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Preface 

This expository monograph was written for three reasons. Firstly, we wanted to 
present the solution to a problem posed by Wolfgang Krull in 1932 [Krull 32]. 
He asked whether what we now call the "Krull-Schmidt Theorem" holds for ar­
tinian modules. The problem remained open for 63 years: its solution, a negative 
answer to Krull's question, was published only in 1995 (see [Facchini, Herbera, 
Levy and Vamos]). Secondly, we wanted to present the answer to a question 
posed by Warfield in 1975 [Warfield 75]. He proved that every finitely pre­
sented module over a serial ring is a direct sum of uniserial modules, and asked 
if such a decomposition was unique. In other words, Warfield asked whether 
the "Krull-Schmidt Theorem" holds for serial modules. The solution to this 
problem, a negative answer again, appeared in [Facchini 96]. Thirdly, the so­
lution to Warfield's problem shows interesting behavior, a rare phenomenon 
in the history of Krull-Schmidt type theorems. Essentially, the Krull-Schmidt 
Theorem holds for some classes of modules and not for others. When it does 
hold, any two indecomposable decompositions are uniquely determined up to 
a permutation, and when it does not hold for a class of modules, this is proved 
via an example. For serial modules the Krull-Schmidt Theorem does not hold, 
but any two indecomposable decompositions are uniquely determined up to 
two permutations. We wanted to present such a phenomenon to a wider math­
ematical audience. 

Apart from these three reasons, we present in this book various topics 
of module theory and ring theory, some of which are now considered classical 
(like Goldie dimension, semi perfect rings, Krull dimension, rings of quotients, 
and their applications) whereas others are more specialized (like dual Goldie 
dimension, semilocal endomorphism rings, serial rings and modules, exchange 
property, I:-pure-injective modules). 

We now consider the three reasons above in more detail. 

1) Krull's problem. The classical Krull-Schmidt Theorem says that if MR 
is a right module of finite composition length over a ring Rand 

are two decompositions of MR as direct sums of indecomposable modules, then 

ix 
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n = m and, after a suitable renumbering of the summands, Ai ~ Bi for every 
i = 1, ... ,n. In the paper [Krull 32, pp. 37-38] Krull recalls this theorem and 
asks whether the result remains true for artinian modules; that is, whether 
Al EB ... EB An = BI EB ... EB Bm with each Ai and B j an indecomposable artinian 
right module over a ring R, implies that m = n and, after a renumbering of 
the summands, Ai ~ Bi for each i. 

During the years Krull's question was not forgotten (see for instance [Levy, 
p. 660]), and various partial results were proved. For instance, [Warfield 69a, 
Proposition 5] showed that the answer is "yes" when the ring R is either right 
noetherian or commutative (Proposition 2.63). He did this by showing that, 
over any ring, every artinian indecomposable module with Loewy length S w 
has a local endomorphism ring. By the Krull-Schmidt-Remak-Azumaya The­
orem, direct sums of indecomposable modules with local endomorphism rings 
have unique direct sum decompositions, even when the direct sum contains in­
finitely many terms, so that Warfield could conclude that the answer to Krull's 
question was positive if the base ring R was right noetherian or commutative. 

Since direct sum decompositions of modules correspond to decomposi­
tions of their endomorphism ring in a natural way, Krull's problem is a par­
ticular case of the problem of determining what kinds of rings can occur 
as endomorphism rings of artinian modules. Rosa Camps and Warren Dicks 
[Camps and Dicks] showed that the endomorphism ring of any artinian mod­
ule is semilocal, i.e., semisimple artinian modulo its Jacobson radical (The­
orem 4.12). This allowed them to prove that artinian modules cancel from 
direct sums; that is, if M EB A ~ M EB B with A and B arbitrary modules 
and M artinian, then A ~ B (Corollary 4.6). All module-finite algebras over a 
semilocal noetherian commutative ring are semilocal, and applying a result of 
Camps and Menal it is possible to prove that all such module-finite algebras 
are isomorphic to endomorphism rings of artinian modules (Corollary 8.18). 
Therefore all decompositions of noetherian modules over the semilocal rings 
that occur in integral representation theory yield corresponding decomposi­
tions of artinian modules over suitable rings. Using this, it is possible to con­
struct various examples. For instance, fix an integer n 2:: 2. Then there is a 
ring R and an artinian right module MR which is the direct sum of 2 inde­
composable modules, and also the direct sum of 3 indecomposable modules, 
and also the direct sum of 4 indecomposable modules, and ... , and also the 
direct sum of n indecomposable modules (Example 8.21). There exists another 
ring R with four indecomposable, pairwise nonisomorphic, artinian modules 
M I ,M2,M3,M4 such that MI EB M2 ~ M3 EB M4 (Example 8.20). 

These examples answer Krull's question: the Krull-Schmidt Theorem fails 
for artinian modules. 

2) Warfield's problem. Recall that a module is said to be uniserial if for 
any submodules A and B of M either A ~ B or B ~ A. A serial module 
is a module that is a direct sum of uniserial modules, and a ring R is serial 
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if the two modules RR and RR are both serial modules. Important classes of 
rings yield examples of serial rings. For instance, semis imp Ie artinian rings, 
commutative valuation rings, and rings of triangular matrices over a field are 
serial rings. 

In 1975 R. B. Warfield published a paper in which he described the struc­
ture of serial rings and proved that every finitely presented module over a serial 
ring is a direct sum of uniserial modules [Warfield 75l. On page 189 of that pa­
per, talking of the problems that remained open, he said that " ... perhaps the 
outstanding open problem is the uniqueness question for decompositions of a 
finitely presented module into uniserial summands (proved in the commutative 
case and in one noncommutative case by [Kaplansky 49])." In other words, 
Warfield asked whether the Krull-Schmidt Theorem holds for direct sums of 
uniserial modules. 

Warfield's problem was solved completely in [Facchini 96l by giving a 
counterexample: Krull-Schmidt fails for serial modules. For instance, fix an 
integer n ~ 2. Then there exist 2n pairwise non-isomorphic finitely presented 
uniserial modules UI , U2 , ... , Un, VI, V2 , ... , Vn over a suitable serial ring such 
that UI EB U2 EB ... EB Un ~ VI EB V2 EB··· EB Vn (Example 9.21). 

3) The weak Krull-Schmidt Theorem for serial modules. As we have just 
said, the Krull-Schmidt Theorem does not hold for direct sums of uniserial 
modules. Nevertheless, a weak form of the Krull-Schmidt Theorem still holds 
for these modules. If A and B are modules, write [Alm = [Blm if A and B 
are in the same monogeny class, that is, if there is a monomorphism A ---+ B 
and a monomorphism B ---+ A. Similarly, write [Ale = [Ble if A and Bare 
in the same epigeny class, that is, if there is an epimorphism A ---+ Band 
an epimorphism B ---+ A. If UI , ... , Un, VI"'" vt are uniserial modules, then 
UI EB ... EB Un ~ VI EB ... EB vt if and only if n = t and there are two permutations 
(J", T of {I, ... , n} such that [Uil m = [Vu(i)lm and [Uil e = [VT(i)le for every 
i = 1, ... , n. This is a rare phenomenon: the isomorphism class of a serial 
module is completely determined up to two permutations. 

Such a weak form of the Krull-Schmidt Theorem holds not only for direct 
sums of uniserial modules, but, more generally, for direct sums of biuniform 
modules, i.e., modules that are uniform and couniform (Chapter 9). 

This book also deals with a number of other topics as well. For instance, 
we study the class of the rings that can be realized as endomorphism rings 
of artinian modules, and serial rings belonging to this class are characterized. 
We introduce 2::-pure-injective modules, because every artinian module is 2::­
pure-injective as a module over its endomorphism ring. In order to determine 
whether a ring can be realized as the endomorphism ring of an artinian module, 
we may look for sufficient information about the structure of its 2::-pure-injective 
modules. We consider modules with the exchange property, semiperfect rings, 
serial rings, their Krull dimension and their quotient rings. 

The last chapter contains some open problems. 
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Chapter 1 

Basic Concepts 

In this book we shall consider unital right modules over associative rings with 
identity 1 =f. O. 

1.1 Semisimple rings and modules 

In the two first sections of Chapter 1 we introduce some basic results that will 
be necessary in the book. All these results are elementary, well-known, and 
can be found in most text-books of ring theory or module theory, so that we 
shall not give a proof of all the statements. We refer the reader to the book of 
[Anderson and Fuller]. 

Recall that a module M is simple if 0 and M are the only submodules 
of M and M =f. o. A ring R is simple if 0 and R are the only two-sided ideals 
of R. A module M over a ring R is said to be a semisimple module if it is the 
direct sum of a family of simple submodules. 

Proposition 1.1 Let M be a module over a ring R. The following conditions 
are equivalent: 

(a) M is semisimple; 

(b) M is the sum of a family of simple submodules; 

(c) every submodule of M is a direct summand of M. o 
The class of all semisimple right R-modules is closed under submodules, 

homomorphic images and arbitrary direct sums. 

For a module M the (Jacobson) radical of M is defined to be the inter­
section of all maximal submodules of M, and is denoted by rad(M). If M has 
no maximal submodules then we define rad(M) = M. One has 

rad(M/rad(M)) = 0 

1 
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for any module M, and rad(M EB N) = rad(M) EB rad(N) for any M and N. In 
particular, if e E R is idempotent, then rad(eR) = erad(R). 

For a ring R the intersection of all the maximal left ideals is equal to the 
intersection of all the maximal right ideals. Therefore this common intersection, 
which is the Jacobson radical of R both as a right and a left module over itself, is 
a two-sided ideal of R. It is called the Jacobson radical of R and denoted J(R). 
The Jacobson radical J(R) is the annihilator in R of the class of all simple 
right R-modules, that is, it is the set of all elements r E R such that Mr = 0 
for every simple R-module MR. 

One has 

J(R) {x E R 11 - xr has a right inverse for all r E R} 

{ x E R I 1 - rx has a left inverse for all r E R} 

{x E R 11 - rxr' has a two-sided inverse for all r, r' E R}. 

If e E R is idempotent, then J(eRe) = eJ(R)e. If I is an ideal of an arbitrary 
ring R and I ~ J(R), then J(R/I) = J(R)/I. 

Theorem 1.2 Let R be a ring. The following conditions are equivalent: 

(a) RR is a semisimple module. 

(b) R is the direct sum of a finite family of simple right ideals. 

(c) Every right R-module is semisimple. 

(d) Every right R-module is projective. 

(e) Every right R-module is injective. 

(f) The ring R is right artinian and J(R) = o. 

(g) There exist a finite number of division rings D1 , •.• , Dt and positive inte­
gers nl, ... , nt such that R ~ rr~=l Mni (Di). Here Mni (Di) denotes the 
ring of ni x ni matrices over the division ring D i . 0 

Since condition (g) is left-right symmetric, it follows that "right" can be 
replaced by "left" everywhere in the conditions of Theorem 1.2, and a ring 
R that satisfies any of these equivalent conditions is said to be a semisimple 
artinian ring. 

Lemma 1.3 If MR is a right module over a ring R, then MJ(R) ~ rad(MR). 

Proof. Let N be any maximal submodule of MR. Since J(R) annihilates all 
simple R-modules, (M/N)J(R) = O. Therefore MJ(R) ~ N. But N is an 
arbitrary maximal submodule, so that M J(R) ~ rad(MR). 0 
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Corollary 1.4 (Nakayama's Lemma)Let M be a finitely generated module and 
let N be a submodule of M such that N + M J(R) = M. Then N = M. 

Proof. Let M be a finitely generated module and let N be a proper submodule 
of M. Every non-zero finitely generated module has maximal submodules, so 
that rad(M/N) C M/N. Lemma 1.3 implies that (M/N)J(R) C M/N, so that 
MJ(R) +N c M. D 

The class of module-finite algebras over a commutative ring will enable us 
to construct interesting examples. Let k be a commutative ring with identity. By 
a k-algebra we understand a ring R which is a k-module such that multiplication 
is bilinear. Equivalently, a k-algebra is a ring R with a homomorphism a f-4 

a· lR of k into the center of R. A module-finite k-algebra is any k-algebra R 
which is finitely generated as a k-module. 

Proposition 1.5 If R is a module-finite algebra over a commutative ring k, then 
J(k)R ~ J(R). 

Proof. In order to show that J(k)R ~ J(R) it is sufficient to prove that 
M J(k) = 0 for every simple R-module MR. 

Now MJ(k) is a submodule of MR, because MJ(k)R = MRJ(k) = 
MJ(k). Since MR is simple, either MJ(k) = M or MJ(k) = O. But Rk 
is finitely generated and MR is a homomorphic image of RR, so that Mk is 
finitely generated. By Nakayama's Lemma, M J(k) = M implies M = 0, a 
contradiction. Therefore MRJ(k) = O. D 

Let R be a ring. The ring R is called a prime ring if aRb =I- 0 for every 
non-zero a, b E R. A proper ideal I of R is called prime if R/ I is a prime ring. 
Equivalently, a proper ideal I of R is prime if and only if for each a, b E R, 
aRb ~ I implies a E lor bEl, if and only if AB C£. I whenever A and B are 
ideals of R not contained in I. The prime radical of R is the intersection of all 
prime ideals of R. We shall use N(R) to denote the prime radical of R. The 
ring R is called a semiprime ring if N(R) = 0; and a proper ideal I of R is a 
semiprime ideal if R/ I is a semi prime ring. 

An element a of R is nilpotent if an = 0 for some n ~ 1, and an ideal I of 
R is nilpotent if In = 0 for some n ~ O. The ideal I is nil if every element of I 
is nilpotent. Therefore every nilpotent ideal is nil. For a right artinian ring R 
the Jacobson radical J(R) is a nilpotent ideal. 

An element a of R is strongly nilpotent if, for each infinite sequence ak, 
k ~ 0, such that ao = a and ak+l E akRak for every k ~ 0, there exists an 
integer n such that an = O. Every strongly nilpotent element a E R is nilpotent 
(it is sufficient to consider the sequence defined by ak = a2k for every k ~ 0). 
The following result is due to [Levitzki]. 

Proposition 1.6 An element a of a ring R is strongly nilpotent if and only if 
a E N(R). 
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Proof. Let a be an element of R and suppose a ~ N(R). Then there exists a 
prime ideal P of R such that a ~ P. Set ao = a. By induction on k 2: ° construct 
a sequence ak, k 2: 0, with the property that ak E ak-1Rak-l for every k 2: 1 
and ak ~ P for every k 2: ° as follows: if ak ~ P has already been defined, then 
akRak ~ P because P is prime, so that there exists ak+l E akRak \ P. Since 
ak ~ P for every k 2: ° we have that ak =f:. ° for every k 2: 0, that is, a is not 
strongly nilpotent. 

Conversely, suppose that a E R is not strongly nilpotent. Then there exists 
a sequence ak of non-zero elements of R such that ao = a and ak+! E akRak 
for every k 2: 0. Set S = {ak I k 2: o}. Then ° ~ S, and by Zorn's Lemma, 
there exists an ideal P maximal in the set of all the ideals of R disjoint from S. 

Let us show that P is prime. Let I, J be ideals of R not contained in P. 
Then I + P and J + P are ideals of R that contain P properly. It follows that 
(I + P) n S =f:. 0 and (J + P) n S =f:. 0. Hence am E 1+ P and an E J + P for 
suitable m, n 2: 0. If f is the greatest index among m and n, then ae E I + P 
and ae E J + P. Then aHl E aeRae ~ (I + P)(J + P) ~ I J + P. This shows 
that (I J + P) n S =f:. 0, thus I J ~ P and P is prime. As a ~ P, we have that 
a ~ N(R). D 

Corollary 1.7 The following conditions on a ring R are equivalent: 

(a) R is semiprime. 

(b) R has no non-zero nilpotent right ideal. 

(c) R has no non-zero nilpotent ideal. 

Proof. (a) =? (b). Every nilpotent right ideal is contained in every prime ideal. 
(b) =? (c). This is trivial. 
(c) =? (a). Let R be a ring with no non-zero nilpotent ideal. We must prove 

that if a E R and a =f:. 0, then a is not strongly nilpotent (Proposition 1.6). Let a 
be a non-zero element of R. Construct an infinite sequence of non-zero elements 
ak E R, k 2: 0, such that ao = a and ak+l E akRak for every k 2: ° as follows. 
Induction on k. Set ao = a and suppose that ak =f:. ° has been defined. Then 
the ideal RakR is non-zero, hence it is not nilpotent. In particular akRak =f:. 0. 
Now let ak+l be any non-zero element of akRak. D 

We conclude this section with two results on the prime radical of a ring. 

Proposition 1.8 If R satisfies the ascending chain condition on two-sided 
ideals, the ideal N(R) is nilpotent. 

Proof. If R satisfies the ascending chain condition on two-sided ideals, there is 
a maximal nilpotent ideal I. Then I ~ N(R). Now the ring R/ I is semiprime, 
otherwise it has a non-zero nilpotent ideal J /1, so that J ::J I is a nilpotent 
ideal of R, contradiction. Thus R/ I is semiprime, hence I 2 N(R) and N(R) 
is nilpotent. D 
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Proposition 1.9 For an arbitrary ring R, N(R) ~ J(R). For a right artinian 
ring R, N(R) = J(R). 

Proof. If x E N(R) and r E R, then rx E N(R), so that rx is strongly nilpotent, 
hence nilpotent. If (rx)n = 0, then 

(1 + rx + (rx)2 + ... + (rx)n-l )(1 - rx) = 1, 

so that 1 - rx has a left inverse in R. Therefore x E J(R). 
If R is a right artinian ring, its Jacobson radical J(R) is nilpotent. Hence 

J(R) is contained in every prime ideal of R. Thus J(R) ~ N(R). 0 

1.2 Local and semilocal rings 

A module is local if it has a greatest proper submodule. Equivalently, a module 
is local if and only if it is cyclic, non-zero, and has a unique maximal proper 
submodule. A module M is indecomposable if it is -I- 0 and has no direct 
summands -I- 0 and -I- M. Every local module is indecomposable. We begin 
this section with a well-known proposition. 

Proposition 1.10 The following conditions are equivalent for a ring R: 

(a) R/ J(R) is a division ring; 

(b) RR is a local module (that is, R has a unique maximal proper right ideal); 

(c) the sum of two non-invertible elements of R is non-invertible; 

(d) J(R) is a maximal right ideal; 

(e) J(R) is the set of all non-invertible elements of R. o 

Since condition (a) is left-right symmetric, "right" can be replaced by 
"left" everywhere in the conditions of Proposition 1.10. Hence for any ring R the 
right module RR is local if and only if the left module RR is local. In this case, 
that is, if R is a ring satisfying the equivalent conditions of Proposition 1.10, 
R is said to be a local ring. 

Recall that a submodule N of a module M is superfluous in M if N + K 
is a proper submodule of M for every proper submodule K of M. It can be 
proved that the radical rad(MR) of an arbitrary module MR is the sum of all 
superfluous submodules of MR. 

Proposition 1.11 If e is an idempotent in a ring R, then eRe is a local ring if 
and only if the right R-module eR is local. 
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Proof. Suppose that eRe is a local ring, so that in particular e =J: 0. Then 
the non-zero module eR has a maximal submodule N. In order to prove that 
eR is local, it is sufficient to show that N is superfluous in eR. Assume the 
contrary, so that there is a proper submodule K of eR with K + N = eR. Since 
eR/N = K +N/N ~ K/KnN, there is an isomorphism cp:eR/N -+ K/KnN. 
Let 1T: eR -+ eR/ Nand 7r': K -+ K / K n N be the canonical projections. The 
module eR is projective. Hence there is a homomorphism 'lj;: eR -+ K such 
that cp1T = 7r''lj;. Since K is a proper submodule of eR, 'lj; can be viewed as 
a non-invertible element of the local ring EndR(eR) ~ eRe, that is, 'lj; is left 
multiplication by an element of J(eRe) = eJ(R)e. Hence there exists r E J(R) 
such that 'lj;(et) = eret for every t E R. Now K/KnN = cp7r(eR) = 7r''lj;(eR) = 
ereR + K n N/K n N, from which ereR Cf:. K n N. Since ereR ~ K, we have 
ereR Cf:. N. But ereR ~ eJ(R) = rad(eR) ~ N, a contradiction. 

Conversely, suppose that eR is a local R-module with maximal proper 
submodule N. In order to show that eRe ~ End(eR) is local, it suffices to prove 
that the sum of two non-invertible elements of End(eR) is non-invertible. For 
this, it is sufficient to show that if f E End(eR), then f is non-invertible if 
and only if f(eR) ~ N. It is clear that if f(eR) ~ N, then f is non-invertible. 
Conversely, if f(eR) Cf:. N, then f(eR) = eR, so that f: eR -+ eR is surjective. 
Since eR is projective, ker f is a direct summand of eR. But every local module 
is indecomposable, and thus either f = ° or f is injective. If f = 0, then eR = 0, 
which is not because eR is local. Thus f is injective, and so it is an invertible 
element of End(eR). D 

A ring R is semilocal if R/ J(R) is a semisimple artinian ring. Since 
J(R/ J(R)) = ° for every ring R, the next lemma follows immediately from 
Theorem 1.2. 

Lemma 1.12 The following conditions are equivalent for a ring R: 

(a) R is semilocal; 

(b) RjJ(R) is a right artinian ring; 

(c) RjJ(R) is a left artinian ring. D 

The study of semilocal rings will be one of the main themes of this mono-
graph. We immediately give some easy first examples of semilocal rings. 

(1) Every right (or left) artinian ring is semilocal. 

(2) Every local ring is semilocal. 

(3) If R is a semilocal ring, the ring Mn(R) of n x n matrices over R is 
semilocal. 

This is easily seen from the following known facts: 
(a) J(Mn(R)) = Mn(J(R)), 
(b) Mn(R)/J(Mn(R)) ~ Mn(R/J(R)), 
(c) Mn(S) is a semisimple artinian ring for every semisimple artinian ring S. 
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(4) The direct product Rl x R2 of two semilocal rings Rl and R2 is semi­
local. 

(5) Every homomorphic image of a semilocal ring is semilocal. 

In fact, let I be an ideal of a semilocal ring R. Since every simple Rj 1-
module is a simple R-module, if 1f: R -+ Rj I is the canonical projection, then 
1f(J(R)) ~ J(Rj I). Hence 1f induces a surjective homomorphism Rj J(R) -+ 

(RjI)jJ(RjI). But every homomorphic image of a semisimple artinian ring is 
a semisimple artinian ring, and thus Rj I is semilocal. 

(6) A commutative ring is semilocal if and only if it has finitely many 
maximal ideals. 

This easily follows from the fact that a semisimple artinian commuta­
tive ring is a finite direct product of fields, and therefore it has finitely many 
maximal ideals. 

(7) Every module-finite algebra over a commutative semilocal ring is semi­
local. 

If R is a module-finite algebra over a commutative semilocal ring k, then 
J(k)R ~ J(R) (Proposition 1.5), so that Rj J(R) is an algebra over kj J(k). 
Then Rj J(R) is a module-finite algebra over the artinian commutative ring 
kjJ(k), so that RjJ(R) is a (left and right) artinian ring. 

An arlinian poset (artinian partially ordered set) is a set A partially 
ordered by a relation :::; satisfying the following equivalent conditions: 

(a) Every decreasing sequence ao ::::: al ::::: a2 ::::: ... in A is stationary (Le., 
there exists an index n such that an = an+ 1 = ... ). 

(b) Every non-empty subset of A has a minimal element. 

Proposition 1.13 If R is a semilocal ring and e is a non-zero idempotent of R, 
then eRe is a semilocal ring. 

Proof. Let £(Rj J(R)) denote the lattice of all right ideals of the ring Rj J(R), 
and £(eRej J(eRe)) denote the lattice of all right ideals of the ring eRej J(eRe). 
In order to show that R semilocal implies eRe semilocal, it is sufficient to show 
that if £(Rj J(R)) is an artinian poset then £(eRej J(eRe)) is an artinian poset, 
and for this it is enough to prove that there is an order preserving injective 
mapping £(eRejJ(eRe)) -+ £(Rj J(R)). Hence the proposition will be proved 
if we show that (IR+ J(R)) neRe = I for every right ideal I of eRe containing 
J(eRe). Let Lk ikrk+ j = ere be an element of (IR+ J(R)) neRe, with ik E I, 
r, rk E R and j E J(R). Then ere = e (Lk ikrk + j) e = Lk eikerke + eje E 
IeRe + eJ(R)e ~ I. 0 
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We conclude this section with an elementary lemma about finitely gener­
ated modules over a semilocal ring. Recall that a module A1 is of finite (com­
position) length if it has a finite chain of submodules 

o = Mo C Ml C M2 C ... C Mn = M 

which has no refinement. In this case the integer n is said to be the length of 
the module M. A module has finite length if and only if it is noetherian and 
artinian. 

Lemma 1.14 Let R be a semiloeal ring and let iVJ be a finitely generated right 
R-module. Then 

(a) MIMJ(R) is a semisimple R-module of finite length. 

(b) M is local if and only ~f M I M J(R) is simple. 

(c) M is a direct sum of indecomposable modules. 

Proof. ( a) This is trivial. 
(b) If M is local, M I M J(R) is a local module over the semisimple artinian 

ring RIJ(R). Hence MIMJ(R) is simple. Conversely, if MIMJ(R) is simple, 
M J(R) is a maximal submodule of M. By Lemma 1.3 M J(R) ~ rad(M). 
Since M is finitely generated, rad(M) is a proper submodule of M, so that 
M J(R) = rad(M) is the unique maximal sub module of M. Finally, since M is 
non-zero and finitely generated, every proper submodule of M is contained in 
a maximal submodule, and therefore M J(R) = rad(M) is the greatest proper 
submodule of M. 

(c) Suppose not; then the set of direct summands of M for which (c) is 
false is not empty. Hence this set has an element N for which the composition 
length of the semisimple R-module N IN J(R) is minimal. Since N is not a 
direct sum of indecomposable modules, N itself is not indecomposable, so that 
N = N' EB N", N, N' non-zero finitely generated R-modules. Then 

NIN J(R) ~ N' IN' J(R) EB N" IN" J(R), 

and the semisimple modules N' IN' J(R) and N" IN" J(R) have non-zero length 
by Nakayama's Lemma 1.4. Therefore N' and N" are direct sums of inde­
composable modules, so that N is a direct sum of indecomposable modules; 
contradiction. D 
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1.3 Serial rings and modules 

Recall that an R-module M is said to be uniserial if for any submodules A and 
B of M we have A ~ B or B ~ A. Hence a module IvI is uniserial if and only if 
the lattice £(M) of its sub modules is linearly ordered under set inclusion. Every 
submodule and every homomorphic image of a uniserial module is ulliserial. 

A uniserial module M is shrinkable if M is isomorphic to K / H for suitable 
submodules 0 C H eKe M. Otherwise the uniserial module M is said to be 
unshTinkable. 

Example 1.15 Artinian uniseTial modules and noetherian uniserial modules are 
unshrinkable. 

In fact, if M is an artinian uniserial module, its lattice of submodules 
£(lVI) is well-ordered under inclusion, i.e., it is order isomorphic to an ordinal 
number a. If lVI is shrinkable, that is, there exist submodules 0 C H eKe M 
such that lVI is isomorphic to K / H, then there exist non-zero ordinal numbers (3 
and"( such that (3+a+"( = a. This is not possible. Therefore M is unshrinkable. 

Dually for the noetherian case. 0 

Example 1.16 There exist shrinkable uniserial modules. 

The following example of a shrinkable uniserial module is taken from 
[Facchini and Salce, p. 502]. Let Z be the ring of integers, p and q be distinct 
prime numbers, Zp and Zq be the localizations of Z at the principal prime ideals 
generated by p and q respectively, so that Zp and Zq are discrete valuation rings, 
and let Q be the field of rational numbers. Consider the ring 

R= 

and its right ideal 

H = (~: ~). 
The operations in the ring are the ordinary matrix addition and multiplication. 
It is easily seen that the right ideals of R containing H are the ideals 

(7 ~) and ( Zp 0) 
Q I ' 

where J is any Zp-submodule of Q containing Zp and I is any ideal of Zq. 
Therefore R/ H is a uniserial right R-module. 

Now we shall prove that R/ H is a shrinkable R-module. Consider the 
element 
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and the endomorphism cp: RR ~ RR given by left multiplication by t. It is 
easily seen that 

and tR = (ZQP ZO ), 
q q 

so that H c tH c tR c R. Since cp-l(tH) = H, cp induces an isomorphism 
of right R-modules R/ H ~ tR/tH. Therefore R/ H is a shrinkable uniserial 
R-module. 0 

In Proposition 1.18 we shall see that every uniserial right module over a 
ring that is either commutative or right noetherian is unshrinkable. To prove 
this we need the following lemma. 

Lemma 1.17 Every shrinkable uniserial right module contains a shrinkable 
cyclic submodule. 

Proof. Let M be a shrinkable uniserial right module over a ring R. Then 
there exist submodules 0 c H eKe M such that there is an isomorphism 
cp:M ~ K/H. Fix an element x E M, x tJ. K and suppose cp(x) = y+H. Then 
cp induces an isomorphism xR ~ yR/ Hand H c yR ~ K c xR. Therefore 
xR is a shrinkable R-module. 0 

Proposition 1.18 Let R be a ring that is either commutative or right noetherian. 
Then every uniserial right R-module is unshrinkable. 

Proof. Let M be a shrinkable uniserial right R-module. By Lemma 1.17 the 
module M contains a cyclic shrinkable submodule N. 

If the ring R is right noetherian, then N is a uniserial noetherian shrink­
able module. This contradicts what we have seen in Example 1.15. 

If R is commutative, then N 3:! R/ I for some ideal I of R, and R/ I 3:! 

xR/ J for some ideals I c J c xR c R. Let r E J be an element that does 
not belong to I. Then r annihilates xR/ J, but it does not annihilate R/ I. This 
contradicts the fact that xR/ J and R/ I are isomorphic. 0 

A ring R is said to be a right chain ring if it is a uniserial module as 
a right module over itself. A left chain ring is defined similarly. A ring R is 
a chain ring if it is both a right and a left chain ring. A valuation ring is a 
commutative chain ring, not necessarily a domain. 

Lemma 1.19 Let R be a ring and e E R be a non-zero idempotent element. If 
the module eR is a uniserial module, then the ring eRe is a right chain ring. 

Proof. Let eaeRe, ebeRe be two principal right ideals of the ring eRe, a, b E R. 
It is sufficient to prove that either eaeRe ~ ebeRe or ebeRe ~ eaeRe. If eR is a 
uniserial module, either eaeR ~ ebeR or ebeR ~ eaeR. Suppose eaeR ~ ebeR. 
Then eaeRe ~ ebeRe. 0 
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A serial module is a module that is a direct sum of uniserial modules. A 
ring R is said to be right (left) serial if it is a serial module as a right (left) 
module over itself. If both conditions hold R is a serial ring. For example, every 
simple module is uniserial, so that every semisimple module is serial. Therefore 
every semisimple artinian ring is a serial ring. Every (right) chain ring is a 
(right) serial ring. In particular, every commutative valuation ring is serial. 
The rest of this section is devoted to giving further examples of (right) serial 
rings. 

Recall that an idempotent e of a ring R is primitive if it is non-zero and 
cannot be written as a sum of two non-zero orthogonal idempotents. Equiva­
lently, e is primitive if and only if the direct summand eR of RR is indecompos­
able, if and only if the direct summand Re of RR is indecomposable. A complete 
set of (pairwise) orthogonal idempotents in R is a finite set {e1' ... ,en} of idem­
potents of R such that eiej = 0 for i i= j and e1 + ... + en = 1 (equivalently, 
such that RR = e1R EEl· .. EEl enR). 

Let R be a right serial ring. Since RR is serial, there exists a complete 
set {e1,"" en} of pairwise orthogonal idempotents in R for which every eiR is 
uniserial as a right R-module. Then e1, .. " en are primitive idempotents in R. 

Lemma 1.20 Every homomorphic image of a right serial ring is a right serial 
rmg. 

Proof. If R is a right serial ring, there exists a complete set {e1,"" en} of 
pairwise orthogonal idempotents in R such that RR = e1R EEl··· EEl enR and 
each eiR is serial as a right R-module. If I is an ideal of R, then 

Each eiR/eiI is a homomorphic image of the uniserial right module eiR, and 
so is itself uniserial. 0 

In this proof we saw that if I is an ideal of a right serial ring R, then 
{ ei + I I i = 1, ... ,n, ei tf. I} is a complete set of pairwise orthogonal primitive 
idempotents in R/ I. 

Example 1.21 If k is a field and UT n (k) is the ring of n x n upper triangular 
matrices over k, then UTn(k) is a serial ring. 

Set R = UT n (k). Let E 1, ... ,En be the primitive diagonal idempotents 
of R = UTn(k). Then RR = E1R EEl··· EEl EnR and RR = REI EEl··· EEl REn. It 
is easily seen that REi is a uniserialleft R-module of finite length i and EiR 
is a uniserial right R-module of finite length n + 1 - i. 0 

We conclude this section showing that right serial rings are semilocal. 

Proposition 1.22 Every right serial ring is a semilocal ring. 
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Proof. Let R be a right serial ring and {ell"" en} a complete set of pairwise 
orthogonal idempotents in R such that each eiR is serial. Then 

R/ J(R) ~ (elR/ed(R)) EEl··· EEl (enR/enJ(R)) 
= (elR/rad(elR)) EEl··· EEl (enR/rad(enR)). 

and every eiR/rad(eiR) is a simple right R-module. Therefore R/ J(R) is a 
semisimple right R-module of finite length. 0 

1.4 Pure exact sequences 

The rest of this chapter is devoted to illustrating the concepts of pure submod­
ule of a module, pure exact sequence, pure-projective module and pure-injective 
module. 

Let R be a ring. A short exact sequence 0 -+ AR -+ BR -+ CR -+ 0 of 
right R-modules is pure if the induced sequence of abelian groups 

is exact for every finitely presented right R-module ER. A submodule A of a 
right R-module B is a pure submodule of B if the canonical exact sequence 
o -+ A -+ B -+ B / A -+ 0 is pure. A pure monomorphism is a monomorphism 
A -+ B whose image is a pure submodule of B. 

A right R-module PR is called pure-projective if the sequence 

is exact for every pure exact sequence 0 -+ AR -+ BR -+ CR -+ 0 of right 
R-modules. For instance, finitely presented modules are pure-projective. An 
R-module MR is pure-injective if the sequence 

is exact for every pure exact sequence 0 -+ AR -+ BR -+ CR -+ O. 

Proposition 1.23 For every module MR there exist pure exact sequences 

A f 9 0-+ R--+BR--+MR -+ 0 

where BR is a direct sum of finitely presented modules. 

Proof. Let SR be a set of finitely presented right R-modules such that every 
finitely presented right R-module is isomorphic to an element of SR' For every 
NR E SR let NcHomCNR,MR)) be the direct sum of a set of copies of NR indexed 

in Hom(NR' MR)' Define BR = EElNRESRNcHomCNR,MR)). Let g: BR -+ MR 
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be the homomorphism whose restriction to the copy of N R indexed by rp E 
Hom(NR,MR) is rp for every NR E SR and every rp E Hom(NR,MR). Since 
RR is finitely presented, there is a module in SR isomorphic to RR. Hence 9 is 
surjective. Let AR be the kernel of 9 and f: AR ---> BR be the inclusion, so that 

the sequence 0 ---> Aw"!"-+Bw·!!-+MR ---> 0 is exact. 
In order to prove that this exact sequence is pure we must show that for 

every finitely presented module ER and every homomorphism 'l/J: ER ---> MR 
there is a homomorphism 'l/J': ER ---> BR such that 'l/J = g'l/J'. Now there exists 
NR E SR isomorphic to ER. Let a: NR ---> ER be such an isomorphism and let 
10: N R ---> B R be the embedding of N R into the direct summand of B R indexed 
by 'l/Ja E Hom(NR, MR). Then 'l/J' = €a-1 has the required property. D 

From Proposition 1.23 we immediately obtain the characterizations of 
pure-projective modules of the next proposition. 

Proposition 1.24 The following conditions are equivalent for a right R-mod­
ule PRo 

(a) PR is pure-projective. 

(b) Every pure exact sequence of right R-modules 0 ---> AR ---> BR ---> PR ---> 0 
is split. 

(c) PR is isomorphic to a direct summand of a direct sum ffiiEINi of finitely 
presented right R-modules N i . 

Proof. (a) =} (b). This follows from the fact that if 

is a pure exact sequence and PR is pure-projective, then the induced sequence 

is exact. Hence there exists rp E Hom(PR, BR) such that grp is the identity of 
PR. 

(b) =} (c). This follows from Proposition 1.23. 
(c) =} (a). This is triviaL D 

Note how pure-projective modules extend the notion of projective module, 
because a module is projective if and only if the sequence 

is exact for every exact sequence 0 ---> AR ---> BR ---> OR ---> 0, if and only if 
every exact sequence of right R-modules 0 ---> AR ---> BR ---> PR ---> 0 is split, 
if and only if P is isomorphic to a direct summand of a direct sum ffiiEI Fi of 
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right R-modules Fi ~ RR, that is, isomorphic to a direct summand of a free 
R-module. 

For the proof of Lemma 1.26 we need the following result whose proof can 
be easily obtained by chasing the diagram. 

Lemma 1.25 Let 
, 

Q Q G' -----+ G -----+ G" 
'Y' 1 'Y 1 'Y" 1 

H' f3 H f3' H" -----+ -----+ 

be a commutative diagram of abelian groups with exact rows. 

(a) Suppose 'I is a monomorphism and 0;' is an epimorphism. Then 'I" is a 
monomorphism if and only if f3(H') n 'f( G) <;;; '10; ( G'). 

(b) Suppose 'I is an epimorphism and f3 is a monomorphism. Then 'I' is an 
epimorphism if and only if 0;' (G) n ker'f" <;;; 0;' (ker 'f). 0 

Now let M = (rij) be a n x m matrix with entries in a ring R. If we 
look at elements of R'R and RH as m x 1 and n x 1 matrices respectively, left 
multiplication by M is a homomorphism 0;: R'R ---+ R H. Let ER denote the co­
kernel of 0;, so that ER is a finitely presented right R-module and every finitely 
presented right R-module is isomorphic to a module of this type. Similarly, 
looking at elements of RRn and RRm as 1 x n, 1 x m matrices respectively, 
right multiplication by M is a homomorphism 0;*: RRn ---+ RRm. Let RF denote 
the cokernel of 0;*. Then RF is a finitely presented left R-module and every 
finitely presented right R-module is isomorphic to a module constructed in this 
way. 

Lemma 1.26 In the notation above the following conditions are equivalent for 

an exact sequence 0 ---+ Aw..L-+Bw-f!--'tCR ---+ 0 of right R-modules. 

(a) The mapping Hom(ER , g): Hom(ER, B R) ---+ Hom(ER' CR) is surjective. 

(b) The mapping f ®R F: A ®R F ---+ B ®R F is injective. 

(c) For every a~, ... ,a~ E f (A), if the system of m linear equations 

has a solution in Bn, it also has a solution in (J(A))n. 

Proof· Without loss of generality we may suppose AR <;;; BR, f: AR ---+ BR the 
embedding and g: BR ---+ CR the canonical projection onto CR = BRIAR. This 
will simplify the notation. 
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(a) {=? (c). From the exact sequence Rll--::-+RR ---. ER ---. 0 we obtain a 
commutative diagram 

o ---. Hom(ER, BR) 
1 

o ---. Hom(ER, CR) 

---. Hom(RR' B R) 
1 

---. Hom(RR' CR) 

---. Hom(R'R,BR) 
1 

---. Hom(RR' CR) 

in which the rows are exact and the last two vertical arrows are epimorphisms. 
We shall apply Lemma 1.25(b). The first vertical arrow in the diagram is the 
mapping Hom(ER, g): Hom(ER, B R) ---. Hom(ER, CR). Up to natural identifi­
cation the right-hand square in the diagram can be rewritten as 

1 
(B/A)n ---. 

where the vertical arrows are the canonical projections and the horizontal 
arrows are right multiplication by the matrix M. Hence in this diagram the 
image of the upper horizontal arrow is B n M, the kernel of the vertical ar­
row on the right is Am, the kernel of the vertical arrow on the left is An, 
and its image via the upper horizontal arrow is An M. Hence, the condition 
a'(G) n ker,)," ~ a'(ker,),) in Lemma 1.25(b) becomes BnM n Am ~ AnM. 
Thus Hom(ER' g): Hom(ER, B R) ---. Hom(ER, CR) is surjective if and only if 
B n M n Am ~ An M, and this is equivalent to (c). 

The proof of (b) {=? (c) is analogous to the proof of ( a) {=? (c), starting 
",* 

from the exact sequence RRn~RRm ---. RF ---. 0, applying the functor ®R 
and using Lemma 1.25(a). 0 

We are ready to prove some important characterizations of pure exact 
sequences. 

Theorem 1.27 Let R be a ring and let 0 ---. AR ---. BR ---. CR ---. 0 be an exact 
sequence of right R-modules. The following conditions are equivalent: 

(a) The sequence 0 ---. AR ---. BR ---. CR ---. 0 is pure. 

(b) For every finitely presented left R-module RF the induced sequence of 
abelian groups 

is exact. 

(c) For every left R-module RF the induced sequence of abelian groups 

is exact. 
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(d) Every system of m linear equations 

n 

Lx{r;.j=aj, j=1,2, ... ,m, 
i=l 

with rij E Rand aj E f(A) (i = 1,2, ... , n, j = 1,2, ... , m), which has 
a solution in Bn, also has a solution in (f(A))n. 

Proof. The equivalence (a) <=? (b) <=? (d) is just Lemma 1.26 stated for an 
arbitrary matrix 1\11. The equivalence (b) <=? (c) follows from the fact that every 
module is a direct limit of finitely presented modules over a suitable directed 
poset and that tensor products commute with direct limits. D 

Recall that a module N cogenemtes a module B if B is isomorphic to a 
submodule of a direct product N 1 of copies of N. Equivalently, N cogenerates 
B if for every non-zero x E B there is a homomorphism CPx: B -> N such 
that CPx(x) -I O. If R is a ring, a cogenemtor in Mod-R, the category of all 
right R-modules, is a module CR that cogenerates every right R-module. If 
CR is a cogenerator in Mod-R, SR is a simple R-module and E(SR) is the 
injective envelope of SR, then there is a homomorphism cP: E(SR) -> CR such 
that CP(SR) -I O. Hence ker( cp) n SR = 0, i.e, cP is a monomorphism. Thus every 
cogenerator in Mod-R contains a submodule isomorphic to E(SR) for every 
simple right R-module SR. In particular, if UR is an injective cogenerator, that 
is, a cogenerator U R in Mod-R that is also injective, then U R must contain a 
direct summand isomorphic to E( ffi)..EA S>J , where {S).. I A E A} is a set of 
representatives of the simple right R-modules up to isomorphism. Conversely, 
it is not difficult to see that E( ffi)..EAS)..) is a cogenerator in Mod-R. For this 
reason E( ffi)"EAS),,) is said to be the minimal injective cogenemtor in Mod-R. 
Cogenerators and minimal injective cogenerators in R-Mod, the category of all 
left R-modules, are defined using left modules instead of right modules. 

Let k be a commutative ring, let R be a k-algebra and let U be an injective 
cogenerator in k-Mod. If AR is a right R-module, then A* = Homk(A R, U) is 
a left R-module, and if RA is a left R-module, then A* = Homk(RA, U) is a 
right R-module. 

Corollary 1.28 Let k be a commutative ring, let R be a k-algebm and let kU be 
an injective cogenemtor in k-Mod. An exact sequence 

of right R-modules is pure if and only if the induced exact sequence of left 
R-modules 0 -> C* -> B* -> A * -> 0 is split. 

Proof. The exact sequence 0 -> AR -> BR -> C R -> 0 of right R-modules is 
pure if and only if the induced sequence of k-modules 
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is exact for every left R-module RF. Since kU is an injective cogenerator in 
k-Mod, this happens if and only if the sequence 

0-+ Homk(kC ®R F, kU) -+ Homk(kB ®R F, kU) -+ Homk(kA ®R F, kU) -+ 0 

is exact, that is, if and only if the sequence 

0-+ HomR(RF, Homk(kCR, kU)) -+ HomR(RF, Homk(kBR, kU)) 

-+ HomR(RF,Homk(kAR,kU)) -+ 0 

is exact for every left R-module RF, because there is a natural isomorphism 
Homk(- ®R F, kU) ~ HomR(RF, Homk( -, kU)). And this happens if and only 
if the exact sequence 

0-+ Homk(kCR, kU) -+ Homk(kBR, kU) -+ Homk(kAR, kU) -+ 0 

is split. o 
Since every ring is an algebra over the ring Z of integers and Q/Z is an 

injective cogenerator in Z-Mod, we immediately obtain the following corollary. 

Corollary 1.29 Let R be a ring. An exact sequence 0 -+ AR -+ BR -+ CR -+ 0 
of right R-modules is pure if and only if the exact sequence of left R-modules 
0-+ Homz(C, Q/Z) -+ Homz(B, Q/Z) -+ Homz(A, Q/Z) -+ 0 is split. 0 

If R is an algebra over a commutative ring k, U is an injective cogenera­
tor in k-Mod and * denotes the functor Homk ( -, U), then for every right (or 
left) R-module A there is a canonical monomorphism CA: A -+ A** defined by 
(cA(a))(a) = a(a) for every a E A, a E A*. This canonical homomorphism CA 

is a morphism of right (respectively left) R-modules. 

Corollary 1.30 Let k be a commutative ring, let R be a k-algebra, let kU be an 
injective cogenerator in k-Mod and let AR be an R-module. Then the canonical 
monomorphism C A: A -+ A ** is a pure monomorphism of right R-modules. 

Proof. In order to prove that the canonical monomorphism CA: A -+ A** is a 
pure monomorphism it suffices to show that the kernel of (cA)*: A*** -+ A* is 
a direct summand of A*** (Corollary 1.28). This follows from the fact that the 
composite mapping (cA)* 0 CA' of CA': A* -+ A*** and (cA)*: A*** -+ A* is the 
identity of A *, as is easily seen. 0 

As another application of characterization (c) of Theorem 1.27 we leave 
the proof of the following proposition to the reader as an easy exercise. 

Proposition 1.31 (a) If {Aj I j E J} is a chain of submodules of B and each 
Aj is pure in B, then UjEJ Aj is a pure submodule of B. 

(b) If A ~ B ~ C are modules, A is pure in C and B/A is pure in CIA, then 
B is pure in C. 

(c) If A ~ B ~ C are modules and A is pure in C, then A is pure in B. 0 
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1.5 Finitely definable subgroups 
and pure-injective modules 

In order to study pure-injective modules we shall now define the concept of 
finitely definable subgroup. 

Let M = (rij) be a n x m matrix with entries in a ring R, and let AR 
be a right R-module. Consider the n-tuples X = (Xl' ... ' Xn) E An such that 
XM = 0 (these n-tuples are the solutions of the corresponding system of 
m homogeneous linear equations). The set S M = {X E Ani X M = O} is an 
additive subgroup of An (it is not a submodule, in general). Hence if 1f1: An ---. A 
denotes the canonical projection onto the first summand, the image 1f1 (SM) of 
SM is an additive subgroup of A. The additive subgroups 1f1(SM) of A arising 
in this fashion are called finitely definable subgroups of AR (or finite matrix 
subgroups of AR). An additive subgroup G of AR is a definable subgroup of AR 
if it is an intersection of finitely definable subgroups. 

If TAR is a bimodule, every finitely definable subgroup of AR is a submod­
ule of TA. In particular, the finitely definable subgroups of a right R-module AR 
are submodules of the left End(AR)-module A. If the ring R is commutative, 
every finitely definable subgroup of AR is a submodule of A R. 

The first trivial examples of finitely definable subgroups of an R-module 
AR are the subgroups 0 and A (take as M the 1 x 1 matrices M = (1) and 
M = (0) respectively). 

Proposition 1.32 Let AR be a right module over a ring R and let r be an element 
ofR. 

(a) The groups Gr and (G : A r) = {a E A I ar E G} are finitely definable 
subgroups of AR for every finitely definable subgroup G of A R· 

(b) There is a one-to-one correspondence between the set of all finitely defin­
able subgroups G of AR that contain (0 :A r) and the set of all finitely 
definable subgroups G' of AR that are contained in Ar defined by 

G I---t G' = Gr. 

Proof. Given a finitely definable subgroup G of A R, there is a n x m matrix 
M with entries in R such that G = 1f1(S), where 

S={XEAnIXM=O} 

and 1f1: An ---. A is the canonical projection onto the first summand. It is easily 
seen that if 1fi: An+l ---. A is the canonical projection onto the first summand, 
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then Gr = 7Ti (5'), where 

1 0 0 0 o 
-r 

5'= Y E An+l Y 0 =0 
A 

0 

and (G:A r) = 7Ti(5"), where 

r 0 0 0 o 
-1 

5" = YEAn+! Y 0 =0 

A 
0 

This proves (a), and (b) follows easily from (a). o 
In particular, if AR is an R-module and r is an element of R, then Ar and 

(0 :A r) are finitely definable subgroups of A R . 

Lemma 1.33 The sum and the intersection of two finitely definable subgroups 
of AR are finitely definable subgroups of A R. 0 

The proof of Lemma 1.33 is left to the reader. (Hint: Suppose G = 7Tl (5) 
with 5 = {X E An I XM = O}, and G' = 7Ti(5') with 5' = {Y E Am I YM' = 

O}. Then y E G + G' if and only if there exist Xl E G and xi E G' such that 
y = Xl + xi, that is, if and only if there exist Xl, ... , xn , xi, ... ,x;'" E A such 
that y = Xl + xi, (Xl ... xn)M = 0, (xi ... x;"')M' = o. And z E G n G' if and 
only if z E G and z E G', i.e., if and only if there exist X2, ... ,Xn , x~, ... ,x;'" E A 
such that (y X2 ... xn)M = 0 and (y x~ ... x;"')M' = 0.) 

From Lemma 1.33 we obtain that if AR is an R-module and F is a finite 
subset of R, the additive subgroup (0 :A F) is a finitely definable subgroup 
of AR . 

Lemma 1.34 If AR is a pure submodule of B R, then for every finitely definable 
subgroup G of AR there exists a finitely definable subgroup H of BR such that 
G=HnA. 

Proof. If G is a finitely definable subgroup of A R, then there exists a n x m 
matrix M with entries in R such that G = 7Tl (5), where 5 = {X E An I 
XM = O} and 7Tl: An ----+ A is the canonical projection onto the first summand. 
Let 5' = {Y E B n I Y M = O}, let 7Ti: Bn ----+ B be the canonical projection 
onto the first summand, and let H = 7Ti (5'), so that H is a finitely definable 
subgroup of B R . Obviously G <;;; H n A. The other inclusion follows from the 
characterization of pure submodules given in Theorem 1.27(d). 0 
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Let R be a ring. A compact topological R-module (NR, T) is a right R­
module N R with a compact Hausdorff topology T on the set N with the property 
that addition +: N x N ~ N and multiplication· : N x R ~ N are continuous. 
Here N x N is endowed with the product topology, and N x R is endowed with 
the product topology of the topology T on N and the discrete topology on R. 

For instance, let R be the additive group of real numbers with the usual 
topology and let T = R/Z be endowed with the quotient topology. Then T is 
a compact topological Z-module. More generally, let RA be an arbitrary left R­
module, so that Homz(RA, T) is a right R-module. The set Homz(RA, T) is a 
subset of the set TA of all mappings A ~ T. Since T is compact, the product 
topology on TA is compact by the Tychonoff Theorem, and Homz (RA, T) 
turns out to be a closed subset of the compact topological space TA. Hence 
TA induces a compact Hausdorff topology T on the set Homz(RA, T), and 
(Homz(RA, T), T) is a compact topological R-module. 

The reason why we are introducing compact topological R-modules is 
that we shall see in Theorem 1.35 that if (N R, T) is a compact topological 
R-module, then NR is a pure-injective R-module. Conversely, given a pure­
injective R-module MR, there exists a module NR such that MR is isomorphic 
to a direct summand of N R, and N R can be endowed with a topology T in such 
a way that (N R, T) becomes a compact topological R-module. 

In Theorem 1.35 we shall give other characterizations of pure-injective 
modules. In characterization (d) we shall consider a system 

LXirij = mj, j E J, 
iEI 

of linear equations with the coefficients rij in a ring R and the mj in a right 
module MR. This means that we have a set of variables {Xi liE I}, and 
for every j E J there are at most finitely many i E I with rij "# 0, that is, 
any equation of the system has only a finite number of non-zero coefficients. 
Also recall that a family :F of subsets of a set M is said to have the finite 
intersection property if the intersection of every finite subfamily of the family 
:F is non-empty. 

Theorem 1.35 The following conditions are equivalent for a right module MR 
over an arbitrary ring R. 

(a) MR is pure-injective. 

(b) Every pure exact sequence 0 ~ MR ~ BR ~ CR ~ 0 of right R-modules 
is split. 

(c) There exists a compact topological R-module (NR,T) such that MR is 
isomorphic to a direct summand of N R . 
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(d) A system LiEI Xirij = mj, j E J, of linear equations in MR is soluble in 
MR whenever it is finitely soluble in MR (here rij E Rand mj E M for 
every i, j, and for every j E J there are at most finitely many i E I with 
rij =I- 0). 

(e) If mi EM and Gi is a finitely definable subgroup of MR for every i E I, 
and the family { mi + Gi liE I} has the finite intersection property, then 

niEI mi + Gi =I- 0. 

Proof. The proof that (a) =} (b) is the dual of the proof of (a) =} (b) in 
Proposition 1.24. 

(b) =} (c). The ring R is a Z-algebra, and the abelian group T = RjZ 
is an injective cogenerator in Z-Mod. By Corollary 1.30 the canonical mono­
morphism 10M: M -t M**, where * denotes the functor Homz( -, T), is a pure 
monomorphism of right R-modules. If (b) holds, then MR is isomorphic to a 
direct summand of M** , and on page 20 we have already remarked that there is 
a topology T on Homz (M* , T) = M** with respect to which (Homz (M* , T), T) 
is a compact topological R-module. 

(c) =} (d). It is clear that if a module NR satisfies property (d), then 
every direct summand of NR satisfies (d). Hence it is sufficient to prove that if 
(NR,T) is a compact topological R-module, then NR satisfies (d). Let 

LXirij = mj, j E J, 
iEI 

be a finitely soluble system of linear equations, where rij E Rand mj E NR 
for every i, j. Note that the solutions of this system are elements of the direct 
product N I. Endow N I with the product topology of the topologies T. For 
every equation LiEI Xirij = mj, the mapping flY N I -t N, defined by 

cpj((ai)iEI) = Lairij 
iEI 

for every (ai)iEI E N I , is a continuous mapping. Since T is Hausdorff, the 
set Sj = cP j 1 (mj) of solutions of the equation is a closed subset of N I. Since 
the system is finitely soluble, the family of closed sets {Sj I j E J} has the 
finite intersection property. As N I is compact, the intersection of the family is 
non-empty. Hence the equations of the system have a common solution. 

(d) =} (a). Let MR be a module for which (d) holds, let AR be a pure 
submodule of an R-module B R, and let cP: AR -t MR be a homomorphism. We 
must show that cP extends to a homomorphism 'l,b: BR -t MR. Let {Xb I bE B R } 
be a set of variables indexed in B R . Consider the system S consisting of one 
equation Xb + Xb' - Xb+b' = 0 for each pair of elements b, b' E B R , one equation 
Xbr - Xbr = 0 for each b E BR and each r E R, and one equation Xa = cp(a) 
for each a EAR. In order to show that this system S is finitely soluble in MR, 
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fix a finite subsystem S' of S. Let S" be the linear system in AR having the 
same number of equations as S' and constructed in the following way: for each 
equation Xb + Xb' - Xb+b' = 0 of S', let Xb + Xb' - Xb+b' = 0 be an equation 
of S"; for each equation Xbr - Xbr = 0 of S', let Xbr - Xbr = 0 be an equation 
of S"; for each equation Xa = 'P(a) of S', let Xa = a be an equation of S". 
Then S" is linear system in AR that in BR has the trivial solution Xb = b for 
every b E BR. Since AR is pure in B R, S" has a solution Xb = ab with ab E AR 
for every b (Lemma 1.26). Then Xb = 'P(ab) for every b is a solution of S' in 
MR' This proves that S is finitely soluble in MR. By (d) the system S has a 
solution Xb = 'Ij;(b) with 'Ij;(b) E MR for every b E BR. Then 'Ij;: BR ~ MR is a 
homomorphism and 'Ij;(a) = 'P(a) for every a E A. Hence MR is pure-injective. 

(d) =} (e). Let MR be a module for which (d) holds. Let 

be a family with the finite intersection property, where mi E M and G i is 
a finitely definable subgroup of MR for every i E I. Every subgroup Gi is 
obtained from a matrix with entries in R. Denote the entries in the first row 
of this matrix by re,i and the entries in the other rows of the matrix by Sj,e,i' 
Hence an element x of MR belongs to Gi if and only if the system 

xre,i + L XjSj,e,i = 0, f E Ei 
jEFi 

in the variables Xj, j E Fi , is soluble in MR. Thus an element y of MR belongs 
to mi + Gi if and only if y - mi E Gi , if and only if the system 

(y - mi)re,i + L XjSj,e,i = 0, f E Ei 
jEFi 

is soluble in M R , that is, if and only if the system 

yre,i + L XjSj,e,i = mire,i, f E Ei 
jEFi 

is soluble. Let K be an arbitrary subset of I. Then niEK mi + G i -=I 0 if and 
only if there exists y E MR that belongs to mi + G i for every i E K, i.e., such 
that the system yre,i + LjEFi XjSj,e,i = mire,i, i E K,f E Ei is soluble, that 
is, if and only if the system 

S(K): zre,i + L XjSj,e,i = mire,i, i E K, f E Ei 
jEFi 

in the variables z and Xj, j E UiEK Fi , is soluble in MR' It is now clear that 
if the family { mi + Gi liE I} has the finite intersection property, then the 
system S(K) is soluble for every finite subset K of I, so that the system S(I) 
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is finitely soluble. In this case, by (d), the system SCI) is soluble in M R , i.e., 
niEI mi + G i #- 0. 

(e) =? (d). We claim that if MR is a module for which (e) holds, 

LXiTij = mj, j E J, 
iEI 

(1.1) 

is a finitely soluble system in the variables Xi, i E I, with J #- 0, and k E I is 
a fixed index, then there exists nk E MR such that the system 

L XiTij = mj - nkTkj, j E J, 
iEI\{k} 

is still finitely soluble. 
In order to prove the claim, set I' = I \ {k}. Let F be the set of all finite 

non-empty subsets of J. For every L E F choose a solution (nf)iEI of the 
corresponding finite system 

LXiTij = mj, j E L. 
iEI 

(1.2) 

Let SL be the set of all (Pi)iEI E MI that are solutions of the homogeneous 
system LiEIXiTij = 0, j E L, and set GL = 7rk(SL), so that GL is a finitely 
definable subgroup of MR. Note that if (qi)iEI is a solution of system (1.2), then 
(qi)i - (nf)i E SL, so that qk - nf E GL, that is, qk E nf + GL. In particular, 
since system (1.1) is finitely soluble, the family { nf + G L I L E F} has the 
finite intersection property. From (e) it follows that there exists an element nk 
that belongs to nf + G L for every L E F. In order to prove that this element 
nk has the property required in the claim, we must show that for every L E F 
the system 

L XiTij = mj - nkTkj, j E L, 
iEI' 

(1.3) 

is soluble. Now nk E nf+GL, that is, nk-nf E G L, so that there exist elements 
Pi, i E I', of MR with (nk - nf)Tkj + LiEI'PiTij = 0 for every j E L. Since 
(nf)i is a solution of system (1.2), we know that nfTkj + LiEI' nfTij = mj for 
every j E L. If we add these two equalities we obtain that 

nkTkj + L(Pi + nf)Tij = mj 

iEI' 

for every j E L. Hence (Pi + nf)iEI' is a solution of system (1.3). This proves 
the claim. 

Now let MR be a module for which (e) holds and consider a finitely soluble 
system (1.1). Let C be the set of all pairs (C,g), where C is a subset of I, 
g E M C and the system of equations 

S(C,g): L XiTij = mj - Lg(i)Tij, j E J, 
iEI\C iEC 
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is finitely soluble. By the claim the set C is non-empty. Partially order C by 
setting (C,g) :-:; (C',g') if C ~ C' and g(i) = g'(i) for every i E C. Let 
(Ca,ga)aEA be a chain in C. Set C* = UaEA Ca and let g* E MC' be defined 
by g*(i) = ga(i) for every i E Ca, a E A. In order to prove that S(C*,g*) is 
finitely soluble, fix a finite subset L of J. Let I(L) be the finite set of all i E I for 
which there exists j E L with rij =I- O. Since I(L)nC* is a finite subset of C* and 
(Ca)aEA is a chain of subsets ofC*, there exists b E A such that I(L) nC* ~ Cb. 
Note that I(L) n C* = I(L) nCb and I(L) \ C* = I(L) \ Cb. Since S( Cb, gb) is 
finitely soluble, we have that the system L:iEI\Cb Xirij = mj - L:iECb gb(i)rij, 
j E L, is soluble, that is, the system L:iEI\C* Xirij = mj - L:iEC' g*(i)rij, 
j E L, is soluble. Hence (C* , g*) E C and the partially ordered set C is inductive. 
By Zorn's Lemma C has a maximal element (C, g). If C is a proper subset of 
I, apply the claim to the finitely soluble system S (C, g) and to an element 
k E I \ C. By the claim there exists an element (C u {k}, g**) in C strictly 
greater than (C, 9). This contradiction shows that C = I. Hence 9 is a solution 
of system (1.1). 0 

A module satisfying condition (d) in Theorem 1.35 is said to be an 
algebraically compact module. Hence a module is algebraically compact if and 
only if it is pure-injective. As an immediate application of condition (d) of 
Theorem 1.35 we obtain the following corollary. 

Corollary 1.36 If c.p: R ~ S is a ring homomorphism, every pure-injective right 
S -module is pure-injective as a right R-module. 0 

We conclude the section with a technical result that will be used in the 
sequel. 

Proposition 1.37 Let e be an idempotent element in a ring R. Let M R, N R be 
two R-modules, and assume mE Me, n ENe. Suppose NR pure-injective. The 
following conditions are equivalent: 

(a) for every finitely presented module FR, every element a E Fe and every 
homomorphism f: FR ~ MR such that f(a) = m there exists a homo­
morphism 1': FR ~ NR such that I'(a) = n; 

(b) there exists a homomorphism g: MR ~ NR such that g(m) = n. 

Proof. For the implication (b) => (a) it is sufficient to take I' = gf. For the 
converse, suppose (a) holds. Consider a variable xp for every element p E MR. 
Let S be the linear system consisting of one linear equation xp+xq-xp+q = 0 for 
each pair p, q E M R, one linear equation xpr - xpr = 0 for each p E M R, r E R, 
and the equation Xm = n. In order to prove that this system S is finitely soluble 
in N R, let S' be a finite subsystem of S. If the equation Xm = n does not appear 
in S', then xp = 0 for every p is a solution of the finite subsystem S'. Suppose 
that the equation Xm = n appears in S'. Only finitely many variables appear 
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in 5'. Hence there exists a finite subset I ~ MR such that all the variables that 
appear in 5' belong to the set {xp I pEl}. Note that mEl. Let FR be the 
finitely presented R-module having the set {xp I pEl} as a set of generators 
and the equations in S' different from the equation Xm = n as a set of relations. 
Let f: FR ~ MR be the homomorphism defined by f(xp) = p for every pEl. 
Then f(xm) = m and Xm = Xme = Xme E Fe, so that by (a) there exists a 
homomorphism f': FR ~ NR such that f'(Xm) = n. It is now easily seen that 
xp = f'(xp) for every p is a solution of the finite subsystem 5' in NR. Since NR 
is pure-injective, the system 5 is soluble (Theorem 1.35(d)). Hence for every 
p E MR there is an element g(p) E NR such that g(p) + g(q) = g(p + q) for 
every p, q E M R , g(p)r = g(pr) for every p E M R , r E R, and g(m) = n. Thus 
g: MR ~ NR is a homomorphism and g(m) = n. 0 

1.6 The category (RFP, Ab) 

In this book we shall deal only with elementary category theory. We introduce 
it in order to present pure-injective modules as injective objects of a suitable 
Grothendieck category. Recall that a Grothendieck category is an abelian cat­
egory with a generator which has arbitrary direct sums and in which direct 
limits are exact. Every object in a Grothendieck category is a subobject of an 
injective object. 

Let R be a ring, RFP the full subcategory of R-Mod whose objects are 
the finitely presented left R-modules and Ab the category of abelian groups. 
Recall that if F, G: RFP~Ab are additive functors, a natural transformation 
(or functorial morphism) u from F to G consists of a homomorphism of abelian 
groups ux: F(X) ~ G(X) for every object X of RFP such that the diagram 

F(X) ~ G(X) 
F(a) ! ! G(a) 

F(Y) ~ G(Y) 

is commutative for every morphism a: X ~ Y in RFP. Let (RFP, Ab) be the 
category of all additive functors from RFP to Ab, that is, the category whose 
objects are all the additive functors from RFP to Ab and whose morphisms 
from an additive functor F: RFP~Ab to an additive functor G: RFP~Ab are 
the natural transformations from F to G. If u: F ~ G is a morphism in (RFP, 
Ab), then the kernel keru of u turns out to be defined as (keru)(X) = kerux 
for every finitely presented left R-module X, the image u(F) of u turns out to 
be defined as (u(F))(X) = ux(X), and the cokernel cokeru of u turns out to 
be defined as (cokeru)(X) = G(X)/ux(X). 

A morphism u: F ~ G is a monomorphism in (RFP, Ab) if and only if 
ux: F(X) ~ G(X) is a monomorphism of abelian groups for every object X in 
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RFP, and is an epimorphism if and only if Ux: F(X) ~ G(X) is an epimorph­
ism of abelian groups for every object X. More generally, if F~G~H is 
a sequence of additive functors and natural transformations, the sequence is 
exact in the category (RFP, Ab) if and only if the sequence of abelian groups 
F(X)~G(X)~H(X) is exact for every finitely presented left R-module X. 
The category (RFP, Ab) is a Grothendieck category. 

If MR is an object of Mod-R, then the functor M 0R -: RFP~Ab is an 
object of (RFP, Ab). Therefore there is a functor 

'11: Mod-R ~ (RFP, Ab) 

defined by w(MR) = M 0R - for every right R-module MR- Thi« fllnctor 
'11: Mod-R ~ (RFP, Ab) is full and faithful, that is, for each pair M R, M~ of 
objects of Mod-R, the mapping 

Hom(MR,M~) ~ Hom(RFP, Ab)(M0R -,M'0R-) 

is both surjective and injective. Hence'll: Mod-R ~ (RFP, Ab) induces an 
equivalence between the category Mod-R and a full subcategory of (RFP, Ab). 
The characterization of pure exact sequences given in Theorem 1.27(b) yields 
the following lemma. 

Lemma 1.38 A sequence 0 ~ AR ~ BR ~ CR ~ 0 of right R-modules is exact 
and pure in Mod-R if and only if the induced sequence 

O~A0R- ~ B0R - ~ C0R- ~ 0 

is exact in (RFP, Ab). D 

We are ready for the main result of this section. 

Proposition 1.39 An object F of (RFP, Ab) is injective if and only if it is 
isomorphic to w(MR) = M 0R - for some pure-injective right R-module MR. 

Hence the full subcategory of Mod-R whose objects are the pure-injective 
right R-modules is equivalent to the full subcategory of (RFP, Ab) whose objects 
are the injective objects of (RFP, Ab). 

Proof. Let F be an injective object of (RFP, Ab). We claim that if X, Y, Z are 
finitely presented left R-modules and X ~ Y ~ Z ~ 0 is an exact sequence 
in R-Mod, then the induced sequence of abelian groups 

F(X) ~ F(Y) ~ F(Z) ~ 0 

is exact. In order to prove the claim, let RX, RY, RZ be finitely presented left 
R-modules and let RX ~ RY ~ RZ ~ 0 be an exact sequence. Then for every 
object RN of RFP the sequence of abelian groups 
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is exact, that is, 

is an exact sequence in the category (RFP, Ab). Since F is an injective object 
in the category (RFP, Ab), the functor Hom(RFP, Ab) ( -, F) is exact. Hence 

the sequence of abelian groups 

Hom(RFP, Ab)(Hom(RX, -),F) -> Hom(RFP, Ab)(Hom(RY, -),F) 

-> Hom(RFP, Ab)(Hom(RZ,-),F) -> 0 

is exact. By the Yoneda Lemma Hom(RFP, Ab)(Hom(RW,-),F) ~ F(RW) 
for every object RW, so that the sequence of abelian groups 

F(X) -> F(Y) -> F(Z) -> 0 

is exact, which proves the claim. 
Now let M be the abelian group F(RR). Since F induces a homomorphism 

R ~ Hom(RR, RR) -> Hom(F(RR), F(RR)) = Endz(M), the abelian group M 
has a right R-module structure. As the functor F is additive, there is a canonical 
isomorphism F(RRn) ~ M 0R Rn for every integer n 2: O. If RX is a finitely 
presented left R-module, there is an exact sequence RRn -> RRm -> RX -> 0, 
so that by the claim, the first row in the commutative diagram 

is exact. Since the second row also is exact and the vertical arrows are the 
canonical isomorphisms, there is an isomorphism F(RX) ~ M 0R X for every 
finitely presented left R-module RX, and we leave the verification that this 
isomorphism is natural, i.e., that F ~ M 0R - in (RFP, Ab), to the reader. 

We shall now show that the module MR is pure-injective. Let AR be a pure 
submodule of a module B R, let c: AR -> BR be the embedding, and let f: AR -> 

MR be a homomorphism. Then c 0 -: A 0 R - -> B 0 R - is a monomorphism in 
(RFP, Ab) by Lemma 1.38, hence the morphism f0-:A0R- -> M0R- into 
the injective object M0R- ~ F extends to a morphism u: B0R - -> M0R-, 
that is, uo(c0-) = f0-. Since the functor W: Mod-R -> (RFP, Ab) is full and 
faithful, there exists a unique g: BR -> MR such that u = 9 0 -. In particular, 
(g 0 lR) 0 (c 0 lR) = f 0 lR, that is, go c = f. This proves that MR is 
pure-injective. 

Conversely, let MR be a pure-injective module. Then the functor M 0R­
is an object in the Grothendieck category (RFP, Ab), hence M 0R - is a 
subobject of an injective object G of (RFP, Ab). By the first part of this proof, 
there exists a pure-injective module ER such that G ~ E 0R -. Hence there 
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is a monomorphism M @R - ----) E @R - in (RFP, Ab), which is of the type 
f @ - for a unique f: MR ----) ER because the functor W: Mod-R ----) (RFP, Ab) 
is full and faithful. By Lemma 1.38 f is a pure monomorphism. But !vIR is 
pure-injective, so that MR is isomorphic to a direct summand of ER. Hence 
the functor Jl.1@R - is isomorphic to a direct summand of the injective object 
G ~ E @R - of (RFP, Ab). In particular, M @R - is an injective object in 
(RFP, Ab). This proves the first part of the statement. 

It is now obvious that the full and faithful functor W: Mod-R ----) (RFP, Ab) 
induces an equivalence between the full subcategory of Mod-R whose objects 
are the pure-injective right R-modules and the full subcategory of (RFP, Ab) 
whose objects are the injective objects of (RFP, Ab). D 

1. 7 'E-pure-injective modules 

A right R-module A is said to be L.-pure-injective (or L.-algebraically compact) 
if for every index set I the direct sum A (1) is a pure-injective R-module. 

Theorem 1.40 The following conditions are equivalent for a right module AR 
over an arbitrary ring R. 

(a) AR is L.-pure-injective. 

(b) For every index set I the submodule A (1) of the R-module A I is a direct 
summand of A I. 

(c) The submodule A (N) of the R-module AN is a direct summand of AN. 

(d) AR satisfies the descending chain condition (d.c.c.) on finitely definable 
subgroups. 

Proof. For (a) '* (b) it is sufficient to note that A (I) is a pure submodule of 
A I. The implication (b) '* (c) is trivial. 

(c) '* (d). Suppose A(N) is a direct summand of AN and there exists a 
strictly descending chain of finitely definable subgroups 

of AR- For every n 2': 0 let gn be an element of Gn \ Gn +1' Set 

Let S be the endomorphism ring of the R-module AN. Since A(N) is a direct 
summand of AN, there exists an endomorphism cp E S that is the iden­
tity on A (N) and whose image is A (N). Then cp(g) E A (N), so that cp(g) = 
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(ao, aI, a2, ... , an-I, 0, 0, ... ) for a suitable n ;::: 1. In particular, 

(ao, aI, a2,···, an-I, 0, 0, ... ) = cp(g) 

= CP(gO,gl,g2, ... ,9",0,0, ... ) + cp(O,O, ... ,0,gn+1,gn+2,"') 

= (gO, gl, g2, ... ,gn, 0, 0, ... ) + cp(O, 0, ... ,0, gn+1, gn+2, ... ). (1.4) 

Now if lvI is the matrix that defines the finitely definable subgroup G n +1 of 
AR , A1 defines the finitely definable subgroup G;;+l of ]'I/[N, and obviously 
(0,0, ... ,0,gn+1,gn+2,"') E G;;+l' Since AN is an S-R-bimodule, finitely 
definable subgroups of AN are S-submodules. In particular, cp( G;;+l) <;;; G;;+l' 
so that cp(O, 0, ... ,0, gn+1, gn+2, ... ) E G;;+1' Comparing the n-th coordinate 
in relation (1.4) we obtain that gn E G n+1, contradiction. 

(d) =} (a). Suppose that AR satisfies the d.c.c. on finitely definable sub­
groups. If a matrix M defines a finitely definable subgroup G in A R , then M 
defines the finitely definable subgroup G(I) in A (I). In other words, the finitely 
definable subgroups of A (I) are exactly those of the form G(I) for some finitely 
definable subgroup G of A R. Hence if AR satisfies the d.c.c. on finitely defin­
able subgroups, then A(I) also satisfies the d.c.c. on finitely definable subgroups. 
Thus in order to conclude it suffices to show that if a module AR satisfies the 
d.c.c. on finitely definable subgroups, then AR is pure-injective. 

We shall apply Theorem 1.35. Let {ai + G i liE I} be a family with 
the finite intersection property, where ai E AR and G i is a finitely definable 
subgroup of AR for every i E I. Any intersection of finitely many subgroups 
G i is a finitely definable subgroup of AR . By the d.c.c. there is an intersection 
of finitely many G i that is contained in all the other Gi , i.e., there is a finite 
subset F of I such that njEF Gj <;;; G i for every i E I. Now for every index 

i there exists bi E (ai + G i ) n (njEF(aj + G j )). Then bi + G i = ai + G i and 

bi + Gj = aj + Gj for every j E F. Then 

jEF jEF jEF 

D 

We have already remarked that if SAR is a bimodule, every finitely defin­
able subgroup of AR is a submodule of sA. Hence if SAR is a bimodule and sA 
is artinian, then AR is 'L.-pure-injective. In particular, every artinian module 
over a commutative ring is 'L.-pure-injective. 

Example 1.41 If R is an arbitrary ring and AR is a right R-module that is 
artinian as a left End(AR)-module, then AR is'L.-pure-injective. 

If R is an arbitrary ring and AR is an artinian right R-module, then A is 
'L.-pure-injective as a left End(AR)-mo&ule. D 
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We conclude the chapter with three corollaries that show different 
applications of the characterizations of I:-pure-injective modules given in The­
orem 1.40. 

Corollary 1.42 Every pure submodule AR of a I:-pure-injective module BR is a 
direct summand of B R. 

PROOF. Let Go ;2 G1 ;2 G2 ;2 ... be a descending chain of finitely de­
finable subgroups of AR . For every n 2: 0 there exists a finitely definable sub­
group Hn of BR such that Gn = HnnAR (Lemma 1.34). Then n~=o Hi, n 2: 0, 
is a descending chain of finitely definable subgroups of B R . Hence it is 
stationary. Thus the chain of the Gn is stationary. This proves that AR is I:­
pure-injective. Since AR is pure in BR, AR must be a direct summand of BR. 

D 

Corollary 1.43 Let R be a ring, let AR be a I:-pure-injective R-module and 
let r be an element of R such that right multiplication by r is an injective 
endomorphism of the abelian group A. Then right multiplication by r is an 
automorphism of the abelian group A. 

Proof. The descending chain A ;2 Ar ;2 Ar2 ;2 Ar3... of finitely definable 
subgroups of AR is stationary, so that Arn = Arn+1 for some n. Since multi­
plication by r is an injective mapping A -t A, we have that A = Ar. D 

Corollary 1.44 Let e be a non-zero idempotent in an arbitrary ring R. If AR is 
a I:-pure-injective R-module, then Ae is a I:-pure-injective right eRe-module. 

Proof. Let e E R be a non-zero idempotent and let AR be a I:-pure-injective 
module. If G is a finitely definable subgroup of AeeRe , there exists a n x m 
matrix M = (aij) with entries in eRe such that if 

8M = {X E (Ae)n I XM = O} 

and 11"1: (Ae)n -t Ae is the canonical projection onto the first summand, then 
1I"1(8M) = G. Then {X E An I XM = O} = 8M EB (A(l- e))n. Hence G EB 
A(l-e) is a finitely definable subgroup of A R. In particular, the d.c.c. on finitely 
definable subgroups of AR implies the d.c.c. on finitely definable subgroups of 
AeeRe . D 
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1.8 Notes on Chapter 1 

E. Artin, E. Noether and J. H. M. Wedderburn were the first to consider the 
class of semisimple rings. [Noether] proved that conditions (a) and (c) of The­
orem 1.2 are equivalent. The equivalence of condition (g) to the other conditions 
of Theorem 1.2 is the Wedderburn-Artin Theorem. The Jacobson radical was 
defined and characterized by Jacobson in 1945. He extended a previous char­
acterization for finite-dimensional algebras over a field due to Perlis. In spite of 
the name, Nakayama's Lemma is due to [Azumaya 51]. The main ideas about 
the prime radical introduced in Section 1.1 are due to Levitzki, McCoy and 
Nagata. 

Local rings appeared in commutative algebra first: Grell (1926) and Krull 
(1938) for commutative integral domains, Uzkov (1948) for arbitrary commu­
tative rings. The systematic use of local rings and localization of a ring at 
a prime ideal begun with Krull in commutative algebra and with Cheval­
ley and Zariski in algebraic geometry. Lemma 1.14 is essentially taken from 
[Warfield 75, Lemma 1.2]. Artinian serial rings were probably studied first in 
1935 by Kothe and the term uniserial is due to him. The structure of these 
rings was then studied by [Asano], [Nakayama], who called "generalized uni­
serial ring" what we call artinian serial ring, [Fuller], [Eisenbud and Griffith 71], 
and by [Warfield 75], who defined serial rings in such a way that they need not 
be noetherian. Hence the definition of (right) serial rings we use in this mono­
graph follows Warfield's terminology. The results on shrinkable uniserial mod­
ules presented in Section 1.3 are due to [Facchini and Salce]. The best reference 
on chain rings is probably the monograph [Bessenrodt, Brungs and Tomer]. 

We have seen in Proposition 1.18 that every uniserial module over a com­
mutative ring is unshrinkable. Much more can be said about uniserial modules 
over commutative rings. The following results are due to [Shores and Lewis]. 
Let M be a uniserial module over a commutative ring R. Then EndR(M) is 
a commutative local ring [Shores and Lewis, Corollary 3.4]. By passing from 
R to R/annR(M) we may assume M faithful without loss of generality. Hence 
let M be a faithful uniserial module over a commutative ring R. If M contains 
a finitely generated faithful submodule, M is said to be finitely faithful. If M is 
faithful but not finitely faithful, M is said to be nonfinitely faithful. The ring 
R has a finitely faithful uniserial module M if and only if R is a valuation ring. 
In this case M is isomorphic to an R-submodule of Q(R) containing R (where 
Q(R) denotes the classical quotient ring of R, that is, the total ring of fractions 
of R) and the endomorphism ring EndR(M) is isomorphic to the localization 
Rp of R at a suitable prime ideal P. In particular, EndR(M) is a valuation ring. 
If M is a nonfinitely faithful uniserial R-module, then EndR(M) is a valuation 
domain if and only if R is a domain, but there exist uniserial modules over 
valuation rings whose endomorphism ring is not a valuation ring. The proof of 
all these results can be found in [Shores and Lewis]. 
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The history of pure submodules begins with [Priifer] in 1923. He intro­
duced the notion of pure subgroup of an abelian group. The definition for 
arbitrary modules is due to [Cohn], who gave it making use of characterization 
(c) in Theorem 1.27. Purity and algebraic compactness for general algebraic 
systems were defined and studied by Mycielski and \iVeglorz in the sixties. The 
notion of pure-injective module comes from abelian group theory. The class 
of pure-injective abelian groups was first considered by [Kaplansky 54], [Los], 
Balcerzyk and Maranda. See [Fuchs 70a, p. 178] for the history of the discovery 
of this class of abelian groups. The first systematic studies on purity in mod­
ule theory go back to Fieldhouse, [Stenstrom] and [Warfield 69b], and most of 
the results presented in Section 1.4 are due to these three authors. We have 
mostly followed Warfield's presentation. [Warfield 69b] proved the existence of 
the pure-injective envelope of an arbitrary module MR, that is, the smallest 
extension of l\!IR that is pure-injective and contains MR as a pure submodule. 
We have not introduced pure-injective envelopes because we shall not need this 
notion in this book. At present, the best reference for purity in module theory 
is [Jensen and Lenzing, Chapters 6, 7 and 8 and Appendix B]. 

Finitely definable subgroups were introduced independently by [Cruson 
and Jensen 73] and [Zimmermann]. The equivalence of the first four conditions 
of Theorem 1.35 was proved by [Los] for abelian groups and by [Stenstrom] 
and [Warfield 69b] for modules over arbitrary rings. The last condition was 
discovered by [Zimmermann] and [Cruson and Jensen 73]. The content of Sec­
tion 1.6, that is, the idea of using categories of additive functors to describe 
pure-injective modules as the injective objects of a suitable Crothendieck cat­
egory, is due to [Cruson and Jensen 73 and 81]. Theorem 1.40 is due to 
[Zimmermann] and [Cruson and Jensen 76]. Modules satisfying both the a.c.c. 
and the d.c.c. on finitely definable subgroups have applications in representation 
theory ([Crawley-Boevey] and [Zimmermann-Huisgen and Zimmermann 90]). 
Example 1.41 is taken from [Zimmermann, p. 1096]. 

