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Abstract

E@cieni algorithms are described for compuiing topo-

logical, combinatorial, and metric properties of ihe

union of finitely many balls in R ‘. These algorithms are

based on a simplicial complex dual to a certain decom-

position of the union of balls, and on short inclusion-

exclusion formulas derived from this complex. The algo-

rithms are most relevant in R’3 where unions of finitely

many balls are commonly used as models of molecules.

1 Introduction

The primary object studied in this paper is the union

of finitely many d-balls in Rd. One of the motivations

for our considerations is their widespread use in com-

putational chemistry and biology, where a molecule is

frequently modeled as the union of 3-balls in R3 [5, 25].

Each atom is represented by a ball whose size is de-

termined by its van der Waals radius. This model is

referred to as the space filling diagram of the molecule.

As will be seen later, this diagram is related to a cer-

tain polytope, called the dual shape of the diagram.

This paper is part of a larger project [13] that stud-

ies such shapes and their applications to problems in

science. A declared goal of the project is the implemen-

tation of shapes and some of their useful functions. It
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is therefore essential to find simple algorithms so that

the implementation produces a compact system of pro-

grams. At the same time, efficiency is essential because

typical applications involve thousands of points or balls.

Otir study of d-balls requires a variety of concepts

whose origins lie in the areas of convex geometry, ge-

ometric algorithms, and algebraic topology. We make

essential use of power diagrams and regular triangu-

lations, which are generalizations of the more pop-

ular Voronoi diagrams and Delaunay triangulations

[7, 9, 26]. Important are also polytopes which arise

as underlying spaces of certain subcomplexes of a De-

launay or regular triangulation [12, 14, 16]. Topological

concepts such as homotopy equivalence and homology

groups [1, 23] are instrumental in uncovering the close

relationship between these geometric diagrams.

The outline of this paper follows. Section 2 intro-

duces the basic geometric diagrams used in our study.

Section 3 establishes the homotopy equivalence of the

union of balls and its dual shape; it implies effective

algorithms for computing the homology groups of the

union. Section 4 shows how the topological insights

lead to an efficient algorithm for counting the faces of

the union of a set of balls. Section 5 studies variations

of the Euler relation for convex polyhedra. Based on

these relations, section 6 gives short inclusion-exclusion

formulas for measuring the union of balls. Sections 7

and 8 derive anoth’er set of such formulas which are de-

composable and, among other things, can measure voids

formed by the union. Section 9 concludes the paper.

2 Various Diagrams

This section introduces various geometric concepts de-

fined for a finite collection of balls, with the aim to

develop tools that can enhance: our understanding of

the union of these balls.

Basic definitions. Let ]ZZ I denote the Euclidean dis-

tance between two points x, z E Rd. A subset b ~ Rd

is a d-ball if there is a point z c I%d and a real @> 0
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so that b = {z c ~d I IZZI < e}; z is the center ancl Q

is the radius of b. For O < k s d – 1, a k-ball is the

intersection of a (k + I)-ball b with a hyperplane that

contains the center of b but not b itself. A k-sphere is

the boundary of a (k+ I)-ball b. The center and radj us

are inherited from b. Note that a O-ball is a point, a 1-

ball is a line segment, and a 2-ball is a disk. A O-sphere

is a pair of points, a l-sphere is a circle, and a 2-sphere

is what in R3 is commonly called a sphere.

Besides balls and spheres we consider simplices in Rd.

For O < k + 1 < d + 1, a k-simplez, a, in Rd is the

convex hull of k + 1 afinely independent points. The

dimension of a is dim(u) = k. The convex hull of any

0<1 + 1< k + 1 of these points is an l-simplex and

a jace of a. For example, the only (– 1)-simplex is 0, a

O-simplex is a point, a l-simplex is an edge, a 2-simplex

is a triangle, and a 3-simplex is a tetrahedron. An edge

has four faces, namely 0, its two vertices, and itself, and

a triangle has eight faces, namely @, its three vert icesj

its three edges, and itself.

Different kinds of complexes play an important role

in this paper. An abstract simplicial complex is a col-

lection A of finite sets so that X E A and Y ~ X

implies Y E A. The k-skeieton of A is the collection

A(k) = {X c A [ 1X1 < k + 1}. A (geometric) simpli-

cial complex is a collection G of simplices that satiafy

the following two conditions. First, if u E G and U1 is

a face of u then u’ E G. Second, if al, 02 ~ G then

cl n U2 is a face of both. As a general policy; 0 is

considered a face of every simplex and is included in

all simplicial complexes. The underlying space of G is

IGI = uac~ ~. A subset H G G is a subcomplex of G if

it is a simplicial complex itself} that is, it satisfies the

first condition. A special subcomplex is the k-skelei on

G(k) = {a E G I dim(a) < k}. G is a geometric realiza-

tion of A if there is a bij;ction # : A(o) ~ G(o) so that

X G A iff the convex hull of #(X) is a simplex in G.

Furthermore, we consider complexes defined by finite

collections of closed and convex bodies with non-empty

interior in Rd. We require that the intersection of any
k+ 1 ~ d+ 1 of these bodies is either empty or a (d– k)-

dimensional body with non-empty ((d–k)-dimensional)

interior. The cell complex defined by such a collection. Q

is the set of cells {n~~~ q I T L Q}. Note that for such

a complex it is in general not true that the boundary of

every cell is the union of other cells. It would be easy to

add faces so that this common requirement is satisfied.

However, because of general position assumptions these

faces will not be necessary. By the underlying space of

this complex we mean (J~~Q q.

The three primal diagrams. Let B be a set of n

d-balls in Rd, see figure 2.1. To simplify the forth-

coming discussion we assume the d-balls are in general

position. An algorithmic justification of this assump-

tion can be found in [15]. For a subset T ~ B, with

k + 1 = ITI < d + 1, the centers of the d-balls in T

are affinely independent, by assumption and therefore

define a k-simplex, denoted uT.

Consider a d-ball b, with center z and radius e, and

a point z. The power distance of z from b is n~(z) =

]ZZ[2 - p’. The power cell of b c B is p, := {z c Rd [

qj(z) < mtj,(z), b’ c B}. It is not difficult to see that

within its own power cell a ball b contains all other balls

of B. That is, for ~b = pb (l b and every b! C B we have

pb n b’ ~ qb. For a subset T ~ B define PT =&Z’ pb

and qT = nbET qb. As a generalization of the above

observation we have the following result stated without

proof.

2.1 For each T ~ B, b G T, and b’ c B –-T we have

Tr=Pz’ob~p TO b’.

Because of general position, pT is either empty or a

(d–k)-dimensional convex polyhedral set, where k+l =

ITI. Similarly, g~ ~ ~ is either empty oIr a (d - k)-

dimensional convex set. Hence, the collection of bodies

pb satisfies the requirements for defining a cell complex,

and so does the collection of bodies qb. Now we are

ready to define the first three diagrams.

