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Abstract

We prove an upper bound for the interleaving distance between per-
sistence homology modules for certain simplicial complexes constructed
on the input and latent spaces of an Autoencoder. We bound the in-
terleaving distance between the Autoencoder input and output space by
the maximum pairwise reconstruction loss. We use our result to investi-
gate whether the topological Autoencoder ([Moo+19]) guarantees small
interleaving distances between the input and latent persistence homol-
ogy modules for all homology dimensions. We prove an upper bound
for the interleaving distance between n+ 1 dimensional input and latent
persistence homology modules when n dimensional creator and destroyer
simplices are preserved via the topological loss term.

1 Introduction

Deep Autoencoders fall into the regime of self-supervised [MM20] deep [CC07]
neural network architectures and enjoy a broad range of application. By the
architecture of a neural network, we mean the arrangement of neurons into
layers under given hyperparameters. A layer in a neural network is a function
l : Rd → Rk which transforms a d-dimensional input vector i of real numbers
to a k-dimensional real output vector o. This transformation is performed
by component-wise application of the neurons as the basis of the network’s
calculation units.

Definition 1.1 (Neuron). Let l be a given neural network layer whose input
vector is given by i and output vector by o, with components il ∈ R, l ∈ {0, d−1}
and os ∈ R, s ∈ {0, k − 1} respectively. Let bs be the components of the bias
vector b for layer l and ϕ : R → R a nonlinear continuous activation function.
Let W ∈ Rd×Rk be the inter-layer weight matrix with real entries Wls for each
component il and os. A neuron is a function n : Rd → R, i → os defined as:

ots = ϕ

(∑
l

itlWls + bs

)
. (1)
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The input to an Autoencoder architecture denotes the input vector to its
very first layer and likewise the output of an Autoencoder architecture is given
by the output of its last layer. For a given error metric, the reconstruction
error δ of an Autoencoder is defined as the error metric distance between the
input and the output, which both lie in Rn, for some n ∈ N. An Autoencoder
is trained [Lar+09] to minimize the reconstruction error between its input and
output.

1.1 Autoencoder Bi-Lipschitz Continuity

Let X ⊆ Rn be a dataset consisting of points {x1, ..., xN}, to be the input to
(domain of) a given Autoencoder architecture. For our purposes, we do not work
with the above mentioned neuron- and layerwise description, but we consider
the map associated to this architecture, A : Rn → Rn. The output (image)
of A|X is a set of points X ′ ⊆ Rn, X ′ = {x′

1, ..., x
′
N} of equal cardinality N .

The Autoencoder consists of the consecutive application of the Encoder function
E : Rn → Rm and the Decoder function D : Rm → Rn to the input X such
that, for xi ∈ X, x′

i ∈ X ′, we have that x′
i = D ◦ E(xi). The codomain of

the Encoder E (domain of the Decoder D) is called the latent space Y ⊆ Rm,
Y = {y1, ..., yL}. Apart from unusual architectures such as overcomplete [VP21]
Autoencoders, m is chosen such that m < n. As subsets of the Euclidian spaces
Rn or Rm, X, X ′ and Y canonically inherit the Euclidian metric by restriction.
Thus the input, output and latent spaces are metric spaces (X, dX), (X ′, dX′)
and (Y, dY ).
We make the following assumption:

Assumption 1.1. The Encoder, the Decoder and thus the Autoencoder are
bijections, when restricted to X, X ′ and Y . Thus we have that N = L.

Corollary 1.1. From Assumption 1.1 follows that A = D ◦ E is continuous
when restricted to X and X ′, E is continuous when restricted to X and Y .

Corollary 1.2. The Lipschitz bolicities of E , D and thus A = D ◦ E are finite.

Proof. As all the involved sets are finite and the respective maps bijective, for
every pairwise distance in X, X ′ or Y there exists a pairwise distance in the
domain of the respective map. By finiteness, there exists a maximal and a
minimum pairwise distance in each. Thus the minimum distance in the domain
of A(X) can be maximally dilated to the maximal distance in the codomain of
A(X). Symmetrically, this argument applies to the compression factor of the
maximum distances in X and A(X).

From Corollaries 1.1 and 1.2 follows that E , D and A are bi-Lipschitz home-
omorphisms when restricted to X, Y and X ′.
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1.2 Autoencoder Bi-Lipschitz Constant

Definition 1.2 (Reconstruction Error). Let {(x, x′) ∈ X × X ′ | x′ = A(x)}.
The pairwise reconstruction error is given by the Euclidian metric distance
d(x,A(x)). It has a maximum element δM = max(d(x,A(x))).

An estimate for the bi-Lipschitz constant LA of A using the maximum recon-
struction error δM can be obtained using the triangle inequality. Let x1, x2 ∈ X
and x′

1, x
′
2 ∈ X ′ .

d(x′
1, x

′
2) ≤ d(x′

1, x1) + d(x1, x2) + d(x2, x
′
2) ≤ d(x1, x2) + 2 · δM . (2)

Let ηm = min{d(x1, x2) | x1, x2 ∈ X,x1 ̸= x2}. As a result, the Lipschitz
constant of A when restricted to X can be estimated as:

LA ≥
(
1 +

2δM
ηm

)
. (3)

