Chapter 3. Homological Algebra

The aim of this chapter is to introduce the fundamental results of homological algebra. Homological
algebra appeared in the 1800’s and is nowadays a very useful tool in several branches of mathematics,
such as algebraic topology, commutative algebra, algebraic geometry, and, of particular interest to us,
group theory.

Throughout this chapter R denotes a ring, and unless otherwise specified, all rings are assumed to be
unital and associative.

Reference:
[Rot09] J. ). RoT™MAN, An introduction to homological algebra. Second ed., Universitext, Springer, New
York, 2009.

[Wei94] C. A. WEIBEL, An introduction to homological algebra, Cambridge Studies in Advanced Math-
ematics, vol. 38, Cambridge University Press, Cambridge, 1994.

8 Chain and Cochain Complexes

Definition 8.1 (Chain complex)

(@) A chain complex (or simply a complex) of R-modules is a sequence
dn dn
(Corda) = <_, LI, e _>> ,
where for each n € Z, C, is an R-modules and d,, € Homg(C,, C,_1) satisfies d, od,+1 = 0.
We often write simply C, instead of (C,, d.).
(b) The integer n is called the degree of the R-module C,.
() The R-linear maps d, (n € Z) are called the differential maps.

(d) A complex G, is called non-negative (resp. positive) if C, = 0, for all n € Z-o (resp. for all
ne Zgo).

Notice that sometimes we will omit the indices and write d for all differential maps, and thus the
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condition d, o d,41 = 0 can be written as d? = 0. If there is an integer N such that C, = 0 for all
n < N, then we omit to write the zero modules and zero maps on the right-hand side of the complex:

dny2 AN
o+ — Cny2 — Cnyr — Oy

Similarly, if there is an integer N such that G, = 0 for all n > N, then we omit to write the zero
modules and zero maps on the left-hand side of the complex:

d dn_
Cn 2 Cnoqg 25 Oy — -+

Definition 8.2 (Morphism of complexes)

A morphism of complexes (or a chain map) between two chain complexes (C,, ds) and (D,, d,),
written @, : Co¢ — D,, is a familiy of R-linear maps ¢, : C;, — D, (n € Z) such that ¢, od,+1 =
d} .1 © @at1 for each n € Z, that is such that the following diagram commutes:

dni2 dpy1 dp dn—1
Cn+1 Cn Cnf1
‘Pn+1l (Pnl (Pn1l
d d d d
n+2 n+1 n n—1
n+1 Dn Dn—1

Notation. Chain complexes together with morphisms of chain complexes (and composition given by
degreewise composition of R-morphisms) form a category, which we will denote by Ch(sMaod).

Definition 8.3 (Subcomplex | quotient complex)

(a) A subcomplex C] of a chain complex (G, d,) is a family of R-modules C, < G, (n € Z), such
that d,(C;) c C]_, for every n e Z.
In this case, (C,d,) becomes a chain complex and the inclusion C, — C, given by the
canonical inclusion of C), into C, for each n € Z is a chain map.

(b) If C is a subcomplex of C,, then the quotient complex C,/C] is the familiy of R-modules C,/C},
(n € Z) together with the differential maps d, : C,/C, — C,—1/C/_, uniquely determined
by the universal property of the quotient.

In this case, the quotient map m, : C, — C,/C. defined for each n € Z by the canonical
projection 7, : C, —> C,/C), is a chain map.

Definition 8.4 (Kernel | image | cokernel)

Let o : Co — D, be a morphism of chain complexes between (C,, d.) and (D., d.). Then,
(a) the kernel of ¢, is the subcomplex of C, defined by ker ¢, := ({ker ¢, }nez, do);

(b) the image of ¢, is the subcomplex of D, defined by Im ¢, := ({Im @, }pcz, d.); and

(c) the cokernel of ¢, is the quotient complex coker o := Do/ Im ¢, .
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With these notions of kernel and cokernel, one can show that Ch(sMod) is in fact an abelian category.

Definition 8.5 (Cycles, boundaries, homology)

Let (C,, do) be a chain complex of R-modules.
(a) An n-cycle is an element of kerd, =: Z,(C,) := Z,.

(b) An n-boundary is an element of Imd,1 =: B,(C,) := B,,.
[Clearly, since d,odp+1 =0, we have 0= B, € 2, < G, Vne Z. |

(c) The n-th homology module (or simply group) of C, is H,(C,) := Z,/B, .

