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CHAPTER 1

TOPOLOGY FROM DATA

Abstract
The basic TDA pipeline is presented. Starting with its input step, it will be discussed
how structure can be introduced into point cloud data. Simplicial complexes form the
basis for the homological computations on the sample data, which are continued in
Chapter 2. With respect to Chapter 4, Mayer-Vietoris blowup complexes are also pre-
sented. The nerve theorem forms the central theoretical guarantee for the construction
of certain simplicial complexes (and approximations thereof) on point clouds.
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1.1 The TDA Pipeline

Topological data analysis (TDA) emerged as a synergetic field between applied
(algebraic) topology and computational geometry driven by pioneering works
of Edelsbrunner [ELZ00], Zomorodian and Carlsson [ZC05; Car09]. The aim of
TDA is to provide mathematical, statistical and algorithmic methods in order
to qualitatively and quantitatively analyze the structure of data. Following
[CM17], the basic TDA pipeline consists of four steps visualized in figure 1.1.
The TDA pipeline starts with a data input. Data can come from a variety of
sources and appear in different forms: for example as images, sound and picture
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Figure 1.1: TDA Pipeline as described in [CM17].

recordings, time series measurements or text modules. In general, data is given
as a set of points, formally a space.

Figure 1.2: From left to right: Space, topological space and metric space.

A space has no structure and thus is not interesting. The addition of topol-

ogy adds some sort of connectivity to the space meaning that each point in the
space is associated to its neighbouring points. If this notion of neighborhood is
derived from a metric, then we call the space a metric space. With regard to step
four and further analysis with statistical and machine learning methods, data
sets representing finite metric spaces (M, dys) are especially interesting. These
are called point clouds. For many applications (M, dys) is just a subspace of
the n-dimensional Euclidian space R™ with the metric given by restriction of
the Euclidian metric. If this is not the case, it will be denoted explicitly.
In the next step called ”shape” in Figure 1.1, D is partitioned (combinatori-
cally) into subsets and maps between them in order to induce the structure of
a non-discrete topological space on D. Subsequently, the geometric and topo-
logical properties of this space are extracted. The methods to do so have to be
stable with respect to perturbations and noise in the data. Lastly, the extracted
topological and geometric features must be summarized in a way that they can
be proceeded with statistical or machine learning methods.

1.1.1 Software

There is a bunch of open source software available for topological data analysis
and (persistent) (co)homology related calculations. Extensive lists (with dis-
cussions) can be found in [Ott+17], [Ada23] and [Bub23]. In the following, we
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will describe ripser, gudhi and giotto-tda more thoroughly, as these will be
the implementations used for the illustrative examples in the following. Fur-
thermore, with regard to the machine and deep learning methods presented in
Chapter 3, we will focus on the python implementations.

RIPSER

Ripser [Bau2l] was developed by Ulrich Bauer and started as a C++ code for
the computation of Vietoris-Rips barcodes. With regard to efficiency, ripser has
been state of the art until adaptations of the algorithm for parallel computing
evolved with ripser++, [ZXW20]. With ripser.py [TSB18] there exists also a
python binding and with ripserer.jl [Cuf20] a julia binding for ripser. These also
include some plotting routines. Ripser does not offer the wealth of additional
topological features that the other libraries do. To cite Ulrich Bauer: "It can
do just this one thing, but does it extremely well.”

Language PH Algorithm

C++/Python dual [SMV11]
twist [CK11]

Coefficient Field Homology

Z/pZ simplicial

Input Complexes

point cloud Vietoris-Rips

distance matrix

Visualizations Additional Features
persistence diagrams -

lifetime of generators

representative (co)cycles

Table 1.1: Overview of RIPSER.

GUDHI

Gudhi uses the algorithms of [DFW12] and [SV09] to compute persistent coho-
mology, in combination with the compressed annotation matrix implementation
of [BDM13]. The latter guarantees improved time and memory performance via
separation of the representation of the simplicial complex and the representation
of the cohomology groups. Gudhi can calculate simplicial and cubical cohomol-
ogy and thus can also possibly be used for greyscale image analysis. It offers
the caclulation of large variety of complexes from either point clouds, distance
matrices or correlation matrices. Unfortunately, not all of these functionalities
are available in python (for example the Cech complex computation). Persis-
tence intervals can be visualized via persistence diagrams or barcodes. More
elaborate visualizations such as e.g. the entropy summary function [AGS20]
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or persistence landscapes [Bub20] are listed in Table 1.2. Gudhi also provides
the calculation of metrics (bottleneck and Wasserstein distance) between persis-
tence diagrams, diagram kernels (persistence Fisher kernel [LY18], heat kernel
[Rei+14], persistent weighted Gaussian kernel [KFH16] and sliced Wasserstein
kernel [CCO17]). Additional diagram features and vectorizations include per-
sistence entropy [AGR17], topological vector [COO15] and complex polynomial
[DF15]. For machine learning and deep learning, two libraries are related to
gudhi: ATOL (Automatic Topologically-Oriented Learning) [Roy+21] and Per-
sLay [Car+19] (a simple and versatile neural network layer for persistence dia-
grams).

Language PH Algorithm
C++/Python dual via  simplicial maps

[DFW12]

multifield dual [SV09]
Coefficient Field Homology
Z7/pZ simplicial /cubical
Input Complexes (C++)
point cloud Vietoris-Rips
distance matrix Cech
correlation matrix Witness

@

Cover

Cubical

Tangential Delaunay

Visualizations Additional Features

nerves (e.g. via KeplerMapper)  topological vector

persistence diagram persistence kernels
persistence density [CD19] complex polynomial
barcode metrics

entropy summary function persistence entropy
Betti curve ATOL

persistence landscapes PersLay

silhouette [Cha+13]
persistence image [Ada+15]

Table 1.2: Overview of GUDHI.

