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Introduction

Students of mathematics learn how to complete the rational numbers Q using the
distance metric in order to obtain the real numbers R (see e.g. [24, Chap. 2]). In
lectures on number theory, this idea is used for the construction of p-adic numbers
by a modification of the metric (see e.g. [24, Chap. 6]). In functional analysis, this is
often used in order to complete metric spaces; e.g. L2ða; bÞ is the completion of
C2ða; bÞ.

In commutative algebra, this concept is used in order to associate with a com-
mutative ring R and an ideal a of R a commutative ring R̂a, as explained in most
introductory textbooks on commutative algebra. The first typical example is to pass
from a polynomial ring k½X1; . . .;Xn� in n variables over a field k to the formal
power series ring k½½X1; . . .;Xn��. This also extends to modules, and we may define
the completion M̂a of an R-module M with respect to an ideal. It turns out that the
behaviour of complete modules is, in many respects, better than that of arbitrary
modules. This is not surprising, and the same remark holds for metric spaces and
complete metric spaces.

On the other hand, there is a dual concept of torsion with respect to an ideal a of
a commutative ring R. Namely, an R-module M is called a-torsion if it equals its
a-torsion submodule CaðMÞ ¼ fm 2 Mjatm ¼ 0 for some t 2 N and all a 2 ag. The
a-torsion functor Ca (also called the a-section functor) is left exact. By the work of
Grothendieck (see [40, 47]), its right-derived functors play an essential rôle in
algebraic geometry and later in commutative algebra.

The right-derived functors of the torsion functor – called local cohomology
functors – take a central position in research in the field of commutative algebra and
related subjects. The term “local cohomology” became an item in the Mathematics
Classification Scheme with more than 1300 documents in the database of
Mathematical Abstracts. There are several textbooks and monographs about local
cohomology (see e.g. [15, 47]).

The section functor Cað�Þ is given by HomR R=at; �ð Þ. The completion
functor Kað�Þ in commutative algebra is given by ðR=at �R �Þ . That is, it is formally
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dual to the section functor. However, it is neither left nor right exact in general. In
any textbook about commutative algebra, there are introductions to completions
with the basics for Noetherian rings and finitely generated modules. In his book
[82], Strooker has shown that adic completion and completeness for non-finitely
generated modules also play a rôle in many homological questions. The study of the
left-derived functors of the completion functor – called local homology functors –
was initiated by Matlis (see [56, 57]).

Among others results, Grothendieck proved that the local cohomology of a
module over a Noetherian ring may be computed with a Čech complex. He took
advantage of the fact that finite sequences in a Noetherian ring have a very nice
property; namely, they are weakly pro-regular. In their fundamental paper [38],
Greenlees and May proved that both the local homology and cohomology of a
module with respect to any ideal of a commutative ring generated by a pro-regular
sequence x ¼ x1; . . .; xk may be computed with Koszul complexes (with, on the
local homology side, the additional assumption that each element xi of the sequence
x also forms a length one pro-regular sequence). Note that the notion of a
pro-regular sequence is slightly stronger than that of a weakly pro-regular sequence
and is more suitable for induction on the length of the sequence. Note also that finite
sequences in a Noetherian ring are always pro-regular. Later, Lipman et al. (see
[1, 2]), the first author (see [76]), and Yekutieli et al. (see [64]) also considered
complexes of modules and highly generalized Greenlees and May’s results, using
this time the notion of weakly pro-regular sequences. There is also a duality
between local homology and cohomology, already observed in [78] for modules
over a Noetherian ring, highly generalized in [1] and [64].

The first aim of this monograph is to systematically study completion and to
generalize and extend various completeness criteria, in particular in the general
situation of a not necessarily Noetherian ring and not necessarily finitely generated
modules. We focus not only on modules but also on complexes of modules. The
completeness criteria in [17, 35, 49, 76] concern separated modules. It is natural to
wonder what happens for non-separated modules. It turns out that they provide
pseudo-completeness criteria. This also yields the notion of homologically com-
plete complexes, a notion introduced and investigated by Yekutieli in [64] and in
[87]. In [64], the dual notion of cohomologically torsion complexes is also
considered. Now, the above-mentioned completeness criteria provide us with
characterizations of homologically complete complexes and dually of cohomo-
logically torsion complexes, leading us to several new results. As far as the authors
know, this is the first monograph to provide a thorough presentation of completion
and its left-derived functors – the local homology functors. In many cases, the
formal duality between completion and torsion yields real dualities between local
homology and local cohomology. Because of this, we also provide a rather sys-
tematic study of local cohomology for complexes. We start this with the study of
Čech homology and cohomology, which coincides with local homology and
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cohomology when the ideal is generated by a weakly pro-regular sequence. It turns
out that most of the results in local homology and local cohomology are valid under
only the assumption that the involved ideal is generated by a weakly pro-regular
sequence. They are in fact results about Čech homology and cohomology. We
provide vanishing and non-vanishing results. We also explore various dualities.

The monograph is divided into three parts. The first part “Modules” consists of
three chapters and is mainly devoted to the study of the adic completion functor and
its left-derived functors. However, Chap. 1 deals with preliminaries about com-
plexes, needed for the use of derived functors. In this first chapter, we also recall
direct and inverse limits and the relations between them and some basic facts about
Matlis duality.

Chapter 2 is the heart of the first part. In the first three sections, there are basic
results on adic completion. Most of them are known but not always easily available
in the literature, or stated and proved with superfluous hypotheses. We complete the
picture with some examples and some new statements. A few of these facts hold in
full generality, and most of them require that the adic topology is taken with respect
to a finitely generated ideal. Then, we generalize a result of Bartijn (see [6]) about
the flatness of adic completions of flat modules over a Noetherian ring. The
left-derived functors of the completion are studied in rather a great generality. For
this, the notion of pseudo-complete modules will be useful. We also introduce some
other classes of modules with properties related to adic topologies. In particular, we
study the class Ca of modules with the property that the left-derived functors of the
a-adic completion vanish in positive degree, while in degree 0 it coincides with the
a-completion functor. This property holds for finitely generated modules over
Noetherian rings but also for more general modules in some non-Noetherian set-
tings. There is a generalization of the notion of flatness, called relative flatness (with
respect to an ideal). Dually to relative flatness, we also investigate relatively
injective modules and torsion modules, where the class of modules Ba (a kind of
dual of the class Ca) also plays a rôle. The last section contains several examples.
Among them are examples illustrating that relative flatness does not imply flatness
and that relatively injective modules are not always injective.

In Chap. 3, there is a generalization of Jensen’s completeness criterion
(see [49]): “Let ðR;mÞ denote a Noetherian local ring. Then, a finitely generated
R-moduleM is complete in itsm-adic topology if and only if ExtiRðF;MÞ ¼ 0 for all
i[ 0 and any flat R-module F”. As in [76], we generalize this result and a cor-
responding result due to Frankild and Sather-Wagstaff (see [35]) to obtain a
completeness criterion for any separated module (not necessarily finitely generated)
and any ideal a by the Ext-vanishing of certain “test” modules. For an arbitrary
module, this yields a pseudo-completeness criterion. Following Strooker [82], we
define the Ext-depth and the Tor-codepth of an R-module M with respect to an ideal
a by
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E-dpða;MÞ :¼ inffi 2 NjExtiRðR=a;MÞ 6¼ 0gresp:

T-codpða;MÞ :¼ inffi 2 NjTorRi ðR=a;MÞ 6¼ 0g:

These invariants became important tools in commutative algebra. The first
invariant inffi 2 NjExtiRðR=a;MÞ 6¼ 0g had already been considered and investi-
gated by Foxby, mainly in the case where a is the maximal ideal of a Noetherian
ring, while the second one, later called width, is implicit in Foxby’s definition of the
small support (see [31]). The rôle of the Ext-depth and Tor-codepth in local
homology and cohomology has been observed in [33] and [79]. In this chapter, we
focus our attention on modules of infinite Tor-codepth. It turns out that such
modules occur naturally in the completion process and also play a rôle in many
criteria, including the completeness criteria in Chap. 3 and some others in Part II. In
[82], it was shown in full generality that the Ext-depth of a module may be com-
puted with local cohomology. Dually, we also show how the Tor-codepth of a
module may be computed with local homology, i.e. with the left-derived functors
of the completion functor, under only the assumption that the involved ideal is
finitely generated (for a Noetherian ring, this was also proved in [33]). These
notions will be extended to complexes in Part II. (However, the extension to
complexes of the above-mentioned results often requires additional hypotheses, like
weak pro-regularity or some boundedness conditions.)

In Part II “Complexes”, there is an application and extension of local homology
and cohomology to complexes, where we are mainly interested in unbounded
complexes. This leads to various extensions and generalizations of known results.
We shall start our investigations with the study of Čech homology and cohomology
of complexes with respect to any finite sequence in a commutative ring. Then, we
will apply it to the study of local homology and cohomology with respect to an
ideal generated by a weakly pro-regular sequence. This approach has the advantage
of emphasizing the rôle of the Čech complex and allowing a realization of many
isomorphisms in the derived category by natural quasi-isomorphisms of complexes.
However, we first need some preliminaries.

In Chap. 4, we start with a report about homological preliminaries, in particular
for unbounded complexes. Concerning their resolutions, we summarize the work of
Avramov and Foxby resp. Spaltenstein (see [5, 81]). Moreover, there is a presen-
tation of the construction of the telescope for direct systems of complexes and the
microscope for inverse systems of complexes following Greenlees and May (see
[38]). Also, we present a study of minimal injective resolutions of unbounded
complexes, including the case of not necessarily Noetherian rings.

Chapter 5 is devoted to Koszul complexes and the notions of Ext-depth and
Tor-codepth of a complex with respect to an ideal a of a commutative ring R. These
notions have been introduced and investigated in [82] for R-modules, where among
other results it is proved that these can be computed by using a Koszul complex
when the ideal a is finitely generated (see [82, 6.1.6, 6.1.7]). In the work of Foxby
and Iyengar (see [33]), this is shown for unbounded complexes over Noetherian
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rings, but most of their results hold in a greater generality. Following their ideas, we
extend these results to any finitely generated ideals of a commutative ring. Also, we
introduce the important class of complexes with infinite Tor-codepth and then add
some remarks on complexes with finite Ext-depth and finite Tor-codepth and some
useful inequalities.

In Chap. 6, we start with the investigation of the Čech complexes for a finite
system of elements in a commutative ring. We investigate Čech homology and
cohomology and some related classes, the classes of complexes which coincide
with their Čech homology or with their Čech cohomology. We also prove the
Ext-depth Tor-codepth sensitivity of the Čech complex as well as some vanishing
results and some inequalities with the focus on unbounded complexes. A helpful
technical tool is a bounded free resolution of the Čech complex as introduced in
[75].

In Chap. 7, we first recall that LKa and RCa are well defined in the derived
category and fix some notations. As in [38], we describe both functors in terms of
telescope and microscope, respectively. We also provide some first vanishing
results and results involving the class of complexes of infinite Tor-codepth, valid in
great generality. Then, we show under some boundedness conditions that the
Ext-depth and Tor-codepth with respect to a finitely generated ideal may again be
computed with local cohomology and local homology, respectively. To get rid
of the boundedness conditions, we need some more assumptions, namely that the
ring is Noetherian (see [33]), more generally that the ideal is generated by a weakly
pro-regular sequence, an important technical tool. In the case of an ideal a � R
generated by a weakly pro-regular sequence, the Čech homology and cohomology
yield representatives of LKa and RCa respectively (see [2, 65]). This will allow us
to extend results previously known for modules over a Noetherian ring to
unbounded complexes in the setting of an ideal generated by a weakly pro-regular
sequence. Local cohomology is an important tool in homological algebra because
of the Grothendieck non-vanishing results related to the depth and dimension of a
finitely generated module over a Noetherian local ring. In the last section, we also
obtain some non-vanishing results for the local cohomology as well as for the local
homology of any complex, and some new inequalities (generalizing those obtained
in [79] for modules). Moreover, we explore the behaviour of the Ext-depth and
Tor-codepth of a complex under the functors LKa and RCa.

The Koszul complex K�ðU � x;X½½U��Þ, studied in Chap. 8, plays an interesting
rôle. Here, x ¼ x1; . . .; xk denotes a sequence of elements in a commutative ring
R; U ¼ U1; . . .;Uk a set of variables and X an R-complex, and we form the poly-
nomial ring R½U� ¼ R½U1; . . .;Uk� and identify the R½U�-complex HomRðR½U�;XÞ
with the formal power series complex X½½U��. In the case of a weakly pro-regular
sequence x generating the ideal a it turns out that K�ðU � x;X½½U��Þ is a repre-
sentative of LKaðXÞ in the derived category. That is, HiðU � x;X½½U��Þ ffi Ka

i ðXÞ
for all i 2 Z. Let M denote an R-module. For x an M-weakly pro-regular sequence,
it turns out that H0ðU � x;M½½U��Þ ffi M̂a. It also follows that the sequence U � x is
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completely secant on M½½U��, in other words that HiðU � x;M½½U��Þ ¼ 0 for all
i[ 0.

In Chap. 9, we continue with some applications and supplements. Among them,
we describe some composites of RHom, LK and RC with respect to different ideals
a and b. When a¼b some of these results already appeared in [1] and [64]. Here, we
derive them from some more general composite results involving Čech complexes.
As in [1] and [64], we also provide adjointness results between LK and RC, derived
from the adjointness between telescope and microscope. A further section covers
the endomorphisms of certain complexes related to the Čech complex. Another
feature is the Mayer–Vietoris sequences for local or Čech cohomology and
homology with some unexpected consequences for weakly pro-regular sequences.
We again look at the classes of modules Ca and Ba introduced in Chap. 2, classes of
modules with properties related to completion and torsion. In particular, we show
how they might be useful for the computation of the local homology or cohomology
of complexes. We also study the class of homologically complete complexes and
the class of cohomologically torsion complexes. This allows extension to com-
plexes of the completeness criteria for modules described in Chap. 3 as well as their
counterpart in local cohomology. (Some of these criteria are also given in [65] and
[87].) Some comparisons between these classes are also provided. Also important is
change of ring theorems.

Under certain additional assumptions, the dual of the section functor is iso-
morphic to the completion of the dual. This is the starting point for various duality
statements, the theme of Part III.

In Chap. 10, we start with some Čech duality formulas and apply them to
Cohen–Macaulay or Gorenstein local rings to obtain some first versions of the
Grothendieck Local Duality Theorem. As a by-product, we prove a few new
characterizations of Gorenstein local rings. We also obtain new characterizations of
m-torsion and m-pseudo-complete modules over a Gorenstein local ring.

To obtain a more general version of Grothendieck’s Local Duality Theorem, the
notion of a dualizing complex, introduced in Chap. 11, plays an essential rôle. By a
result of Kawasaki, the existence of a dualizing complex for a Noetherian local ring
is equivalent to it being a factor ring of a Gorenstein ring (see [50]). By Cohen’s
Structure Theorem, a complete local ring is the factor ring of a regular ring. That is,
it possesses a dualizing complex. We recover this result without the use of Cohen’s
Structure Theorem. That is, we show that the Matlis dual of the Čech complex built
on a parameter system of a Noetherian local ring is the dualizing complex of its
completion. This result also shows an interesting interaction between the notion of a
dualizing complex for a Noetherian ring and the notion of Čech complexes. It will
be used when we consider a change of rings of the form R ! R̂a. This will provide
us with an explicit construction of a dualizing complex for R̂a involving the Čech
complex built on a generating set of a. The last section contains some new
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properties of dualizing complexes related to the completion functor, a recurrent
theme in this monograph.

In Chap. 12, we prove several variations of the Grothendieck Local Duality
Theorem and we derive a family of dualities including Matlis duality and dualizing
complexes as special cases. Besides some new aspects of duality, we generalize
Hartshorne’s affine duality concerning local cohomology stated in [44] and provide
its counterpart in local homology. There are some extended dualities with appli-
cations to complexes with mini-max homology. In the last section, we prove
Greenlees’ Warwick duality and several extensions.

We end the monograph with an Appendix. It contains an elementary proof of
Grothendieck’s non-vanishing theorem for local cohomology and its counterpart in
local homology. There we also recall the notion of a pro-regular sequence as
defined and used by Greenlees and May, a notion stronger than that of weakly
pro-regular sequences used in this monograph. Furthermore, we provide some
examples showing the necessity of the assumptions for the validity of several of our
results. Following Greenlees and May in [38], we also briefly consider the
right-derived functor of the completion functor in the setting of unbounded com-
plexes (Greenlees and May only considered modules). Finally, we recall results of
Bass and Chase, respectively, characterizing Noetherian and coherent rings. In the
last section of the Appendix, we also provide explicit examples of modules showing
the necessity of the assumptions for the validity of the results of Bass and Chase
resp. and also some further results.

In our presentation, we do not really work in derived categories. We only use its
language, as explained in Chap. 4. More precisely, we provide natural
quasi-isomorphisms of complexes realizing the corresponding isomorphisms in the
derived category. From our point of view, this illustrates in a more natural way the
results and the underlying constructions.

The preliminaries for potential readers are courses in commutative algebra and
homological algebra. We tried to include most of the non-standard facts on both
subjects. Though we are concerned with adic completion, only some basic general
topology is required, but topological arguments have to be used with caution;
algebraic arguments are safer. One of the main reasons for this need of precaution is
the fact that the adic topology of a submodule of a module M might be strictly finer
than the one induced by the adic topology of M. In the text, we follow a
ring-theoretic framework; i.e. we do not include results in the language of algebraic
geometry, as was done by Lipman et al. (see [1]). Our intention was to present a
systematic treatment of the subject together with our own contributions for inter-
ested researchers or graduate students with a basic knowledge of commutative and
homological algebra. This is also a first presentation of some of the results of [1] in
the form of a monograph. Moreover, we include some results of the research papers
[65] and [64], outlined in the derived category, in our frame of interest.

In our opinion, the present monograph fills a gap in the literature. There are no
monographs about completion and their derived functors in contrast to several
monographs about local cohomology. Because the completion functor is not left
exact, it makes investigations more complicated than in the case of local
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cohomology. Note, however, that any result in local homology gives rise to a
corresponding one in local cohomology, but we cannot go the other way. This is
because the dual of the section functor is isomorphic to the completion of the dual
under weak pro-regularity conditions (which are always satisfied when the ring is
Noetherian). The book could also be used as a second course, continuing com-
mutative algebra resp. homological algebra.

The book results from the co-operation of both authors over several years. It took
some time to fix the details for the subject and to work out the necessary prereq-
uisites. As an outcome, the interested reader might find several aspects of com-
mutative and homological algebra not available elsewhere.

Both of us are grateful for the abundance of patience of our relatives during the
preparation of several drafts of the manuscript. Without the support of our families,
the book could not have been finished. Thanks to them for their help. Moreover, the
first author is grateful to Bernd Sturmfels and the Max Planck Institut for
Mathematics in the Sciences, Leipzig, for their support during the final part of the
preparation of the manuscript.

Leipzig, Germany Peter Schenzel
Brussels, Belgium Anne-Marie Simon
February 2018
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Modules



Chapter 1
Preliminaries and Auxiliary Results

Though this first part is mainly devoted tomodules, we first fix the complex terminol-
ogy and notations to be used when some derived functors come into play, recalling
some useful well-known facts. Then we present some basic facts on Matlis duality,
and on inverse and direct limits. Most readers will not be tempted to look at this first
chapter but may prefer to refer back to it for notations and definitions when needed.

Here and in the other chapters R will always denote a commutative ring with
non-zero unit. For an excellent source of Commutative Algebra with a view towards
homological applications the reader may refer to [46].

1.1 Complexes

1.1.1 Terminology about Complexes. An R-ascending complex, or ascending
complex for short, is a family of R-modules {Xi }i∈Z and R-homomorphisms
di
X : Xi → Xi+1 for i ∈ Z such that di+1

x ◦ di
X = 0 for all i ∈ Z. It will be denoted

by X• or simply by X . A morphism f : X → Y of two ascending R-complexes X
and Y consists of a family { f i }i∈Z of R-homomorphisms f i : Xi → Y i such that
di
Y ◦ f i = f i+1 ◦ di

X for all i ∈ Z. The morphism f is an isomorphism if all the f i

are. When two complexes are isomorphic we write X ∼= Y .
An ascending complex X• is sometimes considered as a descending complex by

putting Xi = X−i and defining the differential Xi → Xi−1 by dX
i = d−i

X .
Complexes can be shifted. For an ascending complex X and an integer k ∈ Z

define X [k] to be the complex given by X [k]i = Xk+i and the differential dX [k] =
(−1)kdX . For a descending complex X we also define the complex X [k] by X [k]i =
Xi+k and the differential dX [k] = (−1)kd X .

© Springer International Publishing AG, part of Springer Nature 2018
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4 1 Preliminaries and Auxiliary Results

We say that a covariant (resp. contravariant) functor G from the category of R-
complexes into another category of complexes commutes with shift if we have natural
isomorphisms

(G(X))[1] ∼= G(X [1]) (resp.(G(X))[1] ∼= G(X [1])

for all R-complexes X . IfG is a functor from the category of R-modules into another
category of modules, its natural extension to complexes commutes with shift.

We say that a complex is right-bounded if it looks like · · · → ∗ → 0. For a
descending complex X this means that Xi = 0 for i � 0, and for an ascending one
that Xi = 0 for i � 0. Similarly we say that a complex is left-bounded if it looks like
0 → ∗ → · · · . A bounded complex is one which is both right and left-bounded. The
length of a bounded complex X is defined by length(X) = sup{i | Xi 	= 0} − inf{i |
Xi 	= 0}.

The cohomology (respectively the homology) modules of an ascending (respec-
tively descending) complex X is denoted by Hi (X) := Kerdi

X/Imdi−1
X (respectively

Hi (X) := KerdX
i /ImdX

i+1) as usual.
As usual we consider an R-module M as an R-complex concentrated in degree

zero with trivial differentials.

1.1.2 Let M denote an R-module (resp. an R-complex) over a commutative ring
R. Let I be an arbitrary set. Then we write MI = ∏

i∈I Mi and M (I ) = ∑
i∈I Mi ,

where Mi = M for all i ∈ I .
Note the following: any set bijection I ↔ I ′ induces isomorphisms of R-modules

(resp. of R-complexes) M (I ) ∼= M (I ′) and MI ∼= MI ′
.

1.1.3 Quasi-isomorphisms.Amorphism f : X → Y of complexes is called a quasi-
isomorphism if it induces isomorphisms at the (co)homology level. We use the nota-
tion X

∼−→ Y or Y
∼←− X to denote a quasi-isomorphism. As usual we say that two

complexes X and Y are quasi-isomorphic and we write X 
 Y if there is a finite
sequence of quasi-isomorphisms X

∼−→ · · · ∼←− Y .
An exact complex, that is, one for which Hi (X) = 0 for all i ∈ Z, is also called

(co)homologically trivial. Hence the notation X 
 0 indicates that the complex X is
(co)homologically trivial.

1.1.4 Homotopy. Two morphisms of R-complexes f, g : X• → Y• are homotopic
if there is a family of homomorphisms si : Xi → Yi+1 such that dY

i+1 ◦ si + si−1 ◦
dX
i = fi − gi . When two morphisms are homotopic we write f ≈ g. In that case
Hi ( f ) = Hi (g) for all i ∈ Z.

If f ≈ g, then HomR( f, Z) ≈ HomR(g, Z), HomR(Z , f ) ≈ HomR(Z , g) and
f ⊗R Z ≈ g ⊗R Z for any R-complex Z .
A morphism of complexes f : X → Y is called a homotopism if there is a mor-

phism f ′ : Y → X such that f ◦ f ′ ≈ idY and f ′ ◦ f ≈ idX . Homotopisms are
quasi-isomorphisms. (See [85] or [14] for more details.)
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1.1.5 Tensor product and Hom. Given two complexes X and Y the homomorphism
complex HomR(X, Y ) is defined in such a way that

HomR(X,Y )n =
∏

j−i=n

HomR(Xi ,Y j )

with differential
∏

j−i=n HomR(di−1
X ,Y j ) + (−1)n+1 HomR(Xi , d j

Y ). That is, cycles
of degree n are exactly the morphisms X → Y [n], two cycles of degree n give the
same class in Hn(HomR(X,Y )) precisely when they are homotopic. In particular,
the module of morphisms X → Y is the module Ker(d0

HomR(X,Y )).
For two R-complexes X,Y the tensor product X ⊗R Y is defined by (X ⊗R

Y )n = ⊕i+ j=n Xi ⊗R Y j with the differential di
X ⊗ idY +(−1)i idX ⊗d j

Y . Clearly
X ⊗R Y ∼= Y ⊗R X . Note that we still have the adjointness formula: for three com-
plexes X,Y, Z there is an isomorphism

HomR(X ⊗R Y, Z) ∼= HomR(X,HomR(Y, Z))

natural in X , Y and Z . The units and counits are the natural morphisms

HomR(Y, X) ⊗R Y → X and X → HomR(Y, X ⊗R Y ).

See [43, pp. 90, 93] or [85, pp. 58, 62] or [14] for details.
Note also that Hom and ⊗ commute with shifts: for all k ∈ Z we have natural

isomorphisms

HomR(X,Y [k]) ∼= HomR(X, Y )[k] ∼= HomR(X [−k],Y ) and

X [k] ⊗R Y ∼= (X ⊗R Y )[k)] ∼= X ⊗R Y [k].

To become acquainted with the homomorphism complex we sketch a proof of the
following well-known fact.

Lemma 1.1.6 (a) Let P be a right-bounded R-complex of projective modules and
X any exact R-complex. Then the complex HomR(P, X) is exact.

(b) Let I be a left-bounded R-complex of injective modules and X any exact
R-complex. Then the complex HomR(X, I ) is exact.

Proof For the first assertion it is enough to prove that any morphism f : P → X [n]
is homotopic to zero. Up to a shift we may assume that P has the form · · · → P1 →
P0 → 0 and that n = 0. As f0(P0) ⊂ Ker(dX

0 ) = Im(dX
1 )we have a homomorphism

s0 : P0 → X1 such that f0 − dX
1 ◦ s0 = 0. Then ( f1 − s0 ◦ dP

1 )(P1) ⊂ Ker(dX
1 ) =

Im(dX
2 ) and the map f1 − s0 ◦ dP

1 factors through X2, giving us a homomorphism
s1 : P1 → X2. We iterate the process and obtain the wanted homotopy.

The proof of the second assertion is similar. �
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1.1.7 Homothety morphisms. Let X be any complex over a commutative ring R.
Multiplication by r ∈ R provides a natural morphism

h : R → HomR(X, X)

also called the homothety morphism. Note that h(1) = idX is a cocycle of degree
0 in HomR(X, X), and that idX induces the identity on Hi (HomR(X, X)) for all
i ∈ Z. If H 0(HomR(X, X)) ∼= R and Hi (HomR(X, X)) = 0 for all i 	= 0 then the
homothety morphism is a quasi-isomorphism.

1.1.8 Split-exact or contractible complexes. We say that a complex X is split-exact
or contractible if the endomorphism idX is homotopic to zero. Such a complex is
obviously exact. If the complex X is split-exact so are the complexes

HomR(X,Y ), HomR(Y, X) and Y ⊗R X

for any other R-complex Y .
Note that any right-bounded exact complex of projective modules is split-exact

and that any left-bounded exact complex of injective modules is split-exact. See [14]
for more details around this.

The following will be used rather often.

Observations 1.1.9 Let L be a right-bounded R-complex of finitely generated pro-
jective R-modules and X another R-complex. Then

(a) HomR(L , X) ∼= HomR(L , R) ⊗R X if X is left-bounded or L is bounded,
(b) L ⊗R X ∼= HomR(HomR(L , R), X) if X is right-bounded or L is bounded.

1.1.10 The amplitude of a complex.We say that a complex X is homologically left-
bounded if H(X), viewed as a complex with zero differential, is left-bounded. That
is, if there is an integer r such that Hi (X) = 0 for all i < r (equivalently Hi (X) = 0
for all i > r ).

We say that a complex X is homologically right-bounded if H(X) is right-
bounded. That is, if there is an integer s such that Hi (X) = 0 for all i > s (equiva-
lently Hi (X) = 0 for all i < s). We say that a complex is homologically bounded if
it is both homologically left-bounded and homologically right-bounded.

We define the amplitude of a complex X by

amp(X) = sup{i | Hi (X) 	= 0} − inf{i | Hi (X) 	= 0}.

Note that 0 ≤ amp(X) < ∞ if and only if X is homologically bounded and not exact.

1.1.11 Resolutions of modules. Let X be a class of modules. By a X-complex we
mean a complex with modules in X. A left X-resolution of a module M is a quasi-
isomorphism X

∼−→ M where X is a X-complex and Xi = 0 for i < 0. A right
X-resolution of a module M is a quasi-isomorphism M

∼−→ X where X is an X-
complex and Xi = 0 for i < 0.
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1.1.12 Resolutions of complexes with boundedness conditions. Any homologically
left-bounded complex X has a left-bounded injective resolution. More precisely,
there is a quasi-isomorphism X

∼−→ I where I is a complex of injective modules
such that I i = 0 for all i < r := inf{i | Hi (X) 	= 0}.

Any homologically right-bounded complex X has a right-bounded free resolution.
More precisely, there is a quasi-isomorphism L

∼−→ X where L is a complex of
free modules such that Li = 0 for all i < s := inf{i | Hi (X) 	= 0}. If, moreover, the
Hi (X)’s are finitely generated and if the ring is Noetherian, then we may choose for
L a complex of finitely generated free modules. See [43] for the details.

(Resolutions of unbounded complexes will be considered in Part II.)

1.2 Inverse Limits

Recalls 1.2.1 An inverse system of R-modules over (N,≤) is a system of R-modules
and transition homomorphisms M = {ρi, j : Mj → Mi | 0 ≤ i ≤ j ∈ N} such that
ρi,i = idMi for all i and ρi, j ◦ ρ j,k = ρi,k for any triple of natural numbers i ≤ j ≤ k.
The inverse limit of such a system, denoted by lim←− Mt or lim←−M, is defined by a
universal property. More precisely the inverse systems over (N,≤)may be viewed as
contravariant functors from the small category (N,≤) to the category of R-modules;
so they form an abelian category. There is a natural embedding of the category of R-
modules into the category of inverse systems, sending any module M to the constant
inverse system for which Mi = M and ρi, j = idM . This natural embedding has a
right-adjoint, namely the inverse limit functor lim←−. It follows that the functor lim←− is
left-exact and commutes with products.

1.2.2 For an inverse system overN as in 1.2.1 there is an associated homomorphism

ψM :
∏

t∈N
Mt →

∏

t∈N
Mt defined by (ψM(w))t = wt − ρt,t+1(wt+1).

It is known that Ker(ψM) = lim←− Mt . The module Coker(ψM) is also significant, in
fact we have Coker(ψM) = lim←− 1Mt (in general lim←− 1 denotes the first right-derived
functor of the inverse limit functor (see [49] or [85] for details)). Here we just take
this as a notation but we observe the following: given an inverse system over (N,≤)

of exact sequences
0 → M ′

t → Mt → M ′′
t → 0,

by the snake lemma there exists a six-term long exact sequence

0 → lim←− M ′
t → lim←− Mt → lim←− M ′′

t

→ lim←−
1M ′

t → lim←−
1Mt → lim←−

1M ′′
t → 0.
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This justifies the notation Coker(ψM) = lim←− 1Mt and shows again that the functor
lim←− is left-exact. (Note that lim←− i Mt = 0 for i > 1 and an inverse systemM over the
natural numbers N (see again [49] for the details). But we do not need this last fact.)

We can restrict to a subset N′ of N which is cofinal in (N,≤), that is, a subset
such that for all t ∈ N there is an t ′ ∈ N′ with t ≤ t ′. Then we have lim←−t∈N Mt =
lim←−t ′∈N′ Mt ′ and lim←− 1

t∈NMt = lim←− 1
t ′∈N′Mt ′ .

Definitions and observations 1.2.3 Let M = {ρi, j : Mj → Mi } be an inverse sys-
tem of modules over N. If all the homomorphisms ρt,t+1 are surjective we say that
the inverse system M is surjective. In this case the associated homomorphism ψM

is surjective, as is easily seen, and lim←− 1Mt = Coker(ψM) = 0.
The advantage of this notion is that any inverse system can be embedded into a

surjective one (see [49]).
More generally, one says that the inverse system M satisfies the Mittag-Leffler

condition if for all t the decreasing sequence of submodules

Nk = {Im(ρt,t+k) | k ∈ N}

of Mt stabilizes. The associated homomorphism ψM is also surjective in this case.
(Indeed we have an exact sequence of inverse systems 0 → M → I → N → 0

where the system I is surjective, and it is known that, ifM satisfies theMittag-Leffler
condition, the inverse limit of this sequence is again exact (see [39, III-0, 13.2.2]).
Hence Coker(ψM) = 0 as seen in the six-term long exact sequence.)

Definitions and observation 1.2.4 Following [75] we say that the inverse system
M = {ρi, j : Mj → Mi } is pro-zero if for all t ∈ N there exists a t ′ ≥ t such that the
transition homomorphism ρt ′,t is zero. This condition implies that the transition map
ψM is an isomorphism, and therefore lim←− Mt = 0 = lim←− 1Mt . (Because there is a
cofinal subsystem with null transition homomorphisms.)

Let 0 → {M ′
t } → {Mt } → {M ′′

t } → 0 denote a short exact sequence of inverse
systems of R-modules. Then the middle inverse system is pro-zero if and only if the
two outside ones are pro-zero.

Example 1.2.5 An inverse system which is neither surjective nor pro-zero, which
does not satisfy the Mittag-Leffler condition, though its associated homomorphism
is an isomorphism.

Take for R a formal power series ring k[[x]] in one variable x over a field k. We
form an inverse system M with Mt = R and ρt,t+1 : Mt+1 → Mt multiplication by
x for all t ∈ N. This system is neither surjective nor pro-zero and does not satisfy
the Mittag-Leffler condition. But it is rather easy to see that the associated homo-
morphism ψM is an isomorphism. Indeed, if w ∈ Ker(ψM), then for all t we have
wt ∈ ∩nxn R = {0}, hence w = 0. On the other hand, given a w ∈ ∏

t Mt , we put
vt = wt + xwt+1 + · · · = ∑∞

n=t x
n−twn . These vt give an element v ∈ ∏

t Mt such
that ψM(v) = w.
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1.2.6 We shall also consider inverse systems of complexes over N, briefly described
by a system of morphisms of complexesP = {ρt,t+1 : Pt+1 → Pt | t ∈ N}. To such
a system there is an associated morphism of complexes

ψP :
∏

t∈N
Pt →

∏

t∈N
Pt

defined degree-wise as in 1.2.1 and we still have

Ker(ψP) = lim←− Pt , Coker(ψP) = lim←−
1Pt .

If the inverse system {Pt } is degree-wise surjective, more generally satisfies degree-
wise the Mittag-Leffler condition, then ψP is surjective and lim←− 1Pt = 0.

1.2.7 Some constructions. Given an inverse system P of complexes over N as in
1.2.6 and another complex Y , we can form the inverse system

HomR(Y,P) := {HomR(Y, ρt,t+1) : HomR(Y, Pt+1) → HomR(Y, Pt ) | t ∈ N}.

Then we have

ψHomR(Y,P) = HomR(Y, ψP) and lim←−(HomR(Y, Pt )) = HomR(Y, lim←− Pt )

because HomR(Y, ·) is left-exact and commutes with products. In other words the
functor HomR(Y, ·) commutes with lim←−.

We can also form the inverse system

Y ⊗R P := {Y ⊗R ρt,t+1 : Y ⊗R Pt+1 → Y ⊗R Pt | t ∈ N}.

As a first application of the above and for later use we mention the following.

Lemma 1.2.8 Let R be any commutative ring and Y be a descending R-complex.
Also letM = {ρt,t+1 : Mt+1 → Mt | t ∈ N} be an inverse system of R-modules sat-
isfying the Mittag-Leffler condition. Then for all i ∈ Z there is a natural short exact
sequence

0 → lim←−
1Hi+1(Y ⊗ Mt ) → Hi (lim←−(Y ⊗ Mt )) → lim←− Hi (Y ⊗ Mt ) → 0.

Proof First note that the inverse system of complexes {Y ⊗ Mt }t∈N satisfies degree-
wise theMittag-Leffler condition. Hence there is a short exact sequence of complexes

0 → lim←−(Y ⊗ Mt ) −→
∏

t

(Y ⊗ Mt )
ψ−→

∏

t

(Y ⊗ Mt ) → 0,

whereψ is the associatedmorphism. Since homology commutes with direct products
the long exact homology sequence induces the statement. �
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Lemma 1.2.9 Let {Pt | t ∈ N} and {P ′
t | t ∈ N} denote two inverse systems of R-

complexes and assume there is an inverse system of quasi-isomorphisms Pt
∼−→ P ′

t .
Suppose that both systems satisfy degree-wise the Mittag-Leffler condition. Then the
induced morphism lim←− Pt → lim←− P ′

t is also a quasi-isomorphism.

Proof There is commutative diagram

0 lim←− Pt
∏

Pt
ψP ∏

Pt 0

0 lim←− P ′
t

∏
P ′
t

ψP ∏
P ′
t 0.

In this diagram the rows are exact (see 1.2.6). Moreover, the middle and the right
vertical morphisms are quasi-isomorphisms. Hence the left vertical morphism is also
a quasi-isomorphism. �

1.2.10 We may also consider inverse systems over any partially ordered set. Then
again the inverse limit functor is left-exact and HomR(X, lim←−i

Pi ) ∼=
lim←−i

(HomR(X, Pi ) (this may be seen by adjointness).
In this direction recall the following well-known result. Let{Mi, j } be an inverse

system over (N × N,≤ × ≤). Then

lim←−
j

(lim←−
i

{Mi, j }) = lim←−
t

{Mt,t } = lim←−
i

(lim←−
j

{Mi, j }).

1.3 Direct Limits

Recalls 1.3.1 A direct system of R-complexes over N is a system of morphisms of
R-complexes D = {σi, j : Di → Dj | 0 ≤ i ≤ j ∈ N} such that σi,i = idDi for all i
and σ j,k ◦ σi, j = σi,k for any triple of natural numbers i ≤ j ≤ k. Here the direct
systems over (N,≤) may be viewed as covariant functors from the small category
(N,≤) to the category of R-complexes. There is again a natural embedding of the
category of R-complexes into the category of direct systems, sending a complex X to
the constant direct system for which Xi = X and σi j = idX . This natural embedding
has a left-adjoint, namely the direct limit functor lim−→.

1.3.2 To a direct system of complexes D over N there is associated a morphism of
complexes

φD :
⊕

t∈N
Dt →

⊕

t∈N
Dt

defined degree-wise by x �→ x − σt,t+1(x) for x ∈ Dt . Then it is known that we have
the short exact sequence
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0 −→
⊕

Dt
φD−→

⊕
Dt −→ lim−→ Dt −→ 0.

It follows that the functor lim−→ is exact, hence commutes with taking homology.

Moreover, if Dt
∼−→ D′

t is a direct system of quasi-isomorphisms over N, it

induces a quasi-isomorphism lim−→ Dt
∼−→ lim−→ D′

t .

1.3.3 Some constructions. LetD be a direct system of R-complexes as in 1.3.1 and
Y an R-complex.
(a) We can form the direct system

D ⊗R Y := {σt,t+1 ⊗R idY : Dt ⊗R Y → Dt+1 ⊗R Y | t ∈ N}.

As tensor products commute with direct sum they also commute with lim−→. More
precisely we have

φD⊗RY = φD ⊗R Y and lim−→(Dt ⊗R Y ) = (lim−→ Dt ) ⊗R Y.

(b) We can also form the inverse system

HomR(D,Y ) := {HomR(σt,t+1,Y ) : HomR(Dt+1,Y ) → HomR(Dt ,Y ) | t ∈ N}.

For an s = (st ) ∈ HomR(⊕Dt ,Y ) = ∏
HomR(Dt ,Y ) note that (s ◦ φD)t = st −

st+1 ◦ σt,t+1. Hence we have

ψHomR(D,Y ) = HomR(φD,Y ) and lim←−(HomR(Dt ,Y )) ∼= HomR(lim−→ Dt ,Y ).

This reflects the formal duality between inverse and direct limits.
In the case when Y = I is a complex of injective R-modules, so that the functor

HomR(·, I ) is exact, we also have lim←− 1(HomR(Dt , I )) = 0.

In general the functor HomR(Z , ·) does not commute with direct limits, but in
particular we have the following.

Lemma 1.3.4 Let R be any commutative ring and let L be a right-bounded R-
complex of finitely generated free modules. LetD = {Dt → Dt+1 | t ∈ N} denote a
direct system of R-complexes with

Dt : 0 → D0
t → D1

t → · · · .

Then there is a natural isomorphism

lim−→(HomR(L , Dt )) ∼= HomR(L , lim−→ Dt ).

Proof We have HomR(L , Dt ) ∼= HomR(L , R) ⊗R Dt (see 1.1.9). It follows that
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lim−→(HomR(L , Dt ) ∼= lim−→(HomR(L , R) ⊗R Dt ) ∼= HomR(L , R) ⊗R lim−→ Dt .

As the complex lim−→ Dt is obviously left-bounded we also have

HomR(L , R) ⊗R lim−→ Dt
∼= HomR(L , lim−→ Dt )

(see 1.1.9 again). �

1.3.5 Direct limits of R-complexes can also be taken over an arbitrary partially
ordered set (I,≺). In this case the direct limit functor commuteswith tensor products.
It is left-exact and we still have that HomR(lim−→ Di , X) ∼= lim←−HomR(Di , X). All this
follows by adjointness.

If, moreover, I is right-filtered, that is, if for all i, j ∈ I there exists a k ∈ I such
that i, j ≺ k, then the direct limit functor is exact, hence commutes with taking
homology.

A first example of a direct limit is the ring Rx (x ∈ R), that is, the ring of fractions
of the form r/xn , where r ∈ R and n ∈ N. Before showing this we recall some basic
facts around localization.

Definition 1.3.6 Let S denote a multiplicatively closed subset of a commutative
ring R, that is, a subset S ⊂ R such that 1 ∈ S and ss ′ ∈ S for all s, s ′ ∈ S. The
localization RS is a commutative ring and a ring morphism θ : R → RS such that

(a) θ(s) is invertible for all s ∈ S.
(b) RS is universal with the property:

R
θ

f

RS

f ′

R′

if R′ is a commutative ring and f is a ring morphism such that f (s) is invertible
for all s ∈ S, then there is a unique ring morphism f ′ : RS → R′ such that
f ′ ◦ θ = f .

As a solution to a universal mapping problem RS is unique if it exists. It exists in
view of the following.

Remark 1.3.7 Let S ⊂ R denote a multiplicatively closed set in a commutative ring
R. For the details of the following we refer to [3], [13], or [52].

(a) We introduce the equivalence relation ∼ on R × S

(r, s) ∼ (r ′, s ′) ⇐⇒ there is an s ′′ ∈ S such that s ′′(rs ′ − r ′s) = 0.
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Denote the equivalence class of (r, s) by r/s and write RS = (R × S)/ ∼. With the
induced operations RS becomes a commutative ring. There is a natural ringmorphism
ι : R → RS, r �→ r/1. Recall that 1 ∈ S.Moreover, ι(s) is invertible for all s ∈ S and
clearly ι : R → RS has the universal property of Definition 1.3.6. Whence RS is the
localization of R with respect to S. Then Ker(ι) = {r ∈ R | sr = 0 for some s ∈ S}.

(b) Here is another description of RS . Let R[Ts |s ∈ S] denote the polynomial ring
in the variables Ts, s ∈ S. Let I ⊂ R[Ts |s ∈ S] =: R[TS] denote the ideal generated
by the polynomials 1 − sTs, s ∈ S, and define θ : R → R[TS]/I as the composite
R → R[TS] → R[TS]/I . Clearly R[TS]/I is a commutative ring, θ is a ring mor-
phism and θ(s) is invertible for all s ∈ S. It is easy to check that θ : R → R[TS]/I
has the universal property of Definition 1.3.6. Whence RS

∼= R[TS]/I .
(c) Let x ∈ R denote an element and let S = {1, x, x2, . . .}. Then we write Rx for

RS . Let us consider the direct system {σn,n+1 : Rn → Rn+1 | n ∈ N}, where Rn = R
for all n ∈ N and σn,n+1 is the multiplication by x . The homomorphisms gn : Rn =
R → Rx , 1 �→ 1/xn induce a homomorphism g : lim−→n

Rn → Rx . It is easy to check
that this homomorphism g is an isomorphism of R-modules.Whence lim−→n

Rn,∼= Rx .
Moreover, there is a short exact sequence

0 → ⊕n Rn
φ−→ ⊕n Rn → Rx → 0

(see also 1.3.2 for the construction of φ). Furthermore, there is a ring isomorphism
Rx

∼= R[T ](1 − xT )R[T ], where R[T ] denotes the polynomial ring in the variable
T over R.

1.4 Ext-Tor Duality and General Matlis Duality

1.4.1 LetM , N , I bemodules over a commutative ring R. Assume that I is injective.
We recall the Ext-Tor duality

HomR(TorRi (M, N ), I )) ∼= ExtiR(M,HomR(N , I )).

This follows by adjointness and the exactness of HomR(·, I ): if L ∼−→ M is a free
resolution of M , then HomR(L ⊗R N , I ) ∼= HomR(L ,HomR(N , I )).

Hence if N is flat then HomR(N , I ) is injective.
Moreover, ifM has a free resolution L

∼−→ M for which there is a natural number
k such that Li is finitely generated when i ≤ k + 1, then

TorRi (M,HomR(N , I )) ∼= HomR(ExtiR(M, N ), I )) for all i ≤ k.

This follows because

dL
i ⊗R HomR(N , I ) ∼= HomR(HomR(dL

i , R),HomR(N , I ))

∼= HomR(HomR(dL
i , N ), I )
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for i ≤ k + 1 as dL
i is a homomorphism of finitely generated free modules for i ≤

k + 1 and because I is injective. (See [18] for more details around this.)

We nowwonder when the module HomR(J, I ) is flat for two injective R-modules
J, I . It is clear that any product of injective modules is injective and that any direct
sum of flat modules is flat. We may also wonder when any product of flat modules is
flat and when any direct sum of injectives is injective (see also the Appendix A.5.4
and A.5.7, for more precise results concerning these questions).

1.4.2 Recall that a commutative ring R is coherent when for every finitely generated
ideal c ⊂ R there is an exact sequence

L2 → L1 → L0 → R/c → 0

where L0, L1, L2 are finitely generated free R-modules.

1.4.3 Recall first a Bourbaki flatness criterion [13, Chapitre 1, §2, n◦3 remarque 1]:
an R-module N is flat if and only TorR1 (R/c, N ) = 0 for any finitely generated ideal
c of R.

It follows that the flat dimension of an R-module M is given by

fdR(M) = sup{i | TorRi (R/c, M) 	= 0 for some finitely generated ideal c}.

Recall 1.4.4 (see [13, Chapter 1, §2, exercise 9]) Let N be a finitely presented R-
module, that is, an R-module admitting an exact sequence

L1 → L0 → N → 0

where L0 and L1 are finitely generated free R-modules. Then the functor (N ⊗R ·)
commutes with products.

When the ring is coherent it follows that any product of flat modules is flat (in
view of the criterion 1.4.3).

Lemma 1.4.5 Suppose that a commutative ring R is coherent. Let J and I be two
complexes of injective R-modules. Then the complex HomR(J, I ) is a complex of
flat R-modules.

Proof In view of 1.4.4 we only need to consider the case where I and J are modules.
In this case, for all finitely generated ideals c of R we have in view of 1.4.1

TorR1 (R/c,HomR(J, I )) ∼= HomR(Ext1R(R/c, J ), I )) = 0.

This implies the flatness of HomR(J, I ) in view of 1.4.3. �

As a slight extension of some of the remarks in 1.4.1 the following statement may
also be useful.
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Lemma 1.4.6 Let a denote a finitely generated ideal of a commutative ring R. Let
X denote an arbitrary R complex and I a complex of injective R-modules. Then the
natural morphism

R/a ⊗R HomR(X, I ) → HomR(HomR(R/a, X), I )

is an isomorphism.

Proof At first let X be an R-module and let I be an injective R-module. Then by
virtue of 1.4.1 it follows that the natural homomorphism

R/a ⊗R HomR(X, I ) → HomR(HomR(R/a, X), I )

is an isomorphism. Now we extend it to complexes. First note that

(R/a ⊗R HomR(X, I ))n = R/a ⊗R (HomR(X, I ))n = R/a ⊗R

∏

j−i=n

HomR(Xi , I j ).

Because a is finitely generated the tensor product by R/a commutes with direct
products (see 1.4.4). Therefore the previous module is isomorphic to

∏

j−i=n

HomR((HomR(R/a, X)i ,Y j )) = (HomR(HomR(R/a, X),Y ))n .

By following the corresponding differentials this proves the statement. �

1.4.7 Let us also recall Baer’s criterion (see e.g. [14, §1, n◦7 Proposition 10]). An
R-module M is injective if and only Ext1R(R/c, M) = 0 for all ideals c of R.

It follows that the injective dimension of an R-module M is given by

idR(M) = sup{i | ExtiR(R/c, M) 	= 0 for some ideal c}.

When the ring R is Noetherian it also follows that any direct limit or direct sum of
injectives modules is injective. This is because the ExtiR(R/c, ·) commute with direct
limits and direct sums when R is Noetherian (to see this take a free resolution L• of
R/c, where the Li are free finitely generated, and use 1.1.9).

1.4.8 General Matlis duality. Let R be any commutative ring. We write ER(M) for
the injective hull of an R-module M , and simply write E for the direct product of
the ER(R/m), m running through the set of maximal ideals of R. This module E
is an injective cogenerator of the category of R-modules. That is, for any element
m 	= 0 of an R-module M there is an s ∈ HomR(M, E) such that s(m) 	= 0. This
gives rise to a general Matlis duality functor denoted by (·)∨ := HomR(·, E). This
contravariant functor is faithfully exact and we have

TorRi (M, N )∨ ∼= ExtiR(M, N∨)
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for all R-modules M and N and all i ≥ 0. Assume in addition that M has a free reso-
lution L

∼−→ M by finitely generated free R-modules. Then there are isomorphisms

TorRi (M, N∨) ∼= ExtiR(M, N )∨

for all i ≥ 0. This is a consequence of 1.4.1.
Note also the natural homomorphism

M → HomR(HomR(M, E), E) = (M∨)∨

obtained by evaluation. It is always injective since E is an injective cogenerator.

1.4.9 Let R be a commutative ring andM an R-module. To each submodule N of the
R-module M we associate a submodule of M∨ defined by No := {s ∈ M∨ | s(N ) =
0}. Similarly to each submodule S of the R-module M∨ we associate a submodule
of M defined by Sa := {w ∈ M | S(w) = 0}. This gives a correspondence between
the submodules of M and those of M∨ which reverses inclusions and such that
S ⊂ Sao, N ⊂ Noa . We note that the last inclusion is in fact an equality: Noa = N
for all submodules N of M because E is an injective cogenerator. Then we obtain
the following implications.

(a) If M∨ is Noetherian, then M is Artinian.
(b) If M∨ is Artinian, then M is Noetherian.

When the ring is Noetherian flat modules and injective modules are interchanged
under the general Matlis duality. More generally we have the following well-known
result.

Lemma 1.4.10 Let R be a Noetherian ring and N an R-module. Then

fdR(N ) = idR(N∨) and idR(N ) = fdR(N∨).

Proof This is a consequence of 1.4.3, 1.4.7 and the Ext-Tor duality as stated in 1.4.8.
�

1.5 Cones and Fibers

1.5.1 Let h : X → Y denote a morphism of ascending complexes over a commu-
tative ring R. The cone C(h) of this morphism is the graded module defined by
C(h)i = Xi+1 ⊕ Y i with differential given by the matrices

di
C(h) =

(−di+1
X 0

−hi+1 di
Y

)

.

(With the sign convention we follow [43] and [36].)
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Thefibre F(h) of themorphism h : X → Y is defined by F(h) = C(h)[−1]. Hence
F(h)i = Xi ⊕ Y i−1 with differential given by the matrix

di
F(h) =

(
di
X 0
hi −di−1

Y

)

.

It is straightforward to check thatC(h) and F(h) are indeed ascending complexes.
Moreover, we have the following short exact sequences of R-complexes

0 → Y → C(h) → X [1] → 0 and 0 → Y [−1] → F(h) → X → 0.

Note that h : X → Y is a quasi-isomorphism if and only if C(h) (respectively F(h))
is cohomologically trivial. This follows since the connecting maps in the long exact
cohomology sequence associated to the above short exact sequences coincide with
Hi (h), i ∈ Z. In particular, C(h) (respectively F(h)) is exact as soon as both X and
Y are exact.

The cone and the fiber of a morphism X
h→ Y of descending complexes is defined

by lowering the indices: in the descending situation we have C(h)i = Xi−1 ⊕ Yi and
F(h)i = Xi ⊕ Yi+1 for all i ∈ Z.

1.5.2 Observation. Let G be an additive functor of the category of R-modules into
another category of modules. This functor extends naturally to complexes and this
extension commutes with shift. Now let h : X → Y be a morphism of complexes.
If G is covariant then C(G(h)) ∼= G(C(h)) and F(G(h)) ∼= G(F(h)). If G is con-
travariant then F(G(h)) ∼= G(C(h)) and C(G(h)) ∼= G(F(h)).

1.5.3 A standard homological argument. Let G be a covariant additive functor from
the category of R-modules into another category of modules, and let Gi be its left-
derived functors : Gi (M) := Hi (G(L)), where L•

∼−→ M is a free resolution of the
R-moduleM . The functorG0 is right-exact andG0

∼= G if and only ifG itself is right-
exact. Now letXG be the class of R-modules N such that Gi (N ) = 0 for all i > 0. A
standard homological argument asserts that theGi (M) can be computed by applying
G0 to a left XG-resolution X• → M of the module M : Gi (M) = Hi (G0(X)) for all
i ≥ 0.

Indeed, let L•
∼−→ M be a free resolution ofM . Then there is a quasi-isomorphism

f : L•
∼−→ X• and the complex C( f ) is a right-bounded exact complex with mod-

ules C( f )i ∈ XG . It is rather easy to see that the image by G0 of such a complex
remains exact. Hence we have the quasi-isomorphism G0( f ) : G(L) = G0(L) →
G0(X). There are analogous remarks on the right-derived side, and also for con-
travariant functors.

Cones and fibers will play an essential rôle in Part II. In the spirit of 1.5.2 we also
note the following, the proof of which is an easy exercise (because Hom and Tensor
commute with shift).
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Lemma 1.5.4 Let X,Y, Z be three R-complexes, ascending or descending, it does
not matter, and let f : X → Y be a morphism of R-complexes. Then we have the
following isomorphisms of complexes:

(a) C( f ) ⊗R Z ∼= C( f ⊗R Z).

(b) HomR(Z ,C( f )) ∼= C(HomR(Z , f )).
(c) HomR(Z , F( f )) ∼= F(HomR(Z , f )).
(d) HomR(C( f ), Z) ∼= F(HomR( f, Z)).

(e) HomR(F( f ), Z) ∼= C(HomR( f, Z)).

1.5.5 Functorial properties. The following also is well known and rather easy to
prove.

(a) Any commutative square

X ′

f ′

gs
X

f

Y ′
gb

Y

induces morphisms C(gs, gb) : C( f ′) → C( f ) and F(gs, gb) : F( f ′) → F( f ). If
gs and gb are quasi-isomorphisms, so are C(gs, gb) and F(gs, gb).
(b) Any commutative diagram with exact rows

0 X ′

f ′

X

f

X ′′

f ′′

0

0 Y ′ Y Y ′′ 0

induces short exact sequences

0 → C( f ′) → C( f ) → C( f ′′) → 0 and 0 → F( f ′) → F( f ) → F( f ′′) → 0.

We continue with a few more constructions related to cones.

Proposition 1.5.6 (See [14, §2, n◦7 Proposition 9] or [32]) Let R be a commutative
ring and

X
f→ Y

g→ Z

be a zero-sequence of R-complexes and morphisms. Then

(a) g induces a morphism C( f ) → Z given degree-wise (in ascending notation) by
the composite

C( f )i = Xi+1 ⊕ Y i → Y i gi−→ Zi .
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(b) f induces a morphism X → F(g) given degree-wise (in ascending notation) by
the composite

Xi f i−→ Y i → Y i ⊕ Zi−1 = F(g)i .

(c) If, moreover, the sequence 0 → X
f→ Y

g→ Z → 0 is exact, then the morphisms
g′ and f ′ described in (a) and (b) are quasi-isomorphisms.

Proof It is rather easy to check that the maps described in (a) and (b) are morphisms
of complexes. When the sequence

0 → X
f→ Y

g→ Z → 0

is a short exact sequence observe that the morphism described in (a) is surjective
with kernel C(idX ), while the morphism described in (b) is injective with cokernel
F(idZ ). Then deduce the claim in (c) or see [14] or [32] for an outlined proof and
all the details. �
Corollary 1.5.7 Let 0 → X

f→ Y → Z → 0 be an exact sequence of R-complexes.
The R-complex Y is exact if and only if the morphism f induces quasi-isomorphisms

X [1] ∼←− C( f )
∼−→ Z .

1.5.8 About cylinders. Let f : X → Y be a morphism of ascending complexes over
a commutative ring R. We take the fiber of f and denote by p : F( f ) → X the
natural projection. Hence pi : F( f )i = Xi ⊕ Y i−1 → Xi is described by the row
matrix

(
idXi 0

)
. Then we define the cylinder of f by

Cyl( f ) = C(−p).

Hence Cyl( f )i = C( f )i ⊕ Xi = Xi+1 ⊕ Y i ⊕ Xi and the differential of Cyl( f ) is
given by the matrices

di
Cyl( f ) =

⎛

⎝
−di+1

X 0 0
− f i+1 di

Y 0
− idi+1

X 0 di
X

⎞

⎠ .

There is a morphism of gradedmodules h : Cyl( f ) → Y described by the rowmatri-
ces hi = (

0 idiY f i
)
. By computation we observe that h is a morphism of complexes

and that there is a commutative diagram with exact rows

0 X Cyl( f )

h

C( f ) 0

X
f

Y g Z 0
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where Z = Coker( f ), where g is the natural surjection and where the vertical mor-
phism on the right is the one described in 1.5.6 (a).

If, moreover, f is injective, that is, if the short sequence 0 → X
f→ Y

g→ Z → 0
is exact, then the vertical morphism on the right C( f ) → Z is a quasi-isomorphism
(see 1.5.6) and so is h.

We note that these constructions are functorial. Any commutative square

X ′ f ′

a

Y ′

b

X
f

Y

induces morphisms Cyl(a, b) and C(a, b) such that the following diagram

0 X ′

a

Cyl( f ′)

Cyl(a,b)

C( f ′)

C(a,b)

0

0 X Cyl( f ) C( f ) 0

is commutative. If the morphisms a and b are quasi-isomorphisms, then the mor-
phisms C(a, b) and Cyl(a, b) are also quasi-isomorphisms. This is a consequence
of 1.5.5.

For more information and details about these constructions, see [14, §2, n◦6
Proposition 7 and §2, n◦7 Proposition 9] resp. [85, Section 1.5].

1.5.9 Adual construction: cocylinders.Let 0 → Z ′ → Y ′ f ′→ X ′ be an exact sequence
of descending complexes over a commutative ring R. We take the cone of f ′ and
denote by p′ : X ′ → C( f ′) the natural injection. Then we define the cocylinder of
f ′ by

Dyl( f ′) = F(−p′).

Then Dyl( f ′) = X ′ ⊕ Y ′ ⊕ X ′
[1] as a graded module. We note that cylinders and

cocylinders are interchangedby thegeneralMatlis duality. In particular, (Dyl( f ′))∨ ∼=
Cyl( f ′∨). It follows that the morphism of graded modules h′ : Y ′ → Dyl( f ′)
described by the column matrices

h′
i =

⎛

⎝
f ′
i

(idY )i
0

⎞

⎠

is a morphism of complexes and that there is a commutative diagramwith exact rows
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0 Z ′ Y ′ f ′

h′

X ′

0 F( f ′) Dyl( f ′) X ′ 0

where the vertical morphism on the left is the one described in 1.5.6 (b).

If,moreover, f ′ is surjective, that is, if the short sequence 0 → Z ′ → Y ′ f ′→ X ′ →
0 is exact, then the vertical morphism on the left is a quasi-isomorphism (see 1.5.6)
and so is h′.

Here again these constructions are functorial.



Chapter 2
Adic Topology and Completion

In the first three sections of this chapter we summarize the basic results on the
subject, include results for which there is no reference in the literature and complete
the picture with some new observations. A few of these facts hold in full generality;
but most of them require that the adic topology is taken with respect to a finitely
generated ideal. The case when the ring is Noetherian is easier to handle, though
far from being obvious when dealing with infinitely generated modules. In Sect. 2.4
we provide an extension of Bartijn’s result stating that the adic completion of a flat
module over a Noetherian ring is flat. Section2.5 contains the first information on
the left-derived functors of the adic completion functor with respect to an ideal a.
Writing them, we have been astonished by how much can be said assuming only the
hypothesis that the ideal a is finitely generated. As usual there are finer results when
the ring is Noetherian, and it is helpful in Part II to see that some of these hold in
greater generality and in a more general setting. In Sect. 2.6 we introduce a notion
of relative flatness, which is helpful for the study of local homology. Section2.7
contains some remarks on torsion modules and relatively injective modules.

2.1 Topological Preliminaries

We first recall some known facts on the subject, fix notations and add some remarks
and comments.

2.1.1 Adic topologies. (a) Let a be an ideal of a commutative ring R. Given an
R-module M , its submodules at M, t ∈ N, form a base of open neighbourhoods of
the origin for a topology on M , called the a-adic topology. It is then clear that any
morphism between R-modules is continuous for the a-adic topology.

© Springer International Publishing AG, part of Springer Nature 2018
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and Cohomology, Springer Monographs in Mathematics,
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(b) Let N be a submodule of M . The closure of N in M for this topology, the
a-closure for short, is N

a

M := ⋂
t (N + at M). ThusM is separated in its a-adic topol-

ogy, a-separated for short, exactly when
⋂

t a
t M = 0. Moreover, N is a-closed in

M if and only if the quotient module M/N is a-separated. If N
a

M = M we say that
N is a-dense in M ; algebraically this means that M = N + aM ; topologically this
also means that the a-adic topology on the quotient M/N is the coarse one. More
generally we say that a morphism f : M ′ → M is a-dense if Im( f ) is a-dense in M ,
algebraically this means that M = Im( f ) + aM .

We shall also say that the R-module M is a-coarse if its a-adic topology is the
coarse one, algebraically this means that M = aM .

(c) Note also that the a-adic topology of a submodule N of M is finer than the
one induced by the a-adic topology of M , so that N is a-separated as soon as M is.
But one has to be careful, it might happen that the a-adic topology of the submodule
N of M is strictly finer than the one induced by the a-adic topology of M . However,
the topology on

⋂
at M = 0

a

M induced by the a-topology of M is always the coarse
one. We shall provide in 2.4.14 an example of a module X over a Noetherian ring
for which 0 �= 0

a

X is a-separated (and even a-complete). Moreover, we shall also see
in 2.5.6 that modules Y for which

⋂
at Y is not a-coarse when non-zero occur very

often in the completion process.
(d)We shall say that two ideals a and a′ are topologically equivalent if they define

the same adic topology, algebraically this means that a contains a power of a′ and
vice versa. Note that finitely generated ideals are topologically equivalent if and only
if they have the same radical.

The following easy observation will be used frequently.

Observation 2.1.2 If the R-module X satisfies X = aX and if the R-module Y
is a-separated, then HomR(X,Y ) = 0. This is both topologically and algebraically
obvious.

2.1.3 Adic completions. (a) Thea-adic topologyonM is in fact inducedby a uniform
structure on M (and even an ultrametric structure in the case when M is a-separated),
so one may form completions. The a-adic completion functor is denoted by Λa or
ˆ(·)a, or even ˆ(·) in the case when there is no doubt about the ideal. It is known that
M̂a = lim←− M/at M . If the descending sequence of submodules {M ′

t }t≥1 of M form
another base of open neighbourhoods of the origin for the a-adic topology of M ,
then also M̂a = lim←− M/M ′

t . In particular, if a and a′ are topologically equivalent,

then M̂a = lim←− M/a′t M = M̂a′
.

Let f : M → N denote a homomorphism of R-modules. The inverse limit pro-
cedure gives natural maps τa

M and ρMa
t , t ≥ 1, such that the following diagrams are

commutative
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M

pMa
t

τa
M

M̂a

ρMa
t

M/at M

X

τa
X

f
Y

τa
Y

X̂a

ρXa
t

f̂ a
Ŷ a

ρYa
t

X/at X
R/at⊗R f

Y/at Y

where the pMa
t ’s are the natural projections, so that the ρMa

t ’s are surjective. The
superscripts are sometimes dropped or partially dropped from the notation when this
is not ambiguous.

(b)Moreover, we note that Ker(τa
M) = ⋂

t a
t M . ThusM is a-separated if and only

if τa
M is injective. Note also that M is complete in its a-adic topology, a-complete

for short, if and only if τa
M is bijective. When τa

M is surjective we say that M is
a-quasi-complete.

(c) The a-completion functor is additive, hence commutes with finite direct sums.
It follows that a direct summand of an a-complete module is itself a-complete.

(d) Recall also that R̂a is a commutative ring, even an R-algebra by means of
τa
R . For any R-module M the R-module structure on M̂a naturally extends to the
structure of an R̂a-module. We thus have a natural map of R̂a-modules

R̂a ⊗R M → M̂a : c ⊗ w 	→ c · τa
M(w).

For these results the reader can also refer to [3] and [58].

Remarks 2.1.4 The completion process, i.e. the inverse limit process, endows M̂a

with a natural topology forwhich theKer(ρMa
t )’s formabase of openneighbourhoods

of the origin. Of course we have that M̂a is complete, hence separated, in this natural
topology (the projective limit of the isomorphisms M/at M ∼= M̂a/Ker(ρMa

t ) is an
isomorphism and by construction we have

⋂
t Ker(ρ

Ma
t ) = 0). But it may happen

that τa
M is not a-dense.

We note that (τa
M)−1(Ker(ρMa

t )) = at M , as follows in view of the commutative
triangle of 2.1.3. We also note that at M̂a ⊂ Ker(ρMa

t ). This means that the a-adic
topology on the R-module M̂a is finer than its natural one. In general, it can be
strictly finer and it can happen that M̂a is not a-complete. However, M̂a is always
a-separated since its a-adic topology is finer than its natural one.

Example 2.1.5 Here is such an example. It originated in [13, Chapitre 3, §2, exercice
12] and is completely treated in Bartijn’s thesis [6, I, §3 p. 19]. Let R be a polynomial
ring in a countable set of indeterminates X1, X2, . . . over a field k, and let a be the
ideal of R generated by these Xi . It is observed that R̂a is the ring of formal powers
series of the form

∑∞
i=0 Pi , where Pi ∈ R is an homogeneous polynomial of degree

i , i ≥ 0. Let ρt : R̂a → R/at be the maps coming from the inverse limit procedure.
Bourbaki’s reader is invited to check that
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ft :=
∞∑

i=t

X i
i ∈ Ker(ρt ) \ at R̂a,

which is rather obvious. These { ft } form a Cauchy sequence for the aR̂a-adic topol-
ogy of R̂a as well as for the natural topology. In the natural topology we have
limt→∞ ft = 0, but not in the aR̂a-adic topology. The aR̂a-adic Cauchy sequence
of the ft ’s is not aR̂a-adic convergent, hence R̂a is not a-complete. Note also that
the natural map τa

R is not a-dense:
∑∞

i=1 X
i
i does not belong to the a-closure of R in

R̂a. But such a bad situation cannot occur when the ideal a is finitely generated (see
2.2.2 below).

Remark 2.1.6 The ideal aR̂a of R̂a is contained in the Jacobson radical of R̂a.
(To see this, it is enough to show that (1 − x) is invertible for any x ∈ aR̂a. This

is the case because
∑∞

i=0 x
i ∈ R̂a as the limit of a Cauchy sequence in the natural

topology and (1 − x) · (
∑∞

i=0 x
i ) = 1).

2.1.7 About purity. Let R be any commutative ring and let i : N ↪→ M be a sub-
module of the R-module M . We say that N is pure in M if the map X ⊗R i is
injective for any R-module X . When this is the case at M ∩ N = at N for all ideals a
of R, the a-adic topology of N is induced by the a-adic topology of M and the short

sequence 0 → N̂a → M̂a → M̂/N
a → 0 is exact (because it is the inverse limit of

short exact sequences of surjective inverse systems).
Assume now that the R-module M is flat. With the Bourbaki flatness criterion

recalled in 1.4.3 it is easy to see that N is pure in M if and only if M/N is flat if
and only if the map R/a ⊗R i : N/aN → M/aM is injective for every ideal a of R.
Hence a pure submodule of a flat module is flat.

In general the a-adic completion functor is neither left-exact nor right-exact. An
example showing this can be found in [3, Chap. 10, Exercises 1 and 2], another one,
in the same spirit, is in 2.4.14, but it is known that it preserves surjections. More
generally we have:

Proposition 2.1.8 see ([78] or [79]) Let a be an ideal of a commutative ring R.

(a) Let f : M → N be a morphism of R-modules. Then f̂ a is surjective if and only
if f is a-dense (this means that N = f (M) + aN).

(b) Quotients of a-quasi-complete modules are a-quasi-complete.

Proof For the proof of (a) assume first that f is a-dense. Then N = f (M) + at N
and there is an inverse system of short exact sequences

0 → f −1(at N )/at M → M/at M → N/at N → 0

for all t ≥ 1. We note that N = f (M) + aN also implies that at N = f (at M) +
at+1N for all t ≥ 1. Therefore the inverse system on the left is surjective. Then we
conclude that f̂ a is surjective with the six-term long exact sequence in 1.2.2.
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If f̂ a is surjective we look at the commutative rectangles in 2.1.3 with X = M
and Y = N . Since the maps ρNa

t are surjective we see that R/at ⊗R f is surjective
too, whence N = f (M) + at N .

Now (b) is an easy consequence of (a). �

2.1.9 Completion of direct sums. As mentioned above, tensor products commute
with direct sums and inverse limits commute with products, but not with infinite
direct sums.

Let a be an ideal of a commutative ring R and simply denote by ˆ(·) the a-
completion functor. Let {Mi }i∈I be a family of R-modules. Then we have the com-
mutative square

⊕
i M̂i

⊕
i ρ

Mi
t

∏
i M̂i

∏
i ρ

Mi
t

⊕
i Mi/a

t Mi
∏

i Mi/a
t Mi

where the horizontal maps are the natural inclusions and where the ρ
Mi
t ’s are

the natural maps as described in 2.1.3. Let w = (wi ) ∈ ∏
i M̂i and observe that

∏
i ρ

Mi
t (w) ∈ ⊕

i Mi/a
t Mi if and only if all but finitely manywi belong to Ker(ρ

Mi
t ).

Then define the submodule Z of
∏

i M̂i by

Z = {w ∈
∏

i

M̂i | for all t, all but finitely many wi ∈ Ker(ρMi
t )}.

Thus
⊕

i M̂i ⊂ Z ⊂ ∏
i M̂i and for all t the map

∏
i ρ

Mi
t restricts to a map ft : Z →⊕

i Mi/a
t Mi . Now it is easy to see that Z together with these ft is the inverse limit

of the inverse system formed by the
⊕

i Mi/a
t Mi ’s, i.e. that Z is the a-completion

of
⊕

i Mi .
This description is just a generalization of the description of the completion of a

free module over a Noetherian ring given in [82, Chap. 2].
Note also that the

∏
i Ker(ρ

Mi
t )’s form a base of open neighbourhoods of the

origin for a topology on
∏

i M̂i and that Z is the closure of
⊕

i M̂i in
∏

i M̂i for that
topology.

Remarks 2.1.10 (a) LetM and N two R-modules. For any homomorphism f : M →
N̂a there is an homomorphism f ′ making the following triangle commutative

M

τa
M

f
N̂a

M̂a

f ′
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Indeed, recall the homomorphism ρNa
t : N̂a → N/at N of 2.1.3. The homomor-

phism ρNa
t ◦ f factors through M/at M , inducing a homomorphism f ′

t : M/at M →
N/at N . This holds for all t ≥ 1 and these f ′

t ’s form an inverse system of homomor-
phisms, as easily seen. Now the homomorphism f ′ := lim←− f ′

t does the job.
(b) Note, however, that the homomorphism f ′ making the triangle commutative

is not necessarily unique in this very general situation. For example, take for R and
a the ring and ideal of example 2.1.5, and take M = R. Here R/a = k is a field.
Because τa

R is not a-dense the k-vector space Coker(τa
R)/aCoker(τa

R) is not zero.
Then take N = k so that N̂a = k̂

a ∼= k and take for f the zero homomorphism.
Because k is a field there is a non-zero homomorphism Coker(τa

R) → k inducing a
non-zero homomorphism g : R̂a → k such that g ◦ τa

R = 0 = 0 ◦ τa
R .

(c) The natural map τa
N̂a

is always split-injective. (To see this put in (a) M = N̂a

and f = idN̂a .)

More important is the following.

Observations 2.1.11 Let b be an a-open ideal of a commutative ring R, i.e. an ideal
containing some power at of a. We tensorize the triangle in 2.1.3 with R/b and
observe as in [82] that the homomorphism

R/b ⊗R τa
M : M/bM → M̂a/bM̂a is split-injective.

(Note that by 2.1.3 ρ
Ma
t ◦ τa

M = pMa
t . Note also that R/at ⊗R pMa

t = idM/at M .
Therefore R/at ⊗R τa

M is split-injective and so is R/b ⊗R τa
M .)

Passing to the limit, we have that the homomorphism

Λa(τa
M) : Λa(M) → Λa(Λa(M))

is split-injective too.

Remark 2.1.12 Suppose that the homomorphisms R/at ⊗R τa
M are isomorphisms.

Then it follows that at M̂a = Ker(ρMa
t ). Hence the a-adic topology of M̂a coincides

with its natural one, and therefore M̂a is a-complete.

2.1.13 The torsion functors.Given an ideal a of a commutative ring R we also have
the a-torsion functor defined by

Γa(M) = {w ∈ M | atw = 0 for some t ∈ N} ∼= lim−→HomR(R/at , M)

for all R-modules M . This functor is a subfunctor of the identity functor, left-exact
and clearly idempotent.

An R-module M such that M = Γa(M) is called an a-torsion module.
If the R-moduleM isa-torsion, thenSuppR M ⊆ V (a).When the ideala is finitely

generated then the R-module M is a-torsion if and only if SuppR M ⊆ V (a).
(To see this note that an R-module M is a-torsion if and only if each finitely

generated submodule of M is a-torsion. Note also that SuppR M ⊆ V (a) if and only
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if for each finitely generated submodule Mλ of M , SuppR Mλ ⊆ V (a). So we only
need to prove the case where M is finitely generated. When a finitely generated
module M is a-torsion it is annihilated by a power of a so that SuppR M ⊆ V (a).
When the module M is finitely generated we have SuppR M = V (AnnR(M)) so
that the condition SuppR M ⊆ V (a) implies a ⊆ Rad(AnnR(M)). The last condition
implies that M is annihilated by a power of a if the ideal a is finitely generated.)

If the ring R is Noetherian note also that the R-module M is a-torsion if and only
if AssR(M) ⊆ V (a). (To see this we again may reduce to the case where M is finitely
generated.)

2.1.14 Local cohomology The right-derived functors of Γa are denoted by Hi
a and

usually called the local cohomology functors with respect to a. As lim−→ is exact, note

that Hi
a(M) ∼= lim−→ExtiR(R/at , M) for all i ∈ N.

Here is a slight extension of [82, 3.4.9].

Proposition 2.1.15 Let a denote an ideal of a commutative ring R. Suppose that M
is an a-torsion R-module. Then

(a) M has the unique structure of an R̂a-module extending its R-module structure.
(b) HomR(M, X) = Hom R̂a(M, X) for every R̂a-module X.

In particular, any R-submodule of M is also an R̂a-submodule.

Proof For the proof of (a) note that if M is finitely generated there is an integer t
such that at M = 0. Hence it has an R̂a-module structure inherited from the natural
map ρRa

t : R̂a → R/at and the statement is clear. In general M is the union of its
finitely generated submodules and it is straightforward to check that the R̂a-module
structures on these patch together.

For the proof of (b) let f ∈ HomR(M, X), w ∈ M and s ∈ R̂a. We have atw =
0 = at f (w) for some t > 0. In view of the commutative triangle in 2.1.3withM = R
wecan take an element r ∈ R such pRa

t (r) = ρRa
t (s). For such an r note that sw = rw

and also s f (w) = r f (w). Hence f (sw) = f (rw) = r f (w) = s f (w). �

See also the forthcoming 2.2.6 and 2.2.13 for more information on a-torsion
modules when the ideal a is finitely generated.

Corollary 2.1.16 For an R-module M the modules Γa(M) and Hi
a(M) are a-

torsion, hence have the structure of an R̂a-module.

2.1.17 The left-derived functors of the a-completion functor are simply denoted by
Λa

i and called the local homology functors, often also denoted by LiΛ
a.

The first information on these will be given in one of the last sections of this
chapter.
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2.2 The Case of Finitely Generated Ideals

When an ideal a of a commutative ring R is finitely generated, the a-completion
of any R-module M , always complete in its natural topology, is also complete in
its a-adic topology. This important theorem was first proved by Matlis in the case
when the ideal a is generated by a regular sequence (see [57, Theorem 15]) and in
general by Bartijn and Strooker (see [82, Theorem 2.2.5]). They derived it from their
investigation of the completion of free modules over a Noetherian ring. Here we
provide a more direct proof of it. Then we collect some of its consequences.

First we apply the recalls in 1.2.2 to the a-completion process.

Remark 2.2.1 We have the inverse system of exact sequences,

0 at+1M M M/at+1M 0

0 at M M M/at M 0,

where the right vertical maps are the natural projection and the left vertical maps
are the natural inclusions. We note that lim←−{at M} = ⋂

t a
t M and, as the projective

systems in the middle and on the right are surjective, we obtain a four-term exact
sequence

0 −→
⋂

n

at M −→ M
τa
M−→ M̂a −→ lim←−

1{at M} −→ 0.

The following fact will play a substantial role.

Theorem 2.2.2 Let a be a finitely generated ideal of the commutative ring R and
M an R-module. Then the natural maps

R/b ⊗R τa
M : M/bM → M̂a/bM̂a

are isomorphisms for any a-open ideal b of R. In particular, the map τa
M is a-dense,

Coker(τa
M) = aCoker(τa

M) and M̂a is a-complete.

Proof In view of 2.1.12 we only need prove the first assertion. As we know by 2.1.11
that the maps R/b ⊗R τa

M are injective when b is a-open, it is enough to prove that
they are surjective. As an a-open ideal b contains some power at of a, it is also
enough to prove that Coker(τa

M) = aCoker(τa
M).

By 2.2.1 and 1.2.2 we have Coker(τa
M) = lim←− 1{at M} = Coker(ψ), where ψ :

∏
t a

t M → ∏
t a

t M is the map associated to the inverse system formed with the
natural inclusions at+1M ⊂ at M .

The ideal a is finitely generated, R/a is finitely presented and the functor R/a ⊗R ·
commutes with direct products (see 1.4.4). It follows that the map
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R/a ⊗R ψ :
∏

t≥1

at M/at+1M →
∏

t≥1

at M/at+1M

is the map associated to the inverse system formed by the maps

at+1M/at+2M → at M/at+1M

induced by the natural injections at+1M ⊂ at M . As the previous inverse system is
clearly pro-zero, we have that R/a ⊗R ψ is an isomorphism (see 1.2.2). In particular,
we have Coker(R/a ⊗R ψ) = 0. With the right-exactness of the tensor product this
alsomeans that R/a ⊗R Coker(ψ) = 0. But Coker(ψ) = lim←− 1{at M} = Coker(τa

M).
Therefore R/a ⊗R Coker(τa

M) = 0. �

We now obtain a universal property for the maps τa
M .

Corollary 2.2.3 Let f : M → N be a homomorphism of R-modules and assume
that the ideal a of R is finitely generated. Then f̂ a is the unique map M̂a → N̂a

making the following square commutative

M

τa
M

f
N

τa
N

M̂a

f̂ a
N̂a

If N = C is a-complete, then f̂ a is also the unique map making the triangle

M

τa
M

f
C

M̂a

f̂ a

commutative.

Proof The statements follow because of the following two facts: τa
M is a-dense

and N̂a is a-separated. (Algebraically this also follows by Theorem 2.2.2, since
R/at ⊗R f = R/at ⊗R f̂ a.) �

Remark 2.2.4 In the situation of 2.2.3 wemay take for f the natural map τa
M : M →

M̂a. We then observe that τa
ΛaM and Λa(τa

M) coincide and are isomorphisms.

Corollary 2.2.5 Let a be a finitely generated ideal of the commutative ring R. Then

Λa(M) ∼= Λa(R̂a ⊗R M) ∼= ΛaR̂a

(R̂a ⊗R M) and

Γa(M) ∼= Γa(HomR(R̂a, M)) ∼= ΓaR̂a(HomR(R̂a, M))
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for any R-module M.

Proof In view of Theorem 2.2.2 we have

R/at ⊗R M ∼= R/at ⊗R R̂a ⊗R M ∼= R̂a/at R̂a ⊗R̂a (R̂a ⊗R M).

Hence the first statement follows by taking inverse limits.
For the second note also that

HomR(R/at , M) ∼= HomR(R/at ,HomR(R̂a, M)) ∼= Hom R̂a(R̂a/at R̂a,HomR(R̂a, M)),

where the second isomorphism follows by Proposition 2.1.15. Then the statement
follows by taking direct limits. �

Corollary 2.2.6 Let a be a finitely generated ideal of a commutative ring R and
M an a-torsion R-module. Then the natural homomorphism M → R̂a ⊗R M is an
isomorphism.

Proof We already noted in 2.1.15 that the a-torsion module M has the structure of
an R̂a-module. If M is finitely generated it is annihilated by a power at of a, hence
M = R/at ⊗R M . By 2.2.2 we then have

R̂a ⊗R M = R̂a ⊗R R/at ⊗R M ∼= R/at ⊗R M = M

and the statement is clear. For an arbitrary R-module M note that M is the direct
limit of its finitely generated submodules. The tensor product commutes with this
direct limit and the result follows. �

2.2.7 Direct products and completion. We assume again that the ideal a of the
commutative ring R is finitely generated. This ensures that the functors (R/at ⊗R ·),
t ≥ 1, commute with direct products (see 1.4.4). As inverse limits commute with
direct products, we see that the a-adic completion functor also commutes with direct
products: Λa(

∏
i Mi ) = ∏

i Λ
a(Mi ). In particular, we have that a direct product of

a-complete R-modules is a-complete.

2.2.8 Direct sums and completion. Let {Mi }i∈I be a family of R-modules. When
the ideal a of R is finitely generated, Λa(

⊕
i Mi ) is isomorphic to the a-closure of

⊕
i M̂

a
i in

∏
i M̂

a
i .

(In view of 1.4.4 the submodules
∏

i a
t M̂a

i of
∏

i M̂
a
i form a base of open neigh-

bourhoods of the origin for the a-adic topology of
∏

i M̂
a
i . With 2.1.12 and 2.2.2 we

have that at M̂a
i = Ker(ρMia

t ). Now the statement follows from 2.1.9.)
This description is also a generalization of the description of the completion of a

free module over a Noetherian ring given in [82, Chap. 2].

2.2.9 Change of ideals (see [82, 2.2.6]). Let a ⊂ b be two ideals of a commutative
ring R. Suppose that a is finitely generated. Let M denote an R-module.
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(a) By Theorem 2.2.2 we have that M̂a/bt M̂a ∼= M/bt M because bt is an a-open
ideal. Therefore Λb(Λa(M)) = Λb(M). More precisely, we have a commutative
triangle

M̂a

τb
M̂a

M

τa
M

τb
M

M̂b.

(b) If M is b-complete, then M is also a-complete. Indeed, if τb
M is an isomorphism,

then M appears as a direct summand of M̂a which is a-complete, therefore M is
a-complete.

In the other direction we have the following result in the spirit of [76, 2.4].

Proposition 2.2.10 Let a1, a2 be two finitely generated ideals of a commutative ring
R and put a = a1 + a2. Let M be an R-module which is both a1-quasi-complete and
a2-quasi-complete. Then M is a-quasi-complete. Moreover, if M is a-separated, then
M is a-complete.

Proof Recall the exact sequence

0 → M
Δ−→ M ⊕ M

q−→ M → 0,

where Δ is the diagonal map and q is defined by q(m1,m2) = m1 − m2. For any
integer t ≥ 1 this sequence gives rise to the following exact sequences

0 → M/(at1M ∩ at2M) → M/at1M ⊕ M/at2M → M/(at1M + at2M) → 0.

These form an inverse system of whichwe take the inverse limit.We first note that the
submodules (at1M + at2M) of M form a base of open neighbourhoods of the origin
for the a-adic topology of M . As the inverse system on the left is clearly surjective
the rows in the following commutative diagram are exact

0 M M ⊕ M

τ
a1
M ⊕τ

a2
M

M

τa
M

0

0 lim←−(M/(at1M ∩ at2M) M̂a1 ⊕ M̂a2 M̂a 0

Themiddle verticalmap in the diagram is surjective by hypothesis.Whence it follows
that the right verticalmap τa

M is surjective too. Thismeans thatM is a-quasi-complete
and even a-complete when it is a-separated. �
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Proposition 2.2.11 (see [78, 1.3, 1.4]) Let a ⊂ R denote a finitely generated ideal
of a commutative ring R.

(a) Let C denote an a-complete R-module. Then every a-closed submodule K ⊂ C
is a-complete (though the a-adic topology of K might be finer than the one
induced by the a-adic topology of C).

(b) Let X• : . . . → Xi+1 → Xi
di→ Xi−1 → . . . denote a complex of a-complete

modules. Then the homology modules Hi (X) are a-quasi-complete, and either
Hi (X) = 0 or Hi (X) �= aHi (X).

Proof (a): Consider the exact sequence 0 → K
i→ C

p→ Z → 0. We first note that
Z is a-complete: it is a-separated because K is a-closed in C , and a-quasi-complete
as a quotient of an a-complete module (see 2.1.8). This allows us to put τa

Z = idZ ,
τa
C = idC and p = p̂a. As p ◦ îa = 0 the map îa factors through i . Therefore τa

K
is split-injective. Whence K is a-complete as a direct summand of the a-complete
module K̂ a.

(b): Put Zi = Ker(di ). As Xi−1 is a-complete, hence a-separated, we have that
Zi is a-closed in Xi . Thus Zi is a-complete by (a). Then observe that Hi (X) =
Coker(Xi+1 → Zi ) and use 2.1.8 again. �

More precise information on the homology of a complex of a-complete modules
will be given in the fifth section of this chapter (see 2.5.7).

Corollary 2.2.12 (see [78, 1.5]) Assume that an ideal a of a commutative ring R is
finitely generated. Let M be an a-complete R-module and X any other R-module.
Then HomR(X, M) is a-complete and for any natural number i the following holds:
ExtiR(X, M) is a-quasi-complete and

ExtiR(X, M) �= 0 if and only if ExtiR(X, M) �= aExtiR(X, M).

If in addition the ring R is Noetherian and X is finitely generated, then for any i
TorRi (X, M) is a-quasi-complete and

TorRi (X, M) �= 0 if and only if TorRi (X, M) �= aTorRi (X, M).

Proof Let L• be a free resolution of X . Then the complexHomR(L•, M) is a complex
of a-complete modules (products of a-complete modules are a-complete (see 2.2.7)).
In the case when R is Noetherian and X is finitely generated we take a free resolution
L• of X in which the modules Li are finitely generated. Then the complex L• ⊗R M
is also a complex of a-complete modules (finite direct sums of a-complete modules
are a-complete). The result then follows by 2.2.11. �

The above proposition and its corollary can sometimes be used as a substitute for
Nakayama’s lemma.

Observations 2.2.13 Assume that the ideal a of the commutative ring R is finitely
generated. Then
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(a) the a-torsion functor and the a-completion functor are related through the
general Matlis duality: for any R-module M we have (see 1.4.1 and 1.3.3) that

(Γa(M))∨ ∼= Λa(M∨).

(b) It follows that the general Matlis dual of an a-torsion module is a-complete.

2.3 Noetherian Rings and Matlis Duality

2.3.1 Noetherian rings and finitely generated modules. Concerning adic comple-
tions this situation is well understood. We fix a proper ideal a of a Noetherian ring
R and simply write ˆ(·) for the a-adic completion functor.

(a) By Krull’s intersection theorem (see e.g. [3, Theorem 10.17]) it follows that
R is a-separated if and only if any element of 1 + a is a non-zero divisor. When a is
contained in the Jacobson radical of R anyfinitely generatedmoduleM is a-separated
and its submodules are a-closed in M .

(b) If N is a submodule of the finitely generated module M the a-adic topology
of N is the one induced by the a-adic topology of M . This is a consequence of the
Artin–Rees lemma. It follows that the functor ˆ(·) is exact on the category of finitely
generated modules.

(c)WhenM is finitely generated the naturalmap R̂ ⊗R M → M̂ is bijective.More
precisely the map τa

M is the natural map M → R̂ ⊗R M (because it is so when M is a
finitely generated free R-module). It follows that the change of rings R → R̂ is flat.
It also yields that finitely generated modules are a-complete when R is a-complete.

(d) Let c be any proper ideal of R. We take the exact sequence 0 → c → R →
R/c → 0 and tensor it by R̂, which amounts to taking its a-adic completion. Then
we observe that

cR̂ = c ⊗R R̂ = ĉ, R̂/c ∼= R̂/cR̂, R/c ⊗R τa
R = τa

R/c.

If c = b is a-open, i.e. if b contains some power of a, then the a-adic topology on
R/b is the discrete one and R/b ∼= R̂/b. We recover the fact that the natural map
R/b ⊗R τa

R : R/b → R̂/bR̂ is bijective, and that R̂ is a-complete.
(e) Assume now that c is a proper ideal and that a is contained in the Jacobson rad-

ical of R. Then R/(c + a) �= 0 and 0 �= R̂/c ∼= R̂/cR̂ and therefore R̂ is R-faithfully
flat. Moreover, the map R/c ⊗R τa

R = τa
R/c is injective because R/c is a-separated.

It follows that the morphism τa
R : R → R̂a is pure injective and that the R-module

Coker(τa
M) = R̂a/R is R-flat.

(f) Last but not least, recall that the ring R̂ is Noetherian.
All the above is well known and more details can be found in [3], [13] or [58].
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2.3.2 Matlis duality over a Noetherian local ring. Let (R,m, k) be a Noetherian
local ring with its maximal ideal m and residue field k = R/m. Let E = ER(k) be
the injective hull of k. As before write (·)∨ = HomR(·, E) for the Matlis duality
functor. We simply write ˆ(·) for the m-adic completion functor.

(a) Note first that AssR(E) = {m}. Hence the R-module E ism-torsion and has the
structure of an R̂-module (see 2.1.15).Moreover, E is also the injective hull of k as an
R̂-module: E = ER̂(k) (see [55]). (We summarize the argument. Put E1 = ER̂(k).
There is an injection i : E ↪→ E1 of R̂-modules because the injection k ↪→ E is also
a homomorphism of R̂-modules (see 2.1.15) and this injection is R-split because E
is R-injective. But E1 is alsom-torsion and HomR(E1, E) = Hom R̂(E1, E) in view
of 2.1.15 again. Hence the injection i is also R̂-split and E = E1.)

(b) Let M be any R-module. We note that AnnR(M) = AnnR(M∨) by the faithful
exactness of the functor (·)∨. Note also that M∨ := HomR(M, E) has the structure
of an R̂-module for any R-module M , and that M∨ ∼= Hom R̂(R̂ ⊗R M, E).

Now let F be a flat R-module. It is known that F∨ = HomR(F, E) is R-
injective (see 1.4.1). As HomR(F, E) ∼= Hom R̂(R̂ ⊗R F, E) it follows that F∨ =
HomR(F, E) is also R̂-injective.

(c) It is easy to see that : k ∼= k
∨ ∼= k

∨∨. It follows that an R-module M has finite
length if and only if M∨ has. In that case, the natural injection M ↪→ M∨∨ is an
isomorphism.

(d) The endomorphism ring HomR(E, E) = R∨∨ is isomorphic to R̂ and the
natural homomorphism R → HomR(E, E) coincides with τa

R : R → R̂. (To see this
note that E ∼= lim−→HomR(R/mt , E) because E ism-torsion. Hence HomR(E, E) ∼=
lim←− (R/mt )

∨∨ = lim←− R/mt = R̂. The rest is now obvious.)

It follows thatM∨∨ ∼= R̂ ⊗R M ∼= M̂ when the R-moduleM is finitely generated.
(e) Note that E = ER(k) = ER̂(k) is Artinian as an R-module and as an R̂-

module. To see this, note first that every R-submodule of E is also an R̂-submodule
(see 2.1.15 again). Hence we may and do assume that R = R̂ is m-complete. In this
case, E is Artinian because E∨ = R is Noetherian (see 1.4.9).

(f) Recall that an R-module N is Artinian if and only if there is an embedding
N ↪→ En for some natural number n (see e.g. [82, 3.4.11]). (To obtain such an
embedding for an Artinian R-module N take in ∪n HomR(N , En) a homomorphism
with the property that the kernel is minimal, then observe that such a homomorphism
is injective.)

If N is Artinian it follows that AssR(N ) = {m}. Therefore N is m-torsion and N
has the structure of an R̂-module. The above embedding is also an R̂-homomorphism
and N∨ := HomR(N , E) ∼= Hom R̂(N , E) (see 2.1.15 or 2.2.6). Moreover, N∨ is
finitely generated as an R̂-module and the natural embedding

N → Hom R̂(Hom R̂(N , E), E)

is an isomorphism.
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(g) The previous result together with 1.4.9 also shows that an R-module M is
finitely generated if and only if M∨ is Artinian.

(h) When the Noetherian local ring R is complete in its m-adic topology the
situation is quite satisfactory.

(1) An R-module M is Noetherian if and only if M∨ is Artinian.
(2) An R-module M is Artinian if and only if M∨ is Noetherian.
(3) If the R-module M is either Noetherian or Artinian, then the natural injection

M ↪→ M∨∨ is an isomorphism.

(i) Finally recall that R is Artinian if and only if E is finitely generated. In that
case E has finite length.

(If R is Artinian, then R has finite length and so has E = R∨. In particular, E
is finitely generated. Conversely, if E = R∨ is finitely generated, then R is Artinian
(see 1.4.9.)

See Matlis’ original paper [55] for more information and details around this, or
[82, Chap. 2] for a summary.

For the use of complexes note also the following.

2.3.3 Let (R,m, k) be a Noetherian local ring and X an R-complex with finitely
generated cohomology modules. Then the natural map X → X∨∨ induces a quasi-
isomorphism

X ⊗R R̂m ∼−→ X∨∨

where (·)∨ denotes, as before, the Matlis duality functor HomR(·, ER(k)).
This is because it holds when X = M is a finitely generated R-module (see 2.3.2

(d)) and because the functor (·)∨∨ is exact.

For the sake of completeness let us also mention the following statement.

Proposition 2.3.4 (see [90], [25], [10] or [82, 3.4.13]) Let (R,m, k) be a complete
Noetherian local ring. Let M denote an R-module. The natural homomorphism

M → M∨∨

is an isomorphism if and only if there is a finitely generated submodule N ⊆ M such
that M/N is Artinian. (Then one says that M is “mini-max”.)

2.4 Completions of Flat Modules over a Noetherian Ring

The a-adic completion of a free module over a Noetherian ring is well documented.
Note that an explicit description of it was given in 2.1.9, and another one in 2.2.8.

Among other things Gruson and Raynaud already stated that over a complete
Noetherian local ring (complete in its maximal-adic topology) the maximal-adic
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completion of a free and even of a flat module is flat (see [67, Part II, 2.4.2, 2.4.3]).
However their proofs were only sketched. Later Bartijn and Strooker provided a
detailed proof of the fact that for any idealaof aNoetherian ring thea-adic completion
of a free module is flat (see [82, Chap. 2]).

More generally, in his thesis J. Bartijn proved that the a-adic completion of any
flat module over a Noetherian ring is flat. Unfortunately his thesis has never been
published, but this result was later recovered (see for example [88]).We shall provide
here another proof of this rather important result (different from Bartijn’s original
approach) and at the same time a stronger statement. This in turn will also provide
another proof of the more precise result of Bartijn and Strooker about completions
of free modules. This requires some preliminaries.

First there is a variant of the Artin–Rees Lemma.

Lemma 2.4.1 Let a be an ideal in a Noetherian ring R and N a finitely generated R-
module. Then the inverse system {TorRk (N , R/at ) | t ∈ N} defined by the surjections
R/at+1 → R/at is pro-zero for all k ≥ 1.

Proof Let 0 → M → L → N → 0 be a short exact sequence where L is a finitely
generated free R-module. ThenTorR1 (N , R/at ) ∼= at L ∩ M/at M . By theArtin–Rees
Lemma there exists an integer c such that at+cL ∩ M ⊆ at M for all t ≥ 1. This
implies that the inverse system {TorR1 (N , R/at )} is pro-zero and proves the state-
ment for k = 1. Now the exact sequence induces isomorphisms TorRk+1(N , R/at ) ∼=
TorRk (M, R/at ) for k ≥ 1. Whence an induction completes the proof. �

Lemma 2.4.2 Let a denote an ideal of a Noetherian ring R. Let {Mt } denote an
inverse system such that the maps ρt,t+1 : Mt+1 → Mt are surjective and Mt is R/at -
flat for all t ≥ 1. Let L• denote a free resolution of a finitely generated R-module
N by finitely generated free R-modules. Then lim←−(L• ⊗ Mt ) is a left resolution of
lim←−(N ⊗ Mt ) and lim←−(N ⊗ Mt ) ∼= N ⊗ (lim←− Mt ).

Proof By Lemma 1.2.8 there are short exact sequences

0 → lim←−
1 Tork+1(N , Mt ) → Hk(lim←−(L• ⊗ Mt )) → lim←−TorRk (N , Mt ) → 0

for all k. Since Mt is R/at -flat there is an isomorphism

TorRk (N , Mt ) ∼= TorRk (N , R/at ) ⊗R/at Mt

for all k. In view of 2.4.1 this implies that the inverse system

{TorRk (N , Mt ) | t ∈ N} is pro-zero for all k ≥ 1.