In fact, for each n € Z, H,(—) : Ch(’®Mod) — RMod is a covariant additive functor (see Exercise 1,
Exercise Sheet 6), which we define on morphisms as follows:

L_emma 8.6

Let @o : Co —> D, be a morphism of chain complexes between (C,, d,) and (D,, d,). Then ¢,
induces an R-linear map

Ho(ps):  Hp(G)  —>  Ha(Ds)
Zh+ Ba(G)  —  @n(za) + By(Ds)

for each n € Z. To simplify, this map is often denoted by ¢, instead of H,(¢.).

Proof: Fix n € Z, and let m, : Z,(C.) — Z,(C.)/B,(C,), resp. 7, : Zy(Ds) —> Z,(D.)/Bn(D.), be the
canonical projections.
First, notice that ¢, (Z,(C,)) = Z,(D.) because if z € Z,, then d}, o ¢,(z) = @n—1 0 dy(2z) = 0. Hence,
we have ¢,(z) € Z,(D).
Similarly, we have ¢,(B,(C,)) < B,(D,). Indeed, if b € B,(C,), then b = d,1(a) for some a € G, 1,
and because ¢, is a chain map we have ¢, (b) = @, o d; ,(a) = dyy1 0 @yy1(a) € By(D,).
Therefore, by the universal property of the quotient, there exists a unique R-linear map 7}, o ¢, such
that the following diagram commutes:

Z,(C) —= Z,(D.) "= Z,(D.)/g,(D.)

-7
_ -
T, _ -
- !
- T, 0@n
-~

Z,(G)/B,(C.)

Set H,(@.) := 7}, 0 ¢, . The claim follows. |

It should be thought that the homology module H,(C,) measures the "non-exactness" of the sequence

dn dn
Cn+14+1>cn4>Cn—1 .
Moroever, the functors H,(—) (n € Z) are neither left exact, nor right exact in general. As a matter of
fact, using the Snake Lemma, we can use s.e.s. of complexes to produce so-called "long exact sequences"
of R-modules.
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Theorem 8.7 (Long exact sequence in homology)

Ve

Let O, Co—2-D,
sequence

E. 0. be a s.e.s. of chain complexes. Then there is a long exact

2L Hy(C) 5 Hy (D) 5 Hy(Ea) =2 Hy 1(C) 25 Hy (D)) 5=

where for each n€ Z, 9, : H,(Es) — H,—1(C,) is an R-linear map, called connecting homomor-
phism.

Note: Here 0, simply denotes the zero complex, that is the complex

consisting of zero modules and zero morphisms. We often write simply O instead of O,.
Proof: To simplify, we denote all differential maps of the three complexes C,, D., E. with the same letter d,
and we fix n € Z. First, we apply the “non-snake” part of the Snake Lemma to the commutative diagram

$n Wn

0 Gy D, E, 0
ldﬂ idﬂ idﬂ
Pn—1 Lpn71
0——=Ciot ——= Dy En_q 0,
and we obtain two exact sequences
@n ¥n

0—Z,(C) —— Z,(D,) —= Z,(E,) ,

and
Pt [/
Co—1/Im d,— Dn—1/1m d,— En1/Im d, —0.

Shifting indices in both sequences we obtain similar sequences in degrees n — 1, and n respectively.
Therefore, we have a commutative diagram with exact rows of the form:

W ll’”
G/imdys1 — Dn/imd, 1 — En/imd, .y —0

idn ldn ldn

n— Yn—
04)Zn—1(CO)L n—‘I(Do);) n—‘I(Eo)r

where d,, : C,/Imd,1 —> Z,—1(C,) is the unique R-linear map induced by the universal property of
the quotient by d, : C, — C,_1 (as Imd,+1 S kerd, by definition of a chain complex), and similarly
for D, and E,. Therefore, the Snake Lemma yields the existence of the connecting homomorphisms

d, : kerd,(E,) —> cokerd,(C,)
| S —— N——
:Hn(Eo) :anW(Co)

for each n € Z as well as the required long exact sequence:

Ont1 P e 5, (7 s
_ >

Hn(Co) —— Hn(Ds) —— Hy(Es) —— Ha1(C)) —— Hyp—1(Dy) —— - -
— e — — —
=kerd, =kerd, =kerd, =cokerd, =cokerd, [
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We now describe some important properties of chain maps and how they relate with the induced mor-
phisms in homology.

Definition 8.8 (Quasi-isomorphism)

A chain map ¢, : Co¢ —> D, is called a quasi-isomorphism if H,(¢.) is an isomorphism for all
nelZ.

Warning: A quasi-isomorphism does not imply that the complexes C, and D, are isomorphic as chain
complexes. See Exercise 2, Sheet 5 for a counter-example.

In general complexes are not exact sequences, but if they are, then their homology vanishes, so that
there is a quasi-isomorphism from the zero complex.

