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Preface

This expository monograph was written for three reasons. Firstly, we wanted to
present the solution to a problem posed by Wolfgang Krull in 1932 [Krull 32].
He asked whether what we now call the “Krull-Schmidt Theorem” holds for ar-
tinian modules. The problem remained open for 63 years: its solution, a negative
answer to Krull’s question, was published only in 1995 (see [Facchini, Herbera,
Levy and Vdmos]). Secondly, we wanted to present the answer to a question
posed by Warfield in 1975 [Warfield 75]. He proved that every finitely pre-
sented module over a serial ring is a direct sum of uniserial modules, and asked
if such a decomposition was unique. In other words, Warfield asked whether
the “Krull-Schmidt Theorem” holds for serial modules. The solution to this
problem, a negative answer again, appeared in [Facchini 96]. Thirdly, the so-
lution to Warfield’s problem shows interesting behavior, a rare phenomenon
in the history of Krull-Schmidt type theorems. Essentially, the Krull-Schmidt
Theorem holds for some classes of modules and not for others. When it does
hold, any two indecomposable decompositions are uniquely determined up to
a permutation, and when it does not hold for a class of modules, this is proved
via an example. For serial modules the Krull-Schmidt Theorem does not hold,
but any two indecomposable decompositions are uniquely determined up to
two permutations. We wanted to present such a phenomenon to a wider math-
ematical audience.

Apart from these three reasons, we present in this book various topics
of module theory and ring theory, some of which are now considered classical
(like Goldie dimension, semiperfect rings, Krull dimension, rings of quotients,
and their applications) whereas others are more specialized (like dual Goldie
dimension, semilocal endomorphism rings, serial rings and modules, exchange
property, X-pure-injective modules).

We now consider the three reasons above in more detail.

1) Krull’s problem. The classical Krull-Schmidt Theorem says that if Mg
is a right module of finite composition length over a ring R and

MR:Al@"‘@An:Bl@"'@Bm

are two decompositions of Mp as direct sums of indecomposable modules, then

ix
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n = m and, after a suitable renumbering of the summands, A; & B; for every
i=1,...,n. In the paper [Krull 32, pp. 37-38] Krull recalls this theorem and
asks whether the result remains true for artinian modules; that is, whether
A ®---©A, =B1D--® By, with each A; and B; an indecomposable artinian
right module over a ring R, implies that m = n and, after a renumbering of
the summands, A; & B; for each i.

During the years Krull’s question was not forgotten (see for instance [Levy,
p. 660}), and various partial results were proved. For instance, [Warfield 69a,
Proposition 5] showed that the answer is “yes” when the ring R is either right
noetherian or commutative (Proposition 2.63). He did this by showing that,
over any ring, every artinian indecomposable module with Loewy length < w
has a local endomorphism ring. By the Krull-Schmidt-Remak-Azumaya The-
orem, direct sums of indecomposable modules with local endomorphism rings
have unique direct sum decompositions, even when the direct sum contains in-
finitely many terms, so that Warfield could conclude that the answer to Krull’s
question was positive if the base ring R was right noetherian or commutative.

Since direct sum decompositions of modules correspond to decormposi-
tions of their endomorphism ring in a natural way, Krull’s problem is a par-
ticular case of the problem of determining what kinds of rings can occur
as endomorphism rings of artinian modules. Rosa Camps and Warren Dicks
[Camps and Dicks] showed that the endomorphism ring of any artinian mod-
ule is semilocal, i.e., semisimple artinian modulo its Jacobson radical (The-
orem 4.12). This allowed them to prove that artinian modules cancel from
direct sums; that is, if M @ A &2 M @ B with A and B arbitrary modules
and M artinian, then A = B (Corollary 4.6). All module-finite algebras over a
semilocal noetherian commutative ring are semilocal, and applying a result of
Camps and Menal it is possible to prove that all such module-finite algebras
are isomorphic to endomorphism rings of artinian modules (Corollary 8.18).
Therefore all decompositions of noetherian modules over the semilocal rings
that occur in integral representation theory yield corresponding decomposi-
tions of artinian modules over suitable rings. Using this, it is possible to con-
struct various examples. For instance, fix an integer n > 2. Then there is a
ring R and an artinian right module Mg which is the direct sum of 2 inde-
composable modules, and also the direct sum of 3 indecomposable modules,
and also the direct sum of 4 indecomposable modules, and ..., and also the
direct sum of n indecomposable modules (Example 8.21). There exists another
ring R with four indecomposable, pairwise nonisomorphic, artinian modules
My, My, M3, My such that My & My & M3 & My (Example 8.20).

These examples answer Krull’s question: the Krull-Schmidt Theorem fails
for artinian modules.

2) Warfield’s problem. Recall that a module is said to be uniserial if for
any submodules A and B of M either A C B or B C A. A serial module
is a module that is a direct sum of uniserial modules, and a ring R is serial
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if the two modules R and R are both serial modules. Important classes of
rings yield examples of serial rings. For instance, semisimple artinian rings,
commutative valuation rings, and rings of triangular matrices over a field are
serial rings.

In 1975 R. B. Warfield published a paper in which he described the struc-
ture of serial rings and proved that every finitely presented module over a serial
ring is a direct sum of uniserial modules [Warfield 75]. On page 189 of that pa-
per, talking of the problems that remained open, he said that “...perhaps the
outstanding open problem is the uniqueness question for decompositions of a
finitely presented module into uniserial summands (proved in the commutative
case and in one noncommutative case by [Kaplansky 49]).” In other words,
Warfield asked whether the Krull-Schmidt Theorem holds for direct sums of
uniserial modules.

Warfield’s problem was solved completely in [Facchini 96] by giving a
counterexample: Krull-Schmidt fails for serial modules. For instance, fix an
integer n > 2. Then there exist 2n pairwise non-isomorphic finitely presented
uniserial modules Uy, Us, ..., Uy, V1, Va,...,V, over a suitable serial ring such
that Uy @ Us®-- - 6o U, 2 Vi & Vo ® -V, (Example 9.21).

3) The weak Krull-Schmidt Theorem for serial modules. As we have just
said, the Krull-Schmidt Theorem does not hold for direct sums of uniserial
modules. Nevertheless, a weak form of the Krull-Schmidt Theorem still holds
for these modules. If A and B are modules, write [A],, = [B]m if A and B
are in the same monogeny class, that is, if there is a monomorphism A — B
and a monomorphism B — A. Similarly, write {A]. = [B]e if A and B are
in the same epigeny class, that is, if there is an epimorphism A — B and
an epimorphism B — A. If Uy,...,U,, V1,...,V; are uniserial modules, then
U09---6eU, 2V -0V, if and only if n = t and there are two permutations
o,7 of {1,...,n} such that [Um = [V)lm and [Uile = [Vyyle for every
1 = 1,...,n. This is a rare phenomenon: the isomorphism class of a serial
module is completely determined up to two permutations.

Such a weak form of the Krull-Schmidt Theorem holds not only for direct
sums of uniserial modules, but, more generally, for direct sums of biuniform
modules, i.e., modules that are uniform and couniform (Chapter 9).

This book also deals with a number of other topics as well. For instance,
we study the class of the rings that can be realized as endomorphism rings
of artinian modules, and serial rings belonging to this class are characterized.
We introduce X-pure-injective modules, because every artinian module is -
pure-injective as a module over its endomorphism ring. In order to determine
whether a ring can be realized as the endomorphism ring of an artinian module,
we may look for sufficient information about the structure of its -pure-injective
modules. We consider modules with the exchange property, semiperfect rings,
serial rings, their Krull dimension and their quotient rings.

The last chapter contains some open problems.
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Chapter 1

Basic Concepts

In this book we shall consider unital right modules over associative rings with
identity 1 # 0.

1.1 Semisimple rings and modules

In the two first sections of Chapter 1 we introduce some basic results that will
be necessary in the book. All these results are elementary, well-known, and
can be found in most text-books of ring theory or module theory, so that we
shall not give a proof of all the statements. We refer the reader to the book of
[Anderson and Fuller].

Recall that a module M is simple if 0 and M are the only submodules
of M and M # 0. A ring R is simple if 0 and R are the only two-sided ideals
of R. A module M over a ring R is said to be a semisimple module if it is the
direct sum of a family of simple submodules.

Proposition 1.1 Let M be a module over a ring R. The following conditions
are equivalent:

(a) M is semisimple;
(b) M is the sum of a family of simple submodules;
(c) every submodule of M is a direct summand of M. O

The class of all semisimple right R-modules is closed under submodules,
homomorphic images and arbitrary direct sums.

For a module M the (Jacobson) radical of M is defined to be the inter-
section of all maximal submodules of M, and is denoted by rad(M). If M has
no maximal submodules then we define rad(M) = M. One has

rad(M/rad(M)) =0

1



2 1 Basic Concepts

for any module M, and rad(M & N) = rad(M ) @ rad(N) for any M and N. In
particular, if e € R is idempotent, then rad(eR) = erad(R).

For a ring R the intersection of all the maximal left ideals is equal to the
intersection of all the maximal right ideals. Therefore this common intersection,
which is the Jacobson radical of R both as a right and a left module over itself, is
a two-sided ideal of R. Tt is called the Jacobson radical of R and denoted J(R).
The Jacobson radical J(R) is the annihilator in R of the class of all simple
right R-modules, that is, it is the set of all elements r» € R such that Mr =0
for every simple R-module Mg.

One has

J(R) = {z € R|1—xr has a right inverse for all r € R}
= {z€ R|1—rz has a left inverse for all r € R}
= {z € R|1—rzr' has a two-sided inverse for all r,7’ € R}.

If ¢ € R is idempotent, then J(eRe) = eJ{R)e. If I is an ideal of an arbitrary
ring R and I C J(R), then J(R/I) = J(R)/I.

Theorem 1.2 Let R be a ring. The following conditions are equivalent:
(a) Rp is a semisimple module.
(b) R is the direct sum of a finite family of simple right ideals.

(¢) Ewery right R-module is semisimple.

(d) Every right R-module is projective.

(e) Fuvery right R-module is injective.

(f) The ring R is right artinian and J(R) = 0.

(g) There ezist a finite number of division rings D1, ..., Dy and positive inte-
gers ni,...,ns such that R = szl M,,, (D;). Here My, (D;) denotes the
ring of n; X n; matrices over the division ring D;. (]

Since condition (g) is left-right symmetric, it follows that “right” can be
replaced by “left” everywhere in the conditions of Theorem 1.2, and a ring
R that satisfies any of these equivalent conditions is said to be a semisimple
artinian ring.

Lemma 1.3 If My is a right module over a ring R, then MJ(R) C rad(Mg).
Proof. Let N be any maximal submodule of Mpg. Since J(R) annihilates all

simple R-modules, (M/N)J(R) = 0. Therefore MJ(R) C N. But N is an
arbitrary maximal submodule, so that M J(R) C rad(Mpg). |
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Corollary 1.4 (Nakayama’s Lemma)Let M be a finitely generated module and
let N be a submodule of M such that N + MJ(R) =M. Then N =M.

Proof. Let M be a finitely generated module and let N be a proper submodule
of M. Every non-zero finitely generated module has maximal submodules, so
that rad(M/N) C M/N. Lemma 1.3 implies that (M/N)J(R) C M/N, so that
MJR)+ N CM. O

The class of module-finite algebras over a commutative ring will enable us
to construct interesting examples. Let k& be a commutative ring with identity. By
a k-algebra we understand a ring R which is a k-module such that multiplication
is bilinear. Equivalently, a k-algebra is a ring R with a homomorphism a —
o - 1g of k into the center of R. A module-finite k-algebra is any k-algebra R
which is finitely generated as a k-module.

Proposition 1.5 If R is a module-finite algebra over a commutative ring k, then

J(k)R C J(R).

Proof. In order to show that J(k)R C J(R) it is sufficient to prove that
MJ(k) = 0 for every simple R-module M.

Now MJ(k) is a submodule of Mg, because MJ(k)R = MRJ(k) =
MJ(k). Since Mg is simple, either MJ(k) = M or MJ(k) = 0. But Ry
is finitely generated and Mpg is a homomorphic image of Rg, so that My is
finitely generated. By Nakayama’s Lemma, MJ(k) = M implies M = 0, a
contradiction. Therefore MgJ(k) = 0. O

Let R be a ring. The ring R is called a prime ring if aRb # 0 for every
non-zero a,b € R. A proper ideal I of R is called prime if R/I is a prime ring.
Equivalently, a proper ideal I of R is prime if and only if for each a,b € R,
aRb C I implies a € I or b € I, if and only if AB € I whenever A and B are
ideals of R not contained in I. The prime radical of R is the intersection of all
prime ideals of R. We shall use N(R) to denote the prime radical of R. The
ring R is called a semiprime ring if N(R) = 0; and a proper ideal I of R is a
semiprime ideal if R/T is a semiprime ring.

An element a of R is nilpotent if a™ = 0 for some n > 1, and an ideal I of
R is nilpotent if I = 0 for some n > 0. The ideal [ is nil if every element of I
is nilpotent. Therefore every nilpotent ideal is nil. For a right artinian ring R
the Jacobson radical J(R) is a nilpotent ideal.

An element a of R is strongly nilpotent if, for each infinite sequence ay,
k > 0, such that ag = ¢ and agy1 € arRag for every k > 0, there exists an
integer n such that a,, = 0. Every strongly nilpotent element a € R is nilpotent
(it is sufficient to consider the sequence defined by a; = a?* for every k > 0).
The following result is due to [Levitzki].

Proposition 1.6 An element a of a ring R is strongly nilpotent if and only if
a € N(R).
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Proof. Let a be an element of R and suppose a ¢ N(R). Then there exists a
prime ideal P of R such that @ ¢ P. Set ag = a. By induction on k > 0 construct
a sequence ag, k > 0, with the property that a; € ay_1Rag—1 for every £ > 1
and ay ¢ P for every k > 0 as follows: if ay ¢ P has already been defined, then
arRay € P because P is prime, so that there exists ax1 € arRay \ P. Since
ar ¢ P for every k > 0 we have that a; # 0 for every k > 0, that is, a is not
strongly nilpotent.

Conversely, suppose that a € R is not strongly nilpotent. Then there exists
a sequence a of non-zero elements of R such that ag = a and agy1 € apRag
for every k > 0. Set S = {ar | k > 0}. Then 0 ¢ S, and by Zorn’s Lemma,
there exists an ideal P maximal in the set of all the ideals of R disjoint from S.

Let us show that P is prime. Let I, J be ideals of R not contained in P.
Then I + P and J + P are ideals of R that contain P properly. It follows that
(I+P)nS#Pand (J+ P)NS #0. Hence ay, € I + P and a, € J + P for
suitable m,n > 0. If £ is the greatest index among m and n, then ag € I + P
and a; € J+ P. Then agy1 € a¢Rae C (I + P)(J + P) C IJ + P. This shows
that (IJ+ P)NS #£, thus IJ € P and P is prime. As a ¢ P, we have that
a ¢ N(R). O

Corollary 1.7 The following conditions on a ring R are equivalent:
(a) R is semiprime.
(b) R has no non-zero nilpotent right ideal.
{¢) R has no non-zero nilpotent ideal.

Proof. (a) = (b). Every nilpotent right ideal is contained in every prime ideal.

(b) = (c¢). This is trivial.

(c) = (a). Let R be a ring with no non-zero nilpotent ideal. We must prove
that if a € R and a # 0, then «a is not strongly nilpotent (Proposition 1.6). Let a
be a non-zero element of R. Construct an infinite sequence of non-zero elements
ar € R, k > 0, such that ag = a and ag41 € axRay for every k > 0 as follows.
Induction on k. Set ag = a and suppose that ar # 0 has been defined. Then
the ideal Ray R is non-zero, hence it is not nilpotent. In particular axRay # 0.
Now let ax41 be any non-zero element of arRay. |

We conclude this section with two results on the prime radical of a ring.

Proposition 1.8 If R satisfies the ascending chain condition on two-sided
ideals, the ideal N(R) is nilpotent.

Proof. If R satisfies the ascending chain condition on two-sided ideals, there is
a maximal nilpotent ideal I. Then I C N(R). Now the ring R/I is semiprime,
otherwise it has a non-zero nilpotent ideal J/I, so that J D I is a nilpotent
ideal of R, contradiction. Thus R/I is semiprime, hence I 2 N(R) and N(R)
is nilpotent. ]
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Proposition 1.9 For an arbitrary ring R, N(R) C J(R). For a right artinian
ring R, N(R) = J(R).

Proof. If x € N(R) and r € R, then rz € N(R), so that rz is strongly nilpotent,
hence nilpotent. If (rz)” = 0, then

(A+rz+ (rze)+ -+ ()" D1 —rz) =1,

so that 1 — rz has a left inverse in R. Therefore z € J(R).
If R is a right artinian ring, its Jacobson radical J(R) is nilpotent. Hence
J{R) is contained in every prime ideal of R. Thus J(R) C N(R). O

1.2 Local and semilocal rings

A module is local if it has a greatest proper submodule. Equivalently, a module
is local if and only if it is cyclic, non-zero, and has a unique maximal proper
submodule. A module M is indecomposable if it is #% 0 and has no direct
summands # 0 and # M. Every local module is indecomposable. We begin
this section with a well-known proposition.

Proposition 1.10 The following conditions are equivalent for a ring R:
(a) R/J(R) is a division ring;
(b) Rg is a local module (that is, R has a unigue mazimal proper right ideal);

c) the sum of two non-invertible elements of R is non-invertible;

(c)
(d) J(R) is a mazimal right ideal;

(e) J(R) is the set of all non-invertible elements of R. O
Since condition (a) is left-right symmetric, “right” can be replaced by
“left” everywhere in the conditions of Proposition 1.10. Hence for any ring R the
right module Rp is local if and only if the left module g R is local. In this case,
that is, if R is a ring satisfying the equivalent conditions of Proposition 1.10,
R is said to be a local ring.

Recall that a submodule N of a module M is superfluous in M if N+ K
is a proper submodule of M for every proper submodule K of M. It can be
proved that the radical rad(Mpg) of an arbitrary module My is the sum of all
superfluous submodules of Mp.

Proposition 1.11 If e is an idempotent in a ring R, then eRe is a local ring if
and only if the right R-module eR s local.
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Proof. Suppose that eRe is a local ring, so that in particular e # 0. Then
the non-zero module eR has a maximal submodule N. In order to prove that
eR is local, it is sufficient to show that N is superfluous in eR. Assume the
contrary, so that there is a proper submodule K of eR with K + N = eR. Since
eR/N = K+ N/N = K/KNN, there is an isomorphism ¢:eR/N — K/KNN.
Let m:eR — eR/N and n’: K — K/K N N be the canonical projections. The
module eR is projective. Hence there is a homomorphism ¥:eR — K such
that o7 = 7’1, Since K is a proper submodule of eR, ¢/ can be viewed as
a non-invertible element of the local ring Endg(eR) ¢ eRe, that is, ¢ is left
multiplication by an element of J(eRe) = eJ(R)e. Hence there exists r € J(R)
such that ¢(et) = eret for every t € R. Now K/K NN = pn(eR) = n'¢(eR) =
ereR+ KN N/K NN, from which ereR € K N N. Since ereR C K, we have
ereR ¢ N. But ereR C eJ(R) =rad(eR) C N, a contradiction.

Conversely, suppose that eR is a local R-module with maximal proper
submodule N. In order to show that eRe 2 End(eR) is local, it suffices to prove
that the sum of two non-invertible elements of End(eR) is non-invertible. For
this, it is sufficient to show that if f € End(eR), then f is non-invertible if
and only if f(eR) C N. It is clear that if f(eR) C N, then f is non-invertible.
Conversely, if f(eR) € N, then f(eR) = eR, so that f:eR — eR is surjective.
Since eR is projective, ker f is a direct summand of eR. But every local module
is indecomposable, and thus either f = 0 or f is injective. If f = 0, then eR = 0,
which is not because eR is local. Thus f is injective, and so it is an invertible
element of End(eR). 0

A ring R is semilocal if R/J(R) is a semisimple artinian ring. Since
J(R/J(R)) = 0 for every ring R, the next lemma follows immediately from
Theorem 1.2.

Lemma 1.12 The following conditions are equivalent for a ring R:
(a) R is semilocal;
(b) R/J(R) is a right artinian ring;
(¢) R/J(R) is a left artinian ring. O
The study of semilocal rings will be one of the main themes of this mono-
graph. We immediately give some easy first examples of semilocal rings.
(1) Every right (or left) artinian ring is semilocal.
(2) Every local ring is semilocal.

(3) If R is a semilocal ring, the ring M,,(R) of n x n matrices over R is
semilocal.
This is easily seen from the following known facts:
(a) J(Mn(R)) = M, (J(R)),
(b) My (R)/J(Mn(R)) = Mn(R/J(R)),

(¢) M, (95) is a semisimple artinian ring for every semisimple artinian ring S.
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(4) The direct product Ry X Ry of two semilocal rings Ry and Ry is semi-
local.

(5) Every homomorphic image of a semilocal ring is semilocal.

In fact, let I be an ideal of a semilocal ring R. Since every simple R/I-
module is a simple R-module, if 7: R — R/I is the canonical projection, then
7(J(R)) € J(R/I). Hence 7 induces a surjective homomorphism R/J(R) —
(R/I)/J(R/I). But every homomorphic image of a semisimple artinian ring is
a semisimple artinian ring, and thus R/I is semilocal.

(6) A commutative ring is semilocal if and only if it has finitely many
mazimal ideals.

This easily follows from the fact that a semisimple artinian commuta-
tive ring is a finite direct product of fields, and therefore it has finitely many
maximal ideals.

(7) Every module-finite algebra over a commutative semilocal Ting is semi-
local.

If R is a module-finite algebra over a commutative semilocal ring %, then
J(EYR C J(R) (Proposition 1.5), so that R/J(R) is an algebra over k/J(k).
Then R/J(R) is a module-finite algebra over the artinian commutative ring
k/J(k), so that R/J(R) is a (left and right) artinian ring.

An artinien poset (artinian partially ordered set) is a set A partially
ordered by a relation < satisfying the following equivalent conditions:

(a) Every decreasing sequence ag > a3 > ag > ... in A is stationary (i.e.,
there exists an index n such that a, = ap41 =...).

(b) Every non-empty subset of A has a minimal element.

Proposition 1.13 If R is a semilocal ring and e is a non-zero idempotent of R,
then eRe is a semilocal ring.

Proof. Let L(R/J(R)) denote the lattice of all right ideals of the ring R/J(R),
and L(eRe/J{eRe)) denote the lattice of all right ideals of the ring e Re/J (e Re).
In order to show that R semilocal implies e Re semilocal, it is sufficient to show
that if L(R/J(R)) is an artinian poset then L(eRe/J(eRe)) is an artinian poset,
and for this it is enough to prove that there is an order preserving injective
mapping L(eRe/J(eRe)) — L(R/J(R)). Hence the proposition will be proved
if we show that (IR+ J(R))NeRe = I for every right ideal I of e Re containing
J(eRe). Let >, ixrx+j = ere be an element of (IR+J(R))NeRe, with it € I,
r,7r € Rand j € J(R). Then ere = e (D, ixrx +j)e = >, eigerre + eje €
IeRe+eJ(R)e CI. O
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We conclude this section with an elementary lemma about finitely gener-
ated modules over a semilocal ring. Recall that a module M is of finite (com-
position) length if it has a finite chain of submodules

O=MyCcMyCMyC---CM, =M

which has no refinement. In this case the integer n is said to be the length of
the module M. A module has finite length if and only if it is noetherian and
artinian.

Lemma 1.14 Let R be a semilocal ring and let M be a finitely generated right
R-module. Then

(a) M/MJ(R) is a semisimple R-module of finite length.
(b)Y M is local if and only if M/MJ(R) is simple.
(¢c) M is a direct sum of indecomposable modules.

Proof. (a) This is trivial.

(b) If M islocal, M/M J(R) is a local module over the semisimple artinian
ring R/J(R). Hence M/MJ(R) is simple. Conversely, if M/M J(R) is simple,
MJ(R) is a maximal submodule of M. By Lemma 1.3 MJ(R) C rad(M).
Since M is finitely generated, rad(M) is a proper submodule of M, so that
MJ(R) = rad(M) is the unique maximal submodule of M. Finally, since M is
non-zero and finitely generated, every proper submodule of M is contained in
a maximal submodule, and therefore M J(R) = rad(M) is the greatest proper
submodule of M.

(c) Suppose not; then the set of direct summands of M for which (c) is
false is not empty. Hence this set has an element N for which the composition
length of the semisimple R-module N/NJ(R) is minimal. Since N is not a
direct sum of indecomposable modules, N itself is not indecomposable, so that
N = N'@® N”, N, N’ non-zero finitely generated R-modules. Then

N/NJ(R) = N'/N'J(R) ® N /N" J(R),

and the semisimple modules N'/N’J(R) and N”/N" J(R) have non-zero length
by Nakayama’s Lemma 1.4. Therefore N and N” are direct sums of inde-
composable modules, so that N is a direct sum of indecomposable modules;
contradiction. O
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1.3 Serial rings and modules

Recall that an R-module M is said to be uniserial if for any submodules A and
B of M we have A C B or B C A. Hence a module M is uniserial if and only if
the lattice £(M) of its submodules is linearly ordered under set inclusion. Every
submodule and every homomorphic image of a uniserial module is uniserial.

A uniserial module M is shrinkable if M is isomorphic to K/H for suitable
submodules 0 C H C K C M. Otherwise the uniserial module M is said to be
unshrinkable.

Example 1.15 Artinian uniserial modules and noetherian uniserial modules are
unshrinkable.

In fact, if M is an artinian uniserial module, its lattice of submodules
L(M) is well-ordered under inclusion, i.e., it is order isomorphic to an ordinal
number «. If M is shrinkable, that is, there exist submodules0 C H C K C M
such that A is isomorphic to K/H, then there exist non-zero ordinal numbers 8
and vy such that f+a++ = «. This is not possible. Therefore M is unshrinkable.

Dually for the noetherian case. O

Example 1.16 There exist shrinkable uniserial modules.

The following example of a shrinkable uniserial module is taken from
[Facchini and Salce, p. 502]. Let Z be the ring of integers, p and ¢ be distinct
prime numbers, Z, and Z, be the localizations of Z at the principal prime ideals
generated by p and q respectively, so that Z, and Z, are discrete valuation rings,
and let Q be the field of rational numbers. Consider the ring

Z 0
r=(% 2)

— Zp 0
(%)

The operations in the ring are the ordinary matrix addition and multiplication.
It is easily seen that the right ideals of R containing H are the ideals

Z, 0 Z, 0
(75) = (§7)
where J is any Zj,-submodule of Q containing Z, and I is any ideal of Z,.

Therefore R/H is a uniserial right R-module.
Now we shall prove that R/H is a shrinkable R-module. Consider the

element
1 0
t= €R
( 0 q/p )

and its right ideal
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and the endomorphism ¢: Rg — Rpg given by left multiplication by {. It is
easily seen that

Z 0 Z 0
tH: _p d tR: p s
(p 'Z, 0) o < Q 7, )

so that H C tH C tR C R. Since ¢ *(tH) = H, ¢ induces an isomorphism
of right R-modules R/H — tR/tH. Therefore R/H is a shrinkable uniserial
R-module. O

In Proposition 1.18 we shall see that every uniserial right module over a
ring that is either commutative or right noetherian is unshrinkable. To prove
this we need the following lemma.

Lemma 1.17 Every shrinkable uniserial right module contains a shrinkable
cyclic submodule.

Proof. Let M he a shrinkable uniserial right module over a ring R. Then
there exist submodules 0 € H € K C M such that there is an isomorphism
©: M — K/H. Fix an element € M, z ¢ K and suppose ¢(z) = y+H. Then
¢ induces an isomorphism R — yR/H and H C yR C K C zR. Therefore
zR is a shrinkable RE-module. O

Proposition 1.18 Let R be a ring that is either commutative or right noetherian.
Then every uniserial right R-module is unshrinkable.

Proof. Let M be a shrinkable uniserial right R-module. By Lemma 1.17 the
module M contains a cyclic shrinkable submodule N.

If the ring R is right noetherian, then N is a uniserial noetherian shrink-
able module. This contradicts what we have seen in Example 1.15.

If R is commutative, then N & R/I for some ideal I of R, and R/I =
xR/ J for some ideals I C J C R C R. Let v € J be an element that does
not belong to I. Then 7 annihilates zR/J, but it does not annihilate R/I. This
contradicts the fact that xR/J and R/I are isomorphic. O

A ring R is said to be a right chain ring if it is a uniserial module as
a right module over itself. A left chain ring is defined similarly. A ring R is
a chain ring if it is both a right and a left chain ring. A wvaluation ring is a
commutative chain ring, not necessarily a domain.

Lemma 1.19 Let R be a ring and e € R be a non-zero idempotent element. If
the module eR is a uniserial module, then the ring eRe is a Tight chain ring.

Proof. Let eaeRe, ebe Re be two principal right ideals of the ring eRe, a,b € R.
It is sufficient to prove that either eae Re C ebeRe or ebeRe C eaeRe. If eR is a
uniserial module, either eae R C ebeR or ebeR C eaeR. Suppose eaeR C ebeR.
Then eacRe C ebeRe. O
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A serial module is a module that is a direct sum of uniserial modules. A
ring R is said to be right (left) serial if it is a serial module as a right (left)
module over itself. If both conditions hold R is a serial ring. For example, every
simple module is uniserial, so that every semisimple module is serial. Therefore
every semisimple artinian ring is a serial ring. Every (right) chain ring is a
(right) serial ring. In particular, every commutative valuation ring is serial.
The rest of this section is devoted to giving further examples of (right) serial
rings.

Recall that an idempotent e of a ring R is primitive if it is non-zero and
cannot be written as a sum of two non-zero orthogonal idempotents. Equiva-
lently, e is primitive if and only if the direct summand eR of Rp is indecompos-
able, if and only if the direct summand Re of g R is indecomposable. A complete
set of (pairwise) orthogonal idempotents in R is a finite set {e1,...,e,} of idem-
potents of R such that e;e; = 0 for i # j and e; + --- + e, = 1 (equivalently,
such that R = e R & - -- G ep R).

Let R be a right serial ring. Since Rg is serial, there exists a complete
set {e1,...,en} of pairwise orthogonal idempotents in R for which every e; R is
uniserial as a right R-module. Then eq,...,e, are primitive idempotents in R.

Lemma 1.20 Every homomorphic image of a right serial ring is a right serial
ring.

Proof. If R is a right serial ring, there exists a complete set {ej,...,e,} of
pairwise orthogonal idempotents in R such that Rg = e1R& --- ® e, R and
each e; R is serial as a right R-module. If I is an ideal of R, then

R/I = (e1R/e1 )& @ (enR/enI).

Each e;R/e;I is a homomorphic image of the uniserial right module e; R, and
80 is itself uniserial. O

In this proof we saw that if [ is an ideal of a right serial ring R, then
{e;+I]i=1,...,n, e; ¢ I}is acomplete set of pairwise orthogonal primitive
idempotents in R/I.

Example 1.21 If k is a field and UT, (k) is the ring of n X n upper triangular
matrices over k, then UT, (k) is a serial ring.

Set R = UT,(k). Let E,..., E, be the primitive diagonal idempotents
of R=UT,(k). Then R =FE1R®-- - ®FE,Rand RR=RE,®---®RE,. It
is easily seen that RF; is a uniserial left R-module of finite length ¢ and E;R
is a uniserial right R-module of finite length n + 1 — 3. O

We conclude this section showing that right serial rings are semilocal.

Proposition 1.22 Every right serial ring is a semilocal ring.
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Proof. Let R be a right serial ring and {e1,...,e,} a complete set of pairwise
orthogonal idempotents in R such that each e; R is serial. Then

R/J(R) = (e1R/e1J(R) @ -+ & (enR/enJ(R))
= (e1R/rad(e1R)) & - - - & (e, R/rad(e, R)),

and every e;R/rad(e;R) is a simple right R-module. Therefore R/J(R) is a
semisimple right R-module of finite length. |

1.4 Pure exact sequences

The rest of this chapter is devoted to illustrating the concepts of pure submod-
ule of a module, pure exact sequence, pure-projective module and pure-injective
module.

Let R be a ring. A short exact sequence 0 — Ap — Br — Cr — 0 of
right R-modules is pure if the induced sequence of abelian groups

0 — Hom(ER, Agr) — Hom(ER, Bg) — Hom(Eg,Cr) — 0

is exact for every finitely presented right R-module Er. A submodule A of a
right R-module B is a pure submodule of B if the canonical exact sequence
0—A— B — B/A— 0is pure. A pure monomorphism is a monomorphism
A — B whose image is a pure submodule of B.

A right R-module Pg is called pure-projective if the sequence

0 — Hom(Pg, Ag) — Hom(Pg, Br) — Hom(Pg,Cg) — 0

is exact for every pure exact sequence 0 — Ar — Bg — Cpg — 0 of right
R-modules. For instance, finitely presented modules are pure-projective. An
R-module My is pure-injective if the sequence

0 — Hom(Cg, Mg) — Hom(Bg, Mg) — Hom(Ag, Mg) — 0
is exact for every pure exact sequence 0 — Ar — Br — Cr — 0.
Proposition 1.23 For every module Mg there exist pure exact sequences
0 — Ap—LBr—Mp — 0
where Bp is a direct sum of finitely presented modules.

Proof. Let Sg be a set of finitely presented right R-modules such that every
finitely presented right R-module is isomorphic to an element of Sg. For every
Np € Sg let NHOM(NR,Mr)) b the direct sum of a set of copies of N indexed
in Hom(Ng, Mg). Define Br = @nyes, NHOMWRMR) Tet g: By — Mg
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be the homomorphism whose restriction to the copy of Ng indexed by ¢ €
Hom(Ng, Mg) is ¢ for every N € Sg and every ¢ € Hom(Np, Mp). Since
Rp, is finitely presented, there is a module in Sg isomorphic to Rr. Hence g is
surjective. Let Ag be the kernel of g and f: Arp — Bpg be the inclusion, so that
the sequence 0 — ARLBRLM’R — 0 is exact.

In order to prove that this exact sequence is pure we must show that for
every finitely presented module Er and every homomorphism : Erp — Mp
there is a homomorphism ¢': Er — Bpg such that 1 = g¢’. Now there exists
Ng € Sg isomorphic to Eg. Let a: Ng — Fg be such an isomorphism and let
g: Ngp — Bpg be the embedding of Ng into the direct summand of By indexed
by Yo € Hom(Ng, Mg). Then 9’ = ea~! has the required property. d

From Proposition 1.23 we immediately obtain the characterizations of
pure-projective modules of the next proposition.

Proposition 1.24 The following conditions are equivalent for a right R-mod-
ule PR.

(a) Pgr is pure-projective.

(b) Every pure exact sequence of right R-modules 0 — Ap — Br — Pr — 0
is split.

(c) Pr is isomorphic to a direct summand of a direct sum @;c1N; of finitely
presented right R-modules N;.

Proof. (a) = (b). This follows from the fact that if
0— Ap—LsBr-Pr — 0
is a pure exact sequence and Ppg is pure-projective, then the induced sequence
0 — Hom(Pg, Ar) — Hom(Pg, Br) — Hom(Pgr, Pr) — 0

is exact. Hence there exists ¢ € Hom(Pg, Bgr) such that gy is the identity of
Pr.

(b) = (c). This follows from Proposition 1.23.

(¢) = (a). This is trivial. O

Note how pure-projective modules extend the notion of projective module,
because a module is projective if and only if the sequence

0 — Hompg (P, A) — Hompg (P, B) — Homg(P,C) — 0

is exact for every exact sequence 0 — Ar — Br — Cg — 0, if and only if
every exact sequence of right R-modules 0 — Ar — Br — Pp — 0 is split,
if and only if P is isomorphic to a direct summand of a direct sum ®;¢r F; of
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right R-modules F; 2 Rp, that is, isomorphic to a direct summand of a free
R-module.

For the proof of Lemma 1.26 we need the following result whose proof can
be easily obtained by chasing the diagram.

Lemma 1.25 Let
e - S T SN e
vl vl vl
/ B g 1
H — H — H
be a commutative diagram of abelian groups with exact rows.

(a) Suppose v is a monomorphism and o is an epimorphism. Then v is a
monomorphism if and only if B(H") N ~v(G) C va(G").

(b) Suppose v is an epimorphism and 8 is a monomorphism. Then ' is an
epimorphism if and only if &/ (G) Nkerv” C o (ker 7). O

Now let M = (r;;) be a n X m matrix with entries in a ring R. If we
look at elements of RY} and R} as'm x 1 and n x 1 matrices respectively, left
multiplication by M is a homomorphism o: R — R%. Let Er denote the co-
kernel of &, so that Er is a finitely presented right R-module and every finitely
presented right R-module is isomorphic to a module of this type. Similarly,
looking at elements of pR™ and pR™ as 1 x n, 1 x m matrices respectively,
right multiplication by M is a homomorphism o*: g R* — g R™. Let pF denote
the cokernel of a*. Then gF is a finitely presented left R-module and every
finitely presented right R-module is isomorphic to a module constructed in this
way.

Lemma 1.26 In the notation above the following conditions are equivalent for
an ezact sequence 0 — ARLBR—Q—%CR — 0 of right R-modules.
(a) The mapping Hom(ERg, g): Hom(Eg, Br) — Hom(ERg, Cr) is surjective.
(b) The mapping f ®g F:AQgr F — B®pg F is injective.
(c) For every al,...,al, € f(A), if the system of m linear equations
(1 ... )M =(ay ... a,)

has a solution in B™, it also has a solution in (f(A))™.

Proof. Without loss of generality we may suppose Ar C Bg, f: Agr — Bp the
embedding and g: Bg — CRg the canonical projection onto Cr = Bg/Ag. This
will simplify the notation.



Pure exact sequences 15

(a) < (c). From the exact sequence R —-R% — Ep — 0 we obtain a
commutative diagram

0 — Hom(Eg,Br) — Hom(R%,Br) — Hom(R%,Bg)

l ! !
0 — Hom(Eg,Cr) — Hom(R}%,Cr) — Hom(RY,Cgr)

in which the rows are exact and the last two vertical arrows are epimorphisms.
We shall apply Lemma 1.25(b). The first vertical arrow in the diagram is the
mapping Hom(FEg, g): Hom(Eg, Bg) — Hom(Eg, Cr). Up to natural identifi-
cation the right-hand square in the diagram can be rewritten as

B~ - B
! Lo
(B/A® — (B/A™

where the vertical arrows are the canonical projections and the horizontal
arrows are right multiplication by the matrix M. Hence in this diagram the
image of the upper horizontal arrow is B™M, the kernel of the vertical ar-
row on the right is A™, the kernel of the vertical arrow on the left is A™,
and its image via the upper horizontal arrow is A" M. Hence, the condition
o'(G) Nkery” C o'(ker+y) in Lemma 1.25(b) becomes B"M N A™ C A™M.
Thus Hom(ERg, g): Hom(Eg, Bg) — Hom(Eg, Cg) is surjective if and only if
B"M N A™ C A" M, and this is equivalent to (c).

The proof of (b) < (c) is analogous to the proof of (a) < (c), starting
from the exact sequence RR”Q—*> pR™ — gF — 0, applying the functor ®g
and using Lemma 1.25(a). O

We are ready to prove some important characterizations of pure exact
sequences.

Theorem 1.27 Let R be a ring and let 0 — Ap — Bgr — Cr — 0 be an exact
sequence of right R-modules. The following conditions are equivalent:

(a) The sequence 0 —» Ar — Bg — Cr — 0 is pure.

(b) For every finitely presented left R-module rF the induced sequence of
abelian groups

0> AQrF - BQgrF -C®rF —0
18 ezact.
(¢) For every left R-module rF the induced sequence of abelian groups
0> AQrF - BrF —-CQ®rF —0

18 exact.
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(d) Every system of m linear equations

n

N — N <
E TiTij = 44, 1_1,2,....,m.,
i=1

with ri; € R and o € f(A) (i =1,2,...,n, j=1,2,...,m), which has
a solution in B™, also has a solution in (f(A))".

Proof. The equivalence (a) < (b) < (d) is just Lemma 1.26 stated for an
arbitrary matrix M. The equivalence (b) < (c) follows from the fact that every
module is a direct limit of finitely presented modules over a suitable directed
poset and that tensor products commute with direct limits. (o

Recall that a module N cogenerates a module B if B is isomorphic to a
submodule of a direct product N of copies of N. Equivalently, N cogenerates
B if for every non-zero x € B there is a homomorphism ¢,: B — N such
that @,(z)} # 0. If R is a ring, a cogenerator in Mod-R, the category of all
right R-modules, is a module Cg that cogenerates every right R-module. If
Cr is a cogenerator in Mod-R, Sg is a simple R-module and E(Sg) is the
injective envelope of Sg, then there is a homomorphism ¢: E(Sg) — Cg such
that o(Sgr) # 0. Hence ker(y) N Sg = 0, i.e, v is a monomorphism. Thus every
cogenerator in Mod-R contains a submodule isomorphic to E(Sg) for every
simple right R-module Sg. In particular, if U is an injective cogenerator, that
is, a cogenerator Ug in Mod-R that is also injective, then Up must contain a
direct summand isomorphic to E(®acaSy), where {Sy | A € A} is a set of
representatives of the simple right R-modules up to isomorphism. Conversely,
it is not difficult to see that E(@xcaSy) is a cogenerator in Mod-R. For this
reason F(@®xeaSh) is said to be the minimal injective cogenerator in Mod-R.
Cogenerators and minimal injective cogenerators in R-Mod, the category of all
left R-modules, are defined using left modules instead of right modules.

Let k be a commutative ring, let R be a k-algebra and let U7 be an injective
cogenerator in k-Mod. If Ag is a right R-module, then A* = Homy(Ag,U) is
a left R-module, and if gA is a left R-module, then A* = Homy(grA,U) is a
right R-module.

Corollary 1.28 Let k be a commutative ring, let R be a k-algebra and let (U be
an injective cogenerator in k-Mod. An exact sequence

0—>AR—~>BR—>CR—>O

of right R-modules is pure if and only if the induced exact sequence of left
R-modules 0 — C* — B* — A* — 0 s split.

Proof. The exact sequence 0 — Ar — Br — Cr — 0 of right R-modules is
pure if and only if the induced sequence of k-modules

0> A®QrF -B®rF —-C®grF —0
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is exact for every left R-module gF'. Since iU is an injective cogenerator in
k-Mod, this happens if and only if the sequence

0— Homk(kC R F,}CU) — Homk(kB Rr F,kU) — Homk(kA KR F,kU) — 0

is exact, that is, if and only if the sequence

0 — Homp(rF, Hom (xCr, xU)) — Hompg (g F, Homy(xBr, £U))
— Hompg(pF,Homy(xAg, xU)) — 0

is exact for every left R-module gF', because there is a natural isomorphism
Homy(— ®g F, xU) = Homg(r F, Homg(—, xU)). And this happens if and only
if the exact sequence

0— Homk(kC’R, kU) — Homk(kBR, kU) — Homk(kAR, kU) —0
is split. |

Since every ring is an algebra over the ring Z of integers and Q/Z is an
injective cogenerator in Z-Mod, we immediately obtain the following corollary.

Corollary 1.29 Let R be a ring. An exact sequence 0 — Arp — Bg — Cr — 0
of right R-modules is pure if and only if the exact sequence of left R-modules
0 — Homgz(C,Q/Z) — Homz(B, Q/Z) — Homgz(A,Q/Z) — 0 is split. O

If R is an algebra over a commutative ring k, U is an injective cogenera-
tor in k-Mod and * denotes the functor Homg(—, U), then for every right (or
left) R-module A there is a canonical monomorphism €4: A — A** defined by
(eala))(a) = ala) for every a € A, a € A*. This canonical homomorphism € 4
is a morphism of right (respectively left) R-modules.

Corollary 1.30 Let k be a commutative ring, let R be a k-algebra, let U be an
injective cogenerator in k-Mod and let Ag be an R-module. Then the canonical
monomorphism £4: A — A** is a pure monomorphism of right R-modules.

Proof. In order to prove that the canonical monomorphism €4: A — A** is a
pure monomorphism it suffices to show that the kernel of (g4)*: A*** — A* is
a direct summand of A*** (Corollary 1.28). This follows from the fact that the
composite mapping (€4)* oe4» of £4-: A* — A** and (g4)*: A*** — A* is the
identity of A*, as is easily seen. (]

As another application of characterization (c¢) of Theorem 1.27 we leave
the proof of the following proposition to the reader as an easy exercise.

Proposition 1.31  (a) If{ A; | j € J} is a chain of submodules of B and each
A; is pure in B, then UjeJ Aj; is a pure submodule of B.

(b) If AC B C C are modules, A is pure in C and B/A is pure in C/A, then
B is pure in C.

(¢) If AC B C C are modules and A is pure in C, then A is pure in B. 0O
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1.5 Finitely definable subgroups
and pure-injective modules

In order to study pure-injective modules we shall now define the concept of
finitely definable subgroup.

Let M = (r;;) be a n x m matrix with entries in a ring R, and let Ap
be a right R-module. Consider the n-tuples X = (z1,...,2,) € A™ such that
XM = 0 (these n-tuples are the solutions of the corresponding system of
m homogeneous linear equations). The set S)y = {X € A" | XM =0} is an
additive subgroup of A™ (it is not a submodule, in general). Hence if m1: A — A
denotes the canonical projection onto the first summand, the image 71 (Sas) of
Sar is an additive subgroup of A. The additive subgroups m1(Sys) of A arising
in this fashion are called finitely definable subgroups of Agr (or finite matriz
subgroups of Ag). An additive subgroup G of Ag is a definable subgroup of Ar
if it is an intersection of finitely definable subgroups.

If 7 A is a bimodule, every finitely definable subgroup of Ag is a submod-
ule of 7 A. In particular, the finitely definable subgroups of a right R-module Ag
are submodules of the left End(Ag)-module A. If the ring R is commutative,
every finitely definable subgroup of Ag is a submodule of Ag.

The first trivial examples of finitely definable subgroups of an R-module
Ag are the subgroups 0 and A (take as M the 1 x 1 matrices M = (1) and
M = (0) respectively).

Proposition 1.32 Let Ag be a right module over a ring R and let r be an element
of R.

(a) The groups Gr and (G 14 ) = {a € A | ar € G} are finitely definable
subgroups of Ag for every finitely definable subgroup G of Ag.

(b) There is a one-to-one correspondence between the set of all finitely defin-
able subgroups G of Ag that contain (0 :4 r) and the set of all finitely
definable subgroups G' of Ag that are contained in Ar defined by

Gr— G =Gr.

Proof. Given a finitely definable subgroup G of Ag, there is a n X m matrix
M with entries in R such that G = 71 (S), where

S={Xe€A"|XM=0}

and wy: A™ — A is the canonical projection onto the first summand. It is easily
seen that if 7]: A"*! — A is the canonical projection onto the first summand,
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then Gr = 7{(S’), where

1 0 0 0 0
—r
§'= veattly| O =00,
E A
0
and (G :4 ) = 71 (5"), where
r 0 0 O 0
-1
"=y eAatt|y 0 =0
: A
0
This proves (a), and (b) follows easily from (a). O

In particular, if A is an R-module and r is an element of R, then Ar and
(0 :4 r) are finitely definable subgroups of Ag.

Lemma 1.33 The sum and the intersection of two finitely definable subgroups
of Ar are finitely definable subgroups of Ag. d

The proof of Lemma 1.33 is left to the reader. (Hint: Suppose G = m1(S)
with S = {X € A" | XM =0}, and G' =7 (§') with ' ={Y € A™ |YM' =
0}. Then y € G + G’ if and only if there exist z; € G and 27 € G’ such that

y = 71 + 4, that is, if and only if there exist z1,...,&n,2],...,2;, € A such
that y =az1 + 2}, (z1...2,)M =0, (z} ... 2/, )M’ =0. And z € GNG’ if and
onlyif z € Gand z € G, i.e., if and only if there exist z2, . . ., Zpn, &5, ..., T, € A

such that (y z2 ... z,)M =0and (y 25 ... z,,)M' =0.)
From Lemma 1.33 we obtain that if Ag is an R-module and F is a finite

subset of R, the additive subgroup (0 :4 F) is a finitely definable subgroup
of A R

Lemma 1.34 If Ag is a pure submodule of Br, then for every finitely definable
subgroup G of Ag there exists a finitely definable subgroup H of Br such that
G=HnNA.

Proof. If G is a finitely definable subgroup of Ag, then there exists a n x m
matrix M with entries in R such that G = m1(S), where S = {X € A" |
XM =0} and 7m1: A™ — A is the canonical projection onto the first summand.
Let ' ={Y € B™ | YM = 0}, let #{: B™ — B be the canonical projection
onto the first summand, and let H = 7} (S’), so that H is a finitely definable
subgroup of Bg. Obviously G C H N A. The other inclusion follows from the
characterization of pure submodules given in Theorem 1.27(d). |
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Let R be a ring. A compact topological R-module (Ng, ) is a right R-
module N with a compact Hausdorff topology 7 on the set N with the property
that addition +: N X N — N and multiplication -: N x R — N are continuous.
Here N x N is endowed with the product topology, and N x R is endowed with
the product topology of the topology 7 on N and the discrete topology on R.

For instance, let R be the additive group of real numbers with the usual
topology and let T'= R/Z be endowed with the quotient topology. Then T is
a compact topological Z-module. More generally, let g A be an arbitrary left R-
module, so that Homg(rA, T) is a right R-module. The set Homz(gA4,T) is a
subset of the set T4 of all mappings A — T. Since T is compact, the product
topology on T# is compact by the Tychonoff Theorem, and Homgz(rA, T)
turns out to be a closed subset of the compact topological space T4. Hence
T# induces a compact Hausdorff topology 7 on the set Homz(rA, T), and
(Homgz(rA, T), ) is a compact topological R-module.

The reason why we are introducing compact topological R-modules is
that we shall see in Theorem 1.35 that if (Np,7) is a compact topological
R-module, then Npg is a pure-injective R-module. Conversely, given a pure-
injective R-module Mg, there exists a module Ny such that Mg is isomorphic
to a direct summand of Ng, and Ng can be endowed with a topology 7 in such
a way that (Ng,7) becomes a compact topological R-module.

In Theorem 1.35 we shall give other characterizations of pure-injective
modules. In characterization (d) we shall consider a system

Zxﬂ‘zj =mj, JeJ,

i€l

of linear equations with the coefficients 7;; in a ring R and the m; in a right
module Mg. This means that we have a set of variables {z; | i € I}, and
for every j € J there are at most finitely many ¢ € I with r;; # 0, that is,
any equation of the system has only a finite number of non-zero coefficients.
Also recall that a family F of subsets of a set M is said to have the finite
intersection property if the intersection of every finite subfamily of the family
F is non-empty.

Theorem 1.35 The following conditions are equivalent for a right module Mg
over an arbitrary ring R.

(a) Mg is pure-injective.

(b) Every pure exact sequence 0 — Mp — B — Cr — 0 of right R-modules
18 split.

(c) There exists a compact topological R-module (Ngr,T) such that Mg is
isomorphic to a direct summand of Ng.
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(d) A system Y ,.;xiri; = my, j € J, of linear equations in Mg is soluble in
Mg whenever it is finitely soluble in Mp (here r;; € R and m; € M for
every i,7, and for every j € J there are at most finitely many i € I with

Tij 740)

(e) If m; € M and G; is a finitely definable subgroup of Mg for everyi € I,
and the family {m;+G; | i € I} has the finite intersection property, then
ﬂie[mi +G; # 0.

Proof. The proof that (a) = (b) is the dual of the proof of (a) = (b) in
Proposition 1.24.

(b) = (c). The ring R is a Z-algebra, and the abelian group T = R/Z
is an injective cogenerator in Z-Mod. By Corollary 1.30 the canonical mono-
morphism ep7: M — M**, where * denotes the functor Homgz(—, T), is a pure
monomorphism of right R-modules. If (b) holds, then Mg is isomorphic to a
direct summand of M™**, and on page 20 we have already remarked that there is
a topology 7 on Homgz(M™*, T) = M** with respect to which (Homgz(M*,T), 1)
is a compact topological R-module.

(¢) = (d). It is clear that if a module Ng satisfies property (d), then
every direct summand of Ny satisfies (d). Hence it is sufficient to prove that if
(Ng, ) is a compact topological R-module, then Np satisfies (d). Let

E ZiTi; = My, J € J,
€]

be a finitely soluble system of linear equations, where r;; € R and m; € Ng
for every i, j. Note that the solutions of this system are elements of the direct
product N7. Endow N’ with the product topology of the topologies 7. For
every equation ) ,.; x;ry; = m;, the mapping p;: NI — N, defined by

wi(ai)ier) = Z QiTi5

iel

for every (a;);er € N, is a continuous mapping. Since 7 is Hausdorff, the
set S; = cpj_l(mj) of solutions of the equation is a closed subset of N'. Since
the system is finitely soluble, the family of closed sets {S; | j € J} has the
finite intersection property. As N is compact, the intersection of the family is
non-empty. Hence the equations of the system have a common solution.

(d) = (a). Let Mg be a module for which (d) holds, let Ag be a pure
submodule of an R-module Bg, and let p: Ag — Mg be a homomorphism. We
must show that ¢ extends to a homomorphism ¢: Bp — Mg. Let {x, | b € Bg }
be a set of variables indexed in Bg. Consider the system S consisting of one
equation zp + zy — Ty = 0 for each pair of elements b,b’ € Bp, one equation
xpr — Ty = 0 for each b € By and each r € R, and one equation z, = ¢(a)
for each a € Ag. In order to show that this system & is finitely soluble in Mg,



22 1 Basic Concepts

fix a finite subsystem S’ of S. Let 8" be the linear system in Agr having the
same number of equations as 8’ and constructed in the following way: for each
equation zp + Ty — Tprpr = 0 of &, let zp + Ty — Tpo = 0 be an equation
of 8”; for each equation zpr — 2y, = 0 of &', let zpr ~— x5 = 0 be an equation
of 8&”; for each equation z, = ¢(a) of &, let £, = a be an equation of &”.
Then S” is linear system in Ag that in By has the trivial solution x, = b for
every b € Bp. Since Ag is pure in B, 8" has a solution z, = a; with a;, € Ag
for every b (Lemma 1.26). Then x, = (ap) for every b is a solution of &' in
Mpg. This proves that S is finitely soluble in Mg. By (d) the system S has a
solution z;, = ¥(b) with (b) € Mg for every b € Bp. Then ¢: B — Mp is a
homomorphism and ¥(a) = ¢(a) for every a € A. Hence Mp, is pure-injective.
(d) = (e). Let Mg be a module for which (d) holds. Let

{m;+G;liel}

be a family with the finite intersection property, where m; € M and G; is
a finitely definable subgroup of Mg for every i € I. Every subgroup G; is
obtained from a matrix with entries in R. Denote the entries in the first row
of this matrix by r¢; and the entries in the other rows of the matrix by s; ;.
Hence an element z of Mg belongs to G; if and only if the system

TTe; + E ;8504 =0, {eFE;
JEF;

in the variables x;, j € Fj, is soluble in Mg. Thus an element y of Mg belongs
to m; + G; if and only if y — m; € G, if and only if the system

(y—mi)rei+ > 3850:=0, L€E;
JEF;

is soluble in Mpg, that is, if and only if the system

Yreq + g T;jSjei =MiTei, L€ E;
JEF;

is soluble. Let K be an arbitrary subset of I. Then {),cx m; + G; # 0 if and
only if there exists y € My that belongs to m; + G; for every ¢ € K, i.e., such
that the system yrg; + ZjeFi TS50 = MuTes, 1 € K, € E; is soluble, that
is, if and only if the system

S(K) 2re; + Z T804 =TTy, ie K.t e E;
JEF;

in the variables z and z;, § € Uie i Fi, is soluble in Mp. It is now clear that
if the family {m; + G; | i € I'} has the finite intersection property, then the
system S(K) is soluble for every finite subset K of I, so that the system S(I)
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is finitely soluble. In this case, by (d), the system S(I) is soluble in Mg, i.e.,
ﬂielmi + G; # 0.
(e) = (d). We claim that if Mg is a module for which (e) holds,

Zl‘ﬂ'ij = mj, j e J, (11)
iel
is a finitely soluble system in the variables z;, 1 € I, with J #4 0, and k € I is
a fixed index, then there exists ny € Mg such that the system

Z IiTij = My — NgTkj, ] € J,
ieI\{k}
is still finitely soluble.
In order to prove the claim, set I’ = I'\ {k}. Let F be the set of all finite
non-empty subsets of J. For every L € F choose a solution (nf);er of the
corresponding finite system

Z.’Eﬂ‘ij = my, jeL. (12)
i€l
Let Sp, be the set of all (p;)ier € MT that are solutions of the homogeneous
system ). ;xri; = 0, j € L, and set G = m(SL), so that G is a finitely
definable subgroup of Mp. Note that if {g;);c is a solution of system (1.2), then
(g:)i — (nF); € S, so that g, — nk € Gr, that is, g € nﬁ + Gr. In particular,
since system (1.1) is finitely soluble, the family {n} + G | L € F} has the
finite intersection property. From (e) it follows that there exists an element ny
that belongs to n,I; + Gy, for every L € F. In order to prove that this element
ng has the property required in the claim, we must show that for every L € F
the system
Z TiTi5 = T — TETkj, jE L, (13)
el
is soluble. Now n;, € nk+Gy, that is, ng—nf € G, so that there exist elements
Di, t € I', of My with (ng — nﬁ)rkj + > ;e pirs; = 0 for every j € L. Since
(nl); is a solution of system (1.2), we know that nfrg; + Y, nfr; = m; for
every j € L. If we add these two equalities we obtain that

NgTrj + Z(pz +nf)ri; =m;
el
for every j € L. Hence (p; + nl)icrr is a solution of system (1.3). This proves
the claim.
Now let Mg be a module for which (e) holds and consider a finitely soluble
system (1.1). Let £ be the set of all pairs (C,g), where C is a subset of I,
g € M and the system of equations

S(C, g): > mirg=m; =Y gli)ry, jeEJ,

i€I\NC icC
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is finitely soluble. By the claim the set £ is non-empty. Partially order £ by
setting (C,g) < (C',¢) if C C C" and ¢g(i) = ¢'(i) for every i € C. Let
(Ca, 9a)aca be a chain in L. Set C* = |J,. 4 C, and let g* € MC" be defined
by g*(i) = g.(i) for every i € C,, a € A. In order to prove that S(C*, ¢*) is
finitely soluble, fix a finite subset L of J. Let I(L) be the finite set of all i € I for
which there exists j € L with r;; # 0. Since I(L)NC™ is a finite subset of C* and
(Ca)aca is a chain of subsets of C*, there exists b € A such that I{L)NC* C C,,.
Note that I(L)NC* = I(L)yN Cy and I(L)\ C* = I(L)\ Cp. Since S(Ch, gp) is
finitely soluble, we have that the system .. ne, Titi; = m; — Ziecb gp(8)35,
Jj € L, is soluble, that is, the system 3, p\ - ZiTij = mj — 3 icc- 97 (T35,
j € L, is soluble. Hence (C*, g*) € £ and the partially ordered set £ is inductive.
By Zorn’s Lemma £ has a maximal element (C,g). If C is a proper subset of
I, apply the claim to the finitely soluble system S(C,3) and to an element
k € I'\ C. By the claim there exists an element (C U {k},g**) in £ strictly
greater than (C,g). This contradiction shows that C = I. Hence g is a solution
of system (1.1). |

A module satisfying condition (d) in Theorem 1.35 is said to be an
algebraically compact module. Hence a module is algebraically compact if and
only if it is pure-injective. As an immediate application of condition (d) of
Theorem 1.35 we obtain the following corollary.

Corollary 1.36 If o: R — S is a ring homomorphism, every pure-injective right
S-module is pure-injective as a right R-module. |

We conclude the section with a technical result that will be used in the
sequel.

Proposition 1.37 Let e be an idempotent element in a ring R. Let Mg, Ng be
two R-modules, and assume m € Me, n € Ne. Suppose Ng pure-injective. The
following conditions are equivalent:

(a) for every finitely presented module Fgr, every element a € Fe and every
homomorphism f:Fr — Mg such that f(a) = m there exists a homo-
morphism f': Fp — Ng such that f'(a) = n;

(b) there exists a homomorphism g: Mg — Npg such that g(m) = n.

Proof. TFor the implication (b) = (a) it is sufficient to take f’ = gf. For the
converse, suppose (a) holds. Consider a variable z,, for every element p € Mg.
Let & be the linear system consisting of one linear equation x,+x4—p—q = 0 for
each pair p, g € Mg, one linear equation z,r —x,, = 0 for each p € Mg, r € R,
and the equation x,, = n. In order to prove that this system S is finitely soluble
in Ng, let 8 be a finite subsystem of 8. If the equation z,, = n does not appear
in &, then @, = 0 for every p is a solution of the finite subsystem S’. Suppose
that the equation z,, = n appears in §’. Only finitely many variables appear
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in &'. Hence there exists a finite subset I C Mg such that all the variables that
appear in S’ belong to the set {z, | p € I'}. Note that m € I. Let Fr be the
finitely presented R-module having the set {z, | p € I} as a set of generators
and the equations in & different from the equation x,,, = n as a set of relations.
Let f: Fr — Mg be the homomorphism defined by f(z,) = p for every p € I.
Then f(z;,) = m and T, = Tme = Tme € Fe, so that by (a) there exists a
homomorphism f’: Fr — Npg such that f'(z,,) = n. It is now easily seen that
z, = f'(zp) for every p is a solution of the finite subsystem S’ in Ng. Since Ng
is pure-injective, the system & is soluble (Theorem 1.35(d)). Hence for every
p € Mg there is an element g(p) € Ng such that g(p) + g(q) = g(p + q) for
every p,q € Mg, g(p)r = g(pr) for every p € Mg, r € R, and g(m) = n. Thus
9: Mr — Np is a homomorphism and g(m) = n. [

1.6 The category (rFP, Ab)

In this book we shall deal only with elementary category theory. We introduce
it in order to present pure-injective modules as injective objects of a suitable
Grothendieck category. Recall that a Grothendieck category is an abelian cat-
egory with a generator which has arbitrary direct sums and in which direct
limits are exact. Every object in a Grothendieck category is a subobject of an
injective object.

Let R be a ring, gFP the full subcategory of R-Mod whose objects are
the finitely presented left R-modules and Ab the category of abelian groups.
Recall that if F,G: gFP—Ab are additive functors, a natural transformation
(or functorial morphism) u from F to G consists of a homomorphism of abelian
groups uy: F(X) — G(X) for every object X of gFP such that the diagram

is commutative for every morphism a: X — Y in gFP. Let (gFP, Ab) be the
category of all additive functors from gFP to Ab, that is, the category whose
objects are all the additive functors from gFP to Ab and whose morphisms
from an additive functor F: RFP—AD to an additive functor G: RFP—Ab are
the natural transformations from F to G. If w: F — G is a morphism in (gFP,
Ab), then the kernel keru of u turns out to be defined as (ker u)(X) = kerux
for every finitely presented left R-module X, the image u(F) of w turns out to
be defined as (u(F))(X) = ux(X), and the cokernel coker u of u turns out to
be defined as (coker u)(X) = G(X)/ux(X).

A morphism u: F' — G is a monomorphism in (gFP, Ab) if and only if
ux: F(X) — G(X) is a monomorphism of abelian groups for every object X in
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rFP, and is an epimorphism if and only if ux: F(X) — G(X) is an epimorph-
ism of abelian groups for every object X. More generally, if F—-G—5H is
a sequence of additive functors and natural transformations, the sequence is
exact in the category (grFP, Ab) if and only if the sequence of abelian groups
F(X)25G(X) 25 H(X) is exact for every finitely presented left R-module X
The category (grFP, Ab) is a Grothendieck category.

If Mg is an object of Mod-R, then the functor M Qg —: gFP—Ab is an
object of (gFP, Ab). Therefore there is a functor

W¥:Mod-R — (grFP, Ab)

defined by ¥(Mp) = M ®r — for every right R-module Mpg. This fimetor
¥:Mod-R — (rFP, Ab) is full and faithful, that is, for each pair Mg, My, of
objects of Mod-R, the mapping

Hom(Mp, Mp) — Hom( pp Ap)(M @r =, M' ®5 —)

is both surjective and injective. Hence ¥:Mod-R — (grFP, Ab) induces an
equivalence between the category Mod-R and a full subcategory of (gFP, Ab).
The characterization of pure exact sequences given in Theorem 1.27(b) yields
the following lemma.

Lemma 1.38 A sequence 0 — Ap — Br — Cg — 0 of right R-modules is exact
and pure in Mod-R if and only if the induced sequence

0-A®r - —=B®r——C®r——0
is exact in (RFP, Ab). O
We are ready for the main result of this section.

Proposition 1.39 An object F of (gFP, Ab) is injective if and only if it is
isomorphic to ¥(Mp) = M Qg — for some pure-injective right R-module Mp.

Hence the full subcategory of Mod-R whose objects are the pure-injective
right R-modules is equivalent to the full subcategory of (RFP, Ab) whose objects
are the injective objects of (rRFP, Ab).

Proof. Let F be an injective object of (gFP, Ab). We claim that if X,Y, Z are
finitely presented left R-modules and X — Y — Z — 0 is an exact sequence
in R-Mod, then the induced sequence of abelian groups

F(X)—FY)—F(Z)—0

is exact. In order to prove the claim, let g X, rY, rZ be finitely presented left
R-modules and let R X — rY — rZ — 0 be an exact sequence. Then for every
object gIN of gFP the sequence of abelian groups

0— HOIIl(RZ, RN) - HOI’H(R}f7 RN) — HOIII(RX, RN)
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is exact, that is,
0 — Hom(grZ, —) — Hom{gY, —) — Hom (g X, —)

is an exact sequence in the category (gFP, Ab). Since F' is an injective object
in the category (rFP, Ab), the functor Hom(RFP Ab)(_’ F) is exact. Hence

the sequence of abelian groups

Hom(RFP7 Ab) (Hom(pX,-),F) — Hom(RFP7 Ab) (Hom(grY,—), F
— Hom(RFP7 Ab) (Hom(gZ,—),F)— 0

is exact. By the Yoneda Lemma Hom(RFP Ab) (Hom(gW,—), F) =2 F(gW)
for every object gW, so that the sequence of abelian groups

F(X)—F(Y)—-F(Z)—0

is exact, which proves the claim.

Now let M be the abelian group F(gR). Since F induces a homomorphism
R 2 Hom(grR, pR) — Hom(F(grR), F(rR)) = Endz(M), the abelian group M
has a right R-module structure. As the functor F is additive, there is a canonical
isomorphism F(rR™) & M ®pr R™ for every integer n > 0. If g X is a finitely
presented left R-module, there is an exact sequence gk R" — g R™ — g X — 0,
so that by the claim, the first row in the commutative diagram

F(rR") — F(rR™) — F(rX) — 0
! 1
M®rR* — M@rR™ —- M®rX — 0

is exact. Since the second row also is exact and the vertical arrows are the
canonical isomorphisms, there is an isomorphism F(rX) 2 M ®p X for every
finitely presented left R-module rX, and we leave the verification that this
isomorphism is natural, i.e., that F = M ®p — in (gFP, Ab), to the reader.

We shall now show that the module Mg is pure-injective. Let Ar be a pure
submodule of a module Bg, let e: Ag — Bp be the embedding, and let f: Ag —
Mpg be a homomorphism. Then e® —: AQgr — — B®pg — is a monomorphism in
(rFP, Ab) by Lemma 1.38, hence the morphism f® —: A®p — — M ®p — into
the injective object M ® g — = F extends to a morphism u: B&g— - M Qg —,
that is, uo (e®—) = f®—. Since the functor ¥: Mod-R — (zgFP, Ab) is full and
faithful, there exists a unique g: Bg — Mg such that u = g ® —. In particular,
(g®1g) o (e ® 1g) = f ® 1R, that is, go e = f. This proves that Mg is
pure-injective.

Conversely, let Mg be a pure-injective module. Then the functor M @ g —
is an object in the Grothendieck category (grFP, Ab), hence M ®p — is a
subobject of an injective object G of (gFP, Ab). By the first part of this proof,
there exists a pure-injective module Er such that G 2 E ®pr —. Hence there
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is a monomorphism M ®r — — E ®g — in (gFP, Ab), which is of the type
f ® — for a unique f: Mpr — Eg because the functor ¥: Mod-R — (gFP, Ab)
is full and faithful. By Lemma 1.38 f is a pure monomorphism. But Mg is
pure-injective, so that Mg is isomorphic to a direct summand of Eg. Hence
the functor M ®p — is isomorphic to a direct summand of the injective object
G = E ®p — of (gFP, Ab). In particular, M ®g — is an injective object in
(rRFP, Ab). This proves the first part of the statement.

It is now obvious that the full and faithful functor ¥: Mod-R — (gFP, Ab)
induces an equivalence between the full subcategory of Mod-R whose objects
are the pure-injective right R-modules and the full subcategory of (zgFP, Ab)
whose objects are the injective objects of (gFP, Ab). 0O

1.7 2-pure-injective modules

A right R-module A is said to be E-pure-injective (or X-algebraically compact)
if for every index set I the direct sum A() is a pure-injective R-module.

Theorem 1.40 The following conditions are equivalent for a right module Ag
over an arbitrary ring R.

(a) Apg is X-pure-injective.

(b) For every index set I the submodule AY) of the R-module A is a direct
summand of Al.

(¢) The submodule AMN) of the R-module AN is a direct summand of AN.

(d) Ag satisfies the descending chain condition (d.c.c.) on finitely definable
subgroups.

Proof. For (a) = (b) it is sufficient to note that A) is a pure submodule of
A, The implication (b) = (c) is trivial.

(c) = (d). Suppose AN is a direct summand of AN and there exists a
strictly descending chain of finitely definable subgroups

GoDG1 DG D ...
of Ap. For every n > 0 let g, be an element of G, \ G, 11. Set

9= (90791792,-~.) S AN

Let S be the endomorphism ring of the R-module AN. Since A™ is a direct
summand of AN, there exists an endomorphism ¢ € S that is the iden-
tity on AN and whose image is A™N. Then p(g) € A™ | 50 that ¢(g) =
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(ag,a1,a2,-..,a,-1,0,0,...) for a suitable n > 1. In particular,

(ag,a1,az,...,a,1,0,0,...) = ©(g)
it <p(907g17927' . 7gn,0a05' . ) +90(an* R a079n+179n+2w . )
= (90a917927 s 7977.’0707 . ) + (10(0707 R 7O;g'n,+lygn+2> . ) (14)

Now if M is the matrix that defines the finitely definable subgroup G,+1 of
Ag, M defines the finitely definable subgroup GnN+1 of MM, and obviously
(0,0,...,0,9n+1,9n+2,--.) € G§+1~ Since AN is an S-R-bimodule, finitely
definable subgroups of AN are S-submodules. In particular, p(GR, ;) C G, ;,
so that ¢(0,0,...,0,0n+1, gnt2,--.) € G,I,ZIH. Comparing the n-th coordinate
in relation (1.4) we obtain that g, € Gp41, contradiction.

(d) = (a). Suppose that Ag satisfies the d.c.c. on finitely definable sub-
groups. If a matrix M defines a finitely definable subgroup G in Ag, then M
defines the finitely definable subgroup G0 in A, In other words, the finitely
definable subgroups of A) are exactly those of the form G() for some finitely
definable subgroup G of Ag. Hence if Ag satisfies the d.c.c. on finitely defin-
able subgroups, then AY) also satisfies the d.c.c. on finitely definable subgroups.
Thus in order to conclude it suffices to show that if a module Ag satisfies the
d.c.c. on finitely definable subgroups, then Ap is pure-injective.

We shall apply Theorem 1.35. Let {a; + G; | i € I} be a family with
the finite intersection property, where a; € Ag and G is a finitely definable
subgroup of Ap for every ¢ € I. Any intersection of finitely many subgroups
G is a finitely definable subgroup of Ag. By the d.c.c. there is an intersection
of finitely many G; that is contained in all the other Gj, i.e., there is a finite
subset F' of I such that (,cz G; C G; for every i € I. Now for every index

i there exists b; € (a; + G;) N (ﬂjep(aj + Gj)). Then b; + G; = a; + G; and
by + G = a; + G for every j € F. Then

ﬂaj—!—sz mbi+Gj:bi+ﬂngbi+Gi:ai+Gi-
jeF jeF JEF

Thus ﬂie[ a; +G; # . O

We have already remarked that if g Ag is a bimodule, every finitely defin-
able subgroup of Ag is a submodule of gA. Hence if g Ag is a bimodule and g A
is artinian, then Ag is Y-pure-injective. In particular, every artinian module
over a commutative ring is X-pure-injective.

Example 1.41 If R is an arbitrary ring and Ar is a right R-module that s
artinian as a left End(Ag)-module, then Ag is X-pure-injective.

If R is an arbitrary ring and Ag is an artinian right R-module, then A is
Y -pure-injective as a left End(Agr)-module. O
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We conclude the chapter with three corollaries that show different
applications of the characterizations of X-pure-injective modules given in The-
orem 1.40.

Corollary 1.42 Every pure submodule Agp of a L-pure-injective module Br is a
direct summand of Bg.

PrOOF. Let Gy 2 G 2 G2 2 ... be a descending chain of finitely de-
finable subgroups of Agr. For every n > 0 there exists a finitely definable sub-
group H, of Bg such that G,, = H,NAg (Lemma 1.34). Then (_, H;, n > 0,
is a descending chain of finitely definable subgroups of Bgr. Hence it is
stationary. Thus the chain of the G,, is stationary. This proves that Ag is -
pure-injective. Since Ag is pure in Bg, Ar must be a direct summand of Bg.

a

Corollary 1.43 Let R be a ring, let Ap be a X-pure-injective R-module and
let v be an element of R such that right multiplication by v is an injective
endomorphism of the abelian group A. Then right multiplication by v is an
automorphism of the abelian group A.

Proof. The descending chain A D Ar D Ar? D Ard... of finitely definable
subgroups of Ag is stationary, so that Ar™ = Ar™t! for some n. Since multi-
plication by r is an injective mapping A — A, we have that A = Ar. O

Corollary 1.44 Let e be a non-zero idempotent in an arbitrary ring R. If Ag is
a X-pure-injective R-module, then Ae is a X-pure-injective right e Re-module.

Proof. Let e € R be a non-zero idempotent and let Ag be a Y-pure-injective
module. If G is a finitely definable subgroup of Aecge, there exists a n x m
matrix M = (a;;) with entries in eRe such that if

Sy ={X € (Ae)" | XM =0}

and m;: (Ae)™ — Ae is the canonical projection onto the first summand, then
7m1(Sp) = G. Then { X € A" | XM =0} = Sy & (A(1 — €))". Hence G &
A(1—e) is a finitely definable subgroup of Ag. In particular, the d.c.c. on finitely
definable subgroups of Ag implies the d.c.c. on finitely definable subgroups of
AeeRe. O
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1.8 Notes on Chapter 1

E. Artin, E. Noether and J. H. M. Wedderburn were the first to consider the
class of semisimple rings. [Noether] proved that conditions (a) and (c) of The-
orem 1.2 are equivalent. The equivalence of condition (g) to the other conditions
of Theorem 1.2 is the Wedderburn-Artin Theorem. The Jacobson radical was
defined and characterized by Jacobson in 1945. He extended a previous char-
acterization for finite-dimensional algebras over a field due to Perlis. In spite of
the name, Nakayama’s Lemma is due to [Azumaya 51]. The main ideas about
the prime radical introduced in Section 1.1 are due to Levitzki, McCoy and
Nagata.

Local rings appeared in commutative algebra first: Grell (1926) and Krull
(1938) for commutative integral domains, Uzkov (1948) for arbitrary commu-
tative rings. The systematic use of local rings and localization of a ring at
a prime ideal begun with Krull in commutative algebra and with Cheval-
ley and Zariski in algebraic geometry. Lemma 1.14 is essentially taken from
[Warfield 75, Lemma 1.2]. Artinian serial rings were probably studied first in
1935 by Kothe and the term wuniserial is due to him. The structure of these
rings was then studied by [Asano|, [Nakayama], who called “generalized uni-
serial ring” what we call artinian serial ring, [Fuller], [Eisenbud and Griffith 71],
and by [Warfield 75], who defined serial rings in such a way that they need not
be noetherian. Hence the definition of (right) serial rings we use in this mono-
graph follows Warfield’s terminology. The results on shrinkable uniserial mod-
ules presented in Section 1.3 are due to [Facchini and Salce]. The best reference
on chain rings is probably the monograph [Bessenrodt, Brungs and Térner].

‘We have seen in Proposition 1.18 that every uniserial module over a com-
mutative ring is unshrinkable. Much more can be said about uniserial modules
over commutative rings. The following results are due to [Shores and Lewis|.
Let M be a uniserial module over a commutative ring R. Then Endg(M) is
a commutative local ring [Shores and Lewis, Corollary 3.4]. By passing from
R to R/anng(M) we may assume M faithful without loss of generality. Hence
let M be a faithful uniserial module over a commutative ring R. If M contains
a finitely generated faithful submodule, M is said to be finitely faithful. If M is
faithful but not finitely faithful, M is said to be nonfinitely faithful. The ring
R has a finitely faithful uniserial module M if and only if R is a valuation ring.
In this case M is isomorphic to an R-submodule of Q(R) containing R (where
Q(R) denotes the classical quotient ring of R, that is, the total ring of fractions
of R) and the endomorphism ring Endz (M) is isomorphic to the localization
Rp of R at a suitable prime ideal P. In particular, End (M) is a valuation ring.
If M is a nonfinitely faithful uniserial R-module, then Endg (M) is a valuation
domain if and only if R is a domain, but there exist uniserial modules over
valuation rings whose endomorphism ring is not a valuation ring. The proof of
all these results can be found in [Shores and Lewis].
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The history of pure submodules begins with [Priifer] in 1923. He intro-
duced the notion of pure subgroup of an abelian group. The definition for
arbitrary modules is due to [Cohn], who gave it making use of characterization
(c) in Theorem 1.27. Purity and algebraic compactness for general algebraic
systems were defined and studied by Mycielski and Weglorz in the sixties. The
notion of pure-injective module comes from abelian group theory. The class
of pure-injective abelian groups was first considered by [Kaplansky 54|, [Lo$],
Balcerzyk and Maranda. See [Fuchs 70a, p. 178] for the history of the discovery
of this class of abelian groups. The first systematic studies on purity in mod-
ule theory go back to Fieldhouse, [Stenstrom| and [Warfield 69b], and most of
the results presented in Section 1.4 are due to these three authors. We have
mostly followed Warfield’s presentation. [Warfield 69b] proved the existence of
the pure-injective envelope of an arbitrary module Mg, that is, the smallest
extension of Mp that is pure-injective and contains Mg as a pure submodule.
We have not introduced pure-injective envelopes because we shall not need this
notion in this book. At present, the best reference for purity in module theory
is [Jensen and Lenzing, Chapters 6, 7 and 8 and Appendix B].

Finitely definable subgroups were introduced independently by [Gruson
and Jensen 73] and {Zimmermann]. The equivalence of the first four conditions
of Theorem 1.35 was proved by [Los] for abelian groups and by [Stenstrom]
and [Warfield 69b] for modules over arbitrary rings. The last condition was
discovered by [Zimmermann] and [Gruson and Jensen 73]. The content of Sec-
tion 1.6, that is, the idea of using categories of additive functors to describe
pure-injective modules as the injective objects of a suitable Grothendieck cat-
egory, is due to [Gruson and Jensen 73 and 81]. Theorem 1.40 is due to
[Zimmermann] and [Gruson and Jensen 76]. Modules satisfying both the a.c.c.
and the d.c.c. on finitely definable subgroups have applications in representation
theory ([Crawley-Boevey] and [Zimmermann-Huisgen and Zimmermann 90]).
Example 1.41 is taken from [Zimmermann, p. 1096].

