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Abstract. We consider one of the classical manifold learning problems, that
of reconstructing up to an almost isometry an embedding of a compact con-

nected Riemannian manifold in a Euclidean space given the information on in-

trinsic distances between points from its almost dense subset. It will be shown
that the most popular methods in data science to deal with such a problem, the

classical Multidimensional scaling (MDS) and the Maximum variance unfold-

ing (MVU) actually miss the point and may provide results very far from an
isometry (and even may give no biLipshitz embedding). We will then provide

an easy variational formulation of this problem which leads to an algorithm

always providing an almost isometric imbedding with given controlled small
distortion of original distances.

1. Introduction

Let M ⊂ Rn be a smooth connected compact Riemannian manifold which we
will always think about as embedded in some Euclidean space Rn. By dM we denote
the intrinsic (geodesic) distance on M . Let {yi} ⊂ M and denote for the sake of
brevity

dij := dM (yi, yj).

In applications one often needs to reconstruct the embedding of the original man-
ifold in Rn (or at least discover some information about the latter) knowing only
the information about intrinsic distances. Namely, the problem is as follows: the
manifold M is unknown, unlike the matrix {dij}. Can one reconstruct the locations
of all the points yj ∈ Rn (which, if the set {yi} ⊂M is dense in M , will give us the
manifold M itself)? Of course, such a problem cannot be solved uniquely, since if

M̃ ⊂ Rn is an arbitrary manifold isometric to M via an isometry f : M → M̃ , then
the set {f(yi)} ⊂ M̃ will produce exactly the same intrinsic distances.

In data science applications the set of points {yi} ⊂ M is of course finite, con-
sisting of quite a large (sometimes even huge) number of points covering M “al-
most densely”. In other words we might think that in fact one deals with a finite
subcollection {yi}Ni=1 of a dense set {yi} ⊂ M , with N ∈ N very large. An algo-
rithm for finding manifold embedding must produce then a set {xi}Ni=1 ⊂ Σ, with
Σ ⊂ Rn some other embedded manifold equipped with intrinsic distance dΣ, so
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that dΣ(xi, xj) ≈ dij (ideally, ≈ standing for the approximate equality with a small
but quantifiable error).

Note that we are interested in reconstructing the embedding of the original
manifold M into an Euclidean space (e.g. for the purpose of visualizing the data on
the latter), as opposed to the problem of reconstructing an abstract manifold M
(e.g. determined by its metric tensor). The latter is solved in [6], but its solution
does not provide any explicit finite dimensonal embedding. However, one might
think that modern machine learning is abundant of methods developed precisely
for reconstructing embeddings of data manifolds; they are mostly modifications of
either multidimensional scaling (MDS) or maximum variance unfolding (MVU).
Some of them are also extensively used as a background for dimension reduction
methods in data science (for instance, MDS is in fact used as a basic part of Isomap
dimension reduction method and its close relatives). Unfortunately it is not quite
difficult to observe that in general they both miss this point, that is, are unable
to reconstruct the embeddings of generic data up to some (almost) isometry, i.e.
with small distrortion of distances. This will be shown for both MDS and MVU in
section 3; moreover, based on the result from [1], we will show that the most widely
used classical MDS in fact, in a proper limit, may infinitely distort the original
distances when applied, say, to just a unit circumference, by reconstructing in this
case a snowflake-like closed curve which is just Hölder continuous. Note that some
newer heuristic methods of dimension reduction with steadily growing popularity
like SNE or t-SNE [7, 9] also contain some core parts reconstructing data points
just from the distances; up to now they do not have any proven estimates on the
distortion of pairwise distances, but anyhow one cannot expect estimates of uniform
nature as it is clear from the methods themselves (see e.g. [3]).

We will further propose in section 5.1 a sightly different method (however ide-
ologically quite close to both MDS/Isomap and MVU) that reconstructs isometric
embeddings up to some small controllable error uniform over the data. This will be
based on a variational setting proposed in section 4 and on a simple Γ-convergence
result (Theorem 4.1). As an application in section 6 we show that this method
can be used also for topological data reconstruction, i.e. for computing Čech co-
homologies, and provide explicit estimates on the input parameters for this pur-
pose. Finally, in section 7 we provide some numerical experiments on the proposed
method.

2. Notation and preliminaries

For a metric space E equipped with distance d and a curve θ : [0, 1] → E we

denote |θ̇| its metric derivative and by

`(θ) :=

ˆ 1

0

|θ̇|(t) dt

its parametric length. The notation Br(x) ⊂ E stands for the open ball of radius
r > 0 with center x ∈ E. The Euclidean norm is denoted by | · |.

For a set M ⊂ Rn and ε > 0 let (M)ε ⊂ Rn to be its open ε-neighborhood, i.e.
(M)ε := ∪x∈NBε(x). We recall the notion of reach of M introduced by Federer
in [5] and defined by

Reach (M) := sup {ε > 0: every point of (M)ε has a unique projection on M} .
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For an m × n matrix X we denote as usual by XT its transpose. Vectors are
silently identified with columns. The notation diag (α1, . . . , αr) stands for the di-
agonal matrix with entries (α1, . . . , αr) over the diagonal. By x · y we denote the
usual scalar product of vectors x ∈ Rn and y ∈ Rn.

