
Springer Studium Mathematik – Master

Manifolds, 
Sheaves, 
and Cohomology

Torsten Wedhorn



Springer StudiumMathematik – Master

Series editors
M. Aigner, Freie Universität Berlin, Berlin, Germany
H. Faßbender, Technische Universität Braunschweig, Braunschweig, Germany
B. Gentz, Universität Bielefeld, Bielefeld, Germany
D. Grieser, Universität Oldenburg, Oldenburg, Germany
P. Gritzmann, Technische Universität München, Garching, Germany
J. Kramer, Humboldt-Universität zu Berlin, Berlin, Germany
V. Mehrmann, Technische Universität Berlin, Berlin, Germany
G. Wüstholz, ETH Zürich, Zürich, Switzerland



The series „Springer Studium Mathematik“ is aimed at students of all areas of mathemat-
ics, as well as those studying other subjects involvingmathematics, and anyone working in
the field of applied mathematics or in teaching. The series is designed for Bachelor’s and
Master’s courses in mathematics, and depending on the courses offered by universities,
the books can also be made available in English.

More information about this series at http://www.springer.com/series/13893

http://www.springer.com/series/13893


Torsten Wedhorn

Manifolds, Sheaves,
and Cohomology



Torsten Wedhorn
Technische Universität Darmstadt
Darmstadt, Germany

Springer Studium Mathematik – Master
ISBN 978-3-658-10632-4 ISBN 978-3-658-10633-1 (eBook)
DOI 10.1007/978-3-658-10633-1
Library of Congress Control Number: 2016947452

Mathematics Subject Classification (2010): 14-0, 18-01

Springer Spektrum
© Springer Fachmedien Wiesbaden 2016
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the
editors give a warranty, express or implied, with respect to the material contained herein or for any errors
or omissions that may have been made.

Editor: Ulrike Schmickler-Hirzebruch

Printed on acid-free paper

This Springer Spektrum imprint is published by Springer Nature
The registered company is Springer Fachmedien Wiesbaden



Preface

The language of geometry has changed drastically in the last decades. New and fun-
damental ideas such as the language of categories, sheaves, and cohomology are now
indispensable in many incarnations of geometry, such as the theory of complex analytic
spaces, algebraic geometry, or non-archimedean geometry. This book is intended as an
introduction to these ideas illustrating them by example with the most ubiquitous branch
of geometry, the theory of manifolds.

In its contemporary form, a “geometric object” is usually defined as an “object” that
“locally” “looks like” a “standard geometric object”. Depending on the geometry that one
is interested in, there will be very different “standard geometric objects” as the basic build-
ing blocks. For the theory of (finite-dimensional) manifolds one chooses open subsets of
finite-dimensional R- or C-vector spaces together with their “differentiable structure”.

To make the notion of a geometric object precise, one proceeds in general as follows.
First one introduces the language of categories yielding the notions of objects and the
precise meaning of “looks like” as being isomorphic in that category. Next one has to
find a (maybe very large) category C that contains the “standard geometric objects” as a
subcategory and in which it makes sense to use the word “locally”. Then finally one can
give the precise definition of a geometric object as an object of C that is locally isomorphic
to an object in the subcategory of standard geometric objects.

In this textbook we choose for such a category C the category of ringed spaces, al-
though other choices such as ringed topoi might even be more natural. But for the sake
of an introduction, ringed spaces seem to be the most accessible choice and they are also
adequate for many geometric theories such as differential geometry, complex geometry,
or the theory of schemes in algebraic geometry. Moreover a good grasp of ringed spaces
will help a great deal in understanding more abstract concepts such as ringed topoi.

For the theory of manifolds the basic building blocks are open subsets X of finite-
dimensionalR- orC-vector spaces together with the collection of their “functions”, where
a “function” will be an ˛-fold continuously differentiable function for ˛ 2 N0 [ f1g
or an analytic function (also called C!-function) on some open subspace of X . Then a
continuousmap between standard geometric objects is aC˛-map (˛ 2 N0[f1; !g) if and
only if the composition with f sends a C˛-function to a C˛-function. This allows one to
view such standard geometric objects and their structure preserving maps as a subcategory
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vi Preface

of (locally) ringed spaces overR orC. Hence one obtains the notion of a geometric object
by the general procedure explained above. These are called premanifolds.

A manifold will then be a premanifold whose underlying topological space has cer-
tain good properties (being Hausdorff and second countable). Let me briefly digress on
this choice of terminology. First of all I follow the classical terminology. But an even
more compelling reason to restrict the class of manifolds by asking for these topologi-
cal properties is a multitude of techniques and results where these topological properties
are indispensable hypotheses (such as embedding results or the theory of integration on
manifold). In this textbook this is not that visible as many of such results are not covered
here. Hence we will more often encounter premanifolds than manifolds and it would have
been tempting to change terminology, if only to get rid of the annoying “pre-” everywhere.
But I decided against this to remind the reader that the contents of this book are only the
very beginning of a journey into the wondrous world of differential geometry – a world in
which very often manifolds and not premanifolds are the central objects.

A fundamental idea in modernmathematics is the notion of a sheaf. Sheaves are needed
to define the notion of a ringed space but their usefulness goes far beyond this. Sheaves
embody the principle for passing from local to global situations – a central topic in math-
ematics. In the theory of smooth manifolds one can often avoid the use of sheaves as there
is another powerful tool for local-global constructions, namely partitions of unity. Their
existence corresponds to the fact that the sheaf of smooth functions is soft (see Chap. 9).
But this is particular to the case of real C˛-manifolds with ˛ � 1. In all other geometries
mentioned before the theory of sheaves is indispensable. Hence sheaves will be a central
topic of this book.

Together with sheaves and manifolds (as ringed spaces), the third main topic is the co-
homology of sheaves. It is the main tool to make use of sheaves for local-global problems.
As a rule, it allows one to consider the obstruction for the passage from local to global
objects as an element in an algebraic cohomology object of a sheaf, usually a group.
Moreover, the formalism of cohomology also yields a powerful tool to calculate such ob-
structions. In addition, many interesting objects (such as fiber bundles) are classified by
the cohomology of certain sheaves.

It is not the goal of this book – and also would have been clearly beyond my abilities –
to give a new quick and streamlined introduction to differential geometry using clever
arguments to obtain deep results with minimal technical effort. Quite the contrary, the
focus of this book is on the technical methods necessary to work with modern theories
of geometry. As a principle I tried to explain these techniques in their “correct general-
ity” (which is certainly a very subjective notion) to provide a reliable point of departure
towards geometry.

There are some instances where I deviate from this principle, either because of lack
of space or because I think that the natural generality and abstractness would seriously
conceal the underlying simple idea. This includes the following subjects:
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1. One might argue that the natural framework for sheaves are sheaves on an arbitrary site
(i.e., a category endowed with a Grothendieck topology) or even general topos theory.
But in my opinion this would have seriously hampered the accessibility of the theory.

2. Instead of working with manifolds modeled on open subsets of Rn or Cn one might
argue that it is more natural (and not much more difficult) to model them on open
subsets of arbitrary Banach spaces. I decided against this because the idea of the book
is to demonstrate general techniques used in geometry in the most accessible example:
finite-dimensional real and complex manifolds.

3. In the chapter on cohomology I do not use derived categories, although I tried to for-
mulate the theory in such a way that a reader familiar with the notion of a derived
category can easily transfer the results into this language1.

Moreover, there are several serious omissions due to lack of space, among them Lie alge-
bras, manifolds with corners (or, more generally, singular spaces), and integration theory –
just to name a few. The educated reader will find many more such omissions.

Prerequisits
The reader should have knowledge of basic algebraic notions such as groups, rings and
vector spaces, basic analytic and topological notions such as differentialbility in several
variables and metric spaces.

Further prerequisites are assembled in five appendix chapters. It is assumed that the
reader knows some but not all of the results here. Therefore many proofs and many exam-
ples are given in the appendices. These appendices give (Chap. 12) a complete if rather
brisk treatment of basic concepts of point set topology, (Chap. 13) a quick introduction
to the language of categories focused on examples, (Chap. 14) some basic definitions and
results of abstract algebra, (Chap. 15) those notions of homological algebra necessary to
cope with the beginning of cohomology theory, and (Chap. 16) a reminder on the notion of
differential and analytic functions on open subsets of finite-dimensional R- and C-vector
spaces.

Outline of contents
The main body of the text starts with two preliminary chapters. The first chapter (Chap. 1)
introduces more advanced concepts from point set topology. The main notions of the first
three sections are paracompact and normal spaces, covering important techniques like
Urysohn’s theorem, the Tietze extension theorem and the Shrinking Lemma for paracom-
pact Hausdorff spaces. The last two sections of this chapter focus on separated and proper
maps. In Chap. 2 basic notions of algebraic topology used in the sequel are introduced.
Here we restrict the contents to those absolutely necessary (but with complete proofs) and
ignore all progress made in the last decades.

1 Of course, for most readers that are familiar with derived categories the cohomology chapter will
not contain that many new results anyway.
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In the third chapter (Chap. 3) we introduce the first main topic of the book: sheaves. We
introduce two (equivalent) definitions of sheaves. The first one is that of a rule attaching
to every open set of a topological space a set of so-called sections such that these sections
can be glued from local to global objects. This is also the definition that generalizes from
topological spaces to more abstract geometric objects such as sites. There is another point
of view of sheaves that works just fine for sheaves on topological spaces, namely étalé
spaces. It is proved that both concepts are equivalent and explained that some construc-
tions for sheaves are more accessible via the first definition (such as direct images) and
some are more accessible via étalé spaces (such as inverse images).

In Chap. 4 we introduce the class of geometric objects that will be studied in this book:
manifolds. As explained above, we start by defining the very general category of ringed
spaces over a fixed ring. Then we explain how to consider open subsets of real or complex
finite-dimensional vector spaces as ringed spaces over R or C. This yields our class of
standard geometric objects. Then a premanifold is by definition a ringed space that is
locally isomorphic to such a standard geometric object.

The central topic of Chap. 5 is that of linearization. We start by linearizing manifolds
by introducing tangent spaces. Then the derivative of a morphism at a point is simply
the induced map on tangent spaces and we can think of it as a pointwise linearization of
the morphism. Next we study morphisms of (pre)manifolds that can even be locally lin-
earized. These are precisely the morphisms whose derivatives have a locally constant rank.
Examples are immersions, submersions, and locally constant maps. These linearization
techniques are then used in the remaining sections of the chapter to study submanifolds,
their intersections (or, more generally, fiber products of manifolds), and quotients of man-
ifolds by an equivalence relation.

Chapter 6 introduces the symmetry groups in the theory of manifolds, the Lie groups. It
focuses on actions of Lie groups on manifolds. The construction of quotients of manifolds
in Chap. 5 then yields the existence of quotients for proper free actions of Lie groups.

In Chap. 7 we start to study local-global problems by introducing the first cohomology
of a sheaf of (not necessarily abelian) groups via the language of torsors or, equivalently,
by the language of Čech cocycles.

This is used in Chap. 8 to classify fiber bundles that are important examples of locally
but not globally trivial objects. We start the chapter by introducing the general notion of
a morphism that looks locally like a given morphisms p. Very often it is useful to restrict
the classes of local isomorphisms. This yields the notion of a twist of p with a structure
sheaf that is a subsheaf of the sheaf of all automorphisms of p. Specializing to the case
that p is a projection and the structure sheaf is given by the faithful action of a Lie group
G on the fiber then yields the notion of a fiber bundle with structure groupG. Specializing
further we obtain the important notions of G-principal bundles and vector bundles. We
explain that vector bundles can also be described as certain modules over the sheaf of
functions of the manifold. In the last two sections we study the most important examples
of vector bundles on a manifold, the tangent bundle and the bundles of differential forms.
In particular we will obtain the de Rham complex of a manifold.
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Asmentioned above, for realC˛-manifolds with ˛ � 1 it is often possible to use other
techniques than sheaves for solving local-global problems. The sheaf-theoretic reason for
this lies in the softness of the sheaf of C˛-functions. This notion is introduced in Chap. 9.
We deduce from the softness of the structure sheaf the existence of arbitrary fine partitions
of unity. In the last section we show that the first cohomology of a soft sheaf is trivial and
deduce immediately some local-global principles. For real C˛-manifolds with ˛ � 1
all these results can also be obtained via arguments with a partition of unity. But these
examples illustrate how to use the triviality of certain cohomology classes also in cases
where partitions of unity are not available, for instance for certain complex manifolds.

After giving the rather ad hoc definition of the first cohomology in Chap. 7 (that had the
advantage also to work for sheaves of not necessarily abelian groups) we now introduce
cohomology in arbitrary degree in Chap. 10. After a quick motivation on how to do this,
it becomes clear that it is more natural not to work with a single sheaf but with a whole
complex of sheaves. This is carried out in the first three sections. Applying the whole
formalism of cohomology to the de Rham complex we obtain de Rham’s theorem relating
de Rham cohomology and cohomology of constant sheaves in Sect. 10.4. We conclude the
chapter by proving an other important result: the theorem of proper base change, either in
the case of arbitrary topological spaces and proper separated maps (giving the theorem its
name) or for metrizable spaces and closed maps.

In the last chapter (Chap. 11) we focus on the cohomology of constant sheaves. We
show that for locally contractible spaces this is the same as singular cohomology, which
is quickly introduced in Sect. 11.1. In particular we obtain the corollary that we can
describe the de Rham cohomology on a manifold also via singular cohomology. Then we
use the proper base change theorem to prove the main result of this chapter, the homotopy
invariance of the cohomology of locally constant sheaves for arbitrary topological spaces.
We conclude with some quick applications.

As with almost every mathematical text, this book contains a myriad of tiny exercises
in the form of statements where the reader has to make some straightforward checks to
convince herself (or himself) that the statement is correct. Beyond this, all chapters and
appendices end with a group of problems. Some of the problems are sketching further
important results that were omitted from the main text due to lack of space, and the reader
should feel encouraged to use these problems as a motivation to study further literature on
the topic.
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Standard Notation

For a set I and elements i; j 2 I we use the “Kronecker delta”

ıij WD
8
<

:

1; if i D j I
0; if i ¤ j :

We denote by N the set f1; 2; : : : g of natural numbers (without 0), N0 WD N [ f0g. Z
denotes the ring of integers, Q the field of rational numbers, R (respectively C) the field
of real (respectively complex) numbers endowed with the metric given by the standard
absolute value. The symbol K always either denotes R or C.

To unify the notation for n-fold continuously differentiable, smooth, and analytic maps
we define

bN0 WD N0 [ f1; !g; bN WD N [ f1; !g:
We extend the usual total order on N0 to bN0 by requesting n < 1 < ! for all n 2 N0.
We also define1˙ ˛ WD 1 and ! ˙ ˛ WD ! for all ˛ 2 N0.

A set I is said to be countable if there exists an injective map I ,! N. In particular,
all finite sets are countable.

By amonoid wemean a setM endowedwith an associative binary operationM�M !
M , .m;m0/ 7! mm0, having an identity element eM . A monoid homomorphism is a map
'WM ! N such that '.mm0/ D '.m/'.m0/ for all m;m0 2 M and '.eM / D eN . A
monoidM is called commutative if mm0 D m0m for all m;m0 2M .

All rings are assumed to have a unit, usually denoted by 1, and ring homomorphisms
are assumed to preserve the unit. All fields are assumed to be commutative.

If R is a ring, by an R-module we mean a left R-module if not stated otherwise (for a
reminder on some notions about modules see Appendix Section 14.1). If R is commuta-
tive, we will not distinguish between left R-modules and right R-modules.

In a metric space .X; d/ we denote for x0 2 X and r 2 R>0 the open and closed ball
by

Br.x0/ WD f x 2 X I d.x; x0/ < r g ;
B�r .x0/ WD f x 2 X I d.x; x0/ � r g :

xi



xii Standard Notation

Let V be a finite-dimensional K-vector space. If not otherwise stated, we endow a subset
X of V always with the topology induced by some norm on V . As all norms on V are
equivalent, this topology does not depend on the choice of the norm. See Appendix 12 for
a reminder on topological spaces.
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1Topological Preliminaries

In this chapter we prove some results on topological spaces that will be needed later and
go beyond the basic topological results and notions assembled in the Appendix Chap. 12.
The chapter consists of two independent parts.

In the first part (Sects. 1.1–1.3) we introduce, after a quick review of countability
properties, paracompact spaces. This is one of the central topological notions in this
book. We show that the following classes of topological spaces are paracompact: Metriz-
able spaces (Proposition 1.13) and locally compact, second countable Hausdorff spaces
(Proposition 1.10), see also Remark 1.14. Then we show that paracompact Hausdorff
spaces are normal (Proposition 1.18). Hence Urysohn’s separation theorem, the Tietze
extension theorem (Theorem 1.15), and the shrinking lemma (Proposition 1.20, Corol-
lary 1.21) are available for paracompact spaces.

The second part (Sects. 1.4 and 1.5) introduces relative versions of Hausdorff spaces
and compact spaces: separated maps and proper maps.

1.1 Countability Properties for Topological Spaces

Recall that we call a set M countable if there exists an injective map M ! N (equiva-
lently,M D ; or there exists a surjective mapN !M ). Hence any finite set is countable.
Every subset of a countable set is again countable. Countable unions and finite products
of countable sets are again countable.

Definition 1.1 (Countability properties). Let X be a topological space.

1. X is called first countable if every point of x has a countable neighborhood basis.
2. X is called second countable if the topology has a countable basis.
3. X is called a Lindelöf space if every open covering of X has a countable subcovering.

1© Springer Fachmedien Wiesbaden 2016
T. Wedhorn,Manifolds, Sheaves, and Cohomology, Springer StudiumMathematik – Master,
DOI 10.1007/978-3-658-10633-1_1



2 1 Topological Preliminaries

4. X is called separable if it contains a countable dense subset.
5. X is called � -compact if it is the union of countably many compact subspaces.

Example 1.2. Let X be a topological space.

1. Every metrizable space X is first countable. Let d be a metric inducing the given
topology on X . For x 2 X the sets

n
B1=n.x/ WD f y 2 X I d.x; y/ < 1=n g I n 2 N

o

n
B�1=n.x/ WD f y 2 X I d.x; y/ � 1=n g I n 2 N

o

both form countable neighborhood bases of x.
2. The space Rn is second countable and � -compact for all n � 0: Choose a norm on Rn

yielding a metric d . Then a countable basis is given by

˚
B1=m.x/ I x 2 Qn;m 2 N

�
;

and Rn is the union of the countably many closed balls B�N .0/, N 2 N.
3. Let X be an uncountable set endowed with the discrete topology. Then X is first

countable but not second countable.

Remark 1.3.

1. Every subspace Z of a second countable space X is second countable: If BX a count-
able basis of the topology of X , then fB \Z I B 2 BX g is a countable basis for Z.
In particular, every subspace of Rn is second countable.

2. Let f WX ! Y be a surjective open continuous map. If B is a basis of the topology of
X , then f f .U / I U 2 B g is a basis of the topology of Y . In particular we see that if
X is second countable, then Y is second countable.

3. Let .Xn/n be a countable family of second countable spaces. Then
Q
n Xn is second

countable: If Bn is a countable basis for Xn, then
(
Y

n

Un I Un 2 Bn, Un D Xn for all but finitely many n

)

is a countable basis for
Q
n Xn.