GIOTTO-TDA

Giotto-tda [Tau+20] is based on a python backend of ripser and gudhi. It also
incorporates directed simplicial cohomology via a python binding for flagser
[Lue+19], developed as a sibling project. Giotto-tda combines gudhi’s edge
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collapse algorithm [Pri] with ripser and thus improved on the state-of-the-art
([BP20]) runtimes for the computation of Vietoris-Rips barcodes. Giotto-tda
was developed to integrate computational topological data analysis into ma-
chine learning and deep learning and as such includes parallelizable computa-
tions across batches of data. One of the main advantages is the inbuilt pre-
processing, which enables the direct integration not only of point cloud data
or distance matrices, but also of graphs, image data and time series as input
data. Another benefit is the possibility to visualize data, persistence diagrams
and persistence features such as Betti curves, persistence landscapes and per-
sistence images. Compared to gudhi, giotto-tda offers less persistence kernels,
but as an additional feature, the LP distance between representations. Also,
complexes can be calculated only implicitly on the data as a step involved in
calculating persistence (co)homology.

Language PH Algorithm

Python Ripser and GUDHI backend
Flagser backend via pyflagser

Coefficient Field Homology

Z7/pZ undirected simplicial
directed simplicial [Lue+19]
cubical

Input Complexes

point cloud Vietoris-Rips

distance matrix Cech

image data a (weak) [Gio]

time series cubical

Visualizations Additional Features

persistence diagrams metrics

Betti curves persistence kernels

silhouettes vector representations

heat representation [Rei+14] curve features

persistence image complex polynomial

persistence landscapes amplitude [Tau+-20]
persistence entropy

Table 1.3: Overview of GIOTTO-TDA.

1.1.2 Data

Of the data sources already mentioned above, we will pick out three that are
most relevant in the overlap of TDA and deep learning. In the following, we will
consider point cloud data, image data and time series data. From each of the
above classes, we will extract an example and use it to illustrate the concepts
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discussed in Chapter 1, 2.1 and 3.

Point Cloud Data

As an example for point cloud data, we take the 4-, 8- and 16-dimensional
random point cloud data used as a benchmark data set for the TDA methods
presented in [Ott+17]. Figure 1.4 shows the first three dimensions of the 8- and
the 16-dimensional random point cloud. The first one consisting of 1000 data
points, whereas the latter is much sparser with only 50 data points in total.

eg ®
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® o ' oth
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st ~
Figure 1.3: 16D point cloud Figure 1.4: 8D point cloud
Image Data

For image data input (and cubical persistence) we use MNIST ([LCB]), a
database of handwritten digits commonly used to benchmark image processing
systems and algorithms. In addition to that, we use Fashion-MNIST ([XRV17]),
a dataset of Zalando’s article images. Both datasets are integrated by default in
many machine learning libraries, e.g. pytorch, keras or tensorflow. Figure 1.5
and figure 1.6 show two examples thereof.

o 5 10 15 20 25

o 5 10 15 20 25

Figure 1.5: Example of MNIST Figure 1.6: Example of FashionMNIST
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Time Series Data

As an example for time series data, we take the DeepVALVE data set. It is
an industrial data set containing a sequence of random closing and opening
events of an industrial valve. In total, there are five different labels: ’start’,
"lose’, ’linear’, ’stuck’ and ’end’. These labels were set manually via markers on
the current-time measurement of the engine driving the valve. A part of the
DeepVALVE data set is shown in Figure 1.7a
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1[107%5]

(a) Part of the DeepValve time series data set. The blue line represents the electrical
current per time.
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(b) First 3D of Takens embedding of the DeepVALVE data segment shown above.

To input (uni- or multivariate) time series into the TDA pipeline, they have
to be represented as a point cloud. This is done based on the Takens (time-delay)
embedding technique [Tak81; PH13]. This technique involves two parameters:

500
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the embedding dimension d € N and the time delay 7 € R. Given a dis-
crete time series (Xo, X1,..., Xn), where X; € R for the univariate case and
X; € R” for the multivariate case, and a sequence of evenly sampled times
to,t1,...,tn, t; € R, one extracts a set of d-dimensional vectors of the form
(Xt Xtigrs ooy Xty 4(a—1)r) for i € {1, N}. The difference between t;,1 and t; is
called the stride. Giotto-tda involves dynamic parameter selection for d and
7, and time-delay embeddings can also be computed for several time series si-
multaneously. Applying dynamic Takens parameter search for the data segment
shown in Figure 1.7a returns an optimal embedding dimension of 5 and time
delay of 2. The first is not surprising, as we already know that there are five
features present in the data. Figure 1.7b shows the first three dimensions for
the Takens embedding of the DeepVALVE segment shown in Figure 1.7a.

1.2 Homotopy and Homology

The topological study of shape can be characterised by three properties [Carl4]:

¢ Independence of coordinate representation: Only the pairwise dis-
tances between the points making up a shape matter.

¢ Deformation Invariance: Continuous transformations such as stretch-
ing or compression of a shape do not change its topological properties.

e Compressive Representations: Topology ignores the fine details of
shape.

Intuitively, algebraic topology distinguishes spaces by counting the occurrences
of geometric patterns. Doing this counting directly is not feasible, hence equiva-
lence classes of occurrences of patterns under an equivalence relation are counted.

1.2.1 Homotopy

Homotopy is a way to determine whether two given spaces have 'the same shape’
in a much coarser sense than homeomorphism [Hat02]. In the following, let X
and Y be two topological spaces.

Definition 1.2.1 (Homotopic Maps) Given two maps f,g: X =Y, f and
g are called homotopic f ~ g, if there is a continuous map H : X x [0,1] =Y
so that H(z,0) = f(z) and H(x,1) = g(x) for allx € X.