3. Main existing methods

The existing algorithms in manifold learning aimed at manifold reconstruction
from intrinsic distances are quite numerous, but can be essentially viewed as close
parents to just two basic ones, multidimensional scaling (MDS) and maximum vari-
ance unfolding (MVU), which are aimed at reconstructing the locations of points
yj up to an isometric (or almost isometric, up to a small error) embedding. This
would be the case if the algorithm with input {dij}Ni,j=1, would produce the set of

points {xNi }Ni=1 ⊂ Rn, and setting fN (yi) := xNi , when N → ∞, the functions fN
tend to some f : M → Rn with Σ := f(M) (almost) isometric to M . Unfortunately,
as we show below, the existing methods in general miss this point (though being
applicable sometimes to particular situations).

3.1. Multidimensional scaling (MDS). The classical multidimensional scaling
(MDS) introduced by Torgerson and further developed by many authors (see chap-
ter 6 of [10] and references therein), has been formulated for the situation when the
distance dM is Euclidean (which happens e.g. when M is a convex subset of Rm).
In this case, denote by A the N ×N matrix of squared distances (called sometimes
also proximity matrix) with entries Aij := d2

ij , and set

B := −1

2
HAH,

where H is the N×N centering matrix H := IdN− 1
N 11T , 1 ∈ RN standing for the

column vector with N unit components, IdN standing for the N×N identity matrix.
It is quite easy to show that B is positive semidefinite with r := rankB ≤ n, and
the decomposition B = XTX for an r ×N matrix X allows to identify the points
xNi ∈ Rn, i = 1, . . . , N , with the columns of X [10, lemma 6.3]. Namely, denoting
by λi, i = 1, . . . , r, the nonzero eigenvalues of B (numbered for convenience in
decreasing order, i.e. λ1 ≥ λ2 ≥ . . . ≥ λr > 0), and by φi ∈ RN the corresponding
eigenvectors, we may set X := Φ diag (

√
λ1, . . . ,

√
λr), where Φ is the r×N matrix

with columns φi. In the recent paper [2] one can find also the fine perturbation
analysis of MDS as well as on Isomap-type methods related to the latter, but only
for the situation when M is isometric to a convex subset of a Euclidean space.

In practice however MDS method is quite frequently applied to the situation
when the distance dM is not necessarily Euclidean. For instance, it is used as an es-
sential part of the Isomap method proposed by Tenenbaum, de Silva, and Langford
for dimension reduction of a given set of points (see chapter 8 of [10] and references
therein), where it is applied to geodesic distances in a specially constructed graph
(in our setting, when the points cover almost densely some regular submanifold of
Rn, these distances in fact approximate the usual geodesic distances over this sub-
manifold). In the general case of not necessarily Euclidean distances one just does
exactly the same as in the Euclidean one but taking for λi the largest r positive
eigenvalues of B. This corresponds to finding the points xNi ∈ Rn minimizing the
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stress functional

stress(x1, x2, ..., xN ) :=

N∑
i,j=1

(
d2
ij − |xi − xj |2

)
,

see theorem 6.3 in [10] (although there it is formally stated only in the case all dis-
tances dij are Euclidean). This however in general does not allow to reconstruct the
embedding of the original manifold M up to an (almost) isometry, as the following
example shows.

Example 3.1. Taking M to be a unit circumference S1, and {yi}Ni=1 to be a set of
equally spaced points in M , proposition 7.2.6 of [1] shows that the MDS embedding
of {yi}Ni=1 in Rn lies, up to a rigid motion, on the closed curve γN : [0, 2π] → Rn
defined by

γN (t) :=

(aN1 cos(t), aN1 sin(t), . . . , aN2k+1 cos((2k + 1)t), aN2k+1 sin((2k + 1)t), . . .) ∈ Rn,

where limN a
N
j = aj :=

√
2/j (with j odd). Clearly, in the limit N → ∞ and

n→∞ this gives a closed snowflake-like curve γ homeomorphic but not isometric
(nor even bilipschitz) to M ; in fact,

(3.1) |γ(t)− γ(s)| = 2
√
π|t− s|1/2.

To prove (3.1), we calculate

(3.2)

|γ(t)− γ(s)|2 =

∞∑
k=0

4

(2k + 1)2
(sin(2k + 1)t− sin(2k + 1)s)

2

+

∞∑
k=0

4

(2k + 1)2
(cos(2k + 1)t− cos(2k + 1)s)

2

= 16

∞∑
k=0

1

(2k + 1)2
− 16

∞∑
k=0

cos ((2k + 1)(t− s))
(2k + 1)2

= 2π2 − 16

∞∑
k=0

cos ((2k + 1)(t− s))
(2k + 1)2

.

