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Introduction

Students of mathematics learn how to complete the rational numbers Q using the
distance metric in order to obtain the real numbers R (see e.g. [24, Chap. 2]). In
lectures on number theory, this idea is used for the construction of p-adic numbers
by a modification of the metric (see e.g. [24, Chap. 6]). In functional analysis, this is
often used in order to complete metric spaces; e.g. Lp(a,b) is the completion of
C2 (Cl, b)

In commutative algebra, this concept is used in order to associate with a com-
mutative ring R and an ideal a of R a commutative ring R®, as explained in most
introductory textbooks on commutative algebra. The first typical example is to pass
from a polynomial ring k[Xi,...,X,] in n variables over a field k to the formal
power series ring k[[X], ..., X,]]. This also extends to modules, and we may define
the completion M® of an R-module M with respect to an ideal. It turns out that the
behaviour of complete modules is, in many respects, better than that of arbitrary
modules. This is not surprising, and the same remark holds for metric spaces and
complete metric spaces.

On the other hand, there is a dual concept of torsion with respect to an ideal a of
a commutative ring R. Namely, an R-module M is called a-torsion if it equals its
a-torsion submodule I'y(M) = {m € M|a'm = Oforsomet € Nandalla € a}. The
a-torsion functor I', (also called the a-section functor) is left exact. By the work of
Grothendieck (see [40, 47]), its right-derived functors play an essential réle in
algebraic geometry and later in commutative algebra.

The right-derived functors of the torsion functor — called local cohomology
functors — take a central position in research in the field of commutative algebra and
related subjects. The term “local cohomology” became an item in the Mathematics
Classification Scheme with more than 1300 documents in the database of
Mathematical Abstracts. There are several textbooks and monographs about local
cohomology (see e.g. [15, 47]).

The section functor I'4(-) is given by lim Homg(R/a’,). The completion
functor A°(-) in commutative algebra is given by IM(R/a’ @ ) . That is, it is formally
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X Introduction

dual to the section functor. However, it is neither left nor right exact in general. In
any textbook about commutative algebra, there are introductions to completions
with the basics for Noetherian rings and finitely generated modules. In his book
[82], Strooker has shown that adic completion and completeness for non-finitely
generated modules also play a role in many homological questions. The study of the
left-derived functors of the completion functor — called local homology functors —
was initiated by Matlis (see [56, 57]).

Among others results, Grothendieck proved that the local cohomology of a
module over a Noetherian ring may be computed with a Cech complex. He took
advantage of the fact that finite sequences in a Noetherian ring have a very nice
property; namely, they are weakly pro-regular. In their fundamental paper [3§],
Greenlees and May proved that both the local homology and cohomology of a
module with respect to any ideal of a commutative ring generated by a pro-regular
sequence x = xp,...,x; may be computed with Koszul complexes (with, on the
local homology side, the additional assumption that each element x; of the sequence
x also forms a length one pro-regular sequence). Note that the notion of a
pro-regular sequence is slightly stronger than that of a weakly pro-regular sequence
and is more suitable for induction on the length of the sequence. Note also that finite
sequences in a Noetherian ring are always pro-regular. Later, Lipman et al. (see
[1, 2]), the first author (see [76]), and Yekutieli et al. (see [64]) also considered
complexes of modules and highly generalized Greenlees and May’s results, using
this time the notion of weakly pro-regular sequences. There is also a duality
between local homology and cohomology, already observed in [78] for modules
over a Noetherian ring, highly generalized in [1] and [64].

The first aim of this monograph is to systematically study completion and to
generalize and extend various completeness criteria, in particular in the general
situation of a not necessarily Noetherian ring and not necessarily finitely generated
modules. We focus not only on modules but also on complexes of modules. The
completeness criteria in [17, 35, 49, 76] concern separated modules. It is natural to
wonder what happens for non-separated modules. It turns out that they provide
pseudo-completeness criteria. This also yields the notion of homologically com-
plete complexes, a notion introduced and investigated by Yekutieli in [64] and in
[87]. In [64], the dual notion of cohomologically torsion complexes is also
considered. Now, the above-mentioned completeness criteria provide us with
characterizations of homologically complete complexes and dually of cohomo-
logically torsion complexes, leading us to several new results. As far as the authors
know, this is the first monograph to provide a thorough presentation of completion
and its left-derived functors — the local homology functors. In many cases, the
formal duality between completion and torsion yields real dualities between local
homology and local cohomology. Because of this, we also provide a rather sys-
tematic study of local cohomology for complexes. We start this with the study of
Cech homology and cohomology, which coincides with local homology and
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cohomology when the ideal is generated by a weakly pro-regular sequence. It turns
out that most of the results in local homology and local cohomology are valid under
only the assumption that the involved ideal is generated by a weakly pro-regular
sequence. They are in fact results about Cech homology and cohomology. We
provide vanishing and non-vanishing results. We also explore various dualities.

The monograph is divided into three parts. The first part “Modules” consists of
three chapters and is mainly devoted to the study of the adic completion functor and
its left-derived functors. However, Chap. 1 deals with preliminaries about com-
plexes, needed for the use of derived functors. In this first chapter, we also recall
direct and inverse limits and the relations between them and some basic facts about
Matlis duality.

Chapter 2 is the heart of the first part. In the first three sections, there are basic
results on adic completion. Most of them are known but not always easily available
in the literature, or stated and proved with superfluous hypotheses. We complete the
picture with some examples and some new statements. A few of these facts hold in
full generality, and most of them require that the adic topology is taken with respect
to a finitely generated ideal. Then, we generalize a result of Bartijn (see [6]) about
the flatness of adic completions of flat modules over a Noetherian ring. The
left-derived functors of the completion are studied in rather a great generality. For
this, the notion of pseudo-complete modules will be useful. We also introduce some
other classes of modules with properties related to adic topologies. In particular, we
study the class C, of modules with the property that the left-derived functors of the
a-adic completion vanish in positive degree, while in degree O it coincides with the
a-completion functor. This property holds for finitely generated modules over
Noetherian rings but also for more general modules in some non-Noetherian set-
tings. There is a generalization of the notion of flatness, called relative flatness (with
respect to an ideal). Dually to relative flatness, we also investigate relatively
injective modules and torsion modules, where the class of modules B, (a kind of
dual of the class €,) also plays a role. The last section contains several examples.
Among them are examples illustrating that relative flatness does not imply flatness
and that relatively injective modules are not always injective.

In Chap. 3, there is a generalization of Jensen’s completeness criterion
(see [49]): “Let (R,m) denote a Noetherian local ring. Then, a finitely generated
R-module M is complete in its m-adic topology if and only if Extl(F, M) = 0 for all
i > 0 and any flat R-module F”. As in [76], we generalize this result and a cor-
responding result due to Frankild and Sather-Wagstaff (see [35]) to obtain a
completeness criterion for any separated module (not necessarily finitely generated)
and any ideal a by the Ext-vanishing of certain “test” modules. For an arbitrary
module, this yields a pseudo-completeness criterion. Following Strooker [82], we
define the Ext-depth and the Tor-codepth of an R-module M with respect to an ideal
a by
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E-dp(a, M) := inf{i € N|Exty(R/a, M) # 0}resp.
T-codp(a, M) := inf{i € N|Tor¥(R/a, M) # 0}.

These invariants became important tools in commutative algebra. The first
invariant inf{i € N|Ext,(R/a,M) # 0} had already been considered and investi-
gated by Foxby, mainly in the case where a is the maximal ideal of a Noetherian
ring, while the second one, later called width, is implicit in Foxby’s definition of the
small support (see [31]). The réle of the Ext-depth and Tor-codepth in local
homology and cohomology has been observed in [33] and [79]. In this chapter, we
focus our attention on modules of infinite Tor-codepth. It turns out that such
modules occur naturally in the completion process and also play a réle in many
criteria, including the completeness criteria in Chap. 3 and some others in Part II. In
[82], it was shown in full generality that the Ext-depth of a module may be com-
puted with local cohomology. Dually, we also show how the Tor-codepth of a
module may be computed with local homology, i.e. with the left-derived functors
of the completion functor, under only the assumption that the involved ideal is
finitely generated (for a Noetherian ring, this was also proved in [33]). These
notions will be extended to complexes in Part II. (However, the extension to
complexes of the above-mentioned results often requires additional hypotheses, like
weak pro-regularity or some boundedness conditions.)

In Part I “Complexes”, there is an application and extension of local homology
and cohomology to complexes, where we are mainly interested in unbounded
complexes. This leads to various extensions and generalizations of known results.
We shall start our investigations with the study of Cech homology and cohomology
of complexes with respect to any finite sequence in a commutative ring. Then, we
will apply it to the study of local homology and cohomology with respect to an
ideal generated by a weakly pro-regular sequence. This approach has the advantage
of emphasizing the role of the Cech complex and allowing a realization of many
isomorphisms in the derived category by natural quasi-isomorphisms of complexes.
However, we first need some preliminaries.

In Chap. 4, we start with a report about homological preliminaries, in particular
for unbounded complexes. Concerning their resolutions, we summarize the work of
Avramov and Foxby resp. Spaltenstein (see [5, 81]). Moreover, there is a presen-
tation of the construction of the telescope for direct systems of complexes and the
microscope for inverse systems of complexes following Greenlees and May (see
[38]). Also, we present a study of minimal injective resolutions of unbounded
complexes, including the case of not necessarily Noetherian rings.

Chapter 5 is devoted to Koszul complexes and the notions of Ext-depth and
Tor-codepth of a complex with respect to an ideal a of a commutative ring R. These
notions have been introduced and investigated in [82] for R-modules, where among
other results it is proved that these can be computed by using a Koszul complex
when the ideal a is finitely generated (see [82, 6.1.6, 6.1.7]). In the work of Foxby
and Iyengar (see [33]), this is shown for unbounded complexes over Noetherian
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rings, but most of their results hold in a greater generality. Following their ideas, we
extend these results to any finitely generated ideals of a commutative ring. Also, we
introduce the important class of complexes with infinite Tor-codepth and then add
some remarks on complexes with finite Ext-depth and finite Tor-codepth and some
useful inequalities.

In Chap. 6, we start with the investigation of the Cech complexes for a finite
system of elements in a commutative ring. We investigate Cech homology and
cohomology and some related classes, the classes of complexes which coincide
with their Cech homology or with their Cech cohomology. We also prove the
Ext-depth Tor-codepth sensitivity of the Cech complex as well as some vanishing
results and some inequalities with the focus on unbounded complexes. A helpful
technical tool is a bounded free resolution of the Cech complex as introduced in
[75].

In Chap. 7, we first recall that LA® and RI', are well defined in the derived
category and fix some notations. As in [38], we describe both functors in terms of
telescope and microscope, respectively. We also provide some first vanishing
results and results involving the class of complexes of infinite Tor-codepth, valid in
great generality. Then, we show under some boundedness conditions that the
Ext-depth and Tor-codepth with respect to a finitely generated ideal may again be
computed with local cohomology and local homology, respectively. To get rid
of the boundedness conditions, we need some more assumptions, namely that the
ring is Noetherian (see [33]), more generally that the ideal is generated by a weakly
pro-regular sequence, an important technical tool. In the case of an ideal a C R
generated by a weakly pro-regular sequence, the Cech homology and cohomology
yield representatives of LA and RI', respectively (see [2, 65]). This will allow us
to extend results previously known for modules over a Noetherian ring to
unbounded complexes in the setting of an ideal generated by a weakly pro-regular
sequence. Local cohomology is an important tool in homological algebra because
of the Grothendieck non-vanishing results related to the depth and dimension of a
finitely generated module over a Noetherian local ring. In the last section, we also
obtain some non-vanishing results for the local cohomology as well as for the local
homology of any complex, and some new inequalities (generalizing those obtained
in [79] for modules). Moreover, we explore the behaviour of the Ext-depth and
Tor-codepth of a complex under the functors LA® and RI,.

The Koszul complex K. (U — x; X[[U]]), studied in Chap. 8, plays an interesting
réle. Here, x = x1, ..., x; denotes a sequence of elements in a commutative ring
R, U=U,,...,Uy a set of variables and X an R-complex, and we form the poly-
nomial ring R[U] = R[Uy, ..., Uy] and identify the R[U]-complex Homg(R[U],X)
with the formal power series complex X[[U]]. In the case of a weakly pro-regular
sequence x generating the ideal a it turns out that K,(U — x; X[[U]]) is a repre-
sentative of LA"(X) in the derived category. That is, H;(U — x; X[[U]]) & A7(X)
for all i € Z. Let M denote an R-module. For x an M-weakly pro-regular sequence,
it turns out that Hy(U — x; M[[U]]) =2 M®. It also follows that the sequence U — x is
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completely secant on M[[U]], in other words that H;(U — x; M[[U]]) = 0 for all
i>0.

In Chap. 9, we continue with some applications and supplements. Among them,
we describe some composites of RHom, LA and RI" with respect to different ideals
a and b. When a=Db some of these results already appeared in [1] and [64]. Here, we
derive them from some more general composite results involving Cech complexes.
As in [1] and [64], we also provide adjointness results between LA and RI", derived
from the adjointness between telescope and microscope. A further section covers
the endomorphisms of certain complexes related to the Cech complex. Another
feature is the Mayer—Vietoris sequences for local or Cech cohomology and
homology with some unexpected consequences for weakly pro-regular sequences.
We again look at the classes of modules C, and B, introduced in Chap. 2, classes of
modules with properties related to completion and torsion. In particular, we show
how they might be useful for the computation of the local homology or cohomology
of complexes. We also study the class of homologically complete complexes and
the class of cohomologically torsion complexes. This allows extension to com-
plexes of the completeness criteria for modules described in Chap. 3 as well as their
counterpart in local cohomology. (Some of these criteria are also given in [65] and
[87].) Some comparisons between these classes are also provided. Also important is
change of ring theorems.

Under certain additional assumptions, the dual of the section functor is iso-
morphic to the completion of the dual. This is the starting point for various duality
statements, the theme of Part III.

In Chap. 10, we start with some Cech duality formulas and apply them to
Cohen—Macaulay or Gorenstein local rings to obtain some first versions of the
Grothendieck Local Duality Theorem. As a by-product, we prove a few new
characterizations of Gorenstein local rings. We also obtain new characterizations of
m-torsion and m-pseudo-complete modules over a Gorenstein local ring.

To obtain a more general version of Grothendieck’s Local Duality Theorem, the
notion of a dualizing complex, introduced in Chap. 11, plays an essential réle. By a
result of Kawasaki, the existence of a dualizing complex for a Noetherian local ring
is equivalent to it being a factor ring of a Gorenstein ring (see [50]). By Cohen’s
Structure Theorem, a complete local ring is the factor ring of a regular ring. That is,
it possesses a dualizing complex. We recover this result without the use of Cohen’s
Structure Theorem. That is, we show that the Matlis dual of the Cech complex built
on a parameter system of a Noetherian local ring is the dualizing complex of its
completion. This result also shows an interesting interaction between the notion of a
dualizing complex for a Noetherian ring and the notion of Cech complexes. It will
be used when we consider a change of rings of the form R — R®. This will provide

us with an explicit construction of a dualizing complex for R involving the Cech
complex built on a generating set of a. The last section contains some new
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properties of dualizing complexes related to the completion functor, a recurrent
theme in this monograph.

In Chap. 12, we prove several variations of the Grothendieck Local Duality
Theorem and we derive a family of dualities including Matlis duality and dualizing
complexes as special cases. Besides some new aspects of duality, we generalize
Hartshorne’s affine duality concerning local cohomology stated in [44] and provide
its counterpart in local homology. There are some extended dualities with appli-
cations to complexes with mini-max homology. In the last section, we prove
Greenlees’ Warwick duality and several extensions.

We end the monograph with an Appendix. It contains an elementary proof of
Grothendieck’s non-vanishing theorem for local cohomology and its counterpart in
local homology. There we also recall the notion of a pro-regular sequence as
defined and used by Greenlees and May, a notion stronger than that of weakly
pro-regular sequences used in this monograph. Furthermore, we provide some
examples showing the necessity of the assumptions for the validity of several of our
results. Following Greenlees and May in [38], we also briefly consider the
right-derived functor of the completion functor in the setting of unbounded com-
plexes (Greenlees and May only considered modules). Finally, we recall results of
Bass and Chase, respectively, characterizing Noetherian and coherent rings. In the
last section of the Appendix, we also provide explicit examples of modules showing
the necessity of the assumptions for the validity of the results of Bass and Chase
resp. and also some further results.

In our presentation, we do not really work in derived categories. We only use its
language, as explained in Chap. 4. More precisely, we provide natural
quasi-isomorphisms of complexes realizing the corresponding isomorphisms in the
derived category. From our point of view, this illustrates in a more natural way the
results and the underlying constructions.

The preliminaries for potential readers are courses in commutative algebra and
homological algebra. We tried to include most of the non-standard facts on both
subjects. Though we are concerned with adic completion, only some basic general
topology is required, but topological arguments have to be used with caution;
algebraic arguments are safer. One of the main reasons for this need of precaution is
the fact that the adic topology of a submodule of a module M might be strictly finer
than the one induced by the adic topology of M. In the text, we follow a
ring-theoretic framework; i.e. we do not include results in the language of algebraic
geometry, as was done by Lipman et al. (see [1]). Our intention was to present a
systematic treatment of the subject together with our own contributions for inter-
ested researchers or graduate students with a basic knowledge of commutative and
homological algebra. This is also a first presentation of some of the results of [1] in
the form of a monograph. Moreover, we include some results of the research papers
[65] and [64], outlined in the derived category, in our frame of interest.

In our opinion, the present monograph fills a gap in the literature. There are no
monographs about completion and their derived functors in contrast to several
monographs about local cohomology. Because the completion functor is not left
exact, it makes investigations more complicated than in the case of local
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cohomology. Note, however, that any result in local homology gives rise to a
corresponding one in local cohomology, but we cannot go the other way. This is
because the dual of the section functor is isomorphic to the completion of the dual
under weak pro-regularity conditions (which are always satisfied when the ring is
Noetherian). The book could also be used as a second course, continuing com-
mutative algebra resp. homological algebra.

The book results from the co-operation of both authors over several years. It took
some time to fix the details for the subject and to work out the necessary prereq-
uisites. As an outcome, the interested reader might find several aspects of com-
mutative and homological algebra not available elsewhere.

Both of us are grateful for the abundance of patience of our relatives during the
preparation of several drafts of the manuscript. Without the support of our families,
the book could not have been finished. Thanks to them for their help. Moreover, the
first author is grateful to Bernd Sturmfels and the Max Planck Institut for
Mathematics in the Sciences, Leipzig, for their support during the final part of the
preparation of the manuscript.

Leipzig, Germany Peter Schenzel
Brussels, Belgium Anne-Marie Simon
February 2018
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Chapter 1 ®)
Preliminaries and Auxiliary Results e

Though this first part is mainly devoted to modules, we first fix the complex terminol-
ogy and notations to be used when some derived functors come into play, recalling
some useful well-known facts. Then we present some basic facts on Matlis duality,
and on inverse and direct limits. Most readers will not be tempted to look at this first
chapter but may prefer to refer back to it for notations and definitions when needed.

Here and in the other chapters R will always denote a commutative ring with
non-zero unit. For an excellent source of Commutative Algebra with a view towards
homological applications the reader may refer to [46].

1.1 Complexes

1.1.1 Terminology about Complexes. An R-ascending complex, or ascending
complex for short, is a family of R-modules {X ez and R-homomorphisms
di : X' — X"+ fori € Z such that d*! o d; = 0 for all i € Z. It will be denoted
by X* or simply by X. A morphism f : X — Y of two ascending R-complexes X
and Y consists of a family {f’};cz of R-homomorphisms f’ : X’ — Y such that
di, o fi = fi*! o di foralli € Z. The morphism f is an isomorphism if all the f’
are. When two complexes are isomorphic we write X = Y.

An ascending complex X* is sometimes considered as a descending complex by
putting X; = X' and defining the differential X; — X;_; by dX = dy".

Complexes can be shifted. For an ascending complex X and an integer k € Z
define X! to be the complex given by X" = X*+i and the differential dyw =
(=D*dy. For a descending complex X we also define the complex X by X =
X and the differential d¥1 = (—1)*d¥.
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We say that a covariant (resp. contravariant) functor G from the category of R-
complexes into another category of complexes commutes with shift if we have natural
isomorphisms

GXHM=Gx™y @esp.(GXNHM = G(Xpy)

for all R-complexes X. If G is a functor from the category of R-modules into another
category of modules, its natural extension to complexes commutes with shift.

We say that a complex is right-bounded if it looks like --- — % — 0. For a
descending complex X this means that X; = 0 for i <« 0, and for an ascending one
that X' = 0 fori > 0. Similarly we say that a complex is left-bounded if it looks like
0 — % — ---. A bounded complex is one which is both right and left-bounded. The
length of a bounded complex X is defined by length(X) = sup{i | X # 0} — inf{i |
X! #£0).

The cohomology (respectively the homology) modules of an ascending (respec-
tively descending) complex X is denoted by H' (X) := Kerd} /Imdé'{1 (respectively
H;(X) := Kerd" /Imd}X ) as usual.

As usual we consider an R-module M as an R-complex concentrated in degree
zero with trivial differentials.

1.1.2 Let M denote an R-module (resp. an R-complex) over a commutative ring
R. Let I be an arbitrary set. Then we write M/ =[],., M; and MV =>"._, M;,
where M; = M foralli € I.

Note the following: any set bijection I <> I’ induces isomorphisms of R-modules
(resp. of R-complexes) MD = M) and M! = M"'.

iel iel

1.1.3 Quasi-isomorphisms. A morphism f : X — Y of complexes is called a quasi-
isomorphism if it induces isomorphisms at the (co)homology level. We use the nota-
tion X —> Y or ¥ <— X to denote a quasi-isomorphism. As usual we say that two
complexes X and Y are quasi-isomorphic and we write X ~ Y if there is a finite
sequence of quasi-isomorphisms X — -+ <— Y.

An exact complex, that is, one for which H;(X) = 0 for all i € Z, is also called
(co)homologically trivial. Hence the notation X =~ 0 indicates that the complex X is
(co)homologically trivial.

1.1.4 Homotopy. Two morphisms of R-complexes f, g : X, — Y, are homotopic
if there is a family of homomorphisms s; : X; — Y;4; such that di{rl os;i+si_10
dix = f; — g;- When two morphisms are homotopic we write f & g. In that case
H;(f) = H;(g) foralli € 7.

If f = g, then Homy(f, Z) =~ Homg(g, Z), Homg(Z, f) =~ Homg(Z, g) and
f ®r Z =~ g ®g Z for any R-complex Z.

A morphism of complexes f : X — Y is called a homotopism if there is a mor-
phism f’:Y — X such that f o f' ~idy and f’ o f =~ idy. Homotopisms are
quasi-isomorphisms. (See [85] or [14] for more details.)
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1.1.5 Tensor product and Hom. Given two complexes X and Y the homomorphism
complex Hompg (X, Y) is defined in such a way that

Homg(X, ¥)" = [] Homg(X', ¥/)

j—i=n

with differential [T, ,_, Homg(di ', Y7) 4 (=1)"*" Homg (X', d;). Thatis, cycles
of degree n are exactly the morphisms X — Y™, two cycles of degree n give the
same class in H"(Homg (X, Y)) precisely when they are homotopic. In particular,
the module of morphisms X — Y is the module Ker(dﬁomk( X))

For two R-complexes X, Y the tensor product X ®z Y is defined by (X ®z
Y)" = ®i1j—n X' ®g Y/ with the differential d% ® idy +(—1)"idy ®dj. Clearly
X ®rY =Y ®z X. Note that we still have the adjointness formula: for three com-
plexes X, Y, Z there is an isomorphism

Homz(X ®z Y, Z) = Homg (X, Homg (Y, Z))
natural in X, Y and Z. The units and counits are the natural morphisms
Homg (Y, X) ®r Y — X and X — Homz (Y, X ®z Y).

See [43, pp. 90, 93] or [85, pp. 58, 62] or [14] for details.
Note also that Hom and ® commute with shifts: for all k € Z we have natural
isomorphisms

Homg (X, Y™ ) = Homg (X, Y)™ = Homg(X"¥, ¥) and
XM@Yy = (X @r V)P = X @p Y.

To become acquainted with the homomorphism complex we sketch a proof of the
following well-known fact.

Lemma 1.1.6 (a) Let P be a right-bounded R-complex of projective modules and
X any exact R-complex. Then the complex Hompg (P, X) is exact.

(b) Let I be a left-bounded R-complex of injective modules and X any exact
R-complex. Then the complex Homg (X, I) is exact.

Proof For the first assertion it is enough to prove that any morphism f : P — X"
is homotopic to zero. Up to a shift we may assume that P has the foorm --- — P, —
Py — Oandthatn = 0. As fo(Py) C Ker(dé‘) = Im(d]X) we have a homomorphism
5o : Py — X such that fy — d{f 059 =0. Then (f; —so o d{)(P) C Ker(df¥) =
Im(dy) and the map f; — s o d{ factors through X», giving us a homomorphism
s1: P — X,. We iterate the process and obtain the wanted homotopy.

The proof of the second assertion is similar. O
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1.1.7 Homothety morphisms. Let X be any complex over a commutative ring R.
Multiplication by r € R provides a natural morphism

h : R — Homg(X, X)

also called the homothety morphism. Note that 4(1) = idy is a cocycle of degree
0 in Homg (X, X), and that idyx induces the identity on H'(Homg(X, X)) for all
i €Z. If H'(Homg(X, X)) = R and H' (Homg (X, X)) = 0 for all i # O then the
homothety morphism is a quasi-isomorphism.

1.1.8 Split-exact or contractible complexes. We say that a complex X is split-exact
or contractible if the endomorphism idy is homotopic to zero. Such a complex is
obviously exact. If the complex X is split-exact so are the complexes

Homz(X,Y), Homz(Y, X) and Y ®r X

for any other R-complex Y.

Note that any right-bounded exact complex of projective modules is split-exact
and that any left-bounded exact complex of injective modules is split-exact. See [14]
for more details around this.

The following will be used rather often.

Observations 1.1.9 Let L be aright-bounded R-complex of finitely generated pro-
jective R-modules and X another R-complex. Then

(a) Homg(L, X) = Homg(L, R) ®f X if X is left-bounded or L is bounded,
(b) L ®g X = Homg(Hompg(L, R), X) if X is right-bounded or L is bounded.

1.1.10 The amplitude of a complex. We say that a complex X is homologically left-
bounded if H(X), viewed as a complex with zero differential, is left-bounded. That
is, if there is an integer 7 such that H' (X) = O foralli < r (equivalently H;(X) = 0
foralli > r).

We say that a complex X is homologically right-bounded if H(X) is right-
bounded. That is, if there is an integer s such that H' (X) = O for all i > s (equiva-
lently H;(X) = 0 for all i < s). We say that a complex is homologically bounded if
it is both homologically left-bounded and homologically right-bounded.

We define the amplitude of a complex X by

amp(X) = supf{i | H (X) # 0} —inf{i | H'(X) # 0}.

Note that 0 < amp(X) < oo if and only if X is homologically bounded and not exact.

1.1.11 Resolutions of modules. Let X be a class of modules. By a X-complex we
mean a complex with modules in X. A left X-resolution of a module M is a quasi-

isomorphism X —> M where X is a X-complex and X; =0 for i < 0. A right
X-resolution of a module M is a quasi-isomorphism M —> X where X is an X-
complex and X’ = 0 fori < 0.
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1.1.12 Resolutions of complexes with boundedness conditions. Any homologically
left-bounded complex X has a left-bounded injective resolution. More precisely,
there is a quasi-isomorphism X —» I where [ is a complex of injective modules
such that I' = O foralli < r :=inf{i | H (X) # 0}.

Any homologically right-bounded complex X has a right-bounded free resolution.
More precisely, there is a quasi-isomorphism L —> X where L is a complex of
free modules such that L; = O foralli < s := inf{i | H;(X) # 0}. If, moreover, the
H;(X)’s are finitely generated and if the ring is Noetherian, then we may choose for
L a complex of finitely generated free modules. See [43] for the details.

(Resolutions of unbounded complexes will be considered in Part II.)

1.2 Inverse Limits

Recalls 1.2.1 An inverse system of R-modules over (N, <) is a system of R-modules
and fransition homomorphisms 9 = {p; ; : M; — M; | 0 <i < j € N} such that
pi,i =1idyy, foralli and p; j o pjx = pi« for any triple of natural numbersi < j < k.
The inverse limit of such a system, denoted by 1(&1 M, or lim 9N, is defined by a
universal property. More precisely the inverse systems over (N, <) may be viewed as
contravariant functors from the small category (N, <) to the category of R-modules;
so they form an abelian category. There is a natural embedding of the category of R-
modules into the category of inverse systems, sending any module M to the constant
inverse system for which M; = M and p; ; = idy,. This natural embedding has a
right-adjoint, namely the inverse limit functor 1(&1 It follows that the functor 1(121 is
left-exact and commutes with products.

1.2.2 For an inverse system over N as in 1.2.1 there is an associated homomorphism

You : [ [Mi — [ [ M, defined by (fon(w))i = wi — pr.ip1 (wip1).-
teN teN

It is known that Ker(yron) = 1(11_n M;. The module Coker(yrgy) is also significant, in

fact we have Coker(Yroy) = l(in 'M, (in general lim ! denotes the first right-derived
functor of the inverse limit functor (see [49] or [85] for details)). Here we just take
this as a notation but we observe the following: given an inverse system over (N, <)
of exact sequences

0—> M — M, - M — 0,

by the snake lemma there exists a six-term long exact sequence

0— limM — limM, - limM/
<~ ! < <~

— lim'M, — lim'M, — lim'M — 0.
<« <« <
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This justifies the notation Coker(yrgn) = l(ln "M, and shows again that the functor
lim is left-exact. (Note that 1(1Ln iM, = 0fori > 1 and an inverse system 9T over the
natural numbers N (see again [49] for the details). But we do not need this last fact.)

We can restrict to a subset N’ of N which is cofinal in (N, <), that is, a subset
such that for all ¢ € N there is an t' € N’ with # < ¢’. Then we have l(iiltelN M, =

. . 1 IRT 1
LEI{/QN, Mf/ and 1<1I_n ZENM[ - Linf’eN’Mt,'

Definitions and observations 1.2.3 Let M = {p; ; : M; — M;} be an inverse sys-
tem of modules over N. If all the homomorphisms p; ;1 are surjective we say that
the inverse system 901 is surjective. In this case the associated homomorphism oy
is surjective, as is easily seen, and 1(&1 'M, = Coker(¥sn) = 0.

The advantage of this notion is that any inverse system can be embedded into a
surjective one (see [49]).

More generally, one says that the inverse system 91 satisfies the Mittag-Leffler
condition if for all ¢ the decreasing sequence of submodules

Ny = {Im(po;,144) | kK € N}

of M, stabilizes. The associated homomorphism gy is also surjective in this case.

(Indeed we have an exact sequence of inverse systems 0 — 9T — J — 91— 0
where the system J is surjective, and it is known that, if 9 satisfies the Mittag-Leffler
condition, the inverse limit of this sequence is again exact (see [39, III-0, 13.2.2]).
Hence Coker(yr9r) = 0 as seen in the six-term long exact sequence.)

Definitions and observation 1.2.4 Following [75] we say that the inverse system
M = {p;j : M; = M;}is pro-zero if for all t € N there exists a ¢’ > ¢ such that the
transition homomorphism p, ; is zero. This condition implies that the transition map
Yon 1s an isomorphism, and therefore lim M, =0 = l(ln 'M,. (Because there is a
cofinal subsystem with null transition homomorphisms.)

Let 0 - {M]} — {M,} — {M]'} — 0 denote a short exact sequence of inverse
systems of R-modules. Then the middle inverse system is pro-zero if and only if the
two outside ones are pro-zero.

Example 1.2.5 An inverse system which is neither surjective nor pro-zero, which
does not satisfy the Mittag-Leffler condition, though its associated homomorphism
is an isomorphism.

Take for R a formal power series ring k[[x]] in one variable x over a field k. We
form an inverse system 91 with M, = R and p; ;4 : M+ — M, multiplication by
x for all ¢+ € N. This system is neither surjective nor pro-zero and does not satisfy
the Mittag-Leffler condition. But it is rather easy to see that the associated homo-
morphism gy is an isomorphism. Indeed, if w € Ker(¢9), then for all  we have
wy € Npx" R = {0}, hence w = 0. On the other hand, given a w € ]_[t M,, we put
Vi =W FXWpy e = Zzozt x""'w,. These v, give an element v € ]_[, M, such
that Yron(v) = w.
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1.2.6 We shall also consider inverse systems of complexes over N, briefly described
by a system of morphisms of complexes ‘B = {p; ;+1 : Pr+1 = P: | t € N}. To such
a system there is an associated morphism of complexes

vp: [ [P =[]~

teN teN
defined degree-wise as in 1.2.1 and we still have
Ker(ysp) = lim P, Coker(yp) = lim 'p,.

If the inverse system { P;} is degree-wise surjective, more generally satisfies degree-
wise the Mittag-Leffler condition, then v is surjective and Lln 'p =0.

1.2.7 Some constructions. Given an inverse system ‘I3 of complexes over N as in
1.2.6 and another complex Y, we can form the inverse system

Hompg (Y, P) := {Homg(Y, p;,+1) : Homg (Y, Py1) — Homg(Y, P;) | t € N}.
Then we have
Vbomg(v.p) = Homg (Y, Yp) and lim(Homg (Y, P;)) = Homg(Y, lim P,)
because Hompg (Y, -) is left-exact and commutes with products. In other words the

functor Homgz (Y, -) commutes with l(ln
We can also form the inverse system

YQrP ={Y Qrpii+1: Y Qr P1 > Y Qr P |t € N}

As a first application of the above and for later use we mention the following.

Lemma 1.2.8 Let R be any commutative ring and Y be a descending R-complex.
Also let M = {p; 141 : Miy1 — M, | t € N} be an inverse system of R-modules sat-
isfying the Mittag-Leffler condition. Then for all i € Z there is a natural short exact
sequence

0 — lim'Hiy (Y ® M) — H(im(Y ® M) — lim H;(Y ® M;) — 0.

Proof First note that the inverse system of complexes {Y ® M, },c\ satisfies degree-
wise the Mittag-Leffler condition. Hence there is a short exact sequence of complexes

0— lim(y ® M,) — [[r @ M) > ] @ M) — o,
t t

where 1 is the associated morphism. Since homology commutes with direct products
the long exact homology sequence induces the statement. O
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Lemma 1.2.9 Let {P; |t € N} and {P] | t € N} denote two inverse systems of R-
complexes and assume there is an inverse system of quasi-isomorphisms P, = P/.
Suppose that both systems satisfy degree-wise the Mittag-Leffler condition. Then the

induced morphism 1<£n P, — 1<£n P/ is also a quasi-isomorphism.

Proof There is commutative diagram

. ¥

0——lim P, [P ——II~ 0
J/ / J// v J//

0 Llan HPZ HPt 0.

In this diagram the rows are exact (see 1.2.6). Moreover, the middle and the right
vertical morphisms are quasi-isomorphisms. Hence the left vertical morphism is also
a quasi-isomorphism. (]

1.2.10 We may also consider inverse systems over any partially ordered set. Then
again the inverse limit functor is left-exact and Hompg(X, 1(i£1i P) =
l(illi (Homg (X, P;) (this may be seen by adjointness).
In this direction recall the following well-known result. Let{}; ;} be an inverse
system over (N x N, < x <). Then
lim(m{M; ;}) = lim{M, ,} = lim(lim{M; ;}).
i ' i

1.3 Direct Limits

Recalls 1.3.1 A direct system of R-complexes over N is a system of morphisms of
R-complexes ® = {0;; : D; — D; | 0 <i < j € N} such that 0;; = idp, for all i
and oj o 0; ; = 0; for any triple of natural numbers i < j < k. Here the direct
systems over (N, <) may be viewed as covariant functors from the small category
(N, <) to the category of R-complexes. There is again a natural embedding of the
category of R-complexes into the category of direct systems, sending a complex X to
the constant direct system for which X; = X and o;; = idx. This natural embedding
has a left-adjoint, namely the direct limit functor 11_11)1

1.3.2 To a direct system of complexes © over N there is associated a morphism of

complexes
¢o P D, — P D

teN teN

defined degree-wise by x = x — oy ;41 (x) forx € D,. Then itis known that we have
the short exact sequence
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® .
0— b = D — lim D, — 0.

It follows that the functor h_r)n is exact, hence commutes with taking homology.

Moreover, if D; —> D, is a direct system of quasi-isomorphisms over N, it
induces a quasi-isomorphism lim D, — lim D;.
— —

1.3.3 Some constructions. Let ® be a direct system of R-complexes as in 1.3.1 and
Y an R-complex.
(a) We can form the direct system

DOrY ={0/11 Qridy : D; ®r Y — D1 Qg Y | t € N}.

As tensor products commute with direct sum they also commute with h_r)n More
precisely we have

o6,y = o ®r ¥ and lim(D; ®¢ ¥) = (lim D,) & Y.
(b) We can also form the inverse system
Homz(D,Y) := {HomR(Ut,tH» Y) : Homg(D;41,Y) — Homg(D;, Y) | t € N}.

For an s = (s;) € Homg(®D;, Y) = [[Homg (D, Y) note that (s o ¢p), = 5; —
S;+1 © 07 ++1. Hence we have

Yttom(0.y) = Homg(¢o, ¥) and lim(Homg(D;. ) = Homg(lim D;. Y).

This reflects the formal duality between inverse and direct limits.
In the case when ¥ = I is a complex of injective R-modules, so that the functor
Hompg (-, I) is exact, we also have 1(1r_n Y(Homg(D,, I)) = 0.

In general the functor Homg(Z, -) does not commute with direct limits, but in
particular we have the following.

Lemma 1.3.4 Let R be any commutative ring and let L be a right-bounded R-
complex of finitely generated free modules. Let ® = {D; — D,y | t € N} denote a
direct system of R-complexes with

D, :0—D’— D —....
Then there is a natural isomorphism

li_n;(HomR(L» D;)) = Hompg(L, ll_r>n D).

Proof We have Homg (L, D;) = Homg(L, R) ®x D; (see 1.1.9). It follows that
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lim(Homg (L, D) = lim(Homg (L, R) ®g D;) = Homg(L, R) ® lim D;.
As the complex lg)n D, is obviously left-bounded we also have
Homgz(L, R) ® h_n)l D; = Hompg (L, 11_1'[)1 D))

(see 1.1.9 again). O

1.3.5 Direct limits of R-complexes can also be taken over an arbitrary partially
ordered set (/, <). In this case the direct limit functor commutes with tensor products.
It is left-exact and we still have that Hom R(li_r)n D;, X) = 1(11_n Hompg (D;, X). All this
follows by adjointness.

If, moreover, [ is right-filtered, that is, if for all i, j € I there exists a k € I such
that i, j < k, then the direct limit functor is exact, hence commutes with taking
homology.

A first example of a direct limit is the ring R, (x € R), that is, the ring of fractions
of the form r/x", where r € R and n € N. Before showing this we recall some basic
facts around localization.

Definition 1.3.6 Let S denote a multiplicatively closed subset of a commutative
ring R, that is, a subset S C R such that 1 € S and ss’ € S for all 5,5 € S. The
localization Rg is a commutative ring and a ring morphism 6 : R — Rj such that

(a) O(s) isinvertible forall s € S.
(b) Rg is universal with the property:

R— % R

if R’ is a commutative ring and f is a ring morphism such that f (s) is invertible
for all s € S, then there is a unique ring morphism f’ : Rg — R’ such that

flo0=f.

As a solution to a universal mapping problem Ry is unique if it exists. It exists in
view of the following.

Remark 1.3.7 Let S C R denote a multiplicatively closed set in a commutative ring
R. For the details of the following we refer to [3], [13], or [52].
(a) We introduce the equivalence relation ~ on R x §

(r,s) ~ (r',s’) &= thereis ans” € S such that s"(rs’ — r's) = 0.
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Denote the equivalence class of (r, s) by r/s and write Rg = (R x S)/ ~. With the
induced operations Rg becomes a commutative ring. There is a natural ring morphism
t:R— Rs,r — r/l.Recallthat1 € S.Moreover, ((s) is invertible for all s € S and
clearly ¢ : R — Rg has the universal property of Definition 1.3.6. Whence Ry is the
localization of R with respect to S. Then Ker(t) = {r € R | sr = 0 for some s € S}.

(b) Here is another description of Rg. Let R[T;|s € S] denote the polynomial ring
in the variables T;, s € S.Let I C R[Ts|s € S] =: R[Ts] denote the ideal generated
by the polynomials 1 — 575, s € S, and define 6 : R — R[Ts]/I as the composite
R — R[Ts] — R[Ts]/I. Clearly R[Ts]/I is a commutative ring, € is a ring mor-
phism and 6 (s) is invertible for all s € S. It is easy to check that 8 : R — R[Ts]/1
has the universal property of Definition 1.3.6. Whence Rg = R[Ts]/1.

(c) Let x € R denote an element and let S = {1, x, x2, .. .}. Then we write R, for
Rg. Let us consider the direct system {0, ,4+1 : R, = R,+1 | n € N}, where R, = R
for all n € N and 0, 41 is the multiplication by x. The homomorphisms g, : R, =
R — R,, 1 1/x" induce a homomorphism g : h_II)ln R, — R,.ltis easy to check
that this homomorphism g is an isomorphism of R-modules. Whence li_r)n” R., = R,.
Moreover, there is a short exact sequence

0— @R, > @R, = R, — 0
(see also 1.3.2 for the construction of ¢). Furthermore, there is a ring isomorphism

R, = R[T](1 — xT)R[T], where R[T] denotes the polynomial ring in the variable
T over R.

1.4 Ext-Tor Duality and General Matlis Duality

1.4.1 Let M, N, I be modules over acommutative ring R. Assume that / is injective.
We recall the Ext-Tor duality

Homg(Tor® (M, N), I)) = Ext (M, Homg(N, I)).

This follows by adjointness and the exactness of Homg(-, I): if L — M is a free
resolution of M, then Homz (L ®p N, I) = Homg (L, Homgz (N, I)).

Hence if N is flat then Homg (N, 1) is injective.

Moreover, if M has a free resolution L —> M for which there is a natural number
k such that L; is finitely generated when i < k + 1, then

Tor® (M, Homg(N, I)) = Homg (Exth(M, N), I)) forall i < k.
This follows because

dlL ®r Homgp(N,I) = HomR(HomR(d,-L, R), Homg (N, I))
=~ Homg(Homg(d}, N), I)
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fori <k + 1 as d* is a homomorphism of finitely generated free modules for i <
k + 1 and because [ is injective. (See [18] for more details around this.)

We now wonder when the module Homg (J, 7) is flat for two injective R-modules
J, I. It is clear that any product of injective modules is injective and that any direct
sum of flat modules is flat. We may also wonder when any product of flat modules is
flat and when any direct sum of injectives is injective (see also the Appendix A.5.4
and A.5.7, for more precise results concerning these questions).

1.4.2 Recall that a commutative ring R is coherent when for every finitely generated
ideal ¢ C R there is an exact sequence

Ly— L —-Ly—> R/c—0

where Lo, L1, L, are finitely generated free R-modules.

1.4.3 Recall first a Bourbaki flatness criterion [13, Chapitre 1, §2, n°3 remarque 1]:
an R-module N is flat if and only Torf (R /¢, N) = 0 for any finitely generated ideal
cof R.

It follows that the flat dimension of an R-module M is given by

fdr(M) = sup{i | Torfe (R/c¢, M) # 0O for some finitely generated ideal c}.

Recall 1.4.4 (see [13, Chapter 1, §2, exercise 9]) Let N be a finitely presented R-
module, that is, an R-module admitting an exact sequence

L1—>L()—)N—)0

where Lo and L, are finitely generated free R-modules. Then the functor (N ®g -)
commutes with products.

When the ring is coherent it follows that any product of flat modules is flat (in
view of the criterion 1.4.3).

Lemma 1.4.5 Suppose that a commutative ring R is coherent. Let J and I be two
complexes of injective R-modules. Then the complex Hompg(J, I) is a complex of
flat R-modules.

Proof In view of 1.4.4 we only need to consider the case where / and J are modules.
In this case, for all finitely generated ideals ¢ of R we have in view of 1.4.1

Torf (R /¢, Homg(J, 1)) = Homg (Extk(R/c, J), 1)) = 0.

This implies the flatness of Homg (J, I) in view of 1.4.3. |

As a slight extension of some of the remarks in 1.4.1 the following statement may
also be useful.
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Lemma 1.4.6 Let a denote a finitely generated ideal of a commutative ring R. Let
X denote an arbitrary R complex and I a complex of injective R-modules. Then the
natural morphism

R/a ®g Homg(X, I) - Homg(Homg(R/a, X), I)

is an isomorphism.

Proof At first let X be an R-module and let / be an injective R-module. Then by
virtue of 1.4.1 it follows that the natural homomorphism

R/a®g Homg (X, I) - Homg(Homg(R/a, X), I)
is an isomorphism. Now we extend it to complexes. First note that

(R/a®g Homg (X, 1))" = R/a ®g (Homg(X, )" = R/a®g [] Homg(X', I).

Jj—i=n

Because a is finitely generated the tensor product by R/a commutes with direct
products (see 1.4.4). Therefore the previous module is isomorphic to

]_[ Hom g ((Homg (R/a, X)', Y/)) = (Homg(Homg(R/a, X), Y))".

j—i=n
By following the corresponding differentials this proves the statement. O

1.4.7 Let us also recall Baer’s criterion (see e.g. [14, §1, n°7 Proposition 10]). An
R-module M is injective if and only Ext}e (R/c¢, M) = 0 for all ideals ¢ of R.
It follows that the injective dimension of an R-module M is given by

idgp(M) = sup{i | Ext‘k(R/c, M) # 0 for some ideal c}.

When the ring R is Noetherian it also follows that any direct limit or direct sum of
injectives modules is injective. This is because the Ext}, (R/¢, -) commute with direct
limits and direct sums when R is Noetherian (to see this take a free resolution L, of
R/c, where the L; are free finitely generated, and use 1.1.9).

1.4.8 General Matlis duality. Let R be any commutative ring. We write E (M) for
the injective hull of an R-module M, and simply write E for the direct product of
the Ex(R/m), m running through the set of maximal ideals of R. This module E
is an injective cogenerator of the category of R-modules. That is, for any element
m # 0 of an R-module M there is an s € Homgz (M, E) such that s(m) 7% 0. This
gives rise to a general Matlis duality functor denoted by () := Homg(-, E). This
contravariant functor is faithfully exact and we have

Tor® (M, N)¥ = Exty(M, NY)
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for all R—mpdules M and N and all i > 0. Assume in addition that M has a free reso-
lution L — M by finitely generated free R-modules. Then there are isomorphisms

Tor® (M, NY) = Exti,(M, N)

for all i > 0. This is a consequence of 1.4.1.
Note also the natural homomorphism

M — Homg(Homgz(M, E), E) = (M")"

obtained by evaluation. It is always injective since E is an injective cogenerator.

1.4.9 Let R be acommutative ring and M an R-module. To each submodule N of the
R-module M we associate a submodule of MY definedby N° :={s € M"Y | s(N) =
0}. Similarly to each submodule S of the R-module M" we associate a submodule
of M defined by §¢ := {w € M | S(w) = 0}. This gives a correspondence between
the submodules of M and those of MY which reverses inclusions and such that
S C §%, N C N°. We note that the last inclusion is in fact an equality: N°* = N
for all submodules N of M because E is an injective cogenerator. Then we obtain
the following implications.

(a) If MY is Noetherian, then M is Artinian.
(b) If MV is Artinian, then M is Noetherian.

When the ring is Noetherian flat modules and injective modules are interchanged
under the general Matlis duality. More generally we have the following well-known
result.

Lemma 1.4.10 Let R be a Noetherian ring and N an R-module. Then
fdg(N) = idg(N") and idg (N) = fdg(N").

Proof This is a consequence of 1.4.3, 1.4.7 and the Ext-Tor duality as stated in 1.4.8.
]

1.5 Cones and Fibers

1.5.1 Let h : X — Y denote a morphism of ascending complexes over a commu-
tative ring R. The cone C(h) of this morphism is the graded module defined by
C(h)' = X' @ Y’ with differential given by the matrices

(1)
C(h) —pitl d;; .

(With the sign convention we follow [43] and [36].)
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The fibre F (h) of the morphism i : X — Y isdefined by F(h) = C(h)=". Hence
F(h)' = X' @ Y'~! with differential given by the matrix

; d, 0
dF(h) = (h}‘( —d§,1> .

It is straightforward to check that C (h) and F' (k) are indeed ascending complexes.
Moreover, we have the following short exact sequences of R-complexes

0>Y—>Ch —»XM—>0 and 0> Y5 F(h) > X — 0.

Note that 4 : X — Y is a quasi-isomorphism if and only if C (%) (respectively F'(h))
is cohomologically trivial. This follows since the connecting maps in the long exact
cohomology sequence associated to the above short exact sequences coincide with
Hi(h),i € Z.In particular, C (h) (respectively F (h)) is exact as soon as both X and
Y are exact.

The cone and the fiber of a morphism X X yof descending complexes is defined
by lowering the indices: in the descending situation we have C(h); = X;,_; @ ¥; and
Fh),=X;® Yy foralli € Z.

1.5.2 Observation. Let G be an additive functor of the category of R-modules into
another category of modules. This functor extends naturally to complexes and this
extension commutes with shift. Now let 2 : X — Y be a morphism of complexes.
If G is covariant then C(G(h)) = G(C(h)) and F(G(h)) = G(F(h)).If G is con-
travariant then F (G (h)) = G(C(h)) and C(G(h)) = G(F (h)).

1.5.3 A standard homological argument. Let G be a covariant additive functor from
the category of R-modules into another category of modules, and let G; be its left-
derived functors : G; (M) := H;(G(L)), where L, — M is a free resolution of the
R-module M. The functor G isright-exactand Gy = G if and only if G itselfis right-
exact. Now let X be the class of R-modules N such that G;(N) = Oforalli > 0. A
standard homological argument asserts that the G; (M) can be computed by applying
Gy to a left Xg-resolution X, — M of the module M: G; (M) = H;(Gy(X)) for all
i>0.

Indeed, let L, —> M be afree resolution of M. Then there is a quasi-isomorphism
f:L, —> X, and the complex C(f) is a right-bounded exact complex with mod-
ules C(f); € Xg. It is rather easy to see that the image by G of such a complex
remains exact. Hence we have the quasi-isomorphism Gy (f) : G(L) = Go(L) —
Go(X). There are analogous remarks on the right-derived side, and also for con-
travariant functors.

Cones and fibers will play an essential role in Part II. In the spirit of 1.5.2 we also
note the following, the proof of which is an easy exercise (because Hom and Tensor
commute with shift).
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Lemma 1.54 Let X, Y, Z be three R-complexes, ascending or descending, it does
not matter, and let f : X — Y be a morphism of R-complexes. Then we have the
following isomorphisms of complexes:

(a) C(f)QrRZ=C(f ®r2Z).

(b) Homg(Z, C(f)) = C(Homg(Z, f)).
(c) Homg(Z, F(f)) = F(Homg(Z, f)).
(d) Homg(C(f), Z) = F(Homg(f, Z)).
(e) Homg(F(f), Z) = C(Homg(f, Z)).

1.5.5 Functorial properties. The following also is well known and rather easy to
prove.
(a) Any commutative square

x - .x

1

Y ——Y
8b

induces morphisms C(gy, g») : C(f') — C(f) and F(gs, g») : F(f') — F(f).If
gs and g, are quasi-isomorphisms, so are C(g;, g») and F(g;, g»)-
(b) Any commutative diagram with exact rows

0 X’ X X" 0
A
0 Y’ Y Y” 0

induces short exact sequences
0—->C(fHY>C(f) = C(f")—=0 and 0— F(f)— F(f) = F(f") — 0.

‘We continue with a few more constructions related to cones.
Proposition 1.5.6 (See [14, §2, n°7 Proposition 9] or [32]) Let R be a commutative
ring and
X>Y—>Z

be a zero-sequence of R-complexes and morphisms. Then

(a) g induces a morphism C(f) — Z given degree-wise (in ascending notation) by
the composite

Cif) =xt oy - v 55 70,
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(b) f induces a morphism X — F(g) given degree-wise (in ascending notation) by
the composite

X Lyvisviez ! =),

(c) If, moreover, the sequence 0 — X EA Y 4 Z = 0isexact, then the morphisms
g' and ' described in (a) and (b) are quasi-isomorphisms.

Proof 1t is rather easy to check that the maps described in (a) and (b) are morphisms

of complexes. When the sequence

0>Xbv4z50

is a short exact sequence observe that the morphism described in (a) is surjective
with kernel C(idx), while the morphism described in (b) is injective with cokernel
F(idz). Then deduce the claim in (c) or see [14] or [32] for an outlined proof and
all the details. (I

Corollary 1.5.7 Let0 — X EA Y — Z — 0beanexact sequence of R-complexes.
The R-complexY is exact if and only if the morphism f induces quasi-isomorphisms

XM cH— z.

1.5.8 About cylinders. Let f : X — Y be a morphism of ascending complexes over
a commutative ring R. We take the fiber of f and denote by p : F(f) — X the
natural projection. Hence p' : F(f)' = X' @ Y'~! — X' is described by the row
matrix (id xi O). Then we define the cylinder of f by

Cyl(f) = C(=p).

Hence Cyl(f)' = C(f)' ® X' = X'*' @ Y ® X' and the differential of Cyl(f) is
given by the matrices

A —di' 0 0
deyipy = | —f i: dy 0.
—idi 0 di

There is a morphism of graded modules / : Cyl(f) — Y described by the row matri-
ces h' = (0id}, f7). By computation we observe that / is a morphism of complexes
and that there is a commutative diagram with exact rows

0—— X —— Cyl(f) C(f) 0

N

X Y Zz 0
f 8
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where Z = Coker(f), where g is the natural surjection and where the vertical mor-
phism on the right is the one described in 1.5.6 (a).

If, moreover, f is injective, that is, if the short sequence 0 — X —f> Yy 4 z50
is exact, then the vertical morphism on the right C(f) — Z is a quasi-isomorphism
(see 1.5.6) and so is A.

‘We note that these constructions are functorial. Any commutative square

induces morphisms Cyl(a, b) and C(a, b) such that the following diagram

0— X — s Cyl(f) C(f) 0
aJ J/Cyl(a,b) lC(a,b)
0— X —Cyl(f) c(f) 0

is commutative. If the morphisms a and b are quasi-isomorphisms, then the mor-
phisms C(a, b) and Cyl(a, b) are also quasi-isomorphisms. This is a consequence
of 1.5.5.

For more information and details about these constructions, see [14, §2, n°6
Proposition 7 and §2, n°7 Proposition 9] resp. [85, Section 1.5].

1.5.9 Adual construction: cocylinders.Let0 — Z' — Y’ 7, X'beanexact sequence
of descending complexes over a commutative ring R. We take the cone of f’ and
denote by p’ : X’ — C(f’) the natural injection. Then we define the cocylinder of
f' by

Dyl(f') = F(=p).

Then Dyl(f') = X" @ Y’ & X{;; as a graded module. We note that cylinders and
cocylinders are interchanged by the general Matlis duality. In particular, (Dyl(f/))Y =
Cyl(f"). It follows that the morphism of graded modules 4’ : Y’ — Dyl(f")
described by the column matrices

fi/
hi = | (idy);
0

is a morphism of complexes and that there is a commutative diagram with exact rows
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0 7 y — I o x
[
0 F(f') Dyl(f)) —— X' ——0

where the vertical morphism on the left is the one described in 1.5.6 (b).
If, moreover, f”is surjective, thatis, if the short sequence 0 — Z' — Y’ i) X —

0 is exact, then the vertical morphism on the left is a quasi-isomorphism (see 1.5.6)
and sois /.
Here again these constructions are functorial.



Chapter 2 ®)
Adic Topology and Completion oo

In the first three sections of this chapter we summarize the basic results on the
subject, include results for which there is no reference in the literature and complete
the picture with some new observations. A few of these facts hold in full generality;
but most of them require that the adic topology is taken with respect to a finitely
generated ideal. The case when the ring is Noetherian is easier to handle, though
far from being obvious when dealing with infinitely generated modules. In Sect. 2.4
we provide an extension of Bartijn’s result stating that the adic completion of a flat
module over a Noetherian ring is flat. Section2.5 contains the first information on
the left-derived functors of the adic completion functor with respect to an ideal a.
Writing them, we have been astonished by how much can be said assuming only the
hypothesis that the ideal a is finitely generated. As usual there are finer results when
the ring is Noetherian, and it is helpful in Part II to see that some of these hold in
greater generality and in a more general setting. In Sect. 2.6 we introduce a notion
of relative flatness, which is helpful for the study of local homology. Section2.7
contains some remarks on torsion modules and relatively injective modules.

2.1 Topological Preliminaries

We first recall some known facts on the subject, fix notations and add some remarks
and comments.

2.1.1 Adic topologies. (a) Let a be an ideal of a commutative ring R. Given an
R-module M, its submodules a’ M, ¢ € N, form a base of open neighbourhoods of
the origin for a topology on M, called the a-adic topology. It is then clear that any
morphism between R-modules is continuous for the a-adic topology.
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(b) Let N be a submodule of M. The closure of N in M for this topology, the
a-closure for short, is N;,, =), (N + o’ M). Thus M is separated in its a-adic topol-
ogy, a-separated for short, exactly when (), a’M = 0. Moreover, N is a-closed in
M if and only if the quotient module M /N is a-separated. If NL = M we say that
N is a-dense in M algebraically this means that M = N + aM; topologically this
also means that the a-adic topology on the quotient M /N is the coarse one. More
generally we say that a morphism f : M’ — M is a-dense if Im(f) is a-dense in M,
algebraically this means that M = Im(f) 4 aM.

We shall also say that the R-module M is a-coarse if its a-adic topology is the
coarse one, algebraically this means that M = aM.

(c) Note also that the a-adic topology of a submodule N of M is finer than the
one induced by the a-adic topology of M, so that N is a-separated as soon as M is.
But one has to be careful, it might happen that the a-adic topology of the submodule
N of M is strictly finer than the one induced by the a-adic topology of M. However,
the topology on [ a'M = 6;4 induced by the a-topology of M is always the coarse
one. We shall provide in 2.4.14 an example of a module X over a Noetherian ring
for which 0 # 6; is a-separated (and even a-complete). Moreover, we shall also see
in 2.5.6 that modules Y for which () a'Y is not a-coarse when non-zero occur very
often in the completion process.

(d) We shall say that two ideals a and a’ are fopologically equivalent if they define
the same adic topology, algebraically this means that a contains a power of a’ and
vice versa. Note that finitely generated ideals are topologically equivalent if and only
if they have the same radical.

The following easy observation will be used frequently.

Observation 2.1.2 If the R-module X satisfies X = aX and if the R-module Y
is a-separated, then Homg (X, Y) = 0. This is both topologically and algebraically
obvious.

2.1.3 Adic completions. (a) The a-adic topology on M isinfactinduced by auniform
structure on M (and even an ultrametric structure in the case when M is a-separated),
so one may form completions. The a-adic completion functor is denoted by A® or
(T)a, or even (T) in the case when there is no doubt about the ideal. It is known that
M® = 1(121 M/a' M. If the descending sequence of submodules {M]},>; of M form
another base of open neighbourhoods of the origin for the a-adic topology of M,
then also M® = l(ln M/M;. In particular, if a and o’ are topologically equivalent,
then M® = l(ir_nM/a”M = MY,

Let f : M — N denote a homomorphism of R-modules. The inverse limit pro-
cedure gives natural maps 3y and pM®, ¢ > 1, such that the following diagrams are
commutative
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M il me X f Y
< |
pMu prMa \ fu \
M/a'M Xt —————¥"

p,’(“l Jpry“
R/a'Qr f

X/aX —7 s yraty

where the pM®’s are the natural projections, so that the p®’s are surjective. The
superscripts are sometimes dropped or partially dropped from the notation when this
is not ambiguous.

(b) Moreover, we note that Ker(zf;) = ("), a’ M. Thus M is a-separated if and only
if 75, is injective. Note also that M is complete in its a-adic topology, a-complete
for short, if and only if 7, is bijective. When tj; is surjective we say that M is
a-quasi-complete.

(c) The a-completion functor is additive, hence commutes with finite direct sums.
It follows that a direct summand of an a-complete module is itself a-complete.

(d) Recall also that R® is a commutative ring, even an R-algebra by means of
7g. For any R-module M the R-module structure on M?* naturally extends to the
structure of an R%-module. We thus have a natural map of R®-modules

1%“®RM—>M“:c®wr—>c~rfW(w).

For these results the reader can also refer to [3] and [58].

Remarks 2.1.4 The completion process, i.e. the inverse limit process, endows Me
with a natural topology for which the Ker(p*)’s form a base of open neighbourhoods
of the origin. Of course we have that M®is complete, hence separated, in this natural
topology (the projective limit of the isomorphisms M/a' M = M Ker(pM?) is an
isomorphism and by construction we have ("), Ker(p®) = 0). But it may happen
that 7y is not a-dense.

We note that (t) ™' (Ker(p}*)) = a’ M, as follows in view of the commutative
triangle of 2.1.3. We also note that a’ M® C Ker(p}®). This means that the a-adic
topology on the R-module M?® is finer than its natural one. In general, it can be
strictly finer and it can happen that M?® is not a-complete. However, M® is always
a-separated since its a-adic topology is finer than its natural one.

Example 2.1.5 Here is such an example. It originated in [13, Chapitre 3, §2, exercice
12] and is completely treated in Bartijn’s thesis [6, I, §3 p. 19]. Let R be a polynomial
ring in a countable set of indeterminates X, X», ... over a field k, and let a be the
ideal of R generated by these X;. It is observed that R is the ring of formal powers
series of the form ) -~ P;, where P; € R is an homogeneous polynomial of degree
i,i >0.Letp,: R*—> R /a’ be the maps coming from the inverse limit procedure.
Bourbaki’s reader is invited to check that
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o0
fi:=Y_ X} eKer(p)\a'R",

i=t

which is rather obvious. These { f;} form a Cauchy sequence for the aR%-adic topol-
ogy of R® as well as for the natural topology. In the natural topology we have
lim;—, o f; = 0, but not in the aR®-adic topology. The aR®-adic Cauchy sequence
of the f;’s is not aR®-adic convergent, hence R® is not a-c omplete. Note also that
the natural map tj is not a-dense: Y - X,l does not belong to the a-closure of R in
R®. But such a bad situation cannot occur when the ideal a is finitely generated (see
2.2.2 below).

Remark 2.1.6 The ideal aR® of R® is contained in the Jacobson radical of R®.
(To see this, it is enough to show that (1 — x) is invertible for any x € aR®. This
is the case because Y - x' € R* as the limit of a Cauchy sequence in the natural

topology and (1 — x) - (O 2y x') = 1).

2.1.7 About purity. Let R be any commutative ring and leti : N < M be a sub-
module of the R-module M. We say that N is pure in M if the map X ®z i is
injective for any R-module X. When this is the case a’ M N N = a’ N for all ideals a
of R, the a-adic topology of N i Is in 1nduced by the a-adic topology of M and the short
sequence 0 — N® = M® — M/N / N® = 0is exact (because it is the inverse limit of
short exact sequences of surjective inverse systems).

Assume now that the R-module M is flat. With the Bourbaki flatness criterion
recalled in 1.4.3 it is easy to see that N is pure in M if and only if M/N is flat if
and only if the map R/a ®g i : N/aN — M /aM is injective for every ideal a of R.
Hence a pure submodule of a flat module is flat.

In general the a-adic completion functor is neither left-exact nor right-exact. An
example showing this can be found in [3, Chap. 10, Exercises 1 and 2], another one,
in the same spirit, is in 2.4.14, but it is known that it preserves surjections. More
generally we have:

Proposition 2.1.8 see ([78] or [79]) Let a be an ideal of a commutative ring R.

(a) Let f : M — N be a morphism of R-modules. Then f ¢ is surjective if and only
if f is a-dense (this means that N = f(M) + aN).
(b) Quotients of a-quasi-complete modules are a-quasi-complete.

Proof For the proof of (a) assume first that f is a-dense. Then N = f(M) + a' N
and there is an inverse system of short exact sequences

0— f'(a'N)/a'M - M/a'M — N/a'N — 0
for all + > 1. We note that N = f(M) + aN also implies that a’' N = f(a’'M) +

a’tIN for all + > 1. Therefore the inverse system on the left is surjective. Then we
conclude that f¢ is surjective with the six-term long exact sequence in 1.2.2.
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If f ¢ is surjective we look at the commutative rectangles in 2.1.3 with X = M
and Y = N. Since the maps p¥® are surjective we see that R/a’ @ f is surjective
too, whence N = f(M) + a'N.

Now (b) is an easy consequence of (a). O

2.1.9 Completion of direct sums. As mentioned above, tensor products commute
with direct sums and inverse limits commute with products, but not with infinite
direct sums. .

Let a be an ideal of a commutative ring R and simply denote by (-) the a-
completion functor. Let {M;};c; be a family of R-modules. Then we have the com-
mutative square

@i Mi ” ]_[,‘ Mi

l@[ ﬁrMi J/]_L pzMi

t t
M . M .
@D, Mi/a' M; —— T, M;/a' M;

where the horizontal maps are the natural inclusions and where the oM’s are
the natural maps as described in 2.1.3. Let w = (w;) € [[; M; and observe that
I oM w) e D; M;/a' M; if and only if all but finitely many w; belong to Ker(p").
Then define the submodule Z of [], M; by

Z={we l_[ A;I,- | forall ¢, all but finitely many w; € Ker(p,M")}.

L

Thus P, M CZcC IL M; and for all ¢ the map [T, o restricts toamap f, : Z —
D, M;/a' M;. Now it is easy to see that Z together with these f; is the inverse limit
of the inverse system formed by the €, M, /a’ M;’s, i.e. that Z is the a-completion
of @i M,‘ .

This description is just a generalization of the description of the completion of a
free module over a Noetherian ring given in [82, Chap. 2].

Note also that the [, Ker(p,’”")’s form a base of open neighbourhoods of the
origin for a topology on []; M; and that Z is the closure of b, M; in IL M; for that

topology.

Remarks 2.1.10 (a)Let M and N two R-modules. For any homomorphism f : M —
N¢ there is an homomorphism f’ making the following triangle commutative
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Indeed, recall the homomorphism ,o,N a.NO 5 N /a'N of 2.1.3. The homomor-
phism p® o f factors through M /a’ M, inducing a homomorphism f/ : M/a'M —
N/a'N. This holds for all # > 1 and these f,’s form an inverse system of homomor-
phisms, as easily seen. Now the homomorphism f’ := 1(&1 S does the job.

(b) Note, however, that the homomorphism f’ making the triangle commutative
is not necessarily unique in this very general situation. For example, take for R and
a the ring and ideal of example 2.1.5, and take M = R. Here R/a =k is a field.
Because 7y is not a-dense the k-vector space Coker(rg)/aCoker(zg) is not zero.
Then take N =k so that N® = k® = k and take for f the zero homomorphism.
Because k is a field there is a non-zero homomorphism Coker(rg) — k inducing a
non-zero homomorphism g : R® — k such that gotp=0=0071g.

(c) The natural map T;\},n is always split-injective. (To see this putin (a) M = Ne©
and f =idg..)

More important is the following.

Observations 2.1.11 Let b be an a-open ideal of a commutative ring R, i.e. an ideal
containing some power a’ of a. We tensorize the triangle in 2.1.3 with R/b and
observe as in [82] that the homomorphism

R/b®g Ty : M/OM — M®/6M® s split-injective.

(Note that by 2.1.3 ,o,M“‘ oTy = p,M“. Note also that R/a’ ®g pM* = idp/arm-
Therefore R/a’ ®¢ T} is split-injective and so is R/b ® t};.)
Passing to the limit, we have that the homomorphism

A%(tyy) + AY(M) — A" (A (M)

is split-injective too.

Remark 2.1.12 Suppose that the homomorphisms R/a’ ® t§; are isomorphisms.
Then it follows that a’ M® = Ker(pM®). Hence the a-adic topology of M?® coincides
with its natural one, and therefore M® is a-complete.

2.1.13 The torsion functors. Given anideal a of a commutative ring R we also have
the a-torsion functor defined by

IiM)={weM|dw=0forsomet € N} = h_n)lHomR(R/a’, M)

for all R-modules M. This functor is a subfunctor of the identity functor, left-exact
and clearly idempotent.

An R-module M such that M = I,(M) is called an a-forsion module.

If the R-module M is a-torsion, then Suppy M C V (a). When the ideal a is finitely
generated then the R-module M is a-torsion if and only if Supp, M C V(a).

(To see this note that an R-module M is a-torsion if and only if each finitely
generated submodule of M is a-torsion. Note also that Supp, M € V(a) if and only
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if for each finitely generated submodule M, of M, Suppp M, C V(a). So we only
need to prove the case where M is finitely generated. When a finitely generated
module M is a-torsion it is annihilated by a power of a so that Suppy M C V(a).
When the module M is finitely generated we have Suppiy M = V(Anng(M)) so
that the condition Supp, M < V (a) implies a € Rad(Anng (M)). The last condition
implies that M is annihilated by a power of a if the ideal a is finitely generated.)

If the ring R is Noetherian note also that the R-module M is a-torsion if and only
if Assg(M) C V (a). (To see this we again may reduce to the case where M is finitely
generated.)

2.1.14 Local cohomology The right-derived functors of I'; are denoted by H! and
usually called the local cohomology functors with respect to a. As h_r)n is exact, note

that H (M) = h_n)lExt’k(R/u’, M) foralli € N.
Here is a slight extension of [82, 3.4.9].

Proposition 2.1.15 Let a denote an ideal of a commutative ring R. Suppose that M
is an a-torsion R-module. Then

(a) M has the unique structure of an ﬁ“—modulAe extending its R-module structure.
(b) Homg(M, X) = Homy, (M, X) for every R®-module X.

In particular, any R-submodule of M is also an RO-submodule.

Proof For the proof of (a) note that if M is finitely generated there is an integer ¢
such that a’ M = 0. Hence it has an R®-module structure inherited from the natural
map pf° : R* - R/a’ and the statement is clear. In general M is the union of its
finitely generated submodules and it is straightforward to check that the R%-module
structures on these patch together.

For the proof of (b) let f € Homg(M, X),w € M and s € R®. We have a'w =
0 =d f(w)forsomet > 0.Inview of the commutative triangle in 2.1.3 with M = R
we can take anelementr € R such p,R“ (r) = ,orR“ (s).Forsuchanr notethatsw = rw
and also sf(w) = rf(w). Hence f(sw) = f(rw) =rf(w) =sf(w). O

See also the forthcoming 2.2.6 and 2.2.13 for more information on a-torsion
modules when the ideal a is finitely generated.

Corollary 2.1.16 For an R-module M the modules I'y(M) and Hé(M) are a-
torsion, hence have the structure of an R®-module.

2.1.17 The left-derived functors of the a-completion functor are simply denoted by
Af and called the local homology functors, often also denoted by L; A®.

The first information on these will be given in one of the last sections of this
chapter.
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2.2 The Case of Finitely Generated Ideals

When an ideal a of a commutative ring R is finitely generated, the a-completion
of any R-module M, always complete in its natural topology, is also complete in
its a-adic topology. This important theorem was first proved by Matlis in the case
when the ideal a is generated by a regular sequence (see [57, Theorem 15]) and in
general by Bartijn and Strooker (see [82, Theorem 2.2.5]). They derived it from their
investigation of the completion of free modules over a Noetherian ring. Here we
provide a more direct proof of it. Then we collect some of its consequences.
First we apply the recalls in 1.2.2 to the a-completion process.

Remark 2.2.1 We have the inverse system of exact sequences,

0——at'"M — M —— M/d"'"M ——0

|

0 aM M M/adM ——:0,

where the right vertical maps are the natural projection and the left vertical maps
are the natural inclusions. We note that l(iLn{a’ M} = (), o’ M and, as the projective
systems in the middle and on the right are surjective, we obtain a four-term exact
sequence
t i 2ra S
0—>ﬂaM—>M—>M — lim {a’'M} — 0.
%

The following fact will play a substantial role.

Theorem 2.2.2 Let a be a finitely generated ideal of the commutative ring R and
M an R-module. Then the natural maps

R/b®g Tl : M/bM — M°®/6M®

are isomorphisms for any a-open ideal b of R. In particular, the map ty; is a-dense,
Coker(ty,) = aCoker(t;) and M*® is a-complete.

Proof Inview of 2.1.12 we only need prove the first assertion. As we know by 2.1.11
that the maps R/b @k 1}, are injective when b is a-open, it is enough to prove that
they are surjective. As an a-open ideal b contains some power a’ of a, it is also
enough to prove that Coker(zy,) = aCoker(zy,).

By 2.2.1 and 1.2.2 we have Coker(ty) = 1(&1 a' M} = Coker(y), where ¥ :
[[, &M — [, o' M is the map associated to the inverse system formed with the
natural inclusions a/*'M C o’ M.

The ideal a is finitely generated, R /a is finitely presented and the functor R /a ®p -
commutes with direct products (see 1.4.4). It follows that the map
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R/a@p ¥ : na'M/aH"M — HatM/a“’lM

r>1 t>1
is the map associated to the inverse system formed by the maps
at ' M/a M — o' M/a' M

induced by the natural injections a’"'M C a’ M. As the previous inverse system is
clearly pro-zero, we have that R /a ®p v is an isomorphism (see 1.2.2). In particular,
we have Coker(R/a ®g ¥) = 0. With the right-exactness of the tensor product this
also means that R/a ® g Coker(y/) = 0. But Coker(y/) = l(in YoM} = Coker(ty,).
Therefore R/a @z Coker(zy;) = 0. O

‘We now obtain a universal property for the maps ;.

Corollary 2.2.3 Let f : M — N be a homomorphism of R-modules and assume
that the ideal a of R is finitely generated. Then f° is the unique map M® — N*°
making the following square commutative

M—L N
me R » N©
fﬂ

commutative.

Proof The statements follow because of the following two facts: tj; is a-dense

and N is a-separated. (Algebraically this also follows by Theorem 2.2.2, since
R/a' ®r f =R/ ®r [7) a

Remark 2.2.4 In the situation of 2.2.3 we may take for f the natural map r5, : M —
M*®. We then observe that T8ay and A%(ty;) coincide and are isomorphisms.

Corollary 2.2.5 Let a be a finitely generated ideal of the commutative ring R. Then

A (M) = A%(R® @x M) = AR (R® @x M) and
To(M) = T'y(Homg(R®, M)) = I, 5. (Homg(R®, M))
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for any R-module M.

Proof In view of Theorem 2.2.2 we have
R/a' ®r M = R/a' ®g R* ®x M = R*/a'R® ® . (R® ®& M).

Hence the first statement follows by taking inverse limits.
For the second note also that

Hompg(R/a', M) = Homg(R/a’, Homg (R®, M)) = Hom 4, (R" /o' R®, Homg (R®, M),

where the second isomorphism follows by Proposition 2.1.15. Then the statement
follows by taking direct limits. (I

Corollary 2.2.6 Let a be a finitely generated ideal of a commutative ring R and
M an a-torsion R-module. Then the natural homomorphism M — R® Qg M is an
isomorphism.

Proof We already noted in 2.1.15 that the a-torsion module M has the structure of
an R®-module. If M is finitely generated it is annihilated by a power a' of a, hence
M = R/a' ®g M. By 2.2.2 we then have

Iéu®RM=Iéu®RR/at®RM§R/al®RM=M

and the statement is clear. For an arbitrary R-module M note that M is the direct
limit of its finitely generated submodules. The tensor product commutes with this
direct limit and the result follows. ]

2.2.7 Direct products and completion. We assume again that the ideal a of the
commutative ring R is finitely generated. This ensures that the functors (R/a’ Qg ),
t > 1, commute with direct products (see 1.4.4). As inverse limits commute with
direct products, we see that the a-adic completion functor also commutes with direct
products: A*(J]; M;) = []; A%(M;). In particular, we have that a direct product of
a-complete R-modules is a-complete.

2.2.8 Direct sums and completion. Let {M;};c; be a family of R-modules. When
the ideal a of R is finitely generated, A®(€D, M;) is isomorphic to the a-closure of

D Miu in [, Mia'
(In view of 1.4.4 the submodules [, a’ M? of [, M? form a base of open neigh-
bourhoods of the origin for the a-adic topology of [[; M 2. With2.1.12 and 2.2.2 we

have that a' Mi“ = Ker(,o,M *). Now the statement follows from 2.1.9.)
This description is also a generalization of the description of the completion of a
free module over a Noetherian ring given in [82, Chap. 2].

2.2.9 Change of ideals (see [82, 2.2.6]). Let a C b be two ideals of a commutative
ring R. Suppose that a is finitely generated. Let M denote an R-module.
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(a) By Theorem 2.2.2 we have that M® /b’ M® = M /b’ M because b’ is an a-open
ideal. Therefore A®(A%(M)) = A®(M). More precisely, we have a commutative
triangle

Ma
r/\‘/‘l T,Elu
o .
M — s M"

(b) If M is b-complete, then M is also a-complete. Indeed, if szu is an isomorphism,

then M appears as a direct summand of M® which is a-complete, therefore M is
a-complete.

In the other direction we have the following result in the spirit of [76, 2.4].

Proposition 2.2.10 Ler ay, a, be two finitely generated ideals of a commutative ring
R and put a = a; + ay. Let M be an R-module which is both a,-quasi-complete and
ap-quasi-complete. Then M is a-quasi-complete. Moreover, if M is a-separated, then
M is a-complete.

Proof Recall the exact sequence

0>M-5MeM- M0,

where A is the diagonal map and ¢ is defined by g (m, m;) = m; — m,. For any
integer ¢ > 1 this sequence gives rise to the following exact sequences

0— M/(a\MNdsM) —> M/d\M & M /M — M/(aiM + asM) — 0.

These form an inverse system of which we take the inverse limit. We first note that the
submodules (a} M + a5 M) of M form a base of open neighbourhoods of the origin
for the a-adic topology of M. As the inverse system on the left is clearly surjective
the rows in the following commutative diagram are exact

0 M Mo M M 0

J J/r};l earﬂl;z J/TA?[

0 —— Lim(M/(aM NasM) —— MY @ M® —— M® —— 0
<—

The middle vertical map in the diagram is surjective by hypothesis. Whence it follows
that the right vertical map t}; is surjective too. This means that M is a-quasi-complete
and even a-complete when it is a-separated. (]
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Proposition 2.2.11 (see [78, 1.3, 1.4]) Let a C R denote a finitely generated ideal
of a commutative ring R.

(a) Let C denote an a-complete R-module. Then every a-closed submodule K C C
is a-complete (though the a-adic topology of K might be finer than the one
induced by the a-adic topology of C).

(b) Let Xq:...—> Xt — X; 4 X1 — ... denote a complex of a-complete
modules. Then the homology modules H;(X) are a-quasi-complete, and either
H;(X) =0or Hi(X) # aH;(X).

Proof (a): Consider the exact sequence 0 — K 5 5 7 — 0. We first note that
Z is a-complete: it is a-separated because K is a-closed in C, and a-quasi-complete
as a quotient of an a-complete module (see 2.1.8). This allows us to put 77 = idg,
¢ =1idc and p = p®. As po i% =0 the map 1% factors through i. Therefore g
is split-injective. Whence K is a-complete as a direct summand of the a-complete
module K °.

(b): Put Z; = Ker(d;). As X;_; is a-complete, hence a-separated, we have that
Z; is a-closed in X;. Thus Z; is a-complete by (a). Then observe that H;(X) =
Coker(X;+; — Z;) and use 2.1.8 again. O

More precise information on the homology of a complex of a-complete modules
will be given in the fifth section of this chapter (see 2.5.7).

Corollary 2.2.12 (see [78, 1.5]) Assume that an ideal a of a commutative ring R is
finitely generated. Let M be an a-complete R-module and X any other R-module.
Then Homg (X, M) is a-complete and for any natural number i the following holds:
Exth, (X, M) is a-quasi-complete and

Exth (X, M) # 0 if and only if Ext(X, M) # aExth (X, M).

If in addition the ring R is Noetherian and X is finitely generated, then for any i
Torf (X, M) is a-quasi-complete and

Tor[ (X, M) # 0 if and only if Tor® (X, M) # aTorX (X, M).

Proof Let L, be afreeresolution of X. Then the complex Homg (L,, M) is acomplex
of a-complete modules (products of a-complete modules are a-complete (see 2.2.7)).
In the case when R is Noetherian and X is finitely generated we take a free resolution
L, of X in which the modules L; are finitely generated. Then the complex L, ® g M
is also a complex of a-complete modules (finite direct sums of a-complete modules
are a-complete). The result then follows by 2.2.11. (I

The above proposition and its corollary can sometimes be used as a substitute for
Nakayama’s lemma.

Observations 2.2.13 Assume that the ideal a of the commutative ring R is finitely
generated. Then
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(a) the a-torsion functor and the a-completion functor are related through the
general Matlis duality: for any R-module M we have (see 1.4.1 and 1.3.3) that

(Ia(M))” = A (MY).

(b) It follows that the general Matlis dual of an a-torsion module is a-complete.

2.3 Noetherian Rings and Matlis Duality

2.3.1 Noetherian rings and finitely generated modules. Concerning adic comple-
tions this situation is well understood. We fix a proper ideal a of a Noetherian ring
R and simply write () for the a-adic completion functor.

(a) By Krull’s intersection theorem (see e.g. [3, Theorem 10.17]) it follows that
R is a-separated if and only if any element of 1 4 a is a non-zero divisor. When a is
contained in the Jacobson radical of R any finitely generated module M is a-separated
and its submodules are a-closed in M.

(b) If N is a submodule of the finitely generated module M the a-adic topology
of N is the one induced by the a-adic topology of M. This is a consequence of the
Artin—Rees lemma. It follows that the functor (-) is exact on the category of finitely
generated modules.

(c) When M is finitely generated the natural map R® RM — Mis bijective. More
precisely the map 7, is the natural map M — R ®x M (because it is so when M is a
finitely generated free R-module). It follows that the change of rings R — R is flat.
It also yields that finitely generated modules are a-complete when R is a-complete.

(d) Let ¢ be any proper ideal of R. We take the exact sequence 0 - ¢ — R —
R/¢ — 0 and tensor it by R, which amounts to taking its a-adic completion. Then
we observe that

(R=c®zR=¢ R/c=R/cR, R/c®p TR = Tg/c-

If ¢ = b is a-open, i.e. if b contains some power of a, then the a-adic topology on
R/b is the discrete one and R/b = f/\b We recover the fact that the natural map
R/b®g 73 : R/b — R/bLR is bijective, and that R is a-complete.

(e) Assume now that c is a proper ideal and that a is contained in the Jacobson rad-
icalof R. Then R/(¢ + a) # 0and 0 # f/\c ~ R / ¢R and therefore R is R-faithfully
flat. Moreover, the map R/c ®g i = Ty, is injective because R/c is a-separated.
It follows that the morphism 73 : R — R% is pure injective and that the R-module
Coker(t%) = R%/R is R-flat.

(f) Last but not least, recall that the ring R is Noetherian.

All the above is well known and more details can be found in [3], [13] or [58].
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2.3.2 Matlis duality over a Noetherian local ring. Let (R, m, k) be a Noetherian
local ring with its maximal ideal m and residue field k = R/m. Let E = Eg(k) be
the injective hull of k. As before write (-)¥ = Homg(-, E) for the Matlis duality
functor. We simply write () for the m-adic completion functor.

(a) Note first that Assg (E) = {m}. Hence the R-module E is m-torsion and has the
structure of an R-module (see 2.1.15). Moreover, E is also the injective hull of k as an
R-module: E = E 2(k) (see [55]). (We summarize the argument. Put £ = Ez(k).
There is an injectioni : E < E; of R-modules because the injectionk — E is also
a homomorphism of R-modules (see 2.1.15) and this injection is R-split because E
is R-injective. But E| is also m-torsion and Homg(E|, E) = Homz(E(, E) in view
of 2.1.15 again. Hence the injection i is also ﬁ-split and E = E}.)

(b) Let M be any R-module. We note that Anng (M) = Anng(M ") by the faithful
exactness of the functor (-)¥. Note also that M~ := Homz (M, E) has the structure
of an R-module for any R-module M, and that M vV = Hom R(R ®r M, E).

Now let F be a flat R-module. It is known that F¥ = Homg(F, E) is R-
injective (see 1.4.1). As Homg(F, E) = Homk(ﬁ’ ®r F, E) it follows that FY =
Homg(F, E) is also I%—injective.

(c) Itis easy to see that : k = k¥ = kY. It follows that an R-module M has finite
length if and only if MY has. In that case, the natural injection M <— M"Y is an
isomorphism.

(d) The endomorphism ring Homg(E, E) = RYY is isomorphic to R and the
natural homomorphism R — Homg(E, E) coincides with 7y : R — R. (To see this
note that £ = h_r)n Homg(R/m', E) because E is m-torsion. Hence Homg(E, E) =
lim (R/m")" = lim R /m’ = R. The rest is now obvious.)

It follows that M¥Y = R ®x M = M when the R-module M is finitely generated.

(e) Note that £ = Ex(k) = E4(k) is Artinian as an R-module and as an R-
module. To see this, note first that every R-submodule of E is also an R-submodule
(see 2.1.15 again). Hence we may and do assume that R = Ris m-complete. In this
case, E is Artinian because E¥ = R is Noetherian (see 1.4.9).

(f) Recall that an R-module N is Artinian if and only if there is an embedding
N — E" for some natural number n (see e.g. [82, 3.4.11]). (To obtain such an
embedding for an Artinian R-module N take in U, Homg (N, E™) a homomorphism
with the property that the kernel is minimal, then observe that such a homomorphism
is injective.)

If N is Artinian it follows that Assg(N) = {m}. Therefore N is m-torsion and N
has the structure of an R-module. The above embedding is also an Ié-homomorphism
and NV := Homg(N, E) = Homy(N, E) (see 2.1.15 or 2.2.6). Moreover, N is
finitely generated as an R-module and the natural embedding

N — Homj(Homp(N, E), E)

is an isomorphism.
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(g) The previous result together with 1.4.9 also shows that an R-module M is
finitely generated if and only if MY is Artinian.

(h) When the Noetherian local ring R is complete in its m-adic topology the
situation is quite satisfactory.

(1) An R-module M is Noetherian if and only if M" is Artinian.

(2) An R-module M is Artinian if and only if M" is Noetherian.

(3) If the R-module M is either Noetherian or Artinian, then the natural injection
M < M"Y is an isomorphism.

(1) Finally recall that R is Artinian if and only if E is finitely generated. In that
case E has finite length.

(If R is Artinian, then R has finite length and so has E = RY. In particular, E
is finitely generated. Conversely, if E = R" is finitely generated, then R is Artinian
(see 1.4.9.)

See Matlis’ original paper [55] for more information and details around this, or
[82, Chap. 2] for a summary.

For the use of complexes note also the following.

2.3.3 Let (R, m, k) be a Noetherian local ring and X an R-complex with finitely
generated cohomology modules. Then the natural map X — X" induces a quasi-
isomorphism

X ®g R™ — XV

where (-)" denotes, as before, the Matlis duality functor Hompg (-, Eg(k)).
This is because it holds when X = M is a finitely generated R-module (see 2.3.2
(d)) and because the functor (-)V" is exact.

For the sake of completeness let us also mention the following statement.
Proposition 2.3.4 (see [90], [25], [10] or [82, 3.4.13]) Let (R, m, k) be a complete
Noetherian local ring. Let M denote an R-module. The natural homomorphism

M- M

is an isomorphism if and only if there is a finitely generated submodule N € M such
that M /N is Artinian. (Then one says that M is “mini-max”.)

2.4 Completions of Flat Modules over a Noetherian Ring

The a-adic completion of a free module over a Noetherian ring is well documented.

