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SERGEY A. MELIKHOV

ABSTRACT. We study a model situation in which direct limit (colim) and inverse limit
(lim) do not commute, and offer some computations of their “commutator”.

The homology of a separable metrizable space X has two well-known approximants:
qH,(X) (“Cech homology”) and pH,,(X) (“Cech homology with compact supports”),
which are not homology theories but are nevertheless interesting as they are lim colim
and colim lim applied to homology of finite simplicial complexes. The homomorphism
pH,(X) 2% ¢H,(X), which is a special case of the natural map colim lim — lim colim,
need not be either injective (P. S. Alexandrov, 1947) or surjective (E. F. Mishchenko,
1953), but its surjectivity for locally compact X remains an open problem.

For locally compact X, the dual map in cohomology pH™(X) — ¢H"™(X) is shown to
be surjective and its kernel is computed, in terms of lim' and a new functor lim%g. The
original map Tx is surjective and its kernel is computed when X is a “compactohedron”,
i.e. contains a compactum whose complement is a polyhedron.

We also show that 7x is surjective for locally compact X assuming (i) two assertions
known to be consistent with ZFC and (ii) that all locally compact spaces X satisfy
lim? H,+1(N,) =0, where N, runs over the nerves of all open covers of X.

1. INTRODUCTION

Some recent progress in algebraic topology of Polish spaces [1], [2] is based to a large
extent on certain forms of commutativity between direct and inverse limits. The commu-
tativity is quite literal in [2|, where the axiomatic (co)homology of a Polish space is ex-
pressed as the (co)homology of a certain cellular (co)chain complex, based on (co)chains
“that are finite in one direction but possibly infinite in the other direction”. Two natu-
ral approaches to describing such “semi-infinite” (co)chains: as a direct limit of inverse
limits and as an inverse limit of direct limits — turn out to lead to the same answer.
A non-abelian version of this commutativity phenomenon (with homotopy in place of
homology) is considered in [1].

The present series “lim colim versus colim lim” is devoted to forms of commutativity
(and measurement of non-commutativity) between direct and inverse limits in a specific
model situation, which is also of interest for algebraic topology of separable metrizable
spaces. Namely, given a separable metrizable space X,

(o) we may first approximate X by compacta K, and then approximate each K, by
finite simpicial complexes (), (that is, the K|, are all compact subsets of X and
the Qqp are the nerves of all open covers of K, ); or else

Date: September 5, 2018.



LIM COLIM VERSUS COLIM LIM. I 2

(Ba) we may first approximate X by simplicial complexes Ps and then approximate
each Pj by finite simplicial complexes Qs (that is, the P are the nerves of all
open covers of X and the (), are all finite subcomplexes of Pj).

This leads, in particular, to natural homomorphisms

colim lién H,(Qap) ™), 1ién colim H,,(Qap)

Cogm lim H"(Qap) 7, lim CO}jim H"(Qap)

(these will be reformulated in a more systematic way in §2 below) and to the following
Problem 1. Compute the kernels and cokernels of 7,(X) and 7 (X).

Apart from the straightforward condition that 7,,(X) and 7"(X) be isomorphisms,
there is also a more subtle idea of commutativity between direct and inverse limit in our
topological setting, which takes into account “correction terms” for the inverse limit: the
derived limits im?, p > 0. It concerns the Steenrod-Sitnikov homology and the Cech
cohomology of the separable metrizable space X, which are defined as follows:

H,(X) := colim H,(K,)
H"(X) := colﬁim H"(Pp)
where H,(K,) is Steenrod homology (concerning the latter see e.g. [30]).

Problem 2. Can one go in the opposite direction? That is,
(a) can H,(X) be reconstructed from lim H, (P3) and lim” H,(Pg) for p > 07
(b) can H"(X) be reconstructed from lim H"(K,) and im? HY(K,) for p > 0?

Here “reconstructed” is meant in a sense slightly weaker than outright computation,
so that, for instance, groups G,, are understood to be reconstructible from the term Eﬁq
of a spectral sequence converging to G,,.

To see the connection between Problems 1 and 2, let us note that

H,(P3) ~ colim H,,(Qap)
H"(K,) ~ cogm H"(Qup)
and there are short exact sequences (Milnor et al., see Corollary 2.11)

0— 11%11 Hy1(Qug) — Hu(K,) — lim H,(Qag) — 0
00— hml Hn_l(Qaﬁ) — Hn(P/B) — lim Hn(Qaﬁ) — 0.

1.1. On Problem 2. For locally compact separable metrizable spaces, Problem 2(b)
is known to have affirmative solution since the 1970s. Indeed, if X is locally compact,
or equivalently its compact subsets admit a cofinal subsequence,’ then there is a short

1Any locally compact separable metrizable space X is the union of its compact subsets K1 C Ko C ...,
where each K; C Int K;;1. These constitute a cofinal sequence in the poset of all compact subsets of



LIM COLIM VERSUS COLIM LIM. I 3

exact sequence (Petkova et al.; see Corollary 2.17)
0 — lim' H" *(K,) — H"(X) — lim H"(K,) — 0.

No result of this kind was known in homology. In fact, the nerves of a metrizable
space X admit a cofinal subsequence if and only if X is the union of a compactum and a
set of isolated points of X (see Theorem 3.1). But isolated points make no contribution
to homology of positive dimension. So apart from 0-homology, we do not get anything
interesting in this way.

However, it turns out that there exists a wider class of spaces that are still in a way
“dual” to locally compact separable metrizable spaces. A compactohedron is a metrizable
space that contains a compactum whose complement is homeomorphic to a polyhedron
(i.e. a countable simplicial complex with the metric topology). A kind of explicit geo-
metric duality between compactohedra and locally compact separable metrizable spaces
is explored in Example 3.5 and subsequent remarks. In particular, the complement of a
locally compact subset of a sphere is always a compactohedron.

Although the nerves of a compactohedron X need not admit a cofinal subsequence,
this turns out to be “true up to homotopy” (Theorem 3.14). Using this, we establish a
dual (but far less trivial) short exact sequence in homology (see Corollary 3.25):

Theorem A. For any compactohedron X there is a short exact sequence

0— 11%11 H,1(Ps) — Hp(X) — hén H,(Psz) — 0.

This yields an affirmative solution to Problem 2(a) for compactohedra.
It is likely, however, that Problem 2(a) for locally compact separable metrizable spaces
and Problem 2(b) for compactohedra admit no satisfactory solution in ZFC.

Example 1.1. Let X = (R"xN)" xN, where N denotes the countable discrete space and
+ stands for the one-point compactification. Let us note that X is locally compact. It is
not hard to compute that H,(X) ~ @,.y [L;cy Z and the reduced homology H;(X) = 0
for i # n (see |2; Example 3.7(a)]).

Let Nj run over the nerves of all open covers of X, and let Gz = H,(Ng). See

2Q

[2; Examples 3.7, 3.8] for a detailed discussion of the inverse system Gpg. It is well-

known from a paper by S. Mardegi¢ and A. Prasolov [31] that the statement

lim' G5 =0
cannot be either proved or disproved in ZFC. More precisely, lim' G 3 = 0 follows from the
Proper Forcing Axiom [13; §3], as well as from other set-theoretic assumptions [13; §4],

whereas lim' G5 # 0 follows from the Continuum Hypothesis [31] as well as from other
set-theoretic assumptions [13; §2], [62].

Example 1.2. Let Y be the cluster (metric wedge) \/,.(R™ x N), or equivalently the
metric quotient X /(oo x N), where X is as in the previous example (see Example 3.11).

X. Conversely, if X is a separable metrizable space whose poset of compact subsets contains a cofinal
sequence, then X is easily seen to be locally compact.
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Let us note that Y is a non-locally-compact compactohedron. It is not hard to compute
that H"(Y) ~ @,y [LienZ and the reduced cohomology H(Y) = 0 for i # n (see
[2; Example 3.7(b)]).

Let K, run over all compact subsets of Y, and let H, = H"(K,). The inverse systems
H, and G4 have isomorphic cofinal subsets (see [2; Example 3.7]). Then it follows from
the previous example that that the statement lim' H, = 0 also cannot be either proved
or disproved in ZFC.

Part II of the present series [3]| establishes an affirmative solution to Problems 2(a)
(for finite-dimensional separable metrizable spaces) and 2(b) (for arbitrary separable
metrizable spaces) in ZFC, but in a modified form: the derived limits, including the
inverse limit, have to be “corrected” so as to take into account a natural topology on
the indexing sets. The modified derived limits coincide with the usual ones when the
indexing sets are discrete. Keeping track of the topology on the indexing sets is also
implicit in the approach of [1].

1.2. On Problem 1. Let us now return to the task of understanding the homomor-
phisms 7,(X) and 7*(X). In §4 we introduce a new functor lim%g and observe that a
natural transformation between lim%g and lim' is always injective. This enables some
progress on Problem 1 (see Theorems 4.8 and 4.11):

Theorem B. (1) If X is a compactohedron, 1,(X) is surjective and its kernel is iso-
morphic to lim* H, 1 (Pg)/limg, Hy,1(Ps).

(2) If X is a locally compact separable metrizable space, T"(X) is surjective and its
kernel is isomorphic to lim* H"'(K,)/limg, H" '(K,).

The proofs of (1) and (2) are independent of each other and in fact are based on rather
different ideas and constructions.

Using the chain complexes for Steenrod—Sitnikov homology introduced in [2] (discussed
in the beginning of this introduction) enables some further progress (see Corollary 5.10):

Theorem C. Let X be a locally compact separable metrizable space. Assume that
(1)lim' Gy = 0, where G is the Mardesié—Prasolov inverse system (see Example 1.1),
(2) lim* H,,,1(N,) = 0, where N, runs over the nerves of all open covers of X, and
(3) lim® Hg = 0 for every inverse system Hg of cofinality at most continuum.

Then 7,(X) is surjective.

Here assertion (1) is independent of ZFC (see Example 1.1) and assertion (3) is inde-
pendent of ZFC (see §5.1). However, the author does not know whether their conjunction
is independent of ZFC.

As for assertion (2), the author does not know whether there exists a locally compact
separable metrizable space X that does not satisfy (2). It would be quite surprising if
someone manages to construct such a space. By contrast, it seems much more likely
that there exists a Polish space X that does not satisfy (2), although a rather natural
approach to constructing it yields only a somewhat weaker result (Example 5.8).
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2. BACKGROUND

2.1. Cech homology and quasi-cohomology. We define the quasi-homology ¢H,(X)
of a metrizable space X to be the inverse limit lim¢ H,,(N¢) of the homology of the nerves
N¢ of all open covers C' of X. More generally, for a closed Y C X we set

qH,(X,Y) :=lime¢ H,(N¢, Neyy ),

where Cly is the cover of Y by the intersections of the elements of C' with Y.
Dually, the quasi-cohomology ¢H™(X ) of X is defined as the inverse limit limyx H"(K)
over all compacta K C X. More generally, we set

gH™(X,Y) := limx H"(K, KNY).

Quasi-homology has traditionally been called “Cech (or Alexandroff—éech) homology”,
which is a traditionally confusing terminology since it is not a homology theory (it
does not satisfy the exact sequence of a pair, already on pairs of compacta, see e.g.
[16; §X.4 “Continuity versus exactness’|). Also quasi-cohomology, which is similarly not
a cohomology theory (see below), is not to be confused with Cech cohomology (which is
a cohomology theory).

It is easy to see that quasi-cohomology is | |J-additive; that is, for each n the inclusions
X = L, X; induce an isomorphism

qH"< | Xi) ~ [ et (x).
iEN ieN
Similarly, it is easy to see that quasi-homology is \/-additive; that is, for each n the

retraction maps (\/Z X, oo) — (X%, ) induce an isomorphism

an<\/XZ-, oo) ~ Han(Xi,a:i).

ieN ieN
(The cluster \/,. X; is defined in [2; §2.2].)

Theorem 2.1. (a) (Massey—Mardesi¢-Prasolov [31; Theorem 9|) Quasi-homology is
|_|-additive; that is, for each n the inclusions X — | |, X; induce an isomorphism

i€N ieN
(b) Quasi-cohomology is \/-additive; that is, for each n the retractions (\/Z X, oo) —
(X, zx) induce an isomorphism
iEeN iEN
A simplified proof of (a) is similar to the following proof of (b).
Proof of (b). We consider the case where all X; are locally compact; this simplifies no-

tation but does not affect the essence of the argument. In this case, it suffices to verify
that if for each m we are given an inverse sequence - - - — G, — G,,1 of abelian groups,
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then the natural map

Q- @ hmn Gmn — hmeNN @ Gm,f(m)

meN meN
(sending a thread (zq,x2,...) € lim, G, alternatively written as n — x,, into the
thread f +— 2f()) is an isomorphism.

Let us construct its inverse. Let t: f + t; be a thread of the inverse limit on the right
hand side, t; € @,,cny Gm,f(m)- Define ¥, (t) € [],, Gmn to be the sequence of the mth
coordinates of ts,,ty,,..., where f; € NV are arbitrary functions with f;(m) = i. This
¥, (t) does not depend on the choice of f;’s, since for any f,g € N¥ with f(m) = g(m)
we can find an h € N¥ with & > f and h > g¢; then the mth coordinates of ¢; and ¢, both
equal the image of the mth coordinate of t,. By the same argument, 1,,(t) is a thread of
lim,, G,,,,. Finally, suppose that 1(t) := 11 (t) + 12(t) + ... has infinitely many nonzero
summands. Let f(m) be some number such that ¢,,(¢) € lim, G,,, has nonzero image
in G p(my, if it exists, and f(m) = 1 otherwise. Then t; has infinitely many nonzero
summands (for we could have defined ,,(t) using f; = f whenever ¢ = f(m)), which is
a contradiction. Thus ¢(t) is a well-defined map from the range of ¢ into its domain.
By construction it is an inverse for . U

Theorem 2.2. Let X be a subset of S™. Then
(a) qH,(S™\ X) = qH™ "7 H(X);
(b) (Sitnikov) H,(S™\ X) ~ H™ " 1(X)

Proof. (a). The case of (b) where X is a compact m-manifold with boundary, embedded
as a subpolyhedron in S™, is a direct consequence of the Poincaré duality for compact
manifolds with boundary.
The case of (b) where X is compact follows from the previous case by applying direct
limit to both sides.
Now (a) follows from the compact case of (b) by applying inverse limit to both sides.
O

(b). The case of open X implies the general case by applying direct limit to both sides.

