” spectral sequences of K** and L**, the homomorphism on
the E, terms induced by K77 — LP9 is

Te(B°) @ HY (X, A; ) — Te(B° ® H%(X, A;4)),

13 Also see Exercises 18-19. and V-Exercise 25.
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since #" is torsion free, where % (X, A; &) = HY, (T, T|AX Y;n*A) is
constant by 7.1. Since #" is torsion free and flabby, the universal coefficient
theorem II-15.3 in degree zero implies that this homomorphism on the
E, terms is an isomorphism and hence that the induced homomorphism
H™(K*) — H™(L*) on the “total” terms is also an isomorphism. The result
now follows from the algebraic Kiinneth theorem applied to the double
complex K**. |

7.7. Example. We shall show by example that the condition clc3° in 7.6
(and hence in 7.5) is necessary, as is taking c to be the support family on
Y. Moreover, the coefficient sheaf on Y cannot generally be taken to be
any torsion-free sheaf (even constant).

Let «# = L = Z. Let X be the disjoint union |J X,, where X, is a
connected polyhedron with H2(X,;Z) ~ Z,, and the other reduced coho-
mology groups being zero. Let Y be a compact 1-dimensional space with
HY(Y;Z) =~ Q (the rationals), or let Y be a 2-dimensional locally com-
pact HLC space that has the singular homology groups H,(Y;Z) = Q and
Hy(Y;Z) = 0 (so that H?(Y;Z) ~ Ext(Q, Z), which is a nonzero rational
vector space; see V-14.8), or let Q be the coefficient sheaf on Y.!4 The
contentions then follow from the fact that

(Hzn)®QaeH(Zn®Q)=o,

since [],, Z,, is not all torsion.

Note, however, that the condition that Y be clcf® was used in 7.6 only
to ensure that the Leray sheaf of 7 : X x Y — Y modulo A x Y is the
constant sheaf H3 (X, A; ). <

7.8. Example. Here is another example, due to E. G. Skljarenko, showing
that the clck assumption in 7.5 is needed. It is an instructive example about
the Leray sheaf. For n = 1,2,..., let Y;, be the union of the circles in the
upper half plane tangent to the z-axis at the origin and of radii 1/k for
integers k > n. Put Y =Y, and let yo € Y be the origin. Let X be the
same as Y but with the weak topology, making X a CW-complex. Let
m: X xY — Y be the projection. Throughout the example, coefficients
will be taken in the integers Z and will be suppressed from the notation.
We wish to study the Leray sheaf o#2(r). Since Y is locally contractible,
and hence clc, near all points except yo, it is clear that & 2(1r) is zero at all
points other than yo. We claim that it is not zero at yo. From continuity,
I1-10.7, it is clear that

HY(Y,) ~ éz,

and if @p, @41, ... is the obvious basis, the restriction H!(Y,,) — H(Y,+1)
is the map that kills a,, and retains the others.

14The construction of such spaces is left to the reader.
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Since Y,, is compact, the Leray sheaf of the projectionn: X xY,, - X
is constant with stalks H*(Y,,) by 7.2, and so the Leray spectral sequence
of n has

EP? = HP(X; HY(Y,)) = HP'Y(X x Y,),

which vaonishes for p > 1 or ¢ > 1. Thus H3(X x Y,,) = HY(X; H'(Y,)).
Since X is locally contractible, we have

HY(X; HY(Y,)) =~ aHY(X; H'(Y,)) ~ Hom(H,(X), H'(Y,)),

where the homology group is ordinary singular homology. Since X is a
CW-complex with one 0-cell and countably many 1-cells, we have H;(X) =
D2, Z. Thus

H2(X x Y,) ~ Hom (@ zZ, ® z> :
=1

J=n

where the restriction to H?(X x Y,,,;) is induced by the map killing the
basis element a, in the second argument. Let by, bs, ... be the obvious basis
of the first argument. Let f: @2, Z — @2, Z be defined by f(b,) = a.,
this being regarded as zero if ¢ < n. Then f survives in the direct limit
over n, and so it defines a nonzero element of # 2(1r),,0 = lim H%(X x Y,),
as claimed. O

7.9. We shall now deal with the important special case of vector bundles
at some length. Note that

n n L) = i)
HP(R™,R —{0};L)z{ o Z#Z-

We shall take the base ring L to be a principal ideal domain. Note that
comparison with Z using the universal coefficient theorem gives a preferred
generator of H™(R™ R™ — {0}; L) well-defined up to sign.

Let £ be an n-plane bundle over the arbitrary space Y, and let U be
the total space of {. We shall identify Y with the zero section of £, and we
put U°=U-Y.

Let m: U — Y be the projection in € and let 7° = w|U°. Let 7~ }(V) =~
V x F be an admissible representation as a product of the restriction of ¢ to
some open set V C Y, where F = R". Let D be the unit disk in F and 8D
its boundary. By homotopy invariance we have that over V, &#*(m; L) ~
H*(m|V x D; L) and #*(m,7°; L) =~ #*(w|V x D, 7|V x 8D; L). It follows
from 4.2 and 7.1 that globally, #7(w; L) is the constant sheaf

L, ¢=0,
0, ¢#0

and that #%(m,n°; L) is the locally constant sheaf #(F, F°;L) (where
F° = F — {0}) with stalks

(1) = (s ) = {
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La q=mn,
0, g#n,

and this, for ¢ = n, has a generator well defined up to sign. [We remark
that #9(m,n°; L) =~ #%, (m; L), where ¥ is the family of subsets of U that
are “closed in the associated n-sphere bundle” (obtained by compactifying
the fibers). For Y locally compact, ¥ consists of the fiberwise compact sets.
However, Y would have to be assumed to be paracompact in the discussion
below if we used this approach in place of the relative one.]

Let 0 = #™(F, F°; L), the orientation sheaf, which is locally constant
with stalks isomorphic to L. Each stalk ¢, has a generator ¢, well-defined
up to sign. Thus 6@ H#"(F, F°; L) = € ® 0 is constant and has a canonical
section given by £, ®¢, = —¢,®—¢, in the fiberat y € Y. Let this canonical
section be 0 € HY(Y; 0 ® #™(F, F°; L)). Alternatively stated, there is a
canonical isomorphism

mmwmh{

|0@™(F,.FL)=080~L.|

Let & be any sheaf on Y. Again, a usage of homotopy invariance II-11.8
together with 4.6 and (17) on page 214 ensures that the canonical maps

HIUm L)@ B — H(m;m* B)

and
Hm, 7 L)@ B — H(m,n° 1" B)

of (21) on page 215 are isomorphisms. Thus we have

B, ¢q=0
q R ~ ) [}
J((7r,7r£)~{0’ g #£0
d 0QRB
q o, = ~ ®B, q=n,
Jt’(7r,7r,7r53)~{0’ g4

Substitution of & ® B for A gives

ﬁ@Jt’q(w,w°;7r"$)le’q(W,W";’T'(@@gB))z{ ?, Z:Z’

Now let & be any family of supports on Y and let © = 7~1(®). Consider
the Leray spectral sequences 'E, "E, and "’E with
'EDY = HP(Y;0 ® #(F,F°, L)) = HP*(U,U°; n*0)
[since & ® #(F, F°; L) ~ #%(m,n°; 7* 0) canonically as noted above],
"Ep? = HY(Y; #%(m;n B)) = HEH(U;n* B),
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and
"ESY = HY(Y;0 ® K% (m,n° m* B)) => HE (U, U°;n* (0 ® B)).

Since these spectral sequences have only one nontrivial fiber degree,
they provide the canonical isomorphisms

HP(Y;L) ~ H"(Y; 0 ® #"(F,F°; L)) ~ H**"(U,U*; 7" 0),
HY(Y;B) ~ HR(U;n*B) viaw*
by 6.3, and, using that ¢ ® 6 ® B =~ B canonically,
HR(Y;B) ~ HZ™™(U,U°; 7" (0 ® B)),
respectively. We have the cup product from 6.8:
U:'EPIQ"EM — "M ERTSItt

The homomorphism ”E2® — "’ EP'™ defined by a +— o U« is (—1)P" times
the map

H(Y; °(m;7* B)) — H3(Y; 0 ® H"(m,n° 7" B))
induced by the coefficient homomorphism
cU(e): H(mm*B) - 0 @ H"(m,7°; 1" B)

[from 0 ® #"(m,7°;L) ® H(m;m* B) 5 0 @ H"(m,n°; 7w B)]. On the
typical stalk at y € Y this is equivalent to the isomorphism

o(y)U(e): HY(F;L) ® B, =+ H™(F,F° L) ® B,.
Thus the map
o U (.) . IIE,}?,O N IIIE’;‘),n

is an isomorphism for r = 2, and hence for any 2 < r < oo and for the
“total” terms. That is, o defines an element 7 € H*(U,U°; n*0) ~ 'E%",
and the map

TU(e): HY(U;m* B) — HET" (U, U 7" (0 ® B))
is an isomorphism.

As remarked above, 7* : HY(Y; B) — HE(U;7*®) is also an isomor-
phism, and hence the map

TUT*(e): H3(Y; B) = HE*"™(U,U°;m*(0 ® B)) (22)

is an isomorphism. It is called the Thom isomorphism, and the class 7 €
H™(U,U°;n*0) is called the Thom class of £&. [More precisely, if the bundle
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is orientable, then there is an isomorphism, by definition, ¢ ~ L well
defined only up to sign in each fiber. An orientation is a choice of such
an isomorphism. Given such a choice the element 7 produces a class in
H™(U,U°; L), and the latter class is called a Thom class. It depends on a
choice of orientation, unlike the class 7 € H*(U,U°; 7*0).]

Let j* denote the canonical map Hy (U,U°) — Hy,(U) for any ¥ and
any coefficients. The diagram

HP(U,U°;m*0) ® HY(U;n*B) — HE™(U,U°; n*(0 ® B))
i"®l 3°
H?(U;m*0) @ HY(U;m*B) — HE'(U;7n°(0 ® B))
commutes; that is, j*(a U 8) = j*(a) U S.
Let w = i*3*(7) € H*(Y; 0), where i : Y < U is the inclusion. Then

i (runrt(B)) = @G (r)un*(B)) = wUi*r*(8) = wUB. That is, the
following diagram commutes:

HR(Y;B) —) . grin(y 0 )
~ l'rUﬂ‘(o) =~ lﬂ":(l.)-‘ (23)

HEY™U,U°; m*(0 ® B)) “ HE™"(U;m*(0 ® B)).

The class w is called the Euler class of £.

If there exists'® an associated n-disk bundle N to £, then U and U°® may
be replaced by N and 8N. Note that N can then be any (n — 1)-sphere
bundle on Y, £ being the associated n-plane bundle.

Thus using (23), we see that if 7 : X — Y is an (n — 1)-sphere bundle,
then there is the exact Gysin sequence:

- HY(Y; 8) 2% HEY™(Y; 0@ B) T HPYT, (X;7*(0 © &)

(24)
— HZ* (Y, ®B) — - -

which results from the exact sequence of the pair (U,U°) and the fact that
U° has X as a deformation retract preserving fibers. (This sequence can
also be derived directly from the spectral sequence of # : X — Y in a
similar manner to the derivation of the Wang sequence in 7.10.) Also, see
Section 13.

7.10. Let m: X — S™ be a bundle projection with fiber F. Let © be any
family of supports on F invariant under the structure group. By 7.5, the
Leray sheaf is locally constant with stalks Hg(F'; L). Thus it is constant
for n > 1, and will be assumed here to be constant for n = 1. In the Leray
spectral sequence of T we have

E$? = HP(S™; HY(F; L)) = H (X, L),

15 Always when Y is paracompact.
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where ¥ is as in 7.3. Thus E}? = ... = EP9 and EV]| = --- = ERO.
There are also the exact sequences

0 — E3F™" — H{(X) - Exf — 0,

0 — E%*, — EO* 2, g, (E*) - 0,

and
0— dn(Eg.k) N E::.k—n-f-l - E:fl-n+l 0.

Putting these together, we obtain the exact sequence
= HE(X) — ER* 2= BRAm o HEF(X) = -

and hence the exact Wang sequence

- HE(X) 25 HE(F) -2 HE ™ Y(X) - HEP(X) — | (25)

where i : F < X is the inclusion. The map A results from
HO(S™ H§(F)) = Ep* = Epk=n+t = H™ (8" HE ™! (F).

If 8, and B, are two such support families on F' and if we consider the cup
product Hgl(F) ® H§, (F) — Hg’f,‘.’,ez (F), then it follows from the general
results in Appendix A that the maps A satisfy the relation

A(aUB) = AaU B + (-1)kKn-Da U AB, (26)

where a € H§ (F) and 8 € H§, (F).

8 Dimension

In this section we apply the Leray spectral sequence and other results of
this chapter to the theory of cohomological dimension. As before, for a
map f: X — Y and B C Y, we use the shorthand notation B®* = f~!(B).

If ® is a paracompactifying family of supports on Y and A C Y, we
define the relative dimension of AinY to be

dim¥ ;A = sup{dim; K |K C A, @ # K € ®}.

Note that d_im_g,LQ = —o0. Also note that mg,LA < dimg, A by II-16.9.
This inequality may be strict as in the case for which Y = R?, ¥ = cld,
and A is the Knaster explosion set less the explosion point, since a subset
K of A that is closed in Y is compact and totally disconnected, whence
dimy K = 0, while dimy A = 1.

Note that if A is locally closed in Y and ® is paracompactifying on Y,
then ®|A is paracompactifying on A, and so di_m}: 1A =dimg|a,. A in this
case by II-16.7.
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8.1. Lemma. Let ® be paracompactifying on Y. If AC Y and A is a
sheaf of L-modules on 'Y that is concentrated on A, then H3(Y; &) =0 for

D> di__mg,LA.

Proof. By II-14.13 we have that H(Y; &) = limH%(Y;#), where &
ranges over sheaves concentrated on sets K € ®|A. But if & is concentrated
on K € ®|A, then H3(Y; &) = H3(Y; ¥ k) =~ HP(K; #|K) = 0, by 11-10.2
for p > dim, K, whence for p > gi__xgg’LA. ]
8.2. Theorem. (E. G. Skljarenko.) Let ¥ and ® be paracompactifying

families of supports on X and Y respectively and let f : X — Y be a
W-closed map. Let L be an arbitrary base ring. Let

M,={yeY| dimy 1 y* > k‘}

and put di = <ii_m¥,,,Mk. Then

dimg(y),L X < sup{k +dx} < dimg Y + sup dimy 1 y°.
yeY

Proof. Let .« be a sheaf on X. Then #%(f;.«), ~ H:(y* ) = 0
if y ¢ My, so that .%g(f;.,d) is concentrated on M. By 8.1 we have
that HY(Y; % (f;«)) = 0 for p > di. Therefore, in the Leray spectral se-
quence of f we have EJ'? = 0if p+q > sup{k+di}, and so HE gy (X;4) =0
for n > sup{k + dr}. The second inequality is obvious. o

8.3. Example. Given X there is generally no upper bound for dimy Y in
the situation of 8.2, as is shown by letting Y be the Hilbert cube, X =Y
but with the discrete topology, f : X — Y the identity, ® = cld, and ¥ the
family of finite subsets of X. Then f is ¥-closed but not closed. Of course,
dim;, X = 0 and dim Y = oo. See, however, 8.12 and its succeeding
results. <

When X and Y are both locally compact Hausdorff and ¥ = ¢ = @,
the conditions of 8.2 are all satisfied and so:

8.4. Corollary. If f : X — Y is a map of locally compact Hausdorff
spaces, then for any base ring L,

dimy X < sup{k + dix} < dimy Y+ sup dimp, y°,
yeEY

where dy = sup{dimK |@# K €c,y€ K = dimpy* > k}. ]
K

Now suppose that X is locally compact Hausdorff and that Y is locally
paracompact. Since the product of a compact space with a paracompact
space is paracompact, X x Y is locally paracompact, and so dimg, X x Y
makes sense.
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8.5. Corollary. If X is locally compact Hausdorff and Y is locally para-
compact, then'®

[dim; X x Y < dim; X +dim_ Y |

for any base ring L. Moreover, if Lisa principal ideal domain and there
is an open set U C X such that H3™X(U; L) has L as a direct summand,
then equality holds. In particular, equality always holds when L is a field.

Proof. It follows from the local nature of dimension II-16.8 on locally
paracompact spaces that it suffices to consider the case for which X is
compact and Y is paracompact. Then 8.2 applies to the projection X xY —
Y with closed supports and immediately yields the desired inequality.

For the second statement, let n = dim; X and m = dim; Y and recall
from II-16.32 that there is an open set W C Y with :;‘d'W(W;L) # 0.
Consider the Leray spectral sequence of the projection mw : U x W — W
with ® = cldy|W on W and ¥ = ¢ x ® on U x W. This has

E39 = HR(W; #%(U; L)) = HEH (U x W3 L),

and the Leray sheaf 5¢?(U; L) on W is constant with stalks HJ(U; L) by
7.2. [The Leray sheaf for ¥ = ¢ x W as in 7.2 is clearly the same as that
for ¥ = ¢ x ® as here.] Therefore 7 (U; L) has the constant sheaf L as
a direct summand, and so EZ" ~ E;*" = H(W; H}(U; L)) # O since
ER? =0 for p > m or ¢ > n. It follows that Hy7j3(U x W;L) # 0 and
hence that dimy X x Y > n + m, since ®(¥) is paracompactifying by 5.5.
(It can be seen that ®(¥) = cldx«y|U x W, but that is not needed here.]

(]

8.6. Corollary. IfY is a separable metric space and X is a metric space,
then

|dim, X x ¥ < dim; X +IndY |

for any base ;'ing L with unit.

Proof. According to [49, p. 65], Y can be embedded in a compact metric
space K with Ind K = IndY. Since X x K is hereditarily paracompact,
we have

dim; X xY < dimp X x K by II-16.8
< dimy X +dim; K by 8.5
< dimp X +Ind K by 11-16.39

dimy; X + IndY. 0

16The inequality is also valid for X locally contractible and X x Y locally paracompact.
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8.7. Example. This example shows that the sets M} in 8.2 need not be
locally closed. Let Y = [0, 1] and let X be the union of Y with the vertical
intervals {z} x [0,1/q], where = ranges over the rational numbers z = p/q
in lowest terms. Let f : X — Y be the projection. Then M, is the set of
rationals in Y. Both X and Y are compact, whence f is closed. In this
example, dg =0 = d,. By 8.2, dim; X = 1. o

8.8. Example. This example shows that the condition that the map f
be ¥-closed is essential to 8.2. Let X be the Knaster explosion set with
the explosion point removed; see 1I-16.22. Let Y be the Cantor set and
f: X — Y the obvious map. The fiber y* is the set of rational points in
an interval for some y and the set of irrational points for the other y. Thus
dimg y* = 0 for all y and dimy Y = 0. Therefore sup{di + k} = 0, while
dimy X = 1. The map f is open but not closed. o

8.9. Theorem. Let Y be paracompact and X & Y a dense paracompact
proper subspace. Then for a principal ideal domain L we have

dim; Y < dimy X + dim} (Y - X) + 1.

Proof. Let .« be a sheaf on X and let i : X — Y. The Leray spectral
sequence of ¢ has

EPY = HP(Y; (i, L)) => HPYI(X;L).

Now, for £ € X and U ranging over the neighborhoods of z, we have
HI(i;4), = limHI(U N X; &) = 0 for ¢ > 0 by I1-10.6, since a point is
taut. Thus #7(i; ) is concentrated on Y — X for ¢ > 0, whence E5? =0
for p > dim} (Y - X) and ¢ > 0, by 8.1. Also, #7(4; ) = 0 for ¢ > dimy X
since it is generated by the presheaf VN X — HI(V N X;) = 0 for
g > dimz X, V open in Y. Thus all the terms EZ° survive to E2° for
p > dimp X +(_i_im’£(}’ — X) + 1. Consequently, H?(Y;id) = E{,”o =~
EP® = HP(X;) = 0 for p > dimy X +dim} (Y — X)+1. Now let FC Y
be an arbitrary closed subspace, put U =Y — F, and specialize to the case
in which .« = Ly|X. The canonical homomorphism Ly — i(Ly|X) is a
monomorphism by I-Exercise 18. Let 2 be its cokernel, so that there is the

exact sequence
0— Ly —»i(Ly|X)—2 —0.

Now, i(Ly|X)|X = Ly|X by I-Exercise 2, so that 2 is concentrated on
Y — X. Consequently, H*(Y;2) = 0 for k > dim} (Y — X) by 8.1. The
cohomology sequence induced by the displayed coefficient sequence has the
segment
HP~Y(Y;2) — HP(Y; Ly) — H?(Y;i(Ly|X)).

The two end terms vanish for p > dimz X + dim} (Y — X) + 1. Therefore
HP(Y,F;L) ~ H?(Y;Ly) = 0 for p > dimy X +dim} (Y — X) +1, and the
result now follows from II-16.33. 0
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8.10. Corollary. If X, Y, and X UY are paracompact, Y ¢ X, and L is
a principal ideal domain, then!”

dimy, X UY < dimz X + dim¥YY (Y — X) + 1 < dimy X + dim, Y + 1.

Proof. If X is the closure of X in X UY, then

dimy X UY < max{dim; X, dim. (Y - X)}
< max{dim; X, dim}"" (Y - X)}
< max{dim; X + dim} (X - X) + 1, dim¥“¥ (¥ - X)}
< max{dim; X + dim¥"Y (Y - X) + 1, dim¥"¥ (Y - X)}
= dimy X +dim¥“Y(Y - X) +1 < dim; X + dim, Y +1
by II-Exercise 11, II-16.8, and the theorem.!® o

This corollary is half of what is called the “decomposition theorem” in
the classical dimension theory of metric spaces. That result says that a
metric space X has Ind X < n < X is the union of n + 1 subspaces A,
with Ind 4, < 0. The “decomposition” half of this cannot hold for dim
in place of Ind because that would imply that dimy X = Ind X whenever
dimy X < oo by II-16.35, and that is generally false even for L = Z and X
compact metric.

8.11. Example. Let X be the closure of the Knaster explosion set K
in the plane; see 1I-16.22. Let A = X — K. Then A is the union of
a countable number of sets closed in A and zero-dimensional since each
of them is homeomorphic to a totally disconnected subset of an interval
(the set of points of irrational height on the ray to a given end point of
a complementary interval of the Cantor set, or the set of points of given
rational height on all rays to the non-end points). Thus dim; A = 0 by
11-16.40. Also, di_me = 0 even though dim; K = 1, since a compact
subset C of K is totally disconnected and so has dim; C = 0. For this
example the first inequality in 8.10, for A and K in place of X and Y,
reads dimy, X <040+ 1. o

We turn now to inequalities of the opposite type to that in 8.2.

8.12. Theorem. Let f : X —» Y be a proper closed surjection between
locally paracompact spaces such that the Leray sheaf #*(f; L) is locally
constant with stalks H* that are finitely generated over the principal ideal
domain L. Let n = max{p| rank H? > 0}. Then dim. Y < dim; X — n.

17The case X UY metric and L = Z of the outside inequality is due to Rubin [71].
18Note that the proof of the first inequality does not use that Y is paracompact.
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Proof. By II-16.8 we may assume that #*(f; L) is constant. Since each
y® is taut in X and H"(y°; L) is finitely generated, we may also assume that
the restriction H™(X;L) — H"™(y®; L) is surjective for any given y € Y.
By Exercise 5, this restriction is the composition of the edge homomor-
phism H"(X;L) — E3" = HOY;#"(f;L)) = D(#"(f;L)) with the
map 3 : D(#7"(f; L)) — H"(y*; L). Let 8 € ['(#™(f; L)) be in the image
of the edge homomorphism and such that i;(0) is a generator of a direct
summand isomorphic to L. Since #"(f;L) is constant, we can pass to
a neighborhood of y over which § is a constant section. Let 0 # a €
HX(Y; L) for any paracompactifying family & of supports. The augmenta-
tion L — #°(f; L) is to a direct summand, and so it induces a canonical
monomorphism HX(Y; L) — HE(Y; #°(f; L)), whence we may regard a
as a class in E§‘°(<I>) = H,f,(Y;J{’O(f; L)) of the Leray spectral sequence.
Also, 8 € EJ™ = HY(Y; #"(f; L)) = ['(#"(f; L)). By the discussion in
II-74, au B € E'g'"(@) = HE(Y;#"(f; L)) is the image of a under the
map induced by the coefficient homomorphism L ~— & 0( fiL)y—>Xx"(f;L)
given by 1 — 1. 8(y) = B(y) in the stalks at y. Since the latter is a
monomorphism onto a direct summand, we have that a U8 # 0. Since 8 is
in the image of the edge homomorphism, it is a permanent cocycle. Also, a
is automatically a permanent cocycle. It follows that a U 3 is a permanent
cocycle, since d;(aU B) =draUB+aUd,.3=0.

Now, if L were a field, then n would be the largest degree in which
X" (f;L) would be nonzero. Then a U 8 could not be killed, and so
EEn(®) # 0, giving H}‘f,"d,(X) # 0, whence k + n < dim; X. It would
follow that HX(Y; L) = 0 for k > dimz X — n and any paracompactifying
®, and so dim; Y < dim; X — n by II-16.33.

In the general case, let p be a prime of L and let L, = L/pL. The
appropriate value of n for the field L, is at least that for L, and so we know
that dim;, Y < dimy, X —n < dimy X —n. Let k > dim; X —n. Then the
exact coefficient sequences'® 0 — L - L — L, — Oshow that HX(Y; L) is
divisible, meaning that given any 0 # m € L, thereis a classa’ € HX(Y; L)
with a = ma’. As with @, o’ U 8 is a permanent cocycle. Now, for any
g > n, #(f; L) is killed by multiplication by some nonzero m € L, and
so the same is true of each E29. Therefore, if a U 8 survives nonzero to
Ek™ and EF-"n+7-1 is killed by m and v € E¥~""+7~! has d,y = &’ U3,
where ma’ = a, then 0 = d.(m~) = ma’ U8 = aU B # 0, a contradiction.
Thus such an o’ U 8 survives nonzero to E'f_;’l An inductive argument of
this type shows that some element of Eg‘" must survive nonzero to EX"
and so H¥*" (X; L) # 0, contrary to our assumption that k+n > dimy X.

-1
The resu{t follows as before. a

8.13. Corollary. (Dydak and Walsh [37]) Let f : X — Y be a proper
closed surjection between separable metric spaces. Let L be a principal

!9This is also what shows that dim;, X < dimg X.
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tdeal domain and let H* be a finitely generated graded L-module such that
H*(y*;L) =~ H* for ally € Y. Suppose that n is mazimal such that
rank H® > 0. Then dimp Y <dim; X — n.

Proof. By 4.14, Y is the union of countably many closed subsets K over
which &¢*(f; L) is constant. By 8.12, dim; K < dimy X —n, and the result
follows from the sum theorem 1I-16.40. ]

8.14. Corollary. (Dydak and Walsh [37])2° Let f : X —» Y be a proper
closed surjection between separable metric spaces. For a given principal
ideal domain L, assume that each H*(y®; L) is finitely generated. Let m be
a mazimal integer such that there is a sequence?* G, 4Gy - -+ 4 Gy, of
graded groups G, =~ H*(y?; L) for some points y, € Y. Let n be such that
for each y € Y, rank H*(y®; L) > O for some s > n. Then

@Lng(dimLX—n)+m—l.J

Proof. Let Y, be the set of all points y € Y such that there exists a chain
of mazimum length of the form H*(y*; L) = G, 4 -+ 4 Gy, as in the state-
ment. By 4.14, Y, is covered by a countable collection of relatively closed
sets K such that ¢*(f; L)|K is constant. By 8.13, dim; K < dimy X — n.
By I1-16.40, dimy Y, < dimy X —n. Since Y =Y U.-- UY,,, an inductive
use of 8.10 gives the desired formula. o

Remark: Nowhere in the proofs of 8.12, 8.13, or 8.14 did we use any information,
such as the finite generation, about the sheaves #%(f; L) for 0 < ¢ < n.
Thus all of these results can be sharpened.

Perhaps the item of greatest interest among all of our results in this
direction is the following cohomological analogue and strengthening of a
well-known fact from classical dimension theory:

8.15. Theorem. Let f : X — Y be a finite-to-one closed map between
separable metric spaces. Suppose that ny < --- < ng, are natural numbers
such that each y € Y has #y*® = n, for some i. Then

|dim, X < dim, Y <dim; X +m - 1]

for any principal ideal domain L.22 Moreover, ifdimy Y = dimy X +m —1
and if we put Y, = {y € Y | #y* > n,} and X, = f~1(Y,), thendim, X, =
dimy X and dimp Y, = dimy X +m —p for each 1 <p <m.

20Both the hypotheses and conclusion are slightly weaker in [37].

21Here G 4 H means that G is a graded proper direct summand of H.

22This also holds for covering dimension because of the classical result implying that
covdimY < covdim X +ny, — 1 and the fact that covdim coincides with dimgz for spaces
of finite covering dimension.
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Proof. The first inequality follows from 8.2. Put
Wo={yeY|#y* =np}sothat Y, =W, U-- - UWp,.

Then the theorem is the case p = 1 of the formula

dimp Y, <dimgp X + m — p.

The proof of this formula will be by downwards induction on p. Suppose
it is true for p > r (a vacuous assumption if r = m) and that Y = Y,. Let
r <p <m and put k = dimy X + m —p. By 4.14, W, is covered by a
countable number of sets K, closed in Y, such that the constant sheaf L?
on K is a subsheaf of #°(f; L)|K ~ gL, where g = f|K*, with quotient
sheaf 2 concentrated on K NY,,;. (Note that 2 = 0if p = m.) Let
® be a paracompactifying family of supports on K. The exact sequence
0— LP — gL — 2 — 0 of sheaves on K gives the exact sequence

HE(K;2) — HEYY(K; LP) — HEYY(K; gL).

The term on the right is HS*!(K; gL) ~ H}‘f,’Q(K'; L) =0 by II-11.1 and
since k +1 > dimy X. The term on the left is zero since 2 is concentrated
on K NYp41, which has dimension at most dimy X + m—(p+1) =k -1
by the inductive assumption. Thus H('I‘,“(K ;L) =0and sodimp K <k =
dimz X +m —p. (Also, if p < m and dimy Y41 < k — 1, we would deduce
that dim; K < k.) Doing this for each p, r < p < m, gives a countable
closed covering of Y by sets K with dimy K < dimy X + m —r. By the
sum theorem I1-16.40, dimy Y < dimy X + m — r (with strict inequality if
dimg Y, < k—1 for any r < p < m), completing the induction. If for some p,
dimy X, < dimy X, then we would have that dim; Y, < dim; X,4+m-p <
dimy X + m — p, whence dim; Y <dimy X + m —r. o

It is worthwhile stating some immediate special cases of 8.15. If the n,
form the segment of integers between n and m, then we get:

8.16. Corollary. Let f : X — Y be a finite-to-one closed map between
separable metric spaces and let 1 < n < m. Assume that n < #y* < m for
allyeY. Then

[dim; X < dim, Y < dim, X + m —n]|

for any principal ideal domain L. Moreover, ifdim, Y =dimy X +m —n

and if we put Yp = {y € Y|p < #y* < m} and X, = f71(Y,), then

dimy X, = dimz X and dimp Y, = dimp X + m — p for eachn <p <m.
m}

The cases n = 1 and n = m give the following two corollaries:

8.17. Corollary. If f : X - Y is a closed surjection between separable
metric spaces that is at most m-to-1, then dim Y <dim, X -m+1. O
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8.18. Corollary. If f: X - Y is a closed map between separable metric
spaces that is exactly m-to-1, then dimp Y = dimy X. )

Remark: Examples exist, for any m, of closed and at most m-to-1 maps f :
X — Y of separable metric spaces for which dimzY = dimz X + m — 1;
see, for example, [62, p. 78]. Thus the last part of 8.16 gives that dimz Y, =
dimz X —m +p and dimz X, = dimz X for all 1 < p < m. This shows that
the inequalities in 8.16 are best possible.

Finally, we present Skljarenko’s improvement of the Vietoris mapping
theorem. Note that 8.2 is an immediate consequence of the following the-
orem, but the direct proof is just as easy.

8.19. Theorem. Let f: X — Y be a V-closed map, where ¥ is a family
of supports on X, and suppose that each y* is V-taut in X. Let A be a
sheaf on X and ® a paracompactifying family of supports on Y. Let

Se ={y € Y|H§n,(y°; #) # 0}
for k > 0 and put
bk =d_in_1¥‘LSk'

For a given integer (or oo) N let
n=1+sup{k+bc|0 <k <N}
Then the edge homomorphism

o HY(Y; fud) = EY® — BB s Hp ) (X; )

(v)
in the Leray spectral sequence is an isomorphism for n < p < N, an epi-

morphism for p = n, and a monomorphism forp = N.

Proof. As in the proof of 8.2 we have that E5? = 0 for sup{k + b |0 <
k < N} <p+q< N, and the result follows immediately. 0

8.20. Proposition. Let f : X — Y be a closed surjection with each y°®
taut in X. Let B be a sheaf on Y and ® a paracompactifying family of
supports on Y. Let

So = {y € Y |y® is not connected and B, # 0}

and
bo = Qim}:,LSo.
Then
B*: Hy(Y; B) — HY(Y; ff* B)

is an tsomorphism for p > 1 + by and an epimorphism for p =1 + by.
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Proof. By the proof of II-11.7 it follows that the monomorphism 3 : 8 —
ff*3B is an isomorphism on the complement of Sy. If € is the cokernel of
B, then € is concentrated on Sy, and hence HZ(Y; €) = 0 for p > by. Thus
the result follows from the cohomology sequence of the coefficient sequence
0B ff*B— € —0. a

8.21. Corollary. (E. G. Skljarenko.) Let f : X —» Y be a closed surjec-
tion with each y® taut in X. Let B be a sheaf on Y and ® a paracompact-
ifying family of supports on Y. Let Sk and bg, k > 0, be as in 8.19 (with
¥ =cld and A = f*B) and 8.20. For a given integer (or 0o) N let

n=1+sup{k+b|0< k< N}

Then
£t HY(Y; B) — HY, o (X; £ )

is an isomorphism for n < p < N, an epimorphism for p = n, and a
monomorphism forp = N.

Proof. Putting & = f*3%, the result follows from 8.19, 8.20, and the fact
that f* = f° o 3* when ¥ = cld; see 6.3. O

9 The spectral sequences of Borel and
Cartan

In this section G will denote a compact Lie group (perhaps finite), and
X will denote a space upon which G acts as a topological transformation
group.?® We assume that the orbits of G are relatively Hausdorff in X, e.g.,
X Hausdorff. E¢ denotes a compact N-universal G-bundle; that is, for our
purposes, Eg is a compact Hausdorff space upon which G acts freely?* and
such that A?(Eg;L) = 0 for p < N. An N-universal bundle for G exists
for all N and can be taken to be the join of sufficiently many copies of G.
Thus we may assume that Eg and Bg = Eg /G are locally contractible (in
fact, finite polyhedra). The quotient space Bg is called an N-classifying
space for G.

Let G act on the product X x Eg by the diagonal action, that is,
g9(z,y) = (g9(z), g(y)), and denote by Xg = X xg E¢ the quotient space of
X x E¢ under this action of G.

The projections X — X x Eq — E¢ are G-equivariant, and hence they
induce maps

X/G < X¢ = Bg.

23@ can be any compact group if X is locally compact Hausdorff and if we use compact
supports on it throughout.
2AThat is, for any y € Eg, g(y) =y => g =e.
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For z € X, let £ = G(z) = {g(z) | g € G}, which is called the orbit of z.
The isotropy subgroup of G at z is defined to be G, = {g € G|g(z) = z}.
It is easy to see that the natural map G/G, — G(z), taking gG, into g(z),
is a homeomorphism, since G is compact. Let f denote the canonical map
X — X /G sending z into its orbit ¥, and note that f is a closed map.

The set n~}(¥) = G(z) xg E¢ C X¢ can be identified with Bg, =
E¢/G, as follows: Map E¢ /G, into G(z) xg Eg by taking the orbit
G:(y), y € Eg, into the orbit of (z,y) under the diagonal action. It is
immediately verified that this map is continuous and bijective and hence
is a homeomorphism since the spaces involved are compact Hausdorff. It
is also easily seen that each 7!(%) is relatively Hausdorff in X¢ and that
7 is a closed map.

Similarly, since G acts freely on Eg, the fibers of 7 are homeomorphic to
X. It is not difficult to see that 7 is actually a bundle projection with fiber
X and group G. In fact, if U C Bg and h: G x U — Eg is an admissible
homeomorphism (in the sense of Section 7), we see that the composition of
the canonical maps

XxU—Xxg(GxU)Z8 X xg Eg = Xg (27)

is an admissible homeomorphism onto ==!(U).

Let & be a family of supports on X/G and let ¥ = 5~'® be the cor-
responding family of supports on Xg. Note that on X x U, as above,
U N (X x U) has the form © x U, where © = f~'®. (That is, locally in
BG, ¥ =06 x BG.)

Let .« be a sheaf on X/G, and note that (n*«)|X = f*«, where X
is any fiber of m. Consider the Leray spectral sequence 'EP? of n with
coefficients in 7*.#, with closed supports on X, and with ®-supports on
X/G. Then, since ®(cld) =n~1® = ¥,

'ER? = HY(X/G; #% (")) = HL ' (Xa;n"A). (28)

Also consider the Leray spectral sequence ”E?"? of m with coefficients in
n* A, with U-supports on X, and with closed supports on Bg. Then

LY

"EP? = HP(Bg; X% (min" o)) = HY (Xgin' o), (29)

since cld(¥) = ¥(Bg) = ¥, because B¢ is compact.
We have
H(nyn* )z ~ HI(Bg,; A x), (30)

since 7 is closed, n7!(¥) ~ Bg, is compact and relatively Hausdorff, and
n*«l|n~ (%) is the constant sheaf with stalk ;. [Thus the coefficients .
on the right side of (30) are constant.]

Note that on 7~!(U) ~ X x U [as in (27)] n*« has the form f*& x U.
This fact, together with the fact that Bg is compact and locally con-
tractible, implies by 7.5 that #Y (m;n*«) is locally constant with stalks
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H{(X; f*«) (and structure group G). Thus, as in Section 7, we use the
notation
HE(X; frl) = HY(min* o). (31)

If G is allowed to be any compact group, then this also follows from 7.3
when X is locally compact Hausdorff and the support families © and ¥ are
c or c restricted to an open set.

9.1. Lemma. Let V C X/G be an open set containing E(®); see I-6.
Suppose that G, = {e} for all x with ¥ € V. Then

H3(X/G; % (mn* o)) =0

for 0 < g < N. [More generally, this is true when H9(Bg,; 4 3) = 0 for
0<g< N andallg e V)]

Proof. Since V O E(®) it follows directly from the definition of coho-
mology that Hy(X/G; B) = H;,lv(V; B) for any sheaf B, since

€ (X/G; BV = €*(V; B).

In our situation, the coefficient sheaf vanishes on V', by (30), since Bg, =
E¢ is N-acyclic for ¥ € V, and the result follows. a

Since each fiber B, of 1 is compact and connected, it follows from
II-11 that o
A =t = H"(n;n*A).

Thus, under the assumptions of 9.1, we see that the first spectral sequence
(28) and 6.3 imply that

n*: H3(X/G; &) =5 HY (Xg;n* ) for 0<n<N. (32)

If N1 < Ny, universal bundles may be so chosen that there is a canon-
ical G-equivariant map from the N;-universal bundle to the N;-universal
bundle. This induces a map of spectral sequences that is an isomorphism
in total degrees less than N;. Thus, it is permissible to pass to a limit on
N and think of E¢ as being oo-universal. With this in mind, the second
spectral sequence (29) in the situation of 9.1 yields the following result:

9.2. Theorem. With the notation above, suppose that H(Bg,;4z) =0
for all ¢ > 0 and all © with & in some neighborhood of E(®). Then there
is a spectral sequence (Borel) with

E%9 = HP(Bg; #L(X; f*4)) => HE I(X/G; A).

This also holds for arbitrary compact groups G when X is locally compact
Hausdorff and ® = c = ©. (]
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For G = Z,, p prime, Bg is an infinite lens space (real projective space
for p = 2) and so

. o ) Zp, for k>0 even,
H*(Bg,; Z) ~ { 0, for k>0 odd.

Also, for G = S!, Bg is an infinite complex projective space, so that

Z, for k >0 even,

k . ~
H (BS"Z)“‘{ 0, for k>0 odd.

For a finite group G, the transfer map p for the covering map « : Eg — Bg
satisfies: ux* : H*(Bg; L) — H*(Eg;L) — H*(Bg; L) is multiplication
by the order |G| of G. Thus |G|y = O for all v € H*(Bg;L), k > 0. In
particular,

H*(Bg;Q) =0 for G finite, k > 0. (33)

9.3. Corollary. Suppose that dimp X = n < oo and that the compact
Lie group G acts on X. Assume that © = f~1® is paracompactifying on
X. Suppose that F C X is closed with G(F) = F. Assume either that
Gy ={e} forallx € X — F or that Gy is finite for allz € X — F and A
is a sheaf of Q-modules. Then the restriction

H§(Xg;n* ) — Hy p(Fan*A)

is an isomorphism forn < k < N.

Proof. Since ¥ = Bg x O locally in Bg, it follows that ¥ is paracom-
pactifying. If U = X — F, then

HYyo (Uain'A) ~ HE y/c)(U/G; ) for k < N

by 9.2. This is zero for k > n since dim; U/G < dimyp X = n by II-
Exercise 54. Thus the result follows from the cohomology sequence of the
pair (Xg, Fg). O

In most cases of interest F is the fixed-point set of G on X. In that case
F¢ = F x Bg, so that the isomorphism of 9.3 gives a strong connection
between the cohomology of X and that of F. The reader will find many
applications of this in the references (6], (2], and [15]. We shall be content
with the following application of 9.3 and (32).

9.4. Theorem. Let L be a principal ideal domain. Let the circle group G
act on a space X with fired-point set F. Let « be a sheaf of L-modules on
X/G. Assume that either G acts freely on X — F,?® or L = Q. Let ® be
a family of supports on X/G with f~'® paracompactifying on X and with
dimf-w,’Lx < 00.

Then, if H}’_,Q(X;f‘.ﬂ) = 0 for all p # 0, we also must have that
HZIF(F;JﬂF) = 0, for p # 0, and that the restriction map Le(H) —
Lo |r(A|F) is an isomorphism.

25This type of action on X is called “semi-free.”
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Proof. Let U =X — F. By (33) we have that H?(By;Q) =0 for p > 0,
where H is any finite group. It follows that H?(Bg,; #3) = 0 when p > 0
and & € U/G. By 9.3 the restriction

Hy(Xg;n" ) — Hy g (Fain"A) (34)

is an 1somorphism for large n (and larger N). Now Fg = F x Bg and
n*A|Fg = A|F x Bg (where F is regarded as a subspace of X/G). Also,
¥|Fg = (®|F) x Bg.
Consider the Leray spectral sequence EF? of m. By (29) and (31) we
have
ER? = HP(Bg; H$(X; f*ot)) = HY (Xgin" ).

Since by assumption H&(X; f*.) = 0 for ¢ > 0, the spectral sequence
of m degenerates and provides the isomorphism

H}(Xg;n' ) = H"(Bg; #3(X; f*A)).

We also have that HY(X; f*«) = Fe(f*«) = Fe(ff*#) = Te(A) by
I1-11, since f has compact, connected fibers and since ®(cld) = f~'® = ©.
Now, G acts trivially on 'y (.#), and it follows that the locally constant
sheaf Jt’oe(X ; ff ) is actually constant with stalks I's (). By the univer-
sal coefficient formula,

H™(Bg;T'e(A)) = H"(Bg; L) ® T's ().

There is a natural map of the spectral sequence of 7 : Xg — Bg into
that of F; — Bg. The differentials of the spectral sequence of the latter
map are trivial since Fg = F x Bg. The restriction homomorphism (34)
on the total spaces is an isomorphism for large degrees. It follows that the
E$'? term of the spectral sequence of Fg — Bg must be zero for p large
and g > 0; that is,

H?(Bg; HY o (F; | F)) = 0

for ¢ > 0 and for p large.? The universal coefficient formula gives that
Hg,w(F;dIF) = 0 for ¢ > 0. Similarly, for ¢ = 0, we see that we must
have an isomorphism

H"(Bg;To(A)) = H"(Bg;Tair(#|F))
implying again that I'¢ (&) — g p(#|F) is an isomorphism. O

The reader is invited to prove an analogous result for the cyclic group
of prime order. The fact that the circle group is connected was used to
show that I'¢ (&) — Ce(ff*) = Fe(f*) is an isomorphism, so that in
the analogous case this will have to be assumed.

26Recall that dim 1 g F < dim 1,6 X/G < o0.
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It should be noted that 9.4 and its generalization to orientable sphere
fibrations with singularities also follows easily from the “Smith-Gysin” se-
quence in Section 13. Moreover, by using the cup product structure (or
the H*(Bg; L)-module structure in the present treatment), one can show
that the finite dimensionality assumption can be dropped when X is locally
compact Hausdorff and ® = c (see Exercise 21).

When G is finite, H?(Bg; M) is denoted by H?(G; M). (Here M is
a G-module and can be regarded as a locally constant sheaf on Bg in a
canonical manner: As a topological space it is Eg xg M, and its map to
Bg is the induced projection to Eg xg {0} = Eg/G = Bg.) Thus 9.2
translates to:

9.5. Theorem. Let f : X — Y be a finite regular®” covering map with
group G of deck transformations. Let ® be a family of supports on 'Y and
put © = f~'®. Then for a sheaf & on Y, there is a spectral sequence
(Cartan) with

B} = HP(G HY(X; f* o)) = HE(Y;),

where G operates on the cohomology of X in the canonical manner. ]

As to applications, we content ourselves with the following well-known
result:

9.6. Corollary. If G is a finite group that can act freely on S™, then
H*(G; Z) is periodic with period n+ 1. That is, H*(G;Z) =~ H*+"*+!(G;Z)
for all k > 0.

Proof. Let X = 8" and Y = X/G. If any element of G reverses orienta-
tion on X, then it is easy to see that n is even and G = Z,. Thus we can
assume that G preserves orientation. Now, H*(Y;Z) = 0 for ¢ > n since
dimz Y = n. Also, the spectral sequence of 9.5 has E5'? = 0 for ¢ # 0, n.
It follows that the differential dy 4 : Eg’" — Ef'“"“’o must be onto for
k = 0 and an isomorphism for £ > 0. Thus

H*(G;Z) =~ H*(G; H™(X;Z)) = EX™ ~ EFt+10 = ghntl(q. 7)
for k > 0, as claimed. o

For much more on this topic see [24].

10 Characteristic classes

In this section we take Y to be any connected space and £ to be an n-
plane bundle over Y in either the real orthogonal, complex unitary, or

27Regularity of f means that G is simply transitive on the fibers.
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quaternionic symplectic sense. Let d = 1,2, or 4, respectively, in these
three cases, so that nd is the real dimension of £&. We shall denote by G
the multiplicative group of scalars of norm one; that is, G is the real unit
(d — 1)-sphere.

We shall take the coefficient domain L to be Z, in the real case and Z
in the other two cases. Recall that H*(Bg; L) ~ L|t], where degt = d. We
shall make the choice of the generator t € H4(Bg; L) precise later.

Asin 7.9, we let U and F be the total space and fiber of £, respectively,
and put U° =U - Y and F° = F — {0}. The group G operates on U in
the canonical way, freely outside the zero section Y. With the notation of
Section 9, Ug is a subspace of Ug. Let f : Us — Bg be the projection,
as in Section 9, and consider the Leray spectral sequence EF'? of f mod
fIU&. By 7.5 the Leray sheaf #?(f, f|[U&; L) is the locally constant sheaf
H(U,U°; L), and we have that

EP? = HP(Bg; #°(U,U°; L)) = H?*9(Ug, Ug; L).

By 7.9 we see that EP*? = 0 for ¢ < nd and moreover, the locally constant
sheaf J(’"d(U, U°; L) with stalks L must actually be constant, since L = Z,
in the real case and since Bg is simply connected in the other two cases.
Thus we have the natural isomorphisms

H™(Ug,US; L) ~ H%(Bg; #™(U,U°; L)) ~ H"(U,U%; L) ~ L.

The right-hand side of this equation is generated by the Thom class?®
7, and we shall denote the corresponding generator of H™4(Ug,U&; L) by
1¢ = 76(§). Then 715 is the unique class that restricts to the orientation
class in H™¢(F, F°; L) under the restriction

H™(Ug,US; L) — H™(U,U°L) — H™(F, F°; L),

where U — Ug is the inclusion of the fiber in the fibration Ugs — Bg.
Note that F = R™? has a canonical orientation when d = 2, 4.
The inclusion 7 : Y x Bg = Yg — Ug induces the homomorphism

r : H*(Ug,U&; L) —» H*(Y x Bg; L) ~ H*(Y; L) ® H*(Bg; L),

where we have used 7.6 and the fact that H*(Bg; L) is torsion-free in the
complex and quaternionic cases.

We define the characteristic classes x, = x.(§) € H*(Y;L) by the
equation

T*(1G) = Yoo X2 ® LT (35)
We also put x = Y_x. € H*(Y; L).

10.1. Theorem. (Whitney duality.) If £, and &2 are vector bundles (over
the same field) on Y, then x (& @ &2) = x(&1) - x(&2)-

28Gee 7.9.
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Proof. Let &, be an n,-plane bundle and U its total space. Then Uy xU: is
a bundle over Y xY and &, ®¢; is, by definition, the restriction of this to the
diagonal. We shall denote the total space of &, €2 by U AU,. Consider the
map (U1 AU,) x Eg — Uy x Eg x Uy x Eg defined by (z,y,2) — (z, 2, ¥, 2).
This induces a map

k: (U1AUz)g — Uy g x Us g,

and the diagram
Fl X F2

N

UlAUz Ul XU2

l |

(N AU)g—E+ Uy g x Uz g

commutes. It follows immediately that

76(&1 @ §2) = k*(16(&1) x 76(£2)),

since both sides of this equation restrict to the orientation class of F} x F5.
The diagram
Y x Bg =Yg . (hAUz)e
a k
Y xBgxY xBg=YexYg —2+ U, o x Uz

also commutes. Consequently, we compute

rk* (16 (61) X 76(§2)) = A*(riTa(61) X 376 (£2))
176 (§1) UrsTa(£2)-

m*16(&1 © &2)

This implies, by definition, that

2 xk(6r ® L) @ tmtnaE =( X e.)®t""') Ex:(&)@t"*“’)
Z,;(ZX (&1)xk—+(&2) | @ tr1Hna—k

1
(since degt is even or L = Z;) and the theorem follows. =]

If f: X - Y is a map and £ is a vector bundle on Y, then it is clear
that

Da(f7€) = £2(xu(6)),] (36)

where f*¢ is the induced bundle on X. That is, the y, are natural.
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Now consider the exact cohomology sequence of the pair (Ug, Ug) and
note that by (32) we have H*(U&; L) ~ H*(U°/G;L). Thus, using the
isomorphism HP(Ug; L) = HP(Y¢; L), we have the exact sequence

-+ — HP(Ug,Ug; L) ©> HP(Yg; L) —» HP(U°/G;L) — ---  (37)

Let T be the unit (nd — 1)-sphere bundle associated with £. Then T/G is
a (fiber) deformation retract of U°/G and is the projective space bundle
associated with {. The exact sequence (37) may be rewritten as

. — HP"Y(T/G) — HP(Ug,U%) = HP(Yg) — HP(T/G) — --- (38)

If Y is a point x and £ is a line bundle, we have T/G = Y = x and
Y = Bg, so that the following sequence, resulting from (38), shows that
r* is an isomorphism for p = d:

0 — H¥Y(Bg) — H¥'(x) -» HY(Ug,US) ~ H4(Bg) — 0.

Thus, since r*(1g) = xo ® t € H%(x) ® H¥Bg), xo is a generator of
HO(x). Since we have not yet made any definite choice of t as a generator
of H%(Bg), we are free to choose t such that xo = 1 € H°(x). Then, by
Whitney duality 10.1 and (36), it follows that

[xo(6) = 1€ HY(Y; L) |

for any &; for if f: x — Y, then f*(xo(€)) = xo(f*€) = 1.
Note that the diagram

(Y,2) — (U,U°)
s s
(YG'a g) e (UG7U&)
commutes, so that for an n-plane bundle £, we have xn(€) = f*(_x. ®
") = frr(rg) = i*¢*(1¢) = i* (1) = w(£), where w(§) is the Euler class
of £; see Section 7. Thus

I xn(€) =w(§) for any n-plane bundle £ on Y.l (39)

From the properties we have proved for the classes x,(§) it can be
shown that up to a possible sign of (—1)*, x.(£) is the ith Stiefel-Whitney,
Chern, or symplectic Pontryagin class w,, ¢,. or e, for real, complex, or
quaternionic bundles, respectively. [Note that it follows from (39) that
wy(€) is the reduction mod two of the integral Euler class of the n-plane
bundle £.]

Now let £ be a complex n-plane bundle over Y, and let £gr denote the
underlying real 2n-plane bundle. Let R* and C* be the sets of real and
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complex numbers of norm one, respectively. Since R* € C* we have a
natural diagram (taking Eg. = E¢-)

Pl Ur:
U

~~ Uc-

and it follows that p(7¢c-) = 7r-, where p is induced by Ug- — Uc- and by
reduction of coefficients modulo two: Z — Z;. The diagram

H*(Uc-,U.;Z) =5 H*(Y;Z)® H*(Bc-;2)
P P
H*(Ug-, U3 Z) = H*(Y;Zy) ® H*(Bg-; Z)

also commutes, where the map H*(Bc¢+;Z) — H*(Bg-;Z) is induced by
the canonical map Bg- = E¢-/R* — E¢. /C* = Bc- and by reduction mod
two. This map is a fiber bundle projection with circle fiber, and it is easily
seen that the generator t¢ € H?(Bc-;Z) must be taken into the nonzero
element t3 € H?(Bg-;Z;). Therefore

[wair1(€r) =0 and ws () = p(ci(€))]

Similarly, if £ is a quaternionic n-plane bundle with underlying complex
bundle &¢, then

[cas1(éc) =0 and eaéc) = e(9).]

We shall now return to our general discussion. Let g : Ug — Yo
denote the map induced in the canonical way by the projection7: U — Y,
and note that mgr : Yo — Yg is the identity. Let h: Yo =Y x Bg - Y
be the projection.

Let ® be any family of supports on Y and put ¥ = (hng)~!(®) on
Ug. Let A be any sheaf on Y and put B = w,h* on Ug. Note that for
a € Hy(Y; ), we have

h*(a) = a® 1€ Hi(Y; &) ® H*(Bg) = H}y(Ys; B),

using 7.6.
Let ¢ be the composition

¢: HE(Y; ) —"€2 o HE (Ug; B) <20 HEY™ (U, Ug; ).
Then r*(¢(a)) = r*(1¢ U ngh*(a)) = r*(7¢) U (@ ® 1), so that the map

r*(¢(e)) : H3(Y; &) — Hy(Yo; B) = Hy(Y; ) @ H*(Bg)
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is given by

n

(@) =L aVa)@t™,

1=0

which generalizes (35). Since xo = 1, the map r*(¢(e)) is a monomorphism.

10.2. The definition of characteristic classes that we have given is useful
for studying the normal classes of the fixed-point set of a differentiable
action of the group G (as above) on a differentiable manifold M. We
shall illustrate this in the case of the circle group G = C*. Let M be
(2n + k)-dimensional (real), and let Y be a k-dimensional component of
the fixed-point set of some differentiable action of G on M. Assume, for
simplicity, that G acts freely on the unit sphere in any normal disk to Y.
Then the normal bundle £ has a canonical complex structure in which the
operation by C* coincides with the given action of G. Thus, £ is a complex
n-plane bundle. Let c, € H%(Y;Z) be the ith Chern class of £&. Let U be
an open tubular neighborhood of Y in M.

Let ® be a family of supports on M/G with inverse image © on M. Let
¥ = n~1(®), where n : Mg — M/G is the projection; see Section 9. We
shall assume that © NU = 7~1(O|Y), where 7 : U — Y is the canonical
projection of the tubular neighborhood U onto Y. (It follows that ¥ NUg is
the same type of support family as that considered in the preceding general
discussion.) For example, ®, and hence © and ¥, could be taken to consist
of all compact sets or of all closed sets. By excision, we have the natural
isomorphism

Hypo (U, Ug) ~ Hy (Mg, M3),

where M° = M —Y. Thus r* factors as

Hyny, (U, Ug) —= Hyny, (Yo) = H5(Y) ® H*(Bg)

Hy(Mg).
10.3. Theorem. In the situation of 10.2, suppose that H4{(M;Z) = 0 for

alli = p (mod 2) withp+2(n—j) <i<p+2n andlet o € H(Y). Then
caUa =0 for i > n—j, where ¢, is the ith normal Chern class of Y in M.

Proof. Consider j*(¢(a)) € H"*P(Mg). In the spectral sequence E**
of the map Mg — Bg with supports in ¥ we have that E3* = 0 for all
t = p (mod 2) with p+ 2(n — j) <t < p+ 2n. Thus, the complementary
degree of j*({(c)) is at most p + 2(n — j). Since i* preserves filtration
with respect to the spectral sequences of Mg — Bg and of Yo — Bg, it
follows that 7*({(a)) = >_(c,Ua)®t"~* has complementary degree at most
P+ 2(n — j). Thus we must have that ¢, Ua =0 for p+ 2i > p+ 2(n — j)
as claimed. O

Taking a = 1, we obtain:



§11. The spectral sequence of a filtered differential sheaf 257

10.4. Corollary. If H*(M) = 0 for 2(n — j) < i < 2n, then ¢, = 0 for
1>n—j. O

In the real case (Stiefel-Whitney classes of normal bundles to fixed-point
sets of involutions) these results are due to Conner and Floyd [28].
We shall illustrate the real case by proving a result of Conner [25]:

10.5. Theorem. Let F be a component of the fized-point set of a differen-
tiable involution on an m-manifold M, and let © be any family of supports
on M that is invariant under the involution. Suppose that the restriction
HY(M;Zy) — HE(F;Zy) is a monomorphism for all i < r. Then every
component Y # F of the fized-point set having some neighborhood in © has
dimension at most m — .

Proof. Let Y, as above, have dimension p. Let n = m — p and let £ be
the normal bundle to Y in M. Let U be an open tubular neighborhood
of Y in M with closure in ©. With the notation of 10.2 consider the class
16 € H"(Ug, Ug) = Hyny,, (Us, Ug)-

Let ¢* and j* be as in 10.2 and let k* : H}(Mg) — H(F¢) be induced
by the inclusion k£ : Fg — Mg. Now, k*j* = 0, but j*(r¢) # O since

J*(re) =r*(1¢) = L w,(§) ®t""* #0. Thus k* : H}(Mg) — H}(Fg) is
not a monomorphism. However, since the spectral sequence of Fz — Bg
is degenerate, it follows from our hypotheses that

k*: Hy(Mg) — Hy(Fg)

is a monomorphism for ¢ < r. Thusn >r, whencep=m-n<m-r. O

11 The spectral sequence of a filtered
differential sheaf

Let £* be a differential sheaf on the space X, and assume that we are given
a filtration {F,&"} of &~ that is, for each ¢ we have a sequence

DR D Fp 1 #'D -

(p € Z) of submodules of #? with £? = |J, F,#?, and such that the

differential & of £* maps F,&? into Fp&9*.
We denote the associated graded sheaf by {G,£"}, where

|G, 2" = F, 2" [Fp1 2|

The differential § induces a differential on each G,#"*, and the associated
derived sheaf is denoted by

HY(GpZ"),
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where g refers to the degree in £*. As with filtered differential groups, there
is associated with the filtered differential sheaf F#* a spectral sequence
&P29 of sheaves. (This is of secondary interest to us and is introduced for
notational convenience.) Thus, we let

Fr={ze R&" |6z € Fp1, L}

and

=Z2/(6F27 1 + FPHD).

We also let 37¢ and é”’,”" be the terms in 3? and &7 respectively of total
degree p+q. Then, as with spectral sequences of filtered differential groups,
8 induces a differential 6, on 29 of degree (r,—r + 1), and the resulting
derived sheaf is £27,. We have &8 = Gp " and €YY = HPHY(Gp¥*). In
the application we will make of this in the next section, the differentials 6,
will vanish for 7 > 1. Note that the stalks (£2'7),, for any z € X, form
the spectral sequence of the filtered differential group Fp(%.) = (Fp&")s.

We now turn to the spectral sequence of primary interest. Consider the
double complex L?? = |J, C3(X; F;¢") with differentials d’ and d” [with
d"” induced by (—1)P§] and the associated total complex L* with differential
d=d +d", as in Section 1.

We shall define a new filtration of L* and study the resulting spectral
sequence. Let

FL*= @ C3(X;F2),

s+t=p

where we consider C§(X; Fy ") to be a subgroup of C§(X; F, &) fort’ > t
and hence have that F,L* D FpL*. Both differentials d’ and d” preserve
this filtration, and d’, in fact, increases the filtration degree by one.

Let {EP9} be the spectral sequence of this filtration of L*. Thus

[22={a e F,L* |da = (¢ + d")(a) € Fpi L7}

and

E? = ZP/(dZP=[*! + 2P1))

and as usual, we replace the upper index p by p, ¢ when we refer to homo-
geneous terms of total degree p+g. -

We have ,

ED? = G,LP* = P CEH(X; G 2.
t

Since d’ increases filtration degree, we see that dp is induced by d”, that is,
by 8p. We shall continue to use the notation d” for dp.

Consequently,

Ef'q = @Cg-t(x; gtl.q) — @C;“(X;Jt"’“(ctg‘)).
t t
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Clearly, any element a € C5~*(X; #7**(G,&")) is represented by an ele-
ment a € Cb4(X; F,.#°*") with d"a € CE™4(X; For1 277, Now d'a
represents the element d'a € Ci'7Y(X; 9% (G.2*)) c EP*"9, while
d" o represents (—1)P=t81a € CEH =D (x, 59+t (G, @*))  EPHI,
Thus d; : EPY — EP*' is given by d, = d’ + €6}, where ¢ denotes the
sign (—1)P~* above.

We now make the assumption

(A) 6;: &Y — &4Y19 is zero for all t,q.

Under assumption (A), we have

E;’q - @Hg—t(x; g;,q) - @Hg—t(x;xq-ﬂ(cggt))
t t

since €57 = &4 = X IM(G,2").
We shall now compute d; under assumption (A). Let

a€ HY Y(X; #9%(G.2")).

The class a is represented by a d’-cocycle in C5~(X; #9(G.#")) and
hence by an element b € C5™%(X; G, #*") with d"b = 0, and with d'b €
C2™'"*Y(X;Iméy) = Imd"; that is, there is an element

ce Cg—t-f—l(x;ctgq-f-t—l) .

with d'b = —d"c. Let § € C5~4(X; F,#%") and v € C5~"!(X; F99*Y)
represent b and c respectively. We have that

d'B+d"y € C5 (X Fu1 £9%) C Fpyal®.

Note that d”3 € C5™4(X; Fy1%**") represents +63b = 0 since 6, = 0.
Thus d"f € CE™H(X; Fy2 @7 ") C F, 2 L". Also,
d'y € C3 (X, FL&"'™) C FpiaoL*.

Hence d(B+7v) = (d'+d")(B+7) = d'y+(d'B+d"y) +d"B € Fpr2L*, and

therefore B + v € Z5'7 represents a € E5'? (since it represents b in Ej "’2.

Consequently, d(8+7) = d'y+(d'8+d"v)+d" 3 represents daa € Eg”""' .
We now make the further assumption that

B) 6;: €57 — &5297 is zero for all t, q.
2 2

In case (A) and (B) both hold, d”8 must be in C2~4(X; Fy 32t
Fp3L*, for otherwise 63b would be nonzero. Thus

d(d"B) = d'd"B € d'(F,,3L*) C Fp,4L",

29Recall that C3 is exact, so that Ker d’ = C;(X;Ker 60).
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so that d”8 € Z2*2. Also, dd'y = d"d'y = —d'd"~ represents d’'(—d'c) =
d'd’b = 0 in C5~"*?*(X;G,&*"), so that @”(d"y) € C5 " *(X; Fyr 277Y).
The latter element represents 6} (d'c) = 0 [by (A)] so that in fact,

dd'y € C3~"2(X; F29%%%) € FpqL*.

Thus d'y € ZE*2. It follows that d'8 + d"y = d(B8+ ) — d'y — d"8 €
Z2*? and that all three elements d’y, (d'8 + d”), and d”f represent
classes in Eg“""" with sum dsa. Clearly, d”3 represents 0 = +83a €
HE™'(X;8;797%), by (B).

Now d'y represents a class dja € Hg"“(X;Jf”t—l(G’t.Q')), while
(d'8+d"7) represents a class da € HE "1 (X; # 9 (G,41€")), where the
superscript indicates the change of the degree “¢.” Note that both of these
groups are direct summands of Eg“"""'" and that

d2=dg+d%

under conditions (A) and (B). We shall now give an interpretation of the
operators d3 and d}.

For to fixed, the differential sheaf G;,(%") gives rise to a spectral se-
quence (1) on page 199 (which coincides with the present spectral sequence
when £° has the trivial filtration F, ¢* = &°, F,, 1 &" = 0). Let us
denote this spectral sequence by ' EP and its differentials by ‘°d,. Then

to Eg—to,q+to = Hg—-to (X; xq+to (Gtog‘))«

By the construction of d3 it is clear that
dJ =@, tds.

(This can be seen by direct computation or by a more abstract approach.
The details are left to the reader.)

Recall that 6, is the connecting homomorphism of the homology se-
quence of the short exact sequence

Ft+]g‘ th‘ FtQ‘ -
Fip2¥' Fop2¥8°  Fn &

0— 0,

and by (A), the resulting sequence
0= KNG L") » K (FL" [Frya®”) —» H77H(G,27) - 0 (40)

is exact. This exact “coefficient sequence” gives rise to a connecting homo-
morphism

LA HEHX; #9HH(G2Y)) — HE PN (XG (G £7)). (41)

We claim that A coincides with d}. This is merely a matter of tracing
through the definition of A. With notation as above, 3 determines a class
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B € CO Y X F@" | F,y229%) with d"8 = 0, since d"B € FpioL*.
Thus 8’ determines a class ' € C5 ™ (X; # I (F.&" | Fi12®")). Now d'b’
represents d'b = 0 in C5~**}(X; # " (G,2")), and hence d'b’ may be
regarded, by (40), to be in C5~**}(X; #9%(G,4.1£")) and, by definition,
represents Aa. Specifically, d'8 + d”y € Co™ '+ (X; F, 11 #9*") represents
an element of C5~"*1(X; #9%*(G4+1£")) that maps into d'b’. This gives

dla = tAa.

We shall now consider the question of convergence. Recall that the
filtration of L* is called regular if F,L™ = 0 for p > f(n) for some function
f:Z—-Z.

We shall now make two further assumptions:

(C) The filtration of £* is regular [that is, F,&" = 0 for p > g(n) for
some function g|.

(D) Either:

(i) & is bounded below (that is, ™ = 0 for n < ng), or
(ii) dime X < oo.

Of course, in case D(ii) we replace C§ by a canonical resolution of finite
length.

We claim that under these assumptions the filtration of L* is also reg-
ular.

Indeed, in case D(i) assume, for convenience, that #? = 0 for ¢ < 0.
We may also assume, in this case, that g is an increasing function. Note
that

n
FL* = P Cy(X; Fpo s 2™7°).
s=0
Thus, if p > n + g(n), we have p—s > p—n > g(n) > g(n — s) and
F,L™ =0.
In case D(ii), where m = dimg X, we have

m
F,L* = P Cs(X; Fpo s 8™°),
s=0

which is zero for p > m + sup{g(n — 5)|0 < s < m}.
Note that under assumption (D) we can show, as in Section 1, that

H™(L*) = H*(UTs(F:£"))
s
when F&" consists of ®-acyclic sheaves. More generally, the assumption
lim HY(H}(X; F,2*)) =0 for p>0

implies this result.
Thus, for example, we have proved the following:
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11.1. Theorem. Let £* be a differential sheaf on X. Let {F,%"} be a
filtration of €* consisting of ®-acyclic sheaves. Also assume that (A), (C),
and (D) hold. Then there is a spectral sequence with

Ep? = @ HE ' (X; 74 (G.2")) = HP(UTe(F.2")).
t s

If, moreover, (B) holds, then on the summand HY *(X; #7**(G,2")) we

have that

where tdy is the second differential of the spectral sequence (1) on page 199
of the differential sheaf G,%*, and tA is the connecting homomorphism
(41) of the coefficient sequence (40). ]

12 The Fary spectral sequence

We shall now apply the results of the previous section to a more specific
situation.
Let f: X — Y be a map and let

Y=K¢eDK DK;D:---
be a decreasing filtration of Y by closed sets. Let
U,=Y - K\,

Then
DU DU DU, =g,

so that {U,} forms a decreasing filtration of Y by open sets. Also, put
A=K, - Kt+l = U—t - U—t+l«

Let « be a sheaf on X, and let ¥ be a family of supports on X. Consider
the differential sheaf
‘g. — fwd.

onY, where #* = €*(X; ). Then &" is filtered by the subsheaves
e =2,

and this filtration is bounded above by zero. The associated graded sheaf

1S
G_t‘g‘ = glt,

and clearly,
HIG_1 &) = H9 (L") a, = HY(f;H4) A
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since #B — B, is an exact functor for A C Y locally closed. Stalkwise,
{F,&"} reduces to a filtration with only two terms, and it follows that
6, = 0 for r > 1, where 4, is as in Section 11. Thus conditions (A) and
(B) of Section 11 are satisfied. Condition (C) follows from the fact that
{U,} is bounded above, and (D) is obviously satisfied. Note that the exact
sequence (40) of Section 11 becomes

0— HG (fil)ay = HY(fi ) ana, — HF (fid)a, — 0. (42)
If ® is paracompactifying on Y, then by I1-10.2 we have
Hy (Y Hy(frd)a,) = Hy 4, (A Ky (f; )| Ar).
Since F,Z" is ®-soft and | J,T¢(¥y,) =Te(Z") = Teo(w)(A"), where © =
U, (®1U:), the spectral sequence of 11.1, together with 2.3, yields:

12.1. Theorem. Let f : X — Y be a map,letY = Ko D K; D--- bea
decreasing filtration of Y by closed subsets, and put A; = Ky — K¢yq. Let
® be a paracompactifying family of supports on Y, and let A4 be any sheaf
on X. Then there is a spectral sequence (Fary) with

B} = @D HE, (A K" (f34)|Ae) = HEF (X;54),
t

where © = J,(®|Y — K;). Moreover,

dr = Ptz +14),
t

where tdy is the second differential of the spectral sequence 2.1 of the differ-
ential sheaf (fg€*(X;4))|Ar and tA is the connecting homomorphism of
the cohomology sequence associated with the coefficient sequence (42) [that
1s, the cohomology sequence of the pair (K,_1 — K;41, As) with coefficients
in Hy ' (f;A)). o

We note that with suitable restrictions, Jt’?{'( f;4)|A; is the Leray
sheaf x;’,,;‘,,: (flAg; ) of f|A?, where A} = f~!(A,). We shall now show
that under the same restrictions, the spectral sequence of the differential
sheaf (fy €*(X;))|A; can be identified with the Leray spectral sequence
of flAS.

12.2. Proposition. Let f : X — Y be W-closed, where each f~1(y), y €
Y, is U-taut in X. Let ® be a paracompactifying family of supports on 'Y
and let A CY be locally closed with A* = f~1(A). Then for any sheaf A
on X, the spectral sequence 2.1 of the differential sheaf (fy €*(X;4))|A on
A, with supports in ®|A, may be identified with the Leray spectral sequence

ER? = Hp 4 (A; Hyrpe (FIAS A|A%)) = Hy (g a0 (A% 4|A°)

of flA°.
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Proof. Note that ®(¥)|A® = (®|A)(¥ N A*) by 5.4(8). We have the
canonical homomorphism

(fuB*(X;A))|A - funae (€ (A% H|A%)),

which induces (20) on page 214, whence there is the homomorphism of
double complexes

Co1a(A; fu (€7 (X)) |A) = Cga(A; funas (€*(A%; A))).
There results a homomorphism of spectral sequences 2.1, which reduces to
r s HY 4 (4 23 (f; )| A) — HE| \(A; X 40 (F1A" | A%))

on the E, terms. By 4.4, this map is an isomorphism and the result follows.
]

13 Sphere bundles with singularities

In this section we will apply the Fary spectral sequence to obtain an exact
sequence for a sphere bundle with singularities that we call the Smith-Gysin
sequence because it is a generalization of the Gysin sequence of a sphere
bundle and an analogue of the Smith sequences of periodic maps of prime
order.

Let f: X — Y be a closed map between Hausdorff spaces that is a
k-sphere fibration with closed singular set F C Y. That is, f : F* =
f~Y(F) — F is a homeomorphism and f : X — F* — Y — F is a fiber
bundle projection with fiber S¥; k > 1. (More generally, suppose the Leray
sheaf of f has stalks as if this were the situation. For example, this applies
to the orbit map of a circle group action with rational coefficients or a
semi-free circle group action with integer coefficients.)