In this book we shall not consider the relationship between purity and 
model theory, for which we refer the reader to the books of [Jensen and Lenzing] 
and [Prest]. 



Chapter 2 

The Krull-Schmidt-Remak­
Azumaya Theorem 

2.1 The exchange property 

In the first two sections of this chapter we shall consider modules with the 
exchange property. Making use of the exchange property we shall study refine­
ments of direct sum decompositions (Sections 2.3 and 2.10), prove the Krull­
Schmidt-Remak-Azumaya Theorem (Section 2.4) and prove that every finitely 
presented module over a serial ring is serial (Section 3.5). If A, B, G are sub­
modules of a module M and G ~ A, then An (B + G) = (A n B) + G. This 
is called the modular identity. We begin with an immediate consequence of the 
modular identity that will be used repeatedly in the sequel. 

Lemma 2.1 If A ~ B ~ AEBG are modules, then B = AEBD, where D = BnG. 

Proof. Application of the modular identity to the modules A ~ Band G yields 
B n (G + A) = (B n G) + A, that is, B = A + D. This sum is direct because 
AnD ~ An G = O. 0 

Given a cardinal ~, an R-module M is said to have the ~-exchange property 
if for any R-module G and any two direct sum decompositions 

where M' ~ M and III ~ ~, there are R-submodules Bi of A, i E I, such that 
G = M' EB (EBiEIBi). 

In this notation an application of Lemma 2.1 to the modules 

B- C A- C B· EB (M' EB (EB·...t.·B·)) ,- ,- , Jr' J 

33 
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yields Ai = Bi EB Di , where Di = Ai n (M' EB (EBj#iBj)). Hence the submod­
ules Bi of Ai in the definition of module with the ~-exchange property are 
necessarily direct summands of Ai. 

A module M has the exchange property if it has the ~-exchange property 
for every cardinal ~. A module M has the finite exchange property if it has the 
~-exchange property for every finite cardinal ~. 

A finitely generated module has the exchange property if and only if it 
has the finite exchange property. 

Lemma 2.2 If G, M', N, P, Ai (i E 1), Bi (i E I) are modules, Bi ~ Ai for 
every i E I, 

(2.1) 

and 
G/P = ((M' + P)/P) EB (EBiEI((Bi + P)/P)) , (2.2) 

then 
G = M' EB (EBiEIBi ) EB P. 

Proof. From (2.2) it follows immediately that G = M' + (LiEI Bi) + P. In 
order to show that this sum is direct, suppose m' + (LiEI bi ) + p = 0 for 
some m' E M', bi E Bi almost all zero, and pEP. From (2.2) we have that 
(m' + P) + (LiEI(bi + P)) = 0 in G/P, so that m' E P and bi E P for every 
i E I. Then by (2.1) we get m' E M' n P = 0 and bi E Bi n P ~ Ai n P = O. 
Therefore p = o. 0 

The proof of the next corollary follows immediately from the definitions 
and Lemma 2.2. 

Corollary 2.3 IfG, M', N, P, Ai (i E I) are modules, III :::;~, 

and M' has the ~-exchange property, then for every i E I there exists a direct 
summand Bi of Ai such that 

o 

The rest of this section is devoted to proving the first properties of modules 
with the exchange property. The following result shows that the class of modules 
with the ~-exchange property is closed under direct summands and finite direct 
sums. 

Lemma 2.4 Suppose ~ is a cardinal and M = Ml EB M2 . The module M has 
the ~-exchange property if and only if both Ml and M2 have the ~-exchange 
property. 
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Proof. Suppose M = MI EB M2 has the N-exchange property, 

Mf ~ MI and III :::; N. Then G' = M2 EB G = M' EB N = M2 EB (EBiEI Ai), 
where M' = Mf EB M2 ~ M. Fix an element k E I, and set I' = 1\ {k}. 
Then G' = M' EB N = (M2 EB Ak) EB (EBiEI,Ai). Hence there exist submodules 
B ~ M2 EB Ak and Bi ~ Ai for every i E I' such that 

(2.3) 

Since M2 ~ M2 EB B ~ M2 EB Ak , it follows from Lemma 2.1 that 

where Bk = (M2 EB B) n Ak· Thus M' EB B = (Mf EB M2) EB B = Mf EB M2 EB Bk· 
Substituting this into (2.3) we obtain 

(2.4) 

Application of the modular identity to the modules Mf EB (EBiEI B i ) ~ G and 
M2 yields G n (M2 + (Mf EB (EBiE1Bi ))) = (G n M2) + (Mf EB (EBiE1Bi )), that 
is, G = Mf EB (EBiEIBi). Thus MI has the N-exchange property. 

Conversely, suppose MI and M2 have the N-exchange property and 

where Mf ~ MI , M~ ~ M2 and III:::; N. Since MI has the N-exchange property, 
there are submodules A~ ~ Ai such that G = Mf EB M~ EB N = Mf EB ( EBiEI AD. 
Since M2 also has the N-exchange property, from Corollary 2.3 it follows that 
for every i E I there exists a submodule Bi ~ A~ such that 

Thus M = MI EB M2 has the N-exchange property. o 
Clearly, every module has the I-exchange property. Modules the with 2-

exchange property have the finite exchange property, as the next lemma shows. 

Lemma 2.5 If a module M has the 2-exchange property, then M has the finite 
exchange property. 

Proof. It is sufficient to show, for an arbitrary integer n 2:: 2, that if M has the 
n-exchange property, then M has the (n + 1 )-exchange property. Let M be a 
module with the n-exchange property (n 2:: 2) and suppose 
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where M' ~ M. Set P = Al EBA2 EB··· EBAn, so that G = M' EBN = PEBAn+1. 
Since M has the 2-exchange property, there exist submodules P' ~ P and 
Bn+l ~ An+! such that G = M' EB P' EB B n+!. An application of Lemma 2.1 to 
the modules P' ~ P ~ P'EB(M'EBBn+!) and B n+1 ~ An+! ~ Bn+1EB(M'EBP') 
yields P = P' EB P" and A n+1 = Bn+! EB A~+l' where P" = P n (M' EB B n+1) 
and A~+l = An+! n (M' EB P'). From the decompositions 

G = M' EB p' EB Bn+l = (P" EB A~+l) EB (P' EB Bn+d 

we infer that p" is isomorphic to a direct summand of M'. Therefore P" has 
the n-exchange property by Lemma 2.4. Since 

there exist submodules Bi ~ Ai (i = 1,2, ... , n) such that 

Application of Lemma 2.1 to the modules 

p" ~ M' EB Bn+! ~ G = p" EB (P' EB An+!) 

yields M' EB Bn+! = P" EB pili, where pili = (M' EB B n+!) n (P' EB An+!). 
Therefore 

G = M' EB P' EB B n+1 = P' EB P" EB pili = P EB pili 
= Bl EB··· EB Bn EB P" EB pili = Bl EB··· EB Bn EB Bn+! EB M', 

that is, M has the (n + 1 )-exchange property. 

2.2 Indecomposable modules with the 
exchange property 

o 

The aim of this section is to show that the indecomposable modules with the 
(finite) exchange property are exactly those with a local endomorphism ring. 
First we prove two elementary lemmas that will be used often in the sequel. 

Lemma 2.6 Let A be a module and let MI, M 2, M' be submodules of A. Suppose 
A = Ml EB M 2. Let 1f2: A = Ml EB M2 ----t M2 denote the canonical projection. 
Then A = Ml EB M' if and only if 1f21 M': M' ----t M2 is an isomorphism. If these 
equivalent conditions hold, then the canonical projection 1fM': A ----t M' with 
respect to the decomposition A = Ml EB M' is (1f21M' )-1 0 1f2. 

Proof. The mapping 1f21M' is injective if and only if M' n Ml = 0, and is 
surjective if and only if for every X2 E M2 there exists x' E M' such that 
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x' = Xl +X2 for some Xl E Ml , that is, if and only if M2 <;;;; M' +Ml , i.e., if and 
only if Ml + M2 = M' + MI. This proves the first part of the statement. For 
the second part suppose that the equivalent conditions hold. Given an arbitrary 
element a E A, one has a = Xl +1TM/(a) for a suitable element Xl E MI. Hence 
1T2(a) = 1T2(Xl) + 1T2IM/(1Tw(a)), from which (1T2IMI )-11T2(a) = 1Tw(a). 0 

Lemma 2.7 Let M, N, PI, ... , Pn be modules with M EB N = PI EEl ... EB Pn · If 
M is an indecomposable module with the finite exchange property, then there 
is an index j = 1,2, ... , n and a direct sum decomposition Pj = B EB C of Pj 

such that M EB N = M EB B EB (EBihPi), M ~ C and N ~ B EB (EBihPi). 

Proof. Since M has the finite exchange property, for every i = 1,2, ... , n there 
exists a decomposition Pi = Bi EB Ci of Pi such that 

If we factorize modulo Bl EB· .. EB Bn we find that M ~ Cl EB· .. EB Cn. But M is 
indecomposable. Hence there exists an index j such that M ~ Cj and Ci = 0 
for every i ¥- j. Then Bi = Pi for i ¥- j, hence 

M EB N = M EB Bl EB ... EB Bn = M EB B j EB (EBihPi) . 

In particular, N ~ B j EB (EBihPi). Thus B = B j and C = Cj have the required 
properties. 0 

Theorem 2.8 The following conditions are equivalent for an indecomposable 
module MR. 

(a) The endomorphism ring of MR is local. 

(b) MR has the finite exchange property. 

(c) MR has the exchange property. 

Proof. (a):::} (b). Let MR be a module with local endomorphism ring End(MR). 
By Lemma 2.5 in order to prove that the finite exchange property holds it suf­
fices to show that M has the 2-exchange property. Let G, N, AI, A2 be modules 
such that G = M EBN = Al EBA2. Let cM, CAl' cA2, 1TM, 1TAl' 1TA2 be the embed­
dings of M, AI, A2 into G and the canonical projections of G onto M, AI, A2 
with respect to these two decompositions. We must show that there are sub­
modules BI <;;;; Al and B2 <;;;; A2 such that G = M EB BI EB B2. Now 

Since End(M) is local, one of these two summands, say 1TMcA1 1TA1 CM, must be 
an automorphism of M. Let H be the image of the monomorphism 
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so that cA1 1l"A 1 CM induces an isomorphism M --> Hand 1I"MIH: H --> M is an 
isomorphism. From Lemma 2.6 we have that G = N EB H and the projection 
G --> H with respect to this decomposition is (1I"MIH)-11l"M. Since 

H = cA1 1l"A1 cM(M) ~ Al ~ NEB H, 

it follows from Lemma 2.1 that Al = H EB B I , where BI = Al n N, and the pro­
jection Al --> H with respect to this decomposition is (1I"MIH)-11l"MIA 1 • There­
fore G = Al EBA2 = HEB(BI EBA2)' With respect to this last decomposition of G 
the projection G --> H is (1I"MIH)-11l"MIA 1 1l"A1 = (1I"MIH)-11l"MCA 1 1l"All and this 
mapping restricted to M is (1I"MIH )-11l"MCA1 1l"A 1 CM. This is an isomorphism. 
Again by Lemma 2.6 we get that G = M EB BI EB A2 . 

(b) ::::} (c). Let MR be an indecomposable module with the finite exchange 
property and suppose G = M EB N = EBiEIAi. Fix a non-zero element x E M. 
There is a finite subset F of I such that x E EBiEFAi. Set A' = EBiEI\FAi' so 
that G = M EB N = (EBiEFAi) EB A'. By Lemma 2.7 either there is an index 
j E F and a direct sum decomposition Aj = B EB C of Aj such that 

G = M EB B EB (EBiEF, i;6jAi) EB A', 

or there is a direct sum decomposition A' = B' EB C' of A' such that 

G = M EB B' EB (EBiEFAi). 

The second possibility cannot occur because M n (EBiEFA) -10. Hence there 
is an index j E F and a submodule B of Aj such that 

G = M EB B EB (EBiEF, i;6jA) EB A' = M EB B EB (EBiEI, ihAi). 

(c) ::::} (a). Let M be an indecomposable module and suppose that End( M) 
is not a local ring. Then there exist two elements cp, 'ljJ E End(M) which are not 
automorphisms of M, such that cp-'ljJ = 1M. Let A = MI EBM2 be the external 
direct sum of two modules MI , M2 both equal to M, and let 1I"i: A --> M i , 
i = 1,2 be the canonical projections. The composite of the mappings 

( : ) : M --> MI EB M2 and (1M - 1M) : MI EB M2 --> M 

is the identity mapping of M, so that if M' denotes the image of ( : ) and K 

denotes the kernel of (lM - 1M)' then A = M' EB K. If the exchange property 
were to hold for M, there would be direct summands BI of MI and B2 of M2 
such that A = M' EBK = M' EBBI EBB2. Since MI and M2 are indecomposable, 
we would have either A = M' EB MI or A = M' EB M 2. If A = M' EB MI , then 
1I"2IM/: M' --> M2 is an isomorphism (Lemma 2.6). Then the composite mapping 

11"20 ( : ) : M --> M2 is an isomorphism. But 11"2 0 ( : ) = 'ljJ, contradiction. 

Similarly if A = M' EB M 2. This shows that M does not have the exchange 
property. 0 
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Let M be a module over a ring R. Suppose that {Mi liE I} and {Nj I j E J} 
are two families of sub modules of M such that IvI = ffiiEI]l.l{i = ffijEJNj . Then 
these two decompositions are said to be isomorphic if there exists a one-to-one 
correspondence rp: I --t J such that Mi ~ N<p(i) for every i E I, and the second 
decomposition is a refinement of the first if there is a surjective map rp: J --t I 
such that Nj ~ M<p(j) for every j E J (equivalently, if there is a surjective map 
rp: J --t I such that ffijE<P-l(i)Nj = Mi for every i E I). The first theorem of this 
section gives a criterion that assures the existence of isomorphic refinements of 
two direct sum decompositions. 

Theorem 2.9 Let N be a cardinal, let M be a module with the N-exchange prop­
erty, and let M = ffiiE1M, = ffijEJNj be two direct sum decompositions of .!'vI 
with I finite and IJI ::; N. Then these two direct sum decompositions of M have 
isomorphic refinements. 

Proof. We may assume I = {O, 1, 2, ... , n}. We shall construct a chain N j ::J 

N6,j :2 NL :2 ... :2 N~_l,j :2 N~,j for every j E J such that 

for every k = 0,1,2, ... ,n. The construction of the N~,j is by induction on k. 
For k = 0 the module Mo has the N-exchange property (Lemma 2.4). Hence 
there are submodules N6,j of N j such that M = Mo ffi (ffijEJ N6,j). Suppose 

1 ::; k ::; n and that the modules NLl,j with M = (ffi7~~ Mi) ffi (ffijEJN~_l,j) 
have been constructed. Apply Corollary 2.3 to the decompositions 

(note that Mk has the N-exchange property by Lemma 2.4). Then there exist 

submodules N~,j of NLl,j such that M = Mk ffi (ffijEJNL) ffi (ffi7~~ M i ), 

which is what we had to prove. 
For k = n we have that M = (ffii=oMi ) ffi (ffijEJN~,j)' so that N~,j = 0 

for every j E J. Since the NL are direct summands of M contained in N~_l,j' 
there is a direct sum decomposition NLl,j = N~,j ffi Nk,j for every k and j 
(Lemma 2.1). Similarly, N j = N6,jffiNo,j. Hence Nj = NO,jffiN1,jffi" 'ffiNn,j for 
every j E J, so that M = ffijEJ ffii=o Ni,j is a refinement of the decomposition 
M = ffijEJNj . 

As M = (ffi7~~Mi) EB (ffijEJNLl,j) = (EB~=oMi) EB (EBjEJNL) for 

k = 1,2, ... , n, factorizing modulo (EB7~ol Mi) EB (EBjEJ N~,j) we obtain that 

EBjEJNk,j ~ .!'vh for k = 1,2, ... , n. Similarly EBjEJNo,j ~ Mo. Hence for every 
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i = 0,1,2, ... , n there is a decomposition Mi = tBjEJNrj of Mi with Ntj ~ Ni,j 
for every i and j. Thus tB~o tBjEJ Ntj is a refinement of the decomposition 
M = tB;:~oMi isomorphic to the decomposition M = tBjEJ tBi=o Ni,j. D 

A second case in which it is possible to find isomorphic refinements is that 
of direct sum decompositions into count ably many direct summands with the 
No-exchange property. This is proved in the next theorem. 

Theorem 2.10 Let M be a module with two direct sum decompositions 

M = Bo tB B1 tB B2 tB ' .. 

M = Co tB C1 tB C2 tB ... 

(2.5) 

(2.6) 

with countably many direct summands, where all the summands Bi and Cj 

have the No-exchange property. Then the two direct sum decompositions (2.5) 
and (2.6) have isomorphic refinements. 

Proof. Set B~ -1 = Bi and C: -1 = C i for every i = 0,1,2, .... By induction 
on j = 0,1,2, .' .. we shall construct direct summands Bi,j, B:,j of Bi for every 
i = j + l,j + 2,j + 3, ... and direct summands Ci,j, C:,j of C i for every i = 
j, j + 1, j + 2, ... such that the following properties hold for every j = 0, 1, 2, ... : 

(a) B:,j_1 = Bi,j tB B:,j for every i = j + l,j + 2,j + 3, ... ; 

(b) C:,j_1 = Ci,j tB C~,j for every i = j,j + l,j + 2, ... ; 

(c) M = (Bb,-l tB Cb,o) tB (B~,o tB Ci,l) tB· .. tB (Bj,.i-1 tB OJ,j) tB (tB k=j +1 C~,j); 

(d) M = (Bb,-l tB Cb,o) tB (Bi,o tB Ci,l) tB· .. tB (Bj,j_1 tB Cj) tB (tB k=j+1 B~); 

(e) Cj,j tB Cj+1,j tB Cj+2,j tB ... ~ Bj,j_1; 

(f) B j+1,j tB Bj+2,j tB Bj+3,j tB ... ~ OJ,j' 

Case j = 0. Since Bo has the No-exchange property, there exists a de­
composition C i = Ci,o tB C~,o of C i for every i = 0, 1,2, ... such that 

M = Bo tB Cb 0 tB C~ 0 tB C~ 0 tB .... , , , (2.7) 

From (2.6) and (2.7) it follows that 

Bo ~ Co,o tB C 1,0 tB C2,0 tB ... , 

that is, (e) holds. 
The direct summand Cb 0 of Co has the No-exchange property by Lemma 

2.4. Applying Corollary 2.3 t~ (2.5) and (2.7) we obtain direct sum decompo­
sitions Bi = Bi,o tB B:,o of Bi for every i = 1,2,3, ... such that 

M = Bo tB Cb 0 tB B~ 0 tB B~ 0 tB B~ 0 tB .... 
1 , , , 

(2.8) 
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From (2.5) and (2.8) we get that Cb,o c,; B 1,0 EB B 2,0 EB B 3,0 EB ... , that is, 
(f) holds. This concludes the construction of the submodules Ci,o, C~,o of Ci for 
every i = 0,1,2, ... and the submodules Bi,o, B~,o of Bi for every i = 1,2,3, .... 
Now properties (a) and (b) hold because B~ -1 = Bi and C~ -1 = Ci for every 
i = 0,1,2, .... Property (c) is given by equation (2.7), an'd (d) is given by 
equation (2.8). This concludes the first inductive step j = o. 

Now fix an integer f > 0 and suppose we have already constructed the 
direct summands Ci,j, C~,j of Ci with the required properties for j < f and i 2: j 
and the direct summands Bi,j, BLj of Bi for j < f and i > j. In particular we 
suppose that (d) holds for j = f - 1, that is, we suppose that 

M = B~,l-l EB (EBk=H1 B~,£_l) EB ((Bb,-l EB Cb,o) 

EB (B~,o EB C~,l) EB ... EB (B~-1,l-2 EB CL1,£-1)) , (2.9) 

and we suppose that (c) holds for j = f - 1, that is, 

M = (EB~£C~,£_l) EB ((Bb,-l EB Cb,o) 

EB (B~,o EB CL1) EB ... EB (B~-1,£-2 EB CL1,l-1)) . (2.10) 

Since B~ £-1 is a direct summand of B£, it has the ~o-exchange property by 
Lemma 2.4. Hence we can apply Corollary 2.3 to the two decompositions (2.9) 
and (2.10), and obtain that there exist direct sum decompositions 

C~,£_l = Ck,£ EB C~,£ 

of C~,£_l for every k = f, f + 1, f + 2, ... such that 

M = B~,l-l EB (EBk=£ct£) EB ((Bb,-l EB Cb,o) 

EB (B~,o EB C~,l) EB··· EB (B~-1,l-2 EB q-1,£-1))· (2.11) 

This is property (c) for the integer f. Now equality (2.10) can be rewritten as 

M = (EB~£ (Ck,£ EB C~,£)) EB ((Bb,-l EB Cb,o) 

EB(B~,o EB CL1) EB··· EB (B~-1,l-2 EB Q-1,£-1)) . 

This and (2.11) yield 

that is, property ( e) holds. 
Now C~ £ is a direct summand of C£. Hence it has the ~o-exchange prop­

erty. Equality (2.11) can be rewritten as 

M = C~,£ EB (EBk=H1 C~,£) EB ((Bb,-l EB Cb,o) 

EB(B~,o EB CL1) EB ... EB (BL1,£-2 EB C~-l,£-l) EB B~,R-1) (2.12) 
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and (2.9) can be rewritten as 

M = (EBk=HI B~,C-I) EB ((Bb,-l EB Gb,o) 

EB(B~,o EB G~,l) EB··· EB (B~-I,C-2 EB GLI,C-I) EB B~,c-d . (2.13) 

Applying Corollary 2.3 to (2.12) and (2.13) we find that there exists a direct 
sum decomposition B~,e-l = Bk,c EB B~,e for every k = £ + 1, £ + 2, ... such that 

M = G~,e EB (EB~HIB~,t) EB ((Bb,-l EB Gb,o) 

EB(B~,o EB GLI) EB··· EB (BLI,C-2 EB GLI,C-I) EB B~,I'_I) . (2.14) 

This proves property (d) for the integer £. From (2.13) and (2.14) it follows 
that G~,c ~ EBk=HI Bk,e. Hence (f) holds, and this concludes the construction 
by induction. 

From (e) we infer that there exist modules Bi,j for i ::; j such that Bi,j ~ 
Gj,i and 

Bj,j EB Bj,j+l EB B j ,j+2 EB ... = Bj,j_l 

for every j :::::: o. From (a) we have that 

so that 

by (2.15). 

Bi = B~,_l = Bi,o EB B~,o = Bi,o EB Bi,l EB B~,l 
= ... = Bi,o EB Bi,l EB··· EB Bi,i-l EB B~,i-l' 

(2.15) 

(2.16) 

Similarly, from (f) we get that there exist modules Gi,j for i < j such that 
G . ~ B·· and 1,,) ),1, 

Gj,HI EB Gj,j+2 EB Gj,j+3 EB ... = Gj,j (2.17) 

for every j :::::: O. From (b) it follows that Gj = Gj,o EB Gj,l EB ... EB Gj,j EB Gj,j' so 
that 

(2.18) 

by (2.17). 
Since Bi,j ~ Gj,i for every i,j = 0,1,2, ... , (2.16) and (2.18) yield the 

required isomorphic refinements of the decompositions (2.5) and (2.6). 0 
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2.4 The Krull-Schmidt-Remak-Azumaya Theorem 

The Krull-Schmidt-Remak-Azumaya Theorem is one of the main topics of this 
volume. We shall obtain a proof of it using the exchange property. We begin 
with a lemma that is of independent interest. 

Lemma 2.11 If a module M is a direct sum of modules with local endomorphism 
rings, then every indecomposable direct summand of M has local endomorphism 
ring. 

Proof. Suppose M = A EB B = EBiEIMi' where A is indecomposable and 
all the modules Mi have local endomorphism ring. Let F be a finite subset 
of I with An EBiEPMi -I- 0, and set G = EBiEPMi . The module G has the 
exchange property (Lemma 2.4 and Theorem 2.8). Hence there exist direct 
sum decompositions A = A' EB A" of A and B = B' EB B" of B such that 
M = G EB A' EB B'. Note that A' is a proper submodule of A, because An G -I- 0 
and A' n G = O. Since A is indecomposable, it follows that A' = o. Thus 
M = GEBB'. From M = GEBB' = AEBB' EBB" it follows that G ~ AEBB". Thus 
A is isomorphic to a direct summand of G. Hence A has the exchange property 
by Lemma 2.4. Therefore A has local endomorphism ring by Theorem 2.8. D 

We are ready for the proof of the Krull-Schmidt-Remak-Azumaya The­
orem. 

Theorem 2.12 (Krull-Schmidt-Remak-Azumaya Theorem) Let M be a module 
that is a direct sum of modules with local endomorphism rings. Then any two 
direct sum decompositions of M into indecomposable direct summands are iso­
morphic. 

Proof. Suppose that M = EBiEIMi = EBjEJNj , where all the Mi and N j 

are indecomposable. By Lemma 2.11 all the modules Mi and Nj have local 
endomorphism rings. For I' ~ I and J' ~ J let 

M(I') = EBiEIIMi and N(J') = EBjEJ'Nj . 

By Lemma 2.4 and Theorem 2.8 the modules M(J') and N(J') have the ex­
change property whenever I' and J' are finite. Since the summands Nj are inde­
composable, for every finite subset I' ~ I there exists a subset J' ~ J such that 
M = M(I')EBN(J\J'). From M = M(I')EBN(J\J') = N(J')EBN(J\J'), we get 
that M(I') ~ N(J'). By Theorem 2.9 applied to the decompositions M(I') ~ 
N(J'), the two decompositions M(I') = EBiEIIMi and N(J') = EBjEJINj have 
isomorphic refinements. From the indecomposability of the Mi and N j , it fol­
lows that there is a one-to-one correspondence c.p: I' -4 J' such that Mi ~ N<p(i) 

for every i E I'. For every R-module A set 

h={iEIIMi~A} and 



44 2 Krull-Schmidt-Remak-Azumaya Theorem 

From what we have just seen it follows that if IA is finite, then IIAI :::; IJAI, 
and if IA f- 0, then JA f- 0. By symmetry, if JA is finite, then IJAI :::; IIAI, and 
JA f- 0 implies IA f- 0. In order to prove the theorem it is sufficient to show 
that IIAI = IJAI for every R-module A. 

Suppose first that IA is finite. In this case we argue by induction on IIAI. 
If IIAI = 0, then IJAI = O. If IlAl 2: 1, fix an index io E IA. Then there is an 
index jo E J such that M = M ( { io} ) EB N (J \ {jo} ). If we factorize the module 
M({io}) EB N(J \ {jo}) = M(I) modulo M({io}) we obtain that 

N(J \ {jo}) ~ M(I \ {io}). 

From the induction hypothesis we get that IIA \ {io}1 = IJA \ {jo}l, so that 
IIAI = IJAI· . 

By symmetry we can conclude that if JA is finite, then IIAI = IJAI as well. 
Hence we can suppose that both I A and J A are infinite sets. By symmetry 

it is sufficient to show that IJAI :::; IIAI for an arbitrary module A. 
For each i E IA set J(i) = {j E JIM = Mi EB N(J \ {j})}. Obviously 

J(i) ~ JA. If x is a non-zero element of Mi, then there is a finite subset J" of 
J such that x E N(J"). Hence Mi n N(K) f- 0 for every K ~ J that contains 
J". Thus J(i) ~ J", so that J(i) is finite. 

We claim that UiEIA J(i) = JA. In order to prove the claim, fix j E JA. 
Then there exists a finite subset I' of I such that Nj n M(I/) f- O. Hence there 
exists a finite subset J' ~ J such that M = M(I')EBN(J\J/). Note that j E J' . 
Since N(J' \ {j}) has the exchange property, we can apply Corollary 2.3 to the 
decompositions M = N(J' \ {j}) EB Nj EB N(J \ J/) = (EBiEI,Mi) EB N(J \ J/). 
Then for every i E I' there exists a direct summand M{ of Mi such that 
M = N (J' \ {j}) EB (EBiEI' MD EB N (J \ JI). Then N j ~ EBiEI' M{, so that there 
exists an index k E I' with M£ = Mk and M{ = 0 for every i E I', i f- k. Note 
that Mk ~ N j ~ A, so that k E IA. Thus 

M = N(J' \ {j}) EB Mk EB N(J\ JI) = Mk EB N(J\ {j}), 

that is, j E J(k). Hence j E UiEIA J(i), which proves the claim. 
It follows that 

IJAI = I.U J(i)1 :::; IIAI·l{o = IIAI· 
tElA 

o 
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2.5 Applications 

In this section we apply the Krull-Schmidt-Remak-Azumaya Theorem to some 
important classes of modules. 

A first immediate application of the Krull-Schmidt-Remak-Azumaya 
Theorem 2.12 can be given to the class of semisimple modules. 

Lemma 2.13 (Schur) The endomorphism ring End(M) of a simple module M 
is a division ring. 

Proof. If M is a simple module and f is a non-zero endomorphism of M, then 
ker f and f(M) must be submodules of M. Hence they are either ° or M. If 
ker f = M, then f = 0, contradiction. Therefore ker f = ° and f is injective. If 
f(M) = 0, then f = 0, contradiction. Therefore f(M) = M and f is surjective. 
Thus f is an automorphism of M, that is, f is invertible in End(M). 0 

Since division rings are local rings, we get the Krull-Schmidt-Remak­
Azumaya Theorem for semisimple modules: 

Theorem 2.14 Any two direct sum decompositions of a semisimple module into 
simple direct summands are isomorphic. 0 

The next result describes the structure of the submodules and the homo­
morphic images of a semisimple module. 

Proposition 2.15 Let M be a semisimple R-module and {Mi liE I} a family 
of simple submodules of M such that M = tIJiE1Mi . Then for every submodule 
N of M there is a subset J of I such that N ~ tIJiEJMi and MIN ~ tIJiEI\JMi. 

Proof. By Proposition 1.1 the submodule N of the semisimple module M is a 
direct summand of M, so that M = N tIJ N' for a submodule N' ~ MIN of M. 
By Proposition 1.1 again, both Nand N' are semisimple. Hence N = tIJ)..EAN).. 
and N' = tIJJ1.EA'N~ for suitable simple submodules N).., N~. By Theorem 2.14 
the two decompositions tIJiEIMi = (tIJ)..EAN)..) tIJ (tIJJ1.EA'N~) of M are iso­
morphic. Therefore there are a subset J of I and one-to-one correspondences 
<p: J ---+ A and 'lj;: I \ J ---+ A' such that Mi ~ N cp(i) for every i E J and 
Mi ~ N¢(i) for every i E 1\ J. The conclusion follows immediately. 0 

As a second application of Theorem 2.12, we study the uniqueness of 
decomposition of some particular artinian or noetherian modules. 

Lemma 2.16 Let M be a module and f an endomorphism of M. 

(a) If n is a positive integer such that r (M) = r+ 1 (M), then 

ker(r) + r(M) = M. 
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(b) If M is an artinian module, then f is an automorphism if and only if f 
is injective. 

Proof. (a) If n is such that r(M) = r+l(M), then ft(lI1) = r+1(M) for 
every t :::: n, so that r(M) = pn(M). Let us show that 

ker(r) + r(M) = M. 

If x E M, then r(x) E r(M) = pn(M), so that r(x) = r(y) for some 
y E r(M). Therefore z = x - Y E ker(r), and x = z + Y E ker(r) + r(M). 

(b) If f an injective endomorphism of the artinian module M, the de­
scending chain 

is stationary, so that ker(Jn) + fn(M) = M for some positive integer n by part 
(a). As r is injective, ker(r) = 0, and therefore r(M) = M. In particular, 
f is surjective. 0 

Similarly it can be proved that 

Lemma 2.17 Let.M be a module and f an endomorphism of M. 

(a) If n is a positive integer such that ker fn = ker r+ 1 , then 

(b) If M is a noetherian module, then f is an automorphism if and only if f 
is surjective. 0 

A submodule N of a module MR is fully invariant if <p(N) S;;; N for 
every <p E End(MR), that is, if N is a submodule of the left End(MR)­
module M. A submodule N of MR is essential in MR if N n P =I- 0 for 
every non-zero submodule P of MR. The socle of a module MR is the sum 
of all simple submodules of MR. It is a semisimple fully invariant submodule 
of MR and it will be denoted soc(MR). Since every non-zero artinian module 
has a simple submodule, the sode is an essential submodule in every artinian 
module. If N R is an artinian module and its sode soc(N R) is a simple mod­
ule, by Lemma 2.16(b) an endomorphism f E End(NR) is not an automorph­
ism if and only f(soc(NR)) = O. It follows that End(NR) is a local ring with 
Jacobson radical J(End(NR)) = {f E End(NR) I f(soc(NR)) = O}. Therefore 
Theorem 2.12 yields 

Theorem 2.18 Let MR be an R-module that is a direct sum of artinian mod­
ules with simple socle. Then any two direct sum decompositions of NIR into 
indecomposable direct summands are isomorphic. 0 
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The hypothesis that the artinian modules have simple socle is essential in 
Theorem 2.18 as we shall see in Section 8.2. 

Recall that a module M is local if it has a greatest proper submodule. 
Hence noetherian local modules are the "duals" of artinian modules with a 
simple socle. The next result is the dual of Theorem 2.18 and is proved similarly. 

Theorem 2.19 Let M be an R-module that is a direct sum of noetherian local 
modules. Then any two direct sum decompositions of M into indecomposable 
direct summands are isomorphic. 0 

Our third application of the Krull-Schmidt-Remak-Azumaya Theorem 
will be to the class of modules of finite composition length. 

Lemma 2.20 (Fitting's Lemma) If M is a module of finite length nand f is 
an endomorphism of M, then M = ker(r) EB r(M). 

Proof. Since M is of finite length n, both the chains 

ker f ~ ker f2 ~ ker f3 ~ ... 

and 
f(M) 2 f2(M) 2 f3(M) 2 ... 

are stationary at the n-th step, so that ker(r) EB r(M) = M by Lemmas 
2.16(a) and 2.17(a). 0 

We shall say that a module MR is a Fitting module if for every f E 
End(MR ) there is a positive integer n such that M = ker(r) EB r(M). Thus 
by Lemma 2.20 every module of finite length is a Fitting module. It is easily 
seen that direct summands of Fitting modules are Fitting modules. 

Lemma 2.21 The endomorphism ring of an indecomposable Fitting module is 
a local ring. 

Proof. If M is a Fitting module and f is an endomorphism of M, there exists 
a positive integer n such that M = ker(r) EB r(M). If M is indecomposable, 
two cases may occur. In the first case ker(r) = 0 and r(M) = M. Then r 
is an automorphism of M, so that f is an automorphism of M. In the second 
case ker(fn) = M, that is, f is nilpotent. Hence every endomorphism of Mis 
either invertible or nilpotent. 

In order to show that the endomorphism ring End(M) of M is local, we 
must show that the sum of two non-invertible endomorphisms is non-invertible. 
Suppose that f and g are two non-invertible endomorphisms of M, but f + 9 is 
invertible. If h = (f +g)-l is the inverse of f +g, then fh+gh = 1. Since f and 
9 are not automorphisms, neither fh nor gh are automorphisms. Therefore, as 
we have just seen in the previous paragraph, there exists a positive integer n 
such that (gh)n = O. Since 1 = (1 - gh)(l + gh + (gh)2 + ... + (gh)n-1), the 
endomorphism 1- gh = fh is invertible. This contradiction proves the lemma. 

o 
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Theorem 2.12 and Lemma 2.21 yield 

Theorem 2.22 Let !vI be an R-module that is a direct sum of indecompo.sable 
Fitting modules. Then any two direct sum decompositions of 1\,1 into indecom­
posable direct summands are isomorphic. 0 

In particular, from Lemma 2.20 it follows that 

Corollary 2.23 (The Krull-Schmidt Theorem) Let ]I,{ be an R-module of finite 
length. Then]l,{ is the d'lrect sum of a finite family of indecomposable modules, 
and any two direct sum decompositions of NI as direct sums of indecomposable 
modules are isomorphic. 0 

A further class of modules to which the Krull-Schmidt-Remak-Azumaya 
Theorem can be applied immediately is the class of indecomposable injective 
modules. The proof of the following lemma is an easy exercise left to the reader. 

Lemma 2.24 Let]l,{ =f. 0 be an R-module. The following conditions are equiva­
lent: 

(a) The intersection of any two non-zero submodules of NI is non-zero. 

(b) The injective envelope of ]I,{ is indecomposable. 

(c) Every non-zero submodule of ]I,{ is essential in ]I,{. 

(d) Every non-zero submodule of]l,{ is indecomposable. o 

An R-module ]I,{ =f. 0 is said to be uniform if it satisfies the equivalent 
conditions of Lemma 2.24. For instance, an artinian module is uniform if and 
only if it has a simple socle. 

We state the next lemma in the language of Grothendieck categories. The 
reader who is not used to this language may think of the case of an indecom­
posable injective R-module. 

Lemma 2.25 Let ]I,{ be an indecomposable injective object of a Grothendieck 
category C. Then 

(a) An endomorphism of]l,{ is an automorphism if and only if it is a mono­
morphism. 

(b) The endomorphism ring of ]I,{ is a local ring. 

In particular, the endomorphism ring of every indecomposable injective module 
is a local ring. 
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Proof. (a) If f: M -+ M is a monomorphism, then im(f) is a subobject of 
M isomorphic to M. In particular, im(f) is a non-zero direct summand of M. 
Since M is indecomposable, im(f) = M and f is an automorphism. 

(b) Let Endc(M) denote the endomorphism ring of M. We must show that 
the sum of two non-invertible elements of Endc(M) is non-invertible. Suppose 
that f and 9 are two non-invertible endomorphisms of M. In (a) we have seen 
that f and 9 are not monomorphisms, that is, ker f =f=. 0 and ker 9 =f=. O. Since 
M is coirreducible (= uniform), we have ker f n ker 9 =f=. o. Now 

ker f n ker 9 <;;; ker(f + g), 

so that ker(f + g) =f=. o. Therefore f + 9 is not invertible in Endc(M). D 

As an immediate application of Lemma 2.25 to the category C = Mod-R 
and the Krull-Schmidt-Remak-Azumaya Theorem we have: 

Theorem 2.26 Let M be an R-module that is a direct sum of injective indecom­
posable modules. Then any two direct sum decompositions of M into indecom­
posable direct summands are isomorphic. D 

As a second application of Lemma 2.25 to the category C = (RFP, Ab) 
we find: 

Corollary 2.27 The endomorphism ring of an indecomposable pure-injective 
module is a local ring. 

Proof. Let MR be an indecomposable pure-injective module, let RFP be the full 
subcategory of R-Mod whose objects are the finitely presented left R-modules, 
let Ab be the category of abelian groups, and let C =(RFP, Ab) be the category 
of all additive functors from RFP to Ab. Then 

is an indecomposable injective object in the Grothendieck category C (Prop­
osition 1.39). Since EndR(M) ~ Endc(M), the ring EndR(M) is local by 
Lemma 2.25(b). D 

We conclude this section showing that the Krull-Schmidt Theorem holds 
for 2:-pure-injective modules. We need a preliminary proposition. 

Proposition 2.28 Let R be a ring and let B <;;; C be classes of non-zero right 
R-modules. Suppose that every module in C has a direct summand in Band 
that for every proper pure submodule P of any module M E C there exists a 
submodule D of M such that DEB, P n D = 0 and P + D = P EB D is pure 
in M. Then every module M E C is a direct sum of modules belonging to B. 
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Proof. Suppose MR E C. Let I be the set of submodules of M that belong 
to B and put S = {I I I ~ I, 2:NEI N is a pure submodule of M and the 
sum 2:NEI N is direct}. Since every module in C has a direct summand in B, 
the set S is non-empty. Partially order S by set inclusion. Then the union of 
a chain of elements of S is an element of S by Proposition 1.31(a). By Zorn's 
Lemma S has a maximal element J. Set P = 2:NEJ N = EBNEJN, so that P 
is a pure submodule of M. If P is a proper submodule of M, then there is a 
submodule D of M such that DEB, P n D = 0 and P + D is pure in M. 
Thus J U {D} E S, and D tt J because P n D = 0 and the module DEB is 
non-zero. This contradicts the maximality of J. Hence M = P is a direct sum 
of modules belonging to B. 0 

Theorem 2.29 Let MR be a 'L.-pure-injective R-module. Then MR is a direct 
sum of modules with local endomorphism ring, so that any two direct sum de­
compositions of MR as direct sums of indecomposables are isomorphic. 

Proof. We shall apply Proposition 2.28 to the class C of 'L.-pure-injective non­
zero R-modules and the class !3 of indecomposable 'L.-pure-injective R-modules. 
Firstly, we must show that every 'L.-pure-injective non-zero module MR has an 
indecomposable direct summand N. To see this, let x be a non-zero element 
of MR. Let P be the set of all pure submodules of MR that do not contain 
x. Then P is non-empty and the union of every chain in P is an element 
of P (Proposition 1.31(a)). By Zorn's Lemma P has a maximal element Q. 
By Corollary 1.42 there exists a submodule N of M such that M = Q EB N. If 
N = N' EBN" with N', N" =f. 0, then QEBN' and QEBN" are direct summands of 
M that do not belong to P. Hence x E (QEBN')n(QEBN") = Q, a contradiction. 
The contradiction proves that N is indecomposable, as we wanted to prove. 

Secondly, we must show that for every proper pure submodule P of a 
'L.-pure injective module MR there exists an indecomposable 'L.-pure-injective 
submodule D of M such that P n D = 0 with P + D = P EB D pure in M. 
For such a pure submodule P we know that MR = P EB P' for a submodule P' 
(Corollary 1.42), and by the first part of the proof P' = DEB P" for suitable 
submodules D and P" with D indecomposable. The module D has the required 
properties. 

Hence by Proposition 2.28 every 'L.-pure-injective module M is a direct 
sum of indecomposable modules. 

Finally, every indecomposable direct summand of M is pure-injective, 
hence every indecomposable direct summand of M has a local endomorphism 
ring (Corollary 2.27). 0 
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2.6 Goldie dimension of a modular lattice 

The notion of Goldie dimension of a module concerns the lattice £(M) of all 
submodules of M, which is a modular lattice. Modular lattices seem to be the 
proper setting for the definition of Goldie dimension. Hence in this section we 
shall consider arbitrary modular lattices and their Goldie dimension. 

Throughout this section (L, V, A) will denote a modular lattice with 0 and 
1, that is, a lattice with a smallest element 0 and a greatest element 1 such 
that a A (b V c) = (a A b) V c for every a, b, c E L with c :S a. If a, bEL and 
a :S b let [a, b] = {x ELI a :S x :S b} be the interval between a and b. 

A finite subset {ai liE I} of L \ {O} is said to be join-independent 
if ai A (V j=f-i aj) = 0 for every i E I. The empty subset of L \ {O} is join­
independent. An arbitrary subset A of L \ {O} is join-independent if all its 
finite subsets are join-independent. 

Lemma 2.30 Let A ~ L \ {O} be a join-independent subset of a modular lattice 
L. If B, G are finite subsets of A and BnG = 0, then (VbEB b) A (V cEC c) = O. 

Proof. By induction on the cardinality IBI of B. The case IBI = 0 is trivial. 
Suppose the lemma holds for subsets of cardinality < IBI. Fix an element 

bE B and set B' = B\ {b} and a = (VXEBx) A (VYECY). By the induction 
hypothesis 

and by the definition of join-independent set 

Then 

and 

( V x V a) A b:S ( V x) A b = O. 
xEB' xEB'uC 

a:S (b V a) A (V xEB x) 
= (bV a) A ((VXEB' x) V b) 
= ((bV a) A (VXEB' x)) vb 
= OV b = b, 

(by the modular identity) 
(by (2.19)) 

a :S !V xEB' X Va) A (V xEB x) 
= V xEB' X va) A (b V V xEB' x) 
= (V xEB' X Va) A b) V (V xEB' x) 

(by the modular identity) 
(by (2.20)) 

:S 0 V V xEB' X = V xEB' x. 

(2.20) 

(2.21) 

(2.22) 

From (2.21) and (2.22) it follows that a :S b A V xEB' X = 0, as desired. 0 
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Proposition 2.31 Let A <;;; L \ {O} be a join-independent subset of a modular 
lattice L. Let a E L be a- non-zero element such that a 1\ (V bEB b) = 0 for every 
finite subset B of A. Then Au {a} is a join-independent subset of L. 

Proof. We must prove that every finite subset of Au {a} is join-independent. 
This is obvious for finite subsets oLA. Hence it suffices to show that if B is a 
finite subset of A, then B U {a} is join-independent. Since a 1\ (V bEB b) = 0, we 
have to prove that b 1\ (a V V xEB\{b} x) = 0 for each bE B. Now 

(VYEBY) 1\ (av (VXEB\{b} x)) 
= ((VYEBY) 1\ a) V (VXEB\{b} x) 
= 0 V (V xEB\{b} x) = V xEB\{b} x, 

so that 

b 1\ (a V V xEB\{b} x) 

= b 1\ (VYEBY) 1\ (a V VXEB\{b} x) 

=bl\ (VXEB\{b} x) =0 

(by the modular identity) 

(by hypothesis) 

(since b::; V yEB Y) 

(2.23) 

(by (2.23)) 0 

(because B is join-independent). 

By Zorn's Lemma every join-independent subset of L \ {O} is contained 
in a maximal join-independent subset of L \ {O}. 

An element a E L is essential in L if a 1\ x -# 0 for every non-zero element 
x E L. Thus 0 is essential in L if and only if L = {O}. If a, b are elements of L, 
a ::; b and a is essential in the lattice [0, b], then a is said to be essential in b. 
In particular, 0 is essential in b if and only if b = O. 

Lemma 2.32 Let a, b, c be elements of L. If a is essential in band b is essential 
in c, then a is essential in c. 

Proof. Let x be a non-zero element of [0, c]. We must show that a 1\ x -# O. Now 
b 1\ x -# 0 because b is essential in c, hence a 1\ (b 1\ x) -# 0 because a is essential 
in b. But a 1\ (b 1\ x) = a 1\ x. 0 

Lemma 2.33 Let a, b, c, d be elements of L such that b 1\ d = o. If a is essential 
in band c is essential in d, then a V c is essential in b V d. 

Proof. If any of the four elements a, b, c, d is zero, the statement of the lemma 
is trivial. Hence we shall assume that a, b, c, d are all non-zero. 

We claim that if the hypotheses of the lemma hold for the four elements 
a, b, c, dEL \ {O}, then a V d is essential in b V d. Assume the contrary. Then 
there exists a non-zero element x E L such that x ::; b V d and 

(a V d) 1\ x = o. 
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Since {a, d} is join-independent, the set {a, d, x} is join-independent by Prop­
osition 2.31. In particular, a 1\ (d V x) = 0, so that a 1\ b 1\ (d V x) = O. This 
implies that b 1\ (d V x) = 0, because a is essential in band b 1\ (d V x) :::; b. 
Now {d, x} ~ {a, d, x} is join-independent, and thus b 1\ (d V x) = 0 forces that 
{b, d, x} is join-independent (Proposition 2.31). In particular, x 1\ (b V d) = o. 
But x :::; b V d, so that x = O. This contradiction proves the claim. 

If we apply the claim to the four elements c, d, a, a, we obtain that c Va is 
essential in d V a, that is, a V c is essential in a V d. The conclusion now follows 
from this, the claim and Lemma 2.32. D 

By an easy induction argument we obtain 

Corollary 2.34 Let aI, a2, ... , an, bl , b2, ... , bn be elements of L such that 
{bl , b2, ... , bn } is join-independent. If ai is essential in bi for every i = 1,2, ... , 
n, then al V a2 V ... Van is essential in bl V b2 V ... V bn . D 

A lattice L =I- {O} is uniform if all its non-zero elements are essential in 
L, that is, if x, y ELand x 1\ y = 0 imply x = 0 or y = 0 . An element a of a 
modular lattice L is uniform if a =I- 0 and the lattice [0, a] is uniform. 

Lemma 2.35 If a modular lattice L does not contain infinite join-independent 
subsets, then for every non-zero element a E L there exists a uniform element 
bEL such that b:::; a. 

Proof. Let a =I- 0 be an element of a modular lattice L such that every b :::; a 
is not uniform. We shall define a sequence aI, a2, a3, ... of non-zero elements of 
[0, a] such that for every n ~ 1 the set {al, a2, . .. ,an} is join-independent and 
al V ... Van is not essential in [0, a]. The construction of the elements an is by 
induction on n. For n = 1 note that a is not uniform, hence there exist non-zero 
elements aI, ai E [0, a] such that all\ai = 0, i.e., al has the required properties. 
Suppose al, ... ,an-l have been defined. Since al V ... V an-l is not essential 
in [0, a], there exists a non-zero b E [0, a] such that b 1\ (al V ... Van-d = o. 
The element b is not uniform. Hence there exist an, a~ E [0, b], where an, a~ 
are non-zero, such that an 1\ a~ = o. Then an 1\ (al V ... van-d = 0, so that 
{aI, a2, . .. ,an} is join-independent by Proposition 2.31. Moreover 

a~l\(al V···Van) 
= a~ 1\ b 1\ ((al V··· V an-I) V an) 
= a~ 1\ ((b 1\ (al V··· Van-d) Van) 
= a~ 1\ (0 Van) = o. 

(since a~ :::; b) 
(by the modular identity) 

This completes the construction. Now {an I n ~ I} is an infinite join-indepen­
dent set. D 
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Theorem 2.36 The following conditions are equivalent for a modular lattice L 
with 0 and 1. 

(a) L does not contain infinite join-independent subsets. 

(b) L contains a finite join-independent subset {aI, a2, ... , an} with ai uni­
form for every i = 1,2, ... , nand al Va2 V··· Van essential in L. 

(c) The cardinality of the join-independent subsets of L is :::; m for a non­
negative integer m. 

(d) If ao :::; al :::; a2 :::; ... is an ascending chain of elements of L, then there 
exists i ~ 0 such that ai is essential in aj for every j ~ i. 

Moreover, if these equivalent conditions hold and {aI, a2, ... , an} is a finite 
join-independent subset of L with ai uniform for every i = 1,2, ... , nand 
al Va2 V ... Van essential in L, then any other join-independent subset of L 
has cardinality:::; n. 

Proof. (a) =} (b). Let :F be the family of all join-independent subsets of L 
consisting only of uniform elements. The family:F is non-empty (Lemma 2.35). 
By Zorn's Lemma :F has a maximal element X with respect to inclusion. By 
(a) the set X is finite, say X = {aI, a2, ... , an}. The element al Va2 V··· Van is 
essential in L, otherwise there would exist a non-zero element x E L such that 
(al Va2 V·· ·Van)l\x = 0, and by Lemma 2.35 there would be a uniform element 
bEL such that b :::; x. Then {al, a2, ... , an, b} would be join-independent by 
Proposition 2.31, a contradiction. 

(b) =} (c). Suppose that (b) holds, so that there exists a finite join­
independent subset {aI, a2, ... , an} of L with ai uniform for every i and 

essential in L. Assume that there exists a join-independent subset {bl ,b2 , •.. ,bd 
of L of cardinality k > n. For every t = 0, 1, ... , n we shall construct a subset 
X t of {aI, a2, . .. , an} of cardinality t and a subset ¥t of {bl, b2, ... , bk} of 
cardinality k - t such that X t n ¥t = 0 and X t U ¥t is join-independent. For 
t = 0 set Xo = 0 and Yo = {bl , b2 , ••• , bk }. Suppose that X t and ¥t have been 
constructed for some t, 0 :::; t < n. We shall construct X t +l and ¥t+l. Since 
l¥tl = k - t > n - t > 0, there exists j = 1,2, ... ,k with bj E ¥t. Set 

c= v y. 

We claim that c 1\ ae = 0 for some e = 1,2, ... , n. Otherwise, if c 1\ ai =I- 0 
for every i = 1,2, ... , n, then c 1\ ai is essential in ai because ai is uniform, 
so that V~=l c 1\ ai is essential in V~=l ai by Corollary 2.34. Since V~=l ai is 
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essential in 1, it follows that V~=l c /\ ai is essential in 1 (Lemma 2.32). Then 
c ~ V~=l C /\ ai is essential in 1, so that c /\ bj =I- O. This contradicts the fact 
that Xt U yt is join-independent and the contradiction proves the claim. From 
Proposition 2.31 and the claim it follows that (Xt U {at}) U (yt \ {bj }) is join­
independent, so that Xt+l = X t U {at} and yt+l = yt \ {bj } have the required 
properties. This completes the construction of the sets Xt and yt. 

For t = n we have a non-empty subset Yn of {bll b2 , ••• , bd such that 
{aI, a2, ... ,an} U Yn is a join-independent subset of cardinality k, so that 

for every y E Yn , and this contradicts the fact that al Va2 V· .. Van is essential 
in L. Hence every join-independent subset of L has cardinality:::; n. 

(c) =? (d). If (d) does not hold, there is a chain ao :::; al :::; a2 :::; ... of 
elements of L such that for every i ~ 0 there exists j (i) > i with ai not essential 
in aj(i). Set jo = 0 and jn+l = j(jn) for every n ~ O. Then for every n ~ 0 
there exists a non-zero element bn :::; ajn+l such that bn /\ ajn = o. The set 
{bn I n ~ O} is join-independent by Proposition 2.31. Thus (c) does not hold. 

(d) =? (a). If ( a) is not satisfied, then L contains a countable infinite join­
independent subset {bi I i ~ O}. Set an = V~=o bi . Then ao :::; al :::; a2 :::; ... , 
and for every n ~ 0 the element an is not essential in an+! because 

Hence (d) is not satisfied. 
The last part of the statement has already been seen in the proof 

of (b) =? (c). 0 

Thus, for a modular lattice L, either there is a finite join-independent 
subset {all a2, ... ,an} with ai uniform for every i = 1,2, ... ,n and 

essential in L, and in this case n is said to be the Goldie dimension dim L of 
L, or L contains infinite join-independent subsets, in which case L is said to 
have infinite Goldie dimension. The Goldie dimension of a lattice L is zero if 
and only if L has exactly one element. 

2.7 Goldie dimension of a module 

In this section we shall apply the Goldie dimension of modular lattices intro­
duced in the previous section to the lattice £(M) of all submodules of a module 
MR. If the lattice £(M) has finite Goldie dimension n, then n will be said to 
be the Goldie dimension dim MR of the module MR. Otherwise, if the lattice 
£(M) has infinite Goldie dimension, that is, if MR contains an infinite direct 
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sum of non-zero submodules, the module MR will be said to have infinite Goldie 
dimension (dim M R = 00). 

Since a module M is essential in its injective envelope E(M), 

dim(M) = dim(E(M)). 

In Section 2.5 we had already defined uniform modules. Obviously, a module 
M is uniform if and only if the lattice £(M) is uniform. A module M has finite 
Goldie dimension n if and only if it contains an essential submodule that is 
the finite direct sum of n uniform submodules U1 , ••• , Un (Theorem 2.36(b)). 
In this case E(M) = E(Ud EB E(U2 ) EB ... EB E(Un ) is the finite direct sum of 
n indecomposable modules. Note that by Theorem 2.26 we already knew that 
if E(M) is a finite direct sum of indecomposable modules, then the number 
of direct summands in any indecomposable decomposition of E(M) does not 
depend on the decomposition. Hence a module M has finite Goldie dimension n 
if and only if its injective envelope E(M) is the direct sum of n indecomposable 
modules. 

In the next proposition we collect the most important arithmetical proper­
ties of the Goldie dimension of modules. Some of these properties have already 
been noticed. Their proof is elementary. 

Proposition 2.37 Let M be module. 

(a) dim(M) = 0 if and only if M = o. 
(b) dim(M) = 1 if and only if M is uniform. 

(c) If N :::; M and M has finite Goldie dimension, then N has finite Goldie 
dimension and dim(N) :::; dim(M). 

(d) If N :::; M and M has finite Goldie dimension, then dim(N) = dim(M) 
if and only if N is essential in M. 

(e) If M and M' are modules of finite Goldie dimension, then M EB M' is a 
module of finite Goldie dimension and dim(M EBN) = dim(M)+dim(N). 
o 
Artinian modules and noetherian modules have finite Goldie dimension. 

For an artinian module M, the Goldie dimension of M is equal to the composi­
tion length ofits sode soc(M). In particular, an artinian module M has Goldie 
dimension 1 if and only if it has a simple sode. 

The next proposition contains a first application of the Goldie dimension 
of a ring. 

Proposition 2.38 Let R be a ring and suppose that RR has finite Goldie di­
mension. Then every surjective endomorphism of a finitely generated projec­
tive right R-module PR is an automorphism. In particular, every right or left 
invertible element of R is invertible. 
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Proof. If PR is a finitely generated projective R-module, then PR has finite 
Goldie dimension. If r.p is a surjective endomorphism of PR , then 

so that dim(ker r.p) = 0, that is, r.p is injective. For the second part of the 
statement we must show that if x, y E Rand xy = 1, then yx = 1. Since 
xy = 1, left multiplication by x is a surjective endomorphism J-Lx of RR. From 
xy = 1 it follows that yR EB ker(J-Lx) = R. Hence yR = R, i.e., y is also right 
invertible. Thus y is invertible and x is its two-sided inverse. D 

2.8 Dual Goldie dimension of a module 

We shall now apply the results on the Goldie dimension of modular lattices 
of Section 2.6 to the dual lattice of the lattice £(M) of all submodules of a 
module M. If (L, 1\, V) is a modular lattice, then its dual lattice (L, V, 1\) is 
also a modular lattice. In particular, the Duality Principle holds for modular 
lattices, that is, if a statement <P expressed in terms of 1\, V, :S and 2 is 
true for all modular lattices, then the dual statement of <P, obtained from <P 
interchanging 1\ with V and :S with 2, is also true for all modular lattices. 

Since the dual of the lattice £(M) of all submodules of a module M 
is modular, all the results of Section 2.6 hold for this lattice. We now shall 
translate the results of Section 2.6 for the dual of the lattice £(M) to the 
language of modules. 

Let M be a right R-module. A finite set {N; liE I} of proper submodules 
of M is said to be coindependent if Ni + (nj#i N j ) = M for every i E I, 
or, equivalently, if the canonical injective mapping M / niEI Ni -; EBiEI M / Ni 
is bijective. An arbitrary set A of proper submodules of M is coindependent 
if its finite subsets are coindependent. If A is a coindependent set of proper 
submodules of M and N is a proper submodule of M such that N +(nXEB X) = 

M for every finite subset B of A, then A U {N} is a coindependent set of 
submodules of M (Proposition 2.31). By Zorn's Lemma, every coindependent 
set of submodules of M is contained in a maximal coindependent set. 

The following lemma, which is dual to Lemma 2.24, has an elementary 
proof. 

Lemma 2.39 Let M =I- 0 be an R-module. The following conditions are equiva­
lent: 

(a) The sum of any two proper sub modules of M is a proper submodule of M. 

(b) Every proper submodule of M is superfluous in M. 

(c) Every non-zero homomorphic image of M is indecomposable. D 
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An R-module M i- 0 is said to be couniform, or hollow, if it satisfies 
the equivalent conditions of the previous Lemma 2.39. Every local module is 
couniform, but not conversely. For instance, the Z-module Z(pOO) (the Priifer 
group) is couniform and is not local. Every proper submodule of a finitely 
generated module M is contained in a maximal submodule of M. Hence if M 
is a finitely generated module, M is couniform if and only if M is local. From 
Theorem 2.36 we obtain 

Theorem 2.40 The following conditions are equivalent for a right module M: 

(a) There do not exist infinite coindependent sets of proper submodules of M. 

(b) There exists a finite coindependent set {NI, N2, ... , Nn} oj proper sub­
modules of M with MINi couniform for all i and Nl n N2 n ... n Nn 
superfluous in M. 

(c) The cardinality of the coindependent sets of proper submodules of M is 
~ m for a non-negative integer m. 

(d) If No ;2 Nl ;2 N2 ;2 ... is a descending chain of submodules of M, then 
there exists i 2: 0 such that Nd N j is superfluous in M I N j for every j 2: i. 

Moreover, if these equivalent conditions hold and {NI, N2, ... , Nn} is a finite 
coindependent set of proper submodules of M with MINi couniform for all i 
and Nl n N2 n··· n Nn superfluous in M, then every other coindependent set 
of proper submodules of M has cardinality ~ n. 0 

The dual Goldie dimension codim( M) of a right module M is the Goldie 
dimension of the dual lattice of the lattice C(M). Hence a module M has 
finite dual Goldie dimension n if and only if there exists a coindependent set 
{Nl' N2, ... , N n} of proper submodules of M with MINi couniform for all i and 
Nl nN2 n··· nNn superfluous in M. And a module M has infinite dual Goldie 
dimension if there exist infinite coindependent sets of proper submodules of M. 
Note that if a module M has finite dual Goldie dimension, then for every proper 
submodule N of M there exists a proper submodule P of M containing N with 
MIP couniform (Lemma 2.35). 

From Theorem 2.40(d) we obtain 

Corollary 2.41 Every artinian module has finite dual Goldie dimension. 0 

The proof of the next result is straightforward. 

Proposition 2.42 Let M be module. 

(a) codim(M) = 0 if and only if M = O. 

(b) codim( M) = 1 if and only if M is couniform. 
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(c) If N :::: M and M has finite dual Goldie dimension, then M / N has finite 
dual Goldie dimension and codim(M/N) :::: codim(M). 

(d) If M has finite dual Goldie dimension and N :::: M, then codim(M/N) = 
codim(M) if and only if N is superfluous in M. 

(e) If M and NI' are modules of finite dual Goldie dimension, then M EB M' 
is a module of finite dual Goldie dimension and 

codim(M EB M') = codim(M) + codim(M'). D 

If a module M has finite dual Goldie dimension n, then there exists a 
set {NI' N 2, ... , N n } of submodules of M such that N = NI n N2 n ... n N n 

is superfluous in M and M / N ~ EBi=1 M / Ni is a direct sum of n couniform 
modules. Note that there is no epimorphism of such a module ]'vI onto a direct 
sum of n + 1 non-zero modules. In Section 2.7 we saw that if a module M has 
the property that there are no monomorphisms from a direct sum of infinitely 
many non-zero modules into M, then M has finite Goldie dimension. This result 
cannot be dualized, that is, it is not true that if M is a module and there is no 
homomorphic image of M that is a direct product of infinitely many non-zero 
modules, then M has finite dual Goldie dimension. For instance, consider the Z­
module Z, that is, the abelian group of integers. Then there is no homomorphic 
image of Z that is a direct product TIiEI Gi of infinitely many non-zero abelian 
groups Gi . But the set of all pZ, p a prime number, is an infinite coindependent 
set of proper subgroups of Z, so that codim(Z) = 00. 

For a semisimple module the dual Goldie dimension coincides with the 
composition length of the module. Hence for a semisimple artinian ring R, 

We shall denote this finite dimension dim(R). 

Proposition 2.43 The following conditions are equivalent for a ring R. 

(a) The ring R is semilocal. 

(b) The right R-module RR has finite dual Goldie dimension. 

(c) The left R-module RR has finite dual Goldie dimension. 

Moreover, if these equivalent conditions hold, 

codim(RR) = codim(RR) = dim(R/ J(R)). 

Proof. (a) =} (b). Suppose RR has infinite dual Goldie dimension, and let 
{In I n 2': 1} be an infinite coindependent set of proper right ideals of R. 

Then R/ n~=1 In is a direct sum of k non-zero cyclic modules for every k 2': 1. 
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If C is a non-zero cyclic module, C/CJ(R) is a non-zero module. Therefore 
R/(J(R) + n~=l In) is a direct sum of at least k non-zero modules for every 
k 2: 1. In particular R/ J(R) cannot have finite length, so that R cannot be 
semilocal. 

(b) =} (a). Suppose that RR has finite dual Goldie dimension. Let I be 
the set of all right ideals of R that are finite intersections of maximal right 
ideals. Note that if I, J E I and I c J, then R/ I and R/ J are semisimple 
modules of finite length and 

codim(R/ J) = length(R/ J) < length(R/ I) = codim(R/ I). 

Since codim(R/1) ::; codim(RR) for every I, it follows that every descending 
chain in I is finite, i.e., the partially ordered set I is artinian. In particular I 
has a minimal element. Since any intersection of two elements of I belongs to 
I, the set I has a least element, which is the Jacobson radical J(R). Hence 
J(R) E I is a finite intersection of maximal right ideals. Therefore R/ J(R) is 
a semisimple artinian right R-module, and R is semilocal. 

Since (a) is right-left symmetric, (a), (b) and (c) are equivalent. Finally, 
J(R) is a superfluous submodule of RR (Nakayama's Lemma 1.4), so that if 
(b) holds, then codim(RR) = codim(R/ J(R)) by Proposition 2.42( d). 0 

Corollary 2.44 Let PR be a finitely generated projective module over a semilocal 
ring R. Then every surjective endomorphism of PR is an automorphism. In 
particular, every right or left invertible element of a semilocal ring is invertible. 

Proof. Since R is semilocal, RR has finite dual Goldie dimension, so that PR 
has finite dual Goldie dimension (Proposition 2.42). If f: PR --t PR is sur­
jective, then ker f is a direct summand of PR, and ker f EEl PR ~ PR. Thus 
codim(ker f) = 0, i.e., ker f = o. The proof of the second part of the statement 
is analogous to the proof of the second part of the statement of Proposition 2.38. 

o 

We conclude this section with an example. A non-zero uniserial module 
is both uniform and couniform. Therefore a serial module has finite Goldie 
dimension if and only if it is the direct sum of a finite number of uniserial 
modules, if and only if it has finite dual Goldie dimension. More precisely, a 
serial module M has finite Goldie dimension n if and only if it is the direct 
sum of exactly n non-zero uniserial modules (so that the number n of direct 
summands of M that appear in any decomposition of M as a direct sum of 
non-zero uniserial modules does not depend on the decomposition), if and only 
if M has finite dual Goldie dimension n. 
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2.9 N-small modules and N-closed classes 

Let R be an arbitrary ring. An R-module N R is small if for every family 

of R-modules and any homomorphism rp: N R ---* EBiEI M i , there is a finite subset 
F ~ I such that 7fjrp = 0 for every j E 1\ F. Here the 7fj: EBiEIMi ---* M j are 
the canonical projections. 

For instance, every finitely generated module is small. Another class of 
small modules is given by the class of uncountably generated uniserial modules, 
as the next proposition shows. 

Proposition 2.45 Every uniserial module that is not small can be generated by 
No elements. 

Proof. Let U be a uniserial module that is not small. Then there exist modules 
Mi , i E I, and a homomorphism rp: U ---* EBiEI Mi such that if 7fj: EBiEI Mi ---* M j 

denotes the canonical projection for every j E I, then 7fjrp =J 0 for infinitely 
many j E I. 

For every x E U set supp(x) = {i E I I 7firp(X) =J O}, so that supp(x) is 
a finite subset of I for every x E U. Note that if x, y E U and xR ~ yR, then 
supp(x) ~ supp(y). Define by induction a sequence of elements Xn E U, n ;::: 0, 
such that supp(xo) c supp(xd c SUpp(X2) c .... Set Xo = O. If Xn E U has 
been defined, then supp(xn) is finite, but 7fjrp =J 0 for infinitely many j E I. 
Hence there exists k E I with k ¢:. SUPP(Xn) and 7fkrp =J 0 . Let Xn+l E U be 
an element of U with 7fkrp(xn+d =J o. Then supp(xn+d 1:. supp(xn ), so that 
Xn+1R 1:. xnR. Hence xnR ~ Xn+1R, from which supp(xn) C supp(xn+d. This 
defines the sequence X n . 

If the elements Xn do not generate the module U, then there exists v E U 
such that v ¢:. xnR for every n ;::: O. Then vR ;2 xnR for every n, so that 
supp(v) ;2 supp(xn) for every n. This yields a contradiction, because supp(v) 
is finite and Un>O supp(xn) is infinite. Hence the Xn generate U and U is 
count ably generated. 0 

Now we shall extend the definition of small module. Let N be a cardinal 
number. An R-module N R is N-small if for every family {Mi liE I} of R­
modules and any homomorphism rp:NR ---* EBiE1Mi , the set {i E I l7firp =J O} 
has cardinality:::; N. 

For instance, every small module is No-small, and every uniserial module 
is No-small. It is easy to see that if N is a finite cardinal number and N R is 
N-small, then N R = O. 

Let R be a ring, 9 a non-empty class of right R-modules and let N be a 
cardinal number. We say that 9 is N-closed if: 
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(a) 9 is closed under homomorphic images, that is, if MR, NR are right R­
modules, f: MR ----'t NR is an epimorphism and MR E g, then NR E g; 

(b) every module in 9 is N-small; 

(c) 9 is closed under direct sums of N modules, that is, if Mi E 9 for every 
i E I and III :::; N, then ffiiEIMi E g. 

Examples 2.46 (1) For an infinite cardinal number N and a ring R, let 9 be 
the class of all N-generated modules, that is, the right R-modules that are 
homomorphic images of R(N). Then 9 is an N-closed class. 

(2) For a cardinal number N and a ring R, let 9 be the class of all N-small 
right R-modules. Then 9 is an N-closed class. 

(3) Let R be a ring and let N be a finite cardinal number. We have already 
remarked that every N-small right R-module is zero. Hence every N-closed class 
of right R-modules consists of all zero R-modules. 

(4) Let R be a ring and let 9 be the class of all CJ-small R-modules, that is, 
the right R-modules that are countable ascending unions of small submodules. 
Then 9 is an No-closed class. Note that by Proposition 2.45 every uniserial 
module is CJ-small. D 

The following theorem is essentially equivalent to an extension due to 
C. Walker of a theorem of [Kaplansky 58, Theorem 1]. Kaplansky proved it 
in the case in which N = No and 9 is the class of No-generated modules, and 
Walker extended it to the class of N-generated modules for an arbitrary cardinal 
number N. [Warfield 69c] remarked that the theorem holds for the classes of 
N-small modules and CJ-small modules, and that suitable versions for larger 
cardinals were also valid. 

Theorem 2.47 Let R be a ring, let N be a cardinal number and 9 an N-closed 
class of right R-modules. If a module MR is a direct sum of modules belonging 
to g, then every direct summand of MR is a direct sum of modules belonging 
to g. 

Proof. Since the case of a finite cardinal number N is trivial (Example 2.46(3)), 
we may suppose N infinite. Let MR = ffiiEIMi, where Mi E 9 for every i E I, 
and assume MR = NRffiPR. Let 'c(NR) and ,C(PR) be the sets of all submodules 
of N Rand PR, respectively, and let T be the set of all triples (J, A, 6) such 
that 

(2) the sum LXEA X is direct, that is, LXEA X = ffiXEAX; 

(3) the sum LYEB Y is direct, that is, LYEB Y = ffiYEBY; 

(4) ffiiEJMi = (ffiXEAX) ffi (ffiYEBY). 
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Note that T is non-empty, because (0,0,0) E T. Define a partial ordering on 
T by setting (J,A,B) ~ (J',A',B') whenever J ~ J', A ~ A', and B ~ B'. It 
is easily seen that every chain in T has an upper bound in T, so that by Zorn's 
Lemma T has a maximal element (K, C, 1)). Suppose K C I. Let i E 1\ K and 
let c: be the idempotent endomorphisms of MR with ker(c:) = PR that is the 
identity on N R . 

Define an ascending chain 10 ~ h ~ 12 ~ ... of subsets of I of cardinality 
at most N in the following way. Set 10 = {i}. Suppose In has been defined. Since 
ffijE1nMj E Q, its homomorphic images C:(ffijE1nMj) and (1 - C:)(ffijE1nMj) 

belong to Q, so that C:(ffijE1nMj) + (1 - C:)(ffijE1nMj) is in Q. In particular, 
this module is N-small, hence there exists a subset In+l of I of cardinality 
at most N such that C:(ffijE1nMj) + (1- c:) (ffijEln M j ) ~ ffijEln+1Mj. Note that 
ffijE1nMj ~ c:(ffijEln M j )+(l-C:)(ffijEln M j ), so that In ~ In+1' This completes 
the construction of the subsets In by induction. 

Let I' be the union of the countable ascending chain 10 ~ h ~ 12 ~ ... , 
so that I' is a subset of I of cardinality at most N. Hence ffijEIIMj E Q. Since 
i E I', it follows that I' u K :J K. And C:(ffijE1nMj) ~ ffijEln+1Mj for all n 
implies that c:(ffijEIIMj) ~ ffijEI1Mj . Similarly, (1- c:) (ffijEI1 M j ) ~ ffijEI1Mj. 

Now ffijEKMj = (ffiXECX) ffi (ffiYEvY) because (K,C, 1)) E T, and 

c:(ffijEI1UKMj ) = c:(ffijEIIMj + ffijEKMj) 

= c:(ffijEIIMj + ffiXECX + ffiYEvY) = C:(ffijEI1Mj ) + ffiXECX 

~ ffijEIIMj + ffijEKMj = ffijEI1UKMj . 

Hence the idempotent endomorphism c: of MR induces an idempotent endo­
morphism on ffijEI'UKMj, so that 

ffijEI1UKMj = c:(ffijEI1UKMj ) ffi (1 - c:)(ffijEI1UKMj ). 

The submodule ffiXECX is a direct summand of ffijEI1UKMj contained in 
c:(ffijEI1UKMj ). Hence it is a direct summand of C:(ffijEI1UKMj), that is, there 
exists a submodule X of N R such that 

C:(ffijEI1UKMj ) = (ffiXECX) ffi X. 

Similarly, ffiyEVY is a direct summand of ffijEI1UK M j contained in 

(1- c:)(ffijEI1UKMj), 

so that (1 - c:)(ffijEI1UKMj ) = (ffiyEVY) ffi Y for some submodule Y of PRo 

Therefore ffijEI'UKMj = (ffiXECX) ffi X ffi (ffiYEvY) ffi Y. It follows that 

X ffi Y ~ ffijEI1UKMj / ffijEK M j ~ ffijEII\KMj E Q, 

so that both X and Y belong to Q. This shows that (I' U K, C U {X}, 1) U {Y}) 
is an element of T strictly greater than the maximal element (K,C,1)). This 
contradiction proves that K = I. Thus MR = (ffiXECX) ffi (ffiYEVY), Hence 
NR = ffiXECX and PR = ffiYEVY, D 
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If we apply Theorem 2.47 to the No-closed class of all count ably generated 
(= No-generated) modules we get a famous result of [Kaplansky 58]: 

Corollary 2.48 (Kaplansky) Any projective module is a direct sum of countably 
generated modules. 0 

Corollary 2.49 Let N be a direct summand of a serial module. Then there is a 
decomposition N = tfJiE1Ni , where each Ni is a direct summand of the direct 
sum of a countable family { Ui,n 1 n EN} of uniserial modules. 

Proof. Let 9 be the class of all a-small modules. This is an No-closed class 
that contains all uniserial modules (Example 2.46(4)). Apply Theorem 2.47. 
Then N is a direct sum of modules Ni belonging to g. Hence it suffices to 
prove that a module Ni belonging to 9 that is a direct summand of a serial 
module is a direct summand of the direct sum of a countable family of uniserial 
modules. If Ni is a direct summand of a serial module tfJjEJUj , there are two 
homomorphisms cp: Ni -t tfJjEJUj and 'ljJ: tfJjEJUj -t Ni such that 'ljJcp = INi. If 
Ni E g, Ni is No-small, so that the set C = {j E J 1 7fjCP =/:- O} has cardinality 
:::; No. Now it is easily seen that Ni is a direct summand of the direct sum of 
the countable family {Uj 1 j E C }. 0 

We conclude the section with a proposition due to [Warfield 69c, Lemma 
5], who proved it not only for modules, but for objects of more general abelian 
categories. Here we consider the case of modules only. 

Proposition 2.50 Let R be a ring, N a cardinal number and 9 an N-closed class 
of right R-modules. If M = tfJiEI Ai = tfJjEJ B j , where Ai, B j are non-zero 
modules belonging to 9 for every i E I and every j E J, then there exists a 
partition {h 1 >. E A} of I and a partition {JA 1 >. E A} of J with 11.>.1:::; N, 
IJAI :::; Nand tfJiEhAi ~ tfJjEhBj for every >. E A. 

Proof. The case of a finite cardinal number N is trivial. Hence we may suppose 
N infinite. We claim that if io E I, then there exist subsets I' ~ I and J' ~ J 
of cardinality:::; N such that io E I' and tfJiEI1Ai = tfJjEJIBj. In order to prove 
the claim define sets I~ and J~ of cardinality :::; N for every integer n 2: 0 by 
induction as follows. Set Ib = {io} and Jb = 0. Suppose I~ and J~ have been 
defined. Then (tfJiEI:,A) + (tfJjEJ:' B j ) E g, so that there exists a subset J~+l ~ 
J of cardinality at most N such that (tfJiEI:,Ai)+(tfJjEJ:,Bj ) ~ tfJjEJ~+l B j . Since 
(tfJiEI:,Ai ) + (tfJjEJ~+lBj) E g, there exists a subset I~+l ~ I of cardinality at 
most N such that (tfJiEI1 Ai) + (tfJjEJ' B j ) ~ tfJiEI' Ai. It is now obvious that 

n n+l n+l 

I' = Un>O I~ and J' = Un>O J~ have the property required in the claim. 
Denne a chain of subsets Ko ~ Kl ~ ... ~ KA ~ ... of I and a chain 

of subsets Lo ~ Ll ~ ... ~ LA ~ ... of J for each ordinal>. by transfinite 
induction in the following way. Set Ko = Lo = 0. If >. is a limit ordinal set 
KA = UJL<A KJL and LA = UJL<A LJL" For every ordinal f..L such that KJL = I 
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set K/1-+l = K/1- and L/1-+1 = Lw Otherwise, if K/1- c I, choose an element 
io E 1\ Kw By the claim there exist l' ~ I and J' ~ J, both of cardinality 
::; N, such that io E I' and EBiEPAi = EBjEJ'Bj . In this case set K/1-+l = K/1-UI' 
and L/1-+l = L/1- U J ' . 

Obviously EBiEK>.Ai = EBjEL>.Bj for every .x, and there exists an ordinal "X 
such that K); = I. Then L); = J. Set h .. = K>'+l \ K>. and J>. = L>'+l \ L>. for 
every .x <"X. Then 

o 

2.10 Direct sums of ~-small modules 

In Section 2.3 we saw two cases in which there exist isomorphic refinements of 
two direct sum decompositions. The next theorem examines a third case. 

Theorem 2.51 Let MR be a module that is a direct sum of No-small submodules. 
Then any two direct sum decompositions of M into summands having the No-
exchange property have isomorphic refinements. 

Proof. We have already remarked that the class g of all No-small R-modules is 
No-closed (Example 2.46(2)). By Theorem 2.47 any decomposition of MR refines 
into one in which the summands belong to g. By Lemma 2.4 every refinement 
of a decomposition of MR into summands with the No-exchange property is a 
decomposition into summands with the No-exchange property. Hence we may 
suppose that we have two direct sum decompositions of M into summands 
belonging to g and having the No-exchange property. By Proposition 2.50 we 
may assume that the index sets are countable. In this case the result is given 
by Theorem 2.10. 0 

A fourth case in which isomorphic refinements exist is considered in the 
next important result, due to [Crawley and Jonsson, Theorem 7.1], who proved 
it for algebraic systems more general than modules. Here we shall present the 
proof given by [Warfield 69c, Theorem 7]. Also the proof given by Warfield holds 
in a context more general than ours, that is for suitable abelian categories, but 
we shall restrict our attention to the case we are interested in, that is, the case 
of modules. Recall that a module is a-small if it is a countable ascending union 
of small submodules (Example 2.46(4)). 

Theorem 2.52 If a module M is a direct sum of a-small modules each of which 
has the exchange property, then any two direct sum decompositions of M have 
isomorphic refinements. 
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Proof. We claim that if A = EB~1 Bi is a direct sum of countably many u-small 
modules Bi each of which has the exchange property and A = C EB D, then C 
is a direct sum of u-small modules with the exchange property. 

In order to prove the claim note that the direct summand C of A is 
u-small, hence there is an ascending chain 0 = So ~ 8 1 ~ 8 2 ~ ... of small 
submodules of C whose union is C itself. We shall construct submodules Ck, Pk 
of C for each k ?: 0 with the property that (1) C = Co EB C1 EB ... EB Ck EB Pk , 

(2) 8k ~ Co EB C1 EB ... EB Ck and (3) Ck has the exchange property for every 
k ?: O. Set Co = 0 and Po = C. Suppose Co, ... ,Ck-I, Po, ... ,Pk-1 with the 
required properties have been constructed. Then Co EB C1 EB ... EB Ck - 1 has 
the exchange property. Hence there exist direct summands B~ of Bi such that 
A = Co EB C1 EB ... EB Ck-1 EB (EB~1 BD. Since 8k is small, there exists a positive 
integer n(k) such that 8k ~ Tn(k) , where 

Tn(k) = Co EB C1 EB ... EB Ck- 1 EB ( EB~l~) BO . 
The module Tn(k) has the exchange property, so that from 

A = C EB D = Tn(k) EB ( EB~n(k)+1 BO ' 
we have that there exist Pk ~ C and a direct sum decomposition Dk EB Dk = D 
such that A = Tn(k)EBPkEBDk' Set Ck = Cn(Tn(k) EB Dk), so that C = CkEBPk 
by Lemma 2.1 and 8k ~ Ck' Set Ck = Ck n Pk-1. Then 

Co EB C1 EB ... EB Ck-1 ~ Ck ~ C = Co EB C1 EB ... EB Ck-1 EB Pk-1 

forces Ok = Co EB C1 EB··· EB Ck-1 EB Ck (Lemma 2.1). Hence 

C = Co EB C1 EB ... EB Ck EB Pk 

and 8k ~ Co EB C1 EB··· EB Ck. Finally, 

Co EB C1 EB ... EB Ck EB Pk EB Dk EB Dk = C EB D = A 

= Tn(k) EB Pk EB Dk = Co EB C1 EB··· EB Ck-1 EB (EB~l~) B~) EB Pk EB Dk 

implies that Ck EB Dk ~ EB~l~) B~, so that Ck has the exchange property be­

cause it is isomorphic to a direct summand of EB~l~) B~. This completes the 
construction by induction. 

It is now obvious that C = EBk=1 Ck. Since Bi is u-small, A itself is u-small, 
so that each Ck is u-small. This proves the claim. 