Thus suppose that X is open. (This case is due to Steenrod, and the following
argument is essentially the same as in [36].) Then X = |JM;, where My C M, C ...
are compact m-manifolds with boundary, embedded as subpolyhedra in S™, and such
that each M; C Int M; 1. Let N; = CI(S™\ IV;) and let Mg~y and N ) be the infinite
mapping telescopes. Then

(1) (2) 3)

H*(X) =~ H*(Mpp o)) = Hoyi1 x(Mioocy, M) = HpYy 1 (S™x[0,00), Njgee)UMo)

(4) ®) oo (6) m
~ Hyp, 1, (Njo,00) U Mo, NoU Mo) = HY 1 (Njo,00), No) = Hypop—1(S™\ X),

where the isomorphisms are as follows:

(1) induced by a homotopy equivalence X ~ M)y oy (see the proof of Theorem 2.13);
(2) the Poincaré duality for non-compact manifolds with boundary;
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(3)

(4) from the exact sequence of the triple (5™ x [0,00), Nj,c) U S™ x 0, S™ x 0);
(5) excision;
(6)

6) definition of Steenrod homology.

excision;

g

2.2. Compactly supported Cech homology and pseudo-cohomology. We define
the pseudo-homology pH,(X) of the metrizable space X to be the direct limit of the
quasi-homology, colimg ¢H,, (K), over all compacta K C X. More generally, for a closed
Y C X we set
pH,(X,Y) := colimg ¢H, (K, KNY).
Dually, the pseudo-cohomology pH™(X) is defined as the direct limit colimg ¢gH™(N¢)
over all open covers C of X. More generally, we set

pH"(X,Y) := colimec ¢H"(N¢, Neyy ).

It is easy to see, using Theorem 2.1, that pH, is | |-additive and pH™ is \/-additive.
Also, similarly to the proof of [2; Theorem 2.1|, pH,, is \/-additive and pH" is | J-additive.
Proposition 2.2 implies, by applying direct limit to both sides, that for any X C S™

pH,(S™\ X) ~ pH™ " 1(X).

By the universal property of direct limits, the inclusion induced homomorphisms
qH,(K) — qH,(X) factor through a unique homomorphism

T(X): pH,(X) — qH, (X)),

and the homomorphisms ¢H"(N¢g) — ¢H™(X) induced by the maps X — N¢ factor
through a unique homomorphism

™(X): pH"(X) = ¢H"(X).

The | |- and \/-additivity properties yield that 7,,(X) and 7™(X) are isomorphisms for
each n if X is a disjoint union of compacta or a null-sequence of polyhedra, or more
generally the result of an iterated application of | | and \/ to compacta and polyhedra.

The homomorphism 7,(X) was studied already by P. S. Alexandroff in 1947, who
constructed a 1-dimensional Polish space X with ¢Hy(X,pt) = 0 and pHy(X,pt) # 0
[1; p. 214]. On the other hand, answering a question raised independently by Alexandroff
and S. Kaplan, a few years later E. F. Mishchenko constructed a 2-dimensional Polish
space Y with pH;(Y) = 0 and ¢H,(Y') # 0 [11] (see also [28; p. 444, Remark 24|).

Remark 2.3. There exists a connected Polish space X containing no nondegenerate com-
pact connected subspace (hence gHy(X,pt) = 0 and pHy(X, pt) # 0). For instance, the
graph of f(z) = > 77,2 "sin(+ — r,), where r, is the nth rational number (in some
order) and sin(oco) = 0 (see [2; vol. II, §47.1X]). In fact, such a space can even be locally
connected [23].
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2.3. Examples: homology. The literature does not seem to contain an example of a
locally compact separable metrizable space X whose 7,,(X) is not an isomorphism.” It is
not hard to construct such an example, for which 7,,(X) fails to be injective.

a a
U
’ ({a.}) ' ’
H() {a,b} b
(c) [a] = [b] € Ho({a,b}) maps
pHOEZX) — q}z)(X) (b) [a] - [b] € Ho({a,b}) nontrivially to each ¢Hy(K)

maps trivially to each Hy(U) and hence also to pHy(X)
(a) A locally compact X c R2  and hence also to ¢Ho(X)
and a commutative diagram

FIGURE 1. 7 need not be injective

Example 2.4. (See Figure 1.) Let o+ denote the subset {1 | n € N} U {0} of [0,1],
and let X be the subspace o+ x [—1,1]\ {(0,0)} of R?. Clearly, X is locally compact.
To prove that 7o(X) is not injective, let a« = (0,1) and b = (0, —1) and let [a] — [b] €
Ho({a, b}) stand for a generator of ker (Ho({a,b}) — Ho(R?)). It suffices to show that
Ho({a,b}) — qHy(X) sends [a] — [b] to zero, whereas Hy({a,b}) — pHy(X) sends [a] —[b]
to a nontrivial element.

Indeed, if U is an open neighborhood of X in R2, then there exists an n € N such
that U contains [0, -] x {1, —1}. Since {1} x [~1,1] as a subset of X is also contained
U, the image of [a] — [b] in Hy(U) is zero. Hence [a] — [b] maps trivially to ¢Hy(X).

On the other hand, if K C X is compact, then it is disjoint from [0, ] x [+, 1] for
some k € N. Hence K lies in the union of three pairwise disjoint rectangles, Rig =
[, 1] x [=1,1], Ro1 = [0, 1] % [1, 1] and Ry 1 = [0, 1] X [~1, —]; whereas a and b land
in different R;;’s. Thus [a] — [b] maps nontrivially to ¢Hy(K) for each compact K C X
containing {a, b}, and therefore also nontrivially to pHy(X).

Remark 2.5. Let X' = X Ur(X), where r is the reflection (z,y) — (—z,y) in R% Tt
is clear from the above that ¢Hi(K) — Hy(R?\ {(0,0)}) is trivial for each compact
K C X', and therefore pH,(X') — Hy(R?\ {(0,0)}) is trivial. It might also seem that
qH:(X') — Hi(R*\ {(0,0)}) must be nontrivial, which would imply that 7;(X’) is not
surjective; but actually this is not the case. Indeed, let

Uy =R\ ({(0,0}u{(£3,0) [i=n+3n+3 .. Ju{+i|i=32... ,n—-1} xR).

7Tt is erroneously claimed in [56; second page of the introduction| that N* x N is such an example,
where N¥ is the one-point compactification of the countable discrete space N. This claim contradicts
the fact that 7,,(X) is an isomorphism if X is a disjoint union of compacta.
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Each U; is an open neighborhood of X’ in R?\ {(0,0)}, and Uy C U; C .... Hence
qH1(X') — Hi(R*\ {(0,0)}) factors through lim; H;(U;), but the latter is isomorphic
to the inverse limit of the inclusions - -+ — @;-, Z — ;2 Z, which is zero.

Example 2.6. (See Figure 2.) Let X’ be as above and let Y = X’ x {0} U ([-1,0) U
(0,1]) x [=1,1] x &, where £ = {1 | n € N}. Let us note that Y is not locally compact.
To prove that 7(Y") is not surjective it suffices to show that ¢H,(K) — H;(R?\ z-axis)
is trivial for each compact K C Y, but ¢H,(Y) — H;(R?\ z-axis) is nontrivial (where
the “z-axis” is the line {(0,0)} x R).

Indeed, if K C Y is compact, then it is disjoint

e from [—4, 2] x [—1, 1] x [0, 1] for some k € N;
e from ([—k+11/3,—k+12/3] U [k+12/3, k+11/3]) x [=1,1] x [0, 1] for some [ € N, [ > k;

e from [—¢,¢] x [~1,1] x [;25, 1] for some € > 0.
Then K is contained in the union of six pairwise disjoint boxes (i.e. rectangular paral-
lelepipeds),

QOOI = [57 1] X [_17 1] X [ﬁa 1]7 Q0,0,—l = [_]—7_6] X [_17 1] X [ﬁa 1]7
QIOO = [k+11/37 1] X [_17 1] X [07 %]7 Q*l,0,0 = [_17 _rll/?,] X [_17 1] X [Oa %]7
QOlO = [_ﬁma rlg/g] X [%7 1] X [Oa %]a QO,—LO = [_ﬁg/gv ﬁg/g] X [_L _%] X [Oa %]a

none of which meets the z-axis. Hence ¢H(K) — H,(R3 \ z-axis) is trivial.

If U is an open neighborhood of Y in R?, then U contains [—%, L] x {1, -1} x {0}
for some n € N. Since Y contains {—+, L} x [—1,1] x {0}, the entire boundary of the
rectangle R, := [—+, 2] x [1,—1] x {0} lies in U. Its clockwise oriented fundamental
class [OR,] € H,(OR,) maps to the clockwise oriented generator 3 of H;(R3\ z-axis).
If V C U is another open neighborhood of Y in R3, it contains OR,, for some m € N,
m > n. Then U also contains OR,,, and [0R,] — [OR,;] = [0Rm, x {0}] € H1(U), where

Run = ([—2, =] U [, 4]) x [-1,1]. Since U contains dR,,, x {0}, it also contains

(ORmn) % [0, 4] for some k € N. On the other hand, Y contains the two rectangles
Ryn % {1}, and so the cycle OR,y,, x {0} bounds the chain Ry, X {1} U (0Rmn) X [0, 7]
in U. Hence the bonding map H;(V) — H(U) sends [0R,,] to [OR,]. Thus the classes
[OR,] € Hi(U), n = n(U), form a thread z € ¢H;(Y), which maps onto a generator

B € Hi(R3\ z-axis).

2.4. Examples: cohomology. The previous examples along with the duality imply
that 71(S5?\ X) is non-injective and 71(S%\ Y) is non-surjective, where S™ stands for the
one-point compactification of R™. Here are more explicit examples of this type, which
also have lower dimensions, one additionally being locally compact.

Example 2.7. The map 7'(X’) is non-injective, where X’ = X Ur(X) is as above, a
locally compact space.

Indeed, let 3 € H'(R?*\ {(0,0)}) be a generator. If K C X' is compact, then it is
disjoint from [—3, 1] x [—4, 1] for some k € N, and consequently lies in the union of



LIM COLIM VERSUS COLIM LIM. I

PHI(Y) = gHy(Y)
Y v
Hy(R3\ z-axis)

(a) A non-locally compact Y C R3\z-axis and a commutative diagram

7

L

W W
[OR,] — [OR,)]

nnnnnnnun gR,,

— - R,

(c) [OR;]’s form a thread ([8Rz])l e € ¢H1(Y), which maps nontrivially to Hy (R3\ z-axis)

FIGURE 2. 71 need not be surjective
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four pairwise disjoint rectangles, Ryg, 7(R10), Ro1 U7 (Re1) and Ry_1 U r(Rp_1), none
of which contains the origin (0,0). Hence 8 maps trivially to H'(K), and consequently
also trivially to ¢H'(X").

On the other hand, if U is an open neighborhood of X’ in R?, then there exists ann € N

such that U contains OR,,. Since /', or rather its image in Hom (H;(R?\ {(0,0)}), Z),
evaluates nontrivially on [OR,], the image of ' in H!(K) for any compact K C U
containing JR,, also evaluates nontrivially on [0R,]. Hence ' maps nontrivially to
qH(U), and consequently also nontrivially to pH'(X").
Example 2.8. Let Z = X x {0} U{0} x [-1,1] x ([-1,0)U(0,1]) U[0,1] x [-1,1] x =,
where & = {£ | n € N}. Let us note that Y is not locally compact. To prove
that 71(Y) is not surjective, let us note that Z contains the boundary of the rectangle
R:={0} x[1,—1] x [-1,1], and let v € H'(OR) be a generator. It suffices to show that
7 lies in the image of ¢H'(Z) — H*(OR), but not in that of pH'(Z) — H'(OR).

If U is an open neighborhood of Z in R?, then U contains [0, 2] x {1, -1} x [+, 1]
for some n € N as well as {+} x [-1,1] X [_E L] for some m € N. Also Y contains
[0, 1] x[=1,1] x {=2%, L} as well as {0} x [~1,1] x ([ 1, —2)U(%, 1]), and it follows that
OR is null-homotopic in U, and more spe(:lﬁcally in the union K of the seven rectangles
just listed. Since 7 evaluates nontrivially on [0R] € H,(OR), it follows that - is not in
the image of H'(K'). Therefore it is not in the image of ¢H*(U), and consequently also
not in the image of pH' (7).

If K C Y is compact, then it is disjoint from [0, ] x [—3,1] X [—%, 1] for some
k € N, as well as from ([—k+11/3,—k+12/3] U [k+12/3, k+11/3]) x [=1,1] x [, 1] for some

l € N, [ > k. Hence K lies in the union of two disjoint polyhedra: the box By =
X

[ﬁl/?ﬂ 1] x [=1,1] x [—1, 1] and the union Cy; of four (non-disjoint) boxes
Qo1 = [0,1] x [-1,1] x [, 1], Qo1 = [0,1] x [-1,1] x [-1, =75,
QIO = [07 k+12/3] [kv ] [ L1 L1] Q*LO = [07 ﬁg/g] X [ ’ ] [_Ll ﬁ]

Let p: R*\R x {(0,0)} =R x C\ R x {0} — S* be defined by (z, pe¥) — ¢?, and let
c: R — S* be the constant map (z,y, z) — 1. We define a map fi: By U Cy — OR
by fu = cp, Uple,. If K' D K is another compact subset of Y, then K’ lies in
some By U Cpy, where I > k' > 1 > k. Then K actually lies in the union A of four
pairwise disjoint polyhedra A; := By N By, As := Cyy N By, Az := By N Cryp and
Ay = Ciyy N Crrpr. The first two are boxes, and the third is a union of two disjoint boxes,
so both frila,04,04; and fer|a,ua,04, are null-homotopic. Also fila, = pla, = fevla,,
so fri|a and fry|a are homotopic. In particular, fy|x and fry|x are homotopic. Thus
the homotopy classes [ful|x] € [K,S'] ~ H'(K) form a thread 6 € ¢H'(U), which
clearly maps onto a generator v € H'(OR).

2.5. Milnor short exact sequences.

Theorem 2.9. (a) (Milnor [64], [39], Roos [51], Deheuvels [11], [12]; see also Steenrod
[61; p. 848]) If a compactum K is the limit of an inverse sequence of compact polyhedra
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-+ — Py — Py, then there is a natural short exact sequence
0 — lim' H, (P — H,(K) — lim H,(P;) — 0.