4. Suppose that X has a countable open covering .Un/n such that the subspace Un is
second countable for all n. Then X is second countable: If Bn is a countable basis for
Un, then

S
n Bn is a countable basis for X .
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Proposition 1.4. Let X be a topological space.

1. If X is second countable, then X is first countable, separable, and a Lindelöf space.
2. Suppose that X is a metrizable Lindelöf space. Then X is second countable.

Problem 1.4 shows that a separable metrizable space is also second countable.

Proof. 1. LetB D fBn I n 2 N g be a countable basis forX . Then for every point x 2 X
the set fB 2 B I x 2 B g is a countable neighborhood basis of x. For every non-empty
B 2 B choose xB 2 B and set Q WD fxB I B 2 B g. Then Q is dense in X because it
meets every open subset of X . Hence X is first countable and separable.

It remains to show that X is Lindelöf. Let .Ui/i2I be an open covering of X . Let M
be the set of n 2 N such that there exists in 2 I with Bn � Uin . As .Ui /i is an open
covering and B is a basis, .Bn/n2M is an open covering. Hence .Uin/n2M is a countable
subcovering of .Ui /i .

2. Fix n 2 N. As X is Lindelöf, we can choose a countable subcovering Un of
˚
B1=n.x/ I x 2 X

�
. Then the union of all Un is a countable basis for X . �

Proposition 1.5. Let G be a topological group.

1. Suppose that G is connected and that the neutral element of G has a compact neigh-
borhood C . Then G is � -compact.

2. Suppose that G is � -compact. Then there exists for every neighborhood U of the
neutral element e of G a sequence .gn/n in G such that G DSn gnU .

3. If G is � -compact and first countable, then G is second countable.

Proof. 1. As G is connected, G is generated by C (Appendix Corollary 12.59). Re-
placing C by the compact subset C [ C�1 (with C�1 WD ˚

g�1 I g 2 C �), we see
G D S

n2N C
n with Cn D f g1g2 � � �gn I gi 2 C g. But Cn is compact, as the im-

age of the compact n-fold product C � � � � � C under the n-fold multiplication map
G � � � � �G ! G.

2. Replacing U by its interior we may assume that U is open. Let G D S
n2N Kn

with Kn � G compact subspace. For each n the open subsets kU for k 2 Kn cover
the compact set Kn. Therefore there exist kn;1; : : : ; kn;rn 2 Kn with Kn � S

i kn;iU

and hence G � S
n2N

S
1�i�rn kn;iU . Renumbering the countably many kn;i yields the

desired result.
3. Let .Un/n2N be a fundamental system of neighborhoods of e. We first claim that for

all n 2 N there exists m 2 N such that U �1m Um � Un. Indeed, consider the continuous
map ˛WG�G ! G, .g; h/ 7! g�1h. Then ˛�1.Un/ is a neighborhood of .e; e/ in G �G.
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Hence there exist m;m0 2 N such that Um � Um0 � ˛�1.Un/. Replacing m and m0 both
by some r 2 N with Ur � Um\Um0 we may assume thatm D m0. This proves the claim.

By 2. there exist for all n 2 N sequences .gn;k/k in G such that G D S
k2N gn;kUn.

We show that f gn;kUn I k; n 2 N g is a basis of the topology of G. In fact, let V be an
open subset of G and g 2 V . Then there exists n 2 N such that gUn � V . By our claim
above we may choose m 2 N such that U �1m Um � Un. If we choose k 2 N such that
g 2 gm;kUm, then gm;kUm � gU �1m Um � gUn � V . �

Combining 1. and 3. of Proposition 1.5 we obtain:

Corollary 1.6. A connected locally compact first countable topological group is second
countable.

1.2 Paracompact Spaces

Definition 1.7 (Refinement). Let X be a topological space and let U D .Ui /i2I be
a covering. A covering .Vj /j2J is called a refinement of U if for all j 2 J there exists
i 2 I with Vj � Ui . In other words, there exists a map ˛W J ! I such that Vj � U˛.j /
for all j 2 J .

A refinement .Vj /j of U is called open, if Vj is open in X for all j 2 J .

Any subcovering is a refinement.

Definition 1.8 (Paracompact spaces). A topological space X is called paracompact if
every open covering has an open refinement that is locally finite.

We do not suppose that paracompact spaces are Hausdorff (as it is often done, for
instance in [BouGT1]).

Example 1.9.
1. Every compact space is paracompact.
2. Every discrete topological spaceX is paracompact: The covering .fxg/x2X is a locally

finite open refinement of every open covering.

Proposition 1.10. Let X be a locally compact and second countable Hausdorff space.
Then X has the following properties:

1. There exists a sequence .Kn/n of compact subspaces of X such that X D S
n Kn and

Kn � KınC1 for all n 2 N. In particular X is � -compact.
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2. Every open covering of X has a countable locally finite open refinement .Vl /l2N such
that Vl is compact for all l . In particular X is paracompact.

Proof. We first construct a countable base B such that B is compact for all B 2 B. Let
B0 be a countable base of X , Cx a compact neighborhood of x 2 X (automatically closed
in X because X is Hausdorff). Define

B WD fV \W I V 2 B0 andW 2 B0 with W � Cx for some x 2 Xg :
Then B is a countable basis because X D S

x Cx . The closure of each set B 2 B is
a closed subset of Cx for some x and hence compact. Write B D fB1;B2; : : : g.

Proof of 1. We construct compact subspaces Kn of X and i.n/ 2 N0 with i.n/ >
i.n � 1/ such that B1 [ � � � [ Bi.n/ � Kn � KınC1 for all n 2 N0 (then

S
n2N Kn �S

i2N Bi D X).
Define Kn and i.n/ inductively. Set K0 WD ; and i.0/ WD 0. Now let n � 1. As

Kn�1 is compact, we find i.n/ 2 N with i.n/ > i.n � 1/ and Kn�1 � S1�j�i.n/ Bj . Set
Kn WD

S
1�j�i.n/ Bj . Then Kn is compact and

Kn�1 �
[

1�j�i.n/
Bj � Kın:

Proof of 2. Let U D .Ui /i be an open covering of X . Let W D .Wj /j2J be the
refinement of U consisting of those W 2 B with W � Ui for some i . Fix n 2 N and set
Wj;n WD Wj \ .KınC2 nKn�1/. Then

[

j2J
Wj;n � KnC1 nKın„ ƒ‚ …

compact

:

Let J.n/ � J be finite such that
S
j2J.n/ Wj;n � KnC1 n Kın . Let V D .Vl /l be the

open covering consisting of Wn;j for n 2 N and j 2 J.n/ (it is a covering because
S
n Kn D X). Then V is countable and a refinement of U by construction. We have

Wn;j � KnC2 and hence Vl is compact for all l . Finally, V is locally finite: For x 2 X let
n 2 N with x 2 Kn. Then KınC1 is an open neighborhood of x, which intersects only the
finitely manyWj;m with j 2 J.m/ and m � nC 1 (by the definition ofWj;m). �

Remark 1.11. Let X be a paracompact space. Then every closed subspace Y of X is
paracompact. Indeed, the proof is the same as for compact spaces. Let U be an open
covering of Y . HenceU D .Ui\Y /i2I for open subsetsUi ofX with Y �Si Ui . Adding
X nY to .Ui /i , we obtain an open covering ofX . This has a locally finite refinement .Vj /j
because X is paracompact. Then .Vj \ Y /j is a locally finite refinement of U.

Open subspaces of paracompact spaces are not paracompact in general ([BouGT1]
Chap. I, §9, Exercise 11). Hence we introduce the following terminology.
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Remark and Definition 1.12 (Hereditarily paracompact). A topological space X is
called hereditarily paracompact if the following equivalent conditions are satisfied:

(i) Every open subspace of X is paracompact.
(ii) Every subspace of X is paracompact.

Indeed, suppose that every open subspace is paracompact and let Y � X be an arbitrary
subspace. An open covering of Y is of the form .Y \ Ui/i , where .Ui /i2I is a family of
open subsets with Y � U WD S

i Ui . As U is paracompact, there exists a locally finite
open refinement .Vj /j of the covering .Ui /i of U . Then .Y \ Vj /j is a locally finite open
refinement of .Y \ Ui/i .

Proposition 1.13. Every metrizable topological space is hereditarily paracompact.

There exist hereditarily paracompact spaces that are not metrizable (Problem 1.13).

Proof. As every subspace of a metrizable space is again metrizable via the restricted met-
ric, it suffices to show that every metric space .X; d/ is paracompact. Let .Ui/i2I be an
open covering. Choose a well ordering on I (Appendix Proposition 13.27). For n 2 N
define for all i 2 I open subsets Vi;n of X by induction on n 2 N. Let Xi;n be the set of
x 2 X with

(a) x 2 Ui n
S
j<i Uj ,

(b) B3�2�n.x/ � Ui ,
(c) x … Vj;m for m < n and for all j 2 I .

Now define Vi;n WD S
x2Xi;n B2�n.x/. We claim that .Vi;n/i2I;n2N is a locally finite open

refinement of .Ui /i .
Clearly we have Vi;n � Ui by (b). To see that

S
i;n Vi;n D X , let x 2 X . Let i 2 I be

the smallest element such that x 2 Ui and let n 2 N with B3�2�n.x/ � Ui . If x 2 Xi;n,
then x 2 Vi;n. Otherwise (c) does not hold, hence there exists j 2 I and m < n such that
x 2 Vj;m.

It remains to show that .Vi;n/ is locally finite. Let x 2 X and let i0 2 I be the smallest
element such that x 2 Vi0;m for some m 2 N. Choose p 2 N such that B2�p .x/ 2 Vi0;m.
We claim that B2�m�p .x/ meets only finitely many of the Vi;n. More precisely, we claim:

(i) If n � mC p, then B2�m�p .x/ \ Vi;n D ; for all i 2 I .
(ii) If n < mC p, then there is at most one i 2 I with B2�m�p .x/ \ Vi;n ¤ ;.

Let us show (i). Let i 2 I and n � m C p. Since n > m, (c) implies that for y 2 Xi;n
one has y … Vi0;m. As B2�p .x/ 2 Vi0;m we find d.x; y/ � 2�p for all y 2 Xi;n. Hence
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B2�m�p \ B2�n.y/ D ; for all y 2 Xi;n because n � p C 1 and m C p � p C 1. This
proves (i).

To show (ii) let n < m C p. Suppose we have y 2 Vi;n and z 2 Vj;n with i < j . It
suffices to show that d.y; z/ > 2�m�pC1. By definition of the Vi;n we find Qy 2 Xi;n and
Qz 2 Xj;n with y 2 B2�n. Qy/ and z 2 B2�n.Qz/. We have B3�2�n. Qy/ � Ui by (b) and Qz … Ui
by (a). Hence d. Qy; Qz/ � 3 � 2�n and hence d.y; z/ > 2�n � 2�m�pC1. �

Remark 1.14. One can also show that locally compact, second countable Hausdorff
spaces are metrizable (e.g., [Br1] Chap. 1, Theorem 12.12).

1.3 Normal Spaces

Theorem 1.15 (Urysohn’s theorem/Tietze extension theorem). Let X be a topological
space. Then the following assertions are equivalent:

(i) For any two closed subsets A;B � X with A \ B D ; there exists a continuous
function f WX ! Œ0; 1� such that f .a/ D 0 for all a 2 A and f .b/ D 1 for all
b 2 B .

(ii) For all disjoint closed sets A and B of X there exist open disjoint sets U and V such
that A � U and B � V (see Fig. 1.1).

(iii) For every closed subset A and every neighborhood W of A there exists an open
neighborhood U of A such that NU � W .

(iv) For every closed subspace A ofX and continuous map f WA! R there exists a con-
tinuous function Qf WX ! R such that Qf jA D f .

(v) For every closed subspace A of X and continuous map f WA ! Œ�1; 1� there exists
a continuous function Qf WX ! Œ�1; 1� such that Qf jA D f .

Figure 1.1 Separation of two
closed subsets A und B

V

U

A B
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Of course, one can replace in (i) and in (v) the compact interval by any space home-
omorphic to it, for example any other compact interval in R or the extended real line
R D R [ f˙1g (Appendix Example 12.9).

Proof. We prove

(i)) (ii)) (iii)) (i)) (v)) (iv)) (i).

We start with the easy implications. To see “(i)) (ii)” take U D f x 2 X I f .x/ < 1=2 g
and V D f x 2 X I f .x/ > 1=2 g. To see “(ii) ) (iii)”, we may assume that W is an
open neighborhood of A in X . Let B WD X n W . Then (ii) implies that there exists an
open neighborhood U of A such that NU \ B D ; and hence NU � W .

Next we show “(iv)) (i)”. Let A and B disjoint closed subsets of X . Then f WA [
B ! Rwith f .A/ D f0g and f .B/ D f1g is continuous. Hence (iv) implies that f can be
extended to a continuous map Qf WX ! R. Then g WD min.max. Qf ; 0/; 1/ is a continuous
map on X with values in Œ0; 1�, equal to 0 on A and equal to 1 on B .

“(iii)) (i)”. Let A and B be disjoint closed subsets of X and denote by D � Q the
set of dyadic rational numbers in Œ0; 1�. First, we will construct open subsets Uq � X for
every q 2 D with the following properties:

1. For each q 2 D, A � Uq .
2. U1 D X and for each q 2 D with q < 1, B \ Uq D ;.
3. For q; p 2 D with q < p, NUq � Up.

Set U1 WD X . Then X n B is a neighborhood of A and by (iii) we find an open subset
U0 � X such that A � U0 and NU0 � X n B .

We will continue this construction by recursion. Let m 2 N. Assume that Uq has been
constructed for q D a=2n 2 Œ0; 1� for all n < m and a D 0; : : : ; 2n. For p D b=2m 2 Œ0; 1�
with 2 − b, set q1 WD ..b C 1/=2/=2m�1 2 Œ0; 1� and q2 WD ..b � 1/=2/=2m�1 2 Œ0; 1� so
that p D .q1 C q2/=2. Therefore Uq1 and Uq2 have already been constructed and we have
NUq1 � Uq2 . By (iii) we find an open subset Up � X such that NUq1 � Up and NUp � Uq2 .
We now define f WX ! Œ0; 1� by f .x/ WD inf

˚
q 2 D I x 2 Uq

�
, which is well-

defined because U1 D X . Then f .a/ D 0 for a 2 A because A � U0 and f .b/ D 1 for
b 2 B because B � U1 and B \ Uq D ; for q 2 D with q < 1. It is left to show that
f is continuous. Notice that the sets Œ0; c/ � Œ0; 1� for c 2 .0; 1� and .c; 1� � Œ0; 1� for
c 2 Œ0; 1/ generate the topology on Œ0; 1�. Hence it suffices to show that the preimage of
sets of this form are open in X .

Let c 2 .0; 1� and x 2 X with f .x/ 2 Œ0; c/. SinceD � Œ0; 1� is dense, we can choose
q 2 D with f .x/ < q < c. By definition of f there exists p 2 D with p < q and
x 2 Up so that we have x 2 Uq . For y 2 Uq we obviously have f .y/ � q < c so that
x 2 Uq � f �1.Œ0; c// is an open neighborhood of x.

Let c 2 Œ0; 1/, x 2 X with f .x/ 2 .c; 1� and choose q 2 D with c < q < f .x/. Then
there exists p 2 D with q < p and x … Up so that x … NUq because NUq � Uq . Hence,
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X n NUq is an open neighborhood of x. Furthermore, for y 2 X n NUq we have y … Up for
p � q because Up � NUq so that c < q < f .y/ and X n NUq � f �1..c; 1�/.

“(v)) (iv)”. Suppose first that f � 0. By choosing a homeomorphism Œ�1; 1� Š
Œ0;1� 	 R it follows from (v) that we find a continuous extension g1 of f with values
in Œ0;1�. Then B WD g�11 .1/ is closed and A \ B D ;. Define a continuous map
hWA[B ! R�0 by hjA WD f and hjB D 0 and let g2 be a continuous extension of h with
values in Œ0;1�. Then Qf WD min.g1; g2/ is a continuous extension of f to X with values
in Œ0;1/.

For a general f extend max.f; 0/ and max.�f; 0/ to continuous functions g1 and g2,
respectively, on X with values in Œ0;1/. Then set Qf WD g1 � g2.

“(i)) (v)”. Let A � X be a closed subset and f WA ! Œ�1; 1� a continuous map.
We find f �1.Œ�1;�1=3�/ � A and f �1.Œ1=3; 1�/ � A to be disjoint and closed in A
and therefore also closed in X . Due to (i) with target interval Œ�1=3; 1=3� instead of
Œ0; 1� there exists a continuous function gWX ! Œ�1=3; 1=3� with g.x/ D �1=3 for x
with �1 � f .x/ � �1=3 and g.x/ D 1=3 for x with 1=3 � f .x/ � 1. This implies
jf .x/ � g.x/j � 2=3 for x 2 A. We are now going to construct a sequence .gn/n2N0

of
continuous maps gnWX ! Œ�1; 1� with the following properties:

1. jgn.x/j � .1=3/.2=3/n for x 2 X .
2. jPn

mD0 gm.x/ � f .x/j � .2=3/nC1 for x 2 A.

For n D 0 set g0 WD g. Let n 2 N and assume that gm has already been constructed for
m < n. Then .3=2/n.

Pn�1
mD0 gm � f / maps into Œ�1; 1� by assumption. Hence, the above

construction yields a continuous map g0WX ! Œ�1=3; 1=3� with j.3=2/n.Pn�1
mD0 gm.x/ �

f .x// � g0.x/j � 2=3 for x 2 A. Set gn WD .2=3/ng0 so that jgn.x/j D .2=3/njg0.x/j �
.1=3/.2=3/n for x 2 X . Using the inductive hypothesis, we have jPn

mD0 gm.x/�f .x/j D
jPn�1

mD0 gm.x/ � f .x/ � .2=3/ng0.x/j � .2=3/nC1 for x 2 A.
Now jgnj � .1=3/.2=3/n for n 2 N0 and .1=3/

P1
mD0.2=3/

m is an absolute convergent
series with limit 1. Hence,

P1
mD0 gn converges absolutely and uniformly to a continuous

map gWX ! Œ�1; 1�. For x 2 Awe have jPn
mD0 gm.x/�f .x/j � .2=3/nC1 and thereforeP1

mD0 gm.x/ D f .x/ so that gjA D f . �

Definition 1.16 (Normal spaces). A topological space X is called normal if it satisfies
the equivalent conditions of Theorem 1.15.

Let X be a normal space. Every closed subspace of X is normal (use (ii) of Theo-
rem 1.15).

Very often some further separation axioms are included in the definition of “normal”.
We will state these properties always explicitly. For instance we will use the following
property.
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Definition 1.17. A topological space X is called T1-space if fxg is closed in X for all
x 2 X .

Every Hausdorff space is a T1-space. Conversely, if X is a normal T1-space, then X is
Hausdorff.

Let .Ui /i be an open covering of a topological space X . As being a closed subset is
a local property (Appendix Proposition 12.32), the space X is a T1-space if and only if
each Ui is a T1-space.

Proposition 1.18. Every paracompact T1-space is normal and Hausdorff.

There exist normal spaces that are not paracompact ([BouGT2] IX, §4, Exercise 27).

Proof. As every normal T1-space is Hausdorff, it suffices to show that X is normal. Let
X be a paracompact space, A;B � X be closed with A \ B D ;.