We have
L, ¢=0,
HULHL)Y -F=¢ 0, q=k,
0, ¢q#0,k,

where 0 is a locally constant sheaf on Y — F with stalks L. The fibration
f is said to be orientable if @ is constant. This is always the case when f
is the orbit map of a circle action.

If B is any sheaf on Y, it follows from 4.6 that

B|Y - F, g=0,
Hf BN ~F=( 00(BY -F), ¢=k,
0, qg#0,k.

Also, it is clear that on F,

- o pogm _ | BIF, q=k,
Jf’“"(fIF,fﬂ?)—{O' ek
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Nowlet Ko =Y; K1 = Ky =+ = Kx = F; and K, = @ for p > k.
The Fary spectral sequence with coefficients in f*# and supports in the
paracompactifying family ® on Y has

B39 = HY\_p(Y — F;0°(f; £ B)) @ HY X (F; 5697 (f|F*; £* B))
and converges to H }’ffq,(X ; f*#B). Thus

E}° =H}\ _o(Y - F; ®),

E}* = H}, (Y - F;0® B) ® Hy ¥ (F; B),
and E3? =0 for ¢ # 0,k. [We have written ¢ ® 8 for ¢ ® (B|Y — F) for
simplicity of notation.]

As with any spectral sequence in which E3? is nonzero in only two
complementary degrees ¢ = 0, k, there results an exact sequence

N E'g|0 — H?_ld>(x;fn$) N Eg—k,k _ﬂ:il_’ Eg+l,0 e

which yields the exact Smith-Gysin sequence:

e — Hgly_p(y - F; '%) - H?—lq,(x;f.'%)

—~ HY Y (Y- F;00 B)® H} o (F; B) —» Hy)_ (Y — F;B) — -

(43)

See [6] for some other applications of the Fary spectral sequence. See
(15, III-10] for a more elementary derivation of the Smith-Gysin sequence.

Note that a somewhat less subtle “Smith-Gysin sequence” can be ob-
tained directly from the Leray spectral sequence of f, namely, the exact
sequence

-~ HY(YiB) = HY (X f"B) > Hyf (Y ~F00%) — -

As an example of the use of the Smith-Gysin sequence (43), we have
the following result:

13.1. Theorem. Let f : X — Y be a closed map that is an orientable
k-sphere fibration with closed singular set F C Y. Let ® be a paracom-
pactifying family of supports on Y. Let L be a field and suppose that
dime L Y < oo. Then, with coefficients in L and for any p, we have the
inequality

[e o] 00
dim HEf_p(Y = F) + Y dim H32** D (F) < 3™ dim HPH D (X).
=0 =0
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Proof. Let
ag = dim H{_, 4(X), by = dim HgIF(F), and ¢g =dim Hg,, _p(Y - F).

Note that dimg|r F < dimg Y by II-16.9, so that b, and ¢, are both zero
for sufficiently large ¢. The sequence (43) implies that a, is also zero for
large ¢. The exact sequence

HI_, 4 (X) — H;I',f_ p(Y = F) & H (F) — H3Y (Y - F)

shows that

by + cq—k < ag + cg41,

which degenerates to 0 < 0 for ¢ sufficiently large. Adding these inequalities
forg=p+j(k+1),5=0,1,2,..., we see that the terms in ¢, cancel out,
except for c,_, and there remains the inequality

oo (.Y
Cp—k + Z bps(ker) < Z Gp+j(k+1)
1=0 1=0

as claimed. m}

13.2. Theorem. Let f : X — Y be a closed map of Hausdorff spaces that
is an orientable k-sphere fibration with closed singular set F C Y. Let L
be a principal ideal domain. Assume either that X is paracompact with
dimy X < oo or that X is compact. If X is acyclic over L, thenY and F
are also acyclic over L.30

Proof. Let ® = cld|Y — F. The Smith-Gysin sequence shows that
HE2®(Y — F;L)® H?(F; L) = HE* (Y - F; L).

If X, whence Y, is compact, then the map Hg""(Y —~ F;L) — Hfl’,“(Y -
F; L) is the cup product with the Euler class w € H*+1(Y —~ F; L), whence
it is zero for large p by II-Exercise 53. In the paracompact case, dim (Y —
F) < dimy X — k by 8.12. Thus, in either case, a downwards induction
shows that H%(Y — F;L) = 0 = H*(F;L). The result then follows from
the cohomology sequence of the pair (Y, F). o

Some other applications of the Smith-Gysin sequence can be found in
[11].

30Also see Exercise 21.
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14 The Oliver transfer and the Conner
conjecture

In this section we study the transfer map for actions of compact Lie groups
due to Oliver [65] and use it to give Oliver’s solution to the Conner conjec-
ture. The results in this section are due to Oliver except for those at the
end credited to Conner.

Let G be a compact connected Lie group acting on a completely regular
space X. In this situation, each orbit # = G(z) has an invariant neighbor-
hood U® (where U C X/G is open) possessing an equivariant retraction
oz u : U* — G(z); see [15, 1I-5.4]. The neighborhood U® together with
the retraction o, i is called a “tube” about G(z). Let A C X be a closed
subspace invariant under G and put W = X — A.

Let L be a given base ring. Let f : X — X/G be the orbit map. We
wish to define a natural homomorphism

m: H"(f; L) — H*(G; L)

of the Leray sheaf of f to the constant sheaf on X/G with stalks H*(G; L),
where n is arbitrary for the present. Since #"(f, f|A; L) = #"(f; L)wyc,
because W/G is open and #"(f, f|A; L)y ~ H™(§,yNA;L) =0fory € A
by 4.2, m will induce a sheaf homomorphism

m: #"(f, flA; L) — H™(G; L)wc C H™(G; L),
and hence, by II-10.2,

m : H*(X/G; #"(f, flA; L)) — H*(X/G; H"(G; L)wyc)
~ H*(X/G,A/G; H*(G;L)).

Because G is compact and, hence, f is closed, the canonical map 7} :
H"™(f; L)y — H"(G(z); L) of 4.2 is an isomorphism for all ¥ € X/G.

For x € X let 7, : G — G(z) be the equivariant map 7n.(g9) = g(z).
Since G is connected, 7, depends on z, in its orbit, only up to homotopy.
Thus n; : H*(G(z); L) — H"(G; L) is well-defined, independent of z in its
orbit ¥. Let mz = nir} : #"(f; L)z — H™(G; L). Then the 3 fit together
to define a function m, and we need only show that this is continuous.

To show continuity, fix £ and o,y : U®* — G(z) as above, and let
y € U®. It is no loss of generality to assume that o, u(y) = z. Also, let
iyy : G(y) — U* be the inclusion. Then 0. v (iv,y(ny(9))) = oz,u(9(y)) =
g9(oz,u(y)) = g(z) = n:(g); that is, the diagram

Ue =Y, G(z)

o] T
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commutes. Let 8y : H*(U®; L) — T'(#™(f; L)|U) be the canonical map
from presheaf to generated sheaf and let

Wy : T (f;L)U) — #™(f; L)y

be the restriction. Then we have the diagram

D(#™(f; L)U) <2— Hn(U*; L) -i’—;'—“—H"(Gl(z);L)

H"(f;L)y —~ H™G);L) ——~ H"(G;L)

in which the composition along the bottom is m3. The left-hand square
commutes because it is just the definition of T3 The right-hand square
commutes because it is induced by the preceding commutative diagram.

Let a € H*(G(z); L), and put s = fyo} () € T(H"(f; L)|U). Then
the value of the section s at § is s(§) = qu,y(s) by the definition of y. We
compute:

Ty $(§) = myw,y(s)
=y 5wy 0v oy ()

My i,y 20(Q)
Mz ()
= T3 S(i),

the last equation holding by substitution of z for y in the preceding parts.
This equation shows that = is constant on the image of the section s.
The image under the isomorphism 7} of the value of the section s at I is
r3(s(%)) = rzw.e(s) = rpw.abuos yle) =i 07 y(@) = 1°(a) = o It
follows that 7 is continuous at the arbitrary element s(%) = (r})~!(a) €
X" (f; L)z and hence is continuous in the large as claimed.

Now let us specialize to the case n = dim G and let A : H*(G;L) = L
be an “orientation.” The Leray spectral sequence of the map f: (X, A) —
(X/G,A/G) has E3* = 0 for t > n, and so there is the canonical homo-
morphism

H*™(X,A; L) - E3* — E3™ = H*(X/G; #"(f, f|A; L)),

and the composition of this with A* o 7* gives a natural homomorphism

x4 : H"(X, 4;L) - H*(X/G, A/G; L), |

called the “Oliver transfer.”

14.1. Proposition. The Oliver transfer T satisfies the relationship
|7x,a(f*(B)Ua) = BUTx(a),|
where o € H**"(X; L) and 8 € H'(X/G,A/G, L).
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Proof. Let 'E®* be the Leray spectral sequence of f and EZ* the Leray
spectral sequence of (f, f|A). The element a represents a class a, € 'E3"
for each 2 < r < 00 and 7x(a) = A*(7*(az2)). The element f* ﬂ represents
a class 3, € E‘o for each 2 < r < 00, and By € HY(X/G; #°(f, f|A; L))
corresponds to B € HY(X/G,A/G; L) = H'(X/G; Lw,g) under the canon-
ical isomorphism Jfo( f, flA; L) = Lw;g. By 6.2 and 6.8, the composition
Ho+m+ (X A; L) — ESFt™ — E3*h™ takes f*(8)Ua to fUag, and hence
A* o w* takes this to B U 7x (). But by definition, this composition takes
f*(B)Vato rx a(f*(B)Va). O

14.2. Corollary. The following diagram commutes:

Hs+"—l(A; L) N Hs*"(X, A; L)
TA TX,A

H*-Y(A/G;L) -5 H*(X/G,A/G;L).

Proof. The proof is similar to Steenrod’s proof of the similar relationship
between the Steenrod squares and connecting homomorphisms; see [19, VI-
15.2] or [79, 1.2]. We consider the G-space I x X and its various subspaces,
where G acts trivially on the factor I = [0,1]. Let px : I x X — X,

1 :IxX — I, and p;y : I x X/G — I be the projections. Let W =
{0} x X UI x A. Then the naturality of the Oliver transfer implies that it
suffices to prove the result for the pair (W, I x A). Naturality then shows, in
turn, that it suffices to prove it for the pair (W, {1} x 4). Put C = {1} x A
and B = [0,4] x AU {0} x X C W. Consider the commutative diagram
(coefficients in L)

H*(BUC) -5 “H*(C) — 0
é ')
H*Y(W,BUC) — Hs*(W,C)

with exact row. Again, naturality applied to this diagram implies that
it suffices to prove the result for the pair (W,B U C). By excision and
homotopy invariance, it suffices to prove the result for the pair ([2, 1] x
A, {3} x Au{1} x A), which is equivalent to the pair (I x 4,8I x A). Now,
H “’"(6[ x A) is generated by elements of the form Z U§ = z x y, where
z € H(3I), y € H**"(4), £ = pj(x), and § = px(y). Let & = ¥} (), so
that f*(%) = Z. We compute

TIxA8IxA(6(ZUF)) = Trxa,01xa(6(f* (X)) UF)
= TrxaAarxa(f*(6(%)) UY)
= 8(ZUTrxa(d)) by II-7.1(b)
= §(Tixa(f* () U ) by 14.1

6(r1xa(ZUP)),
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and so Trxa,01xA°8 =80 TIxa. 0

This transfer map was the main (unknown at the time) tool in Oliver’s
solution of the Conner conjecture. We shall now go on to give his proof.
The following result sums up the main usage of the transfer:

14.3. Theorem. Let G be a compact, connected, nontrivial Lie group act-
ing on a paracompact space X. Let p be a prime number and let P C X
be the union of the fized-point sets of all order p subgroups of G. Then
the transfer p : H**™(P;Z,) — H*(P/G;Z,) is zero for all s. As-
sume further that H*(X/G,P/G;Z,) = 0 for t > k. Then the transfer
7x,p : H**"(X,P;Z,) — H*¥(X/G,P/G;Z,) is an isomorphism and the
canonical map H"*"(X, P;Zy) — H'”’"(X; Zy) is a monomorphism.

Proof. If we W = X — P and if u is sufficiently near w, then G, is
conjugate to a subgroup of G, as follows from the existence of a tube
about G(w). It follows that u € W. Thus P is closed and it is obviously
invariant.

As before, let f be the orbit map. Let z € P. Then the isotropy
group G contains a subgroup of order p, and so G; is either of positive
dimension or it is finite of order a multiple of p. In both cases the map
n; : H*(G(z);Z,) = H"(G/G;Z,) — H"(G; Zy) is zero. It follows that
m : H"(f|P;Z,) — H"(G;Z,) is zero, and so the Oliver transfer 7p :
H*¥"(P;Z,) — H*(P/G;Z,) is zero for all s, proving the first assertion.

Now, for z € W = X — P, we have that G is finite of order prime
to p, so that the map 7} : H*(G(z);Z,) =~ H*(G/G:;Zy) — H*(G;Zyp)
is an isomorphism by II-19.2 since G is connected. It follows that the
map 7 : H*(f, fIP;Z,) = H*(G;Zp)w/c is an isomorphism, since it is an
isomorphism on each stalk. Therefore, for the Leray spectral sequence of
(f,f|P), we have

Ey* = H*(X/G,'(f,f|P;Z,)) = H*(X/G; H'(G; Zp)wyc)
~ H*(X/G,P/G; H'(G;Z,)).

Thus E;" =0 for s > k and for t > n, and so the Oliver transfer, which is
the composition

mx.p : H¥+"(X, P;Z,) = Eb = EX™ ~ H*(X/G, P/G; H"(G; Z,))
~ H*(X/G,P/G;Z,)

of isomorphisms, is an isomorphism, proving the second assertion. The
commutative diagram

Hk+n—l(P;Zp) N Hk+"(X,P;Zp)
Tp=0 = | TX,P

H*\(P/G;Z,) > H*(X/G,P/G;Z,)
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of 14.2 shows that § : H*+"~!(P;Z,) —» H**"(X, P;Z,) is zero, giving the
last assertion by the exact sequence of the pair (X, P). a

14.4. Theorem. Let G be a compact Lie group acting on the paracompact
space X. For a prime p, let P be the union of the fized-point sets of all order
p subgroups of G. Suppose that X is Z,-acyclic and has dimz, X < oo.
Then H*(X/G, P/G;Z,) = 0.3

Proof. By passing to the unreduced suspension of X, it can be assumed
that G has a fixed point £, on X. First, we shall reduce this to the case
in which G is connected. Let G C K where K is a connected compact
Lie group. (It is a standard result that this always exists, and in fact, K
can be taken to be some unitary group.) Let K xg X be the quotient
space of K x X by the action g(k,z) = (kg™ g(x)). If [k,z] is the orbit
of (k,z) under this action, then there is an action of K on Y given by
h[k,z] = [hk,z]. The projection K x X — K inducesamap £ : K xg X —
K /G, which is a fiber bundle projection with fiber X. Moreover, the set
K xg z, is a cross section of {. Let Y = (K xg X)/(X xg z.). Since
X is Zy-acyclic and the stalks of the Leray sheaf of £ are H*(X;Z,) by
7.2, the map H*(K x¢g X;Z,) —» H*(K Xg Zo;Z,) is an isomorphism. It
follows from the relative homeomorphism theorem II-12.11 that Y is Z,-
acyclic. If @ is the union of the fixed point sets of order p subgroups of K
on Y then we claim that Q = (K x¢ P)/(K Xg Zo). Indeed, suppose that
h € K has order p and that h[k,z] = [k,z]. Then [hk,z] = [k, z], which
means that there is a ¢ € G with (hk,z) = (kg~!, g(z)). Thus g € G, and
h = kg~'k~!. Then g has order p and fixes z, whence = € P.

Now, Y/K ~ X/G and Q/K = P/G, so that the result for Y and K
would imply the result for X and G. Thus we may as well assume that G
is connected.

By II-Exercise 54, dimz, X/G < dimz, X < oo. If the theorem is
false, then there exists an integer k with H*(X/G,P/G;Z,) # 0 and
HYX/G,P/G;Z,) = 0 for t > k. But then, since n = dimG > 0, the
isomorphism 7x p : H**"(X,P;Z,) ~ H¥(X/G,P/G;Z,) # 0 and the
monomorphism H¥+"(X,P;Z,) — H**"(X;Z,) of 14.3 show that X is
not Z,-acyclic, contrary to assumption. m}

A compact Lie group S will be called a p-torus if S is an extension
of a toral group by a p-group. The trivial group is regarded as a p-torus
for all p. If T is a maximal torus of the compact Lie group H, then
x(H/Ng(T)) = 1, as is well known. If § C H is a p-torus, then Smith
theory shows that x((H/Ng(T))®) = 1 (modp), whence (H/Ng(T))¥ #
2.32 This implies that S is conjugate to a subgroup of Ny (T). Assuming,
then, that S C Ny (T), it follows that ST is a p-toral subgroup of H. In
particular, if S is a mazimal p-torus in H, then rank S = rank H. Any two

31 Also see Exercise 20.
32XG denotes the set of fixed points of G on X.
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maximal p-tori of H are conjugate in H, as follows immediately from the
corresponding facts about maximal tori and about p-Sylow subgroups of a
finite group.

For a given action of a compact Lie group G on a space X, let €, be
the collection of conjugacy classes in G of maximal p-toral subgroups of
isotropy subgroups of G on X. For a subgroup S C G we let [S] denote
its conjugacy class. Note that an orbit type determines a corresponding
member of €,, but two different orbit types might determine the same
member of €,. There is a partial ordering of €, given by [S] < [T] if S is
conjugate to a proper subgroup of T

We say that a subset F C €, is full if [S] € F and [S] < [T] = [T] € §.

Also, let
X% = U XS,
(Sled

Note that X7¥ is closed when § is full and that F C & = X% c X9®. Also,
X3 is G-invariant.

14.5. Theorem. Suppose that the compact Lie group G acts on the para-
compact p-acyclic space X with dimz, X < co. Let § and & be full subsets

of €, with F C & and with ® — § finite. Then H*(X®/G,X%/G;Z,) = 0.

Proof. The proof will be by induction on the cardinality of ® — § for
a fixed §. Of course, the result is true when 8 = F. Thus assume that
H*(X®'/G,X%/G;Z,) = 0if F C 8 ¢ &. Suppose that [S] € & — F and
is maximal with this property. Put 8 = & — {[S]} ¢ ®. Consider the map

9: XS5/N(S) — X®/G.

Letz € XS;thenG, D S. Ifz € X®—X®', then S is a maximal p-torus
of G; since S C S’ for some maximal p-torus S’ of G, so that [S'] € &’
(whence z € X®') if § # S’. We claim that it follows that G(z)5/N(S)
is a single point, whence 6 is one-to-one on (X5 — X®')/N(S). Indeed,
suppose that g(z) € G(z)S for some g € G. Then Sg(z) = g(z), whence
g~ 1S9 C G;. Since any two maximal p-tori of G, are conjugate in G,
there is an element k € G, with k~'g~'Sgk = S, 1e gk € N(S). But
then g(z) = gk(x) € N(S)(z), whence N(S)(g(z)) = N(S)(z) as claimed.

On the other hand, if z € X®', then S is not a maxxma.l p-torus in G,.
Then x(G;/S)=0 (mod D). Therefore x((Gz/S)%) = 0 (mod p) by Smith
theory. But (G./5)% = Ng,(S)/S, and it follows that Ng,(S)/S contains
an element of order p.

These remarks show that 8 : (X$/N(S), P/N(S)) — (X®/G,X® /G)
is a relative homeomorphism, where

P = {z € X5|(N(S)/S): contains an element of order p}.

By 14.4, H*(X5/N(S), P/N(S); Z,) = 0. Since 6 is a relative homeomor-
phism, H*(X®/G,X® /G;Z,) = 0 by 11-12.5. This proves the inductive
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step via the exact cohomology sequence of the triple (X®/G, X®'/G, X¥/G).
(]

The case § = @ and & = €, gives:

14.6. Corollary. Suppose that the compact Lie group G acts on the para-
compact space X with dimz, X < 0o and only finitely many orbit types. If
X is p-acyclic, then X/G is also p-acyclic. ]

If we define Zy = Q and the O-torus to be a torus (so that a maximal
O-torus is just a maximal torus) then all these arguments apply to the
case p = 0. (Just replace the Smith theory arguments by ones using the
Smith-Gysin sequence for rational coefficients.) Thus we have:

14.7. Corollary. Suppose that the compact Lie group G acts on the para-
compact space X with dimg X < oo and only finitely many orbit types. If
X is Q-acyclic, then X/G is also Q-acyclic. m]

For compact spaces, the universal coefficient theorem II-15.3 gives a
corresponding result over the integers:

14.8. Corollary. Suppose that the compact Lie group G acts on the com-
pact space X with dimz X < oo and only finitely many orbit types. If X is
acyclic, then X/G is also acyclic. =]

Finally, a technique of Conner [26] removes the assumption on finiteness
of number of orbit types and that of finite cohomological dimension in the
last corollary. First, note that the case of G = S! and rational coefficients
follows from the Smith-Gysin sequence. For G = S! and Z, coefficients,
Smith theory gives that

H (X% - X%t )/ Zpn+1) = H'(Xz”n [ZLpn+1, sz"*l) =0,

since this is just o H*(X%") for the action of Z, & Zyn+1/Zyn on XZe".
(Also, we are using the fact that finite dimensionality is not needed for the
Smith theory of actions on compact spaces.) Now, (X%~ — X Zyns) [Zpn+1
is an orientable Z,-cohomology circle bundle over (XZ" — XLr+1)/G.
Thus the Gysin sequence and II-Exercise 53 show that

H*(X%" /G, X%+ (G Z,) = HI (X" — X%m+) /G Z,) = 0.
Therefore, for Z, coefficients,
H*(X/G) = H* (X% /G) ~ H*(X%* [G) ~ --- = H*(XO),

the last isomorphisin following from continuity II-14.6. Similarly, Smith
theory gives

0=H*(X)=H"(X%")~ H*(X%') ~ ... ~ H*(XE).

33 Also see 14.10.
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Also, the result is true when G is finite by 11-19.13.

Now, for any compact nonabelian group G, Oliver has constructed, in
{66], an example of a smooth action of G on some disk D with no points
left fixed by the whole group. Since such an action has only finitely many
orbit types (see [6]) we know from 14.8 that D/H is acyclic for all H C G.
Conner called such a G-space D an acyclic model.

Let L = Z or a prime field. For a general compact L-acyclic space X on
which G acts, Conner’s technique is to look at the twisted product X xg D.
There are the maps

X/G <& X xg D - DJG.

The “fibers” of € have the form D/G, for z € X. Consequently, £ is a
Vietoris map. The fibers of 7 are X/G, for y € D. Since G, # G, we can
assume, by induction on the dimension and number of components of G,
that these fibers are all L-acyclic. Therefore, the Vietoris mapping theorem
II-11.7 gives that H*(X/G;L) ~ H*(X x¢ D;L) ~ H*(D/G;L) =
Thus, this argument gives the following main application of the Oliver
transfer, the Conner conjecture, finally proved by Oliver:

14.9. Theorem. (R. Oliver and P. Conner.) Let L = Z or a prime field.
If the compact Lie group G acts on the compact L-acyclic space X, then
X/G is also L-acyclic. O

Further arguments due to Conner [26] show that any action of a compact
Lie group on euclidean space or a disk has a contractible orbit space.

Finally, let us show that 14.8 holds with compactness replaced by para-
compactness:

14.10. Corollary. Suppose that the compact Lie group G acts on the para-
compact space X with dimz X < oo and only finitely many orbit types. If
X 1is acyclic, then X/G is also acyclic.

Proof. In Conner’s argument concerning the twisted product X x¢g D,
each orbit of H C G on D has an equivariant tubular neighborhood since
G acts smoothly on D. It follows that each r} : #*(n;Z), — H*(2*;Z)
is an isomorphism. Therefore, the Leray spectral sequence of 7 shows that
n* is an isomorphism provided we can show that each X /G, is acyclic,
y € D. Thus the argument works for X paracompact with dimz X < oo
and with only finitely many orbit types as soon as we show that the result
holds for actions of S'. In the latter case, there is a finite subgroup H C S!
containing all finite isotropy groups.3* By I11-19.13, X/H is acyclic. Now,
S!/H acts semi-freely on X/H and so X/S' = (X/H)/(S'/H) is acyclic
by 13.2.3% ]

34Here we are using that if an action of a compact Lie group G on a space X has only
finitely many orbit types, then the same is true for the action of any subgroup K C G.
This is true since K has only finitely many orbit types on each G(z) = G/Gy; see [6].
35See [65] for an alternative proof.




Exercises 275

Exercises

1. ® Let f : X - Y. Let ¥ and ¢ be families of supports on X and Y
respectively. Assume that ® and ®(¥) are both paracompactifying. Show
that fyZ is ®-soft for any &(¥)-soft sheaf & on X.

2. ® If Y C X = S™ separates X, then show that _d_ir_qf}’ >n-—1

3. ® Let X be a compact metric space with dimy X = n, where L is a
principal ideal domain. Assume that X = A U B, where B is totally
disconnected. Then show that dimy A > n — 1.

4. Let f : X — Y, where X and Y are locally compact Hausdorff. Let .« and
& be sheaves on X and Y respectively, such that «#*% = 0. Show that
there is a natural exact sequence of sheaves on Y of the form

0 — HE(f; ) @ B — HE(f; A @ f"B) — HEY! (frl) x B 0.
(Hint: HL(f; A @ f*RB) = W(U — HP(f"'(U); 4 ® (%(U)))) by con-
tinuity II-14.4. Apply II-15.3]
5. ® For differential sheaves £* on a space Y define a natural homomorphism
6: H™(Ta(£7)) — Do (#™(2"))
and show that the edge homomorphism
& : Hywy(X; ) — EQ" — E3™ = To(Hy(f; A))

of the Leray spectral sequence of f : X — Y is just the composition

H3a)(X; ) = H"(Cocw) €° (X; o)) = H"(Ta(fu €°(X; ) =
Lo (X" (fu €*(X; A))) = Ta(H3(f; ).

Moreover, for y € Y, let iy : To(H4(f;A)) — Hinye(y®; &) be the
composition of the restriction I's (H# (f; &) — HG(f; A)y with the map
Ty Hy(fid)y — Hinye(y*;A|y®). Then show that iy o £ is just the
restriction map Hy g)(X; ) — Hynye (¥°; 4[y®). [Note that ¥ Ny* =
®(¥) Ny® unless {y} ¢ P, in which case $(¥)Ny* =0]

6. ® In the spectral sequence 9.2 of Borel, show that the edge homomorphism

H3(X/G; A) — EG = E™ = D(HE(X; f*ul)) — HE(X; f*ul)y
~ H3(X; f*«A)
(where y € Bg) is identical with f*.
7. Let f: X — Y be a closed map that is an orientable k-sphere fibration,
with k > 1, with closed singular set F' C Y as in Section 13. Let L be a

principal ideal domain. Let & be a paracompactifying family of supports
on Y with dime,. Y < oo and assume that

L, forp=n
P . ~ ) )
HE 1o (X5 L) ~ { 0, forp#mn,
for some integer n > 0. Show that
L, forp=r
P . ~ ’ )
Hgp(F5 L)~ { 0, forp#m,

for some integer r with 0 < r < n and also compute Hg(Y; L).
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10.

11.

12.

13.

14.

15.

16.

IV. Applications of Spectral Sequences

. Let f: X — Y and let ¥ be a family of supports on X. If # is a sheaf of

rings on Y, show that for any #-module &, fy f*# is also an #-module.
Thus, if #'is $-fine for any paracompactifying family ® of supports on Y,
fuf*®B is also d-fine. [Hint: Use 3.4.]

.® Let f: X — Y be a U-closed map where ¥ is a family of supports

on X. Assume that for each y € Y, f~!(y) is U-taut in X and that
dimy f~!(y) = 0. Show that the functor fy from sheaves on X to sheaves
on Y is ezact. [In particular. for locally compact Hausdorff spaces, f. is
exact when each f~!(y) has dimension zero.]

® With the notation of 7.9 show that TUn*(w) = 7U7T. That is, the Thom
isomorphism applied to the Euler class yields the square of the Thom class.
®If f: X — Y is Y-closed for a paracompactifying family ¥ of supports on
X and if B C Y is locally closed, show that there is a natural isomorphism
Jo(As-18) = (fusd)p for sheaves & on X.

® Let Y be a k-dimensional component of the fixed point set of a differ-
entiable involution on an m-manifold M. Suppose that H?(M;Z;) = 0 for
0 < p < m — k. Show that the fixed-point set is connected and that the
normal Stiefel-Whitney classes of Y in M vanish; Conner [25].

® Let &" be a differential sheaf with # (") = 0 for ¢ < 0. Assume
either that & is bounded below or that dime X < oo. Let h denote
the differential & ~' — &°. If &9 is ®-acyclic for all g, show that Imh
and Coker h are ®-acyclic. [Hint: Consider the spectral sequence of the
differential sheaf B with #? = .«? for ¢ < 0 and %7 = 0 for ¢ > 0]

Let 0 — #* — M"* — 4" — 0 be an exact sequence of differential sheaves.
Assume either that dime X < oo or that Z*, #", and 4" are all bounded
below. Also assume that H*(HE(X; ")) = 0 for p > 0 and similarly for
M* and A". Show that the inclusion

Im{Ts(M") = La(A7)} — Ca(A7)

induces an isomorphism in homology, so that there is an induced exact
sequence

-~ = H?(Ce(£")) = H?(Ta(M")) = HP(To (A")) — H* " (Ta (L")~

Also show that the naturality relation (5) on page 199 is valid in this
situation [see 2.1].
Iff:X >V, let sHL(f;d) = H(fo(P"(X;4))). Investigate the
properties of this sheaf. Define a spectral sequence with

E}? = Hy(Y;sHy(fi ) = sHY) (X A)

when & is paracompactifying.

Use Exercise 15 to prove that if f : X — Y is closed and surjective and
if each fiber f~!(y) has a fundamental system of neighborhoods in X that
are contractible, then there are natural isomorphisms

HP_y o(X; L) = HY(Y; L) ~ sH?_(X; L)

when & is paracompactifying.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

With the hypotheses of Exercise 16 assume that Y is locally compact and
hereditarily paracompact. Show that Y is clc?°.

Let X and Y be spaces with support families & and ¥ respectively. Let
A C X and let & be a sheaf of L-modules on X, where L is a principal ideal
domain. Assumme that the Leray sheaf of the projection 7 : X xY — Y
mod A x Y is the constant sheaf H3 (X, A; &) (e.g., Y locally compact,
Hausdorff, and clc?®). Also assume that H} (X, A; ) is a finitely generated
L-module for each p. Show that for & paracompactifying or for & = cld,
there is a split exact sequence

@ HE (X, Al )QHE (Y L)~ HJ (X, A)XY ;X Y )~ @ HE (X, Aud) = HY (VL)
p+q=n pHe=n+l

where © = ¥(® x Y). (Note that © does not coincide with & x ¥ in
general. It does when ® = cld or when ¥ consists of compact sets.) [Hint:
Consider the proof of 7.6 and note that M'¢(BQ M) = I'u(B) @ M when
& is flabby and torsion-free and M is finitely generated; see 11-15.4.]

Show that both 7.6 and Exercise 18 remain valid if the coefficient sheaf L
onY is replaceg by a locally constant sheaf & with stalks L and & X Y is
replaced by #Q%Z.

® Let G be a compact connected Lie group acting on a paracompact space
X that is acyclic and of finite dimension over Z, for some prime p. If
P C X is the union of the fixed-point sets of all subgroups of G of order
p, then show that P is Z,-acyclic. (This is due to Oliver [65].)

Suppose that X and Y are locally compact Hausdorff spaces and that
f : X — Y is an orientable k-sphere fibration with singular set F as in
Section 13. If HP(X; f*®) = 0 for p > n, show that HZ(F; #) = 0 for
p>n and that H(Y — F;8)=0forq>n—k.

® If X is arcwise connected and M is an abelian group regarded as a
constant sheaf on X, show that the edge homomorphism

6: HY(X; M) - H°(X; a#°(X; M)) = E3° = EX° = AH®(X; M)

of 2.6 is an isomorphism.

® If X is locally arcwise connected, show that the map ¢ : Hy(X; M) —
HY(X; a#°(X; M)) of 2.6 is an isomorphism.

® Discuss the spectral sequence

EE9 = HP(X; a¥%(X; M)) => aHPYY(X;, M)
of 2.6 for X being the topologist’s sine curve of 1I-10.9.
® Discuss the spectral sequence

ED? = HP(X; o (X; M)) => aHP(X; M)

of 2.6 for X being the union in the plane of circles of radius 1/n, n =
1,2,3,..., all tangent to the z-axis at the origin.
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26.

27.

31.

32.

33.

IV. Applications of Spectral Sequences

Let Y be one strand of Wilder's necklace and w : Y — T =~ S! the retraction
to its thread; see II-17.14. Show that each stalk of the Leray sheaf & (x; L)
is isomorphic to L, but that HP(T; 3" (x; L)) = 0 for all p. Describe the
rest of the Leray spectral sequence of . If K C Y is the complement of
a small open disk in the side of one of the beads, investigate the nature of
the Leray spectral sequence of 7|K : K — T.

® Consider double inverse systems {A,,,} as in II-Exercise 59. Show that
there is a spectral sequence

E}? = lim{(lim} A,,,) = [im?}? A, ;.
Conclude that there is an exact sequence
0 — lim, (lim, 4:,) — lim, ; As,, — limi(imj A4.,) — 0

and that lim; (lim} 4;,,) = 0.

. Let A" be a flabby resolution of a sheaf .«¢ on X and let { be an open

covering of X . Discuss the spectral sequences of the double complex CP'? =
CE(U; A7) for ® paracompactifying.

. ® Verify that for the identity map 1 : (X,cdd) — (X, ), the edge homo-

morphism
1°: H3(X; ) = E}® -+ EX° — H3(X; A)

in the Leray spectral sequence, is the identity.

. ® Define a spectral sequence

ER(U) = HP (U H(o; o)) = HPTU(X; ),

natural in the open coverings U, and rework III-Exercise 15 in this context.

® Let f: X — Y be a surjective map between compact Hausdorff spaces.
Let F C B C Y be closed subspaces, and assume that F and Y are acyclic
(with constant coefficient group Z). Suppose that f is an orientable S* bun-
dle over Y — B, an orientable $? bundle over B— F, and a homeomorphism
over F. Then show that

HP(X;Z) ~ H*"*(B;Z) ® H* *(B;Z).

® Let £" be a differential sheaf on X that is ®-acyclic and bounded
below. Suppose that #?(&*) = 0 for 0 # ¢ < n and that each point
z € X has a neighborhood U such that the restriction H"(T's(£")) —
H™(Tanu(2°|U)) is zero. Then show that the edge homomorphism n* :
HE(X; #°(2°)) = EX® - EE® — H*(Da(£")) of the spectral sequence
of IV-2.1 is an isomorphism for k < n. Also translate this into a statement
about singular cohomology.

® With the hypotheses of 2.2, suppose that e (#™ (£*)) — Lo (¥ (M")
is a monomorphism (respectively, an epimorphism). Then show that the
map HY(T'¢(2")) = HY(Ps(#")) is a monomorphism (respectively, an
epimorphism).



Chapter V

Borel-Moore Homology

Throughout this chapter all spaces dealt with are assumed to be locally
compact Hausdorff spaces. The base ring L will be taken to be a principal
ideal domain, and all sheaves are assumed to be sheaves of L-modules. Note
that over a principal ideal domain (and, more generally, over a Dedekind
domain) a module is injective if and only if it is divisible.

We shall develop a homology theory, the Borel-Moore homology theory,
for locally compact pairs, with coefficients in a sheaf, and with supports
in an arbitrary family. For constant coefficients and compact supports the
theory satisfies the axioms of Eilenberg-Steenrod-Milnor on the full cate-
gory of locally compact pairs and maps. Thus, it coincides with singular
homology on locally finite CW-complexes. In Section 12 we show, more
generally, that it coincides with singular homology on HLC spaces.

The usefulness of the Borel-Moore homology theory lies largely in the
fact that this theory corrects some of the “defects” of classical homology
theories. The Cech homology theory is not exact, even for compact pairs,
and this is a major fault of that theory. Also, singular homology (and
cohomology) does not behave well with respect to dimension. The Borel-
Moore homology theory does not possess these defects. However, it achieves
this by sacrificing other desirable properties (and we shall show that such a
sacrifice is necessary). For example, the homology group in dimension zero
is generally rather complicated. Also, the group in dimension —1 is not
obviously zero, although it does turn out to be so in most cases of interest
(no case is known where it fails to be zero). A somewhat troubling “defect”
of Borel-Moore theory is that it fails to satisfy “change of rings,” that is,
the homology groups may depend on the choice of base ring. Although
this fault can be circumvented if one is willing to have a theory that is not
defined for arbitrary sheaves of coefficients, that sacrifice is, to the author’s
mind, too great. Also, we shall show that this sacrifice is necessary if one
wishes to maintain certain other desirable qualities. All these faults are
present only when dealing with spaces with “bad” local properties. On the
category of clcf® spaces, we shall show that all these faults disappear; see
Sections 12 through 15.

An important property of the Borel-Moore homology theory is that
it is closely related to the sheaf-theoretic cohomology theory. In fact, it
is a sort of co-cohomology based on sheaf cohomology. This relationship
with sheaf cohomology is exemplified by the universal coefficient formulas
(9) and 12.8, the mixed homology-cohomology Kiinneth formula (58), the
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cap product (Section 10), the basic spectral sequences (Section 8), and
the Poincaré duality theorem (Section 9). In Section 1, we consider the
notion of a cosheaf, which is a type of dual to the notion of a sheaf, and
in Section 2, we define the basic notion of the dual (differential sheaf) of a
differential cosheaf. For most of the chapter the notion of a cosheaf plays a
predominantly terminological role, while in Sections 12, 13, and 14 it takes
on more significance. See Chapter VI for further development.

The homology theory itself is defined, in Section 3, from a canonical
chain complex. In Section 4 it is shown that for suitable supports and
coeflicient sheaves, every map of spaces induces a natural map on the chain
groups of the spaces in question. (This basic property is more complicated
in Borel-Moore theory than in the classical theories.) In Section 5, relative
homology is introduced, the main problem being to show that the chain
groups of a subspace can be canonically embedded as a subcomplex of
the chain groups of the ambient space. In the same section, the axiom
of excision and the relationship of the homology of a space to that of the
members of the support family are considered.

In Section 6 we prove a Vietoris mapping theorem for homology with
an arbitrary coefficient sheaf, and this is used to verify the homotopy in-
variance property for this homology theory.

In Section 7 the homology sheaf of a map is defined. It is analogous
to the Leray sheaf and generalizes the sheaf of local homology groups of a
space defined in Section 3.

In Section 8 the (mixed homology-cohomology) spectral sequence of
a map is defined. Unlike the Leray spectral sequence, the main case of
interest is that of the identity map. In this case, the spectral sequence
leads to the Poincaré duality theorem of Section 9, which is the central
focus of this chapter.

In Section 10 we define the cap product and study its relationship to the
cup product and to Poincaré duality. It is applied to intersection theory in
Section 11.

In Sections 12 and 13 we prove, among other things, that the homology
of an HLC space coincides with the classical singular homology of the space.
A universal coefficient formula for clc}® spaces is also obtained.

A Kiinneth formula relating the homology of a product space to the
homology of its factors is obtained in Section 14 for clcg® spaces.

The problem of change of rings is considered in Section 15. An example
is given to show that the homology groups may depend on the base ring.
It is then shown that in some cases (e.g., for clcg® spaces) the homology
groups are independent of the base ring.

In Sections 16-18 we study homology (and cohomology) manifolds fairly
extensively.

Finally, the transfer map and the Smith theory of periodic transforma-
tions are studied in Sections 19 and 20.

Throughout this chapter we will use dimg X as an abbreviation for
dimq>_ L X.
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1 Cosheaves

In this section we introduce, and study to a small extent, some elementary
notions dual to those of a sheaf and presheaf. As stated above, throughout
this chapter L stands for a given base ring that is a principal ideal domain.

1.1. Definition. A “precosheaf” % on X is a covariant functor from the
category of open subsets of X to that of L-modules. A precosheaf is a
“cosheaf” if the sequence

P AVa NUs) - PAUa) L aw) — o0
(a,8) o

is ezact for all collections {Uy,} of open sets with U = |J, Ua, where g =
2 (.8)(WaVap — WpUa,s) and f = Y o tvu, (iuyv being the canonical
homomorphism A(V) — A(U) for V C U).

The constant precosheaf L is the precosheaf taking the value L on each
U. There is no generally acceptable notion of a constant cosheaf on spaces
that are not locally connected (a point to be commented upon later), but
on locally connected spaces, a suitable notion of constant cosheaf is the
precosheaf assigning to U the free L-module on the components of U. (To
see this, use Exercise 3 and consider the simplicial Mayer-Vietoris sequence
of the nerve of triples (U,V,UNYV).)

1.2. Definition. A cosheaf? is said to be “flabby” ifix,y : A(U) — A(X)
is a monomorphism for each open U C X.

Note that the constant cosheaf (when it exists) is usually not flabby.

1.3. Animportant example is that of the singular cosheaf, which is defined
as follows: Let S,(U) be the singular chain group! in degree p of U with
coefficients in L. This gives a precosheaf but not a cosheaf. Take the direct
limit under barycentric subdivision of S,(U). That is, if A, = Sp(U) for
all n = 1,2,... and A, — A4 is the subdivision homomorphism, let
6,(U) =limA,. The reader may check that indeed, &, is a flabby cosheaf
on X; see Exercises 3 and 4. Note that the canonical map Sp(X) — &,(X)
induces an isomorphism

Hy(5.(X)) = Hy(6.(X))

since homology commutes with direct limits. When necessary, we shall
denote the singular cosheaf &, by &,(X; L).

1.4. Definition. Let A be a flabby cosheaf and let s € U(U). Let |s| C U
(the “support” of s) be defined by: = ¢ |s| if there is an open set V C U
with x ¢ V and with s € Im(iy,y : A(V) — A(V)).

!Also denoted by AZ(U) in I-Exercise 12.
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1.5. Proposition. Let 2 be a flabby cosheaf and let s € A(U). Then |s| is
compact, and for V C U open, |s| CV & s € Imiy,y. Moreover, |s| = &
< s=0.

Proof. It is immediate that s € Imiyy = |s| ¢ V. Let {U,} be a
covering of U by open sets that are relatively compact in U, and let s €
A(U). Then, immediately from Definition 1.1, s € Imiyw for some W
that is the union of a finite number of the U,. Thus |s| is contained in
a compact subget of U. If x ¢ |s|, then s € Imiyy_(;), whence |s| is
contained in some compact subset of U — {z}. It follows that = has a
neighborhood disjoint from |s|, whence |s| is compact.

Now suppose that s = iy p(sp) and s = iy g(sq) for some open sets
P,Q c U. In the commutative diagram

APNQ) % AP BAQ) L APUQ) — 0
W, PNQ w,pBiu.Q U, PUQ
AU) — AU)SAU) — AU) — 0

the verticals are monomorphic since 2 is flabby. The element (sp, —sq)
of A(P) ® A(Q) maps to f(s,—s) = s —s = 0 in A(U), whence it maps
to zero in A(P U Q). Therefore there is an element spng € A(P N Q)
with (sp, —sq) = 9(sPnQ) = (¢rP,Pn@(sPnQ), —iQ,Pn@(SPnqQ)), whence s €
Imiy pno.

Suppose now that |s| C V ¢ U. We wish to show that s € Imiyy.
There is a relatively compact open set W C U with s € Imiyw, and it is
no loss of generality to assume that V. C W. If t € W — V then z ¢ |s|,
so that there is a compact neighborhood N, of x with s € Imiyy_n,.
There is a finite set {),...,T,} such that W —V C Ny, U---UN;,. Let
V. =U - N,,. Since

s € Imigw NImiygy, N---N Imiyy,,

we have that s € Imiy g, where @ = WNVin---NV, = WnNN(U-N,,) =
W —UN,, CV, as required.
If |s| = @, then this shows that s € Imiy g =0, so that s = 0. o

The following proposition, together with 1.8, characterizes the class of
flabby cosheaves as the class of cosheaves of sections with compact support
of c-soft sheaves.

1.6. Proposition. If € is a c-soft sheaf then the precosheaf I’ ¥, where
[C.2)(U) =T.(2V),]
1s a flabby cosheaf. This cosheaf will also be denoted by?

T (%} =T.%.

2Note that it is the absence of parentheses or the use of braces that distinguishes this
from the group I'c(¥).
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Proof. By Exercise 3 it suffices to show that

L (ZIUNV) ST (ZIU)DT (L|V) - T (LIUUV) -0
is exact for U,V open, since part (b) of that exercise clearly holds for
A =TI'.¥. But this follows from the Mayer-Vietoris sequence (27) on page
94. O

Now we wish to prove the converse of 1.6. Let 2 be a flabby cosheaf
and let A be the presheaf defined by A(U) = %(X)/Ax-v(X), where

|25(X) = {s € A(X)|Is| € B} |

Let & = Sheaf(A). Note that
otz = A(X)/Ax - (}(X)-

There is the canonical map

[6:2(X) - w(X).

Clearly, 6(s)(z) =0 ¢ |s| € X — {z}. Thus |6(s)[ = |s|, and in particular,
0 maps A(X) into I';(«/) monomorphically. We shall show that § maps
onto ['c(A).

1.7. Lemma. Let U C X be open and lett € A (U). Suppose that sy,s2 €
A(X) are given such that 6(s,)|U, = t|U; for some open sets U, C U,
i =1,2. If V; is any open set with closure in U;, i = 1,2, then there exists
an element s € A(X) such that 0(s)|(V1 U V) = t|(V1 U V2).

Proof. Since |s) — s2| = |6(s1 — s2)] = |8(s1) — 8(s2)| is contained in
X — (U1 NU,), it is also contained in (X — V) U (X — V;). Since A is a
cosheaf, there exist elements t, € A(X), : = 1,2, with |t,|] C X -V, and
with s; — 82 =t; —t5. Let s = s; —t; = s3 —t3. Then

0(s)IVi = B(s0)IVi = tIVi,

for i = 1,2, as claimed. O

1.8. Proposition. Every flabby cosheaf 2 has the form A = I'cd for a
unique c-soft sheaf . Moreover, the sheaf A is torsion-free & |ms| = |s|
for all s € A(X) and all 0 # m € L. (In this case, we say that A is
“torsion-free.”)
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Proof. With the preceding notation, we claim that § maps onto I'.(#).
Indeed, let t € I'.(«¢), and cover |t| by open sets Uy, ..., U, such that there
exist elements s, € A(X) with 0(s,)|U, = t|U,. (Such a covering exists by
the definition of «/.) Let Up = X — |t| and sp = 0. There exists a covering
of X by open sets Vp, Vi, ..., V,, with V; C U,, and an easy induction on
Lemma 1.7 shows that there exists an element s € A(X) with 8(s) =t on
all of X.

Since A is flabby, A(U) = Ay (X), and hence § maps A(U) isomorphi-
cally onto ¢y (#) = T'e(#|U).

To show that  is ¢-soft, let K C X be compact and let t € #(K). By
I1-9.5 there is an extension ¢’ € & (U) of ¢ to some open neighborhood U
of K. Let {U;}, i = 1,...,n, be an open covering of K in U such that there
are elements s, € A(X) with 8(s,)|U, = t'|U,. Again, an inductive use of
Lemma 1.7 shows that there exists an element s € (X ) with 8(s)|V =t/|V
for some neighborhood V of K. Thus 6(s) is an extension of t to [ ().

To show that . is unique, let 8B be a c-soft sheaf such that A ~ . ®B
naturally. That is, suppose that A(U) = I'.(#B|U) naturally in U. Let &
be, as in the construction, the sheaf generated by the presheaf

AX) T.®
Ax_u(X) {seT(B)||s|c X -U}’

There is the canonical map A : A(X) = T'.(B) — B(U), which fits in the
exact sequence

A:Uw—

0 — Ax_u(X) — AX) 2 BU),

and so A induces a monomorphism A(U) X, B(U) of presheaves and

hence a monomorphism 2%, & of the generated sheaves. Now, the
restriction of sections p; :['¢(#B) — B, factors as ['((B) — A(U) — B,
for neighborhoods U of . Hence, in the direct limit, p, factors as I'c(#8) —
AL 2s, B.. Since B is c-soft, p, is surjective, and so the monomorphism
A is an isomorphism, whence A" : & — & is an isomorphism.

For the last statement, let s € A(X) = ['(A). If A is torsion-free then
it is clear that |ms| = |s|. Conversely, if . is not torsion-free, then some
;. has m-torsion for some integer m > 1; that is, there exists an element
0 # s; € A, with ms; = 0. Since & is c-soft, there is a section s € (o)
having value s, at z. Then € |s| — |ms|, so that |s| # |ms]|. O

1.9. Let % and B be flabby cosheaves on X, where A ="',/ and ‘B =I'.#
with & and # c-soft. Let h : A — B be a homomorphism of cosheaves,
i.e., a natural transformation of functors. It follows easily from the proof
of 1.8 that since |h(a)| C |a| for a € A(X), h induces a homomorphism of
sheaves &/ — & and that the induced map I'..& — I'.® coincides with the
original h. This also follows from the fact that, for example,

ol = Fhoof (U — U(X) /%y _57(X)

and that the monomorphism (X — U) — 2(X) maps onto A x-7(X)-
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1.10. Proposition. Let A be a cosheaf and M an L-module. Then the
presheaf U — Hom(U(U), M) is a sheaf, denoted by Hom(™A,M). It is
flabby if A is flabby and M is an injective module. It is torsion free if each
A(U) is divisible.

Proof. This is clear since Hom(e, M) is left exact and is exact when M
is injective. m}

Recall from II-3.3 that I'.(Z|U) is divisible if & is injective.

1.11. Lemma. Let A be a flabby cosheaf and M an L-module. Let f €
I'(Hom(™A, M)) = Hom(A(X),M). Then |f| is the smallest closed set K
such that f(s) =0 for all s € A(X) with |siN K = @.

Proof. Let K be such that f(s) =0 for |s] C X — K. Then f|X — K =
0, whence |f| C K. If U = X — |f| and s € %(X) has |s| C U, then
s = ix,y(s’) for some s’ € A(U) by 1.5. But f(s) = (f|U)(s’) = 0 since
fIU = 0. Thus f(s) = 0 whenever |s| N |f| = &, so that the set |f| does
satisfy the stated condition. 0O

1.12. Proposition. Let A be a torsion free flabby cosheaf and let M be
an injective L-module. Then Ty (Hom (A, M)) is divisible for any family ®
of supports.

Proof. Let f € ['(m(2, M)) = Hom(2A(X), M) and let
B = Coker{(X — |f]) — %(X)}.
Then B is torsion-free by 1.8, and
Hom(B, M) = Ker{Hom(2(X), M) — Hom(A(X — |£]), M)}.

If0#me L, 0— B -5 Bis exact, so Hom(B, M) — Hom(B, M) — 0
is also exact, since M is injective; that is, Hom(B, M) is divisible. Thus
there is an element ¢ € Hom(B, M) C Hom(A(X), M) with mg = f. By
definition, g is zero on X — |f|, whence |g] C X — (X = |f]) = |f]. 0

1.13. For 2 flabby and M injective, there is a canonical map 2A(X) —
Hom(T'c(#om (™, M)), M) defined by s — §, where §(f) = f(s) for f €
Hom(2%(X), M) and |f| compact. Now, 5(f) = f(s) = 0 whenever |f| C
X —|s|, by 1.11, and it follows that |3| C |s|. Hence |§| is compact. Thus
we have the canonical map

A(X) — Tc(Hom(T Hom(U, M), M)),

which is easily seen to extend to a homomorphism of cosheaves:

[% — Tctom(T . Hom(3H, M), M).]
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If A =T, for A c-soft, then this corresponds to a homomorphism

| — Hom(T Hom(Det, M), M) |

of sheaves by 1.9.

1.14. Let A be a torsion-free flabby cosheaf, that is, % = I'../, where &
is a c-soft torsion free sheaf. Note that by II-15.3, A(U)®@ M =T (A |U)®
M =T ((« ® M)|U) for any L-module M. Moreover, for any sheaf & on
X, A @ B is c-soft by 1I-16.31. Consequently, we shall define A ® B to be
the flabby cosheaf

(20 B =T« o B}.|

(This notation will not be essentially used until the end of Section 12.)

1.15. Definition. If f: X — Y is a map (of locally compact spaces) and
A 1s a precosheaf on X, then we let f be the precosheaf on 'Y defined by

[rW) =a(s1)).|
If f is an inclusion map, then fU will also be denoted by AY .

1.16. Proposition. Let A be a cosheaf. Then f2U is also a cosheaf. If A
is flabby, then fAU is flabby. If U = ., where A is c-soft, then fU =
L AfcA}.

Proof. The first two statements follow immediately from the definitions.
For # c-soft, f. is also c-soft by IV-Exercise 1. Then

Le{fed}(U) = Te((fet)|U) by definition
= Le(fe(]f71U)) since (fed)|U = fe(#|f~'V)
= Teo)(H|f7U) by IV-5.2
= [ (A|f1U) since c(c) = ¢
= (Ced)(f1U) by definition
= A(fIU) since A = [
= (fANU) by definition,

proving the last statement. 0

1.17. Corollary. If A C X is locally closed and U = Tl for A c-soft,
then AX =T (4™}

Proof. If i : A — X is the inclusion, then AX = % = [ {i.#} =
F.{«*} by IV-3.8. o
If A is a cosheaf, M is an L-module, and U C Y is open, then we have
that
Hom(fU, M)(U) = Hom((fA)(U), M) = Hom(A(f~'U), M)

Hom(A, M)(f~1U) = (f Hom (%, M))(U),
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so that we have the natural equality

| Hom(fU, M) = ftom(2, M). | (1)

If 2 and B are precosheaves on X and Y respectively, we define an
f-homomorphism h : % ~ B to be a collection of homomorphisms

hy  A4(f~(U)) — BU)

for U open in Y, commuting with inclusions. Clearly, f-homomorphisms
A ~ B correspond naturally and in a one-to-one manner with homomor-
phisms f2 — B of precosheaves on Y.

1.18. We shall conclude this section with some further remarks on singular
homology.

Let A C X be a locally closed subspace. For U C X open, the classical
relative singular chain group S.(U, UNA) can be identified canonically with
the free group generated by those singular simplices of U that do not lie
entirely in A.3 Thus S,(U,U N A) — S.(X, A) is a monomorphism, and
therefore we have the following commutative diagram with exact rows and
columns:

0 0 0
! ! l

0 = S, (UNA) - S.(U) - S.(U,UNA) — 0
! ! !

0 - S.(A) — S.,(X)-> S.(X,A) -0

This remains exact upon passage to the direct limit over subdivisions. It
follows that the precosheaf G.(X, A; L) : U — &,(U,U N A) [the limit over
subdivisions of S, (U,UNA)] is the cokernel of the canonical monomorphism
G.(A; L)X » G&,(X;L) and it is a flabby and torsion-free cosheaf. [The
reader should note that the cokernel of a homomorphism of cosheaves is
itself a cosheaf. The fact that G.(X, A; L) is torsion-free in the sense of 1.10
is seen by noting that the limit over subdivisions of S.(X, A)/S.(U,UnN A)
is torsion-free.]
Let &.(X, A; L) denote the c-soft sheaf with

G.(X,A L) =T &.(X,A L)
whose existence is guaranteed by 1.8. The exact sequence
0 — G.(A; L)Y — 6. (X;L) = Gu(X,A;L) =0
of precosheaves is clearly equivalent to an exact sequence

0— Pu(A L)Y = Pu(X;L) —» Fu(X,A;L) - 0

3Note, however, that this isomorphism is not preserved by subdivision.
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of c-soft sheaves; see 1.17.
Let &« be any sheaf on X, and define

[y.(x, Aid) = F. (X, A L) ®d]

and

[S+(X, Ait) =TFu(X, Ai ) = 6. (X, A L) @A |

(with the notation of 1.14). We have the exact sequence
0 = Fu(A;HA)X - Fu(X; ) = Pu(X, A; ) — 0.

Let ® be a paracompactifying family of supports on X. Then, since a
c-soft sheaf is ®-soft by II-16.5, the sequence

0 — Lia(#+(4;4)) = Ta(¥4(X; A)) - To(Fu(X, A;4)) = 0

is exact.
We define the singular homology group of X (mod A) with supports in
® and coefficients in & to be

SH,?(X,Ahﬂ) = Hp(ré(y-(x, A;d)))'

Then we have the exact sequence (for & paracompactifying)
= sHM(A;) = sHY (X;) — sHy (X, Al) — sH)(Ast) — -
and for 0 » &' — o — " — 0 exact, we also have the exact sequence
o sHY (X, A ') —» sHE(X, A ) — sHE (X, A; ")
—sH? (X, Aud') — -+

The derived sheaf #,(¥.(X, A; #)) will be denoted by s# (X, A; ).
See Exercise 16.

1.19. Consider the natural map of presheaves
AS(X,X -U;L) = S.(X,X —U;L) - 6.(X,X -TU; L) (2)

(which is the inclusion into the direct limit over subdivisions), where we
use the notation of I-Exercise 12 for reasons that will become apparent.
Passing to generated sheaves, this gives rise to a homomorphism

A (X L) > (X L). (3)

Since (2) induces an isomorphism in homology, so does (3). That is, the
map
H (D) = Ho(P)

is an isomorphism.
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Now, A, is homotopically fine, by II-Exercise 32, and &.(X; L) is ¢
soft, and hence ®-soft for & paracompactifying by I11-16.5. Thus, by IV-2.2,
(3) induces an isomorphism

Hy(To(Au(X; L)) = Hp(Te(#4(X; L)) = sHE(X; L)

when @ is paracompactifying and dimg X < oo (and similarly for arbitrary
coefficient sheaves, since A,(X; L) and &,(X; L) are both torsion-free). We
also have this result, as already mentioned, for & = ¢ without the condition
on dimension.

Note that by I-Exercise 12, I's (A.(X; L)) is the group of locally finite
singular chains with support in @ (in the obvious sense). Thus, when ®
is paracompactifying and dime¢ X < oo (or ® = c), SH;,I> (X; L) coincides
with the classical singular homology group based on locally finite (finite if
® = ¢) singular chains with support in ®. Similar remarks also apply to
the relative case.

2 The dual of a differential cosheaf

Let M be an L-module. M has the canonical injective resolution 0 — M —
MO — M! — 0, where M® = I(M) and M' = I(M)/M; see 1I-3. M! is
injective since it is divisible and since L is a principal ideal domain.

A differential cosheaf 2, is a graded cosheaf together with a differential
d: %, — A,y of degree —1 with d? = 0. For our purposes, %, will often
vanish for p > 0.

2.1. The dual of the differential cosheaf 2, with respect to the L-module
M is defined to be the differential sheaf

[2(@.; M) = som(., M*),] (4)

where as usual, the term in degree n is

DU M) = B Hom(Up, M) = Hom(Un, M®) © Hom(Un_y, M")
p+q=n

and where the differential 9" — @"*' is d = d' — d", d’ being the homo-
morphism induced by the differential M9 — M9+! and (—1)"d" being that
induced by 2, — %,. Explicitly, if

fe ", M)(U)= & Hom(%A,(U), M)

p+g=n

and if a € A, (U), then
| (df)(a) = d(f(a)) - (-1)"f(da).|

Since M* is injective, @(e; M) is an exact functor of differential cosheaves.
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2.2. If " is a c-soft differential sheaf, then I'.#* will be regarded as a
differential cosheaf with the gradation

(C.&*), =T 27"

The differential sheaf 2(I'.%£*; M) will also be denoted by

|9(¢°; M) = a(T.2"; M).|

Note that

| 22" |U; M) = 9" M)V | (5)

for open sets U C X. Also, as above, we let @, stand for 2~ ". For our
purposes, 2,, will usually vanish for n < —1. Note that @(e; M) is an exact
functor of c-soft differential sheaves.

The differential cosheaf I'c 9. (.; M) will also be denoted by

| D(2; M) = T2, (%a; M). |

When M = L we shall often delete L from the notation.
For a flabby differential cosheaf ?f, the construction of 1.13 provides a
natural homomorphism

A - D(D(A; M); M) (6)

of differential cosheaves. This will be used in Section 12.

Remark: The introduction of graded objects necessitates the use of a standard
sign convention in the definition of (6) so that it will be a chain mapping.
We shall indicate this for graded modules. The generalization to cosheaves
follows immediately from the construction of 1.13. For graded modules A.
and M*, the map A. — Hom(Hom(A., M*), M*) is defined by a — @,
where
a(f) = (=) @EDED f(q).

Note also that
Hom(Hom(A.,M"),M"), = € Hom (@ Hom(An—r4s, M7), Ms)

and that more explicitly, we have

sy = GO f(a), ifr=s,
“(f)‘{o, ifr#s

when a € A, and f € Hom(An_r4s, M7).
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2.3. For any differential cosheaf 2, we have
2(2.; M)(U) = Hom(2, (U), M),
and standard homological algebra provides a natural exact sequence
Ext(Hp—1(A.(U)), M) — HP(D*(A.; M)(U)) - Hom(H,(2A.(V)), M),
which splits, nonnaturally; see [54] and [75].

2.4. If #" is a c-soft differential sheaf, then with the conventional switching
of indices, 2.3 becomes the exact sequence

Ext(Hp+1(Fc(Q'|U)),M) — Hp(D.(%°;M)(U)) -» Hom(H?(C(£*|U)),M),
which is natural in the open set U and in M and splits.

2.5. Let £* be a c-soft differential sheaf. By 1.10, @(¥¢"*; M) is flabby, and
it is also torsion-free when #* is injective.

Suppose that each #” is a module over a given sheaf & of rings. Then
since ' (£*|U) is an & (U)-module, so is Hom(['.(£*|U), M*). It follows
that 2,(£"; M) is an #-module.

Taking # =[], Hom(Z?, £7) and recalling that a direct product of any
family of ®-soft sheaves is -soft (II-Exercise 43), it follows that @y, (£"; M)
is ®-fine when each #7 is ®-fine, where ® is paracompactifying.

2.6. Note that we have the natural equalities

|2(f2; M) = f9(%; M) | (7)

by (1), and

|2(52" M) = f9(2"; M),|

where f : X — Y is any map, since if £* =I'.#"°, then

Df L M) = DT Af2"}; M) by definition
= 9(fL"; M) by 1.16
= fP(L*; M) by (7)
= fHL" M) by definition.

2.7. If M* is replaced by another injective resolution of M, then 9(.; M)
changes by a chain equivalence (unique up to chain homotopy). Thus such
a change does not affect homology and similarly does not affect any other
matters that we shall deal with. Thus we may replace M* by any injective
resolution of M. For example, if M = L, it is sometimes convenient to let
L% = @, the field of quotients of L, and L! = Q/L.
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3 Homology theory

Consider the canonical injective resolution #*(X;L) of L (see II-3) and
note that #*(X; L)|U = #*(U; L) for U C X open. For a sheaf .« on X,
we define

[ 6.(X; ) = 9.(8" (X, 1) ® ., |

C?(X;d) = To(6.(X; ),

and

H2(X; ) = Hy(C2(X; ).

‘Caution: H,(X;.«) corresponds to homology based on infinite, locally
finite chains, while H;(X;./) is analogous to classical homology.] Recall
that by our notational conventions,

C,(U; L) = Hom(T($7(U; L)), L°) ® Hom(T.(#7*"(U; L)), L").

Thus C?(X;.¢) = 0 for p < —1. Since #*(X;L) is a module over the
flabby sheaf %”O(X ; L) of rings, 2.5 gives the following facts:

3.1. Proposition. €.(X;.) is a ¥°(X;L)-module and hence is ®-fine
for any paracompactifying family of supports ®. Also, €.(X; L) is flabby
and torsion-free. Consequently, €.(X;«) is an ezact functor of A, as is
C2¥(X ;) when ® is paracompactifying. o

Thus, when ® is paracompactifying and 0 — &' — A — A" — 0 is
exact, we have the induced exact homology sequence

L — H¥(X; ') = HP(X; ) — HY(X; ") — HY,(X; L") — ] (8)

Danger: It is important to realize that this sequence is not generally
valid without the assumption that ® is paracompactifying; see 3.12.

For U C X open, (5) implies that €.(X;«)|U = €.(U;«). Hence,
for any family ® of supports on X, we have the natural restriction homo-
morphism

C2(X;) = Toru(%.(X;)|U) = C2V(U; )

and hence

X HE(X; ) —» H¥V(U; ).

We remark that one may think intuitively of H.(U;.«/) as the homology of
the pair (X*, X+ — U), where X* is the one-point compactification of X;
see 5.10.

By 2.4 with #* = #*, we have the fundamental exact sequence*

[0~ Ext(HP*(U; L), L) — H,y(U; L) — Hom(HZ(U; L), L) = 0, (9)

4This sequence is the main resource for explicit computations.
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which is natural with respect to inclusions U — V of open subsets of
X [that is, with respect to the induced maps H,(V;L) — Hp(U;L) and
HP?(U; Ly — HP?(V; L)] and which is known to split by standard homologi-
cal algebra. If £" is any c-soft resolution of L, we have a similar sequence
2.4 (for M = L). There is a map * — #*(X; L) of resolutions, unique up
to chain homotopy, inducing a canonical map of (9) into the sequence of
2.4 that is an isomorphism on the ends. Thus the 5-lemma implies that

Hp(X; L) ~ Hy(T(2.(£; L)) (10)

when £* is any c-soft resolution of L. (We shall generalize this later.)
By (9),

| H_1(X;L) = Ext(H(X; L), L) = 0|

because of Nobeling’s result implying that H2(X; L) is free; see the remarks
in II-Exercise 34. Also see 5.13 for the case of arbitrary support families
and coefficient sheaves.

The derived sheaf of the differential sheaf €,(X;.«) is called the sheaf
of local homology groups, or simply the homology sheaf, and is denoted by

[#.(X; ) = Ho(8.(X; ).

Since €.(X;A)|U = €.(U;A), we have that

IJ&(X;.,J) = Sheaf (U — H,(U; ) |

The stalk

H (X )y = lim H,(U; )

(U ranging over the open neighborhoods of ) is called the local homology
group at T of X.

Note that for coefficients in L, the local homology group at z is given
by the sequence (9) upon passage to the limit over the neighborhoods U of
z. That is, we have the exact sequence

limy Ext(HZ*'(U; L), L) — #,(X; L), — li; Hom(HZ(U; L), L).|  (11)

It will be convenient for us to consider resolutions of L consisting of
sheaves with the following properties:

3.2. Definition. A sheaf &€ of L-modules on the locally compact space X
is said to be “replete” if it is c-soft and if T(Z|U) is divisible for all open
sets U C X.

3.3. Proposition. If & is a replete sheaf on X and if A C X 1s locally
closed, then Z|A and ¥ 4 are replete. An injective sheaf is replete.
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Proof. By I-6.6, I':(Z£4|U) = T'(£|ANU), which is divisible when A4 is
open, by assumption. By II-9.3(iii}, it is a quotient of I'.(Z|U) (and hence
it is divisible) when A is closed. The result follows from the fact that every
locally closed set is the intersection of an open set with a closed set. The
last statement follows from II-3.3. a

By 1.10 and 1.12 we have the following simple but basic fact:

3.4. Proposition. If £* is a replete differential sheaf then @(£") is
torsion-free and flabby. If £. is a torsion-free flabby differential cosheaf,
then 9(L.) is replete. a

Let & be a replete resolution of L. Then (£") @ A = Fheaf(U —
2(£*)(U) ® & (U)). Thus the derived sheaf is

H(DL) @A) = Fheaf(U — H,(DL*)U)®A(V))).
Since @(£™) is torsion-free. we have the natural exact sequence
Hy(2(L°)U)) @ L(U) — Hp(B(L™)U) ® A(U)) » Hp—1(D(L°)(U)) * L(U).
Passing to the associated sheaves, we obtain an exact sequence of sheaves:
0— Hp(DL))®A — H (DL )QRA) - Hp1(D(L))xA — 0. (12)

If we take * = #*(X; L), then (12) becomes

[0— #,(X; L)@t — H,(X; ) = Hp 1 (X; L) x ol —0.|  (13)

On the stalk at z, (13) is the universal coefficient sequence of the chain
complex €.(X;L); ® £, and hence (13) is at least pointwise split. If
dim;, X = n, then &#,,(X; L) is torsion-free since it is generated by U —
Hp(U;L) = Hom(H*(U; L), L). Therefore

| #(X; ) =0 for k>dim X| (14)

by (13).
We already know from (10) that any homomorphism £* — $*(X; L)
of resolutions, with #* c-soft, induces a natural isomorphism

H.(U; L) = H.(9(£")(V)). (15)

Thus, for £* replete we obtain a map of the sequence (13) into (12) that is
an isomorphism on the ends. By the 5-lemma, the homomorphism in the
middle is also an isomorphism:

|o¢,(X; ) = 2,(D(Z") ® ) for & replete. | (16)
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3.5. Theorem. Let #* be a replete resolution of L and ® a paracompact-
ifying family of supports on X. If dimg X < 00, then the map

Hy (X; o) — Hy(Ta(H(L") ® o))

is an isomorphism for any sheaf & on X. (Also see 5.6.) If Z* is injective,
then this holds without the condition on dimension.’

Proof. Since ® is paracompactifying, (Z")®. is ®-soft by I1-16.31, and
the result follows from (16) and IV-2.2. For the last statement note that for
F* = #*(X; L) there are homomorphisms ¢ : $* — £* and ¢ : £* — $"
of resolutions, and the compositions (1 and ¢ are chain homotopic to
the identity. This persists on passing to duals, and so ['s(2(Z"*) ® &) is
chain equivalent to ['y(2(F*) @ &) = C2(X;H). ]

It will be important to have this isomorphism for families ® that are
not paracompactifying (e.g., the family ®|F on X where F C X is closed).
We also wish to have this result in certain cases without the condition on
dimension. For this, the coefficient sheaf must be drastically restricted. In
order to retain some degree of generality we make the following definition:

3.6. Definition. A sheaf M on X will be called “elementary” if it is lo-
cally constant with finitely generated stalks (over L). For any sheaf M on
X let Q4 be the smallest collection of open subsets U C X satisfying the
following three properties:

(a) M constant on U = U € Q 4,
(b) UV, UNV eQu=>UUV €Qy,

(c) U=-i- Ug, Ug €EQy foralla = U € Q4.

[Clearly Q 4 is the collection of all open sets that can be reached from
those of type (a) by a finite number of operations of types (b) and (c).]

We say that “the pair (M, D) is elementary” if M is elementary and
each K € ® is contained in a member of Q 4.

Note that (A, ®) elementary = (M|A, P|A) elementary for A C X
locally closed.

Also note that if # is elementary then (A, ®) is elementary in any of
the following three cases:

(i) ® =,
(i) # is constant,

(iii) each member of ® is paracompact.

5By (15) we also have this for « = L and & = cld without the condition on dimension.
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Case (i) is obvious and uses only properties (a) and (b). Case (ii) is because
X € Q4 in that case. Case (iii) follows from the next lemma:

3.7. Lemma. Let Q be a collection of open sets in a paracompact, locally
compact space X. Suppose that Q satisfies the following three properties:

(a) Ewvery pownt of X has a neighborhood N such thatU C N = U € Q.
b)) U,V,UnNnVeQ=UUV e
() U=+ Uy, Us € foralla = U € Q.

[+3

Then X € Q.

Proof. It is well known (see [19, I-12.11]) that a locally compact space is
paracompact if and only if it is the topological sum of o-compact subspaces.
Thus, by (c) it suffices to assume that X is oc-compact. We can express X =
Ufil F,, where the F, are compact and F, C int F, ), using oc-compactness.
By use of (a) and (b) we can find open sets V; € Q that are finite unions of
sets of the form in (a) such that V, contains the compact set F,,, — F, and
such that the V3, are all disjoint and the V,,_; are also all disjoint. By (c)
UVe, € Q and Y Vyy-1 € Q. Each V, NV, is a finite union of sets of the
form in (a), and so by (b), V; N V,4, € Q. Now, (UV2,) N (UVz;-1) is the
disjoint union of the V, N V,41, and so X = (U Va,) U (U V2;-1) € Q by (c)
and (b). o

By II-5.13 we have the following result:

3.8. Lemma. If # is elementary and & is flabby and torsion-free, then
A QR M is flabby. O

We shall need the following result particularly for inclusion maps:

3.9. Proposition. If f: X — Y, « is a flabby, torsion-free sheaf on X,
and M is an elementary sheaf on Y, then there is a natural isomorphism

[(ft)o M~ f(A ® fM).|

(Also see 4.3.)