In this book we shall not consider the relationship between purity and
model theory, for which we refer the reader to the books of [Jensen and Lenzing]
and [Prest].



Chapter 2

The Krull-Schmidt-Remak-
Azumaya Theorem

2.1 Theé exchange property

In the first two sections of this chapter we shall consider modules with the
exchange property. Making use of the exchange property we shall study refine-
ments of direct sum decompositions (Sections 2.3 and 2.10), prove the Krull-
Schmidt-Remak-Azumaya Theorem (Section 2.4) and prove that every finitely
presented module over a serial ring is serial (Section 3.5). If A, B,C are sub-
modules of a module M and C < A, then AN (B+C) = (AN B) + C. This
is called the modular identity. We begin with an immediate consequence of the
modular identity that will be used repeatedly in the sequel.

Lemma 2.1 I[fA C B C A®C are modules, then B = A®& D, where D = BNC.

Proof. Application of the modular identity to the modules A C B and C yields
Bn(C+A)=(BNC)+ A, that is, B= A+ D. This sum is direct because
ANDCANC =0. O

Given a cardinal X, an R-module M is said to have the R-ezchange property
if for any R-module G and any two direct sum decompositions

G=M &N =dier4;,
where M’ 2 M and |I| < N, there are R-submodules B; of A4;, i € I, such that
G =M & (Qic1Bs).
In this notation an application of Lemma 2.1 to the modules

B;i CA; CB;® (M @ (®;4B;))

33
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yields A; = B; ® D;, where D; = A; N (M’ @ (®;+:B;)). Hence the submod-
ules B; of A; in the definition of module with the N-exchange property are
necessarily direct summands of A;.

A module M has the exchange property if it has the R-exchange property
for every cardinal R. A module M has the finite exchange property if it has the
R-exchange property for every-finite cardinal R.

A finitely generated module has the exchange property if and only if it
has the finite exchange property.

Lemma 2.2 If G, M', N, P, A; (i € I), B; (i € I} are modules, B; C A; for
everyi € 1,
G=M &N&P=(Dies4;) &P (2.1)

and
G/P = ((M'+ P)/P)&® (&ier((B; + P)/P)), (2.2)

then
G =M ® (®ic1B;) ® P.

Proof. From (2.2) it follows immediately that G = M’ + (}_,c; B;) + P. In
order to show that this sum is direct, suppose m’' + (Zle 7 bi) +p = 0 for
some m’ € M’, b; € B; almost all zero, and p € P. From (2.2) we have that
(m' 4+ P)+ (e (bs + P)) = 0in G/P, so that m’ € P and b; € P for every
1€ 1. Then by (2.1) weget m’ e MNP =0and b, € BbNPC A NP=0.
Therefore p = 0. O

The proof of the next corollary follows immediately from the definitions
and Lemma 2.2.

Corollary 2.3 If G, M', N, P, A; (i € I) are modules, |I| <X,
G=M ®&NOP=(®ici4d;))®P

and M’ has the R-exchange property, then for every i € I there exists o direct
summand B; of A; such that

G:M/@(@iejBi)@P. [

The rest of this section is devoted to proving the first properties of modules
with the exchange property. The following result shows that the class of modules
with the N-exchange property is closed under direct summands and finite direct
sums.

Lemma 2.4 Suppose X is a cardinal and M = My & Ms. The module M has
the N-exchange property if and only if both M7 and Ms have the R-exchange
property.
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Proof. Suppose M = M; & M> has the N-exchange property,
G =M &N =4,

M{ = M, and |I| < . Then G' = Mo &G = M' & N = My & (@icr4s),
where M’ = M| @ M, = M. Fix an element k € I, and set I' = I\ {k}.
Then G' = M' & N = (My @ Ay) @ (Dier Ai). Hence there exist submodules
B C My @ Ay and B; C A; for every i € I’ such that

GI = M/ @ B @ (®iEI/Bi) . (23)
Since My C Ms @ B C My & Ay, it follows from Lemma 2.1 that
My & B = M; & By,

where B = (]\/[2 @ B) NAg. Thus M'@& B = (1\4{ SM)DB= M{ & My P By.
Substituting this into (2.3) we obtain

G = M{ & My, & (EBiEIBi) . (24)

Application of the modular identity to the modules M| & (®;erB;) C G and
M, yields GN (M2 + (M{ B (BierBi))) = (GN Ma) + (M{ QP (@ieIBi))7 that
is, G = M| @ (@;erB;). Thus M; has the R-exchange property.

Conversely, suppose M7 and Ms have the N-exchange property and

G=M ®&M,dN =d;ciAi,

where M{ 22 My, M} 2 M, and |I] < X. Since M; has the R-exchange property,
there are submodules A; C A; such that G = M{ ® M} & N = M{ @ (®iecrA}).
Since My also has the N-exchange property, from Corollary 2.3 it follows that
for every 4 € I there exists a submodule B; C A} such that

G = M;® (®ic1Bi) ® M.

Thus M = M; © M> has the R-exchange property. (|

Clearly, every module has the 1-exchange property. Modules the with 2-
exchange property have the finite exchange property, as the next lemma shows.

Lemma 2.5 If a module M has the 2-exchange property, then M has the finite
exchange property.

Proof. Tt is sufficient to show, for an arbitrary integer n > 2, that if M has the
n-exchange property, then M has the (n + 1)-exchange property. Let M be a
module with the n-exchange property (n > 2) and suppose

G=MoON=A10A® - & A1,
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where M/ 2 M. Set P= A ®AsP---©A,,s0that G =M G&GN =P® A 1.
Since M has the 2-exchange property, there exist submodules P/ C P and
B,+1 € A,y such that G = M’ @ P’ ® B,,4+1. An application of Lemma 2.1 to
the modules P’ C P C P'&(M'®Bp1) and Bpy1 C Ant1 C By ®(M'@ P')
yields P = P'@® P" and A1 = Bp1 ® A, where P = PN (M' ® Bpy1)
and A, | = Aps1 N (M’ @ P'). From the decompositions

G=M &P @By =(P'® A1) & (P & Bnt1)

we infer that P’ is isomorphic to a direct summand of M’. Therefore P” has
the n-exchange property by Lemma 2.4. Since

P=PoP' =40A& - &An,
there exist submodules B; C A; (i =1,2,...,n) such that
P=P'®B1®Bs® - ® B.
Application of Lemma 2.1 to the modules
P'CM &B,y1 CG=P'® (P &A1)

yields M' @ Bpy1 = P” @ P, where P = (M’ ® Bpy1) N (P’ ® Apt1).
Therefore

GIMI®P,®B»,L+1:PIGBP”@PIHZP®P”/
:Bl@"'@Bn@P”@Pm:Bl@"'@Bn@Bn.HEBM',

that is, M has the (n + 1)-exchange property. d

2.2 Indecomposable modules with the
exchange property

The aim of this section is to show that the indecomposable modules with the
(finite) exchange property are exactly those with a local endomorphism ring.
First we prove two elementary lemmas that will be used often in the sequel.

Lemma 2.6 Let A be a module and let My, Mo, M’ be submodules of A. Suppose
A= M & M,. Let 73: A = M; ® My — Ms denote the canonical projection.
Then A= M, & M’ if and only if wa|pr: M' — My is an isomorphism. If these
equivalent conditions hold, then the canonical projection mpr: A — M’ with
respect to the decomposition A= M; ® M’ is (7r2|M/)41 o ma.

Proof. The mapping ma|pe is injective if and only if M’ N M; = 0, and is
surjective if and only if for every xo € My there exists ' € M’ such that
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2! = x1+ x4 for some x1 € My, that is, if and only if My € M'+ My, i.e., if and
only if My + My = M’ 4+ M;. This proves the first part of the statement. For
the second part suppose that the equivalent conditions hold. Given an arbitrary
element a € A, one has a = z1 + mp(a) for a suitable element x; € M;. Hence
ma(a) = wa(x1) + ma|pse (7 (@), from which (7T2]]\,[/)—1 ma{a) = mar (a). |

Lemma 2.7 Let M, N, P,,...,P, be modules with M@& N =P, & ---& P,. If
M is an indecomposable module with the finite exchange property, then there
is an inder j = 1,2,...,n and a direct sum decomposition P; = B & C of P;
suchthat M N =M & B& (@i Pi), M=C and N = B® (®:+;F).

Proof. Since M has the finite exchange property, for every ¢ = 1,2,...,n there
exists a decomposition P; = B; ® C; of P; such that

MoeBi&--&B,=P®--- &P,

If we factorize modulo B, & ---$® B, we find that M 2 C, & ---d (). But M is
indecomposable. Hence there exists an index j such that M = C; and C; =0
for every ¢ # j. Then B; = P; for i s j, hence

M&N=M&B & - ®B,=M®B; ® (®:%;P).

In particular, N 2 B; ® (®ix; P;). Thus B = B; and C = C; have the required
properties. 0
Theorem 2.8 The following conditions are equivalent for an indecomposable
module Mpg.

(a) The endomorphism ring of Mg is local.

(b) Mg has the finite exchange property.

(¢) Mg has the exchange property.

Proof. (a) = (b). Let Mg be a module with local endomorphism ring End(Mg).
By Lemma 2.5 in order to prove that the finite exchange property holds it suf-
fices to show that M has the 2-exchange property. Let G, N, A1, A be modules
suchthat G = MO N = A1 D A. Let epr,€4,.€4,, T, Ta,, Ta, be the embed-
dings of M, A, A5 into G and the canonical projections of G onto M, Az, As
with respect to these two decompositions. We must show that there are sub-
modules B; C A; and By C Ag such that G = M @ B; @ By. Now

Iy =mmem = Ta(€a,TA, + €A, A JEM = TMEA, TALEM + TAMEA,TAEM-

Since End(M) is local, one of these two summands, say 7are 4,74, €ar, Must be
an automorphism of M. Let H be the image of the monomorphism

eaTaAEM M — G,
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so that £4,74,&p induces an isomorphism M — H and mpr|pg: H — M is an
isomorphism. From Lemma 2.6 we have that G = N & H and the projection
G — H with respect to this decomposition is (mps|g) 7. Since

H=cpma,en(M)C A CNSGH,

it follows from Lemma 2.1 that A; = H® By, where By = A; NN, and the pro-
jection A; — H with respect to this decomposition is (mas|g) 174, There-
fore G = Ai® As = HB(B1 9 Az). With respect to this last decomposition of G
the projection G — H is (mar|pg) ~*7ar]a, ma, = (marlp) " tmaea,ma,, and this
mapping restricted to M is (mar|pg) " marea, ma,en. This is an isomorphism.
Again by Lemma 2.6 we get that G = M @ B; & A,.

(b) = (c). Let Mg be an indecomposable module with the finite exchange
property and suppose G = M & N = B,;c1A;. Fix a non-zero element = € M.
There is a finite subset F' of I such that x € ®;crpA;. Set A’ = e ris, s0
that G = M & N = (®,crA;) & A. By Lemma 2.7 either there is an index
j € F and a direct sum decomposition 4; = B ® C of A; such that

G=M®®B® (®icr, iz Ai) A,
or there is a direct sum decomposition A’ = B’ @ C’ of A’ such that
G=M®B & (®@icri).

The second possibility cannot occur because M N ($;crA;) # 0. Hence there
is an index j € F' and a submodule B of A; such that

G=M®®B® (®icr, izjAi) DA =M & B® (Dicr, iz A1) -

’

(¢} = (a). Let M be an indecomposable module and suppose that End(M)
is not a local ring. Then there exist two elements ¢, € End(M) which are not
automorphisms of M, such that ¢ —¢¥ = 1. Let A = M7 & M3 be the external
direct sum of two modules M, My both equal to M, and let m;: A — M,
it = 1,2 be the canonical projections. The composite of the mappings

( ZZ ):M—>M1@M2 and (1 —1p): My & My — M

(]
denotes the kernel of (157 ~ 1p7), then A = M’ @ K. If the exchange property

were to hold for M, there would be direct summands By of M; and Bs of My
such that A = M'® K = M’ & B; ® B,. Since M; and Ms are indecomposable,
we would have either A= M & M; or A= M & My, If A= M @ M, then
ma|pr: M — My is an isomorphism (Lemma 2.6). Then the composite mapping
¥ ¥
P (4
Similarly if A = M’ & M,. This shows that M does not have the exchange
property. 1

is the identity mapping of M, so that if M’ denotes the image of < @ ) and K

Trg O : M — M, is an isomorphism. But m; o = ¢, contradiction.
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2.3 Isomorphic refinements of finite direct
sum decompositions

Let M be a module over a ring R. Suppose that { M; |ie [} and {N; |j€ J}
are two families of submodules of M such that M = @;c;M; = @jesN;. Then
these two decompositions are said to be isomorphic if there exists a one-to-one
correspondence ¢: I — J such that M; = N, for every i € I, and the second
decomposition is a refinement of the first if there is a surjective map p: J — I
such that N; € M, for every j € J (equivalently, if there is a surjective map
¢:J — I such that ©;e,~1(;yN; = M; for every i € I). The first theorem of this
section gives a criterion that assures the existence of isomorphic refinements of
two direct sum decompositions.

Theorem 2.9 Let X be a cardinal, let M be a module with the N-exchange prop-
erty, and let M = ®;c1M; = ©jegN; be two direct sum decompositions of M
with I finite and |.J| < X. Then these two direct sum decompositions of M have
isomorphic refinements.

Proof. We may assume I = {0,1,2,...,n}. We shall construct a chain N; D

No; 2 Ni; 22N, ;2 Ny, for every j € J such that

M = (85 oM;) ® (®;es N}, ;)

for every k= 0,1,2,...,n. The construction of the N,’w. is by induction on k.
For k = 0 the module My has the R-exchange property (Lemma 2.4). Hence
there are submodules Ny ; of N such that M = My ® (®jesNp ;). Suppose
1 <k <n and that the modules Ny _, ; with M = (OF g M) @ (EB]'EJNIIC_LJ-)
have been constructed. Apply Corollary 2.3 to the decompositions

M = My @ (@741 Mi) ® (@120 Mi) = (®jesNi_1 ;) ® (D524 M;)

(note that M} has the R-exchange property by Lemma 2.4). Then there exist
submodules Nl/m’ of N,’C_Lj such that M = M, & (@je]NIQ’j) @ (@f;olMi),
which is what we had to prove.

For k = n we have that M = (®7_oM;) ® (®;es N}, ;), so that N}, ; =0
for every j € J. Since the Ny ; are direct summands of M contained in Ny_, ;,
there is a direct sum decomposition Ny_; ; = N; ; @ Ny ; for every k and j
(Lemma 2.1). Similarly, N; = Ng ;®Ng ;. Hence N; = No ;®&N1 ;&---®N, ; for
every j € J, so that M = @;c; @7y N, ; is a refinement of the decomposition
M= DjesN;.

As M = (@f;olMZ) S (@jEJNIIc—l,j> = (EB?:OMi) ©® (G}jEJ‘NI,c,j) for
k = 1,2,...,n, factorizing modulo (&{25M,) & (GBjEJN,’w.) we obtain that
@jeaNp; = My for k=1,2,...,n. Similarly @;e;No ; = My. Hence for every
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i=0,1,2,...,nthereis a decomposition M; = @;esN;'; of M; with N/, = Ny
for every ¢ and j. Thus @7 ®jes N . is a refinement of the decomposmon
M = &7, M; isomorphic to the decomposltlon M =8je5 @iy Nij O

A second case in which it is possible to find isomorphic refinements is that
of direct sum decompositions into countably many direct summands with the
Ng-exchange property. This is proved in the next theorem.

Theorem 2.10 Let M be a module with two direct sum decompositions
M=By®B &By& ... (2.5)

M=CGaeC,dC:&... (26)

with countably many direct summands, where all the summands B; and Cj
have the Ng-exchange property. Then the two direct sum decompositions (2.5)
and (2.6) have isomorphic refinements.

Proof. Set B; _; = B; and C] _; = C; for every i = 0,1,2,.... By induction
onj=0,1,2,... we shall construct direct summands B; ;, B of B; for evely
i=47+1,5 +2 j+3,... and direct summands C'”,C' . of C' for every 1 =
53+1,7+2,...such that the following properties hold for every j =0,1,2,...:

(a) B j_1=DBi; ®Bj; foreveryi=j+1,j+2,j+3,.

(b) Ci;_1 =Ci; ©C]; forevery i =37,j+1,j+2,.

() M =(By_1©Cp,0)@(B10®C1,1)0 - O(Bj ;- 1@C§,j)@( i +1Ck 5);
(d) M= (By_1©Ci0)®(B1o®C11) & & (B ;_10C] ;) © (D211 By )5
(€) Cjj®Cit1,; D Cjya,; ® = BI,] 1)

(f) Bjt1; @ Bjt2; @ Bjts; @--- = (),

Case j = 0. Since By has the Ny-exchange property, there exists a de-
composition C; = C; o & C/ o of C; for every i =0,1,2,... such that

M=B®Ciyg®Ciy®C5,®.... (2.7)
From (2.6) and (2.7) it follows that
By 2 Coo®Ci100Co0@...,

that is, (e) holds.

The direct summand Cj ; of Co has the Ng-exchange property by Lemma
2.4. Applying Corollary 2.3 to (2.5) and (2.7) we obtain direct sum decompo-
sitions B; = Bj 0 ® Bj o of B; for every i = 1,2,3,... such that

M - BO @ C(I)’O @ Biyg @ Bé’o @ Bé’o EB e (28)
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From (2.5) and (2.8) we get that C)o = B1o @ B2 © B3 @ ..., that is,
(f) holds. This concludes the construction of the submodules C; g, C}  of C; for
every ¢ =0,1,2,... and the submodules B; o, B Z o of B; forevery i = 1,2,3,....
Now properties (a ) and (b) hold because B} | = B; and C] _; = C} f01 every
i = 0,1,2,.... Property (c) is given by equation (2.7), and {(d) is given by
equation (2.8). This concludes the first inductive step j = 0.

Now fix an integer £ > 0 and suppose we have already constructed the
direct summands C; ;, C; ; of C; with the required properties for j < fand i > j
and the direct summands B, j, Bi ; j of B; for j < £ and i > j. In particular we
suppose that (d) holds for j = £ — 1, that is, we suppose that

M=B, ,® (@EO=£+1B;c,£—1) ® ((By,—1 ® Cop)
®B1o®CL1)D @ (Bp_10-29 Ci1-1))s (2.9)
and we suppose that (c) holds for j = £ — 1, that is,
M = (&2,Ch 1) ® ((By, -1 @ Ch o)
O (Bl g®C11)@ @ (Bp_1p2®Cp_141))- (2.10)

Since Bé,l—l is a direct summand of By, it has the Rg-exchange property by
Lemma 2.4. Hence we can apply Corollary 2.3 to the two decompositions (2.9)
and (2.10), and obtain that there exist direct sum decompositions

Chi-1=Cre®Ciy
of Cllc,é—l for every k =£,£+ 1,£+ 2, ... such that
M =B, & (932:Cre) @ ((By_1 @ Cpp)
S (B o®C1)S @ (By 14 20Cp 14.1))- (2.11)
This is property (c) for the integer £. Now equality (2.10) can be rewritten as
M = (05 (Cre © Chr)) @ ((Bo,—1 ® Coyo)
OB ®CI B @ (By_1429C)_14.1))-

This and (2.11) yield
By = 72Chye,

that is, property (e) holds.
Now Ce ; is a direct summand of C,. Hence it has the Rg-exchange prop-
erty. Equahty (2.11) can be rewritten as

M = Cpy @ (932011Che) ® ((Bo,—1 @ Coyp)
OBl g®CL O & By 14 200Ch1, 1)®By, ;) (212)
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and (2.9) can be rewritten as

M = (®72p11Brs1) @ ((By,_1 ® Chp)
BB yPCI )OO (Bp 1 2®Cpy41)® Bye 1) (2.13)

Applying Corollary 2.3 to (2.12) and (2.13) we find that there exists a direct
sum decomposition By, , | = Bk, ® By , for every k = £+1,£+2,... such that

M=C,® (@701 Bre) ® ((By,_1 ®Chp)
BBLE®CI )D& By 1 2a®Cp101) 9B ). (214)

This proves property (d) for the integer ¢. From (2.13) and (2.14) it follows
that C} , = ©72,, 1 Br,e. Hence (f) holds, and this concludes the construction
by induction.
From (e) we infer that there exist modules B; ; for ¢ < j such that B; ; =
Cj,i and
B; ;i ®Bjjr1®Bjj429...= ;’,j~1 (2.15)

for every j > 0. From (a) we have that

B; = Bg,*—l =B;0® Bz{,O =Bio®B10 le',l
= =Bio®Bi1® - ©B;;-19 B}, 1,

so that
B; = ®72 0Bk (2.16)

by (2.15).
Similarly, from (f) we get that there exist modules C; ; for ¢ < j such that
Ciyj = B‘,i and
C;i+1® Cj,j.;_z ©Ci43P...= C']l-’j (2.17)
for every j > 0. From (b) it follows that C; = C;0@ Cj1 @ --- ®C;;®C} ;, s0
that
Cj = ®¢ZoCiik (2.18)
by (2.17).
Since B;; = C;; for every i,j = 0,1,2,..., (2.16) and (2.18) yield the
required isomorphic refinements of the decompositions (2.5) and (2.6). O
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2.4 'The Krull-Schmidt-Remak-Azumaya Theorem

The Krull-Schmidt-Remak-Azumaya Theorem is one of the main topics of this
volume. We shall obtain a proof of it using the exchange property. We begin
with a lemma that is of independent interest.

Lemma 2.11 If a module M is a direct sum of modules with local endomorphism
rings, then every indecomposable direct summand of M has local endomorphism
ring.

Proof. Suppose M = A® B = @®;c;M;, where A is indecomposable and
all the modules M; have local endomorphism ring. Let F be a finite subset
of I with AN ®@;epM; # 0, and set C = @;crpM;. The module C has the
exchange property (Lemma 2.4 and Theorem 2.8). Hence there exist direct
sum decompositions A = A’ § A” of A and B = B’ & B” of B such that
M =C@® A’ @ B’. Note that A’ is a proper submodule of A, because ANC #0
and A’ N C = 0. Since A is indecomposable, it follows that A’ = 0. Thus
M=C&®B' .From M = CHB’' = A® B @®B" it follows that C =2 A®B”. Thus
A is isomorphic to a direct summand of C. Hence A has the exchange property
by Lemma 2.4. Therefore A has local endomorphism ring by Theorem 2.8. [

We are ready for the proof of the Krull-Schmidt-Remak-Azumaya The-
orem.

Theorem 2.12 (Krull-Schmidt-Remak-Azumaya Theorem) Let M be a module
that is a direct sum of modules with local endomorphism rings. Then any two
direct sum decompositions of M into indecomposable direct summands are iso-
morphic.

Proof. Suppose that M = @ierM; = DjegNj, where all the M; and N;
are indecomposable. By Lemma 2.11 all the modules M; and N; have local
endomorphism rings. For I’ C I and J' C J let

M(I,) = @ierM; and N(J,) = Djey Nj.

By Lemma 2.4 and Theorem 2.8 the modules M (I’) and N(J') have the ex-
change property whenever I’ and J' are finite. Since the summands N; are inde-
composable, for every finite subset I’ C I there exists a subset J’ C J such that
M=MI"NeNJI\S). From M = M(I"Y®N(J\.J') = N(JYoN(J\J'), we get
that M(I") = N(J'). By Theorem 2.9 applied to the decompositions M (I’) =
N(J'), the two decompositions M (I') = G;ep M; and N(J') = ®,c N, have
isomorphic refinements. From the indecomposability of the M; and Nj, it fol-
lows that there is a one-to-one correspondence ¢: I’ — J’ such that M; = N,
for every i € I'. For every R-module A set

In={iel|M;=A} and Ja={jeJ|N;=ZA}L
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From what we have just seen it follows that if 14 is finite, then |I4| < [J4],
and if T4 # 0, then J4 # (. By symmetry, if J4 is finite, then |Ja| < |I4], and
Ja # 0 implies T4 # 0. In order to prove the theorem it is sufficient to show
that |I4] = |J4| for every R-module A.

Suppose first that I, is finite. In this case we argue by induction on |I4].
If [I4] = 0, then |J4] = 0. If |I4| > 1, fix an index g € I4. Then there is an
index jo € J such that M = M ({io}) ® N(J\ {jo}). If we factorize the module
M{io)® N(J\ {Jo}) = M(I) modulo M({ip}) we obtain that

N(J\{jo}) = M(I\ {io})-

From the induction hypothesis we get that [I4 \ {ic}] = [Ja \ {jo}|, so that_
[Za] = |Jal.

By symmetry we can conclude that if J4 is finite, then |14] = | J4| as well.

Hence we can suppose that both 74 and J4 are infinite sets. By symmetry
it is sufficient to show that |Ja| < |I4]| for an arbitrary module A.

Foreachi € Iyset J(i) ={jeJ|M=M&NUJ\{j})} Obviously
J(i) € Ja. If 2 is a non-zero element of M;, then there is a finite subset J” of
J such that z € N(J”). Hence M; N N(K) # 0 for every K C J that contains
J"”. Thus J(i) C J”, so that J(i) is finite.

We claim that (J;c;, J(é) = Ja. In order to prove the claim, fix j € Ja.
Then there exists a finite subset I’ of I such that N; N M(I’) # 0. Hence there
exists a finite subset J' C J such that M = M (I")®& N(J\J'). Note that j € J'.
Since N(J'\{j}) has the exchange property, we can apply Corollary 2.3 to the
decompositions M = N(J'\ {j}) @ N; @ N(J\ J') = (@icr M;) @ N(J\ J).
Then for every ¢ € I' there exists a direct summand M, of M; such that
M = N(J'\{j}) ® (®icrrM]) ® N(J\ J'). Then N; = @®;cp M], so that there
exists an index k € I’ with M, = M, and M] = 0 for every i € I, i # k. Note
that My, = N; = A, so that k& € I4. Thus

M=NJ\{FHeMoNJ\J)=MaeNJ\{j},

that is, 7 € J(k). Hence j € |J
It follows that

ic1, J (1), which proves the claim.

|Jal = <|Ial-Np = |1a]. O

U 76

i€y
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2.5 Applications

In this section we apply the Krull-Schmidt-Remak-Azumaya Theorem to some
important classes of modules.

A first immediate application of the Krull-Schmidt-Remak-Azumaya
Theorem 2.12 can be given to the class of semisimple modules.

Lemma 2.13 (Schur) The endomorphism ring End(M) of a simple module M
18 a division ring.

Proof. If M is a simple module and f is a non-zero endomorphism of M, then
ker f and f(M) must be submodules of M. Hence they are either 0 or M. If
ker f = M, then f = 0, contradiction. Therefore ker f = 0 and f is injective. If
f(M) = 0, then f = 0, contradiction. Therefore f(M) = M and f is surjective.
Thus f is an automorphism of M, that is, f is invertible in End(M). a

Since division rings are local rings, we get the Krull-Schmidt-Remak-
Azumaya Theorem for semisimple modules:

Theorem 2.14 Any two direct sum decompositions of a semisimple module into
stmple direct summands are isomorphic. (]

The next result describes the structure of the submodules and the homo-
morphic images of a semisimple module.

Proposition 2.15 Let M be a semisimple R-module and { M; |i € [} a family
of simple submodules of M such that M = @;c1M;. Then for every submodule
N of M there is a subset J of I such that N = ®;c;M; and M/N 22 ;e\ g M;.

Proof. By Proposition 1.1 the submodule N of the semisimple module M is a
direct summand of M, so that M = N @ N’ for a submodule N/ = M/N of M.
By Proposition 1.1 again, both N and N’ are semisimple. Hence N = @ ca Ny
and N’ = ©,en N}, for suitable simple submodules Ny, N,,. By Theorem 2.14
the two decompositions @;erM; = (BrcalNa) ® (EB,LEA/NL) of M are iso-
morphic. Therefore there are a subset J of I and one-to-one correspondences
o:J — Aand : 1\ J — A’ such that M; = N, for every i € J and
M; =N é(i) for every i € T\ J. The conclusion follows immediately. O

As a second application of Theorem 2.12, we study the uniqueness of
decomposition of some particular artinian or noetherian modules.

Lemma 2.16 Let M be a module and f an endomorphism of M.
(a) If n is a positive integer such that f*(M) = fm+1 (M), then

ker(f™) + f*(M) = M.
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(b) If M is an artinian module, then f is an automorphism if and only if f
18 injective.

Proof. (a) If n is such that f*(M) = f**1(M), then ft{(M) = fi*}(M) for
every t > n, so that f*(M) = f?*(M). Let us show that

ker(f™) + f*(M) = M.

If x € M, then f(z) € f*(M) = f*(M), so that f*(z) = f"(y) for some
y € f*(M). Therefore z =z —y € ker(f"), and z = z +y € ker(f™) + f*(M).

(b) If f an injective endomorphism of the artinian module M, the de-
scending chain

F(M) 2 (M) 2 F(M) 2 ...

is stationary, so that ker(f™)+ f*(M) = M for some positive integer n by part
(a). As f™ is injective, ker(f™) = 0, and therefore f™(M) = M. In particular,
f is surjective. O

Similarly it can be proved that

Lemma 2.17 Let M be a module and f an endomorphism of M.
(a) If n is a positive integer such that ker f™ = ker f*+1, then

ker(f*)n f*(M) = 0.

(b) If M is a noetherian module, then f is an automorphism if and only if f
s surjective. O

A submodule N of a module Mg is fully invariant if (N) C N for
every ¢ € End(Mg), that is, if N is a submodule of the left End(Mpg)-
module M. A submodule N of Mg is essential in Mgr if NN P # 0 for
every non-zero submodule P of Mg. The socle of a module Mg is the sum
of all simple submodules of Mg. It is a semisimple fully invariant submodule
of Mp and it will be denoted soc(Mg). Since every non-zero artinian module
has a simple submodule, the socle is an essential submodule in every artinian
module. If Ng is an artinian module and its socle soc(Ng) is a simple mod-
ule, by Lemma 2.16(b) an endomorphism f € End(Ng) is not an automorph-
ism if and only f(soc(Ng)) = 0. It follows that End(Ng) is a local ring with
Jacobson radical J(End(Ng)) = { f € End(Ng) | f(soc(Ng)) = 0}. Therefore
Theorem 2.12 yields

Theorem 2.18 Let Mp be an R-module that is a direct sum of artinian mod-
ules with simple socle. Then any two direct sum decompositions of Mg into
indecomposable direct summands are isomorphic. {
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The hypothesis that the artinian modules have simple socle is essential in
Theorem 2.18 as we shall see in Section 8.2.

Recall that a module M is local if it has a greatest proper submodule.
Hence noetherian local modules are the “duals” of artinian modules with a
simple socle. The next result is the dual of Theorem 2.18 and is proved similarly.

Theorem 2.19 Let M be an R-module that is a direct sum of noetherian local
modules. Then any two direct sum decompositions of M into indecomposable
direct summands are isomorphic. O

Our third application of the Krull-Schmidt-Remak-Azumaya Theorem
will be to the class of modules of finite composition length.

Lemma 2.20 (Fitting’s Lemma) If M is a module of finite length n and f 1s
an endomorphism of M, then M = ker(f™) & f™(M).

Proof. Since M is of finite length n, both the chains
kerfgkerfzgkerf3§...

and

F(M) 2 fAM)2 f3(M) 2 ...
are stationary at the n-th step, so that ker(f") @ f*(M) = M by Lemmas
2.16(a) and 2.17(a). 0O

We shall say that a module Mg is a Fitting module if for every f €
End(Mpg) there is a positive integer n such that M = ker(f™) & f™(M). Thus
by Lemma 2.20 every module of finite length is a Fitting module. It is easily
seen that direct summands of Fitting modules are Fitting modules.

Lemma 2.21 The endomorphism ring of an indecomposable Fitting module is
a local ring.

Proof. If M is a Fitting module and f is an endomorphism of M, there exists
a positive integer n such that M = ker(f™) & f™(M). If M is indecomposable,
two cases may occur. In the first case ker(f™) = 0 and f™(M) = M. Then [
is an automorphism of M, so that f is an automorphism of M. In the second
case ker(f™) = M, that is, f is nilpotent. Hence every endomorphism of M is
either invertible or nilpotent.

In order to show that the endomorphism ring End(M) of M is local, we
must show that the sum of two non-invertible endomorphisms is non-invertible.
Suppose that f and g are two non-invertible endomorphisms of M, but f+g is
invertible. If h = (f+g)~* is the inverse of f+g, then fh+gh = 1. Since f and
g are not automorphisms, neither fh nor gh are automorphisms. Therefore, as
we have just seen in the previous paragraph, there exists a positive integer n
such that (gh)™ = 0. Since 1 = (1 — gh)(1 + gh + (gh)? +--- + (gh)"™ 1), the
endomorphism 1 — gh = fh is invertible. This contradiction proves the lemma.

O
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Theorem 2.12 and Lemma 2.21 yield

Theorem 2.22 Let M be an R-module that is a direct sum of indecomposable
Fitting modules. Then any two direct sum decompositions of M into indecom-
posable direct summands are isomorphic. |

In particular, from Lemma 2.20 it follows that

Corollary 2.23 (The Krull-Schmidt Theorem) Let M be an R-module of finite
length. Then M is the direct sum of a finite family of indecomposable modules,
and any two direct sum decompositions of M as direct sums of indecomposable
modules are isomorphic. ]

A further class of modules to which the Krull-Schmidt-Remak-Azumaya
Theorem can be applied immediately is the class of indecomposable injective
modules. The proof of the following lemma is an easy exercise left to the reader.

Lemma 2.24 Let M # 0 be an R-module. The following conditions are equiva-
lent:

(a) The intersection of any two non-zero submodules of M is non-zero.
(b) The injective envelope of M is indecomposable.
(¢) Every non-zero submodule of M is essential in M.

(d) Every non-zero submodule of M is indecomposable. ]

An R-module M # 0 is said to be uniform if it satisfies the equivalent
conditions of Lemma 2.24. For instance, an artinian module is uniform if and
only if it has a simple socle.

We state the next lemma in the language of Grothendieck categories. The
reader who is not used to this language may think of the case of an indecom-
posable injective R-module.

Lemma 2.25 Let M be an indecomposable injective object of a Grothendieck
category C. Then

(a) An endomorphism of M is an automorphism if and only if it is a mono-
morphism.

(b) The endomorphism ring of M is a local ring.

In particular, the endomorphism ring of every indecomposable injective module
is a local ring.
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Proof. (a) If f: M — M is a monomorphism, then im(f) is a subobject of
M isomorphic to M. In particular, im(f) is a non-zero direct summand of M.
Since M is indecomposable, im(f) = M and f is an automorphism.

(b) Let Ende (M) denote the endomorphism ring of M. We must show that
the sum of two non-invertible elements of Ende (M) is non-invertible. Suppose
that f and g are two non-invertible endomorphisms of M. In (a) we have seen
that f and g are not monomorphisms, that is, ker f # 0 and ker g # 0. Since
M is coirreducible (= uniform), we have ker f Nker g # 0. Now

ker f Nker g C ker(f + g),

so that ker(f + g) # 0. Therefore f + g is not invertible in End¢(M). O

As an immediate application of Lemma 2.25 to the category C = Mod-R
and the Krull-Schmidt-Remak-Azumaya Theorem we have:

Theorem 2.26 Let M be an R-module that is a direct sum of injective indecom-
posable modules. Then any two direct sum decompositions of M into indecom-
posable direct summands are isomorphic. |

As a second application of Lemma 2.25 to the category C = (zgFP, Ab)
we find:

Corollary 2.27 The endomorphism ring of an indecomposable pure-injective
module ts a local ring.

Proof. Let My be an indecomposable pure-injective module, let gkFP be the full
subcategory of R-Mod whose objects are the finitely presented left R-modules,
let Ab be the category of abelian groups, and let C =(gFP, Ab) be the category
of all additive functors from gFP to Ab. Then

M ®g —: gFP— Ab

is an indecomposable injective object in the Grothendieck category C (Prop-
osition 1.39). Since Endgr(M) = End¢(M), the ring Endgr(M) is local by
Lemma 2.25(b). O

We conclude this section showing that the Krull-Schmidt Theorem holds
for ¥-pure-injective modules. We need a preliminary proposition.

Proposition 2.28 Let R be a ring and let B C C be classes of non-zero right
R-modules. Suppose that every module in C has a direct summand in B and
that for every proper pure submodule P of any module M € C there exists a
submodule D of M such that D € B, PND =0and P+ D =P ® D 1is pure
in M. Then every module M € C is a direct sum of modules belonging to B.
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Proof. Suppose My € C. Let Z be the set of submodules of M that belong
to Band put S ={I|I CZ, ZNE] N is a pure submodule of M and the
sum ).,V is direct }. Since every module in C has a direct summand in B,
the set S is non-empty. Partially order & by set inclusion. Then the union of
a chain of elements of § is an element of S by Proposition 1.31(a). By Zorn’s
Lemma S has a maximal element J. Set P = 3 ., N = @nyesN, so that P
is a pure submodule of M. If P is a proper submodule of A, then there is a
submodule D of M such that D € B, PN D = 0 and P+ D is pure in M.
Thus JU{D} € S, and D ¢ J because PN D = 0 and the module D € B is
non-zero. This contradicts the maximality of J. Hence M = P is a direct sum
of modules belonging to B. |

Theorem 2.29 Let Mg be a X-pure-injective R-module. Then My is a direct
sum of modules with local endomorphism ring, so that any two direct sum de-
compositions of Mg as direct sums of indecomposables are isomorphic.

Proof. We shall apply Proposition 2.28 to the class C of ¥-pure-injective non-
zero R-modules and the class B of indecomposable X-pure-injective R-modules.
Firstly, we must show that every 3-pure-injective non-zero module Mg has an
indecomposable direct summand N. To see this, let £ be a non-zero element
of Mp. Let P be the set of all pure submodules of Mz that do not contain
z. Then P is non-empty and the union of every chain in P is an element
of P (Proposition 1.31(a)). By Zorn’s Lemma P has a maximal element Q.
By Corollary 1.42 there exists a submodule N of M such that M =@ & N. If
N = N'@®N" with N', N" # 0, then Qi N’ and Q& N" are direct summands of
M that do not belong to P. Hence z € (QON)N(QEN") = @, a contradiction.
The contradiction proves that N is indecomposable, as we wanted to prove.

Secondly, we must show that for every proper pure submodule P of a
3-pure injective module Mg there exists an indecomposable X-pure-injective
submodule D of M such that PN D = 0 with P+ D = P& D pure in M.
For such a pure submodule P we know that Mr = P& P’ for a submodule P’
(Corollary 1.42), and by the first part of the proof P’ = D @ P” for suitable
submodules D and P” with D indecomposable. The module D has the required
properties.

Hence by Proposition 2.28 every X-pure-injective module M is a direct
sum of indecomposable modules.

Finally, every indecomposable direct summand of M is pure-injective,
hence every indecomposable direct summand of M has a local endomorphism
ring (Corollary 2.27). O
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2.6 Goldie dimension of a modular lattice

The notion of Goldie dimension of a module concerns the lattice L(M) of all
submodules of M, which is a modular lattice. Modular lattices seem to be the
proper setting for the definition of Goldie dimension. Hence in this section we
shall consider arbitrary modular lattices and their Goldie dimension.

Throughout this section (L, V, A) will denote a modular lattice with 0 and
1, that is, a lattice with a smallest element 0 and a greatest element 1 such
that a A (bV ¢) = (a Ab) V ¢ for every a,b,c € L with ¢ < a. If a,b € L and
a<blet[a,b)={xz € L|a<z<b} be the interval between a and b.

A finite subset {a; | ¢ € I} of L\ {0} is said to be join-independent
if a; A (V4 a;) = 0 for every i € I. The empty subset of L\ {0} is join-
independent. An arbitrary subset A of L\ {0} is join-independent if all its
finite subsets are join-independent.

Lemma 2.30 Let A C L\ {0} be a join-independent subset of a modular lattice
L. If B,C are finite subsets of A and BNC = 0, then (\/,c56) AN (Veec ¢) = 0.

Proof. By induction on the cardinality |B| of B. The case |B| = 0 is trivial.
Suppose the lemma holds for subsets of cardinality < |Bj}. Fix an element

be Bandset B=B\{b}anda=(V,cpz)A (Vyec y) By the induction
hypothesis

(bVa)/\<\/ x)s V v /\(\/ a:>:0, (2.19)

zEB’ ye{b}uC z€B’

and by the definition of join-independent set

(\/ mVa>/\bg< \V m)/\b-——()‘ (2.20)

zeB’ e B'UC
Then
a< (b ) V:CEB x)
=(bVva)A((V, en @)V b) {(by the modular identity) (2.21)
=((bVa)A (Vyepm ) Vb (by (2.19)) .
=0Vb=h4,
and
a S \/mEB/:L'\/a /\ VIEB:E)
= (VoemzVa)A(BVV cp x) (by the modular identity) (2.22)
=((Voen zVa) AD)V (V,yep z)  (by (2:20)) :
SO0VVeep T=Voep T

From (2.21) and (2.22) it follows that a <bA\/ . 2z = 0, as desired. O
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Proposition 2.31 Let A C L\ {0} be a join-independent subset of a modular
lattice L. Let a € L be a-non-zero element such that a A (\/,c5b) = 0 for every
finite subset B of A. Then AU {a} is a join-independent subset of L.

Proof. We must prove that every finite subset of AU {a} is join-independent.
This is obvious for finite subsets of. A. Hence it suffices to show that if B is a
finite subset of A, then BU{a} is join-independent. Since a A (\/,c 5 b) =0, we
have to prove that b A (a V'V, ¢p\ () ¥) = 0 for each b € B. Now

(Vye B y) A (CL \ (Vme B\{b} :U)) (by the modular identity)
= ((VyeB y) A a) v (VzeB\{b} ﬂf) (by hypothesis) (2.23)
=0V (VmeB\{b} 37) = Vaen\(5} T
so that
bA (a v VxEB\{b} CE) (since b < vyEB y)
=67 (Vyen y) AV Ve @ (by (2.23)) 0
=bA (Vien\ (o} ac) =0 (because B is join-independent).

By Zorn’s Lemma every join-independent subset of L \ {0} is contained
in a maximal join-independent subset of L\ {0}.

An element a € L is essential in L if a Az # 0 for every non-zero element
z € L. Thus 0 is essential in L if and only if L = {0}. If a, b are elements of L,
a < b and a is essential in the lattice [0,b], then a is said to be essential in b.
In particular, 0 is essential in b if and only if b = 0.

Lemma 2.32 Let a,b, c be elements of L. If a is essential in b and b is essential
in ¢, then a is essential in c.

Proof. Let x be a non-zero element of [0, c]. We must show that a Az # 0. Now
bAz # 0 because b is essential in ¢, hence a A (b A ) # 0 because a is essential
inb. ButaA(bAz)=aAz. O

Lemma 2.33 Let a,b,c,d be elements of L such that bAd = 0. If a is essential
i b and c is essential in d, then a V ¢ is essential in bV d.

Proof. If any of the four elements a, b, ¢, d is zero, the statement of the lemma
is trivial. Hence we shall assume that a, b, ¢, d are all non-zero.

We claim that if the hypotheses of the lemma hold for the four elements
a,b,c,d € L\ {0}, then a V d is essential in bV d. Assume the contrary. Then
there exists a non-zero element x € L such that z < bV d and

(avd)Nz=0.
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Since {a,d} is join-independent, the set {a,d, z} is join-independent by Prop-
osition 2.31. In particular, a A (d V ) = 0, so that a Ab A (dV x) = 0. This
implies that b A (d V &) = 0, because a is essential in b and b A (dV z) < b.
Now {d,z} C {a,d,z} is join-independent, and thus b A (d V z) = 0 forces that
{b,d,z} is join-independent (Proposition 2.31). In particular, z A (bV d) = 0.
But z < bV d, so that £ = 0. This contradiction proves the claim.

If we apply the claim to the four elements ¢, d, a, a, we obtain that ¢V a is
essential in d V a, that is, a V ¢ is essential in a V d. The conclusion now follows
from this, the claim and Lemma 2.32. U

By an easy induction argument we obtain

Corollary 2.34 Let a1, as, ..., an, b1, ba, ..., b, be elements of L such that
{b1,b2,...,b,} is join-independent. If a; is essential in b; for everyi=1,2,...,
n, then a1 Vas V---Va, is essential in by Vby V.- -V b,. 1

A lattice L # {0} is uniform if all its non-zero elements are essential in
L,thatis,ifz,y € Landx Ay =0imply t =0o0r y =0 . An element a of a
modular lattice L is uniform if a # 0 and the lattice [0, a] is uniform.

Lemma 2.35 If ¢ modular lattice L does not contain infinite join-independent
subsets, then for every non-zero element a € L there exists a uniform element
be L such that b < a.

Proof. Let a # 0 be an element of a modular lattice L such that every b < a
is not uniform. We shall define a sequence ay, as, as, . . . of non-zero elements of
[0, a} such that for every n > 1 the set {a1,as,...,a,} is join-independent and
a1 V-V ay, is not essential in [0, a]. The construction of the elements a,, is by
induction on n. For n = 1 note that a is not uniform, hence there exist non-zero
elements a1, a} € [0,a] such that a; Aaj = 0, i.e., a; has the required properties.
Suppose ai,...,a,_1 have been defined. Since a; V --- V a,_1 is not essential
in [0, a], there exists a non-zero b € [0,a] such that bA (a1 V-V an—1) = 0.
The element b is not uniform. Hence there exist a,,al, € [0,b], where a,,al,
are non-zero, such that a, Aal, = 0. Then a, A (a1 V- Va,—1) = 0, so that
{a1,a9,...,a,} is join-independent by Proposition 2.31. Moreover

ahb, Aas V- Vay) (since a, < b)
=a, AbA{(a1V - Vap_1)Va,) (bythe modular identity)
=a, A((bA{a1 V- Vau_1))Vay)
=a,A0Va,)=0.

This completes the construction. Now {a, | n > 1} is an infinite join-indepen-
dent set. ]
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Theorem 2.36 The following conditions are equivalent for a modular lattice L
with 0 and 1.

(a) L does not contain infinite join-independent subsets.

(b) L contains a finite join-independent subset {aj,ag,...,an} with a; uni-
form for everyi=1,2,...,n and a1 Vas V---Va, essential in L.

(c) The cardinality of the join-independent subsets of L is < m for a non-
negative integer m.

(d) Ifag < a1 < az < ... is an ascending chain of elements of L, then there
exists © > 0 such that a; is essential in a; for every j > 1.

Moreover, if these equivalent conditions hold and {a1,aq,...,a,} is a finite
join-independent subset of L with a; wuniform for every i = 1,2,...,n and
a1 VagV---Vay, essential in L, then any other join-independent subset of L
has cardinality < n.

Proof. (a) = (b). Let F be the family of all join-independent subsets of L
consisting only of uniform elements. The family F is non-empty (Lemma 2.35).
By Zorn’s Lemma F has a maximal element X with respect to inclusion. By
(a) the set X is finite, say X = {a1,a2,...,an}. The element a1 VasV---Va, is
essential in L, otherwise there would exist a non-zero element x € L such that
(a1 VagV---Vap)Az = 0, and by Lemma 2.35 there would be a uniform element
b € L such that b < z. Then {a1,a2,...,ay,,b} would be join-independent by
Proposition 2.31, a contradiction.

(b) = (c). Suppose that (b) holds, so that there exists a finite join-
independent subset {a1,as,...,an} of L with a; uniform for every 7 and

aiV---Va,

essential in L. Assume that there exists a join-independent subset {b;,bs,...,b; }
of L of cardinality k > n. For every t = 0, 1,...,n we shall construct a subset
X, of {a1,aq,...,a,} of cardinality ¢ and a subset Y; of {b1,b2,...,bc} of
cardinality k£ — ¢ such that X; nY; = §§ and X; UY; is join-independent. For
t=0set Xg=0and Yy = {b1,bs,...,b;}. Suppose thai X; and Y; have been
constructed for some ¢, 0 < ¢ < n. We shall construct X;,; and Y:y;. Since
Yil=k—t>n—1t>0, there exists j = 1,2,...,k with b; € Y;. Set

=\ w
yE(XUY)\{b;}

We claim that ¢ A ag = 0 for some £ = 1,2,...,n. Otherwise, if cAa; # 0
for every ¢ = 1,2,...,n, then ¢ A a; is essential in a; because a; is uniform,
so that \/_, ¢ A a; is essential in \/}._; a; by Corollary 2.34. Since /i, a; is
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essential in 1, it follows that \/[_, ¢ A a; is essential in 1 (Lemma 2.32). Then
c> \/?:1 ¢ A a; is essential in 1, so that ¢ A b; # 0. This contradicts the fact
that X; UY; is join-independent and the contradiction proves the claim. From
Proposition 2.31 and the claim it follows that (X, U {a¢}) U (Y; \ {b;}) is join-
independent, so that X;11 = X, U{a,} and Y11 =Y, \ {b;} have the required
properties. This completes the construction of the sets X; and Y;.

For ¢t = n we have a non-empty subset Y,, of {b1,b2,...,bx} such that
{ai,a2,...,a,} UY, is a join-independent subset of cardinality k, so that

{(a1VasV---Va,)Ay=0

for every y € Y,,, and this contradicts the fact that a; Vas V---Va, is essential
in L. Hence every join-independent subset of L has cardinality < n.

(¢) = (d). If (d) does not hold, there is a chain ap < a1 < a2 < ... of
elements of L such that for every i > 0 there exists §(¢) > ¢ with a; not essential
in a;¢;y. Set jo = 0 and j,11 = j(jn) for every n > 0. Then for every n > 0
there exists a non-zero element b, < a;,,, such that b, A a;, = 0. The set
{b, | n = 0} is join-independent by Proposition 2.31. Thus (c) does not hold.

(d) = (a). If (a) is not satisfied, then L contains a countable infinite join-
independent subset {b; | i > 0}. Set a,, = ;g bi- Then ap < a3 <ap < ...
and for every n > 0 the element a,, is not essential in a,11 because

?

an N bn+1 = 0.

Hence (d) is not satisfied.

The last part of the statement has already been seen in the proof
of (b) = (c). O

Thus, for a modular lattice L, either there is a finite join-independent
subset {a1,as,...,a,} with a; uniform for every : = 1,2,...,n and

arVayV---Vay,

essential in L, and in this case n is said to be the Goldie dimension dim L of
L, or L contains infinite join-independent subsets, in which case L is said to
have infinite Goldie dimension. The Goldie dimension of a lattice L is zero if
and only if L has exactly one element.

2.7 Goldie dimension of a module

In this section we shall apply the Goldie dimension of modular lattices intro-
duced in the previous section to the lattice L{M) of all submodules of a module
Mpg. If the lattice £(M) has finite Goldie dimension n, then n will be said to
be the Goldie dimension dim Mg of the module Mp. Otherwise, if the lattice
L(M) has infinite Goldie dimension, that is, if Mg contains an infinite direct
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sum of non-zero submodules, the module Mg will be said to have infinite Goldie
dimension (dim Mp = o0).
Since a module M is essential in its injective envelope E(M),

dim(M) = dim(E(M)).

In Section 2.5 we had already defined uniform modules. Obviously, a module
M is uniform if and only if the lattice £(M) is uniform. A module M has finite
Goldie dimension n if and only if it contains an essential submodule that is
the finite direct sum of n uniform submodules Uy, ..., U, (Theorem 2.36(b)).
In this case E(M) = E(U;) @ E(U2) & --- ® E(U,) is the finite direct sum of
n indecomposable modules. Note that by Theorem 2.26 we already knew that
if E(M) is a finite direct sum of indecomposable modules, then the number
of direct summands in any indecomposable decomposition of E(M) does not
depend on the decomposition. Hence a module M has finite Goldie dimension n
if and only if its injective envelope E(M) is the direct sum of n indecomposable
modules.

In the next proposition we collect the most important arithmetical proper-
ties of the Goldie dimension of modules. Some of these properties have already
been noticed. Their proof is elementary.

Proposition 2.37 Let M be module.
(a) dim(M) =0 if and only if M = 0.
(b) dim(M) =1 if and only if M is uniform.

(¢) If N < M and M has finite Goldie dimension, then N has finite Goldie
dimension and dim(N) < dim(M).

(d) If N < M and M has finite Goldie dimension, then dim(N) = dim(M)
if and only if N is essential in M.

(e) If M and M’ are modules of finite Goldie dimension, then M & M’ is a
module of finite Goldie dimension and dim(M & N) = dim(M)+dim(N).
O

Artinian modules and noetherian modules have finite Goldie dimension.
For an artinian module M, the Goldie dimension of M is equal to the composi-
tion length of its socle soc(M). In particular, an artinian module M has Goldie
dimension 1 if and only if it has a simple socle.

The next proposition contains a first application of the Goldie dimension
of a ring.

Proposition 2.38 Let R be a ring and suppose that Rr has finite Goldie di-
mension. Then every surjective endomorphism of a finitely generated projec-
tive right R-module Pgr is an automorphism. In particular, every right or left
invertible element of R is invertible.
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Proof. If Pg is a finitely generated projective R-module, then Pg has finite
Goldie dimension. If ¢ is a surjective endomorphism of Pg, then

Pr @ kerp & Pg,

so that dim(kerp) = 0, that is, ¢ is injective. For the second part of the
statement we must show that if 2,y € R and zy = 1, then yr = 1. Since
zy = 1, left multiplication by z is a surjective endomorphism p, of Rg. From
zy = 1 it follows that yR @ ker(u,) = R. Hence yR = R, i.e., y is also right
invertible. Thus y is invertible and z is its two-sided inverse. 0

2.8 Dual Goldie dimension of a module

We shall now apply the results on the Goldie dimension of modular lattices
of Section 2.6 to the dual lattice of the lattice £{M) of all submodules of a
module M. If (L,A,V) is a modular lattice, then its dual lattice (L, V,A) is
also a modular lattice. In particular, the Duality Principle holds for modular
lattices, that is, if a statement ® expressed in terms of A, V, < and > is
true for all modular lattices, then the dual statement of ®, obtained from ®
interchanging A with V and < with >, is also true for all modular lattices.

Since the dual of the lattice £L{M) of all submodules of a module M
is modular, all the results of Section 2.6 hold for this lattice. We now shall
translate the results of Section 2.6 for the dual of the lattice £L(M) to the
language of modules.

Let M be aright R-module. A finite set { N; | ¢ € I } of proper submodules
of M is said to be coindependent if N; + ((;,, N;) = M for every i € I,
or, equivalently, if the canonical injective mapping M/ (;c; Ni — ®ierM/N;
is bijective. An arbitrary set A of proper submodules of M is coindependent
if its finite subsets are coindependent. If A is a coindependent set of proper
submodules of M and N is a proper submodule of M such that N+((\ x5 X) =
M for every finite subset B of A, then A U {N} is a coindependent set of
submodules of M (Proposition 2.31). By Zorn’s Lemma, every coindependent
set of submodules of M is contained in a maximal coindependent set.

The following lemma, which is dual to Lemma 2.24, has an elementary
proof.

Lemma 2.39 Let M # 0 be an R-module. The following conditions are equiva-
lent:

(a) The sum of any two proper submodules of M is a proper submodule of M.
(b) BEvery proper submodule of M is superfluous in M.

(¢) Every non-zero homomorphic image of M is indecomposable. d
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An R-module M # 0 is said to be couniform, or hollow, if it satisfies
the equivalent conditions of the previous Lemma 2.39. Every local module is
couniform, but not conversely. For instance, the Z-module Z(p>) (the Priifer
group) is couniform and is not local. Every proper submodule of a finitely
generated module M is contained in a maximal submodule of M. Hence if M
is a finitely generated module, M is couniform if and only if M is local. From
Theorem 2.36 we obtain

Theorem 2.40 The following conditions are equivalent for a right module M :
(a) There do not exist infinite coindependent sets of proper submodules of M.

(b) There exists a finite coindependent set { Ny, Na,..., N} of proper sub-
modules of M with M/N; couniform for all i and NyN' Ny --- N Ny,
superfluous in M.

(¢) The cardinality of the coindependent sets of proper submodules of M is
< m for a non-negative integer m.

(d) If No 2 N1 2 N2 D ... is a descending chain of submodules of M, then
there exists i > 0 such that N;/N; is superfluous in M/N; for every j > 1.

Moreover, if these equivalent conditions hold and {Ny, Na,..., Ny} is a finite
coindependent set of proper submodules of M with M/N; couniform for all i
and Ny N No N ---N N, superfluous in M, then every other coindependent set
of proper submodules of M has cardinality < n. O

The dual Goldie dimension codim(M) of a right module M is the Goldie
dimension of the dual lattice of the lattice £(M). Hence a module M has
finite dual Goldie dimension n if and only if there exists a coindependent set
{N1, Na,..., N} of proper submodules of M with M/N; couniform for all  and
NiNNyN---N N, superfluous in M. And a module M has infinite dual Goldie
dimension if there exist infinite coindependent sets of proper submodules of M.
Note that if a module M has finite dual Goldie dimension, then for every proper
submodule N of M there exists a proper submodule P of M containing N with
M/ P couniform (Lemma 2.35).

From Theorem 2.40(d) we obtain

Corollary 2.41 FEvery artinian module has finite dual Goldie dimension. O
The proof of the next result is straightforward.

Proposition 2.42 Let M be module.
(a) codim(M) = 0 if and only if M = 0.
(b) codim(M) =1 if and only if M is couniform.
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(¢) If N < M and M has finite dual Goldie dimension, then M/N has finite
dual Goldie dimension and codim(M/N) < codim(}M).

(d) If M has finite dual Goldie dimension and N < M, then codim(M/N) =
codim(M) if and only if N is superfluous in M.

() If M and M’ are modules of finite dual Goldie dimension, then M @& M’
is a module of finite dual Goldie dimension and

codim(M ® M') = codim(M) + codim(M’). O

If a module M has finite dual Goldie dimension n, then there exists a
set {N7, Na,...,N,} of submodules of M such that N = Ny NNy n---N N,
is superfluous in M and M/N = @I, M/N; is a direct sum of n couniform
modules. Note that there is no epimorphism of such a module M onto a direct
sum of 7 + 1 non-zero modules. In Section 2.7 we saw that if a module M has
the property that there are no monomorphisms from a direct sum of infinitely
many non-zero modules into M, then M has finite Goldie dimension. This result
cannot be dualized, that is, it is not true that if M is a module and there is no
homomorphic image of M that is a direct product of infinitely many non-zero
modules, then M has finite dual Goldie dimension. For instance, consider the Z-
module Z, that is, the abelian group of integers. Then there is no homomorphic
image of Z that is a direct product [],.; G; of infinitely many non-zero abelian
groups G;. But the set of all pZ, p a prime number, is an infinite coindependent
set of proper subgroups of Z, so that codim(Z) = occ.

For a semisimple module the dual Goldie dimension coincides with the
composition length of the module. Hence for a semisimple artinian ring R,

dim(Rg) = dim(zgR) = codim(Rg) = codim(gR).

We shall denote this finite dimension dim(R).
Proposition 2.43 The following conditions are equivalent for a ring R.

(a) The ring R is semilocal.

(b) The right R-module Rg has finite dual Goldie dimension.

(c) The left R-module g R has finite dual Goldie dimension.
Moreover, if these equivalent conditions hold,

codim(Rg) = codim(gR) = dim(R/J(R)).

Proof. (a) = (b). Suppose Rp has infinite dual Goldie dimension, and let
{I, | » > 1} be an infinite coindependent set of proper right ideals of R.

Then R/ ﬂﬁzl I,, is a direct sum of k non-zero cyclic modules for every k > 1.
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If C is a non-zero cyclic module, C/CJ(R) is a non-zero module. Therefore
R/(J(R) + ﬂﬁzl I,) is a direct sum of at least k non-zero modules for every
k > 1. In particular R/J(R) cannot have finite length, so that R cannot be
semilocal.

(b) = (a). Suppose that Rp has finite dual Goldie dimension. Let 7 be
the set of all right ideals of R that are finite intersections of maximal right
ideals. Note that if I,J € Z and I C J, then R/J and R/J are semisimple
modules of finite length and

codim(R/J) = length(R/J) < length(R/I) = codim(R/I).

Since codim(R/I) < codim(Rpg) for every I, it follows that every descending
chain in 7 is finite, i.e., the partially ordered set 7 is artinian. In particular 7
has a minimal element. Since any intersection of two elements of Z belongs to
T, the set 7 has a least element, which is the Jacobson radical J(R). Hence
J(R) € T is a finite intersection of maximal right ideals. Therefore R/J(R) is
a semisimple artinian right R-module, and R is semilocal.

Since (a) is right-left symmetric, (a), (b) and (c) are equivalent. Finally,
J(R) is a superfluous submodule of Rr (Nakayama’s Lemma 1.4), so that if
(b) holds, then codim(Rg) = codim(R/J(R)) by Proposition 2.42(d). O

Corollary 2.44 Let Py be a finitely generated projective module over a semilocal
ring R. Then every surjective endomorphism of Pr is an automorphism. In
particular, every right or left invertible element of a semilocal ring is invertible.

Proof. Since R is semilocal, Rr has finite dual Goldie dimension, so that Pg
has finite dual Goldie dimension (Proposition 2.42). If f: P — Pg is sur-
jective, then ker f is a direct summand of Pg, and ker f @ Pp = Pg. Thus
codim(ker f) = 0, i.e., ker f = 0. The proof of the second part of the statement
is analogous to the proof of the second part of the statement of Proposition 2.38.

]

We conclude this section with an example. A non-zero uniserial module
is both uniform and couniform. Therefore a serial module has finite Goldie
dimension if and only if it is the direct sum of a finite number of uniserial
modules, if and only if it has finite dual Goldie dimension. More precisely, a
serial module M has finite Goldie dimension n if and only if it is the direct
sum of exactly n non-zero uniserial modules (so that the number n of direct
summands of M that appear in any decomposition of M as a direct sum of
non-zero uniserial modules does not depend on the decomposition), if and only
if M has finite dual Goldie dimension n.
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2.9 N-small modules and N-closed classes

Let R be an arbitrary ring. An R-module Ny is small if for every family
{M;|iel}

of R-modules and any homomorphism ¢: Ng — @;<7M;, there is a finite subset
F C I such that ;¢ = 0 for every j € I\ F. Here the 7;: @;c;M; — M; are
the canonical projections.

For instance, every finitely generated module is small. Another class of
small modules is given by the class of uncountably generated uniserial modules,
as the next proposition shows.

Proposition 2.45 Fvery uniserial module that is not small can be generated by
Ny elements.

Proof. Let U be a uniserial module that is not small. Then there exist modules
M;, 1 € I, and a homomorphism ¢: U — @;erM; such that if m;: @ie,M; — M;
denotes the canonical projection for every j € I, then m;p # 0 for infinitely
many j € I.

For every x € U set supp(z) = {i € I | mip(x) # 0}, so that supp(z) is
a finite subset of [ for every x € U. Note that if z,y € U and zR C yR, then
supp(z) C supp(y). Define by induction a sequence of elements z, € U, n > 0,
such that supp(zg) C supp(z;) C supp(zz) C .... Set zg = 0. If z,, € U has
been defined, then supp(x,) is finite, but m;¢ # 0 for infinitely many j € I.
Hence there exists k € I with & ¢ supp(x,) and 7xp # 0 . Let 11 € U be
an element of U with m@(zp41) # 0. Then supp{(x,11) € supp(x,), so that
Zn41R € 2o R. Hence 2, R C x4 R, from which supp(z,) C supp(zn+1). This
defines the sequence z,,.

If the elements z,, do not generate the module U, then there exists v € U
such that v ¢ z,R for every n > 0. Then vR 2 z,R for every n, so that
supp(v) D supp(z,) for every n. This yields a contradiction, because supp(v)
is finite and {J,,»osupp(zx) is infinite. Hence the z, generate U and U is
countably generated. O

Now we shall extend the definition of small module. Let X be a cardinal
number. An R-module Ny is R-small if for every family {M; | ¢ € I} of R-
modules and any homomorphism ¢: Ng — @, M;, theset {i € [ | mp #0}
has cardinality <.

For instance, every small module is Rg-small, and every uniserial module
is Np-small. It is easy to see that if N is a finite cardinal number and Np is
N-small, then Nz = 0.

Let R be a ring, G a non-empty class of right R-modules and let X be a
cardinal number. We say that G is N-closed if:
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(a) G is closed under homomorphic images, that is, if Mg, Ng are right R-
modules, f: Mp — Npg is an epimorphism and Mg € G, then Ny € G;

(b) every module in G is N-small;

(c) G is closed under direct sums of ® modules, that is, if M; € G for every
i €1 and |I| <N, then &,/ M; € G.

Examples 2.46 (1) For an infinite cardinal number X and a ring R, let G be
the class of all RX-generated modules, that is, the right R-modules that are
homomorphic images of R®). Then G is an R-closed class.

(2) For a cardinal number R and a ring R, let G be the class of all R-small
right R-modules. Then G is an R-closed class.

(3) Let R be aring and let X be a finite cardinal number. We have already
remarked that every N-small right R-module is zero. Hence every RN-closed class
of right R-modules consists of all zero R-modules.

(4) Let R be aring and let G be the class of all ¢-small R-modules, that is,
the right R-modules that are countable ascending unions of small submodules.
Then G is an Rg-closed class. Note that by Proposition 2.45 every uniserial
module is o-small. O

The following theorem is essentially equivalent to an extension due to
C. Walker of a theorem of [Kaplansky 58, Theorem 1|. Kaplansky proved it
in the case in which X = Wy and G is the class of Ng-generated modules, and
Walker extended it to the class of N-generated modules for an arbitrary cardinal
number R. [Warfield 69c] remarked that the theorem holds for the classes of
N-small modules and o-small modules, and that suitable versions for larger
cardinals were also valid.

Theorem 2.47 Let R be o ring, let X be o cardinal number and G an N-closed
class of right R-modules. If a module Mp is a direct sum of modules belonging
to G, then every direct summand of Mg is a direct sum of modules belonging

to G.

Proof. Since the case of a finite cardinal number X is trivial (Example 2.46(3)),
we may suppose XN infinite. Let Mr = @;c1M;, where M; € G for every 1 € I,
and assume Mp = Np® Pr. Let L(Ng) and L(Pr) be the sets of all submodules
of Nr and Pg, respectively, and let 7 be the set of all triples (J, A, B) such
that

(1) JCI, ACL(NR)NG, BC L(PR)NG;

(2) the sum Yo xea X is direct, that is, YoxeaX = BxeaX;
(3) the sum )y, Y is direct, that is, 3y cp Y = @yepY;
(4) ®icsM; = (BxeaX) ® (DyesY)-
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Note that 7 is non-empty, because (0,9,#) € 7. Define a partial ordering on
T by setting (J,A,B) < (J', A',B') whenever J C J, AC A, and BC B. It
is easily seen that every chain in 7 has an upper bound in 7, so that by Zorn’s
Lemma 7 has a maximal element (K,C, D). Suppose K C I. Let ¢ € T\ K and
let € be the idempotent endomorphisms of My with ker(¢) = Pg that is the
identity on Ng.

Define an ascending chain Iy C I; C I, C ... of subsets of I of cardinality
at most N in the following way. Set Iy = {i}. Suppose I, has been defined. Since
®jer, M; € @, its homomorphic images e(®jer, M;) and (1 — €)(®jer, M;)
belong to G, so that e(@®jer, M;) + (1 — e)(®jer,M;) is in G. In particular,
this module is N-small, hence there exists a subset I,.; of I of cardinality
at most N such that e(®jer, M;) + (1 — €)(®jer, M;) € ®jer,,, M;. Note that
@jer, M; C e(@jer, M;)+(1—€)(®jer, Mj), so that I,, C I, 1. This completes
the construction of the subsets I, by induction.

Let I’ be the union of the countable ascending chain [y CI; C L, C ...,
so that I’ is a subset of I of cardinality at most R. Hence @®;ecrM; € G. Since
i € I', it follows that I' UK D K. And e(®jer, M;) C ®jer,, M; for all n
implies that e(®jer M;) C ®jer M;. Similarly, (1 — €)(@jerM;) C Sjer M.

Now ®jcxM; = (OxecX) ® (ByepY) because (K,C,D) € T, and

e(@jervkM;) = e(@jer Mj + Sjex M;)
=e(@jerM; + OxecX +ByepY) = e(@jerr M;) + BDxecX
C Djer Mj + Djex Mj = DjerurM;.

Hence the idempotent endomorphism ¢ of Mg induces an idempotent endo-
morphism on @jeryuxMj, so that

DjervrM; = e(@jervkM;) ® (1 — €)(®jerur Mj).

The submodule @ xecX is a direct summand of ©;e;ux M; contained in
e(@jeruxM;). Hence it is a direct summand of e(®jerux M;), that is, there
exists a submodule X of Ny such that

e@jeruvrM;) = (BxecX) ® X.
Similarly, @yepY is a direct summand of @jepuxM; contained in
(1 —¢e)(@jeruxM;),

so that (1 — &)(@jeruxM;) = (ByepY) @Y for some submodule Y of Pg.
Therefore @jerurM; = (BxecX) @ X O (@yepY ) @Y. It follows that

XY =2 ®jeruxM;/ ®jex Mj 2 ®jermxM; €6,

so that both X and Y belong to G. This shows that (I'UK,CU{X},DU{Y})
is an element of 7 strictly greater than the maximal element (K,C,D). This
contradiction proves that K = I. Thus Mg = (®xeccX) ® (PyepY). Hence
Ng = ®xeccX and Pgr = ®yepY. O
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If we apply Theorem 2.47 to the Ry-closed class of all countably generated
(= Np-generated) modules we get a famous result of [Kaplansky 58]:

Corollary 2.48 (Kaplansky) Any projective module is a direct sum of countably
generated modules. W

Corollary 2.49 Let N be a direct summand of a serial module. Then there is a
decomposition N = @;c;N;, where each N; is a direct summand of the direct
sum of a countable family {U;, | n € N} of uniserial modules.

Proof. Let G be the class of all g-small modules. This is an Ng-closed class
that contains all uniserial modules (Example 2.46(4)). Apply Theorem 2.47.
Then N is a direct sum of modules N; belonging to G. Hence it suffices to
prove that a module N; belonging to G that is a direct summand of a serial
module is a direct summand of the direct sum of a countable family of uniserial
modules. If V; is a direct summand of a serial module @;¢;U;, there are two
homomorphisms ¢: N; ~ @;csU; and 9: ©e U; — N; such that 9o =1y, If
N; € G, N; is Rg-small, so that the set C = {j € J | ;00 # 0} has cardinality
< Ng. Now it is easily seen that N; is a direct summand of the direct sum of
the countable family {U, | j € C'}. O

We conclude the section with a proposition due to [Warfield 69¢, Lemma
5], who proved it not only for modules, but for objects of more general abelian
categories. Here we consider the case of modules only.

Proposition 2.50 Let R be a ring, R a cardinal number and G an R-closed class
of right R-modules. If M = ®ic1A;i = ©jeciB;, where Ay, B; are non-zero
modules belonging to G for every i € I and every j € J, then there exists a
partition { Iy | A € A} of I and a partition {Jy | A € A} of J with |I,| <R,
[Ja] <X and Bicr, Ai = Djeg, B; for every A € A.

Proof. The case of a finite cardinal number RN is trivial. Hence we may suppose
N infinite. We claim that if i € I, then there exist subsets I’ C I and J' C J
of cardinality < X such that ig € I’ and ®,c;rA; = §jep B;. In order to prove
the claim define sets I/, and J, of cardinality < X for every integer n > 0 by
induction as follows. Set I = {ip} and J§ = 0. Suppose I}, and J; have been
defined. Then (®er A;) + (@je, Bj) € G, so that there exists a subset J;, | €
J of cardinality at most X such that (Dics As)+(@je By) € ®jeu,  B;. Since
(@ier, Ai) + (@jej;+lBj) € G, there exists a subset I}, C I of cardinality at
most N such that (Dier A;)+ (GBJ-EJ;MBj) C ®ierr,,, Ai- It is now obvious that
I'=U,>0 1, and J' = J,,5( J;, have the property required in the claim.
Define a chain of subsets Ko € K; C --- C K, C ... of I and a chain
of subsets Ly C Ly C --- C Ly C ... of J for each ordinal A by transfinite
induction in the following way. Set Ko = Lg = (. If A is a limit ordinal set
Kx = U < Ky and Ly = U, Ly For every ordinal p such that K, = I
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set K, 11 = K, and L, 1 = L,. Otherwise, if K,, C I, choose an element
ip € I'\ K,. By the claim there exist I’ C I and J' C J, both of cardinality
<N, such that iy € I’ and ®;cp A; = ®je.p Bj. In this case set K41 = K, UTI'
and Ly =L, UJ".

Obviously ®;cr, Ai = @jer, Bj for every A, and there exists an ordinal A
such that K5 = I. Then Ly = J. Set I = K41 \ Ky and Jy = Ly4; \ L) for
every A < A. Then

BickrnAi = Ojer,, Bj and  O@iek, Ai = ®jer, Bj

imply @ier, Ai = ©jes, B;. O

2.10 Direct sums of N-small modules

In Section 2.3 we saw two cases in which there exist isomorphic refinements of
two direct sum decompositions. The next theorem examines a third case.

Theorem 2.51 Let Mg be a module that is a direct sum of Rg-small submodules.
Then any two direct sum decompositions of M into summands having the Ng-
exchange property have isomorphic refinements.

Proof. We have already remarked that the class G of all Ry-small R-modules is
Rg-closed (Example 2.46(2)). By Theorem 2.47 any decomposition of Mg, refines
into one in which the summands belong to G. By Lemma 2.4 every refinement
of a decomposition of Mg into summands with the Ng-exchange property is a
decomposition into summands with the Ng-exchange property. Hence we may
suppose that we have two direct sum decompositions of M into summands
belonging to G and having the Ng-exchange property. By Proposition 2.50 we
may assume that the index sets are countable. In this case the result is given
by Theorem 2.10. il

A fourth case in which isomorphic refinements exist is considered in the
next important result, due to [Crawley and Jénsson, Theorem 7.1], who proved
it for algebraic systems more general than modules. Here we shall present the
proof given by [Warfield 69¢, Theorem 7]. Also the proof given by Warfield holds
in a context more general than ours, that is for suitable abelian categories, but
we shall restrict our attention to the case we are interested in, that is, the case
of modules. Recall that a module is g-small if it is a countable ascending union
of small submodules (Example 2.46(4)}.

Theorem 2.52 If a module M is a direct sum of o-small modules each of which
has the exchange property, then any two direct sum decompositions of M have
isomorphic refinements.
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Proof. We claim that if A = ®§2; B; is a direct sum of countably many o-small
modules B; each of which has the exchange property and A = C' @ D, then C
is a direct sum of o-small modules with the exchange property.

In order to prove the claim note that the direct summand C of A is
o-small, hence there is an ascending chain 0 = Sy € 57 C Sy C ... of small
submodules of C' whose union is C itself. We shall construct submodules Cy, Py
of C for each k > 0 with the property that (1) C =Co®C1 @ --- D Cr ® P,
(2) S CCo®CL & -+ & Ck and (3) Cy, has the exchange property for every
k> 0.8et Cy =0 and Py = C. Suppose Cy,...,Cr-1,FPy,..., Px—1 with the
required properties have been constructed. Then Co & C1 @ --- @ Cr_1 has
the exchange property. Hence there exist direct summands B} of B; such that
A=CodC1&---®Cro1® (PR, BY). Since S, is small, there exists a positive
integer n(k) such that S C Tz, where

Tty =Co®C1® - ®Cr1 @ (@7:(1;)31) .

The module T;,(x) has the exchange property, so that from

we have that there exist P, C C and a direct sum decomposition Dy @ D} = D
such that A = T5, () ® Py ® Dy Set C.=Cn (Tn(k) @ Dk), so that C' = C, & Py
by Lemma 2.1 and Si C C}. Set Cy, = C;, N Py—1. Then

CodC1D- - ®Cr1 CCLCC=CodC1 D DCr1 DB Pry
forces C, =Co®C1 @ --- & Cr—1 & Ck (Lemma 2.1). Hence
C=0CaCi@®---eCrd P
and Sy CCop Cy & - - - ® Cy. Finally,

Co@C&GB"'@CkEBPkGBDkGBD;CICGBD:A
— Ty ® Pk ®Dh = Co@C1 0+ Cp @ (01VB)) @ P @ D,

implies that Cy & D}, = @?:(’i)Bg, so that Cy has the exchange property be-
cause it is isomorphic to a direct summand of @?ﬁi)Bz’» . This completes the
construction by induction.

It is now obvious that C' = ®32., Cy. Since B is o-small, A itself is o-small,
so that each Cj is o-small. This proves the claim.

In order to prove the theorem, suppose
M = @1 B (2.24)

where, for each i € I, B; is o-small and has the exchange property. Since every
direct summand of B; is o-small and has the exchange property, it is enough
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to show that the decomposition (2.24) and any other decomposition
M =®jesM; (2.25)

have isomorphic refinements. By Theorem 2.47 the decomposition (2.25) has a
refinement

M = ®rerCh (226)

in which every Cy, is o-small. If we apply Proposition 2.50 to the decompositions
(2.24) and (2.26) we see that we may assume I and K countable. By the
claim the decomposition (2.26) has a refinement that is a direct sum of o-small
modules with the exchange property. Now Theorem 2.51 allows us to conclude.

O

From Theorem 2.52 we immediately obtain the following three corollaries:

Corollary 2.53 If a module M is a direct sum of countably generated modules
M;, i € 1, each of which has the exchange property and N is a direct summand
of M, then N = @;c1N;, where each N; is isomorphic to a direct summand
of M;. W]

Corollary 2.54 If a module M is a direct sum of uniserial modules each of which
has a local endomorphism ring, then any two direct sum decompositions of M
have isomorphic refinements. a

Corollary 2.55 If M = ®;c1 M;, where each M; is a countably generated module
with a local endomorphism ring, then any other direct sum decomposition of
M can be refined to a decomposition isomorphic to the decomposition M =
BicrM;. In particular, any direct summand of M is isomorphic to ®;c jM; for
a subset J of I. O

Corollary 2.55 is clearly a strengthened form of the Krull-Schmidt-Remak-
Azumaya Theorem for direct sums of countably generated modules. It is appar-
ently still an open question whether the hypothesis of being countably gener-
ated in Corollary 2.55 can be removed, that is, whether every direct summand
of a direct sum of modules with local endomorphism rings is a direct sum of
modules with local endomorphism rings. See [Elliger].

A ring R is said to be an exchange ring [Warfield 72] if Rg has the ex-
change property. For a ring R the right R-module Rg has the exchange prop-
erty if and only if the left module g R has the exchange property [Warfield 72,
Corollary 2]. We shall not need this fact, and its proof will be omitted.

Theorem 2.56 If R is an exchange ring, then any projective right R-module is
a direct sum of right ideals generated by idempotents.
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Proof. A projective R-module Ng is isomorphic to a direct summand of a free
module Mp. Now apply Corollary 2.53 to Mg and Ng. O

Every local ring is an exchange ring by Theorem 2.8. Hence from The-
orem 2.56 we have that

Corollary 2.57 Any projective right module over a local ring is free. O

2.11 The Loewy series

In this section, we introduce Loewy modules, which form a class containing all
artinian modules. Let M be a module over an arbitrary ring R. Inductively
define a well-ordered sequence of fully invariant submodules soc, (M} of M as
follows:

soco(M) =0,
80Ca+1(M)/soca{M) = soc(M/soc,(M)) for every ordinal c,
socg(M) = |J,<580ca(M) for every limit ordinal 3.