Exercise [Exercise 3, Exercise Sheet 5]
Let C, be a chain complex of R-modules. Prove that TFAE:

(a) G, is exact (i.e. exact at C, for each n € Z);
(b) G, is acyclic, that is, H,(C,) = 0 for all n € Z;

() The map 0, — C, is a quasi-isomorphism.

Definition 8.9 (Homotopic chain maps | homotopy equivalence)

Two chain maps ¢., e : Co —> D, between chain complexes (C,,ds) and (D,, d,) are called
(chain) homotopic if there exists a familiy of R-linear maps {s, : C, —> Dp+1}nez such that

®n — an = dln+1 O0Sp+5Sp—10 dn
for each n e Z.

dn+1 C dn

"—>Cn+1 n Cn_1—>...

(pn+1_d}n+‘lL / J/(Pn—dln/ ‘/(p,,1—¢n1

s Dy

n Dy ———-

a) d;

In this case, we write Qo ~ .

Moreover, a chain map ¢, : C¢ —> D, is called a homotopy equivalence if there exists a chain
map o0 : Do — C, such that g, o @ ~ idc, and ¢, 0 g, ~ idp,.

Note: One easily checks that ~ is an equivalence relation on the class of chain maps.

Proposition 8.10

If @o, Ve : Co —> D, are homotopic morphisms of chain complexes, then they induce the same
morphisms in homology, that is

Ho (@) = Hn(th) : Hn(C) —> Hn(Ds) VneZ.
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Proof: Fix n € Z and let z € Z,(C,). Then, with the notation of Definition 8.9, we have
(@0 — n)(2) = (dyi15n + Sn1dy)(2) = d}y 150 (2) + Sn—1d,(2) € Bn(Ds).
— T’
€B,(D.) =

Hence, for every z + B,(C,) € H,(C,), we have

(Hn(pe) = Ha(iha)) (2 + Ba(Co)) = Hi(pe — ha)(z + Ba(Co)) = 0+ B,(Ds) -
In other words H, (@) — H, () = 0, so that H,(¢s) = H, (). |

Remark 8.11

(Out of the scope of the lecture!)

Homotopy of complexes leads to considering the so-called homomotopy category of R-modules,
denoted Ho(rMod), which is very useful in algebraic topology or representation theory of finite
groups for example. It is defined as follows:

- The objects are the chain complexes, i.e. ObHo(sMod) = Ob Ch(sMod).
- The morphisms are given by Hompo(Mmod) := Homch(amod) /~ -

It is an additive category, but it is not abelian in general though. The isomorphisms in the homotopy
category are exactly the classes of the homotopy equivalences.

Dualizing the objects and concepts we have defined above yields the so-called "cochain complexes" and
the notion of "cohomology".

Definition 8.12 (Cochain complex | cohomology)

(a) A cochain complex of R-modules is a sequence
(C*,d*%) = <—> cn=1 9y on 47 onet > )
where for each n € Z, C" is an R-module and d" € Homg(C", C"*") satisfies d"*' o d" = 0.
We often write simply C* instead of (C*, d*).
(b) The elements of Z" := Z"(C*) := ker d" are the n-cocycles.

(c) The elements of B" := B"(C*) := Imd"~" are the n-coboundaries.

(d) The n-th cohomology module (or simply group) of C* is H"(C*) := Z,/B,.

Similarly to the case of chain complexes, we can define:

- Morphisms of cochain complexes (or simply cochain maps) between two cochain complexes
(C*,d*) and (D*,d*), written ¢* : C* — D*, as a familiy of R-linear maps ¢" : C" — D"
(n € Z) such that " o d"~" = d"~" 0 ¢"~" for each n € Z, that is such that the following diagram
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commutes:
dn—Z dn—1 dn dn+1
cn- cn 2 cn+

(Pn—‘ll (P”l (Pn+1l

dn72 Dn_1 8”71 Dn dr D”+1

qn+1

- subcomplexes, quotient complexes;
- kernels, images, cokernels of morphisms of cochain complexes.

- Cochain complexes together with morphisms of cochain complexes (and composition given by
degreewise composition of R-morphisms) form an abelian category, which we will denote by

CoCh(gMod).

Exercise: formulate these definitions in a formal way.

Theorem 8.13 (Long exact sequence in cohomology)

Let O° c—*-pr v E* 0° be a s.e.s. of cochain complexes. Then, for each n € Z, there
exists a connecting homomorphism 6" : H"(E*) — H"*1(C*) such that the following sequence is
exact:
n * * n * *
. o] Hn(C') ¥ Hn(Do) ¥ Hn(Eo) 0 Hn+1(co) ¥ Hn+1(D.) ¢ .