Proof. For U C Y open, we have the natural map

(ft)U) @ MU) — A(f~'U) & (f*M)(f~'U)
— (A @ frM)(f7'V)
= f(£® fAHM)(U),

and hence we have the following map of the associated sheaves on Y:

fld @ M — f(Ad ® f*M). (17)
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Both sides of (17) are exact functors of elementary sheaves # [the
right-hand side is exact since & ® f*.# is flabby for .#, and hence f*.#,
elementary and since f(A Q@ f*M)(U) = (& ® f*M)(f~U)]. The assertion
is clearly a local matter, in Y, so that we may assume .# to be constant.
Since the assertion is clear for .# free and finitely generated, it follows for
general # by passing to a quotient and using the exactness of both sides
of (17). |

3.10. If 0 - ¥ — M — A4 — 0 is an exact sequence of replete
differential sheaves on X and . is any sheaf on X, then

[0~ DA @ ot — DM © ot — H(2") @ A = 0]

is exact because of 3.4. Also,

[0 — To(@(N") ® ) — To(D(M") ® ) — Do (L") ® ) — 0]

is exact for ® paracompactifying since (A") ® A is P-soft by 11-9.18. It
is also exact for arbitrary ® when . is elementary, by 3.8.

3.11. Let &* be a replete resolution of L, and .# an elementary sheaf on
X. Then 9(&*) ® M is flabby, and it follows, as in 3.5, that the natural
map
Hp (X; M) — Hp(Ta(D(L") ® M)

is an isomorphism for any family ® of supports on X for which dimg X <
00. We shall show that the condition on dimension can be replaced by
the condition that (A, ®) be elementary, but the proof of that must be
deferred until Section 5.

3.12. We remark that if 0 — A4 — & — B — 0 is exact, with A
elementary, and if £* is a replete resolution of L, then

0 - To(2(L*) ® M) — To(L") ® ) — To(UL") ® B) = 0

is exact for any family ®, since @(Z*) is torsion-free and D(¥"*) ® M is
flabby. In particular, when ¢* = #*(X; L), we obtain the exact sequence

a
oo HY(X; M) — HY(X; ) —» HY(X; B) — HE_ (X, M) — - -

for any family ® of supports on X.

Danger: It is important to realize that this exact sequence is not valid
without the assumption that .# be elementary (or that & be paracompact-
ifying). For example, let F C X be closed, ® = ¢|F, and consider the exact
sequence 0 — Lx_g — L — Lp — 0. Then (using some items later in the
chapter)

HEPX=F(x _ P.L) by (34) on page 306
0 since supports are empty.

HYF (X, Lx-r)

I a
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Also,
H;'F(X; L)~ H;(F; L)
by 5.7, and
HF(X;Lp) = Hp(Tor(%.(X;L)® LF)) by definition
= Hy(T(€.(X;L)® L)) clearly
= Hj(X;Lr) by definition
~ Hy(X,X - F;L) by (35) on page 306.

Therefore, if the homology sequence for this example is exact, then we
would have that Hy(F; L) ~ Hg(X, X — F; L), which, of course, is almost
never true.

3.13. If M is any L-module, then
Le(D(F7(X;L)) ® M ~Te(2(F(X; L)) ® M)
by I1-15.3, since @(#*(X; L)) is flabby and torsion-free. Thus

|Ca(X; M) ~ Ce(X; LYo M, ]

and, by the algebraic universal coefficient theorem we obtain the split exact
sequence®

0— HYX;L)® M — HA(X; M) — H:_\(X; L) M — 0.

3.14. Let K be a principal ideal domain that is also an L-module. Then
homology with coeflicients in K (or in any sheaf of K-modules) has two
interpretations depending on whether we regard K or L as the base ring. It
is not always the case that these interpretations give isomorphic homology
groups (as K-modules). In certain cases, however, they do, as we shall
show in Section 15.

3.15. Suppose that L is a field and that X is compact. If X = lim X, for
an inverse system of finite polyhedra X,, then
Hy(X; L) ~ Hom(H?(X; L), L) ~ Hom(lim H?(X4; L), L)
=~ lim Hom(H?(X,4; L), L) = lim Hp(X4s; L) = H,,(X; L),

the classical Cech homology group of X. Since any compact space is the
inverse limit of polyhedra, we conclude that

H,(X;L) ~ Hy(X; L) for X compact and L a field.

This is not generally true for L = Z since Borel-Moore homology is exact
and Cech homology, over Z, is not. In 5.18 and 5.19 we give conditions
under which it does hold for L = Z.

6 Also see 15.5.
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4 Maps of spaces

Let f : X — Y be a map between locally compact spaces. If . and
B are sheaves on X and Y respectively and if k : B ~ & is an f-
cohomomorphism, then the induced maps I(By(;)) — I(4;) give rise to
an f-cohomomorphism k9 : JO(Y; B) ~ JO(X;.A'Z). This, in turn, induces
a compatible f-cohomomorphism of the quotient sheaves: ¢ l(Y; B) ~
54 1(X; ). Continuing inductively, we obtain an f-cohomomorphism k* :
I*(Y; B) ~ " (X;A) of resolutions.

We now restrict attention to the case in which .« and 2 are the constant
sheaves with stalks L. For U C Y open, we obtain the canonical chain map

kiy : Te(#*(Us L)) = Tpro(F7(F71(U); L))
and consequently the chain map
ku : Hom(Tj-1,(#*(f7'U; L)), L*) — Hom(T($°(U; L)), L*).  (18)

If f were proper, we would have that f~!c = c, so that (18), for U =Y,
would provide the chain map C.(X;L) — C,.(Y;L) and consequently a
canonical homomorphism f, : H.(X;L) — H.(Y;L). It is worthwhile to
record the following immediate consequence of this definition.

4.1. Proposition. If f : X — Y is proper, then there is the natural
commutative diagram

0 — Ext(HP*'(U%L),L) — H,(U*;L) — Hom(H?(U*;L),L) — 0
lExt(f'.L) lf. l}[om(f‘,L)
0 — Ext(HP*Y(U;L),L) — H,(U;L) — Hom(HP(U;L),L) — 0

with exact rows, for open sets U C Y, and where U® = f~1(U). o

To define f, in the general case we must digress for a moment.

4.2. Definition. If ® is a family of supports on X, let ¥ (the “dual” of
®) denote that family of supports on X consisting of all closed sets K C X
such that K N K’ is compact for every K' € ®.

Obviously, ¢# = cld and cld# = c. By Exercise 17,

(f~1)* = cld(c) = (V) |

is the family of fiberwise compact supports on X.

Now let & be a c-soft sheaf on X, let M be an L-module, and let & D ¢
be a family of supports on X. The inclusion I'.(£) < I's(¥) induces the
map

7: Hom(T's(%), M) — Hom(T'o(%), M) = ['(Hom(CoZ, M)).



300 V. Borel-Moore Homology

We shall now define a natural homomorphism

[n : T g (#om(Tc%, M)) — Hom(T's (), M)| (19)

such that
™ =¢€:Tpu(e) — I[(o)

is the inclusion. Let f € g4 (Hom(L.Z, M)) with |f| = K € #. If
s € e (&) with |s| = K’ € @, then s|K € I'.(Z]|K), because KN K’ € c.
Since & is c-soft, it follows that there exists an element s’ € I'.(¥) such
that s'|K = s|K. If s” € T'((¥) also satisfies the equation s"|K = s|K,
then (s’ — ¢"”)|K = 0, so that |s' —s”|N|f| = &, and by 1.11 it follows that
f(s') = f(s"). Thus it makes sense to define, for any such ¢,

[n(£)(s) = £(5"). |

If  and ¥ are c-soft sheaves on X and Y respectively and if k : A ~ &
is an f-cohomomorphism, then we have the induced homomorphism

k : Hom(['y-1.(£), M) — Hom(['c(#), M)
and thus
K7 : I-\c(Y)(‘yﬂ‘m(r\c‘gw M)) — Hom(T'¢(A), M).

Replacing Y by its open subsets U, this yields a natural homomorphism of
sheaves:
KN : fo(Hom(T' L, M)) — Hom ([N, M).

If #* and A" are c-soft differential sheaves and k : 4" ~ £* is an
f-cohomomorphism, then we obtain the homomorphism

[ DE7) — D(A") (20)
of differential sheaves, which specializes to
fe€.(X;L) — €u(Y;L)

when #* = #*(X;L) and #* = $*(Y;L). We shall now generalize this
map to the case of general coefficient sheaves.

4.3. Lemma. Let & be a sheaf on X and A a sheaf on Y. Then the
natural homomorphism f.(€) ® & — f(€ ® f*A) of IV-(21) on page
215 is an isomorphism when ¥ is c-soft and torsion-free or when A is
torsion-free.”

7Note that this is a special case of IV-Exercise 4.
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Proof. Recall that this homomorphism is induced by the cup product
FC(U)(QW') RAU) — FC(U)($|U°) 52 (f‘d)(U.) - T (Z® f‘JIU.),

where U® = f~1(U), and that on the stalks at y € Y it becomes the cup
product
F(Zly*) @M — I'e(£ @ Mly®),

where M is the L-module «/,. The latter map is an isomorphism by the
universal coefficient theorem II-15.3 under our hypotheses. O

If " is a replete differential sheaf on X, then 2(£") is flabby and
torsion-free, so that for any sheaf &« on Y,

F(DL)) @A = f(DL")® f* L) (21)
by 4.3. Combining this with (20), we obtain the natural homomorphism
K:f(DL)R f*d) = DN ® A, (22)
which specializes to
[ (X f ) = €. (Y A). (23)

The reader may verify that (23) is a ¢°(Y; L)-module homomorphism; see
Iv-34.

For any family ¥ of supports on Y, we apply the functor I'y to (22)
and use the fact that I'y fc = ['y(c), from IV-5.2, to obtain the chain map

Tye)(DL")® f*d) - Ty(B(AN") @ A). (24)

This specializes to a canonical chain map

CrO(X; fr ) - CY(Y; ). (25)

In turn, (25) induces the homomorphism

foi HY (X frt) - HY(Y;.0). (26)

(Also see Exercise 7.)

4.4. Definition. Let f : X — Y and let ® and ¥ be families of supports
on X and Y respectively. Then we say that f is c-proper, with respect to
® and U, if ® C ¥(c). A homotopy F : X x 1 - Y is said to be c-proper,
with respect to ® and ¥, if it is a c-proper map with respect to the families
® x1I and V.

Recall from IV-5.3 that a family ® of supports on X is contained in ¥(c)
& (f(®) Cc ¥ and f|K : K — Y is proper for each K € ®). Therefore we
have:
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4.5. Proposition. A map f : X — Y between locally compact Hausdorff
spaces is c-proper, with respect to ® and ¥, ¢ for each K € @, f|[K : K —
Y is proper and f(K) € V. O

In this situation we have the natural induced homomorphisms

fo : HY(X; f*) —» HY(Y; ) for c-proper maps f : X - Y.

In particular, f, is always defined for compact supports (both ® and ¥), as
should be expected. For closed supports, f. is defined when f is a proper
map.

Let £* and 4" be replete resolutions of L on X and Y respectively, and
let * — 9*(X; L) and #* — $*(Y; L) be homomorphisms of resolutions.
For any f-cohomomorphism k : A#* ~» £* of resolutions, the diagram

N ~ 7

!
I (Y;L) ~ F°(X;L)

of cohomomorphisms commutes up to chain homotopy, and it follows that
the induced diagram

CYONX; frat) —  CY(Y;)
! !
Ly (L") ® f*d) — Ty(D(N") @ A)

also commutes up to chain homotopy. Thus the following diagram com-
mutes:

HYO(X; o) L HY(Y;20)
(27)

H.Cuo(D(L) ® f*)) <= H.(Tu(DN") ®.0)).

Note that the vertical maps in (27) are often isomorphisms; see 3.5 and

5.6.
The reader may make the straightforward verification of the fact that
for
w-LxLy

we have

(£9)s = fugs-

Mapping X to a point induces, for any L-module M, the canonical
“augmentation”

le: HS(X; M) - M, |

which is surjective because of the composition * — X — . The kernel of ¢
is, of course, called the reduced homology group of X in degree zero and is
denoted by H§(X; M).
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5 Subspaces and relative homology

Let A C X be locally closed and hence locally compact. If & is a family of
supports on X, note that for the inclusion i = i%X4 : 4 < X we have that
®(c) = P|A; see IV-5.3(b). Therefore, Section 4 provides the chain map

CHA(A; |A) — CE(X; L) (28)

and the induced homomorphism

in: Hy'A(A; | A) — HE(X; L)

for any sheaf « on X. In order to define relative homology, we shall show
that (28) is a monomorphism. To do this we must consider the construction
in Section 4 in more detail for this special case.

Suppose that .« is a sheaf on X and that & is a sheaf on A for which
there is a surjective i-cohomomorphism k : & ~» & (i.e., an epimorphism
A|A — B). Suppose, moreover, that for each z € A we are given a splitting
homomorphism j; : B, — A, i.e., such that k. j, is the identity. We then
have the induced maps

() =2k 1),

1(32)
Taking the product of these maps, we obtain the maps
L (x;2)U) =[] I(.d,,.) — ] 1(®:)=2"(48)(UNA)
z€U % 2éUna

with k% ;% =1, for U C X open. These induce
kS
P (Xt} == 9°(4; B),

with k259 = 1 and hence

3]3
Ts(F°(X;2)) —].k_—o‘ Tona(#(4; B))

with k5% = 1. (Note that j° does not commute with the augmentations,
so that we cannot pass directly to quotient sheaves here.) Now,

Kerk) = [] KerI(k:)x [ I(«2),
zeUNA zeU-A

and Ker I(k;) =~ I(4;)/Im I(j;) is an injective L-module, since it is divis-
ible. Also, Ker k¥ is the value on U of the kernel o of the homomorphism
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JO(X 1) — iF°(A; ®B) canonically associated with the i-cohomomorphism
k°. From this and II-(6) on page 41, we deduce that J is an injective sheaf.
In particular, each stalk J; is divisible by II-3.3 and hence is injective. Let
z € A, and consider the diagram
A, = B, 0
l 1
o
0 = Hy — (X l), 220 524 B), — 0
L
0 - K — g (X;), == g'(4;
l

!
0 0,

8
|
o

which is commutative (defining 'k;) and which has exact rows and columns
(defining K). It follows by a diagram chase that g is surjective. Thus K
is divisible and hence injective. Since K is injective, the bottom row of
this diagram splits, that is, for each z € A there is a homomorphism
"jz : I (A; B)z — 4" (X; ), with 'k;'j; = 1. But this is just our initial
situation with ¢ Y(X; ) replacing .« and g '(A; B) replacing B, etc. It
follows that by induction and then taking & = L and # = L, we have the
maps

Le(#*(X; L)) :::__’ Cona(#*(4; L))

with k*j* = 1. (Note, however, that j* is not a chain map.)
Translating (18) and (19), we have the diagram

Teiga(#om(Ted"(A; L), L*)) — Hom(Tc(#"(4;L)),L")
Lo

Hom(Tena(#*(4; L)), L*) # Hom(T'.(#*(X; L)), L*)

in which ¢ is the inclusion, ¢ = 77, and vk = 1 (where « and < are induced
by k* and j* respectively). Note that cld|A = (cN A)# by Exercise 17(c).

Let f € Hom([.(#*(4;L)),L*) = ['(Hom(L#*(A; L), L*)). Since this
is a torsion-free sheaf on A, we have that |mf| = |f| for all 0 # m € L.
Assume that f = ¢(g) and that kn(g) = mh for some m € L and

h € Hom(T.(#*(X; L)), L*).

Let f' = 7y(h). Then |f'| = |mf'| = |ryrn(g)| = |rn(g)| = le(g)l = |fl,
and it follows that f' = ¢(g’') for some g’. We have e(mg’) = mf’ =
Ty(mh) = Tykn(g9) = €(g) and hence g = mg’. Therefore m(xn(g')) =
kn(g) = mh, and it follows that h = xn(g’) by torsion-freeness. We have
shown that if mh € Im(kn), then h € Im(xn). It follows from this fact that
the quotient of Hom(T'.(#*(X; L)), L*) by the image of the monomorphism
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k1) is torsion-free. This also holds if we replace X by an open subset U C X
and A by ANU. Thus, the map

i.€.(4;L) - €.(X;L)

is a monomorphism, and the quotient presheaf, and hence the quotient
sheaf, of this is torsion-free. Recall that i # = B~ for any sheaf 8 on A
by IV-3.8. Thus we have the canonical monomorphism

C (A L)X @t — €u(X;L)® A
for any sheqf «/ on X. By (21) this map can be identified with a map
€ (A; LAY — €u(X;).

We shall regard %.(A; #|A)X as a subsheaf of C,(X;).2

For any family & of supports on X, the map (28) arises from this by
applying I's and noting that Pq,(&?x ) = L'g|a(B) for sheaves & on A by
I-6.6. It follows that the canonical map (28) is a monomorphism for each
. Thus we shall define the relative chain groups by the exactness of the
sequence

0 — CP1(4; ]|A) - C¥(X; ) — C¥(X, A; ) —0,|  (29)

and we also define the relative homology as

HY (X, A; ) = Hy(C2 (X, A; ).

As usual, we obtain from (29) the exact homology sequence

= HP (A ) — H2(X; ) — HE (X, A ) — HOH (A al) — -

of the pair (X, A).
We also define

| .(X, Ai ) = €.(X; )/ 6. (A )X = €.(X, A1) @ .|

Note that this sheaf vanishes on int(A) and that it is a €°(X; L)-module.
In general, €.(A; %)X is not ®-acyclic, so that we cannot generally assert
that

CP(X, A; ) ~ To (€. (X, A; ). (30)
However, (30) does hold when ® is paracompactifying, since €,(A4; %)X
is then ®-soft, and it also holds when A is closed and .« is elementary, by

I1-5.4, since €.(A; )X is then flabby by 3.8 and II-5.8. We record these
remarks for future reference:

8Note that these sheaves coincide on int(A).
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5.1. Proposition. The sheaf €.(X, A; L) is torsion-free. Also, the sheaf
€.(X, A; &) vanishes on int(A) and it is a %O(X; L)-module (whence it is
®-fine when ® is paracompactifying). For A closed and M elementary,
€.(X,A; M) is flabby. 0O

We also let

Bt’p(x,A;d) = #p(6.(X, A; ). |

Now, €.(X,A; ) can also be described as the sheaf generated by the
presheaf

C.(U; )/ CEA (U N A; )
C.(U,UNA; ).

U €.(X;4)(U)/ €. (A )X (U)

It follows that

H (X, A, A) = Sheaf(U — H,(U,U N A; 4)).

Since A is locally closed, we have
Cu(X; ) = Cu(X; )4 (31)

since
€ X; L)@ A =Fu(X;L) QA R®Lp=Cu(X;H)®Lp = €u(X; ).
For U open in X we have

€. X; )y = (€. (X; )| U)X = 6,(U; )%,

so that
€.(X; Ly) = 6.(U; L)X (32)

by (31). It follows that for F closed in X and with U = X — F we have

Applying I's to (32) and using I-6.6, we obtain

H®(X;aty) ~ HIY (U, 2|U) (34)

for arbitrary ®. Similarly, from (33) we obtain

HE(X; ol F) ~ HR(X,U; ) | (35)

when ® is paracompactifying.
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Moreover, when ® is paracompactifying, the homology sequence of the
pair (X,U) can be identified, by (34) and (35), with the sequence (8)
associated with the coefficient sequence

0> Ay > A - A —0.

If f: (X,A) - (Y, B) is a map of pairs and if & and ¥ are families of
supports on X and Y respectively with & C ¥(c), then ®|A C (¥|B)(c),
and for any sheaf .« on Y we obtain a canonical chain map

Cl(X,A; f*ot) - C}(Y,B; A)

and a map of the homology sequence of (X, A) into that of (Y, B).
The following is the basic excision result for Borel-Moore homology:

5.2. Theorem. Let A C X and suppose that ® is paracompactifying. Let
V be a subset of X with X — V locally closed and V C int(A). Then the
map

HIX-V(X -V, A-V;) —» HY (X, A; A),

induced by inclusion, is an isomorphism for any sheaf & on X. This also
holds for arbitrary ® when A is closed and & is elementary.

Proof. We shall use the relatively obvious fact that for an open subset
U C X, the canonical map €.(U;#|U)X — €.(X;«) of Section 4 is
a monomorphism onto the subsheaf €.(X;.«)y. Consider the diagram
(coefficients in )

0 - CA-T)X = G.(X-V)X = (X -V, A-TV)X -0
s s [
0 — % (A)X = G (X) -— €.(X,A) —0

in which the rows are exact.

For z € X —V, the maps f, and g, are isomorphisms (by the preceding
remark), and hence h, is also an isomorphism. For z € V C int(A), i, is
an isomorphism, so that €.(X,A); = 0. Now, ¢.(X -V,A-V)X =0
for x € V, so that h is trivially an isomorphism for x € V.

Thus h is an isomorphism. Similarly, we see that the map

(X -V, A-V)Y XV L €. (X-V,A-V)
is an isomorphism. It follows that the canonical map
C.(X -V, A-V; )X = 6.(X, A; )
is an isomorphism, and hence that the induced map
AX-VIX —V,A-V; ) - C2(X, A; )

(obtained by applying I'¢) is also an isomorphism, which is an even stronger
result than that claimed by the theorem. ]
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5.3. Theorem. If ® is a paracompactifying family of supports on X and
A is any sheaf on X, then the canonical map

lim H.(K;A|K)— H?(X;A)
Ked

is an isomorphism.®

Proof. It is sufficient to show that limC®(X,K;«) = 0, whence
lim HY(X,K; &) = 0. But C¥(X,K;«) = I's(€¢.(X,K;)) and the
sheaf €.(X, K; ) vanishes on int(K). The assertion follows from the fact
that each member of ® has a neighborhood in ®. [If s € ['s (€.(X, K; o))
has |s| C int(K'), K’ € ®, then the image of s in ['s(€.(X, K'; #)) will
be zero o

We wish to obtain an analogue of 5.3 for nonparacompactifying families
of supports. For this, the coefficient sheaf will have to be taken to be
elementary. We shall now work towards this goal.

5.4. Let " be a replete differential sheaf on X and let A C X be locally
closed with i : A < X the inclusion. Since i,(£*|A) = &, by IV-3.8, 2.6
and 3.9 yield the isomorphism

DLY) ® M~ i(D(L°|A) ® M|A)

when .# is elementary. If A = F is closed, then {8 = i # = B for any
sheaf # on F', so that 2.6 and 4.3 yield the isomorphism

D Lr) ® A = (D(L°|F) @ A|F)X
for any sheaf .« on X.

5.5. Proposition. If " is replete, F C X is closed, and M 1is elementary,
then there are natural isomorphisms

Lop(D(L7) ® M) = To(P(LF) ® M) ~To p(D(L|F) ® M|F)

for any family ® of supports on X. This also holds when £* is only c-soft
and M = L.

Proof. The second isomorphism follows from 5.4 and I-6.6. Let U =
X — F. The exact sequence 0 — ¥;; — £* — £ — 0 induces an exact
sequence 0 —» Y L) @ M — L") @ M — DL) Q@ M — 0 since Zy; is
replete [whence @(Zy;) is torsion-free]. These sheaves are all flabby, since
M is elementary, by 3.8. Consider the commutative diagram

(D(L7) © M)(X) — (D(Ly) fwﬂ)(X)

!
(2(£7) @ M)(U) — (2(Ly) ® M)(U).

9 Also see 5.6
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The bottom map is an isomorphism since (9(¥}) ® #)(U) = 0. The
vertical map on the right is also an isomorphism by 5.4. Consideration of
supports shows that we have the commutative diagram

To(D(L)@M) 2 To(D(Ly)®M)

g ~

Tonu (L") ® M)|U) = Tonu((2(Ly) ® M)|U).

Thus T p(D(L") ® M) = Kerg = Kerh = T's(D(LF) ® M), as claimed.
The last statement follows easily from the foregoing proof with minor
changes. . ]

The following is our major result on elementary coefficient sheaves.
5.6. Theorem. Let (M, ®) be elementary.'® Then:
(i) The natural maplig H,(K; M) — HE(X; M) is an isomorphism.
Ked
(i) The canonical map H®(X; M) — H,(To(D(L")®M)) is an isomor-

phism for any replete resolution €* of L.

If ® = c, then these statements hold for arbitrary sheaves #.'!

Proof. Note that we already have part (ii) for #4 = L and ® = cld by
(10) on page 293.

Let £* be a replete resolution of L on X and let #* — #*(X;L) be
a homomorphism of resolutions. This induces a homomorphism £*|K —
#*(X;L)|K — $*(K;L) for K € &, which in turn induces

Cu(K; M) = DI (K; L)) ® MK — DI (X;L)|K) ® MK
— L' |K)® MK.

Using 5.4, this gives rise to the commutative diagram

Cu(K; MY - (DI (X;L)|K) @ MK)X — (D(L|K)® MEK)X

DI (X; L)) @ M DLy)® M

Cu(X; M) — DI (X;L))® M

L)@ M.

10T his theorem also holds under the hypothesis that .# is elementary and dim ¢, X <
00, the proof of which uses 3.11. This case was included in the first edition, but it
has been dropped in this edition from the results using this theorem because of the
unlikelihood of its usefulness beyond that covered by the (.#, ®) elementary case, which
gives stronger results than the “®-elementary” condition used in the first edition. E.g.,
if X has finite covering dimension, then X is paracompact, and so any elementary sheaf
M is (M, P)-elementary for any .

11 Also see 3.5 and 5.3.
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The reader may check that the vertical homomorphism on the left is
the canonical inclusion described at the beginning of this section. Applying
I's, we obtain the following commutative diagram (since K € ®):

Cu(K;u) L T(9(2*|K) ® MK)
k 9

CH(X; M) 2 To(DL")® M).
By 5.5, since K € ®, g can be identified with the inclusion
Lo (L) ® M) > To(DL™)® M),

and hence it becomes an isomorphism upon passage to the direct limit over
Ked.

Assume for the moment that for any replete £*, f induces an isomor-
phism in homology. If £* = $*(X;L), then h = 1, and thus we would
obtain part (i) of our theorem; that is, k would induce an isomorphism in
the limit. But then for any replete £*, h would induce an isomorphism;
that is, we would obtain part (ii) of our theorem.

Thus it suffices to prove part (ii) (only) of the theorem for X replaced
by any K € ®. That is, it suffices to prove (ii) for the case in which ® = cld.

Part (ii) clearly holds for .# constant with finitely generated free stalks.

An exact sequence 0 — M — M — M" — 0 of elementary sheaves
induces the following commutative diagram with exact rows (see 3.12):

C o Hy(X; M) — Hy(X; M) — Hpy(X; M') — -
{ l 1
C = Hp(D(D(L") @ M')) — Hp(D(D(L*)® M) — Hy(D(DL)RM')) — -

The 5-lemma implies that (ii) holds for all constant sheaves .# with finitely
generated stalks, since any finitely generated L-module is the quotient of

free finitely generated modules.
Now let # be a fixed sheaf on X with (#,cld) elementary. Consider
the collection

Q= {U C X open|H.(U; MU)—~H.(T(D(L"|U) ® #|U)) is an isomorphism}.

We have just shown that if #|U is constant then U € Q.

Now let U = U, UU; and V = U; N U,, and suppose that U;, Uz, and
V are all in Q. The exact sequence!? 0 —» &}, - &, @ <%y, —» %y, — 0
induces the exact sequence

0— DLY) @ M — (DLy,) ® M) & (DLy,) ® M) > DLy)®M— 0.

Let us temporarily use the abbreviation G.(U) = ['(2(£*|U) ® #|U)
for open sets U C X. Then, applying I" to the preceding sequence and

125¢e 11-13.
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using 3.10 and 5.4, we obtain the following commutative diagram of chain
complexes:

0 - C.(U;M) - C.(Up; M)DCu(Ug; M) — Cu(V;#) — 0
f 9 lh
0 —- G.(U) - G.(Uy) ®G.(U) - G.(V) -0,

where the first row coincides with the second when £* = $*(U;L). By
assumption, g and h induce isomorphisms in homology. The 5-lemma,
applied to the induced homology ladder, then implies that f induces an
isomorphism in homology. This shows that U € Q.

Next, if U = + U, and each U, € Q, then it is obvious that U € Q.

Therefore, Q satisfies all the properties (a)—(c) of 3.6. Since Q4 is the
smallest such collection, we have Q 4 C Q. Since X € cld we have X € Q 4
and hence X € Q, which is the desired result.

For the last statement of the theorem, part (i) already follows from 5.3.
For part (ii), when ® = ¢, consider the homomorphism

8 :Te(D(F*(X; L)) ® ) — T (L) ® ).

By 3.4, II-Exercise 18, and II-14.5, it follows that both sides are exact
functors of & and commute with direct limits in /. When &« = Ly, for
U open, 6 induces a homology isomorphism, since

L(2(2%) ® Lu) = T (L") = Cyu(DL)U) = Tqu(2(£7|V))

[by (5) on page 290] and by that part of 5.6 already proved. It follows
immediately from II-16.12 that the class of sheaves & for which 6 yields
an isomorphism in homology consists of all sheaves. o

5.7. Corollary. Let A C X be locally closed, let M be a sheaf on X, and
assume that (M, ®|A) is elementary. Then the canonical map

2144, M|A) — HIA(X; M)
is an isomorphism. m}

Now we shall extend the excision property to more general situations
than are covered by 5.2.

5.8. Theorem. Let A C X be locally closed. Suppose that M is a sheaf
on X such that (M, D|A) is elementary. Then

H? (X, A; M) = H.(C2(X; M) [CD (X M)).

Moreover, if X — A is ®-taut and locally closed in X, this may be identified
with
H.(FQn(x_A)(?.(X;J(ﬂX - A))
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Proof. We have the commutative diagram

0 — CHA(A;M|A) — C2(X; M) C2(X, A; M) 0

0 —» CHAX; M) — C¥(X;M) — C¥X;M)/CHAX; M) — 0

in which the rows are exact. The first two vertical maps induce isomor-
phisms in homology by 5.7, and the result follows from the 5-lemma. The
second statement follows from the fact that the bottom of this diagram can
be identified with the exact sequence

0—-Tgja(€s(X; M) —Te(€u(X; M) > Tonx-a)(€u(X; M) X-A)—0,

where the exactness on the right is due to the tautness assumption and the
fact that €.(X; #) is flabby by 3.8. =)

5.9. Corollary. Let B C A C X, where B C A and where A and X — B
are locally closed in X. Let ® and ¥ be families of supports on X and
X — B respectively, and assume that 8N X — A = ¥V N X — A and that
X — A is ®-taut in X and V-taut in X — B. Let M be a sheaf on X such
that (M, D|A) is elementary and (M| X — B, ®|A— B) is elementary. Then
there is a natural isomorphism

H2(X,A; M)~ HY(X —B,A-B;.M).|

Proof. We have

Cu(X;M)X — A = (o (X;M)X -B)|X - A
€.(X —B;M)|X - A
(.(X - B;M)| X - B)|X - A

€.(X - B; M)|X - A.

el

Thus
Con(x—a)(Gu(X;M)| X — A) = Tynx-a)(Bu(X — B; M)| X ~ A),
and the result follows from 5.8. 0O

Applying this to the case in which B = A = F is closed we get:

5.10. Corollary. If F C X is closed and if M is a sheaf on X such that
(M, D|F) is elementary, then

HE¥(X,F; M)~ HX"X=F)(x - F, ).
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Let U = X — F with F closed and let (.#,®|F) be elementary as in
5.10. Then by 5.10 the exact homology sequence of the pair (X, F) may
be written in the form

— HY\F(F; M) — HR (X; M) — HIV(U; M) —

HIW(Fy ) — -

(36)

If (#,®) is elementary and if £* is a replete resolution of L, then this
sequence is induced, via 5.4 and 5.6(ii), by the exact sequence

0—To(DLp) @ M) —Ta(DL") QM) — To(D(Ly) ® M) — 0
of chain complexes, which derives from the exact sequence
0%y % - %r—0.

5.11. Corollary. & ,(X;L); = Hp(X,X — {z};L).

Proof. Since {z} is taut, the theorem gives
Hp(X, X —{z}; L) = Hp(T(€.(X; L){z}) = Hp(€u(X; L)) = #p(X; L)z
as claimed. 0

5.12. Example. This simple example shows that 5.10 does not hold for
general coefficient sheaves. Let X = [0,1] and F = {0,1}. Consider the
sheaf Lr on X. By (34) we have that

L, p=0,
0' p'-’éo'

The exact homology sequence of X induced by the coefficient sequence
0 - Lx_rp — L — Lp — 0 shows that H,(X;Lr) = 0 for all p. Then
the exact sequence of the pair (X, F) with coefficients in Lp shows that
H\(X,F;Lp) = Ho(F;L) = L& L. This is the left-hand side of the
isomorphism in 5.10, but the right-hand side is H}(X — F;Lp|X — F) =
H,(X — F;0) = 0. Thus 5.10 fails even for closed supports on the compact
space [0, 1] for the coefficient sheaf Lo ;). Consequently, it seems unlikely
that there is a general “single space” interpretation of homology relative
to a closed subspace analogous to that for cohomology or to that relative
to an open subspace. o

Hy(X;Lx-r)~Hy(X - F;L) = {

Now we shall provide some criteria for H_; to be zero and investigate
the nature of Hg§.

5.13. Theorem. H2?,(X; &) = 0 for ® paracompactifying and for any
sheaf & on X and also for arbitrary ® if & is elementary.
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Proof. By 5.6, H®(X;L) ~ lim H_,(K;L), K ranging over ®. But
H_(K;L) = Ext(H}(K;L),L) = 0 since H*(K; L) is free by the result of
Nobeling; see II-Exercise 34. Therefore

H® (X;L)=0 (37)

for any family ® of supports.

Let €, = €,(X;L). For U C X open, d: %(U) —» £-1(U) is onto
since H_1(U; L) = 0 by (37). Let & be the kernel of d : Lo — £_1, so
that

0-A >%y—%_1—0 (38)

is exact. The cohomology sequence with supports in ® of the coefficient
sequence (38) shows that

HY(X;H) ~ Coker{T's(%o) — F'e(Z_1)} = H®,(X;L) =0

by (37). Therefore o is flabby by II-Exercise 21. The sheaves in (38)
are torsion-free, so that (38) remains exact upon tensoring with . Its
cohomology sequence has the segment

To (%0 ® ) L To(Lo1 @) - HY(X; H ® L),

and by definition
H2,(X; ) = Coker do.

If ¢ is paracompactifying, then & ® « is P-soft by I11-9.6 and 11-9.18, so
that dp is onto, whence H®,(X; &) = 0. If .« is elementary, then KA ® &
is flabby by 3.8, and so we have the same conclusion for arbitrary ®. O

5.14. Theorem. Let X be locally connected. If either L 1s a field or X 1s
clc}, then H§(X; L) 1s the free L-module on the components of X .13

Proof. We may as well assume X to be connected. Then Hg§(X;L) =
lim Ho(K; L), K ranging over the compact connected subsets of X. If L
is a field, then Ho(K; L) ~ Hom(H°(K;L),L) ~ Hom(L,L) = L, and the
result follows.

Suppose that X is clc}. By Exercise 28 of Chapter II we have that
HY(K; L) is torsion-free for any K C X. If K C K’ are both compact and
connected with K C int K’, then it follows from II-17.5 that the homomor-
phism

HYK';L) - H'(K;L)
has a finitely generated image. This image is torsion-free, and hence free,
so that
Ext(H'(K), L) — Ext(H'(K"),L)
factors through zero. Therefore lim Ext(H'(K),L) = 0, and we deduce
that H§(X; L) = lim Ho(K; L) =~ li; Hom(H°(K;L),L) =~ L. m]

13 Also see Exercise 26 and VI-10.3.
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5.15. Suppose that K; «— K +« --- is an inverse sequence of compact
spaces with inverse limit K = lim K,,. By passing to a union of mapping
cylinders, we may assume that K; D K2 D --- is a decreasing sequence of
spaces and K = [ K,. Let M be a finitely generated L-module, and hence
an elementary sheaf on K). By 5.5 and 5.6, if #" is a replete resolution of
L on K, then Hp(Kn; M) ~ H,,(I"c,dlxn(@(g') ® M)). Also, @(Q‘) oM
is flabby by 3.4. Therefore, a translation of IV-2.10 shows that there is an
exact sequence of the form

0 — lim' Hpy1(Kn; M) — Hp(K; M) — lim Hy(Kn; M) — 0.

Now suppose that the K, are all polyhedra, so that their homology is
simplicial homology. Then the right-hand term is just the Cech homology
H,(K; M) of K by the continuity property of Cech homology. Thus the
sequence can be written!4

0 — lim' Hpy 1 (Kn; M) = Hp(K; M) — Hp(K; M) — 0. (39)

Since H_,(K; M) = 0, there is the consequence that
lim' Ho(Kn; M) =0,
which is perhaps not too hard to see directly.

As an explicit instance of this, let each K, = S! and let K, — K,_,
be the standard covering map of degree n. Then Z =~ H,(K,;Z) —
Hy(Kn-1;Z) =~ Z is multiplication by n. The space K is a “solenoid”
and has

Ho(K;Z) ~ Hom(H°(K;Z),Z) ® Ext(H'(K;Z),Z) ~ Z & Ext(Q, Z),
by (9) on page 292. The sequence (39) takes the form
0—lim'{ 52352272} - Hy(K;Z) - Z — 0.
It is not hard to see that the Z splits off uniquely, and so we conclude that
lim'{--- -5z -22 -2 7} ~ Ext(Q,Z).

It will be shown in 14.8 that this group is uncountable. This also follows
from 5.17.

5.16. Proposition. If & = {--- — Ay — A,} is an inverse sequence of
countable abelian groups and if lim' # 0, then lim! is uncountable.

Proof. If lim'«w # 0, then & is not Mittag-Leffler, and so by passing
to a subsequence (see II-11.6), we can assume that the subgroups I =
Im(Ax — A,) are strictly decreasing. Let K, = Ker(A4, — A,), so that
we have the exact sequence 0 — A — & — F — 0 of sheaves on N.!5

14This sequence is not valid without the finite-generation condition on M. For exam-
ple, it does not hold when L = Z and M = Q, as can be seen by computing its terms
for an inverse sequence of lens spaces and p = 1.

15Here N is the topology on the positive integers from II-Exercise 27.
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It follows that lim'«Z — |im!'# is surjective. Thus it suffices to show that
lim!# is uncountable. That is, it suffices to prove the following lemma. O

5.17. Lemma. If & = {A; D A2 D ---} is a strictly decreasing sequence
of countable groups, then lim'/ 1s uncountable.

Proof. Let Q, = A,/A,, and note that Ker(Q,+1 — Q,) = 4,/A,41 # 0.
It follows that ]im2 is uncountable. Consider the inverse system 9, which
is constant with group A;. Then we have the exact sequence 0 — & —
B — 2 — 0 of sheaves on N with & flabby.!> Therefore there is the exact
sequence A; = lim# — |lim2 — lir_n‘d — 0. Since A; is countable and
lim 2 is uncountable, lim!.« must be uncountable. a

5.18. Corollary. If X is a compact metrizable space with H?(X;Z) and
HP+Y(X;Z) finitely generated, then Hy(X;Z) ~ H,(X;Z) naturally.

Proof. Such a space is an inverse limit of an inverse sequence of finite
polyhedra K,. By (9) on page 292, H,(X;Z) is finitely generated and
hence countable. By (39), lim!H,11(Kn;Z) is finitely generated, and by
5.16 it must be zero. a

5.19. Corollary. If X is compact, metrizable, and clcfi“, then we have

that Hi(X;Z) ~ H(X;Z) naturally.
Proof. This follows immediately from 5.18 and II-17.7. m]

This last corollary is known without metrizability and holds for general
constant coefficients; see VI-10.

Note that since H,(K; L) = H,,(K; L) naturally for compact spaces K
when L is a field by 3.15, we must have that

li’—anp(Kt?L) =0

for any inverse sequence of compact spaces K, when L is a field. Since
lim! need not vanish over a field as base ring (see 5.20), this represents a
limitation on inverse sequences of vector spaces that can arise this way.

oo
5.20. Example. Let X, = |J C,, where C, is the circle in the plane of

1=n
radius 1/7 tangent to the real axis at the origin. We have

Ho(Xn; L) ~ Hom(L, L) ® Ext(@ L, L) ~ L.

Then the inclusions X, 1 «— X, give an inverse sequence whose inverse
limit is a point x = (X,. Now, H}(X,;L) is the free L-module on

15Here N is the topology on the positive integers from II-Exercise 27.



§6. The Vietoris theorem, homotopy, and covering spaces 317

the basis {an,@n+1,...}, and the restriction H!(X,;L) — H'(Xn41; L)
takes @, — 0 and ax ~ ax for k > n. Dualizing to H (X,;L) =
Hom(H!(Xpn; L), L), we may regard H,(X,;L) as the L-module of se-
quences @ = {Qn, Qn41, ...}, where ax € L and where a(a,) = a, for j > n.
For the inclusion i : X, — X, we have i.(a)(a;) = a(i*(a;)) = a, for
j > n and i.(¢)(a,) = a(i*(a,)) = a(0) = 0. Thus z.(an+1,an+2, D)=
(0, @n+1, @ni2,.-.). That is, i, is the inclusion H L — H L. Call this

1=n+1 1=n
inverse sequence of L-modules #. Then we have the exact sequence

0— thh?—» Ho(x; L) — imL — 0,

and it follows that ]lim'#® = 0. This shows that the countability hypothesis
in 5.17 is essential.

Note that # =[], #», where #, ={L —~ -+ « L~ 00 ¢ -}
with the last nonzero term in the nth place. Since the inverse sequence #,
is Mittag-LefHler, it is acyclic. Since N is a rudimentary space, it follows
from II-Exercise 57 that & is acyclic, giving another, more direct, proof that
lim!'# = 0. (It is also quite easy to prove this directly from the definition.)

Now let & be the similar inverse system obtained from & by replacing
the direct products by dxrect sums. There is the monomorphism & — &.

Now the map H L— H L induces an isomorphism
=n 1=n+1

(z)/(&2) = (H,5)(8.2)

Call this quotient group Q, so that there is the constant inverse sequence
2 with all terms Q. The exact sequence 0 —» & — # — 2 — 0 of sheaves
on N induces the exact sequence

im# - m2 — lim'¥ — m'2,
whose terms on the ends are both zero. This shows that
lim'% ~ Q

which is an uncountably generated L-module for any L. In particular, when
L is a field, this gives an example showing that ]im' need not vanish over
a field. (Of course, the fact that [im'¥ is uncountable also follows from
5.17, provided that L is countable.) o

6 The Vietoris theorem, homotopy, and
covering spaces

In this section we consider the homological version of the Vietoris mapping
theorem and apply that to prove the homotopy invariance of homology.
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We also apply the general theorem to the case of covering maps, obtaining
a homological transfer map.

6.1. Theorem. Let f: X — Y be a proper surjective map between locally
compact spaces, and suppose that each f~1(y), y € Y, is connected and has
HP(f~Y(y);L) =0 for0 < p<n. Then

fo  HI'¥(X; f*B) — H2(Y; B)

18 an isomorphism for p < n and an epimorphism for p = n, for all sheaves
B onY and all families ® of supports on Y. If L is a field, then f, is an
isomorphism for p < n+ 1 and an epimorphism forp=n+1.

Proof. Let #* = 4°(X;L). By 2.6 we have @(f¥") = fD(F") since f is
proper.'6 By (21) on page 301 we also have the natural isomorphism

fI") @B f(DF”) ® [*B) = fE.(X; f*B). (40)
Applying H,(Ts(e)), this yields the isomorphism
Hy(Ta(2(f5") ® B)) ~ H] '*(X; f*B). (41)

Now, f, is clearly induced from (41) via the homomorphism h : £* — f$*
of differential sheaves associated with the canonical f-cohomomorphism
" ~ 9°, where * = 9*(Y; L).

The derived sheaf #* (f#") is just the Leray sheaf 5¢*(f; L) of f. Since
f is proper and since each f~!(y) is connected and acyclic through degree
n, we have that Jt’o(f; L) ~ L and #P(f;L) =0 for 0 < p < n. Moreover,
[ is injective by II-3.1. Therefore there exists an injective resolution 4"
of L on Y with §¥ = f4” for p < n+ 1, and there is amap j : § —
f¥* extending the identity in degrees at most n + 1. There also exist
homomorphisms g : £* — 4" and k : §° — £ of resolutions. Then kg
and gk are chain homotopic to the identity maps, and j is chain homotopic
to hk. This situation persists upon passing to duals, so that

K :CHY;B) =Te(DL") ® B) — To(DJ") @ B)
is a chain equivalence. Also,
7' :Te(D(f") ® B) - To(DF") ® B)
is the identity map in degrees at most n, whence
Jo: Hy(To(2(f97) ® B)) — Hp(To(2(F") ® B))

is an isomorphism for p < n and an epimorphism for p = n. But j' >~ k'h’,
whence j. = k.h.. Since k. is an isomorphism in all degrees, the result

16 f being proper implies that f.4* = f¥°.



86. The Vietoris theorem, homotopy, and covering spaces 319
follows. If L is a field, then we can take L! = 0, whence j’ is the identity
in degrees at most n + 1, giving the one-degree improvement. ]

For coefficients in L one can prove inuch stronger results from the cor-
responding facts for cohomology:

6.2. Theorem. Let f: X — Y be a proper surjective map between locally
compact spaces. Let

Sk={y e Y|H*(f'(ys L) #0}, b =dim},S.
For a given integer (or oo) N let
n=1+sup{k+bc|0< k< N}
Then for any support family ® on'Y consisting of paracompact sets,
fo:H®(X;0) — HY (Y5 L)

is an isomorphism for n < p < N — 1, a monomorphism for p = n, and an
epimorphism for p= N — 1. If L is a field, then f. is also an-isomorphism
forp= N —1 and an epimorphism forp= N.

Proof. By 5.6 it suffices to prove the same thing for f|f~'K : f~'K —
K, where K € ®. But that follows immediately from IV-8.21 and 4.1. O

Let us call a space T acyclic if H*(T; L) = 0. It should be noted that if
L is a field or the integers, then by (9) on page 292, cohomological acyclicity
for a compact space [e.g., f~!(y)] is equivalent to homological acyclicity,
since Hom(M, L) = 0 = Ext(M, L) implies M = 0 in these cases; see [64]
and 14.7.

6.3. Theorem. Let T be a compact acyclic space. Let ® be a family of
supports on X and let A be a sheaf on X. Then the inclusion it : X —
X x T [where i*(z) = (z,t)] induces an isomorphism

it HE(X; o) = HET(X x T4 x T),

which ts independent of t € T'.

Proof. If m: X x T — X is the projection, then m,it = 1. But =, is an
isomorphism by 6.1, and so it = 7! O

x

6.4. Corollary. If f,g : X — Y are c-properly homotopic maps, with
respect to the families ® and ¥ of supports, then

fo=9.: HY(X;L) — HY(Y; L). o



320 V. Borel-Moore Homology

6.5. Corollary. If f,g: X — Y are homotopic maps, then
fo=g. HJ(X;L) - H{(Y; L).
If f and g are properly homotopic, then also
fo=9.: H(X;L) — H.(Y; L). O

6.6. It is important to notice that the analogue of II-11.1 does not hold for
homology. (Indeed, such a homomorphism is not even generally defined.)
For example, if f projects the unit circle onto the interval I = [—1,1], then
fL=~L® Ly, where U = I — 81, and it is easily seen from (34) on page
306 and 6.5 that H,(I; fL) = 0; whence H,(I; fL) # H,(S'; L) =~ L.

However, such a result does hold for covering maps, and more generally
for local homeomorphisms. We shall proceed to establish this contention
and to indicate some further facts. In this connection, also see Section 19.

Suppose from now on that 7 : X — Y is a local homeomorphism (not
necessarily proper). Since the definition of €.(e; L) is of a “local” charac-
ter, we see easily that there is a natural isomorphism

C.(X;L) = 1 €.(Y; L). (42)
By 4.3 there is also a natural isomorphism
G.(Y;L) @ mead > me(n* B (Y; L) ® A) (43)
for any sheaf .« on X. Thus we have the isomorphisms
Te(€u(X; L) ® A) = mo(m* €u(Y; L) @ A) = €. (Y;L) @ Mol (44)

Therefore
T Cu(X; ) = €,(Y;mc.A),

C2O (X, ) ~ CE (Y med),

and

HYO(X: &) ~ H2(Y; 7o d).

It can be shown that the diagram

H2(Y;mood) —=— Hy ') (X; )

T h.

H,?(c)(X; T e )

commutes, where h, is induced from the canonical homomorphism h :
m*med — w*wd — . Since this will not be used, we leave the verification
of it to the reader.
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Now let 8 be a sheaf on Y, and note that for y € Y,
(mem™ B)y = @ (m* B)z = @5314
n(z)=y

[one copy for each z € m~!(y)]. Summation produces a natural map
(mem*B), — By, and it is not hard to see that this gives a (continu-
ous) homomorphism

oM. RB — B.

[Note that the homomorphism
T € (Y, L) = . €.(X;L) — €.(Y, L),

obtained from (42) and (20) on page 300, is of this type.]
It can be checked that the diagram

T(€(X; L) @ 7° B) > €.(Y;L) @B
~ 1®c

Te(€.(X;L) @ B 2% @.(Y;L)®RB

commutes and hence so does the diagram
® - = ®(c) "
Hy(Y;m.m*B) — Hp, * (X; 7 B)
T Me

HY(Y; B).

Now, if 7 is proper, so that mr.7*# = nn*%B, then the canonical map
B : B — nn*B has the property that o8 is multiplication by the number
k of sheets of m (in this case, 7 is necessarily a covering map, and k is
constant on components of Y'). Thus 8 induces a transfer homomorphism

p: HY(Y; B) — HI’,"_“I’(X;W‘.%)

(when 7 is proper) with m,u = k (when k is constant). If 7 is a regular
covering map (i.e., if the group G of deck transformations is transitive on
each fiber), then we also have that um, = }° ¢ g..

Also, see Section 19 for a different, and essentially more general, treat-
ment of the transfer map. Also, with a niceness assumption, an even closer
analogue of II-11.1 can be proved for infinite coverings; see Exercise 37.

We note that the discussion in 6.6 is also valid for singular homology
with &, (e; L) replacing €.(e;L). This is not generally the case for the
method utilized in Section 19, and indeed, transfer maps in singular ho-
mology (or cohomology) do not generally exist for ramified coverings as is
shown by the following example: Let X be the union in R? of 2-spheres X,,
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of radius 1/n that are all tangent to one another at a given common point
z. Let g : X — X be the reflection through some plane through z that
intersects each Xy, in a great circle. Let G = {e, g}. In 3] a nontrivial ele-
ment v € sH3(X; Q) is constructed, and it is easy to check that g.(y) = 7.
Hence, if there were a transfer map p : sH3(X/G;Q) — sH3(X;Q) with
um. = 1+ g., we would have that 0 # 2y = um.(y) = 0, since X/G is
contractible.

7 The homology sheaf of a map

In this section, f : X — Y is a map between locally compact spaces, .« is
a sheaf on X, and V¥ is a family of supports on X. For B C Y, B® denotes
f'Bc X.

7.1. Definition. The “homology sheaf” of the map f, with coefficients in
A and supports in ¥, is defined to be the derived sheaf H ?( f; ) of the
differential sheaf fy €.(X;A) onY. Similarly, if A C X is locally closed,
then the derived sheaf of fg €.(X, A; &) is denoted by J(’f’(f, flA; o).

Recall that
fo (X5 ) = Shoof (U = Dyrue (6.(X;4)|U*)) = CIV' (U*; ).

Thus
Ky (i) = Theaf (U = HEV (U 0)) .
Note that €.(X, A; ) vanishes on int A and coincides with €.(X; )

on X — A. Hence, for V C U open in Y with V c U and for ¥ paracom-
pactifying, there are the natural maps (coefficients in )

C¥X,X -TU") - ¥V (WU - C¥X, X -V*) = C¥V(ve).
It follows that

HY(f; ) =ma/(UHHg'(x,x—U’;d)). (45)

Clearly, U" may be replaced by U*® in (45) without changing the associated
sheaf.
By (45) there is a canonical homomorphism, for y € Y,

rd o) (fial)y — HY (X, X — y*;).

7.2. Proposition. If f is U-closed and VU is paracompactifying, then the
homomorphism r¥ is an isomorphism for eachy €Y.
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Proof. If follows immediately from 5.3 that H) 1X-y* (X -y ) =

li_n}lex—ﬁ. (X = TU’; ), U ranging over the neighborhoods of y in Y,
and the result follows upon consid.eration of the homology sequences of the
pairs (X, X —y*)and (X, X -U). a

Note that if 1x : X — X is the identity map and if ¥ contains a
neighborhood of each point, then

HY(1x; ) = Hu(X; ).

We now consider the case in which ¥ = c and & = f*# for some sheaf
# on Y. By (21) on page 301 there is the natural isomorphism

f(€.(X;["B)) = fe(€.(X; L)) ® B.
The right-hand side is, by definition, generated by the presheaf
U= (f€.(X; L)) (V) ® BU) = X (U L) ® BU).
Since Cf(u)(U *; L) is torsion-free, we have the natural exact sequence
0—H{(U*; L) @ BU) — Hp(CEV(U*; L) @ BU)) — HEY) (U*; L) » B(U) =0

and hence the exact sequence of associated sheaves

0— H,(f; L) ® B — H (f; f*B) — H,_\(f;L)* B -0, (46)

which generalizes (13) on page 294.
Note that the map f.€.(X; f*#B) — €.(Y;B) of (35) on page 306
induces a natural map

H(f fB) - H.(Y; B) (47)

(the reader is urged to consider generalizations of this). By definition, (47)
is induced by the homomorphism

fo : HY WU f*8) - H,(U; B),

from (26), of presheaves on Y.
If f is proper, then for ¥ D ¢, #.(f;H) = HY (f; ) = HE(f; ), and
we note that trivially, (47) is induced by the homomorphism

fo: H(U®; f*8) — H.(U; B).

If f is a Vietoris map [i.e., proper, surjective, and with acyclic point
inverses] then it follows that (47) provides an isomorphism

| .(f; f*B) ~ H.(Y;B) for f a Vietoris map. | (48)
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8 The basic spectral sequences

Here we produce the fundamental spectral sequence of a map that will be
used in the next section to prove a very general Poincaré duality theorem.

8.1. Theorem. Let f : X — Y, let U and & be families of supports on X
and Y respectively, and assume that dime Y < 0o. Let A C X be locally
closed and let A be a sheaf on X. Assume that at least one of the following
three conditions is satisfied:

(a) ® and ®(V) are paracompactifying;

(b) A s closed, A is elementary, and either ® is paracompactifying or
¥ = cld;

(¢) A= @ and ® is paracompactifying.

Then there is a spectral sequence with

BP9 = HE(Y; Y (f, flA; ) = H2Y) (X, A4; ).

Proof. Consider the differential sheaf 7 = fy €_4(X, A;#). Now &*
is a %O(Y; L)-module, by 5.1 and IV-3.4, whence it is ®-fine for ® para-
compactifying. If ¥ = cld, .« is elementary, and A is closed, then £7 is
flabby by 5.1 and II-5.7. Thus, the spectral sequence is given by IV-2.1,
since dimg Y < 00. (The hypotheses ensure that the isomorphism (30) on
page 305 holds.) u]

8.2. We shall describe some important special cases of 8.1. Let B C Y be
closed. Put U =Y — B. Let ® be a paracompactifying family of supports
on Y and assume that dimg Y < 0o. Also assume that f is ¥-closed. Then
there is a spectral sequence with

'ERY = HE(Y,B; #Y (f; o)) = HEVIV" (U*; ),

where U® = f~1(U) as usual. To obtain this, apply 8.1 to the case in which
A is empty and with supports on Y being ®|U [use II-12.1 and note that
(®|U)(T) = ®(¥)|U*® by IV-5.4(8) since f is P-closed].

If &, ¥, and ®(¥) are all paracompactifying and if f is U-closed, then
we have a spectral sequence with

"ERY = HY p(B; Y, (f;4)|B) = HIL (X, U ),

which is obtained from 8.1 by taking A = U*®, noting that
H(f fIUSt) = Y (fil) B
(see Exercise 11 of Chapter IV) and using I1-10.2.
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8.3. We note that the spectral sequences 'E,, E, (with A empty) and "E,
are respectively the spectral sequences of the double complexes

I'M”"’ =Cy(Y; (fu %_q(x;,d))m

|Mp.q = Cg(Y;f\p %_q(x;d))’l

and

["MP9 = CR(V; (fu % —o(X: #))5) ]

Thus, the exact sequence 0 — 'MP9 — MPYI — "MPI — 0 yields a
relationship among them. This will be applied in Section 9.

8.4. Unlike the case of the Leray spectral sequence, the main case of im-
portance of 8.1 is that for which f is the identity map X — X. We shall
now reformulate 8.1 for this important case.

Let ® be a family of supports on X with dime X < 00. Let A C X
be locally closed, and let .« be a sheaf on X. Assume either that A is
closed and . is elementary, or that ® is paracompactifying. Then there is
a spectral sequence with

E}? = H}(X; #_o(X, A;d)) => H2,_ (X, 4 ).

In this case, 8.2 becomes the following: Let F C X be closed with
U = X — F, and assume that ® is paracompactifying with dime X < oo.
Then there are the spectral sequences

'ER? = HY(X, F; # _o(X; ) = HEY (U; o)

and

"E}? = Hy p(F; # —o(X; )| F) = H2,_ (X,U; ).

(Here, the family ¥ in 8.2 may be taken to be c.)

8.5. For nonopen subsets (U as in 8.4) or nonparacompactifying supports
®, we can still obtain these spectral sequences provided we consider only
elementary coefficient sheaves. Thus let us assume A C X is locally closed,
that dime X < o0, and dimg|4 X < oo, and let (.#,®|A) be elementary,
where X — A is ®-taut. Then there is the spectral sequence

'EPY = HE(X, X — A; #_o(X; M)) = H®A (4;4)

-pP—q

(use 5.7 and II-12.1), and we also have the spectral sequence

"B = Hirx_4(X — A _o(X; M) = HE,_ (X, A;.M).|

-pP—q
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[The latter spectral sequence is obtained from 5.8 using the double complex
Chax_a(X —A; €_4(X; M)|X — A).] Again, as in 8.3, these spectral se-
quences are linked together through a short exact sequence of their defining
double complexes.

Note that when X — A is ®-taut and dime X < o0, it follows from the
cohomology sequence of the pair (X, X — A) that the condition dimg |4 X <
oc is equivalent to dimgn(x_4)(X — A) < oo, whence the convergence of
the spectral sequence "E,..

8.6. Similar considerations apply to the case of singular homology. We
shall remark on the case of one space and leave the extension to maps to
the reader. (See, however, IV-Exercise 1.)

Let ® be a paracompactifying family of supports on X and let % be
any sheaf on X and let A C X be locally closed. Consider the differential
sheaf 7 = & _,(X, A; B), which is c-soft and hence ®-soft. It follows from
IV-2.1 that if dimg X < oo, then there is a spectral sequence with

EPY = HE(X; s _o(X, A; B)) = sH2, (X, A; B).

-pP—q

Remarks analogous to 8.2 and 8.3 also apply in this situation. Also see
Iv-2.9.

As an immediate application of 8.1 we have the following.

8.7. Proposition. Let f : X — Y be a map between locally compact
spaces with dim Y < co. Let n = max{k|3k(f; L) # 0}, assuming that
this ezists. Then

|D(o#n(f; L) ~ Ha(X;L).|

Proof. In the spectral sequence of 8.1 we have that E}'? = 0 for ¢ < —n,
whence T(#,(f; L)) =~ H(Y; #,(f; L)) = Ex™" ~ E% " =~ H,(X; L).
O

8.8. Example. As a simple example of 8.7 consider the case in which
X =S!, and Y is the figure eight with f : X — Y the obvious map with
one double point at y € Y. Take coefficients in L = Z throughout. Then
Xo(f) = 0 for p # 1, and #;(f) has stalks Z except at y, where the
stalk is Z @ Z. From 8.7 we have I'(s¢;(f)) =~ H1(X) = Z. Also, consider
the space W = S! 4+ S, the topological sum of two circles, and the map
g : W — Y with one double point. Then 51(g) has the same stalks as does
X1(f), but these are not isomorphic sheaves on the figure eight since by
the same reasoning, I'(#1(g)) = H\(W) ~ Z®Z. The sheaf #(Y) differs
from both since #,(Y), =~ H (Y,Y — {y}) = Ho(4 points) x ZSZ & Z.
The reader might try to understand just how these sheaves look as spaces
as well as to understand the homomorphisms #,(f) — #1(Y) — #1(g),
which are isomorphisms away from the point y. o
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8.9. Example. As an example of 8.1 consider the bundle projection f :
K — Y =S!, where K is the Klein bottle. Use coefficients in Z throughout.
The stalks of &#,(f) are

Z, fori=1,2,

~ 1 ~ H. 1y ~
H,(f)y = Hy(S' x (I,00) ~ H;_y (S )’“{ 0, fori#12.

It is clear that &, (f) is the constant sheaf Z and that #;(f) is the twisted
sheaf Z! of 1I-11.3. In the spectral sequence we have Eg"'l = HYY;Z) ~
Z, Ey~' = H((Y;Z) =~ Z, Ey™% = HOY;Z!) = [(Z!) = 0, Ey™" =
HY(Y;Z') = Z, (by 1I-11.3), and E}? = 0 otherwise. Thus the spectral
sequence degenerates into the isomorphisms Hy(K) ~ E%~2 ~ Eg ~2 x 0,
Ho(K) ~ EL"' =~ E;~!' ~ HY(Y;Z) ~ Z, and the exact sequence 0 —
EZ"2—>H1(K)—>E§'”—~>0, which is0 - Zy — H|(K) - Z —-0. ©

8.10. Example. Consider the map f : S® — [—1,1], the projection to a
coordinate axis, and take coefficients in Z. At a point y € (—1,1) the stalk
of H,(f) is

Z, fori=1,n,

H(fly = H(S"7! x (I, 81)) = H-1(S"71) ~ { 0, fori#1l,n.

At an end point, #,(f), ~ H;(D",S"~1), which is Z for i = n and is zero
otherwise. It is clear that &#,(f) = Z, the constant sheaf, and #,(f) =
Z(—,,1)- Thus the spectral sequence has

] Z, forp=1,
EP~' = HP([-1,1 21 ) =~ HE((-1,15,2) = { 0 f°”€7é !
and v/
. , for =05
EP™" = HP([-1,1);Z) ~ { 0, for Z #0.

Thus it degenerates into the isomorphisms Hp(S") =~ Ezl"1 ~ Z and
H,(S")~ E3 ™"~ Z. o

8.11. Example. Consider X = RP? with the usual action of the circle
group G on it. (Thinking of X as the 2-disk with antipodal points on the
boundary identified, the action is by rotations of the disk.) Let f: X —
X/G =Y be the orbit map. Now Y can be thought of as the interval [0, 1]
with 0 corresponding to the fixed orbit, a point called the singular orbit;
1 corresponding to the boundary of the disk, called the exceptional orbit;
and points 0 < y < 1 corresponding to the other circles about the origin,
called principal orbits. Let us compute the stalks of the sheaves 3¢,(f).
We have, with integer coefficients,

’

o o

)

N
A~
hn

L]

Hp(flo= Hp(Dzvsl) =~ {
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Also, for 0 < y < 1,

0, p=0,
HKp(fly = Hp(sl x (o)) = Z, p=1,
z, p=2,
and
01 p=0v
pr(f)l """"’I{p(hlva]\l)z Z27 p=1v
0, p=2

where M is a neighborhood of the exceptional orbit and is a Mébius strip.
It is clear that
' H2(f) = Zp,y).

Similarly, it is clear that &,(f) is constant over (0,1), and of course it
vanishes at 0. To see its topology at 1, consider a local section s about
1 giving the nonzero element of &,(f), = Z. Since 2s vanishes at 1, it
must vanish over a neighborhood of 1. Since the stalks of &#,(f) are free
at points other than 1, s itself must vanish on a neighborhood of 1, except
at 1 itself.!” From this it is clear that

K\ (f) = Z,1) © (Z2) (13- )
Thus we compute
HP(Y;#,(f)) = H?([0,1]; Zp,1y) = HP([0,1],{1};Z) =0

for all p. Also,

Z2, p= 0»
HP(Y; #1(f)) = H?([0,1];Z¢0,1)) ® H*({1};Z2) = { Z, p=1,
0, p#0,1.

Therefore EY™' = HY(Y; #,(f)) ~ Z3, Ey™"' = H\(Y; #,(f)) = Z, and
all other terms are zero. Thus the spectral sequence degenerates to give the
familiar homology groups Ho(X) =~ E;"l ~ Z and H,(X) = Eg"l ~ Z;
of RP?. o

8.12. Example. Let X = I*, the Hilbert cube. Then #,(X;L) = 0
for all p since every point has an open neighborhood basis consisting of
sets homeomorphic to Y x (0,1] for some locally compact ¥ and since
H?((0,1}; L) =~ HP?(|0,1],{0}; L) = O for all p. If the spectral sequence
of 8.4 were valid in this case, we would have E}'? = 0 for all p,q whence
H§(X; L) = 0, which is false. Consequently, the dimensional hypothesis of
8.1 is essential. o

17 A more dirett way to see this is to note that the generator of the stalk at 1 is given
by the singular cycle made up of the exceptional orbit, as a cycle of (M,3M), and that
this induces the zero homology class at a nearby principal orbit.
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8.13. Example. Let X =1, Y =1 and f: X — Y a projection. Then
for y = 0,1 we have #o(f; L), =~ Hg([0,1) x I*°; L) = Hy([0,1); L) = O for
all q. For y # 0,1 we have

L, forg=1,
0, forq# 1.

Clearly, o¢,(f; L) =~ L(o,1) and #4(f; L) = 0 for ¢ # 1. The basic spectral
sequence 8.1 is valid here even though dim; X = oo. For it, we have
Ey '~ H'Y([0,1); L(o,1)) = L, and E}? = 0 in all other cases. Thus
the s?ectral sequence degenerates into the uninteresting isomorphism L =~
By~ m Hoy (I 1). o

\

Hq(fi L)y ~ Hq((0,1) x I°; L) = Ho((0,1); L) = {

9 Poincaré duality

In this section we will establish Poincaré duality for spaces having the local
homological properties of n-manifolds with or without boundary. A general
class of such spaces is given by the following definition:

9.1. Definition. A locally compact space X is called an ‘n-dimensional
weak homology manifold over L” (abbreviated as n-whmp) if dimy X < oo
and H,(X;L) = 0 for p # n and is torsion-free if p = n. H,(X;L) is
called the “orientation sheaf” of X and will be denoted by 0 = Ox. An
n-whmy X is said to be an ‘“n-dimensional homology manifold over L”
(abbreviated as n-hmp) if 0 is locally constant'® with stalks isomorphic to
L. It is said to be “orientable” if 0 is constant.

Note that for any n-whmp X,

0®J¢, p=n,
0, p#EN

by (13) on page 294. Also note that a topological n-manifold, with or

without boundary, is an n-whmp, and it is an n-hmy if the boundary is

empty. (We shall study homology manifolds with boundary in Section 16.)
From 8.4 we immediately obtain:

Ho(X; ) = {

9.2. Theorem. If X is an n-whm; and ® is a paracompactifying family
of supports on X, then there is a natural isomorphism

A:HY(X;0® ) = HE (X; )

n

for sheaves A on X. Moreover, A is an isomorphism of connected se-
guences of functors of A; that is, A = (—1)"Aé in the diagram

Hy(X;004") 2 HE (X;a4")
s e

HY (X009 4") & HE__(X;)

n—-p—

183ee. however. 16.8.
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induced by the ezact coefficient sequence 0 — &' — & — &" — 0, in
addition to naturality in the coefficient sheaf «.

Proof. In the spectral sequence EP? of 8.4 we have E}'? = 0 for ¢ #
-n. Thus Hyp(X;0 ® &) ~ Ef ™" ~ ER"™ ~ H® | (X;«) as claimed.
The last statement follows from the compatibility relations proved in IV-1,
the sign (—1)" being achieved by redefinition of A by induction on p if
necessary. 0

If FC X is closed and U = X — F, then we also obtain from 8.4 the
isomorphisms

H3\,(U; 0 ® o) ~ H(X, F; 0 ® o) = H'S(U; )

and

H3 o(F;0 @ ) = HE_(X,U; ).

However, these also follow directly from 9.2 by replacing &« by vy and
A F respectively.
It follows easily from 8.3 that the diagram

v Hy (U ® 0) — HR(X; 4 ®0) — HEL(Fid ®0) —
(-n" Al= 1 Alw 1 Alz (-n»
= HWWWU;w) - HE (X;d) — HE (X,Ujd) —

commutes up to the indicated signs, where the first row is the cohomology
sequence of (X, F') and the second row is the homology sequence of (X, U).

For elementary coefficient sheaves we obtain, from 8.5, the following
generalization of 9.2 valid for nonparacompactifying families of supports
and more general subspaces:

9.3. Theorem. Let X be an n-whmyp, # an elementary sheaf on X, and
® a family of supports on X with dimg X < 0o. Then there is an isomor-

phism

A: HE(X;0 @ M) = HE (X M)

natural in #. Assume, moreover, that A is a locally closed subspace of X
such that X — A is ®-taut in X, and that (M, D|A) is elementary. If, in
addition, dimg|4 X < 0o, then

HE(X,X — A;0 @ M)~ HY% (A, M)

and

[Hrx (X — 40 ® M) = HE_ (X, 4. M) | 0
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If all the conditions of 9.3 are satisfied, then as in 9.2 the following
diagram commutes up to the indicated sign:

= H (X, X —A; 0@M) — Hy(X;00M) — HE 4 (X—A;0Q@M)— -
(-nn Alz 1 Alz 1 A= (-nn"
e HAGAM) o HR (X M)~ HD (X, AM)

Danger: When & is not paracompactifying, then as far as the author
knows, unless X is locally hereditarily paracompact, one cannot draw the
conclusion that dimg X < oo from the assumption that dim; X < oo; see
1I-16 and II-Exercise 25. Note, however, II-16.10.

9.4. As an example of the use of 9.3, let X be an orientable n-manifold
with boundary consisting of the disjoint union A U B of closed sets. (A or
B can be empty.) Then @ = Lx_4_p, and we have

H:-p(va; L) = an(x_A)(X —A;Lx_a-B)
~ fﬂ(X—A)(X—A’B;L)Q“JHZ(X’B;L)’

the last isomorphism following from invariance under homotopy. Also see
16.30 for a generalization of this.

9.5. If ® consists of all closed sets in 9.3 and # = L, we can substitute
H"=?(U; 0) for H,(U; L) in (9) on page 292 and obtain the exact sequence

[0 - Ext(Hp*!(U; L), L) » H*~?(U; 6) — Hom(HZ(U; L), L) — 0|

natural in U. In particular, if L is a field, then there is a natural isomor-
phism H*~?(U; 0) ~ Hom(HP(U; L), L) for U open in an n-whmy X with
dimgq U < 0o. Also see 10.6.

9.6. If X is an n-hmy, then 0 is a “bundle” of coefficients locally iso-
morphic to L. This implies that there is an “inverse sheaf” ¢! such that
0®0 '~Land 07 'is unique up to isomorphism. In this case, 9.2 shows
that

Hy(X;d) = Hy(X;00 07 @A) m HY_(X;07' ® )

for ® paracompactifying. Similarly 9.3 can be used to obtain the isomor-
phism
HY(X; M)~ HE (X;07' ® M)

when # is elementary and dimg X < o0.

In [11] it is claimed that ¢ ~ ¢! in general. Unfortunately, the proof
is irretrievably incorrect, and this remains an unsolved conjecture.

In particular, we have H**1(U; L) ~ H¢,(U; 0~"') = 0 by 5.13. Then
it follows from II-16.14 that

|dimLX =n for an n-hmy, X.|
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9.7. For a topological n-manifold X (or a “singular homology manifold”)
we obtain the Poincaré duality

HY(X; B® 0) ~ sHE_(X; #)

(for ® paracompactifying and & arbitrary) directly from 8.6. However,
this also follows from the general Theorem 9.2 and from the uniqueness
theorems that we shall prove in Section 12 showing that singular homology
coincides with Borel-Moore homology in this case. Also see IV-2.9.