P = P(B) = {pT I 0 # T & B}, the power diagram

of B.

~ = ~(~) = {qT I @# T ~ B}, the intersection of

P with 2/.

U = U(B) = ub~~ b, the union of the balls.

Two-dimensional examples of the three diagrams are

shown in figure 2.2. The power diagram, F’, is a well-

known cell complex whose underlying space, ]Pl =

(JP~eP PT, is equal to the entire space, Rd. ISimilarly, Q

is a cell complex, and its underlying space is ]Ql = U.

The boundary of U consists of pieces of spheres of

various dimensions. Define sb = bd(b), and for each
non-empty T ~ B, sT = &T sb. Because of general

position, S’2’ is either empty or a (d – k -- 1)-sphere,

where k + 1 = ITI < d. Now define ~b = sb fl pb, for

each b E B, and ~T = ST O pT = &T ~b, fclr each non-

empty T ~ B. Intuitively, ~T is the spherical part of

bd(gT). The components of the ~T are the faces of U;

this includes 0 as the only (– 1)-face.

The three dual diagrams. The nerve of a collec-

tion A of sets is IV(A) = {X C A I na~xa # 0}.

We always have 0 c IV(A). The nerve is an abstract

simplicial complex because X c IV(A) and Y ~ X im-

plies Y 6 N(A). For example, the nerve c)f B, IV(B),

is the collection of subsets of d-balls with non-empty

common intersection. By mapping Sb to b the nerve of
{.$b I b C B} defines a subset of IV(B). Specifically, this

is a subset of the (d — 1)-skeleton lV(B)(d--l), because
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general position implies that no d + 1 (d – I)-sphere

have a non-empty common intersection. We define two

of the three dual diagrams as geometric realizations of

nerves. Recall that CT is the convex hull of the centers

of the d-balls in T.

~ = R(B) = {q I 0 + @ E T} U {0}, the regular

triangulation of B.

~ = K(B) = {@2’ I @ # @ E ~} U{@}, the dua/

complex of Q.

S = S(B) = 1X1, the dual shape of U.

Examples of the three diagrams are shown in figure 2.3.

Note that %3is a geometric realization of the nerve of the

collection of (d-dimensional) power cells. By definition,

P and 7? are dual in the sense that @ # pT G P iff

@#C2’’ER.

Similarly, K is a geometric realization of the nerve

defined for the family of d-dimensional cells of 4?. This

definition of K is different although equivalent to the

one in [12]. It should be clear that K is a sub complex

of T?. Indeed, ~2’ ~ K only if aT e 7? and T C IV(B),

but not necessarily vice versa. The nerve theorem of

algebraic topology [22, 27, 28] implies that U = \Ql

and S = lx I are homotopy equivalent. We prefer to

give a direct proof of this result in section 3. It will

reveal some detailed relations bet ween these diagrams.

Another interesting simplicial complex is the bound-

ary complex of S. It consists of all simplices a ~ K

contained in bd(S). Call such a simplex a face of S.

The faces of S correspond to the faces of 2/ in the fol-

lowing manner, see [12].

2.2

3

For each T ~ B with 1< ITI ~ d, uT is a face of

$iffqT #@.

A Deformation Retraction

Two topological spaces can be homotopy equivalent

without being homomorphic. Intuitively, the main dif-

ference between the two notions is that a homomorp-

hism maintains the intrinsic dimension of a space, and

a homotopy equivalence does not. Nevertheless, two

homotopy equivalent spaces have the same connectivity

as expressed by their homology groups. We begin with

some definitions and then prove homotopy equivalence

results between U and S.

Homotopy equivalence and deformation retrac-

tions. It will not be necessary to define homotopy

equivalence in its full generality. A more restrictive no-

tion is the following. Let X ~ Y be two topological

spaces. A retraction of Y onto X is a continuous map

~: Y+ Xsothat ~(z) =zforallx~ X. Ade-

jormation retraction of Y onto X is a continuous map

@: Yx[O, l]-+ Ysothat@(z, t)= zforalIc EX

and t 6 [0, 1], @ is the identity on Y for t = O, and @ is

a retraction of Y onto X for t = 1. If such a @ exists

then X is a deformation retract of Y.

If X is a deformation retract of Y then X and Y are

homotopy equivalent. The reverse is not true, but to

show that X and Y are homotopy equivalent it suffices

to find a topological space Z and imbeddings c : X ~ Z

and c : Y a Z so that both c(X) and c(Y) are deforma-

tion retracts of Z. As proved in [18] the existence of Z,

e, and e is also a necessary condition for the homotopy

equivalence of X and Y.

A basic property necessary for our construction is

S c U. Indeed, assuming general position we get S ~

int ( U). It suffices to show the following result.

3.1 If fY2’ C ~ then ~T G int(Z4(T)).

Proof. The assertion is obviously true for vertices.

So let \T[ = k:+ 1 ~ 2 and assume inductively that

the assertion holds for simplices of dimension less than

k. In particular, au < int( 24(U)) ~ int( U(T)) for

each proper face au of ~T. The only possibility for

a~ ~ int ( 24(T)) is therefore that the complement of

int( U(T)) fl aff(T) is disconnected. However, @ c

K implies that int(b~) = n~eT int(b) # 0, and be-

cause bT lies symmetric with respect to aff(T) we have

int(bT) n aff(T) # 0. Hence, int( U(T)) (l aff(T) is

star-convex which implies that the complement within

aff (T) is connected. Therefore uT ~ int( U(T)). g

Decomposition with joins. We construct a defor-

mation retraction of int ( U) onto S based on a natu-

ral decomposition of U. Because of general position,

the exclusion of bd( 2./) does not affect the final result.

The cells of this decomposition are joins of simplices

of K and faces of 24. In general, the join of two sets

U, V G Rd exists. provided any. two edges UIVI # uzvz,

with U1, U2 E U and VI, V2 c V, are either disjoint

or meet at a common endpoint. Then the join of

U and V is U * V = uu~u,v~v UV. For convenience,

u* O= O*u=”u.
Consider a subset T ~ B, with k + 1 = ITI < d, so

that UT c K. Note that s2’: is a (d – k – 1)-sphere.

By 2.2, ~2’ is aface of S iff 42’ = sT II bd(U) is non-

empty. If ~T =’ @ then UT * 0 = aT is a cell of the

decomposition. In the other case, the affine hull of ~T

is. a k-flat, and that of sT is a (d — k)-flat. These two

fiats are orthogonal and meet in the center of s2’. This

implies that the join of ~T and sT exists, and therefore

also the join of ~T and any component ~ of ~~. For

every face u) of ~2’ and every face f’ off, u) * f’ exists

and is contained in CT + f. Indeed, bd(aT * f) is the

union of all joins u’ * f‘, (u’, f‘) # (OT, f). NOW define

Y = fl(~) = {aT *f’}, where UT is any non-empty
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simplex in K and j’ is any face of any component

of& = ST nbd(U).