(b) (Milnor [40]) If a simplicial complex P (with metric or weak topology) is the union
of an increasing chain of its finite subcomplexes P, C P, C ..., then there is a natural
short exact sequence

0 — lim' H"'(P) — H"(P) — lim H"(P;) — 0.

The naturality in (b) refers to PL maps f: P — P’ (which send finite subcomplexes
onto subsets of finite subcomplexes) along with the collection of induced maps f|p,: P; —
P; (- The naturality in (a) refers to maps f: K — K’ along with the induced maps of
inverse sequences f;: Py, — P that fit in a homotopy commutative diagram with f
and with the bonding maps.

Example 2.10. (a) The p-adic solenoid ¥, is the inverse limit of ... % S & S'. where
the bonding maps are the homomorphisms of multiplication by p in the topological
group S' = R/Z. If p is a prime, lim* ( LN/ AN Z) ~ ZP/Z, where Zp is the group of
p-adic integers (see e.g. [30; Example 3.2] or [20; §3F|). Hence the reduced 0-homology
Hy(%,) ~ Z,/Z and Hi(%,) = 0; in fact, Ho(X,) ~ Z & Z,/Z. (See [36; Example 5.3]
and references there for further details about this example.)

(b) Let Tjge) be the mapping telescope of the direct sequence S* & S* 5 ... We
may represent 1o ) as the union of the finite mapping telescopes Tjo 1 C Tjo2 C ...,
where each Tjy, deformation retracts onto 7T},, which is a copy of S, Tt follows that

H*(Tipooy) = lim' (... 5 25 7)) ~ 7,7 and H (Tjp.0)) = 0.
For a metrizable X and its closed subset Y let
¢"H,(X,Y) := lim" H,(N¢, Ney,)
over all open covers C' of X, and
¢"H"(X,Y) :=lim" H"(K, KNY)

over all compact K C X. When k = 0, this repeats the definition of quasi-(co)homology.
For k > 0, it can be called phantom quasi-(co)homology.
Theorem 2.9 has the following corollary:

Corollary 2.11. (a) For any compactum K there is a natural short exact sequence
0— ¢'Hy1 (K) = Ho(K) — qH,(K) — 0.
(b) For any countable simplicial complex P there is a natural short exact sequence
0— ¢ H" ' (P)— H"(P) — qH"(P) — 0.
The naturality is with respect to arbitrary maps (using PL approximation for (b)).

Proof (sketch). In Theorem 2.9(a), the preimages in K of the covers of the P; by the
open stars of vertices in appropriate triangulations form a cofinal subset in the directed
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set of all open covers of K, and it follows that lim H,,(P;) ~ ¢H,(K) and lim' H,,,,(P}) ~
q¢'H,,1(K). In Theorem 2.9 (b), the P, form a cofinal subset in the directed set of all

finite subcomplexes of P (though not in the directed set of all compact subsets of P),
and it follows that lim H"(P;) ~ ¢H"(P) and lim' H"Y(P)) ~ ¢' H"'(P). O

Remark 2.12. In fact, (b) is also valid for uncountable simplicial complexes [6; Corollary
12] and (a) for compact Hausdorff spaces [20; Theorems 3(1) and 5(1)] (see also [59; end
of §8.1.2]), [57; Theorem 3.2] — but for a rather different reason: lim*G, = 0 if each
G, is a finitely generated abelian group [52; Theorem 2| (see also [25; Theorem 5(c)],
[22; Remark on p. 65], [65], [21], [29; Theorem 20.17]).

Corollary 2.11(b) is also valid for locally compact ANRs, since their compact subsets
have finitely generated cohomology groups upon restriction to any compact subset of
the interior (see [30; Theorem 6.11(b)]).

There is another important case where a cofinal sequence exists. If X is a locally
compact separable metrizable space, then it can be represented as a union of its compact
subsets K1 C Ky C ..., where each K; C Int K;,; and for any such representation, the
K; form a cofinal subset in the directed set of all compact subsets of X.

Theorem 2.13. (Petkova [17; Proposition 4|, Massey [33; Theorem 4.22|; see also
Grothendieck [18; Proposition 3.10.2]) Let X be a locally compact separable metrizable
space. If X is the union of its compact subsets K1 C Ko C ..., where each K; C Int K1,
then there is a natural short exact sequence

0 — lim' H"'(K;) — H"(X) — lim H"(K;) — 0.

The naturality refers to arbitrary (not necessarily proper) maps f: X — X' along
with the induced maps of the chains of compacta, K; — K }(i).

For completeness we include a proof (somewhat different from those of [17], [33] and
Harlap [19]).

Proof. Let us consider the mapping telescope Kp ) = K1 % [1,2]U Ky x [2,3]U... in
X x [1,00) and the closed subset Ky = K7 x {1} U Ky x {2} U ... of the telescope.
On the other hand, let ¢: X — [1,00) be a function such that o=!([1,n + 1]) C K,.
Then e: X — X x [1,00), defined by e(x) = (z,¢(z)), is a proper (so, in particular,
closed) embedding of X into K[ o). The continuity of e is due to the inclusions K; C
Int K; 1. Now let ry(z,y) = y + t(x — y). Note that R;: (0,1]* — (0,1]?, given by
(z,y) = (x,7(z,y)), is a deformation retraction of (0,1]? onto its diagonal, which is
identical in the first coordinate and monotonous in the second coordinate. It follows
that Hy: X x [1,00) = X x [1,00), defined by ¢;(z, s) = (z,7:(o(x)"1, s71) 1), restricts
to a deformation retraction of Kpj . onto e(X). Thus X is homotopy equivalent to
K[1,00)-
The exact sequence of the pair (K[ ), Kn) yields a short exact sequence

0 — coker (H”-l(KN) LN H"-l(KN)) — H(Ky o) — ker (H”(KN) LN H”(KN)> 0,



LIM COLIM VERSUS COLIM LIM. I 14

where f,, is the composition H"(Ky) Ui H™ (K1 o), Kn) = H™(Ky) of the connecting
homomorphism and the Thom isomorphism. It is easy to see that f, can be identified
with the homomorphism [[ H"(K;) — [[ H"(K;) given by (g1, g2, ... ) = (g1 —P192, go —
Pa2gs, - - - ), where each p;: H"(K;1) — H"(K;) is induced by the inclusion. The assertion
now follows from the isomorphisms ker f,, ~ lim H"(K;), coker f, ~ lim' H"(K;) and
H™"(Kji,00)) ~ H(X). O

Remark 2.14. The following two superficially similar assertions are in fact quite different:

(1) If P, C P, C ... are polyhedra, their mapping telescope Py ) is homotopy
equivalent to their union U := [J P,. (Let us note that if the P, are compact,
then Py is locally compact, while | J P; need not be locally compact.)

(2) If K1 € Ky C ... are compacta such that each K; C Int K;,;, their mapping
telescope Kjg ) is homotopy equivalent to their union U := [J K.

Assertion 1 is proved using a deformation retraction of X x [0,00) onto Py ). This
was used by Milnor to prove Theorem 2.9(b) [10] (see also [2; Lemma 4.9]).

Assertion 2 is proved using a deformation retraction of Kjy . onto the graph of a
suitable function U — [0,00). This is used to prove Theorem 2.13. A variant of this
construction applies to any covering of U that admits a subordinated partition of unity
(see Segal |[51; Proposition 4.1]). For a further variation, see [3; Theorem ?7|.

Example 2.15. Let X be the locally compact subspace &+ x (0, 1]U(0, 1] x {0} of R?. Let
K, =X\[0,2)x[0, %) and let p = (1,0). Then the inverse sequence - - - — H°(Kj,p) —
HY(Ky,p) is of the form ... = @, Z — P;, Z. Similarly to [36; Example 3.2,
lim'" ( — D Z — @21Z> ~ [, Z/ D2, Z. Hence H'(X) ~ HY(X,p) ~
[TicnZ/ B,y Z and H°(X, p) = 0 so that H(X) ~ Z.

Remark 2.16. In fact, Theorems 2.9 and 2.13 are valid in greater generality.

The short exact sequence in homology works for inverse sequences of compact Haus-
dorff spaces [26; Theorem 5(a)| (using the vanishing of lim?® for inverse sequences); for
inverse sequences of compacta, a simple proof can be given along the lines of [36; proof
of Theorem 3.1(c)|. In particular, this result applies to the intersection K of a nested
sequence of closed subsets K; of a compact Hausdorff space. If each K; 1 C U; := Int K,
then we also get a short exact sequence 0 — lim! H,,,1(U;) — H,(K) — lim H,(U;) — 0.

The short exact sequence in cohomology works for the union X of a nested sequence
of open subsets U; of any space [19; Corollary 4|. This may sound like a very powerful
result, but its practical value seems to lie mainly in the cases where the U; can be
replaced by compact subsets K;. Namely, this can be done if each K; := ClU; C U,
(in which case X is locally compact), or if X is a simplicial complex and each U; is the
union of the open stars of all vertices of some finite subcomplex K; of X (in which case
U; is homotopy equivalent to K;).

Theorem 2.13 has the following corollary:
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Corollary 2.17. For any locally compact separable metrizable space X there is a natural
short exact sequence

0— ¢ H"'(X)— H"(X) = qH"(X) — 0.

The hypothesis of local compactness cannot be dropped by Example 2.8 and Corollary
4.4(a) below.

3. COMPACTOHEDRA

3.1. Compactohedra and the metric quotient. It is easy to see that the directed
set of compact subsets of a metrizable space X contains a cofinal sequence if and only if
X is separable and locally compact. Metrizable spaces whose directed set of open covers
contains a cofinal sequence are characterized as follows.

Theorem 3.1. (Nagata [11], Monteiro-Peixoto [12], Levshenko [27], Atsuji [7], Rain-
water [50]; see also [13], [8])
(a) The following are equivalent for a metrizable space X :

the directed set of open covers of X contains a cofinal sequence;

the set X' of limit points of X is compact;

the finest uniformity on X is metrizable;

every Hausdorff quotient of X is metrizable;

X admits a metric satisfying any of the equivalent conditions in (b) below.

(b) The following are equivalent for a metric space M :

every continuous map of M into any metric space is uniformly continuous;
d(A, B) > 0 for any disjoint closed A, B C M;
every open cover of M has a positive Lebesque number;

the set M' of limit points of M is compact, and for each € > 0, the complement
of the e-neighborhood of M’ is uniformly discrete.

Let us note that a metrizable space X is compact if and only if every metric on X
satisfies the conditions in (b) [13]. Metric spaces satisfying the conditions of (b) are
called UC spaces (and also “Atsuji spaces” and “Lebesgue spaces”), and so metrizable
spaces satisfying the conditions of (a) are called UC-metrizable. Thus a metrizable space
X is UC-metrizable if and only if it contains a compactum K such that X \ K is discrete.

Example 3.2. The null-sequence \/;\]r N is UC-metrizable (since its only limit point is
the wedge point) but not locally compact.

A discrete set may be understood as a O-dimensional polyhedron. We call a separable
metrizable space X a compactohedron if it contains a compactum K such that X \ K
is homeomorphic to a polyhedron. Let us note that if V' is the set of vertices of some
triangulation of X \ K, then K UV is UC-metrizable.

Example 3.3. The null-sequence X = \//y

the P; are non-compact, then X is not locally compact.

P; of polyhedra P; is a compactohedron. If
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Example 3.4. Some standard examples in introductory courses of topology, such as the
“comb and flea” space (0,1] x {0} U{2 | n € N} x [0,1]U{(0,1)} and a “topologist’s sine
curve”, {(z,sin1) | z € (0,1]} U{(0,0)}, are compactohedra.

Example 3.5. If X C S™ is locally compact, then S™\ X is a compactohedron. Indeed,
S™\ Cl X is an open subset of S™, hence a polyhedron (|5; §111.3, Satz II]; alternatively,
see [60; Hint to Exercise 3.A.3] and use Whitehead’s subdivision theorem [53; 4.7.11]).
Also C1X \ X is a compactum since X is open in C1X. (Indeed, suppose that some
x € X is a limit of a sequence of points z; € C1 X \ X. We may assume without loss of
generality that each z; lies in an open neighborhood U of x in Cl X such that U N X
has compact closure K in X. Each x; is a limit of points of X, hence a limit of points
of U N X, which are also points of K. But then z;, € K, which is a contradiction.)

Remark 3.6. (i) If X C S™ is a compactohedron, S™ \ X need not be locally compact
(for example, if X is an open or half-open interval and n > 1). However, if X = K U P,
where K is a compactum and P = X \ K is a polyhedron, and X’ = K U U, where
U is an open neighborhood of P in S™, then S™ \ X’ is locally compact. (Indeed,
SP\ X' = (S"\ K)N(S™\U) is an open subset of the compactum S\ U.)

(ii) Let us note that if P is a subpolyhedron of an open subset V' of 5™\ K, then U
can be chosen to be the interior of a regular neighborhood of P in V', in which case X’
is homotopy equivalent to X, and S™\ X’ is homotopy equivalent to S™ \ X’.

(iii) In Example 3.5, the compactohedron X = K U P is not arbitrary, but finite-
dimensional and such that the polyhedron P = X \ K is locally compact. In this case,
there exists an embedding of X in S™, n = 2k + 1, as in (ii), by the following lemma.

Lemma 3.7. Given a k-dimensional compactohedron X = K U P such that the polyhe-
dron P = X \ K is locally compact, there exists an embedding e: X — S™, n =2k + 1,
such that e(P) is a subpolyhedron of an open subset of S™\ e(K).

Proof. Let g be an arbitrary embedding of X in S", and let L = (Clg(P)) \ g(P). Since
g(P) is locally compact, it is open in Cl g(X) (see Example 3.5), and hence L is compact.
Therefore V := S™\ (g9(K) U L) is open. Hence it is triangulable (see Example 3.5),
and by general position we may e-approximate the proper embedding g|p: P — V by a
proper PL embedding h: P — V| where e: P — (0, 00) is given by e(x) = d(z, K U L).
Then g|x and h define an embedding e: X — S™ such that e(P) is a subpolyhedron of
the open subset V of S™\ e(K). O

If X is as in Example 2.4 and X’ is as in Example 2.7, then S? \ X and S? \ X’ are
compactohedra (see Example 3.5) such that 71(5%\ X) and 79(S?\ X’) are not injective.
It is not hard to construct one-dimensional examples of this type:

Example 3.8. Let X = {X | n € N} x [-1,1] U {0} x {—1,1} C R%. Also let r be the
reflection (z,y) — (—xz,y) of R? and let X’ = X Ur(X). Clearly, X and X’ are non-
locally-compact compactohedra. Similarly to Example 2.4, 70(X): pHo(X) — qHo(X) is
not injective; and similarly to Example 2.7, 71(X"): pH'(X') — ¢H"(X’) is not injective.
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Remark 3.9. An anrocompactum is a separable metrizable space X of the form X =
KUR, where K is compact and R = X \ K is an ANR. If Y is a locally compact subset
of the Hilbert cube I, then similarly to Example 3.5, I°°\ Y is an anrocompactum
(but generally not a compactohedron). While anrocompacta retain many nice proper-
ties of compactohedra, they can be more tedious to work with; thus we will focus on
compactohedra and leave generalizations to anrocompacta to the interested reader.