1.3 Interleavings in the Autoencoder

In the deep learning literature, the Manifold Hypothesis [FMN13] is insinuated.
For an Autoencoder archtiecture this means that the input data X is assumed
to be sampled from a probability distribution that has support on or near a
submanifold χ of the Euclidian space Rn. It is hoped that the Autoencoder
iteratively learns this submanifold structure over the training process. The
hypernym manifold learning comprises estimating the geometric and/or topo-
logical properties of the submanifold under consideration from the given data
points. It has been proved by [NSW08] (Theorem 3.1 ) that it is possible to
algorithmically learn the homology of the submanifold χ with high confidence
also for noisy data (Theorem 7.1) , where the data lies near rather than on χ.
However, this result is not helpful for the question whether the above mentioned
hope for the Autoencoder is justified. The problem is, that it is not possible
to access χ. Which structure does it carry? - Is it smooth, piecewise linear,
analytic etc.? Apart from this, even if we could be sure that the input data
exhibits a (sub)manifold structure, the hyperparameters of the Autoencoder
are chosen a priori according to expert knowledge, prima facie transferability of
already known dataset properties and lucky guessing. Thus the Encoder is not
constructed to constitute a manifold embedding into the latent space (Y, dY ) in
the mathematical sense. For example, if χ was smooth, we could yet not guar-
antee that the Autoencoder architecture fullfills the conditions of the (strong)
Whitney embedding theorem.
For this reason, we do not work with the manifold perspective on the data. We
construct simplicial complexes on the input data X and the latent data Y and
investigate whether and to which extent the simplicial homology is preserved by
the Encoder map E and the Decoder map D. If the Decoder would constitute a
homeomorphic reconstruction of a manifold embedding in the latent space, then
also the homology groups would be isomorphic by functoriality of homology.
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2 Related Work

The work most closely related to ours is [NL22], which also uses the results
of [CSO12]. In [NL22], it was shown that the interleaving distance between an
original data set X and a low dimensional embedding Y can be used to optimize
the embedding of Y . Furthermore, a scale at which topological features inX and
Y are in correspondence was determined using the interleaving distance. The
bottleneck distance between persistence diagrams of X and its low dimensionaly
embedding Y is also bounded via the Gromov-Hausdorff distance in [NL22]. The
idea of bounding the bottleneck distance between persistence diagrams of Rips
filtrations built on top of finite metric spaces was also used in [Cha+09].

3 Contributions

This work presents a novel approach to topologically quantifying the general-
ization capability of Autoencoder architectures via the interleaving distance.

1. In Section 7.1 we give an upper bound for the interleaving distance be-
tween the input and latent persistence homology modules depending on
the Autoencoder bi-Lipschitz constant and the diameter of the input space
X.

2. We show that the bottleneck and thus the interleaving distance between
input and output persistence diagrams / persistence homology modules
can be bounded by the maximum pairwise reconstruction error in Sec-
tion 7.2.

3. Our results indicate that the distortion of a given correspondence has to be
controlled in order to obtain a low interleaving distance between input and
latent persistence homology modules. We use this insight to investigate
whether the topological Autoencoder, a novel Autoencoder architecture
introduced by [Moo+19] guarantees small interleaving distances between
input and latent persistence homology modules for all homology dimen-
sions in Section 8.

4 Filtered Input/Output/Latent Complexes

To the set of points X, X ′ and Y we associate objects KX , KX′ and KY of the
category SCpx of finite abstract simplicial complexes such that the vertex sets
of KX , KX′ and KY are given by the elements of X, X ′ and Y respectively.
Given a feature scale parameter ρ, the Cěch- and the Rips-construction are two
natural ways to construct such an abstract simplicial complex K on a given
metric space (M,dM ).

Definition 4.1 (Cěch-Complex). Let Bρ/2(p) be the closed ball around p ∈ M
with radius ρ/2. Then the Cěch complex C(M,ρ) is the abstract simplicial
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complex whose r-simplices σr are given by the sets of r+1 points {pk}0≤k≤r ∈ M
such that:

∩rk=0Bρ/2(pk) ̸= ∅. (4)

Definition 4.2 (Rips-Complex). The Rips complex R(M,ρ) is defined as the
abstract simplicial complex whose r-simplices correspond to the power sets
Pr(M) = {Mr ⊆ M : |Mr| = r+1} of r+1 points in M ⊂ Rd with diameter at
most ρ :

R(M,ρ) = {σ|∅ ≠ σ ⊂ M,d(σ) ≤ ρ}, (5)

where d : Mr ⊆ Rd → R denotes the diameter function of M restricted to Mr.

The category of filtered simplicial complexes, FSCpx, is given by the sub-
category of the functor category SCpxI, such that the simplicial morphism
corresponding to every morphism (i, j) ∈ I is a simplicial injection. In the fol-
lowing, we will consider I to equal the real numbers R, regarded as a poset
category.
An object of FSCpx is called a filtered simplicial complex. This is also called
a filtration F and is given by a nested family of simplices built on top of a
set S ⊂ M . That is, a filtered simplicial complex is a family (Ka)a∈R of sub-
complexes of some fixed simplicial complex K such that Ka ⊆ Kb whenever
a ≤ b. To come back to the above mentioned examples of the Rips- and the
Cěch complex, the Rips filtration for ρ ∈ R is given by:

[p1, ..., pm] ∈ R(M,ρ) ⇐⇒ dM (pi, pj) ≤ ρ ∀i, j. (6)

Herein, [p1, ..., pm] denotes the subsimplex spanned by {p1, ..., pm} ∈ M , while
Rips(M,ρ) is the associated Rips subcomplex. Analogously, the radii of the
minimum enclosing balls around a point p ∈ M can be used as a filtration
parameter for the Cěch complex.