A two-dimensional example is shown in figure 3.1. We

argue that ~ is indeed a cell complex with Ifll = U.

The following elementary observation will be useful.

Consider a subset T < B, k + 1 = ITI s d, so that

5T is a (d – k — 1)-sphere. Then y 6 cr~ iff y is the

center of a d-ball c with sT ~ c ~ U(T).

3.2 (i) Ujc$j = 24.

(ii) The cells in 7 have pairwise disjoint interiors.

Proof. First, we show that 2/ is contained in the union

of cells of ~. We argue that every point y ~ 2/ belongs

to some cell UT * ~ c 7. This is clear if y ~ 1X1 = S.

So assume y E 2./– S and let c(y) be the largest d-ball

with center y contained in U. Note that c(y) n bd( U) is

a unique point v. Let T = {b 6 B 1 v c Sb}. We claim

that the line / = aff({v, y}) intersects UT in a unic~ue

point u. To see this move a point ~ continuously on /

starting at y away from v. Stop the motion when c(y’)

cent ains sT and not just a single point of it. At this

moment u = y’ E a~, see figure 3.2. This implies that

y E uv g UT * f E ~, where f k the component of 4z’

that contains v.

Second, we show that every two cells uT * f and CU *g

in fl, with ~, g # 0, have disjoint interiors. To get a

cent radiction assume this is not true. Then there are

two vertex disjoint edges, UIV1 E UT * f and U2V2 6

au* g, with Ulvl nu2v2 # 0. Consider VI and V2, which

are points on bd( U), and define the half-space hij =

{z E 6!’ I Izvil < Izvjl}. Notice that O = n~(vl) ~

~~(vz) for each b E T, and O = ~b(vz) ~ ~b(vl ) for each

b E U. This implies UT S hlz and uv G hzl. Since

VI c int(hlz) and V2 E int(hzl ), the two edges cannot

intersect except possibly at the other endpoints. This

contradicts the assumption that U1 # U2.

To finish the proof of (ii) we just need to verify that

also the interiors of cells @’ * f e ~, f # (?I, and

au E J’ n K are disjoint. If this were not the case

then aT * ~ would contain an edge Ulvl that intersect

a face Uv of S at a point u strictly between U1 and

V1. This is impossible since u is endpoint of some eclge

uv of at least one other join. By the argument above,

U1V1 and uv cannot intersect except possibly at a com-

mon endpoint. This completes the proof of (ii). By the

symmetric argument U1 WI cannot intersect b d( 2-4) at a

point strictly between U1 and V1. It follows that each

cell of J’ is contained in 24, and therefore Uj ~$ j = U.

This completes the proof of (i). •l

The deformation retraction. We construct a map

@ : U x [0, 1] ~ U whose restriction to int( U) satisfies

the requirements of a deformation retraction onto S.

We specify @ for each individual cell of J’. Let a be a

simplex in K and f a face of U. so that ax f c J. If f #

0 then for each point y E u * f there are unique u ~ cr,

v c f, and A e [0, 1] so that y = Au+(l –J)v. For each

t E [0, 1] we define @(yjt) = (J–M+t)u+(l-~)( 1-t)v.

Intuitively, this means that uv is continuously shortened

at v so that at time t its length is (1 – t) lut~ 1, see figure

3.3. If f = @ we set @(y)f) = y for all t c [0, 1]. The

map @ restricted to int ( L/) is continuous because it is

continuous within each cell, except possibly at points of

bd( U). Clearly,.@ is the identity on int( U’) fort = O,

its restriction to S is the. identity for all t IS [0, 1], and

@(int(U), 1) : int(U) + S is a retraction.

Remark. The construction of @ can be modified to get

a deformation retraction Q’ of Rd – S onto Rd – int ( U’).

If y ~ U –S then y = Au+(l– })v, andwe define

dY(y, t) = A(l–t)u+(l– A+ M)v. For y 6 F@–int(U)

we set @’(y)t) = y for all t.

Links and unions of caps. A relationship like the

one between U and S can be shown between some of

their substructures. Consider a subset T sz B so that

r~ E ~. The link of ~T in ~ is lk~(uT) = {u C ~ I

@ * a ~ ~}. For example, the link of vertex % in figure

2.3(ii) is {0, a, b, c, d, bc, cd}, and the link of edge ~c is

{O,b,d}. Let 1 S k + 1 = ITI. Because a~ c K, S’2’ is

non-empty and thus a (d – k – 1)-sphere in Rd. Define

~T = lkK(a~), ST = l~Tl, and UT = sT (7 U(B – T).

By definition of link and by 2.2, the spheres sT~u in sT

that cent ain faces of bd( UT ) correspond to simplices

aTu~ that are faces of S. of course, such simplices

exist only if uT is a face of S.

Unlike S, which is a subset of int( U), S,r is usually

not contained in int( UT ). However, it is possible to

imbed ST in int( UT). Let x be a point nc,t contained

in the k-flat aff (T). Hence, aff (T U {z}) k ab(k+ 1)-flat

and aff(l’) decomposes it into two halves. The half that

contains z intersects .$T in a point @T(2). Intuitively,

XT prOJeCk z htO ST’; the center of the projection is

aff (T). The restriction of @T to llk~(aT)l is continuous

and one-to-one. Hence, $T imbeds ST in ST, and using

an argument as in 3.1 we see that ?&T(ST) ~ int ( UT).

Similarly, 4T imbeds the union of joins & * f‘, where

d = nu c KT and f’ is a face of a component of ~Tuu.

The imbedded joins define a complex & that decom-

poses UT, analogous to the complex f which decom-

poses U. The composition @/’o@ restricted to the joins

mentioned above describes a deformation retraction of

int ( UT) onto @(ST). If follows that UT and ST are

homotopy equivalent. We summarize the above results.

Thm. 3.3 (i) S is hornotopy equivalent to i!/:

(ii) For each T ~ B with.aT 6 K, ST is homotopy

equivalent to UT.

Remark. Recall the @ is a deformation retraction of

Rd – S onto llld – int( U). The composition *T o Q’

221



thus defines a deformation retraction of sT – 4(ST ) onto

ST — int( UT). Intuitively, this means that also the com-

plements of UT and ST are homotopy equivalent. This

will be used in the next section.

Algorithmic implications. The significance of the-

orem 3.3(i) lies in its algorithmic consequences which

concern the homology groups of U. We refer to [23]

for an introduction to homology groups of a topological

space Y. For each integer k, the k-th homology group,

Hk = Hk (Y), is an abelian group that expresses the k-

dimensional connectivity of Y. If the dimension of Y

is d then the possibly non-trivial homology groups are

HO through Hd. An important related numerical value

is the k-th betti number of Y which is the rank of Hk.