9.8. Example. Duality, and indeed Borel-Moore homology itself, is use-
ful mostly for reasonably locally well behaved spaces such as clcy, spaces.
However, let us illustrate duality in the case of a “bad” space, the solenoid,
i.e.,, an inverse limit ¥ = }imC,, where C, is a circle and C, — C,_,
is the usual covering map of degree n. Coefficients will be in L = Z if
not otherwise specified. By continuity, H°(Z) =~ Z, H'(X) ~ Q, and
HY(Z) =0 for i > 1. Also, dimz £ = 1. By Exercise 6 the precosheaf
HYZT) : U — H)(U) is a cosheaf, and by 1.10 and (9) on page 292, the
presheaf U — Hom(H}(U),Z) =~ H,(U) is a sheaf.!® 1t is, of course, the
homology sheaf #;(X). Now, every point in ¥ has a fundamental sequence
of neighborhoods U of the form U ~ K x (0, 1), where K is a Cantor set.
For such a set U, H}(U) ~ H°(K) ® Z ~ C(K), the group of continuous
(i.e., locally constant) functions K — Z. This is the free abelian group
on a countably infinite set of generators; see II-Exercise 34. Similarly,
HO(U) = 0, so that #o(U) =0, and #,(U) = 0 for i > 1 trivially. Thus
X is a 1-whmgz with orientation sheaf ¢ = #,(X) : U — Hom(H}(U),Z).
The sheaf ¢ is not readily understood, but duality gives some easy
information about it. We have H?(X; 0) = H,_,(X). In particular,

['(0) = HY(Z; 0) = H,(Z) ~ Hom(H!}(X), Z) ~ Hom(Q, Z) = 0,

so that @ has no nonzero global sections. On the other hand, € is a very
big sheaf because

H'(Z;0) =~ Hy(X) =~ Hom(H?(X),Z) ® Ext(H}(Z),Z) ~ Z & Ext(Q,Z)
and Ext(Q,Z) is uncountable; see 14.8. o

9.9. Example. Again, let ¥ be the solenoid. We will show that 9.3 cannot
hold for L = Z and # = Q (which is not an elementary sheaf since Q is
not finitely generated over Z). By classical dimension theory, ¥ can be
embedded in S?; also, see the next example for an explicit embedding. The
exact homology sequence of the pair (S, ¥) shows that

Hy(S*, Z;Q) = Hi(%;Q) ~ Hi(5;,Z) Q=0

19These facts are not important for the example but are helpful in understanding the
sheaf 0.
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by 3.13 and the computations in the previous example. If 9.3 held in this
case, we would have that this is isomorphic to H!(S® — X; Q). However,
using Q as base ring,?° we compute

HY(S? - 5,Q) ~ Hy(S% %;Q) by 9.3
~ H)(%Z;Q) exact sequence of (S3, L)
~ Homg(H(Z;Q),Q) by (9) on page 292
~ Homg(Q,Q) ~ Q. o

9.10. Example. Consider a standard solid torus T} in S3. Inside T} we
can embed another solid torus T, that winds around T) twice. Inside
that we can embed another solid torus T3 that winds around 75 three
times, and so on. If we make the diameters of the disk cross sections of
T, go to zero as n — oo, then the intersection of the tori is a solenoid
¥ = (T,. With integer coefficients, we have that Z =~ H(Tp4+1) —
H,(T,) = Z is multiplication by n. By duality 9.3, this is equivalent to
H?*(S3,83 - T, ;1) — H%(S3,S3 - T,,,1), and by the exact sequences of the
pairs (S3,8% —T) this is equivalent to H!(S®~Ty,+1) — H'(S®-T,). Thus
the latter maps give the inverse sequence - - - Lz z 22 Also,
H*(S® - T,) = H\(S% T,) = Ker (H,(T,) — H,(S®)) = 0. It follows from
this and IV-2:11 that

H*(S® - ;Z) ~ Ext(Q, Z).

This can also be seen by the isomorphism H?(S? — I) ~ H;(S% ) of 9.3,
the exact homology sequence of the pair (S3,X), and the calculation in 9.8
that Ho(X) = Z @ Ext(Q, Z). o

9.11. Example. Suppose that X C R"™ is compact, and let M be a finitely
generated L-module. By 9.3 we have the natural isomorphism

Hy(X; M) = H""P(R",R" - X; M),

and the cohomology group here can be taken to be singular cohomology
by II1-2.1. Thus Borel-Moore homology for such spaces can be computed
from ordinary singular cohomology. This is not true for coefficient groups
M that are not finitely generated over L, as is shown by taking X to be a
solenoid and computing these groups for L = Z and M = Q. (This is the
failure of “change of rings”; see Section 18.) <o

9.12. Example. Another example of an n-whmy that is not an n-hmp
is the mapping cone Cy of the covering map f : X = S! - S! =Y of
degree d. This is a 2-whmgz. Its orientation sheaf @ is constant with stalks
Z over C; —Y. Over Y, 0 has stalks Z¢~!, and it is not too hard to see
that O)Y =~ fZ/Z, where Z sits in fZ as the “diagonal.” It is somewhat

20See Section 18.



334 V. Borel-Moore Homology

harder to understand how these two portions of @ fit together, and we will
not attempt to describe that. Duality gives

Z, p=2,
H"(C,;ﬁ)zHg_p(Cf;Z)m Zd, p==1,
0, p#1,2

as follows easily from the homology sequence of (My, X). One can compute
these cohomology groups directly by looking at the exact sequence

= HY(Cy —Y3Z) — HY(Cy; 0) » H(Y; 0]Y) — -

as follows: H?(Cy—Y;Z) ~ HP(R%,Z) ~ Z for p = 2 and is zero otherwise.
The exact cohomology sequence inducedonY by 0 —» Z — fZ — 6|Y — 0
has the portion H?(Y;Z) — HP(Y; fZ) ~ HP(X;Z) identified with f*, so
that H?(Y; 0|Y) = Z, for p = 1 and is zero otherwise, yielding the desired
calculation. o

9.13. Example. The purpose of this example is to show how Borel-Moore
homology and duality can be used to understand a particular cohomology
group (closed supports) of a certain space X. The space X is perhaps the
simplest space that is locally compact but not compact, and connected but
not locally connected. It is the “comb space” with the “base accumulation
point” removed. Precisely,

X ={(a,0) eR*|0<a<1}U{(a,b) eR*|0<b< 1, a=0,1/2,1/4,...}.

Note that the point (0, 0) is missing. Regarding S? as the compactified R?,
let M =S?—{(0,0)}, a euclidean plane containing X as a closed subspace.

The group we wish to investigate is H'(X;Z).2! One’s first guess con-
cerning this group might be that it is zero. The singular cohomology group
sHY(X;Z) is clearly zero. Also, the closure of X in R?, the comb space
itself, is contractible and so has the cohomology of a point. However, we
will show that this guess is about as far from true as it can be.

The exact sequence (coefficients are in Z when omitted)

0=H'(M) - H(X) » H*(M,X) - H*(M) =0

shows that H!(X) ~ H?*(M,X). By duality 9.2, H3(M, X) ~ Hy (U),
where U =M — X and ¥ = {K C U |K is closed in M}. Thus, by 5.3,

HY(X) =~ HY (U) =~ lim Ho(K).
Kev

Also, there is the exact sequence

0 — li; Ext(H!(K),Z) — liy Ho(K) — li;y Hom(H?(K),Z) — 0.
Kev Kevy Kev

21This example arose in an attempt to prove, for homology manifolds, a certain di-
mensionality property that is a standard result for topological manifolds.
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The term in Ext is surely zero, but we shall ignore it, as it is unimportant
for the main conclusion. One set in ¥ is

Ko = {(a,a/2) e R®|a =3/2", n=2,3,4,...}.

(e o)
We have H?(Kj) = @ Z, so that Hom(H?(Ky),Z) ~ ﬁ Z, which is un-

=1 =1
countable. Note that for any set K D Kg in ¥, all but a finite number
of the points of Ky must be in separate pseudo-components of K. This
implies that

Ker{Hom(H?(Ky),Z) — Hom(H%(K),Z)} C éz,

=1

which is countable. It follows that limycy Hom(H?(K),Z), and hence

HY(X) =~ HY(U), is uncountable. It also seems likely that this group is
not free, although it is torsion-free by II-Exercise 28. <o

10 The cap product

For sheaves .«¢ and % on the locally compact space X, consider the canon-
ical map

Fp(€.(X;L) ® ) @ Tw(B) - Tanu(€.(X;L) @ A4 @ B)
of I-5, that is,
C2(X;t) ® HY (X; B) — CI™V (X, © B), (49)
which is a chain map. For any integer m, we have the induced map
N:HE(X; ) ® HY(X; B) » HE"V(X; A ® B). (50)

If0 - & — & — A" — 0 is exact and is such that 0 —» &' @ B —
AQRB — A" ®B — 0 is also exact, then the fact that (49) is a chain map
implies that for « € HE(X;#") and s € H}(X; B) we have

dans) =(da)Ns (51)

(defined when ® and ® N ¥ are paracompactifying).
Now let m and o € H2 (X ;) be fixed. If ® NV is paracompactifying,
the functors

F9(B) = HA Y (X; 4 ® B),

with connecting homomorphism (—1)™ times that in H2"¥(X;e), form an
&-connected sequence of functors, where & is the class of pointwise split
short exact sequences. By II-6.2 the natural transformation 8 — a N B of

HY(X; B) — FO(B) = Ha"V (X; 4 ® B)
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has a unique extension
an: HY(X; B) — HEY(X; 4 ® B)

commuting with connecting homomorphisms. The uniqueness of aN im-
plies immediately that aN 3 is linear in a as well as in 3, so that we obtain
the “cap product”

N:HE(X; o) ® HE(X; B) — HEY(X; 4 © B) (52)

when ® N ¥ is paracompactifying. By definition and 11-6.2, we have that
f0o-F > BB -0and0 > ARB - A QB> AR®F' — 0 are
both exact, then

|8(an 8) = (-1)"ansp,] (53)

where a € HE(X; ), B € HE(X;#"), and 8 and § are the connecting
homomorphisms in H2"¥(X;e) and H} (X, e) respectively.

By the uniqueness portion of II-6.2 we obtain, in the situation of (51)
and for 8 € HY(X;B),

[0(anp) = (9a) N 8. (54)

That is, the two homomorphisms H} (X; 8) — HZY_ | (X; «' @A) defined
by (54) for fixed & € H2 (X; «") are identical.

Ifae H2(X; ), s € Ty(RB), t € To(€), then it follows immediately
from the definition of (49) and (50) that

(xnsyNnt=an(sut), (55)

where sUt € I'sne(B ® €). The uniqueness part of 1I-6.2 applied, in the
appropriate way, to the functors

Hy(X;B), H5(X;€), and HI""O(X; @ B® €)

(.« being fixed) shows immediately that if 8N and $NYNO are paracom-
pactifying, then for a € HE(X; ), B € HE(X; ®B), and v € HL(X; €) we

have
[@np)ny=an(Buy)] (56)

(given by (55) in degree zero).

Let f: X — Y be a map between locally compact spaces and let ®
and ¥ be families of supports on Y with ® N ¥ paracompactifying. Let
« and B be sheaves on Y. By definition of the isomorphism (21) and
of the homomorphism (23) on page 23, we see that the following diagram
commutes:

f(CuX; f* ) @B = fC.(X; (A ®B))

.Y, )B = €. (Y;H4QR).
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It follows that we also have the commutative diagram

Lo(c)(€u(X; f* ) @ Tp-19(f*B) — T(anw)(c)(€+(X; f*(H ® B)))
18"
Fo(fcbu(X; f*4)@Ty(B) — Tonu(fe€.(X;f* (A ®B)))

To(€.(Y;H)) @ Ty(B) — Fonu (. (Y; A ® B))

[recalling from IV-5.4(7) that ®(c) N f~}(¥) = (& N T)(c)].
Therefore the following diagram commutes for p = 0:

HYO(X; f*al) @ HE_, o (X; f*B) —= HZOVO (X (ot © B))

l®f‘
HYO(X; f*ul) ® HE(Y; B)
f.®1
H2(Y; ) ® HY (Y B) a HEOW (Y4 © B).

For a € Hy (C)(X ; f*o) it follows that the natural transformations
H3(Y; B) — HROY(Y; £ ®B) of functors of B defined by 3 — f.(anf*B)
and 8 — f.(a) N B coincide for p = 0. Using (53), it follows from II-6.2
that these transformations are identical. Thus, for a € H? (c)(X ; fr) and
B € Hy(Y; B), we always have that

folan £°8) = fu(a) N 8. (57)

10.1. Theorem. Let X be such that dimp X < oo and # ,(X;L) =0 for
p > n and with 0 = K ,,(X; L) torsion-free for p = n (as is always the case
if n = dimyg, X; see Exercise 32). Then, for ® paracompactifying, there is a
natural homomorphism

A:HY(X;0® o) > HY_ (X;A)

generalizing that of 9.2, which is an isomorphism for p = 0 and satisfies
OA = (—1)"Ab, where & and é are the connecting homomorphisms for the
variable . If ® and ®NV are both paracompactifying families of supports
on X, then, fora € Hy(X;0 ® &) and § € HY(X; B), we have

|A(aUB) = (Aa)NB.|

Proof. The homomorphism A is, up to sign, just the edge homomorphism

HY(X;0® o) = B} ™™ — BB s HP_(X; )

n

in the basic spectral sequence. The sign can be modified by induction on
p, with no change when p = 0, to satisfy the stated formula with d and é.



338 V. Borel-Moore Homology

The fact that this generalizes the isomorphism A of 9.2 is immediate, as is
the fact that it is always an isomorphism when p = 0.
The map

Fe(€u(X;L) @A) @T'4(B) — Fonu(€.(X;L) @ A @ B)
induces the commutative diagram

Ho(T(6.(X;L)®)) ® Ty (B) - Hp(Conu(€.(X;L)® & ® B))

Te(#n(X:L) @A) ®Ty(B) -~ Tony(#n(X;L)®LB)),
that is,

H}(X; ) @Ty(B) - HIY(X; o ®%B)

HY(X;0® ) QTy(B) — Hy(X;00 A @ B),

and it is clear that the vertical maps are precisely A~' ® 1 and A~ 1.
Thus, we see that the formula A(aU ) = (Aa) N B of 10.1 holds when
p = 0 = r. However, both sides of this formula are natural transforma-
tions F] () ® F}(#B) — F"P(«,#B) commuting with connecting homo-
morphisms, as the reader may show, and where FJ(«) = H3(X; 0 ® ),
F}(#B) = Hy(X;B), and F'?(«,B) = HIW (X;4 ® B). Thus the
result follows from I1-6.2. O

10.2. Corollary. In the situation of 10.1 assume that € 1s locally con-
stant with stalks L and that X is paracompact, e.g., X a paracompact n-
hmy. Put [X] = A(1) € Ha(X;07"), which is called the “fundamental
homology class” of X, where 1 € L C I'(L) = H%X; L) is the section
with constant value 1. Then for ® paracompactifying, the homomorphism
A:HE(X; ) — HE_ (X;07' ® ) is given by

[Af@) = [X]Na.]

Proof. We have [X]Na=A(l)Nna=A(1Ua) = A(a) by 10.1. O

10.3. We shall now consider “computation” of the cap product by means
of resolutions and shall obtain in the process some additional facts about
the cap product.

For the remainder of this section we let £° be a c-soft, torsion-free
resolution of L on X. Let .#* be a c-soft resolution of L on a space Y.
Then *®@4™ is a c-soft resolution of L on X x Y by Exercise 14(b) of
Chapter II. Moreover, if X =Y then £* ® 4" is a c-soft resolution of L
on X, by II-9.2 applied to the diagonal, or, more directly, by 1I-16.31.
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By II-15.5, T (£*®4") =~ T.(£*) ® T.(#*) and so, using the identity
Hom(A ® B,C) = Hom(A,Hom(B, C)), we obtain the canonical isomor-
phism

Hom(T'.(£*®4™), L*) ~ Hom(['.(£*), Hom(L.(A4"), L*)).

The homology of the left-hand side of this equation is H,(X x Y;L).
If #” is torsion-free, then Hom(T'.(#™), L*) is divisible, whence injective,
so that the algebraic Kiinneth formula (see [54] or [75]) yields the exact
sequence

D Ext(HE(X; L), Hq(Y; L)) — Ha(X x Y; L) — @ Hom(HE(X; L), He(Y; L)), (58)
p+e=n+1 P+g=n

which splits.

We now restrict our attention to the case of one space X =Y, and we
let #* = #*(X; L) (or any injective resolution of L) for the remainder of
this section. Consider the homomorphism

A : Hom(To(£* ® #*|U), L*) ® £ (U) — Hom(T'o(A"|U), L")

of presheaves on X defined by (f N s)(t) = f(sUt), where U: £*(U) ®
Lo (A°|U) = T (£* ® A*|U). This defines a homomorphism of sheaves

N: L QN) QL — D(AN).

Let #* = #*(X; L) (or any injective resolution of L) and let £* ® 4" —
M"* be a homomorphism of resolutions. We have the induced homomor-
phism @(M*) —» D(Z* ® A") and hence a homomorphism

N: o (B (M*)) ® Tw(£7) = Tong(Dm—p(H)). (59)

We shall show shortly that this product induces the cap product defined
earlier.
We claim that for f € Fe¢(Dm(#")) and s € ['y(£L") we have

d(fNs) =df Ns+(=1)™f Nds. (60)

In fact, for t € [';(#") we compute [recall the definition of the differential

in @ (A")]
(d(f N s))(t) = d((f N s)(t)) = (=1)™7P(f N s)(dt)

d(f(sut)) — (—1)™"Pf(sUdt)

(df)(sUt) + (1) f(d(s UP)) — (=1)™Pf(sUdt)

(df)(sut)+ (-1)™f(dsut)

ldf Ns+ (=1)™f Nds](t).

Now, if « and & are sheaves on X, we have the homomorphism

(DM A)R (L ®RB) - DN')® (A @ B) (61)
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and hence
Lo(D(M)® A) QT ¢ (L @ B) - Tonu(D(N) ® L ® B), (62)

which, of course, also satisfies (60). Since £* is torsion free, * ® & is
c-soft and hence W-soft for ¥ paracompactifying, by 1I-16.31 and II-16.5.
Also, if #* is flabby and & is elementary, then £* ® % is flabby by 3.8.
Thus we see that (62) induces a product

N:HY(X; ) ® Hy (X; B) - HiNY (X; & @ B) (63)

when either ¥ is paracompactifying or & is elementary.

When ¥ and ® N ¥ are both paracompactifying, it is easy to see that
(63) coincides with our previous definition (52). This can be seen directly
for p = 0 and follows in general from II-6.2 and the fact from (60) that (63)
commutes with connecting homomorphisms in the variable %.

10.4. We shall digress a moment to consider a slight generalization of the
exact sequence (9) on page 292. Let J be a locally constant sheaf on X
with stalks isomorphic to L and let R* be a replete resolution of L on X.
(Note that repletion is easily seen to be a local property, so that #* ®
is a replete resolution of .) The homomorphism

9 : Hom(To(Z" ® F|U), L*) ® T (U) — Hom(T'o(R"|U), L")

of presheaves defined as in the development of (59) by 8(f ®t)(s) = f(sUt)
induces a homomorphism

Hom(TAR* @ T}, L") @ T — Hom(L R*, L")

of sheaves. This is an isomorphism since  is locally isomorphic to L.
Now, 7 has an “inverse” sheaf 7' (i.e., such that ¥ ® ™' =~ L).
Thus we obtain the natural isomorphism

Hom(TAR" @ T}, L*) = Hom(T R, LY@ T ",
and in particular, we have that
Hom([' (" ® 7),L*) = T(Hom(T.R*, L") @ T 1). (64)

If we take ®* = $"(X; L), then (64) and 2.3 provide the split exact se-
quence

Ext(HP*Y(X;7),L) — H,(X; 7~ ") - Hom(H?(X; 7), L). (65)

We claim that when L is a field, the isomorphism provided by (65) is
given by the cap product pairing. (Recall that we may take L* = L when
L is a field, by 2.7.)
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10.5. Theorem. If L is a field and if T is a locally constant sheaf with
stalks L, then for each degree p the cap product pairing

N:Hy(X; 9 )Y@ HP(X;T) — H{(X;L) = L
is nonsingular, and in fact, the induced map
H,(X;7") - Hom(H?(X; 7), L)
is an isomorphism coinciding with that of (65).
Proof. Note that over a field every c-soft sheaf is replete. Let £, 4"
and 4" all be #*(X;L), and as above, let U : £* ® #* — 4" be any

given homomorphism of resolutions. Use U to also denote the obvious map
QT QN - M* ®T, and consider the homomorphism

¢ : Hom(To(M* ® T), L) - Hom(To(£* ® T),Te( D(A7))) (66)

defined by
(C(£)(s)) (t) = f(sUP).

Clearly, |{(f)(s)| C |f| N |t] € ¢; compare (62).
Since L is a field, the homology in degree m of the right-hand side of
(66) can be identified with

D Hom(H2(X; ), Hy,_p(X; L))

Thus, using (64), (66) induces a map
Hu(X;77") —» @D Hom(H2(X; T), HE,_,(X; L)),
P

which is & — @ a N () by the definition of (66) and of (63).
Now, by (19) on page 300, there is a natural map

1 : Ce(3om(Tet”, L)) — Hom([(A”), L)

defined as follows: If f € Hom(T'o(A#™"), L) with |f| € ¢ and if s € T'(A™),
select s’ € ['¢(#™") such that s = s’ on some neighborhood of |f| and put

n(f)(s) = f(s).

The augmentation L ~ 4" provides a canonical section 1 € I'(#") and a
homomorphism

Hom(['(A4*),L) — Hom(L,L) — L

taking g into g(1) € L. Together with 7, we obtain, finally, a homomor-
phism

v:Hom(T.(2* ® 7),Te(D(AN"))) = Hom(T(£* ® 7),L)
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defined by v(f)(s) = n(f(s))(1). Note that the map ['(P(A")) — L
induces the canonical surjection H§(X;L) — L defined by mapping X
into a point.
The homomorphism £* — #* ® A" defined by tensoring with 1 €
['(A4") induces a map
p:Hom(De(M™ ® T), L) —» Hom(T(£* ® T), L)

defined by p(g)(s) = g(sU 1) € L. Thus we have the diagram
Hom(To(M* ® ), L) — Hom(T(2* ® 7),To(D(N")))
1,, P (67)
Hom([o(2" ® 7),L) —— Hom(T.(£* ® 7),L).

We claim that this commutes. In fact, for f € Hom(T' (A" ® 7), L) we
have u(f)(s) = f(sU 1), while

v (C()) () =n(C(H)(s) (1) = ()N (1) = f(su 1) = f(sU 1),

where 1’ = 1 on a neighborhood of |s] U|¢(f)(s)| € ¢ and the support of 1
is compact.
Now using (64), (67) induces the commutative diagram

Hn(X;7™") <= @D Hom(HE(X; 7), Hg_,(X; L))

[.l"-—'l 4 v

Hn(X; 77 = Hom(H™(X;9), L),

where (*(a)(8) = aN B and v* is the projection onto the factor with
p = m followed by the canonical epimorphism ¢ : H§(X;L) —» L. The
bottom horizontal map coincides, by definition, with that given by (65).
The result follows. a

10.6. Corollary. Let X be a paracompact n-whmy, where L is a field.
Let I be a locally constant sheaf on X with stalks L. Then the cup product
pairinga ® B eA(aUB) € L of
HY(X;0 09 ") @ HI P(X; ) — HINX; 0) = H§(X;L) 5 L
is nonsingular, and in fact, the induced homomorphism
HP(X;0® J ') — Hom(H* ?(X; 7),L)

s an isomorphism.

Proof. We have A(a U B) = (Aa) N B by 10.1, and the result follows
immediately from this and 10.5. O

10.7. Corollary. Let X be a compact n-hmy, where L is a field. Let T
be a locally constant sheaf on X with stalks L. Then HP(X;J) has finite

dimension over L for all p.
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Proof. We have
HP(X;T) ~ Hom(H" P(X; 0 ® '), L)

and
H"?(X;6 ® ') ~ Hom(H?(X;7), L)

since 0 R (6T ')V '~ 0® 0 ' ®T ~ . Therefore
H?(X;J) ~ Hom(Hom(H?(X;9),L), L),
which can happen only for a finite-dimensional vector space. O

Let us briefly indicate another definition of the cap product. By an
inductive process we can define a natural homomorphism

AQEC(X;B) > € (X; 4 ®B)
of differential sheaves. Thus we have the map
Cu(X; ) ® € (X; B) > €u(X; € (X; 4 ® B))
[recalling that €.(X;#) = €.(X;L) ® #] and hence also
Cr(X; ) ® CY(X; B) — Cp™Y (X; €7(X; o ® B)). (68)

If ® N ¥ is paracompactifying, so that C2"¥(X;e) is exact, a spectral
sequence argument on the double complex on the right shows that its total
homology is naturally isomorphic to H2"¥(X;«# ® %B). Thus (68) induces
a product that, as the reader is invited to prove, coincides with the cap
product (52).

10.8. Example. We shall illustrate the basic spectral sequence of 8.4 for
3-manifolds with isolated singularities. Let K be a finite simplicial complex
that is an orientable 3-manifold with boundary. (The main case of interest
is that for which K is a convex solid polyhedron in R3.) Let M arise from
K by identification, in pairs, of the 2-faces in K. Then it is easy to see
that M is locally euclidean except at its vertices. It will be orientable if
the identifications all reverse orientation. In this case let L = Z or L = Z,.
Otherwise, take L = Z,. The boundary of a star of a vertex (possibly after
subdivision) is then a closed 2-manifold that is orientable if L = Z. Thus
M is a manifold < each of these are 2-spheres. The sheaf #'3(M; L) is
constant with stalks L since it is represented everywhere by the 3-cycle
that is the sum of all 3-simplices (coherently oriented if L = Z). The
sheaf &#2(M; L) is concentrated at the vertices, and the stalk at a vertex is
Hy(U;L) =~ Hy(U, B; L) =~ H,(B; L); see 5.10, where U is the star at the
vertex and B is its boundary, a 2-manifold. Hence #3(M;L) =0 & M is
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a 3-manifold. Therefore I'(#2(M; L)) = L* for some k, where k = 0 & M
is a 3-manifold. In the spectral sequence of 8.4 we have

H?P(M;L), forq= -3,
EP9 = HP(M; # _,(M: L)) ~{ L, for g = —2 and p = 0,
0, otherwise.

Thus the spectral sequence degenerates into the exact sequence
0— Ey~3 = Hy(M; L) — E>~% £, E2=3  H\(M; L) — 0,

which is

0 — B (M; L) M0 HyM; 1) — 1 — B3 (ML) M0 B (ML) — 0

by 10.2. The Euler characteristic of this sequence gives b; — by + k — by +
by = 0, where b, is the ith Betti number of M over L. Hence x(M) =
1—by+by—1=by— b = k/2. We conclude that M is a 3-manifold <
x(M) = 0. Of course, this is easy to derive by the elementary methods of
simplicial homology and, in fact, is given in [73, p. 216]. o

11 Intersection theory

This section is a continuation of the previous one. In it we show how
to define a very nice intersection product in an n-hmjy. For the sake of
simplicity we restrict attention, for the most part, to the case of compact
supports. Again for simplicity we shall assume that the n-hm we deal
with is locally hereditarily paracompact. This is so that we can conclude
that dim. 4 X < oo for any subspace A C M.

Let M be a locally hereditarily paracompact n-hm with orientation
sheaf 6 = #,(M;L). Let M and A be elementary sheaves on M. By 5.7
we have that

e . -1 ~ F .-}
HiF;07' @ M)~ HIF (M; 07" ® M)

for any closed subset FF C M. By 9.6 we also have the isomorphism

D=A"1: HF (M 07" @ M) = HIZP(M; M),

For A and B both closed in M there is also the cup product

HY 2P (M M) ® HG (M5 4) 2 HIL (M M@ ).

Combining these we define the intersection product

o H (A0 ' @ M)QHIB; 0 ' @ N) — HE o (ANB; 07 @ M N)
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by

laeb=A(DbU D).

(The reason for the reversal of order is indicated in [19].) [The reader
can verify that this generalizes to arbitrarily locally closed A and B with
arbitrary support families ® on A, ¥ on B, and $N¥ on AN B|]

For the case A = M = B we have, using 10.2,

aeb= A(DbU Da) = [M]N (DbU Da) = ([M] N Db) N Da,

so that

In the general case, using the notation i™'4 : A — M, etc., we conclude
from naturality that

iMANB (g o b) = iMA(a) oM B(b) = iMB(b) N D(iM%a) (69)

for a € Hy(4; 07 '®M)and b e H¢(B; 07! ® ). Also, note the formulas

aeb= (_1)(n—deg(a))(n-des(b))b ea

and

Laﬁ(boc)'= (aOb)oc.l

An obvious consequence of (69) is that for closed sets A,B C M, if a €
H(A; 07 @ M), b € HI(B; 07" ® #), and i*(a) ¢ 25 (b) # 0, then
ANB+# 2.

If 07' @M ®N ~ L, then there is the augmentation ¢ : H§(ANB; L) —»
L, and so we can define the intersection number

l[a-b=claeb) e L]

fora € Hi(A;07' @ M), be HI(B;0' @), and 0' @ M@ N ~ L,
with a given such isomorphism understood. Note then that

l:-b:e(aob)=e(bﬂDa)|

for a € HS(A;07' ® M), b € HYB;0™' @A), and M@ N =~ 0. In
particular, a - b is defined when a € Hy(A; L) and b € Hg(B; 07'@L)or
when a € HS(A; 07 '®L)and b € H(B;L). Note that the intersection
number is a duality pairing.

In [19, p. 373] an example is given of two tori A and B embedded in
a 3-torus M such that 0 # [A] e [B] € H,(M) but with sH,(AN B) = 0.
In Borel-Moore homology, of course, we must have that H,(A N B) # 0.
It is clear that Borel-Moore homology is the proper domain of intersection
theory.
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11.1. For the remainder of this section we shall restrict our attention to
the case in which L is a field. Let  be a locally constant sheaf on X with
stalks L. Then we have the isomorphism

n: Hy(X;9 ') =5 Hom(H?(X; T), L)

of 10.5 given by n(a)(8) = e(a N 3). We introduce the notation

|(@8) =c(@np)|

for this pairing. Here a € Hp(X;J ') and 8 € HP(X;J). Note the
formulas

(eana,B) = (a,aUp),
(f-(a) B) = (a, f*(B)),
b = (a, Db),
( ) = (a,1),

all of which are immediate. Also note that since this “Kronecker pairing”
is nonsingular, to define an element a € Hp(X; T =1} it suffices to define
(a,B) for B in a basis of H?(X; 7).

We digress for a moment to discuss the homology cross product. Let
J and & be locally constant sheaves on X and Y respectively with stalks
L. By the Kiinneth theorem, H*(X x Y;J®%) has a basis consisting
of elements of the form o x 3, where « € H?(X;J) and 8 € HI(Y; &).
Therefore we can define a homology cross product

X Hp(X; T ) @H(Y;9 ™) = Hppo( X xY; 57827

by

(@ax baxp) = 1)des(a)des(b)<a a)(b, B).

(Note that deg(a) = deg(a) and deg(83) = deg(b) when this expression is
nonzero.) f T: X xY — Y x X is T(z,y) = (y,z), then

T.(a x b) = (—1)(desa)(degd)p » ¢ (70)

since

(@axbaxf) = (=1)ds)ds®) (g q)(p, §)
(_l)deg(a) deg(b) (bv ﬂ) (a’a a)
(bxa,Bxa)
(—1)des(a)dee(®) (h x a0, T*(a x B))
= (—1)ds(@)deg®) (T, (b x a),a x f).

In dimension zero we have

[e(axb)=(axb1) = (axb1x1)=(a,1)(b,1) = e(a)e(b). |



§11. Intersection theory 347

In general, we have

(a x b) N (a x B) = (~1)%8@dEB) (g na) x (bn B),

as can be verified easily by pairing both sides with cohomology classes of
the form o' x # and comparing results. It is also easy to verify that in an
n-hmyp we have

(a e b) x (ced) = (—1)n—degl@)(n-deg(d)) (g x ¢) o (b x d).

Remark: It is natural to ask how much more generally the homology cross
product can be defined. In the present situation where L is a field, it is
not hard to generalize to the case of arbitrary paracompactifying support
families and arbitrary coefficient sheaves. If L is not a field, then one can
still define the cross product for closed supports and coefficients in L by
using the fact that Hp(X; L) = Hy(Hom(F*I'.($°(X;L)), L)), where F*
denotes the passage to a projective resolution. However, I see no way to
pass from this to general coefficient sheaves.

11.2. Now we confine our attention to the case in which M™ is a com-
pact, connected, metrizable n-hm; and L is a field. Recall from 10.7 that
H.(M;L) is finitely generated. Let [M] € H,(M;0™ ') =~ H'(M;L) ~ L
be the fundamental class or any generator and let v € H*(M; 0) be its
Kronecker dual class; i.e., ((M],7) = 1. Note then that [M] x [M] # 0 since

([M] x [M],y x 7) = £([M], 7)([M],7) = £1.

Thus we may take

M x M| = [M] x [M].
Note that ([M] x [M])N(Da x Db) = (—1)"9€(®)((M]N Da) x ((M)NDb) =
(=1)"9€(®)g x b, so that

D(a x b) = (=1)"4e6®) D(g) x D(b).

Let d: M — M x M be the diagonal map. Then there are two “diagonal”

classes,
[A1] = du[M] € Ho(M x M; LRO™)

and
[A2] = du[M] € Ho(M x M;07'&L).

11.3. Theorem. We have
[[Al] = 2aeB X “ovl

where B is a basis of H.(M; L) and a® € H,(M; 0~") is the element cor-
responding to a in the intersection product dual basis (i.e., a-b° = 84 for
a,b € B). Also,

[(8;] = T, p(—1)de8@ (n—deg(@)go x g |
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Proof. We can write [A,] = Za b Aa,ba X b° for some coefficients A, € L
Note that deg(a) = deg(b) in this sum. Then, using |a| = deg(a), w
compute

Aap = €(Aap(ae®a’) x (beb°))

(—1)leltn=lale(x, 4(a° 0 @) x (b eb°))

(- 1)lal(n-—la!)+|allble()\ b(a® x b) e (a x b°))
= (~1)"lele((a® x b) ® Ag,p(a x 5°))
(=1)™ele((a° x b) o [A4))

(=1)™el([A}), D(a® x b))

= (-1)"el(d.[M], D(a° x b))

(=1)™l([M],d* D(a° x b))

E[M] ,d*(D(a°) x D(b)))
= (

[M), D(a®) UD(b)
[M] N D(a%), D(5))
= (a®, D(b)) = b- a° = b,

which gives the first formula. The second formula follows from the first by
the rule (70) for changing order in a cross product. 0O

Now suppose that f : M — M is a self map, and put

[Tf] = (1 x f)u[A2] € Ha(M x M;07'8L),

the fundamental class of the graph of f. Now, f, : H,(M; L) H,(M;L)
can be written in terms of the basis B as f.(b) = }_,cgAa,pa for some
coefficients A\, p € L. Then the Lefschetz fixed-point number is defined to

be L(f) = ZaeB(_l)des(a)Aa,a

11.4. Theorem. (Lefschetz fixed-point theorem.) Let M be a compact
metrizable n-hm where L is a ﬁeld and let f: M — M. Then

|L(f) = L)) - [Ad).
In particular, if L(f) # 0, then f has a fized point.

Proof. We compute

[Cs) - [Ar)=(1 x f)u[A2] - [A4]
=¢ (1 x fu) (Tpep(=1)P1n=PD(Be x b)) o 3= . p(a x a°))
=€ (Lpep(~1)PI=1D (b x £,(b)) @ 3, pla x a°)
=€ (L apep(—1)PI=I0p x 5= g Acpce (a x a°)
=¢ (T bcen Aea(~D)HBOEE x ) o (a x a°))
=€ (L pcen Acs(—1)1P=1tDH1allI(30 0 0) x (c o a°))
=€ (X, pcep Aep(—1)IHH=IeD+lalbl+bl(n~lal) (g 0 p°) x (c o b°))
= bes (1) = L(f).
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Of course, the last statement holds because [['s] - [{A;] # 0 implies that the
graph T'y = {(z, f(z))} intersects the diagonal A = {(z,z)} nontrivially,
since [I's] @ [A}] can be regarded as a class in Ho(I'y N A; L). 0

This can easily be generalized to the case of homology manifolds with
boundary (see Section 16) either directly or by the technique of doubling;
see [19, p. 402]. The present version of the Lefschetz fixed-point theorem
is not quite subsumed by the classical one, as given in [19, IV-23.5], since
there are homology manifolds that are not locally contractible.

12 Uniqueness theorems

In this section we show that on the category of clc3® spaces the definition
of cohomology by means of flabby resolutions can be dualized to obtain the
homology theory in an essentially unique manner.

12.1. Definition. A precosheaf 2 on X is said to be “locally zero” if for
any open set U C X and y € U there is a neighborhood V C U of y with
iy AWV) - AU) trivial.

Note that a cosheaf is locally zero < it is zero.

12.2. Definition. A homomorphism h : A — B of precosheaves is said
to be a “local isomorphism” if the precosheaves Ker h and B/Im h are both
locally zero.

If 2 and B are cosheaves and h : 2 — B is a local isomorphism, then
a simple diagram chase shows that B/Im A is a cosheaf. Another diagram
chase then shows that h is actually an isomorphism of precosheaves. Thus
a local isomorphism of cosheaves is an isomorphism. More generally, see
Exercise 1 and Chapter VI. Note that for locally connected X the constant
cosheaf £, as defined in Section 1, exists and that the canonical homomor-
phism £ — L to the constant precosheaf is a local isomorphism.

For any precosheaf 2 on X and any L-module M we put #om (A, M) =
Sheaf(U — Hom(A(U), M)) and Et(A, M) = Fheaf(U — Ext(A(U), M)).

12.3. Proposition. If h: A — B is a local isomorphism of precosheaves,
then the induced sheaf homomorphisms Hom(B, M) — Hom(A,M) and
Ecl (B, M) — & (U, M) are isomorphisms for any L-module M.

Proof. Let 8(U) = Ker h(U), J(U) =Imh(U), and €(U) = B(U)/3(U).
We have the exact sequences of precosheaves

0 RA—-A>5T—-0

and
0-J—>B—-C-—0.



350 V. Borel-Moore Homology

For z € X, the definition of local isomorphism implies that for any neigh-
borhood U of z there is a neighborhood V C U of £ with &(V) — &(U)
and €(V) — €(U) both trivial. We have the following exact sequences,
natural in U:

0 — Hom(3(U), M) — Hom(A(U), M) — Hom(K&(U), M)
— Ext(J(U), M) — Ext(%A(U), M) — Ext(&(U), M) — 0,
and

0 — Hom(€(U), M) — Hom(B(U), M) — Hom(3(U), M)
— Ext(¢(U), M) — Ext(B(U), M) — Ext(3(U), M) — 0.

These sequences remain exact upon passage to the direct limit over neigh-
borhoods U of x. However,

lim Hom(&(U), M) = 0 = lim Ext(£(U), M)

and
lim Hom(€(U), M) = 0 = lim Ext(€(U), M).

This implies that the homomorphisms Hom(B, M), — Hom(A, M), and
éxt (B, M), — (U, M), are isomorphisms.

12.4. Definition. A locally compact space X is said to be k-hlcy, if for
each r € X and each neighborhood U of x there is a neighborhood V. C U
of £ such that the homomorphism

iV HY(V; L) — HE(U; L)
is trivial. The space X is hic] if it is k-hlcy, for all k < n.

For convenience we make the following definition. Note that it is not
entirely symmetrical.

12.5. Definition. Let M be an L-module. Let £* be a differential sheaf
and let € : M — H°(Z") be a homomorphism of presheaves [i.e., M —
HOY(Z*(U)) for all open U]. Then £°, together with ¢, is called a “quasi-
n-resolution” of M provided that

(a) £* is bounded below,

(b) #P(£*) =0 for all0 # p < n,

(c) € induces an isomorphism M — H°(L") of sheaves.
Similarly, let £. be a differential cosheaf and n : Ho(£.) — L a homo-
morphism of precosheaves. Then £., together with ), is called a “quasi-n-
coresolution” of L provided that

(a } £. is bounded below,

(b ) Hp(£.) =0 for p <0 and Hp(L.) is locally zero for 0 #p < n,

(c ) 1 is a local isomorphism of precosheaves.
We call £, an ‘“n-coresolution” if also £, =0 for p < 0.
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In the above situation we define H°(£*) = Cokere and Ho(L.) =
Ker 1, the “reduced” groups in degree zero. Note, then, that the precosheaf
Ho(£.) is locally zero, and the presheaf H°(£*) generates the zero sheaf.

Immediately from the definition of Borel-Moore homology we have:

12.6. Theorem. X is hic} < C:(e;L) is a quasi-n-coresolution of L.
0

12.7. Theorem. If there exists a quasi-n-coresolution £. of L by flabby
cosheaves, then X is clc} and 2*(£.; M) is a quasi-n-resolution of M by
flabby sheaves for any L-module M.

Proof. For U open in X, we have, by 2.3, the natural exact sequence
0 — Ext(Hp-1(£.(V)), M) — HP(2*(L.; M)(V))
— Hom(Hp,(£.(U)),M) — 0.
Since éw/(Hp—1(L.),M) = 0for1 # p < n+1 and &/(Hp(L.),M) =
éx¢(L, M) = 0 by 12.3, we obtain, also by 12.3,
Hom(L, M) =~ M, forp=0,
0, for 0 # p < n.

(71)

HP(D*(L0; M)) ~ Hom(Hy(L.), M) ~ {

Also, by 12.5(b’) we have H°(2"(£.; M)(U)) =~ Hom(Hy(£.(U)), M) and
HP(2*(£.;M)) =0 for 0 < p < n. The hypothesized map Ho(£.) — L
induces a map

M =~ Hom(L, M) — Hom(Ho(£.(U)); M) ~ H*(2"(£.; M)(U)),
which induces the isomorphism M =~ #°(@*(£.;M)). This shows that
9*(L.; M) is a quasi-n-resolution of M. Since Ext(L, M) = 0, it is easy to
see that (71) also holds for the reduced groups in all three terms.

Now, 2*(£,; M) is flabby by 1.10, so that there is a natural isomorphism
(in the reduced case also)

H?(D"(L;M)(U)) ~ HP(U;M) for p< n (72)

by IV-2.5. Now take p <n, M = L, and let W C V C U be neighborhoods
of any point z € X for which the maps H (£.(W)) — H(L.(V)) —
H, (£.(U)) are both zero for r = p or p — 1. We have the commutative
diagram

H?(U;L) — Hom(H,(£.(U)), L)
0
Ext(Hp-1(£.(V)),L) — HP(V;L) — Hom(H,(£.(V)), L)
0
Ext(Hp-1(L.(W)),L) — HP(W;L)

with exact middle row. By II-17.3, the map HP(U;L) — HP(W;L) is
trivial, and it follows from II-17.5 that X is clc}. 0
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12.8. Suppose that X is hic}. Then combining 12.7 with (72) and the
sequence (71) we obtain the split exact universal coefficient sequence

0— Ext(HS_,(X; L), M) — H?(X; M) —Hom(HE(X; L), M) -0

for p < n, where M is any L-module. In 13.7 we will extend this to the
relative case.

12.9. Theorem. Suppose that X is clc',i'”. Then (L") is a flabby quasi-
n-coresolution of L for any c-soft quasi-(n + 1)-resolution £* of L. Also,
X is hic} and there s a natural 1somorphism H,(D(£")(U)) ~ HE(U; L)
forp <n.

Proof. Recall that D(#") is the cosheaf U — [(2(£*)|U). Note that
for K compact, #*|K is also a c-soft quasi-(n + 1)-resolution of L on K.
Also reaall that

D(£)U) =T(2(£")|U) = lim Lk (D(L7)) ~ lim T (2(£7)|K))

by 5.5, where K ranges over the compact subsets of U.
By IV-2.4 there are natural isomorphisms

HP(D(Z°|K)) ~ HP(K;L) and HP(T(Z°|U)) = H2(U; L)
for p < n+ 1. By 2.4 we have the natural exact sequence
Ext(HP*!(K;L),L) — Hy(T'(2(¥¢*|K))) - Hom(H?(K;L),L) (73)

for p < n, and passing to the limit over K C U (K compact, U open) we
obtain the exact sequence (p < n)

lim Ext(H?*! (K), L) — H,(D(£")(V)) —» lig Hom(H?(K), L).  (74)

In particular, we conclude that H,(D(£*)(U)) = 0 for p < 0 because
HO(K) is free, whence Ext(H°(K), L) = 0. We also have the surjection

Ho(D(£*)(U)) — li; Hom(H(K), L) - Hom(L, L) = L.

Thus we can form the reduced group Ho(D(£*)(U)), and it is clear that
(74) is defined and remains exact for the reduced groups in all three terms.
It is also clear that it now suffices to show that for p < n the precosheaf
H,(D(Z*)(9)) is locally zero for the first part of the theorem.

Let U be a given neighborhood of x € X. According to the definition
of the property clc'i‘“, we can find a compact neighborhood N of x with
N C U and an open neighborhood V C N of z such that the restriction
HT(N) — H7(V) is trivial for 7 < n+4 1. Thus, if K’ and K are compact
with K’ CV C N ¢ K C U, then H"(K) — H"(K') is trivial, as are

Hom(H?(K'), L) — Hom(HP?(K), L)
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and
Ext(HP*'(K'), L) — Ext(H?*'(K), L),

for p < n. Thus the latter two maps induce zero homomorphisms upon
passage to the direct limits over K/ C V and K C U. If W C V bears the
same relationship to V as does V to U, an argument using I1-17.3, similar
to the one employed in the proof of 12.7, shows that the map

Hy(D(£")(W)) — Hy(D(£°)(V))

is trivial for p < n, and this finishes the proof of the first part of the
theorem.

For the second part of the theorem, note that there exists a homo-
morphism £* — #*(X;L) of differential sheaves, unique up to homo-
topy and inducing an isomorphism of derived sheaves through dimension
n + 1 (which generalizes the same statement for resolutions), and in the
same way as in the proof of (10) on page 293, we obtain an isomorphism
Hy(X; L) = Hy(2(£*)(X)) for p < n. Thus, we have (K ranging over the
compact subsets of U)

Hy(D(2*)(V)) ~ ling Hy(@(2* |K)(K)) ~ ling Hy(K; L) ~ HY(U; L)

by 5.3 or 5.6 for p < n. That X is hlc} is implicit in the foregoing proof;
it is also immediate from (9) on page 292. O

From 12.6, 12.7, and 12.9 we have:
12.10. Corollary. hlc} = clc} = hlc} ™ . O

12.11. Theorem. If £, is a quasi-(n + 1)-coresolution of L by flabby
cosheaves, then there is a natural isomorphism HZ(X;L) ~ Hp(£.(X))
for p < n. If M, is also a flabby quasi-(n + 1)-coresolution of L and
f : £. — M. is a chain map preserving the augmentations, then the in-
duced map Hp(L.(X)) — Hp(M.(X)) is an isomorphism for p < n.2?

Proof. Consider the differential cosheaf A, = D(D(£L.)). The natural
map £. — U, of differential cosheaves from (6) on page 290 induces a
homomorphism

DA M) — D(L,; M) (75)

of differential sheaves. Both sides of (75) are flabby quasi-n-resolutions of
M, by 12.7 and 12.9. It is easy to check that (75) preserves the augmenta-
tions and hence that the induced homomorphism of derived sheaves is an
isomorphism through degree n. By IV-2.2 it follows that the induced map

HP(2(%.; M)(X)) — HP(2(£.; M)(X))

221f we also assume that X is hlc’l:'H in this theorem, then the conclusion can be

improved to p < n + 1 by using results from Chapter VI.
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is an isomorphism for p < n.
If M is injective, Hom(e, M) is exact, and since we may take M* = M,
we obtain the commutative diagram

HP(2(%.; M)(X)) = Hom(Hy(2.(X)), M)

~
=~

HP(9(£.; M)(X)) — Hom(H,(£.(X)), M)
for M injective and for p < n [or use (71)]. Thus, for p < n,
Hom(Hp(%. (X)), M) — Hom(Hp(£.(X)), M)

is an isomorphism for all injective M. We claim that it follows that
H,(£.(X)) — Hp(U.(X)) must be an isomorphism for p < n. Indeed, sup-
pose h : A — B to be a homomorphism of L-modules with Hom(B, M) =
Hom(A, M) for all injective M. Letting K = Kerh, I = Imh, and
C = B/I, we have the exact sequences

0 — Hom(I, M) — Hom(A, M) — Hom(K,M) — 0

and
0 — Hom(C, M) — Hom(B, M) — Hom(I, M) — 0.

If follows that Hom(C, M) = 0 = Hom(K, M) for all injective M. But
any module admits a monomorphism into some injective module, whence
C=0=K, and hence h: A = B as claimed.

Moreover, by 12.7 and 12.9, H,(%.(X)) ~ Hg(X; L) for p < n, and this
completes the proof of the first part of the theorem. The last part of the
theorem follows easily from the proof of the first part. O

12.12. Example. Take L = R and let Q2? be the sheaf of germs of differ-
entiable p-forms on the oriented smooth manifold M™. Put £, = ' .Q""?
with the induced differential. If V =~ R™ is an open set in M™, then
Hy(L£.(V)) = HP(V;R) = R for p = 0 and is zero otherwise. There is
the augmentation

Ho(£.(V)) = HZ(U;R) -f—“' R.
It follows that £. is a flabby coresolution of R. Thus, by 12.11,
HE(M™R) ~ Hy(L.(M™)) = H2 P (M™;R),
which is Poincaré duality in this situation. <o

12.13. Example. Let X = R" and suppose that FF C X is any closed
subspace. Let 0 » L — &% — ... = ™ — 0 be any flabby resolution
of L on X. For example, by Exercise 28, we can take #” = ¢7(X; L) for
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p<nand #" = F"(X;L). For an open set U C X, define the precosheaf
£, on F by

£,(UNF) =Tqunr(4"""),
with the induced differential. (Note that this depends only on UNF rather

thanon U.) Then £, is a flabby cosheaf on F by Exercise 3 and the remarks
below (27) on page 94. Now,

Hy(L.(UNF)) = HZ;";F(U;L) since /" is flabby
~ H*?(U,U - F;L) byIl-12.1

Hy(UNF;L) by 9.3.
There is the augmentation ‘
Ho(£.(UNF) =~ H{(UNF;L) = L.

This is a local isomorphism of precosheaves on F if F is clc} by 5.14. Also,
for U ¢ W, the map Hi(£.(U N F)) — Hi(L£.(W N F)) is equivalent to
the map H{(UN F;L) — H{(W N F; L) induced by inclusion. For k # 0
this is zero when U is a sufficiently small neighborhood of a given point
z € W provided that F is k-hlcy. Consequently, Hi(L,) is locally zero ¢
F is k-hlcy. Thus £, is a flabby n-coresolution of L on F if F' is hic}. <

12.14. Theorem. If X is HLC}, then the singular cosheaf G, of 1.3 is a
flabby quasi-n-coresolution of L.

Proof. Since H.(6.(U)) is naturally isomorphic to the singular homology
of U, by 1.3, the result follows immediately from the definition of the
property HLC7. ]

12.15. Corollary. If X is HLC'["I then the Borel-Moore homology groups
HZ(X; L) are naturally isomorphic to the classical singular homology groups
of X with coefficients in L for p < n. |

We shall now consider general sheaves of coefficients. Recall the nota-
tion introduced in 1.14.

12.16. Theorem. Suppose that £. is a flabby, torsion-free quasi-(n + 2)-
coresolution of L on X. For sheaves # on X, there is a natural isomor-
phism

Hy(X; B) ~ Hp((£. ® B)(X))

forp<n.
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Proof. Note that X is clc}*? by 12.7 and hence hic?*! by 12.10. Thus
D(F7(X; L)) is a flabby, torsion-free quasi-(n + 1)-coresolution of L but
perhaps not a quasi-(n + 2)-coresolution. Let £. = [';#.. There is the
natural homomorphism

Lo — D9(L.))

resulting from (6) on page 290. Note that 2(P(Z.)) is also torsion-free by
3.4. We have the induced homomorphism

and hence, applying I,
L.OB->DDL)QRB=D(N)® B,

where #” = @(£.), which is a flabby quasi-(n + 2)-resolution of L by 12.7.
Note that D(A4") is a quasi-(n + 1)-coresolution of L by 12.9.

Letting #* = #°(X; L), there is a homomorphism of quasi-(n + 2)-
resolutions #* — $*. We have the induced maps

(£. @ B)(X) — (D(A7) ® B)(X) — (D(F7) ® B)(X),

that is,
F(Z.®B) > To(DN)Q B) —To(D(F°) @ B). (76)

The terms in (76) are all exact functors of % by II-16.31. Thus we have
the induced maps of connected sequences of functors

Hp((£. ® B)(X)) — Hp((D(A") ® B)(X)) — Hy(X; B).  (T7)

By 11I-14.5 the terms of (76), and hence of (77), commute with direct limits
in #8. By 12.11 the homomorphisms of (77) are isomorphisms when 8 = L
and p < n. The same fact also follows easily for 8 = Ly, U open, since, for
example, (£.® Ly )}(X) = £.(U). By the 5-lemma and by I1-16.12 it follows
that the class of sheaves % for which the maps (77) are isomorphisms for
p < n consists of all sheaves.?? o

12.17. Corollary. If X is HLC}*?, then for any sheaf B on X there is
the natural isomorphism

sHy(X; B) =~ Hy(X; B)
for p < n; see 1.18. 0O

Note that if 8 is locally constant, then s Hg(X; %) is the classical sin-
gular homology group of X with local coefficients in 2.

23For B constant, an alternative proof is suggested in Exercises 12 and 13.
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12.18. Let £, be a flabby, torsion-free quasi-(n + 2)-coresolution of L on
X and let U C X be open. Then

Hp((£. @ Bx-v)(X)) = Hy(X; Bx_v) = Hj(X,U; B)
for p < n, by 12.16 and (35) on page 306. If £, = ' ., then

(L. ®Bu)(X) =T(%.® Bu) =Tqu((%. ® B)|U) = (£. ® B)(V).
Since (£. ® (¢))(X) is an exact functor of sheaves, it follows that
(La®@Bx_v)(X) = (£. ®@B)(X)/ (L. @ B)(U)

and hence that

Hy(X,U; B) ~ Hp((L. ® B)(X)/(£4 ® B)(V)) (78)

for p < n. In Section 13 this fact will be generalized to arbitrary locally
closed subspaces.

12.19. We shall now consider arbitrary paracompactifying families of sup-
ports. We need some preliminary remarks. Suppose that h : °A, — B, is
a homomorphism of flabby differential cosheaves, where %, = I'..#, and
B, =B, with A4, and B, c-soft. By 1.9, h induces (and is induced by)
a homomorphism .#, — 9., which we shall also denote by h. On stalks at
z € X the latter is the induced map

Au(X)/Au(X = {2}) = Bu(X)/Bu(X - {z}) (79)
of quotient groups. Suppose that
he : Hp(%.(U)) — Hp(B.(U)) (80)

is an isomorphism for all p < n and all open U C X. Then the 5-lemma
implies that (79) induces an isomorphism in homology, and thus the map

xﬁ(d*) - '%p('-%t)

is an isomorphism for all p < n. If ® is a paracompactifying family of
supports on X and if dimg X < 0o, then it follows from IV-2.2 and 1I-16.5
that

h. : Hy(Ta(A.)) — Hp(Ca(B.))

is also an isomorphism for p < n.

12.20. Theorem. Let £. = I':Z. be a flabby quasi-(n + 2)-coresolution
of L on X, where dimp, X < co. Let & be a sheaf on X, and assume that
either B = L or that £. is torsion-free. Then for any paracompactifying
family ® of supports on X, there is a natural isonforphism

| H2 (X; %) ~ Hy(Ts(%. ® B)) for p < n.|
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Proof. Consider the maps in (76) that are maps of differential cosheaves,
as follows either from their definition or by replacing & by %By and using
their functorial nature. Both of these maps satisfy the hypotheses of 12.19
that (80) is an isomorphism, as shown in the proof of 12.16, and the present
result follows from 12.19. 0O

12.21. Corollary. If X is HLC}*? and has dimp X < oo, then for ®
paracompactifying and B arbitrary there is a natural isomorphism

sHy (X; B) ~ H} (X; B)

for p < n; see 1.18. 0

12.22. Let X be hic}; n > 0. Consider the canonical flabby quasi-n-
coresolution £, = I'c%., where £, = €.(X;L). By the proof of 5.13 we
see that d : £y — £_) is an epimorphism and that its kernel K is a flabby,
torsion-free cosheaf. It follows that the differential cosheaf

o Lo L 2 R—0

is a flabby, torsion-free n-coresolution of L; i.e., it vanishes in negative

degrees.

13 Uniqueness theorems for maps and
relative homology

In this section we shall apply the methods of the last section to maps of
spaces and to relative homology theory.

Suppose that f : X — Y is a map between locally compact spaces. Let
4" and £” be replete differential sheaves on X and Y respectively and let
k' : * ~ A" be an f-cohomomorphism. By (24) on page 301 we have the
induced homomorphism

Pa(e)(B(A") ® f*H) — To(D(L") ® ) (81)

for any sheaf &/ on Y and family ® of supports on Y. If 4" and £* are
quasi-resolutions of L, then as in (27) on page 302 it can be seen that in
homology, (81) induces the canonical homomorphism

fo: HYO(X; f*at) - HE(Y; ) (82)

either when ® = c or when @ is paracompactifying and dim; X and dim; Y
are both finite, as well as in other cases (see 5.6). This was proved for
resolutions, but the proofs apply to quasi-resolutions.

Let M, and £. be flabby, torsion-free quasi-(n + 2)-coresolutions of L
on X and Y respectively, with M, = I'.#, and £. = I'Z.. Suppose we
are given an f-homomorphism

ki, ~ £, (83)
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(i.e., a homomorphism fNM, — £.). Since fN. = ' {fcA.}, k corresponds
to a homomorphism f.#, — £.. The homomorphisms ki : M, (f~U) —
£.(U) induce homomorphisms

2(L.)(U) — 2(M.)(f V),
that is, an f-cohomomorphism
k' D(L.)~ DN,). (84)
Letting £* = @(£.) and A#* = 9(MN.), we obtain the diagram

fc*/‘/x- - Z.
(85)
feH(AT) — DL,

where the lower map is from (81) and the vertical maps are from 1.13. It
is easy to check that this diagram commutes. Tensoring with ., using 4.3,

and applying I's, we obtain the commutative diagram

Po)(Ne® f*h) — To(Z.®A)
(86)
Loe)(DAN) ® frd) — To(DL") ® A).

If ® = c or if ® is paracompactifying and dim; X and dim, Y are both
finite, then the vertical maps in (86) induce isomorphisms in homology in

degrees at most n + 1 by 12.11 and 12.19. Thus, in either of these cases,
the induced homomorphism

Hy(Co(e)(Hu ® [ o)) — Hp(T's (% © L))

may be identified, via 12.16 or 12.20, with f, for p < n.

In particular, if X and Y are both HLC'[*"’, the classical homomor-
phism sHZ(X) — sHy(Y) coincides with f. : Hy(X) — Hy(Y) via 12.15
for p < n.

We shall now consider the relative homology of a pair (X, A) where A
is locally closed in X. For A open this already has been discussed in 12.18.
The discussion will be divided into several subsections.

13.1. Let A4 be a c-soft differential sheaf on A. Then there is the canonical
homomorphism
(icD(A"))(X) = Tergya(Hom(TeA*, L*)) > Hom(T cna(H*), L*)
= Hom(T;(iA"), L*) = D(iA")(X)
(see Section 4), where 7 is the monomorphism (19) on page 300. We have

a similar map when X is replaced by an open subset U C X, and therefore
we obtain the canonical monomorphism

YAN)X =i D(A*) — D(iA™). (87)
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Now let £ and ./ be replete quasi-resolutions of the L-module M on
X and A respectively, and let

L i
be an epimorphism with c-soft kernel &#*. Then the composition
DN)X = D) — D(L)
is a monomorphism. Denote its cokernel by .#,, so that the sequence
0— D(AN)X = (L) > M. -0 (88)

is exact.

Note that if A were closed, then (87) would be an isomorphism by 2.6,
and it would follow that #, = @(X").

As in Section 4 (also see II-8), we can construct a diagram

& — A"
l l
I(X; M) — iI(A M),
which commutes up to chain homotopy. Letting M = L, we then obtain
the “dual” diagram

0 = B.(A L)X - 6. (X;L) = €.(X,AL) - 0
(89)
0 - DAV - L) — M, — 0,

in which the square commutes up to chain homotopy. According to II-
Exercise 47 this diagram induces, in a natural way, a commutative diagram

o H(ALX - H(XGL) - H(X AL -
(90)
o H(DA)K o H(DL) - H( M) -

and it follows from the 5-lemma and (16) on page 294 that the vertical
maps are all isomorphisms.

The diagram (89) can be tensored with any sheaf ., and the rows will
remain exact provided that #, x & = 0 [e.g., when A is closed and X~
is replete, since #, = P(K") is then torsion free]. Thus, by the same
argument we have that

K (XA A) = H (MDA (91)

when A, x & = 0.

Taking sections with supports in ®, the rows of (89) (having previously
been tensored with .#) will remain exact provided that ® is paracompact-
ifying (or that A is closed and « is elementary). Thus, using 3.5, 5.6,
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and the above argument [on the analogue of (90) for global homology], we
obtain the isomorphism

H? (X, A; ) ~ Hu(To(M. ® o)) | (92)

when A, x & = 0, provided either that & = ¢ or that ® is paracompacti-
fying and dimy X < co [as well as other cases resulting from 5.6].

13.2. In this subsection we shall specialize the discussion to the case of a
closed subset F = A and shall consider the situation in which #* = £*|F.
Then the sequence 0 — X" — #* — i#™ — 0 becomes

0> Py p—o 2 = Zh—o0 (93)

(all of which are replete by 3.3, since £* is replete). Thus, in this case, we
obtain the natural isomorphism

When ® = ¢ or when ® is paracompactifying and dimy X < oo, then

HY¥(X,F;ud) ~ H,(Co(D(Lx%_F) ® A)). (95)

Moreover, the homology sequence of the pair (X, F) may be identified with
the sequence induced by (93). Also, see the remark below 5.10.

13.3. Let 9. and £, be flabby quasi-(n + 1)-coresolutions of L on A and
on X respectively, and recall that by 2.6 we have

PMX) = ig(M.). (96)

Recall also that by definition X = M, and that, if M, = C..#, then
NX =T {AX} by 1.16. Let

kE:nX — g,
be a monomorphism (of differential precosheaves) with flabby cokernel R.
(which is automatically a cosheaf, as is seen by an easy diagram chase).
Then for any L-module M we have the induced exact sequence

0— D(Ra; M) = D(Lu; M) — iB(MN,; M) — 0 (97)

[by (96)] of differential sheaves. Note that by 12.6 this situation exists if
X and A are both hlc}t!.

13.4. Theorem. Suppose we are given flabby quasi-(n + 1)-coresolutions
N, and L. of L on A and X respectively and a monomorphism MX — £,
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with flabby cokernel R, = T A, (where K, is c-soft). Then there is a
natural isomorphism

Hy(R.(X)) = Hg(X, A L)

for p < n. If dimy X < oo, then for any paracompactifying family ® we
have the natural isomorphism

Hy(To(H.)) ~ HY (X, A; L)

forp<n.

Proof. Let £, =T %., N, = . A,, and &, = [ H,. Also, put £" =
D(L.), N = D(MN.), and K" = D(K.). The sequence

0-MX 5 g, -/ —0
is equivalent to an exact sequence
0-HX 5@, 5K, >0
[see 1.9] and induces an exact sequence
0 A" > " i >0
[see (97)). In turn, the latter sequence induces an exact sequence
0— AN - L) > M, -0

[see (88)], that defines A..
The natural maps 4, — @(D(A,)) = D(A") and &, — D(D(Z.)) =
@(£"*), from (6) on page 290, induce a commutative diagram

0 X S @ - H. >0
| (98)
0 — PAN)X - L) - M. — 0.

[This is a special case of (85).] Applying 'y to this diagram, we see that the
first two vertical maps induce isomorphisms in homology through degree
n—1, by 12.11 and 12.19 [i.e., the proof of 12.20]. The theorem now follows
from the 5-lemma and formula (92). For & = ¢ we have the same conclusion
through degree n by the proof of 12.11. a

Note that if all the sheaves in (98) are torsion-free, then we can tensor
(98) with any sheaf ., retaining the exact rows, so that the conclusion
of the theorem would remain true for arbitrary coefficient sheaves. In
particular, this is the case when L is a field. If A is closed and if R.
is torsion-free (i.e., . is torsion-free), then X* = D(RK.) is replete and
M, = D(H") (since A is closed) is torsion-free; see 3.4. Thus we have
proved:
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13.5. Theorem. If in 13.4, A is closed or if L is a field, and if £., N,,
and R, are torsion-free and dimy X < oo, then

Hy(To(H. ® A)) = Hy (X, Aol

for p < n, for any sheaf .4 and any paracompactifying family ®. If ® =c,
then dimy X need not be finite. o

By 1.18 the preceding two theorems apply to the singular homology of
HLC spaces. That is, we have the following consequence:

13.6. Corollary. Let X and A be HLC‘Z‘“. If either ® = c ordimp X <
oo with ® paracompactifying, then there is a natural isomorphism

forp<n(p<nifd=c). If Aisclosed, or if L is a field, we also have
the isomorphism

sH2(X, A; ) ~ H2 (X, A; L)

for any sheaf & on X and p < n. O

13.7. Theorem. Suppose that A C X are both hic} and that M is an
L-module. Then there is a natural exact sequence

Ext(Hg_,(X, 4; L), M) — HP(X, A; M) - Hom(Hj(X, A; L), M),

for p < n, which splits. (Also see 12.8.)

Proof. First consider the diagram

0 - X — - — e — 0
(99)
0 - A" - I"(X;M) - iF (A M) -0

from 13.1, which has exact rows (by definition of #* and ‘") and homo-
topy commutative square. The sheaf '™ is easily seen to be flabby; see
I1-12, which is analogous.? We shall assume that *, £*, and 4" are all
flabby and that #* and A" are quasi-n-resolutions of the L-module M.
Applying s to (99) and using II-Exercise 47, we obtain the isomor-
phism
HP(Tg(K™)) = HP(To('A™)) for p < n.

24Using the constructions at the beginning of Section 5, it can actually be seen that
'X* is injective, but this is not needed.
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We could take A~ = €7 (X, A; M), and it follows that for general ™
HP(Po(H™)) ~ HE (X, A; M)
for p < n. In particular, for p < n we have that
HP(T(H*)) =~ H(X, A: M). (100)

Now take H* = @(R.; M), where &, = ['.€.(X, 4; L), and similarly
for #* and #". We have the exact sequence

0 A" o %" —iN" =0,

so that (100) holds for this choice of #* by 12.7. The desired universal
coefficient sequence now follows from 2.3 applied to f.. O

Remark: The sequence analogous to 13.7, with homology and cohomology ex-
changed, is not generally valid if A is not closed. For example, let A be
the disjoint union of infinitely many disjoint open arcs in X = S! and let
L be a field. Then dim H*(X, A; L) is uncountable, but dim H, (X, A) is
countable, which rules out the existence of such a sequence.

14 The Kiinneth formula

Recall that in II-15 we proved a Kiinneth formula for cohomology. In
(58) on page 339 we also found a Kiinneth formula for mixed homology
and cohomology. The homology Kiinneth formula does not always hold in
Borel-Moore theory, and an example of that will be given at the end of this
section. In certain situations, however, one does have a Kiinneth formula.
We shall first show that this is the case for clc§® spaces, with compact
supports and arbitrary coefficients, using the results of Section 12. Then
we shall also derive a Kiinneth formula for general spaces X, Y provided
that one of them has finitely generated cohomology modules.

Assume, for the time being, that X and Y are both hlc}. Let £, =T %,
and M, = ' A4, be flabby, torsion-free quasi-n-coresolutions of L on X and
Y respectively, where &, and #, are c-soft and torsion-free. By 12.22 we
may assume that they vanish in negative degrees.

Let £,®MN, denote the differential cosheaf ['.{#,8.#.} on X xY .2 By
I1-15.5 we have that

(L£.8MN)(U x V) = £,(U) @ N.(V)

for U and V open in X and Y respectively. It follows that the precosheaf
H,(£.8M,), where £,®M, is given the usual total degree and differential,
satisfies a natural Kiinneth formula
0 — P Hy(£.(V)) ® Hy(Mu(V)) — Hi((£.89M)(U x V)
p+g=k
— D Hy(£.(1)) x Hy(OU(V)) =0,

p+g=k-1

25The sheaf £.&.F. is c-soft by 11-Exercise 14.
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and it follows that £,8M, is a flabby quasi-n-coresolution of L on X x Y.
In particular, X x Y is clc} by 12.7.

Now let «# and & be sheaves on X and Y, respectively, such that
%P = 0. By definition we have

(£.8M,) ® (£BB) = (L. ® 4)R(M. @ B), (101)
and the value of thison X x Y is
LeRANX)RM.RB)Y) =T (%. @A) QT (N @ B) (102)

because of 11-16.31, II-Exercise 36, and II-15.5. By II-Exercise 36 we have
that
(4. )+« T(N. @ B) =0, (103)

so that the algebraic Kiinneth formula [54], [75] may be applied to (102).
Thus, using (101), 12.11, and 12.16, we obtain the following result:

14.1. Theorem. Let X and Y be hic}*' and let & and B be sheaves on
X and Y, respectively, such that Z%3% = 0. Then there is a natural eract
sequence

0 — P HL(X; ) @ HE(Y; B) — HY(X x Y; ABRB)
p+a=k
— @ HAX; ) x H(Y; B) — 0
p+qg=k-1
fork<n (k<nif s =L and B = L) which splits. a

Taking Y to be a point, we deduce the universal coefficient formula:

14.2. Corollary. Let X be hlc'L'+l and let « be a sheaf on X. Let M be
an L-module such that & * M = 0. Then there is a split exact sequence

0— H{(X; ) ® M — Hi(X;f ® M)— HE_ | (X;) x M — 0

fork <n. |

We wish to obtain, from 14.1, a Kiinneth sequence for the sheaves of
local homology groups. Note that, for example,

H o(X;L) = Sheaf(U — HE(X, X - TU; L)), (104)
since this is clearly the same as the sheaf generated by the presheaf

and since
H}(X,X-U;L)=~ H.(U;L)
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when U is compact, by 5.10. Also, we have that
H}(X,X -U;L) ~ H{(X; L) (105)

by (35) on page 306. Taking ./ = L7 and # = Ly in 14.1 and passing to
generated sheaves yields the desired result:

14.3. Corollary. If X andY are hch“, then there is an eract sequence

0— @, (X; L)®H (V5 L) — Hi(X x ;L)
p+g=k
— @ Hp(X; L)FH,(Y; L) — 0
P+q=k—l
of sheaves on X x Y for k <n. a

We now turn to the case of general (locally compact) spaces X and Y.
We shall indicate the proof of the following result:

14.4. Theorem. Suppose that HP(X; L) is finitely generated for each p.
Let ® be any family of supports on Y. Then there is a natural exact se-
quence

0 P H(X;L)® HE(Y; L) - HX**(X x Y; L)
p+g=k
— @ Hp(X; L) » HR(Y; L) — 0.
p+g=k-1

This sequence splits when ® = cld.

Proof. By 5.6(i) and naturality it suffices to treat the case in which
® = cld. For the proof we introduce the notation

C% =CP(X;L) and C§ =CIY;L).
Note that Cy ® Cy = [(€*(X; L)®€*(Y; L)), so that
H,(Hom(Cx ® Cy,L*)) = Hp(X x Y; L) (106)
by (10) on page 293.
Let Fy and Fy be free chain complexes such that there exist chain

maps
Fy - Cx and Fy —Cy

inducing isomorphisms in homology.2¢ Since H?(X; L) is finitely generated
for each p, it can be shown that F} can be chosen to be finitely generated
in each degree.2” We assume that this is done.

26For this one could take projective resolutions of the C*.
27The proof, which is not difficult, can be found in {75).
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The induced homomorphisms
Hom(C"*, L*) — Hom(F*,L") — Hom(F"*, L)

induce isomorphisms in homology (the first, as in the proof of (10) on page
293; the second, since F* is free). Also, the map

Fy@F - Cy®Cy

induces a homology isomorphism since the C* are torsion-free. It follows
that
Hy(X xY;L) ~ Hy(Hom(Fx ® Fy, L)). (107)

However,
Hom(Fy ® Fy,L) ~ Hom(F%, L) ® Hom(Fy, L) (108)

(naturally) since Fy is free of finite type. Thus the algebraic Kiinneth
formula applied to the right-hand side of (108) yields the desired result.
The reader may make the straightforward verification of naturality. 0O

14.5. We shall now provide the promised counterexample to the general
Kiinneth formula (for compact spaces). Let X = Y be a solenoid, that is,
the inverse limit of a sequence of circles Cp,, where C,, — Cy,_) has degree
n. By continuity II-14.6 we see that H'(X;Z) ~ Q, the groups in higher
degrees vanishing. From II-15.2 and (9) on page 292 we calculate

Hi(X x Y;Z) ~ Ext(Q,Z) # 0

[see 14.8 below]. However, Ho(X) ® Hy(Y) = 0 since H,(Y') = Hom(Q, Z)
=0, and Ho(X) *x Hp(Y) = 0 since Ho(Y) = Z® Ext(Q,Z) and Ext(Q, Z),
being a vector space over Q, is torsion free. Thus the Kiinneth formula is
not valid in this case.

14.6. If L =Z or if L is a field, then the condition in 14.4 that H?(X; L)
be finitely generated for all p is equivalent to the condition that H,(X; L)
be finitely generated for all p. This is clear when L is a field. When L = Z,
it follows from (9) on page 292 and the following algebraic fact.

14.7. Proposition. For an abelian group A, if Hom(A,Z) and Ext(A, Z)
are both finitely generated (respectively zero) then A is also finitely gener-
ated (respectively zero).

