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1. INTRODUCTION

These notes are based on my Spring 2019 graduate course at the Center for
the Quantum Geometry of Moduli Spaces at Aarhus University. There are two
main sources of motivation for this course: the representation theory of quivers and
moduli problems in algebraic geometry.

1.1. Quiver representations. A quiver @ is simply a directed graph where loops
and multiple arrows between edges are allowed. A representation of @) over the field
k is an assignment of a k-vector space to each vertex of () and a linear mapping
between the corresponding vector spaces to each arrow. Quiver representations of
Q over k form a k-linear abelian category Rep(Q, k), with morphisms being linear
transformations between vector spaces assigned to the same vertex that commute
with the arrows.

g? o— o P E—

Jordan quiver Ay quiver Kronecker quiver

Quiver representations are an effective combinatorial tool for organizing linear
algebraic data. Not only are they naturally related to many algebraic objects such
as quantum groups, Kac-Moody algebras, and cluster algebras, but they have also
been studied from the geometric point of view, often serving to bridge the gap
between representation theory and algebraic geometry. In this course we will focus
on the geometric aspects of quivers, including moduli spaces, quiver varieties, and
the relationships between quiver representations with different moduli spaces in
algebraic geometry.

1.2. Moduli problems. Given a collection of algebra-geometric objects it is nat-
ural to try to classify these objects up to equivalence. Naively, given a collection
A of such objects and an equivalence relation ~ on A, one may ask whether there
exists an algebraic variety X whose points (over the base field k) correspond to
equivalence classes in A/ ~. This approach is flawed, since there may be many
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such varieties and some are better than others at retaining the relationships be-
tween the objects being classified. If, for example, we are interested in classifying
all lines through the origin in the complex plane C? up to equality, we can view the
corresponding equivalence classes as points of the complex projective line P!, but
we can also see them as points in the disjoint union A%: L {pt} of a line and a point.
Ideally, the points of the variety solving a moduli problem should be configured to
reflect the relationship between the geometric objects they parametrize.

Thus, in more nuanced approach we try to describe equivalence classes of families
of objects of A, rather than just of the objects themselves. That is, we look at pairs
F, T, consisting of a variety T and a family 7 : F — X of objects of A (the fibers
7L (t) are objects of A) subject to some additional conditions (e.g. that  is flat).
Moreover, if the collection of families over a variety T is denoted by Ap, then for
any morphism f : .S — T, there should be a pullback operation assigning to any
family F € Ap a family f*F € Ag. Now, we can extend our moduli problem by
introducing an equivalence relation ~7 on Ap that is compatible with pullback and
give us the starting equivalence relation ~ when T is Spec k.

The solution to such an extended moduli problem, called a fine moduli space,
consists of a variety X whose k-points classify equivalence classes in A/ ~, together
with a wuniversal family U € Ax, which describes how these equivalence classes
relate to each other. More specifically, any family F € Ap over a variety T is
equivalent to the pullback f*U along a unique morphism f : T — X. In the
special case that T' = Spec k, we obtain that the k-points of X are in bijection with
equivalence classes in A. Furthermore, it turns out that the fine moduli space is
unique up to isomorphism.

Considering once again the example of lines through the origin in C2, we see
that a family of such lines over a variety 7' may be thought of as a line subbundle
L C C2x T — T of the trivial rank 2 vector bundle over 7. The equivalence
relation becomes an isomorphism of line subbundles of C? x T'. The solution to the
corresponding moduli problem consists of the complex projective line P{ together
with the tautological line bundle Op: (—1). Indeed, if £ C C? x T is a subbundle,
then its dual £V is generated by global sections (specifically, the images of the
standard global sections with respect to the surjection (C?)¥ x T — £V). This
defines a unique morphism f : T — P{ such that £ ~ f*O(—1).

Unfortunately, it is often the case that, for a given class of objects A, a fine
moduli space either does not exist or requires us to place restrictions on the kinds
of objects in A we wish to classify. In order to avoid this, we can forget the universal
family and look for a nice enough variety with points in bijection with equivalence
classes in A/ ~. Alternatively, we can allow for the solution of our moduli problem
to no longer be a variety (or even a scheme). The result is a more complicated
object called a stack.

In these notes we will look at several different examples of moduli spaces and
stacks of objects arising from quiver representations.

1.3. Organization. These notes consist of ten sections, an introduction, and a
conclusion. The sections are meant to be read sequentially, although Section 2 is
independent of the rest, while Sections 3-5 and Section 6-11 form self-contained
blocks within the larger text.
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Section 2 concerns itself with the categorical framework used to define moduli
functors, fine moduli spaces, coarse moduli spaces, and moduli stacks. It is based
on Section 2 of [HosT5H| and the beginning of Chapter 2 of [Vis05].

Section 3 deals with the construction of the Beilinson spectral sequence. It
contains some introductory material on spectral sequences as well as a proof of
Beilinson’s theorem. The main references for this section are Chapter 5 of [Wei94]
and Section II.3 of [OSS8&Q].

Sections 4 and 5 consist of an application of the Beilinson spectral sequence to
give description of vector bundles on P! through representations of the Kronecker
quiver and framed torsion-free sheaves on P2 in terms of representations of the
ADHM quiver. The former is a very concrete version of Beilinson’s results from
[Bei78], and may be found in [Soild]. The latter follows Chapter 2 of [Nak99], with
additional details provided where deemed necessary.

Section 6 is a basic introduction to actions of algebraic groups on varieties and
quotients of varieties by such actions. It follows Section 3 of [Hos15].

Section 7 serves as a primer on geometric invariant theory. It covers constructions
of the affine GIT quotient and the GIT “twisted” by a group character. The main
references for this section are [New78] and [Muk03].

Section 8 applies geometric invariant theory to quiver representations. The main
references for this section are [Bril2] for introductory material on quivers, [DW17]
for descriptions of GIT quotients for quivers representations, and [Kin94] for con-
struction of moduli spaces of stable and semistable quiver representations

Sections 9-11 constitute background material necessary to define Nakajima quiver
varieties. These sections deal with framed quiver representations, symplectic geom-
etry for quiver representations, and quiver varieties themselves, respectively. The
material in these sections is based on Sections 3-5 of [Gin12].

1.4. Preliminaries. These lecture notes assume some knowledge of algebraic ge-
ometry and C*° symplectic manifolds. Terminology from the basic theory of al-
gebraic varieties and well-known results concerning sheaf cohomology will be ref-
erenced without citation. All necessary definitions and theorems may be found in
Chapters I-I1I of [Har77], in [Lee03], and in [MS17].

Throughout the text the base field will be C. While in most situations it will
be sufficient to assume the field is algebraically closed and/or has characteristic 0,
we will be working over the complex numbers in order to simplify exposition. We
use Sch to denote the category of schemes over C and Var to denote the category
of varieties over C (i.e. reduced, separated schemes of finite type over C).

While we will be dealing mostly with varieties, we borrow certain notation from
the theory of schemes (in fact, many of the results mentioned for varieties will have
meaning in the broader context of schemes). Namely, the one point variety will be
denoted by Spec C and the sheaf of regular functions on a variety X by Ox (omitting
the subscript where no confusion arises). Additionally, we will often use the notions
of and notation for (algebraic) vector bundle and locally free sheaf interchangeably.
There is a correspondence between the two (see for example Proposition 1.8.1 in
[ILP97]) that defines an equivalence of categories.
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2. MODULI PROBLEMS AND MODULI FUNCTORS

2.1. Representable functors. We begin by recalling some basic terminology from
category theory in order to establish notation and terminology. A category C con-
sists of a class of objects denoted by Ob(C) and a set of morphisms Home (X, Y) for
any pair of objects X, Y € Ob(C) (we will drop the subscript C and write X,Y € C if
there is no ambiguity). Morphisms come equipped with an associative composition
operation for which there exists an identity element Idxy € Hom(X, X) for each
X € C. We denote by C°P the category where the objects are the same as for C,
but Homeor (X,Y) = Home (Y, X).

Given two categories C and D, a covariant functor F' : C — D assigns to each
object X € C an object F(X) € D and to each morphism f € Hom(X,Y) a
morphism F(f) € Hom(F(X),F(Y)). A contravariant functor G : C — D is
defined analogously on the objects, but to each morphism f € Hom(X,Y), it
assigns a morphism G(f) € Hom(G(Y), G(X)). Note that a contravariant functor
from C to D is a covariant functor from C°? to D. We will, therefore, refer to
“covariant functors” just as “functors”.

If F;G : C — D are two covariant functors, then a natural transformation n :
F — G associates to each object X € C a mapping of sets nx : F(X) — G(X) such
that for all f € Hom(X,Y') the following diagram commutes:

F(X) 5 G(X)

FOn | Jew

F(Y) — GY)

The definition is similar for contravariant functors, but the vertical arrows are
reversed. If nx is an isomorphism for all X € C, then 7 is called a natural isomor-
phism between F' and G.

Denote by Set the category of sets. Consider the functor hx : C°P — Set defined
by

hx = Hom(Y, X)
hx(f):Hom(Y, X) - Hom(Z, X) for Z - Y

hx(f)(g) =gof.
Since we will mainly be using hx in the context of algebraic geometry, we will refer
to it as the functor of points.

Definition 2.1.1. Let C be a category. A functor F : C°P? — Set is called repre-
sentable (by X € C) if it is naturally isomorphic to hx.

We will see that the right way of thinking about the solution to a given moduli
problem is as a representable functor from the category of schemes to the category
of sets.

Example 2.1.2. Here are a few examples of representable functors.

(1) (a) Let P : Set®® — Set be the functor that assigns to each set S € Set the
power set P(S) (the set of all subsets of S). If f € Hom(S,T), then
P(f)(T") = f1(T") for all T' C T. Consider the two element set X =
{0,1}. We have that hx = P. Indeed, let the natural transformation
n: P — hx given by ns : P(S) — Hom(S, X), where ng(S") = xs-
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is the characteristic function for S’ in S. Since Xpi1y = xr o F, it
follows that 7 is well-defined. It is easy to see that each ng is bijective,
so 7 is a natural isomorphism.

(b) Here is the same example but with added topology. Let Top be be
category of topological spaces, where the morphisms are continuous
functions. Consider the functor F' : Top®® — Set, which sends each
topological space S to F(S), the set of all open subsets of S, with F'(f)
as in the previous example. Let X = {0,1}, as before, but impose on
it the topology where the open sets are &, {1}, {0, 1} (X together with
this topology is called the Sierpinski space). It follows that g : S — X
is a mapping of topological spaces if and only if g ({1}) is open. Thus,
the same argument as in the previous example shows that F' = hx.

(2) Here are a few examples more closely related to algebraic geometry. In
both of these, Var denotes the category of algebraic varieties over the field
C.

(a) Let F': Var®® — Set be defined by associating to the variety T, the set
F(T) of regular functions T'— C (i.e. the global sections of the sheaf
of functions on T'). If f : S — T is a morphism, then define F(f)(g) :=
go f. Interpreting the elements of F(T) as regular mappings 7' — A'
to the affine line, it is easy to see that F 2 hy:.

(b) Let F* : Var®® — Set be defined as in the previous part, but F>(T')
consists only of invertible regular functions T'— C*. In this case, F'*
can be represented by the punctured affine line A* — {0}.

(3) Here is the example we saw earlier. Let F' : Var®® — Set be defined by
F(T) = {line subbundles £ C T x C?}/iso. line subbundles and F(f)(L) =
f*L for f:S — T. As mentioned in the introduction, dualizing the inclu-
sion of £ into the trivial bundle gets us the surjection ¢ : T x (C?)¥ — LV.
If €o,e1 are the global sections of T' x (C?)V — T corresponding to the
standard basis vectors, then ¢ — [g(eo(t)) : g(1(t))] defines a morphism
T — P'. This morphism is unique with respect to the property that
f*O(=1) = L (this is a well-known fact concerning morphisms into projec-
tive space). The functor F' is therefore represented by the complex projec-
tive line P'.

2.2. The Yoneda lemma. We would like to define moduli problems categorically,
formulating them in terms of contravariant functors into Set. Under this descrip-
tion, the moduli problems that can be solved correspond to representable functors.
Indeed, representable functors give us the two important properties we have already
seen in the introduction. Namely:

e A moduli space should have a universal family.
e A moduli space should be unique.

Both of these properties are consequences of the following important categorical
result.

Lemma 2.2.1 (The Yoneda Lemma). Let F' : C°® — Set be a functor and let
X € C. The mapping ¢ between the set Nat(hx,F) of natural transformations
from hx to F and F(X) given by ¢ : n — nx(Idx) is a bijection.

Proof. Let f € Hom(Y, X) be a morphism. The proof follows from the following
commutative diagram.



QUIVER REPRESENTATIONS AND MODULI PROBLEMS 7

Hom(X, X) X F(X)

g ———— 1x(9)
B (f) ] ] F(f)
gof —=mny(gof)=F(f)(nx(9)

Hom(Y, X)

- F(Y)

Specifically, if ¢ = Idx, we get that ny (f) = F(f)(nx(Idx)), so ny is uniquely
determined by 7nx (Idx), making ¢ injective. For any x € F(X) define ny (f) =
F(f)(x). Tt is easy to see that nx(Idx) = z, so ¢ is also surjective. O

Here are several important consequences of the Yoneda Lemma.

2.2.1. Yoneda embedding. Let Fun(C°P, Set) be the category of contravariant func-
tors from C to Set. The objects of this category are contravariant functors and the
morphisms are natural transformations. We can define the following functor:

h: C — Fun(C°P, Set)

hX)=hx

(h(f)z)(g) = fogfor f e Hom(X,Y),Z € C, and g € Hom(Z, X).
The Yoneda Lemma implies the following:

Corollary 2.2.2 (The Yoneda embedding). The functor h : C — Fun(C°P, Set) is
bijective on the corresponding sets of morphisms. That is, h is fully faithful.

Proof. To show h : Hom(X,Y) — Hom(hx, hy) is a bijection, let F' = hy in the
Yoneda Lemma, noting that hy (X) = Hom(X,Y). O

The Yoneda embedding allows us to think of objects in a category C as functors.

2.2.2. Uniqueness of objects. It is not hard to see that if F': C — D is a functor,
then for X,Y € C we have F(X) = F(Y) if X 2 Y. For fully faithful functors, the

converse is also true.

Proposition 2.2.3. Let F': C — D be a fully faithful functor. For any X,Y € C,
fF(X)2 F(Y), then X 2Y.

Proof. Let h € Hom(F(X),F(Y)) be an isomorphism. We have F(f) = h for
some f € Hom(X,Y). Similarly there is a ¢ € Hom(Y, X) such that F(g) = kL.
It follows that F'(f og) = F(f) o F(g) = Idp(y). Since F(Idy) = Idp(y), then
fog=1Idy. Similarly go f = Idx. Consequently, f is an isomorphism between X
and Y. 0

Combining this proposition with the Yoneda embedding results in the following
corollary.

Corollary 2.2.4. Let X,Y € C. If F : C°° — Set is a functor represented by X
and also represented by Y, then X =Y.
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Note it is similarly true that if F, G : C°® — Set are two functors represented by
the same object X € C, then F = G.

2.2.3. Universal objects. We start off by formalizing the concept of a universal
family, appearing in the introduction, for arbitrary contravariant functors.

Definition 2.2.5. Let F' € Fun(C°?,Set). A wniversal object for F is a pair
(X,u) where X € C and u € F(X) such that for allY € C and y € F(Y) there is
a unique morphism f € Hom(Y, X) such that F(f)(u) =y.

A useful consequence of the Yoneda Lemma is that universal objects exist exactly
when the corresponding functors are representable.

Corollary 2.2.6. A functor F € Fun(C, Set°P) is representable if and only if it has
a universal object (X,w). In this case, F is represented by X .

Proof. If hx = F for some object X € C, then there exists a natural isomorphism
n:hx = F. Let u =nx(Idx). By the proof of the Yoneda Lemma, any y € F(Y)
can be written as y = F(f)(u) where f is chosen so that y = ny(f) (possible
because 7y is an isomorphism). Thus (X, ) is a universal object for F.
Conversely, if (X,u) is a universal object of F, it suffices to show hx = F.
Let n : hx — F be the natural transformation corresponding to « in the Yoneda
Lemma. This means u = nx(Idx). Let v : F' — hx be the natural transformation
given by vy (y) = f, where y = F(f)(u). This mapping is well-defined because f is
unique. We have (ny o vy)(y) = vy (f) = F(f)(u) = y. Similarly, (vy ony)(f) =
vy (F(f)(w)) = /. 0

Let us look at what the universal objects are for the representable functors we
have considered in Example 2.1.2

(1) In both parts of this example the pair consisting of X = {0,1} and u = {1}
is the universal object. Indeed, if S’ is in P(S) (resp. in F(S)), then the
characteristic function y g/ defines a mapping S — X such that the pullback
of the subset (resp. open subset) {1} is ’.

(2) In part (a), it is not hard to check that the universal object (A, Idy:),
where the identity function Id: is the regular function that sends each
point of A' to the corresponding point of the base field k. Similarly, the
universal object in part (b) is (A',Ids1_go}).

(3) As we have already seen, the universal object is (P*, O(—1)).

Let us end this section by giving an example of a functor that is not repre-
sentable. We will produce several more examples and discuss concrete problems
with representability after we introduce moduli functors in the next section.

Example 2.2.7. Let F : Var®® — Set be the functor that assigns to each T € Var
the set F(T') of all open subsets (in the Zariski topology) of 7. On morphisms the
functor is defined as in Example (b). However, unlike in that example, the F’
is not representable. Indeed, suppose this were true. According to Corollary 2.2.6]
there is a universal object (X, U) for this functor. Note that the open subset U C X
is itself a variety over C. Given two morphisms of varieties, f,g : T — U, we can
extend these to f’, ¢’ : T — X by composing with the inclusion. These morphisms
both have the property that (f/)"(U) = (¢')"(U) = T € F(T). By uniqueness,
f' = ¢’ and therefore f = g. Thus, there is only one morphism in Hom(7T,U),
making it naturally isomorphic to the functor of points for a variety consisting of
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a single point. By Corollary 2:2.4] the variety U is isomorphic to SpecC. This
makes U C X a C-rational point of X, and therefore closed. Since (X,U) is a
universal object, any open subset V' C T of any variety T is the inverse image of U
under some morphism 7" — X. Consequently, every open subset of every variety is
simultaneously open and closed. This is untrue in the Zariski topology (for example
A — {0} C Al is open but not closed).

2.3. Fine moduli spaces. We are finally ready to put all of the pieces together
and define moduli functors. Let A be a set of algebra-geometric objects with an
equivalence relation ~, and let C be the category Var of algebraic varieties or Sch,
the category of schemes. Recall from the introduction that for any 7" € C we denote
by Ar be the set of (flat) families 7 : F — T over T of objects in A. Furthermore,
suppose there exists a pullback operation such that for every f : .S — T and family
F € Ar, there exists a family f*F € Ag and an equivalence relation ~7 on Arp
which satisfy the following conditions:
e Id} F = F for any family F € Ap,
e given a morphism f : S — T and families F,G € Ap such that F ~p G,
we have f*F ~g f*G,
e given a pair of morphisms f:S — T and g : R — S and a family F € Arp,
we have (f o g)*F ~g f*g*F,
e if T is the variety consisting of a single point, then Ar = A and ~p=r.

Definition 2.3.1. The moduli functor corresponding to (A,~) is the functor
M : C°P — Set defined by M(T) = Ar/ ~1 and M(f) = f*. If this functor M is
representable with universal object (X,U), then X is called the fine moduli space
of objects in A, and U is called a universal family of objects in A.

Note that the definition of moduli functor depends not only on A and ~, but
also on the kinds of families we consider and the way we extend the equivalence
relation ~ to ~p. Let us look at some examples of moduli functors, fine moduli
spaces, and universal families.

Example 2.3.2 (Projective space). Projective space can be interpreted as a fine
moduli space for the following two moduli functors:

(1) Let M : Var®® — Set be the functor defined by
M(T) = {line subbundles £ C C"*! x T’} /isomorphism of subbundles

M(f)(L) = f7L.

Note this is just a generalization of the functor from Example As in

that example, it is not hard to see that M is represented by P”, and the

corresponding universal family is just the tautological line bundle Op~ (—1).
(2) Here is a different perspective on the same example. Rather than con-

sidering families of lines ¢ through the origin in C"*!, we look instead at

the dual concept of surjections (CV)"*1 — ¢V. This allows us to define

following moduli functor:

M : Var®® — Set

M(T) = L is a line bundle generated by global sections over T .
T\ S0,...,8n € HY(T, L) is a basis of global sections 150-

M(f)(ﬁasou-'-usn) = (f*£7f*807"'7f*sn)7
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where isomorphisms are just isomorphisms of line bundles that send the
corresponding (n + 1)-tuples of global sections to each other. Note an
element in the set M(T') is the equivalent to an isomorphism class of the
quotient C"*! x T'— £. An argument dual to the one in the previous part
shows that M is still represented by P", but the universal family is the
hyperplane bundle Opr (1).

Example 2.3.3 (Quadruples of points in P!). Consider the classification problem

where A = {p = (p1,p2, p3, pa)|p; € P* and p; # p; for i # j} and p ~ p’ if there is
an element of AutP! = PGL(2,C) mapping p to p'.
Recall that for each p € A there is a unique ¢, € Aut(P') such that

¢p(p1) = 0, 0p(p2) = 1, pp(p3) = oo.
The image ¢, (p4) is called the cross-ratio of p, and it is denoted by A(p) € P'. If
the four points are p; = [x1 : 1],p2 = [x2 : 1],p3 = [23 : 1],ps = [z4 : 1] (ie. all
distinct from [1 : 0]), then the cross-ratio is given by the formula:
Ap) = (w2 — 25)(24 — 1)
(x2 — 1) (T4 — T3)
It follows that p ~ (0,1, 00, A(p4)). Now let

Ar = {T x P! — T trivial bundle, o1, 02, 03, 04 disjoint sections},

where ” disjoint sections“ means o;(t) # o0;(t) for all t € T and i # j. Let the equiv-
alence relation be ~¢ defined by (T x P!, 01,02,03,04) ~7 (T x P10}, 0b, 0%, 0))
given by isomorphisms f : T x P! — T x P! such that foo; = o). We can see that
over a point ~g becomes the equivalence relation ~.

We should technically consider families over T to be F = T where F is a variety,
7 is a flat, proper morphism such that 7-1(¢) = P! for ¢t € T. However, if F admits
3 or more disjoint sections, then F = T x P! as families over 7. This means we
may interpret Ay are the set of families of elements of A over T.

Let Mo : Var®® — Set be defined on objects by Mo 4(T) = Arp/ ~r. For
f S — T the morphism Mg 4(f) is given by pullback. Now, denote My 4 =
P! —{0,1,00} and U = (Mo 4 x P, 71,72, 73, 74), where the four sections of My 4 x P!
are 71 (x) = (2,0), 72(z) = (z,1), 13(z) = (x,00), 74(x) = (x, ).

We can check that the pair (Mp 4,U) is a universal object for the moduli functor
Mo 4. Indeed, let F = (T x P, 04,...,04) € Ap. Define f : T — Mo 4 by f = Xoo,
where 0 = (01, -+ ,04) and A sends a quadruple of points to their cross-ratio. Let
@ :T xP' = T x P! be the mapping defined by ¢(t,z) = (t,¢s(;)). It is not hard
to check that ¢ is a well-defined isomorphism of varieties that gives us f*U ~p F.
Since f is defined in terms of the cross-ratio it is the unique morphism 7" — My 4
with this property.

Example 2.3.4 (The Grassmannian). Let us consider the following generalization
of Example
Gr(d,n) : Var®® — Set
Gr(d,n)(T) = {F is a rank d vector subbundle of T' x C"}/iso. of subbundles
gr(d,n)(f)(E) = [*E.



QUIVER REPRESENTATIONS AND MODULI PROBLEMS 11

This functor is represented by the Grassmannian Gr(d,n), which parametrizes d-
dimensional subspaces of the vector space C". The universal family is the tauto-
logical bundle 7 = {(V, z)|z € V} C Gr(d,n) x C™ where the fiber over each point
of Gr(d, n) is the corresponding subspace in C".

To show that (Gr(d,n)) is a universal object we need to construct for a given
rank d subbundle E C T x C™ a unique morphism f : T — Gr(d,n) such that
E ~ f*T as subbundles of T'x C™. Let {U; — T'} be a covering of T' that trivializes
E as a subbundle. That is, E|y, = U; x C¢ C U; x C* = T x C"|y,. This defines
an n X d matrix with entries in Or(U;). Therefore, we obtain a regular mapping
vi : U; = Matg(n x d, C) into rank d matrices of size n x d.

Let g : Matg(n x d,C) — Gr(d,n) be the morphism defined by sending each
matrix to the point corresponding to its column space. Let f; = ¢; o ¢;. The
transition functions for E act on each ¢;|y,ny;, by change of basis. Therefore,
fi|UmUj = fj|UmUj. This means the morphisms f; glue together to define a mor-
phism f : T — Gr(d,n). Note that by definition f(¢) is just the point of Gr(d,n)
corresponding to the fiber E; over t € T of E. This means f*T = {(¢,x)|z € Et} C
T x C™, so f*T = FE as a subbundle of T' x C". It is not hard to show that f is
unique with this property. Note that as with the moduli functor represented by P™,
there is a dual construction of Gr(d,n) that involves quotient bundles rather than
subbundles.

Remark 2.3.5. The moduli functor in Example [Z34] can be generalized even
further as follows:

Fl(do,...,d;) : Var®® — Set

a filtration by subbundles
Fl(doy...,di)(T)=< 0=E41 C---CEy=TxC" /iso. of subbundles
FE; is a subbundle of rank d;

Fl(do,....d)(f)(E) = f*Efor f: S —T.

This functor is represented by the flag variety Fl(dy,...,d;) parametrizing flags of
subspaces 0 =V, C -+ C Vy = C™. The universal bundle is the tautological bundle
that assigns to every point of Fl(dy,...,d;) the corresponding flag in C™.

2.4. Problems with representability. Unfortunately, the circumstances in the
previous several examples are uncommon, and, in general, fine moduli spaces do not
exist. Let us consider several examples that demonstrate problems with defining
representable functors.