Homotopy is an equivalence relation on the set of continuous functions be-
tween X and Y. The set of equivalence classes (homotopy classes) with regard
to this relation is a discrete invariant giving a high level description of the set
of maps from X to Y. When there are fixed basepoints x¢ and gy for X and
Y, based (or base-preserving) maps f: X — Y are maps for which f(z¢) = yo.
Likewise, based homotopies fullfill H(zq,t) = yo for all £. Analogeously, based
homotopy is an equivalence relation on the set of based maps from X to Y.
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Homotopy Group

Let X be the based n-sphere S™. Then the homotopy classes of base-preserving
maps of S™ to Y exhibit a group structure with the group operation given by
gluing of two spheres at their basepoint. The group 7, (Y, yo) is called the n-
th homotopy group of Y. For n > 2 this group is abelian. Intuitively, the
homotopy groups count n-dimensional holes in Y. A space Y is said to have
an n-dimensional hole if and only if it contains an n-dimensional sphere that
cannot be shrunk to a single point. This holds if and only if the map S™ — Y
is not homotopic to the constant function and this is the case if and only if

7Tn<Y7 yO) 9_2 0.

Homotopy Equivalence

Definition 1.2.2 (Homotopy Equivalence) Two topological spaces X and
Y are said to be homotopy equivalent if there are continuous maps f : X =Y
and g :'Y — X such that gf is homotopic to the identity map in'Y and fg is
homotopic to the identity map in X.

If two topological spaces X and Y are based homotopy equivalent then all their
homotopy groups are isomorphic (Proposition 2.4 in [Carl4]). Although the
definition of homotopy groups appears quite easy, homotopy groups are very
difficult to compute. Thus they are not used practically as an invariant for
algebraic topology. Rather, one uses homology groups.

1.2.2 Homology

Let X be a topological space and A an abelian group. Homology associates a
group H;(X,A) to X for each natural number ¢ € {0,1,2,...}. For any field
F, H;(X,F) (H;(X) for short) is a vector space over F. The dimension of
Hy(X) counts the number of path components in X, in general, the dimension
of H,(X), called the n-th Betti number, counts the number of n-dimensional
holes in X. As such, the homology groups H,(X) are closely related to the
homotopy groups 7, (X, zp), but in general, homology is a coarser invariant
than homotopy. If two topological spaces X and Y are homotopy equivalent,
then the homology groups are isomorphic, but the converse is not true.

The torus T? = S! x S! and the wedge sum SV S'V S? have isomorphic
homology groups but differing homotopy groups, already for 7, and 7.

Homology was initially defined for combinatorial structures called simpli-
cial complexes (Section 1.3.3), but Eilenberg showed that the definition of
homology groups can be extended to all spaces [ES45]. Simplicial complexes
are practicable because homology is calculable on them: It boils down to lin-
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ear algebra. Many topological spaces of interest are either explicitly simplicial
complexes or at least homotopy equivalent to such [Carl4].

1.3 Constructing Complexes on Data

A complex structure on a data set D is the power set of certain subsets of
D chosen in a way that allows defining ”gluing” maps between them. This
defines a non-trivial topological structure on D in a combinatorial way. This
structure should approximate the structure of the underlying geometric space
that the point cloud data is supposed to be drawn from. In the following,
CW complexes, A-complexes and simplicial complexes will be presented. CW
complexes herein denote the most general structure, where the "gluing” between
the subsets called cells is defined inductively. A-complexes are special CW
complexes, where the relevant subsets are called simplices and the maps between
them are restricted. Simplicial complexes are A-complexes where simplices must
intersect in a specific way.

1.3.1 CW Complexes

needed for Chapter 4, [TP21]
A nonempty CW complex X is an unbased Hausdorff space together with a
sequence of unbased subspaces called skeleta

Xcxtc..cxrcxntt, (1.1)
whose union is X.

Definition 1.3.1 (Adjunction Space) Let X and Y be unbased topological
spaces, with W C X and a free map ¢ : W — Y. In the disjoint union Y 11 X
introduce the equivalence relation w ~ ¢(w) for all w € W. The adjunction
space Y Uy X is given by the resulting identification space.

CW complexes represent a way to inductively construct a topological space on
D via the following procedure [Hat02; Ark10]:

o Start with D whose elements are called 0-cells or vertices.

o Assume that X! is defined for n > 1 and obtain X" from X"~ ! by
attaching n-cells via attaching maps ¢g : SE,“1 — X"~ ! where for some
index set B and each 8 € B, Sg_l denotes the (n — 1)-sphere S™~!
centered at 8. The ¢g determine a free (i.e. non-basepoint preserving)
map ¢ : ngBS};*l — X"~1. Then the n-skeleton X" is defined as

X =Xxn-1 Ug ngBEg, (1.2)

where Eff = E™ is the unit ball in Euclidian n-space R™ centered around
B, with
E"={z eR"||z| <1} (1.3)
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e The composition of the inclusion Ef — Xt UlgepEj and the quotient
map X" UTlge pEf — X™ gives a continuous function called the char-
acteristic function of pairs ®3 = % : (B, S;~") — (X", X"~'). Then
the subset ®5(Ej) C X" C X is called an n-cell and denoted as ejj.

o This inductive process can be either stopped at finite stage, setting X = X"
for some n < oo, or can be continued indefinitly, setting X = U, X™. In
the latter case X is given the weak topology meaning that a set A C X is
open (or closed) iff AN X™ is open (or closed) in X™ for each n.

A CW complex is called finite if it has finitely many cells and finite-dimensional,
if, for some N, the N-skeleton X = X. The smallest N for which this is the
case is called the dimension of X, i.e. the maximum dimension of cells of X.
Furthermore, a CW complex is said to be regular if every attaching map can
be chosen to be a homeomorphism on the entire cell being attached.

