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1 Introduction

Let X be a pseudo-metric space with pseudo-distance d (i.e. d satisfies the
axioms of a distance except that d(z,y) = 0 does not imply that z = y). Let
€ be a positive real number. We denote by X, the abstract simplicial complex
defined as follows: the vertices of X, are the points of X and a ¢-simplex of X,
is a subset {zo,...,zq} of X such that Diam ({zo,...,24}) < €. Recall that if
P C X, the diameter Diam P of P is the least upper bound of d(z,y) for all
z,y € P.

Examples.

2ikm

1. Let X := {e™»" | k = 0,1,...,n}, the set of n'" roots of 1 with the
geodesic distance on the circle S'. If € < 27/n, then X, is a discrete set
with n points. If 2r/n < ¢ < 4xn/n and n > 4, X, is a polygon with n
sides. One checks easily that if 47/n < e < 6m/n and n > 6 then X, is a
combinatorial surface (with boundary if n > 7). By computing the Euler
characteristic and the number of connected components of the boundary,
one sees that this surface is

— the sphere S? (an octaedron) if n = 6
~ the band S*! x [0,1] if n > 8 is even and
— the Mobius band if n > 7 is odd.

The first case generalizes as follows: if n =2m and (m — 1)/ m <e <=
then X, is a triangulation of the sphere S™~1.

2. Let X be the set of vertices of a cube of edge 1 in R3. If /2 < ¢ < /3,
then X, is a triangulation of the sphere S3.

The complex X, was once called the Vietoris complex ([Le], p. 271). Since its re-
introduction by E. Rips for studying hyperbolic groups, it has been popularized
under the name of Rips complex ([Gr], §1.7 and 2.2 or [G-H], p. 68).

This paper is devoted to the study of X, principally when ¢ is small (in con-
trast with the framework of Rips). In § 2, we establish a few general properties of
the complexes X, the most interesting being that | X.| is homotopy equivalent
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to |)?€| if X is the metric completion or X. In §3, we prove theorems concern-
ing the e-complex of a Riemannian manifold (or of a geodesic space). The main
consequence of these results is that for M a compact Riemannian manifold and
€ small enough, the geometric realization of M, is homotopy equivalent to M.

In §4, we introduce the metric cohomology H*(X;R) of a pseudo-metric
space X in a coefficient ring R. The group H*(X;R) is defined as the inductive
limit of the simplicial cohomology H*(X,;R) when € — 0. We show that this
produces a cohomology theory for the category of pseudo-metric spaces and
uniformly continuous maps (with a ”metric version” of the excision axiom and
Mayer-Vietoris sequences). In §5, a short direct proof is given that if X is
a compact metric space, then H*(X;R) is canonically isomorphic to the Cech
cohomology H*(X;R). We finish by other properties of the metric cohomology
which are quite different than those of previously known cohomology theories:
for instance, the metric cohomology of X is isomorphic to that of its metric
completion. Also, a contractible metric space might not be acyclic for the
metric cohomology.

The corresponding construction for homology (H.(X) being the projective
limit of = H,(X.)) was the one originally considered by L. Vietoris [Vi] (for
compact metric spaces) as one of the first attempt to define homology groups
for spaces which were not triangulated. Thus, “Vietoris cohomology” could have
been an appropriate denomination for our cohomology. We think however that
“metric cohomology” is less confusing, since the definition of Vietoris homology
has been subsequently modified in the literature ([Be] and [Do]) in such a way to
become the homology counterpart of the Alexander—Spanier cohomology (which
is not isomorphic to the metric cohomology; see § 5).

In general, little is known about the e-complex of a metric space, even for
simple spaces like the spheres. Interesting questions seem to arise from the re-
sults and techniques of this paper (see, for instance, § 3). We would be happy if
these techniques may be of some use in problems involving metrics or pseudo-
metrics (approximation by discrete or finite subsets, controlled topology, frac-
tals, image analysis, etc).

I was helped by M. San Millan who worked out some details of §4 and 5 in
her “mémoire de diplome”. I wish also to thank P.Y. Gaillard, J. Roe and H.
Munkholm for useful remarks.