Example 2.4.1.

(1) Let us consider the classification problem where A = {C-vector spaces}
and ~ is vector space isomorphisms. This can be naturally extended to a
moduli functor (see below). However, even before considering families, we
can already see that the equivalence classes in A/ ~ do not correspond to
the points of an algebraic variety. Indeed, for any n € Z>q, there is a unique
equivalence class in A/ ~ of vector spaces of dimension n. Therefore, any
variety classifying A/ ~ would have to have an open affine subvariety X
whose points form a countably infinite subset of Z>o. By the Noether
normalization lemma, this implies there is a finite surjection from X to A?
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for some d > 0. Since this morphism is finite, then d > 1. However, this is
impossible since in this case A¢ is uncountable.

(2) Even if we consider a modified version of the classification problem above,
and let A consist only of n-dimensional vector spaces, we will have trouble
constructing a fine moduli space. Indeed, consider the following moduli
functor:

M(T) = {E vector bundle over T of rank n}/iso.
M(f)E)=f"Efor f:S—>T.

Since there is only one n-dimensional vector space up to isomorphism, the
fine moduli space representing this functor should consist of a single point.
Therefore, the universal family should just be the trivial rank n vector
bundle over a point. However, this implies any rank n vector bundle on
any variety has to be isomorphic to the trivial one, which is clearly untrue.

The problem illustrated in the second part of this example can be described
as follows. For any family F € Ap, the fiber F; is just the pullback along the
morphism g; : pt — T from the one point variety that sends the point to ¢t € T.
A family of objects F € Arp is called isotrivial if any two fibers Fy, ~ Fi, are
equivalent.

If a moduli functor corresponding to a classification problem is representable,
then any isotrivial families in A7 must be equivalent to a trivial family (i.e. the
pullback of the universal family by a constant morphism) under ~.

Indeed, let X be the fine moduli space, U the universal family, and F € Ap an
isotrivial family. This means F ~p f*U for some f: T — X. Let g; : SpecC — T
be the morphism sending the single point of SpecC to ¢t € T. We have (f o g¢)*U ~
Uy ). Furthermore, (f o g¢)*U ~ g f*U ~ g; F for all t € T. Since F is isotrivial,
this implies Uy ;) ~ Usry for any ¢, " € T. This is only possible if f is constant.

The existence of a nontrivial isotrivial family of objects in A7 for some variety
T means the moduli functor is not representable. This is often the case when the
objects of A being classified have nontrivial automorphisms. For vector spaces of
fixed dimension seen Example 2.4.T] nontrivial automorphisms are responsible for
the existence of nontrivial isotrivial families, namely: nontrivial vector bundles.

The next example demonstrates an even more serious problem with representabil-
ity.

Example 2.4.2. Let us consider the following moduli problem to classify n-dimen-
sional Jordan quiver (see Section 1.1) representations over C. That is, we are
interested in the following moduli functor:

M : Var? — Set
M(T) = { rank n Vect.or bundles £ on T } / V.ector .bundle iso. commu-
endomorphisms ¢ : £ — F ting with endomorphisms
M) E)=fEfor f:S—T.
This functor is not representable even in the case when n = 2. Indeed, consider

the family F = [ A! x C2?, (1) i
for z #£ 0 all the fibers of this family are isomorphic, since all of the corresponding

endomorphisms have the same Jordan normal form. However, if z = 0, then we

, where z is the coordinate on A'. Note that
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get the identity endomorphism on the fiber. This means all of the fibers of F are
equivalent except for the fiber over z = 0.

Now, supposed M is representable with universal object (X,U). Let f : A — X
such that F ~u1 f*U. For morphisms g : SpecC — A! such that g(SpecC) €
A' — {0} the pullbacks (g o f)*U are all equivalent. As we have already seen in the
discussion of isotrivial families, this means f[41_{o} is constant. Let f(A' —{0}) =
x € X. We see that f(z) is closed in A and also contains A' — {0}. Therefore,
we have f1(r) = A, making f constant. This means f*U is the trivial family, but
this is impossible since Fy is not equivalent to the other fibers.

The problem demonstrated in the above example may be summarized as follows.
We say a moduli problem exhibits the jump phenomenon if there exists a family
F over Al such that F,, ~ F,, for all 21,29 € A — {0}, but Fy is not equivalent
to the other fibers. We can see that the jump phenomenon prevents the existence
of a fine moduli space of vector bundles of fixed rank and degree in the following
example.

Example 2.4.3. Let us consider the moduli problem to classify vector bundles of
rank 2 and degree 0 on P*. Namely, consider the moduli functor

M : Var®® — Set
1

pr)={ e B on TXE L fvector bundie o

M(f)E)=f*E for f:S—T.
Recall that the elements of Ext! (Op1 (1), Op1 (—1)) are in one-to-one correspondence
with equivalence classes of extensions. We can compute

Ext! (Op:i (1), Op1 (~1)) = Hom(Op1 (~1), Op1 (—1))" = End(Ops1 (~1))" = C

using Serre duality. We can also see this by looking at the transition functions of

Id ¢
0 Id> for some ¢ € C.

Identifying C with A' we can obtain a rank 2 bundle E on A! x P! with
E € M(A') such that E|,jxp: is the extension in Ext'(Opi (1), Opi(—1)) cor-
responding to z. This bundle F is just the universal extensions obtained by pulling
back the bundles Op1 (1) and Opi(—1) to A! x P! and considering their extension

these extensions, which all look like (

0 Id
Note that for any z € A! — {0}, the fiber E, of E considered as a bundle over A'
is isomorphic to Opr @ Op:. However, for z = 0, the fiber Ey is Opi1(—1) ® Op:1(1).
Thus the moduli problem exhibits the jump phenomenon, so no fine moduli space
exists.

corresponding to the transition function (Id “ )

2.5. Solving problems with representability. Unfortunately, the pathologies
seen in the previous section are all too common, and the existence of a fine moduli
space representing a given moduli functor is the exception rather than the rule.
There are several potential fixes we can apply to get some kind of solution to a
moduli problem in the case that the corresponding moduli functor is not repre-
sentable.
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2.5.1. Rigidification. We have seen previously that fine moduli spaces can fail to
exist because the objects being classified have automorphisms. To remedy this we
instead attempt to classify these objects together with some additional structure.
We call this additional structure rigidity. The specific procedure used to obtain
a representable moduli functor heavily depends on the starting moduli problem.
Here is an example based on classifying vector spaces (see Example 2.Z4.T]).

Example 2.5.1. Recall there is no fine moduli space classifying families of n-
dimensional vector spaces up to isomorphism. We can modify the corresponding
moduli functor as follows:

M : Var®? — Set

( vector bundles E on T of rank n, vector bundle iso.
isomorphism r : T'x C — F commuting with r

T) =
(f)(E)= f*E such that f:S —T.

Let X = SpecC. The universal object for the moduli functor M is (X,1d :
X xC" = X x C"). Indeed, let (E,r) be a pair such that F is a rank n vector
bundle and r : T' x C* — FE is a vector bundle isomorphism. If f : T"— X is the
only possible (constant) morphism, we see that (X x C™, 1d) pulls back to the trivial
bundle (T x C",1d) along f. The isomorphism r defines an equivalence between
(T x C™,1d) and (E,r).

M
M

2.5.2. Coarse Moduli Spaces. In order for a moduli functor to be representable we
need to have not only a fine moduli space parametrizing equivalence classes of
objects but also a universal family classifying equivalence classes of families. Even
if a universal family does not exist, we can still try and look for a variety X such
that the points of X are in bijection with equivalence classes of objects. This leads
to the following definition.

Definition 2.5.2. Let M : Var°® — Set be a moduli functor. A coarse moduli
space for M is a pair (X,n) such that X is a variety and n : M — hx is a natural
transformation satisfying
(1) nr : M(T) — hx(T) is a bijection for T = SpecC
(2) For any Y € Var and natural transformation v : M — hy there exists
a unique morphism f : X — Y such that v = h(f)on (h is the Yoneda
embedding).

Unpacking this definition, we see the first property is exactly the requirement
that the points of X are in bijection with equivalence classes of objects. The
second property is the universal property. It implies that X is unique up to unique
isomorphism.

Example 2.5.3. Going back to the moduli functor M for n-dimensional vector
spaces up to isomorphism from Example 24T} we can see that even though M is
not representable, the pair (X, n), where X = SpecC and 5y : M(T) — Hom(T, X)
is the constant map, is a coarse moduli space for M.

Indeed, it is clear that ny : M(X) — Hom(X, X) is a bijection, since there is
only one n-dimensional vector space up to isomorphism. Now, let Y be a variety
and v : M — hy a natural transformation. For all g : X — T and E € M(T) we
get

vx (M(g)(E)) = vx (X x C") = up(E) og.
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Let f = vx(X x C™). The above relation gives us vr(E) = vx(X x C") onp(E).
Consequently, we have the universal property.

Unfortunately, in certain situations the moduli functor behaves so badly that
not even a course moduli space exists. This is case when the jump phenomenon
occurs (a slightly modified version of the argument in Example 242 proves this).

2.5.3. Stacks. The last approach to fixing moduli functors we will be discussing is by
far the most complicated. Therefore, we will only give a brief informal description
of stacks, and a more rigorous treatment can be found in [Vis05] or [Ols16].

In all of the examples we have considered so far, moduli spaces have existed (or
did not exist) in the category of varieties. If we relax the condition that a moduli
space has to be a variety (or even that it has to be a scheme) we can try to find
another type of object to represent our moduli functor. One way of doing this in a
meaningful manner is based on the following analogy.

Let X be a topological space, and let Cx be the category where the objects are
open subsets of X and morphisms are inclusions of open sets. A presheaf of sets
on X may be viewed as a functor F : C5¥ — Set. The presheaf F is a sheaf if the
following two conditions hold.

(1) For any cover {U;} be an open cover of U C X is an open subset and
any s,t € F(U) such that s|y,ny, = t|v,nv; we have s = t. Here s|y =
F(f)(s) € F(V) where f:V = U.

(2) For any open cover {U;} of U C X and s; € F(U;) such that s|y,ny;, =
s|lv,nu, there exists a s € F(U) such that s|y, = s; for all 7.

Another way of restating the sheaf conditions is that the inclusions U; — U
induce a bijective mapping between {s € F(U)} and {(s; € F(U;))|s|v.ny;
s UmUj}-

We can apply the above interpretation to representable functors. Namely, work-
ing in the category of schemes, a presheaf in the Zariski topology is a functor
F : Sch®® — Set. An open cover of a scheme U is just a covering of U by a collec-
tion {U;} of open subschemes. We say that F' is a sheaf in the Zariski topology if
F satisfies the sheaf conditions listed above for any open cover of any scheme U. It
is not hard to see that the ability to glue morphisms in the Zariski topology makes
the functor of points hx a sheaf. This implies that every representable functor is a
sheaf in the Zariski topology.

Note that the converse to this is not true. It is not enough for F' to be a sheaf
in the Zariski topology for it to be representable. An additional condition that
amounts to F being “covered” by subfunctors represented by affine schemes (see
Section 25.15 in [Stal9]) is necessary for F' to be representable.

This idea that representable functors are just sheaves with values in Set can be
generalized by replacing the Zariski topology with a more exotic one. The key idea
is to think of an open cover of U not as a collection of subsets {U;} but instead as
a collection of morphisms {U; — U} satisfying certain properties. Formalizing this
notion leads to the definition of a Grothendieck topology on a category (see [Vis05]).

In this interpretation the Zariski topology may be viewed as a Grothendieck
topology on Sch which assigns to each scheme U € Sch an open cover {U; — U},
where the morphisms are open embeddings (of schemes).
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Other important Grothendieck topologies comes from replacing open embeddings
with various types of flat morphisms. For example, the étale topology considers cov-
erings by étale morphisms, the fppf topology uses coverings by morphisms that are
faithfully flat and locally of finite presentation, and the fpgc topology works with
coverings by morphisms that are faithfully flat and quasicompact (open quasicom-
pact subsets are images of open quasicompact subsets).

By replacing the Zariski topology on Sch with one of these (finer) topologies, we
can get potentially more interesting sheaves. For example a sheaf with respect to
the étale topology on Sch

F : Sch®h

étale — Set
together with a “covering” condition similar to the one for schemes is called an
algebraic space (see Chapter 5 in [Ols16]).

Unfortunately, simply changing the topology on Sch is often not sufficient if we
are trying to solve a moduli problem where the objects have nontrivial automor-
phisms. To account for these, we replace the target category Sch with the category
of groupoids Gpd. The objects of Gpd are categories in which all of the morphisms

are isomorphisms. A functor
F Schofgpf — Gpd

is called a stack if it is a sheaf in the fppf-topology. The gluing procedure necessary
for F' to be a sheaf is called decent. An additional “covering” condition can be used
to obtain an algebraic stack. Note that as Gpd is a category of categories, then F'
is actually a pseudofunctor (also called a weak 2-functor).

It is possible to think of a stack X as a category fibered in groupoids rather than
as a pseudofunctor ([Vis05]). In the analogy with sheaves on a topological space
this is akin to taking the “total space”. The corresponding functor F' acts like a
section of this space.

If we are interested in stacks that solve a given moduli problem, we define a
moduli functor as follows:

M :Sch  — Gpd
M(T) = {families over T,
where the angled brackets {( ) denote a groupoid. Note that since the groupoid

structure accounts for isomorphisms between families, we do not quotient out by
the equivalence relation.

Example 2.5.4.

(1) Let X be a smooth, projective curve. The moduli stack of rank r and
degree d vector bundles on X is defined by the functor

Bun,.a(X) : Sch’ ; — Gpd

vector bundles £ — T x X,
Bunyo(X)(T) = < rkE =7 and deg E|(;yxx = d forall t € T >

(2) Let G be an affine algebraic group acting on an algebraic variety X (see
Section 6 for details). The quotient stack corresponding to this action is
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defined as follows

[X/G] : Sch’)

/G =

The intuition is that the “points” of [X/G] are orbits with respect to the G-
action and the automorphism groups of these points are just the stabilizers.

To see this is plausible, let us assume that the quotient X/G exists as
a variety (in the sense that X/G has an algebraic variety structure and
X — X/G is a principal G-bundle). In this case, the points of X/G over T
can be seen as morphisms Hom(T, X/G). Given a morphism f : T — X/G,
the pullback of the G-bundle f*X yields an object in [X/G](T'). Conversely,
given an object in [X/G](T) we can construct f : T — X /G via gluing using
a local trivialization (in the étale topology) of the principal G-bundle E.

In the case that X = Spec C, the mapping p in the definition of [X/G](T)
is irrelevant, and we are left with just G-bundles over T'. If G = GL(n, C),
we get

¢ — Gpd

7w : E — T principal G-bundles on T,
equivariant morphisms p : EF — X

[X/G)(T) = (vector bundles £ — T of rank n).

This can be seen as the stacky version of the moduli functor for dimension
n vector spaces that we have already discussed in Example 241l From
Remark it follows this stack has a single point corresponding to the
unique isomorphism class of n-dimensional vector spaces.

3. THE BEILINSON SPECTRAL SEQUENCE

3.1. Spectral sequences. Before proceeding with further examples of moduli
spaces, we would like to prove an important computational result that will be used
in the next two sections to identify coherent sheaves with quiver representations. In
order to do this, we begin with a short introduction to spectral sequences, focusing
on the spectral sequences used to compute right hyper-derived functors.

Throughout this section let C be an abelian category with enough injectives. Let
F : C — C be a left exact functor. Recall the construction of the right derived
functor of F'. Namely, for any £ € C consider the injective resolution

02E-1° 51— ...

Applying F' we get the chain complex
0 F(I°) L p(zh) &5 ...
The right derived functor R'F is defined by R'F(E) = =24 Note that if G :

imd; 1

C°P — C is a left exact functor, we can compute R'G(£) as the cohomology of the
complex obtained from a projective resolution of £.

Example 3.1.1.

(1) If f : X — Y is a morphism of ringed spaces and F' = f, is the direct image
functor for O x-module, then R!f, is the higher direct image functor. If Y’
consists of a single point, then R’f, = H® is the cohomology functor.

(2) If X is a ringed space, and F' = Hom(€, —) is the Hom functor for some
Ox-module &, then R'F(G) = Ext'(€,G) for any Ox-moduli G. Similarly,
if G = Hom(—, &), then R¥(G) = Ext‘(G,£).
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We would like to be able to obtain an analogous definition of a right derived
functor for complexes of objects in C. To do this, we must first be able to construct
injective resolutions of complexes. This can be done with the help of the following
result (see Section II1.7 of [GMO03] for proof):

Theorem 3.1.2 (Cartan-Eilenberg resolution). Let C be an abelian category with
enough injectives, and let £° be complex of objects in C. There exists a double
complez of objects of C

dp,lT dp+1,1T dp+2,1T

P,0 p+1,0 p+2,0
zp,0 _d p+1,0 A7 T pt20 AT

| I |

Ep gpt+l gp+2

I** such that IP? = 0 for ¢ < 0 and the entries in the column over any ' =
are equal to 0, and furthermore we have

(1) the complex ker(dP®) forms an injective resolution of ker(EP — EPTY),
(2) the complex im(dP~1*) forms an injective resolution of im(EP~1 — EP).
(3) the complex HP(ZP®) forms an injective resolution of HP(E®).

The double complex I°® is called an injective Cartan-FEilenberg resolution of £°.
If F:C — Cis a left exact functor, then the right hyper-derived functor of F is
defined as

R'F(E*) := H'(Tot F(I**)),

the i-th cohomology of the total complex associated to the double complex Z*®. If
f: X — Y is a morphism of ringed spaces, then analogous to the higher direct
image functor R'f,, we may define R’f,. In the case when Y is a point, R*f, = H*
is called the hypercohomology functor.

Remark 3.1.3. There is a dual construction of the left hyper-derived functor
L'F associated with a right exact functor F, which involves a projective Cartan-
Eilenberg resolution. It is entirely analogous to the construction of the left derived
functor of F' and can been seen in full detail in Chapter 5 of [Wei94].

We will need to compute R f, in the category of sheaves. In order to do this,
we will be using spectral sequences, which we will briefly introduce below.

Definition 3.1.4. Let C be an abelian category. A cohomology spectral se-
quence consists of the data
(1) A family of objects { EP'9} for p,q,v € Z and r > 0.
(2) Differentials db»? : EP4 — EPTa=r+1 gatisfying
(a) dztra—r+lodpa = 0

(b) Ef—fl ~ ker(dg‘I)/ im(d;gfr,qurfl).

Cohomological spectral sequences can be visualized as a sequence of “sheets” F.
of objects arranged at the vertices of the lattice Z2. The first few sheets appear as
follows.
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A spectral sequence is called bounded if for each (p,q) € Z? there exists a 79 such
that d9 = d2="4%"~1 = 0 for r > ry. This means EF? = EP4 for r > ro. We write
EP9 for this object.

A bounded spectral sequence converges to H® if for each H™ there exist a de-
creasing finite filtration

H"=FYH"> .- D FPH" D FPT'H" > ... D F"H" =0
such that EP? = FPHP+e/FPTLHPYE We write EPY = HPTA,

A spectral sequence collapses at E,. if there is exactly one nonzero row or column
in {EP?}. If such a spectral sequence converges to H®, then we can obtain H" as
the unique nonzero E?? with p + g = n.

A filtration of a cochain complex C*® is an ordered family F*C*® of chain sub-
complexes

C*>---DF-IC* > FlC* -
Such a filtration is called bounded if for each n there are m < M such that F"C" =
0 and FMC™ = C™. We will need the following convergence theorem for spectral
sequence (see Theorem 5.5.1 in [Wei94] for proof).

Theorem 3.1.5. A filtration F*C*® of a cochain complex C® naturally deter-
mines a spectral sequence {EP1} such that E§? = FPCP+4/FPTICPHe gnd EP? =
HPTa(EF®). If this filtration is bounded, then the spectral sequence is bounded and
converges to the cohomology H*(C*®). That is, EP1 = HP1I(C*).

The two spectral sequences we are interested in are associated to the filtrations
of a double complex.

Example 3.1.6 (Filtrations of a double complex). If C** is a double complex, then
it has two natural filtrations: one by rows and one by columns. More precisely, there
is a filtration on the total complex Tot(C*®) of C'*® where F™ Tot(C**®) is given by
Tot(D?*®) , where

Dpa CP1 forp>n
" o for p < n.
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This results in an Ey that looks as follows (the connecting maps are just the vertical
differentials of C**®).

Ey

(I I R

C(J3 013 023 033
COZ C 12 022 C32
C(J 1 C 11 02 1 CS 1

COO ClO CQO C30

The corresponding E comes from maps induced on cohomology by the horizontal
differentials.

Ey

H"‘(C“')aH:‘(Cl')»H"‘(CQ')»H"‘(Ci")a

H2(CO')*>H2(01.)4>H2(02')4>H2(CS')‘>

HI(C'O')*)HI(Cl')%Hl(CZ')%Hl(CS')%

HO(CO')%HO(CI')%HO(CZ')%HO(CS')%

If the original filtration was bounded, then we get
EY = HYHI(C**) = HPT9(Tot C**),

where cohomology is computed using the vertical differentials first, and then using
the horizontal differentials.
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Similarly, we can define a filtration on the double complex by rows. Namely,
F™ Tot(C**) is given by Tot(D?*), where

Dpa _ CPl forg>n
" 0 for g < n.

This gives us an Fy that looks as follows (the connecting maps are the horizontal
differentials).

Eq

CSO 031 032 033
CQO 021 022 023
C 10 C 11 C 12 C 13

COO COI COZ CO3

The corresponding E7 comes from maps induced on cohomology by the vertical
differentials.

Ey

HZ‘(C’“)%H“‘(C'l)»HZ‘(C’Q)»H3(C'3)%

HZ(Co-)‘)HZ(Cl-)A)HZ(CQ-)4)H2(C$-)‘>

Hl(C.O)*)Hl(0.1)4’H1(C.2)9H1(C.3)‘>

HO(C°O)~>HO(C'1)4>HO(C°2)%HO(C'.S)%
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If the original filtration was bounded, then we get
EY = HPH(C**) = H"T9(Tot C**),

where cohomology is computed using the horizontal differentials first, and then
using the vertical differentials.

We can apply this example to the double complex F(I**) coming from the
Cartan-Eilenberg resolution I*® that is used to compute RF*E®.

This yields an important result we will be using in the next section (see Section
5.7.9 in [Wei94]):

Theorem 3.1.7. If the corresponding filtrations defined on the double complezes
are bounded, then there are two convergent spectral sequences

HPRIF(E®%) = RPTIF(E®)

RPFHI(E®) = RPTIF(ET).
3.2. The Beilinson spectral sequence. The next two examples of moduli spaces

arise from applying a result of Beilinson ([Bei78]). We would like to give a proof of
the following theorem:

Theorem 3.2.1 (Beilinson). For any coherent sheaf F on P™ there exist two con-
vergent spectral sequences:

F =0
B = HO(E", F(p) &0 P(—p) = Hr0 = 47 TP

0 forp+q#0
F forp+q=0
0 forp+q#0

where Q0 = Q4. is the sheaf of differential 1-forms on P"™. Note that in the above
spectral sequences p < 0, and the corresponding entries for p > 0 are equal to 0.

B! = HI(E", F @ Q77 (=p)) © Opn(p) = H"*1 = {

A key part of proving the existence of the Beilinson spectral sequence involves
constructing a resolution of the structure sheaf Oa of the diagonal A — P™ x P™.
To do this, we will require the following lemma:

Lemma 3.2.2. Let £ be a locally free sheaf of rank r on a smooth, algebraic variety
X. Let s € HY(X, &) be a global section such that the zero locus Z := Z(s) of s is a
codimension r subvariety in X. The structure sheaf Oz has a locally free resolution
defined by the Koszul complex:

0= AEY oo 5 A28V 5 EY 5 0x 505 =0,
where the connecting maps are given by contraction with s.

For a proof of this lemma see Section IV.2 in [FL85]. It relies on the fact that
locally s defines a regular sequence. We can now proceed with the construction of
the Beilinson spectral sequence.

Proof of Theorem[Z.2.1l. Let p1,ps : P x P™ — P" be the two projections onto P".
If F,G are coherent sheaves over P", denote by F X G := piF ® p5G the exterior
tensor product. Consider the following version of the Euler short exact sequence
on P™:

0— O(-1) = 0" - 9 =0,
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where Q = T(—1) is the tangent sheaf twisted by O(—1). Let £ := O(1) K Q =
Hom(p;O(—1),p3Q). The Euler sequence induces the long exact sequence:

0— H°(P",0(-1)) = H°(P",0""!) — HO(P", Q) — H'(P",0(~1)) — -+ .
Since HY(P",O(—1)) = HYP",0(-1)) = 0 and H(P",0""1) = C"!) we get
HO(P", Q) = C™*!. Furthermore, we can compute

HO(P™ x P, &) = H°(P" x P, p;O(1) @ p5Q) = H°(P",0(1)) ® H°(P", Q)

o (CV)nJrl ® CnJrl o End(CnJrl).
Let s € HY(P™ x P, €) be the section corresponding to the identity endomorphism
in the above identification. We wish to verify that the diagonal A — P" x P™ is
the zero locus of s. Indeed, let v,w € C*™* — {0} and let x,,y, € P" correspond

to the lines through the origin and v, w, respectively. The fiber over (z,,y.,) of €
(as a vector bundle) is equal to

5(wu;yw) = (pio(l) ®p;Q>(mu7yw) = pTO(l)(Iv;Uw) ®p§Q(1v7yw)
= O(l)wu ® Qyw = Hom(o(_1)$v7 Qyw)'

Therefore, after identifying O(—1),, with the line Cv and Q,,, with the quotient
C™*1/Cw (via the Euler sequence), we may interpret s(zv,Yw) € E(z,,y,) 8 a
morphism of vector spaces defined by:

5(2v, Yuw)(av) = [av] € C"*!/Cw for any a € C,

where [av] is equivalence class of av under the quotient map. This means that
$(2y, Yw)(av) = 0 if and only if z,, = y,,. From this is not hard to see that the zero
locus Z(s) = A as a subvariety of P x P". Noting that £ is locally free of rank n,
we get by Lemma a locally free resolution of Oa:

0= A"EY = oo 5 A2EY S Y = Opnypn — Oa — 0.
We can rewrite this as
0— piO(—n) @ A"p3QY — -+ = piO(=1) @ ps QY — Opnypn — Oa — 0.
Using Q¥ = Q}(1), we get
0= O(-n)RQ"(n) = - = O(=1) KO (1) = Opnypn — Oa — 0.
Tensoring by pjF, we obtain the following sequence of sheaves:
0— F(-n)®Q"(n) = = F(-1)KQ'(1) - FRO = pjFR0a — 0.