Examples

o A 1-dimensional cell complex X = X' is called a graph and con-
sists of vertices (0-cells) and edges (1-cells) attached to the vertices.

o The sphere S™ has the structure of a two-cell complex &°, &". The
n-cell is attached by the constant map S”~ ! — &v.

e The n-dimensional real projective space admits a CW structure
with one cell in each dimension.

e Polyhedra are naturally CW complexes.

A subcomplex of a cell complex X is defined as a closed subspace A C X
that is a union of cells of X. A subcomplex of a cell complex is a cell complex
in its own right: Since A is closed, the characteristic map and in particular
the attaching map of each cell in A has an image contained in A. Up to weak
equivalence (i.e. isomorphism of the homotopy groups) every topological space
is a CW complex by the following theorem:

Theorem 1.3.1 (CW Approximation Theorem) If X is any space, then
there is a CW complex 'Y and a map f : X — Y inducing isomorphisms on all
homotopy, homology and cohomology groups.

1.3.2 A-Complexes

Definition 1.3.2 (Standard n-Simplex) The standard n-simplex is the con-
vex hull of the unit vectors in the n 4+ 1-dimensional Euclidian space along the
coordinate azes:

A" = {(to, .., tn) €R™ | Y "t = 1 and t; > 0Vi}, (1.4)
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where the vertices (tg, ..., tn) are ordered.

The ordering of the vertices is crucial for the definition of an arbitrary n-simplex.

Definition 1.3.3 (n-Simplex) An arbitrary n-simplex on some ordered points
[Vgy .oy U] i the m+ 1 dimensional Euclidian space is defined as a map from
the standard n-simplex to [vg, ..., v,] preserving the order of the vertices:
(to,-.stn) — >, tivi. The coefficients t; are called the barycentric coordi-
nates of the point Y. t;v; in [vg, ..., U]

Deleting one of the n + 1 vertices of an n-simplex [v, ..., v,] results in an n — 1-
simplex, called the face of [vy,...,v,]. This is a subsimplex of [vg, ..., v,], with
the remaining vertices being ordered accordingly. The union of all the faces of
A™ is called the boundary dA™ of A", and A™ —JA™ is called the interior A™
of A™.

Definition 1.3.4 (A-complex) A A-complex is another way to define struc-
ture on the data D via a collection of maps o, : A™ — D, with n depending on
the index «, such that [Hat02]:

e The restriction of o, to the interior of A™ is injective and each point in
D is the image of exactly one such restriction map.

e Each restriction of o, to a face of A™ consists one of the maps o5 : A"~1 — D.
o A set AC D isopen iff o, is open in A™ for each o,.

Using the third property, a A complex on D can be built as a quotient space of
a collection of disjoint simplices and thus must be a Hausdorff space.

1.3.3 Simplicial Complexes

Simplicial complexes are examples of regular CW complexes. Given a set V', an
abstract simplicial complex with vertex set V is a set K of finite subsets
of V such that the elements of V belong to K and for any o € K and 7 C o,
also 7 € K. The dimension of an abstract simplex ¢ is given by card(c) — 1
and the dimension of K is given by the largest dimension of its simplices. With
any abstract simplicial complex, one can associate a geometric simplicial
complex.

Definition 1.3.5 (Geometric Simplicial Complex) A simplicial complex K
in R™ (geometric simplicial complex) is a collection of simplices in R™ such that:

1. FEwvery face of a simplex of K is in K.

2. The intersection of any two simplices of K is a face of each of them.

A subcollection L of K that contains all faces of its elements is a simplicial
complex in its own right, called a subcomplex. The collection of all simplices
of K of dimension at most p is called the p-skeleton of K and denoted as KP.
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The points of the collection K© are called the vertices of K. A filtration of K
is defined as a partial ordering on the simplices of K such that every prefix of
the ordering is a subcomplex. It is denoted as <f.

Definition 1.3.6 (Subspace Topology) Let |K| be the subset of R™ that is
the union of the simplices of K. One way to topologize |K| is by giving each
simplex its natural topology as a subspace of R™.

For infinite K one needs a finer topology than the subspace topology K C R".

Definition 1.3.7 (Final Topology) Let f; : F; — K be a family of maps
whose domains carry a topology. The final topology on K is the topology for
which a subset U C K is open whenever f;*(U) C F; is open for all i.

For infinite K, we give | K| the final topology with respect to all maps |o| (ﬂ) | K|,

where ¢ <% K is the inclusion of a finite subcomplex. Thus U C |K]| is open iff
UN|o| is open for all finite 0 C K. The space | K| is called the underlying space
of K. |K| is Hausdorff and if K is finite, |K| is compact. The combinatorial
description of any geometric simplicial complex K gives rise to an abstract
simplicial complex K. Conversely, for a given abstract simplicial complex K, if
K is a geometric simplicial complex whose combinatorial structure is the same
as K, K is called the geometric realization of K. Thus simplicial complexes
can either be described as purely combinatorial objects or topological spaces.
Common examples include [Ott+17]:

« Cech Complexes,

¢ Vietoris-Rips-Complexes,
¢ Delaunay Complexes,

e Alpha Complexes,

o Witness Complexes,

¢ Graph-Induced Complexes,
e Cubical Complexes.

Cubical complexes are based on standard n-cubes rather than n-simplices. They
form the basis of cubical (co)homology for image analysis, as grey scale images
are naturally arranged in a grid.

1.3.4 Simplicial Homology

Let F be a field, K a simplicial complex and p a dimension. Homology for
simplicial complexes is defined via formal sums of p-simplices in K called p-
chains. Together with the addition operation the p-chains form a group (for
field coefficients in fact a vector space) denoted as Cj, = C,(K). For a p-chain
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c=>Ya;04 a; €F, o; € K, the boundary is given by the sum of the boundaries
of its simplices. Hence taking the boundary maps a p-chain to a (p — 1)-chain:
0p : Cp = Cp1.