But from the Fourier expansion

|x| = π

2
− 4

π

∞∑
k=0

cos(2k + 1)x

(2k + 1)2

for x ∈ [−π, π], we get

∞∑
k=0

cos(2k + 1)(t− s)
(2k + 1)2

=
π2

8
− π|t− s|

4
,

which plugged in (3.2) gives (3.1) as claimed.
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3.2. Maximum variance unfolding (MVU). The method of maximum vari-
ance unfolding (MVU) (alternatively called also semidefinite embedding (SDE)),
has been introduced by Weinberger and Saul, see chapter 9.1 of [10], and amounts
to finding the points xNi ∈ Rn, i = 1, . . . , N given the distance matrix {dij}Ni,j=1,
by maximizing the total variance functional

var(x1, x2, ..., xN ) :=

N∑
i,j=1

|xi − xj |2

subject to the set of constraints

(3.3) |xi − xj |2 = d2
ij whenever yi is close to yj .

The condition of “yi close to yj” is understood differently in different versions of
MVU, but most commonly as dij ≤ ε for some fixed ε > 0, so that (3.3) becomes

(3.4) |xi − xj |2 = d2
ij whenever dij ≤ ε.

The constraints (3.3) (or in particular (3.3)) are reformulated in an equivalent way
in terms of the Gram matrix K with entries Kij := xi · xj so that the above
maximization becomes semidefinite programming problem.

Similarly to Example 3.1 it is easy to show that MVU, and even more, any
method trying to preserve locally the distances as Euclidean ones, in general not
only does not allow to reconstruct the embedding of the original manifold M up
to an (almost) isometry, but even worse, the constraints (3.4) may not allow to
reconstruct even something vaguely similar to M , as the example below shows.

Example 3.2. Taking again M to be a unit circumference S1, and {yi}Ni=1 to be a
set of equally spaced points in M , suppose that {xNi }Ni=1 ⊂ Rn satisfy (3.4), i.e

|xNi − xNj |2 = d2
ij whenever dij ≤ ε

for some fixed ε > 0, and that continuous functions fN : M → Rn satisfying
fN (yj) = xNj for all j = 1, . . . , N converge as N →∞ to some continuous function
f : M → Rn. Then one has

|f(u)− f(v)| = dM (u, v) whenever dM (u, v) < ε.

Parameterizing M in a natural way over [0, 2π] by a curve θ : [0, 2π]→M , θ(t) :=
(cos t, sin t), for the curve γ : [0, 2π] → Rn defined by γ(t) := f(θ(t)) we have
therefore that

|γ(t)− γ(s)| = |t− s|
whenever |t − s| < ε. Thus γ(I) is a line segment for every interval I ⊂ [0, 2π] of
length `(I) < 2π, which implies that γ([0, 2π)) is a nondegenerate line segment.
But on the other hand one must have γ(0) = γ(2π), which is a contradiction.

4. Variational setting

From now on we assume M ⊂ Rn to be a smooth connected compact Riemannian
submanifold of Rn, with Reach (M) = α > 0 (which is of course automatically
guaranteed when M is at least C2-smooth). Let Σk ⊂ M be a sequence of closed
sets such that the lower Kuratowski limit of Σk is M , i.e. for every x ∈M there is
a sequence xk ∈ Σk such that limk xk = x (in particular, this holds when Σk →M
as k →∞ in the Hausdorff distance dH).
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Given an ε > 0 and a k ∈ N, we define the functionals

Fε,k : C(M ;Rn)→ R, Fε : C(M ;Rn)→ R,
by the formulae

(4.1)

Fε,k(f) := sup

{∣∣∣∣ |f(x)− f(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂ Σk, 0 < dM (x, y) ≤ ε
}
.

Fε(f) := sup

{∣∣∣∣ |f(x)− f(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂M, 0 < dM (x, y) ≤ ε
}
.

The scope of this section is to prove the following easy result.

Theorem 4.1. Let M be compact and connected, ε0 := α, C1 and C2 be as in
Lemmata A.1, A.2, x0 ∈M , and denote

Ck := {f ∈ C(M ;Rn), f(x0) = 0, |f(x)− f(y)| ≥ C2dM (x, y) for all{x, y} ⊂ Σk} .
C := {f ∈ C(M ;Rn), f(x0) = 0, |f(x)− f(y)| ≥ C2dM (x, y)} .

Then the variational problems

min {Fε,k(f) : f ∈ Ck} (Pk)

have solutions for every k ∈ N. If fk is a solution to (Pk), then up to a subsequence
(not relabeled) one has limk fk = f , where f solves

min {Fε(f) : f ∈ C} (P )

and satisfies

(4.2) dM (x, y)(1− 3C1ε) ≤ |f(x)− f(y)| ≤ dM (x, y)(1 + 3C1ε),

if dM (x, y) < ε, and

(4.3) dM (x, y)(1− 3C1ε) ≤ dΣ(f(x), f(y)) ≤ dM (x, y)(1 + 3C1ε),

where Σ := f(M) and dΣ stands for the geodesic distance in Σ, i.e.

dΣ(u, v) := inf {`(θ) : θ : [0, 1]→ Σ, θ(0) = u, θ(1) = v} ,
`(θ) standing for the Euclidean length of θ. Note that fk(M) → Σ in the sense of
Hausdorff distance as k → +∞.