Proof: Similar to the proof of the long exact sequence in homology (Theorem 8.7). Apply the Snake Lemma. l

9 Projective Resolutions

Definition 9.1 (Projective resolution)

Let M be an R-module. A projective resolution of M is a non-negative complex of projective

R-modules

d3 dz dy

(Po,da) = (- P> P Po)

which is exact at P, for every n > 1 and such that Hy(P,) = Py/Imdq = M.
Moreover, if P, is a free R-module for every n > 0, then P, is called a free resolution of M.

Notation: Letting € : Py — M denote the quotient homomorphism, we have a so-called augmented
complex
d3

dz d

P P Py—5M 0,

associated to the projective resolution, and this augmented complex is exact. Hence we will also denote

projective resolutions of M by P, S M.

Example 8

The Z-module M = Z/nZ admits the following projective resolution: 0——=Z—">Z.
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We now prove that projective resolutions do exist, and consider the question of how "unique" they are.

Proposition 9.2

Any R-module has a projective resolution. (It can even chosen to be free.)

Proof: We use the fact that every R-module is a quotient of a free R-module (Proposition 6.4). Thus there
exists a free module Py together with a surjective R-linear map € : Py —» M such that M = Py/kere.
Next, let Py be a free R-module together with a surjective R-linear map d; : Py — ker € € Py such that
Pi/kerdy = kere:

Inductively, assuming that the R-homomorphism d,_1 : P,_1 — P,_> has already been defined, then
there exists a free R-module P, and a surjective R-linear map d, : P, — kerd,—1 S Pp,_1 with
P,/kerd, = kerd,_1. The claim follows. |

Theorem 9.3 (Lifting Theorem)

Let (P,, ds) and (Q., d.,) be two non-negative chain complexes such that

1. P, is a projective R-module for every n = 0;
2. Q. is exact at Q, for every n > 1 (that is H,(Q.) = 0, for all n > 1).

Let € : Py — Ho(P.) and € : Qo — Hoy(Q,) be the quotient homomorphims.

If f: Ho(Pes) — Ho(Q,) is an R-linear map, then there exists a chain map ¢, : P — Q, inducing
the given map f in degree-zero homology, that is such that Hy(¢.) = f and foe = €' o@y. Moreover,
such a chain map ¢, is unique up to homotopy.

In the situation of the Theorem, it is said that ¢, lifts f.

Proof: Existence. Beacuse Py is projective and &’ is surjective, by definition (Def. 6.7), there exists an
R-linear map ¢o : Po —> Qp such that the following diagram commutes

& Py Hy(P.) = Po/ Im d

|
(B2 O lf

Y ’
Qo —= Ho(Qs) = Qo/Im df,

d

thatis foe = € o¢g. But then, € ogpodi = foeody =0, so that Im(gyodq) < kere’ = Imd}. Again
——

=0
by Definition 6.7, since P; is projective and d} is surjective onto its image, there exists an R-linear map
@1 P; — 04 such that (p00d1 = dq o @1:

P4 & Po

| W
31 | <P0l
v O

01 —> Imd} = kere’ —— Q
d; inc
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The morphisms ¢, : P, — Q, are constructed similarly by induction on n. Hence the existence of a
chain map ¢, : Po — Q, as required.

Uniqueness. For the uniqueness statement, suppose ), : Po — Q, also lifts the given morphism f. We
have to prove that ¢, ~ (s (or equivalently that ¢, — (s is homotopic to the zero chain map).

For each n > 0 set g, := ¢, — ¢, so that g, : P — Q. is becomes a chain map. In particular
g0 = @o— o = Ho(pe) — Ho(pe) = f—Ff =0. Thenwe let s_5 : 0 —> Hy(Q.) and s_q : Hy(Ps) —> Qo
be the zero maps. Therefore, in degree zero, we have the following maps:

Py — s Ho(Py) ———=0

b

00— Ho(Qu) —5—0

’

where clearly 0 = s_,00+ &’ os_1. This provides us with the starting point for constructing a homotopy
Sn : Pn — QOp41 by induction on n. So let n > 0 and suppose s; : P — Q11 is already constructed
for each —2 < i < n — 1 and satisfies df+1 0s;+ s;—10d; = g; for each i = —1, and where we identify

P_1 =Ho(P.), OQ_1=Ho(Q.), P,=0=0Q_, do=¢ dy=¢, d1=0=4d",.