Proof. (The parenthetical case can be found in [64].) It is easy to reduce
the proposition to the cases in which A is either a torsion group or is
torsion-free. If A is all torsion, then the exact sequence

0 = Hom(4,R) — Hom(A,R/Z) — Ext(A,Z) — Ext(A,R) =0
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(induced by 0 - Z — R — R/Z — 0) shows that
Ext(A,Z) ~ A if A is all torsion, (109)

where A denotes the Pontryagin dual of the discrete group A. The propo-
sition follows immediately for torsion groups.
If A is torsion-free, consider the canonical map

A — Hom(Hom(A, Z),Z). (110)

Let the kernel of this map be denoted by Ag. Since the right-hand side of
(110) is a finitely generated free abelian group, we have an exact sequence

0 Ap—»A— F -0, (111)

where F is free and finitely generated. Note that (111) must split. Since
by definition, the restriction Hom(A, Z) — Hom(Ay, Z) is trivial, it follows
from (111) that Hom(Ap, Z) = 0 and that Ext(Ao, Z) is finitely generated.
Since Ay is torsion-free, the exact sequence

0 — Ag - Ag — Ag/nAp — 0

implies that Ext(Ag,Z) is divisible. Hence Ext(Ao,Z) = 0 since it is
finitely generated and divisible. The latter sequence also implies that
Ext(Ao/nAo,Z) = 0 and hence that Ag/nAg = 0 by (109). Thus Ao,
being divisible and torsion-free, is a vector space over the field Q of ratio-
nal numbers. Thus it suffices to show that Ext(Q,Z) # 0. This follows
from the next lemma. a

14.8. Lemma. Ext(Q,Z) s a Q-vector space of uncountable dimension.

Proof. Consider the exact sequence 0 — Z — Q — Q/Z — 0. By (109),

Ext(Q/Z,Z) = Q/Z. This is a compact group. It is not finite since its
dual Q/Z is not finite. Thus it must be uncountable by the Baire category
theorem on locally compact spaces [19, p. 57]. We have the exact sequence

Z = Hom(Z,Z) — Ext(Q/Z,Z) — Ext(Q, Z) — Ext(Z,Z) = 0,

and the lemma follows. O

15 Change of rings

Suppose that K is a principal ideal domain that is also an L-module, and
let % be a sheaf of K-modules on X. The homology of X with coefficients
in 8 then has two interpretations depending on whether L or K is used
as the base ring. We shall indicate the base ring, in this section only, by
affixing it as a left superscript. Thus

LH?(X;#B) = Ho(Co(* (£ (X; L); L) ®L B)), (112)
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while

KHR(X; B) = Ho(Ta (X 9(#*(X; K); K) ®K B)). (113)
Both of these are K-modules, but it is not clear whether or not there exists
any relationship between them in general.

The K-modules (112) and (113) need not be isomorphic, as is shown by
the following example: Let X be a compact space with H%(X;Z) ~ Q/Z
and H!(X;Z) = 0 (e.g., an inverse limit of lens spaces). By (9) on page
292, 3.13, and (109) we have ZH,(X;Q) =~ (Q/Z) ® Q # 0, since Q/Z is
torsion-free, Q/Z being divisible. However, by II-15.3 and (9), we have
that QH,(X; Q) = 0. Another example is provided by a solenoid; see 14.5.

We shall say that “change of rings is valid,” for X, ®, K, and L, if (112)
and (113) are naturally isomorphic. In the present section we shall see that
change of rings is valid in two general situations. First this is shown for
clc(® spaces, with suitable restrictions on ®, using the results of Section 12.
Then we show that change of rings is valid when K = L, = L/pL, where
p is a prime in L, for general spaces X and support families ®.

15.1. Theorem. Let X be h.lc'[”. Then there is a natural isomorphism
k(X B) = Kotk (X; B)

of sheaves of K-modules for k < n. If ® = ¢ or if dimg 1 X < oo with ®
paracompactifying, then there is a natural isomorphism

LH®(X; B) ~ KHE(X; B)

of K-modules for k < n.2®

Proof. By definition, dimg,z X > dime x X. Let £. be a flabby, torsion-
free quasi-(n + 2)-coresolution of L on X [such as D(#°(X; L))] and let
£, = I':¥. with &, c-soft. The algebraic universal coefficient theorem
implies, quite easily, that £, ®; K = T'.{%. ®_, K} is a flabby, torsion-free
quasi-(n + 2)-coresolution of K on X. Since (£.®L K)®kx B~ £.Q®k B,
the last statement of the theorem follows directly from 12.16 and 12.20.
The first statement of the theorem follows from the fact that, for example,

LJ(’;;(X; B) = Hi(ZL.®L B)

[see 12.19 and the proof of 12.20]. Alternatively, the first statement of the
theorem follows from the last and the fact that
Lot (X; B) = Fheat (U — YHE(X, X -U; B) = YH{(X;By)). O

15.2. Theorem. Let & be a sheaf of L,-modules, p prime in L, and let
be any family of supports on the arbitrary locally compact Hausdorff space
X. Then there is a natural isomorphism of L,-modules

|LH2 (X, B) ~ L H2(X; B).|

28 Also see VI-11.5.
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Proof. We note first that since L can be embedded in a torsion-free
injective module (e.g., its field of quotients), #*(X; L) may be replaced by
an injective resolution #* such that #° is torsion-free [see the construction
of I1-3.2].

Since an injective L-module is divisible, there is, for any L-injective
sheaf 4, an exact sequence

0—,4 %290,

where p stands for multiplication by p € L and ,# is its kernel. Clearly,
p¥ is a sheaf of L,-modules. We need the following lemma:

15.3. Lemma. ¥ is an L,-injective sheaf.

Proof. Consider the commutative diagram with exact row

0 — 4 L ®

where f and g are given homomorphisms of sheaves of L,-modules. Since
# is L-injective, there exists the L-homomorphism h, as indicated, making
the diagram commute. The diagram

3

g g

shows that Imh C ,#. As a homomorphism into ,#, h is clearly L,-linear,
and this completes the proof of the Lemma. m]

Since ,# is L,-injective, it is also flabby, and it follows that the sequence
0 — Te(,#|U) — Lo(FIU) -5 Te(4|U) — 0 (114)

is exact for all open sets U in X.
Note that the homology sequence (of sheaves) of

0— 8 =9 29" —0

shows that the differential sheaf §*, where §" = pJ"“, is a resolution of
L, (since ,&° = 0).
Let us fix the open set U C X for the moment and use the abbreviation
I" = T ($"|U) and J" = ™! = T (,4"|U); see (114). Then the
sequence
0—Jr o 2o (115)
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is exact for each n.

Let @ denote the field of quotients of L and note that we may take
L% = Q and L' = Q/L [see 2.7]. Similarly, we take (L,)° = L, and
(Lp)! = 0. Then there is an exact sequence

0- L, » Q& (Q/L) = Q& (Q/L) 0.

Applying this to the functor Hom(I*, ¢) and using the fact that AQ L, =
Coker(p: A — A) for an L-module A, we obtain the isomorphism

Hom(I*,L*), ® L, ~ Ext(I*, Lp)ns1. (116)

(The subscripts n,n + 1 indicate total degree.) The sequences (115) also
show that
Ext(I*,Ly)n+1 =~ Hom(J*, L), (117)

since p : Ext(I*, L,) — Ext(I*,L,) is trivial and Hom(I*, L,) = 0 (since
I* is divisible). (Also note that Hom; = Homy, and ®, = ®L, for Lp-
modules so that we need not affix these subscripts.)

The isomorphisms (116) and (117) are clearly natural in U. Thus they
induce an isomorphism of sheaves of L,-modules:

Lor.s ;L)@ L, ~"a(. 4" L,) (118)

[where we are using L* and (L,)* as defined above; see 2.7]. The isomor-
phism (118) may be tensored over L, with any sheaf & of Lp,-modules,
and we may take sections with supports in any family ®. Since 4" is an
L-injective resolution of L and 4" is an Ly-injective resolution of L,, the
theorem follows upon passage to homology. O

15.4. It is possible to define an alternative homology theory that does
satisfy change of rings provided one is willing to sacrifice other desirable
properties. For simplicity we shall confine the discussion to compact spaces
and supports in this discussion. For an L-module M, define

Hy(X; M) = Hy(T(2(5°; M))).

This does satisfy change of rings because??

Hy(X; M) =~ H,(T(2( €*(X;Z) ® L; M))) 2.4 and (9)
H,(Hom™(C*(X;Z) ® L;*M*)) 1I-15.5(b)
H,(Hom™(F*C*(X;Z) ® L; M)) hyperhomology
H,(Hom%(F*C*(X;Z); M)) algebra
H,(Hom*(C*(X;Z);ZM*)) hyperhomology,

where F* denotes taking a free resolution over Z. However, this theory has
two weaknesses: it does not extend® to general coefficient sheaves, and it
does not satisfy a universal coefficient formula such as 3.13. Indeed, we
have (roughly stated):

raruee

29The references are to similar items.
30As far as I know.
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15.5. Theorem. There ezists no “homology theory” LH.(X; M) defined
for compact X and L-modules M that satisfies all three of the following
conditions:

(a) There is an exact sequence (with sheaf cohomology)

0 — Ext*(HP*Y(X:L),L) —» YH,(X; L) — Hom*(H?(X;L),L) — 0.
(b) There is an ezact sequence
00— H,(X;L)®, M — “H,(X; M) - “H,_|(X;L) x, M — 0.

(c) Change of mngs: LH,(X; M) ~ MH,(X;M) when M is an L-
module that is also a principal ideal domain.

Also, there is no theory satisfying (a’) and (b) where (a’) 1s the stronger
condition:

(a’) There is an ezact sequence

Ext! (HP*Y(X; L), M) — “H,(X; M) - Hom® (H?(X; L), M).

Proof. Assume that H.(e; M) satisfies all three conditions. (The su-
perscript L can be omitted because of (c).) Let X be the solenoid of
14.5. Then H°(X;Z) ~ Z, H'(X;Z) ~ Q and H'(X;Q) ~ Q by II-
15.3. By (a) we have H,(X;Z) ~ Hom%(Q,Z) = 0. From (b) we have
H(X;Q) = Hi(X;Z) Q = 0® Q = 0. However, from (a) we have
H\(X;Q) = HomQ(Q, Q) = Q, a contradiction.

For the second statement let L = Z. Then by (b) we have

ZHy(X;Q) ~ ZHo(X;Z) ® Q = Ext(Q,Z) Q& Q,

which is a rational vector space of uncountable dimension. But from (a’)
we have

ZHo(X; Q) ~ Ext?(Q,Q) ® Hom*(Z,Q) x 0©Q = Q,
a contradiction. )

Note that Borel-Moore theory satisfies (a) and (b); singular theory sat-
isfies (b) and (c); and the H,(X; M) theory satisfies (a’) and (c).

In a similar vein we have the following result showing that on compact
spaces, sheaf-theoretic cohomology is not a “co” theory to any homology
theory with integer coefficients.

15.6. Theorem. There do not exist functors H.(X) of compact spaces X
that provide an ezact universal coefficient sequence of the form

0 — Ext(Hy_(X),M) - H*(X; M) — Hom(Hy(X), M) -0

for abelian groups M (with sheaf-theoretic cohomology).
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Proof. Consider again the solenoid X, and note that H'(X;Z,) = 0
for all primes p. Then the sequence implies that Hom(H;(X),Z,) = 0,
whence also Hom(H;(X),Z) = 0. Similarly, since H%(X;Z) = 0, the
sequence implies that Ext(H;(X),Z) = 0. By the result 14.7 of Nunke
we have that H;(X) = 0. However, the sequence for M = Q shows that

~ H'(X;Q) ~ Hom(H,(X),Q) = 0, a contradiction. a

Even easier arguments of dimensionality give a similar result over the
rationals as base ring.

It is of interest to ask under what conditions the H, theory coincides
with H,. In VI-11 it is shown that H.(X; M) ~ HS(X; M) when X is
clc?®, but we do not know whether or not this extends to the case of general
paracompactifying supports. See VI-11 for further remarks on this.

16 Generalized manifolds

In this section we shall study various conditions on a locally compact space
X that are equivalent to X being an n-hmj. We also prove a number of
results about these spaces.

First suppose that the homology sheaves 3 ,(X; L) are all locally con-
stant. We shall show that under suitable conditions this implies that X is
an n-hmy, for some n. We first consider the case in which L is a field:

16.1. Theorem. If L is a field and X is a connected and locally con-
nected space for which dimp X = n < oo and such that # ,(X; L) is locally
constant for all p, then X is an n-hmy.

Proof. Let A, denote the stalk of #,(X;L). We must show that 4, =
L and that A, = 0 for all p # n. Let r = max{p|A4, # 0} and s =
min{p| A, # 0}. Consider the spectral sequence of 8.4:
E}? = HR(U; # _o(X;L)) = H°,_,(U; L)
(for U open in X'). By passing to a small open subset we may as well assume
that &#.(X; L) is constant. Then E$? = 0 for p > n or ¢ > —s, and hence
E}™° = H}U; A;) =~ H?(U; L) ® A, is isomorphic to H°_,(U; L). This
must vanish for n > s. By II-16.14, H*(U; A;) # O for some U. Hence
n < s. Also, (11) on page 293 shows that r < n. Thus n = r = s. We now
have that
H§(U; L) ~ HX(U; L) ® An.

Taking U to be connected, we have that H§(U; L) =~ L by 5.14, and hence
Ap= L. a

We now take up the general case.

16.2. Theorem. Let X be a connected and locally connected space for
which dimy X = n < 0o and such that # ,(X;L) is locally constant and
has finitely generated stalks for all p. Then X is an n-hmy.
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Proof. For the field K = L/pL where p is a prime of L we have the exact
sequence

0— Hi(X;L)® K — Hi(X;K) = K1 (X;L)« K — 0

of (13) on page 294. By I-Exercise 9, #x(X; K) is also locally constant,
and by 15.2 the hypotheses of 16.1 are satisfied by K in place of L. If A
is the stalk of #;(X; L), which is finitely generated by assumption, then
A can have no p-torsion because otherwise #(X; K) and #x41(X; K)
would both be nonzero. Since this is true for all primes p of L, Ay is free
over L, and it follows that A,, =~ L for some m and Ay = 0 for k # m.
Thus X is an m-hm. From 9.6 it follows that m = n. O

16.3. Theorem. Let X be a connected clc?® space for which dim; X =
n < 0o and such that # (X, L) is locally constant for each p. Then X is
an n-hmy .

Proof. Let m be the largest integer such that #,,(X;L) # 0. By 8.7,
H,,(U;L) can be identified with I'(&#¢,,(X; L)|U) for U open and para-
compact. For V C U, the canonical homomorphism H.,,(U) — Hpy(V)
corresponds to section restriction. Since #,,,(X) is locally constant, there
is an open set U over which it is constant. We may take U to be paracom-
pact and connected, and thus ['(#,,,(X)|U) is isomorphic to the stalk.
Let V be another connected paracompact open set with compact clo-
sure in U. Then I'(# , (X)|U) — [(#n(X)|V) is an isomorphism. But
H,,(U) - Hp(V) has finitely generated image by II-17.5 and II-17.3, since
X is cle®. Thus #,(X; L) has finitely generated stalks. For any prime
pof L, X is an hmp,, and this implies that ¢ ,,(X; L) has no p-torsion;
see the proof of 16.2. Similarly, the stalks of #,,(X; L) must be free of
rank 1. If M = #;(X; L), s # m, then we must have, for the same reason,
M®K =0 =M * K for any L-module K that is a field; see 15.1. This
implies that M = 0, whence X is an m-hmy and m = n. @]

16.4. Definition. Precosheaves 2 and B on X are said to be “equivalent”
if A and B are equivalent under the smallest equivalence relation containing
the relation of local isomorphism of 12.2 (see Ezercise 5).

16.5. Definition. A precosheaf U will be said to be “locally constant” if
each point x € X has a neighborhood U such that the precosheaf AU on U
[i.e., V = A(V) for V C U] is equivalent to a constant precosheaf. If this
is the constant precosheaf M, where M is an L-module, then 2 is said to
be “locally equivalent to M.”

16.6. Definition. The space X will be said to possess “locally constant
cohomology modules over L locally equivalent to M*,” where M* is a graded
L-module, if the precosheaf H2(X;L) : U — HP(U; L) is locally equivalent
to MP for all p.
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16.7. Definition. The space X is called an “n-dimensional cohomology
manifold over L” (denoted n-cmy) if X has locally constant cohomology
modules, locally equivalent to L in degree n, and to zero in degrees other
than n, and if dimp X < oo.

16.8. Theorem. If X is connected, then the following four conditions are
equivalent:

(a) X is ann-cmy.

(b) [27] dimL X = n < 0o and X has locally constant cohomology modules
locally equivalent to M*, where M* is finitely generated.

(c) X isclel® and s an n-hmp.

(d) [20], [14] X is cle$®, dimp X < oo, and the stalks of H#,(X;L) are
zero for i # n and are isomorphic to L for i = n.3!

Proof. Using II-16.17, (a) = (b) is clear. Assume that (b) holds. Then
it follows from II-17.5 that X is clc3°. By 12.3 we see that the sheaves
Hom($HP(X;L),L) and Ex(H2(X;L),L) are locally constant with stalks
Hom(MP, L) and Ext(M?, L), respectively (which are finitely generated).
By (9) on page 292 we have the exact sequence of sheaves:

0 — E(HPHH(X; L), L) — Hp(X;L) — Hom(H2(X; L), L) — 0,

and it follows from I-Exercise 9 that #,(X; L) is locally constant with
finitely generated stalks. Thus X is an n-hm by 16.2.

Now suppose that condition (c) holds. Using the definition of clc9°,
I1-17.3, and the exact sequences

0 — Ext(HP*'(K; L), L) —» H,(K; L) — Hom(H?(K;L),L) — 0

for K compact in X, we see that for any compact neighborhood K of a
point £ € X there is a compact neighborhood K’ C K of £ with H,(K') —
H,(K) trivial for p # 0. It follows that for every neighborhood U of x there
is a neighborhood V C U of z with H;(V) — Hj(U) trivial for p # 0. By
Poincaré duality (assuming, as we may, that ¢ is constant), HI(V) —
H(U) is trivial for ¢ # n. Also, for any open set U, H*(U; L) =~ H§(U; L)
is the free L-module on the components of U by 5.14. Thus $2(X; L) is
locally equivalent to L for ¢ = n, and to zero for ¢ # n, which is condition
(a).

Trivially, (c) implies (d). Assuming (d), to prove (c) we must show
that X is “locally orientable,” meaning that &#,(X; L) is locally constant.
Since this is a local matter and every point in X has an arbitrarily small

31The implication (d) = X is an n-hm requires only the assumption that X is
locally connected rather than the full clcy condition. This implication is the “Wilder
local orientability (former) conjecture.” Also see 16.15.
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open paracompact neighborhood (the union of an increasing sequence of
compact neighborhoods), we may as well assume that X is connected and
paracompact. With ¢ = #,(X; L), suppose that L is a field and that
o € T'(0) is nonzero. We claim that ¢ must be everywhere nonzero. Let
A = |o] and suppose that A # X. Since L is a field, the section o induces
a homomorphism L — ¢ that is an isomorphism over A. Therefore

HJ(A; L) ~ HP(4; 014) ~ H§(X, X — A;L) =0
by 9.2 and the exact sequence
H§(X — A; L) — H5(X; L) — Hg(X, X — A L) — 0,
the first map of which is onto. The exact sequence
H2(X - 4, L) £ HX(X; L) — HX(A; L) =0

shows that j* is onto. Now H}(X — A; L) = lim H*(U; L), where U ranges
over the open paracompact sets with compact closure in X — A, by II-14.5
applied to L = lim Ly .32 Since H,(U; L) ~ Hom(H?(U; L), L), naturally
in U, by (9) on page 292, we deduce that

Jx t Ho(X; L) — lim Ho(U; L)

is a monomorphism. But by Poincaré duality 9.2 or 8.7, j, can be identified
with section restriction

[(0) = H°(X; 0) — lim H'(U; 0|U) = |im[(0|U) = T(0|X — A).

Since o € I'(0) restricts to zero on X — A, this is a contradiction. Thus o
must be everywhere nonzero as claimed.

Now, in the general case where L is a principal ideal domain, which may
not be a field, note that if p is a prime in L then X satisfies (d) over the field
K = L/pL with orientation sheaf ¢ ® K by 15.2. Let z € X and let o be
a local section of @ near z that gives a generator of the stalk at z. Since z
has a neighborhood basis at r consisting of open paracompact sets, we may
assume that o is defined on a connected paracompact open neighborhood
U of z. Then o defines a homomorphism of the constant sheaf L on U
to #|U that is an isomorphism on the stalks at . By the case of a field
applied to K = L/pL, the map L/pL — (6 ® L/pL)|U is an isomorphism
for each prime p of L. But a homomorphism L — L of L-modules that
induces an isomorphism L/pL — L/pL for all primes p of L is necessarily
an isomorphism. Therefore the homomorphism L — @|U of sheaves over
U is an isomorphism on each stalk and hence is an isomorphism of sheaves.
Thus @ is constant over U, proving (c). a

For the case in which L = Z or is a field, we have the following simple
cohomological criterion:

32This is to avoid a paracompactness assumption on X — A.
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16.9. Corollary. [20] If L is the integers or a field, then a locally compact
space X is an n-cmy, & X is cle®, dimg, X < o0, and

L, forp=n,

HP(X,X—{:J:};L):s{ 0. forp#n

forallz e X.

Proof. By 7.2 applied to the idexitity map we have
#H(X;L)e ~ HJ(X, X —{z}; L).
Thus from 13.7 we have the exact sequence
Ext(#,-1(X; L)z, L) — H'(X, X — {z}; L) » Hom(#,(X; L), L).

It follows from this and 14.7 that H*(X, X — {z}; L) is of finite type &
H .(X; L), is of finite type. Hence the condition in the corollary is equiv-
alent to

. _J L, forp=n,

Hp(X; L)z ~ { 0, forp#n
for all z € X. But this is precisely condition (d) of 16.8 (given the other
conditions). a

16.10. Example. Let C be the open cone on RP?, let E be the open ball
of radius 1 in R3, and let X be the one point union C'V E at the vertex
zo of the cone. Then if C denotes the closed cone on RP? and E = D?, we
have

Z, n=1,
Hn(X;Z),, ~ H,(CVE,RP®+8% ~ H,_;(RP? +§?) ~ { Zy, n=2,
Z, n=3

and is otherwise zero. Outside zg, of course, X is a 3-manifold. The
sheaf #3(X; Z) is isomorphic to 6” @ Zg, where 0 is the orientation sheaf
of C — {xo}. Thus #3(X;Z) has stalks Z everywhere but is not locally
constant. The sheaves #, and ' are, of course, concentrated at xo. Note
that with coefficients in a field K of characteristic other than two, we have

K, forn=1,3,
an(Xa K)J:o ~ { 0, otherwise.

Also,
H3(X;K)~ (06X @ K)© Kg

has stalks K everywhere but is not locally constant, and the homology
sheaves in the adjacent dimensions 2 and 4 are zero.

This shows that the local orientability theorem, (d) = (a) of 16.8, does
not generalize in any obvious way to spaces in which the other homology
sheaves are not all zero. There are many variations on this example. <
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The following result is responsible for much of the interest in generalized
manifolds, because there are spaces X that are not manifolds but for which
X xR is a manifold. Factorizations of manifolds of this form are important
in the theory of topological transformation groups on manifolds.

16.11. Theorem. [6] The locally compact space X xY is an n-emp & X
is a p-cmyp, and Y is a g-cmyp for some p, ¢ with n = p + q. Moreover, the
orientation sheaves satisfy the equation Ox xy =~ O x®0Oy (with the obvious
notation).

Proof. It is not hard to prove that X x Y is clcf® < both X and Y are
clc®. The proof of this follows from the Kiinneth formula II-15.2 applied
to compact product neighborhoods of a point in X x Y, and will be left to
the reader. The < part of the theorem is also easy, so we shall prove only
the = part.

Let z€ X and y € Y and let M, = #,(X; L), and Ny = H,(Y; L),.
By 14.3 we have the exact sequence

0 EPMy®Nu—p—L—EPM,*Na_poy —0,

p p

and we also have that
M,®N,=0 for p+g#n

and
M,+Nyg=0 for p+g#n—1.

Clearly, we must have M, ® N,,_, = L for some p (which we now fix).

Let b € N,_p, be such that a® b # 0 € M, ® Ny,,_,, for some a € M,
The map M, — M, ® N,,_p = L defined by a — a®b has a nontrivial ideal
of L as its image. Since L is a principal ideal domain, this implies that M,
has L as a direct summand. Similarly, N,,_, has L as a direct summand.
The fact that M, ® N,_, =~ L implies that M, ~ L and N,_, ~ L. Since
M, ® N, =0 for r + s # n, we see that M, =0 for r # p and N, =0 for
s#n—p.

Now p depends on z, but n — p depends only on y € Y. Thus p is, in
fact, constant. By 14.3

Jt’p(X)@Jt’n_p(Y) = H (X xY).
Thus
Hp(X) = Hp(X)S(Hn—p(Y){y}) = Hn(X x Y)|X x {y}

is locally constant (with stalks L). Similarly, #,_,(Y) is locally constant.
(Of course, local constancy also follows from 16.8(d).) u]
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Now we shall consider further weakenings of the condition (d) of 16.8.
In particular, we shall show that the condition clc3° can be dropped if L is
a field and X is first countable.3® First we need to discuss some technical
items about “local Betti numbers.”

We define, for L a field, the “ith local Betti number of X at z” to be

[b.(z) = dimp, 9,(X; L), = dim_ H,(X, X — {z}; L) |

The following lemma is an elaboration of a method due to J. H. C. White-
head [82] and Wilder [84].

16.12. Lemma. [14] Let Vi « V, « V3 « ... be an inverse sequence
of vector spaces over the field L. Put V;* = Hom(V,,L) and W = limV}*.
Then dimy W is countable < for each i there exists an inder ) > i such
that dimy, Im(V, — V}) < o0.

Proof. Put G, = Im(V, — V;). It suffices to show that if each G, has
infinite dimension then W has uncountable dimension. Now G; D G, D - --
Suppose there is a j with G, =G, =--- Thenfori > j, V, - G, =G,
is onto, and hence G} — V;* is injective. Therefore G; — W is injective,
showing that W has uncountable dimension.

If, on the contrary, the G, are not eventually constant, we may assume
that they decrease strictly. Then let g, € G, — G,41 C Vi. The g, are
independent and hence are a basis of a subspace H of V. Let V| — H be
a projection, and consider the dual H* — V}* — W. If u € H* maps to
zero in W, then u(g,) = 0 except for finitely many ¢. Since such elements
u form a countable-dimensional subspace of H*, we deduce that the image
of H* — W, and hence W itself, has uncountable dimension. The converse
is clear. m]

16.13. Theorem. [14] Let L be a field. If the locally compact space X is
first countable and has dimy X < oo, then b,(z) is countable for all i and
allz € X & X iscley 34,

Proof. Let U; D Uz D --- be a countable neighborhood basis at . Then
H,(U,) = Hom(H?(U,),L) by (9) on page 292. By 16.12, o (X)), =
lim H,(U,) has countable dimension «> for each ¢ there exists a j > ¢ with
dim; {Im(H?(U,) — H?(U,)} < oo. Since dim; X < oo, this is equivalent
to the condition clcy by II-17.5. O

An old problem of Alexandroff [1] asks whether a finite-dimensional
space that has constant finite local Betti numbers must be a manifold.
Since hm'’s satisfy this, it is false; but it is reasonable to ask whether such
spaces must be homology manifolds. We shall show that this is, indeed, the

33We do not know whether these conditions are needed.
34Gee [60] for a generalization to countable principal ideal domains L.
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case under some mild restrictions. The original, slightly weaker, versions
of these results can be found in [14].

16.14. Lemma. [14] Let L be a field. Suppose that X is second count-
able and that dimy X < oo. For each i assume that b,(z) is finite and
independent of . Then X is an n-cmy for some n.

Proof. By 16.13, X is clcf®. By IV-4.12, there is an open set U such that
H,(X; L) is constant over U with finitely generated stalks. By 16.8(b), U
is an n-cmy for some n. Thus by(z) = 1 and b,(z) = 0 for i # n for all
z € X. The result now follows from 16.8(d). a

16.15. Theorem. [14] Let X be second countable with dim; X < oo, and
assume that the stalks #,(X; L), are finitely generated and mutually iso-
morphic (i.e., independent of x) for eachi. Then X is an n-hmy for some
n.

Proof. (If we assume that X is clc®, then there is a direct proof out of
IV-4.12.) Let p be a prime of L. Then L, = L/pL is a field. Note that
X is clc‘f; by 16.13 and change of rings 15.2. Let A, be an isomorph of
X,(X; L);. There is the universal coefficient sequence

0= A, ®Ly, — #i(X;Lp)s — Ay * L, — 0

of (13) on page 294. If A, contains a factor L,-, then #,(X;L,), and
H,4+1(X; Lp); are both nonzero, contrary to 16.14. Thus A, is free. Simi-
larly, it follows that at most one A,, say A,, is nonzero, and this one has
rank one. Since X is clcf’ , it is locally connected. Thus by 16.8(d) and its
footnote, X is an n-hmy. D

It has been shown in [43] and [60] that a first-countable n-hmgz is neces-
sarily clcz and hence is an n-cmgz. Thus, for L = Z or a field, the conclusion
of 16.15 can be sharpened to say that X is an n-cmz. [No example of an
n-hmy that is not clcy is known to the author.]

16.16. Theorem. Let X be a connected n-cmy, let F ¢ X be a proper
closed subset, let U C X be any nonempty open subset, and let M be an
elementary sheaf on X. Then:

(a) If M has stalks L, then Hp(F; M) = 0 and Hn,_\(F; M) 15 torsion-
free;

(b) H(U; 0) is the free L-module on the components of U;

(c) HX(F; M) =0;

(d) jxu: HNU; M) — HZ(X; M) is surjective;

(e) jxu : HXU;0) — H}X; 0) is an isomorphism if U is connected,
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(f) X is orientable & HZ(X;L) = L.

Moreover, if L = Z and  is a locally constant sheaf on X with stalks Z,
then:

(8) HXMX;T) = Z, unless J =~ 0,

(h) H}U;T) =~ @, Z ® Dy Z2, where a ranges over the components
V of U for which J\V = O|V and B ranges over the remaining
components,

(i) The torsion subgroup of Hn_1(X; T ") is zero if T =~ 0 and is Z,
otherwise.

Proof. The case n = 0 is trivial, so assume that n > 0. Assuming part
(c) for the moment, we have that H,(F;#) ~ Hom(H"(F;.#""),L) = 0
by 10.5, giving the first part of (a). The last part of (a) follows from
the exact sequence (3.12) on page 297 induced by the coefficient sequence
0— M2 M — ML, — 0, where p is a prime in L; from (a) in the
case of the field L, as base ring; and from change of rings 15.2.

From 9.2 we have that H}(U; @) =~ H§(U; L), whence (b) follows from
5.14. Also, if U = X — F, then there is the exact sequence

H(U; 0) — H}(X; 0) — HZ(F; 0) — HI*H(U;0) =0,

since dimy X = n, whence (b) implies that H?(F;0) = 0. Therefore
H?(F;L) = 0 provided that O|F is constant, hence for F sufficiently
small. The cohomology sequence of the coefficient sequence 0 — L —
L — L/pL — 0, for p € L a prime, shows that H*(F;L/pL) = 0 for
F small. It follows that H?(F;#) = 0 for F small (so small that #|F
and O|F are both constant). Now suppose that 0 # a € H*(F; #). By
I1-10.8 there is a closed subset C C F with a|C # 0 € H}(C; M) but with
a|C’ = 0 for all proper subsets C' C C. Now C cannot be a singleton since
n > 0. Let x € C and let U be a connected open neighborhood of = such
that ¢ and A are both constant on U. Then the exact sequence

HZ (U N C;M) 2 HY(C; M) — HI(C — Us M)

shows that a € Imj*. But H*(UNC;#) = 0, provided that UNnC # U,
by the part of (c) already proven, since A is constant on UNC and UNC
is a proper closed subset of U. Thus we must have that UNC = U, and so
z is an interior point of C. Hence C = X since C is open and closed and X
is connected. Thus F is not proper, contrary to assumption, proving (c).
Part (d) follows from the cohomology sequence of (X,U) and part (c)
with F = X — U. Part (e) holds because an epimorphism L - L must
be an isomorphism since L is a principal ideal domain. For (f), suppose
that H?(X;L) = L. Let V C X be connected, open, and orientable. Then
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by (e), H}(V;L) — H?(X; L) is surjective and hence is an isomorphism.
From this and the natural isomorphisms

0(U) ~ H(U; 0) ~ H,(U; L) ~ Hom(H*(U; L), L)

we deduce that the restriction #(X) — #(V) is an isomorphism, whence
X is orientable, giving (f).

For part (g), note that H}(X;J) is a quotient group of Z by (b) and
(d), and so it has the form Z,, = Z/mZ for some m, possibly 0. Since the
union of an increasing sequence of compact subsets of X is paracompact,
H}X;9) = limy H}(V; 7), where V ranges over the connected, paracom-
pact, and relatively compact subspaces of X. This shows, using (b) and
(d), that we may assume that X is paracompact in the proof of (g). The
exact sequence

0 — Ext(H*(X;7),Z) — Ha1(X; ") - Hom(H? Y (X;T),Z) — 0

of (65) on page 340 shows that the torsion subgroup of Hp_1(X;J ") is
Z... This sequence also gives (i), assuming (b) and (g). From duality 9.2
we have

Ho(X; T Y= HY(X;09T ) =T(00I ") =0,
and similarly, for any integer k > 1,

a1 - -1 ) Z, ifkis even,
Ho(X;T @) ~T(0 0T ®Z‘°)~{o, if k is odd,

because # ® 7~ is a nonconstant bundle with fiber Z and structure group

Z,. The coefficient sequence 0 — I Lk gt gt ® Zj. — 0 induces
the exact sequence

0=Ho(X; 7)o Ho(X; T @ Zk) = Ha i (X; T 1) 5 Ho_y(X;57Y),

which shows that H,_(X;Z ') contains 2-torsion Z, and no odd torsion,
whence m = 2, proving (g).3 Part (h) is an immediate consequence of (b)
and (g). m]

16.17. Corollary. (F. Raymond [69].) Let X be an n-cmp, and assume
that H?(X;L) ~ H:(R™;L). Then the one-point compactification X* of
X is an n-cmp with H*(X*; L) ~ H*(S"; L).

Proof. That X* has the stated global cohomology is immediate from the
cohomology sequence of the pair (X+,00). By 16.16(f), X is orientable.
Thus HS(X; L) = H}9(X; L), whence H{(X; L) = 0. By II-17.16, X* is
cleP. By (9) on page 292, H.(X*;L) = H.(S*; L). The exact homology
sequence of (X*, X)) then shows that # ,(X*; L)oo = Hy(X*, X) is L for
p = n and is zero for p # n. This gives the result by 16.8(d). m]

35Part (g) can also be proved by an argument similar to that of 11-16.29.
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16.18. Corollary. If A is a locally closed subspace of an n-emp X, then
dimy, A=n < int A # .36

Proof. The < part is trivial. Also, we may as well assume that X is
connected and orientable and that A is closed. In that case, if int A = @
then H}(ANU;L) = 0 by 16.16(c) for all open U. Then it follows from
1I-16.14 that dim; A < n. 0

16.19. Corollary. (Invariance of domain.) If A C X and if A and X are
both n-cmy’s, then A is open in X.

Proof. By passing to a small open neighborhood of a point z € A we can
assume that A and X are both orientable, that A is closed in X, and that
X is connected. Since H?(A;L) # 0 by 16.16(b), we must have A = X
(locally at z in general) by 16.16(c). m]

16.20. Theorem. Let X be a connected n-cmy and let F C X be a closed
subspace with dimy, F < n —2. Then X — F is connected.

Proof. There is the exact sequence
0=H!YF,0)— HYX - F;0) - H*X;0) — 0,
so that the result follows from part (b) of 16.16. O

16.21. Theorem. Let X be ann-cmyp, and let F C X be a closed subspace
with dimp F = n — 1. Then there exists a point x € F such that all
sufficiently small open neighborhoods of = are disconnected by F'; i.e., there
ezists an open neighborhood U of = such that for all open neighborhoods
V. Cc U of z, V — F is disconnected. Moreover, every point of X has
an arbitrarily small open connected neighborhood V' such that V — F is
disconnected for all compact subspaces F of V with dim, F = n —1 and
H"~Y(F;L) #0.

Proof. This is a local matter, and so we may as well assume that X is
connected and orientable. By II-16.17 there exists a point x € F and an
open neighborhood W of z such that for all open neighborhoods U C W of
z, H*-Y(UN F;L) - H*~Y(W N F; L) is nonzero. However, by definition
of an n-cm, there is a neighborhood U of z so small that H?~'(U; L) —
H?Y(W; L) is zero. Let V C U be a connected neighborhood of z. In the
commutative diagram

HMYV;L) - HMY(VNF,L) - HYV - F;L) - H*V;L)
0 l;eo
HrY(W;L) - HFMY(WnNF;L)

36In a topological manifold, this holds for arbitrary subspaces; see [49, p. 46].
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the map H}(V —F; L) — HZ(V; L) is an isomorphism by 16.16(e) if V — F
is connected. That contradicts the remainder of the diagram. Therefore
V — F is disconnected for all open neighborhoods V C U of z. The last
statement also follows from the displayed diagram, where now FCc V. O

16.22. Corollary. If F C X is a closed subspace of the n-cmy X, then
dimp F=n-1¢& int F =& and F separates X locally near some point.
]

We shall now introduce the notion of a generalized manifold with bound-
ary. As always in this chapter, all spaces considered are assumed to be
locally compact Hausdorff spaces.

16.23. Definition. A space X is said to be an n-cm with boundary B
tf B C X 15 closed, X — B is an n-cmy, B is an (n — 1)-cmy, and the
homology sheaf # (X ; L) vanishes on B.

By 16.8 this is equivalent to the following five conditions:
1. BC X is closed.
X and B are clcp.

dimyp X < oo.

Ll T

The stalks #,(X; L), are isomorphic to L forx € X — B and p = n,
and are zero otherwise.

5. The stalks #,(B; L), are isomorphic to L for p = n — 1 and are zero
forp#n—1.

Also, it follows from 9.6 and II-Exercise 11 that dim; X = n. Note that
an n-cmy with boundary is an n-whmy.

16.24. Proposition. If X is hereditarily paracompact and X — B 1s ori-
entable over L, then condition 5 follows from the other conditions.

Proof. By 9.2, H;_,(X,X - B) ~ HE(B;0|B) = 0 since ¢|B = 0. By
13.7, H*(X, X — B; L) = 0. By 11-16.10, 9.3, and the cohomology sequence
of (X, X — B) and the coefficient sequence 0 — Lx_p — L — L — 0
we have H,(B) ~ H""P(X,X — B;Lx_p) ~ H*?"(X,X - B;Lp). By
the exact sequence of the pair (X, X — B) with coefficients in Lp, this
is isomorphic to H*"?~}(X;Lg) ~ H" P~!(B). These isomorphisms are
natural, and so we have the natural isomorphism H,(BNU) ~ H*~?~1(Bn
U) for U open. Taking the limit over neighborhoods U of z € B gives
Hp(B); =0forp#n—1and #n_1(B); =~ L. 0

Remark: That orientability is needed for 16.24 is shown by the example of an
open cone over RP? with B the vertex and L a field of characteristic other
than 2. We conjecture, however, that orientability is not needed if L = Z.
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16.25. Theorem. Let X and Y have common intersection B = X NY
that is closed and nowhere dense in both X and Y. Then X UY 1is an n-

cmy and B is an (n—1)-cmp < both X and Y are n-emy’s with boundary
B.

Proof. From a diagram using the Mayer-Vietoris sequence one sees easily
from II-17.3 that if B is clc}® then X NY are clcf° & X and Y are clc°.
From the first Mayer-Vietoris sequence of Exercise 9 one derives the Mayer-
Vietoris exact sequence (coefficients in L)

o = #y(B) = #,(X)|BOHH(Y)|B = #,(XUY)|B — Hp_1(B) = - --

of sheaves on B, and the < implication follows immediately from this by
examining stalks at points of B. For the = portion, let W be a connected
paracompact open neighborhood in X UY of any point in B. Then WNX
and W NY are nonempty proper closed subsets of W. By 16.16(a) we
have that H,(WN X) = 0 = H,(WNY) and that H,_;(W N X) and
H,_;(WNY) are torsion-free. It follows that #,(X)|B =0 = #,(Y)|B
and that #,,_1(X)|B and #,,_1(Y)|B are torsion-free. This again gives
the result upon examination of the displayed sequence. 0

16.26. Corollary. Let X be a connected, orientable n-cmy such that
H{(X;L) = 0 and let B C X be a closed, connected (n — 1)-cmp. As-
sume either that L = Z or that B is orientable. Then X — B has two

components U and V. Moreover, U = U U B is an n-cm with orientable
boundary B, and similarly with V.

Proof. Since HP }(X;L) =~ H{(X;L) = 0, the exact cohomology se-
quence of (X, B) has the segment

0— HYB;L)— H}X — B;L) —» H*(X;L) - 0,

from which we deduce from 16.16(b, g) that X — B has exactly two com-
ponents, say U and V (and that B is orientable in the case L = Z). That
U = U U B follows from 16.21, and the result then follows from 16.25. O

Remark: Even in the case n = 3 and X = S® the Alexander horned sphere shows
that U need not be an actual 3-manifold with boundary. The standard
embedding of RP? in RP® and L = Z3 shows that the condition “L = Z or
B is orientable” is required.

16.27. Theorem. Let B C X be closed and nowhere dense. Then X is
an n-cmy with boundary B < the double dX = X Ug X is an n-cmp.

Proof. The = part follows immediately from the preceding result. For
<, let Y denote a copy of X,let T: XUY — X UY be the map switching
copies, let i : X — X UY be the inclusion, and let 7 : X UY — X be the
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folding map. Then i : X — X is the identity. Let U be a connected open
neighborhood in X UY of some point in B = X NY that is invariant under
T. Then the composition

H,(U N X) = H,(U) == H,(U N X)
is the identity, and it induces maps of sheaves
Hp(X)|B - Hp(XUY)|B — H,p(X)|B

whose composition is the identity. It follows that &#,(X)|B = 0 for p # n.
But H,(U N X) =0 by 16.16(a). Thus &#,(X)|B = 0 for all p. Then the
Mayer-Vietoris sequence

= Hp(B) — Hp(X)|BOHp(Y)|B — Hp(XUY)|B — Hp1(B) — -

shows that #,_,(B) = #,(X UY)|B is locally constant with stalks L and
that #,(B) = 0 for p # n — 1; that is, B is an (n — 1)-cm. Hence X is
an n-cmy, with boundary B by definition. m]

16.28. Proposition. Let B C X be closed with both_X and B being clcy®.
Then X is an n-cmj, with boundary B & the sheaf 0 = # (X, B; L) has
stalks L for p = n and vanishes for p # n, and # ,(X; L)|B =0 for all p.

Proof. It follows from 16.8(d) that under either hypothesis, X — B is an
n-cmp. For an open set U of X we have the exact sequence

- = Hy(U) = Hp(U,BNU) = Hp_y(BNU) = Hp_y(U) — -+,
natural with respect to inclusions, and hence the exact sequence of sheaves
i JZP(X) - pr(X,B) — «%p_l(B)X — pr__l(X) — e

yielding the isomorphism (X, B)|B = # ,_1(B). Thus the result follows
from 16.8(d). 0

16.29. Proposition. For an n-cmp X with boundary B and its orienta-
tion sheaves 0 =Hn(X;L) and 0 = H(X,B; L), we have 0 = Ox_p-
Moreover, O is locally constant on X with stalks L.

Proof. The first part is immediate. Let X UY be the double of X along
B. Then similarly to the previous proof, there is the exact sequence

s Hp (V)XY o H,(XUY) — Ky (XUY,Y) = Hp_y (V)XY e

and by excision 5.10, #,(X UY,Y) = H,(X, B)XYY. Since #,(Y)XY
restricts to the zero sheaf on X, we have that #,(X,B) = #,(X UY)|X.
The latter sheaf is locally constant with stalks L by 16.8. O
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16.30. Theorem. Let X be an n-cmp with boundary AU B where A and
B are closed and are (n — 1)-cmyp’s with common boundary AN B. Let
(M, ®|A) be elementary on X, and assume that dime X < 00.3” Then®®

HY(X, A, M ®0) ~ HE_(X,B; M).

Proof. To simplify notation we shall give the proof in the case for which
M = L and X is orientable, i.e., ¢ = L. There is no difficulty in general-
izing it. Note that € = Lx_4_p in this case.

Let X* = X Up=Bx{o0} (B x I), let B* be the image of B x {1}, and
put X° = X* — B*. Extend ® to X* by adding the sets of the form K x I
and their subsets. (Similarly, extend .# in the general case.) We shall still
call this extended family ®. Put A* = AU ((AN B) x I), and similarly for
A°. In the same manner as in previous proofs, one can show that X+ is an
n-cmyp with boundary A¥ UB* and X° is an n-cm; with boundary A° and
orientation sheaf Lx._40. Consider the following diagram (coefficients in
L when omitted):

HE(X;Lx-a)& HE(X°;Lxo—ac) i} HIOX°(X°)  =~HFP ,(X*,BY)

HE . x_gy(X ~ B; LX-B_A)§H:S;X‘B>(X - By~ H?_,(X,B),
which commutes. (The isomorphism on the upper left is a consequence of
invariance of cohomology under proper homotopies.) Now, via the isomor-

phisms on the right (from 5.10), the map j. is the composition
HR ,(X*,BY) = HY_(X*,BxI) < H? ,(X,B)

(these maps are isomorphisms due to invariance of homology under c-proper
homotopies) and hence is an isomorphism. The required isomorphism is
then just the composition from the upper left to the lower right. m]

The typical case of interest of 16.30 is the product (M,0M) x (N,0N)
of two orientable manifolds (or cm's) with boundary and A = M x N,
B = M x N. Thus, with m = dimy M and n = dimy N, one gets the
isomorphism

Hg((MyaM) X N,L) ~ Hfr,z+n—p(M X (NyaN)yL)

when @ is paracompactifying or when M x N is locally hereditarily para-
compact.

The first term on the bottom of the diagram in the proof of 16.30 and
the commutativity of the diagram were not used in the proof. However,

37E.g., & paracompactifying, or X locally hereditanly paracompact.
38See (19, p. 358] for a classical account of this version of duality.
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the composition
HB(X;Lx—a) < H5(X°; Lxo-p0) ~— Hy (x-p)(X —B;Lx-p-a)

&
is just the restriction homomorphism for the inclusion X — B — X, and
so in the case A = @ we also conclude the following result from the com-
mutativity of the diagram:

16.31. Proposition. Let X be an n-cmy, with boundary B. Assume that
dimg X < 00 and dimgn(x-p) X — B < 00.3° Then for M an elementary
sheaf on X and an arbitrary family of supports ® on X, the restriction

HY (X, M) — Hgn(x—B)(X - B; M)
is an isomorphism for all p. Also see [68]. o

An example of a 3-cm with boundary that is not a manifold is the
closure M of one of the components of the complement of an Alexander
horned sphere B in 3-space. In this case there is no internal collar of the
bounding 2-sphere. An example of a 3-cm without boundary that is not
a manifold is the quotient space M/B, as follows from 16.35. An example
of a 1-cm that is not a manifold is the double of a compactified long line.
However, separable metric n-cmp,’s are manifolds for n < 2 and any L, as
we now show.

16.32. Theorem. If X is a second countable n-hmy, with or without
boundary, and n < 2, then X is a topological n-manifold.

Proof. Since X is completely regular and second countable, it is separable
metrizable by the Urysohn metrization theorem; see [19, I-9.11]. Also, X is
ann-hmg for K = L/pL for any prime p in L, and so it suffices to consider
the case in which L is a field. Then by 16.13, X is clcr. In particular, X
is locally connected. A locally compact and locally connected metric space
is locally arcwise connected in the sense that an “arc” is a homeomorphic
image of [0, 1]; see [47, p. 116].

In case n = 0, X is totally disconnected by II-16.21. Since it is locally
connected, it is discrete, proving that case.

In case n = 1, first assume that X = @&. By 16.21 any point € X has
a connected neighborhood U with U — {z} disconnected. Let a,b € U —{z}
be points from different components. Then there is an arc A in U joining
a and b. By invariance of domain 16.19, A — {a, b} is open in X, so that
X is locally euclidean near z, proving that case. The case in which X has
a boundary can be verified by looking at the double of X. The details of
that argument are left to the reader.

For the case n = 2, we must use the topological characterization of 2-
manifolds with boundary due to G. S. Young [87]. This says that a locally

39F.g., & paracompactifying and X — B paracompact.
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compact metric space X for which each point has a connected neighborhood
U such that U — C is disconnected for all simple closed curves C in U, is a
2-manifold, possibly with boundary. Consider first the case in which 6X =
@. Then the last part of 16.21 shows that X satisfies Young’s criterion.
Since the sheaf #,,(X; L) vanishes on the boundary of an n-manifold, the
topological manifold notion of boundary coincides with that defined for
homology manifolds. Now consider the case in which B = 8X # &. Let
X UY be the double of X along B. Let £ € B and let U be a symmetric
neighborhood of z in X UY such that U N X is connected and with U not
containing any component of B (which we now know to be a 1-manifold).
Also, take U so small that U is disconnected by all simple closed curves
C c U. Then note that

U—C=UnX-C)UuUn(Y - B)).

Now, UN (Y — B) is connected since H*(UNY;L) - HY(UN (Y - B); L)
is an isomorphism by 16.31. Also, the closure of U N (Y — B) intersects
U N X — C nontrivially, since otherwise C would be a component of B,
contrary to the selection of U as not containing a component of B. Thus,
since U — C is disconnected, U N X — C must be disconnected. This shows
that X satisfies Young’s criterion.40 ]

16.33. Theorem. (Wilder’s monotone mapping theorem.) Let X be an
n-hmyp. Assume either that X is orientable orthat L=17Z. Let f : X - Y
be a Vietoris map (i.e., proper, surjective, and with acyclic point inverses).
Then Y 1is also an n-hmy, which is orientable if X is orientable. Also, Y
is clcg® (and hence is an n-cmyp) if X is clef°.

Proof. The hypothesis implies that f is proper and that the Leray sheaf
H?P(f;L) is L for p = 0 and vanishes otherwise. We shall prove the last
statement first. For U C Y open and with U® = f~!U, the Leray spectral
sequence degenerates to the natural isomorphism HP(U; L) = HP(U*®; L).
If U and V are open with U C V, then U® C V*. Therefore if X is clef®,
then by II-17.5, HP(U®;L) — HP(V*;L) has finitely generated image.
Hence HP(U; L) — HP(V; L) has finitely generated image for all p, which
means that Y is clc® by II-17.5.

Now assume that X is orientable. Note that a point in a locally
compact Hausdorff space has a fundamental system of open paracom-
pact neighborhoods U (e.g., the union of an increasing sequence of com-
pact neighborhoods). Since f is proper, U® is also paracompact. Now
H,(f; L) = Sheaf(U = Hy(U*; L) ~ H™?(U*; L)) ~ #"(f;L). Thus
we have

Hp(Y;L) =~ H,(f; L) by (48) on page 323
~ H"P(f; L) since X is orientable
_J L p=n . ) o
~ 0. p#n since f is a Vietoris map,

40 Another treatment of these matters can be found in {85].
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which means that Y is an n-hm as claimed.

Now assume X to be nonorientable and that L = Z. Let y € Y, and put
F = f~!(y). We claim that 0 is constant on F. If not, then the units in the
stalks give a nontrivial double covering space of F, so that H!(F;Z;) # 0
by II-19.6. This contradicts the universal coefficient theorem II-15.3. Now,
@ must be constant on some open neighborhood of F = f~!(y) by 11-9.5,
and this neighborhood can be taken to be of the form U® = f~!U, U open.
Then U* is orientable, and so U is an n-hmgz by the part of the theorem
previously proved. m]

This result would be false for L a field of characteristic other than 2
and X nonorientable, as shown by the map of RP? to a point. Of course,
it is only the dimension of Y that goes wrong here. A more convincing
example is given by X = RP? x R and Y = (—o0, 0] URP? x (0, 0c0), where
f: X — Y is the obvious map and Y is given the quotient topology. Here
f is a Vietoris map over fields L of characteristic other than 2, but Y fails
to be an hmy for any L and even fails to have a uniform dimension over L.

As an example of the use of 16.33, the identification space R3/A is a
3-cmg, where A is a wild arc. Note that if z is the identification point,
then U — {z} is not simply connected for any neighborhood U of z in this
3-cmg.

In Section 18 we shall present a considerable generalization of 16.33.

16.34. Corollary. Let X be an n-cmp, and assume either that X is ori-
entable or that L = Z. Let f : X — Y be a Vietoris map. Then the
mapping cylinder My is an (n +1)-cmp with boundary X + Y.

Proof. The obvious map X x S' — dM; of the double of X x I to the
double of My is a Vietoris map, and so dMjy is an (n + 1)-cmp by 16.33.
Thus My is an (n + 1)-cmp with boundary by 16.27. m]

16.35. Corollary. Let X be an n-cmp with boundary and let B be a com-
pact component of the boundary such that H,(B; L) ~ H.(S*"1;L). Then
the quotient space X/B is an n-cmy with boundary being the image of
0X — B.

Proof. The boundary component B is orientable by 16.16(f), and it fol-
lows that M is orientable in a neighborhood of B. If M is the union of X
with the cone CB on B, then M is an n-cmp by 16.9 (or 5.10) and 16.25.
Also X/B ~ M/CB. Since the map M — M/CB is Vietoris, the result
follows from 16.33. 0O

16.36. We conclude this section with a short discussion of compactifica-
tions of generalized manifolds. Let U be a connected n-hm. By a com-
pactification of U we mean a compact space X containing U as a dense
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subspace and such that FF = X — U is totally disconnected. It is the end-
point compactification of U if, in addition, F' does not disconnect X locally
near any point; see Raymond [69], on which this discussion is largely based.

16.37. Theorem. Suppose that X is a compactification of the n-hmp
. Then I'(#-(X;L)) = H.(X,U;L) for r < n. Moreover, forr < n,
H(X;L)=0s H.(X,U;L)=0.

Proof. By II-Exercise 11, dim; X =n. Let F = X — U. By 84, there is
a spectral sequence with

EP? = HP(F, # _q(X; L)|F) => H_,_o(X.U; L).
Since F is totally disconnected, this reduces to the isomorphism
I(#-(X;L)|F) = H (X, U; L).
For r < n, #,.(X; L) is concentrated on F, so that
D(#+(X; L)) ~ T(#,(X; L)|F).
The last statement follows from II-Exercise 61. 0O

16.38. Lemma. Let X be the end-point compactification of the connected
n-cmy U, n > 1. IfU is orientable in the neighborhood of each point of X,
then 0 = Hn(X; L) is locally constant with stalks L. If X is hic}, then
H1(X;L) =0=Ho(X;L).

Proof. Suppose that V is an open connected subset of X with UNV
orientable. If W is a connected open subset of V, then W — F is connected
and H}(W — F;L) — HZ}(W,; L) is an isomorphism. By 16.16, H} (W —
F;L) — HV NU;L) = L is an isomorphism, whence H?(W;L) =
H™(V;L) =~ L. 1t follows that #|V is constant with stalks L.

Now assume, instead, that X is hlc}. Then a point z € X has a
connected open neighborhood V' so small that Hf(V;L) — Hf(X;L) is
zero. Since V — {x} and X — {z} are connected and locally connected, we
have that H§(V — {z};L) = 0 = H§(X — {z}; L) by 5.14. Therefore we
have the commutative diagram

H{(V;L) - H{(V,V-{z}L) - 0
0 z
Hf{(X;L) - H{(X,X - {z};L) — 0,

where the vertical isomorphism is due to excision. It follows that
H1(X; L)y = H{(X,X — {z}; L) =0.

A similar but easier argument shows that #o(X; L) = 0. a
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16.39. Theorem. Let X be the end-point compactification of the con-
nected n-cmp U, n > 1, that is orientable in the neighborhood of each
point of X. Then the following three conditions are equivalent:4!

(a) X is an n-cmy.
(b) H*(X; L) is finitely generated and H.(X,U;L) =0 for all1 <r < n.
(c) H*(X; L) is finitely generated and

[X]N(e): H(X;0) » Hp_(X; L)

is an isomorphism for all0 < r < n.

Proof. By II-17.15, X is cley, & H*(X; L) is finitely generated. This
gives (a) < (b) by 16.37 and 16.38. The basic spectral sequence

ED? = HP(X;# _o(X; L)) = H_p_o(X; L)

has E3™ = T(H#,(X;L)) ~ H,(X,U;L) for ¢ < n by 16.38. Also,
EP~" ~ HP(X;0). All other terms are zero. By 10.2, and the proof
of 10.1, the edge homomorphism

HP(X;0) = E; ™ — E% ™™ = Hp_,(X)

is the cap product [X] N (e) with [X] = A(1) € Hn(X;07"), up to sign.
Thus the latter is an isomorphlsm forO<p<ne Hy(X,U)=x E° =0
for 1 < g < n, since E3™! ~ H,(X,U) = 0 by 16.38. Hence (b) & (c). O

Remark: As noted by Raymond [69, 4.12], the example of U = RP? x R, X =
LRP?, and L a field of characteristic other than 2 shows that the hypothesis
of orientability of U near points of X is essential in 16.39.

17 Locally homogeneous spaces

A (locally compact, Hausdorff) space X is called “locally homogeneous” if
for every pair z,y € X there is a homeomorphism & of some neighborhood
of z onto a neighborhood of y with h(z) = y; see [4] and [29]. Bing and Bor-
suk [4] have asked whether every locally contractible, locally homogeneous,
finite dimensional, separable metric space is a generalized manifold (or,
indeed, a topological manifold). A partial result in this direction follows
immediately from 16.15:

17.1. Theorem. [14] Suppose that X is second countable, that dim; X <
00, that X is locally homogeneous, and that H,(X, X — {z}; L) is ﬁmtely
generated for each i. Then X 1s an n-hmy for some n.

41Raymond’s Theorem 4.5 in [69] is equivalent to the present (a) < (b) by the exact
sequence of his Theorem 2.16, which is the homological analogue of the second exact
sequence of our 1I-18.2.
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The problem with this result is the condition that H,(X, X —{z}; L) be
finitely generated. This is a very strong condition that does not follow from
any reasonable set-theoretic properties that we are aware of. For instance,
local contractibility does not imply it. It would be nice if this condition
could be replaced by condition clcy, for example. We shall prove such a
result under a stronger type of local homogeneity:

17.2. Definition. A space X will be called “locally isotopic” if X is locally
arcwise connected and for each path A : 1 — X there is a neighborhood N
of A(0) in X and a map A : 1 x N — X such that A(t,\(0)) = A(t) and
such that each A is a homeomorphism of N onto a neighborhood of A(t),
where A*(z) = A(t,z). [With no loss of generality we may also assume that
A(0,z) =z for all z € N]

This condition is slightly stronger than the notion of local homogeneity
defined by Montgomery [61]. It is weaker than that defined by Hu [48],
which coincides with the condition 1-LH of Ungar [81].

Throughout the remainder of this section we shall impose the standing
assumption that X is locally compact, Hausdorff, second countable and
cleg®, and that L is a countable principal ideal domain.

17.3. Lemma. If X is also locally homogeneous, then the homology sheaf
Hp(X; L) is ¢ Hausdorff space.

Proof. Let {V;} be a countable basis for the topology of X. For any z €
X and a € #p(X);, there are indices 3, j with z € V, V, C V,, and such
that o is in the image of the canonical map r; |, : Im(H,(V;) — Hp(V;)) —
Hp(X)z. Since X is cle®, Im(H,(V;) — p(V )) is finitely generated,
whence it is countable because L is countable. For s, € Im(H,(V;) —
H,(V;)) the definition o, (z) = r} , ,(sn) gives a section o, € T'(H#,(Uy)),
where U, = V. Therefore #,(X) is covered by the countable collection
{on} of local sections. Put A, = |o,| and C, = (8U,) U (9A,). By the
Baire category theorem, there is a point z not in any C,. Each point of
the stalk #,(X); has the form o,(z) for some n. If o,(z) # 0, then since
z € A, — 0A,, o, is nonzero on some neighborhood of r. By the group
structure this implies that any two points of #,(X); can be separated by
open sets in # ,(X). Since X is locally homogeneous, this is true at all
points of X. ]

17.4. Lemma. Suppose that X is also locally isotopic. Then the projec-
tion m: H p(X; L) — X has the path-lifting property.

Proof. Let A : I — X be any path and let o € Hy(X, X — A\(0)) =
H (X)) be given. Let N be a compact nelghborhood of A(0) so small
that A : I x N — X exists as in Definition 17.2. Fort € I, A is a
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homeomorphism of (N, N — X\(0)) onto (N;, N; — A(t)), where N, = A}(N)
is a neighborhood of A(t). Thus

AL Hy(N,N = X(0)) = Hg(Ny, N; = X(1)),

and we put
o = Al(a) € Hp(X)ay)-

We must show that t — o, is continuous. For this, let U C N be an
open neighborhood of A(0) so small that « is the image of an element
B € Hi(N,N - U). Put U; = A*(U) and B, = AL(B) € HS(N;, N, — Uy).
Let s € I be given and let V be a neighborhood of A(s) so small that for
some e >0,V C U, for all s —¢ <t < s +¢. By homotopy invariance
6.5, B; maps to the same element v € H (X, X — V) = H,(V) for all
t € (s —¢,5+¢€). Thus v defines a section of #,(X) over V whose value
at A(t) is a; for s — € < t < s + ¢, and this shows that a; is continuous in
t. Since 7 is a local homeomorphism, the path lifting is unique. a

Since a fibration with unique path lifting over a semilocally 1-connected
space is a covering map [75, p. 78], we have:

17.5. Corollary. If X is semilocally 1-connected and locally isotopic in
addition to the standing assumptions, then each #,(X; L) is locally con-
stant. a

From 16.1 and 16.3 we conclude:

17.6. Theorem. [14] Let L be a countable principal ideal domain. Let X
be second countable, semilocally 1-connected, and locally isotopic. Assume
further that n = dimp X < oo and that X is connected and locally con-
nected. If L is a field, then X is an n-emyp. If L is arbitrary and X is
cc?®, then X is an n-cmp. 0

18 Homological fibrations and p-adic
transformation groups

The major unsolved question in the theory of continuous (as opposed to
differentiable) transformation groups on topological manifolds is whether
a compact group acting effectively on a manifold must necessarily be a Lie
group. It is known that a counterexample to this would imply that some
p-adic group

Ap = lim{- - = Zps — Zp2 — Zy},

p prime, can also act effectively on a manifold.4? In one direction, it is even
unknown whether such a group A, can act freely. (It might be expected

42This follows from the known structure of compact groups together with Newman'’s
Theorem [15, p. 156), stating that a finite group cannot act effectively on a manifold
with uniformly small orbits.
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that an effective action would imply a free one on some open subspace, but
no one has been able to prove that either.) In this section we will present
much of what is known about the homological implications of the existence
of such an action. First we will study the notion of a homological fibration.

18.1. Definition. [11] A “cohomology fiber space” over L (abbreviated
cfsy) is a proper map f : X — Y between locally compact Hausdorff spaces
X and Y such that the Leray sheaf ' (f; L) is locally constant for all i.
We shall call it a cfsk if #'(f; L) =0 fori > k and Jl’k(f; L) #0. In this
case we denote the common stalk of ' (f; L) by H'(F).

18.2. Proposition. [11] Suppose that f : X — Y is a cfsk, and assume
that dimp X = n < oo. If L is a field, thendim Y <n — k. If L is any
principal ideal domain, then dim, Y <n + 1.

Proof. We may as well assume that 3" (f; L) is the constant sheaf H*(F).
Let L be a field. Let y € Y. For U C Y open, consider the Leray spectral
sequence

ERY(U) = H?(U; HY(F)) = H"*9(U*)

(and also its analogue with compact supports) with coefficients in L, where
U* = f~Y(U). Let 0 # a € H¥(F). Since H*(F) = limH*(V*), there is
a neighborhood V of y and an element ay € H*(V*) extending a. For
U C V connected, let ay € H"(U *) be the restriction of ay and let o €
Eg’k = H°(U; H*(F)) be the image of ay under the edge homomorphism
HY(U®) - E% »— E*. Then o # 0 is a permanent cocycle. Let 0 #
B € HI(U; H(F)) = E;°. Then § is trivially a permanent cocycle, and so
aUB € E;’k is a permanent cocycle since d,(aUf) = d.aUS+aUd, [ = 0.
Also, a U 8 # 0 by I1-7.4. Therefore HI**(U®) # 0,and so r + k < n.
Consequently, HI(U; H(F)) = 0 for r > n — k. Since H°(F) is a free
L-module, the composition L — H(F) — L of coefficient groups implies
that HZ(U; L) = 0 for r > n—k. Therefore dim; U < n—k by II-16.14, and
dimp Y <n —k by II-16.8. The case of a general principal ideal domain L
follows from an easy universal coefficient argument. m]

18.3. Proposition. [11](36] Suppose that f : X — Y is a cfsy such that
each #*(f; L) has finitely generated stalks for i < k. If X is clck, then Y

is also clck .43

Proof. We may as well assume that each #"*(f; L) is constant for i < k.
Let A,B C Y be compact sets with A C int B. If Y is not clcf, then by
I1-17.5 there is a minimal integer m < k such that there are such sets A, B
with the image of the restriction H™(B; L) — H™(A; L) not being finitely

43The proof uses only that the sheaves #*(f; L) are locally constant for : < k rather
than the full cfs; condition.
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generated. From the universal coefficient sequence and II-17.3, it follows
that E3"(B’) = HP(B'; H1(F)) — HP(A'; HI(F)) = E§?(A’) has finitely
generated image for all p < m — 2, ¢ < k and all such pairs A’, B’. Let K
be compact and such that A C int K and K C int B. Then by the diagram

E;°(B) — Eg™°(B)
f h
By N(K) — E°(K) — EJ(K)
9
E;~*'(4) — E7°(4)
and II-17.3 it follows that Imh is not finitely generated. Continuing this
way, we see that there is such a K such that the image of EZ%(B) —

E™(K) is not finitely generated. It follows that the image of H™(B*) —
H™(K?*) is not finitely generated, contrary to II-17.5. a

18.4. Lemma. Suppose that f : X — Y is a cfsk with each Jf’i(f; L)
constant, where L is a field. Then for U open in Y there is a spectral
sequence of homological type** with

EZ, = Hom(H%(F), Hy(U)) = Hy1,(U")

and that is natural in U. Consequently, there is a spectral sequence of
sheaves with

82 = Hom(HI(F), Hp(Y)) => Hpiq(f)-

(Coefficients in L are omitted.) Also, the stalks satisfy

| Hom(HI(F), #,(Y))y = Hom(H(F), #,(Y),). |

Proof. In the Leray spectral sequence
E$? = H?(U; HY(F)) = H?*9(U"*)

we have HP(U; H(F)) ~ HP(U)®H9(F) since L is a field. Also, Hom(e, L)
is exact, and so if we apply it to the spectral sequence and adjust indices,
we get a homological spectral sequence with

E}, = Hom(H?(U) ® HY(F), L) ~ Hom(H?(F), Hom(H2(U), L))
~ Hom(H(F), Hy(U))
and converging to Hom(H?t9(U*®), L) = H,44(U®). The last statement is

from the fact that Hom(e, ) commutes with direct limits in the second
variable. ]

44This means that d, : E; , — E7__ . .
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18.5. Theorem. [11] Suppose that f : X — Y isa cfs’z, and assume that
X is an orientable n-hmy, where L is a field. ThenY is an (n — k)-hmy.
Also, Y is orientable if each " (f; L) is constant. Moreover, each H*(F; L)
is finitely generated, and H*(F;L) ~ H* *(F; L) for all i.

Proof. We may as well assume that the Leray sheaf of f is constant. As
in the proof of 16.33, we have that &#,(f) ~ #™ '(f). By assumption,
this vanishes for n —1 > k, that is, for i« < n — k. It also vanishes, trivially,
for n —i < 0, that is, # > n. Let m = min{p|#,(Y) # 0} and M =
max{p|#,(Y) # 0}. Then, since L is a field and H*¥(F) # 0 # H(F),
the terms é”,zn_o and é”?u,k are nonzero and survive to &3,.4> Therefore,
m>n—kand M+ k <n, whencem =M =n—k. Thus #,(Y) =0 for

p # n — k, and the spectral sequence degenerates to the isomorphism
Hom(HY(F), Hn-k(Y)) % Hn_rsq(f) = #*7I(f) = H-(F).

It follows that &#,,_,(Y) is constant. Call its common stalk S. Then we
deduce that
Hom(HY(F),S) ~ H*"9(F). (119)

In particular
Hom(H°(F),S) ~ H*(F) and Hom(H*(F),S) ~ H°(F),

which implies that rank H°(F) - rank S = rank H*(F) and rank H*(F) -
rank S = rank H°(F) and that all these ranks are finite. Thus rank S = 1
and HY(F) ~ H*=9(F) by (119).46 a

Remark: Orientability is needed in 18.5, as is shown by the orbit map of an
action of 8! on a Klein bottle. This is a cfs}, for any field L with char(L) #
2. The orbit space is an interval [0, 1]. Also, see the examples below 16.33.

A little work with the universal coefficient theorem yields a correspond-
ing result over the integers:

18.6. Corollary. [11] Suppose that f : X — Y is a cfsk, and assume that
X is an orientable n-hmz and that the Leray sheaves "' (f;Z) have finitely
generated stalks. Then Y is an (n — k)-hmgz and H*(F;Z) ~ H°(F;Z).
Moreover, Y is orientable if each #*(f;Z) is constant.4” O

18.7. Let us now turn to actions of the p-adic group A, on generalized
manifolds. There is the p-adic solenoid X,, which is the inverse limit of
circle groups --- — S' — S!, where all the maps are the p-fold covering
maps. Then A, C ¥, are compact topological groups and £,/4, =~ S
Continuity implies that

HY(Z,;Z) = Q,,

45Look at the spectral sequence restricted to any stalk.
46 Another proof can be based on Exercise 38.
47 Also see Exercise 39.
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the group of rational numbers whose denominators are powers of p. Also,

Hl(zp;Q) = Q,
Hl(zp;Zp) =0,
Hl(E,,;Zq) ~Z,

for any prime ¢ # p. All cohomology vanishes above dimension 1.

Now suppose that A, acts freely on an orientable n-hm; M™. We
shall assume that A, preserves orientation; this is no loss of generality in
studying the local properties of the orbit space since for L a prime field or
Z (so that Aut(L) is finite) there is a subgroup of finite index in A, that
does preserve orientation. Let

Nn+1 — Ep X A, M

with the notation of IV-9. Then N™*! is a bundle over S! = £,/A, with
fiber M™, and so N**! is an (n + 1)-hm. Moreover, L, acts freely on
N+l and N**1/8, ~ M™/A,. Now, ¥, is a compact connected group,
and so it operates trivially on the cohomology of N®*1 by II-11.11. (This
is the primary reason for making this construction here.)

The orbit map

f . NnHL Nn+l/2p ~ Mn/Ap

is a Vietoris map when L = Z,, and so we conclude from 16.33 that

| M"/Ap s an (n+1)-hmy if L=Z,|

18.8. Lemma. In the above situation the Leray sheaf #°(f; L) is constant
with stalks H*(X,; L) for any L.

Proof. Let m, : £, — S! be the ith map in the inverse system defining
T,. Let K, = Kerm, and let f, : N**1/K, — N"*1/% be the orbit map
of £,/K, =~ S'. For U ¢ N*+!/%, open with U compact, U™ = f~}(U) =
limf;"}(U), and so H*(U;L) ~ limH*(f7(U); L) by continuity. Since
the presheaf U — H*(f !(U); L) generates the Leray sheaf #°(fi; L), we
conclude that #°(f; L) ~ li;#*(f,; L). But the sheaf #'(fi; L), being
the Leray sheaf in the top dimension of an action of a compact Lie group,
is constant, as is shown in IV-14. Hence &# 1( f; L) is constant. The same
statement in other degrees is trivial. o

By the lemma the orbit map f is a c¢fs} when L is a field of characteristic
q # p. Thus, by 18.5, we have that

W‘/A,, isann-hmp f L=Qor L=2Zg,q#Dp primej

If M™ is an n-cmgz, then.it is also an n-cmy for all fields L (for Q since
M™" is clez). Thus the foregoing statements might seem contradictory,
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but in fact, they appear to be logically consistent, and spaces with similar
properties have been presented in the literature.4®

18.9. Now suppose that we are given an orientation preserving free action
of A, on an orientable n-cmz. We retain the notation of the previous
subsection. Then the orbit map f : N**! — N"+l/T ~ M"/A, is a
cfs} by 18.8, but it does not satisfy the finite-generation condition of 18.6,
and so we cannot assert that the orbit space is a homology manifold over
Z; indeed, it cannot be one by the foregoing results and the universal
coefficient theorem; also see 18.11.

There are two tools we shall use to study this situation further. Consider
the diagram

Nntl I, Nntl / Ap

Nm+l/s, = Nn+US ~ M©™/A,.