5 Simplicial Homology and Interleavings

We use simplicial homology with coefficients in a field k. The following presen-
tation follows Section 2 in [CSO12] and Sections 3 and 4 in [YG20a] as well as
Chapter 3 in [Oud15].

5.1 Simplicial Homology and Persistence Modules

In general, a persistence module is a functor of a poset category I into an abelian
category C. In the following, we will only consider a special type of persistence
modules obtained by applying the homology functors of dimension n to the
sequence of subcomplexes in an R-filtered simplicial complex K whose vertices
are in Rd. Thus we will work with the following definition:

Definition 5.1 (Persistence Module). A persistence module V over the real
numbers is an R-indexed family of vector spaces (Vr)r∈R together with a doubly-
indexed family of linear maps (vba : Va → Vb| a ≤ b, a, b ∈ R) satisfying the
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composition law vcb ◦ vba = vca whenever a ≤ b ≤ c ∈ r ⊂ R and where vaa is the
identity map on Va.

Let Kr be the subcomplexes corresponding to filtration parameters r ∈ R
and ιr be the inclusion maps between them:

Ka Kb ... Kg Kt,
ιa ιb ιg

(7)

for a, b, ..., g, t some real filtration parameters in R. Let ϵfunctor denote the shift
functor in our preorder category R used for filtration: ϵfunctor : I → I, a → a+ ϵ
for a, ϵ ∈ R and ϵ > 0. From this we get a shift functor Σϵ : FSCpx → FSCpx
on FSCpx via Σϵ = Hom(ϵfunctor,−). Then Σϵ sends an element Ka in SCpx
to Ka+ϵ. Application of the (n-dimensional) simplicial homology functor H∗ to
Eq. (7) leads to the following persistence module:

H∗(Ka) H∗(Kb) ... H∗(Kg) H∗(Kt).
ιa,∗ ιb,∗ ιg,∗

(8)

By functoriality, a shift functor is defined for the terms H∗(Kr) appearing in
the above sequence via composition H ◦Σϵ. The homology of a subcomplex Kr

is graded, namely H(Kr) =
⊕

nHn(Kr).

Definition 5.2 (n-persistent Homology; Definition 2.6 in [Cas19]). Let K be
a filtered simplicial complex and n ≥ 0. The n-th persistent homology of K is
defined as the composed functor Hn(K) : R → Vect. This will also be denoted
by PHn(K).

In general, the homology of K is approximated by the homology of its sub-
complexes Kr and their intersections. Using a generalized Mayer-Vietoris se-
quence, H∗(K) can be seen as the abutment of the respective spectral sequence,
i.e. E∞ ≈ GrH∗(K) relative to some filtration on H∗(K). Alternatively, the
topological information contained in the subcomplexes Kr can be glued using
the Mayer-Vietoris blowup complex, where the intersections of subcomplexes
are explicitely calculated and thence the chain complex of the blowup is evalu-
ated, [LM15]. Since all the spaces involved in the Autoencoder setting contain a
finite number of points, a maximum filtration parameter ρ̄ exists for which the
connectivity stabilizes. Hence, if we choose the respective filtration parameter
ρ large enough, the sequence in Eq. (7) will attain its final term Kt = K and
thus we get the homology of the whole complex K.

5.2 Metrics for Persistence Modules

To compare two persistence modules, we need to introduce the notion of a shift
map or homomorphism of degree ϵ between persistence modules. For two per-
sistence modules U and V over R, a homomorphism of degree ϵ for ϵ > 0 is a
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collection Φ of linear maps between the underlying vector spaces, see Defini-
tion 5.1:

(ϕa : Ua → Va+ϵ)a∈R, (9)

such that vb+ϵa+ϵ ◦ ϕa = ϕb ◦ uba for all a ≤ b ∈ R. The collection of all homomor-
phisms of degree ϵ between U and V is defined as Homϵ(U,V).

Definition 5.3 (ϵ-Interleaving). Two persistence modules U and V are ϵ-
interleaved for a real number ϵ if there are maps

Φ ∈ Homϵ(U,V), Ψ ∈ Homϵ(V,U) (10)

such that ΨΦ = 12ϵU and ΦΨ = 12ϵV ; where 1ϵV ∈ Homϵ(V,V) is the shift map
defined to be the collection of maps (va+ϵa ) from the persistence structure (Def-
inition 5.1) on V and analogously for 1ϵU .

When we say that two persistence modules U and V are ϵ-interleaved, this
means the following diagrams are commutative

Ua Ub

Va+ϵ Vb+ϵ

ϕa ϕb

Ua+ϵ Ub+ϵ

Va Vb

ψa ψb

(11)

Ua Ua+2ϵ

Va+ϵ

ϕa ψa+ϵ

Ua+ϵ

Va Va+2ϵ

ϕa+ϵψa

(12)

For simplicial homology as discussed in Section 5.1, the persistence modules
H∗(K) and H∗(W ) being ϵ-interleaved requires the diagrams in Eq. (11) and
Eq. (12) to be commutative at every place in the sequences Eq. (8) for some
filtered complexes K and W and homology dimension n respectively.

Definition 5.4 (Interleaving Distance). The interleaving distance between two
persistence modules V and U is the infimum of ϵ for which V and U are inter-
leaved in the sense of Definition 5.3.

It has the properties of an extended pseudometric on the category of persis-
tence modules [BSS14], and will be denoted as dI in the following.