The chain
soco(M) C socy1 (M) Csoce(M) C -+ Csoc,(M) C ...

is called the (ascending) Loewy series of M. The module M is a Loewy module
if there is an ordinal « such that M = soc,(M), and in this case the least
ordinal & such that M = soc, (M) is called the Loewy length of M. Note that
the Loewy series is always stationary, that is, for every module M there exists
an ordinal o such that socg(M) = soc, (M) for every 8 > « (for instance, it is
sufficient to take any ordinal o whose cardinality is greater than the cardinality
of M). For such an ordinal o, set §(M) = soce(M). Then §(M) is the largest
Loewy submodule of M, and M/§(M) has zero socle.

Lemma 2.58 A module M is a Loewy module if and only if every non-zero
homomorphic tmage of M has a non-zero socle.

Proof. If M is a Loewy module and NV is a proper submodule of M, consider
the set of all the ordinal numbers a such that soc, (M) C N. It is easily seen
that this set has a greatest element 3. Then M /N is a homomorphic image of
M/socg(M), and the image of the socle socgr1(M)/socg(M) of M/socg(M)
in M/N is non-zero. Therefore the socle of M/N is non-zero.

Conversely, if M is not a Loewy module, then M/§(M) is a non-zero
homomorphic image of M with zero socle. O
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In particular, since every non-zero artinian module has a non-zero socle,
every artinian module is Loewy. Every Loewy module is an essential extension
of its socle.

Let T be the class of all Loewy right R-modules and let F be the class of
all right R-modules with zero socle. Then (7, F) is a torsion theory, that is,

(a) Hom(T,F) =0forall T €T, F € F.
(b) If M is a right R-module and Hom(M, F') =0 forall F € F,then M € 7.
(¢) If M is a right R-module and Hom(T', M) = 0 for all T € T, then M € F.

The case of a right noetherian ring R is particularly interesting. If M
is a Loewy right module over a right noetherian ring R and z € M, then
zR is a noetherian Loewy module, so that the ascending chain soc,(zR),
n > 0, must be stationary and xR = socy, (xR) for some m. Since the modules
s0Cp11(zR)/soc,(zR) are semisimple noetherian modules, it follows that zR
is an R-module of finite composition length. Therefore:

Proposition 2.59 If M is o Loewy right module over a right noetherian ring,
then M is the sum of its submodules of finite composition length. In particular,
M has Loewy length < w. |

If z is an element in a right module Mg, the annihilator
anng(z) ={a € R|za=10}

of = is always a right ideal of R. In particular, if b € R, its right annihila-
tor ranng(b) = {a € R | ba = 0} is a right ideal of R. As a corollary of
Proposition 2.59 we obtain

Corollary 2.60 Let R be a right noetherian ring and let G = {I | I is a right
ideal of R and R/I is a right R-module of finite length}. Then

5(Mg)={z € M |anng(z) €G}
for every R-module Mp.

Proof. Let x be an element of M. Then anng(xz) € G if and only if zR is a
right R-module of finite length, that is, if and only if z € soc,(Mp) for some
positive integer n, i.e., if and only if z € soc,,(Mg) = §(MRg). ]

Proposition 2.59 can be adapted to commutative rings, as the next lemma
shows.

Lemma 2.61 The Loewy length of an artinian module over a commutative ring
5 < w.



70 2 Krull-Schmidt-Remak-Azumaya Theorem

Proof. 1If socog(M) C soci (M) C soca(M) C -+ Csoce(M) C ... is the Loewy
series of an artinian module M, then | J, .y socn(M) = M, because if z € M,
then zR is an artinian module. Hence xR is a module of finite composition
length, so that xR C soc, (M) for some n € N. Therefore M = soc, (M) has
Loewy length < w. (W

Uniserial artinian modules of arbitrary Loewy length can be constructed
over suitable non-commutative rings [Fuchs 70b, Facchini 84].

2.12 Artinian right modules over commutative
or right noetherian rings

In this section we prove that the Krull-Schmidt Theorem holds for artinian
right modules over rings which are either right noetherian or commutative. In
Chapter 8 we shall see that it can fail for artinian modules over arbitrary non-
commutative rings. Note that artinian modules are always finite direct sums of
artinian indecomposable modules.

Lemma 2.62 Let Mr be a module over an arbitrary ring R and let
Mo C M CMC...

be an ascending chain of fully invariant submodules of Mg. Suppose that each
M; has finite composition length and M = J;5 M;. Then

(a) If f € End(MR), then M = M' & M", where M' = |J,,5oker(f™) and

M'" = UiZO (ﬂnZO f”(MJ) Moreover, f restricts to an automorphism
of M".

(b) If Mg is indecomposable, then End(Mpg) is a local Ting.

Proof. (a) For every i > 0 there is a positive integer n; such that for every
Jjzn

FA(M;) = f(M;) and  ker(f7) N M; = ker(f™) N M;.
By Lemmas 2.16(a) and 2.17(a)
M; = (ker(f) N M) & (M),
so that

M= | |Jker(fmnM; | & | () f2(M0)

n>0 n>0
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Further, f restricted to
M} = () f (M)

n>0

is a monomorphism, hence an automorphism of M. Now (a) follows easily.
(b) If Mg is indecomposable, either Mg = M’ or Mg = M". Hence for
every f € End(MRg), either Mr = |J,,5o ker(f™) or f is an automorphism. This
shows that if f is a non-invertible element of End(Mg), the restriction of f
to any M; is nilpotent. Now argue as in the second paragraph of the proof of
Lemma 2.21 to show that the sum of two non-invertible elements of End(Mpg)
is non-invertible. Thus End(MEg) is local. O

In the next proposition we prove that if the base ring R is either right
noetherian or commutative, then all direct sum decompositions of a module
that is a direct sum of artinian modules have an isomorphic common refinement.
Hence the Krull-Schmidt Theorem holds for artinian modules over such rings.

Proposition 2.63 Let R be a ring which is either right noetherian or commu-
tative and let M = @;e;M; be a right R-module which is the direct sum of
indecomposable artinian modules M;. Then any direct sum decomposition of
M refines into a decomposition isomorphic to the decomposition M = ®;erM;
and any direct summand N of M is isomorphic to @;cgM; for a subset J C I.

Proof. Let A be an artinian right module over a ring R that is either right
noetherian or commutative. By Proposition 2.59 and Lemma 2.61 the module A
has Loewy length < w, so that A = soc,(A) = |J,en S0¢n(A). Every soc,(A)
is an artinian module of Loewy length < n. Since soc,41(A)/soc,(4) is a
semisimple artinian module, every soc,(4) is a module of finite composition
length. By Lemma, 2.62 every indecomposable artinian module A has a local
endomorphism ring and is countably generated. Now apply Corollary 2.55. [

2.13 Notes on Chapter 2

The exchange property was introduced by [Crawley and J6nsson|. Actually,
Crawley and Jénsson’s results were proved for a wide class of algebraic struc-
tures, namely for algebras in the sense of Jonsson-Tarski. Injective modules
[Warfield 69c|, quasi-injective modules [Fuchs 69], pure-injective modules [Zim-
mermann-Huisgen and Zimmermann 84], continuous modules (Mohamed and
Miiller, 1989), projective modules over perfect rings (Yamagata, 1974, and
Harada-Ishii, 1975), and projective modules over Von Neumann regular rings
[Stock] have the exchange property. It is not known whether the exchange prop-
erty and the finite exchange property are equivalent for arbitrary modules. By
Theorem 2.8 they are equivalent for indecomposable modules.
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A module M is continuous if the following two conditions hold:
(C1) every submodule of M is essential in a direct summand of M;

(C2) if a submodule N of M is isomorphic to a direct summand of M, then N
is a direct summand of M.

A module M is quasi-continuous if (C1) holds, and moreover

(C3) if Ny and Ny are direct summands of M such that Ny N Ny = 0, then
N; @ N, is a direct summand of M.

Making use of ideas of [Oshiro and Rizvi], [Mohamed and Miiller] have re-
cently proved that the exchange property and the finite exchange property are
equivalent for quasi-continuous modules. Note that there exist indecomposable
quasi-continuous modules without the finite exchange property, for instance
the abelian group Z.

The proofs of Lemma 2.2, Corollary 2.3, Lemmas 2.4 and 2.5 and The-
orems 2.9 and 2.10 are taken from [Crawley and Jénsson|. In the proof of The-
orem 2.8 the implication (b) = (c) is taken from [Crawley and Jénsson| and
the remaining implications are due to [Warfield 69a, Proposition 1].

The history of the Krull-Schmidt-Remak-Azumaya Theorem beging with
two papers of [Krull 25] and [Schmidt]. The present form of the theorem ap-
peared for the first time in [Azumaya 50]. In that paper Azumaya proved the
uniqueness of decomposition for infinite direct sums of modules with local endo-
morphism rings. In this book, the general result (Theorem 2.12) is referred to as
the “Krull-Schmidt-Remak-Azumaya Theorem”, whereas the “Krull-Schmidt
Theorem” is the “classical” Krull-Schmidt Theorem, that is, the result con-
cerning modules of finite length (Corollary 2.23). Krull himself used to term
“Isomorphiesatz der direkte Zerlegung” (Isomorphism theorem of direct de-
composition) for what we call the Krull-Schmidt Theorem. In [Krull 32] (last
paragraph of the paper), Krull asked whether the “Isomorphiesatz der direkte
Zerlegung” is independent of the descending chain condition, i.e., whether
the Krull-Schmidt Theorem holds for artinian modules (cf. [Levy, p. 660]).
The answer to this question appeared in [Facchini, Herbera, Levy and Vamos]
and is the main topic of Section 8.2. The proofs of Lemma 2.11 and the
Krull-Schmidt-Remak-Azumaya Theorem we have given here are taken from
[Crawley and Jdénsson].

Lemmas 2.20 and 2.21 are due to [Fitting, Satz 8], and Corollary 2.27 is
due to [Zimmermann and Zimmermann-Huisgen 78, Theorem 9]. The proof of
Proposition 2.28 is based on an argument of [Eisenbud and Griffith, Proof of
Proposition 1.1].

The Goldie dimension for modules and rings was introduced by [Goldie
60], who called it “dimension”. The Goldie dimension of a module is also called
the uniform dimension, or the uniform rank, or simply the rank of the module.
Concepts such as having finite Goldie dimension or uniform submodules and
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their basic properties go back to [Goldie 58, 60]. Goldie dimension for arbitrary
modular lattices was introduced by [Grzeszczuk and Puczylowski]. For the proof
of Lemma 2.30 and Proposition 2.31 we have followed [Néstdsescu and Van
Opystaeyen]. The rest of the material in Section 2.6 is taken from [Grzeszczuk
and Puczylowski].

The notion of dual Goldie dimension is due to [Varadarajan|, who used
the term corank for what we call dual Goldie dimension of a module. There
are a number of different ways that one could attempt to dualize the notion
of Goldie dimension; for instance, [Fleury] considers the spanning dimension of
a module, a possible different dualization of the Goldie dimension. The span-
ning dimension of a module M is defined as the least integer k£ such that
M is a sum Nj + --- + N (not necessarily direct) of k& couniform submod-
ules N; of M. In our presentation of dual Goldie dimension we have followed
[Grzeszezuk and Puczylowski].

Proposition 2.45 is essentially taken from [Fuchs and Salce, Lemma 24].

Theorem 2.51, Corollary 2.55, the definition of exchange ring and The-
orem 2.56 are due to [Warfield 69c, 69a, 72]. He also proved that a right mod-
ule Mg has the finite exchange property if and only if its endomorphism ring
End(Mpg) is an exchange ring [Warfield 72, Theorem 2]. From Lemma 2.4 it fol-
lows immediately that if e is an idempotent in a ring R, then R is an exchange
ring if and only if eRe and (1 —e¢)R(1 —e) are exchange rings. There are further
characterizations of exchange rings. For instance, [Monk] proved that a ring R
is an exchange ring if and only if for every a € R there exist b,c € R such that
bab = b and ¢(1 — a)(1 — ba) = 1 — ba. Goodearl ([Goodearl and Warfield 76,
p. 167]) and [Nicholson] independently proved that a ring R is an exchange
ring if and only if for every x € R there exists an idempotent e € R such that
e € xR and 1 — e € (1 — z)R. This characterization has allowed the notion of
exchange ring to be extended to rings without unit [Ara 97]. [Nicholson] also
proved that R is an exchange ring if and only if R/J(R) is an exchange ring
and idempotents lift modulo J(R).

Corollary 2.57 is a famous result of [Kaplansky 58, Theorem 2].

Loewy started using Loewy series in 1905 in the study of representations
of matrix groups. Later, in 1926, Krull defined the term “Loewy series” and
in [Krull 28] he observed that transfinite Loewy series could be defined. The
results in Section 2.12 (i.e., that the Krull-Schmidt Theorem holds for artinian
modules over rings which are either right noetherian or commutative) are due
to [Warfield 69a]. The most important case of artinian module over a com-
mutative noetherian ring was discovered by [Matlis]. He proved that if R is a
noetherian commutative ring, S is a simple R-module and E(S) is the injective
envelope of S, then E(S) is an artinian R-module whose endomorphism ring is
a local noetherian complete commutative ring [Matlis, Theorems 3.7 and 4.2].
Conversely, if Mp is an artinian module with simple socle over a commutative
ring R, then F = End(Mpg) is a local noetherian complete commutative ring
and gM is the injective envelope of the unique simple E-module [Facchini 81,
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Theorem 2.8]. The following results hold for Loewy modules over commutative
rings. Let M be a Loewy module over a commutative ring R. For each ordinal
o the a-th Loewy factor of M is the semisimple module soc,41(M)/soc, (M),
and the composition length of soc,1(M)/socy (M) is the a-th Loewy invariant
of M, denoted by d,(M). The support of M is the set of all maximal ideals P
of R such that (0 :py P) # 0. If R is a commutative ring and M is a Loewy
R-module with finite support {P1, Pz, ..., P}, then M = @7, M;, where for
each i =1,2,...,n, M; is a Loewy module whose Loewy factors are all direct
sums of copies of R/PF;. If M is a Loewy module over a commutative ring, o
is an ordinal and r is a positive integer such that both d,(M) and d, (M)
are finite, then dg(M) is finite for every 8 > a4+ r and M = socqiu(M)
[Shores, Theorem 4.2]. From this result we again obtain that every artinian
module over a commutative ring has Loewy length < w. A module M over a
commutative ring R is artinian if and only if it is a Loewy module with finite
Loewy invariants [Facchini 81, Theorem 2.7|. Let M be an artinian module
over a commutative ring such that d; (M) < n. Then d,(M) < " +: -1
for every r > 1 ([Shores, Theorem 4.4] and [Facchini 81, Theorem 3.1}). Now
let ¢ be an indeterminate over the ring Z of integers. If M is an artinian mod-
ule over a commutative ring, define P(M,t) = > °°  d,(M)t" € Z[[t]]. Then
P(M,t) is a rational function in ¢ of the form f(t)/(1 — t)°, where f(t) € Z[¢]
and s = do(M)d1(M). If d is the order of the pole of P(M,t) at t = 1, then,
for all sufficiently large n, d,(M) and the composition length I(soc,(M)) of
soc, (M) are polynomials in n with rational coeflicients of degree d — 1 and d
respectively [Facchini 81, Theorem 3.2].

A ring R is right semiartinian if Rg is a Loewy module. If R is right
semiartinian, every right R-module is a Loewy module. Right semiartinian
rings are exchange rings [Baccellal.



Chapter 3

Semiperfect Rings

3.1 Projective covers and lifting idempotents

A projective cover of a module Mp is an epimorphism ¢: Pp — Mp from a
projective module Pr onto Mp whose kernel ker ¢ is a superfluous submodule
of P R

The notion of projective cover is dual to that of injective hull. Although
each module has an injective hull, projective covers seldom exist. For instance,
let R be a ring with J(R) = 0. Then rad(F') = 0 for every free R-module F, so
that rad(P) = 0 for every projective R-module P. Since the radical is the sum
of the superfluous submodules, every projective R-module does not contain
non-zero superfluous submodules. Hence an R-module has a projective cover if
and only if it is projective. Thus a Z-module, that is, an abelian group, has a
projective cover if and only if it is free.

Proposition 3.1 Let o: Pr — Mg be a projective cover of a module Mp and let
U: Qr — Mp be an epimorphism with Qg projective. Then

(a) There is a direct sum decomposition @ = Q' & Q" of Q with Q' = P,
Yo Q' — Mg a projective cover, and ¥|gr: Q" — Mpg the zero homo-
morphism.

(b) If ¥:Qr — Mg is a projective cover, then there exists an isomorphism
f:Qr — Pgr such that po f = 1.

Proof. Since @) is a projective module and : P — M is surjective, there is a
mapping f:Q — P such that g o f = ¢. But 1 is surjective, so that o(f(Q)) =
Y(Q) = M. Tt follows that f(Q) + ker o = P. Now ker ¢ is superfluous in P,
and therefore f(Q) = P. This shows that f:@Q — P is surjective. Since P
is projective, ker f is a direct summand of @, that is, there is a direct sum
decomposition Q = Q' @ ker(f) and flg: Q' — P an isomorphism. Using the
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fact that ¢: Pr — Mg is a projective cover and f|g/: @ — P is an isomorphism,
it is obvious that ¢¥|g: = @ o flo: Q" — Mg is a projective cover. Finally
W(ker f) = ¢(f(ker f)) = 0. This proves (a).

Now suppose that # is a projective cover. Then ker() is superfluous in Q.
Since Q = Q' +ker(f) C Q' +ker(v), we have that Q' = Q. Therefore f: Q — P
is the required isomorphism. (]

The proof of the next proposition is left to the reader.

Proposition 3.2 If p;: P, — M; is the projective cover of an R-module M; for
everyi=1,2,....,n, then p1 @ -+ @, P& - - &P, =M1 &--- @M, is a
projective cover of My @ --- @& M,,. O

We shall apply the previous proposition to the study of the direct sum-
mands of Rp, that is, to the right ideals eR, e an idempotent. If e € R is
an idempotent and J(R) is the Jacobson radical of R, the canonical projec-
tion m:eR — eR/eJ(R) is a projective cover, because by Nakayama’s Lemma
(Corollary 1.4) the right ideal eJ(R) is a superfluous submodule of eR.

Proposition 3.3 Let ¢ and f be two idempotents in a ring R and let J(R) be
the Jacobson radical of R. Then

(a) The right R-modules eR and fR are isomorphic if and only if the the left
R-modules Re and Rf are isomorphic.

(b) The right R-modules eR and fR are isomorphic if and only if the the
right R-modules eR/eJ(R) and fR/fJ(R) are isomorphic.

Proof. (a) If the right R-modules eR and fR are isomorphic, their duals
Hompg(eR, Rg) and Homg(f R, Rr) are isomorphic left R-modules.
But Hompg(eR, Rg) & Re and Homg(fR, Rr) = Rf.

(b) 1t is clear that every isomorphism eR — fR induces an isomorph-
ism eR/eJ(R) — fR/fJ(R). Conversely, if a:eR/eJ(R) — fR/fJ(R) is an
isomorphism and 71:eR — eR/eJ(R), ma: fR — fR/fJ(R) are the canoni-
cal projections, then a o my:eR — fR/fJ(R) and mo: fR — fR/fJ(R) are
two projective covers of fR/fJ(R). Proposition 3.1(b) yields an isomorphism
eR= fR. O

Let I be an ideal in a ring R. We say that idempotents can be lifted
modulo T if for every idempotent e € R/I there is an idempotent f € R such
that e = f + I. Herstein proved that if I is a nil ideal then idempotents can
be lifted modulo I. For a proof of this result and the following proposition
see [Anderson and Fuller, §27].

Proposition 3.4 Let I C J(R) be an ideal of a ring R. Assume idempotents can
be lifted modulo I. If {e1,...,en} is a set of orthogonal idempotents of R/I,
then there exists a set {f1,..., fn} of orthogonal idempotents of R such that
e; = fi + I for everyi. (]
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As an application of lifting idempotents we present the following theorem
due to [Warfield 72, Theorem 3].

Theorem 3.5 Let J(R) be the Jacobson radical of a ring R. Suppose that
R/J(R) is von Neumann regular and idempoients can be lifted modulo J(R).
Then R is an exchange ring.

Proof. Since Rp is finitely generated, it suffices to prove that Rp has the
finite exchange property. By Lemma 2.5 it is enough to show that Rr has the
2-exchange property. Suppose that G = F & N = A ® B, where F & Rp. Fix
an isomorphism F' — Rpg, and let g be the generator of F' corresponding to the
generator 1 of Rp. Let mp: G — F and tp: FF — G be the projection and the
inclusion relative to the decomposition G = F & N, and let

£a,ep € End(GRr)

be the orthogonal idempotent endomorphisms of G relative to the decomposi-
tion G = A® B, so that €4 +eg = 1g, €4aG = A and egG = B. Identify R
and End(Fgr) and use the same symbol ¢ for an element ¢t € R and the endo-
morphism of F' given by gz + gtz. Since npeatr € End(Fr) 2 R, there exists
a € R such that mpeatp = @, that is, mpeqirp(gz) = gaz for every z € R.
Then nrepir(gzr) = 7r(leg — eapr(ger) = gz — gax = g(1 — a)x for every
z € R, ie., nreptr = 1 —a. Let R denote R/J(R), and for every z € R let
T denote z + J(R). As R is von Neumann regular, the principal left ideal Ra
of R is a direct summand of R [Anderson and Fuller, p. 175]. But idempotents
can be lifted modulo J(R), hence there exists an idempotent e € R such that
Ra = Re. In particular, there exists € R and j € J(R) such that e = ra + j.

Since j € J(R), the element 1 — eje = 1 — e + erae is invertible in R. Let
u be its inverse and w = euer, so that e = eu(l — e + erae)e = euerae = wae
and ew = w. Now Ra = Re, so that right multiplication by € is the identity on
Ra, in particular @€ = @, hence € = wa. Then

l1-a)l—e)=(1~-a)—etae=1—a—et+a=1—e¢,

so that

(1-e)(l-a)(l—€)+e=T.

Thus (1 —e)(1 —a)(1 —e) + e is invertible in R. Let v € R be its inverse. Then
l-e=(1—ew((l-e)(1—a)(1—e)+e)(l—e) = (1—e)v(l—e)(l—a)(1—e). An
elementary direct calculation shows that 1+ (1 —¢)—(1—e)v(l—e)(1—a) isa
two-sided inverse of e 4+ (1 — e)v(1 — e)(1 —a), so that e+ (1 —e)v(1l —e)(1 —a)
is invertible in R. Therefore

e+(l—ev(l—e)(l—a)=wa+ (1—ec)v(l —e)(l—a)

is invertible in R, from which we deduce that wa + (1 — e)v(1 — e)(1 — a) is
invertible in R.
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Detine two endomorphisms
og=catpwrpes and T=ceptp(l —e)v(l —e)mrep

of Gr. Then o is an idempotent endomorphism of Gg because

0'2 = EALFWTREALFPWTREA = EALFWAWTEFE A

= EALFWACWTIREA = EALPWTREA = O.

Similarly, 7 is idempotent.
Note that 0(G) C A, so that A = o(G) @ A’ where A’ = ANkero
(Lemma 2.1). Similarly, B = 7(G) © B’ where B’ = BNkerr, hence

G=oclG)oT(G)® A ® B,

and with respect to this decomposition it is easily seen that the canonical
projection mg: G — o(G) @ 1(G) is defined by ma(g) = o(g) + 7(g) for every g €
G. In order to conclude the proof it is sufficient to show that G = FQ A’ © B/,
and for this it suffices to prove that maep: F — o(G) @ 7(G) is an isomorphism
(Lemma 2.6).

Let f:0(G) ® 7(G) — F be the homomorphism defined by

[ =(wrro+ (1 ~e)v(l — e)mrT) |s(y@r (@)
Then

frotp = wrpotp + (1 —e)v(l —e)mpTip
= WTAREALFWTRFEALR
+ (1 - e)v(l - 6)7I'F6BLF(1 — 6)1)(1 - e)’/TFEBLF
=wawa + (1 —e)v(l —e)(1 —a)(1 —e)v(l —e){1 —a)
=wa+ (1-epw(l—e)(l-a),

which is invertible in R as we have already seen. Thus fwotp is an automorph-
ism of F'. In particular f:o(G) @ 7(G) — F is surjective.
We shall now show that f is injective. Let g, ¢’ € G be such that

f(o(g) +7(g")) =0.

Then o(g) = eatpwnpea(g) = ca(z) for £ = wrpea(g) € F. Hence z = ex.
Similarly, 7(¢’) = ep(z’) for some 2’ = (1 —e)z’ € F. Then

0= f(olg) +7(g")

(wrra + (1 — e)o(l - )e7) i@rzriey (@(9) + 7(0')
wrpo(g) + (1 - e)v(l — e)rpT(g’)

=wnpea(z) + (1 — e)v(l — e)mpep(r’)

wrpeatp(x) + (1 —e)v(l — e)npegip(x’)

waz + (1 —e)v(l — e)(1 — a)x’

=waex + (1 —e)v(l —e)(1 —a)(1 —e)2’ =ex+ (1 — e)7,

Ii
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so that x = ex = 0 and @’ = (1 — e)z’ = 0. Thus o(g) = g4(z) = 0 and
7(¢’) = ep(z’) = 0. This proves that f is injective.

Since f and frwgtp are isomorphisms, it follows that motp is an isomorph-
ism, which concludes the proof. O

In particular, every von Neumann regular ring is an exchange ring.

If R is a ring satisfying the hypotheses of Theorem 3.5, then any projec-
tive right R-module is a direct sum of right ideals generated by idempotents
(Theorem 2.56). As a special case, we get that every projective right module
over a von Neumann regular ring is a direct sum of principal right ideals.

3.2 Semiperfect rings

The aim of this section is to introduce the class of semiperfect rings. We prove
the following theorem.

Theorem 3.6 Let R be a ring. The following conditions are equivalent:
(a) The ring R is semilocal and idempotents can be lifted modulo J(R).
(b) The right R-module Rp is a direct sum of local modules.

(c) The ring R has a complete set {ey,...,e,} of orthogonal idempotents for
which every e;Re; is a local ring.

(d) Ewvery simple right R-module has a projective cover.

(e} Ewvery finitely generated right R-module has a projective cover.

Proof. (a) = (b). Let R be a semilocal ring such that idempotents can be lifted
modulo J(R). Since R/J(R) is a semisimple ring, there exists a complete set
{f1,-.., fn} of primitive orthogonal idempotents of R/J(R). By Proposition 3.4
there exists a set {e1,...,e,} of orthogonal idempotents of R such that f; =
e;+J(R) for every i. Then e; +---+ep,+J(R) = 1+J(R)and e; +-- - +e, is an
idempotent of R, so that 1—e; —---—e, is an idempotent of R that belongs to
the Jacobson radical J(R). Since the Jacobson radical never contains non-zero
idempotents, it follows that e; +---+e, = 1. Hence {ey,...,e,} is a complete
set of orthogonal idempotents in R, i.e.,

Rpr=e¢,R®---®e,R.

The canonical projection ;B — f;(R/J(R)) is an epimorphism of the pro-
jective cyclic module e;R onto the simple module f;(R/J) and its kernel is
e;RNJ(R) = e;J(R) = rad(e; R). Therefore rad(e; R) is a maximal submodule
of e;R. Hence rad(e;R) is the greatest proper submodule of e;R and ¢;R is
local.
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(b) = (c). This follows at once from Proposition 1.11.

(¢) = (d). Suppose that R has a complete set {e1,...,e,} of orthogonal
idempotents such that each e; Re; is a local ring. By Proposition 1.11 each ¢; R
is a local module, so that every proper submodule of e; R is superfluous. If
Mp is a simple module, then there is an epimorphism Rr = ®].;e;R — Mp.
Hence there exists an index 7 = 1,2,...,n and a non-zero homomorphism
p:e;0 — Mp. Thus ker ¢ is superfluous in e; R, and ¢ is surjective because
Mp, is simple. This shows that ¢ is a projective cover of Mg.

(d) = (e). Let Mg be a finitely generated R-module. Let S be a set of rep-
resentatives of all simple right R-modules up to isomorphism. For each § € §
let wg: Pg — S be a projective cover of S. Then ker g is a small maximal sub-
module of Pg, hence each Ps is a local projective module. Set P = @ gesPs. Let
Trp(P) be the trace of Pin M, that is, Tra (P) = ZfeHOInR(P,M) f(P). Then
Try{P) = M, because if T'rpr (P) # M, there is a maximal submodule N of the
finitely generated module M containing T (P). Since M/N is simple, there is
an epimorphism P — M/N. But P is projective, and so there is a homomorph-
ism P — M whose image is not contained in N. This contradiction proves
that Tra(P) = M. Since M is finitely generated, there are a finite number
Py, ..., P, of local projective modules and an epimorphism P, &---& P, — M.
This induces an epimorphism P, /P, J(R)®-- - & P,/ P, J(R) — M/MJ(R). For
a local projective module P, the maximal submodule is rad(P;) = P,J(R), so
that P;/P;J(R) is a simple module. Therefore P, /P, J(R)®- - -®& P, /P, J(R)isa
semisimple module of finite length, and therefore there exists a finite subfamily
of Py,..., P, (without loss of generality we may suppose that it is Py,..., Py,
with m < n) and a homomorphism : P, & --- & P,, — M that induces an
isomorphism P;/PiJ(R)® -+ ® Pp/PnJ(R) —» M/MJ(R). By Nakayama’s
Lemma 1.4 the homomorphism 9 is surjective. The kernel of ¢ is contained in
PJR)®---®P,J(R)=(Pi® - - P,)J(R), and therefore it is superfluous
again by Nakayama’s Lemma. Therefore ¢ is a projective cover of M.

(e) = (a). Let e be an idempotent of R/J(R). Then the cyclic right R-
modules e(R/J(R)) and (1 — e)(R/J(R)) have projective covers

v1: P — e(R/J(R)) and ¢3: Py — (1 —e)(R/J(R)).
By Proposition 3.2 the homomorphism
1 ® p2: L ® Py — e(R/J(R)) & (1 — e)(R/J(R))

is a projective cover. Since J(R) is superfluous in Rg, the canonical projection
m:Rg — R/J(R) is also a projective cover. By Proposition 3.1(b) there is an
idempotent f € R such that

m(fR) = e(R/J(R)) and =((1-f)R)=(1-e)(R/J(R)).

Then
(f+ J(R))R/J(R)) = e(R/J(R))
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and
(L= f+JR)(R/I(R)) = (1—e)(R/J(R)),

from which f + J(R) = e. This shows that idempotents can be lifted mod-
ulo J(R).

In order to prove that R is semilocal, we must show that every submodule
I/J(R) of R/J(R) is a direct summand, where I is an arbitrary right ideal of
R containing J(R). Since the cyclic module R/I has a projective cover, if

mR— R/I
is the canonical projection, then there is a direct sum decomposition
Rr=eR®(1—¢€)R

such that 7|,g:eR — R/I is a projective cover (Proposition 3.1), where e is an
idempotent element of R. Let us prove that ker(n|.g) = eJ(R). One the one
hand, 7|.gr(eJ(R)) = eJ(R) + I/I = 0 because I 2 J(R). On the other hand,
ker(r|.r) is a superfluous submodule of eR, so that

ker(r|.r) C rad(eR) = eJ(R).

Thus ker(m.r) = eJ(R) and R/I & eR/eJ(R) & (e + J(R))(R/J(R)) is
a projective R/J(R)-module. Therefore the kernel I/J(R) of the canonical
epimorphism R/J(R) -» R/I is a direct summand of R/J(R). O

Note that conditions (a) and (c) of Theorem 3.6 are left-right symmetric,
so that “right” can be replaced by “left” everywhere in the conditions of the
statement of the theorem.

A ring R is a right perfect ring if every right R-module has a projective
cover. A ring R is semiperfect if every finitely generated right (or left) R-
module has a projective cover, that is, if it satisfies the equivalent conditions
of Theorem 3.6. For example, local rings, right artinian rings and right serial
rings are semiperfect. Semiperfect rings are exchange rings by Theorem 3.5.

Example 3.7 If R is a semiperfect ring, then M, (R) is a semiperfect ring for
every n.
This follows immediately from condition (¢) in Theorem 3.6. O

Example 3.8 Let Dy,..., D, be division rings and let V;; be a D;-D;-bimodule

for every i,7 =1,...,n, 1 # j. Let R be the ring of n x n matrices
Dy Vig ... Vi,

Voo Dy ... Vo,

Vi Vo ... D,
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where Vi;Vj, = 0 for every ¢ # j and j # k. Then R is a semiperfect ring by
Theorem 3.6(c). Note that

0 Vi ... Vi,
J(R) = . ) )
an Vn2 0
so that J(R)?2 = 0. O

3.3 Modules over semiperfect rings

Let R be a semiperfect ring. The ring R has a complete set {e;,...,e,} of
orthogonal idempotents such that each e; Re; is a local ring. Equivalently, the
projective right R-modules e; R are local (Proposition 1.11). Therefore their
maximal submodule is their radical rad(e; R) = e; J(R), the module e;R/e; J(R)
is simple for every ¢, and

R/J(R) = e1R/e1J(R) @ -+ @ enR/enJ (R).

Given an arbitrary simple R-module Sg, Sg is a simple R/J(R)-module in
a natural way, so that there exists an index 7 such that Sp = e;R/e;J(R)
(Proposition 2.15). Hence every simple right B-module is isomorphic to one of
the form e;R/e;J(R). In the paragraph before Proposition 3.3 we have already
remarked that the canonical projection 7:e;R — e;R/e; J(R) is the projective
cover of e;R/e; J(R). This notation will be used in the proof of the following
proposition.

Proposition 3.9 Let o: PR — Mg be a projective cover of a finitely gener-
ated module Mp over a semiperfect ring R. Then ¢ induces an isomorphism
P/PJ(R) - M/MJ(R).

Proof. By Lemma 1.14 the module M/MJ(R) is a semisimple R-module
of finite length, that is, it is isomorphic to a finite direct sum of modules
e;R/e;J(R). Let Pp be the finite direct sum of the corresponding modules
e; R. Since Py, is projective, the isomorphism @®;e;R/e;J(R) — M/MJ(R) is
induced by a homomorphism ¢: P, — M. The projective cover is uniquely
determined up to isomorphism (Proposition 3.1(b)), so the proposition will be
proved if we show that ¢: P, — M is a projective cover. Since ¢ induces an
isomorphism Pj/P'J(R) — M/MJ(R), it follows that kerp C P'J(R) and
o(P")+ MJ(R) = M. But P'J(R) is superfluous in P’, so that ker ¢ is super-
fluous in P’. And ¢(P’) + MJ(R) = M implies ¢(P’) = M by Nakayama’s
Lemma, and therefore ¢ is a surjective mapping. This proves that ¢: P, — M
is a projective cover. g
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If R is a semiperfect ring, a module Mg is said to be primitive if there is
a primitive idempotent e € R such that Mg = eR. A set {e1,...,en} of idem-
potents of R is basic in case the e; are pairwise orthogonal and e1 R, ..., enR
is a set of representatives of the primitive right R-modules up to isomorph-
ism. Note that a set {ej,...,en} of idempotents of R is a basic set of primitive
idempotents of R if and only if {e; + J(R),...,en+J(R)} is a basic set of prim-
itive idempotents of R/J(R), if and only if {e; R/e1 J(R),...,emR/enJ(R)} is
a set of representatives of the simple right R-modules up to isomorphism. In
particular, every semiperfect ring has a basic set of primitive idempotents.

Theorem 3.10 Let {e1,...,em} be a basic set of primitive idempotents of a
semiperfect ring R. Then

(a) {eiR,...,enR} is a set of representatives of the indecomposable projec-
tive Tight R-modules up to isomorphism.

(b) For every projective R-module Pg there exist sets Ai,..., An,, uniquely
determined up to cardinality, such that Pr = etlRAD g ... o emR(Am).

Proof. The semiperfect ring R has a complete set of orthogonal idempotents
{f1,-.., fn} for which every fiRf; is a local ring (Theorem 3.6). The right
ideals f;R are primitive. Hence for every f; there exists an e; with f;R =
ejR. Thus Rp is isomorphic to the direct sum of a family of principal right
ideals e; R, each of which has a local endomorphism ring isomorphic to e;Re;.
The same property holds for any free right R-module. Thus (b) follows from
Corollary 2.55 and the Krull-Schmidt-Remak-Azumaya Theorem 2.12. Finally,
(a) follows immediately from (b). O

Example 3.11 Let R be a right serial ring. A right R-module is an indecompos-
able projective R-module if and only if it is primitive, and all such modules are
uniserial. |

In this example we have given a description of all indecomposable pro-
jective right modules over a particular ring, in this case a right serial ring.
Whenever we have a description of the finitely generated projective right mod-
ules or any result about the finitely generated projective right modules over a
ring, it is possible to obtain a dual result about the finitely generated projective
left modules over that ring. The technique is the following one.

Given a ring S, let Mod-S denote the category of all right S-modules,
proj-S the full subcategory of Mod-S whose objects are all finitely generated
projective right S-modules, S-Mod the category of all left S-modules, and
S-proj the full subcategory of S-Mod whose objects are all finitely generated
projective left S-modules.
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Proposition 3.12 The contravariant functors
Homg(—, S):Mod-§ — S-Mod and Homg(—,S): S-Mod — Mod-S

induce o duality between the full subcategory proj-S of Mod-S and the full
subcategory S-proj of S-Mod. Hence the category S-proj is equivalent to the
the opposite category of proj-S. (I

The proof of the proposition follows immediately from the fact that the
functors Homg{—, S) are additive, hence they preserve finite direct sums. Note
that if e € S is idempotent, the object S of proj-S corresponds to the the
object Se of S-proj.

For instance, if S is a ring such that every finitely generated projective
right S-module is free, then every finitely generated projective left S-module
also is free. From 3.11 it follows that if R is a right serial ring, a finitely
generated left R-module is an indecomposable projective R-module if and only
if it is primitive, and every finitely generated projective left I-module is a
direct sum of primitive left R-modules.

Example 3.13 An artinian right serial ring that is not left serial.
Let F, K be fields, where K is an extension of F, and consider the ring
F K
(5 5)
Then ej1,e29 is a complete set of orthogonal primitive idempotents of R, so
that Rp = e;1 R @ exs R. 1t is easy to check that the unique proper non-zero

submodule of
R= F K
€111 = 0 0

(6%)

so that ej) R is a uniserial module of composition length 2. The module

0 0
eZZR:(o K)

is simple. Hence R is a right artinian right serial ring.

If K = F, then R is the ring of 2 x 2 upper triangular matrices over F,
so that R is a serial ring (Example 1.21).

Suppose K D F. If R is left serial, then the primitive projective left R-

module
0 K
R622 = < 0 K >

is
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must be serial by the left-right dual of 3.11. But if A is any vector subspace of
the F-vector space K, it is easily seen that

0 A
(55)

is a left ideal of R, so that Resq is not uniserial. This proves that R is not left
serial whenever K O F.

Finally, suppose that K is a proper extension of finite degree of F. Then
R is a finite dimensional F-algebra, hence R is artinian. Thus R is the required
example in this case.

Note that if K is an extension of F' of infinite degree, then Regs is a left
ideal of R of infinite Goldie dimension. O

There are two main reasons why we have introduced the class of semiper-
fect rings. On the one hand this class of rings contains the class of right (or left)
serial rings and is contained in the class of semilocal rings. On the other hand
semiperfect rings are exactly the endomorphism rings of the modules that are
finite direct sums of modules with local endomorphism rings, as the following
proposition shows.

Proposition 3.14 Let Mp be a module and let E = End(Mpg) be its endomorph-
ism ring. The following conditions are equivalent:

(a) Mpg is a finite direct sum of R-modules with local endomorphism rings.
(b) Eg is a finite direct sum of E-modules with local endomorphism rings.
(c) E is semiperfect.

Proof. (a) < (¢) A module Mg is a finite direct sum of R-modules with local

endomorphism rings if and only if there exists a complete set {e1,...,e,} of
orthogonal idempotents in £ = End(Mg) with e;Fe; a local ring for every
i=1,...,n. This is one of the equivalent conditions of Theorem 3.6.

(b) & (c) is exactly (a) < (c¢) applied to the module Mg = Eg. O

We conclude this section showing that a finitely generated module M over
a semiperfect ring R decomposes uniquely as the direct sum of a projective part
and a submodule with no non-zero projective direct summands. In the proof
we shall use an invariant of such a module M. We have already remarked that
if M is a finitely generated module over a semilocal ring R, then M/MJ(R)
is a semisimple module of finite length (Lemma 1.14). Define Gen(M) to be
the composition length of M/MJ(R), that is, the number of summands in a
decomposition of M/MJ(R) as a direct sum of simple modules.

Theorem 3.15 Let M be a finitely generated module over a semiperfect ring R.
Then M = N @ P, where P is projective and N has no non-zero projective
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summands. This decomposition is unique up to isomorphism, in the sense that
if M = N' @ P’ is another decomposition with P’ projective and N’ without
non-zero projective summands, then N = N’ and P = P’.

Proof. We use induction on Gen(M), the case Gen(M) = 0 being trivial. Sup-
pose Gen(M) > 0. Let {eq, ..., e, } be a complete set of orthogonal idempotents
of R such that each e;Re; is a local ring (Theorem 3.6). If M has no non-zero
projective summands, there is nothing to prove. If M has a non-zero projective
summand, then M has a decomposition M = M’ & Q with Q = e; R for some
t=1,2,...,n (Theorem 3.10(b)). Since Gen(M') < Gen(M), the induction
hypothesis applied to M’, yields M’ = N & P;, where P, is projective and N
has no non-zero projective summands. Then

M=Na& P oQ)

is a decomposition of M of the required type. Let M = N’ & P’ be another de-
composition with P’ projective and N’ without non-zero projective summands.
Since End(Qr) = e; Re; is a local ring, we can apply Lemma 2.7 to the two de-
compositions M = N@ P, ®Q = N’ & P’ The module Q cannot be isomorphic
to a direct summand of N, sothat PP = D@ E, Q= Fand N6 P, XN & D.
By the induction hypothesis applied to M’ = N @ P it follows that N & N’
and P, D. Then PL®QXDHE =P O

3.4 Finitely presented and Fitting modules

The classical Krull-Schmidt Theorem (Corollary 2.23) says that every module
of finite length is the direct sum of a finite number of indecomposable modules
in an essentially unique way. We proved this result in two steps: firstly, we
showed that every module of finite length is a Fitting module (Lemma 2.20);
secondly, we proved that the endomorphism ring of an indecomposable Fitting
module is a local ring (Lemma 2.21), so that it is possible to apply the Krull-
Schmidt-Remak-Azumaya Theorem 2.12.

If we look for an analogous result for finitely presented modules, it is
natural to try to follow the same idea and ask over which rings every finitely
presented module is a Fitting module and is a direct sum of indecomposable
modules. These rings will be characterized in Theorem 3.22. For the charac-
terization we need the notion of strongly m-regular ring, which we introduce in
the first part of this section.

Theorem 3.16 The following conditions on a ring R are equivalent:

(a) R satisfies the d.c.c. on chains of the form TR 2 r?R 2 r*R D ..., that
is, for every r € R there exist n > 1 and s € R such that v™ = r*Hls;



Finitely presented modules 87

(b) R satisfies the d.c.c. on chains of the form Rr 2 Rr? D Rr® D ..., that
is, for every r € R there exist m > 1 and u € R such that r™ = ur™+!,

Proof. Tt suffices to show that (a) implies (b). Suppose that (a) holds. If r € R,
there exists n > 1 and s € R such that 7™ = r™t1s. Hence

=gt (3.1)

for every 4 > 1. Since the chain sR D s?R D s®R D ... is stationary, there
exists m > n such that s™R = s™!R, ie., s™ = s™*1t for some t € R. Then
s™ = smtitd for every j > 1. In particular, if b = s™ and ¢ = t™, then b = b?c.
From (3.1) we get that r™ = r"*™, and multiplying this by ™™ on the left
we obtain r™ = r?™b, Set @ = r™, so that a = a®b. Applying (a) again, there
exists k > 1 and d € R such that (¢ — a)* = (¢ — a)**+1d.

Now

2

ac=a%bc = a®b’c=a’b=0a® and abc = (a’b)bc = a?b = a, (3.2)

so that

2

(c—a)?=c®—ca—ac+a®’=c®—ca=c(c—a). (3.3)

From (3.2) and (3.3) we obtain

ab(c — a)? = abe(c — a) = a(c — a) = ac — a® = 0. (3.4)
From (3.3) we have
b%(c — a)? = b*c(c — a) = b(c — a), (3.5)
from which b*(c — a)* = b(c — a). Therefore
b(c — a)?d = b*(c — a)**1d = b¥(c — a)* = b(c — a). (3.6)
From (3.4) and (3.6) it follows that
0 = ab(c — a)?d = ab(c — a), (3.7

so that aba = abe = a by (3.2). Now (3.5), (3.6) and (3.7) imply that
0 = ab(c — a)d = ab*(c — a)*d = ab?*(c — a).
Hence a = aba = ab’ca = ab?a?, that is, r™ = (ab?r™~1)rm+1, O

A ring R satisfying the equivalent conditions of Theorem 3.16 is called a
strongly w-regular ring.

Lemma 3.17 The Jacobson radical J(R) is nil for every strongly m-regular
ring R.

Proof. Let r be an element in the Jacobson radical J(R) of a strongly =-
regular ring R. Then "™ = r"*1s for some positive integer n and some s € R,
i.e, r"(1 —rs) = 0. Since r € J(R), the element 1 — rs is invertible, and thus
r™ = 0. 0
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The relation between strongly m-regular rings and Fitting modules, which
we introduced in Section 2.5, is given by the following proposition.

Proposition 3.18 A module Mg over an arbitrary ring R is a Fitting module if
and only if its endomorphism ring End(MRg) is strongly w-regular.

Proof. Let Mg be a Fitting module. In order to show that End(Mpg) is strongly
w-regular we must show that for every h € End(Mp) there exists a positive
integer m such that A™ € End(Mp)h™T!. Since My, is a Fitting module, there
is a positive integer m such that M = ker(h™) @& h™(M). Set f = h™, so
that M = ker(f) & f(M). Then f(M) = f(ker(f) ® f(M)) = f2(M). The
equality f(M) = f2(M) implies that f induces a surjective endomorphism of
F(M). And since ker(f) N f(M) = 0, f induces an automorphism of f(M). As
f(M) is a direct summand of M, the inverse mapping of this automorphism of
F(M) can be extended to an endomorphism g of M. Then gf(y) = y for every
y € f(M). Thus gf%(z) = f(x) for every z € M, that is, gf2 = f. Therefore
h™ = gh?™ € End(Mg)h™+!.
For the converse, let Mg be a module with End(Mpg) strongly n-regular.
If f € End(Mpg), there exist g,h € End(Mg) and a positive integer n such
that f* = gf?" = f?"h. From the equality f* = f?"h it follows that f*(M) =
f2(M), so that M = ker(f™) + f*(M) by Lemma 2.16(a). From the equality
™ = gf? it follows that ker(f*) N f*(M) = 0. Thus M = ker(f™) @ f*(M).
O

We are now ready to begin the study of the rings for which every finitely
presented module is a Fitting module and is a direct sum of indecomposable
modules. If R is such a ring, then the module Rp itself is a direct sum of
indecomposable Fitting modules, hence a direct sum of modules with local
endomorphism rings (Lemma 2.21). Therefore R 2¢ End(Rg) is a semiperfect
ring (Proposition 3.14). Moreover, the direct sum R% must be a Fitting R-
module, so that M, (R) = End(R}) must be a strongly n-regular ring for all n
(Proposition 3.18). Thus we shall concentrate on the study of finitely presented
modules over the semiperfect rings R whose matrix rings M, (R) are strongly
m-regular for all n.

We split the proof of Theorem 3.22 into three preparatory lemmas.

Lemma 3.19 Let R be a semiperfect ring with J(R) nil. Let r be an element of
R such that rR = r*R. Then rR is a direct summand of Ry.

Proof. Let ~ denote the image in R/J(R), so that rR is a semisimple R-module
of finite length. There exists s € rR with r = rs, so that left multiplication
by r is a surjective endomorphism 1: 7R — rR. Thus 9 is an automorphism
of rR. Now rs = rs?, so that (s — s2) = 0, from which s — s2 = 0. Hence
s — s € J(R) is nilpotent. Let k be a positive integer such that (s — s2)* = 0.
Consider the polynomial (1 — A\)* € Z[)]. Then (1 — A\)* can be written in the
form 1 — Ap(}) for a suitable polynomial p(\) € Z[A] such that p(1) = 1.
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The equality (s — s2)¥ = 0 can now be written s*(1 — sp(s)) = 0. From
the equality s* = s*T1p(s) it is easily seen that the element e = (sp(s))* of R
is idempotent. Hence in order to conclude the proof it is sufficient to show that
TR = eR. Note that s — s2 = 0, i.e., 3 is idempotent. Hence s*(1 — sp(s)) =0
forces 5 = sp(s), from which € = (sp(s))* = s¥ = 3. Since the value p(1) of
the polynomial p(A) in A = 1 is 1, it follows that the value of the polynomial
(Ap(A\))* in A = 1 is 1, that is, the sum of the coefficients of (Ap(\))* is 1.
Moreover r = rs implies that r = 7s* for all i > 0. Thus 7(sp(s))* = r, that is,
re=r.

Since e € sR C rR, there exists an element ¢t € R with e = rt. Now

r(ete) = (re)(te) = r(te) = e* = ¢,
hence replacing ¢ by ete we may suppose that t € eRe. Since
length eR > lengthreR = length 7R
and eR C 7R, we have eR = rR. Now
lengthtR > length 7tR = length eR
and tR C eR because t € eRe, so that tR = eR. If u € R is such that

tu =€ then (t+1—e)eut+(1—e)) =tu+(1—e) =1 Thus t+1—eis
right invertible in R, so that ¢ + 1 — e is right invertible in R. Then

rR=r(t+1-e)R=(e+r—re)R =cR. H

Lemma 3.20 Let R be a semiperfect ring with M,,(R) strongly w-regular for all
n. Let M be a finitely generated right R-module and let f be an endomorphism
of M. Then

(a) If M is projective and f(M) = f2(M), then M = ker(f) ® f(M).

(b) There exists a positive integer t such that f{(M) = fiT(M) for every
i 2> 0.

Proof. (a) Let Mg be a finitely generated projective R-module and let f be
an endomorphism of Mg such that f(M) = f2(M). Then

M = ker(f) + [(M)

by Lemma 2.16(a). Since M is projective, M is isomorphic to a direct summand
of a finitely generated free module R", R* = M & P, say. The endomorphism
f of M can be extended to an endomorphism g of R™ by putting g(z) = =
for every z € P. Note that g(R™) = ¢g?(R"). If we regard the elements of
R™ as column vectors, g is left multiplication by a matrix a € M, (R), and
aM,,(R) = a®M,,(R). Since M,,(R) is a semiperfect ring (Example 3.7) and
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J(M,,(R)) is nil (Lemma 3.17), it is possible to apply Lemma 3.19, and obtain
that aM,,(R) is a direct summand of M, (R)m,, (r)- Thus aM,(R) = eM,(R)
for an idempotent matrix e € M, (R). Since the left M,,(R)-modules M,,(R)
and R™ @ --- & R™ (n summands) are isomorphic, the equality

aM,(R) = eM,,(R)

can be rewritten as aR"®- - - @aR" = eR"®---®eR", from which aR"™ = eR".
As e is an idempotent matrix, g(R™) = aR™ = eR" is a direct summand of R",
that is, g(R™) is a projective R-module. The mapping

lg(rmy: g(R™) — ¢*(R™) = g(R™)

is obviously surjective. By Corollary 2.44 the endomorphism g|g(g») of g(R™)
is an automorphism. In particular ker g N g(R™) = 0. Thus ker f N f(M) = 0.

(b) Let 1, . .., z, be generators of Mg, so that M = 1 R+ - -+, R. Then
the direct sum M™ is a cyclic right M, (R)-module generated by (z1,...,%n),
and (f,..., f): M™ — M™ is an endomorphism of My (w)- As My (g) is cyclic
generated by (z1,...,2z,), there exists a € M, (R) such that

(fy- s Nz, yzn) = (21, .., Tn)a

Then (f™(z1),..., f™(@n)) = (z1,. .., 2 )a™ for every positive integer m. The
ring M, (R) is strongly m-regular, so that there exists a positive integer ¢ such
that a!M,,(R) = a'**M,,(R) for every i > 0. Thus

(ff(@1),. ., FH@a))Ma(R) = (F* (1), ..., [ (20))Ma(R),
from which fi(M) = fi+{(M). O

Lemma 3.21 Let R be a semiperfect ring with M,,(R) strongly m-regular for all
n. Then every finitely presented R-module is a Fitting module.

Proof. Let Mp be a finitely presented R-module and suppose that f is an
endomorphism of Mg such that f(M) = f?(M). Let : P — M be a projective
cover of M. Then g = fy for an endomorphism g of P. Let K be the kernel
of y, so that K is a finitely generated R-module. Then

pg(K) = fo(K) =0,

so that g(K) C K. By Lemma 3.20(b) there is a positive integer ¢ such that
gH(K) = ¢'*(K) and g*(P) = g'**(P) for every i > 0. From Lemma 3.20(a)
applied to the module P and its endomorphism g* we obtain that

P =ker(g") @ g'(P),

hence g restricts to an automorphism of g*(P).
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The mapping ¢ induces an epimorphism ¢': gt(P) — ¢g'(P) by restric-
tion, and ker ¢’ = ¢g*(P) Nker ¢ = g*(P)N K. The submodule ker ¢’ of g(P) is
superfluous, because if NV is a submodule of g*(P) and N +ker ¢’ = ¢g*(P), then
ker(g*) + N + ker ¢’ = ker(g?) + g*(P) = P, so that ker(g®) + N +kerp = P,
from which ker(¢') + N = P = ker(g') ® ¢'(P), and thus N = g*(P). Hence
the mapping ¢’: ¢*(P) — ¢g'(P) is an epimorphism from a projective module
and has a superfluous kernel, i.e., it is a projective cover.

Now g*(K) C ¢'(P) N K = ker ¢/, so that

g*(K) C g'(ker¢') C ¢'(K) = g**(K),

from which gt (ker ¢’) = g?(K). Since g* restricts to an automorphism of g*(P)
and ker ¢, g*(K) are submodules of g*(P), it follows that

ker ¢’ = g*(K). (3.8)
In particular, ker ¢ is finitely generated, so that @g*(P) is finitely presented.
From @g = fo, it follows that ¢g* = fly by iteration, hence
0g'(P) = f'o(P) = f{(M) = f(M).

Therefore f(M) is finitely presented.

Now we are in a situation very similar to the original one, that is, we
have a finitely presented R-module f(M) and the restriction of f to f(M) is a
surjective endomorphism of f(M). Hence we may replace M by f(M) and the
endomorphism f of M by its restriction to f(M). In other words we may assume
that f is a surjective map, so that g is a surjective map, from which ¢’ = ¢. By
Corollary 2.44 the mapping g: P — P is an isomorphism. In particular, we may
take t = 1. Then equality (3.8) becomes K = g(K). Now g an isomorphism
and g(K) = K imply that f is an isomorphism. If we go back to the original
notation, we see that we have found that the restriction of f to f(M) is an
automorphism of f(M), so that ker(f) N f(M) = 0. Thus M = ker(f) & f(M)
by Lemma 2.16(a).

Now let h be an arbitrary endomorphism of the finitely presented mod-
ule M. By Lemma 3.20(b) there is a positive integer ¢ such that

R (M) = hPTH (M)
for every ¢ > 0. In particular h*(M) = h%(M), so that M = ker(h') ® ht(M)
by the previous case. Thus Mp is a Fitting module. O

We are now ready to characterize the rings over which every finitely pre-
sented right module is a Fitting module and is a direct sum of indecomposables.

Theorem 3.22 The following conditions are equivalent for a ring R:

(a) Every finitely presented right R-module is a Fitting module and is a direct
sum of indecomposable modules.



92 3 Semiperfect Rings

(b) The ring R is semiperfect and the rings M, (R) are strongly w-reqular for
alln.

Proof. The implication (a) = (b) has already been proved immediately be-
fore the statement of Lemma 3.19. The implication (b) = (a) is proved in
Lemmas 3.21 and 1.14(c). O

From this theorem and Theorem 2.22 we obtain

Corollary 3.23 Let R be a semiperfect ring with M, (R) strongly m-regular for
alln and let M be a finitely presented R-module. Then M has a decomposition
M =M @& ---& M, into indecomposable direct summands, and any two such
direct sum decompositions are isomorphic. O

[Ced6 and Rowen] have constructed an example of a local ring R whose
Jacobson radical J(R) is nil, but My(R) is not strongly regular (a ring S
is strongly regular if a € a®S for every a € S). In particular this ring R is
semiperfect and strongly w-regular, but it does not satisfy condition (b) in
Theorem 3.22. Therefore condition (b) in Theorem 3.22 cannot be relaxed to
“R is semiperfect and strongly m-regular”.

3.5 Finitely presented modules
over serial rings

In this section we prove that every finitely presented module over a serial ring
is serial, an important result due to [Warfield 75]. The presentation of the proof
we give here is due to Nguyen Viet Dung. First we recall a definition.

Let M and N be modules over an arbitrary ring R. The module N is
M -injective if every homomorphism A — N for any submodule A of M can
be extended to a homomorphism M — N [Anderson and Fuller]. We need a
weaker notion, obtained by modifying a definition due to [Baba] and [Harada).

Definition 3.24 Let M and N be modules over an arbitrary ring R. We say
that N is almost-M-injective if every homomorphism A — N for any cyclic
submodule A of M can be extended to a homomorphism g: B — N, where B 1is
a submodule of M containing A, and either B = M or g is an isomorphism.

The reason why we have introduced such a definition is that if P,Q are
indecomposable projective modules over a serial ring, then P is almost-Q-
injective, as the following lemma shows.

Lemma 3.25 Let R be a serial ring and let {e1,...,e,} be a complete set of
orthogonal primitive idempotents of R. Then e;R is almost-e; R-injective for
alli,j=1,2,...,n.
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Proof. Fix a cyclic submodule A of ¢;R and a homomorphism f: 4 — e;R.
If f =0, the zero homomorphism e; R — e; R extends f and has the required
properties. Hence we may suppose f # 0. Since A is a cyclic uniserial R-
module, there exists an epimorphism p: e, R — A for some £k =1,2,...,n. Let
€4:A — R and ¢;: e;R — R be the inclusions. Then

eap,eifp € Hom(ex R, Rg) = Rey,

which is a uniserial left R-module. Hence there exists » € R such that either
eap = re fp or reap = £;fp. Since p is an epimorphism, either e4 = re;f or
reqg =&, f.

Suppose €4 = r¢; f. Note that for every a € A we have that a € ¢;R and
f(a) € e;R, so that e;a = a and e;f(a) = f(a). Thus

a=e;ja=ejes(a) = e;jre;ifla) = ejrfa) = ejre; f(a).

Consider the epimorphism e; R — e;re; R given by left multiplication by e;re;.
We show that it is an isomorphism. If it is not injective, its kernel has a non-
zero intersection with the non-zero submodule f(A) of e;R. In other words,
there exists a € A with f(a) # 0 and e;re;f(a) = 0. But a = e;re; f(a), and
we get a contradiction. Hence left multiplication by e;re; is an isomorphism
e;R — e;jre;R. Let g:ejre; R — e; R be its inverse. Then e;re; R is a submodule
of e; R that contains A, because a = ¢;re; f(a) € e;re; R for every a € A. Also
g extends f, because for every a € A one has f(a) = g(e;re; f(a)) = g(a).
Finally, suppose reg4 = &;f. Then ra = f(a) for every a € A, so that
e;ra = e; f(a) = f(a). Therefore left multiplication by e;r is an homomorphism
Rp — ;R that extends f. (i

In order to prove the main results of this section (Theorem 3.29 and
Corollary 3.30) we need some preliminary results.

Lemma 3.26 Let P = P; & --- @ P, be a direct sum of uniserial modules P;
over an arbitrary ring R. If P; is almost-Pj-injective for every i # j, then every
cyclic uniserial submodule of P is contained in a uniserial direct summand of P.

Proof. Let C be a cyclic uniserial submodule of P. For every i = 1,2,...,n let
m;: P — P; denote the canonical projection. Then

ﬁkerm—ﬂC:O.

i=1

Since C is uniserial, there exists an index k such that kerm, N C = 0. Set
A = 7m(C), so that if we restrict the domain of 7x: P — Py to C and its
codomain to A we obtain an isomorphism f:C — A. Forevery i = 1,2,...,n
consider the mapping f; = m;|c o f~': A — P,. For each i # k the module
P; is almost- Py-injective and f;: A — P, is a mapping whose domain A is a
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cyclic submodule of Py. Hence each f; can be extended to a homomorphism
gi: B; — P;, where B; is a submodule of Py containing A, and either B; = Py
or g; is an isomorphism.

We now choose an index m = 1,2,...,n as follows. If B; is a proper
submodule of Py for some ¢ # k, let m = 1,2,...,n, m # k be the index such
that B, C B; for every ¢ # k (it exists because Py is uniserial). In this case
gm: B — P, is an isomorphism. If B; = P for every i # k, set m = k and
B,, = Ps.

Let g:B,, = P=P, & - - ® P, be the mapping defined by

g(x) = (gl(l')7 s agk—l(x)vxvgk-i-l(m)’ s 7gn(m))

for every x € B,,. Since g is a monomorphism, if we set D = g(B,,), then
D = B, so that D is uniserial. We claim that D is the module with the
required properties, that is, D is a direct summand of P that contains C.

In order to show that C' C D, fix an element ¢ € C. Then f(z) € A4, so
that g:(f(2)) = fi(f(z)) = (miloo f~)(f () = mi(x) for every i # k, and thus

z = (mi(x),...,mu—1(2), 7k (), Trs1 (), . . ., Tn(T))
=@ (f(@));-- -, gr-1(f(@)), f(2), ge41(f (@), - . -, 9n (£ (2)))
=g(f(2)) € 9(4) € g(Bn) = D.

It remains to prove that D is a direct summand of P. Apply Lemma 2.6
to the decomposition P = M @ Py, where M = @; 4 P;. In order to show that
P = M@ D it is sufficient to prove that n,,|p: D — P, is an isomorphism. We
must consider the two cases m # k and m = k.

If m # k, then gm: B, — P, is an isomorphism. Since 7x|p induces
an isomorphism between D and B,,, it follows that m,|p = gm o m|p is an
isomorphism of D onto P,,.

If m =k, then B,,, = Py, so that 7g|p: D — P, is obviously an isomorph-
ism. [

From Theorem 3.10 and Lemmas 3.25 and 3.26 we have

Corollary 3.27 Let R be a serial ring and let P be a finitely generated projec-
tive R-module. Then every cyclic uniserial submodule of P is contained in a
uniserial direct summand of P. O

The proof of the next result is elementary and left to the reader.

Lemma 3.28 Suppose P = P, ® P,. Let m1: P — Py be the canonical projection
onto the first direct summand, and let A be o submodule of P. Then

A= (AﬂPl)GB(AﬂPQ)
if and only if m (A) = AN Py. O
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We are ready to prove the main result of this section.

Theorem 3.29 Let R be a serial ring, let P be a finitely generated projective
module, and let M be a finitely generated submodule of P. Then there is a
decomposition P = P, & P, & --- & P, of P into uniserial projective modules
suchthat M =(MNPHDMNP)®---d(MNE,).

Proof. Since R is a finite direct sum of cyclic uniserial modules, every finitely
generated R-module is a finite sum of cyclic uniserial submodules. Suppose
M =U; + Uy + -+ + Uy, where the submodules U; are cyclic and uniserial.
The proof is by induction on m + dim(P), where dim(P) denotes the Goldie
dimension of P. Note that for m = 0 the result follows immediately from
Theorem 3.10.

Assume M =Uy + Uz + - -- + Uy, m > 1 and dim(P) = n. Then

M =M+ Upn,

where M’ = Uy +Us+- - -+ Upn_1. By the induction hypothesis we may assume
Upn # 0. Again by the induction hypothesis there is a decomposition

P=P & --0F,
of P into non-zero uniserial projective modules such that
M=MnP)o &M NP,).

Since U,, is cyclic and uniserial, Uy, is contained in a uniserial direct summand
D of P (Corollary 3.27). The module D is a finitely generated uniserial pro-
jective module, so that D is isomorphic to a uniserial direct summand of Rpg,
hence the endomorphism ring of D is a right chain ring (Lemma 1.19). Thus D
has the exchange property (Theorem 2.8). By Lemma 2.7 there exist an index
j=1,2,...,n and a direct summand P] of P; such that P = DEBPJ{ED(@#J-R-).
But P; is indecomposable, so that either P; = P; or P] = 0. Since dim(D) = 1
and dim(P;) = 1 for every 4, it follows that P; = 0, and P = D @ (®:2; F).
Rearrange the indices, so that without loss of generality we may suppose 7 = 1,
ie, P=DePR® - &P, Let m:PL®---D P, — P; denote the canonical
projection.
Since the uniserial module- P, contains both

7F1(Um) and ’/Tl(Ml) =M NP,

there are two possible cases:
First case: m (Up,) € m(M'). Then

71'1(M) = 7T1(MI+Um) = 7T1(M,) +7T1(Um) = 7T1(M') = M/ ﬁPl g MﬂPl.
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Since obviously m(M) 2 M N Py, we get that =1 (M) = M N P;. Thus by
Lemma 3.28 we have that M = (M NP @ (M N (P2 @ - & P,)).
Second case: m1(Up,) 2 w1 (M'). Since

P=P&- &P, =D0oPRo &b,

by Lemma 2.6 the restriction 71 |p: D — P is an isomorphism and the canonical
projection p: D® Po & ---® P, — D is p = (m1|p)~m1. Therefore

P(Um) = (m1|p) ™" (11 (Um)) 2 (m|p) ™" (11 (M) = p(M').

It follows that p(M) = p(M') + p(Uy,) = p(Un) = U, € M N D. The other
inclusion M N D C p(M) is trivial, so that p(M) = M N D. From Lemma 3.28
we obtain M = (M ND)®S(MN(P®--- D Fy)).

In both cases the module N =M N (P, @ --- @ P,) is a direct surnmand
of M, so that N itself is a sum of m cyclic uniserial modules. Since the Goldie
dimension of the projective module P’ = P, & --- ¢ P, is n — 1, the induc-
tion hypothesis can be applied to the submodule N of P’. Hence there is a
decomposition Pj & --- ® P), of P’ into uniserial projective modules such that
N=(NNP)&---®&(NNP.). Then P=P, @ P,&--- & P, is the required
decomposition of P in the first case, whereas P = D@ P, @ --- & P! is the
required decomposition of P in the second case. O

Corollary 3.30 FEvery finitely presented module over a serial ring is serial. [J

3.6 Notes on Chapter 3

One easily sees that every module is a homomorphic image of a free, hence pro-
jective, module. Dually, [Eckmann and Schopf] proved that not only can every
module be embedded in an injective module, but also there is a “minimal” em-
bedding of a module in an injective module, that is, they proved the existence of
the injective envelope. Dualizing the notion of an injective envelope, [Bass 60]
introduced projective covers, perfect rings and semiperfect rings (“minimal
epimorphisms” had already been studied by [Eilenberg and Nakayama] and
[Eilenberg]). Theorem 3.6 is mainly due to [Bass 60, Theorem 2.1] (the equiva-
lence of conditions (¢) and (d) to the other conditions was proved by [Miiller 70,
Theorem 1 and p. 465}). Example 3.8 is due to [Miiller 70, p. 465], Theorem 3.10
is due to [Klatt] and [Miiller 70, Theorem 3] independently, and Theorem 3.15
is due to [Warfield 75, Theorem 1.4].

In Theorem 3.5 we have encountered an interesting class of rings, that is,
F-semiperfect rings. A ring R is F-semiperfect if R/J(R) is von Neumann regu-
lar and idempotents can be lifted modulo J(R). A ring R is F-semiperfect if and
only if every finitely presented right (or left) R-module has a projective cover.
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Every semiperfect ring is F-semiperfect. Endomorphism rings of injective mod-
ules are F-semiperfect. More generally, endomorphism rings of injective objects
in an arbitrary Grothendieck category and endomorphism rings of quasinjec-
tive modules are F-semiperfect. Most of these results about F-semiperfect rings
were proved by [Oberst and Schneider].

The rings R that satisfy the d.c.c. on chains of the form

rRO7*RDOr*RD ...

are often called right 7-regular in the literature. Since this condition is left-right
symmetric (Theorem 3.16), we prefer to call them strongly m-regular. These
rings were introduced by [Kaplansky 50]. Theorem 3.16 is due to [Dischinger],
and the proof of Theorem 3.16 we have given here was found by Zoschinger.
Every strongly m-regular ring is an exchange ring [Stock, Example 2.3]. Proposi-
tion 3.18 is due to [Armendariz, Fisher and Snider, Proposition 2.3]. Lemmas
3.19, 3.20, 3.21, Theorem 3.22 and Corollary 3.23 are due to [Rowen 86].

In Theorem 3.22 we characterized the rings over which finitely presented
right modules are Fitting modules and are direct sums of indecomposable mod-
ules. A more natural class of rings is the class of Krull-Schmidt rings, that is,
the rings R for which every finitely presented right R-module is a direct sum
of modules with local endomorphism rings (the condition is left-right symmet-
ric, that is, it holds for finitely presented right R-modules if and only if it
holds for finitely presented left R-modules). These rings have been defined and
characterized in terms of the category (rFP, Ab) by [Herzog]. Every ring that
satisfies the equivalent conditions of Theorem 3.22 is a Krull-Schmidt ring (be-
cause every indecomposable Fitting modules has a local endomorphism ring,
Lemma 2.21). Every Krull-Schmidt ring is semiperfect (Proposition 3.14). By
Corollary 2.55 every pure-projective module over a Krull-Schmidt ring is a
direct sum of finitely presented modules with local endomorphism rings. This
property was noticed by [Gémez Pardo and Guil Asensio].

Theorem 3.29 and Corollary 3.30 (finitely presented modules over ser-
ial rings are serial) are due to [Warfield 75, Theorem 3.3 and Corollary 3.4].
This had been proved previously in the commutative case by [Kaplansky 49]
(Kaplansky proved that every finitely presented module over a commutative
valuation ring, that is, a commutative chain ring, is a direct sum of cyclic mod-
ules; note that a commutative ring is serial if and only if it is a finite direct
product of valuation rings) and by [Roux]| in the case of chain rings. A different
proof of Corollary 3.30 was found independently by [Drozd]. The uniqueness of
the decomposition of a finitely presented module over a serial ring as a direct
sum of uniserial modules will be one of the main topics of Chapter 9.



Chapter 4

Semilocal Rings

4.1 The Camps-Dicks Theorem

We have already defined semilocal rings as the rings R for which B/J(R) is a
semisimple artinian ring (Section 1.2). We have seen that they are the rings
of finite dual Goldie dimension (Proposition 2.43). More precisely, if R is a
semilocal ring, codim(Rg) = codim(gR) is equal to the number of summands
in a direct sum decomposition of the semisimple right module R/J(R) as a
direct sum of simple right modules. In this section we shall prove a theorem
containing two further characterizations of semilocal rings (Theorem 4.2). We
begin with a lemma whose proof is taken from [Herbera and Shamsuddin, proof
of Theorem 3.

Lemma 4.1 Let M be a right module over an arbitrary ring R and let f,g be
two endomorphisms of M. Then

(a) ker(f — fgf) = ker(f) @ ker(1 — gf) and ker(1 - gf) = ker(1 — fg);
(b)
coker(f — fgf) = coker(f) & coker(1 — fg)
and

coker(1 — gf) =2 coker(1l — fg).

Proof. (a) Tt is clear that ker(f) 4+ ker(1 — gf) C ker(f — fgf). Conversely,

if x € ker(f — fgf), then (1 — gf)(z) € ker(f), gf(z) € ker(l — gf) and
z = (1 — gf)(z) + gf(x), so that ker(f) + ker(1 — gf) = ker(f — fgf). It is
easily verified that ker(f) Nker(1 —gf) =0.

The homomorphism f: M — M induces a homomorphism

ker(1 — gf) — ker(1 - fg)

99
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by restriction. By symmetry, g induces a homomorphism
ker(1 — fg) — ker(1 — gf).

It is immediately verified that the compositions of these two mappings are
the identity mappings of ker(1 — gf) and ker(1 — fg) respectively, so that
ker(1 — gf) = ker(1 — fg).

(b) Consider the mapping ¢: M — coker(f) @ coker{1 — fg) defined by
plz) = (. + f(M),z + (1 — fg)(M)) for every x € M. We show that ¢ is a
surjective mapping. Note that M = fg(M)+(1—fg)(M) C f(M)+(1—fg)(M).
Therefore for any y,z € M, there exists v € f(M) and w € (1 — fg)(M) such
that y — 2z =v +w. Set x =y — v =z + w. Then

o) = (y + f(M),z+ (1 - fg)(M)).

This shows that ¢ is surjective. The kernel of ¢ is f(M) N (1 — fg)(M), and
thus we must show that f(M)N (1 — fg)(M) = (f — fgf){(M). Now if f(z) =
(1 - f9)(y), =,y € M, then y = f(z) + fg(y), so that

[(@) =0~ f9)ly) = A= fo)(f{z+9W) = (f — faf)lz + g()).

This proves that f(M)N(1— fg)(M) C (f — fgf)(M). The opposite inclusion
is easily verified.

Define a mapping
coker(1 — gf) — coker(l — fg)

by
z+(1-gf) (M) f(z)+ (1 - fg)(M)

for every x € M. This is a well-defined homomorphism. Similarly, there is a
well-defined homomorphism

coker(1 — fg) — coker(1 — gf)

given by
z+ (1= fg) (M) — g(x) + (1 - gf)(M).

The compositions of these two homomorphisms are the identity mappings of
coker(1 - gf) and coker(1 — fg) respectively, so that

coker(1 — gf) = coker(1 — fg). O

For a ring R we denote the multiplicative group of invertible elements
of R by U(R).
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Theorem 4.2 (Camps and Dicks) The following conditions are equivalent for a
ring R.

(a) R is semilocal.

(b) There exists an integer n > 0 and a function d: R — {0,1,...,n} such
that

(i) for every a,b € R, d(1 — ab) + d(a) = d(a — aba);
(ii) if a € R and d(a) = 0, then a € U(R).

(¢) There exists a partial order < on the set R such that

(iii) (R, <) is an artinian poset;
(iv) f a,b€ R and 1 — ab ¢ U(R), then a — aba < a.

Moreover, if these equivalerit conditions hold, then codim(R) < n for any inte-
ger i that satisfies condition (b).

Proof.

(a) = (b). If R is a semilocal ring, then Rp has finite dual Goldie dimen-
sion (Proposition 2.43). Let n = codim(Rg) and let d: R — {0,1,...,n} be
defined by d(a) = codim(R/aR) for every a € R.

In order to prove that d has property (i), fix a,b € R and apply Lemma
4.1(b) to the two endomorphisms of the module Rp given by left multiplication
by a and b respectively. Then R/(a — aba)R = R/aR & R/R(1 — ab), so that
d(a — aba) = d(a) + d(1 — ab). Hence (i) holds.

If a € R and d(a) = 0, then R/aR = 0, so that a € U(R) by Proposi-
tion 2.38.

(b) = (c). If (b) holds, define a partial order < on R via

a<b ifa=bord(a)>dd).

Then (c) is easily verified.
(¢) = (a). Let R denote R/J(R), and for every r € R let 7 denote r+J(R).
Suppose that (c) holds. Set

F={reR|7 =7and (T—r)R is a right ideal of finite length of R }.

Note that F # @, because 1 € F. Since (R, <) is artinian, there exists an
element a € F minimal with respect to the order <.

Suppose @ # 0. Then a ¢ J(R), so that aR\ J(R) # 0, and we can choose
an element ab € aR \ J(R) that is minimal with respect to the order <. Since
ab ¢ J(R), there exists ¢ € R such that 1 — abc ¢ U(R). Then by (iv) we get
a — abca < a. Set @’ = a — abca, so that a’ < a. We show that o’ € F.

We claim that if z € R and 1 — abz ¢ U(R), then abrab = ab. In order
to prove the claim fix z € R with 1 — abz ¢ U(R). From property (iv) we
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get that ab — abrab < ab. Since ab is minimal in aR \ J(R), it follows that
ab — abzab ¢ aR \ J(R), that is, ab — abrab € J(R). Hence ab = abrab. This
proves the claim.

Now apply the claim to x = ¢. Then abcab = ab, so that abe is idempotent.
Then o’ also is idempotent, because

(5)2 =(a— abca)2 = @ — abea — abca -+ abcabea = @ — abea = d'.

Note that a — a’ = abca also is idempotent.
It is easily verified that {1 —a,a —a/,a} is a complete set of orthogonal
idempotents in R. Therefore Rz = (1 —a)R ® (a — o’)R ® o/ R. We show that

(a — a’)R is a simple R-module. Since a — a’ = abca, we get that

(a —a')R = abcaR = abR,

because abcab = ab as we have already seen. Moreover abR # 0, otherwise
ab € J(R), which is not true. Now consider any abd € abR \ J(R). Since
abd ¢ J(R), there exists e € R such that 1 — abde ¢ U(R). Applying the claim
with z = de, we see that abdeab = ab, so that abdR = abR. This shows that
(a — a’)R is a simple R-module.

Now (T — a)R is a module of finite length, so that

T=aR®(a—ad)R=(1-d)R

has finite length. Thus o’ € F.

But o’ < a and @ was minimal in F. This contradiction shows that @ = 0.
Therefore (T — a)R = Ry has finite length, that is, R is right artinian and the
proof of (a) is concluded.

Now suppose the equivalent conditions of the statement hold. We want to
show that if m = dim R = codim R and n is any integer that satisfies condition
(b), then m < n. As m = dim(R), there are elements e, ..., e, € R such that

{€1,...,&n} is a complete set of non-zero orthogonal idempotents of R. Define
Gy, a1, - --,0m € R by induction as follows: ag =1 and a; = a;_1 — a;_1€;a;_1
fori =1,2,...,m. Note that a; = e;37+&12+ - -+€, foreveryi = 0,1,...,m,

sothat T—a;_1e; = 1 —¢; ¢ U(R). It follows that 1—a,_1e; ¢ U(R). Applying
property (ii) we see that d(1 — a;—1¢;) > 0, and applying property (i) we get
d(1—a;_1e;) +d(a;—1) = d(a;), so that d(a;—1) < d(a;) for every i = 1,...,m.
From d(ag) < d(a1) < -+ < d(a,) we obtain that m < n. O
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4.2 Modules with semilocal endomorphism ring

Theorem 4.2 is very useful in testing whether the endomorphism ring of a
module is semilocal.

Theorem 4.3 (Herbera and Shamsuddin) Let Mg be a right module over a
ring R.

(a) If Mg has finite Goldie dimension and every injective endomorphism of
Mg is bijective, then the endomorphism ring End(Mpg) is semilocal and

codim(End(Mg)) < dim(Mp).

(b) If Mg has finite dual Goldie dimension and every surjective endomorph-
ism of Mg is bijective, then the endomorphism ring End(Mg) is semilocal
and

codim(End(Mg)) < codim(Mpg).

(¢) If Mg has finite Goldie dimension and finite dual Goldie dimension, then
the endomorphism ring End(Mpg) is semilocal and

codim(End(Mg)) < dim(Mg) + codim(MEg).