Note that an explicit description of it was given in 2.1.9, and another one in 2.2.8.
Among other things Gruson and Raynaud already stated that over a complete

Noetherian local ring (complete in its maximal-adic topology) the maximal-adic
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completion of a free and even of a flat module is flat (see [67, Part 11, 2.4.2, 2.4.3]).
However their proofs were only sketched. Later Bartijn and Strooker provided a
detailed proof of the fact that for any ideal a of a Noetherian ring the a-adic completion
of a free module is flat (see [82, Chap. 2]).

More generally, in his thesis J. Bartijn proved that the a-adic completion of any
flat module over a Noetherian ring is flat. Unfortunately his thesis has never been
published, but this result was later recovered (see for example [88]). We shall provide
here another proof of this rather important result (different from Bartijn’s original
approach) and at the same time a stronger statement. This in turn will also provide
another proof of the more precise result of Bartijn and Strooker about completions
of free modules. This requires some preliminaries.

First there is a variant of the Artin—Rees Lemma.

Lemma 2.4.1 Let abe anideal in a Noetherianring R and N a finitely generated R-
module. Then the inverse system {TorX (N, R/a') | t € N} defined by the surjections
R/at! — R/d' is pro-zero for all k > 1.

Proof Let0 - M — L — N — 0 be a short exact sequence where L is a finitely
generated free R-module. Then TorR (N, R/a’) = o' L N M /a’ M. By the Artin—Rees
Lemma there exists an integer ¢ such that a’™*L N M C a'M for all ¢ > 1. This
implies that the inverse system {Torf(N , R/a")} is pro-zero and proves the state-
ment for k = 1. Now the exact sequence induces isomorphisms Tor,’f (N, R/a") =
Torf (M, R/a’) for k > 1. Whence an induction completes the proof. O

Lemma 2.4.2 Let a denote an ideal of a Noetherian ring R. Let {M,} denote an
inverse system such that the maps p, .+1 : M,41 — M, are surjective and M, is R /o’ -
flat for all t > 1. Let L, denote a free resolution of a finitely generated R-module
N by finitely generated free R-modules. Then LiLn(L. ® M,) is a left resolution of
l(ir_n(N ® M,) and 1<ir_n(N QM)=NQ® (l<ir_n M;).

Proof By Lemma 1.2.8 there are short exact sequences
0— 1(i£11Tork+1(N, M) — Hk(LiLn(L. ® M) — LiLnTor,f(N, M) — 0
for all k. Since M, is R/a’-flat there is an isomorphism
Torf (N, M,) = Torf (N, R/a") ®@r/a M,
for all k. In view of 2.4.1 this implies that the inverse system
{Tor,f(N, M,) | t € N} is pro-zero for all k > 1.
That is, lim "Torf (N, M,) = 1<i£1Tor,f(N, M,)=0 for all k> 1 and therefore
H0(1<ir_n(L. QR M,)) = l(iLn(N ® M;) and Hk(l(iLn(L. ® M,)) =0forall k > 1.

In order to finish the proof we have to show the last isomorphism. To this end we
have the commutative diagram with exact rows
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Ly @ lim M) —— (Lo ® lim M;) —— (N ® lim M;) —— 0

J

lim(Ly ® M;) —— 1im(Lo ® M;) —— lim(N ® M;) —— 0

where the first two vertical maps are isomorphisms since Ly, k = 0, 1, are finitely
generated free R-modules. Whence the last map is an isomorphism too. (I

Proposition 2.4.3 Let R be a Noetherian ring. Let {M, | t € N} denote an inverse
system such that the maps p; ;1 : M;11 — M, are surjective and M, is R /o’ -flat for
allt > 1. Let 0 > N’ — N — N” — 0 denote a short exact sequence of finitely
generated R-modules. Then the sequence

0 — Lim(N' ® M,) — im(N ® M,) — lim(N" @ M,) — 0

is exact.

Proof There is a short exact sequence of complexes 0 — L, — L, — L] — 0,
where L, L,, L/ are free resolutions of N', N, N” respectively by finitely generated
free R-modules. By tensoring with M, this induces a short exact sequence of inverse
systems of complexes

0> L QM - L,QM, —> L ® M, — 0.
By passing to the inverse limit there is a short exact sequence
0 — lim(L, ® M,) — lim(L, ® M,) — lim(L] ® M;) = 0.

To this end recall that the induced maps L/j QM1 — L/j ® M, are surjective for all
J = 0.By virtue of Lemma 2.4.2 the claim now follows by the long exact cohomology
sequence. (]

‘We now recover Bartijn’s result and a certain extension.

Theorem 2.4.4 Let a be an ideal of a Noetherian ring R and let F be an R-module.
Then F* is R-flat if and only F/a'F is R/a'-flat for all t > 1. In particular, the
a-adic completion of a flat R-module is always R-flat and also R"-flat.

Proof Let0 - N’ — N — N” — 0 be a short exact sequence of finitely generated
R-modules and assume that the module F is such that F'/a' F is R /a’-flatforall 7 > 1.
To prove that F'® is R-flat we have to show that the sequence

O—>N'®RI$“—>N®R[?“—>N”®R1:"“—>O
is exact. But this follows by Proposition 2.4.3 and Lemma 2.4.2 by the use of M; =

F/d'F.
The other assertions are clear since F/a' F = Fe Ja! F (see 2.2.2). ]
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The above considerations have some further consequences. For two ideals a and

¢ of a Noetherian ring R we know that ﬁ/\ca = Ié“/clé“ (see 2.3.1 (d)). We now
extend this result to a flat module F in place of R.

Proposition 2.4.5 Let a and ¢ be two ideals of a Noetherian ring R and let F be a
flat R-module. Then

ma > FO/cFC.

Proof We apply 2.4.2 to the finitely generated module N = R/c and to the inverse
system {M, = F/a' F}. We obtain

R/c®r F* = 1im(R/c @ F/a'F) = F/cF .
as required. ([

The above considerations may be applied to a composite of completion functors.

Proposition 2.4.6 Let a and ¢ be two ideals of a Noetherian ring R and let F be a
flat R-module. Then A°(A®(F)) = AT (F).

Proof Put Fyj = F/('F + ¢/ F). With 2.4.5 we first have lim (F;;} = F/c/ F =
F%/c/ F*. Then we obtain

A (F) = 1im{F,} = lim(im{F;;}) = lim F*/¢/ F* = A(A*(F))
t jooi j

by 1.2.10. O
We also recover Bartijn and Strooker’s result. First we recall their terminology.

Definition 2.4.7 (see [6], [82]) A free submodule L of an R-module M is called an
a-basic submodule of M if it is pure and a-dense in M. Note that if the module M
has an a-basic submodule L, then M = L°.

Theorem 2.4.8 (see [6]Aor [82,2.1.9,2.2.3]) Let a be an ideal of a Noetherian ring
R. For simplicity write (-) for the a-adic completion functor. Let L = R be a free
R-module defined as the direct sum of copies of R over an arbitrary index set I. Then

(a) L is the aR-closure of RD in the complete flat module R!, the direct product of
R over the index set I.

(b) The free R-module R is pure in R hence in L.

(c) RD is an aR-basic submodule of L.

(d) Moreover, Lisa pure R-submodule of RI.

(e) L is R-flat and R -flat. The a-adic topology of L is induced by the a-adic topology
of R'.
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Proof The functor N ® - commutes with direct sums and also with products when
N is finitely presented (see 1.4.4). This implies that a product of flat modules over a
Noetherian ring is flat, in particular that R’ is R-flat. Now the first assertion follows
by 2.2.5 and 2.2.8. The second assertion is rather obvious in view of 2.1.7 and the
third one follows from the second and 2.2.2.

Because R' is R-flat, for the proof of the purity of L in R’ one has to prove that the
injection L <> R’ induces an injection L/cL <> R’/cR! for any ideal ¢ of R. But
this follows by 2.4.5 and the first assertion applied to the ring R/c. Namely, L / oL =
— — —(I) — —J A A A A
L/cL is the aR/c-closure of R/c "in R/c and R/c = (R/cR)! = R!/cR".

The last assertion is a direct consequence of the one in (d) in view of the recalls
in2.1.7. O

Remark 2.4.9 1In the situation of 2.4.8 (with the same notations) assume moreover
that the ideal a is contained in the Jacobson radical of R. Then L = R'" is pure in
R (by 2.3.1 (e)), hence also in L, and the module Coker(t}') = L/L is R-flat.

For the sake of completeness we recall the following.

Proposition 2.4.10 (see [78, Propositions 2.1 and 3.2]) Let R denote a Noetherian
ring. Then the flat dimension and the injective dimension of an a-complete module
M are given by

fdg(M) = sup{i e N | Tor,-R(R/p, M) # 0 for some prime ideal p D a},
idg(M) = sup{i e N | Ext’k(R/p, M) # 0 for some prime ideal p O a}.

Proof Recall that a finitely generated module N over a Noetherian ring has a com-
position series, i.e. a finite sequence of submodules

OCcN,C---CN;C---CNy=N

whose successive quotients are of the form R /q with q € Suppy N (see [13, Chapitre
4, §1, n°4 Theorems 1 and 2].

First we look at the flat dimension. We only need to check ToriR(N , M) where
N is finitely generated (see 1.4.3). If Tor®(N, M) #0 and N finitely gener-
ated, it follows that Tor®(R/q, M) # O for some q € Suppi N. If a ¢ q, choose
x € a\ q and look at the long exact sequence of the Tor associated to the exact
sequence 0 — R/q = R/q— R/(q+ xR) — 0. When M is a-complete we have
(see 2.2.12) that multiplication by x is not surjective on TorX (R/q, M). It follows
that Tor[R (R/(q+ xR), M) # 0. Then we obtain a prime ideal q; D (q + xR) with
Tor,-R (R/q1, M) # 0.1f a ¢ q; we continue the process until we reach anidealp D a
with Tor® (R/p, M) # 0.

The proof of the statement about the injective dimension is similar. (I
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Remark 2.4.11 The above proposition 2.4.10 together with the previously known
2.4.8 also gives a second proof of Bartijn’s result on flatness. Let L, be a free
resolution of the R-flat module F'. It is easy to see that f,f is a resolution of £°,
and even a flat one in view of 2.4.8. For a prime ideal p containing a we have
that R/p ®r 7/, : Lo/pLe — I:f/pl:f is an isomorphism of complexes (see 2.2.2).
Hence Tor®(R/p, F*) = Tor®(R/p, F) = 0 for all i > 0 and F° is flat in view of
2.4.10.

Here is another consequence of Lemma 2.4.1. In the following we denote by M)
the direct sum of copies of M over an arbitrary index set /.

Proposition 2.4.12 Let a be an ideal of a Noetherian ring R, N a finitely generated
R-module and L, a resolution of N by finitely generated free R-modules. Let I be
an arbitrary index set. Then A“(Lﬁl)) is a flat resolution of A*(ND).

Proof We already know that the complex A®(L{") is a complex of flat R-modules.
Whence it is enough to prove the following:

for any short exact sequence 0 — M; — L — M — 0, where L is finitely gen-
erated and free, the induced sequence

0— A*M{") — A* (L") - A*(MD) - 0

is exact.
To this end we have two inverse systems of short exact sequences

0 — Torf(R/a', MD) — M{" ja' M{" — MV /d' LD " MP — 0,

0— MI(I)/a’L(’) OMI(I) — LD /a' LD 5 MD /o MDD - 0
of which we take the inverse limit. As Tor® (R /a’, -) commutes with direct sums we
obtain (see Lemma 2.4.1) that the inverse system {Torf (R/a', MD)} is pro-zero and

therefore
LiLnTorf(R/a’, MDYy =0= lim "orf(R/a', M),

The other inverse systems are surjective and the result follows by 1.2.3 and the
six-term long exact sequences (see 1.2.2). ]

We now obtain the following, related to a statement of Raynaud and Gruson (see
[67, Part II, 2.4.2]).

Corollary 2.4.13 Let 0 > M| — M, — M3 — 0 be a short exact sequence of
finitely generated modules over a Noetherian ring R. Then the sequence

0— A*M") - A M) - A*(M") = 0

is exact.
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We end this section with the example announced in 2.1.1. It was first given in
[80, Example 2.5] to show that the class of a-complete modules is not closed under
extension. It also shows several other strange things which can happen when dealing
with non-finitely generated modules.

Example 2.4.14 An a-quasi-complete moduleX over a Noetherian ring such that
0 # (), &' X is a-complete. Let (R, m) denote a Noetherian local ring that is m-
complete and of positive depth and take a = m. Let M be the m-completion of the
free module R as described in 2.1.9 and write P = RY. Thus M is the m-closure
of R™ in P (see 2.2.8) and P/M is m-complete.

Now let y be a regular element of R and let f : P — P be defined by (f(w)); =
y'w; for all i € N. Clearly f(P) C M, and we shall see that the module X =
M/f (M) is the required example.

As the map f is injective but not surjective we have strict inclusions f (M) C
f(P) € M. We observe that f(P) is contained in the m-closure of f(M) in M: let
w € P, then

Fow) = (wo, ..., Y'wn, 0,..) + ¥ 1O, ..., 0, wepr, yWiga, ...)

and f(w) € f(M)+m'T'M for all 1 > 1. Hence f(M) is not m-closed in M and
the m-quasi-complete module X = M /f (M) is not m-separated.
We have more. First f(P) is m-closed in P because

P/f(P)=]]R/Y'R

ieN

is m-complete as a product of m-complete modules. But M is a pure submodule
of P (see 2.4.8). Hence the m-adic topology on M is the one induced by the m-
adic topology of P. It follows that f(P) is also m-closed in M. Hence M /f(P)
is m-complete and f(P) is the m-closure of f(M) in M. Now look at the exact
sequence

0 — f(P)/f(M) — M/f(M) — M/f(P) — 0.

The above means that the submodule f(P)/f (M) of the module M/f (M) = X is
the m-closure of the origin in M/f(M) = X, thatis, f(P)/f(M) =), m"X and
Xxm = M/f(P).Butnote that f(P)/f(M) = P/M is m-complete!

By looking at the m-completion of the exact sequence 0 — M EA M— M/f(M)
— 0 we also see that the m-completion functor is neither right-exact nor left-exact.

Later this example will also serve for other purposes.
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2.5 The Left-Derived Functors of Completion

The left-derived functors of the a-adic completion functor, also called the local
homology functors, were first investigated by Matlis in [56], mainly in the case
when the ideal a is generated by a regular sequence, later in [38, 78, 79] and in a
more general setting in [1, 75]. Here we denote them by A7 and recall and generalize
the first basic facts on the subject. Some Ext-vanishing results involving Ag will be
given in the next chapter. More information will be given in Part II.

Remarks 2.5.1 Let a be an arbitrary ideal of a commutative ring R.
(a) Let M be an R-module with the free resolution L,. There is a commutative
diagram with exact rows

L re— M 0
Jf[’, lfi‘o Uy

Po L fe s AS(M) — 0
o

Lg—*= e 0

Indeed the top row is exact by assumption and the middle row is exact by definition.

This yields the existence of n§,. We have the existence of y; because £ o dff =0,

and £° is surjective in view of 2.1.8. It follows that y;; is also surjective. Because of
Ymonyoe=E8ot =ty08

we get yy; o 0y, = Ty, and the commutative triangle

AS(M)

(b) As in [78, 5.1] we note that
AAM)=0 & M=aM <& M"=0,
as it is another consequence of 2.1.8 and 2.1.11.

(c) The functor Ag is additive, hence commutes with finite direct sums. If M =
M, & M, and if 0}, is an isomorphism, then so are nj, and 1,
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(d) If L is finitely generated and free, then ["~R'® g L. If the R-module M is
finitely presented, that is, if there is an exact sequence L; — Lo — M — 0 where
Ly and L are free finitely generated, it follows that Aj(M) = R® Qg M.

The homomorphism 77§, leads to the definition of pseudo-completeness.

Definition 2.5.2 When the natural homomorphism 1}, : M — AF(M) is an iso-
morphism, we say that the R-module M is a-pseudo-complete. In that case we have
M = aM if and only if M = 0.

(Caution: our terminology here is slightly different from the one used by Greenlees
and May in [38]. Modules we called a-pseudo-complete are called a-complete in
[38]. Here we prefer to call a-complete a module which coincides with its a-adic
completion.)

In view of the right-exactness of Ag the following is rather obvious.

Lemma 2.5.3 The class of a-pseudo-complete modules has the following prop-
erty. Given an exact sequence M| — M, — M3 — 0, if My and M, are a-pseudo-
complete, then so is M.

Remarks 2.5.4 Assume now that the ideal a of the commutative ring R is finitely
generated.

(a) The homomorphism R/b ® nj}, is bijective for any a-open ideal b and any
R-module M. To this end, tensor the commutative diagram in 2.5.1 by R/b and
remember 2.2.2. In particular, we have

—a A
AG(M) = M*® and more precisely yy; = Tja -

(b) It follows that the surjective homomorphism y,; = rjg () 1S an isomorphism
if and only if Aj(M) is a-complete.

(c) Any a-pseudo-complete module N is also a-quasi-complete as a quotient of an
a-complete module (recall 2.1.8). Note that the converse does not hold. For example,
amodule of the form Coker(t};) is a-quasi-complete and Coker(zy,) = a Coker(zy,)
(see 2.2.2). So Coker(zy,) is not a-pseudo-complete when it is not zero (see 2.5.2).

(d) The modules A7 (M) are all a-quasi-complete and A}(M) # aA? (M) when
A (M) # 0. This follows by 2.2.11.

When the ideal a is finitely generated we shall see that A®(M) and the A}(M)’s
are also a-pseudo-complete. This needs some preparation.

2.5.5 A family of exact sequences. Let us first investigate the functors A? in the
general case, that is, in the case when a is an arbitrary ideal of the commutative
ring R, and let us describe the kernel of the natural surjective homomorphism y; :
Ag(M) — M*®. To this end let L, denote a free resolution of the R-module M and
let a; be a descending sequence of ideals which form a base of open neighbourhoods
of the origin for the a-adic topology of R (we may take a, = a’). By virtue of Lemma
1.2.8 there are natural short exact sequences
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0 — lim ' Torfy (R/a;, M) — H;(im(R/a; @ L.))
— lim Tor (R/a;, M) — 0
for all i > 0. We note that AT (M) = H; (l(ir_n(R/at ®pr L,)) by definition, so these
exact sequences coincide with the ones obtained in [38, Proposition 1.1] in a slightly

different way.
For i = 0 we have a commutative diagram with exact rows

0 M M 0

n,ﬁ;l

0 —— lim ' Torf(R/a,, M) —— AZ(M) —— M® —— 0.
H

With a little reflection we observe that the surjection Af(M) — M*® on the bottom
row is the map y;; obtained in 2.5.1. Whence

Ker(yy) = lim " Tor® (R /a,, M).

In general, Ker(ny,) € Ker(t;;). When the inverse system {Torf (R/a;, M)} sat-
isfies the Mittag-Leffler condition, so that lim 1 Torf (R/a;, M) = 0 (see 1.2.3), then
<—
Ker(ny,) = Ker(ty).

Lemma 2.5.6 Let a be a finitely generated ideal of a commutative ring R. Let M
denote an R-module. Then:

(a) ), a"AJ(M) = Ker(rjg(M)) = 1(11_n "Torf(R/a!, M) is a-quasi-complete.

(b) IfKer(tj{S(M)) # 0, then Ker(rf{g(M)) #* aKer(rgé, (M)).

Proof By (2.5.4 (a)) we have yy; = ‘L'gg( M) and therefore

ﬂ o' AG(M) = Ker(tq ) = lim "Torf(R/a', M),
t

(see 2.5.5). But l(in ! Torf(R/a’, M) = Coker(yr), where

o [[Torf(R/a'. M — [ Torf (R/a’, M)

t>1 t>1

is the map associated to the inverse system {Torf(R/a’, M)},en (see 1.2.2). The
module [],., Torf(R/a', M) is a-complete as a product of a-complete modules (see
2.2.7) and (a) follows (see 2.1.8).

Then (b) follows by 2.2.11. O

The above investigations allow a large generalization of some known facts. In
the following proposition the first and the third assertion were known when a is an
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ideal of a Noetherian ring (see the more precise statements 2.5.15 and 2.5.16 below),
more generally, when the finitely generated ideal a satisfies some extra conditions
(see [38, Theorem 4.1]). (The whole statement in [38, Theorem 4.1] will be further
generalized in Part II.) Note also that in the following we have the A§ counterpart
of Theorem 2.2.2.

Proposition 2.5.7 Let a be a finitely generated ideal of a commutative ring R. Then:

(a) Any a-complete R-module C is a-pseudo-complete, that is, the natural homo-
morphism n¢ : C — A{(C) is an isomorphism.

(b) More generally, for any R-complex X of a-complete modules, the homology
modules H;(X) are a-pseudo-complete.

(¢) In particular, for all R-modules M all the local homology modules AT (M) are
a-pseudo-complete and the functor Ag(-) is idempotent.

Proof (a): We look at the commutative triangle of 2.5.1. When C is a-complete the
homomorphism 7/ is bijective. Therefore the homomorphism y& = rjg () 18 split

surjective and A(C) = C & Ker(t5s ¢). But A3(C)" = % (see (2.5.4 (a)), and the
a-adic completion commutes with finite direct sums. It follows that the a-completion
of Ker(rf“g(c)) vanishes so that

Ker(tja(c)) = aKer(tjq ),

(see 2.5.1 (b)). By 2.5.6 we now obtain Ker(t;‘{g(c)) = 0. Thus 123(0 is an isomor-
phism as well as n¢.

(b): Write B; = Im(d|) and Z; = Ker(d;"). Note that Z; is a-complete as an
a-closed submodule of an a-complete module (see 2.2.11). We have short exact
sequences

0—>Z,‘—>X,‘—>Bl‘_1—>0 and 0_)Bl_>Zz_)Hl(X)_>O

to which we apply the right-exact functor Ag. From the sequence on the left and
(a) we first obtain that B;_; is a-pseudo-complete (see 2.5.3) and this holds for all
i € Z. From the sequence on the right we then obtain the statement. (c): This is a
direct consequence of (b). [l

Corollary 2.5.8 Let a be a finitely generated ideal of a commutative ring R. Let
M denote an R-module. Then M is a-complete if and only if M is a-separated and
a-pseudo-complete.

Proof If the homomorphism 73, : M — A{(M) is an isomorphism then M is a-
quasi-complete (see 2.5.4 (c)). If, moreover, M is a-separated, it is also a-complete.
The reverse implication follows by 2.5.7. ]

For the sake of completeness let us also mention the following.
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Corollary 2.5.9 Let a be a finitely generated ideal of a commutative ring R and M
an R-module.

(a) Assume M is a-pseudo-complete. Then any a-closed submodule N of M is also
a-pseudo-complete.

(b) Letb D abe anotherideal. If M is b-pseudo-complete, then M is also a-pseudo-
complete.

Proof (a): We consider the exact sequence 0 — N SM->M /N — 0. Note first
that M/N is a-separated because N is a-closed in M. As the a-pseudo-complete
module M is also a-quasi-complete (see 2.5.4) we have that M /N is also a-quasi-
complete (see 2.1.8). Hence M/ N is a-complete. We now argue asin2.2.11. By 2.5.7
we may put 1y, = idy,y and 1y, = idy. We observe that Ag (i) factors through 7,
so that N appears as a direct summand of the a-pseudo-complete module Af(N). It
follows that N is a-pseudo-complete.

(b): We argue as in 2.2.9. The homomorphism 1%, factors through ¢, (because
‘L’Lb factors through 7' for any free resolution of L of M). If n};,, is an isomorphism
then 1}, is split-injective and M is a-pseudo-complete as a direct summand of the
a-pseudo complete module Aj(M). O

Example 2.5.10 An a-pseudo-complete module which is not a-separated. It is time
to provide such an example. But we have already one. Look again at the module
X = M/f (M) of example 2.4.14. This X is not a-separated and is inserted in the
short exact sequence

0> M5 M= M/F(M) =0,

where M is a-complete hence also a-pseudo-complete. It follows that X = M /f (M)
is a-pseudo-complete.

Remark 2.5.11 Here is another consequence of the considerations in 2.5.5. Let a be
a finitely generated ideal of a coherent ring R and M an R-module. Then

(Fa(M))” = A" (MY) = Ag(MY).

The first isomorphism was already noticed in 2.2.13. For the second we note that
Exth(R/a', M)Y = TorR(R/a', MV) (see 1.4.1) and

l(iLanorf(R/a’,Mv) =0

by the last remark in 1.3.3. In view of this the claim follows from the short exact
sequence in 2.5.5.

2.5.12 The classes Cq and Ct. Asin [78] we denote by C, the class of R-modules
M such that
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Var - Ag(M) — M*®is an isomorphism and A} (M) = 0 foralli > 0.

Let {a,} be adecreasing sequence of ideals which form a base of open neighbourhoods
of the origin for the a-adic topology of R. It was already observed in [56, Corollary
4.5] that modules M such that ToriR (R/a,, M) =0 for all  and i > O belong to the
class Cq. (This is true because the completion of a short exact sequence 0 —> X —
Y — M — 0 remains exact when Torf(R/a,, M) = 0 for all ¢.) In particular, flat
modules belong to €.

We also write C} for the larger class of modules M such that A% (M) = 0 for all
i > 0. A standard homological argument shows that the A} (M) can be computed by
applying the functor A§ to aleftresolution ¥, of M with modules ¥; in C} (see 1.5.3),
thatis, AP (M) = H;(A§(Y,)), or by applying the a-adic completion functor A® to a
left resolution X, of M with modules X; in €, in particular with flat modules, that
is, A%(M) = H;(X9).

This last remark, already observed by Matlis in [56], emphasizes the importance
of the class €, when studying the a-adic completion functor, as well as the rdle of
flat modules.

Letus have a closer look at the class €. The following lemma was already noticed
in [78, 5.3, 5.4]. Although it was stated for a Noetherian ring there, it holds in greater
generality.

Lemma 2.5.13 Assume that an ideal a of a commutative ring R is finitely generated.

(a) Let0 - X — Y — Z — 0 be a short exact sequence of R-modules. If Y, Z €
Cq, then also X € C4 and the a-adic completion of the sequence is exact.

(b) Let Xo:...—> X 4 Xo — 0 be a complex of R-modules. Suppose that X;
—a A
and H;(X.) belong to Cq for all i > 0. Then H:(X.) = H;(X.').

Proof (a): Applying the functor Ag to the exact sequence we obtain A}(X) = 0 for
alli > 1 and a short exact sequence

0—>A8(X)—>)?“—>Z°—>O.

Thus A§(X) is a-complete as a closed submodule of the a-complete module ye (see
2.2.11). Hence the homomorphism yy¢ = ng(x) is an isomorphism, (see 2.5.4 (b))
and the claims follow.

(b): We put B; =Im(d¥ ), Z; = Ker(dj*), Zo = X, and split our data into short
exact sequences

0—-B —-Z%2 —- H((X,) >0 and 0— Z;;; — X;3+1 — B; = 0.

By (a) and the assumptions we first have that By € C,, then we have that Z;, B; € C,
for all i > 0 by induction on i. By (a) and the assumptions we again have that
the above exact sequences remain exact under a-completion. The claim in
(b) follows. [l
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We now give a first picture of the situation when the ring is Noetherian.

Remark 2.5.14 When thering R is Noetherian any finitely generated module belongs
to the class C, introduced in 2.5.12. More generally any direct sum of copies of a
finitely generated module also belongs to the class €. This follows from 2.4.12 and
has nice consequences concerning the local homology of modules over a Noetherian
ring, already exploited in [79]. In particular, it provides the following change of
rings theorem (see [79, 3.3]). Let X1, ... X} be indeterminates and let ¢ be the
homomorphism
¢:R[Xy,...,Xi] > R, X; — Xx;.

Write A for the ideal of R[X|, ..., Xi] generated by the X;’s and a for the ideal
of R generated by the x;’s. As free R-modules, viewed as R[X|, ..., Xi]-modules,
belong to the class Cy, we have for all R-modules M that AF (M) = A?‘(M). This
reduces the study of the A (M) to the case where the Noetherian ring is a-separated
and where the ideal a is generated by a regular sequence. But note already that we
shall obtain in Part II a similar change of rings theorem valid in greater generality
and in the more general setting of complexes. That is why we postpone some of its
consequences. It is also why the properties of a-complete and a-pseudo-complete
modules over a Noetherian ring are very significant.

Proposition 2.5.15 (see [78, 2.5, 5.2]) Let R be a Noetherian ring and a an ideal
of R.

(a) Let C be an a-complete module. Then C has a left resolution by a-complete flat
modules,
ANC)=0foralli = 1, tf=idc =n¢

and C belongs to the class C, introduced in 2.5.12.
(b) For any R-module M the module Aj(M) has a left resolution with a-complete
flat modules, hence A}(AF(M)) =0 foralli > 1 and ”Zg(M) = idag (m)-

Proof (a): Let L be a free module surjecting to C. Since C is a-complete and by
2.1.8 we have an exact sequence 0 — Z — L* — C — Oand Z is a-closed in L.
It follows that Z is a-complete (see 2.2.11). The wanted resolution is now obtained
by iteration, recall also 2.4.8: L% is flat when L is free. The other statements in (a)
follow from the remarks in 2.5.12.

(b): Let L, ﬂ) Ly — M — 0 be a free presentation of M. We have the exact
sequence

1o % fa o A%y = 0

and Ker(c?la) is a-complete as a closed submodule of an a-complete module. So the
wanted resolution of A§(M) is obtained as above by iteration and the last claims in
(b) follow again from the remarks in 2.5.12. O
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Corollary 2.5.16 Let a be an ideal of a Noetherian ring. Then any a-pseudo-
complete module belongs to the class C} introduced in 2.5.12. In particular,
AN (M) € CF for all R-modules M and all i > 0.

Proof We have seen in 2.5.15 that A§(M) € €/, hence a-pseudo-complete modules
are in C¥. As the A (M)’s are a-pseudo-complete in view of 2.5.7 they are also in
el O

By the long exact homology sequence of the A"’s we also obtain the following
corollary.

Corollary 2.5.17 Let a be an ideal of a Noetherian ring R. Then the class of
a-pseudo-complete modules has the following property: Let 0 — M; — M, —
M3 — 0 be a short exact sequence of R-modules. If two of the three modules
My, My, M3 are a-pseudo-complete, so is the third.

The next corollary provides a refinement of 2.5.7 (b) for the case of a Noetherian
ring.

Corollary 2.5.18 Let a be an ideal of a Noetherian ring R. Let X be a complex of
a-pseudo-complete modules. Then the modules B; := Im(d; 1), Z; == Ker(d;) and
H;(X) = Z;/B; are a-pseudo-complete for all i € 7.

Proof With the exact sequence X; — X;_| — X,;_;/B;_; — 0 we first have that
X;_1/B;_) is a-pseudo-complete by 2.5.3, and this holds foralli € Z. By 2.5.17 we
now obtain successively that B;_| = X;/Z;, Z; and H;(X) = Z;/B; are a-pseudo-
complete. (]

Except for the fact that a-complete and a-pseudo complete modules have an a-
complete flat resolutions, we shall see in Part II that the above proposition and its
corollaries also hold for ideals other than those of a Noetherian ring (see 7.5.13
which generalizes part of 2.5.15). The ideals we have in mind are those generated by
a weakly pro-regular sequence, a notion studied by the first author in [75] and highly
exploited in Part II. One trick will be to use the Cech complex built on the weakly
pro-regular sequence. Another trick will be that the study of the local homology with
respect to such an ideal may be reduced to the case where the ring is Noetherian.

Proposition 2.5.19 Assume that the ring R is Noetherian. Then the functors A}
commute with products: AY([], M) =[], A}(M,) foralli € N.

Proof Over a Noetherian ring products of flat modules are flat and a-completions
commute with products (see 2.2.7). As taking homology also commutes with products
the conclusion follows. (]

Remark 2.5.20 When the commutative ring R is Noetherian the local homology and
cohomology are related through the general Matlis duality: for any R-module M we
have

(HL(M))Y = AZ(M") and (HS(M))v = A (MY)
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(see [78]) In particular, A§(M") is a-complete and the surjective homomorphism
Vv = T4 As(MY) is anisomorphism (see 2.5.4). But this also holds in greater generality
and in a more general setting, as we shall see in Part II (see 9.2.5).

We may compose adic-completions and A, functors with respect to two ideals.
In this direction we have the following, which also contains a counterpart of 2.2.10.

Proposition 2.5.21 Let a, b denote two ideals of a Noetherian ring R. Let M be an
R-module. Then

(@) A§(AGM)) = AgT (M),
(b) M is (a + b)-pseudo-complete if and only if M is both a-pseudo-complete and
b-pseudo-complete.

Proof (a): Let F) —d> Fy — M — 0 be an exact sequence where F; and Fj are flat.
Then AG(M) = Coker(aAV %) (see 2.5.12). This holds for any ideal, in particular for
both a and a + b. We have seen in 2.4.6 that A°(A%(F)) = A®T9(F) for all flat
R-modules, and we know by 2.4.4 that completions of flat modules are flat. All this
together gives the claim.

(b): This is a direct consequence of (a) and 2.5.9. O

Observations 2.5.22 Let a be an ideal of a Noetherian ring R. S1mply write (- -) for
the a-adic completion functor. We know that R is R-flat and that R Jat ~ R /a 'R has
the structure of an R-module. Let M be an R-module. Then there are isomorphisms

Tor®(R/a', M) = TorR(R/a' R, R ®x M)) and A*(M) = A*R(R @z M)

for allAi € N. To this end note the follpwing: a frAee resolution L, of M, tensorized
with R, gives a free resolution of the R-module R ® g M and

L./a'L, = R/a'R @ (R ®x La).

Whence 1<ir_nL./a’L. = 1(i£1(]§/&’ ®p (R ®g LJ)).
Let M, N denote two R-modules and assume that M has the structure of an R-
module (this holds if M is a-complete). Then Ext 2 (N, M) has the structure of an

R-module. More precisely, and because R is R-flat, there is a canonical isomorphism
Extiy (N, M) = Ext’;(N ®x R, M)

foralli € N. ' o
In particular, Ext\,(R/a’, M) = Extlé(R/a’R, M) forall i € N.
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2.6 Relative Flatness and Completion in the General Case

In this section a is an arbitrary ideal of a commutative ring R. When dealing with
a-completions it turns out that a notion of relative flatness is often sufficient. This
notion is also important by itself as well as for further investigations.

Definition 2.6.1 Let a be an ideal of a commutative ring R. An R-module M is
called relatively-a-flat if Torfe (R/b, M) =0 foralli > 1 and every a-open ideal b,
that is to say for all ideals b containing some power a’ of a.

A flat R-module is of course relatively-a-flat for any ideal a of R. Moreover,
relatively-a-flat modules belong to the class C, introduced in 2.5.12. Note that
relatively-a-flat modules occur naturally in the completion process, as shown by
the following examples.

Examples 2.6.2 We define Ry = R/(N;a") and Sq(R) = Coker(z§). Assume that R
is Noetherian. Then the R-modules

Ry, 0% =N;a’ and S,(R)

are relatively-a-flat.

Indeed, first observe that IQS“ — R®. Then take a free resolution L of R, by means
of finitely generated free modules. Then R® ®p L is a flat resolution of R® because
R® is R-flat. Again since R® is R-flat it follows that H;(R/b®pg R® ®gr L) = 0 for
all i > 1 and every ideal b of R. If the ideal b is a-open we have R/b = Iéa/blé“
and therefore R/b ®p R*® r L = R/b ®pg L. Whence the claim for R; follows.

Now we consider the short exact sequences 0 — N,a’ - R — R; — 0and 0 —
R, — R® — Sqa(R) — 0. The claims concerning N;a’ and S, (R) follow from the
associated long exact sequence of the Tor (R/b, -), where b is a-open, the relative-
a-flatness of R and the isomorphism R;/bR; = R/b = Ié“/blé“.

Note that S;(R) is not flat in general. For example, take for a an ideal of a
Noetherian domain which is not contained in the Jacobson radical. Then R is not
a-complete (see 2.1.6) and there is a proper ideal ¢ such that a 4+ ¢ = R. For such
a ¢ the a-adic topology on R/c is the coarse one and R/c Q@ R® %f/\cu =0.1t
follows that Torf(R/c, Sa(R)) = R/c # 0, as shown by the exact sequence 0 —
R — R* — Sa(R) — 0 tensored by R/c.

Lemma 2.6.3 Let a be an ideal of a commutative ring R and let a;, t € N, be a
descending sequence of ideals which form a base of open neighbourhoods of the
origin for the a-adic topology of R. Let M denote an R-module.

(a) The following conditions are equivalent.

(i) M is relatively-a-flat,
(ii) M/a,M is R/a,flat for all t and Tor® (R Ja,, M) = O forallt and all i > 1.
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(b) If the conditions in (a) are satisfied then M /bM is R /b-flat for all a-open ideals
b. If in addition the ring R is Noetherian, then M*%is R -flat and R°- -flat.

Proof Let L be a free resolution of M.

(a): Firstassume that M isrelatively-a-flat. Forafixed ¢ let ¢ be any ideal containing
a;,. Then L/a,L is a free R/a;,-resolution of M /a, M by the definition of relative-a-
flatness. Because a; C ¢ we have

R/C ®R/a; L/CltL = R/C ®r L.

Because ¢ is a-open we also have that the complex R/c ®z L is exact in degree > 1.
Condition (ii) now follows by the flatness criterion recalled in 1.4.3.

Assume now the conditions in (ii) and let b be any a-open ideal. This b contains
some a, and we have by assumption that L/a, L is a free R/a,-resolution of the flat
R/a;-module M /a;M.Hence L/bL = L/a;L ®g/q, R/bisexactin positive degree.

(b): This follows from (a) and 2.4.4. (It may also be deduced from 2.4.8 and
2.4.10.) O

The following result seems to be more or less known, at least partially. In the
following we need it in a substantial way.

Proposition 2.6.4 Let a be anideal of a commutative ring R and let F be a relatively-
a-flat R-module such that F/aF is R/a-free.

Then the module F/a'F is R/’ -free forallt > 1 and F® is the a-adic completion
of a free module.

More precisely, let p, : F — F/a'F denote the natural projections and let
(wi, i € I) be a family of elements of F such that (p1(w;),i € I) forms a base
of the free R/a-module F/aF. Let also L be a free R-module with base (e;,i € I)
andlet h : L — F be the homomorphism defined by h(e;) = w;.

Then h is an a-dense homomorphism such that R/a' Qg h : L/a'L — F/a'F is
an isomorphism for all t > 1. Therefore ho L% — F%isalso an isomorphism.

Proof By the construction we have F' = h(L) + aF and by iteration F' = h(L) +
a' F. Therefore the maps R/a’ Qg h : L/a’'L — F/a'F are surjective. They induce
exact sequences

&:0—> K, — L/d'L — F/dF -0

of R/a’-modules. Whence it is enough to show that K, = 0 for all # > 1.
By 2.6.3 we know that F/a'F is R/a’-flat. Hence the tensored sequences
R/a ®p/ar €; are exact. It follows that

R/a®R/a: 8;28] 00— K] — L/ClL—) F/aF—)O

and therefore R/a ®g/qr K; = Ki. As K| = 0 by construction it yields that K, =
aK, and K, = a'K, by iteration. But a’ K, = 0 because K, is an R/a'-module.
Whence K, = 0 for all #+ > 1. Finally we obtain that h®: L* — F*® is an isomor-
phism. O
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Let0 - H —- G — F — (be ashort exact sequence of R-modules. When F is
relatively a-flat we have already noticed that the a-adic completion of this sequence
remains exact. Moreover, when F'/aF is free as an R/a-module we can say more.

Theorem 2.6.5 Let a be an ideal of a commutative ring R and let

S:O—)H—)G—f>F—>0

be a short exact sequence of R-modules, where F is a relatively-a-flat module such
that F/aF is R/a-free. Then the a-adic completion of the short sequence 8 is split-
exact.

Proof The short sequence 8% is exact because F is relatively-a-flat. Leth : L — F
be the homomorphism described in 2.6.4. We lift it and obtain a homomorphism
s : L — Gsuchthath = f o s.By a-completions we have that % is anisomorphism.
It follows that £ is split-surjective. (]

Let us have a closer look at the homomorphism / described in 2.6.4. It is not
always injective and the w; of 2.6.4 are not necessarily linearly independent in F.
For example, take a Noetherian ring R and an ideal a such that R is not a-separated,
then take for F the relatively-a-flat module R, := R/ N, a’. Some cases are better,
we mention the following.

Proposition 2.6.6 We take the notations and hypotheses of Proposition 2.6.4 and
assume moreover that R is a-separated.

Then h is injective and TorX (R /b, Coker(h)) = 0 for all a-open ideals b and all
i. Hence Coker(h) is relatively a-flat and Coker(h) = a Coker(h).

Proof If R is a-separated, then the map 7' is injective. Therefore 4 is also injective
because of T o h = h®o /. Then Coker(h) has the required property because the
homomorphisms R/a’ ®g h are isomorphisms. ]

For the next good case we need another flatness criterion.

2.6.7 A Bourbaki flatness criterion. (see [13, Chap. 1, §2, Proposition 13, Corollary
1]) To present the criterion we use matrix notations and denote by A™*" the set of
m X n matrices with entries in A.

A module M over a commutative ring R is flat if and only if it satisfies the
following condition:

For all b € R, w e M™ and all relations bw = 0, there are m € N,v €
M™ " and ¢ € R™™ such that w = cv and bc = 0.

Proposition 2.6.8 (see [79, 2.1]) We take the notations and hypotheses of Proposi-
tion 2.6.4. Assume moreover that F is flat and that the ideal a is contained in the
Jacobson radical of R.

Then h is pure injective and h(L) is an a-basic submodule of F. Hence Coker(h)
is flat and Coker(h) = aCoker(h).
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Proof First we prove the freeness of the w; in F. We use matrix notations as above.
If we have a relation Z?:l b;w; = 0 with b; € R, then we have v, ...v,, € F and
a matrix ¢ € R™" such that w = ¢v and bc = 0. The matrix c is right-invertible
modulo the ideal a because the images of the w; in F/aF form a base of the free
R/a-module F/aF. But the ideal a is contained in the Jacobson radical of R by
assumption. It follows that the matrix c is also right-invertible in R. Then b = 0
because bc = 0. Therefore the w;’s are free and the map 4 is injective.

To prove the purity of L in F it is enough to prove that the maps R/c @ h are
injective for all ideals ¢ of R (see 2.1.7). But this follows from the first part of the
proof applied to the ring R/c, the flat R/c-module F/cF, the morphism R/c ®@g h
and the ideal (a + ¢)/c of R/c. Note that (a + ¢)/c is contained in the Jacobson
radical of R/c. (I

In the above proposition the case where a = m is the maximal ideal of a local ring
was already observed in [7, Proposition 3.3].
The following may have some technical interest.

Corollary 2.6.9 Let a be an ideal of a commutative ring R. Let M denote an R-
module satisfying M = aM. Assume that either

(a) R is a-separated or
(b) ais contained in the Jacobson radical of R.

Then there is a short exact sequence 0 —> M' — T — M — 0 such that T = aT
and T is relatively a-flat. Moreover, in case (b) we have such a sequence where T is

flat.

Proof Choose a short exact sequence 0 — N % Lo — M — 0 where Ly is a free
R-module. Because M /aM = 0 the map R/a @ u is surjective. Take a family of
elements (v; € N;i € I) such that their images in Ly/aL, form a base of this R/a-
free module. Now let L be a free module of base (¢;,i € I) and define by : L — N
by & (e;) = v;. Then there is a commutative diagram

0 N Ly M 0.

We define T = Coker(h) and M’ = Coker(h;). Then the snake lemma provides the
short exact sequence. The module T has the required properties by 2.6.6 and 2.6.8
applied to Ly. (]

When a is an ideal of a Noetherian ring we have seen that the a-completion of a
flat module is flat. This does not hold in general (see examples 2.8.7 and 2.8.4). But
relative-a-flatness is preserved provided the ideal a satisfies some mild conditions.
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2.6.10 The property C. Let a be an ideal of a commutative ring R. We say that the
pair (R, a) has property C if each a-complete R-module M belongs to the class C,
introduced in 2.5.12, that s, if A}(M) = Oforalli > 0) and if the natural morphism
vy L AG(M) — M*® is an isomorphism.

Recall that the pair (R, a) always has property C when R is Noetherian (see
2.5.15). More generally we shall see later in 7.5.13 that this is also the case when a is
finitely generated and generated by a so-called weakly pro-regular sequence. These
are not the only cases. For a rather trivial example take for a a nilpotent ideal. Then
the a-adic topology of any R-module is the discrete one. Hence every R-module is a-
complete and belongs to the class C,. Note that a nilpotent ideal of a non-Noetherian
ring is not necessarily finitely generated.

Proposition 2.6.11 Let R be a commutative ring, a a finitely generated ideal and let
M denote a relatively-a-flat R-module. Assume that the pair (R, a) has the property
C introduced in 2.6.10. Then M* is relatively-a-flat too.

Proof We choose a free R-module L with a surjective homomorphism f : L —
Coker(t;). Then there is a surjective homomorphism g : L — M*® such that f fac-
tors through g. This gives us an exact sequence

E:0>NSMOLS M*— 0 where p=(ty, 8

and a module N associated to M. The assumption on M implies M € C,. We also
have M*® € C, with the assumption on the pair (R, a). Because L € C, the short
exact sequence € yields that N € €, and that the sequence € remains exact by a-
completlon (see 2.5.13). On the other hand the map p® is split-surjective because
the map rM is an isomorphism (see 2.2.2). Hence the short exact sequence &% is
split-exact. We first obtain that the morphism N® - L® stemming from u is an
isomorphism.

Let b denote any a-open ideal. By tensoring with R/b we obtain an isomorphism
N/bN = L/bL as follows by 2.2.2 again. Then the long exact sequence associated
to the short exact sequence € by applying the tensor product with R /b yields an exact
sequence:

0 — TorR(R/b, M®) — N/bN — M/bM & L/bL — M/6M — 0.

By the previous investigation the map N/bN — M/bM & L/bL is injective. This
first proves the vanishing Torf (R /b, M) =0.

Now we proceed by induction. For any relatively-a-flat R-module M and for any
a-open ideal b we assume by induction that ToriR (R/b, M“) =0forl <i<t. We
need to prove that Tor +1(R/b, M*®) = 0. But

Tor® [ (R/b, M) = Tor®(R/b, N)
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as follows by the short exact sequence € above. Hence we only need to prove that
TortR (R/b, N) = 0. To this end we take a free resolution F of this R-module N
associated to M. We construct short exact sequences

8 :0—> Njyy —> F; — N; — 0 foralli >0,

with F; a free module starting with N = Ny. As N € C, it follows that N; € C, for
all i > 0. Whence the short exact sequences 8; remain exact after a-completion (see
2.5.13 again). We first look at the short exact sequence

§)a:0—>1<710—>ﬁ0a—>1<7“—>0.

By the first part of the proof we have Tor1 (R/V, N“) = Tor1 (R/V, i,“) = 0. Hence
the short sequence R / b ®r 80 is exact. But there are isomorphisms of short
sequences R/b ®r 8; = R/b ®g S;. It follows that Torf (R/b, N) = 0, which set-
tles the case t = 1.

Assume now ¢ > 2. Because of N® = L® and the inductive hypothesis we have

Torf(R/b, N®) =0 = Torf(R/b, F) forall 1 <i <tandall j.
Playing with the short exact sequences g, * we obtain

Tor®(R/b, N® |) = TorR(R/b, N®) = 0.

Thus the short sequence R/b @ g,:u is exact and so is the short sequence R/b ®r
8;_1. It follows that Torf(R/b, Ni_1) =0. As TortR(R/b, N) = Tor1 ((R/b, N;_1)
for t > 2 the inductive step is completed. (]

The same statement with a different proof appeared in [88, Theorem 4.3] under
the slightly stronger hypothesis that the ideal a is generated by a weakly pro-regular
sequence. In that case, see also the forthcoming 9.5.7 for a companion result.

2.7 Relatively Injective and Torsion Modules

Here again a is an arbitrary ideal of a commutative ring R. We investigate a notion
dual to the notion of relative flatness. It might present some interest in the study of
local cohomology.

Definition and observation 2.7.1 Let a be an ideal of a commutative ring R. We
say that an R-module M is relatively-a-injective if Ext, (R /b, M) = 0 for all a-open
ideal b of R and all i > 1. For such a module we note that Ha(M )=0foralli > 1
since Hi(M) = 1i_n>1Ext;(R Jal, M).
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Lemma 2.7.2 Let a be an ideal of a commutative ring R. Let M denote an R-module
and b an a-open ideal.

(a) If M is relatively-a-injective then Homg (R /b, M) is R/b-injective.

(b) M is relatively-a-injective if and only for all t > 1 Homg(R/a', M) is R/a’-
injective and Bxto(R/a', M) = 0 forall i > 1.

Proof Let I be a injective resolution of M. We prove (a) at first. For any ideal ¢
containing b the complex Homg(R/c, I) is exact in degree i > 0. In particular, the
complex Homg(R/b, I) provides an injective R/b-resolution of Homz(R/b, M).
As

Hompg (R /¢, I) = Hompg/p (R/c, Homg(R/b, I))

the conclusion follows by the Baer criterion (see 1.4.7).
The only if part of (b) is a direct consequence of (a). The proof of the if part,
similar to the proof of the corresponding statement in 2.6.3, is left to the reader. [

Let us first investigate the above notion for Noetherian rings. We need some
preparation, some remarks on a-torsion modules, analogous to those we made on
a-complete modules.

Lemma 2.7.3 Let a be an ideal of a commutative ring R. Let M denote an a-torsion
R-module and N an arbitrary R-module.

(a) Any direct sum of a-torsion R-modules is a-torsion.

(b) ToriR (N, M) is a-torsion for all i > 0.

(c) Suppose in addition that R is Noetherian and that N is finitely generated. Then
Ext’k (N, M) is a-torsion for all i > 0.

Proof The statement in (a) is obvious. For (b) let L be a free resolution of N. Then
L ®g M is a complex of a-torsion modules. Hence H; (L ®gx M) = ToriR (N, M) is
a-torsion as a sub-quotient of an a-torsion module. The proof of (c) is similar, taking
for L a resolution by means of finitely generated modules. (I

Here is a counterpart of Proposition 2.4.10 on the a-torsion side.

Proposition 2.7.4 Let R denote a Noetherian ring and M an a-torsion R-module.
Then the injective and the flat dimension of M are given by

idr(M) = sup{i € N | Ext"R(R/p, M) # 0 for some prime ideal p D a},
fdg(M) = sup{i € N | Tor®(R/p, M) # O for some prime ideal p > a}.

Proof As in the proof of 2.4.10 we shall use the fact that a finitely generated module
N over a Noetherian ring has a composition series

OCN,C---CN;C---CNy=N

where the successive quotients are of the form R/q with q € Supp, N. For the first
equality we only need check the Ext}, (N, M) where N is finitely generated (see
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1.4.7). If Ext’k(N, M) # 0, N finitely generated, it follows that ExtiR(R/q, M) #0
for some q € Suppg N.If a € g, take x € a '\ q and look at the long exact sequence
of the Extg (-, M) associated to the exact sequence

0—> R/q-> R/q— R/(q+xR) — 0.

We note that multiplication by x is not injective on Exti(R/q, M) because this
module is a-torsion. It follows that Ext’ (R/(q+xR), M ) # 0. Then we obtain a
prime ideal q; O (q + xR) with Ext} R(R/q1, M) #0. If a ¢ q; we continue the
process until we reach an ideal p O a with ExtR(R/p M) # 0.

The proof of the statement about the flat dimension is similar. (I

Corollary 2.7.5 Let R denote a Noetherian ring and M a relatively-a-injective R-
module. Then

(a) T'q(M) is R-injective. . .
(b) Moreover, I';(M) has the structure of an R*-module and I'y(M) is also R®-
injective.

Proof Let I be an injective resolution of M. It is known that I,(/) is a complex
of injective modules. Because H.(M) = 0 fori > 1 (see 2.7.1) we have that I'y(/)
is an injective resolution of I,(M). For any prime ideal p containing a we have
Hompz(R/p, I) = Homg(R/p, I'4(I)). As Homg(R/p, I) is exact in degree i > 1
by assumption the statement in (a) follows by 2.7.4.

The module I,(M) has the structure of an R%-module because it is a-torsion
(see2.1.15).WehaveExt"]§(1§/a’Ié, Iy(M)) = Exti(R/a", [o(M)) = Oforalli > 0
because I4(M) is R-injective (see also 2.5.22). Note also that HomR(Ié/a I@
I,(M)) = Homg(R/d', I, (M)) is R/a'-injective. Since R/a’ = R“/a R® it fol-
lows that I, (M) viewed as an R®-module is relatively aR“-mJectlve (see 2.7.2).
Now the second statement follows from the first. ([l

2.7.6 The class B,. Let a be an ideal of a commutative ring R. We denote by
B, the class of R-modules M such that Hé(M) =0 for all i > 1. By a stan-
dard cohomological argument as in 1.5.3 we note that the local cohomology of an
R-module M may be computed with a right resolution M —> J, where the mod-
ules J? are in B, and J' = 0 for i < 0: for such a resolution we have H(I",(J)) =
H[;(M ). Note also that relatively-a-injective modules are in B,.

Remarks 2.7.7 Let a be an ideal of a Noetherian ring and M an a-torsion R-module.
Then M has an injective resolution / where all the /' are a-torsion. (For any injection
M — J of M into an injective R-module J we have M = [,(M) — I,(J) and
it is known that I, (J) is injective. As I4(J)/M is also a-torsion the resolution is
obtained by iteration.) It follows that Hé(M ) = Oforalli > 1and therefore M € B,.

We are now prepared for a statement analogous to 2.6.11 on the a-torsion side.
When a is an ideal of a Noetherian ring it is known that I,(/) is injective when
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I is an injective R-module. This does not hold in general (see example 2.8.8). But
the property of being relatively-a-injective is preserved provided the ideal a satisfies
some mild conditions.

2.7.8 The property B. Let a be an ideal of a commutative ring R. We say that the
pair (R, a) has property B if each a-torsion R-module M belongs to the class B,
introduced in 2.7.6, that is, if Hé(M) =0foralli > 0.

Recall that the pair (R, a) always has property B when R is Noetherian (see 2.7.7).
More generally we shall see later in 7.4.7 that this is also the case when the ideal a
is generated by a weakly pro-regular sequence.

The following is well known, we state it in the form we need and provide a quick
proof. (It can also be quickly deduced from [82, 5.3.15] or 3.4.3 or from the more
general 7.6.2.)

Lemma 2.7.9 Let a be an ideal of a commutative ring R. Let N denote an R-module.
IfH.(N) = O0foralli > 0, then also Extx(R/b, N) = 0foralli > 0 and any a-open
ideal b.

Proof Let b be any a-open ideal. If HB(N) = 0 then Homg (R/b, N) = 0. Assume
now Hé (N) = Oforalli > 0. Weproceed by induction, assume that Ext), (R/b, N) =
0 for all i < r and consider the exact sequence

O—-N—->IT—-> N —0

where [ is an injective hull of N. We first note that Hg (I = 0.Hence H(’; (Ny) = Ofor
all i>0. As Ext}“ (R/b, N) = Extz(R/b, N;) the inductive step is
complete. (]

We are ready for the counterpart of 2.6.11. As usual the injective situation is easier
to handle.

Proposition 2.7.10 Let R a commutative ring, a an ideal and let M denote an R-
module. Assume that the pair (R, a) has the property B introduced in 2.7.8. Assume
also that M is relatively-a-injective. Then I'y(M) is relatively-a-injective.

Proof Put N = M/I,(M). We consider the short exact sequence
O—->TIy(M)—>M—>N-—>0

and the associated long exact sequence in local cohomology. By the hypothesis
on the pair (R, a) we have that H: (I';(M)) = 0 for all i > 1. By the hypothesis
on M we also have H;(M) = li_r)nExt"R(R/a’, M) =0 for all i > 1. It follows that
H!(N) = 0 for all i. Now let b be any a-open ideal. In view of 2.7.9 the conclusion
follows by the long exact sequence of the Ext’ (R/b, -) associated to the above short
exact sequence. (I

In the particular case when the ideal a is generated by a weakly pro-regular
sequence the above result will be refined in 9.5.8.
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2.8 Some Examples

In this section we present some rings the a-completions of which are not flat (though
relatively-a-flat). We also present an injective module the a-torsion part of which is
not injective.

2.8.1 For the first example we recall some facts about 1-Kéhler differentials. Namely
let Abean R-algebra.Let f : A®r A — A, a ® b +— ab, the multiplication homo-
morphism and I = ker f. Consider A ® A as an R-module via left multiplication.
Then the A-module Q2 =171 2 is called the module of (relative) Kihler differ-
entials. For these and related subjects we refer to [51, §1].

Lemma 2.8.2 Let k denote a field of characteristic zero and A = Kk[[x]] the formal
power series ring in one variable. Let Q = k((x)) denote the quotient field of A.
Then dimg Qy, , = oo.

Proof By [51, 5.4 Corollary] and the fact that trdeg(Q, k) = oo it follows that
dimg Q'Q k= 00 (]

The previous result has an important corollary.

Corollary 2.8.3 Let A =Kk[[x]] be as above and B = A ®y A with the natural

surjective map B EA A — Oandker f = I. Then 1/1? is not finitely generated as
an A-module. Moreover, I C B is not a finitely generated ideal of B and therefore
B is not a Noetherian ring.

Proof Let Q denote the quotient field of A. There are isomorphisms
2 ~ ~
I/ ®4 Q= Q) ®4 Q= Q.

Since dimg 2 lQ sx = oothe A-module 7/1 2is of infinite rank and therefore not finitely
generated. This implies that / C B is not a finitely generated ideal. Note that if / is
a finitely generated ideal of B there is a surjection B¥ — I — 0 for a finite number
k. This implies a surjection A¥ — I/I?> — 0, which contradicts the fact that 1/1? is
not finitely generated over A. O

With these investigations we are prepared for the following interesting example
due to A. Yekutieli (see [88]).

Example 2.8.4 (see [88]) Let k denote a field of characteristic zero and A = k[[¢]]
the formal power series ring in one variable. Let B = k[[x]] ®k k[[y]] and let a =
(x, y)B. Then

(a) The ring B is not Noetherian.
(b) We have B* = Kk[[x, y]].

(c) B is not B-flat.

(d) B is relatively-a-flat.
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Proof First there is a surjective homomorphism
B—g>A—>Obyxr—>t,yr—>t.

Then B is isomorphic to the ring B in Corollary 2.8.3. Under this isomorphism
ker g = I. Since I is not finitely generated it follows that B is not Noetherian and
(a) follows.

For the proof of (b) we recall that B/(x’, y') B = k[x, y]/(x, y'), which proves
the claim (by passing to the inverse limit).

For the proof of (c) suppose that B := B is B-flat. Then we have the short exact
sequence

0—>I®Bl§—>1§—>1§®BA—>O.

Therefore I ®p BcBx= k[[x, ¥]] is a finitely generated B-module. Moreover, we
have the following commutative diagram

B A

N T

~

B =K[[x, yII,

where the surjection 4 : B— Ais given by x — ¢, y > f. Via the homomorphism
h:B — A we may consider the A-module //1 2 as a B-module. The surjections
I — I/I? and B — A induce surjections

I®@sB—I1/I’®3B— I/I>Qp A=1/I

But/ ®p Bisa finitely generated B-module by assumption. Whence 7 /17 is finitely
as a B-module and therefore also as an A-module. But this contradicts 2.8.3, and so
B is not B-flat.

For the proof of (d) note that the sequences (x’, y") are regular on both B and B.It
follows that Tor? (B/(x', y')B, B) = Oforalli > 1.As B/(x', y")B = B/(x', y')B
we obtain this last statement by 2.6.3. ]

A much simpler example with similar properties as those of 2.8.4 is the following
2.8.7.It works in any characteristic. In order to present it we first recall the idealization
process, also needed in the subsequent sections.

2.8.5 Trivial extensions. (see [61, p. 2]) Let R denote a commutative ring. Let M
be an R-module. Then we define S = R x M, the trivial extension of R by M. This
is the R-module R & M with an internal multiplication given by (r,m) - (s,n) =
(rs, rn 4+ sm). Note that the map R — S, r — (r, 0) is injective and that R — S is
aring extension. For an R-submodule N C M it follows that O x N is an ideal of S.
Moreover, 0 x M is nilpotent of degree 2 and R x M/0 x M = R.
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Remarks 2.8.6 Let S = R x M be as in 2.8.5.

(a) Denote by a the ideal 0 x M of S. If M # 0, then R = S/a viewed as an
S-module is not flat and a viewed as an S-module is not injective.
Indeed, there is the short exact sequence 0 — a — S — §/a — 0. With the associ-
ated long exact sequence of the Tor® (S/a, -) we note that Tor$ (S/a, S/a) = a/a® =
a # 0. Whence S/ais not S-flat. Then we consider the associated long exact sequence
of the Extg (-, a)

0 — Homg(S/a,a) — a —f> Homg(a, a) — Ext}g(S/a, a) — 0.

Since a?> = 0 we note that Homg(S/a, a) = a and that the homomorphism f is zero.
Because 0 £ Homg(a, a) it follows that Exté(S /a, a) does not vanish. Whence a is
not S-injective.

(b) The ideals of S are of the form ¢ x (N 4 ¢M), for ¢ an ideal of R and N an
R-submodule of N. (This is because (1,v) - (r,w) = (r,rv +w) for all r € R and
w,v € M.) For an ideal a = ¢ x (N 4+ ¢M) it follows that S/a = R/c x M /(N +
¢M), which is the idealization of R/c by the R/c-module (M /(N + ¢M).

(c) Moreover, Spec(S) = {p x M | p € Spec(R)}. If R has a unique maximal
ideal m, then S has a unique maximal ideal m x M.

(d) S is Noetherian if and only if R and M are both Noetherian. In that case
dim § = dim R.

We are ready for our example.

Example 2.8.7 Let R be a complete Noetherian local ring of positive depth and let
X € R be aregular element. Then R is also x R-complete (see 2.2.9). We form the
trivial extension S = R X R, and take completion with respect to the ideal ¢ := xS
of S. Clearly the ring S is not Noetherian. Observe that

= lim §/x'S = lim(R/x'R ® R./x'R,) = R.

Therefore $° is a Noetherian ring and Sex=s§ /(0 x R,) is not S-flat in view of 2.8.6.

Note, however, that 8¢ is relatively-c-flat. This follows by the criterion in 2.6.3.
Indeed, multiplication by x is injective on both S and S¢, hence Toris (S/¢, §9=0
forall i > 1 and clearly 8¢/¢'S¢ = §/¢ is S/c'-flat.

Here is an example of a commutative ring S, an injective S-module I and an ideal
¢ of S such that I'. (1) is not injective.

Example 2.8.8 Let R = Kk[[x]] denote the power series ring in one variable over the
field k. Let E = Eg(k) denote the injective hull of the residue field. Then define
S = R x E. There is an isomorphism of S-modules Homg (S, E) = S, in particular
S is self-injective (see A.4.6). We consider the ideal ¢ := x.S of S and note I, 5(S) =
0 x E. Hence I',5(S) is not injective as an S-module in view of 2.8.6.
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A more detailed study of the question of when the a-torsion submodule I (1) of
an injective R-module / is again R-injective was done by Quy and Rohrer (see [66]).
They also provide different counterexamples to this question.



Chapter 3 ®)
Ext-Tor Vanishing and Completeness oo
Criteria

As a classical result, Jensen proved that, if a = m is the maximal ideal of a Noethe-
rian local ring R, then a finitely generated R-module M is m-complete if and
only if Extyp(F, M) = 0 for all countably generated flat modules F if and only
if Ext‘k(F ,M) =0foralli > 1 and any flat module F (see [48] and [49, Proposi-
tion 8.2]).

More recently, Frankild and Sather—Wagstaff obtained another completeness cri-
terion relative to an ideal a contained in the Jacobson radical of a Noetherian ring
R. They proved that a finitely generated R-module M is a-complete if and only if
Ext (R®, M) = 0 forall i > 1 (see [35, Theorem A]).

Non-finitely generated modules have also been considered. For instance, Buch-
weitz and Flenner proved that, if a is a maximal ideal of a commutative ring R and M
is an a-complete R-module, then Ext’k (F, M) =0foralli > 1 and any flat modules
(see [17, Theorem2.3]).

For an arbitrary ideal a of a commutative ring R and an R-module M it was
proved (see [76, Theorem4.4]) that ExtiR (F, M“) =0foralli > 0assoonas Fis a
flat module with F' = aF. The same paper provides another completeness criterion:
if a = (xy, ..., x¢) is an ideal of a Noetherian ring R then an a-separated R-module
M is a-complete if and only Extk (®f_,R,,, M) = 0 (see [76, Theorem 1.1]).

In this chapter we continue with some further investigations, we revisit and gen-
eralize the above-mentioned a-adic completeness criteria. We observe that the flat
modules F occurring in these results all have the property that F'/aF is free as an
R/a-module. That is why modules M such that M /aM is free (possibly zero) will
retain our attention.
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3.1 Completeness and Pseudo-completeness Criteria

In this section we start with an elaboration and extension of results in [49], [17] and
[76]. We also present new and different proofs. First we have a generalization of both
[17,2.3] and [76, Theorem4.4].

Theorem 3.1.1 Let a denote an ideal of a commutative ring R. Let F be a relatively-
a-flat module such that F/aF is R/a-free.

(a) Ext’k(F, M®) = 0foralli = 1 and any R-module M.

(b) Suppose that the R-module M is a-complete. Then Ext' (F, M) = Oforalli > 1.

(c) Suppose that the R-module M is a-pseudo-complete. Then Ext' (F, M) = 0 for
alli > 1.

Proof First we choose a free R-module L with a surjection L — F. So there is a
short exact sequence

S:O—)Fl—i>L—>F—>O.

We recall that the short sequence 9 is split-exact (see 2.6.5). Moreover, we observe
that the short sequence R/a ®x S also is split-exact (it is exact because F is relatively
a-flat and it is split because F/aF is R/a-free).

(a): Let i : F; — M® be an arbitrary homomorphism. Then we have a homo-
morphism A’ : F t— M® such that h = h' o 7y, (see 2.1.10). The homomorphism

h' factors through i% because 1° is split-injective. Hence there is a homomorphism
g: L% — M*® suchthat g 0i® = h'. By view of the commutative diagram

F—=L
e
Y A

we have thath =h otz =go i%o Tp, = go 1y oi. Whence h factors through i

and therefore Exth (F, M%) = 0.

Next we observe that the module F; is also relatively-a-flat. As the sequence
R/a ®@pr 81issplit-exact we get that F; /aF is R/a-projective. Moreover we also have
that the relatively-a-flat R-module F; @ F has the property that () @ F)/a(F; &
F) = L/aL is R/a-free. By the first part of the proof it follows now that Extk (F; &
F, M“) = 0, and therefore 0 = Ext}e (Fy, M“) = Ext%(F, M“). The result follows
by induction.

(b): When the R-module M is a-complete we have M = M*. Hence (b) is a
particular case of (a).

(c): Assume now that the R-module M is a-pseudo-complete, i.e. that the natural
map 13, : M — Ag(M) is an isomorphism. This allows us to put 1}, = idy . First

ia

observe that we may also put Aj(8) = $8% and ng = tg because the modules in the
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short exact sequence § are relatively-a-flat, hence belong to the class C, introduced
in 2.5.12. Then the statement is proved in the same way as in (a). Leth : F1 — M
be ahomomorph1sm Then A§(h) : AG(F) = F“ — A§(M) = M factors through
Ag() = i% because i ® is split-injective. That is, there is a homomorphism g : L*—

M such that g o A§(i) = A§(h). In view of the commutative diagrams

F—" M F—

J/ngl lnz’ J/n;;l J”GL
Ag (h) Ag ()

AG(F) —— A§(M),  AF(F)) —— AF(L).

we have h = Ag(h) ong, and h = g o A§(i) ong = g ony oi. Whence h factors
through i and Ext}e(F , M) = 0. We now finish the proof as in (a) by induction. [

In relation to the statements in (a) andA(b) note the following: (a) is more general
than (b) because a module of the form M*® is not necessarily a-complete when the
ideal a is not finitely generated.

Remark 3.1.2 Some particular cases of the above will attract more attention. Let a
be an ideal of a Noetherian ring R. As above, let Sq(R) = Coker(ty) and let M be
an a-complete R-module. Then

(2) Ext(R®, M) =0foralli > I and
(b) Extiy(Sq(R), M) =0 foralli > 0.

This is true because R® is R-flat and because R® / aR® = R /ais R/a-free. Moreover,
Sa(R) is relatively a-flat (see 2.6.2) and S, (R)/aSq(R) = 0, so that we also have
Hompg (Sq(R), M) = 0by 2.1.2.

Hence the natural homomorphism HomR(ﬁa, M) — Homg(R, M) = M is an
isomorphism when M is a-complete. (To see this apply the functor Homg (-, M)
to the exact sequence 0 — R; — R® — S,(R) — 0, where R, = R/, o, and
observe that Homg (R, M) = Homgz (R, M).)

The a-completeness criteria we have in mind concern the case where the ideal a
is finitely generated. We first investigate the case where the ideal a is principal, say
generated by a single element x € R.

Recall 3.1.3 Let x be an element of a commutative ring R. Then R,, the ring of
fractions of the form 7, r € R, is a countably generated flat R-module of projective
dimension < 1.Itis coarse in its x R-adic topology since R, = x R,. It can be viewed
as a direct limit: put R, = R, t > 0. Then R, = li_r)n{R,H 5 R,}. Its projective res-
olution is given by the exact sequence

0—>L—d>L—>RX—>O,
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where L is a free R-module with countable base (e, e, €3, ...). The map d is
defined by d(e;) = e; — xe;+1. Whence the morphisms of R, into an arbitrary R-
module M are in bijection with the sequences (wg, w1, ..., w;, ...) € [ [ M such that
w; = xw;+. In view of this the following result is rather obvious.

Lemma 3.1.4 Let T be an R-module such that T = xT # 0. Then Homg(R,, T)
# 0.

In the following we prove a partial converse of Theorem3.1.1 in the particular
case when F' = R,. It fills a gap in the proof of [76, Theorem 1.1].

Proposition 3.1.5 Let x be an element of a commutative ring R. Let M be an R-
module, separated in its x R-adic topology. Then M is x R-complete if and only if
Extg(R,, M) = 0.

Proof The only if part is a particular case of 3.1.1. For the reverse implication take
the exact sequence

0> M—> MR- Coker(r,f,,R) -0

and the associated long exact cohomology sequence of the Ext’ (R, -).
By2.1.2wehavethat Homg (R, M) = 0 = Homg(R,, A;IXR). Therefore the long
exact cohomology sequence provides an injection

0 — Hompg(R,, Coker(t,,xf)) — Ext}e(Rx, M).

Thus the assumption Ext}e (Ryx, M) = Oimplies Homg (R, Coker(rjf,,R)) = (0.On the
other hand we have
Coker(rjf,,R) = xCoker(tj{f)

(see 2.2.2). By virtue of 3.1.4 it follows that Coker(r}X) = 0. That is, M = M*X is
x R-complete. (]

We can now state [76, Theorem 1.1] without the assumption that the ring R is
Noetherian. Note that the following together with 3.1.1 also provides a generalization
of Jensen’s criterion in [49, Proposition 8.2].

Theorem 3.1.6 Leta = (xy, ..., xi)R be afinitely generatedideal of a commutative
ring R. Let M be an a-separated R-module. Then M is a-complete if and only if
Exth(®'_,R,,, M) = 0.

Proof The “only if” part is a consequence of 3.1.1. For the converse first note that
for all x € athe x R-adic topology on M is finer than the a-adic topology. Thus M is
also x R-separated. By 3.1.5 we obtain that M is complete in its x; R-adic topology
foralli =1, ..., k. Now the result follows by an iterative use of 2.2.10. O
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Remark 3.1.7 1In the situation of 3.1.6 and because M is a-separated we also have
Hompg (6914‘=1 Ry, M) = 0in view of 2.1.2. But we cannot replace in 3.1.6 the condi-
tion that M is a-separated by the weaker condition Hompg (EBf.‘zl R,,, M) = 0 without
harm. Indeed, recall the module X of Example 2.4.14. This X is not a-separated and
is inserted in a short exact sequence 0 - C; - X — C, — 0, where C| and C; are
a-complete. With the associated long exact cohomology sequence of the ExtiR (Ry, -,
from 2.1.2 and 3.1.1 it follows that Ext’}e(Rx, X) =0forallx € aand alli > 0. But
note that this module X, which is not a-complete, is however a-pseudo-complete, as
observed in 2.5.10. This example is a particular case of the following general result.

Proposition 3.1.8 Let a denote a finitely generated ideal of a commutative ring R.
Let M be an a-pseudo-complete R-module. Then for all relatively-a-flat R-modules
such that F = aF we have Extyy(F, M) = 0 foralli > 0.

Proof Let L —> M denote a free resolution of M. It induces an exact sequence
0—>2Z— i{‘ — ig — M — 0, where the R-module Z is a-complete as an a-
closed submodule of an a-complete module (see 2.2.11). We split the sequence into
short exact sequences

O—>Z—>i‘1‘—>M1—>O andO—>M1—>ig—>M—>O.

Applying the associated long exact cohomology sequence of the Ext,(F, -) to the
first sequence we first obtain Ext’k(F, M) =0foralli >0 (see 2.1.2 and 3.1.1).
We then obtain the claim with the second sequence. (]

Here is some more precise information in the case when the ideal a is principal.

Observations 3.1.9 Let x denote an element of a commutative ring R and let M be
an R-module.
(a) Multiplication by x gives us an inverse system of short exact sequences

1+1
0— 0y xt — M xtMy— 0

Lok

0—— 0y x' M—=

x'M 0

where the right vertical maps are the natural inclusions. By comparing the homo-
morphism v ,} associated to the inverse system {M, x} in the middle with the free
resolution of R, given in 3.1.3 we observe that V) ,; = Homg(d, M), so that

lim{M, x} = Homg(R,, M) and lim "M, x} = Exth(R,, M)

(see 1.2.2). By passing to the limit we obtain a six-term long exact sequence
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0— l(ir_n{O iy x', x} — Homg(Ry, M) = My=1x'M

— 1(ir_n1{0 v X', x} — Ext'(R,, M) > l(ir_nl{xtM} — 0.

(b) The following implications hold.

(1) IfExtk(R,, M) = 0, then M is x R-quasi-complete.
(As Coker(rj(,,R) = l(in Hx!M} (see 2.2.1), this is obtained with the last part of
the six-term long exact sequence.)
(2) If M is x R-separated then Homg (R,, M) = 0.
(This is a particular case of 2.1.2.)
(3) If M is x R-complete then Homg(R,, M) = Ext}e(Rx, M) =0.
(This follows from (b)(2) and 3.1.1.)

Note that this provides a second proof of 3.1.5.
(c) The modules 0 :j; x" are x R-complete and so is their product. In view of the
description of 1<£n and 1(&1 ! givenin 1.2.2 it follows that both modules 1<ir_n{0 i X', x}

and Lln 10 1y x', x} are x R-pseudo-complete (see 2.5.7).

With certain additional assumptions on M we can prove some reverse implications
in (3.1.9 (b)).

Proposition 3.1.10 (see [76, 3.3]) Let x denote an element of a commutative ring
R. Let M be an R-module and suppose that the ascending sequence 0 :y x' of
submodules of M becomes stationary. Then

Homg(R,, M) = N,>1x'M and Ext' (R, M) = lim Hx' M.

Moreover, we have the following equivalences.

(1) Ext}e (Ry, M) =0 if and only if M is x R-quasi-complete.
(2) M is x R-separated if and only if Homg (R,, M) = 0.
(3) M is x R-complete if and only if Homg(R,, M) = Ext}i,(Rx, M) =0.

Proof The assumption means that the inverse system {0 :); x’, x} is pro-zero, so
that 1(i£1{0 m X x) = 1(&1 10 :p x, x} = 0 (see 1.2.4). We then obtain the isomor-
phisms with the six-term exact sequence in 3.1.9. By the observations in (3.1.9 (b))
we only need to prove the if part of the equivalences. The second isomorphism proves
the if part of (1) (Coker(rjf = 1<1r_n Hx" M} (see 2.2.1)). The if part of (2) is given by
the first isomorphism and the equivalence (3) follows. (]

We end this section with a converse of 3.1.8 in the case when the ring is Noetherian.

Theorem 3.1.11 Leta = (x1, ..., x;) R be an ideal of a Noetherian ring R and let
M be an R-module. The following conditions are equivalent:
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(i) M is a-pseudo-complete.
(ii) For every relatively-a-flat module F with F = aF we have

Exty(F, M) =0 foralli > 0,

(iii) Homg(®'_,R,,, M) = 0 = Extx(®*_,R,,, M).

Proof In view of 3.1.8 it is enough to prove (iii) = (i). At first we consider the case
where the ideal a is principal, say generated by a single element x. In that case, the
condition Ext' (R,, M) = 0 implies that M is x R-quasi-complete (see (3.1.9 (b)(1))).
Whence we have the short exact sequence

0= Mz x'M —> M — MR 0.

With both conditions Homg(R,, M) = Ext! (R, M) = 0 and in view of the six-
term long exact sequence in 3.1.9 we have that [, x'M = lim 140 :3 x', x}. But the

latter module is x R-pseudo-complete (see 3.1.9 (c)), and so is the module M-~R (see
2.5.7). Now the claim for a principal ideal follows by 2.5.17 applied to our short
exact sequence.

The general case is obtained with an iterative use of 2.5.21. ([

The above theorem, which also emphasizes the importance of the separateness
condition in 3.1.6, will be highly generalized in Part II (see 9.6.8).

3.2 Modules of Infinite Co-depth

In the following we need both notions of Ext-depth and Tor-codepth for a module.

3.2.1 Ext-depth and Tor-codepth. Let a be an ideal in a commutative ring R. As in
[82] we define the Ext-depth and the Tor-codepth of an R-module M with respect to
the ideal a as follows:

E-dp(a, M) = extp(R/a, M) :=inf{i | Ext’k(R/a, M) # 0}
T-codp(a, M) = tor®(R/a, M) := inf{i | TorX(R/a, M) # 0}.

By convention 0 < E-dp(a, M), T-codp(a, M) < cc. In particular, the vanishing of
Ext’k(R/a, M) foralli > O (resp. Tor[R(R/a, M) = Oforalli > 0) says by definition
that E-dp(a, M) = oo (resp. T-codp(a, M) = 00).

For two ideals a C b, all # > 1 and any R-module M we have the comparison
formulas:

E-dp(a’, M) = E-dp(a, M) < E-dp(b, M) and
T-codp(a’, M) = T-codp(a, M) < T-codp(b, M).
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For the assertion on the Ext-depth, see [82, 5.3.11 and 5.3.16]. The statement on
the Tor-codepth is shown in [79, 1.6]. It follows by the use of the Ext-Tor duality.
(The reader may also compare these numbers by using formal acyclicity lemmas as
stated in [78, 6.1] or [82, 1.1.1, 1.1.2], or refer to Part II (see 5.1.6 and 5.1.7), where
complex versions are available.)

Definitions and observation 3.2.2 The class T,. We denote by T, the class of R-
modules M with T-codp(a, M) = oo. That is,

M € T, if and only if ToriR(R/a, M) =0foralli € Z.

By the comparison formulas in 3.2.1 we have that a module T belongs to T, if and
only if 7 = aT and T is relatively a-flat in the sense of 2.6.1. We note that this class
T, is contained in the class C, introduced in 2.5.12, that is,

T € T, implies 7% = 0 = A%(T) forall i > 0.

Moreover, if the ring R is Noetherian then T € T, implies R® ®r T € Ty pa (see
2.5.22).

Modules in T, play an essential role in the study of completion. For example, the
module ©¥_, R,, appearing in criteria 3.1.6 and 3.1.11 is in the class T, fora = xR.
Moreover, modules in T, appear naturally in the completion process. By 2.6.2 and
2.2.2 we have that Coker(tg) € T, provided the ring is Noetherian. More generally,
we have the following.

Proposition 3.2.3 Let a be an ideal of a Noetherian ring R. Let M be an R-module
and put Sq(M) = Coker(t};). Then M/ Na'M € Cq4 if and only if Sq(M) € T,.

Proof Put M, :== M/ N, a'M. Then M = an and Sq(M) = S4(Mjy) as is easily
seen. Moreover, we have the short exact sequence

0— M, ] A;I;‘ — Sa(My) — 0.

Let L denote a frge resolution of M and assume first that M, € C,. Then L%is an
R-resolution of M and even a flat resolution by 2.4.4. But the homomorphism

7. Qg R/CL . L Rr R/a—> iu Rr R/a
is an isomorphism of complexes. Hence the induced homomorphisms
TorR (M;, R/a) — TorR (Mf, R/a)

are isomorphisms for all i > 0. By the long exact sequence of the Tor functors it
follows that ToriR(Su(Ms), R/a) =0foralli > 0andso S,(M) = S, (M) € T,.
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Conversely, if Sq(M) = Sq(My) € T,, then M € C, as a direct consequence of
2.5.13 and 2.5.15. [l

Corollary 3.2.4 When the ring R is Noetherian and the R-module M is finitely
generated we know that M/ Na' M € C,. Therefore Sq(M) := Coker(tf;) € T,.

Here is a characterization of modules in J,. It may be compared with the com-
pleteness criterion in 3.1.6.

Proposition 3.2.5 Let a be a finitely generated ideal of the commutative ring R and
T an R-module. The following conditions are equivalent:

(i) T €T,
(ii) Exth(T, M) = 0 for any a-pseudo-complete module M and all i > 0.
(iii) ExtR(T, M) = 0 for any a-complete module M and all i > 0.

Proof We already know that (i) implies (ii) (see 3.1.8). Moreover, (ii) implies (iii)
because a-complete modules are a-pseudo-complete (see 2.5.7). To finish the proof
we use the general Matlis duality as introduced in 1.4.8. When condition (iii) is
satisfied it follows that Ext’k(T, (R/a)¥) =0 for alli >0 ((R/a)Y is a-complete
because it is annihilated by a). We conclude with the Ext-Tor duality. ]

The importance of these notions is underlined by the following formula of
Auslander—Buchsbaum type. (It is a direct consequence of the Ext-depth Tor-codepth
sensitivity of the Koszul complex as stated for modules in [82] and extended to com-
plexes in 5.3.3 together with the self-duality of the Koszul complex.)

Theorem 3.2.6 (see [82, 6.1.8], or Part II (5.3.5 and 5.3.9) for a complex version)
Let a = (x1, ..., x;)R be a finitely generated ideal of a commutative ring R. Let M
denote an R-module. Then the following two conditions are equivalent:

(i) E-dp(a, M) < oo.
(ii) T-codp(a, M) < oo.

If one of these conditions is satisfied, then E-dp(a, M) + T-codp(a, M) < k.

Proposition 3.2.7 Let a be an ideal of the commutative ring R. Let M, N be two
R-modules with M —> I a minimal injective resolution of M. Then

(a) E-dp(a, M) = oo ifand only if I4(I) = 0. .

(b) If N is a-torsion and if E-dp(a, M) = oo, then Extx (N, M) = 0 for alli > 0.

Proof (a): If I';(I) = 0 then E-dp(a, M) = oo because
Homg(R/a', I) = Homg(R/a', I'x(I)
forall¢t > 1.

Conversely, assume that E-dp(a, M) = oco. Then I'y(M) = Oandalso I'4( =0
because 7° is an injective hull of M. Now consider the short exact sequence 0 —
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M — I° - M, — 0. We have Homg(R/a, M;) = 0 because Homg(R/a, I?) =
0 = Extk(R/a, M). For i > 0 we also have Ext,(R/a, M) = Exti'(R/a, M) =
0. Hence E-dp(a, M) = oo and we conclude by induction.

(b): When N is a-torsion we have Homgz (N, I) = Homg (N, I,(I)). So the claim
in (b) follows from the assertion in (a). ([l

We can now fill a gap in the statement of [76, Theorem 3.2] (this had some implicit
assumptions).

Corollary 3.2.8 Let a be an ideal of a Noetherian ring R. Let M € C4 be an R-
module which is a-separated and write as before Sq(M) := Coker(ty;). Let N be
another R-module such that Suppgr(N) € V(a). Then

(a) Exti(N, Sq(M) =0 foralli > 0 and
(b) the natural maps Ext’k (N, M) — Ext’k (N, M %) are all isomorphisms.

Proof Wehave S,(M) € T, (see 3.2.3) hence E-dp(a, S,(M)) = oo (see 3.2.6). But
the module N is a-torsion (see 2.1.13). Hence the first assertion is a direct conse-
quence of 3.2.7. The second one is then obtained from the long exact cohomology

sequence associated to the short exact sequence 0 - M — M® — Sa(M) — 0.
O

Now we prepare for another property of modules in J,. The following lemma
is well-known in homological algebra. For the sake of completeness we include a
proof.

Lemma3.29 LetL:... > Ly — Ly — 0 denote a complex of free R-modules.
Let a C R be an ideal and assume that the complex R/a Qg L is exact. Then

Homg(R/a, Homg (L, X))

is exact for every R-complex X.

Proof By adjointness we have the isomorphism of complexes
Homgz(R/a, Homg(L, X)) = Homg(R/a ®z L, X).

By assumption the complex R/a ® L is aright-bounded exact R /a-complex of free
R/a-modules. Hence it is split-exact and the conclusion follows (see 1.1.8). O

Proposition 3.2.10 Let a be an ideal of a commutative ring. Let T, M denote two
R-modules such that T € Ty and Exty (T, M) = 0 for all i # 1. Then:

(a) B-dp(a, Exth(T, M)) = occ.
(b) Ext}e(T, M) € T4 provided a is finitely generated.

Proof Let L be a free resolution of T and let J be an injective resolution of M.
Now consider I = Homg(L, J). Then I is a complex of injective modules with
Hi(I) = ExtW(T, M).
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Because Homg (T, M) = 0 it follows that the map I — I' is injective, hence
split-injective. Let I’ = I'/1°, then we obtain a split short exact sequence

0 — Homg(R/a, I°) — Homg(R/a, I') — Homg(R/a, I'') — 0
and an augmented injective resolution of Ext} (T, M)
0— Ext}Q(T,M) N (LN L
since Exth (T, M) = 0 fori # 1.
Moreover, the assumption T-codp(a, T) = oo means that the complex L/alL is
exact. By 3.2.9 we obtain that the complex Homg(R/a, I) is also exact. Putting all
this together we obtain that the complex

0 — Homg(R/a, I'') — Homg(R/a, I*) — ...

is exact. That is, E-dp(a, Ext}e(T, M)) = oo. The second assertion follows by 3.2.6.
O

The Tor-codepth is related to Foxby’s notion of small support introduced in [31].

3.2.11 Small support. Let M be a module over a Noetherian ring R. The small
support of M is defined by

suppr M = {p € Spec R | T-codp(pR,,, M},) < oco}.
Clearly suppr M < Suppp M, where Supp denotes the ordinary support. Moreover,
both sets have the same minimal elements (see [82, Lemma 7.2.7]). Let us also recall
that
suppr M Nsuppr N = @ if and only if ToriR(N, M) =0foralli >0
(see [31] or [82, 7.2.8]). It follows that

T-codp(a, M) = oo if and only if suppp, M NV (a) = @.

When M is finitely generated we have supp, (M) = Suppy (M) as is easily seen.

3.3 When is a Finitely Generated Module Complete?

In this section we are concerned with completeness criteria for finitely generated
modules over a Noetherian ring. Here is a first remark.
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Remark 3.3.1 Let M be a finitely generated module over a Noetherian ring R and
assume that the ideal a is contained in the Jacobson radical. Then M is a-separated.
If M is not a-complete, then M?® is not finitely generated over R.

Indeed, if M° is finitely generated over R, then the R-module Me /M is also
finitely generated. Hence by Nakayama’s lemma it vanishes because we always have
M®/M = a(M®/M) (see 2.2.2).