In order to prove the theorem, suppose 

(2.24) 

where, for each i E I, Bi is u-small and has the exchange property. Since every 
direct summand of Bi is u-small and has the exchange property, it is enough 
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to show that the decomposition (2.24) and any other decomposition 

(2.25) 

have isomorphic refinements. By Theorem 2.47 the decomposition (2.25) has a 
refinement 

(2.26) 

in which every Ck is a-small. If we apply Proposition 2.50 to the decompositions 
(2.24) and (2.26) we see that we may assume I and K countable. By the 
claim the decomposition (2.26) has a refinement that is a direct sum of a-small 
modules with the exchange property. Now Theorem 2.51 allows us to conclude. 

D 

From Theorem 2.52 we immediately obtain the following three corollaries: 

Corollary 2.53 If a module M is a direct sum of countably generated modules 
M i , i E I, each of which has the exchange property and N is a direct summand 
of M, then N = tBiEINi' where each Ni is isomorphic to a direct summand 
of Mi. D 

Corollary 2.54 If a module M is a direct sum of uniserial modules each of which 
has a local endomorphism ring, then any two direct sum decompositions of M 
have isomorphic refinements. D 

Corollary 2.55 If M = tBiE1Mi , where each Mi is a countably generated module 
with a local endomorphism ring, then any other direct sum decomposition of 
M can be refined to a decomposition isomorphic to the decomposition M = 
tBiE1Mi . In particular, any direct summand of M is isomorphic to tBiEJMi for 
a subset J of I. D 

Corollary 2.55 is clearly a strengthened form of the Krull-Schmidt-Remak­
Azumaya Theorem for direct sums of count ably generated modules. It is appar­
ently still an open question whether the hypothesis of being count ably gener­
ated in Corollary 2.55 can be removed, that is, whether every direct summand 
of a direct sum of modules with local endomorphism rings is a direct sum of 
modules with local endomorphism rings. See [Elliger]. 

A ring R is said to be an exchange ring [Warfield 72] if RR has the ex­
change property. For a ring R the right R-module RR has the exchange prop­
erty if and only if the left module RR has the exchange property [Warfield 72, 
Corollary 2]. We shall not need this fact, and its proof will be omitted. 

Theorem 2.56 If R is an exchange ring, then any projective right R-module is 
a direct sum of right ideals generated by idempotents. 
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Proof. A projective R-module N R is isomorphic to a direct summand of a free 
module MR. Now apply Corollary 2.53 to MR and N R. D 

Every local ring is an exchange ring by Theorem 2.8. Hence from The­
orem 2.56 we have that 

Corollary 2.57 Any projective right module over a local r'ing is free. D 

2.11 The Loewy series 

In this section, we introduce Loewy modules, which form a class containing all 
artinian modules. Let M be a module over an arbitrary ring R. Inductively 
define a well-ordered sequence of fully invariant submodules soca(M) of ]1.1 as 
follows: 

soco(M) = 0, 
soca+l(M)/soca,(M) = soc(M/soca(M)) for every ordinal 0:, 

socf3(M) = Ua<f3 soc",(1VI) for every limit ordinal /3. 

The chain 

is called the (ascending) Loewy series of M. The module M is a Loewy module 
if there is an ordinal 0: such that M = sOCa (M), and in this case the least 
ordinal 0: such that M = soca(M) is called the Loewy length of M. Note that 
the Loewy series is always stationary, that is, for every module M there exists 
an ordinal 0: such that socf3(M) = soc",(M) for every /3 ~ 0: (for instance, it is 
sufficient to take any ordinal 0: whose cardinality is greater than the cardinality 
of M). For such an ordinal 0:, set I5(M) = soc",(M). Then I5(M) is the largest 
Loewy submodule of M, and M/I5(M) has zero socle. 

Lemma 2.58 A module M is a Loewy module if and only if every non-zero 
homomorphic image of IvI has a non-zero socle. 

Proof. If M is a Loewy module and N is a proper submodule of M, consider 
the set of all the ordinal numbers 0: such that soc",(.i'\1) <:;; N. It is easily seen 
that this set has a greatest element /3. Then M/N is a homomorphic image of 
M/socf3(M) , and the image of the socle socf3+1(M)/socf3(M) of M/socf3(M) 
in IvI/ N is non-zero. Therefore the socle of M / N is non-zero. 

Conversely, if M is not a Loewy module, then IvI/I5(IvI) is a non-zero 
homomorphic image of M with zero socle. D 
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In particular, since every non-zero artinian module has a non-zero sode, 
every artinian module is Loewy. Every Loewy module is an essential extension 
of its sode. 

Let T be the dass of all Loewy right R-modules and let F be the dass of 
all right R-modules with zero sode. Then (T, F) is a torsion theory, that is, 

(a) Hom(T, F) = 0 for all T E T, FE F. 

(b) If M is a right R-module and Hom(M, F) = 0 for all FE F, then MET. 

(c) If M is a right R-module and Hom(T, M) = 0 for all T E T, then ME F. 

The case of a right noetherian ring R is particularly interesting. If M 
is a Loewy right module over a right noetherian ring R and x EM, then 
xR is a noetherian Loewy module, so that the ascending chain socn(xR), 
n ~ 0, must be stationary and xR = socm(xR) for some m. Since the modules 
sOCn+1 (xR) / sOCn (xR) are semisimple noetherian modules, it follows that xR 
is an R-module of finite composition length. Therefore: 

Proposition 2.59 If M is a Loewy right module over a right noetherian ring, 
then M is the sum of its submodules of finite composition length. In particular, 
M has Loewy length :::; w. 0 

If x is an element in a right module M R, the annihilator 

annR(x) = {a E R I xa = O} 

of x is always a right ideal of R. In particular, if b E R, its right annihila­
tor r .annR (b) = {a E R I ba = O} is a right ideal of R. As a corollary of 
Proposition 2.59 we obtain 

Corollary 2.60 Let R be a right noetherian ring and let 9 = {I I I is a right 
ideal of Rand R/ I is a right R-module of finite length}. Then 

for every R-module MR. 

Proof. Let x be an element of M. Then annR(x) E 9 if and only if xR is a 
right R-module of finite length, that is, if and only if x E socn(MR) for some 
positive integer n, i.e., if and only if x E SOCw(MR) = 8(MR). 0 

Proposition 2.59 can be adapted to commutative rings, as the next lemma 
shows. 

Lemma 2.61 The Loewy length of an artinian module over a commutative ring 
is:::; w. 
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Proof. If SOCo (M) <;;; soc! (M) <;;; SOC2 (M) <;;; ..• <;;; socoJ M) <;;; .•• is the Loewy 
series of an artinian module M, then UnEN socn(J\!I) = M, because if x E M, 
then xR is an artinian module. Hence xR is a module of finite composition 
length, so that xR <;;; socn(M) for some n E N. Therefore M = socw(M) has 
Loewy length::; w. 0 

Uniserial artinian modules of arbitrary Loewy length can be constructed 
over suitable non-commutative rings [Fuchs 70b, Facchini 84]. 

2.12 Artinian right modules over commutative 
or right noetherian rings 

In this section we prove that the Krull-Schmidt Theorem holds for artinian 
right modules over rings which are either right noetherian or commutative. In 
Chapter 8 we shall see that it can fail for artinian modules over arbitrary non­
commutative rings. Note that artinian modules are always finite direct sums of 
artinian indecomposable modules. 

Lemma 2.62 Let MR be a module over an arbitrary ring R and let 

be an ascending chain of fully invariant sub modules of MR. Suppose that each 
Mi has finite composition length and M = Ui2:0 Mi. Then 

(a) If f E End(MR), then M = M' EB Mil, where M' = Un>oker(r) and 

Mil = Ui2:0 (nn2:0 fn(Mi )). Moreover, f restricts to an -automorphism 

of Mil. 

(b) If MR is indecomposable, then End(MR) is a local ring. 

Proof. (a) For every i ?: 0 there is a positive integer ni such that for every 
j ?: ni 

By Lemmas 2.16(a) and 2.17(a) 

so that 



Notes on Chapter 2 71 

Further, f restricted to 

M;' = n r(Mi ) 

n2:0 

is a monomorphism, hence an automorphism of Mi'- Now (a) follows easily. 
(b) If MR is indecomposable, either MR = lv/' or AIR = Mil. Hence for 

every f E End(MR), either MR = Un>O ker(r) or f is an automorphism. This 
shows that if f is a non-invertible e.lement of End(MR), the restriction of f 
to any Mi is nilpotent. Now argue as in the second paragraph of the proof of 
Lemma 2.21 to show that the sum of two non-invertible elements of End(MR) 
is non-invertible. Thus End(MR) is local. D 

In the next proposition we prove that if the base ring R is either right 
noetherian or commutative, then all direct sum decompositions of a module 
that is a direct sum of artinian modules have an isomorphic common refinement. 
Hence the Krull-Schmidt Theorem holds for artinian modules over such rings. 

Proposition 2.63 Let R be a ring which is either right noetherian or commu­
tative and let M = EBiEI Mi be a right R-module which is the direct sum of 
indecomposable artinian modules Mi. Then any direct sum decomposition of 
M refines into a decomposition isomorphic to the decomposition M = EBiEI Mi 
and any direct summand N of M is isomorphic to EBiEJMi for a subset J ~ I. 

Proof. Let A be an artinian right module over a ring R that is either right 
noetherian or commutative. By Proposition 2.59 and Lemma 2.61 the module A 
has Loewy length::; w, so that A = socw(A) = UnEN socn(A). Every socn(A) 
is an artinian module of Loewy length::; n. Since socn+l(A)/socn(A) is a 
semis imp Ie artinian module, every socn(A) is a module of finite composition 
length. By Lemma 2.62 every indecomposable artinian module A has a local 
endomorphism ring and is countably generated. Now apply Corollary 2.55. D 

2.13 Notes on Chapter 2 

The exchange property was introduced by [Crawley and Jonsson]. Actually, 
Crawley and Jonsson's results were proved for a wide class of algebraic struc­
tures, namely for algebras in the sense of Jonsson-Tarski. Injective modules 
[Warfield 69c], quasi-injective modules [Fuchs 69], pure-injective modules [Zim­
mermann-Huisgen and Zimmermann 84], continuous modules (Mohamed and 
Miiller, 1989), projective modules over perfect rings (Yamagata, 1974, and 
Harada-Ishii, 1975), and projective modules over Von Neumann regular rings 
[Stock] have the exchange property. It is not known whether the exchange prop­
erty and the finite exchange property are equivalent for arbitrary modules. By 
Theorem 2.8 they are equivalent for indecomposable modules. 
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A module M is continuous if the following two conditions hold: 

(C1) every submodule of M is essential in a direct summand of Mj 

(C2) if a submodule N of M is isomorphic to a direct summand of M, then N 
is a direct summand of M. 

A module M is quasi-continuous if (C1) holds, and moreover 

(C3) if Nl and N2 are direct summands of M such that Nl n N2 = 0, then 
Nl EB N2 is a direct summand of M. 

Making use of ideas of [Oshiro and Rizvi], [Mohamed and Muller] have re­
cently proved that the exchange property and the finite exchange property are 
equivalent for quasi-continuous modules. Note that there exist indecomposable 
quasi-continuous modules without the finite exchange property, for instance 
the abelian group Z. 

The proofs of Lemma 2.2, Corollary 2.3, Lemmas 2.4 and 2.5 and The­
orems 2.9 and 2.10 are taken from [Crawley and Jonsson]. In the proof of The­
orem 2.8 the implication (b) =} (c) is taken from [Crawley and Jonsson] and 
the remaining implications are due to [Warfield 69a, Proposition 1]. 

The history of the Krull-Schmidt-Remak-Azumaya Theorem begins with 
two papers of [Krull 25] and [Schmidt]. The present form of the theorem ap­
peared for the first time in [Azumaya 50]. In that paper Azumaya proved the 
uniqueness of decomposition for infinite direct sums of modules with local endo­
morphism rings. In this book, the general result (Theorem 2.12) is referred to as 
the "Krull-Schmidt-Remak-Azumaya Theorem", whereas the "Krull-Schmidt 
Theorem" is the "classical" Krull-Schmidt Theorem, that is, the result con­
cerning modules of finite length (Corollary 2.23). Krull himself used to term 
"Isomorphiesatz der direkte Zerlegung" (Isomorphism theorem of direct de­
composition) for what we call the Krull-Schmidt Theorem. In [Krull 32] (last 
paragraph of the paper), Krull asked whether the "Isomorphiesatz der direkte 
Zerlegung" is independent of the descending chain condition, i.e., whether 
the Krull-Schmidt Theorem holds for artinian modules (cf. [Levy, p. 660]). 
The answer to this question appeared in [Facchini, Herbera, Levy and Vamos] 
and is the main topic of Section 8.2. The proofs of Lemma 2.11 and the 
Krull-Schmidt-Remak-Azumaya Theorem we have given here are taken from 
[Crawley and Jonsson]. 

Lemmas 2.20 and 2.21 are due to [Fitting, Satz 8], and Corollary 2.27 is 
due to [Zimmermann and Zimmermann-Huisgen 78, Theorem 9]. The proof of 
Proposition 2.28 is based on an argument of [Eisenbud and Griffith, Proof of 
Proposition 1.1]. 

The Goldie dimension for modules and rings was introduced by [Goldie 
60], who called it "dimension". The Goldie dimension of a module is also called 
the uniform dimension, or the uniform rank, or simply the rank of the module. 
Concepts such as having finite Goldie dimension or uniform submodules and 
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their basic properties go back to [Goldie 58,60]. Goldie dimension for arbitrary 
modular lattices was introduced by [Grzeszczuk and Puczylowski]. For the proof 
of Lemma 2.30 and Proposition 2.31 we have followed [Nastasescu and Van 
Oystaeyen]. The rest of the material in Section 2.6 is taken from [Grzeszczuk 
and Puczylowski]. 

The notion of dual Goldie dimension is due to [Varadarajan], who used 
the term corank for what we call dual Goldie dimension of a module. There 
are a number of different ways that one could attempt to dualize the notion 
of Goldie dimension; for instance, [Fleury] considers the spanning dimension of 
a module, a possible different dualization of the Goldie dimension. The span­
ning dimension of a module M is defined as the least integer k such that 
M is a sum Nl + ... + Nk (not necessarily direct) of k couniform submod­
ules Ni of M. In our presentation of dual Goldie dimension we have followed 
[Grzeszczuk and Puczylowski]. 

Proposition 2.45 is essentially taken from [Fuchs and Salce, Lemma 24]. 
Theorem 2.51, Corollary 2.55, the definition of exchange ring and The­

orem 2.56 are due to [Warfield 69c, 69a, 72]. He also proved that a right mod­
ule MR has the finite exchange property if and only if its endomorphism ring 
End(MR) is an exchange ring [Warfield 72, Theorem 2]. From Lemma 2.4 it fol­
lows immediately that if e is an idempotent in a ring R, then R is an exchange 
ring if and only if eRe and (1- e )R(l- e) are exchange rings. There are further 
characterizations of exchange rings. For instance, [Monk] proved that a ring R 
is an exchange ring if and only if for every a E R there exist b, c E R such that 
bab = band c(1- a)(l - ba) = 1 - ba. Goodearl ([Goodearl and Warfield 76, 
p. 167]) and [Nicholson] independently proved that a ring R is an exchange 
ring if and only if for every x E R there exists an idempotent e E R such that 
e E xR and 1 - e E (1 - x)R. This characterization has allowed the notion of 
exchange ring to be extended to rings without unit [Ara 97]. [Nicholson] also 
proved that R is an exchange ring if and only if R/ J(R) is an exchange ring 
and idempotents lift modulo J(R). 

Corollary 2.57 is a famous result of [Kaplansky 58, Theorem 2]. 
Loewy started using Loewy series in 1905 in the study of representations 

of matrix groups. Later, in 1926, Krull defined the term "Loewy series" and 
in [Krull 28] he observed that transfinite Loewy series could be defined. The 
results in Section 2.12 (i.e., that the Krull-Schmidt Theorem holds for artinian 
modules over rings which are either right noetherian or commutative) are due 
to [Warfield 69a]. The most important case of artinian module over a com­
mutative noetherian ring was discovered by [Matlis]. He proved that if R is a 
noetherian commutative ring, S is a simple R-module and E(S) is the injective 
envelope of S, then E(S) is an artinian R-module whose endomorphism ring is 
a local noetherian complete commutative ring [Matlis, Theorems 3.7 and 4.2]. 
Conversely, if MR is an artinian module with simple socle over a commutative 
ring R, then E = End(MR) is a local noetherian complete commutative ring 
and EM is the injective envelope of the unique simple E-module [Facchini 81, 
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Theorem 2.8]. The following results hold for Loewy modules over commutative 
rings. Let M be a Loewy module over a commutative ring R. For each ordinal 
a the a-th Loewy factor of M is the semisimple module soco+I(M)/soco(M), 
and the composition length of soco+l (M)/soco (M) is the a-th Loewy invariant 
of M, denoted by do (M). The support of M is the set of all maximal ideals P 
of R such that (0 :M P) =1= O. If R is a commutative ring and M is a Loewy 
R-module with finite support {PI ,P2 , ... ,Pn}, then M = EB~IMi' where for 
each i = 1,2, ... , n, Mi is a Loewy module whose Loewy factors are all direct 
sums of copies of R/ Pi. If M is a Loewy module over a commutative ring, a 
is an ordinal and r is a positive integer such that both do(M) and do+r(M) 
are finite, then d{3(M) is finite for every f3 > a + rand M = soco+w(M) 
[Shores, Theorem 4.2]. From this result we again obtain that every artinian 
module over a commutative ring has Loewy length ~ w. A module M over a 
commutative ring R is artinian if and only if it is a Loewy module with finite 
Loewy invariants [Facchini 81, Theorem 2.7]. Let M be an artinian module 

over a commutative ring such that dl(M) ~ n. Then dr(M) ~ ( n + ~ - 1 ) 

for every r ~ 1 ([Shores, Theorem 4.4] and [Facchini 81, Theorem 3.1]). Now 
let t be an indeterminate over the ring Z of integers. If M is an artinian mod­
ule over a commutative ring, define P(M, t) = 2::::"=0 dn(M)tn E Z[[t]]. Then 
P(M, t) is a rational function in t of the form f(t)/(1 - W, where f(t) E Z[t] 
and s = do(M)dl (M). If d is the order of the pole of P(M, t) at t = 1, then, 
for all sufficiently large n, dn(M) and the composition length l(socn(M)) of 
socn(M) are polynomials in n with rational coefficients of degree d - 1 and d 
respectively [Facchini 81, Theorem 3.2]. 

A ring R is right semiartinian if RR is a Loewy module. If R is right 
semiartinian, every right R-module is a Loewy module. Right semiartinian 
rings are exchange rings [Baccella]. 
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Semiperfect Rings 

3.1 Projective covers and lifting idempotents 

A projective cover of a module MR is an epimorphism cp: PR -+ MR from a 
projective module PR onto MR whose kernel ker cp is a superfluous submodule 
of PR. 

The notion of projective cover is dual to that of injective hull. Although 
each module has an injective hull, projective covers seldom exist. For instance, 
let R be a ring with J(R) = O. Then rad(F) = 0 for every free R-module F, so 
that rad(P) = 0 for every projective R-module P. Since the radical is the sum 
of the superfluous submodules, every projective R-module does not contain 
non-zero superfluous submodules. Hence an R-module has a projective cover if 
and only if it is projective. Thus a Z-module, that is, an abelian group, has a 
projective cover if and only if it is free. 

Proposition 3.1 Let cp: PR -+ MR be a projective cover of a module MR and let 
'¢: QR -+ MR be an epimorphism with QR projective. Then 

(a) There is a direct sum decomposition Q = Q' EEl Q" of Q with Q' ~ P, 
'¢IQ,:Q' -+ MR a projective cover, and '¢IQ":Q" -+ MR the zero homo­
morphism. 

(b) If '¢: QR -+ MR is a projective cover, then there exists an isomorphism 
f: QR -+ PR such that cp 0 f = '¢. 

Proof. Since Q is a projective module and cp: P -+ M is surjective, there is a 
mapping f: Q -+ P such that cpo f = '¢. But '¢ is surjective, so that cp(f(Q)) = 
'¢(Q) = M. It follows that f(Q) + kercp = P. Now kercp is superfluous in P, 
and therefore f(Q) = P. This shows that f: Q -+ P is surjective. Since P 
is projective, ker f is a direct summand of Q, that is, there is a direct sum 
decomposition Q = Q' EEl ker(f) and flQ': Q' -+ P an isomorphism. Using the 
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fact that rp: PR ----+ MR is a projective cover and flQ< Q' ----+ P is an isomorphism, 
it is obvious that 'ljJIQ' = rp 0 flQ': Q' ----+ MR is a projective cover. Finally 
'ljJ(ker f) = rp(J(ker f)) = O. This proves (a). 

Now suppose that 'ljJ is a projective cover. Then ker( 'ljJ) is superfluous in Q. 
Since Q = Q' + ker(J) ~ Q' + ker( 'ljJ), we have that Q' = Q. Therefore f: Q ----+ P 
is the required isomorphism. D 

The proof of the next proposition is left to the reader. 

Proposition 3.2 If rpi: Pi ----+ Mi is the projective cover of an R-module Mi for 
every i = 1,2, ... ,n, then rpl ED ... ED rpn: PI ED ... ED Pn ----+ Ml ED ... ED Mn is a 
projective cover of Ml ED··· ED Mn. D 

We shall apply the previous proposition to the study of the direct sum­
mands of RR, that is, to the right ideals eR, e an idempotent. If e E R is 
an idempotent and J(R) is the Jacobson radical of R, the canonical projec­
tion 7f: eR ----+ eRjeJ(R) is a projective cover, because by Nakayama's Lemma 
(Corollary 1.4) the right ideal eJ(R) is a superfluous submodule of eR. 

Proposition 3.3 Let e and f be two idempotents in a ring R and let J(R) be 
the Jacobson radical of R. Then 

(a) The right R-modules eR and f R are isomorphic if and only if the the left 
R-modules Re and Rf are isomorphic. 

(b) The right R-modules eR and f R are isomorphic if and only if the the 
right R-modules eRjeJ(R) and f Rj f J(R) are isomorphic. 

Proof. (a) If the right R-modules eR and f R are isomorphic, their duals 
HomR(eR, RR) and HomR(JR, RR) are isomorphic left R-modules. 
But HomR(eR,RR) ~ Re and HomR(JR,RR) ~ Rf. 