Remark 4.2. Clearly, the map f solving (P ) satisfies also

(4.4) |f(x)− f(y)| ≥ C2dM (x, y)

for generic (x, y) ⊂M ×M .

Proof. By Lemma 4.4 for every ε > 0 there is a k̄ ∈ N depending only on ε such
that for every k ≥ k̄ all f ∈ C(M ;Rn) satisfying Fε,k(f) ≤ K have equibounded
Lipschitz constants over Σk, and hence, up to redefining each f over M \ Σk as
an extension with minimum Lipschitz constant from Σk to M , one has that the
Lipschitz constants Lip f over M are equibounded for all such f , so that the set
∪k≥k̄{f ∈ C : Fε,k(f) ≤ K} is compact by Ascoli-Arzelà theorem.

The class C is closed and by Lemma A.2 contains the translation map x 7→ x−x0.
Also the classes Ck are closed and, moreover, f ∈ C once f = limk fk with fk ∈
Ck. Thus from Lemma 4.3 and the main property of Γ-convergence minimizers fk
solving (Pk) (which exist because of coercivity and continuity of the functionals
Fε,k), up to a subsequence (not relabeled) converge to a minimizer f of (P ). By
Lemma 4.5 one has (4.2) for dM (x, y) < ε, and by Lemma 4.6 (with C := 1 + 3C1ε,
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c := 1 − 3C1ε) one has (4.3). Finally, note that when limk xk = x in M , then
limk fk(xk) = f(x) in view of the uniform convergence of fk, which implies that
fk(M)→ Σ in the sense of Hausdorff distance as k → +∞. �

The following technical assertions have been used in the above proof.

Lemma 4.3. Let C ⊂ C(M ;Rn), Ck ⊂ C(M ;Rn) be closed sets of maps satisfying
f ∈ C once f = limk fk with fk ∈ Ck, and

χC(f) :=

{
0, f ∈ C,

+∞, f 6∈ C.

One has Γ− limk(Fε,k + χCk) = Fε + χC, where

Fε : C(M ;Rn)→ [0,+∞]

is defined by (4.1).

Proof. One has
(4.5)

lim inf
k

Fε,k(fk)

= lim inf
k

sup

{∣∣∣∣ |fk(x)− fk(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂ Σk, 0 < dM (x, y) ≤ ε
}

≥ lim inf
k

sup

{∣∣∣∣ |fk(x)− fk(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂ Σk, ρ ≤ dM (x, y) ≤ ε
}

for every ρ > 0. Let {x̃, ỹ} ∈M be such that ρ ≤ dM (x̃, ỹ) ≤ ε and∣∣∣∣ |f(x̃)− f(ỹ)|2

d2
M (x̃, ỹ)

− 1

∣∣∣∣ = sup

{∣∣∣∣ |f(x)− f(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂M,ρ ≤ dM (x, y) ≤ ε
}
.

Since one has the existence of {xk, yk} ∈ Σk with limk xk = x̃, limk yk = ỹ, then

(4.6)

lim inf
k

sup

{∣∣∣∣ |fk(x)− fk(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂ Σk, ρ ≤ dM (x, y) ≤ ε
}

≥ lim
k

∣∣∣∣ |fk(xk)− fk(yk)|2

d2
M (xk, yk)

− 1

∣∣∣∣
= sup

{∣∣∣∣ |f(x)− f(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂M,ρ ≤ dM (x, y) ≤ ε
}
,

Thus combining (4.5) and (4.6), we get

lim inf
k

Fε,k(fk) ≥ sup

{∣∣∣∣ |f(x)− f(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂M,ρ ≤ dM (x, y) ≤ ε
}

for every ρ > 0. Hence taking sup in the above estimate over ρ ∈ (0, ε), we get

lim inf
k

Fε,k(fk) ≥ sup

{∣∣∣∣ |f(x)− f(y)|2

d2
M (x, y)

− 1

∣∣∣∣ : {x, y} ⊂M, 0 < dM (x, y) ≤ ε
}

= Fε(f),

which means
Γ− lim inf

k
Fε,k ≥ Fε,

Thus the inequality
Γ− lim inf

k
(Fε,k + χCk) ≥ Fε + χC
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follows because of the requirement on Ck.
The inequality

Γ− lim sup
k

(Fε,k + χCk) ≤ Fε + χC

is immediate since Fε,k(f) ≤ Fε(f) for every f ∈ C(M ;Rn), and C ⊂ Ck which
concludes the proof. �

Lemma 4.4. If M is compact and connected, then for every ε > 0 there is a k̄ ∈ N
(depending only on ε) such that for every k ≥ k̄ and for every f ∈ C(M ;Rn)
satisfying Fε,k(f) ≤ K one has

|f(x)− f(y)| ≤ CdM (x, y)

for all {x, y} ∈ Σk, x 6= y, where C > 0 depends only on K.