That is, lim←− 1 TorRk (N , Mt ) = lim←−TorRk (N , Mt ) = 0 for all k ≥ 1 and therefore
H0(lim←−(L• ⊗ Mt )) = lim←−(N ⊗ Mt ) and Hk(lim←−(L• ⊗ Mt )) = 0 for all k ≥ 1.

In order to finish the proof we have to show the last isomorphism. To this end we
have the commutative diagram with exact rows
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(L1 ⊗ lim←− Mt ) (L0 ⊗ lim←− Mt ) (N ⊗ lim←− Mt ) 0

lim←−(L1 ⊗ Mt ) lim←−(L0 ⊗ Mt ) lim←−(N ⊗ Mt ) 0

where the first two vertical maps are isomorphisms since Lk , k = 0, 1, are finitely
generated free R-modules. Whence the last map is an isomorphism too. �
Proposition 2.4.3 Let R be a Noetherian ring. Let {Mt | t ∈ N} denote an inverse
system such that the maps ρt,t+1 : Mt+1 → Mt are surjective and Mt is R/at -flat for
all t ≥ 1. Let 0 → N ′ → N → N ′′ → 0 denote a short exact sequence of finitely
generated R-modules. Then the sequence

0 → lim←−(N ′ ⊗ Mt ) → lim←−(N ⊗ Mt ) → lim←−(N ′′ ⊗ Mt ) → 0

is exact.

Proof There is a short exact sequence of complexes 0 → L ′• → L• → L ′′• → 0,
where L ′•, L•, L ′′• are free resolutions of N ′, N , N ′′ respectively by finitely generated
free R-modules. By tensoring with Mt this induces a short exact sequence of inverse
systems of complexes

0 → L ′
• ⊗ Mt → L• ⊗ Mt → L ′′

• ⊗ Mt → 0.

By passing to the inverse limit there is a short exact sequence

0 → lim←−(L ′
• ⊗ Mt ) → lim←−(L• ⊗ Mt ) → lim←−(L ′′

• ⊗ Mt ) → 0.

To this end recall that the inducedmaps L ′
j ⊗ Mt+1 → L ′

j ⊗ Mt are surjective for all
j ≥ 0.Byvirtue ofLemma2.4.2 the claimnow follows by the long exact cohomology
sequence. �

We now recover Bartijn’s result and a certain extension.

Theorem 2.4.4 Let a be an ideal of a Noetherian ring R and let F be an R-module.
Then F̂a is R-flat if and only F/at F is R/at -flat for all t ≥ 1. In particular, the
a-adic completion of a flat R-module is always R-flat and also R̂a-flat.

Proof Let 0 → N ′ → N → N ′′ → 0 be a short exact sequence of finitely generated
R-modules and assume that themodule F is such that F/at F is R/at -flat for all t ≥ 1.
To prove that F̂a is R-flat we have to show that the sequence

0 → N ′ ⊗R F̂a → N ⊗R F̂a → N ′′ ⊗R F̂a → 0

is exact. But this follows by Proposition 2.4.3 and Lemma 2.4.2 by the use of Mt =
F/at F .

The other assertions are clear since F/at F ∼= F̂a/at F̂a (see 2.2.2). �
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The above considerations have some further consequences. For two ideals a and

c of a Noetherian ring R we know that R̂/c
a ∼= R̂a/cR̂a (see 2.3.1 (d)). We now

extend this result to a flat module F in place of R.

Proposition 2.4.5 Let a and c be two ideals of a Noetherian ring R and let F be a
flat R-module. Then

F̂/cF
a ∼= F̂a/cF̂a.

Proof We apply 2.4.2 to the finitely generated module N = R/c and to the inverse
system {Mt = F/at F}. We obtain

R/c ⊗R F̂a ∼= lim←−(R/c ⊗R F/at F) = F̂/cF
a
,

as required. �

The above considerations may be applied to a composite of completion functors.

Proposition 2.4.6 Let a and c be two ideals of a Noetherian ring R and let F be a
flat R-module. Then Λc(Λa(F)) = Λ(c+a)(F).

Proof Put Fi j = F/(ai F + c j F). With 2.4.5 we first have lim←−i
{Fi j } = F̂/c j F

a ∼=
F̂a/c j F̂a. Then we obtain

Λ(c+a)(F) = lim←−
t

{Ftt } = lim←−
j

(lim←−
i

{Fi j }) = lim←−
j

F̂a/c j F̂a = Λc(Λa(F))

by 1.2.10. �

We also recover Bartijn and Strooker’s result. First we recall their terminology.

Definition 2.4.7 (see [6], [82]) A free submodule L of an R-module M is called an
a-basic submodule of M if it is pure and a-dense in M . Note that if the module M
has an a-basic submodule L , then M̂a ∼= L̂a.

Theorem 2.4.8 (see [6] or [82, 2.1.9, 2.2.3]) Let a be an ideal of a Noetherian ring
R. For simplicity write ˆ(·) for the a-adic completion functor. Let L = R(I ) be a free
R-module defined as the direct sum of copies of R over an arbitrary index set I . Then

(a) L̂ is the aR̂-closure of R̂(I ) in the complete flat module R̂ I , the direct product of
R̂ over the index set I .

(b) The free R̂-module R̂(I ) is pure in R̂ I hence in L̂.
(c) R̂(I ) is an aR̂-basic submodule of L̂.
(d) Moreover, L̂ is a pure R-submodule of R̂ I .
(e) L̂ is R-flat and R̂-flat. The a-adic topology of L̂ is induced by the a-adic topology

of R̂ I .
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Proof The functor N ⊗R · commutes with direct sums and also with products when
N is finitely presented (see 1.4.4). This implies that a product of flat modules over a
Noetherian ring is flat, in particular that R̂ I is R-flat. Now the first assertion follows
by 2.2.5 and 2.2.8. The second assertion is rather obvious in view of 2.1.7 and the
third one follows from the second and 2.2.2.

Because R̂ I is R-flat, for the proof of the purity of L̂ in R̂ I one has to prove that the
injection L̂ ↪→ R̂ I induces an injection L̂/cL̂ ↪→ R̂ I /cR̂ I for any ideal c of R. But
this follows by 2.4.5 and the first assertion applied to the ring R/c. Namely, L̂/cL̂ ∼=
L̂/cL is the âR/c-closure of R̂/c

(I )
in R̂/c

I
and R̂/c

I ∼= (R̂/cR̂)I ∼= R̂ I /cR̂ I .
The last assertion is a direct consequence of the one in (d) in view of the recalls

in 2.1.7. �

Remark 2.4.9 In the situation of 2.4.8 (with the same notations) assume moreover
that the ideal a is contained in the Jacobson radical of R. Then L = R(I ) is pure in
R̂(I ) (by 2.3.1 (e)), hence also in L̂ , and the module Coker(τa

L ) = L̂/L is R-flat.

For the sake of completeness we recall the following.

Proposition 2.4.10 (see [78, Propositions 2.1 and 3.2]) Let R denote a Noetherian
ring. Then the flat dimension and the injective dimension of an a-complete module
M are given by

fdR(M) = sup{i ∈ N | TorRi (R/p, M) �= 0 for some prime ideal p ⊃ a},
idR(M) = sup{i ∈ N | ExtiR(R/p, M) �= 0 for some prime ideal p ⊃ a}.

Proof Recall that a finitely generated module N over a Noetherian ring has a com-
position series, i.e. a finite sequence of submodules

0 ⊂ Nn ⊂ · · · ⊂ Ni ⊂ · · · ⊂ N0 = N

whose successive quotients are of the form R/qwith q ∈ SuppR N (see [13, Chapitre
4, §1, n◦4 Theorems 1 and 2].

First we look at the flat dimension. We only need to check TorRi (N , M) where
N is finitely generated (see 1.4.3). If TorRi (N , M) �= 0 and N finitely gener-
ated, it follows that TorRi (R/q, M) �= 0 for some q ∈ SuppR N . If a � q, choose
x ∈ a \ q and look at the long exact sequence of the Tor associated to the exact
sequence 0 → R/q

x→ R/q → R/(q + x R) → 0. When M is a-complete we have
(see 2.2.12) that multiplication by x is not surjective on TorRi (R/q, M). It follows
that TorRi (R/(q + x R), M) �= 0. Then we obtain a prime ideal q1 ⊃ (q + x R) with
TorRi (R/q1, M) �= 0. If a � q1 we continue the process until we reach an ideal p ⊃ a
with TorRi (R/p, M) �= 0.

The proof of the statement about the injective dimension is similar. �
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Remark 2.4.11 The above proposition 2.4.10 together with the previously known
2.4.8 also gives a second proof of Bartijn’s result on flatness. Let L• be a free
resolution of the R-flat module F . It is easy to see that L̂a• is a resolution of F̂a,
and even a flat one in view of 2.4.8. For a prime ideal p containing a we have
that R/p ⊗R τa

L• : L•/pL• → L̂a•/pL̂a• is an isomorphism of complexes (see 2.2.2).

Hence TorRi (R/p, F̂a) ∼= TorRi (R/p, F) = 0 for all i ≥ 0 and F̂a is flat in view of
2.4.10.

Here is another consequence of Lemma 2.4.1. In the following we denote by M (I )

the direct sum of copies of M over an arbitrary index set I .

Proposition 2.4.12 Let a be an ideal of a Noetherian ring R, N a finitely generated
R-module and L• a resolution of N by finitely generated free R-modules. Let I be
an arbitrary index set. Then Λa(L(I )• ) is a flat resolution of Λa(N (I )).

Proof We already know that the complex Λa(L(I )• ) is a complex of flat R-modules.
Whence it is enough to prove the following:

for any short exact sequence 0 → M1 → L → M → 0, where L is finitely gen-
erated and free, the induced sequence

0 → Λa(M (I )
1 ) → Λa(L(I )) → Λa(M (I )) → 0

is exact.
To this end we have two inverse systems of short exact sequences

0 → TorR1 (R/at , M (I )) → M (I )
1 /at M (I )

1 → M (I )
1 /at L(I ) ∩ M (I )

1 → 0,

0 → M (I )
1 /at L(I ) ∩ M (I )

1 → L(I )/at L(I ) → M (I )/at M (I ) → 0

of which we take the inverse limit. As TorR(R/at , ·) commutes with direct sums we
obtain (see Lemma 2.4.1) that the inverse system {TorR1 (R/at , M (I ))} is pro-zero and
therefore

lim←−TorR1 (R/at , M (I )) = 0 = lim←−
1 TorR1 (R/at , M (I )).

The other inverse systems are surjective and the result follows by 1.2.3 and the
six-term long exact sequences (see 1.2.2). �

We now obtain the following, related to a statement of Raynaud and Gruson (see
[67, Part II, 2.4.2]).

Corollary 2.4.13 Let 0 → M1 → M2 → M3 → 0 be a short exact sequence of
finitely generated modules over a Noetherian ring R. Then the sequence

0 → Λa(M (I )
1 ) → Λa(M (I )

2 ) → Λa(M (I )
3 ) → 0

is exact.
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We end this section with the example announced in 2.1.1. It was first given in
[80, Example 2.5] to show that the class of a-complete modules is not closed under
extension. It also shows several other strange things which can happen when dealing
with non-finitely generated modules.

Example 2.4.14 An a-quasi-complete moduleX over a Noetherian ring such that
0 �= ⋂

t a
t X is a-complete. Let (R,m) denote a Noetherian local ring that is m-

complete and of positive depth and take a = m. Let M be the m-completion of the
free module R(N) as described in 2.1.9 and write P = RN. Thus M is the m-closure
of R(N) in P (see 2.2.8) and P/M is m-complete.

Now let y be a regular element of R and let f : P → P be defined by ( f (w))i =
yiwi for all i ∈ N. Clearly f (P) ⊂ M , and we shall see that the module X =
M/ f (M) is the required example.

As the map f is injective but not surjective we have strict inclusions f (M) �

f (P) � M . We observe that f (P) is contained in the m-closure of f (M) in M : let
w ∈ P , then

f (w) = (w0, . . . , y
twn, 0, . . .) + yt+1(0, . . . , 0,wt+1, ywt+2, . . .)

and f (w) ∈ f (M) + mt+1M for all t ≥ 1. Hence f (M) is not m-closed in M and
the m-quasi-complete module X = M/ f (M) is not m-separated.

We have more. First f (P) is m-closed in P because

P/ f (P) =
∏

i∈N
R/yi R

is m-complete as a product of m-complete modules. But M is a pure submodule
of P (see 2.4.8). Hence the m-adic topology on M is the one induced by the m-
adic topology of P . It follows that f (P) is also m-closed in M . Hence M/ f (P)

is m-complete and f (P) is the m-closure of f (M) in M . Now look at the exact
sequence

0 → f (P)/ f (M) → M/ f (M) → M/ f (P) → 0.

The above means that the submodule f (P)/ f (M) of the module M/ f (M) = X is
the m-closure of the origin in M/ f (M) = X , that is, f (P)/ f (M) = ⋂

n m
n X and

X̂m = M/ f (P). But note that f (P)/ f (M) ∼= P/M is m-complete!

By looking at them-completion of the exact sequence 0 → M
f→ M → M/ f (M)

→ 0 we also see that the m-completion functor is neither right-exact nor left-exact.
Later this example will also serve for other purposes.
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2.5 The Left-Derived Functors of Completion

The left-derived functors of the a-adic completion functor, also called the local
homology functors, were first investigated by Matlis in [56], mainly in the case
when the ideal a is generated by a regular sequence, later in [38, 78, 79] and in a
more general setting in [1, 75]. Here we denote them byΛa

i and recall and generalize
the first basic facts on the subject. Some Ext-vanishing results involving Λa

0 will be
given in the next chapter. More information will be given in Part II.

Remarks 2.5.1 Let a be an arbitrary ideal of a commutative ring R.
(a) Let M be an R-module with the free resolution L•. There is a commutative

diagram with exact rows

L1

τa
L1

d1
L0

τa
L0

ε
M

ηa
M

0

L̂a
1

d̂a
1 L̂a

0 Λa
0 (M)

γa
M

0

L̂a
0

ε̂a

M̂a 0.

Indeed the top row is exact by assumption and the middle row is exact by definition.
This yields the existence of ηa

M . We have the existence of γ a
M because ε̂a ◦ d̂a

1 = 0,
and ε̂a is surjective in view of 2.1.8. It follows that γ a

M is also surjective. Because of

γ a
M ◦ ηa

M ◦ ε = ε̂a ◦ τa
L0

= τa
M ◦ ε

we get γ a
M ◦ ηa

M = τa
M and the commutative triangle

Λa
0 (M)

γa
M

M

ηa
M

τa
M M̂a .

(b) As in [78, 5.1] we note that

Λa
0 (M) = 0 ⇔ M = aM ⇔ M̂a = 0,

as it is another consequence of 2.1.8 and 2.1.11.
(c) The functor Λa

0 is additive, hence commutes with finite direct sums. If M =
M1 ⊕ M2 and if ηa

M is an isomorphism, then so are ηa
M1

and ηa
M2
.
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(d) If L is finitely generated and free, then L̂a ∼= R̂a ⊗R L . If the R-module M is
finitely presented, that is, if there is an exact sequence L1 → L0 → M → 0 where
L1 and L0 are free finitely generated, it follows that Λa

0 (M) ∼= R̂a ⊗R M .

The homomorphism ηa
M leads to the definition of pseudo-completeness.

Definition 2.5.2 When the natural homomorphism ηa
M : M → Λa

0 (M) is an iso-
morphism, we say that the R-module M is a-pseudo-complete. In that case we have
M = aM if and only if M = 0.

(Caution: our terminology here is slightly different from the one used byGreenlees
and May in [38]. Modules we called a-pseudo-complete are called a-complete in
[38]. Here we prefer to call a-complete a module which coincides with its a-adic
completion.)

In view of the right-exactness of Λa
0 the following is rather obvious.

Lemma 2.5.3 The class of a-pseudo-complete modules has the following prop-
erty. Given an exact sequence M1 → M2 → M3 → 0, if M1 and M2 are a-pseudo-
complete, then so is M3.

Remarks 2.5.4 Assume now that the ideal a of the commutative ring R is finitely
generated.

(a) The homomorphism R/b ⊗R ηa
M is bijective for any a-open ideal b and any

R-module M . To this end, tensor the commutative diagram in 2.5.1 by R/b and
remember 2.2.2. In particular, we have

Λ̂a
0 (M)

a ∼= M̂a and more precisely γ a
M = τa

Λa
0 (M).

(b) It follows that the surjective homomorphism γ a
M = τa

Λa
0 (M)

is an isomorphism
if and only if Λa

0 (M) is a-complete.
(c) Any a-pseudo-complete module N is also a-quasi-complete as a quotient of an

a-complete module (recall 2.1.8). Note that the converse does not hold. For example,
a module of the formCoker(τa

M) is a-quasi-complete and Coker(τa
M) = aCoker(τa

M)

(see 2.2.2). So Coker(τa
M) is not a-pseudo-complete when it is not zero (see 2.5.2).

(d) The modules Λa
i (M) are all a-quasi-complete and Λa

i (M) �= aΛa
i (M) when

Λa
i (M) �= 0. This follows by 2.2.11.

When the ideal a is finitely generated we shall see that Λa(M) and the Λa
i (M)’s

are also a-pseudo-complete. This needs some preparation.

2.5.5 A family of exact sequences. Let us first investigate the functors Λa
i in the

general case, that is, in the case when a is an arbitrary ideal of the commutative
ring R, and let us describe the kernel of the natural surjective homomorphism γ a

M :
Λa

0 (M) → M̂a. To this end let L• denote a free resolution of the R-module M and
let at be a descending sequence of ideals which form a base of open neighbourhoods
of the origin for the a-adic topology of R (wemay take at = at ). By virtue of Lemma
1.2.8 there are natural short exact sequences



46 2 Adic Topology and Completion

0 → lim←−
1 TorRi+1(R/at , M) → Hi (lim←−(R/at ⊗R L•))

→ lim←−TorRi (R/at , M) → 0

for all i ≥ 0. We note that Λa
i (M) = Hi (lim←−(R/at ⊗R L•)) by definition, so these

exact sequences coincide with the ones obtained in [38, Proposition 1.1] in a slightly
different way.

For i = 0 we have a commutative diagram with exact rows

0 M

ηa
M

M

τa
M

0

0 lim←− 1 TorR1 (R/at , M) Λa
0 (M) M̂a 0.

With a little reflection we observe that the surjection Λa
0 (M) → M̂a on the bottom

row is the map γ a
M obtained in 2.5.1. Whence

Ker(γ a
M) ∼= lim←−

1 TorR1 (R/at , M).

In general, Ker(ηa
M) ⊆ Ker(τa

M). When the inverse system {TorR1 (R/at , M)} sat-
isfies the Mittag-Leffler condition, so that lim←− 1 TorR1 (R/at , M) = 0 (see 1.2.3), then
Ker(ηa

M) = Ker(τa
M).

Lemma 2.5.6 Let a be a finitely generated ideal of a commutative ring R. Let M
denote an R-module. Then:

(a)
⋂

t a
tΛa

0 (M) = Ker(τa
Λa

0 (M)
) ∼= lim←− 1 TorR1 (R/at , M) is a-quasi-complete.

(b) If Ker(τa
Λa

0 (M)
) �= 0, then Ker(τa

Λa
0 (M)

) �= aKer(τa
Λa

0 (M)
).

Proof By (2.5.4 (a)) we have γ a
M = τa

Λa
0 (M)

and therefore

⋂

t

atΛa
0 (M) = Ker(τa

Λa
0 (M))

∼= lim←−
1 TorR1 (R/at , M),

(see 2.5.5). But lim←− 1 TorR1 (R/at , M) = Coker(ψ), where

ψ :
∏

t≥1

TorR1 (R/at , M →
∏

t≥1

TorR1 (R/at , M))

is the map associated to the inverse system {TorR1 (R/at , M)}t∈N (see 1.2.2). The
module

∏
t≥1 Tor

R
1 (R/at , M) is a-complete as a product of a-complete modules (see

2.2.7) and (a) follows (see 2.1.8).
Then (b) follows by 2.2.11. �
The above investigations allow a large generalization of some known facts. In

the following proposition the first and the third assertion were known when a is an
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ideal of a Noetherian ring (see the more precise statements 2.5.15 and 2.5.16 below),
more generally, when the finitely generated ideal a satisfies some extra conditions
(see [38, Theorem 4.1]). (The whole statement in [38, Theorem 4.1] will be further
generalized in Part II.) Note also that in the following we have the Λa

0 counterpart
of Theorem 2.2.2.

Proposition 2.5.7 Let a be a finitely generated ideal of a commutative ring R. Then:

(a) Any a-complete R-module C is a-pseudo-complete, that is, the natural homo-
morphism ηa

C : C → Λa
0 (C) is an isomorphism.

(b) More generally, for any R-complex X of a-complete modules, the homology
modules Hi (X) are a-pseudo-complete.

(c) In particular, for all R-modules M all the local homology modules Λa
i (M) are

a-pseudo-complete and the functor Λa
0 (·) is idempotent.

Proof (a): We look at the commutative triangle of 2.5.1. When C is a-complete the
homomorphism τa

C is bijective. Therefore the homomorphism γ a
C = τa

Λa
0 (C)

is split

surjective andΛa
0 (C) ∼= C ⊕ Ker(τa

Λa
0 (C)

). But Λ̂a
0 (C)

a ∼= Ĉa (see (2.5.4 (a)), and the
a-adic completion commutes with finite direct sums. It follows that the a-completion
of Ker(τa

Λa
0 (C)

) vanishes so that

Ker(τa
Λa

0 (C)) = aKer(τa
Λa

0 (C)),

(see 2.5.1 (b)). By 2.5.6 we now obtain Ker(τa
Λa

0 (C)
) = 0. Thus τa

Λa
0 (C)

is an isomor-
phism as well as ηa

C .
(b): Write Bi = Im(dX

i+1) and Zi = Ker(dX
i ). Note that Zi is a-complete as an

a-closed submodule of an a-complete module (see 2.2.11). We have short exact
sequences

0 → Zi → Xi → Bi−1 → 0 and 0 → Bi → Zi → Hi (X) → 0

to which we apply the right-exact functor Λa
0 . From the sequence on the left and

(a) we first obtain that Bi−1 is a-pseudo-complete (see 2.5.3) and this holds for all
i ∈ Z. From the sequence on the right we then obtain the statement. (c): This is a
direct consequence of (b). �

Corollary 2.5.8 Let a be a finitely generated ideal of a commutative ring R. Let
M denote an R-module. Then M is a-complete if and only if M is a-separated and
a-pseudo-complete.

Proof If the homomorphism ηa
M : M → Λa

0 (M) is an isomorphism then M is a-
quasi-complete (see 2.5.4 (c)). If, moreover, M is a-separated, it is also a-complete.
The reverse implication follows by 2.5.7. �

For the sake of completeness let us also mention the following.
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Corollary 2.5.9 Let a be a finitely generated ideal of a commutative ring R and M
an R-module.

(a) Assume M is a-pseudo-complete. Then any a-closed submodule N of M is also
a-pseudo-complete.

(b) Let b ⊃ a be another ideal. If M is b-pseudo-complete, then M is also a-pseudo-
complete.

Proof (a): We consider the exact sequence 0 → N
i→ M → M/N → 0. Note first

that M/N is a-separated because N is a-closed in M . As the a-pseudo-complete
module M is also a-quasi-complete (see 2.5.4) we have that M/N is also a-quasi-
complete (see 2.1.8). HenceM/N is a-complete.We now argue as in 2.2.11. By 2.5.7
we may put ηa

M/N = idM/N and ηa
M = idM . We observe that Λa

0 (i) factors through i ,
so that N appears as a direct summand of the a-pseudo-complete module Λa

0 (N ). It
follows that N is a-pseudo-complete.

(b): We argue as in 2.2.9. The homomorphism ηb
M factors through ηa

M (because
τb
L factors through τa

L for any free resolution of L of M). If ηb
M is an isomorphism

then ηa
M is split-injective and M is a-pseudo-complete as a direct summand of the

a-pseudo complete module Λa
0 (M). �

Example 2.5.10 An a-pseudo-complete module which is not a-separated. It is time
to provide such an example. But we have already one. Look again at the module
X = M/ f (M) of example 2.4.14. This X is not a-separated and is inserted in the
short exact sequence

0 → M
f→ M → M/ f (M) → 0,

where M is a-complete hence also a-pseudo-complete. It follows that X = M/ f (M)

is a-pseudo-complete.

Remark 2.5.11 Here is another consequence of the considerations in 2.5.5. Let a be
a finitely generated ideal of a coherent ring R and M an R-module. Then

(Γa(M))∨ ∼= Λa(M∨) ∼= Λa
0 (M

∨).

The first isomorphism was already noticed in 2.2.13. For the second we note that
Ext1R(R/at , M)∨ ∼= TorR1 (R/at , M∨) (see 1.4.1) and

lim←−
1 TorR1 (R/at , M∨) = 0

by the last remark in 1.3.3. In view of this the claim follows from the short exact
sequence in 2.5.5.

2.5.12 The classes Ca and C+
a . As in [78] we denote by Ca the class of R-modules

M such that
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γ a
M : Λa

0 (M) → M̂a is an isomorphism and Λa
i (M) = 0 for all i > 0.

Let {at }be a decreasing sequence of idealswhich formabase of open neighbourhoods
of the origin for the a-adic topology of R. It was already observed in [56, Corollary
4.5] that modules M such that TorRi (R/at , M) = 0 for all t and i > 0 belong to the
class Ca. (This is true because the completion of a short exact sequence 0 → X →
Y → M → 0 remains exact when TorR1 (R/at , M) = 0 for all t .) In particular, flat
modules belong to Ca.

We also write C+
a for the larger class of modules M such that Λa

i (M) = 0 for all
i > 0. A standard homological argument shows that the Λa

i (M) can be computed by
applying the functorΛa

0 to a left resolution Y• ofM withmodules Yi inC+
a (see 1.5.3),

that is, Λa
i (M) = Hi (Λ

a
0 (Y•)), or by applying the a-adic completion functor Λa to a

left resolution X• of M with modules Xi in Ca, in particular with flat modules, that
is, Λa

i (M) = Hi (X̂a• ).
This last remark, already observed by Matlis in [56], emphasizes the importance

of the class Ca when studying the a-adic completion functor, as well as the rôle of
flat modules.

Let us have a closer look at the classCa. The following lemmawas already noticed
in [78, 5.3, 5.4]. Although it was stated for a Noetherian ring there, it holds in greater
generality.

Lemma 2.5.13 Assume that an ideal a of a commutative ring R is finitely generated.

(a) Let 0 → X → Y → Z → 0 be a short exact sequence of R-modules. If Y, Z ∈
Ca, then also X ∈ Ca and the a-adic completion of the sequence is exact.

(b) Let X• : . . . → X1
d1→ X0 → 0 be a complex of R-modules. Suppose that Xi

and Hi (X•) belong to Ca for all i ≥ 0. Then Ĥi (X•)
a = Hi (X̂•

a
).

Proof (a): Applying the functor Λa
0 to the exact sequence we obtain Λa

i (X) = 0 for
all i ≥ 1 and a short exact sequence

0 → Λa
0 (X) → Ŷ a → Ẑa → 0.

Thus Λa
0 (X) is a-complete as a closed submodule of the a-complete module Ŷ a (see

2.2.11). Hence the homomorphism γ a
X = τa

Λa
0 (X)

is an isomorphism, (see 2.5.4 (b))
and the claims follow.

(b): We put Bi = Im(dX
i+1), Zi = Ker(dX

i ), Z0 = X0 and split our data into short
exact sequences

0 → Bi → Zi → Hi (X•) → 0 and 0 → Zi+1 → Xi+1 → Bi → 0.

By (a) and the assumptions we first have that B0 ∈ Ca, then we have that Zi , Bi ∈ Ca

for all i ≥ 0 by induction on i . By (a) and the assumptions we again have that
the above exact sequences remain exact under a-completion. The claim in
(b) follows. �
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We now give a first picture of the situation when the ring is Noetherian.

Remark 2.5.14 When the ring R isNoetherian anyfinitely generatedmodule belongs
to the class Ca introduced in 2.5.12. More generally any direct sum of copies of a
finitely generated module also belongs to the class Ca. This follows from 2.4.12 and
has nice consequences concerning the local homology of modules over a Noetherian
ring, already exploited in [79]. In particular, it provides the following change of
rings theorem (see [79, 3.3]). Let X1, . . . Xk be indeterminates and let ϕ be the
homomorphism

ϕ : R[X1, . . . , Xk] → R, Xi 	→ xi .

Write A for the ideal of R[X1, . . . , Xk] generated by the Xi ’s and a for the ideal
of R generated by the xi ’s. As free R-modules, viewed as R[X1, . . . , Xk]-modules,
belong to the class CA, we have for all R-modules M that Λa

i (M) ∼= ΛA
i (M). This

reduces the study of the Λa
i (M) to the case where the Noetherian ring is a-separated

and where the ideal a is generated by a regular sequence. But note already that we
shall obtain in Part II a similar change of rings theorem valid in greater generality
and in the more general setting of complexes. That is why we postpone some of its
consequences. It is also why the properties of a-complete and a-pseudo-complete
modules over a Noetherian ring are very significant.

Proposition 2.5.15 (see [78, 2.5, 5.2]) Let R be a Noetherian ring and a an ideal
of R.

(a) Let C be an a-complete module. Then C has a left resolution by a-complete flat
modules,

Λa
i (C) = 0 for all i ≥ 1, τa

C = idC = ηa
C

and C belongs to the class Ca introduced in 2.5.12.
(b) For any R-module M the module Λa

0 (M) has a left resolution with a-complete
flat modules, hence Λa

i (Λ
a
0 (M)) = 0 for all i ≥ 1 and ηa

Λa
0 (M)

= idΛa
0 (M).

Proof (a): Let L be a free module surjecting to C . Since C is a-complete and by
2.1.8 we have an exact sequence 0 → Z → L̂a → C → 0 and Z is a-closed in L̂a.
It follows that Z is a-complete (see 2.2.11). The wanted resolution is now obtained
by iteration, recall also 2.4.8: L̂a is flat when L is free. The other statements in (a)
follow from the remarks in 2.5.12.

(b): Let L1
d1→ L0 → M → 0 be a free presentation of M . We have the exact

sequence

L̂a
1

d̂a
1→ L̂a

0 → Λa
0 (M) → 0

and Ker(d̂a
1 ) is a-complete as a closed submodule of an a-complete module. So the

wanted resolution of Λa
0 (M) is obtained as above by iteration and the last claims in

(b) follow again from the remarks in 2.5.12. �
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Corollary 2.5.16 Let a be an ideal of a Noetherian ring. Then any a-pseudo-
complete module belongs to the class C+

a introduced in 2.5.12. In particular,
Λa

i (M) ∈ C+
a for all R-modules M and all i ≥ 0.

Proof We have seen in 2.5.15 thatΛa
0 (M) ∈ C+

a , hence a-pseudo-complete modules
are in C+

a . As the Λa
i (M)’s are a-pseudo-complete in view of 2.5.7 they are also in

C+
a . �

By the long exact homology sequence of the Λa
i ’s we also obtain the following

corollary.

Corollary 2.5.17 Let a be an ideal of a Noetherian ring R. Then the class of
a-pseudo-complete modules has the following property: Let 0 → M1 → M2 →
M3 → 0 be a short exact sequence of R-modules. If two of the three modules
M1, M2, M3 are a-pseudo-complete, so is the third.

The next corollary provides a refinement of 2.5.7 (b) for the case of a Noetherian
ring.

Corollary 2.5.18 Let a be an ideal of a Noetherian ring R. Let X be a complex of
a-pseudo-complete modules. Then the modules Bi := Im(di+1), Zi := Ker(di ) and
Hi (X) = Zi/Bi are a-pseudo-complete for all i ∈ Z.

Proof With the exact sequence Xi → Xi−1 → Xi−1/Bi−1 → 0 we first have that
Xi−1/Bi−1 is a-pseudo-complete by 2.5.3, and this holds for all i ∈ Z. By 2.5.17 we
now obtain successively that Bi−1

∼= Xi/Zi , Zi and Hi (X) = Zi/Bi are a-pseudo-
complete. �

Except for the fact that a-complete and a-pseudo complete modules have an a-
complete flat resolutions, we shall see in Part II that the above proposition and its
corollaries also hold for ideals other than those of a Noetherian ring (see 7.5.13
which generalizes part of 2.5.15). The ideals we have in mind are those generated by
a weakly pro-regular sequence, a notion studied by the first author in [75] and highly
exploited in Part II. One trick will be to use the Čech complex built on the weakly
pro-regular sequence. Another trick will be that the study of the local homology with
respect to such an ideal may be reduced to the case where the ring is Noetherian.

Proposition 2.5.19 Assume that the ring R is Noetherian. Then the functors Λa
i

commute with products: Λa
i (

∏
λ Mλ) ∼= ∏

λ Λa
i (Mλ) for all i ∈ N.

Proof Over a Noetherian ring products of flat modules are flat and a-completions
commutewith products (see2.2.7).As takinghomologyalso commuteswith products
the conclusion follows. �

Remark 2.5.20 When the commutative ring R is Noetherian the local homology and
cohomology are related through the general Matlis duality: for any R-module M we
have

(Hi
a(M))∨ ∼= Λa

i (M
∨) and (H 0

a (M))∨ ∼= Λa(M∨)
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(see [78]). In particular, Λa
0 (M

∨) is a-complete and the surjective homomorphism
γ a
M∨ = τa

Λa
0 (M∨)

is an isomorphism (see 2.5.4). But this also holds in greater generality
and in a more general setting, as we shall see in Part II (see 9.2.5).

We may compose adic-completions and Λ0 functors with respect to two ideals.
In this direction we have the following, which also contains a counterpart of 2.2.10.

Proposition 2.5.21 Let a, b denote two ideals of a Noetherian ring R. Let M be an
R-module. Then

(a) Λb
0 (Λ

a
0 (M)) ∼= Λ

(b+a)
0 (M).

(b) M is (a + b)-pseudo-complete if and only if M is both a-pseudo-complete and
b-pseudo-complete.

Proof (a): Let F1
d→ F0 → M → 0 be an exact sequence where F1 and F0 are flat.

Then Λa
0 (M) ∼= Coker(d̂a) (see 2.5.12). This holds for any ideal, in particular for

both a and a + b. We have seen in 2.4.6 that Λb(Λa(F)) = Λ(b+a)(F) for all flat
R-modules, and we know by 2.4.4 that completions of flat modules are flat. All this
together gives the claim.

(b): This is a direct consequence of (a) and 2.5.9. �

Observations 2.5.22 Let a be an ideal of a Noetherian ring R. Simply write ˆ(·) for
the a-adic completion functor. We know that R̂ is R-flat and that R/at ∼= R̂/at R̂ has
the structure of an R̂-module. Let M be an R-module. Then there are isomorphisms

TorRi (R/at , M) ∼= Tor R̂i (R̂/at R̂, R̂ ⊗R M)) and Λa
i (M) ∼= ΛaR̂

i (R̂ ⊗R M)

for all i ∈ N. To this end note the following: a free resolution L• of M , tensorized
with R̂, gives a free resolution of the R̂-module R̂ ⊗R M and

L•/at L• ∼= R̂/at R̂ ⊗R̂ (R̂ ⊗R L•).

Whence lim←− L•/at L• ∼= lim←−(R̂/ât ⊗R̂ (R̂ ⊗R L•)).
Let M, N denote two R-modules and assume that M has the structure of an R̂-

module (this holds if M is a-complete). Then ExtiR(N , M) has the structure of an
R̂-module. More precisely, and because R̂ is R-flat, there is a canonical isomorphism

ExtiR(N , M) ∼= Exti
R̂
(N ⊗R R̂, M)

for all i ∈ N.
In particular, ExtiR(R/at , M) ∼= Exti

R̂
(R̂/at R̂, M) for all i ∈ N.
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2.6 Relative Flatness and Completion in the General Case

In this section a is an arbitrary ideal of a commutative ring R. When dealing with
a-completions it turns out that a notion of relative flatness is often sufficient. This
notion is also important by itself as well as for further investigations.

Definition 2.6.1 Let a be an ideal of a commutative ring R. An R-module M is
called relatively-a-flat if TorRi (R/b, M) = 0 for all i ≥ 1 and every a-open ideal b,
that is to say for all ideals b containing some power at of a.

A flat R-module is of course relatively-a-flat for any ideal a of R. Moreover,
relatively-a-flat modules belong to the class Ca introduced in 2.5.12. Note that
relatively-a-flat modules occur naturally in the completion process, as shown by
the following examples.

Examples 2.6.2 We define Rs = R/(∩ta
t ) and Sa(R) = Coker(τa

R). Assume that R
is Noetherian. Then the R-modules

Rs, 0̄aR = ∩ta
t and Sa(R)

are relatively-a-flat.
Indeed, first observe that R̂a

s = R̂a. Then take a free resolution L of Rs by means
of finitely generated free modules. Then R̂a ⊗R L is a flat resolution of R̂a because
R̂a is R-flat. Again since R̂a is R-flat it follows that Hi (R/b ⊗R R̂a ⊗R L) = 0 for
all i ≥ 1 and every ideal b of R. If the ideal b is a-open we have R/b ∼= R̂a/bR̂a

and therefore R/b ⊗R R̂a ⊗R L ∼= R/b ⊗R L . Whence the claim for Rs follows.
Nowwe consider the short exact sequences 0 → ∩ta

t → R → Rs → 0 and 0 →
Rs → R̂a → Sa(R) → 0. The claims concerning ∩ta

t and Sa(R) follow from the
associated long exact sequence of the Tori (R/b, ·), where b is a-open, the relative-
a-flatness of Rs and the isomorphism Rs/bRs = R/b ∼= R̂a/bR̂a.

Note that Sa(R) is not flat in general. For example, take for a an ideal of a
Noetherian domain which is not contained in the Jacobson radical. Then R is not
a-complete (see 2.1.6) and there is a proper ideal c such that a + c = R. For such

a c the a-adic topology on R/c is the coarse one and R/c ⊗R R̂a ∼= R̂/c
a = 0. It

follows that TorR1 (R/c, Sa(R)) ∼= R/c �= 0, as shown by the exact sequence 0 →
R → R̂a → Sa(R) → 0 tensored by R/c.

Lemma 2.6.3 Let a be an ideal of a commutative ring R and let at , t ∈ N, be a
descending sequence of ideals which form a base of open neighbourhoods of the
origin for the a-adic topology of R. Let M denote an R-module.

(a) The following conditions are equivalent.

(i) M is relatively-a-flat,
(ii) M/at M is R/at -flat for all t and TorRi (R/at , M) = 0 for all t and all i ≥ 1.
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(b) If the conditions in (a) are satisfied then M/bM is R/b-flat for all a-open ideals
b. If in addition the ring R is Noetherian, then M̂a is R-flat and R̂a-flat.

Proof Let L be a free resolution of M .
(a): First assume thatM is relatively-a-flat. For afixed t let cbe any ideal containing

at . Then L/at L is a free R/at -resolution of M/at M by the definition of relative-a-
flatness. Because at ⊂ c we have

R/c ⊗R/at L/at L ∼= R/c ⊗R L .

Because c is a-open we also have that the complex R/c ⊗R L is exact in degree ≥ 1.
Condition (ii) now follows by the flatness criterion recalled in 1.4.3.

Assume now the conditions in (ii) and let b be any a-open ideal. This b contains
some at and we have by assumption that L/at L is a free R/at -resolution of the flat
R/at -module M/at M . Hence L/bL ∼= L/at L ⊗R/at R/b is exact in positive degree.

(b): This follows from (a) and 2.4.4. (It may also be deduced from 2.4.8 and
2.4.10.) �

The following result seems to be more or less known, at least partially. In the
following we need it in a substantial way.

Proposition 2.6.4 Letabe an ideal of a commutative ring R and let F be a relatively-
a-flat R-module such that F/aF is R/a-free.

Then the module F/at F is R/at -free for all t ≥ 1 and F̂a is the a-adic completion
of a free module.

More precisely, let pt : F → F/at F denote the natural projections and let
(wi , i ∈ I ) be a family of elements of F such that (p1(wi ), i ∈ I ) forms a base
of the free R/a-module F/aF. Let also L be a free R-module with base (ei , i ∈ I )
and let h : L → F be the homomorphism defined by h(ei ) = wi .

Then h is an a-dense homomorphism such that R/at ⊗R h : L/at L → F/at F is
an isomorphism for all t ≥ 1. Therefore ĥa : L̂a → F̂a is also an isomorphism.

Proof By the construction we have F = h(L) + aF and by iteration F = h(L) +
at F . Therefore the maps R/at ⊗R h : L/at L → F/at F are surjective. They induce
exact sequences

Et : 0 → Kt −→ L/at L −→ F/at F → 0

of R/at -modules. Whence it is enough to show that Kt = 0 for all t ≥ 1.
By 2.6.3 we know that F/at F is R/at -flat. Hence the tensored sequences

R/a ⊗R/at Et are exact. It follows that

R/a ⊗R/at Et = E1 : 0 → K1 → L/aL → F/aF → 0

and therefore R/a ⊗R/at Kt = K1. As K1 = 0 by construction it yields that Kt =
aKt and Kt = at Kt by iteration. But at Kt = 0 because Kt is an R/at -module.
Whence Kt = 0 for all t ≥ 1. Finally we obtain that ĥa : L̂a → F̂a is an isomor-
phism. �
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Let 0 → H → G → F → 0 be a short exact sequence of R-modules. When F is
relatively a-flat we have already noticed that the a-adic completion of this sequence
remains exact. Moreover, when F/aF is free as an R/a-module we can say more.

Theorem 2.6.5 Let a be an ideal of a commutative ring R and let

S : 0 → H → G
f→ F → 0

be a short exact sequence of R-modules, where F is a relatively-a-flat module such
that F/aF is R/a-free. Then the a-adic completion of the short sequence S is split-
exact.

Proof The short sequence Ŝa is exact because F is relatively-a-flat. Let h : L → F
be the homomorphism described in 2.6.4. We lift it and obtain a homomorphism
s : L → G such that h = f ◦ s. Bya-completionswehave that ĥa is an isomorphism.
It follows that f̂ a is split-surjective. �

Let us have a closer look at the homomorphism h described in 2.6.4. It is not
always injective and the wi of 2.6.4 are not necessarily linearly independent in F .
For example, take a Noetherian ring R and an ideal a such that R is not a-separated,
then take for F the relatively-a-flat module Rs := R/ ∩t a

t . Some cases are better,
we mention the following.

Proposition 2.6.6 We take the notations and hypotheses of Proposition 2.6.4 and
assume moreover that R is a-separated.

Then h is injective and TorRi (R/b,Coker(h)) = 0 for all a-open ideals b and all
i. Hence Coker(h) is relatively a-flat and Coker(h) = aCoker(h).

Proof If R is a-separated, then the map τa
L is injective. Therefore h is also injective

because of τa
F ◦ h = ĥa ◦ τa

L . Then Coker(h) has the required property because the
homomorphisms R/at ⊗R h are isomorphisms. �

For the next good case we need another flatness criterion.

2.6.7 A Bourbaki flatness criterion. (see [13, Chap. 1, §2, Proposition 13, Corollary
1]) To present the criterion we use matrix notations and denote by Am×n the set of
m × n matrices with entries in A.

A module M over a commutative ring R is flat if and only if it satisfies the
following condition:

For all b ∈ R1×n,w ∈ Mn×1 and all relations bw = 0, there are m ∈ N, v ∈
Mm×1 and c ∈ Rn×m such that w = cv and bc = 0.

Proposition 2.6.8 (see [79, 2.1])We take the notations and hypotheses of Proposi-
tion 2.6.4. Assume moreover that F is flat and that the ideal a is contained in the
Jacobson radical of R.

Then h is pure injective and h(L) is an a-basic submodule of F. Hence Coker(h)

is flat and Coker(h) = aCoker(h).
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Proof First we prove the freeness of the wi in F . We use matrix notations as above.
If we have a relation

∑n
i=1 biwi = 0 with bi ∈ R, then we have v1, . . . vm ∈ F and

a matrix c ∈ Rn×m such that w = cv and bc = 0. The matrix c is right-invertible
modulo the ideal a because the images of the wi in F/aF form a base of the free
R/a-module F/aF . But the ideal a is contained in the Jacobson radical of R by
assumption. It follows that the matrix c is also right-invertible in R. Then b = 0
because bc = 0. Therefore the wi ’s are free and the map h is injective.

To prove the purity of L in F it is enough to prove that the maps R/c ⊗R h are
injective for all ideals c of R (see 2.1.7). But this follows from the first part of the
proof applied to the ring R/c, the flat R/c-module F/cF , the morphism R/c ⊗R h
and the ideal (a + c)/c of R/c. Note that (a + c)/c is contained in the Jacobson
radical of R/c. �

In the above proposition the case where a = m is the maximal ideal of a local ring
was already observed in [7, Proposition 3.3].

The following may have some technical interest.

Corollary 2.6.9 Let a be an ideal of a commutative ring R. Let M denote an R-
module satisfying M = aM. Assume that either

(a) R is a-separated or
(b) a is contained in the Jacobson radical of R.

Then there is a short exact sequence 0 → M ′ → T → M → 0 such that T = aT
and T is relatively a-flat. Moreover, in case (b) we have such a sequence where T is
flat.

Proof Choose a short exact sequence 0 → N
u→ L0 → M → 0 where L0 is a free

R-module. Because M/aM = 0 the map R/a ⊗R u is surjective. Take a family of
elements (vi ∈ N ; i ∈ I ) such that their images in L0/aL0 form a base of this R/a-
free module. Now let L be a free module of base (ei , i ∈ I ) and define h1 : L → N
by h1(ei ) = vi . Then there is a commutative diagram

0 L
idL

h1

L

h

0

0 N L0 M 0.

We define T = Coker(h) and M ′ = Coker(h1). Then the snake lemma provides the
short exact sequence. The module T has the required properties by 2.6.6 and 2.6.8
applied to L0. �

When a is an ideal of a Noetherian ring we have seen that the a-completion of a
flat module is flat. This does not hold in general (see examples 2.8.7 and 2.8.4). But
relative-a-flatness is preserved provided the ideal a satisfies some mild conditions.
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2.6.10 The property C . Let a be an ideal of a commutative ring R. We say that the
pair (R, a) has property C if each a-complete R-module M belongs to the class Ca

introduced in 2.5.12, that is, ifΛa
i (M) = 0 for all i > 0) and if the natural morphism

γ a
M : Λa

0 (M) → M̂a is an isomorphism.
Recall that the pair (R, a) always has property C when R is Noetherian (see

2.5.15). More generally we shall see later in 7.5.13 that this is also the case when a is
finitely generated and generated by a so-called weakly pro-regular sequence. These
are not the only cases. For a rather trivial example take for a a nilpotent ideal. Then
the a-adic topology of any R-module is the discrete one. Hence every R-module is a-
complete and belongs to the class Ca. Note that a nilpotent ideal of a non-Noetherian
ring is not necessarily finitely generated.

Proposition 2.6.11 Let R be a commutative ring, a a finitely generated ideal and let
M denote a relatively-a-flat R-module. Assume that the pair (R, a) has the property
C introduced in 2.6.10. Then M̂a is relatively-a-flat too.

Proof We choose a free R-module L with a surjective homomorphism f : L →
Coker(τa

M). Then there is a surjective homomorphism g : L → M̂a such that f fac-
tors through g. This gives us an exact sequence

E : 0 → N
u→ M ⊕ L

p→ M̂a → 0 where p = (τa
M , g)

and a module N associated to M . The assumption on M implies M ∈ Ca. We also
have M̂a ∈ Ca with the assumption on the pair (R, a). Because L ∈ Ca the short
exact sequence E yields that N ∈ Ca and that the sequence E remains exact by a-
completion (see 2.5.13). On the other hand the map p̂a is split-surjective because
the map τ̂a

M
a
is an isomorphism (see 2.2.2). Hence the short exact sequence Êa is

split-exact. We first obtain that the morphism N̂a → L̂a stemming from u is an
isomorphism.

Let b denote any a-open ideal. By tensoring with R/b we obtain an isomorphism
N/bN ∼= L/bL as follows by 2.2.2 again. Then the long exact sequence associated
to the short exact sequence E by applying the tensor product with R/b yields an exact
sequence:

0 → TorR1 (R/b, M̂a) → N/bN → M/bM ⊕ L/bL → M/bM → 0.

By the previous investigation the map N/bN → M/bM ⊕ L/bL is injective. This
first proves the vanishing TorR1 (R/b, M̂a) = 0.

Now we proceed by induction. For any relatively-a-flat R-module M and for any
a-open ideal b we assume by induction that TorRi (R/b, M̂a) = 0 for 1 ≤ i ≤ t . We
need to prove that TorRt+1(R/b, M̂a) = 0. But

TorRt+1(R/b, M̂a) ∼= TorRt (R/b, N )
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as follows by the short exact sequence E above. Hence we only need to prove that
TorRt (R/b, N ) = 0. To this end we take a free resolution F of this R-module N
associated to M . We construct short exact sequences

Si : 0 → Ni+1 → Fi → Ni → 0 for all i ≥ 0,

with Fi a free module starting with N = N0. As N ∈ Ca it follows that Ni ∈ Ca for
all i ≥ 0. Whence the short exact sequences Si remain exact after a-completion (see
2.5.13 again). We first look at the short exact sequence

Ŝ0
a : 0 → N̂1

a → F̂0
a → N̂a → 0.

By the first part of the proof we have TorR1 (R/b, N̂a) ∼= TorR1 (R/b, L̂a) = 0. Hence
the short sequence R/b ⊗R Ŝ0

a
is exact. But there are isomorphisms of short

sequences R/b ⊗R Ŝi
a ∼= R/b ⊗R Si . It follows that TorR1 (R/b, N ) = 0, which set-

tles the case t = 1.
Assume now t ≥ 2. Because of N̂a ∼= L̂a and the inductive hypothesis we have

TorRi (R/b, N̂a) = 0 = TorRi (R/b, F̂a
j ) for all 1 ≤ i ≤ t and all j.

Playing with the short exact sequences Ŝi
a
we obtain

TorR1 (R/b, N̂a
t−1) = TorRt (R/b, N̂a) = 0.

Thus the short sequence R/b ⊗R Ŝt−1
a
is exact and so is the short sequence R/b ⊗R

St−1. It follows that TorR1 (R/b, Nt−1) = 0. As TorRt (R/b, N ) = TorR1 ((R/b, Nt−1)

for t ≥ 2 the inductive step is completed. �

The same statement with a different proof appeared in [88, Theorem 4.3] under
the slightly stronger hypothesis that the ideal a is generated by a weakly pro-regular
sequence. In that case, see also the forthcoming 9.5.7 for a companion result.

2.7 Relatively Injective and Torsion Modules

Here again a is an arbitrary ideal of a commutative ring R. We investigate a notion
dual to the notion of relative flatness. It might present some interest in the study of
local cohomology.

Definition and observation 2.7.1 Let a be an ideal of a commutative ring R. We
say that an R-module M is relatively-a-injective if ExtiR(R/b, M) = 0 for all a-open
ideal b of R and all i ≥ 1. For such a module we note that Hi

a(M) = 0 for all i ≥ 1
since Hi

a(M) = lim−→ExtiR(R/at , M).
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Lemma 2.7.2 Let a be an ideal of a commutative ring R. Let M denote an R-module
and b an a-open ideal.

(a) If M is relatively-a-injective then HomR(R/b, M) is R/b-injective.
(b) M is relatively-a-injective if and only for all t ≥ 1 HomR(R/at , M) is R/at -

injective and ExtiR(R/at , M) = 0 for all i ≥ 1.

Proof Let I be a injective resolution of M . We prove (a) at first. For any ideal c
containing b the complex HomR(R/c, I ) is exact in degree i > 0. In particular, the
complex HomR(R/b, I ) provides an injective R/b-resolution of HomR(R/b, M).
As

HomR(R/c, I ) = HomR/b(R/c,HomR(R/b, I ))

the conclusion follows by the Baer criterion (see 1.4.7).
The only if part of (b) is a direct consequence of (a). The proof of the if part,

similar to the proof of the corresponding statement in 2.6.3, is left to the reader. �

Let us first investigate the above notion for Noetherian rings. We need some
preparation, some remarks on a-torsion modules, analogous to those we made on
a-complete modules.

Lemma 2.7.3 Let a be an ideal of a commutative ring R. Let M denote an a-torsion
R-module and N an arbitrary R-module.

(a) Any direct sum of a-torsion R-modules is a-torsion.
(b) TorRi (N , M) is a-torsion for all i ≥ 0.
(c) Suppose in addition that R is Noetherian and that N is finitely generated. Then

ExtiR(N , M) is a-torsion for all i ≥ 0.

Proof The statement in (a) is obvious. For (b) let L be a free resolution of N . Then
L ⊗R M is a complex of a-torsion modules. Hence Hi (L ⊗R M) = TorRi (N , M) is
a-torsion as a sub-quotient of an a-torsion module. The proof of (c) is similar, taking
for L a resolution by means of finitely generated modules. �

Here is a counterpart of Proposition 2.4.10 on the a-torsion side.

Proposition 2.7.4 Let R denote a Noetherian ring and M an a-torsion R-module.
Then the injective and the flat dimension of M are given by

idR(M) = sup{i ∈ N | ExtiR(R/p, M) �= 0 for some prime ideal p ⊃ a},
fdR(M) = sup{i ∈ N | TorRi (R/p, M) �= 0 for some prime ideal p ⊃ a}.

Proof As in the proof of 2.4.10 we shall use the fact that a finitely generated module
N over a Noetherian ring has a composition series

0 ⊂ Nn ⊂ · · · ⊂ Ni ⊂ · · · ⊂ N0 = N

where the successive quotients are of the form R/q with q ∈ SuppR N . For the first
equality we only need check the ExtiR(N , M) where N is finitely generated (see
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1.4.7). If ExtiR(N , M) �= 0, N finitely generated, it follows that ExtiR(R/q, M) �= 0
for some q ∈ SuppR N . If a � q, take x ∈ a \ q and look at the long exact sequence
of the ExtR(·, M) associated to the exact sequence

0 → R/q
x→ R/q → R/(q + x R) → 0.

We note that multiplication by x is not injective on ExtiR(R/q, M) because this
module is a-torsion. It follows that ExtiR(R/(q + x R), M) �= 0. Then we obtain a
prime ideal q1 ⊃ (q + x R) with ExtiR(R/q1, M) �= 0. If a � q1 we continue the
process until we reach an ideal p ⊃ a with ExtiR(R/p, M) �= 0.

The proof of the statement about the flat dimension is similar. �

Corollary 2.7.5 Let R denote a Noetherian ring and M a relatively-a-injective R-
module. Then

(a) Γa(M) is R-injective.
(b) Moreover, Γa(M) has the structure of an R̂a-module and Γa(M) is also R̂a-

injective.

Proof Let I be an injective resolution of M . It is known that Γa(I ) is a complex
of injective modules. Because Hi

a(M) = 0 for i ≥ 1 (see 2.7.1) we have that Γa(I )
is an injective resolution of Γa(M). For any prime ideal p containing a we have
HomR(R/p, I ) = HomR(R/p, Γa(I )). As HomR(R/p, I ) is exact in degree i ≥ 1
by assumption the statement in (a) follows by 2.7.4.

The module Γa(M) has the structure of an R̂a-module because it is a-torsion
(see 2.1.15).WehaveExti

R̂
(R̂/at R̂, Γa(M)) ∼= ExtiR(R/at , Γa(M)) = 0 for all i > 0

because Γa(M) is R-injective (see also 2.5.22). Note also that Hom R̂(R̂/at R̂,

Γa(M)) ∼= HomR(R/at , Γa(M)) is R/at -injective. Since R/at ∼= R̂a/at R̂a it fol-
lows that Γa(M) viewed as an R̂a-module is relatively aR̂a-injective (see 2.7.2).
Now the second statement follows from the first. �

2.7.6 The class Ba. Let a be an ideal of a commutative ring R. We denote by
Ba the class of R-modules M such that Hi

a(M) = 0 for all i ≥ 1. By a stan-
dard cohomological argument as in 1.5.3 we note that the local cohomology of an
R-module M may be computed with a right resolution M

∼−→ J , where the mod-
ules J i are in Ba and J i = 0 for i < 0: for such a resolution we have Hi (Γa(J )) ∼=
Hi

a(M). Note also that relatively-a-injective modules are in Ba.

Remarks 2.7.7 Let a be an ideal of a Noetherian ring and M an a-torsion R-module.
Then M has an injective resolution I where all the I i are a-torsion. (For any injection
M ↪→ J of M into an injective R-module J we have M = Γa(M) ↪→ Γa(J ) and
it is known that Γa(J ) is injective. As Γa(J )/M is also a-torsion the resolution is
obtained by iteration.) It follows that Hi

a(M) = 0 for all i ≥ 1 and thereforeM ∈ Ba.

We are now prepared for a statement analogous to 2.6.11 on the a-torsion side.
When a is an ideal of a Noetherian ring it is known that Γa(I ) is injective when



2.7 Relatively Injective and Torsion Modules 61

I is an injective R-module. This does not hold in general (see example 2.8.8). But
the property of being relatively-a-injective is preserved provided the ideal a satisfies
some mild conditions.

2.7.8 The property B. Let a be an ideal of a commutative ring R. We say that the
pair (R, a) has property B if each a-torsion R-module M belongs to the class Ba

introduced in 2.7.6, that is, if Hi
a(M) = 0 for all i > 0.

Recall that the pair (R, a) always has property B when R is Noetherian (see 2.7.7).
More generally we shall see later in 7.4.7 that this is also the case when the ideal a
is generated by a weakly pro-regular sequence.

The following is well known, we state it in the form we need and provide a quick
proof. (It can also be quickly deduced from [82, 5.3.15] or 3.4.3 or from the more
general 7.6.2.)

Lemma 2.7.9 Let a be an ideal of a commutative ring R. Let N denote an R-module.
If Hi

a(N ) = 0 for all i ≥ 0, then alsoExtiR(R/b, N ) = 0 for all i ≥ 0 and any a-open
ideal b.

Proof Let b be any a-open ideal. If H 0
a (N ) = 0 then HomR(R/b, N ) = 0. Assume

nowHi
a(N ) = 0 for all i ≥ 0.Weproceedby induction, assume thatExtiR(R/b, N ) =

0 for all i ≤ r and consider the exact sequence

0 → N → I → N1 → 0

where I is an injective hull of N .Wefirst note that H 0
a (I ) = 0.Hence Hi

a(N1) = 0 for
all i ≥ 0. As Extr+1

R (R/b, N ) ∼= ExtrR(R/b, N1) the inductive step is
complete. �

We are ready for the counterpart of 2.6.11. As usual the injective situation is easier
to handle.

Proposition 2.7.10 Let R a commutative ring, a an ideal and let M denote an R-
module. Assume that the pair (R, a) has the property B introduced in 2.7.8. Assume
also that M is relatively-a-injective. Then Γa(M) is relatively-a-injective.

Proof Put N = M/Γa(M). We consider the short exact sequence

0 → Γa(M) → M → N → 0

and the associated long exact sequence in local cohomology. By the hypothesis
on the pair (R, a) we have that Hi

a(Γa(M)) = 0 for all i ≥ 1. By the hypothesis
on M we also have Hi

a(M) = lim−→ExtiR(R/at , M) = 0 for all i ≥ 1. It follows that
Hi

a(N ) = 0 for all i . Now let b be any a-open ideal. In view of 2.7.9 the conclusion
follows by the long exact sequence of the ExtiR(R/b, ·) associated to the above short
exact sequence. �

In the particular case when the ideal a is generated by a weakly pro-regular
sequence the above result will be refined in 9.5.8.
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2.8 Some Examples

In this section we present some rings the a-completions of which are not flat (though
relatively-a-flat). We also present an injective module the a-torsion part of which is
not injective.

2.8.1 For the first examplewe recall some facts about 1-Kähler differentials.Namely
let A be an R-algebra. Let f : A ⊗R A → A, a ⊗ b 	→ ab, themultiplication homo-
morphism and I = ker f. Consider A ⊗R A as an R-module via left multiplication.
Then the A-module �1

A/R := I/I 2 is called the module of (relative) Kähler differ-
entials. For these and related subjects we refer to [51, §1].

Lemma 2.8.2 Let k denote a field of characteristic zero and A = k[[x]] the formal
power series ring in one variable. Let Q = k((x)) denote the quotient field of A.
Then dimQ �1

Q/k = ∞.

Proof By [51, 5.4 Corollary] and the fact that trdeg(Q, k) = ∞ it follows that
dimQ �1

Q/k = ∞. �

The previous result has an important corollary.

Corollary 2.8.3 Let A = k[[x]] be as above and B = A ⊗k A with the natural

surjective map B
f→ A → 0 and ker f = I . Then I/I 2 is not finitely generated as

an A-module. Moreover, I ⊂ B is not a finitely generated ideal of B and therefore
B is not a Noetherian ring.

Proof Let Q denote the quotient field of A. There are isomorphisms

I/I 2 ⊗A Q ∼= �1
A/k ⊗A Q ∼= �1

Q/k.

SincedimQ �1
Q/k = ∞ the A-module I/I 2 is of infinite rank and therefore not finitely

generated. This implies that I ⊂ B is not a finitely generated ideal. Note that if I is
a finitely generated ideal of B there is a surjection Bk → I → 0 for a finite number
k. This implies a surjection Ak → I/I 2 → 0, which contradicts the fact that I/I 2 is
not finitely generated over A. �

With these investigations we are prepared for the following interesting example
due to A. Yekutieli (see [88]).

Example 2.8.4 (see [88]) Let k denote a field of characteristic zero and A = k[[t]]
the formal power series ring in one variable. Let B = k[[x]] ⊗k k[[y]] and let a =
(x, y)B. Then

(a) The ring B is not Noetherian.
(b) We have B̂a ∼= k[[x, y]].
(c) B̂a is not B-flat.
(d) B̂a is relatively-a-flat.
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Proof First there is a surjective homomorphism

B
g→ A → 0 by x 	→ t, y 	→ t.

Then B is isomorphic to the ring B in Corollary 2.8.3. Under this isomorphism
ker g = I . Since I is not finitely generated it follows that B is not Noetherian and
(a) follows.

For the proof of (b) we recall that B/(xt , yt )B ∼= k[x, y]/(xt , yt ), which proves
the claim (by passing to the inverse limit).

For the proof of (c) suppose that B̂ := B̂a is B-flat. Then we have the short exact
sequence

0 → I ⊗B B̂ → B̂ → B̂ ⊗B A → 0.

Therefore I ⊗B B̂ ⊂ B̂ ∼= k[[x, y]] is a finitely generated B̂-module. Moreover, we
have the following commutative diagram

B
g

τ

A

B̂ ∼= k[[x, y]],

h

where the surjection h : B̂ → A is given by x 	→ t, y 	→ t . Via the homomorphism
h : B̂ → A we may consider the A-module I/I 2 as a B̂-module. The surjections
I → I/I 2 and B̂ → A induce surjections

I ⊗B B̂ → I/I 2 ⊗B B̂ → I/I 2 ⊗B A = I/I 2.

But I ⊗B B̂ is a finitely generated B̂-module by assumption.Whence I/I 2 is finitely
as a B̂-module and therefore also as an A-module. But this contradicts 2.8.3, and so
B̂ is not B-flat.

For the proof of (d) note that the sequences (xt , yt ) are regular on both B and B̂. It
follows that TorBi (B/(xt , yt )B, B̂) = 0 for all i ≥ 1.As B̂/(xt , yt )B̂ ∼= B/(xt , yt )B
we obtain this last statement by 2.6.3. �

Amuch simpler example with similar properties as those of 2.8.4 is the following
2.8.7. Itworks in any characteristic. In order to present itwefirst recall the idealization
process, also needed in the subsequent sections.

2.8.5 Trivial extensions. (see [61, p. 2]) Let R denote a commutative ring. Let M
be an R-module. Then we define S = R � M , the trivial extension of R by M . This
is the R-module R ⊕ M with an internal multiplication given by (r,m) · (s, n) =
(rs, rn + sm). Note that the map R → S, r 	→ (r, 0) is injective and that R → S is
a ring extension. For an R-submodule N ⊂ M it follows that 0 � N is an ideal of S.
Moreover, 0 � M is nilpotent of degree 2 and R � M/0 � M ∼= R.
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Remarks 2.8.6 Let S = R � M be as in 2.8.5.
(a) Denote by a the ideal 0 � M of S. If M �= 0, then R ∼= S/a viewed as an

S-module is not flat and a viewed as an S-module is not injective.
Indeed, there is the short exact sequence 0 → a → S → S/a → 0. With the associ-
ated long exact sequence of the TorS(S/a, ·) we note that TorS1 (S/a, S/a) ∼= a/a2 ∼=
a �= 0.Whence S/a is not S-flat. Thenwe consider the associated long exact sequence
of the ExtR(·, a)

0 → HomS(S/a, a) → a
f−→ HomS(a, a) → Ext1S(S/a, a) → 0.

Since a2 = 0 we note that HomS(S/a, a) ∼= a and that the homomorphism f is zero.
Because 0 �= HomS(a, a) it follows that Ext1S(S/a, a) does not vanish. Whence a is
not S-injective.

(b) The ideals of S are of the form c � (N + cM), for c an ideal of R and N an
R-submodule of N . (This is because (1, v) · (r,w) = (r, rv + w) for all r ∈ R and
w, v ∈ M .) For an ideal a = c � (N + cM) it follows that S/a ∼= R/c � M/(N +
cM), which is the idealization of R/c by the R/c-module (M/(N + cM).

(c) Moreover, Spec(S) = {p � M | p ∈ Spec(R)}. If R has a unique maximal
ideal m, then S has a unique maximal ideal m � M .

(d) S is Noetherian if and only if R and M are both Noetherian. In that case
dim S = dim R.

We are ready for our example.

Example 2.8.7 Let R be a complete Noetherian local ring of positive depth and let
x ∈ R be a regular element. Then R is also x R-complete (see 2.2.9). We form the
trivial extension S = R � Rx and take completion with respect to the ideal c := xS
of S. Clearly the ring S is not Noetherian. Observe that

Ŝc ∼= lim←− S/xt S ∼= lim←−(R/xt R ⊕ Rx/x
t Rx ) ∼= R.

Therefore Ŝc is a Noetherian ring and Ŝc ∼= S/(0 � Rx ) is not S-flat in view of 2.8.6.
Note, however, that Ŝc is relatively-c-flat. This follows by the criterion in 2.6.3.

Indeed, multiplication by x is injective on both S and Ŝc, hence TorSi (S/ct , Ŝc) = 0
for all i ≥ 1 and clearly Ŝc/ct Ŝc ∼= S/ct is S/ct -flat.

Here is an example of a commutative ring S, an injective S-module I and an ideal
c of S such that Γc(I ) is not injective.

Example 2.8.8 Let R = k[[x]] denote the power series ring in one variable over the
field k. Let E = ER(k) denote the injective hull of the residue field. Then define
S = R � E . There is an isomorphism of S-modules HomR(S, E) ∼= S, in particular
S is self-injective (see A.4.6). We consider the ideal c := xS of S and note ΓxS(S) =
0 � E . Hence ΓxS(S) is not injective as an S-module in view of 2.8.6.
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A more detailed study of the question of when the a-torsion submodule Γa(I ) of
an injective R-module I is again R-injective was done by Quy and Rohrer (see [66]).
They also provide different counterexamples to this question.



Chapter 3
Ext-Tor Vanishing and Completeness
Criteria

As a classical result, Jensen proved that, if a = m is the maximal ideal of a Noethe-
rian local ring R, then a finitely generated R-module M is m-complete if and
only if Ext1R(F, M) = 0 for all countably generated flat modules F if and only
if ExtiR(F, M) = 0 for all i ≥ 1 and any flat module F (see [48] and [49, Proposi-
tion8.2]).

More recently, Frankild and Sather–Wagstaff obtained another completeness cri-
terion relative to an ideal a contained in the Jacobson radical of a Noetherian ring
R. They proved that a finitely generated R-module M is a-complete if and only if
ExtiR(R̂a, M) = 0 for all i ≥ 1 (see [35, TheoremA]).

Non-finitely generated modules have also been considered. For instance, Buch-
weitz and Flenner proved that, if a is a maximal ideal of a commutative ring R and M
is an a-complete R-module, then ExtiR(F, M) = 0 for all i ≥ 1 and any flat modules
(see [17, Theorem2.3]).

For an arbitrary ideal a of a commutative ring R and an R-module M it was
proved (see [76, Theorem4.4]) that ExtiR(F, M̂a) = 0 for all i ≥ 0 as soon as F is a
flat module with F = aF . The same paper provides another completeness criterion:
if a = (x1, . . . , xk) is an ideal of a Noetherian ring R then an a-separated R-module
M is a-complete if and only Ext1R(⊕k

i=0Rxi , M) = 0 (see [76, Theorem1.1]).
In this chapter we continue with some further investigations, we revisit and gen-

eralize the above-mentioned a-adic completeness criteria. We observe that the flat
modules F occurring in these results all have the property that F/aF is free as an
R/a-module. That is why modules M such that M/aM is free (possibly zero) will
retain our attention.

© Springer International Publishing AG, part of Springer Nature 2018
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3.1 Completeness and Pseudo-completeness Criteria

In this section we start with an elaboration and extension of results in [49], [17] and
[76]. We also present new and different proofs. First we have a generalization of both
[17, 2.3] and [76, Theorem4.4].

Theorem 3.1.1 Let a denote an ideal of a commutative ring R. Let F be a relatively-
a-flat module such that F/aF is R/a-free.

(a) ExtiR(F, M̂a) = 0 for all i ≥ 1 and any R-module M.
(b) Suppose that the R-module M is a-complete. ThenExti (F, M) = 0 for all i ≥ 1.
(c) Suppose that the R-module M is a-pseudo-complete. Then Exti (F, M) = 0 for

all i ≥ 1.

Proof First we choose a free R-module L with a surjection L → F . So there is a
short exact sequence

S : 0 → F1
i→ L → F → 0.

We recall that the short sequence Ŝa is split-exact (see 2.6.5). Moreover, we observe
that the short sequence R/a ⊗R S also is split-exact (it is exact because F is relatively
a-flat and it is split because F/aF is R/a-free).

(a): Let h : F1 → M̂a be an arbitrary homomorphism. Then we have a homo-
morphism h′ : F̂a

1 → M̂a such that h = h′ ◦ τa
F1

(see 2.1.10). The homomorphism

h′ factors through îa because îa is split-injective. Hence there is a homomorphism
g : L̂a → M̂a such that g ◦ îa = h′. By view of the commutative diagram

F1

τa
F1

i
L

τa
L

F̂1
a îa

L̂a

we have that h = h′ ◦ τa
F1

= g ◦ îa ◦ τa
F1

= g ◦ τa
L ◦ i . Whence h factors through i

and therefore Ext1R(F, M̂a) = 0.
Next we observe that the module F1 is also relatively-a-flat. As the sequence

R/a ⊗R S is split-exact we get that F1/aF1 is R/a-projective.Moreover we also have
that the relatively-a-flat R-module F1 ⊕ F has the property that (F1 ⊕ F)/a(F1 ⊕
F) ∼= L/aL is R/a-free. By the first part of the proof it follows now that Ext1R(F1 ⊕
F, M̂a) = 0, and therefore 0 = Ext1R(F1, M̂a) = Ext2R(F, M̂a). The result follows
by induction.

(b): When the R-module M is a-complete we have M ∼= M̂a. Hence (b) is a
particular case of (a).

(c): Assume now that the R-module M is a-pseudo-complete, i.e. that the natural
map ηa

M : M → Λa
0 (M) is an isomorphism. This allows us to put ηa

M = idM . First
observe that we may also put Λa

0 (S) = Ŝa and ηa
S = τa

S because the modules in the
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short exact sequence S are relatively-a-flat, hence belong to the class Ca introduced
in 2.5.12. Then the statement is proved in the same way as in (a). Let h : F1 → M
be a homomorphism. Then Λa

0 (h) : Λa
0 (F1) = F̂a

1 → Λa
0 (M) = M factors through

Λa
0 (i) = îa because îa is split-injective. That is, there is a homomorphism g : L̂a →

M such that g ◦ Λa
0 (i) = Λa

0 (h). In view of the commutative diagrams

F1

ηa
F1

h
M

ηa
M

Λa
0 (F1)

Λa
0 (h)

Λa
0 (M),

F1

ηa
F1

i
L

ηaL

Λa
0 (F1)

Λa
0 (i)

Λa
0 (L).

we have h = Λa
0 (h) ◦ ηa

F1
and h = g ◦ Λa

0 (i) ◦ ηa
F1

= g ◦ ηa
L ◦ i . Whence h factors

through i and Ext1R(F, M) = 0. We now finish the proof as in (a) by induction. �

In relation to the statements in (a) and (b) note the following: (a) is more general
than (b) because a module of the form M̂a is not necessarily a-complete when the
ideal a is not finitely generated.

Remark 3.1.2 Some particular cases of the above will attract more attention. Let a
be an ideal of a Noetherian ring R. As above, let Sa(R) = Coker(τa

R) and let M be
an a-complete R-module. Then

(a) ExtiR(R̂a, M) = 0 for all i ≥ 1 and
(b) ExtiR(Sa(R), M) = 0 for all i ≥ 0.

This is true because R̂a is R-flat and because R̂a/aR̂a ∼= R/a is R/a-free. Moreover,
Sa(R) is relatively a-flat (see 2.6.2) and Sa(R)/aSa(R) = 0, so that we also have
HomR(Sa(R), M) = 0 by 2.1.2.

Hence the natural homomorphism HomR(R̂a, M) → HomR(R, M) = M is an
isomorphism when M is a-complete. (To see this apply the functor HomR(·, M)

to the exact sequence 0 → Rs → R̂a → Sa(R) → 0, where Rs = R/
⋂

t a
t , and

observe that HomR(Rs, M) ∼= HomR(R, M).)

The a-completeness criteria we have in mind concern the case where the ideal a
is finitely generated. We first investigate the case where the ideal a is principal, say
generated by a single element x ∈ R.

Recall 3.1.3 Let x be an element of a commutative ring R. Then Rx , the ring of
fractions of the form r

xn , r ∈ R, is a countably generated flat R-module of projective
dimension≤ 1. It is coarse in its x R-adic topology since Rx = x Rx . It can be viewed
as a direct limit: put Rt = R, t ≥ 0. Then Rx = lim−→{Rt+1

x→ Rt }. Its projective res-
olution is given by the exact sequence

0 → L
d→ L → Rx → 0,
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where L is a free R-module with countable base (e0, e1, e2, . . .). The map d is
defined by d(ei ) = ei − xei+1. Whence the morphisms of Rx into an arbitrary R-
moduleM are in bijection with the sequences (w0,w1, . . . ,wi , . . .) ∈ ∏

M such that
wi = xwi+1. In view of this the following result is rather obvious.

Lemma 3.1.4 Let T be an R-module such that T = xT �= 0. Then HomR(Rx , T )

�= 0.

In the following we prove a partial converse of Theorem3.1.1 in the particular
case when F = Rx . It fills a gap in the proof of [76, Theorem1.1].

Proposition 3.1.5 Let x be an element of a commutative ring R. Let M be an R-
module, separated in its x R-adic topology. Then M is x R-complete if and only if
Ext1R(Rx , M) = 0.

Proof The only if part is a particular case of 3.1.1. For the reverse implication take
the exact sequence

0 → M → M̂xR → Coker(τ x R
M ) → 0

and the associated long exact cohomology sequence of the ExtiR(Rx , ·).
By2.1.2wehave thatHomR(Rx , M) = 0 = HomR(Rx , M̂xR). Therefore the long

exact cohomology sequence provides an injection

0 → HomR(Rx ,Coker(τ
x R
M )) → Ext1R(Rx , M).

Thus the assumption Ext1R(Rx , M) = 0 impliesHomR(Rx ,Coker(τ x R
M )) = 0. On the

other hand we have
Coker(τ x R

M ) = xCoker(τ x R
M )

(see 2.2.2). By virtue of 3.1.4 it follows that Coker(τ x R
M ) = 0. That is, M ∼= M̂xR is

x R-complete. �

We can now state [76, Theorem1.1] without the assumption that the ring R is
Noetherian. Note that the following together with 3.1.1 also provides a generalization
of Jensen’s criterion in [49, Proposition8.2].

Theorem 3.1.6 Leta = (x1, . . . , xk)R beafinitely generated ideal of a commutative
ring R. Let M be an a-separated R-module. Then M is a-complete if and only if
Ext1R(⊕k

i=1Rxi , M) = 0.

Proof The “only if” part is a consequence of 3.1.1. For the converse first note that
for all x ∈ a the x R-adic topology on M is finer than the a-adic topology. Thus M is
also x R-separated. By 3.1.5 we obtain that M is complete in its xi R-adic topology
for all i = 1, . . . , k. Now the result follows by an iterative use of 2.2.10. �
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Remark 3.1.7 In the situation of 3.1.6 and because M is a-separated we also have
HomR(⊕k

i=1Rxi , M) = 0 in view of 2.1.2. But we cannot replace in 3.1.6 the condi-
tion that M is a-separated by the weaker condition HomR(⊕k

i=1Rxi , M) = 0 without
harm. Indeed, recall the module X of Example 2.4.14. This X is not a-separated and
is inserted in a short exact sequence 0 → C1 → X → C2 → 0, whereC1 andC2 are
a-complete.With the associated long exact cohomology sequence of the ExtiR(Rx , ·),
from 2.1.2 and 3.1.1 it follows that ExtiR(Rx , X) = 0 for all x ∈ a and all i ≥ 0. But
note that this module X , which is not a-complete, is however a-pseudo-complete, as
observed in 2.5.10. This example is a particular case of the following general result.

Proposition 3.1.8 Let a denote a finitely generated ideal of a commutative ring R.
Let M be an a-pseudo-complete R-module. Then for all relatively-a-flat R-modules
such that F = aF we have ExtiR(F, M) = 0 for all i ≥ 0.

Proof Let L
∼−→ M denote a free resolution of M . It induces an exact sequence

0 → Z → L̂a
1 → L̂a

0 → M → 0, where the R-module Z is a-complete as an a-
closed submodule of an a-complete module (see 2.2.11). We split the sequence into
short exact sequences

0 → Z → L̂a
1 → M1 → 0 and 0 → M1 → L̂a

0 → M → 0.

Applying the associated long exact cohomology sequence of the ExtiR(F, ·) to the
first sequence we first obtain ExtiR(F, M1) = 0 for all i ≥ 0 (see 2.1.2 and 3.1.1).
We then obtain the claim with the second sequence. �

Here is some more precise information in the case when the ideal a is principal.

Observations 3.1.9 Let x denote an element of a commutative ring R and let M be
an R-module.

(a) Multiplication by x gives us an inverse system of short exact sequences

0 0 :M xt+1

x

M
xt+1

x

x t+1M 0

0 0 :M xt M
xt

x t M 0

where the right vertical maps are the natural inclusions. By comparing the homo-
morphism ψ{M,x} associated to the inverse system {M, x} in the middle with the free
resolution of Rx given in 3.1.3 we observe that ψ{M,x} = HomR(d, M), so that

lim←−{M, x} ∼= HomR(Rx , M) and lim←−
1{M, x} ∼= Ext1R(Rx , M)

(see 1.2.2). By passing to the limit we obtain a six-term long exact sequence
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0 → lim←−{0 :M xt , x} → HomR(Rx , M) → ∩n≥1x
t M

→ lim←−
1{0 :M xt , x} → Ext1(Rx , M) → lim←−

1{xt M} → 0.

(b) The following implications hold.

(1) If Ext1R(Rx , M) = 0, then M is x R-quasi-complete.
(As Coker(τ x R

M ) = lim←− 1{xt M} (see 2.2.1), this is obtained with the last part of
the six-term long exact sequence.)

(2) If M is x R-separated then HomR(Rx , M) = 0.
(This is a particular case of 2.1.2.)

(3) If M is x R-complete then HomR(Rx , M) = Ext1R(Rx , M) = 0.
(This follows from (b)(2) and 3.1.1.)

Note that this provides a second proof of 3.1.5.
(c) The modules 0 :M xt are x R-complete and so is their product. In view of the

description of lim←− and lim←− 1 given in 1.2.2 it follows that bothmodules lim←−{0 :M xt , x}
and lim←− 1{0 :M xt , x} are x R-pseudo-complete (see 2.5.7).

With certain additional assumptions onM we can prove some reverse implications
in (3.1.9 (b)).

Proposition 3.1.10 (see [76, 3.3]) Let x denote an element of a commutative ring
R. Let M be an R-module and suppose that the ascending sequence 0 :M xt of
submodules of M becomes stationary. Then

HomR(Rx , M) ∼= ∩n≥1x
t M and Ext1(Rx , M) ∼= lim←−

1{xt M}.

Moreover, we have the following equivalences.

(1) Ext1R(Rx , M) = 0 if and only if M is x R-quasi-complete.
(2) M is x R-separated if and only if HomR(Rx , M) = 0.
(3) M is x R-complete if and only if HomR(Rx , M) = Ext1R(Rx , M) = 0.

Proof The assumption means that the inverse system {0 :M xt , x} is pro-zero, so
that lim←−{0 :M xt , x} = lim←− 1{0 :M xt , x} = 0 (see 1.2.4). We then obtain the isomor-
phisms with the six-term exact sequence in 3.1.9. By the observations in (3.1.9 (b))
we only need to prove the if part of the equivalences. The second isomorphism proves
the if part of (1) (Coker(τ x R

M
∼= lim←− 1{xt M} (see 2.2.1)). The if part of (2) is given by

the first isomorphism and the equivalence (3) follows. �

Weend this sectionwith a converse of 3.1.8 in the casewhen the ring isNoetherian.

Theorem 3.1.11 Let a = (x1, . . . , xk) R be an ideal of a Noetherian ring R and let
M be an R-module. The following conditions are equivalent:



3.1 Completeness and Pseudo-completeness Criteria 73

(i) M is a-pseudo-complete.
(ii) For every relatively-a-flat module F with F = aF we have

ExtiR(F, M) = 0 for all i ≥ 0,

(iii) HomR(⊕k
i=1Rxi , M) = 0 = Ext1R(⊕k

i=1Rxi , M).

Proof In view of 3.1.8 it is enough to prove (iii) ⇒ (i). At first we consider the case
where the ideal a is principal, say generated by a single element x . In that case, the
condition Ext1(Rx , M) = 0 implies thatM is x R-quasi-complete (see (3.1.9 (b)(1))).
Whence we have the short exact sequence

0 → ∩t≥1x
t M → M → M̂xR → 0.

With both conditions HomR(Rx , M) = Ext1(Rx , M) = 0 and in view of the six-
term long exact sequence in 3.1.9 we have that

⋂
t x

t M ∼= lim←− 1{0 :M xt , x}. But the
latter module is x R-pseudo-complete (see 3.1.9 (c)), and so is the module M̂xR (see
2.5.7). Now the claim for a principal ideal follows by 2.5.17 applied to our short
exact sequence.

The general case is obtained with an iterative use of 2.5.21. �

The above theorem, which also emphasizes the importance of the separateness
condition in 3.1.6, will be highly generalized in Part II (see 9.6.8).

3.2 Modules of Infinite Co-depth

In the following we need both notions of Ext-depth and Tor-codepth for a module.

3.2.1 Ext-depth and Tor-codepth. Let a be an ideal in a commutative ring R. As in
[82] we define the Ext-depth and the Tor-codepth of an R-module M with respect to
the ideal a as follows:

E-dp(a, M) = ext−R(R/a, M) := inf{i | ExtiR(R/a, M) �= 0}
T-codp(a, M) = torR−(R/a, M) := inf{i | TorRi (R/a, M) �= 0}.

By convention 0 ≤ E-dp(a, M),T-codp(a, M) ≤ ∞. In particular, the vanishing of
ExtiR(R/a, M) for all i ≥ 0 (resp. TorRi (R/a, M) = 0 for all i ≥ 0) says by definition
that E-dp(a, M) = ∞ (resp. T-codp(a, M) = ∞).

For two ideals a ⊂ b, all t ≥ 1 and any R-module M we have the comparison
formulas:

E-dp(at , M) = E-dp(a, M) ≤ E-dp(b, M) and

T-codp(at , M) = T-codp(a, M) ≤ T-codp(b, M).



74 3 Ext-Tor Vanishing and Completeness Criteria

For the assertion on the Ext-depth, see [82, 5.3.11 and 5.3.16]. The statement on
the Tor-codepth is shown in [79, 1.6]. It follows by the use of the Ext-Tor duality.
(The reader may also compare these numbers by using formal acyclicity lemmas as
stated in [78, 6.1] or [82, 1.1.1, 1.1.2], or refer to Part II (see 5.1.6 and 5.1.7), where
complex versions are available.)

Definitions and observation 3.2.2 The class Ta. We denote by Ta the class of R-
modules M with T-codp(a, M) = ∞. That is,

M ∈ Ta if and only if TorRi (R/a, M) = 0 for all i ∈ Z.

By the comparison formulas in 3.2.1 we have that a module T belongs to Ta if and
only if T = aT and T is relatively a-flat in the sense of 2.6.1. We note that this class
Ta is contained in the class Ca introduced in 2.5.12, that is,

T ∈ Ta implies T̂ a = 0 = Λa
i (T ) for all i ≥ 0.

Moreover, if the ring R is Noetherian then T ∈ Ta implies R̂a ⊗R T ∈ TaR̂a (see
2.5.22).

Modules in Ta play an essential rôle in the study of completion. For example, the
module ⊕k

i=1Rxi appearing in criteria 3.1.6 and 3.1.11 is in the class Ta for a = x R.
Moreover, modules in Ta appear naturally in the completion process. By 2.6.2 and
2.2.2 we have that Coker(τa

R) ∈ Ta provided the ring is Noetherian. More generally,
we have the following.

Proposition 3.2.3 Let a be an ideal of a Noetherian ring R. Let M be an R-module
and put Sa(M) := Coker(τa

M). Then M/ ∩ at M ∈ Ca if and only if Sa(M) ∈ Ta.

Proof Put Ms := M/ ∩t a
t M . Then M̂a = M̂a

s and Sa(M) = Sa(Ms) as is easily
seen. Moreover, we have the short exact sequence

0 → Ms
τa
Ms→ M̂a

s → Sa(Ms) → 0.

Let L denote a free resolution of Ms and assume first that Ms ∈ Ca. Then L̂a is an
R-resolution of M̂a

s and even a flat resolution by 2.4.4. But the homomorphism

τL ⊗R R/a : L ⊗R R/a → L̂a ⊗R R/a

is an isomorphism of complexes. Hence the induced homomorphisms

TorRi (Ms, R/a) → TorRi (M̂a
s , R/a)

are isomorphisms for all i ≥ 0. By the long exact sequence of the Tor functors it
follows that TorRi (Sa(Ms), R/a) = 0 for all i ≥ 0 and so Sa(M) = Sa(Ms) ∈ Ta.
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Conversely, if Sa(M) = Sa(Ms) ∈ Ta, then Ms ∈ Ca as a direct consequence of
2.5.13 and 2.5.15. �

Corollary 3.2.4 When the ring R is Noetherian and the R-module M is finitely
generated we know that M/ ∩ at M ∈ Ca. Therefore Sa(M) := Coker(τa

M) ∈ Ta.

Here is a characterization of modules in Ta. It may be compared with the com-
pleteness criterion in 3.1.6.

Proposition 3.2.5 Let a be a finitely generated ideal of the commutative ring R and
T an R-module. The following conditions are equivalent:

(i) T ∈ Ta.
(ii) ExtiR(T, M) = 0 for any a-pseudo-complete module M and all i ≥ 0.
(iii) ExtiR(T, M) = 0 for any a-complete module M and all i ≥ 0.

Proof We already know that (i) implies (ii) (see 3.1.8). Moreover, (ii) implies (iii)
because a-complete modules are a-pseudo-complete (see 2.5.7). To finish the proof
we use the general Matlis duality as introduced in 1.4.8. When condition (iii) is
satisfied it follows that ExtiR(T, (R/a)∨) = 0 for all i ≥ 0 ((R/a)∨ is a-complete
because it is annihilated by a). We conclude with the Ext-Tor duality. �

The importance of these notions is underlined by the following formula of
Auslander–Buchsbaum type. (It is a direct consequence of the Ext-depth Tor-codepth
sensitivity of the Koszul complex as stated for modules in [82] and extended to com-
plexes in 5.3.3 together with the self-duality of the Koszul complex.)

Theorem 3.2.6 (see [82, 6.1.8], or Part II (5.3.5 and 5.3.9) for a complex version)
Let a = (x1, . . . , xk)R be a finitely generated ideal of a commutative ring R. Let M
denote an R-module. Then the following two conditions are equivalent:

(i) E-dp(a, M) < ∞.
(ii) T-codp(a, M) < ∞.

If one of these conditions is satisfied, then E-dp(a, M) + T-codp(a, M) ≤ k.

Proposition 3.2.7 Let a be an ideal of the commutative ring R. Let M, N be two
R-modules with M

∼−→ I a minimal injective resolution of M. Then

(a) E-dp(a, M) = ∞ if and only if Γa(I ) = 0.
(b) If N is a-torsion and if E-dp(a, M) = ∞, then ExtiR(N , M) = 0 for all i ≥ 0.

Proof (a): If Γa(I ) = 0 then E-dp(a, M) = ∞ because

HomR(R/at , I ) ∼= HomR(R/at , Γa(I )

for all t ≥ 1.
Conversely, assume that E-dp(a, M) = ∞. ThenΓa(M) = 0 and alsoΓa(I 0) = 0

because I 0 is an injective hull of M . Now consider the short exact sequence 0 →
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M → I 0 → M1 → 0. We have HomR(R/a, M1) = 0 because HomR(R/a, I 0) =
0 = Ext1R(R/a, M). For i > 0 we also have ExtiR(R/a, M1) ∼= Exti+1

R (R/a, M) =
0. Hence E-dp(a, M1) = ∞ and we conclude by induction.

(b):When N is a-torsionwe haveHomR(N , I ) ∼= HomR(N , Γa(I )). So the claim
in (b) follows from the assertion in (a). �

We can now fill a gap in the statement of [76, Theorem3.2] (this had some implicit
assumptions).

Corollary 3.2.8 Let a be an ideal of a Noetherian ring R. Let M ∈ Ca be an R-
module which is a-separated and write as before Sa(M) := Coker(τa

M). Let N be
another R-module such that SuppR(N ) ⊆ V (a). Then

(a) ExtiR(N , Sa(M) = 0 for all i ≥ 0 and
(b) the natural maps ExtiR(N , M) → ExtiR(N , M̂a) are all isomorphisms.

Proof We have Sa(M) ∈ Ta (see 3.2.3) hence E-dp(a, Sa(M)) = ∞ (see 3.2.6). But
the module N is a-torsion (see 2.1.13). Hence the first assertion is a direct conse-
quence of 3.2.7. The second one is then obtained from the long exact cohomology
sequence associated to the short exact sequence 0 → M → M̂a → Sa(M) → 0.

�

Now we prepare for another property of modules in Ta. The following lemma
is well-known in homological algebra. For the sake of completeness we include a
proof.

Lemma 3.2.9 Let L : . . . → L1 → L0 → 0 denote a complex of free R-modules.
Let a ⊂ R be an ideal and assume that the complex R/a ⊗R L is exact. Then

HomR(R/a,HomR(L , X))

is exact for every R-complex X.

Proof By adjointness we have the isomorphism of complexes

HomR(R/a,HomR(L , X)) ∼= HomR(R/a ⊗R L , X).

By assumption the complex R/a ⊗R L is a right-bounded exact R/a-complex of free
R/a-modules. Hence it is split-exact and the conclusion follows (see 1.1.8). �

Proposition 3.2.10 Let a be an ideal of a commutative ring. Let T, M denote two
R-modules such that T ∈ Ta and ExtiR(T, M) = 0 for all i �= 1. Then:

(a) E-dp(a,Ext1R(T, M)) = ∞.
(b) Ext1R(T, M) ∈ Ta provided a is finitely generated.

Proof Let L be a free resolution of T and let J be an injective resolution of M .
Now consider I = HomR(L , J ). Then I is a complex of injective modules with
Hi (I ) = ExtiR(T, M).
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Because HomR(T, M) = 0 it follows that the map I 0 → I 1 is injective, hence
split-injective. Let I ′1 = I 1/I 0, then we obtain a split short exact sequence

0 → HomR(R/a, I 0) → HomR(R/a, I 1) → HomR(R/a, I ′1) → 0

and an augmented injective resolution of Ext1R(T, M)

0 → Ext1R(T, M) → I ′1 → I 2 → . . .

since ExtiR(T, M) = 0 for i �= 1.
Moreover, the assumption T-codp(a, T ) = ∞ means that the complex L/aL is

exact. By 3.2.9 we obtain that the complex HomR(R/a, I ) is also exact. Putting all
this together we obtain that the complex

0 → HomR(R/a, I ′1) → HomR(R/a, I 2) → . . .

is exact. That is, E-dp(a,Ext1R(T, M)) = ∞. The second assertion follows by 3.2.6.
�

The Tor-codepth is related to Foxby’s notion of small support introduced in [31].

3.2.11 Small support. Let M be a module over a Noetherian ring R. The small
support of M is defined by

suppR M = {p ∈ Spec R | T-codp(pRp, Mp) < ∞}.

Clearly suppR M ⊆ SuppR M , where Supp denotes the ordinary support. Moreover,
both sets have the same minimal elements (see [82, Lemma 7.2.7]). Let us also recall
that

suppR M ∩ suppR N = ∅ if and only if TorRi (N , M) = 0 for all i ≥ 0

(see [31] or [82, 7.2.8]). It follows that

T-codp(a, M) = ∞ if and only if suppR M ∩ V (a) = ∅.

When M is finitely generated we have suppR(M) = SuppR(M) as is easily seen.

3.3 When is a Finitely Generated Module Complete?

In this section we are concerned with completeness criteria for finitely generated
modules over a Noetherian ring. Here is a first remark.
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Remark 3.3.1 Let M be a finitely generated module over a Noetherian ring R and
assume that the ideal a is contained in the Jacobson radical. Then M is a-separated.
If M is not a-complete, then M̂a is not finitely generated over R.

Indeed, if M̂a is finitely generated over R, then the R-module M̂a/M is also
finitely generated. Hence by Nakayama’s lemma it vanishes because we always have
M̂a/M = a(M̂a/M) (see 2.2.2).

The case M = R of the above was observed by Frankild and Sather–Wagstaff
(see [35, TheoremB]).

Here is a first criterion for completeness in terms of Tor and supports.

Proposition 3.3.2 Let M be a finitely generated module over a Noetherian ring
R. Assume that R is a-separated and put Sa(R) = Coker(τa

R) = R̂a/R. Then the
following conditions are equivalent:

(i) M is a-complete.
(ii) Sa(R) ⊗R M = TorR1 (Sa(R), M) = 0.
(iii) TorRi (Sa(R), M) = 0 for all i ≥ 0.
(iv) suppR(Sa(R)) ∩ SuppR M = ∅.

Proof We tensor the short exact sequence 0 → R
τa
R−→ R̂a −→ Sa(R) → 0 by M .

Then we obtain the exact sequence

0 → TorR1 (Sa(R), M) → M → R̂a ⊗R M → Sa(R) ⊗R M → 0.

Because M is finitely generated we have τa
R ⊗R M = τa

M and R̂a ⊗R M = M̂a. It
follows that τa

M is an isomorphism, that is, M is a-complete, if and only if the
conditions in (ii) are satisfied.

The equivalence between (ii) and (iii) is clear since the flat dimension of Sa(R)

is at most one.
The equivalence between (iii) and (iv) is clear in view of the recalls in 3.2.11. �

Question 3.3.3 When the ring R is Noetherian we know that Sa(R) ∈ Ta, that
is, TorRi (R/a, Sa(R)) = 0 for all i ≥ 0 (see 3.2.4). It follows that supp(Sa(R)) ⊆
Spec(R) \ V (a) by 3.2.11. We now raise the following question. When do we have
supp(Sa(R)) = Spec(R) \ V (a)?

Here is another criterion in terms of Ext. Note the similarity with 3.3.2.

Proposition 3.3.4 Assume that R is an a-separated Noetherian ring. Put again
Sa(R) = Coker(τ R

a ). For a finitely generated R-module the following conditions
are equivalent:

(i) M is a-complete.
(ii) ExtiR(Sa(R), M) = 0 for all i ≥ 0.
(iii) HomR(Sa(R), M) = Ext1R(Sa(R), M) = 0.
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Proof We have the following exact sequence

0 → HomR(Sa(R), M) → HomR(R̂a, M) → M

→ Ext1R(Sa(R), M) → Ext1R(R̂a, M) → 0

induced by the short exact sequence 0 → R → R̂a → Sa(R) → 0.
First we show (iii) ⇒ (i). The conditions in (iii) implies that

HomR(R̂a, M) ∼= M.

Hence M has the structure of an R̂a-module extending its R-module structure. With
this structure M is also a finitely generated R̂a-module, hence aR̂a- and a-complete.

The implication (i) ⇒ (ii) was already observed in 3.1.2, while the implication
(ii) ⇒ (iii) is obvious. �

Now we are prepared for a slight generalization of the Frankild–Sather–Wagstaff
criterion. It originally only concerned the case where a is contained in the Jacobson
radical. For the resultwehave inmindweneed an estimate of the projective dimension
of a flat module.

Proposition 3.3.5 (see [67, Part II, Corollary3.2.7]) The projective dimension of a
flat module over a Noetherian ring R is at most dim R.

The following corollary was observed by Frankild and Sather–Wagstaff in [35].

Corollary 3.3.6 Let a be an ideal of a Noetherian ring R and let M an R-module.
Then ExtiR(R̂a, M) = 0 for all i > dim R/AnnR(M).

Proof Put B = R/AnnR(M) and take a projective resolution P of R̂a. As R̂a is R-
flat, we have that B ⊗R P is a B-projective resolution of B ⊗R R̂a ∼= B̂a. Now we
compute the Ext’s. Because HomR(P, M) ∼= HomB(B ⊗R P, M) we get isomor-
phisms ExtiR(R̂a, M) ∼= ExtiB(B̂a, M). As the ring B̂a is B-flat the result follows by
3.3.5. �

Here is the slight generalization of [35, TheoremA].