The case M = R of the above was observed by Frankild and Sather—Wagstaff
(see [35, Theorem B]).

Here is a first criterion for completeness in terms of Tor and supports.

Proposition 3.3.2 Let M be a finitely generated module over a Noetherian ring
R. Assume that R is a-separated and put Sq(R) = Coker(ty) = R®/R. Then the
following conditions are equivalent:

(i) M is a-complete.

(i) Sa(R) ®g M = TorR(S,(R), M) = 0.
(iii) Torf(S4(R), M) = 0 forall i > 0.
(iv) suppg(Sa(R)) N Suppy M = 0.

Proof We tensor the short exact sequence 0 — R E Re Sa(R) — 0 by M.
Then we obtain the exact sequence

0 — Torf(S,(R), M) > M — R* ®x M — S,(R) @z M — 0.

Because M is finitely generated we have 15 ® g M = 15, and RO ®r M = M®. It
follows that 7y, is an isomorphism, that is, M is a-complete, if and only if the
conditions in (ii) are satisfied.

The equivalence between (ii) and (iii) is clear since the flat dimension of S, (R)
is at most one.

The equivalence between (iii) and (iv) is clear in view of the recalls in 3.2.11. [J

Question 3.3.3 When the ring R is Noetherian we know that S,(R) € T, that
is, Torf (R/a, Sq(R)) =0 for all i > 0 (see 3.2.4). It follows that supp(S,(R)) <
Spec(R) \ V(a) by 3.2.11. We now raise the following question. When do we have
supp(Sa(R)) = Spec(R) \ V (a)?

Here is another criterion in terms of Ext. Note the similarity with 3.3.2.

Proposition 3.3.4 Assume that R is an a-separated Noetherian ring. Put again
Sa(R) = Coker (tX). For a finitely generated R-module the following conditions
are equivalent:

(i) M is a-complete.
(ii) Bxth(Sq(R), M) =0 foralli > 0.
(iii) Homg(S,(R), M) = ExtkL(S,(R), M) = 0.
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Proof We have the following exact sequence

0 — Homg(S.(R), M) — Homg(R®, M) — M
— Exth(S4(R), M) — ExthL(R®, M) — 0

induced by the short exact sequence 0 - R — R® — S.(R) — 0.
First we show (iii) = (i). The conditions in (iii) implies that

Homg(R®, M) = M

Hence M has the structure of an R®-module extending its R-module structure. With
this structure M is also a finitely generated R®-module, hence aR®- and a-complete.

The implication (i) = (ii) was already observed in 3.1.2, while the implication
(i) = (iii) is obvious. ([l

Now we are prepared for a slight generalization of the Frankild—Sather—Wagstaff
criterion. It originally only concerned the case where a is contained in the Jacobson
radical. For the result we have in mind we need an estimate of the projective dimension
of a flat module.

Proposition 3.3.5 (see [67, PartII, Corollary 3.2.7]) The projective dimension of a
flat module over a Noetherian ring R is at most dim R.

The following corollary was observed by Frankild and Sather—Wagstaff in [35].

Corollary 3.3.6 Let a be an ideal of a Noetherian ring R and let M an R-module.
Then Extly (R%, M) =0 for all i > dim R/ Anng(M).

Proof Put B = R/Anng (M) and take a projective resolution P of R®. As R is R-
flat, we have that B ®z P is a B-projective resolution of B ®p R® = B Now we
compute the Ext s. Because HomR(P M) = HomB(B ®r P, M) we get isomor-
phisms ExtR(R“ M) = ExtB(BCl M). As the ring B is B-flat the result follows by
3.3.5. O

Here is the slight generalization of [35, Theorem A].

Theorem 3.3.7 Let R be a Noetherian ring and let M be a finitely generated R-
module. Suppose that both R and M are a-separated. Then the following conditions
are equivalent:

(i) M is a- complete
(ii) Ext (RCl M) =0foralli > 1.
(iii) EXt’R(R“, M) =0 foralli suchthat 1 <i < dim M.

Proof The implication (i) = (ii) is a consequence of Theorem 3.1.1 as already
observed in 3.1.2. By 3.3.6 we have that (ii) < (iii). For the proof of the implication
(i) = (i) take the short exact sequence
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0> R—> R*— Su(R) = 0

and derive the long exact sequence of the Ext) (-, M) associated to it. Note that
Hompg (Sq(R), M) = 0 because Sq(R) = aS,(R) and M is a-separated (see 2.1.12).
Therefore we obtain a short exact sequence

€:0— Homg(R*, M) > M — Ext}e(Su(R), M) — 0

and the vanishing Ext’k (Sa(R), M) =0foralli # 1.

We now recall that S;(R) € T, (see 3.2.4). Whence, with the help of 3.2.10, we
obtain T-codp(a, Extk (Sq(R), M)) = 00, in particular we have Extg(S,(R), M) =
aExtk(Sq(R), M).

On the other hand note that the R-module Hompg (Ié %, M) is a-complete because
it is an ﬁ“-module, finitely generated over R (as a submodule of M), hence also
finitely generated over Re.

We now take the completion of the exact sequence &, which is a sequence of
finitely generated R-modules, and obtain a commutative diagram with exact rows

0 —— Homg(R®, M) —— M —— Exth(Sq, M) —— 0

a
TMJ/

0 — Homg(R®, M) Me 0.

This shows that the natural map tj; is split-surjective, hence bijective since M is
a-separated. g

Remarks 3.3.8 (a) Let M be an R-module. Then there is a natural homomorphism
of R-modules A
Homgz(R*, M) > M, [+ f(1).

If this homomorphism is injective its image has the structure of an R®-module extend-
ing its R-module structure. It is rather easy to see that this image is the largest sub-
module of M having this property. Moreover, when R is Noetherian and M is finitely
generated, this image is also the largest a-complete submodule of M.

(b) In 3.3.2, 3.3.4 and 3.3.7 the hypothesis that M is finitely generated cannot be
dropped without harm. Consider the case where R itself is a-complete.

3.4 Ext-Depth and Tor-Codepth with Local (Co-)Homology

When the ideal a is finitely generated the Tor-codepth of a module can be computed
with local homology. This will be a consequence of the following result.
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Proposition 3.4.1 Let a denote a finitely generated ideal of a commutative ring R.
Let L be a right-bounded complex of projective modules. Then we have the equality

inf{i | Hi(L®) # 0} = inf{i | H;(R/a®g L) # O}.

Proof Without loss of generality we may assume — up to a shift — that L has the
form -« — L4 4 Ly — 0. We write (T) for the a-completion functor. First note
that Hy(R/a ®g L) # OAif and only if d; is not a-dense by definition and d; is not
a-dense if and only if d; is not surjective (see 2.1.8). Hence both “inf”s vanish
simultaneously.

Assume now there is a natural number n > 0 such that H; (L) =0 for all i <n.
Then d1 is surjective and the natural map 1:L Lo — Lo factors through L1 there
is a homomorphism sg : Ly — L1 such that rLO = d1 o so. Taking a-completion we
obtaind o § = id, . Thus d| is split-surjective and Ker(d)) = Im(id, —sp o dy).If
n > 1, then the induced homomorphism L, — Ker(d)) is surjective and the homo-
morphism (id L —spodp) o 77, (its image is contained in Ker(d;)) factors through
fz : there isahomomorphisms; : L — 1:2 such that (idi, —sp 0 cfl) o ri‘] = dAz oSy,
thus such that id; = $ o di + ds 0 1.

We 1terate the process and obtain a partial homotopy, that is, a sequence of maps

L — L,+1,O <i<n, suchthatldL =751 od +a’,+1 oS;:

L, Lo . L Lo 0
7 7
Sn—1 so s
TLGNJ/ ' Y 7 J/ La,,,l TI?IJ/ P J/Tluo
4 Y o~
X g — %4 =
L, Lo . L Lo 0
— Ve . /
Sp—1 . so /
ldLAnJ/ y 4 J/ld[n'_\] ldL'J/ P J/ldLO
Ln = Lnfl Ll = LO 0
d, d

By tensoring these data with R/a we obtain H;(R/a @z L) = 0 for all i < n. This
proves the inequality

inf{i | H;(L®) # 0} < inf{i | H;(R/a ®g L) # 0}.

Moreover, note also that the complex L together with the sequence of the §; induces
split short exact sequences

0—>Zi—>£i—>Zi_1—>0 forall i=1,...,n,

where Z; = Ker(cf,») forl <i<mnand Zy = I:o. By applying (R/a ®¢ -) and since
R/a®pr L; = R/a ®p L; it follows that R/a @ Z,, = Ker(R/a Qr d,).
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Assume now n = inf{i | H; (i“) # 0} < oo. It remains to show that H,(R/a Qg
L) #0. As H, (f,) # 0 the induced homomorphism L/n: — Z, is not surjective.
As it is a homomorphism between a-complete modules (Z,, is a-complete by 2.2.11)
it is not a-dense. It follows that the induced homomorphism R/a @z L/,,; —
R/a® Z, is not surjective. But R/a Qg L/,,: ZR/a®g L,y and R/a®r Z, =
Ker(R/a ®r d,) as seen above. The conclusion follows. U

Corollary 3.4.2 Let a denote a finitely generated ideal of a commutative ring R.
Let M be an R-module with one of its free resolutions L. Then:

(a) A2 (M) :=inf{i | A(M) # 0} = T-codp(a, M).
(b) T-codp(a, M) = oo if and only g‘i“ is split-exact.

Proof By the definition of the Tor-codepth the statement in (a) is a direct consequence
of Proposition3.4.1. For the equivalence in (b) note that it is shown in the proof of
3.4.1 that L*® is split-exact as soon as it is exact. (]

The Ext-depth counterpart of 3.4.1 and 3.4.2 is easier and does not require any
finiteness hypothesis on the ideal a.

Proposition 3.4.3 [82, 5.3.15] For any ideal a of a commutative ring R and any
R-module M we have

E-dp(a, M) = inf{i | H\(M) # 0} := h (M).

The above proposition is also a consequence of the following more general result,
helpful in Part II.

Proposition 3.4.4 Let a be an ideal of a commutative ring R. Let I denote a left-
bounded complex of injective modules. Then

inf{i | H(I's(I)) # 0} = inf{i | H' (Homg(R/a', I)) # O for some t € N}.

0
Proof Up to a shift we may assume that I has the following form 0 — 7° L
.... As we have the injections

Homg(R/a, I) < Homgz(R/da', 1) — I,(I) = h_r)nHomR(R/a’, I — 1

we easily see that both “inf”’s vanish simultaneously.

Assume now there is a natural number 7 > 0 such that H (I',(I)) = 0 for all
i < n. Therefore the homomorphism I,(d°) is injective and the homomorphism
(1% < I° extends to a homomorphism I, (Y — 19 the image of which is in
T4 (1°). Hence I, (d°) is split-injective and we have ahomomorphism s' : I',(I') —
IL(1°) such that s' o Iy (d®) = id, o).

As in 3.4.1 we iterate the process and obtain a partial homotopy, that is, a
sequence of maps s’ : I',(I') — I,(I'™") for i = 1,...,n, such that idr, i) =
sH o Ty(d) 4+ Ma(d~ Y osi forl <i <n:



3.4 Ext-Depth and Tor-Codepth with Local (Co-)Homology 83

0
00— r gy —— Yy —— LY

Ve be
. st~ . . st .
idr, 0, P idr gy iy n-1y 7 idpg ()
K K

0—— T, —— I,y ——...—= [,y —— T,

Ta(d®) f f ~
7 e
e pe
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K

d° K dy

0 I° It ! "

We apply Homg (R/d’, -) to the data and obtain H' (Homg(R/a’, I) = Oforalli < n
and all 7. This gives the inequality

inf{i | H (I'y(I)) # 0} < inf{i | H (Homg(R/a', I)) # 0 for some t > 1}.
Assumenow H" (I, (1)) #0.As H"(I',(1)) = h_r)n(H”(HomR(R/a’, 1))) (because

li_n)l is exact and commutes with taking cohomology) we also have H"

(Homg(R/a', I)) # O for some ¢. This finishes the proof. O
Combining the results of this section with 3.2.6 we obtain.

Corollary 3.4.5 For a finitely generated ideal a of a commutative ring R and an
R-module M the following conditions are equivalent:

(i) M € T, that is T-codp(a, M) = oo,
(ii) Af(M) =0 foralli >0,
(iii) E-dp(a, M) = oo,
(iv) Hc’;(M) =0foralli > 0.
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Chapter 4 ®)
Homological Preliminaries i

In this chapter we summarize some homological preliminaries needed for our inves-
tigations in the sequel. In particular, we investigate unbounded complexes. To this
end some additional considerations for their resolutions are necessary, that is, we
report and summarize part of the work of Avramov and Foxby resp. Spaltenstein
(see [5] and [81]) not available in this form elsewhere. After recalling some results
about double complexes we start with the extension to complexes of results on the
microscope and telescope introduced by Greenlees and May in [38]. This is used in
order to get certain resolutions of unbounded complexes, as suggested by Avramov
and Foxby. We also discuss minimal injective resolutions for unbounded complexes.

4.1 Double Complexes and Truncations

4.1.1 Double complexes. A double complex of R-modules is a triple
K*® = (@Ki’j, /di,j’ //di,j)’

where K7, (i, j) € Z?,is acollection of R-modules and where 'd’/,”d"J are homo-
morphisms

i i i i i i

d" . K" — K+, "d" . K" — K"/

tisfyi
satistying =0, "d®=0. 'do"d+"do'd =0

A typical example of a double complex occurs as the tensor product of two R-
complexes X, Y:put K"/ = X' @ Y/,'d") = dy Qg idy,,"d"/ = (—1)"idx, ®rd}.
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As in the case of tensor products one might associate a single complex (K*, d) to
a double complex in the following way: define K" = @®;1;—, K"/ andd ='d +"d.
When some boundedness conditions are satisfied the complex Homg (X, Y) may
also be viewed as the single complex associated to the double complex K/ =
Hompg (X;, Y/) with differentials induced up to a sign by dx and d" .

4.1.2 Spectral sequences. More generally, let (K7, 'd, " d) denote a double complex
with the associated single complex K* as above. There are two filtrations defined by

'F,=®,5,K" and "F, = ®;>, K"
and associated spectral sequences defined at the first stage by
'EP* ="HY(KP*) and "E{? ="HY(K*").

We denote by " H?(K) the row complex

oo = "HIY(KP*) — "HI(KPThe) — ...
with differential induced by ’d, similarly by 'H?(K) the column complex

o> "HYK"P) - "HY(K*"H) — ...
with differential induced by "d. With these notations we have

'Ey? ="HP("HY(K)) and "E}? ="H?(HY(K)).

The first (resp. the second) filtration induces a filtration on the cohomology modules
H(K*). If that filtration is finite we say that the first (resp. the second) spectral
sequence converges. In that case the spectral sequence provides information on the
filtered modules H'(K*). If only a finite number of rows K*¢ are non-zero then
the first spectral sequence converges : 'E5? = HPT4(K*). If only a finite number
of columns K7 are non-zero then the second spectral sequence converges. If the
complex is in the first quadrant both spectral sequences converge.

For the details we refer to [14, §2, Exerc. 17] or the corresponding chapters in
[18], [36] or [85]. Another presentation (with full details) is given by McCleary (see
[59D).

Spectral sequences do not always converge. Butin some cases there are other tricks
to compute the cohomology of a double complex. Here is a well-known example.

Lemma 4.1.3 Assume that the double complex (K','d,"d) is in the lower half
plane, that is, K/ = 0 for all j > 0.

If the row complexes K*7 are exact for all j < 0, then the single complex K* is
exact.
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Proof Write G, for the single complex associated to the sub-double complex
®;>_K"/,t > 0. We have short exact sequences

0— G, — Gy — K*7"1 50

and the morphism G, — G, is a quasi-isomorphism as the row complex K*~'~!
is exact. But the complex Gy = K*? is exact. Hence all the complexes G, are exact
and so is their direct limit. Observe now that li_r)nf G, is the single complex associated
to our double complex.

Of course, in the above lemma the role of rows and columns may be interchanged.

Corollary 4.1.4 (see [14, §4, n°3, Lemme 1]) Let F be a right-bounded R-complex
of flat R-modules. Then for any exact R-complex X the complex X Qg F is exact.

4.1.5 Soft truncations. Let X be an R-complex and write as usual Z*(X) = Ker(d é()
and B'(X) = Im(dy ") (resp. Z;(X) = Ker(d/) and B;(X) = Im(d}X))).
(a) The right soft truncation of X at spot ¢ is the subcomplex

(X)) :-- = X2 5 X' ZI(X) — 0.

For ¢ > 0 these subcomplexes form a direct system with lim{z)(X) — 7,11(X)} =
X as easily seen. In the case when X is homologically right-bounded let s > sup{i |
H'(X) # 0}, then we have the quasi-isomorphism 7(X) = X.

(b) The left soft truncation of X at spot ¢ is the quotient complex

(X)) 0= X;/Bi(X) > Xio1 = Xpp = -

For ¢t > 0 these quotient complexes form an inverse system, degree-wise surjective,
with lim{z; 41 (X) — 7;(X)} = X, asis easily seen. In the case when X is homolog-
ically left-bounded let s > sup{i | H;(X) # 0}, then we have the quasi-isomorphism
X — 7, (X).

(c) If amp(X) = 0, say we have an s such that H;(X) = O for all i # s, we write
M for the module H(X) and view M as a complex concentrated in degree zero.
With these notations we have the quasi-isomorphisms

Mi_g = 15(1 (X)) «— 7(X) — X.

(d) More generally, any homologically bounded complex is quasi-isomorphic to a
bounded one.
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4.2 The Microscope

In this and the next section we shall report on two constructions, known in topology
and invented in homological algebra by Greenlees and May (see [38]). They will be
a helpful tool in the sequel.

Definition 4.2.1 Let‘B = {p,,+1 : P41 — P; | t € N} denote an inverse system of
R-complexes. There is a morphism associated to 3

Yo [ [P = []P @) (0= pigiGas) for (x) € [ ] A
In accordance with [38] we define the microscope of ‘B as the fibre of yrgs:

Mic(B) = F(¥sp).

We note that Mic can be viewed as a functor from the category of inverse systems of
R-complexes to the category of R-complexes.

Example 4.2.2 Assume ‘P is an inverse system of R-modules, say P, = M, and
P = M. Then Mic(PN) is a length one complex. Viewing it as a descending complex
we have Hy(Mic(901)) = l(in M, and H_;(Mic(dN)) = Lln 'M,.

Clearly the microscope is related to inverse limits. Let us make the relation more
precise.

Lemma 4.2.3 Let B = {p;141: Pr1 — P, |t € N} be an inverse system of R-
complexes.

(a) There is a natural morphism of complexes l(ln P, — Mic(P). It is a quasi-
isomorphism provided the inverse system { P;} satisfies degree-wise the Mittag-
Leffler condition.

(b) By viewing the P, as descending complexes we have functorial short exact
sequences

0 — lim'Hy  (P) — H;(Mic(P)) — lim H;(P,) — 0
foralli € 7.

(c) If the inverse systems {H;(P,) | t € N} are pro-zero for all i € Z, then Mic(]3)
is exact.

Proof By the definition of the inverse limit there is an exact sequence of complexes
. vy
0—>1(1£1P,—> HP, — HP,.

By Proposition 1.5.6 and the definition of Mic(3) there is a natural morphism
1(i£1 P, — Mic(3), and this morphism is a quasi-isomorphism provided the map
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Yy is surjective. This condition is fulfilled provided the inverse system { P;} satisfies
degree-wise the Mittag-Leffler condition (see 1.2.6). This proves (a).
For the proof of (b) note that we have a short exact sequence of complexes

0— (l_[ P,)Prll — Mic(3) — 1_[ P,—0

(see the definition of the fiber in 1.5.1). Then we consider the induced long exact
homology sequence and break it up into short exact sequences. By taking into account
that direct products commute with taking homology the result now follows.

The statement in (c) is an immediate consequence of (b) (see 1.2.4). (Il

Example 4.2.4 (a) Let X be an R-complex and let I3 be the constant inverse system
over X, that is, P, = X and p,,y+; = idx. We have an isomorphism and a quasi-
isomorphism X 2 lim P —> Mic(P).

(b) Let a be an ideal of a commutative ring R, M an R-module and consider
the inverse system {M/a’ M}, where the transition homomorphisms M/a'*'M —
M /a' M are the natural ones. There is a quasi-isomorphism

M® =5 Mic({M/a' M})

(see 4.2.3 (a)). Note also that Mic({M /a’ M}), viewed as a descending complex, is a
complex concentrated in degree 0 and —1.

The microscope construction behaves well with respect to short exact sequences
of inverse systems and quasi-isomorphisms. This is in contrast to the inverse limit
of them.

Lemma 4.2.5 Let 5P, P, P” be inverse systems of R-complexes over .

(a) Let 0 > P — P — P" — 0 be a short exact sequence of inverse systems.
Then the induced sequence

0 — Mic(') — Mic(B) — Mic(B") — 0

is an exact sequence of complexes.

(b) Let'P’ — P be amorphism of inverse systems such that the morphisms P/ — P,
are quasi-isomorphisms for all t € N. Then the induced morphism Mic(') —
Mic () is a quasi-isomorphism too.

(c) Ifthe R-complexes P; are exact for allt € N, then the complex Mic(P) is exact.

Proof Products commute with taking homology, in particular a product of short
exact sequences is a short exact sequence, a product of quasi-isomorphisms is a
quasi-isomorphism and a product of exact complexes is exact. Hence the statements
are rather obvious by construction, as follows by 1.5.5. ]

Proposition 4.2.6 Let B be an inverse system of R-complexes over N and let X be
an R-complex. Then
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(a) there is the inverse system Homg (X, P) = {Homg (X, P,)} and
(b) a natural isomorphism Mic(Homg (X, B)) = Hompg (X, Mic()).

Proof Recall that Homz (X, -) commutes with direct products, so that

Hompg (X, Khﬁp) S WHomR(XV‘B)

(see 1.2.7). Then conclude by 1.5.4. U

4.2.7 Let ‘B be an inverse system of R-complexes. For any R-complex X we can
form the inverse system 8 ® g X := {P; ®r X};en. Doing so we obtain a functor
Mic(*B ®p ) of the category of R-complexes into itself. This new functor also some-
times has nice properties.

Proposition 4.2.8 Let P be an inverse system of R-complexes over N and assume
that the complexes Py, t € N, are right-bounded complexes of flat R-modules. Then
the functor Mic(3 ®p, -) is exact and preserves quasi-isomorphisms. In particular,
the complex Mic(*B @ X) is exact as soon as the complex X is exact.

Proof Let 0 > X — Y — Z — 0 be an exact sequence of R-complexes. By the
assumption on the P,’s we have an inverse system of exact sequences

0> P QRQQrX—> P QQrY > P,QrZ — 0.
It now follows (see 4.2.5 (a)) that the sequence
0 — Mic(B Qg X) > Mic(B Qg Y) - Mic(B®r Z) — 0

is exact. By the assumption on the P,’s again it follows that the complexes P; ® g X
are exact as soon as X is exact (see 4.1.4) so that the functor P, ® - preserves quasi-
isomorphisms (by 1.5.4). The second and the last statement now follow by 4.2.5 (b)
and 4.2.5 (¢). O

Here is another particular case.

Proposition 4.2.9 Let 53 = {P;} be an inverse system of R-complexes over N and
let M be a finitely presented R-module. Then Mic(53 ® g M) = Mic(PB) Qr M.

Proof By definition Mic(p ®g M) = F(Ypg,m), the fiber of the morphism

(]_[ P, ®r M) iy (H P, ® M) :
t t

As M is finitely presented, the functor (- ® g M) commutes with products (see
1.4.4). Tt follows that ([, P, ®r M) = ([, P;) ®r M, that Ype,.m = g Qg M
and finally that F (Ype,m) = F () ®g M in view of 1.5.4 and the definition of
the fiber. The claim follows. O



4.3 The Telescope 93

4.3 The Telescope

We present another construction, also due to Greenlees and May (see [38]), and
mention its main properties. Moreover, we add some mixed isomorphisms.

Definition 4.3.1 Let® = {0; ;41 : D; = D,4; | t € N} denote adirect system over
N of R-complexes D,. There is a morphism associated to D

¢ : ®D;, > @Dy, x = x — 0y 441(x) forx € D,.

Then in accordance with [38] we define the telescope of the direct system ® as the
cone of ¢5: that is
Tel(®) = C(¢o).

Note that this construction is functorial, any morphism ® — @’ of direct systems
over N induces a morphism Tel(®) — Tel(D’) of complexes. The following shows
the relation between telescopes and direct limits.

Lemma 4.3.2 For any direct system® = {D,} of R-complexes over N there is a nat-
ural quasi-isomorphism Tel (D) = h_r)n D;. Hence there are natural isomorphisms
H (Tel(D)) = lim H(D,) foralli € Z.

Proof By the definition of the direct limit there is a short exact sequence of complexes

0— @D, *> @D, — lim D, — 0.

The quasi-isomorphism is now obtained by Lemma 1.5.6 and induces the isomor-
phisms at the homology level. ]

Example 4.3.3 (a) Let x be an element of a commutative ring R and ®© be the direct
system for which D; = R and o, ,4; is the multiplication by x. Then Tel(D) is a
length one complex and we have Tel(®) SN R, where R, is the ring of fractions
of the form r/x". In fact, Tel(®) is the free resolution of R, described in 3.1.3.

(b) Let X be an R-complex and © be the constant direct system over X, that is,
the one for which D, = X and o, ;) = idy. We have a quasi-isomorphism and an
isomorphism Tel(D) —> lim® = X.

(c) Let a be an ideal of a commutative ring R, M an R-module and consider the
direct system {Homg (R /a’, M)}, where the transition homomorphisms are induced
by the natural homomorphisms R/a’*! — R/a’. There is a quasi-isomorphism

Tel({(Homg(R/a’, M)}) —> (M)

(see 4.3.2). Note also that Tel({Homg (R/a’, M)}), viewed as an ascending complex,
is a complex concentrated in degree 0 and —1.
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We now mention some useful properties of the general telescope.

Lemma 4.3.4 Let D, D', D" denote direct systems of R-complexes over N. Then:

(a) Let0 > D — D — D" — 0 be a short exact sequence of direct systems over
N. Then the induced sequence

0 — Tel(®) = Tel(®) — Tel(®") — 0

is a short exact sequence of complexes.

(b) Let ®' — © be a morphism of direct systems of R-complexes over N such that
the morphisms D; — D, are quasi-isomorphismsforallt € N. Then the induced
map Tel(D') = Tel(®) isa quasi-isomorphism.

(c) Let ® = {®D;};en be a direct system of R-complexes. If all the complexes D,
t € N, are exact, then the complex Tel(®) is exact.

Proof A direct sum of short exact sequences is a short exact sequence, a direct sum
of quasi-isomorphisms is a quasi-isomorphism and a direct sum of exact complexes
is exact. Hence the statements are rather obvious by construction (see 1.5.5).

Proposition 4.3.5 Let © = {D;} be a direct system of R-complexes over N. For
any R-complex X we have the direct system ® Qg X := {D; Qg X} and a natural
isomorphism

Tel(® ®r X) = Tel(®) ®r X.
Proof As tensor products commute with direct sums we have that ¢ppg,x = ¢ g
X (see 1.3.3). The result follows by Lemma 1.5.4. U

Next we note a duality between the telescope and the microscope, which reflects
the formal duality between direct and inverse limits.

Proposition 4.3.6 Let © = {D,} be a direct system of R-complexes over N and let
X be any R-complex. Then Homg (9, X) := {Homg(D;, X)} is an inverse system
of complexes and there is an isomorphism

Hompg (Tel(®), X)) = Mic(Homz (D, X))
natural in both © and X. In particular, we have (Tel(D))Y = Mic(D"), where (-)¥

denotes the general Matlis duality introduced in 1.4.1.

Proof First we have Homg (C (¢pn), X) = F(Homg(¢n, X)) (see 1.5.4) and also
Homg (o, X) = YHom,(@.x) (see 1.3.3 (b)). The conclusion follows. O

Putting 4.3.6 and 4.3.5 together we obtain an adjointness formula.

Proposition 4.3.7 Let ® = {D,} be a direct system of R-complexes over N. Let X,
Y be two R-complexes. There is a natural isomorphism

Hompg (Tel(® ®f X), Y) = Homg (X, Mic(Homz (D, Y)).
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Proof By virtue of 4.3.5 and by adjointness we have the following isomorphism
Hompg (Tel(® ®r X), Y) = Homg (X, Homg (Tel(D), Y)).

Because of 4.3.6 we get Homg(Tel(®), Y)) = Mic(Homg (®, Y)). This finally
proves the claim. O

4.3.8 Let ‘B be an inverse system of R-complexes over N. For any R-complex X
we can also form the direct system Hom (13, X) := {Homg(P;, X) — Homg (P41,
X) | t € N}. Doing so we obtain a functor Tel(Homg (I3, -)) of the category of R-
complexes into itself. This new functor also sometimes has nice properties.

Lemma 4.3.9 Let*P = {P,} be an inverse system of R-complexes over N and assume
that the complexes P;, t € N, are right-bounded complexes of projective R-modules.
Then the functor Tel(Homg (B, -)) is exact and preserves quasi-isomorphisms. In
particular, the complex Tel(Homg (3, X)) is exact as soon as the R-complex X is
exact.

Proof Let 0 - X — Y — Z — 0 be an exact sequence of R-complexes. By the
assumption on the P,’s we have a direct system of exact sequences

0 — Homgz(P;, X) —> Homg(P,,Y) - Homg(P,, Z) — O.
It now follows by (4.3.4 (a)) that the sequence
0 — Tel(Homg (B, X)) — Tel(Homg (B3, Y)) — Tel(Homg (B, Z)) — 0

is exact. By the assumption on the P,’s again we know that the complexes Hompg
(P;, X) are exact as soon as X is exact (see 1.1.6) Whence the functors Hompg (P;, -)
preserve quasi-isomorphisms (in view of 1.5.4). The second and the last statement
now follow (see 4.3.4 (b)) and (4.3.4 (c)). O

4.4 Special Resolutions and Their Uses

4.4.1 Let R be a commutative ring. As usual we say that an R-complex X is flat
(resp. projective, injective) if all the X' are.

If the R-complex X is flat (resp. projective, injective), then the functor X ®p -
(resp. Homg (X, ), Homg (-, X)) is exact on the category of R-complexes: it sends
short exact sequences of R-complexes to short exact sequences.

The following notions and results are crucial for the homological algebra of
unbounded-complexes.

Definition 4.4.2 Following Spaltenstein [81] we say that an R-complex X is K-
flat (resp. K-projective, K-injective) if the functor X ®p - (resp. Hompg (X, -),
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Homg (-, X)) preserves quasi-isomorphisms. In view of 1.5.4 this is equivalent to
saying that this functor preserves exactness of R-complexes, which means that for
any exact R-complex Z the complex X ®x Z (resp. Homg (X, Z), Homg(Z, X)) is
still exact.

See [81] and [5] for more details around these notions and their use. Here we shall
only recall some facts we want to have at hand, including some proofs or sketches
of proofs to become acquainted with them.

Remark 4.4.3 Let F, F', I, P, P’, X denote R-complexes.
(a) If F is K-flat and I is K-injective, then Homg (F, I) is K-injective. (This is
obtained by adjointness:

Homg (X, Homgz(F, I)) = Homz(X Qg F, I)

is exact when X is exact.)

(b) If P and P’ are K-projective, then P ®g P’ is K-projective. (This is also
obtained by adjointness.)

(¢) If F and F' are K-flat, then F ® F’ is K-flat. (This is obtained by associa-
tivity.)

(d) A K-projective R-complex P is K-flat. (This can be viewed with the general
Matlis duality functor, which is faithfully exact: (P ®x X)¥ = Homg(P, XV) is
exact when X is exact.)

(e) Recall the classical results. A right-bounded complex F of flat R-modules is
K -flat, this follows from 4.1.4. A right-bounded complex P of projective R-modules
is K -projective and a left-bounded complex I of injective R-modules is K -injective,
this follows from 1.1.6.

(f) If the R-complex X is K-projective (resp. K -injective, K -flat), then so is any
shifted complex X1,

Lemma 4.4.4 Any contractible R-complex is K -flat, K -projective and K -injective.
Conversely, an exact R-complex which is K-projective (resp. K -injective) is con-
tractible.

Proof The first assertion is a direct consequence of 1.1.8.
If the R-complex P is K -projective and if P —> 0 we have

Homg (P, P) —> Homg(P, 0) = 0.

Hence Hompg (P, P) is exact. In particular idp, which is a cycle of degree zero in
Hompg (P, P), is homotopic to zero. The injective side of the second assertion is
proved in a similar way. (]

Proposition 4.4.5 (see [81, Proposition 1.4]) An R-complex P is K-projective if
and only if it has the following property: for any morphism f : P — Y and quasi-
isomorphism g : X =Y of complexes there is a morphism f' : P — X, unique
up to homotopy, such that g o f' is homotopic to f:
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Proof A morphism f : P — Y is acycle of degree zero in Homz (P, Y).If P is K-
projective and g : X —>Yisa quasi-isomorphism we have the quasi-isomorphism
Homg (P, g) : Homg(P, X) N Homz (P, Y). Hence we have a cycle of degree
zero in Homg (P, X), unique modulo HO(Hompg (P, X)), mapping onto f. This
means that we have amorphism f’ : P — X, unique up to homotopy, suchthat g o f’

ishomotopicto f. Conversely,if g : X > Yis aquasi-isomorphism and if P has the
property of the statement we apply it to the quasi-isomorphism gl : X"l — ylnl,
n € Z, to conclude that Homg (P, g) is a quasi-isomorphism. U

Corollary 4.4.6 (see [81, Proposition 1.4]) Consider the following diagram

P*>; X

|

P/%X/

of a morphism f and quasi-isomorphisms h and h' of R-complexes, where P and
P’ are K -projective. Then there is a morphism ' : P — P’, unique up to homotopy,
such that f o h is homotopic to h' o f'.

Remark 4.4.7 By reversing arrows in 4.4.5 and 4.4.6 we obtain a characterization
and a property of K -injective R-complexes (see [81, 1.5]).

Corollary 4.4.8 (see [5, 1.4 P, 1.4.1]) If two K -projective (resp. K-injective) R-

complexes X and X' are quasi-isomorphic, then there is a quasi-isomorphism X =
X'.

Proposition 4.4.9 Let f : X — Y be a morphism of R-complexes. If X and Y are
K-flat (resp. K -projective, K-injective), then so are the cone C(f) and the fibre

F(f).

Proof This is a rather direct consequence of 1.5.4. Let Z be an exact complex. If X
and Y are K -flat, then
X ®R Z~0~Y ®R Z

and C(f) ®r Z = C(f ®r Z) is exact.
If X and Y are K -projective, then

Hompg (X, Z) >~ 0 >~ Homg (Y, Z)
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and Homg (C(f), Z) = F(Homg(f, Z) is exact.
If X and Y are K -injective, then

Homgz(Z, X) ~ 0 ~ Homgz(Z,Y)

and Homg(Z, C(f)) = C(Homg(Z, f) is exact. U
Moreover, Spaltenstein proved the following existence theorem.

Theorem 4.4.10 (see [81]) For any R-complex X there are quasi-isomorphisms
P — X and X —> J, where the R-complex P is K -projective and the R-complex
J is K-injective.

The quasi-isomorphism P —> X is called a K -projective resolution of X and
the quasi-isomorphism X —> J is called a K -injective resolution of X.

Proof See [81] or the following more precise Theorem 4.4.20. (]
As an application we have the following:
Corollary 4.4.11 (see [5]) Let Z be any R-complex.

(a) Any quasi-isomorphism g : F —> F’ between K-flat R-complexes induces a
quasi-isomorphism
Z®RgZZ®RF—>Z®RF,.

(b) Any quasi-isomorphism f : X —> X' between K -injective (resp. K -projective)
R-complexes induces quasi-isomorphisms

(b]) Z®RfIZ®RX—>Z®RX,,
(b2) Homg(f, Z) : Homg (X', Z) — Homg (X, Z), and
(b3) Homg(Z, f) : Homg(Z, X) — Homg(Z, X').

Proof For the proof of (a) we take a K -projective resolution L —> Z. The data in
(a) provide a commutative square

LQr F—— LQgF’

|

ZQr F—— ZQ@r F'.

In this square the vertical morphisms are quasi-isomorphisms because of the assump-
tions on F, F’. Moreover, as L is K-projective hence also K -flat, we have that the
top horizontal morphism also is a quasi-isomorphism. The claim in (a) follows.
Now we prove (b). The cone C(f) is K-injective (resp. K-projective) (see
4.4.9) and exact. Hence it is contractible (see 4.4.4). It follows that the complexes
Z Qg C(f),Homg(C(f), Z) and Homg(Z, C(f)) are also contractible (see 1.1.8),
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hence exact. As Z Qg C(f) = C(Z Qg f), Homg(C(f), Z) = F(Homg(f, Z)
and Homg(Z, C(f)) = C(Homg(Z, f) (see 1.5.4) the conclusion follows by the
remarks in 1.5.1. O

4.4.12 Towards the homological algebra of unbounded complexes. Let G be an
additive covariant functor from the category of R-complexes into another category
of complexes and assume that G commutes with shift. As a morphism in the category
of R-complexes becomes an isomorphism in the derived category exactly when itis a
quasi-isomorphism and in view of the preceding we have that the left-derived functor
L G (respectively the right-derived functor R G) is well defined in the derived cate-
gory as soon as G preserves quasi-isomorphisms between K -projective R-complexes
(respectively between K -injective R-complexes). In that case, given a complex X
and one of its K-projective resolutions P — X (respectively one of its K -injective
resolutions X — 1), then L G(X) is represented by G(P) (respectively RG(X) is
represented by G(1)).

In these notes we do not really work in the derived category. We mainly work in
the category of R-complexes but use L G and R G as convenient notations, noting
that L G(X) and R G(X), viewed as R-complexes, are well defined up to a quasi-
isomorphism as soon as they exist. We also refer to a short explanation of the derived
category in [36, 111, §1, 6] entitled “What is the derived category”.

More precisely, if X’ is another R-complex quasi-isomorphic to X, if P/ —> X’
is a K-projective resolution (respectively X’ S l'isak -injective resolution),
then we have a quasi-isomorphism P = p (respectively 1 —5 I') (in view of
4.4.8). Hence we also have a quasi-isomorphism G (P) — G(P) (respectively a
quasi-isomorphism G (/) —> G(1")) with the hypotheses on G.

More down to earth: we note that H;(G(P)) and H'(G(I)) depend only on X
and not on the choice of the resolutions P and I, so that without ambiguity we
can define G;(X) = H;(G(P)) and G'(X) = H'(G(I)). By doing so we obtain
functors G; and G' from the category of R-complexes to the category of R-modules
called respectively the i left-derived and the i right-derived functor of G. These
functors G;, G' have the following property: if X ~ X’, then G'(X) = G'(X’) and
G;(X) = G;(X'). Note also that G (X) and G;(X) are functorial in X (in view of
4.4.6 and 4.4.7).

When the functor G is contravariant the existence of L G andR G, of G; and G/, is
discussed in the same way, but exchanging the roles of K -projective and K -injective
resolutions.

Finally, note that, if G is an additive functor from the category of R-modules into
another category of modules, the classical notion of left-derived and right-derived
functors coincides with the one described above.

In the following isomorphisms in the derived category will be denoted by .

As a first application of the above, we now discuss RHom and ®%.

4.4.13 We first note that RHom and ®Y% are well defined in the derived category.
This follows by 4.4.11 and the remarks in 4.4.12. By 1.1.5 note also that the functors
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Hompg (X, -), Homg (-, Y) and (X ®pg -) commute with shifts. In particular, if F =
X and F' —> Y are K -flat or K -projective resolutions, then X ®]1; Y is represented
by any of the quasi-isomorphic complexes

XQrF < FQrF —> FQRrY.

If P —> X is a K-projective resolution and ¥ —> I is a K -injective resolution,
then RHomg (X, Y) is represented by any of the quasi-isomorphic complexes

Homg (X, I) —> Homg(P, I) <— Homg(P, Y).
In accordance with [5] we now define
Exth (X, Y) := H' (RHomg (X, Y)) and TorX(X,Y) := H;(X ®% )

foralli € Z.
Moreover, we again have the Hom-Tensor adjointness formula in the derived
category: for three complexes X, Y, Z we have a natural isomorphism

RHomg (X ®% Y, Z) ~ RHomg (X, RHomg (Y, Z))

in the derived category. This follows from the classical adjointness formula: we may
replace Y by one of its K -flat resolutions F —> Y and Z by one of its K -injective
resolutions Z — J, noting with 4.4.3 that Homg(F, J) is K-injective. The unit
and counit are represented by the natural morphisms

Homgz(P, X) ®g P — X and X — Homg(P, X ®f P),

where P —> Yisa K -projective resolution of Y.
It follows that we again have an Ext-Tor duality formula for complexes: for all
i € Z we have natural isomorphisms

(X ®% Y)Y ~ RHomg (X, Y") and Torf (X, ¥)¥ = Exth(X, YY),

where ()Y = Homg(-, E) for an injective cogenerator E.

Moreover, if Y is left-bounded and if X has a right-bounded free resolution L =
X with the L;’s finitely generated, then

X ®% VY ~ RHomg(X, Y) and Tor® (X, YY) = Ext, (X, ¥)".

This last fact follows by the observations in 1.1.9.
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Remark 4.4.14 Note that a K -flat R-complex is not necessarily flat (any contractible
complex is K -flat). Note also that a flat R-complex is not necessarily K -flat. A typical
example is the following.

Take R = Z/47Z and for X the Z /47Z-complex defined by X; = Z/47 and dix is the

multiplication by 2. This complex X is flat and exact: X N 0,but X ®z/47 2/27
is not exact. Hence X is not K-flat in view of 4.4.11.

The same remarks hold on the projective and injective side (by considering also
the general Matlis dual complex XV). This example also shows that there are exact
complexes which are neither K -flat, nor K -projective, nor K -injective.

Remark 4.4.15 If X — Y is a homotopism and if X is K-projective (resp. K-
injective, K -flat), then sois Y.

The proofs follows from the recall in 1.1.4 and are left to the reader. But note that
a complex quasi-isomorphic to a K -projective (resp. K -injective, K -flat) complex
is not necessarily K-projective (resp. K -injective, K -flat). (To see this note that any
exact complex is quasi-isomorphic to a contractible one, then remember 4.4.4.)

Though the existence of K-projective and K -injective resolutions is enough to
develop a (co)homological theory of unbounded complexes, we sometimes need
better resolutions.

Definition 4.4.16 Following Avramov and Foxby [5] we say that an R-complex X
is DG-flat (resp. DG-projective, DG-injective) if it is both flat and K-flat (resp.
projective and K -projective, injective and K -injective).

Remark 4.4.17 With the above definitions and some of the remarks in 4.4.3 recall
the following.

(a) Let f : X — Y be a morphism of complexes. If X and Y are DG-projective
(resp. DG-injective, D G-flat), then so are the complexes C(f) and F(f).

(b) If F is DG-flat and J is DG-injective, then Homg (F, J) is DG-injective.

(¢) If P and P’ are DG-projective, then P ®g P’ is DG-projective.

(d) If F and F' are DG-flat, then F ®p F’ is DG-flat.

(e) Direct sums of DG-projective R-complexes are DG-projective.

(f) Direct products of DG-injective R-complexes are DG-injective.

To prove the existence of D G-projective resolutions and D G-injective resolutions
we first recall that any right-bounded R-complex X has a right-bounded projective
resolution P —> X and that such a P is D G-projective (see 4.4.3). Dually we also
recall that any left-bounded R-complex X has a left-bounded injective resolution

X —> I and that such an I is D G-injective. Then we recall Spaltenstein’s construc-
tion.

Lemma 4.4.18 (see [81]) Let 0 — X —f> Y — Z — 0 be a short exact sequence
of right-bounded ascending R-complexes and letuy : P —> X be a right-bounded

projective resolution. Then there is a right-bounded projective resolutionuy : Q =
Y and a commutative diagram with exact rows
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0O—— P ——

ux

%TQ

O%Xﬁ

Proof We write f' = uy o f, then we take the fiber of f’ and a right-bounded
projective resolution v : § —> F(f’). We consider the two commutative squares

I '

P——Y and s—" p

MXJ/ VJ/
f

X— F(f)——P

where w : F(f') — P is the natural projection. We recall that Cyl(f') = C(—w)
and obtain (see the observations in 1.5.8) a commutative diagram with exact rows

0— P C(—w) st 0
i
0— P —Cyl(f) c(f) 0
0—— X —— Cyl(f) cf) 0
)
0 x 1 .y z 0.

In this diagram the vertical morphisms on the right and on the left are quasi-
isomorphisms and so are the ones on the middle. Finally, we observe that C (—w’) is
a right-bounded complex of projective R-modules and take Q = C(—w).

Lemma 4.4.19 (see [81]) Let 0 > X — Y —f> Z — 0 be a short exact sequence
of left-bounded descending R-complexes and let vz : Z —> I bea left-bounded

injective resolution. Then there is a left-bounded injective resolution vy : Y .
and a commutative diagram with exact rows

Y$Z%O
V}/J/ JVZ
J——1—0

Proof The proof is similar to that of 4.4.18, using 1.5.9 in place of 1.5.8.
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Theorem 4.4.20 (see [5, 1.6]) Let X denote an R-complex.

(a) X has a DG-projective resolution: there exists a quasi-isomorphism P = X
where P is a DG-projective R-complex, hence also DG -flat.

(b) X has a DG-injective resolution: there exists a quasi-isomorphism X Ny |
where I is a DG-injective R-complex.

Proof (a) We start with a right-bounded projective resolution of the right soft trun-
cation 7o) (X) defined in 4.1.5, then construct, step by step and with the help of 4.4.18
a direct system of quasi-isomorphisms

P —— 1e(X)

]

P ——— 1y(X)

for all t > 0, where the P, are right-bounded R-complexes of projective R-modules,
hence DG-projective. Then we take direct limits and telescopes. This gives quasi-
isomorphisms

Tel(P) — H_II)]P, — li_r)nX,] =X,

where 3 denotes the direct system {P; — P;y;} (see 1.3.2, 4.1.5 and 4.3.2). By
definition Tel(P) = C(¢y), where ¢z : ®P; — @ P, is a morphism between DG-
projective complexes (see 4.4.17 (e)). It follows that Tel(]3) is D G-projective (see
4.4.17 (a)) and the above composite gives the resolution wanted in (a).

(b) We start with a left-bounded injective resolution of the left soft truncation
7(0(X). With the help of 4.4.19 we construct, step by step, an inverse system of
quasi-isomorphisms

Tr41(X) —— T

| ]

(X)) ——— J,

for all t > 0, where the J; are left-bounded R-complexes of injective modules, hence
DG-injective (see [81, 3.3]). Then we take microscopes and inverse limits. As the
inverse system {1, (X)} is degree-wise surjective there are quasi-isomorphisms

X =1lim 7, (X) — Mic({z;(X)}) — Mic({J;})

(see 4.1.5,4.2.3 and (4.2.5 (b)). It remains to check that Mic({/;}) is DG-injective.
But this is clear, by definition Mic({J;}) = F(¥y,)) and ¢, : [[ /i = [[ /i is a
morphism between DG-injective complexes (see 4.4.17 (f)). Hence Mic({J;}) is
DG-injective by 4.4.17 (a). (]
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4.4.21 Change of rings

(A) Let ¢ : R — B be a homomorphism of commutative rings, let X be an R-
complex and Y a B-complex. The B-complex Y may be viewed as an R-complex
via ¢. There are two B-complexes associated to the R-complex X, namely

Xy = B ®r X and X := Homg(B, X).
When there is no doubt about the homomorphism ¢ we also write
X = Xp and X := X5,
In this situation we have natural isomorphisms

Homg(X, Y) = Homp(Xp, Y), Homg(Y, X) = Homp(Y, X5)
andX®RY ;XB ®Rp Y.

We now recall the following consequences of the above.

(B) Let M be an R-module. Then:

(b1) If the R-module M is injective, then the B-module M2 is injective.

(b2) If the R-module M is flat, then the B-module M3 is flat.

(b3) If the R-module M is free (resp. projective), then the B-module M is free
(resp. projective).

(C) Let X be an R-complex. Then the following statements are true:

(c1) If the R-complex X is K -injective (resp. D G-injective), then the B-complex
X? is K-injective (resp. DG-injective).

(c2) If the R-complex X is K-flat (resp. DG-flat), then the B-complex Xp is
K-flat (resp. DG-flat).

(c3) If the R-complex X is K-projective (resp. DG-projective), then the B-
complex X is K-projective (resp. D G-projective).

(D) Assume now that the homomorphism ¢ : R — B is flat.

(dl) If the R-complex X is K-injective (resp. DG-injective), then the com-
plex X® = Homg (B, X), viewed as an R-complex, is also K -injective (resp. DG-
injective).

(d2) Let X, X' be two R-complexes. Then

Torf (X, X') @& B = Tor? (X, X)

for all i € Z. In particular, Tor localizes.

It rF - X is a K -flat resolution of X, then Fp N X 1s a K -flat resolution
of Xp and (F ® X') Qr B = Fp @ X3. We take homology to obtain the claim.)

(d3) Assume that the R-complex X has a right-bounded free resolution L —> X
such that all the L; are finitely generated. Assume also that the R-complex X’ is
left-bounded, then

Exth(X, X') @ B = Exty(Xp, X))
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for all i € Z. In particular, Extg (X, X’) localizes in this case.

(From our hypotheses we have Homg(L, X') = Homg(L, R) Qr X’
(see 1.1.9) so that Homg(L, X') ®x B = Homg(L, R) ®z (X' ®r B) = Homp
(L, X%) = Homp(Lg, X}). We take cohomology and obtain the result.)

(d4) Note that the hypotheses on X in (d3) are satisfied when X is homologically
right-bounded with finitely generated homology modules and when the ring R is
Noetherian. In particular, if R is Noetherian, if X is a homologically right-bounded
with finitely generated homology modules and if X’ is a homologically left-bounded
R-complex, then

Exth (X, X') ® R® = Extl, (X ® R, X' ® RY)

for all ideals a of R and all R-complexes X. This is because R® is R-flat.

The content of the previous subsection is the basis for our use of homological
algebra, in particular of unbounded complexes. For further information on the concept
of derived category and its use in the homological theory of complexes, the reader
may consult [85, Chapter 10] and the books [36], [53] or [87].

4.5 Minimal Injective Resolutions for Unbounded
Complexes

In this section we revisit the notion of minimal injective resolutions, particularly
helpful when the ring is Noetherian, though available over any commutative ring.
Minimal injective resolutions of a module over a Noetherian ring are well understood,
see Bass’ fundamental paper [9]. One of the features here is that we also consider
minimal injective resolutions of unbounded complexes.

4.5.1 Let f : M — N be a homomorphism of modules over the commutative ring
R and let M’ be a submodule of M. We say that M’ is a common direct summand of
M and N under f if there is a commutative square

M —“ 5 N’

| T

M——N

where u is an isomorphism. In that case, i is split-injective, p is split-surjective, and
f induces a homomorphism M/M’ — N/N'.

Definition 4.5.2 Minimal injective complexes. Let I be a complex of injective mod-
ules over a commutative ring R. We say that this injective complex is minimal at
spot j if 17 is an essential extension of Ker(d} ), in other words if // is the injective
hull of Ker(d,j ). We say that 7 is minimal if for all j € Z it is minimal at spot j.



106 4 Homological Preliminaries

4.5.3 Cancellation trick. Let I denote any injective complex and let us look at spot
j for some j € Z. Let Eg (Ker(dj )) be the 1n]ectlve hull of Ker(dj ). The 1nJect10n
Ker(d’ ) <> I/ extends to an injection Eg(Ker(d;)) <> I/, hence Eg(Ker(dy)) is
a direct summand of 7/ and we may choose an injective module I'7 such that I/ =
E R(Ker(d] )) @ I'/. The restriction of d] to I'/ is clearly injective, hence I'/ appears
as acommon direct summand of /7 and //*! under d; / We cancel this common direct
summand. Doing so we obtain an injective complex [ with [' = E R(Ker(d’ )) and
a degree-wise surjective morphism p : I — I. We observe that I is minimal at spot
Jj because p maps Ker(dj ) into Ker(dlj).

Lemma 4.5.4 (a) Let I denote any injective complex over a commutative ring R.
This 1 is minimal at spot j if and only if I’ and 1’ do not have any non-trivial
common direct summands under d.

(b) Let0 — I' — I — 1" — 0 be a short exact sequence of injective complexes
over a commutative ring R. If I is minimal at some spot j € Z, then so are I' and
1.

Proof The first assertion is a direct consequence of the cancellation trick described
in 4.5.3. The second is a direct consequence of the definition of minimality. (I

We do not know if the following, well-known when [ is left-bounded and R is
Noetherian, has already been noticed in general.

Proposition 4.5.5 Let I denote an injective complex over a commutative ring R.
There is a short exact sequence of complexes, degree-wise split-exact

0—>I(e)—>1—p>J—>0,

where p is a quasi-isomorphism, J is a minimal injective complex and I is an exact
complex of injective modules.

If, moreover; I is DG-injective, then we have such a sequence where J is also
DG-injective and where 1, is contractible.

Proof We first look at even spots. We may write 12/ = Ep (Ker(d?’ ) @ I'% for
some choice of the I'% and we note that %/ is a common direct summand of 1%/
and 1%/*! under d* (see 4.5.3). Then we cancel these common direct summands
and obtain a short exact sequence, degree-wise split-exact,

0—=>1 -1 EA I—0,
where I’ is the complex
Ao S e e S

We note that I’ is contractible, hence exact and DG-injective, that f is a quasi-

isomorphism and that the injective complex I is minimal at spots 2j: 1%/ =
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Eg(Ker(d;’)) = Eg(Ker(d?’)) forall j € Z.If, moreover, I is DG-injective, then
so is I because I’ is contractible.

Then we take care of the odd spots of the complex I in the same way as above,
we obtain a short exact sequence, degree-wise split-exact,

01" T15%5 750,

where the injective complex I” is contractible and where J is minimal at odd spots.
As the complex I is minimal at even spot, so is the complex J (see 4.5.4). Hence J
is minimal.

We put p = go f and obtain the claim. Note that if [ is DG-injective, so
are I and J, hence also I, so that the exact DG-injective complex I is
contractible. (]

Corollary 4.5.6 Every R-complex X has a minimal D G-injective resolution.
If, moreover, X is homologically left-bounded, then X has a left-bounded minimal
DG-injective resolution I with

inf{j | I/ # 0} = inf{j | H/(X) # 0}.

Minimal injective complexes have nice properties as we shall investigate in the
following.

Proposition 4.5.7 Let m be any maximal ideal of a commutative ring R and let 1
denote a minimal injective R-complex.
Then the complex Homg (k(m), I) has zero differentials.

Proof Note that k(m) = R/m is a simple R-module. If f :k(m) — I/ is some
non-zero homomorphism it is injective by the simplicity of k(m) and factors through
Er(R/m), giving a homomorphism f’: Eg(R/m) — I/ which is again injective
because Ex(R/m) is an essential extension of k(m). If d/ o f # 0 then d’ o f is
injective because k(m) is simple. It follows that d/ o f’ is injective too. Hence
Er(R/m) appears as a common direct summand of 7/ and I/*! under d’, con-
tradicting the minimality of /. ]

We shall need more information on injective modules.

Recalls 4.5.8 (a) Let R be a commutative ring. As usual we denote by Ex(M) or
simply E (M) the injective hull of an R-module M. For a prime ideal p of R and an
element x ¢ p we note that multiplication by x acts as an automorphism on Eg (R /p)
so that Ex(R/p) has the structure of an R,-module. With its R,-module structure
we note that Er(R/p) is also the injective hull of k(p) := R, /pR,, the residue field
of the local ring Ry: ERr(R/p) = Er, (k(p)). That is because for any R,-complex X
we have X ®g Ry, = X and Homg, (X, Er(R/p)) = Homg(X, Eg(R/p)). As R/p
is a domain note also that the injective modules Ez(R/p) are indecomposable as
R-modules hence also as R,-modules.
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(b) Assume now that R is Noetherian. Then Assg(Eg(R/p)) = {p}, hence
Er(R/p) and k(p) are p-torsion modules. We also have that the Er(R/p)’s,
p € Spec(R), are the only indecomposable injective modules. Moreover, every injec-
tive R-module may be written as a direct sum of modules of the form Eg(R/p),
p € Spec(R), in a unique way, up to the order of the direct summands. See Matlis’
original paper [55] for more details.

Remark 4.5.9 Let J denote an injective module over a Noetherian ring R and let g
be a prime ideal. Then the R-modules I';(J) and J; are also injective. More precisely
we may write

J = Dpespec R(ER(R/p))(C(PJ))’

where the c(p, J)’s are cardinal numbers and where (Eg(R/p))€® /) denote the
direct sum of c(p, J) copies of Ex(R/p). It follows that

La(J) = @pevig (Er(R/p) P and
Jq = @pcy (Er(R/p))®D.

This shows that the R-modules I';(J) and J; are both injective. It also shows that
the natural homomorphism J — J; is split-surjective. Then note that J, viewed as
an R,-module is also injective.

Now let q € Spec(R). Then it yields that

Hompg (k(q), Jq) = Homg_ (k(q), Jq) = Homg_ (k(q), I4(Jy))
because the R;-module k(q) is g-torsion. Note also that
Iy(Jq) = (Er(R/9) ™).

Proposition 4.5.10 Let I denote an injective complex over a Noetherian ring R. If
I is minimal then the complexes 14 and I';(I) are also minimal injective for every
prime ideal q of R. Moreover, I viewed as an Rq-complex is also minimal injective.

Proof From the remarks in 4.5.9 we note that I';(/) is an injective subcomplex of
I and that /; is an injective complex quotient of /. Hence the statements follow by
454. O

We continue the investigation of the minimal injective resolution of an R-complex
in the case when the ring is Noetherian. In that case minimal injective complexes
have the following characterization.

Proposition 4.5.11 Let I be an injective complex over a Noetherian ring R. The
following conditions are equivalent:

(i) I is minimal,
(ii) the complex Hompg(k(p), I,) has zero differentials for all p € Spec(R).
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Proof First note that Homg (k(p), I,) = Homg, (k(p), I,). We have seen in 4.5.10
that the R,-complex I, is minimal injective when I is minimal. Hence the implication
(1) = (ii) follows by 4.5.7. On the other hand, if [ is not minimal, then for some
j € Z the modules I’/ and I/*! have a non-zero common direct summand under
d’, hence also a non-zero common direct summand of the form E(R/p) for some
p € Spec(R). It follows that condition (ii) is not satisfied. U

We need some more information on the functors Hom and Ext. We first investigate
their behaviour under a ring homomorphism R — B. Then for an R-complex X the
complex X ®g B has the structure of a B-complex by ring extensions. For two
R-complexes X and Y there is a natural morphism

Hompz (Y, X) ®¢ B — Homp (Y ®r B, X ®r B)

of B-complexes. We investigate when it is an isomorphism or a quasi-isomorphism.

Lemma 4.5.12 Let X be a complex over a Noetherian ring R. Let Y be a second
R-complex, degree-wise finitely generated. Let R — B denote a flat ring homomor-
phism. Then the natural morphism of B-complexes

HOH]R(Y, X) XRr B — HOIIlB(Y Rr B, X QR B)

is an isomorphism provided one of the following conditions is satisfied:

(a) Y is right-bounded and X is left-bounded,
(b) Y is bounded,
(c¢) X is bounded.

Proof The statement is known when Y = N and X = M are R-modules. In general,
Homg (Y, X)" =[], ;_, Homg(Y;, X7) is a finite product of the Homg(Y;, X/)’s

j=n
when one of the conditions (a), (b) and (c) is satisfied. Because the functor - ® g B
commutes with finite products the statement follows. (]

For a multiplicatively closed set T in a commutative ring R, (1 € T), we denote
by Ry or TR the ring of fractions /s, r € R, s € T. Then for an R-complex X
we denote by X7 or T~!' X the Ry-complex X ®z Ry.

Proposition 4.5.13 Let R denote a Noetherian ring and let T be a multiplicatively
closed subset in R. Let X be a homologically left-bounded R-complex with one of
its left-bounded injective resolution X —> 1. Let Y be any homologically right-
bounded R-complex and assume that the homology modules H;(Y) are finitely gen-
erated.

(a) The natural morphism
HomR(Y, I) ®R RT — HomRT(Y ®R RT, 1 ®R RT)

is a quasi-isomorphism.
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(b) Foralli € 7 we have
Exty (Y, X) ®r Ry = Exty, (Y7, X7).
In particular, we have

(Extk (R/p, X))y = Exty (k(p), Xp)
for all prime ideals p of R.

Proof Firstnote that X @ Ry =1 ®pr Ry is an Rr-injective resolution of X ®p
Ry because Ry is R-flat. The complex Y has a right-bounded free resolution L —> ¥
where all the L;’s are finitely generated (see 1.1.12). This also induces a quasi-

isomorphism L ®g Ry S Ye® g R and afree resolution of the Ry-complex ¥ ®g
Rr. There is a commutative square

Hompg (Y, I) ® g Rt —— Homg, (Y ®& Ry, I ®r Rr)

| J

HOIHR(L, I) Rr RT —_— HomRT(L Rr RT, 1 Rr RT)

In this square the vertical morphisms are quasi-isomorphisms as easily seen. As the
bottom horizontal morphism is an isomorphism by 4.5.12 the statement in (a) follows.
We then take cohomology to finish the proof. (Note, however, that the isomorphisms
in (b) are also a particular case of (4.4.21 (d3).) [l

We now investigate some finiteness conditions in cohomology.

Lemma 4.5.14 Let X and Y be two complexes over a Noetherian ring R with finitely

generated cohomology modules. Assume that one of the following conditions is sat-
isfied:

(a) Y is homologically right-bounded and X is homologically left-bounded.

(b) X is a bounded complex of injective modules.

Then the R-modules Exty, (Y, X) are finitely generated.

Proof Assume first that condition (a) is satisfied. Then as above the complex X has
a left-bounded injective resolution X —» I and the complex Y has a right-bounded

free resolutior_l L —> Y where all the L;’s are finitely generated (see 1.1.12). We
recall that Ext), (Y, X) = Hi(Hompg(L, I)). For the cohomology of Homg (L, I) we
have the following spectral sequence

E}Y = HP(Homg(L, H(I))) = H"*9(Homg(L, I)).

By the assumption the E;-terms are finitely generated. Therefore all the subsequent
stages are finitely generated, and the EZ;? are also finitely generated R-modules
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for all p, . That is, the R-module H?*4(Hompg (L, I)) admits a finite filtration by
finitely generated R-modules. Whence it is finitely generated as an R-module.

Assume now that condition (b) is satisfied. Then H' (Homg, ¥, X) = Ext’k Y, X).
As X is bounded note also that H' (Homg (Y, X)) depends only on a soft truncation
+++— Y, = Ker(d)_) = 0of Y for n > 0. Hence we may and do assume that Y
is right-bounded. In that case (b) follows from (a).

Proposition 4.5.15 Let X be a homologically left-bounded complex over a Noethe-
rianring R and assume that the cohomology R-modules H {(X) arefinitely generated.
Then the k(p)-vector spaces Ext‘Rlu (k(p), Xp) have finite dimension for any prime
ideal p of R.

Proof We have (Ext’k(R/p, X))p = Ext’kp (k(p), X) by virtue of 4.5.13. As the R-
modules Ext‘k(R /p, X) are finitely generated by 4.5.14 the statement follows. [

4.5.16 Bassnumbers. Let R be a Noetherian ring. The Bass numbers of an R-module
M were introduced in [9]. For an unbounded complex X, for j € Z and p € Spec(R)
we define A

i (p. X) = dimygy (Ext (R/p, X) ®r Ry)

(note that Extfe(R/p, X)®r Ry = Ext{e(R/p, X) ®r R/p ®r Ry is a k(p)-vector

space). In general, these w ;(p, X) are only cardinal numbers.
When X is homologically left-bounded then

wj(p, X) = dimyp) Exty, (K(p), Xp),
in view of 4.5.13.
When X is homologically left-bounded and, moreover, when the H'(X) are

finitely generated then the w;(p, X) are natural numbers by 4.5.15.

Remark 4.5.17 Let X be any complex over a Noetherian ring R and let X —> I be
one of its DG-injective resolutions. Then

Extk(R/p, X) @& Ry = H’ (Homg(R/p, I) ®r Ry)
because R, is R-flat. Note also that
Homg(R/p, I) ®r Ry, = Homp, (k(p), 1)
in view of 4.5.12 and therefore
wj(p, X) = dimy) H’ (Homg, (k(p), Iy)).
Note however that the injective complex I, might be not DG-injective in general

(see [20]). In general, there are no interpretations of H/(Hom R, (K(p), 1)) in terms
of Ext. This explains the way we define the Bass numbers of an arbitrary complex.
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We have seen in 4.5.6 that any R-complex X has a minimal D G-injective reso-
lution. When the ring R is Noetherian we shall prove in the following that such a
resolution is unique up to isomorphism and at the same time that our definition of
the Bass numbers coincides with the one originally given by Bass in the case when
X = M is an R-module.

Theorem 4.5.18 Let R be a Noetherian ring and X be any R-complex. Then X has
a minimal D G-injective resolution X =1, unique up to isomorphism, where

I = @pespecir) Er(R/p)) 11 ®X),

Proof Let X —> I be one of the minimal DG-injective resolutions of X (such a
resolution exists, see 4.5.6). As in 4.5.9 we may write

= @pespec(R)ER(R/P))(C(p’[j))

where the ¢(p, /) are cardinal numbers and where Eg(R/p))“®!") denotes the
direct sumof ¢(p, /) copies of Ex(R/p). We have to prove that c(p, ') = wilp, X).

We have seen in 4.5.17 that p; (p, X) = dimyy, H/ (Homg, (k(p), Iy)). Because
the complexes I, are minimal injective (see 4.5.10) we know by 4.5.11 that the
complexes Homg, (k(p), /) have zero differentials. Hence

1 (p. X) = dimyp) Homp, (k(p), 7).
We have that

Hompg, (k(p), Ig) = Homg, (k(p), ER(R/p)(c(p,n)))
= H()me (]k(p)7 k(p)(c(pql.f)))’

for the first isomorphism see the remarks at the end of 4.5.9, the last one is rather
obvious. The equalities c(p, I/) = ;(p, X) follow.

Now let X —> J be another minimal DG-injective resolution of X. There are

quasi-isomorphisms I —> J —> I, the composite of them is homotopic to the
identity (see 4.4.8 and also 4.4.7). It follows that the composite morphism

Hompg, (k(p), I,) — Homg, (k(p), Jp) — Homg, (k(p), 1)

is also homotopic to the identity. But these last complexes have zero differentials.
Hence this last composite is the identity and this holds for all p € Spec(R). In view
of the above description of Homg, (k(p), I,,) it follows that the quasi-isomorphism

I —> J is an isomorphism. ]

For the sake of completeness and later use note also the following.
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Proposition 4.5.19 Let X be a homologically left-bounded complex over a Noethe-
rian ring R and assume that the R-modules H'(X) are finitely generated. Let
p C q be two prime ideals of R such that height(p/q) = 1. If pu;j(p, X) # O then

wj+1(g, X) # 0.

Proof This was proved by Bass in the case when X = M is an R-module (see [9]).
We only note here that Bass” proof extends to the present case. (This is true because
in our situation the R;-modules Ext (R/p, X) @r Ry are finitely generated (see
4.5.14.)) (]

In the case when X = M is an R-module note also the following consequences
of the above considerations.

Recalls 4.5.20 Let M be a module over a Noetherian Ring R. Then

(a) po(p, M) # 0if and only if p € Assg(M),
(b) idg M = length(/), where I is a minimal injective resolution of M,
(c) if x = xy, ..., x; is a sequence regular on both R and M then

M/xM = Exti(R/xR, M) and idg M = idg/ g(M/xM) +k,

(d) if M is finitely generated then dimgz M < idg M.

Moreover it was conjectured by H. Bass (see [9]) that a Noetherian local ring
possessing a non-zero finitely generated module of finite injective dimension is a
Cohen—Macaulay ring. This conjecture became part of Hochster’s homological con-
jectures (see [45]), among them the intersection conjecture. In fact Hochster solved
anumber of these homological conjectures in the case of equi-characteristic Noethe-
rian local rings. Since P. Roberts proved the intersection conjecture in general (see
[70]) the Bass conjecture also became true (see also the forthcoming more general
Theorem 10.1.7 and its Corollary 10.1.8 for more details about this).

4.6 Ext and Tor with Inverse and Direct Limits

Let R denote a commutative ring. We have seen that the functor Homg (-, Y) trans-
forms direct limits into inverse limits and that the functor Homg (X, -) commutes
with inverse limits (see 1.3.3 and 1.2.7). This has some consequences on the functors
Ext, which we now investigate.

Lemma 4.6.1 LetX = {0;; : X; — X; | 0 <i < j € N} be adirect system of com-
plexes over a commutative ring R and let I be a DG-injective complex. Then
Homg (X, I) = {Homg(X;, I)} forms an inverse system and we have an isomor-
phism and a quasi-isomorphism

lim (Hom (X, 1)) = Homg (lim X, 1) —> Mic(Homg (X, 1)),
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MOV@OV@I’; there are short exact sequences

1 ggi—1 i :
0— 1(121 H (Hom;?(X,,I)) — H (HomR(h_r)nXt,I))
—>1(ir_nH’(H0mR(Xt,I))—>O
foralli € 7.

Proof With the morphism ¢y as defined in 1.3.2 there is a short exact sequence

0— & X, ﬁ) &, X, — li_r)nX, — 0.
By applying the functor Homg (-, 7) it induces a short exact sequence of complexes

‘lfHomR(i’.I)

0 — Homg(lim X, 1) — HHomR(X,, = HHomR(D,, 1) — 0,

recall that Homz (¢x, 1) = YHom,(x,1) (see 1.3.3). This gives the isomorphism of
the statement. The quasi-isomorphism follows by the definition of Mic and 1.5.6.
Then the short exact sequences follow by 4.2.3 applied to the inverse system
Homg (X, I). (Il

In a certain sense our first result gives an answer to part of [71, Remark
Section 7.2].

Proposition 4.6.2 Let R denote a commutative ring and let X = {0;; : X; — X |
0 <i < j € N} be a direct system of R-complexes. Write X = h_r)n X;. Then there
are short exact sequences

0— l(ir_nlExtiR_l(X,, Y) — Exth(X,Y) — @Ext;(x,, Y) —> 0
foralli € N and any R-complex Y.

Proof LetY —> I denote a D G-injective resolution of Y. Then the result follows
by the short exact sequences in 4.6.1 and the definition of the Ext-modules. (I

Another result in this direction is related to inverse systems of complexes.

Lemma 4.6.3 Let Q) = {p11+1: Yi+1 = Y: | t € N} denote an inverse system of
complexes over a commutative ring R and assume that it satisfies degree-wise the
Mittag-Leffler condition. Let P be a DG-projective complex. Then Homg (P, %)) =
{Hompz (P, Y;)} forms an inverse system and there is an isomorphism and a quasi-
isomorphism

l(ir_nHomR(P, Y;) = Hompg (P, l(ln Y,) —> Mic(Homg (P, D).

Moreover, there are short exact sequences
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0 — lim "H='(Homg (P, Y;)) — H'(Homg(P, lim ¥,))
— l(ir_nHi(HomR(P, Y)) = 0

foralli € 7.

Proof By the hypothesis on 2) we have L&n 'Y, = 0 and a short exact sequence

, v
0—1lmY, — [[v. = []¥. >0,

where rg) is the morphism defined in 1.2.6. Since P is D G-projective it induces the
short exact sequence

. ¥
0 — Homg(P, lim¥,) — HHomR(P, Y, — l_[HomR(P, Y,) — 0,

where ¢ = Homz (P, ¥g)) = YHom,(p,9) (see 1.2.7). This gives the isomorphism
of the statement. The quasi-isomorphism follows by the definition of Mic and
1.5.6. Then the short exact sequences follow by 4.2.3 applied to the inverse sys-
tem Homg (P, ). (I

As before we get a result related to [71, Remark Section7.2].

Proposition 4.6.4 Let R denote a commutative ring and let ) = {01141 : Vi1 —
Y; | t € N} be an inverse system of R-complexes satisfying degree-wise the Mittag-
Leffler condition. Write Y = l(ln Y,. Then there is a short exact sequence

0 — lim VExty '(X, Y,) — Exth(X,Y) — LiLnExtiR(X, Y,)) — 0
foralli € N and any R-complex X.

Proof Let P —> Xbea D G-projective resolution of the R-complex X. Then the
result follows by 4.6.3 and the definition of the Ext-modules. (]

We now investigate the behaviour of tensor products and Tor with inverse limits.

Lemma 4.6.5 Let R denote a commutative ring. Let ) = {p; 141 : Vi1 = Y |t €
N} denote an inverse system of R-complexes that satisfies degree-wise the Mittag-
Leffler condition. Let L denote a right-bounded complex of finitely generated free
R-modules. Then there is an isomorphism 1(i£1(L Rr Y:) = (L ®r 1(&1 Y).

Proof First we note that L ® ) = {L ®p Y;} form an inverse system that satisfies
degree-wise the Mittag-Leffler condition. By 1.2.3 there is a short exact sequence of
complexes

. vy
O—>l<£nY,—>l_[Yt—m>HY,—>0.
t t
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Since L is a complex of free R-modules it induces by tensoring with L a short
exact sequence of complexes such that the following diagram with exact rows is
commutative

0——L@rlim¥ —— L@ ([[Y) —— L@ ([Y) ——0

|

0 ——lim(L ®r ¥;) —— [[(L&Y)) —— [[(L®rY,)) —— 0.

Clearly the vertical morphisms on the right are isomorphisms because the L;’s are
free finitely generated. Whence the vertical morphism on the left is an isomorphism
as follows by degree-wise inspection. (]

Proposition 4.6.6 Let R be a Noetherian ring and let X be a homologically
right-bounded complex with finitely generated homology modules. LetY) = {141 :
Y11 — Y, | t € N} denote an inverse system of R-complexes that satisfies degree-
wise the Mittag-Leffler condition. Then

Torf (X, lim ¥,) = lim Tor (X, ¥,)
foralli € 7.

Proof The complex X has a DG-projective resolution L —> X where L isa right-
bounded complex of finitely generated free R-modules (see 1.1.12). Hence the state-
ment is a direct consequence of 4.6.5. (]

We have already noted in 1.3.5 that tensor products commute with right-filtered
direct limits. Hence we also have the following.

Proposition 4.6.7 Let R denote a commutative ring. Let (I, <) be a right-filtered
ordered set and let X = {0;; : X; — X; |0 <i < j € I} be a direct system of R-
complexes over 1. Let Y be another R-complex. Then

Tor® (lim X;, ¥) = lim Tor®(X;, ¥)
— —

foralli € 7.



Chapter 5
Koszul Complexes, Depth and Codepth oo

The notions of Ext-depth and Tor-codepth with respect to an ideal a of a commutative
ring R were introduced and investigated by Strooker for R-modules. He also proved
(see [82, 6.1.6, 6.1.7]) that these can be computed by the use of a Koszul complex
when the ideal a is finitely generated.

These notions extend naturally to complexes. In this generality they have been
studied by Foxby and Iyengar, who extended Strooker’s result to unbounded com-
plexes (see [33, Theorems2.1 and 4.1]). In their paper Foxby and Iyengar worked
over a Noetherian ring and also proved additional results. We shall revisit these in a
later chapter. However, most of their results hold in greater generality. In particular,
the Ext-depth Tor-codepth sensitivity of the Koszul complex holds in general. To
present it we follow — more or less — Foxby and Iyengar’s presentation. Then we
add some remarks on complexes with finite Ext-depth and finite Tor-codepth. First
we recall some basic facts on Koszul complexes and also provide some conditions
under which its homology is related to completion. In the last section we turn back
to modules and recall some facts on their Koszul homology.

5.1 Ext-Depth and Tor-Codepth

Let R be a commutative ring and a an ideal of R. In view of 4.4.13 recall that
Ext"R(R /a, X) and ToriR(R /a, X) are well defined for any R-complex X and all
i € Z. We shall use the following notations.

Notations 5.1.1 For any R complexes X, Y we write

extx(X,Y) :=inf{i € Z | Exty(X,Y) # 0},
tor® (X, Y) :=inf{i € Z | Tor® (X, Y) # 0}.
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Later we shall also write

exth(X,Y) :=sup{i € Z | Extx(X,Y) # 0},
tor® (X, Y) :=sup{i € Z | Tor®(X,Y) # 0}.

As usual inf and sup are taken in the ordered set Z U {£00}.

Definition 5.1.2 The Ext-depth and the Tor-codepth of an R-complex X with respect
to the ideal a are defined by

E-dp(a, X) = inf{i € Z | ExtiR(R/a, X) # 0} :=extz(R/a, X) and
T-codp(a, X) = inf{i € Z | Tor®(R/a, X) # 0} := tor® (R/a, X).

Therefore
—o00 < E-dp(a, X), T-codp(a, X) < oo.

The Tor-codepth is sometimes called width (see also [34] or [86] for the case of
bounded complexes).

Remark 5.1.3 (a) Let X —> J be a K-injective resolution of X. It follows by
definition that

E-dp(a, X) = inf{i € Z | H'(Homg(R/a, J)) # 0}.
Dually, let F — X be a K -flat resolution of X , then
T-codp(a, X) = inf{i € Z | H;(R/a ®g F)) # 0}.

(b) If X is exact, then T-codp(a, X) = oo = E-dp(a, X).
(c) If X and X’ are quasi-isomorphic, then

E-dp(a, X) = E-dp(a, X') and T-codp(a, X) = T-codp(a, X’).

All this follows from the properties of Ext and Tor recalled in 4.4.13.
(d) Note that T-codp(a, X) = E-dp(a, XV), as follows from the Ext-Tor duality
recalled in 4.4.13.

Definitions and observations 5.1.4 We also introduce the class T, of complexes X
with T-codp(a, X) = oo. This class extends the class of modules introduced in 3.2.2
and will play an important r6le in the sequel. We observe the following.

(a) For a complex X the condition X € T is in fact a condition on its K -flat or
K -projective resolutions. If two complexes X and X’ are quasi-isomorphic and one
of them is in T, then so is the other.

(b) The module of fractions R, isin T, forall x € a. More generally, any relatively-
a-flat module F' as defined in 2.6.1 and such that F = aF is in T,. Exact complexes
are in T .
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(c)Let0 - X — Y — Z — (be ashort exact sequence of R-complexes. If two
of the three complexes X, Y and Z are in T, then the third one is also in Tj.

(LetL —> R /abeafreeresolution of R/a. Then we have the short exact sequence
0> LQ®rX—>LRrY - LQ®rZ — 0,and,if two of the three complexes L ®p
X,L®rY and L ®p Z are exact, so is the third.)

(d)Let X EA Y be a morphism of R-complexes of which we take the cone. If two
of the three complexes X, Y and C(f) are in T, then the third one is also in T,.
(Remember the short exact sequence 0 — Y — C(f) — X—1; — 0.)

(e) The property of being in T, localizes: if X € T, then X, € T, and X, € T,
for any prime ideal p of R (in view of 4.4.21).

When X = M is an R-moduleitis clear that E-dp(a, M) > 0and T-codp(a, M) >
0. We have similar inequalities in the case of complexes.

Lemma 5.1.5 (see [33]) Let a be any ideal of a commutative ring R and X an
R-complex.

(a) We have the inequality
E-dp(a, X) > inf{i € Z | H'(X) # 0}.

If inf{i e Z | H(X) # 0} =r is finite and Homg(R/a, H (X)) # 0, then
equality holds.
(b) We have the inequality

T-codp(a, X) > inf{i | H;(X) # 0}.

Ifinf{i € Z | H;(X) # 0} = r is finite and R/a Qg H,(X) # 0, then equality
holds.
(c) If X is homologically bounded, then

E-dp(a, X) > —o0 and T-codp(a, X) > —o0.

Proof Note thatinf{i € Z | H (X) # 0} = oo if and only if 0 ~ X is exact. In that
case E-dp(a, X) = oo = T-codp(a, X) and the assertions are obvious. Assume now
that X is not exact.

We prove (a) at first. If inf{i € Z | H'(X) # 0} = —oo the inequality in (a) is
obvious.

If inf{i | H'(X) # 0} = r is finite, then X has an injective resolution X N |
where I' =0 for all i < r (see 1.1.12). The inequality in (a) follows immediately.
If, moreover, Hom(R /a, H" (1)) = Homg(R/a, H" (X)) # 0, then the complex

Hompg(R/a, I) : 0 — Homg(R/a, I") — Homg(R/a, I'™") — ...

has cohomology in degree r. This proves the last assertion in (a).
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The assertions in (b) can be deduced from those in (a) applied to the complex X
via the general Matlis duality and the assertions in (c) follow. O

When two ideals a and o’ are topologically equivalent, that is, when a contains
some power of a’ and a’ contains some power of a, the corresponding Ext-depth
and Tor-codepth coincides. More generally, we have comparison formulas of the
following type.

Proposition 5.1.6 (see [33]) Let a be an ideal of a commutative ring R. Let X denote
an R-complex and M an R-module annihilated by some power ' of a. Then

E-dp(a, X) < extp(M, X) and T-codp(a, X) < tor® (M, X).

Proof We first prove the Ext-depth part of the statement. Let X —> I be a DG-
injective resolution of X. We proceed by induction on ¢. Firstletr = 1,i.e. aM = 0.
Assume there is an integer r such that

H'(Homg(R/a, I)) =0foralli < r.

It will be enough to prove that H (Homg (M, 1)) =0 for all i < r. To this end we
take a left soft truncat_ion at spot r of the complex Homg (R /a, I), the differential of
which we denote by d. Namely 7, (Homg(R/a, I)) is given by

0 — Homg(R/a, I")/Im(d ") — Homg(R/a, I'*)) — . ...

The complex 1, (Homg(R/a, I)) is a left-bounded R/a-complex and has an R/a-
injective resolution J such that J' = 0 for all i < r (see 1.1.12). There are quasi-
isomorphisms of R/a-complexes

Homg(R/a, I) — t,(Homg(R/a, I)) —> J.

Note that the R/a-complex Homg(R/a, I) is R/a-DG-injective as is easily seen.
The complex J is also an R/a-DG-injective complex because it is a left-bounded
complex of R/a-injective modules.

As aM =0 and in view of 4.4.11 we have an isomorphism and a quasi-
isomorphism

Hompg(M, I) = Homg,,(M, Homg(R/a, I)) —> Homg/q(M, J).
Whence H'(Homg (M, I) = 0 for all i < r. This proves the case t = 1.
We assume now the statement is proved for all modules annihilated by a’ and
consider a module M with a’t'M = 0. As I is a DG-injective complex there is a

short exact sequence

0 — Homz(M/a'M, 1) — Homg(M, 1) — Homg(a'M, 1) — 0
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involving the modules a’M and M/a'M, both annihilated by a'. It follows that
Hi(Hompg (M, I)) =0 for all i < r by the induction hypothesis and the associated
long exact sequence in cohomology.

The Tor-codepth part of the statement is obtained from the Ext-depth part applied
to the complex X" via the general Matlis Ext-Tor duality. (]

Corollary 5.1.7 Let a be an ideal of a commutative ring R and b an a-open ideal,
that is, an ideal containing some power a' of a. Let also &' be an ideal topologically
equivalent to a. Then

E-dp(a’, X) = E-dp(a, X) < E-dp(b, X) and
T-codp(a’, X) = T-codp(a, X) < T-codp(b, X)

for all R-complexes X. Hence Ty = T, C Tp.

Here is an extension of 5.1.6. Note that the inequality was already proved in [33,
2.2].

Proposition 5.1.8 Let a be an ideal of a commutative ring R and Z be a non-exact
homologically bounded R-complex with homology modules annihilated by some
power o of a. There is an inequality

E-dp(a, X) < extz(Z, X) — inf{i | H;(Z) # 0}

for any R-complex X.
Let b = inf{i | H;(Z) # 0}. Assume that E-dp(a, X) > —oo and that H,(Z) =
R/d for some ideal ' topologically equivalent to a, then equality holds.

Proof We prove the result by induction on the amplitude of Z. We write M = H,(Z)
and view it as a complex concentrated in degree zero.
If amp(Z)= 0, then Z is quasi-isomorphic to M|_; and

Exth(Z, X) = Exth(M_p, X) = Exty* (M, X).

Hence ext,(Z, X) = ext, (M, X) + b and we conclude by 5.1.6 and 5.1.7.

Suppose amp(Z)> 0. Then we put Z’ for the right soft truncation of Z at spot
b+ 1. This gives a short exact sequence 0 - Z' — Z — Z” — 0, where Z" is
quasi-isomorphic to M|_p). Now apply Homg (-, I), where X — Iisa D G-injective
resolution of X. We obtain an exact sequence in cohomology

Exth (M[_p), X) — Bxto(Z, X) — Bxth(Z/, X).
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Now we compute the ext™’s. By the induction hypothesis it follows that

extg(Z', X) 2 E-dp(a, X) +inf(i | H;(Z') # 0} > E-dp(a, X) + b and
extg (Mi_p), X) > E-dp(a, X) + b

with an equality in the second case when M = R/a’. We then obtain the result for
ext,(Z, X) by looking at the above exact sequence. (]

We have a Tor-codepth counterpart of 5.1.8 with slightly weaker hypotheses.

Proposition 5.1.9 Let a be an ideal of a commutative ring R and Z be a non-exact
homologically bounded R-complex with a-torsion homology modules. Then we have
an inequality

T-codp(a, X) < torf(Z, X) — inf{i | H;(Z) # 0}

for any R-complex X.
Letb = inf{i | H;(Z) # 0}. Assume that T-codp(a, X) > —oo and that H,(Z) =
R/ for some ideal ' topologically equivalent to a, then equality holds.

Proof We first look at the case where Z = M is a complex concentrated in degree
0. We recall that M = lim{M, }, where {M,} denotes the set of finitely generated
submodules of M ordered by inclusion. Here the direct limit is taken over a right-
filtered ordered set and in this case the direct limit functor commutes with tensor
products and is exact. So, if P —> X is a K -projective resolution of X, then M ®x
P= h_n)l(MA QR P) and

Torf' (M, X) = H;(M ® P) = lim H;(M; ® P).

As M is of a-torsion so are the M, ’s. But the M, s are finitely generated, hence each
of them is annihilated by some power a’ of a. We thus have that Tor® (M, X) = 0
providedi < T-codp(a, X) by 5.1.6.If, moreover, M = R/d’ the equality has already
been proved in 5.1.7.

For the general case use induction as in 5.1.8 on the amplitude of Z. We write
M = H,(Z) and view it as a complex concentrated in degree zero. If amp(Z)= 0
the complex Z is quasi-isomorphic to M[_; and TorX(Z, X) = Tor®(M|_p;, X) =
Tor® , (M, X). Hence tor®(Z, X) = tor® (M, X) + b and the result follows by the
first part of the proof.

Let amp(Z)> 0. Then take as in 5.1.8 a right soft truncation Z’ of Z at spot
b + 1. There is a short exact sequence 0 - Z' — Z — Z” — 0, where Z"” is quasi-
isomorphic to M[_p;. Then we apply the functor - @ P, where P — Xisa DG-
projective resolution of X. Thus we obtain an exact sequence in homology

.= TorR(Z', X) — TorR(Z, X) — Torf(M_;, X) — ...
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Now we compute the tor_’s. By the induction hypothesis we have

tor®(Z’, X) > T-codp(a, X) + inf{i | H;(Z') # 0} > T-codp(a, X) +b and
tor® (M_y;, X) > T-codp(a, X) + b

with an equality in the second case when M = R/a’. We then obtain the result for
tor®(Z, X) by looking at the above exact sequence. (I

5.2 Basics About Koszul Complexes

Definitions and observations 5.2.1 Let X denote a complex of R-modules and x
an element of R. We have a natural morphism ¢(x; X) : X % X induced by the
multiplication map X’ = X' foralli € Z.