Note that N™**1/A, = (T, x4, M™)/A, ~ (£,/4,) x M" /A, =~ S' x
Mm"JA,. Let U C M™/A, ~ N**1/Z, be an open set, and put U® = f~1U
and U’ = g~1U =~ U xS!. The first tool is the Gysin sequence of f : U®* — U
as derived from the Leray spectral sequence of f. The second tool is the
Borel spectral sequence

Ey' = H*(Bap; H{(U®)) = HJM'(U"),

whose coefficients are constant because A, C ¥,, and the latter operates
trivially on H:(U®) by II-11.11.

In order to use the Borel spectral sequence, we must calculate the co-
homology of Ba,:

18.10. Lemma. We have

Z, fors =0,
H%(Ba,;Z) = Qp/Z, fors=2,
0, otherwise.

Proof. A direct proof of this can be found in [21]. We shall give a much
more efficient indirect proof. The cohomology of By, follows immediately
from the Leray spectral sequence of Ex, — By, which gives

Z, fors=0,
H*(Bg,;Z) = § Qp, for s> 0 even,
0, otherwise

and also shows that the map

Qp ~ H*(By,; H\(S,)) = By 5 E}° = H**+2(By,; H'(S,))

48See the bibliography in [15], which is complete on this subject.
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is an isomorphism. The diagram

Ey, — Ba,
bl
By, = Bg,

induces a map of the spectral sequence of ¢ into that of . On the Eg 1
terms this is just the canonical inclusion

Z ~ H%Bg,; H'(S')) —» H%(Bg,; H'(Z,)) =~ Qp,

and on the E§"‘ terms, for s > 0, it is the isomorphism

Qp ~ H*(Bg,; H'(8')) — H*(Bg,; H'(Z,)) ~ Qy.
It follows that
Z ~ H(Bg,; H\(SY) = B3 % E}° = H(Bg,; H'(SY)) ~ Q.
in the spectral sequence of (, is the canonical inclusion and that
Qp ~ H*(Bg,; H'(SY) = B3™' < B**2° = H™*2(By  H(SY)) ~ Q,

is an isomorphism for s > 0. Therefore, the only nonzero terms of the E}?
for ¢ are E® ~ Z and E§'° ~ Qp/Z, whence H*(B,,;Z) is as claimed. O

Finally, we collect some miscellaneous facts about free actions of A, on
generalized manifolds. Again we stress that no examples of such actions
are known, so the following theorem may be completely empty.

18.11. Theorem. For an orientation-preserving free action of A, on an
orientable n-cmz M™ with Y = M™/A, let H.(Y) denote the precosheaf
Uw— H{U;Z) onY. Then we have:

(a) dimz Y =n + 2,49

(b) Y is an (n +1)-cmg,,

(c) Y is an n-cmg, for q # p prime,

(d) Y is an n-cmg,

(e) HL(Y) s locally zero for i #n,n+2,

(£} H7(Y) is equivalent to the precosheaf U — HZ(U®,Z) =~ H{(U*; Z),
(8) H2*+2(Y) is the constant cosheaf Qp,/Z,

(h) K, (Y;Z) =0 fori#n,n+1,

49Part (a) also holds for all effective actions; see [21] and [86).
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(i) Hn(Y;Z) is constant with stalks Qp,

(§) Hns+1(Y;Z) is constant with stalks 5,,/\2,
(k) Y is j-cleg for all j # 2,
(1) Y is not 2-clcg,
(m) f: N1 =Y is a cfsy, where N**!' =5, x4 M™,

(n) n>3.

Proof. Statements (b), (c), (d), and (m) have already been shown. In
the Borel spectral sequence E3° = H*(Ba,; H(U®)) = H:t(U’), for
U connected, we have that ES* = 0 for s > 2 or t > n + 1. Therefore
HM3(U') = HY(Ba,; HX*'(U*)) = Qp/Z, and H}(U’) = 0 for i > n+ 3.
Since U’ ~ U x S!, we deduce that H}(U) = 0 for i > n+2 and H**?*(U) ~
Qp/Z naturally in U, proving (g). By II-16.14 this also gives (a).

To prove (e), note that for an open set V with V C U, the image
of H*(U®) — H*(V*) is finitely generated by II-17.5. Since the direct
limit of these is the cohomology of an orbit X, it follows that V' can be
chosen so small that H*(U®) — H*(V*) is zero for i # 0,1. By duality,
H,(U*) — H,(V*) is zero for j # n,n + 1. By the sequences (9) on page
292 we derive that

Hom(H(U®),Z) — Hom(HI(V*),Z) is zero for j # n,n+1
and
Ext(HI(U®),Z) — Ext(H2(V*),Z) iszerofor j #n+1,n+2. (120)

Now the maps H(V*) — H!(U*®) have finitely generated images by II-17.5.
It follows fairly easily that V can be taken so small that HZ(V*®) — HZ(U®)
is zero for j < n. Inductively assume that V can be taken so small that
HI(V) — HI(U) is zero for j < jo. Then by the universal coefficient
theorem, we have that HI(V;Q,) — H2(U;Q,) is zero for j < jo. The
Gysin sequence of f has the segment

HP=2(V;Qp) — HE (V) — HP (V).

and it follows from II-17.3 that V' can be taken so that H2°(V) — HI°(U)
is zero, as long as jo < n. This proves (e) except in dimension n + 1. Now,
from the Borel spectral sequence we get that

HZ*2(U') m HY(Ba, H}(U*)) = Qp/2® HZ(U®)

is all torsion. Thus its direct factor H**+!(U) is all torsion. The Gysin
sequence has the segment

H\(U;Q,) — HPY(U) L HAH\(U*) > 2,
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so that f* = 0 here. Since the left-hand term is locally zero (by the
universal coefficient theorem), so is the middle term, giving (e).
For part (f) consider the segment

H™2(U:Qp) — HI(U) — HX(U®) — HZ7H(U; Qy)

of the Gysin sequence The two outer terms are locally zero, so that the
middle arrow is a local isomorphism as claimed.
There is the exact sequence

0— E(HHNY),Z) — H,(Y;Z) — Hom(H(Y),Z) — 0,

from which part (h) follows immediately.5? It also gives #,4+1(Y;Z) ~
EL(HPH2(Y), Z) =~ Q,/Z, proving (j); see (109) on page 368. Also

Hn(Y;Z) =~ Hom(H7(Y),Z)

since H7+!(Y) is locally zero. By (f) this is the same as the sheaf generated
by the presheaf U — Hom(H2(U*), Z), which is the same as the sheaf gen-
erated by the presheaf U — H,(U*®) ~ H'(U®) since Ext(H**!(U*®), Z) ~
Ext(Z,Z) = 0. This is just the Leray sheaf of f. Thus #,(Y;Z) =
J{"(f; Z), which is constant with stalks H*(X,) ~ Q, by 18.8, proving (i).

To prove (k) and (1), note that by (e), for U an open neighborhood of
y € Y there are open neighborhoods W ¢ V C U of y with H:*}(W) —
Hi*1(V) and HY(V) — H(U) both zero for i < n —1. By (9) on page 292
and I1-17.3, H,(U) — H,(W) is zero for i < n — 1. By duality, assuming
as we may that U and W are paracompact, we have that H"~**}(U) —
H"**Y(W) is zero for ©+ < n — 1; that is, H?(U) — HI(W) is zero for
j > 2. This shows that Y is j-clcz for j > 2. Consider the Gysin sequences
of f: A* — A for compact connected neighborhoods A of a given point
y € Y. For B C int A another such set, we have the diagram

0 — HY(A) — HY(A") - H(4;Q,) — H*(A)

il il ! !
0 — H'(B) —» H'(B*) - H°(B;Q,) — H*B)
! !
H'(y*) — H°(y;Qp)

in which H*(B*) — H*(y*) has finitely generated image by II-17.5. Since y
is a retract of A, H(A; Q) — HO%y; Qp) = Q) is onto and hence does not
have a finitely generated image. By II-17.3, the image of H2(A) — H?(B)
is not finitely generated. Thus Y is not 2-clcz. The left part of the diagram
shows that H!(A) — H'(B) has finitely generated image, and since the
direct limit of these is H!(y) = 0, it follows that Y is clc}.

Part (n) follows from (a), (d), and 16.32. a

50The case 1 = n — 1 uses (120).
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Remark: Since Y is not clcz, it may not satisfy change of rings between Z and
Q coefficients. Indeed, by (j) we have that #,+1(Y; Q) # 0 with Z as base
ring even though Y is an n-cmq. If one is trying to find a contradiction in
the homology of this situation, care must be taken on this point.

19 The transfer homomorphism in
homology

In homology, the strict analogue of II-11.1 is false (except for covering
maps), as seen in 6.6, so that to define the transfer homomorphism we
must use a method different from that employed in II-19.

Let G be a finite group of homeomorphisms of the locally compact space
X and let 7 : X — X/G be the orbit map. The following lemma is basic.
(The parenthetical cases are used only for dealing with arbitrary coefficient
sheaves.)

19.1. Lemma. If € is a sheaf on X/G that is c-soft (respectively, c-fine
or replete), then m* % is also c-soft (respectively, c-fine or replete).>!

Proof. For any integer ¢ let
U, = {y € X/G |7~ '(y) contains at least t points}.
Then U, is open and
X/G=UDU;DU3D -
is a finite filtration of X/G. Correspondingly, £ is filtered by
=%y, D%y, D
Let Uy = m~1(U,). Then n*£ is filtered by the subsheaves
(m*&)ys = 7" (Lu,)-

Let & be c-soft. Since an extension of a c-soft sheaf by a c-soft sheaf is
c-soft, an easy decreasing induction on ¢t shows that in order to prove that
m* & is c-soft we need only show that

(m*L)vp /(m* L)y, = (1 (L Us = Uera))*
is c-soft. By II-9.12 it further suffices to show that n*(£|U, — Uy,) is
c-soft. But c-softness is a local property, by 11-9.14, and 7|U; — U4 is a
local homeomorphism. Thus 7*% is c-soft when & is c-soft.

Repletion is also a local property, as follows easily from II-Exercise 13.
This property is also easily seen to be preserved by extensions. Thus, again,
an inductive argument shows that if & is replete, then so is 7*%.

51Compare 1V-6.7.
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If & is c-fine, then it is a module over a c-soft sheaf & of rings with
unit; R = Hom(Z, ), for example. Then 7*& is a module over the c-soft
sheaf 7*#. Thus 7*¥ is c-fine. a

19.2. Proposition. Let " be a replete resolution of L on X/G, let & be
a family of supports on X/G, and let B be a sheaf on X/G. Assume that
at least one of the following four conditions holds:

(a) @ =c

(b) #='® 1s paracompactifinng and dim,-14 X < 0.

(c) (B, ®) is elementary.5?

(d) (7*B,m~'1®) is elementary.
Then there 1s a natural isomorphism

H,(Ce(2(rn° ") ® B)) ~ HI ' *(X;m*B).

Proof. Since 7 is proper, we have, by 2.6, that
Yrn* L") =1 Yn*&"). (121)
By (21) on page 301 we also have that
D ¥ B= (nP(r*¥")) ® B=n(An*L") ® 1 B), (122)
and by applying 'y we obtain the natural isomorphism
Ie(P(rm* ") @ B) = [p-16(2(r* L") @ * B)

by IV-5.2 and IV-5.4(3). The proposition, in cases (a), (b), and (d), now
follows from 3.5, 5.6, and 19.1. It is easily seen that (7* 3%, ! ®) is elemen-
tary when (%, ®) is elementary, so that case (c) follows from case (d). O

Now, by II-19, G acts, in a natural way, as a group of automorphisms
of nm* 2",
The reader may verify the fact that the action of G on m7* %" induces,
via 19.2, the natural action of G on HT ®(X;n*®). There are the maps
B8
(7ammal
“
of 1I-19, where uf is multiplication by ord(G) and Bu = o = Y g. We
have the induced homomorphisms

’

®1
L") ® B =
B/'®1

Y L") B. (123)

Applying H,(T's(e)) and using 19.2, we obtain the homomorphisms

HY (X/C; B) == = H""d’(x;n'ge)

52Recall that (c) is satisfied for any & when 8 = L.
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when (a), (b), (c), or (d) of 19.2 is satisfied, since #* can be taken to
be #*(X/G;L). (The fact that m, is indeed induced from 8’ ® 1 follows
easily from its definition in Section 4.) The map . is called the transfer
homomorphism. It is clear that

BaTu =04 = Zg.]

and that

Tt is multiplication by ord(G).]

With the appropriate restrictions on supports and coefficient sheaves,
we have the diagram

HE(X/G; ) ® HY(X/G;B) >  HIY(X/G;ot © B)
k.7 | | m.®u” e | | 7.
HE'®(X;m ) @ HP o (X;m*B) -2 HI_ O™V (X7 (L © B)),

for which we claim that
[1e(anb) = pu(a) 07 (b) ]
for a € H2(X/G; ) and b € HY(X/G; B). To see this, note that the
diagram
u'e1 u'
Fe(D(nr*2") @ &) @ Ty (RB) — Porw(D(rm*¥") @ A @ B)

=~Qr" ]

Pr-19(D(n" L") @A) @ T rm1y (1" B) =T -1 (00 (B(n° £7) @ 7° (A @ B))

commutes. This shows that the formula holds for p = 0. The general
formula then follows from II-6.2. There is also the formula

Lw.(a) Np*(b) =m(anm*p (b)—)|

for a € HY '®(X;n*£) and b € H?_,,(X;7* &), by the more general
formula (57) on page 337. The reader can verify the additional formulas

[m(ua(a) NB) =a (b))

fora € HY(X/G; ) and b € H?_, ,(X;n* %), and, for the cup product,
[pr U T(c) = p* () Uc|

for b € HP_, (X;m*4) and ¢ € H{(X/G;B). The reader should also

verify these formulas for the case of the transfer for proper covering maps
discussed in Section 6.
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Consider a subgroup H C G and the map w : X/H — X/G. Then,
using the fact from (48) on page 140 that (77*#)¥ ~ ww* B, we have that

Hy(To(2((nn* 2*) ") @ B)) ~ H,(To(F(ww" L") @ B)) ~ HY  *(X/H; =" B)

under conditions (a), (b), or (c). This leads to the transfer v,:

H2(X/G; B) —= H® '®(X/H; =" B)
P 18 ae—p !

with w,v, = ord(G/H).

19.3. Theorem. If X is an orientable n-hmz and if G is an effective
finite group of orientation preserving transformations of X, then the ho-
mology sheaf X ,(X/G;Z) is constant with stalks Z.

Proof. We may assume that X is connected. We will use some items
from the next section. Let S = {% € X/G|G; # {e}}. We claim that
dimz S < n —2. If, on the contrary, dimz S = n, then S°® contains an open
set U. Since U is a finite union of the fixed-point sets of elements ¢ € G
of prime order, some such g must leave fixed an open set U C S°. Since g
has prime order, Smith theory implies that g leaves all of X fixed, and so
G is not effective. If dimz S = n — 1, then similarly there is a g of prime
order whose fixed-point set F' separates X locally at some point . Then
there is a connected invariant open set U containing = such that U — F
is disconnected. By Smith theory, F is an (n — 1)-hmgz, and ¢g? = e. It
follows easily that locally at x, U — F consists of exactly two components,
say V and W. If g preserves a component of U — F then, putting h(z) = z
for x € W and h(z) = g(z) for x ¢ W, h is a nontrivial transformation of
period two fixing an open subset of U. This is contrary to Smith theory.
Thus g must permute V and W. It follows from an easy Mayer-Vietoris
argument that g reverses orientation, contrary to assumption. This proves
our contention that dimz S < n — 2.

If z € X — S°, then there is a connected open neighborhood U of z
such that G(U) is the disjoint union of the sets gU, g € G. Consider the
transfer

fu 2 Ho(7U) = Ho(G(U)) = @D Ha(gV).
geq

Let b € H,(mU) =~ Z be a generator and let u.(b) = @by, where b, €
H,(gU). Since g.pte = p., we have that by = g.(be). Then ord(G)b =
ot () = m(3bg) = mu(X gu(be)) = ord(G)m.(be). Thus m,(be) = b.
Consequently, b, is a generator of H,(U). That is, the composition

Ha(nU) =5 Ha(G(U)) < Ha(U)

is an isomorphism, where j, is restriction.
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Now let y € X/G be arbitrary and let W be a connected open neigh-
borhood of y. Since dimz S < n — 2, the map H*(W — S) — H}(W) is
an isomorphism, and it follows that the restriction H,(W) — H,(W - S)
is an isomorphism. Let £ € X — S*® and U be as above with 7(z) € W.
Let W’ be the component of W* containing U. We have the commutative
diagram

H,(W - S) < H,(W) £5% H,(W*) =5 Ha(W')

I~ | ! -

Hu(nU) < Hu(nU) £ H,(G(U)) 1> Ha(U)

in which the isomorphism on the left follows from 8.7 since W — S is a
connected orientable n-hmz.53 Since j, 4, is an isomorphisin, as just shown,
so is r,u.. Therefore the composition of r,u, with the inverse of the
isomorphism Z ~ Hn(X) —» Hn(W') gives isomorphisms H,(W) = Z
compatible with restrictions. 0

20 Smith theory in homology

We shall now apply the constructions of Section 19 to the special case in
which G is cyclic of prime order p with generator g, and L is a field of
characteristic p. These assumptions are made throughout this section. We
shall also retain the notation of Section 19 and assume that at least one of
the conditions (a), (b), or (c) of 19.2 is satisfied when we are dealing with
global homology [as in (127), (132), and (134)] rather than with homology
sheaves. Let F denote the fixed-point set of the action.
As in II-19, we put
T=1-g

and
0’=1+g+g2+...+gp-l=.rp-—l'

Let £* = $*(X/G; L), and put
A =1L
Note that @(md”) = 1D(A") by (121).
By (49) on page 141 we have the exact sequence
0 — p(nad”) - nt* —L8Ls j(na™) & L5 — 0. (124)

Since #* is a €°(X/G;L)-module, it follows that mf* = wr* %" is
also a ¥°(X/G; L)-module by IV-Exercise 8, and hence it is c-fine. The
operations of G on m* are clearly %O(X /G; L)-module isomorphisms, and
it follows that p(m#") is c-fine for both p = ¢ and p = 7.

531t is orientable since pu.m. = ord G, whence H, (W — S) # 0.
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Thus, applying 9 to (124), we obtain the exact sequence
0 — D(p(md")) ® HLy) = Dral”) — Dp(rad™)) —0,  (125)

which remains exact upon tensoring with the sheaf % of L-modules on

X/G [since L is a field here], and upon applying I's [since either ® is

paracompactifying or & is elementary by assumption (a), (b), or (c)].
Note that H(Zy) ® B~ (2(L"|F) ® B|F)*X/C by 5.4, so that

H (L) ® B) = H o(F; B)*/C (126)
by (16) on page 294 and
Hy(To(2(2F) ® B)) ~ H'F (F; B) (127)

under one of the conditions (a) through (c) of 19.2 by 3.5 or 5.6.
We define

o p(X; B) = Hp(D(p(msl”)) ® B) | (128)
(which is a sheaf on X/G) and

oHy (X; B) = Hy(To (D(p(mt")) ® B)). (129)

Note that ,,(X; B) = Sheat (U — ,Hp(n~'U; B)).
Since 7 is proper and finite-to-one, the direct image functor ¥ — n¥
is exact by IV-Exercise 9. Thus we have

K (Dmsl”) @ B) ~ H(n(D(L™) ® 7 B)) by (122)
TH p(D(A") @7 B)  exactness of m  (130)

TH p(X; 7 B) by (16), p. 294.

Qe

{Note also that m# ,(X; 7* B) ~ H ,(m; 7* B) directly from the definitions
and the exactness of .]

Using (126), (128), and (130), the sequence (125) induces the exact
sequence

= pH i1 (X B) 2, ﬁJ(’p(X;,ﬂ)@gfp(F;ga)x/G

) (131)
Pe®Dje Wc#p(X;ﬂ"Q) LN p‘%p(X; Q) e

of sheaves on X/G. This is called the “local Smith sequence.”
Under any of the conditions (a) through (c) of 19.2, we also obtain the
“global” exact Smith sequence

3.
s GHE (X B) 25 JHR (X B) @ Hy ' (F B)

o . \ y (132)
P+DJe H;r ¢(X,7I"$)—‘*pH§(X7$)'—.’
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By I1-(50) on page 142 we have that o(7.#") = %(x_p)/g- Thus, by
(94) on page 361, we have the natural isomorphism

loo.(X; B) ~ #.(X/G,F; B).| (133)

Moreover, under any of the conditions (a) through (c) of 19.2, we have

oH}(X;B)~ H}(X/G, F; B) (134)

by (95) on page 361 [or by the remark below 5.10 in case (c)]. Note that
in case (c) this is isomorphic to H?n(x'p)/c((X — F)/G; #B) by 5.10.

We shall now confine our attention to the case of coefficients in L, and
we shall take L = Z,, for the most part. The following result is the “local”
Smith Theorem. By using the Smith sequence (131) of local homology
groups, its proof is no harder than the proof of the corresponding “global”
theorem.

20.1. Theorem. Let X be an n-hmy where L = Z,. Then F is the
disjoint union of open and closed subsets F, of F for r < n such that
F, is an r-hmy. Moreover, the orientation sheaf O, of F, is canonically
isomorphic to the restriction Ox|F, of the orientation sheaf Ox of X.
Similarly, #(X/G, F; L)|F, is isomorphic to O x|F, forr < k <n and is
zero for k < r and for k > n.

Proof. Sincedimy X < o0, it follows that dim;, X/G < oo and dimy F <
00.54 Thus, by (133), ,#(X; L) = 0 for k large. Using (131) inductively
for both p = o, 7, we see that ,#(X;L) = 0 = H,(F;L) for k >
n. Now restrict the sequence (131) to F' and use the notation #(p) for
»#k(X; L)|F. Then (131) becomes the exact sequence

= Hia(p) T Hi(p) @ H(F) —e X (X)|F

; (135
2 () 2 )
Note that the composition

Hn(X)|F = Hp(p) 2 Hn(X)|F (136)

is just operation by p, (which is 1 — g, or 1 + g, + --- + g¢~'). Now,
g. is an automorphism of period p, and the stalks of #,,(X)|F (which are
isomorphic to L = Z,) have no nontrivial automorphisms of period p. Thus
the composition (136) is zero for both p = o, 7. It follows that

Hn(p) ® Hn(F) 22 o, (X)|F = Ox|F (137)

54See II-Exercise 11.
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is an isomorphism. Also
a. —
Hks1(p) — Hk(p) ® Hy(F) (138)

is an isomorphism for k < n, since & (X)|F =0 for k # n.

Using the elementary fact that if & @ & is a locally constant sheaf with
stalks L on F then the sets {z|.«; = 0} and {z| %, = 0} are disjoint
closed sets with union F, we see immediately from (137) and (138) that
F = | F,, where F, = {z € F|#,.(F); # 0}, and that the F, are

r=0
disjoint closed sets. Moreover, restricting the sheaves to F,, we see that

the homomorphisms
_‘ - a. - - a.
Ox|Fr & H,(p) 220 Hnsi(p) 25 - 25 i1 (1) 2 #,(F,) (139)

are isomorphisms for r < n [and #,(F,) — Ox|F,), where n = p or
= p according as n — r is even or odd. Moreover, it also follows that
Hk(p) =0 for k < r and #(F,) =0 for k # r. The theorem follows. O

With the same notation and assumptions we have the following addi-
tional information:

20.2. Proposition. The isomorphism O x|F, ~ OF, resulting from (139)
is independent of p (= 0,7). Moreover, n —r is even if p # 2.

Proof. This is trivial for p = 2, so that we may assume that p > 2. The
commutative diagram (55) on page 143 for .« = " and # = ¢* induces
a commutative diagram in homology that in particular takes the form

o H(0) B HR(F) =28 o (X)|F 2 Hk(r) 2

t.®1 1 S.
s Jfk(‘r)@‘%k(Fr) 783 ‘#k(X)IFr = ‘%k(o) _?;'
5.00 t. t.

o Hi(0) ® Hk(F,) —222 1 s (X)|F, 2 Hk(r) 2o

where s, is induced by the inclusion o(7#*) — 7(m*) and t. is induced
by operation by 7772 : 7(7*) — o(m#”) (and 7™ — wA™*). Since p > 2
and &, (X)|F, has stalks L = Z,, we see that t, is zero on #p(X)|F;.
Obviously, t. is also zero on i (F,). We have the commutative diagram

Ox|Fy &= Hn(0) 2 Hon(r) 2000 25 S,(p) 25 H.(F)

ll te 3. h k
Ta -5 O d. -\ 0.
Ox|F, «—— Hn(1) —> Hpn-a(o) — - — a(p) — H.(F)
where h = s, or h = t. accordingas p=rtorp=c,andk=1ork=0
according as h = s, or h = t,. Since the horizontal maps are isomorphisms,
we must have that k = 1. Thus p = 7, and n — r is even. ]
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Note that if X is clc3® (and hence is a cmp), then so is F' by II-Exercise
4.

Exercises

1. If - = Aoy — Ay — A1 — - is a sequence of cosheaves on X, we
say that it is locally ezact if it is of order two as a sequence of precosheaves
and if the precosheaf U +— H,(™.(U)) is locally zero for all p; see 12.1.

If0 -2 — A - 2A” — 0 is a locally exact sequence of cosheaves
on X, then show that %' (U) — A(U) — A" (U) — 0 is exact for all open
U C X. If, moreover, 2" is a flabby cosheaf, show that 2'(U) — A(U) is
a monomorphism. If 2% and 2” are both flabby cosheaves, then show that
2’ is flabby.

2. For any c-soft sheaf ¢ and any injective L-module M define the natural
homomorphism
A — Hom(LcHom (Tt , M), M)
of 1.13 directly without the use of 1.9. [Hint: Use (19) on page 300.]

3. ® Suppose that 2 is a covariant functor on the open sets of X to L-modules
that satisfies the following two conditions:

(a) If U and V are open, then the sequence
AUNV) - AqU)oA(V) AU UV) =0

is exact, where a = iy, unv — iv,unv and 8 = iyuv,u + tvuv,v.

(b) If {Ua} is an upward-directed family of open sets with U = | JU.,,
then A(U) = lim A(Va).

Show that 2 is a cosheaf and conversely [12].
4. ® Show that the precosheaf G, of 1.3 is a flabby cosheaf.

5. ® Let A and B be precosheaves on X. Show that 2 and B are equivalent
in the sense of 16.4 < there exists a precosheaf € and local isomorphisms
A—-Cand B - C.

6. ® If dimy X = n, show that H7(X;«) [that is, U — HZ(U;)] is a
cosheaf for any sheaf .« of L-modules.

7. ® Let f: X - Y and let &« and % be sheaves on X and Y respectively.
Define an f-homomorphism h : & — % to be a map of spaces such that
the diagram

A 2 B

! !

x L
commutes and such that the induced maps h; : &, — %By() are all homo-
morphisms. Show that there is a natural homomorphism

he: HY©(X; ) — HY (Y; B)

and investigate its properties.



412

8.

10.

11.

12.

13.

14.

15.

V. Borel-Moore Homology

® Let & be any sheaf on X and ® a paracompactifying family of supports
on X. Let U, and U, be open subsets of X with U = U; UU; and V =
U, NU,. Derive the following Mayer-Vietoris sequences (with coefficients
in of):

o HYY (V) = H T (U) e BV (U2) — HYY(U) = HN (V) -

p—1

= HJ(X,V) = Hy (X,U\) ® H} (X, Uz) — HY(X,U) — - --

. ® Let # be an elementary sheaf on X and ® an arbitrary family of

supports on X. If U; and U; are open, with X = U;UU2 and V = U, NU,,
derive the Mayer-Vietoris sequence

= HY (X M) — HY"VN Uy M)SHI V2 (Uy; MY — HEV (VM) — - -

If F; and F; are closed, with FF = F)y N F; and X = F; U F3, derive the
Mayer-Vietoris sequence

o HYE(F M) — HYF (P MYSHY P2 (Foy M) — HY (X M) — -

provided that (., ®) is elementary.

Use 5.3 to define homology groups of a general (i.e., not locally compact)
space X with supports in some family ® consisting of locally compact
subspaces of X (e.g., & = c) and develop properties of these groups.

® Let {Aa} D ® be an upward-directed system of locally closed subspaces
of X. If ® is arbitrary and (., ®) is elementary or if d is paracompactifying
and  is arbitrary, show that the canonical map

lig H?'2(Aq; ) — HY (X; )

is an isomorphism.

Call a sheaf or a cosheaf weakly torsion-free (respectively, weakly divisible)
if its value on each open set is torsion-free (respectively, divisible). If 2.
is a weakly torsion-free differential cosheaf, show that #(2.) is weakly
divisible. If " is a c-soft and weakly divisible differential sheaf, show that
D(A") is weakly torsion-free. [Hint: Use (19) on page 300.]

If X is clc?® and £. is a flabby, weakly torsion free quasi-coresolution of L
on X, show that

Hp(X; M) = Hp(£.(X) ® M)
for any L-module M. [Hint: Consider the proof of 12.11 and use the
algebraic universal coefficient theorem.]

Define, under suitable conditions, a relative cap product
N:Ho(X,A; ) @ HY(X; B) — HA23(X, A; 4 @ B)

(for A C X locally closed) and discuss the conditions under which it is
defined.

Define a cap product
N:sHA(X,A; ) @ HE(X; B) — sHAZH(X, A; A @ B)

when & and ® N ¥ are paracompactifying.
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16.
17.

18.

19.

20.

21.

22.

23.

24.

For z € X, show that s p(X; &)z = sHp(X, X — {z}; 7).
® With the notation of 4.2 prove the following statements:

(a) @ Cc ¥ = ¥¥ C o*.

(b) @ C d*#; ¥ = p#*#,

(¢) Iff: X - Y and ® D cis a family of supports on Y, then (f~1®)# =
o#(c).

Let f: X — Y and let ¥ be a family of supports on X. Show that there
exists a spectral sequence of sheaves with

€2 = AL (f; H_o(X; L)) = HY,_o(f; L),

and generalize to arbitrary coefficient sheaves.

® Determine the sheaves o ,(X;Z) for the one-point union X = §' v §?
and compute the E2 terms of the (absolute) spectral sequence of 8.4 for it.

Let X be an n-whm_ and let & be paracompactifying. Let A C B C X be
closed subspaces. Then show that

H (B, A 0@ A)~ HYY "4(X - A, X - B; A),

naturally, for any sheaf & on X.
® If {#1} is a direct system of sheaves on X and . = lim.#, then show
that there is a natural isomorphism

lim HE(X; ) ~ H(X; A).

Let X be an HLC space and let ® and ¥ be paracompactifying families
of supports on X. Show that the cap product (52) on page 336 coincides
with the singular cap product

H3(X; ) ® sHE(X; B) — sHAH(X; 4 ® B)

(defined either in the classical manner or similarly to (52)) via the isomor-
phisms of III-1 and 12.21 or 12.17 when either dimy X < ocor¥ D & =c.

® Let the finite group G act on the locally connected, orientable n-hmq X,
preserving orientation. Then show that X/G is also an orientable n-hmq.

Show that there is a natural isomorphism
aHy(X; M)~ H* (Do (2" (6.; M)))

for ® paracompactifying and with the left-hand side defined as in I-7. [Hint:
Show that the natural maps

Hom(S.(U), M) — Hom(S.(U), M*) — Hom(&.(U), M*)

of presheaves induce homology isomorphisms. Then pass to the associated
sheaves.
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25

26.

27.

V. Borel-Moore Homology

. Let X and Y be locally compact and clcf® and assume that H5(X; L) is

finitely generated for each p. Let M be any L-module. Show that there is
a split exact Kiinneth sequence

@D H(X;L) @ HY(Y; M) — H*(X x Y; M) - @ H?(X; L) «» H(Y; M).

p+q=n p+g=n+l

[Hint: Use 12.7 and Section 14.] Also show that this does not hold when
X and Y are interchanged in the sequence. In addition, show that the
condition of finite generation is necessary even for M = L. [Note that if
L = Z or is a field, the condition on HS(X; L) is equivalent to the analogous
condition on H*(X; L); see 14.7]

In particular, there is a split exact sequence
0— HP(X;L)® M — H?(X; M) — H?*Y(X;L)x M — 0

under the above hypotheses.

® If X is a separable metric, locally connected, and locally compact space,
show that Ho(X;L) = [], La, where L, ~ L and o ranges over the
compact components of X.

[Note that this implies that if X is a separable metric n-cm, with
orientation sheaf @, then H*(X; 0) = Ha L., as above.]

Let (X, A) be a locally compact pair, let .« be a sheaf on X, and let ® be
a family of supports on X. Let K range over the members of ®|A. Show
that the canonical map

lim HY (X, K; ) - H} (X, A; L)
is an isomorphism <> the canonical map
lim H.(K; &) — H?A(A; )

is an isomorphism. [See 5.3 and 5.6 for cases to which this applies, and
also note that by 5.10 the homology of (X, K) can sometimes be replaced
by that of X — K]

. ® Suppose that X is a separable metric n-cmp. Show that H?(X,U;L) =0

for p > n and for any open set U C X. Conclude that 3"(X; L) is flabby.
[Hint: Use the fact, from Exercise 26, that H"(V;L) = 0 when V C X is
open and has no compact components.]

. Show that the exact sequences

0 — Ext(H?*'(X;L),L) — Hy(X; L) — Hom(H?(X;L),L) — 0

and the corresponding sequences for F and for U = X — F, where F is
closed, are compatible with the homology and cohomology sequences of the
pair (X, F) (i.e., the sequences (36) on page 313 with & = cld and 1I-10.3
with & = ¢).

. Let (#,®) be elementary on X. Let U and V be open sets in X and put

F = X-Uand G = X—V. Show that there is a diagram (with coefficients
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31.

32.

33.

34.

35.

36.

in M and where the supports for each subspace A appearing are taken in
dNA)

a

Ho(FNG) — Hu(F) — Hy(FNV) -2 H, (FNG)
l ! ! !
Hy(G) — Hp(X) —  Hy(V) 2 Hp(G)
1 ! ! 1
H(GNU) — Hy(U) — H,UNV) 2 H,1(GNU)
! l l l

Hp 1(FNG) — Hp_1(F) = Hp (FNV) 24 H, 2(FNG)

in which the rows and columns are the homology sequences (36) on page 313
and that commutes except for the lower right-hand corner square, which
anticommutes.

Let X be an n-hmgz with orientation sheaf § = &, (X;Z) that has stalks
Z. Let G = Z,, p prime, act on M with fixed set F = - F,, where F; is

an r-hmgz, as in 20.1. Show that

O0®Z,, forr+2<k<n, k—reven,
He(X/G;Z)|F, = O, for k =n if n —r is even,
0, otherwise.

(In particular, in the neighborhood of F,_; (for p = 2) X/G is an n-hmz
with boundary F,,_1, and in the neighborhood of F,_2, X/G is an n-hmz.)
[Hint: Compare 11-19.11.)

® Assume that dimg X = n < oo and either that & is paracompactifying
or that « is elementary. Show that

F )0 for p > n,
Hy (x'""')’“{ Te(3#n(X; ), for p=n.

Moreover, if . is torsion-free, show that HY (X;A) is torsion-free.

® If dimy X < oo and X # @, show that 3,(X; L) # 0 for some p. [Also
note Example 8.12.]

Let L be a field and suppose that the point z € X has a countable funda-
mental system of neighborhoods. Show that &#,(X;L), = 0 & for each
neighborhood U of z there is an open neighborhood V C U of z such that
the homomorphism HZ(V; L) — HE(U; L) is trivial.

® Let X be a hereditarily paracompact n-hmy, let ® be a paracompacti-
fying family of supports on X, let 4 be an elementary sheaf on X, and let
A C X be an arbitrary subspace, not necessarily locally compact. Then
show that H} (X, X — A; M) =0forp<n-— di_mf.LA. (This shows, for
example, that if M™ is a paracompact n-manifold and A C M™ is totally
disconnected, then the restriction H3(M™;Z) — HE.\,_ (M"™ — A;Z) is
an isomorphism for p < n — 1 and a monomorphism if p=n —1.)

Let L be a field and assume that X is first countable. Consider the pre-
cosheaf H2(X; L) of Exercise 6. Show that

Hp(X;L) =0 & HL(X; L) is locally zero.
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37.

39.

40.

41.
42.

V. Borel-Moore Homology

If dimy X < n, then show that
Ha(X;L)=0 & H2(X;L) =0 & dim, X <n,

and hence that dim;, X =n & #,(X;L) #0.

For Z coefficients then as far as the author knows, it may be possible
that dimz X = n but #,(X;Z) = 0; see 18.11.
® Suppose that dim. Y < oo, that Y is clc?’, and that each #,(Y; L) has
finitely generated stalks. Let f : X — Y be a covering map (generally with
infinitely many sheets), let ® be a paracompactifying family of supports
on Y, and let &/ be a sheaf on X. Then show that there is a natural
isomorphism

HR (Y, fut) =0 HI7'®(X; ).

® Let f: X — Y bea cfsk where L is a field. Assume that X is clc$® and
that dimL Y = n < oco. Then show that Y is an n-hm, < the homology
sheaves #p(f; L) are all locally constant. In this case, also show that the
stalks of #(f; L) and H#'n4q(f; L) are of the same finite rank for all gq.

® Let f : X — Y be a cfsf with connected fibers, and assume that the
stalks H*(F;Z) of #*(f;2) are finitely generated for all i. If X is an n-
emg, then show that the following statements are equivalent and imply
that Y is an (n — k)-hmz:

(a) Some fiber has an orientable neighborhood.

(b) H*(F;Z) = Z.

(c) Every fiber has an orientable neighborhood.

Show that the map

A(X) — Hom(T'o(Hom(2, M)), M)

of 1.13 is a monomorphism.

® If X is an n-whmg, then show that dimz X <n + 1.

® Suppose that dimz X < oo and that A C X is closed with dim; 4 =1,
e.g., A an arc. Show that there is an exact sequence

0 — H)(A; #ns1(X; L) A) = HE(X, X — A;L) — Te(#n(X; L)|A) — 0.



Chapter VI

Cosheaves and Cech Homology

In this short chapter we study the notion of cosheaves on general topological
spaces and we go into it a bit deeper than was done in Chapter V. Our
main purpose, in this chapter, is to obtain isomorphism criteria connecting
various homology theories. With the minor exceptions of some definitions,
and excepting the sections (10 and 11) concerning Borel-Moore homology,
this chapter does not depend on Chapter V.

Basic definitions and simple results are given in Section 1. The notions
of local triviality and local exactness are treated in Section 2. Local iso-
morphisms and the notion of “equivalence” of precosheaves are discussed
in Section 3.

Section 4 is the backbone of this chapter. It initiates the study of
Cech homology with coefficients in a precosheaf. This is used in Section
5 to produce a functor Cosheaf that is a reflector from the category of
precosheaves that are locally isomorphic to cosheaves to the category of
cosheaves. This is analogous to the functor %%ea/ in the theory of sheaves
and presheaves.

The basic spectral sequence attached to an open covering of a space and
a differential cosheaf on the space is developed in Section 6. These spectral
sequences are of central importance in the remainder of this chapter.

Section 7 treats the notion of a coresolution and a semi-coresolution.
Also in this section the spectral sequences of Section 6 are applied to
prove theorems for coresolutions analogous to the fundamental theorems
of sheaves in Chapter IV. This is generalized to relative Cech homology in
Section 8.

In Section 9, a method of Mardesi¢ is used to remove a (global) para-
compactness assumption in the fundamental theorems when dealing with
locally paracompact spaces.

In Sections 10, 11, and 12, the general theory is applied to get some
comparison results for Borel-Moore homology, singular homology, and a
modified version of Borel-Moore homology. The results in these sections
complement the uniqueness theorems of V-12 and V-13.

An application to acyclic open coverings is given in Section 13. In
Section 14 the main spectral sequences are generalized to apply to maps,
and some consequences of this are given.

Throughout this chapter, L will denote a given principal ideal domain,
which will be taken as the base ring.

417
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1 Theory of cosheaves

Here we shall present a more elaborate discussion of the theory of cosheaves
than the short exposition in Chapter V. We do not require the spaces here
to be locally compact. In particular, there is no known fact about flabby
cosheaves analogous to that on locally compact spaces that they are the
cosheaves of sections with compact supports of c-soft sheaves.

1.1. Definition. A precosheaf A is called an “epiprecosheaf” if

Paw.) L aw)-o

is exact for every collection of open sets U, with U = |J, Ua and where

f = Za iU;Uo‘

The following result shows that the cokernel of a homomorphism of
cosheaves is a cosheaf. The proof is an elementary diagram chase, which
will be omitted, and similarly with the second proposition.

1.2. Proposition. Let A' — A — A” — 0 be an exact sequence of pre-

cosheaves. IfA' is an epiprecosheaf and 2 is a cosheaf, then A" is a cosheaf.
]

1.3. Proposition. Let 0 — A’ — A — A” — 0 be an eract sequence of
precosheaves. If U is an epiprecosheaf and /" is a cosheaf then %' is an
epiprecosheaf. O

1.4. Proposition. Let 2 be a precosheaf. Then U is a cosheaf & the
Jollowing two conditions are satisfied:

(a) AU NV) L AU) dAV) N AU UV) — 0 is eract for all open
U and V, where g = (ivunv, —ivunv) end f = iyuvu +ivuv,v.

(b) If {Ua} is directed upwards by inclusion, then the canonical map
lim,A(Us) — AU, Ua) is an isomorphism.

Proof. It suffices to prove that if (a) is satisfied then for any finite col-
lection {Uy, ..., Un} of open sets, the sequence

Paw.nv,) L Paw,) L aw) —o

(.2) t

is exact, where U = |J,U,. Exactness on the right is clear by an easy
induction. The proof of exactness in the middle will also be by induction
onn Let U/ =U,U---UUpp, U=UguUU’,and V = UgnU’. Let
s, € A(U,), 0 < j < m, be such that 37, iv,u,(s;) = 0 in A(U). Let
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t = Z;;] iU v, (s,) € A(U’). Then iyy,(so) + ivy(t') = 0, so that (a)
implies that there exists an element v € A(Up N U’) with

o, v (V) = 8o, and iy+ v (v) = —t'.

Now, V = (UgNU,)U---U(UpNUy,), so that there exist v, € A({Up NU,),
for 1 < j < n, with

n
v =" ivuenu, (v;)-

1=1
Therefore
n
9 (@ v,) = <Ziuo,uonu, (v3), —ivy,Uontr, (V1) - -+, —iU,, UonUa (Un)>,
(0,7) 1=1

and a short computation shows that the element

Do s (EBv:) € é@mw‘)

1=0 (0,7) 1=
has zero component in 2%(Up) and projects to zero in A(U; U- - -UU,). Thus
the result follows from the inductive assumption. |

The following simple result is basic.

1.5. Proposition. Let0 — A’ £, A L A" — 0 be an ezact sequence of
precosheaves. Assume that A is a cosheaf and that A" is a flabby cosheaf.
Then ' is a cosheaf.

Proof. We will verify (a) and (b) of 1.4 for 2'. Part (b) is an immediate
consequence of the exactness of the direct limit functor. Part (a) follows
from a diagram chase in the commutative diagram

0
!
0—- AUNV) — AUNV) — AUNV) =0

i ! !
0 — AU)DA(V) » AV) ®AV) — A" (U) @A (V) — 0

1 l !
00— AUUV) — AUUV) — AUUVV) -0
l 1
0 0
with exact rows and columns (except for the 2’ column). O

1.6. Proposition. Let 2 be a precosheaf. Then the set of subprecosheaves
of AU that are epiprecosheaves contains a maximum element, which will be
denoted by A. Any homomorphism B — A, with B an epiprecosheaf, fac-
tors through 2.
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Proof. This follows from results of the general theory of categories, but
we give a direct proof. Define, by transfinite induction,

Ao = A,
Aos1 = {s € (V) |V coverings {Ug} of U, s € Im(@P Aa(Us) — AV))},
Ap =NycpUa(U) for B a limit ordinal.

Then there exists an ordinal a with 2,,; = 4, and we let A= Ay. The
claimed properties are immediate. =]

Note that the last statement of 1.6 implies that every homomorphlsm
A — B restricts to a homomorphism A — % and hence % — A is a
functor.

2 Local triviality

Recall that a precosheaf 2 is said to be locally zero if for each z € X and
open neighborhood U of r there is an open neighborhood V' C U of = with
iv,y @ A(V) — A(U) zero. An epiprecosheaf is locally zero ¢ it is zero by
Exercise 2.

2.1. Definition. A precosheaf U is said to be “semilocally zero” if each
point x € X has a neighborhood U with ix y : A(U) — A(X) zero.

2.2. Definition. A sequence A’ T Lo of precosheaves is said to
be “locally exact” if go f = 0 and if the precosheaf Ker g/ Im f is locally
zero.

2.3. Proposition. If A" is a cosheaf and 2 is an epiprecosheaf, then the
sequence A’ Loa s o of cosheaves is locally exact < it is ezact.

Proof. The precosheaf Coker g is a cosheaf by 1.2 and so it is zero since
it is locally zero by hypothesis. This gives exactness on the right. By 1.3,
Ker g is an epiprecosheaf, and it follows that Ker g/ Im f is an epiprecosheaf.
Since Ker g/ Im f is locally zero, it must be zero, whence Kerg =Im f. O

2.4. Proposition. If 0 — A’ oA -La S 0isa locally exact se-
quence of cosheaves with A" flabby, then this sequence is exact. If 2 is also
flabby, then so is A'.

Proof. This sequence is exact at % and at 2" by 2.3. By 1.5, Kerg = Im f
is a cosheaf. Then 0 — 2’ — Im f — 0 is locally exact and hence exact by
2.3. The last statement follows from an easy diagram chase. a

2.5. Corollary. If Ay 2% ... 2, o, %, 9 24 91y — 0 is a locally
exact sequence of flabby cosheaves, then it is exact, and Kerdy 1is a flabby
cosheaf.
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Proof. Let 3, = Kerd,. Then
= Upyz = Uny2 = Any1 — 30 — 0
is locally exact. Also, by 2.3,
0—-31 -2 —%% —0

is exact. By 1.5, 3; is a cosheaf, and by 2.4 it is flabby. By induction we
see that each 3, is a flabby cosheaf and that each sequence

0— 3, — U, “’311—1 -0
is exact. O

2.6. Lemma. The class of locally zero precosheaves is closed under the
formation of subprecosheaves, quotient precosheaves, and extensions.

Proof. All three parts may be handled simultaneously. Let A’ — 2 — 2"
be exact with 2’ and 2" locally zero. Let U beopenandz € U. Let V Cc U
be a neighborhood of z such that A" (V) — A" (U) is zero and let W C V
be such that /(W) — 2A'(V) is zero. Then A(W) — A(U) is zero by
I1-17.3. The cases of subprecosheaves and quotient precosheaves are given
by taking %’ = 0 or °” = 0 respectively. a

3 Local isomorphisms

Recall from Chapter V that a homomorphism h : A — B of precosheaves
is said to be a local isomorphism if Ker h and Coker h are locally zero.
If A is an epiprecosheaf and B is a cosheaf, then a local isomorphism
h : A — B is necessarily an isomorphism by 1.2, 1.3, and Exercise 2.
Consider commutative diagrams of precosheaves of the form

A <L B

Lo 8

¢ £ 9

3.1. Proposition. If (1) is a pushout diagram and if the map f is a local
isomorphism, then so is h. Dually, if (1) is a pullback diagram and if the
map h is a local isomorphism, then so is f.

Proof. We shall give the proof of the second part only since the two parts
are analogous. If (1) is a pullback, then we may as well assume that 2 is
given by

A(U) = {{b,c) € B(U) x €(U) | h(b) = k(c)}.
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Moreover, g and f are given by the projections to the first and second
factors respectively. We see that Ker f = {(b,0) | h(b) = 0}, so that

0 — Ker f -2 Kerh

is exact. Similarly, if c € €(U) and if k(c) € Imh, then ¢ € Im f, and it
follows that
0 — Coker f *, Coker h

is exact. The contention follows from 2.6 applied to these exact sequences.
O

3.2. Corollary. Let B and € be precosheaves. Then the following two
statements are equivalent:

(a) There ezxist a precosheaf U and local isomorphisms B — A — €.

(b) There exist a precosheaf D and local isomorphisms B - D «— €. O

If one, hence both, of the conditions in 3.2 are satisfied, then B and €
are said to be equivalent. That this is an equivalence relation, and hence
coincides with the definition given in Chapter V, follows from 3.2 and the
next lemma.

3.3. Lemma. Composites of local isomorphisms are local isomorphisms.

Proof. Suppose that 2 4,8 2, ¢ are local isomorphisms. Then we
have the exact sequences

0 — Ker f — Kergf LKerg,

Coker f -2+ Coker gf — Coker g — 0,

and the result follows from 2.6. 0

As we have remarked, locally isomorphic cosheaves are isomorphic. It
is not so clear that this is true of equivalent cosheaves, but in fact, we will
prove that in 5.7

3.4. Definition. A precosheaf is said to be “smooth” if it is equivalent to
a cosheaf.

Later, we shall show that for any smooth precosheaf 2 there is an
associated cosheaf Cosheaf(™A), unique up to isomorphism, and a canonical
local isomorphism Cosheaf(A) — A. Also, the functor Cosheaf will be
shown to be a reflector! from the category of smooth precosheaves to the
category of cosheaves. This is analogous to the functor 4ea/.

!This means that any homomorphism 2 — B of smooth precosheaves factors as
A — Cosheaf (B) — B.
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3.5. Proposition. Suppose that we have a commutative diagram

of precosheaves such that a and 8 are local isomorphisms. Then the induced
maps Kerh — Kerh/, Imh — ImA’, and Cokerh — Coker b’ are all local
isomorphisms.

Proof. Denote kernels, images, and cokernels by £, J, and € respectively.
Then we have the commutative diagrams

0—- & —- A - J =0

Ll L

0- & - A - 3 -0

and
0—- J - B - ¢ -0

[l b
03 - B - & -0,

which induce the exact sequences

0 — Ker k — Kera — Ker+ — Coker k — Coker a — Coker ¢ — 0,
0 — Kert — Ker 8 — Kery — Cokert — Coker 8 — Cokery — 0.

By hypothesis, Ker a, Ker 8, Cokera, and Coker 8 are locally zero. It
follows that Kerx, Ker¢, Cokert, and Coker~ are locally zero and that
Ker¢ — Coker k and Kervy — Coker are local isomorphisms. Since Ker.
and Coker ¢ are locally zero, it follows from 2.6 that their local isomorphs
Coker k and Ker« are also locally zero. a

3.6. Corollary. Suppose that we have a commutative diagram

A’ Lmim/l
l ! l
b:QRLANY AN X

of precosheaves in which the verticals are local isomorphisms and the com-
positions in the rows are zero. Then the induced map

Kero”/Ima’ — Ker 8”/Im g’

of precosheaves is a local isomorphism. ]
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4 Cech homology

This section begins the major topic of this chapter. We shall define Cech
homology with coefficients in a precosheaf and investigate its properties.

Let 2 be a precosheaf on a space X and let {{ = {U,} be any open
covering of X. For a p-s1mplex o = (ag,...,ap) of the nerve N (i.e.,
Us = Ua,....0, = Uao N NUa, # D) let a(') = (0g,...,0n,...,0p). We
define the group of Cech p-chalns of the covering U to be

(L 2A) = @m(u

where the sum ranges over all p-simplices ¢ = (ay, ..., ap). Thus a p-chain
c is a finite formal sum
=Y a0

of p-simplices, where a, € A(U,). Note that Cp,(4L; %) is an exact functor
of precosheaves . The differential

3: Cp(th; A) = Cpo1 (U4;2A)
is defined by
P
6(‘106) = Z(_l)l(aa [Ua(.>)a(‘),

1=0
where |U indicates operation by the map %A(V) — A(U) when V C U, i.e.,
it is the dual of restriction. Also, there is the augmentation

e : Co(i; 2A) — A(X)

given by

€= }: ixu, GBQ[(U.,) — A(X).

Note that £(}_, a,0) = >, (ar | X).
As usual, the homology of the chain complex C,({;2) is denoted by

Hy(4,9%) = Hy(Cu(52)),

and the augmentation ¢ induces a homomorphism

eu s Ho(L21) — 2A(X).

Recall that for an open set V C X, 4NV denotes the covering {Us NV}
of V. Thus V — H,(UNV;A) defines a precosheaf on X denoted by

[fn(tt:2) : V > Ha(unv;at).]
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Also, there is the homomorphism

€t Ho(L;A) — A

of precosheaves. The following is an easy observation:
4.1. Proposition. The homomorphism
€a: Ho(U;A) — A,

induced by the augmentation, is epimorphic for all il if A is an epiprecosheaf
and is isomorphic for all U if A is a cosheaf. 0

If U is a refinement of Y and U — 4l is a refinement projection, then
there is the induced chain map C,(0;%) — C.(U;2), which induces the
homomorphism 5 5

Hy(0;A) — Hy(U; ).
The latter is independent of the particular refinement projection used; see
the proof of the corresponding fact for cohomology in Chapter I. Thus we

may define the Cech homology of X with coefficients in the precosheaf 2
by

Ho(X; ) = limy H, (4; ).

Let $,(X;2) denote the precosheaf

Ho(X; ) : U Ho(U;21).

From 4.1 we deduce:

4.2. Proposition. If A is a cosheaf, then the augmentation homomor-
phism 5
Eu ® fJo(X;Ql) — A
is an isomorphism. 0O
For a covering 1 of X, the precosheaf
Vs Co(UNV;2A)
will be denoted by €, (4;2). Thus

Ea(862)(V) = Co(UN V;2).

Since C’,,(Ll; 2A) is an exact functor of precosheaves, any short exact
sequence
0-A >A-A" -0

induces a long exact sequence
o= Ho($5%") — Ha(U; %) — Ho (84, A”) = Hyoy (85,2 — - -

but, of course, this generally fails for the groups H,(X ;) since the inverse
limit functor is not generally exact.
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4.3. Lemma. If 2 is a cosheaf, then so is €,(U;A). The latter is flabby
when A is flabby.

Proof. It is clear that the direct sum of a family of cosheaves is a cosheaf.
But €, (U;2A) is the direct sum of precosheaves of the form V — (U N V)
(where U = U,,...,a,. ), and these are easily seen to be cosheaves when 2 is
a cosheaf. The last statement holds by similar reasoning. O

4.4. Theorem. For a precosheaf A on X the sequence
v G A) - & (U A) — Eo(hA) > A— 0

of precosheaves s locally exact for any covering il of X.

Proof. Since this is a statement about small neighborhoods of a point,
it suffices to prove that the sequence is exact if U, = X for some index 7.
In that case, we can define a chain contraction D : Cy, (U; ™) — Cr41(4;A)
by

D(a,0) = a,70,

where 0 = y(ap,...,ap) = (7,a0,...,0p). Then 8D + D3 = 1, as the
reader may check, if we interpret 8 as € in degree 0. The naturality of this
chain contraction implies that it induces one on the precosheaves €, (41; 2)
when X € . O

4.5. Corollary. If 2 is a flabby cosheaf, then for any open covering U of
X we have $,(4;A) =0 for n > 0, whence H,(X;A) =0 forn > 0.

Proof. This is an immediate consequence of 2.5, 4.3, and 4.4. o

4.6. Theorem. Let X be a paracompact space and let U be a locally zero
precosheaf on X. Then, for any open covering 4 of X there is a refinement
0 — U such that the induced map Cn(T;™A) — Cn(Lh;2A) is zero for all
n>0.

Proof. We may assume that 4l is locally finite and “self-indexing.” Let
4" be a shrinking of 4, i.e., a covering that assigns to each U € 4 an open
set U’ with U C U. For each U € 4 and = € U’ we choose an open
set W = W(z,U) C U’ with the property that whenever Uy,...,U, are
inYand WNU{N---NU, # @ then W C Uy n---N U, and the map
A(W) — AUy N ---NUy) is trivial. The existence of such sets follows
easily from the local finiteness of U and local triviality of 2. We take the
refinement projection W(z,U) — U.

We claim that this covering satisfies the conclusion of the theorem. In
fact, let

W, =W(z,,U,),i=0,...,n,
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and suppose that Wy N --- N W, # &. Then since Won---N W, C
UgN---NU},, we must have W, C UpN---NU, for eachi =0,...,n and that
AW,) — QI(UOO -NUy) is zero. Since A(WpN---NW,) — Ql(Uon nU,,)
factors through A(Wy), it is zero.

4.7. Corollary. If X is paracompact and if A is a locally zero precosheaf
on X then H,(X;U) =0 for alln > 0. O

4.8. Corollary. Let X be paracompact and let b : A — B be a local
isomorphism. Then h, : Ho(X;2A) — H,(X;B) is an isomorphism.

Proof. Clearly, this reduces to the two cases in which Cokerh = 0 or
Ker h = 0. These are sufficiently alike that we will deal only with the first.
Thus let 0 - & — A — B — 0 be exact with £ locally zero. For each open
covering i of X we have the exact homology sequence

o= Ho (W R) — Hy(42A) — Hy (U;8) — Hoy (1 8) —

Using 4.6 and the following lemma, we see that the induced map h, is an
isomorphism. O

4.9. Lemma. Let {A,, fa,3}, {Bas9a,8}, {Ca)ha,p}, and {Dq, ka,g} be
tnverse systems of abelian groups and let

A B v,
Aa—a’Ba—:" a_a’Du

be ezact sequences commuting with the projections. Assume that for each
o there is a B > a such that fo 3: Ag — Ay and ko g : Dg — Dy are zero.

Then the induced map
4 : lim B, — lim C,

is an isomorphism.

Proof. Let {bo} € lim B, be in Ker u. Then pq4(bs) = 0 for all o, and
S0 by = Aq(@q) for some a, € A,. Given a, there is a § > a with
fa,p =0 = ka,g. Thus ba = ga,5(bs) = 9a,s(As(ap)) = Xa(fa,s(ap)) =0,
which shows that g is monomorphic.

Now let {c,} € lim C,. With (3 as above, we have

Vo(Ca) = Valha,(cp)) = ka,s(vp(cg)) =0,

so that cq = pqa(bl,) for some b), € B,. Let 8 be as above in relation to a
and let v > J be arbitrary. Note that bj; = g (b)) (modIm \g) since pg
takes them to the same thing. Applying ga,s, we obtain ga,5(bj) = ga,~(b5)
since ga,sAg = Aafa,s = 0. Let by be this common element gq (b)) for
B > a sufficiently large. Then we have g, s(bs) = b, for any é > v, whence
{ba} € lim Ba- AlSo fa(ba) = a(ga,(by)) = haa(ka(bs)) = has(cs) =
Ca, Which shows that u is epimorphic. a
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5 The reflector

For a smooth precosheaf 2 on X we define the precosheaf

Cosheaf(RA) = Ho(X;A),

where 2 is the maximal epiprecosheaf in A of 1.6. (This makes sense for

all precosheaves 2, but 2 will be a cosheaf only if 2 is smooth, as we shall
show presently.) Note that Cosheaf(®) = Cosheaf(A). There is the natural
homomorphism

|6 : Cosheaf(A) — 2|

given by the composition
6: Ho(X;A) =5 Ao A

By 4.2, 0 is an isomorphism if A is a cosheaf. Also, if h : A — B is a
homomorphism of precosheaves, then there is an induced homomorphism

h : Cosheaf(A) — Cosheaf(B).
The following is a basic result:

5.1. Theorem. If h: % — B is a local isomorphism of precosheaves and
if either A or B is a cosheaf, then h is an isomorphism of Cosheaf(A) onto
Cosheaf(B).

Proof. First assume that 2 is a cosheaf. Then (%) C B since h(2) is
an epiprecosheaf by Exercise 1. It is also clear that h : % — B is a local
isomorphism. Thus we may as well assume that 8 = B, i.e., that B is an
epiprecosheaf. Then Cokerh is also an epiprecosheaf by Exercise 1, and
being locally zero, it is zero by Exercise 2. Let & = Ker h.

Let 4l = {Uy} be an open covering of an open set U C X so fine that
R(Uy) — R(U) is zero for all a. Consider the commutative diagram

DAUa,p) — DB(Uap)— 0

k
0 — @AR(Ua) — PUU) - GB(U.) — 0
0 foooa
0— KU) — AU) — BU) —0
! l
0, 0

which is exact except for the B column. We see that Ker f O Kerg,
so that the additive relation j = fg~! is single-valued and hence is a
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homomorphism. Clearly, j is onto, and diagram chasing shows that Ker j =
g(Ker f) = Imk. Thus we have the induced isomorphism

@ : Ho(i4;B) = Ho(14 ).
Note that ¢ is an inverse of the natural map
ha(84) : Ho(t4;2) — Ho(4; B).

Therefore, h.(4) is an isomorphism, and upon passage to the limit over i,
we see that h(U) = limyh,(U) is an isomorphism, as claimed.

Now suppose that B is a cosheaf and that 2 is arbitrary. Again Coker h
is an epiprecosheaf, and hence it is zero. Let & = Ker h as before. Fix an
open set U C X for the time being, and choose an open covering {U,} of
U such that each R(U,) — A(U) is zero. Let A = Im{@ A(Uy) — AV)}.
The maps @ A(Uq) — P B(Us) — B(U) are onto, whence A — B(U) is
onto. Consider the commutative diagram

@Q‘(an.B)—'®%(an.ﬁ) -0
0 —» DAl — DY

—~

Uas) — @‘B(UQ) -0

Jo |
0 - RU)NA — A - BU) -0
l !
0 0,

which is exact except the middle vertical at the @ (U, ) term, where it is of
order two. Diagram chasing reveals that the left-hand vertical map is onto,
whence R(U) N A = 0. Therefore the map A — B(U) is an isomorphism.
It follows that a refinement of {U,} yields the same subgroup A of A(U).
Thus, in fact, in the notation of the proof of 1.6, A = A, (U), which is the
set of elements of A(U) in the image of @ A(U,) for every open covering
{Uq} of U. This shows that 2, — B is an isomorphism, and since B is a
cosheaf, %; = 2 and it is a cosheaf. Thus

h : Cosheaf(A) = A = B = Cosheaf(B),
as claimed. 0O

The latter part of the proof of 5.1 shows more:

5.2. Theorem. Let h : A — B be a local isomorphism, and suppose that
B is a cosheaf. Then there ezists a local isomorphism k : B — A such that
hk =1.

Proof. The map k is merely the inverse of the restriction A— Bofh
followed by the inclusion A — 2. We have the split exact sequence

h
Oﬂﬁ—le.k_' B — 0,
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and it follows that Ker k = 0 and that Coker k = Ker h = R is locally zero,
whence k is a local isomorphism. O

5.3. Corollary. If the precosheaf U is equivalent to the cosheaf B, then
there exists a local isomorphism B — 2. 0O

5.4. Corollary. For a smooth precosheaf U, Cosheaf(A) is a cosheaf and
0 : Cosheaf(A) — A s a local isomorphism.

Proof. By 5.3 there is a local isomorphism h : B — 2 for some cosheaf
B. We have the commutative diagram

Cosheaf(B) A, Cosheaf(A)

=~

8 2

By 5.1, h is an isomorphism, and hence the map Cosheaf(A) — 2 may be
identified with /& : B — A, and the result follows. O

5.5. Corollary. Let € be the category of cosheaves on X and & the cat-
egory of smooth precosheaves on X. Then Cosheaf : & — € is a reflector
from & to €. a

5.6. Corollary. If h: 2 — B is a local isomorphism, where 2 and B are
smooth, then h : Cosheaf(A) — Cosheaf(W) is an isomorphism.

Proof. By 5.3 there exists a cosheaf € and a local isomorphism k : € — .

The diagram
b D
N ﬁ
¢

consists of local isomorphisms. In the induced diagram

A

Cosheaf(A) —h, Cosheaf(B)

Cosheaf(€)
the diagonals are isomorphisms by 5.1, and so A is also an isomorphism. O

5.7. Corollary. If A and B are equivalent cosheaves, then they are iso-
morphic. ]

5.8. Proposition. If A’ — A — A" is a locally ezact sequence of smooth
precosheaves, then Cosheaf(A') — Cosheaf(A) — Cosheaf(A”) is also locally
exact.
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Proof. Apply 3.6 and 5.4 to the commutative diagram

Cosheaf(A') — Cosheaf(A) — Cosheaf(A”)

1 ! !
A’ — A — A7, o

5.9. Example. Not every precosheaf is smooth. For a simple example let
X =1 and let % be the precosheaf on X that assigns to U_the group of
singular 1-chains of U. The associated epiprecosheaf 2 has Q((U ) equal to
the subgroup generated by the constant singular 1-simplices. The inclusion
A — 2 is not a local isomorphism, and it follows that Cosheaf(A) — 2A
cannot be a local isomorphism. This would contradict 5.4 if % were smooth.

Lo4

5.10. If 2 is a smooth precosheaf, then the inclusion A — % is a local
isomorphism. Therefore, if X is hereditarily paracompact, then it follows
from 4.8 that the induced map Cosheaf(A) = Ho(X;A) — Ho(X;A) is an
isomorphism. This probably does not hold without the paracompactness
assumption.

5.11. Proposition. If X is locally connected and M is an L-module, then
the constant precosheaf M on X is smooth. The associated cosheaf M =
Cosheaf(M) is the constant cosheaf of Chapter V.

Proof. Recall that the constant cosheaf 9 is defined by letting 9(U) be
the free L-module on the components of U. The summation map M(U) —
M gives a local isomorphism of precosheaves since X is locally connected,
whence M = Cosheaf(M) by 5.7. o

6 Spectral sequences

Let A, be a flabby differential cosheaf that is bounded below; i.e., %, =0
for 7 < ig for some 5. Given an open covering U of X, consider the double
complex

Lpq = Cp(ih;2Ay).

There are two spectral sequences of this double complex. In one of them
we have

forq =0,

Ep o ="Hy(L.p) = Ho(1%p) = { ﬁ‘,"x)’ for g #0

by 4.5. Thus
g2 { Hp@.(X), forg=0,
pa 0, for ¢ # 0.
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Since this spectral sequence degenerates, we have the natural isomorphism
H.(L.) = H,(A.(X)),

where L, is the total complex of L, ..
In the other spectral sequence we have

E} o ="Hy(Lp,.) = Cpth; (),

whence
E? = Hy(4; Hy(2))-

By the assumption that 2, is bounded below, this spectral sequence con-
verges to H,(L.). Therefore we have the spectral sequences

Ez,q(il) = flp(‘u; Hg(A.)) = Hpyo(Au(X)), (2)

which are functorial in the coverings il as well as in the flabby differential
cosheaves ..

7 Coresolutions

Let n be an integer. By a semi-n-coresolution of a cosheaf 2 we mean
a differential cosheaf 2. vanishing in negative degrees together with an
augmentation homomorphism 2y — 2 such that the precosheaf H, (2. (s))
is locally zero for p < n — 1 and H,(2.(e)) is semilocally zero. It is an
n-coresolution if H, (2. (o)) is locally zero. Of course, the statement that
H,(A.(e)) is locally zero for p < n — 1 just means that the sequence

A, - L, o Loy A0

is locally exact. Note that by 2.3 the portion 2A; — 2y — 2A — 0 is actually

exact, and so
A~ Hg(m..)

In this section we fix the integer n > 0 and assume that 2, is a given
flabby semi-n-coresolution of a given cosheaf A. We shall study the spec-
tral sequences of the previous section. We shall also assume that X is
paracompact.

7.1. Lemma. Ifil is a sufficiently fine open covering of X, then the canon-
ical projection Hy(A.(X)) —» E%(Y) is an isomorphism for all k < n.



§7. Coresolutions 433

Proof. Let Yy = {X}, the trivial covering. Construct a sequence of
coverings U, such that

EZ_(thir) — B (8h)

is zero. If i = 0, then this is Ho(h; Hx(A.)) — Ho({X}; Hx(A.)) =
Hi(A)(X), which is zero for some {l, since Hi(A.) is semilocally zero.
If 0 < ¢ < k, then Hr_,(AU.) is locally zero, so that the refinement ;)
exists by 4.6. The fact that Eﬁ ks (thg1) — Ef k—. () is zero implies that
E{,k_t(ﬂ,ﬁ) — E{'k_t(ﬂ,) is zero for all r > 2 including r = o0, for i < k.

Now, for the spectral sequence of {1, the total term Hy (2. (X)) is filtered
by submodules

Hk(Ql..(X)) = J’t,o D Jltc—l,l D+ D Jl;,k D 0

such that EX% () = J},_./J}_| x—p41- Since the refinements have no

effect on the common total terms Hj(2.(X)), each map J,‘c:’(',‘ — Jio is

an isomorphism. Consequently each map J;,“;l_p — Jp k—p is @ monomor-
, ,

phism. Note that J§, = JQ,. The fact that EX_,(th+1) — EX_,(8h) is

1,k—12
141

zero means that the refinement takes J;3 ", — Ji_, ... Thus

1
Jt—l,l = g Jok = J21 k41 =0,
whence H (2, (X)) = Jl'cc,o = JI’:,O/JI::C—I,I = E7%(4)- o

Now let I be a given open covering sufficiently fine so that it satisfies
7.1, and put U; = Y. Fix some k < n. Construct refinements U, of {,_,
for i = 2,...,k such that

E? (&) — EZ ()

is zero for all p,q with p+ ¢ < k and ¢ # 0. This can be done by 4.6 since
Hq(A.) is locally zero for 0 < g < k.

Then the image of E ((Un) — E o(4n_1) consists of da-cycles and
hence induces a homomorphism

E o(tk) — Efo(k-1)-
Similarly, we obtain homomorphisms
E o(Uk—1) — Ego(Ule—2) — -+ — Bl (th) = ES(40),
whence the composition gives a homomorphism
Ef o(Uk) — EZ%(40). 3)
This provides the commutative diagram

Hi(4:;%) ~ E}o(U)—ER () < He(2.(X))
ol LN L I (4)
Hy(%) ~ EE (U) — EXS)(Y) < Hp(Au(X)).
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Letting {x = 0, this yields the diagram

Hi(U4;0) # H(2.(X))

lj A

H(842) «— Hi(2.(X)),

where j is the refinement projection, the A’s are edge homomorphisms, and
p is induced by (3). Checking the definitions, we see that the following
commutativity relations hold:

A=3jX,

J=2n,

uX =1.

Also, A and A’ are monomorphisms. The relations show that Imj = Im A
and that

j:ImXN =5 ImA.
Thus we have proved the following result:

7.2. Theorem. Let A, be a flabby semi-n-coresolution of the cosheaf A
on the paracompact space X. Then for k < n, the edge homomorphisms
Ay 0 Hi(A.(X)) — Hi(4;A) of the spectral sequences of the coverings il
induce an isomorphism in the limit over {U} :

Ax @ He(2.(X)) = H(X;9). 5

In fact, we have shown th:at if U is a sufficiently fine open covering of
X, then Ay : Hi(A. (X)) — Hi(4;2A) is a monomorphism onto the image
of the canonical projection

e I:Ik(X;Q() — I:Ik(il;Ql)

and, moreover, that 7 is a monomorphism. Moreover, given this , then
for any sufficiently fine refinement U of U we have Imj = Im A = Im 7 and
j:ImX =5 Im A, with the notation as in the proof.

8 Relative Cech homology

Here we shall indicate how to generalize the previous results to relative
cohomology. This is relatively important since we do not have a way of
introducing support families into Cech homology.

Let A C X be an arbitrary subspace. For a precosheaf 2 on A recall
that AX denotes the precosheaf

AX(U) = AU N A)



§8. Relative Cech homology 435

on X. Also take note of Exercise 3.

A covering of the pair (X, A) is a pair (4, l,), where il is a covering of
X and i, C U is a covering of A in X. If A is a precosheaf on A, then we
have the canonical isomorphism

C-(uo;mx) ~ C’m(uo N A; ).

Suppose that 2 and B are precosheaves on A and X respectively and
that we are given a monomorphism of precosheaves

n:AX » B.
Then we obtain the induced monomorphic chain map
Cu(tho N A;2) — C.(8B),
and we shall denote its cokernel by
C.(4, Uo;B, ).

Thus we have the natural exact sequence

0 — Cu(Uo N A;2) — C.(i1;B) — C.(U,4;B,A) — 0

of chain complexes. As usual, we define

H, (4, 40;B,2A) = Hy(Cu (U, Uo; B, 2A)).

There is the usual long exact sequence in homology
cor = Ho(Uo N A; ) = Ha(B) — Ha(U Uo; B, %) — Hooi (U NA;A) — -
We also define

fIn(Xy A;'B, 521) = lln(u,uo)ﬁn(u,ﬂo; B, 2()

Now assume that 2 and B are flabby cosheaves. Then 4.5 applied to the
relative homology sequence yields the conclusion that Hp (4, l,;B,2A) =0
for n > 1 and also yields the exact sequence

0 — Hy (U, 4;B,2A) — Ho(UsNA;2A) — Ho(U; B) — Ho(U, Uo;B,2A) — 0.

The two middle terms of this sequence are canonically isomorphic to
2AX(X) = A(A) and B(X) respectively by 4.1, and the map between them
is the monomorphism 7(X). Therefore

0 for n # 0,

Hp (4, 4o, B, 2) = { dokern(X) :A(A) - B(X), forn=0

when 2 and B are flabby cosheaves.
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Now suppose that . and B. are flabby differential cosheaves on A and
X respectively that are bounded below. Also suppose that we are given an
exact sequence
0-AX =B, - ¢, -0,
defining €,, of differential cosheaves.
Given the pair (i, 1l,) of coverings, we consider the double complex

Lp.q(u’UO) = C'p(ﬂ,ilo;‘Bq,qu).