Note that this sequence is exact because Tor;(Oa,piF) = 0 for all ¢ > 0. Let
C~t = F(—i) ® Qi) for i = 0,1,...,n, and denote by C*® the complex

0=C™"—...5C"=0.

We wish to compute Rpa,(C*®). Using the two spectral sequences of Theorem B.1.7
associated to the corresponding injective Cartan-Eilenberg resolution, we obtain

LY = HPRps.(C*) = RPHpy, (C*)
2ERY = RPpy, HI(C®) = RPFIp,, (C*).
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Note that the complex C*® is exact in all but one term, so we have
PIF®O0aA q=0

HY(C®) = {O 0

which implies

RPpo(piF @ On) q=0

0 q # 0.

Note that Oa = A, O, where A : P* — P" x P" denotes the diagonal embedding
by abuse of notation. Therefore, by the projection formula, we get

RPpau (p1F @ ALO) = RPpau (A (A™pI F @ 0)) = RPpau(Ax((p1A)*F @ O))

— (RPpa)AL(F) = {éf 1;;8'

The fact that (RPp2.)AL(F) = 0 for p > 0 can be shown by noting (RPpa.) A (F) is
the sheaf associated to the presheaf U — HP(U x P™, A (F)|uxpn) = HP(U, Flv),
which vanishes for affine U if p > 0. Convergence of the spectral sequence ' EP4
implies that

RPpa, HI(C®) = {

F =0
Rp+qp2*(0°) _ p+q
0 p+q#0.
The remaining spectral sequence gives us
LB = R7p2.(CP) = Ripou(F(p) RQP(=p)) = Rip2. (p1F (p) © p52 " (—p))
= Rpa.(F(p)) @ Q7P (=p) = H'(P", F(p)) @ @*(-p),
where the last two equalities follow from the projection formula and the base change
theorem, respectively. Putting this together with the 2EP4 computation, we obtain

F forp+qg=0
0 forp+q#0,

which proves the first part of the theorem. The spectral sequence in the second
part is obtained analogously after exchanging the roles of p; and po. ([l

LEPY = HI(P", F(p)) @ Q7P(—p) = RPTIpy, (C°) = {

Remark 3.2.3. Note that the proof of the theorem implies somewhat more than
the statement. Namely, both spectral sequences are situated at the points of the
n X n finite lattice in the second quadrant defined by —n < p <0 and 0 < g < n.

4. EXAMPLE: VECTOR BUNDLES ON P!

4.1. Spectral sequence computation. Our first application of Beilinson’s spec-
tral sequence is in the context of vector bundles on the projective line. Applying
the first spectral sequence of Theorem B.2.1] to a vector bundle E on P! yields the
following;:
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By

H'(P',E(-1)® Q' (1)»H' (P, E)® O |1

HO(P', E(—1)) @ Q' (1)~ H (P, E)® O |0

p —1 0

Note that by a theorem of Grothendieck (see e.g. Section 10.5 in [Kem93]) any
vector bundle E on P! is isomorphic to the direct sum of line bundles O(d;) @ - - - ®
O(d,) where di,...,d, € Z. Therefore, if E is generated by global sections then
di >0 for all 1 <4 < r. Consequently, H°(P*, EV) = 0. Since Qp, = O(-2), by
Serre duality we have

H'(P', E) = HO(P', B (~2))"

Hl(]P)lu E(_l)) = HO(]P)lu Ev(_l))v'
Thus, for vector bundles F generated by global sections, the spectral sequence
collapses at Ey, making kerd = 0 and giving us the following description of E:

E = coker(H(P', E(—1)) ® O(~1) % H(P', E) @ O)

4.2. Moduli space of vector bundles. Now consider the classification problem
where:

vector bundle F on P! generated by global sections

degE=dand rtkE =1

A = ¢ two bases of global sections

81,...,8, € HY(P', E)

tiy .o tm € HY(PL, E(-1))
and ~ is given by vector bundle isomorphisms compatible with the chosen bases.
Note that m,n,r,d are not independent, since by Grothendieck’s theorem we have
that n = d+ r and m = d (this means m can be equal to 0, in which case the basis
{t1,...,tm} is empty). This can be extended to the moduli functor M : Sch’® —
Set as follows:

M(T) ={(E, s,t)}/iso. compatible with s and ¢,
where E is a rank r vector bundle on 7' x P* 2 T, deg E|{z}><[p>1 =dforallxz €T,
and s : p.(E) — OF, t: p.(E(—1)) — OF are isomorphisms (the direct images are

vector bundles by Grauert’s theorem). As usual, M sends each morphism to the
pullback along that morphism.

Theorem 4.2.1. The functor M is represented by
X = {(bo, b1)|Xobo + A1by injective for all [Ng : \1] € P'},
where by, b1 € Hom(C™, C™).

One may interpret points of X as representations of the Kronecker quiver Ks
in standard coordinate spaces (i.e. the vector spaces assigned to the vertices are
the coordinate spaces C™ and C™) subject to the given relations. We will not fully
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prove this theorem, instead only establishing a bijection between the set A/ ~
and the set of points of X (similar to the proof of the equivalence of categories in
Lemma 5.5 of [CB04]). For a complete proof of the representability of the functor
see [Soild]).

Proof of Theorem .21} Let E be a vector bundle on P! generated by global sec-
tions on P'. The above computation using the Beilinson spectral sequence gives us
that
E = coker(H(P', E(—1))  O(-1) & HO(PY, E) © ).

Let V. = H(P', E) and W = H°(P!, E(—1)). Since d € Hom(W®O(-1),V®0) =
Hom(W, V)@ H(P!, O(1)), we can write d = boxo+bix1, where by, by € Hom(W, V)
and xo, 1 € H°(P!,O(1)) is the usual basis of global sections. The trivializations
of V and W identify by, by with matrices in Hom(C™, C"™). Since d is injective and
the cokernel is a vector bundle, then it is an injective morphism of vector bundles,
making it injective on the fibers. That is, if A = [Ag : A;] € P, then d restricted to
the fiber over A gives us the injective linear transformation dy = Agbg + A1b1.

Conversely, given (b, b1) € X we have the morphism d: C"®@ O(-1) - C"® O
given by d = bpzg + biz1. The condition that Agbg + A1by is injective for all
[Ao : A1] € P! means that d is an injective morphism of vector bundles. Thus,
E := coker(d) is a vector bundle. This gives us the short exact sequence

0-C"®0(-1)—»C"®0 = E—0.
The corresponding long exact sequence for cohomology results in:
0— H°(P',C™ ® O(-1)) » H(P',C" ® 0)
— H'(PYE) - H'(PL,C" @ O(~1)) = -~ .
Since HY(PY,C™ @ O(—1)) = HY(P',C™ ® O(-1)) = 0, then the isomorphism

HO(PL,C" ® O) = H°(P!, E) determines a basis of global sections of E. A similar
computation for the short exact sequence twisted by O(—1):

0-C"®0(-2) - C"®O(-1) —» E(-1) = 0,
yields an isomorphism H°(P!, E(-1)) & H(P',C™ ® O(-2)). Noting that by
Serre duality H'(P',C™ @ O(-2)) = H°(P,(C™)Y ® 0)Y, we get a basis for
HO(P', E(—1)). It is easy to check the two constructions are mutually inverse.
Therefore, we obtain a bijection between A/ ~ and the points of X. ([

Remark 4.2.2. If we start with the assumption that EV is generated by global
sections, apply the Beilinson spectral sequence, and take the dual of the resulting
complex of sheaves, we get that

E 2 ker(H (P, EYV)Y @ O — H°(P', EY(-1))") ® O(1).
This leads to an alternative moduli space
X' = {(bo, b1)|Mobo + A1b1 surjective for all [\ : ;] € P'},

parametrizing vector bundles E on P! generated by global sections, together with
bases chosen for HO(P!, EV)V and HO(P!, EV(-1))".
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5. EXAMPLE: TORSION-FREE SHEAVES ON P2

5.1. Preliminaries. The second application of Beilinson’s spectral sequence allows
us to describe the moduli space of torsion-free sheaves on P? framed at infinity in
terms of quiver representations.

More concretely, let I = {[0: A1 : A\a] € P?} C P2, Let F be a torsion-free sheaf
on P? such that for some positive integer 7 we have that F|, = OF. We say F is
trivial at infinity. Consider the following lemma:

Lemma 5.1.1. Let F be a torsion-free sheaf on P? trivial at infinity. We have:
HYP? F(—p)) =0 forp=1,2 and ¢ = 0,2,
HY(P? F(-1) @ Q'(1)) =0 for ¢ = 0,2.
Proof. We have the following short exact sequence of coherent sheaves:
0= Op2(—1) 2% Op2 — O — 0,

where Op2(—1) 2% Op> is defined by multiplication by the global section zy €
HO(P?, Op2(1)). Let k € Z. Since F is trivial at infinity, then Tory (Oy, F(—k)) = 0.
Consequently, tensoring the above sequence by F(—k) gives us the short exact
sequence:

0— F(—=k—1) = F(—=k) = F(=k)|; = 0.
The corresponding long exact sequence is:
0— HY(P?, F(—k — 1)) — H*(P?, F(—k)) — H°(l, F(=k)|1)
— HY(P?, F(—k — 1)) — H(P?, F(—k)) — H'(I, F(—k)|,)
— H*(P?, F(—k — 1)) — H*(P?, F(—k)) — 0.
Since F is trivial at infinity, it follows that
HO(l, F(—=k)|;) 2 H°(1,O7 (=k)) =0 for k > 1
HY,F(—=k))) 2 H (1,0 (=k)) =0 for k<1,
so the long exact sequence gives us
HOP2, F(—k—1)) = H(P?, F(—k)) fork>1
H*(P?, F(—k—1)) = H*(P?%, F(—k)) fork<1.
Since F is torsion-free, then the double dual FVV is locally free (see e.g. Sec-
tion 30.12 of [Stal9]), and there is a natural inclusion F — F¥V. Noting that
Q2, = O(-3), by Serre duality we have H°(P?, F(—k)) — HO(P?, FYV(—k)) =
H2(P? (FYV)V(k — 3))V. Now, let k € Z be large enough so that by the Serre
vanishing theorem H?(P? (FVV)V(k — 3)) = H*(P?, F(k)) = 0. Using the isomor-
phisms above gives us the following:
HO(P? F(-1)) 2 HO(P?, F(-2)) = --- = H(P?, F(—k)) =0
H?*(P?, F(-2)) 2 H*(P?, F(-1)) = --- = H*(P*, F(k)) = 0.
This proves the first part of the lemma. The proof of the second part is analogous,
using the short exact sequence
0 F(—k—1)®@Q' (1) > F(—k) @ Q' (1) = F(—k) @ Q' (1)|; — 0,
and the relation Q!(1); 2 O; ® O;(-1). O
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Applying the second spectral sequence of Theorem B ZT]to F(—1) we obtain the
following:

Ey
q
H2(P?, F(—1) ® Q2(2)) © O(=2) > H2(P?, F(~1) © Q'(1)) ® O(—1) » H2(P%, F(—-1)) 2 O | 2
HY(P?, F(~1) ® Q2(2)) ® O(—2) > H'(P%, F(—1)  Q'(1)) ® O(—1) > H' (P2, F(-1)) 2 O | 1
HO(P?, F(—1) @ Q2(2)) ® O(—2) > HO(P2, F(~1) ® Q' (1)) ® O(=1) » HO(P?, F(—1)) 8 O | 0
P -2 -1 0

Applying Lemma [B.1.T] results in all of the entries in the first and third rows
being equal to 0. This leaves the middle row, which can be written as:

HY(P2, F(—1)20(-2) % HY(P?, F(—1)2Q'(1)20(~1) L HL (P2, F(~1))20.

The convergence condition implies ker(a’) = coker(d’) = 0 and that the cohomology
of the middle term is F(—1). Twisting this complex by O(1) we obtain the complex

H'(P?, F(-1)) @ O(~1) & H'(P?, F(-1) @ Q' (1)) @ O & H'(P?, F(~1)) @ O(1).
As before, we get that ker(a) = coker(b) = 0 and F = ker(b)/im(a). This kind
of three term complex where the first morphism is injective and the second is
surjective is called a monad. We compute the dimensions of the vector spaces

involved in constructing the above monad in following lemma we will make use of
later.

Lemma 5.1.2. Given a torsion-free sheaf F on P? that is trivial at infinity, we
have:

dim H'(P?, F(-2)) = dim H'(P?, F(~1)) = c2(F) =n

dim H'(P?, F(—1) ® Q*(1)) = 2¢2(F) + 1k(F) = 2r +n.
Proof. Recall if E is a rank r locally free sheaf over a smooth projective scheme
X, then the splitting principle lets us write the total Chern class of E as ¢(F) =

[T;_,(1+a;), where a; are the Chern roots of E. Furthermore, the Chern character
can be computed as ch(E) = . e* and Todd class is td(F) = [[, 7%+ . Together

7 1l—e—%i
these formulas imply:

h(E) = 1K(E) + c1(B) + 5 (ca(B)? ~ 2ea(B)) + -+

1 1

td(E) =1+ 5cl(E) + E(cl(E)? +co(E)) +- -

If £ is a line bundle on X, then a further computation using Chern roots gives us
that

(E®L) =14 (c1(E)+rc(L))+ <C2(E) + (r—1Deci(E)er (L) + (;) Cl(£)2> 4o
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The integral cohomology ring for the projective plane is H*(P?,Z) = Z[H]/H?,
where H is the class corresponding to the hyperplane {(0, z1,z2)|r1, 72 € C} C C3.
Therefore, the Euler sequence 0 — Opz — Op2(1)? — Tp2 — 0 gives us that:

c(Op2(1)%)
c(Op2)
Consequently, we have td(Tp2) =1+ %H + H?. Consider the following short exact
sequence of coherent sheaves:
0— H'Y(P?*, F(-1)) ® O(—1) = ker(b) — F — 0,

where b is as in the definition of a monad. Note this is a resolution of F by locally
free sheaves. We have that the Euler characteristic for the locally free sheaf O(—1)
is x(O(—=1)) = 0. This means x(F) = x(ker(d)), and we may assume for the rest
of the proof that F is locally free of rank r.

By the Hirzebruch-Riemann-Roch theorem we have

W(F2) = [ eF 2T,

where the integral implies we are taking the component of the product belonging

to the top cohomology group. Using the formula above, ¢(F(-2)) =1 — 2rH +

(n+4(3))H?. Therefore, we have ch(F(—2)) =r —2rH + (2r —n)H?. By Lemma
we get

W(F(-2) = —dim ' (B2, F(=2) = [ b(F(-2) - td(T)

o(Tp2) = =(1+H)?®=1+3H+3H>

=r—3r+2r—n=-n.
We can use analogous computations to prove the remaining two formulas. O
5.2. Moduli space of torsion-free sheaves. As in the case of P! we consider
the related classification problem described as follows:

F is a torsion-free coherent sheaf on P! trivial at infinity
A=<¢ tkF=rand co(F)=n

O : F|; — Of is a trivialization on [
and ~ is given by sheaf isomorphisms that are compatible with the trivialization.
Note that the inclusion P! <+ P? induces the natural quotient homomorphism
Z[H]/H? — Z[H]/H? on cohomology. By the functoriality of Chern classes with
respect to pullback and ¢i(F|;) = ¢1(Of:) = 0 it follows that ¢, (F) = 0. The
corresponding moduli functor may be written as:

M(T) = {(F, ®)}/iso. compatible with ®,

where F is a rank 7 torsion-free coherent sheaf on T' x P2, co(F l{z}xp2) = n for all
z €T, and @ : Flryx; — Of,, is an isomorphism.

Theorem 5.2.1. The functor M is represented by

X = {(BlvBQaiaj>}/ GL(H,C),
where By, By € Hom(C"™,C"), © € Hom(C",C"), and j € Hom(C™,C") subject to
the conditions:

(1) [By,Ba] +ij =0
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(2) there is no proper subspace U C C"™ such that B1(U) C U, Bo(U) C U, and
im(i) C U,
and the action of GL(n,C) is given by change of basis for C":
9(Bi1, Ba,i,j) = (9B1g™, 9B2g™", gi, jg ™).

We can visualize the points of X as quiver representations up to GL(n, C) action:

By

By

Once again, we will not fully prove this theorem, instead only establishing a
bijection between equivalence classes of torsion-free sheaves (with trivializations)
and the points of X.

Proof of Theorem [5.21l Let F be a torsion-free sheaf on P? with trivialization at
infinity given by ®. Let V = HY(P?, F(-2)), V' = HY(P%, F(-1)), and W =
HY(P?, F(—1) ® Q'(1)). Using the monad representation of F we have that F is
isomorphic to the middle cohomology of the following monad:

VReo(-1) LS We0o %V eo1).
Since a € Hom(V®@O(-1), W®0) = Hom(V, W)®O(1) and b € Hom(W 0, V' ®
0O(1)) 2 Hom(W, V') ® O(1), we can write:
a = agxg + a1x1 + a2x2
b =bozrg + b1x1 + bo12,
where ag, az, a3 € Hom(V, W), bo, b1,bs € Hom(w, V"), and xg, 21, x2 is the stan-

dard basis of global sections of Opz(1). Thus the data from the monad may be
expressed in terms of a quiver representation:

ag bo
> >
ay __ by ,
Vv > %
as W bg
\ \
4 4

Since ba = 0 we have the arrows in the above representation are subject to the
following relations:

boag = brag = bsas =0
boar + brag =0
bias + bsa; =0
boag + bpas =0
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Restricting our monad to [, we obtain:

VRO (-1) S Weo, 25V e0/(l),

where a; := a|; = a121 + az222 and b; := b|; = byx1 + baxe. This gives rise to the
complex
0—V®O(-1)— ker(b)) = F|; — 0,

which is a short exact sequence since F|; is a vector bundle. The corresponding
long exact sequence on cohomology is:

0— H(1,0;(-1)) @V — H°(I, ker(by)) — H°(1, F|;)
HY1,0/(-1)) @V — H'(I,ker(b;)) — H (I, F|;) = 0

Since H°(I,0;(=1)) = HY(I,0;(-1)) = 0, we have H°(l,ker(b;)) =
and H'(l,ker(b;)) = H'(l,F|;). Therefore, F|; = O implies Hl(l,
H' (1, F|;) = 0. The framing ® allows us to obtain the trivialization H°(l, k
HO (la ‘F|l) =C
We can use our monad to obtain a second short exact sequence:
0— ker(b) = W0, = V' ®@0/(1) =0
with the corresponding long exact sequence on cohomology:
0 — HO(L ker(b;)) — H(1,O) @ W — H°(1,0) @ V'

H (L ker(b)) @ V — H'(1,O) @ W — H(1,0,) @ V' = 0.

Fli
)
1)

1<

HO(,
r(by
er(b

From the previous computation H'(I,ker(b;)) = 0. Moreover, since x1,ry form a
basis for the vector space H°(l, O,(1)), we have H°(I,0;(1)) ® V' = (Cx1 @& Cxa) ®
V' =2 V'@ V'. Therefore, the long exact sequence yields the following short exact

sequence:
by
ba

0— H( ker(b)) = W — V' @ V' — 0.

Let W := HO(l, ker(b;)) = ker <21
2

dual of the restriction of our monad to I:

) = ker(by) Nker(bz). Now, let us consider the

(V)Y @ 0(1) 2 (W)Y @ 0, -5 VY @ 0)(1).
Using an analogous long exact sequence, we obtain the short exact sequence:

0 = HO(, ker(*ay)) — W L2292 yv gy yv g,

This means (a1,az2) : VOV — W is injective, so the morphism a, = A1a1 + Aq2az
induced by a on the fiber over p = [0 : A1 : A3] € [ is also injective. Furthermore,
kerb,/im(ay,) = F, is isomorphic to W via the trivialization ®. This isomorphism
factors through the quotient map, so if w € im(a,) MW, then w = 0. Consequently,
for p = [0 : 1 : 0], we get ker(a1) Nim(by) = ker(a;) N W = 0. This makes
bias = —bsay : V — V' injective, so it is an isomorphism by Lemmi

Noting that im(a;)Nim(az) = 0 and im(az)Nker(b;) = 0, we see W is isomorphic
to VeV @®W by LemmaB.La (i.e. dimim(a;)®im(az)®W = dim W). Identifying
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V with V/ and W with V & V & W via the isomorphisms, we see that

—Idy 0
a1 = 0 ag = - IdV bl = (0 - IdV 0) bQ = (Idv 0 0) .
0 0
Similarly, we can decompose ag and by as follows:
B
apg = B2 bo = (—BQ Bl ’L) .
J
v
Bq @ — B>
vEBy Sy

\: P /
w

Using ba = 0, we get that [By, Ba] +4j = 0. Note that ® defines a trivialization
for W, identifying it with C". Choosing a basis of V', we can identify it with C".
This means By, B, € Hom(C",C"), i € Hom(C",C"), and j € Hom(C",C"). For
any other choice of basis of V', the corresponding matrices differ from (Bjy, Ba,i,j)
by an action of GL(n,C) as described in the theorem statement.

In order to show that (B, Ba,i,j) defines a point in X it remains to verify
condition (2). Indeed, suppose there exists a proper subspace U C V such that
B1(U) C U, Bo(U) C U, and im(i) C U. Let U+ = {f € VV|f(U) = 0} be the
orthogonal complement of U. Note that im(i) C U if and only if UL C ker(%).
Additionally, [By, Ba] +1ij = 0 implies [*By, "Bs] + 5% = 0.

Since B1(U) C U, Ba(U) C U we have "By (Ut) Cc Ut and *Bo(U+) c U*.
Moreover, restricting to U+ we get ['By,"Bs]|y = 0. This means "By, *By have a
common invariant subspace, so they share an eigenvector. Let 0 # f € U+ be such
that

‘Bif = M f
t-B2f = )\Qfa

for some A, A2 € C. Let A = [0: Ay : A\o] € P2 If by is the restriction of b to the
fiber over A\, we have:
—'Baof + Xof
‘oaf=| ‘Bif —\f | =0.
th

This means by is not injective, and consequently by is not surjective. Thus, b is
not surjective, leading to a contradiction.

Now, let (B1, B, i, j) represent a point in X. Consider the following complex of
sheaves on P?:

C"RO(-1) % (C"20)a (C"20)& (C"®0) % C" e 0(1),



34 ALEXANDER SOIBELMAN

Bixg — 21
where a = | Baxg — 22 | and b = (—(Bza:o —x2) Bizog— 11 ixo) (it is not hard
Jxo

to check that indeed ba = 0). We will need to show that this complex is a monad,
and the cohomology F = ker(b)/im(a) is a torsion-free sheaf.
It is easy to see from the way it is defined that a is injective on [, so we only need

to show that a is injective on the complement P2 — [ = C2. If z; = fﬁ—;, 29 = i—z, we
get that
Blf — Zlf
ale2f = | Bof —22f |,
Jf

where f(z1, 22) is alocal section of C*"@O(—1)|c2. If a|c2 f = 0, then a|c2 (A1, A2) =
0 for all (A1, A2) € C2. Therefore, f(A1, \2) = 0 or A1 is an eigenvalue of By and Ay
is an eigenvalue of Bs. However, By and By have only finitely many eigenvalues,
so f = 0 at all but finitely many points of C2. Thus it is identically 0 on C2, and
a is injective.

Note that b is surjective on [ by construction. Now, suppose b is not surjective
on P2 — . This means “by is not injective for some \ = [1: A1, A2], and consequently
there is a 0 # f € ker("by). Let U = ker(f). Reversing the argument above, we
can see that B1(U) C U, Ba(U) C U and im(i) C U. Therefore, b is surjective.

Thus we see that our complex is a monad. Furthermore, if we restrict it to [,
then it can be written as the direct sum of complexes:

C 0w O-1) HCT 00 aC ©0, 5 e oy(),

~ [~ 7 _
where a = (_x2) and b = (:102 xl), and

0—-C' a0, —0.

Note that the first complex is exact, so we get that F; = C" ® O; = O], making F
trivial at infinity.

We can see that F is torsion-free on the rest of P? as follows. Let s = (s1, 52.53) €
ker(b) C (C"@0)@ (C"®0) & (C"® O)(U) be a local section over an open subset
U C P? — | = C? such that these is a nonzero f € O(U) satisfying fs € im(aly).
That is, there exists a ¢t € C* ® O(—1)(U) such that:

f51 = (Bl — Zl)t
fSQ = (BQ — Zg)t
[ss = jt.

For | = 1,2, we have that if (B; — z;) is invertible on U, then t = f(B; — zl)'lsl.
Consequently, if either (B — z1) or (B2 — #2) is invertible, then h = % e C"®
O(-1)(U) is well-defined, and moreover s = a|yh. However, (B; —z1) and (B2 — 23)
simultaneously fail to be invertible only at finitely many points of C? (i.e. pairs
consisting of eigenvalues of By and Bs, respectively). Therefore, h is well-defined
at all but finitely many points of U, so it is defined on all of U. Thus, s € im(a|y),
and therefore F(U) is torsion-free.

As seen previously, a long exact sequence for cohomology gives us the isomor-
phism HO(l, ;) & H°(I,C" ® O). Denote this isomorphism by ®. Since F is
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trivial at infinity, ® : F; — O] define a trivialization. Note we have the two exact
sequences

0—->C"®0O(-1) = ker(b) > F =0
0—=ker(d) > (C"@0)a(C"0)a(C"®0) -C"®0(1) — 0.