2 Some properties of X,

(2.1) Lemma. Let K be a finite pseudo-metric space. Let € > 0. Then there
exists § >0 such that id g induces a simplicial isomorphism from K. o4 =K,

Proof. Let

m = max {d(z,y) | z,y € K and d(z,y) < €}.
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As K is finite, there exist 6 > 0 such that m < & —28. The simplicial complexes
K. o5 and K, have thus the same 1- skeleton. But for any pseudo-metric space
X, the complex X, is determined by its 1- skeleton ({zo,...,z,} is a g-simplex
of X, if and only if {z;,z;}ic; are 1-simplexes of X,). O

Definition. Let X be a pseudo-metric spaces and A a subspace of X. A
continuous map F: X x [0,1] — X satisfying

a) F(z,1)=z, F(z,0) € A, F(a,t) =aifa€ A
b) d(F(z,t"), F(y,t")) < d(F(z,t), F(y,t)) whenever ¢ <t

is called a crushing from X onto A. We call a pseudo-metric space X crushable
if there is a crushing from X onto one of its point.

Remarks. 1) A crushing is a retraction by deformation and crushable spaces
are contractible. The converse is not true, as will be seen in § 3.

2) Let V be a real normed vector space. Then the map (z,t) — t -z is
a crushing of V onto {0}. Trees (metric or real, see Chapter 2 of [G-H] for
definitions) are also crushable.

In the statement below, if P is a simplicial complex, we denote as usual by
| P| its geometric realization.

(2.2) Proposition. Let X be a pseudo-metric space admitting a crushing onto
a subspace A C X. Then, for any € > 0, the map |Ae| — |X¢| induced by the
inclusion is a homotopy equivalence.

Proof. Let g : (|K|,|L]) — (|Xe|,|4¢|) be a continuous map, where K is a
finite simplicial complex and L a subcomplex of K. To prove Proposition (2.2),
it is enough to show that such a map g is homotopic (rel|L|) to a map sending
| K| into |A.|.

By simplicial approximation we may, after replacing K and L by one of
their barycentric subdivisions, suppose that g = |h| for a simplicial map h :
(K,L) — (X, Ac). The sets K := h(K°) and L := h(L°) are finite subsets of
X and A and h factors through the pair (K., L.). By (2.1), there is § > 0 such
that (K._os, Le_2s) = (K¢, Le). Therefore, one has a factorization

(K, L) 2 (Ko—25, Le—25) 2 (Xe, Ac)

Let F': X x [0,1] — X be a crushing of X onto A. Chose an integer p so that
forall x € K — L and all 0 < k < p one has

4+ 1
dF @), Pz, P <
p p

The map z — F(z, "%) induces then a simplicial map

f* K05 — X,
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such that fP|L._os = j and f°(L._25) C Ac. One has

Diam ({zg,...,zq4}) <€ —26
= Diam ({f*(z0), -, f*(zq), F* (@0), ., FF(wg)}) < e

which shows f*¥ and fk*! are contiguous (see [Sp], Chapter 3 §5). Therefore,
fP = j and f° are in the same contiguity class (rel L. _o5). This implies that the
induces maps |j| and |f°| are homotopic (rel |L._25|) ([Sp], Lemma 2 p. 130).
By composing with h, this proves that g = |h| is homotopic (rel |L|) to |h|o|fO|
which sends | K| into |A.|. a

(2.3) Corollary. Let X be a crushable pseudo-metric space. Then, for any
€ > 0, the space | X| is contractible.

(2.4) Proposition. Let X be a pseudo-metric space and Y a dense subset of
X. Then, for any € > 0, the map |Y;| — |X¢| induced by the inclusion is a
homotopy equivalence.

Proof. Asin the proof of (2.2), let us consider a continuous map g: (| K|, |L|) —
(|Xel, |Ye]), where K is a finite simplicial complex and L a subcomplex of K and
try to prove that g is homotopic (rel|L|) to a map sending | K| into |Y¢|. As in
the proof of (2.2), we reduce to the case where g is induced by a simplicial map
h:(K,L) — (X.,Y:) with a factorization

(KaL) ’—h" (FE—267LE—25) ’L’ (styf-:)

where K := h(K°) and L := h(L°) are finite subsets of X and Y and 0 < 26 < e.
For each u € K chose v’ € Y such that d(u,u’) < § and v’ = u if u € Y. The
correspondance u — u’ gives a simplicial map j' : K._o5s — Y. C X, which is
contiguous (rel L._o5) to j. Therefore, g = |h| = |j|o|h| is homotopic (rel |L|)
to the map |j|o|h| which sends |K| into |Y].. O

(2.5) Corollary. Letj: X — X be the inclusion of a metric space into a
metric complection X of X. Then, for any € > 0, the map |j] : | Xc| — | X| is
a homotopy equivalence.