We define the ascending and descending Koszul complexes by

K*(x; X) = F(p(x; X)) and K. (x; X) = C(p(x; X)).

For a sequence x = xy, ..., x; of elements of R and an element y € R we denote by
x, y the sequence xy, ..., X;, ¥. Then we define inductively

K*(x,y; X) = F(p(y; K*(x; X))) and K.(x, y; X) = C(p(y; K.(x; X))).

In particular, we write K, (x) respectively K *(x) in the case when X = R considered
as a complex in degree zero. By construction we also have

Ko(x,y; X) = Ko(x; X) ®r Ko(y) and K*(x, y; X) = K°(x; X) ®r K*(y).

In particular, the Koszul complexes K,(x; X) and K*(x; X) do not depend on the
order of the elements in the sequence x and

Ko(x) = Ko(x1) Qr -+ - Qr Ko(xp) and K*(x) = K*(x1) ®r - - Qr K*(x).

For the empty sequence x = J we define K*(x; X) = X and K.(x; X) = X.

CAUTION: Here, as the only exception, the descending Koszul complex is not
obtained from the ascending one by lowering the degrees. The precise relation
between K*(x; X) and K,(x; X) is given in 5.2.2. But note already that we have
K*(x) = Homg(K,(x), R) by construction and in general K*(x; X) = Homg (K,
(x), X) by induction and in view of 1.1.9.

In the following we also write H;(x) and H;(x; X) for the homology of K,(x)
and K,(x; X), H' (x) and H'(x; X) for the cohomology of K*(x) and K*(x; X).
The Koszul complexes K,(x) and K°*(x) are bounded complexes of free modules,
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hence K -projective and K -flat. Therefore
H;(x; X) = Tor®(K.(x), X) and H' (x; X) = Ext\ (K, (x), X)

for any R-complex X.

5.2.2 The self-duality of the Koszul complex. Let x = x|, ..., x; be a sequence
of elements in the commutative ring R and X an R-complex. When we view the
ascending complex K*(x; X) as a descending one by lowering the degrees there is
an isomorphism

K®(x; X = Ko(x; X).

For a length one sequence and X = R this is quite obvious. For the general case we
then have

K*(x; X)) = K () ®r - Qr K*(xi) @r X =
Ko(x1) Qr -+ ®r Ko(xp) Qr X = Ko(x; X)

This yields isomorphisms
H'(x; X) = H—i(x; X)
for all i € Z. In particular, K,(x; X) is exact if and only if K°*(x; X) is exact.

In the following we summarize a few more properties of Koszul complexes.

Lemma 5.2.3 Let x = x1, ..., x; denote a sequence of elements of a commutative
ring Rand y € R. Let X denote a complex of R-modules.

(a) Ko(x) ®r X = Ko(x; X) and K*(x) Qr X = K*(x; X).
(b) Hompg(K,(x), X) = K*(x; X) and Homg(K*(x), X) = K.(x; X).
(c) There are short exact sequences of complexes
0— Ko(x; X) = Ko(x, y; X) > Ko(x; X)-1) = 0,
0— K*(x; )" — K°*(x, y; X) = K*(x; X) — 0.

(d) There are long exact sequences in homology and cohomology

o Hix X) S HiGx X) = HiGx, y; X) = Hio(@ X) = -
s> HT' L, X) S H T (6, X) = Hix, y; X) —> Hi(x, X) = -
Proof The statements in (a) and (b) are direct consequences of the observations in

5.2.1. The exact sequences of complexes in (c) are a consequence of the construction
and yield the long exact sequences in (d). (|
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As an immediate consequence of the long exact sequences in the previous Lemma
we can compute the Koszul (co-)homologies of an R-complex X.

Corollary 5.2.4 With the notation of 5.2.3 we have the following two short exact
sequences

(a) 0 — Ho(y; Hi(x; X)) — Hi(x,y; X) — Hi(y; H_i(x; X)) = 0and
(b)) 0— H'(y; Hi_1(x; X)) > H' (x, y; X) > H(y; H (x; X)) > 0

foralli € 7.

Lemma 5.2.5 Let x = x1, ..., x; denote a sequence of elements of a commutative
ring R, let a = xR and X be any R-complex. The multiplication by x;, 1 <1i <k,
on the Koszul complex K,(x; X) is homotopic to zero. Therefore aH;(x; X) =0 =
aH'(x; X) for any complex X and all i.

Proof For alength one sequence x and X = R the statement is obvious. The general
case is now obtained by the remarks in 1.1.4. O

All the above is rather well-known, for more details and information we refer to
[4], [58], [77] or [82].

We end this section with a remark on the behaviour of Koszul (co-)homology
under completion, in some good cases it is related to completion.

Proposition 5.2.6 Let a be an ideal of a commutative ring R generated by the
sequence X = X1, ...X; and assume that the pair (R, a) has the property C intro-
duced in 2.6.10, which means that each a-complete module belongs to the class Cq
(the pair (R, a) has this property when R is Noetherian (see 2.5.15)).

Let X be a complex with modules X; € Cq foralli € 7. Write x' for the sequence
Xl x,’{ and t > 1. Then the natural homomorphisms ‘l,')?i; X —> X [ induce nat-
ural quasi-isomorphisms

Ko(x's X) —> Ko(x'; X*) and K*(x'; X) — K*(x'; X*)
forall t > 1. In particular, we have quasi-isomorphisms
K.(x';i R) = Ko(x'; R®) and K*(x'; R) — K*(x'; R%),

and Ko(x'; F) —> Ko(x'; I:"“)foranyﬂat complex F.

Proof By assumption the complexes K,(x'; X) and K*(x"; X) are complexes of
modules in €, (finite direct sums of modules in €, are in C,). As the modules
H;(x'; X) and H'(x"; X) are annihilated by a power of a they are a-complete, hence
they are also in C,. When the complex X is right-bounded so are the complexes
K.(x"; X) and K*(x"; X) and the result follows by 2.5.13. In general, we note that
the modules H; (x; X) and H; (x'; X%), H' (x'; X) and H' (x'; X*), depend only on
a hard truncation... - X; — ... - X, — Ofors > 0. U
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5.3 The Ext-Depth Tor-Codepth Sensitivity of the Koszul
Complex

In this section we shall investigate the vanishing of the (co-)homology of Koszul
complexes in more detail.

Definition 5.3.1 Letx = x|, ..., x; be a sequence in a commutative ring R. Let X
denote an R-complex. We define the Koszul-depth and the Koszul-codepth of X by

h™(x; X) :=inf{i € Z | Hi()_c; X) #0} and
h_(x; X) :=inf{i € Z | H;(x; X) # 0}.
Therefore we have that 2_(x; X), h~(x; X) € Z U {oco, —o0}.

Remark 5.3.2 (a) h_(x, X) = oo if and only if the Koszul complex K,(x; X) is
exact and 2~ (x, X) = oo if and only if the Koszul complex K*(x; X) is exact. In
view of the self-duality of the Koszul complex we have

h_(x,X)=o00 ifandonlyif A (x, X) = oo.

(b) If the R-complex X is exact, then the Koszul complexes K, (x; X) = K,(x) Qg
X and K°*(x; X) = Homg(K,(x), X) are also exact, hence

h-(x,X) =00 =h"(x, X).

This follows because the Koszul complex K,(x) is K-projective and K -flat.

Note, however, that the converse does not hold. For instance, let x be a sequence of
elements such that x R is the unit ideal. Then, by Lemma 5.2.5 we have the exactness
of Ko(x; X) and K*(x; X) for any R-complex X.

(c) If the R-complexes X and Y are quasi-isomorphic, thenh_(x, X) = h_(x,Y)
andh~(x, X)=h"(x,Y)

(d) The Koszul depth and codepth are exchanged by the general Matlis duality:
with the help of 5.2.3 we have

Ko(x; X)" = K*(x; X7) and Ko (x; X7) = K°(x; X)”
and consequently
ho(x; X)=h"(x; X")and h™(x; X) = h_(x; X")
for any R-complex X.

Here is the so-called Ext-depth Tor-codepth sensitivity of the Koszul complex.
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Theorem 5.3.3 (see [33]) Let R be a commutative ring, a a finitely generated ideal
of Rand x = xy, ..., x; be a sequence such Rad(a) = Rad(xR). Then

E-dp(a, X) = inf{i € N | H'(x; X) # 0} =: h™(x; X) and
T-codp(a, X) = inf{i | H;(x; X) # 0} =: h_(x; X)

for any R-complex X.

Proof Because of the isomorphisms
H'(x; X) = Exti(K.(x), X) and H; (x; X) = Tor (K. (x), X)

this is a direct consequence of 5.1.8 and 5.1.9, together with 5.3.11, where we take
for Z the complex K,(x). By 5.2.3 note that the homology modules of K,(x) are
annihilated by the ideal x R which by assumption contains a power of a. Note also
that Hy(x) = R/xR and that x R is topologically equivalent to a by assumption. [J

It follows that the Koszul depth and codepth have the same properties as the
Ext-depth and Tor-codepth respectively. In particular, we have the following.

Corollary 5.3.4 Let x = x1,...,x¢ and y = y1, ..., y¢ be two sequences of ele-
ments in a commutative ring R such that Rad(xR) = Rad(XR). Then

h*(z; X) = h*()_c; X)>inf{i € Z | Hl(X) # 0} and
h_(y; X) = h_(x; X) > inf{i € Z | H;(X) # 0}

for any R-complex X.

The following is clear by the previous Theorem 5.3.3, Corollary 5.1.7 and the self-
duality of Koszul complexes 5.2.2. Recall also the class T, of complexes introduced
in5.1.4.

Corollary 5.3.5 Let R be a commutative ring, a a finitely generated ideal of R and
X =Xy, ..., X be a sequence such Rad(a) = Rad(xR). Then for any R-complex X
the following conditions are equivalent:

(i) T-codp(a, X) = oo, that is, X € T,.
(ii) R/b ®I;3 X =~ 0 for all a-open ideals b of R.
(iii) K.(x'; X) =~ 0 for some (resp. for every) t > 1.
(iv) K*(x'; X) >~ 0 for some (resp. for every) t > 1.
(v) RHomg(R/b, X) =~ O for all a-open ideals b of R.
(vi) E-dp(a, X) = oo.

Corollary 5.3.6 When the ideal a of the commutative ring R is finitely generated
the Ext-depth and the Tor-codepth with respect to a are exchanged by the general
Matlis duality: we have
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T-codp(a, X) = E-dp(a, X") and E-dp(a, X) = T-codp(a, X ")

for all R-complex X.

Proof Note that the first equality was already in 5.1.3 without any finiteness condi-
tions. Putting 5.3.3 and the remark in (5.3.2 (d)) together we obtain the second. [

For other relations between depth and codepth some suprema come into play.

Notations and observations 5.3.7 Let x = xi, ..., x; be a sequence in a commu-
tative ring R. For any R-complex X we write

R (x; X) = sup{i | H' (x; X) # 0},
hy(x; X) = supfi | Hi(x; X) # 0}

Therefore —oco < h (x; X), ht(x; X) < oco. By definition and by the self-duality of
the Koszul complex we have that 4, (x; X) = —oo if and only if K,(x; X) is exact
ifand only if AT (x; X) = —o0.

Lemma 5.3.8 Letx = xi,...,xcandy = yi, ..., yo be two sequences of elements
in a commutative ring R such that Rad(xR) = Rad(XR). Let X be an R-complex.

(a) If one of the quantities h_(x; X), h* (x; X) is finite, so is the other. In that case,
h_(x: X)+h*(x; X) =kand h*(x; X) = h*(y; X).

(b) If one of the quantities h4 (x; X), h™ (x; X) is finite, so is the other. In that case,
hi(x; X) +h™(x; X) =k and hi(x; X) = hy(y; X).

(c) If both quantities h_(x; X) and h™(x; X) are finite, then so are hy(x; X) and
ht(x; X). Inthat case, the complexes K ,(x; X) and K *(x; X) are homologically
bounded and not exact.

Proof By the self-duality of the Koszul complex, more precisely by the isomorphisms
Hi(x; X) = H,_;(x; X) (see 5.2.2), we have in general h_(x; X) =k — h*(x; X)
andh™(x; X) = k — hy(x; X) (weusethe signrule —(—o00) = o0). The assertions in
(a) and (b) follows, recall also that A_(x; X) = h_(y; X)and h~ (x; X) = h™(y; X)
by 5.3.4. a -
The assertions in (c) are a direct consequence of the assertions in (a) and (b). [

We are ready to present the complex version of [82, 6.1.8], which was originally
concerned with modules.

Proposition 5.3.9 Let a be an ideal of a commutative ring R generated by the
sequence X = X1, ..., Xr. Let X denote a homologically bounded R-complex.

(a) E-dp(a, X) is finite if and only if T-codp(a, X) is finite.

(b) When the conditions in (a) are satisfied, then

E-dp(a, X) + T-codp(a, X) < k.
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Proof 1f E-dp(a, X) is finite then T-codp(a, X) < oo (see 5.3.5). As X is homolog-
ically bounded we also have

—oo < inf{i | H;(X) # 0} < h_(x; X) = T-codp(a, X)

(see 5.3.4 and 5.3.3). It follows that T-codp(a, X) is also finite.
If T-codp(a, X) is finite we have in the same way

—oo < inf{i | H'(X) # 0} < h™(x; X) = E-dp(a, X) < oo.

This proves the first assertion.

Assume now that the conditions in (a) are satisfied. Then the complex K,(x; X) is
not exact, so that _(x; X) < h4(x; X). By 5.3.8 (c) we have that the four quantities
h_(x; X), h=(x; X), ho(x; X) and h*(x; X) are finite. Therefore by 5.3.8 (b) we
also have h~(x; X) + h4(x; X) = k. Whence E-dp(a, X) + T-codp(a, X) < k. O

For later use note the following change of rings result.

Proposition 5.3.10 Lef ¢ : R — B be a homomorphism of commutative rings. Let
a be a finitely generated ideal of R and write af for the ideal of B generated by ¢(a).
Letalsoy = yi, ..., y¢ be a sequence in B such that Rad(y B) = Rad(a®). Let X be
a B-complex which may be viewed as an R complex via ¢. Then we have

E-dp(a, X) = E-dp(a®, X) = h™(y; X) and
T-codp(a, X) = T-codp(a‘, X) = h_(y; X).

Proof Letx = xy, ..., x; be a sequence of elements in R generating the ideal a and
write z; = @(x;), 2 =21, ..., 2. We have K,(x) ®g B = K,.(2) as is easily seen.
Therefore

K.(x) ®r X = K,(z) ®p X and Homg (K, (x), X) = Homp(K,(2), X).
Combining this with 5.3.3 and 5.3.4 we obtain

E-dp(a, X) =h™(x; X) = h™(z; X) = E-dp(a, X) = h~(y; X) and
T-codp(a, X) = h_(x; X) = h_(z; X) = T-codp(a®, X) = h_(z; X),
which completes the proof. (]

Lemma 5.3.11 Let x = xy, ..., x; be a sequence in a commutative ring R gener-
ating the ideal a. Then

E-dp(a, X) = E-dp(a, K*(x; X)) and
T_COdp(av X) = T_COdp(av K. (&s X))
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for any R-complex X.

Proof Let X —>Ibeak -injective resolution of X. Then
K*(x; X) = Homg (K. (x), X) — Homg(K,(x), I)
is a K-injective resolution, as is easily seen. Moreover, we have the isomorphism
Hompg(R/a, Homg (K,(x), I)) = Homg(R/a Qg Ko(x), I).
By putting K := R/a ®x K. (x) it follows that
E-dp(a, Homg (K, (x), X)) = inf{i € Z | H (Homg (K, I)) # 0}.

The complex K is a complex with zero differential and modules K; = (R/a)" with
n; = (). Wehave K = @/_,(R/a)[",}, where R/a is viewed as a complex concen-
trated in degree 0. It is now easy to see that

inf{i € Z | H'(Homg(K, I))} = E-dp(a, I) = E-dp(a, X).

The Tor-codepth part of the statement can be obtained from the Ext-depth part via
the general Matlis duality or by arguments similar to those above. ([

5.4 Koszul Homology of Modules

We turn to properties of a sequence x = xy, ..., x; of elements in a commutative
ring R with respect to an R-module M.

5.4.1 Completely secant sequences and regular sequences. Let x = x1, ..., x; be
a sequence of elements in a commutative ring R and write a for the ideal generated
by this sequence. Let M denote an R-module.

Following Bourbaki (see [14, Sect. 9, n°6 Definition 2]) we say that the sequence
x is completely secant on N if H;(x; M) = Oforalli > 1.

Recall also that the sequence x is called regular with respect to M or M-regular
if M # aM and

Xty ooy Xic )M iy xi = (X1, ..., xi )M

foralli=1,..., k.
We say that the sequence x is completely secant (resp. regular) if it is completely
secant on the ring R (resp. R-regular).
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Remark 5.4.2 Letx = xi, ..., X be asequence in a commutative ring R generating
the ideal a and let M be an R-module.

(a) In view of the self-duality of the Koszul complex (see 5.2.2) and the Ext-depth
sensitivity of the Koszul complex (see 5.3.3) note that the sequence x is completely
secanton M if and only if H(x; M) = Oforalli < k if and only if E-dp(a, M) > k.

®)Ify = yy, ..., yr denotes another sequence in R such thatRad(yR) = Rad(a),
then the sequence x is completely secant on the R-module M if and only so is
the sequence y. This follows from the above and 5.3.3. Note also A~ (x; M) =
E-dp(a, M) = h™(y; M) (see 5.3.4).

In particular, any permutation of a sequence completely secant on M is completely
secant on M.

(c) Assume that E-dp(a, M) is finite. Then E-dp(a, M) = h~(x; M) < k. It fol-
lows that the sequence x is completely secant on M if and only if E-dp(a, M) = k.
In that case M # aM.

Regular sequences do not have all the above properties, however there are some
relations between these notions.

Theorem 5.4.3 (see [14, Sect.9, Theorem 1]) Let x = xy, ..., x; be a sequence of
elements in a commutative ring R. Put a = xR and let M be an R-module. Look at
the following conditions.

(a) The sequence x is M-regular.

(b) Hi(x; M) =0foralli > 1.

(¢) Hi(x; M) =0.

(d) The natural map (R/a)[X1, ..., X ] Qg M — ea,,zoa”M/a”‘HM is bijective.

Then (a) = (b) = (c) = (d). Suppose that M /(xy, ..., xi_1)M is a-separated for
i=1,...,kandthat M # aM. Then (d) = (a).

Let M be a finitely generated module. Assume that the ring R is Noetherian
and that the ideal a generated by the sequence x = xy, ..., x; is contained in the
Jacobson radical of R. Then it is well-known that the Koszul complex K,(x; M)
isrigid: H;(x; M) =0 = H;+(x; M) = 0. For an a-complete module M we have
the same result without any further assumptions, and moreover the sequence x is
M -regular if and only if it is completely secant on M.

Proposition 5.4.4 (see [78, 8.2]) Let a be an ideal of a commutative ring R gener-
ated by the sequence x = x, ..., x;. Let M # 0 denote an a-complete R-module.

(a) If H;(x; M) = 0 for some i, then H;+{(x; M) = 0.
(b) If Hi(x; M) = 0, then the sequence x is regular on M.

Proof We proceed by an induction on the length k of the sequence. For k = 1 there
is nothing to prove. Assume now the statement is proved for sequences of length k.
Let y € R, form the sequence x, y and write a; for the ideal generated by x, y. Let
also M be an a;-complete module.
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(a): If H;(x,y; M) =0, then multiplication by y is surjective on H;(x; M)
(see the long exact sequences in 5.2.3) and we have H;(x; M) = a; H;(x; M). But
H;(x; M) is ahomology module of a complex of a;-complete modules. So we obtain
H;(x; M) =0 (see 2.2.11). But M is also a-complete (see 2.2.9). By the induction
hypothesis we thus have H;(x; M) = 0 forall j > i. From the long exact homology
sequence in 5.2.3 we then obtain H;(x, y; M) = Oforall j > i.

(b): Assume now that H;(x, y; M) = 0. Then multiplication by y is injective
on Hy(x; M) = M/(xy, ..., x;)M. By the first part of the proof we also have that
H,(x; M) = 0, so that the sequence x is M-regular by the induction hypothesis. All
this together gives that the sequence x, y is M-regular. ]

We now investigate the behaviour of completely secant sequences under comple-
tion. The following is a very particular case of a more general result of Strooker (see
[82, Theorem 5.2.3]).

Proposition 5.4.5 Let a be an ideal of a commutative ring R generated by the
sequence X = Xy, ..., Xx. Let M denote an R-module such that M # aM. Assume
that the sequence x is completely secant on M. Then it is regular on M“.

Proof We consider the ring homomorphism
¢ Z[X1, ..., Xx] > Rdefinedby o(X;) =x;,i =1,...,k,

where the X;’s are indeterminates. We write 2 for the ideal of Z[ X, ..., X;] gener-
ated by these X; and %, r > 1, for the ideal generated by the X l’ We also write
X' =X|,...,X}, and x" = x],...,x;. Then we view M as an Z[Xy, ..., X]-
module via ¢. We have that M2 = M® and KoX'; M) = K,(x"; M) forall t > 1,
as is easily seen. We also have

Tor X=X (z[x,, ..., X1/, M) = H/(X'; M) = H;(x"; M) = 0

for all i > 1 by assumption. Note that the Koszul complexes K,(X") provide free
resolutions of Z[ X, ..., X;]/2,. In view of the exact sequences in 2.5.5 we obtain
A2 (M) = Oforalli > Oand A2 (M) = M. Sothat M, viewedasa Z[X |, ..., Xi]-
module, belongs to the class Cg introduced in 2.5.12. By Proposition 5.2.6 we have
that the sequences X and x are completely secant on M*® and the result follows by
54.4. ]

Let again a be an ideal of a commutative ring R generated by the sequence
X =X, ..., X. By 5.3.9 we know that E-dp(a, M) + T-codp(a, M) < k for all R-
modules M such that T-codp(a, M) is finite. The existence of a module for which
equality holds has some consequences.

Lemma 5.4.6 Let a be an ideal of a commutative ring R generated by the sequence
X = X1, ..., X; and assume that R is a-separated or that the ideal a is contained in
the Jacobson of R. Assume also there is an R-module M such that
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E-dp(a, M) + T-codp(a, M) = k.

Then there is an R-module N such that E-dp(a, N) = k and the sequence x is regular

on N°.

Proof If T-codp(a, M) = O we take M = N. If T-codp(a, M) > 1 we have an exact
sequence 0 - My - F — M — 0 where T-codp(a, F)) = oo (see 2.6.9) and there-
fore T-codp(a, M) = T-codp(a, M) — 1. Note also that E-dp(a, F)) = oo (see 5.3.5)
and therefore E-dp(a, M) = E-dp(a, M) + 1. So we obtain the module N by itera-
tion. As E-dp(a, N) = k means that the sequence x is completely secant on N (see
5.4.2) the result follows by 5.4.5. (I

We apply the above to the parameter systems of a Noetherian local ring.

Corollary 5.4.7 Let (R, m, k) be a Noetherian local ring of dimension d with its
maximal ideal m and residue field k = R/m. If there is an R-module M such that

E-dp(m, M) + T-codp(m, M) =d,

then there is a balanced big Cohen—Macaulay R-module, that is an R-module C
such that each parameter system of R is regular on C.



Chapter 6 5 )
Cech Complexes, Cech Homology ez
and Cohomology

Cech complexes are important tools in various fields of Mathematics, in particular in
Algebraic Geometry and Commutative Algebra. In Commutative Algebra the Cech
complex is known for its relation to local cohomology in the case when the underlying
ring is Noetherian. Here we start with a general investigation of the construction
of the Cech complex with respect to a sequence of elements x = x, ..., x; of a
commutative ring R. We investigate Cech homology and cohomology and prove the
Ext-depth Tor-codepth sensitivity of the Cech complex as well as some inequalities.
One of the new features here is the general assumption of a finite set of elements in
a commutative ring R and unbounded R-complexes X.

6.1 The Cech Complex

6.1.1 Let x € R be an element of a commutative ring R and let m > n be two
positive integers. Then the two commutative diagrams

0 R—2 >R 0 and 0O R—>R 0

induce amap K,(x") — K.(x") andamap K*(x") - K*(x"). Whenx = xy, ...,
xi is a sequence in the commutative ring R we write x’ = x{, ..., x; for any integer
t > 1. Following the above diagrams and the constructions of the Koszul complexes
we obtain morphisms of complexes

K.(x") = Ko(x") and K*(x") = K*(x™)
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for all integers m > n. Itis well-known that these morphisms form an inverse system
of complexes {K,(x")} respectively a direct system of complexes {K*(x")}. For an
R-complex X it induces an inverse system of complexes {K,(x"; X)},>1 and a direct
system of complexes {K*(x"; X)},>1.

Definition 6.1.2 Let x = x|, ..., x; be a sequence of elements in a commutative
ring R. The Cech complex on this sequence x is defined by CV'£ = h_r)n K*(x".

Observations 6.1.3 (a) For a single element x the Cech complex C, is just the com-
plex 0 - R— R, — 0, with R in degree O and the ring of fractions
R, = {Z|r € R,t > 0} in degree 1.

(b) For a sequence x = xi, ..., x; we also have

v

C,=C, ®r- ®r Cy, and C; @ X = lim{K*(x'; X)}

for every R-complex X because the direct limit commutes with tensor products.
(Remember that K*(x) = K*(x) ®z - - - ®& K*(xx).) Moreover, the Cech complex
C, has the following form

0—> R— @R, > DicjRyy;, > ... > Ryy > 0

with the induced boundary maps sitting in homological degree O to k.

(c) We note that the Cech complex is a bounded complex of flat modules, whence
DG-flat, such that C, ® R/xR = R/xR.

(d) é& isexactifand only if xR = R. (If CV‘£ =~ 0, then Cv'£ ®gr R/xR ~ 0in view
of 4.4.11, hence R/xR = C, ® R/xR ~ 0. If xR = R then C, = lim K*(x') is
exact as a direct limit of exact complexes.)

(e)Letx = xy, ..., x; be asequence of elements in R. Let o denote a permutation
of {1,...,k}and y = x5(1), ..., Xok). Then it is clear that

v v

Cy®RX;C£®RX

for any R-complex X since the tensor product is commutative.
(f) We also have

Homp(Cy, X) = Homg(lim K*(x'), X) = lim(K.(x'; X)

because Homz(K*(x"), X) = K,(x"; X) for any R-complex X.

The following result provides a first statement on the structure of the cohomology
of the Cech complexes.

Theorem 6.1.4 Letx = xy, ..., x; be a sequence of elements in a commutative ring
R, write a = xR and let X be an R-complex. Then we have
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(a) H(C, ®g X) = lim H'(x'; X) foralli € Z,
(b) Suppg H"(Cv’)L ®r X) € V(a)foralli € Z sothatthe Cech cohomology modules
H(C, ®g X) are a-torsion and

Homg(R/a, H (C, ®g X)) # 0 when H'(C, ® X) # 0,

(c) Suppg Cy :=U; Suppg H'(C,) = V(a).

Proof As CV‘£ Rr X = ﬁ_II)l{K *(x'; X)} we have the first isomorphism because h_r)n is
exact. Let p ¢ V(a). Then we have

H'(C, ®r X) @& Ry = H'(C, ®& X ®r Ry)
because R, is R-flat. Now we have the isomorphism of complexes
C. ®r X @& Ry Zlim(K*(x'; X) @ Ry)

since the direct limit commutes with tensor products. But the complexes K *(x'; X) ®p
Ry, are exact (see 5.2.5). Hence the complex C: ®r X ®g Ry, is exact as a direct limit
of exact complexes. That is, Suppg H"(Cv'i ®r X) € V(a) and H"(CV”£ ®r X) is a-
torsion for all i € Z (see the remarks in 2.1.13). The last claim in (b) follows.
Forall p € V (a) we have aR;, # R,, hence we also have that the complex CV’i ®r
R, is not exact (see 6.1.3 (d)). This together with (b) proves (c). U

We have seen in 2.2.13 that the general Matlis dual of an a-torsion module is
a-complete, and we know that the general Matlis dual of a flat module is injective
(see 1.4.1). Because of this and adjointness we obtain the following.

Corollary 6.1.5 The general Matlis dual modules (H' (CV'£ ®r X))V are a-complete
foralli € 7, where a = xR.
The complex Civ is a bounded complex of injective modules with a-complete

cohomology modules and Homg (R /a, Cv'iv) = (R/a)Y.

Notation 6.1.6 The natural morphisms p, : K*(x') — R, defined by p? = idg
where R is viewed as a complex concentrated in degree 0, induces a natural mor-
phism p, : C; — R. We denote its kernel by D,. Therefore we have a short exact

sequence of complexes

0—>D£—> ViﬁiR—>O.

Note that this short exact sequence is semi-split, which means that it is split-exact in
each degree. Note also that the modules D), consist of finite direct sums of localiza-
tions of the form R, x € xR.

Remark 6.1.7 The shifted complex DE] is the global Cech complex as used in alge-
braic geometry.
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When M is an R-module H O(DE] ®pr M) is called the global transform of M. In
particular, H 0(lv)g]) is the ring of rational functions on Spec R \ V (xR).

Theorem 6.1.8 Letx = xy, ..., x; denote a sequence of elements of R and xR = a.
Let X be an R-complex. Then there is a natural morphism

C, ®r X — X.

The following conditions are equivalent:

(i) Suppgr H (X) C V(a) foralli € Z.

(ii) The natural morphism Cv'£ ®r X — X is a quasi-isomorphism.
(iii) The complex b)i Qg X is homologically trivial.

Proof First recall the short exact sequence of complexes of flat R-modules as in
6.1.6. By tensoring with X it induces the short exact sequence of complexes

0—>D£®RX—>CV'£®RX—>X—>0.

This provides the natural morphism of the statement. Moreover, it is a quasi-
isomorphism if and only if D& ®r X is homologically trivial, which proves (ii)
> (iil).

Now suppose that Suppr H(X) € V(a) foralli € Z. Then R, ®g X is exact for
any element x € a. Since for all i ﬁ)’; is a finite direct sum of some R, for several
elements x € a the complex bjc ®r X is exact for all i. Therefore bi ®r X is exact
too (see 4.1.3), i.e. (i) = (iii).

The implication (ii) = (i) is a direct consequence of Theorem 6.1.4. ([l

The cohomology of the Cech complex built on a sequence x = xi, . . ., x depends
only on the radical of the ideal a generated by the x;’s. More generally, we have the
following.

Corollary 6.1.9 Letx = xy, ..., x; andz =yi,..., Y betwo sequences in a com-
mutative ring R such that Rad(xR) C Rad(z R). Then there are quasi-isomorphisms

CV‘LX ®R X _N) é«‘, ®R X,

Jforall R-complexes X. If, moreover, Rad(y R) = Rad(x R) then the complexes C y ®r

X and CV’i ®r X are quasi-isomorphic.

Proof By Theorem 6.1.8 applied to the complex éy ®g X there is a quasi-
isomorphism a
C:®r(CyQrX) — C,®r X
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since Suppyg Hi(CV'X ®r X) C V(XR) C V(xR) (see Theorem 6.1.4). Recall now
that Cv‘i y = CV‘£ ®r C , as follows by the construction.

It RaH(XR) = Rad(x R) we may interchange the r6le of x and y and get a quasi-
isomorphism Cv‘y,£ Qr X — CV'£ ®r X. Because of the isomorphism CV'L’V = Cv'y,
this proves the final statement. o

|=

O

Here is another way to build the Cech complexes.

Remark 6.1.10 Let R, denote the localization with respect to an element x € R. Let
{x:r) - R = R, denote the natural homomorphism r — r/1. We observe that

Cv‘x = F(L(X;R))'
The natural homomorphism ¢, gy extends to a morphism of complexes
Lx:Xx) - X — Xx EX@R Rx

for any R-complex X. Now let x = xy, ..., x;x be a sequence of elements in R, let
y € R and form the sequence x, y. Let X be an R-complex. By 1.5.4 we obtain

v

Cry ®r X = Cy @k (Cx ®r X) = F(iy.¢ 0, x))-

We sometimes simplify the notation and write C, (X) := C, ®z X.
For inductive arguments the following result could be helpful.

Proposition 6.1.11 Let x = xy, ..., x; be a sequence of elements in R and y € R.
Let X denote an R-complex and write Cy(X) := Cy ® X. There is a short exact
sequence

0 — HY(C,(H'(C.(X))) = H'(Cy (X)) — H(C,(H'(C.(X)))) = 0

foralli € 7.

Proof By 6.1.10 there is a short exact sequence of complexes
0— (Ce@r X))\ = Coy ®r X = (Cx ®r X) = 0.
It induces a long exact cohomology sequence

o= HY(C, @8 X)) = HT'(C, ®r X)) — H(Cyy ®r X)
— H'((C, @ X)) = H'((C, ®r X)) = ...

Since localization is exact there is an isomorphism H"((Cv‘l Qr X)y) = H"(CV’i ®r
X), and the homomorphism H"(CV'£ ®r X) > H"((CV'£ ®r X)) 18 Ly i (& @rx))
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Then the result follows by considering cokernels and kernels in the long exact coho-
mology sequence. O

6.2 A Free Resolution of the Cech Complex

In this section we shall construct a free resolution of the Cech complex. First we recall
the construction of the Cech complex. By definition we have an exact sequence

0— &K () %5 &K' @)~ C— 0
which provides a quasi-isomorphism and a bounded free resolution
Ci¢) — Cx

(see 1.5.6). Later we shall put C(¢) := T (x)). In this section we shall construct
another bounded free resolution of Cv'i. It will be more helpful for several applications.
To this end we also inspect again the localization of a commutative ring R by a single
element.

6.2.1 We start with the Cech complex of a single element. Let x € R. We recall that
the shortexact sequence 0 — R[T'] ﬂ R[T] — R, — Oprovides afree resolution

of R,. Let
P.:0— R[T] =% RIT]— 0

denote this free resolution of R,. Note that another interpretation of this fact is:
R, = li_r)n{R, x}, where the transition maps are R > R, the multiplication by x (see
also 4.3.3). There is a natural morphism g, : R — P, inserted in the commutative
diagram

L(x:R)

=

e

g
=
TWe——>

=
<

Let L, denote the fibre of the natural morphism g, : R — P,. Thatis,
...—>0— R®RI[T] LN RIT]>0— ..., p:(r, f(T)—>r—10—xT)f(T).
In view of 6.1.10 and 1.5.5 there is a natural quasi-isomorphism

—> éx = F(l(x;R)).
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Definition 6.2.2 Let x = x1, ..., x; denote a sequence of elements in R. Then we
define L, = ®*_,L,,. Note that L, is a bounded complex of free R-modules with
L;:Ofori <O0ori > k.

Lemma 6.2.3 (see also [75]) Let x = xy, ..., x; denote a sequence of elements
in the commutative ring R. Then there is a natural quasi-isomorphism I:l — CV’L
which provides a bounded free resolution of Cv'i. Moreover, let X denote a com-
plex of R-modules. Then the induced morphism i& Qr X — Cv‘i ®r X is a quasi-
isomorphism.

Proof For the proof of the first statement we proceed by induction on k, the number
of elements of the sequence x. The case k = 1 was treated above. Now let y =
Xr+1- Then by the inductive hypothesis for k£ and the case k = 1 there are quasi-
isomorphisms

v ~ v ~ v v

Ly, Z‘1®I:y—> £®lvzy—> £(X)Cv’y

12
12

xXy-

To this end note that L. y and Cv‘£ are bounded complexes of flat R-modules, tensoring
with them preserves quasi-isomorphisms.

The last claim follows by tensoring the quasi-isomorphism iz — CV'i with X,

this yields a quasi-isomorphism again by 4.4.11 since both complexes Zg and Cv‘£ are
bounded complexes of flat R-modules. (]

Remark 6.2.4 Like the cohomology of Cv‘i, the cohomology of L£ only depends on
Rad(x R). This is a consequence of 6.1.9. More generally, let x = x, ..., x; and
Y=V Nl be two sequences of elements in a commutative ring R such that

Rad(xR) C Rad(yR). We tensor the natural morphism iz — Rby iy and obtain a
quasi-isomorphism B

where the two vertical morphisms are the natural quasi-isomorphisms, and where
the bottom morphism is a quasi-isomorphism by Corollary 6.1.9.

By commutativity, adjointness and with the help of 4.4.11 we obtain quasi-
isomorphisms
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LX ®r (Li QR X) ; LX Qr X7
HomR(lv‘X, X) = HomR(lv,i, HomR(lti, X))
for any R-complex X. We note that these quasi-isomorphisms have an inverse not

only in the derived category but also in the category of R-complexes. Indeed, there
is a quasi-isomorphism L = L v = L ®r Ly x by 4.4.8.

The following result could be helpful for induction arguments.

Proposition 6.2.5 Let R denote a commutative ring. Let x = x,...,x; be a
sequence of elements of R and y € R an element. Let X denote an R-complex.
Then there is a short exact sequence

0 — Ho(Homg(L,, H;(Homg(L,, X)))) — H;(Homg(L, ,, X))
— H,(Homg(L,, H;_;(Homg(L,, X)))) — 0

foralli € 7.

Proof We use the spectral sequence
E}; = H;(Homg(L,, H;(Homg(Ly, X)))) = Hyy;(Homg(Ly y. X))

for the homology of HomR(lv‘Ly, X) = HomR(Ly, HomR(Li, X)). Because iy is
bounded in degrees O, 1 it follows that El2 ;=0 forall i #0,1 and the spec-
tral sequence degenerates to the short exact sequence of the statement (see e.g.
[85, Exercise 5.2.1] or [71, Corollary 10.29]). O

Definition 6.2.6 For a sequence of elements x = x, ..., x; we compose the nat-
ural morphism p;, : C « — R with the quasi-isomorphism L x = , and we get a
natural morphism g, : I:L — R, the kernel of which we denote by L x- Moreover,
the following commutative diagram

0 Lo, L,—"%R 0
0 D, Co—=5R 0

shows that there is a quasi isomorphism L, =D .. That is, we get a free resolution
of the global Cech complex D!,

Remark 6.2.7 Let X be an R-complex with P —> X a K -projective and X —> [
a K -injective resolution. Then we have the quasi-isomorphisms
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Homg(L,, P) —> Homg(L,, X) —> Homg(L,, I) <— Homg(C,, I).

Each of these four complexes may be used as a representative of RHompg (Cv‘i, X).

Let F —> X be a K -flat resolution. There are quasi-isomorphisms
L,®x F— C,®r F — C, ®r X <— L, ® X.

Each of these four complexes may be used as a representative of Cv‘£ Rk X.

6.3 Cech Homology and Cohomology

As the Cech complex Cv’i is DG-flat the functor (CV’L ®r -) on the category of com-
plexes can be thought of as a Cech cohomology functor. Similarly the functor
RHomR(é «» ) defined on the derived category (represented by Hompg (Lg ,+)) can
be thought of as a Cech homology functor. Under some “weak” conditions (always
satisfied when the ring is Noetherian) it is known that for all R-complexes X we
have natural isomorphisms CV‘£ ®% X ~ RIL(X)and RHomR(CV‘L, X) ~LA%X)in
the derived category, where a is the ideal generated by the x;’s. We shall revisit
this later. Here we investigate the functors (é x ®k -) and RHomR(é v, ) for their
own sake. In particular, we view the modules H' (Cv’l ®% X) as Cech cohomology
modules and the modules H;(RHompg (Cv'i, X)) as Cech homology modules. Note
that we already have some information on the functor (é x ®]1; -) and its cohomol-
ogy modules in Sect.6.1. We also provide the first vanishing criteria involving the
class of complexes of infinite Tor-codepth (with respect to an ideal a generated by
the sequence x = x, ..., xx). While it is quite clear that Cv‘l cohomology commutes
with right-filtered direct limit, we also investigate the behaviour of CV'£ homology
with inverse limits.

6.3.1 Cech homology and cohomology are related: we have an adjointness formula,
namely in the derived category we have a natural isomorphism

RHomg(C, ®% X, Y) ~ RHomg (X, RHomg(C,, ¥))

for all R-complexes X, Y, (see 4.4.13). The unit and counit are represented by the
natural morphisms

HomR(lV‘L, X) ®r lVJi — Xand X — HomR(lvli, X ®r I:i).

Putting in the above Y = E, an injective cogenerator as described in 1.4.8, we obtain
the isomorphism
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(C, ®% X)¥ =~ RHomg(C,, XV)
which induces isomorphisms of modules
(Hi(CV‘L ®% X)) = H, (RHomR(Cv'i, X)) foralli € Z.

It follows that any information on the functor RHom R(Cv‘i, -) gives information on

the functor (CV‘L ®Y .) via the general Matlis duality. However we cannot go the other
way, since complexes are not always Matlis duals.

We obtained information on the Cech cohomology modules H’ (Cv‘i Rk X) =
H' (CV‘£ ®z X)in6.1.4andalsoin6.1.11. We now turn to the Cech homology modules
H;(RHomg(C,, X)).

Theorem 6.3.2 Let x = x1, ..., x; be a sequence of elements in a commutative
ring R, write a = xR. Let X be an R-complex with one of its K -injective resolutions

X =5 I. Then

(a) Hi(RHomg(Cy, X)) = H;(Homg(Cy, 1)) = H;(Homp(Ly, X)),
(b) Foralli € Z there are functorial short exact sequences

0 — lim ' Hipy (x's X)) — H;(RHomg(Cy. X)) — lim H,(x's X) — 0.

(c) R/a®g Hi(RHomg(Cy, X)) # 0 if H;(RHomg(Cy, X)) # 0,
(d) Exti(®_ R, H(RHomg(Cy, X))) = 0 forall j > 0andi € 7.

Proof For (a) recall that RHomR(Cv'i, X) is represented by each of the quasi-
isomorphic complexes

Homg(C,, I) — Homg(Ly, I) <— Homg(L,, X).
By the definition of the Cech complex we have an exact sequence
0— &K () 5 &K @) > C — 0,

where ¢ is the map associated to the direct system {K*(x")}. We may and do take
for X —> I a DG-injective resolution of X, then we obtain a short exact sequence

0 — Homg(Cy, 1) — [ [Homg(K*(x"), 1) % [ [Homz(K* "), ) — 0,
t t

where v is the map associated to the inverse system {Homg (K *(x"), I)} (see 1.3.3).
We consider kernels and cokernels in the associated long exact homology sequence
and obtain the short exact sequences in (b). Recall that



6.3 Cech Homology and Cohomology 145
Hompg(K*(x), I) = K, (x'; I) <— K. (x'; X).

Assume now that H; ((RHomg (Cv‘i, X)) # 0. Then at least one of the two modules
1(111 'Hi 1 (x"; X) and l(gl H;(x"; X) is not zero. But for all j € Z there is an exact
sequence

0 — lim H;(x"; X) — ]_[H,(y; X) — ]_[H,(y; X) - LiLanj(y; X) — 0.
t t

In this sequence the module [ [, H;(x; X) is a-complete as a product of a-complete
modules (the modules H;(x"; X), annihilated by a power of a, are a-complete). It
follows that the modules 1(&1 YH; 1 (x'; X) and 1(&1 H;(x'; X) are not a-coarse when
non-null:

R/a®p lim'H;(x"; X) # 0 when lim ' H; (x'; X) # 0 and
R/a®g lim H;(x'; X) # 0 when lim H;(x"; X) # 0,

(see 2.2.11). The claim in (c) follows.
Moreover, both modules 1(1Ln 'H; (x"; X) and l(ln H;(x"; X) are also a-pseudo-

complete (see (2.5.7 (b)). We know that Ext‘;g(EBf:le,, M) =0 for all j >0 and
any a-pseudo-complete module M (see 3.1.8). The claim in (d) follows now with the
long exact sequence of the Ext, (d)_, R,,, ) associated to the short exact sequences
in (b). a

Remark 6.3.3 (a) When the ring is Noetherian we also have that the modules
H;(RHom (C «» X)) are a-pseudo-complete. This follows from 2.5.17 applied to
the short exact sequences in 6.3.2. (Note, however, that this also hold in a larger
generality, see the forthcoming 7.5.13.)

(b) In general, observe the similarity between the short exact sequences in 6.3.2
and those in 2.5.5. When the sequence x is completely secant on R note also that
H;(x"; X) = Torf(R /a;, X), where a, denotes the ideal generated by the sequence
x'=x), . X

Next we investigate when RHomg (CV’L, -) and Cv’i ®Y . vanish. Our criteria provide
another characterization of complexes in the class T, introduced in 5.1.4.

Proposition 6.3.4 Letx = x1, ..., x; be a sequence of elements in the commutative
ring R and let a be the ideal generated by the x;’s. For any complex X the following
conditions are equivalent:

(i) é& ®r X is exact.

(ii) X € Tq.
(iii) RHomg(C,, X) ~ 0.
(iv) Hompg (lvli, X) is exact.
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Proof First assume that X € T,. Then for alli € Z and all > 1 we have
H'(x'; X) =0=H;(x; X)

(see 5.3.5). This yields that H' (C, ®g X) = li_r)nHi()_c’; X) =0foralli € Z.Italso

follows that H;(RHompg (Cv‘i, X)) = 0foralli € Z with the short exact sequences in
6.3.2.
Assume now that RHom R(Cv'i, X)~0Oandlet X — I bea K -injective res-

olution of X. By assumption we have Hom R(Cv'i, I) — 0. But the complex
Hom R(é «, I) is K-injective (see 4.4.3 (a)). Hence we have a quasi-isomorphism

Homg (R/a, Homg(Cy, I)) —> 0
(see 4.4.11). By adjointness and with the isomorphism R/a ® CV'i = R/a we have
Homg (R /a, Homg(C,, I)) = Homg(R/a ® C,, I) = Homg(R/a, I).

Therefore Homgz (R /a, I) =0, E-dp(a, X) = oo and X € T, by 5.3.5.
Next assume that the complex CV‘1 ®r X is exact. Let F —> X be a K-flat res-

olution of X. Then é& ®r F —5 0. But the complex CV'£ ®gr F is K-flat (see 4.4.3
(c)). So we have the quasi-isomorphism

R/a®r C, ®g F — 0

(see 4.4.11). As R/a ®r Cv'i = R/a this means that R/a Qg F —> 0and that X €
Ta-

The equivalence of the last two conditions is clear since i£ — Cv‘£ isa DG-
projective resolution of CV‘L, so that RHomg(C v, X) is also represented by

Homp (I:i, X)) in the derived category. U

We note that the Cech homology and cohomology is impervious with respect to
a change of rings. More precisely and more generally we have the following.

Proposition 6.3.5 Let ¢ : R — B be a homomorphism of commutative rings. Let
X = X1,...,X; be asequence in R andX =yi,..., Y asequence in B and assume
that Rad(XB) = Rad(¢(x)B). Let X be a B-complex which may also be viewed as
an R complex via ¢. Then
H'(C, ®x X) = H'(Cy ® X) and
H;(RHomg(Cy, X)) = H;(RHomg (Cy, X))

foralli € 7.
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Proof Wehave Cv’i ®r B=C o(x) by construction. By the assumption there are quasi-
isomorphisms

v

C)f < CX ®B C«J(&) > C(p(&)v

(see 6.1.9). It follows by 4.4.11 that the complexes
é£ ®R X = é‘/’(i) ®B X and él ®B X

are quasi-isomorphic. This proves the first isomorphisms.

By construction we also have an isomorphism Ly ®g B = L (). In view of the
quasi-isomorphisms Zw(&) — CV},@ and f,y — C‘y it follows that the bounded
complexes of free B-modules Lw@ and IV‘X are quasi-isomorphic. By 4.4.8 we even

have a quasi-isomorphism lv‘,p@) — IV‘X . Therefore there are a quasi-isomorphism
(see 4.4.11) and an isomorphism

Homg(Ly, X) —> Homp(Lyq), X) = Homg(Ly, X).

This provides the second isomorphisms.

When the morphism ¢ : R — B is flat we can go the other way, at least for the
Cech cohomology. The following is rather obvious.

Proposition 6.3.6 In the situation of 6.3.5 assume that B, viewed as an R-module
via ¢, is flat and let Y be an R-complex. Then

((l) (éi ®R Y) ®R B = é(ﬂ(&) ®B (B ®R Y) and
(b) H'(C, ®r Y) ®r B = H' (Cpiry @5 (B ®r Y)) foralli € 7.

Remark 6.3.7 (a) Cech cohomology commutes with right-filtered direct limits. More
precisely, let x = xy, ..., x; be a sequence in a commutative ring R, let (/, <) be
aright-filtered ordered set and let X = {0;; : X; — X; | 0 <i < j € I} be a direct
system of R-complexes. In view of 1.3.5 we have

C£®R h_II)le = ILI)I(C£®R X,) and H (C£®R @)IX,) = ll_r)nH (C£®R X,)

(b) Cech homology commutes with products. This is because the functor
Homp (i x, -) commutes with products.

(¢) The behaviour of Cech homology with inverse limits is more subtle. Let
YD =A{pr1+1: Y41 = Y, | t € N} be an inverse system of R-complexes over N and
assume that it satisfies degree-wise the Mittag-Leffler condition. Then we have the
short exact sequence

. 12
0—>1(11_nY,—>l_[Y,—@>HYt—>O
teN teN



148 6 Cech Complexes, Cech Homology and Cohomology

(see 1.2.3). It induces the short exact sequence

v . v v v
0 — Homg(Ly, lim¥,) — HHomR(Li, Y,) > l_[HomR(Li, Y,) = 0
teN teN

because I:L is a bounded complex of free modules. Note that
Y = Homp (Z‘Lt w@) = wHomR@&@)

is the morphism associated to the inverse system Homg (L 1 J) (see 1.2.7). We split
off the associated long exact sequence in homology and obtain short exact sequences
0 — lim ' Hy 1 (Homg (Ly, Y;) — H;(Homg(Ly, lim Y,)
— LiLnHi(HomR(lii, Y,) =0

foralli € Z.

6.4 Some Classes Related to the Cech Complex

We observed that there are natural morphisms X — RHom R(CV’)L , X) and CV’i Rk
X — X in the derived category and will investigate when they are isomorphisms.
Our criteria will involve the class T, introduced in 5.1.4.

Notations and observations 6.4.1 As mentioned before, there is a short exact

~ ~  Px . .
sequence of DG-flat complexes0 — D, — C, — R — 0, degree-wise split-exact.
For an R-complex X and a K -injective complex / it induces short exact sequences

0— b£®RX_>é£®RX_> R®r X — Oand
0—1— HomR(Cv'i, I — HomR(lv)i, I — 0.

In particular, it induces natural morphisms
L(Cv‘i; X): CV‘LQZ)II‘e X — X and a(Cv'i; X): X —> RHomR(CV‘L, X)

in the derived category. 5
The first one is represented by the morphism p, ®z X : C, ®r X — X and

also by the composite (i£ Qr X — CV'£ ®r X — X). Note that these are quasi-
isomorphisms (represent isomorphisms in the derived category) if and only if
D, ®g X is exact.



6.4 Some Classes Related to the Cech Complex 149

The second one is represented by the composite X Ay N HomR(Cv'i, 1),
where X —> I isany K -injective resolution of X . Note that itis a quasi-isomorphism
(represents an isomorphism in the derived category) if and only if Homg(Dy,, I)
is exact. The map a(éi; X) is also represented by the natural morphism X —
Homp (L x, X) stemming from the natural morphism ¢ : L£ — R. To this end, note
the commutative diagram

~

X 1 1

J J |

Hompg(Ly, X) —— Homg(Ly, I) +—— Homg(Cy, I).

Lemma 6.4.2 Let a be an ideal of a commutative ring R generated by the sequence
X = X1, ..., Xy. For any K-injective complex I the following conditions are equiva-
lent.

(i) The natural morphism I — Hompg (é v, 1) is a quasi-isomorphism.
(ii) Homg (T, I) is exact forall T € T,.
(iii) Homg(R;, I) is exact for all z € Rad(a).
(iv) Homg(®'_ Ry, I) is exact.

Proof (i) = (ii): Let T € T,. Since the complex HomR(Cv'i, I) is K-injective (see
4.4.3) there is a quasi-isomorphism and an isomorphism

Homg(T, I) — Homg(T, Homg(Cy, 1)) = Homg(T ®z Cy, I).

Here the quasi-isomorphism follows from 4.4.11 and the isomorphism follows by
adjointness. Butthe complex T ® Cv‘lis exactby 6.3.4. As I is K -injective it follows
that Homg (T, I) AN Homg (T Qg éy I) is exact too.

(ii) = (iii): This is true because R, € T, when z € Rad(a).

(iii) = (iv): This is obvious.

(iv) = (i): First note that the complex Homz(R,,, ) is K-injective because the

module Ry, is flat. So the quasi-isomorphisms Hompg (R, I) —> 0 induces quasi-
isomorphisms

Hompg(R,y,, I) = Homg(R,, Homg(R,,, I)) — 0 for any x € R.

By virtue of 6.4.1 it is enough to prove that the complex Hompg (by I) is exact.To
this end we investigate the double complex K/ := Homg (D", I7). The modules
in lv)i are direct sums of modules of the form R,,,. Therefore all the columns
Hompg (b;i, I) of the double complex are exact by the assumption. Hence the single
complex associated to the double complex K% is exact too (see 4.1.3 and interchange
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rows and columns). But this single complex is the complex Hom R(D£ , I) because
lv)i is bounded. Whence the condition (i) is satisfied. 0

We reformulate 6.4.2 in the derived category language and obtain.

Theorem and Definition 6.4.3 Let a be an ideal of a commutative ring R generated
by the sequence x = xy, ..., xy. For any R-complex X the following conditions are
equivalent.

(i) The natural map oz(Cv'i; X): X —> RHomR(CV'y X) is an isomorphism in the
derived category.
(ii) The natural morphism X — Hompg (iﬁ, X) is a quasi-isomorphism.
(iii) RHomg(T, X) ~0forall T € T,.
(iv) RHomg (R, X) >~ 0 for all z € Rad(a).
(v) RHomg(®*_,R,,, X) ~ 0.

We denote by Sié the class of R-complexes Z satisfying the above conditions.

Proof Let X —>Ibeak -injective resolution of X. The equivalence of (i), (iii),
(iv) and (v) follows by virtue of 6.4.2 applied to the complex . The equivalence of
(i) and (ii) follows by the remarks in 6.4.1. ([l

(We note the similarity between the conditions in the above theorem and those
in the completeness and pseudo-completeness in 3.1.6 and 3.1.11. Recall that
Hompg(R,,, M) = 0 when M is an a-separated module and when x; € a (see 2.1.2).)

Example 6.4.4 Letx = xi, ..., x; denote a sequence of elements in a commutative
ring R and write a = xR. (a) Hom R(Cv‘i, I e Sf,é for any K-injective complex 1.
This follows by 6.3.4. We have that Homg (T, HomR(Cv‘i, 1)) = Homg (T ®¢ Cv‘i, I)
isexact when T' € T,. This means that RHomg (T, HomR(Cv”i, I)) ~ OforallT € T,
(note that the complex Hompg (é v, I) is K-injective).

(b) In particular, the general Matlis dual C Y of the Cech complex is a D G-injective
complex belonging to 9)%6.

(c) We note that a-pseudo-complete modules belong to Sﬁé. This follows by 3.1.8:
R,, is a relatively-a-flat module such that R, = aR,,. We recall that a-complete
modules are a-pseudo-complete (see 2.5.7) hence are also in Sfé. When the ring
is Noetherian a module belongs to 956 if and only if it is a-pseudo-complete. This

follows by Theorem 3.1.11.
(d) In particular, the modules R /a and (R/a)", which are both a-complete, belong

to GE€.

(e) If amodule in Sié is a-separated, then it is a-complete. This follows by 3.1.6.

As a dual result to 6.4.2 we have the following on the Cech cohomology side.
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Lemma 6.4.5 Let a be an ideal of a commutative ring R generated by the sequence
X =Xy, ..., X Forany K-flat complex F the following conditions are equivalent.

(i) The natural morphism Cv’i ®r F — F is a quasi-isomorphism.
(ii) T Qg F is exactforall T € T,.
(iii) R, ®g F is exact for all z € Rad(a).
(iv) (®F_ Ry,) ®r F is exact.

Proof The proof of this is similar to the proof of 6.4.2. Here we deduce it from 6.4.2
via the general Matlis duality functor and adjointness. Indeed, the general Matlis
dual complex F is K -injective. Moreover,

(C, ®& F)” = Homg(Cy, FY), (T ® F)" = Homg(T, F") and
(Rz QR F)v = HomR(Rz’ Fv)~

This proves the claim by the faithful exactness of the general Matlis duality
functor. O

For an arbitrary complex Z we obtain an analogue of Theorem 6.4.3. In fact, this
is an extension of Theorem 6.1.8.

Theorem and Definition 6.4.6 Let a be an ideal of a commutative ring R generated
by the sequence x = x1, ..., xx. For any complex X the following conditions are
equivalent.

(i) The natural map L(Cv‘i; X): é& ®]1; X — X is an isomorphism in the derived
category.
(ii) T®% X ~0forall T €T,.
(iii) R, ®g X is exact for all z € Rad(a).
(iv) (EBf»‘:le,.) ®r X is exact.
(v) Suppgr H'(X) C V(a) foralli € 7.
(vi) The natural isomorphism L, ®r X —> Xisa quasi-isomorphism.

We denote by 956 the class of R-complexes X satisfying the above conditions.

Proof Let F —> X be a K-flat resolution of X. Because of the quas1 isomorphism
C Qg F SN C ®pr X it follows that the natural mapL(Cx, X): C ®L X — Xis
an isomorphism in the derived category if and only if the natural morphism C£ Qr
F — F is a quasi-isomorphism. Hence the equivalence of (i), (ii), (iii) and (iv)
follows by 6.4.5 applied to F. The equivalence (i) < (v) is shown in 6.1.8. The
equivalence of (i) and (vi) follows by the remarks in 6.4.1. U

Example 6.4.7 Letx = xy, ..., x; denote a sequence of elements in a commutative
ring R and write a = xR.

(a) Cv‘i ®r X € Sgé for all R-complex X. This follows by 6.1.4.

(b) In particular, the DG-flat complex Cv‘l is in 956.
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(c) We note that an R-module M is in GR€ if and only if Suppz M < V(a) if and
only if M is a-torsion (see also 2.1.13).

(d) In particular, the modules R/a and (R/a)¥, which are both annihilated by a,
hence a-torsion, belong to GXC.

The classes 9)%6 and GRC have nice properties.

Corollary 6.4.8 Let x = x1, ..., x; be a sequence of elements in a commutative

ring R.

(a) Let0 — X' — X — X" — 0 be a short exact sequence of complexes. If two of
the three complexes X, X' and X" are in Qic (resp. in Qﬁc), then the third one

is also in 9;6 (resp. in Sﬁé).
(b) If X € Gié and if Y is quasi-isomorphic to X, then Y € Gié. If X e 9§é and

if Y is quasi-isomorphic to X, thenY € G gé. The classes of complexes Sié and

9£RC are well-defined in the derived category.
(c) If X € Séé and P is K -projective, then Homg (P, X) € Sié.
IfY € Sﬁé and F is K-flat, then Y Qg F € 956.
(d) If y=y1,...,y is another sequence such that Rad(xR) = Rad(yR), then

GLC = GLC and GRC = gRC.

Proof (a) Let T be any complex in T, and P —> T be a DG-projective resolution.
‘We have the short exact sequence

0 — Homz(P, X') — Homy (P, X) — Homg(P, X") — 0.

If two of the three complexes occurring in this sequence are exact, then so is the
third. As Homg (P, -) represents RHomg (7, -) in the derived category this together

with Theorem 6.4.3 (condition (iii)) proves the Sié side of the statement. The proof

of the 9)150 side is similar by using the functor (P ®p -) in place of Homg (P, -) and
Theorem 6.4.6 in place of Theorem 6.4.3.
(b) These statements are rather obvious in view of the properties of RHom and
®T, 6.4.3 condition (iii) and 6.4.6 condition (ii).
(c)Let X —sIbeak -injective resolution. For all T € T, we have the isomor-
phism
Homgz (T, Homg (P, I)) = Homg (P, Homg(T, I))

by adjointness and commutativity. If X € Sfé, then Homg (7', I) is exact by 6.4.3
condition (iii). Hence the complex Homg (T, Homg(P, 1)) = Homg(P,
Homg (T, 1)) is exact too and we obtain the first assertion in (c) with 6.4.3 again and
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the statement in (b). Note the quasi-isomorphism Homg (P, X) — Homg(P, I).

The second assertion is a direct consequence of the definition of the class Sfc (see
6.4.6 (ii)). B
(d) This follows by 6.4.3, condition (iv), and 6.4.6, condition (iii). ([l

Starting with a complex in G¥¢ we may obtain a complex in GE€.

Proposition 6.4.9 Let x = xy, ..., x; be a sequence of elements in a commutative
ring R and let X be an R-complex.

(a) Suppose that X € Sfé. Then Homg (X, I) € 956 for any K -injective complex
1. - -
(b) X € Sgc if and only if X¥ € 9§C.

Proof Let X € Sﬁé and let T be any complex in T, with one of its K-projective

resolutions P —> T. The complex P ®p X is exact (see 6.4.6). Hence the com-
plex Homg (P ®p X, I) = Homgz (P, Homg (X, I) is exact too. This means that
Homg (X, I) € G5€ in view of 6.4.3.

The statement in (b) follows by taking for I an injective cogenerator E and by
the faithful exactness of the general Matlis duality functor (-)¥ = Homg(-, E). O

For another relation between the classes § gé and § ié, see the forthcoming 6.5.6.
Complexes in 9§C or in 9§é are also characterized by their (co-)homology.

Theorem 6.4.10 Let x = x|, ..., x; be a sequence in a commutative ring R. Let X
denote an R-complex.

(a) X € GE€ ifand only if H;(X) € G€ forall i € Z.
(b) X € SXC ifand only if H'(X) € % forall i € Z.

Proof For the proof of (a) let X e 9)%6 and therefore H;(X) = H;(RHomg(C,, X))
forall i € Z. By Theorem 6.3.2 we know that

Ext),(@'_, R,,, H;(RHomg(Cy, X))) = 0 for all j > 0.

Whence H;(X) € Séé by Theorem 6.4.3.

Conversely, assume that H;(X) € Sié for all i € Z. Let X —> I be a DG-
injective resolution of X, so that H;(X) = H;(I). We split the complex [ into short
exact sequences of modules

0—-B —~>Z72 —->HX)—-0and 0— Z;, > I, > B;_; — 0,

where B, = Im(di] 4 and Z; = Ker(dil ). Now consider the associated long exact
sequences of the Ext’k(Rx, -) for any x € Rad(x R). Note first that
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Hompg(Ry, Hi(X)) = 0 = Extp(Ry, Hi(X))

by assumption and Theorem 6.4.3. From the short exact sequences on the right we
first obtain Ext}e (Ry, Bi—1) =0foralli € Z. To this end note that /; is an injective
R-module and R, has projective dimension 1. From the exact sequences on the left
we then obtain

Homg(R,, B;) = Homg(R,, Z;) and Extk(R,, B;) = ExtL(R,, Z;) = 0.
Hence our data induce short exact sequences

0 — Homg(R,, B;) — Homg(R,, Z;) — 0 and
0 — Homg(R,, Z;) — Homg(R,, I;) > Homg(R,, B;_;) — 0.

We patch these together and obtain that the complex Homg (R, , I) is exact, that is,
RHomg(R,, X) =~ 0. As this holds for all x € Rad(xR) we have that X € GL€ by
Theorem 6.4.3. a

The statement in (b) is a direct consequence of Theorem 6.4.6, condition (v). [

In the following we investigate some other relations between the classes
Gr¢, GX€ and T,

where a = x R. It provides a certain kind of converse to 6.4.3 and to 6.4.6 and provides
yet another characterization of complexes in J.

Proposition 6.4.11 Let a be an ideal of a commutative ring R generated by the
sequence X = Xy, ..., Xy and let Y be an R-complex. The following conditions are
equivalent:

(i) RHomg (Y, X) >~ 0 for every R-complex X € Sié,
(ii) Y € Ty, and .
(iii) Y ®p Z == 0 for every complex Z € GXC.

Proof When gondition (i) is satisfied we have RHomg (Y, (R/a)¥) >~ 0 because
(R/a)" € GLC€ (see 6.4.4). Let P — Y be a K projective resolution of Y. This
means that Homg (P, (R/a)") is exact. By adjointness we have that (P ® R/a)"
isexactand sois P @ R/a. Hence Y € T, by definition.

When condition (iii) is satisfied we have Y ®]1§ R/a >~ Obecause R/a € Sfc (see
6.4.7). By the definition it yields that Y € 7. -

The implications (ii) = (i) and (ii) = (iii) have already been proved in 6.4.3 and
6.4.6. a

‘We now consider two sequences x and y and investigate the relations between the
corresponding classes.
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Proposition 6.4.12 Letx = xy, ..., x; andz = y1,..., Y1 betwo sequences of ele-
ments in a commutative ring R such that Rad(xR) C Rad(XR). Then

GLC C GIC and GRC C GRC.
Proof For any X € Sfc we have

RHomg(R;, X) >~ 0 for all z € Rad(yR)

(see 6.4.3 applied to sequence X)' Because Rad(xR) C Rad(XR) this also holds for
all z € Rad(x R). This provides the first inclusion by 6.4.3. The second one is proved
in the same way, using 6.4.6 in place of 6.4.3. ]

Remark 6.4.13 1In the situation of 6.4.12 recall that the modules in Sfc are exactly
the y R-torsion modules (see 6.4.7). The inclusion on the right may be viewed as
a large generalization of the following rather obvious fact: if an R-module M is
yR-torsion it is also x R-torsion when Rad(x R) € Rad(yR).

Recall also the modules in 9§Cv are exactly the yR-pseudo-complete modules

when the ring is Noetherian (see 6.4.4 (c)). In that case, the inclusion on the left
provides a generalization of 2.5.9.

For two arbitrary sequences we note the following.

Proposition 6.4.14 Letx = x1,...,xyandy = yy, ..., y; be two sequences of ele-
ments in a commutative ring R and let us form the sequence x,y. We have the
equalities
LC _ oLC LC RC _ oRC RC
9LX =G, N SX and SLX =G, N SX .

Proof This is a direct consequence of condition (v) in 6.4.3 and of condition (iv) in
6.4.6. O

6.5 Composites

In this section we shall investigate the composite of the Cech homology and coho-
mology functors for various sequences of elements. On the way we shall prove an
extension of the known fact that the functors Cv‘l ®];e - and RHom R(CV‘£ , ) are idem-
potent in the derived category.

Observations 6.5.1 Letx = x1,...,xandy = yq, ..., y; be two sequences of ele-
ments in a commutative ring R. We form the sequences x, y = X1, ..., Xk, Y1, ..., VI
andy, x =y, ..., Y1, X1, - -. ,xk.Thenrecallthatéy Qr 61 = éy,£ = CV'Ly by con-

struction.
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(a) For any R-complex X we have natural isomorphisms

CV’X ek (C, ®% x) — CV‘X,i ®% X and
RHomg (Cy, RHomg(Cy, X)) — RHomg(Cyx. X)

in the derived category. This follows by associativity, respectively by adjointness.
(b) If Rad(xR) < Rad(XR), then we have the quasi-isomorphisms

C, ®5 (€ ®% X) — €, ®% X and
RHomg (Cy, RHomg(Cy, X)) — RHomg(C,y, X)
in the derived category. This follows from the quasi-isomorphism of complexes

C,. —> C, obtained in 6.1.9.
~(c) Putting x = y in (b) we see that the functors

(C, ®" -) and RHomg(C,, )
are idempotent in the derived category.

Observations 6.5.2 (a) We note that the navtural isomorphisms from 6.5.1 are nat-
urally compatible with the natural map ¢(C,; X) and a(Cy; X) defined in 6.4.1.

Recall that the natural map L(CZ; X) is represented by the natural morphism
lv,i ®r X — X and that the natural map a(C «; X) is represented by the natural

morphism X — HomR(Iii, X). At the complex level we also have commutative
triangles

Ly,® X =L, ®g(Ly® X) ——————— L, @ X

S~
/X\

Hompg(Ly, X) ——————— Homg(Ly, Homg(Ly, X)) = Homg(Ly . X)

and

where all the morphisms are the natural ones.
(b) Assume now that Rad(xR) C Rad(yR) Then we have quasi-isomorphisms

Ly SN Ly x N L (see 6.2.4), hence also quasi-isomorphisms
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Z‘X Qr X - Lg& ®r X and HomR(lv,Xé, X) AN HomR(ii, X).

The reader is invited to insert these quasi-isomorphisms in the above commutative
triangles.

We are now prepared for results relating Cech cohomology and Cech homology,
thatis, results involving both functors (C, ®p ) and RHom (C,, -). To this end recall

the free resolution ljbi — b& of the shifted global Cech complex as introduced in
6.2.6.

Lemma 6.5.3 Let x = xy, ..., x; be a sequence of elements in a commutative ring
R and write a = xR. Let X be any R-complex and I any K -injective R-complex.
Then

(a) ibi®R X ;> b£®R X e T,

(b) Homg(Dy, I) —> Homg(L’,, I) € T,

Proof (a) It will be enough to prove the statement for LV)£ Qg X.Let F —> X be
a K-flat resolution of X. Then D, ® F —> D, ® X is a K-flat resolution of
bi ®r X. To prove the assertion we have to show that R/a ®p lv)£ ®r F >~ 0. But
this is obvious since R/a ®g b& =0.

(b) Again it suffices to show the claim for HomR(Dy I). This complex is K-
injective and Homg (R /a, Hompg (bi, I)) = Homg(R/a Qg [V)i, I) is exact because
R/a®g D, = 0. Hence E-dp(a, Homg(D,, I)) = oo and Homg(D,, I) € T, by
5.3.5. O

Lemma 6.5.4 Letx = xy,...,x; andX = Y1, ...,y denote two sequences of ele-
ments in a commutative ring R, write a = xR and b = yR. Suppose Rad(a) <
Rad(b) and let X denote an R-complex. Then the following natural morphisms are
quasi-isomorphisms.

(a) Homg(Ly, C; ®g X) — Homg(Ly, X).

(b) Homg(L,, Ly ®k X) — Homg(Ly, X).

(¢) Cy ®r X — C, ® Homg(Ly, X).

(d) Ly ®xr X — Ly, ®x Homg(Ly, X).

Proof (a) We apply the functor Hom R(I:X , ) to the short exact sequence of com-

plexes 0 — b£®R X — CV‘L ®r X > X — 0 and obtain the short exact
sequence

0 — Homg(Ly, Dy ®k X) — Homg(Ly, C; ® X) — Homg(Ly, X) — 0.

Therefore it will be sufficient to show that the first complex in the previous sequence
is exact. We have seenin 6.5.3 that D, ®z X € T,.But T, C Ty, as follows by 5.1.7.
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Note that the hypothesis Rad(a) € Rad(b) implies that b is a-open because the ideal a
is finitely generated. Now we obtain by 6.3.4 that the complex Hompg (L ¥ b& ®r X)
is exact. B

(b) The quasi-isomorphism i£ — CV’£ induces a quasi-isomorphism

Hompg(Ly, Ly ®g X) — Homg(L,, C; ®x X)

because Iji is DG-projective and D G-flat. Whence (b) follows from (a).

(c) We use the short exact sequence 0 — L x = L& — R — 0 as described in
6.2.6. This is a sequence of bounded free complexes and gives rise to a short exact
sequence 0 —> X — HomR(lV‘)L, X) — HomR(ljb)L, X) — 0. By tensoring with éy
we obtain the short exact sequence of complexes

0— éX®R X — Cv'l®R HomR(ii, X) — CV’X(X)R HomR(vai, X) = 0.

We need prove that the last complex in the sequence is exact. To this end, let X 1
denote a K -injective resolution. Then

Homg(L’,, X) —> Homg(L’,,I) € Ty,

v

(see 6.5.3). As T, C T, we obtain with 6.3.4 that the complex C, ®r
Homp (vay X) is exact.

(d) Because of the quasi-isomorphism I:y — Cv‘y, and with the help of 4.4.11, the
claim in (d) is a consequence of (c). a B O

Now we get the following theorem, which provides some more composites.

Theorem 6.5.5 Letx = xi,...,xxandy =y, ...,y betwo sequences of elements
in a commutative ring R. Suppose Rad(xR) € Rad(yR) and let X denote an R-
complex. Then we have the following isomorphisms
RHomg (Cy, €, ®% X) — RHom(Cy, X) and
C, ®% X — C, ® RHomg(Cy, X)

in the derived category.

Proof The statements are a consequence of the results of 6.5.4. d

Putting x = y inthe above theorem, and recalling that both functors RHom (€ &)
and (C « ®" ) are idempotent in the derived category, we obtain one more relation

between the classes G ié and § 5 € introduced in 6.4.3 and 6.4.6. Recall also that these
classes are well defined in the derived category.
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Corollary 6.5.6 The functor RHom R(Cv‘i, -) induces a bijection
gRé — SLé

in the derived category. The inverse bijection is given by the functor (Cv'i Q% ).

Remark 6.5.7 Note also the following particular case of 6.5.4 (b). There is a quasi-
isomorphism
Homg(L,, L,) —> Homg(L,, R).

We shall investigate the endomorphism complex Homg (L o ZQ in more detail later.

6.6 Depth, Codepth and Cech Complexes

In this section we investigate when the Cech homology and cohomology modules
vanish. We provide some inequalities. We first show how the Ext-depth and the Tor-
codepth of a complex can be computed with Cech cohomology and Cech homology
respectively. That is, we prove the Ext-depth Tor-codepth sensitivity of the Cech
complex. To this end, the following lemma will play a substantial rdle.

Lemma 6.6.1 For any sequence x = xy, ..., Xy in a commutative ring R and all
t > 1 we have a quasi-isomorphism

K*(x") ®k C; — K*(x").

Proof This a direct consequence of Theorem 6.1.8 applied to the Koszul complexes
K*(x"), the cohomology of which is annihilated by a power of a. (]

Theorem 6.6.2 Let x = x|, ..., x; be a sequence in a commutative ring R gener-
ating the ideal a. For every complex X we have

E-dp(a, X) = E-dp(a, C, ®x X) = inf{i | H' (C, ®& X) # 0}.
Proof In the whole proof we keep in mind that
E-dp(a, X) =h~(x; X) = h™ (x"; X)
for all > 1 and every complex X (see 5.3.3). The quasi-isomorphism of Lemma

6.6.1 is a quasi-isomorphism between bounded complexes of flat R-modules. There-
fore it provides a quasi-isomorphism

K*(x) ®r C, ®r X —> K*(x) @& X



160 6 Cech Complexes, Cech Homology and Cohomology
(see 4.4.11) and therefore
h™(x; X) = h™(x; C; ®& X) > inf{i | H'(C; ®g X) # 0}
by 5.3.4. We already have that E-dp(a, X) = E-dp(a, CV‘£ ®r X). When
inf{i | H'(C, ®& X) # 0} = 00

we then have the equality 2~ (x; X) = inf{i | H' (CV’£ ®g X) # 0} and the statement
is proved. Assume now that inf{i | H’A(CV‘£ Qg X) #0} = —oo. Then forall j € Z
thereisani < j suchthat H"(CV'£ ®r X) # 0,hence alsosuchthat H (x’; X) # O for
somer > 1.Recallthat H (C, ®¢ X) = lim H' (x'; X). Buth™(x'; X) = h™(x; X).
It follows that E-dp(a, X) = A~ (x; X) = —o0, which finishes the proof of the state-
ment in this case.

Finally, assume that inf{i | H’ (é£ ®r Y) # 0} = r is finite. We obtain the equal-

ity E-dp(a, C, ®¢ X) = inf{i | H'(C, ®& X) # 0} by 5.15 since Homg(R/a,
H(C, ®r X)) # 0 when H (C, ® X) # 0 (see 6.1.4). O

Theorem 6.6.3 Let x = xy, ..., x; be a sequence in a commutative ring R gener-
ating the ideal a. Let X denote an R-complex with one of its K -injective resolutions
X — I. Then

T-codp(a, X) = T-codp(a, Homg(C,, I)) = inf{i | H;(RHomg(Cy, X)) # 0}.
Proof Here we keep in mind that
T-codp(a, X) = h_(x; X) = h_(x"; X)

for all + > 1 and any R-complex X (see 5.3.3). Moreover, RHompg (Cv‘y X) is rep-
resented by HomR(Cv’i, I) so that H; (RHomR((v?i, X)) = H;(Hompg (Cv’i, I)). From
the quasi-isomorphism of Lemma 6.6.1 we obtain a quasi-isomorphism

Hompg (K *(x), I) — Homg(K*(x) ®k Cy, I).

By 5.2.3 we have Homg (K *(x), I) = K.(x) ®x . By adjointness and 5.2.3 we also
have Homg (K*(x) ®r Cx, I) = K.(x) ®g Homg(Cy, I). Hence we have a quasi-
isomorphism
Ko@) ®& I —> Ku(x) ®g Homg(Cy, I).
As h_(x; 1) = h_(x; X) it follows that
h_(x; X) = h_(x; Homg(Cx, 1)) = inf{i | H;(Homg(Cy, I)) # 0}

(see 5.3.4). We already have that T-codp(a, X) = T-codp(a, Hompg (Cv’i, D).
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When inf{i | H,'(RHomR(Cv’i, X)) # 0} = oo we then have the equality 2_ (x; X)
=inf{i | H; (RHomR(Cv‘i, X)) # 0} and the statement is proved.

Assume thatinf{i | H;(RHompg (éy X)) # 0} = —oo.Thenforall j € Z thereis
ani < j such that H; (RHomR(CV')L, X)) # 0. Hence we also get that H; (x"; X) # 0
or Hi11(x"; X) # 0 for some ¢ > 1 in view of the short exact sequences in 6.3.2.
Buti_(x'; X) = h_(x; X).Itfollows that T-codp(a, X) = h_(x; X) = —oo, which
finishes the proof of the statement in this case too.

Finally, assume that inf{i | H; (HomR(Cv’i, 1)) # 0} = r is finite. We obtain the
equality

T-codp(a, Homg(C,, 1)) = inf{i | H;(Homg(C,, I)) # 0}

by 5.1.5 since R/a ®g H;(Homg(Cy, I)) # 0 when H;(Homg(C,, ) #0 (see
6.3.2). O

Remark 6.6.4 Note that Theorem 6.6.2 may also be deduced from Theorem 6.6.3
applied to the general Matlis dual complex X V. Indeed, E-dp(a, X) = T-codp(a, X )
when a is finitely generated and RHomg(C,, X¥) >~ (C, ®% X) by adjointness.

The vanishing of the Cech homology modules and the vanishing of the Cech
cohomology modules are interrelated by the following

Theorem 6.6.5 Let ¢ : R — B be a homomorphism of commutative rings. Let x =
X1, ..., X, be a sequence of elements in R and let y = yy, ..., y; be a sequence in
B such that Rad(yB) = Rad(¢(x)B), | < k. Let X be a B-complex, which may be
viewed as an R complex via ¢. Then

(a) sup{i | H'(C, ® X) # 0} <[ —inf{i | H;(RHomg(C,, X)) # 0} and
(b) supfi | H;(RHomg(Cy, X)) # 0} < I —inf{i | H'(C; ®& X) # 0}.

Proof (a): We have seen that T-codp(x R, X) = inf{i | H,-(RHomR(Cv'i, X) #0))}
(see 6.6.3). Because K,(x") ®r X = K.(¢(x")) ®3 X and because of the Tor-
codepth sensitivity of the Koszul complex (see 5.3.3) it yields that T-codp(x R, X) =
h_(x; X) =h_(p(x); X) = h_(y; X).
Assume first that T-codp(x R, X) = h_(y; X) is finite. Then A™(y; X) is also
finite, B B
W (y; X) =1—h_(y; X)

and h*(y; X) = h™(y'; X) for all # > 0 (see 5.3.8 (a)). Then note that CV'£ Qr X =

é@({) Qp X >~ CV'X Rz X(see6.l.9).RecallnowthatH"(Cv'X ®p X) = li_r)nHi(X’; X).
As the h*(z’; X) are all equal for all # > 1 we observe that

sup{i | H'(Cy ®r X) # 0} = sup{i | H'(C, ®g X) # 0} < bt (y; X).

The inequality in (a) follows from the above.
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If T-codp(xR, X) = h_(y; X) = oo the complexes K,(x'; X) are exact and so
are the complexes K*(x'; X) by the self-duality of the Koszul complex. It follows
that the complex Cv’£ ®pg X is exact so that sup{i | H"(CV’l ®pr X) # 0} = —o0 and
the claim is obvious.

If T-codp(xR, X) — oo then also inf{i | H; (RHomR(Cv‘i, X)) # 0} = —oo (see
6.6.3) and in this case again the claim is obvious.

This finishes the proof of (a).

(b): We have seen that E-dp(x R, X) = inf{i | Hi(CV’£®R X) #0))} (see 6.6.2).
Because K*(x') ®r X = K*(¢(x")) ®p X and because of the Ext-depth sensitiv-
ity of the Koszul complex it yields E-dp(xR, X) =h~(x; X) = h~ (¢p(x); X) =
h=(y; X).

Assume first that E-dp(x R, X) = A~ (y; X) is finite. Then £ (y; X) is also finite,

hi(y; X) =1—h"(y; X)

and h+(X; X) = h+(X’; X) forallt > 0 (see 5.3.8 (b)). We recall the isomorphisms

H; (RHomR(Cv’i, X)) =EH; (RHomB(CV’l, X)) (see 6.3.5). We also recall the short
exact sequences in 6.3.2 (for the B-complex X and the sequence y). As the a4 ( Xl ;0 X)
are all equal we observe that

sup{i | H;(RHomg(Cy, X)) # 0} = sup{i | H;(RHomp(Cy, X)) # 0} < hy(y: X)

and the inequality in (b) follows.

If E-dp(xR, X) = oo then also T-codp(a, X) = oo (see 5.3.5). In view of
Theorem 6.6.3 it follows that inf{i | I-Ii(RHomR(Cv’i, X)) #0} =00 and that
RHomg(Cy, X) =~ 0, so that sup{i | H;(RHomg(Cy, X)) # 0} = —oc. In this case
the claim is obvious.

If E-dp(x R, X) = —oo then also inf{i | H'(C, ®x X) # 0} = —oc (see 6.6.2).
In this case again the claim is obvious.

This finishes the proof of (b). [l

Remark 6.6.6 Inthe above theorem note as in 6.6.4 that statement (a) may be deduced
from statement (b) via the general Matlis duality.

Let x = xy,...,x; denote a sequence of elements in a commutative ring R
and let M be an R-module. Then H"(Cv‘l ®r M) =0 and H; (RHomR(Cv’i, M) =

H; (HomR(Zi, M)) =0 for all i > k since Cv‘£ and IV@ are bounded by k. In fact, a
little more is true.

Proposition 6.6.7 Let x = x1, ..., x; be a sequence in a commutative ring R and
let M be an R-module. Assume there is a sequence Y=V Vi | <k, such that
Rad(xR + Anniy M) = Rad(XR + Anng M). Then

(a) Hi(CV'L ®r M) =0foralli > 1 — T-codp(xR, M) and
(b) H;(RHomg(Cy, M)) = O foralli > | — E-dp(xR, M).
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Moreover, if T-codp(x R, M) is finite, (equivalently if E-dp(x R, M) is finite) then

(c) 0 <T-codp(xR, M) <l —E-dp(xR, M) and
(d) 0 <E-dp(xR, M) <[ — T-codp(xR, M).

Proof The first assertions are a direct consequence of the above Theorems.

The last ones follows by 5.3.9. Note that T-codp(x R, M) = T-codp(yR, M), that
E-dp(xR, M) = E-dp(yR, M), and that these quantities are finite simultaneously. In
that case, T-codp(x R, M) + E-dp(x R, M) = T-codp(yR, M) + E-dp(yR, M) < .
For an R-module M note also that T-codp(x R, M) > 0 and E-dp(xR, M) >0. O

We end the section with some more equalities involving the Ext-depth and the
Tor-codepth of a complex.

Proposition 6.6.8 Ler x = xy, ..., x; be a sequence in a commutative ring R and
let X be an R-complex with one of its K -injective resolution X —> I. Then

E-dp(a, X) = E-dp(a, HomR((v?i, 1)) and T-codp(a, X) = T-codp(a, CV’i Qr X).
Proof We have
Homg(R/a, HomR(Cv'i, I)) = Homg(R/a ® Cv‘i, I) = Homg(R/a, I).

As the complex Hompg (CV‘L, I) is K -injective, the first equality follows.

For the second we take a K-flat resolution F —» X. Then we have the quasi-
isomorphism CV’1 ®r F — CV‘£ ®r X, which provides a K -flat resolution of CV’i ®r
X.As R/a®g Cv'i ®r F = R/a ®p F, the second equality follows. O



Chapter 7 ®)
Local Cohomology and Local Homology e

Let R denote a commutative ring and a an ideal of R. The a-torsion functor
and the a-completion functor, defined respectively by I',(M) :={m € M | a'm =
0 for some r € N} and A*(M) := l(iLn(R/a’ ®g M) for any R-module M, extends
naturally to complexes. In this chapter we first recall that LA® and RI, are well
defined in the derived category and fix some notations. Then we investigate when
LA%(X) and RI,(X) vanish. For complexes homologically-bounded on the good
size we obtain more precise results, previously known when the ring is Noetherian,
possibly new in the present generality. We also provide a description of LA%(X) and
RI,(X) in terms of microscope and telescope. These descriptions do not refer to the
resolutions of X, which could be an advantage.

In the case when the ideal a of R is generated by a particular finite sequence x of
elements of R, thatis, by a so-called weakly pro-regular sequence, the local homology
and cohomology of any R-complex with respect to the ideal a coincide respectively
with its Cech homology and cohomology with respect to the sequence x. For the
local and Cech cohomology this a complex version of a result of Grothendieck. In
this generality it was already observed in [2] and in [75, Theorem 3.2]. For the local
and Cech homology it appears in [75, Theorem4.5] in the case when the complex is
bounded, in [1] under some additional hypotheses and in general in [64]. In Sects. 7.4
and 7.5 we revisit these results with somewhat different methods and add some
remarks. We follow an idea of Greenlees and May and first show that the local
cohomology and homology with respect to an ideal generated by a weakly pro-
regular sequence can be described in terms of telescope and microscope of certain
Koszul complexes. This will also allow us to extend results previously known for
modules over a Noetherian ring to unbounded complexes in the more general setting
of an ideal generated by a weakly pro-regular sequence.

In particular, in the last section we show how the Ext-depth and the Tor-codepth of
a complex with respect to an ideal generated by a weakly pro-regular sequence may
be computed with the local cohomology and homology with respect to that ideal. For
complexes over a Noetherian ring this was originally proved by Foxby and Iyengar
in [33, Theorem?2.1, Theorem 4.1]. Note, however, that for the local cohomology
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the module case was already in [82, 5.3.15] without any assumption on the ideal,
while for the local homology the module case requires only that the ideal is finitely
generated, see 3.4.2. Then we improve some bounds for the vanishing of the local
homology and cohomology of a module. Finally, we explore the behaviour of the
Ext-depth and Tor-codepth under RI™ and L A.

7.1 The General Case

Let a be an ideal of a commutative ring R. We first check that LA® is well defined
in the derived category. We shall prove a little more, we are going on to relate the
microscope construction to the a-adic-completion functor A%, also denoted by (T)u,
and to its left-derived. To this end we recall the results of 2.1.3 and 2.5.1: for an
R-module M we have natural maps 7, n3, and y;; making the following triangle

AG (M)

commutative and yy; is always surjective. Recall also 2.5.4: y;; = rjg () When the
ideal a is finitely generated.