Proof. If dim(Mpg) is finite, set n = dim(Mpg) and define
dy:End(Mg) — {0,1,2,...,n}
by di(f) = dim(ker(f)). By Lemma 4.1(a), the mapping d; satisfies conditions
(i) and (ii) of Theorem 4.2. This proves (a)
If codim(Mp) is finite, set m = codim(M) and define
dy:End(Mpg) — {0,1,2,...,m}
by da(f) = codim(coker(f)). By Lemma 4.1(b), the mapping ds satisfies con-
ditions (i) and (ii) of Theorem 4.2. This proves (b).
If dim(Mpg) and codim(MEg) are both finite, set
d=di +dz: End(M) — {0,1,2,...,n 4+ m}.

From this (c) follows. O
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Before giving examples of classes of modules with semilocal endomorphism
rings, we study some properties of these modules. In this book we shall not need
the definition of rings of arbitrary stable range n > 1, but only the definition
of rings of stable range 1 (for the definition of stable range n > 1 see the notes
at the end of this chapter). A ring F is said to have stable range 1 if, whenever
a,b € E and Ea + Eb = E, there exists t € E with a +tb € U(E). It would
be possible to prove that this condition is left-right symmetric, that is, a ring
E has stable range 1 if and only if, whenever a,b € F and aFE 4+ bE = F, there
exists s € E with a + bs € U(E). Since we shall not need this result, the proof
is omitted.

Theorem 4.4 (Bass) A semilocal ring has stable range 1.

Proof. An element z € F is a unit in E if and only if T = o + J(F) is a
unit in £ = E/J(E). Therefore we may substitute the semilocal ring E with
the semisimple artinian ring F, that is, we may assume that E is semisimple
artinian. Let a and b be elements of a semisimple artinian ring E and suppose
Ea + Eb = E. The left ideal Fa N Eb is a direct summand of Eb, so that
Eb = (Ean Eb)® I for a left ideal I of E. Then gE = Ea ® 1, as is easily
seen. Let u: g — FEa be the epimorphism given by right multiplication by
a. Then kerpy is a direct summand of gF, so that g = C @ kerp for a
left ideal C of E, and the restriction u|c:C — FEa is an isomorphism. Then
pE = FEa@kerpy and gE = Ea® I imply ker u = I because gF is semisimple
artinian. Let f:ker 4 — I be an isomorphism. Then (y|c, f): C®ker p — Ea®I
is an automorphism of g F, hence it coincides with right multiplication by an
element u € U(E). From gFE = C @ ker u we have that 1 = ¢+ k, where c€ C
and ka = 0. Hence a = ca, so that

u=(ple, F)(1) = (ple, fllc+k) =ca+ f(k) = a+ f(k).

Since f(k) € I C Eb, it follows that f(k) = tb for some ¢t € E. Thus a + tb =
v e U(E). O

The reason why we have introduced rings with stable range 1 is given in
the following theorem: if a module A has the property that its endomorphism
ring has stable range 1, then A cancels from direct sums.

Theorem 4.5 (Evans) Let R be a ring and let Ar be an R-module. Suppose that
E = End(ARg) has stable range 1. If Bg and Cg are arbitrary R-modules and
A B2 AgC, then B=C.

Proof. Let fu n denote an R-homomorphism from N to M. Since A ® B =
A ® C, there are two inverse isomorphisms

F= ( fas Jas ):AEBBHA@C
fea fon
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and

G= ( ga.a-ga.c ):A@CHA@B.
9B,A ¢gB,C

Since G'F' is the identity on A & B, we have

gaafaatgacfoa gaafas+gacfes \_(1la 0
9B,afaa+gecfca g afas+gpcfon 0 1p /°

where 1,7 is the identity of M. From g4 afa.a+ga.cfc,.a = 14 it follows that
Efaa+ Egacfc,a = E. Hence there exists t € E such that

u=faa+tgacfca

is an automorphism of A. Consider the mapping
G = ( la tgac ) A®C — A® B.
gB,A ¢gB,C
Then
e U VAB

OF = ( u v )
is clearly an automorphism of A@®B. Since F: A®B — A®C is an isomorphism,
it follows that G': A® C — A @ B is an isomorphism as well. But then

14 0 14 ~tga,c
GII — G/ 5
( —9B,A 1B ) ( 0 1 )

is an isomorphism. Since

G// — 1A 0
0 gBc—9BAtgac )’

the homomorphism gg,c — gB,4tg4,c is an isomorphism of C onto B. a

From Theorems 4.4 and 4.5 we obtain:

Corollary 4.6 Let Ar be a module over a ring R and suppose End(Agr) semi-
local. If B and Cg are arbitrary R-modules and AG B = A@C, then B C.
O

We now recall a well-known technique that goes back to [Dress]. We shall
often use it in the sequel. Given a ring S, let Mod-S denote the category of all
right S-modules, Proj-S the full subcategory of Mod-S whose objects are all
projective right S-modules, and proj-S the full subcategory of Mod-S whose
objects are all finitely generated projective right S-modules.

If Mg is a right S-module, let Add(Mg) denote the full subcategory of
Mod-S whose objects are all the modules isomorphic to direct summands of
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direct sums of copies of M, and let add(Mg) denote the full subcategory of
Mod-S whose objects are all the modules isomorphic to direct summands of
direct sums M™ of a finite number of copies of M. For example, Proj-S =
Add(Ss) and proj-S = add(S5s).

Let Mg be a right S-module and let E = End(Mg) be its endomorphism
ring, so that g Mg is a bimodule. Clearly

Theorem 4.7 The functors
Homg(M, —): Mod-S — Mod-E and — ®gM:Mod-E — Mod-S

induce an equivalence between the full subcategory add(Mg) of Mod-S and the
full subcategory proj-E of Mod-E. Moreover, if Mg is finitely generated, they
induce an equivalence between the full subcategory Add(Mg) of Mod-S and the
full subcategory Proj-E of Mod-E. O

If e € F is idempotent, the object eE of proj-FE corresponds to the direct
summand eM of Mg, which is an object of add(Mg).

Let us go back to modules with semilocal endomorphism ring,.

Proposition 4.8 (n-th root property) Let R be a ring and let Ar, B be R-

modules. If A has a semilocal endomorphism ring, n s a positive integer and
A" > B" then A= B.

Proof. We shall suppose that we have a module M = & ; A; = &, B; where
each A; = A and B; 2 B, A has a semilocal endomorphism ring, and prove
that A1 = Bl-

Note that M has semilocal endomorphism ring, because

End(Mg) = M, (End(Ag))

(Example (3) on page 6). Let {d1,...,d,} and {e1,...,e,} be the two complete
sets of orthogonal idempotents in F = End(Mg) with d;M = A; and ;M = B;
for every 4. By Theorem 4.7 d;E 2 d1 F and e;E = e; FE forevery i =1,...,n,
so that d;E/d,J(E) = d1E/d1J(E) and e;E/e;J(E) & e1E/e1 J(E). Hence

Since F is semilocal, E/J(E) is a semisimple right F-module of finite length,

and therefore diE/d J(E) & e1E/e1J(E). By Proposition 3.3(b) d1E 2 e, E,
so that Ay = By by Theorem 4.7, as desired. O
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For the next proposition recall that a ring is semilocal if and only if it has
finite dual Goldie dimension (Proposition 2.43).

Proposition 4.9 If Ap is a module with a semilocal endomorphism ring and
codim(End(Ag)) = n, then Ar has at most 2™ isomorphism classes of direct
summands.

Proof. Set E = End(Ag). Every direct summand of Ag has the form eA for
some idempotent e € F, and in the equivalence of Theorem 4.7 the module eA
corresponds to the module eE. Since equivalences preserve isomorphism, the
number of non-isomorphic direct summands of Ap is the same as the number of
non-isomorphic direct summands of Er. Hence it is sufficient to show that Fg
has at most 2" non-isomorphic direct summands eE. By Proposition 3.3(b) it
suffices to show that F/J(E) has at most 2" non-isomorphic direct summands.
This is obvious, because E/J(E) is semisimple artinian and

dim(E/J(E)} = codim(E) = n. O

In a semilocal ring every set of orthogonal idempotents is finite. Therefore
every direct sum decomposition of a module with a semilocal endomorphism
ring has ounly finitely many direct summands. By Proposition 4.9 a module with
a semilocal endomorphism ring has only finitely many direct sum decomposi-
tions up to isomorphism.

Proposition 4.9 will be generalized in Corollary 4.11. First we shall prove
that a semilocal ring has only finitely many isomorphism classes of finitely
generated indecomposable projective modules.

Theorem 4.10 Let R be a semilocal ring. Then there are, up to isomorphism,
only finitely many finitely generated indecomposable projective R-modules.

Proof. Since R is semilocal, there are only finitely many simple R-modules
up to isomorphism, say, T1,...,T,. If Pgr is a finitely generated projective R-
module, then P/PJ(R) 2 T|' &---®& T~ with (r1,...,7,) € N™. Set p(Pg) =
(r1,...,7rn). Partially order N™ by setting (r1,...,7,) < {(81,-..,8,) if r; < 5
forevery i =1,2,...,n.

Note that if Pr, Qg are finitely generated projective R-modules, then P is
isomorphic to a direct summand of Qg if and only if ¢(Pgr) < ¢(Qr), because
if (Pr) < ¢(Q@r), there is an epimorphism @Q/QJ(R) — P/PJ(R), which
can be lifted to a homomorphism f:Q — P because Qg is projective. Since
f(@Q)+PJ(R) = P, it follows that f is an epimorphism by Nakayama’s Lemma.
Hence f splits.

In particular, Pg is isomorphic to Qg if and only if ¢(Pr) = ©(Qr),
because if ¢(Pr) = w(Q@r), then Pg is isomorphic to a direct summand of
Qg and Qg is isomorphic to a direct summand of Pg. But a finitely generated
projective module over a semilocal ring cannot be isomorphic to a proper direct
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summand of itself, because every non-zero finitely generated projective module
has non-zero finite dual Goldie dimension (Proposition 2.43).

Thus if {Py | A € A} is a family of pairwise non-isomorphic finitely
generated indecomposable projective R-modules, then {p(Py) | A € A} is a
family of pairwise incomparable elements of (N”, <). But it is easily seen that
in (N™, <) there are no infinite families of pairwise incomparable elements. [J

From Theorems 4.7 and 4.10 we obtain

Corollary 4.11 Let Ar be a module over an arbitrary ring R with End(Ag)
semilocal. Then there are, up to isomorphism, only finitely many indecompos-
able R-modules in add(Ag). O

4.3 Examples

In this section we shall give examples of classes of modules with semilocal
endomorphism rings. The first example is the class of artinian modules.

Theorem 4.12 Every artinian module has semilocal endomorphism ring.

Proof. Every artinian module A has finite Goldie dimension, and injective
endomorphisms of A are bijective (Lemma 2.16(b)). Now apply Theorem 4.3(a).
O

Therefore artinian modules have the n-th root property, have only finitely
many isomorphism classes of direct summands, and cancel from direct sums.
The next result provides an upper bound to the number of isomorphism classes
of direct summands of an artinian module.

Proposition 4.13 Let Ar be an artinian module and let n be the composition
length of the socle of Ar, that is, n = dim(soc(Ag)). Then there are at most
2™ isomorphism classes of direct summands of Ag.

Proof. If Ar is an artinian module and n = dim(soc(Ap)), then
Since injective endomorphisms of Ar are bijective (Lemma 2.16(b)), The-

orem 4.3(a) implies that codim(End(Ag)) < n. Therefore Ar has at most
2™ isomorphism classes of direct summands by Proposition 4.9. 7
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From Lemma 2.17(b) and Theorem 4.3(b) we obtain a second class of
examples of modules with semilocal endomorphism rings:

Proposition 4.14 Every noetherian module of finite dual Goldie dimension has
a semilocal endomorphism ring. O

Corollary 4.15 Let R be a semilocal ring and let Ag be a noetherian R-module.
Then End(AR) is semilocal.

Proof. Since Ag is finitely generated and Rp has finite dual Goldie dimension,
Apg also has finite dual Goldie dimension (Propositions 2.43 and 2.42). Now
apply Proposition 4.14. il

We say that a module Mg is biuniform if it is uniform and couniform, that
is, if it has Goldie dimension 1 and dual Goldie dimension 1. For instance, every
non-zero uniserial module is biuniform. The next corollary follows immediately
from Theorem 4.3(c).

Corollary 4.16 Let A be a module that is the direct sum of d biuniform modules.
Then End(A) is a semilocal ring and codim(End(4)) < 2d. O

In particular,

Corollary 4.17 Let A be a serial module of finite Goldie dimension d. Then
End(A) is a semilocal ring and codim{End(A)) < 2d. O

Therefore serial modules of finite Goldie dimension, and more generally
the modules that are finite direct sums of biuniform modules, have the n-th
root property, have only finitely many isomorphism classes of direct summands,
and cancel from direct sums.

[Herbera and Shamsuddin] have determined other interesting examples of
modules with semilocal endomorphism rings. We present their results without
proofs because they will not be used in the sequel of this book. For the proofs
see [Herbera and Shamsuddin].

(1) If Pg is a finitely generated quasi-projective module, then End(Pr) is
semilocal if and only if Pg has finite dual Goldie dimension.

Recall that a module Pg is quasi-projective in case for each epimorphism

f: Pr — Qg and each homomorphism ¢: Pr — Qg there is an endomorphism
h of Pgr such that fh = g.

(2) The endomorphism ring of any linearly compact module is semilocal.

A module Ag is linearly compact if whenever {z; + A; | i € I } is a family
of cosets of A (z; € A and A; a submodule of Ar) with the finite intersection
property, then (o, z; + A; # . In terms of congruences, note that = € xz; + A;
if and only if z = z; {mod A;). Thus a module Ap, is linearly compact if and
only if any finitely soluble system of congruences

z=x; (mod Ay), iel,

is soluble.
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Therefore linearly compact modules have the n-th root property, have only
finitely many isomorphism classes of direct summands, and cancel from direct
sums. Every artinian module is linearly compact, and therefore this result of
Herbera and Shamsuddin’s generalizes Theorem 4.12.

(3) If A is a finitely generated right module of finite Goldie dimension
over a strongly w-regular ring R, then End(ARr) is semilocal.

(4) If Agr is a finitely generated module of finite dual Goldie dimension
over a ring R and M, (R) is a right repetitive ring for every n > 1, then
Endg(A) is semilocal.

A ring S is right repetitive [Goodear] 87] if for any elements a,b € S
the right ideal I = >".., a'bS is finitely generated. Goodearl has shown that
M,,(S) is a right repetitive ring for every n > 1 if and only if any surjective
endomorphism of a finitely generated right S-module is an automorphism.

(5) If R is a commutative ring and Agr 18 a module satisfying AB5*,
then End(ARg) is direct product of semilocal rings, 1 is in the stable range of
End(AR), Agr cancels from direct sums and satisfies the n-th root property
[Herbera and Shamsuddin, Corollary 9].

A module Ap satisfies AB5* if [),c;(B + A;) = B + [,y 4; for every
submodule B of Ar and every inverse system {A; | ¢ € I} of submodules
of AR.

4.4 Notes on Chapter 4

Theorem 4.2 is due to [Camps and Dicks, Theorem 1], who gave various ap-
plications of their result. One of these applications was the proof that the
endomorphism ring of an artinian module is semilocal (Theorem 4.12), a result
conjectured by Pere Menal. Theorem 4.3 is due to [Herbera and Shamsuddin].
They extended some of the ideas of Camps and Dicks, studying the modules
with semilocal endomorphism rings. For the decompositions of projective mod-
ules over semilocal rings, see [Facchini and Herbera).

Theorem 4.4 is due to [Bass 64] and Theorem 4.5 is due to {Evans, The-
orem 2]. Corollary 4.6 generalizes a result of [Warfield 69a, Proposition 2], who
proved that a module with a local endomorphism ring cancels from direct sums.
He also proved that every finitely generated projective module over a semilocal
ring cancels from direct sums [Warfield 79, Lemma 2]. This immediately fol-
lows also from Example (3) on page 6, Proposition 1.13 and Corollary 4.6.
Propositions 4.8 and 4.9 appear in [Facchini, Herbera, Levy and Vamos, Prop-
osition 2.1], but it was W. Dicks who realized that they hold for arbitrary
modules with semilocal endomorphism rings and not only for artinian modules.
Theorem 4.10 is due to [Fuller and Shutters, Theorem 9] and Corollary 4.11 to
[Wiegand]. The examples in Section 4.3 are taken from [Herbera and Shamsud-
din], apart from Theorem 4.12 (artinian modules have semilocal endomorphism
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rings), which was proved by [Camps and Dicks, Corollary 6] as we have already
said in the first paragraph of this section.

We shall now consider the stable range conditions. The definition of left
stable range was introduced by [Bass 64] in algebraic K-theory. Let R be an ar-
bitrary ring. An n-tuple (a1, ...,a,) € R" is called left unimodularif ay,...,a,
generate gR, that is, Z?:1 Ra; = R. Similarly for right unimodular n-tuples.
A ring R is said to have left stable range < n if for each m > n and left
unimodular m-tuple (a1, ...,am) € R™ there exist b1,...,bn-1 € R such that
(G1+b1am,a2+baam, ..., Gm—1+bm_10s) is aleft unimodular (m—1)-tuple. A
similar definition is given for right stable range < n. Since a ring has left stable
range < n if and only if it has right stable range < n [Vasershtein, Theorem 2],
we shall just say that R has stable range < n, and write sr(R) < n.

With these definitions, if a ring R has stable range < n, then R has stable
range < n+ 1, so that we are interested in the least positive integer n such that
R has stable range < n. This least integer n is called the stable range st(R) of R.
If no such integer exists, the stable range of R is said to be infinite, st(R) = co.
For instance, if R is a commutative noetherian ring of Krull dimension d, then
sr(R) < d+ 1 [Bass 68].

Now let X be a topological space, n > 1 an integer,

S"={zeR"™ | |z| =1}
the n-dimensional sphere and
S"'={z€8S"| 2,01 =0}

A continuous map f: X — S is said to be non-essential if there is a continuous
map g: X — 8™ such that f and g agree on f~1(S"1). Otherwise f is said to
be essential. The dimension dim(X) of the topological space X is the greatest
integer n for which there exists an essential mapping f: X — S™. If no such
integer exists the dimension of X is defined to be infinite, dim(X) = co. For
instance, one can prove that dim(R™) = n. For an arbitrary topological space X
let C(X) and C*(X) denote the ring of all continuous functions f: X — R and
the ring of all bounded continuous functions f: X — R respectively. Then
st(C(X)) = sr(C*(X)) = dim(X) + 1 [Vasershtein]. Hence the stable range of
the rings C(X) and C*(X) determines the dimension of the topological space
X, and conversely.

We have seen that semilocal rings have stable range 1 (Theorem 4.4). An-
other important class of rings with stable range 1 is given by strongly w-regular
rings: every strongly m-regular ring has stable range 1 [Ara 96, Theorem 4]. In
particular, the endomorphism ring of a Fitting module has stable range 1 (Prop-
osition 3.18). From this and Theorem 4.5 it follows that Fitting modules cancel
from direct sums [Ara 96, Corollary 6].



Chapter 5
Serial Rings

In this chapter we shall give some results about the structure of serial rings,
in particular noetherian serial rings (Section 5.4). We begin by considering the
case of chain rings, since this is considerably simpler than that of arbitrary
serial rings.

5.1 Chain rings and right chain rings

Let R be a right chain ring and J its Jacobson radical, so that J is the unique
maximal right ideal of R. The R-module J"/J"*! is a uniserial right module
and is a right vector space over the division ring R/J, that is, it is a semisimple
R-module. Thus J"/J™*! must be either zero or a simple right R-module, that
is, there are no right ideals properly between J"* and J**!. Therefore the unique
right ideals of R containing J™ are the powers J%, i =0,1,2,...,n.

Lemma 5.1 Let R be a right chain ring and let A be a right ideal of R. Then
there is no prime ideal P with (5, A" C P C A.

Proof. If P is a prime ideal of R and P C A, then P C A" for every n, so that
PC,> A™ O

Recall that an ideal P of an arbitrary ring R is said to be completely prime
if it is proper and zy € P implies x € P or y € P for every z,y € R. Therefore
an ideal P of R is completely prime if and only if R/P is a domain. Every
completely prime ideal is prime. We shall see that it is possible to localize a
chain ring at a completely prime ideal in the same way that a commutative
ring can be localized at an arbitrary prime ideal (Section 6.4).

We collect some properties of completely prime ideals of right chain rings
in the following proposition.

113



114 5 Serial Rings

Proposition 5.2 Let R be a right chain ring. Then:

(a) A proper ideal P is completely prime if and only if 2> € P implies x € P
for every x € R.

(b) If x € R, then there is no completely prime ideal P with

(z"RcC PCaR.

n>1

(c) If A is a non-zero proper ideal of R and A®> = A, then A is completely
prime.

(d) If A is a proper ideal of R which is not nilpotent, then [, ~; A" is a
completely prime ideal of R. -

(e) If P is a completely prime ideal of R and x € R\ P, then P = Pz.

{(f) If P is a completely prime ideal which is right principal, then either P is
the Jacobson radical J(R) of R or P = 0.

Proof. (a) It is sufficient to prove that if P is a proper ideal with the property
that 22 € P implies z € P for every x € R, then P is completely prime. Let
P be a proper ideal with this property, and suppose that xy € P for some
z,y € R. Since R is a right chain ring, either z = ys or y = zs for some
s € R. If z = ys, then 2?2 = zys € P, so that x € P. Suppose y = zs. Then
(yz)? = y(zy)z € P, so that yx € P. It follows that y? = yzs € P, and thus
y € P. This shows that P is completely prime.

(b) Let P be a completely prime ideal of R properly contained in zR.
Then z ¢ P, so that ™ ¢ P for every n > 1. Since R is a right chain ring, it
follows that P C 2" R for every n > 1. Therefore P C (., z"R.

(c) Let A = A? be a non-zero proper ideal of R. By (a) it is sufficient to
prove that z € R and 2 € A imply = € A. Suppose z € R, 22 € A and = ¢ A.
Then A C zR, so that A C zJ(R). Therefore A = A2 CzRA = zA C 22J(R),
hence z2 # 0. Thus A C 22J(R) C 22R C A, contradiction.

(d) Let A be a non-nilpotent proper ideal of R and set P =, A™. We
must show that the ideal P is completely prime in R. If P = A" for somen > 1,
then P = A?", so that P = P? and the conclusion follows from (c). Hence we
can suppose P C A™ for every n > 1. If P is not completely prime, there exists
an element € R with 22 € P and z ¢ P. Then x ¢ A™ for some positive
integer m, and 2R C P C A*™ C xRA™ = 2z A™ C z?R, contradiction.

(e) This is an elementary proof.

(f) Let P be a completely prime right principal ideal of R. Then P C J(R)
because P is proper. If P C J(R), then let  be an element of J(R) not in P,
so that P = Pz by (e). Apply Nakayama’s Lemma to the finitely generated
module Pg. Then P = Px C PJ(R) implies P = 0. 0l
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The final part of this section is devoted to chain rings with chain condi-
tions.

Proposition 5.3 Let R be a chain ring and J = J(R) be its Jacobson radical.

(a) The ring R is right artinian if and only if it is left artinian, if and only
if J is nilpotent.

(b) The ring R is right noetherian if and only if it is left noetherian, if and
only if N>, J" = 0.

Proof. (a) Follows immediately from the fact that in a right artinian ring the
Jacobson radical is a nilpotent ideal.

(b) If R is a right noetherian chain ring, the completely prime ideals
of R are just J and (possibly) 0 (Proposition 5.2(f)). If .J is nilpotent, then
MNn>1J™ = 0. If J is not nilpotent, then (,,».,; J™ = 0 by Proposition 5.2(d).

~ Conversely, suppose that N1 J" = 0. If A is a non-zero right ideal of A,
then it cannot be that A C J™ for every n. Hence 4 O J™ for some m. In the
first paragraph of this section we have already remarked that in a right chain

ring the unique right idgals containing J™ are the powers J%, i =0,1,2,...,m.
This shows that A = J* for some i > 0. It follows immediately that R is right
noetherian. O

From the previous proof it follows that in a right noetherian chain ring
R, which is necessarily left noetherian also, every one-sided ideal is two-sided.
The ideals of R are just zero and the powers J™ of J, so that the lattice of its
right ideals coincides with the lattice of its left ideals and is either finite (if R is
artinian) or order antiisomorphic to w+1 (if R is not artinian). Moreover, R has
one completely prime ideal (the ideal J) if R is artinian, and two completely
prime ideals (the ideals J and 0 =(1,,»; J") if R is not artinian. In particular,
if p is any element of J not in J2, then Rp = J and pR = J. Hence Rp = pR,
so that J™ = Rp™ = p" R for every n.

5.2 Modules over artinian serial rings

In the last paragraph of Section 5.1 we saw that if R is an artinian chain ring
and p is an element of J = J(R) not in J2, then the right (or left) ideals of R
are only the ideals J® = Rp™ = p™ R for n > 0. As an exercise, the reader could
prove that from this remark the next lemma follows easily. (We shall prove
Lemma 5.5, which is an improvement of Lemma 5.4.)

Lemma 5.4 If R is an artinian chain ring, then R is self-injective, that is, Rp
s an injective module. O



116 5 Serial Rings

Lemma 5.4 cannot be extended to artinian serial rings by simply saying
that every artinian serial ring is injective as a module over itself. For instance,
let R = UTy(k) be the ring of 2 x 2 upper triangular matrices over a field k,
so that R is an artinian serial ring (Example 1.21). The Jacobson radical of R

is
0 k
J_<O 0).

Let ¢: Jg — Rp be the homomorphism defined by

(5 6)=(52)

for every a € k. Then ¢ does not extend to an endomorphism of R, otherwise
it would coincide with left multiplication by some element of R, which it does
not. Therefore Rg is not injective.

Let R be a serial ring and let {e;, ..., e, } be a complete set of orthogonal
primitive idempotents of R. Since Rgr = &}~ ,e; R, the module Rp is injective
if and only if ;R is injective for every i. The next lemma describes which
indecomposable direct summands e; R of an artinian serial ring R are injective.

Lemma 5.5 Let R be an artinian serial ring with Jacobson radical J and com-
plete set of orthogonal primitive idempotents {ei, ...,e,}. Then e;R is injective
if and only if e; R is not isomorphic to exJ for every k =1,2,...,n.

Proof. If e; R is isomorphic to e J for some k = 1,2,...,n, then ¢; R is isomor-
phic to a submodule of e R that is not a direct summand of e, R. In particular,
e; R is not injective.

Conversely, suppose e; R % e J for every k = 1,2,...,n. In order to show
that e; R is injective, we must prove that every homomorphism I — e; R from
a right ideal I of R extends to a homomorphism Rp — e;R. Equivalently,
we must show that Extp(R/I,e;R) = 0. Since R is artinian, it suffices to
show that Ext}{(SR, e;R) = 0 for every simple right R-module Sg by induction
on the composition length of R/I. Hence we only have to show that for every
k=1,2,...,nevery homomorphism ¢: exJ — e; R extends to a homomorphism
Ve R — e; R, that is, ¢e = ¢, where e:exJ — e R is the embedding of e J
into e; R.

Let ¢5:e;R — R be the embedding of e;R into R, and let 7;: R —
e;R be the canonical projection for every j = 1,2,...,n. Since exJ is cyclic
and uniserial, there exists an index £ = 1,2,...,n such that exJ is a homo-
morphic image of e, R. Applying the functor Hompg{—, R) to the exact sequence
eeR — erpJ — 0 we see that Homp(erJ, R) is isomorphic to a submodule of
Hompg(e,R, R) & Rey. Hence Homp(erJ, R) is a uniserial left R-module, so
that one of ;¢ and exe is a multiple of the other.

If ;0 = reye for some r € R, then i = m;rey is the required extension of
, because e = mrege = Mg = .
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Suppose ege = re;p for some r € R and set f = wyre;e; R — e R. Then
fgozﬂkT‘E,;(p:WkEkE:E, (51)

so that exJ = e(erJ) = folerJ) C fle;R). I ex = f(e;R), then fyo = ¢
forces fo = 1., s, so that w:exJ — ;R is a splitting monomorphism. Since
e; R is uniserial, it follows that either exJ = 0 or exJ = ¢;R. As exJ ¥ e;R,
we have ey J = 0, hence g:exJ — ¢; R trivially extends to a homomorphism
P e R — e; R. Thus we may suppose exJ C f(e;R), that is, f:e;R — ex R is an
epimorphism. Since ex R is a non-zero projective module and e; R is indecom-
posable, it follows that f is an isomorphism. Thus from (5.1) we obtain that
o = f7le, ie., f7! is the required extension of . 0

As a consequence of Lemma 5.5 and Proposition 2.28 we find that the
Krull-Schmidt-Remak-Azumaya Theorem holds for arbitrary modules over an
artinian serial ring:

Theorem 5.6 Let R be an artinian serial ring. Then every module Mg is a
direct sum of cyclic uniserial modules, and any two direct sum decompositions
of Mg into direct sums of non-zero uniserial modules are isomorphic.

Proof. We shall apply Proposition 2.28 to the class C of all non-zero right R-
modules and the class B of all non-zero cyclic uniserial right R-modules. Firstly,
we must show that every non-zero module Mg over the artinian serial ring R
has a non-zero cyclic uniserial direct summand. To see this, we can suppose M
faithful without loss of generality. Since the Jacobson radical J of R is nilpotent,
there exists an m > 1 such that J™ = 0 and J™ ! # 0. Then e;J™ ! £ 0 for
some ¢ = 1,2,...,n, so that e; R is a uniserial module of composition length m
and e; R has composition length < m for every j = 1,2,...,n. By Lemma 5.5
the right ideal e;R is injective. As M is faithful, there exists x € M with
ze; J™ 1 £ 0, hence ze; R is a uniserial module of composition length m that is
a homomorphic image of e; R. Thus xe; R 2 ¢; R is injective and is the desired
non-zero cyclic uniserial direct summand of M.

Secondly, we must prove that for every proper pure submodule P of a
module Mg there exists a non-zero cyclic uniserial submodule D of M such
that PN D =0and P+ D = P& D is pure in M. If P is such a proper
submodule, then M/P has a non-zero cyclic uniserial direct summand M’/P
by the first part of the proof. From Proposition 1.31(b) it follows that M’ is
pure in M. By Proposition 1.31(c) P is a pure submodule of M’. Since M'/P
is finitely presented, hence pure-projective, the pure submodule P is a direct
summand of M’, that is, M’ = P& D for a non-zero cyclic uniserial submodule
D of M. Hence D has the required properties, so that from Proposition 2.28
we obtain the first part of the statement.

Since every uniserial R-module is artinian, the uniqueness in the second
part of the statement follows from Theorem 2.18. 0l
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We leave the proof of the following result to the reader as an exercise. It
follows easily from Theorem 5.6 and Example 3.11. It gives a complete set of
invariants for modules over a fixed artinian serial ring R.

Corollary 5.7 Let R be an artinian serial ring and let P = {P1,..., Py} be
a set of representatives of the indecomposable projective right R-modules up
to isomorphism. Then for every right R-module Mp there is a unique set
{(Px,nx) | A € A} such that Mp = ©reaPr/PyJ(R)™, Py, € P and ny
is a positive integer < length(Py) for every A € A. O

5.3 Nonsingular and semihereditary serial
rings

The aim of this section is to prove that a right serial ring is right nonsingular
if and only if it is right semihereditary. First of all we introduce the singular
submodule of a module.

Lemma 5.8 Let M and N be right R-modules and let f: M — N be a homo-
morphism.

(a) If N’ is an essential submodule of N, then f=*(N') is an essential sub-
module of M.

(b) If M' is a superfluous submodule of M, then f(M’') is a superfluous sub-
module of N.

Proof. (a) Let P be a non-zero submodule of M. If f(P) = 0, then P C
F7HN), so that f=3(N') N P # 0. If f(P) # 0, then N’ N f(P) # 0, hence
there exists z € P with f(z) # 0 and f(z) € N'. Then z # 0 and x € f~}(N'),
ie., fTYN') NP #£0.

(b) Let @ be a submodule of N such that f(M’)+Q = N. Then

M +f7HQ) =M,
because if z € M, then f(z) € N = f(M')+@, so that f(z) = f{y)+q for some
y € M’ and q € Q, and this forces z — y € f~1(Q), that is, x € M’ + f~HQ).

Now M’ is superfluous in M, so that f~1(Q) = M. In particular M’ C f~1(Q),
hence f(M') C Q. Thus f(M’) + @ = N implies Q = N. ]

Lemma 5.9 If M is a right module over an arbitrary ring R, the set
Z(M)={xz € M | anng(z) is essential in Ry }

s a submodule of M.
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Proof. Since R is essential in Rp, we have 0 € Z(M). If 2,y € Z(M), then
anng(z — y) is essential in Rp because it contains anng(z) Nanng(y). If z €
Z(M) and r € R, apply Lemma 5.8(a) to the homomorphism f: Rp — Rg
given by left multiplication by 7. Then f~!(anng(z)) is essential in Rg, and
anng(zr) 2 f~!(anng(x)). Hence anng(xr) is essential and zr € Z(M). O

The submodule Z(M) = {2z € M | anng(z) is essential in Rp } is called
the singular submodule of M. The module M is a nonsingular module if Z(M) =
0.

Proposition 5.10 4 module M is singular if and only if M = A/B for some
module A and some essential submodule B of A.

Proof. Suppose M is singular. Then M = A/B for some free module A and
some submodule B of A. Suppose A = ®)cax R with xyR = Rp for every A.
Since M is singular, for every A € A there is an essential right ideal I, of R
such that zx I, € B. Then @xcazxly is essential in @yepz R = A, hence B is
essential in A.

Conversely, suppose M =2 A/B with B essential in A. If z € A, apply
Lemma 5.8(a) to the homomorphism f: Rp — A given by left multiplication
by z. Then f~1(B) is essential in Rg. But f~1(B) = anng(z + B), so that
z + B € Z(A/B). This shows that A/B, hence M, is singular. O

It is easily seen that if Risaring, r € Rand z € Z(Rg), thenrz € Z(Rg).
Thus Z(Rg) is a two-sided ideal of R, called the right singular ideal of R. A
ring R is right nonsingular if Z(Rg) = 0. Similarly, R is left nonsingular if
Z(rR) = 0.

Proposition 5.11 Let R be a right serial ring and let {e1,...,en,} be a com-
plete set of orthogonal primitive idempotents of R. The following conditions
are equivalent:

(a) The ring R is right nonsingular.

(b) For every i,5,k = 1,2,...,n, if r € e;Re; and s € e;Rey are non-zero,
then rs is non-zero.

Proof. (a) = (b). Suppose R is right nonsingular and (b) false, so there exist
indices 4,7,k = 1,...,n and non-zero elements r € e;Re;, s € e;Re, with
rs = 0. Then sR is an essential submodule of e; R, so that I = sR& (1 —e;)R
is an essential right ideal of R. But I = 0. This is a contradiction, because R
is right nonsingular.

(b) = (a). Suppose that R is not right nonsingular, so that Z(Rg) # 0.
Then there exist i,7 = 1,2,...,n such that e;Z(Rg)e; # 0. Let r be a non-zero
element of e;,Z(Rg)e;. As r € Z(Rg), the right ideal r.anng(r) is essential
in Rp. Hence there exists a non-zero element ¢ € r.anng(r) Ne;R. Since ¢ is
non-zero, there exists an index k = 1,2,...,n such that te; # 0. Then s = tex
is a non-zero element of e;Rey and rs = rte, = 0. O
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In particular, a right chain ring is right nonsingular if and only if it is a
domain. From Proposition 5.11 and its left-handed version we obtain

Corollary 5.12 A serial ring is right nonsingular if and only if it is left non-
singular. O

We briefly review some notions about the decomposition theory of a ring R
[Anderson and Fuller, pp. 99-100}. Let E = {e1,...,e,} be a complete set of
orthogonal primitive idempotents of an arbitrary ring R. On the set E define
a relation ~ by setting e; ~ e; if there is an index k = 1,2,...,n such that
exRe; # 0 and ey Re; # 0. Then ~ is a reflexive and symmetric relation on E.
The transitive closure = of ~, i.e., the smallest transitive relation that contains
~, is an equivalence relation on E. Let E4, ..., E,, be the =~ equivalence classes
of E, and for each t = 1,...,m let u; be the sum of the elements in F;. The
idempotents w1, ..., u., are called the block idempotenis of R determined by F.
For the proof of the following theorem see [Anderson and Fuller, Theorem 7.9].

Theorem 5.13 Let R be a ring with a complete set of pairwise orthogonal prim-
itive idempotents E = {ey, ..., e}, and let uy, ..., uy, be the block idempotents
of R determined by E. Then {uy,..., U} i8 a complete set of pairwise ortho-
gonal central idempotents, and R = ug Ru1 X -+ X Uy, Ru,, 18 the unique ring
decomposition of R into indecomposable rings. (]

For right serial rings the situation is considerably simpler.

Lemma 5.14 Let R be a right serial ring and let E = {e1, ..., e} be a complete
set of orthogonal primitive idempotents of R. Then for every e;,e; € E, e; ~ ¢;
if and only if either e;Re; # 0 or ejRe; # 0. Moreover, if R is a nonsingular
serial Ting, the relations ~ and = coincide.

Proof. It is clear that if either e;Re; # 0 or e;jRe; # 0, then e; ~ ej.
Conversely, suppose R is right serial and e; ~ e;, so that there exists an index
k=1,2,...,n with epRe; # 0 and e Re; # 0. Let exre; € exRe; and egse; €
exRe; be two non-zero elements. Since ey R is uniserial, there exists t € R
such that either eyre;t = erse; or exre; = epse;t. If epre;t = egse;, then
exre; - eite; = epse;, so that ejte; # 0. In particular, e;Re; # 0. Similarly,
exre; = erse;t implies ej Re; # 0.

Now assume that R is a nonsingular serial ring. In order to prove that the
relations ~ and ~ coincide, we must show that ~ is transitive. Suppose e; ~ ¢;
and e; ~ ex. If e; Re; # 0 and ejRej, # 0, then e;Rey, # 0 by Proposition 5.11,
so that e; ~ eg. Similarly, if ejRe; # 0 and ey Re; # 0, then exRe; # 0, so
that e; ~ er. If e;Re; # 0 and e;Re, # 0, then e; ~ e by the definition of ~.
Finally, if e;Re; # 0 and exRe; # 0, there exist u,v € R such that e;ue; # 0
and exve; # 0. Then Re; uniserial implies that there exists w € R such that
either we;ue; = exve; or ejue; = wegve;. In the first case eywe; # 0, and in
the second case e;wey, # 0. Therefore e; ~ e. O
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From Theorem 5.13 and Lemma 5.14 we obtain

Corollary 5.15 Let R be a nonsingular serial ring and E = {e1,...,e,} a com-
plete set of orthogonal primitive idempotents of R. The following conditions are
equivalent:

(a) The ring R is indecomposable.

(b) For every i,j =1,2,...,n either e;Re; # 0 or e;Re; # 0. O

A ring R is right hereditary if every right ideal of R is a projective module,
and is right semihereditary if every finitely generated right ideal is projective.

Theorem 5.16 Let R be a right serial ring. Then R is right nonsingular if and
only if R is right semihereditary.

Proof. Tf R is a right semihereditary ring and r € Z(Rg), then r.anng(r) is es-

sential and R/r.anng(r) = rR is projective. Therefore r.anng(r) is an essential

direct summand of Rg. Thus r.anng(r) = R, r = 0, and Rp is nonsingular.
Conversely, let R be a right nonsingular, right serial ring. Then

R=eR®---OeyRR

with every e; R uniserial. We shall show by induction on m = 0,1,...,n that
every finitely generated submodule of e1R & - -- @ e, R is projective. The case
m = 0 is trivial. Let M be a finitely generated submodule of et R & - -- ey R,
and let m,:e1RD - - D e R — e, R be the canonical projection. Then 7, (M)
is a finitely generated submodule of the uniserial module e,, R, hence it is a
cyclic uniserial module, from which 7, (M) = e;R/N for some i = 1,...,n
and some submodule N of ¢;R. If N # 0, then N is essential in the uniserial
module e; R, so that e;R/N is singular by Proposition 5.10. Then #,,(M) is
a singular submodule of the nonsingular module e, R, so that (M) = 0.
If N = 0, then m,(M) = ¢;R. In both cases m,,(M) is projective, so that

= 71, (M) @ (M Nker 7). As M Nkerm,, is a finitely generated submodule
of kerm,, = et R® --- & e,,_1 R, by the induction hypothesis we conclude that
M N ker m,,, hence M, is projective. |

5.4 Noetherian serial rings

In Proposition 5.3(b) we saw that a chain ring is right noetherian if and only
if it is left noetherian. This proposition cannot be extended to serial rings. For
instance, if Z is the ring of integers, p is a prime number, Z,, is the localization
of Z at its maximal ideal (p) and Q is the field of rational numbers, then

(7, Q
R“(OPQ>
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is a serial right noetherian ring that is not left noetherian. In this section we
shall study the structure of (two-sided) noetherian serial rings. The symbol R
will denote a serial ring with Jacobson radical J in the whole section.

Lemma 5.17 Let R be a serial, right noetherian ring. Then every uniform right
R-module is uniserial. In particular, every indecomposable injective right R-
module ts uniserial and every injective right R-module is serial.

Proof. In order to show that every uniform right R-module is uniserial, it suf-
fices to prove that every finitely generated submodule Ng of a uniform mod-
ule Mp is uniserial. Since Ny is finitely generated, it is finitely presented,
hence serial (Corollary 3.30). But Mg uniform implies Ni indecomposable
(Lemma 2.24(d)). Thus Npg is uniserial. In particular, every indecomposable
injective module is uniform (Lemma 2.24(b)). Finally, every injective right
module over a right noetherian ring is a direct sum of indecomposable modules
[Anderson and Fuller, Theorem 25.6]. O

Let e be a primitive idempotent of a serial ring R, so that eR is a uniserial
right module. Then for each integer n > 0 the module eJ(R)"/eJ(R)"t! is a
uniserial module annihilated by J(R), that is, it is a uniserial module over the
semisimple artinian ring R/J(R). Hence eJ(R)"/eJ(R)"*! is either zero or a
simple module, so that eR/eJ(R)™ is a uniserial module of finite length < n. It
follows that eR/{),,~o(eJ(R)™) is either a module of finite length or a module
whose lattice of submodules is order antiisomorphic to w + 1. In both cases
eR/(,>o(eJ(R)™) is a noetherian uniserial module. Therefore:

Lemma 5.18 If R is a serial ring and (), J(R)™ = 0, then R is a noetherian
ring. In particular, R/ (\,5q J(R)" is a noetherian ring for every serial ring R.

Proof. As a right module Rg = e R$ - - - ® e, R for some orthogonal primitive
idempotents ey,...,e,. From (),~qJ(R)" = 0, it follows that each e;R is
noetherian. Therefore Ry is noetherian. Similarly for zpR. In particular, if R is
an arbitrary serial ring, then J (R/ Ne>o J(R)") =J(R)/ Np>o J(R)™. O
We shall now define an “order” on the set of simple right modules over
a serial ring R (up to isomorphism). It is essentially the order in which they
appear as composition factors of an indecomposable projective right R-module.
The next lemma gives some equivalent conditions and is much more precise.

Lemma 5.19 Let R be a serial ring and let S, T be simple right R-modules. The
following conditions are equivalent:

(a) Exth(S,T) # 0;

(b) there exists a uniserial module M of composition length 2 with
soc(M) 2T and M/MJ = S;

(c) if P is the projective cover of S, then T =2 PJ/PJ?.
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Proof. (a) = (b). If Exth(S,T) # 0, there is an exact sequence
0—T-5M—S—0

that does not split. In particular M is not a semisimple module (Proposi-
tion 1.1), so that MJ # 0. Since SJ = 0, we have that MJ C ¢(T). But ¢(T)
is simple, hence MJ = (7). In particular, M is local (Lemma 1.14(b)) and
(T is its unique maximal submodule. As T is simple, the unique proper sub-
modules of M are just 0 and ¢{T"). Thus M is a uniserial module of composition
length 2.

(b) = (c). Let M be a uniserial module of composition length 2 with
soc(M) =T and M/MJ = S, and let P be the projective cover of S. Then M
is a homomorphic image of P, so that M = P/PJ% and T = PJ/PJ>.

(c) = (a). If P is a projective cover of S and T = PJ/PJ?, there is an
exact sequence 0 — T'— P/P.J? — S — 0, which is not splitting. 0

it S and T are simple modules, we say that T is a successor of S (or
that S is a predecessor of T) if S and T satisfy the equivalent conditions of
Lemma 5.19.

Lemma 5.20 Let R be a serial, right noetherian ring and let S be a simple
right R-module. Then S has at most one successor and one predecessor up to
isomorphism. Moreover, if S is not projective, then S has one successor.

Proof. If P is a projective cover of S, then every simple module T that is a
successor of S must be isomorphic to PJ/PJ? (Lemma 5.19). This proves the
uniqueness of T. Also if § is not projective, then PJ # 0. Since R is right
noetherian, PJ # PJ2. But P is uniserial, so that P.J/PJ? is a simple module
and is a successor of S.

In order to show that the predecessor of S, if it exists, is unique up
to isomorphism, let M be a uniserial module of composition length 2 with
soc(M) = S. Then M is an essential extension of S, so that M is isomorphic
to a submodule of the injective envelope E(S) of S. Thus M is isomorphic to a
submodule of soc2(E(S)). By Lemma 5.17 the module E(S) is uniserial, so that
both soci (E(S)) and soca(E(S))/socy1 (E(S)) are semisimple uniserial modules,
that is, they are either simple or zero. Thus socs(E(S)) is a uniserial module of
composition length at most 2. It follows that M 2 soco(E(S)). Thus a uniserial
module M of composition length 2 with soc(M) = S, if it exists, is isomor-
phic to soce(E(S)). Therefore the predecessor of S, if it exists, is necessarily
isomorphic to soca(E(S))/soci(E(S)). O

Denote the successor of a simple module S by ¢(S). More generally, if S is
a simple right R-module and P is the projective cover of S, a simple module T is
said to be a successor of degree k of S if T = PJ¥/PJ%+1. Hence the successor
of degree k of S exists if and only if P.J* # PJ**! and, if it exists, it is uniquely
determined up to isomorphism and we shall write PJ*/PJ*+1 = ¢,(S). Thus
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o1 (S) is defined only for the integers k& with PJ* # PJ**1. If R is serial and
right noetherian, then two cases may occur: the submodules of the uniserial
noetherian module P can be either P > PJ D> PJ? D> --- D PJ" =0 or
P>PJDPJ?D .- -DPJ"DPJ*" > .- D,50PJ" 2 ... (and in
Theorem 5.28 we shall see that if R is noetherian then (), ., PJ" = 0.) In
the first case P is a uniserial module of finite composition length n and o4 (S)
is defined only for & < n. In the second case P is a noctherian non-artinian
uniserial module and o(S) is defined for every integer k > 1.

Also note that if ¢(S) = T and o(T) = U, it might not follow that
02(S) = U, because if P is the projective cover of S it can happen that PJ? = 0.

Lemma 5.21 Let e and f be primitive idempotents of a serial ring R and let k
be a positive integer. Then ox(eR/eJ) = fR/fJ if and only if eRfNJ* ¢ Jr+1.
In this case, if t € (eRf NJ*)\ J*+L, then left multiplication by t is a non-zero
homomorphism fR — eR whose image is eJ*.

Proof. or(eR/eJ) = fR/fJ if and only if there is a homomorphism ¢: fR —
eR such that ¢(fR) C eJ* and ¢(fR) € eJ**!. Since homomorphisms fR —
eR are given by left multiplication by elements of eRf, this happens if and
only if there is an element ¢ € eRf such that ¢t € eJ* and t ¢ eJ**1. This is
equivalent to eRf N J*F ¢ Jk+1, O

Our aim is now to prove Theorems 5.28 and 5.29, which describe the
structure of noetherian serial rings. The proof of these theorems is subdivided
into some technical lemmas.

Lemma 5.22 Ife and f are primitive idempotents of a serial ring R and k is a
positive integer, then eR/eJ =2 fJ*/fJ*T1 if and only if Rf/Jf = Jke/JFle.

Proof. By Lemma 5.21, for any primitive idempotents e, f of a serial ring R
we have eJ*/eJkt1 = fR/fJ if and only if eRf N J* ¢ JE*+1. If we apply
this result to the opposite ring R® of R we obtain that Jke/J¥Tle = Rf/Jf
if and only if fRe N J* ¢ J*+1. Thus eR/eJ = fJ*/fJ**! if and only if
eR/eJ = o (fR/fJ), if and only if (by Lemma 5.21) fRen J* ¢ J**+1 if and
only if Jke/JFle >~ Rf/Jf. O

Lemma 5.23 If e is a primitive idempotent of a noetherian serial ring R and
the simple module eR/eJ has no predecessor, then eR is artinian.

Proof. 1If eR is not artinian, then or(eR/eJ) is defined for all £ > 1. Since
there are only a finite number of isomorphism classes of simple modules, there
must be positive integers k,n such that o,(eR/eJ) = opyr(eR/eJ). By the
uniqueness of predecessors (Lemma 5.20), it follows that

eR/eJ = or(eR/el),

which implies that eR/e J itself has a predecessor. O
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Lemma 5.24 If R is a serial, Tight noetherian ring with Jacobson radical J
and e is a primitive idempotent such that (1,5 oeJ™ # 0, then there ezists a
primitive idempotent f such that fR/f.J is a simple module with no predecessor
and eRf # 0.

Proof. Since R is a serial, right noetherian ring, the indecomposable projective
module eR is a noetherian cyclic uniserial module whose lattice of submodules
is well-ordered under inverse inclusion. Let

eR=FPhDPDOP D> ---DF,DF,112 ...

be the submodules of eR, so that all the submodules P, are cyclic, Pyy1 = PoJ
for every ordinal o < w, and B, = (,5¢eJ". Then P/P,,; is an essential
extension of the simple module S = B, /F,+1. If S has a predecessor, there
exists a uniserial module M of composition length 2 with soc(M) = S. The
injective envelope E of S is a uniserial module by Lemma 5.17. Now P/P, +1
and M are isomorphic to submodules of F, the module M has finite composition
length and P/F,4; does not have finite composition length. It follows that
M is isomorphic to a submodule of P/P,;. This is a contradiction, because
P/P,+1 does not have any submodules of composition length 2. Hence S has
no predecessor. Let f be a primitive idempotent of R such that S 2 fR/fJ.
Then there is a non-zero homomorphism fR — P,/P,1, so that there is a
non-zero homomorphism fR — eR. Thus eRf # 0. O

Recall that in Section 2.11 we defined §(M) as the largest Loewy sub-
module of a module M. If R is a ring, then we can regard E as a right or a
left module over itself, obtaining in this way a Loewy right ideal §( Rr) and a
Loewy left ideal §(gR). Since §(M) is a fully invariant submodule of M, both
§(Rg) and §(gR) are two-sided ideals of R.

Lemma 5.25 If R is a noetherian serial ring, then §(rR) = §(RRg).

Proof. By symmetry it is sufficient to show that §(grR) C 6(Rg).

The ring R/8(Rg) is a noetherian serial ring whose socle as a right module
over itself is zero. If we can show that soc(Rg) = 0 implies soc(gR) = 0 for
every noetherian serial ring R, it will follow that the socle of the left R/6{Rp)-
module R/8(Rg) is zero. Then the socle of the left R-module R/§(Rg) is zero.
Thus the §-torsion submodule of the left R-module R/6(Rpg) is zero, hence
8§(rR) C 6(RR).

This shows that we may suppose that R is a noetherian serial ring with
soc(Rr) = 0 and prove that soc(gR) = 0. If (,~; J* # 0, then there is

a primitive idempotent e such that e (ﬂn21 J”) # 0. Then (5, eJ" # 0,

so that by Lemma 5.24 there exists a primitive idempotent f with eRf # 0
and fR/fJ with no predecessor. By Lemma 5.23 the module fR is artinian.
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But this contradicts the fact that soc(Rg) = 0. The contradiction proves that
ﬂn21 Jr=0.

Let {e1,...,e,} be a complete set of primitive orthogonal idempotents
of R. As ,,», J™ = 0, the submodules of the indecomposable projective left
module Re; are only 0 and the modules J%e;. Suppose soc(grR) # 0. Then
soc¢(Re;) # 0 for some index 7, so that Re; has a simple submodule J™e;.
Then Re; is artinian. Now consider the simple right module e; R/e;J. Since
R is a noetherian serial ring and soc(Rgr) = 0, we know that e;J™ # ¢;J""!
for every m, so that o,(e;R/e;J) is defined for every n > 0. As there are
only a finite number of isomorphism classes of simple modules, there must
be positive integers ¢ and k such that o¢(e;R/e;J) = ogyr(e;R/e;J). By the
uniqueness of the predecessor we obtain that e;R/e;J = op(e;R/e;J). Thus
e;R/e;J = oy, (e;R/e;J) for every t > 1, that is, e;R/e;J = e;J* Je; J**! for
every t > 1. By Lemma 5.22 we have that Re;/Je; = Jte;/Jt*+le; for every
t > 1. Thus Re; is not artinian. This contradiction shows that soc(gR) = 0.0

Corollary 5.26 If R is a noetherian serial ring and r € R, then Rr is an ar-
tinian left module if and only if rR is an artinian right module.

Proof. By Corollary 2.60 the module rR is artinian if and only if r € §(Rgr).
Now apply Lemma 5.25. O

Lemma 5.27 Let e and f be two primitive idempotents of a noetherian serial
ring R. Suppose that eR is not artinian and fR is artinian. Then

eRf = fRe= 0.

Proof. Assume there is a non-zero element ¢ € eRf. Since Rf is artinian
by Corollary 5.26, Rf must have finite length, so that J*f = 0 for some
positive n. Hence t ¢ J™. Let k be the non-negative integer such that ¢t € J* and
t ¢ J¥*1, By Lemma 5.21 left multiplication by ¢ is a non-zero homomorphism
fR — eR whose image is eJ*. Since both fR and the cokernel eR/eJ* have
finite composition length, eR also has finite composition length, which is a
contradiction. This proves that eRf = 0.

Since eR is not artinian and fR is artinian, Re is not artinian and Rf
is artinian by Corollary 5.26. If R® is the opposite ring of R, then fR® is an
artinian right ideal in R® and eR is not artinian. Apply what we have proved
in the first part of the proof to R%. Then eR°f = 0, i.e., fRe = 0. O

We are ready for the two main results of this section.

Theorem 5.28 A serial ring R is noetherian if and only if (1,5, J" = 0.
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Proof. One of the two implications was already proved in Lemma 5.18. Con-
versely, let R be a noetherian serial ring and suppose ) J" £ 0. Then there
is a primitive idempotent e such that

e <ﬂ J") £ 0,
n>0

() eJ™ #0.

n>0

n>0

so that

In particular, eR is not artinian. By Lemma 5.24 the ring R has a primitive
idempotent f such that fR/fJ is a simple module with no predecessor and
eRf # 0. By Lemma 5.23 fR is artinian. This contradicts Lemma 5.27. 0

Theorem 5.29 A noetherian serial ring is the direct product of an artinian ser-
ial ring and a hereditary serial ring with no simple left or right ideals.

Proof. Let ey,...,e, be a complete set of primitive orthogonal idempotents
of R. Without loss of generality we may suppose that e1 R, ..., e, R are not
artinian modules and e,+1 R, ..., e, R are artinian modules. Set

e=e;+...+ten.

By Lemma 5.27 eR(1—¢) = (1—e)Re = 0, whence there is a ring decomposition
R = eRe x (1 — e)R(1 — e), where eRe is a serial ring with no projective
indecomposable artinian modules and (1 — e)R(1 — €) is an artinian serial ring.
Hence we only have to show that if R is a noetherian serial ring, e, ..., e, isa
complete set of primitive orthogonal idempotents of R and e; R is not artinian
for every ¢ = 1,...,m, then R is a hereditary ring with no simple left or right
ideals. Since the lattice of submodules of each e; R is order antiisomorphic to
w + 1, it is obvious that 6(e;Rg) = 0, so that §(Rgr) = 0. From Lemma 5.25
we get that 6(rR) = §(Rr) = 0, hence R has no simple left or right ideals.
Let I be any right ideal of R. Then I is a finitely presented R-module, hence
it is a finite direct sum of cyclic uniserial right ideals of R (Corollary 3.30). A
cyclic uniserial right ideal of R is a homomorphic image of some e; R. But the
lattice of submodules of e¢;R is order antiisomorphic to w + 1, so that every
proper homomorphic image of e; R is artinian. As §(Rg) = 0, the ring R has no
artinian left ideals. Therefore every cyclic uniserial right ideal of R is isomorphic
to some e; R, hence it is projective. Therefore I itself must be projective, and
R is hereditary. ]
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5.5 Notes on Chapter 5

Section 5.1 contains some elementary properties of chain rings and their prime
ideals. For further results about chain rings see [Bessenrodt, Brungs and Tor-
ner]. Lemma 5.5 and Theorem 5.6 are due to [Eisenbud and Griffith, The-
orems 1.2 and 1.4], who strengthened a result of Nakayama. [Nakayama, The-
orem 17] proved that every finitely generated module over an artinian serial
ring is serial, and [Eisenbud and Griffith, Theorem 1.2] extended this result to
arbitrary modules.

The singular submodule of a module was introduced by [Johnson 51,
57]. Proposition 5.11 and Corollary 5.15 are due to [Facchini and Puninski 96,
Lemma 2.2 and Corollary 2.3]. In Corollary 5.15 a characterization of inde-
composable nonsingular serial rings is given. For further characterizations see
[Upham, Proposition 2.2]. Corollary 5.12 and Theorem 5.16 were proved by
[Warfield 75, Theorems 4.1 and 4.6].

All the results in Section 5.4 are due to [Warfield 75|, except for Lemma
5.18, taken from a paper of [Singh, Lemma 2.1].



Chapter 6

Quotient Rings

6.1 Quotient rings of arbitrary rings

In this section we briefly review some well-known results about quotient rings
and Goldie’s Theorem. The proofs can be found in almost every book of ring
theory. We refer to [Goodearl and Warfield 89, Chapter 9].

If R is a ring, a multiplicatively closed subset S of R is a subset S C R such
that 1p € S and zy € S whenever x € S and y € S. A saturated multiplicatively
closed subset is a multiplicatively closed subset S of R such that for every
z,y € R, if zy € S, then both z and y belong to S. Given a ring R and a
multiplicatively closed subset S of R, a right quotient ring of R with respect
to S is a ring R[S™!] together with a ring homomorphism ¢: R — R[S™]
satisfying the following conditions:

(a) for all s € S, ¢(s) is an invertible element in R[S™!];

(b) every element of R[S™!] can be written in the form ¢(r)¢(s)~! for some
reR, ses;

(c) an element r € R belongs to ker ¢ if and only if rs = 0 for some s € S.

The definition of a left quotient ring of R with respect to S is similar.

Proposition 6.1 Let R be a ring and let S be a multiplicatively closed subset
of R. Suppose that there exists a right quotient ring ¢: R — R[S™1] of R with
respect to S. If R’ is any ring and f: R — R’ is a ring homomorphism such
that f(s) is invertible in R’ for every s € S, then there exists a unique ring
homomorphism g: R[S™'] — R’ such that f = gp. a

A multiplicatively closed subset S of a ring R is a right Ore set if S is a
proper subset of R and for each r € R and s € S, there exist v’ € R, s’ € S such
that rs’ = sr’. A right denominator set is a right Ore set with the property
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that for every r € R, if there exists an element s € S such that sr = 0, there
exists an element s’ € S such that rs’ = 0. Similarly for left Ore sets and left
denominator sets.

Theorem 6.2 If R is a ring and S is a multiplicatively closed subset of R, then
there exists a right quotient ring of R with respect to S if and only if S is a
right denominator set. In this case if p: R — T and ¢': R — T’ are two right
guotient rings of R with respect to S, then there exists a unique isomorphism
: T — T such that Yo = ¢'. O

If R is a ring and S is a right denominator set, the right quotient ring
R[S71] can be constructed in the following way. Let R x S be the cartesian
product and let ~ be the equivalence relation on Rx S defined by (r, 8) ~ (+/, §)
if there exist z,2’ € R such that rz = r'z’ and sz = sz’ € S. Let R[S™}] be
the quotient set R x S/ ~. For every element (r,5) € R x S let rs~! denote the
equivalence class of (r,s) modulo ~. If (r,s),(r',s') € R x S, then sr"’ = s's"”
for suitable v’ € R, s € S. Set

7"8_1 + 'I"IS/_I — (7,7,// + T‘ISH)(SIS”)_I.
Moreover s’’’ = r's"" for suitable " € R, s € S. Set
(7‘3_1)(7'/8/—1) — (TT”/)(SIS”/)_l.

Then these operations on R x S/ ~ are well-defined, and Rx S/~ with these op-
erations is the right quotient ring R[S™?] of R with respect to S. The mapping
0: R — R x S/~ is defined by ¢(r) = r1~! for every r € R.

Of course there is also a left-hand version of Theorem 6.2. If S is a multi-
plicatively closed subset of a ring R and both a right quotient ring and a left
quotient ring of R with respect to S exist, then the two quotient rings coincide.
This is stated more precisely in the next proposition.

Proposition 6.3 If S is a right and left denominator set in a ring R, then every
right quotient ring of R with respect to S is also a left quotient ring of R with
respect to S, and every left quotient ring of R with respect to S is also a right
quotient ring of R with respect to S. O

Any finite number of elements of R[S™!] can be written in the form
o(r)e=(s), ..., o(rn)p*(s) for suitable r1,...,r, € R, s € S, that is, they
can be written with a common denominator ¢(s).

We shall need the following properties:

Proposition 6.4 Let S be a right denominator set in a ring R and let
¢: R — R[S

be the canonical homomorphism of R into the right quotient ring R[S™].
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(a) If I a right ideal of R{S™1], then ¢ '(I) is a right ideal of R and
I=p(p " (D)RIST.
(b) If I an ideal of R[S™'] and o=1(I) is prime in R, then I is prime. O

Proposition 6.5 (a) If R is a right serial ring and S C R is a right denomi-
nator set, then the right quotient ring R{S™1] is a right serial ring.

(b) If R is a right chain ring and S C R is a 7ight denominator set, then the
right quotient ring R[S™] is a right chain ring.

Proof. If {e1,...,en} is a complete set of orthogonal idempotents for R and
each e;R is uniserial, then {e1,...,e,} is a complete set of orthogonal idem-
potents for R[S™'], and it is sufficient to show that each e; R[S™!] is uniserial.
This can be proved easily, because e; R is uniserial and I = (¢~ (1)) R[S™}]
for every right ideal I of R[S™!] (Proposition 6.4(a)). O

An element z € R is regular if it is not a zero divisor, i.e., r = 0 implies
r = 0 and rx = 0 implies r = 0 for every » € R. The set of all regular
elements of R is a multiplicatively closed subset of R and we shall denote it
Cr(0). More generally, if R is a ring and [ is an ideal of R, let Cr(I) denote
the set of elements of R regular modulo I, that is, the set of elements x € R
such that the map R/I — R/I given by left multiplication by x and the map
R/I — R/I given by right multiplication by x are both monomorphisms. The
right quotient ring of a ring R with respect to Cg(0) is called the classical
right quotient ring of R (or simply the right quotient ring of R) and is denoted
Q(R). Hence the classical right quotient ring Q(R) of R exists if and only if
Cr(0) is a right Ore set. In this case the classical right quotient ring Q(R) of
R is a flat left R-module [McConnell and Robson, Proposition 2.1.16]. A right
annihilator ideal in R (or, briefly, a right annihilator) is a right ideal of the
form raanngX = {r € R | Xr = 0} for some subset X C R. A ring R is
called a right Goldie ring if the right R-module Ry has finite Goldie dimension
and R satisfies the a.c.c. (ascending chain condition) on right annihilators. For
instance, a right serial ring is a right Goldie ring if and only if it satisfies the
a.c.c. on right annihilators.

Theorem 6.6 (Goldie’s Theorem) The following conditions on o ring R are
equivalent:

(a) R has a classical right quotient ring Q(R) which is semisimple artinian.
(b) R is a semiprime right Goldie ring.
(¢) R is semiprime, Z(Rg) = 0 and dim(Rpg) < oo.

)

(d) A right ideal of R is essential if and only if it contains a regular element.
O
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6.2 Nil subrings of right Goldie rings

This section is devoted to proving that nil subrings of right Goldie rings are
nilpotent (Corollary 6.9). The proof is subdivided into preliminary results.

A subring N of a ring R is said to be right T-nilpotent (respectively left
T-nilpotent) if for each sequence zg, x1, T2, . .. of elements of N there exists an
index n such that z,z,_1 ... 2120 = 0 (respectively zoz1 ... Tpn_12, = 0).

Proposition 6.7 Let R be a ring with the a.c.c. on right annihilators and let
N be a nil subring of R which is not right T-nilpotent. Then there are two
sequences Yo, Y1, Y2, - - - and a1, az,as, ... of non-zero elements of N such that:

(a) YnYn—1---¥1Y0 #£ 0 for every n > 0;

(b) YiYnYn1...y1%0 = 0 for every n > 0 and everyi =0,1,2,...,n;
(c
d

) the sum 3 5, anR is direct;
) if Sn={a;|i>n}, then the left annihilators L.ann(S,) form a strictly
ascending chain.

Proof. We shall say that an element © € N has an infinite chain if there exists
an infinite sequence x1,z2,3,... of elements of N such that z,2,_1...202127#0
for each n. In this case we shall say that ..., z3, 22,z is a chain for z. Define a
sequence Yg, Y1, Y2, - - - of elements of N such that y,yn—_1 - - - y1%0 has an infinite
chain for every n > 1 as follows. Since N is not right T-nilpotent, there exist
elements in N with an infinite chain, that is, the set Ko = {y € N | y has
an infinite chain } is non-empty. Let yo € Kp be an element with r.ann{yo)
maximal in {r.ann(y) | y € Ko }. Suppose n > 1 and that we have already
defined yo,¥y1,--.,Yn—1 € IV such that 4,1 ... Y190 has an infinite chain. Then
the set
K, ={y € N |yyn—1..-1190 has an infinite chain }

is non-empty. Let y,, € K,, be an element with r.ann(y, ) maximal in

{r.ann(y) |y € K, }.

Then ynYn-1...1190 # 0 for every n, because yn¥yn_1...Y1% has an
infinite chain. Hence (a) holds.

We claim that r.ann(y,) = r.ann(y,11y,) for every n > 0. Since ¥, 11 €
K y1, the element Y, 41Yn . .- y1%0 € IV has an infinite chain. Thus

Yn+1Yn € Kn

But r.ann(y,) C r.ann(y,4+1¥s), so that r.ann(y,) = r.ann(y,+1v.) by the
choice of y,,.
Also

r.ann(YnYn—1 - - - ¥i) = a0 (Ynt1YnYn—1- - - ¥i)
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for every i =0,1,2,...,n, because if r € r.ann(yn+1Ynyn—1.-.¥:), then

Ynt1YnYn—1..- 47 =0,

so that yp_1...y7 € v.ann(Yn41yn) = r.ann(y,), that is, ynyn—1... 97 = 0.
Thus r.ann(y;) = r.ann(YnYn-1 - .. ;) for every i =0,1,2,...,n.

In order to prove that ¥;ynYn—1..-y150 = O for every ¢ = 0,1,2,...,n,
suppose to the contrary that y;yxys—1-.. Y150 # 0 forsome k, j with 0 < j < k.
Then yrYr—1-.-y1yo ¢ r.ann(y;) = r.ann(y,Yn—1...y;) for every n > j, that
iS, YnYn—1--. YjYeYk—-1-.. 1Yo # 0. Hence ..., ¥;513,Yj42, Y41 is a chain for
Yi(YrYe—1---y1%0) = (Y YkYk—1-- - Y5)Yj—1 - - Y1%0- Thus y;uxye—1...y; € Kj.
But r.ann(y;) C r.ann(y;ysYe—1-..¥;), hence from the choice of y; we
obtain that r.ann(y;) = r.ann(y;yeye—1---¥;)- AS YrYr—1...y; € N is nil-
potent, there exists a smallest m > 0 such that y;{ypyr—1...y;)™ = 0. If
m > 1, then (yryg—1...¥;)™ ! € r.ann(y;yayk—1--.y;) = r.ann(y;), so that
Vi (YkYk—1--.y;)™ ! = 0, and this contradicts the choice of m. Hence m = 0,
that is, y; = 0, which is a contradiction. This proves (b).

Set a, = YnYn—1---y1yo for each n > 1. Then a,, # 0 for every n > 0,
yian, = 0 for every ¢ <n, and an41 = Ynt10n for every n. If thesum ), . an R
is not a direct sum, there exist r;,7511,...,7% € R with -

a7 + Qip1Tip1 + - +apr =0

and a;r; % 0. Multiplying on the left by ;.1 we obtain that y;,;a;7; = 0. Thus
Yit1Yi - - - y1yom; = 0, from which y;—1...y1y0m: € r.ann(y;11y;) = r.ann(y;).
Hence a;m; = yiyi—1 - - - y1yo7s = 0, a contradiction that proves (c).

Finally, the ascending chain lLann(S,,) of left annihilators is strictly as-
cending, because ygp+1ax = ax+1 7 0, so that yp+1 € Lann(Sg), but ygp16, =0
for every n > k + 1, i.e., yrt1 € Lann{Sky1). O

Proposition 6.8 Let R be a ring with the a.c.c. on right annihilators. Then a
subring of R is nilpotent if and only if it is right T-nilpotent.

Proof. Every nilpotent ring is right T-nilpotent. Conversely, let IV be a subring
of R that is not nilpotent. There is an n > 0 such that

r.ann(N™) = r.ann(N™%)

for every 1 > 0. Define a sequence of elements z; € N (¢ > 0) such that
NPgizi_1...x9 # O as follows. Since N is not nilpotent, N1 £ 0, so that
there exists zg € N with N™zg # 0. Suppose zg,Z1,...,2Z;—1 € N have been
defined and that Nn.Ti,l.’Ei;Q ... 20 75 0. Then Nn+1$i_1$i_2 1) # O, SO
that there exists z; € N such that N"z;x;_1xz;_o...x9 # 0. The existence of
the sequence xg, 1, s ... shows that IV is not right T-nilpotent. O
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From the last two propositions we obtain two important results.

Corollary 6.9 (Lanski) Let R be a right Goldie ring. Then each nil subring of
R is nilpotent. In particular, the prime radical N(R) of R is nilpotent.

Proof. In a right Goldie ring every nil subring is right T-nilpotent by Proposi-
tion 6.7. Thus every nil subring is nilpotent by Proposition 6.8. Finally, N(R)
is nil by Proposition 1.6. g

Corollary 6.10 (Herstein and Small) Let R be a ring with the a.c.c. on right
annihilators and the a.c.c. on left annihilators. Then each nil subring of R is
nilpotent.

Proof. In R every nil subring is right T-nilpotent by Proposition 6.7. Now
apply Proposition 6.8. O

6.3 Reduced rank

We give a preliminary definition that will be generalized later. Let R be a
semiprime right Goldie ring, so R has a semisimple artinian classical right
quotient ring @ = Q(R) by Goldie’s Theorem 6.6. If Mg is an R-module, then
M ®g @ is a semisimple @Q-module. The reduced rank of Mp is defined to
be p(M) = dimg(M ®r Q), the Goldie dimension of the @-module M ®r Q.
Therefore p(M) = tif and only if M ® g @ is a direct sum of ¢ simple @-modules,
where t may be either a non-negative integer or co.

Consider the right R-module homomorphism ¢p: M — M ®pg @ defined
by ¢(z) = 2 ® 1 for every z € M. Let x be an element of M and consider
the monomorphism R/anng(z) — M defined by r + anng(z) — zr. Since gQ
is flat, the mapping @Q/anng(z)}Q = R/anng(z) ®r Q@ — M ®r Q defined by
g+ anng(2)Q — = ®g ¢ is a monomorphism. Hence z € ker ¢ if and only if
Q/anng(x)Q = 0, that is, if and only if anng(x) contains a regular element
of R. This proves that kerp = {z € M | ¢ = 0 for some ¢ € Cr(0) }. From
Theorem 6.6(d) it follows that ker ¢ = Z(Mpg). As the Q-module M ®r Q is
generated by the image of ¢, we obtain that M ®p Q = 0 if and only if M is
singular.

Proposition 6.11 Let R be a semiprime right Goldie ring, let Mgr be an R-
module, let M’ be a submodule of Mg and let My, X € A, be a family of right
R-modules. Then:

(a) p(Mg) =0 if and only if Mg is singular.
(b) p(M) = p(M’) + p(M/M").
(c) p(Mr) = p(Mr/Z(MR)).
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(d) If M’ is essential in M, then p(M') = p(M).
(€) p(BreaMn) =3 5en P(M2).

(£) If Mg is uniform and nonsingular, then M Qg Q is a simple Q-module,
hence p(Mg) = 1.

(g) p(MR) is equal to the Goldie dimension dimp(Mp/Z{Mpg)) of the R-
module Mp/Z(Mg).

Proof. (a) This follows immediately from the remarks in the paragraph before
the statement of the proposition.
(b) Since Q is a flat left R-module, the sequence

0—-M@&RQ —>M®rQ — M/M' ®rQ — 0

is an exact sequence of right @-modules. As @ is semisimple artinian, the exact
sequence splits, so that

dimg(M ®p Q) = dimg(M’ ®g Q) + dimg(M/M' ®r Q).

(c) From (b) we obtain that p(Mpg) = p(Z(MRg)) + p(Mgr/Z(Mg)), and
p(Z(Mg)) = 0 by (a).
(d) Consider the exact sequence

O—’M’@RQHM@)RQ—)M/M/@RQ—%O‘

If M’ is essential in M, the module M /M’ is singular (Proposition 5.10), hence
M/M' ®r Q@ = 0. Thus MorQ=2MQegrQ.

(e) This is trivial.

(f) Let Mg be a uniform nonsingular R-module and z € M ®g @ a non-
zero element. Then z can be written in the form y ® s~! for some non-zero
y € M, s € Cg(0). Since yR is essential in Mg, the inclusion yR — Mg
induces an isomorphism yR ®r @ — M Qg Q as in the proof of (d). Hence
y ® 1 generates the Q-module M ®r Q, so that z = y ® 57! also generates
M ®g Q. This proves that M ®g @Q is simple, hence p(Mg) = 1.

(g) By (c¢) we may assume Mp is nonsingular, and we must prove that
p(Mpg) = dimg(Mg). If dimg(Mg) = oo, then Mg contains an infinite direct
sum Dxreca M)y of non-zero submodules. Hence

p(M) > p(@reaMn) = Y p(My) = oo
AEA

by (b), (e) and (a) respectively. If dimp(Mpg) = n < oo, then My contains an
essential submodule &7, M; that is a direct sum of n uniform modules M;.
Therefore

p(M) = (&7 M) = 3 p(M;) = n

by (d), (e) and (f). O
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For instance, p(Ug) < 1 for any uniserial module Ug.

Now let R be an arbitrary ring. Assume that N is a fixed ideal such
that R/N is a semiprime right Goldie ring, and M is a right R-module that is
annihilated by some power N™ of N, n > 0 an integer. Define the reduced rank
pn (M) of M as follows: let @ be the right quotient ring of R/N, and take any
finite chain of submodules

M=MyDM D ---DMp=0 (6.1)

of M such that M;N C M, for every i. For instance one can take M;;; =

MN?. Define
k-1

pn(M) =" p(M;/Miy1),
i=0
where p(M;/M;;1) is the reduced rank of M;/M,;,; as an R/N-module. In
Proposition 6.13(a) we shall see that px (M) does not depend on the choice of
the chain M.

Example 6.12 Let R be a ring, N an ideal such that R/N is a semiprime right
Goldie ring, and let Ug be a uniserial R-module that is annihilated by some
power N™ of N. Then pn(Ur) < n. O

The next proposition collects the most important elementary properties
of the reduced rank.

Proposition 6.13 Let R be a ring, let N be an ideal such that R/N is a semi-
prime right Goldie ring, and let M be a right R-module that is annihilated by
some power N™ of N. Then:

(a) The reduced rank pN{M) of M is independent of the choice of the chain
of submodules (6.1).

(b) If M’ is a submodule of M, then pny(M) = pny (M) + pn(M/M').

(c) pw(M) = 0 if and only if for each x € M there exists ¢ € Cr(N) such
that zc = 0.

Proof. (a) Let

M=My2OM 2---2M/=0
be another chain of submodules of M. By the Schreier Refinement Theorem,
the two chains of submodules have a common refinement

M=M{2DM2---2>M! =0.

Therefore it is sufficient to show that a chain and a refinement of the same
chain yield the same reduced rank. This follows immediately from Proposi-
tion 6.11(b).
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For the proof of (b) argue as in the previous paragraph with a suitable
refinement of the chain M D M’ D 0.

(c) Let M = Mg 2 M; D --- 2 M), = 0 be a finite chain of sub-
modules of M with M;N C M, for every i. Then py(M) = 0 if and only
if pn(M;/M;y1) = 0 for every i. Now the conclusion easily follows by in-
duction on k from the fact that Cr(N) is multiplicatively closed and that
pn(M;/M;y 1) = 0 if and only if each element of M,/M,; is annihilated by
some regular element of R/N. O

Example 6.14 From Example 6.12 we obtain that if R is a right serial ring and
N is a nilpotent ideal such that R/N is a semiprime right Goldie ring, then
pn(Rg) is finite. O

We shall now prove the main result of this section, namely Warfield-
Small’s Theorem 6.16. For its proof it is convenient to give a preliminary lemma.

Lemma 6.15 Let R be a ring and let N be its prime radical. Let ¢ € R be an
element such that the map Rr — Rp given by left multiplication by ¢ is a
monomorphism. Suppose that:

(a) R/N is right Goldie,
(b) N is nilpotent, and
(¢) pn(RR) is finite.
Then
(1) c € Cr(N);
(2) for every a € R there exists ¢ € Cr(N) such that ac’ € cR.

Proof. Let ¢ be an element with the property stated in the hypothesis of the
lemma. There is an exact sequence of R-modules

0 — Rr>Rr — R/cR — 0,

so that py(R) = pn(R) + pn(R/cR). Observe that all the reduced ranks that
appear in this formula are finite by hypothesis (c). Therefore pn(R/cR) = 0.
From Proposition 6.13(c) it follows that for every a € R there exists ¢’ € Cr(N)
such that ac’ € cR. This proves (2). In particular, for @ = 1, there exists
an element ¢ € Cr(N) with ¢ € cR. If v/ € R is such that ¢ = ¢/, then
¢+ N = (c+ N)(r'+ N) is an invertible element in the classical right quotient
ring Q(R/N) of R/N, so that ¢+ N is right invertible in the semisimple artinian
ring Q(R/N). Thus ¢ belongs to Cg(N) by Proposition 2.38. O
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The next theorem is the main result of this section.

Theorem 6.16 Let R be a ring and let N be its prime radical. Then R has a
right artinian classical right quotient ring if and only if

(a) R/N is a right Goldie ring,
(b) N is nilpotent,

(c)

(d)

pn(RR) is finite, and
Cr(0) = Cr(N).

Proof. Suppose (a), (b), (¢) and (d) hold.

Step 1: The multiplicatively closed subset Cr(0) of R is a right Ore set.

We must prove that for each r € R and ¢ € Cg(0), there exist 7’ € R and
¢ € Cr(0) such that r¢’ = cr’. By Lemma 6.15(2) there exists ¢’ € Cg(N) such
that r¢’ € ¢R. But Cgr(0) = Cr(NN), so that Cr(0) is a right Ore set.