5.3 The Bottleneck Distance

The persistence module of Eq. 8, obtained by applying the n-dimensional sim-
plicial Homology functor to the sequence of filtered subcomplexes in Eq. 7, con-
stitutes a one dimensional persistence module by definition. One would obtain
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a higher dimensional persistence module if one would consider multiparameter
persistence, e.g. by using the density of data points as a second filtration pa-
rameter (besides the subcomplex relation over the metric ρ as for the Rips- or
Cěch construction). For dimension 1, all persistence modules decompose into
interval modules [Cra12], which follows from the Krull-Schmidt Theorem for
representations of An. Thus persistence modules indexed over R (such as our
one-parameter persistence homology modules) are in correspondence with in-
tervals (a, b) in R whose collection is called the Barcode diagram dgm(V) of a
persistence module V. The bars stand for features reflected in the module which
”appear” at stage a (birth) and ”persist” until stage b and then ”disappear”
(death). These intervals can also be depicted as points in a diagram whose x-
axis corresponds to the birth time of the feature and whose y-axis corresponds
to the death time. This diagram is called persistence diagram and is the quan-
tity that is computed up to the n-th homology dimension in applications of
topological data analysis. Most often, n is not larger than 3. Associated to
the persistence diagram diagram is a combinatorically defined metric called the
bottleneck distance dB , ([BL15], [CEH05]).

Definition 5.5 (Bottleneck Distance, Definition 3.1 in [CEH05]). Let P and
Q be two multisets of points. Points of P with no correspondence in Q (and
vice versa) are allowed to be matched to their diagonal projection. Then the
bottleneck distance between P and Q is defined as:

dB(P,Q) = infγsupp||p− γ(p)||∞, (13)

where p ∈ P ranges over all points in P and γ ranges over all bijections from P
to Q. Each point with multiplicity k is interpreted as k individual points and
the bijection is between the resulting sets.

Definition 5.6 (Q-Tameness). A persistence module V is called q-tame if

rba = rank(vba) < ∞ whenever a < b ∈ R. (14)

Interval decomposable persistence modules are q-tame by definition. How-
ever, not every q-tame persistence module is also interval decomposable [CCS14].
For one dimensional persistence modules, the bottleneck distance and the inter-
leaving distance are equivalent in the following sense:

Theorem 5.1 (Isometry Theorem; Theorem 4.11 in [Cha+12]). Let U and V
be q-tame persistence modules. Then

dI(U,V) = dB(dgm(U),dgm(V)). (15)

6 Interleavings through Correspondences

For simplicial complexes with a filtration dependent on the metric dM of a
metric space (M,dM ), [CSO12] proved that ϵ-simplicial ([CSO12], Definition
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3.2) correspondences between subsets S1 and S2 of M , with S1 and S2 being the
vertex sets of two filtered simplicial complexes KS1 and KS2 , induce a canonical
ϵ-interleaving between the persistence modules H∗(KS1

) and H∗(KS2
) (in the

sense of subsection 5.2).

Definition 6.1 (Correspondence between Sets, Definition 7.3.17 in [BBI01]).
Let S1 and S2 be two sets. A correspondence between them is defined as a set
R ⊂ S1 × S2 satisfying the following condition: For every q ∈ S1 there exists at
least one v ∈ S2 such that (q, v) ∈ R and similarly for each v ∈ S2 there exists
a q ∈ S1 such that (q, v) ∈ R.

Between metric spaces, the notion of a distortion can be defined from the
respective correspondences between sets:

Definition 6.2 (Distortion, Definition 7.3.21 in [BBI01]). Let R be a corre-
spondence between two metric spaces (M1, dM1

) and (M2, dM2
). The distortion

of R is defined by:

dis(R) = sup{|dM1
(q, q′)− dM2

(v, v′)| : (q, v), (q′, v′) ∈ R}, (16)

with dM1
and dM2

being the metrics of (M1, dM1
) and (M2, dM2

) respectively.

This can be used for an alternative definition of the Gromov-Hausdorff dis-
tance, an extended pseudo-metric for the class of (finite) metric spaces Met.
The standard definition of the Gromov-Hausdorff distance is the following:

Definition 6.3 (Gromov-Hausdorff Distance, Definition 7.3.10 in [BBI01]). Let
(M1, dM1

) and (M2, dM2
) be metric spaces. Let r > 0, then the Gromov-

Hausdorff distance dGH(M1,M2) < r if and only if there exists a metric space
M3 and subspaces M ′

1 and M ′
2 of it, which are isometric to M1 and M2 respec-

tively and such that dH(M ′
1,M

′
2) < r. In other words, the Gromov-Hausdorff

distance is defined as the infimum of positive r for which the above M3, M
′
1 and

M ′
2 exist. The distance dH denotes the ordinary Hausdorff distance between

subsets of M3.

Using correspondences, the Gromov-Hausdorff distance can be defined in the
following way:

Definition 6.4 (Gromov-Hausdorff Distance, Theorem 7.3.25 in [BBI01]). For
any two metric spaces (M1, dM1

) and (M2, dM2
),

dGH(M1,M2) =
1

2
infR(dis(R)), (17)

where the infimum is taken over all correspondences R between M1 and M2.
Thus, the Gromov-Hausdorff distance is equal to the infimum of r > 0 for which
there exists a correspondence between M1 and M2 with dis(R) < 2r.