Now, we check that the image of g, — s,_1 o d,, is contained in ker d/, = Im d;H:

d,o (0, —sp—10d,) =d,00,—d,os,_10d,
= d; ©0p — (0,,71 —5p-20 dnf1) od,
=d,o0g,—0,_10d,
= Op-—1 Odn — Op—1 Od,7 = 0,
where the last-nut-one equality holds because both g, is a chain map. Therefore, again by Definition 6.7,

since P, is projective and d;+1 is surjective onto its image, there exists an R-linear map s, : P, — Qp41
such that d},,, 0s, = 0, —s,_10d,:

//Pn Pn—1 Pn—2
s,
- Sp—1 Sp—2
P 7 Oy—sn—10d, 0r—1 Oh_>
¥
Qn+1 d,’7+1 n d n—1 & Qn—Z

Hence we have ¢, — ¢, = 0, = df7+1 oSy + Sp—10d,, as required.
As a corollary, we obtain the required statement on the uniqueness of projective resolutions:

Theorem 9.4 (Comparison Theorem)

lifting the identity on M and such that (s © @e ~ Idp, and @, o e ~ Idg,.

Proof: Consider the identity morphism Idy : M — M.
By the Lifting Theorem, there exists a chain map ¢, : P, — Q., unique up to homotopy, such that
Ho(ps) = ldy and Idyoe = €' o . Likewise, there exists a chain map (s : Qo —> P,, unique up to
homotopy, such that Hy(¢.) = Idy and ldy o€’ = €0 ¢y .

39

Let P, 5 M and Q. % M be two projective resolutions of an R-module M. Then P, and Q, are
homotopy equivalent. More precisely, there exist chain maps @s : Po — Q. and s : Q¢ — P,
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d, d
P, . P, ! Py £ M 0
Al Al Al
3, | 1 3¢ gl 13 O Fol 13 O ldy ldm
|y |y |y p
Qn & te 01 d QO M 0
n 1

Now, . 0, and Idp, are both chain maps that lift the identity map Idy : Ho(P.) — Ho(P.). Therefore,
by the uniqueness statement in the Lifting Theorem, we have ¢, 0 @, ~ Idp,. Likewise, ¢, o (s and ldo,
are both chain maps that lift the identity map Idys : Ho(Qs) —> Ho(Q,), therefore they are homotopic,
that is @, o e ~ Idg, . |

Another way to construct projective resolutions is given by the following Lemma, often called the Horse-
shoe Lemma, because it requires to fill in a horseshoe-shaped diagram:

Lemma 9.5 (Horseshoe Lemma)

Llet 0 —M —= M —M"—0 be a short exact sequence of R-modules. Let P, 5 M be a

L]
"

resolution of M’ and P, 5 M” be a projective resolution of M”.

]

P, Py
| }
P, Py

/| |

0 M’ M mM" 0

| )

0 0

Then, there exists a resolution P, 5 M of M such that P, = P, @ P} for each n € Z>¢ and the s.e.s.

0—-M-—-M-—-M'—0 lifts to a s.e.s. of chain complexes 0, —= P e p, = P! —0,

/
. . . . . . . . € . . .
where i, and m, are the canonical injection and projection. Moreover, if P, — M’ is a projective
. . £
resolution, then so is P, — M.

Proof: Exercise 3, Exercise Sheet 6.
[Hlnt: Proceed by induction on n, and use the Snake Lemma.] |

Finally, we note that dual to the notion of a projective resolution is the notion of an injective resolution:

Definition 9.6 (Injective resolution)

Let M be an R-module. An injective resolution of M is a non-negative cochain complex of injective
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R-modules

(Io d.) _ (IO d° I1 L /2 d? N )
which is exact at /" for every n > 1 and such that HO(/*) = ker d°/0 =~ M.

Notation: Letting 1 : M < /° denote the natural injection, we have a so-called augmented complex

M—togo_d p_d p

associated to the injective resolution (/*, d*), and this augmented complex is exact. Hence we will also
denote injective resolutions of M by M <& [°.

Similarly to projective resolutions, one can prove that an injective resolution always exists. There is
also a Lifting Theorem and a Comparison Theorem for injective resolutions, so that they are unique up
to homotopy (of cochain complexes).

10 Ext and Tor

We now introduce the Ext and Tor groups, which are cohomology and homology groups obtained from
applying Hom and tensor product functors to projective/injective resolutions. We will see later that Ext
groups can be used in group cohomology to classify abelian group extensions.

Definition 10.1 (Ext-groups)

Let M and N be two left R-modules and let Py —» M be a projective resolution of M. For n € Zy,
the n-th Ext-group of M and N is

Extp(M, N) := H"(Homg(P., N)),

that is, the n-th cohomology group of the cochain complex Homg(P., N).