Claim: Let Y;Z � X be closed with Y \ Z D ;. If for all y 2 Y there exists
y 2 Vy � X open and Z � Wy � X open with Vy \Wy D ;, then there exists an open
neighborhood T of Y and an open neighborhood U of Z with U \ T D ;.

Let us first show that the claim implies that X is normal. As X is a T1-space, we may
apply the claim to Y D A and Z D fxg for some x 2 B . Hence there exists an open
neighborhood T of A and U of x with T \U D ;. Then we can apply our claim again to
Z D A and Y D B to see that there exist open neighborhoods QU of A and QV of B with
QU \ QV D ;. Hence X is normal.
Now let us show the claim. As X is paracompact, we find a locally finite open re-

finement .Ti /i of the open cover of X formed of X n Y and of the Vy for y 2 Y . Let
IY WD f i 2 I I Y \ Ti ¤ ; g. Being a refinement implies that for i 2 IY one has

9yi 2 Y W Ti � Vyi : (*)

Let T WDSi2IY Ti . Then T � X open and Y � T .
It remains to find U . For all z 2 Z there exists z 2 Sz � X open such that

Sz intersects only finitely many Ti because .Ti /i is locally finite. In particular Jz WD
f i 2 IY I Ti \ Sz ¤ ; g is finite. Set Uz WD Sz \

T
i2Jz Wyi . Then Uz is an open neigh-

borhood of z. For i 2 Jz we have Ti � Vyi by (*) and henceWyi \Ti D ;. For i 2 IY nJz
one has Sz \ Ti D ;. Hence Uz \ T D ;. Set U WDSz2Z Uz. �

Proposition 1.19. Every metrizable topological space X is normal.

By Propositions 1.18 and 1.13 there are the following implications:

“metrizable”) “hereditarily paracompact and Hausdorff”) “normal and Hausdorff”:

As the proofs were somewhat delicate, we give also a simple direct proof.
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Proof. Let d be a metric onX inducing its topology. For Y � X closed, the map X 2 R,
x 7! d.x; Y / WD infy2Y d.x; y/, is continuous with d.x; Y / D 0 if and only if x 2 Y .

Let A;B � X be closed subsets with A\ B D ;. Then

f WX ! Œ0; 1�; f .x/ WD d.x;A/

d.x;A/C d.x;B/
is a continuous function with f .a/ D 0 for all a 2 A and f .b/ D 1 for all b 2 B . �

We conclude this section with two versions of an important technical tool, the shrinking
lemma.

Proposition 1.20 (Shrinking lemma). Let X be a normal space and let .Ui /i2I be an
open covering such that for all x 2 X there exist only finitely many i with x 2 Ui . Then
there exists an open covering .Vi /i2I such that Vi � Ui for all i .

The hypothesis on .Ui /i is of course satisfied if .Ui /i is locally finite.

Proof. We choose a well ordering on I (Appendix Proposition 13.27) and show by trans-
finite recursion (Appendix Proposition 13.26) that there exists a family .Vi /i2I of open
subsets such that for all i one has Vi � Ui and X D

S
j<i Vj [

S
j�i Uj .

Let i 2 I and assume that we have already constructed Vj for j < i . Set

Ai WD Ui n
  

[

j<i

Vj

!

[
 
[

j>i

Uj

!!

:

Then Ai \ Uj is closed in Uj for all j � i and Ai \ Vj is closed in Vj for all j < i .
Hence Ai is closed in X because being closed is a local property (Appendix Proposi-
tion 12.32). As X is normal, there exists an open neighborhood Vi of Ai with Vi � Ui
(Theorem 1.15 (iii)). Clearly we have X DSj�i Vj [

S
j>i Uj .

It remains to show that X D S
i2I Vi . By the assumption on .Ui /i we find for all

x 2 X an ix 2 I such that x … Uj for j � ix. Now x 2 X D
S
j<ix

Vj [
S
j�ix Uj and

hence x 2 Sj<ix
Vj . �

If X is a paracompact Hausdorff space, we can omit the hypothesis on .Ui /i .

Corollary 1.21 (Shrinking lemma). Let X be a paracompact Hausdorff space and let
.Ui /i2I be an open covering of X .

1. There exists an open covering .Tj /j2J such that .Tj /j2J is a locally finite refinement
of .Ui /i .

2. There exists an open covering .Vi /i2I such that Vi � Ui for all i 2 I .
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Proof. AsX is paracompact there exists a locally finite open covering .Wj /j2J and a map
˛W J ! I such that Wj � U˛.j / for all j 2 J . As X is normal (Proposition 1.18) we can
apply Proposition 1.20 to .Wj /j . Hence we find an open covering .Tj /j2J with Tj � Wj
for all j . In particular .Tj /j2J is locally finite again.

For all i 2 I set Vi WD
S
j2˛�1.i/ Tj . Then .Vi /i2I is an open covering of X . As .Tj /j

is locally finite,
S
j2˛�1.i/ Tj is closed and hence

Vi �
[

j2˛�1.i/
Tj �

[

j2˛�1.i/
Wj � Ui : �

1.4 SeparatedMaps

We now come to a relative version of Hausdorff for continuous maps, so-called “separated
maps”. To characterize separated maps (Proposition 1.25) we first introduce the following
notion for subspaces.

Definition 1.22 (Relatively Hausdorff subspace). Let X be a topological space. A sub-
space A of X is called relatively Hausdorff if any two distinct points in A have disjoint
neighborhoods in X .

If A is a relatively Hausdorff subspace of a topological space X , then A is Hausdorff.
The converse does not necessarily hold (Problem 1.16). If X is Hausdorff, then any sub-
space of X is relatively Hausdorff.

Proposition 1.23. Let A be a relatively Hausdorff subspace of X and let C and C 0 be
compact disjoint subspaces of A. Then there exist disjoint open neighborhoods U of C
and U 0 of C 0 in X .

Proof. Suppose first that C 0 D fx0g for some x0 2 X . As C is compact and A relatively
Hausdorff in X we find a finite open covering .U1; : : : ; Un/ of C in X and for each i D
1; : : : ; n an open neighborhood U 0i of x

0 in X such that U 0i \ Ui D ; for all i . We set
U 0 DTi U

0
i and U D

S
i Ui .

Now let C 0 be arbitrarily compact. As we have just seen we find for each point x0 2 C 0
an open disjoint neighborhoods U 0x0 of x

0 and Ux0 of C in X . As C 0 is compact, there
exists a finite subset F � C 0 such that .U 0x0/x02F is a covering of C 0. Now we set U WD
T
x02F Ux0 and U

0 DSx02F U
0
x0 . �

For the definition of separated maps recall that for a continuous map f WX ! Y of
topological spaces the diagonal of f (Appendix Example 12.29 5) is the map

�f WX ! X �Y X WD f .x; x0/ 2 X �X I f .x/ D f .x0/ g ; x 7! .x; x/:
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Definition 1.24 (Separated maps). A continuous map f WX ! Y is called separated if
the diagonal map �f WX ! X �Y X is a closed topological embedding (or, equivalently
by Appendix Example 12.29 5, if �f .X/ is closed in X �Y X).

Every injective continuous map is separated by Appendix Example 12.29 5. This also
follows from (ii) of the following characterization of separated maps.

Proposition 1.25. For a continuous map f WX ! Y of topological spaces the following
assertions are equivalent:

(i) The map f is separated.
(ii) All fibers of f are relatively Hausdorff subspaces in X .
(iii) For every relatively Hausdorff subspace B of Y the inverse image f �1.B/ is rela-

tively Hausdorff in X .

Proposition 1.25 (ii) shows in particular that the property “separated” is local on the
target.

Proof. “(i) ) (ii)”. Let y 2 Y and x1; x2 2 f �1.y/ with x1 ¤ x2. Then .x1; x2/
is in .X �Y X/ n �f .X/. Because �f .X/ � X �Y X is closed there exists an open
neighborhood Ui of xi in X (i D 1; 2) such that U1 � U2 \ X �Y X is contained in
.X �Y X/ n�f .X/. Hence U1 \ U2 D ;.

“(ii) ) (i)”. Let .x1; x2/ 2 .X �Y X/ n �f .X/ and y WD f .x1/ D f .x2/. As
f �1.y/ is relatively Hausdorff, there exist neighborhoodsU1 of x1 and U2 of x2 such that
U1 \ U2 D ;. Therefore W WD .U1 � U2/ \ .X �Y X/ is a neighborhood of .x1; x2/ in
X �Y X and we have W \�f .X/ D ;. Thus .X �Y X/ n�f .X/ is open in X �Y X .

“(ii)) (iii)”. Let x1; x2 2 f �1.B/ with x1 ¤ x2 and y1 WD f .x1/; y2 WD f .x2/. Sup-
pose first that y1 ¤ y2. Since B � Y is relatively Hausdorff, there exist neighborhoods
V1 of y1 and V2 of y2 in Y such that V1 \ V2 D ;. Then f �1.V1/ and x2 2 f �1.V2/ are
disjoint neighborhoods of x1 and x2 in X . Now suppose that y1 D y2. Then x1 and x2 are
points of the same fiber of f . In this case the assertion follows from (ii).

“(iii)) (ii)”. Clearly every one-point subspace is relatively Hausdorff. �

Corollary 1.26. Let f WX ! Y , gW Y ! Z be continuous maps.

1. If f and g are separated, g ı f is separated.
2. If g ı f is separated, f is separated.

Proof. Assertion 1 follows immediately from Proposition 1.25 (iii).
To show 2 let y be a point of Y . Then f �1.y/ is a subspace of .g ıf /�1.g.y//, which

is relatively Hausdorff in X . Hence f �1.y/ is relatively Hausdorff in X . �
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Choosing for Z a point we obtain the following result.

Corollary 1.27. Let f WX ! Y be a continuous map.

1. If Y is Hausdorff and f is separated, then X is Hausdorff.
2. If X is Hausdorff, then f is separated.

1.5 Proper Maps

There is also a relative version for continuous maps of the compactness notion. These
are the proper maps. We first prove a characterization for compact spaces. We start with
a lemma.

Lemma 1.28. Let X and Y be topological spaces, A � X and B � Y compact subsets
andW � X � Y open with A �B � W . Then there exist open neighborhoods U of A in
X and V of B in Y such that U � V � W .

Proof. For every .a; b/ 2 A�B there exist open subsets U.a;b/ � X and V.a;b/ � Y such
that .a; b/ 2 U.a;b/ �V.a;b/ � W . Fixing b 2 B yields an open covering .U.a;b//a2A of the
compact set A so that there exist a1; : : : ; an with A � U.a1;b/[ : : : : : :[U.an;b/. We define
open sets Ub WD U.a1;b/[: : :[U.an;b/ and Vb WD V.a1;b/\: : :\V.an;b/ and observeA � Ub ,
b 2 Vb . Furthermore Ub � Vb is contained in W . Now .Vb/b2B is an open covering of
the compact set B so that there exist b1; : : : ; bn with B � Vb1 [ : : : [ Vbn . For the open
subsets U WD Ub1 \ : : : \ Ubn and V WD Vb1 [ : : : [ Vbn we find A � U , B � V and
U � V � W as before. �

Proposition 1.29. A topological spaceX is compact if and only if the projectionZ�X !
Z is closed for every topological space Z.

Proof. For every topological space Z denote by p1WZ �X ! Z the projection. Suppose
that X is not compact. Then there exists an open covering .Ui /i2I of X that has no finite
subcovering. In particular I is infinite. Set

Z WD f J � I I J finite and non-emptyg [ fI g:

Endow Z with the topology generated by the sets VK WD f J 2 Z I K � J g for every
finite subset K � I . For finite subsets K;K 0 � I we have VK \ VK 0 D VK[K 0 and
V; D Z so that these sets form a basis of the topology of Z (Appendix Remark 12.5).

We will show that p1WZ �X ! Z is not closed. Consider the subset

A WD
n
.J; x/ 2 Z � X I x 2 X n

[

i2J Ui
o
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of the product space Z � X . If .J; x/ … A there exists j 2 J with x 2 Uj so that
.J; x/ 2 Vfj g � Uj . Also for every .J 0; x0/ 2 Vfj g � Uj we have x0 2 Uj �

S
i2J 0 Ui ,

hence the open subset Vfj g � Uj of Z � X is contained in .Z � X/ n A. Therefore A is
closed.

Now p1.A/ D
˚
J 2 Z I X nSi2J Ui ¤ ;

� D Z n fI g because Si2J Ui ¤ X for
every finite subset J � I and

S
i2I Ui D X by assumption. If Z n fI g was closed, fI g

would be open in Z and therefore an element of the basis of topology given above. But
this is absurd because I is infinite. Hence p1.A/ is not closed proving that p1WZ�X ! Z

is not closed.
Conversely, assume that X is compact. Let Z be a topological space, let A � Z � X

be a closed subset, and let z 2 Z np1.A/. Then p�11 .z/ D fzg�X � .Z �X/ nA and X
and fzg are compact. Therefore we may apply Lemma 1.28 to find an open neighborhood
U of z in Z with U �X � .Z �X/ nA. Then U � Z n p1.A/. Because z was arbitrary
we see that Z n p1.A/ is open. �

We can now formulate the main result of this section and define the notion of a proper
map.

Definition and Theorem 1.30 (Proper maps). A continuous map f WX ! Y between
topological spaces is called proper if it satisfies the following equivalent properties:

(i) For every topological space Z the map idZ �f WZ �X ! Z � Y is closed.
(ii) The map f is closed and for every compact subspace V of Y the preimage f �1.V /

is a compact subspace of X .
(iii) The map f is closed and f �1.y/ is compact for all y 2 Y .
(iv) For every continuous map gW Y 0 ! Y , the projection Y 0 �Y X ! Y 0 is closed.

Sometimes a continuous map is defined to be proper if inverse images of compact
subspaces are again compact. In general this is strictly weaker than our definition (Prob-
lem 1.21). For locally compact Hausdorff spaces both definitions are equivalent (Prob-
lem 1.20).

Proof. “(i)) (ii)”. Taking for Z the topological space consisting of a single point shows
that (i) implies that f is closed.

Let V � Y be compact and let Z be a topological space. As Z � X ! Z � Y is
closed, the restriction Z � f �1.V / ! Z � V is also closed. Due to Proposition 1.29
the projection Z � V ! Z is closed because V is compact and therefore the composition
Z�f �1.V /! Z�V ! Z is closed. This composition is the projectionZ�f �1.V /!
Z. As Z was arbitrary, Proposition 1.29 shows that f �1.V / is compact.

“(ii)) (iii)”. A topological space with a single point is compact.
“(iii) ) (iv)”. Let gW Y 0 ! Y be a continuous map and f 0W Y 0 �Y X ! Y 0 the

projection. First we note that Im.f 0/ D fy0 2 Y 0 I g.y0/ 2 Im.f / g D g�1.f .X// is
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closed in Y 0 because f is closed by assumption. Let A � Y 0 �Y X be a closed subset and
y0 2 Y 0 n f 0.A/. We have to find a neighborhood of y0 in Y 0 that does not meet f 0.A/.
Now we have two different cases.

If y0 … Im.f 0/, then Y 0 nIm.f 0/ is an open neighborhood of y0 contained in Y 0 nf 0.A/.
If y0 2 Im.f 0/, we have .f 0/�1.y0/ D fy0g � f �1.g.y0// � .Y 0 �Y X/ n A. Since

Y 0 �Y X � Y 0 � X is a subspace, there exists A0 � Y 0 � X closed with A D A0 \
.Y 0 �Y X/. By hypothesis, fy0g � f �1.g.y0// is compact and we may apply Lemma 1.28
to fy0g � f �1.g.y0// � .Y 0 �X/ nA0. This yields V 0 � Y 0 and U � X open with fy0g �
f �1.g.y0// � V 0 �U and V 0 �U � .Y 0 �X/nA0. Then the set V 0 \g�1.Y nf .X nU//
is open in Y 0 since f is closed, it contains y0, and has an empty intersection with f 0.A/.
Thus f 0.A/ is closed.

“(iv)) (i)”. Let Z be a topological space and gWZ�Y ! Y the projection. Then the
projection .Z � Y /�Y X ! Z � Y is closed by (iv) and it is equal to idZ �f WZ �X !
Z � Y . �

Example 1.31. Characterization (iii) shows that an injective continuous map is proper if
and only if it is a closed embedding.

Proposition 1.32. Let f WX ! Y and gW Y ! Z be continuous maps.

1. If f and g are proper, then g ı f is proper.
2. Suppose that g is separated and that g ı f is proper. Then f is proper.
3. Let g ı f be proper and f surjective. Then g is proper.

Proof. Assertion 1 is clear by Theorem 1.30 (ii).
Let us show 2. By Appendix Example 12.29 4, �f WX 7! X�Z Y , x 7! .x; f .x// is an

embedding. Its image is the inverse image of the diagonal Y �Z Y under f � idY , and the
diagonal is closed in Y �Z Y because g is separated. Hence �f is a closed embedding and
hence proper (Example 1.31). Now f is the composition of �f followed by the projection
X �Z Y ! Y , which is proper by Theorem 1.30 (iv) because g ı f is proper. Hence f is
proper by 2.

To show 3 let z 2 Z. As f is surjective, it induces a surjective map f �1.g�1.z// !
g�1.z/. As g ıf is proper, f �1.g�1.z// is compact. Hence g�1.z/ is compact (Appendix
Proposition 12.51). Now let B � Y be closed. As f is surjective, we have g.B/ D
g.f .f �1.B///, which is closed because g ı f is closed. Therefore g is closed. �

We obtain a new proof of Appendix Proposition 12.52.

Corollary 1.33. Let f WX ! Y be a continuous map. Suppose that X is compact and
that Y is Hausdorff. Then f is proper and the subspace f .X/ of Y is closed in Y and
compact.
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Proof. Applying Proposition 1.32 2 to the special case that Z consists of a single point
shows that f is proper. Hence f .X/ is closed in Y . Being the image of a compact space,
f .X/ is compact (Appendix Proposition 12.51 2). �

Proposition 1.34. Let .fi WXi ! Yi /i2I be a finite family of proper continuous maps.
Then the product map .xi /i 7! .fi .xi //i is proper.

One can show that the product of an arbitrary family of proper maps is again proper
([BouGT1], I, §10.2, Corollary 3 of Theorem 1).

Proof. By induction we may assume that I D f1; 2g. Let Z be a topological space. Then
f1 � f2 � idZ is the composition of the proper maps f1 � idX1 � idZ and idY2 �f1 � idZ .
Hence it is proper by Proposition 1.32. �

1.6 Problems

Problem 1.1. Let X be a Lindelöf space and let f WX ! Y be a surjective continuous
map. Show that Y is again a Lindelöf space.

Problem 1.2. Show that the product of a Lindelöf space and a compact space is again
a Lindelöf space.

Problem 1.3. Let X be a topological space.

1. Suppose that X is a Lindelöf space. Show that every closed subspace of X is again
a Lindelöf space.

2. Show that every subspace of X is Lindelöf if and only if every open subspace of X is
Lindelöf. Such spaces are called hereditarily Lindelöf spaces.

Problem 1.4. Let X be a metrizable space. Show that the following assertions are equiv-
alent:

(i) X is second countable.
(ii) X is a Lindelöf space.
(iii) X is separable.