Proof. If f ∈ C(M ;Rn) satisfies Fε,k(f) ≤ K, then

(4.7)
|f(x)− f(y)|
dM (x, y)

≤ C

for all {x, y} ∈ Σk, 0 < dM (x, y) < ε (with C :=
√
K + 1).

Consider a finite ε-net {xj}Nj=1 of M . For each pair of indices i, j = 1, . . . , N fix
a “polygonal line” θij in M connecting xi to xj made of a finite number of geodesic
segments of lengths at most ε/2 with vertices on a geodesic curve between xi and
xj and such that `(θij) < 2dM (xi, xj). Note that the set of all vertices V of all θij
is clearly finite.

Choose a k̄ ∈ N such that for every k ≥ k̄ for every pair {u, v} ∈ V of consecutive
vertices of some θij there are points {uk, vk} ∈ Σk with

dM (uk, u) <
ε

2
, dM (vk, v) <

ε

2
, dM (uk, vk) < 2dM (u, v)

(the latter inequality implies in particular that dM (uk, vk) < ε). Therefore, for
every θij there is a polygonal line σij with the same number of vertices as in θij , all
vertices in Σk, each of its vertices being at most ε/2 close (in dM ) to the respective
vertex of θij , geodesic distance between consecutive vertices at most ε, and, finally,

`(σij) < 2`(θij) < 4dM (xi, xj).

Denoting the consequtive vertices of σij by y0, . . . , ym (of course, m depends on i
and j), we get

(4.8)

|f(σij(0))− f(σij(1))| = |f(y0)− f(ym)| ≤
m−1∑
j=0

|f(yj)− f(yj+1)|

≤ C
m−1∑
j=0

dM (yj , yj+1) = C`(σij) < 4CdM (xi, xj).

Finally, for arbitrary {x, y} ∈ Σk, dM (x, y) ≥ ε, we find a couple {xi, xj} such that

dM (xi, x) < ε, dM (xj , y) < ε,

and estimate
(4.9)
|f(x)− f(y)| ≤ |f(x)− f(σij(0))|+ |f(σij(0))− f(σij(1))|+ |f(σij(1))− f(y)|

< CdM (x, σij(0)) + 4CdM (xi, xj) + CdM (σij(1), y)
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in view of (4.8). But

(4.10) dM (x, σij(0)) ≤ dM (x, xi) + dM (xi, σij(0)) ≤ 3ε/2,

and analogously

(4.11) dM (y, σij(1)) ≤ 3ε/2,

while

(4.12) dM (xi, xj) ≤ dM (xi, x) + dM (x, y) + dM (y, xj) ≤ 2ε+ dM (x, y).

Plugging (4.10), (4.11) and (4.12) into (4.9), we get

(4.13) |f(x)− f(y)| < C(11ε+ 4dM (x, y)) ≤ 15CdM (x, y),

because dM (x, y) ≥ ε. Together with (4.7) the estimate (4.13) proves the claim. �

Lemma 4.5. Let ε0 and C1 be as in Lemma A.1. If f ∈ C(M ;Rn) is a minimizer
of Fε with ε < ε0 ∧ 1/3C1 over some class containing some rigid translation, then

dM (x, y)(1− 3C1ε) ≤ |f(x)− f(y)| ≤ dM (x, y)(1 + 3C1ε),

if dM (x, y) < ε. The same holds for {x, y} ⊂ Σk when f ∈ C(M ;Rn) is a minimizer
of Fε,k.

Proof. Note that Fε(f) is invariant with respect to the compositions of f with rigid
translations, and in particular the value of Fε over any rigid translation is equal to
that over the identity map id. One has then

Fε(f) ≤ Fε(id) ≤ (1 + C1ε)
2 − 1 ≤ 3C1ε,

the second inequality being valid due to Lemma A.1, which implies∣∣∣∣ |x− y|2d2
M (x, y)

− 1

∣∣∣∣ ≤ (1 + C1ε)
2 − 1

whenever dM (x, y) < ε, showing the statement for Fε. The proof for Fε,k is identi-
cal. �

Lemma 4.6. Suppose that for some C > 0 and f ∈ C(M ;Rn) one has

(4.14) |f(x)− f(y)| ≤ CdM (x, y),

if dM (x, y) < ε. Then

(4.15) dΣ(f(x), f(y)) ≤ CdM (x, y),

where Σ := f(M). If, moreover, f is injective with the inverse function f−1 : Σ→
M continuous (which is the case, e.g. when f is proper), and

(4.16) cdM (x, y) ≤ |f(x)− f(y)|

for some c > 0, if dM (x, y) < ε, then also

(4.17) cdM (x, y) ≤ dΣ(f(x), f(y)).