Theorem 3.3.7 Let R be a Noetherian ring and let M be a finitely generated R-
module. Suppose that both R and M are a-separated. Then the following conditions
are equivalent:

(i) M is a-complete.
(ii) ExtiR(R̂a, M) = 0 for all i ≥ 1.
(iii) ExtiR(R̂a, M) = 0 for all i such that 1 ≤ i ≤ dim M.

Proof The implication (i) ⇒ (ii) is a consequence of Theorem 3.1.1 as already
observed in 3.1.2. By 3.3.6 we have that (ii) ⇔ (iii). For the proof of the implication
(ii) ⇒ (i) take the short exact sequence
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0 → R → R̂a → Sa(R) → 0

and derive the long exact sequence of the ExtiR(·, M) associated to it. Note that
HomR(Sa(R), M) = 0 because Sa(R) = aSa(R) and M is a-separated (see 2.1.12).
Therefore we obtain a short exact sequence

E : 0 → HomR(R̂a, M) → M → Ext1R(Sa(R), M) → 0

and the vanishing ExtiR(Sa(R), M) = 0 for all i �= 1.
We now recall that Sa(R) ∈ Ta (see 3.2.4). Whence, with the help of 3.2.10, we

obtain T-codp(a,Ext1R(Sa(R), M)) = ∞, in particular we have Ext1R(Sa(R), M) =
aExt1R(Sa(R), M).

On the other hand note that the R-module HomR(R̂a, M) is a-complete because
it is an R̂a-module, finitely generated over R (as a submodule of M), hence also
finitely generated over R̂a.

We now take the completion of the exact sequence E, which is a sequence of
finitely generated R-modules, and obtain a commutative diagram with exact rows

0 HomR(R̂a, M) M

τa
M

Ext1R(Sa, M) 0

0 HomR(R̂a, M) M̂a 0.

This shows that the natural map τa
M is split-surjective, hence bijective since M is

a-separated. �

Remarks 3.3.8 (a) Let M be an R-module. Then there is a natural homomorphism
of R-modules

HomR(R̂a, M) → M, f �→ f (1).

If this homomorphism is injective its image has the structure of an R̂a-module extend-
ing its R-module structure. It is rather easy to see that this image is the largest sub-
module of M having this property. Moreover, when R is Noetherian and M is finitely
generated, this image is also the largest a-complete submodule of M .

(b) In 3.3.2, 3.3.4 and 3.3.7 the hypothesis that M is finitely generated cannot be
dropped without harm. Consider the case where R itself is a-complete.

3.4 Ext-Depth and Tor-Codepth with Local (Co-)Homology

When the ideal a is finitely generated the Tor-codepth of a module can be computed
with local homology. This will be a consequence of the following result.
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Proposition 3.4.1 Let a denote a finitely generated ideal of a commutative ring R.
Let L be a right-bounded complex of projective modules. Then we have the equality

inf{i | Hi (L̂
a) �= 0} = inf{i | Hi (R/a ⊗R L) �= 0}.

Proof Without loss of generality we may assume – up to a shift – that L has the

form · · · → L1
d1→ L0 → 0. We write ˆ(·) for the a-completion functor. First note

that H0(R/a ⊗R L) �= 0 if and only if d1 is not a-dense by definition and d1 is not
a-dense if and only if d̂1 is not surjective (see 2.1.8). Hence both “inf”s vanish
simultaneously.

Assume now there is a natural number n > 0 such that Hi (L̂) = 0 for all i < n.
Then d̂1 is surjective and the natural map τa

L0
: L0 → L̂0 factors through L̂1: there

is a homomorphism s0 : L0 → L̂1 such that τa
L0

= d̂1 ◦ s0. Taking a-completion we

obtain d̂1 ◦ ŝ0 = id L̂0
. Thus d̂1 is split-surjective and Ker(d̂1) = Im(id L̂1

−ŝ0 ◦ d̂1). If

n > 1, then the induced homomorphism L̂2 → Ker(d̂1) is surjective and the homo-
morphism (id L̂1

−ŝ0 ◦ d̂1) ◦ τa
L1

(its image is contained in Ker(d̂1)) factors through

L̂2 : there is a homomorphism s1 : L1 → L̂2 such that (id L̂1
−ŝ0 ◦ d̂1) ◦ τa

L1
= d̂2 ◦ s1,

thus such that id L̂1
= ŝ0 ◦ d̂1 + d̂2 ◦ ŝ1.

We iterate the process and obtain a partial homotopy, that is, a sequence of maps
ŝi : L̂ i → L̂ i+1, 0 ≤ i < n, such that id L̂ i

= ŝi−1 ◦ d̂i + d̂i+1 ◦ ŝi :

Ln

τa
Ln

dn
Ln−1

sn−1
τa
Ln−1

. . . L1

τa
L1

d1
L0

s0
τa
L0

0

L̂n

id L̂n

d̂n
L̂n−1

ŝn−1 id
̂Ln−1

. . . L̂1

id L̂1

d̂1
L̂0

id L̂0
ŝ0

0

L̂n
d̂n

L̂n−1 . . . L̂1
d̂1

L̂0 0

By tensoring these data with R/a we obtain Hi (R/a ⊗R L) = 0 for all i < n. This
proves the inequality

inf{i | Hi (L̂
a) �= 0} ≤ inf{i | Hi (R/a ⊗R L) �= 0}.

Moreover, note also that the complex L̂ together with the sequence of the ŝi induces
split short exact sequences

0 → Zi → L̂ i → Zi−1 → 0 for all i = 1, . . . , n,

where Zi = Ker(d̂i ) for 1 ≤ i ≤ n and Z0 = L̂0. By applying (R/a ⊗R ·) and since
R/a ⊗R L̂i

∼= R/a ⊗R Li it follows that R/a ⊗R Zn
∼= Ker(R/a ⊗R dn).
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Assume now n = inf{i | Hi (L̂a) �= 0} < ∞. It remains to show that Hn(R/a ⊗R

L) �= 0. As Hn(L̂) �= 0 the induced homomorphism L̂n+1 → Zn is not surjective.
As it is a homomorphism between a-complete modules (Zn is a-complete by 2.2.11)
it is not a-dense. It follows that the induced homomorphism R/a ⊗R L̂n+1 →
R/a ⊗ Zn is not surjective. But R/a ⊗R L̂n+1

∼= R/a ⊗R Ln+1 and R/a ⊗R Zn
∼=

Ker(R/a ⊗R dn) as seen above. The conclusion follows. �

Corollary 3.4.2 Let a denote a finitely generated ideal of a commutative ring R.
Let M be an R-module with one of its free resolutions L. Then:

(a) λa−(M) := inf{i | Λa
i (M) �= 0} = T-codp(a, M).

(b) T-codp(a, M) = ∞ if and only if L̂a is split-exact.

Proof By the definition of theTor-codepth the statement in (a) is a direct consequence
of Proposition3.4.1. For the equivalence in (b) note that it is shown in the proof of
3.4.1 that L̂a is split-exact as soon as it is exact. �

The Ext-depth counterpart of 3.4.1 and 3.4.2 is easier and does not require any
finiteness hypothesis on the ideal a.

Proposition 3.4.3 [82, 5.3.15] For any ideal a of a commutative ring R and any
R-module M we have

E-dp(a, M) = inf{i | Hi
a(M) �= 0} := h−

a (M).

The above proposition is also a consequence of the following more general result,
helpful in Part II.

Proposition 3.4.4 Let a be an ideal of a commutative ring R. Let I denote a left-
bounded complex of injective modules. Then

inf{i | Hi (Γa(I )) �= 0} = inf{i | Hi (HomR(R/at , I )) �= 0 for some t ∈ N}.

Proof Up to a shift we may assume that I has the following form 0 → I 0
d0→ I 1 →

. . .. As we have the injections

HomR(R/a, I ) ↪→ HomR(R/at , I ) ↪→ Γa(I ) ∼= lim−→HomR(R/at , I ) ↪→ I

we easily see that both “inf”s vanish simultaneously.
Assume now there is a natural number n > 0 such that Hi (Γa(I )) = 0 for all

i < n. Therefore the homomorphism Γa(d0) is injective and the homomorphism
Γa(I 0) ↪→ I 0 extends to a homomorphism Γa(I 1) → I 0, the image of which is in
Γa(I 0). HenceΓa(d0) is split-injective andwe have a homomorphism s1 : Γa(I 1) →
Γa(I 0) such that s1 ◦ Γa(d0) = idΓa(I 0).

As in 3.4.1 we iterate the process and obtain a partial homotopy, that is, a
sequence of maps si : Γa(I i ) → Γa(I i−1) for i = 1, . . . , n, such that idΓa(I i ) =
si+1 ◦ Γa(di ) + Γa(di−1) ◦ si for 1 ≤ i < n:
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0 Γa(I 0)

idΓa(I0)

Γa(d0)
Γa(I 1)

idΓa(I1)

s1

. . . Γa(I n−1)

idΓa(I n−1)

Γa(I n)

idΓa(I n )
sn

0 Γa(I 0)
Γa(d0)

Γa(I 1) . . . Γa(I n−1) Γa(I n)

0 I 0
d0

I 1 . . . I n−1 dn−1
I n

WeapplyHomR(R/at , ·) to the data and obtain Hi (HomR(R/at , I ) = 0 for all i < n
and all t . This gives the inequality

inf{i | Hi (Γa(I )) �= 0} ≤ inf{i | Hi (HomR(R/at , I )) �= 0 for some t ≥ 1}.

Assume now Hn(Γa(I )) �= 0.As Hn(Γa(I )) = lim−→(Hn(HomR(R/at , I ))) (because
lim−→ is exact and commutes with taking cohomology) we also have Hn

(HomR(R/at , I )) �= 0 for some t . This finishes the proof. �

Combining the results of this section with 3.2.6 we obtain.

Corollary 3.4.5 For a finitely generated ideal a of a commutative ring R and an
R-module M the following conditions are equivalent:

(i) M ∈ Ta, that is T-codp(a, M) = ∞,
(ii) Λa

i (M) = 0 for all i ≥ 0,
(iii) E-dp(a, M) = ∞,
(iv) Hi

a(M) = 0 for all i ≥ 0.



Part II
Complexes



Chapter 4
Homological Preliminaries

In this chapter we summarize some homological preliminaries needed for our inves-
tigations in the sequel. In particular, we investigate unbounded complexes. To this
end some additional considerations for their resolutions are necessary, that is, we
report and summarize part of the work of Avramov and Foxby resp. Spaltenstein
(see [5] and [81]) not available in this form elsewhere. After recalling some results
about double complexes we start with the extension to complexes of results on the
microscope and telescope introduced by Greenlees and May in [38]. This is used in
order to get certain resolutions of unbounded complexes, as suggested by Avramov
and Foxby. We also discuss minimal injective resolutions for unbounded complexes.

4.1 Double Complexes and Truncations

4.1.1 Double complexes. A double complex of R-modules is a triple

K •,• = (⊕K i, j , ′di, j , ′′di, j ),

where K i, j , (i, j) ∈ Z2, is a collection of R-modules andwhere ′di, j , ′′di, j are homo-
morphisms

′di, j : K i, j → K i+1, j , ′′di, j : K i, j → K i, j+1

satisfying
′d2 = 0, ′′d2 = 0, ′d ◦ ′′d + ′′d ◦ ′d = 0.

A typical example of a double complex occurs as the tensor product of two R-
complexes X,Y : put K i, j = Xi ⊗ Y j , ′di, j = di

X ⊗R idY j ,
′′di, j = (−1)i idXi ⊗Rd

j
Y .

© Springer International Publishing AG, part of Springer Nature 2018
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As in the case of tensor products one might associate a single complex (K •, d) to
a double complex in the following way: define Kn = ⊕i+ j=nK i, j and d = ′d + ′′d.
When some boundedness conditions are satisfied the complex HomR(X,Y ) may
also be viewed as the single complex associated to the double complex K i, j =
HomR(Xi ,Y j ) with differentials induced up to a sign by dX and dY .

4.1.2 Spectral sequences.Moregenerally, let (K i, j , ′d, ′′d)denote a double complex
with the associated single complex K • as above. There are two filtrations defined by

′Fp = ⊕r≥pK
r, j and ′′Fq = ⊕s≥q K

i,s

and associated spectral sequences defined at the first stage by

′E p,q
1 = ′′Hq(K p,•) and ′′E p,q

1 = ′Hq(K •,p).

We denote by ′′Hq(K ) the row complex

· · · → ′′Hq(K p,•) → ′′Hq(K p+1,•) → · · ·

with differential induced by ′d, similarly by ′Hq(K ) the column complex

· · · → ′Hq(K •,p) → ′Hq(K •,p+1) → · · ·

with differential induced by ′′d. With these notations we have

′E p,q
2 = ′H p(′′Hq(K )) and ′′E p,q

2 = ′′H p(′Hq(K )).

The first (resp. the second) filtration induces a filtration on the cohomology modules
Hi (K •). If that filtration is finite we say that the first (resp. the second) spectral
sequence converges. In that case the spectral sequence provides information on the
filtered modules Hi (K •). If only a finite number of rows K •,q are non-zero then
the first spectral sequence converges : ′E p,q

2 ⇒ H p+q(K •). If only a finite number
of columns K p,• are non-zero then the second spectral sequence converges. If the
complex is in the first quadrant both spectral sequences converge.

For the details we refer to [14, §2, Exerc. 17] or the corresponding chapters in
[18], [36] or [85]. Another presentation (with full details) is given by McCleary (see
[59]).

Spectral sequences do not always converge.But in some cases there are other tricks
to compute the cohomology of a double complex. Here is a well-known example.

Lemma 4.1.3 Assume that the double complex (K i, j , ′d, ′′d) is in the lower half
plane, that is, K i, j = 0 for all j ≥ 0.

If the row complexes K •, j are exact for all j ≤ 0, then the single complex K • is
exact.
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Proof Write Gt for the single complex associated to the sub-double complex
⊕ j≥−t K i, j , t ≥ 0. We have short exact sequences

0 → Gt → Gt+1 → K •,−t−1 → 0

and the morphism Gt → Gt+1 is a quasi-isomorphism as the row complex K •,−t−1

is exact. But the complex G0 = K •,0 is exact. Hence all the complexes Gt are exact
and so is their direct limit. Observe now that lim−→t

Gt is the single complex associated
to our double complex.

Of course, in the above lemma the role of rows and columns may be interchanged.

Corollary 4.1.4 (see [14, §4, n◦3, Lemme1]) Let F be a right-bounded R-complex
of flat R-modules. Then for any exact R-complex X the complex X ⊗R F is exact.

4.1.5 Soft truncations.Let X be an R-complex and write as usual Zi (X) = Ker(di
X )

and Bi (X) = Im(di−1
X ) (resp. Zi (X) = Ker(dX

i ) and Bi (X) = Im(dX
i+1)).

(a) The right soft truncation of X at spot t is the subcomplex

τt](X) : · · · → Xt−2 → Xt−1 → Zt (X) → 0.

For t ≥ 0 these subcomplexes form a direct system with lim−→{τt](X) → τt+1](X)} =
X as easily seen. In the case when X is homologically right-bounded let s ≥ sup{i |
Hi (X) �= 0}, then we have the quasi-isomorphism τs](X)

∼−→ X .
(b) The left soft truncation of X at spot t is the quotient complex

τ[t (X) : 0 → Xt/Bt (X) → Xt−1 → Xt−2 → · · · .

For t ≥ 0 these quotient complexes form an inverse system, degree-wise surjective,
with lim←−{τ[t+1(X) → τ[t (X)} = X , as is easily seen. In the case when X is homolog-
ically left-bounded let s ≥ sup{i | Hi (X) �= 0}, then we have the quasi-isomorphism
X

∼−→ τ[s(X).
(c) If amp(X) = 0, say we have an s such that Hi (X) = 0 for all i �= s, we write

M for the module Hs(X) and view M as a complex concentrated in degree zero.
With these notations we have the quasi-isomorphisms

M[−s] ∼= τ[s(τs](X))
∼←− τs](X)

∼−→ X.

(d) More generally, any homologically bounded complex is quasi-isomorphic to a
bounded one.



90 4 Homological Preliminaries

4.2 The Microscope

In this and the next section we shall report on two constructions, known in topology
and invented in homological algebra by Greenlees and May (see [38]). They will be
a helpful tool in the sequel.

Definition 4.2.1 LetP = {ρt,t+1 : Pt+1 → Pt | t ∈ N} denote an inverse system of
R-complexes. There is a morphism associated to P

ψP :
∏

Pt →
∏

Pt , (xt ) �→ (xt − ρt+1(xt+1)) for (xt ) ∈
∏

Pt .

In accordance with [38] we define the microscope of P as the fibre of ψP:

Mic(P) = F(ψP).

We note that Mic can be viewed as a functor from the category of inverse systems of
R-complexes to the category of R-complexes.

Example 4.2.2 Assume P is an inverse system of R-modules, say Pt = Mt and
P = M. ThenMic(M) is a length one complex. Viewing it as a descending complex
we have H0(Mic(M)) ∼= lim←− Mt and H−1(Mic(M)) ∼= lim←− 1Mt .

Clearly the microscope is related to inverse limits. Let us make the relation more
precise.

Lemma 4.2.3 Let P = {ρt,t+1 : Pt+1 → Pt | t ∈ N} be an inverse system of R-
complexes.

(a) There is a natural morphism of complexes lim←− Pt → Mic(P). It is a quasi-
isomorphism provided the inverse system {Pt } satisfies degree-wise the Mittag-
Leffler condition.

(b) By viewing the Pt as descending complexes we have functorial short exact
sequences

0 → lim←−
1Hi+1(Pt ) → Hi (Mic(P)) → lim←− Hi (Pt ) → 0

for all i ∈ Z.
(c) If the inverse systems {Hi (Pt ) | t ∈ N} are pro-zero for all i ∈ Z, then Mic(P)

is exact.

Proof By the definition of the inverse limit there is an exact sequence of complexes

0 → lim←− Pt →
∏

Pt
ψP−→

∏
Pt .

By Proposition1.5.6 and the definition of Mic(P) there is a natural morphism
lim←− Pt → Mic(P), and this morphism is a quasi-isomorphism provided the map



4.2 The Microscope 91

ψP is surjective. This condition is fulfilled provided the inverse system {Pt } satisfies
degree-wise the Mittag-Leffler condition (see 1.2.6). This proves (a).

For the proof of (b) note that we have a short exact sequence of complexes

0 →
(∏

Pt
)

[+1]
→ Mic(P) →

∏
Pt → 0

(see the definition of the fiber in 1.5.1). Then we consider the induced long exact
homology sequence and break it up into short exact sequences. By taking into account
that direct products commute with taking homology the result now follows.

The statement in (c) is an immediate consequence of (b) (see 1.2.4). �

Example 4.2.4 (a) Let X be an R-complex and letP be the constant inverse system
over X , that is, Pt = X and ρt,t+1 = idX . We have an isomorphism and a quasi-
isomorphism X ∼= lim←−P

∼−→ Mic(P).
(b) Let a be an ideal of a commutative ring R, M an R-module and consider

the inverse system {M/at M}, where the transition homomorphisms M/at+1M →
M/at M are the natural ones. There is a quasi-isomorphism

M̂a ∼−→ Mic({M/at M})

(see 4.2.3 (a)). Note also that Mic({M/at M}), viewed as a descending complex, is a
complex concentrated in degree 0 and −1.

The microscope construction behaves well with respect to short exact sequences
of inverse systems and quasi-isomorphisms. This is in contrast to the inverse limit
of them.

Lemma 4.2.5 Let P,P′,P′′ be inverse systems of R-complexes over N.

(a) Let 0 → P′ → P → P" → 0 be a short exact sequence of inverse systems.
Then the induced sequence

0 → Mic(P′) → Mic(P) → Mic(P") → 0

is an exact sequence of complexes.
(b) LetP′ → P be amorphism of inverse systems such that themorphisms P ′

t → Pt
are quasi-isomorphisms for all t ∈ N. Then the induced morphism Mic(P′) →
Mic(P) is a quasi-isomorphism too.

(c) If the R-complexes Pt are exact for all t ∈ N, then the complexMic(P) is exact.

Proof Products commute with taking homology, in particular a product of short
exact sequences is a short exact sequence, a product of quasi-isomorphisms is a
quasi-isomorphism and a product of exact complexes is exact. Hence the statements
are rather obvious by construction, as follows by 1.5.5. �

Proposition 4.2.6 Let P be an inverse system of R-complexes over N and let X be
an R-complex. Then
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(a) there is the inverse system HomR(X,P) = {HomR(X, Pt )} and
(b) a natural isomorphismMic(HomR(X,P)) ∼= HomR(X,Mic(P)).

Proof Recall that HomR(X, ·) commutes with direct products, so that

HomR(X, ψP) = ψHomR(X,P)

(see 1.2.7). Then conclude by 1.5.4. �

4.2.7 Let P be an inverse system of R-complexes. For any R-complex X we can
form the inverse system P ⊗R X := {Pt ⊗R X}t∈N. Doing so we obtain a functor
Mic(P ⊗R ·) of the category of R-complexes into itself. This new functor also some-
times has nice properties.

Proposition 4.2.8 Let P be an inverse system of R-complexes over N and assume
that the complexes Pt , t ∈ N, are right-bounded complexes of flat R-modules. Then
the functor Mic(P ⊗R ·) is exact and preserves quasi-isomorphisms. In particular,
the complex Mic(P ⊗R X) is exact as soon as the complex X is exact.

Proof Let 0 → X → Y → Z → 0 be an exact sequence of R-complexes. By the
assumption on the Pt ’s we have an inverse system of exact sequences

0 → Pt ⊗R X → Pt ⊗R Y → Pt ⊗R Z → 0.

It now follows (see 4.2.5 (a)) that the sequence

0 → Mic(P ⊗R X) → Mic(P ⊗R Y ) → Mic(P ⊗R Z) → 0

is exact. By the assumption on the Pt ’s again it follows that the complexes Pt ⊗R X
are exact as soon as X is exact (see 4.1.4) so that the functor Pt ⊗R · preserves quasi-
isomorphisms (by 1.5.4). The second and the last statement now follow by 4.2.5 (b)
and 4.2.5 (c). �

Here is another particular case.

Proposition 4.2.9 Let P = {Pt } be an inverse system of R-complexes over N and
let M be a finitely presented R-module. Then Mic(P ⊗R M) ∼= Mic(P) ⊗R M.

Proof By definition Mic(P ⊗R M) = F(ψP⊗RM), the fiber of the morphism

(
∏

t

Pt ⊗R M

)
ψP⊗RM→

(
∏

t

Pt ⊗R M

)
.

As M is finitely presented, the functor (· ⊗R M) commutes with products (see
1.4.4). It follows that (

∏
t Pt ⊗R M) ∼= (

∏
t Pt ) ⊗R M , that ψP⊗RM

∼= ψP ⊗R M
and finally that F(ψP⊗RM) ∼= F(ψP) ⊗R M in view of 1.5.4 and the definition of
the fiber. The claim follows. �
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4.3 The Telescope

We present another construction, also due to Greenlees and May (see [38]), and
mention its main properties. Moreover, we add some mixed isomorphisms.

Definition 4.3.1 LetD = {σt,t+1 : Dt → Dt+1 | t ∈ N} denote a direct system over
N of R-complexes Dt . There is a morphism associated to D

φD : ⊕Dt → ⊕Dt , x �→ x − σt,t+1(x) for x ∈ Dt .

Then in accordance with [38] we define the telescope of the direct system D as the
cone of φD: that is

Tel(D) = C(φD).

Note that this construction is functorial, any morphismD → D′ of direct systems
over N induces a morphism Tel(D) → Tel(D′) of complexes. The following shows
the relation between telescopes and direct limits.

Lemma 4.3.2 For any direct systemD = {Dt } of R-complexes overN there is a nat-
ural quasi-isomorphism Tel(D)

∼−→ lim−→ Dt . Hence there are natural isomorphisms

Hi (Tel(D)) ∼= lim−→ Hi (Dt ) for all i ∈ Z.

Proof By the definition of the direct limit there is a short exact sequence of complexes

0 → ⊕Dt
φD−→ ⊕Dt → lim−→ Dt → 0.

The quasi-isomorphism is now obtained by Lemma1.5.6 and induces the isomor-
phisms at the homology level. �

Example 4.3.3 (a) Let x be an element of a commutative ring R andD be the direct
system for which Dt = R and σt,t+1 is the multiplication by x . Then Tel(D) is a
length one complex and we have Tel(D)

∼−→ Rx , where Rx is the ring of fractions
of the form r/xt . In fact, Tel(D) is the free resolution of Rx described in 3.1.3.

(b) Let X be an R-complex and D be the constant direct system over X , that is,
the one for which Dt = X and σt,t+1 = idX . We have a quasi-isomorphism and an
isomorphism Tel(D)

∼−→ lim−→D ∼= X .
(c) Let a be an ideal of a commutative ring R, M an R-module and consider the

direct system {HomR(R/at , M)}, where the transition homomorphisms are induced
by the natural homomorphisms R/at+1 → R/at . There is a quasi-isomorphism

Tel({HomR(R/at , M)}) ∼−→ Γa(M)

(see 4.3.2). Note also that Tel({HomR(R/at , M)}), viewed as an ascending complex,
is a complex concentrated in degree 0 and −1.
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We now mention some useful properties of the general telescope.

Lemma 4.3.4 Let D,D′,D′′ denote direct systems of R-complexes over N. Then:

(a) Let 0 → D′ → D → D′′ → 0 be a short exact sequence of direct systems over
N. Then the induced sequence

0 → Tel(D′) → Tel(D) → Tel(D′′) → 0

is a short exact sequence of complexes.
(b) Let D′ → D be a morphism of direct systems of R-complexes over N such that

themorphisms D′
t → Dt are quasi-isomorphisms for all t ∈ N. Then the induced

map Tel(D′) ∼−→ Tel(D) is a quasi-isomorphism.
(c) Let D = {Dt }t∈N be a direct system of R-complexes. If all the complexes Dt ,

t ∈ N, are exact, then the complex Tel(D) is exact.

Proof A direct sum of short exact sequences is a short exact sequence, a direct sum
of quasi-isomorphisms is a quasi-isomorphism and a direct sum of exact complexes
is exact. Hence the statements are rather obvious by construction (see 1.5.5).

Proposition 4.3.5 Let D = {Dt } be a direct system of R-complexes over N. For
any R-complex X we have the direct system D ⊗R X := {Dt ⊗R X} and a natural
isomorphism

Tel(D ⊗R X) ∼= Tel(D) ⊗R X.

Proof As tensor products commute with direct sums we have that φD⊗R X = φD ⊗R

X (see 1.3.3). The result follows by Lemma1.5.4. �

Next we note a duality between the telescope and the microscope, which reflects
the formal duality between direct and inverse limits.

Proposition 4.3.6 Let D = {Dt } be a direct system of R-complexes over N and let
X be any R-complex. Then HomR(D, X) := {HomR(Dt , X)} is an inverse system
of complexes and there is an isomorphism

HomR(Tel(D), X)) ∼= Mic(HomR(D, X))

natural in bothD and X. In particular, we have (Tel(D))∨ ∼= Mic(D∨), where (·)∨
denotes the general Matlis duality introduced in 1.4.1.

Proof First we have HomR(C(φD), X) ∼= F(HomR(φD, X)) (see 1.5.4) and also
HomR(φD, X) = ψHomR(D,X) (see 1.3.3 (b)). The conclusion follows. �

Putting 4.3.6 and 4.3.5 together we obtain an adjointness formula.

Proposition 4.3.7 Let D = {Dt } be a direct system of R-complexes over N. Let X,
Y be two R-complexes. There is a natural isomorphism

HomR(Tel(D ⊗R X), Y ) ∼= HomR(X,Mic(HomR(D,Y )).
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Proof By virtue of 4.3.5 and by adjointness we have the following isomorphism

HomR(Tel(D ⊗R X),Y ) ∼= HomR(X,HomR(Tel(D), Y )).

Because of 4.3.6 we get HomR(Tel(D), Y )) ∼= Mic(HomR(D,Y )). This finally
proves the claim. �

4.3.8 Let P be an inverse system of R-complexes over N. For any R-complex X
we can also form the direct systemHomR(P, X) := {HomR(Pt , X) → HomR(Pt+1,

X) | t ∈ N}. Doing so we obtain a functor Tel(HomR(P, ·)) of the category of R-
complexes into itself. This new functor also sometimes has nice properties.

Lemma 4.3.9 LetP = {Pt } be an inverse systemof R-complexes overN and assume
that the complexes Pt , t ∈ N, are right-bounded complexes of projective R-modules.
Then the functor Tel(HomR(P, ·)) is exact and preserves quasi-isomorphisms. In
particular, the complex Tel(HomR(P, X)) is exact as soon as the R-complex X is
exact.

Proof Let 0 → X → Y → Z → 0 be an exact sequence of R-complexes. By the
assumption on the Pt ’s we have a direct system of exact sequences

0 → HomR(Pt , X) → HomR(Pt ,Y ) → HomR(Pt , Z) → 0.

It now follows by (4.3.4 (a)) that the sequence

0 → Tel(HomR(P, X)) → Tel(HomR(P,Y )) → Tel(HomR(P, Z)) → 0

is exact. By the assumption on the Pt ’s again we know that the complexes HomR

(Pt , X) are exact as soon as X is exact (see 1.1.6) Whence the functors HomR(Pt , ·)
preserve quasi-isomorphisms (in view of 1.5.4). The second and the last statement
now follow (see 4.3.4 (b)) and (4.3.4 (c)). �

4.4 Special Resolutions and Their Uses

4.4.1 Let R be a commutative ring. As usual we say that an R-complex X is flat
(resp. projective, injective) if all the Xi are.

If the R-complex X is flat (resp. projective, injective), then the functor X ⊗R ·
(resp. HomR(X, ·), HomR(·, X)) is exact on the category of R-complexes: it sends
short exact sequences of R-complexes to short exact sequences.

The following notions and results are crucial for the homological algebra of
unbounded-complexes.

Definition 4.4.2 Following Spaltenstein [81] we say that an R-complex X is K -
flat (resp. K -projective, K -injective) if the functor X ⊗R · (resp. HomR(X, ·),



96 4 Homological Preliminaries

HomR(·, X)) preserves quasi-isomorphisms. In view of 1.5.4 this is equivalent to
saying that this functor preserves exactness of R-complexes, which means that for
any exact R-complex Z the complex X ⊗R Z (resp. HomR(X, Z), HomR(Z , X)) is
still exact.

See [81] and [5] for more details around these notions and their use. Here we shall
only recall some facts we want to have at hand, including some proofs or sketches
of proofs to become acquainted with them.

Remark 4.4.3 Let F, F ′, I, P, P ′, X denote R-complexes.
(a) If F is K -flat and I is K -injective, then HomR(F, I ) is K -injective. (This is

obtained by adjointness:

HomR(X,HomR(F, I )) ∼= HomR(X ⊗R F, I )

is exact when X is exact.)
(b) If P and P ′ are K -projective, then P ⊗R P ′ is K -projective. (This is also

obtained by adjointness.)
(c) If F and F ′ are K -flat, then F ⊗R F ′ is K -flat. (This is obtained by associa-

tivity.)
(d) A K -projective R-complex P is K -flat. (This can be viewed with the general

Matlis duality functor, which is faithfully exact: (P ⊗R X)∨ ∼= HomR(P, X∨) is
exact when X is exact.)

(e) Recall the classical results. A right-bounded complex F of flat R-modules is
K -flat, this follows from 4.1.4. A right-bounded complex P of projective R-modules
is K -projective and a left-bounded complex I of injective R-modules is K -injective,
this follows from 1.1.6.

(f) If the R-complex X is K -projective (resp. K -injective, K -flat), then so is any
shifted complex X [k].

Lemma 4.4.4 Any contractible R-complex is K -flat, K -projective and K -injective.
Conversely, an exact R-complex which is K -projective (resp. K -injective) is con-
tractible.

Proof The first assertion is a direct consequence of 1.1.8.
If the R-complex P is K -projective and if P

∼−→ 0 we have

HomR(P, P)
∼−→ HomR(P, 0) = 0.

Hence HomR(P, P) is exact. In particular idP , which is a cycle of degree zero in
HomR(P, P), is homotopic to zero. The injective side of the second assertion is
proved in a similar way. �
Proposition 4.4.5 (see [81, Proposition1.4]) An R-complex P is K -projective if
and only if it has the following property: for any morphism f : P → Y and quasi-
isomorphism g : X ∼−→ Y of complexes there is a morphism f ′ : P → X, unique
up to homotopy, such that g ◦ f ′ is homotopic to f :
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P

f
f ′

X
g

Y

Proof Amorphism f : P → Y is a cycle of degree zero in HomR(P,Y ). If P is K -
projective and g : X ∼−→ Y is a quasi-isomorphism we have the quasi-isomorphism
HomR(P, g) : HomR(P, X)

∼−→ HomR(P,Y ). Hence we have a cycle of degree
zero in HomR(P, X), unique modulo H 0(HomR(P, X)), mapping onto f . This
means thatwe have amorphism f ′ : P → X , unique up to homotopy, such that g ◦ f ′

is homotopic to f . Conversely, if g : X ∼−→ Y is a quasi-isomorphismand if P has the
property of the statement we apply it to the quasi-isomorphism g[n] : X [n] ∼−→ Y [n],
n ∈ Z, to conclude that HomR(P, g) is a quasi-isomorphism. �

Corollary 4.4.6 (see [81, Proposition1.4]) Consider the following diagram

P
∼
h

X

f

P ′ ∼
h′ X ′

of a morphism f and quasi-isomorphisms h and h′ of R-complexes, where P and
P ′ are K -projective. Then there is a morphism f ′ : P → P ′, unique up to homotopy,
such that f ◦ h is homotopic to h′ ◦ f ′.

Remark 4.4.7 By reversing arrows in 4.4.5 and 4.4.6 we obtain a characterization
and a property of K -injective R-complexes (see [81, 1.5]).

Corollary 4.4.8 (see [5, 1.4 P, 1.4.I]) If two K -projective (resp. K -injective) R-
complexes X and X ′ are quasi-isomorphic, then there is a quasi-isomorphism X

∼−→
X ′.

Proposition 4.4.9 Let f : X → Y be a morphism of R-complexes. If X and Y are
K -flat (resp. K -projective, K -injective), then so are the cone C( f ) and the fibre
F( f ).

Proof This is a rather direct consequence of 1.5.4. Let Z be an exact complex. If X
and Y are K -flat, then

X ⊗R Z � 0 � Y ⊗R Z

and C( f ) ⊗R Z ∼= C( f ⊗R Z) is exact.
If X and Y are K -projective, then

HomR(X, Z) � 0 � HomR(Y, Z)
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and HomR(C( f ), Z) ∼= F(HomR( f, Z) is exact.
If X and Y are K -injective, then

HomR(Z , X) � 0 � HomR(Z ,Y )

and HomR(Z ,C( f )) ∼= C(HomR(Z , f ) is exact. �

Moreover, Spaltenstein proved the following existence theorem.

Theorem 4.4.10 (see [81]) For any R-complex X there are quasi-isomorphisms
P

∼−→ X and X
∼−→ J , where the R-complex P is K -projective and the R-complex

J is K -injective.
The quasi-isomorphism P

∼−→ X is called a K -projective resolution of X and
the quasi-isomorphism X

∼−→ J is called a K -injective resolution of X.

Proof See [81] or the following more precise Theorem 4.4.20. �

As an application we have the following:

Corollary 4.4.11 (see [5]) Let Z be any R-complex.

(a) Any quasi-isomorphism g : F ∼−→ F ′ between K -flat R-complexes induces a
quasi-isomorphism

Z ⊗R g : Z ⊗R F
∼−→ Z ⊗R F ′.

(b) Any quasi-isomorphism f : X ∼−→ X ′ between K -injective (resp. K -projective)
R-complexes induces quasi-isomorphisms

(b1) Z ⊗R f : Z ⊗R X → Z ⊗R X ′,
(b2) HomR( f, Z) : HomR(X ′, Z) → HomR(X, Z), and
(b3) HomR(Z , f ) : HomR(Z , X) → HomR(Z , X ′).

Proof For the proof of (a) we take a K -projective resolution L
∼−→ Z . The data in

(a) provide a commutative square

L ⊗R F L ⊗R F ′

Z ⊗R F Z ⊗R F ′.

In this square the vertical morphisms are quasi-isomorphisms because of the assump-
tions on F, F ′. Moreover, as L is K -projective hence also K -flat, we have that the
top horizontal morphism also is a quasi-isomorphism. The claim in (a) follows.

Now we prove (b). The cone C( f ) is K -injective (resp. K -projective) (see
4.4.9) and exact. Hence it is contractible (see 4.4.4). It follows that the complexes
Z ⊗R C( f ), HomR(C( f ), Z) and HomR(Z ,C( f )) are also contractible (see 1.1.8),
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hence exact. As Z ⊗R C( f ) ∼= C(Z ⊗R f ), HomR(C( f ), Z) ∼= F(HomR( f, Z)

and HomR(Z ,C( f )) ∼= C(HomR(Z , f ) (see 1.5.4) the conclusion follows by the
remarks in 1.5.1. �

4.4.12 Towards the homological algebra of unbounded complexes. Let G be an
additive covariant functor from the category of R-complexes into another category
of complexes and assume thatG commutes with shift. As amorphism in the category
of R-complexes becomes an isomorphism in the derived category exactly when it is a
quasi-isomorphism and in view of the preceding we have that the left-derived functor
LG (respectively the right-derived functor RG) is well defined in the derived cate-
gory as soon asG preserves quasi-isomorphisms between K -projective R-complexes
(respectively between K -injective R-complexes). In that case, given a complex X
and one of its K -projective resolutions P → X (respectively one of its K -injective
resolutions X → I ), then LG(X) is represented by G(P) (respectively RG(X) is
represented by G(I )).

In these notes we do not really work in the derived category. We mainly work in
the category of R-complexes but use LG and RG as convenient notations, noting
that LG(X) and RG(X), viewed as R-complexes, are well defined up to a quasi-
isomorphism as soon as they exist. We also refer to a short explanation of the derived
category in [36, III, §1, 6] entitled “What is the derived category”.

More precisely, if X ′ is another R-complex quasi-isomorphic to X , if P ′ ∼−→ X ′

is a K -projective resolution (respectively X ′ ∼−→ I ′ is a K -injective resolution),
then we have a quasi-isomorphism P

∼−→ P ′ (respectively I
∼−→ I ′) (in view of

4.4.8). Hence we also have a quasi-isomorphism G(P)
∼−→ G(P ′) (respectively a

quasi-isomorphism G(I )
∼−→ G(I ′)) with the hypotheses on G.

More down to earth: we note that Hi (G(P)) and Hi (G(I )) depend only on X
and not on the choice of the resolutions P and I , so that without ambiguity we
can define Gi (X) = Hi (G(P)) and Gi (X) = Hi (G(I )). By doing so we obtain
functors Gi and Gi from the category of R-complexes to the category of R-modules
called respectively the i th left-derived and the i th right-derived functor of G. These
functors Gi , Gi have the following property: if X � X ′, then Gi (X) ∼= Gi (X ′) and
Gi (X) ∼= Gi (X ′). Note also that Gi (X) and Gi (X) are functorial in X (in view of
4.4.6 and 4.4.7).

When the functorG is contravariant the existence of LG and RG, ofGi andGi , is
discussed in the same way, but exchanging the roles of K -projective and K -injective
resolutions.

Finally, note that, if G is an additive functor from the category of R-modules into
another category of modules, the classical notion of left-derived and right-derived
functors coincides with the one described above.

In the following isomorphisms in the derived category will be denoted by �.

As a first application of the above, we now discuss RHom and ⊗L
R .

4.4.13 We first note that RHom and ⊗L
R are well defined in the derived category.

This follows by 4.4.11 and the remarks in 4.4.12. By 1.1.5 note also that the functors
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HomR(X, ·), HomR(·,Y ) and (X ⊗R ·) commute with shifts. In particular, if F
∼−→

X and F ′ ∼−→ Y are K -flat or K -projective resolutions, then X ⊗L
R Y is represented

by any of the quasi-isomorphic complexes

X ⊗R F ′ ∼←− F ⊗R F ′ ∼−→ F ⊗R Y.

If P
∼−→ X is a K -projective resolution and Y

∼−→ I is a K -injective resolution,
then RHomR(X,Y ) is represented by any of the quasi-isomorphic complexes

HomR(X, I )
∼−→ HomR(P, I )

∼←− HomR(P,Y ).

In accordance with [5] we now define

ExtiR(X,Y ) := Hi (RHomR(X,Y )) and TorRi (X,Y ) := Hi (X ⊗L
R Y )

for all i ∈ Z.
Moreover, we again have the Hom-Tensor adjointness formula in the derived

category: for three complexes X , Y , Z we have a natural isomorphism

RHomR(X ⊗L
R Y, Z) � RHomR(X,RHomR(Y, Z))

in the derived category. This follows from the classical adjointness formula: we may
replace Y by one of its K -flat resolutions F

∼−→ Y and Z by one of its K -injective
resolutions Z

∼−→ J , noting with 4.4.3 that HomR(F, J ) is K -injective. The unit
and counit are represented by the natural morphisms

HomR(P, X) ⊗R P → X and X → HomR(P, X ⊗R P),

where P
∼−→ Y is a K -projective resolution of Y .

It follows that we again have an Ext-Tor duality formula for complexes: for all
i ∈ Z we have natural isomorphisms

(X ⊗L
R Y )∨ � RHomR(X,Y∨) and TorRi (X,Y )∨ ∼= ExtiR(X,Y∨),

where (·)∨ = HomR(·, E) for an injective cogenerator E .
Moreover, if Y is left-bounded and if X has a right-bounded free resolution L

∼−→
X with the Li ’s finitely generated, then

X ⊗L
R Y∨ � RHomR(X, Y )∨ and TorRi (X,Y∨) ∼= ExtiR(X,Y )∨.

This last fact follows by the observations in 1.1.9.
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Remark 4.4.14 Note that a K -flat R-complex is not necessarily flat (any contractible
complex is K -flat). Note also that a flat R-complex is not necessarily K -flat. A typical
example is the following.

Take R = Z/4Z and for X theZ/4Z-complex defined by Xi = Z/4Z anddX
i is the

multiplication by 2. This complex X is flat and exact: X
∼−→ 0, but X ⊗Z/4Z Z/2Z

is not exact. Hence X is not K -flat in view of 4.4.11.
The same remarks hold on the projective and injective side (by considering also

the general Matlis dual complex X∨). This example also shows that there are exact
complexes which are neither K -flat, nor K -projective, nor K -injective.

Remark 4.4.15 If X → Y is a homotopism and if X is K -projective (resp. K -
injective, K -flat), then so is Y .

The proofs follows from the recall in 1.1.4 and are left to the reader. But note that
a complex quasi-isomorphic to a K -projective (resp. K -injective, K -flat) complex
is not necessarily K -projective (resp. K -injective, K -flat). (To see this note that any
exact complex is quasi-isomorphic to a contractible one, then remember 4.4.4.)

Though the existence of K -projective and K -injective resolutions is enough to
develop a (co)homological theory of unbounded complexes, we sometimes need
better resolutions.

Definition 4.4.16 Following Avramov and Foxby [5] we say that an R-complex X
is DG-flat (resp. DG-projective, DG-injective) if it is both flat and K -flat (resp.
projective and K -projective, injective and K -injective).

Remark 4.4.17 With the above definitions and some of the remarks in 4.4.3 recall
the following.

(a) Let f : X → Y be a morphism of complexes. If X and Y are DG-projective
(resp. DG-injective, DG-flat), then so are the complexes C( f ) and F( f ).

(b) If F is DG-flat and J is DG-injective, then HomR(F, J ) is DG-injective.
(c) If P and P ′ are DG-projective, then P ⊗R P ′ is DG-projective.
(d) If F and F ′ are DG-flat, then F ⊗R F ′ is DG-flat.
(e) Direct sums of DG-projective R-complexes are DG-projective.
(f) Direct products of DG-injective R-complexes are DG-injective.

To prove the existence of DG-projective resolutions and DG-injective resolutions
we first recall that any right-bounded R-complex X has a right-bounded projective
resolution P

∼−→ X and that such a P is DG-projective (see 4.4.3). Dually we also
recall that any left-bounded R-complex X has a left-bounded injective resolution
X

∼−→ I and that such an I is DG-injective. Then we recall Spaltenstein’s construc-
tion.

Lemma 4.4.18 (see [81]) Let 0 → X
f→ Y → Z → 0 be a short exact sequence

of right-bounded ascending R-complexes and let uX : P ∼−→ X be a right-bounded
projective resolution. Then there is a right-bounded projective resolution uY : Q ∼−→
Y and a commutative diagram with exact rows
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0 P

uX

Q

uY

0 X
f

Y

Proof We write f ′ = uX ◦ f , then we take the fiber of f ′ and a right-bounded
projective resolution v : S ∼−→ F( f ′). We consider the two commutative squares

P
f ′

ux

Y

X
f

Y

and S
w′

v

P

F( f ′) w
P

where w : F( f ′) → P is the natural projection. We recall that Cyl( f ′) = C(−w)

and obtain (see the observations in 1.5.8) a commutative diagram with exact rows

0 P C(−w′) S[1]

v[1]

0

0 P

uX

Cyl( f ′) C( f ′) 0

0 X Cyl( f )

h

C( f ) 0

0 X
f

Y Z 0.

In this diagram the vertical morphisms on the right and on the left are quasi-
isomorphisms and so are the ones on the middle. Finally, we observe that C(−w′) is
a right-bounded complex of projective R-modules and take Q = C(−w′).

Lemma 4.4.19 (see [81]) Let 0 → X → Y
f→ Z → 0 be a short exact sequence

of left-bounded descending R-complexes and let vZ : Z ∼−→ I be a left-bounded
injective resolution. Then there is a left-bounded injective resolution vY : Y ∼−→ J
and a commutative diagram with exact rows

Y
f

vY

Z

vZ

0

J I 0

Proof The proof is similar to that of 4.4.18, using 1.5.9 in place of 1.5.8.
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Theorem 4.4.20 (see [5, 1.6]) Let X denote an R-complex.

(a) X has a DG-projective resolution: there exists a quasi-isomorphism P
∼−→ X

where P is a DG-projective R-complex, hence also DG-flat.
(b) X has a DG-injective resolution: there exists a quasi-isomorphism X

∼−→ I
where I is a DG-injective R-complex.

Proof (a) We start with a right-bounded projective resolution of the right soft trun-
cation τ0](X) defined in 4.1.5, then construct, step by step and with the help of 4.4.18
a direct system of quasi-isomorphisms

Pt+1
∼

τt+1](X)

Pt
∼

τt](X)

for all t ≥ 0, where the Pt are right-bounded R-complexes of projective R-modules,
hence DG-projective. Then we take direct limits and telescopes. This gives quasi-
isomorphisms

Tel(P)
∼−→ lim−→ Pt

∼−→ lim−→ Xt] = X,

where P denotes the direct system {Pt → Pt+1} (see 1.3.2, 4.1.5 and 4.3.2). By
definition Tel(P) = C(φP), where φP : ⊕Pt → ⊕Pt is a morphism between DG-
projective complexes (see 4.4.17 (e)). It follows that Tel(P) is DG-projective (see
4.4.17 (a)) and the above composite gives the resolution wanted in (a).

(b) We start with a left-bounded injective resolution of the left soft truncation
τ[0(X). With the help of 4.4.19 we construct, step by step, an inverse system of
quasi-isomorphisms

τ[t+1(X)
∼

Jt+1

τ[t (X)
∼

Jt

for all t ≥ 0, where the Jt are left-bounded R-complexes of injective modules, hence
DG-injective (see [81, 3.3]). Then we take microscopes and inverse limits. As the
inverse system {τ[t (X)} is degree-wise surjective there are quasi-isomorphisms

X = lim←− τ[t (X)
∼−→ Mic({τ[t (X)}) ∼−→ Mic({Jt })

(see 4.1.5, 4.2.3 and (4.2.5 (b)). It remains to check that Mic({Jt }) is DG-injective.
But this is clear, by definition Mic({Jt }) = F(ψ{Jt }) and ψ{Jt } : ∏

Jt → ∏
Jt is a

morphism between DG-injective complexes (see 4.4.17 (f)). Hence Mic({Jt }) is
DG-injective by 4.4.17 (a). �
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4.4.21 Change of rings
(A) Let ϕ : R → B be a homomorphism of commutative rings, let X be an R-

complex and Y a B-complex. The B-complex Y may be viewed as an R-complex
via ϕ. There are two B-complexes associated to the R-complex X , namely

X(ϕ) := B ⊗R X and X (ϕ) := HomR(B, X).

When there is no doubt about the homomorphism ϕ we also write

X(ϕ) := XB and X (ϕ) := XB .

In this situation we have natural isomorphisms

HomR(X,Y ) ∼= HomB(XB,Y ), HomR(Y, X) ∼= HomB(Y, XB)

and X ⊗R Y ∼= XB ⊗B Y.

We now recall the following consequences of the above.
(B) Let M be an R-module. Then:
(b1) If the R-module M is injective, then the B-module MB is injective.
(b2) If the R-module M is flat, then the B-module MB is flat.
(b3) If the R-module M is free (resp. projective), then the B-module MB is free

(resp. projective).
(C) Let X be an R-complex. Then the following statements are true:
(c1) If the R-complex X is K -injective (resp. DG-injective), then the B-complex

XB is K -injective (resp. DG-injective).
(c2) If the R-complex X is K -flat (resp. DG-flat), then the B-complex XB is

K -flat (resp. DG-flat).
(c3) If the R-complex X is K -projective (resp. DG-projective), then the B-

complex XB is K -projective (resp. DG-projective).
(D) Assume now that the homomorphism ϕ : R → B is flat.
(d1) If the R-complex X is K -injective (resp. DG-injective), then the com-

plex XB = HomR(B, X), viewed as an R-complex, is also K -injective (resp. DG-
injective).

(d2) Let X, X ′ be two R-complexes. Then

TorRi (X, X ′) ⊗R B ∼= TorBi (XB, X ′
B)

for all i ∈ Z. In particular, Tor localizes.
(If F

∼−→ X is a K -flat resolution of X , then FB
∼−→ XB is a K -flat resolution

of XB and (F ⊗R X ′) ⊗R B ∼= FB ⊗R X ′
B . We take homology to obtain the claim.)

(d3) Assume that the R-complex X has a right-bounded free resolution L
∼−→ X

such that all the Li are finitely generated. Assume also that the R-complex X ′ is
left-bounded, then

ExtiR(X, X ′) ⊗R B ∼= ExtiB(XB, X ′
B)
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for all i ∈ Z. In particular, ExtR(X, X ′) localizes in this case.
(From our hypotheses we have HomR(L , X ′) ∼= HomR(L , R) ⊗R X ′

(see 1.1.9) so that HomR(L , X ′) ⊗R B ∼= HomR(L , R) ⊗R (X ′ ⊗R B) ∼= HomR

(L , X ′
B) ∼= HomB(LB, X ′

B). We take cohomology and obtain the result.)
(d4) Note that the hypotheses on X in (d3) are satisfied when X is homologically

right-bounded with finitely generated homology modules and when the ring R is
Noetherian. In particular, if R is Noetherian, if X is a homologically right-bounded
with finitely generated homology modules and if X ′ is a homologically left-bounded
R-complex, then

ExtiR(X, X ′) ⊗ R̂a ∼= Exti
R̂a(X ⊗ R̂a, X ′ ⊗ R̂a)

for all ideals a of R and all R-complexes X . This is because R̂a is R-flat.

The content of the previous subsection is the basis for our use of homological
algebra, in particular of unbounded complexes. For further informationon the concept
of derived category and its use in the homological theory of complexes, the reader
may consult [85, Chapter10] and the books [36], [53] or [87].

4.5 Minimal Injective Resolutions for Unbounded
Complexes

In this section we revisit the notion of minimal injective resolutions, particularly
helpful when the ring is Noetherian, though available over any commutative ring.
Minimal injective resolutions of amodule over aNoetherian ring arewell understood,
see Bass’ fundamental paper [9]. One of the features here is that we also consider
minimal injective resolutions of unbounded complexes.

4.5.1 Let f : M → N be a homomorphism of modules over the commutative ring
R and let M ′ be a submodule of M . We say that M ′ is a common direct summand of
M and N under f if there is a commutative square

M ′

i

u
N ′

M
f

N

p

where u is an isomorphism. In that case, i is split-injective, p is split-surjective, and
f induces a homomorphism M/M ′ → N/N ′.

Definition 4.5.2 Minimal injective complexes. Let I be a complex of injective mod-
ules over a commutative ring R. We say that this injective complex is minimal at
spot j if I j is an essential extension of Ker(d j

I ), in other words if I
j is the injective

hull of Ker(d j
I ). We say that I is minimal if for all j ∈ Z it is minimal at spot j .
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4.5.3 Cancellation trick. Let I denote any injective complex and let us look at spot
j for some j ∈ Z. Let ER(Ker(d j

I )) be the injective hull of Ker(d
j
I ). The injection

Ker(d j
I ) ↪→ I j extends to an injection ER(Ker(d j

I )) ↪→ I j , hence ER(Ker(d j
I )) is

a direct summand of I j and we may choose an injective module I ′ j such that I j =
ER(Ker(d j

I )) ⊕ I
′ j . The restriction of d j

I to I ′ j is clearly injective, hence I ′ j appears
as a common direct summand of I j and I j+1 under d j

I .We cancel this common direct
summand. Doing so we obtain an injective complex Ī with Ī j = ER(Ker(d j

I )) and
a degree-wise surjective morphism p : I → Ī . We observe that Ī is minimal at spot
j because p maps Ker(d j

I ) into Ker(d
j
Ī
).

Lemma 4.5.4 (a) Let I denote any injective complex over a commutative ring R.
This I is minimal at spot j if and only if I j and I j+1 do not have any non-trivial
common direct summands under d j

I .
(b) Let 0 → I ′ → I → I ′′ → 0 be a short exact sequence of injective complexes

over a commutative ring R. If I is minimal at some spot j ∈ Z, then so are I ′ and
I ′′.

Proof The first assertion is a direct consequence of the cancellation trick described
in 4.5.3. The second is a direct consequence of the definition of minimality. �

We do not know if the following, well-known when I is left-bounded and R is
Noetherian, has already been noticed in general.

Proposition 4.5.5 Let I denote an injective complex over a commutative ring R.
There is a short exact sequence of complexes, degree-wise split-exact

0 → I(e) → I
p→ J → 0,

where p is a quasi-isomorphism, J is a minimal injective complex and I(e) is an exact
complex of injective modules.

If, moreover, I is DG-injective, then we have such a sequence where J is also
DG-injective and where I(e) is contractible.

Proof We first look at even spots. We may write I 2 j = ER(Ker(d2 j
I )) ⊕ I

′2 j for
some choice of the I

′2 j and we note that I
′2 j is a common direct summand of I 2 j

and I 2 j+1 under d2 j (see 4.5.3). Then we cancel these common direct summands
and obtain a short exact sequence, degree-wise split-exact,

0 → I ′ → I
f→ Ī → 0,

where I ′ is the complex

· · · 0→ I
′2 j = I

′2 j 0→ I
′2 j+2 = I

′2 j+2 0→ · · · .

We note that I ′ is contractible, hence exact and DG-injective, that f is a quasi-
isomorphism and that the injective complex Ī is minimal at spots 2 j : Ī 2 j =
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ER(Ker(d2 j
I )) = ER(Ker(d2 j

Ī
)) for all j ∈ Z. If, moreover, I is DG-injective, then

so is Ī because I ′ is contractible.
Then we take care of the odd spots of the complex Ī in the same way as above,

we obtain a short exact sequence, degree-wise split-exact,

0 → I ′′ → Ī
g→ J → 0,

where the injective complex I ′′ is contractible and where J is minimal at odd spots.
As the complex Ī is minimal at even spot, so is the complex J (see 4.5.4). Hence J
is minimal.

We put p = g ◦ f and obtain the claim. Note that if I is DG-injective, so
are Ī and J , hence also I(e), so that the exact DG-injective complex I(e) is
contractible. �

Corollary 4.5.6 Every R-complex X has a minimal DG-injective resolution.
If, moreover, X is homologically left-bounded, then X has a left-bounded minimal

DG-injective resolution I with

inf{ j | I j �= 0} = inf{ j | H j (X) �= 0}.

Minimal injective complexes have nice properties as we shall investigate in the
following.

Proposition 4.5.7 Let m be any maximal ideal of a commutative ring R and let I
denote a minimal injective R-complex.

Then the complex HomR(k(m), I ) has zero differentials.

Proof Note that k(m) = R/m is a simple R-module. If f : k(m) → I j is some
non-zero homomorphism it is injective by the simplicity of k(m) and factors through
ER(R/m), giving a homomorphism f ′ : ER(R/m) → I j which is again injective
because ER(R/m) is an essential extension of k(m). If d j ◦ f �= 0 then d j ◦ f is
injective because k(m) is simple. It follows that d j ◦ f ′ is injective too. Hence
ER(R/m) appears as a common direct summand of I j and I j+1 under d j , con-
tradicting the minimality of I . �

We shall need more information on injective modules.

Recalls 4.5.8 (a) Let R be a commutative ring. As usual we denote by ER(M) or
simply E(M) the injective hull of an R-module M . For a prime ideal p of R and an
element x /∈ pwe note that multiplication by x acts as an automorphism on ER(R/p)
so that ER(R/p) has the structure of an Rp-module. With its Rp-module structure
we note that ER(R/p) is also the injective hull of k(p) := Rp/pRp, the residue field
of the local ring Rp: ER(R/p) = ERp

(k(p)). That is because for any Rp-complex X
we have X ⊗R Rp

∼= X and HomRp
(X, ER(R/p)) ∼= HomR(X, ER(R/p)). As R/p

is a domain note also that the injective modules ER(R/p) are indecomposable as
R-modules hence also as Rp-modules.
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(b) Assume now that R is Noetherian. Then AssR(ER(R/p)) = {p}, hence
ER(R/p) and k(p) are p-torsion modules. We also have that the ER(R/p)’s,
p ∈ Spec(R), are the only indecomposable injectivemodules.Moreover, every injec-
tive R-module may be written as a direct sum of modules of the form ER(R/p),
p ∈ Spec(R), in a unique way, up to the order of the direct summands. See Matlis’
original paper [55] for more details.

Remark 4.5.9 Let J denote an injective module over a Noetherian ring R and let q
be a prime ideal. Then the R-modulesΓq(J ) and Jq are also injective.More precisely
we may write

J ∼= ⊕p∈Spec R(ER(R/p))(c(p,J )),

where the c(p, J )’s are cardinal numbers and where (ER(R/p))(c(p,J )) denote the
direct sum of c(p, J ) copies of ER(R/p). It follows that

Γq(J ) ∼= ⊕p∈V (q)(ER(R/p))(c(p,J )) and

Jq ∼= ⊕p⊆q(ER(R/p))(c(p,J )).

This shows that the R-modules Γq(J ) and Jq are both injective. It also shows that
the natural homomorphism J → Jq is split-surjective. Then note that Jq viewed as
an Rq-module is also injective.

Now let q ∈ Spec(R). Then it yields that

HomR(k(q), Jq) ∼= HomRq
(k(q), Jq) ∼= HomRq

(k(q), Γq(Jq))

because the Rq-module k(q) is q-torsion. Note also that

Γq(Jq) ∼= (ER(R/q))(c(q,J )).

Proposition 4.5.10 Let I denote an injective complex over a Noetherian ring R. If
I is minimal then the complexes Iq and Γq(I ) are also minimal injective for every
prime ideal q of R. Moreover, Iq viewed as an Rq-complex is also minimal injective.

Proof From the remarks in 4.5.9 we note that Γq(I ) is an injective subcomplex of
I and that Iq is an injective complex quotient of I . Hence the statements follow by
4.5.4. �

We continue the investigation of theminimal injective resolution of an R-complex
in the case when the ring is Noetherian. In that case minimal injective complexes
have the following characterization.

Proposition 4.5.11 Let I be an injective complex over a Noetherian ring R. The
following conditions are equivalent:

(i) I is minimal,
(ii) the complex HomR(k(p), Ip) has zero differentials for all p ∈ Spec(R).
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Proof First note that HomR(k(p), Ip) ∼= HomRp
(k(p), Ip). We have seen in 4.5.10

that the Rp-complex Ip isminimal injectivewhen I isminimal. Hence the implication
(i) ⇒ (ii) follows by 4.5.7. On the other hand, if I is not minimal, then for some
j ∈ Z the modules I j and I j+1 have a non-zero common direct summand under
d j , hence also a non-zero common direct summand of the form ER(R/p) for some
p ∈ Spec(R). It follows that condition (ii) is not satisfied. �

Weneed somemore information on the functors Hom and Ext.We first investigate
their behaviour under a ring homomorphism R → B. Then for an R-complex X the
complex X ⊗R B has the structure of a B-complex by ring extensions. For two
R-complexes X and Y there is a natural morphism

HomR(Y, X) ⊗R B → HomB(Y ⊗R B, X ⊗R B)

of B-complexes. We investigate when it is an isomorphism or a quasi-isomorphism.

Lemma 4.5.12 Let X be a complex over a Noetherian ring R. Let Y be a second
R-complex, degree-wise finitely generated. Let R → B denote a flat ring homomor-
phism. Then the natural morphism of B-complexes

HomR(Y, X) ⊗R B → HomB(Y ⊗R B, X ⊗R B)

is an isomorphism provided one of the following conditions is satisfied:

(a) Y is right-bounded and X is left-bounded,
(b) Y is bounded,
(c) X is bounded.

Proof The statement is known when Y = N and X = M are R-modules. In general,
HomR(Y, X)n = ∏

i+ j=n HomR(Yi , X j ) is a finite product of the HomR(Yi , X j )’s
when one of the conditions (a), (b) and (c) is satisfied. Because the functor · ⊗R B
commutes with finite products the statement follows. �

For a multiplicatively closed set T in a commutative ring R, (1 ∈ T ), we denote
by RT or T−1R the ring of fractions r/s, r ∈ R, s ∈ T . Then for an R-complex X
we denote by XT or T−1X the RT -complex X ⊗R RT .

Proposition 4.5.13 Let R denote a Noetherian ring and let T be a multiplicatively
closed subset in R. Let X be a homologically left-bounded R-complex with one of
its left-bounded injective resolution X

∼−→ I . Let Y be any homologically right-
bounded R-complex and assume that the homology modules Hi (Y ) are finitely gen-
erated.

(a) The natural morphism

HomR(Y, I ) ⊗R RT → HomRT (Y ⊗R RT , I ⊗R RT )

is a quasi-isomorphism.
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(b) For all i ∈ Z we have

ExtiR(Y, X) ⊗R RT
∼= ExtiRT

(YT , XT ).

In particular, we have

(ExtiR(R/p, X))p ∼= ExtiRp
(k(p), Xp)

for all prime ideals p of R.

Proof First note that X ⊗R RT
∼−→ I ⊗R RT is an RT -injective resolution of X ⊗R

RT because RT is R-flat. The complexY has a right-bounded free resolution L
∼−→ Y

where all the Li ’s are finitely generated (see 1.1.12). This also induces a quasi-
isomorphism L ⊗R RT

∼−→ Y ⊗R RT and a free resolution of the RT -complexY ⊗R

RT . There is a commutative square

HomR(Y, I ) ⊗R RT HomRT (Y ⊗R RT , I ⊗R RT )

HomR(L , I ) ⊗R RT HomRT (L ⊗R RT , I ⊗R RT )

In this square the vertical morphisms are quasi-isomorphisms as easily seen. As the
bottomhorizontalmorphism is an isomorphismby4.5.12 the statement in (a) follows.
We then take cohomology to finish the proof. (Note, however, that the isomorphisms
in (b) are also a particular case of (4.4.21 (d3).) �

We now investigate some finiteness conditions in cohomology.

Lemma 4.5.14 Let X and Y be two complexes over a Noetherian ring R with finitely
generated cohomology modules. Assume that one of the following conditions is sat-
isfied:

(a) Y is homologically right-bounded and X is homologically left-bounded.
(b) X is a bounded complex of injective modules.

Then the R-modules ExtiR(Y, X) are finitely generated.

Proof Assume first that condition (a) is satisfied. Then as above the complex X has
a left-bounded injective resolution X

∼−→ I and the complex Y has a right-bounded
free resolution L

∼−→ Y where all the Li ’s are finitely generated (see 1.1.12). We
recall that ExtiR(Y, X) ∼= Hi (HomR(L , I )). For the cohomology of HomR(L , I )we
have the following spectral sequence

E p,q
2 = H p(HomR(L , Hq(I ))) =⇒ H p+q(HomR(L , I )).

By the assumption the E2-terms are finitely generated. Therefore all the subsequent
stages are finitely generated, and the E p,q

∞ are also finitely generated R-modules
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for all p, q. That is, the R-module H p+q(HomR(L , I )) admits a finite filtration by
finitely generated R-modules. Whence it is finitely generated as an R-module.

Assume now that condition (b) is satisfied. Then Hi (HomR,Y, X) = ExtiR(Y, X).
As X is bounded note also that Hi (HomR(Y, X)) depends only on a soft truncation
· · · → Yn → Ker(dY

n−1) → 0 of Y for n � 0. Hence we may and do assume that Y
is right-bounded. In that case (b) follows from (a).

Proposition 4.5.15 Let X be a homologically left-bounded complex over a Noethe-
rian ring R andassume that the cohomology R-modules Hi (X)are finitely generated.
Then the k(p)-vector spaces ExtiRp

(k(p), Xp) have finite dimension for any prime
ideal p of R.

Proof We have (ExtiR(R/p, X))p ∼= ExtiRp
(k(p), Xp) by virtue of 4.5.13. As the R-

modules ExtiR(R/p, X) are finitely generated by 4.5.14 the statement follows. �

4.5.16 Bass numbers.Let R be aNoetherian ring. TheBass numbers of an R-module
M were introduced in [9]. For an unbounded complex X , for j ∈ Z and p ∈ Spec(R)

we define
μ j (p, X) = dimk(p)(Ext

j
R(R/p, X) ⊗R Rp)

(note that Ext jR(R/p, X) ⊗R Rp
∼= Ext jR(R/p, X) ⊗R R/p ⊗R Rp is a k(p)-vector

space). In general, these μ j (p, X) are only cardinal numbers.
When X is homologically left-bounded then

μ j (p, X) = dimk(p) Ext
j
Rp

(k(p), Xp),

in view of 4.5.13.
When X is homologically left-bounded and, moreover, when the Hi (X) are

finitely generated then the μ j (p, X) are natural numbers by 4.5.15.

Remark 4.5.17 Let X be any complex over a Noetherian ring R and let X
∼−→ I be

one of its DG-injective resolutions. Then

Ext jR(R/p, X) ⊗R Rp
∼= H j (HomR(R/p, I ) ⊗R Rp)

because Rp is R-flat. Note also that

HomR(R/p, I ) ⊗R Rp
∼= HomRp

(k(p), Ip)

in view of 4.5.12 and therefore

μ j (p, X) = dimk(p) H
j (HomRp

(k(p), Ip)).

Note however that the injective complex Ip might be not DG-injective in general
(see [20]). In general, there are no interpretations of H j (HomRp

(k(p), Ip)) in terms
of Ext. This explains the way we define the Bass numbers of an arbitrary complex.
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We have seen in 4.5.6 that any R-complex X has a minimal DG-injective reso-
lution. When the ring R is Noetherian we shall prove in the following that such a
resolution is unique up to isomorphism and at the same time that our definition of
the Bass numbers coincides with the one originally given by Bass in the case when
X = M is an R-module.

Theorem 4.5.18 Let R be a Noetherian ring and X be any R-complex. Then X has
a minimal DG-injective resolution X

∼−→ I , unique up to isomorphism, where

I j ∼= ⊕p∈Spec(R)ER(R/p))(μ j (p,X)).

Proof Let X
∼−→ I be one of the minimal DG-injective resolutions of X (such a

resolution exists, see 4.5.6). As in 4.5.9 we may write

I j ∼= ⊕p∈Spec(R)ER(R/p))(c(p,I j ))

where the c(p, I j ) are cardinal numbers and where ER(R/p))(c(p,I j )) denotes the
direct sumof c(p, I j ) copies of ER(R/p).We have to prove that c(p, I j ) = μ j (p, X).

We have seen in 4.5.17 that μ j (p, X) = dimk(p) H j (HomRp
(k(p), Ip)). Because

the complexes Ip are minimal injective (see 4.5.10) we know by 4.5.11 that the
complexes HomRp

(k(p), Ip) have zero differentials. Hence

μ j (p, X) = dimk(p) HomRp
(k(p), I j

p ).

We have that

HomRp
(k(p), I j

p ) ∼= HomRp
(k(p), ER(R/p)(c(p,I j )))

∼= HomRp
(k(p),k(p)(c(p,I j ))),

for the first isomorphism see the remarks at the end of 4.5.9, the last one is rather
obvious. The equalities c(p, I j ) = μ j (p, X) follow.

Now let X
∼−→ J be another minimal DG-injective resolution of X . There are

quasi-isomorphisms I
∼−→ J

∼−→ I , the composite of them is homotopic to the
identity (see 4.4.8 and also 4.4.7). It follows that the composite morphism

HomRp
(k(p), Ip) → HomRp

(k(p), Jp) → HomRp
(k(p), Ip)

is also homotopic to the identity. But these last complexes have zero differentials.
Hence this last composite is the identity and this holds for all p ∈ Spec(R). In view
of the above description of HomRp

(k(p), Ip) it follows that the quasi-isomorphism

I
∼−→ J is an isomorphism. �

For the sake of completeness and later use note also the following.
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Proposition 4.5.19 Let X be a homologically left-bounded complex over a Noethe-
rian ring R and assume that the R-modules Hi (X) are finitely generated. Let
p ⊂ q be two prime ideals of R such that height(p/q) = 1. If μ j (p, X) �= 0 then
μ j+1(q, X) �= 0.

Proof This was proved by Bass in the case when X = M is an R-module (see [9]).
We only note here that Bass’ proof extends to the present case. (This is true because
in our situation the Rq-modules ExtiR(R/p, X) ⊗R Rq are finitely generated (see
4.5.14.)) �

In the case when X = M is an R-module note also the following consequences
of the above considerations.

Recalls 4.5.20 Let M be a module over a Noetherian Ring R. Then

(a) μ0(p, M) �= 0 if and only if p ∈ AssR(M),
(b) idR M = length(I ), where I is a minimal injective resolution of M ,
(c) if x = x1, . . . , xk is a sequence regular on both R and M then

M/xM ∼= ExtkR(R/x R, M) and idR M = idR/x R(M/xM) + k,

(d) if M is finitely generated then dimR M ≤ idR M .

Moreover it was conjectured by H. Bass (see [9]) that a Noetherian local ring
possessing a non-zero finitely generated module of finite injective dimension is a
Cohen–Macaulay ring. This conjecture became part of Hochster’s homological con-
jectures (see [45]), among them the intersection conjecture. In fact Hochster solved
a number of these homological conjectures in the case of equi-characteristic Noethe-
rian local rings. Since P. Roberts proved the intersection conjecture in general (see
[70]) the Bass conjecture also became true (see also the forthcoming more general
Theorem 10.1.7 and its Corollary10.1.8 for more details about this).

4.6 Ext and Tor with Inverse and Direct Limits

Let R denote a commutative ring. We have seen that the functor HomR(·,Y ) trans-
forms direct limits into inverse limits and that the functor HomR(X, ·) commutes
with inverse limits (see 1.3.3 and 1.2.7). This has some consequences on the functors
Ext, which we now investigate.

Lemma 4.6.1 LetX = {σi j : Xi → X j | 0 ≤ i ≤ j ∈ N} be a direct system of com-
plexes over a commutative ring R and let I be a DG-injective complex. Then
HomR(X, I ) = {HomR(Xt , I )} forms an inverse system and we have an isomor-
phism and a quasi-isomorphism

lim←−(HomR(Xt , I )) ∼= HomR(lim−→ Xt , I )
∼−→ Mic(HomR(X, I )).
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Moreover, there are short exact sequences

0 → lim←−
1Hi−1(HomR(Xt , I )) → Hi (HomR(lim−→ Xt , I ))

→ lim←− Hi (HomR(Xt , I )) → 0

for all i ∈ Z.

Proof With the morphism φX as defined in 1.3.2 there is a short exact sequence

0 → ⊕t Xt
φX−→ ⊕t Xt → lim−→ Xt → 0.

By applying the functor HomR(·, I ) it induces a short exact sequence of complexes

0 → HomR(lim−→ Xt , I ) →
∏

HomR(Xt , I )
ψHomR (X,I )−→

∏
HomR(Dt , I ) → 0,

recall that HomR(φX, I ) = ψHomR(X,I ) (see 1.3.3). This gives the isomorphism of
the statement. The quasi-isomorphism follows by the definition of Mic and 1.5.6.
Then the short exact sequences follow by 4.2.3 applied to the inverse system
HomR(X, I ). �

In a certain sense our first result gives an answer to part of [71, Remark
Section7.2].

Proposition 4.6.2 Let R denote a commutative ring and let X = {σi j : Xi → X j |
0 ≤ i ≤ j ∈ N} be a direct system of R-complexes. Write X = lim−→ Xt . Then there
are short exact sequences

0 → lim←−
1 Exti−1

R (Xt ,Y ) → ExtiR(X,Y ) → lim←−ExtiR(Xt ,Y ) → 0

for all i ∈ N and any R-complex Y .

Proof Let Y
∼−→ I denote a DG-injective resolution of Y . Then the result follows

by the short exact sequences in 4.6.1 and the definition of the Ext-modules. �

Another result in this direction is related to inverse systems of complexes.

Lemma 4.6.3 Let Y = {ρt,t+1 : Yt+1 → Yt | t ∈ N} denote an inverse system of
complexes over a commutative ring R and assume that it satisfies degree-wise the
Mittag-Leffler condition. Let P be a DG-projective complex. Then HomR(P,Y) =
{HomR(P,Yt )} forms an inverse system and there is an isomorphism and a quasi-
isomorphism

lim←−HomR(P,Yt ) ∼= HomR(P, lim←− Yt )
∼−→ Mic(HomR(P,Y)).

Moreover, there are short exact sequences
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0 → lim←−
1Hi−1(HomR(P,Yt )) → Hi (HomR(P, lim←− Yt ))

→ lim←− Hi (HomR(P,Yt )) → 0

for all i ∈ Z.

Proof By the hypothesis on Y we have lim←− 1Yt = 0 and a short exact sequence

0 → lim←−Yt →
∏

Yt
ψY−→

∏
Yt → 0,

where ψY is the morphism defined in 1.2.6. Since P is DG-projective it induces the
short exact sequence

0 → HomR(P, lim←− Yt ) →
∏

HomR(P,Yt )
ψ−→

∏
HomR(P,Yt ) → 0,

where ψ = HomR(P, ψY) = ψHomR(P,Y) (see 1.2.7). This gives the isomorphism
of the statement. The quasi-isomorphism follows by the definition of Mic and
1.5.6. Then the short exact sequences follow by 4.2.3 applied to the inverse sys-
tem HomR(P,Y). �

As before we get a result related to [71, Remark Section7.2].

Proposition 4.6.4 Let R denote a commutative ring and let Y = {ρt,t+1 : Yt+1 →
Yt | t ∈ N} be an inverse system of R-complexes satisfying degree-wise the Mittag-
Leffler condition. Write Y = lim←−Yt . Then there is a short exact sequence

0 → lim←−
1 Exti−1

R (X,Yt ) → ExtiR(X,Y ) → lim←−ExtiR(X,Yt ) → 0

for all i ∈ N and any R-complex X.

Proof Let P
∼−→ X be a DG-projective resolution of the R-complex X . Then the

result follows by 4.6.3 and the definition of the Ext-modules. �

We now investigate the behaviour of tensor products and Tor with inverse limits.

Lemma 4.6.5 Let R denote a commutative ring. LetY = {ρt,t+1 : Yt+1 → Yt | t ∈
N} denote an inverse system of R-complexes that satisfies degree-wise the Mittag-
Leffler condition. Let L denote a right-bounded complex of finitely generated free
R-modules. Then there is an isomorphism lim←−(L ⊗R Yt ) ∼= (L ⊗R lim←− Yt ).

Proof First we note that L ⊗R Y = {L ⊗R Yt } form an inverse system that satisfies
degree-wise the Mittag-Leffler condition. By 1.2.3 there is a short exact sequence of
complexes

0 → lim←−Yt →
∏

t

Yt
ψY−→

∏

t

Yt → 0.
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Since L is a complex of free R-modules it induces by tensoring with L a short
exact sequence of complexes such that the following diagram with exact rows is
commutative

0 L ⊗R lim←− Yt L ⊗R (
∏

Yt ) L ⊗R (
∏

Yt ) 0

0 lim←−(L ⊗R Yt )
∏

(L⊗RYt )
∏

(L⊗RYt )) 0.

Clearly the vertical morphisms on the right are isomorphisms because the Li ’s are
free finitely generated. Whence the vertical morphism on the left is an isomorphism
as follows by degree-wise inspection. �

Proposition 4.6.6 Let R be a Noetherian ring and let X be a homologically
right-bounded complex with finitely generated homology modules. LetY = {ρt,t+1 :
Yt+1 → Yt | t ∈ N} denote an inverse system of R-complexes that satisfies degree-
wise the Mittag-Leffler condition. Then

TorRi (X, lim←− Yt ) ∼= lim←−TorRi (X,Yt )

for all i ∈ Z.

Proof The complex X has a DG-projective resolution L
∼−→ X where L is a right-

bounded complex of finitely generated free R-modules (see 1.1.12). Hence the state-
ment is a direct consequence of 4.6.5. �

We have already noted in 1.3.5 that tensor products commute with right-filtered
direct limits. Hence we also have the following.

Proposition 4.6.7 Let R denote a commutative ring. Let (I,≺) be a right-filtered
ordered set and let X = {σi j : Xi → X j | 0 ≤ i ≤ j ∈ I } be a direct system of R-
complexes over I . Let Y be another R-complex. Then

TorRi (lim−→ Xi ,Y ) ∼= lim−→TorRi (Xi ,Y )

for all i ∈ Z.



Chapter 5
Koszul Complexes, Depth and Codepth

The notions of Ext-depth and Tor-codepth with respect to an ideal a of a commutative
ring R were introduced and investigated by Strooker for R-modules. He also proved
(see [82, 6.1.6, 6.1.7]) that these can be computed by the use of a Koszul complex
when the ideal a is finitely generated.

These notions extend naturally to complexes. In this generality they have been
studied by Foxby and Iyengar, who extended Strooker’s result to unbounded com-
plexes (see [33, Theorems2.1 and 4.1]). In their paper Foxby and Iyengar worked
over a Noetherian ring and also proved additional results. We shall revisit these in a
later chapter. However, most of their results hold in greater generality. In particular,
the Ext-depth Tor-codepth sensitivity of the Koszul complex holds in general. To
present it we follow – more or less – Foxby and Iyengar’s presentation. Then we
add some remarks on complexes with finite Ext-depth and finite Tor-codepth. First
we recall some basic facts on Koszul complexes and also provide some conditions
under which its homology is related to completion. In the last section we turn back
to modules and recall some facts on their Koszul homology.

5.1 Ext-Depth and Tor-Codepth

Let R be a commutative ring and a an ideal of R. In view of 4.4.13 recall that
ExtiR(R/a, X) and TorRi (R/a, X) are well defined for any R-complex X and all
i ∈ Z. We shall use the following notations.

Notations 5.1.1 For any R complexes X,Y we write

ext−R(X,Y ) := inf{i ∈ Z | ExtiR(X,Y ) �= 0},
torR−(X,Y ) := inf{i ∈ Z | TorRi (X,Y ) �= 0}.
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Later we shall also write

ext+R(X,Y ) := sup{i ∈ Z | ExtiR(X,Y ) �= 0},
torR+(X,Y ) := sup{i ∈ Z | TorRi (X,Y ) �= 0}.

As usual inf and sup are taken in the ordered set Z ∪ {±∞}.
Definition 5.1.2 TheExt-depth and theTor-codepth of an R-complex X with respect
to the ideal a are defined by

E-dp(a, X) = inf{i ∈ Z | ExtiR(R/a, X) �= 0} := ext−R(R/a, X) and

T-codp(a, X) = inf{i ∈ Z | TorRi (R/a, X) �= 0} := torR−(R/a, X).

Therefore
−∞ ≤ E-dp(a, X),T-codp(a, X) ≤ ∞.

The Tor-codepth is sometimes called width (see also [34] or [86] for the case of
bounded complexes).

Remark 5.1.3 (a) Let X
∼−→ J be a K -injective resolution of X . It follows by

definition that

E-dp(a, X) = inf{i ∈ Z | Hi (HomR(R/a, J )) �= 0}.

Dually, let F
∼−→ X be a K -flat resolution of X , then

T-codp(a, X) = inf{i ∈ Z | Hi (R/a ⊗R F)) �= 0}.

(b) If X is exact, then T-codp(a, X) = ∞ = E-dp(a, X).
(c) If X and X ′ are quasi-isomorphic, then

E-dp(a, X) = E-dp(a, X ′) and T-codp(a, X) = T-codp(a, X ′).

All this follows from the properties of Ext and Tor recalled in 4.4.13.
(d) Note that T-codp(a, X) = E-dp(a, X∨), as follows from the Ext-Tor duality

recalled in 4.4.13.

Definitions and observations 5.1.4 We also introduce the class Ta of complexes X
with T-codp(a, X) = ∞. This class extends the class of modules introduced in 3.2.2
and will play an important rôle in the sequel. We observe the following.

(a) For a complex X the condition X ∈ Ta is in fact a condition on its K -flat or
K -projective resolutions. If two complexes X and X ′ are quasi-isomorphic and one
of them is in Ta, then so is the other.

(b)Themodule of fractions Rx is inTa for all x ∈ a.More generally, any relatively-
a-flat module F as defined in 2.6.1 and such that F = aF is in Ta. Exact complexes
are in Ta.
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(c) Let 0 → X → Y → Z → 0 be a short exact sequence of R-complexes. If two
of the three complexes X , Y and Z are in Ta, then the third one is also in Ta.

(Let L
∼−→ R/abe a free resolutionof R/a. Thenwehave the short exact sequence

0 → L ⊗R X → L ⊗R Y → L ⊗R Z → 0, and, if two of the three complexes L ⊗R

X , L ⊗R Y and L ⊗R Z are exact, so is the third.)

(d) Let X
f→ Y be a morphism of R-complexes of which we take the cone. If two

of the three complexes X , Y and C( f ) are in Ta, then the third one is also in Ta.
(Remember the short exact sequence 0 → Y → C( f ) → X [−1] → 0.)

(e) The property of being in Ta localizes: if X ∈ Ta, then Xp ∈ Ta and Xp ∈ Tap

for any prime ideal p of R (in view of 4.4.21).

When X = M is an R-module it is clear that E-dp(a, M) ≥ 0 andT-codp(a, M) ≥
0. We have similar inequalities in the case of complexes.

Lemma 5.1.5 (see [33]) Let a be any ideal of a commutative ring R and X an
R-complex.

(a) We have the inequality

E-dp(a, X) ≥ inf{i ∈ Z | Hi (X) �= 0}.

If inf{i ∈ Z | Hi (X) �= 0} = r is finite and HomR(R/a, Hr (X)) �= 0, then
equality holds.

(b) We have the inequality

T-codp(a, X) ≥ inf{i | Hi (X) �= 0}.

If inf{i ∈ Z | Hi (X) �= 0} = r is finite and R/a ⊗R Hr (X) �= 0, then equality
holds.

(c) If X is homologically bounded, then

E-dp(a, X) > −∞ and T-codp(a, X) > −∞.

Proof Note that inf{i ∈ Z | Hi (X) �= 0} = ∞ if and only if 0 
 X is exact. In that
case E-dp(a, X) = ∞ = T-codp(a, X) and the assertions are obvious. Assume now
that X is not exact.

We prove (a) at first. If inf{i ∈ Z | Hi (X) �= 0} = −∞ the inequality in (a) is
obvious.

If inf{i | Hi (X) �= 0} = r is finite, then X has an injective resolution X
∼−→ I

where I i = 0 for all i < r (see 1.1.12). The inequality in (a) follows immediately.
If, moreover, Hom(R/a, Hr (I )) ∼= HomR(R/a, Hr (X)) �= 0, then the complex

HomR(R/a, I ) : 0 → HomR(R/a, I r ) → HomR(R/a, I r+1) → . . .

has cohomology in degree r . This proves the last assertion in (a).
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The assertions in (b) can be deduced from those in (a) applied to the complex X∨
via the general Matlis duality and the assertions in (c) follow. �

When two ideals a and a′ are topologically equivalent, that is, when a contains
some power of a′ and a′ contains some power of a, the corresponding Ext-depth
and Tor-codepth coincides. More generally, we have comparison formulas of the
following type.

Proposition 5.1.6 (see [33]) Let a be an ideal of a commutative ring R. Let X denote
an R-complex and M an R-module annihilated by some power at of a. Then

E-dp(a, X) ≤ ext−R(M, X) and T-codp(a, X) ≤ torR−(M, X).

Proof We first prove the Ext-depth part of the statement. Let X
∼−→ I be a DG-

injective resolution of X . We proceed by induction on t . First let t = 1, i.e. aM = 0.
Assume there is an integer r such that

Hi (HomR(R/a, I )) = 0 for all i < r.

It will be enough to prove that Hi (HomR(M, I )) = 0 for all i < r . To this end we
take a left soft truncation at spot r of the complex HomR(R/a, I ), the differential of
which we denote by d̄. Namely τ[r (HomR(R/a, I )) is given by

0 → HomR(R/a, I r )/ Im(d̄r−1) → HomR(R/a, I r+1) → . . . .

The complex τ[r (HomR(R/a, I )) is a left-bounded R/a-complex and has an R/a-
injective resolution J such that J i = 0 for all i < r (see 1.1.12). There are quasi-
isomorphisms of R/a-complexes

HomR(R/a, I )
∼−→ τ[s(HomR(R/a, I ))

∼−→ J.

Note that the R/a-complex HomR(R/a, I ) is R/a-DG-injective as is easily seen.
The complex J is also an R/a-DG-injective complex because it is a left-bounded
complex of R/a-injective modules.

As aM = 0 and in view of 4.4.11 we have an isomorphism and a quasi-
isomorphism

HomR(M, I ) ∼= HomR/a(M,HomR(R/a, I ))
∼−→ HomR/a(M, J ).

Whence Hi (HomR(M, I ) = 0 for all i < r . This proves the case t = 1.
We assume now the statement is proved for all modules annihilated by at and

consider a module M with at+1M = 0. As I is a DG-injective complex there is a
short exact sequence

0 → HomR(M/at M, I ) → HomR(M, I ) → HomR(at M, I ) → 0
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involving the modules at M and M/at M , both annihilated by at . It follows that
Hi (HomR(M, I )) = 0 for all i < r by the induction hypothesis and the associated
long exact sequence in cohomology.

The Tor-codepth part of the statement is obtained from the Ext-depth part applied
to the complex X∨ via the general Matlis Ext-Tor duality. �

Corollary 5.1.7 Let a be an ideal of a commutative ring R and b an a-open ideal,
that is, an ideal containing some power at of a. Let also a′ be an ideal topologically
equivalent to a. Then

E-dp(a′, X) = E-dp(a, X) ≤ E-dp(b, X) and

T-codp(a′, X) = T-codp(a, X) ≤ T-codp(b, X)

for all R-complexes X. Hence Ta′ = Ta ⊆ Tb.

Here is an extension of 5.1.6. Note that the inequality was already proved in [33,
2.2].

Proposition 5.1.8 Let a be an ideal of a commutative ring R and Z be a non-exact
homologically bounded R-complex with homology modules annihilated by some
power at of a. There is an inequality

E-dp(a, X) ≤ ext−R(Z , X) − inf{i | Hi (Z) �= 0}

for any R-complex X.
Let b = inf{i | Hi (Z) �= 0}. Assume that E-dp(a, X) > −∞ and that Hb(Z) ∼=

R/a′ for some ideal a′ topologically equivalent to a, then equality holds.

Proof We prove the result by induction on the amplitude of Z . WewriteM = Hb(Z)

and view it as a complex concentrated in degree zero.
If amp(Z)= 0, then Z is quasi-isomorphic to M[−b] and

ExtiR(Z , X) ∼= ExtiR(M[−b], X) ∼= Exti−b
R (M, X).

Hence ext−R(Z , X) = ext−R(M, X) + b and we conclude by 5.1.6 and 5.1.7.
Suppose amp(Z)> 0. Then we put Z ′ for the right soft truncation of Z at spot

b + 1. This gives a short exact sequence 0 → Z ′ → Z → Z ′′ → 0, where Z ′′ is
quasi-isomorphic toM[−b].NowapplyHomR(·, I ),where X ∼−→ I is aDG-injective
resolution of X . We obtain an exact sequence in cohomology

ExtiR(M[−b], X) → ExtiR(Z , X) → ExtiR(Z ′, X).
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Now we compute the ext−’s. By the induction hypothesis it follows that

ext−R(Z ′, X) ≥ E-dp(a, X) + inf{i | Hi (Z
′) �= 0} > E-dp(a, X) + b and

ext−R(M[−b], X) ≥ E-dp(a, X) + b

with an equality in the second case when M ∼= R/a′. We then obtain the result for
ext−R(Z , X) by looking at the above exact sequence. �

We have a Tor-codepth counterpart of 5.1.8 with slightly weaker hypotheses.

Proposition 5.1.9 Let a be an ideal of a commutative ring R and Z be a non-exact
homologically bounded R-complex with a-torsion homology modules. Then we have
an inequality

T-codp(a, X) ≤ torR−(Z , X) − inf{i | Hi (Z) �= 0}

for any R-complex X.
Let b = inf{i | Hi (Z) �= 0}. Assume thatT-codp(a, X) > −∞ and that Hb(Z) ∼=

R/a′ for some ideal a′ topologically equivalent to a, then equality holds.

Proof We first look at the case where Z = M is a complex concentrated in degree
0. We recall that M = lim−→{Mλ}, where {Mλ} denotes the set of finitely generated
submodules of M ordered by inclusion. Here the direct limit is taken over a right-
filtered ordered set and in this case the direct limit functor commutes with tensor
products and is exact. So, if P

∼−→ X is a K -projective resolution of X , then M ⊗R

P ∼= lim−→(Mλ ⊗R P) and

TorRi (M, X) = Hi (M ⊗R P) ∼= lim−→ Hi (Mλ ⊗R P).

As M is of a-torsion so are the Mλ’s. But the Mλ’s are finitely generated, hence each
of them is annihilated by some power at of a. We thus have that TorRi (M, X) = 0
provided i < T-codp(a, X) by 5.1.6. If,moreover,M ∼= R/a′ the equality has already
been proved in 5.1.7.

For the general case use induction as in 5.1.8 on the amplitude of Z . We write
M = Hb(Z) and view it as a complex concentrated in degree zero. If amp(Z)= 0
the complex Z is quasi-isomorphic to M[−b] and TorRi (Z , X) ∼= TorRi (M[−b], X) ∼=
TorRi−b(M, X). Hence torR−(Z , X) = torR−(M, X) + b and the result follows by the
first part of the proof.

Let amp(Z)> 0. Then take as in 5.1.8 a right soft truncation Z ′ of Z at spot
b + 1. There is a short exact sequence 0 → Z ′ → Z → Z ′′ → 0, where Z ′′ is quasi-
isomorphic to M[−b]. Then we apply the functor · ⊗R P , where P

∼−→ X is a DG-
projective resolution of X . Thus we obtain an exact sequence in homology

. . . → TorRi (Z ′, X) → TorRi (Z , X) → TorRi (M[−b], X) → . . . .
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Now we compute the tor−’s. By the induction hypothesis we have

torR−(Z ′, X) ≥ T-codp(a, X) + inf{i | Hi (Z
′) �= 0} > T-codp(a, X) + b and

torR−(M[−b], X) ≥ T-codp(a, X) + b

with an equality in the second case when M ∼= R/at . We then obtain the result for
torR−(Z , X) by looking at the above exact sequence. �

5.2 Basics About Koszul Complexes

Definitions and observations 5.2.1 Let X denote a complex of R-modules and x
an element of R. We have a natural morphism ϕ(x; X) : X x→ X induced by the
multiplication map Xi x→ Xi for all i ∈ Z.

We define the ascending and descending Koszul complexes by

K •(x; X) = F(ϕ(x; X)) and K•(x; X) = C(ϕ(x; X)).

For a sequence x = x1, . . . , xk of elements of R and an element y ∈ R we denote by
x, y the sequence x1, . . . , xk, y. Then we define inductively

K •(x, y; X) = F(ϕ(y; K •(x; X))) and K•(x, y; X) = C(ϕ(y; K•(x; X))).

In particular, we write K•(x) respectively K •(x) in the case when X = R considered
as a complex in degree zero. By construction we also have

K•(x, y; X) ∼= K•(x; X) ⊗R K•(y) and K •(x, y; X) ∼= K •(x; X) ⊗R K •(y).

In particular, the Koszul complexes K•(x; X) and K •(x; X) do not depend on the
order of the elements in the sequence x and

K•(x) ∼= K•(x1) ⊗R · · · ⊗R K•(xk) and K •(x) ∼= K •(x1) ⊗R · · · ⊗R K •(xk).

For the empty sequence x = ∅ we define K •(x; X) = X and K•(x; X) = X .

Caution: Here, as the only exception, the descending Koszul complex is not
obtained from the ascending one by lowering the degrees. The precise relation
between K •(x; X) and K•(x; X) is given in 5.2.2. But note already that we have
K •(x) ∼= HomR(K•(x), R) by construction and in general K •(x; X) ∼= HomR(K•
(x), X) by induction and in view of 1.1.9.

In the following we also write Hi (x) and Hi (x; X) for the homology of K•(x)
and K•(x; X), Hi (x) and Hi (x; X) for the cohomology of K •(x) and K •(x; X).
The Koszul complexes K•(x) and K •(x) are bounded complexes of free modules,
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hence K -projective and K -flat. Therefore

Hi (x; X) ∼= TorRi (K•(x), X) and Hi (x; X) ∼= ExtiR(K•(x), X)

for any R-complex X .

5.2.2 The self-duality of the Koszul complex. Let x = x1, . . . , xk be a sequence
of elements in the commutative ring R and X an R-complex. When we view the
ascending complex K •(x; X) as a descending one by lowering the degrees there is
an isomorphism

K •(x; X)[k] ∼= K•(x; X).

For a length one sequence and X = R this is quite obvious. For the general case we
then have

K •(x; X)[k] ∼= K •(x1)[1] ⊗R · · · ⊗R K •(xk)[1] ⊗R X ∼=
K•(x1) ⊗R · · · ⊗R K•(xk) ⊗R X ∼= K•(x; X)

This yields isomorphisms

Hi (x; X) ∼= Hk−i (x; X)

for all i ∈ Z. In particular, K•(x; X) is exact if and only if K •(x; X) is exact.

In the following we summarize a few more properties of Koszul complexes.

Lemma 5.2.3 Let x = x1, . . . , xk denote a sequence of elements of a commutative
ring R and y ∈ R. Let X denote a complex of R-modules.

(a) K•(x) ⊗R X ∼= K•(x; X) and K •(x) ⊗R X ∼= K •(x; X).
(b) HomR(K•(x), X) ∼= K •(x; X) and HomR(K •(x), X) ∼= K•(x; X).
(c) There are short exact sequences of complexes

0 → K•(x; X) → K•(x, y; X) → K•(x; X)[−1] → 0,

0 → K •(x; X)[−1] → K •(x, y; X) → K •(x; X) → 0.

(d) There are long exact sequences in homology and cohomology

· · · → Hi (x, X)
y→ Hi (x, X) → Hi (x, y; X) → Hi−1(x, X)

y→ · · ·
· · · → Hi−1(x, X)

y→ Hi−1(x, X) → Hi (x, y; X) → Hi (x, X)
y→ · · ·

Proof The statements in (a) and (b) are direct consequences of the observations in
5.2.1. The exact sequences of complexes in (c) are a consequence of the construction
and yield the long exact sequences in (d). �
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As an immediate consequence of the long exact sequences in the previous Lemma
we can compute the Koszul (co-)homologies of an R-complex X .

Corollary 5.2.4 With the notation of 5.2.3 we have the following two short exact
sequences

(a) 0 → H0(y; Hi (x; X)) → Hi (x, y; X) → H1(y; Hi−1(x; X)) → 0 and
(b) 0 → H 1(y; Hi−1(x; X)) → Hi (x, y; X) → H 0(y; Hi (x; X)) → 0

for all i ∈ Z.

Lemma 5.2.5 Let x = x1, . . . , xk denote a sequence of elements of a commutative
ring R, let a = x R and X be any R-complex. The multiplication by xi , 1 ≤ i ≤ k,
on the Koszul complex K•(x; X) is homotopic to zero. Therefore aHi (x; X) = 0 =
aHi (x; X) for any complex X and all i .

Proof For a length one sequence x and X = R the statement is obvious. The general
case is now obtained by the remarks in 1.1.4. �

All the above is rather well-known, for more details and information we refer to
[4], [58], [77] or [82].

We end this section with a remark on the behaviour of Koszul (co-)homology
under completion, in some good cases it is related to completion.

Proposition 5.2.6 Let a be an ideal of a commutative ring R generated by the
sequence x = x1, . . . xk and assume that the pair (R, a) has the property C intro-
duced in 2.6.10, which means that each a-complete module belongs to the class Ca

(the pair (R, a) has this property when R is Noetherian (see 2.5.15)).
Let X be a complex with modules Xi ∈ Ca for all i ∈ Z. Write xt for the sequence

xt1, . . . , x
t
k and t ≥ 1. Then the natural homomorphisms τa

Xi
; Xi → X̂a

i induce nat-
ural quasi-isomorphisms

K•(xt ; X)
∼−→ K•(xt ; X̂a) and K •(xt ; X)

∼−→ K •(xt ; X̂a)

for all t ≥ 1. In particular, we have quasi-isomorphisms

K•(xt ; R)
∼−→ K•(xt ; R̂a) and K •(xt ; R)

∼−→ K •(xt ; R̂a),

and K•(xt ; F)
∼−→ K•(xt ; F̂a) for any flat complex F.