As before, it follows that there is a natural spectral sequence Ej ,(U,)
with
Ej (4, 4) = "Hy(Lp.. (4, 4o))

and

B2 (4, 84) = "Hp("Ho(Lu (14, 140))) = Hpq(€.(X)). ()

Now suppose that B, is a flabby semi-n-coresolution of the cosheaf B
on X and that 2, is a flabby (n — 1)-coresolution of the cosheaf 2 on A.2
For each p, the exact sequence

0 — Cp(is N A;2.) — Cp(8h;B,) — Cp(Y, ho; B, 2.) — 0
induces a long exact sequence of the form
- = Cptlo N A;9(U.)) — Co(4h; H(Ba)) — Ej 4(4,8) —
w = Cp(1,91(B4)) — B 1 (4, 1) — Cp(to N A; H0(U)) =0,

where Ho(2,) = Ker{$o(2.) — A} = 0. Moreover, we have the exact
sequence

(6)

Cp(Uo N A;2A) — Cp(84B) — E; (Y, Us) — 0.
This gives 5
E; o(t,4o) = Cp(Y, U B, ),
E2 (4, 8) = Hy(4, Uo; B, ).
Moreover, if X and A are both paracompact, then by (6) and 4.6 (twice)
there exists a refining pair (0,%0,) of (i,4l,) and a refinement projection
such that the induced homomorphism
E, ,(T,9,) — E} (4, L)
is zero for all p < k and all ¢ > 0 with p+¢ = k < n. Also, the commutative
diagram
E} 1(B,B,) — Co(To N A; Hr—1(A))
1 lo
Col8h H1(B.)) — ELy(th1h) — Coltho N A; He1(2L))
L !
Hi(B.(X)) — Hi(C.(X))

2Note that unless A is closed, it does not generally follow that €. is a coresolution
of Coker(AX — B).




§8. Relative Cech homology 437

shows that (U,4,) and (U,%,) can be arranged so that E'(},k(m, T,) —
Hi(€.(X)) is zero.

We now have all the information needed to repeat the arguments in
Section 7 in the relative case. Summing up, we have the following relative
version of 7.2:

8.1. Theorem. Let A C X both be paracompact, let A, be a flabby (n —
1)-coresolution of the cosheaf A on A, and let B, be a flabby semi-n-
coresolution of the cosheafB on X. Suppose that0 — AX — B, - €, — 0
is an eract sequence of differential cosheaves. Then for k < n the edge ho-
momorphisms

Hi(€. (X)) - ER%(U, 4e) — Ef o(84, o) = Hie (84, Lo; B, )
of the spectral sequences (5) induce isomorphisms '
Hi(€.(X)) = Hi(X, 4B, %)

in the limit over covering pairs (i, 41,). o

It is easy to see that via 8.1 and 7.2 the exact sequence

= Hy(A.(A)) = He(Bo(X)) = He(€u(X)) = Heo1(Uu(4)) - -
can be identified with the sequence

- — He(A;2%) = Hi(X;B) — Hi(X, A;B, ) — He_y (A4,9) — -,

which is the inverse limit of the sequences for covering pairs. In particu-
lar, it follows that this homology sequence is eract, a fact that limits the
possibilities for the existence of the hypothesized coresolutions, since Cech
homology is not generally exact.

8.2. We wish to generalize 4.8 to the relative case. Thus assume that 2,
and 2, are precosheaves on A and that 8, and B, are precosheaves on X,
and assume that we are given homomorphisms forming the commutative
diagram

Qlf( — B,

[» e

ng( — B,

Then we have the following result, whose proof is essentially the same as
that for 4.8 and so will be omitted.

8.3. Proposition. If (X, A) is a paracompact pair and h and k are local
isomorphisms, then the induced map

H.(X, A;B1,%1) — H.(X, A;B2,%2)

is an isomorphism. O
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9 Locally paracompact spaces

By a strategy introduced by Mardesi¢ [59] in the locally compact case,
one can prove a result similar to 8.1 for locally paracompact, but possibly
not paracompact, spaces. This is the process of introducing paracompact
carriers.

Suppose that ® is a paracompactifying family ® of supports on X with
E(®) = X. Then the family ®° of paracompact open sets U with U € &
will be called a carrier family. We shall not be concerned with any other
type of support family in this chapter. Recall that for any sets K, K’ €
with K C int K’ there is a set U € ®° with with K C U and U C int K’
(the union of an increasing sequence of members of ® containing K, each
a neighborhood of the last and contained in K” € ® for some K" C
int K'; see (34, p. 165]). Therefore a carrier family exists < X is locally
paracompact.

The most important case is that of locally compact spaces and ® = c.
The next most important is the case in which X is paracompact and ¢ =
cld.

Let (X, A) be a locally paracompact pair. Let ®° and ¥° be carrier
families on X and A respectively. Then we define3

HY(X, A;8,2) = g Hi (U, V; B, %),
where the limit is taken over pairs (U,V), where V C U, U € ®°, and
V € ¥°. Note that for any cosheaf €,
€(X) = limyee-€(U),

because for any ¢ € €(X) and a covering il = {U, € ®°}, ¢ comes from
some C(Uq, U---UU,,) and Uy, U+ - - UU,, is contained in some U € ®°.
Consequently,

Hi(€.(X)) = limyeeo Hk(€.(U)),
for any differential cosheaf €,. Therefore we have:

9.1. Theorem. With the hypotheses of 8.1 except that X and A are as-
sumed to be locally paracompact rather than paracompact, there is a canon-

tcal isomorphism 5
Hi(€.(X)) ~ HY(X, A;B, %)

for all k < n. In particular, if such a €, ezxists, then the groups on the right
are independent of the carrier family ®° used to define them. Also,

HY(X,A;B,2) ~ Hi (X, A;B,2)
if X and A are paracompact. o

The analogue of 8.3 also obviously holds in this case.

30f course these groups may depend on the families & and ¥, but in our applications
they will not. Thus we chose this relatively uncluttered notation over one displaying the
families explicitly.
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10 Borel-Moore homology

We now apply 8.1 to the case of Borel-Moore homology. Thus we consider
only locally compact spaces in this section.

First, we shall associate to any sheaf .# on a locally connected (and
locally compact) space a certain cosheaf on X:

10.1. Proposition. Let X be locally compact. Then for any sheaf A on
X, the precosheaf H§(e; #) is a cosheaf.

Proof. Let £, = €,(X;L), the sheaf of germs of Borel-Moore p-chains,
and let & = Ker(d : £9 — £_1). Then by the proof of V-5.13, & ® A& is

c-soft and the sequence
0= T(ARANU) = Te(LoR@AU) > T (-1 9A|U)— 0

is exact. Thus I'.(H ® #|U) is the group of O-cycles of U. Therefore, by
definition, we have the exact sequence

F(£1 @A) = Te(H @ AU) — H§(U; L) — 0

of precosheaves. Since the first two terms are cosheaves by V-1.6, the last
is also a cosheaf by 1.2. ]

By the proof of 10.1, the Borel-Moore chain complex C¢(X;.#) can be
replaced by a chain complex vanishing in negative degrees without changing
the homology with compact supports, namely:

B Ci(U; ), for p > 0,
Co(U; &) = Ker{C§(U;4) — C<,(U; &)}, forp=0,
0, for p < 0.

Also note that by the proof of 10.1 the precosheaf
C(X;l) : U s CU; )

is a flabby cosheaf.
By general results from Chapter V there is an exact sequence

Tl A- X (X o .
0— € (A4 H|A)" - C(X; ) = € (X, A; &) — 0,
which defines the right-hand term.

10.2. Definition. A locally compact space X is said to be semi-hlc} if the
precosheaf U — HE(U; L) is locally zero for all k < n and semilocally zero
for k=n.

10.3. Proposition. Let X be hic). Then X is locally connected, and for
the constant sheaf M we have

| Hg(e; M) ~ Cosheaf(M). |
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Proof. The universal coefficient sequence V-3.13 shows that H§(U; M) ~
H§(U;L) ® M since H¢,(U;L) = 0. It follows that HS(e; M) is locally
zero. There is the natural exact sequence

0— H{(U; M) - H§(U; M) > M — 0
of precosheaves, by definition of the reduced groups. Thus H(e; M) —
M is a local isomorphism. Since H§(e; M) is a cosheaf by 10.1, M is
smooth, and the local isomorphism Hg§(e; M) — M induces an isomor-

phism H§(e; M) — Cosheaf(M). By Exercise 5, X is locally connected.
O

10 4. Proposition. If X is semi-hlc} and if M is a constant sheaf, then

(X M) is a flabby semi-n- coﬂesolutzon of the cosheaf H§(o; M). If X is
hlc} and if A is locally constant, then [ (X;A) is a flabby n-coresolution
of the cosheaf H§(o ;o).

Proof. By the definition of semi-hic}, the precosheaf U — Hj(U; L) is
locally zero for 0 < p < n, is semilocally zero for p = n, and is locally
isomorphic to L for p = 0. That takes care of the case M = L. For general
M the universal coefficient formula V-3.13 and II-17.3 show that HZ(e; M)
is locally zero for £k < n. For k = n and appropriate choices of U and V
they give the diagram
H(ViM) — HZ (V;L)xM
0
HEU;L)® M — HE(U; M) — HE_y(UL)x M
0
H(X;L)®@ M — HE(X; M),

again giving the result via II-17.3. The locally constant case with the
stronger condition obviously reduces to the constant case. o

Finally, from 10.4, 8.1, and 9.1 we have:

10.5. Theorem. Let (X, A) be a locally compact pair. Let A be a sheaf
on X and let $Ho(X, A; ) denote the cosheaf pair H§(e ; A|A) — HE(o;A)
on X. Then we have a canonical isomorphism

HE(X, A ) ~ HE (X, A; H0(X, A; L))

for all k < n under either of the following two conditions:
(a) X is semi-hic}, A is hlc’L"l, and « is constant.
(b) X is hict, A is hch‘l, and A 1s locally constant. 0

10.6. Corollary. (Jussila [50].) Let (X, A) be a locally compact pair, and
assume that X is semi-hlc} and A 1s hic}™" for some n > 0.5 Then for

4Or by the implications hlcQ = clc = locally connected.
5The condition n > 0 is to ensure t.hat M is smooth.
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any L-module M regarded as a constant sheaf and constant precosheaf pair,

Hi(X,A;M) ~ HY (X, A; M)

for allk < n.

Proof. By 10.3, M is locally isomorphic to Cosheaf(M) ~ Hg(e; M), and
similarly on A. Thus the result follows from 10.5 and 8.3. 0

10.7. Example. Fori =1,2,... let K, be a copy of S™. Let f, : K,+) —
K, be a base point preserving map of degree i and let M, be the mapping
cylinder of f,. Let I, be the generator of M, between the base points and
let g : I, —» S! wrap the arc I, once around the circle. Let

Xm = ((M1U---UMp) U, D?) /(K1 UKy,).

There is a surjection mp, : Xpm41 — X collapsing M, to its generator.
Finally, let X = lim X,,. Then with integer coefficients cne can compute
that H,(X,,) =0 for 0 < i < n and Hp41(Xm) = Z for all m. Also, the
inverse system

Hypp1(X)) & Hppa(Xa) -+

has the form
zlzl stz

Consequently, H*(X,,) =0 for 0 < i < n and the direct system
Hn+1(X|) - Hn+l(x2) ..

has the form
z-5z 37285725, ...

Therefore, by continuity 1I-14.6, we have
H™(X;Z) =0and H"*}(X;Z) ~ Q.

Thus
H,(X;Z) ~ Ext(Q,Z),

which is a rational vector space of uncountable dimension by V-14.8. Also,
Ho(X;Z) =lim{Z 2 Z & ...} =0.

Now, any point of X has arbitrarily small neighborhoods that are either
contractible or homotopy-equivalent to the one-point union of n-spheres
converging to a point. Thus X is hlc'z“1 and HLC}™!. Since Ext(Q,Z) ~
Hn(X;Z) %# H,(X;Z) = 0, X cannot be semi-hlcj, something for which
there is no obvious direct argument. <
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11 Modified Borel-Moore homology

Here we shall treat the theory
Hi(X; M) = Hi(Du(F"(X; L); M)) = Hy(To(Hom(S* (X; L); M*))),

where M* is an injective resolution of the L-module M. Recall that this
was discussed briefly in V-18. Of course, this coincides with Borel-Moore
homology when M = L. We shall confine the discussion to the absolute
case. Again, this section is restricted to locally compact Hausdorff spaces.

11.1. Lemma. If X is clc}*! then D.(#*(X;L); M) is a flabby quasi-n-
coresolution of the constant precosheaf M .S

Proof. There are the exact sequences (natural in compact A by an ana-
logue of V-4.1)

0 — Ext(H**Y(A; L), M) — Hi(A; M) — Hom(H¥(A; L), M) — 0,

which with II-17.3 show that for any compact neighborhood A of a point
z € X there is a compact neighborhood B of x such that Hy(B; M) —
Hy(A; M) is zero for 0 < k < n. Thus the precosheaf Hy (e ; M) is locally
zero for 0 < k < n. An argument similar to the proof of V-5.14 shows that
ﬁ;(o ; M) is locally isomorphic to M. 0O

In the same way as for standard Borel-Moore homology, one can modify
D.(#*(X; L); M) in degree zero, without changing H.(e; M), to produce
a flabby n-coresolution of M. Then 7.2 gives us:

11.2. Theorem. If X is clc}*!, then there is a canonical isomorphism

Hi(X; M)~ H(X; M)

for allk < n. 0O

Since clc}*! = hic} by V-12.10, we deduce the following sufficient
condition for this modified theory to be equivalent to the standard Borel-
Moore homology theory, using 10.5 and 11.2.

11.3. Corollary. If X is clc}*!, then there is a canonical isomorphism

Hy(X; M) ~ HE(X; M)

forall k < n. a

8If X is compact and H"t1(X;L) — H"*(K; L) is zero for some compact neigh-
borhood K of each point, then this is a flabby semi-(n + 1)-coresolution. This is true,
for example if X is compact and H"+1(X; L) is finitely generated over L.
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Remark: This result also follows fairly easily from the results of V-12 as long
as M is finitely generated over L. But for general M, that approach does
not seem to work. Some such result is probably true for general paracom-
pactifying supports, but one such is not known to the author.

It is worth noting the following consequence of the last corollary.
11.4. Corollary. If X is compact and clc'L'“, then there are the split exact
sequences

0 — Ext(H**'(X; L), M) —» Hi(X; M) — Hom(H*(X;L),M) - 0

for allk < n. 0O
11.5. Corollary. If X is clc}*!, then change of rings is valid for Borel-
Moore homology with compact supports through degree n. O

12 Singular homology

Now we apply the results of this chapter to classical singular homology. We
shall use the approach to singular homology suggested in I-7. Thus, for a
sheaf ./ on X, we define

Sp(U;t) = EPT (o (),

where the sum ranges over all singular p-simplices 0 : A, — U. (Although
this makes sense for all sheaves .#, our main results will require & to
be locally constant.) Then S,(U;#) has a boundary operator as in I-7.
There is also a subdivision operator T : S,(U; &) — S,(U; ) defined in
the obvious way via the map A — A, on the barycentric subdivision A}
of the standard p-simplex A,.

Consider the direct system

Sp(Us ) = Sy(Ust) -,

and let &,(X; &) (U) be its direct limit. Then &,(X;.«) is a precosheaf
on X. Now subdivision induces an isomorphism in homology, and so the
canonical map

Hy(S.(Usd)) = Hp(6.(X;4)(U))

is an isomorphism. We denote it by

aHy(U; #) = Hy(6.(X; #)(U))-

If & is constant, then this is the classical singular homology group, and for
 locally constant it is the classical singular homology group with twisted
coefficients as defined by Steenrod.”

12.1. Proposition. The precosheaf G,(X; ) is a flabby cosheaf.

TThe superscript c is used to maintain notational consistency with other parts of the
book.
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Proof. For U C X open, S,(U;#) — S,(X;«) is a monomorphism.
Since the direct limit functor is exact, G,(X; &) (U) — Sp(X; H)(X) is a
monomorphism. This will show that G,(X; ) is flabby once we show it to
be a cosheaf. To see the latter, note that for open sets U and V and any n-
chain s € S,(UUV; ), there is an integer k such that the kth subdivision
T*(s) is the sum s = sy + sy, sy € Sp(U; ) and sy € Sp(V;). This
means that f(s,t) = s+t of

6,(X; st )(U) © 6,(X; 4)(V) Lo &,(X; ) (UL V)
is onto. It is also clear that its kernel is the image of
Gp(X; ) (U UV) =5 &p(X;)(U) © Gp(X;4)(V),

where g(s) = (s, —s). Thus 6,(X; .«) satisfies condition (a) of 1.4. It also
satisfies (b) since direct limits commute with one another. O

If A C X is any subspace, then there is the exact sequence
0> Gp(A;H|A) - Gp(X; ) — Gp(X,A; ) — 0,

where the relative precosheaf G, (X, A;.«) is defined in a manner similar to
that of the absolute groups. By 1.2, 6,(X, A; «) is a cosheaf. It is flabby
for the same reason that the absolute ones are.

12.2. Proposition. For any sheaf o on X, the precosheaf o Hf(e ;) is
a cosheaf. If X is locally arcwise connected and if & = M is constant, then
this cosheaf is the constant cosheaf

|aH5(e; M) = Cosheaf(M). |

Proof. By definition, we have the exact sequence
S1(X; ) — Go(X; ) — aHo(e;4) = 0

of precosheaves on X. By 1.2, o H§(e;.#) is a cosheaf.

Also, AH§(U; M) is the direct sum of copies of M over the arc compo-
nents of U. Thus the augmentation o H§(U; M) — M is an isomorphism
if U is arcwise connected, and this means that A H§(e; M) — M is a local
isomorphism of cosheaves when X is locally arcwise connected. O

12.3. Definition. A space X 15 said to be semi-HLC} if the precosheaf
U — AHZ(U; L) is locally zero for all k < n and semilocally zero for k = n.

Using the usual universal coefficient formula for singular homology, the
proof of the following fact is completely analogous to that of 10.4:
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12.4. Proposition. If X 1ssemi-HLC} and if M is a constant sheaf, then
G.(X, A; M) is a flabby semi-n-coresolution of the cosheaf A H§(o; M). If
X is HLC} and if A is locally constant, then G.(X, A; ) is a flabby n-
coresolution of the cosheaf AHG(®;A). o

Finally, from 12.4, 8.1, and 9.1 we have:
12.5. Theorem. Let A C X be locally paracompact, let A be a sheaf on X,

and let A$H0(X, A; &) denote the cosheaf pair oH(o; A|A) — pAHE(o; )
on X. Then there is a canonical isomorphism

AHﬁ(Xv A)'ﬂ) ~ H}?(X, A; AﬁD(X7A;d))

for k < n, under either of the following two conditions:

(2) X is semi-HLC}, A is HLC}™!, and « is constant.
(b) X is HLC}, A is HLC?™!, and A is locally constant. ]

12.6. Corollary. (Mardesié [59].) Let (X,A) be a locally paracompact
pair and assume that X is semi-HLC} and A is HLC'E". Then for any
L-module M regarded as a constant sheaf and constant precosheaf pair,

sHE(X, A; M) ~ HY(X, A; M)

forallk <n. 0

13 Acyclic coverings

Let 2. be a flabby differential cosheaf vanishing in negative degrees, and
put A = Coker{2; — 2y}. Consider the spectral sequence (2). We have
the edge homomorphism

Ayt Ho(%u(X)) = ESy — E2 o = Ho(14;9).
The following is immediate:

13.1. Theorem. If each intersection U of at most m + 1 members of U
has
Hy(A.(U)) =0 for all0# g <n,

then
At 0 He(2.(X)) — He(44;21)

is an isomorphism for all k < min{n,m} and a monomorphism for k =
min{n,m}. o

Applying this to Borel-Moore homology, we have:
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13.2. Corollary. Let & be an arbitrary sheaf on the locally compact Haus-
dorff space X. Let i be an open covering of X such that for each intersec-
tion U of at most m + 1 members of U, Hg(U; &) = 0 for all0 < g < n.
Then the canonical map

Hi(X; ) — Hi(U; H (o3 A))

is an isomorphism for all k < min{n,m} and a monomorphism for k =
min{n,m}. 0

Similarly, for singular homology we have:

13.3. Corollary. Let .« be an arbitrary sheaf on the space X. Let i1 be
an open covering of X such that for each intersection U of at most m + 1
members of U, AHg(U; &) =0 for all 0 < ¢ < n. Then the canonical map

AHE(X; ) — Hi(U; aHE (0 4))

15 an isomorphism for all k < min{n,m} and a monomorphism for k =

min{n, m}. O
{

14 Applications to maps
In this section we consider a map
f:E—-X.

Recall that for a precosheaf B on E there is the direct image fB on X
defined by
(fB)(U) = B(f~'V).

Obviously, fB is a cosheaf when B is a cosheaf, and B is flabby when B
is flabby.

If B, is a flabby differential cosheaf on E, then 2. = fB, is a flabby
differential cosheaf on X. Also H4(U.) = fH,(B.) since f is an exact
functor of precosheaves, and so the spectral sequence (2) has

Ef,,q(ﬂ) = Hp(4; fH4(B.)) => Hp4q(Ue(X)) = Hp4q(B.(E)),

natural in coverings il of X.
In particular, for Borel-Moore homology (with X locally compact Haus-
dorff), we have the spectral sequences

EZ (84) = Hy( Hy(f~1(0); ) = Hy, o (E; ),

natural in coverings U and in sheaves .« on E.
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Similarly, for singular homology, we have the spectral sequences

E? (4) = Hy(4 aHE(f~ (0); &) = aH

p+q(E;'-'d)1

natural in coverings 4l and in sheaves .« on E.

Now we shall prove a generalization of 7.2. Suppose that 2, is a flabby
differential cosheaf with 2, = 0 for p < 0 (or generally just bounded below).
Also suppose that we are given integers 0 < k < n such that

(A) $H4(2.) is locally zero for all ¢ # k, ¢ < n, and semilocally zero for
g=n.

Let 3, = Ker{d, : 2, — Ap_1}. Then, by 2.5,
A = Ay > - > Ao — 0

is exact and
3, is a flabby cosheaf.

Moreover, it is clear that
Aps1 = -+ — A1 — 35 — He(A) >0

is locally exact. Thus, under the assumption (A), we see that $H,(2.) is a
cosheaf and that the differential cosheaf 2/, defined by

0, for ¢ < 0,
2(; =< 3, for ¢ =0,
Akyq forg>0

is a flabby semi-(n — k)-coresolution of H;(2.).
By 7.2 and 9.1 we deduce:

14.1. Theorem. Let X be locally paracompact and let A, be a flabby dif-
ferential cosheaf on X that is bounded below and is such that condition (A)
is satisfied. Then there is the canonical isomorphism

Hp(2.(X)) =~ Hp_(X; H5k(2.))

for allp <n. O

Returning to the case of a map f : E — X, let E, C F be any sub-
space. Applying 14.1 to the flabby differential cosheaves f€¢(E, Eo; o)
and fG.(E, E,;«), we have:

14.2. Corollary. Suppose that X and (E, E,) are locally compact, that A
is a sheaf on E, and that there are integers k < n such that the precosheaf

HG(f71(e), 1 (o) N Eo; At
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is locally zero for k # q < n and semilocally zero for ¢ = n. Then this
precosheaf is zero for ¢ < k and is a cosheaf for ¢ = k. Moreover, there is
a canonical isomorphism

HE(E, Eo;od) = Hy_((X; H(£71(0), f71(0) N Eo; )

for allp < n. 0

14.3. Corollary. Suppose that X is a locally paracompact space, that &
is a sheaf on E, and that there are integers k < n such that the precosheaf

aH (F71(e), fH(9) N Eo; )

is locally zero for k # ¢ < n and semilocally zero for ¢ = n. Then this
precosheaf is zero for ¢ < k and is a cosheaf for ¢ = k. Moreover, there is
a canonical isomorphism

AHE(E, Eo; ) = H_o(X; aHE(f1(0), £~ (#) N Eo; o))

for allp < n. m]

Exercises

1. If h: A — B is an epimorphism of precosheaves and 2 is an epiprecosheaf,
then show that ‘B is an epiprecosheaf.

2. If 2 is a locally zero epiprecosheaf, then show that % = 0.

3. For an inclusion A C X and a precosheaf 2 on A, show that 2% is a cosheaf
< 2 is a cosheaf and that %X is flabby <> 2 is flabby.

4. ® Let 2. be a flabby n-coresolution of the cosheaf 2 on the paracompact
space X. Show that for every open covering i of X, the canonical maps
Hnt1(Uu (X)) = Hog1 (%) — Hnya(X; ) have equal images.

5. ® If the constant precosheaf M # 0 on X is smooth, show that X is locally
connected.

6. ® If X is connected and semi-hic$, then show that HS(X;L) = 0. (This
shows, for example, that the solenoid is not semi-hlc2, something that is
not immediately obvious.)



Appendix A

Spectral Sequences

This appendix is not intended as an exposition of the theory of spectral
sequences, but rather as a vehicle for the establishment of the notation and
terminology that we adopt and as an outline of the basic theory. Most of
the proofs, which are not difficult, are omitted. We assume that a base
ring L is given.

1 The spectral sequence of a filtered
complex

Let C* be a complex, that is, a graded module with differential d : C* — C*
of degree +1. A (decreasing) filtration {F,C*} of C* is defined to be a
collection of submodules F,C™ of C™ (for each n) such that the following
three conditions are satisfied:

D FpiC* D F,C" > FpiC" D - (1)
Cn’ = UFan; (2)

p
d(F,C™") C F,c™+L. (3)

The filtration is said to be regular if F,C™ = 0 for p > f(n), for some
function f. (This definition of regularity is stronger than the usual one,
but it is convenient for our purposes.)

The graded module associated with the filtration {F,C*} is defined to
be {G,C*}, where

GpC* = F,C*[Fp, C". 4)
We define the graded modules
Z? = {c € F,C" |dc € Fp4,C*} (5)
and 2p P
s — T 7T = &P (6)
dzr-i*t' 4+ zrt!  B?

(for r > 0), and we let ZP9 and E?? denote the summands of Z? and E?,
respectively, consisting of terms of total degree (that degree induced from
the degree in C*) equal to p + ¢q. That is,

ZP9 = ZP O F,CP*1 = {c € F,C™*|dc € F,,,CP*9*1}

449
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and
A

B = Tatr—2 1
T p-r+l,g+r— p+l,g-1°
dzZ,_," " +Z.2y

The index p is called the filtration degree and g is called the complementary
degree.

The differential d on C* induces a differential d, on E**, which increases
the filtration degree by r by (5) and hence decreases the complementary
degree by r — 1 since the total degree of d is +1. That is,

d, : EP9 _, EpHra-r+l, (7)

It is easy to check that the homology of E, with respect to d; is naturally
isomorphic to E,,;. That is,

E.,1 =~ H(E,,d,) preserving both degrees. (8)
It may also be checked that
EP? =~ HP9(G,C"),

with d; corresponding to the connecting homomorphism associated with
the short exact sequence

FpiC* _ FyC* F,C*

— —0
Fpi.C* F,oC* F,.,C*

00—

of chain complexes.

The collection of bigraded modules E?*? for r > 2 (and sometimes for
r > 1) together with the differentials d, as in (7) and satisfying (8) is
what is known abstractly as a spectral sequence. We have described the
construction of the spectral sequence of a filtered complex. We continue
with the discussion of this special case.

The definitions (5) and (6) can be extended in a reasonable manner to
make sense for 7 = oo if we define F.oC* = 0 and F_C* = C*. Thus we
define

2%, = {ce F,C" |dc =0} (9)

and P P
EL = ~ = B (10)

(FpC* NdC*) + Z& B&

We introduce a filtration on H*(C*) by setting
F,H"(C*) = Im(H"(F,C*) —» H™(C")). (11)
Then there is a natural isomorphism

p+a(C*

BZS ~ G HPH(C) = g2 ) (12)

Fpp HP+e(C*)'
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Note that there are inclusions

---CBPCcB, ,C---CBE, CcZ8,c.---CcZF,,CZPC--- (13)
Suppose now that the filtration {F,C*} of C* is regular. Then ZP9 =
ZP8 = --. = ZBy for r sufficiently large, p and ¢ being fixed. (Equiva-

lently, d, : EP9 — EP*m9-+! jg zero for large r.) Thus there are natural
epimorphisms (for r sufficiently large)

Ep4 —» EPf) - EZJ. (14)
One can check that in fact,
B2 = lim B2 (15)

when the filtration is regular. (Usually, in the applications we even have
that the E?9 are constant for large r and fixed p and gq.)

Let {EP9;d,} be any spectral sequence such that for fixed p and ¢ we
have that d, : EP9 — EP+79-7+1 i5 zero for sufficiently large . Then we
have the epimorphisms EP9 —» E7:J, for r large as in (14), taking a d,-cycle
in E; into its homology class in E,;, and we define E%9 by (15). Suppose
that we are given a graded module A* and a filtration {F,A*} of A* such
that

EP8 ~ G, AP,
Then this fact will be abbreviated by the notation
EPT — AP¥9,

For example, in the case of a regularly filtered complex C* we have, by
(12),
E$? = HPYI(C*).

2 Double complexes

Suppose that C** is a double complex, that is, a family of modules doubly
indexed by the integers and with differentials

d:CP9— Pt and d”:CP9 - P!
such that (d')2 = 0, (d”)2 = 0 and d'd” + d"d’ = 0. Let C* be the “total”

complex, with
o= @ o

and differential d = d’' + d".
We introduce two filtrations into the complex C*. The first filtration
'F is defined by

'RCr=PCP!  p+g=n
p2t
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Similarly, the second filtration " F is given by

"FCr=@C"?  p+g=n.

gt

From these filtrations we obtain spectral sequences denoted by {' E?9} and
{"EP} respectively.

Denoting homology with respect to d’ and d” by 'H and " H respectively,
it can be seen that

'EPY~ "HI(CP") and "E}?~ 'HI(C?), (16)

with differentials d, corresponding to the differentials induced by d’ and 4"
respectively. Therefore

'EP9 ~ 'HP("HY(C™*)) and "EP?~ "HP('HYC™*).  (17)

Note that if C?? = 0 for p < po (po fixed), then the second filtration is
regular, while if CP9 = 0 for ¢ < qp, the first spectral sequence is regular.
Another useful condition implying regularity of both filtrations is that there
exist integers po and p; such that CP9 = 0 for p < pg and for p > p;.

Assume, for the remainder of this section, that C** is a double complex,
with CP9 = 0 for ¢ < 0. For r > 2, 'EP? consists entirely of d,-cycles, so
that there is a natural epimorphism

"EP° - 'Effl
assigning to a cycle its homology class. Also,
'ER® = 'G,HP?(C*) = 'F,HP(C*) C H?(C")

[since 'Fp4  HP(C*) = 0 in the present situation]. Thus we obtain the
homomorphisms

"HP("HO(C™*)) = 'E}° — 'EZ® — HP(C"), (18)

whose composition is called an edge homomorphism. Since " H°(C**) may
be identified with the d”-cycles of C*'°, there is a monomorphism

”HO(C"‘) — C*, (19)

which is seen to be a chain map with respect to the differentials d' =
d, and d respectively. The homology homomorphism induced by (19) is
easily checked to be identical with (18). [The reader should note that
the homomorphism (18) is defined under more general circumstances. For
example, it suffices that C?9 = 0 for ¢ < go and that 'ES"? = 0 for ¢ < 0.]

If CP9 = 0 for p < 0 as well as for ¢ < 0, then there is an analogous
edge homomorphism

HP(C*)='FoHP(C")~»'Go H?(C") ='E&? — B ='HO("HP(C™").

There are also, of course, similar edge homomorphisms for the second spec-
tral sequence.
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3 Products

Let ;C*, 2C*, and 3C* be complexes, and assume we are given homomor-
phisms

h: 1C?P® oCY — 3CPH? (20)

such that
d(af) = (da)B + (—1)9E*a(df), (21)

where we denote h(a ® () by the juxtaposition ag.
Assume further that we are given filtrations of each of these complexes
such that

a € F;(1C?) and B € F(2C) = af € Fort(sC™*9).  (22)

Denote the spectral sequence of the filtered complex ,C* by {,E?}. It
follows easily from the definition (6) that there are induced products

hy: |EP9 @ oESt — jEP+satt (23)
and that the differentials d,. satisfy the analogue of (21). Also, the product
hy4+1 is induced from h, via the isomorphism E,,, ~ H(E,). It is also
clear that h, is induced from the h, via the isomorphism E., = lim E,

when the filtrations in question are regular.
On the other hand, because of (21), h induces a product

HP(;C*) ® HI(2C*) — HP*(3C*)

satisfying the analogue of (22), for the filtrations given by (11). Because
of this analogue of (22) we obtain an induced product

GpHp+Q(lCn) ® GSHS+t(2C‘) N Gp+sHp+s+q+t(SCa)'
By (12) this is equivalent to a product
1B ® 2By — 3ERF#I*,
which can be seen to coincide with hq.
A special case of importance is that in which the ,C* are the total
complexes of double complexes ,C** and in which h arises from a product

1CPY® 2C5 3C’°+"“’+t.

In this case the condition (22) is satisfied for both the first and second
filtrations.
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4 Homomorphisms

Let ;C* and 2C* be complexes with given filtrations and assume that we

are given a chain map
h: C*— C* (24)

such that
h(F»(1C™)) C F,(2C"). (25)

This situation is actually a special case of that considered in Section 3.
In brief, h induces homomorphisms

hy: \EP9 — LEPA, (26)

which commute with the differentials d,; h,4, is induced from h, via the
isomorphism E,, = H(E,); and in the case of regularly filtered complexes,
hs is induced from the h, via the isomorphism Eo, & lim E,. Moreover,
ho is compatible, in the obvious sense, with the homomorphism

h* i HM(,C*) — H"™(:C*).

It is sometimes useful to note that h* cannot decrease the filtration degree
of an element, which is the same as to say that it cannot increase the
complementary degree.

A basic and often used fact concerning this situation is that if h is a
chain map of regularly filtered complexes such that for some k,

hg : |E£'q — QE,’:’q

is an isomorphism for all p and ¢, thensois h* : H*(;C*) — H"(2C*). This
is proved by a standard spectral sequence argument as follows: The fact
that hjy is a dg-chain map and that hi,, is the induced homomorphism
in homology implies that hi4; is an isomorphism. Inductively, h, is an
isomorphism for r > k, and consequently, ho, is also an isomorphism, by
regularity. Then a repeated 5-lemma argument, using the regularity of the
filtrations of H™(,C*), shows that

h* : F,H(,C*) — FpH"(2C")

is an isomorphism for each p. The contention then follows from the fact
that H*(,C*) = U, F, H*(.C*).

When h, is an isomorphism for all r > k including r = co and when h*
is also an isomorphism, then we say that this map of spectral sequences is
an “isomorphism from Ej on.” Thus, for regularly filtered complexes, this
is equivalent to the hypothesis that h; be an isomorphism.



Appendix B

Solutions to Selected Exercises

This appendix contains the solutions to a number of the exercises. Those
exercises chosen for inclusion are the more difficult ones, or more interesting
ones, or were chosen because of the importance of their usage in the main
text.

Solutions for Chapter I:

1. By definition, i*.« = {(b,a) € B x A4 |b = w(a)} and «|B = n~!(B). The
functions (b,a) — a of i*# — #|B and a — (n(a),a) of A|B — i* A are
both continuous and mutually inverse.

2. We will use the fact from I-Exercise 1 that (i8)|B =~ i*i18. The canonical
homomorphism a : 1*i% — & of Section I-4 is the composition

(" iB)s = (iB). = lim (iB)(U) = limg B(™'V) —lim B(V) = By
1(b)EU 1(b)eU bev
on the stalks at b € B, this holding for any map i : B — X of arbitrary
spaces. In our case, in which i : B «— X is an inclusion of a subspace, the
sets 17U = U N B form a neighborhood basis of b in B. It follows that
the arrow in the displayed composition is an isomorphism. Thus a is an
isomorphism on each stalk and hence is an isomorphism.

4. Let X be a locally connected Hausdorff space without isolated points and
let # be a projective sheaf on X. Suppose that G = P, # 0 for some
zo € X. Let ¢ be the constant sheaf on X with stalk G. Let A = {z0}, and
note that 94 =~ P4. Let k : P — G4 be the composition of the canonical
epimorphism # — #4 with an isomorphism 4 — 94. The diagram

G—> G4—0

‘.
R lk

>

can be completed since & is projective. Let s be a section, nonzero at zg,
of # over a connected neighborhood U of zo. Then h(s(zo)) # 0, and this
implies that ho s is nonzero on some connected neighborhood V C U of zo
since % is constant. Let z € V', z # xo, and put B = {zo,z}. There is the
inclusion map i : ¥4 — %p. Consider the diagram

¢—1+v gy —=0

‘-
R’ It ok

. #

455
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10.

B. Solutions to Selected Exercises

where j is the canonical epimorphism. Since V is connected, h' o s is
everywhere nonzero on V (since each Wy, = {y € V| h'(s)(y) = g} is open
for g € G and also closed since its complement is | {W,- | ¢’ # g}, which
is open). Therefore 0 # jo h'os(z) =iokos(z) =0, because (94); = 0.
This contradiction shows that & = 0, as claimed.

. Let s € (f#)(Y) correspond to t € #(X). For y € Y we have that

3 open neighborhood V of y with VN |s| =
3V 3 0=rvy(s) € (fH)(V)

v > 0—7‘, I(V)x(t)Ed(f-lV)

W > Y WV)Nnt =

v Vﬂf(ltl)-

Vs Vnf(t)=o

y ¢ f(ItD.

Therefore |s| = f(|t]). Consequently, if |s| € ®, then |t| C f~!(|s|) €
£71(®). Conversely, if |t| € f~!(®), then there is a closed set K € & with
|t| € f~Y(K), and so f(]t|) C K. Hence |s| = f(Jt]) C K, and so |s| € &.

Let yo € Y. For a sufﬁcnently small open and connected neighborhood U
of yo we have that ]yo v t ' (U) = oAy, and Gy A7 (U) — Ay, are
isomorphisms. If s¥, ..., si are generators of .,dy'o, let s, be elements of .y,
mapping to s.'. Then U can also be assumed so small that sy, ..., sk are
in the image of jy,v : H(U) — &,,. Then the composition & (U) —
A yo — .,elyo is onto. It follows that «/(U) — .,cl"(U) is onto. Since &’
and " are locally constant and U is connected, j, v : ' (U) — A, and
Jyw i A "(U) — o, are isomorphisms for all y € U. Consider the followmg

commutative dlagra.m

0 — L'(U) - LU) — L"(U) — 0

~ =

0— &, — oAy — A =0

v ¢lsl

FIJN 0 A 0 0
w v

The 5-lemma implies that jy,u : #(U) = &, forally € U. Let A = fy,.
Then the map J : U x A — «|U, given by J(y,a) = j,,u(j,. 'y (a)), is an
isomorphlsm of sheaves. The continuity of J follows from the fact that
each j ',(a) € #L(U) is a section.

Note that ¢ may be nonconstant even when &' and .#" are constant,
which is shown by the “twisted” sheaf .« on S! with stalks Z; and the
subsheaf &' = 24 ~ Z,.

Let Cn, n > 1, be the circle of diameter 1/n tangent to the real axis at
the origin. Let X = | JCn. Let &, be the locally constant sheaf with

stalk Z4 on X that is “twisted” on C, (only), and put & = @ &n. Then

the subgroups Z; in each summand of each stalk of .« provnde a subsheaf
' C 4. The quotient sheaf " = /.4’ is isomorphic to ', and both
oo

A’ and #" are constant sheaves with stalks @ Z. The sheaf . is not
n=1

locally constant since £|C, is not constant because of the twisted Z; in

the nth factor.
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11.

12.

14.

It is only necessary to show that ['s(#) — [ (”) is surjective. Let G”
be the common stalk of &”. For s € Te(#"") and g € G let Uy = {z €
X |s(z) = g}. This is an open set since it is essentially the intersection of
s(z) with the constant section equal to g. Since X — Uy = |J{Un | h # g}
is open, U, is also closed. If G is the stalk of «, let f : G’ — G be a
function (not a homomorphism) splitting the surjection G — G” such that
f(0) = 0. Put t(z) = f(s(z)). Then t is a section of & and |t| = |s|. Thus
t € 'y (), and it maps to s € Pa(A").

Take G as coefficient group. For a (possibly infinite) singular p-chain s,
we will use the notation s = ) _ s(0)o, where o ranges over all singular
simplices 0 : A, — X and s(c) € G. By abuse of notation we also set
ocNU =o0(Ap)NU C X. If s € Ap(X,X —U) and = € U, then there
is an open neighborhood V' of = such that s(o) # 0, for at most a finite
number of ¢ such that c NV # &. Let t(o) = s(o) if o NV # & and
t(o) =0ifoNV = &. Thent € Ay (X,X — V), and the canonical
inclusion AZ(X, X — V) — A (X, X — V) takes t to s. It follows that
the induced homomorphism of generated sheaves is an isomorphism. Let
A(U) = Ap(X, X —U). To show that A is a monopresheaf, let U = | JU,,
and suppose that s € A(U) has each sa = s|Ua = 0 in A(Ua). This
means that s is a chain in X — U, for all  (i.e., that s(c) = 0 whenever
0 NU, # @). Therefore s is a chain in X —|JUs = X — U, but that means
that s = 0 in A(U).

Now let X = JU, and sa € A(Us). Assume that sa|Us NUg =
83|Ua N Upg for all o, B. Given the singular simplex o, define f : A, - G
by f(z) = sa(o) for any a such that o(z) € U,. If o(z) € Us N Ug, then
8a(0) = sp(c) since sq — 8 is a chain in X — (U, NUg) C X — {z}. Thus f
is well-defined. Now, f is locally constant and hence continuous, where G
has the discrete topology. Since A, is connected, f is constant. Therefore
the definition s(o) = f(z) for z € 0(Ap) makes sense and defines a chain
s. Since s(c) = sa(c) for all o such that o N U, # @, it follows that s is
locally finite and that s|U, = so. Thus A is conjunctive for coverings of
X. By 1-6.2, 6 : A(X) — I'(A.) is isomorphic when X is paracompact. If
s € A(X) is a locally finite chain such that 6(s) € T'.(4.) and K = |0(s)|,
then s(o) = 0 whenever 0 N K # &. Since K is compact and s is locally
finite, it follows that s is finite. Therefore, 6 restricts to an isomorphism
AS(X) S5 Te(A)!

To see that A(U) is not generally fully conjunctive, consider two open
sets U; and Uz and a singular simplex ¢ intersecting both U; and U2 but
not intersecting Uy N U2. Then o€ A(U,) and 0 € A(U2) restrict to the
same element 0 € A(U; NUz) but do not come from a common element of
A(Uyulz). Also, if X = [0, 1] and U, = (1/n, 1), then one can find locally
finite chains s, € A(U,) that do come from a (unique) chain s in (0, 1),
but with s not locally finite in X .2

That d is onto is the statement that a continuous function is locally inte-
grable. That Imi = Kerd is the statement that a differentiable function
on an open neighborhood U of x € X whose derivative is zero on U is

I'Note, however, that c is not paracompactifying unless X is locally compact.
2Note that the boundary operator does not make sense for infinite non-locally finite
chains in general.
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B. Solutions to Selected Exercises

constant on some smaller neighborhood V of z, indeed V can be taken to
be the component of U containing x. The statement that d is onto is that
a continuous function on an open neighborhood U of = can be integrated
on a smaller open neighborhood V of . The group R(X) of global sec-
tions is just the group of constant functions on X since X is connected.
Also, @(X) is the group of continuously differentiable functions on X, and
%(X) is the group of continuous functions on X. Several standard results
of elementary calculus imply that

§

0 — R(X) % 9(X) 25 ¢(X) 2R —0

is exact, whence Cokerdx =~ R. Note also that 0 — R(U) — 2(U) —
€(U) — 0 is exact for all proper open U C X. Also keep in mind that for
example, R(U) is not the group of constant functions on U but rather the
group of functions on U that are constant on each component of U.

First let us show that the presheaf U — G(U) = #(U)/Z(U) is a sheaf. (Z
is regarded as a sheaf here, so that Z(U) is the set of all locally constant
functions U — Z; i.e., functions that are constant on each component of
U.) Let U = |JU. and let j : F(U) — G(U) be the projection. To prove
(S1), let s,t € F(U) be such that j(s)}]Us = j(t}JUs for each a. This
means that s —t is locally constant on U. But that implies that j(s) = j(t)
onU.

To show that G is conjunctive, let s, € #(U,) be such that j(s.) =
j(sg) on Ua NUpg. This means that s, — sg is locally constant on Uy NUpg.
If V is a component of U, then V is an open interval. One can find an
increasing, doubly infinite, discrete on V set of points z, € V, n € Z,
such that each (Zn—1,Zn41) is contained in some U,.> Let U, denote one
such Uy. On the interval (Zn,Zn+1), both s, and sn41 are defined and
their difference is constant on (zn,Zn+1). Let pn = 8, — 8n41 € Z be this
constant value. Define a function s : V — Z by s(z) = so on (z-1,z1), by
8(z) = Sn+Pn-1+- -+ poon (Tn_1,Zns1) for n > 0, and by s(z) = sn —
(Pn+ - +p-1) on (Tn—1,ZTn+1) for n < 0. We see immediately that these
definitions agree on the overlaps (Tn-1,ZTn+1) N (ZTn,Zn+2) = (Tn,Tn+1),
and so s is well-defined. Putting these together on all components of U
gives a function s € #(U) that differs from s, on U, by a locally constant
function. Hence, j(s) € F(U)/Z(U) extends each j(sa).

Thus the generated sheaf 9 is just $(U) = #(U)/Z(U), and in partic-
ular, #(X) — %(X) is onto.

Let t € T'¢(%), and pull ¢ back to some s € I'(#). Suppose that |t| C
[=n,n]. Then s is constant on (—o00, —n). We can modify s by a constant
function so that the new s is zero on (—o00, —n). Then s is uniquely defined
by this requirement and the fact that it maps into ¢ by the exact sequence
0+ Z — F(X) > 9X) - 0. Then t is constant on (n,00). Set k(s)
equal to this constant value. Clearly k(s) =0 <« t € ['.(#). Therefore
k induces an exact sequence 0 — I'(Z) — T'(F) — I'c(9) 2,20, as
claimed. Note that I'.(Z) = 0.

30ne chooses £, (and z_,) by induction on n > 0 as follows: If z,, has been chosen,
consider all intervals (u,v) with z,, € (u,v) C Ua NV for some a. Let N = sup(v — Zn)
over this collection of intervals and choose z,41 > z, so that zp41 — zn > N/2.
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Those who have delved into Chapters II and III will note a trivial
solution of this problem coming from the exact sequences

0 - I(Z) - I'(F) - (%) — H'(R;Z)

and
0 = T'o(Z) — Te(F) = Te(9) — H.(R;Z) — H:(R; F)

and the facts that H'(R;Z) = 0, H}(R;Z) =~ Z, and H!(R; ¥) = 0 since
¥ is (obviously) flabby. This indicates the power of the theory in Chapter
II.

As remarked in I-4, the composition
ft'/” f‘(ﬁ) f‘ff.'/”—a—'f"/”

is the identity. This implies that 3 is monomorphic over f(A) (for any sheaf
M). But Ker 3 is a subsheaf of a constant sheaf (hence an open subset as
a space) and this implies that N = {z € X | (Ker 8). # 0} is open. Since
NN f(A) = @ and f(A) is dense in X we must have that N = &, i.e.,
that Ker 3 = 0. For the requested counterexample for arbitrary .#, take
A=(0,1), X =[0,1], f: A— X, and M = Z(q}. Then ff*M = 0.

We know that asHZ(X;G) =~ H?(X;G). But for a cochain ¢ € C™(il; G),
c(@0,...,an) # 0 = Usq,....an C |c|. Thus, if 0 # ¢ € C2(U; G), then {z}
is open in X, in which case the result is trivial.

Solutions for Chapter II:

1.

(Compare Section 11I-18.) Take X = [0,1], F = {0,1}, A= X - F = (0,1),
® = cld|F, G any nonzero constant sheaf on X, and # = G|A. Then & is
constant on A and BX = G4. We have that

Hia(A;8) =0
since ®|A = 0. Also,
Hy(X; BX) = Higr(X;Ga) = H* (X, A;Ga)

by II-12.1 since an open set A is always taut. The exact sequence of the
pair (X, A) with coefficients in G4 has the segment

H°(X;Ga) — H°(A;G|A) — H'(X, A;Ga). (1)

But the first term is I'(G4) = 0 and the second term is I'(G|A) = G # 0,
so that H(X; B*) ~ H' (X, A;Ga) #0.

It is of interest to note that the next term in the exact sequence (1)
is HY(X;Ga) = H'(X,F;G) =~ G by II-12.3 and using the fact from
Chapter III that this is isomorphic to singular cohomology (or using a direct
computation). The next term is H'(A4; G| A) = 0 since A is contractible and
G|A is constant. It follows that for G = Z we have that H!(X, A;Z4) =
ZoZ.
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. First suppose that A C X is closed. Then we claim that A contains a

smallest element. To see this, consider the family § of sets of the form
F; = {y € Aly < z} for £ € A. Then § satisfies the finite intersection
property and so has a nonempty intersection. Obviously this intersection
must be a single element, which is min A. Similarly, A contains a largest
element. Now assume that 0 # o € H?(X) for some p > 0. Let A be a
minimal closed set such that 0 # a|A € HP(A), which exists by II-10.8.
Let 2o = min A and z, = max A. Now, A # {xo,z1}, since H?(A) # 0,
and so there is an £ € A with 2o < £ < z,. Put Ag = {y € A|y <z} and
Ay = {y € A|ly > z}. Then Ao N A; = {z} and Ao U A; = A. The exact
Mayer-Vietoris sequence

0= H""'({z}) - H"(A) — H"(A0) ® H"(A:)

shows that o restricts nontrivially to at least one of Ag, A:. This contra-
diction shows that a cannot exist.

Let T be the “long ray” [0,Q) compactified by the point Q at infinity.
By II-Exercise 2, T is acyclic. Let L be the long line (-,0] U [0,Q).
Define the “long contraction” h : L x T — L by h(a,b) = min(a,b) and
h(—a,b) = —min(a,b) for a > 0. Then h(z,0) = 0 and h(z,f) = z for
alz € L. Let 7 : L x T — L be the projection and i, : L — L x T the
inclusion i;(a) = (a,t). By II-11.8, #* is an isomorphism and 7§ = (x*)~!.
Now, hoig(z) = h(z,0) = 0 and h o ig(z) = h(z,2) = z. Therefore

0 = constant” = (hoig)® = (hoiq)* =1"=1: HP(L) —» H?(L)

for p > 0, whence HP(L) = 0.

. Let o = Z(_oon)- Then lim o/, = Z, T'() = 0 and I'(Z) = Z, so that

0 is not onto. Let B, = Zn, ). Then lim B, = 0 and lim ['(#B,) = Z, so
that @ is not one-to-one.

. Let A and B be two closed subspaces of X that cannot be separated by

open sets. There is the canonical map p : limI'(Z|W) — I'(Z|A U B),
induced by restrictions, where W ranges over the open neighborhoods of
AU B. The section s € I'(Z|AU B) taking value 0 on A and 1 on B cannot
be in Im p because if t € I'(Z|W) has p(t) = s, then thesets U = {w € W
[t(w) =0} and V = {w € W |t(w) = 1} are open neighborhoods of A and
B that are disjoint. This shows, by II-10.6, that AU B is not taut.

One example in which the subspace A U B is paracompact is given
by the topological 2-manifold M whose boundary consists of an uncount-
able number of components each homeomorphic to R and whose boundary
can be split into two unions A and B, of its components, that cannot be
separated by open sets; see [19, I-17.5].

Let X+ = X + {oo} with open sets the open sets of X and the complements
X* — K of the members of ®. Since every point of X has a neighborhood
in ®, X* is Hausdorfl. We claim that X* is paracompact. To see this,
let {Us} be an open covering of X*, and assume that oo € Uas,. Then
K =Xt —U,, € ®. Let K' € ® be a neighborhood of K. Then K’ is
covered by the sets V, = Us Nint K’ and V = K’ — K. Let {Ws} be a
locally finite refinement of {Va} on K’. Then the sets W Nint K’ and
Uso = Xt — K form a locally finite refinement of {U,}. For a sheaf .
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on X we have H'(X+;.,4x+) = H3(X; ) by II-10.1 since & = cld|X and
cld is paracompactifying on X*.

Let s € A (V) for V C X open. Consider the collection % of all pairs
(W, sw), where W D V is open, sw € A (W), and sw|V = s. Order % by
(W, sw) < (W', sw)if W C W and sw/|W = sw. The union of any chain
in % is in %, and so % is inductively ordered. Suppose that (W, sw) is
maximal in 9. If W # X, thenlet £ € X —W and let U = U,. Then there
is a section sy € A(U) with sy|[UNV = s|UNV. Now, sw —sy on WNU
extends to some t € A (U), since A|U is flabby. Then sw — sy —t =0on
WnNU so that sw on W and sy +t on U match on WNU, and so combine
to give an extension of sw to W U U. This contradicts the maximality of
(W, sw) and shows that W = X as desired.

This an immediate consequence of the cohomology sequence of (X, F),
11-10.1, and 1I-10.2.

Since ¢ is paracompactifying, K has a neighborhood K’ € & with K’ c U.
Suppose that « is ®-fine. Then, by definition, the sheaf Hom(, #) is
®-soft. Thus the section f € ['(Hom(A, A)|K UIK'), which is 1 on K
and 0 on OK’, can be extended to K and then can be extended by 0 to
all of X. The resulting extension g € I'(Hom(Z, #)) = Hom(#, o) has
the desired properties. Conversely, suppose that the stated property holds.
Let f € I'(Hom(A, A)|K). By I1-9.5, f extends to g € ['(Hom(A, A)|V) =
Hom(A|V, #|V) for some open V D K. There is an open neighborhood
U of K with U C V since K has a paracompact neighborhood. Let h €
Hom(Z, ) be 1 on K and O outside U as hypothesized. Then hg €
['(Hom(4,4)|V) is g on K and vanishes on V — U. Extending hg by 0
to all of X gives an extension of f to some k € I'(Hom(A,4)). Thus
Hom (A, A) is P-soft, whence A is P-fine.

(a) This reduces immediately to the compact case by 11-9.12. Let K, W,
{Ua}, and {V;} be as in the hint. By II-Exercise 13 there are partitions
of unity {ha} C Hom(A, ) and {kg} C Hom(B, B) subordinate to {Ua}
and {V3} respectively. Let s = }_ ha®kg, the sum ranging over those pairs
(o, B) for which U, x V3 C W, and let t be the same sum over all other
pairs (a, 8). Then

S+t=ZZha§ka=Zha@ZkB=Zha®1_—_ 1@].:]’
a 8 a 8 o

so that s is an endomorphism of A®B that is 1 on K and 0 outside W.
Consequently, £ &% is c-fine by II-Exercise 12.

(b) Let = ABB and let A denote the collection of all open sets
W of X x Y such that £w is c-acyclic. Let .#, denote the collection of
all open subsets W = U x V where U C X and V C Y are open. Since
Luxv = Ay@By, 11-15.2 implies that U x V € M, that is, My C M. Let
M} be the collection of all unions of k members of #, Since

k

WU x V)N JW: x V) = (UinU) x (ViNV)U---U Uk NU) x (VaN V),

=1

wesee that W € My, W' € M = WNW' € M. Suppose that M) C M,
and let W € #, and W’ € M. Then W, W', and W N W’ are all in
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M, and it follows from the Mayer-Vietoris sequence (27) on page 94 that
WUW’ € M. Thus Miyy C M. By induction, Moo = |J, M C M.
Now, M is directed by inclusion, and any open set W C X x Y is the
directed union of those members of # contained in W. By continuity,
II-14.5, it follows that .# consists of all open sets in X x Y. Thus & is
c-soft by II-16.1.

We are to show that id(W) — i (K) is onto for K C W closed. Let
s € wd(K). If oo ¢ K, then the argument in the proof of I1I-9.3 shows
that s, as a member of (K, extends to X so as to be zero outside some
compact neighborhood of K. Hence it extends by 0 to a global section of
1. If oo € K, then s extends to a compact neighborhood K’ of K by
11-9.5. Let C = W —int(K') C X, which is compact. Since . is c-soft and
A = (id)|X, s|0C extends to C, and this extends s to a global section
of i«. (Note that a virtually identical argument applies to the one-point
paracompactification of II-Exercise 9.)

The hypothesized exact sequence of (X, A) has H:'X_A(X;d) =0 =
HE(X;A) for p > 0 and « flabby. Thus I's(#) — Tana(#|A) is onto
and H,(A;#|A) = 0 for p > 0 and .« flabby, which is precisely the
definition of A being ®-taut.

(a) = (b) by II-5.5.

(b) = (c) is tautological.

(c) = (d) by HY(X,U; &) ~ H}gx_y(X; £) from 1I-12.1.

(d) = (a) by the exact sequence H°(X; %) — H°(U; 2|U) —» H'(X,U; £).
Let U = {1/n|n > 1}, which is open in X, and consider the sheaf .« = Zy .
The section 1 of Zy over U cannot be extended to X because an extension
would have to be 0 at {0}, since Zy has stalk 0 at {0}, and hence would have
to be 0 in a neighborhood of {0}. Thus . is not flabby, and so Dim X > 0
by II-Exercise 21. The inclusion & «— €°(X;.¢) is an isomorphism on
U, and so 7'(X;«) is concentrated on {0} and hence is flabby. By II-
Exercise 22, Dim X < 1, and so Dim X = 1. (Alternatively, use II-16.11.)
Note that Hcllduo}(X;Zu) ~ H'(X,U;Zy) # 0 by 1I-12.1 and the exact
sequence H°(X;Zy) — H°(U;Zy|U) —» HY(X,U;Zy).

By I1-16.8 and II-16.11, every point has a neighborhood U with DimU <
n + 1. By II-Exercise 22, 3"*'(X;)|U is flabby. By II-Exercise 10,
F"+(X; ) is flabby. By Il-Exercise 22, DimX < n + 1.

For the second part let F C R" be the union of the spheres about
the origin £ = 0 of radii 1,1,3,.... Let 8" be the compactified R", and
let U = 8" — {z} — F. Let ¥ be the family of supports on S" — {z}
consisting of the sets K closed in S® — {z} and contained in U. Then
we have H"(S" — {z}; Zv) ~ H3(U;Z) ~ [];2, Z, which is uncountable.
Also, regarding Zy as a sheaf on 8", H"(S™;Zy) ~ HZ(U;Z) ~ @2, Z
is countable. The exact sequence of (S8",8™ — {z}) with coefficients in Zy
has the segment

H™(S";Zy) — H"(S" - {z};Zv) — H"*'(S",S" — {z}; Zv).
It follows that H"**(S",S" — {z}; Zy) is uncountable. By excision,

H3*'(R";Zy) ~ H**'(R™,R" — {z};Zv)
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is uncountable, where © = {{z},}. Therefore Dim M™ = n + 1 for any
n-manifold M™ (n > 0). This fact is due to Satya Deo [31].

If {n, mn} is an inverse sequence, then the definition «(Un) = -« with
o @ A(Upn) = A(Un-1) and A#(N) = |lim . gives a presheaf on N that
is clearly a conjunctive monopresheaf and hence a sheaf. Conversely, if
o« is a presheaf, then putting &, = #(Un) with 7, the restriction map
gives an inverse sequence. Moreover, the only thing preventing .« from
being a sheaf is the requirement that «#(N) = lim .«#(U.). (Hence also
H°(N; ) = lim #,,.)

A serration over U, is just an n-tuple (a1, ..., an) with a; € #;, whence
CO(Un; ) is the group of such n-tuples. The sheaf €°(N;.#) is equivalent
to the inverse sequence in which the nth term C° (Un; A) is the group of
n-tuples (a1,...,an) and the restriction C®(Un; ) — C°(Un-1; ) takes
(@1,-..,@n) to (a1,...,an-1). The inclusion ¢ : & — @°(N;.&) takes
an € A(U,) to the n-tuple (ai,...,a,), where a;_1 = ma, foralll < i < n.
The presheaf cokernel of ¢ has value on U, that is the quotient of the
group of n-tuples (ai,...,a,) modulo those that satisfy a;—; = m;a,. The
map (a1,...,an) — (@1 —7202,...,8n—1 — Mnan) € C®(Un-1; ) induces
an isomorphism on this cokernel, and it is onto C° (Un-1; A), since given
(@},...,a5_,), the system of equations

a’l = a) — mTa2
a’2 = Q2 — M3a3

!
Qn_1 = Qp-1 — Mnln

has a solution (solving backward from a, = 0). Therefore Z!(Un; %),
Z'(N; ), and d : CO(Un; ) — Z'(U,; ) are as claimed. Now « is
flabby & each #(N) — #(U,) is surjective. This means that given a, €
A n, there are an+1,... with ma; = a,-; for all ¢ > n. Therefore .« is
flabby <> each =, is surjective.

Since '(N; #) ~ n®°(N; ), where p : N — N is given by n(n) =
n + 1, it is flabby by II-5.7 or by direct examination. Therefore

0— o — €ON; ) » ' (N; ) = 0

is a flabby resolution of ., and so dimN < 1 (indeed DimN < 1; see
Exercise 1I-22). Using this resolution, H'(N;.«) is the cokernel of d :
C°(N;#) — Z'(N;«), and so « is acyclic & d : (a1,...,an,...) —
(a1 — m2a2,...,8n — Tn41Gn41,...) is surjective, leading to the claimed
criterion.

The inverse system ¢ in which «,, = Z for all n and 7, : & — Apn_1
is multiplication by n gives a sheaf that is not acyclic since the system of
equations

2a2 =a; -1
3a3 = a2 -1

has no solution in integers. [For if there is a solution, then an induction
shows that
ar=nlapn+(n -1+ -+ 214+ 10
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From this we conclude that if n + 1 is prime, then a, # 0, since if a, = 0
thena, = (n— 1)+ -+ 2!+ 1! and a1 = (n + 1)!an+1 + n! + a1, whence
n + 1 divides n!. But if a, # 0, then

laa] 2 n! = {(n =)+ + 1} >nl = (n—1)(n—1)!| = (n—1),

and this cannot happen for infinitely many n.] Therefore this H'(N; .« ) #
0, and so dim N > 1, whence dim N = 1. (For another proof of this, and in
fact, a proof that if o = {A; D Az D -} is any strictly decreasing inverse
sequence of subgroups of Z then lim'.# is uncountable, see V-5.17.)

To prove the last statement, suppose that .« satisfies the Mittag-Leffler
condition. For each n, let #» = Im @, m for m large. Then this is an
inverse sequence that is clearly a flabby sheaf on N; i.e., each #n41 — Fp
is surjective. Also, there is the inclusion ¢ : & < . Let € be the cokernel
of ¢, so that there is the short exact sequence 0 — & — & — € —
0 of sheaves on N. The induced exact cohomology sequence shows that
lim'«, = lim'€,. Now € has the property that for each n, there is an
m > n with €,, — €, zero. Since by II-11.6 passage to a subsequence
does not affect [ix_nl, we may assume that each €n,4+1 — €, is zero. But
then € is obviously acyclic by our given criterion for acyclicity.

The reader might note that every sheaf on N is soft, so that this exercise
gives another example of a soft sheaf that is not acyclic.

For 0 # n € L we have the exact sequence 0 — M ——+ M — M/nM — 0,
which induces the exact sequence

0—Ta(M) 24T e(M)—Te(M/nM) - HY(X; M) = HY (X; M)

since I'y is exact on sequences of constant sheaves by I-Exercise 11. This
gives the first statement. The requested example is given by II-11.5. For
another example, let Z* be the twisted locally constant sheaf on S$' with
stalk Z; see I-Example 3.4. Take n = 2. Then there is the exact sequence

02t -2zt Z,; — 0, which induces the exact cohomology sequence
0 - I(Z') - I(Z') — ['(Z;) — H'(S"; ZY).

Since I'(Z%) = 0, H'(S"; Z!) has 2-torsion. Although not requested, we
shall go on to show that in fact, H(S'; Z*) &~ Z,. Consider the covering
map f: X =8S!' - 8! = Y of degree 2. From I-Example 3.4 we have
the exact sequence 0 — Z — fZ — Z! — 0. The induced cohomology
sequence has the segment

HY\(Y;Z) 25 H\(Y; f2) - H\(Y; Z') —» H*(Y;Z) =0.

By I1-11.2 the composition of h with f! : H\(Y; fZ) = H'(X;Z) is just
f*, which is multiplication by 2 (using that this is the same as the map
in singular theory). The contention follows. Another, more direct, way of
doing this computation is to decompose S! as the union of two intervals
and apply the Mayer-Vietoris sequence II-(26):

0— H°(I;z) ® H°(I;Z2) -2 H°(S%;Z2) — H'(S";Z*) — 0.
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A little thought about sections of Z* over the two intervals and their inter-
section S® shows that with appropriate choices of generators a, b of the left-
hand group and u, v for H%(S%; Z), we have g(a) = u— v and g(b) = u +v.
Thus H'(S'; Z*) =~ Cokerg = {u,v|u = v, u = —v} = Zy. Also see the
solution to III-Exercise 13.

Let An = {1,3,...,2}. Then &, = Z,, is obviously flabby. Then we
claim that the sheaf £ = lim . is not flabby. Indeed, the restriction
Z(1) — £((0,1]) is not onto because the section over (0, 1] which is 1 at
all points 1, 3, 1, ... does not extend to I since it would be 0 at O (since the
stalk at O is trivial), and so must coincide with the zero section on some
neighborhood of 0 € II.

Let Z-dim X = n, and assume that the result holds for Zariski spaces
K with Z-dim K < n. We need only show that H"*'(X;Zy) = 0 for
all open U C X since then 1I-16.12 and II-Exercise 30 would imply that
dimz X < n. Now, one can express X = X; U Xo U---U X where the
X, are irreducible and no X, contains X, for j # i. (These are called the
irreducible components of X.) Let Y = X; U---U X;-1. Then clearly
Z-dimY N X, < n, so that dimzY N X, < n. Then the Mayer-Vietoris
sequence

HM(Y N X, ) —» H (Y U X,; ) = H (Y o) @ H P (X3 )

shows that by a finite induction, we need only show that dimz X, < n; i.e.,
we may as well assume that X is irreducible. In that case note that if U
and V are nonempty open subsets of X, then U NV # @ since otherwise
(X —U)U(X — V) =X and so X is not irreducible. Therefore any open
subspace U & X is connected, and so any section of Z over U is constant.
That implies that ['(Z) — I'(Z|U) is surjective, whence Z is a flabby sheaf
on X. Now, F = X — U is a Zariski space with Z-dim F < n. Also,
H™(X;Zr) =~ H"(F;Z) by 11-10.2. Therefore the exact sequence

0= H"(X;Zr) —» H"* (X;2Zy) - H"*'(X;2Z) =0

proves the result. (The equality on the left is by the inductive assumption
and the one on the right is because Z is flabby on X.)

(a) Let M be generated by a,,az2, ..., and put

Nn={a€M|ka=) ki, for some ki € L,0+# k € L}.

1=1

By hypothesis, N, is free. By looking at M ® Q, where Q is the field
of fractions of L, we see that rank N, < n. We inductively construct a
basis for each N, as follows. Suppose that {bi,...,b,} is a basis of N,. If
Nn41 = Np, then take the same basis. If N,y # Ny, then No41 /N, is
finitely generated and torsion-free, whence free, and is of rank one. Let
bs4+1 N, be a generator (whence an4+1Nn = gbs41 Ny for some g € L). Then
b, ...,bst1 form a basis of Nn4y. Finally, b1,bs, ... span N = | N, and are
independent, so they form a free basis of N.

(b) Since HO(X;L) ~ H°(X *, L), it suffices to consider reduced co-
homology of a compact space, and so we shall assume X to be compact.
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Let {a1,...,an} C H°(X;L) be given and let N be as described. Let N
be the image of N in H°(X;L). It suffices to show that N and N are
finitely generated since O-dimensional cohomology with coefficients in L is
torsion-free. Also, N is finitely generated <> N is finitely generated. Let
K\, ..., Kk be as described in part (b). We argue, by induction, that the
image of N (or N) in H°(K,U- - -UK,) is finitely generated. If a € N, then
ka — 0 in H°(K,) for some k € L. This implies that a — 0 in H°(K,)
since this group is torsion-free. Thus the contention is true for i = 1. Sup-
pose it is true for i and put K = K, U---UK,. If KN K,,; # &, then the
Mayer-Vietoris sequence

0— H(KUKu1) — H(K) ® H*(Ko41) = HO(K N Ku41)

proves the inductive step since the images of Nin H °(K,+1) and (hence)
in H°(K N K,41) are zero. If K N K;y; = @&, then H(K U Ki31) =
H°(K)® H°(Ki41), and the contention again follows from this.

(c) Let K; be as in the hint. Assume, by induction on r, that whenever
D, C int K;, with {D,} a closed covering of X, the image of N in H}(D; U
---UDy_) is finitely generated. Let E, be compact sets with D; C int E,,
E, CcintK,. Pt D=Dyu---uD,_,, E=E,U---UE,_,and K =
KiU---UK,_,. By the inductive assumption, the image of N in H!(E)
is finitely generated. By choice of the K, all b,|K, = 0. Since H)(K,) is
torsion-free by II-Exercise 28, the image of N in H}(K.,) is zero. Consider
the diagram

HYKUK,) — H:K)@® H'(K,)
k®k,
H°(ENE,) —» HYEUE.) — H):E)®H'(E,)

Ir

H°(DND,) - HXDuUD;,).

The image of j, is finitely generated by II-17.5. Also, the image of N in
HYE) @ H!(E,) is finitely generated by the inductive assumption. By
11-17.3, the image of N in H!(DU D,) is finitely generated, completing the
induction and the proof of (c).

(d) Since the one-point compactification of a locally compact separable
metric space is separable metric, we may restrict attention to the compact
case. Now X can be embedded in the Hilbert cube I*°. Let p, : I*® — I"
be the projection, and put X, = pn(X). Then X = lim X,, and so
H*(X) ~ lim H*(X,). Thus it suffices to show that H*(X,) is countably
generated. But any compact subset X, of I" C R" is the intersection of a
descending sequence of finite polyhedra, and so H*(X,) is the direct limit
of a sequence of finitely generated groups, and such a group is obviously
countably generated.

. (a) If Z is regarded as the constant sheaf, then H°(X;Z) = I'(Z) ~ C(X).

Now, A°(U;Z) = {f : U — Z} is a sheaf. For f € A°(X;Z) we have
df (z0,z1) = f(z1) = f(z0). Also, AJ(X;Z)={f: X xX = Z|f=0o0n
a neighborhood of the diagonal A C X x X}. Therefore asH°(X;Z) =
Ker{d : A°(X) = A'(X)/A}(X)} = {f : X — Z| f is locally constant} =
C(X). The reader may handle the arbitrary coefficient case.
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(b) f € B(S) = 3 unique extension f € C(8). Conversely, f € C(S)
= f is bounded = f = f|S € B(S).

(c) (i) = (ii): Let S C X be dense of cardinality < 7. Restriction gives
a monomorphism C(X) » B(S). Thus B(S) free = C(X) free, since a
subgroup of a free group is free. (ii) = (i): Let card(S) < n and put
X = 8. By (i), C(X) is free. By (b), B(S) is free.

(d) The proof is identical to that of (c) using that Ext(e,Z) is right
exact.

Let Q' = QU {Q} be the set of ordinals up to and including the least
uncountable ordinal Q and ' = w U {w} the set of ordinals up to and
including the least infinite ordinal w. Give these the order topologies. Then
let X be the “Tychonoff plank” Q' xw’ and let A = Q x {w} U {2} x w.
For any constant sheaf . with stalks L # 0 on X, let 0 # a € L and
let s € & (A) be defined by s(z) = 0 for z € Q x {w} and s(z) = a for
z € {Q} x w. If s extends to t € A(U) for some open U D A, then
V ={z €Ult(z) =0} and W = {z € U|t(z) = a} are disjoint open
sets with U = VU W. For n € w there is an element a, € Q such that
[on, Q] x {n} C W. Thereis a 8 < Q@ with an < 8 for all n. Then
(18,9] x ') — {2 x w} C W; but this must intersect V, a contradiction.
Therefore s € «#(A) does not come from lim «(U).

Since & = &z, we have Hy(X; ) = Hy(X; 4 1) = H} . ;(A; #|A) by
I1-10.2. The desired result then comes from the 5-lemma applied to the
pairs (X, A) and (4, A).

By construction, €*(A, A; ) is zero on int A, whence C;,m;(fi, A; ) =0
by the hypothesis on ®. The last part follows from II-Exercise 38 and the
cohomology sequence of (X, A).