Remark 4.7. The estimate (4.17) cannot hold for f just satisfying (4.14) and (4.16)
only for dM (x, y) < ε, unless f is injective, as can be seen from the example of M
a line segment of length 2π (identified with [0, 2π]) and f : [0, 2π]→ R2 defined by
f(t) := (cos t, sin t).
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Proof. If θ : [0, 1] → M is a Lipschitz curve, then (4.14) implies that so is σ :=
f ◦ θ : [0, 1]→ Rn and its metric derivative |σ̇| satisfies

(4.18) |σ̇|(t) ≤ C|θ̇|(t)

for a.e. t ∈ [0, 1]. Then (4.18) gives (4.15). In fact, if θ is a geodesic curve connecting
x = θ(0) to x = θ(0), then

dΣ(f(x), f(y)) ≤
ˆ 1

0

|σ̇|(t) dt ≤ C
ˆ 1

0

|θ̇|(t) dt = CdM (x, y).

If f is injective, then take an arbitrary δ > 0, and consider a rectifiable curve
σ : [0, 1]→ f(M) ⊂ Rn such that σ(0) = f(x), σ(1) = f(y) with

ˆ 1

0

|σ̇|(t) dt ≤ dΣ(f(x), f(y)) + δ.

Denote θ(t) := f−1(σ(t)) for every t ∈ [0, 1]. If f−1 is continuous, then so is θ, and
hence for every t ∈ [0, 1] one has dM (θ(t), θ(t+ s)) < ε once s is sufficiently small.
Thus from (4.15) we get

(4.19) c|θ̇|(t) ≤ |σ̇|(t)

for a.e. t ∈ [0, 1]. Therefore,

cdM (x, y) ≤ c
ˆ 1

0

|θ̇|(t) dt ≤ dΣ(f(x), f(y)) + δ,

and taking the limit in the above inequality as δ → 0+, we arrive at (4.17). �

5. Discrete variational setting

Let {yi} ⊂M be a dense set in M , and denote for the sake of brevity

dij := dM (yi, yj).

Given an ε > 0 and a k ∈ N, we define the functional Fε,k : (Rn)k → R by the
formula

Fε,k(x1, . . . , xk) := max

{∣∣∣∣∣ |xi − xj |2d2
ij

− 1

∣∣∣∣∣ : i, j = 1, . . . , k, i 6= j, dij < ε

}
.

The following statement is just a “translation” of Theorem 4.1 to this sequence.

Proposition 5.1. Let ε0 := α, C1 and C2 be as in Lemmata A.1, A.2. Assume
that (xki )ki=1 ∈ (Rn)k be a minimizer of Fε,k with ε < ε0 ∧ 1/(C1 + 1) over the set
Xk ⊂ (Rn)k defined by

Xk :=
{

((xi)
k
i=1 ∈ (Rn)k : |xi − xj | ≥ C2dij , i, j = 1, . . . , k

}
.

Then up to a subsequence xki → xi as k →∞, and

(5.1) dij(1− C1ε) ≤ |xi − xj | ≤ dij(1 + C1ε),

whenever dij < ε. Further, there is a C > 0 depending only on α and D such that

dij(1− Cε) ≤ dΣ(xi, xj) ≤ dij(1 + Cε)

for all {i, j} ⊂ N.
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5.1. Reduction to semidefinite programming problem. The problem of min-
imizing Fε,k over the set Xk ⊂ (Rn)k is written as minimizing the convex function
Gε,k of a matrix defined by

Gε,k(x1, . . . , xk) := max

{∣∣∣∣∣Kii +Kjj − 2Kij

d2
ij

− 1

∣∣∣∣∣ : i, j = 1, . . . , k, i 6= j, dij < ε

}
.

over the set of positive semidefinite matrices K satisying the set of convex con-
straints

Kii +Kjj − 2Kij ≥ C2
2d

2
ij , i, j = 1, . . . , k.

The solution K of the latter problem is the Gram matrix of a set of vectors {xi},
i.e. Kij = xi · xj , i, j = 1, . . . , k, which minimize Fε,k over Xk.

Adding a new scalar variable t ∈ R one reduces the above problem to the follow-
ing semidefinite programming problem (i.e. a problem of minimization of a linear
function with linear constraints over the cone of positive semidefinite matrices),
namely

(5.2)

minimize t over the pairs (t,K) subject to

− td2
ij ≤ Kii +Kjj − 2Kij − d2

ij ≤ td2
ij ,

for all i, j = 1, . . . , k, i 6= j, dij < ε,

Kii +Kjj − 2Kij ≥ C2
2d

2
ij ,

for all i, j = 1, . . . , k, i 6= j,

K positive semidefinite k × k matrix.

6. How to compute Čech cohomologies

Since M and Σ := f(M) are homeomorphic (even biLipschitz equivalent) by
Theorem 4.1, they have the same homologies and cohomologies for every reasonable
(co)homology theory. Here as it is quite usual in topological data analysis we are
interested in Čech cohomologies of M and provide a method to compute the latter
(recall that M is unknown).