Problem 1.5. A topological space X is called regular if X is a T1-space and if for all
x 2 X and closed subsets A � X with x … A there exist disjoint open neighborhoods of
x and of A.
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1. Show that every Hausdorff normal space is regular.
2. Show that a T1-spaceX is regular if and only if the closed neighborhoods of any x 2 X

form a fundamental system of neighborhoods of x.
3. Show that every subspace of a regular space is again regular.
4. Show that in a regular Lindelöf space X every open covering has a countable locally

finite open refinement. In particular X is paracompact.

Problem 1.6. Show that every locally compact Hausdorff space is regular (Problem 1.5).

Problem 1.7. Show that every compact Hausdorff space is normal.

Problem 1.8. Let X be a locally compact Hausdorff space. Show that X is paracompact
if and only if X is the sum of a family of � -compact spaces.

Problem 1.9. Let X be a topological space. A subset A of X is called meager if it is
a union of countably many nowhere dense subsets (Appendix Problem 12.35). Show that
the following assertions are equivalent:

(i) Every intersection of countably many open dense subsets of X is dense in X .
(ii) Every countable union of closed subsets without interior points has no interior point

in X .
(iii) The complement of every meager subset is dense in X .

If X satisfies these conditions, then X is called a Baire space.

Problem 1.10. Show that every locally compact Hausdorff space is a Baire space (Prob-
lem 1.9).
Hint: Let .Un/n2N be a family of open dense subsets, V � X open. Construct by induc-
tion open subsets Vn with V1 D V , VnC1 � Vn \ Un, and Vn compact for n � 2 (use
Problem 1.6). Show that V \Tn Un �

T
n Vn ¤ ;.

Problem 1.11. LetX ¤ ; be a locally compact Hausdorff space and let .An/n be a count-
able family of closed sets such that X D S

n An. Show that there exists an n 2 N such
that Aın ¤ ;.
Hint: Problem 1.10.

Problem 1.12. Let X be a paracompact space and let Y be a compact space. Show that
X � Y is paracompact.

Remark: The product of two paracompact spaces is in general not paracompact (Prob-
lem 1.13).
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Problem 1.13. Let X be the topological space whose underlying set is the set R of real
numbers and whose topology is generated by B WD f .a; b� I a; b 2 R; a < b g.

1. Show that B is a basis of the topology, that the closed intervals are closed in this topol-
ogy, and that the topology is finer then the left order topology (Appendix Problem 13.3)
on R.

2. Show that every open subset of X is a countable union of intervals of the form .a; b�

and .a; b/ that are pairwise disjoint. Deduce that X is normal and Hausdorff.
3. Show that X is hereditarily Lindelöf (Problem 1.3). Deduce that X is hereditarily

paracompact (use Problem 1.5).
4. Show that X �X is not normal.
5. Deduce that X �X is not paracompact and that X is not metrizable.
6. Show that every compact subspace ofX is countable. Deduce thatX is not � -compact.

Problem 1.14. Show that every Hausdorff locally compact topological group is paracom-
pact.

Problem 1.15. Let .X;�/ be a totally ordered set and endow X with the order topology
(Appendix Problem 12.24). Show that X is normal.

Problem 1.16. Let X be a set endowed with the particular point topology with respect to
some p 2 X (Appendix Problem 12.7). Show that any subspace A of X n fpg is discrete
(in particular Hausdorff) but that A is not relatively Hausdorff in X if A consists of more
than one point.

Problem 1.17. Let f WX ! Y , gW Y ! Z be continuous maps. Suppose that g ı f is
proper.

1. Let f be surjective. Show that g is proper.
2. Let g be injective. Show that f is proper.

Problem 1.18. Let f WX ! Y be a continuous map. Let .Bi/i be a family of subsets
of Y and suppose: (a) that the interiors cover Y or (b) that .Bi /i is a locally finite closed
covering. Show that f is proper if and only if its restriction f �1.Ai /! Ai is proper for
all i .

Hint: Use Appendix Problem 12.13.

Problem 1.19. Let f WX ! Y be a surjective map of topological spaces such that X
carries the inverse image topology of Y . Show that f is proper and open.

Problem 1.20. Let X and Y be Hausdorff spaces and suppose that Y is locally compact.
Show that a continuousmap f WX ! Y is proper if and only if for every compact subspace
C of Y the inverse image f �1.C / is compact.

Hint: Problem 1.18.
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Problem 1.21. Let .Xi /i2I be a non-countable family of discrete topological spaces each
having at least two points. Endow that product set

Q
i2I Xi with the topology generated

by the subsets
Q
i2I Mi withMi � Xi for all i andMi D Xi for all but countably many

i 2 I .

1. Show that in X every countable intersection of open subsets is again open. Deduce
that no point of X has a countable fundamental system of neighborhoods.

2. Show that X is regular and Hausdorff.
3. Show that any compact subspace of X is finite.
4. Let X 0 be the set X endowed with the discrete topology and let f WX 0 ! X be the

identity. Show that f is continuous and that f �1.C / is compact for every compact
subspace C of X . Show that f is not proper.
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In this chapter we briefly introduce some elementary notions and results on homotopy,
fundamental groups, and covering spaces that are used throughout the book.

2.1 Homotopy

We start with the notion of homotopy that is a central notion in topology.

Definition 2.1 (Homotopy). Two continuous maps f; gWX ! Y of topological spaces
are called homotopic if there exists a continuous map H WX � Œ0; 1� ! Y such that
H.x; 0/ D f .x/ and H.x; 1/ D g.x/ for all x 2 X . Then H is called a homotopy
between f and g. We then write f ' g orH W f ' g.

One should think of H WX � Œ0; 1� ! Y as a continuously varying family of maps
Ht WX ! Y , x 7! H.x; t/ parametrized by t 2 Œ0; 1� interpolating between f D H0 and
g D H1.

Remark and Definition 2.2. Let X and Y be topological spaces. Then the homotopy
relation ' is an equivalence relation on the set of all continuous maps X ! Y :

1. Clearly, one has f ' f via the homotopyH WX � Œ0; 1�! Y , .x; t/ 7! f .x/.
2. Given a homotopyH W f ' g, thenH�W g ' f via the inverse homotopyH�W .x; t/ 7!
H.x; 1 � t/.

3. LetH W f ' g andKW g ' h be given. ThenH 
KW f ' h via the product homotopy

.H 
K/.x; t/ WD
8
<

:

H.x; 2t/; 0 � t � 1=2I
K.x; 2t � 1/; 1=2 � t � 1:
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The equivalence class of f WX ! Y is denoted by Œf � and called the homotopy class of
f . We denote by ŒX; Y � the set of homotopy classes of continuous maps X ! Y .

A continuous map X ! Y is called null homotopic if it is homotopic to a constant
map.

Remark and Definition 2.3 (Homotopy category). We define the homotopy category
(h-Top) as follows:

(a) Objects are topological spaces.
(b) For two objects X and Y we define Hom(h-Top).X; Y / WD ŒX; Y �, the set of homotopy

classes of continuous maps X ! Y .
(c) The identity of a topological space in (h-Top) is the homotopy class of idX .
(d) For Œf � 2 ŒX; Y � and Œg� 2 ŒY;Z� we define the composition by Œg� ı Œf � WD Œg ı f �.

This is well defined. Indeed, let f; f 0WX ! Y and g; g0W Y ! Z be continuous
maps, and let H W f ' f 0 and KW g ' g0 be homotopies. Then g ı f ' g0 ı f 0 via
the homotopy .x; t/ 7! K.H.x; t/; t/.

A continuous map f WX ! Y whose homotopy class is an isomorphism in (h-Top) is
called a homotopy equivalence. This means that there exists a continuous map gW Y ! X

such that g ıf ' idX and f ıg ' idY . Topological spacesX and Y are called homotopy
equivalent if they are isomorphic in (h-Top).

Example 2.4. Let n � 1 be an integer and let jj jj be the Euclidean norm on Rn. Then the
.n � 1/-dimensional sphere

Sn�1 WD fx 2 Rn I jjxjj D 1 g

is homotopy equivalent to Rn n f0g: The inclusion i WSn�1 ! Rn n f0g and the map
pWRn n f0g ! Sn�1, x 7! x

jjxjj are mutually inverse homotopy equivalences. Indeed
p ı i D idSn�1 and i ı p ' idRnnf0g via the homotopy

.Rn n f0g/ � Œ0; 1�! Rn n f0g; .x; t/ 7! .1 � t/x=jjxjj C tx:

This is in particular an example of homotopy equivalent spaces that are not homeomorphic
(Sn�1 is compact, Rn n f0g not).

Definition 2.5 ((Locally) contractible spaces). A topological space X is called con-
tractible, if it is homotopy equivalent to a point (i.e., to the unique topological space
consisting of a single point). It is called locally contractible if every point has a funda-
mental system of open contractible neighborhoods.

In other words, X is contractible if and only if there exists a point x0 2 X such that the
constant map X ! X , x 7! x0 and idX are homotopy equivalent, i.e., if and only if idX is
null homotopic.
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Example 2.6. Let V be a normed real or complex vector space.

1. Recall that a subset S of V is called star-shaped with star center s0 2 S if for all
s 2 S the line segment f ts C .1 � t/s0 I 0 � t � 1 g from s to s0 is contained in S .
Then the subspace S of V is contractible: H W .s; t/ 7! ts C .1 � t/s0 is a homotopy
between the constant map s 7! s0 and idS .

2. Every open ball in V is star-shaped. As the open balls form a basis of the topology on
V , we see that every open subspace of V is locally contractible.

2.2 Paths

We quickly introduce some notation for paths. In this section, let a; b 2 R with a < b.

Definition 2.7 (Paths). Let X be a topological space.

1. A continuous map � W Œa; b�! X is called path in X . The point �.a/ is called the start
point, �.b/ is called the end point of � . We say that � is a path from �.a/ to �.b/. We
also set:

f�g WD �.Œa; b�/ � X:
2. A path � W Œa; b�! X is called closed or a loop if �.a/ D �.b/.

Let � W Œa; b� ! X be a map. Let 'W Œ0; 1� ! Œa; b�, '.t/ D a C .b � a/t . Then � is
continuous if and only if � ı ' is continuous and f�g D f� ı 'g. This allows us usually to
assume that Œa; b� D Œ0; 1�.

Definition 2.8. Let X be a topological space.

1. Let � W Œ0; 1�! X be a path. Define

��W Œ0; 1�! X; ��.t/ D �.1 � t/

the inverse path.
2. Let �; ıW Œ0; 1� ! X be two paths with �.1/ D ı.0/. Define the product or the con-

catenation of paths by

� � ıW Œ0; 1�! X; t 7!
8
<

:

�.2t/; 0 � t � 1=2I
ı.2t � 1/; 1=2 � t � 1;

i.e., � � ı is the path where one first “walks along � and then along ı each time with
double velocity”.
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2.3 Path Connected Spaces

Let X be a topological space. We write x � y if there exists a path with start point x
and end point y. Then � is an equivalence relation on X as shown by the construction in
Definition 2.8.

Definition 2.9. An equivalence class with respect to � is called a path component of
X . The set of path components of X is denoted by �0.X/. The space X is called path
connected if there exists a single path component, i.e., �0.X/ consists of a single point.

A topological space X is called locally path connected if every point of X has funda-
mental system of path connected neighborhoods.

The empty space is not path connected by definition.

Remark 2.10. Let f WX ! Y be a surjective continuous map. If X is path connected,
then Y is path connected.

Indeed, let y; y0 2 Y . Choose x; x0 2 X with f .x/ D y and f .x0/ D y0 and a path �
in X connecting x and x0. Then f ı � is a path connecting y and y0.

Example 2.11.
1. A discrete space X is locally path connected, but it is not path connected if it contains

more than one point.
2. Conversely, there are path connected topological spaces that are not locally path con-

nected (Problem 2.7).
3. Every open subspace of of a normed R-vector space is locally path connected.

Proposition 2.12. Every path connected topological space X is connected.

Proof. Assume that X is not connected. Then X is the disjoint union of two non-empty
open subsets U and V . Choose x 2 U and y 2 V and let � W Œ0; 1� ! X be a path with
�.0/ D x and �.1/ D y. Then Œ0; 1� is the disjoint union of the open non-empty sub-
sets ��1.U / and ��1.V /. This is a contradiction, because Œ0; 1� is connected (Appendix
Proposition 12.43). �

In general there exist connected spaces that are not path connected (Problems 2.6
and 2.7). But for locally path connected spaces this cannot happen. More precisely we
have:

Proposition 2.13. Let X be a topological space such that every point has a path con-
nected neighborhood. Then a subset of X is a path component if and only if it is a con-
nected component. All path components are open and closed in X , i.e., X is the sum of its
path components.
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Proof. By Proposition 2.12 every path component A of X is connected (and hence con-
tained in a connected component). Let x 2 X and let A be the path component of X
containing x. By hypothesis there exists a path connected neighborhood V of x. Then
A [ V is path connected and hence contained in A. This shows that A is open in X . As
the complement of A is a union of path components, A is also closed in X .

Proposition 2.12 shows that every connected component B of X is a union of path
components. Each of theses path components is open and closed in X and hence in B . As
B is connected, B can only contain a single path component. �

Remark 2.14. Suppose that X is a locally path connected space. Then Proposition 2.13
holds also for every open subspace of X . This shows in particular that every point of X
has a fundamental system of open path connected neighborhoods.

Remark 2.15. Let f WX ! Y be a continuous map. If x; x0 2 X are connected by
some path � , then f .x/ and f .x0/ are connected by the path f ı � . Hence f induces
a map �0.f /W�0.X/ ! �0.Y /. We obtain a functor �0W (Top) �! (Sets). Moreover, if
f; gWX ! Y are homotopic continuous maps, then �0.f / D �0.g/ and we even obtain
a functor

�0W (h-Top) �! (Sets):

Hence every homotopy equivalence f WX ! Y induces a bijection �0.X/
�! �0.Y /. In

particular, we see that every (locally) contractible space is (locally) path connected.

2.4 Fundamental Group

Definition 2.16. Let X and Y be topological spaces, let A � X be a subspace, and let
f; gWX ! Y be continuous maps. A homotopy H W f ' g is said to be relative to A if
H.a; t/ D f .a/ D g.a/ for all a 2 A, t 2 Œ0; 1�. We writeH W f ' g .rel A/ in this case.

The existence of such a homotopy implies in particular that f jA D gjA. The same
constructions as in Remark 2.2 show that “homotopy relative to A” is an equivalence
relation on the set of all continuous maps X ! Y .

Definition 2.17. Let X be a topological space and let �; ıW Œ0; 1�! X be two paths with
the same start and end points. A homotopy of paths between � and ı is a homotopy
H W � ' ı .rel f0; 1g/, i.e., H is a homotopy that leaves the start point and the end point
fixed.

Remark 2.18. Let �; �1; �2; �3; ı1; ı2W Œ0; 1�! X be paths in X .

1. Let 'W Œ0; 1� ! Œ0; 1� be continuous with '.0/ D 0 and '.1/ D 1. Then � ' � ı '
.rel f0; 1g/.
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2. Set x0 WD �.0/, x1 WD �.1/, and let "i be the constant path t 7! xi . Then

"0 � � ' � ' � � "1 .rel f0; 1g/:
3. Assume �i.1/ D ıi .0/ for i D 1; 2. Then �1 ' �2 .rel f0; 1g/ and ı1 ' ı2 .rel f0; 1g/

imply that �1 � ı1 ' �2 � ı2 .rel f0; 1g/.
4. If one has �1 ' �2 .rel f0; 1g/, then �1 � ��2 is null-homotopic.
5. Assume �1.1/ D �2.0/ and �2.1/ D �3.0/. Then

�1 � .�2 � �3/ ' .�1 � �2/ � �3 .rel f0; 1g/:
Proof. 1. A homotopy � ı ' ' � is given by .s; t/ 7! �.ts C .1 � t/'.s//.

2.,5. One has "0 � � D � ı ' with '.t/ D 0 for 0 � t � 1
2
and '.t/ D 2t � 1 for

1
2
� t � 1. Hence "0 � � ' � .rel f0; 1g/ by 1. Similarly one shows � ' � � "1 .rel f0; 1g/

and 5.
3. If H W �1 ' �2 .rel f0; 1g/ and GW ı1 ' ı2 .rel f0; 1g/, then �1 � ı1 ' �2 � ı2

.rel f0; 1g/. via the homotopy .s; t/ 7! H.2s; t/ for 0 � s � 1
2
and .s; t/ 7! G.2s � 1; t/

for 1
2
� s � 1.

4. One has �1 ' �2 .rel f0; 1g/ if and only if ��1 ' ��2 .rel f0; 1g/. Hence we
may assume that �1 D �2 by 3. Then .s; t/ 7! �1.2s.1 � t// for 0 � s � 1

2
and

.s; t/ 7! �1.2.1� s/.1� t// for 12 � s � 1 is a homotopy between � � �� and the constant
path with value �.0/. �

Definition 2.19. Let X be a topological space, x 2 X . Define the fundamental group of
X with base point x by

�1.X; x/ WD f � W Œ0; 1�! X I � path with �.0/ D �.1/ D xg =.' .rel f0; 1g/;
i.e., �1.X; x/ is the set of homotopy classes Œ�� of closed paths � starting (and ending) in
x. Define a multiplication on �1.X; x/ by

Œ��Œı� WD Œ� � ı�:
By Remark 2.18 this is well defined and yields a group structure on �1.X; x/. The neutral
element is the constant path with value x and the inverse of Œ�� 2 �1.X; x/ is Œ���.

In the sequel we will often write � instead of Œ�� for elements in �1.X; x/.

Remark 2.20. Let (Toppt) be the category whose objects are pointed topological spaces,
i.e., pairs .X; x/ consisting of a topological space X and a point x 2 X . Morphisms
.X; x/ ! .Y; y/ are continuous maps f WX ! Y with f .x/ D y. Composition in
(Toppt) is given by composition of maps.

If f W .X; x/ ! .Y; y/ is a morphism in (Toppt), then � 7! f ı � defines a group
homomorphism �1.f /W�1.X; x/! �1.Y; y/. It is easy to check that we obtain a functor

�1W (Toppt)! (Grp):
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Remark 2.21. Let X be a topological space, x0; x1 2 X be points and let � be a path in
X with start point x0 and end point x1. Then

�
W�1.X; x0/! �1.X; x1/; � 7! �� � � � �

is an isomorphism of groups: Remark 2.18 shows that �
 is well defined and that for
�; � 0 2 �1.X; x0/ one has

�
.�/�
.� 0/ D �� � � � � � �� � � 0 � � ' �� � � � � 0 � � ' �� � � � � 0 � � D �
.�� 0/:

Hence �
 is a group homomorphism. An inverse is given by ��
 W ı 7! � � ı � ��.
In particular we see that for a path connected spaceX the fundamental group �1.X; x0/

is up to isomorphism independent of the chosen point x0 2 X .

Definition 2.22. A topological space X is called simply connected if X is path connected
and if �1.X; x/ D 1 for all (equivalently, for one) x 2 X .

In other words, X is simply connected if and only if every closed path in X is homo-
topic relative f0; 1g to a given constant path.

Remark 2.23. Let X and Y be topological spaces, x0 2 X , y0 2 Y , let p and q be the
projections from X � Y to X and Y , respectively. Then

.�1.p/; �1.q//W�1.X � Y; .x0; y0// �! �1.X; x0/ � �1.Y; y0/

is an isomorphism of groups. An inverse is given by �1.i/�1.j /, where i WX ! X � Y ,
x 7! .x; y0/ and j W Y ! X � Y , y 7! .x0; y/.