Let (S, d) be a metric space and A C S a subset, closed with respect to d. For x,y € X
let @ ~ y if either = y or both z,y € A, and let [z] denote the equivalence class of x
with respect to this equivalence relation. Let

dezy([2]; [y]) = Inf (d([a], [2]) + d([=], [v])),

where d(P, Q) = inf(, gepxq d(p, q) for any P,Q C S. Then d(,) is a metric on the set-
theoretic quotient S/A, and the uniform structure on S/A induced by d() depends only
on the uniform structure on S induced by d [30] (see also [37]). We call the metric space
(S/A,d)) the metric quotient of (S,d). Of course, if A is compact, then the topology
on S/A induced by d is the quotient topology. However, if A is non-compact, then the
quotient topology is usually non-metrizable. So in general the topology of the metric
quotient is not the quotient topology, but the topology of the quotient uniformity.

Lemma 3.10. Let X be a metrizable space, A C X a closed subset, and let d and d’
be metrics on X (compatible with its topology). Then the metric quotients (X /A, d))
and (X/A, d’(2)) are homeomorphic via the identity map if and only if for any sequence
of points x; € X, we have d(z;, A) — 0 as i — oo if and only if d'(z;, A) — 0 as i — 0.

Proof. Clearly, (X/A,d2)) SN (X/A,diy) can fail to be continuous only at the point
{A}. Moreover, it is continuous at {A} if and only if takes any sequence that converges
to {A} to a sequence that converges to {A}. O

Example 3.11. By Lemma 3.10, the topology of the metric quotient X x N* /X x {0},
where X x N, is endowed with the [, product metric, depends only on the topology
of X. In fact, it is easy to see that X x N*/X x {oo} is homeomorphic to the null-
sequence \/g X of copies of X. In particular, we recover Example 3.2: the metric
quotient N x N* /N x {00} is homeomorphic to the null-sequence \/j; N.

Example 3.12. Any Polish space X is the limit of an inverse sequence of locally compact
polyhedra P; and PL bonding maps (see [I; Theorem 4.2|). Then the metric quotient
P,o)/Pso by the copy Py of X is a compactohedron. Let us note that if we choose
some metric on each P; and use a standard metric of finite homotopy colimit (see [37])
on each finite mapping telescope Py and a standard metric of inverse limit (see [37])
on their inverse limit Py ), then d(z, Ps) will be a function of ¢ for any x € P,. Hence
by Lemma 3.10, the topology of Py «/Ps depends only on the topology of the inverse
sequence --- — P, — Fy. If X is not compact, then P/ Px is not locally compact.

Given metric spaces (S;,d;), ¢ € I, with basepoints x;, their metric wedge is the set-
theoretic quotient | | .S;/ | | x; with basepoint | | z; and with metric defined by D([z], [y]) =
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di(z,y) when z,y € S; for some i and D([z],[y]) = di(z,z;) + d(z;,y) when z € S,
y € Sj and ¢ # j. When each d; is bounded above by some r € (0, 00), this is nothing
but the metric quotient (| ]S;/| |z, (d=")()), where d=" is the metric on | ]S; defined
by d="(x,y) = d;(z,y) when z,y € S; for some i and d="(x,y) = r otherwise. In gen-
eral, the metric wedge (| | Si/ || zi, D) is the union of the chain of isometric embeddings
(l_l Bl(ﬁi, Sz)/ |_|‘T’i7 (dgl)(g)) C (l_l BQ(Q?Z‘, Sz)/ |_|'Ti; (dSQ)(2)> C ..., where Br<$, S) de-
notes the closed ball of radius r in S centered at x.

If each (X,z) is a pointed metrizable space, let |#;(X,z) be the metric wedge of
copies of X indexed by I; by Lemma 3.10 its topology depends only on the topology
of (X, z). If I is finite, then the metric wedge |#;(X, x) is clearly homeomorphic to the
usual wedge. But for I = N it is generally different both from the usual wedge (which is
usually non-metrizable) and from the cluster \/ (X, ) (which is compact as long as X is
compact). The metric wegde [#({0,1},0) is already non-compact (it is homeomorphic
to the countable discrete space N); whereas [#y(N*, 00) is not even locally compact (it
is homeomorphic to the null-sequence \/;\IIr N; see Example 3.11).

Example 3.13. The metric wedge of copies of the n-sphere |#(S™, pt) is a compactohe-
dron, which is not locally compact for n > 1. More generally, the metric wedge [ (P, pt)
of copies of any polyhedron P is a compactohedron.

Still more generally, the metric quotient P/Q of any polyhedron P with the uniform
metric of [38] by any subpolyhedron @ is a compactohedron.

3.2. Cech-cofinal sequence of open covers. If the directed set of open covers of a
space X contains a cofinal sequence C, Cs, . .., then the inclusion of the inverse sequence

- ~» Ng, ~» Ng, of the homotopy classes of maps between the nerves into the Cech
expansion of X is an isomorphism in the pro-category (cf. e.g. [32; §1.1.1, Theorem 1]).
Although it is not true that the directed set of open covers of a compactohedron X
contains a cofinal sequence (unless X is UC-metrizable), we will show that the desired
pro-categorical consequence still holds.

Theorem 3.14. The Cech expansion of a compactohedron X contains an inverse se-
quence whose inclusion s an isomorphism in the pro-category.

Let us note that for a locally compact Y C S™, the compactohedron X := S™\Y (see
Example 3.5) has a sequence of open neighborhoods U; D Us D ... that is cofinal in the
inverse system of all open neighborhoods of X in S™.

Proof. Suppose that K C X is a compactum and P := X \ K is a polyhedron. Let us
fix some metric on X bounded above by 1 and for any A C X let B.(A) denote the
cover of the closed e-neighborhood of A by all closed balls B.(z), x € A. Let Cy = {X},
Uy =0y = X and \g = 1. Assume inductively that C), is a finite open cover of an open
neighborhood U,, of K that is refined by B, (O,) for some open neighborhood O,, of K
in U,. Let C,;1 be a finite subset of By, (O,) that covers K; then it also covers some
open neighborhood U, of K. By Lemma 3.16 there exists an open neighborhood O,, 4
of K in U, such that C,,, is refined by By, ,,(Op41) for some A\p,y1 > 0. We may
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assume that A, is so small that A\, ; < min(\,, n+r1) and that O, contains the open
An+1-neighborhood of X. But then we may assume that O,,1; equals the open A, 1-
neighborhood of X. Since the metric on X is bounded above by 1, this condition also
holds for n + 1 = 0. Thus we get open neighborhoods X =Uy; D Oy D U; D O; D ...
of K and finite open covers C; of the U; such that each C,, refines B, _,(O,_1) and is
refined by By, (O,,), where each O, is the open \,-neighborhood of X and each )\, < %
In particular, each C,,,; refines C,,.

Let L be a triangulation of P such that for each n, every simplex intersecting O, is of
diameter < A\, — A\, 1. Then for any vertex of L that lies in O, its open star lies in some
element of C,,; and a simplex of L that intersects P\ O,, does not intersect the closure
of O, 1. Let L, be the subcomplex of L consisting of all simplexes of L that intersect
X\ O,, and of all their faces. Then L, is a closed subset of the closed set X \ O,1, so
it is closed in X. Hence V; := X \ L; is an open neighborhood of K in O;. Also L, lies
in the interior of X \ O,1, which lies in L, q; thus L, C Int L. Since each O; lies
in the %—neighborhood of X, we have |JL; = P. Let D; be the set of all open stars of
vertices of L; in L. Then E; := C;|y, U D; is an open cover of X. Let us show that E; 4
refines ;. Since Cji; refines C; and Vi C Vj, every element of Ci1lv;,,
element of C|y.. Every element of D; C D,y lies in itself, and an element of D; ;1 \ D;
is the open star of a vertex v of L that lies in V;, and in particular in O;. Hence it lies
in some element of C;, and consequently also in some element of C;

lies in some

‘/Z..

Finally, let C' be an open cover of X. By Lemma 3.16 there exists an open neighbor-
hood O of K and a A > 0 such that every element of B,(O) lies in some element of C'.
Let n be such that O,,_o C O and \,_s < A. Then every element of C,,_; lies in some
element of C'. Hence every element of C, |y, U (D, \ D,_1) also lies in some element of
C. Let L' be a subdivision of L with new vertices only in Int L,, and such that the open
star of every vertex of L! | in L' lies in come element of C. (Hereafter L, denotes the
induced subdivision of L;, which is a subcomplex of L'.) Let D] be the set of open stars
of vertices of L} in L'. Then D] _, refines C' and D), \ D, _; refines D,, \ D,,_;. Since
Cplv, U (D, \ D,_1) refines C, the open cover ES = C,|y, U D!, of X also refines C.
On the other hand, since (L', L})) is a subdivision of (L, L), the nerves of D,, and D/,
are homeomorphic. Moreover, since the only new vertices of L’ are in Int L,,, their open
stars are disjoint from the elements of C,|y, , and it follows that Ngc is homeomorphic
to Ng,; let he denote the homeomorphism. Also, ES refines E,, and the homotopy
class of maps Ngc — N, given by this refinement clearly contains hc. Therefore this
homotopy class is invertible, with inverse [h¢].

Let us write £, = j(C) and E¢ = j/(C). Then j is a map from the directed set A
of all open covers of X to its totally ordered subset E := {E, | n € N}, and we can
define a homotopy class jo € [Nj(c), Nc] by composing [hz'] € [Njc), Nji(cy] with the
homotopy class of maps Njcy — N¢ given by the refinement of C' by j'(C) = ES.
Then J := (j,jc) is a morphism of the inverse systems. Indeed, if D refines C, then
j(D) = E,, for some m. If, for example, m < n, then it is clear that the following
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diagram commutes up to homotopy:

hl
NEm L NETQ — ND

I T H

(For J to be a morphism, we need only the outer square of this diagram.) The case
m > n is similar (and easier).

We also have the inclusion i: £ — A and the morphism I := (4, [id]) of the inverse
systems. Then JI is equivalent to the identity since it can be assumed that j(E,) = E, 1o
and jg, € [Ng,,,, Ng,| is given by refinement. Finally, I.J is equivalent to the identity
since [h¢]| is the inverse of a bonding map. Thus [ is an isomorphism. O

Remark 3.15. Similar arguments establish the analogue of Theorem 3.14 for pairs of
compactohedra (X,Y’), where Y is a closed subset of X = K U P such that Y N P is a
subpolyhedron of P. In particular, Y can be any point in X.

Lemma 3.16. Let X be a metric space and K C X be compact. Then for every open
cover C' of X there exists an open neighborhood O of K and a A > 0 such that every
closed ball By(x), where x € O, lies in some element of C.

One of the usual proofs of the Lebesgue lemma works to show this. For completeness
we include the details.

Proof. Let F be a finite subset of C' that covers K. Pick some U € F' and let V' be the
union of the remaining elements of F'. Then K \ V is a compact subset of U, so there
exists an € > 0 such that K\ V lies in U® := {z € U | B.(x) C U}. So if we replace
U with the open set U®, the resulting set F” will still cover K. Proceeding in this way
(but now using F” rather than F), we will eventually replace F' = {Uy,...,U,} with
F = {U:",... U} which still covers K. Then F' also covers some open neighborhood
O of K. Let A\ = min(ey,...,s,). Since any z € O lies in some element of F, the ball
Bj(z) lies in the corresponding element of F'. O

3.3. Resolutions. If X is a compactohedron, with K C X compact and P = X \ K a

polyhedron, a (K, P)-resolution of X is an inverse sequence of polyhedra ... EEN Ry LN
R; such that

e each R; contains disjoint subpolyhedra K; and g;(L;), where K; is compact, L;
is a subpolyhedron of P, and ¢;: L; — R; is a PL embedding;
o |J,L; = P, each L; is closed in X and lies in Int L;4;
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e for each 7, the diagram
inclusion

Li+1 Lz

vt | “ |

fi
Ry, — R

commutes, and f; sends Cl (Rz‘+1 \gi+1(Li+1)) into K;
e limR; =X and lim K, = K.

Corollary 3.17. Every compactohedron X = K U P has a (K, P)-resolution.

Proof. This follows from the proof of Theorem 3.14 by considering the nerves of the
constructed covers. To ensure that lim R; = X and lim K; = K one needs to modify
the construction by setting each C,, to be a finite subset of B), /> (rather than B),)
that covers K. This guarantees that each Cj,; star-refines C;. The bonding maps
Ng,., — Ng, are defined in the usual way, by sending each vertex U € E,; to the
barycenter of the simplex {V,...V,}, where Vi,... Vj are those elements of E, that
contain U, and extending linearly. O

For a finite-dimensional compactohedron X = K U P such that the polyhedron P
is locally compact we also have a different construction of a (K, P)-resolution. Indeed,
by Lemma 3.7, we may identify X with a subset of S™ for some n such that P is a
subpolyhedron of an open subset V' of S™ \ K; now the assertion follows from

Proposition 3.18. Suppose that X C S™ is a compactohedron, X = K U P, where the
polyhedron P is a subpolyhedron of an open subset V' of S™\ K. Then there exists a
(K, P)-resolution of X of the form --- C Ry C Ry, where each R; is a subpolyhedron of
an open subset of S™.

Proof. Let ... K; C Ky be a nested sequence of closed polyhedral neighborhoods of
K in S™ such that each K; is a PL manifold with boundary, each K;;; C Int K; and
N, Ki = K. We will show that R, := P U (K; NV)UInt K; is a subpolyhedron of the
open subset U; := V U Int K; of S™ (hence, in particular, a polyhedron).