Definition 1.3.8 (Simplicial Homology) For anyp € Ny, the p-th homology
of a simplicial complex K is the quotient vector space

H,(K) = kernel(d,)/image(dpt1). (1.5)
Elements in the image of d,4; are called p-boundaries, and elements in the
kernel of §,, are called p-cycles. The fundamental Lemma of Homology states
that the boundary of a boundary is zero, i.e. d,0,11c = 0 for every integer
p and every (p + 1)-chain ¢, [EH10]. Hence the group of p-boundaries B, is a
subgroup of the cycle group Z,,. Thus simplicial homology counts the cycles that
are not boundaries. Intuitively, p-cycles that are not boundaries represent p-
dimensional holes. If K is a simplicial complex of dimension n, then H,(K) =0
for any p > n and thus one obtains the following exact sequence of vector spaces
and linear maps:

05 €, (K) 225 22 0 (K) 25 Co(K) 22 0. (1.6)

1.3.5 Vietoris-Rips and Cech Complexes

Of the simplicial complexes listed in Section 1.3.3, two simplicial complexes
central in use are the (Vietoris-)Rips (due to its computational simplicity) and
the Cech complex (due to its relation to the Nerve Theorem 1.4.1), as described
in Section 1.4 below. The theoretical guarantees and the worst-case sizes of
complexes as functions of the cardinality IV of their vertex set are summarized
in [Ott+17]. For the Cech- and Rips-complex, the complexes for N vertices have
size of order 2°V) . Approaches to limit the dimension of the simplices to the
dimension of the ambient space include the Delaunay and the alpha complex
(the latter constitutes a subcomplex of the Delaunay complex). Unfortunately
these rely on geometric constructions (Voronoi calculation), which also makes
them uncomputable for large point clouds in high dimensions.

For the deepVALVE data segment (figure 1.7a), the resulting alpha com-
plex computed with gudhi is of dimension 5 with 136731 simplices.

Definition 1.3.9 (Vietoris-Rips Complex) Let (M,dys) be a metric space,
X C M. ForeeR a simplicial complex Rips(X,e€) is defined on the vertex set
X as follows:

[0, Z1, ..., x| € Rips(X,€) <> dp(xi, xj) <€ (1.7)

for alli,j € {0,k}. Fore <0 Rips(X,e) consists of the vertex set X alone.
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Figure 1.8: Rips-Complex: Figure 1.9: Cech Complex:
Graph with a 2-Simplex. Graph.

On the contrary, the Cech Complex for a set of points X C M is defined via a
certain cover of this set.

Definition 1.3.10 (Cover) Let X be set and C = {U, : o € A} an indezxed
family of subsets U, C X indexed by a set A. Then C is a cover of X if

X =UqpealU,. (1.8)
If the cover consists of open sets, it is called an open cover.

Definition 1.3.11 (Cech Complex) Let (M,dn) be a metric space, X C M
and € € R. The Cech complex Cech(X,€) is defined as follows:

(20, %1, ..., 2] € Cech(X,€) > N*_ B(xs, €) # 0, (1.9)

where B(z,e) = {2’ € X : dpy(z,2") < €} denotes the closed ball with centre
z € X and radius €.

Theorem 1.3.2 For all € > 0, the following inclusions hold:
Cech(X,€) C Rips(X,€) C Cech(X,2¢). (1.10)

Thus the Vietoris-Rips complex approximates the Cech complex. In [SGOT] it
has been proven that the above inclusion can be tightened at most to

Rips(X, €) C Cech(X,€) C Rips(X,e) for 5 > ﬂ/dQ—fl (1.11)
for a set of points X € R? and Cech(X,¢) the Cech complex of the cover of X
by balls of radius €/2.

Figure 1.8 and Figure 1.9 illustrate the difference between the Rips- and
the Cech complex: For the Rips-complex the pairwise intersections between
the three disks lead to a two-simplex, whereas for the Cech construction we
obtain only a one-simplex as the balls do not have a threefold intersection.
Cech complexes are computationally unfavourable whereas Rips-complexes are
determined completely by their 1-skeleta - the proximity graph of vertex points.
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1.3.6 Theoretical and Computative Difficulties

One disadvantage of Rips- and Cech-based complex constructions is their rigid
dependence on the (not necessarily metric [COO07]) distance between points.
Thus arbitrarily small perturbations in the locations of the points can have
dramatic effects on the topology of the associated simplicial complexes. Con-
sidering homology over a filtration of distance parameters rather than a static
distance parameter is the idea underlying persistence homology in order to ob-
tain robust topological invariants for the given data set.

Another problem with simplicial complexes is of computative nature: Also for
reasonable vertex cardinalities, the number of simplices can become uncom-
putably high already for small Betti numbers counting holes of low dimension, as
the example below illustrates for samples of the data presented in Section 1.1.2.
Calculations were performed on a 64-Bit GNU/Linux machine with 12 cores
3.60GHz Intel(R) Xeon(R) CPU E5-1650 v4.

Example

For the 16-dimensional random point cloud (50 vertices) , one obtains
the following Rips complexes with gudhi (for e < 12):

e dimension 1: 1275 simplices.
e dimension 2: 20875 simplices.

For the 8-dimensional random point cloud (1000 vertices) , one obtains
the following Rips complexes under the same configurations:

e dimension 1: 500500 simplices.
e dimension 2: 166667500 simplices.

For the deepVALVE data segment shown in figure 1.7a (192 vertices for
5 dimensions), one obtains:

e dimension 1: 18528 simplices.
e dimension 2: 1179808 simplices.

o dimension 3: 56050288 simplices.

For these reasons, sparsified versions of the Cech and the Rips-complex have
been introduced [Shel3; KS13; DSW16], however, up to now these are not
implemented in the TDA libraries presented above.