(b) It is clear that every isomorphism eR ----+ f R induces an isomorph­
ism eRjeJ(R) ----+ fRjfJ(R). Conversely, if a:eRjeJ(R) ----+ fRjJJ(R) is an 
isomorphism and 7fl: eR ----+ eRj eJ (R), 7f2: f R ----+ f Rj f J (R) are the canoni­
cal projections, then a 0 7fl:eR ----+ fRjfJ(R) and 7f2:fR ----+ fRjfJ(R) are 
two projective covers of f Rj f J(R). Proposition 3.1(b) yields an isomorphism 
~~~ D 

Let I be an ideal in a ring R. We say that idempotents can be lifted 
modulo I if for every idempotent e E Rj I there is an idempotent fER such 
that e = f + I. Herstein proved that if I is a nil ideal then idempotents can 
be lifted modulo I. For a proof of this result and the following proposition 
see [Anderson and Fuller, §27]. 

Proposition 3.4 Let I ~ J(R) be an ideal of a ring R. Assume idempotents can 
be lifted modulo I. If {el, ... ,en } is a set of orthogonal idempotents of RjI, 
then there exists a set {h, ... , fn} of orthogonal idempotents of R such that 
ei = fi + I for every i. D 
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As an application of lifting idempotents we present the following theorem 
due to [Warfield 72, Theorem 3]. 

Theorem 3.5 Let J(R) be the Jacobson radical of a ring R. Suppose that 
Rj J(R) is von Neumann regular and idempotents can be lifted modulo J(R). 
Then R is an exchange ring. 

Proof. Since RR is finitely generated, it suffices to prove that RR has the 
finite exchange property. By Lemma 2.5 it is enough to show that RR has the 
2-exchange property. Suppose that G = FEB N = A EB B, where F ~ RR. Fix 
an isomorphism F --+ RR, and let 9 be the generator of F corresponding to the 
generator 1 of RR. Let 7rF: G --+ F and LF: F --+ G be the projection and the 
inclusion relative to the decomposition G = F EB N, and let 

be the orthogonal idempotent endomorphisms of G R relative to the decomposi­
tion G = A EB B, so that CA + CB = Ie, cAG = A and cBG = B. Identify R 
and End(FR) and use the same symbol t for an element t E R and the endo­
morphism of F given by gx f---+ gtx. Since 7rFcALF E End(FR) ~ R, there exists 
a E R such that 7rFcALF = a, that is, 7rFcALF(gX) = gax for every x E R. 
Then 7rFCBLF(gX) = 7rF(1e - cA)LF(gX) = gx - gax = g(1 - a)x for every 
x E R, i.e., 7rFcBLF = 1 - a. Let R denote RjJ(R), and for every x E R let 
x denote x + J(R). As R is von Neumann regular, the principal left ideal Ra 
of R is a direct summand of R [Anderson and Fuller, p. 175]. But idempotents 
can be lifted modulo J(R), hence there exists an idempotent e E R such that 
Ra = Re. In particular, there exists r E Rand j E J(R) such that e = ra + j. 

Since j E J(R), the element 1 - eje = 1 - e + erae is invertible in R. Let 
u be its inverse and w = euer, so that e = eu(1 - e + erae)e = euerae = wae 
and ew = w. Now Ra = Re, so that right multiplication by e is the identity on 
Ra, in particular ae = a, hence e = wa. Then 

(1 - a)(1 - e) = (1- a) - e + ae = 1 - a - e + a = 1 - e, 

so that 
(1 - e)(1 - a)(1 - e) + e = l. 

Thus (1- e)(I- a)(1 - e) + e is invertible in R. Let v E R be its inverse. Then 
l-e = (l-e)v((I-e)(I-a)(I-e)+e)(I-e) = (l-e)v(l-e)(1-a)(I-e). An 
elementary direct calculation shows that 1 + (1- e) - (1- e)v(l- e)(I- a) is a 
two-sided inverse of e + (1- e)v(l- e)(I- a), so that e + (1- e)v(l- e)(I- a) 
is invertible in R. Therefore 

e + (1 - e)v(1 - e)(1 - a) = wa + (1 - e)v(1 - e)(1 - a) 

is invertible in R, from which we deduce that wa + (1 - e)v(1 - e)(1 - a) is 
invertible in R. 



78 3 Semiperfect Rings 

Define two endomorphisms 

of GR. Then 17 is an idempotent endomorphism of G R because 

172 = CA~FW7rFcA~FW7rFcA = CALFWaW7rFcA 
= cA~FWaeW7rFcA = CA~FW7rFcA = 17. 

Similarly, T is idempotent. 
Note that I7(G) ~ A, so that A = I7(G) EB A' where A' = An kerl7 

(Lemma 2.1). Similarly, B = T(G) EB B' where B' = B n kerT, hence 

G = I7(G) EB T(G) EB A' EB B', 

and with respect to this decomposition it is easily seen that the canonical 
projection 7r2: G ----+ 17( G) EB T( G) is defined by 7r2 (g) = u(g) + T(g) for every g E 
G. In order to conclude the proof it is sufficient to show that G = FEB A' EB B', 
and for this it suffices to prove that 7r2~F: F ----+ u( G) EB T( G) is an isomorphism 
(Lemma 2.6). 

Then 

Let f: u(G) EB T(G) ----+ F be the homomorphism defined by 

f = (W7rFI7 + (1 - e)v(l - e)7rFT) la(G)EBr(G). 

f7r2~F = W7rFI7~F + (1- e)v(l - e)7rFTLF 
= W7rFCA~FW7rFCA~F 

+ (1 - e)v(l - e)7rFcB~F(l - e)v(l - e)7rFcB~F 
= wawa + (1 - e)v(l - e)(1- a)(l - e)v(1- e)(l - a) 
= wa + (1 - e)v(l - e)(l - a), 

which is invertible in R as we have already seen. Thus f7r2~F is an automorph­
ism of F. In particular f: 17( G) EB T( G) ----+ F is surjective. 

We shall now show that f is injective. Let g, g' E G be such that 

f(l7(g) + T(g')) = O. 

Then l7(g) = cA~FW7rFcA(g) = cA(X) for x = W7rFcA(g) E F. Hence x = ex. 
Similarly, T(g') = cB(X') for some x' = (1 - e)x' E F. Then 

0= f(l7(g) + T(g')) 
= (W7rFI7 + (1- e)v(l- e)7rFT) la(G)EBr(G) (l7(g) + T(g')) 
= W7rFI7(g) + (1 - e)v(l - e)7rFT(g') 
= W7rFcA(X) + (1 - e)v(l - e)7rFcB(X') 

= W7rFcA~F(X) + (1 - e)v(l - e)7rFcB~F(X') 
= wax + (1 - e)v(l - e)(l - a)x' 
= waex + (1 - e)v(l - e)(l - a)(l - e)x' = ex + (1 - e)x', 
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so that x = ex = 0 and x' = (1 - e)x' = O. Thus u(g) = EA(X) = 0 and 
T(g') = cB(X') = O. This proves that f is injective. 

Since f and f7f2[P are isomorphisms, it follows that 7f2LF is an isomorph-
ism, which concludes the proof. D 

In particular, every von Neumann regular ring is an exchange ring. 
If R is a ring satisfying the hypotheses of Theorem 3.5, then any projec­

tive right R-module is a direct sum of right ideals generated by idempotents 
(Theorem 2.56). As a special case, we get that every projective right module 
over a von Neumann regular ring is a direct sum of principal right ideals. 

3.2 Semiperfect rings 

The aim of this section is to introduce the class of semi perfect rings. We prove 
the following theorem. 

Theorem 3.6 Let R be a ring. The following conditions are equivalent: 

(a) The ring R is semilocal and idempotents can be lifted modulo J(R). 

(b) The right R-module RR is a direct sum of local modules. 

(c) The ring R has a complete set {el' ... ,en} of orthogonal idempotents for 
which every eiRei is a local ring. 

(d) Every simple right R-module has a projective cover. 

( e) Every finitely generated right R-module has a projective cover. 

Proof. (a) =? (b). Let R be a semilocal ring such that idempotents can be lifted 
modulo J(R). Since R/ J(R) is a semisimple ring, there exists a complete set 
{iI, ... ,fn} of primitive orthogonal idempotents of R/ J(R). By Proposition 3.4 
there exists a set {el,"" en} of orthogonal idempotents of R such that Ii = 
ei+J(R) for every i. Then el + .. ·+en +J(R) = l+J(R) and el + .. ·+en is an 
idempotent of R, so that 1- el - ... - en is an idempotent of R that belongs to 
the Jacobson radical J(R). Since the Jacobson radical never contains non-zero 
idempotents, it follows that el + ... + en = 1. Hence {el,"" en} is a complete 
set of orthogonal idempotents in R, i.e., 

The canonical projection eiR ---+ fi(R/ J(R)) is an epimorphism of the pro­
jective cyclic module eiR onto the simple module fi(R/ J) and its kernel is 
eiR n J(R) = eiJ(R) = rad(eiR). Therefore rad(eiR) is a maximal submodule 
of eiR. Hence rad(eiR) is the greatest proper submodule of eiR and eiR is 
local. 
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(b) =} (c). This follows at once from Proposition 1.11. 
(c) =} (d). Suppose that R has a complete set {el,' .. , en} of orthogonal 

idempotents such that each eiRei is a local ring. By Proposition 1.11 each eiR 
is a local module, so that every proper submodule of eiR is superfluous. If 
MR is a simple module, then there is an epimorphism RR = EBi=l eiR ----+ MR. 
Hence there exists an index j = 1,2, ... , n and a non-zero homomorphism 
'P: ejR ----+ MR· Thus ker'P is superfluous in ejR, and 'P is surjective because 
MR is simple. This shows that 'P is a projective cover of MR. 

(d) =} (e). Let MR be a finitely generated R-module. Let S be a set ofrep­
resentatives of all simple right R-modules up to isomorphism. For each S E S 
let 'Ps: Ps ----+ S be a projective cover of S. Then ker 'Ps is a small maximal sub­
module of Ps , hence each Ps is a local projective module. Set P = EBSESPS. Let 
TrM(P) be the trace of Pin M, that is, TrM(P) = I:jEHomR(p,M) f(P). Then 
TrM(P) = M, because if TrM(P) =f. M, there is a maximal submodule N ofthe 
finitely generated module M containing TrM(P)' Since M/N is simple, there is 
an epimorphism P ----+ M/N. But P is projective, and so there is a homomorph­
ism P ----+ M whose image is not contained in N. This contradiction proves 
that TrM(P) = M. Since M is finitely generated, there are a finite number 
PI, ... , Pn oflocal projective modules and an epimorphism PI EB ... EB Pn ----+ M. 
This induces an epimorphism PI/PIJ(R)EB" 'EBPn/ PnJ(R) ----+ M/M J(R). For 
a local projective module Pi the maximal submodule is rad(Pi ) = PiJ(R), so 
that Pi! PiJ(R) is a simple module. Therefore PI/ PI J(R)EB' . 'EBPn/ PnJ(R) is a 
semisimple module of finite length, and therefore there exists a finite subfamily 
of PI"'" Pn (without loss of generality we may suppose that it is PI"'" Pm 
with m ~ n) and a homomorphism 'lj;: PI EB ... EB Pm ----+ M that induces an 
isomorphism PI/PIJ(R) EB··· EB Pm/PmJ(R) ----+ M/MJ(R). By Nakayama's 
Lemma 1.4 the homomorphism 'lj; is surjective. The kernel of'lj; is contained in 
PIJ(R) EB· .. EB PmJ(R) = (PI EB ... EB Pm)J(R), and therefore it is superfluous 
again by Nakayama's Lemma. Therefore'lj; is a projective cover of M. 

(e) =} (a). Let e be an idempotent of R/ J (R). Then the cyclic right R­
modules e(R/ J(R)) and (1 - e)(RjJ(R)) have projective covers 

'PI: PI ----+ e(R/ J(R)) and 'P2: P2 ----+ (1 - e)(R/ J(R)). 

By Proposition 3.2 the homomorphism 

'PI EB 'P2: PI EB P2 ----+ e(R/ J(R)) EB (1 - e)(R/ J(R)) 

is a projective cover. Since J(R) is superfluous in RR, the canonical projection 
1r:RR ----+ R/J(R) is also a projective cover. By Proposition 3.1(b) there is an 
idempotent fER such that 

1r(fR) = e(RjJ(R)) and 1r((1- J)R) = (1- e)(R/J(R)). 

Then 
(f + J(R))(R/J(R)) = e(RjJ(R)) 
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and 
(1 - f + J(R))(RjJ(R)) = (1 - e)(RjJ(R)), 

from which f + J(R) = e. This shows that idempotents can be lifted mod­
ulo J(R). 

In order to prove that R is semilocal, we must show that every submodule 
1/ J(R) of R/ J(R) is a direct summand, where I is an arbitrary right ideal of 
R containing J(R). Since the cyclic module R/ I has a projective cover, if 

1r: R -+ R/I 

is the canonical projection, then there is a direct sum decomposition 

RR = eR EEl (1 - e)R 

such that 1rleR: eR -+ R/ I is a projective cover (Proposition 3.1), where e is an 
idempotent element of R. Let us prove that ker(1rl eR) = eJ(R). One the one 
hand, 1rleR(eJ(R)) = eJ(R) + 1/1 = 0 because I ~ J(R). On the other hand, 
ker(1rl e R) is a superfluous submodule of eR, so that 

ker(1rl e R) <;; rad(eR) = eJ(R). 

Thus ker(1rl eR) = eJ(R) and R/I ~ eR/eJ(R) ~ (e + J(R))(R/J(R)) is 
a projective R/ J(R)-module. Therefore the kernel 1/ J(R) of the canonical 
epimorphism R/J(R) -+ R/I is a direct summand of R/J(R). 0 

Note that conditions (a) and (c) of Theorem 3.6 are left-right symmetric, 
so that "right" can be replaced by "left" everywhere in the conditions of the 
statement of the theorem. 

A ring R is a right perfect ring if every right R-module has a projective 
cover. A ring R is semiperfect if every finitely generated right (or left) R­
module has a projective cover, that is, if it satisfies the equivalent conditions 
of Theorem 3.6. For example, local rings, right artinian rings and right serial 
rings are semiperfect. Semiperfect rings are exchange rings by Theorem 3.5. 

Example 3.7 If R is a semiperfect ring, then Mn (R) is a semiperfect ring for 
every n. 

This follows immediately from condition (c) in Theorem 3.6. o 

Example 3.8 Let Db' .. ,Dn be division rings and let Vij be a Di-Dj-bimodule 
for every i,j = 1, ... , n, i #- j. Let R be the ring of n x n matrices 
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where Vij Vjk = 0 for every i =I- j and j =I- k. Then R is a semiperfect ring by 
Theorem 3.6(c). Note that 

J(R) = ( ~, 
Vnl 

so that J(R)2 = O. D 

3.3 Modules over semiperfect rings 

Let R be a semiperfect ring. The ring R has a complete set {el,"" en} of 
orthogonal idempotents such that each eiRei is a local ring. Equivalently, the 
projective right R-modules eiR are local (Proposition 1.11). Therefore their 
maximal submodule is their radical rad(eiR) = eiJ(R), the module eiRjeiJ(R) 
is simple for every i, and 

Given an arbitrary simple R-module SR, SR is a simple Rj J(R)-module in 
a natural way, so that there exists an index i such that SR ~ eiRjeiJ(R) 
(Proposition 2.15). Hence every simple right R-module is isomorphic to one of 
the form eiRjeiJ(R). In the paragraph before Proposition 3.3 we have already 
remarked that the canonical projection 7r: eiR ---- eiRjeiJ(R) is the projective 
cover of eiRjeiJ(R). This notation will be used in the proof of the following 
proposition. 

Proposition 3.9 Let 'P: PR ---- MR be a projective cover of a finitely gener­
ated module MR over a semiperfect ring R. Then 'P induces an isomorphism 
PjPJ(R) ---- MjMJ(R). 

Proof. By Lemma 1.14 the module MjMJ(R) is a semisimple R-module 
of finite length, that is, it is isomorphic to a finite direct sum of modules 
eiRjeJ(R). Let P~ be the finite direct sum of the corresponding modules 
eiR. Since P~ is projective, the isomorphism (f;ieiRj eJ(R) ---- M j M J(R) is 
induced by a homomorphism 'P: P~ ---- M. The projective cover is uniquely 
determined up to isomorphism (Proposition 3.1(b)), so the proposition will be 
proved if we show that 'P: P~ ---- M is a projective cover. Since 'P induces an 
isomorphism P~jPIJ(R) ---- MjMJ(R) , it follows that ker'P ~ PIJ(R) and 
'P(PI) + M J(R) = M. But pI J(R) is superfluous in pI, so that ker'P is super­
fluous in P'. And 'P(PI) + MJ(R) = M implies 'P(PI) = M by Nakayama's 
Lemma, and therefore 'P is a surjective mapping. This proves that 'P: P~ ---- M 
is a projective cover. D 
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If R is a semiperfect ring, a module MR is said to be primitive if there is 
a primitive idempotent e E R such that MR ~ eR. A set {el, ... , em} of idem­
potents of R is basic in case the ei are pairwise orthogonal and elR, . .. ,emR 
is a set of representatives of the primitive right R-modules up to isomorph­
ism. Note that a set {el' ... , em} of idempotents of R is a basic set of primitive 
idempotents of R if and only if { el + J (R), ... , em + J (R)} is a basic set of prim­
itive idempotents of Rj J(R), if and only if {eIRjeIJ(R), ... , emRjemJ(R)} is 
a set of representatives of the simple right R-modules up to isomorphism. In 
particular, every semi perfect ring has a basic set of primitive idempotents. 

Theorem 3.10 Let {ell ... , em} be a basic set of primitive idempotents of a 
semiperfect ring R. Then 

(a) {eIR, ... , emR} is a set of representatives of the indecomposable projec­
tive right R-modules up to isomorphism. 

(b) For every projective R-module PR there exist sets AI' ... ' Am, uniquely 
determined up to cardinality, such that PR ~ eIR(A1 ) EEl ••• EEl emR(Arn). 

Proof. The semiperfect ring R has a complete set of orthogonal idempotents 
{It, ... , fn} for which every fiRfi is a local ring (Theorem 3.6). The right 
ideals fiR are primitive. Hence for every fi there exists an ej with fiR ~ 
ejR. Thus RR is isomorphic to the direct sum of a family of principal right 
ideals ejR, each of which has a local endomorphism ring isomorphic to ejRej. 
The same property holds for any free right R-module. Thus (b) follows from 
Corollary 2.55 and the Krull-Schmidt-Remak-Azumaya Theorem 2.12. Finally, 
( a) follows immediately from (b). 0 

Example 3.11 Let R be a right serial ring. A right R-module is·an indecompos­
able projective R-module if and only if it is primitive, and all such modules are 
uniserial. 0 

In this example we have given a description of all indecomposable pro­
jective right modules over a particular ring, in this case a right serial ring. 
Whenever we have a description of the finitely generated projective right mod­
ules or any result about the finitely generated projective right modules over a 
ring, it is possible to obtain a dual result about the finitely generated projective 
left modules over that ring. The technique is the following one. 

Given a ring S, let Mod-S denote the category of all right S-modules, 
proj-S the full subcategory of Mod-S whose objects are all finitely generated 
projective right S-modules, S-Mod the category of all left S-modules, and 
S-proj the full subcategory of S-Mod whose objects are all finitely generated 
projective left S-modules. 
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Proposition 3.12 The contravariant functors 

Horns ( -, S): Mod-S ~ S-Mod and Horns ( -, S): S-Mod ~ Mod-S 

induce a duality between the full subcategory proj-S of Mod-S and the full 
subcategory S-proj of S-Mod. Hence the category S-proj is equivalent to the 
the opposite category of proj-S. 0 

The proof of the proposition follows immediately from the fact that the 
functors Homs( -, S) are additive, hence they preserve finite direct sums. Note 
that if e E S is idempotent, the object eS of proj-S corresponds to the the 
object Se of S-proj. 

For instance, if S is a ring such that every finitely generated projective 
right S-module is free, then every finitely generated projective left S-module 
also is free. From 3.11 it follows that if R is a right serial ring, a finitely 
generated left R-module is an indecomposable projective R-module if and only 
if it is primitive, and every finitely generated projective left R-module is a 
direct sum of primitive left R-modules. 

Example 3.13 An arlinian right serial ring that is not left serial. 

Let F, K be fields, where K is an extension of F, and consider the ring 

Then ell, e22 is a complete set of orthogonal primitive idempotents of R, so 
that RR = ellR EEl e22R. It is easy to check that the unique proper non-zero 
submodule of 

is 

so that ellR is a uniserial module of composition length 2. The module 

is simple. Hence R is a right artinian right serial ring. 
If K = F, then R is the ring of 2 x 2 upper triangular matrices over F, 

so that R is a serial ring (Example 1.21). 
Suppose K ~ F. If R is left serial, then the primitive projective left R­

module 
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must be serial by the left-right dual of 3.11. But if A is any vector subspace of 
the F-vector space K, it is easily seen that 

is a left ideal of R, so that Re22 is not uniserial. This proves that R is not left 
serial whenever K :J F. 

Finally, suppose that K is a proper extension of finite degree of F. Then 
R is a finite dimensional F-algebra, hence R is artinian. Thus R is the required 
example in this case. 

Note that if K is an extension of F of infinite degree, then Re22 is a left 
ideal of R of infinite Goldie dimension. 0 

There are two main reasons why we have introduced the class of semiper­
fect rings. On the one hand this class of rings contains the class of right (or left) 
serial rings and is contained in the class of semilocal rings. On the other hand 
semi perfect rings are exactly the endomorphism rings of the modules that are 
finite direct sums of modules with local endomorphism rings, as the following 
proposition shows. 

Proposition 3.14 Let MR be a module and let E = End(MR) be its endomorph­
ism ring. The following conditions are equivalent: 

(a) MR is a finite direct sum of R-modules with local endomorphism rings. 

(b) E E is a finite direct sum of E -modules with local endomorphism rings. 

( c) E is semiperfect. 

Proof. (a) {o} (c) A module MR is a finite direct sum of R-modules with local 
endomorphism rings if and only if there exists a complete set {el,"" en} of 
orthogonal idempotents in E = End(MR) with eiEei a local ring for every 
i = 1, ... ,n. This is one of the equivalent conditions of Theorem 3.6. 

(b) {o} (c) is exactly (a) {o} (c) applied to the module MR = EE. 0 

We conclude this section showing that a finitely generated module IvI over 
a semiperfect ring R decomposes uniquely as the direct sum of a projective part 
and a submodule with no non-zero projective direct summands. In the proof 
we shall use an invariant of such a module IvI. We have already remarked that 
if M is a finitely generated module over a semilocal ring R, then M/MJ(R) 
is a semis imp Ie module of finite length (Lemma 1.14). Define Gen(M) to be 
the composition length of M/MJ(R), that is, the number of summands in a 
decomposition of M / M J(R) as a direct sum of simple modules. 

Theorem 3.15 Let M be a finitely generated module over a semiperfect ring R. 
Then M = NEB P, where P is projective and N has no non-zero projective 
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summands. This decomposition is unique up to isomorphism, in the sense that 
if M = N' EEl P' is another decomposition with P' projective and N' without 
non-zero projective summands, then N ~ N' and P ~ P'. 

Proof. We use induction on Gen(M), the case Gen(M) = 0 being trivial. Sup­
pose Gen(M) > O. Let {el, ... ,en} be a complete set of orthogonal idempotents 
of R such that each eiRei is a local ring (Theorem 3.6). If M has no non-zero 
projective summands, there is nothing to prove. If M has a non-zero projective 
summand, then M has a decomposition M = M' EEl Q with Q ~ eiR for some 
i = 1,2, ... , n (Theorem 3.1O(b)). Since Gen(M') < Gen(M), the induction 
hypothesis applied to M', yields M' = N EEl P1 , where P1 is projective and N 
has no non-zero projective summands. Then 

is a decomposition of M of the required type. Let M = N' EEl P' be another de­
composition with P' projective and N' without non-zero projective summands. 
Since End(QR) ~ eiRei is a local ring, we can apply Lemma 2.7 to the two de­
compositions M = N EEl P1 EEl Q = N' EEl P' The module Q cannot be isomorphic 
to a direct summand of N', so that P' = D EEl E, Q ~ E and N EEl P1 ~ N' EEl D. 
By the induction hypothesis applied to M' = N EEl P1 it follows that N ~ N' 
and P1 ~ D. Then P1 EEl Q ~ D EEl E = P'. 0 

3.4 Finitely presented and Fitting modules 

The classical Krull-Schmidt Theorem (Corollary 2.23) says that every module 
of finite length is the direct sum of a finite number of indecomposable modules 
in an essentially unique way. We proved this result in two steps: firstly, we 
showed that every module of finite length is a Fitting module (Lemma 2.20); 
secondly, we proved that the endomorphism ring of an indecomposable Fitting 
module is a local ring (Lemma 2.21), so that it is possible to apply the Krull­
Schmidt-Remak-Azumaya Theorem 2.12. 

If we look for an analogous result for finitely presented modules, it is 
natural to try to follow the same idea and ask over which rings every finitely 
presented module is a Fitting module and is a direct sum of indecomposable 
modules. These rings will be characterized in Theorem 3.22. For the charac­
terization we need the notion of strongly 7r-regular ring, which we introduce in 
the first part of this section. 

Theorem 3.16 The following conditions on a ring R are equivalent: 

(a) R satisfies the d.c.c. on chains of the form rR :;2 r2 R :;2 r3 R :;2 •.. , that 
is, for every r E R there exist n 2: 1 and s E R such that rn = rn+1 s; 
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(b) R satisfies the d. c. c. on chains of the form Rr 2 Rr2 2 R r3 2 ... , that 
is, for every r E R there exist m ~ 1 and u E R such that rm = urm+1 . 

Proof. It suffices to show that (a) implies (b). Suppose that (a) holds. If r E R, 
there exists n ~ 1 and s E R such that rn = rn+1 s. Hence 

(3.1) 

for every i ~ 1. Since the chain sR 2 S2 R 2 s3 R 2 ... is stationary, there 
exists m ~ n such that sm R = sm+1 R, i.e., sm = sm+lt for some t E R. Then 
sm = sm+jtj for every j ~ 1. In particular, if b = sm and c = tm, then b = b2c. 
From (3.1) we get that rn = rn+mb, and multiplying this by rm- n on the left 
we obtain rm = r2mb. Set a = rm, so that a = a2b. Applying (a) again, there 
exists k ~ 1 and dE R such that (c - a)k = (c - a)k+1d. 

Now 

ac = a2bc = a3b2c = a3b = a2 and abc = (a2b)bc =a2b = a, (3.2) 

so that 
(c - a)2 = c2 - ca - ac + a2 = c2 - ca = c(c - a). (3.3) 

From (3.2) and (3.3) we obtain 

ab(c - a)2 = abc(c - a) = a(c - a) = ac - a2 = O. (3.4) 

From (3.3) we have 

b2(c - a)2 = b2c(c - a) = b(c - a), (3.5) 

from which bk(c - a)k = b(c - a). Therefore 

b(c - a)2d = bk(c - a)k+1d = bk(c - a)k = b(c - a). (3.6) 

From (3.4) and (3.6) it follows that 

0= ab(c - a)2d = ab(c - a), (3.7) 

so that aba = abc = a by (3.2). Now (3.5), (3.6) and (3.7) imply that 

0= ab(c - a)d = ab2(c - a)2d = ab2(c - a). 

Hence a = aba = ab2ca = ab2a2, that is, rm = (ab2rm-l)rm+l. D 

A ring R satisfying the equivalent conditions of Theorem 3.16 is called a 
strongly 11'-regular ring. 

Lemma 3.17 The Jacobson radical J(R) is nil for every strongly 11'-regular 
ring R. 

Proof. Let r be an element in the Jacobson radical J(R) of a strongly 11'­

regular ring R. Then rn = rn+1 s for some positive integer n and some s E R, 
i.e., rn(l - rs) = O. Since r E J(R), the element 1 - rs is invertible, and thus 
rn = O. D 
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The relation between strongly 7r-regular rings and Fitting modules, which 
we introduced in Section 2.5, is given by the following proposition. 

Proposition 3.18 A module MR over an arbitrary ring R is a Fitting module if 
and only if its endomorphism ring End(MR) is strongly 7r-regular. 

Proof. Let MR be a Fitting module. In order to show that End(MR) is strongly 
7r-regular we must show that for every h E End(MR) there exists a positive 
integer m such that hm E End(MR)hm+l. Since MR is a Fitting module, there 
is a positive integer m such that M = ker(hm) EB hm(M). Set f = hm, so 
that M = ker(f) EB f(M). Then f(M) = f(ker(f) EB f(M)) = P(M). The 
equality f(M) = f2(M) implies that f induces a surjective endomorphism of 
f(M). And since ker(f) n f(M) = 0, f induces an automorphism of f(M). As 
f(M) is a direct summand of M, the inverse mapping of this automorphism of 
f(M) can be extended to an endomorphism 9 of M. Then gf(y) = y for every 
y E f(M). Thus gP(x) = f(x) for every x E M, that is, gp = f. Therefore 
hm = gh2m E End(MR)hm+l. 

For the converse, let MR be a module with End(MR) strongly 7r-regular. 
If f E End(MR), there exist g, h E End(MR) and a positive integer n such 
that r = gf2n = Pnh. From the equality r = Pnh it follows that r(M) = 
pn(M), so that M = ker(r) + r(M) by Lemma 2.16(a). From the equality 
r = gpn it follows that ker(r) n r(M) = O. Thus M = ker(r) EB r(M). 

o 
We are now ready to begin the study of the rings for which every finitely 

presented module is a Fitting module and is a direct sum of indecomposable 
modules. If R is such a ring, then the module RR itself is a direct sum of 
indecomposable Fitting modules, hence a direct sum of modules with local 
endomorphism rings (Lemma 2.21). Therefore R ~ End(RR) is a semiperfect 
ring (Proposition 3.14). Moreover, the direct sum R'R must be a Fitting R­
module, so that Mn(R) ~ End(R'R) must be a strongly 7r-regular ring for all n 
(Proposition 3.18). Thus we shall concentrate on the study of finitely presented 
modules over the semiperfect rings R whose matrix rings Mn(R) are strongly 
7r -regular for all n. 

We split the proof of Theorem 3.22 into three preparatory lemmas. 

Lemma 3.19 Let R be a semiperfect ring with J(R) nil. Let r be an element of 
R such that r R = r2 R. Then r R is a direct summand of RR. 

Proof. Let - denote the image in R/ J(R), so that r R is a semisimple R-module 
of finite length. There exists s ErR with r = rs, so that left multiplication 
by r is a surjective endomorphism 'lj;: r R ~ r R. Thus 'lj; is an automorphism 
of rR. Now rs = rs2, so that 'lj;(s - S2) = 0, from which s - s2 = O. Hence 
s - S2 E J(R) is nilpotent. Let k be a positive integer such that (s - S2)k = o. 
Consider the polynomial (1 - A)k E Z[A]. Then (1- A)k can be written in the 
form 1 - Ap(A) for a suitable polynomial p(A) E Z[A] such that p(l) = 1. 
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The equality (s - S2)k = 0 can now be written sk(1 - sp(s)) = O. From 
the equality sk = sk+lp(s) it is easily seen that the element e = (sp(s))k of R 
is idempotent. Hence in order to conclude the proof it is sufficient to show that 
rR = eR. Note that s - s2 = 0, Le., s is idempotent. Hence sk(1- sp(s)) = 0 
forces s = sp(s), from which e = (sp(s))k = sk = s. Since the value p(l) of 
the polynomial p(),) in ), = 1 is 1, it follows that the value of the polynomial 
(),p(),))k in ), = 1 is 1, that is, the sum of the coefficients of (),p(),))k is l. 
Moreover r = rs implies that r = rsi for all i 2: O. Thus r(sp(s))k = r, that is, 
re = r. 

Since e E sR <:;; rR, there exists an element t E R with e = rt. Now 

r(ete) = (re)(te) = r(te) = e2 = e, 

hence replacing t by ete we may suppose that t E eRe. Since 

length eR 2: length reR = length r R 

and eR <:;; rR, we have eR = rR. Now 

length tR 2: length rtR = length eR 

and tR <:;; eR because t E eRe, so that tR = eR. If u E R is such that 
tu = e, then (t + 1 - e)(eu + (1 - e)) = tu + (1 - e) = T. Thus t + 1 - e is 
right invertible in H, so that t + 1 - e is right invertible in R. Then 

rR = r(t + 1 - e)R = (e + r - re)R = eR. o 

Lemma 3.20 Let R be a semiperfect ring with Mn(R) strongly 7r-regular for all 
n. Let M be a finitely generated right R-module and let f be an endomorphism 
of M. Then 

(a) If M is projective and f(M) = P(M), then M = ker(f) EB f(M). 

(b) There exists a positive integer t such that ft(M) = fHi(M) for every 
i 2: o. 

Proof. (a) Let MR be a finitely generated projective R-module and let f be 
an endomorphism of MR such that f(M) = P(M). Then 

M = ker(f) + f(M) 

by Lemma 2.16(a). Since M is projective, M is isomorphic to a direct summand 
of a finitely generated free module Rn, R n = M EB P, say. The endomorphism 
f of M can be extended to an endomorphism g of R n by putting g(x) = x 
for every x E P. Note that g(Rn) = g2(Rn). If we regard the elements of 
Rn as column vectors, g is left multiplication by a matrix a E Mn(R), and 
aMn(R) = a2Mn(R). Since Mn(R) is a semiperfect ring (Example 3.7) and 
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J(Mn(R)) is nil (Lemma 3.17), it is possible to apply Lemma 3.19, and obtain 
that aMn(R) is a direct summand of Mn(R)Mn(R). Thus aMn(R) = eMn(R) 
for an idempotent matrix e E Mn(R). Since the left Mn(R)-modules Mn(R) 
and Rn EB ... EB Rn (n summands) are isomorphic, the equality 

can be rewritten as aRn EB· .. EB aRn = eRn EB ... EB eRn, from which aRn = eRn. 
As e is an idempotent matrix, g( Rn) = aRn = eRn is a direct summand of Rn, 
that is, g(Rn) is a projective R-module. The mapping 

is obviously surjective. By Corollary 2.44 the endomorphism glg(Rn) of g(Rn) 
is an automorphism. In particular ker 9 n g( Rn) = o. Thus ker f n f (M) = O. 

(b) Let Xl, ... , X" be generators of M R, so that M = xIR+· +xnR. Then 
~he direct sum Mn is a cyclic right Mn(R)-module generated by (x!, ... ,xn ), 
and (f, ... , f): M n ---+ M n is an endomorphism of MMn(R)· As MMn(R) is cyclic 
generated by (Xl' ... ' x n), there exists a E Mn(R) such that 

(f, ... , f)(XI, ... , Xn) = (Xl, ... , Xn)a. 

Then (fm(xd, ... , fm(xn )) = (Xl, ... , Xn)am for every positive integer m. The 
ring Mn(R) is strongly 7r-regular, so that there exists a positive integer t such 
~hat atMn(R) = at+iMn(R) for every i ~ o. Thus 

(t(xd, ... , ft(xn))Mn(R) = (ft+i(XI), ... , ft+i(xn))Mn(R), 

from which ft(M) = j!+i(M). o 

Lemma 3.21 Let R be a semiperfect ring with Mn(R) strongly 7r-regular for all 
n. Then every finitely presented R-module is a Fitting module. 

Proof. Let MR be a finitely presented R-module and suppose that f is an 
endomorphism of MR such that f(M) = j2(M). Let cp: P ---+ M be a projective 
cover of M. Then cpg = f cp for an endomorphism 9 of P. Let K be the kernel 
of cp, so that K is a finitely generated R-module. Then 

cpg(K) = fcp(K) = 0, 

so that g(K) ~ K. By Lemma 3.20(b) there is a positive integer t such that 
gt(K) = gt+i(K) and gt(P) = gt+i(p) for every i ~ o. From Lemma 3.20(a) 
applied to the module P and its endomorphism gt we obtain that 

P = ker(l) EB l(p), 

hence gt restricts to an automorphism of l(P). 
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The mapping <p induces an epimorphism <p': gt (P) -+ <pgt (P) by restric­
tion, and ker <p' = gt(P) n ker <p = gt(P) n K. The submodule ker <p' of gt(P) is 
superfluous, because if N is a submodule of gt(P) and N +ker<p' = gt(P), then 
ker(gt) + N + ker<p' = ker(gt) + gt(P) = P, so that ker(gt) + N + ker <p = P, 
from which ker(gt) + N = P = ker(gt) EB gt(P), and thus N = gt(P). Hence 
the mapping <p':gt(P) -+ <pgt(P) is an epimorphism from a projective module 
and has a superfluous kernel, i.e., it is a projective cover. 

Now gt(K) ~ gt(P) n K = ker<p', so that 

g2t(K) ~ l(ker<p') ~ l(K) = g2t(K), 

from which gt(ker<p') = g2t(K). Since gt restricts to an automorphism of gt(P) 
and ker<p',gt(K) are submodules of gt(P), it follows that 

ker<p' = l(K). (3.8) 

In particular, ker <p' is finitely generated, so that <pgt (P) is finitely presented. 
From <pg = f<p, it follows that <pgt = ft<p by iteration, hence 

Therefore f (M) is finitely presented. 
Now we are in a situation very similar to the original one, that is, we 

have a finitely presented R-module f(M) and the restriction of f to f(M) is a 
surjective endomorphism of f(M). Hence we may replace M by f(M) and the 
endomorphism f of M by its restriction to f(M). In other words we may assume 
that f is a surjective map, so that 9 is a surjective map, from which <p' = <po By 
Corollary 2.44 the mapping g: P -+ P is an isomorphism. In particular, we may 
take t = 1. Then equality (3.8) becomes K = g(K). Now 9 an isomorphism 
and g(K) = K imply that f is an isomorphism. If we go back to the original 
notation, we see that we have found that the restriction of f to f(M) is an 
automorphism of f(M), so that ker(f) n f(M) = O. Thus M = ker(f) EB f(M) 
by Lemma 2.16(a). 

Now let h be an arbitrary endomorphism of the finitely presented mod­
ule M. By Lemma 3.20(b) there is a positive integer t such that 

ht(M) = hHi(M) 

for every i ~ O. In particular ht(M) = h2t(M), so that M = ker(ht) EB ht(M) 
by the previous case. Thus MR is a Fitting module. 0 

We are now ready to characterize the rings over which every finitely pre­
sented right module is a Fitting module and is a direct sum of indecomposables. 

Theorem 3.22 The following conditions are equivalent for a ring R: 

(a) Every finitely presented right R-module is a Fitting module and is a direct 
sum of indecomposable modules. 
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(b) The ring R is semiperfect and the rings Mn (R) are strongly 1'1 -regular for 
all n. 

Proof. The implication (a) =* (b) has already been proved immediately be­
fore the statement of Lemma 3.19. The implication (b) =* (a) is proved in 
Lemmas 3.21 and 1.14(c). 0 

From this theorem and Theorem 2.22 we obtain 

Corollary 3.23 Let R be a semiperfect ring with Mn(R) strongly 7r-regular for 
all n and let M be a finitely presented R-module. Then 1M has a decomposition 
Ai = Ml EB ... EB Ain into indecomposable direct summands, and any two such 
direct sum decompositions are isomorphic. 0 

[Ced6 and Rowen] have constructed an example of a local ring R whose 
Jacobson radical J(R) is nil, but M 2 (R) is not strongly regular (a ring S 
is strongly regular if a E a2 S for every a E S). In particular this ring R is 
semiperfect and strongly 7r-regular, but it does not satisfy condition (b) in 
Theorem 3.22. Therefore condition (b) in Theorem 3.22 cannot be relaxed to 
"R is semiperfect and strongly 7r-regular". 

3.5 Finitely presented modules 
over serial rings 

In this section we prove that every finitely presented module over a serial ring 
is serial, an important result due to [Warfield 75]. The presentation of the proof 
we give here is due to Nguyen Viet Dung. First we recall a definition. 

Let M and N be modules over an arbitrary ring R. The module N is 
M -injective if every homomorphism A -> N for any sub module A of Ai can 
be extended to a homomorphism M -> N [Anderson and Fuller]. We need a 
weaker notion, obtained by modifying a definition due to [Baba] and [Harada]. 

Definition 3.24 Let lVI and N be modules over an arbitrary ring R. We say 
that N is almost-M-injective if every homomorphism A -> N for any cyclic 
submodule A of M can be extended to a homomorphism g: B -> N, where B is 
a submodule of M containing A, and either B = M or g is an isomorphism. 

The reason why we have introduced such a definition is that if P, Q are 
indecomposable projective modules over a serial ring, then P is almost-Q­
injective, as the following lemma shows. 

Lemma 3.25 Let R be a serial ring and let {el' ... ,en} be a complete set of 
orthogonal primitive idempotents of R. Then eiR is almost-ejR-injective for 
alli,j = 1,2, ... ,n. 
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Proof. Fix a cyclic submodule A of ejR and a homomorphism f: A ----> eiR. 
If f = 0, the zero homomorphism ejR ----> eiR extends f and has the required 
properties. Hence we may suppose f =f. O. Since A is a cyclic uniserial R­
module, there exists an epimorphism p: ekR ----> A for some k = 1,2, ... ,n. Let 
CA: A ----> Rand Ci: eiR ----> R be the inclusions. Then 

which is a uniserial left R-module. Hence there exists r E R such that either 
CAP = rcdp or rCAP = cdp. Since P is an epimorphism, either CA = rcd or 
rcA = cd. 

Suppose CA = rcd. Note that for every a E A we have that a E ejR and 
f(a) E eiR, so that eja = a and ed(a) = f(a). Thus 

a = eja = ejCA(a) = ejrcd(a) = ejrf(a) = ejred(a). 

Consider the epimorphism eiR ----> ejreiR given by left multiplication by ejrei. 
We show that it is an isomorphism. If it is not injective, its kernel has a non­
zero intersection with the non-zero submodule f(A) of eiR. In other words, 
there exists a E A with f(a) =f. 0 and ejred(a) = O. But a = ejred(a), and 
we get a contradiction. Hence left multiplication by ejrei is an isomorphism 
eiR ----> ejreiR. Let g: ejreiR ----> eiR be its inverse. Then ejreiR is a submodule 
of ejR that contains A, because a = ejred(a) E ejreiR for every a E A. Also 
9 extends f, because for every a E A one has f(a) = g(ejred(a)) = g(a). 

Finally, suppose rCA = cd. Then ra = f(a) for every a E A, so that 
eira = ed(a) = f(a). Therefore left multiplication by eir is an homomorphism 
RR ----> eiR that extends f. D 

In order to prove the main results of this section (Theorem 3.29 and 
Corollary 3.30) we need some preliminary results. 

Lemma 3.26 Let P = PI E9 ... E9 Pn be a direct sum of uniserial modules Pi 
over an arbitrary ring R. If Pi is almost-Pj -injective for every i =f. j, then every 
cyclic uniserial submodule of P is contained in a uniserial direct summand of P. 

Proof. Let C be a cyclic uniserial submodule of P. For every i = 1,2, ... , n let 
7Ti: P ----> Pi denote the canonical projection. Then 

n n ker 7Ti n C = O. 
i=1 

Since C is uniserial, there exists an index k such that ker 7Tk n C = O. Set 
A = 7Tk(C), so that if we restrict the domain of 7Tk: P ----> Pk to C and its 
codomain to A we obtain an isomorphism f: C ----> A. For every i = 1,2, ... , n 
consider the mapping fi = 7Tile 0 f- 1 : A ----> Pi. For each i =f. k the module 
Pi is almost-Pk-injective and k A ----> Pi is a mapping whose domain A is a 



94 3 Semiperfect Rings 

cyclic submodule of Pk . Hence each fi can be extended to a homomorphism 
gi: Bi -+ Pi, where Bi is a submodule of Pk containing A, and either Bi = Pk 
or gi is an isomorphism. 

We now choose an index m = 1,2, ... , n as follows. If Hi is a proper 
submodule of Pk for some i =I- k, let m = 1,2, ... , n, m =I- k be the index such 
that Bm ~ Bi for every i =I- k (it exists because Pk is uniserial). In this case 
gm: Bm -+ Pm is an isomorphism. If Bi = Pk for every i =I- k, set m = k and 
Bm = Pk· 

Let g: Bm -+ P = PI EB ... EB Pn be the mapping defined by 

for every x E Bm. Since 9 is a monomorphism, if we set D = g(Bm), then 
D ~ Bm, so that D is uniserial. We claim that D is the module with the 
required properties, that is, D is a direct summand of P that contains C. 

In order to show that C ~ D, fix an element x E C. Then f(x) E A, so 
that gi(f(X)) = fi(f(x)) = (1Tile 0 f- 1 )(f(x)) = 1Ti(X) for every i =I- k, and thus 

x = (1T1 (x), ... , 1Tk-1 (x), 1Tk(X), 1fk+1 (x), ... , 1Tn(x)) 

= (gl (f(x)), ... , gk-1 (f(x)), f(x), gk+1 (f(x)), ... , gn(f(x))) 

= g(f(x)) E g(A) ~ g(Bm) = D. 

It remains to prove that D is a direct summand of P. Apply Lemma 2.6 
to the decomposition P = M EB Pm, where M = EBi¥mPi. In order to show that 
P = M EBD it is sufficient to prove that 1TmID: D -+ Pm is an isomorphism. We 
must consider the two cases m =I- k and m = k. 

If m =I- k, then gm: Bm -+ Pm is an isomorphism. Since 1Tk ID induces 
an isomorphism between D and Bm, it follows that 1TmiD = gm 0 1TkiD is an 
isomorphism of D onto Pm. 

If m = k, then Bm = Pk, so that 1TkID: D -+ Pk is obviously an isomorph-
~m. 0 

From Theorem 3.10 and Lemmas 3.25 and 3.26 we have 

Corollary 3.27 Let R be a serial ring and let P be a finitely generated projec­
tive R-module. Then every cyclic uniserial submodule of P is contained in a 
uniserial direct summand of P. 0 

The proof of the next result is elementary and left to the reader. 

Lemma 3.28 Suppose P = PI EB P2 . Let 1T1: P -+ PI be the canonical projection 
onto the first direct summand, and let A be a submodule of P. Then 

A = (A n Pd EB (A n P2 ) 

if and only if 1T1 (A) = A n Pl. o 



Finitely presented modules over serial rings 95 

We are ready to prove the main result of this section. 

Theorem 3.29 Let R be a serial ring, let P be a finitely generated projective 
module, and let M be a finitely generated submodule of P. Then there is a 
decomposition P = PI EB P2 EB ... EB Pn of Pinto uniserial projective modules 
such that M = (M n PI) EB (M n P2 ) EB··· EB (M n Pn ). 

Proof. Since R is a finite direct sum of cyclic uniserial modules, every finitely 
generated R-module is a finite sum of cyclic uniserial submodules. Suppose 
M = UI + U2 + ... + Um, where the submodules Ui are cyclic and uniserial. 
The proof is by induction on m + dim(P), where dim(P) denotes the Goldie 
dimension of P. Note that for m = 0 the result follows immediately from 
Theorem 3.10. 

Assume M = UI + U2 + ... + Um, m ~ 1 and dim(P) = n. Then 

where M' = UI + U2 + ... + Um-I. By the induction hypothesis we may assume 
Um =I- O. Again by the induction hypothesis there is a decomposition 

of P into non-zero uniserial projective modules such that 

Since U m is cyclic and uniserial, U m is contained in a uniserial direct summand 
D of P (Corollary 3.27). The module D is a finitely generated uniserial pro­
jective module, so that D is isomorphic to a uniserial direct summand of RR, 
hence the endomorphism ring of D is a right chain ring (Lemma 1.19). Thus D 
has the exchange property (Theorem 2.8). By Lemma 2.7 there exist an index 
j = 1, 2, ... , n and a direct summand PJ of Pj such that P = DEB PJ EB (EBih Pi). 
But Pj is indecomposable, so that either PJ = Pj or PJ = O. Since dim(D) = 1 
and dim(Pi ) = 1 for every i, it follows that PJ = 0, and P = DEB (EBihPi). 
Rearrange the indices, so that without loss of generality we may suppose j = 1, 
i.e., P = DEB P2 EB ... EB Pn . Let 7rI: PI EB ... EB Pn --+ PI denote the canonical 
projection. 

Since the uniserial module- PI contains both 

there are two possible cases: 
First case: 7rI(Um) ~ 7rI(M'). Then 
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Since obviously 7rl(M) ~ M n Pl, we get that 7rl(M) = M n Pl. Thus by 
Lemma 3.28 we have that M = (M n Pd EB (M n (P2 EB ... EB Pn)). 

Second case: 7rl(Um) ~ 7rl(M'). Since 

by Lemma 2.6 the restriction 7rlID: D ~ Pl is an isomorphism and the canonical 
projection p: D EB P2 EB··· EB Pn ~ D is p = (7rlID)-l7rl. Therefore 

It follows that p(M) = p(M') + p(Um ) = p(Um ) = Um ~ M n D. The other 
inclusion M n D ~ p(M) is trivial, so that p(M) = M n D. From Lemma 3.28 
we obtain M = (M n D) EB (M n (P2 EB··· EB Pn)). 

In both cases the module N = M n (P2 EB··· EB Pn ) is a direct summand 
of M, so that N itself is a sum of m cyclic uniserial modules. Since the Goldie 
dimension of the projective module pI = P2 EB ... EB Pn is n - 1, the induc­
tion hypothesis can be applied to the submodule N of P'. Hence there is a 
decomposition P~ EB ... EB P~ of pI into uniserial projective modules such that 
N = (N n P~) EB··· EB (N n P~). Then P = P l EB P~ EB ... EB P~ is the required 
decomposition of P in the first case, whereas P = D EB P~ EB ... EB P~ is the 
required decomposition of P in the second case. 0 

Corollary 3.30 Every finitely presented module over a serial ring is serial. 0 

3.6 Notes on Chapter 3 

One easily sees that every module is a homomorphic image of a free, hence pro­
jective, module. Dually, [Eckmann and Schopfj proved that not only can every 
module be embedded in an injective module, but also there is a "minimal" em­
bedding of a module in an injective module, that is, they proved the existence of 
the injective envelope. Dualizing the notion of an injective envelope, [Bass 60] 
introduced projective covers, perfect rings and semiperfect rings ("minimal 
epimorphisms" had already been studied by [Eilenberg and Nakayama] and 
[Eilenberg]). Theorem 3.6 is mainly due to [Bass 60, Theorem 2.1] (the equiva­
lence of conditions (c) and (d) to the other conditions was proved by [Muller 70, 
Theorem 1 and p. 465]). Example 3.8 is due to [Muller 70, p. 465], Theorem 3.10 
is due to [Klatt] and [Muller 70, Theorem 3] independently, and Theorem 3.15 
is due to [Warfield 75, Theorem 1.4]. 

In Theorem 3.5 we have encountered an interesting class of rings, that is, 
F -semiperfect rings. A ring R is F -semiperfect if R/ J(R) is von Neumann regu­
lar and idempotents can be lifted modulo J(R). A ring R is F-semiperfect if and 
only if every finitely presented right (or left) R-module has a projective cover. 
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Every semiperfect ring is F-semiperfect. Endomorphism rings of injective mod­
ules are F-semiperfect. fvlore generally, endomorphism rings of injective objects 
in an arbitrary Grothendieck category and endomorphism rings of quasinjec­
tive modules are F-semiperfect. Most of these results about F-semiperfect rings 
were proved by [Oberst and Schneider]. 

The rings R that satisfy the d.c.c. on chains of the form 

are often called right 1f-regular in the literature. Since this condition is left-right 
symmetric (Theorem 3.16), we prefer to call them strongly 1f-regular. These 
rings were introduced by [Kaplansky 50]. Theorem 3.16 is due to [Dischinger], 
and the proof of Theorem 3.16 we have given here was found by Zoschinger. 
Every strongly 1f-regular ring is an exchange ring [Stock, Example 2.3]. Proposi­
tion 3.18 is due to [Armendariz, Fisher and Snider, Proposition 2.3]. Lemmas 
3.19, 3.20, 3.21, Theorem 3.22 and Corollary 3.23 are due to [Rowen 86]. 

In Theorem 3.22 we characterized the rings over which finitely presented 
right modules are Fitting modules and are direct sums of indecomposable mod­
ules. A more natural class of rings is the class of Krull-Schmidt rings, that is, 
the rings R for which every finitely presented right R-module is a direct sum 
of modules with local endomorphism rings (the condition is left-right symmet­
ric, that is, it holds for finitely presented right R-modules if and only if it 
holds for finitely presented left R-modules). These rings have been defined and 
characterized in terms of the category (RFP, Ab) by [Herzog]. Every ring that 
satisfies the equivalent conditions of Theorem 3.22 is a Krull-Schmidt ring (be­
cause every indecomposable Fitting modules has a local endomorphism ring, 
Lemma 2.21). Every Krull-Schmidt ring is semiperfect (Proposition 3.14). By 
Corollary 2.55 every pure-projective module over a Krull-Schmidt ring is a 
direct sum of finitely presented modules with local endomorphism rings. This 
property was noticed by [Gomez Pardo and Guil Asensio]. 

Theorem 3.29 and Corollary 3.30 (finitely presented modules over ser­
ial rings are serial) are due to [Warfield 75, Theorem 3.3 and Corollary 3.4]. 
This had been proved previously in the commutative case by [Kaplansky 49] 
(Kaplansky proved that every finitely presented module over a commutative 
valuation ring, that is, a commutative chain ring, is a direct sum of cyclic mod­
ules; note that a commutative ring is serial if and only if it is a finite direct 
product of valuation rings) and by [Roux] in the case of chain rings. A different 
proof of Corollary 3.30 was found independently by [Drozd]. The uniqueness of 
the decomposition of a finitely presented module over a serial ring as a direct 
sum of uniserial modules will be one of the main topics of Chapter 9. 



Chapter 4 

Semilocal Rings 

4.1 The Camps-Dicks Theorem 

We have already defined semilocal rings as the rings R for which R/ J(R) is a 
semisimple artinian ring (Section 1.2). We have seen that they are the rings 
of finite dual Goldie dimension (Proposition 2.43). More precisely, if R is a 
semilocal ring, codim(RR) = codim(RR) is equal to the number of summands 
in a direct sum decomposition of the semisimple right module R/ J(R) as a 
direct sum of simple right modules. In this section we shall prove a theorem 
containing two further characterizations of semilocal rings (Theorem 4.2). We 
begin with a lemma whose proof is taken from [Herbera and Shamsuddin, proof 
of Theorem 3]. 

Lemma 4.1 Let M be a right module over an arbitrary ring R and let f, g be 
two endomorphisms of M. Then 

(a) ker(f - fgf) = ker(f) E9 ker(l - gf) and ker(l - gf) ~ ker(l - fg); 

(b) 
coker(f - fgf) ~ coker(f) E9 coker(l - fg) 

and 
coker(l - gf) ~ coker(l - fg)· 

Proof. (a) It is clear that ker(f) + ker(l - gf) ~ ker(f - fgf). Conversely, 
if x E ker(f - fgf), then (1 - gf)(x) E ker(f) , gf(x) E ker(1 - gf) and 
x = (1 - gf)(x) + gf(x), so that ker(f) + ker(l - gf) = ker(f - fgf). It is 
easily verified that ker(f) n ker(l - gf) = O. 

The homomorphism f: J\,1 -+ lVI induces a homomorphism 

ker(l - gf) -+ ker(l - fg) 

99 
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by restriction. By symmetry, 9 induces a homomorphism 

ker(I - fg) ----> ker(I - gf). 

It is immediately verified that the compositions of these two mappings are 
the identity mappings of ker(I - gf) and ker(I - fg) respectively, so that 
ker(I - gf) ~ ker(I - fg)· 

(b) Consider the mapping cp: M ----> coker(f) E!:l coker ( 1 - f g) defined by 
cp(x) = (x + f(M), x + (1 - fg)(A1)) for every x E M. We show that cp is a 
surjective mapping. Note that M = fg(M)+(I- fg)(M) <;;; f(M)+(I- fg)(M). 
Therefore for any y, Z E M, there exists v E f(M) and W E (1 - fg)(M) such 
that y - Z = v + w. Set x = y - v = Z + w. Then 

cp(x) = (y + f(M), Z + (1 - fg)(M)). 

This shows that cp is surjective. The kernel of cp is f (M) n (1 - f g) (M), and 
thus we must show that f(M) n (1 - fg)(M) = (f fgf)(M). Now if f(x) = 
(1- fg)(y), x, Y E M, then y = f(x) + fg(y), so that 

f(x) = (1- fg)(y) = (1 - fg)(f(x + g(y))) = (f - fgf)(x + g(y)). 

This proves that f(M) n (1- fg)(M) <;;; (f - fgf)(M). The opposite inclusion 
is easily verified. 

Define a mapping 

coker(I - gf) ----> coker(1 - fg) 

by 

x + (1 - gf)(M) f-t f(x) + (1- fg)(M) 

for every x E M. This is a well-defined homomorphism. Similarly, there is a 
well-defined homomorphism 

coker(I - fg) ----> coker(I - gf) 

given by 

x + (1 - fg)(M) f-t g(x) + (1 - gf)(M). 

The compositions of these two homomorphisms are the identity mappings of 
coker(I - gf) and coker(I fg) respectively, so that 

coker(I - gf) ~ coker(I - fg)· o 

For a ring R we denote the multiplicative group of invertible elements 
of R by U(R). 
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Theorem 4.2 (Camps and Dicks) The following conditions are equivalent for a 
ring R. 

(a) R is semilocal. 

(b) There exists an integer n 2:: ° and a function d: R -+ {O, 1, ... ,n} such 
that 

(i) for every a, bE R, d(l - ab) + d(a) = d(a - aba); 

(ii) if a E Rand d(a) = 0, then a E U(R). 

(c) There exists a partial order:::; on the set R such that 

(iii) (R,:::;) is an artinian poset; 

(iv) if a,b E Rand 1- ab rt. U(R), then a - aba < a. 

Moreover, if these equivalent conditions hold, then codim(R) :::; n for any inte­
ger n that satisfies condition (b). 

Proof. 
(a) =} (b). If R is a semilocal ring, then RR has finite dual Goldie dimen­

sion (Proposition 2.43). Let n = codim(RR) and let d: R -+ {O, 1, ... ,n} be 
defined by d(a) = codim(RjaR) for every a E R. 

In order to prove that d has property (i), fix a, bE R and apply Lemma 
4.1(b) to the two endomorphisms of the module RR given by left multiplication 
by a and b respectively. Then Rj(a - aba)R ~ RjaR (Jj Rj R(l - ab), so that 
d(a - aba) = d(a) + d(l - ab). Hence (i) holds. 

If a E R and d(a) = 0, then RjaR = 0, so that a E U(R) by Proposi­
tion 2.38. 

(b) =} (c). If (b) holds, define a partial order :::; on R via 

a:::;b ifa=bord(a»d(b). 

Then (c) is easily verified. 
(c) =} (a). Let R denote Rj J(R), and for every r E R let l' denote r+J(R). 

Suppose that (c) holds. Set 

F = {r E R I 1'2 = l' and (1 - r)R is a right ideal of finite length of R}. 

Note that F f:. 0, because 1 E F. Since (R,:::;) is artinian, there exists an 
element a E F minimal with respect to the order :::;. 

Suppose a f:. O. Then art. J(R), so that aR \ J(R) f:. 0, and we can choose 
an element ab E aR \ J(R) that is minimal with respect to the order :::;. Since 
ab rt. J(R), there exists c E R such that 1 - abc rt. U(R). Then by (iv) we get 
a - abca < a. Set at = a - abca, so that at < a. We show that at E F. 

We claim that if x E Rand 1 - abx rt. U(R), then abxab = abo In order 
to prove the claim fix x E R with 1 - abx rt. U(R). From property (iv) we 
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get that ab - abxab < abo Since ab is minimal in aR \ J(R), it follows that 
ab abxab t/:- aR \ J(R), that is, ab - abxab E J(R). Hence ab = abxab. This 
proves the claim. 

Now apply the claim to x = C. Then abcab = ab, so that abc is idempotent. 
Then a' also is idempotent, because 

(a,)2 = (a - abca)2 = a - abca - abca + abcabca = a - abca = a'. 

Note that a - a' = abca also is idempotent. 
It is easily verified that {1 - a, a - a', a'} is a complete set of orthogonal 

idempotents in R. Therefore RJi = (1 - a)R EB (a - a')R EB a'R. We show that 
(a - a')R is a simple R-module. Since a - a' = abca, we get that 

because abcab = ab as we have already seen. Moreover abR #- 0, otherwise 
ab E J(R), which is not true. Now consider any abd E abR \ J(R). Since 
abd t/:- J(R), there exists e E R such that 1 - abde t/:- U(R). Applying the claim 
with x = de, we see that abdeab = ab, so that abdR = abR. This shows that 
(a - a')R is a simple R-module. 

Now (1 - a)R is a module of finite length, so that 

has finite length. Thus a' E F. 
But a' < a and a was minimal in F. This contradiction shows that a = O. 

Therefore (1 - a)R = RJi has finite length, that is, R is right artinian and the 
proof of (a) is concluded. 

Now suppose the equivalent conditions of the statement hold. We want to 
show that if m = dim R = codim Rand n is any integer that satisfies condition 
(b), then m ::; n. As m = dim(R), there are elements el,"" eTn E R such that 
{ el, ... , eTn } is a complete set of non-zero orthogonal idempotents of R. Define 
aO,al, ... ,aTn E R by induction as follows: ao = 1 and ai = ai-l - ai-Ieiai-l 
for i = 1,2, ... , m. Note that ai = eHI +eH2+" ·+eTn for every i = 0,1, ... , m, 
so that 1 - ai-lei = 1 - ei t/:- U(R). It follows that 1 ai-lei t/:- U(R). Applying 
property (ii) we see that d(1 - ai-lei) > 0, and applying property (i) we get 
d(1 - ai-lei) + d(ai-d = d(ai), so that d(ai-d < d(ai) for every i = 1, ... , m. 
From d(ao) < d(ad < ... < d(aTn ) we obtain that m ::; n. D 
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4.2 Modules with semilocal endomorphism ring 

Theorem 4.2 is very useful in testing whether the endomorphism ring of a 
module is semilocal. 

Theorem 4.3 (Herbera and Shamsuddin) Let MR be a right module over a 
ring R. 

(a) If MR has finite Goldie dimension and every injective endomorphism of 
MR is bijective, then the endomorphism ring End(MR) is semilocal and 

(b) If MR has finite dual Goldie dimension and every surjective endomorph­
ism of MR is bijective, then the endomorphism ring End(MR) is semilocal 
and 

(c) If M R has finite Goldie dimension and finite dual Goldie dimension, then 
the endomorphism ring End(MR) is semilocal and 

Proof. If dim(MR) is finite, set n = dim(MR) and define 

dl:End(MR) -+ {0,1,2, ... ,n} 

by dl(f) = dim(ker(f)). By Lemma 4.1(a), the mapping dl satisfies conditions 
(i) and (ii) of Theorem 4.2. This proves (a) 

If codim(MR) is finite, set m = codim(M) and define 

by d2(f) = codim(coker(f)). By Lemma 4.1(b), the mapping d2 satisfies con­
ditions (i) and (ii) of Theorem 4.2. This proves (b). 

If dim(MR) and codim(MR) are both finite, set 

d=dl +d2 :End(M) -+ {0,1,2, ... ,n+m}. 

From this (c) follows. o 
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Before giving examples of classes of modules with semilocal endomorphism 
rings, we study some properties of these modules. In this book we shall not need 
the definition of rings of arbitrary stable range n 2: 1, but only the definition 
of rings of stable range 1 (for the definition of stable range n > 1 see the notes 
at the end of this chapter). A ring E is said to have stable range 1 if, whenever 
a, bEE and Ea + Eb = E, there exists tEE with a + tb E U(E). It would 
be possible to prove that this condition is left-right symmetric, that is, a ring 
E has stable range 1 if and only if, whenever a, bEE and aE + bE = E, there 
exists sEE with a + bs E U(E). Since we shall not need this result, the proof 
is omitted. 

Theorem 4.4 (Bass) A semilocal ring has stable range 1. 

Proof. An element x E E is a unit in E if and only if "if = x + J(E) is a 
unit in E = EjJ(E). Therefore we may substitute the semilocal ring E with 
the semisimple artinian ring E, that is, we may assume that E is semisimple 
artinian. Let a and b be elements of a semisimple artinian ring E and suppose 
Ea + Eb = E. The left ideal Ea n Eb is a direct summand of Eb, so that 
Eb = (Ea nEb) EB I for a left ideal I of E. Then EE = Ea EB I, as is easily 
seen. Let p,: EE ----7 Ea be the epimorphism given by right multiplication by 
a. Then ker p, is a direct summand of EE, so that EE = C EB ker p, for a 
left ideal C of E, and the restriction p,le: C ----7 Ea is an isomorphism. Then 
EE ~ Ea EB ker p, and EE = Ea EB I imply ker p, ~ I because EE is semisimple 
artinian. Let f: ker p, ----7 I be an isomorphism. Then (p,1c, 1): CEBker p, ----7 EaEBI 
is an automorphism of EE, hence it coincides with right multiplication by an 
element U E U(E). From EE = C EB ker p, we have that 1 = c + k, where c E C 
and ka = O. Hence a = ca, so that 

U = (p,le, 1)(1) = (p,1c, 1)(c + k) = ca + f(k) = a + f(k). 

Since f(k) E I <;;; Eb, it follows that f(k) = tb for some tEE. Thus a + tb = 
U E U(E). 0 

The reason why we have introduced rings with stable range 1 is given in 
the following theorem: if a module A has the property that its endomorphism 
ring has stable range 1, then A cancels from direct sums. 

Theorem 4.5 (Evans) Let R be a ring and let AR be an R-module. Suppose that 
E = End(AR) has stable range 1. If BR and CR are arbitrary R-modules and 
A EB B ~ A EB C, then B ~ C. 

Proof. Let fM,N denote an R-homomorphism from N to M. Since A EB B ~ 
A EB C, there are two inverse isomorphisms 

F = ( f A,A f A,B ) : A EB B ----7 A EB C 
fe,A fe,B 
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and 

G = (9A,A gA,e): A EEl C -+ A EEl B. 
gB,A gB,e 

Since G F is the identity on A EEl B, we have 

( gA,AfA,A + gA,efe,A gA,AfA,B + gA,efe,B ) = (1; 0) 
gB,AfA,A + gB,efe,A gB,AfA,B + gB,efe,B 1B ' 
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where 1M is the identity of M. From gA,AfA,A + gA,efe,A = 1A it follows that 
EfA,A + EgA,efe,A = E. Hence there exists tEE such that 

u = fA,A +tgA,efe,A 

is an automorphism of A. Consider the mapping 

G' = ( 1A tgA,e) : A EEl C -+ A EEl B. 
gB,A gB,e 

Then 
G' F = (u VA,B) o 1B 

is clearly an automorphism of AEElB. Since F: AEElB -+ AEElC is an isomorphism, 
it follows that G': A EEl C -+ A EEl B is an isomorphism as well. But then 

Gil = ( 1A o ) G' ( 1A -tgA,e ) -gB,A 1B 0 Ie 

is an isomorphism. Since 

Gil = ( 1A 0 ), 0 gB,e - gB,AtgA,e 

the homomorphism gB,e - gB,AtgA,e is an isomorphism of C onto B. 0 

From Theorems 4.4 and 4.5 we obtain: 

Corollary 4.6 Let AR be a module over a ring R and suppose End(AR) semi­
local. If BR and CR are arbitrary R-modules and AEElB ~ AEElC, then B ~ C. 

o 

We now recall a well-known technique that goes back to [Dress]. We shall 
often use it in the sequel. Given a ring S, let Mod-S denote the category of all 
right S-modules, Proj-S the full subcategory of Mod-S whose objects are all 
projective right S-modules, and proj-S the full subcategory of Mod-S whose 
objects are all finitely generated projective right S-modules. 

If Ms is a right S-module, let Add(Ms) denote the full subcategory of 
Mod-S whose objects are all the modules isomorphic to direct summands of 
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direct sums of copies of M, and let add (AI s) denote the full subcategory of 
Mod-S whose objects are all the modules isomorphic to direct summands of 
direct sums lvln of a finite number of copies of M. For example, Proj-S = 
Add(Ss) and proj-S = add(Ss). 

Let Ms be a right S-module and let E = End(Ms) be its endomorphism 
ring, so that EMs is a bimodule. Clearly 

Theorem 4.7 The functors 

Homs(M, -): Mod-S ---> Mod-E and ®EM: Mod-E ---> Mod-S 

induce an equivalence between the full subcategory add(Ms) of Mod-S and the 
full subcategory proj-E of Mod-E. Moreover, if Ms is finitely generated, they 
induce an equivalence between the full subcategory Add(Ms) of Mod-S and the 
full subcategory Proj-E of Mod-E. D 

If e E E is idempotent, the object eE of proj-E corresponds to the direct 
summand eM of M s , which is an object of add(Ms). 

Let us go back to modules with semilocal endomorphism ring. 

Proposition 4.8 (n-th root property) Let R be a ring and let A R, BR be R­
modules. If AR has a semilocal endomorphism ring, n is a positive integer and 
A n ~ B n , then A ~ B. 

Proof. We shall suppose that we have a module M = EBi=1 Ai = EBi=1 Bi where 
each Ai ~ A and Bi ~ B, A has a semilocal endomorphism ring, and prove 
that Al ~ B I . 

Note that M has semilocal endomorphism ring, because 

(Example (3) on page 6). Let {d l , ... ,dn} and {el' ... ,en} be the two complete 
sets of orthogonal idempotents in E = End(MR) with diM = Ai and eiM = Bi 
for every i. By Theorem 4.7 diE ~ dIE and eiE ~ elE for every i = 1, ... , n, 
so that diE/diJ(E) ~ dIE/dIJ(E) and eiE/eiJ(E) ~ eIE/ed(E). Hence 

Since E is semilocal, E / J(E) is a semisimple right E-module of finite length, 
and therefore dIE/dd(E) ~ eIE/ed(E). By Proposition 3.3(b) dIE ~ eIE, 
so that Al ~ BI by Theorem 4.7, as desired. D 
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For the next proposition recall that a ring is semilocal if and only if it has 
finite dual Goldie dimension (Proposition 2.43). 

Proposition 4.9 If AR is a module with a semilocal endomorphism ring and 
codim(End(AR)) = n, then AR has at most 2n isomorphism classes of direct 
summands. 

Proof. Set E = End(AR). Every direct summand of AR has the form eA for 
some idempotent e E E, and in the equivalence of Theorem 4.7 the module eA 
corresponds to the module eE. Since equivalences preserve isomorphism, the 
number of non-isomorphic direct summands of AR is the same as the number of 
non-isomorphic direct summands of EE. Hence it is sufficient to show that EE 
has at most 2n non-isomorphic direct summands eE. By Proposition 3.3(b) it 
suffices to show that E j J(E) has at most 2n non-isomorphic direct summands. 
This is obvious, because EjJ(E) is semisimple artinian and 

dim(EjJ(E)) = codim(E) = n. D 

In a semilocal ring every set of orthogonal idempotents is finite. Therefore 
every direct sum decomposition of a module with a semilocal endomorphism 
ring has only finitely many direct summands. By Proposition 4.9 a module with 
a semilocal endomorphism ring has only finitely many direct sum decomposi­
tions up to isomorphism. 

Proposition 4.9 will be generalized in Corollary 4.11. First we shall prove 
that a semilocal ring has only finitely many isomorphism classes of finitely 
generated indecomposable projective modules. 

Theorem 4.10 Let R be a semilocal ring. Then there are, up to isomorphism, 
only finitely many finitely generated indecomposable projective R-modules. 

Proof. Since R is semilocal, there are only finitely many simple R-modules 
up to isomorphism, say, T I , ... , Tn. If PR is a finitely generated projective R­
module, then Pj PJ(R) ~ T? EEl··· EElT::;n with (rl, ... , rn) E Nn. Set rp(PR) = 
(rl, ... , rn). Partially order Nn by setting (rl, ... , rn) ::; (81, ... , 8n ) if ri ::; 8i 
for every i = 1,2, ... , n. 

Note that if PR, QR are finitely generated projective R-modules, then P is 
isomorphic to a direct summand of QR if and only if rp(PR) ::; rp(QR), because 
if rp(PR) ::; rp(QR), there is an epimorphism QjQJ(R) -+ PjPJ(R) , which 
can be lifted to a homomorphism f: Q -+ P because QR is projective. Since 
f(Q)+PJ(R) = P, it follows that f is an epimorphism by Nakayama's Lemma. 
Hence f splits. 

In particular, PR is isomorphic to QR if and only if rp(PR) = rp(QR), 
because if rp(PR) = rp(QR), then PR is isomorphic to a direct summand of 
QR and QR is isomorphic to a direct summand of PR. But a finitely generated 
projective module over a semilocal ring cannot be isomorphic to a proper direct 
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summand of itself, because every non-zero finitely generated projective module 
has non-zero finite dual Goldie dimension (Proposition 2.43). 

Thus if {P>. I ), E A} is a family of pairwise non-isomorphic finitely 
generated indecomposable projective R-modules, then {<p(P>.) I ), E A} is a 
family of pairwise incomparable elements of (Nn, :::;). But it is easily seen that 
in (Nn,:::;) there are no infinite families of pairwise incomparable elements. 0 

From Theorems 4.7 and 4.10 we obtain 

Corollary 4.11 Let AR be a module over an arbitrary ring R with End(AR) 
semilocal. Then there are, up to isomorphism, only finitely many indecompos­
able R-modules in add(AR). 0 

4.3 Examples 

In this section we shall give examples of classes of modules with semilocal 
endomorphism rings. The first example is the class of artinian modules. 

Theorem 4.12 Every artinian module has semilocal endomorphism ring. 

Proof. Every artinian module A has finite Goldie dimension, and injective 
endomorphisms of A are bijective (Lemma 2.16(b)). Now apply Theorem 4.3(a). 

o 

Therefore artinian modules have the n-th root property, have only finitely 
many isomorphism classes of direct summands, and cancel from direct sums. 
The next result provides an upper bound to the number of isomorphism classes 
of direct summands of an artinian module. 

Proposition 4.13 Let AR be an artinian module and let n be the composition 
length of the socle of A R , that is, n = dim(soc(AR)). Then there are at most 
2n isomorphism classes of direct summands of A R . 

Proof. If AR is an artinian module and n = dim(soc(AR))' then 

Since injective endomorphisms of AR are bijective (Lemma 2.16(b)), The­
orem 4.3(a) implies that codim(End(AR)) :::; n. Therefore AR has at most 
2n isomorphism classes of direct summands by Proposition 4.9. 0 
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From Lemma 2.17(b) and Theorem 4.3(b) we obtain a second class of 
examples of modules with semilocal endomorphism rings: 

Proposition 4.14 Every noetherian module of finite dual Goldie dimension has 
a semilocal endomorphism ring. 0 

Corollary 4.15 Let R be a semilocal ring and let AR be a noetherian R-module. 
Then End(AR) is semilocal. 

Proof. Since AR is finitely generated and RR has finite dual Goldie dimension, 
AR also has finite dual Goldie dimension (Propositions 2.43 and 2.42). Now 
apply Proposition 4.14. 0 

We say that a module MR is biuniform if it is uniform and couniform, that 
is, if it has Goldie dimension 1 and dual Goldie dimension 1. For instance, every 
non-zero uniserial module is biuniform. The next corollary follows immediately 
from Theorem 4.3(c). 

Corollary 4.16 Let A be a module that is the direct sum of d biuniform modules. 
Then End(A) is a semilocal ring and codim(End(A)) :::; 2d. 0 

In particular, 

Corollary 4.17 Let A be a serial module of finite Goldie dimension d. Then 
End(A) is a semilocal ring and codim(End(A)) :::; 2d. 0 

Therefore serial modules of finite Goldie dimension, and more generally 
the modules that are finite direct sums of biuniform modules, have the n-th 
root property, have only finitely many isomorphism classes of direct summands, 
and cancel from direct sums. 

[Herbera and Shamsuddin] have determined other interesting examples of 
modules with semilocal endomorphism rings. We present their results without 
proofs because they will not be used in the sequel of this book. For the proofs 
see [Herbera and Shamsuddin]. 

(1) If PR is a finitely generated quasi-projective module, then End(PR) is 
semilocal if and only if PR has finite dual Goldie dimension. 

Recall that a module PR is quasi-projective in case for each epimorphism 
f: PR --t QR and each homomorphism g: PR --t QR there is an endomorphism 
h of PR such that fh = g. 

(2) The endomorphism ring of any linearly compact module is semilocal. 
A module AR is linearly compact if whenever { Xi + Ai liE I} is a family 

of cosets of AR (Xi E A and A a submodule of A R) with the finite intersection 
property, then niEI Xi + Ai #- 0. In terms of congruences, note that X E Xi + Ai 
if and only if X == Xi (mod Ai). Thus a module AR is linearly compact if and 
only if any finitely soluble system of congruences 

X == Xi (mod A), i E I, 

is soluble. 
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Therefore linearly compact modules have the n-th root property, have only 
finitely many isomorphism classes of direct summands, and cancel from direct 
sums. Every artinian module is linearly compact, and therefore this result of 
Herbera and Shamsuddin's generalizes Theorem 4.12. 

(3) If A is a finitely generated right module of finite Goldie dimension 
over a strongly IT-regular ring R, then End(AR) is semilocal. 

(4) If AR is a finitely generated module of finite dual Goldie dimension 
over a ring Rand Mn(R) is a right repetitive ring for every n ?: 1, then 
EndR(A) is semilocal. 

A ring S is right repetitive [Goodear187] if for any elements a, b E S 
the right ideal I = Li>O aibS is finitely generated. Goodearl has shown that 
Mn(S) is a right repetItive ring for every n ?: 1 if and only if any surjective 
endomorphism of a finitely generated right S-module is an automorphism. 

(5) If R is a commutative ring and AR is a module satisfying AB5*, 
then End(AR) is direct product of semilocal rings, 1 is in the stable range of 
End(AR), AR cancels from direct sums and satisfies the n-th root property 
[Herbera and Shamsuddin, Corollary 9]. 

A module AR satisfies AB5* if niEI(B + Ai) = B + niEI A for every 
submodule B of AR and every inverse system {A liE I} of submodules 
of AR . 

4.4 Notes on Chapter 4 

Theorem 4.2 is due to [Camps and Dicks, Theorem 1], who gave various ap­
plications of their result. One of these applications was the proof that the 
endomorphism ring of an artinian module is semilocal (Theorem 4.12), a result 
conjectured by Pere Menal. Theorem 4.3 is due to [Herbera and Shamsuddin]. 
They extended some of the ideas of Camps and Dicks, studying the modules 
with semilocal endomorphism rings. For the decompositions of projective mod­
ules over semilocal rings, see [Facchini and Herbera]. 

Theorem 4.4 is due to [Bass 64] and Theorem 4.5 is due to [Evans, The­
orem 2]. Corollary 4.6 generalizes a result of [Warfield 69a, Proposition 2], who 
proved that a module with a local endomorphism ring cancels from direct sums. 
He also proved that every finitely generated projective module over a semilocal 
ring cancels from direct sums [Warfield 79, Lemma 2]. This immediately fol­
lows also from Example (3) on page 6, Proposition 1.13 and Corollary 4.6. 
Propositions 4.8 and 4.9 appear in [Facchini, Herbera, Levy and Vamos, Prop­
osition 2.1], but it was W. Dicks who realized that they hold for arbitrary 
modules with semilocal endomorphism rings and not only for artinian modules. 
Theorem 4.10 is due to [Fuller and Shutters, Theorem 9] and Corollary 4.11 to 
[Wiegand]. The examples in Section 4.3 are taken from [Herbera and Shamsud­
din], apart from Theorem 4.12 (artinian modules have semilocal endomorphism 
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rings), which was proved by [Camps and Dicks, Corollary 6) as we have already 
said in the first paragraph of this section. 

We shall now consider the stable range conditions. The definition of left 
stable range was introduced by [Bass 64) in algebraic K-theory. Let R be an ar­
bitrary ring. An n-tuple (aI, ... ,an) E Rn is called left unimodular if aI, ... ,an 
generate RR, that is, L~=l Rai = R. Similarly for right unimodular n-tuples. 
A ring R is said to have left stable range :::; n if for each m > n and left 
unimodular m-tuple (al, ... , am) E Rm there exist b1, ... , bm- 1 E R such that 
(al +b1am, a2+b2am, ... , am-l +bm-1am) is a left unimodular (m-l)-tuple. A 
similar definition is given for right stable range:::; n. Since a ring has left stable 
range:::; n if and only if it has right stable range:::; n [Vasershtein, Theorem 2), 
we shall just say that R has stable range:::; n, and write sr(R) :::; n. 

With these definitions, if a ring R has stable range:::; n, then R has stable 
range:::; n+ 1, so that we are interested in the least positive integer n such that 
R has stable range:::; n. This least integer n is called the stable range sr(R) of R. 
If no such integer exists, the stable range of R is said to be infinite, sr(R) = 00. 

For instance, if R is a commutative noetherian ring of Krull dimension d, then 
sr(R) :::; d + 1 [Bass 68). 

Now let X be a topological space, n;::: 1 an integer, 

sn = {x E R n +1 I Ilxll = I} 

the n-dimensional sphere and 

sn-l = {x E sn I Xn+l = O}. 

A continuous map!: X --+ sn is said to be non-essential ifthere is a continuous 
map g: X --+ sn-l such that! and g agree on !-l(sn-l). Otherwise! is said to 
be essential. The dimension dim(X) of the topological space X is the greatest 
integer n for which there exists an essential mapping !: X --+ sn. If no such 
integer exists the dimension of X is defined to be infinite, dim(X) = 00. For 
instance, one can prove that dim(R n) = n. For an arbitrary topological space X 
let C(X) and C*(X) denote the ring of all continuous functions !:X --+ R and 
the ring of all bounded continuous functions !: X --+ R respectively. Then 
sr(C(X)) = sr(C*(X)) = dim(X) + 1 [Vasershtein). Hence the stable range of 
the rings C(X) and C*(X) determines the dimension of the topological space 
X, and conversely. 

We have seen that semilocal rings have stable range 1 (Theorem 4.4). An­
other important class of rings with stable range 1 is given by strongly 1f-regular 
rings: every strongly 1f-regular ring has stable range 1 [Ara 96, Theorem 4). In 
particular, the endomorphism ring of a Fitting module has stable range 1 (Prop­
osition 3.18). From this and Theorem 4.5 it follows that Fitting modules cancel 
from direct sums [Ara 96, Corollary 6). 



Chapter 5 

Serial Rings 

In this chapter we shall give some results about the structure of serial rings, 
in particular noetherian serial rings (Section 5.4). We begin by considering the 
case of chain rings, since this is considerably simpler than that of arbitrary 
serial rings. 

5.1 Chain rings and right chain rings 

Let R be a right chain ring and J its Jacobson radical, so that J is the unique 
maximal right ideal of R. The R-module In / In+l is a uniserial right module 
and is a right vector space over the division ring R/ J, that is, it is a semisimple 
R-module. Thus In / In+l must be either zero or a simple right R-module, that 
is, there are no right ideals properly between In and In+l. Therefore the unique 
right ideals of R containing In are the powers J i , i = 0, 1,2, ... , n. 

Lemma 5.1 Let R be a right chain ring and let A be a right ideal of R. Then 
there is no prime ideal P with nn~l An c PeA. 

Proof. If P is a prime ideal of Rand PeA, then PeA n for every n, so that 
P ~ nn~lAn. D 

Recall that an ideal P of an arbitrary ring R is said to be completely prime 
if it is proper and xy E P implies x E P or yEP for every x, y E R. Therefore 
an ideal P of R is completely prime if and only if R/ P is a domain. Every 
completely prime ideal is prime. We shall see that it is possible to localize a 
chain ring at a completely prime ideal in the same way that a commutative 
ring can be localized at an arbitrary prime ideal (Section 6.4). 

We collect some properties of completely prime ideals of right chain rings 
in the following proposition. 

113 
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Proposition 5.2 Let R be a right chain ring. Then: 

(a) A proper ideal P is completely prime if and only if x2 E P implies x E P 
for every x E R. 

(b) If x E R, then there is no completely prime ideal P with 

n xnRC PcxR. 
n;?:l 

(c) If A is a non-zero proper ideal of Rand A2 = A, then A is completely 
prime. 

(d) If A is a proper ideal of R which is not nilpotent, then nn>l An is a 
completely prime ideal of R. -

(e) If P is a completely prime ideal of R and x E R \ P, then P = Px. 

(f) If P is a completely prime ideal which is right principal, then either P is 
the Jacobson radical J(R) of R or P = o. 

Proof. (a) It is sufficient to prove that if P is a proper ideal with the property 
that x2 E P implies x E P for every x E R, then P is completely prime. Let 
P be a proper ideal with this property, and suppose that xy E P for some 
x, y E R. Since R is a right chain ring, either x = ys or y = xs for some 
s E R. If x = ys, then x2 = xys E P, so that x E P. Suppose y = xs. Then 
(yx)2 = y(xy)x E P, so that yx E P. It follows that y2 = yxs E P, and thus 
yEP. This shows that P is completely prime. 

(b) Let P be a completely prime ideal of R properly contained in xR. 
Then x fJ. P, so that xn fJ. P for every n 2: 1. Since R is a right chain ring, it 
follows that Pc xn R for every n 2: 1. Therefore P ~ nn>l xn R. 

(c) Let A = A2 be a non-zero proper ideal of R. By -(a) it is sufficient to 
prove that x E R and x 2 E A imply x E A. Suppose x E R, x2 E A and x fJ. A. 
Then A C xR, so that A ~ xJ(R). Therefore A = A2 ~ xRA = xA ~ x2J(R), 
hence x2 =I O. Thus A ~ x2 J(R) C x2 R ~ A, contradiction. 

(d) Let A be a non-nilpotent proper ideal of R and set P = nn>l An. We 
must show that the ideal P is completely prime in R. If P = An for some n 2: 1, 
then P = A2n, so that P = p 2 and the conclusion follows from (c). Hence we 
can suppose P C An for every n 2: 1. If P is not completely prime, there exists 
an element x E R with x2 E P and x fJ. P. Then x fJ. Am for some positive 
integer m, and x2 R ~ P C A2m ~ xRAm = xAm ~ x2 R, contradiction. 

(e) This is an elementary proof. 
(f) Let P be a completely prime right principal ideal of R. Then P ~ J(R) 

because P is proper. If Pc J(R), then let x be an element of J(R) not in P, 
so that P = Px by (e). Apply Nakayama's Lemma to the finitely generated 
module PR. Then P = Px ~ PJ(R) implies P = O. 0 
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The final part of this section is devoted to chain rings with chain condi­
tions. 

Proposition 5.3 Let R be a chain ring and J = J(R) be its Jacobson radical. 

(a) The ring R is right artinian if and only if it is left artinian, if and only 
if J is nilpotent. 

(b) The ring R is right noetherian if and only if it is left noetherian, if and 
only ifnn~l r = O. 

Proof. (a) Follows immediately from the fact that in a right artinian ring the 
Jacobson radical is a nilpotent ideal. 

(b) If R is a right noetherian chain ring, the completely prime ideals 
of R are just J and (possibly) 0 (Proposition 5.2(f)). If J is nilpotent, then 
nn>l r = o. If J is not nilpotent, then nn>l r = 0 by Proposition 5.2(d). 

- Conversely, suppose that nn>l In = O.-If A is a non-zero right ideal of A, 
then it cannot be that A <:: In for-every n. Hence A :2 Jm for some m. In the 
first paragraph of this section we have already remarked that in a right chain 
ring the unique right ideals containing Jm are the powers J i , i = 0,1,2, ... ,m. 
This shows that A = Ji for some i :::: O. It follows immediately that R is right 
noetherian. 0 

From the previous proof it follows that in a right noetherian chain ring 
R, which is necessarily left noetherian also, everyone-sided ideal is two-sided. 
The ideals of R are just zero and the powers In of J, so that the lattice of its 
right ideals coincides with the lattice of its left ideals and is either finite (if R is 
artinian) or order antiisomorphic to w+ 1 (if R is not artinian). Moreover, R has 
one completely prime ideal (the ideal J) if R is artinian, and two completely 
prime ideals (the ideals J and 0 = nn> 1 In) if R is not artinian. In particular, 
if p is any element of J not in J2, the~ Rp = J and pR = J. Hence Rp = pR, 
so that In = Rpn = pn R for every n. 

5.2 Modules over artinian serial rings 

In the last paragraph of Section 5.1 we saw that if R is an artinian chain ring 
and p is an element of J = J(R) not in J2, then the right (or left) ideals of R 
are only the ideals In = Rpn = pn R for n :::: o. As an exercise, the reader could 
prove that from this remark the next lemma follows easily. (We shall prove 
Lemma 5.5, which is an improvement of Lemma 5.4.) 

Lemma 5.4 If R is an artinian chain ring, then R is self-injective, that is, RR 
is an injective module. 0 
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Lemma 5.4 cannot be extended to artinian serial rings by simply saying 
that every artinian serial ring is injective as a module over itself. For instance, 
let R = UT2 (k) be the ring of 2 x 2 upper triangular matrices over a field k, 
so that R is an artinian serial ring (Example l.21). The Jacobson radical of R 
is 

( Ok) J= 0 0 . 

Let cp: J R ---+ RR be the homomorphism defined by 

for every a E k. Then cp does not extend to an endomorphism of RR, otherwise 
it would coincide with left multiplication by some element of R, which it does 
not. Therefore RR is not injective. 

Let R be a serial ring and let {el' ... , en} be a complete set of orthogonal 
primitive idempotents of R. Since RR = EBi=l eiR, the module RR is injective 
if and only if eiR is injective for every i. The next lemma describes which 
indecomposable direct summands eiR of an artinian serial ring R are injective. 

Lemma 5.5 Let R be an artinian serial ring with Jacobson radical J and com­
plete set of orthogonal primitive idempotents {el' ... , en}. Then eiR is injective 
if and only if eiR is not isomorphic to ekJ for every k = 1,2, ... ,n. 

Proof. If eiR is isomorphic to ekJ for some k = 1,2, ... ,n, then eiR is isomor­
phic to a submodule of ekR that is not a direct summand of ekR. In particular, 
eiR is not injective. 

Conversely, suppose eiR 'I ekJ for every k = 1,2, ... ,n. In order to show 
that eiR is injective, we must prove that every homomorphism I ---+ eiR from 
a right ideal I of R extends to a homomorphism RR ---+ eiR. Equivalently, 
we must show that Extk(R/ I, eiR) = O. Since R is artinian, it suffices to 
show that Extk(SR, eiR) = 0 for every simple right R-module SR by induction 
on the composition length of R/ I. Hence we only have to show that for every 
k = 1,2, ... , n every homomorphism cp: ekJ ---+ eiR extends to a homomorphism 
'I/J: ek R ---+ ei R , that is, 'l/JE = cp, where E: ekJ ---+ ekR is the embedding of ekJ 
into ekR. 

Let Ej: ejR ---+ R be the embedding of ejR into R, and let 'Trj: R ---+ 

ejR be the canonical projection for every j = 1,2, ... , n. Since ekJ is cyclic 
and uniserial, there exists an index £ = 1,2, ... , n such that ekJ is a homo­
morphic image of eRR. Applying the functor HomR( -, R) to the exact sequence 
eeR ---+ ekJ ---+ 0 we see that HomR(ekJ, R) is isomorphic to a submodule of 
HomR(eeR, R) ~ Ree. Hence HomR(ekJ, R) is a uniserial left R-module, so 
that one of EiCP and EkE is a multiple of the other. 

If EiCP = rEkE for some r E R, then 'I/J = 'TrirEk is the required extension of 
cP, because 'l/JE = 'TrirEkE = 'TriEiCP = cpo 
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Suppose CkC = rCiCP for some r E R and set f = 7fkrCi: eiR ----t ekR. Then 

(5.1) 

so that ekJ = c(ekJ) = fcp(ekJ) ~ f(eiR). If ekJ = f(eiR), then fcp = C 

forces fcp = 1ek J, so that cp: ekJ ----t eiR is a splitting monomorphism. Since 
eiR is uniserial, it follows that either ekJ = 0 or ekJ ~ eiR. As ekJ ~ eiR, 
we have ekJ = 0, hence cp: ekJ ----t eiR trivially extends to a homomorphism 
'ljJ: ekR ----t eiR. Thus we may suppose ekJ C f(eiR), that is, f: eiR ----t ekR is an 
epimorphism. Since ekR is a non-zero projective module and eiR is indecom­
posable, it follows that f is an isomorphism. Thus from (5.1) we obtain that 
cp = f- 1c, i.e., f- 1 is the required extension of cp. D 

As a consequence of Lemma 5.5 and Proposition 2.28 we find that the 
Krull-Schmidt-Remak-Azumaya Theorem holds for arbitrary modules over an 
artinian serial ring: 

Theorem 5.6 Let R be an artinian serial ring. Then every module MR is a 
direct sum of cyclic uniserial modules, and any two direct sum decompositions 
of MR into direct sums of non-zero uniserial modules are isomorphic. 

Proof. We shall apply Proposition 2.28 to the class C of all non-zero right R­
modules and the class B of all non-zero cyclic uniserial right R-modules. Firstly, 
we must show that every non-zero module MR over the artinian serial ring R 
has a non-zero cyclic uniserial direct summand. To see this, we can suppose M 
faithful without loss of generality. Since the Jacobson radical J of R is nilpotent, 
there exists an m 2 1 such that Jm = 0 and J m- 1 -I- o. Then eiJm-1 -I- 0 for 
some i = 1,2, ... ,n, so that eiR is a uniserial module of composition length m 