As Cr(0) is a right Ore set, R has a classical right quotient ring Q. Let
N’ be the prime radical of Q.

Step 2: QN@Q = NQ.

The inclusion QN@ 2 NQ is obvious, so that it is sufficient to prove
that QN C NQ. Fix g =rc* € Q (r € R, ¢ € Cg(0)) and z € N. Since
Cr(0) is a right Ore set, there exist 7' € R, d € Cg(0) such that zd = ¢r’. By
(d), ¢ € Cr(N), so that ¢(r' + N) = zd + N = N implies 7/ € N. Therefore
gz =rc lz =rr'd”! € NQ.

Step 3: NQC N and NQNR=N.

Let n be a positive integer such that N = 0. Then (N@)™ = N"Q by
Step 2, so that the ideal QNQ = NQ of @ is nilpotent. In particular NQ C N’.
Since N@Q is a nilpotent ideal of @, NQN R is a nilpotent ideal of R. Therefore
NQN R C N. The reverse inclusion NQ N R 2 N is obvious.

Step 4: Q/NQ is the classical right quotient ring of R/N.

By Step 3 the embedding R — @ induces an injective ring morphism
R/N — Q/NQ. It is easily seen that Q/NQ is a right quotient ring of R/N
with respect to the multiplicatively closed subset

S={c+N|ceCr(0)}={c+N|ceCr(N)}=Cprn(0)

Therefore Q/NQ is the classical right quotient ring of R/N.

Step 5: Q/NQ is semisimple artinian and NQ = N’.

The ring Q/NQ is semisimple artinian because it is the classical right
quotient ring of the semiprime right Goldie ring R/N. In particular, NQ is an
intersection of prime ideals of @, so that N@ D N’. In Step 3 we have already
seen that NQ C N'.
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Step 6: Q is right artinian.

Since the left R-module @ is flat, I ® g Q is isomorphic to the right ideal
1Q of @ for every right ideal I of R (in order to see this it is sufficient to apply
the exact functor — ®g Q to the exact sequence 0 - I — R — R/I — 0). In
particular,

Ni/Ni+l QR Q o ]\/riQ/Ni+1Q — N/i/N/i+1

for every i. Since py(R) is finite and

pn(R) = Tisy p(NY/NHY) o
= S0, dimg (N /Nt @5 Q) = Y20 dimg (N /N1,

all the right Q-modules N'¢/N’"+1 have finite length, so that Qg is of finite
length, that is, @ is right artinian.

Conversely, suppose that R has a right artinian classical right quotient
ring Q. The prime radical N’ of @ is equal to J(Q) and is nilpotent (Proposi-
tion 1.9). Therefore the ideal N'NR of R is nilpotent, so that N'NR is contained
in the prime radical N of R, and Q/N’' = Q/J(Q) is semisimple artinian. It is
easily seen that QQ/N' is the classical right quotient ring of R/N’ N R, because:

(1) If r+(N'NR) is a regular element of R/N’'N R, left multiplication by r is
a monomorphism Q/N’ — Q/N’ (for every element zs™! + N' € Q/N’,
where z € R and s € Cg(0), such that rzs~™! € N’, one gets that

rr € NNR,

and therefore £ € N’ N R). Since @Q/N’ is semisimple artinian, i.e., it is
a (J-module of finite length, the left invertible element r + (N’ N R) of
@/N’ is invertible in Q/N’ (Proposition 2.38).

(2) Let rs + N’ € Q/N’, r € R and s € Cg(0), be an arbitrary element of
Q/N’. In order to show that it can be written in the form

(r+N')(s+N)~!

with 7,5 € R and s+ (N'NR) regular in R/N'N R, it is sufficient to show
that s € Cr(0) implies s+ (N'NR) regular in R/N'NR. Now if s € Cr(0),
s is invertible in @), so that s + N’ is invertible in Q/N'. Therefore the
element s + (N’ N R) is regular in the subring in R/N' N R of Q/N".

Since @/N' is semisimple artinian and is the classical right quotient ring of
R/N'0NR, R/N'NR is a semiprime right Goldie ring by Goldie’s Theorem 6.6 .
Hence N'N R is an intersection of prime ideals of R, and therefore N C N'NR.
This proves that NV = N’ N R. Hence (a) and (b) hold.

In the proof of Step 6 we have already seen that since the right quotient
ring Q of R is a flat left R-module, N*/N**! ®p Q = NiQ/N+1Q for every 1.
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Now N'(Q is a right ideal of the right artinian ring Q, and therefore it has finite
length. It is clear, now, that py(Rg) is finite.

Finally, if s € Cr(N), then s+ N’ is invertible in Q/N’, so that sQ + N’ =
Q and Qs+ N’ = Q. By Nakayama’s Lemma 1.4 we have sQ = Q and Qs = Q.
Thus s is invertible in @, whence s € Cg(0). This shows that Cr(N) C Cgr(0).
From Lemma 6.15(1) we know that Cg(0) C Cg(N). This proves (d). O0

6.4 Localization in chain rings

In this section we shall see how it is possible to localize a chain ring at an
arbitrary completely prime ideal as in the case of commutative rings. We begin
with two elementary lemmas used in the sequel.

Lemma 6.17 Let R be a right chain ring and let I be a right ideal of R. Then
(a) for every r € R and x € I, there exists an invertible element v € R
such that rx € vl;
(b) I is a two-sided ideal in R if and only if ul C I for every invertible
element u € R.

Proof. Suppose that (a) does not hold. Let » € R and = € I be elements
such that rz ¢ vl for every invertible element v € R. In particular, = is not
invertible in R and rz ¢ I. Thus rz ¢ zR, so that if J(R) denotes the Jacob-
son radical of R we obtain rzJ(R) D xR. Therefore there exists an element
j € J(R) such that x = rxj. Then both j -+ 1 and 1+ r are invertible elements
in R, and

re=rz(j + 1)+ 1) = (raj +rz)( )+ p

=@+rn)+ D) =0+ +1) e

with v = 1 +r. This is a contradiction.
(b) follows immediately from (a). O

Lemma 6.18 Let P be a subset of a right chain ring R. The following conditions
are equivalent:

(a) R\ P is o saturated multiplicatively closed subset of R;

(b) P is either the empty set or a completely prime ideal of R.

Proof. (a) = (b). Suppose that R\ P is a saturated multiplicatively closed
subset of R and that P is not empty.

If P is not additively closed, then there are elements z,y € P with
z+y ¢ P. Now either zR C yR or yR C zR. If for instance zR C yR,
then x = yr for some r € R, sothat t +y = y(r + 1). Since z +y € R\ P
and R\ P is saturated, it follows that y € R\ P, a contradiction. Thus P is
additively closed.
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The proof that P is a two-sided completely prime ideal now follows im-
mediately from the fact that R\ P is saturated and multiplicatively closed.
(b) = (a). This is trivial. O

If P a completely prime ideal of a chain ring R, set
S =R\P,

NA(S)={z € R|sz=0forsomesecsS}

and
Ni(S)={z€ R|zs=0 for some s € S}.

Lemma 6.19 Let P be a completely prime ideal in a chain ring R. Set
S=R\PandI={xz€R|szs’ =0 for some s,s' € S}. Then:

(a) N.(S) and Ni(S) are two-sided ideals in R;

(b) I = N,.(S)U N(S), in particular I is a two-sided ideal;

(c) § € CrU);

(d) the set S of the images in R = R/I of the elements of S is a left and
right denominator set in R.

Proof. (a) Suppose z,y € N,(S). Then sz = 0 and ty = 0 for some s, € 5.
Since R is a chain ring, either Rs C Rt or Rt C Rs. If, for instance, Rs C Rt,
then Rs(x +y) C Rsx + Rty = 0, so that s(z +y) = 0. This shows that N,.(5)
is additively closed.

It is easily seen that N,.(S) is a right ideal of R. By Lemma 6.17(b), in
order to show that N,.(S) is two-sided, it is sufficient to prove that uz € N.(S5)
for every z € N,(S) and every invertible element v € R. Now if z € N.(S)
and wu is invertible, then sz = 0 for some element s € S. But u~! € 3, so that
su=! € S, and (su~1)(uz) = 0. Thus uz € N,(S). This shows that N.(S) is a
two-sided ideal in R. By symmetry, the same holds true for N;(95).

(b) Tt is obvious that both N, (S) and N;(S) are contained in I. Conversely,
let = be an element in I. Then szs’ = 0 for some 5,5’ € S. Suppose

N:(S) € N ().

Then zs' € N.(S), so that zs’ € N(9), i.e., zs't = 0 for some ¢t € S, from
which z € N;(9). Similarly, from N.(S) D Ni(S) it follows that x € N,.(S5).
Thus, in both cases, z € N.(S} U N;(S).

(¢) Let s be an element of S and suppose that rs € I for some r € R.
Then trst’ = 0 for suitable ¢, € S, so that » € I. Similarly, sr € I implies
r € I. Hence s € Cr(I).

(d) By (c) we need only show that the multiplicatively closed subset S
of R is a left and right Ore set in R. We must prove that for each r € R and
s € S, there exist ' € R, s’ € S such that rs’ = sr’. Given r € R and s € S,
then either TR O sR or rR C sR. If rR D sR, then s = rs’ for some s’ € R, so
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that s’ € S and rs’ = slg. If rR C sR, then r = s’ for some r’ € R, so that
rlr = sr’ with 1z € S. This proves that S is a right Ore set in R. Similarly, S
is a left Ore set. O

By Theorem 6.2 and Proposition 6.3 the left and right quotient ring of

R = R/I with respect to 5 exists. We denote this quotient ring B[S ] by Rp
and call it the localization of R at P. Observe that Rp is a left and right quotient
ring of R with respect to S, not of R with respect to S. More precisely, the
kernel of the canonical ring homomorphism ¢: R — Rp is I = N.(S)UN(9). If
N,(S) C N;(S), then ker v = N;(9), so that in this case Rp is a right quotient
ring of R with respect to S. If N;(S) C N,.(S), then ker ¢ = N,.(S), and Rp is
a left quotient ring of R with respect to S.
The localization Rp is a chain ring by Proposition 6.5(b).

6.5 Localizable systems in a serial ring

In the previous section we saw how it is possible to localize a chain ring at a
completely prime ideal. In this section we shall extend this idea to serial rings.

Let R be a serial ring and let {es, ..., e,} be a fixed complete set of ortho-
gonal primitive idempotents of R. An n-tuple P = (Py,..., P,) is a localizable
system for the serial ring R if:

1) for every i = 1,2,...,n, P; is either the empty set or a completely
prime ideal in the ring e; Re;;

2) there exists i = 1,2,...,n such that P; # 0;

3) for every r,s € Rand every 1,7 =1,...,n, if P, # () and

eire; - ejse; ¢ P,

then P; # 0 and e;se; - e;re; ¢ P;.
Let R be a serial ring, let S be the subring e; Re; x --- X e, Re,, of R, let
P = (P,...,P,) be alocalizable system and let Xp be the subset

Xp =(e1Re1 \ P1) X (eaRea \ P2) X --- X (enRe, \ Py)

of §. Note that the idempotents e; commute with the elements of S. In partic-
ular, e;z = xe; for every i =1,...,n and every ¢ € Xp.

Define a sequence of two-sided ideals I of R, t = 0,1,2,..., as follows.
The definition is by induction on t. Set Iy = 0. For every ¢t > 0 let I;;1 be
the two-sided ideal of R generated by all the elements r of R such that either
zr € I; or raz € I, for some z € Xp.

Since 1 € Xp, the sequence Iy C I; C I, C ... is an ascending chain of
ideals. Let I be the union | J;- /¢ of this chain of ideals.
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Lemma 6.20 Let R be a serial ring, let P = (Py, ..., Py) be a localizable system,
andi=1,2,...,n. The following conditions are equivalent:

(a) eide; C ;.
(b) e; ¢ 1.
(c) P #0.

Proof. (a) = (b).Ife;Ie; C P; and ¢; € I, then e; € P;. This is a contradiction,
because P; is either the empty set or a proper ideal of e; Re;.

(b) = (c). If P, =10, then 1 —e; € Xp, so that e; € I; C 1.

(c) = (a). We shall prove that e;Ie; C P; for every index j such that
P;j # §. Suppose the contrary. Since the ideals e;Ive;, t > 0, form an ascending
chain of ideals in e;Re; for every j, and e;Ipe; = 0 C P; for every index j with
P; # (), there exists a greatest non-negative integer ¢ such that e;l;e; C P; for
every j with P; # 0. Hence exl;11ex € Py for some index k£ = 1,...,n with
P # 0. Since I41 is the two-sided ideal generated by

G={re€eR|zrel;orrz el for some z € Xp },

there exists an element r € G such that exRrRey € Pi. By symmetry, we may
suppose that zr € I, for a suitable z € Xp. From e, RrRey, € Py it follows that
there are indices ¢, m such that e; Reere,, Rey € Pi. Hence there are s,8’ € R
with egseere,s'er ¢ Pi. Since P is a localizable system, we have that P, # 0
and egre,sexse; ¢ Py. By the choice of ¢t we know that egle, C Fp. Since
zr € I, we have that e,xre,,s'exses € Pp. But e;x = epzes € esRep \ Py
because z € Xp. Hence ejre,,s'exse; € P,. As P is a localizable system,
eerems ex - epses € Py forces eysegre,,;s'e, € Py. This is a contradiction. O

Observe that in the localizable system P = (P,..., P,) at least one of
the completely prime ideals P; is nonempty. From Lemma 6.20 it follows that
e; ¢ I, hence I is a proper ideal of R. Set R = R/I. For every element r € R
let 7 denote the image of r in R = R/I, and let Xp = {Z | z € Xp }. Clearly,
the elements of Xp are regular elements of R. In particular, Xp is a proper
subset of R.

Lemma 6.21 The set Xp is a left and right denominator set in R.

Proof. Since the subset Xp of S is a multiplicatively closed subset of R, it is
obvious that Xp is a multiplicatively closed subset of R. In order to prove that
Xp is a right Ore set in R, fix two elements r € R and z € Xp. We must prove
that there exists t € R and y € Xp such that 7y = zt.

First of all we shall consider the case in which x = e;ue; + (1 —e;) for some
index ¢ and some e;ue; € e;Re; \ P;. If P; = 0, then e; € I by Lemma 6.20, so
Z=1.Hence y =1 € Xp and t = r € R have the property that 7y = zt. Thus
we may assume P; # 0.
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We claim that for every j = 1,2,...,n there exist {; € R and
yj = ejyje;j € ejRe; \ P

such that e;re; - ejy;e; = e;ue; - e;tje;. In order to prove this claim, fix an
index j = 1,2,...,n. Since the module e; R is uniserial, either e;re; € e;ue; R
or e;ue; € e;re; R.

If e;re; € ejue;RR, there exists t; € R such that e;re; = e;ueit;. Then
eire; - e; = ejue; - e;tje;, so that ¢; and y; = e; satisfy the claim.

If e;ue; € e;re; R, there exists h; € R such that e;ue; = e;re;h;. Hence
eire; -ejhje; = ejue; € e;Re; \ P But P; # 0 and P is a localizable system, so
that ejhje; - e;re; € ejRe; \ Pj. Then t; = r and y; = ejhje; - e;re; satisfy the
claim, because e;re; - e;y;e; = e;re;jhje;re; = e;ue;Te; = ejue; - et e;.

This proves the claim. Now set

t= €; (ijl tjej) + (1 — ei)ry and Yy = Z?:l €5Yj€j,

so that y € Xp. Then

xt = (ejue; + (1 —e;)) (ei (Z?zl tjej) +(1- ei)ry)
= (eiuei > i1 tjej) +(1—e)ry = (Z;;l eirejyjcj) + (1 —e)ry
=eiry + (1 —ej)ry =ry.
Hence zf = 7y. Thus we have verified the right Ore condition for the elements
T in the case in which z is of the form x = e;ue; + (1 —e;) for some index 7 and
some e;ue; € e;Re; \ P;.
Now let r € R and z € Xp be arbitrary elements. Then
z=[Tr (e;me; + (1 —e;)).

By induction on ¢ = 1,2,...,n define t; € R and y; € Xp as follows. By the
previous case, there exists t; € R and y; € Xp such that

(611’61 + (1 — 81))t1 = Fyf

Suppose ¢;_; and y;—1 have been defined. Again by the previous case there
exists t; € R and y; € Xp such that

(ei:t:ei -+ (1 - ei))ti = ti-lyi~

Then t =1¢, and y = y1y2 . . . y» have the property that

T=T0102 .- Un = (e1rze1 + (L —e1)}1y2 - . . Un
= (erzer + (1 —e1))(eawea + (1 — ex))toys ... Yn = -+ = xt,, = L.

Hence Xp is a right Ore set in R. By symmetry, Xp is a left Ore set also. L[]
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From Lemma 6.21, Theorem 6.2 and Proposition 6.3 it follows that the
right and left quotient ring of R with respect to Xp exists and is unique up
to isomorphism. We shall denote this right and left quotient ring by Rp and
call the ring Rp with the canonical mapping ¢: R — Rp the localization of R
at P. Often we shall call just Rp or ¢ the localization of R at P. Note that the
kernel of ¢: R — Rp is the ideal I. From this and Proposition 6.1 we obtain

Proposition 6.22 Let P = (Py,...,P,) be a localizable system for a serial
ring R. Then there ezists a ring Rp and a ring homomorphism ¢: R — Rp
with the following properties:

(a) The elements p(z) are invertible in Rp for every x € Xp.

(b) If ¥: R — T is a ring homomorphism such that the elements (x) are
invertible in T for every x € Xp, then there is a unique ring homo-
morphism w: Rp — T such that ¥ = we. [

Every element of Rp can be written in the form @(z) l¢(r) and the
form ¢(s)p(y)~! for suitable r,s € R, z,y € Xp. As usual, since it is rather
cumbersome to use this notation, we shall write elements of Rp in the form
717 or the form sy~!. Note that x7le; = e;z~! for every z € Xp and every
index 7, because the elements of Xp and the idempotents e; commute.

In Proposition 6.24 we shall study the structure of the localization Rp.
First we prove an easy lemma.

Lemma 6.23 Let R be a serial ring, let {e1,...,e,} be a complete set of ortho-
gonal primitive idempotents in R and let P = (P1,...,Pn) be a localizable
system for R. Then:

(a) Ifi=1,...,n, the elements of e;Rp can be written in the form

eix_lT = m'leir

for suitable r € R, x € Xp.

(b) If i,j = 1,...,n, the elements of e;Rpe; can be written in the form

afleirej and in the form eisejy‘l for suitable r,s € R, x,y € Xp.

Proof. (a) This follows from the fact that an element of e;Rp is of the form
ez 'r, withr € Rand z € Xp, and 27 te; = e;z~ L.

(b) The first form is an immediate consequence of (a). The second form
is an immediate consequence of the left-right dual of (a). O
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In the next proposition we describe a complete set of primitive orthogonal
idempotents for the localization of a serial ring R at a localizable system.

Proposition 6.24 Let R be o serial ring, let {61, ...,en} be a complete set of
orthogonal primitive idempotents in R, let P = (Py,...,P,) be a localizable
system for R, and let p: R — Rp be the localization of R at P. Then:

(a) The right ideals e;Rp of Rp are uniserial for everyi=1,...,n.
(b) The ring Rp is serial.

() {e; | P #0, i=1,2,...,n} is a complete set of primitive orthogonal
idempotents for Rp.

(d) The Jacobson radical of Rp is contained in ¢(R).

Proof. For (a) and (b) see Proposition 6.5 and its proof.

(c) Obviously {e; | i =1,2,...,n} is a complete set of orthogonal idem-
potents for Rp. From (a) it follows that each e; is either zero or primitive
in Rp. Also e; = 0 in Rp if and only if e; € I, that is, if and only if P, = (.

(d) By (c) it is sufficient to show that e;J(Rp) C ¢(R) for every index 4
such that P; # (. Let z7'r be an element of J(Rp), with r € R and z € Xp.
Since e; R is uniserial, either e;zR C e;7R or e;2R D e;rR.

If e;xR C e;rR, then e;x = e;rs for some s € R, so that ze; = e;rs.
Hence in the ring Rp we have e; = 27 le;rs = e;z~lrs € J(Rp), and this
is a contradiction, because the Jacobson radical cannot contain the non-zero
idempotent e;.

Therefore e;xR O e;7R, so that e;r = e;xt for some t € R. Then

ex lr=xler =z ezt = ez wt = et € o(R). 0

As a corollary we obtain

Corollary 6.25 Let R be a serial ring, let {e1,...,e,} be a complete set of
orthogonal primitive idempotents in R, let P = (Py,..., P,) be a localizable
system for R and let Rp be the localization of R. Then every uniserial Rp-
module is uniserial as an R-module.

Proof. Let M be a uniserial right Rp-module. If z,y € M, then xRp + yRp
is a uniserial cyclic Rp-module, hence it is a homomorphic image of ¢; Rp for
some index i = 1,2,...,n. Thus in order to show that M is uniserial as an
R-module, it is sufficient to show that each e; Rp is a uniserial right R-module.
In other words, we may suppose M = ¢; Rp.

We claim that for every j,k = 1,2,...,n, every a € ¢;Rpe; and every
b € e;Rpey, either aR C bR or bR C aR. Suppose we have proved the claim.
Then if ¢,d € ¢;Rp, then cR =ce1 R+ --- + ce, R, and ce; € e;Rpey for every



An example 147

£, so that by the claim there exists an index j such that cR = ce; R. Similarly,
there exists an index k such that dR = derR. By the claim, the submodules
¢R = ce;R and dR = dey R are comparable, which proves the corollary.

In order to prove the claim, fix two indices j, k and two elements

a €eRpe; and b€ e;Rpe.

As e;Rp is a uniserial right ideal of Rp, either aRp C bRp or bRp C aRp.
By symmetry we may suppose bRp C aRp, so that there exists v’ € Rp with
ar’ = b, from which e;ae;-e;r’ej = e;ber. By Lemma 6.23(b) the element e;r’eg
of e; Rpey can be written in the form ejrery ! for some r € R, y € Xp. Thus
e;ae; - e;jrer = e;bey - epyer.

Now the left ideal Rej is uniserial, hence either Re;rerx C Repyer or
Rejrer, 2 Reypyeg.

If Rejrer, C Regyer, there exists s € R with e;rex = ejsey - exyeg, 80
that e;ae; - ejsey - exyer = e;bey - epyer. Since y € Xp C S, it follows that
ejae; - e;sey -y = e;bey - y. But y is invertible in the ring Rp, and thus in the
module e; Rp we have e;ae; - ejse, = e;bey, and thus aR D bR.

If Rejrer 2 Repyer, there exists ¢ € R such that exte; - e;rer = epyeg.
Thus exte; - ejrer, ¢ Py. If P, = 0, then e; € I by Lemma, 6.20, hence ey = 0
in Rp, so that the element b € e; Rpey is zero, and bR C aR. Thus we may
assume Py # 0. This assumption and the relation eyte; - e;rex ¢ Py yield that
P; #  and e;rey - exte; ¢ Pj. Thus © = e;jrer-exte; +1—e; € Xp is invertible
in Rp, so that

aT = €;a€; - T = €;ae; - e;Tey - exte; = eibey - epyer - exte;
= e;bey - exte; - e;rey - epte; = b-eptej - x

forces a = b - exte;. Hence aR C bR, which completes the proof of the claim.[

6.6 An example

The reason why we have introduced localizable systems in the previous section
is twofold. On the one hand we shall need localizable systems to study Ore
subsets in serial rings. This will be done in the rest of this chapter, in particular
in Section 6.10. On the other hand we shall use localizable systems to study
the structure of X-pure-injective modules in Chapter 10. In order to study such
modules the idea is the following: if M is the R-module we want to study and R
is a serial ring, we shall construct a suitable localizable system P for R in such
a way that M has a canonical structure as an Rp-module. Proposition 6.27 will
show how it is possible to construct localizable systems starting from modules
with suitable properties.

The next elementary lemma will be useful not only in the proof of Prop-
osition 6.27 but also in the study of direct sum decompositions of serial modules
over arbitrary rings in Chapter 9.
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Lemma 6.26 Let R be an arbitrary ring, let A, B, C be non-zero R-modules and
let : A — B, 3: B — C be homomorphisms. Then

(a) If B is uniform, the composite Sc is a monomorphism if and only if 3
and o are both monomorphisms;

(b) If B is couniform, the composite Ba is an epimorphism if and only if 8
and a are both epimorphisms.

Proof. (a) It is sufficient to prove that if B is uniform and SBea is a mono-
morphism, then 8 is also a monomorphism. Now if S« is a monomorphism,
then a(A) Nker(8) = 0. Since B is uniform, either a(A) = 0 or ker(3) = 0.
Now « is a monomorphism and A # 0, so that a(A) # 0. Hence ker(3) = 0,
and [ is a monomorphism.

(b) If B is couniform and SBa is an epimorphism, then ker(3) + «(A) = B.
Since B is couniform, either ker(3) = B or a(A) = B. If ker(3) = B, then
B = 0, so that o = 0, and this yields a contradiction because Sa is an
epimorphism and C # 0. Therefore «(A) = B, that is, & is an epimorphism.]

In particular, Lemma 6.26 can be applied to any uniserial module B 3 0.

For the next proposition, observe that if sMpg is a bimodule and e € R
is idempotent, then gMe is a left S-module, and right multiplication by an
element of eRe is an endomorphism of the left S-module gMe. More generally,
if e, f € R are idempotents, then right multiplication by an element of eRf is
a homomorphism sMe — sM f.

Proposition 6.27 Let R be a serial ring, let {e1,...,en} be a complete set of
orthogonal primitive idempotents for R, let S be an arbitrary ring and let sMp
be a non-zero S-R-bimodule. Suppose that each sMe; is a uniserial S-module.
For every index ¢ = 1,2,...,n let P; be the set of all r € e;Re; such that
right multiplication by e;re; is not an injective endomorphism of sMe;, let
P! be the set of all r € e;Re; such that right multiplication by e;re; is not
a surjective endomorphism of sMe;, and let P!’ be the set of all r € e;Re;
such that right multiplication by e;re; is not an automorphism of sMe;. Then
P=(P,..,.F), P =(P,....,P.) and P" = (P/,...,P!) are localizable
systems for R.

Proof. 1t is easily seen that P; = ) if and only if Me; = 0. Hence at least one
of the P; is nonempty. Suppose FP; # 0, so that Me; # 0. By Lemma 6.26(a)
the set e;Re; \ P; is a saturated multiplicatively closed subset of e; Re;, so that
P; is a completely prime two-sided ideal of e; Re; by Lemma 6.18.

In order to show that P = (Py,..., P,) is a localizable system, fix two
elements r, s € R, two indices 7,7 = 1,...,n and suppose P; # ( and

eire; - ejse; ¢ Py
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Then Me; # 0 and the composite of the mapping Me; — Me; given by
right multiplication by e;re; and the mapping Me; — Me; given by right
multiplication by e;se; is injective. In particular Me; # 0, so that P; # §. By
Lemma 6.26(a) both mappings Me; — Me; and Me; — Me; are injective.
Hence their composite Me; — Me; — Me; is injective, that is,

ejse; - e;re; & Pj.
The proof that P’ and P” are localizable systems is similar. O

In the notation of Proposition 6.27 it is easily seen that M turns out to
be an S-Rpn-bimodule in a natural way (use the universal property 6.22(b)).

As a particular case of Proposition 6.27 consider an arbitrary proper two-
sided ideal I of a serial ring R and the bimodule gMpr = R/I. Then every
Me; 2 Re;/Ie; is a uniserial left R-module.

In Section 6.10 we shall give further examples of constructions of localiz-
able systems.

6.7 Prime ideals in serial rings

In this section we describe the prime spectrum of a serial ring, that is, the set
of all its prime ideals partially ordered by set inclusion.

Let R be a serial ring. In order to study the localizable systems for R in-
troduced in Section 6.5, we must know the completely prime ideals in the chain
rings e; Re;. There is a one-to-one correspondence, described in Theorem 6.28,
between the prime ideals of the ring e;Re; and the prime ideals of R that do
not contain e;.

Theorem 6.28 Let R be an arbitrary ring and let e be a non-zero idempotent
of R. Then there is an order preserving one-to-one correspondence between the
set of all prime ideals P of the ring eRe and the set of all the prime ideals P’
of the ring R not containing e. The correspondence is given by

P — P={reR|eRrReCP} and
P — P=c¢ePe.

Proof. Let P be a prime ideal of eRe. It is easy to see that
P ={re€R|eRrRe C P}

is a two-sided ideal in R not containing e. In particular, P’ is a proper ideal
of R. Moreover, eP’e = P, because if ¢ € P, then z = exe and eRzRe =
eRexeRe C P, so that x € P’; and if y € P’, then eRyRe C P, so that
eye € P. In order to see that P’ is a prime ideal, let I and J be two ideals
of R with IJ C P’. Then ele and eJe are two two-sided ideals of eRe, and
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(ele)(eJe) C eP'e = P. Since P is prime, either ele C P or eJe C P. If, for
instance, ele C P, then eRzRe C P for every x € I, and thus I C P’. Hence
P’ is a prime ideal in R.

Conversely, let P’ be a prime ideal in R not containing e, and set P = eP’e.
Then P is a two-sided ideal in e Re. Moreover, e ¢ P’ and P C P/, sothate ¢ P
and the ideal P of eRe is proper. If z,y € R and

exe,eye ¢ P,
then exe, eye ¢ P’, so that there exists r € R with exereye ¢ P’. Thus
exe-eRe-eye P,

i.e., P is a prime ideal in eRe. In order to conclude the proof it remains to show
that

P'={reR|eRrRe CeP'e}.

The inclusion C is obvious. For the other inclusion, fix an element r € R with
eRrRe C eP’e. Then for every x € R one has eRrze C eP’e C P'. Since P’ is
prime and e ¢ P, it follows that rze € P’, i.e., TRe C P'. Thus r € P, ]

Observe that P’ NeRe = P in Theorem 6.28.

As a first application of Theorem 6.28 we shall study prime ideals in right
serial rings. Let R be a right serial ring, so that there exists a complete set
{e1,...,en} of orthogonal idempotents for R with each e;R uniserial. If P’ is
a prime ideal in R, then there is an idempotent e; that does not belong to P’.
Hence P’ correspond to a prime ideal of the right chain ring e; Re;. Let Spec R
be the set of all prime ideals of R and Spec; R ={ P € SpecR | e; ¢ P}. Then
Spec R is a set partially ordered by inclusion, and Spec R = |Ji-_, Spec; R. The
one-to-one correspondence given in Theorem 6.28 is order preserving, so that
every Spec; R is a linearly ordered subset of Spec R. Note that if P C @) are
prime ideals of R and @ € Spec; R, then P € Spec; R. Let min R denote the set
of all the minimal elements of Spec R. Then the elements of min R are exactly
the least elements of the subsets Spec; R. Thus min R has at most n elements.

Lemma 6.29 If P,Q are two incomparable prime ideals of a right serial ring R,
then P and Q are comazimal, that is, P+ Q = R.

Proof. For every i = 1,2,...,n we have either ;P C ¢;Q or ¢;@Q C e;P. If
e; P C e;@, then ¢; P C @, so that either ¢; € Q or P C (. Since P and ¢}
are incomparable, e; € Q. Similarly, e;QQ C e; P implies e; € P. In both cases,
e; € P+ Q. This holds for every i, so that P+ Q = R. l:]
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In particular, any two elements of min R are comaximal ideals. For every
P cminR set V(P)={Q € SpecR | @ 2 P}. Then Spec R is the disjoint
union of these subsets V(P), and each V(P) is a tree, that is, a partially
ordered set with a least element and with the property that the subset of all
the elements below a fixed element @ is linearly ordered for every Q € V(P).
Hence Spec R is the disjoint union of a finite number of trees.

Proposition 6.30 Every semiprime right serial ring is the direct product of a
finite number of prime right serial rings.

Proof. We have just seen that the ring has finitely many minimal prime ideals
Py, ..., Py. And PiN---N P, = 0 because R is semiprime. Finally, P,+P; = R
for every i # j (Lemma 6.29). Therefore R 2 R/P; - - -x R/ Py, by the Chinese
Remainder Theorem. O

As a second application of Theorem 6.28 we shall give a description of
the localizable systems in a serial ring R in terms of the prime ideals of R. Let
{e1,...,en} be a complete set of orthogonal primitive idempotents of R. We
have defined a localizable system in R as a suitable n-tuple P = (Py,..., P,),
where each P; is either a completely prime ideal of e; Re; or is the empty set.

Define a localizable prime system as follows. An n-tuple P’ = (P[,..., )
is a localizable prime system for the serial ring R if:

1) for every ¢ = 1,2,...,n, P is either the empty set or a prime ideal
of R;

2) there exists i = 1,2,...,n such that P/ # (;
3) e; ¢ P/ for every i =1,2,...,n;
4) for every r,s € R and every 4,j = 1,...,n, if P/ # 0 and

67;7“63' . ejsei ¢ Pz,7

then P/ # 0 and e;se; - e;re; ¢ P

By Theorem 6.28 there is a one-to-one correspondence between the set
of all prime ideals P in the ring e;Re; and the set of the prime ideals P’ in
the ring R with e; ¢ P’. The prime ideal of e;Re; that corresponds to the
prime P’ of R with e; ¢ P’ is e;P'e;. For P! = {) set e;P'e; = (). Hence
Theorem 6.28 induces a one-to-one correspondence between the set of all the
n-tuples (Pi,..., P,) of prime ideals of e;Re; and empty sets, and the set of
all the n-tuples (Pf,..., P}) of prime ideals of R with e; ¢ P/ and empty sets.

Lemma 6.31 Let R be a serial ring and let {e1,...,en} be a complete set of
orthogonal primitive idempotents of R. Let P' = (Pj],...,P.) be an n-tuple
in which every P} is either a prime ideal of R or the empty set. Then P’ is a
localizable prime system for R if and only if (e1 Pjes, . .., e, Pley) s a localizable
system for R.
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Proof. Suppose that P’ = (Py,..., P.) is a localizable prime system for R. Let
us show that if P/ # . the prime ideal e; P/e; of e; Re; is completely prime. If
a,b € e;Re; and ab € e; Ple;, then ab € P/, so that ba € P]. Hence bar € P/
for every r € e;Re;. Therefore arb € P/, i.e., ae;Re;b C e;Ple;. Since e;Pje; is
a prime ideal of e; Re;, it follows that either a € e;P/e; or b € e;P/e;. Now it is
easily seen that (e Pjey,...,e,Phey,) is a localizable system for R.

The converse is an easy exercise. (]

Hence the one-to-one correspondence between the set of all prime ideals
P in the ring e; Re; and the set of all the prime ideals P’ in the ring R with
e; ¢ P’ defined in Theorem 6.28 induces a one-to-one correspondence between
localizable systems and localizable prime systems.

Lemma 6.32 Let P}, P] be two prime ideals in a localizable prime system
P =(P,...,P)
for a serial ring R. The following statements hold:
(a) If P/ C P}, then P] = P].

(b) If P/ # P}, then P;, P are incomparable, e; € P] and e; € P}.

Proof. (a) Suppose P; C P;. For every 7 € R and every z € P; we have
that e;ze;re; € Pj. Since P’ is a localizable prime system, it follows that
e;re;ze; € P). Hence e;Rejze; C P). As P/ is prime and e; ¢ P;, we obtain
that ejze; € P/. Thus eij{ei C P/.But P/ C ij implies that neither e; nor e;
are in P/. Hence P]{ C P

(b) If P; # P/, then P/, P; are incomparable by (a). But if, for instance,
e; ¢ P/, then P/, P! are comparable (Theorem 6.28). Therefore e; € P/ and

i g i

eiEP]/-. O

6.8 Goldie semiprime ideals

As a further application of Theorem 6.28 we describe the prime ideals of a serial
ring R that correspond to completely prime ideals in the rings e; Re;. Note that
by Goldie’s Theorem 6.6 a semiprime serial ring is a right Goldie ring if and
only if it is right nonsingular. But a serial ring is right nonsingular if and only
if it is left nonsingular (Corollary 5.12). Hence a semiprime serial ring is right
Goldie if and only if it is left Goldie. We shall say that a semiprime ideal K of
a serial ring R is a Goldie semiprime ideal if R/K is a right (equivalently, left)
Goldie ring.

Proposition 6.33 Let R be a serial ring, let {ej,...,en} be a complete set of
orthogonal primitive idempotents of R, and let P’ be a prime ideal of R. The
following conditions are equivalent:
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(a) P’ is a Goldie ideal.

(b) For everyi=1,...,n cithere; € P’ ore;P'e; is a completely prime ideal
of e;Re;.

(¢c) There exists an i =1,...,n such that e;P’e; is a completely prime ideal
Of eiRei.

Proof. (a) = (b). Let i be an index such that e; ¢ P’. By Theorem 6.28
e;P'e; is a prime ideal in e;Re;. Let r,;s € e;Re; be two elements such that
r,s ¢ e;P'e;, so that r,s ¢ P'. By Theorem 6.6 the prime right Goldie ring
R/P’ is right nonsingular, and we know that

{€j+P’|j:1=---,n7 ejﬁpl}

is a complete set of pairwise orthogonal primitive idempotents in R/ P’ (remark
after the proof of Lemma 1.20). Since r + P’, s + P’ are non-zero elements of

(ei + P")(R/P")(e; + P'),

it follows that their product is non-zero (Proposition 5.11). Hence rs ¢ P’, so
that rs ¢ e; P'e;.

(b) = (c). This is trivial.

(c) = (a). Suppose that P’ is a prime ideal of R for which (c) holds,
but P’ is not a Goldie ideal. By Theorem 6.6 the ring R = R/P’ is not right
nonsingular. For every © € R let T denote the element z + P’ of R. The set
{&5]j=1,...,n, e; ¢ P'} is a complete set of pairwise orthogonal primitive
idempotents in R/P’. By Proposition 5.11 there exist j, k,£ = 1,2,...,n with
ej,ex, e ¢ P and r,s € R such that e;7e; # 0, exseg # 0 and e57erse; = 0.
Since e;P'e; is a completely prime ideal of e; Re;, we know that ¢; ¢ P’. Set

P= eiP'ei,

so that P is the prime ideal of e;Re; corresponding to P’ in the one-to-one
correspondence of Theorem 6.28. In particular,

P ={z€ R|eRzRe; T P}.

As ejrex ¢ P, we obtain that e;Re;repRe; ¢ P. Hence ejte;repue; ¢ P
for suitable elements #,u € R. Similarly, from exse, ¢ P’ it follows that
evegseqwe; ¢ P for suitable v, w € R. Consider the elements exue;, exseg of the
uniserial module ey R. If epue; € exserR, then e;te;re,ue; € e;tejregseeR C P
This is a contradiction, because e;te;jregue; ¢ P. Hence egse; € erue; R, so that
ersep = epue;s'e; for some s’ € R. Then

eitejregue;s'eqwe; = estejregpseqwe; € P

But e;te;jregue; ¢ P and P is completely prime, whence e;s’e;we; € P. Then
e;vepsepwe; = evepue;sepwe; € P C P contradiction. This contradiction
shows that (c) = (a). O
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Therefore in a localizable prime system P’ = (P{,..., P}) all the non-
empty P/ are Goldie prime ideals.

Proposition 6.33 has a generalization to semiprime ideals. Note that if K
is a semiprime ideal of a serial ring R, then R/K is a finite direct product
of prime rings (Proposition 6.30). Hence there are a finite number of pairwise
incomparable prime ideals Pj,..., P, containing K such that the canonical
homomorphism R/K — R/P; x --- X R/P,, is an isomorphism. In particular
K =P n---NFE,, and K is Goldie if and only if every P; is Goldie. Thus we
have proved

Lemma 6.34 If K is a semiprime ideal of a serial ring R, then K is the inter-
section K = Py N ---N P, of a finite number of pairwise incomparahle nrime
ideals Py,..., P,. Such a representation of K is unique, and K is a Goldie
ideal if and only if every P; is a Goldie ideal. O

As a corollary of Proposition 6.33 we have that

Corollary 6.35 If K is a semiprime ideal of a serial ring R, then K is a Goldie
ideal if and only if for everyi =1,...,n either e; € K or ¢;Ke; is completely
prime in e; Re;.

Proof. Let K be a semiprime Goldie ideal and let ¢ be an index such that
e; ¢ K. Then K =P N---NP,, where Py,..., P, are pairwise incomparable
prime Goldie ideals. Since e; ¢ K, e; ¢ Py for a some Py, k=1,...,m. As the
prime ideals of R not containing e; are comparable, it follows that e; € P; for
every j # k, so that e; Pje; = e; Re;. Then

e Ke; =e; Pre;N---Ne;Ppe; = e; Pres,

which is completely prime by Proposition 6.33.

Conversely, suppose that for every ¢ = 1,...,n either ¢; € K or ¢;Ke;
is completely prime. By the previous lemma K = Py N--- N P, with the P;
pairwise incomparable prime ideals, and we must prove that every P; is Goldie.
Fix one of these prime ideals P;, say Pj. Since Py is proper, there is an index
i such that e; ¢ Pi. In particular e; ¢ K, hence e; Ke; is completely prime. As
in the previous paragraph e; € P; for every j # k, and e;Ke; = e;Pre;. By
Proposition 6.33 the prime ideal Py is a Goldie ideal. O

We conclude this section by showing that for a serial ring R there is a one-
to-one correspondence between the set of all localizable prime systems for R
and the set of all semiprime Goldie ideals of R.

Theorem 6.36 Let R be a serial ring and let {e1,... e} be a complete set of
orthogonal primitive idempotents of R. There is a one-to-one correspondence
between the set of all localizable prime systems for R and the set of all semi-
prime Goldie ideals of R given by P' — (\{P' | P € P, P’ £ 0} for every
localizable prime system P’.
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Proof. The prime ideals in any localizable prime system P’ are Goldie prime
ideals of R (Proposition 6.33). And any finite intersection of Goldie prime ideals
is a Goldie semiprime ideal (Lemma 6.34).

Define another correspondence between the set of all semiprime Goldie
ideals of R and the set of all localizable prime systems for R by

QiN---NQumw— (P,.... P,

where Q1, ..., Q@ are finitely many pairwise incomparable prime Goldie ideals
of R, P/ = Q; if e; ¢ Q; for some index j =1,2,...,m, and P/ = () otherwise,
that is, if e; € @1 N -+ - N Q. Observe that if there exists an index j such that
e; ¢ Qj, then such an index j is necessarily unique, because if e; ¢ Q; and
e; ¢ Q, then Q;,Q are comparable, hence Q; = Qp and j = k. In order
to prove that this defines a localizable prime system, suppose that r,s € R,
i, =1,...,n, P/ # 0 and e;re; - ejse; ¢ P}. Then e; ¢ Pj. Hence P} = P;.
Since P/ is a Goldie ideal, the ring R/P; is a nonsingular by Theorem 6.6. As
eirej,ejse; ¢ P, it follows that ejseire; ¢ P/ = P] (Proposition 5.11). Hence

this second correspondence is well-defined also.
The verification that the compositions of the two correspondences are
identities is an exercise that follows from Lemma 6.32 and is left to the reader.
O

In the last two sections we showed that in a serial ring there are one-
to-one correspondences between localizable systems, localizable prime systems
(Lemma 6.31), semiprime Goldie ideals (Theorem 6.36), and finite nonempty
sets of pairwise incomparable prime Goldie ideals (Lemma 6.34).

Note that in the proof of Theorem 6.36 we saw that if K is a semiprime
Goldie ideal, (Pf,..., P.) is the corresponding localizable prime system and
i=1,2,...,n, then e; ¢ K if and only if P} # 0.

6.9 Diagonalization of matrices
Let R be a serial ring and let {e;,...,e,} be a fixed complete set of ortho-

gonal primitive idempotents of R. Then the modules e; R and Re; are uniserial
(Example 3.11) and the rings e; Re; are chain rings (Proposition 1.11). Let

€1R€1 €1R62 e €1R6n

€2R€1 62R62 .. egRen
Mn (eiRej) =

e,Re1 e Res ... e,Re,

denote the ring of n x n matrices whose (i, j) entry is an arbitrary element of
e;Re;. There is a canonical ring isomorphism A: R — My/(e; Re;), where for
every element r = szzl e;re; of the ring R, the matrix A(r) has e;re; in
(1, j)-position.
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Theorem 6.37 (Drozd) For every element a of a serial ring R there are invert-
ible elements u,v € R such that the matriz A(uav) has at most one non-zero
entry in every row and every column.

Proof. Let a be an element of a serial ring R. If we apply Theorem 3.29 to
the projective module Rg and its finitely generated submodule a R, we see that
there is a decomposition Rg = Py @ P, @ --- ® P, of Rg into uniserial pro-
jective modules such that aR = (aRNP) @ (aRN )@ --- @ (aRNP,). In
the two decompositions R = e RPea R - Be, R= P, P ®---® P, every
direct summand has a local endomorphism ring, so that by the Krull-Schmidt-
Remak-Azumaya Theorem there is an automorphism w of Rp such that
w(P;) = e,(;)R for a suitable permutation o of {1,2,...,n}. Now endomor-
phisms of Ry are given by left multiplication by elements of R, and auto-
morphisms of Ry are given by left multiplication by invertible elements of R.
Thus there is an invertible element v € R such that uP; = e, ;)R for every
i=1,2,... n

Since aR N P; is a direct summand of aR contained in P;, it is a cyclic
uniserial module. The ring R is serial, and so semiperfect. Thus for every
i=1,2,...,n such that aRN P; # 0 the simple module aR N P;/rad(aR N P;)
has a projective cover C; — aR N P;/rad(aR N P;), and C; is cyclic and uni-
serial. As C; is projective, there is an epimorphism ¢;: C; — aR N P;, which
is necessarily a projective cover of aR N P;. For every ¢ = 1,2,...,n such that
aRNFP; =0,set C; =0 and ¢; =0, so that ¢;: C; — aR N P; is a projective
cover of aR N P; also in this case. By Proposition 3.2

P1D B Cr1 @ DCp, = (aRNP)B (aRNP) D - ® (aRN P,)

is a projective cover of (aRNP1)® (aRNPy) ® --- & (aRN P,) = aR. Apply
Proposition 3.1(a) to the epimorphism v¥: Rr — aR given by left multiplication
by a. Then there is a direct sum decomposition Rg = Q' & Q" of Rr with
Y| Q" — aR a projective cover, and ¢|g: Q" — aR the zero homomorphism.
Moreover, by the uniqueness of projective cover (Proposition 3.1(b)), there
exists an isomorphism f:C1 @---®C, — Q' such that p1®--- S, = g0 f.
Thus R = Q' & Q" = f(Ch1) @ --- @ f(Cr) ® Q". Since the modules C; are
cyclic and uniserial, and so indecomposable or zero, the last decomposition has
a refinement Rp = f(C1)@---@ f(Cr) D Q7 ®-- -, Q1 into direct summands
that are either indecomposable or zero.

If we apply Theorem 2.12 to the decomposition Rp = e R®Ges R®- - -Be, R
into direct summands with local endomorphism rings and the decomposition
Rr=f(C)®--- & f(Cr)® Q)¢ - ® Q! into indecomposable or zero mod-
ules, we find that there is an automorphism o of Ry such that for every index
j either a{e;R) = f(Ck) for a uniquely determined index k = 1,2,...,n or
ale;R) = QY for a uniquely determined index £ = 1,2,...,m. Since automor-
phisms of Rg are given by left multiplication by invertible elements of R, there
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exists an invertible element v € R such that either ve;R = f(C}) for some k
orve; R C Q.

We are ready to show that the matrix A(uav) has the required property.
In order to prove this, we must compute e;uave;. Fix an index j. If ve; R C Q”,
then ave; R C aQ” = ¥(Q”) = 0. Hence in this case e;uave; = 0 for every 1.
Thus we may assume ve; R = f(Ck) for an index k = 1,2,...,n uniquely
determined. Then

uave; R = uaf(Cy) = wp|g f(Ck) = upr(Cr) = u(aRN P) C uPy = e p) 1.

Hence e;uave; # 0 for at most i = o(k). This shows that for every j there is at
most one index ¢ with e;uave; # 0. And if j, j* are two indices with e;uave; # 0
and e;uavej # 0, then i = o(k), where ve;R = f(Cy) and vey R = f(Cy), so
that 7 = j’. This proves that for every 4 there is at most one index j with
e;uave; # 0. a

We need the following proposition of a combinatorial nature.

Proposition 6.38 Let A be a n X n matriz with entries in a ring R. Suppose
that A has at most one non-zero entry in every row and every column. Then
there exists a positive integer m such that the matriz A™ is diagonal.

Proof. Let A = (a;;) be a matrix with at most one non-zero entry in every row
and every column. Consider the directed graph G with vertices the positive
integers 1,2,...,n and with an arrow from the vertex 7 to the vertex j if and
only if a;; # 0. Thus G is a directed graph with n vertices, the number of
arrows of which is equal to the number of non-zero entries in A. Note that in G
for every vertex i there is at most one arrow that leaves that vertex and there
is at most one arrow that arrives at that vertex.

If the entry (i,7) in the matrix A? is non-zero, then in the graph G there
is an oriented path of length 2 from the vertex i to the vertex j. More generally,
if the entry (i, ) in the matrix A* is non-zero, then in G there is an oriented
path of length ¢ from the vertex ¢ to the vertex j.

Since in G for each vertex 7 there is at most one arrow that leaves ¢ and
there is at most one arrow that arrives at 4, the connected components of G are
of two possible types: they are either oriented cycles of length ¢ on ¢ distinct
vertices, or they are open oriented paths of length ¢ on ¢ 4 1 distinct vertices.
Let m be a positive integer that is at the same time greater than n and a
common multiple of the length of all the oriented cycles that are connected
components of G. Then in G every oriented path of length m is necessarily a
closed path from a vertex i to the same vertex i. Hence in A™ only the entries
on the diagonal are possibly non-zero. ]

From the previous two results we obtain the following corollary.

Corollary 6.39 Let {ey,...,en} be a complete set of orthogonal primitive idem-
potents of a serial ring R. For every a € R there exist invertible elements
u,v € R and a positive integer m such that (vav)™ € egRey X -+ X ep Re,. O
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6.10 Ore sets in serial rings

Let R be a serial ring and let P = (P1,..., P,) be a localizable system for .
On page 142 we constructed an ascending chain Iy C I; C I» C ... of two-sided
ideals with the property that the union I = (J, I; is the smallest ideal of R
such that the images of the elements of the subset Xp of R are regular elements
of R/I. This ideal I turned out to be the kernel of the localization ¢: R — Rp.
Clearly, the construction of the ideal I is possible not only for Xp, but for any
subset X of a ring R; without loss of generality we may always suppose that
1 € X. The construction is as follows.

Let R be an arbitrary ring. Fix a subset X of R with 1 € X. Define a
sequence of two-sided ideals I; of R, t = 0,1,2,..., by induction on the integer
t > 0 in the following way. Set Iy = 0. For every ¢t > 0 let I;,1 be the two-sided
ideal of R generated by the subset {r € R | zr € I, or rz € I; for some z € X }.
Since 1 € X, the ideals I; form an ascending chain Iy C I; € I, C ... . Set
I(X)=U,sol:- Ifr € Rlet F =1+ I(X) be the image of r in R = R/I(X).
Set X = {Z | € X }. Then, obviously, the elements of X are regular elements
of R.

If X is a right and left Ore set in R, let p: R — Q = E[Y_l] denote the
quotient ring of R with respect to X. Note that if R is serial, then Q is serial
by Proposition 6.5.

A subset X of R is called a saturated Ore set in R if X is a saturated
multiplicatively closed subset of R and X is a right and left Ore set in the ring R.
Note that with this definition a saturated Ore set in R is not necessarily an Ore
subset of R in the sense defined on page 129, but this will not cause problems.
A subset X of a serial ring R is called a mazimal Ore set if 1 € X, X is a right

and left Ore set in the ring R = R/I(X) and X = cp“l(U(ﬁ[Yﬁl])). Hence

X is the set of all the elements that are mapped onto units of E[X | via the

canonical homomorphism ¢: R — R[X |. Obviously, every maximal Ore set
is a saturated Ore set.

In the next lemma we shall see that for every maximal Ore set X in a
serial ring R it is possible to associate a localizable system to X.

Lemma 6.40 Let R be a serial ring, let {e1,...,e,} be a complete set of ortho-
gonal primitive idempotents of R and let X be o mazimal Ore set. If P, = {r €
eiRe; |1 —e +r ¢ X} for everyi =1,2,...,n, then P = (P1,...,P,) is a
localizable system for R.

Proof. Set Q = R[X 1], so that by Proposition 6.5 and its proof every Qe; is a
uniserial left ideal of Q. By Proposition 6.27 applied to the @-R-bimodule ¢Qr,
if P/ = {r € e;Re; | right multiplication by e; Re; is not an automorphism of
oQe; } for every i, then P” = (P/,..., P!} is a localizable system for R. Hence
it suffices to show that P; = P/’ for every index i.
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Let r be an element of e;Re;. Then r ¢ P, ifand only if 1 —e; +7 € X,
that is, if and only if 1 —e; + 7 is invertible in @, or, equivalently, if and only
if right multiplication by 1 — e; + 7 is an automorphism of o). This happens
if and only if right multiplication by r is an automorphism of oQe;, i.e., if and
only if r ¢ P/'. O

Given a maximal Ore set X, the localizable system associated to X de-
fined in Lemma 6.40 will be denoted P(X). Now our aim is to show that if X
is a maximal Ore set and P(X) is its associated localizable system, then the

quotient ring R[X 1] of R = R/I(X) with respect to X and the localization
Rp(x) of the serial ring R at P(X) coincide. This will be done in Proposi-
tion 6.43. First we need two preparatory lemmas. Recall that in Section 6.5 we
defined Xp = (e;Re; \ P1) X (eaRea \ P2) X - - - X (en Ren \ Pp) for any localizable
system P = (Py,..., Pp).

Lemma 6.41 Let X be a mazimal Ore set of a serial ring R. Then
Xpxy=XnN(e1Rey x -+ X enRey).
Proof. Let r be an element of e; Re; X - -+ X e, Rey, so that
r=(1—e;+erer) (1 —ex+egres) ---- (1 —en+enren).

Then r € X if and only if 1 — e; + ¢;7e; € X for every i, that is, if and only if
e;re; ¢ P; for every i, i.e., if and only if r € Xp(x). O

Let X be a maximal Ore set and let P(X) be its associated localizable
system. We will now show that the ideal I{X), defined at the beginning of
this section, and which is the kernel of the canonical mapping R — E[Y_l],
coincides with the ideal I(Xp(x)) defined at the beginning of Section 6.5, and

which is the kernel of the localization mapping R — Rp(x).

Lemma 6.42 Let X be a mazimal Ore set of a serial ing R and let P(X) be
the localizable system associated to X. Let I{X) be the kernel of the canonical

mapping R — R[X | and I(Xp(x)) the kernel of the localization mapping
R — RP(X)- Then I(X) = I(XP(X))'

Proof. We shall show that I;(X) = I,(Xp(x)) for every ¢ > 0 by induction on
t.

Suppose I¢(X) = L(Xp(x)). Since Xp(xy € X (Lemma 6.41), we have
that Ji11(Xp(x)) € Ii+1(X). Conversely, suppose that

T € It(X) - It(Xp(X))

for some r € R, x € X. By Corollary 6.39 there exist u,v € U(R) and
m > 0 such that y = (uzv)™ € e1Rey X --- X epRe,. Hence y € X. From
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Lemma 6.41 it follows that y € Xp(x). Now ru~ly € I:(Xp(x)) implies that
ru~t € Ii11(Xp(x)), hence r € I;11(Xp(x)). Similarly, from

xr € L(X) = Ii(Xp(x))

for some r € R and z € X, it is easily seen that r € I;11(Xp(x)). Therefore
Ii111(X) € L1 (Xpx))- O

Proposition 6.43 If X is a maximal Ore set of a serial ring R, P(X) is the
localizable system associated to X, and R = R/I(X), then the mapping R —
Rp(x) induced by the localization ¢: R — Rp(xy of R at P(X) is the quotient
ring of R with respect to X.

Proof. By Lemma 6.42 the localization ¢: R — Rp(x) induces an injective ring
homomorphism R/I(X) — Rp(x). This injective ring homomorphism is the
quotient ring of R = R/I(X) with respect to X as follows from two remarks:

(a) If z € X, by Corollary 6.39 there exist u,» € U(R) and m > 0 such
that y = (uzv)™ € e;Rey X -+ - X ey Re,,. Then y € X, so that from Lemma 6.41
it follows that y € Xp(x). Thus ¥ is invertible in Rp(x), and so T is invertible
in R'P(X) .

(b) Since Xp(xy € X (Lemma 6.41), every element of Rp(x) can be
written as a quotient of an element ¥ € R and an element T € X. O

Our aim is now to prove the final result of this section: that the assigne-
ment X — P(X) is a one-to-one correspondence between maximal Ore sets
and localizable systems.

Theorem 6.44 Let R be a serial ring. Then there is a one-to-one correspondence
between the set of all mazimal Ore sets X in R and the set of all localizable
systems for R given by X — P(X).

Proof. For a localizable system P, let ¢: R — Rp denote the canonical homo-
morphism of R into its localization at P (Section 6.5). Let X (P) be the inverse
image of the group of units U(Rp) of Rp via ¢. Then X (P) is a maximal Ore
set.

Let us show that the two correspondences X — P(X) and P — X(P)
are mutually inverse. Let X be a maximal Ore set. In order to see that

X =X(P(X)),

observe that X is the inverse image of the group of units U(R[X]™!) via
R — RIX]™,

and X(P(X)) is the inverse image of the group of units U(Rp(x)) via
¢: R — Rp(x).

From Proposition 6.43 we obtain that X = X (P(X)).
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Conversely, let @ = (Q1,...,Q,) be a localizable system and P(X(Q)) =
(P1,...,P,). In order to show that @ = P(X(Q)) we must prove that ; = F;
for every <.

Let 7 be an element in e;Re;. On the one hand, if r ¢ @;, then

1—e;+71r€Xg,

so that ¢(1 — e; + 7) is invertible in Rg. Hence 1 —¢; +7 € X(Q), and so
r ¢ P;. This proves that P; C @;. To prove the reverse inclusion, suppose that
r¢ P If Q; =0, then r ¢ Q;. Assume that Q; # 0. Then 1 —e; +r € X(Q),
so that ¢(1 — e; 4+ 7) is invertible in Rg. Hence p(1 — e; + r)p(a)p(b) ! =1
for some @ € R and b € Xo. Then (1 —e; +7r)a—b € kerp = I(Xg), so that
e;rae; — ezbe; € 1(Xg), ie., e;rae; — e;be; = e;ce; for some ¢ € I1(Xg). From
b e Xg we get e;be; ¢ @i, and from ¢ € I(Xg) and Lemma 6.20(c) = (a) we
obtain that e;ce; € Q;. Thus e;rae; = re;ae; ¢ Q;. Hence r ¢ @;. This shows
that Qi - R O

6.11 Goldie semiprime ideals and
maximal Ore sets

Theorem 6.44 and the results of Sections 6.7 and 6.8 say that in a serial ring
there are one-to-one correspondences between localizable systems, localizable
prime systems, semiprime Goldie ideals, finite nonempty sets of pairwise in-
comparable prime Goldie ideals, and maximal Ore sets. The one-to-one cor-
respondence from semiprime Goldie ideals to maximal Ore sets is described
directly in the following proposition.

Proposition 6.45 Let ) be a semiprime Goldie ideal of a serial ring R, let

{e1,...,en} be a complete set of orthogonal primitive idempotents of R, let
P’ = (Pj,...,P.) be the localizable prime system corresponding to Q, let P =
(e1Ple1,...,enPleys) be the corresponding localizable system, and let X be the

corresponding mazimal Ore set. Then X = C(Q).
Proof. Put J=1{i|i=1,...,n, P/ #0}. By Theorem 6.36
Q = ﬂieJ Pilv

and by Lemma 6.32 the distinct prime ideals that appear in this intersection
are pairwise incomparable, and so comaximal (Lemma 6.29). Thus R/Q is
canonically isomorphic to the direct product of the rings R modulo the distinct
Pl’s. Hence C(Q) = ;e C(P]). We shall first show that Xp C C(Q).

Put S = e;Re; X -+ X epRe,, so that Xp C S. In order to prove that
Xp C C(Q) we shall show that if z € § and = ¢ C(Q), then z ¢ Xp. Let
be an element of S\ C(Q). Then there is an index 7 € J such that = ¢ C(F}).
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Hence there exists 7 € R\ P; such that either zr € P/ or rz € P/. Suppose that
zr € P{. Then e;jre; ¢ P/ for suitable j,k = 1,...,n, but

I3
e;re;re, = e;xrey € P

As ejrer ¢ P/, there exist s,t € R such that e;sejrexte; ¢ e;P/e; (Theorem
6.28). Hence e;se rexte; ¢ P). Since P’ is a localizable prime system, ij is not
empty, that is, it is a prime ideal. From e;re, ¢ P/ we know that e; ¢ P/. Hence
P/ = P by Lemma 6.32(b). Thus e;rex ¢ P;. From Theorem 6.28 it follows
that there exists u € R such that ejrexue; ¢ Pj. As ejzejrey € Py = Pj, we
get that e;jze;reyue; € e;Ple;. But e; Pje; is a completely prime ideal, so that
ejze; € ejPle;. Thus x ¢ Xp. This proves that Xp C C(Q).

In order to prove that X C C(Q) fix an element x € X. By Corollary 6.39
there are invertible elements u,v € R and a positive integer m such that

y = (uzv)™ € S.

Then y € Xp (Lemma 6.41), so that y € C(Q). Now it is easily seen that
x € C(Q).

To prove the reverse inclusion C(Q) C X, suppose that z € C(Q). By
Corollary 6.39 there are invertible elements u,v € R and a positive integer
m such that y = (uzv)™ € S. Clearly y = (uzv)™ € C(Q). Suppose i € J.
Then y € C(P) and e; ¢ P/, so that ye; ¢ P/, that is, e;ye; ¢ e;Ple;. Also if
i ¢ J, then e;Ple; = 0, so that e;ye; ¢ e;Ple;. Hence y € Xp C X. But X is a
saturated multiplicatively closed set, and so z € X. O

6.12 Classical quotient ring of a serial ring

In this section we apply localizable systems to the study of the classical quotient
ring of a serial ring.

Lemma 6.46 Let {e1,...,e,} be a complete set of orthogonal primitive idem-
potents of a serial ring R. For everyi=1,2,...,n set

P, = (Z(RR) n €iR6i) U (Z(RR) M €iR€i).
Then P = (P1,...,P,) is a localizable system for R.

Proof. Since every e;Re; is a chain ring, it is immediate that every P; is a
proper ideal of e;Re;. In particular, all the P; are non-empty. Let a and b be
two elements of e; Re; such that ab € P;. By symmetry, we can suppose that
abl = 0 for some essential right ideal I of R. If b = 0 then b € P;. Otherwise
bl is essential in e; R, so that bI + (1 —¢;) R is an essential right ideal of R that
annihilates a. Hence ¢ € P;, and P; is a completely prime ideal in e; Re;.
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Suppose that 7,s € R and i,j = 1,...,n are such that e;se;re; € F;.
Then either e;se;re; € Z(RR) or ejse;re; € Z(rR). Suppose that e;se;re; €
Z(RR), so that ejse;re;I = 0 for an essential right ideal I. If e;re; I # 0, then
e;re; I + (1 —e;)R is an essential right ideal of R that annihilates e;re;se;, so
that e;re;jse; € P;. If e;re; I = 0, then ejre; € Z(Rp). Hence e;rejse; € Z(Rg),
i.e., e;re;se; € P;. Similarly, if e;se;re; € Z(rR), then there is an essential left
ideal I’ of R such that I'e;se;re; = 0, and this yields e;re;se; € P;. |

The localizable system defined in Lemma 6.46 is used to prove the follow-
ing theorem.

Theorem 6.47 Every serial ring has a classical two-sided quotient ring.

Proof. Put S = ejRe; x -+ X e, Re,. If P is the localizable system defined
in Lemma 6.46 and X is the maximal Ore set corresponding to P, it suffices
to show that X = C(0). Let z be an element of C(0). By Corollary 6.39 there
exist u,v € U(R) and m > 1 such that y = (uzv)™ € S. Then y € C(0), i.e., y
is regular. If I is a right ideal of R and ye;I = 0, then e;1 = 0, and thus [ is
not essential in Rg. Similarly, if I’ is a left ideal and I’e;y = 0, then I’ is not
essential in g R. This proves that ye; = e;y ¢ P, for every ¢. Thus y € Xp C X.
But X is saturated, so that x € X.

Conversely, let £ € X. There exist u,v € U(R) and m > 1 such that
y = (uzv)™ € S. Then y € Xp by Lemma 6.41, so that e;ye; ¢ Z(Rg) and
eiye; ¢ Z(rR). If 1 € R satisfles yr = 0, then for every index ¢ we have
esyr = ye;r = 0, from which e;ye;(e;r R+ (1 —e;)R) = 0. It follows that e;r =0
for every 1, hence r = 0. Similarly, 7y = 0 implies r = 0. Thus y, hence z, is
regular. a

As an application of the description of the structure of noetherian serial
rings R obtained in Chapter 5, we prove a result about the right R-module
Q/J(R), where Q is the classical (two-sided) quotient ring of R and J(R) is
the Jacobson radical of R.

Proposition 6.48 If R is a noetherian serial ring, J(R) is the Jacobson radical
of R, and Q is the classical quotient Ting of R, then Q/J(R) is an artinian
right R-module and R/J(R) is its socle.

Proof. By Theorem 5.29 we may suppose that the noetherian serial ring R
is either artinian or a hereditary ring with no simple left or right ideals. Let
{e1,...,en} be a complete set of orthogonal primitive idempotents for R, so
that {e1,...,e,} is also a complete set of orthogonal primitive idempotents for
the classical quotient ring @ of R. Then e;Q)¢ is a uniserial module for every 7, so
that e;Q g is uniserial by Corollary 6.25. If R is artinian, every cyclic R-module
is artinian, so that every uniserial R-module is artinian. Hence €;Q/e;J(R) is
an artinian R-module in this case. If R is a hereditary serial ring with no simple
left or right ideals, then e;J(R) # 0 (otherwise e; R would be a simple right
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ideal of R), so that e;Q/e;J(R) is a proper homomorphic image of a uniserial
R-module. In order to prove that e;Q/e;J(R) is artinian, it is therefore suffi-
cient to show that every proper homomorphic image of a uniserial R-module is
artinian. For this it suffices to show that every proper homomorphic image of a
cyclic uniserial R-module is artinian. Thus we are reduced to proving that every
proper homomorphic image of an e; R is artinian. We have seen in Theorem 5.28
and in the remark after the proof of Lemma 5.20 that either e; R is a uniserial
module of finite composition length or e; R is a noetherian non-artinian uni-
serial module whose lattice of its submodules is order antiisomorphic to w + 1.
Thus every proper homomorphic image of e; R has finite composition length.
This proves that every e;Q/e; J(R) is artinian. Since e;R/e;J(R) is a simple
submodule of the uniserial module e;Q/e; J(R), it follows that e;R/e; J(R) is
the socle of e;Q/e; J(R). Hence Q/J(R) = &7 ;e;Q/e;JJ(R) is an artinian R-
module and R/J(R) = ®}_e;R/e; J(R) is its socle. O

The aim of the second part of this section it to prove Warfield-Chatters’
Theorem 6.54. We split the proof into some preliminary partial results.

Theorem 6.49 If R is a ring with the a.c.c. on right annihilators, then Z(Rg)
is nilpotent.

Proof. Put Z = Z(Rg) and suppose that Z is not nilpotent. Since R is a ring
with the a.c.c. on right annihilators, there exists n > 0 such that r.ann(Z") =
r.ann(Z™t1). Now Z™+! +£ 0. Hence the set

T={tecZ|Z"t+0}

is non-empty. Let z € T be an element such that r.ann(z) is maximal in the set
{r.ann(t) |t € T'}. If z in an arbitrary element of Z, then r.ann(x) is essential
in Rg, so r.ann(z) NzR # 0. Hence there is an element r € R such that zr # 0
and zzr = 0. It follows that r.ann(zz) D r.ann(z), so zz ¢ T. Hence Z"zz = 0.
This shows that Z"*1z = 0, i.e., z € r.ann(Z"*!) = r.ann(Z™), hence Z"z = 0.
This is a contradiction because z € T'. O

Proposition 6.50 If R is a serial ring with the a.c.c. on right annihilators, then
R/N(R) is a semiprime Goldie ring.

Proof. Let {e1,...,e,} be a complete set of orthogonal primitive idempotents
of R. For every i = 1,2,...,n put P; = Z(Rg) Ne;Re;. A proof identical to
that of Lemma 6.46 shows that P = (Py,..., P,) is a localizable system for R.
Since P; C Z(Rg), P; is nilpotent by Theorem 6.49. Therefore P; is the minimal
prime ideal of e; Re;. By Theorem 6.28 the prime Goldie ideal P/ corresponding
to P, is a minimal prime ideal of R. Hence Py, ..., P/, are all the minimal prime
ideals of R, so that N(R) = P{N---N P}, and N(R) is a Goldie semiprime
ideal. |
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The following lemma is taken from [Chatters, Lemma 3.2].

Lemma 6.51 Let R be a serial ring, let {ej1,...,e,} be a complete set of ortho-
gonal primitive idempotents of R, and let K be a semiprime Goldie ideal of
R such that e; ¢ K for all i = 1,2,...,n. Then K = Kc = cK for every
ceC(K).

Proof. Fix an element ¢ € C(K). By Corollary 6.39 there exist invertible
elements u,v € R and a positive integer m such that

y = (ucv)™ € e;Rey X -+ X e, Rey,.

Then yR = e;yR® --- G e,yR and y € C(K). Now K = etn K & --- @ e, K,
and R/K 2 e1R/e1n K - - De,R/e, K is a direct sum of n non-zero uniserial
modules. Since R/K is a semiprime Goldie ring, its right ideal yR + K/K
is essential (Theorem 6.6). In particular, yR + K/K has Goldie dimension n.
But yR + K/K 2 eqyR+ e1 K/en K & - ® e yR + e, K /e, K. Hence every
e;yR + e; K/e; K is non-zero, so that ¢; K C e;yR for every i. Thus K C yR.
Then K C yK, because for every z € K there exists r € R with x = yr, so
that y € C(K) and yr € K imply r € K. Thus K = yK, and so K = ucvK,
i.e., K = cK. By symmetry, K = Kc. O

Lemma 6.52 Let R be a serial ring with the a.c.c. on right annihilators, let
{e1,...,en} be a complete set of orthogonal primitive idempotents of R, and
let K be a semiprime Goldie ideal of R such thate; ¢ K for alli=1,2,...,n.
Then r.ann(c) = 0 for every ¢ € C(K).

Proof. Fix an element ¢ € C(K). Then r.ann(c") C K for every n > 0. From
Lemma 6.51 we know that K = cK, so that the endomorphism f of the right R-
module K given by left multiplication by ¢ is surjective. Since r.ann(c") C K,
it follows that ker f* = r.ann(c") for every n > 0. But the ascending chain

r.ann(c) C r.ann(c?) C r.ann(c3) C ... is stationary. Thus ker f* = ker f*+!
for some n. Hence ker f* N f*(K) = 0 (Lemma 2.17). Therefore ker f™ = 0,
i.e., r.ann(c") = 0, from which r.ann(c) = 0. O

The next lemma is a key result.

Lemma 6.53 Fvery serial ring with the a.c.c. on right annihilators has the
a.c.c. on left annihilators.

Proof. If R is a serial ring with the a.c.c. on right annihilators, then the prime
radical N of R is nilpotent (Corollary 6.9) and R/N is a semiprime Goldie ring
(Proposition 6.50). Hence the reduced rank of any right or left R-module is
defined.

We prove that if A and B are left annihilators in a serial ring R with the
a.c.c. on right annihilators, A O B and the reduced rank py(A/B) as a left
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R-module is zero, then A = B. If a € A, then there exists ¢ € Cg(N) such that
ca € B by the left-right dual of Proposition 6.13(c). Hence car.ann(B) = 0.
From Lemma 6.52 it follows that ar.ann(B) = 0, so that

a € lann(r.ann(B)) = B.

As pn(grR) is finite (Example 6.14), we get that every strictly ascending
chain of left annihilators in R must have finite length < py{rR). O

We are now in a position to prove Warfield-Chatters’ Theorem.

Theorem 6.54 The following conditions are equivalent for a serial ring R:
(a) The classical two-sided quotient ring of R is artinian;
(b) R has the a.c.c. on right annihilators;

(¢) R has the a.c.c. on left annihilators.

Proof. Every ring contained in an artinian ring has the a.c.c. on right and left
annihilators, so that (a) implies (b) and (c¢). By Lemma 6.53 and its left-right
dual, a serial ring R has the a. c. ¢. on right annihilators if and only if it has the
a. c. ¢. on left annihilators. Hence (b) and (c) are equivalent. To conclude the
proof of the theorem it suffices to see that (b) and (c) imply (a). Thus we must
show that if a serial ring R has the a. c. ¢. on right and left annihilators, then
its classical two-sided quotient ring, which exists by Theorem 6.47, is artinian.

Put N = N(R). We shall apply Theorem 6.16. Note that R/N is a Goldie
ring (Proposition 6.50), N is nilpotent (Corollary 6.9), pn(Rg) and pn(rR)
are finite (Example 6.14), and Cr(0) D Cr(N) (Lemma 6.52 and its left-right
dual). Hence we need only prove that Cr(0) C Cr(N).

If ¢ € Cr(0), left multiplication by c is an isomorphism Rz — cRg. From
Proposition 6.13(b) it follows that pn(Rg/cRr) = 0, so that there exists an
element d € Cr(N) such that (1 + ¢R)d = 0 (Proposition 6.13(c)), that is,
d € cR. Hence d = cr for a suitable r € R. Let T denote the image in R = R/N
of any element z € R. Then ¢F is a regular element of R, hence

RN r.anng(c) = 0.

Since r.anng(F) C ranngz(er) = 0, we have that r.anng(7) = 0. Set
I = r.anng(e). From FRN I = 0 it follows that the sum I + 71 +72] + ...
is direct. As R has finite Goldie dimension, we must have 71 = 0 for some
n, so that I = 0. Thus r.anng(¢) = 0. By symmetry, Lanny(¢) = 0. Hence

c € Cr(N). 0
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By Proposition 6.50 and Lemma 6.51, if R is a serial ring with the a.c.c. on
right annihilators and ¢ € C(N(R)), then N(R) = N(R)e = cN(R). Since
Cr(0) = Cr(N(R)) (proof of Theorem 6.54), N(R) is an ideal in the clas-
sical quotient ring @ of R. But N(R) is nilpotent by Corollary 6.9. Hence
N(R) € N(Q) = J(Q) (Proposition 1.9). From Cr(0) = Cr(N(R)) it fol-
lows that Q/N(R) is the classical quotient ring of the semiprime Goldie ring
R/N(R), so that Q/N(R) is semisimple artinian by Goldie’s Theorem 6.6. Thus
its Jacobson radical J(Q/N(R)) = J(Q)/N(R) is zero. This proves that

Proposition 6.55 If Q) is the classical quotient ring of a serial ring R with the
a.c.c. on right annihilators, then J(Q) = N(R). O

Examples of (commutative) chain rings with or without the a.c.c. on
(right) annihilators are given easily. For an example of a commutative chain
ring with the a.c.c. on annihilators take any commutative valuation domain. For
an example of a commutative chain ring R without the a.c.c. on annihilators
take the trivial extension R = Z, o Z(p>) of the discrete valuation ring Z, via
the Priifer group Z(p™). Here p is a prime number, the valuation ring Z,, is the
localization of the ring of integers Z at its maximal ideal (p), and the trivial
extension Z, « Z{p™) is the direct sum Z, @ Z(p>) of the abelian groups Z,
and Z(p*>) with the multiplication defined by (a,z)(b,y) = (ab,ay + zb) for
every (a,z), (b,y) € Z, ® Z(p™).

Let us go back to the general case, that is, localizing a serial ring at an
arbitrary semiprime Goldie ideal K, i.e., with respect to C(K).

Lemma 6.56 Let R be a serial ring, let {e1,...,e,} be a complete set of ortho-
gonal primitive idempotents of R and let K be a semiprime Goldie ideal of R
such thate; ¢ K for alli=1,2,...,n. Suppose that at least one of the following
three conditions holds:

(a) R is prime;
(b) R has the a.c.c. on right annihilators;
(¢) R is nonsingular.

Then C(K) C C(0).

Proof. Suppose condition (a) holds. Then the statement is trivial for K = 0.
Assume that K # 0. Fix an element ¢ € C(K). If a € R has the property that
ca = 0 or ac = 0, then Kca = 0 or acK = 0, so that Ka = 0 or aK = 0 by
Lemma 6.51. Since R is prime and K # 0, we get that a = 0, i.e., ¢ is regular.
If condition (b) holds, the statement follows by Lemmas 6.52 and 6.53.
Suppose condition (c) holds. If (P, ..., P.) is the localizable prime system
for R associated to K, P = (e1Ples, ..., e, Pey) is the corresponding localiz-
able system and X is the maximal Ore set corresponding to K, then X = C(K)
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by Proposition 6.45. In order to prove that X C C(0) we need only show that

the ideal I{X), which is the kernel of the canonical mapping R — ﬁ[ykl],
is zero. From Lemma 6.42 we know that I(X) = I(Xp(x)). Hence it suffices
to show that if z € Xp, r € R and either xr = 0 or rz = 0, then r = 0.
By symmetry we may assume zr = 0, so that e;xe; - e;re; = e;xre; = 0 for
every 1, j. In the last paragraph of Section 6.8 we observed that e; ¢ K implies
P] # () for every %, from which 0 € e; P/e;. Hence x € Xp forces e;xe; # 0. By
Proposition 5.11 we get e;re; = 0 for every ¢ and every j. Thus r = 0. O

The last result of this chapter will be used in an induction argument when
we describe serial rings of finite Krull dimension in the next chapter.

Proposition 6.57 Let R be a serial ring, let {e1,...,e,} be a complete set of
orthogonal primitive idempotents of R and let K be a semiprime Goldie ideal
of R such that e; ¢ K for alli = 1,2,...,n. Suppose that R either has the
a.c.c. on mght annihilators or is nonsingular. Let T' be the quotient ring of R
with respect to the mazimal Ore set Cr(K), (so that R C T by Lemma 6.56).
Then T 1s a serial ring, K is its Jacobson radical, T/K is a semisimple artinian
ring and is the classical two-sided quotient ring of R/K. Moreover

(a) If R has the a.c.c. on right annihilators, then T has the a.c.c. on right
annihilators.

(b) If R is nonsingular, then T is nonsingular.

Proof. The quotient ring T is serial by Proposition 6.5(a), and K € R C T is
an ideal of T' by Lemma 6.51. If € K, then right and left multiplication by
1 —z are the identity mapping of R/ K, so that 1 —x € Cgr(K). Therefore 1 —x
is invertible in T for every x € K. Hence the ideal K of T is contained in the
Jacobson radical J(T') of T

As K C R C T, the inclusion R — T induces an injective ring homo-
morphism R/K — T/K. For every t € T there exist r,7’ € R and
¢,c € Cr(K) such that t¢ = 7 and ¢t = /. Thus (t + K)(c+ K) = (r + K)
and (¢ + K)(t + K) = (' + K), that is, every element ¢t + K of T/K can be
written in the form (r + K)(c+ K)~! and in the form (¢ + K)~1(+' + K) with
c+ K,d + K € Cr/x(0). This shows that T/K is the classical two-sided quo-
tient ring of R/ K. Since R/K is a semiprime Goldie ring, its classical quotient
ring T/ K is semisimple artinian (Theorem 6.6).