7.1.1 The inverse system £°%. Let a be an arbitrary ideal of a commutative ring
R and let {a,};50 be a descending sequence of ideals which form a base of open
neighbourhoods of the origin for the a-adic topology of R. Let L, be a free resolution
of R/a, with L, o = R. The surjective homomorphism R/a,;; — R/a, can be lifted
to a morphism L, — L,. We choose such liftings and obtain an inverse system of
complexes, denoted by £%. (Of course, this £* depends on the choice of the a,, the
L, and the liftings L,y — L;.)

Observations 7.1.2 We use the inverse system £¢ introduced in 7.1.1. Note first that
the morphisms #, : R — L, defined by %, o = idg, where R is viewed as a complex
concentrated in degree 0, induce a morphism of inverse systems X — £% Qg X,
where X is viewed as a constant inverse system. Hence we have a composite mor-
phism X N Mic(X) — Mic(£® ®g X) for any complex X (see also 4.2.4). Note
that this morphism is functorial. That is, a morphism of R-complexes X — Y induces
a commutative diagram

X Y

| |

Mic(L£® @p X) —— Mic(£° ®r Y).
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If the upper horizontal morphism is a quasi-isomorphism then the lower one is a
quasi-isomorphism too (see 4.2.8).

Example 7.1.3 The quasi-isomorphisms L, —> R/a, induce quasi-isomorphisms
Mic(£%) —> Mic({R/a,}) <— R®(see 4.2.5and4.2.3). Hence R* = Hy(Mic(£%))
while H;(Mic(£%)) = Oforalli # 0. This is a very particular case of a more general
phenomenon as investigated in the following.

Proposition 7.1.4 Let a be an ideal of a commutative ring R. Let X be an arbitrary

R-complex and F > Xak -flat resolution. Then there are quasi-isomorphisms
making the following diagram commutative

F F F X

7| | | |

AY(F) —— Mic({R/a' ®g F}) +—— Mic(£° @z F) —— Mic(£® ®x X)

where the vertical maps are the natural ones.

Proof The quasi-isomorphism
AY(F) =lim F/o'F —> Mic({R/a’ ®x F})

follows by Lemma4.2.3 (a). Note that the inverse system {F/a’ F} is degree-wise
surjective.

The quasi-isomorphism Mic(£* @z F) N Mic(£* ®@g X) follows by Proposi-
tion4.2.8.

As F is K-flat we have an inverse system of quasi-isomorphisms L; Qg F —
R/a" ®g F. Hence the quasi-isomorphism in the middle follows by Lemma4.2.5
(b). The commutativity of the diagram is rather obvious. (]

The conclusion of the above is twofold: on one hand the homology of the complex
Mic(£® ®r X) does not depend upon the particular choices made in the construction
of £%. On the other hand if F —> X and F/ —> X are two K -flat resolutions of X R
then A®(F) and A°®(F') are quasi-isomorphic. More precisely, we have the following
consequences.

Corollary 7.1.5 Let h: F —> F' be a quasi-isomorphism of K-flat complexes.
Then A®(h) is also a quasi-isomorphism.

Proof This is an immediate consequence of Proposition7.1.4. Namely, put
X=F. (]

By virtue of 4.4.12 we obtain the following, an extension to complexes of [38,
Proposition 1.1] which was stated there in the case of modules.
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Theorem 7.1.6 Let a be an ideal of a commutative ring R. Then the left-derived

Sfunctor LA® is well defined in the derived category: if F — Xis any K -flat reso-
lution of the R-complex X, then LA®(X) is represented by the complex A®(F) and
also by the complex Mic(L® ®g X), where £% is the inverse system described in
7.1.1.

Moreover; there is a natural map ag : X — LA®(X) in the derived category, rep-

resented by the composite X <— F LN A®(F) and also by the natural morphism
X — Mic(£" Qg X).
The i'"-local homology module of the complex X is now given by

AY(X) == H{(LA%(X) = H;(A°F) = H;(Mic(£® ® X))

foralli € 7.

Proof The existence of LA%(X) is a direct consequence of Corollary 7.1.5 (see the
remarks in 4.4.12). Strictly speaking LA%(X) is represented by A%(P’), where
P’ — X is any K-projective resolution of X. We take a K -projective resolu-
tion P —> F of F and consider the composite P — F — X, noting that
A%(P) —> A%(F) (see 7.1.5). This together with 7.1.4 proves the first assertions.
The last ones follow by the commutativity of the diagram in 7.1.4. ]

Remark 7.1.7 Assume thatthe ideal a of the commutative ring R is finitely generated.
Then the homology modules A{ (X) are a-pseudo-complete for all R-complexes X.

(Since A (X) = H; (ﬁ“), where F —> X is a K -flat resolution, as £ is a com-
plex of a-complete modules, this follows by 2.5.7.)

Remark 7.1.8 Let F —> X be any K -flatresolution of the R-complex X. We use the
notations from 7.1.1. As the inverse system {R/a,} is surjective the local homology
modules A?(X) = H; (l(il_n F/a, F) are inserted in the short exact sequences

0— l(iLnl Tor? | (R/a;, X) = AYN(X) — l(ir_nToriR(R/a,, X)—=0

(see 1.2.8). Note that the module case was first observed in [38] and recalled in 2.5.5.

Remark 7.1.9 (a) For an R-module M the natural map o, : M — LA®(M) and the
natural morphism M — Mic(£® ® g M) induces in homological degree O the natural
homomorphism ny, : M — Af(M) defined in 2.5.1. In other words, we have

Ho(ay (M) = ny.

This also follows from the commutative diagram in 7.1.4. Indeed, let F 5 M be
a free resolution of M. The right-bounded complex F is K -flat and the natural map
18 : F — A°%(F) induces by definition the map 1}, in homological degree zero.

(b) Assume that the ring is Noetherian. If M is a-complete or more generally
a-pseudo-complete, then the natural morphism
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M — Mic(£® Qr M)

is a quasi-isomorphism. In other words, the natural map ay, (M)) is an isomorphism
in the derived category. (In this case, we know by 2.5.15 that A}(M) = 0 for all
i # 0. But we shall see later that this holds in greater generality (see the forthcoming
7.5.13).)

We now turn to the local cohomology side. For the existence of R, we take a
more direct approach.

Lemma 7.1.10 Let a be an ideal of a commutative ring R and let h : I —> I’ be
a quasi-isomorphism between K -injective R-complexes. The morphism h induces a
quasi-isomorphism

To(h) : Ta(I) — T,).

Proof The quasi-isomorphism 4 : [ iy yields a direct system of quasi-
isomorphisms

Homg(R/a', h) : Homg(R/a', ) —> Homg(R/a’, I')

(see 4.4.11). By passing to the direct limit the conclusion follows since h_r)n is exact
and commutes with cohomology. (]

The above statement and the remarks in 4.4.12 provide the following result.

Theorem 7.1.11 For an ideal a of a commutative ring R the right-derived functor

RI, is well defined in the derived category: if X —> I is a K -injective resolution
of the R-complex X, then RI,(X) is represented by the complex I'y(I).
Moreover; there is a natural map X : R[,(X) — X in the derived category,

represented by the composite I'y(I) — [ <— X.
The ith local cohomology module of the complex X is now given by

Hi(X) := H' RIW(X) = H (I',(I))
foralli € 7.

Remark 7.1.12 By definition Iy (/) = h_H)l Homg(R/a", I). As h_r)n is exact and com-
mutes with cohomology we have

H{(X) = h_r)nExtg(R/a’, X).

For an ideal a of a commutative ring R and any R-complex X the local cohomology
modules H!(X) are a-torsion: I';(H. (X)) = H.(X), hence supported in V (a).
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Remark 7.1.13 Let M be an R-module. The natural map

M.

ty :RIGM) —> M

induces in homological degree O the inclusion I4(M) — M.

If the ring R is Noetherian and if the R-module M is a-torsion, then the natural
map (M : RI,(M) — M is an isomorphism in the derived category. (In that case it
is known that H.(M) = 0 for alli # 0. See also the forthcoming 7.4.7 for a slightly
more general result.)

We also have a description of RI, in terms of telescope.

Observations 7.1.14 For any R-complex X we have the direct system
{Homg(L;, X)} := Homg(£%, X)

where £° is the inverse system described in 7.1.1, from which we take the nota-
tions. Note that the morphisms %, : R — L, induce a morphism of direct systems
Hompg (£%, X) — X, where X is viewed as a constant direct system. Hence we have

a composite morphism Tel(Homgz (£, X)) — Tel(X) — X for any complex X
(see also 4.3.2). Note that this composite morphism is functorial.

Putting 4.3.4 and 4.3.2 together with 7.1.11 we obtain the following result. Recall
also that Tel(Homg (R /a,, I)) —> lim Homg (R/ay, 1) = Ta().

Proposition 7.1.15 Let a denote an arbitrary ideal of a commutative ring R. Let
X —> I be any K-injective resolution of an R-complex X. With the notations in
7.1.1 we have direct systems of quasi-isomorphisms

Homg(L,, X) —> Homg(L,, I) <— Homg(R/a,, I).

Then there are quasi-isomorphisms making the following diagram commutative

Tel(Homg (£%, X)) —— Tel(Hompg (£, 1)) +—— Tel{Homg (R /a’, I)}

| | |

X - 1 Fa(l)

where the vertical maps are the natural ones. Up to a quasi-isomorphism
Tel(Hompg (L%, X))

depends only on X and not on the choice of £%, and Tel(Homg (L%, X)) represents
RI,(X) in the derived category.

Moreover, the natural map X : RI',(X) — X is also represented by the natural
morphism Tel(Homg (£%, X)) — X.
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We end this section with a final remark.

7.1.16 Letabe afinitely generated ideal of acommutativering R andx = xy, ..., X
be a sequence in R such that Rad(a) = Rad(x R). The ideals a and x R are topolog-
ically equivalent, hence A®* = A*R and I'; = I'\g. As far as we are concerned with
the local homology and cohomology with respect to the ideal a we may as well
assume that a = xR.

7.2 First Vanishing Results with Applications
to the Class T,

Of particular interest for local homology as well as local cohomology is its vanishing
under certain circumstances. We start with a first approach to these questions in the
general case. This provides further characterizations and some more properties of
complexes in the class T, introduced in 5.1.4.

Lemma 7.2.1 Let a be any ideal of a commutative ring R. Let X denote an R-
complex with T-codp(a, X) = co. Then LA®(X) = 0, that is, A (X) =0 for all
iel.

Proof We have TorX(R/a', X) = 0 for all i € Z, as follows by 5.1.7. By virtue of
7.1.8 this implies that A(X) =0 foralli € Z. O

To go on, that is, to have the converse of 7.2.1, we shall assume that the ideal a is
finitely generated. Then the following lemma will be available.

Lemma 7.2.2 Let a be afinitely generated ideal of a commutative ring R and let Y be
an R-complex. Then the natural morphismty : Y — A®(Y) induces an isomorphism

Homg(A%(Y), A%(X)) = Homg(Y, A%(X))

for any R-complex X.

Proof As the ideal a is finitely generated the complex A%(X) is a complex of a-
complete modules. Note that the statement is known when Y and X are modules (see
2.2.3). Its extension to complexes is immediate by the definition of Homg (-, -) for
complexes. (]

The following contains a complex version of Corollary 3.4.2 (b).

Proposition 7.2.3 Let a be a finitely generated ideal of a commutative ring R. Let X
denote an R-complex with one of its K-projective resolutions P — X.The following

conditions are equivalent.
(i) LA%(X) >~ O, that is, A*(P) is exact.
(ii) A®(P) is split-exact.
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(iii) For every a-open ideal b of R the complex R/b ®g P is exact.
(iv) T-codp(a, X) = oo, in other words X belongs to the class T, introduced in
5.1.4.

Proof Assume that A®(P) is exact. Then A®(P) —> 0. This induces a quasi-
isomorphism Homg (P, A%(P)) —> Homg(P, 0) = 0. But

Homg (P, A®(P)) = Homg(A®(P), A*(P))

(see 7.2.2). Hence Homz(A®*(P), A*(P)) ~ 0 is exact. In view of the definition
of Hompg this implies that the endomorphisms of A®(P) are homotopic to zero. In
particular we have that id 4« (p) is homotopic to zero, so that A®(P) is split-exact.
For any a-open ideal b we have R/b ®g P = R/b ®g A®(P) (see 2.2.2). Hence
condition (ii) implies condition (iii), remember the properties of split-exact com-
plexes recalled in 1.1.8. Note that conditions (iii) and (iv) are equivalent in view of
5.1.7. The implication (iv) = (i) is shown in 7.2.1. U

As an application we obtain another property of complexes in the class T, a
complex version and a generalization of [76, Theorem 3.1]. (This theorem stated that
Ext’k(F ,M) =0 foralli € Zwhen M is an a-complete module over a Noetherian
ring R and when F is a flat R-module such that F/aF = 0. Note that such an M
satisfies the hypothesis of the following theorem (see the remarks in 7.1.9).)

Theorem 7.2.4 Let a be a finitely generated ideal of a commutative ring R. Let
T, X denote two R-complexes and T € T4. Suppose that the natural map oy : X —
LA%(X) is an isomorphism in the derived category. Then RHomg (T, X) >~ 0 in the
derived category.

Proof Let P > Tand L — X be K -projective resolutions of 7' and X respec-
tively. By the assumption there is a quasi-isomorphism L —> A%(L), hence a
quasi-isomorphism Homg (P, L) —5 Hompg(P, A%(L)). But Homg(P, A%(L)) =
Hompg (A% (P), A®(L)) (see 7.2.2). Hence RHomg (7, X) is represented by any of
the quasi-isomorphic complexes

Homg (P, X) <— Homg(P, L) — Homg(P, A®(L)) = Homg(A®(P), A*(L)).

By 7.2.3 and the assumption on 7" the complex A®(P) is split-exact. It follows that
the complex Homg(A®(P), A%(L)) is exact. To this end recall the properties of
split-exact complexes (see 1.1.8). Whence the complex Homg (P, X) is exact too.
This proves the claim. (]

The local cohomology side is easier and does not require any finiteness condition
on the ideal a of R.
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Lemma 7.2.5 Let a be any ideal of a commutative ring R and let X be an R-complex.
Then E-dp(a, X) < inf{i € Z | H/(X) # 0}.

Proof Put r = E-dp(a, X) < oo. Then for i < r and every ¢ € N we have the van-
ishing Ext; (R/a’, X) = 0 as follows by 5.1.7. By passing to the direct limit and in
view of 7.1.12 we obtain that Hé(X) =0foralli <r. O

The following contains a complex version of Proposition (3.2.7 (a)).

Proposition 7.2.6 Let a be an ideal of a commutative ring R and let X be an R-

complex with one of its K -injective resolutions X —> 1. The following conditions
are equivalent:

(i) RIL(X) >0, that is I'y(I) is exact.

(ii) I'q(I) is split-exact.
(iii) For any a-open ideal b of R the complex Hompg (R /b, I) is exact.
(iv) E-dp(a, X) = oo.

Proof Assume that I, (1) is exact. Then there is a quasi-isomorphism 0 = ().
It induces a quasi-isomorphism Homg (I'5(1), I) —> Homg (0, 1) = 0. But

Hompg (I'a(1), I) = Homg(I'a(1), I'a(1))

as is easily seen because the statement is true for an R-module. Hence the complex
Hompg (I (1), I'4(1)) is exact. In view of the definition of Homy this implies that
idr, (1) is homotopic to zero. Thus I (1) is split-exact.

For an a-open ideal b we have Homz (R /b, I) = Homg(R/b, I,(1)) as is easily
seen. Hence condition (ii) implies condition (iii), remember the properties of split-
exact complexes recalled in 1.1.8. Finally, note that conditions (iii) and (iv) are
equivalent in view of 5.1.7. They imply condition (i) by 7.2.5. (]

Here is a counterpart to Theorem7.2.4.

Theorem 7.2.7 Let a be any ideal of a commutative ring R. Let T, X denote two R-
complexes. Suppose that E-dp(a, T) = oo and that the natural map Lif :RIL(X) —>
X is an isomorphism in the derived category. Then RHomg (X, T') =~ 0 in the derived
category.

Proof Let T —> I and X —> J be K -injective resolutions of 7" and X, respec-
tively. By the assumption there is a quasi-isomorphism I',(J) —> J, hence a

quasi-isomorphism Homg(J, I) —5 Hom r(Ia(J),I). But we have that
Homg(Iy(J), I) = Homg (I, (J), I'4(I)) as is easily seen. Hence RHomg (X, T)
is represented by any of the quasi-isomorphic complexes

Homg (X, I) <— Homg(J, I) — Homg(Iy(J), I) = Homg (I (J), Ta(I)).
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By 7.2.6 and the assumption on T the complex [, (/) is split-exact. It follows
that the complex Hompz (17, (J), I,(1)) is exact (see 1.1.8). Whence the complex
Hompg (X, I) is exact too. This proves the claim. O

Here is another counterpart to Theorem 7.2.4.

Theorem 7.2.8 Let a be any ideal of a commutative ring R. Let T, X denote
two R-complexes. Suppose that T-codp(a, T) = oo and that the natural map ¥ :
RI,(X) — X is an isomorphism in the derived category. Then T <§§)I;e X >~ 0in the
derived category.

Proof Let P — T be a K -projective resolution of T and X —> J be a K -injective
resolution of X. By the assumption there is a quasi-isomorphism I, (J) —> J,hence

aquasi-isomorphism P Qg I4(J) Sy ®pr J.ThenT ®II‘? X isrepresented by any
of the quasi-isomorphic complexes

P®RrJ < PQrTa(J)=P Qg li_n)lHomR(R/at, ) =1lim(P ®g Hompg (R/a’, I))
éli_r)n(P/atP ®R/at Hompg(R/d', 1)),

recall that lim commutes with tensor products (see 1.3.3). By the assumption on
T the complexes P/a’' P are exact. Moreover, these complexes P/a’ P, viewed as
R/a’'-complexes, are K -projective, as is easily seen. By 4.4.4 it follows that they
are split-exact. Whence the complexes P/a' P ®g/o Homg(R/a', I) are exact (see
1.1.8) and so is their direct limit. [l

When the ideal a is finitely generated we put 7.2.3 and 7.2.6 together with 5.3.5
to obtain another characterization of complexes in the class T, introduced in 5.3.5.

Proposition 7.2.9 Let a be a finitely generated ideal of a commutative ring R and

let X be any R-complex. The following conditions are equivalent:

(i) LA%(X) ~0,
(i) X € Ta,
(iii) RI,(X) =~ 0.

For complexes homologically-bounded on the good side, Lemmas 7.2.1 and 7.2.5
can be refined.

Proposition 7.2.10 For any ideal a of a commutative ring R and any homologically-
left-bounded complex X it follows that

inf{i € Z | H.(X) # 0} = E-dp(a, X).

Proof The homologically-left-bounded complex X has a left-bounded injective res-
olution X —> J. In view of 5.1.7 the statement is a reformulation of 3.4.4. (]
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Proposition 7.2.11 For any finitely generated ideal a of a commutative ring R and
any homologically-right-bounded complex X it follows that

inf{i € Z | A%(X) # 0} = T-codp(a, X).

Proof The homologically-right-bounded complex X has a right-bounded free reso-
lution P —> X. In view of 5.1.7 the statement is a reformulation of 3.4.1. (]

To get rid of the boundedness assumptions in 7.2.10 and 7.2.11 we need some
more assumptions on the ideal a of R. When the ideal a is generated by a weakly
pro-regular sequence we shall see in 7.6.2 that both Propositions 7.2.10 and 7.2.11
also hold without any boundedness conditions.

When the ideal a is generated by a weakly pro-regular sequence we shall also have
akind of converse to Theorem 7.2.8 (see 9.6.11), a kind of converse to Theorem 7.2.7
(see 9.6.15), and a kind of converse to Theorem 7.2.4 (see Theorem 9.6.8).

7.3 Weakly Pro-regular Sequences

In this section we are prepared for a bridge between Cech (co-)homology and local
(co)-homology in a commutative ring R. Note that the Cech complex is constructed
for a finite number of elements while local (co-)homology is done for an arbitrary
ideal. So the connection between both can hold only for certain finitely generated
ideals. It will be given via a certain property of a finite sequence of elements.

Definition 7.3.1 (see[2],[75, Definition2.3]) A sequence of elementsx = x, ..., X
of a commutative ring R is called weakly pro-regular if for each i # 0 the inverse
system of Koszul homology modules {H;(x")} is pro-zero. That is, for each r € N
there is an s > ¢ such that the natural morphism H;(x*) — H;(x") is the zero map.

(Here the inverse system {H;(x')} is the one induced by the inverse system
{K.(x")} described in 6.1.1.)

More generally, we say that the sequence x is weakly pro-regular with respect to
a module M (M-weakly pro-regular for short) if for each i # 0 the inverse system
of Koszul homology modules { H; (x"; M)} is pro-zero.

Example 7.3.2 (a) Clearly any regular sequence x = xy, ..., x; is weakly pro-
regular.

(b) Completely secant sequences in Bourbaki’s terminology are also weakly pro-
regular. This follows by the remarks in 5.4.2.

(c) For a length one sequence x and an R-module M the following conditions are
equivalent:

(i) the increasing sequence of submodules 0 :); x’, # > O stabilizes,
(i) x is M-weakly pro-regular.

When these conditions are satisfied we also say that M is of x R-bounded torsion.
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(d) Itis known that any finite sequence in a Noetherian ring R is weakly pro-regular
(see e.g. [82, Lemma4.3.3] or A.2.3 for a slightly more general result).

The importance of the notion of weakly pro-regular sequences comes from the
following result. It originates from the work of Grothendieck in [40].

Lemma 7.3.3 (see [75, Lemma?2.4]) Let x = xi, ..., X; denote a sequence of ele-
ments of a commutative ring R. Then the following conditions are equivalent:

(i) x is a weakly pro-regular sequence,

(ii) {H;(x"; F)} is pro-zero for all i # 0 and any flat R-module F,

(iii) ll_r)n Hi(x"; I) =0 foralli # 0 and any injective R-module I,

(iv) H"(CV’i Qg I) = 0foralli # 0 and any injective R-module 1.

Proof The equivalence (i) < (ii) is clear since H;(x") @ F = H;(x'; F) for all i
when F is aflat R-module. The equivalence (iii) <> (iv) follows since h_n)l Hix 1) =
H(C, ®g I) (see 6.1.4).

Now let us prove (i) = (iii). Since / is an injective R-module

H'(Homg(K.(x"), 1)) = Homg(H;(x"), I)
for all i. Therefore, and because of H' (Homg(K.(x"), I)) = H (x', I),
lim H'(x'; ) = lim Homg (H; (x'), 1)

By the assumption the inverse system {H;(x')} is pro-zero for i # 0. Whence the
direct limit h_r)n H (x'; I) vanishes, as required.

In order to complete the proof we have to show that (iii) = (i). Let f : H; (x") < [
denote an injection into an injective R-module /. Then

f € Homg(H;(x"), ) = H'(x'; I)

since [ is an injective R-module. Because of the assumption we have the vanishing
li_r)n H'(x"; I) = 0. So there must be an integer s > ¢ such that the image of f in

H'(x*; I) has to be zero. In other words, the composite of the maps
s N
Hi(x") > Hi(x') — I

is zero. Since f is an injection it follows that the first map has to be zero. (]

The following lemma provides some more information on the notion of weakly
pro-regularity.

Lemma 7.3.4 (see[75]) Letx = x1, ..., Xk andX =yi,..., Y betwo sequences in
a commutative ring R such that Rad(x R) = Rad(yR). If one of the three sequences
X, y and x, y is weakly pro-regular, then so are the other two.
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Proof In view of 6.1.9 this is direct consequence of the equivalence 7.3.3
(1) & @{v). O

As we plan to investigate the local homology and cohomology of complexes we
also need to investigate the behaviour of weakly pro-regular sequences with respect
to flat and injective complexes. Though the following lemmas are quite important for
the sequel, we did not find any trace of them in the literature. But first let us introduce
some more notation.

Definitions and observations 7.3.5 Let x = xy, ..., x; be a sequence of elements
of the commutative ring R. Let ¢ € N be a natural number. We denote by C,(x")
the kernel of the natural morphism K,(x') — Hy(x") = R/x'R, where R/x'R is
considered as a complex concentrated in degree zero. Thus we have short exact
sequences of complexes

0— C,(x") - Ko(x') > R/x'R — 0.

Note that H;(C,(x")) = H;(K.(x")) foralli > 1 and Hy(C,(x")) = 0.
For a complex F of flat R-modules it induces a short exact sequence of inverse
systems of complexes

00— C,(x"Y®r F - K,x'; F) > F/x'F — 0.

For a complex I of injective R-modules it induces a short exact sequence of direct
system of complexes

0 — Homg(R/x'R, 1) — K*(x'; I) — Homg(C,(x"), I) — 0.

The following result is an extension of 7.3.3 to the case of a complex of flat
R-modules.

Lemma 7.3.6 Letx = xy, ..., x; be a weakly pro-regular sequence of a commuta-
tive ring R. Let F denote a complex of flat R-modules. Then the inverse system of
homology modules {H; (Co(x") ®g F)} is pro-zero for alli € 7.

Proof First note that the complex C, (x") ® F, simply denoted by K (), is the single
complex associated to the double complex K, ,(t) := C,(x") ®x F,. Therefore, for
each r > 1, there is a convergent spectral sequence

E(t),, = Hy(Ce(x') ®r Fp) => Hp14(Co(x) @ F)

associated to the filtration defined by K9(t) = @<, K;, j(t). The natural morphism
C.(x*) > C.(x") for s >t induces a morphism of the corresponding spectral
sequences (see e.g. [39] or [85]). In particular, for the subsequent stages of the
spectral sequences there is a natural homomorphism E(s);,, g E (t);,, q for each
r =1 so that there are inverse systems {E(¢)), , [ > 0}. We claim that these
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inverse systems are pro-zero for each r > 1 and all p, q. We proceed by induc-
tion on r. For r = 1 the claim is true by assumption since x is weakly pro-regular
(see 7.3.3 and the definition of C,(x") @ F, as given in 7.3.5). For the sub-
sequent stages we proceed by induction. Note that E (t);,fql is a subquotient of
E(t)), ,, there are homomorphisms d(¢)), , = E(t)}, , = E(t)),_, ,,, fort = 1 and
E(t);t; = Ker d(t);_q/lm d(t);+r’q7,+1. By virtue of the observation in 1.2.4,
and assuming the claim is true for r, it follows that it is true for » + 1, and that
the inverse system {E(t)’[',fql} is pro-zero. Because E(t);'ffq = E(t)'[',,q forr > 1, the
inverse system { E (t);‘fq | t > 1} is pro-zero too, and this holds for all p, g.

We now investigate the module H(t); := H;(C.(x") Qg F) for a given i € 7.
The filtration on the double complex K; ;(¢) induces a filtration on H (¢); defined by
P1(H(t);) = Im(H;(K%(t) — H;(K(t)). Note that ®9(H(t);) =0 fori > q + k,
in particular @ ~*+D(H (¢);) = 0. Therefore the filtration on H (¢); is bounded and
there is a decreasing sequence of submodules

0C O H@W), C...C " 'H@t), CO'H); C P H(t) = H(t):.
By construction we have

Epo(t) = @U(H (1) pig) /DT (H (1) prig)-
For the subquotients we thus have

D PH(®); )PPV H(1); = E®

p’i_p(t) for —1<p<k.

We have seen that all of the inverse systems {E ‘p’f’i_ p(t)} are pro-zero. Therefore by
induction on the length of the filtration it follows (with the observation in 1.2.4) that

the inverse system {H (¢);},> is pro-zero too. This completes the proof. U

For the readers who do not like spectral sequences we provide a second proof of
7.3.6 based on a diagram chase.

7.3.7 Second proof of 7.3.6. As the sequence x is weakly proregular we have for
any given ¢ € N an increasing sequence of natural numbers t =1, <, <--- <
such that for all i, 0 < i < n, all the homomorphisms in the following sequence

Hi(Cox")) — -+ = H;i(Co(x™) — Hi(Co(x"))
are zero.
We investigate the inverse system of double complexes K;; (1) = C;(x") ®g F;
and their rows C,(x") ® F; for j € Z. The inverse system of homology modules

{H; (C.(x") ®g F;)} of these rows are pro-zero for all i € Z. This follows because
F; is flat and

H(Co(x") @ Fj) = Hi(Co(x") ®r F; = Hi(x") Qg F;

fori # 0 and Hy(C.(x") @& F;) = 0.
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In order to handle the inverse system of double complexes K;; (¢) we write dj, for
the differential of their rows and d!, for the differential of their columns. We also write
d' for the differential of the associated single complexes: for w;; € C;(x") ®z F; we
have d'(w;;) = d} (wi;) + (—1)'d!(w;;). A chain of degree n in the single complex
associated to K;; (1) will be denoted by w), = (g ,, Wi ,_1, -+ ., Wy ,_;), Wherew]
denotes the component of w/, in C; (x") @ F,—;. If s < t we freely denote by w, the
image of w/, in K;;(s).

Now let us fix an integer n € Z and take zﬁf = (Zg(,n’ ztf’n_l, AU z,tf,nfk), acycle
of degree n in the single complex associated to K;;(fx). As z/* is a cycle we have

(_l)idv(zzt‘fn—i) +dy (Z?i!—l,n—i—l) =0.

With the help of the preceding observations and some diagram chasing we shall build
— step by step — a chain ! '+, of degree n + 1 in the single complex associated to

K;;(t1) such that d" (y,'j+l) = zlI. Let us see how.

We put y&nH = 0 and, as Hy(C,(x"* ®g F,)) = 0, we may pick an element
Yin € Kin(t) = C1(x*) ®g F, such that d; (y{",) = z¢.,.-
Now we have
di(dy(y,)) = do(dn(yi',) = d(zg,) = —din (2}, ).
Therefore dj(d,(y{,) + 21 ,_;) =0 and d,(y}",) + z{,_, is a cycle of degree 1
in the row complex C,(x*) ®g F,_;. Then we go to the level f;,_;. Because
the homomorphism H;(C,(x"*) Qg Fi_1) = H{(C.(x"') ®g Fr_1) is zero, at this

level the element dv(}’ik;;,l) + Ztlk;l',l is a boundary of degree 1 in the row complex
C.(x"") ®g F,_1. Thus we may choose an element

y;f;'_l € Co(x*') ®g F,_; such that d;l(yéf;lLl) = Ztlk;,l—l + dv(y;k;ll).
At this homological level we now have

dy (i) + (=D, (¢34 = z¢) and
Ay + (=D, () = 28

Successively we proceed in the same way by going to the levels #;_5, ..., =t.
Finally, we obtain at level #; the wanted chain y,', . Therefore the map

Hi(Co(x™) ®r F) = Hi(Co(x™") ®g F)

is zero. This holds for all n € Z and all t = #; € N and the statement is proved. [J
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Similarly to the result in 7.3.6 there is an extension of 7.3.3 to the situation of a
complex of injective modules.

Lemma 7.3.8 Letx = xy, ..., x; denote a weakly pro-regular sequence of the com-
mutative ring R. Let I be a complex of injective R-modules.
Then the complex h_r)n Hompg(C,(x"), I) is exact.

Proof The complex Homg(C,(x"), I) is the single complex associated to the double
complex K/ (t) = Homg(C;(x"), I) because C,(x") is bounded. Let us investigate
its rows Homg (C,(x"), I7). As the R-module I/ is injective we have

H°(Homg(C,(x"), 1)) = 0 and
H"(Hompg(Co(x"), I')) = Homg(H,(x"), I') = H"(x', I')

for all n > 0. As the direct limit functor commutes with taking cohomology we
have that h_r)n Hompg(C,(x"), I7)) is exact forall j € Z (see 7.3.3). Hence the double

complex h_r)nl K'J (t) has exact rows. When the complex [ is right-bounded the com-

plex lim Homg(C, (x"), I), which is associated to the double complex lim K"/ (t),
is exact by Lemma4.1.3. In the general case of an unbounded complex, note that
H"(lim Hom(C,(x"), I)) depends only on a hard truncation . .. — I"~! — " —
0 form > n. O

These last results on weakly pro-regularity will give rise to a concrete relation
between local and Cech (co)homology.

7.4 Local and Cech Cohomology with Telescope

When a is an ideal of a Noetherian ring R a result of Grothendieck asserts that the
local cohomology modules H’ (M) of an R-module M can be computed via Cech
complexes, that is, Hé(M) = H"(CV'£ ®gr M) where x = xy, ..., x; is a sequence
generating the ideal a (see e.g. [40]).

This holds in greater generality and also admits a complex version (see [1]). In
this section we prove that R, (X) is represented by C « ®g X for all unbounded
R-complexes X when x = xi, ..., x; is a weakly pro-regular sequence generating
the ideal a. We also clarify the relation between local and Cech cohomology as done
in [75]. Then we present a description of CV‘£ ®r X in terms of telescope, suggested
by the work of Greenlees and May in [38] and more helpful for further investigations.

Though the local cohomology of an R-complex X is related to its K -injective res-
olution (see 7.1.11), we first look at injective complexes and injective resolutions. It
will turn out that R I'; (X)) may also be computed with an ordinary injective resolution
of X.
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Proposition 7.4.1 Let x = xy, ..., x; be a sequence of elements of a commutative
ring R and a = xR the ideal generated by it.

(a) Let X denote a complex of R-modules. There is a natural degree-wise injec-
tive morphism I'y(X) — Cy ®g X. The composition with the natural morphism
CZ ®r X — X is the inclusion I',(X) — X.

(b) The natural morphism I'q(I) — CV'£ Qg 1 is a quasi-isomorphism for each com-
plex of injective R-modules provided the sequence x is weakly pro-regular.

Proof In order to prove the first part of the claim we consider the commutative

triangles
R
K.(x) ——— R/w
where a, denotes the ideal generated by the sequence x’ = x1{, ..., x. We apply the

functor Hompg (-, X) and obtain commutative triangles for > 1

/ ' \
Homg(R/a', X) —————— Homg(K,(x"), X)

Then we take direct limits and obtain the claim since li_r)nHomR (Ko(xh), X) =
lim K*(x'; X) = C, ®x X.

Now suppose that the sequence x is weakly pro-regular and let X = I be acomplex
of injective R-modules. With the notation of 7.3.5 we have a short exact sequence
of direct systems

0 — Homg(R/x'R, 1) — K*(x"; I) - Homg(C,(x"), I) — 0.

We take direct limits. As the direct limit functor is exact we obtain the quasi-
isomorphism Iy (/) = CV‘L ®r I since the complex li_n)lHomR(C. (x"), I is exact
by 7.3.8. O

We already have a variant of 7.1.10 with the same conclusion under different
hypotheses.

Corollary 7.4.2 Assume that the ideal a of a commutative ring R is generated by a
weakly pro-regular sequence x = x1, ..., xx. If I and I' are complexes of injective
R-modules and if f : I —> I’ is a quasi-isomorphism, then 'y(h) is also a quasi-
isomorphism.
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Proof By 7.4.1 (b) there is commutative square

Fa(l) %Fa(l/)

L

é£®R[%é£®Rll

where the vertical morphisms are quasi-isomorphisms (see 7.4.1 (b)). Note that we
have the quasi-isomorphism Cv'i Qr I — CV'i ®pr I’ because the complex CV'£ is DG-
flat. The conclusion follows. (]

More important is the following.

Corollary 7.4.3 Let a be an ideal of a commutative ring R generated by a weakly

pro-regular sequence x = x1, . .., xy. Let X be an arbitrary R-complexand X —> 1
one of its injective resolutions. Then we have quasi-isomorphisms such that the
following diagram is commutative

Ce ®r X —— C, ®g [ +—— Iu(I)

L

X I ()

where the vertical morphisms are the natural ones.

Proof The commutativity of the right square follows from (7.4.1 (a)) and that of the
left square by functoriality. We have the quasi-isomorphism Cv‘£ Qr X — é£ Qr 1
because the complex CV'£ is DG-flat and the quasi-isomorphism I'y (1) —> CV'i ®r 1

isin 7.4.1 (b). O

Here is the bridge between local and Cech cohomology, and even a little more.

Theorem 7.4.4 (see also [75, Theorem 3.2]) Let a be a finitely generated ideal of a
commutative ring R and let x = x1, ..., x; be a sequence in R such that Rad(a) =
Rad(xR). Then:

(a) The following conditions are equivalent:

(i) The sequence x = xi, ..., Xy is weakly pro-regular,
(ii) H.(M)= H'(C, ®g M) for any R-module M.

(b) When the conditions in (a) are satisfied RI4(X) is represented by o) « ®r X for
any R-complex X and the natural map (¥ : R[4(X) — X in the derived cate-

gory is represented by the natural morphism C L Qr X — X.



7.4 Local and Cech Cohomology with Telescope 183

If X — lisan injective resolution then RI4(X) is also represented by I',(I)
and the natural map Lf :RI(X) — X is also represented by the composite
() — I < X.

Proof We may and do assume a = xR (see 7.1.16). Let I —> I’ be a DG-injective
resolution of I, so that the composite X 1T provides a DG-injective
resolution of X. Then RI,(X) is represented by I,(/’) and the natural map Lif :
RI,(X) — X is represented by the composite I'4(I') — I’ < X (see 7.1.11).
Assume first that the sequence x = xy, ..., x; is weakly pro-regular. Corol-
lary 7.4.3 asserts that I, (1) and I, (I") are both quasi-isomorphic to CV‘L ®r X.Hence
I',(I) and Cv'£ ®r X both represent RI,(X), in particular condition (ii) is satisfied.
We obtain the remaining claims in (b) by the commutative diagram in 7.4.3.
Suppose now that condition (ii) is satisfied. For an injective R-module J this
means H"(Cv‘£ ® J) = Hi(J) =0 for all i # 0. So the sequence x is weakly pro-
regular by Lemma7.3.3. U

We note that part (a) of the above theorem and the first assertion in part (b) were
also proved in [1].

Corollary 7.4.5 Let a be a finitely generated ideal of a commutative ring R, gener-
ated up to radicals by a weakly pro-regular sequence x = xy, ..., xy. Then

H{(X) = H'(C, ®x X) =1im H'(x'; X)
for all R-complexes X and alli € 7.

Proof This is a direct consequence of the above and 6.1.4. (I

Corollary 7.4.6 Let a be a finitely generated ideal of a commutative ring R, gener-
ated up to radicals by a weakly pro-regular sequence x = x, . .., xy, and let M be
an R-module. Then H.(M) = 0 for all i > k.

For an improved bound of the vanishing of H’(M) we refer to the forthcoming
7.6.5.

Corollary 7.4.7 Let a be a finitely generated ideal of a commutative ring R, gener-

ated up to radicals by a weakly pro-regular sequence x = x1, ..., x;. Let M be an

R-module. Then M is a-torsion if and only if the natural map M : R[,(M) — M

is an isomorphism in the derived category. In that case, H:(M) = 0 for all i # 0.
It follows that the pair (R, a) has the property B introduced in 2.7.8.

Proof If M is a-torsion then Suppi M < V (a). Hence the natural morphism CV‘£ ®r
M — M is a quasi-isomorphism by Theorem 6.1.8. It follows that H.(M) = 0 for
all i # 0. If the natural map (¥ : RI,(M) — M is an isomorphism in the derived
category, then M = H 0((V,‘£ ®r M) = I';(M). Whence M is a-torsion. U

We note that the local cohomology commutes with right-filtered direct limits.
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Corollary 7.4.8 Let a be a finitely generated ideal of a commutative ring R, gener-
ated up to radicals by a weakly pro-regular sequence x = xy, . .., xi. Then the local
homology modules H'(-) commute with right-filtered direct limits. Namely, if (I, <)
is a right-filtered ordered set and if X = {0;; : X; — X; |0 <i < j € I}isadirect
system of R-complexes, then

H;(li_n} X;) = lim HL(X)).
Proof This is a direct consequence of 6.3.7. (]

For later use we need another representative of R, (X). To this end we are mainly
concerned with the direct systems of complexes {K*(x’; X)} and their telescope,
following the work of Greenlees and May in [38].

Definition 7.4.9 Letx = x|, ..., x; be a sequence of elements in the commutative
ring R and let X be an R-complex. Then we have the direct system {K*(x'; X) | ¢ >
1}. We define the complex

T(x; X) =Tel({K*(x"; X)}).

For simplicity we also write T (x) = T (x; R) = Tel({K*(x")}).

Observations 7.4.10 Letx = xi, ..., x; be a sequence in a commutative ring R.

(a) Note that T'(x) is a bounded complex of free R-modules, hence D G-projective
and DG-flat, and T (x)' = Ofori ¢ [—1, k].

(b) T'(x; X) is a functor in X (because K*(x'; X) = K*(x') ®g X). Moreover,
there are functorial isomorphisms 7 (x; X) = T(x) @ X (see 4.3.5).

(c) It follows that the functor 7' (x; -) preserves quasi-isomorphisms and is exact.
In particular, the complex 7' (x; X) is exact as soon as X is exact.

(d) There is a natural quasi-isomorphism

T(x; X) — lim K*(@'; X) = C ®k X

(see 4.3.2). We compose it with the natural morphism CV'i ®r X — X and obtain a
natural morphism
Li( T(x; X)) — X.

(e) For the case X = R there is a quasi-isomorphism 7' (x) —> Cv’i. This yields
a bounded free resolution of CV‘L. Another free resolution IZ; — CV’£ was given in

6.2.3. Thus the complexes lvli and T (x) are quasi-isomorphic. Moreover, by 4.4.8
we have quasi-isomorphisms

v ~

L, — Tx) — L,.
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Note also that Ivf£ =0 fori ¢ [0, k], lvli is a complex of length k£ while T'(x) is a
complex of length k + 1.

We are ready for a description of R, in terms of the telescope. Putting 7.4.10
(d) and 7.4.4 together we obtain the following.

Theorem 7.4.11 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = xy, ..., xi. Then in the derived category RI'((X) is rep-
resented by T (x; X) and therefore H.(X) = H'(T (x; X)) foralli € Z.

Moreover, the natural morphism «X; R[,(X) — X in the derived category may
be represented by the natural morphism X : T (x; X) — X.

We note that the module case of Theorem 7.4.11 was already in [38] under slightly
stronger hypotheses.

7.5 Local and Cech Homology with Microscope

Here we show that the local homology with respect to an ideal a generated by a
weakly pro-regular sequence x = x1, ..., x; coincides with the Cech homology, a
result independently obtained in [64] by somewhat different methods. Here we first
present a description of the local homology in terms of microscope, a description
suggested by the work of Greenlees and May in [38]. It will turn out that A®(X) may
be computed by using an ordinary flat resolution of X when the ideal a is generated
by a weakly pro-sequence sequence. Then we obtain the result by the duality between
telescope and microscope and provide some first consequences. As we shall be mainly
concerned with microscopes of inverse systems of Koszul complexes we simplify
notations and introduce definitions.

Definitions and observations 7.5.1 Let x = x|, ..., x; denote a sequence of ele-
ments of a commutative ring R. Let X be any complex of R-modules. We construct
the microscope with respect to the inverse system {K,(x’; X)} and put

M(x; X) = Mic({K.(x"; X)}).

This gives a functor M (x; -) which is exact and preserves quasi-isomorphisms (see
4.2.8). In particular, M (x, X) is exact as soon as the complex X is exact.

We also put M(x) = M(x; R) = Mic({K.(x")}). For an arbitrary R-module N
note that M (x, N); =0 fori ¢ [—1, k].

Local homology is related to K-flat resolutions (see 7.1.6). Nevertheless we first
look at flat complexes and flat resolutions.

Proposition 7.5.2 Letx = x1, ..., x; be a sequence of elements in the commutative
ring R and write x' for the sequence x = x{, ..., x;. Let X denote an R-complex.



186 7 Local Cohomology and Local Homology

(a) There are natural morphisms oy, and 8 inserted in a commutative triangle

«
M(x; X) ﬁ Mic({R/x'R ®g X}).
X
(b) If X = F is a complex of flat R-modules and if the sequence x is weakly pro-
regular, then the natural morphism 8% is a quasi-isomorphism.
Proof For the proof of (a) we consider the inverse system of commutative triangles
/ ' \
Ko(x'; X) —————— R/x'R ®x X.
We take microscopes and compose with the natural quasi-isomorphism X —

Mic(X), where X is viewed as a constant inverse system.
For the proof of (b) we consider the inverse system of short exact sequences

0—>Cox)Y®RR F—> K.x')®r F - R/xX’RQr F — 0
described in 7.3.5. Whence there is a short exact sequence of complexes
0 — Mic({Co(x") ®& F}) — M(x; F) — Mic({R/x'R®r F}) — 0

(see 4.2.5). By 7.3.6 we know that for all i € Z the inverse system of homology
modules {H; (C,(x") ®g F))} is pro-zero. By 4.2.3 we now obtain that the complex
Mic({C.(x") ®g F}) is exact. Whence the morphism M (x; F) — Mic({R/x'R ®g
F}) is a quasi-isomorphism. (]

Corollary 7.5.3 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x,, . .., x.. Let X be an arbitrary R-complex and F —>
X one of its flat resolutions. Then there are quasi-isomorphisms such that the fol-
lowing diagram is commutative

F F F— = X

| | |

AY(F) —~ Mic({R/x'R ® F)) ¢—— M(x; F) —— M(x; X)

where the vertical maps are the natural ones.
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Proof We have the commutative square on the left and its bottom quasi-isomorphism
by Lemma (4.2.3 (a)). We have the middle commutative square and its bottom quasi-
isomorphism by Proposition 7.5.2. We have the commutative square on the right by
naturality and its bottom quasi-isomorphism because the functor M (x; -) preserves
quasi-isomorphisms (see 7.5.1). (]

Here is another consequence of the preceding considerations. Note the slight but
important difference in the hypotheses between the following and the previous 7.1.5.

Corollary 7.5.4 Letadenote an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = X1, ...,Xx;. Let h: F —> F' bea quasi-isomorphism
between flat complexes. Then A°(h) : A®(F) — AYF') is also a quasi-
isomorphism.

Proof The claim follows from the commutative diagram

AY(F) ———=Mic({R/x'R ®g F}) +—— M(x; F)

| | |

AY(F") —— Mic({R/x'R ®g F'}) ¢—— M(x; F')

noting that the right vertical morphism is a quasi-isomorphism (see 7.5.1). (]
Now we are ready for the descriptions of LA® we had in mind.

Theorem 7.5.5 Let a be a finitely generated ideal of a commutative ring R and
assume there is a weakly pro-regular sequence x = xi,...,x; in R such that
Rad(a) = Rad(x R).

Then, for each R-complex X and each flat resolution F X of X, we have
that the complexes M (x; X) and A®(F) are quasi-isomorphic and both represent
LA%(X) in the derived category. Hence

ANX) = H;(M(x: X)) = Hi(A%(F)) forall i € Z.

Moreover, the natural map a§ : X — LA®(X) in the derived category is represented

by the composite X <— F —> A®(F) and also by the natural morphism ai X -
M(x; X).

Proof Wemay anddoassumea = xR (see7.1.16).Let P —> Fbea D G-projective
resolution of F, so that the composite P —> F —> X provides a DG-projective
resolution of X. Then LA®(X) is represented by A%(P) and the natural morphism
ag : X — LA®(X) is represented by the composite X < F < P— A%P)
(see 7.1.6). But there is a quasi-isomorphism A®(P) — A%(F) (see 7.5.4). Hence
our statements are a direct consequence of 7.5.3. (]
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We note that the module case of the above theorem was already in [38] under
slightly stronger hypotheses.

Corollary 7.5.6 In the situation of 7.5.5 there are natural short exact sequences
0— lim' Hyy (s X)) > AFX) — lim H(x' X) — 0

for any R-complex X and alli € 7
Proof This is a direct consequence of the above theorem and of Lemma4.2.3. [

Corollary 7.5.7 Let M be an R-module. With the assumptions of 7.5.5 it follows
that A} (M) =0 foralli > k.

Proof The proof follows since M (x; M); = 0 fori ¢ [—1, k]. O
For an improved bound of the vanishing of Af'(M), see the forthcoming 7.6.5.

Remark 7.5.8 Inthe situation of 7.5.5 let M denote an R-module. As the natural mor-
phism oy, : M — M (x; M) represents &}, we note that o3, induces in homological
degree 0 the natural homomorphism ny, : M — A§(M).

In the case of M = R it follows that the complex M (x) = M(x; R) has its
homology concentrated in degree 0, where it is R®. Hence M (x) and R® are quasi-
isomorphic (for a more precise result, see 7.5.17).

If R is a-complete then the natural morphism oz% is a quasi-isomorphism.

Now we prepare for a bridge between local and Cech homology.

Lemma 7.5.9 Letx = xy, ..., x; be a sequence in a commutative ring R and let X
denote an R-complex. There is a natural isomorphism of complexes Homg (T (x), X)
= M (x; X) and a commutative triangle

X

oy Homg (L, X)
M(x; X) ————— Homp(T(x), X).

Proof First we recall 4.3.6: for all direct systems ® over N and all complexes
X there is a natural isomorphism Homg (Tel(®D), X)) = Mic(Homz (D, X)). Next
we put ® = {K*(x")} and obtain the isomorphism by taking into account that
Hompg(K*(x"), X) = K.(x'; X). We now check the commutativity of the triangle.
To this end we consider the morphism of direct systems

{K*x)}— R

where R is viewed as a constant direct system. Note first that the composite

T (x) — Tel(R) — lim R = R is the natural morphism L§ as described in 7.4.10.
By naturality we have a commutative diagram
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X = HomR(li_r)n R, X) —— Homg(Tel(R), X) —— Homz (T (x), X)

| |

X = lim Homg (R, X) ————— Mic(X) —————— M(x; X)

where the two vertical morphisms on the right are the isomorphisms given by 4.3.6.
In this diagram the composite of the top row is the morphism Homg (¢?, X). By a
little reflection we observe that the morphism B

Mic(X) — M(x, X)
in the bottom row stems from the morphism of inverse systems X — {K,(x'; X)}.

Hence the composite of the bottom row is the morphism ai described in 7.5.2. [

We first use microscopes and telescopes to obtain another description of the Cech
homology.
Theorem 7.5.10 Let x = x1, ..., xx be a sequence in a commutative ring R and
let X be an R-complex with one of its K -injective resolution X — 1. Then the

complexes 5
M(x; X), Homg(T (x), X) and Hompg(C,, I)

are quasi-isomorphic. Each of them represents RHomg (Cv‘é, X) in the derived cat-

egory. Moreover, the natural map X — RHompg («C «, X)) in the derived category is
represented by both natural morphisms

ai X > M(x; X) and HomR(Lg, X) : X - Homg(T (x), X).

Proof There are quasi-isomorphisms that make the following diagram commutative

X——X = I I
M (x; X) ==— Homg (T (x), X) —— Homg (T (x), I) +—— Homg(C,, I

where the vertical morphisms are the natural ones. Note that the commutative square
on the left is given by Lemma7.5.9, while the others are given by naturality, taking
into account that 7 (x) is DG-projective and I is K-injective by assumption. As
the natural map X — RHom R(CV‘£ , X) is represented by the composite X —> I —
Hompg (Cv‘i, I) (see 6.4.1) the conclusion follows. O

Remark 7.5.11 Let X bean R-complex with one of its K -injective resolutions X —
I and recall the free resolution L. P — Cv’£ obtained in 6.2.3. Then we have the quasi-
isomorphisms
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Homg(L,, X) — Homg(L,, I) <— Homg(Cy, I).

Hence RHomyg (é «, X) is also represented by Hompg (L x> X) and the natural map
X — RHomR(CV’L X) is also represented by the composite X Ay QN Homp
(Z% I) or by the natural morphism X — Hompg (Ly X).

We now have the relation between the local homology with respect to an ideal
generated by a weakly pro-regular sequence x and the Cech homology with respect to
that sequence. Putting together Theorems 7.5.5, 7.5.10 and Remark 7.5.11 we obtain
the following.

Theorem 7.5.12 Let a be a finitely generated ideal of a commutative ring R and
X =Xy, ..., X, be a sequence in R such that Rad(a) = Rad(x R). Assume that the
sequence x is weakly pro-regular.

Then LA®(X) and RHompg (é «, I) are isomorphic in the derived category for any
R-complex X. They are represented by each of the quasi-isomorphic complexes

M (x; X), Homg(T (x, X), Homg(L,, X) and Homg(Cy, I),

where X —> I is a K -injective resolution. In particular,

A%(X) = H;(Homg(T (x), X)) = H;(Homg(L,, X))
= H;(Homg(Cy, I)) = Extz (Cy, X).

Moreover; the natural map o : X — LA®(X) in the derived category, which is
represented by ozx} : X — M(x; X), is also represented by the composite X SN

I — HomR(Cv‘l, I) or by the composite X Iy N HomR(lV@, I), and by the nat-
ural morphism HomR(tg, X) : X - Homg (T (x), X) or by the natural morphism

X — Homg(L,, X).

In the above theorem the fact that LA%(X) is represented by Hompg (Ly X) is
also proved in [64] by quite different methods, a reduction to the case when X is a
flat R-module. The fact that LA%(X) is represented by Hom R(Cv‘L I) was already
proved in [1] under slightly stronger hypotheses, and in [75] when X is bounded.

Here is the local homology counterpart of Corollary7.4.7. Note also that the
following generalizes results previously known when the ring is Noetherian and
already observed in 2.5.15, in 2.5.17 and in 2.5.18.

Corollary 7.5.13 In the situation of 7.5.12 let M be an R-module and X an R-
complex.

(a) M is a-pseudo-complete if and only if the natural map ay, : M — LA*(M) is
an isomorphism in the derived category. In that case, AT (M) = 0 for all i # 0.

(b) The pair (R, a) has the property C introduced in 2.6.10, that is, every a-complete
module M belongs to the class Cq introduced in 2.5.12.
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(c) LetO0 - My — M, — M3 — 0 be a short exact sequence of R-modules. If two
of the three modules M, M,, M3 are a-pseudo-complete, so is the third.

(d) If X is a complex of a-pseudo-complete R-modules, then its homology modules
H;(X) are a-pseudo-complete for alli € 7.

Proof Recall that the natural map o, : M — LA®(M) induces the homomorphism
ny, in homological degree 0 (see 7.1.9). Hence, if oy, is an isomorphism in the
derived category then M is a-pseudo-complete and A7 (M) = O for all i # 0.

Assume now that M is a-pseudo-complete. Then Exty (®%_, R,, M) = 0 for all
j=0by3.18.If M —> Iisan injective resolution of the R-module M it follows
that the composite M Sy N HomR(Cv'i, I) is a quasi-isomorphism (see 6.4.2).
Hence o, is an isomorphism in the derived category.

For the assertion in (b) recall 2.5.7, valid when the ideal a is finitely generated: if
M is a-complete then M is also a-pseudo-complete and the natural homomorphism
ny : M — AG(M) is an isomorphism. It follows that the natural homomorphism
vy L AG(M) — M*® is also an isomorphism. This together with (a) gives (b).

The assertion in (c) follows by the assertion in (a) and the long exact homology
sequence of the A’s.

Now the proof of the assertion in (d) is the same as that in 2.5.18. O

Also important is the following. Note that in general R*® is not R-flat (see Exam-
ple2.8.7).

Corollary 7.5.14 Let a be an ideal of a commutative ring R generated by the
sequence x = (x1, ..., xr). If this sequence is weakly pro-regular on R it is also
weakly pro-regular on R°.

Proof This is a direct consequence of the above and 5.2.6. O

Here is a partial converse of the previous Theorem 7.5.12 and another characteri-
zation of weakly pro-regular sequences when the ring is coherent. For the notion of a
coherent ring, see 1.4.2. Remember also Lemma 1.4.5: for two injective R-modules
I, J over a coherent ring R the R-module Homg(/, J) is R-flat.

Proposition 7.5.15 Let x = xy, ..., x; denote a sequence of elements of a coherent
ring R. Let a = xR. Then the following conditions are equivalent:

(i) The sequence x is weakly pro-regular.
(ii) A}(M) = H;(RHomg(Cy, M)) = H;(Homg(T (x), M)) forall R-modules M.
(iii) H;(Homg(T (x), F)) = 0 for any flat R-module F and all i # 0.

Proof The implication (i) = (ii) is a direct consequence of Theorem 7.5.12 and the
implication (ii) = (iii) is obvious.

Assume now that condition (iii) is satisfied. Let I denote an injective R-module
and consider its general Matlis dual I, which is a flat R-module (see 1.4.5). We
have an isomorphism and a quasi-isomorphism
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Homg (T (x), IV) = (T(x) @ 1)” <— (C, @& I)".

Because the general Matlis duality functor is faithfully exact it follows that H' (CV'L ®r
I) =0 for all i # 0 and any injective R-module /. By 7.3.3 this shows that the
sequence x is weakly pro-regular. (]

We do not know whether the previous result holds without the assumption that R
is coherent. This was erroneously claimed in [75].

Next there will be a dual version of 7.4.1. In a certain sense it provides a more
direct argument for the presentation of LA%(X) in the derived category.

Proposition 7.5.16 Let x = xi, ..., x; denote a weakly pro-regular sequence of a
commutative ring R and a = xR. Let F be a complex of flat R-modules. Then there
is a natural quasi-isomorphism of complexes

Homg(Ly, F) — A®(F)

that is degree-wise surjective. The composition with the natural morphism F —
Homg(L,, F) is the natural morphism tj; : F — A®(F).

Proof First note that the natural morphism I:z — R (see 6.2.6) induces a morphism

X — Hompg (I:y X) for any R-complex X. Now recall that i; =Oforalli < Oand
all i > k. Therefore, for a flat R-module G we obtain a compTex

HomR(I:L, G):0— HomR(I:E, G)—>...—> HomR(Iig, G) — 0.
By virtue of 7.5.12 it follows that H; (HomR(lv,L, G)) =0foralli # 0 and
Hy(Homg(L,, G)) = A%(G).

Thus HomR(Iii, G) is a left resolution of A%(G) and induces a natural quasi-
isomorphism HomR(lV@ G) SN A%(G). Recall also that the natural morphism
G — Hom R(I:@ G), which represents the natural map ag, (see 7.5.12), induces in
homological degree zero the homomorphism 5 (see 7.1.9) and that n¢, = 75 because
G is flat. Hence the composite G — HomR(Li, G) — A%(G) is the homomor-
phism 7¢.

Now let F denote a complex of flat R-modules. Let F?, i € Z, denote the ith
module of the complex F. By the above the complex Hompg (lvlL F') is a left resolu-
tion of A®(F?) for all i € Z. Clearly it is functorial. Whence there is a commutative
diagram

Hompg(L,, FIth) ——— A%(FIth

| T

Homg(L,, F') ——— A%(F')
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where the horizontal morphisms are quasi isomorphisms. These data induce a mor-
phism of complexes

h :Homg(L,, F) — A®(F) with
Hompg(L,, F)" := [ [Homg(LL, F'™") — A®(F")

i

which is degree-wise surjective. To finish the proof we observe that the cone
C(h) is the smgle complex associated to the double complex defined by K%/ =
HomR(L" FJ) for —k <i <0 and K/ = A®(F/). This double complex has
exact rows and only a finite number of non-zero columns, hence its second spectral
sequence is zero and convergent. Therefore C (k) is exact, & is a quasi-isomorphism
and the last claim follows. O

With the hypotheses of 7.5.16 we have seen in 7.5.3 that the complexes M (x; F)
and A°(F) are quasi-isomorphic. We now have a more precise statement.

Corollary 7.5.17 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = xy, ..., x; and let F be a complex of flat R-modules. Then
there is a quasi-isomorphism of complexes

M(x; F) —> A%(F)

such that the composition with the natural morphism F — M (x; F) is homotopic
to the natural morphism tp : F — A®(F).

In particular, there is a quasi-isomorphism M (x) — A%(R). Its composition
with the natural morphism R — M (x; R) is the natural homomorphism tg.

Proof We first recall that M (x; F) = Homg (T (x), F) (see 7.5.9). Then we choose
a quasi-isomorphism 4 : lv,i = T (x) such that the triangle

L, ———— T

where the oblique morphisms are the natural ones, is commutative up to homo-
topy (such a quasi-isomorphism exists by 4.4.6). It induces a quasi-isomorphism

Homz (T (x), F) —> Homg (Z% F) (see 4.4.11) which we compose with the quasi-

isomorphism Hom R(Z@ F) —> A%(F) obtained in 7.5.16. This gives the required
quasi-isomorphism. Then we observe that the triangle
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F

N

Homg(T (x), F) ————— Homg(L,, F),

where the oblique morphisms are the natural ones, is also commutative up to homo-
topy by the choice of %. This together with the commutative triangle in 7.5.9 yields
the last claims. ([

As a first application we compute the local homology of a finitely presented
module over a coherent ring.

Proposition 7.5.18 Let R denote a coherentring andleta C R be anideal generated
by a weakly pro-regular sequence x = xy, ..., xi. Let N denote a finitely presented
R-module. Then

AY(N) = Tor®(R®, N) forall i > 0.

Proof Wehave A} (N) = H;(M (x; N)) because the sequence x is weakly pro-regular
and M(x; N) = Mic(K,(x") ®r N) = M(x) ®& N because N is finitely presented
(see 4.2.9). We also have a quasi-isomorphism M (x) > R9,see7.5.17. Onthe other
hand M (x) is abounded complex of flat R-modules because R is coherent (see 1.4.4).
It follows that H; (M (x; N)) = H;(M(x) ®g N) = TorX (R, N). 0

We end the section with a remark on the local homology of products.

Proposition 7.5.19 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = xy, ..., x;. Then LA® commutes with products: for a
family of R-complexes Xo, o € I, we have that LA*([], Xo) =~ [[,LA%(X,) in
the derived category. In particular,

AN X0 = [T A X
o o
foralli € Z.
Proof Since Homg(T (x), [ ], Xo) = ], Homg(T (x), X,) this is also a conse-
quence of Theorem7.5.12. O

For the local homology of an inverse system with respect to an ideal generated by
a weakly pro-regular sequence and again in view of Theorem 7.5.12 we only refer to
6.3.7.

7.6 Depth and Codepth with Local (Co-)Homology

In this section we reinterpret the results of Chapter6, section 6, in terms of local
homology and cohomology. That is, we provide lower and upper bounds for the non-
vanishing of A%(X) and H(X) when the ideal a is generated by a weakly pro-regular
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sequence. While the lower bounds are known, at least when the ring is Noetherian
(see [33]), our upper bounds seem to be new. We also investigate the behaviour of
the Ext-depth. When the ring is Noetherian, we also present another upper bound for
the non-vanishing of A}'(X), due to Frankild (see [34]). Via the Matlis duality this
also provides another upper bound for the non-vanishing of H! (X).

Definition 7.6.1 We define the local depth of an R-complex X with respect to an
ideal a of R by '
hy(X) =inf{i € Z | Hy(X) # 0}.

Also we define the local codepth of the R-complex X with respect to the ideal a by
AL(X) =inf{i € Z | A}(X) # 0}.

Here is a generalization of Foxby and Iyengar’s result [33, Theorem 2.1, Theorem
4.1], originally stated for Noetherian rings, and the promised extension of 7.2.10 and
7.2.11.

Theorem 7.6.2 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = X1, ..., Xy. Then for any R-complex X we have

h7 (X) = E-dp(a, X) and
A% (X) = T-codp(a, X).

Proof By definition H.(X) = H'(RI';(X)) and A*(X) = H;(LA®(X)). When the
sequence x is weakly pro-regular we have seen in 7.4.4 that RI, (X) is represented
by CV‘£ ®pr X, while LA*(X) ~ RHomp (Cv'i, X) in the derived category (see 7.5.12).
Hence the result is a direct consequence of 6.6.2 and 6.6.3. (]

As for the Cech homology and cohomology we consider some supremum analo-
gous to the infimum in 7.6.1.

Definition 7.6.3 For any ideal of a commutative ring R and any R-complex X we
write

ht(X) :=supfi € Z | H.(X) # 0} and A% (X) := sup{i € Z | AT(X) # 0}.

These quantities can be viewed as a kind of relative dimension.

The following is reformulation of Theorem6.6.5. It is a generalization of [79,
Theorem 3.7] originally stated for modules over a Noetherian ring. It will also provide
some bounds for the non-vanishing of the local homology and cohomology of an
R-module.

Theorem 7.6.4 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = xy, ..., X;. Let ¢ : R — B be a homomorphism of com-
mutative rings and let y = yi, ...,y be a sequence in B such that Rad(yB) =
Rad(¢(x)B), I < k. Let X be a B-complex viewed as an R complex via . Then
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hi(X) <1—T-codp(xR, X) =1 — A°(X) and
A7 (X) <1 —E-dp(xR, X) =1 —h (X).

Proof In view of 7.4.4 and 7.5.12 this is a consequence of 6.6.5 and 7.6.2. ]
We also obtain the bounds announced in 7.4.6 and in 7.5.7.

Corollary 7.6.5 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = X1, ..., x;. Let M denote an R-module. Assume there
is a sequence y = yi,..., ¥y, | <k such that Rad(xR + Anng M) = Rad(yR +
Anng M). Then -

H.(M) =0foralli > | — T-codp(a, M) and
Al(M) =0foralli >1—E-dp(aR, M).

Proof This is a reformulation of 6.6.7, which also contains more information. [

We now investigate the behaviour of the Ext-depth and Tor-codepth under local
homology and cohomology. Recall that two quasi-isomorphic complexes have the
same Ext-depth and the same Tor-codepth, so that we may speak of the Ext-depth
and Tor-codepth of RI,(X) and LA®(X) without ambiguity.

Proposition 7.6.6 Let a be a finitely generated ideal of a commutative ring R and
X =Xy, ..., Xy be aweakly pro-regular sequence such that Rad(a) = Rad(xR). Let
X be an R-complex. Then

(a) E-dp(a, X) = E-dp(a, RI,(X)) = E-dp(a, LA (X)),
(b) T-codp(a, X) = T—codpA(a, R, (X)) = T-codp(a, LA%(X)), and in particular,
(c) E-dp(a, R) = E-dp(a, R%).

Proof By 7.4.4 and 7.5.12 RI,(X) is represented by (j‘£ ®r X and LAY (X) is

represented by Hompg (éy I), where X —> I isa K -injective resolution. Hence
the claims follow by 6.6.2, 6.6.3 and 6.6.8. Note also that LA®(R) is represented
by R®. (]

Note, however, that the Ext-depth and the Tor-codepth are not preserved by the a-
torsion functor and the a-completion functor. For example, let (R, m, k) be a Noethe-
rian local ring of positive depth and let E be the injective hull of the residue field. Then
0 < E-dp(m, R) = T-codp(m, E) < oo and T-codp(m, R) = 0 = E-dp(m, E). But
I'n(R) =0= A™(E).

When the ring R is Noetherian, we also have another bound for A% (X), due to
Frankild. To present it we first recall Grothendieck’s vanishing theorem. It involves
the dimension of an R-module M, defined by dimg M = dim Supp, M. Note that if
M is a finitely generated R-module then dimgp M = dimg R/ Anng M (see e.g. [S8]
for some details). Here is Grothendieck’s vanishing result.
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Theorem 7.6.7 (see [40, 41]) Let a denote an ideal of a Noetherian ring R. Let M
be an R-module with d = dimg M. Then Hc’;(M) =0foralli > d.

Proof First note that we may assume d < oo because otherwise there is nothing to
prove. Let m be a maximal ideal of R. Then H;Rm (M) = HI(M) ®g Ry, for all
i € N. Hence we may assume that R is a Noetherian local ring since dim M,, < d
and H. (M) = 0 if and only if H. (M) ® Ry, vanishes for all m.

Moreover, M is the direct limit lim M, of its finitely generated submodules. Since
Suppi M, € Suppp M we may assume that M is finitely generated in view of 7.4.8.

Therefore we have to prove H;(M ) =0 for i > dimg M when M is a finitely
generated R-module over a Noetherian local ring (R, m). We proceed by induc-
tion on d = dimg M. First let d = 0, then M is of m-torsion and therefore also
of a-torsion. Whence Hé(M) =0fori >0 (see 7.4.7). Now let d > 1 and N =
H(M). The short exact sequence 0 > N — M — M/N — 0 provides isomor-
phisms H.(M) = H(M/N) for i > 0. Because dimg M > dimg M/N we may
assume that HS(M ) = 0. That is, there exists an M -regular element x € a. Because
dimg M/xM =d — 1 we have H.(M/xM) =0 for i > d — 1 by the induction
hypothesis. The short exact sequence 0 — M 5 M —> M/xM — 0 yields injec-
tions 0 — H.(M) == H!(M) fori > d. Since H. (M) is of a-torsion (see 7.1.12)
this implies the vanishing of H: (M) fori > d. (|

Corollary 7.6.8 Let a be an ideal of a Noetherian ring generated by a sequence
X =X1,...,X;. Then H"(CL) =0foralli > dim R.

Proof This follows by 7.6.7 because H'(C,) = H.(R) when R is Noetherian
(see 7.4.4 and recall that any finite sequence in a Noetherian ring is weakly pro-
regular). O

We need the following well-known lemma. It is a variant of [30, Lemma2.1].

Lemma 7.6.9 Let R denote a commutative ring and let P be a bounded non-exact
complex of projective R-modules. Then

inf{i | H' (Homg(P, X) # 0} > inf{i | H (X) # 0} — sup{i | H (P) # 0}

for any R-complex X.

Proof First note that sup{i | H'(P) # 0} is finite by the hypothesis on P.

Ifinf{i | H (X) # 0} = —oo there is nothing to prove. If inf{i | H (X) # 0} =
oo then X is exact and so is Homz (P, X). It follows thatinf{i | H (Homg (P, X) #
0} = oo.

Assume now that inf{i | H' (X) # 0} is finite. We write r = inf{i | H'(X) # 0}
and s = sup{i | H' (P) # 0}. By cancellation there is a quasi-isomorphism P’ SN
P, where P’ is abounded non-exact complex of projective R-modules with H' (P') =
0 for all i > s. There is also a quasi-isomorphism X =1 , where I is a left-
bounded complex of injective R-modules with H/ (1) = 0 forall j < r (see 1.1.12).
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Then H! (Homz(P, X)) = H'(Homg(P', I)) foralli € Z and Homg(P’, I) is left-
bounded. Note also that (Homg(P', 1))" =[], ;_, Homg (P, I/) # 0 only if
there exist i, j such that j > r and i > —s. Hence (Homg(P’, I))" = 0 for all
n < r — s and the claim follows. O

We are now prepared to present Frankild’s result.

Theorem 7.6.10 (see [34,2.12]) Let R denote a Noetherian ring. Let a be a proper
ideal of R. Then
A% (X) < dim R — E-dp(a, X)

for all R-complexes X.

Proof Let x = x1,...,x; be a sequence generating the ideal a. We recall the
bounded free resolution L, of C, obtained in 6.2.3. Then LA®(X) is represented by
Homg(L,, X) >~ Homg(L,, C, ®& X) (see 7.5.12 and 6.5.4). Hence

A% (X) = sup{i | H;(Homg(L,, C, ®k X)) # 0}
= —inf{i | H'(Homg(L,, C, ®x X)) # 0}.

The conclusion follows by applying Lemma 7.6.9 to the complexes L x and C x ®r X.
Note that I:i is not exact (since a is proper), that sup{i | H’ (I:Q # 0} < dim R (see
7.6.8) and recall that inf{i | H"(CV'L ®r X) # 0} = E-dp(a, X) (see 6.6.2). O

On the local cohomology side we get the following.

Corollary 7.6.11 Let R denote a Noetherian ring and let a be a proper ideal of R.
Then
hf(X) < dim R — T-codp(a, X)

for all R-complexes X.

Proof First recall that RI,(X) is represented by ii ®r X (see 7.4.4). By adjoint-

ness note that (lv,£ ®r X)¥ = Hompg (Ly XY, where () denotes the general Matlis
duality functor. Hence (H}(X))¥ = A}(XY) and h} (X) = A%(X"). Now the claim
follows by Theorem7.6.10 applied to the complex X". Recall that E-dp(a, XV) =
T-codp(a, X) (see 5.3.6). U

The above results also have some unexpected consequences.

Corollary 7.6.12 Let R denote a Noetherian ring, a a proper ideal of R and M an
R-module. Assume that E-dp(a, M) is finite. Then

0 < E-dp(a, M) < dim R/ Anng(M) and 0 < T-codp(a, M) < dim R/ Anng(M).
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Proof We write ~ for the images modulo Anng(M) and view M as an R-module.
Note that E-dp(a, M) = E-dp(a, M) (see 5.3.10). Note also that T-codp(a, M) > 0
and E-dp(a, M) > 0 because M is an R-module. Then recall that E-dp(a, M) is
finite if and only if T-codp(a, M) is finite (see 5.3.9). In that case, and because of the
equalities 75 (M) = E-dp(a, M) and AE(M) = T-codp(a, M) (see Theorem7.6.2)
we have h;(M) > 0 and Ai(M) > (. The claims now follow by 7.6.10 and 7.6.11
applied to the R-module M. [



Chapter 8 ®)
The Formal Power Series Koszul Geda
Complex

In his book Matsumura proved the following Theorem (see [58, Theorem 8.12]).
Let a be an ideal of a Noetherian ring R generated by the sequence

X =X1,...,X;. There is a natural isomorphism R® =~ R[[U1l/(U — x), where
R[[U]] denotes the formal power series ring in the variables Uy, . .., Uy over R and
U — x denotes the sequence Uy — x1, ..., Uy — x¢.

When reading this we wondered if it is necessary to suppose that the ring R is
Noetherian. More generally we were also interested in an extension of Matsmura’s
result to modules and complexes. As an outcome of our investigations we will provide
a Koszul complex over the polynomial ring R[U] = R[Uy, ..., U] which represents
RHom R(CV’L, X) in the derived category, hence also LA®(X) provided the involved
sequence x is weakly pro-regular, generating the ideal a. As a particular case we will
recover Matsumura’s Theorem and some new descriptions of the local homology
modules A} (X). Furthermore, we get another property of M-weakly pro-regular
sequences for an R-module M.

8.1 Cech Homology and Koszul Complexes

In order to present the result we need some notations for formal power series rings
and its extension to modules.

Notations 8.1.1 Let R denote a commutative ring, M an R-module and U =

Uy, ..., U a set of variables over R. We need the polynomial ring R[U] :=
R[Uy, ..., U] and identify the R[U]-module Homg(R[U], M) with the formal
power series module M[[U]] = M[[Uy, ..., U]l

Thatis, we identify ahomomorphism s € Homg (R[U], M) with the formal power
series ), _os(U}' - UHUY' --- U}t
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We also consider the polynomial module M[U] = R[U] ®g M. We note that
M[[U]] = lim M[U]/(U)'M[U] and that R[[U]] = lim R[U]/(U)'R[U]. It fol-
lows that M[[U]] also has the structure of an R[[U ﬁmodule (in view of 2.1.3
applied to the ideal U R[U] of R[U]).

Now let X denote an R-complex. Similarly we also have the degree-wise iden-
tification of the R[U]-complex Homz (R[U], X) with X[[U]] := X[[Uy, ..., U]l
Moreover, X[[U]] is an R[U]-complex and an R[[U]]-complex hence also an R-
complex. There is an obvious isomorphism of R-complexes X[[U]] = X N For a
single variable U we will identify X [[U]] with X N,

This construction is functorial in X, amorphism of R-complexes X — Y inducesa
morphism X[[U]] — Y[[U]] of R[[U]]-complexes. Moreover, if X — Y is a quasi-
isomorphism, then X[[U]] — Y[[U]] is a quasi-isomorphism too. This follows eas-
ily since direct products commute with homology.

8.1.2 The formal power series Koszul complex. Let x denote an element of a com-
mutative ring R and X an R-complex. We add a variable U, then we define

Ko(x; X) = Cpu—r),

the cone of the multiplication map by U — x on the R[[U]]-complex X[[U]]. For a
sequence of elements x = xy, ..., x; and an element y in R we form the sequence
X,y =X, ..., Xk, y and define inductively

Ke(x, y; X) = Ko(y; Ko (x; X)).

By 5.2.1 note that X, (x; X) is isomorphic to the Koszul complex K, (U — x, X[[U]])
of the R[[U]]-complex X[[U]] with respect to the sequence U —x = U} — x4, ...,
Uk — Xk.

We recall that a morphism of R-complexes f : X — Y induces morphisms
X[[U]l = Y[[U]land K, (x; X) — K(x; Y) of R[[U]]-complexes. Moreover, if f
is a quasi-isomorphism, then these induced morphisms are also quasi-isomorphisms.

We will prove that this Koszul complex K,(x; X), viewed as an R-complex,
represents RHom R(Cv'i, X) in the derived category. We will do this by induction on
r, the length of the sequence x.

Remark 8.1.3 Let M denote an R-module and U a variable. As a first step we
describe the multiplication by U — x on the R[[U]]-module M[[U]]:

' nu—x : M[[U]] - M[[U]], A
mU) =3 ;.omiU" € M[[U]l = (U —x)mU) = —xmo + Y_(mj—1 —xm;)U".

i>1

We also recall that RHom R(Cv‘i, X) has already been represented by the com-
plex HomR(ii, X) (see 6.2.7). First we analyse the description of the complex
Homp (ix, X) for a single element x € R.
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Remark 8.1.4 On the complex Hompg (I:X, X). Let x be an element of a commutative

ring R and let L, denote the free resolution of the Cech complex C, obtained in
6.2.1. It is the complex

...~» 0— R®R[U] BLN RIU - 0— ..., p:(r, fU)—>r—1A—=xU)fU)

with ig = R® R[U] and i}c = R[U]. Let X denote an R-complex. We apply the
functor Hompg (-, X) and get a morphism of R-complexes

px =Homg(p, X) : Homg(R[U], X) — Homg(R & R[U], X),

with  Homg(R[U], X) = HomR(I:)l(, X) and Homgz(R & R[U], X) = Hompg
(LE , X). Since the ascending complex L, is the fiber of p,the complex Hom g (ix , X)
is isomorphic to the cone of this morphism p¥ (see 1.5.4).

As indicated in 8.1.1 we identify Homg(R[U], X) with X[[U]] = ]_[i>0XUi,
and we identify Homg (R & R[U], X) with XU~'@ X[[U]]l = ]_[i>71XU": where
XU~! denotes a copy of X. With these identifications we now describe the morphism
P Itis described degree-wise. For X; = M we have

MIUN 25 MU @ MIIUN, Y ogmiU' > moU ™" = oo mi — xmi 1)U

Lemma 8.1.5 Let R denote a commutative ring, X an R-complex and x € R an
element. There is a quasi-isomorphism of R-complexes, functorial in X

Ko(x; X) — Homg(L,, X).
More precisely, there is a short exact sequence of R-complexes
0— Ko(x; X) —> HomR(I:x, X)—X—0,

degree-wise split exact, where X denotes the cone of the identity morphism idy :
X - X.

Proof For the proof we first note that we have a commutative diagram

HU—x

XUl ——— XUl

px

X[[Ul] — XU~ & X[[U]]

where py_, and p_y denote the multiplication by U — x and —U, respectively,
where i is the natural injection and where p% is the morphism described in 8.1.4.
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We have to check the commutativity and we do it degree-wise. For X; = M and
mU) =Y ;.om;iU" we get

pL(—U . m(U)) = —xmgy + Zizl(mi - xmi+1)Ui = (U - x) . m(U)
We note that . and i viewed as morphisms of R-complexes are degree-wise split-
injective, with cokernel XU and XU !, respectively. Hence we have a commutative

diagram of R-complex morphisms with exact rows

0—— XU —“— x[un P xXU° 0

S

0—— XI[UIl — S xu-! GBX[[U]]LXU_l —0

where py and p; denote the natural projections, where 7 is an isomorphism. We take
cones and obtain a short exact sequence of R-complexes

0— C(uy—y) = C(py) — C(r) — 0.

Now K,(x; X) = C(uy—y) by definition (see 8.1.2) and HomR(ix, X) = C(py)
(see 8.1.4). Moreover, C(t) is homologically trivial since t is an isomorphism.
Hence we obtain the quasi-isomorphism of the statement, it is clearly functorial in
X. O

We are ready for our main theorem. That is, we extend Lemma 8.1.5 to the situation
of a sequence x of elements of R.

Theorem 8.1.6 Let x = x1, ..., x; denote a sequence of elements in the commuta-
tive ring R. There is a quasi-isomorphism of R-complexes

Ko(x; X) —> Homg(L,, X),

functorial in X.

Proof We proceed by induction on k. For k = 1 the statement is shown in 8.1.5.
Assume the claim is true for £k > 1. Let y € R and form the sequence x,y =

X1, ..., Xk, y. Then by the inductive hypothesis the quasi-isomorphism K, (x; X) SN
Hompg(L,, X) induces quasi-isomorphisms

Ko(y; Ko(x; X)) —> Homg(L,, K,(x; X)) and
Homg (L, K. (x; X)) — Homg(L,, Homg(L,, X))

(see 8.1.5 applied to y and K, (x; X), then note that iy is DG-projective.) By defi-
nition we have
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Ko(x, y; X) = Ko (y: Ko (x; X))
(see 8.1.2). By adjointness and the definition of lvdL y we have the isomorphisms
Hompg (L, Homg(L,, X)) = Homg (L, ®% L., X) = Homg(L, ,, X).

This completes the inductive step and finishes the proof. a

The previous result has several important consequences summarized in the next
section. Here we have an application concerning the homology of K, (x; X).

Corollary 8.1.7 Let x = xy, ..., x; denote a sequence of elements of R. For an
R-complex X the homology modules of K,(x; X) are inserted in the short exact
sequences

ol . : ) : o
0— lim H1(x'5 X) > H(K(x; X)) > lim H;(x"; X) - 0
foralli € 7.

Proof For all i € Z there are functorial short exact sequences

0 — 1lim ' Hiy1 (x's X) — Hi(RHomg(Cy, X)) — lim Hi (x'; X) — 0

(see 6.3.2). Then recall that Hom R(lvli, X) represents RHom g (Cv’i, X) in the derived
category since L£ — Cv‘£ is a bounded free resolution of C - Because of the quasi-
isomorphism X, (x; X) SN HomR(ii, X) the result follows. (Il

8.2 Applications to Weakly Pro-regular Sequences

In the following we shall investigate the homology of K, (x; M) for an R-module
M. Recall that IC, (x; M) is by definition isomorphic to the Koszul complex K,(U —
x; M[[U]]). By 7.3.1 a sequence x is called M-weakly pro-regular if the inverse
system of Koszul homology {H; (x'; M)} is pro-zero for all i > 0.

Proposition 8.2.1 Let a be an ideal of a commutative ring R generated by the
sequence X = Xy, ...,Xx;. Let U = Uy, ..., Uy be a set of variables over R. For an
R-module M the following holds:

(a) There is an isomorphism and an epimorphism
Ho(X.(x; M) = MI[UN/U — )MIIUT] — M*.

The epimorphism is an isomorphism if and only lfll_II)l 'Hi(x'; M) = 0.
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(b) Suppose that the sequence x is M-weakly pro-regular. Then
Ho(Ko(x; M)) = M® and H;(Ko(x; M)) = 0 foralli > 0.

(c) If the sequence x is M-weakly pro-regular, then the sequence U — x = U; —
X1, ..., Uy — x¢ is completely secant on the R[U]-module M[[U]].

Proof (a) follows by 8.1.7 for i = 0. Recall that 1(121 Hy(x"; M) = h_II)lM/g’M =
Mme,

(b) follows by the short exact sequences in 8.1.7 since the inverse system
{H;(x"; M)}ispro-zeroforalli > Oandthereforel(i£1 YH;(x'; M) = l(ir_nHi(y; M) =
Oforalli > 0 (see 1.2.4).

(c) follows from (b) in view of the definition of a completely secant sequence (see
54.1). O

We do not know whether the converse of 8.2.1 (c) is true.

Remark 8.2.2 Inthe situation of 8.2.1 assume again that the sequence x is M-weakly
pro-regular. Then it follows that the Koszul complex X,(x; M) is homologically
trivial if and only if M = xM as follows by 2.5.1.

Now let us investigate the case where the sequence x is weakly pro-regular. It
provides another presentation of LA%(X) in the derived category.

Proposition 8.2.3 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = X1, ..., Xy. Then the Koszul complex KX, (x; X) represents
LA%(X) in the derived category. In particular, H;(U — x; X[[U]]) = A}(X) for all
iel.

Proof This is an immediate consequence of Theorem 8.1.6 in view of 7.5.12. [

We now obtain a slight generalization of Matsumura’s result mentioned in the
introduction of this chapter. Note that any sequence is weakly pro-regular in a Noethe-
rian ring. We will also obtain some new descriptions of the local homology modules.

Proposition 8.2.4 Let a be an ideal of a commutative ring R generated by a weakly

pro-regular sequence x = X1, ..., xr. Let U = Uy, ..., Uy be a set of variables over

R.

(a) Ho(X.(x: R)) = RI[UI]/(U — ©)RI[U]] = R® and H;(X.(x: R)) = 0 for all
i>0.

(b) R® has the structure of an R[[U]]-module and the evaluation homomorphism
evy : RIUl = R: f(Uy,...,U) — f(x1,...,x)
extends to the evaluation homomorphism

evy : R[IU]l — RY s(Up, ..., U) = s(x1, ..., xp).
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(c) The Koszul complex K,(x; R) = K,(U — x; R[[U]]) provides a bounded free
resolution of R® viewed as an R[[U]]-module.

Proof (a)is a consequence of 8.2.1 (b) applied to R. The evaluation homomorphism
evy : RIUl — R: f(Uy,...,Uy) = f(x1,...,xx)isclear and provides R with the
structure of an R[U]-module. This evaluation homomorphism ev, induces homo-
morphisms R[U]/(UR[U])" — R/a for all t > 0. By passing to the inverse limit
we get the evaluation homomorphism ev¢ in (b). Statement (c) is a direct consequence
of (a). O

For the evaluation homomorphism ev,, see also 8.3.1 for more information. By
virtue of 8.2.4 (c) there is another interpretation of the left derived functors A7 (X)
for a certain finitely generated ideal a.

Corollary 8.2.5 We fix the notation and assumptions of 8.2.4. Let X denote an R-
complex. Then there are isomorphisms

R[[U]

AF(X) = Hi(Ka(x; X)) = Tor; (R, X[[U1])

foralli € 7, where R*® has the structure of an R[[U]]-module as obtained in 8.2.4

(b).

Proof We have the first isomorphism because X, (x; X) represents LA%(X) in the
derived category (see 8.2.3). We get the second isomorphism because of

Ke(x; X) = Ko(U — x; X[[UID = Ke(U — x; RIIUID Qruy X[[UI]

and because the complex K,(U — x; R[[U]]) provides a bounded free resolution of
R® viewed as an R[[U]]-module (see 8.2.4). O

8.3 Applications to Koszul Homology

In this section we continue with the study of the homology of K,(x; X). In the
previous section we were mainly interested in the case where x satisfies additional
conditions. In order to relate the homology to further homological data we also
consider general sequences. First a general remark.

Remark 8.3.1 Let R denote a commutative ring and x = x, ..., x; be a sequence of
elements in R. As before, let U = Uy, ..., Uy be a sequence of variables over R and
R[U] = R[Uy, ..., U]. Asin8.2.4 (b) R possesses the structure of an R[U ]-module
via the evaluation homomorphism

evy : RIUl — R: f(Uy,...,Ux) = f(x1,...,x0).
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Moreover, there is an isomorphism R = R[U]/(U — x) R[U] of R[U]-modules. The
sequenceU — x = U — xy, ..., Uy — xrisregularon R[U], asis easily seen. There-
fore the R[U]-Koszul complex K,(U — x; R[U]) provides a bounded free resolution
of R viewed as an R[U ]-module via the evaluation homomorphism ev,.

Proposition 8.3.2 With the notations and conventions of 8.3.1 let a = xR. Let X be
an R-complex and let M be an R-module.

(a) Foralli € 7

R[U]

H (X (x; X)) = Torf (R, X[[UTD) = Extie, (R, X[IUI).