Recipe:
1. Choose a projective resolution P, of M.
2. Apply the left exact contravariant functor Homg(—, N) to the projective resolution

d> dq

Po=(-- L. P, P

Po )
to obtain a cochain complex

d d
HomR(PO, N) —1 HomR(P1 , N) s HomR(P3, N) s .
of abelian groups (which is not exact in general).

3. Compute the cohomology of this new complex.

First of all, we have to check that the definition of the abelian groups Exti(M, N) is independent from
the choice of the projective resolution of M.
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Proposition 10.2

If P, < M and Q. 5 M are two projective resolutions of M, then the groups H" ( Homg(P., N))
and H”(HomR(Q., /\/)) are (canonically) isomorphic, via the homomorphisms induced by the chain
maps between P, and Q, given by the Comparison Theorem applied to the identity morphism ldp,.

Proof: By the Comparison Theorem, there exist chain maps @, : Po — Q, and i, : Qs —> P, lifting the
identity on M and such that ), © @. ~ Idp, and @, o e ~ Idg,.
Now, applying the functor Homg(—, N) yields morphisms of cochain complexes

¢* : Homg(Q., N) — Homg(P., N) and ¢*: Homg(P., N) — Homgz(Q., N).

Since @, 0y ~ Idg, and Yoo, ~ Idp,, it follows that ¢* o y* ~ Idyome(p,,N) @nd Y 0 @™ ~ Idiome(0.,N)-
But then, passing to cohomology, ¢™* induces a group homomorphism

@ : H"(Homg(Q., N)) —> H"(Homg(P., N))

(see Exercise 1, Exercise Sheet 5). Since ¢, is unique up to homotopy, so is ¢*, and hence ¢* is
unique because homotopic chain maps induce the same morphisms in cohomology. Likewise, there is a
unique homomorphism ¢* : H"( Homg(P., N)) — H"(Homg(Q., N)) of abelian groups induced by
Yo . Finally, ¢* o ¢* ~ Id and * o ¢* ~ Id imply that @* o y* = Id and * o * = Id. Therefore, ¢p*
and ¢* are canonically defined isomorphisms. ]

Proposition 10.3 (Properties of Extg)

Let M, My, My and N, Ny, N, be R-modules and let n € Z-¢ be an integer. The following holds:
(a) Ext%(M, N) = Homg(M, N).
(b) Any morphism of R-modules a : My — M, induces a group homomorphism
a* : Extg(Ma, N) — Extip(Mq, N).
(c) Any morphism of R-modules B : Ny — N, induces a group homomorphism
B« : Extp(M, Ni) — Extp(M, N2) .
(d) If P is a projective R-module, then Extx(P, N) = 0 for all n > 1.

(e) If I is an injective R-module, then Ext;(M, 1) =0 for all n > 1.

Proof: (a) Let P, 5 Mbea projective resolution of M. Applying the left exact functor Homg(—, N) to
the resolution P, yields the cochain complex

% * d¥

d d
Homg(Py, N) —— Homg(P;, N) —— Homg(P3, N) —— - ..

Therefore,
Ext%(/\/l, N) = HO( Homg(P,, /\/)) = kerd} /0 ~ ker d7 .

Now, the tail --- -Z Py —5 M — 0 of the augmented complex P, 5 M is an exact sequence
of R-modules, so that the induced sequence

d

0 —> Homg(M, N) —=> Homg(Po, N) — > ...
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is exact at Homg(M, N) and at Homg(Py, N) and it follows that
Ext%(M, N) = ker d* = Im £* =~ Homg(M, N)
because £* is injective.

(b) Let P, 5 M be a projective resolution of My and P, 5 M, be a projective resolution of M,. The
Lifting Theorem implies that « lifts to a chain map ¢, : Po —> P.. Then, ¢, induces a morphism
of chain complexes ¢* : Homg(P,, N) — Homg(P,., N) and then ¢* induces a morphism in
cohomology

@* : Extp(My, N) — Exth(My, N)

for each n > 0 and we set a* := @*.

(c) Let P, 5 M be a projective resolution of M. Then, there is a morphism of cochain complexes
B* : Homg(P., N1) — Homg(P,, N>) induced by B, which, in turn, induces a homomorphism of
abelian groups By in cohomology.

(d) Let P, 5 M be a projective resolution of M.Choose --- —=0—=0— P as a projective
resolution of P (i.e. Py := P, P, =0, ...), augmented by the identity morphism Idp : P — P.
Then the induced cochain complex is

0 0 0

0

Homg(P, N) 0

so that clearly Extz(P, N) = 0 for each n > 1.