Let M; = CI(S™ \ Kj;). Since (M;,0M;) is triangulated by a pair of subcomplexes of
some triangulation of S™, it is easy to see that (M; NV, OM;NV) is triangulated by a pair
of subcomplexes of some triangulation 7y, of V. On the other hand, P is also triangulated
by a subcomplex of some triangulation 77, of V. Then P N M; and (M; NV, OM; NV)
are triangulated respectively by a subcomplex C; and a pair of subcomplexes (A;, 0A;)
of a common subdivision of 7y and T7,.

Next, (U; N K;, U; N OK;) is triangulated by a pair of subcomplexes (B;, 0B;) of some
triangulation of U;. Now U; N 0K; = V N OM; is triangulated by 0A; and by 0B;, and
hence also by their common subdivision A, = 9B, which extends to subdivisions A} of
A; and B of B;. Therefore A, U B} is a triangulation of U; = (U; N K;) U (V N M;) such
that its subcomplex C] U Bj triangulates R; = (U; N K;) U (P N M;).

Since K;11 UP C R; C K; U P, we get a (K, P)-resolution, with L, = P N M,. O
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Example 3.19. Let X = KU P C R? where P = {1 | n € N} x [-1,1] and K =
{0} x {—1,1}. Then P is a subpolyhedron of the open set V :=R?\ {0} x [—1,1]. Let

K, =[—1 1] x ([=2=, =otl] g (2=l 2t Cthe union of two closed lo.-balls of radius <
about the two points of K. Then the subpolyhedra R,y := P UK, \ {0} x {2, 2=

of the open sets Upqq := R? \ {0} x [£=2, 2] form a (K, P)-resolution of X, with
Ln+1 = Cl(Rn+1 \ Kn>

Theorem 3.20. Every (K, P)-resolution of a compactohedron X = KUP is a Mardesi¢
resolution.

Proof. Let ... 2 R 2% Ry be the given (K, P)-resolution, and let K;, L; and g; be as
in the definition of a (K, P)-resolution. It suffices to verify the following two conditions:

(B1) given an open cover C' of X, there exists an n € N and an open cover D of R,
such that (p>°)~1(D) refines C;

(B2) given an n € N and an open subset U C R,, containing the closure of p$°(X),
there exists an m > n such that p”(R,,) C U.

Let us verify (B1). Let us fix some metric d; on each R; such that R; has diameter
< 1, and let us fix the metric d((z;), () = supsen 27'd;(2;, ;) on their inverse limit
X C []; Ri- By Lemma 3.16 there exists an open neighborhood O of K and a A > 0
such that every closed ball By(z), where x € O, lies in some element of C. Let us
choose m so that 2=™*! < X\ and O contains the 2~"-neighborhood of K. Let U,
be the 27" !-neighborhood of f2°(K) in K,,. Since --- — K; — K; is a Mardesi¢
resolution of K, it satisfies (B2); thus there exists an n > m such that p ' (K, _1) C U,,.
Let V = (p>° ;)" (K,_1). Then p>*(V) C U, and it follows that V lies in the 27™-
neighborhood of K in X, hence in O.

Let Dy be the open cover of the 27™-neighborhood of @,, := Cl (Rn \ gn(Ln)) by all
balls of radius 27 centered at points of @),,. Let Dp be the open cover of g, (Int L,) by
the sets g, (W N Int L,) for all W € C. Then D := Dk U Dp is an open cover of R,.
Clearly, (p>°) ' (Dp) refines C. Since p'_;(Q,) C K,_1, the preimage (p*)~!(x) of every
point x € (), lies in V' and hence in O; let us pick some point Z in this preimage. Since
n >m+1, we have (p°) ! (By-m(x)) C By-m+1(&). Then each element of (p)~!(Dy)
lies in a ball of radius 27! centered at a point of O. Hence (p°)~'(Dy) refines C.
Thus (p°)~*(D) also refines C.

Let us verify (B2). Since --- — K; — K is a Mardesi¢ resolution of K, it satisfies
(B2); thus there exists an m > n such that p™~'(K,,_;) C UN K,. On the other hand,
by the definition of a (K, P)-resolution, p,,_1(R,,) lies in K,,—1 U pp_1(Ly). Hence
P (R) C o~ (K Upn1(Lin)) = 0~ (K1) U pp(Lin). Here p = (K1) C U
by the above. Finally, Ly, lies in p3(X), so pi"(Ly,) lies in p (pS3 (X)) = p(X), and
therefore also in U. 0

3.4. Milnor-type short exact sequence.
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Theorem 3.21. If ... 2 Ry IS Ry s a (K, P)-resolution of a compactohedron X =
K U P, then there is a natural short exact sequence

0 — lim" H, 1 (R;) = H,(X) — lim H,(R;) — 0.

The naturality is with respect to a map f: X — X’ such that f(K) C K" and f(P) C
P’ along with maps f;: R; — R that fit in a homotopy commutative diagram with f
and with the bonding maps and satisfy f;(K;) C K and f;(R; \ g:(L:)) C R} \ gi(L}).
Proof. Let K;, L; and g; be as in the definition of a (K, P)-resolution. Let Kjy . and
R« be the extended mapping telescopes of the two inverse sequences. Since Rjg

deformation retracts onto Ry, we have Hz’(R[o,oo}, Ry) = 0 for all . Hence the connecting
homomorphism

Hpy1(Rppoe, X URy) 25 H,(X U Ry, Ro) ~ H,(X)

from the exact sequence of the triple (R, X U Ry, Ry) is an isomorphism. Also, if
Rjpo)/ X denotes the metric quotient (see Example 3.12), by Lemma 3.22 below, the
(metric) quotient map induces an isomorphism

Hn+1(R[0,oo]7 XU Ro) — Hn—i-l(R[O,oo}/X; {X} U Ro)

On the other hand, if Ry+ denotes the preimage of NUoo under the projection Rjg ) —
[0, 00], it is easy to see (from the definition of the extended mapping telescope) that
Ry, /X is homeomorphic to the null-sequence \/:rGN R;. Hence by the \/-additivity of
Steenrod-Sitnikov homology [2; Theorem 2.1|), Hy(Ry+/X, {X} U Ry) =~ [[;cn Hi(R:)
for each k.

The exact sequence of the triple (R o)/ X, Ry+/X, {X} U Ry) yields a short exact
sequence

0 — coker f,, = Hy(Rjo)/ X, {X}URy) — ker f,_1 — 0,

where f, is the composition
Hy(Rys /X, {X}URy) S Hyy1(Riooa/ X, Rus /X) 2 Hy(Ry: /X, {X} UR,)

of the Thom isomorphism and the connecting homomorphism. It is easy to see that f,
can be identified with the homomorphism [[ H,,(R;) — [[ Hn(R;) given by (g1, g2, ...) —
(91 — p192, g2 — P2gs, - - - ), where each p;: H,(R;y1) — H,(R;) is the bonding map. It
now follows from the isomorphisms ker f,, ~ lim H,(R;), coker f, ~ lim' H,(R;) and
Hyi1(Rpo,0) /X, {X} URy) ~ H,(X) that there is a short exact sequence

0 — lim" H,1(R;) = H,(X) — lim H,(R;) — 0.

Lemma 3.22. The map of pairs given by the metric quotient map Rjo o) — Rjoec)/X
mduces an isomorphism

Hi(R[O,oo]a XU RO) — Hz(R[O,oo]/X7 {X} U Ro)
Proof. The map of triples
(R[07OO], K[O,oo] UXURy XU RQ) — (R[O,oo]/X; (K[O,oo]/K) U Ry, {X} U Rg)
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given by metric quotient map Ry o] — Rjo,oc)/X yields the following commutative dia-
gram with exact columns:

Hi(K[O,oo]a Ku K()) q—K> HZ<K[O,OO]/K7 {K} U KO)

Hi(Rjp,00, X U Ry) — Hi(Rpe/X, {X}URy)

9(R,K)

H'i(R[O,oo}a K[O,oo} UXU Ro) — HZ (R[O,oo]/X7 (K[O,oo]/K) U Ro)

By the map excision theorem, g is an isomorphism. Then by the five-lemma, to show
that gg is an isomorphism it suffices to show that q(g k) is an isomorphism.

Let Q; = Cl (Ri \gZ(Lz)) and let us recall that each f;: R;y; — R; sends ;11 into K;,

which lies in @Q;. Let Q] be the extended mapping telescope of . .. filay, 1 > Qo,
identified with the corresponding subset of Rjg; clearly, Qu = Qo,0c) N X = K. The
mapping cylinder of each fi|g,.,: Qi1 — K; collapses onto the mapping cylinder of
its restriction fi|x,,,: K;+1 — K; (even though Q41 does not necessarily collapse onto
Ki11). These collapses performed simultaneously yield a deformation retraction of Qo

fO‘Qo

onto Kjg ), which also qualifies as a deformation retraction r; of Qo) U X U Ry onto
Kjooq) U X U Ry. We may assume that r; is a strong deformation retraction (i.e. keeps
Kjoo) U X U Ry fixed), and for each x € Qo) and each ¢t € I we have d(rt(x),X) <
2d(x, X). Since Rjy o is an ANR (see [1; Proposition 4.4(b)]), r; extends to a homotopy
7y of Rjg o) in itself, which keeps Ko o) UX UR, fixed and satisfies d(rt(x), X) < 3d(z, X)
for each z € Ry and each ¢t € I. Since 7 keeps X fixed, it descends to a homotopy
of the metric quotient Rjy /X in itself; indeed, the latter is continuous at {X} (in the
topology of the metric quotient) due to the distance estimate for 7. It follows that the
pair (Rjo,oo), KJo,0q) UX URy) is homotopy equivalent to (R o, Qpo,0c] UX URy), and the
pair (R[07oo]/X, (K[07oo]/K)UR0) is homotopy equivalent to (R[O,oo]/X, (Q[O,Oo}/K)URO).

On the other hand, let us note that each pair (R;, Q;) is excision-equivalent to
(gi(Li), Frpg, gi(Li)), which is homeomorphic to (L;, Frx L;), which is in turn excision-
equivalent to (X, M;), where M; = CI(X \ L;). Finally, the latter pair is excision-
equivalent to (X/K, M;/K), which will denote by (X*, M}) for brevity. Writing M

[0,00]
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for the mapping telescope, we get a commutative diagram

4(R,K)
—

H;i(Rp,00) Ko,00) U X U Ryg) Hi(R[O,oo]/X7 (Ko,00/K) U RO)
Hi(Rpp o), Qo] U X U Ry) RN Hi (R 001/ X, (Qo.00)/ K) U Ry)

| |

q(x,M)

Hi(X % [0,00], Mgoq) UX x {0,00}) —3 H;(X x[0,00]/X x {00}, (Mjp0)/K x {o0}) UX x {0})

q(X*,M*)

Hi(X* % [0, 00], My UX* x {0,00}) "% H(X* % [0, 00] /X" x {0}, My UX*" x {0}),

where the vertical arrows in the top square are induced by the inclusions of pairs, which
are homotopy equivalences; those in the middle square are each composed of two ex-
cision isomorphisms; and those in the bottom square are map excision isomorphisms.
Thus showing that qg k) is an isomorphism amounts to showing that gx- s~ is an
isomorphism. Finally, the map of triples

(X7 x [0, 00], Mg o U X" x {0,00}, X* x {0,00})
= (X7 x [0,00] /X" x {oo}, Mg UX" x {0}, {X* x {oo}}UX" x{0})

given by the metric quotient map X* x [0,00] — X* x [0,00]/X* x {oo} yields the
following commutative diagram with exact columns:

i l

Hi(Mp, o {K} x {00} U My) e, Hi (M}, o, {X* x {o0}} U My)
H;(X* x [0,00], X* x {0,00}) B H(XF % [0,00]/X* x {00}, {X* x {oo}}UX* x {0})

l l

Hi(X* % [0,00], Mjy . UX* x {0,00}) =% H;(X* x [0,00]/X* x {00}, My UX* x {0})

Here g, is induced by a homeomorphism, and so is an isomorphism. To show that ¢x-
is an isomorphism it suffices to note that the pair (X* x [0,1], X* x {0,1}}) is excision-
equivalent to (X* x [0,2]/X* x {2}, (X* x[1,2]/X* x {2}) UX* x {0}), which is in turn
homotopy equivalent to (X* x [0,1]/X* x {1}, {X* x {1}} U X* x {0}}), all quotients
being metric. Consequently, by the five-lemma q(x+« a+) is also an isomophism. O

g

Remark 3.23. Milnor’s proof of his uniqueness theorem for homology and cohomology on
pairs of compacta along with Lemma 3.22 apply to prove a dual of Petkova’s uniqueness
theorem (for compactohedra). There is a problem, however, with the statement of this
theorem, due to the restricted naturality (for special maps between compactohedra).
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Example 3.24. Let X = KU P C R? where P = {1 | n € N} x [-1,1] and K =
{0} x {—=1,1}. A (K, P)-resolution of X was described in Example 3.19: let K, =
[—4, 1] ([=2=t, =otl] g (2=t 2E1]) Cthe union of two closed l-balls of radius 2 about

n’n n n n '’ n

the two points of K, let R, = PUK,\{0} x {2, 21} "and let L1 = CL(Ryy1 \ Ky).
Then the inverse sequence --- — Hy(R5) — H;(Ry) is of the form ... — @, Z —

;> , Z. Similarly to [36; Example 3.2], we have lim' ( = P2, Z — Py, Z) ~
[12,2) @, Z. Hence Ho(X) ~ [[;cnZ/ Djen Z and Hi(X) = 0.

From Theorem 3.21 along with either Corollary 3.17 and Theorem 3.20 or Theorem
3.14 and the proof of Corollary 3.17 we obtain:
Corollary 3.25. For any compactohedron X there is a natural short exact sequence

0= ¢"Hn1(X) = Ho(X) — qH,(X) — 0.

The naturality is with respect to maps f: X — X’ such that f(K) C K’ and f(P) C
P’ for some decompositions X = KUP and X' = K'UP’. In particular, if X is compact
or X’ is a polyhedron, then f can be any map.

The hypothesis that X is a compactohedron cannot be dropped, by Example 2.7 and
Corollary 4.4(b) below.