Proof By assumption the complexes K•(xt ; X) and K •(xt ; X) are complexes of
modules in Ca (finite direct sums of modules in Ca are in Ca). As the modules
Hi (xt ; X) and Hi (xt ; X) are annihilated by a power of a they are a-complete, hence
they are also in Ca. When the complex X is right-bounded so are the complexes
K•(xt ; X) and K •(xt ; X) and the result follows by 2.5.13. In general, we note that
the modules Hi (xt ; X) and Hi (xt ; X̂a), Hi (xt ; X) and Hi (xt ; X̂a), depend only on
a hard truncation . . . → Xi → . . . → Xs → 0 for s � 0. �
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5.3 The Ext-Depth Tor-Codepth Sensitivity of the Koszul
Complex

In this section we shall investigate the vanishing of the (co-)homology of Koszul
complexes in more detail.

Definition 5.3.1 Let x = x1, . . . , xk be a sequence in a commutative ring R. Let X
denote an R-complex. We define the Koszul-depth and the Koszul-codepth of X by

h−(x; X) := inf{i ∈ Z | Hi (x; X) �= 0} and

h−(x; X) := inf{i ∈ Z | Hi (x; X) �= 0}.

Therefore we have that h−(x; X), h−(x; X) ∈ Z ∪ {∞,−∞}.
Remark 5.3.2 (a) h−(x, X) = ∞ if and only if the Koszul complex K•(x; X) is
exact and h−(x, X) = ∞ if and only if the Koszul complex K •(x; X) is exact. In
view of the self-duality of the Koszul complex we have

h−(x, X) = ∞ if and only if h−(x, X) = ∞.

(b) If the R-complex X is exact, then theKoszul complexes K•(x; X) ∼= K•(x) ⊗R

X and K •(x; X) ∼= HomR(K•(x), X) are also exact, hence

h−(x, X) = ∞ = h−(x, X).

This follows because the Koszul complex K•(x) is K -projective and K -flat.
Note, however, that the converse does not hold. For instance, let x be a sequence of

elements such that x R is the unit ideal. Then, by Lemma 5.2.5 we have the exactness
of K•(x; X) and K •(x; X) for any R-complex X .

(c) If the R-complexes X and Y are quasi-isomorphic, then h−(x, X) = h−(x,Y )

and h−(x, X) = h−(x,Y )

(d) The Koszul depth and codepth are exchanged by the general Matlis duality:
with the help of 5.2.3 we have

K•(x; X)∨ ∼= K •(x; X∨) and K•(x; X∨) ∼= K •(x; X)∨

and consequently

h−(x; X) = h−(x; X∨) and h−(x; X) = h−(x; X∨)

for any R-complex X .

Here is the so-called Ext-depth Tor-codepth sensitivity of the Koszul complex.
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Theorem 5.3.3 (see [33]) Let R be a commutative ring, a a finitely generated ideal
of R and x = x1, . . . , xk be a sequence such Rad(a) = Rad(x R). Then

E-dp(a, X) = inf{i ∈ N | Hi (x; X) �= 0} =: h−(x; X) and

T-codp(a, X) = inf{i | Hi (x; X) �= 0} =: h−(x; X)

for any R-complex X.

Proof Because of the isomorphisms

Hi (x; X) ∼= ExtiR(K•(x), X) and Hi (x; X) ∼= TorRi (K•(x), X)

this is a direct consequence of 5.1.8 and 5.1.9, together with 5.3.11, where we take
for Z the complex K•(x). By 5.2.3 note that the homology modules of K•(x) are
annihilated by the ideal x R which by assumption contains a power of a. Note also
that H0(x) = R/x R and that x R is topologically equivalent to a by assumption. �

It follows that the Koszul depth and codepth have the same properties as the
Ext-depth and Tor-codepth respectively. In particular, we have the following.

Corollary 5.3.4 Let x = x1, . . . , xk and y = y1, . . . , y� be two sequences of ele-
ments in a commutative ring R such that Rad(x R) = Rad(yR). Then

h−(y; X) = h−(x; X) ≥ inf{i ∈ Z | Hi (X) �= 0} and
h−(y; X) = h−(x; X) ≥ inf{i ∈ Z | Hi (X) �= 0}

for any R-complex X.

The following is clear by the previous Theorem5.3.3, Corollary 5.1.7 and the self-
duality of Koszul complexes 5.2.2. Recall also the class Ta of complexes introduced
in 5.1.4.

Corollary 5.3.5 Let R be a commutative ring, a a finitely generated ideal of R and
x = x1, . . . , xk be a sequence such Rad(a) = Rad(x R). Then for any R-complex X
the following conditions are equivalent:

(i) T-codp(a, X) = ∞, that is, X ∈ Ta.
(ii) R/b ⊗L

R X 
 0 for all a-open ideals b of R.
(iii) K•(xt ; X) 
 0 for some (resp. for every) t ≥ 1.
(iv) K •(xt ; X) 
 0 for some (resp. for every) t ≥ 1.
(v) RHomR(R/b,X) 
 0 for all a-open ideals b of R.
(vi) E-dp(a, X) = ∞.

Corollary 5.3.6 When the ideal a of the commutative ring R is finitely generated
the Ext-depth and the Tor-codepth with respect to a are exchanged by the general
Matlis duality: we have
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T-codp(a, X) = E-dp(a, X∨) and E-dp(a, X) = T-codp(a, X∨)

for all R-complex X.

Proof Note that the first equality was already in 5.1.3 without any finiteness condi-
tions. Putting 5.3.3 and the remark in (5.3.2 (d)) together we obtain the second. �

For other relations between depth and codepth some suprema come into play.

Notations and observations 5.3.7 Let x = x1, . . . , xk be a sequence in a commu-
tative ring R. For any R-complex X we write

h+(x; X) = sup{i | Hi (x; X) �= 0},
h+(x; X) = sup{i | Hi (x; X) �= 0}.

Therefore−∞ ≤ h+(x; X), h+(x; X) ≤ ∞. By definition and by the self-duality of
the Koszul complex we have that h+(x; X) = −∞ if and only if K•(x; X) is exact
if and only if h+(x; X) = −∞.

Lemma 5.3.8 Let x = x1, . . . , xk and y = y1, . . . , y� be two sequences of elements
in a commutative ring R such that Rad(x R) = Rad(yR). Let X be an R-complex.

(a) If one of the quantities h−(x; X), h+(x; X) is finite, so is the other. In that case,
h−(x; X) + h+(x; X) = k and h+(x; X) = h+(y; X).

(b) If one of the quantities h+(x; X), h−(x; X) is finite, so is the other. In that case,
h+(x; X) + h−(x; X) = k and h+(x; X) = h+(y; X).

(c) If both quantities h−(x; X) and h−(x; X) are finite, then so are h+(x; X) and
h+(x; X). In that case, the complexes K•(x; X) and K •(x; X) are homologically
bounded and not exact.

Proof By the self-duality of theKoszul complex,more precisely by the isomorphisms
Hi (x; X) ∼= Hk−i (x; X) (see 5.2.2), we have in general h−(x; X) = k − h+(x; X)

andh−(x; X) = k − h+(x; X) (weuse the sign rule−(−∞) = ∞). The assertions in
(a) and (b) follows, recall also that h−(x; X) = h−(y; X) and h−(x; X) = h−(y; X)

by 5.3.4.
The assertions in (c) are a direct consequence of the assertions in (a) and (b). �

We are ready to present the complex version of [82, 6.1.8], which was originally
concerned with modules.

Proposition 5.3.9 Let a be an ideal of a commutative ring R generated by the
sequence x = x1, . . . , xk. Let X denote a homologically bounded R-complex.

(a) E-dp(a, X) is finite if and only if T-codp(a, X) is finite.
(b) When the conditions in (a) are satisfied, then

E-dp(a, X) + T-codp(a, X) ≤ k.
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Proof If E-dp(a, X) is finite then T-codp(a, X) < ∞ (see 5.3.5). As X is homolog-
ically bounded we also have

−∞ < inf{i | Hi (X) �= 0} ≤ h−(x; X) = T-codp(a, X)

(see 5.3.4 and 5.3.3). It follows that T-codp(a, X) is also finite.
If T-codp(a, X) is finite we have in the same way

−∞ < inf{i | Hi (X) �= 0} ≤ h−(x; X) = E-dp(a, X) < ∞.

This proves the first assertion.
Assume now that the conditions in (a) are satisfied. Then the complex K•(x; X) is

not exact, so that h−(x; X) ≤ h+(x; X). By 5.3.8 (c) we have that the four quantities
h−(x; X), h−(x; X), h+(x; X) and h+(x; X) are finite. Therefore by 5.3.8 (b) we
also have h−(x; X) + h+(x; X) = k. Whence E-dp(a, X) + T-codp(a, X) ≤ k. �

For later use note the following change of rings result.

Proposition 5.3.10 Let ϕ : R → B be a homomorphism of commutative rings. Let
a be a finitely generated ideal of R and write ae for the ideal of B generated by ϕ(a).
Let also y = y1, . . . , y� be a sequence in B such that Rad(yB) = Rad(ae). Let X be
a B-complex which may be viewed as an R complex via ϕ. Then we have

E-dp(a, X) = E-dp(ae, X) = h−(y; X) and

T-codp(a, X) = T-codp(ae, X) = h−(y; X).

Proof Let x = x1, . . . , xk be a sequence of elements in R generating the ideal a and
write zi = ϕ(xi ), z = z1, . . . , zk . We have K•(x) ⊗R B = K•(z) as is easily seen.
Therefore

K•(x) ⊗R X ∼= K•(z) ⊗B X and HomR(K•(x), X) ∼= HomB(K•(z), X).

Combining this with 5.3.3 and 5.3.4 we obtain

E-dp(a, X) = h−(x; X) = h−(z; X) = E-dp(ae, X) = h−(y; X) and

T-codp(a, X) = h−(x; X) = h−(z; X) = T-codp(ae, X) = h−(y; X),

which completes the proof. �

Lemma 5.3.11 Let x = x1, . . . , xk be a sequence in a commutative ring R gener-
ating the ideal a. Then

E-dp(a, X) = E-dp(a, K •(x; X)) and

T-codp(a, X) = T-codp(a, K•(x; X))
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for any R-complex X.

Proof Let X
∼−→ I be a K -injective resolution of X . Then

K •(x; X) ∼= HomR(K•(x), X)
∼−→ HomR(K•(x), I )

is a K -injective resolution, as is easily seen. Moreover, we have the isomorphism

HomR(R/a,HomR(K•(x), I )) ∼= HomR(R/a ⊗R K•(x), I ).

By putting K̄ := R/a ⊗R K•(x) it follows that

E-dp(a,HomR(K•(x), X)) = inf{i ∈ Z | Hi (HomR(K̄ , I )) �= 0}.

The complex K̄ is a complex with zero differential and modules K̄i = (R/a)ni with
ni = (n

i

)
. We have K̄ ∼= ⊕k

i=1(R/a)ni[−i], where R/a is viewed as a complex concen-
trated in degree 0. It is now easy to see that

inf{i ∈ Z | Hi (HomR(K̄ , I ))} = E-dp(a, I ) = E-dp(a, X).

The Tor-codepth part of the statement can be obtained from the Ext-depth part via
the general Matlis duality or by arguments similar to those above. �

5.4 Koszul Homology of Modules

We turn to properties of a sequence x = x1, . . . , xk of elements in a commutative
ring R with respect to an R-module M .

5.4.1 Completely secant sequences and regular sequences. Let x = x1, . . . , xk be
a sequence of elements in a commutative ring R and write a for the ideal generated
by this sequence. Let M denote an R-module.

Following Bourbaki (see [14, Sect. 9, n◦6 Definition 2]) we say that the sequence
x is completely secant on N if Hi (x; M) = 0 for all i ≥ 1.

Recall also that the sequence x is called regular with respect to M or M-regular
if M �= aM and

(x1, . . . , xi−1)M :M xi = (x1, . . . , xi−1)M

for all i = 1, . . . , k.
We say that the sequence x is completely secant (resp. regular) if it is completely

secant on the ring R (resp. R-regular).
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Remark 5.4.2 Let x = x1, . . . , xk be a sequence in a commutative ring R generating
the ideal a and let M be an R-module.

(a) In view of the self-duality of the Koszul complex (see 5.2.2) and the Ext-depth
sensitivity of the Koszul complex (see 5.3.3) note that the sequence x is completely
secant on M if and only if Hi (x; M) = 0 for all i < k if and only if E-dp(a, M) ≥ k.

(b) If y = y1, . . . , yk denotes another sequence in R such thatRad(yR) = Rad(a),
then the sequence x is completely secant on the R-module M if and only so is
the sequence y. This follows from the above and 5.3.3. Note also h−(x; M) =
E-dp(a, M) = h−(y; M) (see 5.3.4).

In particular, any permutation of a sequence completely secant onM is completely
secant on M .

(c) Assume that E-dp(a, M) is finite. Then E-dp(a, M) = h−(x; M) ≤ k. It fol-
lows that the sequence x is completely secant on M if and only if E-dp(a, M) = k.
In that case M �= aM .

Regular sequences do not have all the above properties, however there are some
relations between these notions.

Theorem 5.4.3 (see [14, Sect. 9, Theorem1]) Let x = x1, . . . , xk be a sequence of
elements in a commutative ring R. Put a = x R and let M be an R-module. Look at
the following conditions.

(a) The sequence x is M-regular.
(b) Hi (x; M) = 0 for all i ≥ 1.
(c) H1(x; M) = 0.
(d) The natural map (R/a)[X1, . . . , Xk] ⊗R M → ⊕n≥0a

nM/an+1M is bijective.

Then (a) ⇒ (b) ⇒ (c) ⇒ (d). Suppose that M/(x1, . . . , xi−1)M is a-separated for
i = 1, . . . , k and that M �= aM. Then (d) ⇒ (a).

Let M be a finitely generated module. Assume that the ring R is Noetherian
and that the ideal a generated by the sequence x = x1, . . . , xk is contained in the
Jacobson radical of R. Then it is well-known that the Koszul complex K•(x; M)

is rigid: Hi (x; M) = 0 ⇒ Hi+1(x; M) = 0. For an a-complete module M we have
the same result without any further assumptions, and moreover the sequence x is
M-regular if and only if it is completely secant on M .

Proposition 5.4.4 (see [78, 8.2]) Let a be an ideal of a commutative ring R gener-
ated by the sequence x = x1, . . . , xk. Let M �= 0 denote an a-complete R-module.

(a) If Hi (x; M) = 0 for some i , then Hi+1(x; M) = 0.
(b) If H1(x; M) = 0, then the sequence x is regular on M.

Proof We proceed by an induction on the length k of the sequence. For k = 1 there
is nothing to prove. Assume now the statement is proved for sequences of length k.
Let y ∈ R, form the sequence x, y and write a1 for the ideal generated by x, y. Let
also M be an a1-complete module.
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(a): If Hi (x, y; M) = 0, then multiplication by y is surjective on Hi (x; M)

(see the long exact sequences in 5.2.3) and we have Hi (x; M) = a1Hi (x; M). But
Hi (x; M) is a homologymodule of a complex of a1-complete modules. So we obtain
Hi (x; M) = 0 (see 2.2.11). But M is also a-complete (see 2.2.9). By the induction
hypothesis we thus have Hj (x; M) = 0 for all j ≥ i . From the long exact homology
sequence in 5.2.3 we then obtain Hj (x, y; M) = 0 for all j ≥ i .

(b): Assume now that H1(x, y; M) = 0. Then multiplication by y is injective
on H0(x; M) = M/(x1, . . . , xk)M . By the first part of the proof we also have that
H1(x; M) = 0, so that the sequence x is M-regular by the induction hypothesis. All
this together gives that the sequence x, y is M-regular. �

We now investigate the behaviour of completely secant sequences under comple-
tion. The following is a very particular case of a more general result of Strooker (see
[82, Theorem5.2.3]).

Proposition 5.4.5 Let a be an ideal of a commutative ring R generated by the
sequence x = x1, . . . , xk. Let M denote an R-module such that M �= aM. Assume
that the sequence x is completely secant on M. Then it is regular on M̂a.

Proof We consider the ring homomorphism

ϕ : Z[X1, . . . , Xk] → R defined by ϕ(Xi ) = xi , i = 1, . . . , k,

where the Xi ’s are indeterminates. We writeA for the ideal of Z[X1, . . . , Xk] gener-
ated by these Xi and At , t ≥ 1, for the ideal generated by the Xt

i . We also write
Xt = Xt

1, . . . , X
t
k and xt = xt1, . . . , x

t
k . Then we view M as an Z[X1, . . . , Xk]-

module via ϕ. We have that M̂A = M̂a and K•(Xt ; M) ∼= K•(xt ; M) for all t ≥ 1,
as is easily seen. We also have

TorZ[X1,...,Xk ]
i (Z[X1, . . . , Xk]/At , M) = Hi (X

t ; M) ∼= Hi (x
t ; M) = 0

for all i ≥ 1 by assumption. Note that the Koszul complexes K•(Xt ) provide free
resolutions of Z[X1, . . . , Xk]/At . In view of the exact sequences in 2.5.5 we obtain
�A

i (M) = 0 for all i ≥ 0 and�A
0 (M) ∼= M̂A. So thatM , viewed as aZ[X1, . . . , Xk]-

module, belongs to the class CA introduced in 2.5.12. By Proposition 5.2.6 we have
that the sequences X and x are completely secant on M̂a and the result follows by
5.4.4. �

Let again a be an ideal of a commutative ring R generated by the sequence
x = x1, . . . , xk . By 5.3.9 we know that E-dp(a, M) + T-codp(a, M) ≤ k for all R-
modules M such that T-codp(a, M) is finite. The existence of a module for which
equality holds has some consequences.

Lemma 5.4.6 Let a be an ideal of a commutative ring R generated by the sequence
x = x1, . . . , xk and assume that R is a-separated or that the ideal a is contained in
the Jacobson of R. Assume also there is an R-module M such that
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E-dp(a, M) + T-codp(a, M) = k.

Then there is an R-module N such thatE-dp(a, N ) = k and the sequence x is regular
on N̂a.

Proof If T-codp(a, M) = 0 we take M = N . If T-codp(a, M) ≥ 1 we have an exact
sequence 0 → M1 → F → M → 0where T-codp(a, F) = ∞ (see 2.6.9) and there-
fore T-codp(a, M1) = T-codp(a, M) − 1. Note also that E-dp(a, F) = ∞ (see 5.3.5)
and therefore E-dp(a, M1) = E-dp(a, M) + 1. So we obtain the module N by itera-
tion. As E-dp(a, N ) = k means that the sequence x is completely secant on N (see
5.4.2) the result follows by 5.4.5. �

We apply the above to the parameter systems of a Noetherian local ring.

Corollary 5.4.7 Let (R,m,k) be a Noetherian local ring of dimension d with its
maximal ideal m and residue field k = R/m. If there is an R-module M such that

E-dp(m, M) + T-codp(m, M) = d,

then there is a balanced big Cohen–Macaulay R-module, that is an R-module C
such that each parameter system of R is regular on C.



Chapter 6
Čech Complexes, Čech Homology
and Cohomology

Čech complexes are important tools in various fields of Mathematics, in particular in
Algebraic Geometry and Commutative Algebra. In Commutative Algebra the Čech
complex is known for its relation to local cohomology in the casewhen the underlying
ring is Noetherian. Here we start with a general investigation of the construction
of the Čech complex with respect to a sequence of elements x = x1, . . . , xk of a
commutative ring R. We investigate Čech homology and cohomology and prove the
Ext-depth Tor-codepth sensitivity of the Čech complex as well as some inequalities.
One of the new features here is the general assumption of a finite set of elements in
a commutative ring R and unbounded R-complexes X .

6.1 The Čech Complex

6.1.1 Let x ∈ R be an element of a commutative ring R and let m ≥ n be two
positive integers. Then the two commutative diagrams

0 R
xm

xm−n

R 0

0 R
xn

R 0

and 0 R
xn

R

xm−n

0

0 R
xm

R 0

induce a map K•(xm) → K•(xn) and a map K •(xn) → K •(xm). When x = x1, . . . ,
xk is a sequence in the commutative ring R we write xt = xt1, . . . , x

t
k for any integer

t ≥ 1. Following the above diagrams and the constructions of the Koszul complexes
we obtain morphisms of complexes

K•(xm) → K•(xn) and K •(xn) → K •(xm)
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for all integersm ≥ n. It is well-known that these morphisms form an inverse system
of complexes {K•(xt )} respectively a direct system of complexes {K •(xt )}. For an
R-complex X it induces an inverse system of complexes {K•(xt ; X)}t≥1 and a direct
system of complexes {K •(xt ; X)}t≥1.

Definition 6.1.2 Let x = x1, . . . , xk be a sequence of elements in a commutative
ring R. The Čech complex on this sequence x is defined by Čx := lim−→ K •(xt ).

Observations 6.1.3 (a) For a single element x the Čech complex Čx is just the com-
plex 0 → R → Rx → 0, with R in degree 0 and the ring of fractions
Rx = { r

xt |r ∈ R, t ≥ 0} in degree 1.
(b) For a sequence x = x1, . . . , xk we also have

Čx = Čx1 ⊗R · · · ⊗R Čxk and Čx ⊗R X ∼= lim−→{K •(xt ; X)}

for every R-complex X because the direct limit commutes with tensor products.
(Remember that K •(x) ∼= K •(x1) ⊗R · · · ⊗R K •(xk).) Moreover, the Čech complex
Čx has the following form

0 → R → ⊕i Rxi → ⊕i< j Rxi x j → . . . → Rx1···xk → 0

with the induced boundary maps sitting in homological degree 0 to k.
(c) We note that the Čech complex is a bounded complex of flat modules, whence

DG-flat, such that Čx ⊗R R/x R ∼= R/x R.
(d) Čx is exact if and only if x R = R. (If Čx � 0, then Čx ⊗R R/x R � 0 in view

of 4.4.11, hence R/x R ∼= Čx ⊗R R/x R � 0. If x R = R then Čx = lim−→ K •(xt ) is
exact as a direct limit of exact complexes.)

(e) Let x = x1, . . . , xk be a sequence of elements in R. Let σ denote a permutation
of {1, . . . , k} and y = xσ(1), . . . , xσ(k). Then it is clear that

Čy ⊗R X ∼= Čx ⊗R X

for any R-complex X since the tensor product is commutative.
(f) We also have

HomR(Čx , X) = HomR(lim−→ K •(xt ), X) ∼= lim←−(K•(xt ; X)

because HomR(K •(xt ), X) ∼= K•(xt ; X) for any R-complex X .

The following result provides a first statement on the structure of the cohomology
of the Čech complexes.

Theorem 6.1.4 Let x = x1, . . . , xk be a sequence of elements in a commutative ring
R, write a = x R and let X be an R-complex. Then we have
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(a) Hi (Čx ⊗R X) ∼= lim−→ Hi (xt ; X) for all i ∈ Z,

(b) SuppR Hi (Čx ⊗R X) ⊆ V (a) for all i ∈ Z so that the Čech cohomologymodules

Hi (Čx ⊗R X) are a-torsion and

HomR(R/a, Hi (Čx ⊗R X)) �= 0 when Hi (Čx ⊗R X) �= 0,

(c) SuppR Čx := ∪i SuppR Hi (Čx ) = V (a).

Proof As Čx ⊗R X ∼= lim−→{K •(xt ; X)}we have the first isomorphism because lim−→ is
exact. Let p /∈ V (a). Then we have

Hi (Čx ⊗R X) ⊗R Rp
∼= Hi (Čx ⊗R X ⊗R Rp)

because Rp is R-flat. Now we have the isomorphism of complexes

Čx ⊗R X ⊗R Rp
∼= lim−→(K •(xt ; X) ⊗R Rp)

since thedirect limit commuteswith tensor products.But the complexes K •(xt ; X) ⊗R

Rp are exact (see 5.2.5). Hence the complex Čx ⊗R X ⊗R Rp is exact as a direct limit
of exact complexes. That is, SuppR Hi (Čx ⊗R X) ⊆ V (a) and Hi (Čx ⊗R X) is a-
torsion for all i ∈ Z (see the remarks in 2.1.13). The last claim in (b) follows.

For all p ∈ V (a)we have aRp �= Rp, hence we also have that the complex Čx ⊗R

Rp is not exact (see 6.1.3 (d)). This together with (b) proves (c). �

We have seen in 2.2.13 that the general Matlis dual of an a-torsion module is
a-complete, and we know that the general Matlis dual of a flat module is injective
(see 1.4.1). Because of this and adjointness we obtain the following.

Corollary 6.1.5 The general Matlis dual modules (Hi (Čx ⊗R X))∨ are a-complete
for all i ∈ Z, where a = x R.

The complex Č∨
x is a bounded complex of injective modules with a-complete

cohomology modules and HomR(R/a, Č∨
x ) ∼= (R/a)∨.

Notation 6.1.6 The natural morphisms pt : K •(xt ) → R, defined by p0t = idR
where R is viewed as a complex concentrated in degree 0, induces a natural mor-
phism px : Čx → R. We denote its kernel by Ďx . Therefore we have a short exact
sequence of complexes

0 → Ďx → Čx
px→ R → 0.

Note that this short exact sequence is semi-split, which means that it is split-exact in
each degree. Note also that the modules Ďi

x consist of finite direct sums of localiza-
tions of the form Rx , x ∈ x R.

Remark 6.1.7 The shifted complex Ď[1]
x is the global Čech complex as used in alge-

braic geometry.
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When M is an R-module H 0(Ď[1]
x ⊗R M) is called the global transform of M . In

particular, H 0(Ď[1]
x ) is the ring of rational functions on Spec R \ V (x R).

Theorem 6.1.8 Let x = x1, . . . , xk denote a sequence of elements of R and x R = a.
Let X be an R-complex. Then there is a natural morphism

Čx ⊗R X → X.

The following conditions are equivalent:

(i) SuppR Hi (X) ⊆ V (a) for all i ∈ Z.
(ii) The natural morphism Čx ⊗R X → X is a quasi-isomorphism.

(iii) The complex Ďx ⊗R X is homologically trivial.

Proof First recall the short exact sequence of complexes of flat R-modules as in
6.1.6. By tensoring with X it induces the short exact sequence of complexes

0 → Ďx ⊗R X → Čx ⊗R X → X → 0.

This provides the natural morphism of the statement. Moreover, it is a quasi-
isomorphism if and only if Ďx ⊗R X is homologically trivial, which proves (ii)
⇐⇒ (iii).

Now suppose that SuppR Hi (X) ⊆ V (a) for all i ∈ Z. Then Rx ⊗R X is exact for
any element x ∈ a. Since for all i Ďi

x is a finite direct sum of some Rx for several

elements x ∈ a the complex Ďi
x ⊗R X is exact for all i . Therefore Ďx ⊗R X is exact

too (see 4.1.3), i.e. (i) =⇒ (iii).
The implication (ii) =⇒ (i) is a direct consequence of Theorem 6.1.4. �

The cohomology of the Čech complex built on a sequence x = x1, . . . , xk depends
only on the radical of the ideal a generated by the xi ’s. More generally, we have the
following.

Corollary 6.1.9 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences in a com-
mutative ring R such thatRad(x R) ⊆ Rad(yR). Then there are quasi-isomorphisms

Čx,y ⊗R X
∼−→ Čy ⊗R X,

for all R-complexes X. If, moreover,Rad(yR) = Rad(x R) then the complexes Čy ⊗R

X and Čx ⊗R X are quasi-isomorphic.

Proof By Theorem 6.1.8 applied to the complex Čy ⊗R X there is a quasi-
isomorphism

Čx ⊗R (Čy ⊗R X)
∼−→ Čy ⊗R X



6.1 The Čech Complex 139

since SuppR Hi (Čy ⊗R X) ⊆ V (yR) ⊆ V (x R) (see Theorem 6.1.4). Recall now

that Čx,y
∼= Čx ⊗R Čy as follows by the construction.

If Rad(yR) = Rad(x R) we may interchange the rôle of x and y and get a quasi-

isomorphism Čy,x ⊗R X
∼−→ Čx ⊗R X . Because of the isomorphism Čx,y

∼= Čy,x

this proves the final statement. �

Here is another way to build the Čech complexes.

Remark 6.1.10 Let Rx denote the localization with respect to an element x ∈ R. Let
ι(x;R) : R → Rx denote the natural homomorphism r �→ r/1. We observe that

Čx = F(ι(x;R)).

The natural homomorphism ι(x;R) extends to a morphism of complexes

ι(x;X) : X → Xx
∼= X ⊗R Rx

for any R-complex X . Now let x = x1, . . . , xk be a sequence of elements in R, let
y ∈ R and form the sequence x, y. Let X be an R-complex. By 1.5.4 we obtain

Čx,y ⊗R X ∼= Čy ⊗R (Čx ⊗R X) = F(ι(y;Čx⊗R X)).

We sometimes simplify the notation and write Čx (X) := Čx ⊗R X .

For inductive arguments the following result could be helpful.

Proposition 6.1.11 Let x = x1, . . . , xk be a sequence of elements in R and y ∈ R.
Let X denote an R-complex and write Čx (X) := Čx ⊗R X. There is a short exact
sequence

0 → H 1(Čy(H
i−1(Čx (X)))) → Hi (Čx,y(X)) → H 0(Čy(H

i (Čx (X)))) → 0

for all i ∈ Z.

Proof By 6.1.10 there is a short exact sequence of complexes

0 → (Čx ⊗R X)[−1]
y → Čx,y ⊗R X → (Čx ⊗R X) → 0.

It induces a long exact cohomology sequence

. . . → Hi−1((Čx ⊗R X)) → Hi−1((Čx ⊗R X)y) → Hi (Čx,y ⊗R X)

→ Hi ((Čx ⊗R X)) → Hi ((Čx ⊗R X)y) → . . .

Since localization is exact there is an isomorphism Hi ((Čx ⊗R X)y) ∼= Hi (Čx ⊗R

X)y and the homomorphism Hi (Čx ⊗R X) → Hi ((Čx ⊗R X)y) is ι(y;Hi (Čx⊗R X)).
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Then the result follows by considering cokernels and kernels in the long exact coho-
mology sequence. �

6.2 A Free Resolution of the Čech Complex

In this sectionwe shall construct a free resolution of the Čech complex. First we recall
the construction of the Čech complex. By definition we have an exact sequence

0 → ⊕t K
•(xt )

φ→ ⊕t K
•(xt ) → Čx → 0

which provides a quasi-isomorphism and a bounded free resolution

C(φ)
∼−→ Čx

(see 1.5.6). Later we shall put C(φ) := T (x)). In this section we shall construct
another bounded free resolution of Čx . It will bemore helpful for several applications.
To this end we also inspect again the localization of a commutative ring R by a single
element.

6.2.1 We start with the Čech complex of a single element. Let x ∈ R. We recall that

the short exact sequence0 → R[T ] 1−xT−→ R[T ] → Rx → 0provides a free resolution
of Rx . Let

Px : 0 → R[T ] 1−xT−→ R[T ] → 0

denote this free resolution of Rx . Note that another interpretation of this fact is:
Rx

∼= lim−→{R, x}, where the transition maps are R
x→ R, the multiplication by x (see

also 4.3.3). There is a natural morphism gx : R → Px inserted in the commutative
diagram

R

gx

R

ι(x;R)

Px
∼

Rx

Let Ľ x denote the fibre of the natural morphism gx : R → Px . That is,

. . . → 0 → R ⊕ R[T ] ρ−→ R[T ] → 0 → . . . , ρ : (r, f (T )) �→ r − (1 − xT ) f (T ).

In view of 6.1.10 and 1.5.5 there is a natural quasi-isomorphism

F(gx) := Ľ x
∼−→ Čx = F(ι(x;R)).
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Definition 6.2.2 Let x = x1, . . . , xk denote a sequence of elements in R. Then we
define Ľ x = ⊗k

i=1 Ľ xi . Note that Ľ x is a bounded complex of free R-modules with
Li
x = 0 for i < 0 or i > k.

Lemma 6.2.3 (see also [75]) Let x = x1, . . . , xk denote a sequence of elements
in the commutative ring R. Then there is a natural quasi-isomorphism Ľx → Čx

which provides a bounded free resolution of Čx . Moreover, let X denote a com-

plex of R-modules. Then the induced morphism Ľx ⊗R X → Čx ⊗R X is a quasi-
isomorphism.

Proof For the proof of the first statement we proceed by induction on k, the number
of elements of the sequence x . The case k = 1 was treated above. Now let y =
xk+1. Then by the inductive hypothesis for k and the case k = 1 there are quasi-
isomorphisms

Ľ x,y
∼= Ľ x ⊗ Ľ y

∼−→ Čx ⊗ Ľ y
∼−→ Čx ⊗ Čy

∼= Čx,y .

To this end note that Ľ y and Čx are bounded complexes of flat R-modules, tensoring
with them preserves quasi-isomorphisms.

The last claim follows by tensoring the quasi-isomorphism Ľ x
∼−→ Čx with X ,

this yields a quasi-isomorphism again by 4.4.11 since both complexes Ľ x and Čx are
bounded complexes of flat R-modules. �

Remark 6.2.4 Like the cohomology of Čx , the cohomology of Ľ x only depends on
Rad(x R). This is a consequence of 6.1.9. More generally, let x = x1, . . . , xk and
y = y1, . . . , yl be two sequences of elements in a commutative ring R such that

Rad(x R) ⊂ Rad(yR). We tensor the natural morphism Ľ x → R by Ľ y and obtain a
quasi-isomorphism

Ľ x,y = Ľ x ⊗R Ľ y
∼−→ Ľ y .

This follows from the commutative square

Ľ x ⊗R Ľ y Ľ y

Čx ⊗ Čy Čy

where the two vertical morphisms are the natural quasi-isomorphisms, and where
the bottom morphism is a quasi-isomorphism by Corollary 6.1.9.

By commutativity, adjointness and with the help of 4.4.11 we obtain quasi-
isomorphisms
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Ľ y ⊗R (Ľ x ⊗R X)
∼−→ Ľ y ⊗R X,

HomR(Ľ y, X)
∼−→ HomR(Ľ y,HomR(Ľ x , X))

for any R-complex X . We note that these quasi-isomorphisms have an inverse not
only in the derived category but also in the category of R-complexes. Indeed, there
is a quasi-isomorphism Ľ y

∼−→ Ľ x,y
∼= Ľ y ⊗R Ľx by 4.4.8.

The following result could be helpful for induction arguments.

Proposition 6.2.5 Let R denote a commutative ring. Let x = x1, . . . , xk be a
sequence of elements of R and y ∈ R an element. Let X denote an R-complex.
Then there is a short exact sequence

0 → H0(HomR(Ľ y, Hi (HomR(Ľ x , X)))) → Hi (HomR(Ľ x,y, X))

→ H1(HomR(Ľ y, Hi−1(HomR(Ľ x , X)))) → 0

for all i ∈ Z.

Proof We use the spectral sequence

E2
i, j = Hi (HomR(Ľ y, Hj (HomR(Ľ x , X)))) ⇒ Hi+ j (HomR(Ľ x,y, X))

for the homology of HomR(Ľ x,y, X) ∼= HomR(Ľ y,HomR(Ľ x , X)). Because Ľ y is
bounded in degrees 0, 1 it follows that E2

i, j = 0 for all i �= 0, 1 and the spec-
tral sequence degenerates to the short exact sequence of the statement (see e.g.
[85, Exercise 5.2.1] or [71, Corollary 10.29]). �

Definition 6.2.6 For a sequence of elements x = x1, . . . , xk we compose the nat-
ural morphism px : Čx → R with the quasi-isomorphism Ľ x

∼−→ Čx and we get a

natural morphism qx : Ľ x → R, the kernel of which we denote by Ľ�
x . Moreover,

the following commutative diagram

0 Ľ�
x Ľ x

qx
R 0

0 Ďx Čx
px

R 0

shows that there is a quasi isomorphism Ľ�
x

∼−→ Ďx . That is, we get a free resolution
of the global Čech complex Ď[1]

x .

Remark 6.2.7 Let X be an R-complex with P
∼−→ X a K -projective and X

∼−→ I
a K -injective resolution. Then we have the quasi-isomorphisms
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HomR(Ľ x , P)
∼−→ HomR(Ľ x , X)

∼−→ HomR(Ľ x , I )
∼←− HomR(Čx , I ).

Each of these four complexes may be used as a representative of RHomR(Čx , X).

Let F
∼−→ X be a K -flat resolution. There are quasi-isomorphisms

Ľ x ⊗R F
∼−→ Čx ⊗R F

∼−→ Čx ⊗R X
∼←− Ľ x ⊗R X.

Each of these four complexes may be used as a representative of Čx ⊗L
R X .

6.3 Čech Homology and Cohomology

As the Čech complex Čx is DG-flat the functor (Čx ⊗R ·) on the category of com-
plexes can be thought of as a Čech cohomology functor. Similarly the functor
RHomR(Čx , ·) defined on the derived category (represented by HomR(Ľ x , ·)) can
be thought of as a Čech homology functor. Under some “weak” conditions (always
satisfied when the ring is Noetherian) it is known that for all R-complexes X we
have natural isomorphisms Čx ⊗L

R X � RΓa(X) and RHomR(Čx , X) � LΛa(X) in
the derived category, where a is the ideal generated by the xi ’s. We shall revisit
this later. Here we investigate the functors (Čx ⊗L

R ·) and RHomR(Čx , ·) for their
own sake. In particular, we view the modules Hi (Čx ⊗L

R X) as Čech cohomology
modules and the modules Hi (RHomR(Čx , X)) as Čech homology modules. Note
that we already have some information on the functor (Čx ⊗L

R ·) and its cohomol-
ogy modules in Sect. 6.1. We also provide the first vanishing criteria involving the
class of complexes of infinite Tor-codepth (with respect to an ideal a generated by
the sequence x = x1, . . . , xk). While it is quite clear that Čx cohomology commutes
with right-filtered direct limit, we also investigate the behaviour of Čx homology
with inverse limits.

6.3.1 Čech homology and cohomology are related: we have an adjointness formula,
namely in the derived category we have a natural isomorphism

RHomR(Čx ⊗L
R X,Y ) � RHomR(X,RHomR(Čx ,Y ))

for all R-complexes X , Y , (see 4.4.13). The unit and counit are represented by the
natural morphisms

HomR(Ľ x , X) ⊗R Ľx → X and X → HomR(Ľ x , X ⊗R Ľx ).

Putting in the above Y = E , an injective cogenerator as described in 1.4.8, we obtain
the isomorphism
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(Čx ⊗L
R X)∨ � RHomR(Čx , X

∨)

which induces isomorphisms of modules

(Hi (Čx ⊗L
R X))∨ ∼= Hi (RHomR(Čx , X

∨)) for all i ∈ Z.

It follows that any information on the functor RHomR(Čx , ·) gives information on
the functor (Čx ⊗L

R ·) via the general Matlis duality. However we cannot go the other
way, since complexes are not always Matlis duals.

We obtained information on the Čech cohomology modules Hi (Čx ⊗L
R X) ∼=

Hi (Čx ⊗R X) in 6.1.4 and also in 6.1.11.Wenow turn to the Čech homologymodules
Hi (RHomR(Čx , X)).

Theorem 6.3.2 Let x = x1, . . . , xk be a sequence of elements in a commutative
ring R, write a = x R. Let X be an R-complex with one of its K -injective resolutions

X
∼−→ I . Then

(a) Hi (RHomR(Čx , X)) ∼= Hi (HomR(Čx , I )) ∼= Hi (HomR(Ľ x , X)),
(b) For all i ∈ Z there are functorial short exact sequences

0 → lim←−
1Hi+1(x

t ; X)) → Hi ((RHomR(Čx , X)) → lim←− Hi (x
t ; X) → 0,

(c) R/a ⊗R Hi ((RHomR(Čx , X)) �= 0 if Hi ((RHomR(Čx , X)) �= 0,

(d) Ext jR(⊕k
l=1Rxl , Hi (RHomR(Čx , X))) = 0 for all j ≥ 0 and i ∈ Z.

Proof For (a) recall that RHomR(Čx , X) is represented by each of the quasi-
isomorphic complexes

HomR(Čx , I )
∼−→ HomR(Ľ x , I )

∼←− HomR(Ľ x , X).

By the definition of the Čech complex we have an exact sequence

0 → ⊕t K
•(xt )

φ→ ⊕t K
•(xt ) → Čx → 0,

where φ is the map associated to the direct system {K •(xt )}. We may and do take
for X

∼−→ I a DG-injective resolution of X , then we obtain a short exact sequence

0 → HomR(Čx , I ) →
∏

t

HomR(K •(xt ), I )
ψ→

∏

t

HomR(K •(xt ), I ) → 0,

where ψ is the map associated to the inverse system {HomR(K •(xt ), I )} (see 1.3.3).
We consider kernels and cokernels in the associated long exact homology sequence
and obtain the short exact sequences in (b). Recall that
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HomR(K •(xt ), I ) ∼= K•(xt ; I ) ∼←− K•(xt ; X).

Assume now that Hi ((RHomR(Čx , X)) �= 0. Then at least one of the two modules
lim←− 1Hi+1(xt ; X) and lim←− Hi (xt ; X) is not zero. But for all j ∈ Z there is an exact
sequence

0 → lim←− Hj (x
t ; X) →

∏

t

Hj (x
t ; X) →

∏

t

Hj (x
t ; X) → lim←−

1Hj (x
t ; X) → 0.

In this sequence the module
∏

t Hj (xt ; X) is a-complete as a product of a-complete
modules (the modules Hj (xt ; X), annihilated by a power of a, are a-complete). It
follows that the modules lim←− 1Hi+1(xt ; X) and lim←− Hi (xt ; X) are not a-coarse when
non-null:

R/a ⊗R lim←− 1Hi (xt ; X) �= 0 when lim←− 1Hi (xt ; X) �= 0 and
R/a ⊗R lim←− Hi (xt ; X) �= 0 when lim←− Hi (xt ; X) �= 0,

(see 2.2.11). The claim in (c) follows.
Moreover, both modules lim←− 1Hi (xt ; X) and lim←− Hi (xt ; X) are also a-pseudo-

complete (see (2.5.7 (b)). We know that Ext jR(⊕k
l=1Rxl , M) = 0 for all j ≥ 0 and

any a-pseudo-complete module M (see 3.1.8). The claim in (d) follows now with the
long exact sequence of the Ext jR(⊕k

l=1Rxl , ·) associated to the short exact sequences
in (b). �

Remark 6.3.3 (a) When the ring is Noetherian we also have that the modules
Hi (RHomR(Čx , X)) are a-pseudo-complete. This follows from 2.5.17 applied to
the short exact sequences in 6.3.2. (Note, however, that this also hold in a larger
generality, see the forthcoming 7.5.13.)

(b) In general, observe the similarity between the short exact sequences in 6.3.2
and those in 2.5.5. When the sequence x is completely secant on R note also that
Hi (xt ; X) ∼= TorRi (R/at , X), where at denotes the ideal generated by the sequence
xt = xt1, . . . , x

t
k .

Next we investigate whenRHomR(Čx , ·) and Čx ⊗L
R · vanish. Our criteria provide

another characterization of complexes in the class Ta introduced in 5.1.4.

Proposition 6.3.4 Let x = x1, . . . , xk be a sequence of elements in the commutative
ring R and let a be the ideal generated by the xi ’s. For any complex X the following
conditions are equivalent:

(i) Čx ⊗R X is exact.
(ii) X ∈ Ta.
(iii) RHomR(Čx , X) � 0.
(iv) HomR(Ľ x , X) is exact.
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Proof First assume that X ∈ Ta. Then for all i ∈ Z and all t ≥ 1 we have

Hi (xt ; X) = 0 = Hi (x
t ; X)

(see 5.3.5). This yields that Hi (Čx ⊗R X) ∼= lim−→ Hi (xt ; X) = 0 for all i ∈ Z. It also

follows that Hi (RHomR(Čx , X)) = 0 for all i ∈ Z with the short exact sequences in
6.3.2.

Assume now that RHomR(Čx , X) � 0 and let X
∼−→ I be a K -injective res-

olution of X . By assumption we have HomR(Čx , I )
∼−→ 0. But the complex

HomR(Čx , I ) is K -injective (see 4.4.3 (a)). Hence we have a quasi-isomorphism

HomR(R/a,HomR(Čx , I ))
∼−→ 0

(see 4.4.11). By adjointness and with the isomorphism R/a ⊗ Čx
∼= R/a we have

HomR(R/a,HomR(Čx , I )) ∼= HomR(R/a ⊗ Čx , I ) ∼= HomR(R/a, I ).

Therefore HomR(R/a, I )
∼−→ 0, E-dp(a, X) = ∞ and X ∈ Ta by 5.3.5.

Next assume that the complex Čx ⊗R X is exact. Let F
∼−→ X be a K -flat res-

olution of X . Then Čx ⊗R F
∼−→ 0. But the complex Čx ⊗R F is K -flat (see 4.4.3

(c)). So we have the quasi-isomorphism

R/a ⊗R Čx ⊗R F
∼−→ 0

(see 4.4.11). As R/a ⊗R Čx
∼= R/a this means that R/a ⊗R F

∼−→ 0 and that X ∈
Ta.

The equivalence of the last two conditions is clear since Ľ x
∼−→ Čx is a DG-

projective resolution of Čx , so that RHomR(Čx , X) is also represented by
HomR(Ľ x , X) in the derived category. �

We note that the Čech homology and cohomology is impervious with respect to
a change of rings. More precisely and more generally we have the following.

Proposition 6.3.5 Let ϕ : R → B be a homomorphism of commutative rings. Let
x = x1, . . . , xk be a sequence in R and y = y1, . . . , yl a sequence in B and assume
that Rad(yB) = Rad(ϕ(x)B). Let X be a B-complex which may also be viewed as
an R complex via ϕ. Then

Hi (Čx ⊗R X) ∼= Hi (Čy ⊗B X) and

Hi (RHomR(Čx , X)) ∼= Hi (RHomB(Čy, X))

for all i ∈ Z.
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Proof Wehave Čx ⊗R B ∼= Čϕ(x) by construction.By the assumption there are quasi-
isomorphisms

Čy
∼←− Čy ⊗B Čϕ(x)

∼−→ Čϕ(x),

(see 6.1.9). It follows by 4.4.11 that the complexes

Čx ⊗R X ∼= Čϕ(x) ⊗B X and Čy ⊗B X

are quasi-isomorphic. This proves the first isomorphisms.
By construction we also have an isomorphism Ľ x ⊗R B ∼= Ľϕ(x). In view of the

quasi-isomorphisms Ľϕ(x)
∼−→ Čϕ(x) and Ľ y

∼−→ Čy it follows that the bounded

complexes of free B-modules Ľϕ(x) and Ľ y are quasi-isomorphic. By 4.4.8 we even

have a quasi-isomorphism Ľϕ(x)
∼−→ Ľ y . Therefore there are a quasi-isomorphism

(see 4.4.11) and an isomorphism

HomB(Ľ y, X)
∼−→ HomB(Ľϕ(x), X) ∼= HomR(Ľ x , X).

This provides the second isomorphisms.

When the morphism ϕ : R → B is flat we can go the other way, at least for the
Čech cohomology. The following is rather obvious.

Proposition 6.3.6 In the situation of 6.3.5 assume that B, viewed as an R-module
via ϕ, is flat and let Y be an R-complex. Then

(a) (Čx ⊗R Y ) ⊗R B ∼= Čϕ(x) ⊗B (B ⊗R Y ) and

(b) Hi (Čx ⊗R Y ) ⊗R B ∼= Hi (Čϕ(x) ⊗B (B ⊗R Y )) for all i ∈ Z.

Remark 6.3.7 (a) Čech cohomology commuteswith right-filtered direct limits.More
precisely, let x = x1, . . . , xk be a sequence in a commutative ring R, let (I,≺) be
a right-filtered ordered set and let X = {σi j : Xi → X j | 0 ≤ i ≤ j ∈ I } be a direct
system of R-complexes. In view of 1.3.5 we have

Čx ⊗R lim−→ Xi
∼= lim−→(Čx ⊗R Xi ) and Hi (Čx ⊗R lim−→ Xi ) ∼= lim−→ Hi (Čx ⊗R Xi ).

(b) Čech homology commutes with products. This is because the functor
HomR(Ľ x , ·) commutes with products.

(c) The behaviour of Čech homology with inverse limits is more subtle. Let
Y = {ρt,t+1 : Yt+1 → Yt | t ∈ N} be an inverse system of R-complexes over N and
assume that it satisfies degree-wise the Mittag-Leffler condition. Then we have the
short exact sequence

0 → lim←−Yt →
∏

t∈N
Yt

ψY−→
∏

t∈N
Yt → 0
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(see 1.2.3). It induces the short exact sequence

0 → HomR(Ľ x , lim←− Yt ) →
∏

t∈N
HomR(Ľ x ,Yt )

ψ→
∏

t∈N
HomR(Ľ x ,Yt ) → 0

because Ľ x is a bounded complex of free modules. Note that

ψ = HomR(Ľ x , ψY) = ψHomR(Ľ x ,Y)

is the morphism associated to the inverse system HomR(Ľ x ,Y) (see 1.2.7). We split
off the associated long exact sequence in homology and obtain short exact sequences

0 → lim←−
1Hi+1(HomR(Ľ x ,Yt ) → Hi (HomR(Ľ x , lim←− Yt ))

→ lim←− Hi (HomR(Ľ x ,Yt )) → 0

for all i ∈ Z.

6.4 Some Classes Related to the Čech Complex

We observed that there are natural morphisms X → RHomR(Čx , X) and Čx ⊗L
R

X → X in the derived category and will investigate when they are isomorphisms.
Our criteria will involve the class Ta introduced in 5.1.4.

Notations and observations 6.4.1 As mentioned before, there is a short exact

sequence of DG-flat complexes 0 → Ďx → Čx
px→ R → 0, degree-wise split-exact.

For an R-complex X and a K -injective complex I it induces short exact sequences

0 → Ďx ⊗R X → Čx ⊗R X → R ⊗R X → 0 and

0 → I → HomR(Čx , I ) → HomR(Ďx , I ) → 0.

In particular, it induces natural morphisms

ι(Čx ; X) : Čx ⊗L
R X → X and α(Čx ; X) : X → RHomR(Čx , X)

in the derived category.
The first one is represented by the morphism px ⊗R X : Čx ⊗R X → X and

also by the composite (Ľ x ⊗R X
∼−→ Čx ⊗R X → X). Note that these are quasi-

isomorphisms (represent isomorphisms in the derived category) if and only if
Ďx ⊗R X is exact.
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The second one is represented by the composite X
∼−→ I → HomR(Čx , I ),

where X
∼−→ I is any K -injective resolution of X . Note that it is a quasi-isomorphism

(represents an isomorphism in the derived category) if and only if HomR(Ďx , I )

is exact. The map α(Čx ; X) is also represented by the natural morphism X →
HomR(Ľ x , X) stemming from the natural morphism qx : Ľ x → R. To this end, note
the commutative diagram

X
∼

I I

HomR(Ľ x , X)
∼ HomR(Ľ x , I ) HomR(Čx , I ).

∼

Lemma 6.4.2 Let a be an ideal of a commutative ring R generated by the sequence
x = x1, . . . , xk. For any K -injective complex I the following conditions are equiva-
lent.

(i) The natural morphism I → HomR(Čx , I ) is a quasi-isomorphism.
(ii) HomR(T, I ) is exact for all T ∈ Ta.
(iii) HomR(Rz, I ) is exact for all z ∈ Rad(a).
(iv) HomR(⊕k

i=1Rxi , I ) is exact.

Proof (i) ⇒ (ii): Let T ∈ Ta. Since the complex HomR(Čx , I ) is K -injective (see
4.4.3) there is a quasi-isomorphism and an isomorphism

HomR(T, I )
∼−→ HomR(T,HomR(Čx , I )) ∼= HomR(T ⊗R Čx , I ).

Here the quasi-isomorphism follows from 4.4.11 and the isomorphism follows by
adjointness. But the complex T ⊗R Čx is exact by 6.3.4. As I is K -injective it follows

that HomR(T, I )
∼−→ HomR(T ⊗R Čx , I ) is exact too.

(ii) ⇒ (iii): This is true because Rz ∈ Ta when z ∈ Rad(a).
(iii) ⇒ (iv): This is obvious.
(iv) ⇒ (i): First note that the complex HomR(Rxi , I ) is K -injective because the

module Rxi is flat. So the quasi-isomorphisms HomR(Rxi , I )
∼−→ 0 induces quasi-

isomorphisms

HomR(Rxxi , I ) ∼= HomR(Rx ,HomR(Rxi , I ))
∼−→ 0 for any x ∈ R.

By virtue of 6.4.1 it is enough to prove that the complex HomR(Ďx , I ) is exact.To
this end we investigate the double complex K i j := HomR(Ď−i

x , I j ). The modules

in Ďx are direct sums of modules of the form Rxi x . Therefore all the columns
HomR(Ď−i

x , I ) of the double complex are exact by the assumption. Hence the single
complex associated to the double complex K i j is exact too (see 4.1.3 and interchange
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rows and columns). But this single complex is the complex HomR(Ďx , I ) because
Ďx is bounded. Whence the condition (i) is satisfied. �

We reformulate 6.4.2 in the derived category language and obtain.

Theorem and Definition 6.4.3 Let a be an ideal of a commutative ring R generated
by the sequence x = x1, . . . , xk. For any R-complex X the following conditions are
equivalent.

(i) The natural map α(Čx ; X) : X → RHomR(Čx , X) is an isomorphism in the
derived category.

(ii) The natural morphism X → HomR(Ľ x , X) is a quasi-isomorphism.
(iii) RHomR(T, X) � 0 for all T ∈ Ta.
(iv) RHomR(Rz, X) � 0 for all z ∈ Rad(a).
(v) RHomR(⊕k

i=1Rxi , X) � 0.

We denote by GLČ
x the class of R-complexes Z satisfying the above conditions.

Proof Let X
∼−→ I be a K -injective resolution of X . The equivalence of (i), (iii),

(iv) and (v) follows by virtue of 6.4.2 applied to the complex I . The equivalence of
(i) and (ii) follows by the remarks in 6.4.1. �

(We note the similarity between the conditions in the above theorem and those
in the completeness and pseudo-completeness in 3.1.6 and 3.1.11. Recall that
HomR(Rxi , M) = 0 when M is an a-separated module and when xi ∈ a (see 2.1.2).)

Example 6.4.4 Let x = x1, . . . , xk denote a sequence of elements in a commutative
ring R and write a = x R. (a) HomR(Čx , I ) ∈ GLČ

x for any K -injective complex I .

This follows by 6.3.4.We have that HomR(T,HomR(Čx , I )) ∼= HomR(T ⊗R Čx , I )

is exact when T ∈ Ta. Thismeans that RHomR(T,HomR(Čx , I )) � 0 for all T ∈ Ta

(note that the complex HomR(Čx , I ) is K -injective).
(b) In particular, the generalMatlis dual Č∨

x of the Čech complex is a DG-injective

complex belonging to GLČ
x .

(c)We note that a-pseudo-completemodules belong toGLČ
x . This follows by 3.1.8:

Rxi is a relatively-a-flat module such that Rxi = aRxi . We recall that a-complete

modules are a-pseudo-complete (see 2.5.7) hence are also in GLČ
x . When the ring

is Noetherian a module belongs to GLČ
x if and only if it is a-pseudo-complete. This

follows by Theorem 3.1.11.
(d) In particular, themodules R/a and (R/a)∨, which are both a-complete, belong

to GLČ
x .

(e) If a module in GLČ
x is a-separated, then it is a-complete. This follows by 3.1.6.

As a dual result to 6.4.2 we have the following on the Čech cohomology side.
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Lemma 6.4.5 Let a be an ideal of a commutative ring R generated by the sequence
x = x1, . . . , xk. For any K -flat complex F the following conditions are equivalent.

(i) The natural morphism Čx ⊗R F → F is a quasi-isomorphism.
(ii) T ⊗R F is exact for all T ∈ Ta.
(iii) Rz ⊗R F is exact for all z ∈ Rad(a).
(iv) (⊕k

i=1Rxi ) ⊗R F is exact.

Proof The proof of this is similar to the proof of 6.4.2. Here we deduce it from 6.4.2
via the general Matlis duality functor and adjointness. Indeed, the general Matlis
dual complex F∨ is K -injective. Moreover,

(Čx ⊗R F)∨ ∼= HomR(Čx , F
∨), (T ⊗R F)∨ ∼= HomR(T, F∨) and

(Rz ⊗R F)∨ ∼= HomR(Rz, F
∨).

This proves the claim by the faithful exactness of the general Matlis duality
functor. �

For an arbitrary complex Z we obtain an analogue of Theorem 6.4.3. In fact, this
is an extension of Theorem 6.1.8.

Theorem and Definition 6.4.6 Let a be an ideal of a commutative ring R generated
by the sequence x = x1, . . . , xk. For any complex X the following conditions are
equivalent.

(i) The natural map ι(Čx ; X) : Čx ⊗L
R X → X is an isomorphism in the derived

category.
(ii) T ⊗L

R X � 0 for all T ∈ Ta.
(iii) Rz ⊗R X is exact for all z ∈ Rad(a).
(iv) (⊕k

i=1Rxi ) ⊗R X is exact.
(v) SuppR Hi (X) ⊆ V (a) for all i ∈ Z.
(vi) The natural isomorphism Ľx ⊗R X → X is a quasi-isomorphism.

We denote by GRČ
x the class of R-complexes X satisfying the above conditions.

Proof Let F
∼−→ X be a K -flat resolution of X . Because of the quasi-isomorphism

Čx ⊗R F
∼−→ Čx ⊗R X it follows that the natural map ι(Čx ; X) : Čx ⊗L

R X → X is
an isomorphism in the derived category if and only if the natural morphism Čx ⊗R

F → F is a quasi-isomorphism. Hence the equivalence of (i), (ii), (iii) and (iv)
follows by 6.4.5 applied to F . The equivalence (i) ⇔ (v) is shown in 6.1.8. The
equivalence of (i) and (vi) follows by the remarks in 6.4.1. �

Example 6.4.7 Let x = x1, . . . , xk denote a sequence of elements in a commutative
ring R and write a = x R.

(a) Čx ⊗R X ∈ GRČ
x for all R-complex X . This follows by 6.1.4.

(b) In particular, the DG-flat complex Čx is in GRČ
x .
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(c) We note that an R-module M is in GRČ
x if and only if SuppR M ⊆ V (a) if and

only if M is a-torsion (see also 2.1.13).
(d) In particular, the modules R/a and (R/a)∨, which are both annihilated by a,

hence a-torsion, belong to GRČ
x .

The classes GLČ
x and GRČ

x have nice properties.

Corollary 6.4.8 Let x = x1, . . . , xk be a sequence of elements in a commutative
ring R.

(a) Let 0 → X ′ → X → X ′′ → 0 be a short exact sequence of complexes. If two of
the three complexes X, X ′ and X ′′ are in GLČ

x (resp. in GRČ
x ), then the third one

is also in GLČ
x (resp. in GRČ

x ).

(b) If X ∈ GLČ
x and if Y is quasi-isomorphic to X, then Y ∈ GLČ

x . If X ∈ GRČ
x and

if Y is quasi-isomorphic to X, then Y ∈ GRČ
x . The classes of complexes GLČ

x and

GRČ
x are well-defined in the derived category.

(c) If X ∈ GLČ
x and P is K -projective, then HomR(P, X) ∈ GLČ

x .

If Y ∈ GRČ
x and F is K -flat, then Y ⊗R F ∈ GRČ

x .
(d) If y = y1, . . . , yl is another sequence such that Rad(x R) = Rad(yR), then

GLČ
x = GLČ

y and GRČ
x = GRČ

y .

Proof (a) Let T be any complex in Ta and P
∼−→ T be a DG-projective resolution.

We have the short exact sequence

0 → HomR(P, X ′) → HomR(P, X) → HomR(P, X ′′) → 0.

If two of the three complexes occurring in this sequence are exact, then so is the
third. As HomR(P, ·) represents RHomR(T, ·) in the derived category this together
with Theorem 6.4.3 (condition (iii)) proves the GLČ

x side of the statement. The proof

of the GRČ
x side is similar by using the functor (P ⊗R ·) in place of HomR(P, ·) and

Theorem 6.4.6 in place of Theorem 6.4.3.
(b) These statements are rather obvious in view of the properties of RHom and

⊗L, 6.4.3 condition (iii) and 6.4.6 condition (ii).
(c) Let X

∼−→ I be a K -injective resolution. For all T ∈ Ta we have the isomor-
phism

HomR(T,HomR(P, I )) ∼= HomR(P,HomR(T, I ))

by adjointness and commutativity. If X ∈ GLČ
x , then HomR(T, I ) is exact by 6.4.3

condition (iii). Hence the complex HomR(T,HomR(P, I )) ∼= HomR(P,

HomR(T, I )) is exact too and we obtain the first assertion in (c) with 6.4.3 again and
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the statement in (b). Note the quasi-isomorphism HomR(P, X)
∼−→ HomR(P, I ).

The second assertion is a direct consequence of the definition of the class GRČ
x (see

6.4.6 (ii)).
(d) This follows by 6.4.3, condition (iv), and 6.4.6, condition (iii). �

Starting with a complex in GRČ
x we may obtain a complex in GLČ

x .

Proposition 6.4.9 Let x = x1, . . . , xk be a sequence of elements in a commutative
ring R and let X be an R-complex.

(a) Suppose that X ∈ GRČ
x . Then HomR(X, I ) ∈ GLČ

x for any K -injective complex
I .

(b) X ∈ GRČ
x if and only if X∨ ∈ GLČ

x .

Proof Let X ∈ GRČ
x and let T be any complex in Ta with one of its K -projective

resolutions P
∼−→ T . The complex P ⊗R X is exact (see 6.4.6). Hence the com-

plex HomR(P ⊗R X, I ) ∼= HomR(P,HomR(X, I ) is exact too. This means that
HomR(X, I ) ∈ GLČ

x in view of 6.4.3.
The statement in (b) follows by taking for I an injective cogenerator E and by

the faithful exactness of the general Matlis duality functor (·)∨ = HomR(·, E). �

For another relation between the classes GRČ
x and GLČ

x , see the forthcoming 6.5.6.

Complexes in GLČ
x or in GRČ

x are also characterized by their (co-)homology.

Theorem 6.4.10 Let x = x1, . . . , xk be a sequence in a commutative ring R. Let X
denote an R-complex.

(a) X ∈ GLČ
x if and only if Hi (X) ∈ GLČ

x for all i ∈ Z.

(b) X ∈ GRČ
x if and only if Hi (X) ∈ GRČ

x for all i ∈ Z.

Proof For the proof of (a) let X ∈ GLČ
x and therefore Hi (X) ∼= Hi (RHomR(Čx , X))

for all i ∈ Z. By Theorem 6.3.2 we know that

Ext jR(⊕k
l=1Rxl , Hi (RHomR(Čx , X))) = 0 for all j ≥ 0.

Whence Hi (X) ∈ GLČ
x by Theorem 6.4.3.

Conversely, assume that Hi (X) ∈ GLČ
x for all i ∈ Z. Let X

∼−→ I be a DG-
injective resolution of X , so that Hi (X) ∼= Hi (I ). We split the complex I into short
exact sequences of modules

0 → Bi → Zi → Hi (X) → 0 and 0 → Zi → Ii → Bi−1 → 0,

where Bi = Im(d I
i+1) and Zi = Ker(d I

i ). Now consider the associated long exact
sequences of the ExtiR(Rx , ·) for any x ∈ Rad(x R). Note first that
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HomR(Rx , Hi (X)) = 0 = Ext1R(Rx , Hi (X))

by assumption and Theorem 6.4.3. From the short exact sequences on the right we
first obtain Ext1R(Rx , Bi−1) = 0 for all i ∈ Z. To this end note that Ii is an injective
R-module and Rx has projective dimension 1. From the exact sequences on the left
we then obtain

HomR(Rx , Bi ) ∼= HomR(Rx , Zi ) and Ext1R(Rx , Bi ) ∼= Ext1R(Rx , Zi ) = 0.

Hence our data induce short exact sequences

0 → HomR(Rx , Bi ) → HomR(Rx , Zi ) → 0 and

0 → HomR(Rx , Zi ) → HomR(Rx , Ii ) → HomR(Rx , Bi−1) → 0.

We patch these together and obtain that the complex HomR(Rx , I ) is exact, that is,
RHomR(Rx , X) � 0. As this holds for all x ∈ Rad(x R) we have that X ∈ GLČ

x by
Theorem 6.4.3.

The statement in (b) is a direct consequence of Theorem 6.4.6, condition (v). �

In the following we investigate some other relations between the classes

GLČ
x , GRČ

x and Ta,

where a = x R. It provides a certain kind of converse to 6.4.3 and to 6.4.6 and provides
yet another characterization of complexes in Ta.

Proposition 6.4.11 Let a be an ideal of a commutative ring R generated by the
sequence x = x1, . . . , xk and let Y be an R-complex. The following conditions are
equivalent:

(i) RHomR(Y, X) � 0 for every R-complex X ∈ GLČ
x ,

(ii) Y ∈ Ta, and
(iii) Y ⊗L

R Z � 0 for every complex Z ∈ GRČ
x .

Proof When condition (i) is satisfied we have RHomR(Y, (R/a)∨) � 0 because
(R/a)∨ ∈ GLČ

x (see 6.4.4). Let P
∼−→ Y be a K projective resolution of Y . This

means that HomR(P, (R/a)∨) is exact. By adjointness we have that (P ⊗R R/a)∨
is exact and so is P ⊗R R/a. Hence Y ∈ Ta by definition.

When condition (iii) is satisfied we have Y ⊗L
R R/a � 0 because R/a ∈ GRČ

x (see
6.4.7). By the definition it yields that Y ∈ Ta.

The implications (ii) ⇒ (i) and (ii) ⇒ (iii) have already been proved in 6.4.3 and
6.4.6. �

We now consider two sequences x and y and investigate the relations between the
corresponding classes.
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Proposition 6.4.12 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences of ele-
ments in a commutative ring R such that Rad(x R) ⊆ Rad(yR). Then

GLČ
y ⊆ GLČ

x and GRČ
y ⊆ GRČ

x .

Proof For any X ∈ GLČ
y we have

RHomR(Rz, X) � 0 for all z ∈ Rad(yR)

(see 6.4.3 applied to sequence y). Because Rad(x R) ⊆ Rad(yR) this also holds for
all z ∈ Rad(x R). This provides the first inclusion by 6.4.3. The second one is proved
in the same way, using 6.4.6 in place of 6.4.3. �

Remark 6.4.13 In the situation of 6.4.12 recall that the modules in GRČ
y are exactly

the yR-torsion modules (see 6.4.7). The inclusion on the right may be viewed as
a large generalization of the following rather obvious fact: if an R-module M is
yR-torsion it is also x R-torsion when Rad(x R) ⊆ Rad(yR).

Recall also the modules in GLČ
y are exactly the yR-pseudo-complete modules

when the ring is Noetherian (see 6.4.4 (c)). In that case, the inclusion on the left
provides a generalization of 2.5.9.

For two arbitrary sequences we note the following.

Proposition 6.4.14 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences of ele-
ments in a commutative ring R and let us form the sequence x, y. We have the
equalities

GLČ
x,y = GLČ

x ∩ GLČ
y and GRČ

x,y = GRČ
x ∩ GRČ

y .

Proof This is a direct consequence of condition (v) in 6.4.3 and of condition (iv) in
6.4.6. �

6.5 Composites

In this section we shall investigate the composite of the Čech homology and coho-
mology functors for various sequences of elements. On the way we shall prove an
extension of the known fact that the functors Čx ⊗L

R · and RHomR(Čx , ·) are idem-
potent in the derived category.

Observations 6.5.1 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences of ele-
ments in a commutative ring R.We form the sequences x, y = x1, . . . , xk, y1, . . . , yl
and y, x = y1, . . . , yl , x1, . . . , xk . Then recall that Čy ⊗R Čx

∼= Čy,x
∼= Čx,y by con-

struction.
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(a) For any R-complex X we have natural isomorphisms

Čy ⊗L
R (Čx ⊗L

R X)
∼−→ Čy,x ⊗L

R X and

RHomR(Čy,RHomR(Čx , X))
∼−→ RHomR(Čy,x , X)

in the derived category. This follows by associativity, respectively by adjointness.
(b) If Rad(x R) ⊆ Rad(yR), then we have the quasi-isomorphisms

Čy ⊗L
R (Čx ⊗L

R X)
∼−→ Čy ⊗L

R X and

RHomR(Čy,RHomR(Čx , X))
∼−→ RHomR(Čy, X)

in the derived category. This follows from the quasi-isomorphism of complexes
Čy,x

∼−→ Čy obtained in 6.1.9.
(c) Putting x = y in (b) we see that the functors

(Čx ⊗L ·) and RHomR(Čx , ·)

are idempotent in the derived category.

Observations 6.5.2 (a) We note that the natural isomorphisms from 6.5.1 are nat-
urally compatible with the natural map ι(Čx ; X) and α(Čx ; X) defined in 6.4.1.
Recall that the natural map ι(Čx ; X) is represented by the natural morphism
Ľ x ⊗R X → X and that the natural map α(Čx ; X) is represented by the natural
morphism X → HomR(Ľ x , X). At the complex level we also have commutative
triangles

Ľ y,x ⊗R X ∼= Ľ y ⊗R (Ľ x ⊗R X) Ľ x ⊗R X

X

and

X

HomR(Ľ x , X) HomR(Ľ y,HomR(Ľ x , X)) ∼= HomR(Ľ y,x , X)

where all the morphisms are the natural ones.
(b) Assume now that Rad(x R) ⊆ Rad(yR). Then we have quasi-isomorphisms

Ľ y
∼−→ Ľ y,x

∼−→ Ľ y (see 6.2.4), hence also quasi-isomorphisms
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Ľ y ⊗R X
∼−→ Ľ y,x ⊗R X and HomR(Ľ y,x , X)

∼−→ HomR(Ľ y, X).

The reader is invited to insert these quasi-isomorphisms in the above commutative
triangles.

We are now prepared for results relating Čech cohomology and Čech homology,
that is, results involvingboth functors (Čx ⊗R ·) andRHomR(Čx , ·). To this end recall
the free resolution Ľ�

x
∼−→ Ďx of the shifted global Čech complex as introduced in

6.2.6.

Lemma 6.5.3 Let x = x1, . . . , xk be a sequence of elements in a commutative ring
R and write a = x R. Let X be any R-complex and I any K -injective R-complex.
Then

(a) Ľ�
x ⊗R X

∼−→ Ďx ⊗R X ∈ Ta,

(b) HomR(Ďx , I )
∼−→ HomR(Ľ�

x , I ) ∈ Ta.

Proof (a) It will be enough to prove the statement for Ďx ⊗R X . Let F
∼−→ X be

a K -flat resolution of X . Then Ďx ⊗R F
∼−→ Ďx ⊗R X is a K -flat resolution of

Ďx ⊗R X . To prove the assertion we have to show that R/a ⊗R Ďx ⊗R F � 0. But
this is obvious since R/a ⊗R Ďx

∼= 0.
(b) Again it suffices to show the claim for HomR(Ďx , I ). This complex is K -

injective andHomR(R/a,HomR(Ďx , I )) ∼= HomR(R/a ⊗R Ďx , I ) is exact because
R/a ⊗R Ďx

∼= 0. Hence E-dp(a,HomR(Ďx , I )) = ∞ and HomR(Ďx , I ) ∈ Ta by
5.3.5. �

Lemma 6.5.4 Let x = x1, . . . , xk and y = y1, . . . , yl denote two sequences of ele-
ments in a commutative ring R, write a = x R and b = yR. Suppose Rad(a) ⊆
Rad(b) and let X denote an R-complex. Then the following natural morphisms are
quasi-isomorphisms.

(a) HomR(Ľ y, Čx ⊗R X) → HomR(Ľ y, X).

(b) HomR(Ľ y, Ľ x ⊗R X) → HomR(Ľ y, X).

(c) Čy ⊗R X → Čy ⊗R HomR(Ľ x , X).

(d) Ľ y ⊗R X → Ľ y ⊗R HomR(Ľ x , X).

Proof (a) We apply the functor HomR(Ľ y, ·) to the short exact sequence of com-

plexes 0 → Ďx ⊗R X → Čx ⊗R X → X → 0 and obtain the short exact
sequence

0 → HomR(Ľ y, Ďx ⊗R X) → HomR(Ľ y, Čx ⊗R X) → HomR(Ľ y, X) → 0.

Therefore it will be sufficient to show that the first complex in the previous sequence
is exact.We have seen in 6.5.3 that Ďx ⊗R X ∈ Ta. But Ta ⊆ Tb, as follows by 5.1.7.
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Note that the hypothesisRad(a) ⊆ Rad(b) implies that b is a-open because the ideal a
is finitely generated. Nowwe obtain by 6.3.4 that the complex HomR(Ľ y, Ďx ⊗R X)

is exact.
(b) The quasi-isomorphism Ľ x → Čx induces a quasi-isomorphism

HomR(Ľ y, Ľ x ⊗R X) → HomR(Ľ y, Čx ⊗R X)

because Ľ x is DG-projective and DG-flat. Whence (b) follows from (a).

(c) We use the short exact sequence 0 → Ľ�
x → Ľ x → R → 0 as described in

6.2.6. This is a sequence of bounded free complexes and gives rise to a short exact
sequence 0 → X → HomR(Ľ x , X) → HomR(Ľ�

x , X) → 0. By tensoring with Čy

we obtain the short exact sequence of complexes

0 → Čy ⊗R X → Čy ⊗R HomR(Ľ x , X) → Čy ⊗R HomR(Ľ�
x , X) → 0.

We need prove that the last complex in the sequence is exact. To this end, let X
∼−→ I

denote a K -injective resolution. Then

HomR(Ľ�
x , X)

∼−→ HomR(Ľ�
x , I ) ∈ Ta,

(see 6.5.3). As Ta ⊆ Tb we obtain with 6.3.4 that the complex Čy ⊗R

HomR(Ľ�
x , X) is exact.

(d) Because of the quasi-isomorphism Ľ y → Čy , and with the help of 4.4.11, the
claim in (d) is a consequence of (c). �

Now we get the following theorem, which provides some more composites.

Theorem 6.5.5 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences of elements
in a commutative ring R. Suppose Rad(x R) ⊆ Rad(yR) and let X denote an R-
complex. Then we have the following isomorphisms

RHomR(Čy, Čx ⊗L
R X)

∼−→ RHom(Čy, X) and

Čy ⊗L
R X

∼−→ Čy ⊗L
R RHomR(Čx , X)

in the derived category.

Proof The statements are a consequence of the results of 6.5.4. �

Putting x = y in the above theorem, and recalling that both functorsRHomR(Čx , ·)
and (Čx ⊗L ·) are idempotent in the derived category, we obtain one more relation

between the classes GLČ
x and GRČ

x introduced in 6.4.3 and 6.4.6. Recall also that these
classes are well defined in the derived category.
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Corollary 6.5.6 The functor RHomR(Čx , ·) induces a bijection

GRČ
x → GLČ

x

in the derived category. The inverse bijection is given by the functor (Čx ⊗L ·).
Remark 6.5.7 Note also the following particular case of 6.5.4 (b). There is a quasi-
isomorphism

HomR(Ľ x , Ľ x )
∼−→ HomR(Ľ x , R).

We shall investigate the endomorphism complex HomR(Ľ x , Ľ x ) in more detail later.

6.6 Depth, Codepth and Čech Complexes

In this section we investigate when the Čech homology and cohomology modules
vanish. We provide some inequalities.We first show how the Ext-depth and the Tor-
codepth of a complex can be computed with Čech cohomology and Čech homology
respectively. That is, we prove the Ext-depth Tor-codepth sensitivity of the Čech
complex. To this end, the following lemma will play a substantial rôle.

Lemma 6.6.1 For any sequence x = x1, . . . , xk in a commutative ring R and all
t ≥ 1 we have a quasi-isomorphism

K •(xt ) ⊗R Čx
∼−→ K •(xt ).

Proof This a direct consequence of Theorem 6.1.8 applied to the Koszul complexes
K •(xt ), the cohomology of which is annihilated by a power of a. �

Theorem 6.6.2 Let x = x1, . . . , xk be a sequence in a commutative ring R gener-
ating the ideal a. For every complex X we have

E-dp(a, X) = E-dp(a, Čx ⊗R X) = inf{i | Hi (Čx ⊗R X) �= 0}.

Proof In the whole proof we keep in mind that

E-dp(a, X) = h−(x; X) = h−(xt ; X)

for all t ≥ 1 and every complex X (see 5.3.3). The quasi-isomorphism of Lemma
6.6.1 is a quasi-isomorphism between bounded complexes of flat R-modules. There-
fore it provides a quasi-isomorphism

K •(x) ⊗R Čx ⊗R X
∼−→ K •(x) ⊗R X
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(see 4.4.11) and therefore

h−(x; X) = h−(x; Čx ⊗R X) ≥ inf{i | Hi (Čx ⊗R X) �= 0}

by 5.3.4. We already have that E-dp(a, X) = E-dp(a, Čx ⊗R X). When

inf{i | Hi (Čx ⊗R X) �= 0} = ∞

we then have the equality h−(x; X) = inf{i | Hi (Čx ⊗R X) �= 0} and the statement
is proved. Assume now that inf{i | Hi (Čx ⊗R X) �= 0} = −∞. Then for all j ∈ Z
there is an i ≤ j such that Hi (Čx ⊗R X) �= 0, hence also such that Hi (xt ; X) �= 0 for
some t ≥ 1.Recall that Hi (Čx ⊗R X) = lim−→ Hi (xt ; X). Buth−(xt ; X) = h−(x; X).
It follows that E-dp(a, X) = h−(x; X) = −∞, which finishes the proof of the state-
ment in this case.

Finally, assume that inf{i | Hi (Čx ⊗R Y ) �= 0} = r is finite. We obtain the equal-
ity E-dp(a, Čx ⊗R X) = inf{i | Hi (Čx ⊗R X) �= 0} by 5.15 since HomR(R/a,

Hi (Čx ⊗R X)) �= 0 when Hi (Čx ⊗R X) �= 0 (see 6.1.4). �

Theorem 6.6.3 Let x = x1, . . . , xk be a sequence in a commutative ring R gener-
ating the ideal a. Let X denote an R-complex with one of its K -injective resolutions
X

∼−→ I . Then

T-codp(a, X) = T-codp(a,HomR(Čx , I )) = inf{i | Hi (RHomR(Čx , X)) �= 0}.

Proof Here we keep in mind that

T-codp(a, X) = h−(x; X) = h−(xt ; X)

for all t ≥ 1 and any R-complex X (see 5.3.3). Moreover, RHomR(Čx , X) is rep-
resented by HomR(Čx , I ) so that Hi (RHomR(Čx , X)) ∼= Hi (HomR(Čx , I )). From
the quasi-isomorphism of Lemma 6.6.1 we obtain a quasi-isomorphism

HomR(K •(x), I ) ∼−→ HomR(K •(x) ⊗R Čx , I ).

By 5.2.3 we have HomR(K •(x), I ) ∼= K•(x) ⊗R I . By adjointness and 5.2.3 we also
have HomR(K •(x) ⊗R Čx , I ) ∼= K•(x) ⊗R HomR(Čx , I ). Hence we have a quasi-
isomorphism

K•(x) ⊗R I
∼−→ K•(x) ⊗R HomR(Čx , I ).

As h−(x; I ) = h−(x; X) it follows that

h−(x; X) = h−(x;HomR(Čx , I )) ≥ inf{i | Hi (HomR(Čx , I )) �= 0}

(see 5.3.4). We already have that T-codp(a, X) = T-codp(a,HomR(Čx , I )).
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When inf{i | Hi (RHomR(Čx , X)) �= 0} = ∞we then have the equality h−(x; X)

= inf{i | Hi (RHomR(Čx , X)) �= 0} and the statement is proved.
Assume that inf{i | Hi (RHomR(Čx , X)) �= 0} = −∞. Then for all j ∈ Z there is

an i ≤ j such that Hi (RHomR(Čx , X)) �= 0. Hence we also get that Hi (xt ; X) �= 0
or Hi+1(xt ; X) �= 0 for some t ≥ 1 in view of the short exact sequences in 6.3.2.
But h−(xt ; X) = h−(x; X). It follows that T-codp(a, X) = h−(x; X) = −∞, which
finishes the proof of the statement in this case too.

Finally, assume that inf{i | Hi (HomR(Čx , I )) �= 0} = r is finite. We obtain the
equality

T-codp(a,HomR(Čx , I )) = inf{i | Hi (HomR(Čx , I )) �= 0}

by 5.1.5 since R/a ⊗R Hi (HomR(Čx , I )) �= 0 when Hi (HomR(Čx , I ) �= 0 (see
6.3.2). �

Remark 6.6.4 Note that Theorem 6.6.2 may also be deduced from Theorem 6.6.3
applied to the generalMatlis dual complex X∨. Indeed, E-dp(a, X) = T-codp(a, X∨)

when a is finitely generated and RHomR(Čx , X∨) � (Čx ⊗L
R X)∨ by adjointness.

The vanishing of the Čech homology modules and the vanishing of the Čech
cohomology modules are interrelated by the following

Theorem 6.6.5 Let ϕ : R → B be a homomorphism of commutative rings. Let x =
x1, . . . , xk be a sequence of elements in R and let y = y1, . . . , yl be a sequence in
B such that Rad(yB) = Rad(ϕ(x)B), l ≤ k. Let X be a B-complex, which may be
viewed as an R complex via ϕ. Then

(a) sup{i | Hi (Čx ⊗R X) �= 0} ≤ l − inf{i | Hi (RHomR(Čx , X)) �= 0} and
(b) sup{i | Hi (RHomR(Čx , X)) �= 0} ≤ l − inf{i | Hi (Čx ⊗R X) �= 0}.
Proof (a): We have seen that T-codp(x R, X) = inf{i | Hi (RHomR(Čx , X) �= 0))}
(see 6.6.3). Because K•(xt ) ⊗R X ∼= K•(ϕ(xt )) ⊗B X and because of the Tor-
codepth sensitivity of the Koszul complex (see 5.3.3) it yields that T-codp(x R, X) =
h−(x; X) = h−(ϕ(x); X) = h−(y; X).

Assume first that T-codp(x R, X) = h−(y; X) is finite. Then h+(y; X) is also
finite,

h+(y; X) = l − h−(y; X)

and h+(y; X) = h+(yt ; X) for all t > 0 (see 5.3.8 (a)). Then note that Čx ⊗R X ∼=
Čϕ(x) ⊗B X � Čy ⊗B X (see 6.1.9).Recall now thatHi (Čy ⊗B X) = lim−→ Hi (yt ; X).
As the h+(yt ; X) are all equal for all t ≥ 1 we observe that

sup{i | Hi (Čx ⊗R X) �= 0} = sup{i | Hi (Čy ⊗B X) �= 0} ≤ h+(y; X).

The inequality in (a) follows from the above.
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If T-codp(x R, X) = h−(y; X) = ∞ the complexes K•(xt ; X) are exact and so
are the complexes K •(xt ; X) by the self-duality of the Koszul complex. It follows
that the complex Čx ⊗R X is exact so that sup{i | Hi (Čx ⊗R X) �= 0} = −∞ and
the claim is obvious.

If T-codp(x R, X) − ∞ then also inf{i | Hi (RHomR(Čx , X)) �= 0} = −∞ (see
6.6.3) and in this case again the claim is obvious.

This finishes the proof of (a).
(b): We have seen that E-dp(x R, X) = inf{i | Hi (Čx ⊗R X) �= 0))} (see 6.6.2).

Because K •(xt ) ⊗R X ∼= K •(ϕ(xt )) ⊗B X and because of the Ext-depth sensitiv-
ity of the Koszul complex it yields E-dp(x R, X) = h−(x; X) = h−(ϕ(x); X) =
h−(y; X).

Assume first that E-dp(x R, X) = h−(y; X) is finite. Then h+(y; X) is also finite,

h+(y; X) = l − h−(y; X)

and h+(y; X) = h+(yt ; X) for all t > 0 (see 5.3.8 (b)). We recall the isomorphisms

Hi (RHomR(Čx , X)) ∼= Hi (RHomB(Čy, X)) (see 6.3.5). We also recall the short
exact sequences in 6.3.2 (for the B-complex X and the sequence y). As the h+(yt ; X)

are all equal we observe that

sup{i | Hi (RHomR(Čx , X)) �= 0} = sup{i | Hi (RHomB(Čy, X)) �= 0} ≤ h+(y; X)

and the inequality in (b) follows.
If E-dp(x R, X) = ∞ then also T-codp(a, X) = ∞ (see 5.3.5). In view of

Theorem 6.6.3 it follows that inf{i | Hi (RHomR(Čx , X)) �= 0} = ∞ and that
RHomR(Čx , X) � 0, so that sup{i | Hi (RHomR(Čx , X)) �= 0} = −∞. In this case
the claim is obvious.

If E-dp(x R, X) = −∞ then also inf{i | Hi (Čx ⊗R X) �= 0} = −∞ (see 6.6.2).
In this case again the claim is obvious.

This finishes the proof of (b). �

Remark 6.6.6 In the above theoremnote as in 6.6.4 that statement (a)maybededuced
from statement (b) via the general Matlis duality.

Let x = x1, . . . , xk denote a sequence of elements in a commutative ring R
and let M be an R-module. Then Hi (Čx ⊗R M) = 0 and Hi (RHomR(Čx , M)) ∼=
Hi (HomR(Ľ x , M)) = 0 for all i > k since Čx and Ľ x are bounded by k. In fact, a
little more is true.

Proposition 6.6.7 Let x = x1, . . . , xk be a sequence in a commutative ring R and
let M be an R-module. Assume there is a sequence y = y1, . . . , yl , l ≤ k, such that
Rad(x R + AnnR M) = Rad(yR + AnnR M). Then

(a) Hi (Čx ⊗R M) = 0 for all i > l − T-codp(x R, M) and

(b) Hi (RHomR(Čx , M)) = 0 for all i > l − E-dp(x R, M).



6.6 Depth, Codepth and Čech Complexes 163

Moreover, if T-codp(x R, M) is finite, (equivalently if E-dp(x R, M) is finite) then

(c) 0 ≤ T-codp(x R, M) ≤ l − E-dp(x R, M) and
(d) 0 ≤ E-dp(x R, M) ≤ l − T-codp(x R, M).

Proof The first assertions are a direct consequence of the above Theorems.
The last ones follows by 5.3.9. Note that T-codp(x R, M) = T-codp(yR, M), that

E-dp(x R, M) = E-dp(yR, M), and that these quantities are finite simultaneously. In
that case, T-codp(x R, M) + E-dp(x R, M) = T-codp(yR, M) + E-dp(yR, M) ≤ l.
For an R-module M note also that T-codp(x R, M) ≥ 0 and E-dp(x R, M) ≥ 0. �

We end the section with some more equalities involving the Ext-depth and the
Tor-codepth of a complex.

Proposition 6.6.8 Let x = x1, . . . , xk be a sequence in a commutative ring R and

let X be an R-complex with one of its K -injective resolution X
∼−→ I . Then

E-dp(a, X) = E-dp(a,HomR(Čx , I )) and T-codp(a, X) = T-codp(a, Čx ⊗R X).

Proof We have

HomR(R/a,HomR(Čx , I )) ∼= HomR(R/a ⊗ Čx , I ) ∼= HomR(R/a, I ).

As the complex HomR(Čx , I ) is K -injective, the first equality follows.

For the second we take a K -flat resolution F
∼−→ X . Then we have the quasi-

isomorphism Čx ⊗R F
∼−→ Čx ⊗R X , which provides a K -flat resolution of Čx ⊗R

X . As R/a ⊗R Čx ⊗R F ∼= R/a ⊗R F , the second equality follows. �



Chapter 7
Local Cohomology and Local Homology

Let R denote a commutative ring and a an ideal of R. The a-torsion functor
and the a-completion functor, defined respectively by Γa(M) := {m ∈ M | atm =
0 for some t ∈ N} and Λa(M) := lim←−(R/at ⊗R M) for any R-module M , extends
naturally to complexes. In this chapter we first recall that LΛa and RΓa are well
defined in the derived category and fix some notations. Then we investigate when
LΛa(X) and RΓa(X) vanish. For complexes homologically-bounded on the good
size we obtain more precise results, previously known when the ring is Noetherian,
possibly new in the present generality. We also provide a description of LΛa(X) and
RΓa(X) in terms of microscope and telescope. These descriptions do not refer to the
resolutions of X , which could be an advantage.

In the case when the ideal a of R is generated by a particular finite sequence x of
elements of R, that is, by a so-calledweakly pro-regular sequence, the local homology
and cohomology of any R-complex with respect to the ideal a coincide respectively
with its Čech homology and cohomology with respect to the sequence x . For the
local and Čech cohomology this a complex version of a result of Grothendieck. In
this generality it was already observed in [2] and in [75, Theorem3.2]. For the local
and Čech homology it appears in [75, Theorem4.5] in the case when the complex is
bounded, in [1] under some additional hypotheses and in general in [64]. In Sects. 7.4
and 7.5 we revisit these results with somewhat different methods and add some
remarks. We follow an idea of Greenlees and May and first show that the local
cohomology and homology with respect to an ideal generated by a weakly pro-
regular sequence can be described in terms of telescope and microscope of certain
Koszul complexes. This will also allow us to extend results previously known for
modules over a Noetherian ring to unbounded complexes in the more general setting
of an ideal generated by a weakly pro-regular sequence.

In particular, in the last section we show how the Ext-depth and the Tor-codepth of
a complex with respect to an ideal generated by a weakly pro-regular sequence may
be computed with the local cohomology and homology with respect to that ideal. For
complexes over a Noetherian ring this was originally proved by Foxby and Iyengar
in [33, Theorem2.1, Theorem 4.1]. Note, however, that for the local cohomology
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the module case was already in [82, 5.3.15] without any assumption on the ideal,
while for the local homology the module case requires only that the ideal is finitely
generated, see 3.4.2. Then we improve some bounds for the vanishing of the local
homology and cohomology of a module. Finally, we explore the behaviour of the
Ext-depth and Tor-codepth under RΓ and LΛ.

7.1 The General Case

Let a be an ideal of a commutative ring R. We first check that LΛa is well defined
in the derived category. We shall prove a little more, we are going on to relate the
microscope construction to the a-adic-completion functor Λa, also denoted by ˆ(·)a,
and to its left-derived. To this end we recall the results of 2.1.3 and 2.5.1: for an
R-module M we have natural maps τa

M , η
a
M and γ a

M making the following triangle

Λa
0 (M)

γa
M

M

ηa
M

τa
M

M̂a

commutative and γ a
M is always surjective. Recall also 2.5.4: γ a

M = τa
Λa

0 (M)
when the

ideal a is finitely generated.

7.1.1 The inverse system La. Let a be an arbitrary ideal of a commutative ring
R and let {at }t≥0 be a descending sequence of ideals which form a base of open
neighbourhoods of the origin for the a-adic topology of R. Let Lt be a free resolution
of R/at with Lt,0 = R. The surjective homomorphism R/at+1 → R/at can be lifted
to a morphism Lt+1 → Lt . We choose such liftings and obtain an inverse system of
complexes, denoted by La. (Of course, this La depends on the choice of the at , the
Lt and the liftings Lt+1 → Lt .)

Observations 7.1.2 Weuse the inverse systemLa introduced in 7.1.1. Note first that
the morphisms ht : R → Lt defined by ht,0 = idR , where R is viewed as a complex
concentrated in degree 0, induce a morphism of inverse systems X → La ⊗R X ,
where X is viewed as a constant inverse system. Hence we have a composite mor-
phism X

∼−→ Mic(X) → Mic(La ⊗R X) for any complex X (see also 4.2.4). Note
that thismorphism is functorial. That is, amorphismof R-complexes X → Y induces
a commutative diagram

X Y

Mic(La ⊗R X) Mic(La ⊗R Y ).
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If the upper horizontal morphism is a quasi-isomorphism then the lower one is a
quasi-isomorphism too (see 4.2.8).

Example 7.1.3 The quasi-isomorphisms Lt
∼−→ R/at induce quasi-isomorphisms

Mic(La)
∼−→ Mic({R/at }) ∼←− R̂a (see 4.2.5 and4.2.3).Hence R̂a = H0(Mic(La))

while Hi (Mic(La)) = 0 for all i �= 0. This is a very particular case of a more general
phenomenon as investigated in the following.

Proposition 7.1.4 Let a be an ideal of a commutative ring R. Let X be an arbitrary
R-complex and F

∼−→ X a K-flat resolution. Then there are quasi-isomorphisms
making the following diagram commutative

F

τa
F

F F
∼

X

Λa(F)
∼ Mic({R/at ⊗R F}) Mic(La ⊗R F)

∼ ∼ Mic(La ⊗R X)

where the vertical maps are the natural ones.

Proof The quasi-isomorphism

Λa(F) = lim←− F/at F
∼−→ Mic({R/at ⊗R F})

follows by Lemma4.2.3 (a). Note that the inverse system {F/at F} is degree-wise
surjective.

The quasi-isomorphismMic(La ⊗R F)
∼−→ Mic(La ⊗R X) follows by Proposi-

tion4.2.8.
As F is K -flat we have an inverse system of quasi-isomorphisms Lt ⊗R F

∼−→
R/at ⊗R F . Hence the quasi-isomorphism in the middle follows by Lemma4.2.5
(b). The commutativity of the diagram is rather obvious. �

The conclusion of the above is twofold: on one hand the homology of the complex
Mic(La ⊗R X) does not depend upon the particular choices made in the construction
of La. On the other hand if F

∼−→ X and F ′ ∼−→ X are two K -flat resolutions of X ,
thenΛa(F) andΛa(F ′) are quasi-isomorphic.More precisely, we have the following
consequences.

Corollary 7.1.5 Let h : F ∼−→ F ′ be a quasi-isomorphism of K -flat complexes.
Then Λa(h) is also a quasi-isomorphism.

Proof This is an immediate consequence of Proposition7.1.4. Namely, put
X = F ′. �

By virtue of 4.4.12 we obtain the following, an extension to complexes of [38,
Proposition1.1] which was stated there in the case of modules.
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Theorem 7.1.6 Let a be an ideal of a commutative ring R. Then the left-derived
functor LΛa is well defined in the derived category: if F

∼−→ X is any K -flat reso-
lution of the R-complex X, then LΛa(X) is represented by the complex Λa(F) and
also by the complex Mic(La ⊗R X), where La is the inverse system described in
7.1.1.

Moreover, there is a natural map αa
X : X → LΛa(X) in the derived category, rep-

resented by the composite X
∼←− F

τa
F−→ Λa(F) and also by the natural morphism

X → Mic(La ⊗R X).
The i th-local homology module of the complex X is now given by

Λa
i (X) := Hi (LΛa(X) ∼= Hi (Λ

aF) ∼= Hi (Mic(La ⊗R X))

for all i ∈ Z.

Proof The existence of LΛa(X) is a direct consequence of Corollary7.1.5 (see the
remarks in 4.4.12). Strictly speaking LΛa(X) is represented by Λa(P ′), where
P ′ ∼−→ X is any K -projective resolution of X . We take a K -projective resolu-
tion P

∼−→ F of F and consider the composite P
∼−→ F

∼−→ X , noting that
Λa(P)

∼−→ Λa(F) (see 7.1.5). This together with 7.1.4 proves the first assertions.
The last ones follow by the commutativity of the diagram in 7.1.4. �

Remark 7.1.7 Assume that the idealaof the commutative ring R is finitely generated.
Then the homology modules Λa

i (X) are a-pseudo-complete for all R-complexes X .

(Since Λa
i (X) ∼= Hi (F̂a), where F

∼−→ X is a K -flat resolution, as F̂a is a com-
plex of a-complete modules, this follows by 2.5.7.)

Remark 7.1.8 Let F
∼−→ X be any K -flat resolution of the R-complex X .We use the

notations from 7.1.1. As the inverse system {R/at } is surjective the local homology
modules Λa

i (X) ∼= Hi (lim←− F/at F) are inserted in the short exact sequences

0 → lim←−
1 TorRi+1(R/at , X) → Λa

i (X) → lim←−TorRi (R/at , X) → 0

(see 1.2.8). Note that the module case was first observed in [38] and recalled in 2.5.5.

Remark 7.1.9 (a) For an R-module M the natural map αa
M : M → LΛa(M) and the

natural morphismM → Mic(La ⊗R M) induces in homological degree 0 the natural
homomorphism ηa

M : M → Λa
0 (M) defined in 2.5.1. In other words, we have

H0(α
a
M(M)) = ηa

M .

This also follows from the commutative diagram in 7.1.4. Indeed, let F
∼−→ M be

a free resolution of M . The right-bounded complex F is K -flat and the natural map
τa
F : F → Λa(F) induces by definition the map ηa

M in homological degree zero.
(b) Assume that the ring is Noetherian. If M is a-complete or more generally

a-pseudo-complete, then the natural morphism
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M → Mic(La ⊗R M)

is a quasi-isomorphism. In other words, the natural map αa
M(M)) is an isomorphism

in the derived category. (In this case, we know by 2.5.15 that Λa
i (M) = 0 for all

i �= 0. But we shall see later that this holds in greater generality (see the forthcoming
7.5.13).)

We now turn to the local cohomology side. For the existence of RΓa we take a
more direct approach.

Lemma 7.1.10 Let a be an ideal of a commutative ring R and let h : I ∼−→ I ′ be
a quasi-isomorphism between K -injective R-complexes. The morphism h induces a
quasi-isomorphism

Γa(h) : Γa(I )
∼−→ Γa(I

′).

Proof The quasi-isomorphism h : I ∼−→ I ′ yields a direct system of quasi-
isomorphisms

HomR(R/at , h) : HomR(R/at , I )
∼−→ HomR(R/at , I ′)

(see 4.4.11). By passing to the direct limit the conclusion follows since lim−→ is exact
and commutes with cohomology. �

The above statement and the remarks in 4.4.12 provide the following result.

Theorem 7.1.11 For an ideal a of a commutative ring R the right-derived functor
RΓa is well defined in the derived category: if X

∼−→ I is a K -injective resolution
of the R-complex X, then RΓa(X) is represented by the complex Γa(I ).

Moreover, there is a natural map ιXa : RΓa(X) → X in the derived category,

represented by the composite Γa(I ) ↪→ I
∼←− X.

The ith local cohomology module of the complex X is now given by

Hi
a(X) := Hi (RΓa(X) = Hi (Γa(I ))

for all i ∈ Z.

Remark 7.1.12 BydefinitionΓa(I ) = lim−→HomR(R/at , I ). As lim−→ is exact and com-
mutes with cohomology we have

Hi
a(X) = lim−→ExtiR(R/at , X).