There is a general algorithm for computing H~, pro-

vided Y is given as a finite simplicial complex. Since

S = 1X1, this algorithm computes the homology groups

of S. An important result from algebraic topology says

that two homotopy equivalent topological spaces have

isomorphic homology groups. It follows that the al-

gorithm just mentioned also computes the homology

groups of U.

Before we say more about this algorithm, let us

briefly discuss the complement spaces, Rd – U and

F!d – S. We have seen that both spaces are homo-

topy equivalent and thus have isomorphic homology

groups. However, since the underlying space of %3 is

only a bounded subset of Rd, we do not have a simpli-

cial representation of Iid - S. This deficiency can be

remedied as follows. Call a simplex ~T c %2 a hull sim-

plex if UT ~ bd(l%l). Add a point w as a new O-simplex

“at infinit y“ to 7?, and for each hull simplex aT add

uT”{W} to ~. Now, %?,is a triangulation of Sd and no

further distinction between hull and other simplices is

necessary.

The general algorithm for computing homology

groups of simplicial complexes is based on computing

Smith normal forms of integer matrices, see e.g. [23].

Although no polynomial time bound for this algorithm

is known, it is argued that it performs well in practice

[10]. Furthermore, improvements of the original Smith

normal form algorithm with polynomial behavior have

been found, see e.g. [21]. A fast combinatorial algorithm

that works for simplicial complexes imbedded in S3 is

described in [8]. For large problem size, which could

mean thousands of balls defining U or similar numbers

of simplices constituting K, only the algorithm in [8]

performs satisfactorily. This leaves us with the open

problem of finding faster algorithms for computing ho-

mology groups of cell complexes imbedded in dimens-

ions higher than three.

4 Counting Faces

In this section we consider the algorithmic problem of

ccmnting the faces. of U. The assumption is that K is

given as a sub complex of 7?, and we seek an algorithm

that computes the number of-t-faces of U, for each O ~

.? s d – 1. This problem is related to determining the

betti numbers of links in K because the faces of U are

typically not simply connected. The basic strategy is

to consider all l-spheres .$’1’, ITI = d –/, with CT c K.

For each such ST we compute the number of l-faces of

U it contains, and we take the sum of these numbers.

The result is nt, the number of l-faces of U.

Components of link complements. Recall the def-

inition of UT: it is-the part of .ST cent ained in d-balls

of B — T. The complement of UT, .’iT — UT, is the

interior of the union of !-faces contained in sT. Since

we assume general position of” the d-balls, the connec-

tivity of the interior is the same as that of its closure.

Hence, each component of sT – UT is the interior of

an l-face and is to be counted. For each a~ c K, de-

fine &“ = lk~(q’) – lkx(aT), where we assume that

7? is extended to a triangulation of Sd as described at

the end of section 3. By the remark after theorem 3.3,

the number of components of sT – UT is the same as

that of &. For each uT C ~ let nT be the number of

components of ET. Then we have the following result.

4.1 For each O < ~ < d – 1, n< = ~aTeK,lTl=d_l nT.

Remark. If ~T c Z is not a face of S then lk~(aT) =

lk~(.aT) is a complete triangulation of St. Hence, ?@ =

O which implies that the equation in 4.1 remains valid

if the sum extends :only over the simplices of K that are

faces of S.

The algorithm. We assume the following graph rep-

resentation of %? and X. Algorithms for constructing

7? and K can be found in [12; 17]. The nodes of the

graph 7?* are the d-simplices of 7?, and the arcs of %?*

are the (d – 1)-simplices of 7?; this includes the d- and

(d – 1)-simplices incident tow. Each node or arc is la-

beled whether or not it belongs to K. The subgraph

that consists of the nodes and arcs in 7? - K is denoted

~“. Since K is a proper complex, ~“ is a proper graph.

Given an arc of 72.*, we have access to the two incident

nodes in constant time. Similarly, given a node we have

access to the incident arcs in constant time. This is a

reasonable assumption if d, which is the number of di-

mensions as well as one less than the node degree, is

considered a constant. Furthermore, we assume that

given a simplex @ ~ Ti! of dimension less than d, we can

find an incident node in 7?* in constant time. Start-

ing at this node, all other nodes incident to a can be

enumerated in constant time per node.

The algorithm relies on the fact that the number of
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components of ~~ is also the number of components of

the subgraph of ~“ induced by the d-simplices mu c

7? – K with T ~ U. Denote this induced subgraph by

~$. This is because w E ET iff CquV G 72 – K. In

particular, cw is an 1- or (1 – I)-simplex of KT iff OTUV

is a d- or (d – I )-simplex of 7? – K. The faces of U

can thus be counted by finding components of various

induced subgraphs of Z*. A more detailed formulation

of the algorithm that computes nt follows. Initially, all

nodes of R“ are unmarked.

n~ := O;

for each (d – 1 – I)-simplex UT E ~ do

for each node mu E %3* incident to UT do

if Uu is not marked and mu $! K then

mark au; nl := nt+ 1;

start a graph search to mark all nodes
au, that belong to the same

component of E; as au

endif

endfor;

unmark all marked nodes

endfor.

As remarked earlier, it is actually sufficient to run the

outer for-loop only over all faces of S. In any case,

each simplex of ‘R is touched only a constant number

of times, so the entire algorithm runs in time at most

proportional to the number of simplices in 7?. Ind,:ed,

also the step that employs graph searching takes only

constant time per node it marks, see e.g. [6, chapter

VI,23]. We summarize the results of this section.

Thin. 4.2 Given a suitable representation of K as a mb-

complex of 7?, for O s 4 s d – 1, the number of

l-faces of U can be computed in time proportional

to the number of simplices in 7?.

Remark. Instead of graph searching one can also use

union-find data structures, one per CT2’ E 72-, which

maintain the components in ~~. See e.g. [6, chapter

V,22] for a description of such data structures. This

approach has the advantage that 1? – K can be speci-

fied one simplex at a time. The number of l-faces can

be updated in time a(n) per simplex, where n is the size

of B and a is the inverse of the Ackermann function.

In cases where one considers all unions U obtained by

continuously and simultaneously shrinking the d-balls

in B, see [12], this allows us to compute the numbers

nl in time a(n) per combinatorially different U.

5 Variations of Euler’s Relation

This section derives variations of the Euler relation for

convex polyhedra in Rd. For each point z E F!d we

specify an alternating sum for the faces of a polyhedron

visible from z. This sum will be 1 inside the polyhedron

and O outside. These sums will be used in section 6 to

derive short formulas for measuring a polyhedron or its

intersection with another body.

Inclusion-exclusion for convex polyhedra. Let H

be a finite set of closed half-spaces in Rd that defines a

non-empty convex polyhedron P = nh~ ~ h. For sim-

plicity we assume general position of the half-spaces.

For every x E K?d and every I E 2H define the charac-

teristic function

{

1 ifz~hforallh~l, and
‘)’I(z) = :

0 otherwise.

For L C 2H define I’~(z) = ‘&eL(–1)1’r171(z).

general%clusion-exclusion principle impliesthat

r~H(Z) =

{

1 ifz EP, and

O ifz @P.