4. ALEXANDROFF’S HOMOMORPHISM
4.1. Surjectivity of 7. For a metrizable X and a closed Y C X let
p"H,(X,Y) = colim¢"H,(K,KNY)
over all compact K C X, and
p"H"(X,Y) := colim¢"H"(N¢, Ny, )
over all open covers C' of X. When k = 0, this repeats the definition of pseudo-
(co)homology. For k > 0, it can be called phantom pseudo-(co)homology.
Since direct limit is an exact functor, Corollary 2.11 yields
Corollary 4.1. For any metrizable space X there are natural short exact sequences
0— p'Hyi1(X) = Hy(X) = pHo(X) — 0,
0—p'H" (X)) — H"(X) = pH"(X) — 0.
The universal property of direct limits implies that the inclusion induced homomor-
phisms ¢*H,,(K) — ¢*H, (X) factor through a unique homomorphism
T (X): p Ho(X) = ¢* Ho(X)
and the homomorphisms ¢* H"(N¢) — ¢* H"(X) induced by the maps X — N¢ factor

through a unique homomorphism

Ty (X): pPH™(X) — ¢"H"(X).
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Theorem 4.2. (a) If X is a locally compact separable metrizable space, then there is a
short exact sequence

0 (X) ™
0 —s ptH™ LX) " (X)) —— pHM(X) DY g1 (X) — 0.

(b) If X is a compactohedron, then there is a short exact sequence

70 (x)

0 — plH, o (X) 27 X

¢ Hy (X) —— pH(X) 2% g1,(X) — 0.

Let us recall that 71(X) fails to be surjective for a certain separable metrizable X
(Example 2.8) and fails to be injective for a certain locally compact one (Example 2.7).
Also, 71 (X)) fails to be surjective for a certain separable metrizable X (Example 2.6) and
70(X) fails to be injective for a certain compactohedron X (Example 3.8).

Proof. (a). Since star-finite covers are cofinal in the directed set of open covers of X,
the naturality in Corollary 2.17 implies that its short exact sequence combines with that
of Corollary 4.1 into a commutative diagram

0 — p!H"Y(X) —— H"(X) —— pH"(X) —— 0

) | el
0 — ¢!H" Y (X) —— H"(X) —— ¢H"(X) —— 0

This diagram implies that 7 (X) is surjective, Tg)_l(X ) is injective, and (using the third

isomorphism theorem (G/K)/(H/K) ~ G/H) that ker 7"(X) ~ coker T(’"i)_l(X). 0

Proof. (b). This is similar, using that the naturality in Theorem 3.25 is valid for all
maps X — X’ where X is compact. Il

Corollary 4.3. If X is a locally compact separable metrizable space, then 7°(X) is an
isomorphism. If X is a d-dimensional compactohedron, then 74(X) is an isomorphism.

For homology of locally compact spaces, for cohomology of compactohedra and for
spaces that are neither compactohedra nor locally compact, the proof of Theorem 4.2
yields only the following

Corollary 4.4. Let X be a metrizable space.
T (X)

(a) pH,(X) 0, qH,(X) is surjective if and only if so is H,(X) —— qH,(X).

(b) pH"(X) RGN qH™(X) is surjective if and only if so is H"(X) UGN qH™"(X).

Remark 4.5. v,(X) and v*(X) are special cases of H,(lim X,) - lim H,(X,) and
H(JX,) 2 lim H*(X,). These were widely studied and some conclusive results have
been obtained, albeit in situations that are far from what we pursue here.
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If K, are compact Hausdorff spaces® indexed by a directed set and K = lim K, then
there is a long exact sequence of Mdzinarishvili [34] (see also [35; Example 5])

oo s lim® Hyo(Ky) — lim! Hy 1 (K,) — Hy(K) 5 lim H,(X,) — lim?® H, 41 (Ko) — lim? H,0(K,) — ...
and an exact sequence of Kuz'minov—Shvedov [20; Theorem 5(1)]
0 — lim" Hom (H™Y(K,), Z) — H,(K) % lim H,(K,) — lim* Hom (H"*(K,,), Z) — 0.

If either the indexing set is countable (and therefore has a cofinal sequence) or each
K, is a compact polyhedron (and therefore has finitely generated homology), then

lim” H;(K,) = 0 for p > 2 and we recover a Milnor-type short exact sequence (see
Remarks 2.12 and 2.16 above).
If U, are open subsets of X := (JU, (and there are no restrictions on the space

X), then one could expect a Mdzinarishvili-type exact sequence in cohomology (see [59;
§§8.1.1-8.1.2|); at any rate, there is a spectral sequence of the form EY? = lim” HI(U,,) =
H?*(X) which implies that v: H°(X) — lim H°(U,,) is an isomorphism and there is an
exact sequence

0 — lim' H°(U,) — HY(X) 2 lim H'(U,) — lim®> H*(U,) — H*(lim U,).

[59; §8.1.5], [58]. One special case of this situation occurs when X is a simplicial complex
(with metric or weak topology) and each U, is the union of the open stars of all vertices
of some subcomplex P,. In this case, the above spectral sequence is due to Bousfield—
Kan [9] and Araki-Yosimura [0], and there is indeed a Mdzinarishvili-type long exact
sequence [10]

oo lim® H2(Py) — lim' HY(Py) — HY(X) 2 lim H™(P,) — lim® H*"(P,) — lim* H""Y(P,) — . ...

If either the indexing set is countable (and therefore has a cofinal sequence), or the sub-
complexes P, are finite (and so have finitely generated cohomology), then lim” H*(P,) =
0 for p > 2 and we again recover a Milnor-type short exact sequence (see Remarks 2.12
and 2.16 above).

4.2. Finitely generated derived limit. Given an inverse sequence ... TN G, Jo, Go
of groups, we may think of it as the colimit of the direct system of all inverse sequences

- — Hy — H§ such that each H{ is a finitely generated subgroup of G; and the
bonding maps Hy,, — H{ are the restrictions of the f;. (Here the G; are possibly non-
abelian, though the abelian case suffices for the purposes of the present paper. We do not

3The authors of [26] and [35] do not state the compactness hypothesis, but it is needed to ensure that
their homology theories HX®, HM9 are isomorphic to the standard one (in the sense of the uniqueness
theorems, see [2; §2.4]). Indeed, their theories both satisfy the “dual” universal coefficient formula with
respect to Cech cohomology, 0 — Ext (H""1(X), G) — HfS/Md(X; G) = Hom (H"(X), G) — 0,
and therefore are non-standard (i.e. do not satisfy | J-additivity) already on non-compact polyhedra,
eg. HES(N) ~ HMA(N) ~ Ext([[yZ, Z) # 0, where N is the countable discrete space (concerning
Ext([y Z, Z), see references in Example 5.4 below), and also without using any deep results, Hi (N x
RP; Z/2) ~ HMYNxRP?; Z/2) ~ Hom([ [y Z/2, Z/2), which is uncountable (since [ Z/2 is a vector
space over Z/2) and so is not isomorphic to @y Z/2.
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assume that the GG; are countable, but this case would suffice for all current and expected
applications.) We define lim%g G; = colim, lim'; H® and limg, G := colim,, lim; H*.

Proposition 4.6. The natural homomorphism limg G; — lim G; is an isomorphism,
and the natural map T, : lim}g G; — lim! G; is injective.

Proof. A thread of the inverse sequence --- — G1/HY — Go/H§ of right cosets is a
sequence of the form v = (..., g1 HY, goHY). Each g;H{ lies in the finitely generated
subgroup J* = (g;, H"). Each bonding map G;1; — G; sends g;41 into g;h; for some
h; € H, and hence J | into J{*. Thus the J;* are of the form H? for some 8 = S(a),
so the thread v maps trivially into colim, lim; G;/H{*. The assertion now follows from
the exact sequence

0— lllﬂZ HZa — lim,; Gz — lim; GZ/Hla — 111111Z Hla — hmlz GZ
(see [36; 3.2(d")]) by applying the exact functor colim,,. O

Example 4.7. Clearly, limf, (... 5 Z 5 Z) =lim' (... 52 % Z) ~ Z,/Z.
On the other hand, i’ (... < @, 7 < @, Z) = [ 2/ @, Z # 0, but

lim%g < =PI — B, Z) = 0. Indeed, let us consider more generally an inverse

sequence ... — F| < [ of pure inclusions between free abelian groups. (A subgroup
H of a group G is called pure if for any ¢ € G and n € Z such that ng € H one
has g € H.) For a finitely generated subgroup H of a free group F', the purification
H:={g€F|3ne€Z:ng € H} of H is finitely generated (by tensoring with
Q). Hence every subsequence ... < H; < Hj of finitely generated subgroups in the
inverse sequence ... — F; — F, is included in the subsequence ... < H; < H, of
purifications, which are finitely generated. Since each Fj,; is pure in Fj, each H,,; is
pure in H;. But then clearly ... — H; — H, satisfies the Mittag LefHler condition, and
hence lim! ( — H, — P_IO) = 0.

4.3. Kernel of 7: cohomology.

Theorem 4.8. Let X be a locally compact separable metrizable space, X = | K;, where
each K; 1s compact, K; C Int K; 1. Then

(a) PP H" 1 (X) ~ lim%g H" Y K;);

(b) there is a short exact sequence

0 — lim" H"Y(K;)/lim}, H""(K;) — pH"(X) T2 gH"(X) — 0.

Proof. Let G; = H"'(K;). We will prove that the image of 7'8)’1()( ) coincides with
the subgroup limg, G; of lim' G; = ¢" H"!(X). This together with Theorem 4.2 implies
both (a) and (b).

For each locally compact polyhedron P we have ¢' H"~'(P) = lim* H""'(L;), where
the L; are compact polyhedra with |JL; = P and each L; C Int L; ;. But the groups
H"Y(L;) are finitely generated, so lim' H"~'(L;) = limg, H"~*(L;). Since star-finite
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covers are cofinal in the directed set of open covers of X (this only needs X to be
separable metrizable), it follows that the image of Ta)_l(X ) lies in limflg Gi.

Conversely, since X is locally compact, it is the limit of an inverse sequence ... -
Py 2% Py of locally compact polyhedra and proper maps (see [1; Theorem 4.2]). Then
there exist compact subpolyhedra @);; C P; such that each Q;; C Int Q;1;, each P; =
U2, Qij, each pj’l(Qij) = Qij+1, and each K; = lim; Q;;. (In fact, we may assume
that Py = [0,00) and each Qi = [0,7].) Let @Q; 0,0 denote the compactified mapping
telescope of -+ — Qi1 — Qo and for a k-tuple s = (s1,...,8,) € N¥ let Qk,[s,00] =
Ql,[sl,oo} U Q2,[32,oo] U---u Qk,[sk,oo} - Qk,[0,00]' (Let us note that Qi,[si,oo] N Qi+1,[si+1700} =
Qi s;1,00 if si+1 > s;. It would suffice to consider only s such that each s;1; > s;, but
we will do without this assumption in order to simplify notation.) Also let Py be the
extended mapping telescope of - -+ — P; — Py and for a sequence o = (0;)ieny € NV let
Pig.o] C Plo,s0) be the union of the increasing chain Q17[J|[1]7OO] - QQ,[J\MQO] C ..., where
oy denotes the i-tuple of the first ¢ members of 0.

Since @ 0,.c) deformation retracts onto @i, we have H*(Q;[0,00]), Qio) = 0 and con-
sequently G; = H" 1(K;) ~ H"(Qi,0,00, Ki U Qip). We have G; >~ colim; H"(Q; [,0))
and consequently G; ~ colimcn: G5, where

Gis - Hn_l(Qi,[s,oo}) ~ Hn(Qi,[O,oo}a Qi,[s,oo] U Q’LO)

and the poset N’ is the product of k copies of the poset N (in other words, s < t if
sk < 1y, for each k < i). (Indeed, N’ has a cofinal sequence consisting of the constant
i-tuples n = (n,...,n).) On the other hand, p' H" (X)) ~ colim, ¢y 'y, where

I, = qun_l(P[ayoOQ ~ lim! Gw‘[i] ~ qun(P[o’oo}, P[moo] U PO)

and the poset NV is the product of countably many copies of the poset N (in other
words, 0 < 7 if 0y < 7 for each k € N). Let us note that the the groups G;s ~

H™(Qi,0, max s]» @i,[s,maxs) U Qio) are finitely generated.
Let h;: G;11 — G; be the restriction homomorphism. To show that

7" X): colim lim! Gioly — lim! G,
1) seNN (2 i
is onto lim%g G = colimp lim! Fj, where I ranges over all collections of finitely generated
subgroups F; C G;, i = 1,2,..., with h;(F;,1) C F; for each i, it suffices to show that
every such F' is contained in an F’ for which there exists a sequence o € NN such that
[I; Fi equals the image of []; Gi,|,, in [[; Gi. Since each Gy, is finitely generated, Fy
may be defined as its image in G;, provided that it contains F;. Thus it remains to prove
the following lemma.

Lemma 4.9. Let F;, C G;, © € N, be finitely generated subgroups such that each
hi(Fiy1) C F;. Then there exists a sequence o € NN such that each F;, i € N, lies
in the image of Gig‘m m Gy,
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Proof. Let aq,...,a, be a set of generators of Fy. Since G| =~ colim,cy G1,, €ach q; lies
in the image of G, for some n;. Consequently all of the «;, and hence also F}, lie in
the image of Gy,,, where s; = max(nq,...,n,).

Assuming that s = (sq,...,8%) € N is a k-tuple such that Fj, lies in the image of G
in Gy, we will construct an s;;; € N such that Fj; lies in the image of Giy1, 4., in
Gry1, where s# 5,1 denotes the (k+1)-tuple (sq, ..., sky1). The assertion of the lemma
will then follow by an inductive application of this construction.