We conclude this section by showing that homotopic maps induce isomorphic maps on
fundamental groups.

Proposition 2.24. Let f0; f1WX ! Y be continuous maps and let H W f0 ' f1 be a ho-
motopy. Let x 2 X and define yi WD fi .x/ for i D 0; 1. Then �.t/ WD H.x; t/ is a path
from y0 to y1 and the following diagram commutes:

�1.Y; y0/

Š �
�1.X; x/

�1.f0/

�1.f1/

�1.Y; y1/ :
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Proof. Let Œ�� 2 �1.X; x/. We have to show that

.f0 ı �/ � � ' � � .f1 ı �/ .rel f0; 1g/:

Let hW Œ0; 1� � Œ0; 1� ! Y , .s; t/ 7! H.�.s/; t/. Let a; b; c; d W Œ0; 1� ! Œ0; 1� � Œ0; 1�,
a.t/ D .t; 0/, b.t/ D .1; t/, c.t/ D .0; t/, d.t/ D .t; 1/ be the sides of the square. Then
.f0ı�/ �� D hı.a �b/ and � �.f1ı�/ D hı.c �d/. Clearly there is a homotopy a �b ' c �d
in Œ0; 1��Œ0; 1� relative f0; 1g (e.g., a linear homotopy .s; t/ 7! .1�t/.a�b/.s/Ct.c �d/.s/)
and this homotopy induces the desired homotopy by composition. �

Corollary 2.25. Let f WX ! Y be a homotopy equivalence.

1. Let x 2 X . Then �1.f /W�1.X; x/! �1.Y; f .x// is a group isomorphism.
2. The topological space X is simply connected if and only if Y is simply connected.

Proof. Let gW Y ! X be a homotopy inverse map of f . As g ı f (respectively f ı g)
is homotopic to the identity, Proposition 2.24 implies that �1.f / is injective (respectively
surjective). This shows (1).

Assertion (2) follows from (1) and because X is path connected if and only if Y is path
connected (Remark 2.15). �

Corollary 2.26. Every contractible space is simply connected.

Altogether we obtain the following implications for various notions of connectivity
(where the first two notions have been only defined for subspaces of normed vector
spaces):

“convex”) “star shaped”) “contractible”) “simply connected”

) “path connected”) “connected”:

Each of these implications is a proper implication: The union of the coordinate axes
˚
.x; y/ 2 R2 I xy D 0 � is star shaped but not convex, R2 n ˚ .x; y/ I y D x2; x � 0 �

is not star shaped but contractible (Problem 2.8), Rn n f0g is simply connected for n � 3
(Problem 2.15) but not contractible (see Corollary 11.21 below),R2nf0g is path connected
(Problem 2.5) but not simply connected (see Corollary 2.44 below), and Problems 2.6
and 2.7 give examples of connected spaces that are not path connected.
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2.5 Covering Spaces

Definition 2.27 (Covering space). Let X be a topological space.

1. A continuous map pW QX ! X is called a covering space of X or a covering map if for
all x 2 X there exists x 2 U � X open such that

p�1.U / D
a

i2I
QUi sum of topological spaces, I ¤ ; some set (2.1)

for open sets QUi � X such that pj QUi W QUi ! U is a homeomorphism for all i 2 I (see
Fig. 2.1).

2. A covering map pW QX ! X is called a universal covering map if QX is simply con-
nected.

3. Define the category (CovSp(X)) of covering spaces of X as follows. Objects are cov-
ering spaces pW QX ! X . A morphism between two covering spaces p1W QX1 ! X and
p2W QX2 ! X is a continuous map ˛W QX1! QX2 such that p2 ı ˛ D p1.
For a justification of the notion of a “universal covering” see Remark 2.38 below.
A covering map p is always a surjective map: For every U as in (2.1) and for every

y 2 U we have a bijection p�1.fyg/$ I and I ¤ ; by definition. The cardinality of the
set p�1.x/ is locally constant in x. If it is constant (e.g., if X is connected), we call the
cardinality of a fiber the degree of the covering p.

Sometimes we consider pointed covering spaces pW . QX; Qx/ ! .X; x/ of pointed topo-
logical spaces. By this we mean a covering map pW QX ! X with p. Qx/ D x. One has the
obvious notion of a morphism of pointed covering spaces.

Remark 2.28. Let X be a topological space. Let E ¤ ; be a set considered as a discrete
topological space. Then the projection X � E ! X is a covering map. Covering maps
that are isomorphic to a covering map of this form are called trivial covering maps.

A continuous map pW QX ! X is a covering map if and only if it is locally onX a trivial
covering map.

Figure 2.1 Triviality of the
covering over U

X

Ui
~

x U
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Example 2.29.

1. The function pWR! S1 D f z 2 C I jzj D 1 g, x 7! e2�ix is a universal covering.
Indeed, R is simply connected because it is convex. The map is a covering: For j D
�1; 1 letUj D S1nfj g. ThenU�1[U1 D S1. One hasp�1.U1/ D

`
n2Z.n; nC1/ and

pj.n;nC1/ is a homeomorphism .n; nC 1/ �! U1; similarly for p�1.U�1/ D
`
n2Z.n�

1
2
; nC 1

2
/.

2. The function expWC ! C� is a universal covering (use (1) and the polar decomposi-
tion of complex numbers).

3. For n � 2, the map f WC ! C, z 7! zn is surjective, but there exists no open
neighborhood U of 0 such that #f �1.fz0g/ D #f �1.f0g/ D 1 for all z0 2 U . Hence
f is not a covering. However its restriction to C n f0g is a covering of degree n
(Problem 2.17).

Remark 2.30. The fibers of a covering map pW QX ! X are relatively Hausdorff, hence
every covering map is separated (Proposition 1.25). In particular, if X is Hausdorff, then
QX is Hausdorff (Corollary 1.27).

Let pW QX ! X and let f WZ ! X be a continuous map. A continuous map Qf WZ ! QX
such that p ı Qf D f is called a lifting of f along p.

Proposition 2.31 (Uniqueness of liftings). For i D 1; 2 let Qfi WZ ! QX be liftings of
f along a covering map pW QX ! X . Suppose that Z is connected and that there exists
z0 2 Z with Qf1.z0/ D Qf2.z0/. Then Qf1 D Qf2.

Proof. As p ı Qfi D f , . Qf1; Qf2/ yields a map Qf WZ ! QX �X QX . Let �p � QX �X QX
be the diagonal. As p is a separated by Remark 2.30 and a local homeomorphism, �p
is closed and open in QX �X QX (Proposition 1.25 and Appendix Remark 12.37). Hence
Qf �1.�p/ D

n
z 2 Z I Qf1.z/ D Qf2.z/

o
is closed and open in Z. It contains z0 and hence

is equal to Z because Z is connected. �

The proof shows that the same assertion remains true for separated local homeomor-
phisms p.

Proposition 2.32 (Lifting homotopies). Let pW QX ! X be a covering map. Let Z
be a topological space, let H WZ � Œ0; 1� ! X be a homotopy and let Qf WZ ! QX be
a continuous map such that p. Qf .z// D H.z; 0/. Then there exists a unique homotopy
QH WZ � Œ0; 1�! QX such that p ı QH D H and such that Qf .z/ D QH.z; 0/ for all z 2 Z.

The proof will show that ifH is a homotopy relative to a subset A � Z, then QH is also
a homotopy relative to A.
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Proof. If QH exists, it is uniquely determined (apply Proposition 2.31 toHz.t/ WD H.z; t/
for all z 2 Z). Hence it suffices to construct QH locally, i.e., to show that for all z 2 Z
there exists an open neighborhoodW of z inZ and QH WW � Œ0; 1�! QX such that pı QH D
H jW �Œ0;1� and such that Qf .z/ D QH.z; 0/ for all z 2 W .

Let .U˛/˛ be an open covering of X such that for all ˛, p�1.U˛/ is the sum of open
subspaces each of which is mapped homeomorphically to U˛. As H is continuous, every
point .z; t/ has a neighborhood of the form Wt � .at ; bt / in Z � Œ0; 1� such that H.Wt �
.at ; bt // � U˛ . As Œ0; 1� is compact, we find 0 D t0 < t1 � � � < tr D 1 and a neighborhood
W of z such that for all i D 1; : : : ; r ,H.W � Œti�1; ti �/ is contained in some U˛i .

By induction we may assume that QH jW �Œ0;ti�1� has already been constructed. As p
is a covering map, there exists an open subspace QU˛i � QX containing QH.z; ti�1/ such
that pi WD pj QU˛i W QU˛i ! U˛i is a homeomorphism. After shrinking W we may assume

that QH.W � fti�1g/ � QU˛i . Now we can extend QH to W � Œ0; ti � by QH jW �Œti�1;ti � WD
p�1i ıH jW �Œti�1;ti �. �

Taking Z to be a point yields the path lifting property for covering spaces.

Corollary 2.33 (Lifting of paths). Let pW QX ! X be a covering map. Let � W Œ0; 1�! X

be a path and let Qx0 2 p�1.�.0//. Then there exists a unique path Q� W Œ0; 1� ! QX with
p ı Q� D � and Q�.0/ D Qx0.

Corollary 2.34. Let pW QX ! X be a covering map. For every topological space Z,
composition with p yields an injective map

Hom(h-Top).Z; QX/ ,! Hom(h-Top).Z;X/:

In other words, a covering map is an epimorphism in the category (h-Top). The image
of Hom(h-Top).Z; QX/ ! Hom(h-Top).Z;X/ can be described in terms of the fundamental
group.

Proposition 2.35. Let pW QX ! X be a covering map, Qx0 2 QX , x0 WD p. Qx0/. Let
f W .Z; z0/ ! .X; x0/ be a morphism of pointed topological spaces, where Z is path
connected and locally path connected.

Then there exists a morphism Qf W .Z; z0/! . QX; Qx0/ of pointed topological spaces with
p ı Qf D f if and only if �1.f /.�1.Z; z0// � �1.p/.�1. QX; Qx0//.

The morphism Qf is unique by Proposition 2.31 if it exists.

Proof. If there exists a morphism Qf W .Z; z0/ ! . QX; Qx0/ of pointed topological spaces
with pı Qf D f , then �1.f / D .�1.p/ı�1. Qf // and therefore clearly �1.f /.�1.Z; z0// �
�1.p/.�1. QX; Qx0//.
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Now assume �1.f /.�1.Z; z0// � �1.p/.�1. QX; Qx0//. Let z 2 Z and let � be a path
from z0 to z in Z, which exists because Z is path connected. Then f ı � becomes a path
from x0 to f .z/ inX so that Corollary 2.33 yields a unique path Q� in QX starting at Qx0 such
that p ı Q� D f ı � . Set Qf .z/ D Q�.1/ so that .p ı Qf /.z/ D .p ı Q�/.1/ D .f ı �/.1/ D
f .�.1// D f .z/. We will show that this is well defined (independent of the choice of �)
and defines a continuous map.

Let ı be another path from z0 to z in Z and let Qı be the unique path in QX starting at
Qx0 such that p ı Qı D f ı ı. Furthermore set � WD � � ı�, which is a closed path in Z
starting at z0, and let Q� be the unique path in QX starting at Qx0 such that p ı Q� D f ı � .
By assumption we have �1.f /.Œ��/ 2 �1.p/.�1. QX; Qx0// so that there exists a closed path
Q� 0 in QX starting at Qx0 with �1.p/.Œ Q� 0�/ D �1.f /.Œ��/. Therefore there exists a homotopy
of pathsH W .p ı Q� 0/ ' .f ı �/ .rel f0; 1g/ and applying Proposition 2.32 yields a unique
homotopy of paths QH W Q� 00 ' Q� .rel f0; 1g/ for a path Q� 00 in QX such that p ı QH D H .
This implies p ı Q� 00 D p ı Q� 0 and Q� 00.0/ D Q�.0/ D Qx0 D Q� 0.0/ so that Q� 00 D Q� 0 by the
uniqueness of lifts. In particular Q� has to be a closed path and due to the uniqueness of lifts
we have Q� D Q� � Qı� and therefore Qı.1/ D Q�.1/. Hence, Qf WZ ! QX is a well-defined map.

Now let z 2 Z, Qx WD Qf .z/ and x WD p. Qx/ D f .z/. By definition there exist x 2 U �
X open and Qx 2 QU � QX such that pj QU W QU ! U is a homeomorphism. Since Z is locally
path connected, there exists z 2 V � f �1.U / open and connected. It is sufficient to show
that Qf .V / � QU so that Qf jV D .pj QU /

�1 ı f jV has to be continuous. Let v 2 V , let � be
a path from z to v in V and ı a path from z0 to z inZ so that ı �� becomes a path from z0 to
v. Furthermore let Qı be a path from Qx0 to Qx with pı Qı D f ıı and set Q� WD .pj QU /�1ıf ı� .
Then . Qı� Q�/.0/ D Qx0 andpı. Qı� Q�/ D .pı Qı/�.pı Q�/ D .f ıı/�.f ı�/ D f ı.ı��/ so that Qı� Q�
lifts f ı.ı ��/. Therefore Qf .v/ D . Qı � Q�/.1/ D ..pj QU /�1ıf ı�/.1/ D .pj QU /�1.f .v// 2 QU .

�

Corollary 2.36. The map Qf always exists if Z is in addition simply connected.

Corollary 2.37. Let X be path connected and locally path connected, x 2 X , and for
i D 1; 2 let pi W . QXi ; Qxi/ ! .X; x/ be covering maps such that QXi is path connected. Set
Ci WD �1.pi /.�1. QXi ; Qxi // � �1.X; x/. Then there exists a unique morphism of pointed
covering spaces ˛W . QX1; Qx1/! . QX2; Qx2/ if and only if C1 � C2.

If C1 D C2, then ˛ is necessarily an isomorphism of covering spaces. By symmetry,
there also exists a unique morphism of pointed covering spaces ˇW . QX2; Qx2/ ! . QX1; Qx1/
and by uniqueness we have ˛ ı ˇ D id QX2 and ˇ ı ˛ D id QX1 .

Remark 2.38. Let X be path connected and locally path connected, x 2 X . If pW QX !
X is a universal covering map, Qx 2 p�1.x/, then there exists for each covering map
qW . QY ; Qy/ ! .X; x/ a unique morphism of pointed covering spaces . QX; Qx/ ! . QY ; Qy/
(apply Corollary 2.37 to the path component of QY containing Qy). In other words, a pointed
universal covering . QX; Qx/ is an initial object in the category of pointed coverings of .X; x/.
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Remark 2.39. Let X be path connected and locally path connected, x 2 X . Corol-
lary 2.37 shows that the map

8

<̂

:̂

isomorphism classes of pointed

path connected covering spaces

pW . QX; Qx/! .X; x/

9
>=

>;
�!

(
subgroups

of �1.X; x/

)

;

.pW . QX; Qx/! .X; x// 7�! �1.p/.�1. QX; Qx//

(2.2)

is injective.
Let X be in addition semilocally simply connected (Problem 2.19, e.g., if X has an

open covering by simply connected subspaces), then one can show that (2.2) is in fact
bijective (Problem 2.20). In particular there exists a universal covering, corresponding to
the trivial subgroup.

The map (2.2) can also be extended to a functor on the category of (not necessarily path
connected) covering spaces as follows.

Remark 2.40. Let X be path connected and locally path connected and let pW QX ! X

be a covering map. Fix x 2 X , and let F WD p�1.x/ be the fiber. Then F is a discrete
subspace of QX . Define a right action

F � �1.X; x/ �! F

as follows. Let Qx 2 F and � be a closed path representing an element in �1.X; x/.
By Corollary 2.36 there exists a unique lifting to a path Q� in QX with start point Qx. Let
Qx � Œ�� WD Q�.1/ (this depends only on the homotopy class of � by Proposition 2.32). Let
p0W QX 0 ! X be a second covering map and let gW QX ! QX 0 be a morphism of covering
spaces. Then the induced map on fibers gx Wp�1.x/! p0�1.x/ is equivariant with respect
to the �1.X; x/-action. We obtain a functor

˚x W (CovSp(X)) �! (Sets-�1.X; x/); p 7! p�1.x/: (2.3)

Here (Sets-G) denotes the category of sets together with a right action by the group G.
The action of �1.X; x/ on p�1.x/ is transitive if and only if QX is path connected.

Indeed, the condition is clearly necessary. Conversely suppose that QX is path connected.
Let Qy 2 p�1.x/ and choose a path Q� in QX from Qx to Qy. Then Qy D Qx � Œp ı Q��.

If pW . QX; Qx/ ! .X; x/ is a pointed path connected covering space, then the stabilizer
� Qx of Qx 2 p�1.x/ in the group �1.X; x/ consists of those homotopy classes of paths
whose lift to QX with start point Qx has also end point Qx. Hence � Qx D �1.p/.�1. QX; Qx//
and we see that the functor (2.3) indeed generalizes (2.2) by attaching to a subgroup � of
�1.X; x/ the transitive �1.X; x/-set of left cosets � n�1.X; x/.



34 2 Algebraic Topological Preliminaries

If X has a universal covering space, then one can show that the functor ˚x is an equiv-
alence of categories (Problem 2.21). Here we prove only the following easy very special
case.

Proposition 2.41. LetX be a simply connected locally path connected space. Then every
covering map of X is isomorphic to a trivial covering, i.e., to pr2WF � X ! X for
a discrete topological space F .

Proof. Fix x0 2 X . Let pW QX ! X be a covering map and set F WD p�1.x0/. By
Corollary 2.36 there exists for every z 2 F a unique continuous map iz WX ! QX such
that p ı iz D idX and iz.x0/ D z. As p is separated (Remark 2.30), iz is proper (Proposi-
tion 1.32 2) and hence a closed embedding. As p is a local homeomorphism, iz is an open
embedding (Appendix Remark 12.37 3). Therefore iz.X/ is open and closed in QX and
hence a connected component isomorphic to X (recall that connected components and
path components are the same because QX is locally path connected [Proposition 2.13]).
Let Qx 2 QX , choose a path � from p. Qx/ to x0, and let Q� be the lift in QX with start point
Qx. Then the end point of Q� is a point z 2 F and hence Qx and z are in the same path
component, i.e., Qx 2 iz.X/. This shows that QX D`z2F iz.X/ Š F �X . �

2.6 Fundamental Groups and Coverings of Topological Groups

We now study the example of topological groups. We first show that their fundamental
groups are always abelian. This relies on the following simple remark.

Remark 2.42. Let X be a topological space, e 2 X , and let mWX � X ! X be a con-
tinuous map such that m.x; e/ D m.e; x/ D x for all x 2 X . By functoriality we obtain
a homomorphism of groups

�1.m/W�1.X; e/ � �1.X; e/ D �1.X �X; .e; e//! �1.X; e/; .�; ı/ 7! � 
 ı;

where the equality is by Remark 2.23.
We claim that �1.m/ coincides with group multiplication in �1.X; e/. Indeed, let " be

the homotopy class of the constant path with image e. Then one has

� � ı ' .� 
 "/ � ." 
 ı/ D .� � "/ 
 ." � ı/ ' � 
 ı:

As a group G is abelian if and only if the multiplication G � G ! G is a homomor-
phism of groups, one sees in particular that �1.X; e/ is an abelian group, because �1.m/
is a homomorphism of groups.
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Proposition 2.43. Let G be a topological group with neutral element e 2 G and let
pW QG ! G be a covering map, where QG is a path connected and locally path connected
topological space. Fix Qe 2 p�1.e/.