The

A direct proof can easily be given. Define G = {h c

H ] z @ h}. Clearly, I’Q~(z) = r~G(~). If z e P then

G= 0 and I’za(z) =YO(X) = 1. Ifx f! Pthen G# 0

and rQG(~) = ~Ic2~(–1)1~1 = (1 – l)IGI ,= o.
It should be clear that redundant half-spaces can be

eliminated, that is, if P = nhc~ h, for some G ~ If,

then 1’2~ (z) = rzG (z). We claim that a more dramatic

reduction of the set 2H is possible. For I e 2H define

$1 = P n fl~cl bd(h). If f] # 0 then it is R unique face
of P. This includes the case I = @ where fl = ft = P.

Define R = R(H) = {1 c 2H I fl # 0}. Observe

that R is an abstract simplicial complex, and because

of general position any I c R has cardintality at most

d. Figure 5.1 illustrates the following result.

{

1 ifice P, and
5.1 rR(z)= 0 if Z @ P.

Proof. We use induction over the size of G = {h c

H ] z @ h}. G is empty iff z c P, arid indeed we

have I’R(x) = YO(z) = 1 in this case. Scl assume z @

P. There is at least one half-space g c G; let ij be

the other half-space bounded by the same hyperplane.

Define H’ = H – {g} and H“ = H’ U {g}. By induction

hypothesis the assertion applies to P’ = flhe~, h and

to P“ = &H,, h, see figure 5.2. Define R’ = R(W)

and R1l = R(H”). We express R, R!, and R“ as disjoint

unions of smaller sets. By definition, this translates to

addition for I’. For a fixed point x @ P we have

rRl = rLl + rxj + rui,

where L’={.f CR’lf~~g}, X’ ={1 CR’\ f~fl

g#Oandfln 3#0], and U’={1 GJR’!fIC G}.

Similarly,

rR =rLl+rxl +rx,
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where X = {1 U {g} I I c X’}. Indeed, X’ represents

all faces of P’ that intersect the hyperplane bounding

g, and at the same time it represents all faces of P and

of P“ that touch this hyperplane. Finally,

r~,, = rx, + r.xt, + rUl,

where X“ = {1 U {ij} I 1 c X’}. Now we express r~ in

terms of the other sets:

rR = r~) – rut + rx

= rR/ – rR)J + rx,) + r~) + rx.

We have x E P) iff z 6 P1l and therefore rRJ – rRfl = O

by induction hypothesis. Furthermore, I’xll = O be-

cause x E j and each I E X“ contains ~. Finally,

I’x, + I’x = O because ~~ = 7wi~] and therefore

(-1)1~1~1 +(-l)l~ltlyIu{~l = O for each 1 E X’. There-

fore rR = O as required. ❑

Remarks. (1) The following modifications generalize

5.1 and its proof to cover degenerate positions of the

half-spaces. First, R is defined so it contains only

maximal sets defining faces of P: R={IE2~l

fI # @ and fI # f.r if I C J}. Second, the signs

in rR alternate with the codimensions of the faces:

‘R(z) = ~IER(–l)
coclkn(fr )71(z), where codim( f~ ) =

d – dim( fr). Third, in the proof we have three addi-

tional sets,

c’ = {1 ER’ I f, ~ bd(g)},

c = {l U{g} I 1 E C’}, and

c“ = {Iu{j] I IE c’},

which are subsets of RI, R, and Rf’ disjoint from

L’, U’, X’, X, X1l. In the final expression for rR we get

I’c,{ – 17c, + I’C as an additional term. It vanishes just

as rx)j + rx, + rx does.

(2) Relation 5.1 implies the Euler relation for un-

bounded convex polyhedra, see e.g. [4, 11, 20]. To see

this take z outside all half-spaces. Conversely, another

proof of 5.1 can be obtained from the common proof of

Euler’s relation using the shellability of P [4]: take a

line through z that intersects int(P) and stop the im-

plied line-shelling at z.

Intersection with a convex body. We generalize 5.1
so it makes a statement about points z of a compact
convex set A. Define K = K(A, H) ~ R(H) so that

1 E K iff ~1 nint(A) #0.

{

1 ifz GAn P, and
5.2rK(%)= 0 if ZEA– P.

Proof. We choose a suitable polyhedral approximation

of A. Let HA be a finite collection of closed half-spaces

so that A ~ PA = nh~~~ h and K(A, H) = K(PA, H).

Such a finite set HA can be constructed during the fol-

lowing iteration. Find a face fJ disjoint from int(A)

with ~J (l int(~A ) # @. By convexity of fJ and A there

is a separating hyperplane. Add the half-space bounded

by this hyperplane that contains A to ~.4. The process

is finite because P has only finitely many faces.

Define Rn = R(H U HA) and use 5.1 to get

Note that Rn = KUL, where K = K(PA, H) and L =

{l G~nlln~A #@}. Forallz CPAandeachl GL
we have -y](z) = O. Hence,

for all z E PA. The assertion follows because A n P ~

PAflPandA-P~PA-P. ❑

Remark. Relation 5.2 also applies to compact non-

convex sets A if the collection of faces considered is

determined by the convex hull of A, that is, K =

K(conv(A), H). For example, it applies to the bound-

ary of a compact convex set, and the intersection of this

boundary with the boundary of P, etc.

6 Measuring the Union of Balls

This section and the one after the next simplify, im-

prove, and generalize earlier work on algorithms for

measuring the union of balls [2, 3]. Based on the corre-

spondences between the various diagrams introduced in

sect ion 2, this section derives short inclusion-exclusion

formulas for the d-dimensional Lebesgue measure of U

and the total l-dimensional Lebesgue measure of its

l-dimensional faces. We begin by studying inclusion-

exclusion formulas for convex polyhedra.

Measuring by integration. We measure An P using

5.2. Consider a compact convex set A G .Rd. The d-

dimensional measure of A n P, pd(A n P), is the integral

of I’K(z) over all points z ~ A, where K = K(A, H).

We get

—— 71(x)dx.

The integral of -yI(i-c) over all z E A is the d-dimensional

measure of A n QI, where Qr = nb,c ~ ~.

The same calculation

dimensional sets. We are

can be done for lower-

interested in the sets A n
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~(~+1) Where ~ = bd(A) and P@+l) is the union of all

(/+ I)’-dimensional faces of P. Assuming general posi-

tion these sets are l-dimensional. We state the resu Its.

Remarks. (1) The lowest dimension of any face of Q I is

d – III. This implies that in 6. l(ii) all terms for sets 1

with III s d – 1 – 2 vanish and can as well be omitted.

(2) The relations in 6.1 are based on the assumption

of a uniform density distribution. All results hold with-

out change for any other reasonable density funtion. To

see this redefine yI(z) equal to the density at z, pro-

vided z @ h for all h E 1. Otherwise, -jJI (z) = O as

before.