(e) Let P, 5 Mbe a projective resolution of M. Since / is injective, the functor Homg(—, /) is exact.
Therefore the induced cochain complex

dF d¥ d¥
Homg(Po, I) —— Homg(Py, ) —— Homg (P2, ) —— - --

is exact and its cohomology is zero. The claim follows. ]

Remark 10.4

Th

Using the proposition one can prove that for every n € Z=o, Extgp(—, N) : RMod — Ab is a
contravariant additive functor, and Extp(M, —) : RMod — Ab is a covariant additive functor.

eorem 10.5 (Long exact sequences of Ext-groups)

@ Y

(@) Any s.es. 0 Ny
abelian groups

N> N3 0 of R-modules induces a long exact sequence of

0 —= ExtS(M, Ni) 25 Exth (M, No) 25 Ext& (M, N3) L Extlh (M, Ny) —— ...

= ExtB(M, Np) 25 Exth(M, No) 25 Exti(M, Ns) ~2 Ext (M, Np) — ... .

B

(b) Any s.es. 0 My —2>M,
abelian groups

Ms 0 of R-modules induces a long exact sequence of

*
0 — Ext%(Ms, N) 5 ExtQ(Ma, N) 25 Ext&(Mr, N) —2> Exth(Ms, N) —> ...

* n
. — ExtB(Ms, N) £ Exti (Mo, N) <5 Exth (M, N) —= Ext (M5, N) — ... .
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Proof: (a) Let P, be a projective resolution of M. Then there is an induced short exact sequence of cochain
complexes

0 — Homg(P., Ni) —% > Homg(P., No) —~—~ Homg(P., N3) —> 0

because each module P, is projective. Indeed, at each degree n € Z>¢ this sequence is

0 ——= Homg(Py, Ni) == Homg(Py, No) —2> Homg(P,, N3) —= 0

obtained by applying the functor Homg(P,, —), which is exact as P, is projective. It is then easily
checked that this gives a s.e.s. of cochain complexes, that is that the induced differential maps
commute with the induced homomorphisms ¢.. Thus, applying Theorem 8.13 yields the required
long exact sequence in cohomology.

(b) Let P, be a projective resolution of M; and let Q, be a projective resolution of Ms;. By the
Horseshoe Lemma (Lemma 9.5), there exists a projective resolution R, of M, and a short exact
sequence of chain complexes

0 P, R. Q. 0,
lifting the initial s.e.s. of R-modules. Since @, is projective for each n > 0, the sequences

0 P, R, Qn 0

are split exact for each n = 0. Therefore applying Homg(—, N) yields a split exact s.e.s.
0——=Homg(Q,, N)——=Homg(R,, N)——=Homg(P,, N)——=0
for each for each n = 0. It follows that there is a s.e.s. of cochain complexes
0 —— Homg(Q., N) —— Homg(R,, N) —— Homg(P,, N) —— 0.

The associated long exact sequence in cohomology (Theorem 8.13) is the required long exact
sequence. ]

The above results show that the Ext groups “measure” and "repair" the non-exactness of the functors
Homg(M, —) and Homg(—, N).

The next result is called “dimension-shifting” in the literature (however, it would be more appropriate
to call it “degree-shifting”); it provides us with a method to compute Ext-groups by induction.

Remark 10.6 (Dimension shifting)

Let N be an R-module and consider a s.es.

0 [—*=P M 0

of R-modules, where is P projective (if M is given, take e.g. P free mapping onto M, with kernel L).
Then Extj(P,N) = 0 for all n > 1 and applying the long exact sequence of Ext-groups yields at
each degree n > 1 an exact sequence of the form

02"+ Ext(L, N) —2~ Exti (M, N) 20

’
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where the connecting homomorphism 0" is therefore forced to be an isomorphism:
Extht' (M, N) = Exta(L, N).

Note that the same method applies to the second variable with a short exact sequence whose middle
term is injective.

A consequence of the dimension shifting argument is that it allows us to deal with direct sums and
products of modules in each variable of the Ext-groups. For this we need the following lemma:
Lemma 10.7

Consider the following commutative diagram of R-modules with exact rows:

A—op P

|

/ //
B(pBwB 0

A" 0

Then there exists a morphism h € Homg(A”, B”) such that ho B = ) o g. Moreover, if f and g are
isomorphisms, then so is h.