(b) If the sequence x is weakly pro-regular, then
Tor "/ (R, X[[UT]) = Extig{y (R, XI[U1]) = A7 (X)

foralli € 7.
(c) If the sequence x is M-weakly pro-regular, then

RIU]

Tor; (R, M[[U]]) = Extly(,(R, M[[U]]) =0 for i >0 and

R ®@giy) MILUT] = Exth, (R, MI[U1]) = M°.

Here R is considered as an R[U]-module via the evaluation map ev,.

Proof By definition the complex K, (x; X) is isomorphic to the Koszul complex
K.(U — x; X[[U]]). Because of the structure of X[[U]] as an R[U]-complex it
follows that

K. (U — x; X[[U]D = Ko(U — x; R[U)) @ry; X[[U]].

By 8.3.1 the sequence U — x is R[U]-regular and the complex K,(U — x; R[U])
is an R[U]-free resolution of R[U]/(U — x)R[U] = R. Hence the statements in (a)
follow by the definitions and the self-duality of the Koszul complex.

The proof of (b) follows by (a) and the first isomorphism in 8.2.5. For the proof
of (¢) we use (a) and 8.2.1 (b). [l

In the case when the sequence x is weakly pro-regular we have already noted
that the complex JC, (x; X) represents LA®(X) in the derived category. In general,
there is also a relation between &, (x; X) and LA®(X). To present it we need the
following.

Lemma 8.3.3 Let x denote a sequence of elements in a commutative ring R. There
is a natural quasi-isomorphism

Kolx; X) — M(x, X)

for any R-complex X.
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Proof We recall that we had two bounded free resolutions of Cv‘i, namely 7 (x) —>
CV‘1 and lii — Cv‘i.

Hence there is a quasi-isomorphism 7 (x) = i; (see 4.4.8). Now we have quasi-
isomorphisms and an isomorphism

Ko(x: X) —> Homg(L,, X) —> Homg (T (x), X) = M(x; X).

For the first quasi-isomorphism we refer to 8.1.6. The second one is a particular case
of 4.4.11. Finally, for the last isomorphism, see 7.5.9. O

Theorem 8.3.4 Let a be anideal of a commutative ring R generated by the sequence
X =X1,...,X. Let X denote an R-complex with one of its DG-flat resolutions

F —> X. There is a natural map
Kolx; X) > LA®X
in the derived category, represented by the composite
Ko@; X) «— K(x3 F) — M(x, F) — Mic({R/x'R ® F}) «<— A*(F).
At the homology level it induces natural homomorphisms
H;(Ko(x; X)) > ANX) forall i €Z.

Suppose that the sequence x is weakly pro-regular. Then the natural map X, (x; F) —
LA%(X) is an isomorphism in the derived category and the induced homomorphisms
are isomorphisms.

Proof First note that A®(F) represents LA%(X) in the derived category (see 7.1.6).

The quasi-isomorphism on the left is clear since X,(x;-) preserves quasi-
isomorphisms (see 8.1.2). The quasi-isomorphism on the right follows by Lemma
(4.2.3 (a)). The quasi-isomorphism K, (x; F) SN M (x, F)is shown above in 8.3.3.
The natural morphism M (x; F) — Mic({R/x'R Qg F})isdescribedin7.5.2, where
it is also shown that it is a quasi-isomorphism when the sequence is weakly pro-
regular. |

At the homology level we can say a bit more.

Proposition 8.3.5 Let a be an ideal of a commutative ring R generated by the
sequence X = X1, ..., Xx. Let us denote by a, the ideal generated by the sequence
x' = x{, R x,i. Then there are commutative diagrams with exact rows
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0 ——— lim ' Hj (xs X) ——— Hy(0a(x: X)) —— lim Hy(x': X) ———0

J | |

0—— 1(11_11‘ Torf | (R/a;, X) ———— A}(X) —— l(ingorlR(R/a,, X)——0

foralli € 7.

Proof The first short exact sequences were already shown in 8.2.1. By view of 7.1.8
the second ones follow. We have to show that they fit into a commutative diagram. To
this end remember where they come from. There is an inverse system of morphisms
K.(x") = R/a, which induces the inverse system of morphisms

{Ko(x's F)} — {F/a,F},

where F —> X denotes a DG-flat resolution of X. We take microscopes and recall
that Mic({K,(x; F)}) = M(x; F) by definition. By the definition of the microscope
we have a commutative diagram with exact rows

00— (1_[, Ko (x"; F)uyy——Mx; F) %ﬂ; K.(x'; F) ——0

| | J

0—— (I, F/a,F)yy —— Mic({F/a,F}) ——[[, F/a,F) —— 0.

This diagram induces a morphism between the long exact homology sequences
associated to its rows. We break these into short exact sequences as in 4.2.3 and
obtain the commutative diagrams of the statements. Recall that LA®(X) is rep-

resented as l(inF /o, F and that we have a quasi-isomorphism 1(£nF Jo, F —>

Mic({F /a, F}) (see4.2.3). Finally, remember the quasi-isomorphisms I, (x; X) <
Ko(x; F) - M(x, F) (see the last remark in 8.1.2 and 8.3.3). O

8.4 The Case of a Single Element

In this section we again investigate the case of a sequence consisting of a single
element. It turns out that a bit more can be said in that particular case.

8.4.1 Let x denote an element of a commutative ring R and M an R-module. First
recall that H; (x'; M) = 0 :j; x'. The multiplication by x induces an homomorphism
0 :y x'*' — 0:p x" and provides us with an inverse system. In the following we
denote by {0 :3; x', x} this inverse system.

Note that x is M-weakly pro-regular if and only if M is of bounded x R-torsion.
This is equivalent to saying that the inverse system {0 :, x, x} is pro-zero.
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We need a technical lemma, which originally appeared in the proof of [38, Propo-
sition 1.5].

Lemma 8.4.2 Let x denote an element of a commutative ring R. Then
Torf (R/xR, M) = (0 :py x)/(0 :g x)M

for any R-module M.

Proof We tensor the short exact sequence 0 — R/(0 :g x) - R—> R/xR — 0
by M and get the exact sequence

0 — TorR(R/xR, M) = M/(0 :x x)M — M — M/xM — 0,

where M /(0 :gp x)M = M,m+ (0 :g x)M +> xm. Therefore the kernel of this
homomorphism is (0 :y; x)/(0 :g x) M, which proves the claim. O

In the following we shall improve the results of 8.2.1 in the case of a length one
sequence and an R-module M.

Theorem 8.4.3 Let x denote an element of a commutative ring R. For an R-module
M there is a commutative diagram with exact rows

0 ———1im {0 1y ¥, x}) —— Ho(K.(x; M) M*R 0
lg lh
0 ——lim ' Torf(R/x'R, M) —— AR (M) M*R 0.
<~

where both g and h are surjective.
If M is of bounded x R-torsion, ther} H{ (KX (x; M)) = 0 and there are isomor-
phisms Hy(K(x; M)) = ASR(M) = MR

Proof The commutative diagram is a particular case of those shown in 8.3.5 (for
i =0 and a = xR). We have to prove that the homomorphisms g and % in this
diagram are surjective. Clearly it is enough to prove that g is surjective (by the snake
lemma). Because of the isomorphism

Tor®(R/x"R, M) = (0 :p x")/(0 :g x' )M

(see 8.4.2) there is a commutative diagram with exact rows

0—— (0 :g x"HM —— 0 1p x' —— Torf(R/x'T'R, M) —— 0

| | J

00— (0:g x')M ——— 0 3y x' —— TorR(R/x'R, M) ——0.
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Whence it yields (see 1.2.2) a six-term exact sequence

0— l(iLn(O RXOM — l(iI_n(O v x) — l(ir_nTorf(R/xtR, M)

— 1(1111(0 kR XM — 1<ir_nl(() m X = l(iLn'Torf(R/x’R,M) — 0.

This proves that the homomorphism g is surjective.

‘We now prove the last statement. If M is of bounded x R-torsion the inverse system
{0 :ps X', x} is pro-zero. Hence lim(0 :p; x*) = lim ' (0 3y x*) = 0 (see e.g. 1.2.4).
As the homomorphism g in the él_agram of the statement is surjective we also have
lim' Torf(R/xtR, M) = 0. Whence Hy(K,(x; M)) = ASR(M) =~ M*R asfollows
<—
by the above commutative diagram. The equality H; (X, (x; M)) = 0 was already in
8.2.1. O

Proposition 8.4.4 Let x € R and let M be an R-module. Then H; (K, (x; M)) =0
fori # 0, 1 and there is a five-term exact sequence of R-modules

0 — H{(Ke(x; M)) - Hompg(Rx, M) > M — Hy(Ke(x; M)) — Ext}e(Rx, M) — 0.

Proof The first statement on the vanishing is trivial. Now recall the quasi-isomorph-
ism K, (x; M) —> Hompg (I:x, M) (see 8.1.6). By the definition of ZX there is a short
exact sequence of R-free complexes

0—>PX[’”—>ix—>R—>O.

This is because L, is the fibre of the morphism g : R — P,, where the R-complex

P.:0— R[U] ]_—xy R[U] — 0 provides a free resolution of R, and where g is
viewed as a morphism of ascending complexes (see 6.2.1). We apply Homg (-, M)
to the above short exact sequence of complexes of free R-modules and get an exact
sequence of R-complexes

0 — Homg(R, M) — Homg(L,, M) — Homg(P,, M)!" — 0.

Since P, is a free resolution of R, the long exact homology sequence yields the
five-term exact sequence. (]

Remark 8.4.5 The previous result shows that H; (X, (x; M)) is the kernel of the natu-
ral homomorphism Homgz (R, M) — M, ¢ — ¢(1). By virtue of 8.1.7 (applied to a
length one sequence) we also have that H; (K, (x; M)) = 1(£1 Hi(& M) = l(ir_n{O M
x", x}.

Corollary 8.4.6 Let x be an element of a commutative ring R and M an R-module.
Assume that the length one sequence x is weakly pro-regular. Then there is a five-term
exact sequence

0 — AR(M) — Homg(R,, M) — M — A3R(M) — Exth(R,, M) — 0.
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Hence the cokernel of the natural map nj{,,R M — A)O‘R(M) is Ext}e(Rx, M). More-
over, if Homg (R, M) = 0, then A)l‘R(M) =0.

Proof This follows by Proposition 8.4.4 since in our case X, (x; M) represents L A*R
in the derived category. O



Chapter 9 ®)
Complements and Applications oo

Here we will add some extensions and applications to the previous chapters. We
present various aspects of local homology and cohomology, some more properties
of the completion and torsion functors.

We start with the composites of the derived functors of the completion and the
torsion. Their interplay with the Hom-functors and the tensor product is also consid-
ered. In the second section there are results about duality and adjointness linking local
homology and local cohomology with respect to an ideal generated by a weakly pro-
regular sequence. It also provides a first version of local duality. In the third section we
prove results about the endomorphism complex of CV'L and related objects. Then the
Mayer—Vietoris sequences for local homology and local cohomology are proved. We
also consider Mayer—Vietoris sequences for Cech homology and local cohomology.
There are also applications of the classes C, and B, to unbounded complexes. Homo-
logically complete and cohomologically torsion complexes are studied in Sect. 9.6.
This is completed in Sect.9.7 by studying the cosupport. In the final section there
are change of rings theorems.

9.1 Composites

As applications of our previous investigations on the composite of Cech homology
and cohomology functors we give a few interpretations in terms of local cohomology
and completion.

Some of the results of this section are not new, in particular note that the case
a = b of Theorem 9.1.3 was independently proved in [64] by different methods. One
of the features here is the realization of isomorphisms in the derived category by
explicit natural isomorphisms or quasi-isomorphisms of a complex.
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Proposition 9.1.1 Let x = xy,...,x; and y = yy, ..., y; denote two weakly pro-
regular sequences of a commutative ring R. Suppose that the sequence x,y =
Xlseeos Xis Y1y - Y1 is also weakly pro-regular. Put a = xR and b = yR. Then
there are isomorphisms in the derived category a

(a) RIZRIH(X)) >~ RIG6(X) and
(b) LAY(LA®(X)) ~ LA (X)

for any R-complex X.

Proof With the notation of 6.2.2 it follows that HomR(lvli, X) resp. lv,é ®r X is
a representative of LA(X) resp. RI.(X) for a weakly pro-regular sequence z =

21, ..., Zm of Rand ¢ = zR. This follows by virtue of the quasi-isomorphism [l —

T (z) and the results of 7.5.12and 7.4.11. Recall that L, , = L, ®g Ly by definition.
Then (a) is a consequence of the isomorphism

Ly ®g (Ly®r X) = Ly, @ X.
Statement (b) follows from
Hompg(Lyy, X) = Homg(Ly, Homg(L,, X))

because of the adjointness formula. ]

In the above, statement (a) already appeared in [75], and (b) appeared in [75]
under the additional assumption that each x;, y; forms a length one weakly pro-
regular sequence.

As an application we get that RI; and LA® are idempotent when the ideal a is
generated by a weakly pro-regular sequence, a fact independently proved in [1] and
[64]. We even get a little bit more.

Proposition 9.1.2 Let x = xy,...,xx and y = yi, ..., y denote two weakly pro-
regular sequences of a commutative ring R such that Rad(xR) € Rad(yR). Put
a=xRand b = yR. Then:

(a) RITRIL(X)) ~RIL(RIT(X)) ~RIH(X) and
(b) LAPY(LA%(X)) ~LA%(LA(X)) ~LA®(X)
for any R-complex X.

Proof The proofis similar to that of 9.1.1, taking into account the quasi-isomorphism
Ly®r L, —> L, (see 6.2.4). 0

Another application is the composite of L A% and R I, under certain circumstances
of the ideals. It provides that a certain mixture of the composites behaves well.

Theorem 9.1.3 Let x = xy,...,x¢ and y = yy, ...,y denote two weakly pro-
regular sequences of a commutative ring R. Put a = xR and b = yR and suppose
that Rad(a) € Rad(b). Then there are isomorphisms in the derived category
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(a) RIG(LA%(X)) ~ RI(X) and
(b) LAY(RI (X)) ~ LAb(X)

for any R-complex X.

Proof As at the beginning of the proof of 9.1.1 we have that I:£®R X resp.

HomR(I:Q X) is arepresentative of RI.(X) resp. LA(X) for a weakly pro-regular
sequence Z = 7y, ..., Zm Of R and ¢ = zR. Then the statements are consequences of
the quasi-isomorphisms shown in 6.5.4 (d) and (b). The theorem may also be viewed
as a reinterpretation of Theorem 6.5.5. 0

Second proof of 9.1.3. Let X —> 1 be a DG-injective resolution of X.
Then LA®(X) is represented by Homg(Cy, I), which is DG-injective. Hence
RI,(LA%(X)) is represented by h_r)n Hompg(R/b', HomR(Cv'i, I)). As Homg (R /b,

Homg (C,, 1)) = Homg(R/b' ® C,, I) = Homg(R/b", I) the statement in (a)
follows.
We obtain a second proof of (b) in a similar way, taking a DG-flat resolution

F —> X of X and noting that CV'£ ®g F, which represents R, (X), is DG-flat. [J
In the following we will add some more new results about composites of local
homology and cohomology.

Lemma 9.14 Letx = x;,...,xxandy = yi, ...,y denote two sequences of ele-
ments in a commutative ring R. Write a = xR and b = yR. Suppose Rad(a) C
Rad(b). Let X denote an R-complex and I a K -injective complex. Then there is a
natural quasi-isomorphism:

Hom g (Hompg(Ly, X), Homg(Ly, 1)) — Hompg(Ly, Homg(X, I)).

Proof By 6.5.4 there is a natural quasi-isomorphism of R-complexes ii Qr X —

L y ®g Hompg (Ly X). By applying the functor Homg (-, I') it induces a natural quasi-
isomorphism

Hompg(Ly ®g Homg(Ly, X), I) —> Homg(Ly ®x X, I).
By adjointness this proves the statement. Namely we have that

Homg(Ly ®x X, I) = Homg(Ly, Homg(X, 1)) and
Hompg (L, ® Homg(L,, X), I) = Homg(Homg(Ly, X), Homg(L,, 1)),

as required. (]
The previous lemma allows us to establish another result about composites.

Theorem 9.1.5 Let x = xy,...,x¢ and y = yi, ...,y denote two weakly pro-
regular sequences of a commutative ring R. Put a = xR and b = yR and suppose
that Rad(a) € Rad(b). Then there are isomorphisms in the derived category
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(a) RHomg(LA%(X),LA®(Y)) ~ LA®*(RHomg (X, Y)) and
(b) RHomg(LA%(X),LA®(Y)) ~ RHomg(X,LA®(Y))

for two R-complexes X, Y.

Proof For the proof of (a) first note that Hompg (L T Hompz (X, I)) is a representative

of LA*(RHomg(X, Y)) in the derived category, where Y AN Ivis a K-injective
resolution of Y. Note also that LA®(Y) is represented by Hompg (Ly, D), which is a

K -injective complex. Therefore RHom (L A%(X), LA®(Y)) is represented by
Hom g (Hompg(Ly, X), Homg(Ly, I)).

This together with the above lemma proves the claim in (a).
For the proof of (b) we follow similar arguments. O

Theorem 9.1.6 Let x = xi,...,x and y = y1,..., y denote two weakly pro-
regular sequences of a commutative ring R. Put a = xR and b = yR and suppose
that Rad(a) € Rad(b). Then there are isomorphisms in the derived category

(a) RIL(X ®%Y) >~ RIGL(X) ®% RIL(Y) and
(b) RIG(X Q% Y) ~RIHL(X) Q%Y

for two R-complexes X, Y.

Proof Let F —> Y be a K-flat resolution of Y. Then RIG(X ®Iie Y) is repre-
sented by L y ®r X ® F. The statement in (b) follows. For (a) we recall the quasi-

isomorphism i£ ®r L y =L y (see 6.2.4) and the result follows by associativity.
B B O

Our last composite results require stronger hypotheses.

Lemma 9.1.7 Let R be a Noetherianring and a C R anideal. Let X be a complex of
finitely generated R-modules and Y an R-complex. Assume that one of the following
conditions is satisfied

(a) X is right-bounded and Y is left-bounded,
(b) Y is bounded.

Then there is a natural isomorphism
I'y(Homg (X, Y)) = Homg (X, I,(Y)).

Proof In the case of a finitely generated R-module X and an arbitrary R-module Y
the claim is correct because it is true for X = R. For the case of complexes note that
Homg (X, ¥)" =[], ;, Homg(X;, Y/) is a finite product of the Homg(X;, Y/)
when one of the two conditions is satisfied. Since I, commutes with finite direct
products the result in the case of complexes as assumed in the statement follows. [J
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Theorem 9.1.8 Let a C R denote an ideal of a Noetherian ring R and let X, Y
denote two R-complexes. Assume that X is homologically right-bounded with finitely
generated homology modules and that Y is homologically left-bounded. Then there
is an isomorphism

RI,(RHomgz (X, Y)) >~ RHomgz (X, R4 (Y))
in the derived category.

Proof The complex X has a right-bounded free resolution L —> X where the
L; are finitely generated and the complex Y has a left-bounded injective reso-
lution ¥ —> [ (see 1.1.12). Then RHomg (X, Y) is represented by the complex
Hompg (L, I), which is K-injective and RI;(RHomg (X, Y)) is represented by the
complex I,(Homg (L, I)). Since I'y(Homg (L, I)) = Homg(L, I'4(1)) (see 9.1.7)
and since this last complex represents RHompg (X, RI,(Y)) the result follows. [

9.2 Adjointness and Duality

Here we present the duality between local cohomology and local homology with
respect to an ideal generated by a weakly pro-regular sequence. We provide an
explicit isomorphism of complexes representing an adjointness formula linking local
homology and cohomology. To this end we first provide some mixed isomorphisms
involving the functors telescope 7T (x; -) and microscope M (x; -). Then we also pro-
vide some other duality formulas concerning Cech and local cohomology.

Recalls 9.2.1 Let x = xy, ..., x; denote a sequence of elements of a commutative
ring R. We recall the functors T (x; ) and M (x; -) introduced in 7.4.9 and 7.5.1,
defined respectively by

T(x: X) = Tel((K*(x'; X)}) and M(x; X) = Mic({K.(x'; X))

for an R-complex X and the complexes T (x) := T(x; R) and M (x) := M (x; R).
Recallthat T (x; X) = T (x) Qg X and Homg (T (x), X) = M (x; X) (see 7.4.10 (b)
and 7.5.9). Recall also that K,(x") ® X = Homg(K*(x"), X).

With the results on Cech complexes we first note that the complexes 7' (x; X) and
M (x; X) only depend on Rad(xR).

Lemma 9.2.2 Let x = x1,...,x; and Y=V N be two sequences in a com-
mutative ring R such that Rad(x R) = Rad(y R). Then there are quasi-isomorphisms

(a) T(x;X)— T(y; X) and M(y; X) — M(x: X) and
(b) Ly ®r X — Ly ®g X and Homg(Ly, X) —> Homg(L,, X)
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for any R-complex X.

Proof We begin with the proof of (a). We have the quasi-isomorphisms 7 (x) SN
CV'£ and T (y) SN (vjy. It follows that the complexes 7'(x) and 7'(y) are quasi-
isomorphic because Ei and éy are quasi-isomorphic (see 6.1.9). We even have
a quasi-isomorphism 7 (x) AN T(X) (see 4.4.6). We tensor it by X and obtain a

quasi-isomorphism 7 (x) @z X > T(y) ®r X (see 4.4.11). Then the first quasi-
isomorphism of the statement follows (see 7.4.10 (b)). We also have a quasi-
isomorphism

Homp (T (), X) —> Homg(T (x), X)

(see 4.4.11 again). But we have isomorphisms Homg (7 (x), X) = M(x; X) and
Hompg (7 (y), X) = M(y; X) (see 7.5.9). The second quasi-isomorphism follows.

For the proof of (b) note that there is a quasi-isomorphism lv,£ — Ly of bounded
complexes of free R-modules (this follows by 6.2.4). Hence the statements follow
by 4.4.11. O

We shall take advantage of telescope and microscope in order to obtain more
information on local homology and cohomology. First we need the following results.

Theorem 9.2.3 Letx = xy, ..., x; denote a sequence of elements in a commutative
ring R. Let X, Y be two complexes of R-modules. We have the following natural
isomorphisms of complexes:

(a) Tx; X) QY =T (x; X QrY),
(b) Homg(T (x; X),Y) = Homg(X, M(x;Y)),
(c) Homg(T (x; X),Y) = M(x; Homg (X, Y)).

Proof AsT(x; X) = T(x) ®g X (see 7.4.10) the statement in (a) follows by asso-
ciativity.
For (b) recall the isomorphisms

Hom(T (x; X), ¥) = Homg (T (x) ® X, ¥) = Homg (X, Homg (T (x), ¥)

by adjointness. As Homz (T (x), Y) = M(x; Y) (see 7.5.9) the statement in (b) fol-
lows.
By adjointness and 7.5.9 again it yields the isomorphisms

Homg (T (x; X), Y) = Homg(T (x), Homg(X, ¥) = M (x; Homg (X, Y)),

whence the statement in (c). ([l

We obtain the adjointness formula linking local homology and local cohomology
and more. This adjointness formula was also obtained in [64] in a different way, and
previously in [1] under slightly stronger hypotheses.
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Corollary 9.2.4 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = Xy, ..., x; and let X, Y be two R-complexes. There is a
natural isomorphism in the derived category

RHomz (R, (X), Y) >~ RHomg(X,LA%(Y))
represented by the isomorphism of complexes

Hompg(T (x; X), I) = Homg (X, M (x; I))

where Y —> T isa K -injective resolution. There is also a natural isomorphism
RHomgz (R4 (X),Y) >~ LA*(RHomz(X, Y))
in the derived category, represented by the isomorphism of complexes
Homg(T (x; X), I) = M (x; Homg (X, I)).

Proof The isomorphisms of complexes are shown in 9.2.3.
AsRI(X)isrepresentedby 7' (x; X)and LA®(Y) isrepresented by M (x; Y) =
M (x; I) (see 7.4.11 and 7.5.5) the first isomorphism in the derived category follows.
Note that M (x; I) = Homg(T (x), I) is K-injective.
For the second note that RHompg (X, Y) is represented by Homg (X, I). Hence
LA%(RHomg (X, Y)) is represented by the microscope M (x; Homg (X, I)). The
second isomorphism in the derived category follows. O

The above formula becomes particular suggestive when we put in place of Y
an injective cogenerator E. It gives rise to a general Matlis duality functor ()Y =
Homg (-, E) (see 1.4.8). The following corollary, interesting for the study of the
local cohomology modules H:(R), could help to achieve information about local
cohomology in view of information about completion. Note that this corollary also
generalizes the remark in 2.5.20.

Corollary 9.2.5 In the situation of 9.2.4 let X denote an R-complex and let E be
an injective cogenerator. Then in the derived category there are isomorphisms

(RI, (X)) ~ RHomg (X, LA%(E)) ~ LA*(XY),
where (-)¥ = Homg (-, E). In particular,
(HL(X))Y = ANXY) and (HL(R))" = AXNE).

Proof By the definitions the proof is an immediate consequence of 9.2.4 for
Y=E. ]

Remark 9.2.6 In the situation of 9.2.4 and 9.2.5 let X = M denote an R-module.
Then (H.(M))" = A*(M") for all i > 0 as seen above. For i = 0 note also that
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AF(MY) = (H{(M)Y = (Ia(M))” = AY(MY)

is a-complete (see 2.2.13).
More down to earth, note also the following.

Proposition 9.2.7 Let a be a finitely generated ideal of a commutative ring R. Let
X be any R-complex and I a complex of injective R-modules. Then there is an
isomorphism

A®(Homg (X, I) = Homg(I,(X), I) = Homg (T4 (X), [, (1)).

In particular, A*(XY) = (I,(X))Y, where (-)¥ denotes, as usual, the general Matlis
duality functor.

Proof There is an inverse system of isomorphisms
R/d' ® g Homg (X, I) = Homg(Homg(R/d', X), I)

(see 1.4.6). The first isomorphism follows by taking inverse limits (see also 1.3.3),
the second one is obvious. O

Our next aim is to obtain some first local duality formula, generalizing the classical
Grothendieck local duality for Cohen—Macaulay or Gorenstein local rings (see also
Part III for more information around this subject).

Observations 9.2.8 (a) If the ideal a of a commutative ring R is generated by a
weakly pro-regular sequence x = xi, ..., Xi, recall that LA®(FE) is represented by
the following complexes

(€)Y, (L)Y and (T (x))"

(see 7.5.12). We note that in general (é )" is abounded complex of injective modules,
whence it is DG-injective.

(b) Assume now that the ideal a of a commutative ring R is generated by a
completely secant sequence x = x1, ..., xX; in Bourbaki’s terminology. This means
that H;(x') = Oforalli > Oandall¢ > 1, equivalently that H (x’) = Oforalli < k
and all + > 1 (see 5.4.2). At first this implies that the sequence x is weakly-pro-
regular. This also implies that the complex CV'l provides up to a shift a bounded flat
resolution of H¥(C,). We note that H*(C,) = H¥(R) by 7.4.5. Then the complex

CV'Z provides an injective resolution J of (HX(R))" by putting J = CV';U‘].

Proposition 9.2.9 Let a be an ideal of a commutative ring R generated by the
sequence X = X1, ..., x; and let X be any R-complex.

(a) If the sequence x is weakly pro-regular then

(Hi(X))" = H™ (Homg(X, C))) = Exty (X, C)).
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(b) If the sequence x is completely secant in Bourbaki’s terminology, then
(Hy(X))" = Extly ' (X, (Hy (R))").

Proof For the proof of (a) take the general Matlis dual of the isomorphism H (X) =
H (X ®r Cv'i) obtained in 7.4.5 and recall that the complex CV'LV is DG-injective.
Then (b) follows by the observations in 9.2.8. U

We end the section with some other quasi-isomorphisms involving the functors
T (x;-) and M (x; -). The following provides yet another proof of Theorem 9.1.3.

Proposition 9.2.10 Let x = x1,...,x; and y = y1, ...,y be two sequences in
a commutative ring R such that Rad(xR) € Rad(yR). Then there are quasi-
isomorphisms

(a) T(y; X) — T(y; M(x: X)) and

(b) M(y; T(x; X)) — M(y: X)

for any R-complex X.

Proof For the proof of (a) first recall that there are isomorphisms
T(y; M(x; X)) =T(y) ®r M(x; X) =T (y) ® Homg(T (x), X)

as they follow by 9.2.3. Now the morphism in (a) stems from the natural mor-
phism X — Homgz (7 (x), X). But there are quasi-isomorphisms I:i N T (x) and

T(y) = L y of complexes of free R-modules. Therefore there is a commutative
square

LX RQr X — L‘, Rr HOII]R(Z,L, X)

| |

T(y) ®r X —— T(y) g Homg(T (x), X)

in which the vertical morphisms are quasi-isomorphisms. As the top horizontal mor-
phism is a quasi-isomorphism (see 6.5.4 (d)) so is the botton3 one.

For the proof of (b) we argue similarly. Namely Homg(Ly, Ly ®g X) is quasi-
isomorphic to M(X; T (x; X)) and HomR(ltX, X) is quasi-isomorphic to M(X; X).
Then the statement is a consequence of 6.5.4 (b). (I

While the results in 6.5.4 grow from natural morphisms, it is not clear whether
the results in 9.2.10 are also consequences of some natural morphisms between the
telescope and the microscope.
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9.3 Some Endomorphisms

This section is devoted to the endomorphism complexes of some particular com-
plexes. We start with the case of L.

Theorem 9.3.1 Letx = xy, ..., x; denote a weakly pro-regular sequence in a com-
mutative ring R and a = xR. Then there is a natural quasi-isomorphism

Homg(L,, L) — R°.

The natural homomorphism vy : R — R® factors through this quasi-isomorphism.

Proof By virtue of 7.5.16 there is a natural quasi-isomorphism
HomR([v,é, R) — R°.
In view of 6.5.4 (b) there is also a quasi-isomorphism
HomR(lVli, I:i) = HomR(Iji, R).

This provides the quasi-isomorphism of the statement. Moreover, there is the homo-
thety morphism & : R — Homg(L,, L,) given by multiplication of elements of R.
These morphisms are inserted in the diagram

R
/ l !
Homg(L,, L,) — Homg(L,, R) ——> R".

In this diagram the triangle on the right is commutative (see 7.5.16 again) and so is
the one on the left. The last assertion follows. (]

This interesting result for the endomorphism complex of I:i also has some other
consequences, namely for the endomorphism complex of 7 (x) when the sequence
x is weakly pro-regular.

Theorem 9.3.2 Letx = xy, ..., x; denote a sequence of elements of a commutative
ring R and a = xR. Suppose that x is a weakly pro-regular sequence. Then there is
a quasi-isomorphism

Homg (T (x), T (x)) — R°.

That is, Hy(Homg(T (x), T(x))) = R® and H; (Homg(T (x), T (x))) = O forall i #
0.
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Proof As T (x) — CV‘£ and L£ — Cv'£ are DG-projective resolutions of CV'£ there
are quasi -isomorphisms 7 (x) N I:i and IVJ£ AN T (x) (see 4.4.8). They provide
a quasi-isomorphism

Homg (T (x), T(x)) — Homg(L,, L,).

The result follows by 9.3.1. ]
In the following we shall investigate the endomorphism complex of é£~

Theorem 9.3.3 Letx = xy, ..., x; denote a sequence of elements of a commutative
ring R. Then the natural morphism

f : Homg(C,, C,) — Homg(Cy, R)

stemming from the surjection C, — R is a quasi-isomorphism.

Proof First note that the length one complexes Cv‘xi ®r Ry, are contractible, 1 <
i < k. Whence for all z € R the complexes CV’L ®r Ry, = Cv’x1 ®R ... QR Cv'xk QRr
R, ®r R; and HomR(CV‘L R,..) = Hom RW(CV‘£ ®r Ry,;, Ry,;) are contractible too,
in particular they are exact. Now it follows that Homg (Cv'i, CV‘)’;) is exact for all 1 <
i <k.

The complex Hom(C,, C,) is the single complex associated to the double com-
plex K = Homg(C;', CJ) because C, is bounded. As the rows Homg(C,, chH
of this double complex are exact for j > 0 as shown above the natural surjection
Hompg(Cy, Cy) — Hompg(C,, CS) = Homz(C,, R) is a quasi-isomorphism. O

Lemma 9.3.4 Let x = xy, ..., x; denote a sequence of elements of a commutative
ring R and put a = xR. There is a commutative triangle

2N

HomR(CA, C ) % HOmR(CX7 R)

where the morphisms a and f stem from the surjection C « —> R and where h is the
homothety morphism given by multiplication by the elements r of R. The morphisms
a and h are injective.

Suppose moreover that R is a-separated. Then the morphism a is an isomorphism,
i.e., R = Homg(C,, R).

Proof Clearly the triangle is commutative. The morphism « is injective because the
morphism C, — R is degree-wise surjective. Hence the natural morphism £ is also
injective.
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For the proof of the last statement observe that Hom R(Cv‘é ,R)y=0foralli #0

when R is a-separated. This follows because Cv’ji , i # 0, is the direct sum of local-
izations Ry, y € a, and Homg (R, R) = 0 for y € a when R is a-separated. |

Putting 9.3.3 and 9.3.4 together we obtain the following.

Corollary 9.3.5 Letx = xy, ..., xi denote a sequence of elements of a commutative
ring R and put a = x R. Assume that R is a-separated. Then the homothety morphism
h : R — Homg(Cy, Cy) is a quasi-isomorphism.

We continue the investigation of Homg (Cv‘i, Cv'i) and Homp (CV‘L, R).
Lemma 9.3.6 With the notation of 9.3.4 there is a morphism of complexes a; :

Homp (éy R) — R® such that the following diagram

R i Re

Homg (Cy, R)

is commutative.
Proof There is an inverse system of morphisms
R — K.(x") - R/x'R.

By passing to the inverse limit we obtain the morphism a; and the commutativity of

the diagram since HomR(Cv'i, R) = HomR(li_r)n K*(x"),R= 1(121 KJ.(x"). O
Proposition 9.3.7 Let x = xy, ..., x; denote a sequence of elements of a commu-

tative ring R and a = x R. There is a natural morphism
g : Homg(Cy, C,) — R*.

It is a quasi-isomorphism if and only if R is a-complete.

Proof The morphism g is defined by g = a; o f, where a; is the morphism defined
in 9.3.6 and f is the quasi-isomorphism defined in 9.3.3. If R is a-complete it is a-
separated and the morphism a : R — Hom R(Cv‘i, R) is an isomorphism (see 9.3.4).
Hence the morphism a; is a quasi-isomorphism by 9.3.6 and so is g.

Conversely assume that the natural morphism g is a quasi-isomorphism. Then the
natural morphism a; : Homg (Cv‘i, R) — R%isalsoa quasi-isomorphism. By look-
ing in cohomological degree O we observe that the natural morphism 73 = (R —
HomR(CV‘L, R) — ﬁ“) is injective because the natural map R — HomR((i’i, R)
is injective. This means that R is a-separated, and the result follows by 9.3.4
again. O
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9.3.8 The previous result shows that RHompg (Cv’i, Cv‘i) is not represented by the
complex Hom R(Cv‘i, Cv‘i). In general, note that RHomR(Cv‘i, CV‘L) is represented by
Homp (Z‘y ii) aswell asby Homg (T (x), T (x)). This is clear because T (x) = CV‘i
and i@ — Cv'i are bounded free resolutions of CV'L. When the sequence x generating
the ideal a is weakly-proregular note also by 9.3.1 that RHompg (Cv‘i, éi) isisomorphic
to R® in the derived category.

Let R —> J be an injective resolution of R and let a be an ideal of R generated
by a weakly-pro-regular sequence. Then the complexes I4(J) and C, are quasi-
isomorphic. So it will be of some interest to look at the endomorphism complex of
Ia(J).

Proposition 9.3.9 Let a denote an ideal of a commutative ring R generated by a
weakly pro-regular sequence x = xy, ..., x; and let R —> J be an injective res-
olution. Then the complex Homg (I'y(J), I'4(J)) is quasi-isomorphic to R®. That
is,

Ho(Homg(Ia(J), T'w(J))) = R® and
H;(Homg (I'a(J), I (J))) =0

foralli # 0.

Proof First note that Homgz (14 (J), I'4(J)) = Homgz(I4(J), J). Then recall the
quasi-isomorphism Iy (J) = CV‘£ Qg J (see 7.4.1). This together with the quasi-

isomorphism Cv'i Qr R — Cv’i ®gr J implies quasi-isomorphisms
Homg(Cy, J) <— Homg(C, ®g J, J) — Homg(I'a(J), J).

Because L, — C, is a free resolution of the Cech complex there are quasi-
isomorphisms

Homg(Cy, J) —> Homg(L,, J) <— Homg(L,, R).

We now recall the quasi-isomorphism Homg (Ly R) — R® (see 7.5.16). All this
together finally proves the claim. ]

When the ring is coherent we have a slightly better result.

Proposition 9.3.10 Let a be an ideal of a coherent ring R generated by a weakly
pro-regular sequence x = xy, ..., x;. Let R — J denote an injective resolution of
R. Then there is a quasi-isomorphism

R® = Homg(I(J), Fu(J)).
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Proof Since J is an injective resolution of R there are quasi-isomorphisms
R —> J = Homg(R, J) <— Homg(J, J).

Therefore the homothety morphism 2 : R — Homg(J, J) is a quasi-isomorphism
(see 1.1.7). Note that Homg (J, J) is a complex of flat modules (see 1.4.5). It follows
that 4 induces a quasi-isomorphism

R® = A%(Homg(J, J)

(see 7.5.4). But A*(Hompg(J, J)) = Homz(I'5(J), I'4(J)) (see 9.2.7). This com-
pletes the proof. (|

As another feature of our investigations we are interested in the endomorphisms
of the complex LA®(E), where E = Eg(k) denotes the injective hull of the residue
field k = R/m of a Noetherian local ring (R, m).

Proposition 9.3.11 Let (R, m, k) denote a Noetherian local ring with E = Eg(k)
the injective hull of the residue field k. Let x = x1, ..., X; be a sequence of elements
in R generating a proper ideal. Then there is a natural quasi-isomorphism

Homg (Homg (L, E), Homg(L,, E)) —> R™.

Moreover; the natural homomorphism tg' : R — R™ factors through this previous
quasi-isomorphism.

Proof By 9.1.4 there is a natural quasi-isomorphism
Hom z (Hompg (ii, E), Hompg (lti, E)) = Hompg (Zp Homgy(E, E)).

Now let us investigate the second complex. Because Homg (E, E) = R™ and because
R™ is R-flat we have an isomorphism and a quasi-isomorphism

Homg(L,, Homg(E, E)) = Homg(L,, R™) —> A*R(R™)
(see7.5.16). Recall now that R™is xR-complete (see 2.2.9), so that AXR (ﬁm) = R™.

All this together provides the quasi-isomorphism. A
By 7.5.16 we also have that the composite R — Hompg(L,, R™) — R™ is the

natural homomorphism 71 : R — R™. It follows that the composite

R — HomR(HomR(Li, E), HomR(Li, E)) — R™

is this natural homomorphism 7' O
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Corollary 9.3.12 Let (R, m, k) be a Noetherian local ring with E the injective hull
of the residue field k. For any proper ideal a of R there is an isomorphism

RHomgz(LA%(E),LA%(E)) ~ R™

in the derived category.

Proof Let x = xi, ..., x; be a generating set of the ideal a. Then LA®(E) is rep-
resented by the complex Homz(L,, E). As this complex is a bounded complex of
injective modules, the statement follows by 9.3.11. O

9.4 Mayer—Vietoris Sequences for Local and Cech
(Co-)Homology

We first present the Mayer—Vietoris long exact sequence concerning the local coho-
mology of a complex with respect to two ideals a and b of a Noetherian ring and
its counterpart in local homology. Taking advantage of these we then present long
exact sequences of Mayer—Vietoris type for the Cech homology and cohomology
of a complex with respect to two arbitrary sequences x and y in an arbitrary com-
mutative ring. This in turn has some unexpected consequences concerning weakly
pro-regular sequences. Moreover, it also allows Mayer—Vietoris type sequences for
local homology and cohomology for certain pairs of ideals of an arbitrary commuta-
tive ring, provided that these ideals and their sum are generated by weakly pro-regular
sequences.

We end the section with short exact sequences involving the enlargement of an
ideal by a single element.

9.4.1 Leta, bbetwoideals of acommutative ring R. Then there is an inverse system
of short exact sequences

0— R/dNb - R/ ®R/b" — R/(d +b") =0

for + > 1. When the ring R is Noetherian ring the decreasing sequence of ideals
a’ Nb' forms a base of open neighbourhoods of the (a N b)-adic topology which
also coincides with the (a - b)-adic topology and the decreasing sequence of ideals
(a/ + b") forms a base of open neighbourhoods of the (a + b)-adic topology.

Theorem 9.4.2 Let a, b two ideals of a Noetherian ring R. Let X denote a complex
of R-modules. Then we have the following long exact sequences:

(a) ... = Hiyo(X) = HU(X)® H{(X) > Hi\((X) —> ...,

al

(b) ...— AMP(X) = AXNX) @ AL(X) - ACTV(X) > ...
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Proof We start with the proof of (a). To this end let X — I be a DG-injective
resolution of X. Then we apply the functor Hompg (-, I) to the above inverse system
of short exact sequences. Because / is a complex of injective R-modules it gives a
direct system of short exact sequences of complexes

0 — Homg(R/(a" 4+ 6"), I) — Homg(R/d', I) ® Homgz(R/b', I)
— Hompz(R/d' Nb', 1) — 0

for all ¢+ > 1. Then, by passing to the direct limit and taking cohomology yields the
proof of the claim in (a).

For the proof of (b) take a DG-flat resolution ' — X of X. Then tensoring the
inverse system of short exact sequences by F provides an inverse system of short
exact sequences of complexes

0— F/(dNbW)F - F/d'FOF/6'F — F/(d' +b)F — 0

for all + > 1. Since these inverse systems are degree-wise surjective it provides a
short exact sequence of complexes by passing to the inverse limit. Taking homology
proves (b). U

Next we present long exact sequences of Mayer—Vietoris type concerning Cech
homology and cohomology. This is one of the few occasions when we can derive
properties of Cech (co)-homology from those of local (co)-homology, most often
one goes in the opposite direction. Note that the Mayer—Vietoris sequence for Cech
cohomology was also obtained by Téte in a completely different way, independent
of the classical Mayer—Vietoris sequence in local cohomology (see [84]).

Theorem 9.4.3 Letx = x1,...,x,andy = y1, ...,y be two sequences in a com-
mutative ring R. We form the sequence x, y and denote by Z the sequence formed
by the x;y; in any order. Let X denote an R-complex. Then there are two long exact
sequences:

(a)
o HY(Cyy @k X) — H'(C, @ X) ® H'(C, ® X)
— H(C.®p X) > H'(Cyy @1 X) —> ...
(b)
... — H;(RHom(C;, X)) > H;(RHomg(Cy, X)) & H;(RHomg(Cy, X))
— H;(RHomg(Cy,,, X)) — H;_j(RHomg(C;, X)) — ...
Proof Let Xy, ..., X, Y1, ..., Y; be indeterminates. We form the polynomial ring
S =7[X1,..., Xy, 11, ..., Y;] and define a ring homomorphism by ¢ : § — R :

X; = x;,Y; — y;. We view the R-complex X as an S-complex via ¢. We need
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only prove the statements for the sequences X := Xy, ..., X, Y :=Y,,..., Y and
the sequence Z formed by the X;Y; (see 6.3.5). The ring § is Noetherian. Hence the
three sequences X, Y and Z are weakly pro-regular and the associated Cech homology
and cohomology with respect to these sequences coincide with the associated local
homology and cohomology with respect to theideals X S,YSand ZS = XS - Y S (see
7.4.4 and 7.5.12). Note that the ideals ZS and XS N Y S are topologically equivalent
because S is Noetherian. Hence

Hyg(X) = Hiygoys)(X) and AZ° (X) = A (X).
Now the statements follows from Theorem 9.4.2. O

The above considerations have unexpected consequences.

Corollary 9.4.4 Letx = xi,...,x and y = yi, ..., yi be two weakly pro-regular
sequences in a commutative ring R. Assume that the sequence x, y is also weakly
pro-regular. Then the sequence z formed by the x;y; is also weakly pro-regular.

Proof For all injective R-modules / and all i > 1 we have the following
H'(Cy ®g I) = H, p (I) =0,
H'(Cy ®g I) = H{f(I) = 0 and
H(Cy @k D) = Hy (D =0

(see 7.4.5 for the isomorphisms). It follows that H"(CV’g ®rI)=0foralli > 1 by
the first long exact sequence in Theorem 9.4.3. So the result follows by 7.3.3. [

Corollary 9.4.5 Let a, b two ideals of a commutative ring R, generated respectively
by the weakly pro-regular sequences x = xi, ..., xandy =y, ..., y;. Assume that
the sequence x, y is also weakly pro-regular. Let X denote a complex of R-modules.
Then we have the following long exact sequences:

(@) ... Hi (X)) > H(X)® Hy(X) = H,,(X) - ...,
(b) ...— ASP(X) > AYX) ® AP(X) - ATV (X) - ...

Proof As the sequence z formed by the x; y; is also weakly pro-regular and generates
the ideal a - b, and in view of 7.4.5 and 7.5.12, the sequences are a reformulation of
those in Theorem 9.4.3. O

We end this section with short exact sequences of another type. They concern the
enlargement of ideals and the corresponding local (co)-homology functors. We start
with the case of the addition of a singly generated ideal.

Proposition 9.4.6 Let x = xy, ..., x; denote a weakly pro-regular sequence in a
commutative ring R and put a = x R. Suppose that R is of bounded y R-torsion and
such that x,y is a weakly pro-regular sequence too. Let X denote a complex of
R-modules. Then there are short exact sequences
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(a) 0 — H)x(H; ' (X)) = Hiy\ g (X) = H{p(H{(X)) — 0and

(b) 0— ARALX) — AP (x) > AR (X)) = 0
foralli € 7.

Proof We start with a general remark. Letz = zy, ..., z; denote a weakly pro-regular
sequence of elements in R and let b = zR. Then H{ (X) = H"(CV’g ®r X) (see 7.4.4)
and A}’ (X) = H;(Homg(L,, X)) (see7.5.12)foralli € Z. By the assumptions about
the length one sequence y and the sequences x and x, y, we may apply the previous
results to any of the three sequences and the ideals generated by them.

For the proof of (a) we refer to 6.1.11. The statement in (b) follows by 6.2.5. [J

9.5 On the use of the classes C, and B,

We observed in 2.5.12 that the local homology of an R-module M with respect to
an ideal a may be computed with a left resolution of M by means of modules in the
class C,. When the ideal a is generated by a weakly pro-regular sequence we shall
see that this also holds for the local homology of any unbounded complex. We shall
also obtain an analogous statement in local cohomology. We end the section with
more results about relatively-a-flat and relatively-a-injective modules.

Lemma 9.5.1 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = X1, ..., x; and let Y be an unbounded exact R-complex.

(a) If'Y is a complex of modules in the class C, (see 2.5.12), then Y% is also exact.
(b) IfY is a complex of modules in the class B, (see 2.7.6), then I'4(Y) is also exact.

Proof (a): We view Y as a descending complex, pick any integer i and put M; =
Im(d;). The truncated complex ... — Y;; — ¥; — 0 gives aresolution of the mod-
ule M; (up to a shift) and may be used to compute the local homology of M; as
observed in 2.5.12. In particular, we have that A;‘(M,-) = H,-+j(?“) for all j > 1.

But A;‘(M,-) = 0 for all j > k by the bound in 7.5.7. It follows that H,(?“) = 0 for
all t > i + k. As this holds for all i € Z the conclusion follows.

(b): The proof of this is similar to that of (a), using the remarks in 2.7.6 in place
of the ones in 2.5.12, and the bound in 7.4.6 in place of those in 7.5.7. |

When the ideal a of a commutative ring R is generated by a weakly pro-regular
sequence we have seen that the local homology of an unbounded complex may be
computed with flat resolutions and that the local cohomology may be computed with
injective resolutions. Here we shall see that they may be computed by using some
other “suitable” resolutions.

Proposition 9.5.2 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = X1, ..., x; and let X be any unbounded R-complex.
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(a) LetY —> X bea left resolution of X such that all the modules Y; are in C, (e.g.
such that the Y; are relatively-a-flat). Then LA®(X) is represented by A®(Y)
and the natural map

af X > LAYX)

is represented by the natural morphismzty : Y — A®(Y). Inparticular, AT (X) =
H;(A%(Y)) foralli € Z.

(b) Let X —> Z bea right resolution of X such that all the modules Z' are in B,
(e.g. such that the Z' are relatively-a-injective). Then RI,(X) is represented by
I'y,(Z) and the natural map

FORM(X) — X
is represented by the natural injection I'y(Z) < Z. In particular, H.(X) =
H(I'4(Z)) foralli € 7.

Proof We only prove (a), the proof of (b) is similar. To this end we take a flat
resolution 4 : F —> Y of ¥ and consider the cone C(h). This cone is an exact
complex of modules in C,. Hence the complex A%(C(h)) is exact by the above
lemma. But the functor A® commutes with the formation of cones as easily seen:
we have A*(C(h)) = C(A%(h)). Hence A®(h) is a quasi-isomorphism. So there is
a commutative square

I[?J/

AYN(F) —— A%(Y).

To conclude we recall that LA%(X) is represented by A®(F) and that the map o is
represented by the morphism 77 : F — A%(F) (see 7.5.5). ([l

Remark 9.5.3 When the ideal a is generated by a weakly pro-regular sequence we
have seen in 7.5.13 that a-complete modules are in C, and in 7.4.7 that a-torsion
modules are in B,. Hence the above proposition provides yet another proof of the
fact that the functors LA® and R[, are idempotent in that case.

Remark 9.5.4 We note that the definitions of the classes B, and €, are similar. When
the ideal a of the commutative ring R is generated by a weakly pro-regular sequence
these classes are also related through the general Matlis duality. Note that

MeB, & M’ ey,

as follows from the remarks in 9.2.6.

In view of the r6le played by the classes €, and B, in the study of local homology
and cohomology the following criteria may be of some interest.
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Proposition 9.5.5 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x and let N denote an R-module. Then N € C, if and only if
the natural morphism M (x; N) — M(x; N®) induced by the natural homomorphism
Ty N — N%isa quasi-isomorphism.

Proof Recall that the natural morphism N — M (x; N) represents the natural map
agy : N — LA®(N) in the derived category and induces the natural homomorphism
ny : N = Aj(N) in homological degree 0 (see 7.5.5 and 7.5.8). Recall also that

N% € @, (see 7.5.13). All this together proves the claim. |

Proposition 9.5.6 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x and let M denote an R-module. Then M € B, ifand only if the
natural morphism CV'£ Qr I[a(M) — CV'£ ®gr M induced by the inclusion I';(M) C
M is a quasi-isomorphism.

Proof By 7.4.7 we know that the natural morphism CV'i Qr I'i(M) — I'y(M)
is a quasi-isomorphism. As always HO(Cv'i ®r M) = I';(M) the conclusion
follows. O

‘We end the section with the announced extensions of 2.6.11 and of 2.7.10.

Proposition 9.5.7 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = X1, ..., X;. Let M denote an R-module. Assume that M is
relatively-a-flat. Then A®(M) is relatively-a-flat. Viewed as an R®-module A (M)
is also relatively—ulé“—ﬂat.

If, moreover, the ring R is Noetherian then A*(M) is I%“—ﬂat.

Proof The first assertion is a direct consequence of 2.6.11 and 7.5.13. For the sec-
ond consider first the case of a flat R-module F. As A% (F) = A“If“ (13“ ®r F) (see
2.2.5) and because the sequence x is also weakly pro-regular on R® (see 7.5.14) we
first note that A®(F) is relatively-aﬁ“-ﬁat. For the general case we take a free reso-
lution L —> M of the R-module M. By the hypotheses on M we note that L/a’'L
provides a left resolution of M /a’ M. Taking inverse limits, and in view of 1.2.8, we
obtain that A®(L) provides a left resolution of A®*(M). Asthe A®(L;)’s are relatively-
aR%-flat this left resolution may be used to compute the Torféa (I@“/a’]%“, AY(M)):
Torfu (ﬁ“/a’ﬁ“, AY (M) = Hi(ﬁ“/alléc‘ ®pa A%(L)), (see the standard homolog-
ical argument in 1.5.3). But we have

R°/a'R® @4 AM(L) = A%(L)/a' A®(L) = L/d'L

(see 2.2.2) and the complex L/a'L is exact in positive degree. It follows that
Tor,Ra (ﬁ“ /a’ R®, A%(M)) =0 for all i > 0. The conclusion follows from the cri-
terion in 2.6.3 because we also have that A*(M)/a’ A*(M) = M/a' M is flat over
R/a'R = R%/a’'R®.

Now the last assertion follows by 2.6.3. ]
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Proposition 9.5.8 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = X, ..., xXy. Let M denote an R-module. Assume that M is
relatively-a-injective. Then I'y(M) is relatively-a-injective. Viewed as an R®-module
I'y(M) is also relatively-aﬁ“-injective.

If, moreover, the ring R is Noetherian then I'y(M) is Ié“-injective.

Proof The proof is dual to that of 9.5.7. The first assertion is a direct consequence
of 2.7.10 and 7.4.7. For the second we first consider the case of an injective R-
module J. As I'y(J) = I, pa (Homg(R®, J)) (see 2.2.5), as Homg(R®, J) is R®-
injective and because the sequence x is also weakly pro-regular on R® (see 7.5.14)
we first note that I, (J) is relatively-aﬁ“-injective. For the general case we take an
injective resolution M —> I of the R-module M. We note the quasi-isomorphism
Hompg(R/a', M) = Homg(R/a', I). By taking direct limits, and because the
direct limit functor is exact, we obtain that I;(/) provides a right resolution of
I'y(M) by means of relatively—uﬁ“—injective module. This right resolution may be
used to compute the Ext’éa (Ié“/a’l%“, I';(M)). Recall that I,(M) has the natural

structure of an R*-module. Hence we have

Exty, (R/a'R®, I'y(M)) = H' (Hom g (R®/a' R®, Tu(1))
=~ H!(Homg(R/d', I'y(I))) =0 fori > 0.

The conclusion follows from the criterion in 2.7.2 as we also have that
Hom . (R®/a’R®, I',(M)) = Homg(R/da', [,(M)) = Homg(R/a', M)

is injective over R/a'R = R® /al R®. Now the last assertion follows by 2.7.5. ]

9.6 Homologically Complete and Cohomologically Torsion
Complexes

This section may be viewed as a prolongation of the first section in Chap. 3, which
contained completeness and pseudo-completeness criteria for modules. We provide
complex versions of these criteria and their counterparts in local cohomology, includ-
ing those already obtained in [64] and [87]. The results obtained in Chap. 6 for some
classes of complexes will play an important role here.

Definition 9.6.1 Let a be an arbitrary ideal of a commutative ring R. Following
more or less Yekutieli we say that an R-complex is homologically-a-complete if
the natural map a§; X — LA%(X) is an isomorphism in the derived category. We
denote their class by G2.
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Dually we say that an R-complex is cohomologically-a-torsion if the natural map
X RIL(X) — X is an isomorphism in the derived category. We denote their class
r
by G;.

The first results about these classes are already in [64] and in [87]. Some others
are also in the previous Theorems 7.2.4, 7.2.7 and 7.2.8. In this section we provide
a systematic study of these classes with many criteria and add some more results.

These classes have nice properties.

Lemma 9.6.2 Let a be any ideal of a commutative ring R and
0>X—>Y—>Z—->0

be an exact sequence of R-complexes. Then

(a) if two of the three complexes X, Y, Z are in 93‘, then the three complexes are in
G4 and
(b) if two of the three complexes X, Y, Z are in T, then the three complexes are in

ST

Proof Werecall the inverse system £ as it was introduced in 7.1.1. Since the functor
Mic(£® ®p -) is exact (see 4.2.8) there is a commutative diagram with exact rows

0 X Y Z 0

| | |

0 —— Mic(£* ®g X) —— Mic(L* ®r Y) —— Mic(£* ®g Z) —— 0

where the vertical maps represent the natural maps o, oy, ¥, respectively (see
7.1.6). If two of these three maps are quasi-isomorphisms, then the third one is also
a quasi-isomorphism. This proves (a).

The statement in (b) is proved similarly, noting that the functor Tel(Homg (£°, -))
is also exact by 4.3.9, and using 7.1.15 in place of 7.1.6. (]

The following is rather obvious.

Lemma 9.6.3 Let a be any ideal of a commutative ring R.
(a) If X € G2 and if Y is quasi-isomorphic to X, then Y € GA. If X € G and if Y

is quasi-isomorphic to X, then Y € GI'.
(b) If the ideals a and b are topologically equivalent, then G2 = G and G = G{.

Remark 9.6.4 By 9.6.3 the classes G2 and GI" are well defined in the derived cat-
egory. In general, modules in G2 are a-pseudo-complete (see 7.1.9) and clearly
modules in 95 are a-torsion.

Remark 9.6.5 Assume now that the ideal a of the commutative ring R is generated
by a weakly pro-regular sequence x = x, ..., xx. Then


https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_4
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_4
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7

9.6 Homologically Complete and Cohomologically Torsion Complexes 237

(a) An R-module M isin 93‘ if and only if it is a-pseudo-complete (see 7.5.13).

(b) An R-module M is in 95 if and only if it is a-torsion (see 7.4.7).

(c) The class 93‘ coincides with the class 9§C introduced in 6.4.3. This is because
RHomR(Cv‘i, X) and LA®(X) are both represented by Homg (T (x), X) =

M(x; X) (see 7.5.12 and 7.5.9). For examples of complexes in 93‘ = Sfé we
refer to 6.4.4. ) B
(d) The class G% coincides with the class Sﬁc introduced in 6.4.6. This is because

CV'£ ®1Le X and RI4(X) are both represented by CV'£ ®r X (see 7.4.4). For exam-
ples of complexes in §" = 9§C we refer to 6.4.7.

We also mention the following, related to Proposition 6.4.9.

Proposition 9.6.6 Let x = xy, ..., xx be a sequence of elements of a commutative
ring R and write a = xR. Let X denote an R-complex with Supp H (X) C V (a) for
alli € 7 and let I denote a K -injective complex. Then the natural morphism

Hompg (X, I) — Homg(L,, Homg(X, I))

is a quasi-isomorphism. That is, Homg (X, I) € Sié.
Moreover, if the sequence x is weakly pro-regular then Homg(X, I) € G2 and
there are isomorphisms

H;(Homg (X, I)) = A (Homg(X, I))

foralli € 7.

Proof Wehave X € 956 by Theorem 6.4.6. Hence Homg (X, I) € Sié by 6.4.9 and
the quasi-isomorphism is obtained by 6.4.3. The last claims follow by 9.6.5 (c) and
the definition of the class G2. O

Here is the MGM equivalence. In the following the classes of complexes G4 and
GI" are viewed as full subcategories of the derived category.

Theorem 9.6.7 (see [1] or [64]). Let R denote a commutative ring and a an ideal
generated by a weakly pro-regular sequence. Then the full subcategories G2 and G%
of the derived category are equivalent.

Proof This is a particular case of Theorem 9.1.3. (I

For further information about the MGM-equivalence we refer to [72].

Now we summarize and translate the various criteria given in Chap. 6, section
4. The following may be compared to the completeness criterion given in 3.1.6. It
also contains a generalization and a complex version of the pseudo-completeness
criterion given in 3.1.11.

Theorem 9.6.8 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = xy, ..., x;. For any R-complex X the following conditions
are equivalent:
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(i) X €3z,
(ii) the natural morphism X — Hom R(Iii, X) is a quasi-isomorphism,
(iii) the natural morphism X — Homg (T (x), X) is a quasi-isomorphism,
(iv) the natural morphism X — M (x; X) is a quasi-isomorphism,
(v) RHomg (T, X) ~O0forall T € T,
(vi) RHomg (R, X) >~ 0 for all z € Rad(a).
(vii) RHomg(®*_, Ry, X) ~ 0,
(viii) H;(X) € Sé‘foralli ez,
(ix) H;(X) is a-pseudo-complete for all i € Z,
(x) the natural morphism F — A®(F) is a quasi-isomorphism for any K-flat
resolution F —> X of X.

Proof Note first that the implication (i) = (v) and the implication (i) = (ix) hold
for any finitely generated ideal (see 7.2.4 and 2.5.7). But here G2 = GL€. Hence the
equivalence of (i), (ii), (v), (vi) and (vii) is given in 6.4.3. The equivalence of (i), (iii),
(iv) and (x) follows by 7.5.12. The equivalence of (i) and (viii) follows from 6.4.10.
The equivalence of (viii) and (ix) was already observed in 7.5.13. U

In the following, statement (c) provides a complex version of (2.5.9 (b)) in our
particular case and may also be compared with (2.2.9 (b)).

Corollary 9.6.9 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = X1, ..., x; and let X denote an R-complex.

(a) If X is a complex of a-complete or a-pseudo-complete R-modules, then X € 9{1‘.

(b) A*(X) € G2 and the image of X by the functor A§ also is in G2.

(c) The natural map aan(X) :LA%(X) - LAY(LAY(X)) is an isomorphism in the
derived category, that is LA®(X) € G4 (this provides another proof of the fact
the functor LA® is idempotent).

(d) Assume that b is another ideal such that a C Rad(b), assume also that X € G2,
then X € G4.

Proof We shall deduce these statements from (9.6.8, (i) < (ix)). For a complex X
as in (a) note that its homology modules H;(X) are a-pseudo-complete (see 2.5.7
and 7.5.13). Note that the image of the complex X by the functor Ag is a complex of
a-pseudo-complete modules (see 2.5.7 again). Statement (b) follows as does (c) since
A%(X) is represented by a complex of a-complete modules, namely by F*®, where
F —> X is a flat or K-flat resolution. Now we prove (d). Note that the hypothesis
a C Rad(b) implies that the ideal b is a-open. Hence the natural morphism r}; F —
AP (F) factors through A®(F). If r}l is a quasi-isomorphism, then H;(X) = H;(F)
is a direct summand of H;(A%(F)) which is a-pseudo-complete. Whence H;(X) is
also a-pseudo-complete and the conclusion follows. (]

Remark 9.6.10 For an ideal generated by a weakly pro-regular sequence the above
theorem also implies that a complex X with a-complete homology modules is
homologically-a-complete (because a-complete modules are also a-pseudo-complete
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(see 2.5.7)). Moreover, a homologically-a-complete complex with a-separated
homology modules has a-complete homology modules (because a-pseudo-complete
modules which are a-separated are a-complete (see 2.5.8)). This was also observed by
Yekutieli in the particular case of a homologically bounded complex over a Noethe-
rian ring [87, Theorem 2].

However, note that this particular case is also a consequence of the previously
known 2.2.11, 2.5.13 and 2.5.15. Indeed, a homologically bounded complex has a
right-bounded free resolution L. If L — L%isa quasi-isomorphism, then H;(L) =
H:(L%) is a-quasi-complete for all i (see 2.2.11), i.e. a-complete when a-separated.
Conversely, if H; (L) is a-complete for all i and if R is Noetherian, then L — L%is
a quasi-isomorphism by 2.5.13 since free modules and a-complete modules are in
Cq4 (see 2.5.15).

We now turn to the local cohomology side.

Theorem 9.6.11 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = xy, ..., x;. For any complex X the following conditions
are equivalent:

(i) X €Sk,

(ii) the natural morphism T (x; X) — X is a quasi-isomorphism,
(iii) T®% X ~0forall T € Ty,

(iv) R, ®r X is exact for all z € Rad(a),

(v) @lein ®r X is exact,

(vi) Suppr H'(X) C V(a)foralli € Z,

(vii) H'(X) € §I foralli € Z,
(viii) H'(X) is a-torsion for alli € Z,

(ix) XV € G4, where X" is the general Matlis dual of X,

(x) the natural morphism I'q(I) — I is a quasi-isomorphism for all injective or

K -injective resolutions X 1 of X.

Proof Note first that the implication (i) = (iii) holds for any finitely generated ideal
(see 7.2.8). As G = GRC the equivalence of (i), (iii), (iv), (v) and (vi) is in 6.4.6.
The equivalence of (i) and (ii) follows by 7.4.11. The equivalence of (i) and (vii) is
in 6.4.10. The equivalence of (vi) and (viii) was observed in 2.1.13. The equivalence
of (i) and (ix) is shown in 6.4.9. The equivalence of (i) and (x) follows by 7.4.4. [J

Corollary 9.6.12 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = x1, ..., x; and let X denote an R-complex.

(a) If X is a complex of a-torsion R-modules, then X € GI'.

(b) T'a(X) € G

(c) The natural map L];FC' X RI,(RIL (X)) = RIL(X) is an isomorphism in the
derived category, that is, R[,(X) € GL. (This provides another proof of the fact
that the functor RI'y is idempotent).

(d) Assume that b is another ideal such that a € Rad(b), assume also that X € GT,
then X € 95 .
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Proof We shall deduce these statements from (9.6.11, (i) < (xiii)). For a complex as
in (a) its cohomology modules are a-torsion, as is easily seen. Statement (b) follows as
does (c) since RI,(X) is represented by I, (1), where X —5 Iisan injective or K -
injectiveresolution. For (d)notetheinclusion I, (1) € I'4(I) < I.Ifthemap Lff ,which
is represented by the inclusion I, (/) € I, is an isomorphism in the derived category,
then H' (X) = H'(I) is adirect summand of H (I, (I)), hence a-torsion. O

Corollary 9.6.13 Let (R, m, k) denote a Noetherian local ring and let a C R be an
ideal. Let X be an R-complex and assume that X has finitely generated cohomology
modules. As before, denote by X" the Matlis dual complex Homg (X, Eg(Kk)). Then

XY egl.

In other words, there is an isomorphism RIy(X") >~ X" in the derived category
and a quasi-isomorphism Cy @g XV —> XV for any sequence x = xi, ..., Xy gen-
erating the ideal a.

Proof The modules H (XV) = H;(X)" are Artinian, hence m-torsion and also a-
torsion. Recall also that any sequence x generating the ideal a is weakly pro-regular
because R is Noetherian (see 7.3.2 or the more general A.2.3). Therefore the first
statements are a direct consequence of Theorem 9.6.11. For the last one recall that
the map ¢ ’, which is an isomorphism in the derived category by the above, is also
represented by the natural morphism C « Qr XV — XV (see 7.4.4). ]

For further information on complexes as in 9.6.13, see the forthcoming 9.8.4.
Here are some more comparison formulas, they contain a far reaching generalization
of Proposition 2.5.21 (b).

Proposition 9.6.14 Let a and b be two ideals of a commutative ring R, generated by
the weakly pro-regular sequences x = xi, ..., xx and y = y1, ..., y, respectively.
Assume that the sequence x, y is also weakly pro-regular. Then

A A A r r r
Sla+vy = 92 N Gp and G(qp) = G5 N T -

Proof The statements are a reinterpretation of those in 6.4.14 in our particular
case. (Il

Here is a further criterion.

Theorem 9.6.15 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = Xy, ..., xy. For any complex X the following conditions
are equivalent:

(i) X e gL,
(ii) RHomg(X, T) ~ 0 forall T € T,.

Proof The implication (i) = (ii) follows by 7.2.7: note that T € T, if and only if
E-dp(a, X) = oo because a is finitely generated (see 5.3.5).


https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_5

9.6 Homologically Complete and Cohomologically Torsion Complexes 241

For the reverse implication let E be an injective cogenerator as described
in 1.4.8 and note that the injective module R;{ = Homz(R,,, E) € T, by 5.3.6
because E-dp(a, RAY,) = T-codp(a, Ry,) = co. When condition (ii) is satisfied we
thus have that the complex Hompg (X, Homg(R,,, E)) is exact. Note that the module
Hompg(R,,, E) is injective. But

Hompz (X, Homg(R,,, E)) = Homz(X ®r R,,, E).

Hence the complex X ®g R,, is also exact and condition (i) is satisfied in view of
Theorem 9.6.11. O

9.7 Homological Completeness and Cosupport

When an ideal a of a commutative ring R is generated by a weakly pro-regular
sequence we have seen in 9.6.11 that the natural map RI,(X) — X is an isomor-
phism in the derived category if and only Supp,(X) € V(a). Here we present a
counterpart on the local homology side when the ring is Noetherian, as already
observed by Sather-Wagstaff and Wicklein in [73].

9.7.1 Co-Support and small co-support. Let R be a commutative ring and X an R-

complex with one of its K -injective resolutions X — 1. Following [73] we define
the (big) Co-Support of X by

Co-Support,(X) = {p € Spec(R) | Homg(R,, I) is not exact}
and the small co-support of X by
co-support, (X) = {p € Spec(R) | Hompg (k(p), I) is not exact}

where k(p) denotes as usual the residue field R, /p Ry, of the local ring R,,.
In other words

Co-Support,(X) = {p € Spec(R) | RHomg (R, X) # 0} and
co-support, (X) = {p € Spec(R) | RHomg (k(p), X) # 0}.

Note that the big Co-Support in the case of a module was first invented in [60]
and mainly studied for Artinian modules. Note that Ext",e(Rp, M) =0foralli #0
when M is an Artinan module over a Noetherian ring. This follows since the functor
Hompg(Ry, -) is exact on the category of Artinian modules over a Noetherian ring as
shown in [60].

Observations 9.7.2 Let again R be a commutative ring and X an R-complex with
one of its K -injective resolutions X — 1.
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(a) We first note that the Co-Support and the small co-support of the K -injective
R-complex I behave well under co-localization (see also [60]). Namely, let S be a
multiplicatively closed subset of R (1 € S) and let us denote as usual by Ry the ring
of fractions r/s, r € R, s € S. We noted in 4.4.21 the change of ring formula: for
any Rg-complex Y we have

Homg (Y, I) = Homg, (Y, Homgz(Rs, I)).
Note also that

Hompg, (Y, Homz(Rs, I)) = Homz (Y, Homg(Rs, I)).

We also recall that Homgz(Rg, 1), viewed as an R-complex or as an Rg-complex,
is K-injective (and even DG-injective if I is DG-injective). Then recall that every
prime ideal of Ry is of the form pRy for a unique prime p € Spec(R) such that
p NS =10,sothat (Rs)pr, = Ry and k(pRs) = k(p). It follows that

Co-Support, (1) N Spec(Rs) = Co-Supporty (Homg(Rs, 1)) and
co-supportg (/) N Spec(Rs) = co-support, (Homg(Rs, 1)).

(However, note that the morphism Homz(S~'R, X) — Homz(S™'R, I) is not nec-
essarily a quasi-isomorphism.)

(b) If p C q are two prime ideals of R and if p € Co-Supporty(X) then q €
Co-Support, (X). (If q ¢ Co-Support,(X) the complex Homg (R, I) is exact.
As this exact R-complex is K-injective it is contractible and the complex
Hompg(Ry, Homg (R, 1)) isexact. But Ry ®g Ry = R, and Homg (R, Homg (R,
I)) = Homg(Ry, I). Hence p ¢ Co-Support,(X).)

(c) Also note in accordance with (a) that

Homg (k(p), 1) = Homg, (k(p), Homg(Ry, 1))
= Homg (k(p), Homg(Ry, 1))

because k(p) is an R,-module.

(d) By (c) it follows that co-support (X) € Co-Support(X). (If the K injective
complex Homg (R, ) is exact it is contractible and so is Homg (k(p), 7).)

(e) When R is Noetherian note that

Homp (k(p), 1) = Hompg (k(p), I, (1))

because k(p) is p-torsion. Note also that the subcomplex I, (1) of 1 is injective if /
is DG-injective (see 4.5.9).

(f) The Co-Support and the Support are related through the general Matlis duality:
by adjointness we have

Suppg(X) = Co-Support(X").
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Similarly the small co-support and Foxby small support are also related through the
general Matlis duality. Recall that the small support of a complex X was defined by

supp(X) = {p € Spec(R) | k(p) ®% X # 0}.

We also have
suppg (X) = co-supportx(X").

For more information on these notions we refer to [73] and to [12], which also
contains another description of the small co-support.

The following result was stated in [12]. For sake of completeness, and because
the description of the small co-support in [12] is rather different (though equivalent,
see [73]) from the one we use here, we provide another proof of this important fact.

Theorem 9.7.3 Let R be a Noetherian ring and X a non-exact R-complex. Then
co-support, (X) # 0.

Proof Let X —> I be a minimal D G-injective resolution (such a resolution exists
in view of 4.5.6). Then I is not trivial and the modules I/ are direct sums of modules
of the form E(R/p), p € Spec(R). Let q be a prime ideal maximal among the primes
occurring in the complex /. We only need to prove that the complex Homg (k(q), I)
is not exact. To this end, let  be some integer such that £(R/q) appears as a direct
summand of I”. Then Homg (k(q), I") # 0. But k(q) is a g-torsion module, hence

Homg (k(q), 1) = Homg (k(q), I4(1)).

Then note that E (R /q) is the only indecomposable module occurring in the injective
complex I (/) by the maximality of q. Hence I4(I) is a non-zero injective Rj-
complex, minimal as a subcomplex of a minimal complex, and

Homg (k(q), I'(1)) = Homg, (k(q), I'5(1)).

Recall now that the complex Hompg_ (k(q), I';(1)) has zero differentials (see 4.5.7).
It follows that H" (Hompg (k(q), 7)) # 0 and that q € co-support(X). O

Remark 9.7.4 Let X be a non-exact complex over a Noetherian ring R. Then
suppg(X) # @. This fact follows from Theorem 9.7.3 because suppgp(X) =
co-supportg (XV).

(See also [11] for a different proof and note that this was first proved in [31] in
the case when X is right-bounded.)

We are ready for the result we had in mind. The following appears in [73] with a
different proof.

Theorem 9.7.5 Let X be a non-exact complex over the Noetherian ring R and let a
be an ideal of R. The following conditions are equivalent:
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(i) the natural map X — LA®(X) is an isomorphism in the derived category, that
is, X € 93,
(ii) Co-Supporty(X) € V(a),
(iii) co-supportg(X) C V(a).

Proof Letx = x, ..., x; be asequence of elements of R generating the ideal a. This
sequence is weakly pro-regular and the natural map X — LA®(X) is represented by
the natural morphism / — Hompg (Cv'i, 1), where X 5 Iisa D G-injective resolu-
tion of X (see 7.5.12).

Assume first that this morphism is a quasi-isomorphism. Then so is the induced
morphism

Homg(Ry, I) — Homg(R,, Homg(C,, I)) = Homg (R, ®& Cy, I)

forall p € Spec(R) because Hompg (CV‘L, I)isalso DG-injective. If a ¢ p the complex
R, ®r CV’i is exact and so is the complex Homg (R, Qg é@ I) ~ Homg(Ry, I).
Hence p ¢ Co-support(X).

The implication (ii) = (iii) is obvious.

Assume now condition (iii) and let z be any element in a. In view of 9.6.8 it is
enough to prove that the complex Homg (R;, I) is exact. Note that this complex is a
D G-injective R -complex. If it is not exact then

co-supportg (Homg(R;, 1)) # V)
in view of 9.7.3. But

co-supportp (Homg(R;, I)) = co-supportg (1) N Spec(R;)
= co-support, (X) N Spec(R;)

(see 9.7.2 (a)). It follows that co-support,(X) € V(a). This contradiction finishes
the proof. (]

We end the section with some more remarks involving both the small co-support
and the small support.

Lemma 9.7.6 Let m be any maximal ideal of a commutative ring R and assume that
m is finitely generated. Then the following conditions are equivalent

(i) m € co-supportg(X),
(ii) E-dp(m, X) < oo,
(iii) T-codp(m, X) < oo,
(iv) m € supporty(X),
for any R-complex X.

Proof Because k(m) = R/m the equivalences (i) <> (ii) and (iii) < (iv) follow from
the definitions. The equivalence (ii) <> (iii) was shown in 5.3.5. O
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9.8 Change of Rings

In this section we shall investigate the behaviour of local homology and cohomology
under change of rings. Surprisingly they behave well under base change, with certain
mild assumptions.

Proposition 9.8.1 Ler ¢ : R — B be a homomorphism of commutative rings. Let
a be an ideal of R generated by a sequence x = xi, ..., x;. Write a° for the ideal
of B generated by ¢(a). Let X be a B-complex which may also be viewed as an
R-complex via ¢. Then

(a) T(x)®r B =T (X)),
(b) T(x; X)=T(px); X) and
(¢) Homg(T (x), X) = Homp (T (¢(x), X).

Let x be a weakly pro-regular sequence. Assume that the sequence ¢(x) is weakly
pro-regular on B. Then Hé(X) = Hc’;e(X) and AT(X) = Af‘e(X)for alli € 7.

Proof The isomorphisms involving 7 (x) are rather obvious. Note that K*(x") ®x
B = K*(p(x)"). Then the isomorphisms involving local homology and cohomology
follow by 7.5.12 and 7.4.11. (]

To go the other way we need some additional hypotheses.

Proposition 9.8.2 In the situation of 9.8.1 assume that B, viewed as an R-module

via ¢, is flat. Let Y be an R-complex.

(@) (C,®rY)®r B=Cppy @5 (BRrY) and therefore H.(Y) @ B = H.,
(B®RrY) foralli € Z provided x and ¢ (x) are weakly pro-regular on R and
B resp.

(b) Assume moreover that R/b g ¢ : R/b — B/b° is an isomorphism for all a-
open ideals b of R. Then there is an isomorphism

LAYY) ~LA%B ®g Y)

in the derived category. Moreover, LA*(Y) and LAY (B ® Y) are both repre-
sented by the complex A°(F), where F —> Y is a K -flat resolution of Y. On
the homology level we have isomorphisms

ANY) = A (B Y) = AY(B®RY)

foralli € 7.

Proof (a) The isomorphism involving CV‘£ is quite obvious and was already observed
in 6.3.6. The isomorphism involving local cohomology follows now by 7.4.4.

(b) There is a quasi-isomorphism B @z F S B® g Y which provides a K-flat
resolution of B ®z Y viewed as an R-complex or as a B-complex, as is easily seen.
Now we have
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R/Clt ®R (B ®R F) = B/CLIB Rr F= R/Clt ®R F.

Taking inverse limits we obtain the isomorphism of complexes A®(B ®g F) =
A%(F). The isomorphism in the derived category follows. Note also that

B/(a°) ®p (BQr F) = R/a' @ (B®g F) = R/d' Qg F

by hypothesis. Hence A% (B ®x F) = A®(F). Then the remaining statements are
clear. (]

Corollary 9.8.3 Let R be a Noetherian ring, a an ideal of R and X an R-complex.
Then there is an isomorphism

LA%(X) ~ LA%R® ®z X)

in the derived category. Moreover, LA“(ﬁ“ ®r X) and LAdR® (I%“ ®r X)) are both
represented by A®(F), where F —> X is a K -flat resolution of X. At the homology
level there are isomorphisms

ANX) = AR (R @ X) = A%(R® @z X)
foralli € 7.

Proof This follows by 9.8.2 (b) applied to the change of rings R — Re. (]

When M is a finitely generated module over a Noetherian ring R we have seen
in 2.3.1 that M® = R® ®x M. As a-complete modules are also a-pseudo-complete
(see 2.5.7) it follows that R*® r M belongs to the class G2 introduced in 9.6.1 (see
also Theorem 9.6.8). As a companion result note also the following.

Theorem 9.8.4 Let a be an ideal of a Noetherian ring R and let X denote an R-
complex with finitely generated homology modules. Then R® @ X € G2 and there
are isomorphisms

R ®r X ~LA%(R® ®z X) ~ LA%(X)
in the derived category. At the homology level there are isomorphisms
AF(X) = A"(H;(X) = R® ®g Hi(X)
foralli € 7.

Proof We note that R® Qr Hi(X) = H,»(Ié“ ®gr X) because R® is R-flat. We also
note that R® ®Rr H;(X) = A®(H;(X)) because H;(X) is finitely generated. Hence
the complex R® ®x X has a-complete homology. Because a-complete modules are
also a-pseudo-complete (see 2.5.7) it follows that R® ®r X € 93‘ (see Theorem


https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_2

9.8 Change of Rings 247

9.6.8). This means that the natural map oe%a® X R® ®r X —> LA“(I%Cl ®r X) is
R
an isomorphism in the derived category. This together with Corollary 9.8.3 implies

the last isomorphism in the derived category and the isomorphisms at the homology
level. (I

On the local cohomology side note also the following.

Theorem 9.8.5 Let a be an ideal of a Noetherian ring R generated by a sequence
X = X1, ..., X;. Let X denote any R-complex. Then the natural homomorphism R —
R® induces a quasi-isomorphism

C, ®r X — C, ®r X ®x R

and an isomorphism .
RIG(X) >~ RIG(X ®r RY)

in the derived category.

Proof Thelastassertion is a consequence of the first one in view of 7.4.4. To prove the
first one let X —> I be a D G-injective resolution of X. Then we have H' (CV’L Qr
X) = H!(X) = H'(I',(I)). Hence the R-modules H'(C, ®x X) are a-torsion. It
follows that the natural homomorphism R — R induces isomorphisms

H (C, ®¢ X) = H'(C, ®& X) @& R®

(see 2.2.6). As R® is R-flat we have H'(C, ®g X) ®z R* = H'(C, @& X ®& R®)
and the conclusion follows. O

See however the forthcoming 11.5.4 for a more general result.

Remark 9.8.6 Let a be an ideal of R generated by a weakly pro-regular sequence
X =Xy, ..., Xx. We may consider the change of rings

Z[Xy, ..., Xi] > R: X; — x;

where the X; are indeterminate. In view of 9.8.1 this reduces the study of the local
homology and cohomology with respect to a to the case where a is an ideal of
a Noetherian ring generated by a regular sequence and also where the ring is a-
separated. With such a reduction trick we may also provide different proofs of some
of the previous results.
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Chapter 10 ®)
Cech and Local Duality Gzt

In this chapter we provide some duality formulas for the Cech cohomology of an
unbounded complex, which involve the general Matlis dual Cv‘xv of the Cech com-
plex. When the sequence x is a system of parameters of a Noetherian local ring our
formulas provide a version of the Grothendieck Local Duality for Cohen—Macaulay
or Gorenstein local rings. As a byproduct we obtain new characterizations of Goren-
stein local rings in terms of local homology. As another byproduct there are some
characterizations of m-torsion and m-pseudo complete modules over a Gorenstein
local ring. When the sequence x is a system of parameters of a complete Noetherian
local ring, it turns out that the complex Cv‘xv is a bounded complex of injective mod-
ules with finitely generated cohomology. For that reason we start the chapter with
an investigation of such complexes.

10.1 Bounded Injective Complexes with Finitely Generated
Cohomology

Let x = xy, ..., x; be a system of parameters of a Noetherian local ring (R, m, k).
Soon we shall see that the complex Cv‘xv = HomR(Cv’i, Er(k)), viewed as an R™-
complex, is a bounded injective complex with finitely generated cohomology mod-
ules (see the forthcoming 10.2.6). Another example of such a complex is the minimal
injective resolution of a finitely generated R-module M, provided of course M has
finite injective dimension. Bounded injective complexes with finitely generated coho-
mology are well documented. In this section we recall some of their main properties.

Lemma 10.1.1 Ler (R, m, k) denote a Noetherian local ring. Let X denote a non-
exact homologically left-bounded R-complex with finitely generated cohomology
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modules and let X —> 1 be its minimal injective resolution. Then the following
conditions are equivalent

(a) 1 is bounded, '
(b) there is an integer t such that Exty(k, X) =0 foralli > t.

When these conditions are satisfied n = sup{i | Ext’k (k, X) £ 0} is finite, I’ =0
forall j > n, I" = Ep(k)»™X) £ 0 and dim Extg (k, X) = p,(m, X).

Proof Note first that I is left-bounded, more precisely recall that
inf{j | I’ # 0} = inf{j | H'(X) # 0}.

Hence I is DG-injective and Ext'(k, X) = H'(Homg(k, I)) forall i € Z. Whence
the implication (a) = (b) follows.

Assume now that condition (b) is satisfied. If I/ # 0 for some j € Z,
then w;(p, X) # O for some prime p € Spec(R) (see the description of I J
in 4.5.18). By an iterative use of 4.5.19 it follows that u;,;(m, X) # 0 where
s = dim(R/p). But u,(m, X) = dimy Ext’, (k, X) by definition (see 4.5.16). Hence
sup{i | ExtiR (k, X) # 0} is finite. Again by 4.5.19 it also follows that . ;(p, X) =0
for all prime ideals p # m and all j > sup{i | Ext,(k, X) # 0} = n. Hence I’ = 0
for all j > n.

The last assertions about /" follow from its description in 4.5.18. Recall that the
complex Hompg (k, 7) has zero differentials (see 4.5.7). O

Remark 10.1.2 Let M be a finitely generated module over the Noetherian local
(R, m, k). By the above we recover the following well-known fact: idg (M) = sup{i |
Ext (k, M) # 0}.

The following seems to be not known. It is related to [63, Theorem 4.15].

Proposition 10.1.3 Let (R, m, k) be a Noetherian local ring and let
11> 1'"> ... >1">0

be a non-exact minimal injective complex such that its cohomology modules H’ ()
are finitely generated. Let M be any finitely generated R-module. Then

depth(M) = n — supli | Ext,(M, I) # 0}.

Proof We proceed by an induction on depth, M. If depth, M = O, there is an
injection k < M. It yields the exact sequence Extz (M, I) — Exti(k,I) — 0
because Ext’,’;“l(N, I) = 0 for any R-module N. As Ext(k, I) # 0 by 10.1.1 we
also have that Ext, (M, I) # 0.

Assume now that depth(M) = r > 0 and the assertion is proved for modules of
depth smaller than r. We choose an element x € m regular on M. Then consider the
short exact sequence
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0>M>M-—>M/xM—0

and the associated long exact sequence of the Ext’k(~, I).Foralli >n—r+1we
have the exact sequence

Extl, (M, I) = Exty,(M, 1) — 0

because Ext’;'l(M /xM,I) = 0 by the inductive hypothesis. As the Ext{e (M, I)
are all finitely generated (see 4.5.14) it follows by Nakayama’s Lemma that
Ext‘k(M, I) =0foralli > n —r + 1. It remains to show that Ext}, "(M, I) # 0.
By the above we also have the exact sequence

Exty " (M, I) — Ext}y """ (M/xM, I) — 0

and Ext’}{’“(M /xM,I) # 0 by the induction hypothesis. The conclusion
follows. O

10.1.4 The particular case of 10.1.3 where the complex / is a minimal injective
resolution of a finitely generated module M of finite injective dimension has been
proved by Peskine and Szpiro in [63]. Note that the above also provides another
proof of a result of Bass in [9]:

idg M = depth, R provided idg M < oo.

In [9] Bass conjectured that, for a Noetherian local ring, the existence of a non-
trivial finitely generated module of finite injective dimension implies that the ring is
Cohen—-Macaulay. This has been proved by Peskine and Szpiro in [63], provided the
ring is equicharacteristic. Their proof used their Intersection Conjecture, which they
proved for equicharacteristic local rings (see also Hochster’s investigations [45] on
the homological conjectures).

Later an equivalent form of the Intersection Conjecture, called the New Intersec-
tion Conjecture, was established. This was proved in full generality by Paul Roberts
in [70] (see Theorem 10.1.6 below).

Roberts had previously proposed in [69] another conjecture concerning bounded
injective complexes with finitely generated cohomology, the one we are interested
in, and he claimed that it was equivalent to the New Intersection Conjecture.

To provide a proof of Roberts’ statement on bounded injective complexes with
finitely generated cohomology we need some reductions tricks.

Proposition 10.1.5 Ler (S, n, () and (R, m, k) be two Noetherian local rings with
their maximal ideal and residue field resp. Let f : (S, n, ) = (R, m, k) be a local
flat homomorphism such that m = nR. Let I be a bounded injective S-complex with
finitely generated cohomology modules. We consider the R-complex I ®g R.