This means the total Chern class of F may be computed from
(F)e(C"@0(-1)e(C"20(1))=c((C"20)® (C"20) & (C"® 0)).
Indeed, ¢(C"®@ O(-1)) = (1—-H)", ¢(C"® 0O(1)) = (1 + H)", and ¢((C"® O) ®
(C"® 0) @ (C" ® 0)) = 1. Therefore, ¢(F)(1 — H*)™ = 1. Expanding this and

noting that H*(P?,Z) = Z[H]/H?, gives us ¢(F) = 1+ nH?. Thus, c3(F) = n.
It is not hard to check that the equivalence relation on the framed torsion-free
sheaves gives quadruples (B1, Bo, 1, j) equivalent under the given GL(n,C) action

and vice versa. Furthermore, the two constructions described above are mutually
inverse. Therefore, we obtain a bijection of sets. O

6. ALGEBRAIC GROUP ACTIONS AND QUOTIENTS

A common approach to constructing a moduli space (or moduli stack) paramet-
rizing equivalence classes of elements of a set A with respect to the equivalence
relation ~ is to identify 4 with points of a parameter space Y and to encode ~
in the action of an algebraic group G on Y. That is, the set of orbits Y/G is in
bijection with the set of equivalence classes A/ ~. In the ideal scenario, Y/G can
be given the structure of an algebraic variety and made into a coarse or fine moduli
space.

6.1. Actions of algebraic groups. Let us recall a few basic definitions from the
theory of algebraic groups. As before, all varieties and schemes are over the field
of complex numbers C. Recall that an algebraic group is a group G such that
G is an algebraic variety where the multiplication operation m : G x G — G
and the inversion operation ¢ : G — G are both morphisms of algebraic varieties.
Such a group is called an affine algebraic group if the underlying variety is affine.
Examples include C with the standard addition operation, C* with respect to
multiplication, and GL,,(C). The definitions of subgroup and normal subgroup can
all be transferred to the algebraic setting by specifying that the subgroups should
also be subvarieties.

An action of G on a variety X is called algebraic if the corresponding mapping
a: G x X — X is a morphism of varieties. A morphism of varieties f : X — Y is
called G-equivariant if f(gx) = gf(x). It is called G-invariant if f(gz) = f(x).The
action of G on X induces an action on the C-algebra of regular functions O(X)
which may be written as g- f(x) = f(g*-x). A regular function f € O(X) is called
G-invariant if g - f = f. Note that G-invariant functions can be defined similarly
for regular functions O(U) on any open subset U C X.

For any point = € X, the stabilizer G, is a closed subvariety of G since it is
the preimage of x under the morphism a, : G — X given by a, := a(—,z). The
structure of an orbit is more complicated and may be described as follows:

Proposition 6.1.1. Let G be an affine algebraic group and let X be an algebraic
variety with an algebraic action of G. For any v € X, the orbit G - x is open in
its closure, and the boundary G - x — G - x consists of a union of orbits of strictly
smaller dimension.
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Proof. The orbit G-z is the image of G x {z} = G in X under the action morphism.
Therefore, by Chevalley’s Theorem, G-z is a constructible subset (i.e. a finite union
of locally closed subsets) of X. This is equivalent to the existence of a dense open
subset U C G -z of G - x such that U C G -z (Section AG.1.3 in [Bor91]). Since
the action of G is transitive on the orbit, it follows that every element of G - = is
contained in gU for some g € G. Consequently, G -z = | gU, so G - x is open
in G- .

Note that the boundary G -  — G - z is invariant under the action of G. Indeed,
G - x is invariant under the action of G because multiplication by any g € G is an
isomorphism and the image of G - 2 contains G - z. Since G - x is also invariant
under the action of G, then G -z — G - z is invariant. This means G -z — G -
may be written as the union of orbits. Furthermore, we have dimG -z = dim G -
since it is dense and open in its closure, while G - > dim(G - © — G- z). Therefore,
the dimension of the orbits comprising G -x — G - x is strictly smaller than the
dimension of G - z.

geG

O

Note that the proposition implies orbits of minimal dimension are closed (and
hence that closed orbits exist). Let us looks at some examples of algebraic group
actions.

Example 6.1.2. Here are a few examples demonstrating the orbit structures of
actions of affine algebraic groups.

(1) (a) The group C* acts on A% = C? by ¢-(x,y) = (tx,ty). The orbits under
this action are either punctured lines ¢ — {(0,0)} through the origin
and the origin {(0,0)} itself. Note that {(0,0)} is a 0-dimensional
closed orbit contained in the closure of each 1-dimensional punctured
line. It’s easy to generalize this to an action of C* on A™. The orbits
are once again just punctured lines through the origin together with
the origin.

(b) The action of C* on A? descends to A? — {(0,0)}. This removes
the origin from the set of orbits described above, leaving only the
punctured lines through the origin ¢ — {(0,0)}. This suggests that
the orbit space may be viewed as an algebraic variety since it can be
identified (set-theoretically) with P!. Similarly, the orbit space of the
action of C* on A" can be identified with P"~1.

(2) Slightly modifying the first example above, we can define a C* action on
A% by t - (z,y) = (tz,ty). For this action we can describe the orbits as
follows:

e the curves {(z,y)lzy = a} C A? where a € C* are 1-dimensional
orbits,

e degenerate case xy = 0 is the union of the punctured coordinate axes
{(x,0)} € A% and {(0,y)} C A2, which are both 1-dimensional orbits,

e the origin {(0,0)} is a O-dimensional closed orbit contained in the
closure of each of the other orbits.

(3) The group GL(2,C) acts on the space of 2 x 2 matrices Hom(C?,C?) by
conjugation g- B = gBg™. Note that the orbit of B may be identified with
the Jordan normal form of B. Therefore, we can see that the orbits under
this action may be described as follows:
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e the conjugacy class of each Jordan block (f)\ }\) is a 2-dimensional

orbit,
e the conjugacy class of each diagonal matrix (?)1 )? ) where A1 # Ao
2

defines a closed 2-dimensional orbit,

e cach scalar matrix ( 0 g) is a closed O-dimensional orbit contained
. . Al
in the closure of the orbit defined by 0 A/

6.2. Quotients. Recall from differential geometry that given a smooth manifold
M with a (smooth) free, proper action of Lie group G, the set of orbits M/G
can be given a unique structure of a smooth manifold such that the quotient map
M — M/G is a submersion (in fact, M — M /G is a principal G-bundle).

Similarly, in the case of an affine algebraic group G acting on an algebraic variety
X, we would like to endow the set of orbits X /G with a reasonable enough structure
of an algebraic variety. Unfortunately, X/G may be poorly behaved and not allow
for such a structure. Thus, before constructing quotients we should specify what
properties we would like these quotients to have. We begin by defining a general
concept of quotient in the category of varieties.

Definition 6.2.1. Let G be an affine algebraic group acting on a variety X. A
categorical quotient of the action of G on X is a pair (Y,p) where Y is an
algebraic variety and ¢ : X — Y is a morphism such that the following conditions
hold:
(1) 9l ) = p(a)
(2) For any algebraic variety Z with an action of G and any morphism 1 :
X — Z satisfying (1), there is a unique f : Y — Z such that ¢ = f o ¢.

If "X (y) is a single orbit of the G action, then (Y, ¢) is called an orbit space.

Note that the first condition means that ¢ is a G-invariant morphism and the
second is the universal property. This means Y is unique up to unique isomorphism.
We will refer to just Y as the categorical quotient when no confusion can occur.

Example 6.2.2. If (Y, ¢) is a categorical quotient, then ¢ is invariant on any orbit,
so it maps the entire orbit to a single point. However, since ¢ is continuous, the
preimage of that point is a closed subset. Therefore, ¢ is constant on the closure
of any orbit.

In part 1 (a) of Example[6.1.2there is an orbit consisting of single point contained
in the closure of every other orbit. This means (Spec C, ¢), where ¢ is the constant
morphism, is the categorical quotient for each of these examples. Indeed, it is easy
to see that the constant morphism is G-invariant. Furthermore, any G-invariant
morphism ¢ : A2 — Z must be constant. If the image of v is z € Z, then
f : SpecC — Z defined by f(SpecC) = z satisfies ©» = f o ¢. It is also clearly
unique.

In part 1 (b) of Example 6.2 the categorical quotient is P! together with the
standard quotient map ¢ : A% — {(0,0)} — P! It’s easy to see that ¢ is C*-
invariant. Moreover, any morphism A% — {(0,0)} — Z constant on lines through
the origin descends to a unique f : P! — Z such that ¢ = f o ¢.
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Note that the discussion in the above example implies that a categorical quotient
cannot be an orbit space unless all of the orbits are closed. We would like to refine
the concept of a categorical quotient in order to obtain a variety with additional
geometric properties. To do this, we will be working with the following definition
motivated by geometric invariant theory.

Definition 6.2.3. Let G be an affine algebraic group acting on a variety X. A
good quotient is a pair (Y, ) where Y is an algebraic variety and ¢ : X =Y is
an affine morphism such that the following holds:

(1) ¢ is G-invariant,

(2) ¢ is surjective,

(3) if U C Y is open, the induced morphism on regular functions Oy (U) —
Ox (¢ Y(U)) is an isomorphism between Oy (U) and the G-invariant func-
tions in Ox(¢71(U)),

(4) if W C X is a closed G-invariant subset, then (W) is closed,

(5) if Wi, Wy are closed G-invariant subsets of X such that Wi NWy = &, then
p(W1) N (W) = @.

If 1 (y) is a single orbit of the G action, then (Y, @) is called a geometric quo-
tient.

Remark 6.2.4. An immediate consequence of the definition of good quotient is
that for any x1,29 € X, we have ¢(z1) = ¢(x2) if an only if G- 21 NG - 22 # 2.
Indeed, since ¢ is G-invariant, then it is constant on orbit closures, and therefore
G- 21 NG x9 # @ implies ¢(z1) = ¢(x2). Conversely, if ¢p(z1) = ¢(x2), then (5)
in the definition of good quotient implies G -x1 N G - x5 # @. This means good
quotients separate orbit closures.

Another consequence of the definition is that if all the orbits of an action with a
good quotient are closed, then the quotient is geometric. Let y € Y. The preimage
¢ (y) is nonempty, so it contains at least one orbit. It must also contain that
orbit’s closure, and therefore it contains a closed orbit (by Proposition GI.T). It
cannot contain more than one closed orbit, since that would contradict property (5)
in the definition of good quotient. If all orbits are closed, then ¢ (y) must contain
exactly one orbit, so the quotient is geometric.

All of the examples of group actions considered in Example[6.1.2] have good quo-
tients. It is not hard to check that the categorical quotients described in Example
[6.2.2] also happen to be good. The remaining cases are addressed below.

Example 6.2.5. We will look at the following examples more closely after we
define the affine GIT quotient.
(1) The pair (Al ¢1), where ¢ : A2 — Al is defined by ¢1(z,y) = zy, is a
good quotient for the action in Example (2).
(2) The pair (AZ%, ¢2), where ¢o : Hom(C? C?) — A? is defined by ¢o2(A) =
(tr(A),det(A)) is a good quotient for the action in Example (3).

As indicated by these examples, categorical and good quotients are related to
each other.

Proposition 6.2.6. Let G be an affine algebraic group acting on a variety X. Any
good quotient for this action is a categorical quotient.
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Remark 6.2.7. There is a third possible type of quotient for an algebraic group
G acting on an algebraic variety X that we have already considered. Namely, the
quotient stack [X/G]. Recall that a quotient stack is a sheaf of groupoids in the
fppf topology on the category of schemes:

[X/G]: Sch) » — Gpd

_/ m:E — S is a principal G-bundle over X
[X/GI(T) = < P: EF — X is an equivariant morphism >

There is a 2-categorical version of the Yoneda lemma ([Vis05]) which implies that
Hom(T,[X/G]) = [X/G](S). Since the C-points of [X/G] are equivalence classes
of morphisms Spec C — [X/G], then this implies these points may be viewed as
G-equivariant morphisms p : G — X. In other words, they are orbits under the
action of G on X.

7. GEOMETRIC INVARIANT THEORY

7.1. The affine quotient. We would like to begin our construction of good quo-
tients by considering the case when an affine algebraic group G acts on an affine
variety X. Recall that this action may be written as a morphism of varieties
a: G xX — X. Such a morphism induces a corresponding homomorphism of
C-algebras of regular functions:

a® : O(X) = O(G x X)
a®(f)(g,x) = f(g- ).

This, in turn, defines a G-action on O(X) as follows:

g-flz)=flg" ).

The set O(X)% := {f € O(X)|g- f = f}, consisting of G-invariant functions, forms
a subalgebra of O(X). If ¢ : X — Y is a G-invariant morphism of varieties, then
the induced homomorphism on the regular functions ¢# : O(Y) — O(X) satisfies
g- 07 (f)(x) = f(p(g7t-x)) = ¢7 (f)(x). It follows that the image of ¢# is contained
in O(X)C. In fact, if (Y, ¢) is a good quotient, then the image must be isomorphic
to O(X)%. Thus, in order for a good quotient to exist (as a variety), we need
this subalgebra to be finitely generated. Unfortunately, this is not the case for the
action of an arbitrary affine algebraic group on an affine variety (Nagata constructs
a counterexample in [Nag60]). However, it can be shown to be true if we only
consider the actions of a specific type of group.

Recall that there is a multiplicative version of the Jordan decomposition that
can be obtained for elements of GL(n,C). Indeed, for any g € GL(n,C) the Jordan
normal form yields ¢ = C' + N, where C is a diagonalizable matrix and N is a
nilpotent matrix. Noting that C is invertible, we can write U = I, + C"'N and
obtain the decomposition ¢ = CU. The matrix C is diagonalizable, so C-'N is
nilpotent. This makes U a unipotent matrix.

A similar result may be obtained for an arbitrary affine algebraic group G by con-
sidering faithful representations G < GL(n, C) (these always exist; see Proposition
1.1.10 in [Bor91]).

Theorem 7.1.1 (Jordan decomposition). Let G be an affine algebraic group.
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(1) For any g € G and faithful representation p : G — GL(n,C) there exist
unique elements gs,gu € G such that g = gsgu = Gugs, where p(gs) is
diagonalizable and p(g.) is unipotent.

(2) The decomposition in (1) does not depend on the choice of p.

(3) If f : G — G’ is a homomorphism of algebraic groups, then we have that

f(g) = f(gs)f(gu) is the decomposition given in (1) for f(g).

We can immediately formulate the following definition:

Definition 7.1.2. An element g of an affine algebraic group G is called semisim-
ple if there exists a faithful representation p : G — GL(n,C) such that p(g) is a
diagonalizable matriz. We call g unipotent if p(g) is a unipotent matriz.

Definition 7.1.3. An algebraic group is called unipotent if all of its elements are
unipotent.

Example 7.1.4. Let U,, C GL(n, C) be the subgroup consisting of upper triangular
matrices with 1s on the diagonal. It is clear that any subgroup of U, is unipotent.

Definition 7.1.5. An affine algebraic group is called reductive if every unipotent
normal algebraic subgroup is trivial.

Example 7.1.6.

(1) The group C* = GL(1,C) is clearly reductive, since its only unipotent
element is the identity.

(2) More generally, the group GL(n,C) is reductive. Indeed, let U € G be an
element of a unipotent normal subgroup G C GL(n,C). Since G is normal,
then the Jordan normal form Jy of U is also in G. Moreover, since *Jy
has the same Jordan normal form as Jy, then it is also in G. The matrix
 JuJy is real symmetric (the eigenvalues of unipotent matrix are all equal
to 1), so it is diagonalizable. The only way for such a matrix to also be
unipotent is if it is equal to I,,. However, this is only possible if Jy = I,,.
Thus, G is trivial.

(3) The direct product of general linear groups GL(n,C) x GL(m,C) is re-
ductive. Since there is an injective morphism GL(n,C) x GL(m,C) <
GL(n-+m.C) defined (A,B) > (1 ¥

tent subgroup H of GL(n,C) x GL(m, C) onto either GL(n, C) or GL(m, C)

is a normal unipotent subgroup. This means both projections are trivial,

and therefore H is trivial. It is easy to see this generalizes to show that
any finite direct product of reductive groups is reductive.
(4) The (additive) group C is not reductive because it is unipotent. Indeed,

the homomorphism C — GL(2,C) defined by z — <(1) 117> sends every

, the projection of a normal unipo-

element of C to a unipotent matrix.

If a reductive group G is acting on an affine variety X, then a theorem of Nagata
([Nag64]) says that the algebra of invariants O(X)¢ is finitely generated. Let X//G
be the affine variety corresponding to O(X)“. Note that O(X)% is automatically
reduced because O(X) is reduced. The inclusion O(X)¢ < O(X) induces an affine
morphism of varieties ¢ : X — X//G. We call (X//G, ¢) the affine GIT quotient.
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Theorem 7.1.7. Let G be a reductive group acting on an affine variety X. The
affine GIT quotient (X//G, @) is a good quotient.

A full proof of this theorem may be found in [New78]. Our previous discus-
sion concerning good quotients in Remark [6.2.4] immediately yields the following
corollary.

Corollary 7.1.8. Let G be a reductive group acting on an affine variety X such
that (X//G, ) is the affine GIT quotient. We have ¢(x1) = ¢(x2) if and only if
G- 21 NG - 19 # 3. Furthermore, for any y € X//G the preimage ¢~*(y) contains
a unique closed orbit. If all the G-orbits under the action on X are closed, then
(X//G, ) is a geometric quotient.

Remark 7.1.9. To keep the exposition simple we have combined several different
notions of reductivity into one. Namely, in addition to definition given above, there
are two more that appear in geometric invariant theory. If G is an affine algebraic
group, then

e ( is called geometrically reductive if for every finite dimensional represen-
tation p : G — GL(n, C) and G-invariant vector v € V (i.e. g-v = v) there
exists a G-invariant homogeneous polynomial f with deg f > 1 such that
f(v) #0;

e (G is called linearly reductive if the same is true for an invariant homogenous
polynomial of degree 1.

Nagata’s theorem concerning algebras of invariants used geometrically reductive
groups. A similar result was proved for actions of linearly reductive groups ([Hil90],
[Wey25]). However, since we are working over C, which has characteristic 0, re-

ductive, linearly reductive, and geometrically reductive groups all coincide (see
[Wey25], [Nag64], and [Hab75], among others).

Let us compute the affine GIT quotients for some of the examples we have seen
so far.

Example 7.1.10.

(1) If C* acts on A? by t- (z,y) = (tx,ty), then the induced action on the
algebra of functions O(A?) = Clx,y] is t - f(z,y) = f(t x,t'y). The only
invariants with respect to this action are the constant functions. That it,
o(X )CX = C. Thus, the affine GIT quotient is the one point variety Spec C
together with the constant morphism ¢ : A2 — SpecC.

(2) IfC* actson A by t-(z,y) = (tz,t'y), then the induced action on O(A?) =
Clz,y] is t - f(a,y) = f(t o, ty) = D ti=ixtyl. In order for f(z,y) to
be G-invariant we must have i = j. Therefore, we have O(X)®" = Clzy].
It follows that the affine GIT quotient is (Al, ¢), where ¢ : A2 — Al is
defined by ¢(z,y) = zy.

(3) If G = GL(2,C) acts on A* = Hom(C?,C?) by g - B = gBg™*, where
B = (i; ii), then the induced action on O(A*) = C[z1, 2, x3, 74] is
g-f(x) = flg" - a).

If f is G-invariant, then it is constant on the conjugacy class closures of
2 x 2 matrices. Therefore, by Example [6.1.2] we see that f is determined
by its values on diagonal matrices. This means O(A*)% is contained in the
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subalgebra C[A1, A2] (where A; and A represent the eigenvalues). More-
over, since the Jordan normal form is only determined up to permutation of
the Jordan blocks, then G-invariants in C[A1, A2] must be invariant under
the action of the symmetric group Ss. Therefore, O(A*)¢ is contained in
C[A1,A2]%2. Note that tr B and det B are both G-invariant regular func-
tions, restricting to the elementary symmetric polynomials A\; + A2 and
A1 A2 on diagonal matrices. Thus O(A*)¢ = C[A1, \2]%2 =2 C[\1, X2]. Con-
sequently, the affine GIT quotient is (A%, ¢), where ¢ : A* — A? is given
by ¢(B) = (tr B, det B)

(4) The above example can be generalized to the action of G = GL(n,C) on
A" = Hom(C™,C™) by conjugation. As in the case of 2 x 2 matrices,
each conjugacy class closure contains a diagonal matrix (the diagonal of
the Jordan normal form). Therefore, the algebra of invariants O(A™)¢
is contained in the algebra of regular functions on the diagonal matrices
Cl[A, A2+ -+, A\p]. Invariance under the permutation of diagonal elements
means O(A™ )% is actually contained in the algebra C[A1, Az -+ , An]" of
invariants under the action of the symmetric group.

Let ¢ : A" — A™ be defined by ¢(B) = (ag,- - ,an_1), where pp(t) =
ag~+- - anp_1t" "1 41" is the characteristic polynomial of B. Restricting ¢ to
diagonal matrices, we see that ag,- - ,an—1 are the elementary symmetric
polynomials in Ay, A2 - -+, A\,,. These functions are G-invariants (since the

characteristic polynomial is invariant under conjugation) and also generate
C[A1, A2+, An]®". Thus, (A", ¢) is the affine GIT quotient for the action
of GL(n,C).

As we have already seen in Corollary [.T.8 an affine GIT quotient X//G cannot
be a geometric quotient unless the orbits of the group action are closed. Since this
is not always the case, we would like there at least to be a large enough subset
of X such that the restriction of the quotient morphism ¢ to this subset defines a
geometric quotient. In order to characterize the points of such a subset we need
the following definition:

Definition 7.1.11. A point x € X is called stable if the orbit G - x is closed and
the stabilizer G, is finite.

The set of stable points of X is exactly the open subset we need to obtain
geometric quotient.

Proposition 7.1.12. Let G be a reductive group acting on an affine variety X
with affine GIT quotient (X//G,$). The set X, of stable points is a G-invariant
subset of X such that the following properties hold:

(1) Xs = ¢_1(¢(Xs))7

(2) ¢(Xs) is open,

(3) (p(Xs),d|x.) is a geometric quotient.

For a proof of this proposition see Section 5.1.c in [Muk03]. Let us determine
the stable points for each of the group actions in the previous example.
Example 7.1.13.

(1) The action of C* on A2 by ¢-(z,y) = (tx,ty) has no stable points, since the
{(0,0)} is the only closed orbit, and the entire group C* is its stabilizer.
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(2) The stable points of the C* action on A? by ¢ - (z,y) = (tz,t1y) are just
the points (x, y) belonging to the curves xy = a for a € C*. The restriction
¢ : A% —{(z,y)|lzy = 0} — A — {0} of the quotient morphism ¢(z,y) = xy
defines a geometric quotient.

(3) The action by conjugation of GL(n,C) on the space of matrices A" =
Hom(C™,C™) also has no stable points, since every Jordan normal form
has a nontrivial stabilizer.

7.2. The Proj quotient. We now proceed to describe a variation of Mumford’s
general GIT quotient construction for reductive group actions on affine varieties.
Let G be a reductive group acting on an affine algebraic variety X. Let x : G — C*
be a character of the group G () is taken to be algebraic). The group G acts on
the direct product X x C by

g-(x,2)=(g-2,x(9)"2),
Note that the algebra of regular functions is O(X x C) = O(X) ® C[z] = O(X)]z].
The induced G-action on this algebra may be written as

!
g f@.2)=g-O_ fala)z" Zx T fulgt e x)a",
n=0

Therefore, if f(z,z) is G-invariant, then fn(g' x) = x(9)"fn(z) for all 0 < n < I.
We call the functions f,(z) € O(X) such that f,(g7'z) = x(9)" fu(x) is satisfied
X" -semi-invariants. Note that semi-invariants define a Zx>(-grading on the algebra
of invariants so that we have:

Ay = 0(X x0)¢ =P o(x)

n>0

where O(X)X" C O(X) is the subspace of x"-semi-invariants. It can be shown
using Hilbert’s theorem that the graded algebra O(X x C)% is finitely generated
(Section 6.1.b in [Muk03]). We will denote by X//,G the quasi-projective variety
corresponding to the closed points of Proj O(X x C)¢

Specifically, recall from Section 2 of [Har77| that for a graded algebra S =
D, > Sn there exists a quasi-projective scheme Proj S whose points are homoge-
neous prime ideals that do not contain the irrelevant ideal S, = D.,~0Sn. The
closed points of Proj.S are the ideals that are maximal among homogeneous ideals
not containing the irrelevant ideal. Considering only the closed points when Proj .S
is a reduced scheme of finite type we obtain a quasi-projective variety.

Note that the inclusion Sy C .S induces a projective morphism Proj.S — Spec Sy
(this is true on the level of varieties as well). In the case of the graded algebra of
invariants A, we can interpret this as saying that there is a projective morphism
X//+G — X//G induced by the inclusion O(X)%¢ = O(X)X' c O(X x C)°

We would like X//,G to be a good quotient of a G-action just as we did in the
case of the affine GIT quotient. To do this we require the following definition:

Definition 7.2.1. Let G be a reductive group acting on an affine variety X, and
for monzero f € O(X)X" let Xy = {x € X|f(x) # 0}.
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(1) A point x € X is called x-semistable if for some n > 0 there exists a
semi-invariant f € O(X)X" such that + € X;. We denote the set of x-
semistable points of X by X3*. Points that are not semistable are called
unstable.

(2) If x1,29 € X3%, then x1 and 2 are called S-equivalent if and only if

G'l‘lﬁG'l'gﬁX;S?é@.

Note that the subset X3* = |J X (the union is taken over all semi-invariants f
or positive degree). Since each Xy is open by definition and G-invariant because f
is a semi-invariant, then X7° is an open G-invariant subset of X.