(3) Consider a simple special case of 6.l(ii): P is a

triangular cone with apex y in R3, and A is a 3-ball

with unit surface area centered at y. By 6. l(ii) the size,

,U2, of the spherical triangle A n P is 1 – ~ + (a+/?+

~)– m, where CY,P,T arethethreedihedralanglesof P
normalized between O and 1. This implies the famous

formula
cl+p +-f 1

p~ = —.
2 4

for spherical triangles. In a similar vein it is possible to

derive Gram’s formulas for convex polyhedra, see e.g.

[19].

Inclusion-exclusion with intersections of balls.

We write ~d = p~( U) for the d-dimensional Lebesgue

measure of U = lJ~eB b, and pe = P?(U) for the tcltal

l-dimensional Lebesgue measure of all l-faces of U, for

O ~ 1 ~ d – 1. In particular, /@_l is the size of bd(ll),

and p. is the number of vertices of U. We derive formul-

as that express pl in terms of l-dimensional measures

of intersections of at most d + 1 balls from B. These

formulas improve similar formulas in [24] in two ways.

First, they apply to balls of different sizes, and second,

they are shorter because they take K as the index set

rather than R.

Call T ~ B independent if the balls of each sub-

set of T intersect in a unique region with non-empty

interior. For example, if CT is a simplex in K then

T is independent. Define bT = nbcT b. If T is inde-

pendent then bT # (?Jand its face structure is dual to

that of UT, see figure 6.1. We write pl(b~) for the to-

tal l-dimensional measure of all -l-faces of bT. Clearly,

the lowest dimension of any face of bT is d – IT I, so

p~(bT) = O if I S d– ]Tl – 1. We are ready to state the
first set of inclusion-exclusion formulas for U.

Thin. 6.2 (i) Pd(~) = Zo+aTEK(–l)lTl-lp~(bT).
(ii) For O~l~d-1,

~l(U) = za~G~(–l)[Tl-d+t~l(bT).

Remark. The sets T of size ITI < d – 1 – 1 can be

omitted from the sums in theorem 6.2(ii) because their

contribution to pe is zero anyway. Note that the thus

simplified formula for 1 = O counts 2 for each (d – L)-

simplex q c K and then subtracts the number of inc’i-

dent d-simplices that are in K. The result is the same

as derived in 4.1.

Proof. We present the detailed argument for (i) using

an imbedding of I?d as a hyperplane II in Rcl+l. Let z be

a point in h!dy 1 — H and consider the inversion transform

with center z. It maps every point z .# z to a. point: Z“

so that x and X“ lie on the same half-line with endpoint

.z and Izz” I = ~. The image of II under inversion is a,.-,
d-sphere If” that contains z. Furthermore, each d-ball

b in II maps to a spherical cap b“ on II”, see figure 6.2.

Let ha be the halfspace in Rd+l so that b“ = II” n ~~.

With an eye on 6.1 we define A = conv(IIO), A = II”,

H = {h~lb 6 B}j and P = :nb~~ hb. Ely inversion,

~ – P maps to int(U). Note that for points on II”,

inversion is the same as stereographic projection into II

centrally from z. The same projection maps the bound-

ary complex of P to the power diagram P = P(B).

In particular, a face ~1 of P maps to ~T E P so that

hb ~ I iff b E T. Furthermore, ~r n int(A) # @ iff

PT n int( ~) # 0. By assumption of general position the

same is true if we replace int(A) by A and int( U) by

U. Hence, 1 E K(A, H) iff ~T E K = K(B~).

We derive a formula for the d-dimensional measure

of A – P using 6.1 (ii). For the intersection, A n P, we

get

/@i n P) = ~ (–l)lllpd(A n QI),

where Q1 = f)E1 k, as usual. For A- P we therefore

get

h(A – p) = pal(i)– Pd(i n~)

To get (i) note that for each 1 E K(A, H) the set A (7

QI is the image under inversion of the cc)rresponding

intersection of balls, bT with ~T ~ ~. Finally, to get the

d-dimensional measure of 2-4 we put z density function

on A whose image under inversion is the uniform density

in II.

The relations in (ii) are obtained by similar argu-

ments using 6. l(ii) for values of/ less than d. The main

difference to the above: proof forl = d is that for/< d

we compute AnP@+l) directly, without considering any

complement. This explains the inconsistency between

the formulas in (i) and (ii). ❑
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7 Lemmas on Simplices

This section proves several elementary results on sim-

plices, which will be used in section 8 where another set

of formulas for the measure of .3/ is derived. The main

result is 7.3 which expresses the common intersection of

d + 1 d-balls in terms of the simplex spanned by their

centers and common intersections of d or fewer of the

d-balls.

Inclusion-exclusion for simplices. Let H be a set

of d + 1 closed half-spaces in l%d defining a d-simplex

P = flhEH h. Each proper subset 1 ~ H defines a

proper face, fI, of P. Except for the vanishing term

~H(z), 5.1 coincides with the trivial inclusion-exclusion

formula,

Let RI contain all index sets in 2H that contain 1.

Clearly, RI = {J U I I J E 2H-1}. Recall that

QI = (%~1 ~ and define PI = QI n nhE&I L see fig-

ure 7.1. We are interested in 17~1(z) for points x c QI.

Because r& coincides with r~H-I for such points we

get the following result.

7.1 rR1(X) =
{

1 ifx E PI, and

O ifx EQ1– PI

Intuitively, this means that with respect to inclusion-

exclusion PI behaves in QI the same way as P behaves

in Rd.

Independent sets of balls, In order to make proper

use of 7.1 we need a topological lemma about a set T

of d + 1 d-balls in Rd. For each subset of T consider

the region of points contained in the balls of this subset

and not contained in any other ball. Recall that T

is independent if the balls of each subset intersect in

unique region with non-empty interior. In particular,

&r = n~~~ b # @. Since d+ 1 (d– 1)-spheres decompose

I@ into at most 2d+l d-dimensional components, this

implies that each component is connected. Notice that

T is independent iff /C(T) consists of OT and all its faces.

Write P = UT and let H be the set of d+ 1 half-spaces

so that P = nhc~ h, as before. Each hyperplane bd(h),

h G H, contains the centers of d d-balls in T. For each

1 ~ II let V = VI ~ T contain the d-balls whose centers

lie in all hyperplanes bounding half-spaces in 1. Define

~ = VI = T–V and note that Ill = ]V1. For a choice of

I we are interested in PI, see figure 7.1. In particular,

we claim that within PI the intersection of the d-balls

in ~ is contained in the union of the d-balls in V. To

help the discussion we call PI the focus of ~ in T. For

example, P is the focus of @ in T, and 0 is the focus

of T in T. See figure 7.2 for an illustration. The discs

around a and b at the right intersect their focus outside

the disk around c, but the intersection of the two disks

does not. The claim is now formally stated and proved.