(a) There are isomorphisms
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Exth(k, I ®s R) = Exts(1, 1) ®s R foralli € Z.

(b) Let I s R —> J be the minimal injective resolution of the R-complex I ®s R.
Then the R-complex J also has finitely generated cohomology and is bounded.
If, moreover; I is minimal, then length(/) = length(J).

Proof Because m = nR it follows that R/m = S/n ®s R. Hence the first assertion
is a direct consequence of 4.4.21.

As f is flat we have that H' (J) = H'(I) ®s R is a finitely generated R-module.
In view of 10.1.1 and the first assertion it follows that J is bounded and that sup{i |
Ji#£ 0y =supli | I' #0).

By the hypothesis on the homomorphism f we note that f is faithfully flat. The
assertion on the lengths of I and J follows. Recall that inf{j | I/ # 0} = inf{j |
H/(I) # 0} when I is minimal and likewise for J. ([l

Note that the above may be applied to the change of rings R — R®, where a s any
ideal of the Noetherian local ring R. In the following we shall derive a consequence
of Roberts’ New Intersection Theorem.

Theorem 10.1.6 (see [70], New Intersection Theorem.) Let (R, m, k) be a Noethe-
rian local ring and let

0—-L,—---—>L —>Ly—0

be anon-exact complex of finitely generated free R-modules. If the homology modules
H; (L) are of finite length for all i, then n > dim(R).

Theorem 10.1.7 (see [69]) Let (R, m, k) be a Noetherian local ring. Let
11> 1'"> ... 5 1">0

be a non-exact bounded complex of injective modules. Assume that its cohomology
modules H/(I) are finitely generated. Then n > dim(R).

Proof We may and do assume that / is minimal. We start with a reduction to the
case of a catenary local domain. To this end consider the changes of rings

R—> R™ > B

where B = Iém/p for some prime ideal p of R™ such that dim(B) = dim(l%m). We
take the minimal injective resolution I Qg R™ —5 J of the ﬁm-complex I Qg R™.
Then consider the B-complex Hom ., (B, J). We first note that the Iém-complex J
has finitely generated cohomology with length(J) = length(/) (see 10.1.5). We then
note that the B-complex Hom ;.. (B, J), which is a complex of injective B-modules,
also has finitely generated cohomology (see 4.5.14). But dim(B) = dim(ﬁm) =
dim(R) and obviously we have length(Hom . (B, J)) < length(J). Hence it is
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enough to prove that length(Hom ., (B, J)) > dim(B). That is, we are reduced to
the case where the ring is a catenary local Noetherian domain.

We proceed by induction on dimg Suppg (/). If dimg Suppyr(/) = 0, then
wi(p, 1) = 0 for all prime ideals p # m and all j. Hence I/ = Eg(k)*/™D
and note that these u;(m, I) = dimg (Exty (k, 1)) are finite (see 4.5.16). Then the
Matlis dual complex Y := Homg (I, Ex(k)) is an Ié‘“-complex of finitely gener-
ated modules with Artinian homology because the R-modules H/(I) are finitely
generated. But the R™-modules H;(I") are also finitely generated. Hence they are
of finite length and the result follows by 10.1.6 applied to the ring R™.

Assume now that dimg Supp (/) > 0. We pick a prime ideal p € Suppp (1),
p # m. We note that the R,-complex /,, is minimal injective because / is minimal
injective (see 4.5.9). Also note that dimg, Suppg, (I;) < dimg Suppg (/). By the
induction hypothesis we have that length(/,) > dim(R}). In particular, we have

m = sup{j | I] # 0} > length(l,) > dim(Ry).

Applying 10.1.1 to the R,,-complex I, wehave w,, (pRy, Ip) # 0.But w,, (PR, 1) =
Wm (P, I) by definition. By an iterative use of 4.5.19 we obtain that (1, ,(m, I) #0
for s = dim(R/p). It follows that

length(/) > m + s > dim(R}) + dim(R/p).

But dim(Rp,) + dim(R/p) = dim R because R is a catenary local domain. This
finishes the proof. O

Corollary 10.1.8 Let (R, m, k) be a Noetherian local ring and assume there is a
finitely generated R-module M # 0 of finite injective dimension. Then R is Cohen—
Macaulay and idg M = dim R.

10.2 Cech Cohomology and Duality

Here we show how the general Matlis dual of the Cech complex provides information
on the Cech cohomology. Some particular cases will retain our attention, in particular
the case where the sequence x is completely secant, or the case where x is a system of
parameters of a Noetherian local ring. As before, E denotes the injective cogenerator
of the category of R-modules as described in 1.4.8 and the general Matlis duality
functor Homg (-, E) is denoted by (-)".

10.2.1 Recall first that we already have information on the complex vaxv itis a
bounded complex of injective modules, hence DG-injective, and its cohomology
modules are a-complete, where a = x R. Moreover, we have Homg(R/a, Cv’; ) =
(R/a)Y (see 6.1.5). B
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10.2.2 Cech cohomology and duality. Let x = xy, . . ., x; be a sequence of elements
in a commutative ring R. Recall that the Cech cohomology of an R-complex X with
respect to this sequence is given by

H'(C, ®g X) = Tor®, (X, C,) = Tork (X, Cow.

Therefore we have the Cech duality formulas

(Cx ®r X)" = Homg (X, C)),
Exty (X, C)) = Exty (X, CYW) = (H'(C, ®& X))V

obtained by adjointness. The shift in the above formulas are motivated by the fol-
lowing observations.

10.2.3 Assume now that the sequence x = xi, ..., X; of a commutative ring R is
completely secant and that R # x R. This amounts to saying that E-dp(xR, R) = k
and that the complexes K*(x’) have their cohomology concentrated in degree k
(see 5.4.2). Then the complex Cv’£ also has its cohomology concentrated in degree k
and provides, up to a shift, a flat resolution of the module H* (CV‘£ ). More precisely,
viewing the complex CV‘£ as a descending one, we have the quasi-isomorphism

(Cou — HYCy)

which is a bounded flat resolution of the module H*(C ). By duality we have the
quasi-isomorphism
(H*(Cp))Y — CYW

which is a bounded injective resolution of the module (H k (é )" In this situation
the module H* (Cv‘i) also plays a role in the study of the Cech cohomology, we have

H(C, ®g X) = Tork (X, Copp) = TorR (X, H*(C,)) and
(H(C, ®x X))¥ = Exti (X, (HX(C)Y).

Note that . .
fdg(H*(Cy)) = k = idr(H*(C)Y).

Because the descending complex R/xR Qg Cv’i[k] has its homology concentrated in
degree k we also have

T-codp(xR, H*(C,)) = k = E-dp(x R, (H*(C,))").

Hence the sequence x is completely secant on the module (H k (é )Y (see 5.4.2
again).
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In the above the particular case when the module H*( Cv’i) is itself a general Matlis
dual also presents some interest, mainly when the ring is Noetherian. In that case
recall that the Cech cohomology with respect to a sequence x coincides with the
local cohomology with respect to the ideal a = xR (see 7.4.4 and 7.4.5).

Proposition 10.2.4 Let x = x, ..., x; be a regular sequence in a Noetherian ring
R. Assume there is an R-module K, such that Hk(CV'L) = K and let a be any ideal
such that Rad(a) = Rad(x R). Then B

(a) idg(Ky) =k,

(b) Hé X)) = (Ext’,‘{i (X, K,))" for any R-complex X with finitely generated homol-
ogy modules.

Proof The first assertion is clear: we have idg(K,) = fdg(K,") = k (see 1.4.10 and
10.2.3). a
By 7.4.5 and 10.2.3 it follows that

HI(X) = Tor®,(X, C,) = Torf® (X, H*(C,)).

We note that the homology modules Torf (X, H*(C,)) and Ext%; (X, K,) only
depend on a soft truncation --- — X, —> X, — Ker(d,—1) — 0 for n large
enough because the module H k (Cv‘i) has finite flat dimension and the module K,
has finite injective dimension. So we may and do assume that X is right-bounded. In

that case there is a D G-projective resolution L —> X where L is a right-bounded
complex of finitely generated free modules (see 1.1.12). Then

L ® H*(C,) = Homg(Homg (L, R), H*(C,))
(see 1.1.9). By adjointness, and because H"(Cv'i) = Kiv, we also have

Homgz (Homg (L, R), Hk(Cv‘i)) = Homz(Homz(L, R) ®r K,, E)
= (Homg(L, K,))".

The claim is obtained by taking homology. (I
We continue the investigation of CV‘LV = Hom R(Cv‘i, E).

Lemma 10.2.5 Let x = xy, ..., x;x be a sequence in a commutative ring R. There
is a quasi-isomorphism
C£®RE—>C£®RC£V.

If, moreover, the sequence x is weakly pro-regular, there is also a quasi-isomorphism
IW(E)— C « ®r E, where a denotes the ideal generated by the sequence x.

Proof As usual write x’ = xi, ..., x,. By adjointness we have for all + > 0 the
isomorphisms
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K*(x") ®x C) = Homp(K.(x"), C) = (K.(x") ®r Cy)".

We also have a quasi-isomorphism K, (x") Qg CV‘£ — K,(x"). This follows by 6.1.8
because Suppg (K. (x")) € V(a). By duality we have

K*(x") ®r E = Ko(x')" — (Ko(x") @& Cx)" = K*(x") @& €.

We take direct limits and obtain the first quasi-isomorphism.
For the second one note that H"(Cl ®r E) = 0foralli > 0 by Lemma 7.3.3.
Note also that H O(CV?£ ®r E) = I'4(E) as easily seen. The claim follows. (Il

In the case when (R, m, k) is a Noetherian local ring with its maximal ideal and
residue field k we can say more. In that case, recall that E = E (k) is the injective
hull of the residue field (see the description of the injective cogenerator given in
1.4.8). Recall also that E has the structure of an R™-module and that, with this
structure, E = E . (k) (see 2.3.2).

Theorem 10.2.6 Let (R, m, k) be a Noetherian local ring with its maximal ideal
and residue field. Let also x = xy, ..., x; be a sequence of elements in R, R # xR.
Then:

(a) éiv = HomR(Cv’i, E) is a bounded complex of injective R-modules.

(b) There is an isomorphism k = Hompg (k, é;)

(c) There is a quasi-isomorphism HomR(CV’LV, Cv‘iv) — R™. Its composite with the
natural morphism R — Hom R(Cv‘iV , CV‘; ) is the natural homomorphism R —
R™.

(d) CV‘XV = Hom s, (Cv’i ®r R™, E) is a bounded complex of injective R™-modules

ar;d there is an isomorphism k = Hom 4., (k, éxv)
(e) The natural morphism . 5 7V
R™ — Homj,, (C;, Civ)

is a quasi-isomorphism.

Proof The statement in (a) has already been noticed and holds in general (see 10.2.1).
For (b) note that we have Hompg (k, C z ) = (C, ®r k)" by adjointness. Moreover,

we have the isomorphisms CZ ®r k = kand (k)Y = k.
Now we prove (c). By adjointness and commutativity we have

Homg(Cy, €)) = (C, @& C))".

By 10.2.5 there is a quasi-isomorphism CV‘£®R E — CV‘£®R Cv‘z But CV‘£®R EZE

because E is an m-torsion module, which implies Cv'jL ®r E = 0foralli > 0. Putting
all this together we obtain a quasi-isomorphism
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Homg(CY, CY) — R™.

To this end recall that Homz(E, E) = R™. The last assertion in (c) follows.
For the last statements note first that we have the isomorphism

*Y = Homp,, (C; ®g R™, E)

because E has the structure of an R™-module. Hence C ¥ is the Matlis dual over the

ring R™ of the Cech complex built on the sequence x R™ of R™. The statements in
(d) and (e) now follow from those in (a), (b) and (c). O

For technical reasons the complex I:;, which is the Matlis dual of a bounded

DG-projective complex, could be more useful than C Y. To this end we note the
following. B

Corollary 10.2.7 In the situation of 10.2.6 we also have a quasi-isomorphism
HomR(I:;, I:;) 5 R™.

If, moreover, R is m-complete, then the natural morphism R — Hom R(I:X, I:;) is
also a quasi-isomorphism.

Proof We have a bounded free resolution I:i —C  of CV’i (see 6.2.3). It induces a
quasi-isomorphism CV'Av — I:X of bounded complexes of injective modules. Hence
there are quasi-isomorphisms CV‘)Y = I:Z = Cv‘g , the composite of which is

homotopic to the identity on Cv‘f(see 4.4.6). In view of 10.2.6 (¢) the conclusion
follows. - N

The previous Theorem 10.2.6 is the motivation for further investigation. In par-
ticular, it would be of some interest to have an R-complex D with finitely generated
cohomology satisfying the properties (a) and (b) above. This is the concept of a
dualizing complex, as described later.

In this direction note already the following.

Theorem 10.2.8 Let (R, m, k) be a Noetherian local ring with its maximal ideal
and residue field k. Let also x = xy, .. ., x; be a sequence generating an m-primary
ideal. Then the modules H' (Cg) are finitely generated over R™.

Proof In our situation recall that H'(C,) = H. (R) (see 7.4.5), that the R-modules
H"(Cv‘i) = H (R) are Artinian. It follows that the modules H"(Cv'g) = (H”'(Cv'i))v
are finitely generated over R™ (see 2.3.2). ]
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10.3 Canonical Modules

In this section we introduce the notion of a canonical module for a finitely gen-
erated module over a Noetherian local ring (R, m, k), with particular attention on
the canonical module of a Cohen—Macaulay local ring, when it exists. For Cohen—
Macaulay rings and modules we refer to [16]. The canonical module is a matter of
local cohomology and Matlis duality. Here E := Eg(k) is the injective hull of the
residue field and the Matlis duality functor Homg (-, E) is denoted — as before — by
(). It will be convenient to have the following recalls at hand.

Recalls 10.3.1 Let (R, m,k)bea Noe}herian lecal ring and M a finitely generated
R-module. At first note that M @ R™ = M™. Because the local cohomology
modules H“;ﬂL (M) are m-torsion and because R™ is R-flat there are isomorphisms

Hi (M) = H, (M) ®g R™ = H' . (M ®g R™) = H' . (M™)

(see 2.2.6 and 9.8.2). Since E(k) = E .. (k) admits the structure of an R™-module
there are also isomorphisms

(Hi(M))" = Hom ., (H}, (M) ®g R™, E) = Hom g (H' . (M™), E)).

Recall also Grothendieck’s Theorem: H ‘ (M) is Artinian for all i > 0 and dim M =
sup{i | HL. (M) # 0 (see A.1.1).

Theorem and Definition 10.3.2 Ler (R, m, k) be a Noetherian local ring and let
M be a non-zero finitely generated R-module of dimension n.

(a) For an R-module C the following conditions are equivalent:

(i) C¥ = H!(M),
(ii) Cisafinitely generated R-module and C® g R™ = Hom ., (H:u%m (M™), E).

(b) If there is an R-module satisfying one of the above equivalent conditions, then
it is unique up to isomorphism. It is called the canonical module of M and is
denoted by K y;.

Proof Assume that C satisfies condition (i). Because the R-module H[ (M) is anon-
zero Artinian module we first have that C is a non-zero finitely generated R-module
in view of 1.4.9. Then we have the isomorphisms C ®pg R™ = CVV (H! (M))Y
(see 2.3.2 (d) for the first one). This together with the recalls in 10.3.1 shows that C
satisfies condition (ii).

In general we have C¥ = Hom am (C ®R Ié‘“, E). When C satisfies condition (ii)
it follows that C¥ = Hom ., (Hom .. (H” (Mm), E), E). But the R™-module

mé“\
H:«Lﬁm (M™) is Artinian, hence C¥ = H:«Lém (M™) and C satisfies condition (i) in
view of the recalls in 10.3.1.
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Assume now there are two modules C and C’ satisfying condition (ii). Then
C ®@g R™ and C' ®g R™ are both isomorphic to (H}; (M))". It follows that C and
C’ are isomorphic by the following well-known lemma. ]

Lemma 10.3.3 Let M and M " be two finitely generated modules over the Noetherian
local ring (R, m, k). If the R™-modules M @ R™ and M’ ® g R™ are isomorphic,
then the R-modules M and M’ are isomorphic.

Proof Because R™ is R-flat we get the isomorphism
Homg(M, M) ®x R™ = Hom s, (M @ R™, M’ @& R™).

We note that an isomorphism 4 € Hom g (M ®r Ii’m, M Qr Ié‘“) is a minimal
generator of this finitely generated R™-module. We pick in the finitely generated
R-module Homg (M, M’) a minimal generator f such that f ®g id .. maps onto /
modulo mR™ by the above isomorphism. It is easy to see that f ®g id 4. is also an
isomorphism. Then f itself is an isomorphism because R™ is R-faithfully-flat. [

Remarks 10.3.4 Let (R, m, k) be a Noetherian local ring and let M be a non-zero
finitely generated R-module of dimension 7.
(a) If R is m-complete then M has a canonical module, namely

Ky = (Hy(M)".

(Because H}! (M) is Artinian and R is m-complete we have (H}\(M))V" = H (M)
so that (H]' (M))" satisfies condition (i) of 10.3.2.)
(b) In general, (H, (M ))V is the canonical module of M™:
(Hp(M))" = K jyu.
(In view of the isomorphism (H},(M))" = Hom g, (H:“ém (M“‘), E) this follows
by (a).) )

(c) If M admits a canonical module K, then Ky ®g R™ = K ;. (Since Ky
satisfies condition (ii) of 10.3.2 this also follows by (a).)

(d) More precisely, let C be denote an R-module. Then CAE K, if and ogly if
C®rR™ = K ;. (Note that Homg (C, E) = Hom ., (C®g R™, E). If CQr R™ =
Ky, then

Hom(C, E) = Hom g (K gy, E) = H" (M™) = H" (M).
Hence C satisfies condition (i) of 10.3.2 and C = K,. This together with (c) proves
the claim.)

Remark 10.3.5 Let (R, m, k) be a Noetherian local ring of dimension d and M a
finitely generated R-module of dimension . We have seenin 9.2.5 that (H[, (M))" =
AT (MY). Hence A)'(MY) = K (in view of 10.3.4 (b)).
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In particular, (Hrff‘(R))v = AT(E) = Kpm-

Remark 10.3.6 For a more detailed study and basic properties of canonical mod-
ules we refer to [74]. In particular, we have Assg Ky € Assg M and dimyp M =
dimg K. If dimg M > O then also m ¢ Assg Ky (see A.1.1).

When R is a homomorphic image of a Gorenstein local ring, note also that every
finitely generated R-module M has a canonical module, an explicit description of
which will be given in 10.6.3. In that case, K, satisfies the Serre condition ;.

(See also the forthcoming 12.2.4 for another explicit description of Kj; when R
admits a dualizing complex.)

We now turn to the canonical module of a Cohen—Macaulay local ring, when it
exists. For the next result see also [16, Section 3.3].

Proposition 10.3.7 Let (R, m, k) be a Cohen—Macaulay local ring of dimension d
and assume that R admits the canonical module Kg. Let also x = x1,...,x; be a
parameter system of R. Then Ky has the following properties:

(a) (Kp)V = Hd(éi) and Ky is a finitely generated R-module,

(b) idr(Kg) =d,

(c) Exth(k, Kg) =k and Extiy(k, Kg) = 0 forall i #d,

(d) Kg isamaximal Cohen—Macaulay R-module, that is every system of parameters
of R forms a regular sequence on K,

(e) Homg(Kg, Kr) = R,

(f) Exth(Kg, Kg) =0 foralli #0,

(8) HL(Kg) = Eg(k).

Proof For (a) recall that Hd(Cv‘i) = H‘fi(R) (see 7.4.5).

We obtain the statements in (b), (¢) and (d) via the observations in 10.2.3. More
precisely, we haveidg (Kg) = fdg(Ky) = d and E-dp(m, K) = T-codp(m, K ) =
d in view of the observations in 10.2.3 (recall that the injective and flat dimensions,
the Ext-depth and Tor-codepth, are interchanged under Matlis duality). Because K
is finitely generated with E-dp(m, Kg) = d. It also follows that K¢ is a maximal
Cohen—-Macaulay R-module.

We first prove (e) in the case R is m-complete. Then we have the isomorphisms
and a bounded injective resolution

Kp = (Kp)"Y = (HY(Cy))” —> ¢
(see 10.2.3). It follows that
Homg(Kg, Kg) = H"(Homg (K, C')) = HO(Homg (C;1, C1))

and the result follows by Theorem 10.2.6.
In general, and because Ky ®@g R™ = K p. (see 10.3.4), we have the isomorphisms
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Homg(Kg, Kg) ® R™ = Hom s, (K @& R™, Kz @& R™)
= Homﬁm(KRm, Kﬁm).

As we already know that Hompg(K gm, Kpm) = R™ the statement in (e) for an
arbitrary Cohen—Macaulay local ring now follows by Lemma 10.3.3.

Statement (f) is a consequence of (d) and Proposition 10.1.3.

Statement (g) follows from (c). Recall that dimy (ExtiR(]k, Kgr)) = p;i(m, Kg)
(see 4.5.16) and the description of the minimal injective resolution of K given in
Theorem 4.5.18. O

In the next chapter we shall see that properties (b), (c) and (d) of the above propo-
sition provides a characterization of the canonical module of a Cohen—Macaulay
local ring (see the forthcoming 12.2.6).

In the next section, we shall see that the canonical module of a Cohen—-Macaulay
local ring, when it exists, has nice dualizing properties (see the forthcoming Theorem
10.4.3).

10.4 Local Duality over Cohen—-Macaulay Local Rings

Here we apply the results and observations of the previous sections to the local
homology over a Cohen—Macaulay local ring.

Recalls 10.4.1 Let x = xy,...,xs be any system of parameters of a Noetherian
local ring (R, m, k), d = dim R.

(a) Recall that H] (X) = H"(CV'£ ®r X) for all R-complexes X (see 7.4.5). In
particular, we have HY(C,) = H(R).

(b) If R is Cohen—Macaulay, then the sequence x is regular, hence completely
secant, and fdg (HS (R)) = d = idg(HZ (R)") (see 10.2.3). Note that here (-)¥ =
Hompg (-, Eg(k)) denotes, as before, the Matlis duality functor.

By the above recalls together with the other observations in 10.2.3 we obtain a
first local duality result for Cohen—Macaulay local rings.

Theorem 10.4.2 Let (R, m, k) be a Cohen—Macaulay local ring, d = dim R. Then
HL(X) = Tor® (X, HI(R)) and (H! (X))" = Ext% (X, (HL(R))Y)
for all R-complexes X and all i € 7.

We now turn to the case where R has a canonical module Kg, that is a finitely
generated R-module the Matlis dual of which is isomorphic to Hf1 (R) (see 10.3.2).
By the recalls in 10.4.1 (a) and Proposition 10.2.4 we obtain a second local duality
for Cohen—Macaulay local rings.
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Theorem 10.4.3 Let (R, m, k) be a Cohen—Macaulay local ring, d = dim R. Sup-
pose that R admits the canonical module K g. Then

H (X) = (Ext% (X, Kg))"¥
for any R-complex X with finitely generated homology modules.

The previous results are particular cases of duality theorems investigated in detail
later. In the next section we will continue with the study of Gorenstein rings. In
addition to various well-known assertions we use our previous results to shed some
new light on the ubiquity of Gorenstein rings.

10.5 On Gorenstein Local Rings and Duality

Gorenstein rings play a central role in local duality and form an important class
of rings in various fields of commutative algebra and algebraic geometry. For that
reason we shall add here a few results about them. First some recalls. In his paper (see
[9]) Bass gave a proof of the following characterization of Gorenstein local rings.

Theorem 10.5.1 (see [9]) Let (R, m, k) denote a Noetherian local ring and d =
dim R. Let E = Eg(k) be the injective hull of the residue field. Then the following
conditions are equivalent:

(i) R is a Gorenstein local ring.
(ii) Ext’k(k, R) =0foralli #d and Ext‘}e(k, R) =k
(iii) R is a Cohen—Macaulay local ring and dimy Ext‘fe (k,R) = 1.
(iv) R is a Cohen—Macaulay local ring and dimy Homg(k, R/xR) = 1 for any
system of parameters x = X1, ..., Xq.
(v) H(R)=0foralli #dand HL(R) = E.

Remarks 10.5.2 Let (R, m, k) be a Noetherian local ring.
(a) If R is Gorenstein then idg R = ext;(k, R) = dim R in view of 10.1.1.
Moreover, R is its canonical module as defined in 10.3.2 because H;‘; (R)Y=ZEE=RV.
(b) Note that Ext’k k, R) = Ext’;lsm (k, Iém). It follows that R is Gorenstein if and

only if R™ is Gorenstein.
(c) Let x = xy,...,x; be a regular sequence. We note also with [9] that R is
Gorenstein if and only if R/x R is Gorenstein.

In the following we shall translate the characterization of Gorenstein rings given
in 10.5.1 in terms of the injective hull of the residue field.

Proposition 10.5.3 Ler (R, m, k) denote a Noetherian local ring, d = dim R, and
write E for the injective hull of the residue field. Then the following conditions are
equivalent:
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(i) R is a Gorenstein ring.
(ii) idg R < o0.
(iii) fdg E < o0.

(iv) pdg E < oo.

Proof The equivalence of (i) and (ii) was proved in [9]. The equivalence of (ii) and
(iii) is clear, recall that flat dimensions and injective dimensions are interchanged
under Matlis duality. Since (iv) = (iii) holds trivially it remains to show that (i)
= (iv).

Suppose R is Gorenstein and let x = xy, ..., x4 be a system of parameters. Then
C, provides, up to a shift, a flat resolution of H%(R) (see 10.2.3) and LI-4) =
HZ(R) is a projective resolution of E = HZ (R). This finishes the proof. (]

10.5.4 From the above characterization it follows that R, is Gorenstein for all p €

Spec(R) when R is local Gorenstein. Moreover, if R —> I is a minimal injective
resolution, it also follows that I” = @ pespec R|height(p)=r} ER (R/P).

Here is a first way to compute local cohomology over a Gorenstein local ring.

Theorem 10.5.5 Let (R, m, k) be a Gorenstein local ring, d = dim R, and write E
for the injective hull of k. Then

H! (X) = Tork (X, E) and (H. (X))" = Ext& (X, R™)

for any R-complex X and alli € 7.

Proof Because H;i(R) = E this is a direct consequence of 10.4.2. Recall also that
EV = R™, O

This has some interesting consequences concerning special types of R-modules.

Corollary 10.5.6 Let (R, m, k) be a Gorenstein local ring, d = dim R and E =
Er(k). Let M denote an R-module. We have the following:

(a) M is wm-torsion if and only ifTorff (E, M) = M. Ifthe R-module M is m-torsion,
then also ToriR(E, M) =0foralli #d.

(b) If M = I is an injective R-module then ToriR(E, I) = 0 fori # d and
Tor®(E, I) = u (D).

(c) If M = F is aflat R-module then Hr’;j(F) = 0fori # dandH{é(F) ZEQrF.

Proof Thisis clear in view of the isomorphism H:fn M) = Torff_i (M, E) obtained in
10.5.5. Note also if the R-module M is m-torsion we of course have M = I', (M) =
H‘%(M) but we also have Hr’;1 (M) =0foralli # 0 (see 7.4.7). O

Here is a Grothendieck local duality theorem for Gorenstein local rings and
unbounded complexes.
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Theorem 10.5.7 Let (R, m, k) be a Gorenstein local ring, d = dim R. Then
H (X)) = (Ext% (X, R))Y

for alli € Z and any R-complex X with finitely generated cohomology modules
H;(X),i e Z.

Proof Because H;’l(R) = E = RY,sothat R = Ky, the statement is a reformulation
of 10.4.3 in this case. (]

In the following criteria we also have information about the Betti and Bass numbers
of R and E, respectively.

Proposition 10.5.8 Let (R, m, k) denote a Noetherian local ring and write E for
the injective hull of the residue field. Let d = dim R. Then the following conditions
are equivalent:

(i) R i; a Gorenstein ring.

(ii) Exty(k, R) =0foralli # d and Ext‘}e(k, R) =k
(iii) Torf(]k, E)=0foralli # d and Torg(]k, E) =k
(iv) Exth(E,k) =0 foralli # d and Ext4(E, k) = k.

Proof The equivalence of (i) and (ii) has been shown by H. Bass (see 10.5.1).

By the Ext-Tor duality we have Torf (k, E) = TorX(k, R) = Exty(k, R)" (see
1.4.8). As kY = k, the equivalence of (ii) and (iii) follows.

We also have Ext’k (E. k) = Ext"R(E, kY) = ToriR(E, k)¥ (see 1.4.8 again). Then
the equivalence of (iii) and (iv) follows. O

As a consequence of our previous investigations there is another characterization
of Gorenstein local rings in terms of local homology.

Theorem 10.5.9 Let (R, m, k) be a Noetherian local ring, d = dim R and E =
Eg(K). The following conditions are equivalent

(i) R is Gorenstein,
(ii)) AT(X) = Ext‘,‘;_’ (E, X) foralli € Z and any R-complex X,
(iii) ATM(E) =0foralli #d and A} (E) = R™.

Proof Let x = xy,...,x4 be a parameter system of R. In 7.5.12 we have seen
that LA™(X) and RHomR(CV'L, X) are isomorphic in the derived category. Hence
AMX) = Ext;i(Cv' «» X). When R is Gorenstein we have a quasi-isomorphism and
isomorphisms (Cy)g) — H?(C,) = HY(R) = E (see 10.2.3 and 7.4.5). It follows
that Ext;i (Cv‘i, X) = Ext?{i (E, X) by the definition of Ext. Hence condition (ii) is
satisfied.

Assume condition (i) is satisfied and apply it to k. We obtain
AT (k) = Ext‘f;’(E, k). But AT(k) = O for all i # 0 and Af'(k) = k (this is
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a very particular case of 2.5.15). The above together with 10.5.8 implies that R is
Gorenstein.

In general, we have A™(E) = A™(RY) = (H} (R))") (see 9.2.5). When R is
Gorenstein it follows that conditions (iii) are satisfied. When conditions (iii) are
satisfied we have that HT’;I(R) = 0 for i # d and that (Hr‘]i(R))v ~ R™. But
(H.(R))" = Homg(H (R), E) = Hom . (H' . (R™), E)). We take the Matlis

mR“\
dual over R™ and obtain that Hi;ém (R™) = E because Hi;ém (R™) is Artinian.

Hence the conditions in (iii) imply that R™ is Gorenstein and so is R. ]

As above there are several consequences of Theorem 10.5.9 for modules of par-
ticular types.

Corollary 10.5.10 Let (R, m, k) be a Gorenstein local ring, d = dim R and E the
injective hull of the residue field k. Let M denote an R-module.

(a) M is m-pseudo-complete if and only if Ext’k(E, M) = 0 fori # d and
Ext4(E, M) = M.

(b) If M is finitely generated or m-complete then Ext’lR(E, M) =0fori # d and
Ext4(E, M) = M™.

(c) If M = F is flat then Extio(E, F) = 0 for i # d and Ext4(E, F) = F™,

(d) If M = I is injective then A" (1) =0 fori # d and AJ(I) = Homg(E, I).

Proof The statements are true in view of the isomorphisms A (M) = Extjle_i (E, M)
obtained in 10.5.9. For (a) we also recall 2.5.15 and 2.5.16. For (b) and (c) remember
that if M is flat or finitely generated or m-complete then A™ (M) = 0 for all i # 0
and Ag'(M) = M™ (see 2.5.12, 2.5.14 and 2.5.15 respectively). Statement (d) is a
direct consequence of the above isomorphisms. (I

Remark 10.5.11 Let R denote a commutative ring and a C R an ideal generated by
a weakly pro-regular sequence x = xi, ..., x;. Let X be an R-complex. By 9.2.4
there is an isomorphism

LA%(X) ~ RHomg(RIL(R), X)

in the derived category.

If (R, m, k) is a d-dimensional Gorenstein ring and if a is an m-primary ideal
we note that RI,(R) = RI, (R) is represented by E'=41 Hence the isomorphisms
in 10.5.9 (ii) may also be obtained by taking homology on each side of the above
isomorphism.

There are several other consequences of the above isomorphism, e.g. for a d-
dimensional Cohen—Macaulay local ring R ', (R) is represented by HZ (R)[=4.

Remark 10.5.12 Here is a slight generalization of (10.5.9 (i) = (ii)).
Let f : (S,n, ) - (R, m,k) be a local homomorphism of Noetherian local
rings, where S is Gorenstein of dimension d and such that m = Rad(f(n)). Let
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X denote an R-complex which may also be viewed as an S-complex via f. Then
AM(X) = AMX) foralli € Z (see 9.8.1). In view of 10.5.9 we now have

AP(X) = Exts (E(S/n), X)

foralli € Z. In this case we may also compute the m-adic local homology by certain
Ext-modules.

‘We may also consider non-local Gorenstein rings. Recall that a Noetherian ring R
is called Gorenstein if its localizations R, are local Gorenstein for all p € Spec(R)
and note the following easy lemma.

Lemma 10.5.13 Let R be a Noetherian ring of finite Krull dimension. Thenidg R <
oo if and only if R is Gorenstein.

Proof Let R —> I be the minimal injective resolution of R. Assume first that R
is Gorenstein and assume /* # O for some s € N. Then there is a prime ideal p
such that Eg (R /p) occurs as a direct summand of /°, that is, such that u;(p, I) # 0
(see 4.5.18). Let m be a maximal ideal containing p. Then w4, (m, I) # 0 where
t = height(m/p) by an iterative use of 4.5.19. But R,, is local Gorenstein, hence
s+t =dim Ry, (see 10.5.4) and s < dim R, < dim R. It follows that idy R < oo.

The converse is a direct consequence of Proposition 10.5.3 since R, — I, is an
injective resolution of R, for all p € Spec(R). O

10.6 Local Cohomology over Finite Local Gorenstein
Algebras

Local cohomology may also be computed in terms of Ext over a finite local Gorenstein
algebra. First a general lemma.

Lemma 10.6.1 Ler f : (S, n, 1) —> (R, m, k) be a local homomorphism of Noethe-
rian local rings such that R is a finitely generated S-module. There is an isomorphism

Eg(R/m) = Homg(R, Es(S/n))

for the injective hulls Eg(S/n) and Eg(R/m).

Proof Clearly Homg(R, Eg(S/n)) is an injective R-module. Since R is finitely gen-
erated as an S-module Homg(R, Es(S/n)) is Artinian as an R-module and therefore
isomorphic to Ex(R/m)" for some n > 1 by Matlis’ Structure Theory (see [56]).
Moreover, we have the isomorphisms

n= HomR(]k, HOl’ns(R, Es([]))) = Homs(]k, Es([]))
= Homy(k, Homg(l, Eg(0))).
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The last module in this sequence is isomorphic to Homy(k, [) = k. Thatis, n = 1,
as required. O

The following is an extension of Theorem 10.5.7.

Theorem 10.6.2 Let f : (S, n, ) - (R, m, k) be alocal homomorphism of Noethe-
rian local rings such that R is a finitely generated S-module and S is Gorenstein.
Then, for all i > 0 there are natural homomorphisms

H. (X) = Homg(Exti™ (X, S), Er(k)), d = dim S,

for any R-complex X with finitely generated cohomology modules.

Proof We note that f(n) is an m-primary ideal. In view of 9.8.1 there are isomor-
phisms H} (X) = H}(n)(X) = H!(X). By 10.5.7 we therefore have

HI (X) = Homg(Ext4™ (X, S), Es(1))
= Homg (Ext: ™ (X, S), Homg(R, Es(1))).

The result now follows by 10.6.1. ]

Corollary 10.6.3 [fthe Noetherianlocal ring R is a homomorphic image of a Goren-
stein local ring (S, n), then every finitely generated R-module M has a canonical
module, namely

Ky = Ext‘é‘”(M, S), whered =dim S and n = dimgz M.

If x = xi,...,x, is a maximal regular sequence in Anng M then Ky = Homg
(M, S/xS) and Ky satisfies the Serre condition S,. In particular, if n = d, then
Ky = Homg(M, S).

Proof For the first assertion note that Extg_”(M , S) satisfies condition (i) of 10.3.2.

Note also that d — n = exty (M, S) because H,’;(M) = 0 for i > n. Then the last
assertions follow. Note that one might also consider M as an S/xS-module. (]

Remark 10.6.4 1f the Cohen—Macaulay local ring R is a homomorphic image of a
Gorenstein local ring S, it follows by the previous corollary that R has a canonical
module, namely Kz = Ext[é*" (R, S), where d = dim S and n = dim R.

Conversely, if the Cohen—Macaulay local ring (R, m) has the canonical module
Kg, it is known that R is a homomorphic image of a Gorenstein local ring (see
[29], [28] and [68]): the trivial extension R X K does the trick (see 2.8.5 for the
definition).

Namely, if R is Cohen—Macaulay, then K is also Cohen—Macaulay of the same
dimension. Moreover, R X K is a Noetherian local ring with maximal ideal m x K
and of dimension dim R X Kg = dim R =: d. Then it follows that a system of
parameters x = x1, ..., Xy of Ris R x Kg-regular and

(Rx Kp)/x(RX Kg) = (R/xR) X (Kr/xKg).
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Moreover, recall that K /xKr = Kpg/xr.

Therefore R X Kg is a d-dimensional local Cohen—Macaulay ring. In order to
show that it is a Gorenstein ring it will be enough to show that A x K4, A = R/xR,
has a one-dimensional socle. To this end first note that K4, = E4(k) =: E and
Anny E = 0. Now let (a,e) € A x E. Then (a, e) € socle(A x E) if and only if
aE = 0 (and therefore @ = 0) and e € socle E. Because dimy socle(E) = 1 this
proves that R X Kp is a Gorenstein ring. Moreover, R = (R X Kg)/(0 x Kg) for
theideal 0 X Kgr C R X Kg.

Furthermore, we note the following extension of 10.5.5
Theorem 10.6.5 Let f : (S, n, 1) — (R, m, k) be alocal homomorphism of Noethe-

rian local rings such that R is a finitely generated S-module and S is Gorenstein.
Then, for all i > 0 there are natural homomorphisms

Homg(H! (X), Ex(k)) = Ext¢™(X, $"), d = dim S,

for any R-complex X.



Chapter 11 ®)
Dualizing Complexes e

In this chapter we provide a short and self-contained approach to the notion of a
dualizing complex for Noetherian rings, to be used in the next chapter. Most of the
results are not new, but some proofs are. In particular, we provide a proof of the
existence of a dualizing complex for a complete Noetherian local ring independent
of the Cohen structure theorem. This is part of an interesting interaction between
the notion of a dualizing complex for a Noetherian ring and the notion of a Cech
complex. This interaction also appears when we consider a change of rings of the form
R — R®.Inthat case, given a dualizing complex of a Noetherian ring R, we provide
an explicit construction of a dualizing complex for R® involving the Cech complex
built on a generating set of a. In the last section we provide some new properties
of dualizing complexes related to the completion functor, a recurrent theme in this
monograph.

We start with some recalls on evaluation morphisms, which play an important
rdle in the subject. For some further aspects, see also the recent textbook [46].

11.1 Evaluation Morphisms of Complexes

In the following we recall a few canonical isomorphisms of complexes. They are
useful and used in several places. To this end we recall the definition of Homz (X, Y)
and X ®p Y for two R-complexes as given in 1.1.5.

11.1.1 Tensor evaluation. Let X, Y, Z denote three R-modules. Then we have the
tensor evaluation

Homg(X,Y) ®r Z - Homp(X,Y Qr Z), ¢ @z [x = ¢(x) ®zl,
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natural in each of the variables. If R is Noetherian, X finitely generated and Z flat,
we note that this homomorphism is an isomorphism (because it is so for X = R").
This extends to a corresponding result for complexes.

Lemma 11.1.2 Let X, Y, Z be three R-complexes. Then there is a morphism
Homg(X,Y) ®g Z — Homg(X,Y Qr Z)

which is natural in X, Y, and Z. This tensor evaluation is an isomorphism under
each of the following conditions:

(a) X is right-bounded and degree-wise finitely generated, Y is left-bounded and Z
is bounded, provided X is a complex of projective R-modules, or Z is a complex
of flat R-modules and R is Noetherian.

(b) R is Noetherian and X is bounded degree-wise finitely generated, provided X is
a complex of projective R-modules, or Z is a complex of flat R-modules.

Proof This follows by 1.1.9 and the remark in 11.1.1. With the boundedness condi-
tions in (a) or in (b) note also that Homz (X, Y)" = ]_[Hj:n Homg(X;, Y/) is a finite
product of the Homg (X;, Y/) ’s and that all the products involved in the description
of (Homg (X, Y ®g Z))" are also finite. For more details, we refer to [30, Proposition
1.1] or to the more detailed exposition in [32]. (I

11.1.3 Homomorphism evaluation. For three R-modules X, Y, Z we have the homo-
morphism evaluation

X ®r Homg (Y, Z) - Homg(Homg (X, Y), Z), x®@ vy — [0 — (Y 00)(x)],

natural in each of the variables. If R is Noetherian, X finitely generated and Z
injective, we note that this homomorphism is an isomorphism (see 1.4.1). There is
an extension to the case of complexes.

Lemma 11.1.4 Let X, Y, Z denote three R-complexes. Then there is a morphism
X ®g Homg (Y, Z) - Homz(Homg (X, Y), Z)

which is natural in X, Y, and Z. This homomorphism evaluation is an isomorphism
under each of the following conditions:

(a) X is right-bounded and degree-wise finitely generated, Y is left-bounded and Z
is bounded, provided X is a complex of projective R-modules, or Z is a complex
of injective R-modules and R is Noetherian.

(b) R is Noetherian and X is bounded degree-wise finitely generated, provided X is
a complex of projective R-modules, or Z is a complex of injective R-modules.
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Proof Thisis aconsequence of 1.1.9 and the remark in 11.1.3. With the boundedness
conditions in (a) note also that Homy (Y, Z), = ]_L.Jrj:n Homg (Y, Z;) is a finite
product of the Homg (Y, Z ;) and that all the products involved in the description
of Homgz (Homg (X, Y), Z); are also finite. With the conditions in (b) recall that the
(X; ®g -)’s commute with products. For more details, we refer to [30, Proposition
1.1] or to the more detailed exposition in [32]. O

The draft [32] is not yet available and — maybe — will not be completed. Another
reference for the proofs of Lemmas 11.1.2 and 11.1.4 is [21, Appendix A.2].
As a first application of Lemma 11.1.4 note the following.

Proposition 11.1.5 Let R be a Noetherian ring, X an R-complex with finitely gener-
ated cohomology modules and I, J two R-complexes of injective R-modules. Assume
that I and J are bounded. Then the evaluation morphism

X ®r Homy (I, J) > Homg(Homy (X, 1), J)
is a quasi-isomorphism.

Proof Assume first that X is right-bounded. Then X has a free resolution L =X
where L is a right-bounded complex of finitely generated free R-modules. We have
a commutative square

L ®g Homg (I, J) —— Homg(Homg (L, 1), J)

| |

X ®g Homg (I, J) —— Homgz(Homg (X, 1), J).

In this square the vertical morphism on the left is a quasi-isomorphism because
Homg(Z, J) is a bounded complex of flat-R-modules and the vertical morphism
on the right is a quasi-isomorphism because / and J are bounded complexes of
injective- R-modules. As the top horizontal morphism is an isomorphism by 11.1.4
the conclusion follows.

For an unbounded complex X with finitely generated cohomology modules and a
fixed i € Z note that both modules (X ® g Homg(Z, J))' and (Homg (Homg (X, I),
J))! depend only on a soft truncation ... — X" — Ker dj'' — Oforn>»>0. O

Remark 11.1.6 Let (R, m, k) be a Noetherian local ring, complete in its m-adic
topology. Let X be an R-complex with finitely generated cohomology modules and
letx = x1, ..., x; be asequence in R. We may apply the above to the R-complex Cg
in place of 1 (Cv'iv is a bounded complex of injective R-modules). Recall the quasi-

isomorphism R AN HomR(Cv’xv , CV’XV ) obtained in Theorem 10.2.6. We note that it
is a quasi-isomorphism between bounded flat complexes, hence induces a quasi-
isomorphism X = X ®z HomR(Cv’xV, Cv’xv). Combining this with Proposition 11.1.5
we obtain that the natural morphism
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X — Hompg(Homp (X, Cv’g), Cv'lv)

is a quasi-isomorphism. In the case when x denotes the empty set we have Cv’i =R
and (éé)\/ = Er(k). Whence the above quasi-isomorphism is just Matlis duality.

11.2 Definition of Dualizing Complexes for Noetherian
Rings

At the beginning let us recall the duality for finite-dimensional k-vector spaces: the
natural homomorphism

V — Homy (Homy (V, k), k)
is an isomorphism for any finite-dimensional k-vector space V. The basic idea of
this section is a far reaching extension of this concept.

Let R be a commutative ring and Y an arbitrary R-complex. There is a natural
morphism, the homothety morphism,

R — Homg(Y,Y), r — u,,

where u, = u,(Y) is the multiplication by  on Y. Let X be a second R-complex.
Combining this with the evaluation morphism

X ®r Hompg(Y,Y) > Homg(Homg (X, Y),Y)
it provides a natural morphism of complexes
X — Homyp(Homg(X, Y), Y).

This leads to the following definition, motivated by the work of Grothendieck (see
[43]):

Definition 11.2.1 Let R denote a Noetherian ring. A bounded complex of injective
R-modules D with finitely generated cohomology modules is called a dualizing
complex if the natural morphism

X — Homz(Homg (X, D), D)

is a quasi-isomorphism for any R-complex X with finitely generated cohomology
modules.
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Remark 11.2.2 By 4.5.14 note that Homz (X, D) has finitely generated cohomology
modules when X is an R-complex with finitely generated homology modules and D
is a dualizing complex of a Noetherian ring R.

An interpretation of Homg (Homg (X, D), D) for an arbitrary R-complex and a
complete Noetherian local ring will be given in the forthcoming 12.3.5.

In acertain sense the above definition is related to the Matlis Duality over a Noethe-
rian local ring (R, m, k) with respect to the injective hull E (k) of the residue field
k. The injective hull E (k) is finitely generated if and only if (R, m) is an Artinian
ring. In this case Ex(k) is a dualizing complex since the natural homomorphism
M — Homg(Homgz (M, Eg(k)), Eg(k)) is an isomorphism for any finitely gener-
ated R-module M. That is, the concept of a dualizing complex is an extension of
these ideas to arbitrary rings.

The following result is an easy consequence of the definition 11.2.1.

Proposition 11.2.3 Let R denote a Noetherian ring and let D denote a bounded
complex of injective R-modules with finitely generated cohomology modules. Then
the complex D is a dualizing complex if and only if the homothety morphism R —
Hompz (D, D) is a quasi-isomorphism.

Proof If D is a dualizing complex put X = R in the definition. For the converse we
have the composition of morphisms

X — X ®g Homg (D, D) - Homg(Homg (X, D), D).

We have to show that they are quasi-isomorphisms when X has finitely generated
cohomology modules. The first one is clear since by assumption R — Hompg (D, D)
is a quasi-isomorphism of bounded complexes of flat R-modules. The second one is
a quasi-isomorphism by Proposition 11.1.5. (]

Here is a “generic” example.

Lemma 11.2.4 Let R be a commutative Noetherian ring with a finite injective res-
olution I. Then I is a dualizing complex.
In particular, a Gorenstein ring of finite Krull dimension has a dualizing complex.

Proof The injective resolution / of R is by assumption a bounded complex of injec-
tive R-modules with finitely generated cohomology. It induces a commutative dia-
gram

R —— Homg(1, I)

|

I —— Homg (R, I).

The vertical maps are quasi-isomorphisms. The lower horizontal map is an isomor-
phism. Whence the homothety morphism is a quasi-isomorphism.
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Then note that a Gorenstein ring of finite Krull dimension has finite injective
dimension (see 10.5.13). ([

We have already met other examples in the case of local rings.

Example 11.2.5 Let (R, m, k) be a Noetherian local ring and let x = x, ..., x; be
a sequence in R generating an m-primary ideal. Then the complex C’ is a dualizing

complex for R™ and so is the complex iAV (This is a direct consequence of Theorems
10.2.6 and 10.2.8.) -

In particular, it follows that a Noetherian local ring, complete in its maximal-adic
topology, always has a dualizing complex.

A further example of local rings possessing a dualizing complex is the following:

Example 11.2.6 Let (R, m, k) be a Cohen—Macaulay local ring of dimension d.
Assume that R has the canonical module K. Then the minimal injective resolution
I of Kg is a normalized dualizing complex of R as follows by 10.3.7.

Note already that dualizing complexes also provide a duality between local homol-
ogy and cohomology. The following may be compared with 9.2.5.

Proposition 11.2.7 Let R denote a Noetherian ring possessing a dualizing complex
D, let a C R be an ideal and X any R-complex. Then we have an isomorphism

RHomz (R, (X), D) ~ LA®(Homg (X, D))

in the derived category.
Proof This is a direct consequence of 9.2.4. (]
Another result about the complex Homg (X, D) requires stronger hypotheses.

Proposition 11.2.8 Ler a C R denote an ideal of a Noetherian ring R possessing a
dualizing complex D. Then in the derived category there is an isomorphism

RI,(Homg (X, D)) >~ RHomg (X, I'4(D))
for any right-bounded R-complex X with finitely generated homology.
Proof This is a direct consequence of the more general 9.1.8. ([
In the case when X = R note also the following.

Proposition 11.2.9 Let R denote a Noetherian ring possessing a dualizing complex
D. Then there is a quasi-isomorphism and an isomorphism

R®* =5 Homg(I,(D), D) = Homg(Iy(D), ['y(D)).
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Proof The inverse system of quasi-isomorphisms
R/a' —> Homg(Homg(R/da', D), D)

induces, by passing to the inverse limit, the quasi-isomorphism of the statement
because both systems are degree-wise surjective (see 1.2.9). The isomorphism is
obvious. ]

11.3 First Change of Rings

In this section we provide some change of ring arguments for the existence of dual-
izing complexes. The first one shows that dualizing complexes localize.

Proposition 11.3.1 Let R denote a Noetherian ring and let T C R denote a mul-
tiplicatively closed subset. Assume there is a bounded complex D of injective R-
modules with finitely generated cohomology.

(a) If D is a dualizing complex for R, then Dy := D Qg Ry is a dualizing complex
Of Ry.

(b) If Dy, is a dualizing complex for Ry, for all maximal ideals m of R, then D is a
dualizing complex for R.

Proof Note first that the Ry-complex Dy is a bounded complex of injective Rr-
modules with finitely generated cohomology modules over Ry. The homothety
morphism i : R — Homg (D, D) is a morphism of bounded flat R-complexes. We
tensor it by Ry then compose with the quasi-isomorphism Homg (D, D) ®g Ry =
Hompg, (D, Dr) obtained in 4.5.13.

If D is a dualizing complex for R, then & and & ®g Ry are quasi-isomorphisms
and so is the composite

Ry — Homg(D, D) ®k Ry —> Homg, (D7, Dr).

Hence Dy is a dualizing complex of Ry (see 11.2.3).
Assume now that the condition in (b) is satisfied. Then the composite

R 2= Homg(D, D) ® R —> Homg_ (D, Dim)

is a quasi-isomorphism for all maximal ideals m of R and so is A,. It follows that
Homz (D, D) is exact in degree # 0 and that the induced homomorphism R —
H°(Hompg (D, D)) is an isomorphism. Hence D is a dualizing complex for R (see
11.2.3 again). O

Corollary 11.3.2 [fa Noetherian ring R has a dualizing complex D, then Suppg (D)
= Spec(R) and R has finite Krull dimension.
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Proof As a dualizing complex is obviously non-exact, and in view of the
preceding, the first assertion is clear. The second assertion follows by an iterative use
of 4.5.19. ]

In the following, given a homomorphism ¢ : S — R of commutative rings and
an S complex ¥ we denote Homg (R, Y) by Y@ or Y ® when there is no doubt about
the homomorphism ¢. Recall the change of rings formula: for any R-complex X and
any S-complex Y we have the isomorphism Homg (X, Y ®) = Homg(X, Y).

Proposition 11.3.3 Let S — R be a homomorphism of Noetherian rings such that
R is a finitely generated S-module. Suppose that S admits a dualizing complex D.
Then DR := Homgs(R, D) is a dualizing complex of R.

Proof By the change of rings formula we have that DX := Homg(R, D) isabounded
complex of injective R-modules. We know that its cohomology modules are finitely
generated (see 4.5.14).

In order to finish the proof we have to show that the homothety morphism

R — Homg(DX, D¥)

is a quasi-isomorphism. This morphism is the composition of the following mor-
phisms

R — Homg(Homg (R, D), D)) = Homg(DX, D) = Homg (DX, DF).

The left morphism is a quasi-isomorphism because D is dualizing for S and R is a
finitely generated S-module. The isomorphism on the right is given by the change
of rings results. (]

11.3.4 The previous result together with Lemma 11.2.4 provides that any factor
ring of a Gorenstein ring of finite Krull dimension admits a dualizing complex. The
converse is also true. It was shown by T. Kawasaki (see [50]) that a Noetherian local
ring that possesses a dualizing complex is a factor ring of a Gorenstein ring.

By the Cohen Structure Theorem it also follows that a complete Noetherian local
ring admits a dualizing complex. Note however that we have already exhibited a
dualizing complex for a complete local ring without the use of Cohen’s Structure
Theorem (see Example 11.2.5).

Here is an extension of Proposition 11.3.3.

Theorem 11.3.5 Let R denote a Noetherian ring possessing a dualizing complex
D. Let B denote an R-algebra of finite type. Then B admits a dualizing complex.

Proof By virtue of Proposition 11.3.3 and induction it will be enough to prove the
claim for B = R[T], the polynomial ring in one variable 7" over R. First let I denote
an injective R-module and write I[T] = I ® R[T]. Then I[T] = I™ is an injec-
tive R-module and therefore Homg (R[T], I[T]) is an injective R[T ]-module. The
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short exact sequence 0 — R[T] e R[T] — R — 0induces a short exact sequence
of complexes

0 — D[T] — Homg(R[T], D[T]) -% Homg(R[T], D[T]) — 0

since D[T] is a bounded complex of injective R-modules. Here w7y denotes the
multiplication by T on the R[T]-complex Homz (R[T'], D[T]). Whence there is a
quasi-isomorphism

D[T] — F(ur),

where F'(ur) is the fibre of the morphism wr (see 1.5.6). Therefore F'(wu7), which
is a bounded R[T ]-complex of injective R[T ]-modules, has finitely generated coho-
mology modules over R[T], in fact it is an injective resolution of D[T].

To complete the proof we will show that the natural morphism

R[T] — Hompgr)(F(ur), F(ur))

is a quasi-isomorphism. Let L —> D be a free resolution of D, where L is a right-

bounded R-complex of finitely generated free R-modules. Then L[T] SN D[T]is
a free resolution of D[T'] as an R[T]-complex and there are quasi-isomorphisms

Homp(r)(F (1), F(ur)) — Hompr)(DIT], F(ur)
— Hompgry(L[T], F(ur))
because F(ur) is an R[T]-injective complex. But now we have the quasi-
isomorphisms
Hompr)(LIT1, F(ur)) —> F(Hompgr)(LIT], pr))
<— Homg(r|(L[T], DIT).
For the first one, see 1.5.4. For the last one note that Homg[r1(L[T], -) applied to the
above short exact sequence of complexes provides again a short exact sequence of

complexes since L[T] is a complex of free R[T ]-modules, then apply 1.5.6 again.
Moreover, Homg (L, D)[T] = Hompgr1(L[T], D[T]) and

R —> Homg(D, D) —> Homg(L, D).

So there is a quasi-isomorphism R[T] AN Hompg(7(L[T], D[T]). This finally
proves the claim. O
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11.4 Characterization and Uniqueness

For the characterization of dualizing complexes over a Noetherian local ring we need
a preliminary technical statement.

Proposition 11.4.1 Let (R, m, k) be a Noetherian local ring and P a property of
R-modules such that the following holds:

(a) the residue field k of R satisfies property P,

(b) if0 > M — M — M" — 0 is a short exact sequence of finitely generated
R-modules and M’ and M" satisfy property P, then M satisfies property P,

(c) if M is finitely generated, if x is an M-regular element and if M /x M satisfies
property P, then so does M.

Then any finitely generated R-module M has P.

Proof We prove the statement by induction on dim M. If dim M = 0, thatis if M has
finite length, we obtain that M has P by (a) and an iterative use of (b) by induction
on the length.

If dim M > 0 we have already proved that the finite length module H2 (M) has
. Hence it is enough to show that M/ H® (M) has P by (b). Put M/H® (M) = M.
As M, has positive depth we have an M;-regular element x. As dim M /xM;| =
dim M; — 1 we have that M| has P by the inductive hypothesis and the result follows
by (c). O

Theorem 11.4.2 Let (R, m, k) be a Noetherian local ring. Let D denote a bounded
complex of injective R-modules with finitely generated cohomology modules. Then
D is a dualizing complex for R if and only if there is an integer t such that
H"(Homg(k, D)) = Oforalln # t and H' (Homg (k, D)) = k, more precisely such
that Hompg (k, D) is quasi-isomorphic to k=11,

Proof Suppose that D is a dualizing complex. Then Homg(k, D) is a dualizing
complex for the residue field k = R/m (see 11.3.3). Now it is easy to see that any
dualizing complex of the field k is quasi-isomorphic to k! for some ¢ € Z. That s,
Hompg (k, D) has the required property.

In order to prove the converse it will be enough to show that the natural map

M — Homg(Homg (M, D), D)

induces an isomorphism in cohomology for any finitely generated R-module M
(in view of Proposition 11.2.3). We proceed by Proposition 11.4.1, where P denotes
the property that the previous morphism induces an isomorphism in cohomology.
By the assumption (a) holds. In order to prove (b) note that Homg (Homg (-, D), D)
transforms short exact sequences of modules into short exact sequences of complexes
since D is a bounded complex of injective R-modules.

To prove (c) let M be a finitely generated R-module with an M -regular element
x such that M /x M satisfies property P. We have the exact sequence
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0 — Homg(Homg(M, D), D) = Homg(Homg(M, D), D)
— Homgz(Homg (M /xM, D), D) — 0

because the functor Homz (Homg (-, D), D) is exact. Now look at the associated
long exact sequence in cohomology. As

Hi(HomR(HomR(M/xM, D), D)) =0foralli #0

by assumption and because the modules H' (Homg(Homg (M, D), D)) are finitely
generated (see 4.5.14) we first obtain by Nakayama’s Lemma that

H!(Homg(Homg (M, D), D)) = 0 forall i # 0.
Nowput7(-) = H O(Homg (Homg (-, D), D)). It remains to show that the homothety

morphism induces an isomorphism M — T (M). We have a commutative diagram
with exact rows

0 M———M M/xM ——0

L

0——T(M) —~T(M) —— T(M/xM) ——0.

Now the snake lemma and Nakayama’s Lemma provides that M — T (M) is an
isomorphism. ]

In the non-local case we then have the following.

Corollary 11.4.3 Let R denote a Noetherian ring. Let D denote a bounded complex
of injective R-modules with finitely generated cohomology modules. Then D is a
dualizing complex for R if and only if for all maximal ideals m of R the complex
Hompg(R/m, D) is quasi-isomorphic to (R /m)! for some t € 7 depending on m.

Proof Because R/m and Homg (R /m, D) have the structure of an R,,-complex and
in view of 4.5.12 we have the isomorphisms

Hompg(R/m, D) = Homg(R/m, D) ®g Ry = Hompg_(R/m, Dy).

Then the conclusion follows by the above Theorem 11.4.2 together with Proposi-
tion11.3.1. ]

In the proof of Theorem 11.4.2 we noticed that the dualizing complex of a field
is unique up to a shift and a quasi-isomorphism. We now extend this uniqueness
result to an arbitrary Noetherian local ring. For a further generalization to non-local
Noetherian rings we refer to [43, Theorem 3.1, p. 266] of Hartshorne’s Lecture Notes.

Theorem 11.4.4 Let (R, m, k) denote a Noetherian local ring. Suppose D and D’
are two dualizing complexes of R. Then there is an integer t such that D’ — DI,
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Proof Since D and D’ are bounded complexes of injective R-modules the complex
Homg (D', D), which is a bounded complex of flat R-modules, has finitely generated
cohomology modules (see 4.5.14 or 11.2.2). Then Homg (D, D’) has a minimal free
resolution, i.e., there is a quasi-isomorphism

F —> Homg(D', D),

where F is a right bounded complex of finitely generated free R-modules such that
an(Fn) C mF,_; for all n € Z. This induces a quasi-isomorphism

k®r F — k @ Homg (D', D).
By virtue of 11.1.4 there is an isomorphism
k ® g Homg (D', D) = Homg(Homg (k, D), D).
Because D and D’ are dualizing complexes it follows (by Theorem 11.4.2) that
Hompg(Homg(k, D), D) —> kI~

for a certain integer . Hence k @ g F —> k'="1. But this together with the minimality
of F implies that F = R~ That is, there is a quasi-isomorphism

R = Homg(D', D).

By applying Homg (-, D) it provides a quasi-isomorphism D’ —> D" as follows
from definition 11.2.1 because D is a dualizing complex. (]

Note that Theorem 11.4.2 also provides a characterization of dualizing complexes
in the derived category (see [43, V, Sect.3.5]).

Proposition 11.4.5 Let (R, m, k) denote a Noetherian local ring. Let X denote a
homologically left-bounded R-complex with finitely generated cohomology modules.
Then the following conditions are equivalent

(i) X is quasi-isomorphic to a dualizing complex,
(ii) thereis an integer t such that Extl,(k, X) = O foralli # t and Extyp(k, X) = k.

When these conditions are satisfied the minimal injective resolution of X is a dualizing
complex.

Proof Suppose first that X is quasi-isomorphic to a dualizing complex D. Then
Ext’k (k, X) = H'(Homg (k, D)) for all i € Z and condition (ii) follows by Theo-
rem11.4.2.

Assume now that condition (ii) is satisfied. It remains to show that the minimal
injective resolution / of X is a dualizing complex. We first note that I is bounded by
10.1.1. Then it follows that 7 is a dualizing complex by Theorem 11.4.2 again. [
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11.4.6 Normalized dualizing complexes. Let (R, m, k) denote a Noetherian local
ring. If R admits a dualizing complex D, clearly any shift of D is again a dualiz-
ing complex. That is, by a shift and in view of Theorem 11.4.2 we might realize
that H¢(Hompg(k, D)) =k for d = dim R and H(Homg(k, D)) =0 for i # d.
In this case we call D a normalized dualizing complex. In this case there is also a
quasi-isomorphism f : kI=41 — Homg (k, D) (defined by f* = O foralli # d and
f 4(1) = ¢ where c is a cocycle of degree d in Homg (k, D)) the image of which in
H%Hompg(k, D)) is 1.

When R admits a dualizing complex we may always assume that it is normalized.

Example 11.4.7 Let (R, m, k) be a Noetherian local ring of dimension d and let
X =X, ...,X%q be a system of parameters. We have seen in 11.2.5 that the Matlis
dual

CV .= Homg(C,, Eg(k))

of the Cech complex Cv‘l is a dualizing complex for the ring R™. Here we note that
the shifted complex C M (=41 is a normalized dualizing complex for R™ and so is the
complex L=, This is because Hom ., (k, CY) = Homg(k, CY) = (k@ C,)" =
kY =k B -
Example 11.4.8 Let (R, m, k) be a Gorenstein local ring. Then the minimal injective
resolution of R is a normalized dualizing complex.

More generally, let (R, m, k) denote a Cohen—Macaulay local ring and assume

that R has the canonical module K. Then the minimal injective resolution of Ky is
a normalized dualizing complex for R. This follows from Proposition 10.3.7.

Here is a first result on the dualizing complex of a Noetherian local Ring.

Lemma 11.4.9 Ler (R, m, k) denote a Noetherian local ring possessing a nor-

malized dualizing complex D. Then there is a quasi-isomorphism Iy (D) —>
ER(R/m)[_d], where d = dim R.

Proof First of all note that I, (D) = lim Homg(R/m", D). By virtue of Proposi-
tion11.3.3 Homg(R/m", D) is a dualizing complex for R/m" for all » > 1. But
the Artinian ring R/m" has the normalized dualizing complex Eg/m:(R/m) =
Hompz(R/m", Er(R/m)) (the isomorphism is a particular case of Lemma 10.6.1).
Hence there is a quasi-isomorphism

Hompg(R/m", D)) = Hompg(R/m", Ex(R/m))

as follows by Theorem11.4.4. By passing to the direct limit we get a quasi-
isomorphism

T (D)) — lim Homg (R/m", Eg(R/m)) = E(R/m),

which finishes the proof. Note that direct limits preserve quasi-isomorphisms.
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(One may also argue as follows. In view of 4.5.5 one may assume that D is
minimal. Then the conclusion follows by the description of D given below.) O

The following gives some more precise information on the structure of a normal-
ized dualizing complex.

Remark 11.4.10 Let (R, m, k) be a Noetherian local ring of dimension d admitting
anormalized dualizing complex D. Then D @k Ry, p € Spec R, is a dualizing com-
plex for R, (see Proposition11.3.1). In view of Theorem 11.4.2 there is a unique
integer r(p) such that Hi(Home (k(), D ® Ry)) = 0foralli # r(p), defining a
functionr : Spec R — Z,the codimension function for D. Note thatr(q) = r(p) + 1
for any pair of prime ideals p C q with heightq/p = 1 (see 4.5.19). As r(m) =d
since D is normalized we thus have r(p) = d — dim R/p. It follows that D ®z R,
is anormalized dualizing complex for R, when dim R, + dim R/p = dim R. It also
follows that the ring R is catenerian. Then note that the minimal injective resolution
of D is also a normalized dualizing complex (this may be seen by 4.5.5). Assume
now that D itself is minimal. Then D has the following form

D' = @®pespec Ridim R/p=d—i) ER(R/P)

for all i € Z because D), is also minimal by 4.5.10.
Note also that depth(R) = d — sup{i | H' (D) # 0} in view of 10.1.3. For more
precise information on the cohomology of D, see the forthcoming 12.2.3 and 12.4.4.
(For these and related things the reader may also refer to Hartshorne’s Lecture
Notes [43].)

11.5 Flat Change of Rings, Dualizing Complexes
and Completion

After a flat change of rings result we show that a ring of the form R® has a dualizing
complex, provided R is a Noetherian ring admitting a dualizing complex. More
precisely, we shall give an explicit construction of a dualizing complex for R®.

Proposition 11.5.1 Let (S, n, ) be a Noetherian local ring possessing a dualizing
complex D. Let (R, m, k) be another Noetherian local ring and assume there is local
flat homomorphism f : (S, n, ) = (R, m, k) such that m = nR. Then the minimal
injective resolution I of D ®g R over R is a dualizing complex of R. If, moreover,
D is normalized, then so is I.

Proof This is a direct consequence of Proposition 10.1.5 applied to the S-complex
D together with Theorem 11.4.2. (]

The previous result applies to the case of the completion of a local ring.
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Corollary 11.5.2 Let (R, m, k) denote a Noetherian local ring and a a proper ideal
of R. Suppose that R admits a dualizing complex D. Then the minimal injective
resolution I of D Qg R® over R% is a dualizing complex of R®. In the case D is
normalized, then I is a normalized dualizing complex of Re.

Proof First note that R — Iéf‘ is a local flat homomorphism of rings. Moreover,
mR* is the maximal ideal of R® so that 11.5.1 applies. (]

One of the problems with the above Corollary is that while the Ié“-complex R® ®p
D has finitely generated cohomology R®-modules it does not consist of injective
R®-modules. Another problem is that Corollary 11.5.2 only concerns Noetherian
local rings. In the following, given a dualizing complex for a Noetherian R, local
or not, we shall give an explicit construction of a dualizing complex of R®. Our
construction involves the Cech complex built over a generating set of the ideal a and

its free resolution L x = CV‘i obtained in 6.2.3. We first investigate the complexes
HomR(Cv’i, D) and HomR(I:L D).

Proposition 11.5.3 Let R denote a Noetherian ring possessing a dualizing complex
D. Let a be a proper ideal generated by the sequence x = xy, ..., X.

(a) There are quasi-isomorphisms Hompg (Cv'i, D) —> Homg (lvli, D) —»
Homg (C «» D) of bounded complexes of injective R-modules, these complexes

are quasi-isomorphic to D ®p R® and their cohomology modules are finitely
generated R%-modules.

(b) Let X be an R-complex with finitely generated cohomology modules. Then both
complexes

Homz (Homgz (X, HomR(I:L, D)), HomR(IV@, D)) and

Hom g (Homg (X, Homg(Cy, D)), Homg (Cy, D))

are quasi-isomorphic to X Qg Re.
(c) There are quasi-isomorphisms

[W(D) —> [y(Homg(Cy, D)) —> I'y(Homg(L,, D)).

(d) If (R, m, k) is local of dimension d and D is normalized then there are quasi-
isomorphisms

k= > Homg (k, Homg (C,, D)) —> Homg (k, Homg(L,, D)).

Proof By the definition of L x there is a quasi-isomorphism Lz = C . It induces
a quasi-isomorphism HomR(Cv‘i, D) —» HomR(I:L, D) and it is clear that both

complexes HomR(Cv'i, D) and Hompg (lvli, D) are bounded complexes of injec-
tive R-modules (see 1.4.1). They both represent LA®(D) in the derived category
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(see 7.5.12), which is also represented by R*® r D (see 9.8.4). Hence the cohomol-
ogy modules H' (Hompg (Cx, D) = H! (HomR(Lx, D)) are ﬁnltely generated over

R®. Moreover, there is also a quasi-isomorphism Hom g (Lz’ D) — Hom R (CL, D)
in view of 4.4.8.

We now prove (b). In view of (a) it is enough the prove the I:£ part of the statement.
We first consider the case where X = R. We recall the quasi-isomorphism

Ly ®k D —> Ly ®g (Homg(Ly, D))
obtained in 6.5.4. In view of this there are quasi-isomorphisms and isomorphisms

HomR(HomR(I:X, D), HomR(I:£, D)) = HomR(HomR(lv@, D) ®r I:y D)
— Homg(L, ®x D, D) = Homg(L,, Homg(D, D)) <— Homg(L,, R),

recall also the quasi-isomorphism R —> Homg(D, D) from the definition of a
dualizing complex. Since we have the quasi-isomorphism Hom R(L x R) — R®
(see 7.5.16) this proves the case X = R of the I:£ part of the statement. Then
we note that all the above quasi-isomorphisms are quasi-isomorphisms between
bounded complexes of flat R-modules. It follows that X ®p RYis quasi-isomorphic
to X ® g Homz(Hompg (Ly D), Hompg (Li, D)) (see 4.4.11) and the result follows
by Proposition 11.1.5.
Now we prove (c). For each ¢ > 1 there are quasi-isomorphisms

L, ®k R/a' — C, ®g R/a' — R/a’.

By applying Homg (-, D) this preserves the quasi-isomorphisms. Then the result in
(c) follows by adjointness and passing to the direct limit.

Statement (d) follows by (a) and adjointness, note that C, ®g k = k and see also
11.4.6. O

In view of the above the complexes Hompg (I:y D) and Hompg (Cv‘i, D) are close

to a dualizing complex of R®. But they do not have the structure of an ﬁ“—complex.
To remedy this situation some auxiliary results are needed.

Lemma 11.5.4 Let R denote a commutative ring and x = xy, . .., Xy a weakly pro-
regular sequence generating the proper ideal a.

(a) There is a commutative diagram of quasi-isomorphisms

v

L,—— L, ®gHomg(L,, R) —— L, ®¢ R* .
Cs——

Rr HOl’l’lR(Lx, R) *} C Rr Ru
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(b) There are quasi-isomorphisms

Hompg (R®, HomR(lv,i, 1) — HomR(Li, I) and
Homz(R®, Homg(C,, I)) —> Homg(C,, 1)

for any K -injective R-complex I.

Proof We first prove (a). Since lv,£ — CV‘£ is a quasi-isomorphism (see 6.2.3) of
bounded flat R-complexes the vertical morphisms in the diagram are quasi-isomorph-
isms (4.4.11). The first horizontal quasi-isomorphisms above and below are shown
in 6.5.4. The second horizontal quasi-isomorphisms above and below follow since

HomR(I:L R) — R® is a flat resolution of R® (see 7.5.16).
Statement (b) follows by (a) and adjointness. U

Now we are ready to present an explicit description of the dualizing complex of
R".

Theorem 11.5.5 Let R denote a Noetherian ring possessing a dualizing complex
D. Let x = x1, ..., x; denote a system of elements generating the proper ideal qa.
Then there is a quasi-isomorphism

Homg (R®, Homg(C,, D)) —> Homg(R®, Homg(L,, D))

and both complexes are dualizing complexes for R®.
Moreover, there is a quasi-isomorphism

TW(D) —> [y(Homg(R®, Homg(C,, D))).

Proof Since I';(Hompg (ﬁ“, Homp (Cv‘i, D))) = I'ny(Hompg (CV‘L, D)), asiseasily seen,
the last statement is a direct consequence of 11.5.3 (c).
Let us prove the first statement. The quasi-isomorphism L, — C, induces a quasi-

isomorphism Hom R(Cv’i, D) AN HomR(Iii, D) of bounded complexes of injec-

tive R-modules. By applying the functor Homg(R®, 1) it yields the first quasi-
isomorphism of the statement (see 4.4.11). Clearly both complexes Hompg(R?,
Homg(Cy, D)) and Homg(R®, Homg(L,, D)) are bounded complexes of injective

R®-modules. In view of Lemma 11.5.4 we also have the quasi-isomorphism

Homg (R®, Homg(C,, D)) —> Homg(C,, D).
Hence the Ié“-complex Hompg (Ié“, Hompg (Cv‘i, D)) has finitely generated cohomol-
ogy by Proposition 11.5.3.

It remains to show that the homothety morphism

R® — Hom . (Homg(R®, Homg (Cy, D)), Homg(R®, Homg(C,, D)))
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is a quasi-isomorphism. By a change of rings formula (see 4.4.21) and in view of the
above we have an isomorphism and a quasi-isomorphism
Hom 4, (Homg (R®, Homg(C,, D)), Homg(R®, Homg (Cy, D)))
= Homg (Homg (R®, Homg (C,, D)), Homg(C,, D))
<— Homg(Homg(Cy, D), Homg(Cy, D)).

But the complex Homg (Hom R(Cv'i, D), Hom R(Cv‘i, D)) is quasi-isomorphic to R®
(see Proposition 11.5.3). The conclusion follows (see 1.1.7). (Il

Note that the complex Hom R(CV’£ , D) also has some dualizing properties.

Corollary 11.5.6 In the situation of 11.5.5 let X denote an R-complex with finitely
generated modules. Then there is a quasi-isomorphism

X ®r R —> Homg(Homg(X ®x R®, Homg(C,, D)), Homg(C,, D)).

Proof For simplicity we put D = Hompg (CV‘L, D). In view of 11.5.5 there is a quasi-
isomorphism and isomorphisms

X ®g R* —> Hom . (Hom g, (X ®z R®, Homg(R®, D)), Homg(R®, D))
= Hompg(Homg (X, Homg(R®, D)), D) = Homg (Homg(X ®z R, D), D),

where adjointness is used. ]

Another bounded complex of injective R%-modules s the complex Homg (R®, D).
However, in general it seems that its cohomology is not finitely generated over R*.
Nevertheless we shall have a look at it.

Proposition 11.5.7 Let R be a Noetherian ring possessing a dualizing complex
D. Let x =xy,...,x; a system of elements generating a proper ideal a. Then
HomR(Ié“, D) is a bounded complex of injective R®-modules with the following
properties:

(a) Homg(L,, Homg(R®, D)) —> Homg(L,, D).

(b) I'y(Homg(R%, D)) = I'4(D).

(c) If (R, m, k) is a Noetherian local ring of dimension d and D is normalized, then
there is a quasi-isomorphism k!9 SN Hom, (k, Homg (Iéa, D)).

Proof By adjointness we have the isomorphism
Homg(L,, Homg(R®, D)) = Homg (L, ®& R", D).

Hence (a) follows by 11.5.4.
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For the proof of (b) recall that

I,(Homg(R®, D)) = lim Homg (R/d, Homg(R®, D)).

By adjointness and because R/a’ = R/d’ Qg R® for all 7 > 1 the claim in (b) fol-
lows.

For the proof of (c) we note that k has the structure of an R%-module and we use
a change of ring formula (see 4.4.21) in order to get the following isomorphism and
quasi-isomorphism

Hom 4, (k, Homg (R®, D)) = Homg (k, D) «<— k=,

where the last quasi-isomorphism holds since D is a normalized dualizing complex.
d

We now investigate the endomorphism complex of Homg (Ié“, D). The following
lemma will be useful.

Lemma 11.5.8 Let a be a finitely generated ideal of a commutative ring R and I a
complex of injective R-modules. Assume that R is a-complete and that A* (Hompg (1,
I) is quasi-isomorphic to R. Then the homothety morphism h : R — Hompg (I, I)
induces, by completion, a quasi-isomorphism

A%h) : R —> A*(Homg (1, I)).

Proof There is an isomorphism A®(Homg(/, I)) = Homg (I, (1), I,(1)) (see
9.2.7). The image of 1 by the composite

A%(h) : R —> A®(Homg (I, I)) = Homg(I (1), I,(1))

is idr, (). Hence this composite is the homothety morphism of I,(1). It is a quasi-
isomorphism by 1.1.7 and the conclusion follows. (]

Proposition 11.5.9 Let R, D, and a be as in 11.5.7. Then the Ié“-complex
Hom 4, (Homg(R®, D), Homg(R®, D))
is a bounded complex of flat R®-modules and the homothety morphism
h: R® — Hom s, (Homg(R®, D), Homg(R®, D))
induces, by completion, a quasi-isomorphism

A%(h) : R* —> A®(Hom . (Homg(R®, D), Homg(R®, D))).
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Proof The first assertion is clear. Let us prove the second. Because Hom #(R%, D)
is an R%-complex of injective modules we only need to prove that the R®-complex

A®(Hom ., (Homg (R®, D), Homg(R®, D)))

~

is quasi-isomorphic to R (see 11.5.8 and note that there is an isomorphism A% (X)
AR (X) for any Ié“-complex X). Then note that

Hom 4. (Homg (R®, D), Homg(R®, D)) = Homg(Homg(R®, D), D)

as follows by a change of ring formula. Then note the quasi-isomorphisms and
isomorphisms

R/a’ ®g Homg (Hompg (R®, D), D) —>
Hompg (Hompg (R/a!, Homg (R, D)), D) = Homg(Homg(R/a’, D), D) <— R/a!

forall# > 1. Here the first quasi-isomorphism is obtained by 11.1.5, the isomorphism
is obtained by adjointness and the last quasi-isomorphism is given by the definition
of a dualizing complex. We note that the corresponding inverse systems are degree-
wise surjective. Hence by passing to the inverse limits it yields quasi-isomorphisms
(see 1.2.9) and the conclusion follows. [l

Corollary 11.5.10 Let R, D, and a be asin 11.5.9. Then the natural homomorphism
Hy(h) : R® — Hy(Hom 4z, (Homg(R®, D), Homg(R®, D)))
is split-injective and
A%(Hom s, (Homg(R®, D), Homg(R®, D))) =0
foralli #0

Proof There is a commutative square

R* —" s Hom 4, (Homg(R®, D), Homg(R®, D))

|-

R 2, A9(Hom 4, (Homg (RS, D), Homg(R®, D))

where the upper horizontal morphism is the homothety morphism and where the
others are given by the completion process. The bottom horizontal morphism is a
quasi-isomorphism by 11.5.9. Taking homology we obtain a commutative square
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A

Re Y Hy(Hom . (Homg(R®, D), Homg (R?, D))

a
}"

R® —=— Hy(A®(Hom 4, (Homg(R®, D), Homg(R®, D)))).

It follows that the homomorphism Hy(#) is split-injective. The second statement is
a consequence of 11.5.9. Note that

H;(A®(Hom s, (Homg(R®, D), Homg(R®, D))))
= A%(Hom . (Homg(R®, D), Homg(R®, D)))

because Hom z, (Homp (Iéa, D), HomR(Iéa, D)) is a complex of flat modules. [

Remark 11.5.11 Because of the obvious isomorphism
Hom . (Homg (R®, D), Homg(R®, D)) = Homg(Homg(R®, D), D)

it follows (see 11.5.10) that A?(HomR(HomR(ﬁ“, D), D)) =0 for all i # 0 and

R® is a direct summand of Hy(Hom g (Homg (1%“, D), D)). We do not know what its
co-summand is.

11.6 Further Properties of Dualizing Complexes

Fora d-dimensional Gorensteinring (R, m, k),asystemofparametersx = xi, ..., X4
and E := Eg(k) the injective hull of the residue field, there are isomorphisms

LA™(X) ~ Homg(Ly, X) ~ RHomg(E, X)¥!

in the derived category for any R-complex X. This follows since the composite
L, — C, — E4lis a projective resolution. In the following we want to extend
this result to the situation of any Noetherian local (R, m, k) possessing a normalized
dualizing complex D.

Proposition 11.6.1 Let (R, m, k) denote a d-dimensional Noetherian local ring
possessing a normalized dualizing complex D. Let X be any R-complex. Then there
is an isomorphism

LA™(RHomg (D, X)) >~ RHomg(E, X)¥!

in the derived category. In particular, there are isomorphisms

A™(RHomg(D, X)) = Ext4(E, X).
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Here E denotes as usual the injective hull of the residue field.

Proof By virtue of 9.2.4 there is an isomorphism
LA™(RHomg (D, X)) >~ RHomg (R, (D), X)

in the derived category for any R-complex X. Since RI'w(D) =~ I'hw(D) = E (=]
(see 11.4.9) this proves the statement. O

The previous result has an interesting consequence for finitely generated R-
modules.

Corollary 11.6.2 In the situation of 11.6.1 let M denote a finitely generated R-
module. Then Extyy (D, M) is finitely generated and there are isomorphisms

A™(Extiy (D, M)) = Ext4" (E, M)
foralli € 7.

Proof Let L —> D denote a free resolution of D by finitely generated free
R-modules. Then Homg(L, M) is a representative of RHomg (D, M) by a left-
bounded complex of finitely generated R-modules and Ext'(D, M) =
Hi(Hompg(L, M)) is finitely generated. Hence A™ (Ext"R (D, M)) = AF (Ext"R
(D, M)) and A?‘(Ext’k(D, M))=0forall j € Z.

Let x=uxq,...,x; denote a system of parameters of R. Then
LA™(RHomg (D, M)) is represented by Hom g (I:i, Hompg (L, M)). For the compu-
tation of the cohomology of this last complex we use the spectral sequence

E," = A™(H’/(Homg (L, M))) => H’~'(Homg(L,, Homg(L, M))).
Since all the H/ (Homg(L, M ))) are finitely generated R-modules it follows that

E;" =0 for i #0 and Ey’ = A™(H/(Homg(L, M))). That is, the spectral
sequence degenerates to the isomorphisms

A™;(RHomg (D, M)) = A™(Ext} (D, M)).

But A™ (RHomg(D, M)) = Ext}," (E, M) as follows by 11.6.1. O
For those who do not like spectral sequences we provide a second proof of 11.6.2.

11.6.3 Second proofof 11.6.2.Let L —> D denote a free resolution of D by finitely
generated free R-modules. Then Homg (L, M) is a representative of RHomg (D, M)
by a left-bounded complex of finitely generated R-modules and Ext' (D, M) =
H'(Homg(L, M) is finitely generated. It follows that

LA™RHomg(D, M)) ~ LA™(Homg (L, M)) ~ Homg(L, M) ®g R™
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(see 9.8.4 for the last isomorphism in the derived category). We take cohomology
and obtain

A™ (RHomg (D, M)) = Extly(D, M) ®g R™ = A™(Extly,(D, M)).
Since A™,(RHomg (D, M)) = Extﬁ’j"(E, M) in view of 11.6.1 this finishes the
proof. |

As a particular case of 11.6.2 we look at the case of a Cohen—Macaulay ring
(R, m, k) with a canonical module K.

Corollary 11.6.4 Let (R, m, k) denote a d-dimensional Cohen—Macaulay ring with
a canonical module K g. Then there are isomorphisms

A™(Exth(Kg, M)) = Ext4™ (E, M)

foralli € 7 and any finitely generated R-module M.

Proof By 11.4.8 the minimal injective resolution of Ky is a normalized dualizing
complex. Then the claim is a consequence of 11.6.2. (I

Observe that the previous corollaries are an extension of Corollary 10.5.10
concerning Gorenstein local rings to the case of a Noetherian local ring or a
Cohen-Macaulay local ring.

In particular, let R denote a Cohen—Macaulay local ring that admits the canoni-
cal module K. Since Ext"R(KR, Kgr) =0fori > 0 and Homg(Kg, Kg) = R (see
10.3.7) we get Ext’k(E, Kg) =0fori # d and Ext”,’e (E,Kp) = R™. Further results
related to those of Sect. 9.5 are easily derived.

As a general result, for an arbitrary local ring we note a counterpart of 11.6.1 in
the following.

Theorem 11.6.5 Let (R, m, k) denote a d-dimensional Noetherian local ring. Let
X = X1, ..., Xq be a system of parameters of R. Then

(a) Ry ((j‘g) is represented by E := Eg(k),
(b) for any R-complex X there is an isomorphism

LA™(RHomg(CY, X)) ~ RHomg(E, X)

in the derived category.

Proof By virtue of 9.2.4 there is an isomorphism

LA™ (RHomg(CY, X)) 2~ RHomg (R (CY), X)

in the derived category. Moreover, RI*m(CV’iv ) is represented by the complexes
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L, ®g Homg(L,, E) <— L, ® Homg(C,, E).

By 6.5.4 there is a quasi-isomorphism IV@ ®r E = Iii ®r Homp (I:p E).Because
lv,£ N CV'i is a projective resolution it induces a quasi-isomorphism

L,®E— C, QR EZE.

The claims are proved by putting these data together. (]
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Chapter 12 ®)
Local Duality with Dualizing Complexes oo
and Other Dualities

In this chapter we present a version of Grothendieck local duality for a Noetherian
local ring admitting a dualizing complex. We derive it from a more general result
involving the local cohomology with respect to an arbitrary ideal of a Noetherian ring
admitting a dualizing complex, originally proved by Hartshorne for a regular ring of
finite Krull dimension. We also extend Hartshorne’s affine duality stated for regular
rings of finite Krull dimension to any Noetherian ring with a dualizing complex and
provide a counterpart in local homology. Among other things we provide duality
results involving both local homology and local cohomology, a recurrent theme in
this monograph. We also investigate the local homology of a complex with Artinian
homology, more generally with mini-max homology. We end the chapter with a short
approach to Greenlees’ Warwick duality.

12.1 General Dualities and Hartshorne’s Affine Duality

In his paper (see [44]) R. Hartshorne proved a certain generalization of the local
duality theorem for an arbitrary ideal of a regular ring R of finite Krull dimension.
For the same ring R he then proved what he calls an affine duality theorem. In this
section we shall generalize Hartshorne’s results to any Noetherian ring possessing a
dualizing complex. We end the section with a duality formula involving both local
homology and cohomology.

First we need a technical result.

Lemma 12.1.1 Let R be a Noetherian ring, 1 and J two bounded complexes of
injective modules and x = xy, ..., X, a sequence of elements in R. Assume that
I has finitely generated cohomology modules. Then the evaluation morphisms
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Homz (1, J) @z Cv’i — Homgz (I, J ®r Cv’i) and
Homg (I, J) ®g L, — Homg(I, ] @ L,)

are quasi-isomorphisms of bounded complexes of flat R-modules.

Proof Firstof all note that J ®p Cv‘£ and J ®p I:i are bounded complexes of injective
R-modules (that is because R is Noetherian). Then observe that the complexes in
the statement are R-flat and bounded.