and ejR has composition length:=:; m for every j = 1,2, ... ,n. By Lemma 5.5 
the right ideal eiR is injective. As M is faithful, there exists x E M with 
xeiJm-l -I- 0, hence xeiR is a uniserial module of composition length m that is 
a homomorphic image of eiR. Thus xeiR ~ eiR is injective and is the desired 
non-zero cyclic uniserial direct summand of M. 

Secondly, we must prove that for every proper pure submodule P of a 
module MR there exists a non-zero cyclic uniserial submodule D of M such 
that P n D = 0 and P + D = P EEl D is pure in M. If P is such a proper 
submodule, then M / P has a non-zero cyclic uniserial direct summand M' / P 
by the first part of the proof. From Proposition 1.31(b) it follows that M' is 
pure in M. By Proposition 1.31 (c) P is a pure submodule of M'. Since M' / P 
is finitely presented, hence pure-projective, the pure submodule P is a direct 
summand of M', that is, M' = PEEl D for a non-zero cyclic uniserial submodule 
D of M. Hence D has the required properties, so that from Proposition 2.28 
we obtain the first part of the statement. 

Since every uniserial R-module is artinian, the uniqueness in the second 
part of the statement follows from Theorem 2.18. D 
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We leave the proof of the following result to the reader as an exercise. It 
follows easily from Theorem 5.6 and Example 3.ll. It gives a complete set of 
invariants for modules over a fixed artinian serial ring R. 

Corollary 5.7 Let R be an artinian serial ring and let P = {PI, ... , Pm} be 
a set of representatives of the indecomposable projective right R-modules up 
to isomorph·ism. Then for every right R-module MR there is a unique set 
{ (P)." n).,) I A E A} such that MR ~ ffi)"EAP),,/ p).,J(R)n>., P)., E P and n)., 
is a positive integer::; length(P).,) for every A E A. 0 

5.3 Nonsingular and sernihereditary serial . rIngs 

The aim of this section is to prove that a right serial ring is right nonsingular 
if and only if it is right semihereditary. First of all we introduce the singular 
submodule of a module. 

Lemma 5.8 Let M and N be right R-modules and let f: M --7 N be a homo­
morphism. 

(a) If N' is an essential submodule of N, then f-I(N') is an essential sub­
module of M. 

(b) If M' is a superfluous sub module of M, then f(M') is a superfluous sub­
module of N. 

Proof. (a) Let P be a non-zero submodule of M. If f(P) = 0, then P ~ 
f-I(N'), so that f-I(N') n P =1= O. If f(P) =1= 0, then N' n f(P) =1= 0, hence 
there exists x E P with f(x) =1= 0 and f(x) EN'. Then x =1= 0 and x E f-I(N'), 
i.e., f-I(N') n P =1= o. 

(b) Let Q be a submodule of N such that f(M') + Q = N. Then 

M' + rl(Q) = M, 

because if x E M, then f(x) EN = f(M')+Q, so that f(x) = f(y)+q for some 
y E M' and q E Q, and this forces x - y E f-I(Q), that is, x E M' + f-I(Q). 
Now M' is superfluous in M, so that f-I(Q) = M. In particular M' ~ f-I(Q), 
hence f(M') ~ Q. Thus f(M') + Q = N implies Q = N. 0 

Lemma 5.9 If M is a right module over an arbitrary ring R, the set 

Z(M) = {x E M I annR(x) is essential in RR} 

is a submodule of M. 
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Proof. Since R is essential in RR, we have 0 E Z(M). If x, y E Z(M), then 
annR(x - y) is essential in RR because it contains annR(x) n annR(Y). If x E 
Z(M) and r E R, apply Lemma 5.8(a) to the homomorphism f: RR -+ RR 
given by left multiplication by r. Then f-l(annR(x)) is essential in RR, and 
annR(xr) ";;2 f-l(annR(x)). Hence annR(xr) is essential and xr E Z(M). 0 

The submodule Z(M) = {x E M I annR(x) is essential in RR} is called 
the singular submodule of M. The module M is a nonsingular module if Z(M) = 
o. 

Proposition 5.10 A module M is singular if and only if M ~ AlB for some 
module A and some essential submodule B of A. 

Proof. Suppose M is singular. Then M ~ AlB for some free module A and 
some submodule B of A. Suppose A = fIJ>.EAX)..R with x)..R ~ RR for every A. 
Since M is singular, for every A E A there is an essential right ideal h of R 
such that x)..h ~ B. Then ffi)..EAx)..I).. is essential in ffi)..EAX)..R = A, hence B is 
essential in A. 

Conversely, suppose M ~ AlB with B essential in A. If x E A, apply 
Lemma 5.8(a) to the homomorphism f: RR -+ A given by left multiplication 
by x. Then f-l(B) is essential in RR. But f-l(B) = annR(x + B), so that 
x + BE Z(AI B). This shows that AlB, hence M, is singular. 0 

It is easily seen that if R is a ring, r E R and x E Z(RR), then rx E Z(RR). 
Thus Z(RR) is a two-sided ideal of R, called the right singular ideal of R. A 
ring R is right nonsingular if Z(RR) = O. Similarly, R is left nonsingular if 
Z(RR) = O. 

Proposition 5.11 Let R be a right serial ring and let {el, ... , en} be a com­
plete set of orthogonal primitive idempotents of R. The following conditions 
are equivalent: 
(a) The ring R is right nonsingular. 
(b) For every i,j,k = 1,2, ... ,n, ifr E eiRej and s E ejRek are non-zero, 
then rs is non-zero. 

Proof. (a) =} (b). Suppose R is right nonsingular and (b) false, so there exist 
indices i,j, k = 1, ... , n and non-zero elements r E eiRej, s E ejRek with 
rs = o. Then sR is an essential submodule of ejR, so that 1= sR ffi (1 - ej)R 
is an essential right ideal of R. But r I = O. This is a contradiction, because R 
is right nonsingular. 

(b) =} (a). Suppose that R is not right nonsingular, so that Z(RR) -=I- o. 
Then there exist i,j = 1,2, ... , n such that eiZ(RR)ej -=I- O. Let r be a non-zero 
element of eiZ(RR)ej. As r E Z(RR), the right ideal r.annR(r) is essential 
in RR. Hence there exists a non-zero element t E r.annR(r) n ejR. Since t is 
non-zero, there exists an index k = 1,2, ... ,n such that tek -=I- o. Then s = tek 
is a non-zero element of ejRek and rs = rtek = o. 0 
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In particular, a right chain ring is right nonsingular if and only if it is a 
domain. From Proposition 5.11 and its left-handed version we obtain 

Corollary 5.12 A serial ring is right nonsingular if and only if it is left non­
singular. D 

We briefly review some notions about the decomposition theory of a ring R 
[Anderson and Fuller, pp. 99-100]. Let E = {el,"" en} be a complete set of 
orthogonal primitive idempotents of an arbitrary ring R. On the set E define 
a relation rv by setting ei rv ej if there is an index k = 1,2, ... , n such that 
ekRei =1= ° and ekRej =1= 0. Then rv is a reflexive and symmetric relation on E. 
The transitive closure ~ of rv, i.e., the smallest transitive relation that contains 
"", is an equivalence relation on E. Let E l , ... , Em be the ~ equivalence classes 
of E, and for each t = 1, ... ,m let Ut be the sum of the elements in Et • The 
idempotents Ul, ... ,Um are called the block idempotents of R determined by E. 
For the proof of the following theorem see [Anderson and Fuller, Theorem 7.9]. 

Theorem 5.13 Let R be a ring with a complete set of pairwise orthogonal prim­
itive idempotents E = {el' ... , en}, and let Ul, ... ,Um be the block idempotents 
of R determined by E. Then {Ul,' .. ,um} is a complete set of pairwise ortho­
gonal central idempotents, and R = UlRul X •.• x umRum is the unique ring 
decomposition of R into indecomposable rings. D 

For right serial rings the situation is considerably simpler. 

Lemma 5.14 Let R be a right serial ring and let E = {el' ... ,en} be a complete 
set of orthogonal primitive idempotents of R. Then for every ei, ej E E, ei "" ej 

if and only if either eiRej =1= ° or ejRei =1= 0. Moreover, if R is a nonsingular 
serial ring, the relations rv and ~ coincide. 

Proof. It is clear that if either eiRej =1= ° or ejRei =1= 0, then ei "" ej. 
Conversely, suppose R is right serial and ei rv ej, so that there exists an index 
k = 1,2, ... ,n with ekRei =1= ° and ekRej =1= 0. Let ekrei E ekRei and ekSej E 
ekRej be two non-zero elements. Since ekR is uniserial, there exists t E R 
such that either ekreit = ekSej or ekrei = ekSejt. If ekreit = ekSej, then 
ekrei . eitej = ekSej, so that eitej =1= 0. In particular, eiRej =1= 0. Similarly, 
ekrei = ekSejt implies ejRei =1= 0. 

Now assume that R is a nonsingular serial ring. In order to prove that the 
relations"" and ~ coincide, we must show that rv is transitive. Suppose ei "" ej 

and ej "" ek. If eiRej =1= ° and ejRek =1= 0, then eiRek =1= ° by Proposition 5.11, 
so that ei "" ek. Similarly, if ejRei =1= ° and ekRej =1= 0, then ekRei =1= 0, so 
that ei rv ek. If ejRei =1= ° and ejRek =1= 0, then ei "" ek by the definition of "". 
Finally, if eiRej =1= ° and ekRej =1= 0, there exist u, v E R such that eiUej =1= ° 
and ekVej =1= 0. Then Rej uniserial implies that there exists w E R such that 
either WeiUej = ekVej or eiUej = WekVej' In the first case ekwei =1= 0, and in 
the second case eiwek =1= 0. Therefore ei rv ek. D 
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From Theorem 5.13 and Lemma 5.14 we obtain 

Corollary 5.15 Let R be a nonsingular serial ring and E = {el' ... , en} a com­
plete set of orthogonal primitive idempotents of R. The following conditions are 
equivalent: 
(a) The ring R is indecomposable. 
(b) For every i, j = 1,2, ... ,n either eiRej ::/:- 0 or ejRei ::/:- o. 0 

A ring R is right hereditary if every right ideal of R is a projective module, 
and is right semihereditary if every finitely generated right ideal is projective. 

Theorem 5.16 Let R be a right serial ring. Then R is right nonsingular if and 
only if R is right semihereditary. 

Proof. If R is a right semihereditary ring and l' E Z(RR), then r.annR(r) is es­
sential and R/r.annR(r) ~ rR is projective. Therefore r.annR(r) is an essential 
direct summand of RR. Thus r.annR(r) = R, l' = 0, and RR is nonsingular. 

Conversely, let R be a right nonsingular, right serial ring. Then 

with every eiR uniserial. We shall show by induction on m = 0,1, ... ,n that 
every finitely generated sub module of e1R EB ... EB emR is projective. The case 
m = 0 is trivial. Let M be a finitely generated submodule of e1R EB ... EB emR, 
and let 7r m: e 1 REB· .. EB em R -+ em R be the canonical projection. Then 7r m (1\II) 
is a finitely generated submodule of the uniserial module emR, hence it is a 
cyclic uniserial module, from which 7rm (M) ~ eiR/N for some i = 1, ... , n 
and some submodule N of eiR. If N ::/:- 0, then N is essential in the uniserial 
module eiR, so that eiR/N is singular by Proposition 5.10. Then 7rm (M) is 
a singular submodule of the nonsingular module emR, so that 7rm (M) = o. 
If N = 0, then 7rm (M) ~ eiR. In both cases 7rm (M) is projective, so that 
M ~ 7rm (M) EB (Mnker7rm ). As Mnker7rm is a finitely generated submodule 
of ker7rm = e1R EB··· EB em-1R, by the induction hypothesis we conclude that 
M n ker7rm , hence M, is projective. 0 

5.4 Noetherian serial rings 

In Proposition 5.3(b) we saw that a chain ring is right noetherian if and only 
if it is left noetherian. This proposition cannot be extended to serial rings. For 
instance, if Z is the ring of integers, p is a prime number, Zp is the localization 
of Z at its maximal ideal (p) and Q is the field of rational numbers, then 
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is a serial right noetherian ring that is not left noetherian. In this section we 
shall study the structure of (two-sided) noetherian serial rings. The symbol R 
will denote a serial ring with Jacobson radical J in the whole section. 

Lemma 5.17 Let R be a serial, right noetherian ring. Then every uniform right 
R-module is uniserial. In particular, every indecomposable injective right R­
module is uniserial and every injective right R-module is serial. 

Proof. In order to show that every uniform right R-module is uniserial, it suf­
fices to prove that every finitely generated submodule N R of a uniform mod­
ule MR is uniserial. Since N R is finitely generated, it is finitely presented, 
hence serial (Corollary 3.30). But MR uniform implies NR indecomposable 
(Lemma 2.24(d)). Thus NR is uniserial. In particular, every indecomposable 
injective module is uniform (Lemma 2.24(b)). Finally, every injective right 
module over a right noetherian ring is a direct sum of indecomposable modules 
[Anderson and Fuller, Theorem 25.6]. 0 

Let e be a primitive idempotent of a serial ring R, so that eR is a uniserial 
right module. Then for each integer n ?: 0 the module eJ(R)n /eJ(R)n+1 is a 
uniserial module annihilated by J(R), that is, it is a uniserial module over the 
semisimple artinian ring R/ J(R). Hence eJ(R)n /eJ(R)n+1 is either zero or a 
simple module, so that eR/ eJ(R)n is a uniserial module of finite length::; n. It 
follows that eR/ nn>o(eJ(R)n) is either a module of finite length or a module 
whose lattice of sub modules is order antiisomorphic to w + 1. In both cases 
eR/ nn~o(eJ(R)n) is a noetherian uniserial module. Therefore: 

Lemma 5.18 If R is a serial ring and nn>O J(R)n = 0, then R is a noetherian 
ring. In particular, R/ nn~O J(R)n is a noetherian ring for every serial ring R. 

Proof. As a right module RR = elR EEl· .. EEl enR for some orthogonal primitive 
idempotents el, ... , en. From nn>O J(R)n = 0, it follows that each eiR is 
noetherian. Therefore RR is noetherian. Similarly for RR. In particular, if R is 

an arbitrary serial ring, then J ( R/ nn~O J(R)n) = J(R) / nn~O J(R)n. 0 
We shall now define an "order" on the set of simple right modules over 

a serial ring R (up to isomorphism). It is essentially the order in which they 
appear as composition factors of an indecomposable projective right R-module. 
The next lemma gives some equivalent conditions and is much more precise. 

Lemma 5.19 Let R be a serial ring and let S, T be simple right R-modules. The 
following conditions are equivalent: 

(a) Extk(S, T) =I- 0; 

(b) there exists a uniserial module M of composition length 2 with 
soc(M) S:! T and M/MJ S:! S; 

(c) if P is the projective cover of S, then T S:! P J / P J2 . 
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Proof. (a) =? (b). If Extk(S, T) #- 0, there is an exact sequence 

o-----+T~M-----+S-----+O 

that does not split. In particular M is not a semisimple module (Proposi­
tion 1.1), so that M J #- O. Since SJ = 0, we have that M J <;;; :p(T). But :p(T) 
is simple, hence MJ = :p(T). In particular, M is local (Lemma 1.14(b)) and 
:p(T) is its unique maximal submodule. As T is simple, the unique proper sub­
modules of M are just 0 and :p(T). Thus M is a uniserial module of composition 
length 2. 

(b) =? (c). Let M be a uniserial module of composition length 2 with 
soc(M) ~ T and M/M J ~ S, and let P be the projective cover of S. Then M 
is a homomorphic image of P, so that M ~ P/PJ2 and T ~ PJ/PJ2. 

(c) =? (a). If P is a projective cover of Sand T ~ pJ/pJ2, there is an 
exact sequence 0 ---+ T ---+ P / P J2 ---+ S ---+ 0, which is not splitting. 0 

If Sand T are simple modules, we say that T is a successor of S (or 
that S is a predecessor of T) if Sand T satisfy the equivalent conditions of 
Lemma 5.19. 

Lemma 5.20 Let R be a serial, right noetherian ring and let S be a simple 
right R-module. Then S has at most one successor and one predecessor up to 
isomorphism. Moreover, if S is not projective, then S has one successor. 

Proof. If P is a projective cover of S, then every simple module T that is a 
successor of S must be isomorphic to P J / P J2 (Lemma 5.19). This proves the 
uniqueness of T. Also if S is not projective, then P J #- O. Since R is right 
noetherian, P J #- P J2. But P is uniserial, so that P J / P J2 is a simple module 
and is a successor of S. 

In order to show that the predecessor of S, if it exists, is unique up 
to isomorphism, let M be a uniserial module of composition length 2 with 
soc(M) ~ S. Then M is an essential extension of S, so that M is isomorphic 
to a submodule of the injective envelope E(S) of S. Thus M is isomorphic to a 
submodule of soc2(E(S)). By Lemma 5.17 the module E(S) is uniserial, so that 
both socl(E(S)) and soc2(E(S))/SOCl(E(S)) are semisimple uniserial modules, 
that is, they are either simple or zero. Thus soc2(E(S)) is a uniserial module of 
composition length at most 2. It follows that M ~ soc2(E(S)). Thus a uniserial 
module M of composition length 2 with soc(M) ~ S, if it exists, is isomor­
phic to soc2(E(S)). Therefore the predecessor of S, if it exists, is necessarily 
isomorphic to SOC2 (E (S)) / SOCI (E (S)). 0 

Denote the successor of a simple module S by O"(S). More generally, if S is 
a simple right R-module and P is the projective cover of S, a simple module T is 
said to be a successor of degree k of S if T ~ P Jk / P Jk+l. Hence the successor 
of degree k of S exists if and only if P J.k #- P Jk+l, and, if it exists, it is uniquely 
determined up to isomorphism and we shall write pJk/pJk+l = O"k(S). Thus 
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O"k (S) is defined only for the integers k with P Jk -I- P Jk+l. If R is serial and 
right noetherian, then two cases may occur: the submodules of the uniserial 
noetherian module P can be either P => P J => P J2 => ... => P In = 0 or 
P => PJ => pJ2 => ... => pJn => pr+1 => ... => nn>O pr ;2 ... (and in 
Theorem 5.28 we shall see that if R is noetherian then nn>O P In = 0.) In 
the first case P is a uniserial module of finite composition length nand O"k(S) 
is defined only for k < n. In the second case P is a noetherian non-artinian 
uniserial module and O"k(S) is defined for every integer k :2:: 1. 

Also note that if O"(S) = T and O"(T) = U, it might not follow that 
0"2(S) ~ U, because if P is the projective cover of S it can happen that P J2 = O. 

Lemma 5.21 Let e and f be primitive idempotents of a serial ring R and let k 
be a positive integer. Then O"k(eR/eJ) = fR/ f J if and only if eRfnJk ~ Jk+l. 
In this case, if t E (eRf n Jk) \ Jk+l, then left multiplication by t is a non-zero 
homomorphism f R -+ eR whose image is eJk . 

Proof. O"k (eR/ eJ) = f R/ f J if and only if there is a homomorphism r.p: f R -+ 

eR such that r.p(f R) ~ eJk and r.p(f R) ~ eJk+l. Since homomorphisms f R -+ 

eR are given by left multiplication by elements of eRf, this happens if and 
only if there is an element t E eRf such that t E eJk and t ¢:. eJk+l. This is 
equivalent to eRf n Jk ~ Jk+l. 0 

Our aim is now to prove Theorems 5.28 and 5.29, which describe the 
structure of noetherian serial rings. The proof of these theorems is subdivided 
into some technical lemmas. 

Lemma 5.22 If e and f are primitive idempotents of a serial ring Rand k is a 
positive integer, then eR/ eJ ~ f Jk / f Jk+ 1 if and only if Rf / J f ~ Jk e / Jk+ 1 e. 

Proof. By Lemma 5.21, for any primitive idempotents e, f of a serial ring R 
we have eJk / eJk+ 1 ~ f R/ f J if and only if eRf n Jk ~ Jk+1. If we apply 
this result to the opposite ring R O of R we obtain that Jk e / Jk+ 1 e ~ Rf / J f 
if and only if f Re n Jk ~ Jk+ 1 . Thus eR/ eJ ~ f Jk / f Jk+ 1 if and only if 
eR/ eJ = O"k (f R/ f J), if and only if (by Lemma 5.21) f Re n Jk ~ Jk+l, if and 
only if Jk e/ Jk+ 1e ~ Rf / J f. 0 

Lemma 5.23 If e is a primitive idempotent of a noetherian serial ring Rand 
the simple module eR/ eJ has no predecessor, then eR is artinian. 

Proof. If eR is not artinian, then O"k (eR/ eJ) is defined for all k :2:: 1. Since 
there are only a finite number of isomorphism classes of simple modules, there 
must be positive integers k, n such that O"n(eR/eJ) ~ O"n+k(eR/eJ). By the 
uniqueness of predecessors (Lemma 5.20), it follows that 

eR/ eJ ~ O"k (eR/ eJ), 

which implies that eR/eJ itself has a predecessor. o 



Noetherian serial rings 125 

Lemma 5.24 If R is a serial, right noetherian ring with Jacobson radical J 
and e is a primitive idempotent such that nn>O eJn i- 0, then there exists a 
primitive idempotent f such that f RI f J is a simple module with no predecessor 
and eRf i- o. 

Proof. Since R is a serial, right noetherian ring, the indecomposable projective 
module eR is a noetherian cyclic uniserial module whose lattice of submodules 
is well-ordered under inverse inclusion. Let 

be the submodules of eR, so that all the submodules Po; are cyclic, Pa+1 = PaJ 
for every ordinal a ::; w, and Pw = nn>O eJn . Then PI Pw+l is an essential 
extension of the simple module S = Pwl Pw+l' If S has a predecessor, there 
exists a uniserial module M of composition length 2 with soc(M) ~ S. The 
injective envelope E of S is a uniserial module by Lemma 5.17. Now PIPw+1 

and 1\;£ are isomorphic to submodules of E, the module M has finite composition 
length and PI Pw+1 does not have finite composition length. It follows that 
M is isomorphic to a submodule of PI Pw+l' This is a contradiction, because 
PI Pw+1 does not have any submodules of composition length 2. Hence S has 
no predecessor. Let f be a primitive idempotent of R such that S ~ f RI f J. 
Then there is a non-zero homomorphism fR ---+ PwlPw+l, so that there is a 
non-zero homomorphism f R ----+ eR. Thus eRf i- O. D 

Recall that in Section 2.11 we defined 8(M) as the largest Loewy sub­
module of a module M. If R is a ring, then we can regard R as a right or a 
left module over itself, obtaining in this way a Loewy right ideal 8(RR) and a 
Loewy left ideal 8(RR). Since 8(M) is a fully invariant submodule of M, both 
8(RR) and 8(RR) are two-sided ideals of R. 

Lemma 5.25 If R is a noetherian serial ring, then 8(RR) = 8(RR)' 

Proof. By symmetry it is sufficient to show that 8(RR) ~ 8(RR)' 
The ring RI8(RR) is a noetherian serial ring whose socle as a right module 

over itself is zero. If we can show that SOC(RR) = 0 implies soc(RR) = 0 for 
every noetherian serial ring R, it will follow that the socle of the left RI8(RR)­
module RI8(RR) is zero. Then the socle of the left R-module RI8(RR) is zero. 
Thus the 8-torsion submodule of the left R-module RI8(RR) is zero, hence 
8(RR) ~ 8(RR)' 

This shows that we may suppose that R is a noetherian serial ring with 
SOC(RR) = 0 and prove that soc(RR) = O. If nn>l In i- 0, then there is 

a primitive idempotent e such that e (nn2:1 In) i O. Then nn2:1 eJn i- 0, 

so that by Lemma 5.24 there exists a primitive idempotent f with eRf i- 0 
and f RI f J with no predecessor. By Lemma 5.23 the module f R is artinian. 
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But this contradicts the fact that SOC(RR) = O. The contradiction proves that 
nn>l In = O. 

- Let {el,"" en} be a complete set of primitive orthogonal idempotents 
of R. As nn>l In = 0, the submodules of the indecomposable projective left 
module Rei are only 0 and the modules Jnei . Suppose soc(RR) #- O. Then 
SOC(Rei) #- 0 for some index i, so that Rei has a simple submodule Jmei. 
Then Rei is artinian. Now consider the simple right module eiR/ed. Since 
R is a noetherian serial ring and SOC(RR) = 0, we know that ei Jn #- eiJn+l 
for every n, so that un(eiRjeiJ) is defined for every n > O. As there are 
only a finite number of isomorphism classes of simple modules, there must 
be positive integers £ and k such that u£(eiR/ed) = U£+k(eiR/eiJ). By the 
uniqueness of the predecessor we obtain that eiR/eiJ = uk(eiR/eiJ). Thus 
eiR/eiJ = Utk(eiR/eiJ) for every t ~ 1, that is, eiR/eiJ ~ eiJtk /eiJtk+1 for 
every t ~ 1. By Lemma 5.22 we have that Red J ei ~ J tk ed Jtk+ 1 ei for every 
t ~ 1. Thus Rei is not artinian. This contradiction shows that soc(RR) = O. 0 

Corollary 5.26 If R is a noetherian serial ring and r E R, then Rr is an ar­
tinian left module if and only if r R is an artinian right module. 

Proof. By Corollary 2.60 the module rR is artinian if and only if r E 8(RR)' 
Now apply Lemma 5.25. 0 

Lemma 5.27 Let e and f be two primitive idempotents of a noetherian serial 
ring R. Suppose that eR is not artinian and f R is artinian. Then 

eRf = fRe = O. 

Proof. Assume there is a non-zero element t E eRf. Since Rf is artinian 
by Corollary 5.26, Rf must have finite length, so that In f = 0 for some 
positive n. Hence t 1= I n . Let k be the non-negative integer such that t E Jk and 
t 1= Jk+l. By Lemma 5.21 left multiplication by t is a non-zero homomorphism 
f R ---+ eR whose image is eJk. Since both f R and the cokernel eR/ eJk have 
finite composition length, eR also has finite composition length, which is a 
contradiction. This proves that eRf = O. 

Since eR is not artinian and f R is artinian, Re is not artinian and Rf 
is artinian by Corollary 5.26. If RO is the opposite ring of R, then fRo is an 
artinian right ideal in RO and eRa is not artinian. Apply what we have proved 
in the first part of the proofto RO. Then eRa f = 0, i.e., f Re = O. 0 

We are ready for the two main results of this section. 

Theorem 5.28 A serial ring R is noetherian if and only if nn>O In = O. 
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Proof. One of the two implications was already proved in Lemma 5.18. Con­
versely, let R be a noetherian serial ring and suppose nn>O In =I- O. Then there 
is a primitive idempotent e such that 

so that 

n er =I- O. 
n>O 

In particular, eR is not artinian. By Lemma 5.24 the ring R has a primitive 
idempotent f such that f R/ f J is a simple module with no predecessor and 
eRf =I- o. By Lemma 5.23 f R is artinian. This contradicts Lemma 5.27. 0 

Theorem 5.29 A noetherian serial ring is the direct product of an artinian ser­
ial ring and a hereditary serial ring with no simple left or right ideals. 

Proof. Let el, ... , en be a complete set of primitive orthogonal idempotents 
of R. Without loss of generality we may suppose that e1R, ... , emR are not 
artinian modules and em+1R, ... , enR are artinian modules. Set 

By Lemma 5.27 eR(l-e) = (l-e)Re = 0, whence there is a ring decomposition 
R = eRe x (1 - e)R(l - e), where eRe is a serial ring with no projective 
indecomposable artinian modules and (1- e)R(l- e) is an artinian serial ring. 
Hence we only have to show that if R is a noetherian serial ring, el, ... , em is a 
complete set of primitive orthogonal idempotents of Rand eiR is not artinian 
for every i = 1, ... ,m, then R is a hereditary ring with no simple left or right 
ideals. Since the lattice of submodules of each eiR is order antiisomorphic to 
w + 1, it is obvious that 8(eiRR) = 0, so that 8(RR) = O. From Lemma 5.25 
we get that 8(RR) = 8(RR) = 0, hence R has no simple left or right ideals. 
Let I be any right ideal of R. Then I is a finitely presented R-module, hence 
it is a finite direct sum of cyclic uniserial right ideals of R (Corollary 3.30). A 
cyclic uniserial right ideal of R is a homomorphic image of some eiR. But the 
lattice of submodules of eiR is order antiisomorphic to w + 1, so that every 
proper homomorphic image of eiR is artinian. As 8(RR) = 0, the ring R has no 
artinian left ideals. Therefore every cyclic uniserial right ideal of R is isomorphic 
to some eiR, hence it is projective. Therefore I itself must be projective, and 
R is hereditary. 0 
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5.5 Notes on Chapter 5 

Section 5.1 contains some elementary properties of chain rings and their prime 
ideals. For further results about chain rings see [Bessenrodt, Brungs and T6r­
ner]. Lemma 5.5 and Theorem 5.6 are due to [Eisenbud and Griffith, The­
orems 1.2 and 1.4], who strengthened a result of Nakayama. [Nakayama, The­
orem 17] proved that every finitely generated module over an artinian serial 
ring is serial, and [Eisenbud and Griffith, Theorem 1.2] extended this result to 
arbitrary modules. 

The singular submodule of a module was introduced by [Johnson 51, 
57]. Proposition 5.11 and Corollary 5.15 are due to [Facchini and Puninski 96, 
Lemma 2.2 and Corollary 2.3]. In Corollary 5.15 a characterization of inde­
composable nonsingular serial rings is given. For further characterizations see 
[Upham, Proposition 2.2]. Corollary 5.12 and Theorem 5.16 were proved by 
[Warfield 75, Theorems 4.1 and 4.6]. 

All the results in Section 5.4 are due to [Warfield 75], except for Lemma 
5.18, taken from a paper of [Singh, Lemma 2.1]. 



Chapter 6 

Quotient Rings 

6.1 Quotient rings of arbitrary rings 

In this section we briefly review some well-known results about quotient rings 
and Goldie's Theorem. The proofs can be found in almost every book of ring 
theory. We refer to [Goodearl and Warfield 89, Chapter 9]. 

If R is a ring, a multiplicatively closed subset S of R is a subset S ~ R such 
that 1R E Sand xy E S whenever xES and yES. A saturated multiplicatively 
closed subset is a multiplicatively closed subset S of R such that for every 
x, y E R, if xy E S, then both x and y belong to S. Given a ring R and a 
multiplicatively closed subset S of R, a right quotient ring of R with respect 
to S is a ring R[S-l] together with a ring homomorphism ep: R ---+ R[S-l] 
satisfying the following conditions: 

(a) for all s E S, ep(s) is an invertible element in R[S-l]; 

(b) every element of R[S-l] can be written in the form ep(r)ep(s)-l for some 
r E R, s E S; 

(c) an element r E R belongs to ker ep if and only if r s = 0 for some s E S. 

The definition of a left quotient ring of R with respect to S is similar. 

Proposition 6.1 Let R be a ring and let S be a multiplicatively closed subset 
of R. Suppose that there exists a right quotient ring ep: R ---+ R[S-l] of R with 
respect to S. If R' is any ring and f: R ---+ R' is a ring homomorphism such 
that f(s) is invertible in R' for every s E S, then there exists a unique ring 
homomorphism g: R[S-l] ---+ R' such that f = gep. 0 

A multiplicatively closed subset S of a ring R is a right Ore set if S is a 
proper subset of R and for each r E Rand s E S, there exist r' E R, s' E S such 
that rs' = sr'. A right denominator set is a right Ore set with the property 

129 



130 6 Quotient Rings 

that for every r E R, if there exists an element s E S such that sr = 0, there 
exists an element s' E S such that rs' = o. Similarly for left Ore sets and left 
denominator sets. 

Theorem 6.2 If R is a ring and S is a multiplicatively closed subset of R, then 
there exists a right quotient ring of R with respect to S ~f and only if S is a 
right denominator set. In this case if 'P: R -> T and 'P': R -> T' are two right 
quotient rings of R with respect to S, then there exists a unique isomorphism 
'l/J: T -> T' such that 'l/J'P = 'P'. 0 

If R is a ring and S is a right denominator set, the right quotient ring 
R[S-I] can be constructed in the following way. Let R x S be the cartesian 
product and let rv be the equivalence relation on R x S defined by (r, s) rv (r', s') 
if there exist x, x' E R such that rx = r' x' and sx = s' x' E S. Let R[ S-I] be 
the quotient set R x SI rv. For every element (r, s) E R x S let rs- l denote the 
equivalence class of (r,s) modulo rv. If (r,s), (r',s') E R x S, then sr" = s's" 
for suitable r" E R, s" E S. Set 

rs- l + r' S,-1 = (rr" + r' s")(s' s,,)-I. 

Moreover sr'" = r's'" for suitable r'" E R, s", E S. Set 

(rs- l )(r' S,-I) = (rr"')(s's",)-I. 

Then these operations on R x S I rv are well-defined, and R x S I rv with these op­
erations is the right quotient ring R[S-I] of R with respect to S. The mapping 
'P: R -> R x SI rv is defined by 'P(r) = rl-1 for every r E R. 

Of course there is also a left-hand version of Theorem 6.2. If S is a multi­
plicatively closed subset of a ring R and both a right quotient ring and a left 
quotient ring of R with respect to S exist, then the two quotient rings coincide. 
This is stated more precisely in the next proposition. 

Proposition 6.3 If S is a right and left denominator set in a ring R, then every 
right quotient ring of R with respect to S is also a left quotient ring of R with 
respect to S, and every left quotient ring of R with respect to S is also a right 
quotient ring of R with respect to S. 0 

Any finite number of elements of R[S-I] can be written in the form 
'P(rd'P- l (s), ... , 'P(rn)'P-l(s) for suitable rl, ... , rn E R, s E S, that is, they 
can be written with a common denominator 'P(s). 

We shall need the following properties: 

Proposition 6.4 Let S be a right denominator set in a ring R and let 

'P: R -> R[S-I] 

be the canonical homomorphism of R into the right quotient ring R[ S-I]. 
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(a) If I a right ideal of R[S-l], then <p-l(I) is a right ideal of Rand 

1= <p(<p-l(I))R[S-l]. 
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(b) If I an ideal of R[S-l] and <p-l(I) is prime in R, then I is prime. 0 

Proposition 6.5 (a) IJ R is a right serial ring and S ~ R is a right denomi­
nator set, then the right quotient ring R[S-l] is a right serial ring. 

(b) If R is a right chain ring and S ~ R is a right denominator set, then the 
right quotient ring R[S-l] is a right chain ring. 

Proof. If {el' ... , en} is a complete set of orthogonal idempotents for Rand 
each eiR is uniserial, then {ell ... ' en} is a complete set of orthogonal idem­
potents for R[S-l], and it is sufficient to show that each eiR[S-l] is uniserial. 
This can be proved easily, because eiR is uniserial and I = <p(<p-l(I))R[S-l] 
for every right ideal I of R[S-l] (Proposition 6.4(a)). 0 

An element x E R is regular if it is not a zero divisor, i.e., xr = 0 implies 
r = 0 and rx = 0 implies r = 0 for every r E R. The set of all regular 
elements of R is a multiplicatively closed subset of R and we shall denote it 
C R (0). More generally, if R is a ring and I is an ideal of R, let C R (I) denote 
the set of elements of R regular modulo I, that is, the set of elements x E R 
such that the map R/ I ----+ R/ I given by left multiplication by x and the map 
R/ I ----+ R/ I given by right multiplication by x are both monomorphisms. The 
right quotient ring of a ring R with respect to CR(O) is called the classical 
right quotient ring of R (or simply the right quotient ring of R) and is denoted 
Q(R). Hence the classical right quotient ring Q(R) of R exists if and only if 
CR(O) is a right Ore set. In this case the classical right quotient ring Q(R) of 
R is a flat left R-module [McConnell and Robson, Proposition 2.1.16]. A right 
annihilator ideal in R (or, briefly, a right annihilator) is a right ideal of the 
form r.annRX = {r E R I Xr = O} for some subset X ~ R. A ring R is 
called a right Goldie ring if the right R-module RR has finite Goldie dimension 
and R satisfies the a.c.c. (ascending chain condition) on right annihilators. For 
instance, a right serial ring is a right Goldie ring if and only if it satisfies the 
a.c.c. on right annihilators. 

Theorem 6.6 (Goldie's Theorem) The following conditions on a ring Rare 
equivalent: 

(a) R has a classical right quotient ring Q(R) which is semisimple artinian. 

(b) R is a semiprime right Goldie ring. 

(c) R is semiprime, Z(RR) = 0 and dim(RR) < 00. 

(d) A right ideal of R is essential if and only if it contains a regular element. 
o 
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6.2 Nil subrings of right Goldie rings 

This section is devoted to proving that nil subrings of right Goldie rings are 
nilpotent (Corollary 6.9). The proof is subdivided into preliminary results. 

A subring N of a ring R is said to be right T -nilpotent (respectively left 
T -nilpotent) if for each sequence Xo, Xl, X2, ... of elements of N there exists an 
index n such that XnXn-1 ... XIXO = 0 (respectively XOXI ... Xn-IXn = 0). 

Proposition 6.7 Let R be a ring with the a. c. c. on right annihilators and let 
N be a nil subring of R which is not right T -nilpotent. Then there are two 
sequences YO,YI,Y2, ... and al,a2,a3, ... of non-zero elements of N such that: 

(a) YnYn-I ... YIYO =!- 0 for every n ~ 0; 

(b) YiYnYn-I ... YIYO = 0 for every n ~ 0 and every i = 0, 1,2, ... , n; 

(c) the sum Ln~l anR is direct; 

(d) if Sn = {ai I i ~ n}, then the left annihilators l.ann(Sn) form a strictly 
ascending chain. 

Proof. We shall say that an element X E N has an infinite chain if there exists 
an infinite sequence XI,X2,X3, ... of elements of N such that XnXn-I ... X2XIX=!-0 
for each n. In this case we shall say that ... ,X3, X2, Xl is a chain for x. Define a 
sequence Yo, YI, Y2,··· of elements of N such that YnYn-1 ... YIYO has an infinite 
chain for every n ~ 1 as follows. Since N is not right T-nilpotent, there exist 
elements in N with an infinite chain, that is, the set Ko = {y E N I Y has 
an infinite chain} is non-empty. Let Yo E Ko be an element with r.ann(yo) 
maximal in {r.ann(y) lyE Ko}. Suppose n ~ 1 and that we have already 
defined Yo, YI,· .. , Yn-l EN such that Yn-l ... YIYO has an infinite chain. Then 
the set 

Kn = {y E N I YYn-1 ... YIYO has an infinite chain} 

is non-empty. Let Yn E Kn be an element with r.ann(Yn) maximal in 

{r.ann(y) lyE Kn}. 

Then YnYn-I ... YIYO =!- 0 for every n, because YnYn-1 ... YIYO has an 
infinite chain. Hence (a) holds. 

We claim that r.ann(Yn) = r.ann(Yn+lYn) for every n ~ O. Since YnH E 
K n+l , the element Yn+IYn ... YIYO E N has an infinite chain. Thus 

But r.ann(Yn) C r.ann(YnHYn) , so that r.ann(Yn) 
choice of Yn. 

Also 

r.ann(YnHYn) by the 

r.ann(YnYn-1 ... Yi) = r.ann(YnHYnYn-1 ... Yi) 
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for every i = 0, 1,2, ... ,n, because if T E r.ann(Yn+IYnYn-1 ... Yi), then 

Yn+IYnYn-1 ... YiT = 0, 

so that Yn-l ... YiT E r.ann(Yn+IYn) = r.ann(Yn), that is, YnYn-1 ... YiT = O. 
Thus r.ann(Yi) = r.ann(YnYn-1 ... Yi) for every i = 0,1,2, ... ,n. 

In order to prove that YiYnYn-I ... YIYO = 0 for every i = 0,1,2, ... , n, 
suppose to the contrary that YjYkYk-1 ... YIYO =f 0 for some k, j with 0 ::; j::; k. 
Then YkYk-1 ... YIYO 1= r.ann(Yj) = r.ann(YnYn-1 ... Yj) for every n 2 j, that 
is, YnYn-l ... YjYkYk-1 ... YIYO =f o. Hence ... , Yj+3, Yj+2, Yj+l is a chain for 
Yj(YkYk-l .. ·YIYO) = (YjYkYk-I .. ·Yj)Yj-I .. ·YIYO· Thus YjYkYk-l·· ·Yj E K j . 
But r. ann (Yj ) ~ r.ann(YjYkYk-I ... Yj)' hence from the choice of Yj we 
obtain that r.ann(Yj) = r.ann(YjYkYk-l ... Yj). As YkYk-I ... Yj E N is nil-
potent, there exists a smallest m 2 0 such that Yj(YkYk-I ... Yj)m = o. If 
m 2 1, then (YkYk-I ... Yj)m-l E r.ann(YjYkYk-I ... Yj) = r.ann(Yj), so that 
Yj(YkYk-I .. ·Yj)m-l = 0, and this contradicts the choice of m. Hence m = 0, 
that is, Yj = 0, which is a contradiction. This proves (b). 

Set an = YnYn-1 ... YIYO for each n 2 1. Then an =f 0 for every n 2 0, 
Yian = 0 for every i ::; n, and an+l = Yn+lan for every n. If the sum I:n>l anR 
is not a direct sum, there exist Ti, Ti+l, ... ,Tk E R with -

and aiTi =f O. Multiplying on the left by Yi+l we obtain that Yi+laiTi = o. Thus 
Yi+IYi ... YIYoTi == 0, from which Yi-l ... YIYoTi E r.ann(Yi+IYi) = r.ann(Yi). 
Hence aiTi = YiYi-1 ... YIYoTi = 0, a contradiction that proves (c). 

Finally, the ascending chain l.ann(Sn) of left annihilators is strictly as­
cending, because Yk+lak = ak+l =f 0, so that Yk+l 1= l.ann(Sk), but YkHan = 0 
for every n ~ k + 1, i.e., Yk+l E l.ann(Sk+d. D 

Proposition 6.8 Let R be a ring with the a.c.c. on right annihilatoTs. Then a 
sub ring of R is nilpotent if and only if it is right T -nilpotent. 

PTOOf. Every nilpotent ring is right T-nilpotent. Conversely, let N be a subring 
of R that is not nilpotent. There is an n 2 0 such that 

for every i 2 o. Define a sequence of elements Xi E N (i 2 0) such that 
NnXiXi_1 ... Xo =f 0 as follows. Since N is not nilpotent, Nn+l =f 0, so that 
there exists Xo E N with Nnxo =f O. Suppose Xo, Xl, ... ,Xi-l E N have been 
defined and that NnXi_IXi_2 ... Xo =f o. Then Nn+lxi_IXi_2 ... Xo =f 0, so 
that there exists Xi E N such that NnXiXi-IXi-2 ... Xo =f o. The existence of 
the sequence XO,XI,X2 ... shows that N is not right T-nilpotent. D 
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From the last two propositions we obtain two important results. 

Corollary 6.9 (Lanski) Let R be a right Goldie ring. Then each nil subring of 
R is nilpotent. In particular, the prime radical N(R) of R is nilpotent. 

Proof. In a right Goldie ring every nil subring is right T-nilpotent by Proposi­
tion 6.7. Thus every nil subring is nilpotent by Proposition 6.8. Finally, N(R) 
is nil by Proposition 1.6. D 

Corollary 6.10 (Herstein and Small) Let R be a ring with the a.c.c. on right 
annihilators and the a. c. c. on left annihilators. Then each nil subring of R is 
nilpotent. 

Proof. In R every nil subring is right T-nilpotent by Proposition 6.7. Now 
apply Proposition 6.8. D 

6.3 Reduced rank 

We give a preliminary definition that will be generalized later. Let R be a 
semiprime right Goldie ring, so R has a semisimple artinian classical right 
quotient ring Q = Q(R) by Goldie's Theorem 6.6. If MR is an R-module, then 
M ®R Q is a semisimple Q-module. The reduced rank of MR is defined to 
be p(M) = dimQ(M ®R Q), the Goldie dimension of the Q-module M ®R Q. 
Therefore p(M) = t if and only if M®RQ is a direct sum oft simple Q-modules, 
where t may be either a non-negative integer or 00. 

Consider the right R-module homomorphism cp: M ---- M ®R Q defined 
by cp(x) = x ® 1 for every x E M. Let x be an element of M and consider 
the monomorphism R/annR(x) ---- M defined by r + annR(x) 1--7 xr. Since RQ 
is fiat, the mapping Q/annR(x)Q ~ R/annR(x) ®R Q ---- M ®R Q defined by 
q + annR(x)Q 1--7 x ®R q is a monomorphism. Hence x E kercp if and only if 
Q/annR(x)Q = 0, that is, if and only if annR(x) contains a regular element 
of R. This proves that ker cp = {x E M I xc = 0 for some c E C R (0) }. From 
Theorem 6.6(d) it follows that kercp = Z(MR). As the Q-module M ®R Q is 
generated by the image of cp, we obtain that M ®R Q = 0 if and only if Mis 
singular. 

Proposition 6.11 Let R be a semiprime right Goldie ring, let MR be an R­
module, let M' be a submodule of MR and let M>., A E A, be a family of right 
R-modules. Then: 

(a) p(MR) = 0 if and only if MR is singular. 

(b) p(M) = p(M') + p(M/M'). 

(c) p(MR) = p(MR/Z(MR)). 
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(d) If M' is essential in M, then p(M') = p(M). 

(e) P(EBAEAMA) = LAEAP(MA). 
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(f) If MR is uniform and nonsingular, then M ®R Q is a simple Q-module, 
hence p(MR) = l. 

(g) p(MR) is equal to the Goldie dimension dimR(MRIZ(MR)) of the R­
module MRIZ(MR). 

Proof. (a) This follows immediately from the remarks in the paragraph before 
the statement of the proposition. 

(b) Since Q is a flat left R-module, the sequence 

o -+ M' ® R Q -+ M ® R Q -+ M 1M' ® R Q -+ 0 

is an exact sequence of right Q-modules. As Q is semisimple artinian, the exact 
sequence splits, so that 

dimQ(M ®R Q) = dimQ(M' ®R Q) + dimQ(MIM' ®R Q). 

(c) From (b) we obtain that p(MR) = p(Z(MR)) + p(MRIZ(MR)), and 
p(Z(MR)) = 0 by (a). 

(d) Consider the exact sequence 

0-+ M' ®RQ -+ M®RQ -+ MIM' ®RQ -+ O. 

If M' is essential in M, the module MIM' is singular (Proposition 5.10), hence 
MIM' ®RQ = o. Thus M'®RQ~ M®RQ. 

(e) This is trivial. 
(f) Let MR be a uniform nonsingular R-module and x E M ®R Q a non­

zero element. Then x can be written in the form y ® 8-1 for some non-zero 
y E M, s E CR(O). Since yR is essential in M R, the inclusion yR -+ MR 
induces an isomorphism yR ®R Q -+ M ®R Q as in the proof of (d). Hence 
y ® 1 generates the Q-module M ®R Q, so that x = y ® S-l also generates 
M ®R Q. This proves that M ®R Q is simple, hence p(MR) = 1. 

(g) By (c) we may assume MR is nonsingular, and we must prove that 
p(MR) = dimR(MR). If dimR(MR) = 00, then MR contains an infinite direct 
sum EBAEAMA of non-zero submodules. Hence 

p(M) ~ P(EBAEAMA) = L P(MA) = 00 

AEA 

by (b), (e) and (a) respectively. If dimR(MR) = n < 00, then MR contains an 
essential submodule EB7=1 Mi that is a direct sum of n uniform modules Mi. 
Therefore 

n 

p(M) = p( EB7=1 Mi ) = L p(Mi) = n 
i=l 

by (d), (e) and (f). o 
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For instance, p(U R) :::; 1 for any uniserial module U R. 

Now let R be an arbitrary ring. Assume that N is a fixed ideal such 
that R/N is a semiprime right Goldie ring, and M is a right R-module that is 
annihilated by some power Nn of N, n 2:: 0 an integer. Define the reduced rank 
PN(M) of M as follows: let Q be the right quotient ring of R/N, and take any 
finite chain of submodules 

(6.1) 

of M such that MiN ~ Mi+l for every i. For instance one can take Mi+l = 
MN i . Define 

k-l 

PN(M) = LP(MdMi+t), 
i=O 

where p(MdMi+1) is the reduced rank of MdMi+1 as an R/N-module. In 
Proposition 6.13(a) we shall see that PN(M) does not depend on the choice of 
the chain Mi. 

Example 6.12 Let R be a ring, N an ideal such that R/ N is a semi prime right 
Goldie ring, and let UR be a uniserial R-module that is annihilated by some 
power N n of N. Then PN(UR ) :::; n. D 

The next proposition collects the most important elementary properties 
of the reduced rank. 

Proposition 6.13 Let R be a ring, let N be an ideal such that R/ N is a semi­
prime right Goldie ring, and let M be a right R-module that is annihilated by 
some power N n of N. Then: 

(a) The reduced rank PN(M) of M is independent of the choice of the chain 
of submodules (6.1). 

(b) If M' is a submodule of M, then PN(M) = PN(M') + PN(M/M'). 

(c) PN(M) = 0 if and only if for each x E M there exists c E CR(N) such 
that xc = o. 

Proof. (a) Let 
M = M~ :2 M~ :2 ... :2 M: = 0 

be another chain of submodules of M. By the Schreier Refinement Theorem, 
the two chains of submodules have a common refinement 

M = M~' :2 M~' :2 ... :2 M::' = o. 

Therefore it is sufficient to show that a chain and a refinement of the same 
chain yield the same reduced rank. This follows immediately from Proposi­
tion 6.U(b). 
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For the proof of (b) argue as in the previous paragraph with a suitable 
refinement of the chain M :;2 M' :;2 O. 

(c) Let AI = Mo :;2 Ml :;2 ... :;2 kh = 0 be a finite chain of sub­
modules of M with MiN <;;; Mi+l for every i. Then PN(M) = 0 if and only 
if pN(Mi/Mi+d = 0 for every i. Now the conclusion easily follows by in­
duction on k from the fact that CR(N) is multiplicatively closed and that 
PN(Mi/Mi +1 ) = 0 if and only if each element of M;jMi +1 is annihilated by 
some regular element of R/N. 0 

Example 6.14 From Example 6.12 we obtain that if R is a right serial ring and 
N is a nilpotent ideal such that R/ N is a semi prime right Goldie ring, then 
PN(RR) is finite. 0 

We shall now prove the main result of this section, namely Warfield­
Small's Theorem 6.16. For its proof it is convenient to give a preliminary lemma. 

Lemma 6.15 Let R be a ring and let N be its prime radical. Let c E R be an 
element such that the map RR ----> RR given by left multiplication by c is a 
monomorphism. Suppose that: 

(a) R/N is right Goldie, 

(b) N is nilpotent, and 

Then 

(2) for every a E R there exists c' E CR(N) such that ac' E cR. 

Proof. Let c be an element with the property stated in the hypothesis of the 
lemma. There is an exact sequence of R-modules 

so that PN(R) = PN(R) + PN(R/cR). Observe that all the reduced ranks that 
appear in this formula are finite by hypothesis (c). Therefore P N (R/ cR) = O. 
From Proposition 6.13(c) it follows that for every a E R there exists c' E CR(N) 
such that ac' E cR. This proves (2). In particular, for a = 1, there exists 
an element c' E CR(N) with c' E cR. If r' E R is such that c' = cr', then 
c' + N = (c + N)( r' + N) is an invertible element in the classical right quotient 
ring Q(R/N) of R/N, so that c+N is right invertible in the semisimple artinian 
ring Q(R/N). Thus c belongs to CR(N) by Proposition 2.38. 0 
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The next theorem is the main result of this section. 

Theorem 6.16 Let R be a ring and let N be its prime radical. Then R has a 
right artinian classical right quotient ring if and only if 

(a) R/ N is a right Goldie ring, 

(b) N is nilpotent, 

(c) PN(RR) is finite, and 

Proof. Suppose (a), (b), (c) and (d) hold. 

Step 1: The multiplicatively closed subset CR(O) of R is a right GTe set. 
We must prove that for each r E Rand c E CR(O), there exist r' E Rand 

c' E CR(O) such that rc' = cr'. By Lemma 6.15(2) there exists c' E CR(N) such 
that TC' E cR. But CR(O) = CR(N), so that CR(O) is a right are set. 

As CR(O) is a right are set, R has a classical right quotient ring Q. Let 
N ' be the prime radical of Q. 

Step 2: QNQ = NQ. 
The inclusion QNQ :2 NQ is obvious, so that it is sufficient to prove 

that QN <;;; NQ. Fix q = rc- 1 E Q (r E R, c E CR(O)) and x E N. Since 
CR(O) is a right are set, there exist 1" E R, dE CR(O) such that xd = cr'. By 
(d), c E CR(N), so that c(r' + N) = xd + N = N implies r' E N. Therefore 
qx = TC1X = rr'd- 1 E NQ. 

Step 3: NQ <;;; N ' and NQnR = N. 
Let n be a positive integer such that N n = O. Then (NQ)n = NnQ by 

Step 2, so that the ideal QNQ = NQ of Q is nilpotent. In particular NQ <;;; N ' . 
Since N Q is a nilpotent ideal of Q, N Q n R is a nilpotent ideal of R. Therefore 
NQ n R <;;; N. The reverse inclusion NQ n R :2 N is obvious. 

Step 4: Q/NQ is the classical right quotient Ting of R/N. 
By Step 3 the embedding R --> Q induces an injective ring morphism 

R/N --> Q/NQ. It is easily seen that Q/NQ is a right quotient ring of R/N 
with respect to the multiplicatively closed subset 

Therefore Q/NQ is the classical right quotient ring of R/N. 

Step 5: Q/NQ is semisimple artinian and NQ = N ' . 
The ring Q / N Q is semisimple artinian because it is the classical right 

quotient ring of the semiprime right Goldie ring R/N. In particular, NQ is an 
intersection of prime ideals of Q, so that NQ :2 N ' . In Step 3 we have already 
seen that NQ <;;; N ' . 
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Step 6: Q is right artinian. 
Since the left R-module Q is fiat, I @R Q is isomorphic to the right ideal 

IQ of Q for every right ideal I of R (in order to see this it is sufficient to apply 
the exact functor - @R Q to the exact sequence 0 ---> I ---> R ---> R/ I ---> 0). In 
particular, 

N i/Ni+1 @R Q ~ N iQ/Ni+1Q = N Ii /N'i+1 

for every i. Since PN(R) is finite and 

PN(R) = L:;':Ol p(Ni /Ni+1) 
= L:~::Ol dimQ(N i /N i +1 @RQ) = L:~~1 dimQ(N'i/N'i+1), 

all the right Q-modules N'i / N'i+1 have finite length, so that QQ is of finite 
length, that is, Q is right artinian. 

Conversely, suppose that R has a right artinian classical right quotient 
ring Q. The prime radical N' of Q is equal to J( Q) and is nilpotent (Proposi­
tion 1.9). Therefore the ideal N'nR of R is nilpotent, so that N'nR is contained 
in the prime radical N of R, and Q/N' = Q/J(Q) is semis imp Ie artinian. It is 
easily seen that Q / N' is the classical right quotient ring of R/ N' n R, because: 

(1) If r + (N' n R) is a regular element of R/ N' n R, left multiplication by r is 
a monomorphism Q/N' ---> Q/N' (for every element xs-1 + N' E Q/N', 
where x E Rand s E CR(O), such that rxs-1 EN', one gets that 

rx E N' n R, 

and therefore x E N' n R). Since Q / N' is semisimple artinian, i.e., it is 
a Q-module of finite length, the left invertible element r + (N' n R) of 
Q/N' is invertible in Q/N' (Proposition 2.38). 

(2) Let rs-1 + N' E Q/N', r E Rand s E CR(O), be an arbitrary element of 
Q / N'. In order to show that it can be written in the form 

(r + N')(s + N')-l 

with r, s E Rand s + (N' n R) regular in R/ N' n R, it is sufficient to show 
that s E CR(O) implies s+(N'nR) regular in R/N'nR. Now if s E CR(O), 
s is invertible in Q, so that s + N' is invertible in Q/N'. Therefore the 
element s + (N' n R) is regular in the sub ring in R/N' n R of Q/N'. 

Since Q / N' is semisimple artinian and is the classical right quotient ring of 
R/ N' n R, R/ N' n R is a semi prime right Goldie ring by Goldie's Theorem 6.6 . 
Hence N' n R is an intersection of prime ideals of R, and therefore N <:;: N' n R. 
This proves that N = N' n R. Hence (a) and (b) hold. 

In the proof of Step 6 we have already seen that since the right quotient 
ring Q of R is a fiat left R-module, N i /Ni+ 1 @R Q ~ N i Q/Ni+1Q for every i. 



140 6 Quotient Rings 

Now NiQ is a right ideal of the right artinian ring Q, and therefore it has finite 
length. It is clear, now, that PN(RR) is finite. 

Finally, if sEC R (N), then s + N ' is invertible in Q / N', so that sQ + N' = 
Q and Qs+N' = Q. By Nakayama's Lemma 1.4 we have sQ = Q and Qs = Q. 
Thus s is invertible in Q, whence s E CR(O). This shows that CR(N) ~ CR(O). 
From Lemma 6.15(1) we know that CR(O) ~ CR(N). This proves (d). 0 

6.4 Localization in chain rings 

In this section we shall see how it is possible to localize a chain ring at an 
arbitrary completely prime ideal as in the case of commutative rings. We begin 
with two elementary lemmas used in the sequel. 

Lemma 6.17 Let R be a right chain ring and let I be a right ideal of R. Then 
(a) for every r E R and x E I, there exists an invertible element v E R 

such that rx E vI; 
(b) I is a two-sided ideal in R if and only if uI ~ I for every invertible 

element u E R. 

Proof. Suppose that (a) does not hold. Let r E R and x E I be elements 
such that rx tJ- vI for every invertible element v E R. In particular, r is not 
invertible in Rand rx tJ- I. Thus rx tJ- xR, so that if J(R) denotes the Jacob­
son radical of R we obtain rxJ(R) :2 xR. Therefore there exists an element 
j E J(R) such that x = rxj. Then both j + 1 and 1 + r are invertible elements 
in R, and 

rx = rx(j + 1)(j + 1)-1 = (rxj + rx)(j + 1)-1 
= (x + rx)(j + 1)-1 = (1 + r)x(j + 1)-1 E vI 

with v = 1 + r. This is a contradiction. 
(b) follows immediately from (a). o 

Lemma 6.18 Let P be a subset of a right chain ring R. The following conditions 
are equivalent: 

(a) R \ P is a saturated multiplicatively closed subset of R; 
(b) P is either the empty set or a completely prime ideal of R. 

Proof. (a) =} (b). Suppose that R \ P is a saturated multiplicatively closed 
subset of R and that P is not empty. 

If P is not additively closed, then there are elements x, yEP with 
x + y tJ- P. Now either xR ~ yR or yR ~ xR. If for instance xR ~ yR, 
then x = yr for some r E R, so that x + y = y(r + 1). Since x + y E R \ P 
and R \ P is saturated, it follows that y E R \ P, a contradiction. Thus P is 
additively closed. 
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The proof that P is a two-sided completely prime ideal now follows im­
mediately from the fact that R \ P is saturated and multiplicatively closed. 

(b) =} (a). This is trivial. D 

If P a completely prime ideal of a chain ring R, set 

S=R\P, 

Nr(S) = {x E R I sx = 0 for some s E S} 

and 
NI(S) = {x E R I xs = 0 for some s E S}. 

Lemma 6.19 Let P be a completely prime ideal in a chain ring R. Set 
S = R \ P and I = {x E R I sxs' = 0 for some s, s' E S }. Then: 

(a) Nr(S) and NI(S) are two-sided ideals in R; 
(b) I = N r (S) U NI (S), in particular I is a two-sided ideal; 
(c) S ~ CR(I); 
(d) the set 5 of the images in R = R/ I of the elements of S is a left and 

right denominator set in R. 

Proof. (a) Suppose x, y E Nr(S). Then sx = 0 and ty = 0 for some s, t E S. 
Since R is a chain ring, either Rs ~ Rt or Rt ~ Rs. If, for instance, Rs ~ Rt, 
then Rs(x + y) ~ Rsx + Rty = 0, so that s(x + y) = O. This shows that Nr(S) 
is additively closed. 

It is easily seen that Nr(S) is a right ideal of R. By Lemma 6.17(b), in 
order to show that Nr(S) is two-sided, it is sufficient to prove that ux E Nr(S) 
for every x E Nr(S) and every invertible element u E R. Now if x E Nr(S) 
and u is invertible, then sx = 0 for some element s E S. But u-1 E S, so that 
su-1 E S, and (su-1)(ux) = O. Thus ux E Nr(S), This shows that Nr(S) is a 
two-sided ideal in R. By symmetry, the same holds true for NI(S), 

(b) It is obvious that both Nr (S) and NI (S) are contained in I. Conversely, 
let x be an element in I. Then sxs' = 0 for some s, s' E S. Suppose 

Then xs' E Nr(S), so that xs' E NI(S), i.e., xs't = 0 for some t E S, from 
which x E NI (S). Similarly, from N r (S) :2 Nl (S) it follows that x E N r (S). 
Thus, in both cases, x E Nr(S) U NI(S), 

(c) Let s be an element of S and suppose that rs E I for some r E R. 
Then trst' = 0 for suitable t, t' E S, so that rEI. Similarly, sr E I implies 
rEI. Hence s E CR(I). 

(d) By (c) we need only show that the multiplicatively closed subset S 
of R is a left and right Ore set in R. We must prove that for each r E Rand 
s E S, there exist r' E R, s' E S such that rs' = sr'. Given r E Rand s E S, 
then either rR:2 sR or rR ~ sR. If rR:2 sR, then s = rs' for some s' E R, so 
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that s' E Sand rs' = sIR. If rR ~ sR, then r = sr' for some r' E R, so that 
rlR = sr' with lR E S. This proves that S is a right Ore set in R. Similarly, S 
is a left Ore set. 0 

By Theorem 6.2 and Proposition 6.3 the left and right quotient ring of 
- - ---1 
R = R/ I with respect to S exists. We denote this quotient ring R[S 1 by Rp 
and call it the localization of Rat P. Observe that Rp is a left and right quotient 
ring of R with respect to S, not of R with respect to S. More precisely, the 
kernel of the canonical ring homomorphism <p: R -+ Rp is 1= Nr(S) UNz(S). If 
Nr(S) ~ Nz(S), then ker<p = Nz(S), so that in this case Rp is a right quotient 
ring of R with respect to S. If Nz(S) ~ Nr(S), then ker<p = Nr(S), and Rp is 
a left quotient ring of R with respect to S. 

The localization Rp is a chain ring by Proposition 6.5(b). 

6.5 Localizable systems in a serial ring 

In the previous section we saw how it is possible to localize a chain ring at a 
completely prime ideal. In this section we shall extend this idea to serial rings. 

Let R be a serial ring and let {el' ... ,en} be a fixed complete set of ortho­
gonal primitive idempotents of R. An n-tuple P = (PI, ... ,Pn ) is a localizable 
system for the serial ring R if: 

1) for every i = 1,2, ... , n, Pi is either the empty set or a completely 
prime ideal in the ring eiRei; 

2) there exists i = 1,2, ... ,n such that Pi =I=- 0; 
3) for every r, s E R and every i,j = 1, ... , n, if Pi =I=- 0 and 

then Pj =I=- 0 and ejSei . eirej tf- Pj. 
Let R be a serial ring, let S be the subring e1Rel x ... x enRen of R, let 

p = (Pt, ... , Pn ) be a localizable system and let Xp be the subset 

of S. Note that the idempotents ei commute with the elements of S. In partic­
ular, eiX = xei for every i = 1, ... , n and every x E Xp. 

Define a sequence of two-sided ideals It of R, t = 0,1,2, ... , as follows. 
The definition is by induction on t. Set 10 = o. For every t 2: 0 let It+! be 
the two-sided ideal of R generated by all the elements r of R such that either 
xr E It or rx E It for some x E X p. 

Since 1 E X p , the sequence 10 ~ It ~ h ~ ... is an ascending chain of 
ideals. Let I be the union Ut~O It of this chain of ideals. 
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Lemma 6.20 Let R be a serial ring, let P = (PI, ... ,Pn ) be a localizable system, 
and i = 1,2, ... ,n. The following conditions are equivalent: 

(a) e;Iei <;;; Pi. 

(b) ei tJ. I .. 

(c) Pi =1= 0. 

Proof. (a) =} (b). If eiIei <;;; Pi and ei E I, then ei E Pi. This is a contradiction, 
because Pi is either the empty set or a proper ideal of eiRei. 

(b) =} (c). If Pi = 0, then 1 - ei E Xp, so that ei E h <;;; I. 
(c) =} (a). We shall prove that ej I ej <;;; Pj for every index j such that 

Pj =1= 0. Suppose the contrary. Since the ideals ejItej, t 2: 0, form an ascending 
chain of ideals in ej Rej for every j, and ej Ioej = 0 <;;; Pj for every index j with 
Pj =1= 0, there exists a greatest non-negative integer t such that ejItej <;;; Pj for 
every j with Pj =1= 0. Hence ekIHIek g; Pk for some index k = 1, ... , n with 
Pk =1= 0. Since It+l is the two-sided ideal generated by 

G = { r E R I xr E It or rx E It for some x E X p }, 

there exists an element rEG such that ekRr Rek g; Pk. By symmetry, we may 
suppose that xr E It for a suitable x E Xp. From ekRr Rek g; Pk it follows that 
there are indices Ji., m such that ekRecremRek g; Pk. Hence there are s, s' E R 
with eksecr-ems' ek tJ. Pk· Since P is a localizable system, we have that Pe =1= 0 
and ecr-ems' ekseC tJ. Pc. By the choice of t we know that ecItec <;;; Pc. Since 
xr E It, we have that ecxremS'eksec E Pe. But ecx = eexec E ecRee \ Pc 
because x E Xp. Hence ecrems'ekseC E Pc. As P is a localizable system, 
eCremS'ek . eksee E Pc forces ekSeCremS'ek E Pk. This is a contradiction. D 

Observe that in the localizable system P = (PI' ... ' Pn ) at least one of 
the completely prime ideals Pi is nonempty. From Lemma 6.20 it follows that 
ei tJ. I, hence I is a proper ideal of R. Set R = R/ I. For every element r E R 
let r denote the image of r in R = R/ I, and let Xp = {x I x E Xp }. Clearly, 
the elements of X p are regular elements of R. In particular, X p is a proper 
subset of R. 

Lemma 6.21 The set Xp is a left and right denominator set in R. 

Proof. Since the subset Xp of S is a multiplicatively closed subset of R, it is 
obvious that X p is a multiplicatively closed subset of R. In order to prove that 
Xp is a right Ore set in R, fix two elements r E R and x E Xp. We must prove 
that there exists t E Rand y E Xp such that ry = xt. 

First of all we shall consider the case in which x = eiuei + (1- ei) for some 
index i and some eiuei E eiRei \ Pi. If Pi = 0, then ei E I by Lemma 6.20, so 
x = T. Hence y = 1 E Xp and t = r E R have the property that ry = xt. Thus 
we may assume Pi =1= 0. 
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We claim that for every j = 1,2, ... , n there exist tj E Rand 

Yj = ejYjej E ejRej \ Pj 

such that eirej . ejYjej = eiuei . eitjej. In order to prove this claim, fix an 
index j = 1,2, ... , n. Since the module eiR is uniserial, either eirej E eiueiR 
or eiuei E eirejR. 

If eirej E eiueiR, there exists tj E R such that eirej = eiueitj. Then 
eirej . ej = eiuei . e;tjej, so that tj and Yj = ej satisfy the claim. 

If eiuei E eirej R, there exists hj E R such that eiuei = eirej hj . Hence 
eirej . ejhjei = eiuei E eiRe, \ Pi. But Pi #- 0 and P is a localizable system, so 
that ejhjei . eirej E ejRej \ Pj. Then tj = rand Yj = ejhjei . eirej satisfy the 
claim, because eirej . ejYjej = eirejhjeirej = eiUeirej = eiuei . eitjej. 

This proves the claim. Now set 

t = ei (2:]=1 tjej) + (1 - ei)ry and Y = 2:7=1 ejYjej, 

so that Y E Xp. Then 

xt = (eiuei + (1 ei)) (ei (2:7=1 tjej) + (1- ei)ry) 

= (eiuei 2:7=1 tjej ) + (1 - e;)ry = (2:7=1 eirejYjej) + (1 - ei)ry 

= eiry + (1 - ei)ry = ry. 

Hence xt = ry. Thus we have verified the right are condition for the elements 
x in the case in which x is of the form x = eiuei + (1- ei) for some index i and 
some eiuei E eiRei \ Pi· 

Now let r E R and x E Xp be arbitrary elements. Then 

x = rr=l(eixei + (1- ei)). 

By induction on i = 1,2, ... , n define ti E Rand Yi E Xp as follows. By the 
previous case, there exists hER and Y1 E X p such that 

Suppose ti-1 and Yi-1 have been defined. Again by the previous case there 
exists ti E Rand Yi E X p such that 

Then t = tn and Y = Y1 Y2 ... Yn have the property that 

ry = rY1Y2.·· Yn = (e1xe1 + (1 - ed)t1Y2 ... Yn 
= (elxel + (1- ed)(e2xe2 + (1- e2))t2Y3 ... Yn = ... = xtn = xt. 

Hence Xp is a right are set in R. By symmetry, Xp is a left are set also. D 
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From Lemma 6.21, Theorem 6.2 and Proposition 6.3 it follows that the 
right and left quotient ring of R with respect to X p exists and is unique up 
to isomorphism. We shall denote this right and left quotient ring by Rp and 
call the ring Rp with the canonical mapping tp: R ---+ Rp the localization of R 
at P. Often we shall call just Rp or tp the localization of Rat P. Note that the 
kernel of tp: R ---+ Rp is the ideal I. From this and Proposition 6.1 we obtain 

Proposition 6.22 Let P = (PI' ... ' Pn) be a localizable system for a serial 
ring R. Then there exists a ring Rp and a ring homomorphism tp: R ---+ Rp 
with the following properties: 

(a) The elements tp(x) are invertible in Rp for every x E Xp. 

(b) If 'ljJ: R ---+ T is a ring homomorphism such that the elements 'ljJ(x) are 
invertible in T for every x E X p , then there is a unique ring homo­
morphism w: Rp ---+ T such that 'ljJ = wtp. 0 

Every element of Rp can be written in the form tp(x)-ltp(r) and the 
form tp(s)tp(y)-l for suitable r, s E R, x, Y E Xp. As usual, since it is rather 
cumbersome to use this notation, we shall write elements of Rp in the form 
x-Ir or the form sy-l. Note that x-lei = eix-l for every x E Xp and every 
index i, because the elements of Xp and the idempotents ei commute. 

In Proposition 6.24 we shall study the structure of the localization Rp. 
First we prove an easy lemma. 

Lemma 6.23 Let R be a serial ring, let {el, ... , en} be a complete set of ortho­
gonal primitive idempotents in R and let P = (PI' ... ' Pn) be a localizable 
system for R. Then: 

(a) If i = 1, ... , n, the elements of eiRp can be written in the form 

for suitable r E R, x E X p. 

(b) If i, j = 1, ... , n, the elements of eiRpej can be written in the form 
x-Ieirej and in the form eiSejy-1 for suitable r, s E R, x, Y E Xp. 

Proof. (a) This follows from the fact that an element of eiRp is of the form 
eix-Ir, with r E R and x E X p , and x-lei = eix-l. 

(b) The first form is an immediate consequence of (a). The second form 
is an immediate consequence of the left-right dual of (a). 0 
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In the next proposition we describe a complete set of primitive orthogonal 
idempotents for the localization of a serial ring R at a localizable system. 

Proposition 6.24 Let R be a serial ring, let {el, ... , en} be a complete set of 
orthogonal primitive idempotents in R, let P = (PI, ... , Pn) be a localizable 
system for R, and let 'P: R --Y Rp be the localization of R at P. Then: 

(a) The right ideals eiRp of Rp are uniserial for every i = 1, ... ,n. 

(b) The ring Rp is serial. 

(c) {ei I Pi =f. 0, i = 1,2, ... , n} is a complete set of primitive orthogonal 
idempotents for Rp. 

(d) The Jacobson radical of Rp is contained in 'P(R). 

Proof. For (a) and (b) see Proposition 6.5 and its proof. 
(c) Obviously {ei Ii = 1,2, ... , n} is a complete set of orthogonal idem­

potents for Rp. From (a) it follows that each ei is either zero or primitive 
in Rp. Also ei = 0 in Rp if and only if ei E I, that is, if and only if Pi = 0. 

(d) By (c) it is sufficient to show that ed (Rp) ~ 'P( R) for every index i 
such that Pi =f. 0. Let x-1r be an element of J(Rp), with r E R and x E Xp. 
Since eiR is uniserial, either eixR ~ eir R or eixR ;2 eir R. 

If eixR ~ eir R, then eiX = eirs for some s E R, so that xei = eirs. 
Hence in the ring Rp we have ei = x-1eirs eix-1rs E J(Rp), and this 
is a contradiction, because the Jacobson radical cannot contain the non-zero 
idempotent ei. 

Therefore eixR ;2 eir R, so that eir = eixt for some t E R. Then 

-1 -1 -1 t -1 t t (R) eix r = x eir = x eix = eix x = ei E 'P . D 

As a corollary we obtain 

Corollary 6.25 Let R be a serial ring, let {el, ... , en} be a complete set of 
orthogonal primitive idempotents in R, let P = (PI, ... , Pn) be a localizable 
system for R and let Rp be the localization of R. Then every uniserial Rp­
module is uniserial as an R-module. 

Proof. Let M be a uniserial right Rp-module. If x, y E M, then xRp + yRp 
is a uniserial cyclic Rp-module, hence it is a homomorphic image of eiRp for 
some index i = 1,2, ... , n. Thus in order to show that M is uniserial as an 
R-module, it is sufficient to show that each eiRp is a uniserial right R-module. 
In other words, we may suppose M = eiRp. 

We claim that for every j, k = 1,2, ... , n, every a E eiRpej and every 
bE eiRpek, either aR ~ bR or bR ~ aR. Suppose we have proved the claim. 
Then if c, dE eiRp, then cR = celR + ... + cenR, and cee E eiRpee for every 
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C, so that by the claim there exists an index j such that cR = cejR. Similarly, 
there exists an index k such that dR = dekR. By the claim, the submodules 
cR = cejR and dR = dekR are comparable, which proves the corollary. 

In order to prove the claim, fix two indices j, k and two elements 

a E eiRpej and bE eiRpek. 

As eiRp is a uniserial right ideal of R p , either aRp ~ bRp or bRp ~ aRp. 
By symmetry we may suppose bRp ~ aRp, so that there exists r' E Rp with 
ar' = b, from which eiaej"ejr'ek = eibek. By Lemma 6.23(b) the element ejr'ek 
of ejRpek can be written in the form ejreky-l for some r E R, y E Xp. Thus 
eiaej . ejrek = eibek . ekyek· 

Now the left ideal Rek is uniserial, hence either Rejrek ~ Rekyek or 
Rejrek :;2 Rekyek. 

If Rejrek ~ Rekyek, there exists s E R with ejrek = ejSek . ekyek, so 
that eiaej . ejSek . ekyek = eibek . ekyek. Since y E Xp ~ S, it follows that 
eiaej . ejSek . Y = eibek . y. But y is invertible in the ring R p , and thus in the 
module eiRp we have eiaej . ejSek = eibek, and thus aR :;2 bR. 

If Rejrek :;2 Rekyek, there exists t E R such that ektej . ejrek = ekyek. 
Thus ektej . ejrek ¢:. Pk. If Pk = 0, then ei E I by Lemma 6.20, hence ek = 0 
in Rp, so that the element b E eiRpek is zero, and bR ~ aR. Thus we may 
assume Pk i= 0. This assumption and the relation ektej . ejrek ¢:. Pk yield that 
Pj i= 0 and ejrek' ektej ¢:. Pj' Thus x = ejrek' ektej + 1- ej E Xp is invertible 
in Rp , so that 

ax = eiaej . x = eiaej . ejrek . ektej = eibek . ekyek . ektej 
= eibek . ektej . ejrek . ektej = b· ektej . x 

forces a = b· ektej. Hence aR ~ bR, which completes the proof of the claim.D 

6.6 An example 

The reason why we have introduced localizable systems in the previous section 
is twofold. On the one hand we shall need localizable systems to study Ore 
subsets in serial rings. This will be done in the rest ofthis chapter, in particular 
in Section 6.10. On the other hand we shall use localizable systems to study 
the structure of ~-pure-injective modules in Chapter 10. In order to study such 
modules the idea is the following: if M is the R-module we want to study and R 
is a serial ring, we shall construct a suitable localizable system P for R in such 
a way that M has a canonical structure as an Rp-module. Proposition 6.27 will 
show how it is possible to construct localizable systems starting from modules 
with suitable properties. 

The next elementary lemma will be useful not only in the proof of Prop­
osition 6.27 but also in the study of direct sum decompositions of serial modules 
over arbitrary rings in Chapter 9. 
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Lemma 6.26 Let R be an arbitrary ring, let A, B, C be non-zero R-modules and 
let a: A --+ B, {3: B --+ C be homomorphisms. Then 

(a) If B is uniform, the composite {3a is a monomorphism if and only if (3 
and a are both monomorphisms; 

(b) If B is couniform, the composite {3a is an epimorphism if and only if {3 
and a are both epimorphisms. 

Proof. (a) It is sufficient to prove that if B is uniform and {3a is a mono­
morphism, then {3 is also a monomorphism. Now if (3a is a monomorphism, 
then a(A) n ker({3) = O. Since B is uniform, either a(A) = 0 or ker([3) = O. 
Now a is a monomorphism and A =I- 0, so that a(A) =I- O. Hence ker({3) = 0, 
and (3 is a monomorphism. 

(b) If B is couniform and (3a is an epimorphism, then ker({3) + a( A) = B. 
Since B is couniform, either ker({3) = B or a(A) = B. If ker({3) = B, then 
{3 = 0, so that {3a = 0, and this yields a contradiction because (3a is an 
epimorphism and C =I- O. Therefore a(A) = B, that is, a is an epimorphism.D 

In particular, Lemma 6.26 can be applied to any uniserial module B =I- O. 
For the next proposition, observe that if 8MR is a bimodule and e E R 

is idempotent, then 8Me is a left S-module, and right multiplication by an 
element of eRe is an endomorphism of the left S-module 8M e. More generally, 
if e, fER are idempotents, then right multiplication by an element of eRf is 
a homomorphism 8M e --+ 8M f. 

Proposition 6.27 Let R be a serial ring, let {el, ... , en} be a complete set of 
orthogonal primitive idempotents for R, let S be an arbitrary ring and let 8MR 
be a non-zero S-R-bimodule. Suppose that each 8Mei is a uniserial S-module. 
For every index i = 1,2, ... , n let Pi be the set of all r E eiRei such that 
right multiplication by eirei is not an injective endomorphism of 8M ei, let 
PI be the set of all r E eiRei such that right multiplication by eirei is not 
a surjective endomorphism of 8M ei, and let PI' be the set of all r E eiRei 
such that right multiplication by eirei is not an automorphism of 8M ei' Then 
p = (Pl, ... ,Pn), pI = (P{, ... ,P~) and p" = (P{', ... ,P::) are localizable 
systems for R. 

Proof. It is easily seen that Pi = 0 if and only if M ei = O. Hence at least one 
of the Pi is nonempty. Suppose Pi =I- 0, so that Mei =I- O. By Lemma 6.26(a) 
the set eiRei \ Pi is a saturated multiplicatively closed subset of eiRei, so that 
Pi is a completely prime two-sided ideal of eiRei by Lemma 6.18. 

In order to show that P = (Pl , ... , Pn ) is a localizable system, fix two 
elements r, s E R, two indices i,j = 1, ... , n and suppose Pi =I- 0 and 
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Then M ei =1= 0 and the composite of the mapping M ei ----> M ej given by 
right multiplication by eirej and the mapping M ej ----> M ei given by right 
multiplication by ejSei is injective. In particular M ej =1= 0, so that Pj =1= 0. By 
Lemma 6.26(a) both mappings ]l;lei ----> Mej and Mej ----> Mei are injective. 
Hence their composite A1 ej ----> M ei ----> M ej is injective, that is, 

The proof that pi and p" are localizable systems is similar. D 

In the notation of Proposition 6.27 it is easily seen that ]1;1 turns out to 
be an S-Rpfl-bimodule in a natural way (use the universal property 6.22(b)). 

As a particular case of Proposition 6.27 consider an arbitrary proper two­
sided ideal I of a serial ring R and the bimodule RMR = R/ I. Then every 
M ei ~ Red I ei is a uniserialleft R-module. 

In Section 6.10 we shall give further examples of constructions of localiz­
able systems. 

6.7 Prime ideals in serial rings 

In this section we describe the prime spectrum of a serial ring, that is, the set 
of all its prime ideals partially ordered by set inclusion. 

Let R be a serial ring. In order to study the localizable systems for R in­
troduced in Section 6.5, we must know the completely prime ideals in the chain 
rings eiRei. There is a one-to-one correspondence, described in Theorem 6.28, 
between the prime ideals of the ring eiRei and the prime ideals of R that do 
not contain ei. 

Theorem 6.28 Let R be an arbitrary ring and let e be a non-zero idempotent 
of R. Then there is an order preserving one-to-one correspondence between the 
set of all prime ideals P of the ring eRe and the set of all the prime ideals pi 
of the ring R not containing e. The correspondence is given by 

P f---+ pi = { r E R I eRr Re <:;;; P } and 
pi f---+ P=ePle. 

Proof. Let P be a prime ideal of eRe. It is easy to see that 

pi = { r E R I eRr Re <:;;; P} 

is a two-sided ideal in R not containing e. In particular, pi is a proper ideal 
of R. Moreover, ePle = P, because if x E P, then x = exe and eRxRe = 
eRexeRe <:;;; P, so that x E pi; and if y E pi, then eRyRe <:;;; P, so that 
eye E P. In order to see that pi is a prime ideal, let I and J be two ideals 
of R with I J <:;;; pl. Then eI e and eJ e are two two-sided ideals of eRe, and 
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(eIe)(eJe) <;;:: ePle = P. Since P is prime, either eIe <;;:: p or eJe <;;:: P. If, for 
instance, eIe <;;:: P, then eRxRe <;;:: p for every x E I, and thus I <;;:: P'. Hence 
pI is a prime ideal in R. 

Conversely, let pI be a prime ideal in R not containing e, and set P = ePI e. 
Then P is a two-sided ideal in eRe. Moreover, e if:- pI and P <;;:: pI, so that e if:- P 
and the ideal P of eRe is proper. If x, y E Rand 

exe,eye if:- P, 

then exe, eye if:- pI, so that there exists r E R with exereye if:- P'. Thus 

exe . eRe· eye ~ P, 

i.e., P is a prime ideal in eRe. In order to conclude the proof it remains to show 
that 

pI = { r E R I eRr Re <;;:: epl e }. 

The inclusion <;;:: is obvious. For the other inclusion, fix an element r E R with 
eRr Re <;;:: ePI e. Then for every x E R one has eRrxe <;;:: ePI e <;;:: P'. Since pI is 
prime and e if:- pI, it follows that rxe E pI, i.e., rRe <;;:: P'. Thus r E P'. 0 

Observe that pI n eRe = P in Theorem 6.28. 

As a first application of Theorem 6.28 we shall study prime ideals in right 
serial rings. Let R be a right serial ring, so that there exists a complete set 
{el' ... ,en} of orthogonal idempotents for R with each eiR uniserial. If pI is 
a prime ideal in R, then there is an idempotent ei that does not belong to P'. 
Hence pI correspond to a prime ideal of the right chain ring eiRei. Let Spec R 
be the set of all prime ideals of Rand Speci R = { p E Spec R I ei if:- P}. Then 
Spec R is a set partially ordered by inclusion, and Spec R = U~=l Speci R. The 
one-to-one correspondence given in Theorem 6.28 is order preserving, so that 
every Speci R is a linearly ordered subset of Spec R. Note that if P <;;:: Q are 
prime ideals of Rand Q E Speci R, then P E Speci R. Let min R denote the set 
of all the minimal elements of Spec R. Then the elements of min R are exactly 
the least elements of the subsets Speci R. Thus min R has at most n elements. 

Lemma 6.29 If P, Q are two incomparable prime ideals of a right serial ring R, 
then P and Q are comaximal, that is, P + Q = R. 

Proof. For every i = 1,2, ... , n we have either eiP <;;:: eiQ or eiQ <;;:: eiP. If 
eiP <;;:: eiQ, then eiP <;;:: Q, so that either ei E Q or P <;;:: Q. Since P and Q 
are incomparable, ei E Q. Similarly, eiQ <;;:: eiP implies ei E P. In both cases, 
ei E P + Q. This holds for every i, so that P + Q = R. 0 
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In particular, any two elements of min R are comaximal ideals. For every 
P E minR set V(P) = {Q E SpecR I Q ~ Pl. Then SpecR is the disjoint 
union of these subsets V(P), and each V(P) is a tree, that is, a partially 
ordered set with a least element and with the property that the subset of all 
the elements below a fixed element Q is linearly ordered for every Q E V(P). 
Hence Spec R is the disjoint union of a finite number of trees. 

Proposition 6.30 Every semiprime right serial ring is the direct product of a 
finite number of prime right serial rings. 

Proof. We have just seen that the ring has finitely many minimal prime ideals 
PI, ... , Pm. And PI n· .. n Pm = 0 because R is semiprime. Finally, Pi + Pj = R 
for every i =I- j (Lemma 6.29). Therefore R 9:! Rj PI X, .. x Rj Pm by the Chinese 
Remainder Theorem. D 

As a second application of Theorem 6.28 we shall give a description of 
the localizable systems in a serial ring R in terms of the prime ideals of R. Let 
{el, ... , en} be a complete set of orthogonal primitive idempotents of R. We 
have defined a localizable system in R as a suitable n-tuple P = (PI"", Pn), 
where each Pi is either a completely prime ideal of eiRei or is the empty set. 

Define a localizable prime system as follows. An n-tuple pI = (P{, ... , P~) 
is a localizable prime system for the serial ring R if: 

1) for every i = 1, 2, ... , n, PI is either the empty set or a prime ideal 
of R; 

2) there exists i = 1,2, ... , n such that PI =I- 0; 
3) ei 1:- PI for every i = 1,2, ... , n; 
4) for every r, s E R and every i,j = 1, ... , n, if PI =I- 0 and 

then Pj =I- 0 and ejSei . eirej 1:- Pj. 
By Theorem 6.28 there is a one-to-one correspondence between the set 

of all prime ideals P in the ring eiRei and the set of the prime ideals pI in 
the ring R with ei 1:- P'. The prime ideal of eiRei that corresponds to the 
prime pI of R with ei 1:- pI is eiP' ei. For pI = 0 set eiP' ei = 0. Hence 
Theorem 6.28 induces a one-to-one correspondence between the set of all the 
n-tuples (PI"", Pn) of prime ideals of eiRei and empty sets, and the set of 
all the n-tuples (PI, ... , P~) of prime ideals of R with ei 1:- PI and empty sets. 

Lemma 6.31 Let R be a serial ring and let {el, ... , en} be a complete set of 
orthogonal primitive idempotents of R. Let pI = (P{, ... , P~) be an n-tuple 
in which every PI is either a prime ideal of R or the empty set. Then pI is a 
localizable prime system for R if and only if (el P{ el, ... , enP~ en) is a localizable 
system for R. 
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Proof. Suppose that pI = (P{, ... , P~) is a localizable prime system for R. Let 
us show that if PI -I 0, the prime ideal eiPI ei of eiRei is completely prime. If 
a, b E eiRei and ab E eiPI ei, then ab E PI, so that ba E PI. Hence bar E PI 
for every r E eiRei. Therefore arb E PI, i.e., aeiReib ~ eiPI ei. Since eiPI ei is 
a prime ideal of eiRei, it follows that either a E eiPIei or b E eiPIei. Now it is 
easily seen that (e1P{el, ... , enP~en) is a localizable system for R. 

The converse is an easy exercise. 0 

Hence the one-to-one correspondence between the set of all prime ideals 
P in the ring eiRei and the set of all the prime ideals pI in the ring R with 
ei ~ pI defined in Theorem 6.28 induces a one-to-one correspondence between 
localizable systems and localizable prime systems. 

Lemma 6.32 Let PI, Pj be two prime ideals in a localizable prime system 

pI = (PL . .. , P~) 

for a serial ring R. The following statements hold: 

(a) If PI ~ Pj, then PI = Pj. 

(b) If PI -I Pj, then PI, Pj are incomparable, ej E PI and ei E Pj. 

Proof. (a) Suppose PI ~ Pj. For every r E R and every x E Pj we have 
that ejXeirej E Pj. Since P' is a localizable prime system, it follows that 
eirejXei E PI. Hence eiRejXei ~ PI. As PI is prime and ei ~ PI, we obtain 
that ejXei E PI. Thus ejPjei ~ PI. But PI ~ Pj implies that neither ei nor ej 
are in PI. Hence Pj ~ PI. 

(b) If PI -I Pj, then PI, Pj are incomparable by (a). But if, for instance, 
ej ~ PI, then PI, Pj are comparable (Theorem 6.28). Therefore ej E PI and 
~E~. 0 

6.8 Goldie semiprime ideals 

As a further application of Theorem 6.28 we describe the prime ideals of a serial 
ring R that correspond to completely prime ideals in the rings eiRei. Note that 
by Goldie's Theorem 6.6 a semiprime serial ring is a right Goldie ring if and 
only if it is right nonsingular. But a serial ring is right nonsingular if and only 
if it is left nonsingular (Corollary 5.12). Hence a semiprime serial ring is right 
Goldie if and only if it is left Goldie. We shall say that a semiprime ideal K of 
a serial ring R is a Goldie semiprime ideal if R/ K is a right (equivalently, left) 
Goldie ring. 

Proposition 6.33 Let R be a serial ring, let {el, ... ,en} be a complete set of 
orthogonal primitive idempotents of R, and let pI be a prime ideal of R. The 
following conditions are equivalent: 
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(a) P' is a Goldie ideal. 

(b) For every i = 1, ... ,n either ei E P' or ei P' ei is a completely prime ideal 
of eiRei. 

(c) There exists an i = 1, ... ,n such that ei P' ei is a completely prime ideal 
of eiRei. 

Proof. ( a) =} (b). Let i be an index such that ei </:. P'. By Theorem 6.28 
eiP' ei is a prime ideal in eiRei. Let r, s E eiRei be two elements such that 
r, s </:. eiP'ei, so that r, s </:. P'. By Theorem 6.6 the prime right Goldie ring 
R/ P' is right nonsingular, and we know that 

{ej + P' I j = 1, ... , n, ej </:. P'} 

is a complete set of pairwise orthogonal primitive idempotents in R/ P' (remark 
after the proof of Lemma 1.20). Since r + P', s + P' are non-zero elements of 

(ei + P')(R/ P')(ei + P'), 

it follows that their product is non-zero (Proposition 5.11). Hence rs </:. P', so 
that rs </:. eiP'ei. 

(b) =} (c). This is trivial. 
(c) =} (a). Suppose that P' is a prime ideal of R for which (c) holds, 

but P' is not a Goldie ideal. By Theorem 6.6 the ring R = R/ P' is not right 
nonsingular. For every x E R let x denote the element x + P' of R. The set 
{ej I j = 1, ... ,n, ej </:. P' } is a complete set of pairwise orthogonal primitive 
idempotents in R/ P'. By Proposition 5.11 there exist j, k, £ = 1, 2, ... , n with 
ej, ek, ec </:. P' and r, s E R such that ejrek -I- 0, ekseC -I- 0 and ejrekSeC = O. 
Since eiP'ei is a completely prime ideal of eiRei, we know that ei </:. P'. Set 

so that P is the prime ideal of eiRei corresponding to P' in the one-to-one 
correspondence of Theorem 6.28. In particular, 

P' = {x E R I eiRxRei ~ P}. 

As ejrek </:. P', we obtain that eiRejrekRei c;. P. Hence eitejrekUei </:. P 
for suitable elements t, u E R. Similarly, from ekseC </:. P' it follows that 
eivekseCwei </:. P for suitable v, w E R. Consider the elements ekuei, ekseC of the 
uniserial module ekR. If ekuei E eksecR, then eitejrekUei E eitejrekSecR ~ P'. 
This is a contradiction, because eitejrekUei </:. P. Hence ekseC E ekueiR, so that 
ekseC = ekueis' ec for some s' E R. Then 

eitejrekUeis' eCwei = eitejrekSeCwei E P'. 

But eitejrekUei </:. P and P is completely prime, whence eis' eCwei E P. Then 
eivekseCwei = eivekueis' eCwei E P ~ P', contradiction. This contradiction 
shows that (c) =} (a). 0 
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Therefore in a localizable prime system p' = (Pi, ... , P~) all the non­
empty PI are Goldie prime ideals. 

Proposition 6.33 has a generalization to semiprime ideals. Note that if K 
is a semiprime ideal of a serial ring R, then R/ K is a finite direct product 
of prime rings (Proposition 6.30). Hence there are a finite number of pairwise 
incomparable prime ideals PI, ... , Pm containing K such that the canonical 
homomorphism R/ K -+ R/ PI X ••. x R/ Pm is an isomorphism. In particular 
K = PI n··· n Pm, and K is Goldie if and only if every Pj is Goldie. Thus we 
have proved 

Lemma 6.34 If K is a semiprime ideal of a serial ring R, then K is the inter­
section K = PI n ... n Pm of a finite number of pairwise incom'[''1.rnhlo prime 
ideals PI, ... , Pm. Such a representation of K is unique, and K is a Goldie 
ideal if and only if every Pj is a Goldie ideal. 0 

As a corollary of Proposition 6.33 we have that 

Corollary 6.35 If K is a semiprime ideal of a serial ring R, then K is a Goldie 
ideal if and only if for every i = 1, ... ,n either ei E K or eiK ei is completely 
prime in eiRei. 

Proof. Let K be a semi prime Goldie ideal and let i be an index such that 
ei f{. K. Then K = PI n ... n Pm, where PI, ... ,Pm are pairwise incomparable 
prime Goldie ideals. Since ei f{. K, ei f{. Pk for a some Pk, k = 1, ... , m. As the 
prime ideals of R not containing ei are comparable, it follows that ei E Pj for 
every j =I- k, so that eiPjei = eiRei. Then 

which is completely prime by Proposition 6.33. 
Conversely, suppose that for every i = 1, ... , neither ei E K or eiK ei 

is completely prime. By the previous lemma K = PI n ... n Pm with the Pj 
pairwise incomparable prime ideals, and we must prove that every Pj is Goldie. 
Fix one of these prime ideals Pj , say Pk. Since Pk is proper, there is an index 
i such that ei f{. Pk· In particular ei f{. K, hence eiKei is completely prime. As 
in the previous paragraph ei E Pj for every j =I- k, and eiKei = eiPkei. By 
Proposition 6.33 the prime ideal Pk is a Goldie ideal. 0 

We conclude this section by showing that for a serial ring R there is a one­
to-one correspondence between the set of all localizable prime systems for R 
and the set of all semiprime Goldie ideals of R. 

Theorem 6.36 Let R be a serial ring and let {eI' ... ,en} be a complete set of 