For an ideal a of a commutative ring R and any R-complex X the local cohomology
modules Hi

a(X) are a-torsion: Γa(Hi
a(X)) = Hi

a(X), hence supported in V (a).
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Remark 7.1.13 Let M be an R-module. The natural map

ιMa : RΓa(M) → M

induces in homological degree 0 the inclusion Γa(M) ↪→ M .
If the ring R is Noetherian and if the R-module M is a-torsion, then the natural

map ιMa : RΓa(M) → M is an isomorphism in the derived category. (In that case it
is known that Hi

a(M) = 0 for all i �= 0. See also the forthcoming 7.4.7 for a slightly
more general result.)

We also have a description of RΓa in terms of telescope.

Observations 7.1.14 For any R-complex X we have the direct system

{HomR(Lt , X)} := HomR(La, X)

where La is the inverse system described in 7.1.1, from which we take the nota-
tions. Note that the morphisms ht : R → Lt induce a morphism of direct systems
HomR(La, X) → X , where X is viewed as a constant direct system. Hence we have
a composite morphism Tel(HomR(La, X)) → Tel(X)

∼−→ X for any complex X
(see also 4.3.2). Note that this composite morphism is functorial.

Putting 4.3.4 and 4.3.2 together with 7.1.11 we obtain the following result. Recall
also that Tel(HomR(R/at , I ))

∼−→ lim−→HomR(R/at , I ) ∼= Γa(I ).

Proposition 7.1.15 Let a denote an arbitrary ideal of a commutative ring R. Let
X

∼−→ I be any K -injective resolution of an R-complex X. With the notations in
7.1.1 we have direct systems of quasi-isomorphisms

HomR(Lt , X)
∼−→ HomR(Lt , I )

∼←− HomR(R/at , I ).

Then there are quasi-isomorphisms making the following diagram commutative

Tel(HomR(La, X))
∼ Tel(HomR(La, I )) Tel{HomR(R/at , I )}∼




X ∼ I Γa(I )

where the vertical maps are the natural ones. Up to a quasi-isomorphism

Tel(HomR(La, X))

depends only on X and not on the choice of La, and Tel(HomR(La, X)) represents
RΓa(X) in the derived category.

Moreover, the natural map ιXa : RΓa(X) → X is also represented by the natural
morphism Tel(HomR(La, X)) → X.
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We end this section with a final remark.

7.1.16 Letabe afinitely generated ideal of a commutative ring R and x = x1, . . . , xk
be a sequence in R such that Rad(a) = Rad(x R). The ideals a and x R are topolog-
ically equivalent, hence Λa = Λx R and Γa = Γx R . As far as we are concerned with
the local homology and cohomology with respect to the ideal a we may as well
assume that a = x R.

7.2 First Vanishing Results with Applications
to the Class Ta

Of particular interest for local homology as well as local cohomology is its vanishing
under certain circumstances. We start with a first approach to these questions in the
general case. This provides further characterizations and some more properties of
complexes in the class Ta introduced in 5.1.4.

Lemma 7.2.1 Let a be any ideal of a commutative ring R. Let X denote an R-
complex with T-codp(a, X) = ∞. Then LΛa(X) � 0, that is, Λa

i (X) = 0 for all
i ∈ Z.

Proof We have TorRi (R/at , X) = 0 for all i ∈ Z, as follows by 5.1.7. By virtue of
7.1.8 this implies that Λa

i (X) = 0 for all i ∈ Z. �

To go on, that is, to have the converse of 7.2.1, we shall assume that the ideal a is
finitely generated. Then the following lemma will be available.

Lemma 7.2.2 Let a be a finitely generated ideal of a commutative ring R and let Y be
an R-complex. Then the naturalmorphism τa

Y : Y → Λa(Y ) induces an isomorphism

HomR(Λa(Y ),Λa(X)) ∼= HomR(Y,Λa(X))

for any R-complex X.

Proof As the ideal a is finitely generated the complex Λa(X) is a complex of a-
complete modules. Note that the statement is known when Y and X are modules (see
2.2.3). Its extension to complexes is immediate by the definition of HomR(·, ·) for
complexes. �

The following contains a complex version of Corollary3.4.2 (b).

Proposition 7.2.3 Let a be a finitely generated ideal of a commutative ring R. Let X
denote an R-complexwith one of itsK-projective resolutions P

∼−→ X.The following
conditions are equivalent.

(i) LΛa(X) � 0, that is, Λa(P) is exact.
(ii) Λa(P) is split-exact.
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(iii) For every a-open ideal b of R the complex R/b ⊗R P is exact.
(iv) T-codp(a, X) = ∞, in other words X belongs to the class Ta introduced in

5.1.4.

Proof Assume that Λa(P) is exact. Then Λa(P)
∼−→ 0. This induces a quasi-

isomorphism HomR(P,Λa(P))
∼−→ HomR(P, 0) ∼= 0. But

HomR(P,Λa(P)) ∼= HomR(Λa(P),Λa(P))

(see 7.2.2). Hence HomR(Λa(P),Λa(P)) � 0 is exact. In view of the definition
of HomR this implies that the endomorphisms of Λa(P) are homotopic to zero. In
particular we have that idΛa(P) is homotopic to zero, so that Λa(P) is split-exact.

For any a-open ideal b we have R/b ⊗R P ∼= R/b ⊗R Λa(P) (see 2.2.2). Hence
condition (ii) implies condition (iii), remember the properties of split-exact com-
plexes recalled in 1.1.8. Note that conditions (iii) and (iv) are equivalent in view of
5.1.7. The implication (iv) ⇒ (i) is shown in 7.2.1. �

As an application we obtain another property of complexes in the class Ta, a
complex version and a generalization of [76, Theorem3.1]. (This theorem stated that
ExtiR(F, M) = 0 for all i ∈ Z when M is an a-complete module over a Noetherian
ring R and when F is a flat R-module such that F/aF = 0. Note that such an M
satisfies the hypothesis of the following theorem (see the remarks in 7.1.9).)

Theorem 7.2.4 Let a be a finitely generated ideal of a commutative ring R. Let
T, X denote two R-complexes and T ∈ Ta. Suppose that the natural map αa

X : X →
LΛa(X) is an isomorphism in the derived category. Then RHomR(T, X) � 0 in the
derived category.

Proof Let P
∼−→ T and L

∼−→ X be K -projective resolutions of T and X respec-
tively. By the assumption there is a quasi-isomorphism L

∼−→ Λa(L), hence a
quasi-isomorphism HomR(P, L)

∼−→ HomR(P,Λa(L)). But HomR(P,Λa(L)) ∼=
HomR(Λa(P),Λa(L)) (see 7.2.2). Hence RHomR(T, X) is represented by any of
the quasi-isomorphic complexes

HomR(P, X)
∼←− HomR(P, L)

∼−→ HomR(P,Λa(L)) ∼= HomR(Λa(P),Λa(L)).

By 7.2.3 and the assumption on T the complex Λa(P) is split-exact. It follows that
the complex HomR(Λa(P),Λa(L)) is exact. To this end recall the properties of
split-exact complexes (see 1.1.8). Whence the complex HomR(P, X) is exact too.
This proves the claim. �

The local cohomology side is easier and does not require any finiteness condition
on the ideal a of R.
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Lemma 7.2.5 Let a be any ideal of a commutative ring R and let X be an R-complex.
Then E-dp(a, X) ≤ inf{i ∈ Z | Hi

a(X) �= 0}.
Proof Put r = E-dp(a, X) ≤ ∞. Then for i < r and every t ∈ N we have the van-
ishing ExtiR(R/at , X) = 0 as follows by 5.1.7. By passing to the direct limit and in
view of 7.1.12 we obtain that Hi

a(X) = 0 for all i < r . �

The following contains a complex version of Proposition (3.2.7 (a)).

Proposition 7.2.6 Let a be an ideal of a commutative ring R and let X be an R-
complex with one of its K -injective resolutions X

∼−→ I . The following conditions
are equivalent:

(i) RΓa(X) � 0, that is Γa(I ) is exact.
(ii) Γa(I ) is split-exact.
(iii) For any a-open ideal b of R the complex HomR(R/b, I ) is exact.
(iv) E-dp(a, X) = ∞.

Proof Assume that Γa(I ) is exact. Then there is a quasi-isomorphism 0
∼−→ Γa(I ).

It induces a quasi-isomorphism HomR(Γa(I ), I )
∼−→ HomR(0, I ) ∼= 0. But

HomR(Γa(I ), I ) = HomR(Γa(I ), Γa(I ))

as is easily seen because the statement is true for an R-module. Hence the complex
HomR(Γa(I ), Γa(I )) is exact. In view of the definition of HomR this implies that
idΓa(I ) is homotopic to zero. Thus Γa(I ) is split-exact.

For an a-open ideal b we have HomR(R/b, I ) = HomR(R/b, Γa(I )) as is easily
seen. Hence condition (ii) implies condition (iii), remember the properties of split-
exact complexes recalled in 1.1.8. Finally, note that conditions (iii) and (iv) are
equivalent in view of 5.1.7. They imply condition (i) by 7.2.5. �

Here is a counterpart to Theorem7.2.4.

Theorem 7.2.7 Let a be any ideal of a commutative ring R. Let T, X denote two R-
complexes. Suppose that E-dp(a, T ) = ∞ and that the natural map ιXa : RΓa(X) →
X is an isomorphism in the derived category. ThenRHomR(X, T ) � 0 in the derived
category.

Proof Let T
∼−→ I and X

∼−→ J be K -injective resolutions of T and X , respec-
tively. By the assumption there is a quasi-isomorphism Γa(J )

∼−→ J , hence a
quasi-isomorphism HomR(J, I )

∼−→ HomR(Γa(J ), I ). But we have that
HomR(Γa(J ), I ) ∼= HomR(Γa(J ), Γa(I )) as is easily seen. Hence RHomR(X, T )

is represented by any of the quasi-isomorphic complexes

HomR(X, I )
∼←− HomR(J, I )

∼−→ HomR(Γa(J ), I ) ∼= HomR(Γa(J ), Γa(I )).
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By 7.2.6 and the assumption on T the complex Γa(I ) is split-exact. It follows
that the complex HomR(Γa(J ), Γa(I )) is exact (see 1.1.8). Whence the complex
HomR(X, I ) is exact too. This proves the claim. �

Here is another counterpart to Theorem7.2.4.

Theorem 7.2.8 Let a be any ideal of a commutative ring R. Let T, X denote
two R-complexes. Suppose that T-codp(a, T ) = ∞ and that the natural map ιXa :
RΓa(X) → X is an isomorphism in the derived category. Then T ⊗L

R X � 0 in the
derived category.

Proof Let P
∼−→ T be a K -projective resolution of T and X

∼−→ J be a K -injective
resolution of X . By the assumption there is a quasi-isomorphismΓa(J )

∼−→ J , hence
a quasi-isomorphism P ⊗R Γa(J )

∼−→ P ⊗R J . Then T ⊗L
R X is represented by any

of the quasi-isomorphic complexes

P ⊗R J
∼←− P ⊗R Γa(J ) = P ⊗R lim−→HomR(R/at , I ) ∼= lim−→(P ⊗R HomR(R/at , I ))

∼= lim−→(P/at P ⊗R/at HomR(R/at , I )),

recall that lim−→ commutes with tensor products (see 1.3.3). By the assumption on
T the complexes P/at P are exact. Moreover, these complexes P/at P , viewed as
R/at -complexes, are K -projective, as is easily seen. By 4.4.4 it follows that they
are split-exact. Whence the complexes P/at P ⊗R/at HomR(R/at , I ) are exact (see
1.1.8) and so is their direct limit. �

When the ideal a is finitely generated we put 7.2.3 and 7.2.6 together with 5.3.5
to obtain another characterization of complexes in the class Ta introduced in 5.3.5.

Proposition 7.2.9 Let a be a finitely generated ideal of a commutative ring R and
let X be any R-complex. The following conditions are equivalent:

(i) LΛa(X) � 0,
(ii) X ∈ Ta,
(iii) RΓa(X) � 0.

For complexes homologically-bounded on the good side, Lemmas7.2.1 and 7.2.5
can be refined.

Proposition 7.2.10 For any ideal a of a commutative ring R and any homologically-
left-bounded complex X it follows that

inf{i ∈ Z | Hi
a(X) �= 0} = E-dp(a, X).

Proof The homologically-left-bounded complex X has a left-bounded injective res-
olution X

∼−→ J . In view of 5.1.7 the statement is a reformulation of 3.4.4. �
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Proposition 7.2.11 For any finitely generated ideal a of a commutative ring R and
any homologically-right-bounded complex X it follows that

inf{i ∈ Z | Λa
i (X) �= 0} = T-codp(a, X).

Proof The homologically-right-bounded complex X has a right-bounded free reso-
lution P

∼−→ X . In view of 5.1.7 the statement is a reformulation of 3.4.1. �

To get rid of the boundedness assumptions in 7.2.10 and 7.2.11 we need some
more assumptions on the ideal a of R. When the ideal a is generated by a weakly
pro-regular sequence we shall see in 7.6.2 that both Propositions7.2.10 and 7.2.11
also hold without any boundedness conditions.

When the ideal a is generated by aweakly pro-regular sequence we shall also have
a kind of converse to Theorem7.2.8 (see 9.6.11), a kind of converse to Theorem7.2.7
(see 9.6.15), and a kind of converse to Theorem7.2.4 (see Theorem9.6.8).

7.3 Weakly Pro-regular Sequences

In this section we are prepared for a bridge between Čech (co-)homology and local
(co)-homology in a commutative ring R. Note that the Čech complex is constructed
for a finite number of elements while local (co-)homology is done for an arbitrary
ideal. So the connection between both can hold only for certain finitely generated
ideals. It will be given via a certain property of a finite sequence of elements.

Definition 7.3.1 (see [2], [75,Definition2.3])A sequenceof elements x = x1, . . . , xk
of a commutative ring R is called weakly pro-regular if for each i �= 0 the inverse
system of Koszul homology modules {Hi (xt )} is pro-zero. That is, for each t ∈ N
there is an s ≥ t such that the natural morphism Hi (xs) → Hi (xt ) is the zero map.

(Here the inverse system {Hi (xt )} is the one induced by the inverse system
{K•(xt )} described in 6.1.1.)

More generally, we say that the sequence x is weakly pro-regular with respect to
a module M (M-weakly pro-regular for short) if for each i �= 0 the inverse system
of Koszul homology modules {Hi (xt ; M)} is pro-zero.
Example 7.3.2 (a) Clearly any regular sequence x = x1, . . . , xk is weakly pro-
regular.

(b) Completely secant sequences in Bourbaki’s terminology are also weakly pro-
regular. This follows by the remarks in 5.4.2.

(c) For a length one sequence x and an R-module M the following conditions are
equivalent:

(i) the increasing sequence of submodules 0 :M xt , t > 0 stabilizes,
(ii) x is M-weakly pro-regular.

When these conditions are satisfied we also say that M is of x R-bounded torsion.
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(d) It is known that anyfinite sequence in aNoetherian ring R isweakly pro-regular
(see e.g. [82, Lemma4.3.3] or A.2.3 for a slightly more general result).

The importance of the notion of weakly pro-regular sequences comes from the
following result. It originates from the work of Grothendieck in [40].

Lemma 7.3.3 (see [75, Lemma2.4]) Let x = x1, . . . , xk denote a sequence of ele-
ments of a commutative ring R. Then the following conditions are equivalent:

(i) x is a weakly pro-regular sequence,
(ii) {Hi (xt ; F)} is pro-zero for all i �= 0 and any flat R-module F,
(iii) lim−→ Hi (xt ; I ) = 0 for all i �= 0 and any injective R-module I ,

(iv) Hi (Čx ⊗R I ) = 0 for all i �= 0 and any injective R-module I .

Proof The equivalence (i) ⇔ (ii) is clear since Hi (xt ) ⊗R F ∼= Hi (xt ; F) for all i
when F is a flat R-module. The equivalence (iii)⇔ (iv) follows since lim−→ Hi (xt ; I ) =
Hi (Čx ⊗R I ) (see 6.1.4).

Now let us prove (i) ⇒ (iii). Since I is an injective R-module

Hi (HomR(K•(xt ), I )) ∼= HomR(Hi (x
t ), I )

for all i . Therefore, and because of Hi (HomR(K•(xt ), I )) ∼= Hi (xt , I ),

lim−→ Hi (xt ; I ) ∼= lim−→HomR(Hi (x
t ), I ).

By the assumption the inverse system {Hi (xt )} is pro-zero for i �= 0. Whence the
direct limit lim−→ Hi (xt ; I ) vanishes, as required.

In order to complete the proofwe have to show that (iii)⇒ (i). Let f : Hi (xt ) ↪→ I
denote an injection into an injective R-module I. Then

f ∈ HomR(Hi (x
t ), I ) ∼= Hi (xt ; I )

since I is an injective R-module. Because of the assumption we have the vanishing
lim−→ Hi (xt ; I ) = 0. So there must be an integer s ≥ t such that the image of f in
Hi (xs; I ) has to be zero. In other words, the composite of the maps

Hi (x
s) → Hi (x

t )
f

↪→ I

is zero. Since f is an injection it follows that the first map has to be zero. �

The following lemma provides some more information on the notion of weakly
pro-regularity.

Lemma 7.3.4 (see [75]) Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences in
a commutative ring R such that Rad(x R) = Rad(yR). If one of the three sequences
x, y and x, y is weakly pro-regular, then so are the other two.
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Proof In view of 6.1.9 this is direct consequence of the equivalence 7.3.3
(i) ⇔ (iv). �

As we plan to investigate the local homology and cohomology of complexes we
also need to investigate the behaviour of weakly pro-regular sequences with respect
to flat and injective complexes. Though the following lemmas are quite important for
the sequel, we did not find any trace of them in the literature. But first let us introduce
some more notation.

Definitions and observations 7.3.5 Let x = x1, . . . , xk be a sequence of elements
of the commutative ring R. Let t ∈ N be a natural number. We denote by C•(xt )
the kernel of the natural morphism K•(xt ) → H0(xt ) = R/xt R, where R/xt R is
considered as a complex concentrated in degree zero. Thus we have short exact
sequences of complexes

0 → C•(xt ) → K•(xt ) → R/xt R → 0.

Note that Hi (C•(xt )) = Hi (K•(xt )) for all i ≥ 1 and H0(C•(xt )) = 0.
For a complex F of flat R-modules it induces a short exact sequence of inverse

systems of complexes

0 → C•(xt ) ⊗R F → K•(xt ; F) → F/xt F → 0.

For a complex I of injective R-modules it induces a short exact sequence of direct
system of complexes

0 → HomR(R/xt R, I ) → K •(xt ; I ) → HomR(C•(xt ), I ) → 0.

The following result is an extension of 7.3.3 to the case of a complex of flat
R-modules.

Lemma 7.3.6 Let x = x1, . . . , xk be a weakly pro-regular sequence of a commuta-
tive ring R. Let F denote a complex of flat R-modules. Then the inverse system of
homology modules {Hi (C•(xt ) ⊗R F)} is pro-zero for all i ∈ Z.

Proof First note that the complexC•(xt ) ⊗R F , simply denoted by K (t), is the single
complex associated to the double complex Kp,q(t) := Cp(xt ) ⊗R Fq . Therefore, for
each t ≥ 1, there is a convergent spectral sequence

E(t)1p,q = Hq(C•(xt ) ⊗R Fp) =⇒ Hp+q(C•(xt ) ⊗R F)

associated to the filtration defined by Kq(t) = ⊕ j≤q Ki, j (t). The natural morphism
C•(xs) → C•(xt ) for s ≥ t induces a morphism of the corresponding spectral
sequences (see e.g. [39] or [85]). In particular, for the subsequent stages of the
spectral sequences there is a natural homomorphism E(s)rp,q → E(t)rp,q for each
r ≥ 1 so that there are inverse systems {E(t)rp,q | t > 0}. We claim that these
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inverse systems are pro-zero for each r ≥ 1 and all p, q. We proceed by induc-
tion on r . For r = 1 the claim is true by assumption since x is weakly pro-regular
(see 7.3.3 and the definition of C•(xt ) ⊗R Fp as given in 7.3.5). For the sub-
sequent stages we proceed by induction. Note that E(t)r+1

p,q is a subquotient of
E(t)rp,q , there are homomorphisms d(t)rp,q : E(t)rp,q → E(t)rp−r,q+r−1 for t ≥ 1 and
E(t)r+1

p,q = Ker d(t)rp,q/ Im d(t)rp+r,q−r+1. By virtue of the observation in 1.2.4,
and assuming the claim is true for r , it follows that it is true for r + 1, and that
the inverse system {E(t)r+1

p,q } is pro-zero. Because E(t)∞p,q = E(t)rp,q for r � 1, the
inverse system {E(t)∞p,q | t ≥ 1} is pro-zero too, and this holds for all p, q.

We now investigate the module H(t)i := Hi (C•(xt ) ⊗R F) for a given i ∈ Z.
The filtration on the double complex Ki, j (t) induces a filtration on H(t)i defined by
Φq(H(t)i ) = Im(Hi (Kq(t) → Hi (K (t)). Note that Φq(H(t)i ) = 0 for i > q + k,
in particular Φ i−(k+1)(H(t)i ) = 0. Therefore the filtration on H(t)i is bounded and
there is a decreasing sequence of submodules

0 ⊆ Φ i−k H(t)i ⊆ . . . ⊆ Φ i−1H(t)i ⊆ Φ i H(t)i ⊆ Φ i+1H(t)i = H(t)i .

By construction we have

E∞
pq(t) ∼= Φq(H(t)p+q)/Φ

q−1(H(t)p+q).

For the subquotients we thus have

Φ i−pH(t)i/Φ
i−(p+1)H(t)i ∼= E∞

p,i−p(t) for − 1 ≤ p ≤ k.

We have seen that all of the inverse systems {E∞
p,i−p(t)} are pro-zero. Therefore by

induction on the length of the filtration it follows (with the observation in 1.2.4) that
the inverse system {H(t)i }t≥1 is pro-zero too. This completes the proof. �

For the readers who do not like spectral sequences we provide a second proof of
7.3.6 based on a diagram chase.

7.3.7 Second proof of 7.3.6. As the sequence x is weakly proregular we have for
any given t ∈ N an increasing sequence of natural numbers t = t1 ≤ t2 ≤ · · · ≤ tk
such that for all i, 0 ≤ i ≤ n, all the homomorphisms in the following sequence

Hi (C•(xtk )) → · · · → Hi (C•(xt2)) → Hi (C•(xt1))

are zero.
We investigate the inverse system of double complexes Ki j (t) = Ci (xt ) ⊗R Fj

and their rows C•(xt ) ⊗R Fj for j ∈ Z. The inverse system of homology modules
{Hi (C•(xt ) ⊗R Fj )} of these rows are pro-zero for all i ∈ Z. This follows because
Fj is flat and

Hi (C•(xt ) ⊗R Fj ) = Hi (C•(xt )) ⊗R Fj = Hi (x
t ) ⊗R Fj

for i �= 0 and H0(C•(xt ) ⊗R Fj ) = 0.
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In order to handle the inverse system of double complexes Ki j (t) we write dt
h for

the differential of their rows and dt
v for the differential of their columns.We also write

dt for the differential of the associated single complexes: for wi j ∈ Ci (xt ) ⊗R Fj we
have dt (wi j ) = dt

h(wi j ) + (−1)i dt
v(wi j ). A chain of degree n in the single complex

associated to Ki j (t)will be denoted bywt
n = (wt

0,n,w
t
1,n−1, . . . ,w

t
k,n−k), wherew

t
i,n−i

denotes the component of wt
n in Ci (xt ) ⊗R Fn−i . If s ≤ t we freely denote by ws

n the
image of wt

n in Ki j (s).
Now let us fix an integer n ∈ Z and take ztkn = (ztk0,n, z

tk
1,n−1, . . . , z

tk
k,n−k), a cycle

of degree n in the single complex associated to Ki j (tk). As ztkn is a cycle we have

(−1)i dv(z
tk
i,n−i ) + dh(z

tk
i+1,n−i−1) = 0.

With the help of the preceding observations and some diagram chasing we shall build
– step by step – a chain yt1n+1 of degree n + 1 in the single complex associated to
Ki j (t1) such that dt1(yt1n+1) = zt1n . Let us see how.

We put ytk0,n+1 = 0 and, as H0(C•(xtk ⊗R Fn)) = 0, we may pick an element

ytk1,n ∈ K1n(tk) = C1(x
tk ) ⊗R Fn such that dh(y

tk
1,n) = ztk0,n.

Now we have

dh(dv(y
tk
1,n)) = dv(dh(y

tk
1,n)) = dv(z

tk
0,n) = −dh(z

tk
1,n−1).

Therefore dh(dv(y
tk
1,n) + ztk1,n−1) = 0 and dv(y

tk
1,n) + ztk1,n−1 is a cycle of degree 1

in the row complex C•(xtk ) ⊗R Fn−1. Then we go to the level tk−1. Because
the homomorphism H1(C•(xtk ) ⊗R Fk−1) → H1(C•(xtk−1) ⊗R Fk−1) is zero, at this
level the element dv(y

tk−1
1,n ) + ztk−1

1,n−1 is a boundary of degree 1 in the row complex
C•(xtk−1) ⊗R Fn−1. Thus we may choose an element

ytk−1
2,n−1 ∈ C2(x

tk−1) ⊗R Fn−1 such that dh(y
tk−1
2,n−1) = ztk−1

1,n−1 + dv(y
tk−1
1,n ).

At this homological level we now have

dh(y
tk−1
1,n ) + (−1)0dv(y

tk−1
0,n+1) = ztk−1

0,n and

dh(y
tk−1
2,n−1) + (−1)1dv(y

tk−1
1,n ) = ztk−1

1,n−1.

Successively we proceed in the same way by going to the levels tk−2, . . . , t1 = t .
Finally, we obtain at level t1 the wanted chain yt1n+1. Therefore the map

Hk(C•(xtk ) ⊗R F) → Hk(C•(xt1) ⊗R F)

is zero. This holds for all n ∈ Z and all t = t1 ∈ N and the statement is proved. �



180 7 Local Cohomology and Local Homology

Similarly to the result in 7.3.6 there is an extension of 7.3.3 to the situation of a
complex of injective modules.

Lemma 7.3.8 Let x = x1, . . . , xk denote a weakly pro-regular sequence of the com-
mutative ring R. Let I be a complex of injective R-modules.

Then the complex lim−→HomR(C•(xt ), I ) is exact.

Proof The complex HomR(C•(xt ), I ) is the single complex associated to the double
complex K i, j (t) = HomR(Ci (xt ), I j ) becauseC•(xt ) is bounded. Let us investigate
its rows HomR(C•(xt ), I j ). As the R-module I j is injective we have

H 0(HomR(C•(xt ), I j )) = 0 and

Hn(HomR(C•(xt ), I j )) ∼= HomR(Hn(x
t ), I j ) ∼= Hn(xt , I j )

for all n > 0. As the direct limit functor commutes with taking cohomology we
have that lim−→HomR(C•(xt ), I j )) is exact for all j ∈ Z (see 7.3.3). Hence the double
complex lim−→t

K i, j (t) has exact rows. When the complex I is right-bounded the com-

plex lim−→HomR(C•(xt ), I ), which is associated to the double complex lim−→t
K i, j (t),

is exact by Lemma4.1.3. In the general case of an unbounded complex, note that
Hn(lim−→HomR(C•(xt ), I )) depends only on a hard truncation . . . → I m−1 → I m →
0 for m � n. �

These last results on weakly pro-regularity will give rise to a concrete relation
between local and Čech (co)homology.

7.4 Local and Čech Cohomology with Telescope

When a is an ideal of a Noetherian ring R a result of Grothendieck asserts that the
local cohomology modules Hi

a(M) of an R-module M can be computed via Čech
complexes, that is, Hi

a(M) ∼= Hi (Čx ⊗R M) where x = x1, . . . , xk is a sequence
generating the ideal a (see e.g. [40]).

This holds in greater generality and also admits a complex version (see [1]). In
this section we prove that RΓa(X) is represented by Čx ⊗R X for all unbounded
R-complexes X when x = x1, . . . , xk is a weakly pro-regular sequence generating
the ideal a. We also clarify the relation between local and Čech cohomology as done
in [75]. Then we present a description of Čx ⊗R X in terms of telescope, suggested
by the work of Greenlees andMay in [38] andmore helpful for further investigations.

Though the local cohomology of an R-complex X is related to its K -injective res-
olution (see 7.1.11), we first look at injective complexes and injective resolutions. It
will turn out that RΓa(X)may also be computed with an ordinary injective resolution
of X .
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Proposition 7.4.1 Let x = x1, . . . , xk be a sequence of elements of a commutative
ring R and a = x R the ideal generated by it.

(a) Let X denote a complex of R-modules. There is a natural degree-wise injec-
tive morphism Γa(X) → Čx ⊗R X. The composition with the natural morphism

Čx ⊗R X → X is the inclusion Γa(X) ↪→ X.

(b) The natural morphism Γa(I ) → Čx ⊗R I is a quasi-isomorphism for each com-
plex of injective R-modules provided the sequence x is weakly pro-regular.

Proof In order to prove the first part of the claim we consider the commutative
triangles

R

K•(xt ) R/at

where at denotes the ideal generated by the sequence xt = xt1, . . . , x
t
k . We apply the

functor HomR(·, X) and obtain commutative triangles for t ≥ 1

X

HomR(R/at , X) HomR(K•(xt ), X)

Then we take direct limits and obtain the claim since lim−→HomR(K•(xt ), X) ∼=
lim−→ K •(xt ; X) ∼= Čx ⊗R X .

Nowsuppose that the sequence x isweakly pro-regular and let X = I be a complex
of injective R-modules. With the notation of 7.3.5 we have a short exact sequence
of direct systems

0 → HomR(R/xt R, I ) → K •(xt ; I ) → HomR(C•(xt ), I ) → 0.

We take direct limits. As the direct limit functor is exact we obtain the quasi-
isomorphism Γa(I )

∼−→ Čx ⊗R I since the complex lim−→HomR(C•(xt ), I ) is exact
by 7.3.8. �

We already have a variant of 7.1.10 with the same conclusion under different
hypotheses.

Corollary 7.4.2 Assume that the ideal a of a commutative ring R is generated by a
weakly pro-regular sequence x = x1, . . . , xk. If I and I ′ are complexes of injective
R-modules and if f : I ∼−→ I ′ is a quasi-isomorphism, then Γa(h) is also a quasi-
isomorphism.
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Proof By 7.4.1 (b) there is commutative square

Γa(I ) Γa(I ′)

Čx ⊗R I
∼

Čx ⊗R I ′

where the vertical morphisms are quasi-isomorphisms (see 7.4.1 (b)). Note that we
have the quasi-isomorphism Čx ⊗R I

∼−→ Čx ⊗R I ′ because the complex Čx is DG-
flat. The conclusion follows. �

More important is the following.

Corollary 7.4.3 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Let X be an arbitrary R-complex and X

∼−→ I
one of its injective resolutions. Then we have quasi-isomorphisms such that the
following diagram is commutative

Čx ⊗R X
∼

Čx ⊗R I Γa(I )
∼

X
∼

I Γa(I )

where the vertical morphisms are the natural ones.

Proof The commutativity of the right square follows from (7.4.1 (a)) and that of the
left square by functoriality. We have the quasi-isomorphism Čx ⊗R X

∼−→ Čx ⊗R I

because the complex Čx is DG-flat and the quasi-isomorphism Γa(I )
∼−→ Čx ⊗R I

is in 7.4.1 (b). �

Here is the bridge between local and Čech cohomology, and even a little more.

Theorem 7.4.4 (see also [75, Theorem3.2]) Let a be a finitely generated ideal of a
commutative ring R and let x = x1, . . . , xk be a sequence in R such that Rad(a) =
Rad(x R). Then:

(a) The following conditions are equivalent:

(i) The sequence x = x1, . . . , xk is weakly pro-regular,
(ii) Hi

a(M) ∼= Hi (Čx ⊗R M) for any R-module M.

(b) When the conditions in (a) are satisfied RΓa(X) is represented by Čx ⊗R X for
any R-complex X and the natural map ιXa : RΓa(X) → X in the derived cate-
gory is represented by the natural morphism Čx ⊗R X → X.
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If X
∼−→ I is an injective resolution then RΓa(X) is also represented by Γa(I )

and the natural map ιXa : RΓa(X) → X is also represented by the composite
Γa(I ) → I ← X.

Proof Wemay and do assume a = x R (see 7.1.16). Let I
∼−→ I ′ be a DG-injective

resolution of I , so that the composite X
∼−→ I

∼−→ I ′ provides a DG-injective
resolution of X . Then RΓa(X) is represented by Γa(I ′) and the natural map ιXa :
RΓa(X) → X is represented by the composite Γa(I ′) → I ′ ← X (see 7.1.11).

Assume first that the sequence x = x1, . . . , xk is weakly pro-regular. Corol-
lary7.4.3 asserts thatΓa(I ) andΓa(I ′) are both quasi-isomorphic to Čx ⊗R X . Hence
Γa(I ) and Čx ⊗R X both represent RΓa(X), in particular condition (ii) is satisfied.
We obtain the remaining claims in (b) by the commutative diagram in 7.4.3.

Suppose now that condition (ii) is satisfied. For an injective R-module J this
means Hi (Čx ⊗ J ) ∼= Hi

a(J ) = 0 for all i �= 0. So the sequence x is weakly pro-
regular by Lemma7.3.3. �

We note that part (a) of the above theorem and the first assertion in part (b) were
also proved in [1].

Corollary 7.4.5 Let a be a finitely generated ideal of a commutative ring R, gener-
ated up to radicals by a weakly pro-regular sequence x = x1, . . . , xk. Then

Hi
a(X) ∼= Hi (Čx ⊗R X) ∼= lim−→ Hi (xt ; X)

for all R-complexes X and all i ∈ Z.

Proof This is a direct consequence of the above and 6.1.4. �

Corollary 7.4.6 Let a be a finitely generated ideal of a commutative ring R, gener-
ated up to radicals by a weakly pro-regular sequence x = x1, . . . , xk, and let M be
an R-module. Then Hi

a(M) = 0 for all i > k.

For an improved bound of the vanishing of Hi
a(M) we refer to the forthcoming

7.6.5.

Corollary 7.4.7 Let a be a finitely generated ideal of a commutative ring R, gener-
ated up to radicals by a weakly pro-regular sequence x = x1, . . . , xk. Let M be an
R-module. Then M is a-torsion if and only if the natural map ιMa : RΓa(M) → M
is an isomorphism in the derived category. In that case, Hi

a(M) = 0 for all i �= 0.
It follows that the pair (R, a) has the property B introduced in 2.7.8.

Proof If M is a-torsion then SuppR M ⊆ V (a). Hence the natural morphism Čx ⊗R

M → M is a quasi-isomorphism by Theorem6.1.8. It follows that Hi
a(M) = 0 for

all i �= 0. If the natural map ιMa : RΓa(M) → M is an isomorphism in the derived
category, then M ∼= H 0(Čx ⊗R M) = Γa(M). Whence M is a-torsion. �

We note that the local cohomology commutes with right-filtered direct limits.
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Corollary 7.4.8 Let a be a finitely generated ideal of a commutative ring R, gener-
ated up to radicals by a weakly pro-regular sequence x = x1, . . . , xk. Then the local
homology modules Hi

a(·) commute with right-filtered direct limits. Namely, if (I,≺)

is a right-filtered ordered set and ifX = {σi j : Xi → X j | 0 ≤ i ≤ j ∈ I } is a direct
system of R-complexes, then

Hi
a(lim−→ Xi ) ∼= lim−→ Hi

a(Xi ).

Proof This is a direct consequence of 6.3.7. �

For later use we need another representative of RΓa(X). To this end we aremainly
concerned with the direct systems of complexes {K •(xt ; X)} and their telescope,
following the work of Greenlees and May in [38].

Definition 7.4.9 Let x = x1, . . . , xk be a sequence of elements in the commutative
ring R and let X be an R-complex. Then we have the direct system {K •(xt ; X) | t ≥
1}. We define the complex

T (x; X) = Tel({K •(xt ; X)}).

For simplicity we also write T (x) = T (x; R) = Tel({K •(xt )}).
Observations 7.4.10 Let x = x1, . . . , xk be a sequence in a commutative ring R.

(a) Note that T (x) is a bounded complex of free R-modules, hence DG-projective
and DG-flat, and T (x)i = 0 for i /∈ [−1, k].

(b) T (x; X) is a functor in X (because K •(xt ; X) ∼= K •(xt ) ⊗R X ). Moreover,
there are functorial isomorphisms T (x; X) ∼= T (x) ⊗R X (see 4.3.5).

(c) It follows that the functor T (x; ·) preserves quasi-isomorphisms and is exact.
In particular, the complex T (x; X) is exact as soon as X is exact.

(d) There is a natural quasi-isomorphism

T (x; X)
∼−→ lim−→ K •(xt ; X) = Čx ⊗R X

(see 4.3.2). We compose it with the natural morphism Čx ⊗R X → X and obtain a
natural morphism

ιXx : T (x; X) → X.

(e) For the case X = R there is a quasi-isomorphism T (x)
∼−→ Čx . This yields

a bounded free resolution of Čx . Another free resolution Ľ x
∼−→ Čx was given in

6.2.3. Thus the complexes Ľ x and T (x) are quasi-isomorphic. Moreover, by 4.4.8
we have quasi-isomorphisms

Ľ x
∼−→ T (x)

∼−→ Ľ x .
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Note also that Ľ i
x = 0 for i /∈ [0, k], Ľ x is a complex of length k while T (x) is a

complex of length k + 1.

We are ready for a description of RΓa in terms of the telescope. Putting 7.4.10
(d) and 7.4.4 together we obtain the following.

Theorem 7.4.11 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Then in the derived category RΓa(X) is rep-
resented by T (x; X) and therefore Hi

a(X) ∼= Hi (T (x; X)) for all i ∈ Z.
Moreover, the natural morphism ιXa ;RΓa(X) → X in the derived category may

be represented by the natural morphism ιXx : T (x; X) → X.

We note that themodule case of Theorem7.4.11 was already in [38] under slightly
stronger hypotheses.

7.5 Local and Čech Homology with Microscope

Here we show that the local homology with respect to an ideal a generated by a
weakly pro-regular sequence x = x1, . . . , xk coincides with the Čech homology, a
result independently obtained in [64] by somewhat different methods. Here we first
present a description of the local homology in terms of microscope, a description
suggested by the work of Greenlees andMay in [38]. It will turn out thatΛa(X)may
be computed by using an ordinary flat resolution of X when the ideal a is generated
by aweakly pro-sequence sequence. Thenwe obtain the result by the duality between
telescope andmicroscope andprovide somefirst consequences.Aswe shall bemainly
concerned with microscopes of inverse systems of Koszul complexes we simplify
notations and introduce definitions.

Definitions and observations 7.5.1 Let x = x1, . . . , xk denote a sequence of ele-
ments of a commutative ring R. Let X be any complex of R-modules. We construct
the microscope with respect to the inverse system {K•(xt ; X)} and put

M(x; X) = Mic({K•(xt ; X)}).

This gives a functor M(x; ·) which is exact and preserves quasi-isomorphisms (see
4.2.8). In particular, M(x, X) is exact as soon as the complex X is exact.

We also put M(x) = M(x; R) = Mic({K•(xt )}). For an arbitrary R-module N
note that M(x, N )i = 0 for i /∈ [−1, k].

Local homology is related to K -flat resolutions (see 7.1.6). Nevertheless we first
look at flat complexes and flat resolutions.

Proposition 7.5.2 Let x = x1, . . . , xk be a sequence of elements in the commutative
ring R and write xt for the sequence x = xt1, . . . , x

t
k . Let X denote an R-complex.
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(a) There are natural morphisms α
x
X and δ

x
X inserted in a commutative triangle

X
α
x
X

M(x; X)
δ
x
X

Mic({R/xt R ⊗R X}).

(b) If X = F is a complex of flat R-modules and if the sequence x is weakly pro-
regular, then the natural morphism δ

x
F is a quasi-isomorphism.

Proof For the proof of (a) we consider the inverse system of commutative triangles

X

K•(xt ; X) R/xt R ⊗R X.

We take microscopes and compose with the natural quasi-isomorphism X
∼−→

Mic(X), where X is viewed as a constant inverse system.
For the proof of (b) we consider the inverse system of short exact sequences

0 → C•(xt ) ⊗R F → K•(xt ) ⊗R F → R/xt R ⊗R F → 0

described in 7.3.5. Whence there is a short exact sequence of complexes

0 → Mic({C•(xt ) ⊗R F}) → M(x; F) → Mic({R/xt R ⊗R F}) → 0

(see 4.2.5). By 7.3.6 we know that for all i ∈ Z the inverse system of homology
modules {Hi (C•(xt ) ⊗R F))} is pro-zero. By 4.2.3 we now obtain that the complex
Mic({C•(xt ) ⊗R F}) is exact. Whence the morphism M(x; F) → Mic({R/xt R ⊗R

F}) is a quasi-isomorphism. �

Corollary 7.5.3 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Let X be an arbitrary R-complex and F

∼−→
X one of its flat resolutions. Then there are quasi-isomorphisms such that the fol-
lowing diagram is commutative

F F F ∼ X

Λa(F)
∼ Mic({R/xt R ⊗R F}) M(x; F)

∼ ∼
M(x; X)

where the vertical maps are the natural ones.
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Proof Wehave the commutative square on the left and its bottom quasi-isomorphism
by Lemma(4.2.3 (a)). We have the middle commutative square and its bottom quasi-
isomorphism by Proposition7.5.2. We have the commutative square on the right by
naturality and its bottom quasi-isomorphism because the functor M(x; ·) preserves
quasi-isomorphisms (see 7.5.1). �

Here is another consequence of the preceding considerations. Note the slight but
important difference in the hypotheses between the following and the previous 7.1.5.

Corollary 7.5.4 Letadenote an ideal of a commutative ring R generatedbyaweakly
pro-regular sequence x = x1, . . . , xk. Let h : F ∼−→ F ′ be a quasi-isomorphism

between flat complexes. Then Λa(h) : Λa(F)
∼−→ Λa(F ′) is also a quasi-

isomorphism.

Proof The claim follows from the commutative diagram

Λa(F)
∼ Mic({R/xt R ⊗R F}) M(x; F)

∼

Λa(F ′) ∼ Mic({R/xt R ⊗R F ′}) M(x; F ′)∼

noting that the right vertical morphism is a quasi-isomorphism (see 7.5.1). �

Now we are ready for the descriptions of LΛa we had in mind.

Theorem 7.5.5 Let a be a finitely generated ideal of a commutative ring R and
assume there is a weakly pro-regular sequence x = x1, . . . , xk in R such that
Rad(a) = Rad(x R).

Then, for each R-complex X and each flat resolution F
∼−→ X of X, we have

that the complexes M(x; X) and Λa(F) are quasi-isomorphic and both represent
LΛa(X) in the derived category. Hence

Λa
i (X) ∼= Hi (M(x; X)) ∼= Hi (Λ

a(F)) for all i ∈ Z.

Moreover, the natural map αa
X : X → LΛa(X) in the derived category is represented

by the composite X
∼←− F −→ Λa(F) and also by the natural morphism α

x
X : X →

M(x; X).

Proof Wemay and do assume a = x R (see 7.1.16). Let P
∼−→ F be a DG-projective

resolution of F , so that the composite P
∼−→ F

∼−→ X provides a DG-projective
resolution of X . Then LΛa(X) is represented by Λa(P) and the natural morphism
αa
X : X → LΛa(X) is represented by the composite X

∼←− F
∼←− P −→ Λa(P)

(see 7.1.6). But there is a quasi-isomorphism Λa(P)
∼−→ Λa(F) (see 7.5.4). Hence

our statements are a direct consequence of 7.5.3. �
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We note that the module case of the above theorem was already in [38] under
slightly stronger hypotheses.

Corollary 7.5.6 In the situation of 7.5.5 there are natural short exact sequences

0 → lim←−
1Hi+1(x

t ; X)) → Λa
i (X) → lim←− Hi (x

t ; X) → 0

for any R-complex X and all i ∈ Z

Proof This is a direct consequence of the above theorem and of Lemma4.2.3. �

Corollary 7.5.7 Let M be an R-module. With the assumptions of 7.5.5 it follows
that Λa

i (M) = 0 for all i > k.

Proof The proof follows since M(x; M)i = 0 for i /∈ [−1, k]. �

For an improved bound of the vanishing of Λa
i (M), see the forthcoming 7.6.5.

Remark 7.5.8 In the situation of 7.5.5 letM denote an R-module.As the naturalmor-
phism α

x
M : M → M(x; M) represents αa

M , we note that α
x
M induces in homological

degree 0 the natural homomorphism ηa
M : M → Λa

0 (M).
In the case of M = R it follows that the complex M(x) = M(x; R) has its

homology concentrated in degree 0, where it is R̂a. Hence M(x) and R̂a are quasi-
isomorphic (for a more precise result, see 7.5.17).

If R is a-complete then the natural morphism α
x
R is a quasi-isomorphism.

Now we prepare for a bridge between local and Čech homology.

Lemma 7.5.9 Let x = x1, . . . , xk be a sequence in a commutative ring R and let X
denote an R-complex. There is a natural isomorphism of complexesHomR(T (x), X)
∼= M(x; X) and a commutative triangle

X
HomR(ιRx ,X)α

x
X

M(x; X)
∼ HomR(T (x), X).

Proof First we recall 4.3.6: for all direct systems D over N and all complexes
X there is a natural isomorphism HomR(Tel(D), X)) ∼= Mic(HomR(D, X)). Next
we put D = {K •(xt )} and obtain the isomorphism by taking into account that
HomR(K •(xt ), X) ∼= K•(xt ; X). We now check the commutativity of the triangle.
To this end we consider the morphism of direct systems

{K •(xt )} → R

where R is viewed as a constant direct system. Note first that the composite
T (x) → Tel(R)

∼−→ lim−→ R = R is the natural morphism ιRx as described in 7.4.10.
By naturality we have a commutative diagram
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X = HomR(lim−→ R, X) HomR(Tel(R), X) HomR(T (x), X)

X = lim←−HomR(R, X) Mic(X) M(x; X)

where the two vertical morphisms on the right are the isomorphisms given by 4.3.6.
In this diagram the composite of the top row is the morphism HomR(ιRx , X). By a
little reflection we observe that the morphism

Mic(X) → M(x, X)

in the bottom row stems from the morphism of inverse systems X → {K•(xt ; X)}.
Hence the composite of the bottom row is the morphism α

x
X described in 7.5.2. �

We first use microscopes and telescopes to obtain another description of the Čech
homology.

Theorem 7.5.10 Let x = x1, . . . , xk be a sequence in a commutative ring R and

let X be an R-complex with one of its K -injective resolution X
∼−→ I . Then the

complexes
M(x; X), HomR(T (x), X) and HomR(Čx , I )

are quasi-isomorphic. Each of them represents RHomR(Čx , X) in the derived cat-

egory. Moreover, the natural map X → RHomR(Čx , X)) in the derived category is
represented by both natural morphisms

α
x
X : X → M(x; X) and HomR(ιRx , X) : X → HomR(T (x), X).

Proof There are quasi-isomorphisms that make the following diagram commutative

X X
∼

I I

M(x; X)
∼ HomR(T (x), X)

∼ HomR(T (x), I ) HomR(Čx , I )
∼

where the vertical morphisms are the natural ones. Note that the commutative square
on the left is given by Lemma7.5.9, while the others are given by naturality, taking
into account that T (x) is DG-projective and I is K -injective by assumption. As
the natural map X → RHomR(Čx , X) is represented by the composite X

∼−→ I →
HomR(Čx , I ) (see 6.4.1) the conclusion follows. �

Remark 7.5.11 Let X be an R-complexwith oneof its K -injective resolutions X
∼−→

I and recall the free resolution Ľ x
∼−→ Čx obtained in 6.2.3. Then we have the quasi-

isomorphisms
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HomR(Ľ x , X)
∼−→ HomR(Ľ x , I )

∼←− HomR(Čx , I ).

Hence RHomR(Čx , X) is also represented by HomR(Ľ x , X) and the natural map

X → RHomR(Čx , X) is also represented by the composite X
∼−→ I → HomR

(Ľ x , I ) or by the natural morphism X → HomR(Ľ x , X).

We now have the relation between the local homology with respect to an ideal
generated by aweakly pro-regular sequence x and the Čech homologywith respect to
that sequence. Putting together Theorems7.5.5, 7.5.10 and Remark7.5.11 we obtain
the following.

Theorem 7.5.12 Let a be a finitely generated ideal of a commutative ring R and
x = x1, . . . , xk be a sequence in R such that Rad(a) = Rad(x R). Assume that the
sequence x is weakly pro-regular.

Then LΛa(X) andRHomR(Čx , I ) are isomorphic in the derived category for any
R-complex X. They are represented by each of the quasi-isomorphic complexes

M(x; X), HomR(T (x, X), HomR(Ľ x , X) and HomR(Čx , I ),

where X
∼−→ I is a K -injective resolution. In particular,

Λa
i (X) ∼= Hi (HomR(T (x), X)) ∼= Hi (HomR(Ľ x , X))

∼= Hi (HomR(Čx , I )) ∼= Ext−i
R (Čx , X).

Moreover, the natural map αa
X : X → LΛa(X) in the derived category, which is

represented by α
x
X : X → M(x; X), is also represented by the composite X

∼−→
I → HomR(Čx , I ) or by the composite X

∼−→ I → HomR(Ľ x , I ), and by the nat-
ural morphism HomR(ιRx , X) : X → HomR(T (x), X) or by the natural morphism

X → HomR(Ľ x , X).

In the above theorem the fact that LΛa(X) is represented by HomR(Ľ x , X) is
also proved in [64] by quite different methods, a reduction to the case when X is a
flat R-module. The fact that LΛa(X) is represented by HomR(Čx , I ) was already
proved in [1] under slightly stronger hypotheses, and in [75] when X is bounded.

Here is the local homology counterpart of Corollary7.4.7. Note also that the
following generalizes results previously known when the ring is Noetherian and
already observed in 2.5.15, in 2.5.17 and in 2.5.18.

Corollary 7.5.13 In the situation of 7.5.12 let M be an R-module and X an R-
complex.

(a) M is a-pseudo-complete if and only if the natural map αa
M : M → LΛa(M) is

an isomorphism in the derived category. In that case, Λa
i (M) = 0 for all i �= 0.

(b) The pair (R, a) has the property C introduced in 2.6.10, that is, every a-complete
module M belongs to the class Ca introduced in 2.5.12.
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(c) Let 0 → M1 → M2 → M3 → 0 be a short exact sequence of R-modules. If two
of the three modules M1, M2, M3 are a-pseudo-complete, so is the third.

(d) If X is a complex of a-pseudo-complete R-modules, then its homology modules
Hi (X) are a-pseudo-complete for all i ∈ Z.

Proof Recall that the natural map αa
M : M → LΛa(M) induces the homomorphism

ηa
M in homological degree 0 (see 7.1.9). Hence, if αa

M is an isomorphism in the
derived category then M is a-pseudo-complete and Λa

i (M) = 0 for all i �= 0.
Assume now that M is a-pseudo-complete. Then Ext jR(⊕k

i=1Rxi , M) = 0 for all

j ≥ 0 by 3.1.8. If M
∼−→ I is an injective resolution of the R-module M it follows

that the composite M
∼−→ I → HomR(Čx , I ) is a quasi-isomorphism (see 6.4.2).

Hence αa
M is an isomorphism in the derived category.

For the assertion in (b) recall 2.5.7, valid when the ideal a is finitely generated: if
M is a-complete then M is also a-pseudo-complete and the natural homomorphism
ηa
M : M → Λa

0 (M) is an isomorphism. It follows that the natural homomorphism
γ a
M : Λa

0 (M) → M̂a is also an isomorphism. This together with (a) gives (b).
The assertion in (c) follows by the assertion in (a) and the long exact homology

sequence of the Λa
i ’s.

Now the proof of the assertion in (d) is the same as that in 2.5.18. �

Also important is the following. Note that in general R̂a is not R-flat (see Exam-
ple2.8.7).

Corollary 7.5.14 Let a be an ideal of a commutative ring R generated by the
sequence x = (x1, . . . , xk). If this sequence is weakly pro-regular on R it is also
weakly pro-regular on R̂a.

Proof This is a direct consequence of the above and 5.2.6. �

Here is a partial converse of the previous Theorem7.5.12 and another characteri-
zation of weakly pro-regular sequences when the ring is coherent. For the notion of a
coherent ring, see 1.4.2. Remember also Lemma1.4.5: for two injective R-modules
I, J over a coherent ring R the R-module HomR(I, J ) is R-flat.

Proposition 7.5.15 Let x = x1, . . . , xk denote a sequence of elements of a coherent
ring R. Let a = x R. Then the following conditions are equivalent:

(i) The sequence x is weakly pro-regular.
(ii) Λa

i (M) ∼= Hi (RHomR(Čx , M)) ∼= Hi (HomR(T (x), M)) for all R-modules M.
(iii) Hi (HomR(T (x), F)) = 0 for any flat R-module F and all i �= 0.

Proof The implication (i)=⇒ (ii) is a direct consequence of Theorem7.5.12 and the
implication (ii) =⇒ (iii) is obvious.

Assume now that condition (iii) is satisfied. Let I denote an injective R-module
and consider its general Matlis dual I∨, which is a flat R-module (see 1.4.5). We
have an isomorphism and a quasi-isomorphism
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HomR(T (x), I∨) ∼= (T (x) ⊗R I )∨ ∼←− (Čx ⊗R I )∨.

Because the generalMatlis duality functor is faithfully exact it follows that Hi (Čx ⊗R

I ) = 0 for all i �= 0 and any injective R-module I . By 7.3.3 this shows that the
sequence x is weakly pro-regular. �

We do not know whether the previous result holds without the assumption that R
is coherent. This was erroneously claimed in [75].

Next there will be a dual version of 7.4.1. In a certain sense it provides a more
direct argument for the presentation of LΛa(X) in the derived category.

Proposition 7.5.16 Let x = x1, . . . , xk denote a weakly pro-regular sequence of a
commutative ring R and a = x R. Let F be a complex of flat R-modules. Then there
is a natural quasi-isomorphism of complexes

HomR(Ľ x , F)
∼−→ Λa(F)

that is degree-wise surjective. The composition with the natural morphism F →
HomR(Ľ x , F) is the natural morphism τa

F : F → Λa(F).

Proof First note that the natural morphism Ľ x → R (see 6.2.6) induces a morphism
X → HomR(Ľ x , X) for any R-complex X . Now recall that Ľ i

x = 0 for all i < 0 and
all i > k. Therefore, for a flat R-module G we obtain a complex

HomR(Ľ x ,G) : 0 → HomR(Ľk
x ,G) → . . . → HomR(Ľ0

x ,G) → 0.

By virtue of 7.5.12 it follows that Hi (HomR(Ľ x ,G)) = 0 for all i �= 0 and

H0(HomR(Ľ x ,G)) = Λa(G).

Thus HomR(Ľ x ,G) is a left resolution of Λa(G) and induces a natural quasi-

isomorphism HomR(Ľ x ,G)
∼−→ Λa(G). Recall also that the natural morphism

G → HomR(Ľ x ,G), which represents the natural map αa
G (see 7.5.12), induces in

homological degree zero the homomorphismηa
G (see 7.1.9) and thatηa

G = τa
G because

G is flat. Hence the composite G → HomR(Ľ x ,G)
∼−→ Λa(G) is the homomor-

phism τa
G .

Now let F denote a complex of flat R-modules. Let Fi , i ∈ Z, denote the i th
module of the complex F . By the above the complex HomR(Ľ x , Fi ) is a left resolu-
tion of Λa(Fi ) for all i ∈ Z. Clearly it is functorial. Whence there is a commutative
diagram

HomR(Ľ x , Fi+1)
∼

Λa(Fi+1)

HomR(Ľ x , Fi )
∼

Λa(Fi )
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where the horizontal morphisms are quasi isomorphisms. These data induce a mor-
phism of complexes

h : HomR(Ľ x , F) → Λa(F) with

HomR(Ľ x , F)n :=
∏

i

HomR(Ľ i
x , F

i+n) → Λa(Fn)

which is degree-wise surjective. To finish the proof we observe that the cone
C(h) is the single complex associated to the double complex defined by K i, j =
HomR(Ľ−i

x , F j ) for −k ≤ i ≤ 0 and K 1, j = Λa(F j ). This double complex has
exact rows and only a finite number of non-zero columns, hence its second spectral
sequence is zero and convergent. Therefore C(h) is exact, h is a quasi-isomorphism
and the last claim follows. �

With the hypotheses of 7.5.16 we have seen in 7.5.3 that the complexes M(x; F)

and Λa(F) are quasi-isomorphic. We now have a more precise statement.

Corollary 7.5.17 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk and let F be a complex of flat R-modules. Then
there is a quasi-isomorphism of complexes

M(x; F)
∼−→ Λa(F)

such that the composition with the natural morphism F → M(x; F) is homotopic
to the natural morphism τa

F : F → Λa(F).

In particular, there is a quasi-isomorphism M(x)
∼−→ Λa(R). Its composition

with the natural morphism R → M(x; R) is the natural homomorphism τa
R .

Proof We first recall that M(x; F) ∼= HomR(T (x), F) (see 7.5.9). Then we choose
a quasi-isomorphism h : Ľ x

∼−→ T (x) such that the triangle

Ľ x
h

T (x)

Čx ,

where the oblique morphisms are the natural ones, is commutative up to homo-
topy (such a quasi-isomorphism exists by 4.4.6). It induces a quasi-isomorphism
HomR(T (x), F)

∼−→ HomR(Ľ x , F) (see 4.4.11) which we compose with the quasi-

isomorphism HomR(Ľ x , F)
∼−→ Λa(F) obtained in 7.5.16. This gives the required

quasi-isomorphism. Then we observe that the triangle
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F

HomR(T (x), F)
∼ HomR(Ľ x , F),

where the oblique morphisms are the natural ones, is also commutative up to homo-
topy by the choice of h. This together with the commutative triangle in 7.5.9 yields
the last claims. �

As a first application we compute the local homology of a finitely presented
module over a coherent ring.

Proposition 7.5.18 Let R denote a coherent ringand leta ⊂ R bean ideal generated
by a weakly pro-regular sequence x = x1, . . . , xk. Let N denote a finitely presented
R-module. Then

Λa
i (N ) ∼= TorRi (R̂a, N ) for all i ≥ 0.

Proof WehaveΛa
i (N ) ∼= Hi (M(x; N ))because thesequence x isweaklypro-regular

and M(x; N ) = Mic(K•(xt ) ⊗R N ) ∼= M(x) ⊗R N because N is finitely presented
(see 4.2.9).Wealsohaveaquasi-isomorphismM(x)

∼−→ R̂a, see7.5.17. Ontheother
handM(x) is a bounded complex of flat R-modules because R is coherent (see 1.4.4).
It follows that Hi (M(x; N )) ∼= Hi (M(x) ⊗R N ) ∼= TorRi (R̂a, N ). �

We end the section with a remark on the local homology of products.

Proposition 7.5.19 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Then LΛa commutes with products: for a
family of R-complexes Xα , α ∈ I , we have that LΛa(

∏
α Xα) � ∏

α LΛa(Xα) in
the derived category. In particular,

Λa
i (

∏

α

Xα) ∼=
∏

α

Λa
i (Xα)

for all i ∈ Z.

Proof Since HomR(T (x),
∏

α Xα) ∼= ∏
α HomR(T (x), Xα) this is also a conse-

quence of Theorem7.5.12. �
For the local homology of an inverse system with respect to an ideal generated by

a weakly pro-regular sequence and again in view of Theorem7.5.12 we only refer to
6.3.7.

7.6 Depth and Codepth with Local (Co-)Homology

In this section we reinterpret the results of Chapter6, section 6, in terms of local
homology and cohomology. That is, we provide lower and upper bounds for the non-
vanishing ofΛa

i (X) and Hi
a(X)when the ideal a is generated by aweakly pro-regular
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sequence. While the lower bounds are known, at least when the ring is Noetherian
(see [33]), our upper bounds seem to be new. We also investigate the behaviour of
the Ext-depth. When the ring is Noetherian, we also present another upper bound for
the non-vanishing of Λa

i (X), due to Frankild (see [34]). Via the Matlis duality this
also provides another upper bound for the non-vanishing of Hi

a(X).

Definition 7.6.1 We define the local depth of an R-complex X with respect to an
ideal a of R by

h−
a (X) = inf{i ∈ Z | Hi

a(X) �= 0}.

Also we define the local codepth of the R-complex X with respect to the ideal a by

λa
−(X) = inf{i ∈ Z | Λa

i (X) �= 0}.

Here is a generalization of Foxby and Iyengar’s result [33, Theorem2.1, Theorem
4.1], originally stated for Noetherian rings, and the promised extension of 7.2.10 and
7.2.11.

Theorem 7.6.2 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Then for any R-complex X we have

h−
a (X) = E-dp(a, X) and

λa
−(X) = T-codp(a, X).

Proof By definition Hi
a(X) = Hi (RΓa(X)) and Λa

i (X) = Hi (LΛa(X)). When the
sequence x is weakly pro-regular we have seen in 7.4.4 that RΓa(X) is represented
by Čx ⊗R X , while LΛa(X) � RHomR(Čx , X) in the derived category (see 7.5.12).
Hence the result is a direct consequence of 6.6.2 and 6.6.3. �

As for the Čech homology and cohomology we consider some supremum analo-
gous to the infimum in 7.6.1.

Definition 7.6.3 For any ideal of a commutative ring R and any R-complex X we
write

h+
a (X) := sup{i ∈ Z | Hi

a(X) �= 0} and λa
+(X) := sup{i ∈ Z | Λa

i (X) �= 0}.

These quantities can be viewed as a kind of relative dimension.

The following is reformulation of Theorem6.6.5. It is a generalization of [79,
Theorem3.7] originally stated formodules over aNoetherian ring. It will also provide
some bounds for the non-vanishing of the local homology and cohomology of an
R-module.

Theorem 7.6.4 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = x1, . . . , xk. Let ϕ : R → B be a homomorphism of com-
mutative rings and let y = y1, . . . , yl be a sequence in B such that Rad(yB) =
Rad(ϕ(x)B), l ≤ k. Let X be a B-complex viewed as an R complex via ϕ. Then
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h+
a (X) ≤ l − T-codp(x R, X) = l − λa

−(X) and

λa
+(X) ≤ l − E-dp(x R, X) = l − h−

a (X).

Proof In view of 7.4.4 and 7.5.12 this is a consequence of 6.6.5 and 7.6.2. �

We also obtain the bounds announced in 7.4.6 and in 7.5.7.

Corollary 7.6.5 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Let M denote an R-module. Assume there
is a sequence y = y1, . . . , yl , l ≤ k such that Rad(x R + AnnR M) = Rad(yR +
AnnR M). Then

Hi
a(M) = 0 for all i > l − T-codp(a, M) and

Λa
i (M) = 0 for all i > l − E-dp(aR, M).

Proof This is a reformulation of 6.6.7, which also contains more information. �

We now investigate the behaviour of the Ext-depth and Tor-codepth under local
homology and cohomology. Recall that two quasi-isomorphic complexes have the
same Ext-depth and the same Tor-codepth, so that we may speak of the Ext-depth
and Tor-codepth of RΓa(X) and LΛa(X) without ambiguity.

Proposition 7.6.6 Let a be a finitely generated ideal of a commutative ring R and
x = x1, . . . , xk be a weakly pro-regular sequence such that Rad(a) = Rad(x R). Let
X be an R-complex. Then

(a) E-dp(a, X) = E-dp(a,RΓa(X)) = E-dp(a,LΛa(X)),
(b) T-codp(a, X) = T-codp(a,RΓa(X)) = T-codp(a,LΛa(X)), and in particular,
(c) E-dp(a, R) = E-dp(a, R̂a).

Proof By 7.4.4 and 7.5.12 RΓa(X) is represented by Čx ⊗R X and LΛa(X) is

represented by HomR(Čx , I ), where X
∼−→ I is a K -injective resolution. Hence

the claims follow by 6.6.2, 6.6.3 and 6.6.8. Note also that LΛa(R) is represented
by R̂a. �

Note, however, that the Ext-depth and the Tor-codepth are not preserved by the a-
torsion functor and the a-completion functor. For example, let (R,m,k) be aNoethe-
rian local ring of positive depth and let E be the injective hull of the residue field. Then
0 < E-dp(m, R) = T-codp(m, E) < ∞ and T-codp(m, R) = 0 = E-dp(m, E). But
Γm(R) = 0 = Λm(E).

When the ring R is Noetherian, we also have another bound for λa+(X), due to
Frankild. To present it we first recall Grothendieck’s vanishing theorem. It involves
the dimension of an R-module M , defined by dimR M = dim SuppR M . Note that if
M is a finitely generated R-module then dimR M = dimR R/AnnR M (see e.g. [58]
for some details). Here is Grothendieck’s vanishing result.
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Theorem 7.6.7 (see [40, 41]) Let a denote an ideal of a Noetherian ring R. Let M
be an R-module with d = dimR M. Then Hi

a(M) = 0 for all i > d.

Proof First note that we may assume d < ∞ because otherwise there is nothing to
prove. Let m be a maximal ideal of R. Then Hi

aRm
(Mm) ∼= Hi

a(M) ⊗R Rm for all
i ∈ N. Hence we may assume that R is a Noetherian local ring since dim Mm ≤ d
and Hi

a(M) = 0 if and only if Hi
a(M) ⊗R Rm vanishes for all m.

Moreover, M is the direct limit lim−→ Mλ of its finitely generated submodules. Since
SuppR Mλ ⊆ SuppR M we may assume that M is finitely generated in view of 7.4.8.

Therefore we have to prove Hi
a(M) = 0 for i > dimR M when M is a finitely

generated R-module over a Noetherian local ring (R,m). We proceed by induc-
tion on d = dimR M . First let d = 0, then M is of m-torsion and therefore also
of a-torsion. Whence Hi

a(M) = 0 for i > 0 (see 7.4.7). Now let d ≥ 1 and N =
H 0

a (M). The short exact sequence 0 → N → M → M/N → 0 provides isomor-
phisms Hi

a(M) ∼= Hi
a(M/N ) for i > 0. Because dimR M ≥ dimR M/N we may

assume that H 0
a (M) = 0. That is, there exists an M-regular element x ∈ a. Because

dimR M/xM = d − 1 we have Hi
a(M/xM) = 0 for i > d − 1 by the induction

hypothesis. The short exact sequence 0 → M
x−→ M → M/xM → 0 yields injec-

tions 0 → Hi
a(M)

x−→ Hi
a(M) for i > d. Since Hi

a(M) is of a-torsion (see 7.1.12)
this implies the vanishing of Hi

a(M) for i > d. �

Corollary 7.6.8 Let a be an ideal of a Noetherian ring generated by a sequence
x = x1, . . . , xk. Then Hi (Čx ) = 0 for all i > dim R.

Proof This follows by 7.6.7 because Hi (Čx ) = Hi
a(R) when R is Noetherian

(see 7.4.4 and recall that any finite sequence in a Noetherian ring is weakly pro-
regular). �

We need the following well-known lemma. It is a variant of [30, Lemma2.1].

Lemma 7.6.9 Let R denote a commutative ring and let P be a bounded non-exact
complex of projective R-modules. Then

inf{i | Hi (HomR(P, X) �= 0} ≥ inf{i | Hi (X) �= 0} − sup{i | Hi (P) �= 0}

for any R-complex X.

Proof First note that sup{i | Hi (P) �= 0} is finite by the hypothesis on P .
If inf{i | Hi (X) �= 0} = −∞ there is nothing to prove. If inf{i | Hi (X) �= 0} =

∞ then X is exact and so is HomR(P, X). It follows that inf{i | Hi (HomR(P, X) �=
0} = ∞.

Assume now that inf{i | Hi (X) �= 0} is finite. We write r = inf{i | Hi (X) �= 0}
and s = sup{i | Hi (P) �= 0}. By cancellation there is a quasi-isomorphism P ′ ∼−→
P , where P ′ is a bounded non-exact complex of projective R-moduleswith Hi (P ′) =
0 for all i > s. There is also a quasi-isomorphism X

∼−→ I , where I is a left-
bounded complex of injective R-modules with H j (I ) = 0 for all j < r (see 1.1.12).
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Then Hi (HomR(P, X)) ∼= Hi (HomR(P ′, I )) for all i ∈ Z and HomR(P ′, I ) is left-
bounded. Note also that (HomR(P ′, I ))n = ∏

i+ j=n HomR(P ′−i , I j ) �= 0 only if
there exist i, j such that j ≥ r and i ≥ −s. Hence (HomR(P ′, I ))n = 0 for all
n < r − s and the claim follows. �

We are now prepared to present Frankild’s result.

Theorem 7.6.10 (see [34, 2.12]) Let R denote a Noetherian ring. Let a be a proper
ideal of R. Then

λa
+(X) ≤ dim R − E-dp(a, X)

for all R-complexes X.

Proof Let x = x1, . . . , xk be a sequence generating the ideal a. We recall the
bounded free resolution Ľ x of Čx obtained in 6.2.3. Then LΛa(X) is represented by
HomR(Ľ x , X) � HomR(Ľ x , Čx ⊗R X) (see 7.5.12 and 6.5.4). Hence

λa
+(X) = sup{i | Hi (HomR(Ľ x , Čx ⊗R X)) �= 0}
= − inf{i | Hi (HomR(Ľ x , Čx ⊗R X)) �= 0}.

The conclusion follows by applying Lemma7.6.9 to the complexes Ľ x and Čx ⊗R X .
Note that Ľ x is not exact (since a is proper), that sup{i | Hi (Ľ x ) �= 0} ≤ dim R (see
7.6.8) and recall that inf{i | Hi (Čx ⊗R X) �= 0} = E-dp(a, X) (see 6.6.2). �

On the local cohomology side we get the following.

Corollary 7.6.11 Let R denote a Noetherian ring and let a be a proper ideal of R.
Then

h+
a (X) ≤ dim R − T-codp(a, X)

for all R-complexes X.

Proof First recall that RΓa(X) is represented by Ľ x ⊗R X (see 7.4.4). By adjoint-
ness note that (Ľ x ⊗R X)∨ ∼= HomR(Ľ x , X∨), where (·)∨ denotes the general Matlis
duality functor. Hence (Hi

a(X))∨ ∼= Λa
i (X

∨) and h+
a (X) = λa+(X∨). Now the claim

follows by Theorem7.6.10 applied to the complex X∨. Recall that E-dp(a, X∨) =
T-codp(a, X) (see 5.3.6). �

The above results also have some unexpected consequences.

Corollary 7.6.12 Let R denote a Noetherian ring, a a proper ideal of R and M an
R-module. Assume that E-dp(a, M) is finite. Then

0 ≤ E-dp(a, M) ≤ dim R/AnnR(M) and 0 ≤ T-codp(a, M) ≤ dim R/AnnR(M).
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Proof We write ·̄ for the images modulo AnnR(M) and view M as an R̄-module.
Note that E-dp(a, M) = E-dp(ā, M) (see 5.3.10). Note also that T-codp(ā, M) ≥ 0
and E-dp(ā, M) ≥ 0 because M is an R̄-module. Then recall that E-dp(ā, M) is
finite if and only if T-codp(ā, M) is finite (see 5.3.9). In that case, and because of the
equalities h−

ā (M) = E-dp(ā, M) and λā−(M) = T-codp(ā, M) (see Theorem7.6.2)
we have h+

ā (M) ≥ 0 and λā+(M) ≥ 0. The claims now follow by 7.6.10 and 7.6.11
applied to the R̄-module M . �



Chapter 8
The Formal Power Series Koszul
Complex

In his book Matsumura proved the following Theorem (see [58, Theorem 8.12]).
Let a be an ideal of a Noetherian ring R generated by the sequence

x = x1, . . . , xk . There is a natural isomorphism R̂a ∼= R[[U ]]/(U − x), where
R[[U ]] denotes the formal power series ring in the variables U1, . . . ,Uk over R and
U − x denotes the sequence U1 − x1, . . . ,Uk − xk .

When reading this we wondered if it is necessary to suppose that the ring R is
Noetherian. More generally we were also interested in an extension of Matsmura’s
result tomodules and complexes.As an outcome of our investigationswewill provide
aKoszul complex over the polynomial ring R[U ] = R[U1, . . . ,Uk]which represents
RHomR(Čx , X) in the derived category, hence also LΛa(X) provided the involved
sequence x is weakly pro-regular, generating the ideal a. As a particular case we will
recover Matsumura’s Theorem and some new descriptions of the local homology
modules Λa

i (X). Furthermore, we get another property of M-weakly pro-regular
sequences for an R-module M .

8.1 Čech Homology and Koszul Complexes

In order to present the result we need some notations for formal power series rings
and its extension to modules.

Notations 8.1.1 Let R denote a commutative ring, M an R-module and U =
U1, . . . ,Uk a set of variables over R. We need the polynomial ring R[U ] :=
R[U1, . . . ,Uk] and identify the R[U ]-module HomR(R[U ], M) with the formal
power series module M[[U ]] = M[[U1, . . . ,Uk]].

That is,we identify a homomorphism s ∈ HomR(R[U ], M)with the formal power
series

∑
i1,...,ik≥0 s(U

i1
1 · · ·Uik

k )Ui1
1 · · ·Uik

k .

© Springer International Publishing AG, part of Springer Nature 2018
P. Schenzel and A.-M. Simon, Completion, Čech and Local Homology
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We also consider the polynomial module M[U ] = R[U ] ⊗R M . We note that
M[[U ]] ∼= lim←− M[U ]/(U )t M[U ] and that R[[U ]] ∼= lim←− R[U ]/(U )t R[U ]. It fol-
lows that M[[U ]] also has the structure of an R[[U ]]-module (in view of 2.1.3
applied to the ideal UR[U ] of R[U ]).

Now let X denote an R-complex. Similarly we also have the degree-wise iden-
tification of the R[U ]-complex HomR(R[U ], X) with X [[U ]] := X [[U1, . . . ,Uk]].
Moreover, X [[U ]] is an R[U ]-complex and an R[[U ]]-complex hence also an R-
complex. There is an obvious isomorphism of R-complexes X [[U ]] ∼= XNk

. For a
single variable U we will identify X [[U ]] with XN.

This construction is functorial in X , amorphismof R-complexes X → Y induces a
morphism X [[U ]] → Y [[U ]] of R[[U ]]-complexes. Moreover, if X → Y is a quasi-
isomorphism, then X [[U ]] → Y [[U ]] is a quasi-isomorphism too. This follows eas-
ily since direct products commute with homology.

8.1.2 The formal power series Koszul complex. Let x denote an element of a com-
mutative ring R and X an R-complex. We add a variable U , then we define

K•(x; X) = C(μU−x ),

the cone of the multiplication map by U − x on the R[[U ]]-complex X [[U ]]. For a
sequence of elements x = x1, . . . , xk and an element y in R we form the sequence
x, y = x1, . . . , xk, y and define inductively

K•(x, y; X) = K•(y;K•(x; X)).

By5.2.1 note thatK•(x; X) is isomorphic to theKoszul complex K•(U − x, X [[U ]])
of the R[[U ]]-complex X [[U ]] with respect to the sequenceU − x = U1 − x1, . . . ,
Uk − xk .

We recall that a morphism of R-complexes f : X → Y induces morphisms
X [[U ]] → Y [[U ]] andK•(x; X) → K•(x; Y ) of R[[U ]]-complexes.Moreover, if f
is a quasi-isomorphism, then these induced morphisms are also quasi-isomorphisms.

We will prove that this Koszul complex K•(x; X), viewed as an R-complex,
represents RHomR(Čx , X) in the derived category. We will do this by induction on
r , the length of the sequence x .

Remark 8.1.3 Let M denote an R-module and U a variable. As a first step we
describe the multiplication by U − x on the R[[U ]]-module M[[U ]]:

μU−x : M[[U ]] → M[[U ]],
m(U ) = ∑

i≥0miUi ∈ M[[U ]] �→ (U − x)m(U ) = −xm0 + ∑

i≥1
(mi−1 − xmi )Ui .

We also recall that RHomR(Čx , X) has already been represented by the com-
plex HomR(Ľ x , X) (see 6.2.7). First we analyse the description of the complex
HomR(Ľ x , X) for a single element x ∈ R.
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Remark 8.1.4 On the complexHomR(Ľ x , X). Let x be an element of a commutative
ring R and let Ľ x denote the free resolution of the Čech complex Čx obtained in
6.2.1. It is the complex

. . . → 0 → R ⊕ R[U ] ρ−→ R[U ] → 0 → . . . , ρ : (r, f (U )) �→ r − (1 − xU ) f (U )

with Ľ0
x = R ⊕ R[U ] and Ľ1

x = R[U ]. Let X denote an R-complex. We apply the
functor HomR(·, X) and get a morphism of R-complexes

ρ∗
X = HomR(ρ, X) : HomR(R[U ], X) → HomR(R ⊕ R[U ], X),

with HomR(R[U ], X) = HomR(Ľ1
x , X) and HomR(R ⊕ R[U ], X) = HomR

(Ľ0
x , X). Since the ascending complex Ľ x is the fiber ofρ, the complexHomR(Ľ x , X)

is isomorphic to the cone of this morphism ρ∗
X (see 1.5.4).

As indicated in 8.1.1 we identify HomR(R[U ], X) with X [[U ]] = ∏
i≥0XU

i ,
and we identify HomR(R ⊕ R[U ], X) with XU−1 ⊕ X [[U ]] = ∏

i≥−1XU
i , where

XU−1 denotes a copy of X .With these identifications we now describe themorphism
ρ∗
X . It is described degree-wise. For Xi = M we have

M[[U ]] ρ∗
M−→ MU−1 ⊕ M[[U ]], ∑

i≥0miU
i �→ m0U

−1 − ∑
i≥0(mi − xmi+1)U

i .

Lemma 8.1.5 Let R denote a commutative ring, X an R-complex and x ∈ R an
element. There is a quasi-isomorphism of R-complexes, functorial in X

K•(x; X)
∼−→ HomR(Ľ x , X).

More precisely, there is a short exact sequence of R-complexes

0 → K•(x; X) → HomR(Ľ x , X) → X → 0,

degree-wise split exact, where X denotes the cone of the identity morphism idX :
X → X.

Proof For the proof we first note that we have a commutative diagram

X [[U ]] μU−x

μ−U

X [[U ]]
i

X [[U ]] ρ∗
X XU−1 ⊕ X [[U ]]

where μU−x and μ−U denote the multiplication by U − x and −U , respectively,
where i is the natural injection and where ρ∗

X is the morphism described in 8.1.4.
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We have to check the commutativity and we do it degree-wise. For Xi = M and
m(U ) = ∑

i≥0 miUi we get

ρ∗
M(−U · m(U )) = −xm0 + ∑

i≥1(mi − xmi+1)U
i = (U − x) · m(U ).

We note that μ−U and i viewed as morphisms of R-complexes are degree-wise split-
injective, with cokernel XU 0 and XU−1, respectively. Hence we have a commutative
diagram of R-complex morphisms with exact rows

0 X [[U ]] μ−U

μU−x

X [[U ]] p1

ρ∗
X

XU 0

τ

0

0 X [[U ]] i
XU−1 ⊕ X [[U ]] p0

XU−1 0

where p0 and p1 denote the natural projections, where τ is an isomorphism. We take
cones and obtain a short exact sequence of R-complexes

0 → C(μU−x ) → C(ρ∗
X ) → C(τ ) → 0.

Now K•(x; X) = C(μU−x ) by definition (see 8.1.2) and HomR(Ľ x , X) ∼= C(ρ∗
X )

(see 8.1.4). Moreover, C(τ ) is homologically trivial since τ is an isomorphism.
Hence we obtain the quasi-isomorphism of the statement, it is clearly functorial in
X . �

Weare ready for ourmain theorem.That is,we extendLemma8.1.5 to the situation
of a sequence x of elements of R.

Theorem 8.1.6 Let x = x1, . . . , xk denote a sequence of elements in the commuta-
tive ring R. There is a quasi-isomorphism of R-complexes

K•(x; X)
∼−→ HomR(Ľ x , X),

functorial in X.

Proof We proceed by induction on k. For k = 1 the statement is shown in 8.1.5.
Assume the claim is true for k ≥ 1. Let y ∈ R and form the sequence x, y =
x1, . . . , xk, y. Thenby the inductive hypothesis the quasi-isomorphismK•(x; X)

∼−→
HomR(Ľ x , X) induces quasi-isomorphisms

K•(y;K•(x; X))
∼−→ HomR(Ľ y,K•(x; X)) and

HomR(Ľ y,K•(x; X))
∼−→ HomR(Ľ y,HomR(Ľ x , X))

(see 8.1.5 applied to y and K•(x; X), then note that Ľ y is DG-projective.) By defi-
nition we have
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K•(x, y; X) = K•(y;K•(x; X))

(see 8.1.2). By adjointness and the definition of Ľ x,y we have the isomorphisms

HomR(Ľ y,HomR(Ľ x , X)) ∼= HomR(Ľ y ⊗R Ľx , X) ∼= HomR(Ľ x,y, X).

This completes the inductive step and finishes the proof. �

The previous result has several important consequences summarized in the next
section. Here we have an application concerning the homology of K•(x; X).

Corollary 8.1.7 Let x = x1, . . . , xk denote a sequence of elements of R. For an
R-complex X the homology modules of K•(x; X) are inserted in the short exact
sequences

0 → lim←−
1Hi+1(x

t ; X) → Hi (K•(x; X)) → lim←− Hi (x
t ; X) → 0

for all i ∈ Z.

Proof For all i ∈ Z there are functorial short exact sequences

0 → lim←−
1Hi+1(x

t ; X) → Hi ((RHomR(Čx , X)) → lim←− Hi (x
t ; X) → 0

(see 6.3.2). Then recall that HomR(Ľ x , X) represents RHomR(Čx , X) in the derived

category since Ľ x
∼−→ Čx is a bounded free resolution of Čx . Because of the quasi-

isomorphism K•(x; X)
∼−→ HomR(Ľ x , X) the result follows. �

8.2 Applications to Weakly Pro-regular Sequences

In the following we shall investigate the homology of K•(x; M) for an R-module
M . Recall thatK•(x; M) is by definition isomorphic to the Koszul complex K•(U −
x; M[[U ]]). By 7.3.1 a sequence x is called M-weakly pro-regular if the inverse
system of Koszul homology {Hi (xt ; M)} is pro-zero for all i > 0.

Proposition 8.2.1 Let a be an ideal of a commutative ring R generated by the
sequence x = x1, . . . , xk. Let U = U1, . . . ,Uk be a set of variables over R. For an
R-module M the following holds:

(a) There is an isomorphism and an epimorphism

H0(K•(x; M)) ∼= M[[U ]]/(U − x)M[[U ]] � M̂a.

The epimorphism is an isomorphism if and only if lim−→ 1H1(xt ; M) = 0.
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(b) Suppose that the sequence x is M-weakly pro-regular. Then

H0(K•(x; M)) ∼= M̂a and Hi (K•(x; M)) = 0 for all i > 0.

(c) If the sequence x is M-weakly pro-regular, then the sequence U − x = U1 −
x1, . . . ,Uk − xk is completely secant on the R[U ]-module M[[U ]].

Proof (a) follows by 8.1.7 for i = 0. Recall that lim←− H0(xt ; M) ∼= lim−→ M/xt M ∼=
M̂a.

(b) follows by the short exact sequences in 8.1.7 since the inverse system
{Hi (xt ; M)} is pro-zero for all i > 0 and therefore lim←− 1Hi (xt ; M) = lim←− Hi (xt ; M) =
0 for all i > 0 (see 1.2.4).

(c) follows from (b) in view of the definition of a completely secant sequence (see
5.4.1). �

We do not know whether the converse of 8.2.1 (c) is true.

Remark 8.2.2 In the situation of 8.2.1 assume again that the sequence x isM-weakly
pro-regular. Then it follows that the Koszul complex K•(x; M) is homologically
trivial if and only if M = xM as follows by 2.5.1.

Now let us investigate the case where the sequence x is weakly pro-regular. It
provides another presentation of LΛa(X) in the derived category.

Proposition 8.2.3 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Then the Koszul complexK•(x; X) represents
LΛa(X) in the derived category. In particular, Hi (U − x; X [[U ]]) ∼= Λa

i (X) for all
i ∈ Z.

Proof This is an immediate consequence of Theorem 8.1.6 in view of 7.5.12. �

We now obtain a slight generalization of Matsumura’s result mentioned in the
introduction of this chapter.Note that any sequence isweakly pro-regular in aNoethe-
rian ring. We will also obtain some new descriptions of the local homology modules.

Proposition 8.2.4 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Let U = U1, . . . ,Uk be a set of variables over
R.

(a) H0(K•(x; R)) = R[[U ]]/(U − x)R[[U ]] ∼= R̂a and Hi (K•(x; R)) = 0 for all
i > 0.

(b) R̂a has the structure of an R[[U ]]-module and the evaluation homomorphism

evx : R[U ] → R : f (U1, . . . ,Uk) �→ f (x1, . . . , xk)

extends to the evaluation homomorphism

evex : R[[U ]] → R̂a : s(U1, . . . ,Uk) �→ s(x1, . . . , xk).
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(c) The Koszul complex K•(x; R) ∼= K•(U − x; R[[U ]]) provides a bounded free
resolution of R̂a viewed as an R[[U ]]-module.

Proof (a) is a consequence of 8.2.1 (b) applied to R. The evaluation homomorphism
evx : R[U ] → R : f (U1, . . . ,Uk) �→ f (x1, . . . , xk) is clear and provides R with the
structure of an R[U ]-module. This evaluation homomorphism evx induces homo-
morphisms R[U ]/(UR[U ])t → R/at for all t > 0. By passing to the inverse limit
we get the evaluation homomorphism evex in (b). Statement (c) is a direct consequence
of (a). �

For the evaluation homomorphism evx , see also 8.3.1 for more information. By
virtue of 8.2.4 (c) there is another interpretation of the left derived functors Λa

i (X)

for a certain finitely generated ideal a.

Corollary 8.2.5 We fix the notation and assumptions of 8.2.4. Let X denote an R-
complex. Then there are isomorphisms

Λa
i (X) ∼= Hi (K•(x; X)) ∼= TorR[[U ]

i (R̂a, X [[U ]])

for all i ∈ Z, where R̂a has the structure of an R[[U ]]-module as obtained in 8.2.4
(b).

Proof We have the first isomorphism because K•(x; X) represents LΛa(X) in the
derived category (see 8.2.3). We get the second isomorphism because of

K•(x; X) ∼= K•(U − x; X [[U ]]) ∼= K•(U − x; R[[U ]]) ⊗R[[U ]] X [[U ]]

and because the complex K•(U − x; R[[U ]]) provides a bounded free resolution of
R̂a viewed as an R[[U ]]-module (see 8.2.4). �

8.3 Applications to Koszul Homology

In this section we continue with the study of the homology of K•(x; X). In the
previous section we were mainly interested in the case where x satisfies additional
conditions. In order to relate the homology to further homological data we also
consider general sequences. First a general remark.

Remark 8.3.1 Let R denote a commutative ring and x = x1, . . . , xk be a sequence of
elements in R. As before, letU = U1, . . . ,Uk be a sequence of variables over R and
R[U ] = R[U1, . . . ,Uk]. As in 8.2.4 (b) R possesses the structure of an R[U ]-module
via the evaluation homomorphism

evx : R[U ] → R : f (U1, . . . ,Uk) �→ f (x1, . . . , xk).
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Moreover, there is an isomorphism R ∼= R[U ]/(U − x)R[U ] of R[U ]-modules. The
sequenceU − x = U1 − x1, . . . ,Uk − xk is regular on R[U ], as is easily seen.There-
fore the R[U ]-Koszul complex K•(U − x; R[U ]) provides a bounded free resolution
of R viewed as an R[U ]-module via the evaluation homomorphism evx .

Proposition 8.3.2 With the notations and conventions of 8.3.1 let a = x R. Let X be
an R-complex and let M be an R-module.

(a) For all i ∈ Z

Hi (K•(x; X)) ∼= TorR[U ]
i (R, X [[U ]]) ∼= Extk−i

R[U ](R, X [[U ]]).

(b) If the sequence x is weakly pro-regular, then

TorR[U ]
i (R, X [[U ]]) ∼= Extk−i

R[U ](R, X [[U ]]) ∼= Λa
i (X)

for all i ∈ Z.
(c) If the sequence x is M-weakly pro-regular, then

TorR[U ]
i (R, M[[U ]]) = Extk−i

R[U ](R, M[[U ]]) = 0 for i > 0 and

R ⊗R[U ] M[[U ]] ∼= ExtkR[U ](R, M[[U ]]) ∼= M̂a.

Here R is considered as an R[U ]-module via the evaluation map evx .

Proof By definition the complex K•(x; X) is isomorphic to the Koszul complex
K•(U − x; X [[U ]]). Because of the structure of X [[U ]] as an R[U ]-complex it
follows that

K•(U − x; X [[U ]]) ∼= K•(U − x; R[U ]) ⊗R[U ] X [[U ]].

By 8.3.1 the sequence U − x is R[U ]-regular and the complex K•(U − x; R[U ])
is an R[U ]-free resolution of R[U ]/(U − x)R[U ] ∼= R. Hence the statements in (a)
follow by the definitions and the self-duality of the Koszul complex.

The proof of (b) follows by (a) and the first isomorphism in 8.2.5. For the proof
of (c) we use (a) and 8.2.1 (b). �

In the case when the sequence x is weakly pro-regular we have already noted
that the complex K•(x; X) represents LΛa(X) in the derived category. In general,
there is also a relation between K•(x; X) and LΛa(X). To present it we need the
following.

Lemma 8.3.3 Let x denote a sequence of elements in a commutative ring R. There
is a natural quasi-isomorphism

K•(x; X)
∼−→ M(x, X)

for any R-complex X.
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Proof We recall that we had two bounded free resolutions of Čx , namely T (x)
∼−→

Čx and Ľ x
∼−→ Čx .

Hence there is a quasi-isomorphism T (x)
∼−→ Ľ x (see 4.4.8). Nowwe have quasi-

isomorphisms and an isomorphism

K•(x; X)
∼−→ HomR(Ľ x , X)

∼−→ HomR(T (x), X) ∼= M(x; X).

For the first quasi-isomorphism we refer to 8.1.6. The second one is a particular case
of 4.4.11. Finally, for the last isomorphism, see 7.5.9. �

Theorem 8.3.4 Let a be an ideal of a commutative ring R generated by the sequence
x = x1, . . . , xk. Let X denote an R-complex with one of its DG-flat resolutions

F
∼−→ X. There is a natural map

K•(x; X) → LΛaX

in the derived category, represented by the composite

K•(x; X)
∼←− K•(x; F)

∼−→ M(x, F) → Mic({R/xt R ⊗R F}) ∼←− Λa(F).

At the homology level it induces natural homomorphisms

Hi (K•(x; X)) → Λa
i (X) for all i ∈ Z.

Suppose that the sequence x isweakly pro-regular. Then thenaturalmapK•(x; F) →
LΛa(X) is an isomorphism in the derived category and the induced homomorphisms
are isomorphisms.

Proof First note that Λa(F) represents LΛa(X) in the derived category (see 7.1.6).
The quasi-isomorphism on the left is clear since K•(x; ·) preserves quasi-

isomorphisms (see 8.1.2). The quasi-isomorphism on the right follows by Lemma
(4.2.3 (a)). The quasi-isomorphismK•(x; F)

∼−→ M(x, F) is shown above in 8.3.3.
The naturalmorphismM(x; F) → Mic({R/xt R ⊗R F}) is described in 7.5.2,where
it is also shown that it is a quasi-isomorphism when the sequence is weakly pro-
regular. �

At the homology level we can say a bit more.

Proposition 8.3.5 Let a be an ideal of a commutative ring R generated by the
sequence x = x1, . . . , xk. Let us denote by at the ideal generated by the sequence
xt = xt1, . . . , x

t
k . Then there are commutative diagrams with exact rows
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0 lim←− 1Hi+1(xt ; X) Hi (K•(x; X)) lim←− Hi (xt ; X) 0

0 lim←− 1 TorRi+1(R/at , X) Λa
i (X) lim←−TorRi (R/at , X) 0

for all i ∈ Z.

Proof The first short exact sequences were already shown in 8.2.1. By view of 7.1.8
the second ones follow.We have to show that they fit into a commutative diagram. To
this end remember where they come from. There is an inverse system of morphisms
K•(xt ) → R/at which induces the inverse system of morphisms

{K•(xt ; F)} → {F/at F},

where F
∼−→ X denotes a DG-flat resolution of X . We take microscopes and recall

that Mic({K•(xt ; F)}) = M(x; F) by definition. By the definition of the microscope
we have a commutative diagram with exact rows

0 (
∏

t K•(xt ; F))[1] M(x; F)
∏

t K•(xt ; F) 0

0 (
∏

t F/at F)[1] Mic({F/at F}) ∏
t F/at F) 0.

This diagram induces a morphism between the long exact homology sequences
associated to its rows. We break these into short exact sequences as in 4.2.3 and
obtain the commutative diagrams of the statements. Recall that LΛa(X) is rep-
resented as lim←− F/at F and that we have a quasi-isomorphism lim←− F/at F

∼−→
Mic({F/at F}) (see 4.2.3). Finally, remember the quasi-isomorphismsK•(x; X)

∼←−
K•(x; F)

∼−→ M(x, F) (see the last remark in 8.1.2 and 8.3.3). �

8.4 The Case of a Single Element

In this section we again investigate the case of a sequence consisting of a single
element. It turns out that a bit more can be said in that particular case.

8.4.1 Let x denote an element of a commutative ring R and M an R-module. First
recall that H1(xt ; M) ∼= 0 :M xt . The multiplication by x induces an homomorphism
0 :M xt+1 → 0 :M xt and provides us with an inverse system. In the following we
denote by {0 :M xt , x} this inverse system.

Note that x is M-weakly pro-regular if and only if M is of bounded x R-torsion.
This is equivalent to saying that the inverse system {0 :M xt , x} is pro-zero.
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We need a technical lemma, which originally appeared in the proof of [38, Propo-
sition 1.5].

Lemma 8.4.2 Let x denote an element of a commutative ring R. Then

TorR1 (R/x R, M) ∼= (0 :M x)/(0 :R x)M

for any R-module M.

Proof We tensor the short exact sequence 0 → R/(0 :R x)
x−→ R → R/x R → 0

by M and get the exact sequence

0 → TorR1 (R/x R, M) → M/(0 :R x)M
x−→ M → M/xM → 0,

where M/(0 :R x)M
x−→ M,m + (0 :R x)M �→ xm. Therefore the kernel of this

homomorphism is (0 :M x)/(0 :R x)M , which proves the claim. �
In the following we shall improve the results of 8.2.1 in the case of a length one

sequence and an R-module M .

Theorem 8.4.3 Let x denote an element of a commutative ring R. For an R-module
M there is a commutative diagram with exact rows

0 lim←− 1{0 :M xt , x}
g

H0(K•(x; M))

h

M̂ x R 0

0 lim←− 1 TorR1 (R/xt R, M) Λx R
0 (M) M̂xR 0.

where both g and h are surjective.
If M is of bounded x R-torsion, then H1(K•(x; M)) = 0 and there are isomor-

phisms H0(K•(x; M)) ∼= Λx R
0 (M) ∼= M̂xR.

Proof The commutative diagram is a particular case of those shown in 8.3.5 (for
i = 0 and a = x R). We have to prove that the homomorphisms g and h in this
diagram are surjective. Clearly it is enough to prove that g is surjective (by the snake
lemma). Because of the isomorphism

TorR1 (R/xt R, M) ∼= (0 :M xt )/(0 :R xt )M

(see 8.4.2) there is a commutative diagram with exact rows

0 (0 :R xt+1)M

x

0 :M xt+1

x

TorR1 (R/xt+1R, M) 0

0 (0 :R xt )M 0 :M xt TorR1 (R/xt R, M) 0.
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Whence it yields (see 1.2.2) a six-term exact sequence

0 → lim←−(0 :R xt )M → lim←−(0 :M xt ) → lim←−TorR1 (R/xt R, M)

→ lim←− 1(0 :R xt )M → lim←− 1(0 :M xt ) → lim←− 1 TorR1 (R/xt R, M) → 0.

This proves that the homomorphism g is surjective.
We nowprove the last statement. IfM is of bounded x R-torsion the inverse system

{0 :M xt , x} is pro-zero. Hence lim←−(0 :M xt ) = lim←− 1(0 :M xt ) = 0 (see e.g. 1.2.4).
As the homomorphism g in the diagram of the statement is surjective we also have
lim←− 1 TorR1 (R/xt R, M) = 0.Whence H0(K•(x; M)) ∼= Λx R

0 (M) ∼= M̂xR , as follows
by the above commutative diagram. The equality H1(K•(x; M)) = 0 was already in
8.2.1. �

Proposition 8.4.4 Let x ∈ R and let M be an R-module. Then Hi (K•(x; M)) = 0
for i �= 0, 1 and there is a five-term exact sequence of R-modules

0 → H1(K•(x; M)) → HomR(Rx , M) → M → H0(K•(x; M)) → Ext1R(Rx , M) → 0.

Proof The first statement on the vanishing is trivial. Now recall the quasi-isomorph-
ismK•(x; M)

∼−→ HomR(Ľ x , M) (see 8.1.6). By the definition of Ľ x there is a short
exact sequence of R-free complexes

0 → P [−1]
x → Ľ x → R → 0.

This is because Ľ x is the fibre of the morphism g : R → Px , where the R-complex

Px : 0 → R[U ] 1−xU−→ R[U ] → 0 provides a free resolution of Rx and where g is
viewed as a morphism of ascending complexes (see 6.2.1). We apply HomR(·, M)

to the above short exact sequence of complexes of free R-modules and get an exact
sequence of R-complexes

0 → HomR(R, M) → HomR(Ľ x , M) → HomR(Px , M)[1] → 0.

Since Px is a free resolution of Rx the long exact homology sequence yields the
five-term exact sequence. �

Remark 8.4.5 The previous result shows that H1(K•(x; M)) is the kernel of the natu-
ral homomorphismHomR(Rx , M) → M, φ �→ φ(1). By virtue of 8.1.7 (applied to a
length one sequence) we also have that H1(K•(x; M)) ∼= lim←− H1(xt ; M) = lim←−{0 :M
xn, x}.
Corollary 8.4.6 Let x be an element of a commutative ring R and M an R-module.
Assume that the length one sequence x is weakly pro-regular. Then there is a five-term
exact sequence

0 → Λx R
1 (M) → HomR(Rx , M) → M → Λx R

0 (M) → Ext1R(Rx , M) → 0.
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Hence the cokernel of the natural map ηx R
M : M → Λx R

0 (M) is Ext1R(Rx , M). More-
over, if HomR(Rx , M) = 0, then Λx R

1 (M) = 0.