As K C J(T), the Jacobson radical of T/K is J(T)/K. But T/K is
semisimple artinian. Hence its Jacobson radical J(T")/K is zero, and so

K = J(T).

Suppose, now, that R has the a.c.c. on right annihilators. Then R has an
artinian classical quotient ring ¢). From Lemma 6.56 we know that R C T C Q.
Hence T has the a.c.c. on right annihilators.
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Finally, suppose that R is nonsingular. Since {ej,...,e,} is a complete

set of orthogonal primitive idempotents of T, it suffices by Proposition 5.11
to show that for every 4,7,k = 1,2,...,n, if t € e;Te; and t' € e;Te; are
non-zero, then ¢’ is non-zero. Let P = (Py,..., P,) be the localizable system
corresponding to K, so that T = Rp. By Lemma 6.23(b) t and ¢’ can be written
in the form t = z7'e;re; and ' = e;jr’'eyy~" for suitable r,7’ € R, z,y € Xp.
It is now clear that ¢, ¢’ non-zero implies #t’ non-zero because R is nonsingular.
O

6.13 Notes on Chapter 6

The account of the material presented in Section 6.1 is standard. For the proofs
of Proposition 6.1, Theorem 6.2, Propositions 6.3 and 6.4 and Goldie’s The-
orem 6.6 see, for instance, [Goodear] and Warfield 89, Proposition 9.4, The-
orem 9.7, Corollary 9.5, Proposition 9.8, Theorem 9.17 (a) and Proposition
9.19(b)] and [McConnell and Robson, Theorem 2.3.6]. E. Steinitz was the first
mathematician to construct the field of fractions of an arbitrary commutative
integral domain in 1910. [Ore 31,33] proved that a domain has a classical right
quotient ring that is a division ring if and only if the set of its regular (=
non-zero) elements is a right Ore set. [Malcev] gave an example of a domain
that cannot be embedded in a division ring. For the history of the existence
of quotient rings and Goldie’s Theorem see [Goodearl and Warfield 89, p. 98
and p. 162]. Levitzki proved that in a right noetherian ring each nil right
ideal is nilpotent. [Lanski] extended Levitzki’s result by proving that in a right
Goldie ring each nil subring is nilpotent (Corollary 6.9). Corollary 6.10 is due
to [Herstein and Small]. The way we have presented the results of Section 6.2,
in particular Propositions 6.7 and 6.8, is due to [Fisher 70].

The reduced rank was introduced by [Goldie 64]. Theorem 6.16 is due to
[Warfield 79, Theorem 3] and is a variant of Small’s Theorem proved in [Small]
(the necessity of the condition Cg(0) = Cr(N) was proved by [Talintyre]). The
results about localization in chain rings presented in Section 6.4 are taken from
[Bessenrodt, Brungs and Térner]. The notion of a localizable system for a serial
ring and the results in Section 6.5 are due to [Facchini and Puninski 95, 96].

Lemma 6.26 and Proposition 6.27 are generalizations of [Facchini 96,
Lemma 1.1] and [Facchini and Puninski 95, Proposition 3.6] respectively.

Theorem 6.28 is taken from [McConnell and Robson, Theorem 3.6.2]. The
study of the prime spectrum of a serial ring, in particular Lemma 6.29 and Prop-
osition 6.30, is due to [Miiller and Singh]. The remaining part of Section 6.7
and Section 6.8 is due to [Facchini and Puninski 96]. Theorem 6.37 is due to
[Drozd].

The material in Sections 6.10 and 6.11 is due to [Facchini and Puninski
96]. Previously, [Miiller 92] and [Chatters] had used localization with respect
to a semiprime Goldie ideal in a serial ring to study the structure of some
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classes of serial rings. Theorem 6.47 is due to [Gregul’ and Kirichenko], but
the proof presented here is taken essentially from [Facchini and Puninski 96].
Proposition 6.48 comes from [Camps, Facchini and Puninski, Lemma 3.2] and
Theorem 6.49 is due to Mewborn and Winton. The proof of Lemma 6.52 given
here follows a hint of [Chatters and Hajarnavis, p. 97], and Lemma 6.53 is taken
from [Chatters and Hajarnavis, p. 88].

The important Theorem 6.54 is due to Chatters ([Chatters and Hajar-
navis, Theorem 6.10]) and [Warfield 79, Theorem 5]. The proof we have given
here is a simplification of the proof presented in [Chatters and Hajarnavis,
Chapter 6]. The simplification is possible thanks to the theory of localizable
systems developed in this chapter. Proposition 6.55 is taken from [Warfield 79,
Theorem 5]. Lemma 6.56 is due to [Facchini and Puninski 96, Lemma 4.5],
and Proposition 6.57 is essentially taken from [Camps, Facchini and Puninski,
Theorem 3.1].



Chapter 7

Krull Dimension and
Serial Rings

7.1 Deviation of a poset

Let A be a poset. If a,b € A and b < q, the factor of a by b is the subposet a/b
of A defined by a/b={xz € A|b <z <a}l, that is, the interval [b,a]. Given a
countable descending chain ag > a1 > ag > ... of elements of A, the factors of
the chain are the factors a;/a;+1.

For o = —1 or an ordinal number, we define a class D, of posets recur-
sively as follows:

for a = —1 let D_; be the class of all trivial posets, that is, the posets A
in which a < b implies a = b for every a,b € A. If @ is an ordinal and the class
Dgs has been defined for every 8 < «, let D, be the class of all posets A such
that

() A¢Usca Do

(b) for every countable descending chain ag > a; > az > ... of elements of A,
there exists an index n such that the factors a;/a; 1 belong to | J p<a Pg
for every ¢ > n.

The classes D, are pairwise disjoint, that is, D,NDg = 0 whenever « # 3.
If A is a poset and A € D,, the poset A is said to have deviation o, and we
shall write dev A = «. Note that a poset A can fail to have a deviation, i.e.,
A ¢ D, for every a.

Example 7.1 A poset A has deviation 0 if and only if it is artinian and non-
trivial. |

171
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Example 7.2 Let Z be the poset of integers with the usual order. Then
devZ =1.

In fact, devZ # —1 because Z is not trivial, and devZ # 0 because Z is
not artinian. If ay > ay > as > ... is a descending chain of elements of Z, then
all the factors a;/a;;1 have finite length, so that they all have deviation < 0.
Thus devZ = 1. 0

In this section we shall review the first elementary properties of the devi-
ation of a poset.

Proposition 7.3 If A is a poset with deviation o and B is a subposet of A, then
B has deviation 8 < «.

Proof. We prove this by transfinite induction on «. The case o = —1 is trivial.
Suppose that the result is true for all v < «. Let A be a poset with devA = «
and let B C A. If bg > by > by > ... is a descending chain of elements of B,
then the factors of this chain in B are subposets of the factors of the chain in
A. The conclusion follows immediately from the induction hypothesis. O

Example 7.4 Let R be the poset of real numbers with the notural order. Then
R fails to have a deviation.

In fact, suppose that devR = « for some ordinal o and note that
devR # —1 because R is not trivial. Consider the descending chain

0>-1>-2>-3>...

in R. Since devR = « and the factors ¢/¢ + 1 are all isomorphic, they all have
the same deviation 5 < a. But R is order isomorphic to a subposet of i/i + 1,
and thus o < § by Proposition 7.3. This contradiction shows that R fails to
have a deviation. O

A poset A is noetherian if every ascending chain ag < a; < as < ... of
elements of A is stationary.

Proposition 7.5 Fuvery noetherian poset has a deviation.

Proof. 1t is sufficient to show that every noetherian poset with a greatest
element and a least element has a deviation, because it is easily seen that
every noetherian poset is a subposet of a noetherian poset with a greatest
element and a least element. Assume there exists a noetherian poset A with
a greatest element 1 and a least element 0 that fails to have a deviation. Let
B be the set of all elements a € A such that 1/a fails to have a deviation.
Since 0 € B, the set B is non-empty. Let b be a maximal element in B. Put
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a = sup{dev(l/a) | a € A, a > b}. We will show that 1/b has deviation
< a+ 1, and this contradiction will prove the proposition.
Let ap > a; > as > ... be a descending chain of elements of 1/b. If a,, = b

for some n, then a; = b for every ¢ > n. Thus dev(a;/a;11) = —1 for every
i > n. If a,, > b for every n, then dev(a;/a;+1) < dev(l/a;+1) < o for every 1.
Therefore dev(1/b) < a4+ 1. O

There is a certain freedom in constructing countable descending chains of
elements in a poset of deviation «, as the next lemma shows.

Lemma 7.6 If A is a poset of deviation a and 3 < «, then there is a chain
ag > a1 > as > ... in A such that dev(a;/a;+1) = 8 for every i.

Proof. We prove this by transfinite induction on «. The case o = 0 is trivial.
Suppose that the result is true for posets of deviation < «. Fix a poset A of
deviation o and an ordinal 3 < «. Then there exists a chainag > a1 > a2 > ...
in A such that for every index n there exists 1 > n with dev(a,/a;11) > 83,
because otherwise for every chain ag > a1 > as > ... there would exist an index
n such that dev(a,/a;+1) < 8 for every i > n, and this forces dev(4) < 8 < a,
contradiction.
Passing to a subchain we may suppose that there exists a chain

ag=>a; > az > ...

in A such that dev{a;/a;+1) > 8 for every i. Since dev(A4) = «, there exists an
index n such that 8 < dev(a;/a;+1) < « for every ¢ > n. Passing once more to
a subchain we may suppose that § < dev(a;/a;11) < « for every 1.

If dev(a;/a;11) = f for every i, we are done. Hence we may suppose that
dev(am /ams1) > B for some index m. Since 8 < dev(am/am+1) < o, we can
apply the induction hypothesis to the poset a,,/am+1, i-e., we can find a chain
having all its factors of deviation 3. (|

Let o be a non-zero ordinal, and consider its opposite poset «®P. For
instance, 1°P is the trivial poset with one element. The poset a®P is a noetherian
poset, and therefore it has a deviation dev(a®P) (Proposition 7.5). Recall that
any non-zero ordinal & can be written uniquely in the form

o= wﬁlnl + - +w5‘nt,
where n1,...,n; are non-zero finite ordinals, and Gy > -+ - > 5.

Theorem 7.7 If ny,...,n; are non-zero finite ordinals, B1 > --- > (B¢ are ordi-
nals and o = w%ny + -+ + WPy > 1, then dev(a®P) = ;.

Proof. We prove this by transfinite induction on «. If @ = n > 2 is a finite
ordinal, then o = w° - n and dev(a®P) = 0. Suppose that the theorem holds for
ordinals less than a fixed ordinal @ = wPing + - - - + wPtn;. Let

ag > ay =2 az 2 ...
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be a descending chain in o°P. Since

a:wﬁl_i_..._{_wﬂl_*_..._’_wﬁf_i_..._*_wﬁf
N——————— —_—

17 times n; times

is the sum of a finite number of ordinals of type w?, the set « is the disjoint
union of n; posets isomorphic to w?!, ny posets isomorphic to w?, ..., n, posets
isomorphic to w? . Hence there exist an index j = 1,2,...,t and a positive
integer n such that the terms a; of the chain are in one of the summands
WPi for every ¢ > mn. Each factor a;/a;41, 1 > n, is well-ordered with respect
to its opposite order. More precisely, it is order antiisomorphic to an ordinal
< wPi. By the induction hypothesis dev(a;/a;11) < 8; for every i > n, so that
dev(a®P) < B; < fi.
If 31 is a limit ordinal, then for every v < 5; one has

v = dev({(w?)°P) < dev(a®P) < S,

so that
B1 = sup v < dev(a®P) < 3.
<P
If $; is not a limit ordinal, 3; = B + 1 say, then o®P has the descending
chain a; = w”i. By the induction hypothesis the factors in this chain have
deviation . Therefore dev(a®P) > g+ 1 = ;. Hence dev(a®P) = 8. O

In the last proposition of this section we give a useful criterion to decide
whether a poset has finite deviation.

Proposition 7.8 Let A be a poset and n a finite ordinal. Then dev(A) < n if
and only if there do not exist injective order-reversing mappings w™tl — A,

Proof. We prove this by induction on n. The case n = 0 is immediate.

If there exists an injective order-reversing mapping w™t! — A, that is, if
A has a subposet order isomorphic to (w™*)°P, then either A fails to have a
deviation or A has deviation > n + 1 by Proposition 7.3 and Theorem 7.7.

Conversely, suppose that there do not exist injective order-reversing map-
pings w™t! — A. Consider a descending chain ag > a1 > a2 > ... in A.
Then there cannot be an injective order-reversing mapping w™ — a;/a;41 for
infinitely many factors a;/a;;1, otherwise there would be an injective order-
reversing mapping w™t! — A. By the induction hypothesis dev(a;/a;11) < n
for all but at most finitely many factors. Therefore dev(A4) < n.

Proposition 7.8 cannot be extended to infinite ordinals, because if « is an
infinite ordinal, the cardinality of w®*! is at least 2%°. Hence there do not exist
injective order-reversing mappings of w®*! into any countable poset A. But it
is easy to construct countable posets A, like Q or the poset D described in the
notes at the end of this chapter, that fail to have a deviation.
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7.2 Krull dimension of arbitrary modules and rings

Let £L(Mpr) denote the lattice of all submodules of the module Mg. The Krull
dimension of Mg is defined to be the deviation of L£(Mg). It is denoted
K.dim{MEg). Therefore K.dim(Mg) = dev(L{Mg)). For instance K.dim(Mg) =
—1if and only if Mg = 0, whereas K.dim(Mpg) = 0 if and only if Mg is a non-
zero artinian module.

The class K, of modules of Krull dimension « is defined as follows. The
class K_; contains all modules M = 0. If the class g of modules of Krull
dimension § has been defined for every 8 < «, then K, is defined as the class
of all modules M such that

(a) M ¢ U,B<a Kﬁ;

(b) for every countable descending chain Ay 2 A; 2 Az O ... of submodules
of M, there exists an index n such that the factors A;/A;y1 belong to
Uﬁ<a K for every i > n.

If M ¢ K, for every « one says that M fails to have Krull dimension, or
that K.dim(Mg) is not defined.

Example 7.9 If R is a commutative principal ideal domain which is not a field,
then K.dim(Rp) = 1.

Since Ry is not an artinian module, K.dim(Rg) is neither —1 nor 0.
Let Ag 2 A1 D Ay D ... be a descending chain of submodules of Rg. If
A, = 0 for some n, then K.dim(A4;/A;+1) = —1 for every i > n. If A,, # 0 for
every n, then A,/A,+1 is a cyclic artinian module for every n, and therefore
K.dim(A, /A1) < 0. Thus K.dim(Rg) = 1. O

Example 7.10 Fvery noetherian module has Krull dimension.

This follows immediately from Proposition 7.5. ]

Krull dimension behaves properly with respect to short exact sequences,
as the next proposition shows.

Proposition 7.11 If N is a submodule of a module M, then M has Krull di-
mension if and only if both N and M/N have Krull dimension. In this case

K.dim(M) = max{K.dim(N), K.dim(M/N)}.

Proof. Observe that L(N) and L(M/N) are subposets of £(M). Thus if M
has Krull dimension, then N and M/N have Krull dimension and

K.dim(M) > max{K.dim(N}, K.dim(M/N)}
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by Proposition 7.3. In order to prove the theorem, we suppose that both N
and AM/N have Krull dimension and set o = max{K.dim(N), K.dim(M/N)}.
We shall show that M has Krull dimension < « by induction on a. The case
a = —1 is trivial.
Let
AgDA DA D ..

be a descending chain of submodules of Mg. In order to show that M has Krull
dimension < a we must prove that K.dim(A4;/A;11) is strictly less than o for all
but finitely many indices i. Now 4NN D A;NN D A,NN D ... is a descending
chain of submodules of N and A4g+ N/ND A+ N/ND A+ N/ND...isa
descending chain of submodules of M /N, so that

K.dim(4; N N/A;11 N N) < K.dim(N)

for all but finitely many indices i and K.dim(A4;+N/A;+1+N) < K.dim(M/N)
for all but finitely many indices ¢. There is a natural epimorphism

Ai/Ai+1 — A; + N/Ai+1 + N,

whose kernel is (A; N (A;41 + N))/A;11. Tt is easily seen that the natural
mapping A; "N — (A; N (A1 + N))/A;4 is surjective and has 4;,1 NN as
its kernel. Therefore A; " N/A; 11 NN =2 (A; 0 (A1 + N))/A; 1. This shows
that there is an exact sequence

0— A ﬂN/Ai+1 NN — Ai/Ai+1 — A; +N/Ai+1 + N — 0.
By the induction hypothesis K.dim(4,/4;+1) is equal to
max{K.dim(A; " N/A,11 N N),K.dim(4; + N/A;11 + N)} < a

for all but finitely many indices 7. This proves that M has Krull dimension
<a. (W}

As an immediate corollary we have
Corollary 7.12 If My, M>, ..., M, are modules, then M1 ® My & --- ® M, has

Krull dimension if and only if My, Ma, ..., M, have Krull dimension, and in
this case

K.dim(M; &My ®- - & M,) = max{K.dim(M, ), K.dim(Ma), ..., K.dim(M,)}.
0

In the next proposition we give a criterion to decide whether a module
fails to have left Krull dimension.

Proposition 7.13 Fvery module with Krull dimension has finite Goldie dimen-
siomn.
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Proof. Let Mg be a module with infinite Goldie dimension. Then
M 2 @1 N;

for non-zero submodules N; and an infinite index set /. Without loss of gen-
erality we can suppose I = Q, the set of rational numbers. Define an injective
order-preserving mapping R — £L(Mg), viaz — My = ®ieq i<eNVi. If Mp has
Krull dimension, then £L(Mg) has a deviation, and therefore R has a deviation,
which contradicts Example 7.4. (]

Hence, if a module M contains a submodule N such that M /N has infinite
Goldie dimension, then M fails to have left Krull dimension (Proposition 7.11).

For any ring R, the Krull dimension of the right module Rp (if it exists) is
called the right Krull dimension of R and is denoted r.K.dim(R). Similarly, the
left Krull dimension of R is denoted LK.dim({R) and is K.dim(gR). It is clear
that every finitely generated right module M over a ring R with right Krull
dimension has Krull dimension < r.K.dim(R), and every homomorphic image
of a ring with right Krull dimension has right Krull dimension < r.K.dim(R).

Example 7.14 There exist right serial rings with right Krull dimension which
fail to have left Krull dimension.

Let R be the ring constructed in Example 3.13, where K and F are fields
and K is an extension of infinite degree of F'. We saw in Example 3.13 that R
is a right artinian, right serial ring that is not left serial, and that the Goldie
dimension of g R is infinite. Thus r.K.dim(R) = 0, but 1. K.dim(R) is not defined
by Proposition 7.13. a

We shall see in Corollary 7.30 that for every serial ring the right Krull
dimension and the left Krull dimension coincide.

7.3 Nil subrings of rings with right Krull dimension

The central aim of this section is to prove that nil subrings of a ring with right
Krull dimension are nilpotent. The proof we give makes use of the notion of
critical modules. A critical module may be viewed as the analogue of a simple
module.

Let o be an ordinal. A non-zero module M is a-critical if K.dim(M) = «
and K.dim(M/N) < « for each non-zero submodule N of M. A eritical module
is one which is a-critical for some ordinal «. For example, a module if O-critical
if and only if it is simple.

Theorem 7.15 FEvery non-zero module with Krull dimension has a critical sub-
module.
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Proof. Assume the contrary, i.e., that there exist non-zero modules with Krull
dimension and without critical submodules. Amongst all such modules choose
one, M say, of minimal possible Krull dimension. Set o = K.dim(M), so that
a > 0. Then every non-zero submodule of M has Krull dimension a and has
no critical submodules. By induction on n define a strictly descending chain of
non-zero submodules M, of M such that K.dim(M,,/M,.+1) = a for every n as
follows. Put My = M. If M,, # 0 has been defined, then K.dim(M,,) = « and
M, has no critical submodules. In particular, M, itself is not a-critical, so that
there exists a non-zero submodule M, ;1 C M,, with K.dim(M,,/M,41) = a,
and therefore this descending chain of submodules of M is strictly descending.
The existence of the chain shows that K.dim(M) > «, a contradiction. O

Next it is possible to define the analogue of the socle of a module. Let M
be an R-module with Krull dimension. Put

8 =min{ K.dim(N) | N C M, N #0}.

By Theorem 7.15 M has a (-critical submodule. The sum of all the 3-critical
submodules of M is called the critical socle of M, denoted S(M). We now have
the analogue of the Loewy series of a module (Section 2.11). Define a sequence
of submodules of M as follows:

So(M) =0,
Sat1(M)/ S, (M) = S(M/S.(M)) for every ordinal a,
Sa(M) = U,<5 Se(M) for every limit ordinal 8.

The critical socle series of M is the chain
So(M) € S1(M) C Sp(M) -+ C So(M)C....
The following result is an immediate consequence of Theorem 7.15.

Lemma 7.16 If M has Krull dimension, then M = Sy(M) for some ordinal X.
U

The proof of the main theorem of this section (Theorem 7.21) is subdivided
into a number of partial results.

Lemma 7.17 The Jacobson radical of a ring with right Krull dimension does
not contain non-zero idempotent right ideals.

Proof. Let R be a ring with right Krull dimension, let J be its Jacobson
radical, and let I = I? be a right ideal contained in J. In order to prove the
lemma we shall prove that MI = 0 for every right R-module M with Krull
dimension « by induction on «. The case o = —1 is trivial. Suppose o > 0.
Since M = Sy(M) for some ordinal A and I = I?, it is sufficient to prove
that I annihilates all §-critical modules with 3 < «. Let C be a G-critical
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module. If § < «, then CI = 0 by the induction hypothesis. Suppose that
3 =« and let D be any non-zero submodule of C'. Then K.dim(C/D) < «, so
shat (C/D)I = 0, that is, CI C D. Hence CT is contained in every non-zero
submodule of C, so that either CT is simple or CI = 0. But if CI is simple,
chen CI = CI? = (CI)I C (CI)J = 0, a contradiction. Thus CI = 0, as
desired. |

Lemma 7.18 Let R be a ring with right Krull dimension and let C be a critical
right ideal of R.

(a) If C? £ 0, then there exists ¢ € C such that r.anng(c) N C = 0.
(b) If C is nil, then C? = 0.

Proof. (a) If C? # 0, there exists ¢ € C such that cC # 0. Consider the
homomorphism ¢: C' — C given by left multiplication by ¢. If ¢ is not injective,
then ¢C is a proper homomorphic image of C, so that K.dim(cC) < K.dim(C)
because C is critical. But the Krull dimension of a non-zero submodule of a
critical module C is equal to the Krull dimension of C. Hence

K.dim(cC) = K.dim(C),

contradiction. Thus ¢ is injective, that is, r.anng(c) N C = 0.
(b) If C is nil and C? # 0, then there exists ¢ € C such that

ranng(c)NC =0

by (a), and there exists n > 0 such that ¢ # 0 and ¢! = 0. Then
¢® € raanng(c) N C = 0, contradiction. O

Corollary 7.19 FEvery semiprime ring with right Krull dimension is a right
Goldie ring.

Proof. By characterization (c¢) in Theorem 6.6 and Proposition 7.13 it suffices
to show that Z(Rg) = 0 for a semiprime ring R with right Krull dimension.
If Z(Rg) # 0, Z(Rg) contains a critical right ideal C of R (Theorem 7.15).
Since r.anng(c) is essential for every ¢ € C, C? = 0 by Lemma 7.18(a). But R
is semiprime, so that C = 0, contradiction. O

The hypothesis that the ring is semiprime is necessary in Corollary 7.19,
even if the ring is a commutative chain ring. For instance, let R be the trivial
extension Z, o< Z(p™) (page 167). Then R is a commutative chain ring without
the a.c.c. on annihilators, and from Proposition 7.8 it is easily seen that R has
Krull dimension 1.
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Proposition 7.20 Let Mg be a right module over an arbitrary ring R. Suppose
that there exist an ascending chain of submodules 0 = Ag C A; C Ay C ...
and a descending chain of submodules M = My 2 M; D My D ... such that
At N M; € A+ My for alli. Then M fails to have Krull dimension.

Proof. Put B=73:2, A; N M;, so that B C A; + M, for all i. Then A;;; N
M; € B. Hence (A;+1 N M;) + B/B is a non-zero submodule of M/B for
all 7. From A; C A;, it follows that B C Zfil A;11 N M;. We claim that
(3°2, Aiy1 N M;) /B is the direct sum of its submodules (4;.1 N M;) + B/B,
i > 1. From this we shall obtain that A/B has infinite Goldie dimension, so
that M does not have Krull dimension (Propositions 7.11 and 7.13).

In order to prove the claim it is sufficient to show that

<i(Ai+1 n Ml) + B/B) n ((A,H_Q N Mn+1) + B/B) =0

1=]1

for every n > 1, or, equivalently, that

(Z(Ai+1 n Mi) + B) n (An+2 N Mn+1) C B.

i=1

Suppose that

T c <Z(AH_1 n Mz) + B) N (An+2 N Mn+1).

= Z(Ai+1 N M;) + Z (AinM;) CApyr + Z (A; N M),
i=1 Faa— =1

so that z = y + z, where y € Ay and z € 32 (A; N M;) € B. From
x € Apya N M,y it follows that x — z € Mg + Zioin—‘,-l(Ai N M) C M1,

Thusy =2 — 2 € Apt1 N Mpy1 € B. Hence x € B, as desired. [

We are ready to prove the main result of this section.

Theorem 7.21 The prime radical N(R) of a ring R with right Krull dimension
is nilpotent.

Proof. 1f A is any ideal of R contained in N = N(R), by Zorn’s Lemma there
exists an ideal A C N such that A C A and A is maximal with respect to
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A C A. Hence it is possible to construct a chain 0 = Ao C A1 C A, C ... of
ideals of R contained in N in which A;; is maximal with respect to A? 1 CA;
for every i. Put I =2, A;.

Suppose that I™ ¢ I™"! + A; for every i,n > 1. Define a sequence of
non-negative integers to < t; < 3 < ... such that "N A,  , & I+ A,
for every n > 0 by induction in the following way. Put ¢y = 0. Assume that ¢,
has been defined for an index n. As I™ € I"T! + A, , there exists an element
Tn € I z, & 4 A, . Let t,4; denote an integer such that ¢,,1 > ¢,
and z, € Ay,,,. Then ¢, has the required property, because x,, € I"NA;, .,
and z, ¢ I"*! + A, . If we apply Proposition 7.20 to the chains of submodules
0=A,, CA, CA,C...and RR=1°2DI' DI?D ..., we see that Ry does
not have Krull dimension, contradiction.

Hence there exist indices 4, > 1 such that I™ C I™*! + A;. In particular
(I™ + A;)/A; is an idempotent ideal of the ring R/A;. From I C N it follows
that (I" + A;)/A; € N(R/A;)) € J(R/A;). By Lemma 7.17 we obtain that
I™ C A;. Let us prove by induction on j = 0,1,...,n — 1 that I>J C Aiyj-
Suppose j <n—1and I"7t! C A;4;_1. Then

(I 4 Ay CPOD 4 179 T4 A2, C gy

and "V +A;; D Ajyj,s0that I"7+A;1; = A;1; by the maximality of A;;.
Thus I"™7 C A;4;, which completes the induction. In particular, for j = n—1,
we obtain that I C Ajyn—1. Hence A;y, = Ajrn_1, that is, B = R/A;yn_1
contains no non-zero ideal whose square is zero. As A;1n-1 C N, the prime
radical of R = R/Aiyn-1 is N = N/Aiin_1. If N # 0, then N contains a
critical right ideal C' # 0 by Theorem 7.15. Since every ideal contained in the
prime radical is nil, C is nil. From Lemma 7.18(b) we obtain that C~ = 0. Then
RC is a non-zero ideal of R whose square is zero, contradiction. Thus N = 0,
that is, N = A;1,-1, and thus N is nilpotent. O

As a generalization of Theorem 7.21 we obtain
Corollary 7.22 Nil subrings of a ring with right Krull dimension are nilpotent.

Proof. Let S be a nil subring of a ring R with right Krull dimension. Then
S/S N N(R) is a nil subring of R/N(R). By Corollary 7.19 the ring R/N(R) is
right Goldie, so that S/SNN(R) is nilpotent (Corollary 6.9). By Theorem 7.21
N(R), and so SN N(R), is nilpotent. Thus S is nilpotent. O

As an application of Theorem 7.21 we obtain a characterization of the
rings with right Krull dimension that have a right artinian right quotient ring.

Theorem 7.23 Let R be a ring with right Krull dimension and let N be its
prime radical. Then R has a right artinian classical right quotient ring if and
only if Cr(0) = Cr(N).
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Proof. By Theorem 6.16 it is sufficient to show that if R has right Krull dimen-
sion, then R/N is right Goldie, N is nilpotent and px(Rpg) is finite. Now R/N
is a right Goldie ring by Corollary 7.19 and N is nilpotent by Theorem 7.21. Fi-
nally, every pn(N?/N®*1) is finite by Proposition 6.11(g) and Proposition 7.13,
so that pn(Rg) is finite. O

7.4 Transfinite powers of the Jacobson radical

The following result and its Corollary 7.25 are useful in proofs by induction on
the Krull dimension.

Proposition 7.24 (a) If Mg is a module with Krull dimension, then
K.dim(M) < sup{ K.dim(M/E) + 1| E is an essential submodule of Mg }.

(b) If R is a semiprime ring with right Krull dimension, then

r.K.dim(R) = sup{ K.dim(R/E)+1 | E is a right ideal of R essential in Rg }.

Proof. (a) Let
A DA DA D ...

be a descending chain of submodules of M. By Proposition 7.13 the module M
has finite Goldie dimension dim(M), so that there exists an index n such that
dim(A4;) = dim(A;4+1) for every ¢ > n. Let C be a submodule of M maximal
with respect to CN A, =0. Then CN A; =0 for every i > n, and C ® A; is
essential in M. Set

a =sup{ K.dim(M/FE) + 1 | E is an essential submodule of Mg }.
From Ai+1/A7; = (C S5 AH_l)/(C D Az) - M/(C & Al), it follows that
K.dim(A;11/4;) < Kdim(M/(C @ A;)) < Kdim(M/(C @ 4;)) +1 < a.

By the definition of Krull dimension we get that K.dim(M) < «.

(b) Let a denote the supremum, so that r.K.dim(R) < « by part (a).
It is sufficient to prove that r.K.dim(R) > K.dim(R/E) + 1 for every right
ideal E essential in Rpr. The ring R is right Goldie by Corollary 7.19, so that
every essential right ideal E contains a regular element ¢ (Theorem 6.6). In the
descending chain R D ¢R 2 R 2 3R 2 ..., all the quotients ¢c"R/c**'R
are isomorphic to R/cR. Hence r.K.dim(R) > K.dim(R/cR) by the definition
of Krull dimension. Therefore

r.K.dim(R) > K.dim(R/cR) + 1 > K.dim(R/E) + 1. O
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Corollary 7.25 If R is a prime ring with right Krull dimension and I is a non-
zero ideal of R, then r K.dim(R/I) < r.K.dim(R).

Proof. If K is a non-zero right ideal in the prime ring R, then
0£KICKNI.

Therefore the non-zero ideal I is essential in Rg. The conclusion follows from
Proposition 7.24(b). 0

Let I be an ideal of a ring R. The transfinite powers I, of I are defined
inductively by

I =1
Int1 =, I7 for every ordinal «,
Io =gy I for every limit ordinal a.

Theorem 7.26 If R is a ring with right Krull dimension o and J is the Jacobson
radical of R, then J, is nilpotent.

Proof. We prove the result by transfinite induction on «. If & = 0, then R is
right artinian, so that its Jacobson radical is nilpotent. Assume the result is
true for all rings with right Krull dimension < «. If R is a prime ring with right
Krull dimension «, Jacobson radical J and J, # 0, then

rKdim(R/J,)=f<a

by Corollary 7.25. By the induction hypothesis J(R/Jy)g = Ja/Ja is nilpotent,
so that Jj C J, for some n. Then J € Jq for every i > n. Thus

Ja g J5+1 g ']é

forces Jé = J, for every i > n. In particular, J2 = J,. This contradicts
Lemma 7.17. Hence J, = 0 for a prime ring with right Krull dimension a.

Now let R be an arbitrary ring with right Krull dimension «. Then we
know that for every prime ideal P of R we have J(R/P), = 0. Since

J(R)+ P/P C J(R/P),
by induction on + it is easily seen that J(R), + P/P C J(R/P), for every

ordinal . Thus J(R)}q C P. This shows that J(R), € N(R), which is nilpotent
by Theorem 7.21. 1
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We shall now apply transfinite powers of the Jacobson radical to compute
the right Krull dimension of a right serial ring. Observe that we have already
encountered the transfinite powers .J, of the Jacobson radical J = J(R) of a
serial ring R. For instance, Theorem 5.28 says that a serial ring R is noetherian
if and only if J; = 0. We shall prove that the nilpotency of J, determines the
right Krull dimension of a right serial ring (Proposition 7.29). First we need
two lemmas.

Lemma 7.27 Let R be a right serial ring, let Mg be a cyclic uniserial module
and let F be a family of ideals of R. Then M (ﬂle]—' I) =Njer MI.

Proof. Observe that e ();cz ) = (;e5 €l for any idempotent e and any family
of ideals in any ring.

Let Rp=e1R®---® e, R be a direct sum decomposition of Rg with the
e; idempotents and the e; R uniserial right ideals. Let

fRp=e1R&...enR— Mg

be an epimorphism. Then 3, f(e; R) = M, so that f(e;R) = M for some index
i. Hence Mg 2 e;R/K for a right ideal K of R contained in e;R. Set

A=1,

IeF

so that we only have to prove that M A O ();. M1, or, equivalently, that

eA+ KD ﬂ (el + K). (7.1)
IeF

If K C e;A, then K C e;I forevery I € F, so that (7.1) holds by the observation
in the first paragraph of this proof. If K O e; A, from the same observation we
get that K D e;] for some I € F, and so (7.1) holds in any case. O

Lemma 7.28 If Mg is o uniserial module over a right serial ring R and
M(Jo)™ =0 for some ordinal o and some positive integer n, then

K.dim(Mpg) < a.

Proof. We prove the result by transfinite induction on o. If &« = 0 and M J™ = 0,
then Mg is a uniserial module of finite length < n, and thus K.dim(Mpg) < 0.
Let a > 0 be an ordinal. By Proposition 7.11 we may assume MJ, = 0. Let
M =My D My D Ms D ... be a descending chain of submodules of M, and fix
an element z € M\ M. If o if a limit ordinal, then 0 = 2J, = (3, Jg by
Lemma 7.27 applied to the cyclic uniserial module xR. Hence for every i > 0
there exists 8 < a such that xJg & M,,1. Then (M;/M;+1)J3 = 0 for every
i > 1, so that K.dim(M;/M; 1) < B < a for every i > 1 in this case. If o if a not
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limit ordinal, & = g+ 1 say, then 0 = zJ,, = ﬂ;’ozl zJj by Lemma 7.27, so that
for every i > 1 there exists n > 1 such that xJ; C M. Then (Mi/MiH)Jg =
0. Hence by the induction hypothesis K.dim(M;/M;+1) < 8 < a for every i > 1
in any case. Therefore K.dim(Mp) < a. O

We are ready to prove a useful criterion to determine the right Krull
dimension of a right serial ring.

Proposition 7.29 A right serial ring has right Krull dimension o if and only if
« is the least ordinal with J, nilpotent.

Proof. We shall prove that a right serial ring has right Krull dimension < « if
and only if J, nilpotent. If R is an arbitrary ring with right Krull dimension
< a, then J, is nilpotent by Theorem 7.26. Conversely, if R is a right serial
ring and J, is nilpotent, write Rg = e R® ... e, R as a direct sum of uniserial
right ideals e; R. Then e;J% = 0 for some n > 0, so that K.dim(e;R) < a by
Lemma 7.28. Thus r. K.dim(R) < a. O

Proposition 7.29 and its left-right dual give

Corollary 7.30 A serial ring has right Krull dimension o if and only if it has
left Krull dimension «, if and only if a is the least ordinal with J, nilpotent.
O

Hence the left Krull dimension and the right Krull dimension of a serial
ring are equal. Example 7.14 shows that this is not true for right serial rings.

We conclude the section with a proposition that will be used in the sequel.

Proposition 7.31 Let {e1,...,en} be a complete set of orthogonal primitive
idempotents for o serial ring R. Then:

(a) If R is right noetherian, then e; Re; is noetherian for everyi = 1,2,...,n.

(b) If R has Krull dimension, then e;Re; has Krull dimension < K.dim(R)
foreveryi=1,2,...,n.

(¢) If e;Re; has finite Krull dimension for every i =1,2,...,n, then R has
finite Krull dimension and

K.dim(R) = max{ K.dim(e;Re;) | i = 1,2,...,n}.

Proof. Let R be a serial ring, L£(e; Re;) the linearly ordered set of right ideals
of e;Re;, and L{e;Rp) the linearly ordered set of R-submodules of e;Rp.

For every right ideal I of e;Re; let €(I) = IR be the right ideal of R
generated by I. This defines a mapping e: L(e; Re;) — L(e;Rr). We show that
this mapping ¢ is order-preserving and injective. Fix two right ideals I C J
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of ejRe;. Then IR C JR, otherwise IR O JR implies [ = [Re; D JRe; = J,
contradiction.

Therefore, if R is right noetherian, then L(e; Ry} has the a.c.c., so that
L{e;Re;) has the a.c.c., that is, e; Re; is right noetherian. By Proposition 5.3(b)
the ring e; Re; is left noetherian also, and this proves (a). Similarly, if R has
Krull dimension, then e;Rg has Krull dimension, so that the deviation of
L(e;Re;) exists and is less than or equal to the deviation of £(e; Rg) by Prop-
osition 7.3. Hence r.K.dim(e; Re;) < K.dim(e; Rg) for every index i. This shows
that (b) holds.

In view of (b), in order to prove (c) it is sufficient to show that if all the
rings e; Re; have finite Krull dimension < & for a non-negative integer k, then
Rp has finite Krull dimension < k. Suppose the contrary, i.e., assuue that
K.dim(R) is not defined or K.dim(R) > k. Then there is an index j for which
the deviation of the linearly ordered set L(e;Rg) of all the R-submodules of
ejRg is not defined or is > k. By Proposition 7.8 there is a strictly descending
chain of submodules of e; Rp indexed in w**1, that is, there is a family of R-
submodules I,,, o < w**1, of e;Rp such that I, D I3 for every a < 3 < wk*1,
For every a < w**! let e;To be an element of I, \ In4+1. Then the chain e;7, R,
a < wktl s a strictly descending chain of submodules of e;R. Now for every
o there is an index i(a) = 1,2, ..., n such that e;ro R = €;r4€;(4)R. Passing to
a subchain we may assume without loss of generality that there exists an index
i such that r, = rqe; for every a < w®+1. From e;roe; R 2 e;rqe; R we obtain
that for every a < w*t! there exists s, € R such that

€iTa€i = €5T0€;5a€;-

Then the right ideals e;s,e;Re; of e;Re;, a < w*+1, form a strictly descending
chain, because if o < 8 < w**! and e;sqe;Re; C e;sge; Re;, then

ejraeiR Q ejrgeisaeiReiR - ejroeiSQeiReiR g ejrgeiR,

contradiction. By Proposition 7.8 the deviation of the linearly ordered set
L{e;Re;) of all the right ideals of e;Re;, if it exists, is greater than k, that
is, K.dim(e; Re;) > k. O

Note that the hypothesis “R is serial” is essential in Proposition 7.31(c).
In order to see this consider the case of the ring

kv
(5 k)

where k is a field and V is an infinite dimensional vector space over k.

Corollary 7.32 Every serial, right noetherian ring has (right and left) Krull
dimension at most one.
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Proof. If R is such a ring, then e;Re; is a noetherian chain ring for every
i=1,2,...,n (Proposition 7.31(a)). By Proposition 5.3(b) and Corollary 7.30
all the rings e; Re; have Krull dimension at most one. Proposition 7.31(c) allows
us to conclude the proof. O

7.5 Structure of serial rings of finite Krull dimension

The aim of this section is to describe serial rings of finite Krull dimension. As
usual, the case of chain rings is simpler, so we begin with chain rings.

A right chain ring R is discrete if P # P? for every completely prime ideal
P # 0 of R [Brungs|.

Lemma 7.33 In a discrete right chain ring all prime ideals are completely
prime.

Proof. Let R be a discrete right chain ring and let P be a prime ideal that
is not completely prime. Let Q denote the intersection of all the completely
prime ideals containing P. Then @ is a completely prime ideal, so that @
contains P properly. Thus @™ O P for all integers n > 0. In particular, @ is
not nilpotent, so that ()~ ; Q" is completely prime by Proposition 5.2(d). This
is a contradiction because Q@ D (oo, Q" 2 P. 0O

The reason why we have introduced discrete right chain rings is that every
right chain ring with right Krull dimension is discrete (Lemma 7.17).

We are mainly interested in chain and serial rings with Krull dimension
and the a.c.c. on right annihilators, because these rings appears naturally in the
study of endomorphism rings of artinian modules, as we shall see in Chapter 10.

Lemma 7.34 Let R be a discrete chain ring with the a.c.c. on right annihilators
and with only a finite number Py C Py C --- C P, of prime ideals. Let k =
1,2,...,n be a fized index and let Rp, be the localization of R at Pr. Then
Rp, is a discrete chain ring with the a.c.c. on right annihilators, and its prime
ideals are Pp C P, C --- C Py.

Proof. The ring R has a classical two-sided quotient ring @ (Theorem 6.47),
which is an artinian chain ring (Theorem 6.54), and J(Q) = N(R) = P, (Prop-
osition 6.55). Hence all the elements in R\ Py are regular, because if r € R\ Py,
then r € @\ J(Q) = U(Q).

Since Py is a completely prime ideal in R and all the elements of R\ Py
are regular, we may suppose R C Rp, C . In particular, Rp, has the a.c.c. on
right annihilators.

If z € P, forsome i < k and s € R\ Py, then s™tz,257! € P, (Lemma 7.33
and Proposition 5.2(e)), so that Py, Py, ..., Py are ideals of Rp, and Py is the
maximal ideal of Rp, . In particular, every proper ideal of Rp, is contained in P,
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and thus every proper ideal of Rp, is an ideal of R. By Proposition 6.4(b) the
ideals Py, Pi,..., Py of Rp, are prime. If i = 1,2,...,k, then P, is a completely
prime ideal of R by Lemma 7.33, so that P; # P?. By Lemma 5.1 there is no
prime ideal of R properly between P; and (-, P!, and (=, P! is a completely
prime ideal of R by Proposition 5.2(d). Hence (2, Pf = P,_;. By Lemma 5.1
there is no prime ideal of Rp, properly between P; and (o, Pf = P,_1. Thus
By C P, C--- C Py are all the prime ideals of Rp,. In particular, the chain
ring Rp, is discrete. O

The next theorem characterizes the chain rings of finite Krull dimension
with the a.c.c. on right annihilators.

Theorem 7.35 Let R be a chain ring with the a.c.c. on right annihilators and
let n > 0 be an integer. The following conditions are equivalent:

(a) The chain ring R has Krull dimension n.
(b) The chain ring R is discrete and has exactly n + 1 prime ideals;

(¢) The chain ring R has exactly n + 1 completely prime ideals
PhbchPC---CP,

and the localizations (R/P;_1)p,/p,_
TINgSs.

ot = 1,2,...,n, are noetherian

Proof. (a) = (b). Let R be a chain ring of Krull dimension n. Consider the
transfinite powers Jo 2 J; 2 --- 2 J, of the Jacobson radical J of R. By
Corollary 7.30 the ideal J,, is nilpotent and Jy, Ji, ..., J,—1 are not nilpotent,
so that in particular Jo > J; D --- D J,. By Proposition 5.2(d) the ideals
Ji,...,Jn are completely prime, and by Lemma 5.1 there is no prime ideal
properly between J; and J;,q for every i =0,1,...,n — 1. It is now clear that
R is a discrete chain ring and Jy D J; D -+ D J, are all its prime ideals.

(b) = (c). Let R be a discrete chain ring with exactly n + 1 prime ideals
PyC P C---CPF, Fixanindex i = 1,2,...,n. Then R/P;_; is a discrete
chain ring and 0 = P,_;/P,_1 C P,;/P,_1 C --- C P,/P, 1 are all its prime
ideals. Note that R/P;_; is an integral domain by Lemma 7.33. By Lemma 7.34
(R/P;_1)p,/p,_, is a discrete chain ring with exactly two prime ideals, its Jacob-
son radical and 0. If J is the Jacobson radical of a discrete chain ring whose
only prime ideals are J and 0, then (,o; J* = 0 by Proposition 5.2(d). Hence
the ring is noetherian by Proposition 5.3(b).

(c) = (a). Let R be a ring for which (c) holds. For i = 1,2,...,n the
Jacobson radical of the ring (R/P;-1)p,/p,_, is P;/P; 1. Since (R/P;_1)p,/p, ,
is noetherian, from Proposition 5.3(b) it follows that (., (F;/P;—1)™ = 0, so
that ﬂflozl P C P;_y. But P* D P,_; for every n because P;_1 is prime. Hence
ﬂzozl P = Pi_;. It follows that the transfinite powers of the Jacobson radical
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J of R are J; = P,,_; for every t =0, 1,...,n. In particular J; is not nilpotent
for every t=0,1,...,n— 1.
The ring R has an artinian classical two-sided quotient ring @ and

(Theorems 6.47 and 6.54 and Proposition 6.55). Hence J, = Py = J(Q) is
nilpotent. Thus R has Krull dimension n by Corollary 7.30. |

Note that chain rings of finite Krull dimension do not necessarily have the
a.c.c. on right annihilators. For instance, the trivial extension R = Z, x Z(p>)
of the discrete valuation ring Z, via the Priifer group Z(p™) (p. 167) is a
commutative chain ring of Krull dimension 1 without the a.c.c. on annihilators.

We now turn to consider serial rings.

Lemma 7.36 If R is a serial ring, N = N(R) is its prime radical, J is the
Jacobson radical of R, J1 = (=, J™ and K is the ideal of R containing Ji
such that N(R/J1) = K/J1, then:

(a) K is the least semiprime ideal of R contained in J such that R/K is
noetherian.

(b) K contains no non-zero idempotent of R.
(¢) If N is nilpotent, then N C K.

Proof. By Theorem 5.28 the ring R/.J; is noetherian, so that RB/K is obviously
a semiprime noetherian serial ring. From

K/J1=N(R/J1) CJ(R/J1)=J/]

it follows that K C J. In particular, K contains no non-zero idempotent.
If I is an arbitrary semiprime ideal of R such that I C J and R/I is
noetherian, then J(R/I) = J/I, so that

Jy+1/IC ﬁ(ﬁ + /I = ﬁ J(R/T)" =0

n=1

(Theorem 5.28). Hence J; C I. In particular, (R/J1)/(I/J1) = R/I is semi-
prime, so that I/J; is a semiprime ideal of R/J;. Thus

K/Ji=N(R/J\) €1/,

from which K C I. Finally, if N is nilpotent, then N + J;/J; is a nilpotent
ideal of R/Ji, and thus N + J;/Ji C N(R/J1) = K/J1, from which N C K.
]
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If R is a serial ring, the ideal K defined in the previous lemma will be
called the derived ideal of R. Since R/K is a noetherian ring, the derived ideal
K of R is a semiprime Goldie ideal of R.

Now let R be a serial ring, {e1,...,e,} a complete set of orthogonal
primitive idempotents of R and K the derived ideal of R. Suppose that R
either has the a.c.c. on right annihilators or is nonsingular. The maximal Ore
set corresponding to K is C(K) (Proposition 6.45). By Lemima 6.56 the elements
of C(K) are regular elements of R. Hence if T is the quotient ring of R with
respect to Cr(K), we may suppose R C T. Then T is a serial ring, K is its
Jacobson radical, T/K is a semisimple artinian ring, and T/ K is the classical
two-sided quotient ring of R/K (Proposition 6.57). Moreover 7" either has the
a.c.c. on right annihilators or is nonsingular.

Theorem 7.37 Let R be a serial ring of finite Krull dimension m. Suppose that
R has the a.c.c. on right annihilators (or is nonsingular). Let K be the derived
ideal of R and T D R the quotient ring of R with respect to Cr(K). Then:

(a) If m =0, then T = R.

(b) If m > 0, then T is a serial ring of finite Krull dimension m —1 that has
the a.c.c. on right annihilators (is nonsingular, respectively).

Proof. Let J be the Jacobson radical of R, so that K/Jp is the prime radical
of the noetherian ring R/J;.
If m = 0, the ring R is artinian, so that K = N(R) = J. Thus

Cr(K) C Cr(0) =U(R).
Hence T = R. If m = 1, then Jj is nilpotent (Corollary 7.30). Since
N(R/Jy)=K/J;

is the prime radical of the Noetherian ring R/J;, K/J; is nilpotent, so that K
is nilpotent. But K is the Jacobson radical of the serial ring T, so that T is
artinian, that is, r. K.dim(7) = 0.

Suppose that m > 2. Since T is a serial ring, in order to show that
r.K.dim(T) = m — 1 it suffices to compute the transfinite powers K; of its
Jacobson radical K, and show that K,,—; is nilpotent, but K,,_s is not nilpot-
ent (Corollary 7.30). As K/J; is the prime radical of the noetherian ring R/.Jy
and the prime radical of a noetherian ring is nilpotent, there exists a positive
integer ¢ such that K* C J;. Thus K 2 J; 2 K*. Taking the intersections of
the n-th powers of this inclusion one sees that K1 D Jy O K. Hence Ky = J.
Thus K; = J;41 for every i > 1. From Corollary 7.30 it follows immediately
that r K.dim(T) = r K.dim(R) — 1. O
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Theorem 7.37 tells us that every serial ring of finite Krull dimension m
which has the a.c.c. on right annihilators (or is nonsingular), can be obtained
inductively in m steps from an artinian serial ring and m noetherian serial
rings. The construction is the following. Let R be such a serial ring of finite
Krull dimension m. If m = 0, then R is artinian. Suppose that m > 1. For every
1=0,1,...,m define a serial ring T; of Krull dimension m — i in the following
way. Put Ty = R. Assume T; has been defined. If K; denotes the derived ideal
of T;, then T; has a quotient ring T;.1 with respect to Cr,(Kj;), and T;41 is a
serial ring of Krull dimension m — ¢ — 1. From Proposition 6.57 we know that
R=TyCTH C- - C Ty, K, is the Jacobson radical of T}y, the T;,/K; are
semisimple artinian rings, and every T;.1 /K is the classical two-sided quotient
ring of T;/K;. Hence each T; is the inverse image via the canonical projection
Tiy1 — Ti+1/K; of the noetherian serial subring T;/K; of Tjy1/K;. Thus T;
is obtained from the serial ring 7;,, and the noetherian serial ring 73/ K;. By
induction we find that R can be constructed in m steps from the artinian serial
ring T}, and the m noetherian serial rings To/ Ko, T1/K1,..., Ton-1/Km_1.

7.6 Notes on Chapter 7

The Krull dimension for objects of an abelian category was introduced by
[Gabriel] using localizing subcategories. The definition we have given here is
due to [Rentschler and Gabriel] (for finite ordinals) and [Krause] (for arbitrary
ordinals). The fundamental references on Krull dimension are [Lemonnier 72a]
and [Gordon and Robson 73a]. We have often followed Gordon and Robson’s
Memoir [Gordon and Robson 73a] and the book [McConnell and Robson| in
the first three sections of this chapter. The deviation of an arbitrary poset A,
that is, the “Krull dimension” of A, was introduced by [Lemonnier 72a).

Let D be the set of all rational numbers between 0 and 1 that can be
written as a fraction whose denominator is a power of 2, that is,

D = {m/2" | m,n nonnegative integers, 0 < m/2" <1}.

The set D, with the order induced from the usual order of Q, is a linearly
ordered set. [Lemonnier 72a] proved that a poset A fails to have a deviation if
and only if A contains a poset order isomorphic to D.

Example 7.10 is due to [Gabriel]. Proposition 7.11 is a result of [Rentschler
and Gabriel], and Proposition 7.13 is due to [Krause].

Critical modules were introduced by [Hart], who called them restricted
modules. Lemma 7.17 is taken from [Krause and Lenagan, Lemma 7]. Corol-
lary 7.19 appears in [Lemonnier 72b] and in [Gordon and Robson 73b], and
Proposition 7.20, a variant of Proposition 4.5 in [Gordon and Robson 73a, is
due to Lenagan ([Lenagan 77, Proposition 1] and [Lenagan 80, Lemmal). For
the proof of Theorem 7.21, due to [Gordon and Robson 73a, Lemma 5.6] and
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[Lenagan 73], we have essentially followed the nice proof given in [Lenagan 77].
Theorem 7.23 is taken from [Lenagan 77, Theorem 8.

Proposition 7.24(a) and Theorem 7.26 are due to [Krause] and [Krause and
Lenagan, Theorem 8], respectively. The results from Lemma 7.27 to Proposi-
tion 7.29 are due to [Miiller and Singh]. Corollary 7.30 appears in [Wright 89].
For its proof we have followed [Miiller and Singh]. Proposition 7.31 is proved
in [Facchini and Puninski 95, Lemma 5.5].

The description of serial rings of finite Krull dimension given in Section 7.5
is due to [Camps, Facchini and Puninski].



Chapter 8

Krull-Schmidt Fails for
Finitely Generated Modules
and Artinian Modules

In this chapter we show that the Krull-Schmidt Theorem fails for finitely gen-
erated modules even if the base ring is a commutative noetherian ring, and
that it can fail for artinian modules over non-commutative rings. In Chapter 9
(Example 9.21) we shall show that it fails for finitely presented modules over
serial rings. Recall that in Section 2.12 we saw that Krull-Schmidt holds for
artinian modules over rings which are either right noetherian or commutative.

8.1 Krull-Schmidt fails for finitely generated modules

Now we present a class of examples discovered by [Levy]. The examples show
that there exist commutative noetherian rings S and finitely generated S-
modules for which the Krull-Schmidt Theorem, the cancellation property and
the n-th root property do not hold. Throughout the section m is an integer
greater than one and R denotes a commutative principal ideal domain with at
least 2(m — 1) maximal ideals.

Let G be the following graph with m vertices 1,2,...,m and 2(m — 1)
edges P, P_1, P2, P_a,..., P11, P_(m_1):

1 P 2 Py o3 m—1Pp_q1 m
. . . . ° .

Py P_s P_(m-1y

In the graph G each pair of consecutive vertices is joined by two edges.
The edges are labeled by a sequence Py, P_1, P, P_2,..., Pp1, P_(jm-1) of

193
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distinct maximal ideals of R. Let p; be a generator of P; for every ¢ =1,2,...,
m-2m-1,-1,-2,...,—(m—2),—(m —1).

S={(r1,....,rm) € R™" | r; =r;x1mod p;p_; for every i = 1,2,...,m —1}.

Note that for every r,7/ € R, r = v’ (mod p;p—;) if and only if r = 7/
(modp;) and r = ¢ (mod p_;). The set S is a subring of the ring direct
product R™ of m copies of R. Since R is noetherian, the ring S is a module-
finite R-algebra. In particular, S is a noetherian commutative ring.

Nowput S = R/Py x -+ X R/Pp_1 x R/P_1 x --- X R/P_(;_1), s0 that
S is the direct product of 2(m — 1) fields. Elements of S will be written as
boldface letters w. If w is an element of S, coordinates of w will be denoted by
W;, so that w = (W7, ..., Wym_1,W_1,--.,W_(m_1)) With W; € R/P; for every
i=1,....m—1,—1,...,—(m—1).

For each w € S let graph(w) denote the graph obtained from G by deleting
the edge P; for every i such that w; = 0 in R/P;. For example, graph(0) is the
graph with m vertices and zero edges, and graph(1) = G.

Next, for every element w = (W1, ..., Wm—1,W_1,- .., W_(m_1)) of S define
an R-submodule M(w) of R™ as follows:

M(W) = {($1,...,$m) € R™ | TiW; = Tiy1 in R/Pz
for every i = 1,2,...,m — 1 such that w; # 0, and Z;w—; = Ty,
in R/P_; for every i =1,2,...,m — 1 such that w_; #0}.

Thus the definition of M (w) consists of one identity for each edge in graph(w).
Note that M(w) is clearly an R-submodule of R™. For example, M(0) = R™
and M(1) = S. The next two lemmas describe the modules M(w), w € S.

Lemma 8.1 Put I=PiN--- NPy 1NP_10--NP_¢,_1y. Then

I®--®IC Mw)
Y

m times

for every w € S. In particular, M(w) is a torsion-free R-module of torsion-free
rank m.

Proof. Tw; = Ti1 = 0in R/P; and T;0~; = Z;71 = 0 in R/ P_; for every
Tly.- Ty € 1. O

Lemma 8.2 For every w € S the canonical projections
i M(w)— R, i=1,2,...,m,

are surjective.
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Proof. Fix anindex ¢ =1,2,...,m. We must prove that given any z; € R, there
exist 1, ..., Li_1,Tit1, -, Tm € R such that (z1,..., Tm) € M(w). By induc-
tion it is sufficient to prove that given any z; € R, there exist z;_1,2;41 €
R such that T;w; = ¥;;1 in R/P; if w; # 0, Tiw—; = Zyy1 in R/P_; if

w#l7§0xllwzl—LmR/Plllfw,l;éOandm—rl
in R/P_¢_yy if w—;_1y # 0. This follows immediately from the Chinese Re-
mainder Theorem. O

Note that if w,v € S, then M(w), M(v) C R™, so that from now on by
the product of an element of M(w) and an element of M(v) we mean their
product in R™.

Lemma 8.3 Ifw,v €8, then M(w) - M(v) C M(wv).

Proof. U (z1,...,2,m) € M(W), (¥1,...,Ym) € M(v)andi=1,2,..., m—1
is an index such that w;u; # 0 in R/P;, then w; # 0 and 7; # 0, so that
TiWi = Tj+1 and m = Yi+1- Hence TiYiWivV; = Li41Yi+1- a

For v = 1 we see that M(w)S C M(w), i.e., M(w) is an S-submodule
of R™. Since R is principal ideal domain, M(w) is a finitely generated free
R-module. Hence it is a noetherian S-module a fortiori. Note that M(w) is
not necessarily indecomposable. For instance, M(0) = R™ is a direct sum of
m non-zero modules as an R™-module, and so a fortiori as an S-module.

If e € S is idempotent, Lemma, 8.3 tells us that M(e) - M(e) C M(e), so
that M (e) is an S-subalgebra of R™.

Lemma 8.4 If w,v € S, then for every S-homomorphism f: M(w) — M(v)
there exists a unique y € R™ such that f(z) = yz for every x € M(w).

Proof. Let Q be the field of fractions of R, that is, its classical quotient ring.
Then M(w),M(v) € R™ C Q™ are torsion-free R-modules of rank m by
Lemma 8.1. Hence f, which is an R-homomorphism a fortiori, extends uniquely
to a @Q-linear mapping @7 — Q™. Thus there exists a unique m X m matrix
A with entries in @ such that f(z) = zA for every z € M(w). Hence it is
sufficient to show that the matrix A is diagonal and that its entries are in R.
Fix anindex i = 1,2, ..., m. By Lemma 8.2 there exists an element X; € M(w)
whose i-th coordinate is equal to 1. By Lemma 8.1 there is an element s; € S
whose components are all zero except for the i-th coordinate. Then s;X; is an
element of M(w) for every i =1,2,...,m and A is the matrix associated to f
with respect to the basis s1 X1, ..., 85, Xm of @™. In order to prove that A is a
diagonal matrix with entries in R it suffices to show that f(s;X;) € Rs; X for
every i. But f(s;X;) € f(s;M(w)) C s;R™ = Rs; X;. O

By Lemma 8.4 the R-module Homg(M(w), M(v)) is isomorphic to a
submodule of R™. Hence Homg(M(w), M(v)) is a finitely generated free R-
module.
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Theorem 8.5 For every w € S, if graph(w) has t connected components, then
M(w) is the direct sum of t indecomposable S-modules.

Proof. By Lemma 8.4 the endomorphism ring of M(w) is canonically iso-
morphic to the subring F of R™ whose elements are the y € R™ such that
yM(w) C M(w). Let y = (y1,...,ym) be an idempotent element of F, so that
y; is equal to 0 or 1 for every 7. Let i,72+ 1 be two arbitrary consecutive vertices
of graph(w) that are connected by an edge. By Lemma 8.2 there is an element
z = (Z1,...,Zm) € M(w) such that z; = 1. Then

yr = (ylmh e 7ym$m) S M(W)

Since the vertices ¢ and i + 1 of graph(w) are connected by an edge, we know
that either w; # 0 in R/P; or w—; # 0 in R/P_;. Suppose that w; # 0 in R/P;.
From z € M(w) we obtain that T;w; = T;11, and from yzr € M(w) we know
that YTy Wi = Yip1Ti41- Hence in R/Pl we have w; = Ti4+1 and YiW; = Yi+1W;,
so that 7; = 7i71- But y;, ¥;4+1 are equal to 0 or 1. Hence y; = y;+1  (mod P;)
forces y; = yi+1. Similarly for w—; # 0 in R/P_;. This shows that if 7,7 + 1
are two arbitrary consecutive vertices of graph(w) that are connected by an
edge, then y; = y;41. Therefore the value of y; is constant on the connected
components of graph(w).

This shows that if graph(w) has ¢ connected components, then E has at
most 2¢ idempotents. In order to conclude the proof it is sufficient to prove
that if C is a connected component of graph(w) and y = (y1,...,¥m) € R™
is the idempotent element such that y; = 1 for every vertex i € C and y; = 0
for every i ¢ C, then y € E. Hence we must show that yz € M(w) for every
z = (#1,...,2m) € M(w). This is immediately verified from the definition
of M(w). O

Let us go back to the homomorphisms between the two S-modules M (w),
M (v). We are now interested in the case where w,v € S are idempotents.

Lemma 8.6 Lete,f be idempotent elements of S andr € R. Suppose thatr € P;
for every indexi=1,2,...,m—1,-1,-2,...,—(m—1) such that P; is an edge
in graph(f) and P; is not an edge in graph(e). Then multiplication by r is an
S-homomorphism M(e) — M(f).

Proof. 1t is sufficient to show that rM (e) C M (f), and this follows immediately
from the definitions of M(e) and M(f). O

In the proof of the next corollary, a homomorphism M (w) — M(v) given

by multiplication by an element of » € R will be denoted with the same sym-
bol 7.

Corollary 8.7 If e is any idempotent element in S, the S-modules
Me)®M(1—-e) and S& M(0)

are tsomorphic.
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Proof. We have that e = (&1,...,&n.1, El’f,...,é'__(":j) with e; = O or 1
foreveryi=1,2,...,m—1,-1,-2,...,—(m — 1). Let C be the set of all the
indices 7 such that e; = 1 and C’ be the set of all the indices ¢ such that e; = 0.
By the Chinese Remainder Theorem there exists a non-zero element ¢ € R such
that c=e; (mod P;)foreveryi=1,2,...,m—1,-1,—-2,...,—~(m—1). Then
c € P, forevery i € C’ and ¢ ¢ P, for every i € C. Since ¢ # 0, there are only a
finite number of distinct maximal ideals of R containing ¢, say P; (i € C’) and
Q; (j =1,...,t). By the Chinese Remainder Theorem there exists ¢’ € R such
that ¢ =1—¢; (mod P;) foreveryi=1,2,...,m—1,-1,-2,...,~(m —1)
and ¢ = (mod Q) for every j = 1,...,t. Then ¢’ does not belong to any
maximal ideal containing ¢. Hence there exist d, d’ € R such that d¢’ ~d'c¢ = 1.
Note that S = M(1), M(0) = R™, graph(1l) = G and graph(0) is the
graph with m vertices and no edges. By Lemma 8.6 multiplication by ¢ is a
homomorphism ¢: M(e) — M(1), because if P; is not an edge of graph(e),
then e; = 0, so that ¢ = 0 (mod P;), that is, ¢ € P;. Similar elementary
verifications show that
" M(1—e)— M(1),
(e) — M(0),
M1 —e)— M(0),
: M(0) — M(e),

&

~

M
;M(l) — M(1-e),
d':M(1) — M(e),

eM(0)— M1 -—e)

are S-module homomorphisms (as we have already said, an element of R and
multiplication by that element are denoted with the same symbol). It is imme-
diately verified that the composite of the two homomorphisms

( c >M(e)@M(1_e)—)M(1)®M(O)

d d
and
—-d
( d _c):M(l)@M(O)—»M(e)@M(l—e)
are identities. Thus M(e) ® M (1 —e) = M(1) @ M(0). O

We are ready to give our first example. It shows the non-uniqueness of
the number of indecomposable summands for finitely generated modules over
commutative noetherian rings.

Example 8.8 Let m > 2 be an integer and let R be a commutative principal
ideal domain with at least 2(m — 1) mozimal ideals. Then there exist a com-
mutative module-finite R-algebra S and a finitely generated S-module M that
is the direct sum of 2 indecomposable S-modules, and also the direct sum of 3
indecomposable S-modules, and ..., and also the direct sum of m+ 1 indecom-
posable S-modules.
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Proof. Let S be the ring constructed in this section and M = S & M(0). For
every 1 =0,1,...,m —1 put
e;=(1,1,...,1,0,....0) €S
———— ——

m—141 m—1—1i

=R/Pi XX R/Pp_1 X R/P_1 X - X R/P_(y, ).

Then graph(e) is connected and graph(1 — e) is the union of a connected com-
ponent and i isolated vertices. Hence graph(1 — e) has i + 1 connected compo-
nents. By Theorem 8.5 the S-module M (e) is indecomposable and M(1 — e)
is the direct sum of i+ 1 indecomposable modules, so that M(e) ® M(1 — e) is
the direct sum of ¢ + 2 indecomposable modules. The conclusion follows from
Corollary 8.7. [

Note that the endomorphism ring End(Mg) of the module M in Example
8.8 is a module-finite R-algebra. More precisely, it is a finitely generated free
R-module.

Lemma 8.9 Let e, f € S be idempotent elements. Then the S-modules M(e)
and M(f) are isomorphic if and only if e = f.

Proof. We must prove that if e # f, then M(e) and M(f) are not isomor-
phic. Suppose the contrary, and let e,f be idempotents such that & # j’; for
some index j = 1,2,...,m—1,-1,-2,...,—(m — 1) and M(e) = M(f). By
symmetry we may assume that & = 0 and f; = 1. Let g: M(e) — M(f) be
an isomorphism. By Lemma 8.4 the mapping g and its inverse mapping ¢!
are given by multiplication by elements of R™. Hence there exist invertible el-
ements ug, ..., Un € R such that g(z) = (u1,...,un)z for every z € M(e). By
the Chinese Remainder Theorem there exists ¢ € R such that c =0 (mod F;)
andc=1 (mod P-;). Since M(e) = {(z1,...,2m) € R™ | T; =T;41 in R/P;

for every i = 1,2,...,m — 1 with & = 1 and T; = Z;77 in R/P_; for every
i=1,2,...,m—1 with & = 1}, it is immediately seen that
y=(1,...,1,¢,...,c) € M(e).
—— ——
71 m—{jl|

Thus g(y) = (w1, U], U(+1C - - -, ume) € M(f). In particular, we have
Uj;| = Ug3i¢ in R/P;. But ¢ = 0 (mod P;), so that ujjj = 0 in R/P;, a
contradiction. |

We now show that there exists a commutative noetherian ring S5 with
four indecomposable finitely generated modules M, M3, M3, M, such that
M @ My =2 Ms @ My and M; 2 M; for every i # j, 4,7 =1,2,3,4

Example 8.10 Let R be a commutative principal ideal domain with at least four
mazimal ideals. Then there exists a module-finite commutative R-algebra S and
indecomposable, pairwise nonisomorphic, finitely generated S-modules My, Mo,
Ms, My such that My & My = M3 & M,y.
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Proof. Let S be the module-finite commutative R-algebra constructed in this
section for m = 3. Let e;,es,e3,€4 € S = R/Py Xx R/P» x R/P_; x R/P_s

be the following idempotents: e; = (1,1,0,0), e2 = (0,0,1,1), e3 = (1,0,0,1),
ey = (0,1,1,0). Put M; = M(e;) for i = 1,2,3,4. By Corollary 8.7 both
My @ My and Mz & M, are isomorphic to S @ M(0). The modules M; are
indecomposable because the graphs graph(e;) are connected (Theorem 8.5)
and they are pairwise nonisomorphic by Lemma 8.9. O

Observe that the endomorphism ring Endg(My & My) = Endg(Msz @ My)
in Example 8.10 is a finitely generated free R-module.

Lemma 8.11 If w,v € S and every coordinate of w is non-zero, then
Mw)e M(v) and S& M(wv)
are isomorphic S-modules.
Proof. Forevery:1=1,2,....m—-1,-1,-2,...,—(m — 1) let
w; € R\ P, and v; €R

be elements such that

W= (—quv ey Wm—1,W—1,... 7w—(m~1))
and

V= (W, oy U101y 7v—(m~1))~

By the Chinese Remainder Theorem there exists ¢ € R such that ¢ = w;
(mod p;) foreveryi=1,2,...,m—1,—-1,-2,...,—(m—1). In particular ¢ ¢ P;
for every 4, so that ¢ # 0. Hence there are only finitely many maximal ideals
Q1,...,Q: of R containing ¢, and Q; # P; for every j and i. By the Chinese
Remainder Theorem there exists ¢ € R such that ¢/ = v, (mod P;) for every
i=1,...,m—-1,—-1,...,—(m—1)and ¢ =1 (mod Q;) foreveryj=1,...,1.
Then c and ¢’ are relatively prime. Put ¢ = p1...pm—1P-1...P—(m-1)- Since p;
does not divide ¢ for every ¢, it follows that ¢ and ¢ are relatively prime. Hence
()™ +1=*g and ¢™t1-* are relatively prime for every k = 1,2,...,m, so that
for every k = 1,2,...,m there exist di,d, € R such that

di ()™ kg — d ™R = 1, (8.1)
Then

(™™ ey e M(wh,
because c = w; (mod p;) forevery i =1,2,..., m—1,-1,-2,...,—(m — 1),
so that

cmtl—hyt = ¢m=k in R/P, and ¢mtl-kw "} =¢m—k in R/P_,
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for every k = 1,2,...,m — 1. As (¢™,...,c!) € M(w™!), multiplication by
(¢™,...,c') is an S-homomorphism (¢™, ..., c'): M(w) — M(1) = S and an S-
homomorphism (¢™,...,c¢!): M(wv) — M(v) (Lemma 8.3), where we have de-
noted an element of R and multiplication by that element with the same sym-
bol. Similarly, from Lemma 8.1 we know that (gdi,...,qd,) € M(v), so that
by Lemma 8.3 there are S-homomorphisms (qdi,...,qdm): M(w) — M(wv)
and (qdi, . ..,qdy): M(1) — M(v). Elementary verifications analogous to these
show that

()™, () M(v) — ML), ((¢)™,...,(¢)): M(wv) — M(w),
(s d ) MV — M(wv),  (d,....d.,): M(1) — M(w)

Y m

are S-module homomorphisms. Since the composite of the two mappings

(™, ...y ()™, (DY) Y _ wv
<(qd1’“_7qdm) A ).M(W)EBM(V) M(1) @ M(wv)

and

S d) () (Y o Ve .
((qdlf...,qdm) —(em,..., ) )'M(U@M( ) = M(w) S M(v)

are identities, it follows that M(w) @& M(v) @ M(1) ® M(wv). O

We conclude the section with three examples that show the failure of the
cancellation property and the n-th root property for finitely generated modules
over commutative noetherian rings.

Example 8.12 There ezists a commutative noetherian ring S and finitely gen-
erated S-modules M, N, P such that M@ P2 N®P and M % N.

Proof. Let R be the ring of integers, m > 2 an integer and
Pi,P 1 ,Po,Pg,...y Pr1, Py

a sequence of 2(m—1) distinct maximal ideals of R generated by prime numbers
pi > 5. Let S be the ring constructed in this section, w = (2,2,2,...,2),
M = M(w), N =S and P = M(0). Since 2 ¢ P; for every i, every coordinate
of w is non-zero. Hence by Lemma 8.11 we need only show that M(w) and S =
M(1) are not isomorphic. Suppose the contrary, and let f: M(1) — M(w) be
an isomorphism. By Lemma 8.4 the mapping f and its inverse mapping f~! are
given by multiplication by elements of R™. Hence there exist invertible elements
UL,...,Um € R such that f(z) = (u1,...,um)z for every z € M(1) = S.
In particular f(1) = (u1,...,um) € M(w). Since 2 # 0, from the definition of
M (w) we obtain that T2 = w3 in R/P;. As R is the ring of integers, u;, ug are
+1, so that 2 = £1. This is a contradiction, because P; = (p;) and p; > 5, so
that 2% +1 (mod p1). O
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Example 8.13 Let n > 2 be an integer divisible by p—1 for at least two distinct
prime numbers p > 5. Then there erist a commutative noetherian ring S and
finitely generated S-modules M and N such that M 2 N and M™ = N™.

Proof. Let R be the ring of integers and set m = 2. Let p1,p_1 be two distinct
prime numbers > 5 such that p; — 1 dividesn fori = 1 and i = —1. Let P, P_;
be the maximal ideals of R generated by p;,p_1 respectively, let S be the ring
constructed in this section, let M = M(w) and let N = S5 = M(1) be the S-
modules of Example 8.12. We have already seen that M % N and that all the
coordinates of w are non-zero. By Lemma 8.11 the modules M (w7) ® M (w)
and S @ M(w’*!) are isomorphic for every j > 0. Thus

M(w)™ = §7=1 @ M(w™).

Now for i = £1 the multiplicative group (R/P;)\ {0} has order p; — 1, so that
2" =Tin R/P;. Hence w" = 1 in S, and thus M (w)" = $”. O

Example 8.14 There exists a commutative noetherian ring S and finitely gen-
erated S-modules P and Q such that P % Q and P? = Q2.

Proof. Since n = 16 is divisible by 5 — I and 17 — 1, by Example 8.13 there
exist S, M and N such that M % N and M'® = N6 Let t be the smallest
non-negative integer such that M2 =~ N?' Then 1 <t<4. HHP= M2 and
Q=N 2 , then P and @ have the required properties. |

8.2 Krull-Schmidt fails for artinian modules

Let R be a noetherian commutative ring. As we have already said in Section 2.13
(page 73), if M is a simple R-module and E(M) is the injective envelope of
M, then E(M) is an artinian module [Matlis]. If R is also semilocal, then a set
{My,...,M,} of representatives of the simple R-modules up to isomorphism
is necessarily finite, so that the minimal injective cogenerator

E(©i M;) = & E(M;)

is artinian. This property is used in the next lemma.

Recall that if S is an algebra over a commutative ring R and C is an
R-module, then the left S-module structure on Hompg(S,C) is defined by
(s9)(s') = (s's) for every s,s' € S, ¥ € Hompg(S,C).

Lemma 8.15 If S is a module-finite algebra over a semilocal commutative noe-
therian ring R, rC is the minimal injective cogenerator in R-Mod and sNg
is the S-R-bimodule sNp = Hompg(gS, rC), then Ng is artinian and sN is a
cogenerator in S-Mod.
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Proof. Since S is a module-finite R-algebra, for some n > 1 there is an exact
sequence of left R-modules R™ — .S — 0. Applying the functor Hompg(—, rC)
vields an exact sequence of right R-modules

0— HOIIIR(RS7 RC) — HomR(R", RC),
so that Ng = Hompg(rS, gC) is isomorphic to a submodule of
C% 2 Homp(R", rC).

Since R is a semilocal commutative noetherian ring, Cr and Ny are artinian.

To prove that gV is a cogenerator in S-Mod, let B be an arbitrary left
S-module and let z be a non-zero element of gB. Since rC is a cogenerator
in R-Mod, there is an R-homomorphism ¢: gB — grC such that ¢(z) # 0. If
f: §B — sN is the homomorphism of left S-modules defined by

(f(b))(s) = ©(sb)
for every s € S, b € B, then f(z) # 0. O

Lemmas 8.15 and 8.16 and Proposition 8.17 are preparatory results to
prove that every module-finite algebra over a semilocal commutative noetherian
ring is the endomorphism ring of an artinian module (Proposition 8.18).

Lemma 8.16 Every module-finite algebra over a noetherian commutative ring
is isomorphic to a subring of an artinian ring.

Proof. Suppose the statement is false, and let R be a commutative noetherian
ring and S be a module-finite R-algebra such that S is not isomorphic to any
subring of any artinian ring. Since S is a noetherian ring, the set of the ideals
I of S such that S/I is not isomorphic to any subring of an artinian ring
has a maximal element K. Then 7' = S/K is not isomorphic to any subring
of an artinian ring, but for every proper homomorphic image of T such an
isomorphism exists. Put A = R/anngT, so that T is a module-finite A-algebra
and we may suppose that A CT.

Since A is a noetherian commutative ring, A has finitely many minimal
prime ideals. Let X be the complement of the union of the set of the minimal
prime ideals of A. Then the quotient ring 7'[X ~!] with respect to X is a module-
finite A[X ~']-algebra and A[X ~!] is a commutative noetherian ring in which
every prime ideal is maximal. Hence A[X ~!] is an artinian ring, so that 7[X 1]
also is an artinian ring. In particular the canonical mapping ¢: T — T[X 1] is
not injective, and thus its kernel ker(p) = {t € T | 2t = 0 for some z € X }
is a non-zero ideal of T'. As T is a noetherian A-module, the ideal ker(¢) is a
finitely generated A-module, so that there exists y € X such that yker(¢) = 0.

Since y € X € A C T is non-zero, the two-sided ideal yT of T is non-zero.
Now ker(p) NyT = 0, because if k = yt with k € ker(y) and ¢ € T, then
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yk = 0, so that y?t = 0. Hence t € ker(yp), and so yt = 0. Therefore there is a
canonical injective ring homomorphism T° — T/ ker(y) x T/yT. As there are
ring embeddings of T/ ker(¢) and T/yT into artinian rings, the same is true
for T, a contradiction. O

Lemma 8.16 cannot be generalized to arbitrary noetherian rings, because
there exist noetherian rings that are not embeddable into a right artinian ring
[Dean and Stafford].

Proposition 8.17 Let S be a subring of a right artinian ring A. Suppose that
there exists a ring R and an S-R-bimodule ¢ Ng such that Ng is artinian and
sN cogenerates g(A/S). Then there exists a ring T and an artinian cyclic
T-module My such that S = End(M7).

Proof. In this proof, whenever we consider morphisms of left modules, we write
homomorphisms on the right. Let 4Hg be the bimodule

aHr = Homg(sAx, sNR)

and L={fe€ H|(S)f =0}, so that sLp is a subbimodule of sHg. Set

Tz(ja1 g) andI:<8 é)
Then T is a ring and [ is a right ideal of 7. We shall show that Mp = T/I has
the required properties.

In order to show that My is artinian, note that T contains the direct
product A x R as a subring. Hence it is sufficient to show that M is artinian
as a right A X R-module. But the right A x R-module M = T/I is clearly
isomorphic to A @ H/L. Hence it suffices to prove that A4 and (H/L)g are
artinian. Now A is right artinian, and if we apply the functor Homg(—, s Ng)

to the exact sequence 0 — ¢S — gA — g(A4/S) — 0 we get the exact sequence
of right R-modules

0— Homg(s(A/S),SNR) — HR — NR.