orthogonal primitive idempotents of R. There is a one-to-one correspondence 
between the set of all localizable prime systems for R and the set of all semi­
prime Goldie ideals of R given by pI I---t n{ pI I pI E pI, pI =I- 0} for every 
localizable prime system P'. 
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Proof. The prime ideals in any localizable prime system pI are Goldie prime 
ideals of R (Proposition 6.33). And any finite intersection of Goldie prime ideals 
is a Goldie semi prime ideal (Lemma 6.34). 

Define another correspondence between the set of all semi prime Goldie 
ideals of R and the set of all localizable prime systems for R by 

Ql n·· . n Qm f-> (P{, ... ,P~), 

where Ql, ... , Qm are finitely many pairwise incomparable prime Goldie ideals 
of R, PI = Qj if ei 1:- Qj for some index j = 1,2, ... , m, and PI = 0 otherwise, 
that is, if ei E Ql n· .. n Qm. Observe that if there exists an index j such that 
ei 1:- Qj, then such an index j is necessarily unique, because if ei 1:- Qj and 
ei 1:- Qk, then Qj, Qk are comparable, hence Qj = Qk and j = k. In order 
to prove that this defines a localizable prime system, suppose that r, s E R, 
i, j = 1, ... , n, PI -=1= 0 and eirej . ejSei 1:- P[. Then ej 1:- P[' Hence Pj = P[' 
Since PI is a Goldie ideal, the ring Rj PI is a nonsingular by Theorem 6.6. As 
eirej, ejSei 1:- PI, it follows that ejSeirej 1:- PI = Pj (Proposition 5.11). Hence 
this second correspondence is well-defined also. 

The verification that the compositions of the two correspondences are 
identities is an exercise that follows from Lemma 6.32 and is left to the reader. 

D 

In the last two sections we showed that in a serial ring there are one­
to-one correspondences between localizable systems, localizable prime systems 
(Lemma 6.31), semi prime Goldie ideals (Theorem 6.36), and finite nonempty 
sets of pairwise incomparable prime Goldie ideals (Lemma 6.34). 

Note that in the proof of Theorem 6.36 we saw that if K is a semiprime 
Goldie ideal, (P{, ... , P~) is the corresponding localizable prime system and 
i = 1,2, ... ,n, then ei 1:- K if and only if PI -=1= 0. 

6.9 Diagonalization of matrices 

Let R be a serial ring and let {el, ... , en} be a fixed complete set of ortho­
gonal primitive idempotents of R. Then the modules eiR and Rei are uniserial 
(Example 3.11) and the rings eiRei are chain rings (Proposition 1.11). Let 

( e,&, el Re2 e,&n) 
e2 Rel e2 R e2 e2Ren 

Mn(eiRej) = : 

enRel enRe2 enRen 

denote the ring of n x n matrices whose (i, j) entry is an arbitrary element of 
eiRej. There is a canonical ring isomorphism A: R -+ Mn(eiRej), where for 
every element r = L~j=l eirej of the ring R, the matrix A(r) has eirej in 
(i, j)-position. 
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Theorem 6.37 (Drozd) For every element a of a serial ring R there are invert­
ible elements u, v E R such that the matrix A( uav) has at most one non-zero 
entry in every row and every column. 

Proof. Let a be an element of a serial ring R. If we apply Theorem 3.29 to 
the projective module RR and its finitely generated submodule aR, we see that 
there is a decomposition RR = Pl EB P2 EB ... EB Pn of RR into uniserial pro­
jective modules such that aR = (aR n Pd EB (aR n P2) EB ... EB (aR rl Pn). In 
the two decompositions RR = elREBe2REB" 'EBenR = Pl EBP2 EB" 'EBPn every 
direct summand has a local endomorphism ring, so that by the Krull-Schmidt­
Remak-Azumaya Theorem there is an automorphism w of RR such that 
w(Pi ) = ea(i)R for a suitable permutation (J of {I, 2, ... , n}. Now endomor­
phisms of RR are given by left multiplication by elements of R, and auto­
morphisms of RR are given by left multiplication by invertible elements of R. 
Thus there is an invertible element u E R such that uPi = ea(i)R for every 
i=1,2, ... ,n. 

Since aR n Pi is a direct summand of aR contained in Pi, it is a cyclic 
uniserial module. The ring R is serial, and so semiperfect. Thus for every 
i = 1,2, ... , n such that aR n Pi =I- 0 the simple module aR n P;/rad(aR n Pi) 
has a projective cover C i --* aR n P;/rad(aR n Pi), and Ci is cyclic and uni­
serial. As C i is projective, there is an epimorphism 'Pi: C i --* aR n Pi, which 
is necessarily a projective cover of aR n Pi. For every i = 1,2, ... ,n such that 
aR n Pi = 0, set C i = 0 and 'Pi = 0, so that 'Pi: C i --* aR n Pi is a projective 
cover of aR n Pi also in this case. By Proposition 3.2 

is a projective cover of (aR n PI) EB (aR n P2) EB ... EB (aR n Pn ) = aR. Apply 
Proposition 3.1(a) to the epimorphism 'l};: RR --* aR given by left multiplication 
by a. Then there is a direct sum decomposition RR = Q' EB Q" of RR with 
'l};IQ': Q' --* aR a projective cover, and 'l};IQ": Q" --* aR the zero homomorphism. 
Moreover, by the uniqueness of projective cover (Proposition 3.1(b)), there 
exists an isomorphism f: C1 EB· .. EB Cn --* Q' such that 'Pl EB· .. EB 'Pn = 'l};IQ' 0 f· 
Thus RR = Q' EB Q" = f(Cd EB ... EB f(Cn) EB Q". Since the modules C i are 
cyclic and uniserial, and so indecomposable or zero, the last decomposition has 
a refinement RR = f( Cd EB· .. EB f( Cn) EB Q~ EB· .. ,EBQ~ into direct summands 
that are either indecomposable or zero. 

If we apply Theorem 2.12 to the decomposition RR = eIREBe2REB" 'EBenR 
into direct summands with local endomorphism rings and the decomposition 
RR = f(Cd EB··· EB f(Cn) EB Q~ EB··· EB Q~ into indecomposable or zero mod­
ules, we find that there is an automorphism a of RR such that for every index 
j either a(ejR) = f(Ck) for a uniquely determined index k = 1,2, ... ,n or 
a( ej R) = Q~ for a uniquely determined index i! = 1, 2, ... ,m. Since automor­
phisms of RR are given by left multiplication by invertible elements of R, there 
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exists an invertible element v E R such that either vejR = f( Ck) for some k 
or vejR <:;:; Q". 

We are ready to show that the matrix A( uav) has the required property. 
In order to prove this, we must compute ei.uaVej' Fix an index j. If vej R <:;:; Q", 
then avejR <:;:; aQ" = 'IjJ( Q") = O. Hence in this case eiUaVej = 0 for every i. 
Thus we may assume vejR = f(Ck ) for an index k = 1,2, ... ,11 uniquely 
determined. Then 

uavejR = uaf(Ck) = u'IjJiQ'f(Ck) = U'Pk(Ck) = u(aRn Pk) <:;:; UPk = eu(k)R. 

Hence eiUaVej i- 0 for at most i = O"(k). This shows that for every j there is at 
most one index i with eiUaVej i- O. And if j, j' are two indices with eiUaVej i- 0 
and eiuavej' i- 0, then i = O"(k), where vejR = f(Ck) and vejlR = f(Ck), so 
that j = j'. This proves that for every i there is at most one index j with 
eiUaVej i- O. 0 

We need the following proposition of a combinatorial nature. 

Proposition 6.38 Let A be a 11 x 11 matrix with entries in a ring R. Suppose 
that A has at most one non-zero entry in every row and every column. Then 
there exists a positive integer m sl1,ch that the matrix Am is diagonal. 

Proof. Let A = (aij) be a matrix with at most one non-zero entry in every row 
and every column. Consider the directed graph G with vertices the positive 
integers 1,2, ... ,11 and with an arrow from the vertex i to the vertex j if and 
only if aij i- O. Thus G is a directed graph with 11 vertices, the number of 
arrows of which is equal to the number of non-zero entries in A. Note that in G 
for every vertex i there is at most one arrow that leaves that vertex and there 
is at most one arrow that arrives at that vertex. 

If the entry (i, j) in the matrix A 2 is non-zero, then in the graph G there 
is an oriented path of length 2 from the vertex i to the vertex j. More generally, 
if the entry (i,j) in the matrix At is non-zero, then in G there is an oriented 
path of length t from the vertex i to the vertex j. 

Since in G for each vertex i there is at most one arrow that leaves i and 
there is at most one arrow that arrives at i, the connected components of G are 
of two possible types: they are either oriented cycles of length t on t distinct 
vertices, or they are open oriented paths of length t on t + 1 distinct vertices. 
Let m be a positive integer that is at the same time greater than 11 and a 
common multiple of the length of all the oriented cycles that are connected 
components of G. Then in G every oriented path of length m is necessarily a 
closed path from a vertex i to the same vertex i. Hence in Am only the entries 
on the diagonal are possibly non-zero. 0 

From the previous two results we obtain the following corollary. 

Corollary 6.39 Let {el' ... , en} be a complete set of orthogonal primitive idem­
potents of a serial ring R. For every a E R there exist invertible elements 
u, v E R and a positive integer m such that (uav)m E elRel x ... x enRen . 0 
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6.10 Ore sets in serial rings 

Let R be a serial ring and let P = (PI, ... , P,,) be a localizable system for R. 
On page 142 we constructed an ascending chain 10 ~ h ~ 12 ~ ... of two-sided 
ideals with the property that the union I = Ut>o It is the smallest ideal of R 
such that the images of the elements of the subset X p of R are regular elements 
of R/ I. This ideal I turned out to be the kernel of the localization cp: R ---> Rp. 
Clearly, the construction of the ideal I is possible not only for X p , but for any 
subset X of a ring R; without loss of generality we may always suppose that 
1 EX. The construction is as follows. 

Let R be an arbitrary ring. Fix a subset X of R with 1 EX. Define a 
sequence of two-sided ideals It of R, t = 0, 1,2, ... , by induction on the integer 
t ~ 0 in the following way. Set 10 = O. For every t ~ 0 let It+! be the two-sided 
ideal of R generated by the subset {r E R I xr E It or rx E It for some x EX}. 
Since 1 E X, the ideals It form an ascending chain 10 ~ h ~ 12 ~ .... Set 
I(X) = Ut;:::o It. If r E R let r = r + I(X) be the image of r in R = R/I(X). 

Set X = {x I x EX}. Then, obviously, the elements of X are regular elements 
of R. 

- - - ---1 
If X is a right and left Ore set in R, let cp: R ---> Q = R[X ] denote the 

quotient ring of R with respect to X. Note that if R is serial, then Q is serial 
by Proposition 6.5. 

A subset X of R is called a saturated Ore set in R if X is a saturated 
multiplicatively closed subset of Rand X is a right and left Ore set in the ring R. 
Note that with this definition a saturated Ore set in R is not necessarily an Ore 
subset of R in the sense defined on page 129, but this will not cause problems. 
A subset X of a serial ring R is called a maximal Ore set if 1 EX, X is a right 
and left Ore set in the ring R = R/I(X) and X = cp-l(U(R[X-1])). Hence 

---1 
X is the set of all the elements that are mapped onto units of R[X ] via the 

- ---1 
canonical homomorphism cp: R ---> R[X ]. Obviously, every maximal Ore set 
is a saturated Ore set. 

In the next lemma we shall see that for every maximal Ore set X in a 
serial ring R it is possible to associate a localizable system to X. 

Lemma 6.40 Let R be a serial ring, let {el' ... , en} be a complete set of ortho­
gonal primitive idempotents of R and let X be a maximal Ore set. If Pi = {r E 

eiRei 11 - ei + r tic X} for every i = 1,2, ... ,n, then P = (PI"'" Pn ) is a 
localizable system for R. 

Proof. Set Q = R[X-1], so that by Proposition 6.5 and its proof every Qei is a 
uniserialleft ideal of Q. By Proposition 6.27 applied to the Q-R-bimodule QQR, 
if PI' = { r E eiRei I right multiplication by eiRei is not an automorphism of 
QQei} for every i, then pI! = (P{', ... ,P;:) is a localizable system for R. Hence 
it suffices to show that Pi = PI' for every index i. 
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Let r be an element of eiRe;. Then r t/:- Pi if and only if 1 - ei + rEX, 
that is, if and only if 1 - ei + r is invertible in Q, or, equivalently, if and only 
if right multiplication by 1 - ei + r is an automorphism of QQ. This happens 
if and only if right multiplication by r is an automorphism of QQei, i.e., if and 
only if r t/:- PI'. 0 

Given a maximal Ore set X, the localizable system associated to X de­
fined in Lemma 6.40 will be denoted P(X). Now our aim is to show that if X 
is a maximal Ore set and P(X) is its associated localizable system, then the 

---1 - -
quotient ring R[X ] of R = Rj leX) with respect to X and the localization 
Rp(x) of the serial ring R at P(X) coincide. This will be done in Proposi­
tion 6.43. First we need two preparatory lemmas. Recall that in Section 6.5 we 
defined Xp = (elRel \Pd x (e2Re2 \P2) x··· x (enRen \Pn ) for any localizable 
system P = (PI, ... , Pn). 

Lemma 6.41 Let X be a maximal Ore set of a serial ring R. Then 

Proof. Let r be an element of elRel x ... x enRen , so that 

Then rEX if and only if 1 - ei + eirei E X for every i, that is, if and only if 
eirei t/:- Pi for every i, i.e., if and only if r E XP(X). 0 

Let X be a maximal Ore set and let P(X) be its associated localizable 
system. We will now show that the ideal leX), defined at the beginning of 

this section, and which is the kernel of the canonical mapping R ----* R[X-\ 
coincides with the ideal I(Xp(x)) defined at the beginning of Section 6.5, and 
which is the kernel of the localization mapping R ----* Rp(x). 

Lemma 6.42 Let X be a maximal Ore set of a serial ring R and let P(X) be 
the localizable system associated to X. Let leX) be the kernel of the canonical 

mapping R ----* R[X-l ] and I(Xp(x)) the kernel of the localization mapping 
R ----* Rp(x). Then leX) = I(Xp(x)). 

Proof. We shall show that It(X) = It(Xp(x)) for every t 2': 0 by induction on 
t. 

Suppose It(X) = It(Xp(x)). Since Xp(X) C;;; X (Lemma 6.41), we have 
that IHl(Xp(X)) C;;; IHl(X). Conversely, suppose that 

for some r E R, x E X. By Corollary 6.39 there exist u, v E U(R) and 
m > 0 such that y = (uxv)m E elRel x ... x enRen- Hence y E X. From 
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Lemma 6.41 it follows that y E XP(X). Now ru-Iy E IteXp(x)) implies that 
ru- I E IHI(Xp(X)), hence r E It+I(Xp(X))' Similarly, from 

xr E It(X) = It(Xp(x)) 

for some r E R and x E X, it is easily seen that r E I t+1 (XP(X)). Therefore 
I t+1 (X) <;;; IHI (XP(X)). 0 

Proposition 6.43 If X is a maximal Ore set of a serial ring R, P(X) is the 
localizable system associated to X, and R = R/ I (X), then the mapping R -+ 

Rp(x) induced by the localization rp: R -+ Rp(x) of R at P(X) is the quotient 

ring of R with respect to X. 

Proof. By Lemma 6.42 the localization rp: R -+ Rp(x) induces an injective ring 
homomorphism R/I(X) -+ Rp(x). This injective ring homomorphism is the 
quotient ring of R = R/ I(X) with respect to X as follows from two remarks: 

(a) If x E X, by Corollary 6.39 there exist u, v E U(R) and m > 0 such 
that y = (uxv)m E elRel x··· x enRen . Then y E X, so that from Lemma 6.41 
it follows that y E XP(X). Thus Y is invertible in Rp(x), and so x is invertible 
in Rp(x). 

(b) Since Xp(X) <;;; X (Lemma 6.41), every element of Rp(x) can be 
written as a quotient of an element r E R and an element x E X. 0 

Our aim is now to prove the final result of this section: that the assigne­
ment X f--+ P(X) is a one-to-one correspondence between maximal are sets 
and localizable systems. 

Theorem 6.44 Let R be a serial ring. Then there is a one-to-one correspondence 
between the set of all maximal Ore sets X in R and the set of all localizable 
systems for R given by X f--+ P(X). 

Proof. For a localizable system P, let rp: R -+ Rp denote the canonical homo­
morphism of R into its localization at P (Section 6.5). Let X(P) be the inverse 
image of the group of units U(Rp) of Rp via rp. Then X(P) is a maximal are 
set. 

Let us show that the two correspondences X f--+ P(X) and P f--+ X(P) 
are mutually inverse. Let X be a maximal are set. In order to see that 

X = X(P(X)), 

observe that X is the inverse image of the group of units U(R[X]-I) via 

R -+ R[Xrr. 

and X(P(X)) is the inverse image of the group of units U(Rp(x)) via 

rp: R -+ Rp(x). 

From Proposition 6.43 we obtain that X = X(P(X)). 
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Conversely, let Q = (QI, ... , Qn) be a localizable system and P(X(Q)) = 

(PI, ... , Pn). In order to show that Q = P(X(Q)) we must prove that Qi = Pi 
for every i. 

Let r be an element in eiRei. On the one hand, if r 1:. Qi, then 

1 - ei + rEX Q, 

so that <p(1 - ei + r) is invertible in RQ. Hence 1 - ei + r E X(Q), and so 
r 1:. Pi. This proves that Pi <;;; Qi. To prove the reverse inclusion, suppose that 
r 1:. Pi· If Qi = 0, then r 1:. Qi· Assume that Qi i= 0. Then 1 - ei + r E X(Q), 
so that <p(1 - ei + r) is invertible in RQ. Hence <p(1 - ei + r)<p(a)<p(b)-l = 1 
for some a E Rand b E XQ. Then (1 - ei + r)a - b E ker<p = I(XQ), so that 
eiraei - eibei E I(XQ), i.e., eiraei - eibei = eicei for some c E I(XQ). From 
bE XQ we get eibei 1:. Qi, and from c E I(XQ) and Lemma 6.20(c) ::::} (a) we 
obtain that eicei E Qi. Thus eimei = reiaei 1:. Qi· Hence r 1:. Qi. This shows 
that Qi = Pi. 0 

6.11 Goldie semiprime ideals and 
maximal Ore sets 

Theorem 6.44 and the results of Sections 6.7 and 6.8 say that in a serial ring 
there are one-to-one correspondences between localizable systems, localizable 
prime systems, semi prime Goldie ideals, finite nonempty sets of pairwise in­
comparable prime Goldie ideals, and maximal are sets. The one-to-one cor­
respondence from semi prime Goldie ideals to maximal are sets is described 
directly in the following proposition. 

Proposition 6.45 Let Q be a semiprime Goldie ideal of a serial ring R, let 
{ el, ... , en} be a complete set of orthogonal primitive idempotents of R, let 
p' = (Pi, ... , P~) be the localizable prime system corresponding to Q, let P = 

(el Pi el, ... , enP~ en) be the corresponding localizable system, and let X be the 
corresponding maximal Ore set. Then X = C ( Q). 

Proof. Put J = {i I i = 1, ... , n, PI i= 0}. By Theorem 6.36 

Q =n· JPI ~E 2' 

and by Lemma 6.32 the distinct prime ideals that appear in this intersection 
are pairwise incomparable, and so comaximal (Lemma 6.29). Thus R/Q is 
canonically isomorphic to the direct product of the rings R modulo the distinct 
PI's. Hence C(Q) = niEJC(pf). We shall first show that Xp <;;; C(Q). 

Put S = elRel x ... x enRen , so that Xp <;;; S. In order to prove that 
Xp <;;; C(Q) we shall show that if xES and x 1:. C(Q), then x 1:. Xp. Let x 
be an element of S \ C(Q). Then there is an index i E J such that x 1:. C(PI). 
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Hence there exists r E R \ Pi such that either xr E Pi or rx E Pi. Suppose that 
xr E Pt. Then ejrek t/:. Pi for suitable j, k = 1, ... , n, but 

As ejrek t/:. PI, there exist s, t E R such that eiSejrektei t/:. eiPi ei (Theorem 
6.28). Hence eiSejrektei t/:. Pi- Since pI is a localizable prime system, Pj is not 
empty, that is, it is a prime ideal. From ejrek t/:. Pi we know that ej t/:. Pi- Hence 
Pi = Pj by Lemma 6.32(b). Thus ejrek t/:. Pj. From Theorem 6.28 it follows 
that there exists u E R such that ejrek'Uej t/:. Pj. As ejXejrek E P[ = Pj, we 
get that ejXejrekUej E ejPjej. But ejPjej is a completely prime ideal, so that 
ejxej E ejPjej. Thus x t/:. Xp. This proves that Xp ~ C(Q). 

In order to prove that X ~ C(Q) fix an element x E X. By Corollary 6.39 
there are invertible elements u, v E R and a positive integer m such that 

y = (uxv)m E S. 

Then y E Xp (Lemma 6.41), so that y E C(Q). Now it is easily seen that 
x E C(Q). 

To prove the reverse inclusion C(Q) ~ X, suppose that x E C(Q). By 
Corollary 6.39 there are invertible elements u, v E R and a positive integer 
m such that y = (uxv)m E S. Clearly y = (uxv)m E C(Q). Suppose i E J. 
Then y E C(Pf) and ei t/:. Pi, so that yei t/:. Pi, that is, eiyei t/:. eiPiei. Also if 
it/:. J, then eiPiei = 0, so that eiyei t/:. eiPiei. Hence y E Xp ~ X. But X is a 
saturated multiplicatively closed set, and so x E X. 0 

6.12 Classical quotient ring of a serial ring 

In this section we apply localizable systems to the study of the classical quotient 
ring of a serial ring. 

Lemma 6.46 Let {el,"" en} be a complete set of orthogonal primitive idem­
patents of a serial ring R. For every i = 1,2, ... ,n set 

Then P = (PI, ... , Pn ) is a localizable system for R. 

Proof. Since every eiRei is a chain ring, it is immediate that every Pi is a 
proper ideal of eiRei. In particular, all the Pi are non-empty. Let a and b be 
two elements of eiRei such that ab E Pi. By symmetry, we can suppose that 
abI = 0 for some essential right ideal I of R. If bI = 0 then b E Pi. Otherwise 
bI is essential in eiR, so that bI + (1- ei)R is an essential right ideal of R that 
annihilates a. Hence a E Pi, and Pi is a completely prime ideal in eiRei. 
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Suppose that r, s E Rand i,j = 1, ... , n are such that ejSeirej E Pj. 
Then either ejse;.rej E Z(RR) or ejSeirej E Z(RR). Suppose that ejSeirej E 

Z(RR), so that ejseirejI = 0 for an essential right ideal I. If eirejI #- 0, then 
eirejI + (1 - ei)R is an essential right ideal of R that annihilates eirejSei, so 
that eirejSei E Pi. If eirejI = 0, then eirej E Z(RR). Hence eirejSei E Z(RR), 
i.e., eirejSei E Pi. Similarly, if ejSeirej E Z(RR), then there is an essential left 
ideal I' of R such that I' ej Seirej = 0, and this yields eirej sei E Pi. D 

The localizable system defined in Lemma 6.46 is used to prove the follow­
ing theorem. 

Theorem 6.47 Every serial ring has a classical two-sided quotient ring. 

Proof. Put S = elRel x ... x enRen. If P is the localizable system defined 
in Lemma 6.46 and X is the maximal Ore set corresponding to P, it suffices 
to show that X = C(O). Let x be an element of C(O). By Corollary 6.39 there 
exist u, v E U(R) and m :::: 1 such that y = (uxv)m E S. Then y E C(O), i.e., y 
is regular. If I is a right ideal of Rand yeiI = 0, then eiI = 0, and thus I is 
not essential in RR. Similarly, if I' is a left ideal and I' eiY = 0, then I' is not 
essential in RR. This proves that yei = eiY rf:. Pi for every i. Thus y E Xp ~ X. 
But X is saturated, so that x EX. 

Conversely, let x E X. There exist u,v E U(R) and m :::: 1 such that 
y = (uxv)m E S. Then y E Xp by Lemma 6.41, so that eiyei rf:. Z(RR) and 
eiyei rf:. Z(RR). If r E R satisfies yr = 0, then for every index i we have 
eiyr = yeir = 0, from which eiyei(eirR+(l-ei)R) = O. It follows that eir = 0 
for every i, hence r = O. Similarly, ry = 0 implies r = O. Thus y, hence x, is 
regular. D 

As an application of the description of the structure of noetherian serial 
rings R obtained in Chapter 5, we prove a result about the right R-module 
QIJ(R), where Q is the classical (two-sided) quotient ring of Rand J(R) is 
the Jacobson radical of R. 

Proposition 6.48 If R is a noetherian serial ring, J(R) is the Jacobson radical 
of R, and Q is the classical quotient ring of R, then QIJ(R) is an artinian 
right R-module and RI J(R) is its socle. 

Proof. By Theorem 5.29 we may suppose that the noetherian serial ring R 
is either artinian or a hereditary ring with no simple left or right ideals. Let 
{ el, ... , en} be a complete set of orthogonal primitive idempotents for R, so 
that {el' ... , en} is also a complete set of orthogonal primitive idempotents for 
the classical quotient ring Q of R. Then eiQQ is a uniserial module for every i, so 
that eiQR is uniserial by Corollary 6.25. If R is artinian, every cyclic R-module 
is artinian, so that every uniserial R-module is artinian. Hence eiQleiJ(R) is 
an artinian R-module in this case. If R is a hereditary serial ring with no simple 
left or right ideals, then eiJ(R) #- 0 (otherwise eiR would be a simple right 
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ideal of R), so that eiQ/eiJ(R) is a proper homomorphic image of a uniserial 
R-module. In order to prove that eiQ/eiJ(R) is artinian, it is therefore suffi­
cient to show that every proper homomorphic image of a uniserial R-module is 
artinian. For this it suffices to show that every proper homomorphic image of a 
cyclic uniserial R-module is artinian. Thus we are reduced to proving that every 
proper homomorphic image of an ejR is artinian. We have seen in Theorem 5.28 
and in the remark after the proof of Lemma 5.20 that either ejR is a uniserial 
module of finite composition length or ejR is a noetherian non-artinian uni­
serial module whose lattice of its submodules is order antiisomorphic to w + l. 
Thus every proper homomorphic image of ejR has finite composition length. 
This proves that every eiQ/eiJ(R) is artinian. Since eiR/eiJ(R) is a simple 
submodule of the uniserial module eiQ/eiJ(R), it follows that eiR/ed(R) is 
the socle of eiQ/eiJ(R). Hence Q/J(R) = ffii=leiQ/eiJ(R) is an artinian R­
module and R/J(R) = ffi'l:=leiR/eiJ(R) is its socle. 0 

The aim of the second part of this section it to prove Warfield-Chatters' 
Theorem 6.54. We split the proof into some preliminary partial results. 

Theorem 6.49 If R is a ring with the a.c.c. on right annihilators, then Z(RR) 
is nilpotent. 

Proof. Put Z = Z(RR) and suppose that Z is not nilpotent. Since R is a ring 
with the a.c.c. on right annihilators, there exists n > 0 such that r.ann(Zn) = 
r.ann(Zn+l). Now zn+l i=- O. Hence the set 

is non-empty. Let z E T be an element such that r.ann(z) is maximal in the set 
{r.ann(t) It E T}. If x in an arbitrary element of Z, then r.ann(x) is essential 
in RR, so r.ann(x) n zR i=- O. Hence there is an element r E R such that zr i=- 0 
and xzr = O. It follows that r.ann(xz) :::> r.ann(z), so xz rJ. T. Hence znxz = O. 
This shows that zn+1 z = 0, i.e., z E r.ann(Zn+1) = r.ann(Zn), hence znz = O. 
This is a contradiction because z E T. 0 

Proposition 6.50 If R is a serial ring with the a.c.c. on right annihilators, then 
R/N(R) is a semiprime Goldie ring. 

Proof. Let {el, . .. ,en} be a complete set of orthogonal primitive idempotents 
of R. For every i = 1,2, ... , n put Pi = Z(RR) n eiRei. A proof identical to 
that of Lemma 6.46 shows that P = (PI, ... , Pn ) is a localizable system for R. 
Since Pi ~ Z(RR), Pi is nilpotent by Theorem 6.49. Therefore Pi is the minimal 
prime ideal of eiRei. By Theorem 6.28 the prime Goldie ideal PI corresponding 
to Pi is a minimal prime ideal of R. Hence P{, ... , P~ are all the minimal prime 
ideals of R, so that N(R) = P{ n ... n P~ and N(R) is a Goldie semiprime 
ideal. 0 
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The following lemma is taken from [Chatters, Lemma 3.2]. 

Lemma 6.51 Let R be a serial ring, let {el' ... , en} be a complete set of ortho­
gonal primitive idempotents of R, and let K be a semiprime Goldie ideal of 
R such that ei ~ K for all i = 1,2, ... , n. Then K = Kc = cK for every 
c E C(K). 

Proof. Fix an element c E C(K). By Corollary 6.39 there exist invertible 
elements u, v E R and a positive integer m such that 

Then yR = elyR EB ... EB enyR and y E C(K). Now K = elK EB ... EB enK, 
and R/ K ~ el R/ el K EB ... EB enR/ enK is a direct sum of n non-zero uniserial 
modules. Since R/ K is a semiprime Goldie ring, its right ideal yR + K / K 
is essential (Theorem 6.6). In particular, yR + K/ K has Goldie dimension n. 
But yR + K/K ~ elyR + elK/elK EB··· EB enyR + enK/enK. Hence every 
eiyR + eiK/eiK is non-zero, so that eiK C eiyR for every i. Thus K c yR. 
Then K ~ yK, because for every x E K there exists r E R with x = yr, so 
that y E C(K) and yr E K imply r E K. Thus K = yK, and so K = ucvK, 
i.e., K = cK. By symmetry, K = Kc. 0 

Lemma 6.52 Let R be a serial ring with the a.c.c. on right annihilators, let 
{el' ... ,en} be a complete set of orthogonal primitive idempotents of R, and 
let K be a semiprime Goldie ideal of R such that ei ~ K for all i = 1,2, ... ,n. 
Then r.ann(c) = 0 for every c E C(K). 

Proof. Fix an element c E C(K). Then r.ann(cn ) ~ K for every n ~ o. From 
Lemma 6.51 we know that K = cK, so that the endomorphism f of the right R­
module K given by left multiplication by c is surjective. Since r.ann(cn ) ~ K, 
it follows that ker fn = r.ann(cn ) for every n ~ o. But the ascending chain 
r.ann(c) ~ r.ann(c2 ) ~ r.ann(c3 ) ~ ... is stationary. Thus ker r = ker r+ l 

for some n. Hence ker r n r(K) =0 (Lemma 2.17). Therefore ker r = 0, 
i.e., r.ann(cn ) = 0, from which r.ann(c) = O. 0 

The next lemma is a key result. 

Lemma 6.53 Every serial ring with the a. c. c. on right annihilators has the 
a. c. c. on left annihilators. 

Proof. If R is a serial ring with the a.c.c. on right annihilators, then the prime 
radical N of R is nilpotent (Corollary 6.9) and R/N is a semiprime Goldie ring 
(Proposition 6.50). Hence the reduced rank of any right or left R-module is 
defined. 

We prove that if A and B are left annihilators in a serial ring R with the 
a.c.c. on right annihilators, A ;2 B and the reduced rank PN(A/ B) as a left 
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R-module is zero, then A = B. If a E A, then there exists c E CR(N) such that 
ca E B by the left-right dual of Proposition 6.13(c). Hence car.ann(B) = o. 
From Lemma 6.52 it follows that ar.ann(B) = 0, so that 

a E l.ann(r.ann(B)) = B. 

As PN(RR) is finite (Example 6.14), we get that every strictly ascending 
chain of left annihilators in R must have finite length ~ PN(RR). 0 

We are now in a position to prove Warfield-Chatters' Theorem. 

Theorem 6.54 The following conditions are equivalent for a serial ring R: 

(a) The classical two-sided quotient ring of R is artinian; 

(b) R has the a.c.c. on right annihilators; 

(c) R has the a.c.c. on left annihilators. 

Proof. Every ring contained in an artinian ring has the a.c.c. on right and left 
annihilators, so that (a) implies (b) and (c). By Lemma 6.53 and its left-right 
dual, a serial ring R has the a. c. c. on right annihilators if and only if it has the 
a. c. c. on left annihilators. Hence (b) and (c) are equivalent. To conclude the 
proof of the theorem it suffices to see that (b) and (c) imply (a). Thus we must 
show that if a serial ring R has the a. c. c. on right and left annihilators, then 
its classical two-sided quotient ring, which exists by Theorem 6.47, is artinian. 

Put N = N(R). We shall apply Theorem 6.16. Note that R/N is a Goldie 
ring (Proposition 6.50), N is nilpotent (Corollary 6.9), PN(RR) and PN(RR) 
are finite (Example 6.14), and CR(O) ;2 CR(N) (Lemma 6.52 and its left-right 
dual). Hence we need only prove that CR(O) ~ CR(N). 

If c E CR(O), left multiplication by c is an isomorphism RR -+ CRR. From 
Proposition 6.13(b) it follows that PN(RR/cRR) = 0, so that there exists an 
element d E CR(N) such that (1 + cR)d = 0 (Proposition 6.13(c)), that is, 
d E cR. Hence d = cr for a suitable r E R. Let x denote the image in R = R/ N 
of any element x E R. Then cr is a regular element of R, hence 

Since r.ann:R(1') ~ r.annR"(cr) = 0, we have that r.annR"(1') = O. Set 
I = r.ann:R(c). From 1'R n I = 0 it follows that the sum 1+ rI + 1'21+ ... 
is direct. As R has finite Goldie dimension, we must have rn I = 0 for some 
n, so that I = O. Thus r.annR"(c) = O. By symmetry, l.annR"(c) = o. Hence 
c E CR(N). 0 
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By Proposition 6.50 and Lemma 6.51, if R is a serial ring with the a.c.c. on 
right annihilators and c E C(N(R)), then N(R) = N(R)c = cN(R). Since 
CR(O) = CR(N(R)) (proof of Theorem 6.54), N(R) is an ideal in the clas­
sical quotient ring Q of R. But N(R) is nilpotent by Corollary 6.9. Hence 
N(R) ~ N(Q) = J(Q) (Proposition 1.9). From CR(O) = CR(N(R)) it fol­
lows that Q/N(R) is the classical quotient ring of the semiprime Goldie ring 
R/N(R), so that Q/N(R) is semisimple artinian by Goldie's Theorem 6.6. Thus 
its Jacobson radical J(Q/N(R)) = J(Q)/N(R) is zero. This proves that 

Proposition 6.55 If Q is the classical quotient ring of a serial ring R with the 
a.c.c. on right annihilators, then J(Q) = N(R). 0 

Examples of (commutative) chain rings with or without the a.c.c. on 
(right) annihilators are given easily. For an example of a commutative chain 
ring with the a.c.c. on annihilators take any commutative valuation domain. For 
an example of a commutative chain ring R without the a.c.c. on annihilators 
take the trivial extension R = Zp IX Z(pOO) of the discrete valuation ring Zp via 
the Priifer group Z(pOO). Here p is a prime number, the valuation ring Zp is the 
localization of the ring of integers Z at its maximal ideal (p), and the trivial 
extension Zp IX Z(pOO) is the direct sum Zp EB Z(pOO) of the abelian groups Zp 
and Z(pOO) with the multiplication defined by (a,x)(b,y) = (ab,ay + xb) for 
every (a, x), (b, y) E Zp EB Z(pOO). 

Let us go back to the general case, that is, localizing a serial ring at an 
arbitrary semi prime Goldie ideal K, i.e., with respect to C(K). 

Lemma 6.56 Let R be a serial ring, let {el' ... , en} be a complete set of ortho­
gonal primitive idempotents of R and let K be a semiprime Goldie ideal of R 
such that ei 1:. K for all i = 1,2, ... ,n. Suppose that at least one of the following 
three conditions holds: 

(a) R is prime; 

(b) R has the a. c. c. on right annihilators; 

(c) R is nonsingular. 

Then C(K) ~ C(O). 

Proof. Suppose condition (a) holds. Then the statement is trivial for K = o. 
Assume that K =f. O. Fix an element c E C(K). If a E R has the property that 
ca = 0 or ac = 0, then K ca = 0 or acK = 0, so that K a = 0 or aK = 0 by 
Lemma 6.51. Since R is prime and K =f. 0, we get that a = 0, i.e., c is regular. 

If condition (b) holds, the statement follows by Lemmas 6.52 and 6.53. 
Suppose condition (c) holds. If (Pi, ... , P~) is the localizable prime system 

for R associated to K, P = (elPi el, ... , enP~en) is the corresponding localiz­
able system and X is the maximal Ore set corresponding to K, then X = C (K) 
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by Proposition 6.45. In order to prove that X <;;; C(O) we need only show that 

the ideal I(X), which is the kernel of the canonical mapping R ----+ R[X-\ 
is zero. From Lemma 6.42 we know that I(X) = I(Xp(x)). Hence it suffices 
to show that if x E X p , r E R and either xr = 0 or rx = 0, then r = o. 
By symmetry we may assume xr = 0, so that eixei . eirej = eiXrej = 0 for 
every i, j. In the last paragraph of Section 6.8 we observed that ei tf. K implies 
PI i= 0 for every i, from which 0 E eiPI ei. Hence .1: E X p forces eixei i= O. By 
Proposition 5.11 we get eirej = 0 for every i and every j. Thus r = o. D 

The last result of this chapter will be used in an induction argument when 
we describe serial rings of finite Krull dimension in the next chapter. 

Proposition 6.57 Let R be a serial ring, let {el' ... , en} be a complete set of 
orthogonal primitive idempotents of R and let K be a semiprime Goldie ideal 
of R such that ei tf. K for all i = 1,2, ... , n. Suppose that R either has the 
a. c. c. on right annihilators or is nonsingular. Let T be the quotient ring of R 
with respect to the maximal Ore set CR(K), (so that R <;;; T by Lemma 6.56). 
Then T is a serial ring, K is its Jacobson radical, T / K is a semisimple artinian 
ring and is the classical two-sided quotient ring of R/ K. Moreover 

(a) If R has the a.c.c. on right annihilators, then T has the a.c.c. on right 
annihilators. 

(b) If R is nonsingular, then T is nonsingular. 

Proof. The quotient ring T is serial by Proposition 6.5(a), and K <;;; R <;;; Tis 
an ideal of T by Lemma 6.51. If x E K, then right and left multiplication by 
1- x are the identity mapping of R/ K, so that 1- x E CR(K). Therefore 1- x 
is invertible in T for every x E K. Hence the ideal K of T is contained in the 
Jacobson radical J(T) of T. 

As K <;;; R <;;; T, the inclusion R ----+ T induces an injective ring homo­
morphism R/ K ----+ T / K. For every t E T there exist r, r' E Rand 
c, c' E CR(K) such that tc = rand c't = r'. Thus (t + K)(c + K) = (r + K) 
and (c' + K)(t + K) = (r' + K), that is, every element t + K of T / K can be 
written in the form (r + K)(c + K)-l and in the form (c' + K)-l(r' + K) with 
c + K, c' + K E C RI K (0). This shows that T / K is the classical two-sided quo­
tient ring of R/ K. Since R/ K is a semi prime Goldie ring, its classical quotient 
ring T / K is semisimple artinian (Theorem 6.6). 

As K <;;; J(T), the Jacobson radical of T/K is J(T)/K. But T/K is 
semisimple artinian. Hence its Jacobson radical J(T)/K is zero, and so 

K = J(T). 

Suppose, now, that R has the a.c.c. on right annihilators. Then R has an 
artinian classical quotient ring Q. From Lemma 6.56 we know that R <;;; T <;;; Q. 
Hence T has the a.c.c. on right annihilators. 
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Finally, suppose that R is nonsingular. Since {el"'" en} is a complete 
set of orthogonal primitive idempotents of T, it suffices by Proposition 5.11 
to show that for every i, j, k = 1,2, ... , n, if t E eiTej and t' E ejTek are 
non-zero, then tt' is non-zero. Let P = (PI"", Pn ) be the localizable system 
corresponding to K, so that T = Rp. By Lemma 6.23(b) t and t' can be written 
in the form t = x-Ieirej and t' = ejr' eky-l for suitable r, r' E R, x, Y E Xp. 
It is now clear that t, t' non-zero implies tt' non-zero because R is nonsingular. 

o 

6.13 Notes on Chapter 6 

The account of the material presented in Section 6.1 is standard. For the proofs 
of Proposition 6.1, Theorem 6.2, Propositions 6.3 and 6.4 and Goldie's The­
orem 6.6 see, for instance, [Goodearl and Warfield 89, Proposition 9.4, The­
orem 9.7, Corollary 9.5, Proposition 9.8, Theorem 9.17 (a) and Proposition 
9.19(b)] and [McConnell and Robson, Theorem 2.3.6]. E. Steinitz was the first 
mathematician to construct the field of fractions of an arbitrary commutative 
integral domain in 1910. [Ore 31,33] proved that a domain has a classical right 
quotient ring that is a division ring if and only if the set of its regular (= 
non-zero) elements is a right Ore set. [Malcev] gave an example of a domain 
that cannot be embedded in a division ring. For the history of the existence 
of quotient rings and Goldie's Theorem see [Goodearl and Warfield 89, p. 98 
and p. 162]. Levitzki proved that in a right noetherian ring each nil right 
ideal is nilpotent. [Lanski] extended Levitzki's result by proving that in a right 
Goldie ring each nil subring is nilpotent (Corollary 6.9). Corollary 6.10 is due 
to [Herstein and Small]. The way we have presented the results of Section 6.2, 
in particular Propositions 6.7 and 6.8, is due to [Fisher 70]. 

The reduced rank was introduced by [Goldie 64]. Theorem 6.16 is due to 
[Warfield 79, Theorem 3] and is a variant of Small's Theorem proved in [Small] 
(the necessity of the condition CR(O) = CR(N) was proved by [Talintyre]). The 
results about localization in chain rings presented in Section 6.4 are taken from 
[Bessenrodt, Brungs and Tomer]. The notion of a localizable system for a serial 
ring and the results in Section 6.5 are due to [Facchini and Puninski 95, 96]. 

Lemma 6.26 and Proposition 6.27 are generalizations of [Facchini 96, 
Lemma 1.1] and [Facchini and Puninski 95, Proposition 3.6] respectively. 

Theorem 6.28 is taken from [McConnell and Robson, Theorem 3.6.2]. The 
study of the prime spectrum of a serial ring, in particular Lemma 6.29 and Prop­
osition 6.30, is due to [Muller and Singh]. The remaining part of Section 6.7 
and Section 6.8 is due to [Facchini and Puninski 96]. Theorem 6.37 is due to 
[Drozd]. 

The material in Sections 6.10 and 6.11 is due to [Facchini and Puninski 
96]. Previously, [Muller 92] and [Chatters] had used localization with respect 
to a semiprime Goldie ideal in a serial ring to study the structure of some 
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classes of serial rings. Theorem 6.47 is due to [Gregul' and Kirichenko], but 
the proof presented here is taken essentially from [Facchini and Puninski 96]. 
Proposition 6.48 comes from [Camps, Facchini and Puninski, Lemma 3.2] and 
Theorem 6.49 is due to Mewborn and Winton. The proof of Lemma 6.52 given 
here follows a hint of [Chatters and Hajarnavis, p. 97], and Lemma 6.53 is taken 
from [Chatters and Hajarnavis, p. 88]. 

The important Theorem 6.54 is due to Chatters ([Chatters and Hajar­
navis, Theorem 6.10]) and [Warfield 79, Theorem 5]. The proof we have given 
here is a simplification of the proof presented in [Chatters and Hajarnavis, 
Chapter 6]. The simplification is possible thanks to the theory of localizable 
systems developed in this chapter. Proposition 6.55 is taken from [Warfield 79, 
Theorem 5]. Lemma 6.56 is due to [Facchini and Puninski 96, Lemma 4.5], 
and Proposition 6.57 is essentially taken from [Camps, Facchini and Puninski, 
Theorem 3.1]. 



Chapter 7 

Krull Dimension and 
Serial Rings 

7.1 Deviation of a poset 

Let A be a poset. If a, b E A and b :::; a, the factor of a by b is the subposet alb 
of A defined by alb = {x E A I b :::; x :::; a}, that is, the interval [b, a]. Given a 
countable descending chain ao ~ al ~ a2 ~ ... of elements of A, the factors of 
the chain are the factors ailaHI. 

For Ct = -1 or an ordinal number, we define a class V", of posets recur­
sively as follows: 

for Ct = -1 let V-I be the class of all trivial posets, that is, the posets A 
in which a :::; b implies a = b for every a, b E A. If Ct is an ordinal and the class 
V{3 has been defined for every (3 < Ct, let V", be the class of all posets A such 
that 

(a) A tt U{3<", V{3; 

(b) for every countable descending chain ao ~ al ~ a2 ~ ... of elements of A, 
there exists an index n such that the factors ai/ai+l belong to U{3<", V{3 
for every i ~ n. 

The classes V", are pairwise disjoint, that is, v",nv{3 = (I) whenever Ct i= {3. 
If A is a poset and A E V"" the poset A is said to have deviation Ct, and we 
shall write dev A = Ct. Note that a poset A can fail to have a deviation, i.e., 
A tt V", for every Ct. 

Example 7.1 A poset A has deviation 0 if and only if it is artinian and non­
~~ 0 

171 
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Example 7.2 Let Z be the poset of integers with the usual order. Then 

devZ = 1. 

In fact, dev Z =I -1 because Z is not trivial, and dev Z =I 0 because Z is 
not artinian. If ao 2: al 2: a2 2: ... is a descending chain of elements of Z, then 
all the factors ai/ai+l have finite length, so that they all have deviation :s; O. 
Thus devZ = 1. 0 

In this section we shall review the first elementary properties of the devi­
ation of a poset. 

Proposition 7.3 If A is a poset with deviation a and B is a subposet of A, then 
B has deviation f3 :s; a. 

Proof. We prove this by transfinite induction on a. The case a = -1 is trivial. 
Suppose that the result is true for all "( < a. Let A be a poset with dev A = a 
and let B ~ A. If bo 2: b1 2: b2 2: ... is a descending chain of elements of B, 
then the factors of this chain in Bare subposets of the factors of the chain in 
A. The conclusion follows immediately from the induction hypothesis. 0 

Example 7.4 Let R be the poset of real numbers with the natural order. Then 
R fails to have a deviation. 

In fact, suppose that dev R = a for some ordinal a and note that 
dev R =I -1 because R is not trivial. Consider the descending chain 

0> -1 > -2 > -3 > ... 

in R. Since dev R = a and the factors i / i + 1 are all isomorphic, they all have 
the same deviation f3 < a. But R is order isomorphic to a subposet of i/i + 1, 
and thus a :s; f3 by Proposition 7.3. This contradiction shows that R fails to 
have a deviation. 0 

A poset A is noetherian if every ascending chain ao :s; al :s; a2 :s; ... of 
elements of A is stationary. 

Proposition 7.5 Every noetherian poset has a deviation. 

Proof. It is sufficient to show that every noetherian poset with a greatest 
element and a least element has a deviation, because it is easily seen that 
every noetherian poset is a subposet of a noetherian poset with a greatest 
element and a least element. Assume there exists a noetherian poset A with 
a greatest element 1 and a least element 0 that fails to have a deviation. Let 
B be the set of all elements a E A such that 1/ a fails to have a deviation. 
Since 0 E B, the set B is non-empty. Let b be a maximal element in B. Put 
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0: = sup{ dev(l/a) I a E A, a > b}. We will show that l/b has deviation 
:s; 0: + 1, and this contradiction will prove the proposition. 

Let ao :2': a1 :2': a2 :2': ... be a descending chain of elements of l/b. If an = b 
for some n, then ai = b for every i :2': n. Thus dev(a;Jai+1) = -1 for every 
i :2': n. If an > b for every n, then dev(a;Jai+d :s; dev(l/ai+d :s; 0: for every i. 
Therefore dev(l/b) :s; 0: + 1. 0 

There is a certain freedom in constructing countable descending chains of 
elements in a poset of deviation 0:, as the next lemma shows. 

Lemma 7.6 If A is a poset of deviation 0: and (3 < 0:, then there is a chain 
ao :2': a1 :2': a2 :2': ... in A such that dev(a;Jai+d = (3 for every i. 

Proof. We prove this by transfinite induction on 0:. The case 0: = 0 is trivial. 
Suppose that the result is true for posets of deviation < 0:. Fix a poset A of 
deviation 0: and an ordinal (3 < 0:. Then there exists a chain ao :2': a1 :2': a2 :2': ... 
in A such that for every index n there exists i :2': n with dev(an/ai+d :2': (3, 
because otherwise for every chain ao :2': a1 :2': a2 :2': ... there would exist an index 
n such that dev(an/ai+1) < (3 for every i :2': n, and this forces dev(A) :s; (3 < 0:, 

contradiction. 
Passing to a subchain we may suppose that there exists a chain 

in A such that dev(a;Jai+d :2': (3 for every i. Since dev(A) = 0:, there exists an 
index n such that (3 :s; dev(a;Jai+1) < 0: for every i :2': n. Passing once more to 
a sub chain we may suppose that (3 :s; dev(a;Jai+d < 0: for every i. 

If dev(a;Jai+d = (3 for every i, we are done. Hence we may suppose that 
dev(am/am +1) > (3 for some index m. Since (3 < dev(am/am+d < 00, we can 
apply the induction hypothesis to the poset am/am+l, i.e., we can find a chain 
having all its factors of deviation (3. 0 

Let 0: be a non-zero ordinal, and consider its opposite poset o:oP. For 
instance, lOP is the trivial poset with one element. The poset o:op is a noetherian 
poset, and therefore it has a deviation dev(o:oP) (Proposition 7.5). Recall that 
any non-zero ordinal 0: can be written uniquely in the form 

0: = wi31n1 + ... + wi3tnt, 

where n1, ... ,nt are non-zero finite ordinals, and (31 > ... > (3t. 

Theorem 7.7 If n1, ... ,nt are non-zero finite ordinals, (31 > ... > (3t are ordi­
nals and 0: = Wi31 n1 + ... + wi3t nt > 1, then dev( o:oP) = (31. 

Proof. We prove this by transfinite induction on 0:. If 0: = n :2': 2 is a finite 
ordinal, then 0: = wo . nand dev(o:oP) = o. Suppose that the theorem holds for 
ordinals less than a fixed ordinal 0: = wi31n1 + ... + wi3tnt. Let 
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be a descending chain in aPP. Since 

0: = Wf31 + ... + Wf31 + ... + wf3t + ... + wf3t , '" , v 'V 

nl times nt times 

is the sum of a finite number of ordinals of type wf3j , the set 0: is the disjoint 
union of nl posets isomorphic to Wf31 , n2 posets isomorphic to wf32, •.• , nt posets 
isomorphic to wf3t. Hence there exist an index j = 1,2, ... , t and a positive 
integer n such that the terms ai of the chain are in one of the summands 
wf3j for every i ~ n. Each factor adaHl, i ~ n, is well-ordered with respect 
to its opposite order. More precisely, it is order antiisomorphic to an ordinal 
< wf3j . By the induction hypothesis dev(adaHd < f3j for every i ~ n, so that 
dev( o:oP) :::; f3j :::; f31' 

If f31 is a limit ordinal, then for every "y < f31 one has 

so that 
f31 = sup "y :::; dev( o:oP) :::; f31' 

'Y<f31 

If f31 is not a limit ordinal, f31 = f3 + 1 say, then o:op has the descending 
chain ai = wf3 i. By the induction hypothesis the factors in this chain have 
deviation f3. Therefore dev(o:oP) ~ f3 + 1 = f31. Hence dev(o:oP) = f31. 0 

In the last proposition of this section we give a useful criterion to decide 
whether a poset has finite deviation. 

Proposition 7.8 Let A be a poset and n a finite ordinal. Then dev(A) :::; n if 
and only if there do not exist injective order-reversing mappings wnH --+ A. 

Proof. We prove this by induction on n. The case n = 0 is immediate. 
If there exists an injective order-reversing mapping wnH --+ A, that is, if 

A has a subposet order isomorphic to (wn+ 1 )OP, then either A fails to have a 
deviation or A has deviation ~ n + 1 by Proposition 7.3 and Theorem 7.7. 

Conversely, suppose that there do not exist injective order-reversing map­
pings wnH --+ A. Consider a descending chain ao ~ al ~ a2 ~ ... in A. 
Then there cannot be an injective order-reversing mapping wn --+ adaHl for 
infinitely many factors ad aiH, otherwise there would be an injective order­
reversing mapping wnH --+ A. By the induction hypothesis dev(adaHl) < n 
for all but at most finitely many factors. Therefore dev(A) :::; n. 0 

Proposition 7.8 cannot be extended to infinite ordinals, because if 0: is an 
infinite ordinal, the cardinality of wo:H is at least 2No. Hence there do not exist 
injective order-reversing mappings of wo:+ 1 into any countable poset A. But it 
is easy to construct countable posets A, like Q or the poset D described in the 
notes at the end of this chapter, that fail to have a deviation. 
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7.2 Krull dimension of arbitrary modules and rings 

Let £(MR) denote the lattice of all submodules of the module AfR. The Krull 
dimension of MR is defined to be the deviation of £(MR)' It is denoted 
K.dim(MR). Therefore K.dim(MR) = dev(£(MR))' For instance K.dim(MR) = 
-1 if and only if MR = 0, whereas K.dim(MR) = 0 if and only if MR is a non­
zero artinian module. 

The class Ka of modules of Krull dimension a is defined as follows. The 
class K-I contains all modules M = O. If the class K(3 of modules of Krull 
dimension (3 has been defined for every (3 < a, then Ka is defined as the class 
of all modules M such that 

(a) M f- U(3<a K(3; 

(b) for every countable descending chain Ao :2 Al :2 A2 :2 ... of submodules 
of M, there exists an index n such that the factors Ad Ai+ 1 belong to 
U(3<a K(3 for every i :2': n. 

If M f- Ka for every a one says that M fails to have Krull dimension, or 
that K.dim(MR) is not defined. 

Example 7.9 If R is a commutative principal ideal domain which is not a field, 
then K.dim(RR) = 1. 

Since RR is not an artinian module, K.dim(RR) is neither -1 nor O. 
Let Ao :2 Al :2 A2 :2 ... be a descending chain of submodules of RR. If 
An = 0 for some n, then K.dim(AdAi+d = -1 for every i :2': n. If An -=I=- 0 for 
every n, then Ani An+1 is a cyclic artinian module for every n, and therefore 
K.dim(AnIAn+d :::; O. Thus K.dim(RR) = 1. 0 

Example 7.10 Every noetherian module has Krull dimension. 

This follows immediately from Proposition 7.5. o 
Krull dimension behaves properly with respect to short exact sequences, 

as the next proposition shows. 

Proposition 7.11 If N is a submodule of a module NI, then M has Krull di­
mension if and only if both N and MIN have Krull dimension. In this case 

K.dim(M) = max{K.dim(N), K.dim(MIN)}. 

Proof. Observe that £(N) and £(MIN) are subposets of £(M). Thus if M 
has Krull dimension, then Nand MIN have Krull dimension and 

K.dim(M) :2': max{K.dim(N), K.dim(MIN)} 
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by Proposition 7.3. In order to prove the theorem, we suppose that both N 
and MIN have Krull dimension and set 0; = max{Kdim(N), Kdim(MIN)}. 
We shall show that M has Krull dimension ~ 0; by induction on 0;. The case 
0; = -1 is trivial. 

Let 
Ao :2 Al :2 A2 :2 ... 

be a descending chain of submodules of MR. In order to show that M has Krull 
dimension ~ 0; we must prove that Kdim( Ad Ai+!) is strictly less than 0; for all 
but finitely many indices i. Now AonN :2 AInN :2 A 2nN :2 ... is a descending 
chain of submodules of Nand Ao + NIN :2 Al + NIN:2 A2 + NIN :2 ... is a 
descending chain of submodules of MIN, so that 

Kdim(A n NIAi+! n N) < Kdim(N) 

for all but finitely many indices i and Kdim(Ai + N I Ai+! + N) < Kdim(M IN) 
for all but finitely many indices i. There is a natural epimorphism 

AdAi+! -t Ai + NIAi+! + N, 

whose kernel is (Ai n (AH I + N)) I Ai+!. It is easily seen that the natural 
mapping Ai n N -t (A n (Ai+! + N))IAHI is surjective and has A+! n N as 
its kernel. Therefore Ai n N I Ai+! n N ~ (Ai n (Ai+! + N)) I Ai+!. This shows 
that there is an exact sequence 

o -t Ai n NIAHI n N -7 AdAHI -7 Ai + NIAi+! + N -7 O. 

By the induction hypothesis Kdim(AIAHI ) is equal to 

max{Kdim(Ai n N I A i+1 n N), Kdim(Ai + N I AHI + N)} < 0; 

for all but finitely many indices i. This proves that M has Krull dimension 
~ 0;. 0 

As an immediate corollary we have 

Corollary 7.12 If Ml, M 2, ... , Mn are modules, then MI EB M2 EB··· EB Mn has 
Krull dimension if and only if M I , M 2, ... , Mn have Krull dimension, and in 
this case 

Kdim(MI EBM2 EB·· 'EBMn ) = max{Kdim(JI,h),Kdim(M2), ... , Kdim(Mn )}. 

o 

In the next proposition we give a criterion to decide whether a module 
fails to have left Krull dimension. 

Proposition 7.13 Every module with Krull dimension has finite Goldie dimen­
sion. 
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Proof. Let MR be a module with infinite Goldie dimension. Then 

for non-zero submodules Ni and an infinite index set I. Without loss of gen­
erality we can suppose I = Q, the set of rational numbers. Define an injective 
order-preserving mapping R -? £(MR), via x I-> Mx = (f!iEQ,i~xNi' If MR has 
Krull dimension, then £(MR) has a deviation, and therefore R has a deviation, 
which contradicts Example 7.4. 0 

Hence, if a module M contains a submodule N such that M / N has infinite 
Goldie dimension, then M fails to have left Krull dimension (Proposition 7.11). 

For any ring R, the Krull dimension of the right module RR (if it exists) is 
called the right Krull dimension of R and is denoted r.Kdim(R). Similarly, the 
left Krull dimension of R is denoted l.Kdim(R) and is Kdim(RR). It is clear 
that every finitely generated right module M over a ring R with right Krull 
dimension has Krull dimension::; r.Kdim(R), and every homomorphic image 
of a ring with right Krull dimension has right Krull dimension::; r.Kdim(R). 

Example 7.14 There exist right serial rings with right Krull dimension which 
fail to have left Krull dimension. 

Let R be the ring constructed in Example 3.13, where K and F are fields 
and K is an extension of infinite degree of F. We saw in Example 3.13 that R 
is a right artinian, right serial ring that is not left serial, and that the Goldie 
dimension of RR is infinite. Thus r.Kdim(R) = 0, but l.Kdim(R) is not defined 
by Proposition 7.13. 0 

We shall see in Corollary 7.30 that for every serial ring the right Krull 
dimension and the left Krull dimension coincide. 

7.3 Nil subrings of rings with right Krull dimension 

The central aim of this section is to prove that nil subrings of a ring with right 
Krull dimension are nilpotent. The proof we give makes use of the notion of 
critical modules. A critical module may be viewed as the analogue of a simple 
module. 

Let a be an ordinal. A non-zero module M is a-critical if Kdim(M) = a 
and Kdim(M/N) < a for each non-zero submodule N of M. A critical module 
is one which is a-critical for some ordinal a. For example, a module if O-critical 
if and only if it is simple. 

Theorem 7.15 Every non-zero module with Krull dimension has a critical sub­
module. 
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Proof. Assume the contrary, i.e., that there exist non-zero modules with Krull 
dimension and without critical submodules. Amongst all such modules choose 
one, M say, of minimal possible Krull dimension. Set a = Kdim(M), so that 
a ?: O. Then every non-zero submodule of M has Krull dimension a and has 
no critical submodules. By induction on n define a strictly descending chain of 
non-zero submodules Mn of M such that Kdim(Mn/Mn+l) = a for every n as 
follows. Put Mo = M. If Mn =1= 0 has been defined, then Kdim(Mn) = a and 
Mn has no critical submodules. In particular, Mn itself is not a-critical, so that 
there exists a non-zero submodule Mn+l ~ Mn with Kdim(Mn/Mn+l) = a, 
and therefore this descending chain of submodules of M is strictly descending. 
The existence of the chain shows that Kdim(M) > a, a contradiction. D 

Next it is possible to define the analogue of the sode of a module. Let M 
be an R-module with Krull dimension. Put 

(3 = min{ Kdim(N) I N ~ M, N =1= O}. 

By Theorem 7.15 M has a {3-critical submodule. The sum of all the (3-critical 
submodules of M is called the critical socle of M, denoted S(M). We now have 
the analogue of the Loewy series of a module (Section 2.11). Define a sequence 
of submodules of M as follows: 

So(M) = 0, 
Sa+l(M)/Sa(M) = S(M/Sa(M)) for every ordinal a, 
Sf3(M) = Ua<f3 Sa(M) for every limit ordinal (3. 

The critical socle series of M is the chain 

The following result is an immediate consequence of Theorem 7.15. 

Lemma 7.16 If M has Krull dimension, then M = S>.(M) for some ordinal A. 
D 

The proof ofthe main theorem ofthis section (Theorem 7.21) is subdivided 
into a number of partial results. 

Lemma 7.17 The Jacobson radical of a ring with right Krull dimension does 
not contain non-zero idempotent right ideals. 

Proof. Let R be a ring with right Krull dimension, let J be its Jacobson 
radical, and let I = 12 be a right ideal contained in J. In order to prove the 
lemma we shall prove that M I = 0 for every right R-module M with Krull 
dimension a by induction on a. The case a = -1 is trivial. Suppose a ?: O. 
Since M = S>. (M) for some ordinal A and I = 12 , it is sufficient to prove 
that I annihilates all {3-critical modules with {3 ~ a. Let C be a {3-critical 
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module. If f3 < Ct, then C I = ° by the induction hypothesis. Suppose that 
'3 = Ct and let D be any non-zero submodule of C. Then K.dim(C/D) < Ct, so 
that (C/D)I = 0, that is, CI ~ D. Hence CI is contained in every non-zero 
mbmodule of C, so that either CI is simple or CI = 0. But if CI is simple, 
then CI = CI2 = (CI)I ~ (CI)J = 0, a contradiction. Thus CI = 0, as 
:iesired. 0 

Lemma 7.18 Let R be a ring with right Krull dimension and let C be a critical 
right ideal of R. 

(a) If C2 =I- 0, then there exists c E C such that r.annR(c) n C = 0. 

(b) If C is nil, then C2 = 0. 

Proof. (a) If C2 =I- 0, there exists c E C such that cC =I- 0. Consider the 
b.omomorphism 'P: C ---+ C given by left multiplication by c. If 'P is not injective, 
then cC is a proper homomorphic image of C, so that K.dim( cC) < K.dim( C) 
because C is critical. But the Krull dimension of a non-zero submodule of a 
~ritical module C is equal to the Krull dimension of C. Hence 

K.dim(cC) = K.dim(C), 

contradiction. Thus 'P is injective, that is, r.annR(c) n C = 0. 
(b) If C is nil and C 2 =I- 0, then there exists c E C such that 

r.annR(c) n C = ° 
by (a), and there exists n ~ ° such that cn =I- ° and cn +! 

en E r.annR(c) n C = 0, contradiction. 
0. Then 

o 

Corollary 7.19 Every semiprime ring with right Krull dimension is a right 
Goldie ring. 

Proof. By characterization (c) in Theorem 6.6 and Proposition 7.13 it suffices 
to show that Z(RR) = ° for a semiprime ring R with right Krull dimension. 
If Z(RR) =I- 0, Z(RR) contains a critical right ideal C of R (Theorem 7.15). 
Since r.annR(c) is essential for every c E C, C2 = ° by Lemma 7.18(a). But R 
is semiprime, so that C = 0, contradiction. 0 

The hypothesis that the ring is semiprime is necessary in Corollary 7.19, 
even if the ring is a commutative chain ring. For instance, let R be the trivial 
extension Zp ex: Z(pOO) (page 167). Then R is a commutative chain ring without 
the a.c.c. on annihilators, and from Proposition 7.8 it is easily seen that R has 
Krull dimension 1. 
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Proposition 7.20 Let MR be a light module over an arbitrary ling R. Suppose 
that there exist an ascending chain of submodules 0 = Ao <;;; Al <;;; A2 <;;; ... 
and a descending chain of submodules l'vI = lWo ::2 Ml ::2 l'vh ::2 ... such that 
A i+1 n Mi g; Ai + M i+1 for all i. Then M fails to have Krull dimension. 

Proof. Put B = 2::1 Ai n l\Ji , so that B <;;; Ai + Mi+1 for all i. Then AHI n 
Mi g; B. Hence (AHI n Mi ) + BIB is a non-zero submodule of MIB for 
all i. From Ai <;;; AHI it follows that B <;;; 2::1 AHI n Mi. We claim that 
(2::1 A i+1 n Mi ) IB is the direct sum of its submodules (Ai+l n Mi ) + BIB, 
i 2: l. From this we shall obtain that M I B has infinite Goldie dimension, so 
that M does not have Krull dimension (Propositions 7.11 and 7.13). 

In order to prove the claim it is sufficient to show that 

for every n 2: 1, or, equivalently, that 

Suppose that 

Then 

n 

i=1 
n CX) CX) 

i=l i=n+1 i=n+1 

so that x = y + z, where y E An+l and z E 2::n+l (Ai n M i) <;;; B. From 
x E An+2 n Mn+l it follows that x - z E Mn+l + 2::n+1 (Ai n Mi ) <;;; Mn+l' 
Thus y = x - z E An+l n Mn+1 <;;; B. Hence x E B, as desired. D 

We are ready to prove the main result of this section. 

Theorem 7.21 The prime radical N(R) of a ring R with right Krull dimension 
is nilpotent. 

Proof. If A is any ideal of R contained in N = N(R), by Zorn's Lemma there 
exists an ideal 11 <;;; N such that A <;;; 11 and 11 is maximal with respect to 
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"A2 C;;; A. Hence it is possible to construct a chain 0 = Ao C;;; Al C;;; A2 C;;; ••• of 
ideals of R contained in N in which Ai+! is maximal with respect to A~+l C;;; Ai 
for every i. Put 1= U:o Ai· 

Suppose that In 1:. I n+1 + Ai for every i, n ~ 1. Define a sequence of 
non-negative integers to < tl < t2 < ... such that In n Atn+l 1:. In+l + Atn 
for every n ~ 0 by induction in the following way. Put to = o. Assume that tn 
has been defined for an index n. As In 1:. In+! + Atn , there exists an element 
Xn E In, Xn f/. In+! + Atn. Let tn+! denote an integer such that tn+l > tn 
and Xn E Atn+l . Then tn+l has the required property, because Xn E In n Atn+l 
and Xn f/. In+l + Atn. If we apply Proposition 7.20 to the chains of submodules 
o = Ato C;;; Atl C;;; At2 C;;; ••• and RR = 10 "2 II "2 12 "2 ... , we see that RR does 
not have Krull dimension, contradiction. 

Hence there exist indices i, n ~ 1 such that In C;;; In+l + Ai. In particular 
(r + A)/Ai is an idempotent ideal of the ring R/Ai. From I C;;; N it follows 
that (In + Ai)/A C;;; N(R/Ai) C;;; J(R/A). By Lemma 7.17 we obtain that 
In C;;; Ai. Let us prove by induction on j = 0,1, ... ,n - 1 that In-j C;;; Ai+j. 
Suppose j ::; n - 1 and In-HI C;;; Ai+j-l. Then 

(In-j + A- .)2 C I 2(n-j) + In-j . I + A~ . CA-· <+J - <+J - <+J-l 

and In-j +Ai+j "2 Ai+j, so that In-j +Ai+j = Ai+j by the maximality of Ai+j. 
Thus In-j C;;; Ai+j, which completes the induction. In particular, for j = n -1, 
we obtain that I C;;; Ai+n-l. Hence Ai+n = Ai+n-l, that is, R = R/Ai+n-l 
contains no non-zero ideal whose square is zero. As Ai+n-l C;;; N, the prime 
radical of R = R/Ai+n-l is N = N/Ai+n-l. If N -I=- 0, then N contains a 
critical right ideal C -I=- 0 by Theorem 7.15. Since every ideal contained in the 

prime radical is nil, C is nil. From Lemma 7.18(b) we obtain that C2 = O. Then 
RC is a non-zero ideal of R whose square is zero, contradiction. Thus N = 0, 
that is, N = Ai+n-l, and thus N is nilpotent. D 

As a generalization of Theorem 7.21 we obtain 

Corollary 7.22 Nil subrings of a ring with right Krull dimension are nilpotent. 

Proof. Let S be a nil subring of a ring R with right Krull dimension. Then 
S/SnN(R) is a nil subring of R/N(R). By Corollary 7.19 the ring R/N(R) is 
right Goldie, so that S/SnN(R) is nilpotent (Corollary 6.9). By Theorem 7.21 
N(R), and so S n N(R), is nilpotent. Thus S is nilpotent. D 

As an application of Theorem 7.21 we obtain a characterization of the 
rings with right Krull dimension that have a right artinian right quotient ring. 

Theorem 7.23 Let R be a ring with right Krull dimension and let N be its 
prime radical. Then R has a right artinian classical right quotient ring if and 
only if CR(O) = CR(N). 
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Proof. By Theorem 6.16 it is sufficient to show that if R has right Krull dimen­
sion, then R/N is right Goldie, N is nilpotent and PN(RR) is finite. Now R/N 
is a right Goldie ring by Corollary 7.19 and N is nilpotent by Theorem 7.21. Fi­
nally, every PN(Ni /Ni+I) is finite by Proposition 6.11(g) and Proposition 7.13, 
so that PN(RR) is finite. D 

7.4 Transfinite powers of the Jacobson radical 

The following result and its Corollary 7.25 are useful in proofs by induction on 
the Krull dimension. 

Proposition 7.24 (a) If MR is a module with Krull dimension, then 

K.dim(M) :::; sup{ K.dim(M / E) + 1 I E is an essential submodule of MR }. 

(b) If R is a semiprime ring with right Krull dimension, then 

r.K.dim(R) = sup{ K.dim(R/ E) + 1 I E is a right ideal of R essential in RR }. 

Proof. (a) Let 
Ao :;2 Al :;2 A2 :;2 ... 

be a descending chain of submodules of M. By Proposition 7.13 the module M 
has finite Goldie dimension dim(M), so that there exists an index n such that 
dim(Ai) = dim(Ai+d for every i 2: n. Let C be a sub module of M maximal 
with respect to C n An = O. Then C n Ai = 0 for every i 2: n, and C EB Ai is 
essential in M. Set 

0: = sup{ K.dim(M/ E) + 1 I E is an essential submodule of M R }. 

K.dim(Ai+1/Ai) :::; K.dim(M/(C EB Ai)) < K.dim(M/(C EB Ai)) + 1:::; 0:. 

By the definition of Krull dimension we get that K.dim(M) :::; 0:. 

(b) Let 0: denote the supremum, so that r.K.dim(R) :::; 0: by part (a). 
It is sufficient to prove that r.K.dim(R) 2: K.dim(R/ E) + 1 for every right 
ideal E essential in RR. The ring R is right Goldie by Corollary 7.19, so that 
every essential right ideal E contains a regular element c (Theorem 6.6). In the 
descending chain R :;2 cR :;2 e2 R :;2 e3 R :;2 ... , all the quotients en R/cn+I R 
are isomorphic to R/eR. Hence r.K.dim(R) > K.dim(R/eR) by the definition 
of Krull dimension. Therefore 

r.K.dim(R) 2: K.dim(R/eR) + 12: K.dim(R/E) + 1. D 
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Corollary 7.25 If R is a prime ring with right Krull dimension and I is a non­
zero ideal of R, then r.K.dim(R/1) < r.K.dim(R). 

Proof. If K is a non-zero right ideal in the prime ring R, then 

O-=l=KI~KnI. 

Therefore the non-zero ideal I is essential in RR. The conclusion follows from 
Proposition 7 .24(b). D 

Let I be an ideal of a ring R. The transfinite powers Ia. of I are defined 
inductively by 

10 = I, 
Ia.+1 = n~=l I:;; for every ordinal IX, 

Ia. = n/3<a. 1/3 for every limit ordinal IX. 

Theorem 7.26 If R is a ring with right Krull dimension IX and J is the Jacobson 
radical of R, then Ja. is nilpotent. 

Proof. We prove the result by transfinite induction on IX. If IX = 0, then R is 
right artinian, so that its Jacobson radical is nilpotent. Assume the result is 
true for all rings with right Krull dimension < IX. If R is a prime ring with right 
Krull dimension IX, Jacobson radical J and Ja. -=1= 0, then 

r.K.dim(R/ Ja.) = (3 < IX 

by Corollary 7.25. By the induction hypothesis J(R/ Ja.)/3 = J/3/ Ja. is nilpotent, 
so that J3 ~ Ja. for some n. Then J~ ~ Ja. for every i ?: n. Thus 

forces J/J = J a. for every i ?: n. In particular, f; = J a' This contradicts 
Lemma 7.17. Hence Ja. = 0 for a prime ring with right Krull dimension IX. 

Now let R be an arbitrary ring with right Krull dimension IX. Then we 
know that for every prime ideal P of R we have J(R/ P)a. = O. Since 

J(R) + P/ P ~ J(R/ P), 

by induction on 'Y it is easily seen that J(R), + P / P ~ J(R/ P), for every 
ordinal 'Y. Thus J(R)a. ~ P. This shows that J(R)a. ~ N(R), which is nilpotent 
by Theorem 7.21. D 
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We shall now apply transfinite powers of the Jacobson radical to compute 
the right Krull dimension of a right serial ring. Observe that we have already 
encountered the transfinite powers Jo. of the Jacobson radical J = J(R) of a 
serial ring R. For instance, Theorem 5.28 says that a serial ring R is noetherian 
if and only if J 1 = o. We shall prove that the nilpotency of Jo. determines the 
right Krull dimension of a right serial ring (Proposition 7.29). First we need 
two lemmas. 

Lemma 7.27 Let R be a right serial ring, let ll1R be a cyclic uniserial module 
and let F be a family of ideals of R. Then M (nIEF 1) = nIEF 1\11. 

Proof. Observe that e (nIEF 1) = nIEF eI for any idempotent e and any family 
of ideals in any ring. 

Let RR = elR ffi ... ffi enR be a direct sum decomposition of RR with the 
ej idempotents and the ej R uniserial right ideals. Let 

f: RR = elR ffi ... enR --+ MR 

be an epimorphism. Then Lj f(ejR) = M, so that f(e;R) = M for some index 
i. Hence MR ~ eiR/ K for a right ideal K of R contained in eiR. Set 

A= n I, 
IEF 

so that we only have to prove that M A :;2 nIEF M I, or, equivalently, that 

ei A + K :;2 n (eJ +K). (7.1) 
IEF 

If K <:;;; eiA, then K <:;;; eiI for every IE F, so that (7.1) holds by the observation 
in the first paragraph of this proof. If K ::J eiA, from the same observation we 
get that K::J eiI for some I E F, and so (7.1) holds in any case. 0 

Lemma 7.28 If MR is a uniserial module over a right serial ring Rand 
M(Jo.)n = 0 for some ordinal a and some positive integer n, then 

Proof. We prove the result by transfinite induction on a. If a = 0 and 1VJ In = 0, 
then MR is a uniserial module of finite length S n, and thus K.dim(MR) S O. 
Let a > 0 be an ordinal. By Proposition 7.11 we may assume M Jo. = O. Let 
M = Ado ::J MI ::J M2 ::J ... be a descending chain of sub modules of l'vl, and fix 
an element x E M \ MI. If a if a limit ordinal, then 0 = xJo. = n,6<o.xJ,6 by 
Lemma 7.27 applied to the cyclic uniserial module xR. Hence for every i 2': 0 
there exists j3 < a such that xJ,6 <:;;; Mi+I. Then (MdMi+dJ,6 = 0 for every 
i 2': 1, so that K.dim(Md Mi+d S j3 < a for every i 2': 1 in this case. If a if a not 
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limit ordinal, a = f3 + 1 say, then 0 = xJa = n~=l xJg by Lemma 7.27, so that 
for every i ~ 1 there exists n ~ 1 such that xJg <:;; M i +1 . Then (1\!{i/Mi.+l)Jg = 

O. Hence by the induction hypothesis Kdim(Mi/Mi+d :::; f3 < a for every i ~ 1 
in any case. Therefore Kdim(MR ) :::; a. D 

We are ready to prove a useful criterion to determine the right Krull 
dimension of a right serial ring. 

Proposition 7.29 A right serial ring has right Krull dimension a if and only if 
a is the least ordinal with J a nilpotent. 

Proof. We shall prove that a right serial ring has right Krull dimension:::; a if 
and only if Ja nilpotent. If R is an arbitrary ring with right Krull dimension 
:::; a, then Ja is nilpotent by Theorem 7.26. Conversely, if R is a right serial 
ring and Ja is nilpotent, write RR = elR EB ... enR as a direct sum of uniserial 
right ideals eiR. Then eJ;): = 0 for some n > 0, so that Kdim(eiR) :::; a by 
Lemma 7.28. Thus r.Kdim(R) :::; a. D 

Proposition 7.29 and its left-right dual give 

Corollary 7.30 A serial ring has right Krull dimension a if and only if it has 
left Krull dimension a, if and only if a is the least ordinal with Ja nilpotent. 

D 

Hence the left Krull dimension and the right Krull dimension of a serial 
ring are equal. Example 7.14 shows that this is not true for right serial rings. 

We conclude the section with a proposition that will be used in the sequel. 

Proposition 7.31 Let {el,"" en} be a complete set of orthogonal primitive 
idempotents for a serial ring R. Then: 

(a) If R is right noetherian, then eiRei is noetherian for every i = 1,2, ... ,n. 

(b) If R has Krull dimension, then eiRei has Krull dimension:::; Kdim( R) 
for every i = 1,2, ... ,n. 

(c) If eiRei has finite Krull dimension for every i = 1,2, ... , n, then R has 
finite Krull dimension and 

Kdim(R) = max{ Kdim(eiRei) I i = 1,2, ... , n}. 

Proof. Let R be a serial ring, .c( eiRei) the linearly ordered set of right ideals 
of eiRei, and .c(eiRR) the linearly ordered set of R-submodules of eiRR. 

For every right ideal I of eiRei let E(I) = I R be the right ideal of R 
generated by I. This defines a mapping E: .c(eiRei) ---+ .c(eiRR)' We show that 
this mapping rp is order-preserving and injective. Fix two right ideals I c J 
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of ej Rej. Then IRe J R, otherwise I R ::2 J R implies I = I Rei ::2 J Rei = J, 
contradiction. 

Therefore, if R is right noetherian, then L(eiRR) has the a.c.c., so that 
L( eiRei) has the a.c.c., that is, eiRei is right noetherian. By Proposition 5.3(b) 
the ring eiRei is left noetherian also, and this proves (a). Similarly, if R ha.'i 
Krull dimension, then eiRR has Krull dimension, so that the deviation of 
L(eiRei) exists and is less than or equal to the deviation of L(eiRR) by Prop­
osition 7.3. Hence r.K.dim(eiRei) :::; K.dim(eiRR) for every index i. This shows 
that (b) holds. 

In view of (b), in order to prove (c) it is sufficient to show that if all the 
rings eiRe" have finite Krull dimension:::; k for a non-negative integer k, then 
RR has finite Krull dimension:::; k. Suppose the contrary, i.e., m:ibUllle that 
K.dim(R) is not defined or K.dim(R) > k. Then there is an index j for which 
the deviation of the linearly ordered set L(ejRR) of all the R-submodules of 
ejRR is not defined or is > k. By Proposition 7.8 there is a strictly descending 
chain of submodules of ej RR indexed in wk+l, that is, there is a family of R­
submodules la, a < wk+1, of ejRR such that 10. =:; 1/3 for every a < j3 < wk+1. 
For every a < W k+1 let ejra be an element of 10. \10.+1. Then the chain ejraR, 
a < wk+1, is a strictly descending chain of submodules of ejR. Now for every 
a there is an index i(a) = 1,2, ... , n such that ejraR = ejraei(a)R. Passing to 
a sub chain we may assume without loss of generality that there exists an index 
i such that r a = r aei for every a < wk+l. From ejroeiR ::2 ejr aeiR we obtain 
that for every a < w k +1 there exists So. E R such that 

Then the right ideals eiSaeiRei of eiRei, a < wk+l, form a strictly descending 
chain, because if a < j3 < W k+1 and eiSaeiRei <;;; eis/3eiRei, then 

contradiction. By Proposition 7.8 the deviation of the linearly ordered set 
L(eiRei) of all the right ideals of eiRei, if it exists, is greater than k, that 
is, K.dim(eiRei) > k. D 

Note that the hypothesis "R is serial" is essential in Proposition 7.31 ( c). 
In order to see this consider the case of the ring 

where k is a field and V is an infinite dimensional vector space over k. 

Corollary 7.32 Every serial, right noetherian ring has (right and left) Krull 
dimension at most one. 



Serial rings of finite Krull Dimension 187 

Proof. If R is such a ring, then eiRei is a noetherian chain ring for every 
i = 1,2, ... , n (Proposition 7.31(a)). By Proposition 5.3(b) and Corollary 7.30 
all the rings eiRei have Krull dimension at most one. Proposition 7.31(c) allows 
us to conclude the proof. 0 

7.5 Structure of serial rings of finite Krull dimension 

The aim of this section is to describe serial rings of finite Krull dimension. As 
usual, the case of chain rings is simpler, so we begin with chain rings. 

A right chain ring R is discrete if P i=- p 2 for every completely prime ideal 
Pi=- 0 of R [Brungs]. 

Lemma 7.33 In a discrete right chain ring all prime ideals are completely 
prime. 

Proof. Let R be a discrete right chain ring and let P be a prime ideal that 
is not completely prime. Let Q denote the intersection of all the completely 
prime ideals containing P. Then Q is a completely prime ideal, so that Q 
contains P properly. Thus Qn => P for all integers n > O. In particular, Q is 
not nilpotent, so that n~=l Qn is completely prime by Proposition 5.2(d). This 
is a contradiction because Q => n~=l Qn :2 P. 0 

The reason why we have introduced discrete right chain rings is that every 
right chain ring with right Krull dimension is discrete (Lemma 7.17). 

We are mainly interested in chain and serial rings with Krull dimension 
and the a.c.c. on right annihilators, because these rings appears naturally in the 
study of endomorphism rings of artinian modules, as we shall see in Chapter 10. 

Lemma 7.34 Let R be a discrete chain ring with the a.c.c. on right annihilators 
and with only a finite number Po C PI C '" C Pn of prime ideals. Let k = 

1,2, ... , n be a fixed index and let Rpk be the localization of R at Pk. Then 
R pk is a discrete chain ring with the a.c.c. on right annihilators, and its prime 
ideals are Po C Pr C ... C Pk· 

Proof. The ring R has a classical two-sided quotient ring Q (Theorem 6.47), 
which is an artinian chain ring (Theorem 6.54), and J(Q) = N(R) = Po (Prop­
osition 6.55). Hence all the elements in R\Po are regular, because if r E R\Po, 
then r E Q \ J(Q) = U(Q). 

Since Pk is a completely prime ideal in R and all the elements of R \ Pk 
are regular, we may suppose R <;;; R pk <;;; Q. In particular, R pk has the a.c.c. on 
right annihilators. 

If x E Pi for some i :<::: k and s E R\Pk, then s-lx, xs- l E Pi (Lemma 7.33 
and Proposition 5.2(e)), so that Po, PI"'" Pk are ideals of R pk and Pk is the 
maximal ideal of R pk . In particular, every proper ideal of R pk is contained in Pk, 
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and thus every proper ideal of Rpk is an ideal of R. By Proposition 6.4(b) the 
ideals Po, H, ... , Pk of Rpk are prime. If i = 1,2, ... , k, then Pi is a completely 
prime ideal of R by Lemma 7.33, so that Pi =1= Pl- By Lemma 5.1 there is no 
prime ideal of R properly between Pi and n~l Pl, and n~l Pl is a completely 
prime ideal of R by Proposition 5.2(d). Hence n~l Pl = Pi-I. By Lemma 5.1 
there is no prime ideal of Rpk properly between Pi and n~l Pl = Pi-I. Thus 
Po C PI C ... C Pk are all the prime ideals of Rpk. In particular, the chain 
ring RPk is discrete. D 

The next theorem characterizes the chain rings of finite Krull dimension 
with the a.c.c. on right annihilators. 

Theorem 7.35 Let R be a chain ring with the a. c. c. on right annihilators and 
let n ~ 0 be an integer. The following conditions are equivalent: 

(a) The chain ring R has Krull dimension n. 

(b) The chain ring R is discrete and has exactly n + 1 prime ideals; 

( c) The chain ring R has exactly n + 1 completely prime ideals 

Po C PI C··· C Pn 

and the localizations (R/Pi-dp;jPi _ 1 , i = 1,2, ... ,n, are noetherian 
rzngs. 

Proof. (a) =} (b). Let R be a chain ring of Krull dimension n. Consider the 
transfinite powers Jo :2 JI :2 ... :2 I n of the Jacobson radical J of R. By 
Corollary 7.30 the ideal I n is nilpotent and Jo, J I , ... , I n - I are not nilpotent, 
so that in particular Jo :J JI :J ... :J I n . By Proposition 5.2(d) the ideals 
J I , ... , I n are completely prime, and by Lemma 5.1 there is no prime ideal 
properly between Ji and Ji+I for every i = 0, 1, ... , n - 1. It is now clear that 
R is a discrete chain ring and Jo :J JI :J ... :J I n are all its prime ideals. 

(b) =} (c). Let R be a discrete chain ring with exactly n + 1 prime ideals 
Po C PI C ... C Pn . Fix an index i = 1,2, ... , n. Then R/ Pi - I is a discrete 
chain ring and 0 = Pi-l/ Pi- I C P;f Pi - I C ... C Pn / Pi - I are all its prime 
ideals. Note that R/ Pi - I is an integral domain by Lemma 7.33. By Lemma 7.34 
(R/ Pi-dp;jPi - 1 is a discrete chain ring with exactly two prime ideals, its Jacob­
son radical and O. If J is the Jacobson radical of a discrete chain ring whose 
only prime ideals are J and 0, then n:l Jt = 0 by Proposition 5.2(d). Hence 
the ring is noetherian by Proposition 5.3(b). 

(c) =} (a). Let R be a ring for which (c) holds. For i = 1,2, ... ,n the 
Jacobson radical of the ring (R/ Pi-I)P;j Pi - 1 is P;f Pi-I· Since (R/ Pi-dp;j Pi - 1 

is noetherian, from Proposition 5.3(b) it follows that n~=l (P;f Pi_d n = 0, so 
that n~=l Pt ~ Pi-I· But Pt :2 Pi - I for every n because Pi-I is prime. Hence 
n~=l Pt = Pi-I· It follows that the transfinite powers of the Jacobson radical 
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J of Rare J t = Pn - t for every t = 0, 1, ... ,n. In particular Jt is not nilpotent 
for every t = 0, 1, ... , n - l. 

The ring R has an artinian classical two-sided quotient ring Q and 

J(Q) = N(R) = Po 

(Theorems 6.47 and 6.54 and Proposition 6.55). Hence I n = Po = J(Q) is 
nilpotent. Thus R has Krull dimension n by Corollary 7.30. 0 

Note that chain rings of finite Krull dimension do not necessarily have the 
a.c.c. on right annihilators. For instance, the trivial extension R = Zp ex Z(poo) 
of the discrete valuation ring Zp via the Priifer group Z(poo) (p. 167) is a 
commutative chain ring of Krull dimension 1 without the a.c.c. on annihilators. 

We now turn to consider serial rings. 

Lemma 7.36 If R is a serial ring, N = N(R) is its prime radical, J is the 
Jacobson radical of R, J1 = n~=l In and K is the ideal of R containing J1 
such that N(R/Jd = K/J1 , then: 

(a) K is the least semiprime ideal of R contained in J such that R/ K is 
noetherian. 

(b) K contains no non-zero idempotent of R. 

(c) If N is nilpotent, then N ~ K. 

Proof. By Theorem 5.28 the ring R/ J1 is noetherian, so that R/ K is obviously 
a semi prime noetherian serial ring. From 

K/J1 = N(R/Jd ~ J(R/Jd = J/J1 

it follows that K ~ J. In particular, K contains no non-zero idempotent. 
If I is an arbitrary semi prime ideal of R such that I ~ J and R/ I is 

noetherian, then J(R/1) = J / I, so that 

00 00 

n=l n=l 

(Theorem 5.28). Hence J1 ~ I. In particular, (R/J1 )/(I/Jd ~ R/I is semi­
prime, so that 1/ J 1 is a semi prime ideal of R/ J1 . Thus 

from which K ~ I. Finally, if N is nilpotent, then N + J1/ J1 is a nilpotent 
ideal of R/ J 1 , and thus N + J1/ J1 ~ N(R/ Jd = K/ J1 , from which N ~ K. 

o 
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If R is a serial ring, the ideal K defined in the previous lemma will be 
called the derived ideal of R. Since R/ K is a noetherian ring, the derived ideal 
K of R is a semi prime Goldie ideal of R. 

Now let R be a serial ring, {el, ... , en} a complete set of orthogonal 
primitive idempotents of Rand K the derived ideal of R. Suppose that R 
either has the a.c.c. on right annihilators or is nonsingular. The maximal Ore 
set corresponding to K is C(K) (Proposition 6.45). By Lemma 6.56 the elements 
of C(K) are regular elements of R. Hence if T is the quotient ring of R with 
respect to CR(K), we may suppose R ~ T. Then T is a serial ring, K is its 
Jacobson radical, T / K is a semisimple artinian ring, and T / K is the classical 
two-sided quotient ring of R/ K (Proposition 6.57). Moreover T either has the 
a.c.c. on right annihilators or is nonsingular. 

Theorem 7.37 Let R be a serial ring of finite Krull dimension m. Suppose that 
R has the a.c.c. on right annihilators (or is nonsingular). Let K be the derived 
ideal of Rand T ~ R the quotient ring of R with respect to CR(K). Then: 

(a) Ifm = 0, then T = R. 

(b) If m > 0, then T is a serial ring of finite Krull dimension m - 1 that has 
the a.c.c. on right annihilators (is nonsingular, respectively). 

Proof. Let J be the Jacobson radical of R, so that K/J1 is the prime radical 
of the noetherian ring R/ J1 . 

If m = 0, the ring R is artinian, so that K = N(R) = J. Thus 

Hence T = R. If m = 1, then J1 is nilpotent (Corollary 7.30). Since 

is the prime radical of the Noetherian ring R/J1 , K/J1 is nilpotent, so that K 
is nilpotent. But K is the Jacobson radical of the serial ring T, so that T is 
artinian, that is, r.K.dim(T) = O. 

Suppose that m ~ 2. Since T is a serial ring, in order to show that 
r.K.dim(T) = m - 1 it suffices to compute the transfinite powers Ki of its 
Jacobson radical K, and show that K m - 1 is nilpotent, but K m - 2 is not nilpot­
ent (Corollary 7.30). As K/ J1 is the prime radical of the noetherian ring R/ J1 

and the prime radical of a noetherian ring is nilpotent, there exists a positive 
integer t such that Kt ~ J1 . Thus K ~ J1 ~ Kt. Taking the intersections of 
the n-th powers ofthis inclusion one sees that Kl ~ h ~ K 1 • Hence Kl = J2 • 

Thus Ki = Ji+l for every i ~ 1. From Corollary 7.30 it follows immediately 
that r.K.dim(T) = r.K.dim(R) - 1. 0 
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Theorem 7.37 tells us that every serial ring of finite Krull dimension m 
which has the a.c.c. on right annihilators (or is nonsingular), can be obtained 
inductively in m steps from an artinian serial ring and m noetherian serial 
rings. The construction is the following. Let R be such a serial ring of finite 
Krull dimension m. If m = 0, then R is artinian. Suppose that m 2:: 1. For every 
i = 0,1, ... ,m define a serial ring Ti of Krull dimension m - i in the following 
way. Put To = R. Assume Ti has been defined. If Ki denotes the derived ideal 
of Ti , then Ti has a quotient ring Ti+1 with respect to CTi (Ki ), and THI is a 
serial ring of Krull dimension m - i - 1. From Proposition 6.57 we know that 
R = To ~ Tl ~ ... ~ T m, Ki is the Jacobson radical of TH 1, the Ti+1 I Ki are 
semisimple artinian rings, and every THd Ki is the classical two-sided quotient 
ring of Til K i. Hence each Ti is the inverse image via the canonical projection 
Ti+1 -t THd Ki of the noetherian serial subring Til Ki of Ti+11 K i· Thus Ti 
is obtained from the serial ring THI and the noetherian serial ring Til K i. By 
induction we find that R can be constructed in m steps from the artinian serial 
ring Tm and the m noetherian serial rings Tol Ko, Td KI, ... , Tm-d Km- 1 · 

7.6 Notes on Chapter 7 

The Krull dimension for objects of an abelian category was introduced by 
[Gabriel] using localizing subcategories. The definition we have given here is 
due to [Rentschler and Gabriel] (for finite ordinals) and [Krause] (for arbitrary 
ordinals). The fundamental references on Krull dimension are [Lemonnier 72a] 
and [Gordon and Robson 73a]. We have often followed Gordon and Robson's 
Memoir [Gordon and Robson 73a] and the book [McConnell and Robson] in 
the first three sections of this chapter. The deviation of an arbitrary poset A, 
that is, the "Krull dimension" of A, was introduced by [Lemonnier 72a]. 

Let D be the set of all rational numbers between ° and 1 that can be 
written as a fraction whose denominator is a power of 2, that is, 

D = {m/2n I m, n nonnegative integers, ° ~ m/2n ~ 1 }. 

The set D, with the order induced from the usual order of Q, is a linearly 
ordered set. [Lemonnier 72a] proved that a poset A fails to have a deviation if 
and only if A contains a poset order isomorphic to D. 

Example 7.10 is due to [Gabriel]. Proposition 7.11 is a result of [Rentschler 
and Gabriel], and Proposition 7.13 is due to [Krause]. 

Critical modules were introduced by [Hart], who called them restricted 
modules. Lemma 7.17 is taken from [Krause and Lenagan, Lemma 7]. Corol­
lary 7.19 appears in [Lemonnier 72b] and in [Gordon and Robson 73b], and 
Proposition 7.20, a variant of Proposition 4.5 in [Gordon and Robson 73a], is 
due to Lenagan ([Lenagan 77, Proposition 1] and [Lenagan 80, Lemma]). For 
the proof of Theorem 7.21, due to [Gordon and Robson 73a, Lemma 5.6] and 