A sparsified version of the Rips-complex based on [Buc+14] is available in gudhi
(and giotto-tda).

Witness complexes (implemented in gudhi) also constitute an approximation of
Cech or Rips complexes. They are constructed as follows: Given the point cloud
data D, a subset L of vertices is chosen randomly, or using a weak optimisation
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strategy for good distribution. The cardinality of L constrains the complexity
of the detectable topology. Some xg, x1, ..., Tx € L span a k-simplex if and only
if:

e Thereis a point w € D whose k+1 nearest neighbours in L are zg, x1, ..., T
(weak witness); and

e w is equidistant from g, z1, ..., ) (strong witness).

As the existence of a strong witness point w in a finite point set is almost a
probability zero event, one either needs to introduce a tolerance parameter in-
stead of equidistance or use weak witness complexes. To overcome the curses
of dimensionality, also weak witness complexes have to be used with some tol-
erance parameter. Yet, heuristically, weak witness complexes give good results
at least for low dimensions(2D, 3D). For high dimensions they fail to capture
the topology unless imposed with extra structures. Graph-induced complexes
were proposed in [DFW13] to join the advantages of the Rips- with those of the
witness complex with the aim to limit the number of simplices but approach
the theoretical guarantees of the Rips-complex.

Definition 1.3.12 (Graph Induced Complex [DFW15]) Let G(V) be a
graph with the vertex set V and let n: V — V' be a vertex map where u(V) =
V! C V. The graph induced complex G(G(V), V', u) is defined as the simplicial
complex where a k-simplex 0 = {v}, vy, ..., v} 1} s in G(V, V', ) if and only if
there exists a (k + 1)-clique {v1,va,...,vp4+1} CV such that u(v;) = v} for each
ie{l,2,...,k+1}.

For a finite metric space (P,dp) and a subset Q C P let ug : P — @ denote the
nearest point map where 14(p) is apoint in argmin ¢ odp(p, ). For a graph G(P)
whose vertex set is P, a graph induced complex is devined as G(G(P), @, d) :=
g(G(P)a Q> Ud)'

An implementation of graph induced complexes is available in gudhi.

1.3.7 Simplicial Complex Selection

Starting with a point cloud D € R"™ the question is which simplicial complex one
should use to describe the topological features of its underlying structure. For
high dimensions, the smallest-enclosing-ball-problem and the difficulty of high-
dimensional hyperplane intersection computation represent restrictions which
let complexes based on the overlap of e-balls around points such as the Cech
complex and the related alpha complex appear unsuitable. However, in general
the answer to the question above can be rather found in the art of data presen-
tation and preparation than in theory.

At least, from a theoretical perspective, one would like to compute either the
Cech complex or the alpha complex, since both fall within the scope of the Nerve
Theorem 1.4.1, however, computably, this is not possible for most realistic data
sets. As already mentioned above, some sparsified approximations exist, but
this comes with the risk of loosing important parts of the data. In general, one
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does not know in advance at which ’scale’ of the data topological features of
interest appear and in which regions of the point cloud they are located.

Due to its computative simplicity, for point cloud data, the Rips-complex is
most widely used, although the cardinality of simplices is not bounded by the
ambient dimension (contrary to the alpha complex) and thus explodes as was
illustrated in the example above. For large data sets, witness complexes have
proven quite useful but also endure problems in high dimensions.

The question always remains whether the persistent homology calculated based
on these complexes reflects the topological features that are of interest within
the point cloud D.

1.4 Nerve Theorem(s)

The Nerve Theorem, in its different versions given by Borsuk [Bor48], Leray
[Lerd5], Weil [Wei52], McCord [McC67], Bjorner [Bjo03] and Barmak [BMO06],
states that the intersection pattern of a cover of a topological space X fully
determines X with respect to the algebraic topological invariants under suitable
hypotheses. Among these hypotheses are contractibility or acyclicity of all non-
empty and finite intersections of cover elements.

1.4.1 Nerve Theorem for Good Covers

Definition 1.4.1 (Good Cover) A good cover is an open cover in which all
sets and all nonempty intersections of finitely-many sets are contractible.

Nerves ([Ale28]) provide a way to construct a computable topological space
from a point cloud via a suitable cover. Each set of the cover being a local
cluster or a grouping of data points sharing some common properties, the nerve
is a way to compactly and globally describe the relationship between these sets
through their intersection patterns.

Definition 1.4.2 (Nerve) Given a simplicial complex K and a cover U, the
nerve N'(U) is defined as the simplicial complex whose k-simplices represent the
non-trivial intersection of subsets of U of size k + 1.

The nerve is a subcomplex of the standard n-simplex and for an indexing set J,
its simplices are denoted by A’ where A7 is the (J —1) dimensional face of A"
defined on J. One can encode a cover U as a map from K to N (U), where each
simplex o € K is mapped to A(o), the simplex in A (/) which lists the cover
sets containing . A prominent example for a nerve is the Cech complex which
is by definition the nerve of a good cover. In contrast to this, the Vietoris-Rips
complex is usually not defined as the nerve of a cover but is isomorphic to a
nerve (Lemma 4 in [GMO05]), which however need not be the nerve of a good
cover. Therefore, Vietoris-Rips complexes do not fall within the scope of the
Nerve Theorem.
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Theorem 1.4.1 (Nerve Theorem ([Hat02]) Let U be an open cover of a
paracompact space X such that every monempty intersection of finitely many
sets in U is contractible. Then X is homotopy equivalent to the nerve N(U).

1.4.2 Nerve Theorem and Rips/ Cech Complexes

From the Nerve Theorem follows that the Cech complex of a point cloud @ is
always homotopic to the union of diameter-e¢ balls about (). Hence the Cech
complex can be seen as an appropriate simplicial model for the topology of the
point cloud.