For the Vietoris-Rips- and the Cěch complex, [CSO12] deduce the following
two Lemmata 6.1 and 6.2, which depend on the Gromov-Hausdorff distance
dGH .

9



Lemma 6.1 (Vietoris-Rips Interleaving; Lemma 4.3 in [CSO12]). Let (M1, dM1)
and (M2, dM2) be two metric spaces. For any ϵ > 2dGH(M1,M2) the persistence
modules H∗(R(M1, ρ)) and H∗(R(M2, ρ)) are ϵ-interleaved.

Lemma 6.2 (Cěch Interleaving; Lemma 4.4 in [CSO12]). Let (M1, dM1
) and

(M2, dM2
) be two metric spaces. For any ϵ > 2dGH(M1,M2) the persistence

modules H∗(C(M1, ρ)) and H∗(C(M2, ρ)) are ϵ-interleaved.

7 Autoencoder Interleaving Stability

7.1 Input and Latent Space Interleaving

The Gromov-Hausdorff distance between isometric spaces is zero. This case will
only be attained for zero reconstruction error and Lipschitz-1 Encoder/Decoder
maps. In the following, we use the Encoder bi-Lipschitz constant LE on X
and Y to deduce an upper bound for the interleaving between the persistence
homology modules constructed as in Eq. 8 on the input space (X, dX) and the
latent space (Y, dY ).

Theorem 7.1 (Gromov-Hausdorff Interleaving Stability). Let LE be the En-
coder bi-Lipschitz constant. We consider filtered Rips- or Cěch complexes on X
and Y respectively. Then, for the interleaving distance between the persistence
modules H∗(KX) and H∗(KY ) we obtain the following upper bound:

dI(H∗(KX), H∗(KY )) ≤ ((LE − 1) · diam(X)) . (18)

Proof. The Encoder constitutes a surjective map. This defines a correspondence
given by

R = {(xi, E(xi)) : xi ∈ X}. (19)

This is called the correspondence associated with E . By ([BBI01], Exercise
7.3.22), the distortion of a correspondence R associated with a map f is given
by dis(R) = dis(f). Thus, to obtain an upper bound for the Gromov-Hausdorff
distance between the input space (X, dX) and the latent space (Y, dY ), we need
to evaluate the distortion of the Encoder map. From the bi-Lipschitz continuity
assumption follows that

1

LE
dX(xi, xj) ≤ dY (E(xi), E(xj)) ≤ LEdX(xi, xj), (20)

for all xi, xj ∈ X and for a bi-Lipschitz constant LE > 1. Thus, using defini-
tion 6.2, we obtain:

dis(R) = dis(E) = sup{|dX(xi, xj)− dY (E(xi), E(xj)|}

≤ max{ (LE − 1) · diam(X)

LE
; (LE − 1) · diam(X)}

= (LE − 1) · diam(X).

(21)
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By Definition 6.4, we get that

dGH(X,Y ) ≤ (LE − 1) · diam(X)

2
. (22)

And thus, using Lemma 6.1 and 6.2, for the interleaving distance dI between
H∗(KX) and H∗(KY ) we get

dI(H∗(KX), H∗(KY )) ≤ (LE − 1)diam(X). (23)

.

7.2 Input and Output Space Interleaving

Our result in Theorem 7.1 applied to the Autoencoder map A would indicate
that the persistence homology modules on the input and output space are in-
terleaved by

dI(H∗(KX), H∗(KX′)) ≤ (LA − 1)diam(X), (24)

with the Autoencoder bi-Lipschitz constant LA being estimated as in Eq. (3).
In the following, we will give a closer bound in terms of the maximum pairwise
reconstruction error. This will be constructed using the bottleneck distance,
Definition 5.5. The following two Theorems from [Bot22] will be needed to
evaluate the bottleneck distance between the persistence diagrams calculated
on X and Y respectively.

Theorem 7.2. Let P and Q be finite sets of points in Rd, and β : P → Q a
bijection such that ||p− β(p)|| ≤ ϵ for all p ∈ P . Then

dB(dgm(H∗(R(P, ρ))),dgm(H∗(R(Q, ρ))) ≤ ϵ. (25)

Theorem 7.3. Let P and Q be finite sets of points in Rd. If there exists an
ϵ ≥ 0 such that P ⊆ Qϵ and Q ⊆ Pϵ, then

dB(dgm(H∗(C(P, ρ))),dgm(H∗(C(Q, ρ)))) ≤ ϵ. (26)

The notion Pϵ denotes the points in Rd that are closer than ϵ to the point cloud
P and likewise for Q.

For a bijection β : P → Q between finite sets of points P and Q the Euclidian
distance ||p − β(p)|| induces an ϵ-matching Q ⊆ Pϵ and P ⊆ Qϵ with ϵ =
max||p− β(p)||, ∀p ∈ P and thus Theorem 7.2 and Theorem 7.3 are equivalent.