If v € X737, then let I, = {f € A\[f(x) = 0} be a homogeneous ideal of A,. This
ideal does not contain the irrelevant ideal because x is semistable. Furthermore, it
is maximal since z is a point. Thus it defines a point in X//,G. This defines a
natural morphism ¢ : X3* — X//\G. The pair (X//,G, ¢) is called the Proj GIT
quotient with respect to x. The following theorem is a special case of the results
found in Section 1.4 of [MEK94]:

Theorem 7.2.2. Let G be a reductive group acting on an affine variety X. The
Proj GIT quotient (X//G, ) is a good quotient, and the morphism ¢ induces a
bijection between the points of X/ /G and the S-equivalence classes of G-orbits in
X3
Example 7.2.3.
(1) Consider the action of G = C* on X = A? by ¢ - (z,y) = (tz, ty), together
with the character y : C* — C* given by x(t) = t!. For f(z,y) =
D a;;x'y’ € O(X) we have

tflwy) =Y ayt ey,
itj

so the x™-semi-invariants are degree n homogeneous polynomials. It fol-
lows that A, = Clz,y] with the standard Zs>¢-grading. Consequently,
A?//,C* = ProjClz,y] = P'. Note that X3* = A> — {(0,0)}, since every
homogenous polynomial of degree greater than 0 vanishes at the origin.
Therefore, (P!, $) where ¢ : A2 — {(0,0)} — P! is the morphism sending
every line through the origin to the corresponding point of P! is the Proj
GIT quotient. It is not difficult to generalize this construction to the ac-
tion of CX on A™*! to obtain P™ as the quotient. In this case, since orbits
intersect outside of X7, the S-equivalence classes of orbits are the orbits
themselves (i.e. lines going through the origin).

(2) Let G be reductive group acting on an affine variety X, and let x : G — C*
be the trivial character. In this case, we have that A, = O(X)Y ® C[z] =
O(X)%[2], where elements of O(X )% have degree 0 and z has degree 1. Note
that a homogeneous ideal of O(X)%[z] contains the irrelevant ideal if and
only if it contains z. Therefore, any maximal ideal m C O(X)“ determines
a unique homogeneous maximal ideal M C O(X)%[z] not containing the
irrelevant ideal such that m = M N O(X)¢. It follows that X//,G =
Proj O(X)%[z] = SpecO(X)% = X//G. Since z is nonzero on all of X,
then X3° = X. Consequently, the Proj GIT quotient (X//,G,¢) is the
same as the affine GIT quotient.
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As in the case of the affine GIT quotient, we can impose additional conditions
on the points we consider in order to obtain an open subset of X on which the
G-action gives us a geometric quotient.

Definition 7.2.4. Let G be a reductive group acting on an affine variety X. A
point x € X is called x-stable if for some n > 0 there exists a semi-invariant
f€OX)X" such that x € Xy (i.e. = is semistable), the action G restricted to X
is closed, and the stabilizer G, is finite. We denote the subset of x-stable points of
X by X5

We have the following analogue of Proposition [.1.12]

Proposition 7.2.5. Let G be a reductive group acting on an affine variety X with
Proj GIT quotient (X//\G,¢). The set X3 of stable points is a G-invariant subset
of X such that X3 = ¢ (¢(X3)), ¢(X5) is open, and (¢(X3), ¢lx:) is a geometric
quotient.

The proof can be found in Section 1.4 of [MFK94].

Example 7.2.6.
(1) If G = C* acts on X = A" by ¢t (zo,...,z,) = (tzo,...,tr,), and
x : C* — C* is given by x(t) = !, then the stable points are those
with finite stabilizers and closed orbits in A"t — {(0,...,0)}. This means
X; =A"" —{(0,...,0)}.
(2) If G is a reductive group acting on an affine variety X, and x : G — C* is
the trivial character, then X = X.

Note that an analogue of the corresponding result for quotients by actions of Lie
groups can be seen from the following theorem (see Section 1.4 and Appendix 1.D
in [MFK94] ):

Theorem 7.2.7. Let G be a reductive group acting on a smooth affine variety X
such that all points of X have connected stabilizers, and let x be a character of G.
Let (Y, ¢) be the geometric quotient corresponding to X3

If the action of G is free on X3°, then all x-semistable points of X are x-stable,
Y is smooth, and ¢ : X5 —'Y is a principal G-bundle in the étale topology.

We can see that the relationship between the y-stable and y-semistable points
of X in the following diagram:

Xs c X3 c X
| | |
X:/a c X//G ——— X//G

Remark 7.2.8. The Proj GIT quotient described in this section is a special case
of Mumford’s GIT quotient with respect to a specific linearization. Namely, let G
be a reductive group acting on a quasi-projective variety X. A linearization of the
action of G with respect to a line bundle 7 : L — X is an action of G on L such
that

(1) the morphism 7 is G-equivariant

(2) for all z € X and g € G, the morphism L, — L., induced by the action

of G on the fibers is linear.
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In other words, L is a G-equivariant line bundle on X. The actionof a : GXx X — X
induces the action a : G x L — L, which in turn defines a linear action of G on
HO(X, L®") for r > 0. The GIT quotient is defined in terms of

X//LG = Proj | @ HO(X, L")
>0

The semistable and stable points are defined as

e r € X is semistable if for some r > 0 there exists an invariant section
o € H°(X,L®")% such that z € X, = {x € X|o(x) # 0} and X, is affine;

e z € X is stable if in addition to being semistable, the stabilizer G, is finite,
and the action of G on the corresponding X, is closed.

In this case, there are versions of Theorems [[.2.2] [[.2.7] and Proposition [[.2.5] (see
Chapter 1 of [MFK94]) that hold true.
If X is an affine variety with the action of a reductive group G and y : G — C* is
a character, then we can define a linearization on the trivial line bundle X xC — X
by
g9-(2,2) =(9-2,x(9)2)
One can check that this linearization gives us the Proj GIT quotient construction.

7.3. Quotients and coarse moduli spaces. We conclude this section by out-
lining the relationship between quotients and coarse moduli spaces. Recall from
Section 2 that if we are interested in finding a variety that classifies objects of a
set A up to an equivalence relation ~, we begin by upgrading ~ to an equivalence
relation on the set of families Ap for each algebraic variety T. This allows us to
define a moduli functor M : Var®® — Set by M(T') = Ar/ ~p on the objects and
M(f)(F) = f*F on morphisms f: S — T.

Now, fix an algebraic variety X, and let F € Ax. We say F has the local
universal property if for any family G € Ar and point ¢t € T there exists an open
neighborhood ¢ € U C T and a morphism f : U — X such that G|y ~y f*F. We
will make use of the following lemma.

Lemma 7.3.1. Let M be a moduli functor, and let F € Ax be a family with the
local universal property over an algebraic variety X. Suppose there is an algebraic
group G acting on X such that x1,z2 € X belong to the same G-orbit if and only
if there is an equivalence of the fibers Fyy ~ Fu,-

For any algebraic variety Y there is a bijection between the set of natural trans-
formations Nat(M, hy) and the set of G-invariant morphisms f: X =Y.

Proof. The mapping ¥ (n) = nx(F) sends n € Nat(M, hy) to a morphism nx (F) :
X — Y. Since 7 is a natural transformation, we have

nx (F)(@) = nspecc(Fz) = Nspecc(Fgz) = nx (F)(g - 2),
so nx (F) is G-invariant.
We construct the inverse of 1 by gluing. Let T be an algebraic variety and
G € A; a family over T. Let f : X — Y be a G-invariant morphism. Since F has
the local universal property, then there exists a cover {U; — T} and a collection of
morphisms h; : U; — X such that G|y, ~u, hiF.



QUIVER REPRESENTATIONS AND MODULI PROBLEMS 47

The compositions foh; glue to define a morphism 7" — Y. Indeed, if u € U;NUj,

we have
Fhitwy ~ (BFF)u ~ Gu ~ (W F)uFn, (u)-

This implies h;(u) and h;(u) belong to the same G-orbit, so f o h;(u) = f o hj(u).
This means the f o h;(u) agree on intersections, so they glue. Note that a similar
argument shows that the resulting morphism does not depend on the choice of open
cover and h;.

Define v : M — hy by letting v7(G) be result of gluing the foh;. Let ¢ : S — T
be a morphism. Let {U; — T} and h; be as above. We have that V; = ¢™1(U;)
form an open cover of S. Moreover, we have

(hi o @)* Flv; ~v; (¢ 0 hiF)lv; ~v; ¢*Glv;.
Therefore v (G) o ply, = (f o hi) o ¢ = vs(¢*G)|y,. Since the V; cover S, then
vr(G) o p = vg(9*G), so v is a natural transformation.

The mapping ¢ (f) = v is the inverse of ¥. Indeed, ¥ o1 = vx(F). By the
above construction, vx(F) = foldy = f. Conversely, ¢ o ¢(n) = v such that

vr(G)|u, = nx (F) o h;, where U; and h; are as above. Therefore, we get
vr(9)|u; = nx(F) o hi = nu, (b F) = nr(9) v,
by functoriality. Thus vr(G) = nr(G) and we are done. O

This lemma gives us the following result.

Theorem 7.3.2. Under the assumptions of Lemma[7.3.1] we have that

(1) If the moduli functor M admits a coarse moduli space (Y,n : M — hy),
then there exists a morphism ¢ : X — Y such that (Y, @) is a categorical
quotient.

(2) If (Y, ¢) is a categorical quotient of the action of G on X, then there exists
a natural transformation n : M — hy that makes Y into a coarse moduli
space for M if and only if (Y, ¢) is an orbit space.

Proof. If (Y,n : M — hy) is a coarse moduli space, the existence of ¢ follows
immediately from Lemma [[.3.1] and its universal property is a consequence of the
universal property of 7.

If (Y,9) is a categorical quotient, then by Lemma [[31] ¢ = nx(F) for some
natural transformation n : M — hy. Note that by the local universal property
every family in M (Spec C) is equivalent to a fiber of F. Moreover, two fibers of F
are not equivalent if and only if they are over points from different orbits. Thus the
mapping nspecc : M(Spec C) — Hom(SpecC,Y) is a bijection if an only if (Y, ¢)
is an orbit space. O

Example 7.3.3. Consider the moduli functor M classifying families of vector
spaces of dimension n up to isomorphism (seen in Example 2.4.T]).

Let X = GL(n,C) be viewed as the space parametrizing choices of basis for the
vector space C™. The group GL(n, C) acts on X by left multiplication. It is easy to
check that the pair (SpecC, ¢), where ¢ : X — SpecC is the constant morphism,
is an orbit space for is action.

Let F = X x C" be the trivial family over X. Let E be a rank n vector bundle
over an algebraic variety T'. Since F is trivializable, then each point ¢ € T" has an
open neighborhood t € U C T such that U x C"* ~y h*F, where h: U — X is any
constant morphism. This means, F' has the local universal property with respect
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to M. Since the action of GL(n,C) on X only has one orbit, it is clear that two
fibers of F' are equivalent if and only if the corresponding points of X lie in the
same orbit.

Thus, the coarse moduli space corresponding to M is the pair (Spec C, n), where
1 : M = hgpecc is a natural transformation such that nr is the constant map. We
have already seen in Example that this is the case.

8. MODULI SPACES OF QUIVER REPRESENTATIONS

8.1. Quiver basics. We begin our discussion of moduli space constructions for
quiver representations by introducing basic notation and terminology. Recall from
the introduction that a quiver Q = (Ig, Ag, s,t) is a multidigraph. That is, @ is
a directed graph where multiple edges between two vertices and loops are allowed.
The data defining @ consists of a set of vertices I, a set of arrows Ag, and two
mappings s,t : Ag — Ig defined such that the arrow a starts at s(a) and ends at
t(a). A quiver is said to be finite if Io and Ag are finite. From now on, we will
assume all quivers we work with are finite, though much of this section remains
valid even if this is not the case.

Definition 8.1.1. A representation V of a quiver Q consists of a collection of
C-vector spaces {Vi}ie1, and a collection of linear transformations { fa}aea, where
Ja : Vi) = Vi(a)-

A representation V' of Q is said to be finite-dimensional if all of the V; are
finite-dimensional. In this case the dimension vector a = (a;)icr, of V is defined
by a; = dim V.

We will often consider representations V' in coordinate spaces, meaning that
V; = C~. This makes each representation V = ({V;},{f.}) with dimension vector

a = (a;) an element of the vector space HaeAQ Hom(C%s(=), C%t(@)).

Definition 8.1.2. Let V = ({Vi},{fa}) and W = ({W;},{ha}) be two represen-
tations of a quiver Q. A morphism ¢ : V. — W of quiver representations is a
collection of linear transformations @; : V; — W; such that Pi(a) © fa = hgo Ds(a)
for alla € Ag.

We can generalize many notions from linear algebra to the context of quiver
representations. For example, a subrepresentation W C V of a representation
of @ consists of subspaces W; C V; and arrows hg @ Wy) — Wy, such that
fa|Ws<a) = hg. One can similarly extend the definitions of quotient representation,
as well as of the kernel, the cokernel, the image of a morphism, etc. Note that the
representations of a quiver @) form a category R(Q), and it is not hard to see that
R(Q) is a C-linear abelian category.

We will denote by R(Q, ) the set of representations of ¢ with dimension vector
«. If we are considering representations of () with dimension vector « in coordinate
spaces, then R(Q,«a) has the structure of an affine space, and we denote it by
Rep(Q, ). The group G(a) = [[;¢;, GL(V;,C) acts on Rep(Q, @) by change of
basis at each vertex. That is, if V = (f,) € Rep(Q, ) and g = (¢;) € G(«), then
g-V= (gt(a)fags(s)'l). Note that two representations in Rep(Q, a) are isomorphic
if and only if they lie on the same G(a)-orbit.

Example 8.1.3. We have already seen several examples of quiver representations.
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(1) The Jordan quiver J consists of a single vertex and single loop. Its repre-
sentations may be interpreted as pairs (V) f,), where V is a vector space
and f, € End(V) is its endomorphism. We saw in Example 2.4.2] that there
is no moduli space parametrizing the finite-dimensional representations of

J up to isomorphism.
)
v

(2) The Kronecker quiver Ky consists of a pair of vertices and two arrows in
the same direction. In Section 4 we saw that an open subset of Rep(K2, @)
parametrizes vector bundles on P! with some additional rigidity structure.

by
0 1
bo

(3) The A, quiver a quiver associated to the Dynkin graph A,, consisting of n
vertices and n — 1 arrows.

1 2 e n

al az An—1

Note that representations of A; are just C-vector spaces. In representation theory
it is often convenient to view representations of objects as modules over an algebra.
We can obtain this kind of description for quiver representations as follows.

Given a quiver @, a path p = a,, - - - asaq in Q is a sequence of arrows a,, . . ., a2, a1
such that s(a;) = t(a;41) for 1 <4 < n —1. We will allow paths that contain no
arrows. Namely, for each vertex ¢ € I there is a trivial path denoted by p; such that
s(pi) = t(p;) = i. We will denote s(p) := s(a,) and t(p) := t(a1). If s(p) = t(p),
then the path is called a cycle.

The path algebra CQ of @ is the associative C-algebra generated as a vector
space by e, for all paths p in ). Multiplication is defined by concatenation of
paths. Namely,

_ {epq if s(p) = t(q),
€pq = .
0 otherwise.

The elements e; := ep, are idempotent. In fact, they satisfy e,e; = e, for any p
such that s(p) = ¢ and e;e, = e, for any p such that ¢(p) = i. Note that if @Q is
finite, then 1¢g := ZidQ e; is a unit element in the algebra CQ.

If V is a representation of the quiver @), then any path p = a,---a2a1 in Q
defines a linear transformation f;, : Vi) — Vi) given by fo, 0---0 fo,. If Vis a
representation of @, then we can define a CQ-module structure on P Vi by

. fp(’l}) ifve Vs(p).
epl = )
0 otherwise.

iclg

Conversely, if V' is a CQ-module, then let V; = e;V. For each a € Ag, let f, :
Vi(a) = Vi(a) be given by f,(v) = e,v. This morphism is well-defined since

JfaVsa)) = €aVis(a) = €als(a)V = €ra)eaV C eya)V = Vy(a)-
Thus, we see that ({V;},{fa}) is a representation of Q.
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It is not hard to extend the above constructions to morphisms and obtain the
following result (see Section 1.2 of [Bril2] for details).

Theorem 8.1.4. For a finite quiver Q, the category R(Q) is equivalent to the
category CQ — mod of modules over the path algebra of Q.

Example 8.1.5.

(1) Since the only nontrivial paths in the Jordan quiver J consists of concate-
nations of the loop with itself, the path algebra C.J is just the polynomial
algebra C|z].

(2) The path algebra of the Kronecker quiver K may be realized as a subalgebra
of Hom(C?,C?)[z] that is generated by

10 0 0 0 1 0 =z
0 0/’\0 1)°\0 0/°\0 0’
these correspond to the elements eq, ea, ep,, and ey, respectively.

Let us recall several definitions from algebra in the context of quiver represen-
tations.

Definition 8.1.6. Let V' be a representation of the quiver Q.

o We say V is simple if it contains no nontrivial subrepresentations.

o We say V is semisimple if V = @&,V where V' are simple.

o We say V is indecomposable if it cannot be written as the direct sum
V = WleW? such that W' and W? are both nontrivial subrepresentations.

Note that the correspondence between representations of @ and CQ-modules
preserves subobjects. Therefore, we can import the following basic results from
algebra.

Theorem 8.1.7 (Jordan-Holder filtration). Let V' be a finite-dimensional repre-
sentation of a quiver Q. There exists a filtration of V' by subrepresentations

o=VycWc---cV, 1 CV,=YV,

such that V;/V;_1 is simple for 1 < i < n. Moreover, the quotients V;/V;_1 are
unique up to reordering.

Lemma 8.1.8 (Schur’s Lemma). If V' and W are simple representations of the
quiver Q, then all morphisms V. — W are either isomorphisms or equal to zero.
All endomorphisms of V are equal to cId, where ¢ € C and Id is the identity
endomorphism.

8.2. Affine quotients for quiver representations. We would like to describe
affine GIT quotients for the action of the reductive group G(«) on Rep(Q, ). This
can be done at the level of points by determining the closed orbits under this action,
or at the level of functions by determining the invariants. Let us begin with a few
examples:

Example 8.2.1.

(1) Consider the group action GL(1,C) x GL(1,C) on the product of affine
spaces A! x Al = Hom(C,C) x Hom(C, C) by (¢,s) - (z,y) = (tes™!, syt™!).
Notice that (tzs™?, syt™!) = (ts'x,st'ly), so the orbits and the affine GIT
quotient are exactly the same as in Example (2).
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(2) Let us look at an upgraded version of the previous example. Consider the

quiver Ay consisting of the Ay quiver together with one additional arrow
in the opposite direction.

1, > 2

Let a = (2,1). The group G(«a) = GL(2,C) x GL(1,C) acts on the variety
Rep(4s, @) := A? x A2 = Hom(C2,C) x Hom(C, C?) by

0@ w. (7)) = (o mata(i)e).

where A = (al a2) € GL(2,C). Note that the product (wl yl) (b) =
asz Q4 Y2
2122 + y1y2 is constant on the orbits of G(«). Furthermore, all products

X = (I2> (x1 ) = <‘T1I2 xzyl) coming from elements in the same
Y2 T1Y2  Y1y2

G(a)-orbit lie in the same GL(2,C) conjugacy class.

Consider all elements of Rep(A_g, ) such that x129 4+ y1y2 = ¢ for a fixed
¢ € C. Note that the eigenvalues of X are ¢ and 0. If ¢ # 0, this means
X is diagonalizable by some A € GL(2,C). Let (21 wi) = (z1 1) A™

and 2 A T2 . We have e Y 0 . Therefore,
wo Yo Z1W2  wWiwW2 00

wp = we = 0 and 2129 = ¢. Choosing ¢t = ¢/z1, we get that each element
of X such that zixo + y1y2 = ¢ # 0 is contained in the G(«)-orbit of

((c O) , <(1))> Thus, the equation x1x2 + y1y2 = ¢ # 0 defines a unique

closed orbit of G(«).

In the case that ¢ = 0, a similar computation shows that each orbit of
G(a) satisfying x129 + y1y2 = 0 is an orbit of an element of one of the
following forms

(©0:()) (= ()
(©0:(5))- (0 )

Only the last of these defines a closed G(a)-orbit (consisting of a single
point) as all of the others contain it in their closures.
Thus, we see that every G(a)-invariant regular function is defined by its

values on ((c 0) , (é)) and ((O 0) , (8)) In other words, we have

O(Rep(Az, )@ = Clzy22 + y192),

and consequently the affine GIT quotient is (A', ¢), where ¢ : Rep(4s, ) —
Al is given by ¢ ((:101 y1) . (Z;)) = T172 + Y1Y2.

Let us consider the action of the automorphism group on the representations
of the As quiver in standard coordinate spaces. That is, we consider the
action of GL(n,C) x GL(m, C) on the affine space A™" = Hom(C™,C") of
n X m matrices defined by (A, B) - C = ACB™.
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Note that this action is transitive when restricted to matrices of rank r,
where 0 < r < min(m,n). Since rank r matrices are those with at least
one nonvanishing » x r minor, then the subset M<, C Hom(C™,C") of
matrices of rank less than or equal to r is a closed subvariety defined by
vanishing r X r minors. Similarly, the set of matrices M-, of rank greater
than r is open. It follows that the orbits of the GL(n,C) x GL(m,C) are
all locally closed (matrices of maximal rank form an open subset), with the
only closed orbit being that of the zero matrix. Thus there are no stable
points for this action.

The affine GIT quotient in this case is Spec C since there are no noncon-
stant G-invariant functions (this is already true just for left multiplication
by elements of GL(n,C)).

The following theorem (proved in [LBP90]) allows us to compute invariants for
the standard group action on quiver representations in coordinate spaces.

Theorem 8.2.2 (Le Bryun and Procesi). Let Q be a quiver. The algebra of in-
variants O(Rep(Q, )%™ is generated by the functions tr(f,), where p is a cycle
mn Q.

If a quiver contains no cycles, we immediately obtain.

Corollary 8.2.3. Let Q be a quiver with no cycles. We have O(Rep(Q, a))%(®) =
C, and consequently Rep(Q, )//G(a) = SpecC.

Note that any cycle in ) can be concatenated with itself any number of times to
obtain additional cycles. This means, the above theorem provides an infinite num-
ber of generators, even though O(Rep(Q,a))%(®) is finitely generated. Therefore,
these generators must be subject to additional relations.

This can be seen directly as follows. Let p = a,,---a1 be a cycle in @ such
that ay # a; for k # [, and let i be a vertex in this cycle such that «; is minimal.
This cycle defines a morphism of affine spaces Rep(Q, a) — A given by V — f,.
Since «; is minimal, the morphism is surjective. Therefore (’)(AO‘?) injects into
O(Rep(Q, a)). The action of G(a) induced on O(Rep(Q, «)) is just conjugation by
GL(ay, C) when restricted to O(A®). It follows that, the G(a)-invariants tr(f})

are contained in O(A*? )L for [ > 0. As scen in Example [ZII0 the latter is
just the ring of symmetric polynomials C[Aq, - - - , Aq,]%*i. Under this identification,
tr( fll)) corresponds to the power sum symmetric polynomial p; := A} + - -- )\la It
is well-known that p1,...,ps, generate the ring of symmetric polynomials, so we

need only consider the traces of fy, ..., f;'.

Example 8.2.4. Consider A,, the double of the Ay quiver, consisting of two ver-
tices and two mutually inverse arrows.

The group GL(a) = GL(a1,C) x GL(ag,C) acts on Rep(Az,a). By Theorem
and the subsequent discussion, the algebra of invariants O(Rep(Q, @))% is
Cltr(fp), ..., tr(f)], where p = aja; and n = min{as, az}. This makes the affine
GIT quotient Rep(4s,a)//G(a) = A™.
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Recall that affine GIT quotients parametrize closed orbits under the group ac-
tion. Thus, in order to better understand Rep(As,a)//G(c), we would like a nice
description of the representations in Rep(Az, a) that give rise to closed orbits. We
begin by describing orbit closures in terms of actions of one-parameter subgroups.

Definition 8.2.5. Let G be an algebraic group. A one-parameter subgroup
(also called a cocharacter) of G is a morphism of algebraic groups X : C* — G.

This notion is dual to that of a character y : G — C*, which we have already
seen in the previous section. Note that both the set of characters Hom(G, C*) and
the set of cocharacters Hom(C*, G) of G have natural group structures. In the
case that G = C*, these groups coincide, and can be computed using the following
result from the theory of algebraic groups.

Proposition 8.2.6. If x(t) € Hom(C*,C*), then x(t) = t"™ for some n € Z.
Furthermore, mapping Hom(C*,C*) — Z given by x — n is an isomorphism of
groups.

Proof. Let m : C* x C* — C* be the multiplication operation on C*. Note that
this morphism of varieties induces a homomorphism of C-algebras defined by

m* : C[t,t] = C[t,t"] ®c C[t, ']
m*(t) =t®t.

Since x(t) is a homomorphism of algebraic groups, we have that x(m(ti,t2)) =
m(x(t1), x(t2)) for t1,t2 € C*. On the regular functions this gives us m*x*(t) =
X*®@x*m*(t), where x* : C[t, '] — C[t, ] is induced by x. Let x*(t) = a_,,t "™+
cetaytM =30, ait®. We have

m*x*(t) = Zaktk Qth = Zakaltk Rt = Z aptt @ Zaktk =x" @ x"m*(t).
k k.l k k

By comparing the two summations, we see that x*(t) = axt* for some k € Z. Let
e* : C[t,t"!] — C be the algebra homomorphism corresponding to the group identity
element e : Spec C — C* such that e(SpecC) = 1. Note that e*(p(t)) = p(1). We
have x(e(SpecC)) = e(Spec C), which implies e*x*(t) = e*(¢). Since e*(t) = 1, we
get ap, = 1. Thus every element y € Hom(C*,C*) has the form x(t) = ¢" for some
n € 7.

Since every n € Z defines an element ¢ — ¢™ in Hom(C*,C*), it is easy to check
that x +— n for x(t) = ¢™ is a group isomorphism Hom(C*,C*) — Z. O

Recall that an affine algebraic group 7T is an algebraic torus if it is isomorphic
to (C*)™ for some m > 0. The above proposition lets us immediately compute the
characters and cocharacters of 7.

Corollary 8.2.7. Let T = (C*)™ be an algebraic torus. If x(t) € Hom(T,C*),
then x(t) = t™ ---t" for some ni,...,nym € Z. If A(t) € Hom(C*,T), then
A(t) = (1, ..., tm) for somely, ... Iy € Z.

The following proposition is a well-known result from the theory of algebraic
groups (see e.g. Theorem 3.2.3 in [Spr98]) that we will be using later.
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Theorem 8.2.8. Let T be an algebraic torus, and let p : T — GL(n,C) be a
morphism of algebraic groups (i.e. a linear representation of T'). There exists a
direct sum decomposition
c" =P,
A

where A is a cocharacter of T and Vy = {v € C"|t-v = A(t)v for allt € T}.