Let aq,...,a, be a set of generators of Fj.;. Then each hy(a;) € Fy, so by our
hypothesis hy(a;) is the image of some §; € Ggs. Thus each «; lies in the image of the
pullback of the diagram

Ghs

l

hy
Gry1 —— Gy

But the latter diagram is precisely the lower right corner of the commutative diagram

H"™(Qr41,0,00]s Qieyfs,o0] Y K1 U Qig10) —— H™(Qkjo,00]5 Qkyfs,00] Y Qo)

l l

H"™(Qr+1,00,00]s Ki1 U Qry1,0) —  H"(Qkjo,00, Ki UQro),

which is a special case of the diagram in Lemma 4.10(a) below — except that Qr1,0,c0]
is generally not a polyhedron. However, we can rewrite the previous diagram in terms
of cohomology with compact support of locally compact polyhedra:

HN(Qri1,[0,00)5 Qifis,on) U Qry1,0) —— HIH Qi 0,00)5 Qks,00) U Qo)

l l

H (Qri1,j0,00) Qrt1,0) — H (Q,[0,00): @ro),

and the proof of Lemma 4.10(a) works for compactly supported cohomology. Hence
each o is the image of some v; € H"(Qk1,(0,00]s @k,s,00] U Qr41,0)- But the latter group
is isomorphic to colim,en Grt1, sen = cOlimpen H™(Qr41,(0,00]s @k[sxn,00] U Qr41,0). Hence
each v; lies in the image of Gjy1 sun, for some n;. Consequently all of the 7; lie in the

image of Giy1,sxsy,,, Where gy = max(nq,...,n,.). But then all of the «;, and hence
also Fj1, lie in the image of Gry1, sy, D Grp1- ]
O

Lemma 4.10. Let X be a polyhedron and Z C'Y C X and W C X its subpolyhedra,
and let W' =W NY. In the commutative diagrams
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HY(X, ZUW) —— H"(Y, ZUW') H,(Y,W") —“%  Hy(X,W)
l j*l and j*J/ l
HY(X,W) —“»  H'(Y,W') H, (Y, ZUW') —— Ho(X, ZUW),

(a) the upper left cohomology group surjects onto the pullback of i* and j*;
(b) the pushout of i, and j. injects into the lower right homology group.

Proof. We will prove part (a); part (b), which is not used, can be proved similarly.

We need to show that if i*(a) = j*(/3), then a and S have a common point-inverse.

Let us triangulate X so that Y, Z and W are subcomplexes, and let us represent «
and 3 by simplicial cocycles z and y. Then i*(z) — j*(y) = dc for some ¢ € C" (Y, W’).
The cochain-level i* is clearly surjective, so there exists a ¢ € C" (X, W) such that
i*(¢) = c¢. Let 2/ = x — 6¢. Then 2’ is a cocycle and i*(2’) = j*(y). Since the cochain-
level version of the diagram is obviously a pullback diagram, z’ and y have a common
point-inverse z € C"(X, Z U W). It must be a cocycle, since it maps to the cocycle
«’ under a monomorphism of chain complexes. Then clearly [z] is the desired common
point-inverse of '] = [z] = « and [y| = 5. O

4.4. Kernel of 7: homology.

Theorem 4.11. Let X be a compactohedron and let ... 2 Ry I Ry be a (K, P)-

resolution of X = K U P. Then
(a) p'H,(X) ~ limg, H, 11 (Ry);
(b) there is a short exact sequence
0 —— lim" 41 (Ry)/ liml, Hyor (Ri) — pHu(X) =55 gH, (X) — 0.
Proof. Let G; = H,,1(R;). Like in the proof of Theorem 4.8, by Theorem 4.2 it suffices
to prove that the image of T,SQI(X ) coincides with the subgroup lim%g G; of lim' G; =
¢ H,(X).

Let Q C X be a compactum, and let us represent () as the limit of an inverse se-
quence --- — (1 — Qo of compact polyhedra. By standard arguments (see Lemma
4.13 below) the inclusion Q C X gives rise to an increasing sequence (n;) and maps
gi: Qn, = R; which commute up to homotopy with the bonding maps and with the pro-
jections of the inverse limits. These in turn yield a map lim! H,,1(Q,,,) — lim' H, 11 (R;),
which is identified with the inclusion induced map ¢'H,1(Q) — ¢*H,1(X). Since the
Q; are compact, lim' H,,1(Q,,) = lim%g H,1(Qy,;), and it follows that the image of
7'7521()(): P Hpi1(X) = colimg ¢' Hy41(Q) — ¢ Hpp1(X) lies in the subgroup limg, G;.

Conversely, to show that 7',(121 (X) is onto lim%g G, it suffices (by arguments similar to
those in the proof of Theorem 4.8) to prove the following lemma.

Lemma 4.12. Let X be a compactohedron and let ... EEN Ry TN Ry be a (K, P)-
resolution of X = K U P. Suppose that we are given finitely generated subgroups F; C
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H,(R;) such that each (f;)«(Fi11) C F;. Then there exist compact subpolyhedra Q); C R;
such that each fi(Qir1) C Q; and each F; lies in the image of H,(Q;).

Proof. Let K;, L; and g; be as in the definition of a (K, P)-resolution. Let M; =
Cl (Ri\gi(L;)) and M;" = C1 (R;\gi(Li—1)). We have f;(M;11) C K; and fi(M;,,) C M;.

Since each generator of F can be represented by a finite simplicial cycle, there exists
a compact subpolyhedron A; C R; such that Fj lies in the image of H,,(A;).

Let us assume that A; is a compact subpolyhedron of Ry such that Fj lies in the
image of H, (Ay). Then the image of F} in H, (R, Ax) is trivial. Therefore the image of
Fy in H,(Ry, M} U Ay) is also trivial. Let us note that M U Ay = M U gk([lk), where
A, = 9. (Ay) C Ly C Ly, Let A} = gk+1(/1k). The map of pairs (Ryy1, M,;"HUA;) —
(Rk, My U Ay) given by f; restricts to a homeomorphism between Riyq \ (M5, U AY)
and Ry \ (My U Ay), and therefore induces an isomorphism in homology. So in the

commutative diagram
Fk+1 B Hn(Rk+1> Ml;:l U A;c)

| l

the right vertical arrow is an isomorphism and the bottom horizontal arrow is trivial.
Hence the top horizontal arrow is also trivial. Therefore Fj,; lies in the image of
H, (M, UA}). Then each generator o; € F,q is the image of some ; € H, (M, UA}),
which can be represented by a finite simplicial cycle. Hence there exists a compact
subpolyhedron Ay, C M,jﬂ U A} C Ry such that Fjyq lies in the image of H, (Ag41).

Since Ay 1 C MJHUAL, we have fi,(Agy1) C MUAg. Consequently fi (fk+1(Ak+2)) C
fk(Mk—H U Ak+1) C KU fk(Ak—I—l) Let B, = A, U fk(Ak—i-l) Then

Ji(Bit1) = fu(Ari1) U fi(frs1(Ars2)) C K U fr(Ags1) C Ky, U By

Finally, let Qx = K} U By. Then f.(Qxy1) = fr(Kyt1) U fu(Bi1) C K U B, = Q. On
the other hand, Qr = Kj U Ax U fr(Aks1) is a compact subpolyhedron of Ry, and Fy, lies
in the image of H,(Qy) since Ax C Q. O

U

Lemma 4.13. Let f: K — X be a map from a compactum to a Polish space, and
suppose that K = lim ( 05 QO) and X = lim ( SRS Ro), where the R;
are polyhedra and the QQ; are compact polyhedra. Then there exist an increasing sequence

ny,Ne, ... and maps fr: Qn, — Ri such that the diagrams
anﬂ Tr41 Rpss K f X
lqzl’zﬂ rkl and lqi‘; rgol
fr fr
an I Rk: an — Rk:

commute up to homotopy.
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This particular statement (with possibly non-compact X') seems not easy to locate in
the literature, so we include a quick proof.

Proof. Since R is an ANR, the composition K X ﬁ Ry extends to a map
Ok Qpmg,o0) — R for some my, € N. We may assume without loss of generality that
each my1 > my. Next, since Ry, is an ANR, the map X x I U Qpn,, ;00 X {0,1} — Ry,
given by 90k|Q[mk+1,oo]> by fror1 and by foom, where m: X x I — X is the projection,
extends to a map ¥r: Qpyoo] X I U Qg y,00) X {0, 1} — Ry for some n, € N. We may
assume without loss of generality that each ng,q > ng. Then the maps f; := gpk]an are
easily seen to satisfy the homotopy commutative diagrams above. U

5. TOPOLOGY OF lim?

5.1. Vanishing of lim?. By a well-known result of R. Goblot, lim**? G, = 0 for any
inverse system of abelian groups indexed by a directed set of cofinality < X, (see [29] or
[22]). In particular, the Continuum Hypothesis (in the presence of the Axiom of Choice)
implies the vanishing of lim” G, for p > 3 for any inverse system of abelian groups G,
indexed by a directed set of cofinality at most continuum.

Lemma 5.1. Let X be a separable metrizable space.
(a) The set of all compact subsets of X has cardinality at most continuum.
(b) The directed set of the nerves of open covers of X has cofinality at most continuum.

Proof. Let Q; be the standard cubulation of the cube [0, 2] into (2°)* cubes with integer
vertices. Every compact subset of the Hilbert cube [0, 1]> can be identified with the
inverse limit of the minimal subcomplexes K; of the cubulations 27/Q; of [0, 1]* contain-
ing the image of X. The finite cubical complex 27Q; has only finitely many distinct
subcomplexes, and it follows that the set of compact subsets of the Hilbert cube I*° has
cardinality at most continuum. (In fact, precisely continuum, since there are always at
least two options for each K, after K, ..., K;_; have been selected.) Since there exists
an embedding g of X in I*°, we immediately get (a). Also the set of open neighborhoods
of g(X) has cardinality at most continuum, since their complements are compact subsets
of I*°. This implies (b). O

Corollary 5.2. If X is a separable metrizable space and v > 0, the following statements
cannot be disproved in ZFC:
(a) im? H;(Ng) = 0 for p > 3, where Ng run over the nerves of all open covers of X;
(b) lim” H'(K,) = 0 for p > 3, where K, run over all compact subsets of X.

This suggests the slogan “lim®, lim*, ... carry no geometrically relevant information”.

Proposition 5.3. If G, is an inverse system of abelian groups indexed by a directed set
A of cofinality < W, and such that lim G, surjects onto each G, then lim**' G, = 0.

In particular, for an inverse system of abelian groups G, indexed by a directed set of
cofinality at most continuum and such that lim GG, surjects onto each G, the vanishing
of lim* G, cannot be disproved in ZFC.
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In topology, the requirement that lim GG, surject onto each G, is natural for chains
and cochains, rather than homology and cohomology. This will be discussed in more
detail in the next subsection (§5.2).

Proof. Let L =1imG,, and let K, be the kernel of p>°: L — G,. Then the short exact
sequence of inverse systems

0—->K,—L—>G,—0

yields lim”™ G, ~ lim**? K, for each p > 0, due to lim’ L = 0 for all ¢ > 0. Thus the
assertion follows from Goblot’s theorem. O

Example 5.4. As observed by Sklyarienko [57; Example 1.2|, an inverse system of
abelian groups G, indexed by a directed poset of cofinality continuum and such that
lim G,, surjects onto each G, may have lim' G, # 0 (in ZFC).

Clearly, IT := [ ], oy Z is the direct limit of its finitely generated subgroups. It is well-
known that every finitely generated subgroup of II is contained in a finitely generated
direct summand of II (see [17; Proof of Proposition 87.4 and Theorem 85.1]). Hence II
is also the direct limit of its finitely generated direct summands F,, where any two, F,
and Fp, are contained in a third one, F,. Then Hom(II,Z) is the inverse limit of the
groups G, := Hom(F,,Z). Since each inclusion F, — II is a split injection, each map
Hom(II,Z) — Hom(F,,Z) is a split surjection (in particular, a surjection). Since the F,
are finitely generated free abelian groups, lim' G, ~ Ext(colim F,,, Z) ~ Ext(Il, Z). But
it is well-known that Hom(II, Z) is isomorphic to X := @, .y Z (see [17; Corollary 94.6]),
and consequently Ext(II,Z) # 0 (see [17; Proof of Proposition 99.2] or [20; Proposition
3F.12]; see also [17; Exercise 99.2] concerning the computation of Ext(II, Z)).

Example 5.5. Kuz’'minov constructed (long before [57]) an inverse system of abelian
groups K, indexed by a directed poset of cofinality continuum such that lim? K, # 0
(in ZFC) [25; §10] (see also [57; Remark after Theorem 1.4]).

Namely, in the notation of the previous example (Example 5.4), K, = Hom(II/F,, Z).
The short exact sequence of direct systems 0 — F, — II — II/F, — 0 yields a short
exact sequence of inverse systems 0 — Hom(II/F,,,Z) — Hom(II, Z) — Hom(F,,Z) — 0
(the exactness in the last term is due to each F, being a direct summand in IT), which
can also be written as 0 — K, — ¥~ — G, — 0. Since lim*Y® = 0 for all 7 > 0, we have
lim? K, ~ lim' G, # 0.

Remark 5.6. The groups K,, of the previous example (Example 5.5) can be equivalently
described as arbitrary direct summands of the group ¥ = @ _\ Z with finitely generated
complements.

Indeed, if H is a subgroup of a group G, let H* be the subgroup of Hom(G,Z)

neN

consisting of all homomorphisms whose kernel contains H. The quotient map G — G/H
induces an injection Hom(G/H, Z) — Hom(G,Z) whose image is clearly H*. If H is
a direct summand of G, then Hom(G,Z) ~ Hom (H & (G/H), Z) ~ Hom(H,Z) &
Hom(G/H, Z) ~ Hom(H,Z) & H*, so H* is a direct summand of Hom(G,Z). If H is a



LIM COLIM VERSUS COLIM LIM. I 36

finitely generated direct summand, then H* has a finitely generated complement, namely,
Hom(H,Z). Conversely, if H is a direct summand with finitely generated complement,
that is, G/H is finitely generated, then H* ~ Hom(G/H, Z) is finitely generated.

Let ®: G — Hom (Hom(G, Z), Z) be the natural inclusion given by ®(g)(f) = f(9).
If g€ H and f € H*, then ®(g)(f) = 0. Thus ®(H) C H**. Now assume that ® is an
isomorphism (which is indeed the case for G = X,1I [17; Corollary 94.6]), that H is a
direct summand in G, and that every g ¢ H lies in a direct summand F' containing H
as a direct summand of F' and such that F'/H is free abelian. (The latter hypothesis
trivially holds in the case G = ¥, by setting F' = (G; whereas in the case where G = II
and H is finitely generated we use that the subgroup generated by H and ¢ is contained
in a finitely generated direct summand F', and that G = H & C' and H C F imply
F=H& (FNC).) Then for each g ¢ H there exists an f € H* such that f(g) # 0.
Thus ®(g) ¢ H**. Since ® is an isomorphism, we conclude that ®(H) = H**.

Remark 5.7. It is not hard to see that Kuz'minov’s inverse system {K,} (see Example
5.5 and Remark 5.6) is cofinal in the inverse system { K3} of all subgroups Kz C X such
that /K3 is finitely generated, and consequently lim? K 8= lim? K, # 0.