This is not the case for the Vietoris-Rips complex. Unlike the Cech complex,
even when (@ is a finite subset of R", the Vietoris-Rips complex Rips(Q, €) does
not admit a geometric realization in R™. It can have nontrivial topological in-
variants (homotopy or homology groups) of dimension n and above. To illustrate
this, consider a point cloud @ € R™ and the projection map p : Rips(Q, €) — R
taking the vertices of the Rips-complex to @) and the k-simplices of Rips(Q, ¢)
to the convex hull of the associated vertices in Q. The image of p in R™ is
called the shadow of the Vietoris-Rips complex. In general one wants that the
images of complexes in R"™ lie close to the data, however there is no chance of
Rips(Q, €) being homeomorphic to its shadow and also homotopy equivalence is
too much to ask, [Cha+10]. In fact, the domain of the projection p is likely to
have higher dimension than the codomain. Herein, the choice of the parameter
€ is crucial as is demonstrated in the following example.
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Example: Vietoris-Rips Bubbles [Ghr14]

Projection of some points @ in R? to their shadow in R%. The points on
the right bottom of the simplicial complex form a simplicial 3-sphere S?
and are projected to the convex set denoted as a green bubble. Such
bubbles are artifacts of the Vietoris-Rips complex and not
representative for the point cloud topology.

In the above example, the data points were distributed rather sparsely ex-
cept for one region at the right bottom. This region causes a 3-dimensional
Vietoris-Rips bubble to appear. This is a topologically non-significant artifact
that can appear when constructing Vietoris-Rips complexes on data. However,
empirically, it is known that Vietoris-Rips constructions capture the topology
of large scale structures correctly [GMO05].

1.4.3 Nerve Theorem for Covers by Subcomplexes

Definition 1.4.3 (Nerve for Subcomplexes) Given a simplicial complex K
and a finite collection of subcomplexes U, the nerve of U, denoted N(U) is the
abstract simplicial complex whose vertices are the subcomplexes in U and whose
simplices are the subcollections of U with a monempty intersection.

Definition 1.4.4 (k-Connectedness, [Bjo03]) A space X is called k-connected
(k > 0) if for every 0 < r < k, every map of the r-sphere into X is homotopic
to a constant map.

Given a simplicial complex K and a cover of K by subcomplexes U = {L; }icr,
it has been proved by [Bjo03] that if every k-wise intersection of these subcom-
plexes is (k — ¢t + 1)-connected, then K and the nerve of the covering N () are
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homotopy equivalent. Yet, for a simplicial complex K on a point cloud @ and a
cover of K by subcomplexes U = {L;};cr the intersections of the cover elements
are not necessarily connected but the connected components of the non-empty
intersections are contractible [Car09]. The Nerve Theorem 1.4.1 does not apply
to this case, such that N(U) is not in general homotopy equivalent to K.

1.5 The Mayer-Vietoris Blowup Complex

needed for Chapter 4, [TP21]

As the worst case time and space complexities for the computation of persis-
tent homology are O(n?) and O(n?), with n the total number of simplices in
the filtration, this shows that sparsified versions of complexes as well as data
partition and parallellism are highly needed to remain computable. Especially
in view of the fact that the size of the datasets processed in deep learning is
much larger than what is usual in TDA application. Unfortunately, the liter-
ature and even more the implementation of parallel computing in topology is
comparably young. One approach developed by [LZ14] relies on the Mayer-
Vietoris blowup complex, a spatial version of the Mayer-Vietoris spectral
sequence [ZCO05] (the latter is further explained in Chapter 2.1). Parallelized
homology firstly requires a decomposition of the space into pieces and secondly
a recipe to put these parts together to a whole again. When a cover is used to
decompose a space into pieces - corresponding to subspaces and their various
intersections - this recipe is given by the Mayer-Vietoris spectral sequence which
expresses the relationship between the homology of these subspaces to the ho-
mology of the space itself. The Mayer-Vietoris blowup complex is a topological
space which encodes the data given as input to the spectral sequence and whose
homology groups are isomorphic to those of the original space.

Definition 1.5.1 (Blowup Complex [LZ14]) Given a simplicial complex K
and a cover U = {U; }ien—1) of n subcomplezes, let K7 = NgeyUj for J C [n—1].
The Mayer-Vietoris blowup complexr KU C K x A" ! of K and U is defined as:

KY = Uy K7 x A7, (1.12)

where x denotes the Cartesian product and A7 is a face of N(U).
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Example taken from [ZCO08]

(a) Graph (space) consisting of three cycles covered by two sets.

XD

(b) The graph is blown into two pieces of two 1-cycles each at ¢ = 0.

(c) Blowup at t = 1.

The middle cycle of the original space in (a) is contained in the
intersection of the cover sets, which makes it appear in both local
pieces in step (b). To recover the global topology, the two copies of the
middle cycle are equated by gluing a cylinder to them which results in
construction (c¢). This is called the Mayer-Vietoris blowup complex,
which has the same number of cycles as the original space but also
incorporates the geometric cover information within its structure.

The Mayer-Vietoris blowup complex is defined as a subspace of a product
space, which is triangulated with a simplicial complex as described in [1to87],
page 262. The homology of the product space is obtained from the homology
of its factors through the Alexander-Whitney map. As was illustrated in the
above example, to construct the blowup complex, one does not tear or glue,
but only stretch certain pieces. The blowup complex has the same topology
as the original space for open coverings of spaces homeomorphic to finite CW-
complexes and also for coverings of finite simplicial complexes by subcomplexes
(Lemma 1 in [ZCO08]).
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1.6 Reconstruction

Investigating the structure of a given point cloud intrinsically includes the as-
sumption that the points are sampled from a shape. The aim of topological
data analysis is to reconstruct this shape. One of the simplest methods to do
so is by constructing an a-offset of the sample points.