If an algebraic group G acting on an algebraic variety X, and A(¢) is a one-
parameter subgroup of G, then the action of G induces an action of A(¢) on X.
Note that there is an injective morphism of varieties C* — C = A'. For any
x € X, if the morphism A(¢) - ¢ : C* — X induced by A extends to a morphism
A' — X we say that lim;_,o A(t) - © exists and is equal to the image of 0 under this
morphism.

One useful consequence of the existence of such a limit is that lim; o A(t) -« is a
limit point of G - x, so it is contained in G - z. The converse statement is also true
as may be seen in the following theorem from [KemT78].

Theorem 8.2.9. Let X be an affine variety with the action of a reductive group G,
and let x € X. Let S be a closed G-invariant subset of X such that SNG -x # @.
There exists a one-parameter subgroup A of G such that limy_o A\(t) - © exists and
is in S.

We will need the next two lemmas in our description of closed G(«)-orbits.

Lemma 8.2.10. Let 0=V, C --- C V, =V be a filtration of V € Rep(Q, a) by
subrepresentations. The associated graded representation gr(Vy) :== (V1/Vp) & -+ &

(Vio/Vin—1) lies in the orbit closure G(a) - V.
Proof. Denote by Vi; the vector spaces in the subrepresentation Vj, for each vertex
1 € Ig. For i € Ig, choose a complementary subspace Vk/Jrli to the subspace Vj; in
Vie+1; where 0 < k < n — 1. Consider the one-parameter group A(t) : C* — G(a)
where A(t) = (\i(t))ic1, is such that X;(¢) is the direct sum of scalar matrices that
act by t=% on V..

Note that V; = V{, ® VJ, @ --- & V,.,. Therefore, each of the matrices f, may be
written as

g2 pln
0 fF o A
fo = : o .
0 0 ... fon
where fim Véw(a) — Vl;(a) are obtained by restricting f, to the direct summands.
The action of A(t) restricted to fU™ is just multiplication by t™~!. It follows that
T e A/ N
| e [
L
0 o .- nn 0 0o --- nn

a a

This means limy_,0 V =V/ @ --- @ V,, where V/ = V;/V;_;. Thus gr(V4) is in the
closure of G(«) - V. O
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Lemma 8.2.11. Let V,W € Rep(Q, ) be such that there exists a one-parameter
subgroup X : C* — G(«) with the property that lim;_,o A(t) -V = W. There exists
a filtration 0 =Vy C --- C V,, =V such that W is isomorphic to gr(Vs).

Proof. Let A\; : C* — GL(«y, C) be the components of A = (A;(t)) corresponding
to the vertex i € I. By Theorem 828, we have V; = @, o, V)., where V. be the
subspace of V; such that \;(¢) acts on V;}, by multiplication by ¢t =% (see Proposition
[B26). Since each V; is finite-dimensional and @ is finite, we can order all [ such that
" # 0, appearing across all the direct sum decompositions for the V;, obtaining

L <lp <<y

Writing fo =3, fH where fF . Vs’(a)l — th(a)k is a linear transformation, we
see A(t) acts on the vector space Hom(V{,);, V/,) by t!=F. Therefore, the limit
lim;_,o A(t) - V exists only if f* =0 for k > I.

Thus, for a fixed m, the Vi, :== @, <\, Vi and f7* == Elf%lﬂ? fE together

1SR>
define a subrepresentation V,,, of V. Moreover, these subrepresentations form a
filtration
o=V%c---CcV,=V.

By construction, W = W7 & --- @& W,,, where W, is a representation consisting of
the subspaces V//  and the arrows f7*™. It is easy to see that each W, is isomorphic
t0 Vint1/Vin, so the result of the lemma follows. O

We are now ready to give a description of the closed orbits of the G(«) action
on Rep(Q, ).

Theorem 8.2.12. Let V € Rep(Q, ). The orbit G(a) - V is closed if and only if
V' is semisimple.

Proof. Suppose V' € Rep(Q, «) is such that G(«) - V is closed. By Theorem B.I.7],
there exists a filtration 0 = Vo C --- C V;, = V such that V;41/V; are simple
representations. By Lemma[R2.10, we have that gr(Ve) = (Vi/Vo)®- - B (Ve / V1)
is a semisimple representation contained in G(«)- V. Therefore, V is isomorphic to
gr(Vs), so it is semisimple.

Conversely, suppose V. =V} & --- & V,, where the V; are simple. The orbit
closure G(«) - V contains a closed orbit G(«) - W, so by Theorem there is a
one-parameter subgroup A(¢) of G(«) such that lim; g A(¢) - V = W. By Lemma
RZTT] there exists a filtration 0 = Vj C --- C V,;, = V such that W is isomorphic
to V{/Vo @& --- @V, /Vy,_1. Note that because V; is simple we have that V; NV} is
either equal to the zero representation or to V;. Consequently, any nonzero Vj’ is
the direct sum of some of the V;. Therefore, V{//Vyj @ --- @V, /V, _; is isomorphic
to Vi @--- @ V,. It follows that W is isomorphic to V, so V' € G(«) - W, which
means G(«) - V is closed. O

Thus, we see that the points of Rep(Q, «)//G(«) correspond to orbits of semisim-
ple representations. We would like to have a similar description for orbits of stable
points. Unfortunately, we immediately run into the problem that there is a one-
parameter subgroup A in G(«a) consisting of tuples of scalar matrices (tl,,) such
that any representation V' € Rep(Q, ) contains A in its stabilizer. This means no
stabilizer can by finite, so there are no stable points.

To get around this problem we alter our definition of stable points to call V'
stable if G -V is closed and G, /A is finite. This is equivalent to considering the
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induced action of PG(«) := G(a)/A on Rep(Q, ). Using this definition of stability
we can state the following corollary to the above theorem.

Corollary 8.2.13. A representation V € Rep(Q, «) is stable under the action of
G(«) if and only if it is simple.

Proof. If V is simple, then G(«) -V is closed by Theorem R2.12] By Lemma BT.8
G(a)y /A is finite. Therefore, V' is stable.

Conversely, if V is stable, then by Theorem B 2. T2 we have that V = Vi @®---@V,,,
where the V; are simple. This means dim G(«)y = dim Aut(V) = dim End(V') > n.
It follows that dim G(a)y /A > n—1. Thus, the only way for G(a)y /A to be finite
is if n = 1. Consequently, V is simple. (|

Example 8.2.14.

(1) The A, quiver has exactly two simple representations, corresponding to the
dimension vectors (1,0) and (0,1). This means semisimple representations
of dimension vector oo = (a, av1) are necessarily equal to the zero matrix of
size ag X ap. This makes sense, since Rep(Asz, «)//G(«) = Spec C, where
the single point corresponds to the orbit of the zero matrix. Since the
only stable points occur for the dimension vectors (1,0) and (0,1), then in
each of those two cases the mapping sending the single orbit of the simple
element to Spec C is the corresponding geometric quotient.

(2) The two simple representations of Ay are also simple representations of the
doubled quiver Ay. In addition, any representation with dimension vector
(1,1) such that the arrows correspond to invertible matrices is also simple.

This means closed orbits of the G(a)-action on Rep(Az, ) are either a
pair of zero matrices (as before) or orbits of pairs

(60 3)

where A, B are invertible diagonal matrices of the same size. Note that
acting by a product of diagonal matrices from G(«)) we can guarantee that A
is an invertible diagonal matrix and B is the identity matrix. The maximum
possible rank of A is n = min{ag, a1}, so each closed orbit defines a point
in Rep(4z,)//G(a) = A™.

Looking at stable points, it is not hard to check that in addition to
the two geometric quotients seen in the As case, there is one more in di-
mension (1,1). This is obtained by sending the G(«)-orbit of the simple
representation {(a,1)} to a € A — {0} and {(0,0)} to 0.

8.3. Moduli spaces of quiver representations. We would like to use the Proj
GIT quotient Rep(Q, )/ /G () (see Section 7) in order to construct moduli spaces
of quiver representations. While it is possible to do so directly by describing
the y-semi-invariants of the G(«) action (see [SvdB01]) and the corresponding x-
semistable points in Rep(Q, «), we will instead use an equivalent notion of semista-
bility (introduced by King in [Kin94]) that is easier to verify.

The key component in proving King’s semistability criterion is an important
result due to Mumford. Let G be an affine algebraic group. Define the pairing
(—,—) : Hom(G,C*) x Hom(C*,G) — Z by (x,\) = n where x o A(t) = t". The
following theorem is a version of Theorem 2.1 in [MFK94].
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Theorem 8.3.1 (The Hilbert-Mumford criterion). Let G be a reductive group
acting on an affine variety X and let x be a character of G. A point v € X
is x-semistable if and only if for any one-parameter subgroup \ of G such that
lims—,0 A(t) -2 exists we have (x,\) > 0. If the inequality is strict for any nontrivial
such A, then x is x-stable.

Note that in our situation, each point of Rep(Q, o) has the nontrivial subgroup A
contained in its stabilizer. Therefore, we must include the condition that x(A) =1
in the semistability condition. Additionally, in the condition for stability we need
to consider A that are not in A.

In order to simplify the criterion for semistability, we would like to understand
the characters of the group G(a). Since G(a) = [] GL(a, ;), then every
character y € Hom(G(a),C*) is of the form x = [[;¢,,
of GL(n, ;). Since x; is a group homomorphism, then it is invariant with respect
to the standard conjugation action of GL(n, ;) on itself. This means, y; is defined
where it maps invertible diagonal matrices. That is, y is defined by its restriction
to the algebraic torus (C*)*. By Corollary B2.7, we know that x; = ¢* - - -t for
some ny, ..., Ny, € Z. Furthermore, x|cx)=; must be invariant under permutation
of the diagonal matrix entries. This means ny = --- = n,,. Consequently, x; =
det ™%, for some 6; € Z (here det is the character that sends each element of GL(c)
to its determinant). Thus any character of G(«) has the form y = [] det ™
for some 0; € Z.

The converse of this statement is also clearly true. Namely, given 0 = (0;) € Z'e,
the product [],c Io det™% is a character of G (). Note that in order for us to apply
the Hilbert-Mumford criterion to the G(«)-action on Rep(Q,«), we must have
X(A) =1 (i.e. we need x to be a character of PG(«)). This condition is equivalent
tof-a=>",0;a; =0. Since choosing a character of G(a) (or PG(«)) is the same
as picking a f € Z'e, we will denote such characters by xg. This equivalent way of
interpreting characters of G(a) leads us to an alternative definition of semistability.

i€lg
Xi, where x; is a character

iclg

Definition 8.3.2. Let § = (0;) € RIe. A representation V of the quiver Q with
(nonzero) dimension vector a = (o) is called 6-semistable if 0 - o = 0 and for
any subrepresentation W C V' with dimension vector § we have 6 - 3 < 0. We say
that V is 0-stable if under the previous assumptions 6 - B < 0 for any nontrivial
proper subrepresentation W C V with dimension vector 3.

We can now state the following theorem.

Theorem 8.3.3 (King). Let Q be a quiver, and let § = (0;) € Z!Q. Leta € ZIZ% be
a dimension vector such that 0 -a = 0. Any V € Rep(Q, «) is xa-semistable (resp.
Xo-stable) if and only if V is 0-semistable (resp. 0-stable).

Proof. Let V € Rep(Q, «). Using the argument from the proof of Lemma [R2Z.TT]
any one-parameter subgroup A of G(«) such that lim;_,o A(t) - V exists induces a
filtration by subrepresentations

0O=VWwWcwvic---CcV,=YV,
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where (Vi)i = @g<;<i Vi) given by the weight decomposition V; = @, V;), with
respect to the A(¢)-action (see Theorem [B2ZF)). Furthermore, the weight decompo-
sition gives us

Yo(A(£) = H det()\(t))*ei _ H H $hbs dim Vi, 457, k6, dim Vi )
i ik
Let 3; be the dimension vector of the quotient representation Vi, /Vi—1 for 1 < k < n.
The above computation gives us

(xo, A) =D _kO;dim V= k0B =(n+1)0-a— Y (n—k+1)0- B

k

== (n—k+1)0- B,
k

since « = f1 + -+ 8, and - a = 0. If V is f-semistable, then this implies
{x0, ) > 0 by Theorem B3 T because V}, is a subrepresentation of V with dimension
vector 81 + -+ + Bk.

Conversely, let V' be xp-semistable. Let W C V be a subrepresentation with
dimension vector 8. Consider the one-parameter subgroup A(t) of G(«) defined
such that X acts by =1 on W and by =2 on V/W. By the computation above we
get

(X0:\) = ~20-—0-(a—B)=—0-5>0.
Therefore, 8 - 8 < 0, so V is #-semistable. An analogous argument in the case of
stable representations completes the proof. (I

We will denote by Repy®(Q, a) the open subset of §-semistable representation in
Rep(Q, a), and by Repy(Q, ) the open subset of #-stable ones. The corresponding
Proj GIT quotient and geometric quotient will be denoted by Rep(Q, a)//oG ()
and Repy(Q, o) /G(a), respectively (note that we are using the definition of stability
that takes into account the subgroup A).

Remark 8.3.4. Using the formalism proposed in [Rud97] or [Bri07] it is possible
to give a slightly different definition of §-stability. Namely, let § = (§;) € RIe, and
let V' be a quiver representation with dimension vector c. The slope of V is the
quotient ;
e
B) = o

We say V is 0-semistable if for any nontrivial subrepresentation W C V we have
p(W) < (V). We say V is f-stable if the inequality is strict for any nontrivial
proper subrepresentation W. It is not hard to show that in the case 6 - a = 0 this
corresponds to the definition of #-stability we saw earlier. Moreover, 8-semistability
is invariant (semistable objects remain semistable) under shifts by multiples of the
vector (1,1,...,1), and it is always possible to find such that shift that would make
the dot product with o equal 0 (Lemma 3.4 [Rud97]). Unless specified otherwise, we
will be using Definition of stability, rather than the one given in the remark.

If @Q is a quiver, then for a fixed # the #-semistable representations of ) form
a subcategory Rg(Q) of R(Q). Furthermore, one can check that this category is
abelian (see proof of Proposition 3.1 in [Kin94]).

Proposition 8.3.5. The category Re(Q) is abelian and an object in this category
is simple if and only if it is O-stable.
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A consequence of this proposition is that an analogue of Theorem RB.I.7 holds,
so that every 6-semistable representation of @ has a filtration 0 = Vy C --- C
V., = V by subrepresentations such that the quotients Vi /Vj_1 are 6-stable and
these quotients are uniquely determined up to permutation. Another way of saying
this is that gr(V4) is determined by V up to isomorphism. We will therefore write
gr®(V) in this case. A argument similar to the one found in Theorem [B2ZT2 can be
used to prove the following (see Proposition 3.2 in [Kin94] for details).

Theorem 8.3.6. Let V € Rep®*(Q,«). The orbit G(a) -V is closed if and only
if V is the direct sum of 6-stable representations. Two representations Vi, Vo €
Rep®*(Q, @) are S-equivalent if and only if gr® (V1) = gr®(Va).

The representation V' in the above theorem that is the direct sum of f-stable
representation is called 0-polystable. A consequence of the theorem is that the
points of Rep(Q, a)//9G(«) are in bijection with 6-polystable representations.

Example 8.3.7.

(1) Consider Rep(J, «) for a nonzero a. Since the Jordan quiver consists of a
single vertex, then the condition that 6 - « = 0 implies § = 0. This means
all representations are #-semistable and Repy®(J, o) = Rep(J, ). As previ-
ously seen in Example [.2.3] we have Rep(J, a)//oG(a) = Rep(J, a)%(®) =
A~

Note that # = 0 implies no 6-stable representation of J can have non-
trivial proper subrepresentations. This means that the only 6-stable are
simple representations. This means o = 1, and Repj(/J, a)/G(a) = A

(2) In general, if # = 0, we see that the all representations in Rep(Q, «) are 6-
semistable, and the only #-stable representations are simple representations.
This makes sense, since by Example [[.23] the Proj GIT quotient for the
trivial character xy is the same as the affine GIT quotient.

(3) Consider Rep(As, ) with respect to the standard action of G(«). Assume
6 # 0 (0 = 0 was already discussed above). If § = (0, 63), then a; = 0 for
0 - a = 0. In this case, all representations of Ay are f-semistable, and the
only 6-stable representation is the simple representation with dimension
vector a = (1,0). Similarly, if & = (61,0), then all representations with
dimension vector (0,a;) are f-semistable, and the simple representation
for o = (0, 1) is f-stable.

If 6; and 6, are both nonzero, then for any a # 0 such that 8-« =0 we
have £2 = —z—f. It follows that 8 = ¢(a1, —a) where ¢ € Z.

Therefore, for a representation V' € Rep(Asz, ) to be #-semistable we
must have oy 8y —apf1 < 0 for any subrepresentation with dimension vector
B or apf1 — a1 89 < 0 for any subrepresentation with dimension vector .
The latter situation is impossible since there is always a subrepresentation
of dimension (0, 1).

This means we have the first situation, and there cannot be a subrep-
resentation with S = (1,0), so the linear transformation corresponding to
the arrow must be injective. Furthermore, we have oy > «p. However,
even if this is true there is a subrepresentation with dimension vector (1, 1)
which violates the inequality unless ag = a;. If @ = (v, ap), then every
representation V = (Vp, Vi, f,) with injective f, is 6-semistable. Moreover,
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it follows that the only 6-stable representations have dimension « = (1, 1)
and injective f,.

Note that there is a single G(«)-orbit containing all of the #-semistable
(respectively, 6-stable) representations whenever they exist. It follows that
for any fixed a and € such that f-semistable representations exist, we
have Rep(42,a)//oG(a) = SpecC. Similarly Repg(Az, a)/G(a) = SpecC
whenever #-stable representations exist.

(4) Let K, be the Kronecker quiver consisting of 2 vertices and n arrows.
Consider Rep(Ky,,a) for a = (ag, 1) = (d, 1), and let 8 = (1, —d).

10
_—

If the representation V' € Rep(K,,«) is f-semistable, then it cannot
contain the subrepresentation with dimension vector (1,0). This means
Ny<p<n ker(fz) = 0, and consequently the linear transformation f :=
(fays--+ » fa,) must be injective. Conversely, if f is injective, then every
subrepresentation of V' must have dimension vector (8y,1) with 5y < d.
Therefore, V' is #-semistable. In fact, V must also be -stable, since every
proper subrepresentation must have dimension vector (8p, 1) with Sy < d.

It follows that representation V' is #-stable if and only if it is f-semistable
if and only if the induced linear transformation f : C* — C" is injective.
Thus, Repj (K, a)/G(a) = Rep(Ky, )/ /9G(a) parametrizes subspaces of
C™ of dimension d, identifying it with the Grassmannian Gr(d, n).

We conclude this section by demonstrating that the quotient Repj (A2, a)/G ()
is a moduli space.

Let @ be a quiver and « a dimension vector. Let us consider the following moduli
functor:

MG (Q, @) : Var®® — Set

F=({T x C%}icry, {®atacag), vector bundle isomor-
M(Q,a)(T) =< @q:T x C¥@ — T x C* / phisms commuting

Fl: € Rep(Q, «) is f-stable with the ¢,
MZH(Q,)(f)=f*for f: S = T.

Note that the identity morphism [], 4, Hom(C%,C*@) — Rep(Q,a) de-
fines the tautological family T = ({Rep(Q,a) x C*},{p,}) of representations
over Rep(Q, «) consisting of trivial bundles Rep(Q, a) x C* and morphisms ¢, :
Rep(Q, a) x C*@ — Rep(Q, a) x C* such that (¢,)y = f, on the fiber for each
V € Rep(Q, ). Restricting this family to the open subset of 6-stable representa-
tions yields the tautological family 7.

Theorem 8.3.8. The quotient variety M3 (Q, «) := Repy (A2, a)/G(a) is a coarse
moduli space for the functor M$(Q, a).

Proof. Note that the tautological bundle 7, has the local universal property with
respect to the moduli functor Mj(Q, ). Indeed, if F is a family of stable repre-
sentations of ) over an algebraic variety T, then it can be trivialized in a neigh-
borhood U C T of any ¢t € T. That is, Fly = ({U x V;},{Id x f,}) for some
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V = {Vi},{fa}) € Repg(Q, ). Taking h : U — Repy(Q, ) to be the constant
morphism sending U to V, gives us h*7T; = F|y.

If Vi,V2 € Repy(Q, ), then clearly (75)v, = (75)v, if and only if Vi = V5,
which only happens if and only if V; and V5 belong to the same G(«)-orbit. Thus
Theorem implies there is a natural transformation 7 : M3(Q, @) = hass(Q.q)
that makes (M (Q, «),n) into a coarse moduli space. O

Remark 8.3.9. It is easy to modify the moduli functor above to describe fam-
ilies of @-semistable representations of Rep(Q,a) up to S-equivalence. One can
show (see Proposition 5.2 in [Kin94]) that the quotient variety Mj®*(Q,a) :=
Rep(Az,a)//9G(a) is a coarse moduli space for this functor. As we have already
seen, Theorem implies that M;°(Q, o)) parametrizes #-polystable representa-
tions up to isomorphism.

If @« = («;) is such that the greatest common divisor among the «a; is 1, then
a is called indivisible. Suppose « is indivisible. Let ¢ = (¢;) € Z!@ be such
that ). cia; = 1. Consider the character x. : G(a) — C* defined by x.(9) =
[1; det(g:) =

The G(a)-action on Rep(Q, ) induces a G(«)-bundle structure on 7,7, such that
the one-parameter subgroup A acts by ¢ on the fibers. Multiplying by the character
Xc along the fibers defines a G(«)-bundle structure that A acts trivially. Therefore,
the family 7, descends (see Theorem 2.3 in [DN89| for general case) to a family
(i.e. U pulls back to 7;°) of f-stable representations on M (Q,a). One can show
this family is universal, giving us the following theorem (see Proposition 5.3 in
[Kin94].
Theorem 8.3.10. If « is indivisible (i.e. the ; do not have a nontrivial common

diwisor), then My (Q, ) is a fine moduli space.

9. FRAMED REPRESENTATIONS

9.1. Framing and stability. Given a quiver () we can define a bilinear form on
the dimension vectors of its representations.

Definition 9.1.1. Let Q be a quiver. The Euler-Ringel form associated with Q
is the bilinear form given by

(0, B) = aiBi— > ua)Bia)s
iclg a€Aq

where o, 3 € Z'2. The quadratic form q(a) = (a, ) is called the Tits form.

Note that the Euler-Ringel form computes the Euler characteristic of a pair of
(finite-dimensional) representations V' and W with dimension vectors o and 3 (see
Corollary 1.4.3 in [Bril2]). That is (a, ) = dim Hom(V, W) — dim Ext' (V, W).

An easy consequence of Theorems and [7.2.7 is the following proposition.
Proposition 9.1.2. Let 6 € 7@ be such that there are 0-stable representations in
Rep(Q, o). We have that Mj(Q, &) is a smooth open subset of M3*(Q,a) such that

dim M (Q, «) = dimRep(Q, a) — dim G(a) + 1 =1 — ¢(a).
Thus we see that for a given dimension vector « it is often the case that Mj(Q, a)

is either empty or finite (see Example B3.7). In order to obtain a more interesting
class of varieties we introduce additional structure to the quiver Q.
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Definition 9.1.3. Let Q = (Ig, Ag, s,t) be quiver. A framing of Q is a quiver
Q) 4Q
QT = (Igsr, Agir, sfT t57) such that
1) Iosr = IgUI], together with a bijection between I and I}, via the mapping
Q QR-1Q Q Q
=
(2) Agsr = Aq U ibiticr,,
(3) s'7(a) = s(a) and t/"(a) = t(a) for alla € Ag,
(4) s'(b;) =i and t7"(b;) =i’

In other words, Q/" consists of the quiver Q together with one additional vertex
for each vertex of ) connected to that vertex by a single arrow. It follows that a
representation of Q7" consists of V = ({V;}U{V/}, {fa}U{fp }), where V/ is placed
at the vertex i’ € Iy and fp, : Vi — V/ is a linear transformation.

We can similarly define the representations of Q{ " in the standard coordinate
spaces. For a dimension vector (a,a’) € ZI9 U Zi% = Zlfofr, denote the affine
variety of such representation by Rep(Qf",a,a’). We will call the elements of
Rep(Qf", a, ') framed representations of Q.

There is an action of the group G(a) on Rep(Qf",a,a’) defined by f, +

gt(a)fags(a)_l fora € AQ and fbi = fbigi_l'
An alternative description of framed representations can be given as follows.

Proposition 9.1.4. Let Q = (Ig, Ag,s,t) be a quiver. Fiz a dimension vector o
for Q, and let Q be the quiver with vertex set IoU{oo} and an arrow set consisting
of Aqg together with «; additional arrows from each vertex i € Ig to oo. Let the
dimension vector & be given by &; = «; for i € I and 6o = 1. There is a
G(a)-equivariant isomorphism Rep(Q’'", a, o) — Rep(@, Q).