Proof This follows by Proposition 8.4.4 since in our caseK•(x; M) represents LΛx R

in the derived category. �



Chapter 9
Complements and Applications

Here we will add some extensions and applications to the previous chapters. We
present various aspects of local homology and cohomology, some more properties
of the completion and torsion functors.

We start with the composites of the derived functors of the completion and the
torsion. Their interplay with the Hom-functors and the tensor product is also consid-
ered. In the second section there are results about duality and adjointness linking local
homology and local cohomology with respect to an ideal generated by a weakly pro-
regular sequence. It also provides a first version of local duality. In the third sectionwe
prove results about the endomorphism complex of Čx and related objects. Then the
Mayer–Vietoris sequences for local homology and local cohomology are proved.We
also consider Mayer–Vietoris sequences for Čech homology and local cohomology.
There are also applications of the classesCa andBa to unbounded complexes. Homo-
logically complete and cohomologically torsion complexes are studied in Sect. 9.6.
This is completed in Sect. 9.7 by studying the cosupport. In the final section there
are change of rings theorems.

9.1 Composites

As applications of our previous investigations on the composite of Čech homology
and cohomology functors we give a few interpretations in terms of local cohomology
and completion.

Some of the results of this section are not new, in particular note that the case
a = b of Theorem 9.1.3 was independently proved in [64] by different methods. One
of the features here is the realization of isomorphisms in the derived category by
explicit natural isomorphisms or quasi-isomorphisms of a complex.

© Springer International Publishing AG, part of Springer Nature 2018
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Proposition 9.1.1 Let x = x1, . . . , xk and y = y1, . . . , yl denote two weakly pro-
regular sequences of a commutative ring R. Suppose that the sequence x, y =
x1, . . . , xk, y1, . . . , yl is also weakly pro-regular. Put a = x R and b = yR. Then
there are isomorphisms in the derived category

(a) RΓa(RΓb(X)) � RΓa+b(X) and
(b) LΛa(LΛb(X)) � LΛa+b(X)

for any R-complex X.

Proof With the notation of 6.2.2 it follows that HomR(Ľ z, X) resp. Ľ z ⊗R X is
a representative of LΛc(X) resp. RΓc(X) for a weakly pro-regular sequence z =
z1, . . . , zm of R and c = zR. This follows by virtue of the quasi-isomorphism Ľ z

∼−→
T (z) and the results of 7.5.12 and 7.4.11. Recall that Ľ x,y = Ľ x ⊗R Ľ y by definition.

Then (a) is a consequence of the isomorphism

Ľ x ⊗R (Ľ y ⊗R X) ∼= Ľ x,y ⊗R X.

Statement (b) follows from

HomR(Ľ x,y, X) ∼= HomR(Ľ x ,HomR(Ľ y, X))

because of the adjointness formula. �

In the above, statement (a) already appeared in [75], and (b) appeared in [75]
under the additional assumption that each xi , yi forms a length one weakly pro-
regular sequence.

As an application we get that RΓa and LΛa are idempotent when the ideal a is
generated by a weakly pro-regular sequence, a fact independently proved in [1] and
[64]. We even get a little bit more.

Proposition 9.1.2 Let x = x1, . . . , xk and y = y1, . . . , yl denote two weakly pro-
regular sequences of a commutative ring R such that Rad(x R) ⊆ Rad(yR). Put
a = x R and b = yR. Then:

(a) RΓb(RΓa(X)) � RΓa(RΓb(X)) � RΓb(X) and
(b) LΛb(LΛa(X)) � LΛa(LΛb(X)) � LΛb(X)

for any R-complex X.

Proof The proof is similar to that of 9.1.1, taking into account the quasi-isomorphism
Ľ x ⊗R Ľ y

∼−→ Ľ y (see 6.2.4). �

Another application is the composite of LΛa andRΓa under certain circumstances
of the ideals. It provides that a certain mixture of the composites behaves well.

Theorem 9.1.3 Let x = x1, . . . , xk and y = y1, . . . , yl denote two weakly pro-
regular sequences of a commutative ring R. Put a = x R and b = yR and suppose
that Rad(a) ⊆ Rad(b). Then there are isomorphisms in the derived category

https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
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(a) RΓb(LΛa(X)) � RΓb(X) and
(b) LΛb(RΓa(X)) � LΛb(X)

for any R-complex X.

Proof As at the beginning of the proof of 9.1.1 we have that Ľ z ⊗R X resp.

HomR(Ľ z, X) is a representative of RΓc(X) resp. LΛc(X) for a weakly pro-regular
sequence z = z1, . . . , zm of R and c = zR. Then the statements are consequences of
the quasi-isomorphisms shown in 6.5.4 (d) and (b). The theoremmay also be viewed
as a reinterpretation of Theorem 6.5.5. �

Second proof of 9.1.3. Let X
∼−→ I be a DG-injective resolution of X .

Then LΛa(X) is represented by HomR(Čx , I ), which is DG-injective. Hence
RΓb(LΛa(X)) is represented by lim−→HomR(R/bt ,HomR(Čx , I )). As HomR(R/bt ,

HomR(Čx , I )) ∼= HomR(R/bt ⊗R Čx , I ) ∼= HomR(R/bt , I ) the statement in (a)
follows.

We obtain a second proof of (b) in a similar way, taking a DG-flat resolution
F

∼−→ X of X and noting that Čx ⊗R F , which represents RΓa(X), is DG-flat. �
In the following we will add some more new results about composites of local

homology and cohomology.

Lemma 9.1.4 Let x = x1, . . . , xk and y = y1, . . . , yl denote two sequences of ele-
ments in a commutative ring R. Write a = x R and b = yR. Suppose Rad(a) ⊆
Rad(b). Let X denote an R-complex and I a K -injective complex. Then there is a
natural quasi-isomorphism:

HomR(HomR(Ľ x , X),HomR(Ľ y, I ))
∼−→ HomR(Ľ y,HomR(X, I )).

Proof By 6.5.4 there is a natural quasi-isomorphism of R-complexes Ľ y ⊗R X
∼−→

Ľ y ⊗R HomR(Ľ x , X). By applying the functorHomR(·, I ) it induces a natural quasi-
isomorphism

HomR(Ľ y ⊗R HomR(Ľ x , X), I )
∼−→ HomR(Ľ y ⊗R X, I ).

By adjointness this proves the statement. Namely we have that

HomR(Ľ y ⊗R X, I ) ∼= HomR(Ľ y,HomR(X, I )) and

HomR(Ľ y ⊗R HomR(Ľ x , X), I ) ∼= HomR(HomR(Ľ x , X),HomR(Ľ y, I )),

as required. �
The previous lemma allows us to establish another result about composites.

Theorem 9.1.5 Let x = x1, . . . , xk and y = y1, . . . , yl denote two weakly pro-
regular sequences of a commutative ring R. Put a = x R and b = yR and suppose
that Rad(a) ⊆ Rad(b). Then there are isomorphisms in the derived category

https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_6
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(a) RHomR(LΛa(X),LΛb(Y )) � LΛb(RHomR(X,Y )) and
(b) RHomR(LΛa(X),LΛb(Y )) � RHomR(X,LΛb(Y ))

for two R-complexes X,Y .

Proof For the proof of (a) first note that HomR(Ľ y,HomR(X, I )) is a representative

of LΛb(RHomR(X,Y )) in the derived category, where Y
∼−→ I is a K -injective

resolution of Y . Note also that LΛb(Y ) is represented by HomR(Ľ y, I ), which is a

K -injective complex. Therefore RHomR(LΛa(X),LΛb(Y )) is represented by

HomR(HomR(Ľ x , X),HomR(Ľ y, I )).

This together with the above lemma proves the claim in (a).
For the proof of (b) we follow similar arguments. �

Theorem 9.1.6 Let x = x1, . . . , xk and y = y1, . . . , yl denote two weakly pro-
regular sequences of a commutative ring R. Put a = x R and b = yR and suppose
that Rad(a) ⊆ Rad(b). Then there are isomorphisms in the derived category

(a) RΓb(X ⊗L
R Y ) � RΓb(X) ⊗L

R RΓa(Y ) and
(b) RΓb(X ⊗L

R Y ) � RΓb(X) ⊗L
R Y

for two R-complexes X,Y .

Proof Let F
∼−→ Y be a K -flat resolution of Y . Then RΓb(X ⊗L

R Y ) is repre-
sented by Ľ y ⊗R X ⊗R F . The statement in (b) follows. For (a) we recall the quasi-

isomorphism Ľ x ⊗R Ľ y
∼−→ Ľ y (see 6.2.4) and the result follows by associativity.

�

Our last composite results require stronger hypotheses.

Lemma 9.1.7 Let R be a Noetherian ring and a ⊂ R an ideal. Let X be a complex of
finitely generated R-modules and Y an R-complex. Assume that one of the following
conditions is satisfied

(a) X is right-bounded and Y is left-bounded,
(b) Y is bounded.

Then there is a natural isomorphism

Γa(HomR(X,Y )) ∼= HomR(X, Γa(Y )).

Proof In the case of a finitely generated R-module X and an arbitrary R-module Y
the claim is correct because it is true for X = R. For the case of complexes note that
HomR(X,Y )n = ∏

i+ j=n HomR(Xi ,Y j ) is a finite product of the HomR(Xi ,Y j )

when one of the two conditions is satisfied. Since Γa commutes with finite direct
products the result in the case of complexes as assumed in the statement follows. �

https://doi.org/10.1007/978-3-319-96517-8_6
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Theorem 9.1.8 Let a ⊂ R denote an ideal of a Noetherian ring R and let X, Y
denote two R-complexes. Assume that X is homologically right-bounded with finitely
generated homology modules and that Y is homologically left-bounded. Then there
is an isomorphism

RΓa(RHomR(X,Y )) � RHomR(X,RΓa(Y ))

in the derived category.

Proof The complex X has a right-bounded free resolution L
∼−→ X where the

Li are finitely generated and the complex Y has a left-bounded injective reso-
lution Y

∼−→ I (see 1.1.12). Then RHomR(X,Y ) is represented by the complex
HomR(L , I ), which is K -injective and RΓa(RHomR(X,Y )) is represented by the
complex Γa(HomR(L , I )). Since Γa(HomR(L , I )) ∼= HomR(L , Γa(I )) (see 9.1.7)
and since this last complex represents RHomR(X,RΓa(Y )) the result follows. �

9.2 Adjointness and Duality

Here we present the duality between local cohomology and local homology with
respect to an ideal generated by a weakly pro-regular sequence. We provide an
explicit isomorphism of complexes representing an adjointness formula linking local
homology and cohomology. To this end we first provide some mixed isomorphisms
involving the functors telescope T (x; ·) and microscope M(x; ·). Then we also pro-
vide some other duality formulas concerning Čech and local cohomology.

Recalls 9.2.1 Let x = x1, . . . , xk denote a sequence of elements of a commutative
ring R. We recall the functors T (x; ·) and M(x; ·) introduced in 7.4.9 and 7.5.1,
defined respectively by

T (x; X) = Tel({K •(xt ; X)}) and M(x; X) = Mic({K•(xt ; X)})

for an R-complex X and the complexes T (x) := T (x; R) and M(x) := M(x; R).
Recall that T (x; X) ∼= T (x) ⊗R X andHomR(T (x), X) ∼= M(x; X) (see 7.4.10 (b)
and 7.5.9). Recall also that K•(xt ) ⊗ X ∼= HomR(K •(xt ), X).

With the results on Čech complexes we first note that the complexes T (x; X) and
M(x; X) only depend on Rad(x R).

Lemma 9.2.2 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences in a com-
mutative ring R such thatRad(x R) = Rad(yR). Then there are quasi-isomorphisms

(a) T (x; X)
∼−→ T (y; X) and M(y; X)

∼−→ M(x; X) and

(b) Ľ x ⊗R X
∼−→ Ľ y ⊗R X and HomR(Ľ y, X)

∼−→ HomR(Ľ x , X)

https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_7
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for any R-complex X.

Proof We begin with the proof of (a). We have the quasi-isomorphisms T (x)
∼−→

Čx and T (y)
∼−→ Čy . It follows that the complexes T (x) and T (y) are quasi-

isomorphic because Čx and Čy are quasi-isomorphic (see 6.1.9). We even have

a quasi-isomorphism T (x)
∼−→ T (y) (see 4.4.6). We tensor it by X and obtain a

quasi-isomorphism T (x) ⊗R X
∼−→ T (y) ⊗R X (see 4.4.11). Then the first quasi-

isomorphism of the statement follows (see 7.4.10 (b)). We also have a quasi-
isomorphism

HomR(T (y), X)
∼−→ HomR(T (x), X)

(see 4.4.11 again). But we have isomorphisms HomR(T (x), X) ∼= M(x; X) and
HomR(T (y), X) ∼= M(y; X) (see 7.5.9). The second quasi-isomorphism follows.

For the proof of (b) note that there is a quasi-isomorphism Ľ x
∼−→ Ľ y of bounded

complexes of free R-modules (this follows by 6.2.4). Hence the statements follow
by 4.4.11. �

We shall take advantage of telescope and microscope in order to obtain more
information on local homology and cohomology. First we need the following results.

Theorem 9.2.3 Let x = x1, . . . , xk denote a sequence of elements in a commutative
ring R. Let X,Y be two complexes of R-modules. We have the following natural
isomorphisms of complexes:

(a) T (x; X) ⊗R Y ∼= T (x; X ⊗R Y ),
(b) HomR(T (x; X), Y ) ∼= HomR(X, M(x; Y )),
(c) HomR(T (x; X), Y ) ∼= M(x;HomR(X, Y )).

Proof As T (x; X) ∼= T (x) ⊗R X (see 7.4.10) the statement in (a) follows by asso-
ciativity.

For (b) recall the isomorphisms

HomR(T (x; X),Y ) ∼= HomR(T (x) ⊗R X,Y ) ∼= HomR(X,HomR(T (x),Y )

by adjointness. As HomR(T (x), Y ) ∼= M(x; Y ) (see 7.5.9) the statement in (b) fol-
lows.

By adjointness and 7.5.9 again it yields the isomorphisms

HomR(T (x; X), Y ) ∼= HomR(T (x),HomR(X,Y ) ∼= M(x;HomR(X,Y )),

whence the statement in (c). �

We obtain the adjointness formula linking local homology and local cohomology
and more. This adjointness formula was also obtained in [64] in a different way, and
previously in [1] under slightly stronger hypotheses.

https://doi.org/10.1007/978-3-319-96517-8_6
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https://doi.org/10.1007/978-3-319-96517-8_7
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https://doi.org/10.1007/978-3-319-96517-8_7
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https://doi.org/10.1007/978-3-319-96517-8_4
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Corollary 9.2.4 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk and let X,Y be two R-complexes. There is a
natural isomorphism in the derived category

RHomR(RΓa(X), Y ) � RHomR(X,LΛa(Y ))

represented by the isomorphism of complexes

HomR(T (x; X), I ) ∼= HomR(X, M(x; I ))

where Y
∼−→ I is a K -injective resolution. There is also a natural isomorphism

RHomR(RΓa(X), Y ) � LΛa(RHomR(X,Y ))

in the derived category, represented by the isomorphism of complexes

HomR(T (x; X), I ) ∼= M(x;HomR(X, I )).

Proof The isomorphisms of complexes are shown in 9.2.3.
AsRΓa(X) is representedbyT (x; X) andLΛa(Y ) is representedbyM(x; Y )

∼−→
M(x; I ) (see 7.4.11 and 7.5.5) the first isomorphism in the derived category follows.
Note that M(x; I ) ∼= HomR(T (x), I ) is K -injective.

For the second note that RHomR(X,Y ) is represented by HomR(X, I ). Hence
LΛa(RHomR(X,Y )) is represented by the microscope M(x;HomR(X, I )). The
second isomorphism in the derived category follows. �

The above formula becomes particular suggestive when we put in place of Y
an injective cogenerator E . It gives rise to a general Matlis duality functor (·)∨ =
HomR(·, E) (see 1.4.8). The following corollary, interesting for the study of the
local cohomology modules Hi

a(R), could help to achieve information about local
cohomology in view of information about completion. Note that this corollary also
generalizes the remark in 2.5.20.

Corollary 9.2.5 In the situation of 9.2.4 let X denote an R-complex and let E be
an injective cogenerator. Then in the derived category there are isomorphisms

(RΓa(X))∨ � RHomR(X,LΛa(E)) � LΛa(X∨),

where (·)∨ = HomR(·, E). In particular,

(Hi
a(X))∨ ∼= Λa

i (X
∨) and (Hi

a(R))∨ ∼= Λa
i (E).

Proof By the definitions the proof is an immediate consequence of 9.2.4 for
Y = E . �
Remark 9.2.6 In the situation of 9.2.4 and 9.2.5 let X = M denote an R-module.
Then (Hi

a(M))∨ ∼= Λa
i (M

∨) for all i ≥ 0 as seen above. For i = 0 note also that

https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_2
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Λa
0 (M

∨) ∼= (H 0
a (M))∨ = (Γa(M))∨ ∼= Λa(M∨)

is a-complete (see 2.2.13).

More down to earth, note also the following.

Proposition 9.2.7 Let a be a finitely generated ideal of a commutative ring R. Let
X be any R-complex and I a complex of injective R-modules. Then there is an
isomorphism

Λa(HomR(X, I ) ∼= HomR(Γa(X), I ) ∼= HomR(Γa(X), Γa(I )).

In particular,Λa(X∨) ∼= (Γa(X))∨, where (·)∨ denotes, as usual, the general Matlis
duality functor.

Proof There is an inverse system of isomorphisms

R/at ⊗R HomR(X, I ) ∼= HomR(HomR(R/at , X), I )

(see 1.4.6). The first isomorphism follows by taking inverse limits (see also 1.3.3),
the second one is obvious. �

Our next aim is to obtain somefirst local duality formula, generalizing the classical
Grothendieck local duality for Cohen–Macaulay or Gorenstein local rings (see also
Part III for more information around this subject).

Observations 9.2.8 (a) If the ideal a of a commutative ring R is generated by a
weakly pro-regular sequence x = x1, . . . , xk , recall that LΛa(E) is represented by
the following complexes

(Čx )
∨, (Ľ x )

∨ and (T (x))∨

(see 7.5.12).Wenote that in general (Čx )
∨ is a bounded complex of injectivemodules,

whence it is DG-injective.
(b) Assume now that the ideal a of a commutative ring R is generated by a

completely secant sequence x = x1, . . . , xk in Bourbaki’s terminology. This means
that Hi (xt ) = 0 for all i > 0 and all t ≥ 1, equivalently that Hi (xt ) = 0 for all i < k
and all t ≥ 1 (see 5.4.2). At first this implies that the sequence x is weakly-pro-
regular. This also implies that the complex Čx provides up to a shift a bounded flat
resolution of Hk(Čx ). We note that Hk(Čx ) ∼= Hk

a (R) by 7.4.5. Then the complex
Č∨

x provides an injective resolution J of (Hk
a (R))∨ by putting J = Č∨[k]

x .

Proposition 9.2.9 Let a be an ideal of a commutative ring R generated by the
sequence x = x1, . . . , xk and let X be any R-complex.

(a) If the sequence x is weakly pro-regular then

(Hi
a(X))∨ ∼= H−i (HomR(X, Č∨

x )) ∼= Ext−i
R (X, Č∨

x ).

https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_1
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(b) If the sequence x is completely secant in Bourbaki’s terminology, then

(Hi
a(X))∨ ∼= Extk−i

R (X, (Hk
a (R))∨).

Proof For the proof of (a) take the general Matlis dual of the isomorphism Hi
a(X) ∼=

Hi (X ⊗R Čx ) obtained in 7.4.5 and recall that the complex Č∨
x is DG-injective.

Then (b) follows by the observations in 9.2.8. �

We end the section with some other quasi-isomorphisms involving the functors
T (x; ·) and M(x; ·). The following provides yet another proof of Theorem 9.1.3.

Proposition 9.2.10 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences in
a commutative ring R such that Rad(x R) ⊆ Rad(yR). Then there are quasi-
isomorphisms

(a) T (y; X)
∼−→ T (y; M(x; X)) and

(b) M(y; T (x; X))
∼−→ M(y; X)

for any R-complex X.

Proof For the proof of (a) first recall that there are isomorphisms

T (y; M(x; X)) ∼= T (y) ⊗R M(x; X) ∼= T (y) ⊗R HomR(T (x), X)

as they follow by 9.2.3. Now the morphism in (a) stems from the natural mor-
phism X → HomR(T (x), X). But there are quasi-isomorphisms Ľ x

∼−→ T (x) and

T (y)
∼−→ Ľ y of complexes of free R-modules. Therefore there is a commutative

square

Ľ y ⊗R X Ľ y ⊗R HomR(Ľ x , X)

T (y) ⊗R X T (y) ⊗R HomR(T (x), X)

in which the vertical morphisms are quasi-isomorphisms. As the top horizontal mor-
phism is a quasi-isomorphism (see 6.5.4 (d)) so is the bottom one.

For the proof of (b) we argue similarly. Namely HomR(Ľ y, Ľ x ⊗R X) is quasi-

isomorphic to M(y; T (x; X)) and HomR(Ľ y, X) is quasi-isomorphic to M(y; X).
Then the statement is a consequence of 6.5.4 (b). �

While the results in 6.5.4 grow from natural morphisms, it is not clear whether
the results in 9.2.10 are also consequences of some natural morphisms between the
telescope and the microscope.

https://doi.org/10.1007/978-3-319-96517-8_7
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9.3 Some Endomorphisms

This section is devoted to the endomorphism complexes of some particular com-
plexes. We start with the case of Ľ x .

Theorem 9.3.1 Let x = x1, . . . , xk denote a weakly pro-regular sequence in a com-
mutative ring R and a = x R. Then there is a natural quasi-isomorphism

HomR(Ľ x , Ľ x )
∼−→ R̂a.

The natural homomorphism τa
R : R → R̂a factors through this quasi-isomorphism.

Proof By virtue of 7.5.16 there is a natural quasi-isomorphism

HomR(Ľ x , R)
∼−→ R̂a.

In view of 6.5.4 (b) there is also a quasi-isomorphism

HomR(Ľ x , Ľ x )
∼−→ HomR(Ľ x , R).

This provides the quasi-isomorphism of the statement. Moreover, there is the homo-
thety morphism h : R → HomR(Ľ x , Ľ x ) given by multiplication of elements of R.
These morphisms are inserted in the diagram

R

h τa
R

HomR(Ľ x , Ľ x ) HomR(Ľ x , R) R̂a.

In this diagram the triangle on the right is commutative (see 7.5.16 again) and so is
the one on the left. The last assertion follows. �

This interesting result for the endomorphism complex of Ľ x also has some other
consequences, namely for the endomorphism complex of T (x) when the sequence
x is weakly pro-regular.

Theorem 9.3.2 Let x = x1, . . . , xk denote a sequence of elements of a commutative
ring R and a = x R. Suppose that x is a weakly pro-regular sequence. Then there is
a quasi-isomorphism

HomR(T (x), T (x))
∼−→ R̂a.

That is, H0(HomR(T (x), T (x))) ∼= R̂a and Hi (HomR(T (x), T (x))) = 0 for all i 
=
0.

https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_7
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Proof As T (x)
∼−→ Čx and Ľ x

∼−→ Čx are DG-projective resolutions of Čx there

are quasi -isomorphisms T (x)
∼−→ Ľ x and Ľ x

∼−→ T (x) (see 4.4.8). They provide
a quasi-isomorphism

HomR(T (x), T (x))
∼−→ HomR(Ľ x , Ľ x ).

The result follows by 9.3.1. �

In the following we shall investigate the endomorphism complex of Čx .

Theorem 9.3.3 Let x = x1, . . . , xk denote a sequence of elements of a commutative
ring R. Then the natural morphism

f : HomR(Čx , Čx ) → HomR(Čx , R)

stemming from the surjection Čx → R is a quasi-isomorphism.

Proof First note that the length one complexes Čxi ⊗R Rxi are contractible, 1 ≤
i ≤ k. Whence for all z ∈ R the complexes Čx ⊗R Rxi z

∼= Čx1 ⊗R . . . ⊗R Čxk ⊗R

Rxi ⊗R Rz and HomR(Čx , Rxi z)
∼= HomRxi z

(Čx ⊗R Rxi z, Rxi z) are contractible too,

in particular they are exact. Now it follows that HomR(Čx , Č i
x ) is exact for all 1 ≤

i ≤ k.
The complex HomR(Čx , Čx ) is the single complex associated to the double com-

plex K i j = HomR(Č−i
x , Č j

x ) because Čx is bounded. As the rows HomR(Čx , Č
j
x )

of this double complex are exact for j > 0 as shown above the natural surjection
HomR(Čx , Čx ) → HomR(Čx , Č0

x ) = HomR(Čx , R) is a quasi-isomorphism. �

Lemma 9.3.4 Let x = x1, . . . , xk denote a sequence of elements of a commutative
ring R and put a = x R. There is a commutative triangle

R

h a

HomR(Čx , Čx )
f

HomR(Čx , R)

where the morphisms a and f stem from the surjection Čx → R and where h is the
homothety morphism given by multiplication by the elements r of R. The morphisms
a and h are injective.

Suppose moreover that R is a-separated. Then the morphism a is an isomorphism,
i.e., R ∼= HomR(Čx , R).

Proof Clearly the triangle is commutative. The morphism a is injective because the
morphism Čx → R is degree-wise surjective. Hence the natural morphism h is also
injective.

https://doi.org/10.1007/978-3-319-96517-8_4
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For the proof of the last statement observe that HomR(Č i
x , R) = 0 for all i 
= 0

when R is a-separated. This follows because Č i
x , i 
= 0, is the direct sum of local-

izations Ry , y ∈ a, and HomR(Ry, R) = 0 for y ∈ a when R is a-separated. �

Putting 9.3.3 and 9.3.4 together we obtain the following.

Corollary 9.3.5 Let x = x1, . . . , xk denote a sequence of elements of a commutative
ring R and put a = x R. Assume that R is a-separated. Then the homothety morphism
h : R → HomR(Čx , Čx ) is a quasi-isomorphism.

We continue the investigation of HomR(Čx , Čx ) and HomR(Čx , R).

Lemma 9.3.6 With the notation of 9.3.4 there is a morphism of complexes a1 :
HomR(Čx , R) → R̂a such that the following diagram

R

a

τa
R

R̂a

HomR(Čx , R)

a1

is commutative.

Proof There is an inverse system of morphisms

R → K•(xt ) → R/xt R.

By passing to the inverse limit we obtain the morphism a1 and the commutativity of
the diagram since HomR(Čx , R) = HomR(lim−→ K •(xt ), R ∼= lim←− K•(xt ). �

Proposition 9.3.7 Let x = x1, . . . , xk denote a sequence of elements of a commu-
tative ring R and a = x R. There is a natural morphism

g : HomR(Čx , Čx ) → R̂a.

It is a quasi-isomorphism if and only if R is a-complete.

Proof The morphism g is defined by g = a1 ◦ f , where a1 is the morphism defined
in 9.3.6 and f is the quasi-isomorphism defined in 9.3.3. If R is a-complete it is a-
separated and the morphism a : R → HomR(Čx , R) is an isomorphism (see 9.3.4).
Hence the morphism a1 is a quasi-isomorphism by 9.3.6 and so is g.

Conversely assume that the natural morphism g is a quasi-isomorphism. Then the
natural morphism a1 : HomR(Čx , R) → R̂a is also a quasi-isomorphism. By look-
ing in cohomological degree 0 we observe that the natural morphism τa

R = (R →
HomR(Čx , R) → R̂a) is injective because the natural map R → HomR(Čx , R)

is injective. This means that R is a-separated, and the result follows by 9.3.4
again. �
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9.3.8 The previous result shows that RHomR(Čx , Čx ) is not represented by the
complex HomR(Čx , Čx ). In general, note that RHomR(Čx , Čx ) is represented by

HomR(Ľ x , Ľ x ) aswell as byHomR(T (x), T (x)). This is clear because T (x)
∼−→ Čx

and Ľ x
∼−→ Čx are bounded free resolutions of Čx . When the sequence x generating

the ideal a isweakly-proregular note also by 9.3.1 that RHomR(Čx , Čx ) is isomorphic
to R̂a in the derived category.

Let R
∼−→ J be an injective resolution of R and let a be an ideal of R generated

by a weakly-pro-regular sequence. Then the complexes Γa(J ) and Čx are quasi-
isomorphic. So it will be of some interest to look at the endomorphism complex of
Γa(J ).

Proposition 9.3.9 Let a denote an ideal of a commutative ring R generated by a
weakly pro-regular sequence x = x1, . . . , xk and let R

∼−→ J be an injective res-
olution. Then the complex HomR(Γa(J ), Γa(J )) is quasi-isomorphic to R̂a. That
is,

H0(HomR(Γa(J ), Γa(J ))) = R̂a and

Hi (HomR(Γa(J ), Γa(J ))) = 0

for all i 
= 0.

Proof First note that HomR(Γa(J ), Γa(J )) ∼= HomR(Γa(J ), J ). Then recall the
quasi-isomorphism Γa(J )

∼−→ Čx ⊗R J (see 7.4.1). This together with the quasi-

isomorphism Čx ⊗R R
∼−→ Čx ⊗R J implies quasi-isomorphisms

HomR(Čx , J )
∼←− HomR(Čx ⊗R J, J )

∼−→ HomR(Γa(J ), J ).

Because Ľ x
∼−→ Čx is a free resolution of the Čech complex there are quasi-

isomorphisms

HomR(Čx , J )
∼−→ HomR(Ľ x , J )

∼←− HomR(Ľ x , R).

We now recall the quasi-isomorphism HomR(Ľ x , R)
∼−→ R̂a (see 7.5.16). All this

together finally proves the claim. �

When the ring is coherent we have a slightly better result.

Proposition 9.3.10 Let a be an ideal of a coherent ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk. Let R

∼−→ J denote an injective resolution of
R. Then there is a quasi-isomorphism

R̂a ∼−→ HomR(Γa(J ), Γa(J )).

https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
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Proof Since J is an injective resolution of R there are quasi-isomorphisms

R
∼−→ J = HomR(R, J )

∼←− HomR(J, J ).

Therefore the homothety morphism h : R → HomR(J, J ) is a quasi-isomorphism
(see 1.1.7). Note that HomR(J, J ) is a complex of flat modules (see 1.4.5). It follows
that h induces a quasi-isomorphism

R̂a ∼−→ Λa(HomR(J, J )

(see 7.5.4). But Λa(HomR(J, J )) ∼= HomR(Γa(J ), Γa(J )) (see 9.2.7). This com-
pletes the proof. �

As another feature of our investigations we are interested in the endomorphisms
of the complex LΛa(E), where E = ER(k) denotes the injective hull of the residue
field k = R/m of a Noetherian local ring (R,m).

Proposition 9.3.11 Let (R,m, k) denote a Noetherian local ring with E = ER(k)

the injective hull of the residue field k. Let x = x1, . . . , xk be a sequence of elements
in R generating a proper ideal. Then there is a natural quasi-isomorphism

HomR(HomR(Ľ x , E),HomR(Ľ x , E))
∼−→ R̂m.

Moreover, the natural homomorphism τm
R : R → R̂m factors through this previous

quasi-isomorphism.

Proof By 9.1.4 there is a natural quasi-isomorphism

HomR(HomR(Ľ x , E),HomR(Ľ x , E))
∼−→ HomR(Ľ x ,HomR(E, E)).

Now let us investigate the second complex.BecauseHomR(E, E) ∼= R̂m andbecause
R̂m is R-flat we have an isomorphism and a quasi-isomorphism

HomR(Ľ x ,HomR(E, E)) ∼= HomR(Ľ x , R̂
m)

∼−→ Λx R(R̂m)

(see 7.5.16). Recall now that R̂m is x R-complete (see 2.2.9), so thatΛx R(R̂m) = R̂m.
All this together provides the quasi-isomorphism.

By 7.5.16 we also have that the composite R → HomR(Ľ x , R̂m) → R̂m is the
natural homomorphism τm

R : R → R̂m. It follows that the composite

R → HomR(HomR(Ľ x , E),HomR(Ľ x , E)) → R̂m

is this natural homomorphism τm
R . �

https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
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https://doi.org/10.1007/978-3-319-96517-8_7
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Corollary 9.3.12 Let (R,m, k) be a Noetherian local ring with E the injective hull
of the residue field k. For any proper ideal a of R there is an isomorphism

RHomR(LΛa(E),LΛa(E)) � R̂m

in the derived category.

Proof Let x = x1, . . . , xk be a generating set of the ideal a. Then LΛa(E) is rep-
resented by the complex HomR(Ľ x , E). As this complex is a bounded complex of
injective modules, the statement follows by 9.3.11. �

9.4 Mayer–Vietoris Sequences for Local and Čech
(Co-)Homology

We first present the Mayer–Vietoris long exact sequence concerning the local coho-
mology of a complex with respect to two ideals a and b of a Noetherian ring and
its counterpart in local homology. Taking advantage of these we then present long
exact sequences of Mayer–Vietoris type for the Čech homology and cohomology
of a complex with respect to two arbitrary sequences x and y in an arbitrary com-
mutative ring. This in turn has some unexpected consequences concerning weakly
pro-regular sequences. Moreover, it also allows Mayer–Vietoris type sequences for
local homology and cohomology for certain pairs of ideals of an arbitrary commuta-
tive ring, provided that these ideals and their sum are generated byweakly pro-regular
sequences.

We end the section with short exact sequences involving the enlargement of an
ideal by a single element.

9.4.1 Let a, b be two ideals of a commutative ring R. Then there is an inverse system
of short exact sequences

0 → R/at ∩ bt → R/at ⊕ R/bt → R/(at + bt ) → 0

for t ≥ 1. When the ring R is Noetherian ring the decreasing sequence of ideals
at ∩ bt forms a base of open neighbourhoods of the (a ∩ b)-adic topology which
also coincides with the (a · b)-adic topology and the decreasing sequence of ideals
(at + bt ) forms a base of open neighbourhoods of the (a + b)-adic topology.

Theorem 9.4.2 Let a, b two ideals of a Noetherian ring R. Let X denote a complex
of R-modules. Then we have the following long exact sequences:

(a) . . . → Hi
(a+b)(X) → Hi

a(X) ⊕ Hi
b(X) → Hi

a∩b(X) → . . . ,

(b) . . . → Λa∩b
i (X) → Λa

i (X) ⊕ Λb
i (X) → Λ

(a+b)
i (X) → . . . .
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Proof We start with the proof of (a). To this end let X → I be a DG-injective
resolution of X . Then we apply the functor HomR(·, I ) to the above inverse system
of short exact sequences. Because I is a complex of injective R-modules it gives a
direct system of short exact sequences of complexes

0 → HomR(R/(at + bt ), I ) → HomR(R/at , I ) ⊕ HomR(R/bt , I )

→ HomR(R/at ∩ bt , I ) → 0

for all t ≥ 1. Then, by passing to the direct limit and taking cohomology yields the
proof of the claim in (a).

For the proof of (b) take a DG-flat resolution F → X of X . Then tensoring the
inverse system of short exact sequences by F provides an inverse system of short
exact sequences of complexes

0 → F/(at ∩ bt )F → F/at F ⊕ F/bt F → F/(at + bt )F → 0

for all t ≥ 1. Since these inverse systems are degree-wise surjective it provides a
short exact sequence of complexes by passing to the inverse limit. Taking homology
proves (b). �

Next we present long exact sequences of Mayer–Vietoris type concerning Čech
homology and cohomology. This is one of the few occasions when we can derive
properties of Čech (co)-homology from those of local (co)-homology, most often
one goes in the opposite direction. Note that the Mayer–Vietoris sequence for Čech
cohomology was also obtained by Tête in a completely different way, independent
of the classical Mayer–Vietoris sequence in local cohomology (see [84]).

Theorem 9.4.3 Let x = x1, . . . , xk and y = y1, . . . , yl be two sequences in a com-
mutative ring R. We form the sequence x, y and denote by z the sequence formed
by the xi y j in any order. Let X denote an R-complex. Then there are two long exact
sequences:

(a)

. . . → Hi (Čx,y ⊗R X) → Hi (Čx ⊗R X) ⊕ Hi (Čy ⊗R X)

→ Hi (Čz ⊗R X) → Hi+1(Čx,y ⊗R X) → . . .

(b)

. . . → Hi (RHomR(Čz, X)) → Hi (RHomR(Čx , X)) ⊕ Hi (RHomR(Čy, X))

→ Hi (RHomR(Čx,y, X)) → Hi−1(RHomR(Čz, X)) → . . . .

Proof Let X1, . . . , Xk,Y1, . . . ,Yl be indeterminates. We form the polynomial ring
S = Z[X1, . . . , Xk,Y1, . . . ,Yl ] and define a ring homomorphism by ϕ : S → R :
Xi �→ xi ,Y j �→ y j . We view the R-complex X as an S-complex via ϕ. We need
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only prove the statements for the sequences X := X1, . . . , Xk,Y := Y1, . . . ,Yl and
the sequence Z formed by the XiY j (see 6.3.5). The ring S is Noetherian. Hence the
three sequences X ,Y and Z areweakly pro-regular and the associated Čechhomology
and cohomology with respect to these sequences coincide with the associated local
homology and cohomologywith respect to the ideals XS,Y S and ZS = XS · Y S (see
7.4.4 and 7.5.12). Note that the ideals ZS and XS ∩ Y S are topologically equivalent
because S is Noetherian. Hence

Hi
ZS(X) = Hi

(XS∩Y S)(X) and Λ
ZS
i (X) = Λ

(XS∩Y S)

i (X).

Now the statements follows from Theorem 9.4.2. �

The above considerations have unexpected consequences.

Corollary 9.4.4 Let x = x1, . . . , xk and y = y1, . . . , yl be two weakly pro-regular
sequences in a commutative ring R. Assume that the sequence x, y is also weakly
pro-regular. Then the sequence z formed by the xi y j is also weakly pro-regular.

Proof For all injective R-modules I and all i ≥ 1 we have the following

Hi (Čx ⊗R I ) ∼= Hi
(x R)(I ) = 0,

Hi (Čy ⊗R I ) ∼= Hi
(yR)(I ) = 0 and

Hi (Čx,y ⊗R I ) ∼= Hi
((x,y)R)(I ) = 0

(see 7.4.5 for the isomorphisms). It follows that Hi (Čz ⊗R I ) = 0 for all i ≥ 1 by
the first long exact sequence in Theorem 9.4.3. So the result follows by 7.3.3. �

Corollary 9.4.5 Let a, b two ideals of a commutative ring R, generated respectively
by theweakly pro-regular sequences x = x1, . . . , xk and y = y1, . . . , yl . Assume that
the sequence x, y is also weakly pro-regular. Let X denote a complex of R-modules.
Then we have the following long exact sequences:

(a) . . . → Hi
(a+b)(X) → Hi

a(X) ⊕ Hi
b(X) → Hi

a·b(X) → . . . ,

(b) . . . → Λa·b
i (X) → Λa

i (X) ⊕ Λb
i (X) → Λ

(a+b)
i (X) → . . . .

Proof As the sequence z formed by the xi y j is also weakly pro-regular and generates
the ideal a · b, and in view of 7.4.5 and 7.5.12, the sequences are a reformulation of
those in Theorem 9.4.3. �

We end this section with short exact sequences of another type. They concern the
enlargement of ideals and the corresponding local (co)-homology functors. We start
with the case of the addition of a singly generated ideal.

Proposition 9.4.6 Let x = x1, . . . , xk denote a weakly pro-regular sequence in a
commutative ring R and put a = x R. Suppose that R is of bounded yR-torsion and
such that x, y is a weakly pro-regular sequence too. Let X denote a complex of
R-modules. Then there are short exact sequences

https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7


232 9 Complements and Applications

(a) 0 → H 1
yR(Hi−1

a (X)) → Hi
(a+yR)(X) → H 0

yR(Hi
a(X)) → 0 and

(b) 0 → Λ
yR
0 (Λa

i (X)) → Λ
(a+yR)

i (X) → Λ
yR
1 (Λa

i−1(X)) → 0

for all i ∈ Z.

Proof Westart with a general remark. Let z = z1, . . . , zl denote aweakly pro-regular
sequence of elements in R and let b = zR. Then Hi

b(X) ∼= Hi (Čz ⊗R X) (see 7.4.4)
andΛb

i (X) ∼= Hi (HomR(Lz, X)) (see 7.5.12) for all i ∈ Z. By the assumptions about
the length one sequence y and the sequences x and x, y, we may apply the previous
results to any of the three sequences and the ideals generated by them.

For the proof of (a) we refer to 6.1.11. The statement in (b) follows by 6.2.5. �

9.5 On the use of the classes Ca and Ba

We observed in 2.5.12 that the local homology of an R-module M with respect to
an ideal a may be computed with a left resolution of M by means of modules in the
class Ca. When the ideal a is generated by a weakly pro-regular sequence we shall
see that this also holds for the local homology of any unbounded complex. We shall
also obtain an analogous statement in local cohomology. We end the section with
more results about relatively-a-flat and relatively-a-injective modules.

Lemma 9.5.1 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk and let Y be an unbounded exact R-complex.

(a) If Y is a complex of modules in the class Ca (see 2.5.12), then Ŷ a is also exact.
(b) If Y is a complex of modules in the classBa (see 2.7.6), then Γa(Y ) is also exact.

Proof (a): We view Y as a descending complex, pick any integer i and put Mi =
Im(di ). The truncated complex . . . → Yi+1 → Yi → 0 gives a resolution of themod-
ule Mi (up to a shift) and may be used to compute the local homology of Mi as
observed in 2.5.12. In particular, we have that Λa

j (Mi ) ∼= Hi+ j (Ŷ a) for all j ≥ 1.

But Λa
j (Mi ) = 0 for all j > k by the bound in 7.5.7. It follows that Ht (Ŷ a) = 0 for

all t > i + k. As this holds for all i ∈ Z the conclusion follows.
(b): The proof of this is similar to that of (a), using the remarks in 2.7.6 in place

of the ones in 2.5.12, and the bound in 7.4.6 in place of those in 7.5.7. �

When the ideal a of a commutative ring R is generated by a weakly pro-regular
sequence we have seen that the local homology of an unbounded complex may be
computed with flat resolutions and that the local cohomology may be computed with
injective resolutions. Here we shall see that they may be computed by using some
other “suitable” resolutions.

Proposition 9.5.2 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x = x1, . . . , xk and let X be any unbounded R-complex.

https://doi.org/10.1007/978-3-319-96517-8_7
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https://doi.org/10.1007/978-3-319-96517-8_2
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https://doi.org/10.1007/978-3-319-96517-8_5
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(a) Let Y
∼−→ X be a left resolution of X such that all the modules Yi are in Ca (e.g.

such that the Yi are relatively-a-flat). Then LΛa(X) is represented by Λa(Y )

and the natural map
αa
X : X → LΛa(X)

is representedby thenaturalmorphism τa
Y : Y → Λa(Y ). In particular,Λa

i (X) ∼=
Hi (Λ

a(Y )) for all i ∈ Z.
(b) Let X

∼−→ Z be a right resolution of X such that all the modules Zi are in Ba

(e.g. such that the Zi are relatively-a-injective). Then RΓa(X) is represented by
Γa(Z) and the natural map

ιXa : RΓa(X) → X

is represented by the natural injection Γa(Z) ↪→ Z. In particular, Hi
a(X) ∼=

Hi (Γa(Z)) for all i ∈ Z.

Proof We only prove (a), the proof of (b) is similar. To this end we take a flat
resolution h : F ∼−→ Y of Y and consider the cone C(h). This cone is an exact
complex of modules in Ca. Hence the complex Λa(C(h)) is exact by the above
lemma. But the functor Λa commutes with the formation of cones as easily seen:
we have Λa(C(h)) ∼= C(Λa(h)). Hence Λa(h) is a quasi-isomorphism. So there is
a commutative square

F
∼

τa
F

Y

τa
Y

Λa(F)
∼

Λa(Y ).

To conclude we recall that LΛa(X) is represented by Λa(F) and that the map αa
X is

represented by the morphism τa
F : F → Λa(F) (see 7.5.5). �

Remark 9.5.3 When the ideal a is generated by a weakly pro-regular sequence we
have seen in 7.5.13 that a-complete modules are in Ca and in 7.4.7 that a-torsion
modules are in Ba. Hence the above proposition provides yet another proof of the
fact that the functors LΛa and RΓa are idempotent in that case.

Remark 9.5.4 Wenote that the definitions of the classesBa andCa are similar.When
the ideal a of the commutative ring R is generated by a weakly pro-regular sequence
these classes are also related through the general Matlis duality. Note that

M ∈ Ba ⇔ M∨ ∈ Ca,

as follows from the remarks in 9.2.6.

In view of the rôle played by the classes Ca andBa in the study of local homology
and cohomology the following criteria may be of some interest.
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Proposition 9.5.5 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x and let N denote an R-module. Then N ∈ Ca if and only if
the naturalmorphism M(x; N ) → M(x; N̂a) induced by the natural homomorphism
τa
N : N → N̂a is a quasi-isomorphism.

Proof Recall that the natural morphism N → M(x; N ) represents the natural map
αa
N : N → LΛa(N ) in the derived category and induces the natural homomorphism

ηa
N : N → Λa

0 (N ) in homological degree 0 (see 7.5.5 and 7.5.8). Recall also that
N̂a ∈ Ca (see 7.5.13). All this together proves the claim. �

Proposition 9.5.6 Let a be an ideal of a commutative ring R generated by a weakly
pro-regular sequence x and let M denote an R-module. Then M ∈ Ba if andonly if the
natural morphism Čx ⊗R Γa(M) → Čx ⊗R M induced by the inclusion Γa(M) ⊂
M is a quasi-isomorphism.

Proof By 7.4.7 we know that the natural morphism Čx ⊗R Γa(M) → Γa(M)

is a quasi-isomorphism. As always H 0(Čx ⊗R M) = Γa(M) the conclusion
follows. �

We end the section with the announced extensions of 2.6.11 and of 2.7.10.

Proposition 9.5.7 Let a be an ideal of a commutative ring R generated by theweakly
pro-regular sequence x = x1, . . . , xk. Let M denote an R-module. Assume that M is
relatively-a-flat. Then Λa(M) is relatively-a-flat. Viewed as an R̂a-module Λa(M)

is also relatively-aR̂a-flat.
If, moreover, the ring R is Noetherian then Λa(M) is R̂a-flat.

Proof The first assertion is a direct consequence of 2.6.11 and 7.5.13. For the sec-
ond consider first the case of a flat R-module F . As Λa(F) = ΛaR̂a

(R̂a ⊗R F) (see
2.2.5) and because the sequence x is also weakly pro-regular on R̂a (see 7.5.14) we
first note that Λa(F) is relatively-aR̂a-flat. For the general case we take a free reso-
lution L

∼−→ M of the R-module M . By the hypotheses on M we note that L/at L
provides a left resolution of M/at M . Taking inverse limits, and in view of 1.2.8, we
obtain thatΛa(L) provides a left resolution ofΛa(M). As theΛa(Li )’s are relatively-
aR̂a-flat this left resolution may be used to compute the Tor R̂

a

i (R̂a/at R̂a,Λa(M)):

Tor R̂
a

i (R̂a/at R̂a,Λa(M)) ∼= Hi (R̂a/at R̂a ⊗R̂a Λa(L)), (see the standard homolog-
ical argument in 1.5.3). But we have

R̂a/at R̂a ⊗R̂a Λa(L) ∼= Λa(L)/atΛa(L) ∼= L/at L

(see 2.2.2) and the complex L/at L is exact in positive degree. It follows that
Tor R̂

a

i (R̂a/at R̂a,Λa(M)) = 0 for all i > 0. The conclusion follows from the cri-
terion in 2.6.3 because we also have that Λa(M)/atΛa(M) ∼= M/at M is flat over
R/at R ∼= R̂a/at R̂a.

Now the last assertion follows by 2.6.3. �
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Proposition 9.5.8 Let a be an ideal of a commutative ring R generated by theweakly
pro-regular sequence x = x1, . . . , xk. Let M denote an R-module. Assume that M is
relatively-a-injective. Then Γa(M) is relatively-a-injective. Viewed as an R̂a-module
Γa(M) is also relatively-aR̂a-injective.

If, moreover, the ring R is Noetherian then Γa(M) is R̂a-injective.

Proof The proof is dual to that of 9.5.7. The first assertion is a direct consequence
of 2.7.10 and 7.4.7. For the second we first consider the case of an injective R-
module J . As Γa(J ) ∼= ΓaR̂a(HomR(R̂a, J )) (see 2.2.5), as HomR(R̂a, J ) is R̂a-
injective and because the sequence x is also weakly pro-regular on R̂a (see 7.5.14)
we first note that Γa(J ) is relatively-aR̂a-injective. For the general case we take an
injective resolution M

∼−→ I of the R-module M . We note the quasi-isomorphism
HomR(R/at , M)

∼−→ HomR(R/at , I ). By taking direct limits, and because the
direct limit functor is exact, we obtain that Γa(I ) provides a right resolution of
Γa(M) by means of relatively-aR̂a-injective module. This right resolution may be
used to compute the Exti

R̂a
(R̂a/at R̂a, Γa(M)). Recall that Γa(M) has the natural

structure of an R̂a-module. Hence we have

Exti
R̂a(R̂a/at R̂a, Γa(M)) ∼= Hi (Hom R̂a(R̂a/at R̂a, Γa(I )))

∼= Hi (HomR(R/at , Γa(I ))) = 0 for i > 0.

The conclusion follows from the criterion in 2.7.2 as we also have that

Hom R̂a(R̂a/at R̂a, Γa(M)) ∼= HomR(R/at , Γa(M)) ∼= HomR(R/at , M)

is injective over R/at R ∼= R̂a/at R̂a. Now the last assertion follows by 2.7.5. �

9.6 Homologically Complete and Cohomologically Torsion
Complexes

This section may be viewed as a prolongation of the first section in Chap. 3, which
contained completeness and pseudo-completeness criteria for modules. We provide
complex versions of these criteria and their counterparts in local cohomology, includ-
ing those already obtained in [64] and [87]. The results obtained in Chap.6 for some
classes of complexes will play an important rôle here.

Definition 9.6.1 Let a be an arbitrary ideal of a commutative ring R. Following
more or less Yekutieli we say that an R-complex is homologically-a-complete if
the natural map αa

X ; X → LΛa(X) is an isomorphism in the derived category. We
denote their class by GΛ

a .

https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_3
https://doi.org/10.1007/978-3-319-96517-8_6


236 9 Complements and Applications

Dually we say that an R-complex is cohomologically-a-torsion if the natural map
ιXa ;RΓa(X) → X is an isomorphism in the derived category. We denote their class
by GΓ

a .

The first results about these classes are already in [64] and in [87]. Some others
are also in the previous Theorems 7.2.4, 7.2.7 and 7.2.8. In this section we provide
a systematic study of these classes with many criteria and add some more results.

These classes have nice properties.

Lemma 9.6.2 Let a be any ideal of a commutative ring R and

0 → X → Y → Z → 0

be an exact sequence of R-complexes. Then

(a) if two of the three complexes X,Y, Z are in GΛ
a , then the three complexes are in

GΛ
a and

(b) if two of the three complexes X,Y, Z are in GΓ
a , then the three complexes are in

GΓ
a .

Proof We recall the inverse systemLa as it was introduced in 7.1.1. Since the functor
Mic(La ⊗R ·) is exact (see 4.2.8) there is a commutative diagram with exact rows

0 X Y Z 0

0 Mic(La ⊗R X) Mic(La ⊗R Y ) Mic(La ⊗R Z) 0

where the vertical maps represent the natural maps αa
X , αa

Y , αa
Z , respectively (see

7.1.6). If two of these three maps are quasi-isomorphisms, then the third one is also
a quasi-isomorphism. This proves (a).

The statement in (b) is proved similarly, noting that the functor Tel(HomR(La, ·))
is also exact by 4.3.9, and using 7.1.15 in place of 7.1.6. �

The following is rather obvious.

Lemma 9.6.3 Let a be any ideal of a commutative ring R.

(a) If X ∈ GΛ
a and if Y is quasi-isomorphic to X, then Y ∈ GΛ

a . If X ∈ GΓ
a and if Y

is quasi-isomorphic to X, then Y ∈ GΓ
a .

(b) If the ideals a and b are topologically equivalent, then GΛ
a = GΛ

b and GΓ
a = GΓ

b .

Remark 9.6.4 By 9.6.3 the classes GΛ
a and GΓ

a are well defined in the derived cat-
egory. In general, modules in GΛ

a are a-pseudo-complete (see 7.1.9) and clearly
modules in GΓ

a are a-torsion.

Remark 9.6.5 Assume now that the ideal a of the commutative ring R is generated
by a weakly pro-regular sequence x = x1, . . . , xk . Then
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(a) An R-module M is in GΛ
a if and only if it is a-pseudo-complete (see 7.5.13).

(b) An R-module M is in GΓ
a if and only if it is a-torsion (see 7.4.7).

(c) The class GΛ
a coincides with the class GLČ

x introduced in 6.4.3. This is because

RHomR(Čx , X) and LΛa(X) are both represented by HomR(T (x), X) ∼=
M(x; X) (see 7.5.12 and 7.5.9). For examples of complexes in GΛ

a = GLČ
x we

refer to 6.4.4.
(d) The class GΓ

a coincides with the class GRČ
x introduced in 6.4.6. This is because

Čx ⊗L
R X and RΓa(X) are both represented by Čx ⊗R X (see 7.4.4). For exam-

ples of complexes in GΓ
a = GRČ

x we refer to 6.4.7.

We also mention the following, related to Proposition 6.4.9.

Proposition 9.6.6 Let x = x1, . . . , xk be a sequence of elements of a commutative
ring R and write a = x R. Let X denote an R-complex with Supp Hi (X) ⊆ V (a) for
all i ∈ Z and let I denote a K -injective complex. Then the natural morphism

HomR(X, I ) → HomR(Ľ x ,HomR(X, I ))

is a quasi-isomorphism. That is, HomR(X, I ) ∈ GLČ
x .

Moreover, if the sequence x is weakly pro-regular then HomR(X, I ) ∈ GΛ
a and

there are isomorphisms

Hi (HomR(X, I )) ∼= Λa
i (HomR(X, I ))

for all i ∈ Z.

Proof We have X ∈ GRČ
x by Theorem 6.4.6. Hence HomR(X, I ) ∈ GLČ

x by 6.4.9 and
the quasi-isomorphism is obtained by 6.4.3. The last claims follow by 9.6.5 (c) and
the definition of the class GΛ

a . �
Here is the MGM equivalence. In the following the classes of complexes GΛ

a and
GΓ
a are viewed as full subcategories of the derived category.

Theorem 9.6.7 (see [1] or [64]). Let R denote a commutative ring and a an ideal
generated by a weakly pro-regular sequence. Then the full subcategories GΛ

a and GΓ
a

of the derived category are equivalent.

Proof This is a particular case of Theorem 9.1.3. �
For further information about the MGM-equivalence we refer to [72].
Now we summarize and translate the various criteria given in Chap.6, section

4. The following may be compared to the completeness criterion given in 3.1.6. It
also contains a generalization and a complex version of the pseudo-completeness
criterion given in 3.1.11.

Theorem 9.6.8 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = x1, . . . , xk. For any R-complex X the following conditions
are equivalent:
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(i) X ∈ GΛ
a ,

(ii) the natural morphism X → HomR(Ľ x , X) is a quasi-isomorphism,
(iii) the natural morphism X → HomR(T (x), X) is a quasi-isomorphism,
(iv) the natural morphism X → M(x; X) is a quasi-isomorphism,
(v) RHomR(T, X) � 0 for all T ∈ Ta,
(vi) RHomR(Rz, X) � 0 for all z ∈ Rad(a).
(vii) RHomR(⊕k

i=1Rxi , X) � 0,
(viii) Hi (X) ∈ GΛ

a for all i ∈ Z,
(ix) Hi (X) is a-pseudo-complete for all i ∈ Z,
(x) the natural morphism F → Λa(F) is a quasi-isomorphism for any K -flat

resolution F
∼−→ X of X.

Proof Note first that the implication (i) ⇒ (v) and the implication (i) ⇒ (ix) hold
for any finitely generated ideal (see 7.2.4 and 2.5.7). But here GΛ

a = GLČ
x . Hence the

equivalence of (i), (ii), (v), (vi) and (vii) is given in 6.4.3. The equivalence of (i), (iii),
(iv) and (x) follows by 7.5.12. The equivalence of (i) and (viii) follows from 6.4.10.
The equivalence of (viii) and (ix) was already observed in 7.5.13. �

In the following, statement (c) provides a complex version of (2.5.9 (b)) in our
particular case and may also be compared with (2.2.9 (b)).

Corollary 9.6.9 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = x1, . . . , xk and let X denote an R-complex.

(a) If X is a complex of a-complete or a-pseudo-complete R-modules, then X ∈ GΛ
a .

(b) Λa(X) ∈ GΛ
a and the image of X by the functor Λa

0 also is in GΛ
a .

(c) The natural map αa
LΛa(X) : LΛa(X) → LΛa(LΛa(X)) is an isomorphism in the

derived category, that is LΛa(X) ∈ GΛ
a (this provides another proof of the fact

the functor LΛa is idempotent).
(d) Assume that b is another ideal such that a ⊆ Rad(b), assume also that X ∈ GΛ

b ,
then X ∈ GΛ

a .

Proof We shall deduce these statements from (9.6.8, (i) ⇔ (ix)). For a complex X
as in (a) note that its homology modules Hi (X) are a-pseudo-complete (see 2.5.7
and 7.5.13). Note that the image of the complex X by the functor Λa

0 is a complex of
a-pseudo-completemodules (see 2.5.7 again). Statement (b) follows as does (c) since
Λa(X) is represented by a complex of a-complete modules, namely by F̂a, where
F

∼−→ X is a flat or K -flat resolution. Now we prove (d). Note that the hypothesis
a ⊆ Rad(b) implies that the ideal b is a-open. Hence the natural morphism τb

F : F →
Λb(F) factors through Λa(F). If τb

F is a quasi-isomorphism, then Hi (X) ∼= Hi (F)

is a direct summand of Hi (Λ
a(F)) which is a-pseudo-complete. Whence Hi (X) is

also a-pseudo-complete and the conclusion follows. �

Remark 9.6.10 For an ideal generated by a weakly pro-regular sequence the above
theorem also implies that a complex X with a-complete homology modules is
homologically-a-complete (becausea-completemodules are alsoa-pseudo-complete
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(see 2.5.7)). Moreover, a homologically-a-complete complex with a-separated
homology modules has a-complete homology modules (because a-pseudo-complete
moduleswhich are a-separated are a-complete (see 2.5.8)). Thiswas also observed by
Yekutieli in the particular case of a homologically bounded complex over a Noethe-
rian ring [87, Theorem 2].

However, note that this particular case is also a consequence of the previously
known 2.2.11, 2.5.13 and 2.5.15. Indeed, a homologically bounded complex has a
right-bounded free resolution L . If L → L̂a is a quasi-isomorphism, then Hi (L) ∼=
Hi (L̂a) is a-quasi-complete for all i (see 2.2.11), i.e. a-complete when a-separated.
Conversely, if Hi (L) is a-complete for all i and if R is Noetherian, then L → L̂a is
a quasi-isomorphism by 2.5.13 since free modules and a-complete modules are in
Ca (see 2.5.15).

We now turn to the local cohomology side.

Theorem 9.6.11 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = x1, . . . , xk. For any complex X the following conditions
are equivalent:

(i) X ∈ GΓ
a ,

(ii) the natural morphism T (x; X) → X is a quasi-isomorphism,
(iii) T ⊗L

R X � 0 for all T ∈ Ta,
(iv) Rz ⊗R X is exact for all z ∈ Rad(a),
(v) ⊕k

i=1Rxi ⊗R X is exact,
(vi) SuppR Hi (X) ⊆ V (a) for all i ∈ Z,
(vii) Hi (X) ∈ GΓ

a for all i ∈ Z,
(viii) Hi (X) is a-torsion for all i ∈ Z,
(ix) X∨ ∈ GΛ

a , where X∨ is the general Matlis dual of X,
(x) the natural morphism Γa(I ) → I is a quasi-isomorphism for all injective or

K -injective resolutions X
∼−→ I of X.

Proof Note first that the implication (i) ⇒ (iii) holds for any finitely generated ideal
(see 7.2.8). As GΓ

a = GRČ
x the equivalence of (i), (iii), (iv), (v) and (vi) is in 6.4.6.

The equivalence of (i) and (ii) follows by 7.4.11. The equivalence of (i) and (vii) is
in 6.4.10. The equivalence of (vi) and (viii) was observed in 2.1.13. The equivalence
of (i) and (ix) is shown in 6.4.9. The equivalence of (i) and (x) follows by 7.4.4. �

Corollary 9.6.12 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = x1, . . . , xk and let X denote an R-complex.

(a) If X is a complex of a-torsion R-modules, then X ∈ GΓ
a .

(b) Γa(X) ∈ GΓ
a .

(c) The natural map ι
RΓa(X)
a : RΓa(RΓa(X)) → RΓa(X) is an isomorphism in the

derived category, that is, RΓa(X) ∈ GΓ
a . (This provides another proof of the fact

that the functor RΓa is idempotent).
(d) Assume that b is another ideal such that a ⊆ Rad(b), assume also that X ∈ GΓ

b ,
then X ∈ GΓ

a .
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Proof We shall deduce these statements from (9.6.11, (i)⇔ (xiii)). For a complex as
in (a) its cohomologymodules are a-torsion, as is easily seen. Statement (b) follows as
does (c) since RΓa(X) is represented by Γa(I ), where X

∼−→ I is an injective or K -
injectiveresolution.For(d)notetheinclusionΓb(I ) ⊆ Γa(I ) ⊆ I . If themapιXb ,which
is represented by the inclusionΓb(I ) ⊆ I , is an isomorphism in the derived category,
then Hi (X) ∼= Hi (I ) is a direct summand of Hi (Γa(I )), hence a-torsion. �

Corollary 9.6.13 Let (R,m, k) denote a Noetherian local ring and let a ⊂ R be an
ideal. Let X be an R-complex and assume that X has finitely generated cohomology
modules. As before, denote by X∨ the Matlis dual complex HomR(X, ER(k)). Then

X∨ ∈ GΓ
a .

In other words, there is an isomorphism RΓa(X∨) � X∨ in the derived category
and a quasi-isomorphism Čx ⊗R X∨ ∼−→ X∨ for any sequence x = x1, . . . , xk gen-
erating the ideal a.

Proof The modules Hi (X∨) ∼= Hi (X)∨ are Artinian, hence m-torsion and also a-
torsion. Recall also that any sequence x generating the ideal a is weakly pro-regular
because R is Noetherian (see 7.3.2 or the more general A.2.3). Therefore the first
statements are a direct consequence of Theorem 9.6.11. For the last one recall that
the map ιX

∨
a , which is an isomorphism in the derived category by the above, is also

represented by the natural morphism Čx ⊗R X∨ → X∨ (see 7.4.4). �

For further information on complexes as in 9.6.13, see the forthcoming 9.8.4.
Here are some more comparison formulas, they contain a far reaching generalization
of Proposition 2.5.21 (b).

Proposition 9.6.14 Let a and b be two ideals of a commutative ring R, generated by
the weakly pro-regular sequences x = x1, . . . , xk and y = y1, . . . , yl respectively.
Assume that the sequence x, y is also weakly pro-regular. Then

GΛ
(a+b) = GΛ

a ∩ GΛ
b and GΓ

(a+b) = GΓ
a ∩ GΓ

b .

Proof The statements are a reinterpretation of those in 6.4.14 in our particular
case. �

Here is a further criterion.

Theorem 9.6.15 Let a be an ideal of a commutative ring R generated by the weakly
pro-regular sequence x = x1, . . . , xk. For any complex X the following conditions
are equivalent:

(i) X ∈ GΓ
a ,

(ii) RHomR(X, T ) � 0 for all T ∈ Ta.

Proof The implication (i) ⇒ (ii) follows by 7.2.7: note that T ∈ Ta if and only if
E-dp(a, X) = ∞ because a is finitely generated (see 5.3.5).
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For the reverse implication let E be an injective cogenerator as described
in 1.4.8 and note that the injective module R∨

xi = HomR(Rxi , E) ∈ Ta by 5.3.6
because E-dp(a, R∨

xi ) = T-codp(a, Rxi ) = ∞. When condition (ii) is satisfied we
thus have that the complex HomR(X,HomR(Rxi , E)) is exact. Note that the module
HomR(Rxi , E) is injective. But

HomR(X,HomR(Rxi , E)) ∼= HomR(X ⊗R Rxi , E).

Hence the complex X ⊗R Rxi is also exact and condition (i) is satisfied in view of
Theorem 9.6.11. �

9.7 Homological Completeness and Cosupport

When an ideal a of a commutative ring R is generated by a weakly pro-regular
sequence we have seen in 9.6.11 that the natural map RΓa(X) → X is an isomor-
phism in the derived category if and only SuppR(X) ⊆ V (a). Here we present a
counterpart on the local homology side when the ring is Noetherian, as already
observed by Sather-Wagstaff and Wicklein in [73].

9.7.1 Co-Support and small co-support. Let R be a commutative ring and X an R-
complex with one of its K -injective resolutions X

∼−→ I . Following [73] we define
the (big) Co-Support of X by

Co-SupportR(X) = {p ∈ Spec(R) | HomR(Rp, I ) is not exact}

and the small co-support of X by

co-supportR(X) = {p ∈ Spec(R) | HomR(k(p), I ) is not exact}

where k(p) denotes as usual the residue field Rp/pRp of the local ring Rp.
In other words

Co-SupportR(X) = {p ∈ Spec(R) | RHomR(Rp, X) 
= 0} and
co-supportR(X) = {p ∈ Spec(R) | RHomR(k(p), X) 
= 0}.

Note that the big Co-Support in the case of a module was first invented in [60]
and mainly studied for Artinian modules. Note that ExtiR(Rp, M) = 0 for all i 
= 0
when M is an Artinan module over a Noetherian ring. This follows since the functor
HomR(Rp, ·) is exact on the category of Artinian modules over a Noetherian ring as
shown in [60].

Observations 9.7.2 Let again R be a commutative ring and X an R-complex with
one of its K -injective resolutions X

∼−→ I .

https://doi.org/10.1007/978-3-319-96517-8_1
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(a) We first note that the Co-Support and the small co-support of the K -injective
R-complex I behave well under co-localization (see also [60]). Namely, let S be a
multiplicatively closed subset of R (1 ∈ S) and let us denote as usual by RS the ring
of fractions r/s, r ∈ R, s ∈ S. We noted in 4.4.21 the change of ring formula: for
any RS-complex Y we have

HomR(Y, I ) ∼= HomRS (Y,HomR(RS, I )).

Note also that

HomRS (Y,HomR(RS, I )) ∼= HomR(Y,HomR(RS, I )).

We also recall that HomR(RS, I ), viewed as an R-complex or as an RS-complex,
is K -injective (and even DG-injective if I is DG-injective). Then recall that every
prime ideal of RS is of the form pRS for a unique prime p ∈ Spec(R) such that
p ∩ S = ∅, so that (RS)pRS = Rp and k(pRS) = k(p). It follows that

Co-SupportR(I ) ∩ Spec(RS) = Co-SupportRS
(HomR(RS, I )) and

co-supportR(I ) ∩ Spec(RS) = co-supportRS
(HomR(RS, I )).

(However, note that the morphism HomR(S−1R, X) → HomR(S−1R, I ) is not nec-
essarily a quasi-isomorphism.)

(b) If p ⊂ q are two prime ideals of R and if p ∈ Co-SupportR(X) then q ∈
Co-SupportR(X). (If q /∈ Co-SupportR(X) the complex HomR(Rq, I ) is exact.
As this exact R-complex is K -injective it is contractible and the complex
HomR(Rp,HomR(Rq, I )) is exact. But Rp ⊗R Rq

∼= Rp and HomR(Rp,HomR(Rq,

I )) ∼= HomR(Rp, I ). Hence p /∈ Co-SupportR(X).)
(c) Also note in accordance with (a) that

HomR(k(p), I ) ∼= HomRp
(k(p),HomR(Rp, I ))

∼= HomR(k(p),HomR(Rp, I ))

because k(p) is an Rp-module.
(d) By (c) it follows that co-supportR(X) ⊆ Co-SupportR(X). (If the K injective

complex HomR(Rp, I ) is exact it is contractible and so is HomR(k(p), I ).)
(e) When R is Noetherian note that

HomR(k(p), I ) ∼= HomR(k(p), Γp(I ))

because k(p) is p-torsion. Note also that the subcomplex Γp(I ) of I is injective if I
is DG-injective (see 4.5.9).

(f) The Co-Support and the Support are related through the generalMatlis duality:
by adjointness we have

SuppR(X) = Co-SupportR(X∨).

https://doi.org/10.1007/978-3-319-96517-8_4
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Similarly the small co-support and Foxby small support are also related through the
general Matlis duality. Recall that the small support of a complex X was defined by

suppR(X) = {p ∈ Spec(R) | k(p) ⊗L
R X 
= 0}.

We also have
suppR(X) = co-supportR(X∨).

For more information on these notions we refer to [73] and to [12], which also
contains another description of the small co-support.

The following result was stated in [12]. For sake of completeness, and because
the description of the small co-support in [12] is rather different (though equivalent,
see [73]) from the one we use here, we provide another proof of this important fact.

Theorem 9.7.3 Let R be a Noetherian ring and X a non-exact R-complex. Then
co-supportR(X) 
= ∅.
Proof Let X

∼−→ I be a minimal DG-injective resolution (such a resolution exists
in view of 4.5.6). Then I is not trivial and the modules I j are direct sums of modules
of the form E(R/p), p ∈ Spec(R). Let q be a prime ideal maximal among the primes
occurring in the complex I . We only need to prove that the complex HomR(k(q), I )
is not exact. To this end, let r be some integer such that E(R/q) appears as a direct
summand of I r . Then HomR(k(q), I r ) 
= 0. But k(q) is a q-torsion module, hence

HomR(k(q), I ) ∼= HomR(k(q), Γq(I )).

Then note that E(R/q) is the only indecomposable module occurring in the injective
complex Γq(I ) by the maximality of q. Hence Γq(I ) is a non-zero injective Rq-
complex, minimal as a subcomplex of a minimal complex, and

HomR(k(q), Γq(I )) ∼= HomRq
(k(q), Γq(I )).

Recall now that the complex HomRq
(k(q), Γq(I )) has zero differentials (see 4.5.7).

It follows that Hr (HomR(k(q), I )) 
= 0 and that q ∈ co-supportR(X). �

Remark 9.7.4 Let X be a non-exact complex over a Noetherian ring R. Then
suppR(X) 
= ∅. This fact follows from Theorem 9.7.3 because suppR(X) =
co-supportR(X∨).

(See also [11] for a different proof and note that this was first proved in [31] in
the case when X is right-bounded.)

We are ready for the result we had in mind. The following appears in [73] with a
different proof.

Theorem 9.7.5 Let X be a non-exact complex over the Noetherian ring R and let a
be an ideal of R. The following conditions are equivalent:

https://doi.org/10.1007/978-3-319-96517-8_4
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(i) the natural map X → LΛa(X) is an isomorphism in the derived category, that
is, X ∈ GΛ

a ,
(ii) Co-SupportR(X) ⊆ V (a),
(iii) co-supportR(X) ⊆ V (a).

Proof Let x = x1, . . . , xk be a sequence of elements of R generating the ideal a. This
sequence is weakly pro-regular and the natural map X → LΛa(X) is represented by
the natural morphism I → HomR(Čx , I ), where X

∼−→ I is a DG-injective resolu-
tion of X (see 7.5.12).

Assume first that this morphism is a quasi-isomorphism. Then so is the induced
morphism

HomR(Rp, I ) → HomR(Rp,HomR(Čx , I )) ∼= HomR(Rp ⊗R Čx , I )

for all p ∈ Spec(R) becauseHomR(Čx , I ) is also DG-injective. If a � p the complex
Rp ⊗R Čx is exact and so is the complex HomR(Rp ⊗R Čx , I ) � HomR(Rp, I ).
Hence p /∈ Co-supportR(X).

The implication (ii) ⇒ (iii) is obvious.
Assume now condition (iii) and let z be any element in a. In view of 9.6.8 it is

enough to prove that the complex HomR(Rz, I ) is exact. Note that this complex is a
DG-injective Rz-complex. If it is not exact then

co-supportRz
(HomR(Rz, I )) 
= ∅

in view of 9.7.3. But

co-supportRz
(HomR(Rz, I )) = co-supportR(I ) ∩ Spec(Rz)

= co-supportR(X) ∩ Spec(Rz)

(see 9.7.2 (a)). It follows that co-supportR(X) � V (a). This contradiction finishes
the proof. �

We end the section with some more remarks involving both the small co-support
and the small support.

Lemma 9.7.6 Letm be any maximal ideal of a commutative ring R and assume that
m is finitely generated. Then the following conditions are equivalent

(i) m ∈ co-supportR(X),
(ii) E-dp(m, X) < ∞,
(iii) T-codp(m, X) < ∞,
(iv) m ∈ supportR(X),

for any R-complex X.

Proof Because k(m) = R/m the equivalences (i)⇔ (ii) and (iii)⇔ (iv) follow from
the definitions. The equivalence (ii) ⇔ (iii) was shown in 5.3.5. �

https://doi.org/10.1007/978-3-319-96517-8_7
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9.8 Change of Rings

In this section we shall investigate the behaviour of local homology and cohomology
under change of rings. Surprisingly they behave well under base change, with certain
mild assumptions.

Proposition 9.8.1 Let ϕ : R → B be a homomorphism of commutative rings. Let
a be an ideal of R generated by a sequence x = x1, . . . , xk. Write ae for the ideal
of B generated by ϕ(a). Let X be a B-complex which may also be viewed as an
R-complex via ϕ. Then

(a) T (x) ⊗R B ∼= T (ϕ(x)),
(b) T (x; X) ∼= T (ϕ(x); X) and
(c) HomR(T (x), X) ∼= HomB(T (ϕ(x), X).

Let x be a weakly pro-regular sequence. Assume that the sequence ϕ(x) is weakly
pro-regular on B. Then Hi

a(X) ∼= Hi
ae(X) and Λa

i (X) ∼= Λae

i (X) for all i ∈ Z.

Proof The isomorphisms involving T (x) are rather obvious. Note that K •(xt ) ⊗R

B ∼= K •(ϕ(x)t ). Then the isomorphisms involving local homology and cohomology
follow by 7.5.12 and 7.4.11. �

To go the other way we need some additional hypotheses.

Proposition 9.8.2 In the situation of 9.8.1 assume that B, viewed as an R-module
via ϕ, is flat. Let Y be an R-complex.

(a) (Čx ⊗R Y ) ⊗R B ∼= Čϕ(x) ⊗B (B ⊗R Y ) and therefore Hi
a(Y ) ⊗R B ∼= Hi

ae

(B ⊗R Y ) for all i ∈ Z provided x and φ(x) are weakly pro-regular on R and
B resp.

(b) Assume moreover that R/b ⊗R ϕ : R/b → B/be is an isomorphism for all a-
open ideals b of R. Then there is an isomorphism

LΛa(Y ) � LΛa(B ⊗R Y )

in the derived category. Moreover, LΛa(Y ) and LΛae
(B ⊗R Y ) are both repre-

sented by the complex Λa(F), where F
∼−→ Y is a K -flat resolution of Y . On

the homology level we have isomorphisms

Λa
i (Y ) ∼= Λa

i (B ⊗R Y ) ∼= Λae

i (B ⊗R Y )

for all i ∈ Z.

Proof (a) The isomorphism involving Čx is quite obvious and was already observed
in 6.3.6. The isomorphism involving local cohomology follows now by 7.4.4.

(b) There is a quasi-isomorphism B ⊗R F
∼−→ B ⊗R Y which provides a K -flat

resolution of B ⊗R Y viewed as an R-complex or as a B-complex, as is easily seen.
Now we have

https://doi.org/10.1007/978-3-319-96517-8_7
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R/at ⊗R (B ⊗R F) ∼= B/at B ⊗R F ∼= R/at ⊗R F.

Taking inverse limits we obtain the isomorphism of complexes Λa(B ⊗R F) ∼=
Λa(F). The isomorphism in the derived category follows. Note also that

B/(ae)t ⊗B (B ⊗R F) ∼= R/at ⊗B (B ⊗R F) ∼= R/at ⊗R F

by hypothesis. Hence Λae
(B ⊗R F) ∼= Λa(F). Then the remaining statements are

clear. �

Corollary 9.8.3 Let R be a Noetherian ring, a an ideal of R and X an R-complex.
Then there is an isomorphism

LΛa(X) � LΛa(R̂a ⊗R X)

in the derived category. Moreover, LΛa(R̂a ⊗R X) and LΛaR̂a
(R̂a ⊗R X)) are both

represented by Λa(F), where F
∼−→ X is a K -flat resolution of X. At the homology

level there are isomorphisms

Λa
i (X) ∼= ΛaR̂a

i (R̂a ⊗R X) ∼= Λa
i (R̂

a ⊗R X)

for all i ∈ Z.

Proof This follows by 9.8.2 (b) applied to the change of rings R → R̂a. �

When M is a finitely generated module over a Noetherian ring R we have seen
in 2.3.1 that M̂a ∼= R̂a ⊗R M . As a-complete modules are also a-pseudo-complete
(see 2.5.7) it follows that R̂a ⊗R M belongs to the class GΛ

a introduced in 9.6.1 (see
also Theorem 9.6.8). As a companion result note also the following.

Theorem 9.8.4 Let a be an ideal of a Noetherian ring R and let X denote an R-
complex with finitely generated homology modules. Then R̂a ⊗R X ∈ GΛ

a and there
are isomorphisms

R̂a ⊗R X � LΛa(R̂a ⊗R X) � LΛa(X)

in the derived category. At the homology level there are isomorphisms

Λa
i (X) ∼= Λa(Hi (X) ∼= R̂a ⊗R Hi (X)

for all i ∈ Z.

Proof We note that R̂a ⊗R Hi (X) ∼= Hi (R̂a ⊗R X) because R̂a is R-flat. We also
note that R̂a ⊗R Hi (X) ∼= Λa(Hi (X)) because Hi (X) is finitely generated. Hence
the complex R̂a ⊗R X has a-complete homology. Because a-complete modules are
also a-pseudo-complete (see 2.5.7) it follows that R̂a ⊗R X ∈ GΛ

a (see Theorem

https://doi.org/10.1007/978-3-319-96517-8_2
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9.6.8). This means that the natural map αa
R̂a⊗R X

; R̂a ⊗R X → LΛa(R̂a ⊗R X) is
an isomorphism in the derived category. This together with Corollary 9.8.3 implies
the last isomorphism in the derived category and the isomorphisms at the homology
level. �

On the local cohomology side note also the following.

Theorem 9.8.5 Let a be an ideal of a Noetherian ring R generated by a sequence
x = x1, . . . , xk. Let X denote any R-complex. Then the natural homomorphism R →
R̂a induces a quasi-isomorphism

Čx ⊗R X
∼−→ Čx ⊗R X ⊗R R̂a

and an isomorphism
RΓa(X) � RΓa(X ⊗R R̂a)

in the derived category.

Proof The last assertion is a consequence of the first one in viewof 7.4.4. To prove the
first one let X

∼−→ I be a DG-injective resolution of X . Then we have Hi (Čx ⊗R

X) ∼= Hi
a(X) ∼= Hi (Γa(I )). Hence the R-modules Hi (Čx ⊗R X) are a-torsion. It

follows that the natural homomorphism R → R̂a induces isomorphisms

Hi (Čx ⊗R X) ∼= Hi (Čx ⊗R X) ⊗R R̂a

(see 2.2.6). As R̂a is R-flat we have Hi (Čx ⊗R X) ⊗R R̂a ∼= Hi (Čx ⊗R X ⊗R R̂a)

and the conclusion follows. �

See however the forthcoming 11.5.4 for a more general result.

Remark 9.8.6 Let a be an ideal of R generated by a weakly pro-regular sequence
x = x1, . . . , xk . We may consider the change of rings

Z[X1, . . . , Xk] → R : Xi �→ xi

where the Xi are indeterminate. In view of 9.8.1 this reduces the study of the local
homology and cohomology with respect to a to the case where a is an ideal of
a Noetherian ring generated by a regular sequence and also where the ring is a-
separated. With such a reduction trick we may also provide different proofs of some
of the previous results.
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Chapter 10
Čech and Local Duality

In this chapter we provide some duality formulas for the Čech cohomology of an
unbounded complex, which involve the general Matlis dual Č∨

x of the Čech com-
plex. When the sequence x is a system of parameters of a Noetherian local ring our
formulas provide a version of the Grothendieck Local Duality for Cohen–Macaulay
or Gorenstein local rings. As a byproduct we obtain new characterizations of Goren-
stein local rings in terms of local homology. As another byproduct there are some
characterizations of m-torsion and m-pseudo complete modules over a Gorenstein
local ring. When the sequence x is a system of parameters of a complete Noetherian
local ring, it turns out that the complex Č∨

x is a bounded complex of injective mod-
ules with finitely generated cohomology. For that reason we start the chapter with
an investigation of such complexes.

10.1 Bounded Injective Complexes with Finitely Generated
Cohomology

Let x = x1, . . . , xd be a system of parameters of a Noetherian local ring (R,m, k).
Soon we shall see that the complex Č∨

x := HomR(Čx , ER(k)), viewed as an R̂m-
complex, is a bounded injective complex with finitely generated cohomology mod-
ules (see the forthcoming 10.2.6). Another example of such a complex is the minimal
injective resolution of a finitely generated R-module M , provided of course M has
finite injective dimension.Bounded injective complexeswith finitely generated coho-
mology are well documented. In this section we recall some of their main properties.

Lemma 10.1.1 Let (R,m, k) denote a Noetherian local ring. Let X denote a non-
exact homologically left-bounded R-complex with finitely generated cohomology
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modules and let X
∼−→ I be its minimal injective resolution. Then the following

conditions are equivalent

(a) I is bounded,
(b) there is an integer t such that ExtiR(k, X) = 0 for all i > t .

When these conditions are satisfied n = sup{i | ExtiR(k, X) �= 0} is finite, I j = 0
for all j > n, I n ∼= ER(k)μn(m,X) �= 0 and dim ExtnR(k, X) = μn(m, X).

Proof Note first that I is left-bounded, more precisely recall that

inf{ j | I j �= 0} = inf{ j | Hi (X) �= 0}.

Hence I is DG-injective and Exti (k, X) ∼= Hi (HomR(k, I )) for all i ∈ Z. Whence
the implication (a) ⇒ (b) follows.

Assume now that condition (b) is satisfied. If I j �= 0 for some j ∈ Z,
then μ j (p, X) �= 0 for some prime p ∈ Spec(R) (see the description of I j

in 4.5.18). By an iterative use of 4.5.19 it follows that μ j+s(m, X) �= 0 where
s = dim(R/p). But μt (m, X) = dimk ExttR(k, X) by definition (see 4.5.16). Hence
sup{i | ExtiR(k, X) �= 0} is finite. Again by 4.5.19 it also follows that μ j (p, X) = 0
for all prime ideals p �= m and all j ≥ sup{i | ExtiR(k, X) �= 0} = n. Hence I j = 0
for all j > n.

The last assertions about I n follow from its description in 4.5.18. Recall that the
complex HomR(k, I ) has zero differentials (see 4.5.7). �

Remark 10.1.2 Let M be a finitely generated module over the Noetherian local
(R,m, k). By the abovewe recover the followingwell-known fact: idR(M) = sup{i |
ExtiR(k, M) �= 0}.

The following seems to be not known. It is related to [63, Theorem 4.15].

Proposition 10.1.3 Let (R,m, k) be a Noetherian local ring and let

I : I 0 → I 1 → . . . → I n → 0

be a non-exact minimal injective complex such that its cohomology modules H j (I )
are finitely generated. Let M be any finitely generated R-module. Then

depth(M) = n − sup{i | ExtiR(M, I ) �= 0}.

Proof We proceed by an induction on depthR M . If depthR M = 0, there is an
injection k ↪→ M . It yields the exact sequence ExtnR(M, I ) → ExtnR(k, I ) → 0
because Extn+1

R (N , I ) = 0 for any R-module N . As ExtnR(k, I ) �= 0 by 10.1.1 we
also have that ExtnR(M, I ) �= 0.

Assume now that depth(M) = r > 0 and the assertion is proved for modules of
depth smaller than r . We choose an element x ∈ m regular on M . Then consider the
short exact sequence
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0 → M
x→ M → M/xM → 0

and the associated long exact sequence of the ExtiR(·, I ). For all i ≥ n − r + 1 we
have the exact sequence

ExtiR(M, I )
x→ ExtiR(M, I ) → 0

because Exti+1
R (M/xM, I ) = 0 by the inductive hypothesis. As the Ext jR(M, I )

are all finitely generated (see 4.5.14) it follows by Nakayama’s Lemma that
ExtiR(M, I ) = 0 for all i ≥ n − r + 1. It remains to show that Extn−r

R (M, I ) �= 0.
By the above we also have the exact sequence

Extn−r
R (M, I ) → Extn−r+1

R (M/xM, I ) → 0

and Extn−r+1
R (M/xM, I ) �= 0 by the induction hypothesis. The conclusion

follows. �

10.1.4 The particular case of 10.1.3 where the complex I is a minimal injective
resolution of a finitely generated module M of finite injective dimension has been
proved by Peskine and Szpiro in [63]. Note that the above also provides another
proof of a result of Bass in [9]:

idR M = depthR R provided idR M < ∞.

In [9] Bass conjectured that, for a Noetherian local ring, the existence of a non-
trivial finitely generated module of finite injective dimension implies that the ring is
Cohen–Macaulay. This has been proved by Peskine and Szpiro in [63], provided the
ring is equicharacteristic. Their proof used their Intersection Conjecture, which they
proved for equicharacteristic local rings (see also Hochster’s investigations [45] on
the homological conjectures).

Later an equivalent form of the Intersection Conjecture, called the New Intersec-
tion Conjecture, was established. This was proved in full generality by Paul Roberts
in [70] (see Theorem 10.1.6 below).

Roberts had previously proposed in [69] another conjecture concerning bounded
injective complexes with finitely generated cohomology, the one we are interested
in, and he claimed that it was equivalent to the New Intersection Conjecture.

To provide a proof of Roberts’ statement on bounded injective complexes with
finitely generated cohomology we need some reductions tricks.

Proposition 10.1.5 Let (S, n, l) and (R,m, k) be two Noetherian local rings with
their maximal ideal and residue field resp. Let f : (S, n, l) → (R,m, k) be a local
flat homomorphism such thatm = nR. Let I be a bounded injective S-complex with
finitely generated cohomology modules. We consider the R-complex I ⊗S R.

(a) There are isomorphisms
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ExtiR(k, I ⊗S R) ∼= ExtiS(l, I ) ⊗S R for all i ∈ Z.

(b) Let I ⊗S R
∼−→ J be the minimal injective resolution of the R-complex I ⊗S R.

Then the R-complex J also has finitely generated cohomology and is bounded.
If, moreover, I is minimal, then length(I ) = length(J ).

Proof Because m = nR it follows that R/m ∼= S/n ⊗S R. Hence the first assertion
is a direct consequence of 4.4.21.

As f is flat we have that Hi (J ) ∼= Hi (I ) ⊗S R is a finitely generated R-module.
In view of 10.1.1 and the first assertion it follows that J is bounded and that sup{i |
J i �= 0} = sup{i | I i �= 0}.

By the hypothesis on the homomorphism f we note that f is faithfully flat. The
assertion on the lengths of I and J follows. Recall that inf{ j | I j �= 0} = inf{ j |
H j (I ) �= 0} when I is minimal and likewise for J . �

Note that the abovemay be applied to the change of rings R → R̂a, where a is any
ideal of the Noetherian local ring R. In the following we shall derive a consequence
of Roberts’ New Intersection Theorem.

Theorem 10.1.6 (see [70], New Intersection Theorem.) Let (R,m, k) be a Noethe-
rian local ring and let

0 → Ln → · · · → L1 → L0 → 0

be a non-exact complex of finitely generated free R-modules. If the homologymodules
Hi (L) are of finite length for all i , then n ≥ dim(R).

Theorem 10.1.7 (see [69]) Let (R,m, k) be a Noetherian local ring. Let

I : I 0 → I 1 → · · · → I n → 0

be a non-exact bounded complex of injective modules. Assume that its cohomology
modules H j (I ) are finitely generated. Then n ≥ dim(R).

Proof We may and do assume that I is minimal. We start with a reduction to the
case of a catenary local domain. To this end consider the changes of rings

R → R̂m → B

where B = R̂m/p for some prime ideal p of R̂m such that dim(B) = dim(R̂m). We
take the minimal injective resolution I ⊗R R̂m ∼−→ J of the R̂m-complex I ⊗R R̂m.
Then consider the B-complex Hom R̂m(B, J ). We first note that the R̂m-complex J
has finitely generated cohomology with length(J ) = length(I ) (see 10.1.5). We then
note that the B-complex Hom R̂m(B, J ), which is a complex of injective B-modules,
also has finitely generated cohomology (see 4.5.14). But dim(B) = dim(R̂m) =
dim(R) and obviously we have length(Hom R̂m(B, J )) ≤ length(J ). Hence it is
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enough to prove that length(Hom R̂m(B, J )) ≥ dim(B). That is, we are reduced to
the case where the ring is a catenary local Noetherian domain.

We proceed by induction on dimR SuppR(I ). If dimR SuppR(I ) = 0, then
μ j (p, I ) = 0 for all prime ideals p �= m and all j . Hence I j ∼= ER(k)μ j (m,I )

and note that these μ j (m, I ) = dimk(Ext
j
R(k, I )) are finite (see 4.5.16). Then the

Matlis dual complex I∨ := HomR(I, ER(k)) is an R̂m-complex of finitely gener-
ated modules with Artinian homology because the R-modules H j (I ) are finitely
generated. But the R̂m-modules Hi (I∨) are also finitely generated. Hence they are
of finite length and the result follows by 10.1.6 applied to the ring R̂m.

Assume now that dimR SuppR(I ) > 0. We pick a prime ideal p ∈ SuppR(I ),
p �= m. We note that the Rp-complex Ip is minimal injective because I is minimal
injective (see 4.5.9). Also note that dimRp

SuppRp(Ip) < dimR SuppR(I ). By the
induction hypothesis we have that length(Ip) ≥ dim(Rp). In particular, we have

m = sup{ j | I j
p �= 0} ≥ length(Ip) ≥ dim(Rp).

Applying10.1.1 to the Rp-complex Ipwehaveμm(pRp, Ip) �= 0.Butμm(pRp, Ip) =
μm(p, I ) by definition. By an iterative use of 4.5.19 we obtain that μm+s(m, I ) �= 0
for s = dim(R/p). It follows that

length(I ) ≥ m + s ≥ dim(Rp) + dim(R/p).

But dim(Rp) + dim(R/p) = dim R because R is a catenary local domain. This
finishes the proof. �

Corollary 10.1.8 Let (R,m, k) be a Noetherian local ring and assume there is a
finitely generated R-module M �= 0 of finite injective dimension. Then R is Cohen–
Macaulay and idR M = dim R.

10.2 Čech Cohomology and Duality

Herewe show how the generalMatlis dual of the Čech complex provides information
on the Čech cohomology. Some particular cases will retain our attention, in particular
the case where the sequence x is completely secant, or the case where x is a system of
parameters of a Noetherian local ring. As before, E denotes the injective cogenerator
of the category of R-modules as described in 1.4.8 and the general Matlis duality
functor HomR(·, E) is denoted by (·)∨.
10.2.1 Recall first that we already have information on the complex Č∨

x : it is a
bounded complex of injective modules, hence DG-injective, and its cohomology
modules are a-complete, where a = x R. Moreover, we have HomR(R/a, Č∨

x ) ∼=
(R/a)∨ (see 6.1.5).
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10.2.2 Čech cohomology and duality. Let x = x1, . . . , xk be a sequence of elements
in a commutative ring R. Recall that the Čech cohomology of an R-complex X with
respect to this sequence is given by

Hi (Čx ⊗R X) = TorR−i (X, Čx ) = TorRk−i (X, Čx )[k].

Therefore we have the Čech duality formulas

(Čx ⊗R X)∨ ∼= HomR(X, Č∨
x ),

Ext−i
R (X, Č∨

x ) ∼= Extk−i
R (X, Č∨[k]

x ) ∼= (Hi (Čx ⊗R X))∨

obtained by adjointness. The shift in the above formulas are motivated by the fol-
lowing observations.

10.2.3 Assume now that the sequence x = x1, . . . , xk of a commutative ring R is
completely secant and that R �= x R. This amounts to saying that E-dp(x R, R) = k
and that the complexes K •(xt ) have their cohomology concentrated in degree k
(see 5.4.2). Then the complex Čx also has its cohomology concentrated in degree k
and provides, up to a shift, a flat resolution of the module Hk(Čx ). More precisely,
viewing the complex Čx as a descending one, we have the quasi-isomorphism

(Čx )[k]
∼−→ Hk(Čx )

which is a bounded flat resolution of the module Hk(Čx ). By duality we have the
quasi-isomorphism

(Hk(Čx ))
∨ ∼−→ Č∨[k]

x

which is a bounded injective resolution of the module (Hk(Čx ))
∨. In this situation

the module Hk(Čx ) also plays a rôle in the study of the Čech cohomology, we have

Hi (Čx ⊗R X) ∼= TorRk−i (X, Čx[k]) ∼= TorRk−i (X, Hk(Čx )) and

(Hi (Čx ⊗R X))∨ ∼= Extk−i
R (X, (Hk(Čx ))

∨).

Note that
fdR(Hk(Čx )) = k = idR((Hk(Čx ))

∨).

Because the descending complex R/x R ⊗R Čx[k] has its homology concentrated in
degree k we also have

T-codp(x R, Hk(Čx )) = k = E-dp(x R, (Hk(Čx ))
∨).

Hence the sequence x is completely secant on the module (Hk(Čx ))
∨ (see 5.4.2

again).
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In the above the particular case when the module Hk(Čx ) is itself a general Matlis
dual also presents some interest, mainly when the ring is Noetherian. In that case
recall that the Čech cohomology with respect to a sequence x coincides with the
local cohomology with respect to the ideal a = x R (see 7.4.4 and 7.4.5).

Proposition 10.2.4 Let x = x1, . . . , xk be a regular sequence in a Noetherian ring
R. Assume there is an R-module Kx such that Hk(Čx ) ∼= K∨

x and let a be any ideal
such that Rad(a) = Rad(x R). Then

(a) idR(Kx ) = k,
(b) Hi

a(X) ∼= (Extk−i
R (X, Kx ))

∨ for any R-complex X with finitely generated homol-
ogy modules.

Proof The first assertion is clear: we have idR(Kx ) = fdR(K∨
x ) = k (see 1.4.10 and

10.2.3).
By 7.4.5 and 10.2.3 it follows that

Hi
a(X) ∼= TorR−i (X, Čx ) ∼= TorRk−i (X, Hk(Čx )).

We note that the homology modules TorRk−i (X, Hk(Čx )) and Extk−i
R (X, Kx ) only

depend on a soft truncation · · · → Xn+1 → Xn → Ker(dn−1) → 0 for n large
enough because the module Hk(Čx ) has finite flat dimension and the module Kx

has finite injective dimension. So we may and do assume that X is right-bounded. In
that case there is a DG-projective resolution L

∼−→ X where L is a right-bounded
complex of finitely generated free modules (see 1.1.12). Then

L ⊗R Hk(Čx ) ∼= HomR(HomR(L , R), Hk(Čx ))

(see 1.1.9). By adjointness, and because Hk(Čx ) ∼= K∨
x , we also have

HomR(HomR(L , R), Hk(Čx )) ∼= HomR(HomR(L , R) ⊗R Kx , E)
∼= (HomR(L , Kx ))

∨.

The claim is obtained by taking homology. �

We continue the investigation of Č∨
x = HomR(Čx , E).

Lemma 10.2.5 Let x = x1, . . . , xk be a sequence in a commutative ring R. There
is a quasi-isomorphism

Čx ⊗R E
∼−→ Čx ⊗R Č∨

x .

If, moreover, the sequence x is weakly pro-regular, there is also a quasi-isomorphism

Γa(E)
∼−→ Čx ⊗R E, where a denotes the ideal generated by the sequence x.

Proof As usual write xt = xt1, . . . , x
t
k . By adjointness we have for all t > 0 the

isomorphisms
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K •(xt ) ⊗R Č∨
x

∼= HomR(K•(xt ), Č∨
x ) ∼= (K•(xt ) ⊗R Čx )

∨.

We also have a quasi-isomorphism K•(xt )⊗R Čx
∼−→ K•(xt ). This follows by 6.1.8

because SuppR(K•(xt )) ⊆ V (a). By duality we have

K •(xt ) ⊗R E ∼= K•(xt )∨
∼−→ (K•(xt ) ⊗R Čx )

∨ ∼= K •(xt ) ⊗R Č∨
x .

We take direct limits and obtain the first quasi-isomorphism.
For the second one note that Hi (Čx ⊗R E) = 0 for all i > 0 by Lemma 7.3.3.

Note also that H 0(Čx ⊗R E) ∼= Γa(E) as easily seen. The claim follows. �

In the case when (R,m, k) is a Noetherian local ring with its maximal ideal and
residue field k we can say more. In that case, recall that E = ER(k) is the injective
hull of the residue field (see the description of the injective cogenerator given in
1.4.8). Recall also that E has the structure of an R̂m-module and that, with this
structure, E = ER̂m(k) (see 2.3.2).

Theorem 10.2.6 Let (R,m, k) be a Noetherian local ring with its maximal ideal
and residue field. Let also x = x1, . . . , xk be a sequence of elements in R, R �= x R.
Then:

(a) Č∨
x = HomR(Čx , E) is a bounded complex of injective R-modules.

(b) There is an isomorphism k ∼= HomR(k, Č∨
x ).