There is a resolution L —> I, where L is a right-bounded complex of finitely
generated free R-modules. This yields a commutative square

Homg(I, J) @ C; —— Homg (I, J ® Cy)

| |

Homg(L, J) ®g C; —— Homg(L, J Qg Cy)

where the horizontal morphisms are given by evaluation. In this square the vertical
morphisms are quasi-isomorphisms because J and J ®p C‘ are bounded complexes
of injective R-modules. As the bottom horizontal morphlsm is an isomorphism by
11.1.2 the conclusion follows for the C part of the statement. The proof of the L,

part is analogous. ]

The following result is an extension of Hartshorne’s result (see [44, Theorem
2.1]) originally proved for a regular ring of finite Krull dimension and a left-bounded
complex X. (Hartshorne reduced it to the case X = R. Then he used “way-out”
techniques for the case of a left-bounded complex.)

Theorem 12.1.2 Let R denote a Noetherian ring admitting a dualizing complex D.
Let x = xy, ..., x; denote a sequence of elements of R and write a = xR. Let X
denote an R-complex. Then there is a natural morphism

CV‘£®R X — Homg(Homg (X, D), CV'£®R D).

It is a quasi-isomorphism if X has finitely generated cohomology modules. In that
case it induces an isomorphism

RI4(X) ~ RHomg(RHomg (X, D), R4 (D))

in the derived category. More precisely, RI'4(X) is represented by the complex
Homg (Homg (X, D), I'a(D)).

Proof By the definition of a dualizing complex the natural morphism R — Homg
(D, D) is a quasi-isomorphism between bounded complexes of flat modules. This
together with Lemma 12.1.1 induces quasi-isomorphisms of bounded flat complexes


https://doi.org/10.1007/978-3-319-96517-8_11

12.1 General Dualities and Hartshorne’s Affine Duality 297

v

C, —> Homg(D, D) ® C, —> Homg(D, D ®¢ C,).

We apply the tensor product by X and obtain the quasi-isomorphism
X @k C; — X ®g Homg(D, D @ Cy).
We also have the evaluation morphism
X ®@gr Homz (D, D ®p CV‘L) — Homgz(Homg (X, D), D Q¢ Cv‘i).

It is a quasi-isomorphism when X has finitely generated cohomology modules by
Proposition 11.1.5. Recall that the complex D ®z C « is a bounded complex of injec-
tive R-modules. The first statement is now obtained by composition.

Since (CV‘£ ®p ) represents RI,(+) in the derived category (see 7.4.4) and since

C « ®r D and I';(D) are bounded complexes of injective R-modules, the last state-
ments follow by the first. (]

12.1.3 Let R,aand D be asin Theorem 12.1.2. Here is another proof —in some sense
more direct — of the isomorphism R (X) >~ RHomg (RHomg (X, D), RI,(D)) in
the case when X is homologically left-bounded with finitely generated cohomology
modules. In that case X has a left-bounded injective resolution X —> 7. The complex
Homg(Z, D) is right-bounded and has finitely generated homology modules (see
4.5.14 or 11.2.2). Whence it has a free resolution L —> Hompg (I, D), where L is a
right-bounded R-complex of finitely generated free modules. Then we have quasi-
isomorphisms

| —> Hompg(Homg (1, D), D) —> Homg(L, D).
These are quasi-isomorphisms between left-bounded complexes of injective R-
modules. Therefore they induce direct systems of quasi-isomorphisms and isomor-

phisms

Homg(R/a', I) —> Homg(R/a', Homg(L, D))
= Homg (L, Homz(R/a', D)).

We take direct limits. Because the direct limit functor is exact and in view of
Lemma 1.3.4, we obtain a quasi-isomorphism and an isomorphism

Io(l) — lim(Homg (L, Homg(Homg(R/a', D))) = Homg (L, I',(D)).
There is also a quasi-isomorphism

Hompg(L, Iy(D)) <— Homg(Homg (I, D), I'a(D))
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because the complex I4(D) is a bounded complex of injective R-modules. Hence
the conclusion follows.

A dual statement to Theorem 12.1.2 for local homology will be proved in the
following.

Theorem 12.1.4 Let R denote a Noetherian ring admitting a dualizing complex D.
Let x = xy, ..., x; denote a sequence of elements of R and a = xR. Let X denote
an R-complex. Then there is a natural morphism

Homg(L,, X) — Homg(Homg(X, D), Homg(L,, D).

It is a quasi-isomorphism if X has finitely generated cohomology modules.
In that case it induces an isomorphism

LA%(X) ~ RHomg(RHomg (X, D), LA*(D))

in the derived category.

Proof By definition (see 11.2.1) there is a morphism
X — Homz(Homg (X, D), D)

that is a quasi-isomorphism for an R-complex X with finitely generated cohomology.
Because L, is a bounded complex of free R-modules it induces a morphism

Homg(L,, X) — Homg(L,, Homg(Homg (X, D), D))

which is a quasi-isomorphism provided X has finitely generated cohomology. By
adjointness and commutativity the second complex is isomorphic to

Homg (Homg (X, D), Homg (L, , D)),

which proves the first part of the claim. 5
Since LA®(-) is represented by Homz (L, -) (see 7.5.12) and since Homg (L, , D)
is a bounded complex of injective R-modules this also proves the second part. [

Let R denote a regular ring of finite Krull dimension, complete with respect to
the a-adic topology. Let I denote an injective resolution of R. There is a natural
morphism

X — Homgz(Homg (X, I, (1)), I'y(1)).

In the case when X is a complex with finitely generated cohomology R. Hartshorne
proved that it is a quasi-isomorphism (see [44, Theorem 4.1]). It is called affine
duality. In the following we shall generalize the affine duality to any Noetherian ring
possessing a dualizing complex. Note that the injective resolution of a regular ring
of finite Krull dimension is a dualizing complex.
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Theorem 12.1.5 Let R denote a Noetherian ring possessing a dualizing complex
D. Let a C R denote an ideal. Then there are natural quasi-isomorphisms

X @z R* —> Hompg(Homg(X, I'w(D)), [w(D)) and
X ®x R* —> Homg(Homg(X, I,(D)), D)

for any R-complex X with finitely generated cohomology modules.

Proof We first prove the statement for X = R. By the definition of a dualizing
complex there is an inverse system of quasi-isomorphisms

R/a' —> Homg(Homg(R/d', D), D).

Both inverse system are degree-wise surjective. By passing to the inverse limit this
induces a quasi-isomorphism

R® — Homg(Iy(D), D),
(see 1.2.9) taking into account that

Homg (Ia(D), D) = Homg(lim(Homg(R/a', D)), D)
= l(igq(HomR(HomR(R/at, D), D)).
There is also an isomorphism
Homg(I4(D)), D) = Homg(I'a(D)), I's(D)),
as is easily seen. This settles the case X = R.
For the general case we first note that the above quasi-isomorphisms induce quasi-

isomorphisms

X ®r R* — X @ Homg(I'y(D), D) and
X ®R Iéa ; X ®R HOII’IR(FG(D), Fa(D))

because R®, Hompg (I, (D), D) and Homg (I, (D), I'4(D)) are bounded complexes
of flat R-modules. Then we compose with the quasi-isomorphisms

X ®r Homg (I, (D), D) SN Homg(Homg (X, I'y(D)), D) and
X ®g Homg(I4(D), I'(D)) —> Homg(Homg(X, I'a(D)), I'a(D))

obtained by Proposition 11.1.5. Recall that D and I, (D) are bounded complexes of
injective R-modules. (]
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There is also a kind of affine duality in local homology.

Theorem 12.1.6 Let R denote a Noetherian ring possessing a dualizing complex D.
Let x denote a sequence of elements of R and write xR = a. Let X be an R-complex.
Then the natural morphism

X ®z R* — Homg(Homg(X ®% R, Homg(C,, D)), Homg(C,, D))

is a quasi-isomorphism provided X has finitely generated cohomology.
In that case, it induces an isomorphism

X ®% R® ~ RHomg(RHomg (X ®% R®, LA%(D)), LA%(D)))

in the derived category.

Proof Firstrecall that D, := Homg (I%“, Hompg (CV’L, D)) is a dualizing complex of
R® (see Theorem 11.5.5). Hence the natural morphism

X ®R éu — HOméD(HOmﬁq(X ®R Iéu, D]éﬂ)v D[}n)

is a quasi-isomorphism provided X has finitely generated cohomology (in that case
the R®-complex X ®g R" has finitely generated cohomology over R%). Then note
that the complex on the right is isomorphic to

Homg (Hom 4. (X ®g R, Dj.), Homg(C,, D))
and that
Hom . (X ®g R®, D4.) = Homg(X ®g R®, Homg(C,, D))

as follows by a change of rings formula. This gives the first part of the statement.
Since Homg (C,, D) is a bounded complex of injective R-modules representing
LA%(D) (see Theorem7.5.12) the second part follows. O

In the previous theorem note the difference of the duality with respect to adualizing
complex. Recall that Homz (Cy, D) is not necessarily a dualizing complex of R*®.
The last duality result of this section is a mixed one.

Proposition 12.1.7 Ler a denote an ideal of a Noetherian ring R possessing a dual-
izing complex D. Let X be an R-complex with finitely generated homology modules.
Then there are natural isomorphisms

R* ®@" X ~ LA%(X) ~ RHomg(RI,(RHomg (X, D)), D))

in the derived category.
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Proof For the quasi-isomorphism on the left we refer to 9.8.4. For the one on
the right let F —> X be a DG-flat resolution. Then LA®(X) is represented by

A%(F). On the other hand the quasi-isomorphism Homg (X, D) —5 Homg(F, D)
is a DG-injective resolution. Hence RHomg (R, (RHomgz (X, D)), D)) is repre-
sented by Homgz (I'y(Homg(F, D)), D)). We first describe the natural morphism
A%(F) - Homg(I'y(Homg(F, D)), D) which will represent a natural map

LA%(X) — RHomg(RI,(RHomg(X, D)), D))

in the derived category.

By the definition of a dualizing complex there is a quasi-isomorphism u : F —>
Homgz(Homg (F, D), D). It induces morphisms of inverse systems

R/d' @g F — R/a' ®g Homg(Homg(F, D), D)
= Homg(Homg (R/a', Homg(F, D)), D),

(see also 1.4.6). By passing to the limit they induce a morphism and an isomorphism
AYF) — l(iil(HomR(HomR(R/ul, Homg (F, D)), D)) = Homg (I'¢(Homg(F, D)), D).

It remains to show that the above morphism is a quasi-isomorphism.

Consider first the case of a right-bounded complex X . In this case we have a right-
bounded DG-flatresolution F —> X.Then Homg(F, D) is aleft-bounded complex
of injective R-modules and Hom g (Homg (F, D), D) is a right-bounded complex of
flat R-modules, hence DG-flat. It follows that the morphisms R/a’ Qg u are quasi-
isomorphisms (see 4.4.11) and that we have an inverse system of quasi-isomorphisms

R/a' ®g F —> Homg(Homg(R/a', Homg (F, D)), D).

Since these inverse systems are degree-wise surjective it induces — by passing to the
limit — a quasi-isomorphism

A*(F) —> lim(Homg (Homg (R/a', Homg (F, D)), D))
= Homg (I3 (Homg(F, D)), D),
(see 1.2.9). This settles the case where X is right-bounded.

For the general case let x = x1, ..., x; be a sequence generating the ideal a.
Then LA®(X) is also represented by the complex Homz (L, X) (see 7.5.12) while
RHomg (RI;(RHomg (X, D)), D)) is represented by the complex

Hom(C; ®¢ Homg (X, D), D)

(see 7.4.4). It follows that the homology modules
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H;(LA%(X)) and H;(RHomg(RI,(RHomg(X, D)), D)))

depend only on a soft truncation -+ - — X, — X, — Ker(dX) — 0 for n > 0.
This reduces the general case to the case of a right-bounded complex and finishes
the proof. (]

12.2 Local Duality with Dualizing Complexes

In this section we will give another version of Grothendieck’s Local Duality Theorem
for unbounded complexes. Then we draw some of its consequences.

Theorem 12.2.1 Let (R, m, k) denote a Noetherian local ring of dimension d with
a normalized dualizing complex D. Let X be any R-complex with finitely generated
cohomology modules. Then there is a natural isomorphism

RI(X) ~ RHomg (RHomg (X, D), Eg(k)[=)
in the derived category. In particular, there are natural isomorphisms
H! (X) = Homg(Ext% (X, D), Eg(k))
foralli € 7.

Proof Weputa = minTheorem 12.1.2 and recall the quasi-isomorphism Iy, (D) —>
Er(k)[=% (see 11.4.9). This provides the first part of the statement. The second one
follows by taking cohomology. (I

Remark 12.2.2 Theorem 12.2.1 was already proved in Hartshorne’s Lecture Notes
for a left-bounded complex (see [43, Theorem 6.2, p. 278]) with a rather different
proof. Hartshorne reduced it to the case when X is a finitely generated module. Then
he used “way-out” techniques for the case of a left-bounded complex.

Note that we have already seen another version of Grothendieck’s Local Duality
Theorem in 10.6.2 without the assumption of the existence of a dualizing complex.
The present approach is more intrinsic and also, in some sense, more functorial.

If R is a Gorenstein local ring, then we may take for D the minimal injective
resolution of R and we recover Grothendieck’s Local Duality as stated in 10.5.7.

Put X = R in Theorem 12.2.1 and note that Ext (R, D) = H'(D). Then we also
obtain information on the cohomology of a dualizing complex.

Corollary 12.2.3 Let (R, m, k) denote a Noetherian local ring with a normalized
dualizing complex D and d = dim R. Then

Homg(H' (D), Ex(k)) = H. 7 (R).
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The existence of a dualizing complex also implies the existence of canonical
modules.

Corollary 12.2.4 Let (R, m, k) denote a Noetherian local ring of dimension d.
Assume that R admits a normalized dualizing complex D. Let M be a finitely gener-
ated R-module of dimension n. Then M admits the canonical module

Ky = Ext4" (M, D).

In particular, Kr = HO(D).
Proof By 12.2.1 the module Ext‘f(” (M, D) satisfies condition (i) of 10.3.2. O

As an application we describe the localization of a canonical module in the case
when the underlying ring possesses a dualizing complex.

Corollary 12.2.5 Let (R, m) denote a Noetherian local ring possessing a normal-
ized dualizing complex D. Let K denote its canonical module. Suppose p € Spec R
is a prime ideal such that dim R, + dim R/p = dim R. Then (K), is the canonical
module K, of Ry.

Proof When dim Ry, + dim R/p = dim R note that D ® Ry, is a normalized dual-
izing complex of R, in view of 11.4.10. Hence the statement follows by 12.2.4 and
localization. O

Note that the previous statement is false if dim R, 4+ dim R/p < dim R, as follows
by easy examples. For a Cohen—Macaulay ring R the equality holds for any prime
ideal p.

We also obtain another characterization of the canonical module of a Cohen—
Macaulay local ring.

Proposition 12.2.6 Let (R, m, k) be a Cohen—Macaulay local ring of dimension d
and C a finitely generated module with its minimal injective resolution C —> 1.
The following conditions are equivalent:

(i) C = Kg is the canonical module of R,
(ii) C is a maximal Cohen—Macaulay module of finite injective dimension such that
Ext4(k, C) =k, and
(iii) I is a normalized dualizing complex for R.

Proof The implication (i) = (ii) is shown in 10.3.7.

When conditions (ii) is satisfied we have idg(C) = depth(R) = d (see 10.1.4)
and depth(C) = d = exty(k, C). In view of Theorem 11.4.2 and Remark 11.4.6 this
together with the condition Ext%(k, C) = k implies that the minimal injection reso-
lution 7 of C is a normalized dualizing complex for R.

In general, note that C = H°(J) = Ext%(R, I). When condition (iii) is satisfied
we have C¥ = (Ext%(R, ny = H]fl(R) in view of Theorem 12.2.1. Hence C is the
canonical module of R by definition (see 10.3.2). O
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12.3 Extensions of Dualities, Complexes with Mini-Max
Homology

Let (R, m, k) denote a Noetherian local ring with E := E g (k) the injective hull of the
residue field. Letx = xy, ..., x; denote a sequence of elements of R and putxR = a.
We have a quasi-isomorphism Hom R(Cv'i, E) —> Homg (lv,i, E) of bounded com-
plexes of injective modules since I:i = CV‘1 is a bounded free resolution of Cv‘i. In
the case when Rad (xR) = m it was shown in 11.2.5 that lv,; = HomR(ii, E)isa

dualizing complex of R™. That is, there is a quasi-isomorphism
X —> Hom,, (Hom . (X, L)), L)

for any R™ -complex X with finitely generated cohomology modules. In the following
we discuss this phenomenon in the more general situation of any proper ideal a.
The most interesting feature of this section is an application to complexes with
Artinian homology modules, more generally with “mini-max” homology modules.
However, our first results in this direction concern complexes with finitely generated
cohomology modules.

Theorem 12.3.1 Let (R, m, k) denote a Noetherian local ring andletx = xy, ..., X
be a sequence of elements in R. Then there are quasi-isomorphisms
X ®g R™ <— X ®g Homg (L, LY) —> Homg(Homg(X, L)), L)

X

for any R-complex X with finitely generated cohomology modules.

Proof The quasi-isomorphism on the right is given by evaluation (see 11.1.5). For the
one on the left we recall the quasi-isomorphism Hompg (i; lv,)f) —> R™ obtained
in 10.2.7. This is a quasi-isomorphism between bounded complexes of flat modules.
We tensor it by X, this provides the quasi-isomorphism on the left. (I

Corollary 12.3.2 In the situation of 12.3.1 assume, moreover, that R is m-complete.
Then the natural morphism

X — Hompg(Homg (X, L)), L)

is a quasi-isomorphism for any R-complex X with finitely generated cohomology
modules.

Proof When R is m-complete the natural morphism R — Homyg (LAV lv,:) is a quasi-
isomorphism (see 10.2.7) between bounded flat R-complexes. Hence it induces a
quasi-isomorphism X — X Qg HomR(Lz, L;). O

The previous result is remarkable in the sense that the left side of the quasi-
isomorphism does not depend upon the sequence x. In the case when x is the empty
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set we have that I:i = R, so that 12.3.2 is nothing else but the Matlis duality. In the
case of Rad x R = m and a complete Noetherian local ring (R, m) we get the duality
of the dualizing complex.

Our next results are valid over any commutative ring R. We follow the notations
introduced in 1.4.8, that is, E is the injective cogenerator described in 1.4.8 and the
general Matlis duality functor is defined by (-)" := Hompg(-, E). In this generality
we note that the complex L; is still DG-injective. When R is local with maximal
ideal m then E = Ex(R/m).

Theorem 12.3.3 Let R denote any commutative ring and let x = x1, . .., x; be any
sequence in R. There is a quasi-isomorphism

Homg(Homg (X, L)), LY) —> Hompg(Ly, X")

for any R-complex X.

Proof By adjointness and commutativity there is an isomorphism
Hompg (Homg(X, L)), L}) = Homg(L, ® Homg(Ly, X"), E).
By 6.5.4 (d) there is a quasi-isomorphism
L, ®r X¥ — L, ®g Homg(L,, X").

By applying Homg (-, E) and using adjointness this proves the statement. O

The previous statement provides an interesting relation between a variant of the
duality with respect to the complex L} and the Matlis duality.

Corollary 12.3.4 [n the situation of 12.3.3 assume, moreover, that the sequence x
is weakly pro-regular and let a be a finitely generated ideal such that Rad(a) =
Rad(x R). There is an isomorphism in the derived category

RHom g (RHomg (X, L)), L}) = LA%(X"Y) = (RIw(X"))".

Proof This is a consequence of 12.3.3 because LA®((X)YY) is represented by
Hompg(Ly, XVV) in the derived category (see 7.5.12). See also 9.2.5 for the last
isomorphism. ]

Corollary 12.3.5 Let (R, m, k) be a Noetherian local ring, complete in its m-adic
topology, and let D denote a dualizing complex for R. Then Hom g (Homy (X, D), D)
represents (R, (XY))Y >~ LA™(XYY) in the derived category.

Proof This follows by 12.3.4 applied to a system of parameters x of R. That is
because for such an x the complex Lz is a dualizing complex for R (see 11.2.5),
hence quasi-isomorphic up to shift to D. (|
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We now apply the above to complexes with Artinian homology modules, more
generally with “mini-max” homology modules.

Recall 12.3.6 Let (R, m, k) denote a Noetherian local ring, complete in its m-adic
topology, and write as before E = Eg(k) for the injective hull of the residue field.
Let M denote an R-module. It is known that the natural homomorphism

M — Homg(Homy (M, E), E)

is an isomorphism if and only if there is a finitely generated submodule N C M such
that M /N is an Artinian module (see [90] or [10]). In that case one says that M is
a “mini-max” R-module. More generally, let X denote an R-complex with “mini-
max” homology modules. By the exactness of the functor Homg (Homg (-, E), E)
and a degree-wise inspection in homology it follows that the natural morphism

X — Homz(Homg (X, E), E)
is a quasi-isomorphism.

We now apply 12.3.3 and 12.3.4 to R-complexes with “mini-max” homology
modules.

Theorem 12.3.7 Let (R, m, k) denote a Noetherian local ring, complete in its m-
adic topology. Let x = xy, ..., xy be any sequence of elements and let a be an ideal
with Rad (xR) = Rad (a). Then there are quasi-isomorphisms

Homg(Homg(X, L)), LY) — Homg(Ly, X"") <— Homg(L,, X)

for any R-complex X with “mini-max” homology modules.
For such an R-complex there is an isomorphism

LA*(X) ~ RHomg(RHomg(X, L)), L)
in the derived category. In particular, there are isomorphisms
AXX) = Hi(Homg(Homp(X, LY), LY))

foralli € 7.

Proof The natural morphism X — X"V isa quasi-isomorphism for any R-complex
X with “mini-max” cohomology modules (see 12.3.6). Since L, is a bounded com-
plex of free R-modules it induces a quasi-isomorphism

HomR(I:L, X) —> HomR(I:L, XYYy,
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This together with 12.3.3 proves the quasi-isomorphisms. The other statements fol-
low since Homg (L, , X) represents LA®(X) in the derived category (see 7.5.12) and

since I:z is DG-injective. a
Corollary 12.3.8 Let (R, m, k) denote an m-complete Noetherian local ring and

let D denote a dualizing complex for R. For any R-complex X with “mini-max”
homology modules there is an isomorphism

LA™(X) ~ RHomg(RHomg (X, D), D)
in the derived category. In particular, there are isomorphisms
A (X) = H;(Homg(Homg (X, D), D))

foralli € 7.

Proof Let x be a sequence in R such that Rad (xR) = m. Then Ijz is a dualizing

complex of R (see 11.2.5) and there is up to a shift a quasi-isomorphism I:Z — D
by the uniqueness Theorem 11.4.4. Hence the statement follows by 12.3.7. (]

If in the above corollary we take for X an R-complex with finitely generated
homology modules then LA™ (X) >~ X in view of 9.8.4 and the corollary provides
the property of a dualizing complex. But the above corollary provides yet another
property of a dualizing complex in the case of a complete Noetherian local ring. In
the following we shall partially extend this to the situation of any Noetherian local
ring possessing a dualizing complex.

Proposition 12.3.9 Ler (R, m, k) denote a Noetherian local ring with a dualizing
complex D. Let X be an R-complex with Artinian homology modules. Then there is
an isomorphism

LA™(X) ~ RHomg(RHomg (X, D ®% R™), D @z R™))

in the derived category.

Proof Recall first that any Artinian R-module M is m-torsion, hence there is an
isomorphism M = R™ ®r M (see 2.2.6). Because R™ is R-flat it follows that the
natural morphism X — R™ @ X isa quasi-isomorphism. Hence the I@“‘—comp]ex
R™ ® X has Artinian homology and there is an isomorphism

LA™(X) ~LA™R™ @z X)

in the derived category. On the other hand LA‘“(I%m ®g X) and LA™R™ (Iém Rr X)

are both represented by the same complex (namely A™(F), where F —> XisaK-
flat resolution of X (see 9.8.3)). Now letx = xi, ..., x4 be a system of parameters of

R.Then both complexes iz and Hompg (I% ™ Hompg (Z, x» D)) are dualizing complexes
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for R™ (see 11.2.5 and 11.5.5). By the uniqueness Theorem 11.4.4 there are up to a
shift quasi-isomorphisms I:; —> Hompg(R™, HomR(lVli, D)) — I:; In view of
the above and Theorem 12.3.7 it follows that LA™ (X) is represented by the complex

Hom 4., (Hom 4., (X ®p R™, Homg (R™, Homg (Ly, D))), Homg (R™, Homg (Ly, D)))
= Hom g (Hompg (X, Homg (R™, Homg (Ly, D))), Homg(Ly, D)).

On the other hand the minimal injective resolution / of D ® R™isalsoa dualizing
complex for R™ (see 11.5.2) and the complex Homg (L, D) is quasi-isomorphic to

D®R™ (see 11.5.3). The conclusion follows. O
Related to 12.3.6 we want to pose the following question.

Question 12.3.10 It would be of some interest to understand for which R-modules
M the morphism M — Homz(Hompz (M, D), D) is a quasi-isomorphism where R
is a Noetherian local ring possessing a dualizing complex D.

12.4 Local Duality for Arbitrary Complexes

The dualities of the first two sections of this chapter concerned the dualizing complex
of a Noetherian ring and complexes with finitely generated cohomology. In the third
section we also considered dualities involving a complex of the form L and obtained
results for complexes with “mini-max” cohomology. In this section we consider
arbitrary complexes.

We start with some recalls from the previous chapters.

Recalls 12.4.1 Let a be a finitely generated ideal of a commutative ring R and

assume there is a weakly pro-regular sequence x = xi, ..., x; such that Rad(a) =

Rad(xR). Let I be a K -injective complex. We have the adjointness isomorphism
Homg(C, ®& X, I) ~ Homg(X, Homg (Cy, 1)).

Since R (X) is represented by Cv‘£ ®r X (see 7.4.4) it induces an isomorphism

RHomg(RI(X), I) ~ RHomg (X, RHomg (Cy, 1))

in the derived category. If Y —> lisak -injective resolution of an R-complex Y,
then Hompg (Cv‘i, I) represents LA%(Y) (see 7.5.12) and we recover the adjointness
formula

RHompz(RI(X),Y) ~ RHomg(X,LA%(Y))

already obtained in 9.2.4 in a slightly different way.
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In the above result we now take for x a system of parameters of a Noetherian
local ring (R, m, k) and for [ the injective hull of the residue field. We then obtain
a Grothendieck local duality formula valid for any R-complex.

Proposition 12.4.2 Let (R, m, k) denote a Noetherian local ring of dimension d.
Write E for the injective hull of k and D 3., for a normalized dualizing complex of
the completion R™ of R . Then in the derived category there is an isomorphism

RHomz (R, (X), E) ~ RHomg(X, Dg{l)

for any R-complex X. In particular, we have isomorphisms
Homg(H (X), E) = Ext4 (X, Djn)
foralli € 7.

Proof Let x = xy, ..., x4 denote a system of parameters of R. In view of 12.4.1
there is an isomorphism RHomgz (R, (X), E) >~ RHomg (X, RHomg (Cv’i, E)) in
the derived category. Moreover, Hom g (C,, E)=¢!is a normalized dualizing complex
of R™ (see 11.4.7). By the uniqueness Theorem 11.4.4 there is a quasi-isomorphism
Hompg (Cv'i, E) — Dggi. The result follows. O

When the Noetherian local ring R itself admits a dualizing complex we obtain
the following.

Corollary 12.4.3 Let (R, m, k) denote a d-dimensional Noetherian local ring with

a normalized dualizing complex D and let X an arbitrary R-complex. Then there is
an isomorphism

RHomg (R, (X), E) ~ RHomg(X, (D ®x R™)1)
in the derived category. In particular, there are isomorphisms
Homg(H. (X), E) = Ext& (X, D @ R™)
foralli € 7.

Proof This is because the minimal injective resolution / of the Rm—complex D ®r
R™ is also a normalized dualizing complex for R™ (see 11.5.2). (I

Corollary 12.4.4 [n the situation of 12.4.3 there are isomorphisms
HY(D ®g R™) = AT (E)

foralli € 7.
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Proof This is clear by 12.4.3 for X = R. Recall also that Homg(H. (R), E) =
A (E) in view 0of 9.2.5. ([l

If in Corollary 12.4.4 we take for R a Gorenstein local ring, then we have the
quasi-isomorphisms R —> D and R™ —> D ®x R™. We recover a property of
Gorenstein local rings already mentioned in (10.5.9 (i) = (iii)).

In the following we provide a duality result for the local cohomology with respect
to any ideal of a Noetherian ring.

Theorem 12.4.5 Let (R, m, k) be a Noetherian local ring possessing a normalized
dualizing complex D. Let x = X, ..., X denote a sequence of elements of R and
write a = x R. Then there is an isomorphism

RHomz(RI,(X), D) ~ RHomg(X, D ®& R®)

for any R-complex X.

Proof Recall first that RHomR(RFa(X)A, D) >~ RHomg (X, LA%(D)). On the other
hand LA®(D) is represented by D @ R® (see 9.8.4). The conclusion follows. [

12.5 Greenlees’ Warwick Duality

Greenlees’ Warwick duality provides another relation between local homology and
cohomology. It is also related to Tate’s cohomology. Here we present a brief account
of these relations.

12.5.1 The functor D,. Let a C R denote an ideal of a commutative ring R. The
injections a’*! C a', t > 1, provide a direct system {Hompg(a’, X) | # > 1} for any
R-complex X. We define the functor D, by

Da(X) = li_r)nHomR(a’, X).

Clearly D, is a left exact additive functor which commutes with shifts. Moreover,
it preserves quasi-isomorphisms between K -injective complexes (in view of 4.4.11
and because h_H)l also preserves quasi-isomorphisms). Hence its right-derived functor
RD, is well defined in the derived category: RD,(X) is represented by D, (1), where
X —> I denotes a K or DG-injective resolution. We denote the cohomology of
RD,(X) by RiDy(X) and note that R“D,(X) := H (D (1)) = li_r)nExt"R(a’, X).

Assume that the resolution X —»> I is DG-injective. Then the short exact
sequence 0 — a’ - R — R/a’ — 0 induces an exact sequence

0 — Homg(R/da', 1) — I — Homg(a', I) — O.

By passing to the direct limit it yields an exact sequence of complexes
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0—TI,(I)—>1— D) — 0.
This induces a long exact cohomology sequence
<= H{(X) = H'(X) > R'Dy(X) — ---

foralli € Z.

Note also that RD4(X) >~ 0 in the derived category if and only if X € G, the
class introduced in 9.6.1. When the ideal a is generated by a weakly pro-regular
sequence Theorem 9.6.11 provides criteria for the vanishing of RD, (X).

Remark 12.5.2 Assume that the ideal a of the commutative ring R is generated by
a weakly pro-regular sequence. We have seen in 7.4.2 that the functor I, preserves
quasi-isomorphisms between complexes of injective R-modules. It follows that the
functor D, also preserves such quasi-isomorphisms and that RD,(X) may be com-
puted by using an ordinary injective resolution of X.

For the next technical results we refer to the notation in 6.2.6. In particular, for

a sequence of elements x = xy, ..., x; of R we recall the short exact sequence
. . R . N

0 — D, — C;, — R — 0 and the free resolution L”, — D! of the global Cech
complex bg].

The following lemma relates the global Cech complex to RD,,.
Lemma 12.5.3 Letx = x1, ..., X denote a weakly pro-regular sequence of a com-
mutative ring R and put a = xR. Let J denote a DG-injective complex. Then the
complexes Dy (J) and D)E] ®r J are quasi-isomorphic : Dy(J) >~ Dg] ®r J.

Moreover, let X be an R-complex and X > Jak -injective resolution. Then
RD.(X) is represented by any of the quasi-isomorphic complexes
< ~ = ~ vl ~
D£ ®RX—>D£ ®R](—L£ ®Rl(—L£ ®RX

Proof With the previous notation there is a commutative diagram with exact rows

00— () —2—J ——D,(J) ——0

J

0—— D, ®rJ——C,®rJ+—J —0,

where the first vertical morphism is a quasi-isomorphism (see 7.4.1). The diagram
induces quasi-isomorphisms

DM ®g J —> C(v) <— C(u) — Dq(J)

(see 1.5.5 and 1.5.6). This proves the first part of the claim.
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By definition RD,(X) is represented by D, (7). Let [ — Jbea DG-injective
resolution. Then 5
Da(I) — Do(J) ~ DV @ J

o~
in view of 12.5.1 and the first part of the statement. Since L’ — D! is a quasi-
isomorphism of bounded complexes of flat modules (see 6.2.6), hence DG-flat, and
in view of 4.4.11 there are also quasi-isomorphisms

Sl ~, plll ~, pll ~ ot ~ ot ~ ot
Di ®RX—>D£ ®RI—>D£ ®RJ<—L£ ®RJ<—Ll ®RI<—L’£ ®r X.

The second claim follows. ]
The following lemma will be useful.

Lemma 12.54 Letx = xy, ..., X; andz = y1, ...,y denote two sequences of ele-
ments in a commutative ring R, write a = xR and b = yR. Suppose Rad (a) 2
Rad (b). Then

(a) The complex lv,; Qr L x s contractible.

(b) The complex HomR(lv,X, ljb}; ®r Homp (lv,i, X)) is exact for any R-complex X.

Proof Since lv‘; ®g L, is a bounded complex of free R-modules, hence DG-
projective, it is sufficient to show that it is exact (see 4.4.4). To this end we tensor the
short exact sequence 0 — LDX — I:X — R — 0 of free R-modules by I:i. Since the

induced morphism L y ®r Z‘& - L x 18 a quasi-isomorphism (see 6.2.4) this proves

the exactness of L; ®r i%
For the second statement note first that the telescope T ( ) has the property 7'(y) ~

L y because both 7' (y) and L y are bounded free resolutions of ¢ y. Whence it follows
that - -
Homg(Ly. L’y ®x Homg(L,, X)) =
Homg (T (y),L°, ®x Homg(Ly. X)) = M(y; L’y @ Homg(Ly, X))

(see 4.3.6 or 7.5.9 for the isomorphism). Now by definition 7.5.1 it follows that

M(y: Ly ®g Homg(L,, X)) = Mic({K.(y") ®g L’y ®x Homp(Ly, X)};21).

Moreover, the complexes K, (X’) Qr LVDX N K.(Xf) ®r 5X are exact forall 7 > 1

(see 6.1.8 and recall that H; (K,(y")) € V(b)).Since K,(y") ®r iby is an exact com-
plex of bounded free R-modules forall 7 > 1 the Koszul complexes in the microscope
are exact for all # > 1. It follows that the microscope is exact too (see 4.2.5). This
completes the proof. (]
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Remark 12.5.5 In the situation of 12.5.4 assume that the sequences x and y

are weakly pro-regular. Then Hompg (I:L, -) represents LA%(-) and (I:i Qr ) =
(CV‘i ®pr ) represents R (-) (see 7.5.12 and 7.4.4). As the shifted complexes

v (1] v v v (1] v
LbX ®gr Ly and HomR(LX,Lbl ®g Homg(L,, X))

are exact and in view of 12.5.3 it follows that
RDp(RIL(R)) ~ 0~ LAY (RDy(LA(X)))
in the derived category.

12.5.6 Tate’s cohomology. The Tate cohomology is related to the complex

v [1] v
Lb ®R HOII]R(Li, X)

X

where x = xy, ..., x; is a sequence in the commutative ring R. First note that this
complex only depends, up to quasi-isomorphism, on the ideal a := x R. More pre-
cisely, let Y=V N be another sequence such that Rad (XR) = Rad (xR).

Then there are quasi-isomorphisms L, <— L, <— L, (in view of 6.2.4) and these
induce a quasi-isomorphism

v [1] v ~ v [1] v
L, ®g Homg(Ly, X) —> L, ®g Homg(Ly, X).

Hence we may define the Tate cohomology modules with respect to the ideal
a:=xR by

. . . . v 1]
AL(X) := HL(X) := H' (Homg(L,, X) @& L°, ).

For the applications of these Tate cohomology modules in the study of completion
theorems and their duals in equivariant topology we refer to [37] and the refer-

. v [ .
ences therein. Here we only note that the complex L”,  ® g Homg(L,, X) represents

RD,(LA%(X)) in the derived category when the sequence x is weakly pro-regular
(in view of 12.5.3 and 7.5.12).

Remark 12.5.7 (a) If we replace the complex Li by the telescope T (x) (both are
quasi-isomorphic complexes of bounded free R-modules) it follows that the complex

v 1] v
L’." ®@g Homg(L,, X) is quasi-isomorphic to the complex T*(X) as introduced by

J. Greenlees (see [37, Definition 3.1]) for X an R-module.
(b) In his paper (see [37]) Greenlees called the cohomology of

v (1]
RD(X) = L', ®g X
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" v [1] .
the Cech cohomology and defined the homology of Homg(L", ", X) as the Cech
homology of X. Greenlees’ terminology is different from ours.

Here is the basic result for the so-called Warwick duality. Up to a shift the following
Theorem 12.5.8 is the Warwick duality as shown by Greenlees (see [37, Theorem
4.1]).

Theorem 12.5.8 Letx = x|, ..., x; denote a sequence of elements in a commutative
ring R and write a = xR. Then the complexes

v [1] v v v
LP Rr HOIIIR(L)L, X) and HomR(Lbi, L£®R X)

X
are quasi-isomorphic for any R-complex X.

Proof We start with the short exact sequence 0 — lj”i - L x — R — 0ofbounded
complexes of free R-modules (see 6.2.6) and tensor it by Hompg (I: x» X). The corre-

sponding sequence is exact. Next we apply the functor Homg (L°,, -). We get a short
exact sequence

0— HomR(l:bi, ljbi Qr HomR(lV‘i, X)) =
Homg(L",,L, ® Homg(Ly, X)) — Homg(L’,, Homg(L,, X)) — 0.
Next we claim that the morphism u is a quasi-isomorphism. To this end it will be
enough to show that the third complex in the sequence is exact. By adjointness there
is an isomorphism

HomR(vai, HomR(Izi, X)) = HomR(vai Qr Iji, X).

Since the complex I:; ®r 1:1 is contractible (see 12.5.4) the claim follows.
By 6.5.4 (d) there is a quasi-isomorphism

L, ®r X — L, ®g Homg(L,, X).
Since I:; is a bounded complex of free R-modules it provides a quasi-isomorphism
Hompg (L., L, ® X) —> Homg (L', L, ® Homg(L,, X)).

Finally, we have to inspect the complex Homp (L”X, L”X Rr HomR(Lx, X)). To
this end we apply the functor Homg (-, L x ®r HomR(LX, X)) to the short exact

sequence 0 — Lbi — I@ — R — 0 of projective R-modules. It provides a short
exact sequence of complexes
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0 — L', ®g Homg(Ly, X) — Homg(L,, L’ ® Homg(Ly, X))
— HomR(lij, vaz Qr HomR(lv,i, X)) — 0.

Since the complex in the middle is exact, (see 12.5.4), it follows that

v 1] . . .
Lb£ ®g Homg(L,, X) >~ Homg (L, L’, ®g Homg(L,, X)).

This together with the previous quasi-isomorphisms finishes the proof. ([
Next we give a description of the Warwick duality in terms of the derived functors.

Corollary 12.5.9 Let a denote an ideal of a commutative ring R generated by a
weakly pro-regular sequence x = xy, ..., X;. Then there is an isomorphism

RDL(LAY(X)) ~ RHomz(RD,(R) ™ R, (X))

in the derived category for an R-complex X.

Proof The proof follows in view of the quasi-isomorphism of Theorem 12.5.8 in
terms of the derived functors. O

As another application we obtain a spectral sequence for computing the Tate
cohomology (see [37, Proposition 4.2]).

Corollary 12.5.10 In the situation of 12.5.9 we have the spectral sequence
Ey) = Exty(RD4(R), HI (X)) = E'T/ = HIY=\(X).

Proof This follows again by the quasi-isomorphism of Theorem 12.5.8 and the def-
inition of the Tate cohomology. (I

For our purposes here the following result provides a relation between local coho-
mology, derived functors of completion and Tate cohomology. We did not find the
result in the literature.

Theorem 12.5.11 Let a C R denote an ideal generated by a weakly pro-regular
sequence X = X1, ..., X;. Then there is a long exact cohomology sequence

s HU(X) > A*(X) > HI(X) — HIYY(X) - -
for an R-complex X.

Proof We start with the short exact sequence 0 — L = ii — R — 0 and tensor
it by Hom R(ii, X). This yields an exact sequence of complexes

0— L', ®g Homg(Ly, X) — L, ® Homg(L,, X) — Homg(L,, X) — 0.
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The complex in the middle is quasi-isomorphic to I:i ®r X (see 6.5.4) and this
complex yields the local cohomology (see 7.4.5). The cohomology of the complex
on the right is A%, (X)) (see 7.5.12). Finally, the cohomology of the complex on the
left is — up to a shift by one — the Tate cohomology. So the long exact cohomology
sequence provides the claim. (]

As a particular case let us consider the case of an R-module.

Corollary 12.5.12 With the notation of 12.5.11 let M denote an R-module. Then
there is an exact sequence

0— AYM) > H' (M) - H'(M) —
A (M) — HY(M) - H!(M) = 0
and isomorphisms
A% (M) = H(M) fori < =2 and H\(M)= H'(M) fori > 1.
Proof This is an easy consequence of the long exact sequence shown in 12.5.11. [J

It would be of some interest to describe the modules in the exact sequence in more
detail. In a certain sense the Tate cohomology of a module combines Cech homology
and cohomology.

In the following we shall relate the previous result to the class of complexes G2
and G% introduced in 9.6.1.

Corollary 12.5.13 In the situation of 12.5.11 let X denote an R-complex.

(a) Suppose that X € 95 . Then there is a long exact sequence

s> HU(X) > A%,(X) - HI(X) > HH(X) —> -+
(b) Suppose that X € G4. Then there is a long exact sequence

o= H{(X) > H_;(X) > H/(X) - H'(X) - -

Proof The proof for (a) and (b) follows because of the isomorphisms H'(X) =
H!(X) when X € §! and H;(X) = A%(X) when X € GZ. O
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Appendix

This appendix covers various aspects of the previous investigations that are important
for the necessity of the assumptions we have made. Moreover, it includes some
additional results which are important for relations to commutative Noetherian rings.
As a sample we prove Grothendieck’s non-vanishing theorem in local cohomology
as well as a dual version in local homology which seems not to be well-known. Then
we study the relation of weakly-pro regular sequences — one of the most important
notions in our subject — to the pro-regular sequences as they were introduced by
Greenlees and May (see [38]).

The completion functor is neither left nor right exact. The main focus of our
investigations is related to the left derived functors of the completion. The right
derived functor of the completion was studied for modules in [38]. We extend the
Greenlees—May results to the case of unbounded complexes.

In the fourth section we recall the theorems of Bass, Papp and Chase about Noethe-
rian and coherent rings, respectively, as well as Faith’s result about self-injective
rings. This is the basis for the examples of modules in the last subsection. We present
a first example of an injective module such that a localization of it is no longer injec-
tive. Note that localizations of injective R-modules are always injective when the ring
R is Noetherian. Then we present a ring S such that S4 is not flat for a certain index
set A. Note that S is always flat when the ring S is coherent. Finally, we describe a
commutative ring S with two injective S-modules 1, J such that Homg(/, J) is not
S-flat. Recall that Homg(/, J) is always flat when S is coherent and when I and J
are injective S-Modules.

A.1 Grothendieck’s Non-vanishing Theorem

In this section (R, m, k) is a Noetherian local ring with its unique maximal ideal m and
residue field R /m = k. We present a proof of Grothendieck’s non-vanishing Theorem
in local cohomology (see [41]) and of its counterpart in local homology, independent
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of Cohen’s structure theorems for complete Noetherian local rings (for the local
cohomology see also [15, 6.1.4]). We first recall that any ideal of R is generated by
a weakly pro-regular sequence. We shall make intensive use of Matlis duality, as
recalled in 2.3.2. That is, we denote by E the injective hull of k: £ = E(k), which
is an injective cogenerator, and we put M" = Homg(M, E) for the Matlis dual of
an R-module M. We simply denote by (-) the m-completion functor and recall that
E also has the structure of an R-module and is also the injective hull of k as an
R-module.

Theorem A.1.1 Let (R, m, k) denote a Noetherian local ring with its maximal ideal
and residue field. Let M # 0 be a finitely generated R-module and d = dimg M.
Then

(a) HL (M) is an Artinian R-module for all i € N and has the structure of an R-
module,

(b) HL(M)=0foralli > d,

(c) Hrﬁ(M) # 0 and mR ¢ Assé(H;ﬂ(M))v provided d > 0.

Proof Let M —> I denote a minimal injective resolution of M. Then
I' = @pespec rER(R/p)" ")

with w; (p, M) = dimy ) Homg, (k(p), My)) < oo (see e.g. [55] and [9], or 4.5.18).
Here ER(R/p) denotes the injective hull of R/p. Because Iy (Eg(R/p)) = 0 for
each non-maximal prime ideal it follows that H} (M) is a sub-quotient of E*i(™-M)
and therefore an Artinian R-module. For the last claim in (a), see 2.3.2.

For the proof of (b) we refer to Corollary 7.6.5. We apply it to M and a system of
parameters x of M. Note that this is also a system of parameters of R/ Anng(M).
(We may also refer to the more general Theorem7.6.7.)

For the proof of (c) recall that H. (M) ® R = H;m(M ®g R) for all i € Z,

where R denotes the m-completion of R (see 9.8.2). As dimp M = dimz(M R ﬁ)
we may and do assume without loss of generality that R is m-complete. Then the
(Hr’;1 (M))V are finitely generated R-modules because the Hr’;1 (M) are Artinian (see
2.3.2) so that the ASSR((H";1 (M))V) are finite sets.

We first show that m ¢ Assg (H‘fi(M))v provided d > 0. To this end, let N =
I (M) be the largest submodule of finite length of M. Then the short exact sequence
0— N—> M — M/N — 0implies H. (M) = H%(M/N) as follows because of
d > 0 and (b). Therefore we may assume N = 0 and the existence of an M-regular
element x € m. So we have the short exact sequence 0 — M SM->M /xM —
0. By applying the local cohomology functor it induces a surjection Hf{i(M) =
Hg’l(M ) — Oas follows by (b) and dimg M /xM < d. Therefore there is an injection

X

0 — (HL(M))Y = (HZ(M))Y which proves the claim.
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Now we prove the non-vanishing of H]ﬁ (M) by induction on d. The case d = 0 is
obvious since in this case 0 # M = [ (M) = Hr% (M). For d > 0 we may assume
(as above) that the largest submodule of finite length N of M vanishes. For d = 1
we get H} (M) = M, /M # 0. So we may assume that d > 2. By prime avoidance
choose an M-regular element x € m with the additional property that x ¢ p for all
p € Assg (Hffl’l(M))v \ {m}. Then there is a short exact sequence 0 — M S M-
M /xM — 0 which induces an exact sequence

(HE(M))Y — (HIZN (M /xM))Y — (HE'(M))Y S (HE (M))Y.

By the induction hypothesis Hf;l(M /xM) # 0. Assume now that Hgl(M )=0.
Then (HS"'(M/xM))¥ = Homg(R/xR, H "'(M)) and

I # Assp((HL ' (M/xM))Y) € V(xR) N Assg(HL ™ (M) = {m}.
This implies m € Assg (Hfffl (M/xM))", contradicting the fact that
m ¢ Assg(H. ™' (M /xM))Y

since d > 1. Hence H4 (M) # 0. O

Here is the local homology counterpart of Theorem A.1.1. It concerns Artinian
modules and is a rather direct consequence of A.1.1 (in fact, itis equivalent to A.1.1).
We do not know if this has already been noticed.

Theorem A.1.2 Let (R, m, k) denote a Noetherian local ring. Let N # 0 be an
Artinian R-module and d = dimz(NY). Then

(a) AT(N) is a finitely generated Ié-modulefor alli e N,
(b) A™M(N) =0foralli > d, and
(c) AT(N) #0.

Proof First recall that N has the structure of an ﬁ-module, that NV := Hompg
(N, E) = Hom (N, E) and that NV is finitely generated over R (see 2.3.2). As
Anni(NY) = Anng(N) we note that d := dimz(NY) = dimk(lé/ Anny(N)). Note
alsothat A" (N) = A}“R (N) by 9.8.1. All this together reduces the statements to the
case of a Noetherian local ring complete in its maximal-adic topology. In this case,
the natural embedding N < NV is an isomorphism and

AM(N) = AMNYY) = (HL(NY))Y

by 9.2.5. As NV is finitely generated H) (N") is Artinian and its Matlis dual is
finitely generated (see 2.3.2 again). This proves (a). The statement in (b) follows
by Corollary 7.6.5 applied to N, to a parameter system of R in place of x and to a
parameter system of R/ Anng(N) in place of y. Note that both statements (b) and
(c) also follow from the isomorphism -
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AT (N) = (Hy (NY)Y
and Theorem A.1.1 applied to the finitely generated module NV. (]

Let (R, m, k) be a Noetherian local ring with E = Eg (k) the injective hull of the
residue field. The finitely generated R-modules AM(E),i € Z, seemto be interesting
objects for further investigation (A" (E) = (HL (R))Y). Some aspects of them were
considered in Part III.

Remark A.1.3 Let R denote acommutative ring and N an R-module. In his paper (see
[54]) I.G. Macdonald introduced a dual to the primary decomposition, the secondary
representation. An R-module M is called secondary if the multiplication map M =5
M is either surjective or nilpotent. In this case p = Rad Anng M is a prime ideal
and M is called p-secondary. A secondary representation of an R-module M is an
expression

M=Ni+---+N,

with a finite sum of p;-secondary submodules N;,i = 1, ..., n.Suchadecomposition
can be refined to a minimal one with pairwise different prime ideals {p, ..., P}
and Attg M = {py, ..., p,} is called the set of attached prime ideals of M.

An Artinian R-module possesses a secondary representation. If R is Noetherian
and N is an Artinian R-module, then a prime ideal p is an attached prime of N if
and only if there is an epimorphic image N — N’ — 0 such that Anng N’ = p. We
refer to [54] or [58, Appendix to §6] for more details.

Assume now that (R, m, k) is a Noetherian local ring and simply denote by ¢
the m-completion functor. We note that m € Attg(N) if and only mR € Ass 2(NY)
for an Artinian R-module N resp. m € Assg M if and only if m € Attg(M") for a
finitely generated R-module M.

Related to A.1.1 resp. A.1.2 we have the following:

(a) Let M be a finitely generated R-module. Then m ¢ Attg H]i(M ) provided d =
dimg M > 0. .

(b) Let N be an Artinian R-module. ThenmR ¢ Ass; AT (N)ford = dimz(NY) >
0.

Note that the proof of (a) is a consequence of A.1.1 (c). For the proof of (b) first

recall that AT(N) = A;‘R (N) so we may assume that R is m-complete. Then we
have the isomorphisms

AT(N) = AT(NYY) = (HE(NY))Y.

As NV is a finitely generated module of dimension d this claim is also a consequence
of A.1.1 (¢).

Here we have to add a bibliographical remark. Theorem A.1.2 was shown inde-
pendently in a slightly different form by N.T. Cuong and T.T. Nam (see [22, 4.10]).
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Moreover, in that paper the authors also study local homology. For an ideal a of a
commutative ring R and an R-module M they consider lim Tor®(R/a’, M) as the
ith local homology of M with respect to a (see also [83]). By 7.1.8 resp. by [38]
there are short exact sequences

0— 1<ir_nl Torf | (R/a', M) — A} (M) — 1<ir_nToriR(R/a’, M) — 0.

In the case when M is an Artinian R-module over a Noetherian local ring (the
situation mainly investigated in [22]) it is shown that A7 (M) = 1<£n Tor,R (R/a", M)
for all i > 0. This can be proved as follows: since M is Artinian by Matlis duality
there is a finitely generated R-module N such that M = (N)Y. Then by the definition
of the direct limit there is a short exact sequence

0 — @ Exth(R/a’, N) — @Exth(R/a’, N) — n_r)nExt;(R/af, N) — 0.

By applying the Matlis duality functor Homg (-, E) = (-)* and by 1.4.8 we get an
exact sequence

0 — lim Torf (R/a’, M) — ]_[Torf(R/a’, M) — ]_[Torf(R/af, M) — 0.

By virtue of 1.2.2 this implies 1(ir_n'ToriR(R/a’, M) =0. In the more general

case of an Artinian module over any Notherian ring, note that the Tor](R/a’,
M)’s are Artinian (as sub-quotients of Artinian ones), hence the inverse systems
{Tor®(R/a’, M) | t > 0} satisfy the Mittag-Leffler conditions and 1(i£11 (Tor®(R/d,
M)) =0foralli > 0.

A.2 Pro-regular or Weakly Pro-regular Sequences, Some
Examples

As we have seen, Koszul complexes and weakly pro-regular sequences play a sub-
stantial role in the study of local homology and cohomology. Note, however, that
Greenlees and May in [38], later Lipman et al. in [1], used another notion, slightly
stronger as we shall see. In this section we first recall this notion. Then we will
investigate several examples which illustrate some of the assumptions in our previ-
ous investigations. They are collected from the references and in some cases slightly
modified.
The following notions are due to Greenlees and May (see [38]).

Definitions A.2.1 Let x = xy, ..., x; denote a sequence of elements in a commu-
tative ring R and let M be an R-module. This sequence x is called pro-regular with
respect to M (M -pro-regular for short) if foralli = 1, ..., k and each integern > 0
there is an integer m > n such that
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It is called pro-regular if it is pro-regular with respect to R.

For a single element x we say that M is of bounded x R-torsion if the increasing
sequence 0 :y x™,m > 0, of submodules of M stabilizes. We say that R is of bounded
xR-torsion if 0 :p x™, m > O stabilizes.

Remarks A.2.2 Let x = xj, ..., x; denote a system of elements of the ring R. Let
M denote an R-module.
(a) Any M-regular sequence x is also M-pro-regular.

(b) If the R-module M is Noetherian, then any sequence x = xy, ..., x; in R is
M -pro-regular. This follows because for each fixed n > 1 the increasing sequence
&f, o x DM oy x"7", m > n, of submodules of M stabilizes.

(c) A length one sequence x is M-pro-regular if and only if M is of bounded
X R-torsion.

(d) Assume that the sequence x = xy, ..., x; is M-pro-regular. Then so is the
sequence xi,...,x; for all i, 1 <i < k. Moreover, for all n > 1 and all i, 1 <
i < k, the sequence xi”+l, ..., x; is pro-regular with respect to M/(x{, ..., x])M.
In particular, for all n > 1 the increasing sequence (x{, ..., x{_ )M :y x, 7 > 0,
stabilizes.

The next lemma shows that any pro-regular sequence is weakly pro-regular too
(the case M = R of the following was already in [75, Lemma 2.7]).

Lemma A.2.3 Let x = xy, ..., x; denote a sequence of elements in a commutative
ring R. Let M denote an R-module. Assume that the sequence x is pro-regular with
respect to M. Then it is weakly pro-regular with respect to M.

Proof For the proof we proceed by induction on k. For k = 1 the result is clear (see
7.3.2 (c) and A.2.2 (¢)). Put y = x441. Then for natural numbers s > ¢ the Koszul
homology provides the following commutative diagram with exact rows

0 —— Ho(y*; H;i (x*; M)) —— H;(x*, y*; M) —— H{(y*; Hi—1 (x*; M)) —— 0

| J J

0 —— Ho(y's Hi(x"; M)) —— H;(x', y's M) —— H{(y': Hi_1(x'; M)) —— 0

foreachi € N(see5.2.4). The module Hy(y*; H;(x*; M))is aquotientof H; (x*; M).
By virtue of 1.2.4 and the inductive hypothesis it follows that the inverse system
{Hy(y*; H;(x*; M))} on the right is pro-zero for all i > 1. The module H;(y’;
H;_(x®; M)) is a submodule of H;_;(x®; M). By the same argument as above the
inverse system {H;(y®; H;_1(x*; M))} on the right is pro-zero for alli > 1.

By the assumption the sequence x, y is M-pro-regular, so y is pro-regular and
also weakly pro-regular with respect to M /x'M = Hy(x'; M) (see A.2.2). It follows
that the inverse system on the right for i = 1 is also pro-zero. Then by 1.2.4 again the
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diagram above implies that the inverse system {H; (x’, y'; M)} is pro-zero for each
i # 0, completing the inductive step. O

Example A.2.4 Tt is noteworthy that weakly pro-regular sequences are not always
pro-regular. The following example was kindly communicated by J. Lipman (see
[2]). It also provides an example of a non-weakly pro-regular sequence. Let R =
]_[n>0 Z./2"7Z and consider the element x = (2,2,2,...) € R.

(a) First note that R is not of bounded x R-torsion, as is easily seen. Hence
the length one sequence x is neither weakly pro-regular nor pro-regular and the
sequences x and x, 1 are not pro-regular. But the sequence x, 1 is weakly pro-regular
since H;(x") = 0 for all i > 0 (see 5.2.5). Note, however, that the sequence 1, x is
obviously pro-regular. This example also shows that pro-regular sequences are not
permutable without any additional assumptions.

(We note that the above example is very close to an earlier example by Verdier of
a sequence which is not weakly pro-regular (see [42] and A.2.5).)

(b) When the ring is Noetherian it is known that H’ (Cv‘i ®rJ)=0foralli >
0 and all injective R-modules J (see also the more general 7.3.3). This does not
hold in full generality. Take again for R the ring described above and consider the
length one sequence x. We first observe that the homomorphisms H;(x') — H;(x)
are not zero. Let f be the injection of H;(x) into its injective hull, denoted by J.
Then f € H'(x; J) and its image in H'(x"; J) is not zero. Hence Hl(éx QrJ)E
li_r)nHl(x’; J) #0.

The next example provides another more explicit injective R-module such that
its Cech cohomology does not vanish in positive dimension. To this end we need the
notion of trivial extension recalled in 2.8.5.

Example A.2.5 The following example is a slight simplification of an example of
J.-L. Verdier (see also [42]).

(a) For the example, let k denote a field and R = k[[x]] denote the formal power
serious ring in the variable x over k. Let M = @, R/(x")R and let m > 1 denote
a natural number. Then M is a submodule of N = [],., R/(x").Let S = R x M,
the trivial extension of R by M and put x’ = (x,0) € S. We have the following
isomorphism of the Koszul homology modules

Hi(x™;S) = Hy(x™; S) foralli € Z

where S is viewed as an R-module.
For S as an R-module it follows that

Hi(x™; 8) = Hi(x™; R) @ H\(x"; M) = H(x"; M)
since x™ is an R-regular element for all m > 1. Clearly we get

Hi(x", M) = (@1zn=m R/x"R) @ (p>mx" " (R/X"R)).
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For integers m’ > m we consider the transition homomorphism

P+ Hi (", M) s H (27 M),

Then it follows that the map p;, v is onto in components n > m’. So that the map p,;, ;s
is not zero and the inverse system {H;(x™; M) | m > 1} is not pro-zero. Another
argument is that S is not of bounded x’S-torsion, as is seen by a similar argument.

(b) By virtue of the result in 7.3.3 it follows that there is an injective S-module /
such that H' (Cv’xr ®s I) # 0 for i = 1. Next we shall construct an explicit example
of such an /. To this end let E = Eg(k) denote the injective hull of the residue
field k = R/xR. Then Homg (S, E) is an injective S-module. We shall prove that
H'(Cy ®5 Homg(S, E)) # 0.

By the change of rings result we first note that there is an isomorphism

Cy ®s Homg(S, E) = C, ® Homg(S, E).
This yields the isomorphism
H'(Cy ®5 Homg(S, E)) = lim H'(x™; Homg (S, E)).

Because S = R @ M it turns out that

. 1,,.m. ~1; 1,,.m. : 1,.m.

lim H' (x"; Hom(S, E)) = lim H' (x"; E) @ lim H' (x"; Homg (M, E)).
Because x is regular on R and since E is an injective R-module the first direct limit
vanishes. It will be enough to show that the second limit does not vanish.

By duality we have that Homg (R /(x"), E) = R/(x™) forall n > 1, and therefore
Hompz (M, E) = N. We note that

H'(xX™; N)= N Qg R/(x) = ]_[ R/(x", x™).

n>1

For all m" > m we investigate the natural homomorphism

ona + H' " N) Z[TR/G" 2™ — H' " N) 2T R/G" 2™,

n>1 n>1

which is the multiplication by x” ~". Let p = (1 + xR),=; € H'(x; N). Its image
under multiplication by x”~!in H!(x™; N) is

,...,0,x" "+ x"R,...) #0.
e N ——

1<n<m n>m
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Therefore the image of p in lim H L(x™; N) is not zero and lim H L(x™; N) does not

vanish. For the injective S-module Homg (S, E) we get H' (éxr ®s Homg (S, E)) #
0. Namely

H'(Cy ®s Homp(S, E)) = lim H' (x"; N) # 0

as shown above.

Next we produce a commutative ring S and a sequence of elements x’ such that
M (x'; F) has non-vanishing homology in positive degree for a certain flat S-module
F. Note that H;(M (x; F)) = AfS(F) =0 for i > 0 provided x’ is a weakly pro-
regular sequence (see 7.5.5 or 7.5.12). Hence our sequence will not be weakly pro-
regular.

Example A.2.6 Let R = k[[xy, ..., x,]] denote the power series ring in n variables
over the field k. Let E = Eg(k) denote the injective hull of the residue field. Then
define S = R x E and x’ = ((x1, 0), ..., (x,, 0)), a sequence of elements in S. We
investigate the microscope M (x’; S) in the present example. We have

M(x'; ) = M(x: S) = Homg(T (x), §) =
Homg(T (x), R) ® Homg(T (x), E))

where x = (x1, ..., x,) is viewed as a sequence in R (see 7.5.9 for the second
isomorphism). Note that

H; (Homg(T (x), E)) = H;(Homg(Cy, E)) = H;((Cp)") = (H'(Cy)".

But the sequence x is regular on R, a fortiori weakly pro-regular. Hence the com-
plex Cv‘i represents RIy g (R) in the derived category (see 7.4.4) and we know by the
Grothendieck non-vanishing Theorem (recalled in A.1.1) that H" (C'X) # 0. There-
fore M (x’; S) has non-vanishing homology in degree n. -

A.3 The Right-Derived Functors of the Completion
Functor

In the previous chapters we investigated the left-derived functors LA®(-) of the
functor A®(-). While A®(-) is neither left nor right exact as discussed earlier it
makes sense to look at the right-derived functors of A®(-), though these are much
less interesting. At first this was done by Greenlees and May (see [38]) in the case of
R-modules. In this section we shall slightly extend their results to finitely generated
ideals and complexes.

First we have to prove that RA® is well defined in the derived category.
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Lemma A.3.1 Leta C R denote an ideal of a commutative ring R andlet f - [ —>
I’ be a quasi-isomorphism between K -injective R-complexes. Then the induced
morphism A®(f) : A*(1)) — A*(I') is also a quasi-isomorphism.

Proof There is an inverse system of quasi-isomorphisms
R/a' Qg I —> R/a' Qp I’

(see 4.4.11). Passing to the inverse limit we obtain the quasi-isomorphism A®(f) :
A%(I)) —> A%(I') because the inverse systems {R/a' @ I} and {R/a' ®x I'} are
degree-wise surjective (see 1.2.9). (]

Theorem and Definition A.3.2 Let a C R denote an ideal of a commutative ring
R. Then the right-derived functor RA® is well defined in the derived category.
More precisely, let X be any R-complex with one of its K-injective resolutions
X —> I.Then RA%(X) is represented by A°%(I).
Note also the natural map X — RA%(X) in the derived category, represented by
the composite X —> I — A%(I).

Proof In view of the remarks in 4.4.12 this is a direct consequence of
Lemma A.3.1. O

Notation A.3.3 In the following the ith right-derived functor of the A%, namely the
ith cohomology modules H' (R A®(-), will be denoted by R! A°(-).

Of course, we may compute R A% (X) and its cohomology by using a D G-injective
resolution of X. At first we investigate the completion of any complex of injective
modules.

Proposition A.3.4 Ler a denote a finitely generated ideal of a commutative ring R.
Then there is a natural isomorphism

A%(I) Z2 Homg(I4(R), I)

for any R-complex I of injective modules.

Proof We prove this degree-wise. That is, we may and do assume that / is an injective
R-module.

Because the ideal a is finitely generated the ideals a’ are also finitely generated
forallt > 1.By 1.4.1 for M = R/a' and N = R there is an isomorphism of inverse
systems

R/a' ®g I = Homg(Homg(R/a', R), I).

By passing to the inverse limit and by using 1.3.3 we get the claim. Recall that
li_r)nHomR(R/a’,R)EFa(R). O

Now we prove the main result of this section.
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Theorem A.3.5 Let a be a finitely generated ideal of a commutative ring R. Let X
denote an R-complex. Then there is an isomorphism

RA*(X) >~ RHomg (I, (R), X)
in the derived category. In particular, there are isomorphisms
H'(RA®(X)) := R'A%(X) = Exth,(I,(R), X)
foralli € 7.

Proof Let X —> I be a DG-injective resolution. By A.3.4 we have the
isomorphism A%(I) = Homg(I'4(R), I). As A®(I) represents RA®(X) the state-
ments follow. U

Remarks A.3.6 (a) In the situation of A.3.5, if the ring R does not have a-torsion, in
particular if R is an integral domain, then I'4(R) = 0 and therefore RIAYX) =0
foralli € Z.
(b) We do not know what happens to R A% (X) if the ideal a is not finitely generated.
(c) Let a be an ideal generated by a weakly pro-regular sequence x = xy, ..., X;.
Then we know that A% (X) = H; (HomR(CV’L, 1)) for all i € Z, where X S Iisa
D G-injective resolution of X (see 7.5.12). There is a spectral sequence

E}; = H;(Homg(H;/(R), 1)) = EY; = A},

(X).

We observe that Ei2,0 = R A%(X) is one of the initial stages for computing AMX).

A.4 Specific Rings

In general our interest is in commutative rings. For several results there was a need for
additional assumptions (e.g. finitely generated ideals, weakly proregular sequences,
or Noetherian, coherent rings and so on). In this part of the Appendix we shall
summarize some more results in this direction, in particular illustrating the need for
additional assumptions.

First recall the definition of a coherent ring (see 1.4.2). This definition generalizes
the notion of a Noetherian ring. As we have seen it is related to the notion of flatness.
Here we recall Chase’s theorem (see [19], [13, Exercise 1.2, 12] or [26, Theorem
3.2.24]). To this end we need the following interesting lemma (see [26, Lemma
3.2.21)).
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Lemma A.4.1 Let M denote an R-module. Then the following conditions are equiv-
alent.

(i) M is finitely generated.
(ii) The natural homomorphism M Qg [[,co N = [l,ca M ®r Ny is surjective
for any family of R-modules { N, }ica.
(iii) The natural homomorphism M ®g RY — M* is surjective for any index set
A.
(iv) The natural homomorphism M @r RM — MM is surjective.

Proof (i) = (ii). Let0 - N — L — M — 0 be a short exact sequence with L a
finitely generated free R-module. It induces a commutative diagram with exact rows

NOr[[eaNi —— LOr[[iea Mo —— M ®r [[1c4 N2 >0

| J |

HAEA(N ®R NA) —_— HAeA(L ®R NA) —_— HAeA(M ®R N)L) —_— O

Since the vertical homomorphism in the middle is an isomorphism the vertical homo-
morphism on the right is surjective.

(i) = (iii) = (iv). These implications are trivial.

(iv) == (i). By the assumption idy € MM is the image of Z;’zl m; @ f; for
some m; € M and some f; € RM. Note that m; ® f; maps to the function M — M :
x = fi(x)-m;. Therefore m = Y _, f;(m)m; forallm € M. Thatis, my, ..., m,
generate M. ]

The following result was shown by Chase (see [19]).

Theorem A.4.2 Let R denote a commutative ring. Then the following conditions
are equivalent.

(i) R is coherent.
(ii) Every product of flat R-modules is flat.
(iii) R4 is a flat R-module for any set A.
(iv) Every finitely generated submodule of a finitely presented R-module is finitely
presented.

Proof (i) = (ii). This was already observed in 1.4.4.

(i) = (iii) and (iv) = (i) are trivial implications.

(iii) = (iv). Let M denote a finitely presented R-module. By 1.4.4 the natural
map M ®g R4 — M* is an isomorphism for any set A.

Now let N C M denote a finitely generated submodule of M. We have to show
that NV is finitely presented.

Since R4 is R-flat it induces a commutative diagram with exact rows
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0—  N®g RY"—— M® R4

| |

0 N4 M4,

whence the homomorphism N ® R4 — N4 is injective. Since N is finitely gener-

ated this homomorphism is also surjective (see A.4.1) and therefore an isomorphism.
Now let 0 > N' — L — N — 0 be a short exact sequence with L a finitely

generated free R-module. It induces a commutative diagram with exact rows

NQR"—— LQXIR" —— NQRY——0

L]

0 N4 LA N4 0.

Since both vertical homomorphisms at the right are isomorphisms it follows that the
vertical homomorphism on the left is surjective. By A.4.1 N’ is finitely generated
and therefore N is finitely presented. (]

In the search for examples the following lemma may be useful.

Lemma A.4.3 Let R denote a commutative ring and assume there is a principal
ideal a = aR C R such that the ideal Anng(a) is not finitely generated. Then a is
not finitely presented and R* is not flat, where A denotes the index set given by the
pairwise distinct elements of Anng(a).

Proof We shall first prove that the natural map a ®x R* — a4 is not injective. This
will imply that a is not finitely presented (see 1.4.4). To this end note that there
is a short exact sequence 0 — Anng(a) - R — a — 0 because a is principal. It
induces a commutative diagram with exact rows

(Anng(a)) g R4A —— RY —— a®@zx R ——0

J J

0 — (Anng(a))? R4 a 0.

In this diagram the vertical homomorphism on the left is not surjective by Lemma
A.4.1 (i) < (iv). By the snake lemma it follows that the vertical homomorphism on
the right is not injective.

Suppose now that R4 is flat. Then there is a commutative diagram with exact
rOws
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0——a®rR*"——R*—— R/a®r RY——0

| |

0 a? RA (R/a)d ———0

and the vertical homomorphism on the left is injective, in contradiction with the first
part of the proof. Hence R is not flat. O

With respect to injective modules and direct sums there is a remarkable theorem
due Z. Papp (see [62]) and H. Bass (see [8, Theorem 1.1]. We include the proof here.

Theorem A.4.4 For a commutative ring R the following conditions are equivalent.

(i) R is Noetherian.
(ii) Every direct limit of injective R-modules is injective.
(iii) Every direct sum of injective R-modules is injective.

Proof (1) = (ii): See 1.4.7.
(i) = (iii): This is trivial since direct sums are particular cases of direct limits.
(iii) = (i): Suppose that R is not Noetherian. Then there is an infinite sequence
of different ideals
GqgCapC...Ca,C....

Let a = U,>;a,. Then a is an ideal and a/a, # O for all n > 1. Let f, denote the
composition of the projection p, : a — a/a, and the inclusion a/a, € E,, where
E,, denotes the injective hull of a/a,. Note that f;, is not zero but for all a € a almost
all the f,(a) are null. Hence these f, define a homomorphism

f ca— eanzlEnv at— (f;l(a))nzl‘

Now assume that @,> E, is an injective R-module. Then there isamap g : R —
®,>1E, extending f. Note that there is an index n such that the component of g(1)
in E,, is null for all ” > n. Now choose an index m > n and anelementa,, € a \ a,,.
The component f,, (a,,) of f(a,) in E,, is non-zero by the choice of a. On the other
hand the component of f(a,,) = g(a,) = a,g(1) in E,, is zero by the choice of m.
This contradiction finishes the proof. O

As another sample of specific rings we will consider self-injective rings.
Definition A.4.5 A commutative ring R is called self-injective if R as an R-module
is injective.

Note that a Noetherian ring R is self-injective only if it is Artinian. However, the
notion is interesting for non-Noetherian rings. In the following we shall investigate
when the trivial extension R x E is self-injective (see 2.8.5 for the notion of trivial
extension).
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Theorem A.4.6 Let R denote a commutative ring with E an R-module. Then the
following conditions on the trivial extension S = R X E are equivalent.

(i) S is self-injective and Anng E = 0.

(ii) E is R-injective and R = Hompg(E, E).

When these conditions are satisfied there is an isomorphism S = Homg(S, E) of
S-modules.

Proof Leta =0 x E. Clearly a is an ideal of S and a®> = 0.
(i) = (ii): Since Anng E = 0 we have that

a=0: a = Homg(S/a, S)

as is easily seen. Because S is self-injective note that a = Homg(S/a, S) is an injec-
tive module over the ring S/a = R. Since there is an isomorphism of R-modules
a = E it follows that E is an injective R-module.

Next note that the short exact sequence 0 — a — S — S/a — 0 induces the
short exact sequence 0 — Homg(S/a, S) — S — Homg(a, S) — 0 and isomor-
phisms of R-modules

Homg(a, S) = S/a =R

since S is self-injective and Homg(S/a, S) = a.
Finally, note the isomorphisms of R-modules

Homg(E, E) = Homg,q(a, a) = Homg(a, Homg(S/a, S))
= Homs(a/az, S) = Homg(a, S) = R.
(ii) = (i) and the last assertion: First note that the isomorphism R = Homg(E, E)

yields Anng E = 0. Put I := Homg(S, E). Then [ is an injective S-module and
there is an isomorphism 6 of R-modules

I := Homg(S, E) = Homg(R, E) ® Homg(E, E) LoE @ R.
Note that both I and E @ R = R @ E = S have the structure of an S-module. It
remains to check that 6 is also an isomorphism of S-modules. To this end let
us first describe the image 6, ) of any element (e,r) € E ® R by 6. It is an R-
homomorphism S — E given by
Oeny(r',e) =r'e+re forall (', ¢) € S.
Hence

9(r”,e”)~(e,r) (r’, e/) = 9(r”e+re”,rr”) (r’, 6’/) = r/(r//e + re”) + rr’e.

On the other hand, by the structure of I := Homg (S, E) as an S-module, we have
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(", €") - 0 &) = Oy (", €") - (', €)) = O ) (/1" 7'e" +1"€")
=r'r"e+r(r'e +r"e) forall (', €) € S.

It follows that (r”, €”) - 0.,y = O e)-(e.r)- Therefore 6 is an isomorphism of S-
modules. U

The previous result was shown by C. Faith (see [27]) in a slightly more general
setting. Our proof is completely different.

A.5 Some Examples of Modules

For an arbitrary commutative ring R the property of being an injective R-module
does not localize. This was investigated by E.C. Dade in his remarkable paper [23]. In
fact he constructed commutative rings with the property that there exist an injective
R-module I and a multiplicatively closed set S C R such that /g is not an injective
R-module, but no concrete module is described.

Before we discuss an example, let us consider localizations of injective modules.

Remark A.5.1 Let R denote acommutative ring and S C R a multiplicatively closed
set. From the natural homomorphism R — Ry it follows that Homz (M, N) =
Hompg (M, N) for two Rs-modules M, N. Therefore an Rg-module which is R-
injective is also Rg-injective and conversely an Rg-module which is Rg-injective is
also R-injective since Ry is R-flat.

The following well-known statement is usually proved with the aid of Matlis’
structure theory of injective modules over a Noetherian ring.

Proposition A.5.2 Let S C R be a multiplicatively closed subset of a Noetherian
ring R. Let I denote an injective R-module. Then Is = I Qg Rs is an injective
R-module and equivalently an injective Rg-module.

Proof In view of 1.4.10 it is enough to prove that (Is)Y is R-flat. But (I5)Y =
(I ®r Rs)Y = Homg (I, (Rs)Y) and (Rs)" is an injective R-module since Ry is
R-flat (see 1.4.10 again or 1.4.1). Then the result follows by 1.4.5. (]

The first application concerns the localization with respect to a single element
x € R.In the following we denote as usual by 1™ the direct sum of copies of I over

N.

Lemma A.5.3 Let I denote an injective R-module such that ™) is also an injective
R-module. Then I, = I Qg R, is an injective R-module for all x € R.

Proof There is a short exact sequence (see 3.1.3)

0— R™ 2, RO , R, 0.
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Since R, is R-flat, tensoring by I provides a short exact sequence

O—>I(N)i>I(N)—>I®RRX—>O.

Recall that the tensor product commutes with direct sums.
Now assume that /™ is injective. Then the previous sequence is split-exact.
Therefore I @ R, is (as a direct summand of /™) an injective R-module. [l

As far as we know there is no concrete explicit example of an injective R-module,
for a certain ring R and a multiplicatively closed set S C R, such that Ig is not
injective as an R-module or equivalently as an Rg-module. In the following we add
such an example, strongly motivated by those of E.C. Dade in [23].

Example A.5.4 (a) Let k denote a field and R = k[[x]] be the formal power series
ring in the variable x over k. Let M = R™ be the free R-module M = @,>¢Re,
with base (e, = (0,...,0,1,0...)) (the “1” in the nth position). Let Q denote the
quotient field of R. Then Q/R is an injective R-module, in fact it is the injective hull
E (k) of the residue field of R.

Let S = R x M, the trivial extension of R by M (see 2.8.5). Then I = Hompg
(S, Q/R) is an injective S-module. Let (x,0) € S. We claim that I o) is not an
injective S-module.

First note that I, ) 7 0. This is because the map & € Homg(S, Q/R) =1
definedby A ((1,0)) = 0and A ((0, e,)) = (1/x" 4+ R)/R forn € Nisnotannihilated
by a power of (x, 0).

Next we claim that (0 x M) =0.Let (0,m) €0 x M withm = Y7 rie;
and f € I. Then (0,m)f =>"" (0, rie;) f and for all i € N the homomorphism
(0, ¢;) f € Homg(S, Q/R) is defined by ((0, ¢;) f)(r,m") = f(0,re;) = rf(0,¢;).
As f(0, e;) € Q/R is annihilated by a power of x it follows that (0, ¢;) f is annihi-
lated by a power of (x, 0) fori =0, ..., n and therefore (0, m)(f/(x’, 0)) =0 for
some [ € N.

Now consider the singly generated ideal a := 0 x Rep C 0 x M. Itis easily seen
that Anng a = 0 X M and therefore a = §/(0 x M).

Applying Homg(-, I«.0)) to the short exact sequence 0 - a — § — S/a— 0
yields an exact sequence

0 — Homgs(S/a, Ix,0) — Ix,00 = Homg(a, Ix,0) — Exté(S/a, Ix0)) — 0.
Since a annihilates I o) it follows that Homg(S/a, I(x,0)) = Ix.0). Whence the
homomorphism in the middle is the zero map and therefore Homg(a, Iy 0)) =
Ext{(S/a, I(x.0)- But now

EXt;(S/Cl, I(X’())) = Homs(a, I(X,())) = Homs(S/(O X M), I(X,())) = I(x,O) 7é 0.

Recall that 0 x M annihilates I, ). Whence I, ¢, is not an injective S-module.
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(b) Another interesting feature of this example is the following: by A.5.3 it turns
out that /™ is not an injective S-module since I, o) is not injective.

As far as we know the example in A.5.4 (b) is the first explicit example of a
commutative ring S such that the direct sum of injective S-modules is not always
injective. We do not know whether the converse of A.5.3 is true.

By the characterization of coherent rings one might ask the question: Let R denote
a non-coherent ring. What is an explicit index set A such that R4 is not R-flat. In
the following we shall present an explicit example.

Examples A.5.5 (a) We fix the notation of A.5.4. That is, let R = Kk[|x|] denote the
formal power series ring over the field k in the variable x. Let M = R denote
the free R-module with base (eg, e1,...). As above let S = R x M and let a =
0 x Rep. Then S is a ring which is not coherent, namely a is not finitely presented.
Moreover, the S-module S® is not flat. This follows by Lemma A.4.3. Indeed, we
have Anng(a) = 0 X M and there are set bijections 0 X M <> M < R because R
is infinite.

(b) Here is a smaller example. Let k denote a finite field or the field of rational
numbers. Let V denote a k-vector space of countable dimension and let us form the
ring S = k x V. Then SV is not flat. This again follows by lemma A.4.3, note the
set bijection V <« N.

This example has an interesting consequence. Namely, S = k x V is a ring such
that S[[y]], the formal power series ring in one variable y over S, is not S-flat. This
is because there is an isomorphism SN~ g [[y]] of S-modules.

(c) Another more sophisticated example will be given in A.5.7.

In the following we shall produce an explicit example of a commutative ring
S with two injective S-modules /, J such that Homg(/, J) is not a flat S-module.
Recall that it is flat in the case when S is a coherent ring (see 1.4.5). First some
general observations.

Observations A.5.6 Let (R, m, k) denote a Noetherian local ring, complete in its
m-adic topology, and let E = Eg(k) denote the injective hull of the residue field.
We consider the trivial extension S = R X E and note the following.

(a) The ring S is self-injective, namely there is an isomorphism § = Homg (S, E)
of S-modules. (This follows by Theorem A.4.6. Note that R = Homg(E, E) since
R is m-complete.)

(b) Foralle € E, Anng(S(0, e)) = (0 :g e) X E, as is easily seen.

(c)Ifdim R > 0 the ring S is not coherent and the S-module S is not flat, where
A denotes the index set given by the pairwise different elements of Anng(S(0, ¢)) for
some e € E \ {0}. (This follows by A.4.3. Note that the R-module E is not finitely
generated when dim R > 0. Hence for any e € E \ {0} the ideal

Anng(5(0,e)) = (0 :ge) X E

of § is not finitely generated.)
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We are ready for the promised explicit example.

Example A.5.7 Let R = k[[x]] denote the formal power series ring in a variable x
over the fieldk with E = Eg (k) the injective hull of the residue field. Put S = R x E.

(a) Then the ring S is not coherent and the S-module S¥ is not flat.
(b) The S-modules S and S¥ are injective but the S-module Homg (S, S¥) is not flat.

To check these claims recall first that £ = h_II)l Homgz(R/x'R, E) because E is x R-
torsion. Moreover, Homg (R /x' R, E), viewed as an R/x' R-module, is the injective
hull of k (see 10.6.1). Since R/x’ R is Gorenstein ring of dimension 0 we have an
isomorphism Homg (R/x'R, E) = R/x'Rforallr > Oandthereisanelemente € E
with (0 :g ¢) = xR. For this element ¢ we then have Anng(S(0, ¢)) = xR X E and
we compute its cardinality with some basic set theoretic arguments.

If k is infinite there are set bijections

Homgp(R/x'R,E) <k E <k Anng(S(0,e)) < R.
If k is finite then E is countable and there is again a set bijection
Anng(S5(0, €)) < R.

Then the claims follow by the observations in A.5.6. For the last one note also that

Homg(S, S®) = SR and that the S-module S¥ is injective as a product of injective
modules.
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Ext-Tor duality, 13

F
Fibre, 16

functorial properties, 18
Finitely presented, 14
Functor D, 310

G
Global transform, see module

Greenlees” Warwick Duality, 314
Grothendieck’s non-vanishing theorem, 318

H
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Hom evaluation, 272

Homologically a-complete, 235

Homologically trivial, 4
Homology, 4
Homothety morphism, 6
Homotopy, 4

I

Idealization, 63

Injective module
direct sum, 334
localization, 332

Inverse limit
quasi-isomorphism, 10

Inverse system, 7
complexes, 8, 11

K

Kihler differential, 62

K-flat, 95

K-injective, 95

Koszul codepth, 126

Koszul cohomology, 123
sup, 128

Koszul complex
ascending, 123
codepth sensitivity, 126
depth sensitivity, 126
descending, 123
self-duality, 124
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K-projective, 95

L
Left derived functor of completion, 44
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direct, 10
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Local depth, 195
Local homology, 44
Localization, 12

M
Matlis duality, 15
local ring, 36
Mayer—Vietoris sequence, 229
MGM-equivalence, 237
Microscope, 90
Minimal injective complex, 105
M is of bounded torsion, 322
Mittag-Leffler condition, 8
Module
balanced big Cohen—Macaulay, 133
basic submodule, 40
formal power series, 201
global transform, 138
mini-max, 37, 306
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M-weakly pro-regular sequence, see sequence

N
New Intersection Theorem, 254

P

Property B, 61

Property C, 57
Pro-regular sequence, 321
Pro-zero, 8
Pseudo-complete, 45, 72
Purity, 26

Q
Quasi-complete, 25
Quasi-isomorphism, 4

R
Relatively flat, 53, 68
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Relatively injective, 58
Resolution
complex, 7
module, 6
Right derived functor of completion, 326
Right filtered, 12
Ring
coherent, 14, 328
Noetherian, 330
power series not flat, 334
self-injective, 330

S
Secondary representation, 320
Semi-split, 137
Separated, 25
Sequence
completely secant, 130
M-weakly pro-regular, 175
pro-regular, 321
regular, 130
weakly pro-regular, 175, 205, 206

Small support, 77, 243

Soft truncation, see truncation
Spectral sequence, 88

Standard homological argument, 17
Surjective inverse system, 8

T

Tate cohomology, 313
Telescope, 93

Tensor evaluation, 271
Tensor product, 5
Topologically equivalent, 24
Tor-codepth, 73, 118
Torsion functor, 28
Torsion module, 28
Trivial extension, 63
Truncation, 89

A
Weakly pro-regular sequence, see sequence
Width, 118
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Notation

A% (X) local homology sup, 195

hy (M) of module, 82

C,(x") truncated Koszul complex, 177
ERr(M) injective hull, 107

H'(x; X) Koszul cohomology, 123
H_ (+) local cohomology, 29

H; (x; X) Koszul homology, 123
K*(x) Koszul co-complex, 123

Ko (x) Koszul complex, 123

M (x) Koszul microscope, 185

M (x; X) Koszul microscope X, 185
M direct product over index set I, 4
MD direct sum over index set 1, 4
M factor module, 74

Rgs localization, 12

R, localization, 13, 69

Sa (M) factor module, 74

T (x) Koszul telescope, 184

T (x; X) Koszul telescope X, 184

X x (k] shifted complex, 3

CV’L(X) Cech complex, 139

CV‘L Cech complex, 138

E-dp(a, X) Ext-depth, 118

I, (+) torsion functor, 28

Hom of complexes, 5

A%(-) adic completion, 24

Af derived functors of the completion, 44

T-codp(a, X) Tor-codepth, 118
a(Cy; X) natural morphism, 148

~ homotopic, 4

D, truncated Cech complex, 137
DE] global Cech complex, 137

L, truncated resolution L, 142

I:i free resolution Cech complex, 141
= isomorphism, 3

1§, natural homomorphism, 44

¥y natural homomorphism, 44

fa uniqueness, 31

ﬁé (X) Tate cohomology, 313
L(éi; X) natural morphism, 148
{(x;x) map to localization, 139
¢ natural morphism, 169

A% (X) local codepth, 195

A% (M) of module, 82

<> bijection, 4

B class of modules, 60

95 cohom. a-torsion, 235

G4 hom. a-complete, 235

Séé class of complexes, 150

Sfc class of complexes, 151
T4 class of modules, 74

€7 class of modules, 48

Cq class of modules, 48

D, global transform, 310

Ko (x; X) Koszul complex, 202
Ta class of complexes, 118

£ inverse system, 166

i j(p, X) Bass number, 111

Co-Support, X big Co-support, 241
co-support X small co-support, 241

ext}f(X, Y) sup Ext, 118
exty (X, Y) inf Ext, 117
suppg (X) small support, 243
tor® (X, Y) inf Tor, 119
torf(X, Y) sup Tor, 118

® of complexes, 5

= quasi-isomorphism, 4

~~ quasi-isomorphic, 4

75, homomorphism, 24

lim direct limit, 10

lim inverse limit, 7

P

l(ir_n ! first right derived functor, 7
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h*(x; X) Koszul cohomology sup, 128
h*(x; X) Koszul homology sup, 128
h{ (X) local cohomology sup, 195

hy (X) local depth, 195

Notation

h~ (x; X) Koszul depth, 126

h_(x; X) Koszul codepth, 126

L; A% left derived functor of completion, 29
R A® right derived functor completion, 326
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