3 The e-complex of a Riemannian manifold

Let M be a Riemannian manifold. We consider M as equipped with the distance
d(z,y) = inf {length(y)}, where v runs among all smooth curves joining = to
y. Define 7(M) € R>¢ as the least upper bound of the set of real numbers r
satisfying the following three conditions:

a) for all z,y € M such that d(z,y) < 2r there is a unique shortest geodesic
joining z to y. Its length is d(zx,y).
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b) let z,y, z,u with d(z,y) < r, d(u,z) < r, d(u,y) < r and z be a point on
the shortest geodesic joining = to y. Then d(u, z) < max{d(u,z),d(u,y)}.

c) if v and v’ are arc-length parametrized geodesics such that v(0) = v/(0)
and if 0 < 5,8 <r and 0 <t <1, then d(y(ts),~ (ts")) < d(v(s),7'(s)).

Remarks. 1) It is well known that r(M) > 0 if M admits a strictly positive
injectivity radius and an upper bound on its sectional curvature. In particular,
a compact Riemannian manifold M has r(M) > 0. For example, the sphere S™
of radius 1 has r(S™) = 7/2.

2) Conditions a), b) and ¢) above make sense for a geodesic space (see [G—
H], p. 16) and all the theorems of this section which are stated for Riemannian
manifolds with (M) > 0 are true for a geodesic space X with r(X) > 0.

Chose a total ordering on the points of M. From now on, whenever we
describe a finite subset of M by {zo,...,x,}, we suppose that 79 < z; < ... <
Zq. Suppose that 7(M) > 0 and let ¢ < r(M). we shall associate to each ¢-
simplex o := {zo,...,24} of M, a singular ¢-simplex T}, : A — M. Here, A4
denotes the standard euclidean g-simplex:

AT = {it,—ei | t; € [O, 1] and Ztl = 1} (31)
=0

where ey, ..., e, are the standard basis vectors of R9*!. The map 7, is defined
inductively as follows: set T'(eg) = xo. Suppose that T,(z) is defined for y =

5;;01 Tie;. Let z:= > 0 tie;. If t, = 1, we pose T,(z) = xp. Otherwise, let

1 R
=1, R Ztiei
b i3

We define T,(z) as the point on the shortest geodesic joining z to z, with
d(z,Ty(2)) = tp - d(z, ) (the shortest geodesic exists by Condition b) above).
To sum up, 7, is defined inductively on AP for p < q as the “geodesic join” of
T,(AP~1) with .

If o’ is a face of o of dimension p we form the euclidean sub-p-simplex A’ of
A1 formed by the points "7 t;e; € A7 with t; = 0 if ; € ¢’. One checks by
induction on dim o’ that

Ty =T,|A (3.2)

(3.3) Proposition. Let M be a Riemannian manifold with r(M) > 0. Let
0<e <e<r(M). Then the inclusion M. C M, induces an isomorphism on
homology.

Proof. Let ¢ = {xo,...,z,} be a simplex of M, and let I, = Image (7).
If o’ is a face of o then I,» C I, by (3.2) and thus (I,+)s is a subcomplex of
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(Is)s for all 6 > 0. On the other hand, (I,)s is acyclic for all § > 0. Indeed,
I, is contained in the geodesic ball B := B(z4,7(M). By Condition c) of
the definition of (M) the obvious deformation retraction of B on z, along
the geodesics satisfies the hypothesis of (0.179) and I, is invariant under this
deformation. These considerations show that for 0 < 6’ < 6§ < r(M), the
correspondence

o— (Iy)s (o€ Ms)

is an acyclic carrier @45 from My to Mg (see [Mu], §13).