Lemma 6.1. Assume that the conditions of Proposition 5.1 be satisfied. Then, if
X ∈ Σ ∩Bσ(X̄), X̄ ∈ Σ, and X = f(Y ), Y ∈M , σ ≤ C2α, then

Y ∈ Bσ′(Ȳ ), where σ′ :=

(
1 + C1

σ

C2

)
σ

C2
.

Vice versa, if Y ∈M ∩Bσ′′(Ȳ ), Ȳ ∈M , where σ′′ > 0 is defined by the equation

(6.1)

(
1 + C1

σ′′

C2

)
σ′′

C2
= σ,

and σ′′ ≤ C2ε, then for X = f(Y ) one has X ∈ Σ ∩Bσ(X̄).

Remark 6.2. It is worth noting that σ′′ < σ < σ′.

Proof. If |X − X̄| < σ, then

dM (Y, Ȳ ) ≤ σ

C2

in view of (4.4), so that the the first claim follows from Lemma A.1.
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To prove the second claim note that if |Y − Ȳ | < σ′′, then by Lemma A.2 one
has

dM (Y, Ȳ ) ≤ σ′′

C2
,

and hence it suffices to apply (4.2) minding the definition of σ′′. �

Let Λ ⊂ N be a finite set of indices such that for all Y ∈M there is a λ ∈ Λ and
an Ȳλ ∈M satisfying

dM (Y, Ȳλ) ≤ δ
for some δ > 0. In other words, {Ȳλ} is a finite δ-net of of M (equipped with dM ).

Denote now by CΣ(r) the Čech complex built on the Euclidean balls Br(X̄λ),
where X̄λ := f(Ȳλ), and by CM (r)) the Čech complex built on the Euclidean balls
Br(Ȳλ). We note that the vertices of all these complexes may be considered the
same (namely, the set of vertices of all them may be identified with the index set
Λ).

Lemma 6.3. Under the conditions of Proposition 5.1 one has

CM (σ′′) ⊂ CΣ(σ) ⊂ CM (σ′)

when 0 < σ ≤ C2ε0 and σ′′ is defined by (6.1) with 0 < σ′′ ≤ C2ε0.

Proof. Follows immediately from Lemma 6.1. �

Proposition 6.4. Under the conditions of Proposition 5.1 assume 0 < σ ≤ C2α
to be so small that

σ′ :=

(
1 + C1

σ

C2

)
σ

C2
<

1

2

√
3

5
α,

σ′′ defined by (6.1) satisfy
0 < σ′′ < C2ε

and let δ ∈ (0, ε0) be such that

ρ(δ) := (1 + C1δ)δ ≤ σ′.
Then H∗(CΣ(σ);R) ' H∗(M ;R), H∗ standing for the Čech cohomology.

Remark 6.5. One may take Ȳλ to be drawn by sampling M in i.i.d. way according
to the volume measure on M . In fact by proposition 3.2 of [8] one has then that if
#Λ > n(M,ρ, p), then

M ⊂
⋃
λ

Bρ(Ȳλ)

with probability at least 1−p and the number n(M,ρ, p) depends explicitly, besides
ρ and p, also on the total volume and the dimension of M .

Proof. From Lemma A.1 one has

M ⊂
⋃
λ

Bρ(δ)(Ȳλ),

since δ < ε0. Therefore,

M ⊂
⋃
λ

Bσ′(Ȳλ),

since σ′ > ρ(δ). But

2σ′′ < 2σ′ <

√
3

5
λ
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implies H∗(CM (σ′);R) ' H∗((M)σ′ ;R) and H∗(CM (σ′′);R) ' H∗((M)σ′′ ;R) by
proposition 3.1 of [8]. But (M)σ′′ ⊂ (M)σ′ ⊂ (M)α, then both (M)σ′′ and (M)σ′

are clearly retractible toM , so thatH∗((M)σ′′ ;R) ' H∗(M ;R) andH∗((M)σ′ ;R) '
H∗(M ;R). Therefore,

H∗(CM (σ′);R) ' H∗(M ;R) ' H∗(CM (σ′);R),

and it suffices now to apply Lemma 6.3. �

7. Numerical experiments

In this section we present numerical experiments illustrating the performance of
our procedure for three sample datasets: a line segment, a two-dimensional sphere
and the Swiss Roll. In all the experiments, the constant C2 from (5.2) is set to 2/π.
For quantitative measure of the performance, we compute the error

(7.1) Err =
1

k

√√√√√ k∑
i,j=1

(
d̂ij − dij

)2

d2
ij

,

which reflects the average relative error in pairwise distances. Here d̂ij , 1 ≤ i, j ≤ k,
stands for the pairwise distance between the recovered i-th and j-th elements of the
sample.

We start with the example of a line segment. We took k = 100 equidistant
points on the unit interval [0, 1] and embedded them into R2 using our algorithm
with n = 2 and ε = 0.2. The result is shown in Figure 7.1. Though the recovered
points do not lie on a segment, the error (7.1) is equal to Err = 9 · 10−4, which is
quite small.