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[Lenagan 73], we have essentially followed the nice proof given in [Lenagan 77]. 
Theorem 7.23 is taken from [Lenagan 77, Theorem 8]. 

Proposition 7.24(a) and Theorem 7.26 are due to [Krause] and [Krause and 
Lenagan, Theorem 8], respectively. The results from Lemma 7.27 to Proposi­
tion 7.29 are due to [Muller and Singh]. Corollary 7.30 appears in [Wright 89]. 
For its proof we have followed [Muller and Singh]. Proposition 7.31 is proved 
in [Facchini and Puninski 95, Lemma 5.5]. 

The description of serial rings of finite Krull dimension given in Section 7.5 
is due to [Camps, Facchini and Puninski]. 



Chapter 8 

Krull-Schmidt Fails for 
Finitely Generated Modules 
and Artinian Modules 

In this chapter we show that the Krull-Schmidt Theorem fails for finitely gen­
erated modules even if the base ring is a commutative noetherian ring, and 
that it can fail for artinian modules over non-commutative rings. In Chapter 9 
(Example 9.21) we shall show that it fails for finitely presented modules over 
serial rings. Recall that in Section 2.12 we saw that Krull-Schmidt holds for 
artinian modules over rings which are either right noetherian or commutative. 

8.1 Krull-Schmidt fails for finitely generated modules 

Now we present a class of examples discovered by [Levy]. The examples show 
that there exist commutative noetherian rings S and finitely generated S­
modules for which the Krull-Schmidt Theorem, the cancellation property and 
the n-th root property do not hold. Throughout the section m is an integer 
greater than one and R denotes a commutative principal ideal domain with at 
least 2{m - 1) maximal ideals. 

Let G be the following graph with m vertices 1,2, ... , m and 2{m - 1) 
edges Pl, P_l, P2 , P-2 , .•• , Pm-l, p-(m-1): 

l~2~3 
• • • 

P- l P-2 

m-l Pm - l m • ==== • 
P-(m-l) 

In the graph G each pair of consecutive vertices is joined by two edges. 
The edges are labeled by a sequence Pl,P_l,P2 ,P-2"",Pm- l ,P-(m-l) of 

193 
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distinct maximal ideals of R. Let Pi be a generator of Pi for every i = 1,2, ... , 
m - 2,m -1, -1, -2, ... , -(m - 2), -(m -1). 

Define 

S = {(rl, ... ,rm ) E R m I ri == ri+! mod PiP-i for every i = 1,2, ... ,m -I}. 

Note that for every r, r' E R, r == r' (mod PiP-i) if and only if r == r' 
(modpi) and r == r' (mod P-i). The set S is a subring of the ring direct 
product Rm of m copies of R. Since R is noetherian, the ring 8 is a module­
finite R-algebra. In particular, S is a noetherian commutative ring. 

Now put S = R/PI x··· x R/Pm- l x R/P_ I x··· x R/P-(m-l), so that 
S is the direct product of 2(m - 1) fields. Elements of S will be written as 
boldface letters w. If w is an element of S, coordinates of w will be denoted by 
Wi, so that w = (WI, ... , Wm-l, W-I, ... , W-(m-l)) with Wi E R/ Pi for every 
i = 1, ... , m -1, -1, ... , -(m -1). 

For each wE S let graph(w) denote the graph obtained from G by deleting 
the edge Pi for every i such that Wi = 0 in R/ Pi. For example, graph(O) is the 
graph with m vertices and zero edges, and graph(l) = G. 

Next, for every element w = (WI, ... , Wm-l, W-l, ... ,""'W'---(m---l-)) ofS define 
an R-submodule M(w) of Rm as follows: 

M(w) = {(Xl, ... ,Xm ) E R m I XiWi = Xi+! in R/Pi 

for every i = 1,2, ... ,m - 1 such that Wi -# 0, and XiW-i = Xi+l 

in R/ P-i for every i = 1,2, ... , m - 1 such that W-i -# O}. 

Thus the definition of M(w) consists of one identity for each edge in graph(w). 
Note that M(w) is clearly an R-submodule of Rm. For example, M(O) = Rm 
and M(l) = S. The next two lemmas describe the modules M(w), w E S. 

Lemma 8.1 Put I = PI n··· n Pm- l n P- I n··· n P-(m-l). Then 

I!JJ ... !JJ Ie M(w) 
'--v-'" -

m times 

for every wE S. In particular, M(w) is a torsion-free R-module of torsion-free 
rank m. 

Proof. XiWi = Xi+! = 0 in R/ Pi and XiW-i = Xi+l = 0 in R/ P-i for every 
xI, ... ,xmEI. D 

Lemma 8.2 For every w E S the canonical projections 

1ri:M(w)~R, i=1,2, ... ,m, 

are surjective. 
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Proof. Fix an index i = 1,2, ... ,m. We must prove that given any Xi E R, there 
exist Xl,"" Xi-I, Xi+! , ... , Xm E R such that (Xl, ... , Xm) E M(w). By induc­
tion it is sufficient to prove that given any Xi E R, there exist Xi-I, Xi+! E 

R such that XiWi = Xi+! in R/ Pi if Wi i=- 0, XiW-i = Xi+! in R/ P -i if 
W-i i=- 0, Xi-IWi-1 = Xi in R/Pi- l if Wi-l i=- 0, and Xi-IW-(i-l) = Xi 
in R/ P-(i-l) if W-(i-l) i=- 0. This follows immediately from the Chinese Re­
mainder Theorem. D 

Note that if w, v E S, then M(w), M(v) ~ Rm , so that from now on by 
the product of an element of M(w) and an element of M(v) we mean their 
product in Rm. 

Lemma 8.3 Ifw, v E S, then M(w)· M(v) ~ M(wv). 

Proof. If (Xl"'" Xm) E M(w), (Yl, ... , Ym) E M(v) and i = 1,2, ... , m - 1 
is an index such that WiVi i=- ° in R/ Pi, then Wi i=- ° and Vi i=- 0, so that 
XiWi = Xi+l and YiVi = Yi+l. Hence XiYiWiVi = Xi+lYi+I. D 

For v = 1 we see that M(w)S ~ M(w), i.e., M(w) is an S-submodule 
of Rm. Since R is principal ideal domain, M(w) is a finitely generated free 
R-module. Hence it is a noetherian S-module a fortiori. Note that M(w) is 
not necessarily indecomposable. For instance, M(O) = Rm is a direct sum of 
m non-zero modules as an Rm-module, and so a fortiori as an S-module. 

If e E S is idempotent, Lemma 8.3 tells us that M(e) . M(e) ~ M(e), so 
that M(e) is an S-subalgebra of Rm. 

Lemma 8.4 If w, v E S, then for every S-homomorphism f: M(w) ~ M(v) 
there exists a unique Y E Rm such that f(x) = yx for every X E M(w). 

Proof. Let Q be the field of fractions of R, that is, its classical quotient ring. 
Then M(w), M(v) ~ R m ~ Qm are torsion-free R-modules of rank m by 
Lemma 8.1. Hence f, which is an R-homomorphism a fortiori, extends uniquely 
to a Q-linear mapping Qm ~ Qm. Thus there exists a unique m x m matrix 
A with entries in Q such that f(x) = xA for every X E M(w). Hence it is 
sufficient to show that the matrix A is diagonal and that its entries are in R. 
Fix an index i = 1,2, ... ,m. By Lemma 8.2 there exists an element Xi E M(w) 
whose i-th coordinate is equal to 1. By Lemma 8.1 there is an element Si E S 
whose components are all zero except for the i-th coordinate. Then SiXi is an 
element of M(w) for every i = 1,2, ... , m and A is the matrix associated to f 
with respect to the basis SIX1 , ... ,smXm of Qm. In order to prove that A is a 
diagonal matrix with entries in R it suffices to show that f(SiXd E RSiXi for 
every i. But f(SiXi) E f(SiM(W)) ~ SiRm = RSiXi . D 

By Lemma 8.4 the R-module Homs(M(w), M(v)) is isomorphic to a 
submodule of Rm. Hence Homs(M(w),M(v)) is a finitely generated free R­
module. 
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Theorem 8.5 For every wE S, if graph(w) has t connected components, then 
M(w) is the direct sum oft indecomposable S-modules. 

Proof. By Lemma 8.4 the endomorphism ring of M(w) is canonically iso­
morphic to the subring E of Rm whose elements are the Y E R m such that 
yM(w) ~ M(w). Let Y = (Yh . .. ,Ym) be an idempotent element of E, so that 
Yi is equal to 0 or 1 for every i. Let i, i+ 1 be two arbitrary consecutive vertices 
of graph(w) that are connected by an edge. By Lemma 8.2 there is an element 
x = (Xl, ... , xm) E M(w) such that Xi = 1. Then 

yx = (Y1X1, ... , Ymxm) E M(w). 

Since the vertices i and i + 1 of graph ( w) are connected by an edge, we know 
that either Wi =I- 0 in Rj Pi or w-i =I- 0 in Rj P -i. Suppose that Wi =I- 0 in Rj Pi. 
From X E M(w) we obtain that XiWi = Xi+l, and from yx E M(w) we know 
that YiXiWi = Yi+1Xi+1. Hence in RjPi we have Wi = Xi+! and YiWi = Yi+1Wi, 
so that Yi = Yi+ 1· But Yi, Yi+! are equal to 0 or 1. Hence Yi == Yi+ 1 (mod Pi) 
forces Yi = Yi+1. Similarly for W-i =I- 0 in RjP_i . This shows that if i,i + 1 
are two arbitrary consecutive vertices of graph( w) that are connected by an 
edge, then Yi = Yi+1. Therefore the value of Yi is constant on the connected 
components of graph ( w). 

This shows that if graph ( w) has t connected components, then E has at 
most 2t idempotents. In order to conclude the proof it is sufficient to prove 
that if C is a connected component of graph(w) and Y = (Yl, ... , Ym) E R m 

is the idempotent element such that Yi = 1 for every vertex i E C and Yi = 0 
for every i ~ C, then Y E E. Hence we must show that yz E M(w) for every 
Z = (Zl, ... , zm) E M(w). This is immediately verified from the definition 
of M(w). 0 

Let us go back to the homomorphisms between the two S-modules M(w), 
M(v). We are now interested in the case where w, v E S are idempotents. 

Lemma 8.6 Let e, f be idempotent elements of Sand r E R. Suppose that r E Pi 
for every index i = 1,2, ... , m-1, -1, -2, ... , -(m-1) such that Pi is an edge 
in graph ( f) and Pi is not an edge in graph ( e). Then multiplication by r is an 
S-homomorphism M(e) ---+ M(f). 

Proof. It is sufficient to show that rM(e) ~ M(f), and this follows immediately 
from the definitions of M(e) and M(f). 0 

In the proof of the next corollary, a homomorphism M(w) ---+ M(v) given 
by multiplication by an element of r E R will be denoted with the same sym­
bol r. 

Corollary 8.7 If e is any idempotent element in S, the S-modules 

M(e) EEl M(l- e) and S EEl M(O) 

are isomorphic. 



Finitely generated modules 197 

Proof. We have that e = (el,"" em-I, e-l, ... , e-(m-l)) with ei = 0 or 1 
for every i = 1,2, ... , m - 1, -1, -2, ... , -(m - 1). Let G be the set of all the 
indices i such that ei = 1 and G' be the set of all the indices i such that ei = O. 
By the Chinese Remainder Theorem there exists a non-zero element c E R such 
that c == ei (mod Pi) for every i = 1, 2, ... , m - 1, -1, -2, ... , - (m - 1). Then 
c E Pi for every i E G' and c tj. Pi for every i E G. Since c =I- 0, there are only a 
finite number of distinct maximal ideals of R containing c, say Pi (i E G') and 
Q j (j = 1, ... , t). By the Chinese Remainder Theorem there exists c' E R such 
that c' == 1 - ei (mod Pi) for every i = 1,2, ... , m - 1, -1, -2, ... , -(m - 1) 
and c' == 1 (mod Qj) for every j = 1, ... , t. Then c' does not belong to any 
maximal ideal containing c. Hence there exist d, d' E R such that de' - d' c = 1. 

Note that S = M(l), M(O) = Rm , graph(l) = G and graph(O) is the 
graph with m vertices and no edges. By Lemma 8.6 multiplication by c is a 
homomorphism c: M(e) ~ M(l), because if Pi is not an edge of graph(e), 
then ei = 0, so that c == 0 (mod Pi), that is, c E Pi. Similar elementary 
verifications show that 

c': M(l- e) ~ M(l), 
d: M(e) ~ M(O), 
d': M(l - e) ~ M(O), 
c': M(O) ~ M(e), 
d: M(l) ~ M(l- e), 
d': M(l) ~ M(e), 
c: M(O) ~ M(l - e) 

are S-module homomorphisms (as we have already said, an element of Rand 
multiplication by that element are denoted with the same symbol). It is imme­
diately verified that the composite of the two homomorphisms 

( c c') d d' : M(e) EB M(l - e) ~ M(l) EB M(O) 

and 

( -dd' ') ~c : M(l) EB M(O) ~ M(e) EB M(l - e) 

are identities. Thus M(e) EB M(l - e) ~ M(l) EB M(O). o 
We are ready to give our first example. It shows the non-uniqueness of 

the number of indecomposable summands for finitely generated modules over 
commutative noetherian rings. 

Example 8.8 Let m ~ 2 be an integer and let R be a commutative principal 
ideal domain with at least 2(m - 1) maximal ideals. Then there exist a com­
mutative module-finite R-algebra S and a finitely generated S -module M that 
is the direct sum of 2 indecomposable S -modules, and also the direct sum of 3 
indecomposable S -modules, and .. . , and also the direct sum of m + 1 indecom­
posable S -modules. 
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Proof. Let S be the ring constructed in this section and M = S EB M(O). For 
every i = 0,1, ... ,m - 1 put 

ei = (1,1, ... ,1,0, ... ,0) E S 
'-v--' '"-v--" 

m-l+i m-l-i 
= RjPl X •.• x RjPm- l x RjP_l X ... x RjP-(m-l). 

Then graph(e) is connected and graph(l - e) is the union of a connected com­
ponent and i isolated vertices. Hence graph(l - e) has i + 1 connected compo­
nents. By Theorem 8.5 the S-module M(e) is indecomposable and M(l - e) 
is the direct sum of i + 1 indecomposable modules, so that M(e) EB M(l - e) is 
the direct sum of i + 2 indecomposable modules. The conclusion follows from 
Corollary 8.7. D 

Note that the endomorphism ring End(Ms) of the module M in Example 
8.8 is a module-finite R-algebra. More precisely, it is a finitely generated free 
R-module. 

Lemma 8.9 Let e, f E S be idempotent elements. Then the S-modules M(e) 
and M(f) are isomorphic if and only if e = f. 

Proof. We must prove that if e =I- f, then M(e) and M(f) are not isomor­
phic. Suppose the contrary, and let e, f be idempotents such that ej =I- Ii for 
some index j = 1,2, ... ,m - 1, -1, -2, ... , -(m - 1) and M(e) ~ M(f). By 
symmetry we may assume that ej = 0 and fj = 1. Let g: M(e) ----> M(f) be 
an isomorphism. By Lemma 8.4 the mapping g and its inverse mapping g-l 
are given by multiplication by elements of Rm. Hence there exist invertible el­
ements Ul, ... , Um E R such that g(x) = (Ul, ... , um)x for every x E M(e). By 
the Chinese Remainder Theorem there exists c E R such that c == 0 (mod Pj ) 

and c == 1 (mod P_j ). Since M(e) = {(Xl, ... ,Xm) E Rm I Xi = Xi+l in RjPi 

for every i = 1,2, ... , m - 1 with ei = 1 and Xi = Xi+l in Rj P-i for every 
i = 1,2, ... ,m - 1 with e_i = 1}, it is immediately seen that 

y = (l, ... ,l,c, ... ,c) E M(e). 
'"-v--" "-v-" 

Ijl m-Ijl 

Thus g(y) = (Ul, ... , Uljl, Uljl+1C, ... , umc) E M(f). In particular, we have 
Uljl = uUI+1c in RjPj . But C == 0 (mod Pj), so that Uljl = 0 in R/Pj , a 
contradiction. D 

We now show that there exists a commutative noetherian ring S with 
four indecomposable finitely generated modules Ml , M2 , M3 , M4 such that 
Ml EB M2 ~ M3 EB M4 and Mi ~ M j for every i =I- j, i,j = 1,2,3,4. 

Example 8.10 Let R be a commutative principal ideal domain with at least four 
maximal ideals. Then there exists a module-finite commutative R-algebra Sand 
indecomposable, pairwise nonisomorphic, finitely generated S -modules M l , M2 , 

M3 , M4 such that Ml EB M2 ~ M3 EB M4 · 
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Proof. Let S be the module-finite commutative R-algebra constructed in this 
section for m = 3. Let el,e2,e3,e4 E S = R/P1 X R/P2 X R/P_ 1 X R/P_2 

be the following idempotents: el = (I, I, 0, 0), e2 = (0,0, I, I), e3 = (1,0,0, I), 
e4 = (0, I, I, 0). Put Mi = M(ei) for i = 1,2,3,4. By Corollary 8.7 both 
Ml EEl M2 and M3 EEl M4 are isomorphic to S EEl M(O). The modules Mi are 
indecomposable because the graphs graph(ei) are connected (Theorem 8.5) 
and they are pairwise nonisomorphic by Lemma 8.9. 0 

Observe that the endomorphism ring Ends(MI EEl M 2) ~ Ends(M3 EEl M 4) 
in Example 8.10 is a finitely generated free R-module. 

Lemma 8.11 Ifw, v E S and every coordinate ofw is non-zero, then 

M(w) EEl M(v) and S EEl M(wv) 

are isomorphic S-modules. 

Proof. For every i = 1,2, ... , m - 1, -1, -2, ... , -(m - 1) let 

Wi E R \ Pi and Vi E R 

be elements such that 

w = (WI, ... , Wm-l, W-I, ... , W-(m-l») 

and 

v = (VI, ... , Vm-I, V-b ... , V-(m-l»). 

By the Chinese Remainder Theorem there exists e E R such that e == Wi 
(mod Pi) for every i = 1,2, ... , m-l, -1, -2, ... , -(m-l). In particular e ~ Pi 
for every i, so that e =f. o. Hence there are only finitely many maximal ideals 
QI, ... , Qt of R containing e, and Qj =f. Pi for every j and i. By the Chinese 
Remainder Theorem there exists e' E R such that c' == Vi (mod Pi) for every 
i = 1, ... ,m-l, -1, ... , -(m-l) and e' == 1 (mod Qj) for every j = 1, ... ,to 
Then e and e' are relatively prime. Put q = PI ... Pm-lP-l ... P-(m-l). Since Pi 
does not divide e for every i, it follows that e and q are relatively prime. Hence 
(e,)m+1-k q and em+1-k are relatively prime for every k = 1,2, ... , m, so that 
for every k = 1,2, ... , m there exist dk, d~ E R such that 

(8.1) 

Then 
( m m-l 1) M( -1) e ,e , ... ,e E w , 

because e == Wi (mod Pi) for every i = 1,2, ... , m - 1, -1, -2, ... , -(m - 1), 
so that 
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for every k = 1,2, ... ,m -1. As (cm, ... ,c l ) E M(w- l ), multiplication by 
(cm , ... , c l ) is an S-homomorphism (cm , ... , c l ): JVl(w) -+ NI(l) = S and an S-
homomorphism (cm , ... , cl ): .M(wv) -+ AI(v) (Lemma 8.3), where we have de­
noted an element of R m and multiplication by that element with the same sym-
bol. Similarly, from Lemma 8.1 we know that (qdl , ... , qdm ) E M(v), so that 
by Lemma 8.3 there are S-homomorphisms (qd l , ... , qdm ): M(w) -+ Al(wv) 
and (qd l , ... , qdm ): NI(l) -+ Al(v). Elementary verifications analogous to these 
show that 

((c'r'\ ... , (c')l): M(v) -+ M(l), 
(d~, ... , d:",): M(v) -+ M(wv), 

((c')m, ... , (C')l): M(wv) -+ M(w), 
(d~, .. . , d:",): M(l) -+ M(w) 

are S-module homomorphisms. Since the composite of the two mappings 

and 

((c')~, ... , ~c')l) ) : M(w) EB M(v) -+ M(l) EB M(wv) 
(dl,···,dm ) 

((c')m~ ... , (ct) ) : M(l) EB M(wv) ---+ M(w) EB M(v) 
-(c , ... ,c) 

are identities, it follows that M(w) EB M(v) ~ M(l) EB M(wv). D 

We conclude the section with three examples that show the failure of the 
cancellation property and the n-th root property for finitely generated modules 
over commutative noetherian rings. 

Example 8.12 There exists a commutative noetherian ring S and finitely gen­
erated S -modules M, N, P such that M EB P ~ N EB P and M 'Ie N. 

Proof. Let R be the ring of integers, m 2: 2 an integer and 

a sequence of 2 (m -1) distinct maximal ideals of R generated by prime numbers 
Pi 2: 5. Let S be the ring constructed in this section, w = (2,2,2, ... ,2), 
M = M(w), N = Sand P = M(O). Since 2 tj:. Pi for every i, every coordinate 
of w is non-zero. Hence by Lemma 8.11 we need only show that M (w) and S = 
M(l) are not isomorphic. Suppose the contrary, and let f: M(l) ---+ M(w) be 
an isomorphism. By Lemma 8.4 the mapping f and its inverse mapping f- l are 
given by multiplication by elements of Rm. Hence there exist invertible elements 
Ul, ... ,Um E R such that f(x) = (Ul, ... ,Um)x for every x E M(l) = S. 
In particular f(l) = (Ul, ... ,um) E M(w). Since 2 # 0, from the definition of 
M(w) we obtain that u 12 = U2 in R/ Pl. As R is the ring of integers, Ul, U2 are 
±1, so that 2 = ±I. This is a contradiction, because PI = (pd and PI 2: 5, so 
that 2 ¢. ±1 (mod pd. D 
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Example 8.13 Let n ?: 2 be an integer divisible by P - 1 for at least two distinct 
prime numbers P ?: 5. Then there exist a commutative noetherian ring Sand 
finitely generated S -modules M and N such that M '1: Nand M n ~ Nn. 

Proof. Let R be the ring of integers and set m = 2. Let Pl,P-l be two distinct 
prime numbers?: 5 such that Pi - 1 divides n for i = 1 and i = -1. Let PI, P- 1 

be the maximal ideals of R generated by PI, P-l respectively, let S be the ring 
constructed in this section, let M = M(w) and let N = S = M(l) be the S­
modules of Example 8.12. We have already seen that M '1: N and that all the 
coordinates of ware non-zero. By Lemma 8.11 the modules M(w j ) EB M(w) 
and S EB M(w j +1) are isomorphic for every j ?: o. Thus 

M(w)n ~ sn-l EB M(wn). 

Now for i = ±1 the multiplicative group (R/ Pi) \ {O} has order Pi - 1, so that 
"2n = I in R/Pi . Hence w n = 1 in S, and thus M(w)n ~ sn. D 

Example 8.14 There exists a commutative noetherian ring S and finitely gen­
erated S -modules P and Q such that P '1: Q and p2 ~ Q2. 

Proof. Since n = 16 is divisible by 5 - 1 and 17 - 1, by Example 8.13 there 
exist S, M and N such that M '1: N and M16 ~ N 16 . Let t be the smallest 
non-negative integer such that M2t ~ N2t. Then 1 :::; t :::; 4. If P = M 2t - 1 and 
Q = N 2t - 1

, then P and Q have the required properties. D 

8.2 Krull-Schmidt fails for artinian modules 

Let R be a noetherian commutative ring. As we have already said in Section 2.13 
(page 73), if M is a simple R-module and E(M) is the injective envelope of 
M, then E(M) is an artinian module [Matlis]. If R is also semilocal, then a set 
{ M1, ... , Mn} of representatives of the simple R-modules up to isomorphism 
is necessarily finite, so that the minimal injective cogenerator 

is artinian. This property is used in the next lemma. 
Recall that if S is an algebra over a commutative ring Rand C is an 

R-module, then the left S-module structure on HomR(S, C) is defined by 
(s'l/J)(s') = 'l/J(s's) for every s, s' E S, 'l/J E HomR(S, C). 

Lemma 8.15 If S is a module-finite algebra over a semilocal commutative noe­
therian ring R, RC is the minimal injective cogenerator in R-Mod and sN R 
is the S-R-bimodule SNR = HomR(RS,RC), then NR is artinian and sN is a 
cogenerator in S-Mod. 
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Proof. Since S is a module-finite R-algebra, for some n ~ 1 there is an exact 
sequence of left R-modules Rn ---- RS ---- O. Applying the functor HomR( -, RC) 
yields an exact sequence of right R-modules 

so that NR = HomR(RS, RC) is isomorphic to a submodule of 

Since R is a semilocal commutative noetherian ring, CR and NR are artinian. 
To prove that sN is a cogenerator in S-Mod, let sB be an arbitrary left 

S-module and let x be a non-zero element of sB. Since RC is a cogenerator 
in R-Mod, there is an R-homomorphism cp: RB ---- RC such that cp(x) =I- O. If 
f: sB ---- sN is the homomorphism of left S-modules defined by 

(f(b))(s) = cp(sb) 

for every s E S, bE B, then f(x) =I- O. o 
Lemmas 8.15 and 8.16 and Proposition 8.17 are preparatory results to 

prove that every module-finite algebra over a semilocal commutative noetherian 
ring is the endomorphism ring of an artinian module (Proposition 8.18). 

Lemma 8.16 Every module-finite algebra over a noetherian commutative ring 
is isomorphic to a subring of an artinian ring. 

Proof. Suppose the statement is false, and let R be a commutative noetherian 
ring and S be a module-finite R-algebra such that S is not isomorphic to any 
subring of any artinian ring. Since S is a noetherian ring, the set of the ideals 
I of S such that S / I is not isomorphic to any subring of an artinian ring 
has a maximal element K. Then T = S/K is not isomorphic to any subring 
of an artinian ring, but for every proper homomorphic image of T such an 
isomorphism exists. Put A = R/annRT, so that T is a module-finite A-algebra 
and we may suppose that A ~ T. 

Since A is a noetherian commutative ring, A has finitely many minimal 
prime ideals. Let X be the complement of the union of the set of the minimal 
prime ideals of A. Then the quotient ring T[X- 1 ] with respect to X is a module­
finite A[X-1 J-algebra and A[X-1J is a commutative noetherian ring in which 
every prime ideal is maximal. Hence A[X-1J is an artinian ring, so that T[X-1J 
also is an artinian ring. In particular the canonical mapping cp: T ---- T[X-1J is 
not injective, and thus its kernel ker( cp) = {t E T I xt = 0 for some x EX} 
is a non-zero ideal of T. As T is a noetherian A-module, the ideal ker(cp) is a 
finitely generated A-module, so that there exists y E X such that y ker( cp) = O. 

Since y E X ~ A ~ T is non-zero, the two-sided ideal yT of T is non-zero. 
Now ker(cp) n yT = 0, because if k = yt with k E ker(cp) and t E T, then 
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yk = 0, so that y2t = o. Hence t E ker(cp), and so yt = o. Therefore there is a 
canonical injective ring homomorphism T -> T/ker(cp) x T/yT. As there are 
ring embeddings of T/ker(cp) and T/yT into artinian rings, the same is true 
for T, a contradiction. 0 

Lemma 8.16 cannot be generalized to arbitrary noetherian rings, because 
there exist noetherian rings that are not embeddable into a right artinian ring 
[Dean and Stafford]. 

Proposition 8.17 Let S be a subring of a right artinian ring A. Suppose that 
there exists a ring R and an S-R-bimodule SNR such that NR is artinian and 
sN cogenerates s(A/S). Then there exists a ring T and an artinian cyclic 
T-module MT such that S 2:! End(MT ). 

Proof. In this proof, whenever we consider morphisms of left modules, we write 
homomorphisms on the right. Let AHR be the bimodule 

AHR = Homs(sAA,sNR) 

and L = {f E H I (S)f = O}, so that sLR is a subbimodule of sHR. Set 

T = (~ ~) and I = (~ ~). 
Then T is a ring and I is a right ideal of T. We shall show that MT = T / I has 
the required properties. 

In order to show that MT is artinian, note that T contains the direct 
product A x R as a subring. Hence it is sufficient to show that M is artinian 
as a right A x R-module. But the right A x R-module M = T / I is clearly 
isomorphic to A E9 H/L. Hence it suffices to prove that AA and (H/L)R are 
artinian. Now A is right artinian, and if we apply the functor Horns ( -, s N R) 
to the exact sequence 0 -> sS -> sA -> s(A/S) -> 0 we get the exact sequence 
of right R-modules 

In this exact sequence the image of the first homomorphism is L, so that H / L 
is isomorphic to an R-submodule of N R. Since N R is artinian, it follows that 
(H / L) R is artinian, as desired. 

Finally, we must prove that S 2:! End(MT). Since MT = T/I is cyclic, 
it is easily seen that End(MT) 2:! 1'/1, where l' = {t E T I tI ~ I} is the 
idealizer of I in T (that is, the greatest subring of T containing I in which I 

is a two-sided ideal). Let us prove that I' = (~ ~). The inclusion;;;:> is 

easily checked. Conversely, let t = (~ ~) be an element of T that belongs 
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to II. Then aL+hR ~ L, so that h ELand aL ~ L. Suppose artS. Since sN 
cogenerates s(AI S), there exists a morphism of left S-modules g: AI S ---. N 
such that (a + 8)g =I- O. Hence there exists an 8-homomorphism gl: A ---. N 
such that (a)gl =I- 0 and (8)gl = o. Thus gl E L. But (8)agl = (8a)gl =I- 0, and 
thus ag' rt L. Hence aL g; L, a contradiction. This proves that a E 8. 

Therefore Endr(TII) ~ II II ~ 8. 0 

From Lemmas 8.15 and 8.16 and Proposition 8.17 we obtain 

Proposition 8.18 If 8 is a module-finite algebra over a semilocal commutative 
noetherian ring, then there exists a ring T and an arlinian cyclic T -module 
Mr such that 8 ~ End(Mr ). 0 

In particular, every semilocal commutative noetherian ring 8 is isomorphic 
to the endomorphism ring of a suitable artinian module. If we take a semilocal 
commutative noetherian integral domain 8 that is not local we see that 

Example 8.19 There exists a ring T and an indecomposable arlinian T -module 
Mr whose endomorphism ring End(Mr) is not local. 0 

[Crawley and Jonsson, p. 855] asked whether artinian modules have the 
exchange property. By Theorem 2.8 and Example 8.19 there exist artinian 
modules that do not have the exchange property. This result, due to [Camps 
and Menal], answers Crawley and Jonsson's question. 

We are ready to show that Krull-Schmidt fails for artinian modules over 
noncommutative rings. This will be done in the two examples that follow. 
Recall that the Krull-Schmidt Theorem holds for right artinian modules over 
commutative or right noetherian rings (Proposition 2.63). 

Example 8.20 There exists a ring T and indecomposable, pairwise nonisomor­
phic, arlinian right T -modules M 1 , M2 , M3 , M4 such that 

Proof. Let R be a semilocal commutative principal ideal domain with at least 4 
maximal ideals. As we saw in Example 8.lD, there exists a module-finite com­
mutative R-algebra 8 and indecomposable, pairwise nonisomorphic, finitely 
generated 8-modules Nl, N 2 , N 3, N4 such that N = Nl (JJN2 ~ N3 (JJN4. Then 
E = End(Ns ) is also a module-finite R-algebra. Let Proj-E be the full subcat­
egory of Mod-E whose objects are all projective right E-modules and Add(Ns) 
denote the full subcategory of Mod-8 whose objects are all the modules iso­
morphic to direct summands of direct sums of copies of N. By Theorem 4.7 the 
functors Homs(N, -): Mod-8 ---. Mod-E and -0E N: Mod-E ---. Mod-8 induce 
an equivalence between Add(Ns ) and Proj-E, and if e E E is idempotent, the 
direct summand eN of Ns corresponds to the projective E-module eE. Hence 



Notes on Chapter 8 205 

there are complete sets {el' e2} and {e3, e4} of orthogonal idempotents of E 
with elE, e2E, e3E, e4E indecomposable, pairwise nonisomorphic E-modules. 
By Proposition 8.18 there exists a ring T and an artinian cyclic T-module AfT 

such that E ~ End(MT), and there is a similar equivalence between Add(MT) 
and Proj-E such that, in particular, if e is any idempotent element of E, the 
direct summand eM of NIr corresponds to the E-module eE. Therefore the 
T-modules NIi = eiM, i = 1,2,3,4, have the required properties. 0 

Example 8.21 Given an integer n > 2, there exists a ring T and an artinian 
right T -module M that is the direct sum of 2 indecomposable modules, and also 
the direct sum of 3 indecomposable modules, and ... , and also the direct sum 
of n indecomposable modules. 

Proof. Let R be a semilocal commutative principal ideal domain with at least 
2(n-2) maximal ideals. In Example 8.8 we saw that there exists a commutative 
module-finite R-algebra S and a finitely generated S-module Ns that is the 
direct sum of t indecomposable S-modules for every t with 2 ::; t ::; n. Then 
E = End(Ns) is also a module-finite R-algebra and its identity is the direct 
sum of t orthogonal primitive idempotents for every t with 2 ::; t ::; n. By 
Proposition 8.18 there is a ring T and an artinian T-module MT such that 
E ~ End(MT)' Then MT is the direct sum of t indecomposable T-modules for 
every t between 2 and n. 0 

8.3 Notes on Chapter 8 

The results in Section 8.1 are due to [Levy]. His examples are constructed over 
rings R more general than principal ideal domains. For instance, in Example 8.8 
R can be any commutative integral domain with at least four maximal ideals. 
Our presentation has followed that given in Rowen's book [Rowen 88]. 

The Krull-Schmidt Theorem holds for finitely generated modules over 
complete local noetherian commutative rings [Swan 60, remark on page 566], 
but it can fail for finitely generated modules over arbitrary local noetherian 
commutative rings [Evans]. More generally, the Krull-Schmidt Theorem holds 
for finitely generated modules over Henselian local commutative rings ([Siddo­
way] and [Vamos 90D, where a local commutative ring R is said to be Henselian 
if for every ideal I of any finitely generated R-algebra A, idempotents lift from 
A/I to A [Azumaya 51]. For the existence and uniqueness of direct sum de­
compositions of finitely generated modules and finite rank torsion-free modules 
over valuation domains, see [Vamos 90] and the survey [Vamos 95]. 

A complete description of the direct sum decompositions of a finitely 
generated module over a Dedekind domain was determined by Kaplansky. In 
this case Krull-Schmidt also fails. For a nice presentation of these results see 
[Sharpe and Vamos, Section 6.3]. 
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As shown in Example 8.12 the cancellation property does not hold for 
finitely generated modules over a commutative noetherian ring 8. Another 
example of this, due to [Swan 62], is the following. Let 

8 = R[X, Y, Zl!(X2 + y2 + Z2 - 1) 

be the coordinate ring of the sphere, and let x, y, z denote the images of X, Y, Z 
in 8. Let 1: 8 EEl 8 EEl 8 ----t 8 be the 8-module homomorphism defined by 
1(81,82,83) = X81 + Y82 + Z83 for every (81,82,83) E 8 EEl 8 EEl 8. Then 1 is 
an epimorphism because 1(x, y, z) = 1. Hence !vI = ker(f) is a direct sum­
mand of 8 EEl 8 EEl 8, and 8 EEl 8 EEl 8 9:' M EEl 8. It is possible to prove that 
8 EEl 8 '# M [Swan 62, Theorem 3]. Again, this shows that the cancellation 
property does not hold for finitely generated modules over commutative noe­
therian rings. In this setting there is an interesting result proved recently by 
[Brookfield]: let M, N, P be right modules over an arbitrary ring 8, and sup­
pose that M EEl P 9:' N EEl P and P is noetherian. Then there exists a positive 
integer n, two chains of submodules 0 = Mo <;::; M1 <;::; ••. <;::; Mn = M and 
0= No <;::; N1 <;::; •.. <;::; N n = N, and a permutation (J of {I, 2, ... , n} such that 
M;jMi - 1 9:' N a(i)/Na (i)-l for every i = 1,2, ... , n. 

Other results concerning the cancellation property and the n-th root 
property for finitely generated modules over suitable module-finite R-algebras, 
where R is a commutative ring, were proved by [Goodearl and Warfield 76]. 
In Examples 8.12 and 8.13 we have seen that there exist finitely generated 
modules over a module-finite Z-algebra 8, where Z is the ring of integers, 
for which the cancellation property and the n-th root property do not hold. 
But these two properties hold for finitely generated 8-modules if 8 is a locally 
module-finite algebra over a commutative ring R which is von Neumann regular 
modulo its Jacobson radical J(R) [Goodearl and Warfield 76] (An R-algebra 8 
is a locally module-finite algebra if the localization 8M is a module-finite RM­
algebra for each maximal ideal M of R.) These results were later extended to 
module-finite algebras over other classes of commutative rings R (LG 'ring8) 
by [Estes and Guralnick]. 

Further nice examples of rings with particular sets of idempotents were 
constructed by [Osofsky 70]. She proved that there exists a ring R that can be 
expressed as a finite direct sum of indecomposable left ideals but that contains 
an infinite set of primitive orthogonal idempotents. And there exists another 
ring 8 that can be expressed as a direct sum of n indecomposable left ideals for 
each integer n ::::: 0 but that contains no infinite set of orthogonal idempotents. 

Proposition 8.17 is due to Camps and Menal. It is stated as a remark 
on page 2092 of [Camps and Menal], and its proof is a generalization of the 
proof of [Camps and Menal, Proposition 3.4]. A complete proof was published 
in [Camps and Facchini, Proposition 1.3]. The other results presented in Sec­
tion 8.2 are due to [Facchini, Herbera, Levy and Vamos]. Note that in particu­
lar Examples 8.20 and 8.21 answer the question posed by Krull in 1932 (see the 
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Preface of this book and Section 2.13). Apart from the applications given in this 
chapter, the construction in the proof of Proposition 8.17 has other applica­
tions. For instance, making use of that construction [Herbera and Shamsuddin, 
Example 10] proved that every ring that can be embedded in a local ring is 
isomorphic to the endomorphism ring of a local module. 

For further examples of artinian modules for which the Krull-Schmidt 
Theorem fails see [Yakovlev]. 



Chapter 9 

Biuniform Modules 

9.1 First properties of biuniform modules 

In this section we shall present some elementary results on biuniform modules. 
We shall study the structure of the endomorphism ring of a biuniform module 
(Theorem 9.1) and introduce the type of a biuniform module and its monogeny 
and epigeny classes. 

Recall that a module is biuniform (p. 109) if it is uniform and couniform. 
In particular, every biuniform module is non-zero and is indecomposable. For 
example, if f: C -+ B is a non-zero homomorphism of a couniform module C 
into a uniform module B, then f(C) is biuniform. A non-zero uniserial module 
over any ring is biuniform. If R is a local ring and MR is an indecomposable 
injective module, every cyclic submodule of MR is biuniform. 

Theorem 9.1 Let AR be a biuniform module over an arbitrary ring R and let 
E = End(AR) be its endomorphism ring. Let I be the subset of E whose ele­
ments are all the endomorphisms of AR that are not injective, and K be the 
subset of E whose elements are all the endomorphisms of AR that are not sur­
jective. Then I and K are two-sided completely prime ideals of E, and every 
proper right ideal of E and every proper left ideal of E is contained either in I 
or in K. Moreover exactly one of the following two conditions hold: 

(a) Either the ideals I and K are comparable, so that E is a local ring and 
I U K is its maximal ideal, or 

(b) I and K are not comparable, J (E) = InK, and E / J (E) is canonically 
isomorphic to the direct product of the two division rings E / I and E / K. 

Proof. The subset I of E is additively closed because AR is uniform. Similarly 
K is additively closed because AR is couniform. By Lemma 6.26 the subsets I 
and K of E are two-sided completely prime ideals. 

209 
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Let L be any proper right or left ideal of E. The set I U K is exactly the 
set of non-invertible elements of E, so that L <:;;; I u K. If there exist x E L \ I 
and y E L \ K, then x + y E L, x E K, and y E I. Hence x + y tJ. I and 
x + y tJ. K. Thus x + y tJ. I U K. But x + y E L, a contradiction. This shows 
that L is contained either in I or in K. In particular, the unique maximal right 
ideals of E are at most I and K. Similarly, the unique maximal left ideals of 
E are at most I and K. 

If I and K are comparable, then I U K is the unique maximal right (and 
left) ideal of E and case (a) holds. If I and K are not comparable, then E 
has exactly two maximal right ideals I and K, so that J(E) = InK, and 
there is a canonical injective ring homomorphism EjJ(E) -+ EjI x EjK. 
But 1+ K = E, hence this ring homomorphism is surjective by the Chinese 
Remainder Theorem. 0 

Note that we already knew that the endomorphism ring of a biuniform 
module is a semilocal ring of dual Goldie dimension :S 2 (Corollary 4.16). In 
particular, biuniform modules cancel from direct sums (Corollary 4.6). 

Let A be a biuniform module. Then we have by Theorem 9.1 that ei­
ther End(A)j J(End(A)) is a division ring (i.e., End(A) is a local ring) or 
End(A)j J(End(A)) is the direct product of exactly two division rings. A bi­
uniform module is said to be of type 1 if its endomorphism ring is local, and of 
type 2 otherwise. For instance, if R is a right chain ring, the uniserial module 
RR is of type 1. Further examples of uniserial modules of type 1 and 2 will be 
given in Sections 9.6 and 9.7. 

Lemma 9.2 Let A be a uniform module and let B be a couniform module over 
a ring R. 

(a) Iff, g: A -+ B are two homomorphisms, f is injective and not surjective, 
and 9 is surjective and not injective, then f + 9 is an isomorphism. 

(b) If h, ... , fn: A -+ Bare n homomorphisms and h + ... + fn is an iso­
morphism, then either one of the fi is an isomorphism or there exist two 
distinct indices i, j = 1,2, ... ,n such that fi is injective and not surjec­
tive, and h is surjective and not injective. 

Proof. (a) Since ker(f) :2 ker(g) n ker(f + g), if f is injective and 9 is not 
injective, then f + 9 must be injective. Dually for surjectivity. 

(b) Since kerCh + ... + fn) :2 niker(fi) and (h + ... + fn)(A) <:;;; Ldi(A), 
if h + ... + fn is an isomorphism, then there exist i,j such that kerCh) = 0 
and h(A) = A. If fi or fj is an isomorphism, we are done. Otherwise i -I- j, 
and the conclusion follows easily. 0 
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If A and B are two modules, we say that A and B belong to the same 
monogeny class, and write [Alm = [Blm, if there exist a monomorphism A ---+ B 
and a monomorphism B ---+ A. Similarly, we say that A and B belong to the 
same epigeny class, and write [Ale = [Ble, if there exist an epimorphism A ---+ B 
and an epimorphism B ---+ A. Clearly, this defines two equivalence relations in 
the class of all right modules over a ring. 

Proposition 9.3 Let A be a uniform module and let B be a couniform module 
over a ring R. Then A ~ B if and only if [Alm = [Blm and [Ale = [B]e. 

Proof. Suppose that [Alm = [Blm and [Ale = [Ble. Then there is a mono­
morphism f: A ---+ B and an epimorphism g: A ---+ B. If one of these two homo­
morphisms is an isomorphism, then A ~ B. If neither f nor g is an isomorphism, 
then f + 9 is an isomorphism by Lemma 9.2(a). Hence A ~ B in any case. The 
converse is obvious. 0 

From Proposition 9.3 it follows that to check that two biuniform modules 
A and B are isomorphic, we may separately check that they belong to the same 
monogeny and epigeny classes. 

Lemma 9.4 Let A be a module over a ring R and let B, C be biuniform R­
modules such that [Alm = [Blm and [Ale = [C]e. Then: 

(a) A is biuniform; 

(b) A EB D ~ B EB C for some R-module D; 

(c) the module D in (b) is unique up to isomorphism and is biuniform; 

(d) if Band Care uniserial, then A and D are uniserial. 

Proof. (a) By hypothesis there exist two monomorphisms C¥1: A ---+ B and 
C¥2: B ---+ A and two epimorphisms ,81: A ---+ C and ,82: C ---+ A. Since B =I- 0, it 
follows that A =I- 0, and dim (A) ~ dim(B) = 1. Hence A is uniform. Similarly, 
A is couniform, and so biuniform. 

(b) By Lemma 9.2(a) at least one of the three mappings C¥2C¥1, ,82,81 or 
'Y = C¥2C¥1 + ,82,81 is an isomorphism. If C¥2C¥1: A ---+ B ---+ A is an isomorphism, 
then C¥1: A ---+ B is an isomorphism by Lemma 6.26(b). Hence the module 
D = C has the property required in (b). Similarly, if ,82,81 is an isomorphism, 
then ,81: A ---+ C is an isomorphism and D = B has the required property. 

Suppose 'Y is an isomorphism. The composite of the homomorphisms 

is 'Y. Hence the composite 
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is the identity mapping of A, so that A is isomorphic to a direct summand of 
B EB C, and a module D with the required property exists. 

(c) If D,D' are modules such that AEBD ~ BEBC and AEBD' ~ BEBC, 
then D ~ D' because biuniform modules cancel from direct sums. As A, B, C 
are biuniform, from A EB D ~ B EB C it follows that D is biuniform as well. 

(d) Suppose that Band Care uniserial. In order to prove that A and D 
are uniserial, it is sufficient to prove that every uniform submodule U of B EB C 
is uniserial. Let 7f1: BEBC ---+ B and 7f2: BEBC ---+ C be the canonical projections. 
If U is a uniform submodule of B EB C, then from un ker(7fd n ker(7f2) = 0 
it follows that either Un ker(7f1) = 0 or Un ker(7f2) = O. Thus either the 
restriction of 7f1 to U or the restriction of 7f2 to U is a monomorphism. Hence 
U is isomorphic to a submodule of B or C. In both cases U is uniserial. 0 

9.2 Some technical lemmas 

In this section we prove a series of technical results that will be used in the 
subsequent sections. The first proposition is the "two-dimensional analogue" of 
Lemma 2.7. 

Proposition 9.5 Let A, B, Cl, ... , Cn (n ::::: 2) be modules. Suppose A is bi-
uniform and A EB B = C 1 EB ... EB Cn. Then there are two distinct indices 
i,j = 1, ... , n and a direct sum decomposition A' EB B' = C i EB C j of C i EB C j 

such that A ~ A' and B ~ B' EB (EBkopi,jCk). 

Proof. Let lOA, 7fA, lOB, 7fB and lOi,7fi (i = 1,2, ... ,n) be the embeddings and 
the canonical projections with respect to the two direct sum decompositions 
A EB Band C 1 EB··· EB Cn. In the ring E = End(A) we have that 

IE = 7fAlOA = 7fA (tlOi7fi) lOA = t 7fAlOi7filOA· 

By Lemma 9.2(b) either one of summands 7fAlOi7filOA is an isomorphism or there 
exist two distinct indices i,j = 1,2, ... ,n such that 7fAlOi7filOA is injective and 
not surjective, and 7fAlOj7fjlOA is surjective and not injective. 

If there exists an i such that 7fAlOi7filOA is an isomorphism, then the com­
posite of 7filOA: A ---+ C i and (7fAlOi7filOA)-17fAlOi: C i ---+ A is the identity mapping 
of A. Thus A is isomorphic to a direct summand A' of Ci, and the statement 
holds for every index j -=I- i because biuniform modules cancel from direct sums. 

Thus we may suppose that there exist two distinct indices i,j = 1,2, ... , n 
such that 7fAlOi7filOA is injective and not surjective and 7fAlOj7fjlOA is surjective 
and not injective. Then",( = 7fAlOi7filOA + 7fAlOj 7fj lOA is an automorphism of A by 
Lemma 9.2(a). The composite of the homomorphisms 

( 7filOA ): A ---+ C i EB C j and (",(-1 7fAlOi ",(-17fAlOj): C i EB C j ---+ A 
7fjlOA 
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is the identity of A, so that A is isomorphic to a direct summand of C i EB Cj . Let 
A', B' be such that A ~ A' and A' EB B' = Ci EB C j . Then B' EB (EBk#i,jCk) ~ B 
because A cancels from direct sums. 0 

We now consider the direct sum of an arbitrary (possibly infinite) family 
{ Cj I j E J} of uniform modules. 

Proposition 9.6 Suppose that M = EBjEJCj = A EB B, where A and Cj are uni­
form modules for every j E J. Let Cj: Cj ~ M, CA: A ~ M, 7rj: M ~ Cj and 
7r A: M ~ A be the embeddings and the canonical projections relative to these 
direct sum decompositions of M. Then there exists k E J such that 7rAck7rkcA 

is a monomorphism. In particular, [A]m = [Ck]m. 

Proof. Fix a non-zero element x E A. There exists a finite subset F s:;; J 
such that x E EBjEFCj , and if D = EBjEJ\FCj , then M = DEB (EBjEFCj ). 
Let CD: D ~ M and 7r D: M ~ D denote the embedding and the canonical 
projection associated to this direct sum decomposition. Then 

so that 

1A = 7rACA = 7rA (CD7rD + (LjEFCj7rj)) CA 

= 7rAcD7rDcA + LjEF 7rACj7rjCA, 

ker(7rACD7rDCA) n (njEF ker(7rAcj7rjCA)) = 0. 

Since A is uniform, one of the kernels in this intersection must be zero, and 
ker(7rAcD7rDcA) =I ° because it contains x. Hence there exists kEF such that 
ker(7rAck7rkcA) = 0, i.e., 7rAck7rkcA is a monomorphism. By Lemma 6.26(a) 
both 7rACk: Ck ~ A and 7rkCA: A ~ Ck are monomorphisms. 
Thus [A]m = [Ck]Tn' 0 

Proposition 9.7 Let {C1 , C 2 , ••• , Cn} be a finite family of couniform modules 
over an arbitrary ring R. Then for every couniform direct summand A of 
EBj=l Cj there exists k E J such that [A]e = [CkJe. 

Proof. Put M = EBj=lCj = A EB B. Let Cj:Cj ~ M, cA:A ~ M, 7rj: M ~ Cj 
and 7rA: M ~ A denote the embeddings and the projections relative to these 
direct sum decompositions of M. Then 

so that 

1A = 7rACA = 7rA (t Cj 7rj ) CA = t 7rACj7rjCA, 
j=l j=l 

n 

L 7rACj7rjCA(A) = A. 
j=l 

But A is couniform, so there exists k = 1,2, ... , n such that 7rACk7rkcA(A) = A. 

Since 7rAck7rkcA is an epimorphism, by Lemma 6.26(b) both 7rACk: C k ~ A and 
7rkCA: A ~ Ck are epimorphisms. Thus [A]e = [Ck]e. 0 
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The next lemma shows that if A, B, C, Dare biuniform modules with 
A EEl D ~ B EEl C, then the monogeny (respectively, epigeny) classes of A and D 
coincide with those of Band C up to the order. 

Lemma 9.8 Let A, B, C, D be biuniform modules such that A EEl D ~ B EEl C. 
Then {[Alm' [Dlm} = {[Blm' [Clm} and {[Ale, [Dle} = {[Ble, [Cle}. 

Proof. By symmetry, it is sufficient to prove that 

Hence it suffices to show that if X is a biuniform direct summand of BEElC, then 
[Xlm E {[Blm, [Clm} and [Xle E {[Ble, [Cle}. This is proved in Propositions 9.6 
and 9.7. 0 

We conclude the section with two more technical results. 

Proposition 9.9 Let R be an arbitrary ring, let {Cj I j E J} be a family of 
biuniform R-modules and let AI, A2 , .•• , An be uniform R-modules. If 

is a direct summand of EEljEJCj , there exist n distinct elements kl' ... ,kn E J 
such that [Ailm = [CkJm for every i = 1,2, ... ,n. 

Proof. We may suppose [Allm = ... = [Anlm, because the general case, with 
the [Ailm possibly different, follows immediately from this. We shall argue 
by induction on n. The case n = 1 is given by Proposition 9.6. Fix n > 1 
and suppose the statement is true for n - 1 uniform modules in the same 
monogeny class. Let {Cj I j E J} be a family of biuniform modules and 
let AI"'" An be n uniform modules such that [Allm = ... = [Anlm and 
Al EEl··· EEl An is a direct summand of EEljEJCj . By Proposition 9.6 there exists 
kl E J such that [Allm = [CkJm' Put M = EEljEJCj = Al EEl ... EEl An EEl D. 
Apply Proposition 9.5 to the biuniform direct summand Ckl of the finite direct 
sum M = Al EEl· .. EEl An EEl D. There are two possible cases. 

In the first case there are two distinct indices i,j = 1, ... , n and a direct 
sum decomposition C' EEl B' = Ai EEl Aj of Ai EEl Aj such that 

Since Ai, Aj and C' are uniform, B' must also be uniform. From Proposition 9.6 
we obtain that [B'lm = [Ailm = [Ajlm. By the induction hypothesis applied to 
the decompositions (9.1) and the n-1 uniform modules in the same monogeny 
class B' and At with t =I- i, j, there exist n - 1 distinct elements 

kt E J \ {kd, t = 2, ... , n, 
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with [Ck,lm = [A1lm for every t = 2, ... , n. Thus the monogeny classes of the n 
biuniform modules Ck " t = 1, ... ,n, coincide with the monogeny class of A 1 • 

In the second case there is an index i = 1, ... , n and a direct sum de­
composition C' EB B' = Ai EB D of Ai EB D such that 

Now the conclusion follows immediately from the induction hypothesis. D 

Proposition 9.10 Let A1, ... , An, C1, ... , Cm be biuniform right modules over 
an arbitrary ring R. If A1 EB ... EB An is isomorphic to a direct summand of 
C1 EB·· . EBCm , then there exist n distinct indices k1, .. . ,kn E {I, 2, ... , m} such 
that [Aile = [CkJe for every i = 1, ... ,n. 

Proof. Suppose that A1 EB ... EB An EB B ~ C1 EB ... EB Cm. The proof is by 
induction on m. The cases m = 0 and m = 1 are trivial. Suppose that m ~ 2. By 
Propositions 9.6 and 9.7, there exist i,j E {I, ... ,m} such that [A1lm = [Cdm 
and [Ade = [Cjle. 

If i = j, then Ci is isomorphic to A1 (Proposition 9.3). Then we can 
renumber the Ck'S so that A1 ~ C1. Since biuniform modules cancel from 
direct sums, A2 EB ... EB An EB B ~ C2 EB ... EB Cm, and we conclude by the 
induction hypothesis. 

If i =I- j, we can renumber the Ck'S so that 

By Lemma 9.4 there is a biuniform module D such that A1 EB D ~ C1 EB C2, 
and from Lemma 9.8 it follows that [Dle = [C1le . Then 

A1 EB ... EB An EB B ~ C1 EB ... EB Cm ~ A1 EB D EB C3 EB ... EB Cm. 

If we cancel the biuniform module A1 we obtain that 

Since [Dle = [C1le , by the induction hypothesis there exist n-1 distinct indices 
k2' ... ,kn E {I, 3, 4, ... ,m} such that [Ade = [Ckile for every i = 2,3, ... ,n. 
Set k1 = 2. Then [Aile = [Ckil e for every i = 1, ... ,n. D 
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9.3 A sufficient condition 

The aim of this section is to prove the following theorem. 

Theorem 9.11 Let {Ai liE 1} be an arbitrary family of modules over a ring R 
and let {B j I j E J} be a family of biuniform R-modules. Assume that there 
exist two bijections cr, T: I -+ J such that [A;lm = [Ba(i)lm and [Aile = [BT(i)le 
for every i E 1. Then all the modules Ai are biuniform and 

Proof. From [Ailm = [Ba(i)lm and [Aile = [BT(i)le, it follows that the module 
Ai is non-zero, isomorphic to a submodule of Ba(i) and a homomorphic image 
of BTCi). Hence every Ai is biuniform. Let Sf be the symmetric group on the set 
I, that is, the group whose elements are all bijections ex: I -+ I. The mapping 
Sf x I -+ 1, (ex, i) I-> ex(i), defines a natural action of Sf on the set I. Let 
C = {(T- lcrY I Z E Z} be the cyclic subgroup of Sf generated by T- 1cr. Then 
the action of S1 on I restricts to an action of C on I. For every element i E I 
let Ci = {(T- 1crY(i) I Z E Z} be the C-orbit of i and let cr(Ci) ~ J be the 
image of Ci via the bijection cr: I -+ J. 

We claim that 

EBkECiAk ~ EBCEaCCi)BC (9.2) 

for every i E I. If we prove the claim, we are done, because the set 

F = {Ci liE I} 

is a partition of I, so that its image 9 = {cr( Ci) liE I} via the bijec­
tion cr: I -+ J is a partition of J. Hence the conclusion follows immediately 
from (9.2). 

In order to prove the claim, fix an index i E 1. For simplicity of notation, 
for every Z E Z define iz = (T- 1cr)Z(i), jz = cr(iz), Az = Aiz and Bz = B jz . 

Thus if the orbit Ci = {i z I Z E Z} is infinite, then cr( Ci) = {jz I Z E Z} is in­
finite, and Az = Aw if and only if z = w. Whereas if the orbit Ci = {i z I z E Z} 
is a finite set with q elements, then Az = Aw if and only if z == w (mod q). For 
every z E Z we have 

( . ) (-1 )Z(.) (-1 )z-l(.) (. ) . T Zz = T T cr Z = cr T cr Z = cr Zz-l = Jz-1. 

Hence from the hypothesis [Aklm = [Ba(k)lm and [Akle = [BT(k)le for every 
k E 1 we have 

(9.3) 

for every z E Z. 
We shall argue by induction on the integer n ~ 0 and show that for every 

n ~ 0 there exist biuniform modules Cn, Dn satisfying the following properties: 



A sufficient condition 

(a) [Cnl m = [A-n-l1m and [Cnl e = [An+!le for every n ~ 0; 

(b) Cn EB Dn ~ An+! EB A_n- l for every n ~ 0; 
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(c) Bo EB B-1 ~ Ao EB Co and Bn EB B_n- l ~ Cn EB Dn- l for every n ~ l. 

Since [Aolm = [Bolm and [Aole = [B-l1e, by Lemma 9.4 there is a biuni­
form module Co such that Ao EBCo ~ Bo EBB-I. Thus Co satisfies property (c), 
and from Lemma 9.8 we have that [Colm = [B-l1m and [Cole = [Bole. Hence 
[Col m = [A-11m and [Cole = [AIle because of (9.3), that is, property (a) 
is satisfied. By Lemma 9.4 there exists a biuniform module Do such that 
Co EB Do ~ Al EB A-I, i.e., Do satisfies property (b) as well. 

Fix an integer n ~ 1 and suppose that there exist Cn-I, Dn- l satisfying 
properties (a) and (b), i.e., such that [Cn- l1m = [A-nlm' [Cn- l1e = [Anle and 
Cn- l EB Dn- l ~ An EB A_n. From Lemma 9.8 we obtain [Dn-l1m = [Anlm and 
[Dn-l1e = [A-nle. From (9.3) we get that 

[Dn-l1m = [Bnlm and [Dn-l1e = [B-n- l1e. 

Hence by Lemma 9.4 there exists a biuniform module Cn such that 

that is, (c) holds. From Lemma 9.8 it follows that [Cnl m = [B-n-dm and 
[Cnl e = [Bnle. Thus [Cnl m = [A-n-l1m and [Cnl e = [An+!le by (9.3), i.e., 
property (a) holds. By Lemma 9.4 there exists a biuniform module Dn such 
that Cn EB Dn ~ An+! EB A_n- l . This shows that (b) holds and completes the 
construction of the modules Cn and Dn. 

Now we shall prove the claim (9.2) distinguishing the following cases: the 
orbit Ci is infinite, or finite with an even number of elements, or finite with 
one element, or finite with an odd number q ~ 3 of elements. 

If the orbit Ci is infinite, then 

EBkECiAk = EBzEzAz = Ao EB (EBn~O(An+l EB A-n-d) 
~ Ao EB (EBn>O(Cn EB Dn)) = Ao EB Co EB (EBn>I(Cn EB Dn- l )) - -
~ Bo EB B-1 EB (EBn~1 (Bn EB B-n-d) = EBzEzBz = EB£ErJ(Ci)Be. 

If the orbit Ci is a finite set with an even number q = 2r of elements, 
where r ~ 1, then -r == r (mod q), so that A-r = Ar. From (a) we have 
that [Cr- l1m = [A-rlm = [Arlm and [Cr- l1e = [ArJe. Hence Cr- l ~ Ar by 
Proposition 9.3. Thus 

EBkECiAk = Ao EB (EB~-:i(An EB A-n)) EB Ar 
~ Ao EB (EB~-:i(Cn-l EB Dn - l )) EB Cr -1 

= Ao EB Co EB (EB~-:i (Cn EB Dn- l )) 

~ Bo EB B-1 EB (EB~-:i (Bn EB B_n- l )) = EB£ErJ(Ci)Be. 
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If the orbit Ci has exactly one element, then 0 == -1 (mod 1) forces 
Bo = B-1, so that [Aolm = [Bolm and [Aole = [B-de = [Bole by (9.3). Hence 
Ao ~ Bo by Proposition 9.3 as desired. 

If the orbit Ci is a finite set with an odd number q = 2r + 1 of elements 
(r ~ 1), then -r - 1 == r (mod q), so that B_ r - 1 = B r . Hence 

It follows that [Dr-1lm = [Brlm and [Dr-1le = [Brle (Lemma 9.8). Hence 
Dr- 1 ~ Br (Proposition 9.3). Therefore 

EBkEciAk = Ao EB (EB~=l(An EB A-n)) 
~ Ao EB (EB~=l (Cn- 1 EB Dn-d) 
= Ao EB Co EB (EB~:'i (Cn EB Dn-d) EB Dr- 1 
~ Bo EB B-1 EB (EB~:'i (Bn EB B_n- 1)) EB Br = EBCEu(Ci)Bc. 

This concludes the proof. 

9.4 Weak Krull-Schmidt Theorem for 
biuniform modules 

D 

In this section we shall try to invert the implication proved in Theorem 9.1l. 
Half of that implication can be inverted in general, as the next theorem shows. 

Theorem 9.12 Let {Ui liE I}, {Vj I j E J} be two families of biuniform 
right modules over an arbitrary ring R such that EBiE1Ui ~ EBjEJ Vj. Then there 
exists a bijection 0": I --+ J such that [Uil m = [Vu(i)lm for every i E I. 

Proof. Without loss of generality we may suppose 

where the Ui , Vj are biuniform. 
For every uniform direct summand Z of M put 

By Proposition 9.6 the sets Iz and Jz are non-empty. It is obvious that the Iz 
form a partition of I and the J z form a partition of J. In order to prove the 
theorem it suffices to show that the cardinalities IIzI of Iz and IJzl of Jz are 
equal for every uniform direct summand Z of AI. 

Suppose that either I z or Jz is a finite set and that liz I =I- I Jz I. By 
symmetry we may assume IIzI < IJzl. Put n = IIzI. Then in Jz there are 
n + 1 indices j1, ... ,jn+l with [Cjtlm = [Zlm' so that the same holds in Iz by 
Proposition 9.9, contradiction. Hence IIzI = IJzl if either Iz or Jz is finite. 
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Suppose that Iz and Jz are both infinite. By symmetry, we only have 
to prove that Ihl ~ IIzI. Let 10k: Uk --+ M, ec: Vc --+ M, 7rk: M --+ Uk and 
Pc: IvI --+ Vc denote the embeddings and the canonical projections. For every 
tEl put A(t) = { £ E J I 7rteCPCCt is a monomorphism}. 

For each tEl the subset A(t) of J is finite, because if x E Ut is non-zero, 
there is a finite subset F of J such that x E EBjEFVj, and then 7rteCPCCt(x) = 0 
for every £ E J \ F. 

Now 
h <:;;; U A(t), (9.4) 

tElz 

because if j E Jz , there is an index tEl such that PjCt7rtej is a monomorphism 
and [Utl m = [Vjlm = [Zlm (Proposition 9.6). Hence both PjCt and 7rtej are 
monomorphisms (Lemma 6.26(a)), so that 7rtejPjCt is a monomorphism, that 
is, j E A(t). As [Utl m = [Zlm' we have that t E I z . This proves (9.4). 

From (9.4) it follows that Ihl ~ NolIzI = IIzI· Hence IIzI = Ihl also in 
the case where I z and Jz are both infinite. 0 

We shall now prove a weak form of the Krull-Schmidt Theorem for finite 
direct sums of biuniform modules. 

Theorem 9.13 (Weak Krull-Schmidt Theorem for biuniform modules) Let UI , 

... , Un, VI, ... , Vi be biuniform modules over an arbitrary ring. Then the 
direct sums UI EB· .. EB Un and VI EB· .. EB Vi are isomorphic if and only if n = t 
and there are two permutations 0", T of {I, 2, ... ,n} such that [Uil m = [Vu(i)lm 
and [Uil e = [VT(i)le for every i = 1,2, ... ,n. 

Proof. If n = t and there are two permutations 0", T of {I, 2, ... , n} that preserve 
the monogeny classes and the epigeny classes, then 

by Theorem 9.11. 
Conversely, suppose that UI EB··· EB Un So' VI EB··· EB Vi. By Theorem 9.12 

there exists a bijection 0": {I, 2, ... ,n} --+ {I, 2, ... ,t} such that [Uil m = [Vu(i)lm 
for every i = 1,2, ... ,n. In particular, n = t. By Proposition 9.10 there is an 
injective mapping T:{1,2, ... ,n} --+ {l,2, ... ,t} such that [Uil e = [VT(i)le for 
every i = 1, ... , n. But n = t and T injective imply that T is a permutation. 0 

It will follow from Example 9.20 that for any two permutations 0", T of 
{I, 2, ... , n}, there is a suitable serial ring Rand 2n finitely presented uniserial 
R-modules U1 ,··., Un, VI' ... ' Vn such that [Uil m = [Vu(i)lm and [Uil e = [VT(i)le 
for every i = 1,2, ... , n. Thus if a module M is a finite direct sum of n biuni­
form modules, then the isomorphism classes of the biuniform direct summands 
may depend on the decomposition. This proves that Theorem 9.13 cannot be 
improved even if the base ring R is serial and the modules in question are 
finitely presented and uniserial. 
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Definition 9.14 A biuniform R-module A is called a Krull-Schmidt module if 
either 

(a) for every biuniform R-module B, [Alm = [Blm implies A ~ B, or 
(b) for every biuniform R-module B, [Ale = [Ble implies A ~ B. 

Thus a biuniform module is a Krull-Schmidt module if and only if it is 
the only biuniform module up to isomorphism in its monogeny class or the only 
biuniform module up to isomorphism in its epigeny class. 

Corollary 9.15 A biuniform module A is a Krull-Schmidt module if and only if 
whenever B1 , ... , Bn are biuniform modules and A is isomorphic to a direct 
summand of Bl EB· .. EB Bn , then A is isomorphic to Bi for some i = 1,2, ... ,n. 

Proof. If A is a biuniform Krull-Schmidt module, B1, ... , Bn are biuniform 
modules and A is isomorphic to a direct summand of U1 EB··· EB Un, then there 
exist i,j = 1,2, ... , n such that [Alm = [Bilm and [Ale = [Bjle (Proposi­
tions 9.6 and 9.7). But A is Krull-Schmidt, so that A ~ Bi or A ~ Bj . 

Conversely, if a biuniform module A is not a Krull-Schmidt module, then 
there is a biuniform module B ~ A with [Blm = [Alm and a biuniform module 
C ~ A with [Cle = [Ale. By Lemma 9.4 the module A is isomorphic to a direct 
summand of B EB C. 0 

From Lemma 2.7, Theorem 2.8 and Corollary 9.15 we obtain 

Proposition 9.16 Every biuniform module of type 1 is a Krull-Schmidt module. 
o 

In Example 9.26 we shall show that the uniserial cyclic module constructed 
in Example 1.16 is a Krull-Schmidt module of type 2. 

9.5 Krull-Schmidt holds for finitely presented 
modules over chain rings 

In Theorem 9.13 we proved a weak form of the Krull-Schmidt Theorem for 
finite direct sums of biuniform modules. In particular, Theorem 9.13 can be 
applied to finitely presented modules over serial rings, because every finitely 
presented module over a serial ring is a finite direct sum of uniserial modules 
(Corollary 3.30). The aim of this section is to prove that the Krull-Schmidt 
Theorem holds for finitely presented modules over chain rings. In the next 
section we shall see that Krull-Schmidt fails for finitely presented modules over 
serial rings. 

The results in this section are due to G. Puninski. 

Lemma 9.17 Let R be a right chain ring and let r, s E R. Then R/ r R ~ R/ sR 
if and only if there are invertible elements u, v E R such that urv = s. 
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Proof. If urv = s with u, v invertible elements, then left multiplication by u 
induces an isomorphism of R/rR onto R/urR. But urR = sv- I R = sR. 

Conversely, let f: R/rR -+ R/sR be an isomorphism. Then there exists 
a homomorphism g: RR -+ RR that induces f, so that g(R) + sR = Rand 
g(rR) = sR. Hence there is an element u E R such that uR + sR = Rand 
urR = sR. If u is not invertible, then sR = R, so that rR = R, i.e., both s 
and r are invertible, and the result follows easily. Hence we may suppose that 
u is invertible. Then ur R = sR forces the existence of two elements a, b E R 
such that ur = sa and s = urb. If a is invertible, then u and v = a-I are the 
required elements. If a is not invertible, then a is in the Jacobson radical, so 
that 1 - ab is invertible. But s = urb = sab, so s(l - ab) = 0, and thus s = o. 
Therefore r = 0, and in this case the result holds for any invertible u, v. 0 

Lemma 9.18 Let r, s be two elements of a chain ring R such that R/rR and 
R/rsR are not isomorphic. Then Rrsv C Rr for every invertible element v E R. 

Proof. Let r, s, v be elements of a chain ring R such that v is invertible and 
Rrsv is not properly contained in Rr. Since R is a chain ring, Rrsv 2 Rr, 
so that r = ursv for some u E R. If u is invertible, then R/rR ~ R/rsR by 
Lemma 9.17. If s is invertible, then rsR = rR, so that R/rR = R/rsR. If 
neither u nor s are invertible, then both u + 1 and 1 + sv are invertible, and 
r(l + sv) = r +rsv = ursv+rsv = (u+ l)rsv. Hence r = (u+ l)rsv(l +sv)-I, 
so that R/rR ~ R/rsR by Lemma 9.17. Therefore R/rR ~ R/rsR in any 
~~. 0 

We are ready to prove the main result of this section, that is, the Krull­
Schmidt Theorem for finitely presented modules over a chain ring. 

Theorem 9.19 (Puninski) Let MR be a finitely presented module over a chain 
ring R. Then MR is the direct sum of cyclic modules, and any two decomposi­
tions of MR as direct sums of cyclic modules are isomorphic. 

Proof. The finitely presented module MR is a direct sum of uniserial mod­
ules by Corollary 3.30, and every finitely presented uniserial module is cyclic. 
Suppose that MR = UI EEl··· EEl Un = Vi EEl ... EEl lit for suitable cyclic modules 
UI , ... , Un, VI' ... ' lit. From Theorem 9.13 it follows that n = t and there is a 
permutation T of {I, 2, ... , n} such that [Ui]e = [Vr(i)]e for every i = 1,2, ... , n. 
Hence it is sufficient to prove that if U, V are cyclic finitely presented modules 
over a chain ring Rand rUle = [V]e, then U ~ V. Suppose the contrary, 
and let U, V be cyclic finitely presented R-modules such that rUle = [V]e and 
U ';fi. V. Then U ~ R/rR for some r E R. Since rUle = [V]e, we know that 
U is isomorphic to a quotient of V and V is isomorphic to a quotient of U. 
Hence we may assume that V ~ R/rsR and U ~ R/rstR for some s, t E R. 
By Lemma 9.17 there are invertible elements u, v E R such that urstv = r. If 
tv is invertible, then U ~ V by Lemma 9.17, a contradiction. Hence tv is not 
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invertible, so that l+tv is invertible. From Lemma 9.18 we have that Rrs c Rr 
and Rrs(1 + tv) eRr, so that 

Rr = R(urs + r - urs) ~ R(urs + r) + Rurs = R(urs + urstv) + Rurs 
= Rurs(1 + tv) + Rurs = Rrs(1 + tv) + Rrs eRr, 

contradiction. 

9.6 Krull-Schmidt fails for finitely presented 
modules over serial rings 

o 

We know that every finitely presented module over a serial ring is a direct sum 
of uniserial modules (Corollary 3.30). In the example we consider in this section 
we show that there exists a finitely presented module over a suitable serial ring 
with non-isomorphic direct sum decompositions. More precisely, we construct 
an example that proves that the permutations CT and T in the statement of the 
weak Krull-Schmidt Theorem can be completely arbitrary. Hence the Krull­
Schmidt Theorem fails for finitely presented modules over serial rings. Observe 
that in Theorem 9.19 we saw that the Krull-Schmidt Theorem holds for finitely 
presented modules over chain rings. 

Example 9.20 If n 2:: 2 is an integer, then there exist n 2 pairwise non-isomor­
phic finitely presented uniserial modules Ui,j (i, j = 1, 2, ... , n) over a suitable 
serial ring R satisfying the following properties: 

(a) for every i,j, k, C = 1,2, ... , n, [Ui,j]m = [Uk,R]m if and only if i = k; 

(b) for every i, j, k, C = 1,2, ... ,n, [Ui,j]e = [Uk/de if and only if j = c. 
Hence 

U1,1 EB U 2,2 EB ... EB Un,n ~ Uo-(l),T(l) EB Uo-(2),T(2) EB ... EB Uo-(n),T(n) 

for every pair of permutations CT, T of {I, 2, ... , n}. 

Proof. Let Mn(Q) be the ring of all n x n-matrices over the field Q of ra­
tional numbers. Let Z be the ring of integers and let Zp, Zq be the localiza­
tions of Z at two distinct maximal ideals (p) and (q) of Z (here p, q E Z are 
distinct prime numbers). Let Ap denote the subring of Mn(Q) whose elements 
are n x n-matrices with entries in Zp on and above the diagonal and entries in 
pZp under the diagonal, that is, 
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Similarly, put 

If 

R = (M~(Q) ~q)' 
then R is a subring of the ring M 2n (Q) of 2n x 2n-matrices with rational 
entries. 

It is easily seen that the Jacobson radicals of these rings are 

For every i = 1,2, ... , 2n let ei be the matrix with 1 in (i, i)-position 
and O's elsewhere. Then {el' ... , e2n} is a complete set of orthogonal idempot­
ents for R. We leave the reader to check that the left R-modules Rei and the 
right R-modules eiR are uniserial. Hence R is a serial ring. A complete set 
of representatives of the simple right R-modules is given by the 2n modules 
eiR/eiJ(R), i = 1,2, ... , 2n. 

The modules Ui,j we are constructing are sub modules of homomorphic 
images of the right ideal 

o 

o 
Q 
o 

o 

o 0 

o 0 
Q Zq 
o 0 

o 0 

o 

o 
Zq 
o 

o 
of R. In order to simplify the notation, it is convenient to remark that if 

v = (Q , ... , Q ,Zq,"" Zq) 
'-v-" '-v-' 

n n 

(V is a set of 1 x 2n-matrices), and V is endowed with the right R-module 
structure given by matrix multiplication (observe that elements of V are 1 x 2n­
matrices and elements of the ring Rare 2n x 2n-matrices), then the right ideal 
en+lR and the right R-module V are isomorphic. In particular, V is uniserial. 
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and 

For every i = 1,2, ... , n put 

Vi = (Q, ... ,Q,qZq, ... ,qZq,Zq, ... ,Zq) 
'-v--' '-v--' '-.--' 

n i-I n-i+1 

Xi = (pZp, ... ,pZp, Zp, ... , Zp, 0, ... ,0). 
"-v--' '-.--' '--v--' 

i-I n-i+1 n 

It is easily seen that Vi and Xi are R-submodules of V and that 

(b) XiJ(R) = X i+1 for every i = 1,2, ... , n - 1, XnJ(R) = pXI ; 

(c) ViJ(R) = Vi+1 for every i = 1,2, ... , n - 1, VnJ(R) = qVI ; 

(d) Xd Xi+1 9:! eiR/ eiJ(R) for every i = 1,2, ... , n - 1; 

(f) l-j/V:i+1 9:! en+jR/en+jJ(R) for every j = 1,2, ... , n - 1; 

The n2 uniserial R-modules Ui,j = l-j/ Xi, i,j = 1,2, ... , n, are the mod­
ules with the required properties. In fact, if [Ui,j]m = [Uk,£]m, then Ui,j and 
Uk,£ have isomorphic socles. By (d) and (e) the socle of Ui,j is isomorphic to 
ei-IR/ei-IJ(R) for i = 2,3, ... , n and is isomorphic to enR/enJ(R) for i = l. 
Similarly for Uk,£. Thus [Ui,j]m = [Uk,£]m implies i = k. Conversely, in order to 
show that [Ui,j]m = [Ui,£]m for every i, j, e, it is necessary to find a monomorph­
ism Ui,j -+ Ui,£ and a monomorphism Ui,£ -+ Ui,j. Suppose that j :::; f. Then 
Ui,£ ~ Ui,j, so that the embedding Ui,£ -+ Ui,j is one of the required mono­
morphisms. The other monomorphism Ui,j -+ Ui,£ is given by multiplication 
by q. We leave the details as an exercise for the reader. D 

In particular, if in the previous example a and T are two permutations of 
{1,2, ... ,n} such that a(i) =f. T(i) for every i, put Ui = Ui,i and Vi = Ua(i),T(i) 
for every i = 1,2, ... , n. Then 

Example 9.21 Let n ~ 2 be an integer. Then there exists a serial ring R 
and 2n pairwise non-isomorphic finitely presented uniserial right R-modules 
UI , U2 , ..• , Un, VI, V2 ,···, Vn such that 

D 
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9.7 Further examples of biuniform modules of type 1 

In this section we have collected some classes of examples of biuniform modules. 

Proposition 9.22 A biuniform module MR over an arbitrary ring R is of type 
1 if at least one of the following conditions hold: 

(a) MR is projective; 
(b) MR is injective; 
(c) MR is artinian; 
(d) MR is noetherian. 

Proof. (a) If MR is projective and K is the ideal of End(MR) whose elements 
are all the endomorphisms of lVIR that are not surjective, then K is the set 
of all non-invertible elements of End(MR)' because if f E End(MR) \ K, then 
f: MR ---> MR is surjective, and so splits. But MR is indecomposable, so that f 
is an automorphism of MR. This proves that End(MR) is local. 

(b) By Lemma 2.25 the endomorphism ring of MR is local. 
(c) By Lemma 2.16(b) every injective endomorphism of an artinian mod­

ule MR is an automorphism. Hence the endomorphism ring of an artinian 
uniform module MR is local. 

(d) Lemma 2.17(b). 0 

Observe that the proofs of (c) and (d) show that the endomorphism ring 
of an artinian uniform module is local and, dually, the endomorphism ring of 
a noetherian couniform module is local. These facts, generalizations of (c) and 
(d), were already used in the proof of Theorems 2.18 and 2.19. 

The proof of the following proposition is due to Dolors Herbera and is 
modelled on the proof of [Faith and Herbera, Lemma 4.10]. 

Proposition 9.23 Every biuniform module over a commutative noetherian ring 
is of type 1. 

Proof. Let M be a biuniform module over a commutative noetherian ring R. 
Let 

PI = {r E R I multiplication by r is a non-injective endomorphism of M} 

and 

P2 = {r E R I multiplication by r is a non-surjective endomorphism of M}. 

Then PI and P2 are prime ideals of R. Let Rs be the quotient ring of R with 
respect to S = R \ (PI U P2 ). Then Rs is a commutative noetherian ring and 
M has a canonical structure as a biuniform Rs-module. 

Suppose that PI Cl P2 . Then PIRS is a maximal ideal of Rs. Let I be an 
ideal of Rs that is maximal in the set {annRs (x) I x E M, x#-O}, let Xo #- 0 
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be an element of M with annRs (xo) = I, and let C be the cyclic Rs-submodule 
of M generated by Xo. For every r E PI let J.lr: C -+ C be the endomorphism 
of C given by multiplication by r. Since C is essential in M and r E PI, we 
have that ker J.lr =J. O. Hence there exists Y E C, Y =J. 0, with J.lrY = o. Then 
annRs(Y) :2 annRs(C) = I and r/1 E annRs(Y). From the choice of I it follows 
that annRs(Y) = I, so that r/1 E I, that is, J.lr = O. This shows that PIC = 0, 
so that the uniform Rs-modu1e C is annihilated by the maximal ideal PIRs 
of Rs, that is, C is a simple Rs-module. Since C is essential in M, the injective 
envelope of the Rs-module M is the injective envelope of the simple Rs-module 
C, so that it is artinian ([Matlis], see the Notes on Chapter 2). Thus the Rs­
module M is artinian, so that EndRs(M) is local by Proposition 9.22(c). But 
EndRs(M) = EndR(M), so that M is a biuniform R-module of type 1. 

Suppose that PI ~ P2, so that Rs is a local ring with maximal ideal P2RS. 
Let rI, ... ,rn be a finite set of generators of P2 • Then for every i = 1, ... , n 
and every q E Rs we know that riqM ~ riM, so that riRsM ~ riM C M. 
Hence P2Rs M c M because M is couniform. Then M/P2RSM is a couniform 
Rs/P2Rs-module, and so is a simple Rs-module. Thus M has a maximal 
Rs-submodule, so it is colocal, in particular M is a cyclic Rs-module. Thus 
EndRs(M) is a homomorphic image of Rs, and so EndRs(M) = EndR(M) is a 
local ring. This proves that M is a biuniform R-module of type 1 in any case. 

D 

Recall that a uniserial module is shrinkable if it is isomorphic to a proper 
submodule of a proper homomorphic image of itself (Section 1.3). Otherwise a 
uniserial module is said to be unshrinkable. 

Proposition 9.24 Every unshrinkable uniserial module is of type 1. In particu­
lar, if R is a ring that is either commutative or right noetherian, then every 
uniserial right R-module is of type 1. 

Proof. Let U R be a uniserial module of type 2 over an arbitrary ring R. 
There exist f, g E End(U R) with f surjective and non-injective and g injec­
tive and non-surjective. Then g induces an isomorphism g: U -+ g(U), so that 
g(U)/g(ker(f)) ~ U/ker(f) ~ U. Thus U is a shrinkable module. This proves 
the first part of the statement. The second part follows from Proposition 1.18. 

D 

From Proposition 9.24 and Corollary 2.54 we obtain: 

Corollary 9.25 Let M be a serial right module over a ring that is either com­
mutative or right noetherian. Then any two direct sum decompositions of M 
into indecomposable direct summands are isomorphic, and any indecomposable 
direct summand of M is uniserial. D 

We conclude the section with an example of a Krull-Schmidt uniserial 
module of type 2. 
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Example 9.26 The uniserial cyclic module of Example 1.16 is a Krull-Schmidt 
biuniform module of type 2. 

Proof. In the notation of Example 1.16 it is easily seen that the idealizer 
H' = { r E R I r H ~ H} of H in R is 

H' _ ( Zp 0 ) 
- Zp Zp n Zq . 

Hence End(R/ H) ~ H' / H ~ Zp n Zq is a ring with two maximal ideals. Thus 
R/ H is a uniserial module of type 2. 

It is easily seen that the submodules of R/ H isomorphic to R/ H are 
exactly the modules 

n ~ O. 

It follows that every submodule of R/ H that contains a submodule isomorphic 
to R/ H is isomorphic to R/ H. Hence R/ H is a Krull-Schmidt uniserial right 
R-module. 0 

9.8 Quasi-small uniserial modules 

Let M = EBiEIAi = EBjEJBj be a direct sum of two families of biuniform 
modules {Ai liE I} and {Bj I j E J}. By Theorem 9.12 the sets I and J 
have the same cardinality. In view of Theorems 9.11 and 9.12 it is natural to 
ask whether there exists a bijection 7: 1-+ J such that [Ale = [Br(i)le for every 
i E I. If I is finite (which happens if and only if J is finite by Theorem 9.12), 
such a bijection 7 exists (Theorem 9.13). 

Little is known when I and J are infinite. The next theorem considers 
the case of cyclic biuniform modules. Note that a biuniform module is finitely 
generated if and only if it is cyclic, if and only if it is local. 

Theorem 9.27 Let R be an arbitrary ring and let {Ui liE I}, {Yj I j E J} be 
two families of biuniform R-modules such that EBiEIUi ~ EBjEJYj. If 

I' = {i E I I Ui is cyclic} and J' = {j E J I Yj is cyclic}, 

then there exists a bijection 7': I' -+ J' such that [Uil e = [Vr'(i)le for every 
i E I'. 

Proof. The proof is similar to that of Theorem 9.12. Without loss of generality 
we may assume that M = EBiEIUi = EBjEJYj. 

For every cyclic biuniform direct summand Z of M put 
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Since Z is cyclic, there is a finite subset F C I such that Z is isomorphic 
to a direct summand of EBiEFUi. By Proposition 9.7 there exists kEF with 
[Zle = [Ukl e. Hence the set Iz is not empty. Similarly, h is not empty. Note 
that Z cyclic and [Uil e = [Zle imply Ui cyclic, so that Iz ~ I' for every cyclic 
biuniform direct summand Z of M. Similarly, Jz ~ J'. Obviously, the Iz, 
where Z ranges over the set of cyclic biuniform direct summands of M, form a 
partition of I', and the J z form a partition of J'. 

In order to prove the theorem it suffices to show that IIzI = IJzl for every 
cyclic biuniform direct summand Z of M. 

Suppose that either Iz or h is a finite set and IIzI =/:- IJzl. By symmetry 
we may assume that IIzI < Ihl. Put n = IIzI. Then in h there are n+1 indices 
j1, ... ,jn+! with [ltj,le = [Zle. Now ltjl EB·· 'EBltjn+l is finitely generated, so that 
there exists a finite subset G ~ I such that ltjl EB ... EB ltjn+l ~ EBiECUi. Thus 
ltjl EB ... EB ltjn+l is a direct summand of EBiECUi, whence by Proposition 9.10 
there exist n + 1 distinct indices i E G such that [Uile = [Zle. In particular 
IIzI ?: n + 1, a contradiction. Thus IIzI = Ihl if either Iz or h is finite. 

Suppose that Iz and Jz are both infinite. By symmetry we only have 
to prove that IJzl ~ IIzI. Let ek: Uk ---+ M, ee: Ve ---+ M, 7fk: M ---+ Uk and 
Pe: M ---+ Ve denote the embeddings and the canonical projections. If t E I' put 
A(t) = {.e E J I 7fteePeet is an epimorphism}. 

The sets A(t) are finite for every t E I', because Ut is cyclic. Hence there 
is a finite subset F of J such that Ut ~ EBjEFltj, and then 7fteePeet(Ut) = 0 for 
every £ E J \ F. In particular, 7fteePeet is not surjective for every £ E J \ F, so 
that A(t) ~ F is finite. Moreover, A(t) ~ J', because if £ E A(t), then 7fteePeet 
is an epimorphism, so that Peet: Ut ---+ Ve is an epimorphism by Lemma 6.26(b). 
In particular, Ve is cyclic, that is, £ E J'. 

We now show that h ~ UtE1z A(t). If j E h, then ltj is cyclic, so that 
there is a finite subset H of I such that ltj ~ EBiEHUi. Then 2:iEH Pjei7fiej 
is the identity of ltj. In particular, there exists i E H such that pjei7fiej is 
surjective. By Lemma 6.26(b) both Pjei and 7fiej are surjective, so that [Uil e = 
[ltjle = [Zle and 7fiejPjei is surjective. Thus j E A(i) and i E I z . This proves 
that h ~ UtE1z A(t), so that Ihl ~ NolIzI = IIzI. Hence IIzI = Ihl. D 

In the remaining part of this section we will restrict our attention to the 
case in which all the modules A, B j (i E I, j E J) are uniserial, and show that 
in this case there exists a bijection Til: I" ---+ J" such that [Aile = [Brll(ille for 
every i E I", where I" ~ I and J" ~ J are in some sense the largest possible 
subsets for which a weak Krull-Schmidt Theorem can hold. 

An R-module N R is said to be quasi-small if for every family {Mi liE I} 
of R-modules such that NR is isomorphic to a direct summand of EBiEIMi' there 
is a finite subset F ~ I such that N R is isomorphic to a direct summand of 
EBiEFMi. For instance, a semisimple module is quasi-small if and only if its 
Goldie dimension is finite. 

Example 9.28 Every small module is quasi-small. D 
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In particular, every finitely generated module is quasi-small. 

Example 9.29 Every module with local endomorphism ring is quasi-small. 

Proof. Suppose that N is a module with a local endomorphism ring and 

is a family of modules with N isomorphic to a direct summand of ffiiEI Jvli , 
that is, suppose that G = N' ffi P = ffiiEI Mi with N' ~ N. By Theorem 2.8 
the module N has the exchange property, so that for every i E I there is a 
direct sum decomposition Mi = Bi ffi C i such that G = N' ffi (ffiiEI B;). Then 
N' ~ ffiiE1Ci . But N' ~ N is indecomposable. Hence there exists an index 
j E I with N' ~ C j . Thus N is isomorphic to a direct summand of l1!{j. In 
particular, M is quasi-small. 0 

Proposition 9.30(a) shows that the class of quasi-small uniserial modules is 
the largest class of uniserial modules for which we can possibly find a bijection 
preserving the epigeny classes. 

Proposition 9.30 Let N be a uniserial R-module that is not quasi-small. Then 
the following statements hold true: 

(a) There exists a countable family {An In;:::: I} of uniserial R-modules 
such that N ffi (ffin~lAn) ~ ffin~lAn and [Anle #- [Nl e for every n ;:::: 1. 

(b) Every non-zero homomorphic image of N is not quasi-small. 

Proof. If N is a uniserial module that is not quasi-small, then there exists a 
family {Mi liE I} of modules such that N is isomorphic to a direct summand 
of ffiiEI Mi and M R is not isomorphic to a direct summand of ffiiEF Mi for every 
finite subset F <:;;; I. Hence there exist homomorphisms f: N -> ffiiEI Mi and 
g: ffiiEIMi -> N such that gf = IN. For every j E I let Ej: !vIj -> ffi iE1 Jvli and 
7rj: ffiiEI Mi -> M j denote the embedding and the canonical projection. 

By Proposition 2.45 the module N has a countable set {x n In;:::: O} of 
generators. Since N is not cyclic (Example 9.28), without loss of generality we 
may assume that 0 = xoR C x1R C x 2R C .... 

We claim that there exists a chain 0 = Ao <:;;; Al <:;;; A2 <:;;; ••• of cyclic 
submodules of Nand endomorphisms fn' n;:::: 0, of N satisfying the following 
conditions: 

(a) Xn E An for every n;:::: 0; 

(b) fn(X) = x for every x E A n- 1 and every n ;:::: 1; 

(c) fn(N) <:;;; An for every n ;:::: O. 

The proof of the claim is by induction on n. For n = 0 put Ao = 0 and fo = o. 



230 9 Biuniform Modules 

Suppose that n 2:: 1 and that Ao, ... ,An-I, fa, ... ,fn-l with the required 
properties exist. Since An- 1 is cyclic and N is not cyclic, there exists yEN, 
Y 1:- An-I. As f(y) E ffi·iE1Mi , there exists a finite subset F of I such that 

f(y) = L Ei7rd(Y). 
iEF 

Then y = gf(y) = LiEF gEi7rd(Y)· Put fn = LiEF gEi7rd, so that from 
fn(y) = y it follows that fn E End(N) is a monomorphism and satisfies prop­
erty (b) (because An- 1 ~ yR). If fn(N) = N, then fn is an automorphism of 
N, so that the composite of 

is the identity mapping of N. Hence N is isomorphic to a direct summand of 
ffiiEFMi' contradiction. This shows that fn(N) eN, whence fn(N)+xnR C N. 
Therefore there exists a cyclic submodule An of N with fn(N) + XnR ~ An. 
This concludes the proof of the claim. 

Since N is not cyclic and the An are cyclic, we have [Anle -=f. [Nl e for 
every n 2:: 1. 

Put gn = fn - fn-l for every n 2:: 1 and let g: N --+ ffin2:1An be the 
mapping defined by g(x) = (gn(X))n>l. This mapping is well-defined, because 
gn(N) ~ An for n 2:: 1 and gn(x) = 0 for every x E An- 2, n 2:: 2, so that for 
every element x E N one has that gn(x) = 0 for almost all n. Let 

be the homomorphism defined by h((xn)n2:d = Ln>1 Xn. If x E An, then 

hg(x) = L7~/ gi(X) = fn+l (x) - fo(x) = x. Since N -= Un>l An, we obtain 
that hg = IN. Hence if K = ker h, then N ffi K ~ ffin2:1An. -

Let E: ffin2:1An --+ ffin2:1An be the homomorphism defined by 

Then hE = 0, so that the image of E is contained in ker h = K. Conversely, 
if Z = (Zl' Z2, Z3, ... ) E ffin>IAn and Z E K, then there exists n such that 

Zi = 0 for every i 2:: n, and t7==-11 Zi = o. If Yj = L{=1 Zi for every j 2:: 1, then 
Y = (Y1, Y2, Y3, .. ·) E ffin2:1An and E(Y) = z. Hence the image of E is equal to K. 
Finally, it is easily verified that E is a monomorphism. Hence K ~ ffin2:1An. 
This proves (a). 

Now let P be a proper submodule of N. Then there exists an n 2:: 1 such 
that P C An. In particular, fi(X) = x for every x E P and every i > n, so 
that fi induces an endomorphism h of N j P such that h (x) = x for every 

x E Ai-I! P and h(Nj P) ~ Ad P for every i > n. Put .YnB = y;:;; and 

fii = h - fi-1 for every i > n + 1. Let g: N j P --+ ffii 2: n+ 1 Ad P be the mapping 
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defined by g(x) = (~(X))i>nH' and let h: EBi>n+1A;j P ----7 N/ P be defined by 

h((Xi)i~n+r) = L:i>nH Xi~ Then hg = 1N/p~ so that N/ P is isomorphic to a 
direct summand OCEBi>n+1A;j P. If N/ P were quasi-small, then there would 
exist a finite set F with N/ P isomorphic to a direct summand of EBiEFA;j P. 
But each Ai is cyclic, so that N / P would be finitely generated. Hence N would 
be cyclic, a contradiction. Therefore N / P is not quasi-small. 0 

We do not know an example of a uniserial module that is not quasi-small. 

9.9 A necessary condition for families of 
uniserial modules 

Let {Ui liE I}, {Yj I j E J} be two families of non-zero uniserial modules 
over an arbitrary ring R sllch that EBiE1Ui ~ EBjEJYj. It is not known whether 
there exists a one-to-one correspondence T: I ----7 J that preserves the epigeny 
classes. The aim of this section is to prove that if EBiE1Ui ~ EBjEJYj, then, 
necessarily, there exists a one-to-one correspondence that preserves the epigeny 
classes of quasi-small uniserial modules. 

Our first lemma is an extension of Proposition 9.10 to the case of an 
infinite family of Gj's. It holds when the modules Ai'S are quasi-small. 

Lemma 9.31 Let R be an arbitrary ring, let AI,"" An be biuniform quasi­
small R-modules and let {Gj I j E J} be a family :of biuniform modules. If 
Al EB ... EB An is isomorphic to a direct summand of EBjEJGj , then there exist 
n distinct indices j1,'" ,jn E J such that [Aile = [Gjtl e for every t = 1, ... , n. 

Pmoj. Suppose that Al EB ... EB An EB B ~ EBjEJGj . The proof is by induction 
on n. The case n = 0 is trivial. Suppose that n 2: 1. By Proposition 9.6 there 
exists k E J such that [A1lm = [Gkl m. Since Al is quasi-small, there exists a 
finite subset F ~ J such that Al is isomorphic to a direct summand of EBjEFGj . 
Hence by Proposition 9.7 there exists j1 E F such that [AIle = [Gille. If k = j1, 
then Al ~ Gj1 , so that A2 EB ... EB An EB B ~ EBjEJ, #j1 Gj and we obtain the 
result by the induction hypothesis. If k -=1= j1, then 

Al EB D ~ Gk EB Gj1 

for a biuniform module D with [Dlm = [Gj1 lm and [Dle = [Gkl e. Then 

so that A2 EB··· EB An EB B ~ DEB (EBjEJ, #k,j1 Gj ). Since [Dle = [Gkl e, by the 
induction hypothesis there exist n - 1 distinct indices j2, ... ,jn E J \ {j1} such 
that [Aile = [GjJe for every i = 2, ... ,no Thus j1,'" ,jn have the required 
property. 0 
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The next theorem shows that for the class of quasi-small uniserial modules 
a bijection preserving the epigeny classes exists. 

Theorem 9.32 Let R be an arbitrary Ting and let {Ui liE I}, {10 I j E J} 
be two families of non-zero uniserial R-modules such that ffiiE]Ui ~ ffijEJ 10· If 
I" = {i E I I Ui is quasi-small} and J" = {j E J I 10 is quasi-small}, then 
theTe exists a bijection Til: I" ---+ J" such that [Uil e = [VT"(i)le faT eveTyi E I". 

Proof. The proof is similar to that of Theorem 9.27. We may assume M 
ffiiE]Ui = ffijEJ10· 

For every non-zero uniserial quasi-small direct summand Z of M set 

Iz = {i E I" I [Uil e = [Zle} and Jz = {j E J" I [10le = [Zle}. 

Since Z is quasi-small, there is a finite subset F <;;; I such that Z is isomorphic 
to a direct summand of ffiiEFUi . By Proposition 9.7 there exists kEF with 
[Zle = [Ukle. In particular, Uk is quasi-small by Proposition 9.30(b). Thus 