We now use the theorem of acyclic carrier ((Mu], Theorem 13.3). It implies
that there exists an augmentation preserving chain map v : C,(M,) — C.(M.’)
which is carried by ®.... Let u denote the inclusion from M, into M.. Then,
®c’e’ is an acyclic carrier for both vopu, and the identity of C.(Me'). By
theorem of acyclic carrier again, these two maps are chain homotopic and thus
Vo, induces the identity on H.(M. ). The same argument shows that p.ov
induces the identity on H,(M,) (using the acyclic carrier ®..). d

We will now compare the simplicial homology of M, with the singular ho-
mology of M. Formula (3.2) shows that the correspondence ¢ +— T, gives rise
to a chain map

Ty : Cu(M,) — SC.(M)
where SC,(M) denotes the singular chain complex of M.

(3.4) Proposition. If0 < € < r(M) the chain map T, induces an isomorphism
on homology.

Proof. We shall need a few accessory chain complexes. For 6 > 0, denote by
SC,(M;6) the sub-chain complexe of SC,(M) based on singular simplexes 7
such that there exists ¢ € M with Image (7) is contained in the ball B(z,¥).
Recall that the inclusion SC.(M;é) — SC.(M) induces an isomorphism on
homology ([Mu], Theorem 31.5).

We shall also use the ordered chain complex C7(Ms): the group C¢(Ms) is
free abelian on (g+1)-uples (2o, ..., z,) such that {zo}U...U{z,} is a simplex
of Ms. On can see Cy(Mjs) as a sub-chain complex of C2(Ms) by associating to
a g-simplex {zg,...,xq} of M. (with our convention that zo < z; < ... < x4
for the well ordering on M) the (q + 1)-uple (zo,...,z4). It is also classical
that this inclusion is a homology isomorphism ([Mu], Theorem 13.6). Observe
that the construction o — T, does not required that the vertices of o are all
distincts. One can then define T, for a basis element of C¢(M;) (if 6 < r(M))
and t! thus extends to a chain map T% = T%% : C°(Ms;) — SC.(M;6) (the
image of T(y,,... z,) being contained in B(z,4,6)). If 0 <& < r(M), one then has
a commutative diagram
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#.e/2

C2(Mepz) ——  SC(M;e/2)

l l

e

T
coM)  ——  SC.(M;e)

Let 7 : A9 — M be a singular simplex whose image is contained in some ball
of radius £/2. The (g + 1)-uple (7(eo),...,7(eq)) is element of C7(M,). This
correspondence gives rise to a chain map

RE: SC.(M;e/2) — C°(M.)

The composition R¢oT"¢/2 is equal to the inclusion C2(M,2) C C2(M.) which
induces a homology isomorphsim by (3.3). Let us now understand the compo-
sition T%¢oR¢. Let 7 : A? — M be a singular simplex such that 7(A%) C
B(y,e/2) for some y € M. Therefore, 7/ := T%¢o R%(7) also satisfies 7/(A9) C
B(y,e/2) by Condition b). Hence, 7 and 7’ are cannonically homotopic (follow-
ing, for each s € AY, the shortest geodesic joining 7(s) to 7/(s)). As in the proof
of the homotopy axiom for singular homology ([Mu], §30), these homotopies
provide a chain homotopy between T%¢o R® and the inclusion SC,(M;e/2) C
SC.(M;e). As said before, this inclusion is known to induce a homology iso-
morphism. Therefore, T%¢o R® induces an isomorphism on homology.

We have shown that both R€oT%¢/2 and T"¢o R® induce homology isomor-
phisms. Therefore, T#¢ induces a homology isomorphism. O

We are now in position to state our final theorem. By (3.2) the correspon-
dence o — T, gives rise to a continuous map

T:|M,| — M

where | M, | denotes the geometric realization of M..

(3.5) Theorem. Let M be a Riemannian manifold with r(M) > 0. Let 0 <
e <r(M). Then the map T : |M.| — M is a homotopy equivalence.

Proof. The proof goes in several steps.