(c) There is a quasi-isomorphism HomR(Č∨
x , Č∨

x )
∼−→ R̂m. Its composite with the

natural morphism R → HomR(Č∨
x , Č∨

x ) is the natural homomorphism R →
R̂m.

(d) Č∨
x

∼= Hom R̂m(Čx ⊗R R̂m, E) is a bounded complex of injective R̂m-modules

and there is an isomorphism k ∼= Hom R̂m(k, Č∨
x ).

(e) The natural morphism
R̂m → Hom R̂m(Č∨

x , Č∨
x )

is a quasi-isomorphism.

Proof The statement in (a) has already been noticed and holds in general (see 10.2.1).
For (b) note that we have HomR(k, Č∨

x ) ∼= (Čx ⊗R k)∨ by adjointness. Moreover,

we have the isomorphisms Čx ⊗R k ∼= k and (k)∨ ∼= k.
Now we prove (c). By adjointness and commutativity we have

HomR(Č∨
x , Č∨

x ) ∼= (Čx ⊗R Č∨
x )∨.

By 10.2.5 there is a quasi-isomorphism Čx ⊗R E
∼−→ Čx ⊗R Č∨

x . But Čx ⊗R E ∼= E

because E is anm-torsion module, which implies Č i
x ⊗R E = 0 for all i > 0. Putting

all this together we obtain a quasi-isomorphism
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HomR(Č∨
x , Č∨

x )
∼−→ R̂m.

To this end recall that HomR(E, E) ∼= R̂m. The last assertion in (c) follows.
For the last statements note first that we have the isomorphism

Č∨
x

∼= Hom R̂m(Čx ⊗R R̂m, E)

because E has the structure of an R̂m-module. Hence Č∨
x is the Matlis dual over the

ring R̂m of the Čech complex built on the sequence x R̂m of R̂m. The statements in
(d) and (e) now follow from those in (a), (b) and (c). �

For technical reasons the complex Ľ∨
x , which is the Matlis dual of a bounded

DG-projective complex, could be more useful than Č∨
x . To this end we note the

following.

Corollary 10.2.7 In the situation of 10.2.6 we also have a quasi-isomorphism

HomR(Ľ∨
x , Ľ∨

x )
∼−→ R̂m.

If, moreover, R is m-complete, then the natural morphism R → HomR(Ľ∨
x , Ľ∨

x ) is
also a quasi-isomorphism.

Proof We have a bounded free resolution Ľ x
∼−→ Čx of Čx (see 6.2.3). It induces a

quasi-isomorphism Č∨
x

∼−→ Ľ∨
x of bounded complexes of injective modules. Hence

there are quasi-isomorphisms Č∨
x

∼−→ Ľ∨
x

∼−→ Č∨
x , the composite of which is

homotopic to the identity on Č∨
x (see 4.4.6). In view of 10.2.6 (c) the conclusion

follows. �

The previous Theorem 10.2.6 is the motivation for further investigation. In par-
ticular, it would be of some interest to have an R-complex D with finitely generated
cohomology satisfying the properties (a) and (b) above. This is the concept of a
dualizing complex, as described later.

In this direction note already the following.

Theorem 10.2.8 Let (R,m, k) be a Noetherian local ring with its maximal ideal
and residue field k. Let also x = x1, . . . , xk be a sequence generating anm-primary
ideal. Then the modules Hi (Č∨

x ) are finitely generated over R̂m.

Proof In our situation recall that Hi (Čx ) ∼= Hi
m(R) (see 7.4.5), that the R-modules

Hi (Čx ) ∼= Hi
m(R) are Artinian. It follows that the modules Hi (Č∨

x ) ∼= (H−i (Čx ))
∨

are finitely generated over R̂m (see 2.3.2). �
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10.3 Canonical Modules

In this section we introduce the notion of a canonical module for a finitely gen-
erated module over a Noetherian local ring (R,m, k), with particular attention on
the canonical module of a Cohen–Macaulay local ring, when it exists. For Cohen–
Macaulay rings and modules we refer to [16]. The canonical module is a matter of
local cohomology and Matlis duality. Here E := ER(k) is the injective hull of the
residue field and the Matlis duality functor HomR(·, E) is denoted – as before – by
(·)∨. It will be convenient to have the following recalls at hand.

Recalls 10.3.1 Let (R,m, k) be a Noetherian local ring and M a finitely generated
R-module. At first note that M ⊗R R̂m ∼= M̂m. Because the local cohomology
modules Hi

m(M) are m-torsion and because R̂m is R-flat there are isomorphisms

Hi
m(M) ∼= Hi

m(M) ⊗R R̂m ∼= Hi
mR̂m

(M ⊗R R̂m) ∼= Hi
mR̂m

(M̂m)

(see 2.2.6 and 9.8.2). Since ER(k) ∼= ER̂m(k) admits the structure of an R̂m-module
there are also isomorphisms

(Hi
m(M))∨ ∼= Hom R̂m(Hi

m(M) ⊗R R̂m, E) ∼= Hom R̂m(Hi
mR̂m

(M̂m), E)).

Recall also Grothendieck’s Theorem: Hi
m
(M) is Artinian for all i ≥ 0 and dim M =

sup{i | Hi
m(M) �= 0 (see A.1.1).

Theorem and Definition 10.3.2 Let (R,m, k) be a Noetherian local ring and let
M be a non-zero finitely generated R-module of dimension n.

(a) For an R-module C the following conditions are equivalent:

(i) C∨ ∼= Hn
m(M),

(ii) C is afinitely generated R-module andC⊗R R̂m ∼= Hom R̂m(Hn
mR̂m

(M̂m), E).

(b) If there is an R-module satisfying one of the above equivalent conditions, then
it is unique up to isomorphism. It is called the canonical module of M and is
denoted by KM.

Proof Assume thatC satisfies condition (i). Because the R-module Hn
m(M) is a non-

zero Artinian module we first have that C is a non-zero finitely generated R-module
in view of 1.4.9. Then we have the isomorphisms C ⊗R R̂m ∼= C∨∨ ∼= (Hn

m(M))∨
(see 2.3.2 (d) for the first one). This together with the recalls in 10.3.1 shows that C
satisfies condition (ii).

In general we have C∨ ∼= Hom R̂m(C ⊗R R̂m, E). When C satisfies condition (ii)
it follows that C∨ ∼= Hom R̂m(Hom R̂m(Hn

mR̂m
(M̂m), E), E). But the R̂m-module

Hn
mR̂m

(M̂m) is Artinian, hence C∨ ∼= Hn
mR̂m

(M̂m) and C satisfies condition (i) in
view of the recalls in 10.3.1.
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Assume now there are two modules C and C ′ satisfying condition (ii). Then
C ⊗R R̂m and C ′ ⊗R R̂m are both isomorphic to (Hn

m(M))∨. It follows that C and
C ′ are isomorphic by the following well-known lemma. �
Lemma 10.3.3 Let M and M ′ be two finitely generatedmodules over theNoetherian
local ring (R,m, k). If the R̂m-modules M ⊗R R̂m and M ′ ⊗R R̂m are isomorphic,
then the R-modules M and M ′ are isomorphic.

Proof Because R̂m is R-flat we get the isomorphism

HomR(M, M ′) ⊗R R̂m ∼= Hom R̂m(M ⊗R R̂m, M ′ ⊗R R̂m).

We note that an isomorphism h ∈ Hom R̂m(M ⊗R R̂m, M ′ ⊗R R̂m) is a minimal
generator of this finitely generated R̂m-module. We pick in the finitely generated
R-module HomR(M, M ′) a minimal generator f such that f ⊗R id R̂m maps onto h
modulo mR̂m by the above isomorphism. It is easy to see that f ⊗R id R̂m is also an
isomorphism. Then f itself is an isomorphism because R̂m is R-faithfully-flat. �
Remarks 10.3.4 Let (R,m, k) be a Noetherian local ring and let M be a non-zero
finitely generated R-module of dimension n.

(a) If R is m-complete then M has a canonical module, namely

KM
∼= (Hn

m(M))∨.

(Because Hn
m(M) is Artinian and R is m-complete we have (Hn

m(M))∨∨ ∼= Hn
m(M)

so that (Hn
m(M))∨ satisfies condition (i) of 10.3.2.)

(b) In general, (Hn
m(M))∨ is the canonical module of M̂m:

(Hn
m(M))∨ ∼= KM̂m .

(In view of the isomorphism (Hn
m(M))∨ ∼= Hom R̂m(Hn

mR̂m
(M̂m), E) this follows

by (a).)
(c) If M admits a canonical module KM , then KM ⊗R R̂m ∼= KM̂m . (Since KM

satisfies condition (ii) of 10.3.2 this also follows by (a).)
(d) More precisely, let C be denote an R-module. Then C ∼= KM if and only if

C⊗R R̂m ∼= KM̂m . (Note that HomR(C, E) ∼= Hom R̂m(C⊗R R̂m, E). IfC⊗R R̂m ∼=
KM̂m , then

HomR(C, E) ∼= Hom R̂m(KM̂m, E) ∼= Hn
mR̂m(M̂m) ∼= Hn

m(M).

Hence C satisfies condition (i) of 10.3.2 and C ∼= KM . This together with (c) proves
the claim.)

Remark 10.3.5 Let (R,m, k) be a Noetherian local ring of dimension d and M a
finitely generated R-module of dimension n.We have seen in 9.2.5 that (Hn

m(M))∨ ∼=
Λm

n (M∨). Hence Λm
n (M∨) ∼= KM̂m (in view of 10.3.4 (b)).
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In particular, (Hd
m(R))∨ ∼= Λm

d (E) ∼= KR̂m .

Remark 10.3.6 For a more detailed study and basic properties of canonical mod-
ules we refer to [74]. In particular, we have AssR KM ⊆ AssR M and dimR M =
dimR KM . If dimR M > 0 then also m /∈ AssR KM (see A.1.1).

When R is a homomorphic image of a Gorenstein local ring, note also that every
finitely generated R-module M has a canonical module, an explicit description of
which will be given in 10.6.3. In that case, KM satisfies the Serre condition S2.

(See also the forthcoming 12.2.4 for another explicit description of KM when R
admits a dualizing complex.)

We now turn to the canonical module of a Cohen–Macaulay local ring, when it
exists. For the next result see also [16, Section 3.3].

Proposition 10.3.7 Let (R,m, k) be a Cohen–Macaulay local ring of dimension d
and assume that R admits the canonical module KR. Let also x = x1, . . . , xd be a
parameter system of R. Then KR has the following properties:

(a) (KR)∨ ∼= Hd(Čx ) and KR is a finitely generated R-module,
(b) idR(KR) = d,
(c) ExtdR(k, KR) ∼= k and ExtiR(k, KR) = 0 for all i �= d,
(d) KR is amaximal Cohen–Macaulay R-module, that is every system of parameters

of R forms a regular sequence on KR,
(e) HomR(KR, KR) ∼= R,
(f) ExtiR(KR, KR) = 0 for all i �= 0,
(g) Hd

m(KR) ∼= ER(k).

Proof For (a) recall that Hd(Čx ) ∼= Hd
m(R) (see 7.4.5).

We obtain the statements in (b), (c) and (d) via the observations in 10.2.3. More
precisely, we have idR(KR) = fdR(K∨

R ) = d and E-dp(m, KR) = T-codp(m, K∨
R ) =

d in view of the observations in 10.2.3 (recall that the injective and flat dimensions,
the Ext-depth and Tor-codepth, are interchanged under Matlis duality). Because KR

is finitely generated with E-dp(m, KR) = d. It also follows that KR is a maximal
Cohen–Macaulay R-module.

We first prove (e) in the case R is m-complete. Then we have the isomorphisms
and a bounded injective resolution

KR
∼= (KR)∨∨ ∼= (Hd(Čx ))

∨ ∼−→ Č∨[d]
x

(see 10.2.3). It follows that

HomR(KR, KR) ∼= H 0(HomR(KR, Č∨[d]
x )) ∼= H 0(HomR(Č∨[d]

x , Č∨[d]
x ))

and the result follows by Theorem 10.2.6.
In general, andbecause KR⊗R R̂m ∼= KR̂m (see 10.3.4),wehave the isomorphisms
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HomR(KR, KR) ⊗R R̂m ∼= Hom R̂m(KR ⊗R R̂m, KR ⊗R R̂m)
∼= Hom R̂m(KR̂m, KR̂m).

As we already know that HomR(KR̂m, KR̂m) ∼= R̂m the statement in (e) for an
arbitrary Cohen–Macaulay local ring now follows by Lemma 10.3.3.

Statement (f) is a consequence of (d) and Proposition 10.1.3.
Statement (g) follows from (c). Recall that dimk(ExtiR(k, KR)) = μi (m, KR)

(see 4.5.16) and the description of the minimal injective resolution of KR given in
Theorem 4.5.18. �

In the next chapter we shall see that properties (b), (c) and (d) of the above propo-
sition provides a characterization of the canonical module of a Cohen–Macaulay
local ring (see the forthcoming 12.2.6).

In the next section, we shall see that the canonical module of a Cohen–Macaulay
local ring, when it exists, has nice dualizing properties (see the forthcoming Theorem
10.4.3).

10.4 Local Duality over Cohen–Macaulay Local Rings

Here we apply the results and observations of the previous sections to the local
homology over a Cohen–Macaulay local ring.

Recalls 10.4.1 Let x = x1, . . . , xd be any system of parameters of a Noetherian
local ring (R,m, k), d = dim R.

(a) Recall that Hi
m(X) ∼= Hi (Čx ⊗R X) for all R-complexes X (see 7.4.5). In

particular, we have Hd(Čx ) ∼= Hd
m(R).

(b) If R is Cohen–Macaulay, then the sequence x is regular, hence completely
secant, and fdR(Hd

m(R)) = d = idR(Hd
m(R)∨) (see 10.2.3). Note that here (·)∨ =

HomR(·, ER(k)) denotes, as before, the Matlis duality functor.

By the above recalls together with the other observations in 10.2.3 we obtain a
first local duality result for Cohen–Macaulay local rings.

Theorem 10.4.2 Let (R,m, k) be a Cohen–Macaulay local ring, d = dim R. Then

Hi
m(X) ∼= TorRd−i (X, Hd

m(R)) and (Hi
m(X))∨ ∼= Extd−i

R (X, (Hd
m(R))∨)

for all R-complexes X and all i ∈ Z.

We now turn to the case where R has a canonical module KR , that is a finitely
generated R-module the Matlis dual of which is isomorphic to Hd

m(R) (see 10.3.2).
By the recalls in 10.4.1 (a) and Proposition 10.2.4 we obtain a second local duality
for Cohen–Macaulay local rings.
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Theorem 10.4.3 Let (R,m, k) be a Cohen–Macaulay local ring, d = dim R. Sup-
pose that R admits the canonical module KR. Then

Hi
m(X) ∼= (Extd−i

R (X, KR))∨

for any R-complex X with finitely generated homology modules.

The previous results are particular cases of duality theorems investigated in detail
later. In the next section we will continue with the study of Gorenstein rings. In
addition to various well-known assertions we use our previous results to shed some
new light on the ubiquity of Gorenstein rings.

10.5 On Gorenstein Local Rings and Duality

Gorenstein rings play a central role in local duality and form an important class
of rings in various fields of commutative algebra and algebraic geometry. For that
reasonwe shall add here a few results about them. First some recalls. In his paper (see
[9]) Bass gave a proof of the following characterization of Gorenstein local rings.

Theorem 10.5.1 (see [9]) Let (R,m, k) denote a Noetherian local ring and d =
dim R. Let E = ER(k) be the injective hull of the residue field. Then the following
conditions are equivalent:

(i) R is a Gorenstein local ring.
(ii) ExtiR(k, R) = 0 for all i �= d and ExtdR(k, R) ∼= k.
(iii) R is a Cohen–Macaulay local ring and dimk ExtdR(k, R) = 1.
(iv) R is a Cohen–Macaulay local ring and dimk HomR(k, R/x R) = 1 for any

system of parameters x = x1, . . . , xd .
(v) Hi

m(R) = 0 for all i �= d and Hd
m(R) ∼= E.

Remarks 10.5.2 Let (R,m, k) be a Noetherian local ring.
(a) If R is Gorenstein then idR R = ext+R(k, R) = dim R in view of 10.1.1.

Moreover, R is its canonical module as defined in 10.3.2 because Hd
m(R) ∼= E ∼= R∨.

(b) Note that ExtiR(k, R) ∼= Exti
R̂m

(k, R̂m). It follows that R is Gorenstein if and

only if R̂m is Gorenstein.
(c) Let x = x1, . . . , xk be a regular sequence. We note also with [9] that R is

Gorenstein if and only if R/x R is Gorenstein.

In the following we shall translate the characterization of Gorenstein rings given
in 10.5.1 in terms of the injective hull of the residue field.

Proposition 10.5.3 Let (R,m, k) denote a Noetherian local ring, d = dim R, and
write E for the injective hull of the residue field. Then the following conditions are
equivalent:
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(i) R is a Gorenstein ring.
(ii) idR R < ∞.
(iii) fdR E < ∞.
(iv) pdR E < ∞.

Proof The equivalence of (i) and (ii) was proved in [9]. The equivalence of (ii) and
(iii) is clear, recall that flat dimensions and injective dimensions are interchanged
under Matlis duality. Since (iv) =⇒ (iii) holds trivially it remains to show that (i)
=⇒ (iv).

Suppose R is Gorenstein and let x = x1, . . . , xd be a system of parameters. Then
Čx provides, up to a shift, a flat resolution of Hd

m(R) (see 10.2.3) and Ľ [−d]
x

∼−→
Hd

m(R) is a projective resolution of E ∼= Hd
m(R). This finishes the proof. �

10.5.4 From the above characterization it follows that Rp is Gorenstein for all p ∈
Spec(R) when R is local Gorenstein. Moreover, if R

∼−→ I is a minimal injective
resolution, it also follows that I r ∼= ⊕{p∈Spec R|height(p)=r}ER(R/p).

Here is a first way to compute local cohomology over a Gorenstein local ring.

Theorem 10.5.5 Let (R,m, k) be a Gorenstein local ring, d = dim R, and write E
for the injective hull of k. Then

Hi
m(X) ∼= TorRd−i (X, E) and (Hi

m(X))∨ ∼= Extd−i
R (X, R̂m)

for any R-complex X and all i ∈ Z.

Proof Because Hd
m(R) ∼= E this is a direct consequence of 10.4.2. Recall also that

E∨ ∼= R̂m. �

This has some interesting consequences concerning special types of R-modules.

Corollary 10.5.6 Let (R,m, k) be a Gorenstein local ring, d = dim R and E =
ER(k). Let M denote an R-module. We have the following:

(a) M ism-torsion if and only if TorRd (E, M) ∼= M. If the R-module M ism-torsion,
then also TorRi (E, M) = 0 for all i �= d.

(b) If M = I is an injective R-module then TorRi (E, I ) = 0 for i �= d and
TorRd (E, I ) ∼= Γm(I ).

(c) If M = F is a flat R-module then Hi
m(F) = 0 for i �= d and Hd

m(F) ∼= E ⊗R F.

Proof This is clear in view of the isomorphism Hi
m(M) ∼= TorRd−i (M, E) obtained in

10.5.5. Note also if the R-module M ism-torsion we of course have M = Γm(M) ∼=
H 0

m(M) but we also have Hi
m(M) = 0 for all i �= 0 (see 7.4.7). �

Here is a Grothendieck local duality theorem for Gorenstein local rings and
unbounded complexes.
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Theorem 10.5.7 Let (R,m, k) be a Gorenstein local ring, d = dim R. Then

Hi
m(X)) ∼= (Extd−i

R (X, R))∨

for all i ∈ Z and any R-complex X with finitely generated cohomology modules
Hi (X), i ∈ Z.

Proof Because Hd
m(R) ∼= E ∼= R∨, so that R ∼= KR , the statement is a reformulation

of 10.4.3 in this case. �

In the following criteriawealsohave information about theBetti andBass numbers
of R and E , respectively.

Proposition 10.5.8 Let (R,m, k) denote a Noetherian local ring and write E for
the injective hull of the residue field. Let d = dim R. Then the following conditions
are equivalent:

(i) R is a Gorenstein ring.
(ii) ExtiR(k, R) = 0 for all i �= d and ExtdR(k, R) ∼= k.
(iii) TorRi (k, E) = 0 for all i �= d and TorRd (k, E) ∼= k.
(iv) ExtiR(E, k) = 0 for all i �= d and ExtdR(E, k) ∼= k.

Proof The equivalence of (i) and (ii) has been shown by H. Bass (see 10.5.1).
By the Ext-Tor duality we have TorRi (k, E) = TorRi (k, R∨) ∼= ExtiR(k, R)∨ (see

1.4.8). As k
∨ ∼= k, the equivalence of (ii) and (iii) follows.

We also have ExtiR(E, k) ∼= ExtiR(E, k
∨) ∼= TorRi (E, k)∨ (see 1.4.8 again). Then

the equivalence of (iii) and (iv) follows. �

As a consequence of our previous investigations there is another characterization
of Gorenstein local rings in terms of local homology.

Theorem 10.5.9 Let (R,m, k) be a Noetherian local ring, d = dim R and E =
ER(k). The following conditions are equivalent

(i) R is Gorenstein,
(ii) Λm

i (X) ∼= Extd−i
R (E, X) for all i ∈ Z and any R-complex X,

(iii) Λm
i (E) = 0 for all i �= d and Λm

d (E) ∼= R̂m.

Proof Let x = x1, . . . , xd be a parameter system of R. In 7.5.12 we have seen
that L�m(X) and RHomR(Čx , X) are isomorphic in the derived category. Hence
Λm

i (X) ∼= Ext−i
R (Čx , X). When R is Gorenstein we have a quasi-isomorphism and

isomorphisms (Čx )[d]
∼−→ Hd(Čx ) ∼= Hd

m(R) ∼= E (see 10.2.3 and 7.4.5). It follows
that Ext−i

R (Čx , X) ∼= Extd−i
R (E, X) by the definition of Ext. Hence condition (ii) is

satisfied.
Assume condition (ii) is satisfied and apply it to k. We obtain

Λm
i (k) ∼= Extd−i

R (E, k). But Λm
i (k) = 0 for all i �= 0 and Λm

0 (k) = k (this is
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a very particular case of 2.5.15). The above together with 10.5.8 implies that R is
Gorenstein.

In general, we have Λm
i (E) = Λm

i (R∨) ∼= (Hi
m(R))∨) (see 9.2.5). When R is

Gorenstein it follows that conditions (iii) are satisfied. When conditions (iii) are
satisfied we have that Hi

m(R) = 0 for i �= d and that (Hd
m(R))∨ ∼= R̂m. But

(Hi
m(R))∨ = HomR(Hi

m(R), E) ∼= Hom R̂m(Hi
mR̂m

(R̂m), E)). We take the Matlis

dual over R̂m and obtain that Hd
mR̂m

(R̂m) = E because Hd
mR̂m

(R̂m) is Artinian.

Hence the conditions in (iii) imply that R̂m is Gorenstein and so is R. �

As above there are several consequences of Theorem 10.5.9 for modules of par-
ticular types.

Corollary 10.5.10 Let (R,m, k) be a Gorenstein local ring, d = dim R and E the
injective hull of the residue field k. Let M denote an R-module.

(a) M is m-pseudo-complete if and only if ExtiR(E, M) = 0 for i �= d and
ExtdR(E, M) ∼= M.

(b) If M is finitely generated or m-complete then ExtiR(E, M) = 0 for i �= d and
ExtdR(E, M) ∼= M̂m.

(c) If M = F is flat then ExtiR(E, F) = 0 for i �= d and ExtdR(E, F) ∼= F̂m.
(d) If M = I is injective then Λm

i (I ) = 0 for i �= d and Λm
d (I ) ∼= HomR(E, I ).

Proof The statements are true in viewof the isomorphismsΛm
i (M) ∼= Extd−i

R (E, M)

obtained in 10.5.9. For (a) we also recall 2.5.15 and 2.5.16. For (b) and (c) remember
that if M is flat or finitely generated or m-complete then Λm

i (M) = 0 for all i �= 0
and Λm

0 (M) ∼= M̂m (see 2.5.12, 2.5.14 and 2.5.15 respectively). Statement (d) is a
direct consequence of the above isomorphisms. �

Remark 10.5.11 Let R denote a commutative ring and a ⊂ R an ideal generated by
a weakly pro-regular sequence x = x1, . . . , xk . Let X be an R-complex. By 9.2.4
there is an isomorphism

LΛa(X) � RHomR(RΓa(R), X)

in the derived category.
If (R,m, k) is a d-dimensional Gorenstein ring and if a is an m-primary ideal

we note that RΓa(R) = RΓm(R) is represented by E [−d]. Hence the isomorphisms
in 10.5.9 (ii) may also be obtained by taking homology on each side of the above
isomorphism.

There are several other consequences of the above isomorphism, e.g. for a d-
dimensional Cohen–Macaulay local ring RΓm(R) is represented by Hd

m(R)[−d].

Remark 10.5.12 Here is a slight generalization of (10.5.9 (i) ⇒ (ii)).
Let f : (S, n, l) → (R,m, k) be a local homomorphism of Noetherian local

rings, where S is Gorenstein of dimension d and such that m = Rad( f (n)). Let
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X denote an R-complex which may also be viewed as an S-complex via f . Then
Λm

i (X) ∼= Λn
i (X) for all i ∈ Z (see 9.8.1). In view of 10.5.9 we now have

Λm
i (X) ∼= Extd−i

S (E(S/n), X)

for all i ∈ Z. In this case we may also compute them-adic local homology by certain
Ext-modules.

Wemay also consider non-local Gorenstein rings. Recall that a Noetherian ring R
is called Gorenstein if its localizations Rp are local Gorenstein for all p ∈ Spec(R)

and note the following easy lemma.

Lemma 10.5.13 Let R be a Noetherian ring of finite Krull dimension. Then idR R <

∞ if and only if R is Gorenstein.

Proof Let R
∼−→ I be the minimal injective resolution of R. Assume first that R

is Gorenstein and assume I s �= 0 for some s ∈ N. Then there is a prime ideal p
such that ER(R/p) occurs as a direct summand of I s , that is, such that μs(p, I ) �= 0
(see 4.5.18). Let m be a maximal ideal containing p. Then μs+t (m, I ) �= 0 where
t = height(m/p) by an iterative use of 4.5.19. But Rm is local Gorenstein, hence
s + t = dim Rm (see 10.5.4) and s ≤ dim Rm ≤ dim R. It follows that idR R < ∞.

The converse is a direct consequence of Proposition 10.5.3 since Rp
∼−→ Ip is an

injective resolution of Rp for all p ∈ Spec(R). �

10.6 Local Cohomology over Finite Local Gorenstein
Algebras

Local cohomologymayalsobe computed in termsofExt over afinite localGorenstein
algebra. First a general lemma.

Lemma 10.6.1 Let f : (S, n, l) → (R,m, k) be a local homomorphism of Noethe-
rian local rings such that R is a finitely generated S-module. There is an isomorphism

ER(R/m) ∼= HomS(R, ES(S/n))

for the injective hulls ES(S/n) and ER(R/m).

Proof Clearly HomS(R, ES(S/n)) is an injective R-module. Since R is finitely gen-
erated as an S-module HomS(R, ES(S/n)) is Artinian as an R-module and therefore
isomorphic to ER(R/m)n for some n ≥ 1 by Matlis’ Structure Theory (see [56]).
Moreover, we have the isomorphisms

k
n ∼= HomR(k,HomS(R, ES(l))) ∼= HomS(k, ES(l))∼= Homl(k,HomS(l, ES(l))).



10.6 Local Cohomology over Finite Local Gorenstein Algebras 269

The last module in this sequence is isomorphic to Homl(k, l) ∼= k. That is, n = 1,
as required. �

The following is an extension of Theorem 10.5.7.

Theorem 10.6.2 Let f : (S, n, l) → (R,m, k)be a local homomorphismofNoethe-
rian local rings such that R is a finitely generated S-module and S is Gorenstein.
Then, for all i ≥ 0 there are natural homomorphisms

Hi
m(X) ∼= HomR(Extd−i

S (X, S), ER(k)), d = dim S,

for any R-complex X with finitely generated cohomology modules.

Proof We note that f (n) is an m-primary ideal. In view of 9.8.1 there are isomor-
phisms Hi

m(X) ∼= Hi
f (n)(X) ∼= Hi

n(X). By 10.5.7 we therefore have

Hi
m(X) ∼= HomS(Ext

d−i
S (X, S), ES(l))

∼= HomR(Extd−i
S (X, S),HomS(R, ES(l))).

The result now follows by 10.6.1. �

Corollary 10.6.3 If theNoetherian local ring R is a homomorphic image of aGoren-
stein local ring (S, n), then every finitely generated R-module M has a canonical
module, namely

KM
∼= Extd−n

S (M, S), where d = dim S and n = dimR M.

If x = x1, . . . , xg is a maximal regular sequence in AnnS M then KM
∼= HomS

(M, S/xS) and KM satisfies the Serre condition S2. In particular, if n = d, then
KM

∼= HomS(M, S).

Proof For the first assertion note that Extd−n
S (M, S) satisfies condition (i) of 10.3.2.

Note also that d − n = ext−S (M, S) because Hi
n(M) = 0 for i > n. Then the last

assertions follow. Note that one might also consider M as an S/xS-module. �

Remark 10.6.4 If the Cohen–Macaulay local ring R is a homomorphic image of a
Gorenstein local ring S, it follows by the previous corollary that R has a canonical
module, namely KR = Extd−n

S (R, S), where d = dim S and n = dim R.
Conversely, if the Cohen–Macaulay local ring (R,m) has the canonical module

KR , it is known that R is a homomorphic image of a Gorenstein local ring (see
[29], [28] and [68]): the trivial extension R � KR does the trick (see 2.8.5 for the
definition).

Namely, if R is Cohen–Macaulay, then KR is also Cohen–Macaulay of the same
dimension. Moreover, R�KR is a Noetherian local ring with maximal idealm�KR

and of dimension dim R � KR = dim R =: d. Then it follows that a system of
parameters x = x1, . . . , xd of R is R � KR-regular and

(R � KR)/x(R � KR) ∼= (R/x R) � (KR/xKR).
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Moreover, recall that KR/xKR
∼= KR/x R .

Therefore R � KR is a d-dimensional local Cohen–Macaulay ring. In order to
show that it is a Gorenstein ring it will be enough to show that A� KA, A = R/x R,
has a one-dimensional socle. To this end first note that KA

∼= EA(k) =: E and
AnnA E = 0. Now let (a, e) ∈ A � E . Then (a, e) ∈ socle(A � E) if and only if
aE = 0 (and therefore a = 0) and e ∈ socle E . Because dimk socle(E) = 1 this
proves that R � KR is a Gorenstein ring. Moreover, R ∼= (R � KR)/(0 � KR) for
the ideal 0 � KR ⊂ R � KR .

Furthermore, we note the following extension of 10.5.5

Theorem 10.6.5 Let f : (S, n, l) → (R,m, k)be a local homomorphismofNoethe-
rian local rings such that R is a finitely generated S-module and S is Gorenstein.
Then, for all i ≥ 0 there are natural homomorphisms

HomR(Hi
m(X), ER(k)) ∼= Extd−i

S (X, Ŝn), d = dim S,

for any R-complex X.



Chapter 11
Dualizing Complexes

In this chapter we provide a short and self-contained approach to the notion of a
dualizing complex for Noetherian rings, to be used in the next chapter. Most of the
results are not new, but some proofs are. In particular, we provide a proof of the
existence of a dualizing complex for a complete Noetherian local ring independent
of the Cohen structure theorem. This is part of an interesting interaction between
the notion of a dualizing complex for a Noetherian ring and the notion of a Čech
complex. This interaction also appearswhenwe consider a change of rings of the form
R → R̂a. In that case, given a dualizing complex of a Noetherian ring R, we provide
an explicit construction of a dualizing complex for R̂a involving the Čech complex
built on a generating set of a. In the last section we provide some new properties
of dualizing complexes related to the completion functor, a recurrent theme in this
monograph.

We start with some recalls on evaluation morphisms, which play an important
rôle in the subject. For some further aspects, see also the recent textbook [46].

11.1 Evaluation Morphisms of Complexes

In the following we recall a few canonical isomorphisms of complexes. They are
useful and used in several places. To this end we recall the definition of HomR(X,Y )

and X ⊗R Y for two R-complexes as given in 1.1.5.

11.1.1 Tensor evaluation. Let X,Y, Z denote three R-modules. Then we have the
tensor evaluation

HomR(X,Y ) ⊗R Z → HomR(X, Y ⊗R Z), φ ⊗ z �→ [x �→ φ(x) ⊗ z],
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natural in each of the variables. If R is Noetherian, X finitely generated and Z flat,
we note that this homomorphism is an isomorphism (because it is so for X = Rn).
This extends to a corresponding result for complexes.

Lemma 11.1.2 Let X,Y, Z be three R-complexes. Then there is a morphism

HomR(X, Y ) ⊗R Z → HomR(X,Y ⊗R Z)

which is natural in X,Y, and Z. This tensor evaluation is an isomorphism under
each of the following conditions:

(a) X is right-bounded and degree-wise finitely generated, Y is left-bounded and Z
is bounded, provided X is a complex of projective R-modules, or Z is a complex
of flat R-modules and R is Noetherian.

(b) R is Noetherian and X is bounded degree-wise finitely generated, provided X is
a complex of projective R-modules, or Z is a complex of flat R-modules.

Proof This follows by 1.1.9 and the remark in 11.1.1. With the boundedness condi-
tions in (a) or in (b) note also that HomR(X,Y )n = ∏

i+ j=n HomR(Xi ,Y j ) is a finite
product of the HomR(Xi ,Y j ) ’s and that all the products involved in the description
of (HomR(X,Y ⊗R Z))n are also finite. Formore details, we refer to [30, Proposition
1.1] or to the more detailed exposition in [32]. �

11.1.3 Homomorphism evaluation.For three R-modules X,Y, Z wehave the homo-
morphism evaluation

X ⊗R HomR(Y, Z) → HomR(HomR(X, Y ), Z), x ⊗ ψ �→ [θ �→ (ψ ◦ θ)(x)],

natural in each of the variables. If R is Noetherian, X finitely generated and Z
injective, we note that this homomorphism is an isomorphism (see 1.4.1). There is
an extension to the case of complexes.

Lemma 11.1.4 Let X,Y, Z denote three R-complexes. Then there is a morphism

X ⊗R HomR(Y, Z) → HomR(HomR(X,Y ), Z)

which is natural in X,Y, and Z. This homomorphism evaluation is an isomorphism
under each of the following conditions:

(a) X is right-bounded and degree-wise finitely generated, Y is left-bounded and Z
is bounded, provided X is a complex of projective R-modules, or Z is a complex
of injective R-modules and R is Noetherian.

(b) R is Noetherian and X is bounded degree-wise finitely generated, provided X is
a complex of projective R-modules, or Z is a complex of injective R-modules.

https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_1
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Proof This is a consequence of 1.1.9 and the remark in 11.1.3.With the boundedness
conditions in (a) note also that HomR(Y, Z)n = ∏

i+ j=n HomR(Y i , Z j ) is a finite
product of the HomR(Y i , Z j ) and that all the products involved in the description
of HomR(HomR(X,Y ), Z)i are also finite. With the conditions in (b) recall that the
(Xi ⊗R ·)’s commute with products. For more details, we refer to [30, Proposition
1.1] or to the more detailed exposition in [32]. �

The draft [32] is not yet available and – maybe – will not be completed. Another
reference for the proofs of Lemmas11.1.2 and 11.1.4 is [21, Appendix A.2].

As a first application of Lemma11.1.4 note the following.

Proposition 11.1.5 Let R be a Noetherian ring, X an R-complex with finitely gener-
ated cohomologymodules and I , J two R-complexes of injective R-modules. Assume
that I and J are bounded. Then the evaluation morphism

X ⊗R HomR(I, J ) → HomR(HomR(X, I ), J )

is a quasi-isomorphism.

Proof Assume first that X is right-bounded. Then X has a free resolution L
∼−→ X

where L is a right-bounded complex of finitely generated free R-modules. We have
a commutative square

L ⊗R HomR(I, J ) HomR(HomR(L , I ), J )

X ⊗R HomR(I, J ) HomR(HomR(X, I ), J ).

In this square the vertical morphism on the left is a quasi-isomorphism because
HomR(I, J ) is a bounded complex of flat-R-modules and the vertical morphism
on the right is a quasi-isomorphism because I and J are bounded complexes of
injective-R-modules. As the top horizontal morphism is an isomorphism by 11.1.4
the conclusion follows.

For an unbounded complex X with finitely generated cohomology modules and a
fixed i ∈ Z note that both modules (X ⊗R HomR(I, J ))i and (HomR(HomR(X, I ),
J ))i depend only on a soft truncation . . . → Xn → Ker dn+1

X → 0 for n � 0. �

Remark 11.1.6 Let (R,m,k) be a Noetherian local ring, complete in its m-adic
topology. Let X be an R-complex with finitely generated cohomology modules and
let x = x1, . . . , xk be a sequence in R. Wemay apply the above to the R-complex Č∨

x

in place of I (Č∨
x is a bounded complex of injective R-modules). Recall the quasi-

isomorphism R
∼−→ HomR(Č∨

x , Č∨
x ) obtained in Theorem 10.2.6. We note that it

is a quasi-isomorphism between bounded flat complexes, hence induces a quasi-
isomorphism X

∼−→ X ⊗R HomR(Č∨
x , Č∨

x ). Combining thiswith Proposition11.1.5
we obtain that the natural morphism

https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_10
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X → HomR(HomR(X, Č∨
x ), Č∨

x )

is a quasi-isomorphism. In the case when x denotes the empty set we have Čx = R

and (Čx )
∨ = ER(k). Whence the above quasi-isomorphism is just Matlis duality.

11.2 Definition of Dualizing Complexes for Noetherian
Rings

At the beginning let us recall the duality for finite-dimensional k-vector spaces: the
natural homomorphism

V → Homk(Homk(V,k),k)

is an isomorphism for any finite-dimensional k-vector space V . The basic idea of
this section is a far reaching extension of this concept.

Let R be a commutative ring and Y an arbitrary R-complex. There is a natural
morphism, the homothety morphism,

R → HomR(Y,Y ), r �→ μr ,

where μr = μr (Y ) is the multiplication by r on Y . Let X be a second R-complex.
Combining this with the evaluation morphism

X ⊗R HomR(Y,Y ) → HomR(HomR(X,Y ),Y )

it provides a natural morphism of complexes

X → HomR(HomR(X,Y ),Y ).

This leads to the following definition, motivated by the work of Grothendieck (see
[43]):

Definition 11.2.1 Let R denote a Noetherian ring. A bounded complex of injective
R-modules D with finitely generated cohomology modules is called a dualizing
complex if the natural morphism

X → HomR(HomR(X, D), D)

is a quasi-isomorphism for any R-complex X with finitely generated cohomology
modules.
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Remark 11.2.2 By 4.5.14 note that HomR(X, D) has finitely generated cohomology
modules when X is an R-complex with finitely generated homology modules and D
is a dualizing complex of a Noetherian ring R.

An interpretation of HomR(HomR(X, D), D) for an arbitrary R-complex and a
complete Noetherian local ring will be given in the forthcoming 12.3.5.

In a certain sense the abovedefinition is related to theMatlisDuality over aNoethe-
rian local ring (R,m,k) with respect to the injective hull ER(k) of the residue field
k. The injective hull ER(k) is finitely generated if and only if (R,m) is an Artinian
ring. In this case ER(k) is a dualizing complex since the natural homomorphism
M → HomR(HomR(M, ER(k)), ER(k)) is an isomorphism for any finitely gener-
ated R-module M . That is, the concept of a dualizing complex is an extension of
these ideas to arbitrary rings.

The following result is an easy consequence of the definition 11.2.1.

Proposition 11.2.3 Let R denote a Noetherian ring and let D denote a bounded
complex of injective R-modules with finitely generated cohomology modules. Then
the complex D is a dualizing complex if and only if the homothety morphism R →
HomR(D, D) is a quasi-isomorphism.

Proof If D is a dualizing complex put X = R in the definition. For the converse we
have the composition of morphisms

X → X ⊗R HomR(D, D) → HomR(HomR(X, D), D).

We have to show that they are quasi-isomorphisms when X has finitely generated
cohomology modules. The first one is clear since by assumption R → HomR(D, D)

is a quasi-isomorphism of bounded complexes of flat R-modules. The second one is
a quasi-isomorphism by Proposition11.1.5. �

Here is a “generic” example.

Lemma 11.2.4 Let R be a commutative Noetherian ring with a finite injective res-
olution I . Then I is a dualizing complex.

In particular, a Gorenstein ring of finite Krull dimension has a dualizing complex.

Proof The injective resolution I of R is by assumption a bounded complex of injec-
tive R-modules with finitely generated cohomology. It induces a commutative dia-
gram

R HomR(I, I )

I HomR(R, I ).

The vertical maps are quasi-isomorphisms. The lower horizontal map is an isomor-
phism. Whence the homothety morphism is a quasi-isomorphism.

https://doi.org/10.1007/978-3-319-96517-8_4
https://doi.org/10.1007/978-3-319-96517-8_12
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Then note that a Gorenstein ring of finite Krull dimension has finite injective
dimension (see 10.5.13). �

We have already met other examples in the case of local rings.

Example 11.2.5 Let (R,m,k) be a Noetherian local ring and let x = x1, . . . , xk be
a sequence in R generating anm-primary ideal. Then the complex Č∨

x is a dualizing

complex for R̂m and so is the complex Ľ∨
x . (This is a direct consequence of Theorems

10.2.6 and 10.2.8.)
In particular, it follows that a Noetherian local ring, complete in its maximal-adic

topology, always has a dualizing complex.

A further example of local rings possessing a dualizing complex is the following:

Example 11.2.6 Let (R,m,k) be a Cohen–Macaulay local ring of dimension d.
Assume that R has the canonical module KR . Then the minimal injective resolution
I of KR is a normalized dualizing complex of R as follows by 10.3.7.

Note already that dualizing complexes also provide a duality between local homol-
ogy and cohomology. The following may be compared with 9.2.5.

Proposition 11.2.7 Let R denote a Noetherian ring possessing a dualizing complex
D, let a ⊂ R be an ideal and X any R-complex. Then we have an isomorphism

RHomR(RΓa(X), D) � LΛa(HomR(X, D))

in the derived category.

Proof This is a direct consequence of 9.2.4. �

Another result about the complex HomR(X, D) requires stronger hypotheses.

Proposition 11.2.8 Let a ⊂ R denote an ideal of a Noetherian ring R possessing a
dualizing complex D. Then in the derived category there is an isomorphism

RΓa(HomR(X, D)) � RHomR(X, Γa(D))

for any right-bounded R-complex X with finitely generated homology.

Proof This is a direct consequence of the more general 9.1.8. �

In the case when X = R note also the following.

Proposition 11.2.9 Let R denote a Noetherian ring possessing a dualizing complex
D. Then there is a quasi-isomorphism and an isomorphism

R̂a ∼−→ HomR(Γa(D), D) ∼= HomR(Γa(D), Γa(D)).

https://doi.org/10.1007/978-3-319-96517-8_10
https://doi.org/10.1007/978-3-319-96517-8_10
https://doi.org/10.1007/978-3-319-96517-8_10
https://doi.org/10.1007/978-3-319-96517-8_10
https://doi.org/10.1007/978-3-319-96517-8_9
https://doi.org/10.1007/978-3-319-96517-8_9
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Proof The inverse system of quasi-isomorphisms

R/at
∼−→ HomR(HomR(R/at , D), D)

induces, by passing to the inverse limit, the quasi-isomorphism of the statement
because both systems are degree-wise surjective (see 1.2.9). The isomorphism is
obvious. �

11.3 First Change of Rings

In this section we provide some change of ring arguments for the existence of dual-
izing complexes. The first one shows that dualizing complexes localize.

Proposition 11.3.1 Let R denote a Noetherian ring and let T ⊂ R denote a mul-
tiplicatively closed subset. Assume there is a bounded complex D of injective R-
modules with finitely generated cohomology.

(a) If D is a dualizing complex for R, then DT := D ⊗R RT is a dualizing complex
of RT .

(b) If Dm is a dualizing complex for Rm for all maximal ideals m of R, then D is a
dualizing complex for R.

Proof Note first that the RT -complex DT is a bounded complex of injective RT -
modules with finitely generated cohomology modules over RT . The homothety
morphism h : R → HomR(D, D) is a morphism of bounded flat R-complexes. We
tensor it by RT then composewith the quasi-isomorphismHomR(D, D) ⊗R RT

∼−→
HomRT (DT , DT ) obtained in 4.5.13.

If D is a dualizing complex for R, then h and h ⊗R RT are quasi-isomorphisms
and so is the composite

RT
∼−→ HomR(D, D) ⊗R RT

∼−→ HomRT (DT , DT ).

Hence DT is a dualizing complex of RT (see 11.2.3).
Assume now that the condition in (b) is satisfied. Then the composite

Rm
hm−→ HomR(D, D) ⊗R Rm

∼−→ HomRm
(Dm, Dm)

is a quasi-isomorphism for all maximal ideals m of R and so is hm. It follows that
HomR(D, D) is exact in degree �= 0 and that the induced homomorphism R →
H 0(HomR(D, D)) is an isomorphism. Hence D is a dualizing complex for R (see
11.2.3 again). �

Corollary 11.3.2 If a Noetherian ring R has a dualizing complex D, then SuppR(D)

= Spec(R) and R has finite Krull dimension.

https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_4
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Proof As a dualizing complex is obviously non-exact, and in view of the
preceding, the first assertion is clear. The second assertion follows by an iterative use
of 4.5.19. �

In the following, given a homomorphism ϕ : S → R of commutative rings and
an S complex Y we denote HomS(R,Y ) by Y (ϕ) or Y R when there is no doubt about
the homomorphism ϕ. Recall the change of rings formula: for any R-complex X and
any S-complex Y we have the isomorphism HomR(X,Y R) ∼= HomS(X,Y ).

Proposition 11.3.3 Let S → R be a homomorphism of Noetherian rings such that
R is a finitely generated S-module. Suppose that S admits a dualizing complex D.
Then DR := HomS(R, D) is a dualizing complex of R.

Proof By the change of rings formulawe have that DR := HomS(R, D) is a bounded
complex of injective R-modules. We know that its cohomology modules are finitely
generated (see 4.5.14).

In order to finish the proof we have to show that the homothety morphism

R → HomR(DR, DR)

is a quasi-isomorphism. This morphism is the composition of the following mor-
phisms

R → HomS(HomS(R, D), D)) = HomS(D
R, D) ∼= HomR(DR, DR).

The left morphism is a quasi-isomorphism because D is dualizing for S and R is a
finitely generated S-module. The isomorphism on the right is given by the change
of rings results. �

11.3.4 The previous result together with Lemma11.2.4 provides that any factor
ring of a Gorenstein ring of finite Krull dimension admits a dualizing complex. The
converse is also true. It was shown by T. Kawasaki (see [50]) that a Noetherian local
ring that possesses a dualizing complex is a factor ring of a Gorenstein ring.

By the Cohen Structure Theorem it also follows that a complete Noetherian local
ring admits a dualizing complex. Note however that we have already exhibited a
dualizing complex for a complete local ring without the use of Cohen’s Structure
Theorem (see Example11.2.5).

Here is an extension of Proposition11.3.3.

Theorem 11.3.5 Let R denote a Noetherian ring possessing a dualizing complex
D. Let B denote an R-algebra of finite type. Then B admits a dualizing complex.

Proof By virtue of Proposition11.3.3 and induction it will be enough to prove the
claim for B = R[T ], the polynomial ring in one variable T over R. First let I denote
an injective R-module and write I [T ] = I ⊗R R[T ]. Then I [T ] ∼= I (N) is an injec-
tive R-module and therefore HomR(R[T ], I [T ]) is an injective R[T ]-module. The

https://doi.org/10.1007/978-3-319-96517-8_4
https://doi.org/10.1007/978-3-319-96517-8_4
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short exact sequence 0 → R[T ] μT→ R[T ] → R → 0 induces a short exact sequence
of complexes

0 → D[T ] → HomR(R[T ], D[T ]) μT−→ HomR(R[T ], D[T ]) → 0

since D[T ] is a bounded complex of injective R-modules. Here μT denotes the
multiplication by T on the R[T ]-complex HomR(R[T ], D[T ]). Whence there is a
quasi-isomorphism

D[T ] ∼−→ F(μT ),

where F(μT ) is the fibre of the morphism μT (see 1.5.6). Therefore F(μT ), which
is a bounded R[T ]-complex of injective R[T ]-modules, has finitely generated coho-
mology modules over R[T ], in fact it is an injective resolution of D[T ].

To complete the proof we will show that the natural morphism

R[T ] → HomR[T ](F(μT ), F(μT ))

is a quasi-isomorphism. Let L
∼−→ D be a free resolution of D, where L is a right-

bounded R-complex of finitely generated free R-modules. Then L[T ] ∼−→ D[T ] is
a free resolution of D[T ] as an R[T ]-complex and there are quasi-isomorphisms

HomR[T ](F(μT ), F(μT ))
∼−→ HomR[T ](D[T ], F(μT ))

∼−→ HomR[T ](L[T ], F(μT ))

because F(μT ) is an R[T ]-injective complex. But now we have the quasi-
isomorphisms

HomR[T ](L[T ], F(μT ))
∼−→ F(HomR[T ](L[T ], μT ))

∼←− HomR[T ](L[T ], D[T ]).

For the first one, see 1.5.4. For the last one note that HomR[T ](L[T ], ·) applied to the
above short exact sequence of complexes provides again a short exact sequence of
complexes since L[T ] is a complex of free R[T ]-modules, then apply 1.5.6 again.

Moreover, HomR(L , D)[T ] ∼= HomR[T ](L[T ], D[T ]) and

R
∼−→ HomR(D, D)

∼−→ HomR(L , D).

So there is a quasi-isomorphism R[T ] ∼−→ HomR[T ](L[T ], D[T ]). This finally
proves the claim. �

https://doi.org/10.1007/978-3-319-96517-8_1
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11.4 Characterization and Uniqueness

For the characterization of dualizing complexes over a Noetherian local ring we need
a preliminary technical statement.

Proposition 11.4.1 Let (R,m,k) be a Noetherian local ring and P a property of
R-modules such that the following holds:

(a) the residue field k of R satisfies property P,
(b) if 0 → M ′ → M → M ′′ → 0 is a short exact sequence of finitely generated

R-modules and M ′ and M ′′ satisfy property P, then M satisfies property P,
(c) if M is finitely generated, if x is an M-regular element and if M/xM satisfies

property P, then so does M.

Then any finitely generated R-module M has P.

Proof We prove the statement by induction on dim M . If dim M = 0, that is if M has
finite length, we obtain that M has P by (a) and an iterative use of (b) by induction
on the length.

If dim M ≥ 0 we have already proved that the finite length module H 0
m(M) has

P. Hence it is enough to show that M/H 0
m(M) has P by (b). Put M/H 0

m(M) = M1.
As M1 has positive depth we have an M1-regular element x . As dim M1/xM1 =
dim M1 − 1 we have that M1 hasP by the inductive hypothesis and the result follows
by (c). �

Theorem 11.4.2 Let (R,m,k) be a Noetherian local ring. Let D denote a bounded
complex of injective R-modules with finitely generated cohomology modules. Then
D is a dualizing complex for R if and only if there is an integer t such that
Hn(HomR(k, D)) = 0 for all n �= t and Ht (HomR(k, D)) ∼= k, more precisely such
that HomR(k, D) is quasi-isomorphic to k[−t].

Proof Suppose that D is a dualizing complex. Then HomR(k, D) is a dualizing
complex for the residue field k = R/m (see 11.3.3). Now it is easy to see that any
dualizing complex of the field k is quasi-isomorphic to k

[t] for some t ∈ Z. That is,
HomR(k, D) has the required property.

In order to prove the converse it will be enough to show that the natural map

M → HomR(HomR(M, D), D)

induces an isomorphism in cohomology for any finitely generated R-module M
(in view of Proposition11.2.3). We proceed by Proposition11.4.1, where P denotes
the property that the previous morphism induces an isomorphism in cohomology.
By the assumption (a) holds. In order to prove (b) note that HomR(HomR(·, D), D)

transforms short exact sequences ofmodules into short exact sequences of complexes
since D is a bounded complex of injective R-modules.

To prove (c) let M be a finitely generated R-module with an M-regular element
x such that M/xM satisfies property P. We have the exact sequence
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0 → HomR(HomR(M, D), D)
x→ HomR(HomR(M, D), D)

→ HomR(HomR(M/xM, D), D) → 0

because the functor HomR(HomR(·, D), D) is exact. Now look at the associated
long exact sequence in cohomology. As

Hi (HomR(HomR(M/xM, D), D)) = 0 for all i �= 0

by assumption and because the modules Hi (HomR(HomR(M, D), D)) are finitely
generated (see 4.5.14) we first obtain by Nakayama’s Lemma that

Hi (HomR(HomR(M, D), D)) = 0 for all i �= 0.

Nowput T (·) = H 0(HomR(HomR(·, D), D)). It remains to show that the homothety
morphism induces an isomorphism M → T (M). We have a commutative diagram
with exact rows

0 M
x

M M/xM 0

0 T (M)
x

T (M) T (M/xM) 0.

Now the snake lemma and Nakayama’s Lemma provides that M → T (M) is an
isomorphism. �

In the non-local case we then have the following.

Corollary 11.4.3 Let R denote a Noetherian ring. Let D denote a bounded complex
of injective R-modules with finitely generated cohomology modules. Then D is a
dualizing complex for R if and only if for all maximal ideals m of R the complex
HomR(R/m, D) is quasi-isomorphic to (R/m)[t] for some t ∈ Z depending on m.

Proof Because R/m and HomR(R/m, D) have the structure of an Rm-complex and
in view of 4.5.12 we have the isomorphisms

HomR(R/m, D) ∼= HomR(R/m, D) ⊗R Rm
∼= HomRm

(R/m, Dm).

Then the conclusion follows by the above Theorem11.4.2 together with Proposi-
tion11.3.1. �

In the proof of Theorem11.4.2 we noticed that the dualizing complex of a field
is unique up to a shift and a quasi-isomorphism. We now extend this uniqueness
result to an arbitrary Noetherian local ring. For a further generalization to non-local
Noetherian ringswe refer to [43, Theorem 3.1, p. 266] ofHartshorne’s LectureNotes.

Theorem 11.4.4 Let (R,m,k) denote a Noetherian local ring. Suppose D and D′

are two dualizing complexes of R. Then there is an integer t such that D′ ∼−→ D[t].

https://doi.org/10.1007/978-3-319-96517-8_4
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Proof Since D and D′ are bounded complexes of injective R-modules the complex
HomR(D′, D), which is a bounded complex of flat R-modules, has finitely generated
cohomology modules (see 4.5.14 or 11.2.2). Then HomR(D, D′) has a minimal free
resolution, i.e., there is a quasi-isomorphism

F
∼−→ HomR(D′, D),

where F is a right bounded complex of finitely generated free R-modules such that
dF
n (Fn) ⊆ mFn−1 for all n ∈ Z. This induces a quasi-isomorphism

k ⊗R F
∼−→ k ⊗R HomR(D′, D).

By virtue of 11.1.4 there is an isomorphism

k ⊗R HomR(D′, D) ∼= HomR(HomR(k, D′), D).

Because D and D′ are dualizing complexes it follows (by Theorem11.4.2) that

HomR(HomR(k, D′), D)
∼−→ k[−t]

for a certain integer t . Hence k ⊗R F
∼−→ k[−t]. But this together with theminimality

of F implies that F ∼= R[−t]. That is, there is a quasi-isomorphism

R[−t] ∼−→ HomR(D′, D).

By applying HomR(·, D) it provides a quasi-isomorphism D′ ∼−→ D[t] as follows
from definition 11.2.1 because D is a dualizing complex. �

Note that Theorem11.4.2 also provides a characterization of dualizing complexes
in the derived category (see [43, V, Sect. 3.5]).

Proposition 11.4.5 Let (R,m,k) denote a Noetherian local ring. Let X denote a
homologically left-bounded R-complex with finitely generated cohomology modules.
Then the following conditions are equivalent

(i) X is quasi-isomorphic to a dualizing complex,
(ii) there is an integer t such that ExtiR(k, X) = 0 for all i �= t and ExttR(k, X) ∼= k.

When these conditions are satisfied theminimal injective resolutionof X is a dualizing
complex.

Proof Suppose first that X is quasi-isomorphic to a dualizing complex D. Then
ExtiR(k, X) ∼= Hi (HomR(k, D)) for all i ∈ Z and condition (ii) follows by Theo-
rem11.4.2.

Assume now that condition (ii) is satisfied. It remains to show that the minimal
injective resolution I of X is a dualizing complex. We first note that I is bounded by
10.1.1. Then it follows that I is a dualizing complex by Theorem11.4.2 again. �

https://doi.org/10.1007/978-3-319-96517-8_4
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11.4.6 Normalized dualizing complexes. Let (R,m,k) denote a Noetherian local
ring. If R admits a dualizing complex D, clearly any shift of D is again a dualiz-
ing complex. That is, by a shift and in view of Theorem11.4.2 we might realize
that Hd(HomR(k, D)) ∼= k for d = dim R and Hi (HomR(k, D)) = 0 for i �= d.
In this case we call D a normalized dualizing complex. In this case there is also a
quasi-isomorphism f : k[−d] ∼−→ HomR(k, D) (defined by f i = 0 for all i �= d and
f d(1) = c where c is a cocycle of degree d in HomR(k, D)) the image of which in
Hd(HomR(k, D)) is 1.

When R admits a dualizing complex we may always assume that it is normalized.

Example 11.4.7 Let (R,m,k) be a Noetherian local ring of dimension d and let
x = x1, . . . , xd be a system of parameters. We have seen in 11.2.5 that the Matlis
dual

Č∨
x := HomR(Čx , ER(k))

of the Čech complex Čx is a dualizing complex for the ring R̂m. Here we note that
the shifted complex Č∨[−d]

x is a normalized dualizing complex for R̂m and so is the

complex Ľ∨[−d]
x . This is because Hom R̂m(k, Č∨

x ) ∼= HomR(k, Č∨
x ) ∼= (k ⊗R Čx )

∨ ∼=
k

∨ ∼= k.

Example 11.4.8 Let (R,m,k) be aGorenstein local ring. Then theminimal injective
resolution of R is a normalized dualizing complex.

More generally, let (R,m,k) denote a Cohen–Macaulay local ring and assume
that R has the canonical module KR . Then the minimal injective resolution of KR is
a normalized dualizing complex for R. This follows from Proposition 10.3.7.

Here is a first result on the dualizing complex of a Noetherian local Ring.

Lemma 11.4.9 Let (R,m,k) denote a Noetherian local ring possessing a nor-
malized dualizing complex D. Then there is a quasi-isomorphism Γm(D)

∼−→
ER(R/m)[−d], where d = dim R.

Proof First of all note that Γm(D) ∼= lim−→HomR(R/mn, D). By virtue of Proposi-
tion11.3.3 HomR(R/mn, D) is a dualizing complex for R/mn for all n ≥ 1. But
the Artinian ring R/mn has the normalized dualizing complex ER/mn (R/m) ∼=
HomR(R/mn, ER(R/m)) (the isomorphism is a particular case of Lemma 10.6.1).
Hence there is a quasi-isomorphism

HomR(R/mn, D)[d] ∼−→ HomR(R/mn, ER(R/m))

as follows by Theorem11.4.4. By passing to the direct limit we get a quasi-
isomorphism

Γm(D)[d] ∼−→ lim−→HomR(R/mn, ER(R/m)) ∼= ER(R/m),

which finishes the proof. Note that direct limits preserve quasi-isomorphisms.

https://doi.org/10.1007/978-3-319-96517-8_10
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(One may also argue as follows. In view of 4.5.5 one may assume that D is
minimal. Then the conclusion follows by the description of D given below.) �

The following gives some more precise information on the structure of a normal-
ized dualizing complex.

Remark 11.4.10 Let (R,m,k) be a Noetherian local ring of dimension d admitting
a normalized dualizing complex D. Then D ⊗R Rp, p ∈ Spec R, is a dualizing com-
plex for Rp (see Proposition11.3.1). In view of Theorem11.4.2 there is a unique
integer r(p) such that Hi (HomRp

(k(p), D ⊗R Rp)) = 0 for all i �= r(p), defining a
function r : Spec R → Z, the codimension function for D. Note that r(q) = r(p) + 1
for any pair of prime ideals p ⊂ q with height q/p = 1 (see 4.5.19). As r(m) = d
since D is normalized we thus have r(p) = d − dim R/p. It follows that D ⊗R Rp

is a normalized dualizing complex for Rp when dim Rp + dim R/p = dim R. It also
follows that the ring R is catenerian. Then note that the minimal injective resolution
of D is also a normalized dualizing complex (this may be seen by 4.5.5). Assume
now that D itself is minimal. Then D has the following form

Di ∼= ⊕{p∈Spec R|dim R/p=d−i}ER(R/p)

for all i ∈ Z because Dp is also minimal by 4.5.10.
Note also that depth(R) = d − sup{i | Hi (D) �= 0} in view of 10.1.3. For more

precise information on the cohomology of D, see the forthcoming 12.2.3 and 12.4.4.
(For these and related things the reader may also refer to Hartshorne’s Lecture

Notes [43].)

11.5 Flat Change of Rings, Dualizing Complexes
and Completion

After a flat change of rings result we show that a ring of the form R̂a has a dualizing
complex, provided R is a Noetherian ring admitting a dualizing complex. More
precisely, we shall give an explicit construction of a dualizing complex for R̂a.

Proposition 11.5.1 Let (S, n, l) be a Noetherian local ring possessing a dualizing
complex D. Let (R,m, k) be another Noetherian local ring and assume there is local
flat homomorphism f : (S, n, l) → (R,m, k) such that m = nR. Then the minimal
injective resolution I of D ⊗S R over R is a dualizing complex of R. If, moreover,
D is normalized, then so is I .

Proof This is a direct consequence of Proposition 10.1.5 applied to the S-complex
D together with Theorem11.4.2. �

The previous result applies to the case of the completion of a local ring.
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Corollary 11.5.2 Let (R,m,k) denote a Noetherian local ring and a a proper ideal
of R. Suppose that R admits a dualizing complex D. Then the minimal injective
resolution I of D ⊗R R̂a over R̂a is a dualizing complex of R̂a. In the case D is
normalized, then I is a normalized dualizing complex of R̂a.

Proof First note that R → R̂a is a local flat homomorphism of rings. Moreover,
mR̂a is the maximal ideal of R̂a so that 11.5.1 applies. �

One of the problemswith the aboveCorollary is thatwhile the R̂a-complex R̂a ⊗R

D has finitely generated cohomology R̂a-modules it does not consist of injective
R̂a-modules. Another problem is that Corollary11.5.2 only concerns Noetherian
local rings. In the following, given a dualizing complex for a Noetherian R, local
or not, we shall give an explicit construction of a dualizing complex of R̂a. Our
construction involves the Čech complex built over a generating set of the ideal a and
its free resolution Ľ x

∼−→ Čx obtained in 6.2.3. We first investigate the complexes
HomR(Čx , D) and HomR(Ľ x , D).

Proposition 11.5.3 Let R denote a Noetherian ring possessing a dualizing complex
D. Let a be a proper ideal generated by the sequence x = x1, . . . , xk.

(a) There are quasi-isomorphisms HomR(Čx , D)
∼−→ HomR(Ľ x , D)

∼−→
HomR(Čx , D) of bounded complexes of injective R-modules, these complexes

are quasi-isomorphic to D ⊗R R̂a and their cohomology modules are finitely
generated R̂a-modules.

(b) Let X be an R-complex with finitely generated cohomology modules. Then both
complexes

HomR(HomR(X,HomR(Ľ x , D)),HomR(Ľ x , D)) and

HomR(HomR(X,HomR(Čx , D)),HomR(Čx , D))

are quasi-isomorphic to X ⊗R R̂a.
(c) There are quasi-isomorphisms

Γa(D)
∼−→ Γa(HomR(Čx , D))

∼−→ Γa(HomR(Ľ x , D)).

(d) If (R,m,k) is local of dimension d and D is normalized then there are quasi-
isomorphisms

k
[−d] ∼−→ HomR(k,HomR(Čx , D))

∼−→ HomR(k,HomR(Ľ x , D)).

Proof By the definition of Ľ x there is a quasi-isomorphism Ľ x
∼−→ Čx . It induces

a quasi-isomorphism HomR(Čx , D)
∼−→ HomR(Ľ x , D) and it is clear that both

complexes HomR(Čx , D) and HomR(Ľ x , D) are bounded complexes of injec-
tive R-modules (see 1.4.1). They both represent LΛa(D) in the derived category

https://doi.org/10.1007/978-3-319-96517-8_6
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(see 7.5.12), which is also represented by R̂a ⊗R D (see 9.8.4). Hence the cohomol-
ogy modules Hi (HomR(Čx , D)) ∼= Hi (HomR(Ľ x , D)) are finitely generated over

R̂a. Moreover, there is also a quasi-isomorphism HomR(Ľ x , D)
∼−→ HomR(Čx , D)

in view of 4.4.8.
We now prove (b). In view of (a) it is enough the prove the Ľ x part of the statement.

We first consider the case where X = R. We recall the quasi-isomorphism

Ľ x ⊗R D
∼−→ Ľ x ⊗R (HomR(Ľ x , D))

obtained in 6.5.4. In view of this there are quasi-isomorphisms and isomorphisms

HomR(HomR(Ľ x , D),HomR(Ľ x , D)) ∼= HomR(HomR(Ľ x , D) ⊗R Ľx , D)

∼−→ HomR(Ľ x ⊗R D, D) ∼= HomR(Ľ x ,HomR(D, D))
∼←− HomR(Ľ x , R),

recall also the quasi-isomorphism R
∼−→ HomR(D, D) from the definition of a

dualizing complex. Since we have the quasi-isomorphism HomR(Ľ x , R)
∼−→ R̂a

(see 7.5.16) this proves the case X = R of the Ľ x part of the statement. Then
we note that all the above quasi-isomorphisms are quasi-isomorphisms between
bounded complexes of flat R-modules. It follows that X ⊗R R̂a is quasi-isomorphic
to X ⊗R HomR(HomR(Ľ x , D),HomR(Ľ x , D)) (see 4.4.11) and the result follows
by Proposition11.1.5.

Now we prove (c). For each t ≥ 1 there are quasi-isomorphisms

Ľ x ⊗R R/at
∼−→ Čx ⊗R R/at

∼−→ R/at .

By applying HomR(·, D) this preserves the quasi-isomorphisms. Then the result in
(c) follows by adjointness and passing to the direct limit.

Statement (d) follows by (a) and adjointness, note that Čx ⊗R k ∼= k and see also
11.4.6. �

In view of the above the complexes HomR(Ľ x , D) and HomR(Čx , D) are close
to a dualizing complex of R̂a. But they do not have the structure of an R̂a-complex.
To remedy this situation some auxiliary results are needed.

Lemma 11.5.4 Let R denote a commutative ring and x = x1, . . . , xk a weakly pro-
regular sequence generating the proper ideal a.

(a) There is a commutative diagram of quasi-isomorphisms

Ľx
∼ Ľ x ⊗R HomR(Ľ x , R)

∼ Ľ x ⊗R R̂a

Čx
∼

Čx ⊗R HomR(Ľ x , R)
∼

Čx ⊗R R̂a

.
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(b) There are quasi-isomorphisms

HomR(R̂a,HomR(Ľ x , I ))
∼−→ HomR(Ľ x , I ) and

HomR(R̂a,HomR(Čx , I ))
∼−→ HomR(Čx , I )

for any K -injective R-complex I .

Proof We first prove (a). Since Ľ x → Čx is a quasi-isomorphism (see 6.2.3) of
boundedflat R-complexes the verticalmorphisms in the diagramare quasi-isomorph-
isms (4.4.11). The first horizontal quasi-isomorphisms above and below are shown
in 6.5.4. The second horizontal quasi-isomorphisms above and below follow since
HomR(Ľ x , R)

∼−→ R̂a is a flat resolution of R̂a (see 7.5.16).
Statement (b) follows by (a) and adjointness. �

Now we are ready to present an explicit description of the dualizing complex of
R̂a.

Theorem 11.5.5 Let R denote a Noetherian ring possessing a dualizing complex
D. Let x = x1, . . . , xk denote a system of elements generating the proper ideal a.
Then there is a quasi-isomorphism

HomR(R̂a,HomR(Čx , D))
∼−→ HomR(R̂a,HomR(Ľ x , D))

and both complexes are dualizing complexes for R̂a.
Moreover, there is a quasi-isomorphism

Γa(D)
∼−→ Γa(HomR(R̂a,HomR(Čx , D))).

Proof SinceΓa(HomR(R̂a,HomR(Čx , D))) ∼= Γa(HomR(Čx , D)), as is easily seen,
the last statement is a direct consequence of 11.5.3 (c).

Let us prove the first statement. The quasi-isomorphism Ľ x → Čx induces a quasi-

isomorphism HomR(Čx , D)
∼−→ HomR(Ľ x , D) of bounded complexes of injec-

tive R-modules. By applying the functor HomR(R̂a, ·) it yields the first quasi-
isomorphism of the statement (see 4.4.11). Clearly both complexes HomR(R̂a,

HomR(Čx , D)) and HomR(R̂a,HomR(Ľ x , D)) are bounded complexes of injective
R̂a-modules. In view of Lemma11.5.4 we also have the quasi-isomorphism

HomR(R̂a,HomR(Čx , D))
∼−→ HomR(Čx , D).

Hence the R̂a-complex HomR(R̂a,HomR(Čx , D)) has finitely generated cohomol-
ogy by Proposition11.5.3.

It remains to show that the homothety morphism

R̂a → Hom R̂a(HomR(R̂a,HomR(Čx , D)),HomR(R̂a,HomR(Čx , D)))

https://doi.org/10.1007/978-3-319-96517-8_6
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is a quasi-isomorphism. By a change of rings formula (see 4.4.21) and in view of the
above we have an isomorphism and a quasi-isomorphism

Hom R̂a(HomR(R̂a,HomR(Čx , D)),HomR(R̂a,HomR(Čx , D)))

∼= HomR(HomR(R̂a,HomR(Čx , D)),HomR(Čx , D))

∼←− HomR(HomR(Čx , D),HomR(Čx , D)).

But the complex HomR(HomR(Čx , D),HomR(Čx , D)) is quasi-isomorphic to R̂a

(see Proposition11.5.3). The conclusion follows (see 1.1.7). �

Note that the complex HomR(Čx , D) also has some dualizing properties.

Corollary 11.5.6 In the situation of 11.5.5 let X denote an R-complex with finitely
generated modules. Then there is a quasi-isomorphism

X ⊗R R̂a ∼−→ HomR(HomR(X ⊗R R̂a,HomR(Čx , D)),HomR(Čx , D)).

Proof For simplicity we putD = HomR(Čx , D). In view of 11.5.5 there is a quasi-
isomorphism and isomorphisms

X ⊗R R̂a ∼−→ Hom R̂a(Hom R̂a(X ⊗R R̂a,HomR(R̂a,D)),HomR(R̂a,D))

∼= HomR(HomR(X,HomR(R̂a,D)),D) ∼= HomR(HomR(X ⊗R R̂a,D),D),

where adjointness is used. �

Another bounded complex of injective R̂a-modules is the complexHomR(R̂a, D).
However, in general it seems that its cohomology is not finitely generated over R̂a.

Nevertheless we shall have a look at it.

Proposition 11.5.7 Let R be a Noetherian ring possessing a dualizing complex
D. Let x = x1, . . . , xk a system of elements generating a proper ideal a. Then
HomR(R̂a, D) is a bounded complex of injective R̂a-modules with the following
properties:

(a) HomR(Ľ x ,HomR(R̂a, D))
∼−→ HomR(Ľ x , D).

(b) Γa(HomR(R̂a, D)) ∼= Γa(D).
(c) If (R,m,k) is a Noetherian local ring of dimension d and D is normalized, then

there is a quasi-isomorphism k
[−d] ∼−→ Hom R̂a(k,HomR(R̂a, D)).

Proof By adjointness we have the isomorphism

HomR(Ľ x ,HomR(R̂a, D)) ∼= HomR(Ľ x ⊗R R̂a, D).

Hence (a) follows by 11.5.4.

https://doi.org/10.1007/978-3-319-96517-8_4
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For the proof of (b) recall that

Γa(HomR(R̂a, D)) ∼= lim−→HomR(R/at ,HomR(R̂a, D)).

By adjointness and because R/at ∼= R/at ⊗R R̂a for all t ≥ 1 the claim in (b) fol-
lows.

For the proof of (c) we note that k has the structure of an R̂a-module and we use
a change of ring formula (see 4.4.21) in order to get the following isomorphism and
quasi-isomorphism

Hom R̂a(k,HomR(R̂a, D)) ∼= HomR(k, D)
∼←− k

[−d],

where the last quasi-isomorphism holds since D is a normalized dualizing complex.
�

We now investigate the endomorphism complex of HomR(R̂a, D). The following
lemma will be useful.

Lemma 11.5.8 Let a be a finitely generated ideal of a commutative ring R and I a
complex of injective R-modules. Assume that R is a-complete and thatΛa(HomR(I,
I ) is quasi-isomorphic to R. Then the homothety morphism h : R → HomR(I, I )
induces, by completion, a quasi-isomorphism

Λa(h) : R ∼−→ Λa(HomR(I, I )).

Proof There is an isomorphism Λa(HomR(I, I )) ∼= HomR(Γa(I ), Γa(I )) (see
9.2.7). The image of 1 by the composite

Λa(h) : R → Λa(HomR(I, I )) ∼= HomR(Γa(I ), Γa(I ))

is idΓa(I ). Hence this composite is the homothety morphism of Γa(I ). It is a quasi-
isomorphism by 1.1.7 and the conclusion follows. �

Proposition 11.5.9 Let R, D, and a be as in 11.5.7. Then the R̂a-complex

Hom R̂a(HomR(R̂a, D),HomR(R̂a, D))

is a bounded complex of flat R̂a-modules and the homothety morphism

h : R̂a → Hom R̂a(HomR(R̂a, D),HomR(R̂a, D))

induces, by completion, a quasi-isomorphism

Λa(h) : R̂a ∼−→ Λa(Hom R̂a(HomR(R̂a, D),HomR(R̂a, D))).
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Proof The first assertion is clear. Let us prove the second. Because HomR(R̂a, D)

is an R̂a-complex of injective modules we only need to prove that the R̂a-complex

Λa(Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)))

is quasi-isomorphic to R̂a (see 11.5.8 and note that there is an isomorphismΛa(X) ∼=
ΛaR̂a

(X) for any R̂a-complex X ). Then note that

Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)) ∼= HomR(HomR(R̂a, D), D)

as follows by a change of ring formula. Then note the quasi-isomorphisms and
isomorphisms

R/at ⊗R HomR(HomR(R̂a, D), D)
∼−→

HomR(HomR(R/at ,HomR(R̂a, D)), D) ∼= HomR(HomR(R/at , D), D)
∼←− R/at

for all t ≥ 1. Here the first quasi-isomorphism is obtained by 11.1.5, the isomorphism
is obtained by adjointness and the last quasi-isomorphism is given by the definition
of a dualizing complex. We note that the corresponding inverse systems are degree-
wise surjective. Hence by passing to the inverse limits it yields quasi-isomorphisms
(see 1.2.9) and the conclusion follows. �

Corollary 11.5.10 Let R, D, and a be as in 11.5.9. Then the natural homomorphism

H0(h) : R̂a → H0(Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)))

is split-injective and

Λa
i (Hom R̂a(HomR(R̂a, D),HomR(R̂a, D))) = 0

for all i �= 0

Proof There is a commutative square

R̂a h
Hom R̂a(HomR(R̂a, D),HomR(R̂a, D))

τa

R̂a Λa(h)
Λa(Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)))

where the upper horizontal morphism is the homothety morphism and where the
others are given by the completion process. The bottom horizontal morphism is a
quasi-isomorphism by 11.5.9. Taking homology we obtain a commutative square

https://doi.org/10.1007/978-3-319-96517-8_1
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R̂a H0(h)
H0(Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)))

τa
0

R̂a ∼ H0(Λ
a(Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)))).

It follows that the homomorphism H0(h) is split-injective. The second statement is
a consequence of 11.5.9. Note that

Hi (Λ
a(Hom R̂a(HomR(R̂a, D),HomR(R̂a, D))))

= Λa
i (Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)))

because Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)) is a complex of flat modules. �
Remark 11.5.11 Because of the obvious isomorphism

Hom R̂a(HomR(R̂a, D),HomR(R̂a, D)) ∼= HomR(HomR(R̂a, D), D)

it follows (see 11.5.10) that Λa
i (HomR(HomR(R̂a, D), D)) = 0 for all i �= 0 and

R̂a is a direct summand of H0(HomR(HomR(R̂a, D), D)). We do not know what its
co-summand is.

11.6 Further Properties of Dualizing Complexes

Fora d-dimensionalGorensteinring(R,m,k),asystemofparametersx = x1, . . . , xd
and E := ER(k) the injective hull of the residue field, there are isomorphisms

LΛm(X) � HomR(Ľ x , X) � RHomR(E, X)[d]

in the derived category for any R-complex X . This follows since the composite
Ľ x

∼−→ Čx
∼−→ E [−d] is a projective resolution. In the following we want to extend

this result to the situation of any Noetherian local (R,m,k) possessing a normalized
dualizing complex D.

Proposition 11.6.1 Let (R,m,k) denote a d-dimensional Noetherian local ring
possessing a normalized dualizing complex D. Let X be any R-complex. Then there
is an isomorphism

LΛm(RHomR(D, X)) � RHomR(E, X)[d]

in the derived category. In particular, there are isomorphisms

Λm
i (RHomR(D, X)) ∼= Extd−i

R (E, X).
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Here E denotes as usual the injective hull of the residue field.

Proof By virtue of 9.2.4 there is an isomorphism

LΛm(RHomR(D, X)) � RHomR(RΓm(D), X)

in the derived category for any R-complex X . Since RΓm(D) � Γm(D) ∼= E [−d]
(see 11.4.9) this proves the statement. �

The previous result has an interesting consequence for finitely generated R-
modules.

Corollary 11.6.2 In the situation of 11.6.1 let M denote a finitely generated R-
module. Then ExtiR(D, M) is finitely generated and there are isomorphisms

Λm(ExtiR(D, M)) ∼= Extd+i
R (E, M)

for all i ∈ Z.

Proof Let L
∼−→ D denote a free resolution of D by finitely generated free

R-modules. Then HomR(L , M) is a representative of RHomR(D, M) by a left-
bounded complex of finitely generated R-modules and Exti (D, M) =
Hi (HomR(L , M)) is finitely generated. Hence Λm(ExtiR(D, M)) ∼= Λm

0 (ExtiR
(D, M)) and Λm

j (ExtiR(D, M)) ∼= 0 for all j ∈ Z.
Let x = x1, . . . , xd denote a system of parameters of R. Then

LΛm(RHomR(D, M)) is represented by HomR(Ľ x ,HomR(L , M)). For the compu-
tation of the cohomology of this last complexwe use the spectral sequence

E−i, j
2 = Λm

i (H j (HomR(L , M))) =⇒ H j−i (HomR(Ľ x ,HomR(L , M))).

Since all the H j (HomR(L , M))) are finitely generated R-modules it follows that
E−i, j
2 = 0 for i �= 0 and E0, j

2
∼= Λm(H j (HomR(L , M))). That is, the spectral

sequence degenerates to the isomorphisms

Λm
− j (RHomR(D, M)) ∼= Λm(Ext jR(D, M)).

But Λm
− j (RHomR(D, M)) ∼= Extd+ j

R (E, M) as follows by 11.6.1. �

For those who do not like spectral sequences we provide a second proof of 11.6.2.

11.6.3 Second proof of 11.6.2. Let L
∼−→ D denote a free resolution of D by finitely

generated free R-modules. Then HomR(L , M) is a representative of RHomR(D, M)

by a left-bounded complex of finitely generated R-modules and Exti (D, M) =
Hi (HomR(L , M) is finitely generated. It follows that

LΛm(RHomR(D, M)) � LΛm(HomR(L , M)) � HomR(L , M) ⊗R R̂m

https://doi.org/10.1007/978-3-319-96517-8_9
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(see 9.8.4 for the last isomorphism in the derived category). We take cohomology
and obtain

Λm
−i (RHomR(D, M)) ∼= ExtiR(D, M) ⊗R R̂m ∼= Λm(ExtiR(D, M)).

Since Λm
−i (RHomR(D, M)) ∼= Extd+i

R (E, M) in view of 11.6.1 this finishes the
proof. �

As a particular case of 11.6.2 we look at the case of a Cohen–Macaulay ring
(R,m,k) with a canonical module KR .

Corollary 11.6.4 Let (R,m,k) denote a d-dimensional Cohen–Macaulay ring with
a canonical module KR. Then there are isomorphisms

Λm(ExtiR(KR, M)) ∼= Extd+i
R (E, M)

for all i ∈ Z and any finitely generated R-module M.

Proof By 11.4.8 the minimal injective resolution of KR is a normalized dualizing
complex. Then the claim is a consequence of 11.6.2. �

Observe that the previous corollaries are an extension of Corollary 10.5.10
concerning Gorenstein local rings to the case of a Noetherian local ring or a
Cohen–Macaulay local ring.

In particular, let R denote a Cohen–Macaulay local ring that admits the canoni-
cal module KR . Since ExtiR(KR, KR) = 0 for i > 0 and HomR(KR, KR) ∼= R (see
10.3.7) we get ExtiR(E, KR) = 0 for i �= d and ExtdR(E, KR) ∼= R̂m. Further results
related to those of Sect. 9.5 are easily derived.

As a general result, for an arbitrary local ring we note a counterpart of 11.6.1 in
the following.

Theorem 11.6.5 Let (R,m,k) denote a d-dimensional Noetherian local ring. Let
x = x1, . . . , xd be a system of parameters of R. Then

(a) RΓm(Č∨
x ) is represented by E := ER(k),

(b) for any R-complex X there is an isomorphism

LΛm(RHomR(Č∨
x , X)) � RHomR(E, X)

in the derived category.

Proof By virtue of 9.2.4 there is an isomorphism

LΛm(RHomR(Č∨
x , X)) � RHomR(RΓm(Č∨

x ), X)

in the derived category. Moreover, RΓm(Č∨
x ) is represented by the complexes
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Ľ x ⊗R HomR(Ľ x , E)
∼←− Ľ x ⊗R HomR(Čx , E).

By6.5.4 there is a quasi-isomorphism Ľ x ⊗R E
∼−→ Ľ x ⊗R HomR(Ľ x , E). Because

Ľ x
∼−→ Čx is a projective resolution it induces a quasi-isomorphism

Ľ x ⊗R E
∼−→ Čx ⊗R E ∼= E .

The claims are proved by putting these data together. �

https://doi.org/10.1007/978-3-319-96517-8_6


Chapter 12
Local Duality with Dualizing Complexes
and Other Dualities

In this chapter we present a version of Grothendieck local duality for a Noetherian
local ring admitting a dualizing complex. We derive it from a more general result
involving the local cohomologywith respect to an arbitrary ideal of a Noetherian ring
admitting a dualizing complex, originally proved by Hartshorne for a regular ring of
finite Krull dimension. We also extend Hartshorne’s affine duality stated for regular
rings of finite Krull dimension to any Noetherian ring with a dualizing complex and
provide a counterpart in local homology. Among other things we provide duality
results involving both local homology and local cohomology, a recurrent theme in
this monograph. We also investigate the local homology of a complex with Artinian
homology, more generally with mini-max homology.We end the chapter with a short
approach to Greenlees’ Warwick duality.

12.1 General Dualities and Hartshorne’s Affine Duality

In his paper (see [44]) R. Hartshorne proved a certain generalization of the local
duality theorem for an arbitrary ideal of a regular ring R of finite Krull dimension.
For the same ring R he then proved what he calls an affine duality theorem. In this
section we shall generalize Hartshorne’s results to any Noetherian ring possessing a
dualizing complex. We end the section with a duality formula involving both local
homology and cohomology.

First we need a technical result.

Lemma 12.1.1 Let R be a Noetherian ring, I and J two bounded complexes of
injective modules and x = x1, . . . , xk a sequence of elements in R. Assume that
I has finitely generated cohomology modules. Then the evaluation morphisms

© Springer International Publishing AG, part of Springer Nature 2018
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and Cohomology, Springer Monographs in Mathematics,
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HomR(I, J ) ⊗R Čx → HomR(I, J ⊗R Čx ) and

HomR(I, J ) ⊗R Ľx → HomR(I, J ⊗R Ľx )

are quasi-isomorphisms of bounded complexes of flat R-modules.

Proof First of all note that J ⊗R Čx and J ⊗R Ľx are bounded complexes of injective
R-modules (that is because R is Noetherian). Then observe that the complexes in
the statement are R-flat and bounded.

There is a resolution L
∼−→ I , where L is a right-bounded complex of finitely

generated free R-modules. This yields a commutative square

HomR(I, J ) ⊗R Čx HomR(I, J ⊗R Čx )

HomR(L , J ) ⊗R Čx HomR(L , J ⊗R Čx )

where the horizontal morphisms are given by evaluation. In this square the vertical
morphisms are quasi-isomorphisms because J and J ⊗R Čx are bounded complexes
of injective R-modules. As the bottom horizontal morphism is an isomorphism by
11.1.2 the conclusion follows for the Čx part of the statement. The proof of the Ľ x

part is analogous. �

The following result is an extension of Hartshorne’s result (see [44, Theorem
2.1]) originally proved for a regular ring of finite Krull dimension and a left-bounded
complex X . (Hartshorne reduced it to the case X = R. Then he used “way-out”
techniques for the case of a left-bounded complex.)

Theorem 12.1.2 Let R denote a Noetherian ring admitting a dualizing complex D.
Let x = x1, . . . , xk denote a sequence of elements of R and write a = x R. Let X
denote an R-complex. Then there is a natural morphism

Čx ⊗R X → HomR(HomR(X, D), Čx ⊗R D).

It is a quasi-isomorphism if X has finitely generated cohomology modules. In that
case it induces an isomorphism

RΓa(X) � RHomR(RHomR(X, D),RΓa(D))

in the derived category. More precisely, RΓa(X) is represented by the complex
HomR(HomR(X, D), Γa(D)).

Proof By the definition of a dualizing complex the natural morphism R → HomR

(D, D) is a quasi-isomorphism between bounded complexes of flat modules. This
together with Lemma12.1.1 induces quasi-isomorphisms of bounded flat complexes

https://doi.org/10.1007/978-3-319-96517-8_11
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Čx
∼−→ HomR(D, D) ⊗R Čx

∼−→ HomR(D, D ⊗R Čx ).

We apply the tensor product by X and obtain the quasi-isomorphism

X ⊗R Čx
∼−→ X ⊗R HomR(D, D ⊗R Čx ).

We also have the evaluation morphism

X ⊗R HomR(D, D ⊗R Čx ) → HomR(HomR(X, D), D ⊗R Čx ).

It is a quasi-isomorphism when X has finitely generated cohomology modules by
Proposition11.1.5. Recall that the complex D ⊗R Čx is a bounded complex of injec-
tive R-modules. The first statement is now obtained by composition.

Since (Čx ⊗R ·) represents RΓa(·) in the derived category (see 7.4.4) and since
Čx ⊗R D and Γa(D) are bounded complexes of injective R-modules, the last state-
ments follow by the first. �

12.1.3 Let R, a and D be as in Theorem12.1.2. Here is another proof – in some sense
more direct – of the isomorphism RΓa(X) � RHomR(RHomR(X, D),RΓa(D)) in
the case when X is homologically left-bounded with finitely generated cohomology
modules. In that case X has a left-bounded injective resolution X

∼−→ I . The complex
HomR(I, D) is right-bounded and has finitely generated homology modules (see
4.5.14 or 11.2.2). Whence it has a free resolution L

∼−→ HomR(I, D), where L is a
right-bounded R-complex of finitely generated free modules. Then we have quasi-
isomorphisms

I
∼−→ HomR(HomR(I, D), D)

∼−→ HomR(L , D).

These are quasi-isomorphisms between left-bounded complexes of injective R-
modules. Therefore they induce direct systems of quasi-isomorphisms and isomor-
phisms

HomR(R/at , I )
∼−→ HomR(R/at ,HomR(L , D))

∼= HomR(L ,HomR(R/at , D)).

We take direct limits. Because the direct limit functor is exact and in view of
Lemma1.3.4, we obtain a quasi-isomorphism and an isomorphism

Γa(I )
∼−→ lim−→(HomR(L ,HomR(HomR(R/at , D))) ∼= HomR(L , Γa(D)).

There is also a quasi-isomorphism

HomR(L , Γa(D))
∼←− HomR(HomR(I, D), Γa(D))

https://doi.org/10.1007/978-3-319-96517-8_11
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because the complex Γa(D) is a bounded complex of injective R-modules. Hence
the conclusion follows.

A dual statement to Theorem12.1.2 for local homology will be proved in the
following.

Theorem 12.1.4 Let R denote a Noetherian ring admitting a dualizing complex D.
Let x = x1, . . . , xk denote a sequence of elements of R and a = x R. Let X denote
an R-complex. Then there is a natural morphism

HomR(Ľ x , X) → HomR(HomR(X, D),HomR(Ľ x , D).

It is a quasi-isomorphism if X has finitely generated cohomology modules.
In that case it induces an isomorphism

LΛa(X) � RHomR(RHomR(X, D),LΛa(D))

in the derived category.

Proof By definition (see 11.2.1) there is a morphism

X → HomR(HomR(X, D), D)

that is a quasi-isomorphism for an R-complex X with finitely generated cohomology.
Because Ľ x is a bounded complex of free R-modules it induces a morphism

HomR(Ľ x , X) → HomR(Ľ x ,HomR(HomR(X, D), D))

which is a quasi-isomorphism provided X has finitely generated cohomology. By
adjointness and commutativity the second complex is isomorphic to

HomR(HomR(X, D),HomR(Ľ x , D)),

which proves the first part of the claim.
Since LΛa(·) is represented byHomR(Ľ x , ·) (see 7.5.12) and sinceHomR(Ľ x , D)

is a bounded complex of injective R-modules this also proves the second part. �
Let R denote a regular ring of finite Krull dimension, complete with respect to

the a-adic topology. Let I denote an injective resolution of R. There is a natural
morphism

X → HomR(HomR(X, Γa(I )), Γa(I )).

In the case when X is a complex with finitely generated cohomology R. Hartshorne
proved that it is a quasi-isomorphism (see [44, Theorem 4.1]). It is called affine
duality. In the following we shall generalize the affine duality to any Noetherian ring
possessing a dualizing complex. Note that the injective resolution of a regular ring
of finite Krull dimension is a dualizing complex.

https://doi.org/10.1007/978-3-319-96517-8_11
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Theorem 12.1.5 Let R denote a Noetherian ring possessing a dualizing complex
D. Let a ⊂ R denote an ideal. Then there are natural quasi-isomorphisms

X ⊗R R̂a ∼−→ HomR(HomR(X, Γa(D)), Γa(D)) and

X ⊗R R̂a ∼−→ HomR(HomR(X, Γa(D)), D)

for any R-complex X with finitely generated cohomology modules.

Proof We first prove the statement for X = R. By the definition of a dualizing
complex there is an inverse system of quasi-isomorphisms

R/at
∼−→ HomR(HomR(R/at , D), D).

Both inverse system are degree-wise surjective. By passing to the inverse limit this
induces a quasi-isomorphism

R̂a ∼−→ HomR(Γa(D), D),

(see 1.2.9) taking into account that

HomR(Γa(D), D) = HomR(lim−→(HomR(R/at , D)), D)

∼= lim←−(HomR(HomR(R/at , D), D)).

There is also an isomorphism

HomR(Γa(D)), D) ∼= HomR(Γa(D)), Γa(D)),

as is easily seen. This settles the case X = R.
For the general case we first note that the above quasi-isomorphisms induce quasi-

isomorphisms

X ⊗R R̂a ∼−→ X ⊗R HomR(Γa(D), D) and

X ⊗R R̂a ∼−→ X ⊗R HomR(Γa(D), Γa(D))

because R̂a, HomR(Γa(D), D) and HomR(Γa(D), Γa(D)) are bounded complexes
of flat R-modules. Then we compose with the quasi-isomorphisms

X ⊗R HomR(Γa(D), D)
∼−→ HomR(HomR(X, Γa(D)), D) and

X ⊗R HomR(Γa(D), Γa(D))
∼−→ HomR(HomR(X, Γa(D)), Γa(D))

obtained by Proposition11.1.5. Recall that D and Γa(D) are bounded complexes of
injective R-modules. �

https://doi.org/10.1007/978-3-319-96517-8_1
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There is also a kind of affine duality in local homology.

Theorem 12.1.6 Let R denote a Noetherian ring possessing a dualizing complex D.
Let x denote a sequence of elements of R and write x R = a. Let X be an R-complex.
Then the natural morphism

X ⊗R R̂a → HomR(HomR(X ⊗R R̂a,HomR(Čx , D)),HomR(Čx , D))

is a quasi-isomorphism provided X has finitely generated cohomology.
In that case, it induces an isomorphism

X ⊗L
R R̂a � RHomR(RHomR(X ⊗L

R R̂a,LΛa(D)),LΛa(D)))

in the derived category.

Proof First recall that DR̂a := HomR(R̂a,HomR(Čx , D)) is a dualizing complex of
R̂a (see Theorem11.5.5). Hence the natural morphism

X ⊗R R̂a → Hom R̂a(Hom R̂a(X ⊗R R̂a, DR̂a), DR̂a)

is a quasi-isomorphism provided X has finitely generated cohomology (in that case
the R̂a-complex X ⊗R R̂a has finitely generated cohomology over R̂a). Then note
that the complex on the right is isomorphic to

HomR(Hom R̂a(X ⊗R R̂a, DR̂a),HomR(Čx , D))

and that

Hom R̂a(X ⊗R R̂a, DR̂a) ∼= HomR(X ⊗R R̂a,HomR(Čx , D))

as follows by a change of rings formula. This gives the first part of the statement.
Since HomR(Čx , D) is a bounded complex of injective R-modules representing

LΛa(D) (see Theorem7.5.12) the second part follows. �

In the previous theoremnote the differenceof the dualitywith respect to a dualizing
complex. Recall that HomR(Čx , D) is not necessarily a dualizing complex of R̂a.

The last duality result of this section is a mixed one.

Proposition 12.1.7 Let a denote an ideal of a Noetherian ring R possessing a dual-
izing complex D. Let X be an R-complex with finitely generated homology modules.
Then there are natural isomorphisms

R̂a ⊗L X � LΛa(X) � RHomR(RΓa(RHomR(X, D)), D))

in the derived category.

https://doi.org/10.1007/978-3-319-96517-8_11
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Proof For the quasi-isomorphism on the left we refer to 9.8.4. For the one on
the right let F

∼−→ X be a DG-flat resolution. Then LΛa(X) is represented by
Λa(F). On the other hand the quasi-isomorphism HomR(X, D)

∼−→ HomR(F, D)

is a DG-injective resolution. Hence RHomR(RΓa(RHomR(X, D)), D)) is repre-
sented by HomR(Γa(HomR(F, D)), D)). We first describe the natural morphism
Λa(F) → HomR(Γa(HomR(F, D)), D) which will represent a natural map

LΛa(X) → RHomR(RΓa(RHomR(X, D)), D))

in the derived category.
By the definition of a dualizing complex there is a quasi-isomorphism u : F ∼−→

HomR(HomR(F, D), D). It induces morphisms of inverse systems

R/at ⊗R F → R/at ⊗R HomR(HomR(F, D), D)

∼= HomR(HomR(R/at ,HomR(F, D)), D),

(see also 1.4.6). By passing to the limit they induce a morphism and an isomorphism

Λa(F) → lim←−(HomR(HomR(R/at ,HomR(F, D)), D)) ∼= HomR(Γa(HomR(F, D)), D).

It remains to show that the above morphism is a quasi-isomorphism.
Consider first the case of a right-bounded complex X . In this case we have a right-

bounded DG-flat resolution F
∼−→ X . ThenHomR(F, D) is a left-bounded complex

of injective R-modules and HomR(HomR(F, D), D) is a right-bounded complex of
flat R-modules, hence DG-flat. It follows that the morphisms R/at ⊗R u are quasi-
isomorphisms (see 4.4.11) and that we have an inverse system of quasi-isomorphisms

R/at ⊗R F
∼−→ HomR(HomR(R/at ,HomR(F, D)), D).

Since these inverse systems are degree-wise surjective it induces – by passing to the
limit – a quasi-isomorphism

Λa(F)
∼−→ lim←−(HomR(HomR(R/at ,HomR(F, D)), D))

∼= HomR(Γa(HomR(F, D)), D),

(see 1.2.9). This settles the case where X is right-bounded.
For the general case let x = x1, . . . , xk be a sequence generating the ideal a.

Then LΛa(X) is also represented by the complex HomR(Ľ x , X) (see 7.5.12) while
RHomR(RΓa(RHomR(X, D)), D)) is represented by the complex

HomR(Čx ⊗R HomR(X, D), D)

(see 7.4.4). It follows that the homology modules

https://doi.org/10.1007/978-3-319-96517-8_9
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Hi (LΛa(X)) and Hi (RHomR(RΓa(RHomR(X, D)), D)))

depend only on a soft truncation · · · → Xn+1 → Xn → Ker(dX
n ) → 0 for n � 0.

This reduces the general case to the case of a right-bounded complex and finishes
the proof. �

12.2 Local Duality with Dualizing Complexes

In this sectionwewill give another version ofGrothendieck’s Local Duality Theorem
for unbounded complexes. Then we draw some of its consequences.

Theorem 12.2.1 Let (R,m,k) denote a Noetherian local ring of dimension d with
a normalized dualizing complex D. Let X be any R-complex with finitely generated
cohomology modules. Then there is a natural isomorphism

RΓm(X) � RHomR(RHomR(X, D), ER(k)[−d])

in the derived category. In particular, there are natural isomorphisms

Hi
m(X) ∼= HomR(Extd−i

R (X, D), ER(k))

for all i ∈ Z.

Proof Weputa = m inTheorem12.1.2 and recall the quasi-isomorphismΓm(D)
∼−→

ER(k)[−d] (see 11.4.9). This provides the first part of the statement. The second one
follows by taking cohomology. �

Remark 12.2.2 Theorem12.2.1 was already proved in Hartshorne’s Lecture Notes
for a left-bounded complex (see [43, Theorem 6.2, p. 278]) with a rather different
proof. Hartshorne reduced it to the case when X is a finitely generated module. Then
he used “way-out” techniques for the case of a left-bounded complex.