Proof. The group G(a) acts on Rep(Q, &) via the embedding G(a) — G(é&) given
by g = (g:) — (g:,1d). This may be viewed as the action of G(a) = G(&)/C* after
scaling by goo-

Consider the morphism of affine varieties Rep(Q’'", a, o) — Rep(@, &) defined
by (Vb AV/h Lfab U }) = (LVi} AVch, {fubs {rin}) where Vae = C and ry is
the k-th row of fi, for 1 < k < «;. Note that gt(a)fags(a)‘l > gt(a)fags(a)'l and
fr.g:t = (rigi') under this morphism, so it is G(a)-equivariant. It is easy to
check the morphism is bijective. (]

Thus, if we are interested in constructing GIT quotients of Rep(Q7", a, o) with
respect to the G(a) action described above, we can instead look at the action of
G(«) on Rep(Q, &). This approach yields the following following theorem:

Theorem 9.1.5. Let 0 € ZI;?O. Let xo be the corresponding character of G(«). We
have the following
(1) Let V = ({V;},{fa}) € Rep(Q, ). A framed representation VI™ = ({V;},
VI A s {fn}) € Rep(QF7, v, @) is xg-semistable if and only if there is
no nontrivial subrepresentation W C V such that W; C ker fi,, for each
1€ IQ.
(2) The G(a) action on the xg-semistable elements of Rep(Q'", o, o) is free,
and every xq-semistable representation in Rep(Q/", o, o) is xg-stable.
(3) If Mo(Q, a,a’) := Rep(Q'", a, ')/ /1, G(x) is nonempty, then it is smooth
and of dimension dim Rep(Q’", o, /) — dimG(a) = a - o’ — q(a).
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Proof. Let 6 = (6,— Y ,cy, 6ici). Let V = ({Vi},{Vao}, {fa}, {rux}) € Rep(Q, &)
be such that r;; are the rows of f,,. By Theorem B33 we have that V' is x,-
semistable with respect to the action of G(@) if and only if it is f-semistable.
Moreover, regarding G(a) as G(&)/C* we see that V is Xg-semistable if and only
if it is xg-semistable with respect to the induced G(a) action. X K

Note that V' is x4-semistable if and only if for all subrepresentations W C V'
(with dimension vector B) the following inequality holds

0-8=> 08— ooy bic; <0.

Let W C V be a subrepresentation. Note that S can only be 0 or 1. If 8 = 1,
then 6; > 0 implies the inequality is always satisfied. If 5o, = 0, then the inequality
is only satisfied if 3; = 0 for all ¢ € Ig. Consequently, V is xg-semistable if there is
no nontrivial subrepresentation W C V such that W; C ﬂk ker i, = ker fp,.

Conversely, any such nontrivial W C V satisfying W; C (), kerr;, may be
completed to a subrepresentation W C V that violates the above inequality (set
Bso = 0). Since the G(a)-equivariant isomorphism between Rep(Q/",a,a’) and
Rep(@, &) sends V to VI, then part (1) follows.

If the stabilizer of a y,-semistable representation V/™ € Rep(Q?", a, o/) contains
a nontrivial g, then g stabilizes V. Furthermore, fy,g7' = f3,, so fp,(g — 1d) = 0.
Consequently, im(g—Id) is a nontrivial subrepresentation of V' violating the semista-
bility condition in (1). Since the inequality in the proof of part (1) is strict for non-
trivial subrepresentations, we see that part (2) follows by an argument analogous
to the proof of (1). Part (3) follows from Theorem [[.2.7] O

Note that in the proof of the above theorem the stability condition for framed
representations does not depend on the specific 8, but rather on the fact that

the components of 8 were positive. This implies as long as 61,605 € Zi% we have
M91 (Q7 «, CY/) = M92 (Qu «, O/)'

Remark 9.1.6. We can define framings of (Q with arrows pointing away from the
supplementary vertices (rather than towards them). This yields a dual notion of a

framed representation of ) with a corresponding G(«) action. Indeed, let 6 € Zi%.
In this case, the analogue of the semistability criterion given in part (1) of Theorem
becomes: V77 is xg-semistable (a consequently yg-stable) if and only if there
is no proper subrepresentation W C V such that im fi,, C W; for each i € Ig.

9.2. Examples.

Example 9.2.1 (A, quiver). Consider the framed A,, quiver. Let o = (a1, ..., ap)

and ¢ = (ap,0,---,0) be dimension vectors for this quiver such that ag > a1 >
.-+ > ay, holds.
Co far Coz faoo o Jens Can
mlo ] |
Cao 0 . 0

For a stability parameter 6 € Zi% we see that yg-stable framed representations
are exactly the ones such that the linear transformations fo,, -, fa,_ ., fo, are
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all injective. Indeed, if any one of them fails to be injective, then its kernel has a
nontrivial intersection with the kernel of one of the fj,, yielding a subrepresentation
that contradicts the stability condition in Theorem

Letting C* D Fj = im(fp, © fa, o+ 0 fa,), we get a partial flag

FnCFn_lC"'CFOZ(CO‘O,

such that dim F; = a;. Since G(a) acts by change of basis at each vertex, we get
that the points of My(A,, @, a’) are in bijection with the points of the flag variety
Fl(ag,...,a), and in fact in can be shown that the two varieties are isomorphic.

Example 9.2.2 (Jordan quiver). Letting 6 € Zi%, we consider the dual framing
discussed in Remark 0.1.6] for the Jordan quiver J.

fa C(Ca LR o7

Recall that finite-dimensional representations of J may be viewed as finite-
dimensional C[z]-modules, where z acts by f,. Using the stability criterion in
the remark, we see that the a representation V7" € Rep(J/", a, /) is xe-stable if
only if im(f;) generates V' as a C[z]-module.

If o/ = 0, then the stability condition is only satisfied if a« = 0. Therefore, for
a > 1 we have that My(J, «,0) is empty.

If o’ = 1, then f, must have rank 1 for there to be stable framed representations.
For a representation to be stable, the vector f,(1) must generate C* as a Cl[z]-
module. In other words, stable representations correspond to cyclic C[z]-modules
(the vector fp(1) is called a cyclic vector).

Using the structure theorem for modules over a principal ideal domain, this
module is isomorphic to C[z]/(p(z)), where p(z) is a polynomial of degree a (a
polynomial of smaller degree would not suffice to generate C*). This implies p(z) is
the characteristic polynomial of f, up to multiplication by a constant. Therefore,
geometrically, a stable representation corresponds to an (unordered) collection of
the eigenvalues of f, (counting multiplicity). Thus, Mg(J,a, 1) = A(®) := A>/S,,
is the quotient of A% by the action of the symmetric group S¢ (i.e. a-th symmetric
power of Al).

Note that in this case My(J, a, 1) may also be interpreted as the punctual Hilbert
scheme Hilb®(A'). In general, the variety Hilb®(X) parametrizes collections of «
points (potentially with multiplicities) in the algebraic variety X (see [Nak99] for
details).

10. DOUBLE QUIVERS AND HAMILTONIAN REDUCTION

10.1. Symplectic Geometry. We begin with a quick reminder of basic symplec-
tic geometry and the moment map construction for cotangent bundles to C°°-
manifolds.

A symplectic manifold consists of a pair (M,w), where M is is a C°°-manifold
and w is a closed, non-degenerate 2-form on M (called the symplectic form). If
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(M1,w1), (M2, ws) are symplectic manifolds, then a diffeomorphism f : My — My
is called a symplectomorphism if f*wa = wy.

Example 10.1.1.

(1)
(2)

The manifold R?” is a symplectic manifold. If the coordinates on R?" are
T1,  yTpy YLy 5 Yn, then w =dxy Ady; + - - - + dzy, Adyn,.
If M is a C*°-manifold, then the cotangent bundle T*M has a canonical
structure of a symplectic manifold. If ¢i,--- , g, are the local coordinates
along M and pi,---,pn are the induced coordinates on the fiber, then
w =dpy Ndg1 + -+ + dpn A dg,. It can be shown this defines a symplectic
form that is independent of the choice of coordinates.

We can also obtain this form without resorting to local coordinates. Let
7 T"M — M be the natural projection, let ¢ € M, and let p € T/ M.
There exists a canonical 1-form © on T*M, which can be defined fiberwise
as

O(v) = p(d(q,p)ﬂ-(v))a

where dig 37 @ Tigpy(T*M) — TyM is the induced mapping of tangent
spaces and v € T(Z,p) (T*M). Define the symplectic form by w = d©. In the
above local coordinates, this form can be written as © = ). p;dg;, which
matches the description of w given above.

Let G be a Lie group acting on a C*°-manifold M. This induces an action of G on
T*M. The moment map corresponding to this action is the mapping p : T*M — g*
defined by

(g, p)(§) == p(Xe(q)) = ©(Xe)(g, p),

where (¢,p) € T*M, £ € g, and X¢(q) is the vector field corresponding to the
infinitesimal action of £ on M evaluated at q.

Example 10.1.2.

(1)

Let M = R". In this case, the cotangent bundle T*M is just R™ x (R™)V.
We can use the symplectic form on R?” in the previous example to get that
(on a tangent space to T*M) we can compute

w((z, z"), (y,47)) = y"(x) — 2" (y).
Furthermore, if GL(n,R) acts on M in the standard way, then a simple
computation shows that for any A € gl,,(R) we have
e, 2*)(4) = " (Az).
Let us consider a variant of the previous example where M = Hom(R",R™)
and the group G = GL(m,R) x GL(n,R) acts on M by (4,B) - P =
APB'. As above, we can compute that the moment map u : T*M —

g* with respect to the induced action of G on T*M = Hom(R",R™) x
Hom(R™,R™)V is equal to

(P, P*)(A, B) = P*(AP — PB).

Note that the above definitions of symplectic manifold and moment map can be
transferred both to holomorphic manifolds and to (smooth) algebraic varieties. For
details see Chapter 1 of [CG9T].

We can use the moment map to construct further symplectic manifolds via the
following classic theorem (see e.g. Section 5.4 in [MS17]):
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Theorem 10.1.3. Let M be a C*®-manifold with a free and proper action (i.e. the
preimages of compact sets under the mapping G x M — M x M induced by the
G-action are compact) of a Lie group G. The following is true:

(1) If O C g* is a coadjoint orbit under the action of G, then the quotient
uw(0)/G has a natural structure of a symplectic manifold.

(2) If O = 0, then the inclusion p(0) — T*X induces a symplectomorphism
T*(X/G) = ut(0)/G.

Remark 10.1.4. Since we are only interested in working with cotangent bundles,
the definition of the moment map simplifies significantly. In general, given a sym-
plectic manifold (M, w) on which a Lie group G acts by symplectomorphisms, the
moment map p: M — g* is defined by

d(u(§)) = txew,
where ¢ x, w is the contraction of w by the vector field X¢. In order for the mapping
w(€) : M — R to exist and for it to have nice properties with respect to a change
of &£ € g, the action of G on M must be Hamiltonian.

If the moment map exists, then for a coadjoint G-orbit O, the symplectic quotient
w1(0)/G described in Theorem [[0.1.3 exists under the conditions that the points
of O are all regular values and the induced action of G on p(0) is free and proper.
For further details concerning this construction see Chapter 5 in [MS17].

10.2. Hamiltonian reduction. Let G be a connected reductive group acting on
a smooth affine variety X. The action of G lifts to an action on T*X. This
defines an action of G on the algebra of regular functions O(T*X). We can write
this as a morphism G — Aut(O(T*X)). Differentiating this morphism gives us a
homomorphism of Lie algebras g — Der(O(T*X)) = T(T*X) into vector fields on
T*X, which defines an action of the Lie algebra g of G by derivations on O(T*X).

That is, this morphism assigns to each £ € g a vector field X¢ on T*X. Thus,
we can define the moment map u : T*X — g* as before by

(g, p)(§) == p(Xe(q)) = ©(Xe)(g, p),

where (¢,p) € T*X, { € g, and X¢(g) is the vector field corresponding to the
infinitesimal action of £ on X evaluated at g.

The moment map is equivariant with respect to the induced G action on T*X
and the coadjoint action of G on g* (see Lemma 1.4.2 in [CGI7]). This implies
that for any A € g* fixed by the coadjoint action of G the subvariety () is G-
invariant. We may therefore consider its affine and Proj GIT quotients with respect
to the action of G.

Unfortunately, the resulting varieties need not always be symplectic. However,
if we make additional assumptions about the action of GG, we can obtain a result
similar to Theorem [M0.1.3 in the algebraic setting. In order to do this, we recall
another definition from symplectic geometry.

Definition 10.2.1. A Poisson variety consists of a pair (X,{—,—}) such that
X s an algebraic variety and {—,—} : Ox x Ox — Ox is a C-bilinear morphism
defined on the corresponding sheaf of regular functions satisfying

(1) {f15f2} = _{f27f1}7
(2) {fi,{f2, f3}} +{fo. {fs, i} } +{f3, {f1, f2}} =0,
(3) {f1, fafs} = falfi, f2} + folfr, f3)s
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for all f1, f2, fs € Ox. In other words, the sheaf reqular functions O(X) is a sheaf
of Poisson algebras.

Given a (smooth) affine symplectic variety (X,w), then X has a natural structure
of a smooth affine Poisson variety. Indeed, the pairing given by the form w defines
a canonical isomorphism 7T'X = T*X between the tangent and cotangent bundles
of X. This means for any f € O(X) corresponds to a vector field X; € T(X)
(called a Hamiltonian vector field) via the pairing w(—, Xy) = df. This defines a
bilinear bracket {—,—} : O(X) x O(X) — O(X) by {f1, fo} = w(X,, Xp,). It
can be shown ([CG97] 1.2.7) that this bracket satisfies the conditions of Definition
(02T and makes X into a Poisson variety.

Note that the moment map can be seen as a mapping g — O(T*X) that sends &
to the function He(q, p) := u(q,p)(&) = ©(Xe)(q,p) called the Hamiltonian associ-
ated to £. This mapping is a homomorphism of Lie algebras, where the g is equipped
with the standard Lie bracket and O(T*X) is equipped with the Poisson bracket.
Furthermore, there is a commutative diagram of Lie algebra homomorphisms

g

/N

Hg }—>XH5:X£

O(T* M) T(T*X)

This implies {H, f} = X¢f for any f € O(T*X) (see Section 1.4 in [CGI7] for
details). We will need the next lemma in order to define a symplectic structure on
the affine GIT quotient ut()\)//G.

Lemma 10.2.2. Let X be a smooth affine variety with the action of an affine
algebraic group G. Let v = (q,p) € T*X and let dyp : T(T*X) — g* be the
differential of the moment map.

Let g be the Lie algebra of the stabilizer G,. The image of d u(T(T*X)) is
the annihilator g# of 9.

Proof. Let v € T,,(T*X) and £ € g, then considering ¢ as an element of (g*)*, we
can compute the following based on the definition of the moment map

(dyp(v))(§) = dy (§ 0 ) (v) = w(Xe(v),v)
If € € g, then X¢(y) =0, so dyu(v) € g7
Furthermore, we see that ker d.,p is the orthogonal complement of T, (G - v) with
respect to the symplectic form w. Therefore, we can compute the dimension

dimimd,p = dim T, (T* X )—dimker d,p = dim 7', (G-y) = dim g—dim g, = dim g#.
It follows that imd.,u = g#. O
We now have the following theorem.

Theorem 10.2.3. Let G be a connected reductive group acting on a smooth affine
variety X. Let p: T*X — g* be the corresponding moment map, and let A € g* be
a fized point of the coadjoint action of G. The following is true:
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(1) The affine GIT quotient u*(\)//G has a natural structure of a Poisson
variety induced by the Poisson structure on T*X.

(2) If the action of G on pt(N\) is free, then ut(\)//G is a smooth variety
with a symplectic structure induced by the symplectic form on T*X. In this
case, we have

dimpt(\)//G = 2dim X — 2dim G.

Proof. Let I C O(T*X) be the ideal that cuts out p!()\) as a closed subvariety
of T*X. Let us define a Poisson bracket on O(ut()\)¢ = (O(T*X)/I)¢ using
the Poisson bracket on O(T*X) by {[f],[h]} = [{f,h}] € O(T*X)/I, where [f]
indicates the element represented by f in the quotient. To show this is well-defined
we must demonstrate that {f,I} C I for f € O(T*X) such that [f] € O(T*X)/I
is G-invariant, and that the bracket is G-invariant.

Note that by definition I is generated by regular functions H¢ — A 1d where £ € g.
We can also compute {f, He — AId} = {f, He} = X¢f € I, since [f] is G-invariant.
Now, we have g - {[f],[h]} = [{g- f,9 - h}] = [{f, h}], since [f], [h] are G-invariant.
Therefore, the bracket is well-defined. It is not hard to see it satisfies the properties
of a Poisson bracket, so p'*()\)//G has the structure of a Poisson variety induced
by that on T*X.

Let v = (¢, p) € w*(\), and consider the differential morphism d. u : To/(T*X) —
g*. Note that ~ is a nonsingular point of 4! ()) if and only if d. u is surjective. By
Lemma [[0.2.2] the latter occurs if and only if g, = 0 . Since the action of G is
free, the point « is nonsingular. Thus, by Theorem [.Z7 we have that u(\)//G
is smooth and p*(\) — ut(\)//G is a principal G-bundle in the étale topology.
It follows that (T}, ()))//G is isomorphic to the quotient space (Tu*(X))/g,
where [7] is the image of v € pt(\) in p'()\)//G and the tangent space of the
orbit G -~y is identified with g .

We can define a 2-form @ on ut()\)//G by

w['y]([v]v [w]) = Wv(vu w),
for [v], [w] € T1, (1 (N)//G) = (Tt (M) /8.

We now check that this form is well-defined. Indeed, let v € T, ' (\) and € € g.
By the proof of Lemma we see that

w(v, Xe) = (dypu(v))(§)-
We have that kerd,p is precisely the orthogonal complement g of g in 7., (T*X)
with respect to the symplectic form (see proof of Lemma [[0.2.2). Furthermore, it
is clear that kerd,u = T, (\). Therefore, it follows that Thu ' (\) = g*.
Thus, for v,w € T, (N) and &, p € g we have

wy (v + Xe(7),w + X,(7)) = wy (v, w) + (dyp(w))(€)

+ (dyp(v)(p) + w(Xe(7), Xp (7)) = wy (v, w).
Furthermore, since the action of G preserves the symplectic form w, then @ is
well-defined. It is also closed because it is induced by w, which is closed.

To show & is nondegenerate suppose there is a w € T 7! (\) such that w. (v, w) =

0 for all v € Ty (N)//G. As demonstrated above T u'(\) and g are or-
thogonal complements with respect to w, so w € g and consequently [w] = 0.
Consequently, the 2-form & defines a symplectic structure on put(\)//G. Since
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dim7T*X = 2dim X, kerd,u = Tyu (M), and d,p is surjective, then we have
dim ' (\)//G = dim T*X — dimimd,p — dim G = 2dim X — 2dim G.
O

Note that the proof of Theorem given in [MEFKO94] (see also Theorem 3.14
in [New78|) implies that ;~1()\) can be covered by invariant open affine subvarieties
{U;} such that u*(\)//,G is covered by affine subvarieties {U;//, G} . Restricting
the Poisson bracket (resp. symplectic form), means Theorem [[0.2.3 holds for each
U;, and the corresponding Poisson brackets (resp. symplectic forms) agree on the
intersections. Gluing over the open cover {U; — U} leads to the following theorem:

Theorem 10.2.4. Let G be a connected reductive group acting on a smooth affine
variety X. Let p : T*X — g* be the corresponding moment map. Let A\ € g* be a
fized point of the coadjoint action of G, and let x : G — C* be an algebraic group
character. The following is true:
(1) The Proj GIT quotient u'(\)//xG has a structure of a Poisson variety
induced by the Poisson structure on T*X.
(2) The geometric quotient (u'(X))3/G is smooth with symplectic structure
induced by the symplectic form on T*X, and it has dimension 2dim X —
2dimG.

10.3. Double quivers and symplectic geometry. Let us consider the construc-
tions from the previous two sections in the context of quiver representations. Let
Q@ be quiver and let Q°P be the quiver with the same vertex set but with the
source and target of each of the arrows reversed. The quiver Q) with vertex set Ig
and arrow set Am = Ag U Ager is called the double of Q. It is easy to see that
Rep(Q, a) = Rep(Q, a) x Rep(Q°P, ). Furthermore, the trace of the product of
matrices defines a perfect pairing

tr : Hom(C",C™) x Hom(C™,C") — C
tr(A, B) = tr(AB) = tr(BA).
Thus there is a canonical isomorphism Rep(Q, ) = Rep(Q°P, «), and consequently

T*Rep(Q, a) = Rep(Q, a) x Rep(Q, )" = Rep(Q, a).
For any arrow a € Ag denote by a* € Ager the corresponding arrow in the
opposite direction. Following Example [0.1.2] in the holomorphic (or algebraic)
setting, we see that 7" Rep(Q, o) has a symplectic structure defined by the 2-form

wVi, Vo) = Y (D) (f2) = (FD)T(UD) = D ((faf2) = tr(f2fa-),
a€Aq a€Aq
where Vi = ({V;'}, {fa}U{(fa) D). Vo = ({V2}, { £ U{(f2)"}) are in T* Rep(Q, a)
and (f!)* is identified with (f..) for [ = 1,2 via the trace pairing.

The standard action of the group G(«) gives us an induced action of G(a) on
T*Rep(Q, ). After the identification with Rep(Q, ) this G(a) can be seen to be
the usual action by change of basis at each vertex.

The Lie group G(«) = Hz‘eIQ GL(«;, C) has Lie algebra g(a) = HieIQ gl,, (C).
Using the trace pairing once again we can identify g(«)* with g(«). This means the
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computation from ExampleT0.T.2] (once again done in the holomorphic or algebraic
setting) results in the following moment map:

1t Rep(Q, @) — g(cv)

p(V) = > fafar— Y farfa
a€Aq a€Aq
t(a)=i s(a)=1 iclg
Note that the formula for the moment map implies that if C' := (C;) € g(a),
the fiber p*(C) is empty unless Y, tr(C;) = 0 (since the trace of each commutator
is 0). This means we can think of the moment map as y : Rep(Q, a) — End(a)o,
where End(a)o := {(Ci)ici, € g(a)| >_; tr(C;) = 0}. Further note that the moment
map formula implies that it is a morphism of algebraic varieties. Consequently, the
fibers of i are closed subvarieties of Rep(Q, o).
If A = (Ni)ier, € C'?, then we can define an element (A; Id)iez, € g(a), which
we will also denote by A. We will use the following definition to give a different
interpretation to the fiber ut(\).

Definition 10.3.1. Let Q be a quiver, and let A\ € C'e. The quotient of the path
algebra of the double Q given by I1\(Q) := CQ/J, where J is the (two-sided) ideal
generated by the elements

E €aCq* — E €ax€a | — A€,

aGAQ G.GAQ

t(a)=i s(a)=1
fori € Iqg, is called the deformed preprojective algebra of Q) associated to \. If
A =0, then IIy(Q) is called the preprojective algebra of Q.

Let Rep(II5 (@), @) be representations of II)(Q) with dimension vector a (i.e.
these are representations of CQ such that elements from .J act trivially). For
A a =0, we get (N is nonempty, and we can see that by definition there is
a bijection between Rep(IT)(Q),a) and gt()\). It is not hard to check this is an
isomorphism of algebraic varieties. Furthermore, since p1()\) is stable under the
action of G(«), the variety Rep(IIx(Q), «) has an induced action of G(«) making
the isomorphism G(a)-equivariant.

Remark 10.3.2. Since Rep(II)(Q), «) is isomorphic to a subvariety of Rep(Q, a),
then we can define #-stability for representations of a deformed preprojective al-
gebra. Namely, given § € Z!Q such that - a = 0, we say V € Rep(II\(Q), @) is
f-semistable (resp. 6-stable) if and only if for any (resp. any nontrivial, proper)
subrepresentation W C V with dimension vector 8 we have 8- < 0 (resp. 6-5 < 0).

Many of the results concerning 6-stability quiver representations hold for rep-
resentations of II(Q). For example, analogues of Theorems B33l B3.6] B.3.8
and are all true. In fact, even stronger versions exist for finite-dimensional
representations of finite-dimensional algebras (see Theorem 4.1, Proposition 4.2,
Proposition 5.2, and Proposition 5.3 in [Kin94]).

Example 10.3.3. Consider the Jordan quiver J. Its double J is pictured below.
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Identifying the cotangent bundle T* Rep(J, ) with representations of the double
Rep(J, @) and g(a)* with g(a), we see that the moment map  : Rep(J, a) — g(a)
is given by

1 fas far) = fafar = far fa = [fa, far]-
Note that if A € C, the fiber of the moment map p!()\) is empty unless A = 0.
Therefore, the only nonempty fiber 171 (0) can be thought of as pairs of commuting
a X « matrices. Alternatively, we can think of this fiber as a-dimensional represen-
tations of the preprojective algebra Ilo(J) = Cleg, €q+]-

Introducing a stability parameter 6§ € Z, we see that it must necessarily be
equal to 0. Therefore, every representation in x1(0) is f-semistable, while only
1-dimensional representations are §-stable (any pair of commuting square matrices
has a common eigenvector). Since the points of p1(0)//sG () correspond to 6-
polystable representations of IIg(J), we see that it parametrizes pairs of diagonal
matrices (up to simultaneous permutation of the diagonal elements).

11. NAKAJIMA QUIVER VARIETIES

11.1. Definition and basic properties. We now combine framing for quivers
with Hamiltonian reduction. Namely, let @ be a quiver and Q/" its framing. We
can identify T* Rep(Q7", a, a’) with representations of the double of the framed
quiver Rep(Q/", @, @) via the trace pairing. Under this identification, the action of
the group G(a) on Rep(Q’", a, o) naturally lifts to an action on Rep(Q/7, o, o).
This can be written explicitly as

g-VIT = ({Vi}, {V/}, {9t(a) fads() }> {91(a) far Galay }> {0957 Y5 {90 S 1),

where VI = ({Vi}, {V/Y, {fa}, {far b { /), {fs:}). The corresponding moment
map 4 : Rep(Q/7, a, o) — g(a) is given by

w (V) o | =forfor+ Y fabar = Y farfa
a€Aq ac€Aq
t(a)=t s(a)=1 iclg
We can now state the following definition due to Nakajima (see [Nak94]):

Definition 11.1.1. Let 0 € Z!@ and X € C'@. The algebraic variety My \(a, o) 1=
1 (N)//xe G (@) is called a quiver variety. We denote by MG ,(ar, o) the geomet-
ric quotient corresponding to the xg-stable points.