k E Iz, so that the set I z is non-empty. Similarly, Jz is non-empty. It is obvious 
that if Z ranges in the set of all non-zero uniserial quasi-small direct summands 
of M, then the Iz form a partition of I" and the Jz form a partition of J". 
As in the proof of Theorem 9.27, in order to prove the statement it suffices to 
show that IIzl = IJzl for every non-zero uniserial quasi-small direct summand 
ZofM. 

If either Iz or Jz is a finite set and IIzI i= IJzI we may assume IIzI < IJzI 
by symmetry. Set n = II z I· Then in J z there are n + 1 indices j1, ... ,jn+l with 
[10,le = [Zle. By Lemma 9.31 [Uile = [Zle for at least n + 1 distinct indices 
i E I. By Proposition 9.30(b) these n + 1 modules Ui are quasi-small, so that 
IIzI 2': n + 1, a contradiction. Hence IIzI = IJzI if either Iz or Jz is a finite 
set. 

If Iz and Jz are both infinite, it is sufficient to prove that I Jz I ::; liz I. Let 
ck: Uk ---+ ffiiE]Ui and ee: Ve ---+ ffijEJ10 be the embeddings, and 7rk: ffiiE]Ui ---+ 

Uk and Pe: ffijEJ10 ---+ Ve be the canonical projections. For every t E I set 
A(t) = {j E J I 7rtejPjCt: Ut ---+ Ut is an epimorphism}. 

Each set A(t), t E I, is countable, because by Proposition 2.45 the uniserial 
module Ut is either small or countably generated, so that there is a countable 
subset C of J such that Ut <;;; ffijEC10, and then 7rteePect(Ut) = 0 for every 
C E J \ C. Hence A(t) <;;; C is countable. 

We claim that J" <;;; UtE] A(t). To prove this, suppose the contrary, so that 
there exists j E J" such that j t/'. A(t) for every t E I. Then 7rtejPjCt: Ut ---+ Ut 
is not an epimorphism for every t E I, so that 

is not an epimorphism for every t E I by Lemma 6.26(b). Hence for every t E I 
there is a cyclic proper submodule Ct C 10 such that PjCt7rtej (10) <;;; Ct. For 
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every x E Vj there are only a finite number oft E I such that 1ftej(x) =I- 0, so 
that it is possible to define a homomorphism 'l/J: Vj ~ EBtE1Ct by 

Let W:EBtEICt ~ Vj be defined by W((Ct)tEI) = LtEICt. Then w'l/J = lVi' so 
that Vj is isomorphic to a direct summand of EBtEICt . As j E J", the module Vj 
is quasi-small. Hence there is a finite subset F s;:; I such that Vj is isomorphic 
to a direct summand of EBtEPCt • In particular, Vj is finitely generated, and so 
cyclic. Let v be a generator of Vj. There exists a finite subset G s;:; I such that 
v E EBtEGUt . Then LtEGPjCt1ftej(v) = v forces 

v E LPjct1ftej(Vj) s;:; L Ct C Vj, 
tEG tEG 

a contradiction. This proves the claim. 
Now Jz s;:; UtE1z A(t), because if j E Jz, then by the claim there exists 

tEl such that j E A(t). The mapping 1ftejPjCt is an epimorphism, so that 
rUde = [Vj]e = [Z]e by Lemma 6.26(b). Since Z is quasi-small, Ut must be 
quasi-small by Proposition 9.30(b), that is, t E Iz. Therefore 

Ihl ::; NolIzI = IIzI· o 

In particular, 

Corollary 9.33 Let R be a ring and let {Ui liE I} {Vj I j E J} be two 
families of non-zero quasi-small uniserial R-modules. Then EBiEIUi ~ EBjEJ Vj 
if and only if there exist two bijections u, T: I ~ J such that [Ui]m = [V<T(i)]m 
and [Ui]e = [Vr(i)]e for every i E I. 0 

9.10 Notes on Chapter 9 

For an arbitrary module A R , the analogues of the ideals I and K described in 
Theorem 9.1 are the sets of all the endomorphisms of AR with essential kernel 
and all the endomorphisms of AR with superfluous image. These are always 
two two-sided ideals of End(AR)' 

A left or right artinian ring is a QF-2 ring if each of its indecomposable 
projective left and right modules has a simple socle (see [Anderson and Fuller]). 
If R is a left or right artinian ring, then R is semiperfect, so that it has 
a basic set of primitive idempotents {el,"" em}, and {eIR, ... , emR} and 
{ReI, ... ,Rem} are complete sets of representatives of the indecomposable pro­
jective left and right R-modules. In particular, every indecomposable projective 
left and right module is local. It follows that a left or right artinian ring is a 
QF-2 ring if and only if every indecomposable projective left and right module 
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is biuniform, if and only if RR and RR are direct sums of biuniform modules, 
if and only if dim(RR) = dim(RR) = codim(R). 

Almost all the results in this chapter are due to [Facchini 96] and [Dung 
and Facchini a]. The only exceptions are Lemmas 9.17,9.18 and Theorem 9.19, 
due to Puninski, and Proposition 9.23, due to Herbera. The results in this 
chapter were proved by [Facchini 96] and [Dung and Facchini a] for uniserial 
modules, but the results hold for biuniform modules as well, as was observed 
independently by Dung and Herbera. The papers [Facchini 96] and [Dung and 
Facchini 97] contain other results concerning direct sums of uniserial modules. 
For instance, in [Facchini 96, Corollary 1.13] it is proved that if U1 , ... , Un are 
Krull-Schmidt uniserial modules, V1, ... , v;. are non-Krull-Schmidt uniserial 
modules, tl, ... ,tn, Ul, ... ,Ur are non-negative integers, and 

M = ui l EEl ... EEl U~n EEl V1UI EEl ... EEl v..Ur , 

then M has at most n + r2 non-isomorphic uniserial direct summands#- o. 
Note that Theorem 9.13 and Example 9.20 answer Warfield's question 

about the uniqueness for decompositions of a finitely presented module over a 
serial ring into uniserial summands (see the Preface). 

For an axiomatic approach to the results in this chapter and for an ap­
plication to a class of modules that are torsionfree with respect to a suitable 
hereditary torsion theory, see [Bican]. 

In Proposition 9.24 we have seen that every unshrinkable uniserial module 
is oftype 1, that is, it has a local endomorphism ring, so that the Krull-Schmidt 
Theorem holds for serial modules that are direct sums of unshrinkable uniserial 
modules (Corollary 9.25). [Facchini and Salce, Theorem 4] have proved the fol­
lowing extension of this result: Let V1 , ... , Vn , Ull ... , Um be uniserial right 
modules over an arbitrary ring R. Let M be an R-module that is both a homo­
morphic image of V1 EEl ... EEl Vn and a submodule of U1 EEl··· EEl Um. Suppose 
that either 

(a) for every i = 1,2, ... , m every homomorphic image of Vi is unshrinkable, 
or that 

(b) for every j = 1,2, ... ,n every submodule of Uj is unshrinkable. 

Then M is serial. 

A different kind of condition on the families of uniserials is considered in 
[Dung and Facchini 97, Section 5]. Recall that a family of modules 

is called locally semi-T-nilpotent if, for any count ably infinite set of non-iso­
morphisms {in: Min ~ Min+1 I n 2: O} with all the in distinct in I, and 
for any x EMil' there exists a positive integer k (depending on x) such that 
ik ... !1(x) = o. [Zimmermann-Huisgen and Zimmermann 84] have shown that 
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there is a connection between the locally semi-T-nilpotency of a family of mod­
ules with local endomorphism rings and the exchange property of their direct 
sum, because they proved that if Ali, i E I, are modules with End(Mi) local 
for all i E I, then M = ffiiE I Mi has the (finite) exchange property if and only 
if the family {Mi liE I} is locally semi-T-nilpotent. 

If {Ui liE I} and {\tj I j E J} are two locally semi-T-nilpotent families 
of non-zero uniserial modules over an arbitrary ring R, then ffiiEIUi ~ ffijEJ \tj 
if and only if there are two bijections 0", T: I ---> J such that [Ui]m = [V<T(i)]m 
and [Ui]e = [VT(i)]e for every i E I [Dung and Facchini 97, Theorem 5.4]. 



Chapter 10 

~-pure-injective Modules 
and Artinian Modules 

The aim of this chapter is to study the endomorphism rings of artinian mod­
ules (Section 10.2) and, in particular, to characterize the endomorphism rings 
of artinian modules that are serial rings (Theorem 10.23). If Ms is an ar­
tinian module over an arbitrary ring Sand R = End(Ms), then RMS is a 
bimodule and RM is a faithful ~-pure-injective module (Example 1.41). This 
leads us to study rings with a faithful ~-pure-injective module (Section 10.1). 
In Section 10.3 we proceed to consider distributive modules, because every 
~-pure-injective module over a serial ring is a direct sum of distributive mod­
ules as a module over its endomorphism ring. In Sections 10.4 and 10.5 we 
consider ~-pure-injective modules over chain rings and describe them making 
use of localization at a completely prime ideal. The main result of Section 10.5 is 
Theorem 10.20, which says that a module over a serial ring is ~-pure-injective if 
and only if it is artinian as a module over its endomorphism ring. Sections 10.6 
and 10.7 are devoted to characterizing the endomorphism rings of artinian mod­
ules that are serial rings via Krull dimension. In Section 10.8 we extend the 
results about ~-pure-injective modules over chain rings found in the previous 
sections to ~-pure-injective modules over serial rings. 

10.1 Rings with a faithful ~-pure-injective module 

In this section we shall prove that a ring with a faithful ~-pure-injective mod­
ule satisfies the a.c.c. on right annihilators and its nil subrings are nilpotent. 
Proposition 10.1 is somewhat more precise. 

Proposition 10.1 Let R be an arbitrary ring and let MR be a faithful R-module. 

237 
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(a) If M satisfies the d.c.c. on additive subgroups of the form (O:M F), where 
F is a finite subset of R, then R satisfies the a. c. c. on right annihilators. 

(b) If M satisfies the d. c. c. on additive subgroups of the form (0 :M F), where 
F is a finite subset of R, and the d. c. c. on additive subgroups of the form 
Mr, r E R, then every nil subring of R is nilpotent. 

Proof. (a) Suppose that IvI satisfies the d.c.c. on additive subgroups of the 
form (0 :M F), where F is a finite subset of R. Let .c be the set of all right 
annihilators of R and let .c' = { (0 :M F) I F a finite subset of R}. If I E .c, then 
(0 :M I) is the intersection of all the subgroups (0 :M F), when F ranges in the 
set of finite subsets of I. By the d.c.c. on these subgroups, (0 :M I) E .c'. Hence 
there is an inclusion reversing mapping rp:.c --+ .c' defined by rp(I) = (0 :M I) 
for every I E .c. Since MR is a faithful module, for every subset A ~ R one 
has that the right annihilator I = r.annR(A) of A in R is equal to (0 :R N), 
where N = {ma I m E M, a E A}. Then N ~ (0 :M (0 :R N)) = (0 :M I), so 
that (0 :R (0 :M I)) ~ (0 :R N) = I. Conversely, I ~ (0 :R (0 :M I)). Hence 
I = (0 :R (0 :M I)). It follows that rp is injective. Therefore the d.c.c. in .c' 
yields the a.c.c. in .c. 

(b) Let N be a nil subring of R that is not nilpotent. By (a) the ring 
R has the a.c.c. on right annihilators, so that by Proposition 6.8 the subring 
N is not right T-nilpotent. Hence by Proposition 6.7 there exists a sequence 
Yo, Yl, Y2,· .. of elements of N such that YnYn-l ... Y1YO -I- 0 for every n 2 0 
and YiYnYn-l ... Y1YO = 0 for every n 2 i 2 o. 

Set an = Yn ..... Yo for every n 2 O. Since the chain Mao :2 Mal :2 ... 
is stationary, there exists a positive integer k such that Man = M ak for every 
n 2 k. Then MYn+lan = Man+l = Man, from which M = (O:M an) + MYn+l 
for every n 2 k. From Yian = 0 it follows that MYi ~ (0 :M an) for every 
n 2 i 2 o. By induction we shall prove that 

(10.1) 

for every n 2 k. We already know that the case n = k holds. Suppose that 
equality (10.1) holds for n - 1. Then 

by the induction hypothesis, so that 
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by the modular identity. Hence 

M = (O:M an) + MYn+l = (m~k (O:M am)) + i~l MYi, 

which proves equality (10.1). 
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As M satisfies the d.c.c. on subgroups of the form (0 :M F), where F is a 
finite subset of R, there exists a positive integer t 2: k such that 

t t+l n (0 :M am) = n (0 :M am). 
m=k m=k 

Then both 
t n (0 :M am) and 

m=k 

are contained in (0 :M atH)' Hence M = (0 :M at+l). But MR is faithful, 
contradiction. 0 

Corollary 10.2 Let R be a ring with a faithful E-pure-injective right module. 
Then R satisfies the a.c.c. on right annihilators and every nil subring of R is 
nilpotent. 

Proof. By Theorem 1.40 every E-pure-injective module MR satisfies the d.c.c. 
on finitely definable subgroups. Since the additive subgroups of the form (0 :M 

F), where F is a finite subset of R, and of the form M r, r E R, are finitely 
definable, the corollary follows from Proposition 10.1. 0 

Corollary 10.2 allows us to characterize the commutative semiprime rings 
with a faithful E-pure-injective module: 

Example 10.3 Let R be a commutative semiprime ring. The following condi­
tions are equivalent: 

(a) R has a faithful E-pure-injective module; 

(b) R has the a. c. c. on annihilators; 

(c) R has only a finite number of minimal prime ideals. 

Proof. (a) =} (b). Corollary 10.2. 
(b) =} (c). Let R be a commutative ring with the a.c.c. on annihilators. 

Suppose that there exist proper annihilators that do not contain the product of 
a finite number of prime ideals. Let I be maximal among these proper annihila­
tors. In particular, I is not prime, so that there exist r, s E R, r, s rt I such that 
rs E I. Set J = ann(ann(I)r) and K = ann(ann(I)J). Then J, K 2 I. From 
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ann(I)T'S = 0 we obtain that S E ann(ann(I)T') = J. Hence J ::) I. Similarly, 
ann(I)T'J = 0 implies that T' E ann(ann(I)J) = K. Hence K ::) I. Now J is a 
proper ideal, because otherwise r' E ann(ann(I)) = I, a contradiction. And K 
is a proper ideal, because otherwise ann(I)J = O. Hence J t;;; ann(ann(I)) = I, 
contradiction. By the maximality of I, both J and K contain finite products 
of primes, so that J K contains a finite product of primes. But ann(I)J K = 0, 
so that J K t;;; ann( ann( I)) = I, contradiction. This proves that every proper 
annihilator contains a finite product of prime ideals. In particular, there exist 
prime ideals PI, ... ,Pn such that PI ... Pn = O. Then every prime ideal of R 
contains one of the ideals PI, ... , Pn , that is, R has at most n minimal prime 
ideals. 

(c) =? (a). If a commutative semi prime ring R has finitely many minimal 
prime ideals, then R embeds in a finite direct product of commutative integral 
domains. Hence R embeds in a finite direct product of fields, that is, in a semi­
simple artinian ring S. Obviously, the S-module S is a faithful 'L--pure-injective 
S-module. Thus it is a faithful 'L--pure-injective R-module by Corollary 1.36. 

10.2 Rings isomorphic to endomorphism 
rings of artinian modules 

o 

Let A be the class of rings that are isomorphic to endomorphism rings of 
artinian modules: 

A = {R I R ~ End(Ms) for some artinian module Ms over some ring S}. 

In this section we shall concentrate our attention on the class A. 
We have already seen that A contains all module-finite algebras over a 

semilocal commutative noetherian ring (Proposition 8.18) and that every ring 
in A is semilocal (Theorem 4.12). In particular, every ring in A has a complete 
set of orthogonal primitive idempotents, so that every ring in A has a direct 
product decomposition into indecomposable rings (Theorem 5.13). It is easily 
seen that if Rand T are rings and R x T is their direct product, then R x TEA 
if and only if both Rand T belong to A. 

We have proved that Krull-Schmidt fails for artinian modules (Examples 
8.20 and 8.21). Hence the identity of a ring belonging to A is not the sum of 
orthogonal primitive idempotents in a unique way up to isomorphism. More 
precisely, there is a ring REA and indecomposable, pairwise nonisomorphic, 
direct summands PI, P2 , P3 , P4 of RR such that RR = PI EB P2 = P3 EB P4 

(Example 8.20 and Theorem 4.7). And for every integer n > 2 there is a ring 
Rn E A such that the right Rn-module Rn is the direct sum of i indecomposable 
modules for each i where 2 :::; i :::; n (Example 8.21 and Theorem 4.7). 
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Recall that two rings Rand T are Morita equivalent if there is an additive 
category equivalence Mod-R ---+ Mod-T. Equivalently, Rand T are Morita 
equivalent if and only if T ~ End(PR) for some progenerator PR (a right R­
module PR is a progenerator if it is finitely generated, projective, and every right 
R-module is a homomorphic image of a direct sum of copies of PR ). If Rand T 
are Morita equivalent rings, then there is a integer m > 0 and an idempotent 
m x m matrix A E Mm(R) such that T ~ AMm(R)A [Anderson and Fuller, 
§§21 and 22]. 

The next proposition shows that the class A is closed under Morita equiv­
alence. 

Proposition 10.4 If Rand T are Morita equivalent rings and REA, then 
TEA. 

Proof. Let Rand T be Morita equivalent rings and suppose that REA, so 
that R ~ End(Ms) for an artinian right S-module Ns. There is an integer 
m > 0 and an idempotent matrix A E Mm(R) such that T ~ AMm(R)A. But 
Mm(R) ~ End(Ns ), so that ANm is a direct summand of N m. Hence it is an 
artinian S-module, and End(ANs) ~ AEnd(Ns)A ~ AMm(R)A ~ T. Thus 
TEA. D 

If Ms is an artinian right module over a ring S, then M is a ~-pure­
injective left module over its endomorphism ring End(Ms) (Example 1.41). 
Hence every ring REA has a faithful ~-pure-injective left module. From the 
left-right dual of Corollary 10.2 we immediately obtain that 

Corollary 10.5 Every ring REA satisfies the a. c. c. on left annihilators, and 
every nil subring of R is nilpotent. D 

We shall now prove that there is a bound on the nilpotency indices of nil 
subrings of a ring belonging to A. Recall that every artinian module has finite 
dual Goldie dimension by Corollary 2.41. 

Proposition 10.6 Let Ms be an artinian module over a ring S and suppose that 
codim(Ms) = n. Set R = End(Ms) and 

H = {f E R I f(M) is superfluous in M}. 

Then: 

(a) H is a nilpotent two-sided ideal of R. 

(b) Every strictly descending chain of left annihilators of the ring Rj H has 
at most n + 1 elements. 
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Proof. (a) It is easily seen that H is a two-sided ideal of R (Lemma 5.8(b)). By 
Corollary 10.5 the ring R satisfies the a.c.c. on left annihilators, so that by the 
left-right dual of Proposition 6.8 it suffices to show that H is left T-nilpotent. 
Let ho, hI, h2 , .•. be a sequence of elements of H. Set 

fn = ho .·. hn 

for every n ~ O. Since Ms is artinian, there exists an m such that 

fm(M) = fm+I(M). 

Then fmUvI) = fm+I(M) = fmhm+l(M) forces M = hm+I(M)+ker(fm)' But 
hm+l(M) is superfluous in M, so that M = ker(fm), i.e., fm = O. This shows 
that H is left T-nilpotent. 

(b) Let Al ~ A2 ~ ... ~ Am+l be a strictly descending chain of left 
annihilators of the ring R/ H. We must show that m ::; n. Since 

Ai = l.annR/H(LannR/H(A i )), 

the chain LannR/H(Ad C LannR/H(A2 ) C ... C LannR/H(Am+d is strictly 
ascending. Let Vi be the right ideal of R containing H such that 

Vi/ H = r.annR/H(Ai ) 

for every i = 1, ... , m + 1, and set (H : Vi) = {r E R I rVi S;;; H}, so that 
(H: Vi)/H = l.annR/H(Vi/H) = Ai. The chain 

(H : Vd ~ (H : V2 ) ~ ... ~ (H : Vm +l ) 

is obviously strictly descending, so that for every i = 1,2, ... , m there is an 
element ri E (H : Vi), ri tj. (H : Vi+d· Hence ri Vi S;;; H and there exists 
an element Vi+l E Vi+l such that riVi+l tf. H. Thus riVj E H for every 
j = 1,2, ... ,i and riVi+l (M) is not superfluous in M. For every i = 1,2, ... ,m 
let Ni be a proper submodule of M such that Ni + riVi+1 (M) = M. Then 

(10.2) 

and 
(10.3) 

Observe that ril(Ni ) is a proper submodule of M, otherwise Ni :2 ri(M), so 
that Ni + ri(M) = M forces Ni = M, contradiction. 

For every i, j with 1 ::; i ::; j ::; m define a module Mi,j as follows: 
Mi,i = ril (Ni ) for i = 1,2, ... , m, and Mi,j = Vi+l (M)+ .. ·+vj(M) +rjl(Nj ) 
for 1 ::; i < j ::; m. We prove that the Mi,j are proper submodules of M for 
every 1 ::; i ::; j ::; m. We already know that M i .i is propeL If i < j and 
Mi,j = M, then vi+l(M) + ... + vj(M) + rjl(Nj ) ~ M implies 

rjvi+l(M) + ... + rjvj(M) + N j :2 rj(M). 
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From (10.3) it follows that 

rjvi+l(M) + ... + rjvj(M) + N j -;;2 N j + rj(1\J) = M. 

Since rjVi+l,"" rjvj E H, the submodules rjVi+l(M), ... , rjvj(lvI) are super­
fluous in 1\1, so that N j = M, a contradiction. Hence all the submodules Mi,j 
of lvI are proper. 

We claim that the family {lvIi,i, A1i ,i+l,"" Mi,m} is coindependent for 
every i = 1,2, ... , m. If we prove the claim, then, in particular, the family 
{Ml,l, M l ,2, ... ,lvh,m} is coindependent, so that m ::::; codim(Ms) = n, which 
concludes the proof of the proposition. 

The proof of the claim is by induction on k = m - i. The case k = 0 
is trivial, because a family consisting of one proper submodule is always coin­
dependent. 

Suppose that the family {Mi+l,i+l, lvIHl ,i+2, ... ,MHl,m} is coindepend­
ent. vVe must prove that 

is coindependent. As Mi,j -;;2 Vi+l (M) for every j = i + 1, ... ,m, we have that 

m 

Mi,i + n Mi,j -;;2 ril (Ni ) + vHl (M) = M 
j=i+l 

by (10.2). Hence we only have to show that if e = i + 1, i + 2, ... , m, then 

Mi,p + ni:Sj:Sm, j# Mi,j = M. Now 

lvI"p + n'<J:Sm, J=!=P M',J 

= Mt,p + n':SJ:Sm, JI-P M',J) + V,+l (M) 

= M,,P + (n,+l:SJ:sm, J=!=P M',J ) n ri l (N,)) + V,+l (M) 

= Mi,P + nHl:Sj:Sm, j#P Mi,j n (ri l (Ni ) + VHl (M)) ) 

(by modularity) 

(by (10.2)) 

= Mi,p + ni+l:Sj:Sm, j#P Mi,j n M) 

= Mi,p + nHl:Sj:Sm, j#P Mi,j 
-;;2 Mi+1,P + ni+l:Sj:Sm, j#P M HU = M 

This concludes the proof of the claim. 

(as M· . ~ M'+ l .) 'l,J - 1, ,) 

(because the family {MHl,j I j = 
i + 1, ... , m} is coindependent) 

(10.4) 
D 

Proposition 10.7 Let Ms be an artinian module over a ring S and suppose 
codim(Ms) = n. Set R = End(Ms) and let k be the nilpotency index of the 
nilpotent ideal H = {f E R I f(M) is superfluous in M} of R. Then 

L(n+l)k = 0 

for every nil subring L of R. 
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Proof. It is easily seen that if T is a ring with the property that every strictly 
descending chain of left annihilators of T has at most n + 1 elements, then 
An+l = 0 for every nilpotent subring A of T. 

Now the subring L of R is nilpotent by Corollary 10.5, so that the sub ring 
L + HjH of RjH is nilpotent. By Proposition 10.6(b) (LjH)n+l = O. Hence 
Ln+l ~ H, so that L(n+l)k ~ Hk = O. D 

10.3 Distributive modules 

A lattice (L, V,!\) is called distributive if x!\ (y V z) = (x!\ y) V (x!\ z) for all 
x, y, z E L, or, equivalently, x V (y!\ z) = (x V y) !\ (x V z) for all x, y, z E L. A 
right module MR is said to be a distributive module if the lattice £(MR) of its 
submodules is distributive. For instance, every uniserial module is distributive. 

Theorem 10.8 The following are equivalent for a right R-module M R : 

(a) The module MR is distributive. 

(b) For all a, b, c E M R , aR n (bR + cR) = (aR n bR) + (aR ncR). 

(c) For all a, bE M R , aR + bR = (a + b)R + (aR n bR). 

(d) For all a, bE MR, 
(aR: b) + (bR : a) = R, 

where (aR: b) = {r E R I br E aR} and (bR : a) = {r E R I ar E bR}. 

(e) For all a, bE MR, (a + b)R = (aR n (a + b)R) + (bR n (a + b)R). 

Proof. . (a) =? (b). This is obvious. 
(b) =? (c). Suppose that (b) holds. We show that 

aR + bR = (a + b)R + (aR n bR). 

The inclusion :;2 is obvious. In order to prove the inclusion ~, it is sufficient to 
prove that a E (a + b)R + (aR n bR) by symmetry. Now 

a E aR n (bR + (a + b)R) = (aR n bR) + (aR n (a + b)R) 

by (b). And (aR n bR) + (aR n (a + b)R) ~ (aR n bR) + (a + b)R. 
(c) =? (d). Suppose that (c) holds. It suffices to show that 1 = r + s with 

r E (aR: b) and s E (bR: a). By (c) we have that a E (a+b)R+ (aRnbR), so 
that a = (a+b)r+y, where r E Rand y E aRnbR. Hence br = a-ar-y E aR 
forces r E (aR : b). Then 

a(l- r) = a - ar = br + y E bR, 

so that s = 1 - r E (bR : a). 
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(d) ::::} (e). The inclusion (a + b)R ~ (aR n (a + b)R) + (bR n (a + b)R) 
is obvious. Conversely, by (d) there exist r E (aR : b) and s E (bR : a) with 
r+s = 1. Then (a+b)r EaR, so that (a+b)r E aRn(a+b)R. Similarly, (a+b)s E 
bRn(a+b)R. Hence a+b = (a+b)r+(a+b)s E (aRn(a+b)R)+(bRn(a+b)R). 

(e) ::::} (a). Let A, B, C be submodules of MR. The inclusion 

(A n C) + (B n C) ~ (A + B) n C 

always holds. Conversely, suppose that a + b = c E (A + B) n C, with a E A 
and b E B. Then from (e) it follows that 

c E (a + b)R = (aR n (a + b)R) + (bR n (a + b)R) ~ (A n C) + (B n C). 0 

From characterization (d) of Theorem 10.8 we obtain 

Corollary 10.9 Every distributive module over a local ring is uniserial. 0 

In the proof of Theorem 10.11 we need the following technical result of 
lattice theory. 

Theorem 10.10 (Birkhoff, 1940) Let L be a modular lattice. If Co, C1 are two 
linearly ordered subsets of L, then the sublattice of L generated by Co U C1 is 
distributive. 0 

Since Theorem 10.10 is a result of lattice theory, we shall not prove it 
here. For a proof,see [Gratzer, Theorem IV.1.13]. 

Theorem 10.11 If R is a serial ring, {e1, ... , en} is a complete set of ortho­
gonal primitive idempotents in R, MR is a 'E-pure-injective R-module and 
S = End(MR) is its endomorphism ring, then the left S-module 8M has a 
direct sum decomposition 8M = EBi=l M ei where each 8M ei is a distributive 
S -module with the d. c. c. on cyclic submodules. 

Proof. Since {e1, ... , en} is a complete set of orthogonal idempotents in 
End(8M), we know that 8M = EBi=l M ei. Hence it suffices to show that for 
every i = 1,2, ... ,n the left S-module M ei is distributive and has the d.c.c. on 
cyclic submodules. 

Let C(zM ei) be the modular lattice of all additive subgroups of M ei. 
Since R is a serial ring, the right R-module eiR is uniserial, hence the subgroups 
(0 :Mei eir), r E R, form a linearly ordered subset Co of C(ZMei). Similarly, 
the left R-module Rei is uniserial, so that the subgroups Mrei, r E R, form a 
linearly ordered subset C1 of C(ZMei). By Theorem 10.10 the subset Co U C1 
generates a distributive sublattice V of C(ZMei). As the elements of Co U C1 
are finitely definable subgroups of M R , the groups in V are finitely definable 
subgroups of MR (Lemma 1.33). But MR is 'E-pure-injective, so that the dis­
tributive lattice V is an artinian poset (Theorem 1.40(b)). Let Ccyc(8Mei) 
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be the sublattice of £(zM ei) generated by all the cyclic submodules Smei of 
SMei, m E M. If we prove that Smei E V for every m E M, then £CYc(SMei) 
is a sublattice of V. Hence £cyc (s M ei) is a distributive lattice, so that s M ei 

is a distributive module by Theorem 10.8 (a){:}(b). Moreover V is an artinian 
poset, hence £CYc(SMei) is an artinian poset, that is, SMei has the d.c.c. on 
cyclic submodules. 

Thus it suffices to prove that Smei E V for every m EM. We claim that 
for every m, n EM, we have n E Smei if and only if nEG for every G E V 
with mei E G. If we prove the claim, then Smei = n G, where G ranges in the 
set of the subgroups G E V with mei E G. Since the distributive lattice V is 
an artinian poset, the set of the subgroups G E V with mei E G has a smallest 
element H. Then Smei = H E V, and this concludes the proof of the theorem. 

Let us prove the claim. If m, n E M and n E Smei, then n belongs to 
every submodule of sM that contains mei. Now (0 :Mei eir) and Meirei are 
submodules of sM, so that all the elements ofD are submodules of sM. Hence 
nEG for every G E V with mei E G. 

Conversely, let m, n be elements of M and suppose that nEG for every 
G E V with mei E G. In order to prove that n E Smei we must show that there 
exists an endomorphism g of MR such that g(mei) = n. By Proposition 1.37 
it suffices to prove that for every finitely presented module FR , every element 
a E F ei and every homomorphism f: F R -+ M R such that f (a) = mei there 
exists a homomorphism 1': FR -+ MR such that f'(a) = n. By Corollary 3.30 
we may assume 

FR = ei1 Rjeil r1R (£) ••• (£) eikRjeikrkR, 

where il, ... , ik E {I, 2, ... ,n} and rl, ... , rk E R. Fix an element a E Fei 
and a homomorphism f:FR -+ MR such that f(a) = mei. Let Sl, ... ,Sk be 
elements of R such that a = (eil Sl + ei1 r1R, ... ,eik Sk + eik rkR), so that 

For every t = 1, ... ,k set 

Then m1,'" ,mk E MR are such that mteit = mt and mteitrt = 0 for every 
t = 1, ... , k, and m1eil Slei + ... + mkeikskei = mei. Thus 

k 

mei E 2:(0 :Meit eitrt)eitStei' 
t=l 

If eitSteiR s,;; eitrtR, then (0 :Meit eitrt}eitStei = O. If eitSteiR :2 eitrtR, then 
there exists Ut E R such that eitrt = eitSteiUt, and it is easily seen that 
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~k . Hence G = L..-t=1(0 :Meit eitrt)ei,Stei E V and mei E G. By hypothesIs nEG, 
so that there are elements nt E !vIR such that ntei,rt = 0 for every t = 1, ... , k 

and n = 2:;=1 nteitStei· Let I': FR ---+ MR be the homomorphism defined by 

l' (eil VI + ei1 rl R, ... ,eik Vk + eik rkR) = 2:;=1 ntei, Vt for every VI, ... ,Vk E R. 
Then 

k 

l' (a) = l' (eil slei + ei 1 rlR, ... ,eikskei + ei k rk R ) = L nteitStei = n. 
t=l 

Therefore there exists an endomorphism g of MR such that g(mei) = n by 
Proposition 1.37. D 

Corollary 10.12 If R is a serial ring, {el, ... , en} is a complete set of ortho­
gonal primitive idempotents in R, MR is an indecomposable "L.-pure-injective 
right R-module and S = End(MR) is its endomorphism ring, then the left 
S-module 8M has a direct sum decomposition 8M = E8i=lMei in which every 
M ei is a uniserial artinian left S -module. 

Proof. By the previous theorem every 8M ei is distributive and has the d.c.c. on 
cyclic submodules. The ring S is local by Corollary 2.27. Hence 8M ei is uni­
serial by Corollary 10.9. And every uniserial module with the d.c.c. on cyclic 
submodules is artinian. D 

Corollary 10.12 shows that indecomposable "L.-pure-injective modules over 
a serial ring satisfy the hypotheses of Proposition 6.27. When the serial ring R 
is a chain ring we obtain the following corollary. 

Corollary 10.13 Let MR be an indecomposable "L.-pure-injective right module 
over a chain ring R and let S = End(MR) be its endomorphism ring. Then 
8 M is a uniserial artinian left S -module. D 

In the next proposition we show that every indecomposable "L.-pure-injec­
tive module over a serial ring is injective modulo its annihilator. 

Proposition 10.14 Let MR be an indecomposable "L.-pure-injective right module 
over a serial ring R. Then M is an injective right R/annR(M)-module. 

Proof. Since the indecomposable "L.-pure-injective module MR is a faithful in­
decomposable "L.-pure-injective module over R/annR(M), we may assume that 
!vIR is faithful without loss of generality. Let {el, ... , en} be a complete set 
of orthogonal primitive idempotents in R and let S = End(MR). By Corol­
lary 10.12 the left S-module Mel is a uniserial artinian submodule of 8M and 
Mel -=I=- 0 because MR is faithful. In particular 8Mel has a non-zero socle. Let 
m be a non-zero element in the socle of 8M el and let ER be the injective 
envelope of the cyclic R-module mR. 
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We shall show that there exists a homomorphism g: ER ----> !vIR such that 
g(m) = m applying Proposition 1.37. Let FR be a finitely presented R-module, 
let a E Fel and let f: FR ----> ER be a homomorphism such that f(a) = m. We 
must prove that there exists a homomorphism 

such that l' (a) = m. By Corollary 3.30 we may assume 

where il, ... ,ik E {1,2, ... ,n} and rl, ... ,rk E R. Let Sl, ... ,Sk be elements 
of R such that a = (eil Sl + ei1 rlR, ... , eiksk + eikrkR), so that 

Set 

and 

so that {I, J} is a partition of {I, 2, ... ,k}. For every tEl let Ut E R be such 
that eit rt = eit Stel Ut. Since the right ideals el UtR are contained in the uniserial 
module el R, there exists an index £ E I such that el ueR <;::; el UtR for every 
tEl. Then ei,StelUe E eitStelUtR = eitrtR for every tEl. And obviously 
eitStelUe E eitrtR for every t E J. This proves that eitStelUC E eitrtR for 
every t = 1,2, ... ,k. Hence aelUe = O. Then melUe = f(aelUe) = O. Now 
£ E I, that is, eieSeelR ::::l eiereR, and from this it follows that eieSeel =I- O. 
Hence M eieSeel =I- 0 because MR is faithful. In particular the S-submodule 
MeieSeel of Mel contains m. Thus there exists y E M with yeieseel = m. Let 
1': FR ----> MR be defined by 

for every VI, ... ,Vk E R. This f' is a well-defined homomorphism, because if 
eieVe E eiereR, then yeieve E yeiereR = yeieseelUeR = melUeR = O. More­
over f'(a) = 1'(ei1slel + ei1rlR, ... ,eikskel + eikrkR)) = yeieseel = m, as 
desired. Hence we can apply Proposition 1.37. This shows that there exists a 
homomorphism g: ER ----> MR such that g(m) = m. 

In particular, g is the identity on the essential submodule mR of E R, and 
so g: ER ----> !vIR is a monomorphism. But ER is injective, so that the image of 
g is a direct summand of MR. As MR is indecomposable, we obtain that g is 
an isomorphism. Therefore MR ~ ER is injective. 0 
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10.4 I:-pure-injective modules over chain rings 

We begin this section with an elementary result. 

Lemma 10.15 Let S be a right denominator set in a ring Rand 

the canonical homomorphism of R in the right quotient ring. 
A right R[S-l]-module is a '2:,-pure-injective R[S-l]-module if and only if it is 
a '2:,-pure-injective R-module. 

Proof. Let A be a right R[S-l]-module. If M = (aij) is a n x m matrix 
with entries in R[S-l], then the elements of M can be written with a common 
denominator 'P( s), that is, lVI = M' 'P( s) -1 for an n x m matrix lVI' with entries 
in R. Thus X M = 0 if and only if X M' = 0 for every X E An. Hence the finitely 
definable subgroups of AR[s-l] coincide with the finitely definable subgroups 
of A R . The conclusion now follows from Theorem 1.40. 0 

In the following theorem we show that every indecomposable '2:,-pure­
injective module over a chain ring R can be viewed as an injective module over 
a suitable noetherian chain ring. 

Theorem 10.16 Let MR be an indecomposable '2:,-pure-injective module over a 
chain ring R. Set P = {r E R I (0 :M r) i= O}. Then the following statements 
hold: 

(a) P is a completely prime two-sided ideal of R; 

(b) M has a unique structure as a right Rp j annRp (M) -module that extends 
its structure as a right R-module, and is a '2:,-pure-injective indecompos­
able faithful RpjannRp(M)-module; 

(c) the ring Rp j annRp (M) is a noetherian chain ring; 

(d) the module M is, as a right Rp j annRp (M) -module, the injective envelope 
of the unique simple RpjannRp(M)-module. 

Proof. (a) Set S = End(MR) , so that sM is a uniserial artinian module by 
Corollary 10.13. There is a canonical ring homomorphism 'P: R --'> End(slVI) , 
and I = {f E End(sM) I f is not injective} is a two-sided completely prime 
ideal of End(sM) by Theorem 9.1. Hence P = 'P- 1 (I) is a two-sided completely 
prime ideal of R. 

(b) The right R-module structure on MR is defined by a ring homomorph­
ism 'P: R --'> End(zM)OP. If r E R \ P, then 'P(f) is an automorphism of zM by 
Lemma 1.43. Hence 'P induces a unique ring homomorphism Rp --'> End(z1l1)OP 
by Proposition 6.1. This shows that M has a unique structure as a right 
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Rp-module that extends its structure as a right R-module. Hence M has a 
unique structure as a right Rp/annRp(M)-module that extends its structure 
as a right R-module. Since AIR is indecomposable, NIRp/annRp(M) is indecom­
posable a fortiori. And MRp/annRp(M) is 'L.-pure-injective by Lemma 10.15. 

(c) Note that if q = TS- 1 E Rp and (0 :M q) = 0, then (0 :1\[ T) = 0, 
so that T ¢:. P, and q is invertible in R p . Hence in the ring Rp/annRp(M) 
an element q is invertible if and only if (0 :M q) = O. By (b) we may assume 
that MR is a 'L.-pure-injective indecomposable faithful module over the chain 
ring R, that the maximal ideal P of R is the set of the elements T E R with 
(0 :M T) =1= 0, and we must prove that R is noetherian. 

Let us prove that R has the a.c.c. on principal right ideals. Let 

be an ascending chain of principal right ideals. Then 

is a descending chain of finitely definable subgroups of MR. Hence it is 
stationary. In order to prove that R has the a.c.c. on principal right ideals 
it is sufficient to show that (0 :M Tn) = (0 :M Tn+d implies TnR = Tn+lR. 
Since TnR ~ Tn+lR, there exists an element T' E R such that Tn = Tn+lT'. Set 
S = End(MR)' so that sM is a uniserial artinian module (Corollary 10.13). Let 
Prn , Prn+l' Pr' be the endomorphisms of sM given by right multiplication by 
Tn, Tn+l, T' respectively. Then Prn and Prn+l induce injective homomorphisms 
Pr' ,Pr' :M/(O:MTn)---;M,andpr' =PrlPr' .Sincepr' isinjective,by 

n n+l n n+l n 

Lemma 6.26(a) either M/(O :M Tn) = 0 or the homomorphism Pr' is injective. 
Hence either M = (0 :M Tn+d or (0 :M T') = 0, so that either Tn+l = 0 or T' is 
invertible in R. In both cases TnR = Tn+1R. 

This proves that R has the a.c.c. on principal right ideals, and clearly a 
chain ring with the a.c.c. on principal right ideals is right noetherian, and so 
noetherian by Proposition 5.3(b). 

(d) As in the proof of (c) we may assume that R is equal to Rp/annRp (M). 
In other words, we may assume that MR is a faithful R-module, R is a noe­
therian chain ring with maximal ideal P = {T E R I (0 :M T) =1= O}, and we 
must prove that MR is the injective envelope of the unique simple R-module. 
By Proposition 10.14 the module MR is injective. Hence it is sufficient to show 
that it has a non-zero socle. If P = p2, then P = 0 by Nakayama's Lemma, 
so M is simple. If P =1= p2, fix an element p of P \ p2, so that P = pRo Since 
pEP we have that (0 :M p) =1= O. If x E (0 :M p) and x =1= 0, then xp = 0 
implies xP = O. Hence annR (x) = P and xR ~ R/ P is simple. D 
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10.5 Homogeneous I;-pure-injective modules 

Now that we have a description of the indecomposable 'L.-pure-injective modules 
over a chain ring R we may begin to consider the case of an arbitrary 'L.-pure­
injective R-module. Such a module is a direct sum of indecomposable modules 
by Theorem 2.29. 

Lemma 10.11 If {Mi liE I} is a non-empty family of right modules over a 
chain ring Rand M = EEliEI Mi is 'L.-pure-injective, then the set 

partially ordered by set inclusion, is well-ordered. 

Proof. Since R is a chain ring, the set N is linearly ordered by set inclusion. If 
it is not well-ordered, it has an infinite strictly descending chain, that is, there 
is a sequence io, il, i2, ... of elements of I such that 

For every n = 1,2,3, ... let rn be an element in annR(Min_J \ annR(MiJ. It 
is easily seen that the chain M rl :J M r2 :J M r3 :J ... is strictly descending. 
Hence MR has a strictly descending chain of finitely definable subgroups, and 
this contradicts Theorem 1.40. 0 

If MR is a 'L.-pure-injective module over a chain ring R, then M = EEliEIMi , 
where each Mi is indecomposable, and this direct sum decomposition is essen­
tially unique. Let P be a completely prime ideal in R. The 'L.-pure-injective 
module M = EEliEI Mi over the chain ring R is said to be P -homogeneous if 
P = {r E R I (0 :Mi r) =I- O} for every i E I. 

Proposition 10.18 Let P be a completely prime ideal in a chain ring R and let 
MR =I- 0 be a P-homogeneous 'L.-pure-injective R-module. Then the following 
assertions hold: 

(a) the module M has a unique structure as a right RpjannRp(M)-module 
that extends its structure as a right R-module, and M is a'L.-pure-injective 
faithful RpjannRp(M)-module; 

(b) the ring RpjannRp(M) is a noetherian chain ring; 

(c) for every x E M, there exists an integer n 2: 0 such that xpn = 0; 

(d) MQ = 0 for every completely prime ideal of R properly contained in P. 

Proof. The module MR is a direct sum of indecomposable modules Mi , i E 

I (Theorem 2.29). Since MR is P-homogeneous, by Theorem 10.16(b) each 
Mi has a unique structure as a right Rp-module that extends its structure 
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as a right R-module. Hence M has a unique structure as a right Rp-module 
that extends its R-module structure and annRp (1\II) = niEI annRp (Mi). By 
Lemma 10.17 the set {annR (Mi) liE I} has a least element annR (Mj ), so 
that annRp(M) = annR(Mj ). Therefore (a) and (b) follow from Lemma 10.15 
and Theorem 10.16(c). 

In order to prove (c) we may assume that JlvfR is indecomposable with­
out loss of generality. Since M is a module over the noetherian chain ring 
Rp/annRp(M), we may also assume that R is a noetherian chain ring with 
maximal ideal P and MR is faithful. In this case MR is the injective envelope 
of the simple module (Theorem 10.16(d)). If x E M and x -I- 0, there is an 
element r E R such that xr is a non-zero element in the socle of JlvfR. Thus 
xrP = O. The non-zero right ideal rR of R is a power of P (remark after the 
proof of Proposition 5.3). Hence rP = pn-l for some integer n ~ O. This 
proves (c). 

For the proof of (d) we may also assume that AIR is indecomposable. If 
Q is a completely prime ideal of R that is properly contained in P, then Q 
is contained in every power of P. Therefore Q annihilates every element of M 
by (c). D 

Interest in the notion of homogeneous ~-pure-injective module is aroused 
by the fact that every ~-pure-injective module is a finite direct sum of homo­
geneous components, as the next theorem shows. 

Theorem 10.19 Let MR be a ~-pure-injective module over a chain ring R. Then 
there is a direct sum decomposition MR = MoEl:lMl EI:l .. 'EI:lMn , in which for each 
i = 0,1, ... ,n the module Mi is a Pi-homogeneous ~-pure-injective R-module 
for some completely prime ideal Pi of R. 

Froof. We know that the module MR is a direct sum of indecomposable mod­
ules Mi , i E I. For every i E I let Fi be the completely prime ideal of R such 
that Mi is Pi-homogeneous. We must prove that the set P = {Pi liE I} is 
finite. Since P is linearly ordered by inclusion, if it is not finite it has either an 
infinite strictly ascending chain or an infinite strictly descending chain. 

If P has a strictly ascending chain Fio C Pil C Pi2 C ... , let rn be an 
element of Pin+l \ Pin for every n ~ O. Then roR C r1R C r2R C ... , so that 

(10.5) 

is a descending chain of finitely definable subgroups of MR. Now Min is the in­
jective envelope ofthe simple RPijannRPin (MiJ-module (Theorem 10.16(d)). 

Let Xn be a non-zero element in the socle of the Rpin/annRpi (MiJ-module 

Min' Then XFin = 0, so that xrn-l = 0, i.e., x E (0 :M rn-d~ But rn tic Fin' 
hence rn acts as an automorphism on the indecomposable Fin -homogeneous 
module Min' and thus xrn -I- 0, that is, x tic (0 :M rn). This proves that the 
chain (10.5) is strictly descending, which is a contradiction. 
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If P has a strictly descending chain 

then Pin :2 annR(MiJ, and annR(MiJ :2 P in+1 by Proposition 10.lS(d). 
Therefore the set N = {annR(Mi ) liE I}, partially ordered by set inclu­
sion, is not artinian. This contradicts Lemma 10.17. 0 

We are ready to prove the main result of this section. It says that the 
2:-pure-injective modules over a serial ring R are exactly the R-modules artinian 
over their endomorphism ring. 

Theorem 10.20 A right module over a serial ring is 2:-pure-injective if and only 
if it is artinian as a left module over its endomorphism ring. 

Proof. We already know that if End(MR)M is artinian, then MR is 2:-pure­
injective (Example 1.41). Conversely, let MR be a 2:-pure-injective module 
with R serial and let S = End(MR)' If {el,"" en} is a complete set of 
orthogonal primitive idempotents in R, then 8M = EEli=18Mei, so that in 
order to prove that 8 M is artinian it is sufficient to prove that every 8 M ei 
is artinian. Every endomorphism f E S = End(MR) induces by restriction an 
endomorphism of the right eiRei-module Mei. Hence if Si = End((Mei)eiRe,), 
every Si-submodule of (Mei)eiRei is an S-submodule of 8Mei. Thus in order to 
prove that each 8 A1 ei is artinian it suffices to show that each 8i M ei is artinian. 
The modules (Mei)eiRei are 2:-pure-injective (Corollary 1.44). Hence in order 
to prove the theorem we may suppose R = eiRei, that is, we may suppose that 
R is a chain ring. 

Let R be a chain ring and let MR be a 2:-pure-injective module. By The­
orem 10.19 there is a direct sum decomposition MR = Mo EEl MI EEl· .. EEl Mk with 
the property that for each j = 0,1, ... , k the module Mj is a Pj-homogeneous 
2:-pure-injective R-module for some completely prime ideal Pj of R. Since 
End(MR) :2 End(Mo) x End(MI ) x ... x End(Mk ), in order to show that Mis 
a left artinian module over End(MR) it suffices to show that it is left artinian 
over End(Mo) x End(Md x ... x End(Md. Hence we may assume that MR is 
P-homogeneous for some completely prime ideal P of R. By Proposition 10.lS 
we may suppose that R is a noetherian serial ring. By Theorem 2.29 MR is 
a direct sum of indecomposable modules M i , i E I, and by Lemma 10.17 
the set N = {annR(Mi ) liE I} is well-ordered by set inclusion. As R 
is noetherian, the set N is finite. Hence there is a direct sum decomposi­
tion MR = No EEl NI EEl ... EEl Ne with the property that each Nt is a direct 
sum of indecomposable faithful 2:-pure-injective R/ann(Nt)-modules. Again 
End(MR) :2 End(No) x End(NI ) x ... x End(Ne), so that we may assume that 
M is a direct sum of indecomposable faithful 2:-pure-injective modules over the 
noetherian chain ring R. By Proposition 10.14 every indecomposable faithful 
2:-pure-injective module is injective, so that MR itself is injective because R is 
noetherian [Anderson and Fuller, Proposition lS.13]. 
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Now the module M is uniserial as a left module over its endomorphism 
ring S = End(MR)' because if x,y E M, then either (0 :R x) <;;; (0 :R y) or 
(0 :R x) ::2 (0 :R y) (R is a chain ring), so that either there is a homomorphism 
f: MR --; MR such that f(x) = y or there is a homomorphism f: MR --; MR 
such that fey) = x (because MR is injective). And the uniserial module 8M 
has the d.c.c. on cyclic submodules (Theorem 10.11). Hence 8M is artinian.D 

10.6 Krull dimension and ~-pure-injective modules 

In this section we shall show that if 8M is an artinian module over an arbitrary 
ring Sand R = End(8M) is a chain ring, then R has finite Krull dimension. 

Lemma 10.21 Let P =I pI be two completely prime ideals of a chain ring R. 
Assume that there exists a P-homogeneous 'L.-pure-injective R-module MR and 
a pI -homogeneous 'L.-pure-injective R-module Mk such that HomR(M, M') =I 
O. Then P c pI and there do not exist completely prime ideals properly between 
P and P'. 

Proof. Suppose that there exists an element pEP, P r:J- P'. Since 
HomR(M, M') =I 0, there is a homomorphism f: M --; M' and an element 
x E M such that f(x) =I O. By Proposition 10.lS(c) there exists n 2: 1 such that 
xpn = O. Then f(x)pn = f(xpn) = o. As p tf. pI and M' is pI-homogeneous, the 
element p acts as a monomorphism on the abelian group M'. Thus f(x) = 0, a 
contradiction. This proves that P <;;; P'. Since P =I pI, it follows that P c P'. 

Let Q be a completely prime ideal of R such that P c Q C P'. Then 
MQ = M and M'Q = 0 (Proposition 10.lS(d). It follows that HomR(M, M') = 
0, a contradiction. This concludes the proof of the lemma. 0 

Recall that a right R-module MR is balanced if the natural homomorphism 
p: R --; End(End(MR)M)OP is surjective [Anderson and Fuller, §4]. Hence MR 
is faithful and balanced if and only if p is an isomorphism. 

Proposition 10.22 Let R be a chain ring. Suppose that there exists a faithful, 
balanced, 'L.-pure-injective module MR. Then R has finite Krull dimension. 

Proof. By Theorem 10.19 there is a direct sum decomposition 

of MR such that for each i = 0,1, ... , m the module Mi is a non-zero 
Pi-homogeneous 'L.-pure-injective R-module for some completely prime ideal 
Pi of R. Obviously we may assume Po C PI C ... C Pm. 

We claim that every completely prime ideal Q of R is either equal to zero 
or equal to Pi for some index i = 0,1, ... , m. In order to prove this claim, 
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let Q be a completely prime ideal of R. If Q ::J Pm, then there exists an 
element T E Q \ Pm. Since T tt Pi for every i = 0, ... ,m, multiplication by T 

is an automorphism of the abelian group N!i for every i. Hence it is a group 
automorphism of Iv!. Therefore multiplication by T is an automorphism of the 
module End(MR)M. As the natural homomorphism p: R ---+ End(End(MR)M) is 
an isomorphism, the element T is invertible in the ring R. This is a contradiction 
because T E Q, whence Q ~ Pm. 

If Q c Po, then MiQ = 0 for every i = 0, ... , m by Proposition 10.18(d). 
Thus MQ = O. But Iv! is faithful, hence Q = O. Therefore in order to prove our 
claim we may assume 

Po ~ Q ~ Pm 

and we must prove that Q = Pi for some i = 0, ... ,m. Suppose the contrary. 
Then there exists an index i = 0, ... , m - 1 such that Pi c Q C PHI. Set 
M' = Mo E9 MI E9 ... E9 Mi and Mil = MHI E9 ... E9 Mm. Then M' and Mil are 
non-zero and MR = M' E9 Mil. 

If the abelian groups M', Mil are sub modules of End(MR)M, then 

M = M' E9 Mil 

is a direct sum decomposition of left End(MR)-modules, so that 

has a non-trivial idempotent. This is a contradiction, because R is a chain 
ring. Hence either M' or Mil is not a submodule of End(MR)M, that is, either 
End(RM)M' Cl M' or End(RM)M" Cl Mil. In other words, either 

HomR(M',M") -=I- 0 or HomR(M",M') -=I- O. 

This shows that there are two indices k and l such that 0 ::::: k ::::: i < l ::::: m 
and either HomR(Mk, Md -=I- 0 or HomR(Mz, M k ) -=I- O. From Lemma 10.21 
it follows that HomR(Mz, M k ) = 0 and there are no completely prime ideals 
properly between Pk and Pz. But Pk ~ Pi C Q C PH 1 ~ Pz, a contradiction. 
This concludes the proof of the claim. Hence R has either m + 1 completely 
prime ideals Po c PI C ... C Pm or m + 2 completely prime ideals 0 ~ Po C 
PI C··· C Pm· 

We shall now prove that 

for every i = 1,2, ... , m. From Proposition 1O.18(d) we know that 

Assume that 
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Then there exists an element r E annR(Md \ Pi-I. Set 

M' = Mo EEl MI EEl ... EEl Mi- I and Mil = Mi EEl ... EEl Mm· 

Then the abelian group M decomposes as a direct sum M = M' EEl Mil of 
non-zero subgroups. Note that M'r = M' and M"r = O. There are three 
possible cases, according to whether M' and Mil are or are not submod­
ules of End(MR)M. If both M' and Mil are submodules of End(MR)M, then 
End(MR)M = M' EEl Mil has a non-trivial direct sum decomposition, so that its 
endomorphism ring End(End(MR)M) ~ R has a non-trivial idempotent, contra­
diction. If M' is not a submodule of End(MR)M, then End(RM)M' ~ M', i.e., 
HomR(M', Mil) =I- O. Hence there exist indices k, l such that 0 ::::; k < i ::::; l ::::; m 
and HomR(Mk, Md =I- O. But Mkr = Mk and Mlr = 0, so that for every 
f E HomR(Mk, M1) one has f(Mk) = f(Mkr) = (f(Mk))r ~ M1r = O. Thus 
HomR(Mk, Ml) = 0, a contradiction. Similarly if Mil is not a submodule of 
End(MR)M. In this third case End(RM)M" ~ Mil, i.e., HomR(M", M') =I- O. 
Thus there exist indices k, l such that 0 ::::; k < i ::::; l ::::; m and HomR (Ml' Mk) =I­
O. Lemma 10.21 implies that Pt c Pk, that is, l < k, a contradiction again. 
Therefore in every case we get a contradiction, and this shows that 

for every i = 1,2, ... ,m. 
In particular, for each i = 1,2, ... , m the module Mi is a ~-pure-injective 

faithful module over the ring R/ Pi-I. It is easily seen that it is a Pi / Pi - I -

homogeneous R/ Pi-I-module, so that the ring (R/ Pi-I)P;jPi_1 is noetherian 
by Proposition 1O.18(b). 

The ring R has the a.c.c. on right annihilators by Corollary 10.2. If the 
completely prime ideals of R are Po C PI C ... C Pm, then R has Krull 
dimension m by Theorem 7.35. 

If the completely prime ideals of Rare 0 C Po C PI C ... C Pm, in 
order to conclude the proof applying Theorem 7.35, we must also prove that 
the ring Rpo is noetherian. Now Mo is a faithful R-module, because if r is 
an element of R such that Mor = 0, then r E annRMO ~ Po C Pi, so that 
from Proposition 1O.18(d) we get that Mir = 0 for every i = 1,2, ... , m. Thus 
Mr = 0, i.e., r = 0 because MR is faithful. Hence Mo is a faithful, ~-pure­
injective, Po-homogeneous R-module. From Proposition 1O.18(b) it follows that 
the ring Rpo is noetherian. This allows us to conclude that the chain ring R 
has finite Krull dimension m + 1. 0 



Serial rings that are endomorphism rings 

10.7 Serial rings that are endomorphism rings 
of artinian modules 

257 

The aim of this section is to characterize the serial rings that belong to the 
class A, that is, the serial rings that are isomorphic to endomorphism rings of 
artinian modules. 

Theorem 10.23 The following conditions are equivalent for a serial ring R with 
prime radical N: 

(a) REA. 
(b) The ring R has finite Krull dimension and its classical quotient ring 

is ariinian. 
(c) The ring R has finite Krull dimension and CR(O) = CR(N). 
(d) The ring R is a ring of finite Krull dimension with the a.c.c. on left 

annihilators. 

Proof. Let {el' ... , en} be a complete set of orthogonal primitive idempotents 
of R. 

(a) =? (d). Suppose that REA, so that R ~ End(Ms) for a ring S 
and an artinian S-module Ms and RMS is a bimodule via the isomorphism 
R ~ End(Ms). Every chain ring eiRei is isomorphic to the endomorphism ring 
of the artinian S-module eiMs. Hence eiM is a faithful, balanced, I;-pure­
injective left eiRei-module. By Proposition 10.22 the rings eiRei have finite 
Krull dimension, so that R has finite Krull dimension (Proposition 7.31(c)), 
and R has the a.c.c. on left annihilators by Corollary 10.5. 

(b) {o} (c). By Theorem 7.23. 
(b) {o} (d). By Theorem 6.54. 
(d) =? (a). We claim that if R is a serial ring of finite Krull dimension m 

with the a.c.c. on left annihilators, then there exists a faithful, balanced, I;-pure­
injective, left R-module RM that contains a submodule isomorphic to R/ J(R). 
If we prove the claim, then M is a right module over its endomorphism ring 
S = End(RM), Ms is artinian by the left-right dual of Theorem 10.20, and 
R ~ End(Ms), hence (a) holds. 

The proof of the claim is by induction on m. If m = 0, the serial ring R is 
artinian. Then it is easily verified that the left R-module RM = R E9 R/ J(R) 
has the required properties. 

Suppose m > 0 and that the claim holds for serial rings of Krull dimension 
m - 1 with the a.c.c. on left annihilators. Let R be a serial ring of Krull 
dimension m with the a.c.c. on left annihilators, let K be the derived ideal 
of R (page 190) and let A = R/ K, so that A is a noetherian serial ring. As we 
saw on page 190, the maximal Ore set corresponding to the semi prime Goldie 
ideal K of R is C (K) and the elements of C (K) are regular in R, so that if T 
denotes the quotient ring of R with respect to CR(K), we may assume R <::; T. 
By Theorem 7.37 T is a serial ring of finite Krull dimension m - 1 with the 
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a.c.c. on left annihilators. Moreover, as we remarked on page 190, the ideal K 
is the Jacobson radical of T, T/K is a semisimple artinian ring, and T/K is 
the classical two-sided quotient ring of A = R/K. Set Q = T/K. As Q is a 
semisimple artinian ring, the module QQ is artinian. Hence the module RQ is 
E-pure-injective. By Proposition 6.48 the right A-module Q/ J(A) is artinian, 
so that the left A-module Q/ J(A) is E-pure-injective. In particular, Q/ J(A) is 
E-pure-injective as a left R-module. 

Since we can apply the induction hypothesis to T, there exists a faith­
ful, balanced, E-pure-injective, left T-module TN that contains a submodule 
isomorphic to T/K. In particular, N is a E-pure-injective left R-module. Thus 
if we set 

RM = N {fJ Q {fJ (Q/ J(A)) , 

the left R-module M is E-pure-injective because it is the direct sum of three 
E-pure-injective left R-modules. As TN is faithful, it follows that RN is faithful, 
so RM is faithful. By Lemma 7.36(a) K ~ J(R), so that 

A/J(A) = (R/K)/J(R/K) = (R/K)/(J(R)/K) ~ R/J(R). 

Hence RM :2 Q/ J(A) :2 A/ J(A) ~ R/ J(R). Thus in order to conclude the 
proof of the claim it is sufficient to show that RM is a balanced R-module. 

Let S = End(RM) and let cp E End(Ms). We must prove that cp is left 
multiplication by an element of R. If f E S = End(RM) is an idempotent 
endomorphism of RM, then cp(Mf) = (cpM)f ~ Mf. Since all the direct 
summands of RM are of the form M f for some idempotent f E S, we have 
that every direct summand of RM is stable under the action of cpo Hence there 
exists an endomorphism a of the right End(RN)-module N, an endomorph­
ism (3 of the right End(RQ)-module Q, and an endomorphism 'Y of the right 
End(R(Q/J(A)))-module Q/J(A) such that cp(x,y,z) = (a(x),(3(y),'Y(z)) for 
every x E N, y E Q, z E Q/ J(A). As N is a left T-module and T is the 
quotient ring of R with respect to a set of regular elements, it follows that 
End(RN) = End(TN). Hence a is an endomorphism of the right End(TN)­
module N. As TN is balanced, there exists t E T such that a(x) = tx for every 
xEN. 

We shall now prove that (3(y) = ty for every y E Q = T / K. Since TN 
contains a submodule isomorphic to T / K = Q, there exists a monomorphism of 
T-modules f: TQ ----+ TN. Let 1': RM ----+ RM be the homomorphism defined by 
f'(x, y, z) = (f(y), 0, 0) for every (x, y, z) E N{fJQ{fJ(Q/ J(A)) = RM. As f' E S 
and cp E End(Ms), we have that (cp(O,y,O))f' = cp((O,y,O)f') for every y E Q, 
from which f((3(y)) = a(f(y)). Thus f((3(y)) = a(f(y)) = t(f(y)) = f(ty). 
Since f is injective, it follows that (3(y) = ty for every y E Q. 

Now we prove that t E Rand 'Y(z) = tz for every z E R(Q/J(A)). Let 
p: RQ ----+ R(Q/ J(A)) denote the canonical projection and let p': RM ----+ RM be 
the homomorphism defined by 

p'(x,y,z) = (O,O,p(y)) 
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for every (x, y, z) E NEB Q EB (Q/ J(A)) = RM. As p' E Sand cp E End(Ms), 
we obtain that (cp(O, y, O))p' = cp((O, y, O)p') for every y E Q. Then 

p(f3(y)) = ,(p(y)) 

for every y E Q. In particular, for y = 1Q we have that 

,(1Q + J(A)) = ,(p(lQ)) == p(f3(lQ)) = p(t· 1Q) = pet + K). 

Since , is an endomorphism of the right End(R (Q / J (A )))-module Q / J (A), , 
is a fortiori an endomorphism of the right A-module (Q/J(A))A. Hence the 
socle of (Q / J (A)) A is invariant under the action of ,. By Proposition 6.48 the 
socle of (Q/J(A))A is A/J(A), and therefore ,(A/J(A)) ~ A/J(A), so that 
pet + K) = ,(lQ + J(A)) E A/ J(A). Thus t + K E A = R/ K, that is, t E R. 

Finally, for every z E Q/ J(A) there exists y E Q with p(y) = z. Then 
,(z) = ,(P(y)) = p(f3(y)) = p(ty) = t(p(y)) = tz. This shows that 0:, f3 and, 
are left multiplication by the element t E R. Hence cp is left multiplication by 
the element t of R, which concludes the proof of the claim. 0 

In particular, every serial ring that is either left noetherian or right noe­
therian belongs to A, because every such ring has Krull dimension at most one 
(Corollary 7.32) and has the a.c.c. on left annihilators (Theorem 6.54). 

In the remaining part of this section we shall give an example that shows 
that the conditions which characterize the serial rings belonging to A (Theorem 
10.23) do not hold for arbitrary rings belonging to A. 

Example 10.24 There exists an indecomposable artinian right module MT over 
a ring T such that E = End(MT) is a commutative ring of infinite Goldie 
dimension. In particular, E fails to have Krull dimension. 

Proof. We shall construct the ring E making use of Proposition 8.17. Let 
KeF be fields such that F is a field extension of infinite degree over K. Let 
F[x] be the ring of polynomials in one indeterminate x with coefficients in F 
and let A = F[xl/(x2 ), so that A can be viewed as the trivial extension F ex: F, 
that is, the abelian group F EB F with multiplication defined by 

(a, b)(e, d) = (ac, ad + be) 

for every (a, b), (c, d) E F EB F. Then A is a commutative artinian ring that 
contains the trivial extension E = K ex: F as a subring. It is easily seen that 
E is a local ring with maximal ideal J = 0 ex: F. Then N = E (E / J) E is a 
bimodule, which is obviously simple both as a left and as a right E-module. 
The left E-module E(A/ E) is semisimple, so it is cogenerated by EN. By 
Proposition 8.17 there exists an artinian right module MT over a ring T such 
that E ~ End(MT). Since E is local, MT is indecomposable, and E has infinite 
Goldie dimension, because F is a vector space of infinite dimension over K. In 
particular, E fails to have Krull dimension by Proposition 7.13. 0 
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Observe that the endomorphism ring E of Example 10.24 is a commutative 
local ring with maximal ideal J for which the semi simple E-module Jj j2 is not 
finitely generated. Also note that E coincides with its classical quotient ring. 

10.8 Localizable systems and L:-pure-injective 
modules over serial rings 

In Section 10.4 we described the structure of indecomposable 'L.-pure-injective 
modules over chain rings making use of localization at completely prime ideals. 
In this section we shall extend those results to serial rings by describing the 
structure of 'L.-pure-injective modules over serial rings. We apply the theory of 
localizable systems developed in Section 6.5. 

In this section R will denote a serial ring and {el, ... , en} will denote a 
complete set of orthogonal primitive idempotents of R. 

Theorem 10.25 Let MR be an indecomposable 'L.-pure-injective module over a 
serial ring R. For every indexi = 1, ... , n set Pi = {r E eiRei I (0 :Mei r) =I- O} 
andP=(H, ... ,Pn). Then 

(a) P = (PI, ... , Pn) is a localizable system for R. 

(b) For every i = 1, ... , n and every r E eiRei \ Pi, right multiplication by r 
is an automorphism of the uniserial artinian left End(MR)-module Mei. 

(c) The R-module structure over MR extends uniquely to an Rp-module 
structure over M, and Mgp is 'L.-pure-injective and indecomposable. 

(d) If MR is faithful, then MRp is faithful. 

Proof. The left End(MR)-modules M ej are uniserial artinian modules (Corol­
lary 10.12). Hence (a) is an immediate application of Proposition 6.27. Part 
(b) holds because every injective endomorphism of an artinian module is an 
automorphism (Lemma 2.16(b)). In order to prove (c) we argue as in the proof 
of Theorem 1O.16(b) applying the universal property of Rp (Proposition 6.22). 
For this it suffices to show that for every x E Xp right multiplication by x 
is an automorphism of the abelian group M. This follows from (b) and the 
equality x = I:~=I eixei. Therefore 1\,1 is an Rp-module. The remaining part 
of (c) follows from Lemma 10.15. Finally, if MR is faithful and q is an element 
of R p , then q = rx- I for suitable r E R, x E Xp (Section 6.5). Thus Mq = 0 
implies Mr = 0, so r = O. This proves (d). 0 

In Theorem 10.16(a) we saw that it is possible to associate a completely 
prime ideal P to every indecomposable 'L.-pure-injective module over a chain 
ring. In Theorem 10.25(a) we have just seen that it is possible to associate a 
localizable system P = (PI, ... , Pn ) to every indecomposable ~-pure-injective 
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indecomposable module over a serial ring. In this notation P = (PI, ... ,Pn ) is 
said to be the localizable system of MR. We now show how to extend to modules 
over arbitrary serial rings the definition of homogeneous module we gave in 
Section 10.5 for modules over chain rings. Let MR be a :E-pure-injective module 
over a serial ring R. Then MR is a direct sum of indecomposable modules Mi, 
i E I, in an essentially unique way (Theorem 2.29). Let P = (PI, ... , Pn ) be a 
localizable system for R. The :E-pure-injective module M = EBiEI Mi over the 
serial ring R is said to be P -homogeneous (and P is said to be the localizable 
system of M R) if P is the localizable system of Mi for every i E I. 

Example 10.26 Let P = (PI, ... , Pn ) be a localizable system for a serial ring R, 
let Rp be the localization of Rat P and let MR be a P-homogeneous :E-pure­
injective R-module. From Theorem 10.25(c) it is easily seen that M is an Rp­
module, which is :E-pure-injective by Lemma 10.15. A complete set of primitive 
orthogonal idempotents for the ring Rp is given by the set 

{ei I i = 1,2, ... ,n, Pi =f. 0} 

(Proposition 6.24(c)). As an example we shall prove that the module M is 
homogeneous as a :E-pure-injective Rp-module and that the localizable system 
for the ring Rp associated with the :E~pure-injective Rp-module M is the lo­
calizable system given by all maximal ideals of the chain rings eiRpei (where 
i ranges over the set of all the indices i = 1,2, ... ,n with Pi =f. 0). 

In order to prove this, we may suppose without loss of generality that 
MR is indecomposable. Let i be an index such that Pi =f. 0. We must prove 
that Qi = {q E eiRpei I (0 :Mei q) =f. O} coincides with the maximal ideal 
of the chain ring eiRpei. Now Pi =f. 0 implies that M ei =f. 0, so Qi =f. 0. Thus 
Qi is a completely prime ideal of eiRpei' To show that Qi is the maximal 
ideal of eiRpei it is sufficient to prove that every element q of eiRpei not 
in Qi is invertible in eiRpei. Now q E eiRpei can be written in the form 
q = eiseiy-l for suitable s E Rand y E Xp (Lemma 6.23(b)). If q ~ Qi, then 
(0 :Mei q) = 0, so that (0 :Mei eisei) = O. Hence eisei E eiRei \ Pi. Then 
x = (1 - ei) + eisei E Xp. Hence x is invertible in Rp. If x-I is the inverse 
of x in Rp it is easily seen that eiyx-Iei is a right inverse for q = eiseiy-l in 
eiRpei. Thus q is right invertible in the chain ring eiRpei' But in a local ring 
every right invertible element is invertible. D 

Now we shall prove that every P-homogeneous :E-pure-injective module 
over a serial ring R is a module over the ring Rp/annRp(M) and that this ring 
is serial and noetherian. This generalizes Theorem 10.16, in which the case of 
a chain ring R was considered. We begin by showing that Rp/annRp(M) is 
right noetherian. 

Lemma 10.27 Let R be a serial ring and let P = (PI, ... , Pn ) be a localiz­
able system for R. If MR is a P-homogeneous :E-pure-injective R-module, then 
Rp / annRp (M) is a serial right noetherian ring. 
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PToof. If M is a P-homogeneous I:;-pure-injective R-module, then ]vI is a 
homogeneous I:;-pure-injective Rp-module and the localizable system for the 
ring Rp associated with the I:;-pure-injective Rp-module M is the localizable 
system given by all the maximal ideals of the chain rings eiRpei (Example 
10.26). Hence we may assume without loss of generality R = Rp/annRp(M), 
that is, we may suppose that MR is a P-homogeneous I:;-pure-injective faithful 
module over the serial ring Rand P = (PI, ... , Pn ) is the localizable system 
for R in which Pi is the maximal ideal of eiRei for each i = 1,2, ... , n, and we 
have to prove that the ring R is right noetherian. 

For this it suffices to show that for every fixed index i the right module 
eiR is noetherian. As eiR is uniserial, it is noetherian if and only if it has the 
a.c.c. on cyclic submodules. Let 

(10.6) 

be an ascending chain of cyclic submodules of eiR, where TO, Tl, T2, ... E R. 
Since eiR is uniserial and eiTtR = I:7=1 eiTtejR, for every t 2': 0 there exists 
j(t) = 1,2, ... , n such that eiTtR = eiTtej(t)R. Consider the n subchains 
{eiTtej(t)R I t 2': 0, j(t) = j}, j = 1,2, ... , n, of the chain (10.6). If we 
prove the all these n sub chains are stationary, then the chain (10.6) is nec­
essarily stationary. Hence we must prove that for every index j = 1,2, ... , n 
every ascending chain of the type eisoejR <;;; eiSlejR <;;; ... , So, Sl, ... E R, 
is stationary. As MR is a I:;-pure-injective R-module, the descending chain of 
finitely definable subgroups (0 :M eiSOej) :2 (0 :M eiSlej) :2 ... of MR is 
stationary. Hence in order to conclude the proof it is sufficient to show that 
(0 :M eiSkej) = (0 :M eiSk+lej) implies eiSkejR = eiSk+lejR. 

Suppose (0 :M eiSkej) = (0 :M eisk+lej). Since eiSkejR <;;; eiSk+lejR, 
if eisk+lej = 0, then eiSkejR = eisk+lejR. Suppose eisk+lej =I- o. As MR is 
faithful, there exists an indecomposable direct summand N of MR such that 
NeiSk+1ej =I- O. In particular, Nej =I- 0 and Nei =I- (0 :Nei eisk+lej). From 
eiSkejR <;;; eisk+1ejR it follows that there exists s' E R such that 

Right multiplication by eiSkej induces a monomorphism of left End(N R)­
modules Ned(O :Nei eiSkej) ----; Nej. Similarly, right multiplication by eisk+lej 
induces a monomorphism of left End(NR)-modules Ned(O :Nei eisk+lej) ----; 
N ej and right multiplication by ej s' ej induces an endomorphism of the left 
End(NR)-module Nej. Note that (0 :M eiSkej) = (0 :M eisk+1ej) forces 
(0 :Nei eiSkej) = (0 :Nei eisk+lej). Now Nei, Nej are uniserialleft End(NR)­
modules (Corollary 10.12). From the equality eiSkej = eisk+lej . ejs'ej and 
Lemma 6.26(a) we obtain that the endomorphism of Nej given by right mul­
tiplication by ejs' ej is a monomorphism. Hence ejsej ¢:. Pj . Thus ejsej is 
invertible in ejRej, and eiSkejR = eisk+lejR, as desired. 0 
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We know that projective modules over a serial ring are serial (Theorem 
3.1O(b)). Similarly, finitely presented modules over a serial ring are serial (Cor­
ollary 3.30). We shall now show that :E-pure-injective modules over a serial ring 
are serial as well. 

Theorem 10.28 Every indecomposable :E-pure-injective module ove1' a serial 
ring is uniserial. Every :E-pure-injective module over a serial ring is serial. 

Proof. If MR is an indecomposable :E-pure-injective module over a serial ring 
R, then there exists a localizable system P = (Pl , ... , Pn ) with the property 
that M is a faithful, indecomposable, :E-pure-injective module over the serial 
right noetherian ring Rp/annR-p(M) (Theorem 10.25 and Lemma 10.27). By 
Proposition 10.14 the Rp/annR-p (M)-module M is injective, and so uniserial 
(Lemma 5.17). By Corollary 6.25 the uniserial Rp-module M is uniserial as an 
R-module. This proves the first part of the statement. The second part follows 
from the first one and Theorem 2.29. D 

From Theorem 10.28, the notion of homogeneous :E-pure-injective module 
given for modules over chain rings in Section 10.5 is compatible with that for 
modules over serial rings given in this section. This is proved in the following 
corollary. 

Corollary 10.29 Let R be a serial ring and let P = (Pl , ... , Pn ) be a localiz­
able system for R. If MR is an indecomposable P -homogeneous :E-pure-injectivf 
right R-module and i = 1,2, ... ,n, then either M ei = 0 or M ei is an indecom­
posable Pi-homogeneous :E-pure-injective right eiRei-module. 

Proof. Let MR be a :E-pure-injective right R-module. Suppose M ei i=- o. 
By Corollary 1.44 the right eiRei-module M ei is :E-pure-injective. If MR is 
indecomposable, then MR is uniserial by Theorem 10.28. Then M ei is a uni­
serial module over eiRei (if x, y E M, there exists r E R such that either 
xei = yeir or yei = xeir because MR is uniserial, so that either xei = yei' eirei 
or yei = xei . eirei). In particular, the eiRei-module Mei is necessarily inde­
composable. 

Finally, if MR is indecomposable and P-homogeneous, then 

Hence M ei is Pi-homogeneous. 

In Lemma 10.27 we saw that if R is a serial ring and MR is a P-homo­
geneous :E-pure-injective R-module, then the serial ring Rp/annR-p(M) is right 
noetherian. In the next theorem we show that it is also left noetherian. 

Theorem 10.30 Let R be a serial ring and let P = (Pl , ... , Pn ) be a localiz­
able system for R. If MR is a P-homogeneous :E-pure-injective R-module, ther. 
Rp/annR-p(M) is a serial noetherian ring. 
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Proof. Let M be a P-homogeneous ~-pure-injective R-module. We have to 
show that RpjannRp(M) is left noetherian. From Example 10.26 we know 
that M is a homogeneous ~-pure-injective Rp-module and the localizable 
system for the ring Rp associated with the ~-pure-injective Rp-module M 
is the localizable system given by all maximal ideals of the chain rings eiRpei. 
Hence we may assume R = RpjannRp(M) without loss of generality, that 
is, may assume that MR is a P-homogeneous ~-pure-injective faithful module 
over the serial ring Rand P = (PI"'" Pn ) is the localizable system for R in 
which Pi is the maximal ideal of eiRei for each i = 1,2, ... , n. We have to 
prove that the ring R is left noetherian. As in the proof of Lemma 10.27 it 
suffices to show that for every pair of indices i, j = 1,2, ... ,n, every ascending 
chain of the type RejSOei ~ Rej81ei ~ ... , with 80,81, ... E R, is stationary. 
Suppose the contrary, that is, suppose that there exists a sequence 80, 81 , ... of 
elements of R such that Rej80ei C Rej81ei C .... For every m ~ 0 there exists 
tm E R such that ej8mei = tmej8m+1ei' Then ejtmej E Pj for every m ~ 0, 
because otherwise ejRejtmej = ejRej, so that ej8mei = ejtmej8m+lei forces 
ejRej8mei = ejRej8m+lei. Hence ej8m+lei E Rej8mei, a contradiction. Thus 
ejtmej E Pj for every m, so that 

ej81ei = (ejtlej)(ejt2ej)'" (ejtmej) (ej8m+1 ei) E PF(ej8m+lei) 

for every m ~ O. Now from Rej80ei C Rej81ei it follows that ej81ei #- 0, 
so that Mej81ei #- 0 because MR is faithful. Hence there exists x E M with 
Xej81ei #- O. By Proposition 1O.18(c) applied to the Pj-homogeneous ~-pure­
injective ejRermodule Mej it follows that there exists an integer k ~ 0 such 
that xejP} = O. Thus Xej81ei E xejP}(ej8k+1ei) = 0, contradiction. D 

10.9 Notes on Chapter 10 

Proposition 10.1 was proved by [Fisher 72, Theorem 1.5] in the case in which R 
is the endomorphism ring of an artinian module and generalized by [Zimmer­
mann, Satz 6.2] to the case of a faithful ~-pure-injective module MR (Corollary 
10.2). The proof of Proposition 10.1 we have given here is essentially the origi­
nal proof of [Fisher 72, Theorem 1.5]. In [Goldie and Small] it was proved that 
every nil subring of the endomorphism ring of a noetherian module is nilpot­
ent too. [Procesi and Small] had previously proved that each nil subring of the 
endomorphism ring of a noetherian module over a ring that satisfies a polyno­
mial identity is nilpotent. 

The proof that (b) =} (c) in Example 10.3 is taken from [Chatters and 
Hajarnavis, Lemma 1.16]. 

If R and T are Morita equivalent rings, then R is an exchange ring if and 
only if T is an exchange ring [Nicholson]. 

It is easily seen that if R is a commutative ring and MR is an artinian 
module, then End(MR) is a left and right noetherian ring [Camps and Facchini, 
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Theorem 2.2]. Propositions 10.6 and 10.7 are due to [Quanshui and Golan], who 
proved them for the endomorphism ring of an S-module which is T-torsionfree 
T-artinian with respect to a torsion theory T = (7, F) on S-Mod. 

Distributive modules may be viewed as a generalization of uniserial mod­
ules. A module M over a commutative ring R is distributive if and only 
if the localization Mp is a uniseriaI Rp-module for every maximal ideal P 
of R [Albu and Nastasescu, § 1]. Theorem 10.8 and Corollary 10.9 are due 
to [Stephenson]. Theorem 10.11 and Corollaries 10.12 and 10.13 are essen­
tially due to [Eklof and Herzog] and [Puninski 94]. These authors used tech­
niques of model theory, and their results are more general than ours, be­
cause they proved them for pure-injective indecomposable modules over serial 
rings [Eklof and Herzog, Corollary 2.5], while our Corollary 10.12 concerns only 
~-pure-injective indecomposable modules over serial rings. (From this it follows 
that Proposition 6.27 and localization with respect to a localizable system can 
be applied to the study of arbitrary pure-injective indecomposable modules 
over serial rings, and not only to the study of ~-pure-injective indecomposable 
modules over serial rings as we have done in this chapter.) Similarly, Punin­
ski proved that every pure-injective module over a chain ring is distributive as 
a module over its endomorphism ring [Puninski 94, Corollary of Theorem 1], 
while from Theorem 10.11 it only follows that every ~-pure-injective module 
over a chain ring is distributive as a module over its endomorphism ring. The 
technique we have used in proving Theorem 10.11 is also due to [Puninski 94, 
Proof of Theorem 1]. 

Most of the results from Proposition 10.14 to the end of the chapter come 
from [Facchini and Puninski 95] and [Camps, Facchini and Puninski]. Example 
10.24 is due to [Camps and Facchini], and following the construction in the 
proof of Proposition 8.17 it would be easily seen that the ring T in Example 
10.24 is a ring that satisfies the polynomial identity (xY_YX)2 = O. For further 
information about ~-pure-injective modules over serial rings see [Facchini and 
Puninski 95]. 

The idea we used in Section 10.7 to characterize the serial rings that belong 
to the class A, that is, the serial rings that are isomorphic to endomorphism 
rings of artinian modules, was the following. We wanted to determine whether 
a serial ring R belongs to A. If R belongs to A and Ms is an artinian module 
over a suitable ring S such that R ~ End(Ms), then RMS is a bimodule, and 
RM is necessarily a faithful, balanced, ~-pure-injective R-module. Conversely, 
suppose we are able to describe all faithful, balanced, ~-pure-injective left 
modules over a ring R. If one of these modules is artinian as a right mod­
ule over its endomorphism ring, then REA. Hence we were able to determine 
the serial rings in A because we had a sufficiently good description of ~-pure­
injective modules over serial rings. 

The same idea can be used to determine other classes of rings contained 
in A. This has been done, for instance, in [Camps and Facchini], where a 
complete characterization of the commutative Priifer rings that belong to A 
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is given. Recall that a commutative ring R is a Priifer ring (or an arithmeti­
cal ring) if the localization Rp is a chain ring for every maximal ideal P of 
R, that is, if R is a distributive R-module. For a complete classification of 
'L.-pure-injective modules over a Priifer ring see [Prest and Puninski]. 
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Open Problems 

1. [Crawley and Jonsson, p. 854] Does a module with the finite exchange 
property have the exchange property? For some partial information on 
this problem see the notes on Chapter 2 on page 71. 

2. Is every direct summand of a direct sum of modules with local endo­
morphism rings a direct sum of modules with local endomorphism rings? 
See Corollary 2.55 and the remark which follows it. 

3. [Matlis, p. 517] Let R be a ring and M = ElliE! Mi a right R-module which 
is a direct sum of indecomposable, injective submodules Mi. Is every 
direct summand of M also a direct sum of indecomposable, injective mod­
ules? By Theorem 2.12 this is equivalent to: "Let M = ElliE! Mi be a direct 
sum of indecomposable, injective submodules Mi. Does every direct sum 
decomposition of M refine to a decomposition into indecomposable direct 
summands?" If R is right noetherian the answer is "yes", because in this 
case the module M is injective [Anderson and Fuller, Proposition 18.13], 
so that every direct summand of M is a direct sum of indecomposable, 
injective modules [Anderson and Fuller, Theorem 25.6]. 

4. In Section 4.2 we encountered some properties of modules with semilocal 
endomorphism rings. Determine further properties of such modules. 

5. In [Herbera and Shamsuddin] some classes of modules with semilocal 
endomorphism ring were determined (see Section 4.3 in this book). 
Determine further classes of modules with semilocal endomorphism rings. 

6. Extend Corollary 4.17 to serial modules of arbitrary Goldie dimension. 
More precisely, if E is the endomorphism ring of a serial module of finite 
Goldie dimension, then E / J (E) is a semisimple artinian ring, i.e., the 
endomorphism ring of a semisimple module of finite length. Now let E be 
the endomorphism ring of a serial module of infinite Goldie dimension. 
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What can one say about E / J (E)? Which properties of endomorphism 
rings of semis imp Ie modules (of infinite length) hold for E/J(E)? For 
instance, is E / J(E) a right self-injective ring? Is it a Von Neumann reg­
ular ring? Is E / J (E) of Type I in the sense of [Goodearl 91, Chapter 
10]7 

7. Does the Krull-Schmidt Theorem hold for artinian modules over a local 
ring R? Recall that it holds if R is either right noetherian or commutative 
(Section 2.12) and it does not hold if R is an arbitrary (non-local) ring 
(Section 8.2). 

8. Let A be the class of rings that are isomorphic to endomorphism rings of 
artinian modules. Krull's problem was solved in Section 8.2 by showing 
that every ring in the class F of all module-finite algebras over commuta­
tive noetherian semilocal rings can be realized as the endomorphism ring 
of an artinian module over a suitable ring, i.e., by showing that F <;: A 
(Proposition 8.18). 

Determine other significant classes of rings F with F <;: A. 

9. Let MR be a serial module of finite Goldie dimension. Is every direct 
summand of MR a serial module? Equivalently, is every indecompos­
able direct summand of a serial module MR of finite Goldie dimension a 
uniserial module? The answer is "yes" in the following cases: 

(a) when MR is a finite direct sum of uniserial modules of type 1 (The­
orem 2.12). 

(b) when the base ring R is serial and the module MR is finitely pre­
sented (because if R is a serial ring and MR is a finitely presented 
module, then every direct summand of MR is finitely presented, and 
so serial by Corollary 3.30). 

(c) when the base ring R is either commutative or right noetherian 
(Corollary 9.25). 

(d) if M S'! un for some uniserial module U [Dung and Facchini a, The­
orem 2.7]. 

For some other cases in which the answer is "yes" see [Dung and 
Facchini a]. 

10. Is every direct summand of a serial module a serial module? 

This generalizes Problem 9 to serial modules of possibly infinite Goldie 
dimension. The answer is "yes" if the base ring is either commutative or 
right noetherian (Corollary 9.25). Note that by Corollary 2.49 it suffices to 
consider direct summands of direct sums of countable families of uniserial 
modules. 
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11. Is every pure-projective module over a serial ring serial? Is every inde­
composable pure-projective module over a serial ring uniserial? This is a 
particular case of Problem 10. 

12. Let M be a serial module and let N be a non-zero direct summand of lvI. 
Does N contain an indecomposable direct summand? 

13. (This is a particular case of Problem 12.) Let U be a uniserial module, 
let I be an index set and let N be a non-zero direct summand of the 
direct sum U(I) of copies of U. Does N contain an indecomposable direct 
summand? 

14. Most questions about direct summands of serial modules can be reduced 
to problems about endomorphism rings of serial modules. We have solved 
some problems about direct sum decompositions of artinian modules 
realizing large enough classes of rings as endomorphism rings of artinian 
modules (Section 8.2). Hence describe the structure of endomorphism 
rings of serial modules (both in the case of serial modules of finite Goldie 
dimension and in the case of serial modules of infinite Goldie dimension), 
and determine sufficiently large classes of rings that can be realized as 
endomorphism rings of serial modules. 

15. Do there exist uniserial modules that are not quasi-small? For some 
characterization of these modules see [Dung and Facchini 97, §4]. 

16. Consider the following two properties: 

(1) n-th root property: if A and B are two modules and An is isomorphic 
to B n for some positive integer n, then A is isomorphic to B. 

(2) No-th root property: if A and B are two modules and the direct sum 
A(No) of count ably many copies of A is isomorphic to the direct sum B(No) 

of countably many copies of B, then A is isomorphic to B. 

It follows easily from the Krull-Schmidt-Remak-Azumaya Theorem, that 
the n-th root property and the No-th root property hold for modules A 
and B with local endomorphism rings. We saw in Proposition 4.8 that 
the n-th root property holds for modules with a semilocal endomorphism 
ring. In particular, the n-th root property holds for serial modules of finite 
Goldie dimension. Professor Lawrence Levy (private communication) has 
found a nice example that shows that the No-th root property does not 
hold for indecomposable modules A and B with semilocal endomorphism 
rings. Does the No-th root property hold for uniserial modules A and 
B? The answer is "yes" if either A or B is a cyclic uniserial module 
[Dung and Facchini a, Proposition 2.11]. 

17. Let Ms be an artinian module over an arbitrary ring " and let R = 
End(Ms). Does R only have a finite number of minimal prime ideals? The 
answer is "yes" if R is a commutative semiprime ring (Example 10.3). 
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18. In Section 10.2 we determined some properties that hold for rings in the 
class A = {R I R ~ End(Ms) for some artinian module Ms over some 
ring S}, i.e., properties of the endomorphism rings of arbitrary artinian 
modules over arbitrary rings. For instance, we have seen that every ring 
R in the class A has the following properties: (1) it is semilocal, (2) 
it satisfies the ascending chain condition on left annihilators, (3) each 
nil subring of R is nilpotent of bounded index of nilpotency. Determine 
further properties that hold for endomorphism rings of artinian modules. 

19. Every nil subring of the endomorphism ring of an artinian module is 
nilpotent (Corollary 10.5). Nil subrings of a ring with right or left Krull 
dimension are nilpotent (Corollary 7.22). And every serial ring that is 
the endomorphism ring of an artinian module has finite Krull dimension 
(Theorem 10.23). Is there any relation between a ring being isomorphic 
to the endomorphism ring of an artinian module and having (finite) Krull 
dimension? Are there other properties that hold both for endomorphism 
rings of artinian modules and for rings with right or left Krull dimension? 
For an example of an endomorphism ring of an artinian module that fails 
to have Krull dimension see Example 10.24. 

20. Give an example of an artinian module Ms over a ring S such that 
End(Ms) is not contained in any right artinian ring. 

21. Let PI be the class of all serial rings. In Theorem 10.23 we found a 
complete characterization of the rings in PI that are endomorphism rings 
of artinian modules, that is, a characterization of the rings in the class 
PI n A. Similarly, let P2 be the class of all commutative Prufer rings. A 
complete characterization of the rings in P2 that are endomorphism rings 
of artinian modules is given in [Camps and Facchini]. This is a charac­
terization of the rings in P2 n A. 

Determine characterizations of the rings in P n A for other significant 
classes P of rings. 
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