Note that we have already seen another version of Grothendieck’s Local Duality
Theorem in 10.6.2 without the assumption of the existence of a dualizing complex.
The present approach is more intrinsic and also, in some sense, more functorial.

If R is a Gorenstein local ring, then we may take for D the minimal injective
resolution of R and we recover Grothendieck’s Local Duality as stated in 10.5.7.

Put X = R in Theorem12.2.1 and note that ExtiR(R, D) ∼= Hi (D). Then we also
obtain information on the cohomology of a dualizing complex.

Corollary 12.2.3 Let (R,m,k) denote a Noetherian local ring with a normalized
dualizing complex D and d = dim R. Then

HomR(Hi (D), ER(k)) ∼= Hd−i
m (R).

https://doi.org/10.1007/978-3-319-96517-8_11
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The existence of a dualizing complex also implies the existence of canonical
modules.

Corollary 12.2.4 Let (R,m,k) denote a Noetherian local ring of dimension d.
Assume that R admits a normalized dualizing complex D. Let M be a finitely gener-
ated R-module of dimension n. Then M admits the canonical module

KM := Extd−n
R (M, D).

In particular, KR
∼= H 0(D).

Proof By 12.2.1 the module Extd−n
R (M, D) satisfies condition (i) of 10.3.2. �

As an application we describe the localization of a canonical module in the case
when the underlying ring possesses a dualizing complex.

Corollary 12.2.5 Let (R,m) denote a Noetherian local ring possessing a normal-
ized dualizing complex D. Let KR denote its canonical module. Suppose p ∈ Spec R
is a prime ideal such that dim Rp + dim R/p = dim R. Then (KR)p is the canonical
module KRp

of Rp.

Proof When dim Rp + dim R/p = dim R note that D ⊗R Rp is a normalized dual-
izing complex of Rp in view of 11.4.10. Hence the statement follows by 12.2.4 and
localization. �

Note that the previous statement is false if dim Rp + dim R/p < dim R, as follows
by easy examples. For a Cohen–Macaulay ring R the equality holds for any prime
ideal p.

We also obtain another characterization of the canonical module of a Cohen–
Macaulay local ring.

Proposition 12.2.6 Let (R,m,k) be a Cohen–Macaulay local ring of dimension d
and C a finitely generated module with its minimal injective resolution C

∼−→ I .
The following conditions are equivalent:

(i) C ∼= KR is the canonical module of R,
(ii) C is a maximal Cohen–Macaulay module of finite injective dimension such that

ExtdR(k,C) ∼= k, and
(iii) I is a normalized dualizing complex for R.

Proof The implication (i) ⇒ (ii) is shown in 10.3.7.
When conditions (ii) is satisfied we have idR(C) = depth(R) = d (see 10.1.4)

and depth(C) = d = ext−R(k,C). In view of Theorem11.4.2 and Remark11.4.6 this
together with the condition ExtdR(k,C) ∼= k implies that the minimal injection reso-
lution I of C is a normalized dualizing complex for R.

In general, note that C = H 0(I ) = Ext0R(R, I ). When condition (iii) is satisfied
we have C∨ ∼= (Ext0R(R, I ))∨ ∼= Hd

m(R) in view of Theorem12.2.1. Hence C is the
canonical module of R by definition (see 10.3.2). �
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12.3 Extensions of Dualities, Complexes with Mini-Max
Homology

Let (R,m,k) denote aNoetherian local ringwith E := ER(k) the injective hull of the
residue field. Let x = x1, . . . , xk denote a sequence of elements of R and put x R = a.
We have a quasi-isomorphism HomR(Čx , E)

∼−→ HomR(Ľ x , E) of bounded com-

plexes of injective modules since Ľ x
∼−→ Čx is a bounded free resolution of Čx . In

the case when Rad (x R) = m it was shown in 11.2.5 that Ľ∨
x := HomR(Ľ x , E) is a

dualizing complex of R̂m. That is, there is a quasi-isomorphism

X
∼−→ Hom R̂m(Hom R̂m(X, Ľ∨

x ), Ľ∨
x )

for any R̂m-complex X with finitely generated cohomologymodules. In the following
we discuss this phenomenon in the more general situation of any proper ideal a.
The most interesting feature of this section is an application to complexes with
Artinian homology modules, more generally with “mini-max” homology modules.
However, our first results in this direction concern complexes with finitely generated
cohomology modules.

Theorem 12.3.1 Let (R,m,k)denote aNoetherian local ringand let x = x1, . . . , xk
be a sequence of elements in R. Then there are quasi-isomorphisms

X ⊗R R̂m ∼←− X ⊗R HomR(Ľ∨
x , Ľ∨

x )
∼−→ HomR(HomR(X, Ľ∨

x ), Ľ∨
x )

for any R-complex X with finitely generated cohomology modules.

Proof The quasi-isomorphism on the right is given by evaluation (see 11.1.5). For the
one on the left we recall the quasi-isomorphism HomR(Ľ∨

x , Ľ∨
x )

∼−→ R̂m obtained
in 10.2.7. This is a quasi-isomorphism between bounded complexes of flat modules.
We tensor it by X , this provides the quasi-isomorphism on the left. �

Corollary 12.3.2 In the situation of 12.3.1 assume, moreover, that R ism-complete.
Then the natural morphism

X → HomR(HomR(X, Ľ∨
x ), Ľ∨

x )

is a quasi-isomorphism for any R-complex X with finitely generated cohomology
modules.

Proof When R ism-complete the natural morphism R → HomR(Ľ∨
x , Ľ∨

x ) is a quasi-
isomorphism (see 10.2.7) between bounded flat R-complexes. Hence it induces a
quasi-isomorphism X → X ⊗R HomR(Ľ∨

x , Ľ∨
x ). �

The previous result is remarkable in the sense that the left side of the quasi-
isomorphism does not depend upon the sequence x . In the case when x is the empty

https://doi.org/10.1007/978-3-319-96517-8_11
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set we have that Ľ x = R, so that 12.3.2 is nothing else but the Matlis duality. In the
case of Rad x R = m and a complete Noetherian local ring (R,m)we get the duality
of the dualizing complex.

Our next results are valid over any commutative ring R. We follow the notations
introduced in 1.4.8, that is, E is the injective cogenerator described in 1.4.8 and the
general Matlis duality functor is defined by (·)∨ := HomR(·, E). In this generality
we note that the complex Ľ∨

x is still DG-injective. When R is local with maximal
ideal m then E = ER(R/m).

Theorem 12.3.3 Let R denote any commutative ring and let x = x1, . . . , xk be any
sequence in R. There is a quasi-isomorphism

HomR(HomR(X, Ľ∨
x ), Ľ∨

x )
∼−→ HomR(Ľ x , X

∨∨)

for any R-complex X.

Proof By adjointness and commutativity there is an isomorphism

HomR(HomR(X, Ľ∨
x ), Ľ∨

x ) ∼= HomR(Ľ x ⊗R HomR(Ľ x , X
∨), E).

By 6.5.4 (d) there is a quasi-isomorphism

Ľ x ⊗R X∨ ∼−→ Ľ x ⊗R HomR(Ľ x , X
∨).

By applying HomR(·, E) and using adjointness this proves the statement. �

The previous statement provides an interesting relation between a variant of the
duality with respect to the complex Ľ∨

x and the Matlis duality.

Corollary 12.3.4 In the situation of 12.3.3 assume, moreover, that the sequence x
is weakly pro-regular and let a be a finitely generated ideal such that Rad(a) =
Rad(x R). There is an isomorphism in the derived category

RHomR(RHomR(X, Ľ∨
x ), Ľ∨

x ) � LΛa(X∨∨) � (RΓa(X
∨))∨.

Proof This is a consequence of 12.3.3 because LΛa((X)∨∨) is represented by
HomR(Ľ x , X∨∨) in the derived category (see 7.5.12). See also 9.2.5 for the last
isomorphism. �

Corollary 12.3.5 Let (R,m,k) be a Noetherian local ring, complete in its m-adic
topology, and let D denote a dualizing complex for R. ThenHomR(HomR(X, D), D)

represents (RΓm(X∨))∨ � LΛm(X∨∨) in the derived category.

Proof This follows by 12.3.4 applied to a system of parameters x of R. That is
because for such an x the complex Ľ∨

x is a dualizing complex for R (see 11.2.5),
hence quasi-isomorphic up to shift to D. �
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We now apply the above to complexes with Artinian homology modules, more
generally with “mini-max” homology modules.

Recall 12.3.6 Let (R,m,k) denote a Noetherian local ring, complete in its m-adic
topology, and write as before E = ER(k) for the injective hull of the residue field.
Let M denote an R-module. It is known that the natural homomorphism

M → HomR(HomR(M, E), E)

is an isomorphism if and only if there is a finitely generated submodule N ⊂ M such
that M/N is an Artinian module (see [90] or [10]). In that case one says that M is
a “mini-max” R-module. More generally, let X denote an R-complex with “mini-
max” homology modules. By the exactness of the functor HomR(HomR(·, E), E)

and a degree-wise inspection in homology it follows that the natural morphism

X → HomR(HomR(X, E), E)

is a quasi-isomorphism.

We now apply 12.3.3 and 12.3.4 to R-complexes with “mini-max” homology
modules.

Theorem 12.3.7 Let (R,m,k) denote a Noetherian local ring, complete in its m-
adic topology. Let x = x1, . . . , xk be any sequence of elements and let a be an ideal
with Rad (x R) = Rad (a). Then there are quasi-isomorphisms

HomR(HomR(X, Ľ∨
x ), Ľ∨

x )
∼−→ HomR(Ľ x , X

∨∨)
∼←− HomR(Ľ x , X)

for any R-complex X with “mini-max” homology modules.
For such an R-complex there is an isomorphism

LΛa(X) � RHomR(RHomR(X, Ľ∨
x ), Ľ∨

x )

in the derived category. In particular, there are isomorphisms

Λa
i (X) ∼= Hi (HomR(HomR(X, Ľ∨

x ), Ľ∨
x ))

for all i ∈ Z.

Proof The natural morphism X → X∨∨ is a quasi-isomorphism for any R-complex
X with “mini-max” cohomology modules (see 12.3.6). Since Ľ x is a bounded com-
plex of free R-modules it induces a quasi-isomorphism

HomR(Ľ x , X)
∼−→ HomR(Ľ x , X

∨∨).
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This together with 12.3.3 proves the quasi-isomorphisms. The other statements fol-
low since HomR(Ľ x , X) represents LΛa(X) in the derived category (see 7.5.12) and
since Ľ∨

x is DG-injective. �

Corollary 12.3.8 Let (R,m,k) denote an m-complete Noetherian local ring and
let D denote a dualizing complex for R. For any R-complex X with “mini-max”
homology modules there is an isomorphism

LΛm(X) � RHomR(RHomR(X, D), D)

in the derived category. In particular, there are isomorphisms

Λm
i (X) ∼= Hi (HomR(HomR(X, D), D))

for all i ∈ Z.

Proof Let x be a sequence in R such that Rad (x R) = m. Then Ľ∨
x is a dualizing

complex of R (see 11.2.5) and there is up to a shift a quasi-isomorphism Ľ∨
x

∼−→ D
by the uniqueness Theorem11.4.4. Hence the statement follows by 12.3.7. �

If in the above corollary we take for X an R-complex with finitely generated
homology modules then LΛm(X) � X in view of 9.8.4 and the corollary provides
the property of a dualizing complex. But the above corollary provides yet another
property of a dualizing complex in the case of a complete Noetherian local ring. In
the following we shall partially extend this to the situation of any Noetherian local
ring possessing a dualizing complex.

Proposition 12.3.9 Let (R,m,k) denote a Noetherian local ring with a dualizing
complex D. Let X be an R-complex with Artinian homology modules. Then there is
an isomorphism

LΛm(X) � RHomR(RHomR(X, D ⊗R R̂m), D ⊗R R̂m))

in the derived category.

Proof Recall first that any Artinian R-module M is m-torsion, hence there is an
isomorphism M ∼= R̂m ⊗R M (see 2.2.6). Because R̂m is R-flat it follows that the
natural morphism X → R̂m ⊗R X is a quasi-isomorphism. Hence the R̂m-complex
R̂m ⊗R X has Artinian homology and there is an isomorphism

LΛm(X) � LΛm(R̂m ⊗R X)

in the derived category. On the other hand LΛm(R̂m ⊗R X) and LΛmR̂m
(R̂m ⊗R X)

are both represented by the same complex (namely Λm(F), where F
∼−→ X is a K -

flat resolution of X (see 9.8.3)). Now let x = x1, . . . , xd be a system of parameters of
R. Thenboth complexes Ľ∨

x andHomR(R̂m,HomR(Ľ x , D)) are dualizing complexes

https://doi.org/10.1007/978-3-319-96517-8_7
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for R̂m (see 11.2.5 and 11.5.5). By the uniqueness Theorem11.4.4 there are up to a
shift quasi-isomorphisms Ľ∨

x
∼−→ HomR(R̂m,HomR(Ľ x , D))

∼−→ Ľ∨
x . In view of

the above and Theorem12.3.7 it follows that LΛm(X) is represented by the complex

Hom R̂m(Hom R̂m(X ⊗R R̂m,HomR(R̂m,HomR(Ľ x , D))),HomR(R̂m,HomR(Ľ x , D)))

∼= HomR(HomR(X,HomR(R̂m,HomR(Ľ x , D))),HomR(Ľ x , D)).

On the other hand the minimal injective resolution I of D ⊗ R̂m is also a dualizing
complex for R̂m (see 11.5.2) and the complex HomR(Ľ x , D) is quasi-isomorphic to
D ⊗ R̂m (see 11.5.3 ). The conclusion follows. �

Related to 12.3.6 we want to pose the following question.

Question 12.3.10 It would be of some interest to understand for which R-modules
M the morphism M → HomR(HomR(M, D), D) is a quasi-isomorphism where R
is a Noetherian local ring possessing a dualizing complex D.

12.4 Local Duality for Arbitrary Complexes

The dualities of the first two sections of this chapter concerned the dualizing complex
of a Noetherian ring and complexes with finitely generated cohomology. In the third
sectionwe also considered dualities involving a complex of the form Ľ∨

x and obtained
results for complexes with “mini-max” cohomology. In this section we consider
arbitrary complexes.

We start with some recalls from the previous chapters.

Recalls 12.4.1 Let a be a finitely generated ideal of a commutative ring R and
assume there is a weakly pro-regular sequence x = x1, . . . , xk such that Rad(a) =
Rad(x R). Let I be a K -injective complex. We have the adjointness isomorphism

HomR(Čx ⊗R X, I ) � HomR(X,HomR(Čx , I )).

Since RΓa(X) is represented by Čx ⊗R X (see 7.4.4) it induces an isomorphism

RHomR(RΓa(X), I ) � RHomR(X,RHomR(Čx , I ))

in the derived category. If Y
∼−→ I is a K -injective resolution of an R-complex Y ,

then HomR(Čx , I ) represents LΛa(Y ) (see 7.5.12) and we recover the adjointness
formula

RHomR(RΓa(X), Y ) � RHomR(X,LΛa(Y ))

already obtained in 9.2.4 in a slightly different way.

https://doi.org/10.1007/978-3-319-96517-8_11
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In the above result we now take for x a system of parameters of a Noetherian
local ring (R,m,k) and for I the injective hull of the residue field. We then obtain
a Grothendieck local duality formula valid for any R-complex.

Proposition 12.4.2 Let (R,m,k) denote a Noetherian local ring of dimension d.
Write E for the injective hull of k and DR̂m for a normalized dualizing complex of
the completion R̂m of R . Then in the derived category there is an isomorphism

RHomR(RΓm(X), E) � RHomR(X, D[d]
R̂m

)

for any R-complex X. In particular, we have isomorphisms

HomR(Hi
m(X), E) ∼= Extd−i

R (X, DR̂m)

for all i ∈ Z.

Proof Let x = x1, . . . , xd denote a system of parameters of R. In view of 12.4.1
there is an isomorphism RHomR(RΓm(X), E) � RHomR(X,RHomR(Čx , E)) in
the derived category.Moreover,HomR(Čx , E)[−d] is a normalized dualizing complex
of R̂m (see 11.4.7). By the uniqueness Theorem 11.4.4 there is a quasi-isomorphism
HomR(Čx , E)

∼−→ D[d]
R̂m

. The result follows. �

When the Noetherian local ring R itself admits a dualizing complex we obtain
the following.

Corollary 12.4.3 Let (R,m,k) denote a d-dimensional Noetherian local ring with
a normalized dualizing complex D and let X an arbitrary R-complex. Then there is
an isomorphism

RHomR(RΓm(X), E) � RHomR(X, (D ⊗R R̂m)[d])

in the derived category. In particular, there are isomorphisms

HomR(Hi
m(X), E) ∼= Extd−i

R (X, D ⊗R R̂m)

for all i ∈ Z.

Proof This is because the minimal injective resolution I of the R̂m-complex D ⊗R

R̂m is also a normalized dualizing complex for R̂m (see 11.5.2). �

Corollary 12.4.4 In the situation of 12.4.3 there are isomorphisms

Hd−i (D ⊗R R̂m) ∼= Λm
i (E)

for all i ∈ Z.

https://doi.org/10.1007/978-3-319-96517-8_11
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Proof This is clear by 12.4.3 for X = R. Recall also that HomR(Hi
m(R), E) ∼=

Λm
i (E) in view of 9.2.5. �

If in Corollary12.4.4 we take for R a Gorenstein local ring, then we have the
quasi-isomorphisms R

∼−→ D and R̂m ∼−→ D ⊗R R̂m. We recover a property of
Gorenstein local rings already mentioned in (10.5.9 (i) ⇒ (iii)).

In the following we provide a duality result for the local cohomology with respect
to any ideal of a Noetherian ring.

Theorem 12.4.5 Let (R,m,k) be a Noetherian local ring possessing a normalized
dualizing complex D. Let x = x1, . . . , xk denote a sequence of elements of R and
write a = x R. Then there is an isomorphism

RHomR(RΓa(X), D) � RHomR(X, D ⊗R R̂a)

for any R-complex X.

Proof Recall first that RHomR(RΓa(X), D) � RHomR(X,LΛa(D)). On the other
hand LΛa(D) is represented by D ⊗R R̂a (see 9.8.4). The conclusion follows. �

12.5 Greenlees’ Warwick Duality

Greenlees’ Warwick duality provides another relation between local homology and
cohomology. It is also related to Tate’s cohomology. Here we present a brief account
of these relations.

12.5.1 The functor Da. Let a ⊂ R denote an ideal of a commutative ring R. The
injections at+1 ⊂ at , t ≥ 1, provide a direct system {HomR(at , X) | t ≥ 1} for any
R-complex X . We define the functor Da by

Da(X) = lim−→HomR(at , X).

Clearly Da is a left exact additive functor which commutes with shifts. Moreover,
it preserves quasi-isomorphisms between K -injective complexes (in view of 4.4.11
and because lim−→ also preserves quasi-isomorphisms). Hence its right-derived functor
RDa is well defined in the derived category: RDa(X) is represented byDa(I ), where
X

∼−→ I denotes a K or DG-injective resolution. We denote the cohomology of
RDa(X) by RiDa(X) and note that RiDa(X) := Hi (Da(I )) ∼= lim−→ExtiR(at , X).

Assume that the resolution X
∼−→ I is DG-injective. Then the short exact

sequence 0 → at → R → R/at → 0 induces an exact sequence

0 → HomR(R/at , I ) → I → HomR(at , I ) → 0.

By passing to the direct limit it yields an exact sequence of complexes

https://doi.org/10.1007/978-3-319-96517-8_9
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0 → Γa(I ) → I → Da(I ) → 0.

This induces a long exact cohomology sequence

· · · → Hi
a(X) → Hi (X) → RiDa(X) → · · ·

for all i ∈ Z.
Note also that RDa(X) � 0 in the derived category if and only if X ∈ GΓ

a , the
class introduced in 9.6.1. When the ideal a is generated by a weakly pro-regular
sequence Theorem 9.6.11 provides criteria for the vanishing of RDa(X).

Remark 12.5.2 Assume that the ideal a of the commutative ring R is generated by
a weakly pro-regular sequence. We have seen in 7.4.2 that the functor Γa preserves
quasi-isomorphisms between complexes of injective R-modules. It follows that the
functorDa also preserves such quasi-isomorphisms and that RDa(X) may be com-
puted by using an ordinary injective resolution of X .

For the next technical results we refer to the notation in 6.2.6. In particular, for
a sequence of elements x = x1, . . . , xk of R we recall the short exact sequence

0 → Ďx → Čx → R → 0 and the free resolution Ľ�
[1]
x → Ď[1]

x of the global Čech

complex Ď[1]
x .

The following lemma relates the global Čech complex to RDa.

Lemma 12.5.3 Let x = x1, . . . , xk denote a weakly pro-regular sequence of a com-
mutative ring R and put a = x R. Let J denote a DG-injective complex. Then the
complexes Da(J ) and Ď[1]

x ⊗R J are quasi-isomorphic : Da(J ) � Ď[1]
x ⊗R J .

Moreover, let X be an R-complex and X
∼−→ I a K -injective resolution. Then

RDa(X) is represented by any of the quasi-isomorphic complexes

Ď[1]
x ⊗R X

∼−→ Ď[1]
x ⊗R I

∼←− Ľ�
[1]
x ⊗R I

∼←− Ľ�
[1]
x ⊗R X.

Proof With the previous notation there is a commutative diagram with exact rows

0 Γa(J )
u

J Da(J ) 0

0 Ďx ⊗R J Čx ⊗R J
v

J 0,

where the first vertical morphism is a quasi-isomorphism (see 7.4.1). The diagram
induces quasi-isomorphisms

Ď[1]
x ⊗R J

∼−→ C(v)
∼←− C(u)

∼−→ Da(J )

(see 1.5.5 and 1.5.6). This proves the first part of the claim.
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By definition RDa(X) is represented by Da(I ). Let I
∼−→ J be a DG-injective

resolution. Then
Da(I )

∼−→ Da(J ) � Ď[1]
x ⊗R J

in view of 12.5.1 and the first part of the statement. Since Ľ�
[1]
x

∼−→ Ď[1]
x is a quasi-

isomorphism of bounded complexes of flat modules (see 6.2.6), hence DG-flat, and
in view of 4.4.11 there are also quasi-isomorphisms

Ď[1]
x ⊗R X

∼−→ Ď[1]
x ⊗R I

∼−→ Ď[1]
x ⊗R J

∼←− Ľ�
[1]
x ⊗R J

∼←− Ľ�
[1]
x ⊗R I

∼←− Ľ�
[1]
x ⊗R X.

The second claim follows. �

The following lemma will be useful.

Lemma 12.5.4 Let x = x1, . . . , xk and y = y1, . . . , yl denote two sequences of ele-
ments in a commutative ring R, write a = x R and b = yR. Suppose Rad (a) ⊇
Rad (b). Then

(a) The complex Ľ�
y ⊗R Ľx is contractible.

(b) The complex HomR(Ľ y, Ľ�
y ⊗R HomR(Ľ x , X)) is exact for any R-complex X.

Proof Since Ľ�
y ⊗R Ľx is a bounded complex of free R-modules, hence DG-

projective, it is sufficient to show that it is exact (see 4.4.4). To this end we tensor the
short exact sequence 0 → Ľ�

y → Ľ y → R → 0 of free R-modules by Ľ x . Since the

induced morphism Ľ y ⊗R Ľx → Ľ x is a quasi-isomorphism (see 6.2.4) this proves

the exactness of L�
y ⊗R Ľx .

For the second statement note first that the telescope T (y) has the property T (y) �
Ľ y because both T (y) and Ľ y are bounded free resolutions of Čy . Whence it follows
that

HomR(Ľ y, Ľ�
y ⊗R HomR(Ľ x , X)) �

HomR(T (y),Ľ�
y ⊗R HomR(Ľ x , X)) ∼= M(y; Ľ�

y ⊗R HomR(Ľ x , X))

(see 4.3.6 or 7.5.9 for the isomorphism). Now by definition 7.5.1 it follows that

M(y; Ľ�
y ⊗R HomR(Ľ x , X)) = Mic({K•(yt ) ⊗R Ľ�

y ⊗R HomR(Ľ x , X)}t≥1).

Moreover, the complexes K•(yt ) ⊗R Ľ�
y

∼−→ K•(yt ) ⊗R Ďy are exact for all t ≥ 1

(see 6.1.8 and recall that Hi (K•(yt )) ⊆ V (b)). Since K•(yt ) ⊗R Ľ�
y is an exact com-

plex of bounded free R-modules for all t ≥ 1 theKoszul complexes in themicroscope
are exact for all t ≥ 1. It follows that the microscope is exact too (see 4.2.5). This
completes the proof. �

https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_4
https://doi.org/10.1007/978-3-319-96517-8_4
https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_4
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_4


12.5 Greenlees’ Warwick Duality 313

Remark 12.5.5 In the situation of 12.5.4 assume that the sequences x and y

are weakly pro-regular. Then HomR(Ľ x , ·) represents LΛa(·) and (Ľ x ⊗R ·) ∼−→
(Čx ⊗R ·) represents RΓa(·) (see 7.5.12 and 7.4.4). As the shifted complexes

Ľ�
[1]
y ⊗R Ľx and HomR(Ľ y, Ľ�

[1]
y ⊗R HomR(Ľ x , X))

are exact and in view of 12.5.3 it follows that

RDb(RΓa(R)) � 0 � LΛb(RDb(LΛa(X)))

in the derived category.

12.5.6 Tate’s cohomology. The Tate cohomology is related to the complex

Ľ�
[1]
x ⊗R HomR(Ľ x , X)

where x = x1, . . . , xk is a sequence in the commutative ring R. First note that this
complex only depends, up to quasi-isomorphism, on the ideal a := x R. More pre-
cisely, let y = y1, . . . , yl be another sequence such that Rad (yR) = Rad (x R).

Then there are quasi-isomorphisms Ľ x
∼←− Ľ y

∼←− Ľ x (in view of 6.2.4) and these
induce a quasi-isomorphism

Ľ�
[1]
x ⊗R HomR(Ľ x , X)

∼−→ Ľ�
[1]
y ⊗R HomR(Ľ y, X).

Hence we may define the Tate cohomology modules with respect to the ideal
a := x R by

Ĥ i
a(X) := Ĥ i

x (X) := Hi (HomR(Ľ x , X) ⊗R Ľ�
[1]
x ).

For the applications of these Tate cohomology modules in the study of completion
theorems and their duals in equivariant topology we refer to [37] and the refer-

ences therein. Here we only note that the complex Ľ�
[1]
x ⊗R HomR(Ľ x , X) represents

RDa(LΛa(X)) in the derived category when the sequence x is weakly pro-regular
(in view of 12.5.3 and 7.5.12).

Remark 12.5.7 (a) If we replace the complex Ľ x by the telescope T (x) (both are
quasi-isomorphic complexes of bounded free R-modules) it follows that the complex

Ľ�
[1]
x ⊗R HomR(Ľ x , X) is quasi-isomorphic to the complex T •(X) as introduced by

J. Greenlees (see [37, Definition 3.1]) for X an R-module.
(b) In his paper (see [37]) Greenlees called the cohomology of

RDa(X) � Ľ�
[1]
x ⊗R X

https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_7
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the Čech cohomology and defined the homology of HomR(Ľ�
[1]
x , X) as the Čech

homology of X . Greenlees’ terminology is different from ours.

Here is the basic result for the so-calledWarwickduality.Up to a shift the following
Theorem12.5.8 is the Warwick duality as shown by Greenlees (see [37, Theorem
4.1]).

Theorem 12.5.8 Let x = x1, . . . , xk denote a sequenceof elements in a commutative
ring R and write a = x R. Then the complexes

Ľ�
[1]
x ⊗R HomR(Ľ x , X) and HomR(Ľ�

x , Ľ x ⊗R X)

are quasi-isomorphic for any R-complex X.

Proof We start with the short exact sequence 0 → Ľ�
x → Ľ x → R → 0 of bounded

complexes of free R-modules (see 6.2.6) and tensor it by HomR(Ľ x , X). The corre-

sponding sequence is exact. Next we apply the functor HomR(Ľ�
x , ·). We get a short

exact sequence

0 → HomR(Ľ�
x , Ľ�

x ⊗R HomR(Ľ x , X))
u→

HomR(Ľ�
x ,Ľ x ⊗R HomR(Ľ x , X)) → HomR(Ľ�

x ,HomR(Ľ x , X)) → 0.

Next we claim that the morphism u is a quasi-isomorphism. To this end it will be
enough to show that the third complex in the sequence is exact. By adjointness there
is an isomorphism

HomR(Ľ�
x ,HomR(Ľ x , X)) ∼= HomR(Ľ�

x ⊗R Ľx , X).

Since the complex Ľ�
x ⊗R Ľx is contractible (see 12.5.4) the claim follows.

By 6.5.4 (d) there is a quasi-isomorphism

Ľ x ⊗R X
∼−→ Ľ x ⊗R HomR(Ľ x , X).

Since Ľ�
x is a bounded complex of free R-modules it provides a quasi-isomorphism

HomR(Ľ�
x , Ľ x ⊗R X)

∼−→ HomR(Ľ�
x , Ľ x ⊗R HomR(Ľ x , X)).

Finally, we have to inspect the complex HomR(Ľ�
x , Ľ�

x ⊗R HomR(Ľ x , X)). To

this end we apply the functor HomR(·, Ľ�
x ⊗R HomR(Ľ x , X)) to the short exact

sequence 0 → Ľ�
x → Ľ x → R → 0 of projective R-modules. It provides a short

exact sequence of complexes

https://doi.org/10.1007/978-3-319-96517-8_6
https://doi.org/10.1007/978-3-319-96517-8_6
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0 → Ľ�
x ⊗R HomR(Ľ x , X) → HomR(Ľ x , Ľ�

x ⊗R HomR(Ľ x , X))

→ HomR(Ľ�
x , Ľ�

x ⊗R HomR(Ľ x , X)) → 0.

Since the complex in the middle is exact, (see 12.5.4), it follows that

Ľ�
[1]
x ⊗R HomR(Ľ x , X) � HomR(Ľ�

x , Ľ�
x ⊗R HomR(Ľ x , X)).

This together with the previous quasi-isomorphisms finishes the proof. �

Next we give a description of theWarwick duality in terms of the derived functors.

Corollary 12.5.9 Let a denote an ideal of a commutative ring R generated by a
weakly pro-regular sequence x = x1, . . . , xt . Then there is an isomorphism

RDa(LΛa(X)) � RHomR(RDa(R)[−1],RΓa(X))

in the derived category for an R-complex X.

Proof The proof follows in view of the quasi-isomorphism of Theorem12.5.8 in
terms of the derived functors. �

As another application we obtain a spectral sequence for computing the Tate
cohomology (see [37, Proposition 4.2]).

Corollary 12.5.10 In the situation of 12.5.9 we have the spectral sequence

Ei, j
2 = ExtiR(RDa(R), H j

a (X)) =⇒ Ei+ j
∞ = Ĥ i+ j−1

a (X).

Proof This follows again by the quasi-isomorphism of Theorem 12.5.8 and the def-
inition of the Tate cohomology. �

For our purposes here the following result provides a relation between local coho-
mology, derived functors of completion and Tate cohomology. We did not find the
result in the literature.

Theorem 12.5.11 Let a ⊂ R denote an ideal generated by a weakly pro-regular
sequence x = x1, . . . , xt . Then there is a long exact cohomology sequence

· · · → Hi
a(X) → Λa

−i (X) → Ȟ i
a(X) → Hi+1

a (X) → · · ·

for an R-complex X.

Proof We start with the short exact sequence 0 → Ľ�
x → Ľ x → R → 0 and tensor

it by HomR(Ľ x , X). This yields an exact sequence of complexes

0 → Ľ�
x ⊗R HomR(Ľ x , X) → Ľ x ⊗R HomR(Ľ x , X) → HomR(Ľ x , X) → 0.



316 12 Local Duality with Dualizing Complexes and Other Dualities

The complex in the middle is quasi-isomorphic to Ľ x ⊗R X (see 6.5.4) and this
complex yields the local cohomology (see 7.4.5). The cohomology of the complex
on the right is Λa

−i (X)) (see 7.5.12). Finally, the cohomology of the complex on the
left is – up to a shift by one – the Tate cohomology. So the long exact cohomology
sequence provides the claim. �

As a particular case let us consider the case of an R-module.

Corollary 12.5.12 With the notation of 12.5.11 let M denote an R-module. Then
there is an exact sequence

0 → Λa
1 (M) → Ȟ−1

a (M) → H 0
a (M) →

Λa
0 (M) → Ȟ 0

a (M) → H 1
a(M) → 0

and isomorphisms

Λa
−i (M) ∼= Ȟ i

a(M) for i ≤ −2 and Ȟ i
a(M) ∼= Hi+1

a (M) for i ≥ 1.

Proof This is an easy consequence of the long exact sequence shown in 12.5.11. �

It would be of some interest to describe the modules in the exact sequence in more
detail. In a certain sense the Tate cohomology of a module combines Čech homology
and cohomology.

In the following we shall relate the previous result to the class of complexes GΛ
a

and GΓ
a introduced in 9.6.1.

Corollary 12.5.13 In the situation of 12.5.11 let X denote an R-complex.

(a) Suppose that X ∈ GΓ
a . Then there is a long exact sequence

· · · → Hi (X) → Λa
−i (X) → Ȟ i

a(X) → Hi+1(X) → · · ·

(b) Suppose that X ∈ GΛ
a . Then there is a long exact sequence

· · · → Hi
a(X) → H−i (X) → Ȟ i

a(X) → Hi+1
a (X) → · · ·

Proof The proof for (a) and (b) follows because of the isomorphisms Hi (X) ∼=
Hi

a(X) when X ∈ GΓ
a and Hi (X) ∼= Λa

i (X) when X ∈ GΛ
a . �
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Appendix

This appendix covers various aspects of the previous investigations that are important
for the necessity of the assumptions we have made. Moreover, it includes some
additional results which are important for relations to commutative Noetherian rings.
As a sample we prove Grothendieck’s non-vanishing theorem in local cohomology
as well as a dual version in local homology which seems not to be well-known. Then
we study the relation of weakly-pro regular sequences – one of the most important
notions in our subject – to the pro-regular sequences as they were introduced by
Greenlees and May (see [38]).

The completion functor is neither left nor right exact. The main focus of our
investigations is related to the left derived functors of the completion. The right
derived functor of the completion was studied for modules in [38]. We extend the
Greenlees–May results to the case of unbounded complexes.

In the fourth sectionwe recall the theorems ofBass, Papp andChase aboutNoethe-
rian and coherent rings, respectively, as well as Faith’s result about self-injective
rings. This is the basis for the examples of modules in the last subsection. We present
a first example of an injective module such that a localization of it is no longer injec-
tive. Note that localizations of injective R-modules are always injectivewhen the ring
R is Noetherian. Then we present a ring S such that SΛ is not flat for a certain index
set Λ. Note that SΛ is always flat when the ring S is coherent. Finally, we describe a
commutative ring S with two injective S-modules I, J such that HomS(I, J ) is not
S-flat. Recall that HomS(I, J ) is always flat when S is coherent and when I and J
are injective S-Modules.

A.1 Grothendieck’s Non-vanishing Theorem

In this section (R,m, k) is aNoetherian local ringwith its uniquemaximal idealm and
residuefield R/m = k.Wepresent a proof ofGrothendieck’s non-vanishingTheorem
in local cohomology (see [41]) and of its counterpart in local homology, independent

© Springer International Publishing AG, part of Springer Nature 2018
P. Schenzel and A.-M. Simon, Completion, Čech and Local Homology
and Cohomology, Springer Monographs in Mathematics,
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of Cohen’s structure theorems for complete Noetherian local rings (for the local
cohomology see also [15, 6.1.4]). We first recall that any ideal of R is generated by
a weakly pro-regular sequence. We shall make intensive use of Matlis duality, as
recalled in 2.3.2. That is, we denote by E the injective hull of k: E = ER(k), which
is an injective cogenerator, and we put M∨ = HomR(M, E) for the Matlis dual of
an R-module M . We simply denote by ˆ(·) the m-completion functor and recall that
E also has the structure of an R̂-module and is also the injective hull of k as an
R̂-module.

Theorem A.1.1 Let (R,m, k) denote a Noetherian local ring with its maximal ideal
and residue field. Let M �= 0 be a finitely generated R-module and d = dimR M.
Then

(a) Hi
m(M) is an Artinian R-module for all i ∈ N and has the structure of an R̂-

module,
(b) Hi

m(M) = 0 for all i > d,
(c) Hd

m(M) �= 0 and mR̂ /∈ AssR̂(Hd
m(M))∨ provided d > 0.

Proof Let M
∼−→ I denote a minimal injective resolution of M . Then

I i ∼= ⊕p∈Spec RER(R/p)μi (p,M)

with μi (p, M) = dimk(p) HomRp
(k(p), Mp)) < ∞ (see e.g. [55] and [9], or 4.5.18).

Here ER(R/p) denotes the injective hull of R/p. Because Γm(ER(R/p)) = 0 for
each non-maximal prime ideal it follows that Hi

m(M) is a sub-quotient of Eμi (m,M)

and therefore an Artinian R-module. For the last claim in (a), see 2.3.2.
For the proof of (b) we refer to Corollary7.6.5. We apply it to M and a system of

parameters x of M . Note that this is also a system of parameters of R/AnnR(M).
(We may also refer to the more general Theorem7.6.7.)

For the proof of (c) recall that Hi
m(M) ⊗R R̂ ∼= Hi

mR̂
(M ⊗R R̂) for all i ∈ Z,

where R̂ denotes them-completion of R (see 9.8.2). As dimR M = dim R̂(M ⊗R R̂)

we may and do assume without loss of generality that R is m-complete. Then the
(Hi

m(M))∨ are finitely generated R-modules because the Hi
m(M) are Artinian (see

2.3.2) so that the AssR((Hi
m(M))∨) are finite sets.

We first show that m /∈ AssR(Hd
m(M))∨ provided d > 0. To this end, let N =

Γm(M) be the largest submodule of finite length ofM . Then the short exact sequence
0 → N → M → M/N → 0 implies Hd

m(M) ∼= Hd
m(M/N ) as follows because of

d > 0 and (b). Therefore we may assume N = 0 and the existence of an M-regular
element x ∈ m. So we have the short exact sequence 0 → M

x→ M → M/xM →
0. By applying the local cohomology functor it induces a surjection Hd

m(M)
x→

Hd
m(M) → 0 as follows by (b) and dimR M/xM < d. Therefore there is an injection

0 → (Hd
m(M))∨ x→ (Hd

m(M))∨ which proves the claim.

https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_4
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Now we prove the non-vanishing of Hd
m(M) by induction on d. The case d = 0 is

obvious since in this case 0 �= M = Γm(M) = H 0
m(M). For d > 0 we may assume

(as above) that the largest submodule of finite length N of M vanishes. For d = 1
we get H 1

m(M) ∼= Mx/M �= 0. So we may assume that d ≥ 2. By prime avoidance
choose an M-regular element x ∈ m with the additional property that x /∈ p for all
p ∈ AssR(Hd−1

m (M))∨ \ {m}. Then there is a short exact sequence 0 → M
x→ M →

M/xM → 0 which induces an exact sequence

(Hd
m(M))∨ → (Hd−1

m (M/xM))∨ → (Hd−1
m (M))∨ x→ (Hd−1

m (M))∨.

By the induction hypothesis Hd−1
m (M/xM) �= 0. Assume now that Hd

m(M) = 0.
Then (Hd−1

m (M/xM))∨ ∼= HomR(R/x R, Hd−1
m (M)∨) and

∅ �= AssR((Hd−1
m (M/xM))∨) ⊆ V (x R) ∩ AssR(Hd−1

m (M))∨ = {m}.

This implies m ∈ AssR(Hd−1
m (M/xM))∨, contradicting the fact that

m /∈ AssR(Hd−1
m (M/xM))∨

since d > 1. Hence Hd
m(M) �= 0. �

Here is the local homology counterpart of Theorem A.1.1. It concerns Artinian
modules and is a rather direct consequence of A.1.1 (in fact, it is equivalent to A.1.1).
We do not know if this has already been noticed.

Theorem A.1.2 Let (R,m, k) denote a Noetherian local ring. Let N �= 0 be an
Artinian R-module and d = dim R̂(N∨). Then

(a) Λm
i (N ) is a finitely generated R̂-module for all i ∈ N,

(b) Λm
i (N ) = 0 for all i > d, and

(c) Λm
d (N ) �= 0.

Proof First recall that N has the structure of an R̂-module, that N∨ := HomR

(N , E) ∼= Hom R̂(N , E) and that N∨ is finitely generated over R̂ (see 2.3.2). As
Ann R̂(N∨) = Ann R̂(N )we note that d := dim R̂(N∨) = dim R̂(R̂/Ann R̂(N )). Note

also thatΛm
i (N ) ∼= ΛmR̂

i (N ) by 9.8.1. All this together reduces the statements to the
case of a Noetherian local ring complete in its maximal-adic topology. In this case,
the natural embedding N ↪→ N∨∨ is an isomorphism and

Λm
i (N ) ∼= Λm

i (N∨∨) ∼= (Hi
m(N∨))∨

by 9.2.5. As N∨ is finitely generated Hi
m(N∨) is Artinian and its Matlis dual is

finitely generated (see 2.3.2 again). This proves (a). The statement in (b) follows
by Corollary7.6.5 applied to N , to a parameter system of R in place of x and to a
parameter system of R/AnnR(N ) in place of y. Note that both statements (b) and
(c) also follow from the isomorphism

https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_9
https://doi.org/10.1007/978-3-319-96517-8_9
https://doi.org/10.1007/978-3-319-96517-8_2
https://doi.org/10.1007/978-3-319-96517-8_7


320 Appendix

Λm
i (N ) ∼= (Hi

m(N∨))∨

and Theorem A.1.1 applied to the finitely generated module N∨. �

Let (R,m, k) be a Noetherian local ring with E = ER(k) the injective hull of the
residue field. The finitely generated R̂-modulesΛm

i (E), i ∈ Z, seem to be interesting
objects for further investigation (Λm

i (E) ∼= (Hi
m(R))∨). Some aspects of them were

considered in Part III.

Remark A.1.3 Let R denote a commutative ring and N an R-module. In his paper (see
[54]) I.G. Macdonald introduced a dual to the primary decomposition, the secondary
representation. An R-module M is called secondary if the multiplication map M

x→
M is either surjective or nilpotent. In this case p = Rad AnnR M is a prime ideal
and M is called p-secondary. A secondary representation of an R-module M is an
expression

M = N1 + · · · + Nn

with afinite sumofpi -secondary submodules Ni , i = 1, . . . , n. Such adecomposition
can be refined to a minimal one with pairwise different prime ideals {p1, . . . , pm}
and AttR M = {p1, . . . , pm} is called the set of attached prime ideals of M .

An Artinian R-module possesses a secondary representation. If R is Noetherian
and N is an Artinian R-module, then a prime ideal p is an attached prime of N if
and only if there is an epimorphic image N → N ′ → 0 such that AnnR N ′ = p. We
refer to [54] or [58, Appendix to §6] for more details.

Assume now that (R,m, k) is a Noetherian local ring and simply denote by ˆ(·)
the m-completion functor. We note that m ∈ AttR(N ) if and only mR̂ ∈ AssR̂(N∨)

for an Artinian R-module N resp. m ∈ AssR M if and only if m ∈ AttR(M∨) for a
finitely generated R-module M .

Related to A.1.1 resp. A.1.2 we have the following:

(a) Let M be a finitely generated R-module. Then m /∈ AttR Hd
m(M) provided d =

dimR M > 0.
(b) Let N be anArtinian R-module. ThenmR̂ /∈ AssR̂ Λm

d (N ) for d = dim R̂(N∨) >

0.

Note that the proof of (a) is a consequence of A.1.1 (c). For the proof of (b) first
recall that Λm

d (N ) ∼= ΛmR̂
d (N ) so we may assume that R is m-complete. Then we

have the isomorphisms

Λm
d (N ) ∼= Λm

d (N∨∨) ∼= (Hd
m(N∨))∨.

As N∨ is a finitely generated module of dimension d this claim is also a consequence
of A.1.1 (c).

Here we have to add a bibliographical remark. Theorem A.1.2 was shown inde-
pendently in a slightly different form by N.T. Cuong and T.T. Nam (see [22, 4.10]).
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Moreover, in that paper the authors also study local homology. For an ideal a of a
commutative ring R and an R-module M they consider lim←−TorRi (R/at , M) as the
i th local homology of M with respect to a (see also [83]). By 7.1.8 resp. by [38]
there are short exact sequences

0 → lim←−
1 TorRi+1(R/at , M) → Λa

i (M) → lim←−TorRi (R/at , M) → 0.

In the case when M is an Artinian R-module over a Noetherian local ring (the
situation mainly investigated in [22]) it is shown that Λa

i (M) ∼= lim←−TorRi (R/at , M)

for all i ≥ 0. This can be proved as follows: since M is Artinian by Matlis duality
there is a finitely generated R̂-module N such thatM ∼= (N )∨. Then by the definition
of the direct limit there is a short exact sequence

0 → ⊕Ext1R(R/at , N ) → ⊕Ext1R(R/at , N ) → lim−→Ext1R(R/at , N ) → 0.

By applying the Matlis duality functor HomR(·, E) = (·)∨ and by 1.4.8 we get an
exact sequence

0 → lim←−TorRi (R/at , M) →
∏

TorRi (R/at , M) →
∏

TorRi (R/at , M) → 0.

By virtue of 1.2.2 this implies lim←− 1 TorRi (R/at , M) = 0. In the more general

case of an Artinian module over any Notherian ring, note that the TorRi (R/at ,
M)’s are Artinian (as sub-quotients of Artinian ones), hence the inverse systems
{TorRi (R/at , M) | t > 0} satisfy the Mittag-Leffler conditions and lim←−

1(TorRi (R/at ,
M)) = 0 for all i ≥ 0.

A.2 Pro-regular or Weakly Pro-regular Sequences, Some
Examples

As we have seen, Koszul complexes and weakly pro-regular sequences play a sub-
stantial rôle in the study of local homology and cohomology. Note, however, that
Greenlees and May in [38], later Lipman et al. in [1], used another notion, slightly
stronger as we shall see. In this section we first recall this notion. Then we will
investigate several examples which illustrate some of the assumptions in our previ-
ous investigations. They are collected from the references and in some cases slightly
modified.

The following notions are due to Greenlees and May (see [38]).

Definitions A.2.1 Let x = x1, . . . , xk denote a sequence of elements in a commu-
tative ring R and let M be an R-module. This sequence x is called pro-regular with
respect to M (M-pro-regular for short) if for all i = 1, . . . , k and each integer n > 0
there is an integer m ≥ n such that

https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_1


322 Appendix

(xm1 , . . . , xmi−1)M :M xmi ⊆ (xn1 , . . . , x
n
i−1)M :M xm−n

i .

It is called pro-regular if it is pro-regular with respect to R.
For a single element x we say that M is of bounded x R-torsion if the increasing

sequence 0 :M xm ,m > 0, of submodules ofM stabilizes.We say that R is of bounded
x R-torsion if 0 :R xm , m > 0 stabilizes.

Remarks A.2.2 Let x = x1, . . . , xk denote a system of elements of the ring R. Let
M denote an R-module.

(a) Any M-regular sequence x is also M-pro-regular.
(b) If the R-module M is Noetherian, then any sequence x = x1, . . . , xk in R is

M-pro-regular. This follows because for each fixed n ≥ 1 the increasing sequence
(xn1 , . . . , x

n
i−1)M :M xm−n

i , m ≥ n, of submodules of M stabilizes.
(c) A length one sequence x is M-pro-regular if and only if M is of bounded

x R-torsion.
(d) Assume that the sequence x = x1, . . . , xk is M-pro-regular. Then so is the

sequence x1, . . . , xi for all i , 1 ≤ i < k. Moreover, for all n ≥ 1 and all i , 1 ≤
i < k, the sequence xni+1, . . . , x

n
k is pro-regular with respect to M/(xn1 , . . . , x

n
i )M .

In particular, for all n ≥ 1 the increasing sequence (xn1 , . . . , x
n
k−1)M :M xrk , r > 0,

stabilizes.

The next lemma shows that any pro-regular sequence is weakly pro-regular too
(the case M = R of the following was already in [75, Lemma 2.7]).

Lemma A.2.3 Let x = x1, . . . , xk denote a sequence of elements in a commutative
ring R. Let M denote an R-module. Assume that the sequence x is pro-regular with
respect to M. Then it is weakly pro-regular with respect to M.

Proof For the proof we proceed by induction on k. For k = 1 the result is clear (see
7.3.2 (c) and A.2.2 (c)). Put y = xk+1. Then for natural numbers s ≥ t the Koszul
homology provides the following commutative diagram with exact rows

0 H0(ys; Hi (xs; M)) Hi (xs , ys; M) H1(ys; Hi−1(xs; M)) 0

0 H0(yt ; Hi (xt ; M)) Hi (xt , yt ; M) H1(yt ; Hi−1(xt ; M)) 0

for each i ∈ N (see 5.2.4). Themodule H0(ys; Hi (xs; M)) is a quotient of Hi (xs; M).
By virtue of 1.2.4 and the inductive hypothesis it follows that the inverse system
{H0(ys; Hi (xs; M))} on the right is pro-zero for all i ≥ 1. The module H1(ys;
Hi−1(xs; M)) is a submodule of Hi−1(xs; M). By the same argument as above the
inverse system {H1(ys; Hi−1(xs; M))} on the right is pro-zero for all i > 1.

By the assumption the sequence x, y is M-pro-regular, so y is pro-regular and
also weakly pro-regular with respect to M/xt M ∼= H0(xt ; M) (see A.2.2). It follows
that the inverse system on the right for i = 1 is also pro-zero. Then by 1.2.4 again the

https://doi.org/10.1007/978-3-319-96517-8_7
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diagram above implies that the inverse system {Hi (xt , yt ; M)} is pro-zero for each
i �= 0, completing the inductive step. �

Example A.2.4 It is noteworthy that weakly pro-regular sequences are not always
pro-regular. The following example was kindly communicated by J. Lipman (see
[2]). It also provides an example of a non-weakly pro-regular sequence. Let R =∏

n>0 Z/2nZ and consider the element x = (2, 2, 2, . . .) ∈ R.
(a) First note that R is not of bounded x R-torsion, as is easily seen. Hence

the length one sequence x is neither weakly pro-regular nor pro-regular and the
sequences x and x, 1 are not pro-regular. But the sequence x, 1 is weakly pro-regular
since Hi (xn) = 0 for all i ≥ 0 (see 5.2.5). Note, however, that the sequence 1, x is
obviously pro-regular. This example also shows that pro-regular sequences are not
permutable without any additional assumptions.

(We note that the above example is very close to an earlier example by Verdier of
a sequence which is not weakly pro-regular (see [42] and A.2.5).)

(b) When the ring is Noetherian it is known that Hi (Čx ⊗R J ) = 0 for all i >

0 and all injective R-modules J (see also the more general 7.3.3). This does not
hold in full generality. Take again for R the ring described above and consider the
length one sequence x . We first observe that the homomorphisms H1(xt ) → H1(x)
are not zero. Let f be the injection of H1(x) into its injective hull, denoted by J .
Then f ∈ H 1(x; J ) and its image in H 1(xt ; J ) is not zero. Hence H 1(Čx ⊗R J ) ∼=
lim−→ H 1(xt ; J ) �= 0.

The next example provides another more explicit injective R-module such that
its Čech cohomology does not vanish in positive dimension. To this end we need the
notion of trivial extension recalled in 2.8.5.

Example A.2.5 The following example is a slight simplification of an example of
J.-L. Verdier (see also [42]).

(a) For the example, let k denote a field and R = k[[x]] denote the formal power
serious ring in the variable x over k. Let M = ⊕n≥1R/(xn)R and let m ≥ 1 denote
a natural number. Then M is a submodule of N = ∏

n≥1 R/(xn). Let S = R � M ,
the trivial extension of R by M and put x ′ = (x, 0) ∈ S. We have the following
isomorphism of the Koszul homology modules

Hi (x
′m; S) ∼= Hi (x

m; S) for all i ∈ Z

where S is viewed as an R-module.
For S as an R-module it follows that

H1(x
m; S) ∼= H1(x

m; R) ⊕ H1(x
m; M) ∼= H1(x

m; M)

since xm is an R-regular element for all m ≥ 1. Clearly we get

H1(x
m, M) ∼= (⊕1≤n≤m R/xn R) ⊕ (⊕n>mx

n−m(R/xn R)).

https://doi.org/10.1007/978-3-319-96517-8_5
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For integers m ′ ≥ m we consider the transition homomorphism

ρm,m ′ : H1(x
m ′

, M)
xm

′−m−→ H1(x
m; M).

Then it follows that themapρm,m ′ is onto in componentsn ≥ m ′. So that themapρm,m ′

is not zero and the inverse system {H1(xm; M) | m ≥ 1} is not pro-zero. Another
argument is that S is not of bounded x ′S-torsion, as is seen by a similar argument.

(b) By virtue of the result in 7.3.3 it follows that there is an injective S-module I
such that Hi (Čx ′ ⊗S I ) �= 0 for i = 1. Next we shall construct an explicit example
of such an I . To this end let E = ER(k) denote the injective hull of the residue
field k = R/x R. Then HomR(S, E) is an injective S-module. We shall prove that
H 1(Čx ′ ⊗S HomR(S, E)) �= 0.

By the change of rings result we first note that there is an isomorphism

Čx ′ ⊗S HomR(S, E) ∼= Čx ⊗R HomR(S, E).

This yields the isomorphism

H 1(Čx ′ ⊗S HomR(S, E)) ∼= lim−→ H 1(xm;HomR(S, E)).

Because S = R ⊕ M it turns out that

lim−→ H 1(xm;HomR(S, E)) ∼= lim−→ H 1(xm; E) ⊕ lim−→ H 1(xm;HomR(M, E)).

Because x is regular on R and since E is an injective R-module the first direct limit
vanishes. It will be enough to show that the second limit does not vanish.

By duality we have that HomR(R/(xn), E) ∼= R/(xn) for all n ≥ 1, and therefore
HomR(M, E) ∼= N . We note that

H 1(xm; N ) ∼= N ⊗R R/(xm) ∼=
∏

n≥1

R/(xn, xm).

For all m ′ ≥ m we investigate the natural homomorphism

σm,m ′ : H 1(xm; N ) ∼=
∏

n≥1

R/(xn, xm) → H 1(xm
′ ; N ) ∼=

∏

n≥1

R/(xn, xm
′
),

which is the multiplication by xm
′−m . Let p = (1 + x R)n≥1 ∈ H 1(x; N ). Its image

under multiplication by xm−1 in H 1(xm; N ) is

(0, . . . , 0︸ ︷︷ ︸
1≤n<m

, xm−1 + xm R, . . .︸ ︷︷ ︸
n≥m

) �= 0.

https://doi.org/10.1007/978-3-319-96517-8_7
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Therefore the image of p in lim−→ H 1(xm; N ) is not zero and lim−→ H 1(xm; N ) does not

vanish. For the injective S-module HomR(S, E)we get H 1(Čx ′ ⊗S HomR(S, E)) �=
0. Namely

H 1(Čx ′ ⊗S HomR(S, E)) ∼= lim−→ H 1(xn; N ) �= 0

as shown above.

Next we produce a commutative ring S and a sequence of elements x ′ such that
M(x ′; F) has non-vanishing homology in positive degree for a certain flat S-module
F . Note that Hi (M(x ′; F)) ∼= Λ

xS
i (F) = 0 for i > 0 provided x ′ is a weakly pro-

regular sequence (see 7.5.5 or 7.5.12). Hence our sequence will not be weakly pro-
regular.

Example A.2.6 Let R = k[[x1, . . . , xn]] denote the power series ring in n variables
over the field k. Let E = ER(k) denote the injective hull of the residue field. Then
define S = R � E and x ′ = ((x1, 0), . . . , (xn, 0)), a sequence of elements in S. We
investigate the microscope M(x ′; S) in the present example. We have

M(x ′; S) ∼= M(x; S) ∼= HomR(T (x), S) ∼=
HomR(T (x), R) ⊕ HomR(T (x), E))

where x = (x1, . . . , xn) is viewed as a sequence in R (see 7.5.9 for the second
isomorphism). Note that

Hi (HomR(T (x), E)) ∼= Hi (HomR(Čx , E)) ∼= Hi ((Čx )
∨) ∼= (Hi (Čx ))

∨.

But the sequence x is regular on R, a fortiori weakly pro-regular. Hence the com-
plex Čx represents RΓx R(R) in the derived category (see 7.4.4) and we know by the
Grothendieck non-vanishing Theorem (recalled in A.1.1) that Hn(Čx ) �= 0. There-
fore M(x ′; S) has non-vanishing homology in degree n.

A.3 The Right-Derived Functors of the Completion
Functor

In the previous chapters we investigated the left-derived functors LΛa(·) of the
functor Λa(·). While Λa(·) is neither left nor right exact as discussed earlier it
makes sense to look at the right-derived functors of Λa(·), though these are much
less interesting. At first this was done by Greenlees and May (see [38]) in the case of
R-modules. In this section we shall slightly extend their results to finitely generated
ideals and complexes.

First we have to prove that RΛa is well defined in the derived category.

https://doi.org/10.1007/978-3-319-96517-8_7
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Lemma A.3.1 Let a ⊂ R denote an ideal of a commutative ring R and let f : I ∼−→
I ′ be a quasi-isomorphism between K -injective R-complexes. Then the induced
morphism Λa( f ) : Λa(I )) → Λa(I ′) is also a quasi-isomorphism.

Proof There is an inverse system of quasi-isomorphisms

R/at ⊗R I
∼−→ R/at ⊗R I ′

(see 4.4.11). Passing to the inverse limit we obtain the quasi-isomorphism Λa( f ) :
Λa(I ))

∼−→ Λa(I ′) because the inverse systems {R/at ⊗R I } and {R/at ⊗R I ′} are
degree-wise surjective (see 1.2.9). �

Theorem and Definition A.3.2 Let a ⊂ R denote an ideal of a commutative ring
R. Then the right-derived functor RΛa is well defined in the derived category.

More precisely, let X be any R-complex with one of its K -injective resolutions
X

∼−→ I . Then RΛa(X) is represented by Λa(I ).
Note also the natural map X → RΛa(X) in the derived category, represented by

the composite X
∼−→ I → Λa(I ).

Proof In view of the remarks in 4.4.12 this is a direct consequence of
Lemma A.3.1. �

Notation A.3.3 In the following the i th right-derived functor of the Λa, namely the
i th cohomology modules Hi (RΛa(·), will be denoted by RiΛa(·).

Of course, wemay compute RΛa(X) and its cohomology by using a DG-injective
resolution of X . At first we investigate the completion of any complex of injective
modules.

Proposition A.3.4 Let a denote a finitely generated ideal of a commutative ring R.
Then there is a natural isomorphism

Λa(I ) ∼= HomR(Γa(R), I )

for any R-complex I of injective modules.

Proof Weprove this degree-wise. That is, wemay and do assume that I is an injective
R-module.

Because the ideal a is finitely generated the ideals at are also finitely generated
for all t ≥ 1. By 1.4.1 for M = R/at and N = R there is an isomorphism of inverse
systems

R/at ⊗R I ∼= HomR(HomR(R/at , R), I ).

By passing to the inverse limit and by using 1.3.3 we get the claim. Recall that
lim−→HomR(R/at , R) ∼= Γa(R). �

Now we prove the main result of this section.

https://doi.org/10.1007/978-3-319-96517-8_4
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Theorem A.3.5 Let a be a finitely generated ideal of a commutative ring R. Let X
denote an R-complex. Then there is an isomorphism

RΛa(X) � RHomR(Γa(R), X)

in the derived category. In particular, there are isomorphisms

Hi (RΛa(X)) := RiΛa(X) ∼= ExtiR(Γa(R), X)

for all i ∈ Z.

Proof Let X
∼−→ I be a DG-injective resolution. By A.3.4 we have the

isomorphism Λa(I ) ∼= HomR(Γa(R), I ). As Λa(I ) represents RΛa(X) the state-
ments follow. �

Remarks A.3.6 (a) In the situation of A.3.5, if the ring R does not have a-torsion, in
particular if R is an integral domain, then Γa(R) = 0 and therefore RiΛa(X) = 0
for all i ∈ Z.

(b)Wedo not knowwhat happens toRΛa(X) if the ideal a is not finitely generated.
(c) Let a be an ideal generated by a weakly pro-regular sequence x = x1, . . . , xr .

Then we know that Λa
i (X) ∼= Hi (HomR(Čx , I )) for all i ∈ Z, where X

∼−→ I is a
DG-injective resolution of X (see 7.5.12). There is a spectral sequence

E2
i, j = Hi (HomR(H− j

a (R), I )) =⇒ E∞
i+ j = Λa

i+ j (X).

We observe that E2
i,0

∼= RiΛa(X) is one of the initial stages for computing Λa
i (X).

A.4 Specific Rings

In general our interest is in commutative rings. For several results therewas a need for
additional assumptions (e.g. finitely generated ideals, weakly proregular sequences,
or Noetherian, coherent rings and so on). In this part of the Appendix we shall
summarize some more results in this direction, in particular illustrating the need for
additional assumptions.

First recall the definition of a coherent ring (see 1.4.2). This definition generalizes
the notion of a Noetherian ring. As we have seen it is related to the notion of flatness.
Here we recall Chase’s theorem (see [19], [13, Exercise 1.2, 12] or [26, Theorem
3.2.24]). To this end we need the following interesting lemma (see [26, Lemma
3.2.21]).

https://doi.org/10.1007/978-3-319-96517-8_7
https://doi.org/10.1007/978-3-319-96517-8_1
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Lemma A.4.1 Let M denote an R-module. Then the following conditions are equiv-
alent.

(i) M is finitely generated.
(ii) The natural homomorphism M ⊗R

∏
λ∈Λ Nλ → ∏

λ∈Λ M ⊗R Nλ is surjective
for any family of R-modules {Nλ}i∈Λ.

(iii) The natural homomorphism M ⊗R RΛ → MΛ is surjective for any index set
Λ.

(iv) The natural homomorphism M ⊗R RM → MM is surjective.

Proof (i) =⇒ (ii). Let 0 → N → L → M → 0 be a short exact sequence with L a
finitely generated free R-module. It induces a commutative diagramwith exact rows

N ⊗R
∏

λ∈Λ Nλ L ⊗R
∏

λ∈Λ Nλ M ⊗R
∏

λ∈Λ Nλ 0

∏
λ∈Λ(N ⊗R Nλ)

∏
λ∈Λ(L ⊗R Nλ)

∏
λ∈Λ(M ⊗R Nλ) 0.

Since the vertical homomorphism in themiddle is an isomorphism the vertical homo-
morphism on the right is surjective.

(ii) =⇒ (iii) =⇒ (iv). These implications are trivial.
(iv) =⇒ (i). By the assumption idM ∈ MM is the image of

∑n
i=1 mi ⊗ fi for

somemi ∈ M and some fi ∈ RM . Note thatmi ⊗ fi maps to the function M → M :
x �→ fi (x) · mi . Therefore m = ∑n

i=1 fi (m)mi for all m ∈ M . That is, m1, . . . ,mn

generate M . �

The following result was shown by Chase (see [19]).

Theorem A.4.2 Let R denote a commutative ring. Then the following conditions
are equivalent.

(i) R is coherent.
(ii) Every product of flat R-modules is flat.
(iii) RΛ is a flat R-module for any set Λ.
(iv) Every finitely generated submodule of a finitely presented R-module is finitely

presented.

Proof (i) =⇒ (ii). This was already observed in 1.4.4.
(ii) =⇒ (iii) and (iv) =⇒ (i) are trivial implications.
(iii) =⇒ (iv). Let M denote a finitely presented R-module. By 1.4.4 the natural

map M ⊗R RΛ → MΛ is an isomorphism for any set Λ.
Now let N ⊂ M denote a finitely generated submodule of M . We have to show

that N is finitely presented.
Since RΛ is R-flat it induces a commutative diagram with exact rows

https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_1
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0 N ⊗R RΛ M ⊗R RΛ

0 NΛ MΛ,

whence the homomorphism N ⊗R RΛ → NΛ is injective. Since N is finitely gener-
ated this homomorphism is also surjective (see A.4.1) and therefore an isomorphism.

Now let 0 → N ′ → L → N → 0 be a short exact sequence with L a finitely
generated free R-module. It induces a commutative diagram with exact rows

N ′ ⊗ RΛ L ⊗ RΛ N ⊗ RΛ 0

0 N ′Λ LΛ NΛ 0.

Since both vertical homomorphisms at the right are isomorphisms it follows that the
vertical homomorphism on the left is surjective. By A.4.1 N ′ is finitely generated
and therefore N is finitely presented. �

In the search for examples the following lemma may be useful.

Lemma A.4.3 Let R denote a commutative ring and assume there is a principal
ideal a = aR ⊂ R such that the ideal AnnR(a) is not finitely generated. Then a is
not finitely presented and RΛ is not flat, where Λ denotes the index set given by the
pairwise distinct elements of AnnR(a).

Proof We shall first prove that the natural map a ⊗R RΛ → aΛ is not injective. This
will imply that a is not finitely presented (see 1.4.4). To this end note that there
is a short exact sequence 0 → AnnR(a) → R → a → 0 because a is principal. It
induces a commutative diagram with exact rows

(AnnR(a)) ⊗R RΛ RΛ a ⊗R RΛ 0

0 (AnnR(a))Λ RΛ aΛ 0.

In this diagram the vertical homomorphism on the left is not surjective by Lemma
A.4.1 (i) ⇔ (iv). By the snake lemma it follows that the vertical homomorphism on
the right is not injective.

Suppose now that RΛ is flat. Then there is a commutative diagram with exact
rows

https://doi.org/10.1007/978-3-319-96517-8_1
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0 a ⊗R RΛ RΛ R/a ⊗R RΛ 0

0 aΛ RΛ (R/a)Λ 0

and the vertical homomorphism on the left is injective, in contradiction with the first
part of the proof. Hence RΛ is not flat. �

With respect to injective modules and direct sums there is a remarkable theorem
due Z. Papp (see [62]) and H. Bass (see [8, Theorem 1.1]. We include the proof here.

Theorem A.4.4 For a commutative ring R the following conditions are equivalent.

(i) R is Noetherian.
(ii) Every direct limit of injective R-modules is injective.
(iii) Every direct sum of injective R-modules is injective.

Proof (i) =⇒ (ii): See 1.4.7.
(ii) =⇒ (iii): This is trivial since direct sums are particular cases of direct limits.
(iii) =⇒ (i): Suppose that R is not Noetherian. Then there is an infinite sequence

of different ideals
a1 ⊂ a2 ⊂ . . . ⊂ an ⊂ . . . .

Let a = ∪n≥1an . Then a is an ideal and a/an �= 0 for all n ≥ 1. Let fn denote the
composition of the projection pn : a → a/an and the inclusion a/an ⊆ En , where
En denotes the injective hull of a/an . Note that fn is not zero but for all a ∈ a almost
all the fn(a) are null. Hence these fn define a homomorphism

f : a → ⊕n≥1En, a �→ ( fn(a))n≥1.

Now assume that ⊕n≥1En is an injective R-module. Then there is a map g : R →
⊕n≥1En extending f . Note that there is an index n such that the component of g(1)
in En′ is null for all n′ > n. Now choose an indexm > n and an element am ∈ a \ am .
The component fm(am) of f (am) in Em is non-zero by the choice of a. On the other
hand the component of f (am) = g(am) = amg(1) in Em is zero by the choice of m.
This contradiction finishes the proof. �

As another sample of specific rings we will consider self-injective rings.

Definition A.4.5 A commutative ring R is called self-injective if R as an R-module
is injective.

Note that a Noetherian ring R is self-injective only if it is Artinian. However, the
notion is interesting for non-Noetherian rings. In the following we shall investigate
when the trivial extension R � E is self-injective (see 2.8.5 for the notion of trivial
extension).

https://doi.org/10.1007/978-3-319-96517-8_1
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Theorem A.4.6 Let R denote a commutative ring with E an R-module. Then the
following conditions on the trivial extension S = R � E are equivalent.

(i) S is self-injective and AnnR E = 0.
(ii) E is R-injective and R ∼= HomR(E, E).

When these conditions are satisfied there is an isomorphism S ∼= HomR(S, E) of
S-modules.

Proof Let a = 0 � E . Clearly a is an ideal of S and a2 = 0.
(i) ⇒ (ii): Since AnnR E = 0 we have that

a = 0 :S a ∼= HomS(S/a, S)

as is easily seen. Because S is self-injective note that a ∼= HomS(S/a, S) is an injec-
tive module over the ring S/a ∼= R. Since there is an isomorphism of R-modules
a ∼= E it follows that E is an injective R-module.

Next note that the short exact sequence 0 → a → S → S/a → 0 induces the
short exact sequence 0 → HomS(S/a, S) → S → HomS(a, S) → 0 and isomor-
phisms of R-modules

HomS(a, S) ∼= S/a ∼= R

since S is self-injective and HomS(S/a, S) ∼= a.
Finally, note the isomorphisms of R-modules

HomR(E, E) ∼= HomS/a(a, a) ∼= HomS(a,HomS(S/a, S))

∼= HomS(a/a
2, S) ∼= HomS(a, S) ∼= R.

(ii)⇒ (i) and the last assertion: First note that the isomorphism R ∼= HomR(E, E)

yields AnnR E = 0. Put I := HomR(S, E). Then I is an injective S-module and
there is an isomorphism θ of R-modules

I := HomR(S, E) = HomR(R, E) ⊕ HomR(E, E)
θ←− E ⊕ R.

Note that both I and E ⊕ R ∼= R ⊕ E = S have the structure of an S-module. It
remains to check that θ is also an isomorphism of S-modules. To this end let
us first describe the image θ(e,r) of any element (e, r) ∈ E ⊕ R by θ . It is an R-
homomorphism S → E given by

θ(e,r)(r
′, e′) = r ′e + re′ for all (r ′, e′) ∈ S.

Hence

θ(r ′′,e′′)·(e,r)(r ′, e′) = θ(r ′′e+re′′,rr ′′)(r
′, e′) = r ′(r ′′e + re′′) + rr ′′e′.

On the other hand, by the structure of I := HomR(S, E) as an S-module, we have
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((r ′′, e′′) · θ(e,r))(r
′, e′) = θ(e,r)((r

′′, e′′) · (r ′, e′)) = θ(e,r)(r
′r ′′, r ′e′′ + r ′′e′)

= r ′r ′′e + r(r ′e′′ + r ′′e′) for all (r ′, e′) ∈ S.

It follows that (r ′′, e′′) · θ(e,r) = θ(r ′′,e′′)·(e,r). Therefore θ is an isomorphism of S-
modules. �

The previous result was shown by C. Faith (see [27]) in a slightly more general
setting. Our proof is completely different.

A.5 Some Examples of Modules

For an arbitrary commutative ring R the property of being an injective R-module
does not localize. This was investigated by E.C. Dade in his remarkable paper [23]. In
fact he constructed commutative rings with the property that there exist an injective
R-module I and a multiplicatively closed set S ⊂ R such that IS is not an injective
R-module, but no concrete module is described.

Before we discuss an example, let us consider localizations of injective modules.

Remark A.5.1 Let R denote a commutative ring and S ⊂ R amultiplicatively closed
set. From the natural homomorphism R → RS it follows that HomR(M, N ) ∼=
HomRS (M, N ) for two RS-modules M, N . Therefore an RS-module which is R-
injective is also RS-injective and conversely an RS-module which is RS-injective is
also R-injective since RS is R-flat.

The following well-known statement is usually proved with the aid of Matlis’
structure theory of injective modules over a Noetherian ring.

Proposition A.5.2 Let S ⊂ R be a multiplicatively closed subset of a Noetherian
ring R. Let I denote an injective R-module. Then IS = I ⊗R RS is an injective
R-module and equivalently an injective RS-module.

Proof In view of 1.4.10 it is enough to prove that (IS)∨ is R-flat. But (IS)∨ =
(I ⊗R RS)

∨ ∼= HomR(I, (RS)
∨) and (RS)

∨ is an injective R-module since RS is
R-flat (see 1.4.10 again or 1.4.1). Then the result follows by 1.4.5. �

The first application concerns the localization with respect to a single element
x ∈ R. In the following we denote as usual by I (N) the direct sum of copies of I over
N.

Lemma A.5.3 Let I denote an injective R-module such that I (N) is also an injective
R-module. Then Ix = I ⊗R Rx is an injective R-module for all x ∈ R.

Proof There is a short exact sequence (see 3.1.3)

0 → R(N) φ−→ R(N) → Rx → 0.

https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_1
https://doi.org/10.1007/978-3-319-96517-8_3
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Since Rx is R-flat, tensoring by I provides a short exact sequence

0 → I (N) φ′−→ I (N) → I ⊗R Rx → 0.

Recall that the tensor product commutes with direct sums.
Now assume that I (N) is injective. Then the previous sequence is split-exact.

Therefore I ⊗R Rx is (as a direct summand of I (N)) an injective R-module. �

As far as we know there is no concrete explicit example of an injective R-module,
for a certain ring R and a multiplicatively closed set S ⊂ R, such that IS is not
injective as an R-module or equivalently as an RS-module. In the following we add
such an example, strongly motivated by those of E.C. Dade in [23].

Example A.5.4 (a) Let k denote a field and R = k[[x]] be the formal power series
ring in the variable x over k. Let M = R(N) be the free R-module M = ⊕n≥0Ren
with base (en = (0, . . . , 0, 1, 0 . . .)) (the “1” in the nth position). Let Q denote the
quotient field of R. Then Q/R is an injective R-module, in fact it is the injective hull
ER(k) of the residue field of R.

Let S = R � M , the trivial extension of R by M (see 2.8.5). Then I = HomR

(S, Q/R) is an injective S-module. Let (x, 0) ∈ S. We claim that I(x,0) is not an
injective S-module.

First note that I(x,0) �= 0. This is because the map h ∈ HomR(S, Q/R) = I
defined by h((1, 0)) = 0 and h((0, en)) = (1/xn + R)/R for n ∈ N is not annihilated
by a power of (x, 0).

Next we claim that (0 � M)I(x,0) = 0. Let (0,m) ∈ 0 � M with m = ∑n
i=0 ri ei

and f ∈ I . Then (0,m) f = ∑n
i=0(0, ri ei ) f and for all i ∈ N the homomorphism

(0, ei ) f ∈ HomR(S, Q/R) is defined by ((0, ei ) f )(r,m ′) = f (0, rei ) = r f (0, ei ).
As f (0, ei ) ∈ Q/R is annihilated by a power of x it follows that (0, ei ) f is annihi-
lated by a power of (x, 0) for i = 0, . . . , n and therefore (0,m)( f/(xl , 0)) = 0 for
some l ∈ N.

Now consider the singly generated ideal a := 0 � Re0 ⊂ 0 � M . It is easily seen
that AnnS a = 0 � M and therefore a ∼= S/(0 � M).

Applying HomS(·, I(x,0)) to the short exact sequence 0 → a → S → S/a → 0
yields an exact sequence

0 → HomS(S/a, I(x,0)) → I(x,0) → HomS(a, I(x,0)) → Ext1S(S/a, I(x,0)) → 0.

Since a annihilates I(x,0) it follows that HomS(S/a, I(x,0)) = I(x,0). Whence the
homomorphism in the middle is the zero map and therefore HomS(a, I(x,0)) ∼=
Ext1S(S/a, I(x,0)). But now

Ext1S(S/a, I(x,0)) ∼= HomS(a, I(x,0)) ∼= HomS(S/(0 � M), I(x,0)) = I(x,0) �= 0.

Recall that 0 � M annihilates I(x,0). Whence I(x,0) is not an injective S-module.

https://doi.org/10.1007/978-3-319-96517-8_2
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(b) Another interesting feature of this example is the following: by A.5.3 it turns
out that I (N) is not an injective S-module since I(x,0) is not injective.

As far as we know the example in A.5.4 (b) is the first explicit example of a
commutative ring S such that the direct sum of injective S-modules is not always
injective. We do not know whether the converse of A.5.3 is true.

By the characterization of coherent rings onemight ask the question: Let R denote
a non-coherent ring. What is an explicit index set Λ such that RΛ is not R-flat. In
the following we shall present an explicit example.

Examples A.5.5 (a) We fix the notation of A.5.4. That is, let R = k[|x |] denote the
formal power series ring over the field k in the variable x . Let M = R(N) denote
the free R-module with base (e0, e1, . . .). As above let S = R � M and let a =
0 � Re0. Then S is a ring which is not coherent, namely a is not finitely presented.
Moreover, the S-module SR is not flat. This follows by Lemma A.4.3. Indeed, we
have AnnS(a) = 0 � M and there are set bijections 0 � M ↔ M ↔ R because R
is infinite.

(b) Here is a smaller example. Let k denote a finite field or the field of rational
numbers. Let V denote a k-vector space of countable dimension and let us form the
ring S = k � V . Then SN is not flat. This again follows by lemma A.4.3, note the
set bijection V ↔ N.

This example has an interesting consequence. Namely, S = k � V is a ring such
that S[[y]], the formal power series ring in one variable y over S, is not S-flat. This
is because there is an isomorphism SN ∼= S[[y]] of S-modules.

(c) Another more sophisticated example will be given in A.5.7.

In the following we shall produce an explicit example of a commutative ring
S with two injective S-modules I, J such that HomS(I, J ) is not a flat S-module.
Recall that it is flat in the case when S is a coherent ring (see 1.4.5). First some
general observations.

Observations A.5.6 Let (R,m, k) denote a Noetherian local ring, complete in its
m-adic topology, and let E = ER(k) denote the injective hull of the residue field.
We consider the trivial extension S = R � E and note the following.

(a) The ring S is self-injective, namely there is an isomorphism S ∼= HomR(S, E)

of S-modules. (This follows by Theorem A.4.6. Note that R ∼= HomR(E, E) since
R is m-complete.)

(b) For all e ∈ E , AnnS(S(0, e)) = (0 :R e) � E , as is easily seen.
(c) If dim R > 0 the ring S is not coherent and the S-module SΛ is not flat, where

Λ denotes the index set given by the pairwise different elements of AnnS(S(0, e)) for
some e ∈ E \ {0}. (This follows by A.4.3. Note that the R-module E is not finitely
generated when dim R > 0. Hence for any e ∈ E \ {0} the ideal

AnnS(S(0, e)) = (0 :R e) � E

of S is not finitely generated.)

https://doi.org/10.1007/978-3-319-96517-8_1
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We are ready for the promised explicit example.

Example A.5.7 Let R = k[[x]] denote the formal power series ring in a variable x
over the fieldkwith E = ER(k) the injective hull of the residuefield. Put S = R � E .

(a) Then the ring S is not coherent and the S-module SR is not flat.
(b) The S-modules S and SR are injective but the S-module HomS(S, SR) is not flat.

To check these claims recall first that E ∼= lim−→HomR(R/xt R, E) because E is x R-
torsion. Moreover, HomR(R/xt R, E), viewed as an R/xt R-module, is the injective
hull of k (see 10.6.1). Since R/xt R is Gorenstein ring of dimension 0 we have an
isomorphismHomR(R/xt R, E) ∼= R/xt R for all t > 0 and there is an element e ∈ E
with (0 :R e) = x R. For this element e we then have AnnS(S(0, e)) = x R � E and
we compute its cardinality with some basic set theoretic arguments.

If k is infinite there are set bijections

HomR(R/xt R, E) ↔ k E ↔ k AnnS(S(0, e)) ↔ R.

If k is finite then E is countable and there is again a set bijection

AnnS(S(0, e)) ↔ R.

Then the claims follow by the observations in A.5.6. For the last one note also that
HomS(S, SR) ∼= SR and that the S-module SR is injective as a product of injective
modules.

https://doi.org/10.1007/978-3-319-96517-8_10
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and Cohomology, Springer Monographs in Mathematics,
https://doi.org/10.1007/978-3-319-96517-8

337

https://www.math.purdue.edu/~lipman/papers/homologyfix.pdf


338 References

18. H. Cartan, S. Eilenberg, Homological Algebra, paperback edn. (Princeton University Press,
Princeton, 1999)

19. S.U. Chase, Direct products of modules. Trans. Am. Math. Soc. 97, 457–473 (1961)
20. X.-W. Chen, S.B. Iyengar, Support and injective resolutions of complexes over commutative

rings. Homol. Homotopy Appl. 12, 39–44 (2010)
21. L.W. Christensen, Gorenstein Dimensions (Springer, Berlin, 2000)
22. N.T. Cuong, T.T. Nam, The I -adic completion and local homology for Artinianmodules.Math.

Proc. Camb. Philos. Soc. 131, 61–72 (2001)
23. E.C. Dade, Localization of injective modules. J. Algebra 69, 416–425 (1981)
24. H.-D. Ebbinghaus, H. Hermes, F. Hirzebruch, M. Koecher, K. Mainzer, J. Neukirch, A. Prestel,

R. Remmert, Numbers. With an introduction by Klaus Lamotke. Translated by H.L.S. Orde.
Edited by John H. Ewing. Paperback ed. (Springer-Verlag, New York, 1991)

25. E. Enochs, Flat covers and flat cotorsion modules. Proc. Am. Math. Soc. 92, 179–184 (1984)
26. E.E. Enochs, O.M. Jenda, Relative Homological Algebra. Vol. 1. 2nd Revised and Extended

ed. (Walter de Gruyter, Berlin, 2011)
27. C. Faith, Self-injective rings. Proc. Am. Math. Soc. 77, 157–164 (1979)
28. R. Fossum,H.-B. Foxby, P. Griffith, I. Reiten,Minimal injective resolutionswith applications to

dualizing modules and Gorenstein modules. Publ. Math. Inst. Hautes Études Sci. 45, 193–215
(1975)

29. H.-B. Foxby, Gorenstein modules and related modules. Math. Scand. 31, 267–284 (1973)
30. H.-B. Foxby, Isomorphisms between complexes with applications to the homological theory

of modules. Math. Scand. 40, 5–19 (1977)
31. H.-B. Foxby, Bounded complexes of flat modules. J. Pure Appl. Algebra 15, 149–172 (1979)
32. H.-B. Foxby, Hyperhomological Algebra and Commutative Algebra (University of Copen-

hagen, Preprint, 1996)
33. H.-B. Foxby, S. Iyengar, Depth and amplitude for unbounded complexes, in Commutative

Algebra. Interactions with AlgebraicGeometry. inProceedings of the International Conference
(Grenoble, France, 2001) July 9–13 and the special session at the joint international meeting of
the American Mathematical Society and the Société Mathématique de France (Lyon, France,
2001) July 17–20, Providence,RI:AmericanMathematical Society (AMS), pp. 119–137 (2003)

34. A. Frankild, Vanishing of local homology. Math. Z. 244, 615–630 (2003)
35. A.J. Frankild, S. Sather-Wagstaff, Detecting completeness from Ext-vanishing. Proc. Am.

Math. Soc. 136, 2303–2312 (2008)
36. S. Gelfand, Y. Manin, Methods of Homological Algebra. Transl. from the Russian, 2nd ed.

(Springer, Berlin, 2003)
37. J. Greenlees, Tate cohomology in commutative algebra. J. PureAppl. Algebra 94, 59–93 (1994)
38. J. Greenlees, J. May, Derived functors of I -adic completion and local homology. J. Algebra

149, 438–453 (1992)
39. A. Grothendieck, Éléments de géométrie algébrique. I: Le langage des schémas. II: Étude

globale élémentaire de quelques classe demorphismes. III: Étude cohomologique des faisceaux
cohérents (première partie)., Publ. Math., Inst. Hautes Étud. Sci., 4 (1960), pp. 1–228

40. A. Grothendieck, Séminaire de géométrie algébrique par Alexander Grothendieck 1962. Coho-
mologie locale des faisceaux cohérents et théorèmes de Lefschetz locaux et globaux. Fasc.
I. Exposés I à VIII; Fasc. II. Exposés IX à XIII. 3ieme édition, corrigée. Bures-Sur-Yvette
(Essonne): Institut des Hautes Études Scientifiques (1962)

41. A.Grothendieck,LocalCohomology.ASeminarGivenbyA.Grothendieck,HarvardUniversity,
Fall 1961. Notes by R. Hartshorne, vol. 41, Lecture notes in mathematics (Springer, Berlin,
1967), 106 p

42. A. Grothendieck, Séminaire de Géométrie Algébrique du Bois Marie 1966/67, SGA 6. Dirigé
par P. Berthelot, A. Grothendieck et L. Illusie, Avec la collaboration de D. Ferrand, J. P.
Jouanolou, O. Jussilia, S. Kleiman, M. Raynaud et J. P. Serre. Théorie des Intersections et
Théorème de Riemann-Roch., vol. XII, Lecture notes in mathematics, 225 (Springer, Berlin,
1971), 700 p



References 339

43. R. Hartshorne, Residues and duality. Appendix: Cohomologie à support propre et construction
du foncteur f !. par P. Deligne. Lecture Notes in Mathematics. 20 (Springer, Berlin, 1966), 423
p

44. R. Hartshorne, Affine duality and cofiniteness. Invent. Math. 9, 145–164 (1970)
45. M. Hochster, Topics in the homological theory of modules over commutative rings,Conference

Board of the Mathematical Sciences, vol. 24, Regional Conference Series in Mathematics
(American Mathematical Society (AMS), VII, $ 4.10, Providence, 1975), 75p

46. B. Iversen, Lecture Notes on Local Rings. Edited by Holger Andreas Nilson (World Scientific,
Hackensack, NJ, 2014)

47. S.B. Iyengar, G.J. Leuschke, A. Leykin, C. Miller, E. Miller, A.K. Singh, U. Walther, Twenty-
four hours of local cohomology (American Mathematical Society (AMS), Providence, RI,
2007)

48. C. Jensen, On the vanishing of lim(i). J. Algebra 15, 151–166 (1970)
49. C. Jensen, Les foncteurs dérivés de lim et leurs applications en théorie des modules. Lecture

Notes in Mathematics. 254 (Springer, Berlin, 1972), 103 p
50. T. Kawasaki, On arithmetic Macaulayfication of Noetherian rings. Trans. Am. Math. Soc. 354,

123–149 (2002)
51. E.Kunz,Kähler differentials.AdvancedLectures inMathematics, VII (Friedr. Vieweg&Sohn.,

Braunschweig/Wiesbaden, 1986), 402 p
52. J.-P. Lafon, Algèbre commutative. Langages geométrique et algébrique. Appendix by M. L.

Pham, L. Mascle. Collection Enseignement des Sciences. 24. Paris: Hermann. 454 p. F. 68.00
(1977)

53. J. Lipman, M. Hashimoto, Foundations of Grothendieck Duality for Diagrams of Schemes
(Springer, Berlin, 2009)

54. I. Macdonald, Secondary representation of modules over a commutative ring. Sympos. Math.;
Algebra Commut. Geometria Convegni (1971/72) 11, 23–43 (1973)

55. E. Matlis, Injective modules over Noetherian rings. Pac. J. Math. 8, 511–528 (1958)
56. E. Matlis, The Koszul complex and duality. Commun. Algebra 1, 87–144 (1974)
57. E. Matlis, The higher properties of R-sequences. J. Algebra 50, 77–112 (1978)
58. H. Matsumura, Commutative Ring Theory. Translated from the Japanese by M. Reid, vol.

XIII, Cambridge studies in advancedmathematics, 8 (Cambridge University Press, Cambridge,
1986), 320 p

59. J. McCleary, A User’s Guide to Spectral Sequences, 2nd edn. (Cambridge University Press,
Cambridge, 2001)

60. L. Melkersson, P. Schenzel, The co-localization of an Artinian module. Proc. Edinb. Math.
Soc., II. Ser. 38, 121–131 (1995)

61. M. Nagata, Local rings. Corr. reprint of the orig. ed. 1962, XIII (Robert E. Krieger Publ. Co.,
Huntington, 1975), 234 p

62. Z. Papp, On algebraically closed modules. Publ. Math. 6, 311–327 (2014)
63. C. Peskine, L. Szpiro, Dimension projective finie et cohomologie locale. applications à la

demonstration de conjectures de M. Auslander, H. Bass et A. Grothendieck. Publ. Math. Inst.
Hautes Études Sci. 42, 47–119 (1972)

64. M.Porta, L. Shaul,A.Yekutieli,On the homologyof completion and torsion.Algebr.Represent.
Theory 17, 31–67 (2014)

65. M. Porta, L. Shaul, A. Yekutieli, Cohomologically cofinite complexes. Commun. Algebra 43,
597–615 (2015)

66. P.H. Quy, F. Rohrer, Injective modules and torsion functors. Commun. Algebra 45, 285–298
(2017)

67. M. Raynaud, L. Gruson, Critères de platitude et de projectivité. Techniques de "platification"
d’un module. (Criterial of flatness and projectivity. Technics of “flatification of a module.).
Invent. Math. 13, 1–89 (1971)

68. I. Reiten, The converse to a theorem of Sharp on Gorenstein modules. Proc. Am. Math. Soc.
32, 417–420 (1972)



340 References

69. P. Roberts, Homological invariants of modules over commutative rings. Seminaire de Math-
ematiques Superieures, vol. 72, (Departement de Mathematiques et de Statistique, Universite
de Montreal. Montreal Que., Les Presses de l’Universite de Montreal, Canada, 1980), 110 p

70. P. Roberts, Le théorème d’intersection (The intersection theorem). C. R. Acad. Sci. Paris, Sér.
I 304, 177–180 (1987)

71. J.J. Rotman, An Introduction to Homological Algebra, 2nd edn. (Springer, Berlin, 2009)
72. S. Sather-Wagstaff, R. Wicklein, Extended Local Cohomology and Local Homology (2016),

arXiv:1602.03226
73. S. Sather-Wagstaff, R.Wicklein, Support and adic finiteness for complexes. Commun. Algebra

45, 2569–2592 (2017)
74. P. Schenzel, On the use of local cohomology in algebra and geometry, Six Lectures on Com-

mutative Algebra, (Lectures Presented at the Summer School, Birkhäuser, Spain, 1998), pp.
241–292. 16–26 July 1996

75. P. Schenzel, Proregular sequences, local cohomology, and completion. Math. Scand. 92, 161–
180 (2003)

76. P. Schenzel, A criterion for I -adic completeness. Arch. Math. 102, 25–33 (2014)
77. J.-P. Serre, Algèbre locale. Multiplicités. (Local algebra. Multiplicities). Cours au Collège de

France, 1957-1958. Rédigé parPierreGabriel. Troisième éd., 2nd corrected printing. Troisième
éd., 2nd corrected printing., Berlin etc.: Springer, troisième éd., 2nd corrected printing ed., 1989

78. A.-M. Simon, Some homological properties of complete modules. Math. Proc. Camb. Philos.
Soc. 108, 231–246 (1990)

79. A.-M. Simon, Adic-completion and some dual homological results. Publ. Mat., Barc. 36, 965–
979 (1992)

80. A.-M.Simon,Approximations of completemodules by complete bigCohen-Macaulaymodules
over a Cohen-Macaulay local ring. Algebr. Represent. Theory 12, 385–400 (2009)

81. N. Spaltenstein, Resolutions of unbounded complexes. Compos. Math. 65, 121–154 (1988)
82. J.R. Strooker, Homological Questions in Local Algebra (Cambridge University Press, Cam-

bridge, 1990)
83. Z. Tang, Local homology theory for Artinian modules. Commun. Algebra 22, 1675–1684

(1994)
84. C. Tête, La suite exacte de Mayer-Vietoris en cohomologie de Čech. J. Algebra 406, 290–307
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composite, 40
direct product, 32
direct sum 1, 27

direct sum 2, 32
fintely generated modules, 35
flat module, 39
Noetherian ring, 35

Completion not flat I, 62
Completion not flat II, 64
Complex

amplitude, 6
ascending, 3
bounded, 4
contractible, 6
descending, 3
homologically bounded, 6
left bounded, 4
right bounded, 4
shift, 3
split-exact, 6

Complexes, 3
Cone, 16

functorial property, 18
Cylinder, 19

D
Dense, 24
DG-flat, 101
DG-injective, 101
DG-projective, 101
Direct system, 10
Double complex, 88
Duality inverse and direct limits, 11
Dualizing complex, 274

change of rings, 277
flat ring change, 284
minimal injective resolution, 284
normalized, 283
uniqueness, 281
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and Cohomology, Springer Monographs in Mathematics,
https://doi.org/10.1007/978-3-319-96517-8

341



342 Subject Index

E
Ext-depth, 73, 118
Ext-Tor duality, 13

F
Fibre, 16

functorial properties, 18
Finitely presented, 14
Functor Da, 310

G
Global transform, see module
Greenlees’ Warwick Duality, 314
Grothendieck’s non-vanishing theorem, 318

H
Hom, 5
Hom evaluation, 272
Homologically a-complete, 235
Homologically trivial, 4
Homology, 4
Homothety morphism, 6
Homotopy, 4

I
Idealization, 63
Injective module

direct sum, 334
localization, 332

Inverse limit
quasi-isomorphism, 10

Inverse system, 7
complexes, 8, 11

K
Kähler differential, 62
K-flat, 95
K-injective, 95
Koszul codepth, 126
Koszul cohomology, 123

sup, 128
Koszul complex

ascending, 123
codepth sensitivity, 126
depth sensitivity, 126
descending, 123
self-duality, 124

Koszul depth, 126
Koszul homology, 123

sup, 128
K-projective, 95

L
Left derived functor of completion, 44
Limit

direct, 10
inverse, 7

Local codepth, 195
Local cohomology, 29
Local depth, 195
Local homology, 44
Localization, 12

M
Matlis duality, 15

local ring, 36
Mayer–Vietoris sequence, 229
MGM-equivalence, 237
Microscope, 90
Minimal injective complex, 105
M is of bounded torsion, 322
Mittag-Leffler condition, 8
Module

balanced big Cohen–Macaulay, 133
basic submodule, 40
formal power series, 201
global transform, 138
mini-max, 37, 306

Morphism, 3
M-weakly pro-regular sequence, see sequence

N
New Intersection Theorem, 254

P
Property B, 61
Property C, 57
Pro-regular sequence, 321
Pro-zero, 8
Pseudo-complete, 45, 72
Purity, 26

Q
Quasi-complete, 25
Quasi-isomorphism, 4

R
Relatively flat, 53, 68



Subject Index 343

Relatively injective, 58
Resolution

complex, 7
module, 6

Right derived functor of completion, 326
Right filtered, 12
Ring

coherent, 14, 328
Noetherian, 330
power series not flat, 334
self-injective, 330

S
Secondary representation, 320
Semi-split, 137
Separated, 25
Sequence

completely secant, 130
M-weakly pro-regular, 175
pro-regular, 321
regular, 130
weakly pro-regular, 175, 205, 206

Small support, 77, 243
Soft truncation, see truncation
Spectral sequence, 88
Standard homological argument, 17
Surjective inverse system, 8

T
Tate cohomology, 313
Telescope, 93
Tensor evaluation, 271
Tensor product, 5
Topologically equivalent, 24
Tor-codepth, 73, 118
Torsion functor, 28
Torsion module, 28
Trivial extension, 63
Truncation, 89

W
Weakly pro-regular sequence, see sequence
Width, 118



Notation

λa+(X) local homology sup, 195
h−
a (M) of module, 82

C•(xt ) truncated Koszul complex, 177
ER(M) injective hull, 107
Hi (x; X) Koszul cohomology, 123
Hi
a(·) local cohomology, 29

Hi (x; X) Koszul homology, 123
K •(x) Koszul co-complex, 123
K•(x) Koszul complex, 123
M(x) Koszul microscope, 185
M(x; X) Koszul microscope X , 185
MI direct product over index set I , 4
M (I ) direct sum over index set I , 4
Ms factor module, 74
RS localization, 12
Rx localization, 13, 69
Sa(M) factor module, 74
T (x) Koszul telescope, 184
T (x; X) Koszul telescope X , 184
X [k], X[k] shifted complex, 3
Čx (X) Čech complex, 139

Čx Čech complex, 138
E-dp(a, X) Ext-depth, 118
Γa(·) torsion functor, 28
Hom of complexes, 5
Λa(·) adic completion, 24
Λa

i derived functors of the completion, 44
T-codp(a, X) Tor-codepth, 118
α(Čx ; X) natural morphism, 148
≈ homotopic, 4
Ďx truncated Čech complex, 137

Ď[1]
x global Čech complex, 137

Ľ�
x truncated resolution Ľ x , 142

Ľ x free resolution Čech complex, 141
∼= isomorphism, 3
ηaM natural homomorphism, 44

γ a
M natural homomorphism, 44

f̂ a uniqueness, 31
Ĥ i
a(X) Tate cohomology, 313

ι(Čx ; X) natural morphism, 148
ι(x;X) map to localization, 139
ιXa natural morphism, 169
λa−(X) local codepth, 195
λa−(M) of module, 82
↔ bijection, 4
Ba class of modules, 60
GΓ
a cohom. a-torsion, 235

GΛ
a hom. a-complete, 235

GLČ
x class of complexes, 150

GRČ
x class of complexes, 151

Ta class of modules, 74
C+
a class of modules, 48

Ca class of modules, 48
Da global transform, 310
K•(x; X) Koszul complex, 202
Ta class of complexes, 118
La inverse system, 166
μ j (p, X) Bass number, 111
Co-SupportR X big Co-support, 241
co-supportR X small co-support, 241
ext+R (X, Y ) sup Ext, 118
ext−R (X, Y ) inf Ext, 117
suppR(X) small support, 243
torR−(X, Y ) inf Tor, 119
torR+(X, Y ) sup Tor, 118
⊗ of complexes, 5

∼−→ quasi-isomorphism, 4
� quasi-isomorphic, 4
τaM homomorphism, 24
lim−→ direct limit, 10
lim←− inverse limit, 7

lim←−
1 first right derived functor, 7
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346 Notation

h+(x; X) Koszul cohomology sup, 128
h+(x; X) Koszul homology sup, 128
h+
a (X) local cohomology sup, 195

h−
a (X) local depth, 195

h−(x; X) Koszul depth, 126
h−(x; X) Koszul codepth, 126
LiΛ

a left derived functor of completion, 29
RΛa right derived functor completion, 326
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