Theorem 7.4 (Bottleneck Distance Stability). We consider filtered Rips- or
Cěch complexes onX andX ′ respectively. For the interleaving distance between
persistence homology modules on the input space X and output space X ′ we
get:

dH(X,X ′) ≤ dI(H∗(KX), H∗(KX′)) ≤ δM . (27)
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Proof. The Hausdorff distance between X and X ′ is dH(X,X ′) ≤ δM . As
the bottleneck distance satisfies one more constraint than the Hausdorff dis-
tance, namely a bijection between points, for two metric spaces (M1, dM1

) and
(M2, dM2

) we have that dH(M1,M2) ≤ dB(M1,M2), [CEH05]. Furthermore,
from Theorem 7.2 and 7.3 follows that

dB(dgm(H∗(KX),dgm(H∗KX′))) ≤ δM . (28)

Hence, for the bottleneck distance between the barcode diagrams on the input
space X and the output space X ′, we have that:

δM ≥ dB(dgm(H∗(KX),dgm(H∗(KX′))) ≥ dH(X,X ′), (29)

with dH(X,X ′) ≤ δM . The result for the interleaving distance follows from the
Isometry Theorem 5.1.

8 Topological Autoencoder

From Theorem 7.1 and Definition 6.4 follows that after training, a low distortion
between the input space (X, dX) and (Y, dY ) is desirable in order to have a small
interleaving distance between the respective persistence homology modules. In
[Moo+19] the authors design a topological Autoencoder via addition of a specific
loss term Lt (Eq.(2) and Eq.(3) in [Moo+19]) to the standard loss Lr(X,A(X)).
This loss term Lt is designed to preserve destroyer [BDW10] edges in homology
dimension 0. The authors propose a generalisation to higher dimensions via
selection of relevant (i.e. creator [BDW10] or destroyer) edges from weighted
simplices. Thus by design, the topological Autoencoder is trained to keep parts
of the distortion low.

Theorem 8.1. If Lt = 0, then the n-dimensional input and latent persistence
homology modules have interleaving distance zero.

Proof. The n-dimensional persistence diagrams of X and Y are fully determined
by the n-dimensional creator and destroyer simplices, which are assumed to be
unique. Thus the two parts of the loss term Lt, namely (Equation (2) and (3)
in [Moo+19]):

LX→Y :=
1

2
||AX [πX ]−AY [πX ]||2 (30)

LY→X :=
1

2
||AY [πY ]−AY [πX ]||2 (31)

represent bijections of the input and latent creator and destroyer simplices with
bi-Lipschitz constant 1.

The authors of [Moo+19] perform experiments using the preservation of
destroyer edges only for homology dimension 0 as they observed, that ”using 1-
dimensional topological features merely increases runtime” [Moo+19]. In the fol-
lowing, we construct a 2 dimensional counter example to demonstrate that this
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is not correct in general and thus the authors observed a data-, hyperparameter-
or optimisation specific effect. Furthermore, we will give an estimate for the in-
terleaving distance between input and latent persistent homology modules for
homology dimension n + 1 if only creator or destroyer simplices for homology
dimension n are preserved.

8.1 2D Noisy Circle

(a) Noisy Circle

(b) Persistence Diagram

Figure 1: 2D Persistence of a Noisy Circle.

We consider a noisy circle in 2D Euclidian space, Figure 1 (a), and its cor-
responding persistence diagram in Figure 1 (b). The persistence diagram was
calculated using ripser.py [Bau21]. Ripser is cohomology based which means
that cohomological birth is actually homological death and vice versa. Yet the
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homology birth/death convention is still used for plotting. In the persistence
diagrams (Figure 1 (b) and Figure 2 (b)), the maximum birth/death interval is
marked with a cross and its coordinates are denoted in the caption.

(a) Noisy 8-Shape

(b) Persistence Diagram

Figure 2: 2D Persistence of a Noisy 8-Shape.

The 2D noisy circle is transformed to the noisy eight-shaped structure shown
in Figure 2 (a) via the following diffeomorphism:

f : x → tanhx2 + 0.04. (32)

Apart from the noise, which clusters along the diagonal, the persistence diagram
in Figure 2 (b) exhibits two significant features for homology dimension 1 in
contrast to the persistence diagram in Figure 1 (b), which exhibits only one.

In Figure 3, the representative cocycles for the maximum birth/death inter-
vals marked in the persistence diagrams in Figure 1 (b) and Figure 2 (b) are
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shown for coefficients in Z/51Z. In [BM19] persistence diagrams with various
prime field Z/pZ coefficients were investigated and the authors experimentally
observed that the differences are very small and appear for small prime numbers.
As the cocycle class only exists in the range [bi, di), a small threshold denoted as
”tresh” in the caption is subtracted from the death time of the feature marked
in Figure 1 (b) and Figure 2 (b) respectively. The grey scale pattern in Figure 3
is used to highlight edge orientations (which are needed when working not with
coefficients in Z/2Z). Edges are oriented from black to white.

(a) Noisy 8-Shape

(b) Persistence Diagram

Figure 3: Representative cocycles of the noisy circle and the noisy 8-shape.

From Figure 3 becomes apparent that the 1 dimensional homology classes
for high filtration parameters are quite distinct for the noisy circle and the noisy
eight-shape, although they are connected via a diffeomomrphism. This is also
clearly shown by the bottleneck distances between the respective persistence
diagrams in Figure 1 (b) and Figure 2 (b) for homology dimensions 0 and 1.
The results are shown in Table 1 and illustrated in Figure 4.
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Homology Dimension Bottleneck Distance

0 0.0210
1 0.7470

Table 1: Bottleneck Distances

(a) 0 Dimension Bottleneck Distance

(b) 1 Dimension Bottleneck Distance

Figure 4: Bottleneck Distances

In Figure 4, the red lines denote the bottleneck distances for dimension 0
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and 1 respectively. The other pairs in the perfect matching which are less than
the diagonal are shown as green lines. For homology dimension 0 we get a very
small bottleneck and thus also interleaving distance of 0.0210 by Theorem 5.1.