In this exact sequence the image of the first homomorphism is L, so that H/L
is isomorphic to an R-submodule of Ng. Since Npg is artinian, it follows that
(H/L)R is artinian, as desired.

Finally, we must prove that S 2 End(Mr). Since Mr = T'/I is cyclic,
it is easily seen that End(My) = I'/I, where I’ = {t € T' | ¢t/ C I} is the
idealizer of I in T (that is, the greatest subring of T containing I in which T

S L > The inclusion D is

is a two-sided ideal). Let us prove that I’ = ( 0 R

a h

0 be an element of T that belongs

easily checked. Conversely, let t = (
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to I'. Then aL +hR C L, so that h € L and aL C L. Suppose a ¢ S. Since gN
cogenerates s(A/S), there exists a morphism of left S-modules g: A/S — N
such that (a + S)g # 0. Hence there exists an S-homomorphism ¢: 4 — N
such that (a)g’ # 0 and (S)g’ = 0. Thus ¢’ € L. But (S)ag’ = (Sa)g’ # 0, and
thus ag’ ¢ L. Hence aL € L, a contradiction. This proves that a € S.
Therefore Endy(T/1) = I'/I = §. C

From Lemmas 8.15 and 8.16 and Proposition 8.17 we obtain

Proposition 8.18 If S is a module-finite algebra over a semilocal commutative

noetherian ring, then there exists a ring T and an artinian cyclic T-module
My such that S 2 End(Mr). O

In particular, every semilocal commutative noetherian ring S is isomorphic
to the endomorphism ring of a suitable artinian module. If we take a semilocal
commutative noetherian integral domain § that is not local we see that

Example 8.19 There exists a ring T and an indecomposable artinian T-module
My whose endomorphism ring End(My) is not local. O

[Crawley and Jénsson, p. 855] asked whether artinian modules have the
exchange property. By Theorem 2.8 and Example 8.19 there exist artinian
modules that do not have the exchange property. This result, due to [Camps
and Menal|, answers Crawley and Jénsson’s question.

We are ready to show that Krull-Schmidt fails for artinian modules over
noncommutative rings. This will be done in the two examples that follow.
Recall that the Krull-Schmidt Theorem holds for right artinian modules over
commutative or right noetherian rings (Proposition 2.63).

Example 8.20 There exists a ring T and indecomposable, pairwise nonisomor-
phic, artinian right T-modules My, My, M3, My such that

M @ My = M3 & My.

Proof. Let R be a semilocal commutative principal ideal domain with at least 4
maximal ideals. As we saw in Example 8.10, there exists a module-finite com-
mutative R-algebra S and indecomposable, pairwise nonisomorphic, finitely
generated S-modules N1, Ng, N3, N4 such that N = N; & Ny & N3G Ny. Then
E = End(Ng) is also a module-finite R-algebra. Let Proj-F be the full subcat-
egory of Mod-F whose objects are all projective right E-modules and Add(Ng)
denote the full subcategory of Mod-S whose objects are all the modules iso-
morphic to direct summands of direct sums of copies of N. By Theorem 4.7 the
functors Homg (N, —): Mod-S — Mod-F and —®g N: Mod-E — Mod-S induce
an equivalence between Add(Ng) and Proj-FE, and if e € F is idempotent, the
direct summand eN of Ng corresponds to the projective E-module eE. Hence
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there are complete sets {e1,ea} and {es, es} of orthogonal idempotents of E
with e1 F,esE, eaE, e, F indecomposable, pairwise nonisomorphic E-modules.
By Proposition 8.18 there exists a ring 7' and an artinian cyclic T-module M7
such that F = End(Mr), and there is a similar equivalence between Add(Mr)
and Proj-F such that, in particular, if e is any idempotent element of E, the
direct summand eM of M corresponds to the E-module eE. Therefore the
T-modules M; = e; M, i = 1,2, 3,4, have the required properties. Il

Example 8.21 Given an integer n > 2, there exists a ring T and an artinian
right T-module M that is the direct sum of 2 indecomposable modules, and also
the direct sum of 3 indecomposable modules, and ..., and also the direct sum
of n indecomposable modules.

Proof. Let R be a semilocal commutative principal ideal domain with at least
2(n—2) maximal ideals. In Example 8.8 we saw that there exists a commutative
module-finite R-algebra S and a finitely generated S-module Ng that is the
direct sum of ¢ indecomposable S-modules for every ¢t with 2 < ¢ < n. Then
E = End(Ng) is also a module-finite R-algebra and its identity is the direct
sum of ¢ orthogonal primitive idempotents for every ¢ with 2 < ¢t < n. By
Proposition 8.18 there is a ring 7' and an artinian T-module My such that
E = End(M7). Then My is the direct sum of ¢ indecomposable T-modules for
every t between 2 and n. O

8.3 Notes on Chapter 8

The results in Section 8.1 are due to [Levy]. His examples are constructed over
rings R more general than principal ideal domains. For instance, in Example 8.8
R can be any commutative integral domain with at least four maximal ideals.
Our presentation has followed that given in Rowen’s book [Rowen 88].

The Krull-Schmidt Theorem holds for finitely generated modules over
complete local noetherian commutative rings [Swan 60, remark on page 566],
but it can fail for finitely generated modules over arbitrary local noetherian
commutative rings [Evans]. More generally, the Krull-Schmidt Theorem holds
for finitely generated modules over Henselian local commutative rings ([Siddo-
way| and [Vamos 90]), where a local commutative ring R is said to be Henselian
if for every ideal I of any finitely generated R-algebra A, idempotents lift from
A/I to A [Azumaya 51]. For the existence and uniqueness of direct sum de-
compositions of finitely generated modules and finite rank torsion-free modules
over valuation domains, see [Vdmos 90] and the survey [Vamos 95].

A complete description of the direct sum decompositions of a finitely
generated module over a Dedekind domain was determined by Kaplansky. In
this case Krull-Schmidt also fails. For a nice presentation of these results see
[Sharpe and Vamos, Section 6.3].
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As shown in Example 8.12 the cancellation property does not hold for
finitely generated modules over a commutative noetherian ring S. Another
example of this, due to [Swan 62], is the following. Let

S=R[X,Y,Z]/(X?+Y?+ 272 1)

be the coordinate ring of the sphere, and let z, y, 2z denote the images of XY, Z
in S. Let :S®S5®S — S be the S-module homomorphism defined by
f(s1,82,83) = ms1 + ysa + zs3 for every (s1,52,53) € SO S @ S. Then f is
an epimorphism because f(z,y,z) = 1. Hence M = ker(f) is a direct sum-
mand of SHSH S, and SO SHS =2 M @ S. It is possible to prove that
S &S # M [Swan 62, Theorem 3]. Again, this shows that the cancellation
property does not hold for finitely generated modules over commutative noe-
therian rings. In this setting there is an interesting result proved recently by
[Brookfield]: let M, N, P be right modules over an arbitrary ring S, and sup-
pose that M @& P =2 N @ P and P is noetherian. Then there exists a positive
integer n, two chains of submodules 0 = My C M; C --- C M,, = M and
0=Ny € N; C---CN, =N, and a permutation o of {1,2,...,n} such that
Mi/Mi—l = Ng(i)/Ng(i)>1 for every 1= 1,2, I

Other results concerning the cancellation property and the n-th root
property for finitely generated modules over suitable module-finite R-algebras,
where R is a commutative ring, were proved by [Goodear! and Warfield 76].
In Examples 8.12 and 8.13 we have seen that there exist finitely generated
modules over a module-finite Z-algebra S, where Z is the ring of integers,
for which the cancellation property and the n-th root property do not hold.
But these two properties hold for finitely generated S-modules if S is a locally
module-finite algebra over a commutative ring R which is von Neumann regular
modulo its Jacobson radical J(R) [Goodear]l and Warfield 76] (An R-algebra S
is a locally module-finite algebra if the localization Sy is a module-finite Rp;-
algebra for each maximal ideal M of R.) These results were later extended to
module-finite algebras over other classes of commutative rings R (LG rings)
by [Estes and Guralnick].

Further nice examples of rings with particular sets of idempotents were
constructed by [Osofsky 70]. She proved that there exists a ring R that can be
expressed as a finite direct sum of indecomposable left ideals but that contains
an infinite set of primitive orthogonal idempotents. And there exists another
ring S that can be expressed as a direct sum of n indecomposable left ideals for
each integer n > 0 but that contains no infinite set of orthogonal idempotents.

Proposition 8.17 is due to Camps and Menal. It is stated as a remark
on page 2092 of [Camps and Menal|, and its proof is a generalization of the
proof of [Camps and Menal, Proposition 3.4]. A complete proof was published
in [Camps and Facchini, Proposition 1.3]. The other results presented in Sec-
tion 8.2 are due to [Facchini, Herbera, Levy and Vamos|. Note that in particu-
lar Examples 8.20 and 8.21 answer the question posed by Krull in 1932 (see the
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Preface of this book and Section 2.13). Apart from the applications given in this
chapter, the construction in the proof of Proposition 8.17 has other applica-
tions. For instance, making use of that construction [Herbera and Shamsuddin,
Example 10] proved that every ring that can be embedded in a local ring is
isomorphic to the endomorphism ring of a local module.

For further examples of artinian modules for which the Krull-Schmidt
Theorem fails see [Yakovlev].



Chapter 9

Biuniform Modules

9.1 First properties of biuniform modules

In this section we shall present some elementary results on biuniform modules.
We shall study the structure of the endomorphism ring of a biuniform module
(Theorem 9.1) and introduce the type of a biuniform module and its monogeny
and epigeny classes.

Recall that a module is biuniform (p. 109) if it is uniform and couniform.
In particular, every biuniform module is non-zero and is indecomposable. For
example, if f: C — B is a non-zero homomorphism of a couniform module C
into a uniform module B, then f(C) is biuniform. A non-zero uniserial module
over any ring is biuniform. If R is a local ring and Mg is an indecomposable
injective module, every cyclic submodule of My is biuniform.

Theorem 9.1 Let Agr be a biuniform module over an arbitrary ring R and let
E = End(Ag) be its endomorphism ring. Let I be the subset of E whose ele-
ments are all the endomorphisms of Ar that are not injective, and K be the
subset of E whose elements are all the endomorphisms of Ar that are not sur-
jective. Then I and K are two-sided completely prime ideals of E, and every
proper right ideal of E and every proper left ideal of E is contained either in I
or in K. Moreover exactly one of the following two conditions hold:

(a) Either the ideals I and K are comparable, so that E is a local ring and
IT'U K is its mazimal ideal, or

(b) I and K are not comparable, J(E) = INK, and E/J(E) is canonically
isomorphic to the direct product of the two division rings E/I and E/K.

Proof. The subset I of E is additively closed because Ag is uniform. Similarly
K is additively closed because Ag is couniform. By Lemma 6.26 the subsets I
and K of F are two-sided completely prime ideals.

209
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Let L be any proper right or left ideal of E. The set I U K is exactly the
set of non-invertible elements of E, so that L € I U K. If there exist t € L\ T
andy € L\ K, thenxz+y € L,z € K,andy € I. Hence x +y ¢ I and
r+y¢ K Thusx+y ¢ ITUK. But z +y € L, a contradiction. This shows
that L is contained either in I or in K. In particular, the unique maximal right
ideals of E are at most [ and K. Similarly, the unique maximal left ideals of
E are at most [ and K.

If I and K are comparable, then I U K is the unique maximal right (and
left) ideal of F and case (a) holds. If I and K are not comparable, then E
has exactly two maximal right ideals I and K, so that J(E) = I N K, and
there is a canonical injective ring homomorphism E/J(E) — E/I x E/K.
But I + K = E, hence this ring homomorphism is surjective by the Chinese
Remainder Theorem. O

Note that we already knew that the endomorphism ring of a biuniform
module is a semilocal ring of dual Goldie dimension < 2 (Corollary 4.16). In
particular, biuniform modules cancel from direct sums (Corollary 4.6).

Let A be a biuniform module. Then we have by Theorem 9.1 that ei-
ther End(A4)/J(End(A)) is a division ring (i.e., End(A) is a local ring) or
End(A)/J(End(A)) is the direct product of exactly two division rings. A bi-
uniform module is said to be of type 1 if its endomorphism ring is local, and of
type 2 otherwise. For instance, if R is a right chain ring, the uniserial module
Rp is of type 1. Further examples of uniserial modules of type 1 and 2 will be
given in Sections 9.6 and 9.7.

Lemma 9.2 Let A be a uniform module and let B be a couniform module over
a ring R.

(a) If f,g: A — B are two homomorphisms, f is injective and not surjective,
and g is surjective and not injective, then f 4 g is an isomorphism.

(b) If f1,.-., fu: A — B are n homomorphisms and fi +--- + f, is an iso-
morphism, then either one of the f; is an isomorphism or there exist two
distinct indices i,j = 1,2,....n such that f; is injective and not surjec-
tive, and f; is surjective and not injective.

Proof. (a) Since ker(f) 2 ker(g) Nker(f + g), if f is injective and g is not
injective, then f + g must be injective. Dually for surjectivity.

(b) Since ker(fi+---+fn) 2 ﬂz ker(f;) and (fi+---+fn)(A4) C Zi fi(4),
if fi +---+ fn is an isomorphism, then there exist 7, j such that ker(f;) = 0
and f;(A) = A. If f; or f; is an isomorphism, we are done. Otherwise i # j,
and the conclusion follows easily. O
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If A and B are two modules, we say that A and B belong to the same
monogeny class, and write [A],, = [Bl, if there exist a monomorphism 4 — B
and a monomorphism B — A. Similarly, we say that A and B belong to the
same epigeny class, and write [A]. = [B],, if there exist an epimorphism A — B
and an epimorphism B — A. Clearly, this defines two equivalence relations in
the class of all right modules over a ring.

Proposition 9.3 Let A be a uniform module and let B be a couniform module
over a ring R. Then A= B if and only if [Aly = [Blm and [A]. = [Ble.

Proof. Suppose that [A]l, = [B]m and [A]le = [Ble. Then there is a mono-
morphism f: A — B and an epimorphism g: A — B. If one of these two homo-
morphisms is an isomorphism, then A = B. If neither f nor g is an isomorphism,
then f+ g is an isomorphism by Lemma 9.2(a). Hence A = B in any case. The
converse is obvious. O

From Proposition 9.3 it follows that to check that two biuniform modules
A and B are isomorphic, we may separately check that they belong to the same
monogeny and epigeny classes.

Lemma 9.4 Let A be a module over a ring R and let B,C be biuniform R-
modules such that [Aly, = [Blm and [A]e = [Cle. Then:

(a) A is biuniform;

(by A® D= B®C for some R-module D;

(c) the module D in (b) is unique up to isomorphism and is biuniform;
(d) if B and C are uniserial, then A and D are uniserial.

Proof. (a) By hypothesis there exist two monomorphisms a;: A — B and
ag: B — A and two epimorphisms 1: A — C and (2:C — A. Since B # 0, it
follows that A # 0, and dim(A) < dim(B) = 1. Hence A is uniform. Similarly,
A is couniform, and so biuniform.

(b) By Lemma 9.2(a} at least one of the three mappings agai, G201 or
v = agsay + P20 is an isomorphism. If asa;: A — B — A is an isomorphism,
then a;: A — B is an isomorphism by Lemma 6.26(b). Hence the module
D = C has the property required in (b). Similarly, if 525 is an isomorphism,
then f1: A — C is an isomorphism and D = B has the required property.

Suppose v is an isomorphism. The composite of the homomorphisms

(%1>:A—>B@C’ and (ag ﬂg):BEBC'—>A
1

is v. Hence the composite

(v (o2 B ))0<§11 ):A—%BGBCHA
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is the identity mapping of A, so that A is isomorphic to a direct summand of
B @ C, and a module D with the required property exists.

(¢) If D, D" are modules such that A@ D2 B@Cand A®@D ¥BaC,
then D = D’ because biuniform modules cancel from direct sums. As A, B, C
are biuniform, from A® D = B @ C it follows that D is biuniform as well.

(d) Suppose that B and C are uniserial. In order to prove that A and D
are uniserial, it is sufficient to prove that every uniform submodule U of B&C
is uniserial. Let m1: B&C — B and m9: B&C — C be the canonical projections.
If U is a uniform submodule of B & C, then from U N ker(m) N ker(mz) = 0
it follows that either U N ker(w;) = 0 or U N ker(my) = 0. Thus either the
restriction of 71 to U or the restriction of 75 to U is a monomorphism. Hence
U is isomorphic to a submodule of B or C. In both cases U is uniserial. Ol

9.2 Some technical lemmas

In this section we prove a series of technical results that will be used in the
subsequent sections. The first proposition is the “two-dimensional analogue” of
Lemma 2.7.

Proposition 9.5 Let A, B,C1,...,Cn (n > 2) be modules. Suppose A is bi-
uniform and A® B = Cy & --- @ C,. Then there are two distinct indices
i,j =1,...,n and a direct sum decomposition A’ ® B' = C; & C; of C; & C;
such that A2 A and B~ B' & (@k#,jck).

Proof. Let ea,ma,ep,7p and €;,m; (i = 1,2,...,n) be the embeddings and
the canonical projections with respect to the two direct sum decompositions
A®Band C; @ - & C,. In the ring F = End(A) we have that

n n
1E=7TAEA:7FA(E 5@'771‘>5A:E TAE;TEA-

i=1 i=1

By Lemma 9.2(b) either one of summands 74&;7;€ 4 is an isomorphism or there
exist two distinct indices 4,7 = 1,2,...,n such that mae;m;e4 is injective and
not surjective, and mae;m; €4 is surjective and not injective.

If there exists an ¢ such that wse;7m;€ 4 is an isomorphism, then the com-
posite of m;eq: A — C; and (mae;miea) " 1mag;: C; — A is the identity mapping
of A. Thus A is isomorphic to a direct summand A’ of C;, and the statement
holds for every index j # i because biuniform modules cancel from direct sums.

Thus we may suppose that there exist two distinct indices 2,5 = 1,2,...,n
such that mae;me 4 is injective and not surjective and mae;mje4 is surjective
and not injective. Then v = mae;me4 + Tac;Tje 4 is an automorphism of A by
Lemma 9.2(a). The composite of the homomorphisms

TiEA _ B
(ﬂ'jSA>:A_)Ci®Cj and (’Y 17TA51' Y 17rA5j)5Oi@Cj‘>A



Some technical lemmas 213

is the identity of A, so that A is isomorphic to a direct summand of C; ©Cj;. Let
A’, B be such that A= A’ and A’@ B’ = C; & C;. Then B’ & (@ ;Cr) = B
because A cancels from direct sums. [N

We now consider the direct sum of an arbitrary (possibly infinite) family
{C;|j € J} of uniform modules.

Proposition 9.6 Suppose that M = @;c;C; = A® B, where A and C; are uni-
form modules for every j € J. Let€;:C; - M, es:tA— M, 1;: M — C; and
wa: M — A be the embeddings and the canonical projections relative to these
direct sum decompositions of M. Then there exists k € J such that waexmpen
is @ monomorphism. In particular, (Al = [Cklm.

Proof. Fix a non-zero element x € A. There exists a finite subset ¥ C J
such that z € ®;crC;, and if D = @jeJ\FCja then M = D & (@jeFCj).
Let ep:D — M and wp: M — D denote the embedding and the canonical
projection associated to this direct sum decomposition. Then

1o =7pca =74 (8D7I'D + (EJEF 5j7Tj)> €4
= TAEDTDEA + ZjEFWAEjoEA,
so that
ker(maepmpea) N (ﬂjeerl‘(ﬂ'AEj’/TjEA)) = 0.
Since A is uniform, one of the kernels in this intersection must be zero, and
ker(maepmpea) # 0 because it contains z. Hence there exists k € F such that
ker(macpmrea) = 0, Le., maepTKEA I8 & monomorphism. By Lemma 6.26(a)

both mwaeg: Cr, — A and mrea: A — C) are monomorphisms.
Thus [Alm = [Cklm.- O

Proposition 9.7 Let {Cy,Cy,...,Cr} be a finite family of couniform modules
over an arbitrary ring R. Then for every couniform direct summand A of
®7_1C; there exists k € J such that [A]le = [Ckle.

Proof. Put M =®7_1C; =A®B. Lete;:C; > M, ex:A— M, mj: M — Cj
and 7w4: M — A denote the embeddings and the projections relative to these
direct sum decompositions of M. Then

n k3
1A = TAEA — TA ZEjﬂ'j EA— ZwAajszA,
i=1 =1
so that
™
ZTTAEJ"/T]'E'A(A) = A.
i=1
But A is couniform, so there exists k = 1,2,...,n such that maermrea(A) = A.

Since waeTRE A I8 an epimorphism, by Lemma 6.26(b) both m4ex: C, — A and
mpea: A — Cy are epimorphisms. Thus [A]e = [Ckle. O
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The next lemma shows that if A, B,C,D are biuniform modules with
A® D= Ba®(C, then the monogeny (respectively, epigeny) classes of A and D
coincide with those of B and C up to the order.

Lemma 9.8 Let A, B,C, D be biuniform modules such that A& D =2 BoC.
Then {[Alm, [Dlm} = {[Blm,[Clm} and {[Ale, [D]c} = {[Ble, [Cle}-

Proof. By symmetry, it is sufficient to prove that

{{Alm, [Dlm} € {[Blm: [Clm} and {[Ale, [D]e} € {[Ble, [Cle}-

Hence it suffices to show that if X is a biuniform direct summand of B&C, then
[X]m € {[Blm,Clm} and [X]¢ € {[B]e, [C]e}- This is proved in Propositions 9.6
and 9.7. [

We conclude the section with two more technical results.

Proposition 9.9 Let R be an arbitrary ring, let {C; | j € J} be a family of
biuniform R-modules and let Ay, Aa, ..., A, be uniform R-modules. If

A1 D@ Ap

is a direct summand of ®;c7C}, there exist n distinct elements ky,..., k, € J
such that [A;]lm = [Ciylm for everyi=1,2,...,n.

Proof. We may suppose [A1]m = -+ = [An]m, because the general case, with
the [A;] possibly different, follows immediately from this. We shall argue
by induction on n. The case n = 1 is given by Proposition 9.6. Fix n > 1
and suppose the statement is true for n — 1 uniform modules in the same
monogeny class. Let {C; | j € J} be a family of biuniform modules and
let Aj,...,A, be n uniform modules such that [A1], = -+ = [An]m and
A1 @ @ Ay is a direct summand of @;¢;C;. By Proposition 9.6 there exists
ki € J such that [A1]m = [Ciylm. Put M = @;csC; = A1 @ - ® A, D D.
Apply Proposition 9.5 to the biuniform direct summand Cy, of the finite direct
sum M = Ay ®---® A, ® D. There are two possible cases.

In the first case there are two distinct indices 4,7 = 1,...,n and a direct
sum decomposition C' & B’ = A; @ A; of A; ® A; such that

Cr, 2C" and @ppk, Co 2 B’ @ (B4, Ar) ® D. (9.1)

Since A;, A; and C’ are uniform, B’ must also be uniform. From Proposition 9.6
we obtain that [B'],, = [A;]m = [A4j]m- By the induction hypothesis applied to
the decompositions (9.1) and the n — 1 uniform modules in the same monogeny
class B’ and A; with ¢ # 4, 7, there exist n — 1 distinct elements

ktEJ\{kl}, t:2,...,n,
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with [Ck,|m = [A1]m for every t = 2,..., n. Thus the monogeny classes of the n
biuniform modules Cy,, t = 1,...,n, coincide with the monogeny class of A;.
In the second case there is an index ¢ = 1,...,n and a direct sum de-

composition C' @& B’ = A; & D of A; ® D such that
Cr, 2C" and  @pzr, Cr = B @ (B As) -

Now the conclusion follows immediately from the induction hypothesis. d

Proposition 9.10 Let Ay,...,A,,Ch,...,Cp be biuniform right modules over
an arbitrary ring R. If A1 ® --- @ A, is isomorphic to a direct summand of
C19-- - ®Chy,, then there exist n distinct indices ki, ..., k, € {1,2,...,m} such
that [A;]e = [Ck,]e for everyi=1,...,n.

Proof. Suppose that A1 @ ---® A, & B = C; @ --- ® Cp,. The proof is by
induction on m. The cases m = 0 and m = 1 are trivial. Suppose that m > 2. By
Propositions 9.6 and 9.7, there exist 7,5 € {1,...,m} such that [41]m = [Ci]m
and [Al]e - [Cj]e.

If i = j, then C; is isomorphic to A; (Proposition 9.3). Then we can
renumber the Ci’s so that A; = (). Since biuniform modules cancel from
direct sums, Ao @ --- R A, DB =2 Cy @ --- & Cpy, and we conclude by the
induction hypothesis.

If ¢ # j, we can renumber the Cy’s so that

[A1]m = [C1]m  and  [Ai]e = [Co]e.

By Lemma 9.4 there is a biuniform module D such that A; & D = C; & Cy,
and from Lemma 9.8 it follows that [D]. = [Ci]e. Then

AB - BASB2CI® - BC,=2ADDBC;0 - O Cy.
If we cancel the biuniform module A; we obtain that
A0 A, oB=2D3C3%---pChpy.
Since [D], = [C1]e, by the induction hypothesis there exist n—1 distinct indices

ko, ... kn € {1,3,4,...,m} such that [4;] = [Ck,]. for every i = 2,3,...,n.
Set k1 = 2. Then [4;]. = [Ck,]c for every i=1,...,n. O
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9.3 A sufficient condition

The aim of this section is to prove the following theorem.

Theorem 9.11 Let { A; | i € I} be an arbitrary family of modules over a ring R
and let { B; | j € J} be a family of biuniform R-modules. Assume that there
ezist two bijections o, 7:1 — J such that [As]m = [Bs(iylm and [Aile = [Br)le
for every i € I. Then all the modules A; are biuniform and

DierAi = B Bj.

Proof. From [Aslm = [Bo(i)lm and [Ai]c = [Br(j)le, it follows that the module
A; is non-zero, isomorphic to a submodule of B,(;) and a homomorphic image
of B.(;). Hence every A; is biuniform. Let S; be the symmetric group on the set
I, that is, the group whose elements are all bijections a: I — I. The mapping
Sy x I — I, (a,%) — a(i), defines a natural action of Sy on the set I. Let
C = {(t710)* | z € Z} be the cyclic subgroup of St generated by 77'¢. Then
the action of S; on I restricts to an action of C on I. For every element ¢ €
let Ci = {(77'0)?(i) | 2 € Z} be the C-orbit of i and let o(C%) C J be the
image of Ci via the bijection o: I — J.
We claim that

OreciAr = Oreo(ci)Be (9.2)

for every i € I. If we prove the claim, we are done, because the set
F={Ciliel}

is a partition of I, so that its image G = {o(Ci) | i € I} via the bijec-
tion o:I — J is a partition of J. Hence the conclusion follows immediately
from (9.2).

In order to prove the claim, fix an index ¢ € I. For simplicity of notation,
for every z € Z define i, = (17'0)*(i), j. = 0(i.), A, = A;. and B, = By,.
Thus if the orbit Ci = {i, | 2 € Z} is infinite, then o(Ci) = {j. | 2 € Z} is in-
finite, and A, = A,, if and only if z = w. Whereas if the orbit Ci = {i, |2 € Z}
is a finite set with ¢ elements, then A, = A,, if and only if 2 = w (mod g). For
every z € Z we have

7(i,) = 7(r7 o) (i) = o (7 0)* 7 (d) = 0 (i21) = fo1.

Hence from the hypothesis [Ax]m = [Bok)lm and [Agle = [Brx)le for every
k € I we have
[A.]m = [B:]m and [A.]c = [Bz—-]]e (9.3)

for every z € Z.
We shall argue by induction on the integer n > 0 and show that for every
n > 0 there exist biuniform modules C,,, D,, satisfying the following properties:
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(a) [Cpnlm = [A—n-1}m and [Chle = [Ans1]. for every n > 0;
(b) C&D, = A, 11® A_,, 1 for every n > 0;
(¢c) BB 1 X Ag®Cyand B, & B, 2C, & D, for every n > 1.

Since [Ao)m = [Bo]m and [Agle = [B-1]¢, by Lemma 9.4 there is a biuni-
form module Cy such that Ay @ Cy = By® B_;. Thus Cj satisfies property (c),
and from Lemma 9.8 we have that [Cyl,, = [B-1}m and [Cgle = [Bgle- Hence
[Colm = [A-1]m and [Cole = [Ai]. because of (9.3), that is, property (a)
is satisfied. By Lemma 9.4 there exists a biuniform module Dy such that
Co® Dy = Ay @ A_y, ie., Dy satisfies property (b) as well.

Fix an integer n > 1 and suppose that there exist C,, 1, D, satisfying
properties (a) and (b), i.e., such that [Cpr_1lm = [A-n]m, [Crn-1]e = [An]. and
Cpe1® Dy 2 Ay ® A, From Lemma 9.8 we obtain [Dy,—1]m = [An]m and
[Dy—1]e = [A-p]e. From (9.3) we get that

[Dn—~1]m = [Bn]m and [Dnvlle = [B—nfl]e'
Hence by Lemma 9.4 there exists a biuniform module C,, such that
Dn—l 2] C’n 4 Bn 2] B—nfla

that is, (¢) holds. From Lemma 9.8 it follows that [Cplm = [B—p-1]m and
[Crnle = [Brle- Thus [Crlm = [A-n—i]m and [Cple = [Ant1]e by (9.3), ie.,
property (a) holds. By Lemma 9.4 there exists a biuniform module D,, such
that C,, & Dy, =2 A, 11 ® A_,,_1. This shows that (b) holds and completes the
construction of the modules C,, and D,,.

Now we shall prove the claim (9.2) distinguishing the following cases: the
orbit C7 is infinite, or finite with an even number of elements, or finite with
one element, or finite with an odd number g > 3 of elements.

If the orbit C% is infinite, then

OreciAr = ®oczlz = Ao & (Brx0(Ant1 P An_1))
= By ® B_1® (®n>1(Brn @ B_n_1)) = P.ezB: = Dico(ciyBe-

If the orbit Ci is a finite set with an even number ¢ = 2r of elements,
where r > 1, then —r = r (mod ¢), so that A_, = A,. From (a) we have
that [Cro1]m = [A—r]m = [Ar]lm and [Cr_1]e = [Ar]e- Hence Croy & A, by
Proposition 9.3. Thus

BreciAr = Ag @ (B} (4 D A_,)) @ A,
= Ag @ (051 (Cro1 ® Dn-1)) & Crq
= Ao ® Co ® (@721 (C, ® Dip1))
~ By ® B_1 ® (®5,_1(Bn ® B_n_1)) = ®reo(cn Be-
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If the orbit Ci has exactly one element, then 0 = —1 (mod 1) forces
By = B_1, so that {A¢]m = [Bo]m and [Ag]. = [B-1]e = [Bol. by (9.3). Hence
Ao =2 By by Proposition 9.3 as desired.

If the orbit Ci is a finite set with an odd number ¢ = 2r + 1 of elements
(r>1),then —r —1=r (mod q), so that B_,_; = B,. Hence

CT @D, 1 =B, & B_,_1=D5,®B5B,.

It follows that [Dy_1]m = [Brlm and [D,_1]e = [Br]e (Lemma 9.8). Hence
D,_,1 = B, (Proposition 9.3). Therefore

BreciAr = Ao @ (DL (A, D A_L))
> Ay ® (D7 _1(Crn1 ® Dp_y))
= A& Co & (&1 (Crn ® Dn_1)) ® Dy
&~ By® B_1 ® (0,_1(Bn ® B_y_1)) ® B, = @ (ci) Be-

This concludes the proof. O

9.4 Weak Krull-Schmidt Theorem for
biuniform modules

In this section we shall try to invert the implication proved in Theorem 9.11.
Half of that implication can be inverted in general, as the next theorem shows.

Theorem 9.12 Let {U; | i € I}, {V; | j € J} be two families of biuniform
right modules over an arbitrary ring R such that ®;c1U; = &;csV;. Then there
exists a bijection o: 1 — J such that [Uglm = [Vo(;)lm for every i e I.

Proof. Without loss of generality we may suppose
M = ®iciU; = ®jes V5,

where the U, V; are biuniform.
For every uniform direct summand Z of M put

Iz={i€l|[Umn=1[2lm} and Jz={je€J|[Vjlm=[Z]n}

By Proposition 9.6 the sets Iz and Jz are non-empty. It is obvious that the I
form a partition of I and the Jz form a partition of J. In order to prove the
theorem it suffices to show that the cardinalities |Iz| of Iz and |Jz| of Jz are
equal for every uniform direct summand Z of M.

Suppose that either Iz or Jz is a finite set and that |Iz]| # |Jz|. By
symmetry we may assume |Iz| < |Jz|. Put n = |Iz]. Then in Jz there are
n+ 1 indices j1,. .., jn+1 With [C},]m = [Z]m, so that the same holds in Iz by
Proposition 9.9, contradiction. Hence |Iz] = |Jz| if either Iz or Jyz is finite.
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Suppose that Iz and Jz are both infinite. By symmetry, we only have
to prove that |Jz] < |Iz|. Let ex: Uy — M, ep:Vy — M, mp: M — Uy and
pe: M — V; denote the embeddings and the canonical projections. For every
t €I put A(t) = {{ € J | meepee; is a monomorphism }.

For each t € I the subset A(t) of J is finite, because if z € U, is non-zero,
there is a finite subset F of J such that z € ®;crV;, and then megpees(x) =0
for every £ € J\ F.

Now

Jz € |J AW, (9-4)
telz
because if j € Jgz, there is an index ¢ € I such that p;esme; is a monomorphism
and [Uglm = [Vilm = [Z]m (Proposition 9.6). Hence both p;e; and mse; are
monomorphisms (Lemma 6.26(a)), so that m.e;p;e; is a monomorphism, that
is, j € A(t). As [Ug}m = [Z]m, we have that ¢t € Iz. This proves (9.4).

From (9.4) it follows that |Jz| < Rollz| = |Iz|. Hence |Iz]| = |Jz| also in

the case where Iz and Jz are both infinite. O

We shall now prove a weak form of the Krull-Schmidt Theorem for finite
direct sums of biuniform modules.

Theorem 9.13 (Weak Krull-Schmidt Theorem for biuniform modules) Let Us,
oo, Un, Vi, ..., Vi be biuniform modules over an arbitrary ring. Then the
direct sums U1 @ --- DU, and V1 & --- BV, are isomorphic if and only if n =1
and there are two permutations o,7 of {1,2,...,n} such that [Um = [Vo@)lm
and [Usle = [Vr(g)le for everyi=1,2,...,n.

Proof. If n = t and there are two permutations o, 7 of {1,2,...,n} that preserve
the monogeny classes and the epigeny classes, then

U0 --eU,=2Vid---0V,

by Theorem 9.11.

Conversely, suppose that U1 ®---@ U, 2V, & --- & V;. By Theorem 9.12
there exists a bijection 0: {1,2,...,n} — {1,2,...,t} such that [Ui]m = [Voi)lm
for every ¢ = 1,2,...,n. In particular, n = t. By Proposition 9.10 there is an
injective mapping 7:{1,2,...,n} — {1,2,...,¢t} such that [Uje = [V.(;]e for
every i = 1,...,n. But n =t and 7 injective imply that 7 is a permutation.

It will follow from Example 9.20 that for any two permutations o, 7 of
{1,2,...,n}, there is a suitable serial ring R and 2n finitely presented uniserial
R-modules Uy, ...,Un, Vi,..., Vg such that [U]m = [Vo@)lm and [Uile = [Vo@yle
for every i = 1,2, ...,n. Thus if a module M is a finite direct sum of n biuni-
form modules, then the isomorphism classes of the biuniform direct summands
may depend on the decomposition. This proves that Theorem 9.13 cannot be
improved even if the base ring R is serial and the modules in question are
finitely presented and uniserial.
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Definition 9.14 A biuniform R-module A is called o Krull-Schmidt module if
either

(a) for every biuniform R-module B, [Al,, = [B];, implies A= B, or

(b} for every biuniform R-module B, [A]. = [B]. implies A = B.

Thus a biuniform module is a Krull-Schmidt module if and only if it is
the only biuniform module up to isomorphism in its monogeny class or the only
biuniform module up to isomorphism in its epigeny class.

Corollary 9.15 A biuniform module A is a Krull-Schmidt module if and only if
whenever By, ..., By are biuniform modules and A is isomorphic to a direct
summand of B1®---® B, then A is isomorphic to B; for somei =1,2,... n.

Proof. If A is a biuniform Krull-Schmidt module, By, ..., B,, are biuniform
modules and A is isomorphic to a direct summand of Uy & - - - & U,,, then there
exist 4,7 = 1,2,...,n such that {4},, = [B;}m and [4] = [Bjle (Proposi-
tions 9.6 and 9.7). But A is Krull-Schmidt, so that A = B; or A = B;.
Conversely, if a biuniform module A is not a Krull-Schmidt module, then
there is a biuniform module B % A with [B],, = [4}, and a biuniform module
C 2% A with [C]. = [A].. By Lemma 9.4 the module A is isomorphic to a direct
summand of B & C. O

From Lemma 2.7, Theorem 2.8 and Corollary 9.15 we obtain

Proposition 9.16 FEvery biuniform module of type 1 is a Krull-Schmidt module.
cl

In Example 9.26 we shall show that the uniserial cyclic module constructed
in Example 1.16 is a Krull-Schmidt module of type 2.

9.5 Krull-Schmidt holds for finitely presented
modules over chain rings

In Theorem 9.13 we proved a weak form of the Krull-Schmidt Theorem for
finite direct sums of biuniform modules. In particular, Theorem 9.13 can be
applied to finitely presented modules over serial rings, because every finitely
presented module over a serial ring is a finite direct sum of uniserial modules
(Corollary 3.30). The aim of this section is to prove that the Krull-Schmidt
Theorem holds for finitely presented modules over chain rings. In the next
section we shall see that Krull-Schmidt fails for finitely presented modules over
serial rings.
The results in this section are due to G. Puninski.

Lemma 9.17 Let R be a right chain ring and let r,s € R. Then R/rR >~ R/sR
if and only if there are invertible elements u,v € R such that urv = s.
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Proof. If urv = s with u,v invertible elements, then left multiplication by u
induces an isomorphism of R/rR onto R/urR. But urR = sv™'R = sR.
Conversely, let f: R/rR — R/sR be an isomorphism. Then there exists
a homomorphism ¢g: Rg — Rpg that induces f, so that g(R) + sR = R and
g(rR) = sR. Hence there is an element u € R such that uR 4+ sR = R and
urR = sR. If u is not invertible, then sR = R, so that rR = R, i.e., both s
and r are invertible, and the result follows easily. Hence we may suppose that
u is invertible. Then urR = sR forces the existence of two elements a,b € R
such that ur = sa and s = urb. If @ is invertible, then v and v = ¢! are the
required elements. If a is not invertible, then a is in the Jacobson radical, so
that 1 — ab is invertible. But s = urb = sab, so s(1 — ab) = 0, and thus s = 0.
Therefore r = 0, and in this case the result holds for any invertible u, v. |

Lemma 9.18 Let 7, s be two elements of a chain ring R such that R/rR and
R/rsR are not isomorphic. Then Rrsv C Rr for every invertible elementv € R.

Proof. Let r,s,v be elements of a chain ring R such that v is invertible and
Rrsv is not properly contained in Rr. Since R is a chain ring, Rrsv 2 Rr,
so that r = ursv for some u € R. If u is invertible, then R/rR = R/rsR by
Lemma 9.17. If s is invertible, then rsR = rR, so that R/rR = R/rsR. If
neither u nor s are invertible, then both u 4+ 1 and 1 + sv are invertible, and
r(l1+sv) =r+rsv=ursv+rsv = (u+ 1)rsv. Hence r = (u+ 1)rsv(1+sv)™!,
so that R/rR = R/rsR by Lemma 9.17. Therefore R/rR = R/rsR in any
case. (]

We are ready to prove the main result of this section, that is, the Krull-
Schmidt Theorem for finitely presented modules over a chain ring.

Theorem 9.19 (Puninski) Let Mg be a finitely presented module over a chain
ring R. Then Mg is the direct sum of cyclic modules, and any two decomposi-
tions of Mg as direct sums of cyclic modules are isomorphic.

Proof. The finitely presented module Mg is a direct sum of uniserial mod-
ules by Corollary 3.30, and every finitely presented uniserial module is cyclic.
Suppose that Mg =U, @ --- U, = V1 & --- & V; for suitable cyclic modules
Ui,...,Un,V1,...,V;. From Theorem 9.13 it follows that n = ¢ and there is a
permutation 7 of {1,2,...,n} such that [Ui]. = [V, (]c for every i = 1,2,...,n.
Hence it is sufficient to prove that if U,V are cyclic finitely presented modules
over a chain ring R and [U]l, = [V]., then U = V. Suppose the contrary,
and let U,V be cyclic finitely presented R-modules such that [U], = [V]. and
U V. Then U 2 R/rR for some r € R. Since [U]. = [V]e, we know that
U is isomorphic to a quotient of V' and V is isomorphic to a quotient of U.
Hence we may assume that V = R/rsR and U = R/rstR for some s,t € R.
By Lemma 9.17 there are invertible elements u,v € R such that urstv = r. If
tv is invertible, then U 2 V by Lemma 9.17, a contradiction. Hence tv is not
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invertible, so that 1-+twv is invertible. From Lemma 9.18 we have that Rrs C Rr
and Rrs(l + tv) C Rr, so that

Rr = R(urs +r —urs) C R(urs +r) + Rurs = R(urs + urstv) + Rurs
= Rurs(l + tv) + Rurs = Rrs(1 + tv) + Rrs C Rr,

contradiction. O

9.6 Krull-Schmidt fails for finitely presented
modules over serial rings

We know that every finitely presented module over a serial ring is a direct sum
of uniserial modules (Corollary 3.30). In the example we consider in this section
we show that there exists a finitely presented module over a suitable serial ring
with non-isomorphic direct sum decompositions. More precisely, we construct
an example that proves that the permutations o and 7 in the statement of the
weak Krull-Schmidt Theorem can be completely arbitrary. Hence the Krull-
Schmidt Theorem fails for finitely presented modules over serial rings. Observe
that in Theorem 9.19 we saw that the Krull-Schmidt Theorem holds for finitely
presented modules over chain rings.

Example 9.20 Ifn > 2 is an integer, then there exist n® pairwise non-isomor-
phic finitely presented uniserial modules U; ; (3,5 = 1,2,...,n) over a suitable
serial ring R satisfying the following properties:

a) for everyi,5,k,{=1,2,...,n, (U jlm = [Uk.elm if and only if i = k;
J :
b) for everyi,j,k,¢=1,2,...,n, [U; e = [Urele if and only if j = £.
3 ;
Hence
Ui @Us2® - @ Unin = Us(1),r(1) ® Us(2),72) D @ Us(n,r(n)
for every pair of permutations o, 7 of {1,2,...,n}.

Proof. Let M, (Q) be the ring of all n x n-matrices over the field Q of ra-
tional numbers. Let Z be the ring of integers and let Z,,Z, be the localiza-
tions of Z at two distinct maximal ideals (p) and (¢) of Z (here p,q € Z are
distinct prime numbers). Let A, denote the subring of M,,(Q) whose elements
are n X n-matrices with entries in Z,, on and above the diagonal and entries in
pZ, under the diagonal, that is,
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Similarly, put

q4iq q q
A= C M,(Q)
92, 42, Z,

If A 0
k= ( M.(Q) A, )

then R is a subring of the ring M3,(Q) of 2n x 2n-matrices with rational
entries.
1t is easily seen that the Jacobson radicals of these rings are

pZ, Z, ... Z,
P2y pZy ... Zy J(A,) 0
J(A,) = . and J(R) = P .
2 ® = M) s )
pZy, pL, ... ply
For every i = 1,2,...,2n let e; be the matrix with 1 in (4, 4)-position
and 0’s elsewhere. Then {ey, ..., e2,} is a complete set of orthogonal idempot-

ents for R. We leave the reader to check that the left R-modules Re; and the
right R-modules e¢; R are uniserial. Hence R is a serial ring. A complete set
of representatives of the simple right R-modules is given by the 2n modules
e;Rfe;J(R), 1=1,2,...,2n.

The modules U; ; we are constructing are submodules of homomorphic
images of the right ideal

0 0 0 0
0O ... 0 0 ... 0
emnR=Q ... Q Z, ... Z,
0 ... 0 0 0
0 ... 0.0 ... 0

of R. In order to simplify the notation, it is convenient to remark that if

V=(Q, .,Q %, %)

B
n

n

(V is a set of 1 x 2n-matrices), and V is endowed with the right R-module
structure given by matrix multiplication (observe that elements of V are 1 x 2n-
matrices and elements of the ring R are 2n x 2n-matrices), then the right ideal
ent1 R and the right R-module V are isomorphic. In particular, V' is uniserial.
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Foreveryi=1,2,...,n put

V; = voros Q,q2y, ..., ql 4,2y, ..., L
(Q Q.q q b, Lig q)

n i—1 n—i+1
and
Xi=(pZy,....0%,.Z0.....7Z,.0,....0).
1 (p ¥4 p P P P )
i—1 n—i4+1 n

It is easily seen that V; and X; are R-submodules of V and that
@ V=V2>Who - -D2V,2qV1 DX DX3D DX, DpXy;
(b) X;J(R) = X1 forevery i =1,2,...,n— 1, X, J(R) = pXu;
() ViJ(R) = Vi1 forevery i =1,2,...,n— 1, V,J(R) = qVy;
(d) X;/Xiv1 2 e;R/e;J(R) forevery i=1,2,...,n—1;
() Xn/pX1= enR/enJ(R);
(f) V;/Vjt1 = enyjR/eny; J(R) for every j =1,2,...,n—1;
(&) Vo/qVi = eanR/ea, J(R).

The n? uniserial R-modules U, ; = V;/X;, 4,5 = 1,2,...,n, are the mod-
ules with the required properties. In fact, if [U; j|lm = [Uk,elm, then U; ; and
Uk,¢ have isomorphic socles. By (d) and (e) the socle of U; ; is isomorphic to
ei—1R/e;—1J(R) for i = 2,3,...,n and is isomorphic to e, R/e,J(R) for i = 1.
Similarly for Uy e. Thus [U; jlm = [Uk,¢]m implies i = k. Conversely, in order to
show that [U; ;|m = [U; ¢]m for every i, j, ¢, it is necessary to find a monomorph-
ism U; ; — U; ¢ and a monomorphism U; ¢ — U, ;. Suppose that j < £. Then
Ui C Ui, so that the embedding U;, — U, ; is one of the required mono-
morphisms. The other monomorphism U; ; — U; ¢ is given by multiplication
by ¢g. We leave the details as an exercise for the reader. O

In particular, if in the previous example ¢ and 7 are two permutations of
{1,2,...,n} such that o (i) # (i) for every i, put U; = U;; and V; = Uy(y).r(a)
for every 1 = 1,2,...,n. Then

Example 9.21 Let n > 2 be an integer. Then there erists a serial ring R
and 2n pairwise non-isomorphic finitely presented uniserial right R-modules

U, Ua, ..., Un, Vi, Vo,..., Vi, such that

UDhela® - 0U, 2V10oVad-- BV, O
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9.7 Further examples of biuniform modules of type 1
In this section we have collected some classes of examples of biuniform modules.

Proposition 8.22 A biuniform module My over an arbitrary ring R is of type
1 if at least one of the following conditions hold:

(a) Mp is projective;

(b) Mg is injective;

(¢) Mg is artinian;

(d) Mg is noetherian.

Proof. (a) If MR is projective and K is the ideal of End(Mp) whose elements
are all the endomorphisms of Mg that are not surjective, then K is the set
of all non-invertible elements of End(Mg), because if f € End(Mg) \ K, then
f: Mp — Mpg is surjective, and so splits. But Mp is indecomposable, so that f
is an automorphism of Mg. This proves that End(Mg) is local.

(b) By Lemma 2.25 the endomorphism ring of Mg is local.

(c) By Lemma 2.16(b) every injective endomorphism of an artinian mod-
ule Mg is an automorphism. Hence the endomorphism ring of an artinian
uniform module Mg is local.

(d) Lemma 2.17(b). O

Observe that the proofs of (¢) and (d) show that the endomorphism ring
of an artinian uniform module is local and, dually, the endomorphism ring of
a noetherian couniform module is local. These facts, generalizations of (c) and
(d), were already used in the proof of Theorems 2.18 and 2.19.

The proof of the following proposition is due to Dolors Herbera and is
modelled on the proof of [Faith and Herbera, Lemma 4.10].

Propesition 9.23 Every biuniform module over a commutative noetherian ring
is of type 1.

Proof. Let M be a biuniform module over a commutative noetherian ring R.
Let

P; = {r € R | multiplication by r is a non-injective endomorphism of M }
and
Py = {r € R | multiplication by  is a non-surjective endomorphism of M }.

Then P; and P, are prime ideals of R. Let Rg be the quotient ring of R with
respect to S = R\ (P; U P,). Then Rg is a commutative noetherian ring and
M has a canonical structure as a biuniform Rg-module.

Suppose that P; € P>. Then P; Rg is a maximal ideal of Rg. Let I be an
ideal of Rg that is maximal in the set {anng (z) |z € M, z #0}, let 2o # 0
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be an element of M with anng,(x¢) = I, and let C be the cyclic Rg-submodule
of M generated by zy. For every r € P; let p,.: C — C be the endomorphism
of C given by multiplication by r. Since C is essential in M and r € Py, we
have that ker p. # 0. Hence there exists y € C, y # 0, with u,y = 0. Then
annp, (y) 2 anng,(C) = I and r/1 € anng, (y). From the choice of I it follows
that anng, (y) = I, so that /1 € I, that is, p, = 0. This shows that P,C =0,
so that the uniform Rg-module C is annihilated by the maximal ideal P;Rg
of Rg, that is, C is a simple Rg-module. Since C is essential in M, the injective
envelope of the Rg-module M is the injective envelope of the simple Rg-module
C, so that it is artinian ([Matlis], see the Notes on Chapter 2). Thus the Rg-
module M is artinian, so that Endg, (M) is local by Proposition 9.22(c). But
Endg (M) = Endr(M), so that M is a biuniform R-module of type 1.
Suppose that Py C P, so that Rg is a local ring with maximal ideal P, Rg.
Let r1,...,7, be a finite set of generators of P,. Then for every i = 1,...,n
and every ¢ € Rg we know that r;qgM C r;M, so that ;,RsM C r;M C M.
Hence P,RsM C M because M is couniform. Then M/P.RsM is a couniform
Rs/PyRs-module, and so is a simple Rg-module. Thus M has a maximal
Rg-submodule, so it is colocal, in particular M is a cyclic Rg-module. Thus
Endg, (M) is a homomorphic image of Rg, and so Endg,(M) = Endg(M) is a
local ring. This proves that M is a biuniform R-module of type 1 in any case.
O

Recall that a uniserial module is shrinkable if it is isomorphic to a proper
submodule of a proper homomorphic image of itself (Section 1.3). Otherwise a
uniserial module is said to be unshrinkable.

Proposition 9.24 Fvery unshrinkable uniserial module is of type 1. In particu-
lar, if R is a ring that is either commutative or right noetherian, then every
unisertal right R-module is of type 1.

Proof. Let Ur be a uniserial module of type 2 over an arbitrary ring R.
There exist f,g € End(Ug) with f surjective and non-injective and g injec-
tive and non-surjective. Then g induces an isomorphism §: U — g(U), so that
g(U)/glker(f)) =2 U/ ker(f) 2 U. Thus U is a shrinkable module. This proves
the first part of the statement. The second part follows from Proposition 1.18.

O

From Proposition 9.24 and Corollary 2.54 we obtain:

Corollary 9.25 Let M be a serial right module over a ring that is either com-
mutative or right noetherian. Then any two direct sum decompositions of M
into indecomposable direct summands are isomorphic, and any indecomposable
direct summand of M is uniserial. O

We conclude the section with an example of a Krull-Schmidt uniserial
module of type 2.
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Example 9.26 The uniserial cyclic module of Fxample 1.16 is a Krull-Schmidt
biuniform module of type 2.

Proof. In the notation of Example 1.16 it is easily seen that the idealizer
H ={reR|rHCH}ofHinRis

Z 0
Z, Z,NZ,

Hence End(R/H) =2 H'/H = Z, N Z, is a ring with two maximal ideals. Thus
R/H is a uniserial module of type 2.
It is easily seen that the submodules of R/H isomorphic to R/H are

exactly the modules
Z, 0
(% 5 )/ s

It follows that every submodule of R/H that contains a submodule isomorphic
to R/H is isomorphic to R/H. Hence R/H is a Krull-Schmidt uniserial right
R-module. |

9.8 Quasi-small uniserial modules

Let M = ®icrA;i = PjesB; be a direct sum of two families of biuniform
modules { A; | i € [} and {B; | j € J}. By Theorem 9.12 the sets I and J
have the same cardinality. In view of Theorems 9.11 and 9.12 it is natural to
ask whether there exists a bijection 7: I — J such that [A4;]c = [B,(;)]e for every
i € I. If I is finite (which happens if and only if J is finite by Theorem 9.12),
such a bijection 7 exists (Theorem 9.13).

Little is known when I and J are infinite. The next theorem considers
the case of cyclic biuniform modules. Note that a biuniform module is finitely
generated if and only if it is cyclic, if and only if it is local.

Theorem 9.27 Let R be an arbitrary ring and let {U; |i €I}, {V;|je J} be
two families of biuniform R-modules such that ®;erU; = @;e5V;. If

I'={iel|U;iscyclic} and J ={jeJ|V;iscyclic},

then there exists a bijection T':1' — J' such that [Uile = [Vy()]e for every
iel.

Proof. The proof is similar to that of Theorem 9.12. Without loss of generality
we may assume that M = @;cU; = @jesV;.
For every cyclic biuniform direct summand Z of M put

Iz={iel|[Ule=[Z]c} and Jz={jeJ|[Vi=[Z}.
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Since Z is cyclic, there is a finite subset F© C [ such that Z is isomorphic
to a direct summand of ®;cpU;. By Proposition 9.7 there exists k € F with
[Z]e = [Uk]e- Hence the set Iz is not empty. Similarly, Jz is not empty. Note
that Z cyclic and [U;]. = [Z]. imply U; cyelie, so that Iz C I’ for every cyclic
biuniform direct summand Z of M. Similarly, J; € J’. Obviously, the I,
where Z ranges over the set of cyclic biuniform direct summands of M, form a
partition of I’, and the Jz form a partition of J’.

In order to prove the theorem it suffices to show that |Iz| = |Jz| for every
cyclic biuniform direct summand Z of M.

Suppose that either I'z or Jz is a finite set and |Iz| # |Jz|. By symmetry
we may assume that [Iz| < |Jz|. Put n = |Iz|. Then in Jz there are n+1 indices
J1se - Jng1 With [V, ]e = [Z]e. Now V;, @---®Vj, ., is finitely generated, so that
there exists a finite subset G C I such that V;, @ ---®Vj,,, € ®ieclU;. Thus
Viy® - ®Vj,,, is a direct summand of ®;cqU;, whence by Proposition 9.10
there exist n + 1 distinct indices ¢ € G such that [U;]. = [Z]e. In particular
|Iz| > n+ 1, a contradiction. Thus |Iz| = |Jz| if either Iz or Jz is finite.

Suppose that Iz and Jz are both infinite. By symmetry we only have
to prove that |Jz| < |Iz|. Let ex:Ux — M, eV, — M, mp: M — Uy and
pe: M — V4 denote the embeddings and the canonical projections. If t € I’ put
A(t) = { € € J | megpee, is an epimorphism }.

The sets A(t) are finite for every t € I’, because Uy is cyclic. Hence there
is a finite subset F' of J such that U; C @;erVj, and then mespees(Ur) = 0 for
every £ € J\ F. In particular, miegpee; is not surjective for every £ € J\ F, so
that A(t) C F is finite. Moreover, A(t) C J’, because if £ € A(t), then mespee;
is an epimorphism, so that pee;: Uy — V4 is an epimorphism by Lemma 6.26(b).
In particular, V; is cyclic, that is, £ € J'.

We now show that Jz C (J,¢;, A(t). If j € Jz, then Vj is cyclic, so that
there is a finite subset H of [ such that V; C ©;cpU;. Then Zierjaﬂriej
is the identity of V;. In particular, there exists ¢ € H such that p;e;mie; is
surjective. By Lemma 6.26(b) both p;e; and m;e; are surjective, so that [U;]e =
[Vile = [Z] and m;e;pje; is surjective. Thus j € A(:) and ¢ € Iz. This proves
that Jz C (J,e;, A(t), so that |Jz| < No|lz| = |Iz|. Hence |Iz| = |Jz|. O

In the remaining part of this section we will restrict our attention to the
case in which all the modules A;, B; (i € I, j € J) are uniserial, and show that
in this case there exists a bijection 7"/: I — J” such that [A;]. = [B»(;]e for
every 1 € I"”, where I"” C I and J” C J are in some sense the largest possible
subsets for which a weak Krull-Schmidt Theorem can hold.

An R-module Np is said to be quasi-small if for every family { M; |[i € I}
of R-modules such that Np is isomorphic to a direct summand of &;¢;M;, there
is a finite subset F' C I such that Ng is isomorphic to a direct summand of
BicrM,;. For instance, a semisimple module is quasi-small if and only if its
Goldie dimension is finite.

Example 9.28 Every small module is quasi-small. U
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In particular, every finitely generated module is quasi-small.
Example 9.29 Every module with local endomorphism ring is quasi-small.
Procf. Suppose that N is a module with a local endomorphism ring and

{M;|iel}

is a family of modules with N isomorphic to a direct summand of $;c;M;,
that is, suppose that G = N’ ®& P = @®;cM; with N’ 2 N. By Theorem 2.8
the module N has the exchange property, so that for every ¢ € I there is a
direct sum decomposition M; = B; @ C; such that G = N’ @ (®;e1B;). Then
N' & @;c;C;. But N’ = N is indecomposable. Hence there exists an index
j € I with N' & C;. Thus N is isomorphic to a direct summand of M;. In
particular, M is quasi-small. O

Proposition 9.30(a) shows that the class of quasi-small uniserial modules is
the largest class of uniserial modules for which we can possibly find a bijection
preserving the epigeny classes.

Proposition 9.30 Let N be a uniserial R-module that is not quasi-small. Then
the following statements hold true:

(a) There exists a countable family { A, | n > 1} of uniserial R-modules
such that N ® (®,>14n) = ®n>14, and [A,)e # [N]e for every n > 1.

(b) Every non-zero homomorphic image of N is not quasi-small.

Proof. If N is a uniserial module that is not quasi-small, then there exists a
family { M; | i € I } of modules such that NV is isomorphic to a direct summand
of ®;crM; and Mg is not isomorphic to a direct summand of @;c r M; for every
finite subset F' C I. Hence there exist homomorphisms f: N — @,c1M; and
g:®ierM; — N such that gf = 1n. For every j € I let €;: M; — ®;crM; and
mj: BierM; — M; denote the embedding and the canonical projection.

By Proposition 2.45 the module N has a countable set {z, | n > 0} of
generators. Since N is not cyclic (Example 9.28), without loss of generality we
may assume that 0 = 2R C 1R C xR C ... .

We claim that there exists a chain 0 = Ay € A; € Ay C ... of cyclic
submodules of N and endomorphisms f,, n > 0, of N satisfying the following
conditions:

(a) x, € A, for every n > 0;
(b) fn(x) =z for every x € An—1 and every n > 1;
(¢) fn(N) C A, for every n > 0.

The proof of the claim is by induction on n. For n = 0 put Ag = 0 and f, = 0.
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Suppose that n > 1 and that Ag,..., A,_1, fo,- .., fn_1 with the required
properties exist. Since A,_; is cyclic and N is not cyclic, there exists y € N,
y & An_1. As f(y) € ®;er M;, there exists a finite subset F of I such that

= Zfﬁif(y)

iEF

Then y = gf(y) = Y iep9eimif(y). Put fr, = >, pgemif, so that from
fn(y) =y it follows that f, € End(IV) is a monomorphism and satisfies prop-
erty (b) (because A,_1 C yR). If f,(N)} = N, then f, is an automorphism of
N, so that the composite of

@icrmif: N — @iepM; and  @icr filges ®iepM; —» N

is the identity mapping of N. Hence N is isomorphic to a direct summand of
®ie rM;, contradiction. This shows that f,(N) C N, whence f,(N)+z,R C N.
Therefore there exists a cyclic submodule A4,, of N with f,(N) + z,R C A,.
This concludes the proof of the claim.

Since N is not cyclic and the A, are cyclic, we have [A,]. # [N]. for
every n > 1.

Put gn = fo — fa—1 forevery n > 1 and let ¢: N — @,>14, be the
mapping defined by g(z) = (gn(2))n>1. This mapping is well-defined, because
gn(N) C Ay, for n > 1 and gn(z) = 0 for every € A,_s, n > 2, so that for
every element z € NV one has that g,(z) = 0 for almost all n. Let

h: @nZIAn — N

be the homomorphism defined by h((zn)n>1) = 3,5 Zn. If z € Ap, then
hg(z) = ijll 9i() = for1(z) — folx) = z. Since N = Un>1 A, we obtain
that hg = 1n. Hence if K =kerh, then N ® K = @,>14,.

Let :@n>14, — On>14n be the homomorphism defined by

(1, Y2,y3,---) = (Y1, Y2 — ¥1,U3 — Y2, Y2 — Y3, - -)-

Then he = 0, so that the image of € is contained in ker h = K. Conversely,
if z = (21,22,23,...) € @n>1A and z € K, then there exists n such that

=0 for every i > n, and Zz Lz =0.Ify; =37_, 2 for every j > 1, then
y = (Y1,¥2,Y3,...) € Dp>14, and e(y) = z. Hence the image of € is equal to K.
Finally, it is easily verified that ¢ is a monomorphism. Hence K = @,>14,.
This proves (a).

Now let P be a proper submodule of V. Then there exists an n > 1 such
that P C A,. In particular, f;(z) = x for every z € P and every ¢ > n, so
that f; induces an endomorphlsm f, of N/P such that fl( ) = T for for every
T e AZ 1/P and fz(N/P) C A;/P for every i > n. Put g1 = fn+1 and

fZ fz 1 for every i > n+1. Let §: N/P — @®;>,4+14;/P be the mapping
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defined by §(Z) = (i(Z))izn+1, and let h: i>ns14;/P — N/P be defined by
ﬁ((fi)i2n+1) = i>n41Zi- Then hg = 1n/p, so that N/P is isomorphic to a
direct summand ofw@iZn_,_lAi /P. If N/P were quasi-small, then there would
exist a finite set F with N/P isomorphic to a direct summand of ®;crA;/P.
But each A; is cyclic, so that N/P would be finitely generated. Hence N would
be cyclic, a contradiction. Therefore N/P is not quasi-small. ]

We do not know an example of a uniserial module that is not quasi-small.

9.9 A necessary condition for families of
uniserial modules

Let {U;|i€I},{V;|j€ J} be two families of non-zero uniserial modules
over an arbitrary ring R such that ®,c1U; = ®;csV;. It is not known whether
there exists a one-to-one correspondence 7:1 — J that preserves the epigeny
classes. The aim of this section is to prove that if ®;c;U; = ®jecsVj, then,
necessarily, there exists a one-to-one correspondence that preserves the epigeny
classes of quasi-small uniserial modules.

Our first lemma is an extension of Proposition 9.10 to the case of an
infinite family of C;’s. It holds when the modules A;’s are quasi-small.

Lemma 9.31 Let R be an arbitrary ring, let Ai,..., A, be biuniform quasi-
small R-modules and let {C; | j € J} be a family of biuniform modules. If
AL @ - @ A, is isomorphic to a direct summand of ®;c C;, then there exist
n distinct indices j1,...,jn € J such that [Ai]e = [C},)e for everyt=1,...,n.

Proof. Suppose that A1 @ --- @ A, & B = @ sC;. The proof is by induction
on n. The case n = 0 is trivial. Suppose that n > 1. By Proposition 9.6 there
exists k € J such that [A;]y = [Cklm- Since A; is quasi-small, there exists a
finite subset F' C J such that A; is isomorphic to a direct summand of ®;erC;.
Hence by Proposition 9.7 there exists j; € F such that [4;1]. = [C},]e- If k& = ji1,
then A; = Cj,, so that Ay @ --- @ Ap, ® B = @jey, j=;,Cj and we obtain the
result by the induction hypothesis. If & # j1, then

AL ®D=C o0,
for a biuniform module D with [D],, = [Cj,]m and [D]. = [Ck]e. Then
A1D - DA ®BXEB;esC; 2 A © DO (Bjes, j#£,1Cj)
sothat Ao @ ---® A, ® B=D® (Bjey, j#k,;,Cj)- Since [D]. = [Cle, by the
induction hypothesis there exist n — 1 distinct indices ja, ..., jn, € J\ {j1} such

that [A;]e = [C},]e for every i = 2,...,n. Thus ji,...,jn have the required
property. ([l
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The next theorem shows that for the class of quasi-small uniserial modules
a bijection preserving the epigeny classes exists.

Theorem 9.32 Let R be an arbitrary ring and let {U; |i €I}, {V;]|je J}
be two families of non-zero uniserial R-modules such that ®;c1U; = e V;. If
I"={iel|U is quasi-small} and J" = {j € J | V; is quasi-small}, then
there ezists a bijection 7" I" — J" such that [Uj]e = [Von(]e for everyie I”.

Proof. The proof is similar to that of Theorem 9.27. We may assume M =
Bic1U; = BjesV;.
For every non-zero uniserial quasi-small direct summand Z of M set

Iz={iel"|[Ul.=[Z]} and Jz={jeJ"|[Vjle=[Z].}.

Since Z is quasi-small, there is a finite subset F C I such that Z is isomorphic
to a direct summand of @;crU;. By Proposition 9.7 there exists k € F with
(Z]e = [Ukle. In particular, Uy is quasi-small by Proposition 9.30(b). Thus
k € Iz, so that the set Iz is non-empty. Similarly, Jz is non-empty. It is obvious
that if Z ranges in the set of all non-zero uniserial quasi-small direct summands
of M, then the Iz form a partition of I and the Jz form a partition of J”.
As in the proof of Theorem 9.27, in order to prove the statement it suffices to

show that [Iz| = |Jz| for every non-zero uniserial quasi-small direct summand
Z of M.

If either Iz or Jz is a finite set and |Iz| # |Jz| we may assume |Iz| < |Jz|
by symmetry. Set n = |Iz|. Then in Jy there are n+1 indices jy,. .., jni1 with

Vjle = [Z]e. By Lemma 9.31 [U;]. = [Z]. for at least n + 1 distinct indices
i € I. By Proposition 9.30(b) these n + 1 modules U; are quasi-small, so that
lIz| > n+ 1, a contradiction. Hence |Iz| = |Jz| if either Iz or Jz is a finite
set.

If Iz and Jz are both infinite, it is sufficient to prove that |Jz| < |Iz]. Let
ex:Ur — ®ierU; and ep: Vp — @jcsV; be the embeddings, and mg: @ic1U; —
Ui and pe:@jecsV; — Vi be the canonical projections. For every ¢t € T set
A(t) ={j € J| me;pjer: Uy — Uy is an epimorphism }.

Fach set A(t),t € I, is countable, because by Proposition 2.45 the uniserial
module Uy is either small or countably generated, so that there is a countable
subset C' of J such that U; C @©jecV;, and then mempee,(Uy) = 0 for every
£e J\ C. Hence A(t) C C is countable.

We claim that J"” C | J,c; A(t). To prove this, suppose the contrary, so that
there exists j € J” such that j ¢ A(t) for every ¢t € I. Then me;pjen: Uy — Uy
is not an epimorphism for every ¢t € I, so that

pjeeme;: Vi — Vj

is not an epimorphism for every ¢t € I by Lemma 6.26(b). Hence for every t € I
there is a cyclic proper submodule C; C V; such that p;e;me;(V;) C Cy. For
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every z € V; there are only a finite number of ¢t € I such that me;(z) # 0, so
that it is possible to define a homomorphism ¥: V; — @©c;C; by

Y(z) = (pjerme; (z))ier-

Let w: BterCy — Vj be defined by w((ct)ier) = D _sey ¢t Then wep = 1y, so
that Vj is isomorphic to a direct summand of @¢c;Cy. As j € J”, the module V;
is quasi-small. Hence there is a finite subset F' C I such that V; is isomorphic
to a direct summand of @cpCy. In particular, V; is finitely generated, and so
cyclic. Let v be a generator of V;. There exists a finite subset G' C I such that
v € @tecUs. Then ), pjeemie;(v) = v forces

vE ijetﬂ'tej(Vj) C ZCt cV;,
teq teG

a contradiction. This proves the claim.

Now Jz € U,e I A(t), because if j € Jz, then by the claim there exists
t € I such that j € A(t). The mapping me;p;e; is an epimorphism, so that
[Ui]le = [Vi]e = [Z]e by Lemma 6.26(b). Since Z is quasi-small, U; must be
quasi-small by Proposition 9.30(b), that is, ¢t € Iz. Therefore

[Jz| < Rollz| = |Iz]. O
In particular,

Corollary 9.33 Let R be a ring and let {U, | i € 1} {V; | j € J} be two
families of non-zero quasi-small uniserial R-modules. Then ®;e1U; = @jc5V;
if and only if there exist two bijections o,7:1 — J such that [Uilm = [Vo)lm
and [Ule = [Vrqyle for everyi e I. O

9.10 Notes on Chapter 9

For an arbitrary module Ag, the analogues of the ideals I and K described in
Theorem 9.1 are the sets of all the endomorphisms of Ar with essential kernel
and all the endomorphisms of Ar with superfluous image. These are always
two two-sided ideals of End(Ag).

A left or right artinian ring is a QF-2 ring if each of its indecomposable
projective left and right modules has a simple socle (see [Anderson and Fuller]).
If R is a left or right artinian ring, then R is semiperfect, so that it has
a basic set of primitive idempotents {e1,...,en}, and {e1R,...,e, R} and
{Rex, ..., Rey} are complete sets of representatives of the indecomposable pro-
jective left and right R-modules. In particular, every indecomposable projective
left and right module is local. It follows that a left or right artinian ring is a
QF-2 ring if and only if every indecomposable projective left and right module
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is biuniform, if and only if Rgr and gR are direct sums of biuniform modules,
if and only if dim{Rg) = dim(rR) = codim(R).

Almost all the results in this chapter are due to [Facchini 96] and [Dung
and Facchini a]. The only exceptions are Lemmas 9.17, 9.18 and Theorem 9.19,
due to Puninski, and Proposition 9.23, due to Herbera. The results in this
chapter were proved by [Facchini 96] and [Dung and Facchini a] for uniserial
modules, but the results hold for biuniform modules as well, as was observed
independently by Dung and Herbera. The papers [Facchini 96] and [Dung and
Facchini 97] contain other results concerning direct sums of uniserial modules.
For instance, in [Facchini 96, Corollary 1.13] it is proved that if Uy,...,U, are
Krull-Schmidt uniserial modules, Vi,...,V,. are non-Krull-Schmidt uniserial
modules, t1,...,%,,u1,..., U, are non-negative integers, and

]\/IZUltl69“-@[];"69‘/1“1@“-69‘/?1”,

then M has at most 7 + r? non-isomorphic uniserial direct summands # 0.

Note that Theorem 9.13 and Example 9.20 answer Warfield’s question
about the uniqueness for decompositions of a finitely presented module over a
serial ring into uniserial summands (see the Preface).

For an axiomatic approach to the results in this chapter and for an ap-
plication to a class of modules that are torsionfree with respect to a suitable
hereditary torsion theory, see [Bican].

In Proposition 9.24 we have seen that every unshrinkable uniserial module
is of type 1, that is, it has a local endomorphism ring, so that the Krull-Schmidt
Theorem holds for serial modules that are direct sums of unshrinkable uniserial
modules (Corollary 9.25). [Facchini and Salce, Theorem 4] have proved the fol-
lowing extension of this result: Let Vi,...,V,,Us,...,U,, be uniserial right
modules over an arbitrary ring R. Let M be an R-module that is both a homo-
morphic image of V, & --- ® V,, and a submodule of U; & -+ & U,,,. Suppose
that either

(a) for every i =1,2,...,m every homomorphic image of V; is unshrinkable,
or that

(b) for every j =1,2,...,n every submodule of U; is unshrinkable.

Then M is serial.

A different kind of condition on the families of uniserials is considered in
[Dung and Facchini 97, Section 5]. Recall that a family of modules

{MZ|'L€I}

is called locally semi-T-nilpotent if, for any countably infinite set of non-iso-
morphisms { fr: M;, — M;,,, | n > 0} with all the i, distinct in I, and
for any = € M;,, there exists a positive integer k& (depending on z) such that
fi ... fi(z) = 0. [Zimmermann-Huisgen and Zimmermann 84] have shown that



Notes on Chapter 9 235

there is a connection between the locally semi-T-nilpotency of a family of mod-
ules with local endomorphism rings and the exchange property of their direct
sum, because they proved that if M;, i € I, are modules with End(M;) local
for all i € I, then M = @;c7M; has the (finite) exchange property if and only
if the family { M; | ¢ € I} is locally semi-T-nilpotent.

If{U;|i€l}and {V;|je J} are two locally semi-T-nilpotent families
of non-zero uniserial modules over an arbitrary ring R, then ®;cU; = ®jecV;
if and only if there are two bijections o, 7: I — J such that [U]m = [Vo@i)lm
and [U;]e = [Vy(s)le for every i € I [Dung and Facchini 97, Theorem 5.4].



Chapter 10

> -pure-injective Modules
and Artinian Modules

The aim of this chapter is to study the endomorphism rings of artinian mod-
ules (Section 10.2) and, in particular, to characterize the endomorphism rings
of artinian modules that are serial rings (Theorem 10.23). If Mg is an ar-
tinian module over an arbitrary ring S and R = End(Mg), then rMg is a
bimodule and grM is a faithful Y-pure-injective module (Example 1.41). This
leads us to study rings with a faithful 3-pure-injective module (Section 10.1).
In Section 10.3 we proceed to consider distributive modules, because every
Y-pure-injective module over a serial ring is a direct sum of distributive mod-
ules as a module over its endomorphism ring. In Sections 10.4 and 10.5 we
consider Y-pure-injective modules over chain rings and describe them making
use of localization at a completely prime ideal. The main result of Section 10.5 is
Theorem 10.20, which says that a module over a serial ring is 3-pure-injective if
and only if it is artinian as a module over its endomorphism ring. Sections 10.6
and 10.7 are devoted to characterizing the endomorphism rings of artinian mod-
ules that are serial rings via Krull dimension. In Section 10.8 we extend the
results about X-pure-injective modules over chain rings found in the previous
sections to X-pure-injective modules over serial rings.

10.1 Rings with a faithful >.-pure-injective module
In this section we shall prove that a ring with a faithful ¥-pure-injective mod-

ule satisfies the a.c.c. on right annihilators and its nil subrings are nilpotent.
Proposition 10.1 is somewhat more precise.

Proposition 10.1 Let R be an arbitrary ring and let Mg be a faithful R-module.

237
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(a) If M satisfies the d.c.c. on additive subgroups of the form (0 :ps F), where
F is a finite subset of R, then R satisfies the a.c.c. on right annihilators.

(b) If M satisfies the d.c.c. on additive subgroups of the form (0 :pr F), where
F is a finite subset of R, and the d.c.c. on additive subgroups of the form
Mr, r € R, then every nil subring of R is nilpotent.

Proof. (a) Suppose that M satisfies the d.c.c. on additive subgroups of the
form (0 :pr F), where F is a finite subset of R. Let £ be the set of all right
annihilatorsof Rand let £’ = {(0:p F) | F afinite subset of R}.If I € £, then
(0 :pr I) is the intersection of all the subgroups (0 :ps F), when F ranges in the
set of finite subsets of I. By the d.c.c. on these subgroups, (0 :ps I) € £’. Hence
there is an inclusion reversing mapping ¢: £ — £’ defined by @(I) = (0 :ps 1)
for every I € L. Since Mg is a faithful module, for every subset A C R one
has that the right annihilator I = r.anng(A) of A in R is equal to (0 :g N),
where N ={ma|me& M, a€ A}. Then N C (0:p7 (0:g N)) = (0:p 1), s0
that (0 :g (0 :p7 I)) € (0 :g N) = I. Conversely, I C (0 :g (0 :ps I)). Hence
I =(0:5 (0 :pm I)). It follows that ¢ is injective. Therefore the d.c.c. in £’
yields the a.c.c. in L.

(b) Let N be a nil subring of R that is not nilpotent. By (a) the ring
R has the a.c.c. on right annihilators, so that by Proposition 6.8 the subring
N is not right T-nilpotent. Hence by Proposition 6.7 there exists a sequence
Y0,Y1, Y2, - .. of elements of N such that y,yn—1...1y1y0 # 0 for every n > 0
and Yi¥nYn—1-.-y1yo = 0 for every n > 7 > 0.

Set ap, = yn - ... yg for every n > 0. Since the chain Mag O Ma; D ...
is stationary, there exists a positive integer k such that Ma,, = May, for every
n > k. Then Myn 116, = Man1 = May, from which M = (0 37 an) + My,
for every n > k. From y;a, = 0 it follows that My, C (0 :ar an) for every
n > ¢ > 0. By induction we shall prove that

n n+1
M = ( ﬂk(o ‘M am)> + Xk:lMyi (10.1)
m= =k

for every n > k. We already know that the case n = k holds. Suppose that
equality (10.1) holds for n — 1. Then

O:man)=0:pa,)NM=0:pa,)0N ((Tﬁ (0 :pr am)> + i Myi>

m=k i=k+1

by the induction hypothesis, so that

(01 an) = (ﬂ (0:m am>> + ) My

m=k i=k+1
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by the modular identity. Hence

n n+41
M= (0 ‘M an)+Myn+l = (ﬂ (O M arn)) + Z Myia

m=k i=k+1

which proves equality (10.1).
As M satisfies the d.c.c. on subgroups of the form (0 :p; F), where F is a
finite subset of R, there exists a positive integer ¢ > k such that

t t+1
ﬂ (0:p am) = m (0 :p1 am)-
m=k m=k
Then both
t t+1
ﬂ (0:p @) and Z My;
m=k i=k+1

are contained in (0 :py as41). Hence M = (0 :pp ay1). But Mp is faithful,
contradiction. O

Corollary 10.2 Let R be a ring with o faithful Y-pure-injective right module.
Then R satisfies the a.c.c. on right annshilators and every nil subring of R is
nilpotent.

Proof. By Theorem 1.40 every Y-pure-injective module Mg satisfies the d.c.c.
on finitely definable subgroups. Since the additive subgroups of the form (0 : 5
F), where F is a finite subset of R, and of the form Mr, r € R, are finitely
definable, the corollary follows from Proposition 10.1. ]

Corollary 10.2 allows us to characterize the commutative semiprime rings
with a faithful Z-pure-injective module:

Example 10.3 Let R be a commutative semiprime ring. The following condi-
tions are equivalent:

(a) R has a faithful Z-pure-injective module;
(b) R has the a.c.c. on annihilators;
(c) R has only a finite number of minimal prime ideals.

Proof. (a) = (b). Corollary 10.2.