(3.6) We first show that T induces an isomorphism on the fundamental groups.
Let v : [0,1] — M represent an element of my(M). Let p € N such that
1/p is a Lebesgue number for the covering {y~!(B(z,&/2)}zem - The path
v|[k/p, (k + 1)/p] is then canonically homotopic to a parameterisation of the
shortest geodesic joining y(k/p) to y((k+1)/p). This shows that v is homotopic
to a composition 7'of geodesics in balls of radius €/2. Such a path 4’ represents
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the image by T of an element of 7y (|M,|), the later being identifiend with the
edge-path group of the simplicial complex M, ([Sp], pp. 134-138). This proves
that mT : m(|M]) — m1(M) is surjective. A similar argument using, as
usual, a small triangulation of [0,1] x [0, 1] shows the injectivity of w17

(3.7) Let M be the universal covering of M endowed with the Riemannian
metric so that the covering projection is a local isometry. We leave to the reader
to check that r(M) > r(M). By Proposition (3.4), the map T : |(M).] — M

is a homology isomorphism. By (3.6), 71((M).) ~ m(M) ~ {1}. Therefore, T
is a homotopy equivalence.

(3.8) Let p, : |f]\2;| — M, be the universal covering projection over M,. By
(3.6), the following commutative diagram

M| —— M
J J (3.9)
M| —— M

is a pull-back diagram. Therefore, the map T: |(M)e| — M factors as T =
ToT where

(0.0 MR VA AN v,

(all these maps are unique once choice of base points have been made). We
shall see in (3.10) that the map T is a homeomorphism. Since the map T is

a homotopy equivalence by (3.7), the maps T (and then T") will be homotopy
equivalences and Theorem (3.5) will be proven.

(3.10) Let L be the simplicial complex defined as follows:
~ the vertex set L(® of L is L®) := {p7!(v) | v is a vertex of M,

-7 := {To,...,TUq} C L© is a g-simplex of L if there is a g-simplex ¢ =
{vo,...,vq} of M, and a lifting f7 : |o| — |/]\Zl such that fz(v;) = ;.
It is known that the collection {f5 | @ € L} produces a homeomorphism
f: LI:L—E» ‘E| ([Sp], pp. 144-145; in other words, (L, f) is a triangulation
of |M.]).

Using the pull-back diagram (3.9), one gets a bijection M — L. As
(M)S’) = M one obtains a bijection £ : (M)S’) =, L), 1t is easy to check that
fv extends to a simplicial isomorphism f : (M)E =, L and |f| = T. Therefore,
T is a homeomorphism. As said in (0.51), this finishes the proof of Theorem
(3.5). d
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Problems.

(3.11) Given a compact Riemannian manifold M, does there exists a finite set
F C M and an 0 < &€ < r(M) such that the restriction of the map T to |F¢|
gives a homotpopy equivalence |F.| — M ?

Suppose that F is a subset of M which is §-dense with 26 < r(M). Then one
can choose a (possibly non-continuous) map h : M — F such that d(z, h(z)) <
6forallz € M. Let 0 < np < r(M)—26 and let € = 26 + 1. Then, the composed
simplicial map

M, — F, — M,

is contiguous to the inclusion M, C M.. By (3.5), this shows that |F.| — M
is a domination.

(3.12) How does M, change when ¢ grows bigger ? I expected M, to become
more and more connected till ¢ = Diam M where M, is contractible (this is
suggested by the examples of the introduction).

4 The metric cohomology

Let R be a commutative ring. Let X be a pseudo-metric space. One denotes
by H*(X.;R) the simplicial cohomology with coefficient in R of the e-complex
X, of X. One defines

HY(X;R):= lir% H* (X R)

Here, one uses the fact that if ¢’ < ¢, then X,/ is a subcomplex of X,, giving
rise to a homomorphism H*(X.;R) — H*(X.;R). The graded structure of
H*(X;R) passes to the inductive limit and makes H*(X;R) a graded ring.

In the same way, let us consider a pair of pseudo-metric spaces (X,Y). This
means that Y is a subspace of X endowed with the induced pseudo-distance.
Then Y, is a subcomplex of X, for all € > 0. The simplicial cohomology of the
pair (X, Y:) is then defined and one sets

H* (X, Y;R) = lirr%] H* (X, Y R)

We shall consider the following category M:
— an object of M is a pair (X,Y) of pseudo-metric spaces.

— a morphism from f from (X,Y) to (X', Y”) is a uniformly continuous map
f:X — X' such that f(Y)C Y’

- If X is a pseudo-metric space, the space X x [0,1] is understood to be
endowed with the product pseudo-distance d((z,t),(z’,t")) = d(z,z’) +
|t — ']
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The category M is an admissible category for a homology theory ([Mu], p. 146).
This section is devoted to the proof of

(4.1) Theorem. The correspondance (X,Y) — H*(X,Y;R) satisfies the
Eilenberg—Steenrod azrioms of an ordinary cohomology theory for the category
M, with a "metric version” of the excision axiom (see (0,2) below).