This means, the diffeomorphism of Eq. (32) preserves 0 dimensional
(co)homology classes. For homology dimension 1, this is not the case. Hence,
preserving only the destroyer edges for 0 dimensional homology and thus 0
dimensional homology classes is not enough to guarantee a small interleaving
distance for higher dimensional homology. This two-dimensional example could
also be generalized to higher dimensions by using a noisy sphere instead of a
noisy circle and deforming it likewise. One has to take deformations such as the
one we constructed in Eq. (32) into account when training an Autoencoder, as
the Encoder does not a priori give an isometry of homology groups.

Theorem 8.2. We assume an input data set with cardinality greater than 1.
For metric simplicial complex constructions (such as in Eq. (4) and Eq. (5)), a
one layer-operation l with weights initialized i.i.d. randomly ([He+15], [GB10])
in an interval [−w,w], w ∈ R, and application of a standard activation function
relu, tanh or sigmoid, does not induce an isomorphism of the homology groups
H∗(Ki) and H∗(Ko) almost surely. The simplicial complex Ki is constructed
metrically on the input to the layer l, and likewise a simplicial complex Ko is
constructed on the output thereof.

Proof. Although in general there exist non-isometric maps that produce isomor-
phic complexes, for metric complex constructions we only need to show that a
one layer operation (see Eq. (1)) does not constitute an isometry. As can be
seen from Eq. (1), via the singular value decomposition of the weight matrix
W = U Σ̃V T , the input values might be anisotropically scaled by Σ̃. As the
entries of W are initialized randomly, W cannot be expected to be orthogonal
and thus multiplication of the input vector with W does not constitute an isom-
etry for filtration parameters |δ| > |w|. To the thence weighted sum of input
vector components, the nonlinear activation function gets applied as shown in
Eq. 1. Among the most popular activation functions are relu, which is not
even a bijection for domain values smaller than 0, tanh and sigmoid. Both
tanh and sigmoid squeeze the input domain to a small codomain and hence will
also not constitute an isometry. Thus, unless explicitly constructed otherwise,
the one-layer operation of a neural network is not isometric and the filtration,
Eq. 7, will not remain stable after a one-layer operation and even more for a
composition thereof.

8.2 Interleaving Distance in Dimension n+ 1

In the following, we will give an upper bound for the interleaving distance
between persistence input and latent homology modules in dimension n+1 when
creator or destroyer simplices are only preserved up to dimension n. This bound
depends on data inherent parameters. Following [NL22], topological errors when
selecting (see [NL22], Section 3.1) corresponding topological features for the
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comparison of the input space (X, dX) and the latent space (Y, dY ) can be
divided into two classes defined as follows:

Definition 8.1 (Topological Type-I Error, Definition 3.1 in [NL22]). A topo-
logical type-I error in (Y, dY ) is the selection of a feature in (Y, dY ) which has
no corresponding feature in (X, dX).

Definition 8.2 (Topological Type-II Error, Definition 3.2 in [NL22]). A topo-
logical type-II error in (Y, dY ) occurs when a structure which corresponds to a
structure in (X, dX) is not selected as significant.

Furthermore, for ϵ = dI(Hn(R(Y, ρ̄′), Hn(R(X, ρ̄)) [NL22] proved that se-
lecting homology classes (b, d) ∈ Hn(R(Y, ρ̄′)) with |d − b| > 2ϵ causes no
type-I errors ([NL22], Proposition 3.3). Herein, the notation Hn(R(X, ρ̄)) and
Hn(R(Y, ρ̄′)) signifies that the persistence homology modules are considered for
all filtration parameters up to the maximum filtration parameters ρ̄ and ρ̄′ for
KX and KY respectively. If one wants to preserve all significant n-dimensional
topological features from the input space into the latent space, the interleaving
distance ϵ between their persistence homology modules has to be significantly
smaller than half of the maximum birth death interval in the n-th persistence
diagram of (X, dX). In order to also prevent type-II topological errors, the inter-
leaving distance between n-dimensional input and latent persistence homology
modules has to be significantly smaller than one fourth of the maximum birth
death interval in the n-th persistence diagram of (X, dX), ([NL22], Proposi-
tion 3.4). We will prove that restricting the topological loss to the preservation
of n-dimensional significant simplices might cause the interleaving distance for
homology dimension n+ 1 to be larger than both of these bounds.

Theorem 8.3. Let ρ̄ := max(AX), with AX being the distance matrix of the
input metric space (X, dX). Let R(X, ρ̄) be the Vietoris-Rips complex defined
on X up to the maximum filtration parameter ρ̄ such as described in [Moo+19].
Likewise, let AY be the distance matrix of the latent space with R(Y, ρ̄′) being
the Vietoris-Rips complex defined up to the latent maximum filtration param-
eter ρ̄′. Furthermore, let ηm denote the positive definite minimum distance in
AX . Training an Autoencoder in a way such that creator and destroyer sim-
plices are preserved up to homology dimension n will result in the following
upper bound for the interleaving distance between input and latent persistence
homology modules of dimension (n+ 1) or larger :

dI(Hd≥n+1(R(X, ρ̄)), Hd≥n+1(R(Y, ρ̄′))) <
ρ̄− ηm

2
. (33)