Let M(U,R) stand for the group of continuous functions U — R, etc. This
is a conjunctive monopresheaf and so # = M(e,R). Similarly, Z = M(s,Z)
and o = M(e,T). Standard covering-space theory applied to the covering
R — T shows that

0— M(U,Z) —» M(U,R) 2% M(U,T) — [U;T] = 0

is exact. Now, if f : U — T and z € U, then there is a neighborhood
V C U of z such that f|V is homotopic to the constant map to 0 € T.
(Just take V = f~!(W), where W is an open arc about f(z).} It follows
that Fheaf([e; T]) = 0, whence we have the induced exact sequence

0-Z % -Fy—-0

of sheaves. Now assume that X is paracompact. Then ¥ is soft by 11-9.4.
Therefore the exact cohomology sequence of this coefficient sequence has
the form

0 - I(Z) - I(F) 5 T(Fo) » H(X;Z) — 0,
where jr is equivalent to jx. Hence
[X; T] = Coker jx = Coker jr ~ H'(X;Z),

finishing the first part. See II-13.2 for an interesting example of this.



468

11.

B. Solutions to Selected Exercises

For a paracompactifying family of supports ® # cld on X, the sequence
0— Ie(F) 5 Fe(Fo) — Ha(X;2Z) — 0

is exact, and it is clear that ['s (¥ ) = Me(X,R) and e (Fo) = Me(X;T),
with Mg standing for maps that vanish outside some member of ®. Again,
covering space theory immediately yields that Cokerj = [X;T]s, where
the latter denotes homotopy classes where one demands all maps and ho-
motopies to be constant to the zero element of R or T outside some element
of ®. In particular, for locally compact spaces we deduce that

(X;T]e ~ Hi(X;2)
and in particular that
[R;T)e ~ HX(R;Z) = Z

That this formula, in the case ® = cld, does not hold for spaces that
are not paracompact is shown by the following example. Let L be the
“long ray” compactified at both ends; see II-Exercise 3. Let z € L be
the maximal element. Let L, and L2 be two copies of L with z, € L,
corresponding to x € L. Let A be the one-point union of L, and L;
obtained by identifying z, with z2. We will denote this common point by
z. Let I = [-1,1]. Define

X=AxI, X=X-{zx0}.

We claim that H'(X;Z) ~ Z. To see this, let X; = (A x [0,1])N X
and X, = (A x [-1,0})N X. Since X, has A x {1} as a strong deformation
retract, we have that H"(X,;2) ~ H"(A;Z) by 1I-11.12. But H"(A;Z) =
0 for n > 0 by II-Exercise 2, and H°(A;Z) = Z since A is connected. Now,
X1 N X2 consists of two disjoint copies of the “open” long ray, and the
latter is acyclic by II-Exercise 3. Thus, the Mayer-Vietoris sequence (26)
on page 94 completes the computation.

Next, we claim that [X;T] = 0. To see this, let f : X — S' and let
r € [-1,1] = I. Then a well-known property of the long interval implies
that there is an interval {y1(r),y2(r)] C A containing z on which f is
constant. A similar property of the long ray shows that there isa y; € L,
y, # z, such that y, > y,(r) for all rational r. Then f is constant on
[v1,y2] x {r} for all rational r, and continuity shows that this is also the
case for irrational . That means that on [y1,y2] X I, f is the projection
[y1,y2] x I — I followed by some continuous function I — T'. It follows
that f extends continuously to a map X — T. Since X is compact, the
first part of the problem gives [X;T] ~ H'(X;Z) ~ H'(A;Z) = 0, since
X has A as a deformation retract.

Note that it follows that in the example, & is a c-soft sheaf on X which
is not acyclic for cld supports.

(a) H*(X,A; A) = Sheaf(U — H*(U,ANU;A)). There is the exact
sequence 0 — HO(U, ANU; &) —» HO(U; A) — HO(AﬂU ), and the last
map is just the restriction j : I'(A|U) — (]| ANU). Thus HO(X, A ) =

Sheaf (Ker j) = Sheaf(U — Ty_a(A|U)). Since  is constant, a section
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of A|U with support in U — A must actually have support in U — A.
Hence (Ker j)(U) = Ty _ 4(A#|U) = ['(A x_ 4|U), which generates the sheaf
oA x_ 4.

(b) The stalk #™(R",R" — {0};Z)o ~ H"(R",R" — {0};Z) ~ Z.

(c) If H™(X,A; &) =0 for g > 0, then €*(X, A; ) is a flabby resolu-
tion of . 5 _ 4, and so

Hg(X,A; ) ~ H" (To (€7 (X, A; A))) = Hy (X; A x _ 5)-
(d) Under the hypothesis, the stalk at z is

HP(X, A, ). = lim HP(U,ANU;A) = lim H?(U; Ay _ ;)
HP(X;dx_4)z=0

for p > 0, since €*(X; 4 x_ 5) is a resolution.

Let x € |s|. Since £x_{.) is flabby, there is a section t € £(X) such that
t(z) = 0 and t(y) = s(y) for all y # z. But t(z) = 0 implies that ¢ is zero
on a neighborhood of z. Thus, also s = 0 on some U — {z} with U open in
X. Therefore z is isolated in |s|, and so |s] is discrete. We note that this
shows that flabbiness of a sheaf .« rarely implies the flabbiness of # v, as
distinct from the situation for soft sheaves; see 1I-9.13.

Note that ¥ ® Zy = Ly. Thus H}(X;%y) = 0 for all . By II-Exercise
21, %y is flabby for all open U. But M — £ gives a section s which is
nowhere zero. By II-Exercise 45, X = |s| is discrete.

This exercise shows dramatically that resolutions of the type * ® .«
do not suffice for computing cohomology for all sheaves .« and support
families ®, in distinction to the case of paracompactifying families, where
such resolutions do suffice.

Following 6 by a map of #" to an injective resolution shows that we may
as well assume that #" is injective over Z;. Then the map hg of 1I-20 can
be taken to be §. Then hgr = 0 = hgo, so that we can take h, and k;,
and hence the rest of the h, and k,, to be zero. It follows that St,(a) =0
for n > 0 and all a € H}(X;Z,), whence St’(a) =0 for j = ¢—n < g.
Therefore, a = St°(a) = 0 for deg(a) > 0. For U C X open, passage to .4y,
and By, gives H} (U;Z3) = 0 for ¢ > 0, whence dimz, X = 0 by 11-16.32.

Let K = |a| € ®, where a € C}(X; ) is a cocycle representative of a.
For any point z € X there is a neighborhood U of z such that g|U, = 0
in H9(Uz; B) since a point is always taut and ¢ > 0. Since K is compact,
K CcU;, U---UUs, for some points z;. Let Up = X — K, U, = U,, and
Vi =UgU---UUg. Let

Cr=AQRBR---QB.
k
times
For 0 < k < n we claim that a8*|Vi = 0in H;;’{,i(vk; €«). The proof is by

induction on k. It is true for k = 0 since a|Vp = a|X — K = 0. Suppose it is
true for a particular value of k. Then by the exact sequence of (X, Vi), a8*
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comes from an element v € H:T;"_Vk(x; €x) ~ HEYM9(X, Vi; €1). Simi-
larly, 8 comes from an element 8’ € H;IX—Uk+1(X? B) =~ HY(X,Uk41; B).
Thus aB8**! comes from

vUB' € Hyfd 1 (X; €rnr) = HEF*HDI(X, Vit €)
since (®|A) N (®|B) = ®|(AN B). Consequently, ag**!|Viy) = 0, com-
pleting the induction. Since V, = X, we conclude that a8™ = 0 in
HEY™™(X; €,).

. Using double induction on dim G and the number of components of G,

we can assume the result holds for any action of a proper subgroup of
G. Let F C X be the fixed-point set of G on X. Then dim; X/G =
max{dim F,dim.(X — F)/G} by II-Exercise 11. By the inductive as-
sumption, the existence of slices, and the local nature of dimension (see
I1-16.8), we have that dimz(X — F}/G < dimp X — F < dim X. Since
dimg F < dimg X, the result follows.

We may as well assume that ' and " are constant. The conditions are
to assure that for any point £ € X and neighborhood U of z there is a
neighborhood V of z such that H'(U;.«') — H'(V; ') is zero. In case
(a) this follows by selecting compact neighborhoods and using the universal
coefficient formula I1-15.3 and II-17.3. In case (b) it follows from the exact
sequence of the coefficient sequence 0 - Z —+ Z — Z, — 0 and I1I-17.3. In
case (c) it is obvious. Since X is clc}, it is locally connected. Then for such
U and V, which can be taken to be open and connected, and any z € V,
consult the commutative diagram

0 - L' U) - LU) - L"(U) - H(U; ")
~ ~ 0

0 = L'(V) > A(V) = L'(V) = H(V; L")

I

A diagram chase shows that & (V) — & is an isomorphism (for any
z € V). Now the same argument as in the last part of the proof of I-
Exercise 9 shows that .« is constant on V. For the counterexample let
X be similar to the example in the solution of I-Exercise 10 but using
projective planes rather than circles. This space is seen to be clc} from
continuity and the fact that H'(P?;Z) = 0, but it is not, of course, clcZ,
nor is it clcg, .

. This follows immediately from II-15.2, II-16.14, and II-16.26 provided we

can show that A A=0=AxA = A =0 for abelian groups A (applied
to A= HZ(U;Z)). To prove this, consider the exact sequence

ARZ 2 A®Z - A®Z, -0

Now (A®Z,)Q (A®Zy)~ (AR A)®Zp =0. But A® Z, is a Zp-vector
space, and so this implies that A ® Z, = 0. The sequence then shows that
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A = A®Z is divisible and hence injective. If A # 0, then Ext(Q/Z, A) =0
since A is injective, so that the exact sequence

Hom(Q, A) — Hom(Z, A) — Ext(Q/Z, A)

shows that A contains a nonzero subgroup of the form Q/K for some sub-
group K of Q. Since Q/K is divisible, it is injective, and that implies that
Q/K is a direct summand of A, whence Q/K satisfies the same hypotheses
as does A. Since Q ® Q # 0, we have K # 0. Now Q ® Q/K = 0 since
Q/K is all torsion. Thus the exact sequence

0=Q*Q/K -Q/K®Q/K - ZQQ/K - Q®Q/K =0

shows that 0= Q/K ® Q/K ~ Z® Q/K ~ Q/K # 0, a contradiction.
We remark that Boltjanskii constructed a compact metric space X with
dimz X = 2 and dimz X x X =3.
For z € X, the minimal neighborhood U of x must be open and unique.
Also, &, = ¥(U) for any sheaf £ on X, and it follows that ([], £3): =
[1,(£3)z. The remainder of the proof of I1I-5.10 now applies.
If a € A then U, N A is the smallest neighborhood of a in A4, and so A
is rudimentary. If £ € A C U., then the only relatively open set in A
containing z is A itself. Let " be a flabby resolution of a given sheaf .«
on X. Then the restriction «*(U,) — 7 is an isomorphism by definition.
Consequently,

. Az p=0

PIT - of\ = HP ~ z )
H(Uz,d)~H(,,d,)~{0 p#£0.

Therefore H*(U,; ) — H*({x}; #z). This also applies to the space A
and shows that H*(A;#|A) = H*({z}; #.), whence «|A is acyclic. It
also follows that H*(U,; &) — H*(A;¢|A), whence A is taut by II-10.6.
Let Un,m = Un X Um. These only form a basis for the open sets, but that
is sufficient for describing sheaves, and so we will ignore the other open
sets. For any sheaf &, C°(Un,m; %) is just the group of n X m matrices
(as,;), where a, ; € A;;. Using » and w for all the m; ; and w ;, there is
the sequence

0 = A (Unm) = COUnmi ) 2 COWUn-tmi ) @ CO(Unmor )
1
2 COUn-1,m-1; ) — 0,
where d®(a,,;) = (., — T@.41,j) ® (a4 ; — @ai,j+1) and d*((as,;) ® (b)) =

(@1, — be,y — @4, 541 + Wby 41,5). It is easy to see that this sequence is exact
and gives the exact sequence

0— A — €OM;A) — n €°(M; L))" €°(M; ) — 1'n" €°(M; ) — 0,

where n’(n,m) = (n+1,m) and n”(n,m) = (n,m+ 1). We omit the other
details, which are straightforward.

For the last part, consider the map f : M — N given by f(n,m) =
max(n,m). Then one sees easily that f is closed and continuous. Also,
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each f~'(n) is taut and acyclic by II-Exercise 58 since Un,n is the smallest
open set containing (n,n) and (n,n) € f~'(n) C Un,a. Also, (f)(Un) =
A(f~U,) = A (Un,n), so that fof =~ #|A. By II-11.1 we have

lim? Ak = H*(N; fd) = H"(M; of) = [im?, As,,.

Solutions for Chapter III:

4.

10.

11.

13.

Let U C X be open. Since U is paracompact, S?(U;G) — [(#?|U) is
onto by I-6.2. Any singular cochain on U can be arbitrarily extended to
one on X, and so SP(X;G) — SP(U;G) is onto. Thus the composition
SP(X;G) — I'(#P) — I(¥*|U) is onto, which implies that #? is flabby
by definition. The analogous argument works for &*(X;G).

. A disjoint union of lens spaces converging to a point serves for X Then

aH?*(X;Q) ~ Hom(0; Q) ® Ext(D Z.; Q) = 0.
Also, by 1I-15.1,
sH*(X;Q) ~ HX(I'(#" ®Q)) ~ H}([(#") ® Q)
HY(I(#°)®Q
H*(X;Z) ® Q ~ Ext(P Z.,2) ® Q
Hom(@Z,.,Q/Z) ®Q
(Tz.) ®Q #o.

Q

aaa

If U, is the minimal open set containing z, then the covering U = {U,}
refines all other coverings of X, so that H™(X;A) = H™(i; A). Also,
A(Uz) = Az = A(Uz) for all z. Since y € Uz = U, C Uz, A agrees with
£ on all simplices {zo, ...,Z.} of N(il), whence H™(X; A) = H™(X;A).
In particular, H*(X; A) = 0 if & = 0. Thus A™(X;.«) is a fundamental
connected sequence of functors of sheaves .« on X with H°(X; «) =~ I'(«).
Therefore A™(X; A) =~ H™(X; &) =~ H"(X;) by 11-6.2.

Any locally finite covering of N contains {N}. Thus the result follows from
I11-4.8 (or by direct examination).

For an arc (z,y) of §! containing o one sees that /,,|(x,y) has a subsheaf
isomorphic to Zz,,,) with quotient sheaf isomorphic to Z,z,]. We have
H (2,1) Zeoy) = H*((@,1), (z,70iZ) = 0 and H*((@,9);Ze,e0))
H*((z,z0};Z) =~ H*(*;Z). Thus H*((z,y); #a) = 0 for « > 0, whence III-
4.13 applies and shows that H(X;.#,) can be computed using a covering
by three arcs (actually two arcs would also do). For an appropriate choice
of bases one computes easily that the incidence matrix for d : C' ({; ) —

C(U; A,) is
-1 n 0
{ o -1 1 J,
0 1 -1

which is unimodularly equivalent to diag(1,1,n—1), whence H*(S'; #,) ~
Z/(n—1)Z. Particularly note the cases H!(S'; #0) = 0 and H'(S'; # ) =
Z,. [The sheaf &/ _, is the same as Z* of I-3.4 and so the solution to II-
Exercise 28 gives another computation of H'(S!; .« _;).]
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There is an open covering 4 of X such that v is the image of some yu €
H™(Y) via the canonical map H™(4) — H™(X) ~ H"(X). Let € be a
Lebesgue number for 4 and let f : X — Y be as described. If y €
Y, then diam f~'(y) < &, whence f~!(y) C U for some U € 4. Thus
y has a neighborhood V; with f~}(V,) Cc U. Let ¥ = {V,|y € Y}
Then f~'90 refines U. Since f is surjective, it maps the nerve N(f~19)
isomorphically onto N (). Thus the induced map H™(U) — H"(f~'D)
is an isomorphism. The result then follows from the commutative diagram

w €AMW — H'(f7'D) - H"(X)

=~

A — AMY).

Let X be any space with a nonisolated point z. Let A be the constant
presheaf with values M # 0 and let A” be the presheaf with A”(U) =0 if
z ¢ Uand A”(U) = M ifz € U. Then there is the epimorphism A -» A" of
presheaves. Let ® = {{z},@}. Then C§(4; A) = 0 for any covering i since
if 0 # ¢ € C3(4; A), then c(U) # 0 for some U € 4, whence {z} D |c| D U.
But 9‘5’°(u; A") is concentrated on {z} so that C3(i; A”) = C°(4; A”) =
[[{M |z € U € 4}. Now any open covering is refined by some 4 = {U,}
such that = ¢ U, for all y # z. For such 4, C3(; A”) = A" (U;) = M.
Consequently, C3(X; A) = 0 and C3(X; A”) = M, so that C3(X;A) —
C2(X; A”) is not surjective.

Solutions for Chapter IV:

1.

Let K € ® and s € (fe#)(K). Extend s to an open set U D K giving t €
(fed)(U) = Tyw)(A|f ' (U)). Let L €  with K CintL and L C U. As
a section of . over f~!(U), t restricts to t' € Ly (g s-1(r)(-#|f~'L). Since
o is (¥)-soft, t’ extends to ' € Iy(w)(#) by 11-9.3. But Ley)(A) =
Cs(fw) by IV-5.2, and under that equivalence s’ becomes an extension
of the original section s. This shows that I's(fy#) — (feZ)(K) is onto
for all K € ®, which implies that fg.« is ®-soft by definition.

By assumption there are compact sets A,B in X with AN B C Y and
AUBUY = X. If AUB # X, then Y contains an open set, and we
are finished. If AU B = X, then X — (AN B) = U UV (disjoint), where
U=A-(AnNB)=X-Band V=B - (AN B)= X - A, which shows
that the compact set AN B disconnects X. The Mayer-Vietoris sequence

H*'(AnB) - H™(X) — H"(A) ® H"(B)

has the direct sum term zero by 11-16.29, and so dimy, AN B >n —1. It
follows that di_me >n—1since ANB € (Y.

. Since a compact totally disconnected space has dimension zero by I1I-16.19,

we have dimX (B— A) = 0. The result then follows from the first inequality
of IV-8.10.

. Let A be the presheaf with A(U) = H™(£°(U)) and let A = Fheaf(A) =

H"™(ZL") by definition. Then there is the canonical map 6 : A(Y) — #(Y)
of Chapter I. Now A(Y) = H*(I'(£")) and A(Y) = ['(#™(£L")), so that
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6 : HYI(Z")) — (K™ (L")). If s € T(¥") is a cocycle representing
[s] € H™(I'(£")), then for y € Y, s(y) is an n-cocycle of £; representing
the cohomology class [s(y)] € #™(£"),. By definition 6[s](y) = [s(v)).
Now, if s(y) = 0, then [s(y)] =0, so that y ¢ |6(s)|. That is,

[6(s)] C Is].
Therefore if s € Ty (£L"), then 8(s) € Te(HK"(£L")), so that
6: H™(T's(£")) — Lo(#™(£7))

as desired.

We shall treat the remainder more generally in the context of IV-2.1,
where £* is a differential sheaf on Y consisting of ®-acyclic sheaves. (The
case of the Leray spectral sequence is that for which £ = fy(€%(X;«)).)
The spectral sequence in question is the first spectral sequence of the double
complex LP»? = T's(€P(Y;¥%?)) together with the fact that the second
spectral sequence of this degenerates to an isomorphism induced by the
monomorphism

e:Te(2") — Ta(€°(Y; 2%)),

which identifies I's (£") with the d’ 0-cocycles of L™ = s (€*(Y;£")).
Thus cohomology classes of the total complex L° are given by the im-
age of €* : H"(T's(2")) =+ H™(Ta(€"(Y;%"))). Let us describe this
explicitly. Start with a section s € T's(£") that is a cocycle. Then
€(8) is given just by regarding s as a serration, and we shall continue
to name it s. Then s(y) € &y is a cocycle of & representing [s(y)] €
H"(Z"),. Then y — [s(y)] is a serration of H#"(ZL"), that is, an element
of Ty (€°(Y; #™(£"))). By general principles this is a cocycle, and its
cohomology class in Ho(T'e(€"(Y;H#™(£")))) = HY(Y; X¥™(£")) = 'E>"
is just &[s], where £ is the edge homomorphism. Hence, as a section of
K" (L"), we have that £[s](y) = [s(y)] = O[s](v). Therefore £ = 0 as
claimed.

If Y is a single point y, then it is clear that £ is the identity. Thus
naturality applied to the diagram

°

Q T
[
e

gives the commutative diagram

H)(X; ) = To(d3(f; )
restriction 1y
. . =1 n .
Hirye (%5 ly®) 5 Hirye ("5 ly®),
since we may as well assume that {y} € ®. This proves the last statement.
The proof could also be based on II-6.2.

6. The indicated edge homomorphism is the composition { = ijc§on®*, where

7" : H3(X/G; ) = HY(Xein' )
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11.

is induced by n: X¢ — X/G;
§: Hy(Xein o) — T(HS(X; f*A))

is the edge homomorphism of the Leray spectral sequence of 7 : Xg — Bg,
as in IV-Exercise 5; and

iy : D(HS(X; f* ) = HE(X; f* )

is as in IV-Exercise 5, where y € Bg. Let j: X ® X xg G — X xg Eg =
X be the inclusion of the fiber corresponding to y € Bg. Then the
diagram

X~ XxecG L Xx/6

L |

Xe=X x¢g Ec - X/G
commutes; that is, no j = f. By IV-Exercise 5 we have ij 0 § = j*.
Therefore ( =iy 0f0n* =j*on* = f* as claimed.
The first derived functor of fy is & — H'(fy), whose stalk at y € Y
is HY(f; ), ~ H‘};ny.(y.;od) = 0 by IV-4.2 and the assumption that
dimy(y°®) = 0. Therefore fy is exact.
We have U n*(w) = 7UR* (5% (7)) = 7Uj°(7) = 7 U7T by (23) on page
236 and II-12.2.
It suffices to treat the two cases B = V open and B = F closed. Thus
let F C Y be closed, and put V =Y — F. For U open in Y, the exact

sequence
00— Aye oA — dpe —0

(restricted to U) induces the exact cohomology sequence
0 — Hynus (U lve) = Hinues (U ) = Hynuos (U5l pe) = -+
and hence the exact sequence of sheaves
0 — fo(ve) = fu() = falalpe) = Hy(fidye) =+

For y € F there is the commutative diagram

folal)y 25 fo(dpe),

. .
Ty Ty

Hy (v A4ly") — HY@" L rely’),

and 7 is trivially an isomorphism since & pe|y® = #|y*. Since f is ¥-
closed, the maps r; are isomorphisms by IV-4.2. Therefore 8, is an iso-
morphism for y € F, and so

Fo(A)F 25 fy(pe)|F

is an isomorphism. It is obvious that fy(&pe)|V = 0, and so 6 induces
an isomorphism fy(#)r —+ fy(Ape), which is our result for B = F.
On the other hand, the fact that 8|F is an isomorphism implies that
fu(ALve)|F = 0 by exactness of the previous sequence. Consequently, ¢
induces a homomorphism fy(#ve) — fy()v, which is an isomorphism
since fy(sFs)|V =0, and this is our result for B= V.
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22,

23.
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The statement about normal Stiefel-Whitney classes follows from the obvi-
ous real analogue of IV-10.4. If Y is not the complete fixed-point set, then
let F be some other component. By hypothesis, H'(M;Z;) — H'(F;Z,)
is vacuously a monomorphism for ¢ < m — k + 1. Therefore, by IV-10.5 we
have that k =dimY <m — (m — k+ 1) = k — 1, a contradiction.

Since #~'(A£") = 0, we have

d"/Kerh =~ Imh, forq= -1,
0, otherwise.

HB) ~ {

Thus the spectral sequence of IV-2.1 has

EP9 — HY(X;Imh), forq= -1,
2 710, for g # —1.

Consequently, there is the induced isomorphism

H2(X;Imh) =~ H?" (Te(B")),

which vanishes for p > 1 since #? = 0 for ¢ > 0. Therefore Imh is &-
acyclic. The exact cohomology sequence induced by the exact coefficient
sequence 0 — Imh — &° — Cokerh — 0 then shows that Coker h is
®-acyclic since «° and Imh are d-acyclic.

. By 1V-14.4, H*(X/G,P/G;Z,) = 0. By the proof of 1V-14.3, the Leray

spectral sequence of (f, f|P), where f : X — X/G is the orbit map, has
E3* = H°(X/G, P/G; HY(G;Z,)) = 0 converging to H***(X, P;Z,). Thus
the latter group is zero, and the result follows from the exact sequence of
the pair (X, P). (This result, due to Oliver [65], is not true without the
condition that the group be connected.)

Mapping X to a point x induces, by the naturality of 8, the commutative
diagram
Ho(x; M) =5 AH°(x;M)

x =

HY(X;M) < AH°(X; M),
so that 6 is an isomorphism as claimed.

The map ¢ is induced by the augmentation e : M — AJKO(X ; M), so that
it suffices to prove that ¢ is an isomorphism when X is locally arcwise
connected. But o #°(X; M) = Shoaf(U — aH°(U; M)), and ¢ is induced
by the classical augmentation M — o H°(U; M). Since U can be restricted
to arcwise connected open sets, the contention follows.

It is clear that A9(X; M) = 0 for ¢ # 0, so that the spectral sequence
degenerates to the isomorphism

aHP(X; M) =~ HP(X; ad°(X; M)),

and it is elementary that the group on the left is zero for p # 0. Let &
and & denote o#°(X; M)and AJZ’O(X;M) respectively. Note that & is
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concentrated on the closed line segment where X is not locally arcwise
connected. There is an exact sequence

0-—»M—*J(’—’J~f’—+0,

which induces the exact sequence
0 — HO(X; M) -4 HO(X; ) — HO(X; #) — H'(X; M) — H*(X; %),

and H'(X;#) =~ aH'(X; M) = 0 and similarly, ['(#) = H°(X; ) = M.
Thus this sequence has the form

0 M- M-T(#)— M-o0.

The map 6 here is an isomorphism by IV-Exercise 22. Consequently we
have that F(AJ?O(X iM)) =~ M. The reader might attempt to see this

directly by studying the sheaf o¢.

Since X is locally arcwise connected, the sheaf AJ(’O(X i M) = M via the
augmentation. It is also clear that the sheaves A #?(X; M) are concen-
trated at the origin zo for ¢ > 0. [For ¢ > 1 these are probably zero, but
we know no proof of that. The analogue in higher dimensions is false.]
Let B = o' (X; M).,, which is expected to be quite large. [At least for
M = Q this is uncountable.]| Then we have E3° ~ M, E;° = H'(X; M) ~
@:1 M by continuity 11-14.6, E>? = D(a%(X; M)) = aH*(X; M),
and all others are zero. Consequently, there is an exact sequence

00
0~ M — aH' (X;M) - B -0

=1

and isomorphisms
aHY(X; M) ~ ad?(X; M)z,

probably all zero, for ¢ > 1. Note that the term @:1 M represents those
classes in o H*(X; M) that are locally zero.

This follows immediately from IV-2.11 applied to the open subspaces A,, =
Un x N, and the fact, from II-Exercise 59, that [im?,A,,, = 0, once we
show that H?(U, x N; &) = limJ A,,;. To see this, consider the projection
f:Un x N— N. This is closed and each f~!(m) is taut and #|f " (m) is
acyclic by II-Exercise 58. Also, f#(Ux) = A(f 'Uk) = A (Unk) = An.i,
so that fu is the inverse sequence {An,1 — An2 — ---}. Therefore
H%(Un x N; ) ~ HUN; ful) = limjA,,, by II-11.1, as claimed. The
spectral sequence can also be derived as the Leray spectral sequence of the
projection 73 : Nx N — N.

Let &* = €°(X;«). By definition, 1° is the composition of the edge
homomorphism in the first spectral sequence of the double complex L?? =
C%(X; A7) with the inverse of that for the second spectral sequence. These
edge homomorphisms are induced by the canonical monomorphisms

C(X; ) — @ CE(X; A7) —Ty(A™).

p+g=n
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These are all exact functors of . Consequently, the derived maps
Hy(X; ) — H™ (L") «— H"(To(«")) = HY(X; A),

which are the edge homomorphisms, are maps of fundamental connected
sequences of functors of . In degree zero this composition is the identity,
as is seen by chasing the exact commutative diagram

0 0 0
! ! 1

0 - Ty(#) — Tg(®) — Ty
! l !

0 — CY(X; ) — CYX; 4% — CY(X;A)
! ! !

0 — Cy(X;H) — Cy(X; 4% — Cy(X;u').

Thus the contention follows from 11-6.2.

Let LP9 = CP(U; C(e;4)) = CP(4; €9(X;.#)). In the second spectral
sequence of this double complex we have

I(¢(X;«)), forp=0,
0,

"EPY = HP(YU; €9(X; A)) = { forp#0

by III-4.10. Therefore this spectral sequence degenerates to the isomor-
phism
H™(L") ~ H*(X; A).

In the first spectral sequence EP'9(U) = 'EP*? we have
EP9(41) = CP(4; H(e; )
by I1I-4.1, whence
EP9(y) = HP(U; H(e; L)) => H™(X; A).

In the situation of III-Exercise 15, EP'9(4) = HP(4; Hi(e;)) = 0 for
p < m and 0 # q < n, which implies that the edge homomorphism

H*(4; ) = EF® — EE? — H*(X; )

is isomorphic for k < min(n,m) and monomorphic for k = min(n, m).

Put Ko =Y, K, = B, and K2 = K3 = F. Then, for the Fary spectral
sequence, we have Ao =Y — B, Ay = B—F, A2 =@, and A3 = F. Thus

E}9 = HX(Y - B;#°(f)) ® HEY (B - F; 97 (f)) ® HP**(F; #97°(f)),

where the coefficient sheaves are constant and either 0 or Z. The nonzero
cases are

E}® = HE(Y - B)® HE*'(B - F) ® HP**(F),
Ef' = HZ*\(B-F),
EZ° = HP(Y - B).
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Also, d2 = *d2 + A, where *d; = 0 since EZ"! and E£'® do not involve a
common A. Thus dy : EZ™"! — EP*10 js the connecting homomorphism
tA = 6 in the exact sequence

H?(Y - F) - H?(B — F) % H?*'(Y — B) — H?(Y - F).

But HZ(Y — F) = H*(Y,F) = 0 since Y and F are both acyclic. Con-
sequently, dz is an isomorphism, killing everything except the EJ ® terms.
Therefore the spectral sequence degenerates from E%'? on, giving

HP(X) ~ E?~3® ~ E2™%% ~ H?~3(Y — B) ® H?"*(B — F) ® H?(F).

Now, H?™3(Y — B) ~ HP™3(Y,B) ~ HP*(B) and H?"3(B- F) =
HP~?(B, F) ~ H?"%(B), yielding the claimed isomorphism.

By IV-2.5, n* is an isomorphism for k¥ < n and a monomorphism for
k = n. By the solution of IV-Exercise 5, the edge homomorphism £ :
H"(Te(Z")) - E%" — EJ™ = Te(H"(£")) is just the canonical map
6 : H*(To(£")) — F'e(H"(£")). The assumption that H"(I's(£*)) —
H"(Tenu(£°|U)) is zero for small U implies that 8 = 0. This implies that
E%"™ = 0, whence E%° — H™(I's(£")) is onto, so that 7™ is onto.

For the application to singular cohomology take, for example, £* =
F(X; M) = Sheaf(U — S*(U; M)), which is ®-soft when & is para-
compactifying. Then the result, together with IV-2.5, says (for X para-
compact): If every neighborhood U of £ € X contains a neigborhood
V of z with AH*(U; M) — AH*(V;M) zero for all k < n, then n*
H*(X;M) — aAH*(X;M) is an isomorphism for k < n and a monomor-
phism for k = n. If in addition, each point has a neighborhood V with
AH™(X;M) — aAH™(V; M) zero, then " is an isomorphism. (Actually,
as the proof shows, it is enough that for each v € AH"(X; M) and each
z € X thereisa V = V(v,z) with 4|V =0.)

Let 'EP9 = EP9(Z") and EPY = = EP9(A"). By hypothesis, "ESN —
EpN. But 'E%N 'EY™ and EY; >—+E‘°" so that.'EQN >—+E°" The
proof of IV-2.2 showed that 'EZN-? =, Egg,N ~? for p > 0. Thus, for the
filtrations of the total terms, we have HY (['¢(2")) ='Fn D 'FN-1 D ---,
and we deduce that 'Fy_; — Fy_; in both cases. In the first case, we
have that 'Fn/'Fn-, = 'E%N ~— E%N = Fy/Fn-1, which implies that
'Fn = Fn as claimed.

For the second case, note that the proof of IV-2.2 also showed that
lEr WN-r41 ErN —r41 since

k.(r) =N—-r+#(S,ﬂ[0,r]) =N-r+2>N-r+1.
Hence, if we have proved that 'E®N — E%V then the diagram
/E'(?,N - Eg,N

1 ,0,N 0,N

’E"_‘-N""'H = E:.N—r-H

shows that 'E%)\ = Ker’d¥" — KerdQ" = E%/\. Thus 'Fn/'Fn-1 =
'E%N —» E2N = Fn/Fn-1, and we conclude that 'Fx — Fx, as claimed.
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Solutions for Chapter V:

3
4
5
6

11.

. The solution is given in VI-1.4.
. The solution is given in VI-12.1.
. The solution is given in VI-3.2 and VI-3.3.

. The Mayer-Vietoris sequence (coefficients in )
HXUNV) - H}(U)®HXNV) - HXUNV) - HY'(UnV) =0

shows that 7 (X; ) satisfies condition (a) of V-Exercise 3, and continuity
I1-14.5 applied to the direct system {#y,, } shows that it satisfies condition

(b).

. Such a map h induces a homomorphism h' : & — f*3# (and conversely).

Thus h. can be defined as the composition
HY® (X; ) 22 HY©(X; f*B) 22 HY(Y; B)

of h, with the homomorphism f. of (26) on page 301.

Let g: Y — Z and let k : B — € be a g-homomorphism. Let ® be a
family of supports on Z, and put ¥ = ®(c) and © = ¥(c). Then we have
the diagram

ke . K ..
HP(X; )= HY (X f*B)— H (X; f*g" €)

RN L. g Ls.
HY(Y;B) — HY(Y;g"¥)
kN lo.
HZ(Z; €)

in which the square commutes by the naturality of f. and the triangles
commute by the definitions of h. and k.. This shows that

kohe = gofokihl = (gf)<(kh). = (kh).,

the last equality being by the definition of (kh)..

. The first sequence is induced by the exact coefficient sequence 0 — &y —

Ay, ® Ay, — ALy — 0 via (34) on page 306 and (8) on page 292. The
second is similarly induced by the coefficient sequence 0 — A — A F, &
Ap, = Ap — 0, where G=X -V, F,=X-U,,and F= X - U, and
using (35) on page 306. ,

. Let &* = #°(X; L), and plug the exact sequence 0 — %y — Ly, &
£y, — £ — 0 into the functor I's(%P(e) @ #), which is exact on replete
sheaves by V-3.10. Then use that F's(9(Lp) @ M) = Tenv(D(L°|IU) @
M|U) = C*V(U; M) by V-5.4. This gives the first sequence. The second
follows similarly from the sequence 0 — ¥° — %% @& %5, — LF —
0, V-5.4 [showing that Te(P(ZF) ® M) ~ Te((D(L°|F) ® M|F)¥) =~
Foir(9(Z°|F) ® M|F)], V-3.3, and V-5.6.

This is an immediate consequence of V-5.6 when (&, ®) is elementary, and,
of V-5.3 when ® is paracompactifying.
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17 () @CcV¥ = V* =(K|LeV = KnNnLec)C{K|Led =
KNLec}=o*.

(b) ®*# = {K|L € ®* = KNL € c} D ® by the definition of ®¥*.
Hence also (&#)## > ®# and (®##)# C &* by (a) applied to (b).

(c) Recall that ®#(c) = {K € ¢(Y) | f(K) € ¥} = {K € c(Y) | f(K) €
®#} since K € c(Y) implies that f|K is closed and proper. We have

{KCcX|K'ef(®) = K'nKec}
{KcX|Le® = fY(L)NnK €c}.

(f'e)*

Since ® D ¢, such sets K are in ¢(Y). Also note that f(f~'(L)NK) =
LN f(K), and so f~!(L)N K is compact < LN f(K) is compact, for
K € c(Y), since f|K is proper. Thus

(f'&)* = {(Kec(Y)|Led® = fTHL)NK €c}
{KecY)|[Le® = LN f(K)€c}
{K € c(Y)| f(K) € 2%}
o#(c).

19. We omit the details concerning the sheaf #;(X), which is easy to un-
derstand and is isomorphic to Zg2. Consequently, EZ'~? = HP(X;Zg) ~
HP(S?%;Z). The sheaf #,(X) is more difficult. It is clear that it vanishes
on S?—{z}, where z is the common point of the two spheres. On §' —{z} it
is constant with stalks Z. At the point = we have #,(X). ~ H\(N,0N) =
Ho(ON) =~ Ho(S' +S°) ~ Z&Z, where N is a neighborhood of z having the
structure of a 2-disk punctured at = with an arc. To understand the way
the stalks fit together around z, it is useful to think in terms of the singular
homology of (N, N — {z}) and note that this has a basis consisting of the
class s of the singular cycle given by a singular 1-simplex running from the
$! portion of N —{z} through z and to the §? portion. Similarly let ¢ be the
class of such a 1-simplex running from the S? portion through z and to the
S! portion on the “opposite” side of = from that side along which s runs.
Then s induces a local section of #';(X) near = that gives a generator at
points in S to one side of z and 0 at points on the other side. The section
given by t is 0 on the first of these sides and a generator on the other.
Neither of these local sections extends to a global section, but s + t does
come from a global section (since we arranged for s and ¢t to travel along
S! in the same direction). There is only one topology consistent with these
facts. Let £ = o,(X)|S'. Since &#,(X) vanishes outside S', we have
HP(X;#1(X)) ~ HP(S'; £). To compute this, consider U = S' — {y},
where y # z, and let A and B be the two rays from £ making up U. (Then
AN B = {z}.) Note that Z|U ~ Za & Zg. (We remark that £ could
be described as Z4 & Zp patched at the missing point % in an essentially
unique manner.) Now, H?(U;Za) =~ HEZ(A;Z) =~ HP([0,1},{0};Z) = 0.
Consequently, H?(U; Z|U) = 0. The exact sequence of the pair (S}, {y})
with coefficients in & then shows that H”(S'; %) ~ Z for p = 0 and is zero
for P, # 0. Therefore we have Ex ™' = HO(X; #1(X)) ~ H°(S"; %) ~
EY™? = H°(X;H#2(X)) =~ H°(s2 Z)~ Z E¥? = Hz(X;Jt’z(X)) x
H 2(82 Z) =~ Z, and all other terms are zero.
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We have

lim Hy(X; &) = lim Hy(Cc(%.(X; L) ®.#,)) by definition
Hp(limFe(€.(X;L)®45)) since lim is exact
Hp(Po(lim (€.(X; L) ® #£5))) by 11-14.5
Hp(Pc(€.(X;L)®limay)) by (13) on page 20
Hy(X;A) by definition.

el

If #: X — X/G, then there are the maps
Hy(U*Q) % Hy(U; Q)
for U C X/G open. These induce sheaf homomorphisms
mHH(X1Q) T2 H,(X/Gi Q)
with #.fi. = ord G and fi. 7. = dec g.. Since

(X (X;Q)y ~ D #p(X;Q)x =0,

w(z)=y

for p # n, we have that . ji. is an isomorphism factoring through 0, whence
Hp(X/G;Q) =0forp # n. Also, ji. : #n(X/G;Q)y — (THp(X;Q))yisa
monomorphism onto the group (7 »(X; Q))g of invariant elements, which
is the diagonal in @”(z)___y Q, since G preserves orientation. It follows
that #,(X/G;Q), = Q, so that X/G is an n-hmq by V-16.8(d), since
X/G is locally connected. Also, I'(#n(X/G; Q) = Hn(X/G;Q) # 0 since
fi.%. = ordG # 0, so that X/G is orientable. (Note that the proof applies
to any field L of characteristic prime to ord G, in place of Q. Also note
that X/G is dc?° if X is clcp by 11-19.3.)

By Il-Exercise 33, H}(X;L) is free, whence Ext(H}(X;L),L) = 0. By
(9) on page 292, Ho(X; L) =~ Hom(H?(X; L), L) ~ Hom(['-(L),L). Since
I'c(L) is the direct sum of copies of L over the compact components of X,
this is the direct product of copies of L over the compact components of X,
as claimed. For an n-cm_ this is isomorphic to H"(X; ) by V-9.2. For X
orientable it follows similarly from V-12.8 and duality that H™(X; M) =
[, Ma for any L-module M. The consequence that H™(U; M) = 0 for U
open in R™, where this can be regarded as ordinary singular cohomology,
seems surprisingly difficult to prove without advanced tools. I know of no
way to prove it that is suitable for a first course in algebraic topology.

First restrict attention to the case in which X is orientable and has no
compact components. By V-Exercise 26 and duality, H?(U;L) = 0 for
p > n. The exact sequence

HP"Y(U;L) — H?(X,U; L) = H?(X; L)

shows that H?(X,U;L) = 0 for all p > n. Since H'(X,U; 7"(X;L)) =~
H™'(X,U;L) = 0 (see 1I-12.1 and the proof of 1I-16.2), 7™(X;L) is
flabby by II-Exercise 21. Since flabbiness is a local property by II-Exercise
10, it follows that 3" (X; L) is flabby in the general case of an arbitrary
separable metric n-cm X. This implies, by the reverse of the reasoning
above, that H"*!'(X,U; L) = 0 in the general case.
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33.

35.
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Under the hypotheses, the spectral sequence of V-8.4 has
EP9 = HY(X; H - o(X; ) => H2,_ (X; A).

By (9) on page 292, #x(X;L) = 0 for k > n and for k < —1. Also,
K (X;) =0 for k > n by (14) on page 294.

Now E5'? = 0 for p+¢ < —n, whence H,?(X;d) =0for k > n. For p+
g = —n, the only nonzero term in {EF'9} is E3 ™" = H3(X; #n(X; H)) =
Ta(#n(X;.#)), whence this is isomorphic to the “total” group HY (X; «).

If « is torsion-free, then for k € Z there is an exact sequence 0 — LN
A — B — 0. The induced exact sequence

0= H2\\(X; B) —» HE (X;4) 2o H? (X; )

shows that HY (X; ) is torsion-free.

Assume that #,(X;L) = 0 for all n. Since the union of an increasing
sequence of compact subsets of X is paracompact, there exists an open
paracompact subspace of X. Thus we may as well assume that X is para-
compact. Let ® = cld on X. Let £ € X and construct a sequence of
open neighborhoods U, of = in X with U,4; C U, for all i and with U;
compact. Let A= U, = nﬁ,, which is compact and nonempty. Then
X — A= |JX —U, is paracompact, and so dimgj4,L X < 1+dim. X < o0
by 11-16.10. Now the spectral sequence

EPY = HP(X,X — A; # _o(X; L)) => H_p_o(A; L)

of V-8.5 has EJ'? = 0, so that we have that Ho(A; L) = 0 in particular.
Hence Hom(H°(A; L), L) = 0 by (9) on page 292. But H°(A; L) has L as
a direct summand since A # @, a contradiction.

Here is another proof in the case L = Z (the argument also applies to -L
being a field). If dimz X < oo and #.(X; L) = 0, then the basic spectral
sequence of 8.1 implies that H,(U;L) = O for all open U C X. This
implies, by (11) on page 293, that Ext(H;(U), L) = 0 = Hom(H; (U}, L).
This implies, by V-14.7, that HZ(U;L) = 0. By II-16.14 dim. X = 0,
and by II-16.21, X is totally disconnected. Therefore, z has a compact
open neighborhood K. But then H°(K;L) = H(K; L) = 0 implies that
K = @, a contradiction.

Note that this, together with V-Exercise 32 shows that the assumption
that dime,. Y < 00 in V-8.1 cannot be usefully weakened to the hypothesis
that o} (f, flA; ) = 0 for p < n < oo.

By tautness and the cohomology sequence of (X, X — A), or directly from
1I-12.1, we see that H3(X, X — A; M) ~ lim H} (X, X — K; M) where K
ranges over ®|A. This is isomorphic to lim H,—p(K; # ® 6~') by V-9.3
since K € . By V-Exercise 32 this vanishes for n —p > dimz K and hence
for n — p > dim§ | A by the definition of the latter.

Consider the f-cohomomorphism

Cu(Y)® fh ~ [T 6. (V)@ A~ €u(X)® A,
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38.

B. Solutions to Selected Exercises

which corresponds to a homomorphism €.(Y)® fd — f(f*€.(Y)® ).
First, we claim that this induces a homology isomorphism

H(C.Y)RfA) = H(f(fTC.(Y)QA)) m fH(f €.(Y) R A)

since the direct image functor 8 — f& is exact here by IV-7.5. It suffices
to prove this on the stalksat y € Y. Let K, = €,(Y), and let A, be the
stalk at zo € f~'(y) of #. Then the map on the stalks at y is

HP(K- ® I—IAa) nd I—I Hp(Kt ®Aa)-

There is the commutative diagram

0— Hy(K.)®[] Aa — Hp(K.®[] Aa) — H, _1(K..)*HA°, —0

=~ ~

0—JI(Hp(K.) ® Aa) = [](Hp(K. ® Aa)) = [1(Hp-1(K.) * Aa)—0

in which the isomorphisms on the ends are due to H,(K.) being finitely
generated. By the five-lemma the map in the center is also an isomorphism,
proving the contention. Since Y is finite-dimensional and & is paracom-
pactifying, the induced maps

Hp(Te(€.(Y) ® fd)) — Hp(Ca(f(€.(X) ® A)))

are isomorphisms by IV-2.2. The term on the left is HY (Y; f&) by defini-
tion, and the one on the right is

Hyp(Da(f €.(X; ) ~ Hp(Toqaay(€u(X; A))) = HL ' ®(X; )

since ®(cld) = f~'® by IV-5.4.

Let H(F) denote the stalk of #(f;L). For = consider the spectral
sequence &2, = Hom(HI(F),Hp(Y;L)) = Hpyq(f;L) of V-18.4. As-
suming, as we may, that Y is orientable and that #°(f; L) is constant,
this degenerates into the isomorphism Hom(H?(F), L) =~ H nyq(f), which
shows that the latter sheaf is locally constant.

For < let Ho(F) denote the common stalk of #,(f; L) and assume
that this sheaf is constant. Also assume that the Leray sheaf #7(f;L) is
constant with stalks H?(F'). Suppose that Hq(F) = O unless s < ¢ < t and
that it is nonzero on the two ends of this interval. Then in the basic spec-
tral sequence E5'? = HR(U; H _o(f; L)) => HE,_,(U®) the term EJ'~°
survives and shows that H;_,(U®) # 0. Consequently, s > n. However, if
s > n, the same spectral sequence shows that H§(U®) = 0, an absurdity.
Thus s = n.

Now, using the basic spectral sequence V-8.1 in the same way as the
Leray spectral sequence was used in the proof of V-18.4, and using V-12.8,
we derive the spectral sequence

82, = Hom(Ho(F), o _,(Y: L)) => HPH9(f; L) = HP**(F).

The term &2, ., = Hom(Hn(F), #(Y;L)) survives and is isomorphic to
the limit term #°(f;L) = H°(F), which is constant. This can happen
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41.

42.

only if #,(Y; L) is constant. Let its common stalk be denoted by S # 0.
Now let 7 = min{p|3¢p(Y; L) # 0} and note that r < n = dim. Y. Then
H(Y;L), #0 for some y € Y. The 83M term of the spectral sequence
survives to give the isomorphism Mom(H,(F),#.(Y;L)) ~ #*~7(f;L).
In particular, H'""(F) =~ #'""(f;L), ~ Hom(H,(F),#-(Y;L),) # 0.
It follows that t — r < k. Now, in the spectral sequence of V-18.4, the
term &2, = Hom(H*(F),#+(Y)) survives and shows that Hnyk(F) # 0,
whence n + k < t. From the last two inequalities we get n + ¢ — r <
n+k < t, whence n < r. But we had that r < n, and so n = r. Therefore
Ho(Y;L) =0 for p # n.

Now, both homological spectral sequences degenerate to the isomor-
phisms Hom(Hy(F),S) ~ H?™"(F) and Hom(H?™"(F), S) ~ Hy(F), from
which it follows that all these are all finite-dimensional and S has rank one.
Thus Y is an n-hm,, and rank H,(F) = rank H9™"(F).

We remark that X need not be a homology manifold in this situation.
For example, f could be the projection to the y-axis Y of X = Y U([0, 1] x
{0}). Another example is the one-point union of a manifold Y with the
Hilbert cube I*® with f being the quotient map identifying I°° to a point.
This shows that X need not even be finite-dimensional.

Condition (a) implies (b) by V-18.6. Thus we need only show that (b)
implies (c). Since X is orientable over Z2, we know that Y is an (n — k)-
hmz, by V-18.5. Note that dimzY < n — k by IV-8.12. Suppose that
y € Y is such that f~'(y) has no orientable neighborhood. Let U be a

connected open neighborhood of y and consider the Leray spectral sequence
of f~Y(U) — U. We have

HXMU;Z) = E37** = EI*F = H2 (' (U);Z2) ~ 22

by V-16.16(g) since f~!(U) is not orientable. Moreover, for V C U an-
other connected open neighborhood of y we have that H>(f~'(V);Z) —
HZ(f~'(U);Z) is an isomorphism by V-16.16(d). Applying Hom(e,Z) to
II-15.3 and using that Hom(H:(U; Z2),Z.) =~ H,(U;Z2), we get the exact
commutative diagram

0 — Hom(H} *(U;Z)%Z2,Z;) — Hn_r-1(U;Z2)

=

0 — Hom(HZ %(V;Z)%xZ2,Z3) — Hn_x—1(V;Z2).

The groups in the middle are isomorphic to Z; and so it follows that
Hn_k-1(Y;Z2)y # 0, contrary to Y being an (n — k)-hmz,.

If m > nand U C X is open and paracompact, then
Ext(H**\(U;Z), Z)®Hom(HZ (U;Z),Z) ~ Hm(U;Z) ~ H* " ™(U; 0) = 0,
whence Ext(H**'(U;Z),Z) = 0 = Hom(HT*(U;Z),Z). By V-14.7 we

deduce that H¥(U;Z) = 0 for k > n + 1, and the result follows from
I1-16.16.

This follows immediately from the spectral sequence " E?'? of V-8 4.
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Solutions for Chapter VI:

4. As the proof shows, the diagram (4) on page 433 is valid for k = n + 1,
except that the horizontal maps on the right side are only epimorphisms.
The result follows. [Note that this does not imply that Hn41(2.(X)) —
Hp 1 1(X; $H0(%.)) is surjective, and indeed, that is not generally true.|

5. Let It = Cosheaf(M). Then there is the local isomorphism h : 9t — M.
Let & = Kerh and € = Cokerh. Since 9 is a cosheaf and M is an
epiprecosheaf, € is an epiprecosheaf by VI-Exercise 1. By VI-Exercise 2,
€ = 0. Thus we have the natural exact sequence 0 — &(U) — M(U) 2%
M — 0. In particular, jy # 0 whenever U # @. Let U be an open
neighborhood of the point £ € X and let V C U be an open neighborhood
of z so small that &(V) — A(U) is zero. Suppose that U = Up + U, is a
decomposition of U into two disjoint open sets with £ € Up. Let W C Uy
be an open neighborhood of = so small that & W) — K(V) is zero. Let
Vi = V NU.,. Then the commutative diagram

AU) — MUo)®MU) - M
0
AV) — M(V) - M
0

AW) — M(W) - M

shows that the image of M(V) — M(U) equals the image of M(W) —
M(U). But the component of this image in MM(U,) is zero since W C Up.
It follows that M(Vy) — M(U,) is zero. However, this contradicts the fact
that jv, : M(V1) — M is nonzero unless Vi = &. Therefore V C Uo. Since
this is independent of the choice of the decomposition U = Up U Uy, it
follows that the psuedo-component of U containing z is open. This being
true for all £ and U implies that X is locally connected.

6. Let v € H§(X; L). Since H§(X; L) = lim Ho(K; L), where K ranges over
compact subsets of X, there is a compact set K such that v is in the image
from Ho(K;L). Cover K by sets Uo,...,Un such that each H§(U,; L) —
I-.IS(X ; L) is zero. Adding sets to this collection, if necessary, we can assume
that UpU- - -UU, is connected, since X is connected. We can then reindex
this collection such that (UpU- - -UUx)NUg4) # @ for all 0 < k < n. Then,
with U = Up U --- UU and V = Ug4; we have the exact commutative
Mayer-Vietoris diagram (coefficients in L)

HSUNV) - HSWU)® H§(V) — HS(UUV) — 0
[s] 0o 9
H§(X) — H§(X)®H§(X) — H§(X) — 0,

by V-Exercise 9. By induction on k, this shows that g = 0. Consequently,
H§(Upu---UU,) — HG(X) is zero. Since by construction, v is in the
image of this map, ¥ = 0.
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List of Selected Facts

The relationships among the various classes of acyclic sheaves are many and
varied. Since they are also scattered throughout the text, we have appended
this list of many of them for the convenience of the reader. The cross-
references provide justifications for the statements. For the full statements,
see these references. In statements involving the properties ®-soft and ®-
fine, we tacitly assume that & is paracompactifying.

(a) We have the following implications:

injective > flabby

N\

replete

N\

p-fine > p-soft

11-5.3, 11-9.6, 11-9.16, II-Exercise 17, V-3.2.
(b) # injective = f¥ injective; II-3.1.
(c) « flabby = f.« flabby; II-5.7.

(d) « flabby, A locally constant with finitely generated stalks, & * # =
0 = & ® M flabby; 11-5.13.

(e)  flabby = fy.& P-soft; IV-3.3.

(f) «» flabby = [], -« flabby; II-5.9.

(8) A ®-soft = [], s P-soft; II-Exercise 43.
(h) o ®(¥)-soft = fy.o P-soft; IV-Exercise 1.
(i) o P-soft = #|A (P|A)-soft; 11-9.2.

(j) o ®-soft = o 4 P-soft; 11-9.13.

(k) 98 (2]A)-soft = B* ®-soft; 11-9.12.

(1) E(®) D E(¥), o d-soft = & W-soft; II-16.5.
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494 List of Selected Facts
(m) & a sheaf of rings with unit, . an #-module, # ®-fine & R P-soft
= « ®-fine; 11-9.16.
(n) A a %O(X;L)-module = fyd a @O(Y; L)-module; IV-3.4.
(o) ¢ injective = Hom(,F) flabby; II-Exercise 17.
(p) A& ®-fine = 4 ® & P-fine; 11-9.18.
(q) A ®-soft, torsion-free = o ® B ®-soft; 11-16.31.
(r) Ay P-soft = lim ) P-soft; I1-16.30.

(s) o, B c-fine, X locally compact, Hausdorff = .¢®% c-fine; II-Exercise
14.

(t) A, B c-soft, £*B = 0, X locally compact, Hausdorff = & QB c-soft;
II-Exercise 14.

(u) Ly P-acyclic, all open U & o B-soft < #|U (®|U)-acyclic, all U;
I1-16.1.

(v) A ®-acyclic, all & & .« flabby; II-Exercise 21.
(w) « flabby, A C X ®-taut = «|A (® N A)-acyclic; 11I-10.5.
(x) f:X —Y locally c-Vietoris, & c-fine on Y = f*.« c-fine; IV-6.7.
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A

acyclic sheaf

see sheaf, acyclic
adjoint functor

see functor, adjoint
Alexander horned sphere, 385, 388
Alexander-Spanier sheaf

see sheaf, Alexander-Spanier
Alexander-Whitney formula, 25
Alexandroff, P., 122, 379
augmentation, 34, 302
axioms

Eilenberg-Steenrod, 83

for cohomology, 56

for cup product, 57

B
base point
nondegenerate, 95
Betti number
local, 379
Bing, R. H., 392
Bockstein, 158
Boltjanskil, 471
Borel spectral sequence
see spectral sequence, of Borel
Borsuk, K., 392
bouquet, 130, 184, 277, 316
bundle
fiber, 228
normal, 256
orientable, 236
sphere, 234, 236, 254
universal, 246
vector, 233, 254

C
Cantor set, 184, 228
cap product
see product, cap
carrier
paracompact, 438
Cartan formula, 162, 168
Cartan spectral sequence
see spectral sequence, of Cartan

cfs (cohomology fiber space),
395-397, 401, 416
chain
locally finite, 206, 292
relative, 305
singular, 2, 31
change of rings, 195, 298, 333, 369,
372, 443
Chern class, 254, 256
circle
maps to, 96, 174
classifying space, 246
clc (cohomology locally connected),
126-127, 129, 131-133, 139,
147, 175, 195, 229, 231-232,
277, 316, 351-352, 355,
357-358, 361, 363-366, 369,
379, 395, 414, 442-443
cm (cohomology manifold), 375,
377, 383-384, 390, 392, 394,
399, 414
example of, 388
factorization of, 378
local orientability of, 375
properties of, 380
with boundary. 384-388
coboundary, 25-26
cochain
Alexander-Spanier, 24
de Rham, 27
singular, 2, 26-27
coefficients
bundle of, 26
local, 26, 30
twisted, 77
Cohen, H., 117, 123
cohomology
Alexander-Spanier, 25, 29, 71,
185-186, 188, 206
at a point, 136
Cech, 27-29, 189-196
de Rham, 27, 71, 187, 194
finite generation of, 129
is not cohomology, 372
local, 136, 208--209
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of collapse, 90
of euclidean space, 82, 110
of infinite product, 130
of intersection, 208
of manifolds, 119
of product of spheres, 83
of product with a sphere, 83
of sphere, 82, 110
of suspension, 95
of union, 123, 209
reduced, 126
relative, 83, 86, 92, 182, 186, 206
sheaf theoretic, 38
single space, 86, 94
singular, 2, 26, 35, 71, 75, 83,
116, 179, 183, 186, 188, 195,
206, 276, 333
torsion-free, 172
with supports, 38
cohomology ring, 59
cohomomorphism, 14, 61
factorization of, 14
surjective, 84
comb space, 334
compact
basewise, 23, 220
fiberwise, 23, 220
compactification
end point, 391
one point, 133, 170
Stone-Cech, 173
cone, 95
conjunctive presheaf
see presheaf, conjunctive
Conner conjecture, 270, 274
Conner, P., 257, 267, 274, 276
continuity, 102-103, 315, 412-413
weak, 74
coresolution, 432, 434, 437, 442,
445, 448
cosheaf, 281
constant, 281
differential, 289, 431, 436, 445
differential, dual of, 289
direct image of, 286, 446
equivalent, 430
fhomomorphism of, 287
flabby, 281, 283, 285-287
singular, 281, 355, 443
supports in, 285

Index

torsion-free, 283, 285, 287
weakly torsion-free, 412
covering
acyclic, 193, 196, 278, 446
covering space
see map, covering
cross product
see product, cross
cup product
see also product, cup
associativity of, 58
commutativity of, 58
computation of, 60
CW-complex, 35, 183

D
deck transformations, 251
Dedekind domain, 173
Deo, S., 171, 463
derivative
exterior, 27
derived functor
see functor, derived
diagonal class, 347
diagram, 16, 20
homotopically commutative,
175-176
differential, 25
total, 60
differential form
see form, differential
differential sheaf
see sheaf, differential
Dim, 171, 462-463
dimension, 110-113, 115, 117-118,
121, 125, 170-171, 177, 209,
238-241, 257, 275, 383, 395
covering, 29, 122
decomposition theorem for, 241
inductive, 122, 124, 239
monotonicity of, 112-113
of connected space, 116
of dense set, 240
of homology manifold, 331
of manifold, 118
of product, 117-118, 239
of square, 178
of totally disconnected space, 116
of union, 123, 125, 241
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product theorem for, 117-118,
239
relative, 237, 240-241, 275, 415
separation theorem for, 383-385
sum theorem for, 123, 125, 178,
208
weak inductive, 124
Zariski, 172
direct image
see also image, direct
derived functor of, 213
sections of, 31, 219
direct limit
see limit, direct
Dolbeault’s theorem, 195
Dranishnikov, 122
duality
Poincaré, 77, 207, 330, 332,
341-342, 354, 387
Whitney, 252
ductile map
see map, ductile
Dydak, J., 216, 242-243

E

elementary sheaf

see sheaf, elementary
epiprecosheaf, 418
Euler characteristic, 143
Euler class, 236, 254, 276
exact

locally, 420
exactness

failure of, 10-11
excision, 83, 87, 89-90, 92, 307,

311-312

excisive

see pair, excisive

F
family of supports, 21
dual of, 299, 413
extent of, 112
Fary spectral sequence
see spectral sequence, of Fary
Fary, I., 178
fiber
restriction to, 214, 227
fiber bundle
see bundle, fiber
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fibration
spherical, 236, 254, 264-265, 275
figure eight, 326
fine
see also sheaf, fine
homotopically, 289
fixed point set, 143, 175, 257, 264,
276-277, 348, 407411, 415
flabby
see sheaf, flabby or cosheaf,
flabby
Floyd, E. E., 143, 147, 257
form
differential, 2, 27, 36, 69, 187,
354
function
analytic, 5, 32
differentiable, 32
integer valued, 32
functor
adjoint, 15
derived, 12, 43, 49, 53, 85
Hom, 9, 21, 31-32
of presheaves, 17
of sheaves, 17
functors
connected sequence of, 18

G
germ, 2, 32, 66, 69
see also sheaf, of germs
Godement, 12, 37, 39
group
Lie, 178, 246, 267
transformation, 76, 80, 137, 175,
178, 194, 216, 246, 256-257,
264, 267, 270, 277, 327, 394,
397, 399, 403, 407, 413, 415
Gysin sequence
see sequence, Gysin

H

Hilbert cube, 118, 238, 328, 485

Hilbert space, 125

HLC (singular homology locally
connected), 35, 71, 130-131,
180, 183-184, 186-187, 195,
232, 355-356, 358-359, 363,
413, 441, 444

semi-, 444-445
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hlc (homology locally connected),
350, 355, 439

semi-, 439-440, 448

hm (homology manifold), 329, 331,
342, 347, 373, 375, 380,
388-389, 392, 397, 409, 413,
415-416

dimension of, 331

homeomorphism

local, 320
relative, 87-88, 183

homology

Alexander-Spanier, 35

alternative theories, 371-372

Borel-Moore, 292, 439-440, 443,
446-447

Cech, 298, 315-316, 424-425,
435, 438

de Rham, 36

in degree -1, 293, 313

in degree 0, 314, 414

modified Borel-Moore, 442

reduced, 302

relative, 359

sequence, 39

single space, 313

singular, 7, 30, 32, 206, 281,
287-289, 321, 326, 332, 356,
358-359, 363, 413, 443, 445,
448

homology class

fundamental, 338

homology sheaf

see sheaf, homology

homomorphism

edge, 199-200, 202, 205, 223,
275, 277-278, 452

f-, of cosheaves, 287

f-, of sheaves, 411

induced, 56, 62, 64

Index

injective sheaf

see sheaf, injective
intersection number, 345
intersection product

see product, intersection
invariance of domain, 383
inverse image, 12
inverse limit

see also limit, inverse

derived functor of, 78, 208-209,

315-317

involution, 257, 276
isomorphism

local, 13, 349, 421
isotropy subgroup, 247

J

Jones, L., 145
Jussila, O., 440
K

kernel, 9

Klein bottle, 327, 397

Knaster set, 117, 237, 240-241

Kiinneth theorem, 108, 109, 126,
175, 231, 227, 339, 364-367,
414

Kuz’'minov, 119

L
Lefschetz fixed point theorem, 348
lens space
see space, lens
Leray sheaf
see sheaf, Leray
Leray spectral sequence
see spectral sequence, of Leray
Lie group
see group, Lie
limit

of presheaves, 8
of sheaves, 8

direct, 413, 20, 66-67, 102-103,
119, 169, 172, 174, 308-309,

homotopy, 79-80, 319 412, 414

Hu, S. T., 393 inverse, 100, 103, 171, 178, 225,
278, 298, 315-316, 427

1 Liseikin, 119

ideal boundary, 135, 137 local homology group, 293

image, 9 locally finite, 49
direct, 12, 49, 76, 170, 210, 276 long line, 91, 122, 130, 169, 388,
inverse. 12 460
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M
Mac Lane, S., 52
manifold, 129, 133-134, 137, 171,
207, 331-332
manifold
cohomology, see cm
homology, see hm
as identification space, 343
characterization of, 388
cohomology, 131
complex, 195
differentiable, 27, 36, 66, 69, 354
dimension of, 118
generalized, 373, 375, 377-378,
380, 383-384, 386-388, 392,
394
non-Hausdorff, 5
singular homology, 332
map
c-proper, 301-302
c-Vietoris, 225
covering, 76, 78, 143, 320, 333,
416
ductile, 195
equivariant, 178, 246, 248, 267
finite to one, 76, 225, 243-244
orbit, 264, 267, 327, 397-399, 403
d-closed, 74
proper, 80, 102
mapping cone, 157, 176
Mardesié, 438, 445
Mayer-Vietoris
see sequence, Mayer-Vietoris
minimality principle
see principle, minimality
Mittag-Leffler, 172, 209, 315, 464
monodromy, 229
monopresheaf, 6, 23, 31
monotone mapping, 389, 397
Montgomery, D., 393
multifunctor, 53

N

nerve, 29
Nébeling, G., 173, 293, 314
Nunke, 373

0]
Oliver, R., 145, 267, 277, 476
operation
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cohomology, 148
orbit, 137, 178, 216, 247, 267
orientable, 329

locally, 372, 377
orientation, 236, 268
orientation sheaf

see sheaf, orientation

P
p-adic group, 394, 397, 399
classifying space of, 399
orbit space of, 398, 400
pair
excisive, 96, 98-100, 170
pairing
intersection, 345
Kronecker, 346
Poincaré, 341-342
paracompact
hereditarily, 21, 66, 73, 112-113,
277
locally, 112
paracompactification, 170
paracompactifying, 22
for a pair, 70, 73
Poincaré duality
see duality, Poincaré
Poincaré Lemma, 36
pointwise split, 18
Pol, E. and R., 123
Pontryagin, 118
Pontryagin class, 254
precosheaf, 281
constant, 281
equivalent, 374, 422
local isomorphism of, 349, 421
locally constant, 374
locally zero, 349, 421, 426
smooth, 422, 428, 430, 448
presheaf, 1
conjunctive, 6, 31
conjuntive, 22
constant, 2
differential, 34
f-cohomomorphism of, 14
graded, 34
locally finitely generated, 217
mono-, 6
principle
minimality, 74, 169
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product
cap, 336, 340-341, 343, 412-413
cartesian, 19
commutative, 177
cross, 59, 81, 100, 107, 126, 346
cup, 25, 27, 57, 64, 71, 81, 86,
94, 100, 149, 171, 178,
180-181, 183, 185-186, 215,
225-226, 237
direct, 19
intersection, 344
tensor, 18, 70, 120
torsion, 18 .
total tensor, 19, 107, 110, 170,
175
total torsion, 19
projective plane, 216, 223
projective sheaf
see sheaf, projective
projective space, 13, 77
proper map
see map, proper

Q

quasi-coresolution, 350, 352-353,
355
example of, 354-355
quasi-resolution, 350
quotient sheaf
see sheaf, quotient

R
Raymond, F., 134, 137, 382, 391
reduced cohomology
see cohomology, reduced
reduced homology
see homology, reduced
refinement, 28
reflector, 422, 428, 430
relative homeomorphism
see homeomorphism, relative
relatively Hausdorff, 66, 73
resolution, 34, 47, 51, 111, 175
canonical, 37, 39
canonical injective, 44
homotopically trivial, 37-38
injective, 42, 45
restriction, 73
Roy, P., 125
Rubin, L. R., 241

Index

S
S1,6
S2,6
section, 2, 4
discontinuous, 16, 36
locally trivial, 6
of homology sheaf, 326
presheaf of, 4
support of, 7
zero, 4
sections
restriction of, 24
sequence
admissible, 52
cohomology, 84, 170
connected, 18, 52, 56
exact, 9
fundamental, 53
Gysin, 236
homology, 292, 305, 307
left exact, 9, 22
locally exact, 411
Mayer-Vietoris, 94, 98, 100, 169,
412
of a pair, 72
of order two, 34
of triple, 88
pointwise split, 18, 52
Smith, 142, 408
Smith-Gysin, 251, 264-265
Wang, 237
Kinneth, see Kiinneth theorem,
serration, 16, 36
sheaf, 3
acyclic, 46-47, 49, 65, 68,
110-111, 171, 175, 276
Alexander-Spanier, 201
concentrated on subspace,
106-107, 174, 212, 238
constant, 7, 31
constant, subsheaf of, 12, 32
derived, 34, 174
differential, 34, 198, 202
elementary, 295, 297, 305,
307-309, 311-313, 325
f-cohomomorphism of, 14
fhomomorphism of, 411
filtered differential, 257
fine, 69-70, 107, 169-170, 225,
276
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flabby, 47, 49, 66, 70-71,
170-172, 175, 294, 296-298
fundamental theorem of, 202,
205
generated, 3, 5, 8
graded, 34
Hom, 21
homology, 7, 34, 137, 322
homotopically fine, 172
injective, 41, 48, 170, 293
Leray, 213-216, 218, 222,
227-229, 231-233, 236, 252,
267, 277, 395
Leray, of bundle, 228
Leray, of projection, 227, 229
locally constant, 7, 31, 178
locally finitely generated, 217
of germs, 3, 10, 174, 195
of local homology groups, 293
of modules, 3
of rings, 3, 8, 38, 211
orientation, 7, 77, 207, 234, 329,
386, 414
orientation, of product, 378
projective, 30
quotient, 10, 16
replete, 293, 295, 297, 301,
308-309, 403
restriction of, 7, 66, 71
soft, 65-66, 68-70, 102, 110-111,
119-120, 170, 175, 210, 275,
282, 284, 286, 288, 299, 352,
403, 464
topology of, 2, 4-5
torsion-free, 38, 177, 286
twisted, 13
weakly torsion-free, 412
sine curve
topologist’s, 74, 184, 277
Skljarenko, E. G., 121, 232, 238,
245-246
slice, 178
Smith sequence
see sequence, Smith
Smith theorem, 143, 409
Smith, P. A., 143
Smith-Gysin sequence
see sequence, Smith-Gysin
soft
see sheaf, soft
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solenoid, 80, 103, 228, 315,
332-333, 367, 372-373, 397
embedding of, 333

space
acyclic, 79-80, 144, 147, 169,
271-274, 319
countable connected, 125
lens, 145, 472

locally connected, 126, 133-134
locally contractible, 35, 131
locally homogeneous, 392
locally isotopic, 393
orbit, 137, 144, 146-147, 216,
271, 398, 400, 409
paracompact, 21
rudimentary, 78, 178, 317
simply ordered, 169
well pointed, 95
zero dimensional, 122
Spanier, E. H., 35, 73
Specker, E., 173
spectral sequence
for inverse system, 207
for relative cohomology, 206
for singular cohomology, 276
for singular homology, 206
of a cfs, 396, 484
of a covering, 278, 431-432, 436
of Borel, 248, 275
of Cartan, 251
of Fary, 263-265
of filtered differential sheaf, 258,
262
of filtered space, 263
of inclusion, 240
of Leray, 222, 225, 229-230, 233,
236-237, 263, 268, 270, 275
of map for homology, 324
sphere
separation of, 275
sphere bundle
see bundle, sphere
stalk, 3, 5
Steenrod, 30, 148, 162
Steenrod power, 168
Steenrod square, 168
Stiefel-Whitney class, 254, 276
Stokes’ theorem, 188
structure group, 228
subdivision, 26
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subsheaf, 9 W
subspace Walsh, J., 216, 242-243
locally closed, 11 Wang sequence
neighborhoods of, 73 see sequence, Wang
taut, see taut Whitehead, J. H. C., 379
sum Whitney duality
direct, 19 see duality, Whitney
support, 7, 281 whm (weak homology manifold),
supports 329-330, 333, 342, 384, 413,
closed, 22 416
compact, 22, 74 wild arc, 390
empty, 22 Wilder’s necklace, 131-132, 278
extension of, 219 Wilder, R. L., 127, 131, 133-134,
extent of, 22 ’ 379, 389
family of, 21, 23, 219
suspension, 95 Y
system Young, G. S., 388
direct, 20, 30
inverse, 100 VA
T Zariski space, 172
zero
taut, 35, 73, 85, 90-91, 99, 169-170 extension by, 11, 49, 71, 212, 286
- heredltadrlly',; 169 locally, 9, 349
nsor produc .
universal property of, 31 semilocally, 420
theory

cohomology, 56
Thom class, 235, 252, 276
Thom isomorphism, 235, 276
Torhorst, 134
torsion, 172-173
transfer, 77, 139, 321, 405
of Oliver, 268-270
transformation group
see group, transformation
tube, 178, 267
Tychonoff plank, 467

U
Ungar, G. S., 393
unity
partition of, 170
universal coefficient theorem, 109,
275, 298, 352, 363, 365, 414

A\’

vector bundle
see bundle, vector
Vietoris, 76, 78, 222, 245-246, 317
Vietoris map, 323, 389-390, 398
c-, 225
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