Proof. Let first establish the functoriality. Let f : (X,Y) — (X', Y’) be a
uniformly continuous map. For € > 0, there is § > 0 such that d(f(u), f(v)) <&
if d(u,v) < 8. Therfore one has a simplicial map fs. : (Xs,Ys) — (X, Y)). If
g’ < e, one can find §' < é so that the following diagram

for et
(Xs,Ys) —= (XL,Y.)

e

l l

(Xs5,Ys) —— (XL,Y)

commutes. The induced homomorphisms f5 : H*(X.,Y/;R) — H*(Xs,Ys; R)

YT e
give, passing to the inductive limit, a well defined homomorphism

fFH(XYSR) — HY(X,Y;R)

The functorial properties of f* are easy to check.

Now, for each € > 0 one has the long exact sequence of the pair (X, Y;).
The exactness being preserved by passing to inductive limits, one gets the long
exact sequence

L — HPYXY) S HA(Y) — HA(X) — HAX,Y) — -

One easily checks that this exact sequence is functorial.
The dimension axiom is obvious since {pt}. is a point for all € > 0.
For the homotopy axiom, let

F:Xx[0,1]—Z

be a uniformly continuous map. Let € > 0. Choose § > 0 so that d(F((z,t)),
F((z',t")) < €/3 when d((z,t),(z',t')) < 6. Chose an integer m such that
1/m < 6/2. Define fr/;m : X — Z by fi/m(z) := F(z,k/m). With these
choices, fi/m induces a simplicial map fi/m : X5/2 — Z. and if {zo,..., 24}
is a q-simplex of X4/, then

{f&(x())v’f'—‘:;(zq)?f"_"%l(m'o))7f’°_;9(xq)}
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span a simplex of Z.. The simplicial maps fi/m and f(x+1)/m are thus contigu-
ous and then induce the same homomorphism from H*(Z;; R) — H*(X6/2;R).
This argument can be made for each € in a coherent enough way and this proves
the equality f§ = f{ as homomorphisms from H*(Z;R) — H*(X;R). The
proof for pairs of spaces is similar.

We turn now our attention to the excision axiom or rather its metric version.
Its precise statement is as follows

(4.2) Proposition (Metric Excision Axiom). Let (X,Y) be a pair of
pseudo-metric spaces. Let U C Y such that d(U,X —Y) > 0. Then the ho-
momorphism H*(X,Y;R) — H*(X —U,Y —U; R) induced by inclusion is an
isomorphism.

Proof. Let p:=d(U,X —Y). As soon as € < u, one has
X.=(X-U).UY, , (X-U).NY.=(Y-0).
and therefore the homomorphism
H* (X, Y;R) — H(X —U)e, (Y = U)e;R)
induced by inclusion is an isomorphism. O

Remark. The usual condition for the excision axiom is U C )3 which is equiv-
alent to U N X —Y = . The hypothesis for the metric version is equivalent
to d(U,X —Y) > 0. The classical version is false for the theory H* as seen
by the following example: take X = R — {0} and U = Y = R,y (an open
and closed subset of X). Then H°(X,Y;R) = 0 while H*(X - U,Y - U;R) =
HO(R.o,D; R) ~ R.

We finish by a Mayer—Vietoris sequence for the metric cohomology. As for
the excision property, a slight modification is necessary whit respect to classical
statemnts. Let U be an open covering of the pseudo-metric space X.

(4.3) Proposition. Let X = UUV an open covering of X admitting a Lebesgue
number. Then, one has the Mayer—Vietoris exact sequence

- — HY(X;R) — HFU; R) @ HE(V; R) — HE(U NV, R)
—»H'“”(X;’R) —_ .

Proof. If the covering X = UUV admits a Lebesgue number, then if € is small
enough, one has

X.=U.UV. , U.nV.=UnV).

Thus one has the Mayer—Vietoris for simplicial cohomology which, by passing
to the inductive limit, gives the corresponding exact for the metric cohomology.

O
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5 Properties of the metric cohomology

Between compact space, uniform continuity is equivalent to continuity and the
metric excision axiom (4.2) is equivalent to the usual excision property. There-
fore H* can be seen as a ordinary cohomology theory for the admissible category
of pairs of compact metric (or even metrizable) spaces.