Indeed, let G C ¥ be such that ¥/G is finitely generated. Since the quotient map
q: ¥ — X/G is surjective, there exists a finite S C ¥ such that ¢(S) generates X/G.
Let B be a set of free generators of 3. Since each element of S is a finite Z-linear
combination of elements of B, we have S C (A) for some finite A C B. Then ¢(A)
also generates ¥/G. Hence for each g € ¥ we have ¢(g) = ¢(a,) for some a, € (A).
Let H = (r—a,|x € B\ A). Then q(H) = {0} and so H C G. On the other hand
Y= H & (A), where A is finite.

Let us also note that since { K, } is cofinal in { K3} and its indexing poset is directed,
the indexing poset of { K3} is also directed.

Example 5.8. There exists a separable metrizable space X that is a union of a directed
collection of its compact subsets X such that lim®> H*(Xj) # 0. (It remains unclear
whether lim* H'(K) # 0 over all compact K C X.)

Let ¥ be a countable infinite set. Let @ be the product [] . D? of copies of the
2-disc. The linear map D?* = ¢* S' — 0% 1 = [0,1] = I (extending the constant maps
c— 0and S' — 1) yields a map 7: Q — I onto I*® = []__, I. Of course, both Q and
1°° are copies of the Hilbert cube.

sEY

Every subset A C ¥ can be identified with a vertex |A| of I°°, namely the one given
by the indicator function of A, that is, |A| = (ts)ses, where t;, = 1 if s € A and t, = 0
ifs¢ A IfC = (A, C --- C A,) is a nonempty finite chain of subsets of ¥, let |C|
denote the convex hull of {|A;|,...,|A,|} in I°°. If S is a collection of subsets of ¥, let
|S| denote the union of |C|’s over all nonempty finite chains C' = (A; C --- C A,) with
each A; taken from S. If S is a finite set of cardinality m, then |S| is a triangulated
m-dimensional cube. (Compare the geometric realization of a poset in [38].)

For each A C X let T denote the subset [[,., S* x [Tigac of Q. Clearly, T4 =
77 Y(|A]). Let us note that any point (24)eea € T4 can be identified with a map A — S*,
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namely the one given by a + z,. If B is a subset of A, we have the natural projection
7 T4 — TP which sends any map f: A — S! into its restriction f|z: B — SL.
Given a nonempty finite chain C' = (4, C --- C A,,) of subsets of 3, let T¢ = 7= 1(|C|).
For the two-element chain C' = (B C A), it is easy to see that T is homeomorphic to
the mapping cylinder cyl (wg‘). In general, it is not hard to see that 7¢ is homeomorphic

to the iterated mapping cylinder cyl(wﬁzil, . ,Wﬁf). (The iterated mapping cylinder

cyl(fi, ..., fau) of a sequence of composable maps X ELNSE (N X, is defined inductively
as the mapping cylinder of the composition cyl(fi, ..., fa_1) = X1 I, X, where p is

the natural projection.) If S is a collection of subsets of %, let 7% = 771(]S]). Clearly,
T% is the union of Ts over all nonempty finite chains C = (4; C --- C A,,) with each
A; taken from S.

From now on, we assume that ¥ is in fact the countably generated free abelian group
¥ = @PyZ. If Gis a subgroup of ¥, then the topological group Hom(G, S*) can be
regarded as a subset of the set of maps G — S!' and so gets identified with a subset
RE of TC. If G is freely generated by a set A C G, then the projection 7§: T¢ — T4
sends R homeomorphically onto 74. If F is a subgroup of G, then the projection
78 TC — TF restricts to amap p%: RS — R (since the restriction of a homomorphism
to a subgroup is a homomorphism). For the two-element chain C = (F C G), let
RY C T® be the mapping cylinder cyl(p%). In general, given a nonempty finite chain
C = (G, C--- CG,) of subgroups of ¥, let R® C T be the iterated mapping cylinder
cyl(pgzil, o ,pgj). If S is a collection of subgroups of 3, let X C T be the union of
X%s over all nonempty finite chains C = (G; C --- C G,) with each G; taken from S.

Finally, let W be the collection of all direct summands Kz of ¥ such that ¥/Kp is
finitely generated. Given a Kg € W, let V3 C W consist of all Kj3’s that contain Kj.
Then each Xz := R"? is compact, and X := R" is the union of all R"#’s.

We claim that each R"? deformation retracts onto R¥¢. Indeed, given a closed subset
A C X whose inclusion in the space X is a cofibration (or equivalently A is a neigh-
borhood deformation retract of X') and a continuous map f: X — Y, then its mapping
cylinder cyl(f) deformation retracts onto the mapping cylinder cyl(f]4) of the restriction
fla: A =Y. It follows that the iterated mapping cylinder cyl(fy,..., fn) of a sequence

of composable maps X ELNNELR X, deformation retracts onto the union of all its
iterated mapping subcylinders cyl(fi,, ..., fi,) excluding cyl(fi,..., f,) itself and one

“free face” cyl(fi,..., fa1)-

An inductive application of this elementary deformation retraction yields a deforma-
tion retraction of each R? onto RX#. Namely, the triangulated cube |V3] is a simplicial
cone with cone vertex | K|. Hence there is a simplicial collapse of |V;| onto |Kp|, with all
intermediate complexes being subcones of |V3|. By echoing each elementary simplicial
collapse in this sequence with an elementary deformation retraction as above, we get the
desired deformation retraction of RV onto R¥s.

If G is a subgroup of ¥, clearly H'(RY) ~ G. Moreover, if F is a subgroup of G, then
p%: RY — R induces the inclusion F' — G on H'. Thus each H'(RY?) ~ H'(RKs) ~
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Kpg, and if K, is a subgroup of Kjp, the inclusion R'? C RY* induces the inclusion
K, — Kz on H'. Hence lim* H'(R"?) ~ lim®> K3 # 0 by the previous example and
remarks (Example 5.5 and Remarks 5.6, 5.7; the remarks are needed only to simplify
the description of R").

5.2. lim? and 7.

Theorem 5.9. Assume that

(1) lim' G, = 0, where G, is the Mardesic-Prasolov inverse system (see Ezample 1.1)
and

(2) lim® Hg = 0 for every inverse system Hg of cofinality at most continuum, where
each H, 1s an abelian group of cardinality at most continuum.

Let X be a locally compact separable metrizable space; let K; = ker (HZ»(X) — qHZ-(X)).
Then there is an exact sequence
0 — p Hiy(X) — Ky — pH/(X) 2% gH(X) = 2Hi(X) — Kooy — ¢ Hy(X) — 0.

As noted above, each of our two assumptions (1), (2) is consistent with ZFC. However,
the author does not know if they are consistent with each other.

The proof is based on the chain complexes for Steenrod—Sitnikov homology from |2].
A part of the proof is similar to that of [34; Satz A.

Proof. Since X is locally compact, it is the limit of an inverse sequence ... 2 P, 2% P,
of locally compact polyhedra and proper maps (see [!; Theorem 4.2]). Moreover, the P,
come endowed with triangulations or cubulations L; such that each p; is simplicial or
cubical as a map from L;;; to a certain subdivision of L; (see |I; Remark 4.3(1,3,5)]).
Using the product cell structure of L; x [i — 1, i], we make the infinite mapping telescope
P,y into a cell complex L (that is, a CW complex whose attaching maps are PL
embeddings). Thus P = X U L.

Let v’ be the set of all mapping subtelescopes Kjg o) C Pjoo) such that each K; is a
finite subcomplex of L;, and let 7’ be the set of all mapping subtelescopes Njg o) C Plo,)
such that each N; is a subcomplex of L; and lim N; = (). Let v/ = {CI(L\ F) | F € V'}.

For a subcomplex A of L and a subcomplex B of A let

C¥(A,B) = colim C*(ANK, BNK) ~ colim lim C,(ANK, (BNK)U(ANKNN)),

Ker'! Kex! Nev
C"(A,B) = lim C.(4, BU(ANN)) ~ lim colim C,(ANK, (BNK)U(ANKNN)).
Nev' Nev' Ker'!

Then Cf'(A,B) ~ C¥(A,B) and H;(X) ~ Hi41(CY (L, Lo)) |2 Corollary 5.4 and
Theorem 5.5]. Let us write C* = C¥(L,Ly) and CN = C.(L, N U Ly). Then
C> =limye, CN and H;(X) ~ H; 1 (C>).

Given a K € ', what was just said of L = Ly applies to K = Ky as well.
Thus writing C®K = C¥(K, K,) and CNX = C,(K, (N N K) U Ky), we have C>F =
limye, CN5 and H;(lim K;) ~ H;,1(C>K).

*
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Let ZN = ker (CN % CN)), BY = im (CX, & CN) and HY = H,(CN) = ZN/BN.
Since L deformation retracts onto Lg, we have H;(L, Lg) = 0 for each i. Hence from the
long exact sequence of the triple (L, NULg, Lo) we get H;(N) ~ H; (L, NULg) = HY,.
Therefore ¢H;(X) ~ limye,s H;(N) =~ limye,s HY,. Similarly ¢* H;(X) ~ lim%,, HY .

The short exact sequences

0= 2N —=cVN—BY, -0,
0—BY—2Z)N = HY -0

give rise to the long exact sequences of derived functors

o= lm* CN = lim* BY | = lim T ZY = lim T oY — (1)

oo = lim* BY — lim* ZY — lim* HY — lim"™ BN — .. (I)

It is easy to see that the inverse system C¥ is isomorphic to the Mardesi¢-Prasolov
inverse system G,. Hence by our hypothesis (1), lim' C¥ = 0. Moreover, each ho-
momorphism lim CV — C’iN0 is split surjective, and consequently lim BY — BZNO is also
surjective. Hence by the proof of Proposition 5.3, lim* C¥ and lim? BY are isomorphic to
lim?® of some inverse systems of the same cofinality and of cardinality at most continuum.
Consequently, our hypothesis (2) implies lim* C¥ = 0 and lim? BY = lim® BY = 0.

Then a leftmost fragment of (I) reduces to

0 —limZY = 1limCY = limBY, = 1lim' Z" — 0 (1)
along with an isomorphism
lim' BY | ~ lim* Z". (1)
Similarly, a leftmost fragment of (III) similarly reduces to
0 — lim BY — lim Z" — lim HY — lim' BY — lim' Z" — lim' HY — 0 (1)
along with an isomorphism
lim? ZY ~ lim* B (11

Let Z° = ker (C° 2% ), B® = im (C, 22% C®) and H® = Z°/B®°. By

the above H;(X) ~ H;(C®) = H,.

The boundary map 9: C¥ — C¥, is the composition C¥ — BN, — CN, of a
surjection and an injection. Hence the boundary map limd: limC¥ — limC}, is
of the form lim C¥ % lim BY, — lim C¥,. Therefore Z° = kerlimd = ker f and
B, =imlimd ~ im f. Taking into account (I'), we get

7> ~lim ZY (I11)
and a short exact sequence

0— BX, — limBY, — lim' Z" — 0. (I11)
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On the other hand, the third isomorphism theorem (G/K)/(H/K) ~ G/H for abelian
groups K C H C G yields a short exact sequence

0 — lim BY /B — lim Z" /B® — lim Z}Y / lim B — 0, (IV)

where the inclusions B® C lim BY C lim Z" follow from (II') and (IIT'). Using (III)
and (III") we can rewrite (IV) as

0 — lim' ZY, = H® — lim 7 /lim BY — 0. (IV")
Combining (II') with (IV’) and using the isomorphisms (I”) and (II"), we get
0 —lim' ZY, = H® — lim HY — lim® B, — lim" Z — lim" # — 0. (V)

We can also write the analogue of (V) for each compact K C X. To this end let ZVE =
ker (CNK 2 ONK), BNK = im (CNK & CNK) and HNK = H,(CNX) = ZNK/BNK,
These now have a countable indexing poset, so, in particular, lim? HNK = 0. Also, by
the above ¢"H;(lim K;) ~ limj,, HNX. Hence p*H;(X) ~ colimge. ¢*H;(lim K;) ~
colimye, lim%,, HYX. We also have H;(X) =~ colimge, H;(lim K;) by the definition
of Steenrod-Sitnikov homology. Since H;(X) ~ H;(Cy°) = HY, and H;(lim K;) ~
Ht i= H; 1 (C°F), we get H® ~ colim H°K.

Upon passing to the direct limit over all compact K C X, we obtain a commutative

diagram
0 — colim lim' ZNY —— colim H*¥X —— colimlim 'K —— 0
0 —— lm'ZY, —— H* —— lmHY —— lm*HY,
(VD)
continued as
0 — colimlim' ZNX —— colimlim' HNX —— 0
J | | o
lim*HY, ——  lim'Z¥ —— 1lim'HY —— 0

By the above, the vertical map colim H®®X — H in the diagram (V1) is an isomorphism.
Hence ¢: colimlim' ZNX — lim' ZY, is an injection, ¢: colim lim HM% — lim HY is

;', and coker ¢ ~ ker )
(using the third isomorphism theorem (G/K)/(H/K) ~ G/H). From (VI') we also have
colim lim' ZNK ~ colim lim' H®. Using these observations, we can replace the leftmost
half of (V) with something different:

a surjection onto the image of the horizontal map H>® — lim HY

0 — colim lim' Hfff — lim! ZZ-JYH — colim lim HM* — lim HY

— lim?* Y, — lim' ZY — lim' HY — 0. (VII)
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Using the notation of §4.1, (VII) can be rewritten as follows:
0— p'Hy(X) — lim" ZN, — pH; 1(X) — qH;—1(X)
— ¢H;(X) = 1lim' Z¥ — ¢"H;_1(X) — 0.

Finally, the original exact sequence (V) implies that lim* Z{]L is isomorphic to K;_; =
ker (H;_1(X) — qH;—1(X)). Thus we get

0— lel(X) — K1 — szfl(X) — QH,Lfl(X) — q2Hl(X) — Ko — quifl(X) — 0.
U

Conjecture A. If X is a locally compact separable metrizable space, and N, are the
nerves of its open covers, then lim* H, (N,) = 0 for each n.

Conjecture B. If X is a locally compact separable metrizable space, then the homo-
morphism 7,(X): pH,(X) — qH,(X) is surjective for each n.

Corollary 5.10. Under the assumptions (1), (2) Conjecture A implies Conjecture B
and moreover that there is an exact sequence

0= p Hyr (X) — ¢"Hir (X) — pH(X) =% gH1,(X) = 0.
Acknowledgements. I would like to thank F. Pakhomov for useful remarks.
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