Definition 1.6.1 (a-Offset) An a-offset of a point set Q C R™ is a union of
n-balls centered at the sampled points with radius o.

If the underlying shape is a smooth manifold M, from which the points
were sampled in a sufficiently dense way, [NSWO08] proved that the a-offset is
homotopic to M. Taking up this idea, the question arises under which conditions
a given complex construction on the points will capture the topological and
geometric properties of a suitable a-offset (for a specific « or a set of different
a). The difficulty in creating geometric or topological criteria for this task
is that these depend on properties of the sampling as well as on properties
of the sampled shape. Problems include data sparsity, redundancy, noise or
non-smoothness of the shape itself. Nevertheless, for surfaces embedded into
R3, the Delaunay triangulation (a cell complex subdivising the convex hull of
the sampling) is expected to match the surface with respect to topological and
geometric properties [CGO06]. This expectation is driven by the fact, that the
reconstruction properties of the Delaunay triangulation for Lipschitz surfaces
are well understood and theoretically guaranteed [BO06]. Unfortunately, for
higher dimensions, the computational complexity of the Delaunay triangulation
grows exponentially with the dimension [AADOT].

Generally, the first step towards surface reconstruction includes imposing
sampling conditions on the points. Examples include the Hausdorff distance,
indicating that the output is topologically correct if the Hausdorff distance is
smaller than some topological feature size of the shape. Others are given by
the reach, i.e. the infimum of distances between points in the shape and points
in its medial axis and more elaborate measures such as the convexity defects
proposed in [ALS13]. Subsequently these measures are used to derive sampling
conditions for the given (simplicial) complex construction on the data. For the
Cech complex, its homotopy equivalence to a given a-offset is intrinsic to its
definition as nerve of a good cover. However, the problem with Cech complexes
is that @ C R™ n > 6 the computation becomes unamenable. Thus there is an
interest in using clique complexes such as the Vietoris-Rips complex, for which
one only needs to store the metric pairwise distances between points. Ideas
to use the Vietoris-Rips complex in a way guaranteeing topologically correct
approximations of shapes include using either algebraic ([CO0T7] or geometric
(JALS13)) relations of the Vietoris-Rips complex to Cech complex constructions
on a given point cloud Q.

One aspect of the reconstruction paradigm is topological estimation, whose
aim is not to find a faithful approximation of the underlying shape X of a point
cloud @, but to infer the topological invariants of X from . This approach
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falls into the regime of algebraic topology. Algebraic topology comprises the
investigation of spaces by mapping them to algebraic objects such as groups, but
also more elaborate structures (e.g. rings, modules and algebras) arise. These
objects, called lanterns by [Hat02], are created in a functorial way, such that
continuous maps between spaces are projected onto homomorphisms between
their algebraic images. The hope is to find algebraic images with enough detail
to reconstruct accurately the shapes of all spaces. As pointed out above, homol-
ogy is computable on a given simplicial complex constructed on a point cloud
@ . Thus homology offers itself as an invariant to topologically infer shapes
from point clouds. One classical approach to do so is to build a nested sequence
of spaces KY C K! C ... € K™ (which might be subcomplexes of a simplicial
complex) and studying the persistence of homology classes throughout this
sequence. It has been proved by [CL07] and [CEHO05] that, under comparably
mild sampling conditions the persistent homology of the sequence defined by
the a-offsets of a point cloud @ coincides with the homology of the underlying
shape X. Even more, if the Hausdorff distance between () and X is less than e,
for small enough ¢, then for all a > € the canonical inclusion map of a-offsets
Q° — Q°*12¢ induces homomorphisms between homology groups, whose images
are isomorphic to the homology groups of X. Combined with the Structure
Theorem (Theorem 2.1 in [ZC05]) which states that the persistent homology
of the sequence {Q*}4>¢ is fully described by a finite set of intervals ( the per-
sistent barcode or persistence diagram) this implies that the homology of
X can be deduced from this set of intervals by simply removing intervals as
small that they are considered as topological noise.



CHAPTER 2

PERSISTENT HOMOLOGY

Abstract
Persistent homology is presented from an algebraic and algorithmic perspective with
a view towards localized homology. Concepts are illustrated with the implementations
presented in Section 1.1.1 on the samples of the data from Section 1.1.2.

Contents
2.1 Introduction . . . . . . . . . .. 29
2.2 Persistence . . . . . . ... 29

2.1 Introduction

There are many excellent resources for an introduction to persistent homology:
[Ghr14] and [Oud15] present persistent homology from a (quiver) representation-
theoretic aspect, a theoretical introduction from a comprehensive algorithmic
perspective can be found in [AJ05]

2.2 Persistence

Persistence ranks topological attributes by their life time in a filtration. Persis-
tence means persistence in being a feature in the face of growth of the filtration
parameter. From an algorithmic perspective, there are three main tasks con-
nected to persistence [AJ05]:

o Persistence: Find efficient algorithms for computing persistence over
arbitrary coefficients.

29
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o Topological Simplification: Find algorithms for simplifying topology
based on persistence. This means attributes should be sorted into noise
and features within the filtration via increasing persistence.

e Cycles and Manifolds: This problem statement includes finding al-
gorithms for computing representations. The persistence algorithm is de-
signed to track the subspcaes that express nontrivial topological attributes
and can be modified to identify these subspaces (cycles) as well as sub-
spaces that eliminate them (manifolds).

Definition 2.2.1 (Persistent Homology) Let X = {X,|r € R} be a nested
sequence of spaces parametrized by the real numbers. The k-th persistent homol-

ogy is defined as:
PH(X) =TTH(X,). (2.1)

The product on the right of Eq. (2.1) formally is an uncountable dimensional
vector space.
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