1. There exists a unique group structure on QG that makes QG into a topological group with
neutral element Qe such that p is a homomorphism of groups.

2. The topological group QG is abelian if and only if G is abelian.
3. One has an exact sequence of abelian groups

1! �1. QG; Qe/ �1.p/�! �1.G; e/
@ Qe�! Ker.p/! 1: (2.4)

In particular we see that @ Qe yields a group isomorphism �1.G; e/
�! Ker.p/ if QG is

simply connected.

Proof. (1) and (2). Denote by mWG �G ! G the group law on G. By Proposition 2.35
we can liftm ı .p �p/ along p to a (necessarily unique) continuous map QmW QG � QG ! QG
with Qm. Qe; Qe/ D Qe if

.�1.m/ ı �1.p � p//.�1. QG � QG; . Qe; Qe/// � �1.p/.�1. QG//:

But Remark 2.42 shows that .�1.m/ı�1.p�p//.Œ�1; �2�/ D �1.p/.Œ�1 ��2�/. Therefore Qm
exists. The uniqueness of liftings implies that Qm is associative and that Qm is commutative
if m is commutative. The same argument shows that G ! G, g 7! g�1 can be lifted to
a map QG ! QG mapping Qe to Qe and defining an inverse for the multiplication Qm.

As Qm is a lifting ofmı.p�p/, p is a surjective homomorphism of groups. In particular
G is abelian if QG is abelian.

(3). The homomorphism �1.p/ is injective by Proposition 2.32. By Remark 2.40 we
have a transitive �1.G; e/-action on Ker.p/, which yields a surjective map @ QeW�1.G; e/!
Ker.p/, Œ�� 7! Qe � Œ�� with @�1Qe . Qe/ D Im.�1.p//. The alternative description of the group
law of �1.G; e/ in Remark 2.42 shows that @ Qe is a group homomorphism. �

By Example 2.29 we deduce:

Corollary 2.44. One has �1.S1; 1/ D �1.C n f0g; 1/ Š Z.

The first equality is given by the inclusion S1 ,! C nf0g, which is a homotopy equiva-
lence by Example 2.4. Going through the construction of @ Qe one sees that this isomorphism
is given by attaching to n 2 Z the closed path t 7! e2�int . The spheres Sn for n � 2 are
simply connected (Problem 2.15).
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2.7 Problems

Problem 2.1. Let Y be a contractible space. Show that any two continuous mapsX ! Y

are homotopic.

Problem 2.2. Let I be an index set.

1. Let fi ; gi WXi ! Yi be continuous maps of topological spaces. Show that if fi ' gi
for all i 2 I , then the maps

Q
i fi and

Q
i gi from

Q
i Xi to

Q
i Yi are homotopic.

2. Let X and Y be topological spaces, let Y be contractible. Show that the projection
X � Y ! X is a homotopy equivalence.

Problem 2.3. Show that the inclusions O.n/ ,! GLn.R/ and U.n/ ,! GLn.C/ are
homotopy equivalences.

Hint: Use the polar decomposition and Problem 2.2.

Problem 2.4. Show that the union of the coordinate axes .R � f0g/[ .f0g �R/ in R2 is
not homeomorphic to R.

Problem 2.5. Let n � 2 be an integer, let U � Rn be an open subspace, and let F � U
be a finite subset. Show that if U is path connected, then U n F is path connected.

Problem 2.6. Let X be an infinite countable set endowed with the cofinite topology (Ap-
pendix Problem 12.16). Show that every non-empty open subspace is connected and that
no open subspace is path connected.

Problem 2.7. Let X be the subspace

f .1=n; y/ I n 2 N; y 2 Œ0; 1� g [ f .0; y/ I y 2 Œ0; 1� g [ f .x; 0/ I x 2 Œ0; 1� g

of R2, and let X0 WD X n f0; 0g.

1. Show that X is path connected but not locally path connected.
2. Show that X0 is connected but not path connected.

Problem 2.8. Show that R2 n ˚ .x; y/ I y D x2; x � 0 � is not star shaped but con-
tractible.
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Problem 2.9. LetX be a topological space. The fundamental groupoid˘.X/ is the cate-
gory whose objects are the points ofX . For x; y 2 X the set of morphisms Hom˘.X/.x; y/

is the set of paths from x to y modulo homotopy relative f0; 1g. Composition is defined
by Œ�� ı Œı� WD ı � � .

1. Show that ˘.X/ is a groupoid (Appendix Problem 13.7). For x 2 X show that the
map Aut˘.X/.x/

�! �1.X; x/, Œ�� 7! Œ��� is an isomorphism of groups.
2. Show that every continuous map f WX ! Y induces a functor˘.f /W˘.X/! ˘.Y /.
3. Show that if f is a homotopy equivalence, then˘.f / is an equivalence of categories.

Problem 2.10. Every groupG can be considered as a category with a single object whose
set of endomorphisms is the group G. Composition is defined by group multiplication
(convince yourself that this is really a category and even a groupoid [Appendix Prob-
lem 13.7]).

Let X be a path connected, let ˘.X/ be its fundamental groupoid (Problem 2.9). Fix
a point x 2 X and consider the group �1.X; x/ as a groupoid. Show that the natural
inclusion functor �1.X; x/! ˘.X/ is an equivalence of categories.

Problem 2.11. State and prove a similar result as Remark 2.23 for the fundamental
groupoid of X � Y (Problem 2.9).

Problem 2.12. Let X be a topological space and fix x 2 X . Consider the map

(
� WS1 ! X continuous

�.1/ D x

)

�!
(
� W Œ0; 1�! X closed path

�.0/ D x

)

; � 7! � ı e;

where eW Œ0; 1�! S1 is the map t 7! e2�it .

1. Show that this map induces an isomorphism Œ.S1; 1/; .X; x/�
�! �1.X; x/, where the

left-hand side denotes the set of continuous maps f WS1 ! X with f .1/ D x up to
homotopy relative f1g.

2. Let � be a closed path inX with start point x and let � be the corresponding continuous
map S1 ! X . Show that � is null-homotopic if and only if � can be extended to
a continuous map D WD f z 2 C I jzj � 1 g ! X .

3. Let G be a path connected topological group with neutral element e. Show that the
map “forgetting the base point” yields a bijective map Œ.S1; 1/; .G; e/�! ŒS1;G�.

Problem 2.13. Let n � 1 be an integer. A piece-wise affine path in a subspace A of Rn is
a path � W Œ0; 1�! A such that there exist 0 D t0 < t1 < � � � < tr D 1 and v1; : : : ; vr 2 Rn

such that �.t/ D �.ti�1/C .t � ti�1/vi for all t with ti�1 � t � ti .
Let U � Rn be an open subspace. Show that every path in U is homotopic relative

f0; 1g in U to a piecewise affine path in U .
Hint: Use that every homotopy of paths is uniformly continuous.
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Problem 2.14. Let n � 1 be an integer and let 0 ¤ v 2 Rn. Show that Rn n R�0v is
contractible. Deduce that Sn�1 n fx0g is contractible for any x0 2 Sn�1.

Problem 2.15. Let n � 3 be an integer. Show that Rn n f0g and Sn�1 are simply con-
nected.

Hint: After replacing a closed path in Rn n f0g by a piecewise affine path (Prob-
lem 2.13), show that there exists 0 ¤ v 2 Rn such that R�0v 2 Rn n f�g. Then use
Problem 2.14.

Problem 2.16. Show that a covering map of finite degree is proper. Show that a covering
map of degree 1 is a homeomorphism.

Problem 2.17. Let n � 1 be an integer. Show that C n f0g ! C n f0g, z 7! zn is
a covering map of degree n.

Problem 2.18. Let X be a topological space.

1. Show that every morphism in (CovSp(X)) is again a covering map.
2. Let pW QX ! X be a covering map with QX connected. Show thatA WD Aut(CovSp(X )).p/

acts properly discontinuous on QX , i.e., each Qx 2 QX has an open neighborhood U such
that U \ ˛.U / D ; for all ˛ ¤ id QX .

Problem 2.19. A topological space X is called semilocally simply connected if every
point x 2 X has an open neighborhood U such that the map �1.U; x/ ! �1.X; x/,
induced by the inclusion, is trivial.

1. Show that ifX has an open covering by simply connected subspaces, thenX is semilo-
cally simply connected.

2. Suppose that X has a universal covering. Show that X is semilocally simply con-
nected.

3. For n 2 N letCn WD @B 1
n
.. 1
n
; 0// 	 R2 and setX WDSn Cn, considered as a subspace

of R2. Show that X is not semilocally simply connected.

Problem 2.20. Let X be a path connected, locally path connected, semilocally simply
connected (Problem 2.19) space. The goal of this problem is to show that the map (2.2) is
surjective (and hence bijective). In particular X has a universal covering space.

Fix x0 2 X . Let QX be the set of homotopy classes (relative f0; 1g) of paths inX starting
at x0 and let pW QX ! X be the map Œ�� 7! �.1/. Let Qx0 2 QX be the homotopy class of the
constant path with value x0. Fix a subgroup C of �1.X; x0/.

1. Show that there exists a left action �1.X; x0/ � QX ! QX given by Œ�� � Œ�� WD Œ� � ��.
Let QXC WD Cn QX be the set of C -orbits in QX and QxC;0 be the image of Qx0 in QXC . Show
that p induces a map pC W QXC ! X .
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2. Let U be the set of open path connected subspaces U � X such that �1.U; x/ !
�1.X; x/ is trivial for one (equivalently, for all) x 2 U . Show that U is a basis of the
topology of X .

3. For U 2 U and for � a path in X with start point x0 and end point in U set QUŒ�� WD
f Œ� � �� I � path in U with �.0/ D �.1/g. Show that the QUŒ�� form a basis for a topol-
ogy on QX . Endow QXC with the quotient topology.

4. Show that pC W . QXC ; QxC;0/! .X; x0/ is a pointed path connected covering.
5. Show that �1.pC /.�1. QXC ; QxC;0// D C . Deduce that QX is simply connected.

Problem 2.21. Let X be a topological space and a point x. We want to show that the
functor ˚x (2.3) is an equivalence of categories if X has a universal covering space (see
Problem 2.20 for an existence criterion). Fix a pointed universal covering � W . QX; Qx/ !
.X; x/.

1. Let Œ�� 2 �1.X; x/ and let Q� be a lift of � in QX with start point Qx. Show that there
exists a unique automorphism ˛ of the covering space � such that ˛. Qx/ D Q�.1/. Show
that this construction yields a well-defined group isomorphism �1.X; x/

�! Aut.�/.
In particular, we obtain a left action of �1.X; x/ on QX .

2. For every set F (considered as a discrete topological space) with right �1.X; x/-action
let ��.F / WD F ��1.X;x/ QX be the quotient space of F � QX by the �1.X; x/ right action
.f; Qx/ � � 7! .f �; ��1 Qx/. Show that F � QX pr2�! QX ��! induces a continuous map
pF W��.F /! X and that pF is a covering map.

3. Show that for every morphism ˛WF1 ! F2 of sets with right �1.X; x/-action, the map
˛ � id QX induces a morphism of covering spaces ��.˛/W��.F1/! ��.F2/. Show that
one obtains a functor

�� W (Sets-�1.X; x/) �! (CovSp(X)):

4. Show that the functors ˚x and �� are mutually inverse equivalences of categories.

Problem 2.22. Let 'WG ! H be a continuous homomorphism of topological groups.
Show that ' is a covering map if and only if ' is open surjective and Ker.'/ is a discrete
subgroup of G.

Problem 2.23. Let z0 2 C and let hWC n fz0g ! S1, z 7! z�z0
jz�z0j .

1. Show that h is a homotopy equivalence and induces isomorphisms

Wz0 W ŒS1;C n fz0g�
�! ŒS1; S1�

�! Œ.S1; 1/; .S1; 1/�
�! HomZ.�1.S

1; 1/; �1.S
1; 1// D Z

(use Problem 2.12). For � WS1 ! C n fz0g, Wz0.�/ is called the winding number of �
around z0. We also write Wz0.�/ if � is the closed path corresponding to � .
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2. Show that for a continuous map � WS1 ! C, the map C n �.S1/! Z, z 7! Wz.�/ is
locally constant.

3. Let � W Œ0; 1� ! C n f0g be a closed path and let Q� W Œ0; 1� ! C be a lifting along the
covering C ! C n f0g, z 7! exp.2�iz/. Show that W0.�/ D Q�.1/ � Q�.0/.

4. Let � W Œ0; 1�! Cnfz0g be a piecewise continuously differentiable closed path. Deduce
from 3 that

Wz0.�/ D
1

2�i

Z

�

dz

z � z0 :



3Sheaves

In this chapter we introduce one of the central notions in this book: sheaves. They are the
main tool to keep track systematically of locally defined data attached to an open subset
of a topological space. Giving such data are compatible with restriction to smaller open
subsets yields the notions of a presheaf. A sheaf is then a presheaf where such local data,
which are given on an open covering .Ui/i and are compatible with restriction to pairwise
intersections Ui \ Uj , can be glued to a global datum. One basic example is to attach to
an open set U theR-algebra of continuous functions U ! R: For an open covering .Ui /i
of X giving a continuous function on X is the same as giving continuous functions fi on
all Ui such that fi jUi\Uj D fj jUi\Uj for all i; j .

After defining presheaves and sheaves we make precise in the second section the notion
of “defined in some unspecified neighborhood of a point” and introduce stalks of sheaves
and germs of sections of sheaves. Section 3.3 explains how to make a presheaf into a sheaf.
In Sect. 3.4 we will see that one may view sheaves on a topological space X also as local
homeomorphisms E ! X , called étalé spaces. This second point of view for sheaves
will come in handy in Sect. 3.5 where we define for continuous maps the direct image and
inverse image of sheaves. The direct image can be easily defined in terms of sheaves. The
inverse image is more easily understood in terms of étalé spaces. In the final section we
construct limits and colimits of sheaves showing that the category of sheaves is complete
and cocomplete.

Notation: In this chapter X always denotes a topological space.

3.1 Presheaves and Sheaves

Definition 3.1 (Presheaf). A presheaf F on a topological space X consists of the follow-
ing data:

41© Springer Fachmedien Wiesbaden 2016
T. Wedhorn,Manifolds, Sheaves, and Cohomology, Springer StudiumMathematik – Master,
DOI 10.1007/978-3-658-10633-1_3
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(a) For every open set U of X a set F.U /.
(b) For each pair of open sets U � V of X a map resVU WF.V /! F.U /, called a restric-

tion map,

such that the following conditions hold:

1. resUU D idF.U / for every open set U � X .
2. For U � V � W open sets of X , resWU D resVU ı resWV .

Let F1 and F2 be presheaves on X . A morphism of presheaves 'WF1 ! F2 is a family
of maps 'U WF1.U / ! F2.U / (for all U � X open) such that for all pairs of open sets
U � V in X the following diagram commutes:

F1.V /
'V

resVU

F2.V /

resVU

F1.U /
'U

F2.U /:

Composition of morphisms ' and  of presheaves is defined in the obvious way: 'ı WD
.'U ı  U /U . We obtain the category (PSh(X)) of presheaves on X .

If U � V are open sets of X and s 2 F.V / we will usually write sjU instead of resVU .s/.
The elements of F.U / are called sections of F over U . Very often we will also write
� .U;F/ instead of F.U /.

Remark 3.2. We can also describe presheaves as follows. Let .OpenX/ be the category
whose objects are the open sets of X and, for two open sets U; V � X , Hom.U; V /
consists of the inclusion map U ! V if U � V and is empty otherwise. In other words,
.OpenX/ is the category attached to the set of open subsets of X partially ordered by
inclusion (Appendix Remark 13.32). Composition of morphisms is the composition of
the inclusion maps. Then a presheaf is the same as a contravariant functor F from the
category .OpenX/ to the category (Sets) of sets. A morphism of presheaves is the same as
a morphism of functors.

Remark and Definition 3.3. By replacing (Sets) in Remark 3.2 by some other category C
(e.g., the category of abelian groups, the category of rings, or the category of R-algebras,
R a fixed ring) we obtain the notion of a presheaf F with values in C (e.g., a presheaf of
groups, a presheaf of rings, a presheaf of A-algebras for some commutative ring A). This
signifies that F.U / is an object in C for every open subset U of X and that the restriction
maps are morphisms in C.

A morphism F1 ! F2 of presheaves with values in C is then simply a morphism of
functors.
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If F is a presheaf, one should think of F.U / as some kind of maps on open subsets U of
X with a way to restrict to smaller open subsets. In fact most of the presheaves that we
will encounter will be presheaves of functions in the following sense.

Example 3.4 (Presheaf of functions). Let E be a set. For each open subset U � X let
MapE.U / WD MapX IE.U / be the set of all maps U ! E. For an open subset V � U

we define resUV WMapE.U /! MapE.V / as the usual restriction of maps. Then MapX IE is
a presheaf on X .

More generally, a family F of subsets F.U / � MapE.U /, where U runs through the
open subsets of X , is called a presheaf of E-valued functions on X , if it is stable under
restriction, i.e., for all open sets V � U and all f 2 F.U / one has f jV 2 F.V /. Then
F together with the restriction maps is a presheaf of sets. If E is a group (respectively an
R-module for some ringR, respectively an A-algebra for some commutative ringA), then
F is a presheaf of groups (respective of R-modules, respective of A-algebras).

Example 3.5. Let X be a topological space.

1. Let Y be a topological space. For U � X open set

CX IY .U / WD f f WU ! Y I f continuousg :

Then CX IY is a presheaf of Y -valued functions on X .
If Y D K (K D R or K D C), then CX IK.U / is a commutativeK-algebra and CX IK is
a presheaf of K-algebras.

2. Let V andW be finite-dimensional R-vector spaces and let X be an open subspace of
V . Let ˛ 2 bN0. For U � X open set

C˛X IW .U / WD ff WU ! W I f is a R-C˛-mapg :

Then C˛X IW is a presheaf of functions on X . It is a presheaf of R-vector spaces. If
W D R we simply write C˛X . This is a presheaf of R-algebras.

3. Let V andW be finite-dimensionalC-vector spaces. LetX be an open subspace of V .
For U � X open set

OX IW .U / WD Ohol
X IW .U / WD ff WU ! W I f holomorphicg :

Then OX IW (with the usual restriction maps) is a presheaf of C-vector spaces. For
W D C we simply write OX or Ohol

X . This is a sheaf of C-algebras.
4. Let E be a set and set F.U / WD E for all U � X open. Define all restriction maps to

be the identity idE . Then F is a presheaf the constant presheaf with value E. We can
also view this as the sheaf of constant E-valued functions on X .
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Example 3.6. Let ˛ 2 bN. For X D R and U � R open let dU WC˛R.U / ! C˛�1R .U / be
the derivative f 7! f 0. Then .dU /U is a morphism of presheaves of R-vector spaces (but
not of R-algebras because usually .fg/0 ¤ f 0g0).

Definition 3.7 (Sheaf). Let X be a topological space. The presheaf F on X is called a
sheaf , if for all open sets U in X and every open covering U D S

i2I Ui the following
condition holds:

(Sh) Given si 2 F.Ui / for all i 2 I such that si jUi\Uj D sj jUi\Uj for all i; j 2 I . Then
there exists a unique s 2 F.U / such that sjUi D si for all i 2 I .

A morphism of sheaves is a morphism of presheaves.

We obtain the category of sheaves on the topological space X , which we denote by
.Sh.X//.