7.2 For each I s H, we have b~l n PI G Z4(VI).

Proof. Note that the assertion holds in RI, where we

have two intersecting l-balls (intervals) that do not

nest. They define a l-simplex connecting the midpoints

of the l-balls. Assume the assertion inductively for di-

mensions less than d. Take a subset 1 G H and con-

sider the focus, PI, of ~ = ~1 in T. If I #H, (i! then

PI is a proper convex polyhedron which shares the face

aV with P. By 3.1, this face is contained in 24(V).

All other proper faces of PI are lower-dimensional foci,

namely foci of Q in U U U, where U_ ~ ~, U ~ V,

and U U U C T. For each choice of U and U the as-

sertion holds by induction hypothesis. It follows that

b~ fl bd(pr) ~ U(V).

To get a contradiction, assume the intersection of br

with the focus of ~ in T is not contained in U(V).

Choose a point x E bV fl PI that is not contained

in U(V). Note that bV is symmetric with respect to

aV = aff(q). Let y be the reflection of z with respect

to aV and observe that y E bv. Similarly, U(V) is sym-

metric with respect to av = aff (av ). By construction,

up n PI = 0, and thus y @ PI, by convexity of PI. Since

y is further away from all b ~ V than z, we also have

y @ U(V). Note that c and y belong to the region of

the same subset of T, namely ~. Furthermore, z E PI,

y @ PI, and the region does not intersect bd(Pr). This

implies that the region is disconnected, which contra-

dicts the independence of. T. ❑

Measuring simplices and balls. Using 7.1 and 7.2

we derive a relation for the measure of bT. We still

suppose that T is independent. Hence, CT E K(T),

and by 3.1, CT ~ U(T). For each face uu, U ~ T, let

WJ,T be the angle at uu inside aT. We normalize angles

between O and 1 so that all angles can be visualized as

follows. Take a point z ~ int (au) and a sufficiently

small (d —1)-sphere s with center z. Then p~,~ is the

fraction of, s inside UT, that is, .

For example, $OT,Z’ = 1, and $LZJ,T = ~ if IU[ = d. It

will be convenient to set ~@,T = O. In ~3, an angle at

a vertex is usually referred to as a solid angle; and an

angle at an edge as a dihedral angle.

7.3 (i) &c*(-l)lvl-1$7U,T “ pd(~u) = Pd(aT).

(ii) For-O s 1< d- 1,

EUCT(-l)lU1-’PU,T ~p~(bu) = 0.

Proof. We present the proof of (i) in detail. Recall that

UT = n~~~ h, and that every subset 1 ~ H defines a
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face fI = w, with V = VI $ T. We use 6.l(i) with

P = UT and A = U(T) and get

Pal(P) = pd(An p) = ~(–l)l~lp~(AnQ~),

where A nQ1 is the closure of A outside all half-spaces

h c I, as before. We first assume the favorable case

where An Q1 = U(V) nQI for all 1 ~ H, see figure 7.2.

This case is favorable because all hyperplanes bcl(h),

h c I, contain the centers of all b E V and thus cut

these d-balls into equal halves. We use the fact that

the angle at w inside P is that same as the opposite

angle inside QI and get

P(i(A n QI) = h(~(v) n Q])

= pV,T . Pd(u(V))

O#ugv

The last line is obtained by straightforward applictktion

of the inclusion-exclusion principle. Now we plug, the

last relation into the earlier one for ~d(P) and get

= x($@,T ~ ~ (-l)d-lvl+lulp,(b[,)
V~T O#uGv )

——
z (Pd(bu) ~ (-l)’-lvl+lulPvT

O#U~T v~u )

The last line is obtained by observing that

~(++’1+1
PV,T = ptJ,T

v~u

for all U ~ 2’, see remark (3) after 6.1. This proves (i)

in the favorable case.

With 7.1 and 7.2 we can reduce the unfavorable case

to the favorable one. Consider a subset 1 c 11 and

V = V1. In the unfavorable case we have A n QI #
U(V) fl QI. By 7.2, bV intersects PI at most inside

U(V). By 7.1, within QI – PI all points of bV oumide

U(V) can be ignored without penalty. After doing this

for all 1 g H we arrive at the favorable case.

The proof for (ii) is essentially the same using 6, l(ii)

instead of 6. l(i). For 1 s d — 1 the right side vanishes

because fJz’ does not intersect A = bd(U(T)). ❑

8 Decomposable Formulas

From theorem 6.2 we derive a second set of inclusion-

exclusion formulas for U. In contrast to 6.2, the new

formulas have terms that express the cc,ntribution of

individual simplices of 7?. This is useful in situations

where only a part of U or its complement is to be mea-

sured. Another advantage of the second set of formulas

is that its terms correspond to intersections of at most

d d-balls, rather than d + 1 as in 6.2.

Inclusion-exclusion with angle weiglhts. We first

make 6.2 more complicated, and then replace or elim-

inate large parts using 7.3. It will be convenient to

cover the part of 2.4 outside 177,1with simplices. This

can be done by enlarging B with d + 1 points. (degen-

erate d-balls) whose convex hull contains 2.4. Consider

6.2(i) and decompose bT into the parts defined by the

d-simplices incident to aT. That is, use

/4i(&r) = ~ 9T,S o Pd(bT),

where the sum is :taken over all. S ~ T, ISI = :d + 1, so

that us E %!. We need some notation. l?or subsets L

and C’ of a simplicial complex in. F@let Z[d denote the

collection of d-simplices us c Z, and let [Z’, L] denote

the collection of pairs (OT, us) so that (7T G ~’ is a

face of as c .C[4. With this notation, theorem 6.2(i)

becomes

pd(~) = ~ (-l)lT1-’PT,,S o/Jd(bT)

(UT, C7.S)C[K,R]

Now we make a substitution using 7.3(i) whenever us c

K, and get the final result stated as theorem 8.l(i). The

same derivation works also for pt( U), O <1 s d – 1.

In this case, the substitution uses 7.3(ii) and is, in fact,

an elimination. We state the resulting second set of

formulas for U and note that the remark after theorem

6.2 also applies to theorem 8.1.

Thin. 8.1 (i) W(u) = za,~~[dl Pd(us)

+~(uT>us)E[K,R-K] (–1)’T’-l ~T,S “ Pd(kr).

(ii) For O<l~d-1,

W(u) = ~(oT,a,)e[K,n_K] (–l)lT1-di}49T, sP~(bT).

How can we interpret theorem 8;l(i) in R2? It says the

area of U can be computed as follows. First, take the

triangles in K and compute their total area. Second,

for each vertex (7T of S, T = {b}, compute the angle,

~T, around UT outaide S, and add ~T tim~es the area of

bT = b to the total area. Third, for each edge. CT of S,

T = {b, b’}, subtract half the area of bT = b fl b! if there

is one triangle in %? – K incident to CT, and subtract

the entire area if there are two such triangles, Similar

interpretations apply to theorem 8.l(ii) :and in higher

dimensions.
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Measuring a void. Note that theorem 8.l(i) con-

sists oftwo sums. The first measures the d-dimensional

part of S, and the second measures the fringe, U – S.