We would like to characterize yg-semistable points in p!()\) in a similar fash-
ion to Theorem 0.5 Recall that by Proposition @4 there is a G(«)-equivariant
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isomorphism between Rep(Q/", o, ') and Rep(Q, &), which sends each matrix as-
signed to an arrow going into a framing vertex to its rows. Let @ be the dou-
ble of the framed quiver Q. The action of G(«) on Rep(Q, &) lifts from that on
Rep(Q, &). Therefore, as before, we can construct a G(a)-equivariant isomorphism
® : Rep(QF7,0,0') — Rep(@,d). Namely, if V7 € Rep(Q/7,a, /) is as above,
then ® maps it to V = ({Vi}, {Vao}, {fa}s {far}, {rix}, {ci}), where Voo = C, ry
are the rows of fy,, and c;x are the columns of fj:.
The moment map /i : Rep(@, &) = g(a) is given by

p(V) o [ =S cariet Y fafar = 3 furta
k a€Aq a€Aq

t(a)=t s(a)=1 iclg

Thus, it is not hard to see that given a A € C! there is a G(«a)-equivariant isomor-

phism between the varieties ~1(\) and a'()\) induced by ®. In light of Remark

M0.3.2] we can use this isomorphism to describe semistable elements of y1()\) as

follows:

Theorem 11.1.2. Let § € Z!@ and let A € C!@ be such that ut()\) is nonempty.
The representation VIT = ({Vib AV/H L fud (far b U} Ui }) € 02N i xo-
semistable with respect to the action of G(«) if and only if for any subrepresentation
W CV = ({Vi},{fa}, {far}) with dimension vector B the following conditions hold:
if Wi C ker fy, for alli € Ig, then 8- 3 <0,
if Wi Dim fi for alli € Ig, then 6 -3 <0 - a.
The representation VI s xo-stable if the above inequalities are strict with the
additional conditions that W is nontrivial in the first case and W is proper in the
second case.

Proof. We proceed as in the proof of Theorem [0.1.51 Let 6 = A EieIQ 0;a;),

and let V = ({Vi}, {Vao}, {fa}, {fa- }, {rix}, {cir}) = (V7). Note that at()) is
isomorphic to the corresponding variety of representations of the deformed prepro-
jective algebra Rep(Ily, &).

Therefore, by Remark [0.3.2] we have that V is Xg-semistable with respect to
the action of G(d&) on Rep(Ilx, &) if and only if it is f-semistable. Furthermore, we
have that V is Xg-semistable if and only if it is yy-semistable with respect to the
induced G(«) action.

Thus, Vis X4-semistable if and only if for every subrepresentation Wcv (with

dimension vector §) we have

é'BZZGiﬁi—ﬁmZGiai <0.

Let W C V be a subrepresentation. Note that S, can only be 0 or 1. If it is 0,
then the subrepresentation W C V induced by V must satisfy W; C (), rir = ker fp,
for all ¢ € Ig. It follows that V is X4-semistable if § - 3 < 0. If o = 1, then W
must satisfy W; D )", im¢;, = im fb;, and so V is Xg-semistable if 6 - 8 < 6 - a.

Conversely, suppose V is Xg-semistable. If W C V is a subrepresentation (with
dimension vector 3) such that W; C ker f3, for all i € I, then we can complete it to
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a subrepresentation W % by setting fo = 0, ri = 0, and ¢;x = 0. Semistability
implies that 6 - 8 < 0.

If W; O im fps for all i € I, then we can complete W to a subrepresentation
WcVv by setting Boc = 1, 7 to the rows of f;, restricted to W;, and c¢;; to the
columns of fp+. Semistability implies that 6 - 5 < 6 - a. Since the moment maps
fibers pt(A\) and /it (A\) are G(a)-equivariantly isomorphic, this completes the proof
of first part of the theorem. The proof of the yg-stable is entirely analogous. [

Keeping the same notation as in Theorem IT.1.2] we obtain the following easy
corollary:

Corollary 11.1.3. Letf € ZI>QO. We have that VIT € 7t(\) is xg-semistable if and
only if any subrepresentation W C V such that W; C ker f,,, for alli € I is trivial.
Similczly, if 0 € ZI<QO, then VI7 is xg-semistable if and only if any subrepresentation
W CV such that W; D im fp: for all i € Iq is equal to V.

Note that, as in Theorem @.I.5] choosing 6 € Z;% guarantees that all semistable
points in 1 ()) are stable, making 9y x(a, @) = M ,(a,a’). However, this is
true for other choices of the parameters (6, \).

Namely, let (o, 8) := (o, 8) + (8, @) be the symmetrization of the Euler-Ringel
form. Denote Ry := {vy € Zi% (7,7) < 2}/{0}. For a dimension vector «, denote
Ri(a):={y€ Ry|yi < a, foralli € Io}. We say (6, )) is generic with respect to
aiff-v#0o0r Ay #0 for all v € Ry («). The following result is due to Nakajima
(see Theorem 2.8 in [Nak94]).

Theorem 11.1.4. Let (0, \) be generic with respect to a. The action of G(a) on

the xo-semistable locus ™' (N)3% is free.

Putting the results from the previous few sections together we obtain the follow-
ing theorem.

Theorem 11.1.5. Let A\ € Cle and § € Ze. The quiver variety My x(, ')
is a Poisson variety and the natural morphism Mo \(a, ') — Mo (o, &) is a
projective morphism of Poisson varieties (i.e. it preserves the bracket). If (A, 0)
is generic with respect to a, then My x(a, ') = M \ (a,@’) and My, \(a, ') is a
smooth symplectic variety of dimension 2a - o' — 2q(«).

Proof. By Theorem [[0.2.4] the quiver variety Mg x(a, @’) has a Poisson structure.
The morphism My x(a, &) — My A (e, ') is projective by the discussion in Section
It preserves the Poisson structure since both the bracket on Mg x(a, ') and
on Mo (o, a’) are induced by that on T* Rep(m, a, o).

By Theorem [T.T.4l we have that any orbit of a y-semistable point of pt(\)
has maximal dimension dim G(«). Consequently, by Proposition no such
orbit can contain another such orbit in its closure. This means, the orbit of every
Xo-semistable point is closed, and this implies every such point is also xg-stable.
Therefore, we have My x(a, a') = MG | (@, &) Furthermore, by Theorem [0.2.4, we
see that My (v, ') is a smooth variety. It has dimension equal to

2dim Rep(Q'7, o, o') — 2dim G(v)

=2(a-a + Z Qs(a)Ut(a)) — 2 Z o? =2a- o —2¢(a),
aEAQ iclg
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and a symplectic structure defined by the symplectic form on Rep(Q/", o, a’). O

11.2. Example: The Jordan quiver. We conclude this section by presenting
several examples of quiver varieties and discussing their geometric significance. The
first of these concerns the quiver we have already seen in Section Namely, let
us consider the quiver varieties corresponding to the double of the framed Jordan
quiver Jf7 pictured below.

a

C 2

e

Let 0 € Z«o and let A € C. Using the moment map formula from the previ-
ous subsection, we obtain that () = {(V1, VY, fa, fars fo, fo )| [fas far] — for fo =
AId}. Corollary implies the xp-semistable points are those that satisfy the
additional condition that there is no proper subrepresentation W C {(V4, fa, far }
such that W7 C im fp«. Furthermore, the choice of § means that yg-semistable
points are all yy-stable.

Setting f, = Bi, fax = Ba2,i = —fp=,j = fp and (o, ') = (n,r), we see that the
quiver variety 9y o(c, ) is exactly the variety X considered in Theorem 2711
Therefore, My (e, ') is isomorphic to the moduli space of torsion free-sheaves on
P2 trivial on the line [ = {[0 : A\; : \2] € P?} together with a trivialization.

Let us consider a special case of this quiver variety when o/ = 1. The stability
condition gives us that fp-(1) is a cyclic vector for f, and f,« (meaning that by
acting on fp«(1) with f, and f,« we can generate all of C%). We will be using the
following fact from linear algebra (see Lemma 12.7 of [EG02]).

Lemma 11.2.1. Let A, B € Hom(C%, C%) such that [A, B] has rank 1. There exists
a basis such that A, B in that basis are both upper-triangular.

Proof. We may assume A has a nontrivial kernel (otherwise replace A with A—\-Id,
where A is an eigenvalue of A). Let v € ker A. Since BAv = ABwv + [A, Blv,
if ker A C ker[A, B], then BAv = 0. Therefore, we see ker A is invariant with
respect to B. If ker A ¢ ker[A, B], then there exists a nonzero v’ € ker A such
that ABv' = [A, BJv' # 0. Since [A, B] has rank 1, this implies im[A4, B] C im A.
Furthermore, for any v € C* we have BAv = ABv + [A, Blv, so im A is invariant
with respect to B.

In either of the two cases, there exists a nonzero subspace W C C%, which
is invariant with respect to both A and B. Therefore, this subspace contains an
eigenvector of both A and B simultaneously. Taking the quotient of C* by the
corresponding 1-dimensional subspace allows us to obtain the desired basis by in-
duction. (|

Since A = 0, the moment map equation gives us [fa, fax] = fo= fo. Let us assume
the variables in Clx,y] are ordered so that powers of = appear before powers of y
in each monomial (i.e. ™ y"2). For any polynomial p(z,y) € Clx,y] we have

tr(p(fas far ) fa, far]) = tr(0(fas for ) for fo)-
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Suppose, fp # 0, so that [fs, for] has rank 1. By Lemma [T.21] f, and f,« are
upper-triangular matrices, while [f,, fo+] is a strictly upper triangular. Therefore,
the trace in the left-hand side is equal to 0. The right-hand side is tr(p(fa, fo* ) fo f»)
= tr(fbp(faufa*)fb*) =0, so fbp(faafa*)fb* = 0. Since fb*(l) is a cyclic vector,
then this implies f3(v) = 0 for any v € C*. Therefore, f;, = 0. Thus, we can regard
representations in p'(0)5% as finite-dimensional C[z,y]-modules together with a
cyclic vector.

Note that each triple (fa, fa+, fo-) coming from an element of Rep(Jf",a,1)
defines an ideal Iy, ¢.. f,. = {p € Clz,yl|p(fa, far) fo- =0} C Clz, y].

Consider the linear transformation Clz, y]/Iy, f,. ,. — C* defined by p(z,y) —
P(fa, far ) for (1). We see that the ideal Iy, ¢ . . has colength o in Clz,y] if and
only if fi«(1) is a cyclic vector.

Note that the ideal Iy, .. 7. is only determined up to GL(«)-action. This
means (Vi,V{, fa, fax, fos for) = If, f...5,. gives a well-defined mapping between
Mo.o(a,1) and set of ideals I C Clx,y| such that dimClx,y]/I = «. The lat-
ter has a natural algebraic structure making it into the variety Hilb®(A?) which
parametrizes collections of « points in the plane (see e.g. [Nak99]).

Given a colength « ideal I in Hilb®(A?), there is a ring homomorphism C|z, y] —
Clz,y]/I ~ C*, which makes C* into a C|z, y]-module. The image of 1 in C* defines
a cyclic vector for this module. Therefore, we obtain an element of x*(0)5%. Since
identifying Cl[z,y]/I ~ C* requires a choice of basis, this element is determined
up to GL(a)-action. This defines a mapping Hilb®(A?) — 9y o(a, 1), which is
the inverse of the one given above. Thus, there is a bijection between the sets of
points of My o(c, 1) and of Hilb®(A?). In fact, one can show they are isomorphic
as varieties.

If 0 = 0, then the stability condition is trivial, so 9 o(c, 1) = p(0)// GL(a, C).
Consequently, it suffices to describe the closed orbits of y1(0) = {(C®, C, fa, fa*, b
fo)[fa, far] = for fo} under the action of GL(a, C) by change of basis.

Let V = (C*,C, fa, far, fo, fo~) be such a representation, belonging to a closed
orbit. Let W C C® be the cyclic C[z,y]-submodule generated by f-(1). By the
discussion above, we see that W C ker f, as well as fo(W) C W, fo-(W) C W,
im fp« C W. Using a basis compatible with W, we can write:

(e As) a= (T 52) a0 00 s = (7))

Let ¢1(t) := (I(;i t_lt.) Id) be a one-parameter subgroup of GL(«, C) expressed in

the same basis (i.e. compatible with W). The action of g1(¢) C GL(«, C) on the
above quiver representation is given by

(O fagn (O = (Agl tf;;) D O fen () = <B$1 f;j) :

(@ = (0 1), gr(®)(for) = <J3> .

Since the orbit GL(«,C) - V' is closed, it must contain the limit point as ¢ — 0.
Thus, it contains the representation given by

fa = (A(;l A(lg) ) fa* = (B(;l 322) ) fb = 07 fb* = <€> .



76 ALEXANDER SOIBELMAN

Applying a similar argument to this representation using the one-parameter sub-
group ga(t) =t - Id, yields that GL(«, C) - V must contain

- All 0 o Bll 0 _ —
fa_< 0 A22>7 fa*_< 0 BQ2>7 fb_07 fb*_o-

Since the framing is now 0, we can use the arguments in Example [[0.3.3] to see that
9)1070(04, 1) =A% x A"‘/Sn.

In fact, the natural morphism Mg o(a, 1) — My o(r, 1) can be described as the
morphism Hilb®(A?) — A* x A%/S, = (A?)*/S, that sends each colength « ideal
in C[z,y| to the corresponding collection of « points in (A?)*/S,. This is called
the Hilbert-Chow morphism, and it is a resolution of singularities for the variety
(A%)*/S,, (see Section 1.1 of [Nak99] for details).

11.3. Example: Quivers of type A,. Now let us look at the quiver variety
Mo (v, ) corresponding the double of the framed A, quiver. Let 6 € Z’;gl and
A = 0. Furthermore, let o/ = (ap,0,---,0) and « = (a1, -+ ,@,) be such that
ag > ap > - > ay > 0 holds.

fay fa Faz
Co Coz - Con
SN |
Cao 0 . 0
We would like to identify 9y o(cv, @) with the cotangent bundle of a flag variety.
To do so, consider the flag variety Fl := Fl(ap, - -, an,0). Recall that this variety

is isomorphic to the quotient GL (g, C)/P, where P is the subgroup of block upper
triangular matrices stabilizing the standard flag 0 C C*» C --. C C*. By Lemma
1.4.9 in [CG97] we have that T* F1 ~ GL(ap, C) x p p*, where p= is the annihilator
of the Lie algebra p of P in gl (C) (P acts on GL(«, C) on the right and on p* by
the coadjoint action).

After identifying gl  with gl, using the trace pairing, we see that pt cor-
responds to the subspace po C gl,, consisting of strictly block upper triangular
matrices preserving the standard flag. That is, if f € po we have f(C*) C C¥i+1
for 0 <7 < n and a,+1 = 0. Given a flag V, € Fl, choose a representative of this
flag g € GL(vg, C) (this is an element which sends the standard flag to V,). Denote
pv, := Ad(g)(po). This is the subspace of strictly block upper triangular matrices
that preserve V,. Thus we get the following description of the cotangent bundle

T*Fl= {(Va, f)|Ve € Fl and f € pv, }.
Now consider the moment map p : Rep(A—ff, a,a’) = g(a) is given by
u(VIT) = (= foy for + Jar fugs Jafay = foi fars s = Jar_ fau ),

for VI = AVih, Vi fai b {far }s fous for)- TE VIt e 171(0), then the subspaces

(ker fy,, ker fa,,- -+ ,ker fa, ,) define a subrepresentation W of ({Vi}, {fa, }, {fax})-
Indeed, (_fb’{fbl + fa1fa’{)(kerfb1) = fa1fa’{(kerfb1) =0, s0 fa’{(kerfln) C ker fo,.
Proceeding in the same way we get that fu«(ker fo, ,) C kerf,, for 2 < i <
n — 1, making W a subrepresentation. By Corollary IT.T.3 an element of x1(0) is
semistable (and therefore stable) only if W = 0. Consequently, fp,, far, " 5 fan_1
must all be injective. Conversely, if these linear transformations are all injective,
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then any subrepresentation W' C ({Vi}, {fa,},{far}) such that Wy € ker fp, must
be trivial, so V/7 is semistable (and therefore stable).

Given VI € p1(0) we can define a flag Vo in C® by V; = im fy, fa, - fas
and f € py, by f = fu, for. It is not hard to see this extends to a mapping
U : Myo(a,o) — T*FL. This mapping has an inverse given by (Va, f) — VI,
where fy,, fars---, fa,_, are given by the inclusions of the subspace in V, and
for = fifar = flvis-s far_ = flv,_,- It can be shown (see Theorem 7.3 in
[INak94]) this bijection is an isomorphism of varieties.

Note that there is a different way to look at elements of py,. Let 0 = () =
(o= a1,y ., Qn1 —ap,ayp) and let v; = |{]; > i}|. Note that the tuple v = (1)
is a partition of a. Therefore, it defines a conjugacy class C,, of nilpotent matrices
in gl,,, (C) (each part v; is the size of a Jordan block). The following result (see e.g.
Theorem 2.1 in [CB04] for proof) describes py, for any flag Vy € Fl.

Proposition 11.3.1. Let 7 : T*F1 — gl, (C) be the projection onto the second
component. We have ©(T*Fl) = C,.

In the case that U is already a partition of g, we can state a similar result
due to Kraft and Procesi (see Section 3.3 in [KP79]), which gives a description of
gﬁoﬁ (Oé, Oél).

Theorem 11.3.2 (Kraft and Procesi). If the dimension vectors a and o' are such
that cg —aq > -+ > Qpo1 — Q> iy, then the affine GIT quotient Mo o(a, o) is
isomorphic to C,, and the quotient map is given by Joy for-

If the conditions of the theorem hold, then the natural projective morphism
Mpo(a, ') — Mo o(a,a’) is given by fy, frz, and it is just the projection 7 :
T*F1 — C, onto the second component. As in the Jordan quiver example, we get
a well-known resolution of singularities. It is called the Springer resolution.

Remark 11.3.3. Note that if we only have ay > a1 > --- > «y, rather than
Qp—0q > -+ > Q1 — Gy > Qi then Mg o(@, @) need no longer be isomorphic to
C,, and the morphism My (v, ') — Mo o(c, ') need not be surjective. While this
morphism is still given by fy, fo+, the description of Mo o(a, ') is more complicated.
See [Shm12| for details.

Remark 11.3.4. Note that the above construction can be generalized to conjugacy
classes with arbitrary eigenvalues. Indeed, let ¢ = (¢;) € C". Let 6 € Z2}" and
A=(-C,0 —Co, ooy Cu1 — Cn)- Let a and o be such that ag > a1 > -+ > ay,.
If X =0, then My (o, ) is nonempty and we can describe it as follows:

Mo r(o, o) = TCFL:= {(Va, f)|Ve € Fl and (f — ¢ 1d)(V;) C Vigr ).

This is an affine bundle modeled on the cotangent bundle T* FI called a twisted
cotangent bundle. As before, we can identify the projection 7 : T*¢Fl — al,, (C)
onto the second component with the closure of a conjugacy class C,, with eigenvalues
in (. Assuming that ag — a3 > -+ > ap_1 — @ > an, we get an upgraded
version of the Kraft and Procesi theorem (see Lemma 9.1 in [CB03]), which says
Mo A (a, o) = C,,. The natural morphism My » (e, ') — Mo A (a, ') is once again
just the projection 7.

Note that in the two examples above the natural projective morphism 7 :
Mo (o, ') = Mo (o, @) was a resolution of singularities. Nakajima proves this
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is always the case (see Theorem 4.1 in [Nak94] or Proposition 3.24 in [Nak98|) un-
der the conditions that (6, ) is generic and the subset of elements in Mg »(a, ')
coming from representations with trivial stabilizer group is nonempty. In fact, in
this case, the morphism 7 is a symplectic resolution.

12. CONCLUSION

We would like to conclude by briefly discussing some continuations for the topics
we touched upon earlier.

12.1. Quiver realizations of moduli spaces of sheaves. The Beilinson spec-
tral sequence and the subsequent quiver constructions of moduli space of sheaves
on P* and P? are part of a general framework used to describe the derived category
DP(X) of coherent sheaves on an algebraic variety X. The existence of objects
Eq, ..., B, forming a strong exceptional collection allows (see e.g. Section 8.3 in
[uy06]) for an equivalence between D’(X) and the derived category of modules
over an algebra that can be realized as a path algebra of some quiver, possibly with
additional relations. Choosing the correct rigidity condition (such as global gener-
ation in Section 4 or triviality at infinity in Section 5), leads to a correspondence
between objects rather than complexes of objects. This can identify moduli spaces
of rigidified sheaves on X with a moduli space of quiver representations (possibly
with relations). One can see this approach in [Mail7], where moduli spaces of
Gieseker stable coherent sheaves on P!, P2, and P! x P! are identified with moduli
spaces of stable representations of certain quivers.

12.2. Quiver realizations of moduli spaces of connections. Consider the
following generalization of the flag variety associated to the A, quiver in Ex-
ample and Section Let E be a rank ag vector bundle on a smooth
projective curve X. Let D = a1 + -2, C X be a (reduced) divisor and let
0= FEin,+1 C Ein, C -+ C By C Ey = E,, be a collection of flags in the fibers
of E over z;. The data E = (E, E;;) is called a parabolic bundle on X. Note that
ifi =1, X = P! and E is trivial (with a chosen trivialization), then we can view
each parabolic bundle (E, E;) as a flag in Fl(ag, - -+ , ap,0), where a; = dim E.

Similarly, we can generalize the twisted cotangent bundles of Section as
follows. Let E and D be as above. A logarithmic connection (also called a connec-
tion with regular singularities) on X is a C-linear morphism V : £ — E ® Q% (D)
satisfying V(fs) = s®@df + f @ V(s) for s € F and f € Ox. Note this is an
algebraic connection with poles of order at most 1 at the points z;. It follows
we can define the residue endomorphism Res,, V € End(E,,) at each point x;.
If E = (E, E;j) is a parabolic bundle on P! associated to D, then a ¢-parabolic
connection for a complex vector ¢ = ({;;) is a logarithmic connection such that
(Resy, V — ¢ Id)E;; C Ejj41. Once again, setting ¢ = 1 and considering only triv-
ial (and trivialized) vector bundles identifies pairs (E, V) of parabolic bundle on P*
with (-parabolic connection and the elements of 7*¢ Fl (see Example TT.3.4).

It is possible to identify parabolic bundles on P! with finite-dimensional represen-
tations of a quotient of a certain quiver path algebra called a squid (see e.g. [CB04]).
This leads to descriptions for moduli of pairs (E, V) on P! as quiver varieties with
additional relations (see [Soil6]). Furthermore, we may consider connections with
poles of order greater than 1. These are said to have irregular singularities. In
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this case, there are also quiver variety constructions in [Boa08], [HY14], [Hirl7] for
moduli spaces of pairs on P! as long as the underlying vector bundle is trivial.

12.3. Multiplicative quiver varieties. Rather than looking at connections V
on X, we can instead consider the local systems of horizontal sections of V. The
Riemann-Hilbert correspondence defines an equivalence between the category of
vector bundles with logarithmic connections on X with the category of local systems
on X. Since the latter category is equivalent to the category of representations of
the fundamental group of the punctured Riemann surface X — D, it is possible to
define an (analytic) isomorphism between the moduli space Mpg of pairs (E, V)
and the corresponding variety Mp of representations of 71 (X — D).

As with Mpg, it is possible to realize Mp for X = P! in terms of a kind
of quiver variety. However, one must work with GL(«p,C), rather than g, (C),
so a multiplicative version of the moment map construction is necessary. This
is given by the group-valued moment map defined in [AMMO98]. In the case of
Mp, the moment map fiber may be described in terms of representations of a
multiplicative preprojective algebra (see [CBS06]), and taking the quotient results
in a multiplicative quiver variety studied in [YamO08].

The Riemann-Hilbert correspondence generalizes to vector bundles with connec-
tions that have higher order poles. In this case, the varieties parametrizing the
corresponding monodromy representations together with the Stokes data that en-
codes behavior around the irregular singularities have been studied extensively by
Boalch (see e.g. [Boald] and [Boal7]).

12.4. Kac-Moody algebras. The matrix associated to the symmetrized Euler
form (—, —) for a quiver @ with no loops is a generalized Cartan matrix, which in
turn can be used to define a Kac-Moody Lie algebra gg (see [Kac90] for details).
There is a close relationship between gg and the representations of ). For example,
a famous theorem of Kac ([Kac80] and [Kac82]) tells us that an indecomposable
representation of ) with dimension vector « exists if and only if « is a root of
gg- There are geometric implications as well. Crawley-Boevey showed in [CB01]
that if « is a positive root satisfying certain additional numerical conditions, then
the fibers 1 "1()\) of the moment map p : Rep(Q, ) — g are nonempty irreducible
complete intersections with simple general element. Thus, we can see that the
geometry of quiver varieties can be related to the algebra gq.

A converse relationship may be observed in [Nak94] and [Nak98]. Nakajima
showed that the modified enveloping algebra U(gQ) of gg has a representation in the
Borel-Moore homology of the fiber 77! (0) of the natural morphism 7 : Mg o(a, o) —
Mo.0(e, ). A further construction for representations of the (modified) quantized
enveloping algebras of a Kac-Moody algebra, using equivariant K-groups of quiver
varieties in place of Borel-Moore homology, may be seen in [Nak(1].

12.5. Moduli spaces of instantons. One of Nakajima’s original motivations in
constructing quiver varieties was to study the solutions of the Yang-Mills equa-
tions. These equations arise in physics as a generalization of Maxwell’s equations
of electromagnetism, and certain minimizing solutions are called instantons. Math-
ematically, these may be understood as self-dual or anti-self dual connections on
G-bundles on a 4-dimensional Riemannian manifold M (see [Ati78] for details).
In [ADHMTYS] the moduli space of instantons on M = R* (or its compactification
S% = R* U {oo}) is described in terms of linear algebraic data. After identifying
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R* with C2, instantons on S* together with a framing at co may be interpreted in
terms of holomorphic vector bundles on P? framed on the line at infinity ¢ (i.e.
there is a bijection between the moduli spaces; see [Don84] for details). The ADHM
construction results in the variety Mg o(cv, ') corresponding to the Jordan quiver
J we have already seen in Sections 5 and 11. Thus the moduli space of framed
instantons on S* may be interpreted as a quiver variety.

From the perspective of complex geometry, quiver varieties are hyperkahler quo-
tients (see [Nak94]). Following this interpretation, the quiver varieties correspond-
ing to affine ADE Dynkin graphs are a type of hyperkahler manifold called an ALE
space (see e.g. [Kro89] or [Nak94]). Similarly to the ADHM description, the mod-
uli spaces of framed instantons on an ALE space may be interpreted as a quiver
variety (see Proposition 2.15 in [Nak94]). There have been multiple generalizations
of the ADHM results, as well as many other quiver variety constructions for moduli
spaces of instantons. See, for example, [Nek17] for a modern perspective.
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