In the same way we can define the notion of a sheaf of groups, a sheaf of rings, a sheaf of
R-modules (R a fixed ring), or a sheaf ofA-algebras (A a fixed commutative ring). Instead
of a (pre)sheaf of abelian groups (equivalently, of Z-modules) we sometimes speak just
of an abelian (pre)sheaf .

The uniqueness assertion in Condition (Sh) can be also phrased as follows.

Remark 3.8. Let X be a topological space, F a sheaf on X , let U � X be open and let
U D S

i Ui be an open covering. Let s; s0 2 F.U / such that sjUi D s0jUi for all i 2 I .
Then s D s0.

Remark 3.9. If F is a sheaf on X , F.;/ is a set consisting of one element (use the
covering of the empty set U D ; with empty index set I D ; in Condition (Sh)).

In particular, if the only open subsets of X are X and ; (for instance if X consists of
one point), then a sheaf F on X is already uniquely determined by F.X/ and sometimes
we identify F with F.X/.

Remark 3.10 (Sheaf of functions). Let E be a set and let F be a presheaf of E-valued
functions on X (Example 3.4). Then F is a sheaf if and only if the following condition
holds:

(ShF) For every open subset U of X , for every open covering .Ui/i of U and for every
map f WU ! E such that f jUi 2 F.Ui / for all i one has f 2 F.U /.

Remark 3.11 (Restriction of a sheaf to an open subspace). Let F be a presheaf on
a topological space X and let U be an open subspace of X . Then every open subset V
of U is also open in X and we define a presheaf FjU on U by FjU .V / WD F.V / with the
same restriction maps as for F. If F is a sheaf, then FjU is a sheaf.
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Example 3.12. Notations of Example 3.5. The presheaves CX IY , C˛X IW , and Ohol
X are

sheaves.
The presheaf of constant functions with values in some set is in general not a sheaf: If

U1 and U2 are disjoint non-empty open subsets and if f1WU1 ! E and f2WU2 ! E are
constant maps that take different values, there exists no constant map f on U D U1 [U2
whose restriction to Ui is fi for i D 1; 2. The problem is that “constant” cannot be
checked locally, i.e., does not satisfy Condition (ShF). If one takes instead the sheaf of
locally constant functions with values in some set E, then this is a sheaf.

To define a sheaf it suffices to give its values on a basis of the topology. For instance if
an open covering .Ui /i of X is given, it suffices to give the value of a sheaf only on those
open subsets that are contained in one of the Ui s.

Remark 3.13. Let X be a topological space and let F be a sheaf on X . Let B a basis of
the topology on X . If we know the value F.U / of a sheaf on every element U of B, we
can use the sheaf property to determine F.V / on an arbitrary open V of X . We simply
cover V by elements of B. Here is a more systematic way of saying this:

F.V / D

8

<̂

:̂
.sU / 2

Y

U2B
U�V

F.U / I for U 0 � U both in B: sU jU 0 D sU 0

9
>=

>;
(3.1)

D lim
U2B
U�V

F.U /: (3.2)

Using this observation, we see that it suffices to define a sheaf on a basis B of open sets
of the topology of a topological space X : Consider B as a full subcategory of .OpenX/.
Then a presheaf on B is a functor FWBopp ! (Sets). Every such presheaf F on B can be
extended to a presheaf F0 on X by using (3.2) as a definition, i.e., for V open in X ,

F0.V / D lim
U2B
U�V

F.U /: (3.3)

The restriction maps are then given by the projections via the description (3.1). A mor-
phism of presheaves on B is again defined as a morphism of functors.

Then the presheaf F0 on X is a sheaf if and only if F satisfies the condition .Sh/ of
Definition 3.7 for every U 2 B and for every open covering .Ui /i of U with Ui 2 B for
all i . In this case, we say that F is a sheaf on B.

Attaching to a sheaf F on B the sheaf F0 on X is clearly functorial in F and we obtain
an equivalence between the category of sheaves on B and the category of sheaves on X .

A similar remark holds for sheaves of groups, of R-modules (R some ring), or of A-
algebras (A some commutative ring).
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3.2 Stalks

LetX be a topological space, F be a presheaf onX , considered as a functor FW .OpenX/opp
! (Sets), and let x 2 X be a point. Let

U.x/ WD fU � X open I x 2 U g
be the set of open neighborhoods of x, ordered by inclusion. We consider U.x/ as a full
subcategory of Open.X/. By restricting F to U.x/ we obtain a functor FWU.x/opp !
(Sets). Note that the category U.x/opp is filtered (Appendix Definition 13.37): For any
two neighborhoodsU1 and U2 of x there exists a neighborhood V of x with V � U1 \U2
(e.g., V D U1 \ U2).

Definition and Remark 3.14.

1. The colimit
Fx WD colim

U.x/
F (3.4)

is called the stalk of F in x. More concretely (Appendix Example 13.33), one has

Fx D f .U; s/ I U open neighborhood of x, s 2 F.U /g = �; (3.5)

where two pairs .U1; s1/ and .U2; s2/ are equivalent, if there exists an open neighbor-
hood V of x with V � U1 \ U2 such that s1jV D s2jV (note that V might be smaller
than U1 \ U2).

2. For each open neighborhood U of x we have a canonical map

F.U /! Fx; s 7! sx; (3.6)

which sends s 2 F.U / to the class of .U; s/ in Fx . We call sx the germ of s in x.
3. If 'WF! G is a morphism of presheaves on X , we have an induced map

'x WD colim
U3x

'U WFx ! Gx

of the stalks in x. It sends the equivalence class of .U; s/ in Fx to the class of
.U; 'U .s// in Gx . We obtain a functor F 7! Fx from the category of presheaves
on X to the category of sets. For every x 2 X and every open neighborhood one has
a commutative diagram

F.U /
s 7!sx

'U

Fx

'x

G.U /
t 7!tx

Gx:

If F is a presheaf of functions one should think of the stalk Fx as the set of functions
defined in some unspecified open neighborhood of x.
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Remark 3.15. If F is a presheaf onX with values in C, where C is any category in which
filtered colimits exist (for instance the category of groups, ofR-modules [R ring], or ofA-
algebras [A commutative ring]), then the stalk Fx is an object in C and we obtain a functor
F 7! Fx from the category of presheaves on X with values in C to the category C.

Let us make this more precise for a sheaf G of groups. The underlying set of Gx is
given by (3.5). The group law on Gx is defined as follows. Let g; h 2 Gx be represented
by .U; s/ and .V; t/. Choose an open neighborhood W of x with W � U \ V . Then
.U; s/ � .W; sjW / and .V; t/ � .W; t jW / and the product gh is the equivalence class of
.W; .sjW /.t jW //.

In the same way addition and multiplication (respectively scalar multiplication) is de-
fined on the stalk for a sheaf of rings (respective of R-modules).

Example 3.16. Let X D K and OK be the sheaf of analytic functions on X . Fix z0 2
K. Then two analytic functions f1 and f2 defined in open neighborhoods U1 and U2,
respectively, of z0 agree on some open neighborhood V � U1 \ U2 if and only if they
have same Taylor expansion around z0. Therefore

OK;z0 D
(
X

n�0
an.z � z0/n power series with radius of convergence> 0

)

:

We have a similar description of the stalk of the sheaf of analytic functions on any open
subset X of Km for some m 2 N.

Example 3.17 (Stalk of the sheaf of continuous functions). Let X be a topological
space, let CX D CX IR be the sheaf of continuousR-valued functions on X , and let x 2 X .
Then

CX;x D f .U; f / I x 2 U � X open, f WU ! R continuousg = �;
where .U; f / � .V; g/ if there exists x 2 W � U \ V open such that f jW D gjW .
In particular we see that for x 2 V � U open and f WU ! R continuous one has
.U; f / � .V; f jV /. As CX is a sheaf of R-algebras, CX;x is an R-algebra.

If the germ s 2 CX;x of a continuous function at x is represented by .U; f /, then
s.x/ WD f .x/ 2 R is independent of the choice of the representative .U; f /. We obtain
an R-algebra homomorphism

evx WCX;x ! R; s 7! s.x/;

which is surjective because CX;x contains in particular the germs of all constant functions.
Let mx WD ker.evx/ D f s 2 CX;x I s.x/ D 0 g. Then mx is a maximal ideal because
CX;x=mx Š R is a field. Let s 2 CX;x nmx be represented by .U; f /. Then f .x/ ¤ 0. By
shrinking U we may assume that f .y/ ¤ 0 for all y 2 Y because f is continuous. Hence
1=f exists and s is a unit in CX;x . Therefore the complement of mx consists of units of
CX;x . This shows that CX;x is a local ring with maximal idealmx .
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The same argument shows that for every open subspace X of a finite-dimensional R-
vector space (respectively a finite-dimensionalC-vector space) the stalk C˛X;x (respectively
Ohol
X;x) is a local ring with residue field R (respectively C).

The following result will be used very often.

Proposition 3.18. Let X be a topological space, F and G presheaves on X , and let
'; WF! G be two morphisms of presheaves.

1. Assume that F is a sheaf. Then the induced maps on stalks 'x WFx ! Gx are injective
for all x 2 X if and only of 'U WF.U /! G.U / is injective for all open subsetsU � X .

2. If F and G are both sheaves, the maps 'x are bijective for all x 2 X if and only if 'U
is bijective for all open subsets U � X .

3. If F and G are both sheaves, the morphisms ' and  are equal if and only if 'x D  x
for all x 2 X .

Proof. For U � X open consider the map

F.U /!
Y

x2U
Fx; s 7! .sx/x2U :

We claim that this map is injective if F is a sheaf. Indeed let s; t 2 F.U / such that sx D tx
for all x 2 U . Then for all x 2 U there exists an open neighborhood Vx � U of x such
that sjVx D t jVx . Clearly, U D

S
x2U Vx and therefore s D t by Remark 3.8.

Using the commutative diagram

F.U /

'U

Q
x2U Fx

Q
x 'x

G.U /
Q
x2U Gx;

we see that (3) and the necessity of the condition in (1) are implied by the above claim.
Moreover, a filtered colimit of injective maps is always injective again. Indeed, this

follows either from abstract nonsense (Appendix Example 13.50) or we can argue directly.
Let s0; t0 2 Fx such that 'x.s0/ D 'x.t0/. Let s0 be represented by .s; U / and t0 by .t; V /.
By shrinking U and V we may assume U D V . As

'U .s/x D 'x.s0/ D 'x.t0/ D 'U .t/x;

there exists an open neighborhood x 2 W � U such that

'W .sjW / D 'U .s/jW D 'U .t/jW D 'W .t jW /:
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As 'W is injective, we find sjW D t jW and hence s0 D sx D tx D t0. Therefore the
condition in (1) is also sufficient.

Hence we are done if we show that the bijectivity of 'x for all x 2 U implies the
surjectivity of 'U . Let t 2 G.U /. For all x 2 U we choose an open neighborhood
Ux of x in U and sx 2 F.U x/ such that .'Ux .sx//x D tx . Then there exists an open
neighborhood V x � Ux of x with 'V x .sx jV x / D t jV x . Then .V x/x2U is an open covering
of U and for x; y 2 U

'V x\V y .sx jV x\V y / D t jV x\V y D 'V x\V y .sy jV x\V y /:

As we already know that 'V x\V y is injective, this shows sx jV x\V y D sy jV x\V y and the
sheaf condition (Sh) ensures that we find s 2 F.U / such that sjV x D sx for all x 2 U .
Clearly, we have 'U .s/x D tx for all x 2 U and hence 'U .s/ D t . �

Definition 3.19. We call a morphism 'WF! G of sheaves injective (respectively surjec-
tive, respectivelybijective) if 'x WFx ! Gx is injective (respectively surjective, respectively
bijective) for all x 2 X .

Problem 3.7 relates these notions to the categorical notions of monomorphism (respec-
tively epimorphism, respectively isomorphism).

Remark 3.20. Let 'WF! G be a morphism of sheaves.

1. Then ' is injective (respectively bijective) if and only if 'U WF.U /! G.U / is injective
(respectively bijective) for all open U � X (Proposition 3.18).

2. The morphism ' is surjective if and only if for all open subsets U � X and every
t 2 G.U / there exist an open covering U D S

i Ui (depending on t) and sections
si 2 F.Ui / such that 'Ui .si / D t jUi , i.e., locally we can find a preimage of t . But the
surjectivity of ' does not imply that 'U WF.U /! G.U / is surjective for all open sets
U of X as Example 3.22 shows.

Similarly, as we defined the notions of injectivity or surjectivity “stalkwise”, we also
define the notion of an exact sequence of sheaves of groups “stalkwise”. Recall that
a sequence G

'�! H
 �! K of homomorphisms of groups is called exact if Im.'/ D

Ker. /.

Definition 3.21. A sequence F
'�! G

 �! H of homomorphisms of sheaves of groups
on a topological space is called exact if for all x 2 X the induced sequence on stalks
Fx

'x�! Gx
 x�! Hx is an exact sequence of groups. A sequence � � � ! Fi�1 ! Fi !

FiC1 ! : : : is called exact if Fi�1 ! Fi ! FiC1 is exact for all i .

A homomorphism 'WF ! G of sheaves of groups is injective (respectively surjective)
if and only if 0! F

'�! G (respectively F
'�! G! 0) is an exact sequence.
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Example 3.22. Let OX be the sheaf of holomorphic functions on an open subset X of C.
For every open subspace U � X and f 2 OX.U / we letDU .f / WD f 0 be the derivative.
We obtain a morphismDWOX ! OX of sheaves ofC-vector spaces. ThenD is surjective,
because locally every holomorphic function has a primitive.

But there exist open subsets U of X and functions f on U that have no primitive., for
instance U D Br.z0/ n fz0g contained in X and f W z 7! 1=.z � z0/. More precisely, by
complex analysis we know thatDU is surjective if and only if every connected component
of U is simply connected. The sufficiency of this condition will be also an immediate
application of cohomological methods developed later (Example 7.6).

We obtain an exact sequence of sheaves of C-vector spaces

0 �! CX
��! OX

D�! OX �! 0;

where CX denotes the sheaf of locally constant C-valued functions on X and where �U is
the inclusion for all U � X open.

Remark 3.23. Let F and G be sheaves on a topological space X and let .Ui /i be an open
covering of X . A morphism of sheaves 'WF ! G is injective (respectively surjective,
respectively bijective) if and only if its restriction ' jUi WFjUi ! GjUi to morphisms of
sheaves on Ui is injective (respectively surjective, respectively bijective) for all i because
these notions are defined via the stalks.

But note that the existence of the morphism ' is crucial. There exist sheaves F and G

such that FjUi is isomorphic to GjUi for all i and such that F and G are not isomorphic (see
Example 3.42).

Definition 3.24. Let F be a sheaf of abelian groups (using additive notation) on a topolog-
ical space X , U � X open and s 2 F.U / a section. The support of s is the set supp.s/ WD
f x 2 U I sx ¤ 0 g. The support of F is the set supp.F/ WD fx 2 X I Fx ¤ 0 g.

Lemma 3.25. Let F be a sheaf of abelian groups on a topological space, U � X open,
and s 2 F.U / a section. Then supp.s/ is closed in U .

Proof. For x 2 U n supp.s/ we have sx D 0 so that there exists V � U open with
sjV D 0. This implies that sx0 D 0 for every x0 2 V and therefore V � U n supp.s/.
Hence U n supp.s/ is open. �

Example 3.26. Let X be a topological space. Let CX D CX IR be the sheaf of continuous
R-valued functions on X . Let U � X be open and s 2 CX.U / a continuous function
U ! R. In the proof of Lemma 3.25 we have just seen that U n supp.s/ is the interior of
f x 2 U I s.x/ D 0 g. Therefore

supp.s/ D fx 2 U I s.x/ ¤ 0 g (closure in U ).
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3.3 Sheaves Attached to Presheaves

There is a functorial way to attach to a presheaf a sheaf.

Proposition and Definition 3.27 (Sheafification). Let F be a presheaf on a topological
space X . Then there exists a pair . QF; �F/, where QF is a sheaf on X and �FWF ! QF
is a morphism of presheaves, such that the following holds: If G is a sheaf on X and
'WF ! G is a morphism of presheaves, then there exists a unique morphism of sheaves
Q'W QF! G with Q' ı �F D '. The pair . QF; �F/ is unique up to unique isomorphism.
Moreover, the following properties hold:

1. For all x 2 X the map on stalks �F;x WFx ! QFx is bijective.
2. For every presheaf G on X and every morphism of presheaves 'WF ! G there exists

a unique morphism Q'W QF! QG making the diagram

F
�F

'

QF
Q'

G
�G QG

(3.7)

commutative. In particular, F 7! QF is a functor from the category of presheaves on X
to the category of sheaves on X .

The sheaf QF is called the sheaf associated to F or the sheafification of F.

We can reformulate the first part of Proposition 3.27 by saying that the sheafification
functor is a left adjoint functor to the inclusion functor of the category of sheaves into the
category of presheaves.

Proof. For U � X open, elements of QF.U / are by definition families of elements in the
stalks of F, which locally give rise to sections of F. More precisely, we define

QF.U / WD
(

.sx/ 2
Y

x2U
Fx I 8x 2 U : 9 an open neighborhoodW � U of x,

and t 2 F.W /: 8w 2 W : sw D tw
)

:

For U � V the restriction map QF.V / ! QF.U / is induced by the natural projection
Q
x2V Fx !

Q
x2U Fx . Then it is easy to check that QF is a sheaf. For U � X open, we

define �F;U WF.U / ! QF.U / by s 7! .sx/x2U . The definition of QF shows that, for x 2 X ,
QFx D Fx and that �F;x is the identity.
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Now let G be a presheaf onX and let 'WF! G be a morphism. Sending .sx/x 2 QF.U /
to .'x.sx//x 2 QG.U / defines a morphism QF ! QG. By Proposition 3.18 (3) this is the
unique morphism making the diagram (3.7) commutative.

If we assume in addition that G is a sheaf, then the morphism of sheaves �GWG ! QG,
which is bijective on stalks, is an isomorphism by Proposition 3.18 (2). Composing the
morphism QF! QG with ��1G , we obtain the morphism Q'W QF! G. Finally, the uniqueness of

. QF; �F/ is a formal consequence. �

Remark 3.28. If F is a presheaf of (abelian) groups, of rings, of R-modules, or of R-
algebras, its associated sheaf is a sheaf of (abelian) groups, of rings, of R-modules, or of
R-algebras.

Remark 3.29. From Proposition 3.18 (2), we get the following characterization of the
sheafification. Let F be a presheaf and G be a sheaf. Then G is isomorphic to the sheafi-
fication of F if and only and if there exists a morphism �WF ! G such that �x is bijective
for all x 2 X .

Example 3.30. LetE be a set and let F be a presheaf of functions with values inE. Then
its sheafification is given by

QF.U / D ff WU ! E j 9 open covering .Ui /i of U
such that f jUi 2 F.Ui / for all ig:

Indeed, this is a sheaf by Remark 3.10 and the inclusions F.U / ,! QF.U / for U open
define a morphism of presheaves F ! QF that is bijective on stalks. Hence we can apply
Remark 3.29.

Example 3.31. Let E be a set and denote by EX the sheaf of locally constant func-
tions, i.e., EX.U / D ff WU ! E locally constant mapg. This is the sheafification of the
presheaf of constant functions with values in E. The sheaf EX is called the constant sheaf
with value E.