Proof: Exercise 5, Exercise Sheet 7. [ |

Proposition 10.8 (Ext and direct sums)

(a) Let {M;}ic/ be a family of R-modules and let N be an R-module. Then
Exth (@ M;, /\/> ~ H Exth(M;, N) ¥n=0.
iel iel

(b) Let M be an R-module and let {N;}i be a family of R-modules. Then

Exth (/\/1, 11 /\/,-) ~ [ JEXtR(M,N;) ¥n=0.

i€l i€l

Proof: (a) Case n = 0. By Proposition 10.3(a) and the universal property of the direct sum (Proposi-
tion 4.2), we have

Ext% (@ M, /\/) ~ Homg (@ M, /\/) =~ [ [Home(M;, N) = [ JExtR(Mi, N).
iel iel i€l iel
Now, suppose that n > 1 and choose for each i € | a s.e.s. of R-modules
0 L Pi M; 0,

where P; is projective (e.g. choose P; free with quotient isomorphic to M; and kernel L;). These
sequences induce a s.e.s.

0 >@ie/Li4>@ie/Pi4>®iE/Mi4>0~
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Case n > 1: We proceed by induction on n.
First, for n=1, using a long exact sequence of Ext-groups, we obtain a commutative diagram

HOmR(@iel Pi, N) — HomR(@iel Li, N) o Extl?(@

lz 2 i

Hiel HomR(Pi' N) - Hiel HomR(Li' N) - Hiel EXt}?(Mi' N) - H

M;, N) — Exth (P, Pi, N)

iel i€l

Extk(Pi, N)

iel
with the following properties:

- the morphisms of the bottom row are induced componentwise;
- both rows are exact; and
- the two vertical isomorphisms are given by the case n = 0.

Since P; is projective for every i € /, so is @,., P;, thus Proposition 10.3 yields

iel
Ext}, (@ P;, /\/) ~0=x][Exth(PuN) Viel.
iel iel
Therefore Lemma 10.7 yields
Extp (@ M, /\/) ~ [ [Extp(Mi, N) .
iel iel
Now assume that n > 2 and assume that the claim holds for the (n — 1)-th Ext-groups, that is
Extpy (@ L;, /\/) ~ [ JExty (L N)
iel iel
Then, applying the Dimension Shifting argument yields
Exty ' (@ L, /\/) ~ Ext} (@ M, /\/) :
iel iel

and
Exty (L, N) = Exta(M, N)  Viel,

so that
[ [Exta (L, Ny = [ [ Exti(Mi, N) .

i€l i€l

Hence the required isomorphism
Exth (@ M, /\/> > [ JExtR(M:, N) .
iel iel

(b) Similar to (a): proceed by induction and apply a dimension shift. (In this case, we use s.e.ss with
injective middle terms.) ]

To end this chapter, we introduce the Tor-groups, which “measure” the non-exactness of the functors
M®r — and — ®g N.



Sk

ript zur Vorlesung: Cohomology of Groups SS 2018 47

Definition 10.9 (Tor-groups)

Pr

Let M be a right R-module and N be a left R-module. Let P, be a projective resolution of N. For
n € Zxq, the n-th Tor-group of M and N is

Tor®(M, N) := H,(M ®g P.),

that is, the n-th homology group of the chain complex M ®g P..

oposition 10.10

Let M, My, M, M3 be right R-modules and let N, Ny, N, N3 be left R-modules.
(@) The group Tor,f,?(/\/l, N) is independant of the choice of the projective resolution of N.
(b) Torf(M,N) =~ M®g N.
(c) Tor®(—, N) is an additive covariant functor.
(d) Tor®(M, —) is an additive covariant functor.
(e) TorR(My @ Mo, N) = TorR(My, N) @ TorR (My, N).
(f) TorR(M, Ny @ N2) = TorR(M, Ny) @ Torf(M, N,).

(g) If either M or N is flat (so in particular if either M or N is projective), then Tor?(M, N) = 0
forall n > 1.

(h) Any ses. 0—sM;—“s M —-

quence

M3 0 of right R-modules induces a long exact se-

6n Q. n
e TorR (M, N) L TorR (M, N) 2 TorR (My, N) —25- TorR (M, N) — ..

[ Id Id
1 a®ldy My @r N BRldn

M3 ®r N 0

My ®r N

o ——Torf (M3, N)

of abelian groups.

B

(i) Anys.es. 0 Ny —5=N; N3 0 of left R-modules induces a long exact sequence

On n
o TorR (M, NS) 2 TorR (M, Ny ) =5 TorR (M, No) —P5 TorR (M, N3) —2 .

n+1

51 |d/\/1 ®G Id/\/} ®B

o ——Torf (M, N3) M ®r N M ®r N> 0

M @r N3

of abelian groups.

The proof of the above results are in essence similar to the proofs given for the Ext-groups.