(5.1) Theorem. For the category of compact metric pairs, the metric coho-
mology H* and the Cech cohomology H* in a ring R are canonically isomorphic
cohomology theories.

Proof. Let X be a compact metric space. We denote by N (X) the nerve of
Be(X) := {B(z,€) }zex, the covering of X by all balls of radius e. We label the
vertices of N (X) by the points of X, identifying z with B(z,¢).

If 0 = {xo,...,x4} is a g-simplex of X, then ¢ C B(zo,e)N...N B(xg,¢)
which shows that o is a q-simplex of A.(X). This provides us a simplicial map
ge : Xe¢ — N(X). On the other hand, if 7 = {yo,...,yq} is a g-simplex
of M¢(X), then d(z;,z;) < 2¢ and thus 7 is a g-simplex of X,.. This gives
rise to a simplicial map h. : No(X) — Xa.. It is clear that the composition
heoge is equal to the inclusion X, C X, and that gocoh. is the canonical
simplicial injection N (X) — N.(X). Passing to the inductive limits, one
gets isomorphisms

9"+ lim H(VL(X); R) = M (X3 R)
B H(XGR) <5 lim HY(Ne(X); R)

which are inverses one of another. As X is compact, the coverings {B(z, €) }zex
form, by the Lebesgue number, a cofinal system in the projective system of all
the coverings. Therefore, one has an isomorphism

lir% H*(N(X);R) = H*(X;R)

and thus H*(X;R) is isomorphic to H*(X;R). The same kind of argument
holds for pairs of compact spaces and one checks easily that one gets this way
an isomorphism od cohomology theories. O

(5.2) Remark. It is known, but not easy to prove in general, that the Cech
cohomology is isomorphic to the Alexander—-Spanier cohomology H. (see, for
instance, [Do], Theorem 2). This shows, using Theorem (5.1) that the met-
ric cohomology H* and the Alexander—Spanier cohomology are isomorphic for
compact metric spaces. In addition, explicit isomorphisms (without choices) are
easily obtainable in both directions: let X be a compact metric space. Recall
that one of the definition of H (X;R) is the inductive limit of H*(X(U);R)
where U is an open covering of X and X (i) is the abstract simplicial complex
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for which o = {zq, ..., 24} C X is a g-simplex if and only if there exists U € U
such that ¢ C U. As X is compact, the inductive limit can be taken over
the coverings B, := {B(z,€)}sex ([Sp], §6.5). Now, if 0 = {zo,...,z,} € X,
then o is also a g-simplex of X (B.) since, for instance, ¢ C B(zg,&). This
gives a simplicial map o : X; — X (B:). In the other direction, if 7 is a
g-simplex of X (B;), then 7 is a g-simplex of X5, which provides us a simplicial
map e : X(B:) — Xoq.. Passing to the inductive limits, these maps provides,
for compact metric spaces, isomorphisms between the metric cohomology and
the Alexander—Spanier cohomology theories. For general metric spaces, the two
cohomologies are not isomorphic. For instance, ﬁO(R —{0}; R) ¥ R ® R while
HO(R - {0};R) ~ R by (5.5) below.

Even for complete spaces, the metric cohomology might be different from
the Cech comomology. For exemple, the space X := {(z,y) € R? | (zy)? = 1}.
Then X has the same Cech cohomology as four points while it has the metric
cohomology of a circle.

The next results about the metric cohomology are direct consequences of
(2.2), (2.3) and (2.5).

(5.3) Proposition. Let X be a pseudo-metric space admitting a crushing onto
a subspace A C X. Then H*(X,A;R) =0.

(5.4) Corollary. Let X be a crushable pseudo-metric space. Then, H*(X;R) ~
H*(pt; R).

(5.5) Theorem. Let j : X — X be the inclusion of a metric space into a
metric complection X of X. Then j. : H*(X;R) — H*(X;R) is an isomor-
phism.

(5.6) Example. Let X = S™ — {pt}. By the above results, one has
H*(X;Z) = H*(S™Z) = H*(S™;7Z)

Therefore, though that X is contractible, H*(X;Z) % H*(pt;Z). This shows
that X is not crushable.
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