This relates to the considerations in section 3, where

the fringe is deformed in a continuous manner until it

disappears. We can also measure the fringe simply by

dropping the first sum in 8.l(i). This suggests it should

be possible to measure a void, that is, a bounded com-

ponent of 13d – 2./. In R3, measuring voids is of some

significance in the study of proteins.

Let ~0 be a void of 24. As proved in section 3, there is

a void So of S that cent aim ~0, Moreover, SO contains

no other void of 2./, that is, UO = So – U. Itthus seems

~atural to collect all simplices a E R – X with int(a) ~

SO using the ideas described in section 4. Call this set

~. and note that ~. is not a simplicial complex, but

72 – to is one. To measure ~. we adapt the formulas

in theorem 8.1. Recall that ~~4 is the collection of d-

simplices a.s E XO.

8.2 (i) p~(~o) = ~ ~,ez$] pd(us)

– ~(O~,O~)~[K,zO] (–l)iT1-l~~,S . /.@*).
(ii) For O</<d-1,

/Jl(~o) = ~(O~,O~)CIK,EO] (–l)lTi-~+19T,S “W(b~).

Proof. We cover the void tio with finitely many d-

balls and consider the difference in measure before

and after adding the d-balls. Let B’ be the set of d-

balls that cover ~o, and define U’ = U(B U B’) and

K’= K(B U B’). We require that_(i) B’ is finite, (ii) K

is a subcomplex of K’, and (iii) Z40 = U’ – U.

We argue that such a set B’ exists. Choose c > 0

small enough so that K = X(B) = K(BS), where

Be ={be = (z,~~) lb= (Z,@) cB}.

Note that P(B) = P(B. ), by definition of 7, and there-

fore 7? = 72(B) = %2(B.). Since general position of the

d-balls in B is assumed, we can find c small enough so

that also the sub complexes K G 72 and K(l?, ) L 7?

coincide. Now let B’ be a sufficiently large set of d-

balls b’ = (z’, s), with z’ E ~0, so that ~0 ~ u~,e~, b’.

Since UO is bounded and c > Owe can certainly choose

B’ finite. We show that (ii) and (iii) are also sat-

isfied. Define B: the same way as B. before. The

balls of this set are degenerate, that is, B: is a finite

point set. Therefore, K(B. U B:) is just K(BC) to-
gether with finitely many isolated O-simplices. Hence,

K = K(BC) ~ X(BC U B:). From this (ii) follows be-

cause K(BS U B:) ~ K(B U B’) = K’. If o~ is a simplex

in Xl — K then Tn B) # 0. So S’ – S ~ SO, where

S’ = lx’!. In fact, S’ – S = t$o because ~0 G U’. Con-

dition (iii) follows because the correspondence between

S’ and U’ expressed in 2.2 guarantees that U’ and U

coincide outside ~..

So we have pd(~o) = p~(U’) – pal(U) and pL(~o) =

~~(u) – P4(U’) for O S I s d– 1. Note that the first
sum in (i) is equal to the first sum of 8.1 (i) for U’ minus

the first sum of 8.1(i) for U. The same is true for the

second sum in (i). The sum in (ii) is 8. l(ii) for U minus

8.l(ii) for U’. ❑

9 Discussion

This paper studies the union of finitely many d-balls

in Rd. It is demonstrated that many properties can be

computed without explicit construction of the union.

Instead, the nerve of the balls intersected with their

respective power cells is computed. This is an abstract

simplicial complex that can be derived directly from

the regular triangulation of the balls. For constant d,

the size of this complex is no more than some constant

times n rd/21, where n is the number of balls, and for

typical distributions it is much less than that.

Specific algorithms are discussed that compute topo-

logical, combinatorial, and metric properties of the

union of balls directly from the complex. These meth-

ods are relevant to computational problems in chem-

istry and biology, where molecules are modeled aa

unions of 3-balls in R3. For further applications it would

be interesting to extend the inclusion-exclusion formu-

las of 6.2, 8.1, and 8.2 to compute physical forces asso-

ciated with a molecule.

The most demanding step in obtaining running im-

plementations of the algorithms in this paper is the

construction of K. Software for d ~ 3 is available

[13, 16] and algorithms in higher dimensions are de-

scribed [12, 17]. The time-complexity of these algo-

rithms depends on the distribution of the balls, and

typically is roughly of the same order as the number of

simplices in %3.
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Figure 2.1: This set of 12 disks (2-baJls) is used as a

running example to illustrate forthcoming definitions.

.

(i) The power diagram of 12 disks represented by their

centers in I?z.

(ii) The decomposition of the union of disks using the

power diagram.

(iii) The union of 12 disks.

Q
(i) The regular triangulation of 12 disks

their centers in R2.

represented by

Q
d
,C

b
‘//, ,,

4 ,
/j/ z

?,
z a

(ii) A subcomplex of the regular triangulation.

\

(iii) The underlying space of the subcomplex.

Figure 2.3: The diagrams 7?., K, and S of the 12 disks

shown in figure 2.1. It is important to note their dual

relationship to the corresponding diagrams in figure 2.2.

Figure 3.1: The decomposition of U using joins between

simplices of K and faces of U.

Figure 2.2: The diagrams ‘P, Q, and U of the 12 disks

shown in figure 2.1.
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Figure 3.2: Two examples of points y, v, u for 5 of the

12 disks in figure 2.1 are shown. In one example, the join

that contains y is between an edge and a point, in the

other between a vertex and a piece of a circle.

Figure 3.3: This is Q(U, ~): at time

narrowed to half the original width.

i! = ~ the fringe is

oO@”

Figure 6.1: The intersection of one, two, thlree, and four

3-balls. The face structure is dual to that of a vertex, an

edge, a triangle, and a tetrahedron.

Figure 6.2: Under inversion, the image of a hyperplane

is a d-sphere, and every (d — I)-sphere in the hyperplane

maps to a (d — 1)-sphere on the cl-sphere.

Figure. 5.1: The faces fl of P for which yI(z) = 1 are

the ones visible from z. The point z sees the cube itself,

three facets, three edges, and one vertex. Hence, I’R(z) =

l–3+3–l =0 acclaimed.

Figure 5.2: P’ is the union of P and P“. Since z @ P,

by assumption, we have z E P’ iff z E P“.

Figure 7.1: Regions PI of a 3-simplex, with ~\l/ = 1 to

the left, ]11 = 2 in the middle, and III = 3 tc) the right.

@ @3
Figure 7.2: The three disks to the left define a favorable

case, whereas the disks to the right do not. Indeed, the in-

tersection of the disk around b with the half-plane opposite

ac is not covered by the disks around a and c. The same

is true for the disk around a and the half-plane opposite

bc.
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