(b) = (c). Let R be a commutative ring with the a.c.c. on annihilators.
Suppose that there exist proper annihilators that do not contain the product of
a finite number of prime ideals. Let I be maximal among these proper annihila-
tors. In particular, [ is not prime, so that there exist r, s € R, r, s ¢ I such that
rs € I. Set J = ann(ann(l)r) and K = ann(ann(/)J). Then J, K D I. From
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ann(I)rs = 0 we obtain that s € ann(ann(/)r) = J. Hence J D I. Similarly,
ann(I)rJ = 0 implies that r € ann(ann(I)J) = K. Hence K D I. Now J is a
proper ideal, because otherwise r € ann{ann(/)) = I, a contradiction. And K
is a proper ideal, because otherwise ann(l)J = 0. Hence J C ann(ann(l)) = I,
contradiction. By the maximality of I, both J and K contain finite products
of primes, so that JK contains a finite product of primes. But ann(J)JK = 0,
so that JK C ann(ann(l)) = I, contradiction. This proves that every proper
annihilator contains a finite product of prime ideals. In particular, there exist
prime ideals P,..., P, such that P;... P, = 0. Then every prime ideal of R
contains one of the ideals P, ..., P,, that is, R has at most n minimal prime
ideals.

(c) = (a). If a commutative semiprime ring R has finitely many minimal
prime ideals, then R embeds in a finite direct product of commutative integral
domains. Hence R embeds in a finite direct product of fields, that is, in a semi-
simple artinian ring S. Obviously, the S-module S is a faithful ¥-pure-injective
S-module. Thus it is a faithful X-pure-injective R-module by Corollary 1.36.

O

10.2 Rings isomorphic to endomorphism
rings of artinian modules

Let A be the class of rings that are isomorphic to endomorphism rings of
artinian modules:

A={R|R=End(Ms) for some artinian module Mg over some ring S }.

In this section we shall concentrate our attention on the class A.

We have already seen that A contains all module-finite algebras over a
semilocal commutative noetherian ring (Proposition 8.18) and that every ring
in A is semilocal (Theorem 4.12). In particular, every ring in A has a complete
set of orthogonal primitive idempotents, so that every ring in A has a direct
product decomposition into indecomposable rings (Theorem 5.13). It is easily
seen that if R and T are rings and R x T is their direct product, then RxT € A
if and only if both R and T belong to A.

We have proved that Krull-Schmidt fails for artinian modules (Examples
8.20 and 8.21). Hence the identity of a ring belonging to 4 is not the sum of
orthogonal primitive idempotents in a unique way up to isomorphism. More
precisely, there is a ring R € A and indecomposable, pairwise nonisomorphic,
direct summands Py, P, P3, Py of Rg such that R = PL® P, = P3s® Py
(Example 8.20 and Theorem 4.7). And for every integer n > 2 there is a ring
R,, € Asuch that the right R,-module R,, is the direct sum of 7 indecomposable
modules for each ¢ where 2 < ¢ < n (Example 8.21 and Theorem 4.7).
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Recall that two rings R and T' are Morita equivalent if there is an additive
category equivalence Mod-R — Mod-T. Equivalently, R and T are Morita
equivalent if and only if T 2 End(Pg) for some progenerator Pr (a right R-
module Pg is a progenerator if it is finitely generated, projective, and every right
R-module is a homomorphic image of a direct sum of copies of Pg). If R and T
are Morita equivalent rings, then there is a integer m > 0 and an idempotent
m X m matrix A € M,,(R) such that T & AM,,,(R)A [Anderson and Fuller,
§§21 and 22].

The next proposition shows that the class A is closed under Morita equiv-
alence.

Proposition 10.4 If R and T are Morita equivalent rings and R € A, then
TeA

Proof. Let R and T be Morita equivalent rings and suppose that R € A, so
that R = End(Ms) for an artinian right S-module Ng. There is an integer
m >0 and an idempotent matrix A € M,,(R) such that T = AM,,,(R)A. But
M,,(R) = End(NZ"), so that AN™ is a direct summand of N™. Hence it is an
artinian S-module, and End(ANZ") = AEnd(NZ)A =2 AM,,(R)A = T. Thus
T e A O

If Ms is an artinian right module over a ring S, then M is a -pure-
injective left module over its endomorphism ring End(Mg) (Example 1.41).
Hence every ring R € A has a faithful X-pure-injective left module. From the
left-right dual of Corollary 10.2 we immediately obtain that

Corollary 10.5 Every ring R € A satisfies the a.c.c. on left annihilators, and
every nil subring of R is nilpotent. O

We shall now prove that there is a bound on the nilpotency indices of nil
subrings of a ring belonging to .A. Recall that every artinian module has finite
dual Goldie dimension by Corollary 2.41.

Proposition 10.6 Let Mg be an artinian module over a ring S and suppose that
codim(Mg) = n. Set R = End(Mg) and

H={fe€R]| f(M) is superfluous in M }.
Then:
(a) H is a nilpotent two-sided ideal of R.

(b) FEvery strictly descending chain of left annihilators of the ring R/H has
at most n+ 1 elements.
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Proof. (a) It is easily seen that H is a two-sided ideal of R (Lemma 5.8(b)). By
Corollary 10.5 the ring R satisfies the a.c.c. on left annihilators, so that by the
left-right dual of Proposition 6.8 it suffices to show that [ is left T-nilpotent.
Let hg, h1, ha,... be a sequence of elements of H. Set

fo="ho... hn

for every n > 0. Since Mg is artinian, there exists an m such that
fm(M) = frmy1(M).

Then fo (M) = frp1 (M) = fonhme1 (M) forces M = hyq1 (M) +ker(fn). But
hmy1(M) is superfluous in M, so that M = ker(fn.), i.e., frn = 0. This shows
that H is left T-nilpotent.

(b) Let Ay D Ay D .-+ D Apm41 be a strictly descending chain of left
annihilators of the ring R/H. We must show that m < n. Since

Ai = l.annR/H(r.annR/H(Ai)),

the chain r.anng,y (A1) C r.anngy(As) C --- C ranngg(Am1) is strictly
ascending. Let V; be the right ideal of R containing H such that

Vi/H = r.anng,p(4;)

for every i = 1,...,m+ 1, and set (H : V;) = {r € R | rV; C H}, so that
(H :V;)/H =lamng,u(V;/H) = A;. The chain

(H:Vl)D(H2V2)D'-':)(HZVm+1)

is obviously strictly descending, so that for every ¢ = 1,2,...,m there is an
element r; € (H : V;), r; ¢ (H : Viy1). Hence mV; € H and there exists
an element v;11 € Viyq such that rv.py ¢ H. Thus ru; € H for every
j=1,2,...,%i and r;u;01 (M) is not superfluous in M. For every i =1,2,...,m
let N; be a proper submodule of M such that N; 4+ r;v;41(M) = M. Then

M= ’/'i_l(Ni -+ T’i’U«L+1(M)) = Ti_l(Ni) -+ Ui+1(M) (102)

and

Observe that r; ' (IV;) is a proper submodule of M, otherwise N; 2 ri(M), so
that N; + r;(M) = M forces N; = M, contradiction.

For every i, with 1 < 4 < j < m define a module M;; as follows:
Mi,i = 'I“;l(Nz) fori=1,2,...,m,and Mi,j = Ui+1(]\4)+' . '—I—?Jj(M)-}—Tj_l(Nj)
for 1 < ¢ < j < m. We prove that the M; ; are proper submodules of M for
every 1 < 4 < j < m. We already know that M;; is proper. If ¢ < j and
M;; = M, then vy (M) + - + v; (M) + rj_l(Nj) = M implies

rjviH(M) + ""|"7"jUj(M) +Nj 2 T‘](]\r{)
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From (10.3) it follows that
iji+1(]V[) “+ .. +Tj1)j(M) + Nj 2 Nj +T‘j(M) =M.

Since Vi1, . ..,rjv; € H, the submodules r;v;41(M), ..., r;v;(M) are super-
fluous in M, so that N; = M, a contradiction. Hence all the submodules M; ;
of M are proper.

We claim that the family {M;;, M; ;41,..., M;m} is coindependent for
every i = 1,2,...,m. If we prove the claim, then, in particular, the family
{My1,M;3,...,M; 1} is coindependent, so that m < codim(Mg) = n, which
concludes the proof of the proposition.

The proof of the claim is by induction on & = m — i. The case k = 0
is trivial, because a family consisting of one proper submodule is always coin-
dependent.

Suppose that the family {M;y1,i+1, Mit1,i42,- .., Mit1,m} is coindepend-
ent. We must prove that

{M; i, Miit1,...,M;m}

is coindependent. As M; ; D v;41(M) for every j =i+ 1,...,m, we have that

M;; + ﬂ M;; 2 ri_l(Ni) + 1),;+1(M) =M
j=i+1
by (10.2). Hence we only have to show that if £ = {4+ 1,14 2,...,m, then
Mi,é + ﬂ'i<j§m, L MiJ‘ (since Mi,é 2 ’Ui+1(M))
= Mie + {Micj<m, j2e Mi,j) + viy1(M)
= M; o+ (ﬂi+1§j§m, e Mi,j) ﬂr;l(Ni)) +ve1(M)  (by modularity)
=M+ ni+1§j§m, L M; ;N (T{I(Ni) + Ui+1(M))) (by (10.2))
= Mo+ {Nit1<j<m, j2e Mij N M)
= Mo+ (Nij1<j<m, jre Mii (as Mi; 2 Mij;)
D Miy1e+ ﬂi+1§j§m, e Miv1,; =M (because the family {M;1; | j =
i+1,...,m} is coindependent)
(10.4)
This concludes the proof of the claim. a

Proposition 10.7 Let Mg be an artinian module over a ring S and suppose
codim(Msg) = n. Set R = End(Mg) and let k be the nilpotency index of the
nilpotent ideal H={f € R| f(M) is superfluous in M } of R. Then

L(n—‘rl)k =0

for every nil subring L of R.
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Proof. 1t is easily seen that if T is a ring with the property that every strictly
descending chain of left annihilators of T" has at most n + 1 elements, then
A™*1 = 0 for every nilpotent subring A of T

Now the subring L of R is nilpotent by Corollary 10.5, so that the subring
L+ H/H of R/H is nilpotent. By Proposition 10.6(b) (L/H)**! = 0. Hence
L™ C H, so that L(®*tDk C HF =0, O

10.3 Distributive modules

A lattice (L, V,A) is called distributive if z Ay V z) = (x Ay)V (z Az) for all
x,y,z € L, or, equivalently, z V (yAz) = (z Vy) A(xVz) forall z,y,z € L. A
right module Mp is said to be a distributive module if the lattice L{Mpg) of its
submodules is distributive. For instance, every uniserial module is distributive.

Theorem 10.8 The following are equivalent for a right R-module Mg:
(a) The module My is distributive.

(b) For all a,b,c € Mg, aRN (bR + cR) = (aRNbR) + (aRNcR).
(¢c) For all a,b € Mg, aR+bR = (a+b)R+ (aRNbR).
(d) For all a,b € Mg,

(aR:b)+ (bR:a) =R,
where (aR:by={rc R|br€aR} and (bR:a)={re€ R|ar €bR}.
(e) For alla,be Mg, (a+b)R=(aRN{a+bR)+ (BRN{a+b)R).

Proof. . (a) = (b). This is obvious.
(b) = (c¢). Suppose that (b) holds. We show that

aR+bR = (a+b)R+ (aRNbR).

The inclusion 2O is obvious. In order to prove the inclusion C, it is sufficient to
prove that a € (a + b)R + (aR N bR) by symmetry. Now

ac€aRNBR+ (a+b)R)=(aRNbBR)+ (aRN(a+b)R)

by (b). And (aRNbR) + (aRN(a+b)R) C (aRNbR) + (a+b)R.

(c) = (d). Suppose that (c) holds. It suffices to show that 1 =7+ s with
r € (aR:b) and s € (bR : a). By (c) we have that a € (a+b)R+ (aRNbR), so
that @ = (a+b)r+y, wherer € Rand y € aRNbOR. Hence br = a—ar—y € aRR
forces r € (aR : b). Then

a(l—r)=a—ar=br+y€bR,

so that s=1—7r € (bR: a).
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(d) = (e). The inclusion (a + b)R 2 (aRN(a + b)R) + (bRN (a + b)R)
is obvious. Conversely, by (d) there exist r € (aR : b) and s € (bR : a) with
r+s = 1. Then (a+-b)r € aR, so that (a+b)r € aRN(a+b)R. Similarly, (a+b)s €
bRN{a+b)R. Hence a-+b = (a-+b)r+(a+b)s € (aRN(a+b)R)+(bRN(a+b)R).

(e) = (a). Let A, B,C be submodules of Mg. The inclusion

(ANC)+ (BNC)C (A+B)nC

always holds. Conversely, suppose that a +b=c€ (A+ B)NC, witha € A
and b € B. Then from (e) it follows that

ce(a+b)R=(aRN(a+b)R)+ (BRN(a+bR)C(ANC)+(BNC). O
From characterization (d) of Theorem 10.8 we obtain
Corollary 10.9 Fuvery distributive module over a local ring is uniserial. O

In the proof of Theorem 10.11 we need the following technical result of
lattice theory.

Theorem 10.10 (Birkhoff, 1940) Let L be o modular lattice. If Cy, Cy are two
linearly ordered subsets of L, then the sublattice of L generated by Co U C1 is
distributive. a

Since Theorem 10.10 is a result of lattice theory, we shall not prove it
here. For a proof, see [Gréitzer, Theorem IV.1.13].

Theorem 10.11 If R is a serial ring, {e1,...,en} is a complete set of ortho-
gonal primitive idempotents in R, Mg is a Z-pure-injective R-module and
S = End(Mp) is its endomorphism ring, then the left S-module sM has a
direct sum decomposition sM = @7_;Me; where each sMe; is a distributive
S-module with the d.c.c. on cyclic submodules.

Proof. Since {e1,...,e,} is a complete set of orthogonal idempotents in
End(sM), we know that sM = @7, Me;. Hence it suffices to show that for
every i = 1,2,...,n the left S-module Me; is distributive and has the d.c.c. on
cyclic submodules.

Let L{zMe;) be the modular lattice of all additive subgroups of Me;.
Since R is a serial ring, the right R-module e; R is uniserial, hence the subgroups
(0 :are, €ir), 7 € R, form a linearly ordered subset Cy of L(zMe;). Similarly,
the left R-module Re; is uniserial, so that the subgroups Mre;, r € R, form a
linearly ordered subset C; of £(zMe;). By Theorem 10.10 the subset Cy U C
generates a distributive sublattice D of £(zMe;). As the elements of Cy U Cy
are finitely definable subgroups of Mg, the groups in D are finitely definable
subgroups of Mg (Lemma 1.33). But Mg is E-pure-injective, so that the dis-
tributive lattice D is an artinian poset (Theorem 1.40(b)). Let Lcyc(sMe;)
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be the sublattice of £(zMe;) generated by all the cyclic submodules Sme; of
sMe;, m € M. If we prove that Sme; € D for every m € M, then Lcyc(sMe;)
is a sublattice of D. Hence Lcyc(sMe;) is a distributive lattice, so that sMe;
is a distributive module by Theorem 10.8 (a)<(b). Moreover D is an artinian
poset, hence Lcyc(sMe;) is an artinian poset, that is, sMe; has the d.c.c. on
cyclic submodules.

Thus it suffices to prove that Sme; € D for every m € M. We claim that
for every m,n € M, we have n € Sme; if and only if n € G for every G € D
with me; € G. If we prove the claim, then Sme; =[G, where G ranges in the
set of the subgroups G € D with me; € G. Since the distributive lattice D is
an artinian poset, the set of the subgroups G € D with me; € G has a smallest
element H. Then Sme; = H € D, and this concludes the proof of the theorem.

Let us prove the claim. If m,n € M and n € Sme;, then n belongs to
every submodule of gM that contains me;. Now (0 :pse, €;7) and Me;re; are
submodules of g M, so that all the elements of D are submodules of gM. Hence
n € G for every G € D with me; € G.

Conversely, let m,n be elements of M and suppose that n € G for every
G € D with me; € G. In order to prove that n € Sme; we must show that there
exists an endomorphism g of Mg such that g(me;) = n. By Proposition 1.37
it suffices to prove that for every finitely presented module Fg, every element
a € Fe; and every homomorphism f: Fg — Mg such that f(a) = me; there
exists a homomorphism f’: Fr — Mpg such that f'(a) = n. By Corollary 3.30
we may assume

Fr = eilR/eilrlR (GCREREC eikR/eik’l“kR,

where 41,...,% € {1,2,...,n} and r1,...,7x € R. Fix an element a € Fe;

and a homomorphism f: Fr — Mg such that f(a) = me;. Let s1,..., s be

elements of R such that a = (e;; 81 +e;; "R, ..., e; sk + €, rxR), so that
a=ae; = (e, s16; +e;, 1R, ... e ke + e, TLR).

For every t=1,...,k set

my = flei, R, ... 6, T e, R, ... e, TLR).

Then mq,...,my € Mg are such that m.e;, = m; and mqe;,ry = 0 for every
t=1,...,k, and me;, s18; + - - - + mye;, sxe; = me;. Thus
k
me; & E (0 ‘Me;, €:,Tt)€4, StEi-
t=1

If e;,5:e;R C e;,7: R, then (0 IMe, e;,re)eq, see; = 0. If e;,8:¢; R D e;, 7R, then
there exists u; € R such that e;,ry = e;, s.e;u4, and it is easily seen that

0 ‘Me;, ei,Te)ei, s1e; = (0 :ipre, €uz) N Me;, sie;.
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Hence G = Zle(o ‘Me;, e;, 7t )es,5te; € D and me; € G. By hypothesis n € G,

so that there are elements n; € Mg such that nse;,r; =0 foreveryt =1,...,k
and n = Zle nee;, ste;. Let f': Fr — Mg be the homomorphism defined by
fesv1+e,mR,... e vk +e,7sR) = Zle nge;, vy for every vq,...,vx € R.
Then

k
f(a) = f'(e;,816i + €, 7R, ... €, 516 + €, Tk R) = Znteitstei =n.
t=1

Therefore there exists an endomorphism g of Mg such that g(me;) = n by
Proposition 1.37. O

Corollary 10.12 If R is a serial ring, {e1,...,e,} is a complete set of ortho-
gonal primitive idempotents in R, Mp is an indecomposable 3-pure-injective
right R-module and S = End(Mg) is its endomorphism ring, then the left
S-module sM has a direct sum decomposition sM = ®]_, Me; in which every
Me; is a uniserial artinian left S-module.

Proof. By the previous theorem every gMe; is distributive and has the d.c.c. on
cyclic submodules. The ring S is local by Corollary 2.27. Hence gMe; is uni-
serial by Corollary 10.9. And every uniserial module with the d.c.c. on cyclic
submodules is artinian. O

Corollary 10.12 shows that indecomposable X-pure-injective modules over
a serial ring satisfy the hypotheses of Proposition 6.27. When the serial ring R
is a chain ring we obtain the following corollary.

Corollary 10.13 Let Mg be an indecomposable ¥-pure-injective right module
over a chain ring R and let S = End(MRg) be its endomorphism ring. Then
sM is a uniserial artinian left S-module. O

In the next proposition we show that every indecomposable Y-pure-injec-
tive module over a serial ring is injective modulo its annihilator.

Proposition 10.14 Let Mg be an indecomposable S-pure-injective right module
over a serial ring R. Then M is an injective right R/anng (M )-module.

Proof. Since the indecomposable ¥-pure-injective module Mg is a faithful in-
decomposable X-pure-injective module over R/anng(M), we may assume that
Mpg is faithful without loss of generality. Let {e1,...,e,} be a complete set
of orthogonal primitive idempotents in R and let S = End(Mg). By Corol-
lary 10.12 the left S-module Me; is a uniserial artinian submodule of gM and
Me1 # 0 because My is faithful. In particular gMe; has a non-zero socle. Let
m be a non-zero element in the socle of gMe; and let Er be the injective
envelope of the cyclic R-module mR.
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We shall show that there exists a homomorphism g: Er — Mg such that
g{m) = m applying Proposition 1.37. Let Fr be a finitely presented R-module,
let a € Fe; and let f: Fr — Eg be a homomorphism such that f(a) = m. We
must prove that there exists a homomorphism

fl:Fp — Mg
such that f’(a) = m. By Corollary 3.30 we may assume
Fr=¢;,R/e;miR®---®e; Rfe; riR,

where 41,...,4, € {1,2,...,n} and r,...,7 € R. Let s1,...,5; be elements
of R such that a = (e;,;51 +e;,; "R, ... e, 8k + €, rpR), so that

a=ae; = (e s1e1 +e;, 1R, ... e, k€1 + e, T R).

Set
I={t|t=1,...,k, e;,s5e1R D e;,m:R}

and
J={t|t=1,...,k, e;,s:e1RCe;m R},

so that {I,J} is a partition of {1,2,...,k}. For every ¢t € I let u; € R be such
that e;, 7 = e;, sye1u;. Since the right ideals e;u; R are contained in the uniserial
module e; R, there exists an index £ € I such that e;u,R C ejusR for every
t € I. Then e;,sie1up € €4,5ce1u R = e;,7 R for every t € I. And obviously
e, steruy € e,y for every £ € J. This proves that e;, siequp € e;, 7R for
every t = 1,2,...,k. Hence aejuy; = 0. Then mejuy = f(aeiup) = 0. Now
¢ € I, that is, e;,s0e1R D e;,m¢R, and from this it follows that e;,s;e; # 0.
Hence Me;,spe; # 0 because Mg is faithful. In particular the S-submodule
Me;,s0e1 of Me; contains m. Thus there exists y € M with ye;,spe; = m. Let
f': Fr — Mg be defined by

I
f (eilvl +emi, .. e v+ eik""kR) = Ye;, Uy
for every v1,...,v; € R. This f’ is a well-defined homomorphism, because if
€, Ve € €;,Te R, then ye;,vp € ye;,reR = ye;,sperugR = meyusR = 0. More-
over f'(a) = f'(es;s1€1 + e, R, ... e spe1 + €, T R)) = ye;,s0e1 = m, as

desired. Hence we can apply Proposition 1.37. This shows that there exists a
homomorphism g: Egr — Mg such that g(m) = m.

In particular, g is the identity on the essential submodule mR of Er, and
so g: Er — Mpg is a monomorphism. But Eg is injective, so that the image of
g is a direct summand of Mg. As Mg is indecomposable, we obtain that g is
an isomorphism. Therefore My & Fg is injective. [l
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10.4 >.-pure-injective modules over chain rings

We begin this section with an elementary result.

Lemma 10.15 Let S be a right denominator set in a ring R and
¢:R— R[S™']

the canonical homomorphism of R in the right quotient ring.
A right R[S™']-module is a S-pure-injective R[S™1]-module if and only if it is
a Y-pure-injective R-module.

Proof. Let A be a right R[S™']-module. If M = (a;;) is a n x m matrix
with entries in R[S™!], then the elements of M can be written with a common
denominator ¢(s), that is, M = M’p(s)~! for an n x m matrix M’ with entries
in R. Thus XM = 0if and only if X M’ = 0 for every X € A™. Hence the finitely
definable subgroups of Ap[s-1) coincide with the finitely definable subgroups
of Ag. The conclusion now follows from Theorem 1.40. 0

In the following theorem we show that every indecomposable ¥-pure-
injective module over a chain ring R can be viewed as an injective module over
a suitable noetherian chain ring.

Theorem 10.16 Let Mg be an indecomposable X -pure-injective module over a
chain ring R. Set P = {r € R | (0 :pr 7) 3 0}. Then the following statements
hold:

(a) P is a completely prime two-sided ideal of R;

(b) M has a unique structure as a right Rp/anng, (M)-module that extends
1ts structure as a right R-module, and is o Y-pure-injective indecompos-
able faithful Rp/anng, (M)-module;

(c) the ring Rp/anng, (M) is a noetherian chain ring;

(d) the module M is, as a right Rp/anng, (M)-module, the injective envelope
of the unique simple Rp/anng,.(M)-module.

Proof. (a) Set S = End(Mg), so that gM is a uniserial artinian module by
Corollary 10.13. There is a canonical ring homomorphism ¢: R — End(sM),
and I = { f € End(sM) | f is not injective } is a two-sided completely prime
ideal of End(sM) by Theorem 9.1. Hence P = (1) is a two-sided completely
prime ideal of R.

(b) The right R-module structure on Mg is defined by a ring homomorph-
ism ¢: R — End(zM)°P. If r € R\ P, then ¢(f) is an automorphism of zM by
Lemma 1.43. Hence ¢ induces a unique ring homomorphism Rp — End(zM)°P
by Proposition 6.1. This shows that M has a unique structure as a right
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Rp-module that extends its structure as a right R-module. Hence M has a
unique structure as a right Rp/annpg, (M )-module that extends its structure
as a right R-module. Since My, is indecomposable, Mg, jann Ry (M) is indecom-
posable a fortiori. And Mg, /ann rp (M) is ¥-pure-injective by Lemma 10.15.

(¢) Note that if ¢ = rs™! € Rp and (0 :p; q) = 0, then (0 :pr 7) = 0,
so that r ¢ P, and ¢ is invertible in Rp. Hence in the ring Rp/anng, (M)
an element ¢ is invertible if and only if (0 :ps g¢) = 0. By (b) we may assume
that Mp is a ¥-pure-injective indecomposable faithful module over the chain
ring R, that the maximal ideal P of R is the set of the elements » € R with
(0:ar 7) #£ 0, and we must prove that R is noetherian.

Let us prove that R has the a.c.c. on principal right ideals. Let

ToRngRQTQRg
be an ascending chain of principal right ideals. Then
O:pro) 20 :pr)D20:prm2) 2.

is a descending chain of finitely definable subgroups of Mpg. Hence it is
stationary. In order to prove that R has the a.c.c. on principal right ideals
it is sufficient to show that (0 :ps rn) = (0 :ps rny1) implies r, R = 1 R.
Since r, R C 7,11 R, there exists an element ' € R such that r, = r,17’. Set
S = End(MRg), so that M is a uniserial artinian module (Corollary 10.13). Let
Pros Prosr» Pre be the endomorphisms of gM given by right multiplication by
Tn,Tns1,7 Tespectively. Then p, and p, ., induce injective homomorphisms
Prs Prosys M/(0 ing T) — M, and pf. = pwp). . Since p;. is injective, by
Lemma 6.26(a) either M/(0 :ps r,) = 0 or the homomorphism p, is injective.
Hence either M = (0 :p7 7p41) or (0:37 7') = 0, so that either r,,..1 =0 or v is
invertible in R. In both cases r,R = r, 1 R.

This proves that R has the a.c.c. on principal right ideals, and clearly a
chain ring with the a.c.c. on principal right ideals is right noetherian, and so
noetherian by Proposition 5.3(b).

(d) As in the proof of (¢) we may assume that R is equal to Rp/anng, (M).
In other words, we may assume that Mg is a faithful R-module, R is a noe-
therian chain ring with maximal ideal P = {r € R | (0 :ps 7) # 0}, and we
must prove that Mp is the injective envelope of the unique simple R-module.
By Proposition 10.14 the module Mg is injective. Hence it is sufficient to show
that it has a non-zero socle. If P = P?, then P = 0 by Nakayama’s Lemma,
so M is simple. If P # P2, fix an element p of P\ P?, so that P = pR. Since
p € P we have that (0 :py p) # 0. If 2 € (0 :ps p) and T # 0, then zp = 0
implies P = 0. Hence anng(xz) = P and =R = R/ P is simple. O
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10.5 Homogeneous X-pure-injective modules

Now that we have a description of the indecomposable ¥-pure-injective modules
over a chain ring R we may begin to consider the case of an arbitrary 3-pure-
injective R-module. Such a module is a direct sum of indecomposable modules
by Theorem 2.29.

Lemma 10.17 If { M; | i € I} is a non-empty family of right modules over a
chain ring R and M = ®;c1 M; is Y-pure-injective, then the set

N ={anng(M;) |i€ I},
partially ordered by set inclusion, is well-ordered.

Proof. Since R is a chain ring, the set A is linearly ordered by set inclusion. If
it is not well-ordered, it has an infinite strictly descending chain, that is, there
is a sequence ig, 1,142, ... of elements of I such that

anng(M;,) D anng(M;,) D anng(M;,) D ... .

For every n =1,2,3,... let r, be an element in anng(M;_ _,)\ anng(M; ). It
is casily seen that the chain Mry D Mro D Mry D ... is strictly descending.
Hence Mg has a strictly descending chain of finitely definable subgroups, and
this contradicts Theorem 1.40. |

If Mg is a 3-pure-injective module over a chain ring R, then M = @, M;,
where each M; is indecomposable, and this direct sum decomposition is essen-
tially unique. Let P be a completely prime ideal in R. The X-pure-injective
module M = @;crM; over the chain ring R is said to be P-homogeneous if
P={reR|(0:p, r)5#£0}foreveryicI.

Proposition 10.18 Let P be a completely prime ideal in a chain ring R and let
Mg # 0 be a P-homogeneous X-pure-injective R-module. Then the following
assertions hold:

(a) the module M has o unique structure as a right Rp/anng, (M)-module
that extends its structure as a right R-module, and M is a L-pure-injective
faithful Rp/anng, (M)-module;

(b) the ring Rp/anng, (M) is a noetherian chain ring;
(¢) for every x € M, there exists an integer n > 0 such that zP™ = 0;
(d) MQ =0 for every completely prime ideal of R properly contained in P.

Proof. The module Mg is a direct sum of indecomposable modules M;, i €
I (Theorem 2.29). Since Mgy is P-homogeneous, by Theorem 10.16(b) each
M; has a unique structure as a right Rp-module that extends its structure
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as a right R-module. Hence M has a unique structure as a right Rp-module
that extends its R-module structure and anng,(M) = (),c; anng,(M;). By
Lemma 10.17 the set {anng(M;) | i € I} has a least element anng(M;), so
that anng, (M) = anng(M;). Therefore (a) and (b) follow from Lemma 10.15
and Theorem 10.16(c).

In order to prove (¢) we may assume that Mg is indecomposable with-
out loss of generality. Since M is a module over the noetherian chain ring
Rp/anng, (M), we may also assume that R is a noetherian chain ring with
maximal ideal P and Mpg is faithful. In this case Mg is the injective envelope
of the simple module (Theorem 10.16(d)). If x € M and z # 0, there is an
element » € R such that zr is a non-zero element in the socle of Mz. Thus
zrP = 0. The non-zero right ideal rR of R is a power of P (remark after the
proof of Proposition 5.3). Hence rP = P! for some integer n > 0. This
proves (c).

For the proof of (d) we may also assume that Mg is indecomposable. If
@ is a completely prime ideal of R that is properly contained in P, then Q
is contained in every power of P. Therefore 2 annihilates every element of M
by (c). O

Interest in the notion of homogeneous ¥-pure-injective module is aroused
by the fact that every ¥-pure-injective module is a finite direct sum of homo-
geneous components, as the next theorem shows.

Theorem 10.19 Let My be a L-pure-injective module over a chain ring R. Then
there is a direct sum decomposition Mg = My® M, & - - ®M,,, in which for each
1=0,1,...,n the module M; is a P;-homogeneous Y-pure-injective R-module
for some completely prime ideal P; of R.

Proof. We know that the module Mg is a direct sum of indecomposable mod-
ules M;, i € I. For every ¢ € I let P; be the completely prime ideal of R such
that M; is P;-homogeneous. We must prove that the set P = { P, |1 € 1} is
finite. Since P is linearly ordered by inclusion, if it is not finite it has either an
infinite strictly ascending chain or an infinite strictly descending chain.

If P has a strictly ascending chain P,y C P;, C P, C ..., let 7, be an
element of P, \ P, for every n > 0. Then rR C iR CryR C ..., so that

O:pmre) 20 :pr1)2(0:prr2)D... (10.5)

is a descending chain of finitely definable subgroups of Mg. Now M, _ is the in-
Jective envelope of the simple Rp, /anng, (M;,)-module (Theorem 10.16(d)).
Let z,, be a non-zero element in the socle of the Rp, /anug, (M;, )-module
M;, . Then zP;, =0, so that zr,_1 = 0, ie., 2z € (0 :py rn_l).nBut ™ & B,
hence r, acts as an automorphism on the indecomposable P; -homogeneous
module M; , and thus zr, # 0, that is, = ¢ (0 :ps 7). This proves that the
chain (10.5) is strictly descending, which is a contradiction.
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If P has a strictly descending chain
Pio 3137;1 3137;2 DL,

then P;, 2 anng(M;,), and anng(M;,) 2 P, ., by Proposition 10.18(d).
Therefore the set N = {anng(M;) | ¢ € I}, partially ordered by set inclu-
sion, is not artinian. This contradicts Lemma 10.17. Ul

We are ready to prove the main result of this section. It says that the
Y-pure-injective modules over a serial ring R are exactly the R-modules artinian
over their endomorphism ring.

Theorem 10.20 A right module over a serial ring is X-pure-injective if and only
if it is artinian as a left module over its endomorphism ring.

Proof. We already know that if End( MR)M is artinian, then Mg is X-pure-
injective (Example 1.41). Conversely, let Mg be a X-pure-injective module
with R serial and let S = End(Mg). If {e1,...,e,} is a complete set of
orthogonal primitive idempotents in R, then ¢M = ®]_;sMe;, so that in
order to prove that ¢M is artinian it is sufficient to prove that every gMe;
is artinian. Every endomorphism f € S = End(Mg) induces by restriction an
endomorphism of the right e; Re;-module Me;. Hence if S; = End((Me; ), Re,),
every S;-submodule of (Me; )¢, re, is an S-submodule of g Me;. Thus in order to
prove that each gMe; is artinian it suffices to show that each g, Me; is artinian.
The modules (Me;)e, re; are X-pure-injective (Corollary 1.44). Hence in order
to prove the theorem we may suppose R = e; Re;, that is, we may suppose that
R is a chain ring.

Let R be a chain ring and let My be a X-pure-injective module. By The-
orem 10.19 there is a direct sum decomposition Mg = My@® M1 S - - - H My, with
the property that for each j = 0,1,...,% the module M; is a P;-homogeneous
Y-pure-injective R-module for some completely prime ideal P; of R. Since
End(Mg) 2 End(Mp) X End(M;) X - - - X End(My,), in order to show that M is
a left artinian module over End(MEg) it suffices to show that it is left artinian
over End(My) x End(M7) x - - - x End(My). Hence we may assume that Mg is
P-homogeneous for some completely prime ideal P of R. By Proposition 10.18
we may suppose that R is a noetherian serial ring. By Theorem 2.29 My is
a direct sum of indecomposable modules M;, 1 € I, and by Lemma 10.17
the set N' = {anng(M;) | i € I} is well-ordered by set inclusion. As R
is noetherian, the set A is finite. Hence there is a direct sum decomposi-
tion Mp = Ng @& Ny & --- @ Ny with the property that each N; is a direct
sum of indecomposable faithful Y-pure-injective R/ann(N;)}-modules. Again
End(Mg) 2 End(Np) x End(V7) x - - - x End(NVg), so that we may assume that
M is a direct sum of indecomposable faithful Y-pure-injective modules over the
noetherian chain ring R. By Proposition 10.14 every indecomposable faithful
>-pure-injective module is injective, so that Mg itself is injective because R is
noetherian [Anderson and Fuller, Proposition 18.13].
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Now the module M is uniserial as a left module over its endomorphism
ring § = End(Mg), because if z,y € M, then either (0 :gp ) C (0 :g y) or
(0:rx) 2 (0:gy) (R is a chain ring), so that either there is a homomorphism
f:Mpr — Mg such that f(z) = y or there is a homomorphism f: Mz — Mg
such that f(y) = z (because Mg is injective). And the uniserial module M
has the d.c.c. on cyclic submodules (Theorem 10.11). Hence gM is artinian.O

10.6 Krull dimension and Y-pure-injective modules

In this section we shall show that if M is an artinian module over an arbitrary
ring S and R = End(gM) is a chain ring, then R has finite Krull dimension.

Lemma 10.21 Let P # P’ be two completely prime ideals of a chain ring R.
Assume that there ezists o P-homogeneous L-pure-injective R-module Mg and
a P’-homogeneous ¥-pure-injective R-module My, such that Hompg (M, M') #
0. Then P C P’ and there do not exist completely prime ideals properly between
P and P'.

Proof.  Suppose that there exists an element p € P, p ¢ P’. Since
Homp(M,M') # 0, there is a homomorphism f: M — M’ and an element
x € M such that f(z) # 0. By Proposition 10.18(c) there exists n > 1 such that
zp™ = 0. Then f(z)p" = f(xzp™) = 0. Asp & P’ and M’ is P'-homogeneous, the
element p acts as a monomorphism on the abelian group M’. Thus f(z) =0, a
contradiction. This proves that P C P’. Since P # P’, it follows that P C P'.

Let @ be a completely prime ideal of R such that P ¢ @ C P'. Then
M@ = M and M’Q = 0 (Proposition 10.18(d). It follows that Homgr (M, M') =
0, a contradiction. This concludes the proof of the lemma. I

Recall that a right R-module Mg is balanced if the natural homomorphism
p:R— End(End( M )°P is surjective [Anderson and Fuller, §4]. Hence Mp
is faithful and balanced if and only if p is an isomorphism.

Proposition 10.22 Let R be a chain ring. Suppose that there exists a faithful,
balanced, L-pure-injective module Mg. Then R has finite Krull dimension.

Proof. By Theorem 10.19 there is a direct sum decomposition

of Mp such that for each i = 0,1,...,m the module M; is a non-zero
P;-homogeneous X-pure-injective R-module for some completely prime ideal
P; of R. Obviously we may assume Py C P, C --- C P,,.

We claim that every completely prime ideal @ of R is either equal to zero
or equal to P; for some index i = 0,1,...,m. In order to prove this claim,
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let Q be a completely prime ideal of R. If Q D Pp, then there exists an
element 7 € Q \ P,,. Since r ¢ P; for every i = 0,...,m, multiplication by r
is an automorphism of the abelian group M; for every i. Hence it is a group
automorphism of M. Therefore multiplication by 7 is an automorphism of the
module gy pryy M- As the natural homomorphism p: R - End(End( M ) is
an isomorphism, the element r is invertible in the ring R. This is a contradiction
because r € (}, whence ) C Fp,.

If Q C Py, then M;Q = 0 for every i =0, ...,m by Proposition 10.18(d).
Thus MQ = 0. But M is faithful, hence @ = 0. Therefore in order to prove our
claim we may assume
and we must prove that Q = P; for some i = 0,...,m. Suppose the contrary.
Then there exists an index i = 0,...,m — 1 such that P, C Q C Pj4q. Set
M =M®M & - &M, and M = M; ;1D ® M,,. Then M’ and M" are
non-zero and Mp = M' & M".

If the abelian groups M’, M" are submodules of End( MR)M’ , then

M — MI @ MII
is a direct sum decomposition of left End(Mpg)-modules, so that
End(pp g, M) = R

has a non-trivial idempotent. This is a contradiction, because R is a chain
ring. Hence either M’ or M" is not a submodule of gy, M, that is, either

End(rM)M' € M’ or End(gM)M" ¢ M". In other words, either
Hompg(M',M")#0 or Hompg(M",M') #0.

This shows that there are two indices £ and [ such that 0 < k <i<I<m
and either Hompg(My, M;) # 0 or Homg(M;, M) # 0. From Lemma 10.21
it follows that Hompg(M;, My) = 0 and there are no completely prime ideals
properly between Py and P,. But P, C P, C Q C Pi41 C P, a contradiction.
This concludes the proof of the claim. Hence R has either m + 1 completely
prime ideals Py C Py C -+ C Py, or m + 2 completely prime ideals 0 C Py C
P C--CPs.
We shall now prove that

annR(Mi) - Pi—l
for every i =1,2,...,m. From Proposition 10.18(d) we know that
Pi,1 g annR(Mi).

Assume that
P, C annR(Mi).
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Then there exists an element r € anng(M;) \ P;—1. Set
M=My®oM O---OM,_; and M ' =M & Mpy,.

Then the abelian group M decomposes as a direct sum M = M’ & M" of
non-zero subgroups. Note that M'r = M’ and M"r = 0. There are three
possible cases, according to whether M’ and M” are or are not submod-
ules of End(MR)]V[' If both M’ and M” are submodules of End(MR)M’ then
End( MR)M = M’ @ M" has a non-trivial direct sum decomposition, so that its
endomorphism ring End(g,,4 (Mn )M ) 2 R has a non-trivial idempotent, contra-
diction. If M’ is not a submodule of End(MR)M’ then End(g MM’ € M, i.e.,
Homp(M', M") # 0. Hence there exist indices k,l such that 0 < k <i <[ <m
and Hompg(My, M;) # 0. But Myr = My and M;r = 0, so that for every
f € Hompg(My, M) one has f(My) = f(Myr) = (f(My))r € M;r = 0. Thus
Hompg (M, M)) = 0, a contradiction. Similarly if M” is not a submodule of
End(MR)]V[' In this third casc End(gM)M" & M”, i.c., Homg(M", M) # 0.
Thus there exist indices &, such that 0 < k < i <1 < m and Homp(M;, M},) #
0. Lemma 10.21 implies that P, C Py, that is, [ < k, a contradiction again.
Therefore in every case we get a contradiction, and this shows that

annp(M;) = P

for every i = 1,2,...,m.

In particular, for each i = 1,2,...,m the module M; is a X-pure-injective
faithful module over the ring R/P;_;. It is easily seen that it is a P;/P;_;-
homogeneous R/P;_1-module, so that the ring (R/P;_1)p,/p,_, is noetherian
by Proposition 10.18(b).

The ring R has the a.c.c. on right annihilators by Corollary 10.2. If the
completely prime ideals of R are Py ¢ P, C --- C P, then R has Krull
dimension m by Theorem 7.35.

If the completely prime ideals of R are 0 C P, C P, C --- C P, in
order to conclude the proof applying Theorem 7.35, we must also prove that
the ring Rp, is noetherian. Now My is a faithful R-module, because if r is
an element of R such that Mgr = 0, then r € anngMy C Py C F;, so that
from Proposition 10.18(d) we get that M;r =0 for every ¢ = 1,2,...,m. Thus
Mr = 0, ie., 7 = 0 because Mg is faithful. Hence My is a faithful, ¥-pure-
injective, Pyp-homogeneous R-module. From Proposition 10.18(b) it follows that
the ring Rp, is noetherian. This allows us to conclude that the chain ring R
has finite Krull dimension m + 1. O
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10.7 Serial rings that are endomorphism rings
of artinian modules

The aim of this section is to characterize the serial rings that belong to the
class A, that is, the serial rings that are isomorphic to endomorphism rings of
artinian modules.

Theorem 10.23 The following conditions are equivalent for o serial ring R with
prime radical N :

(a) Re A

(b) The ring R has finite Krull dimension and its classical quotient ring
1§ artinian.

(c) The ring R has finite Krull dimension and Cr(0) = Cr(N).

(d) The ring R is a ring of finite Krull dimension with the a.c.c. on left
annihilators.

Proof. Let {e1,...,e,} be a complete set of orthogonal primitive idempotents
of R.

(a) = (d). Suppose that R € A, so that R = End(Ms) for a ring S
and an artinian S-module Mg and grMg is a bimodule via the isomorphism
R 22 End(Mg). Every chain ring e; Re; is isomorphic to the endomorphism ring
of the artinian S-module e;Mgs. Hence e; M is a faithful, balanced, X-pure-
injective left e; Re;-module. By Proposition 10.22 the rings e; Re; have finite
Krull dimension, so that R has finite Krull dimension (Proposition 7.31(c)),
and R has the a.c.c. on left annihilators by Corollary 10.5.

(b) < (c). By Theorem 7.23.

(b) & (d). By Theorem 6.54.

(d) = (a). We claim that if R is a serial ring of finite Krull dimension m
with the a.c.c. on left annihilators, then there exists a faithful, balanced, X-pure-
injective, left R-module g M that contains a submodule isomorphic to R/J(R).
If we prove the claim, then M is a right module over its endomorphism ring
S = End(rM), Mg is artinian by the left-right dual of Theorem 10.20, and
R = End(Mg), hence (a) holds.

The proof of the claim is by induction on m. If m = 0, the serial ring R is
artinian. Then it is easily verified that the left R-module pM = R & R/J(R)
has the required properties.

Suppose m > 0 and that the claim holds for serial rings of Krull dimension
m — 1 with the a.c.c. on left annihilators. Let R be a serial ring of Krull
dimension m with the a.c.c. on left annihilators, let K be the derived ideal
of R (page 190) and let A = R/K, so that A is a noetherian serial ring. As we
saw on page 190, the maximal Ore set corresponding to the semiprime Goldie
ideal K of R is C(K) and the elements of C(K) are regular in R, so that if T’
denotes the quotient ring of R with respect to Cr(K), we may assume R C T
By Theorem 7.37 T is a serial ring of finite Krull dimension m — 1 with the



258 10 X-Pure-Injective Modules

a.c.c. on left annihilators. Moreover, as we remarked on page 190, the ideal K
is the Jacobson radical of T, T/K is a semisimple artinian ring, and T/K is
the classical two-sided quotient ring of A = R/K. Set Q = T/K. As Q is a
semisimple artinian ring, the module Q¢ is artinian. Hence the module rQ is
Y-pure-injective. By Proposition 6.48 the right A-module @/J(A) is artinian,
so that the left A-module @/J(A) is X-pure-injective. In particular, Q/J(A) is
Y.-pure-injective as a left R-module.

Since we can apply the induction hypothesis to T, there exists a faith-
ful, balanced, ¥-pure-injective, left T-module 7N that contains a submodule
isomorphic to T/ K. In particular, N is a X-pure-injective left R-module. Thus
if we set

RM = N®Qa (Q/I(4)),

the left R-module M is ¥-pure-injective because it is the direct sum of three
Y-pure-injective left R-modules. As N is faithful, it follows that gV is faithful,
so pM is faithful. By Lemma 7.36(a) K C J(R), so that

A/J(A) = (R/K)/J(R/K) = (R/K)/(J(R)/K) = R/J(R).

Hence M D Q/J(A) D> A/J(A) & R/J(R). Thus in order to conclude the
proof of the claim it is sufficient to show that g M is a balanced R-module.

Let S = End(zrM) and let ¢ € End(Ms). We must prove that ¢ is left
multiplication by an element of R. If f € § = End(gM) is an idempotent
endomorphism of gM, then ¢(Mf) = (oM)f C Mf. Since all the direct
summands of gM are of the form M f for some idempotent f € S, we have
that every direct summand of g M is stable under the action of . Hence there
exists an endomorphism « of the right End(zN)-module N, an endomorph-
ism 3 of the right End(g@)-module @, and an endomorphism -y of the right
End(r(Q/J(A)))-module Q/J(A) such that ¢(x,y,2) = (a(), B(y),7(2)) for
every z € N,y € Q, z € Q/J(A). As N is a left T-module and T is the
quotient ring of R with respect to a set of regular elements, it follows that
End(gN) = End(rN). Hence « is an endomorphism of the right End(yN)-
module N. As 7N is balanced, there exists t € T such that a(z) = tz for every
z € N.

We shall now prove that G(y) = ty for every y € Q = T/K. Since 7N
contains a submodule isomorphic to T/ K = @, there exists a monomorphism of
T-modules f:7@Q — 7N. Let f': RkM — rM be the homomorphism defined by
f(@,y,z) = (f(y),0,0) for every (z,y,2) € NOQ®(Q/J(A)) = rM.As f € §
and ¢ € End(Mg), we have that (¢(0,y,0))f’ = ©((0,y,0)f') for every y € Q,
from which f(A(y)) = a(f(y)). Thus F(B(y) = a(f(y) = HFW) = [(ty).
Since f is injective, it follows that G(y) = ty for every y € Q.

Now we prove that ¢ € R and v(z) = tz for every z € r(Q/J(A)). Let
p: rQ — r(Q/J(A)) denote the canonical projection and let p: gM — gM be
the homomorphism defined by

P (z,9,2) = (0,0,p(y))
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for every (z,y,2) E N® Q& (Q/J(A)) = gM. As p' € § and ¢ € End(Ms),
we obtain that (¢(0,y,0))p" = ¢©((0,y,0)p") for every y € ). Then

p(B(y)) =(p(y))
for every y € Q. In particular, for y = 1o we have that

(1 + J(A4)) =v(p(1g)) = p(B(1Q)) = p(t - 1g) = p(t + K).

Since v is an endomorphism of the right End(r(Q/J(A)))-module Q/J(A), v
is a fortiori an endomorphism of the right A-module (Q/J(A))a. Hence the
socle of (Q/J(A))4 is invariant under the action of v. By Proposition 6.48 the
socle of (Q/J(A))a is A/J(A), and therefore y(A/J(A)) C A/J(A), so that
p(t+ K)=~(1g+ J(A)) € A/J(A). Thus t+ K € A= R/K, that is, t € R.
Finally, for every z € Q/J(A) there exists y € Q with p(y) = z. Then
v(2) = v(p(y)) = p(B(y)) = p(ty) = t(p(y)) = tz. This shows that o, § and v
are left multiplication by the element ¢t € R. Hence ¢ is left multiplication by
the element ¢ of R, which concludes the proof of the claim. O

In particular, every serial ring that is either left noetherian or right noe-
therian belongs to A, because every such ring has Krull dimension at most one
(Corollary 7.32) and has the a.c.c. on left annihilators (Theorem 6.54).

In the remaining part of this section we shall give an example that shows
that the conditions which characterize the serial rings belonging to A (Theorem
10.23) do not hold for arbitrary rings belonging to A.

Example 10.24 There exists an indecomposable artinian right module M over
a ring T such that E = End(Mr) is a commutative ring of infinite Goldie
dimension. In particular, FE fails to have Krull dimension.

Proof. We shall construct the ring F making use of Proposition 8.17. Let
K C F be fields such that F' is a field extension of infinite degree over K. Let
F|z] be the ring of polynomials in one indeterminate x with coefficients in F'
and let A = F[z]/(x?), so that A can be viewed as the trivial extension F o F,
that is, the abelian group F' @& F' with multiplication defined by

(a,b)(c,d) = (ac,ad + be)

for every (a,b),(c,d) € F @ F. Then A is a commutative artinian ring that
contains the trivial extension £ = K o F' as a subring. It is easily seen that
E is a local ring with maximal ideal J = 0 «x F. Then N = g(E/J)g is a
bimodule, which is obviously simple both as a left and as a right E-module.
The left E-module g(A/E) is semisimple, so it is cogenerated by gN. By
Proposition 8.17 there exists an artinian right module My over a ring T such
that F = End(Mr7). Since E is local, My is indecomposable, and F has infinite
Goldie dimension, because F is a vector space of infinite dimension over K. In
particular, F fails to have Krull dimension by Proposition 7.13. |
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Observe that the endomorphism ring E of Example 10.24 is a commutative
local ring with maximal ideal J for which the semisimple E-module J/J? is not
finitely generated. Also note that E coincides with its classical quotient ring.

10.8 Localizable systems and Y-pure-injective
modules over serial rings

In Section 10.4 we described the structure of indecomposable S-pure-injective
modules over chain rings making use of localization at completely prime ideals.
In this section we shall extend those results to serial rings by describing the
structure of ¥-pure-injective modules over serial rings. We apply the theory of
localizable systems developed in Section 6.5.

In this section R will denote a serial ring and {ei,...,e,} will denote a
complete set of orthogonal primitive idempotents of R.

Theorem 10.25 Let Mp be an indecomposable S-pure-injective module over a
serial ring R. For every indexi =1,...,n set P, ={r € e;Re; | (0 :p10, 7) #0}
and P = (P1,...,P,). Then

(a) P=(Py,...,P,) is a localizable system for R.

(b) For everyi=1,...,n and every r € e;Re; \ P;, right multiplication by r
s an automorphism of the uniserial artinian left End(MRg)-module Me;.

(c) The R-module structure over Mp extends uniquely to an Rp-module
structure over M, and Mg, is X-pure-injective and indecomposable.

(d) If Mg is faithful, then Mg, is faithful.

Proof. 'The left End(Mg)-modules Me; are uniserial artinian modules (Corol-
lary 10.12). Hence (a) is an immediate application of Proposition 6.27. Part
(b) holds because every injective endomorphism of an artinian module is an
automorphism (Lemma 2.16(b)). In order to prove (c) we argue as in the proof
of Theorem 10.16(b) applying the universal property of Rp (Proposition 6.22).
For this it suffices to show that for every z € Xp right multiplication by x
is an automorphism of the abelian group M. This follows from (b) and the
equality = Y7 | e;xe;. Therefore M is an Rp-module. The remaining part
of (c) follows from Lemma 10.15. Finally, if My is faithful and ¢ is an element
of Rp, then ¢ = ra~" for suitable r € R, z € Xp (Section 6.5). Thus Mg = 0
implies Mr = 0, so r = 0. This proves (d). O

In Theorem 10.16(a) we saw that it is possible to associate a completely
prime ideal P to every indecomposable X-pure-injective module over a chain
ring. In Theorem 10.25(a) we have just seen that it is possible to associate a
localizable system P = (Py,..., P,) to every indecomposable %-pure-injective
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indecomposable module over a serial ring. In this notation P = (Py,..., P,) is
said to be the localizable system of M. We now show how to extend to modules
over arbitrary serial rings the definition of homogeneous module we gave in
Section 10.5 for modules over chain rings. Let Mg be a ¥-pure-injective module
over a serial ring R. Then Mg is a direct sum of indecomposable modules A,
i € I, in an essentially unique way (Theorem 2.29). Let P = (Py,...,P,) be a
localizable system for R. The 3-pure-injective module M = @;c;1 M, over the
serial ring R is said to be P-homogeneous (and P is said to be the localizable
system of Mpg) if P is the localizable system of M; for every i € I.

Example 10.26 Let P = (P,..., P,) be a localizable system for a serial ring R,
let Rp be the localization of R at P and let Mg be a P-homogeneous ¥-pure-
injective R-module. From Theorem 10.25(c) it is easily seen that M is an Rp-
module, which is Y-pure-injective by Lemma 10.15. A complete set of primitive
orthogonal idempotents for the ring Rp is given by the set

{eili=1,2,...,n, P, #0}

(Proposition 6.24(c)). As an example we shall prove that the module M is
homogeneous as a ¥-pure-injective Rp-module and that the localizable system
for the ring Rp associated with the Y-pure-injective Rp-module M is the lo-
calizable system given by all maximal ideals of the chain rings e; Rpe; (where
i ranges over the set of all the indices ¢ = 1,2,...,n with P; # @).

In order to prove this, we may suppose without loss of generality that
Mpg is indecomposable. Let ¢ be an index such that P; # . We must prove
that Q; = {¢ € e;Rpe; | (0 :pe, q) # 0} coincides with the maximal ideal
of the chain ring e¢;Rpe;. Now P; # §§ implies that Me; # 0, so Q; # 0. Thus
Q; is a completely prime ideal of e;Rpe;. To show that @; is the maximal
ideal of e;Rpe; it is sufficient to prove that every element g of e;Rpe; not
in @Q; is invertible in e;Rpe;. Now ¢ € e;Rpe; can be written in the form
q = e;5¢;y~ ! for suitable s € R and y € Xp (Lemma 6.23(b)). If ¢ ¢ Q;, then
(0 :pre; 9) = 0, so that (0 :pre, €;8¢;) = 0. Hence ¢;se; € e;Re; \ P;. Then
z = (1 —e;) +ese; € Xp. Hence z is invertible in Rp. If 7! is the inverse
of x in Rp it is easily seen that e;yxle; is a right inverse for g = e;se;5! in
e;Rpe;. Thus q is right invertible in the chain ring e; Rpe;. But in a local ring
every right invertible element is invertible. ]

Now we shall prove that every P-homogeneous X-pure-injective module
over a serial ring R is a module over the ring Rp/anng,, (M) and that this ring
is serial and noetherian. This generalizes Theorem 10.16, in which the case of
a chain ring R was considered. We begin by showing that Rp/anng, (M) is
right noetherian.

Lemma 10.27 Let R be a serial ring and let P = (P1,...,P,) be a localiz-
able system for R. If Mg is a P-homogeneous 3-pure-injective R-module, then
Rp/anng, (M) is a serial right noetherian ring.
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Proof. If M is a P-homogeneous Y-pure-injective R-module, then M is a
homogeneous X-pure-injective Rp-module and the localizable system for the
ring Rp associated with the Y-pure-injective Rp-module M is the localizable
system given by all the maximal ideals of the chain rings e; Rpe; (Example
10.26). Hence we may assume without loss of generality R = Rp/anug, (M),
that is, we may suppose that Mg is a P-homogeneous Y-pure-injective faithful
module over the serial ring R and P = (Pi,...,P,) is the localizable system
for R in which P; is the maximal ideal of e; Re; for each ¢ = 1,2,...,n, and we
have to prove that the ring R is right noetherian.

For this it suffices to show that for every fixed index 4 the right module
e; R is noetherian. As e; R is uniserial, it is noetherian if and only if it has the
a.c.c. on cyclic submodules. Let

eirgR CerMRCeraRC L. (10.6)

be an ascending chain of cyclic submodules of e; R, where rg,71,72,... € R.
Since e; R is uniserial and e;r R = Z?:l e;rie; R, for every t > 0 there exists
j(t) = 1,2,...,n such that e;r,R = e;riejR. Consider the n subchains
{ere;mR |t >0, j(t) = j}, j = 1,2,...,n, of the chain (10.6). If we
prove the all these n subchains are stationary, then the chain (10.6) is nec-
essarily stationary. Hence we must prove that for every index j = 1,2,...,n
every ascending chain of the type e;spe;R C e;s1¢;R C ..., sg,51,... € R,
is stationary. As Mg is a X-pure-injective R-module, the descending chain of
finitely definable subgroups (0 :as eisoe;) 2 (0 :pr e;81€5) 2 ... of Mg is
stationary. Hence in order to conclude the proof it is sufficient to show that
(0 :r esske;) = (0 :ps e3Sg41€5) implies e;spe; R = €;8541€; R

Suppose (0 :ar eiske;) = (0 :pr e;Sky1€5). Since ejsge;R C e;spyie;R,
if e;5541¢; = 0, then e;spe; R = e;s5416;R. Suppose e;sg11e5 # 0. As Mp is
faithful, there exists an indecomposable direct summand N of Mg such that
Neisgi1e; # 0. In particular, Ne; # 0 and Ne; # (0 :ne, €iSky1€5). From
eisre; R C e;sp11€;R it follows that there exists s € R such that

’
€iSk€j = €;Sk41€; - €55 €5.

Right multiplication by e;sie; induces a monomorphism of left End(Ng)-
modules Ne;/(0 :ne; eiske;) — Nej. Similarly, right multiplication by e;sp41€;
induces a monomorphism of left End(/Ng)-modules Ne; /(0 :ne, €iSpt+1€5) —
Ne; and right multiplication by e;s’e; induces an endomorphism of the left
End(Ng)-module Nej;. Note that (0 :ar ejske;) = (0 :m e;Spt+1€5) forces
(0 :ne; eiske;) = (0 :ne; €iSky1€5). Now Ne;, Ne; are uniserial left End(Ng)-
modules (Corollary 10.12). From the equality ejspe; = e;sgyi1€e; - €js'e; and
Lemma 6.26(a) we obtain that the endomorphism of Ne; given by right mul-
tiplication by e;s’e; is a monomorphism. Hence ejse; ¢ P;. Thus e;se; is
invertible in e;Re;, and e;spe; R = e;5,11¢; R, as desired. 0
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We know that projective modules over a serial ring are serial (Theorem
3.10(b)). Similarly, finitely presented modules over a serial ring are serial (Cor-
ollary 3.30). We shall now show that 3-pure-injective modules over a serial ring
are serial as well.

Theorem 10.28 FEvery indecomposable -pure-injective module over a serial
ring is uniserial. Every Yi-pure-injective module over a serial ring is serial.

Proof. If Mg is an indecomposable Y-pure-injective module over a serial ring
R, then there exists a localizable system P = (Py,..., P,) with the property
that M is a faithful, indecomposable, X-pure-injective module over the serial
right noetherian ring Rp/anng, (M) (Theorem 10.25 and Lemma 10.27). By
Proposition 10.14 the Rp/anng, (M)-module M is injective, and so uniserial
(Lemma 5.17). By Corollary 6.25 the uniserial Rp-module M is uniserial as an
R-module. This proves the first part of the statement. The second part follows
from the first one and Theorem 2.29. O

From Theorem 10.28, the notion of homogeneous Y-pure-injective module
given for modules over chain rings in Section 10.5 is compatible with that for
modules over serial rings given in this section. This is proved in the following
corollary.

Corollary 10.29 Let R be a serial ring and let P = (Py,...,P,) be a localiz
able system for R. If Mg is an indecomposable P-homogeneous L-pure-injective
right R-module and i =1,2,...,n, then either Me; = 0 or Me; is an indecom-
posable P;-homogeneous X-pure-injective right e; Re;-module.

Proof. let Mg be a X-pure-injective right R-module. Suppose Me; # 0.
By Corollary 1.44 the right e; Re;-module Me; is Y-pure-injective. If Mg is
indecomposable, then Mg is uniserial by Theorem 10.28. Then Me; is a uni-
serial module over e;Re; (if z,y € M, there exists r € R such that either
Te; = ye;T Or ye; = xe;r because Mg is uniserial, so that either ze; = ye; - e;re;
or ye; = xe; - e;7e;). In particular, the e; Re;-module Me; is necessarily inde-
composable.
Finally, if Mg is indecomposable and P-homogeneous, then

.Pi == {7‘ € e;Re; I (O ‘Me; 7') # 0}
Hence Me; is P;-homogeneous. C

In Lemma 10.27 we saw that if R is a serial ring and Mg is a P-homo-
geneous Y-pure-injective R-module, then the serial ring Rp /anng,, (M) is right
noetherian. In the next theorem we show that it is also left noetherian.

Theorem 10.30 Let R be a serial ring and let P = (P1,...,P,) be a localiz
able system for R. If Mg is a P-homogeneous X-pure-injective R-module, ther.
Rp/anng, (M) is a serial noetherian ring.
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Proof. Let M be a P-homogeneous Y-pure-injective R-module. We have to
show that Rp/anng, (M) is left noetherian. From Example 10.26 we know
that M is a homogeneous X-pure-injective Rp-module and the localizable
system for the ring Rp associated with the Y-pure-injective Rp-module A
is the localizable system given by all maximal ideals of the chain rings e; Rpe;.
Hence we may assume R = Rp/anng,(M) without loss of generality, that
is, may assume that Mg is a P-homogeneous Y-pure-injective faithful module
over the serial ring R and P = (P4, ..., P,) is the localizable system for R in
which P; is the maximal ideal of e;Re; for each i = 1,2,...,n. We have to
prove that the ring R is left noetherian. As in the proof of Lemma 10.27 it
suffices to show that for every pair of indices 7,7 = 1,2, ...,n, every ascending
chain of the type Re;soe; C Rejsie; € ..., with so,51,... € R, is stationary.
Suppose the contrary, that is, suppose that there exists a sequence sg, $1, ... of
elements of K such that Re;soe; C Rejsie; C ... . For every m > 0 there exists
tm € R such that ejsme; = tmejsmyie;. Then ejtne; € P; for every m > 0,
because otherwise e; Rej;te; = e;Re;, so that e;sme; = e;tme;8mr1e; forces
e;Rejsme; = ejRejsmy1e;. Hence e;8m116; € Rejsme;, a contradiction. Thus
ejtme; € P; for every m, so that

ejs1e; = (ejtie;)(estaes) - -~ (¢jlme;)(€jsmyre:) € i (ejsm1€:)

for every m > 0. Now from Rejspe; C Rejsie; it follows that e;sie; # 0,
so that Me;jsie; # 0 because Mp is faithful. Hence there exists z € M with
ze;s1e; # 0. By Proposition 10.18(c) applied to the P;-homogeneous X-pure-
injective e; Re;-module Me; it follows that there exists an integer £ > 0 such

that weij = 0. Thus ze;s1€; € :Eeij (ej8k+1€:) = 0, contradiction. O

10.9 Notes on Chapter 10

Proposition 10.1 was proved by [Fisher 72, Theorem 1.5] in the case in which R
is the endomorphism ring of an artinian module and generalized by [Zimmer-
mann, Satz 6.2] to the case of a faithful ¥-pure-injective module My (Corollary
10.2). The proof of Proposition 10.1 we have given here is essentially the origi-
nal proof of [Fisher 72, Theorem 1.5]. In [Goldie and Small] it was proved that
every nil subring of the endomorphism ring of a noetherian module is nilpot-
ent too. [Procesi and Small] had previously proved that each nil subring of the
endomorphism ring of a noetherian module over a ring that satisfies a polyno-
mial identity is nilpotent.

The proof that (b) = (c) in Example 10.3 is taken from [Chatters and
Hajarnavis, Lemma 1.16].

If R and T are Morita equivalent rings, then R is an exchange ring if and
only if T is an exchange ring [Nicholson].

It is easily seen that if R is a commutative ring and Mg is an artinian
module, then End(Mpg) is a left and right noetherian ring [Camps and Facchini,



Notes on Chapter 10 265

Theorem 2.2]. Propositions 10.6 and 10.7 are due to [Quanshui and Golan], who
proved them for the endomorphism ring of an S-module which is 7-torsionfree
7-artinian with respect to a torsion theory 7 = (7, F) on S-Mod.

Distributive modules may be viewed as a generalization of uniserial mod-
ules. A module M over a commutative ring R is distributive if and only
if the localization Mp is a uniserial Rp-module for every maximal ideal P
of R [Albu and Nistdsescu, §1]. Theorem 10.8 and Corollary 10.9 are due
to [Stephenson]. Theorem 10.11 and Corollaries 10.12 and 10.13 are essen-
tially due to [Eklof and Herzog] and [Puninski 94]. These authors used tech-
niques of model theory, and their results are more general than ours, be-
cause they proved them for pure-injective indecomposable modules over serial
rings [Eklof and Herzog, Corollary 2.5], while our Corollary 10.12 concerns only
Y-pure-injective indecomposable modules over serial rings. (From this it follows
that Proposition 6.27 and localization with respect to a localizable system can
be applied to the study of arbitrary pure-injective indecomposable modules
over serial rings, and not only to the study of X-pure-injective indecomposable
modules over serial rings as we have done in this chapter.) Similarly, Punin-
ski proved that every pure-injective module over a chain ring is distributive as
a module over its endomorphism ring [Puninski 94, Corollary of Theorem 1],
while from Theorem 10.11 it only follows that every X-pure-injective module
over a chain ring is distributive as a module over its endomorphism ring. The
technique we have used in proving Theorem 10.11 is also due to [Puninski 94,
Proof of Theorem 1].

Most of the results from Proposition 10.14 to the end of the chapter come
from [Facchini and Puninski 95] and [Camps, Facchini and Puninski]. Example
10.24 is due to [Camps and Facchini], and following the construction in the
proof of Proposition 8.17 it would be easily seen that the ring T in Example
10.24 is a ring that satisfies the polynomial identity (xy —yz)? = 0. For further
information about X-pure-injective modules over serial rings see [Facchini and
Puninski 95].

The idea we used in Section 10.7 to characterize the serial rings that belong
to the class A, that is, the serial rings that are isomorphic to endomorphism
rings of artinian modules, was the following. We wanted to determine whether
a serial ring R belongs to A. If R belongs to .A and Mg is an artinian module
over a suitable ring S such that R 2 End(Mg), then pMjg is a bimodule, and
rM is necessarily a faithful, balanced, ¥-pure-injective R-module. Conversely,
suppose we are able to describe all faithful, balanced, ¥-pure-injective left
modules over a ring R. If one of these modules is artinian as a right mod-
ule over its endomorphism ring, then R € A. Hence we were able to determine
the serial rings in A because we had a sufficiently good description of X-pure-
injective modules over serial rings.

The same idea can be used to determine other classes of rings contained
in A. This has been done, for instance, in [Camps and Facchini], where a
complete characterization of the commutative Priifer rings that belong to A
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is given. Recall that a commutative ring R.is a Prifer ring (or an arithmeti-
cal ring) if the localization Rp is a chain ring for every maximal ideal P of
R, that is, if R is a distributive R-module. For a complete classification of
Y-pure-injective modules over a Priifer ring see [Prest and Puninski].
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Open Problems

1. [Crawley and J6nsson, p. 854] Does a module with the finite exchange
property have the exchange property? For some partial information on
this problem see the notes on Chapter 2 on page 71.

2. Is every direct summand of a direct sum of modules with local endo-
morphism rings a direct sum of modules with local endomorphism rings?
See Corollary 2.55 and the remark which follows it.

3. [Matlis, p. 517] Let R be aring and M = &1 M; a right R-module which
is a direct sum of indecomposable, injective submodules M;. Is every
direct summand of M also a direct sum of indecomposable, injective mod-
ules? By Theorem 2.12 this is equivalent to: “Let M = @®;c;M; be a direct
sum of indecomposable, injective submodules M;. Does every direct sum
decomposition of M refine to a decomposition into indecomposable direct
summands?” If R is right noetherian the answer is “yes”, because in this
case the module M is injective [Anderson and Fuller, Proposition 18.13],
so that every direct summand of M is a direct sum of indecomposable,
injective modules [Anderson and Fuller, Theorem 25.6].

4. In Section 4.2 we encountered some properties of modules with semilocal
endomorphism rings. Determine further properties of such modules.

5. In [Herbera and Shamsuddin] some classes of modules with semilocal
endomorphism ring were determined (see Section 4.3 in this book).
Determine further classes of modules with semilocal endomorphism rings.

6. Extend Corollary 4.17 to serial modules of arbitrary Goldie dimension.
More precisely, if E is the endomorphism ring of a serial module of finite
Goldie dimension, then E/J(F) is a semisimple artinian ring, i.e., the
endomorphism ring of a semisimple module of finite length. Now let F be
the endomorphism ring of a serial module of infinite Goldie dimension.
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11 Open Problems

What can one say about E/J(E)? Which properties of endomorphism
rings of semisimple modules (of infinite length) hold for E/J(E)? For
instance, is E/J(FE) a right self-injective ring? Is it a Von Neumann reg-
ular ring? Is E/J(E) of Type I in the sense of [Goodearl 91, Chapter
10)?

Does the Krull-Schmidt Theorem hold for artinian modules over a local
ring R? Recall that it holds if R is either right noetherian or commutative
(Section 2.12) and it does not hold if R is an arbitrary (non-local) ring
(Section 8.2).

Let A be the class of rings that are isomorphic to endomorphism rings of
artinian modules. Krull’s problem was solved in Section 8.2 by showing
that every ring in the class F of all module-finite algebras over commuta-
tive noetherian semilocal rings can be realized as the endomorphism ring
of an artinian module over a suitable ring, i.e., by showing that F C A4
(Proposition 8.18).

Determine other significant classes of rings F with F C A.

Let Mg be a serial module of finite Goldie dimension. Is every direct
summand of Mg a serial module? Equivalently, is every indecompos-
able direct summand of a serial module Mg of finite Goldie dimension a

uniserial module? The answer is “yes” in the following cases:

(a) when Mp is a finite direct sum of uniserial modules of type 1 (The-
orem 2.12).

(b) when the base ring R is serial and the module Mp, is finitely pre-
sented (because if R is a serial ring and My is a finitely presented
module, then every direct summand of Mg, is finitely presented, and
so serial by Corollary 3.30).

(c) when the base ring R is either commutative or right noetherian
(Corollary 9.25).

(d) if M = U™ for some uniserial module U [Dung and Facchini a, The-
orem 2.7].

For some other cases in which the answer is “yes” see [Dung and
Facchini a].

10. Is every direct summand of a serial module a serial module?

This generalizes Problem 9 to serial modules of possibly infinite Goldie
dimension. The answer is “yes” if the base ring is either commutative or
right noetherian (Corollary 9.25). Note that by Corollary 2.49 it suffices to
consider direct summands of direct sums of countable families of uniserial
modules.
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11.

12.

13.

14.

15.

16.

17.

Is every pure-projective module over a serial ring serial? Is every inde-
composable pure-projective module over a serial ring uniserial? This is a
particular case of Problem 10.

Let M be a serial module and let N be a non-zero direct summand of M.
Does N contain an indecomposable direct summand?

(This is a particular case of Problem 12.) Let U be a uniserial module,
let T be an index set and let N be a non-zero direct summand of the
direct sum UY) of copies of U. Does N contain an indecomposable direct
summand?

Most questions about direct summands of serial modules can be reduced
to problems about endomorphism rings of serial modules. We have solved
some problems about direct sum decompositions of artinian modules
realizing large enough classes of rings as endomorphism rings of artinian
modules (Section 8.2). Hence describe the structure of endomorphism
rings of serial modules (both in the case of serial modules of finite Goldie
dimension and in the case of serial modules of infinite Goldie dimension),
and determine sufficiently large classes of rings that can be realized as
endomorphism rings of serial modules.

Do there exist uniserial modules that are not quasi-small? For some
characterization of these modules see [Dung and Facchini 97, §4].

Consider the following two properties:

(1) n-th root property: if A and B are two modules and A” is isomorphic
to B™ for some positive integer n, then A is isomorphic to B.

(2) Ng-th root property: if A and B are two modules and the direct sum
A®0) of countably many copies of A is isomorphic to the direct sum B(¥o)
of countably many copies of B, then A is isomorphic to B.

It follows easily from the Krull-Schmidt-Remak-Azumaya Theorem, that
the m-th root property and the Rgp-th root property hold for modules A
and B with local endomorphism rings. We saw in Proposition 4.8 that
the n-th root property holds for modules with a semilocal endomorphism
ring. In particular, the n-th root property holds for serial modules of finite
Goldie dimension. Professor Lawrence Levy (private communication) has
found a nice example that shows that the Ng-th root property does not
hold for indecomposable modules A and B with semilocal endomorphism
rings. Does the Ny-th root property hold for uniserial modules A and
B? The answer is “yes” if either A or B is a cyclic uniserial module
[Dung and Facchini a, Proposition 2.11].

Let Mg be an artinian module over an arbitrary ring S and let R =
End(Mg). Does R only have a finite number of minimal prime ideals? The
answer is “yes” if R is a commutative semiprime ring (Example 10.3).
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18.

19.

20.

21.

11 Open Problems

In Section 10.2 we determined some properties that hold for rings in the
class A = { R | R = End(Ms) for some artinian module Mg over some
ring S}, i.e., properties of the endomorphism rings of arbitrary artinian
modules over arbitrary rings. For instance, we have seen that every ring
R in the class A has the following properties: (1) it is semilocal, (2)
it satisfies the ascending chain condition on left annihilators, (3) each
nil subring of R is nilpotent of bounded index of nilpotency. Determine
further properties that hold for endomorphism rings of artinian modules.

Every nil subring of the endomorphism ring of an artinian module is
nilpotent (Corollary 10.5). Nil subrings of a ring with right or left Krull
dimension are nilpotent (Corollary 7.22). And every serial ring that is
the endomorphism ring of an artinian module has finite Krull dimension
(Theorem 10.23). Is there any relation between a ring being isomorphic
to the endomorphism ring of an artinian module and having (finite) Krull
dimension? Are there other properties that hold both for endomorphism
rings of artinian modules and for rings with right or left Krull dimension?
For an example of an endomorphism ring of an artinian module that fails
to have Krull dimension see Example 10.24.

Give an example of an artinian module Mg over a ring S such that
End(Mg) is not contained in any right artinian ring.

Let P; be the class of all serial rings. In Theorem 10.23 we found a
complete characterization of the rings in P; that are endomorphism rings
of artinian modules, that is, a characterization of the rings in the class
P1 N A. Similarly, let P, be the class of all commutative Priifer rings. A
complete characterization of the rings in P, that are endomorphism rings
of artinian modules is given in [Camps and Facchini]. This is a charac-
terization of the rings in Ps N A.

Determine characterizations of the rings in P N A for other significant
classes P of rings.
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Monk. Cardinal Invariants on Boolean
Algebras

GONZzALEZ-VEGA/RECIO (Eds). Algorithms in
Algebraic Geometry and Applications
BEeLLAICHE / RisLer (Eds). Sub-Riemannian
Geometry

ALBERT / BrouzeT / Durour (Eds). Integrable
Systems and Foliations Feuilletages et
Systemes Integrables

JARDINE. Generalized Etale Cohomology
Theories

D1 Biase. Fatou Type Theorems

Maximal Functions and Approach Regions
HuanG. Two-Dimensional Conformal
Geometry and Vertex Operator Algebras
Souriau. Structure of Dynamical Systems.
A Symplectic View of Physics

SHioTA. Geometry of Subanalytic and
Semialgebraic Sets

HummeL. Gromov's Compactness Theorem
for Pseudo-holomorphic Curves

Buescu. Exotic Attractors. From Liapunov
Stability to Riddled Basins
BotrcHerR/KarLovicH. Carleson Curves,
Muckenhoupt Weights, and Toeplitz
Operators

DracomIrR/OrNEA. Locally Conformal Kahler
Geometry

Guivarc'H//Tavior. Compactifications of
Symmetric Spaces

MurTY/MurTY. Non-vanishing of L-functions
and Applications

TIRAONOGAN/WoOLF (Eds). Geometry and
Representation Theory of Real and p-Adic
Groups

THANGAVELU. Harmonic Analysis on the
Heisenberg Group

SAGAN. Mathematical Essays in Honor of
Gian-Carlo Rota

ARNOLD/GREUEL/STEENBRINK. Singularities.
The Brieskorn Anniversary Volume
BERNDT/SCHMIDT. Elements of the
Representation Theory of the Jacobi
Group

Roussarie. Bifurcations of Planar Vector
Fields and Hilbert's Sixteenth Problem
MiGLIoRE. Introduction to Liaison Theory
and Deficiency Modules
ELas/GIRAL/MIRO-ROIG/ZARZUELA (EDS.).
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LM e Lectures in Mathematics, ETH Ziirich

Department of Mathematics
Research Institute of Mathematics

Each year the Eidgendssische Technische Hochschule (ETH) at Zirich invites a selected
group of mathematicians to give postgraduate seminars in various areas of pure and
applied mathematics. These seminars are directed to an audience of many levels and
backgrounds. Now some of the most successful lectures are being published for a wider
audience through the Lectures in Mathematics, ETH Ziirich series. Lively and informal
in style, moderate in size and price, these books will appeal to professionals and students
alike, bringing a quick understanding of some important areas of current research.

R.J. LeVeque

Numerical Methods for Conservation Laws
2nd Edition, 3rd Printing 1994.

1992. ISBN 3-7643-2723-5

R. Narasimhan
Compact Riemann Surfaces
1992. ISBN 3-7643-2742-1

AJ. Tromba
Teichmiiller Theory in Riemannian Geometry
1992. ISBN 3-7643-2735-9

G. Baumslag
Topics in Combinatorial Group Theory
1993. ISBN 3-7643-2921-1

M. Giaquinta

Introduction to Regularity Theory for
Nonlinear Elliptic Systems

1993. ISBN 3-7643-2879-7

0. Nevanlinna
Convergence of Iterations for Linear Equations
1993. ISBN 3-7643-2865-7

R.-P. Holzapfel
The Ball and Some Hilbert Problems
1995. ISBN 3-7643-2835-5

J.F. Carlson

Modules and Group Algebras
Notes by Ruedi Suter

1996. ISBN 3-7643-5389-9

L. Simon

Theorems on Regularity and Singularity

of Energy Minimizing Maps

based on lecture notes by Norbert Hungerbiihler
1996. ISBN 3-7643-5397-X

M. Freidlin

Markov Processes and Differential Equations:
Asymptotic Problems

1996. ISBN 3-7643-5392-9

J. Jost

Nonpositive Curvature
Geometric and Analytic Aspects
1997. ISBN 3-7643-5736-3

Ch.M. Newman
Topics in Disordered Systems
1997. ISBN 3-7643-5777-0

M. Yor

Some Aspects of Brownian Motion, Part I
1992. ISBN 3-7643-2807-X

Some Aspects of Brownian Motion, Part It
1997. ISBN 3-7643-5717-7
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