Proof. In [Moo+19] the authors assume, according to common persistent homol-
ogy literature ([Hof+19], [PSO18]), that each persistence diagram entry corre-
sponds to a unique distance between two data points. Thus there exists a unique
positive definite minimum ηm and a unique pairwise maximum distance ρ̄ for
X. The latter is equal to the maximum filtration parameter of the Vietoris-Rips
complex. Let the entries in AX be sorted in an ascending way from ηm to ρ̄.
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By definition, ηm and also the next ascending entry in AX have to be destroyer
edges in homology dimension 0 and hence are preserved for all homology dimen-
sions. Let κ′ be the smallest entry in Ax which corresponds to neither a creator
nor a destroyer simplex in homology dimension n but a creator simplex in ho-
mology dimension n+ 1. Let this simplex appear at some filtration parameter
(ηm+κ′). In the worst case, κ′ is small and the thence created n+1 dimensional
topological feature persists in the input data until the end of the filtration in-
terval ρ̄ for homology dimension n+ 1. In this case, this feature, let it be ξ, in
the persistence diagram of X has no correspondence in the n + 1 dimensional
persistence diagram of Y . Let ξ have birth-death coordinates (ηm + κ′, ρ̄). Due
to the absence of a matching in the latent persistence diagram, ξ is matched to

its diagonal projection ( ρ̄+ηm+κ′

2 , ρ̄+ηm+κ′

2 ).
The bottleneck distance as defined in Definition 5.5 measures the similarity be-
tween two persistence diagrams. It is the shortest distance b for which there
exists a perfect matching between the points of two persistence diagrams, with
unmatched points being completed with their diagonal projections, such that
any couple of matched points are at distance at most b. The distance for a
matched couple is measured via the supremum norm.
By definition of the topological loss, the training aims to preserve n-dimensional
features. The training would fail if the n-dimensional features in the input and
latent persistence diagram would be matched with a matching distance larger
than the one of ξ, an unmatched point with maximum persistence in homology
dimension n+1. This would indicate that training is not robust to the appear-
ance of random artefacts, see also Theorem 8.1. Thus we can assume that the
bottleneck distance for homology dimension n is smaller than the bottleneck
distance for homology dimension n+ 1 whose persistence diagram exhibits the
unmatched feature ξ. Furthermore, by assumption, ξ is the most persistent fea-
ture in our n + 1 dimensional persistence diagram. Hence we can assume that
the matching distance of the unmatched point ξ is the supremum of matching
distances between the input and latent persistence diagrams for homology di-
mension n + 1. The bottleneck distance between the input and latent space
persistence diagram with ξ appearing in the input persistence diagram as above
thus amounts to to the supremum distance of ξ with birth death coordinates
(ηm + κ′, ρ̄) to its diagonal projection. The case κ′ = 0 cannot be attained, as
the first two edges in AX will always be preserved by definition. Thus, with ξ
defined as above, we obtain for the bottleneck distance in homology dimension
n+ 1:

dB(dgmH∗(R(X, ρ̄)),dgmH∗(R(Y, ρ̄′))) <
ρ̄− ηm

2
(34)

Our result follows by application of the Isometry Theorem 5.1.

When implying the additional topological loss term developed by [Moo+19],
the upper bound for the interleaving distance between n + 1-dimensional per-
sistence homology modules depends on the difference between the maximum
filtration parameter ρ̄ and the minimum positive definite pairwise distance ηm
of the input data complex. Following the assumption dominant in the persis-
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tent homology literature, that features at small filtration parameters are not
relevant and can be considered as noise artefacts, the impact of an unmatched
feature in a homology dimension larger than n is the more significant the larger
the difference |ρ̄− ηm|. Our noisy circle and noisy eight-shape in Figure 1 and
Figure 2 illustrate such an example for 2D. The radius of the circle in Figure 1
(a) is much larger than the inter-point distances. Due to the diffeomorphic
transformation to Figure 2 the respective 1d homological feature in Figure 1 (b)
remains unmatched in Figure 2 (b).

On the other hand, if |ρ̄ − ηm| is small, the data points are rather ho-
mogeneously distributed and hence training the Autoencoder to preserve 0-
dimensional homology will also preserve most of its higher dimensional homol-
ogy, as features such as ξ in the proof of Theorem 8.3 will not appear. However,
with regard to the above mentioned assumption about small scale topological
features, this case does not exhibit topologically interesting features. Thus the
topological loss in [Moo+19] might rather be used for dimension reductive clus-
tering of homogeneously distributed data.

9 Discussion

In this paper, we prove an upper bound for the interleaving distance between
the input and the latent persistence homology modules using the bi-Lipschitz
constant of the map associated to a given Autoencoder architecture and the
diameter of the input space X. We use the results of [CSO12] and elucidate
that the distortion between the input and latent space has to be controlled in
order to keep the interleaving distance low. This is partly realized in [Moo+19],
however, we prove that one indeed has to control all pairwise distances in or-
der to guarantee upper bounds on the interleaving distance for all homology
dimensions. This is computationally not realizable. For further work, we thus
pursue a local approach to persistence homology as proposed in [YG20b] and
also [Cha+09]. One possible experimental streamline could be to investigate
how well an Autoencoder can be trained to low distorsion. In addition, it would
be interesting to see for which datasets it is sufficient to train the Encoder part
just with the distorsion as loss. To refine our bound in Theorem 7.1 one could
investigate further correspondences compatible with given Autoencoder archi-
tectures. One interesting question connected to this is also whether it is possible
to refine this bound only partially, for low dimensional homology (0-, 1- up to
x-dimensional homology).
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