Figure 7.1. Reconstruction of a line segment from pairwise dis-
tances. The average distance error is 9 · 10−4.

In the example of a two-dimensional sphere we have two different setups. In the
first one, we took k = 100 points on a grid on unit sphere S2, computed exact
geodesic distances and applied the procedure with parameters n = 3 and ε = 0.6.
After that, we computed approximate pairwise geodesic distances over the resulting
point cloud as it is done is Isomap. As a result, we obtained Err = 0.13. In the
second setup, we had k = 100 points drawn independently from uniform distribution
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on the sphere and computed exact geodesic distances between them. After that,
we performed the embedding into R3 using our procedure with parameters n =
3 and ε = 0.6, and computed approximate pairwise geodesic distances between
the embedded points again using the same method as in Isomap. As a result,
we obtained Err = 0.16. The results of the sphere embedding are displayed in
Figure 7.2.

Figure 7.2. Reconstruction of a unit sphere from pairwise dis-
tances. Top line, columns 1 and 2: points on a grid on the sphere.
Top line, columns 3 and 4: the recovered points of the unit sphere.
Bottom line, columns 1 and 2: points drawn from the uniform
distribution on unit sphere. Bottom line, columns 3 and 4: the
recovered points from approximate geodesic distances.

Finally, we provide the experiments on the widely known synthetic Swiss Roll
dataset from the Scikit-learn library in Python. Here we also have two different
setups. In the first one, we generated k = 100 points, computed pairwise Euclidean
distances and applied the procedure with parameters n = 3 and ε = 3. The results
are shown in Figure 7.3. After that we computed pairwise Euclidean distances
between the recovered points. The resulting average relative error (7.1) was equal
to Err = 0.4. In the second setup, we computed exact geodesic distances between
points and applied the procedure with parameters n = 2 and ε = 3. After that,
we computed the Euclidean distances between the embedded points. The resulting
average relative error (7.1) was equal to Err = 0.28.

Appendix A. Auxiliary lemmata on embedded submanifolds of positive
reach

Throughout this section M ⊂ Rn is a smooth connected embedded compact
Riemannian manifold, with Reach (M) = α > 0, the intrinsic geodesic distance on
M being denoted by dM .
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Figure 7.3. Reconstruction of the Swiss Roll from pairwise dis-
tances. Top line: sample points in R3 (left), sample points, projec-
tion on the XOZ plane (center), reconstructed Swiss Roll (right).
Bottom line: sample points in R3 (left), sample points, projection
on the XOZ plane (center), embedding into R2 (right).

Lemma A.1. Let M be as above and let u, v be any two points on M , such that
dM (u, v) < α. Then

0 ≤ dM (u, v)

|u− v|
− 1 ≤ C1|u− v|

for all {u, v} ⊂M with C1 :=
(
3α
√

3
)−1

.

Proof. Since |u− v| ≤ dM (u, v) < α, then by theorem 2.1 of [4] we have

dM (u, v)

2α
≤ arcsin

|u− v|
2α

.

Let f(t) := arcsin t, t < 0.5. Since f(0) = 0, f ′(0) = 1 and

f ′′(t) =
x

(1− x2)3/2
≤ 4

3
√

3
,

we have

f(t) ≤ t+
2t2

3
√

3
.

Thus,

dM (u, v)− |u− v|
2α

≤ |u− v|
2

6α2
√

3
,
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which yields
dM (u, v)

|u− v|
− 1 ≤ |u− v|

3α
√

3
as claimed. �

Lemma A.2. Let M be as above. Then

|u− v|
dM (u, v)

≥ C2

for all {u, v} ⊂ M and for some C2 > 0. In particular, one can take C2 :=
(2/π) ∧ (2α/D), where D stands for the intrinsic diameter of M .

Proof. If |u− v| < 2α, then by theorem 2.1 from [4], one has

dM (u, v) ≤ 2α arcsin
|u− v|

2α
,

or, equivalently,

|u− v|
dM (u, v)

≥ sin t

t
, where t := arcsin

|u− v|
2α

.

Since 0 ≤ t < π/2, then
|u− v|
dM (u, v)

≥ 2

π
.

In the remaining case |u− v| ≥ 2α, one has

|u− v|
dM (u, v)

≥ 2α

D
,

since dM (u, v) ≤ D. �

References

[1] Henry Adams, Mark Blumstein, and Lara Kassab. Multidimensional scaling on metric mea-
sure spaces. Rocky Mountain Journal of Mathematics, 50(2):397–413, 2020.

[2] Ery Arias-Castro, Adel Javanmard, and Bruno Pelletier. Perturbation bounds for procrustes,

classical scaling, and trilateration, with applications to manifold learning. Journal of Machine
Learning Research, 21(15):1–37, 2020.

[3] Sanjeev Arora, Wei Hu, and Pravesh K. Kothari. An analysis of the t-SNE algorithm for data
visualization, 2018.
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