IfE is a group, then the multiplication inE makesEX into a sheaf of groups. A similar
remark applies if E is an R-module (R some ring) or an A-algebra (A some commutative
ring).
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3.4 Sheaves and Étalé Spaces

We now give a different description of sheaves via so-called étalé spaces.

Definition 3.32 (Étalé space). Let X be a topological space.

1. A pair .E; �/, where E is a topological space and � WE ! X is a local homeomor-
phism (Appendix Definition 12.36), is called an étalé space over X .

2. Let .E1; �1/ and .E2; �2/ be étalé spaces overX . Amorphism f W .E1; �1/! .E2; �2/

of étalé spaces is a continuous map f WE1 ! E2 such that �1 D �2 ı f .

Denote by (Ét/X) the category of étalé spaces over X .

One can visualize an étalé space E as a puff pastry lying over the base space X (see
Fig. 3.1).

Definition and Remark 3.33. Let .E; �/ be an étalé space over X . For U � X open,
a section of E over U is a continuous map sWU ! E with � ı s D idU . The fiber of E
over x 2 X is the set Ex WD ��1.x/. A morphism of étalé spaces f W .E1; �1/! .E2; �2/

gives rise to maps fx W .E1/x ! .E2/x for x 2 X .

We will now show that the notion of an étalé spaces over X is equivalent to the notion
of a sheaf (of sets) over X . More precisely, we will construct functors

F W (Ét/X)! (Sh(X)); GW .PSh.X//! (Ét/X)

and we will show thatG ıF is isomorphic to the identity functor and that F ıG is isomor-
phic to the sheafification functor. In particular, F and the restriction of G to (Sh(X)) yield
an equivalence of the categories (Ét/X) and .Sh.X//.

Figure 3.1 Étalé space

X

π

E
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Construction 3.34. Let .E; �/ be an étalé space overX . Define a presheaf E ofE-valued
functions by

E.U / WD fsWU ! E sectiong D f sWU ! E I s continuous, � ı s D idU g :

It is a sheaf of E-valued functions because being continuous and being a section of � is
local on X (Remark 3.10).

Let f W .E1; �1/! .E2; �2/ be a morphism of étalé spaces and E1, E2 the correspond-
ing sheaves. For U � X open and s 2 E1.U / we have �2 ı .f ı s/ D �1 ı s D idU and
because f and s were continuous we have f ı s 2 E2.U /. Now we are able to define the
morphism Of WE1 ! E2 of sheaves by OfU .s/ D f ı s for U � X open and s 2 E1.U /. We
obtain a functor denoted by

FW (Ét/X)! .Sh.X//:

The Lemma 3.35 gives a description of stalks and of the topology of an étalé space.

Lemma 3.35. Let .E; �/ be an étalé space over X and E D F..E; �// the associated
sheaf on X .

1. The maps 	x WEx ! Ex; s 7! s.x/ are bijective for every x 2 X .
2. The topology of E is the finest topology such that every s 2 E.U /, for any U � X

open, is continuous (direct image topology).

Proof. 1. For x 2 X , the stalk Ex is the set of equivalence classes of pairs .U; s/, where
U is an open neighborhood of x and sWU ! E is a section of � . Here .U; s/ and .V; t/
are equivalent if there exists x 2 W � U \ V open such that sjW D t jW .

For e 2 E, x WD �.e/ (i.e., e 2 Ex) there exists an open neighborhood e 2 V �
E such that � jV is a homeomorphism onto its open image. Then .� jV /�1 is obviously
a section of � with .� jV /�1.x/ D e. This shows that 	x is surjective for every x 2 X .

Let sWU ! E, s0WU 0 ! E be sections with s.x/ D s.x0/ DW e for a point x 2 U \U 0.
Then there exists e 2 V � E open such that � jV WV ! �.V / is a homeomorphism
onto its open image. We set W WD �.V / \ U \ U 0 and replace V by � j�1V .W /. Now
� jV WV ! W is a homeomorphism again and x 2 W � U \U 0 is open. Then sjW ı� jV D
idV D s0jW ı � jV and therefore sjW D s0jW . Hence 	x is injective for every x 2 X .

2. Recall that in the direct image topology a subset W of E is open if and only if
s�1.W / � X is open for every U � X open and s 2 E.U /. This is true for the topology
of E because every section is a homeomorphism onto its open image and we have already
seen in the first part of the proof that E admits an open cover by images of sections. �

Now we attach conversely to every presheaf an étalé space as follows.
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Construction 3.36. Let E be a presheaf on X . Define E WD `
x2X Ex as a set, the map

� WE ! X , Ex 3 e 7! x, and define the maps fU;s WU ! E, x 7! sx for U � X open,
s 2 E.U /. Endow E with the finest topology such that all maps fU;s are continuous.

To show that .E; �/ is an étalé space, let e 2 E and x WD �.e/. Then e 2 Ex so that
there exist x 2 U � X open and s 2 E.U / with sx D e. Now � ı fU;s D idU and
with V WD fU;s.U / this also implies fU;s ı � jV D idV so that � jV and fU;s are inverse to
each other. Furthermore .fU 0 ;s0/�1.V / D fy 2 U 0 \ V I s0y D syg � X is open for every
U 0 � X open, s0 2 F.U / so that e 2 V � E is open. Therefore .E; �/ is an étalé space
over X .

Let Of WE1 ! E2 be a morphism of presheaves and let .E1; �1/, .E2; �2/ be the étalé
spaces corresponding to E1 and E2, respectively. Define the map

f WE1 ! E2; .E1/x 3 e 7! Ofx.e/ 2 .E2/x

so that �1 D �2 ı f . Then .f ı fU;s/.x/ D f .sx/ D Ofx.sx/ D Of .s/x D f
U; Of .s/.x/ and

therefore f ı fU;s D fU; Of .s/ is continuous for U � X open, s 2 E.U /. By definition of
the topology of E1, f is continuous and therefore a morphism of étalé spaces. We obtain
a functor

GW .PSh.X//! (Ét/X):

Lemma 3.37. There is a natural isomorphism from F ıG to the sheafification.

Proof. Let E be a presheaf on X , .E; �/ D G.E/ and E0 D F..E; �//. By construction
fU;s WU ! E; x 7! sx is a section of .E; �/ and therefore an element of E0.U / forU � X
open, s 2 E.U /. We define a morphism of presheaves 
WE! E0 by E.U /! E0.U /; s 7!
fU;s .

Let x 2 X be an arbitrary point. By construction Ex D Ex and due to Lemma 3.35
there is a bijective map 	x WE0x ! Ex D Ex; Qs 7! Qs.x/. For U � X open, s 2 E.U / we
have 	x.
x.sx// D 	x..fU;s /x/ D fU;s.x/ D sx so that 	x ı 
x D idEx and 
x is bijective
for every x 2 X . It is straightforward to check that 
 defines a natural transformation
and due to Proposition 3.27 we attain an isomorphism from E0 to the sheafification of E in
a natural way making it a natural isomorphism. �

Lemma 3.38. There is a natural isomorphism G ı F to the identity functor.

Proof. Let .E; �/ be an étalé space over X , E D F..E; �// and .E 0; � 0/ D G.E/. By
Lemma 3.35 we have a bijection 	x WEx ! Ex and by construction E 0 D F

x2X Ex . This
defines a bijective map 	 WE 0 ! E with � ı 	 D � 0. For U � X open and s 2 E.U /

we have 	.fU;s .x// D 	.sx/ D s.x/ for every x 2 X so that 	 ı fU;s D s. The topology
of E 0 is the finest such that fU;s WU ! E 0 is continuous for every s; U and the topology
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of E is the finest such that sWU ! E is continuous for every s; U . This implies that 	 is
a homeomorphism:

W � E is open, s�1.W / � X is open for every sWU ! E

, f �1U;s .	
�1.W // � X is open for every sWU ! E

, 	�1.W / � E 0 is open:

It is straightforward to check that this isomorphism is natural. �

As the sheafification of sheaf is the sheaf itself we deduce from Lemma 3.37 and
Lemma 3.38:

Proposition 3.39. Let X be a topological space X . The functors F andG yield an equiv-
alence between the category (Ét/X) of étalé spaces over X and the category (Sh(X)) of
sheaves on X .

Example 3.40 (Étalé Spaces of constant sheaves). Let E be a set that we also consider
as a discrete topological space. Let EX be the constant sheaf with values in E on a topo-
logical space X (Example 3.31). Then the corresponding étalé space is .X � E; pr1/
because for U � X open the sections of pr1 over U are just the maps x 7! .x; s.x//,
where sWU ! E is locally constant.

Note that the map pr1WX � E ! X is a trivial covering map. More generally, every
covering map is an étalé space that is locally on X a trivial covering map (Remark 2.28).
Hence we obtain the following result.

Definition and Proposition 3.41 (Locally constant sheaves). A sheaf F on X is called
locally constant if there exists an open covering .Ui /i of X such that FjUi is a constant
sheaf.

The equivalence of (Sh(X)) and (Ét/X) yields an equivalence between the full sub-
category of locally constant sheaves on X and the category of covering spaces of X
(Definition 2.27).

Example 3.42. Let L be the sheaf of complex logarithms L on C n f0g,

L.U / WD f l WU ! C holomorphic I exp ı l D idU g ; U � C n f0g open:

For every simply connected open subspace U of C n f0g the choice of a logarithm l0 on
U yields an isomorphism of sheaves of abelian groups .2�iZ/U Š LjU : One attaches to
a locally constant function t with values in 2�iZ on an open subset V of U the logarithm
l0jV C t . Hence L is a locally constant sheaf of abelian groups. But it is not constant
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because L.C n f0g/ D ;. The associated étalé space to L is the covering map expWC !
C n f0g.

Suppose that X is path connected, locally path connected, and semilocally simply con-
nected (Problem 2.19). This will for instance be the case ifX is the underlying topological
space of a connected premanifold (see Sect. 4.2). Then the functor ˚x (2.3) is for all
x 2 X an equivalence of categories (Problem 2.20 and Problem 2.21). Hence we see that
the above equivalence also yields an equivalence between the category of locally constant
sheaves and the category of sets endowed with a right �1.X; x/-action.

There is an analogous equivalence for sheaves of R-modules (R some ring), see Prob-
lem 3.14.

3.5 Direct and Inverse Images of Sheaves

In this section f WX ! Y denotes a continuous map of topological spaces. We will now
see how to use f in order to attach to a sheaf on X a sheaf on Y (direct image) and to
a sheaf on Y a sheaf an X (inverse image). We start with the direct image.

Definition 3.43 (Direct image of a sheaf). Let f WX ! Y be a continuous map. Let F
be a presheaf on X . We define a presheaf f
F on Y by (for V � Y open)

.f
F/.V / D F.f �1.V //

the restriction maps given by the restriction maps for F. Then f
F is called the direct
image of F under f . Whenever 'WF1 ! F2 is a morphism of presheaves, the family of
maps f
.'/V WD 'f �1.V / for V � Y open is a morphism f
.'/W f
F1 ! f
F2. We obtain
a functor f
 from the category of presheaves on X to the category of presheaves on Y .

Example 3.44 (Direct image of constant sheaves). Let pWX ! Y be a continuous map.
Let E be a set and let EX and EY be the sheaf of locally constant E-valued functions
on X and Y respectively. For V � Y open and for locally constant map gWV ! E the
composition g ı pWp�1.V / ! E is locally constant. Hence we obtain a morphism of
sheaves

'WEY �! p
EX:

Now suppose that p is surjective, that Y has the quotient topology of X , and that p has
connected fibers (for instance if pW Y � I ! Y is the projection for a connected space
I ). For V � Y open a locally constant map hWp�1.V /! E is the same as a continuous
map if we endow E with the discrete topology. The restriction of h to the fibers of p is
constant and hence by the universal property of the quotient topology there exists a unique
continuous map gWV ! E such that g ı p D h. Hence we see that ' is an isomorphism
in this case.
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The following properties are immediate.

Remark 3.45.

1. If F is a sheaf on X , f
F is a sheaf on Y . Therefore f
 also defines a functor
f
W .Sh.X//! .Sh.Y //.

2. If gW Y ! Z is a second continuous map, there exists an identity g
.f
F/ D .gıf /
F
that is functorial in F.

We now define the inverse image of a sheaf.

Definition 3.46 (Inverse image of a sheaf). Let f WX ! Y be a continuous map and let
G be a presheaf on Y . Define a presheaf f CG on X by

U 7! lim�!
V�f .U /;
V � Y open

G.V /; (3.8)

the restriction maps being induced by the restriction maps of G. Let f �1G be the sheafifi-
cation of f CG. We call f �1G the inverse image of G under f .

If f is the inclusion of a subspace X of Y , we also write GjX instead of f �1G and we
write G.X/ WD .f �1.G//.X/.

Note that even if G is a sheaf, f CG is not a sheaf in general.

Remark 3.47. Let f WX ! Y be a continuous map of topological spaces. Let G be
a presheaf on Y . The construction of f CG and hence of f �1G is functorial in G. Therefore
we obtain a functor

f �1W (PSh(Y ))! (Sh(X)):

Remark 3.48. Let f WX ! Y be an open continuous map and G a presheaf on Y . Then
for U � X open one has f CG.U / D G.f .U //. In this case, if G is a sheaf, f CG is
a sheaf and hence f CG D f �1G.

In particular if f is the inclusion of an open subspace U D X of Y . Then for every
sheaf G on Y and V � U open

.GjU /.V / D G.V /:
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Direct image and inverse image are functors that are adjoint to each other. More precisely:

Proposition 3.49. Let f WX ! Y be a continuous map of topological spaces, let F be
a sheaf on X and let G be a presheaf on Y . Then there is a bijection

Hom.Sh.X//.f
�1G;F/$ Hom.PreSh.Y //.G; f
F/;

' 7! '[;

 ] 7  ;
(3.9)

which is functorial in F and G.

Proof. Let 'W f �1G ! F be a morphism of sheaves on X , and let t 2 G.V /, V � Y

open. Since f .f �1.V // � V , we have a map G.V / ! f CG.f �1.V //, and we define
'[V .t/ as the image of t under the map

G.V /! f CG.f �1.V // �! f �1G.f �1.V //
'
f �1.V /�����! F.f �1.V // D f
F.V /:

Conversely, let  WG! f
F be a morphism of sheaves on Y . To define the morphism
 ] it suffices to define a morphism of presheaves f CG ! F, which we call again  ].
Let U be open in X , and s 2 f CG.U /. If V is some open neighborhood of f .U /, U is
contained in f �1.V /. Let V be such a neighborhood such that there exists sV 2 G.V /

representing s. Then  V .sV / 2 f
F.V / D F.f �1.V //. Let  ]
U .s/ 2 F.U / be the

restriction of the section  V .sV / to U .
Clearly, these two maps are inverse to each other. Moreover, it is straightforward –

albeit quite cumbersome – to check that the constructed maps are functorial in F and G.
�

Example 3.50. Let X be a topological space, let i WA ,! X be the inclusion of a closed
subspace and let F be a sheaf on A. As X n A is open in X , we have

i
.F/x D
8
<

:

Fx; if x 2 AI
f
g; if x 2 X n A:

(3.10)

Via (3.9) there corresponds to idi
F a morphism of sheaves i�1.i
F/ ! F. Looking at
stalks, (3.10) and (3.12) shows that this is an isomorphism.

Remark 3.51 (Inverse image and composition). Let f WX ! Y , gW Y ! Z be contin-
uous maps.

1. Let i W (Sh(Z))! .PreSh.Z// be the inclusion functor. By Proposition 3.49 the functor
f
W (Sh(X)) ! (Sh(Y )) is right adjoint to f �1W (Sh(Y )) ! (Sh(X)), the functor i ı
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g
W (Sh(Y )) ! .PreSh.Z// is right adjoint to g�1W .PreSh.Z// ! (Sh(Y )), and the
functor i ı .g ı f /
 is right adjoint to .g ı f /�1. Hence the isomorphism of functors
i ı .g ı f /
 Š .i ı g
/ ı f
 (Remark 3.45) yields an isomorphism of their left adjoints

.g ı f /�1 Š f �1 ı g�1: (3.11)

2. If x is a point of X and i W fxg ! X is the inclusion, the definition (3.8) shows that

i�1F D Fx

for every presheaf F on X (more precisely: i�1.F/.fxg/ D Fx).
3. In particular, (3.11) yields for each presheaf G on Y a functorial isomorphism

.f �1G/x Š Gf .x/: (3.12)

The identification (3.11) and (3.12) will also follow immediately from the description
of the inverse image in terms of étalé spaces (Proposition 3.55).

Remark 3.52. We will almost never use the concrete description of f �1G in the sequel.
Very often we are given f , F, and G as in the Proposition 3.49, and a morphism of sheaves
 WG! f
F. Then usually it will be sufficient to understand for each x 2 X the map

 ]
x WGf .x/ (3.12)D .f �1G/x �! Fx

induced by  ]W f �1G ! F on stalks. The proof of Proposition 3.49 shows that we can
describe this map in terms of as follows. For every open neighborhood V � Y of f .x/,
we have maps

G.V /
 V�! F.f �1.V // �! Fx;

and taking the colimit over all V we obtain the map  ]
x WGf .x/ ! Fx .

Remark 3.53. Note that if F is a sheaf of rings (or of R-modules, or of A-algebras) on
X , f
F is a sheaf on Y with values in the same category. A similar statements holds for
the inverse image. Finally, Proposition 3.49 holds (with the same proof) if we consider
morphisms of sheaves of rings (or of R-modules, etc.).

We have already seen that there is a natural correspondence between sheaves and étalé
space and that it is possible to describe the sheafification of a presheaf in terms of associ-
ated étalé spaces. We will now show that the formation of the inverse image of a presheaf
has a simple description in terms of étalé spaces: The corresponding étalé space is given
by the fiber product. Hence let us consider continuous maps f WX 0 ! X and � WE ! X

of topological spaces. We form the fiber product (Appendix Definition 12.28) and obtain
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the following commutative diagram, where gWE �X X 0 ! E and � 0WE �X X 0 ! X 0 are
the projections:

E �X X 0 � 0

g

X 0

f

E
�

X:

For x0 2 X 0 the map g induces a homeomorphism � 0�1.x0/
�! ��1.f .x0//. The inverse

is given by e 7! .e; x0/.

Lemma 3.54. Suppose that � has one of the following properties:

1. homeomorphism,
2. open topological embedding, or
3. local homeomorphism.

Then � 0 has the same property.

Proof. Assertion 1 is clear because � 7! � 0 is functorial: If $ is a continuous inverse
of � , then$ 0W x0 7! .$.x/; x0/ is a continuous inverse of � 0. If � induces a homeomor-
phism E

�! U for U � X open, then � 0 induces a homeomorphism E 0
�! f �1.U / by

1. This shows 2. Finally, if there exists an open covering .Wi /i of E such that � jUi is an
open embedding for all i , then .g�1.Wi //i is an open covering of E 0 and � 0jg�1.Wi / is an
open embedding by 2. This proves 3. �

The fiber product construction above yields a functor (Ét/X)! (Ét/X 0) by sending a mor-
phism f WE1 ! E2 of étalé spaces over X to the map E1 �X X 0 ! E2 �X X 0 induced by
f � idX 0 .

Proposition 3.55 (Inverse image via étalé spaces). Let f WX ! Y be a continuous map
of topological spaces, E a presheaf on Y and .E; �/ the étalé space over Y associated
to E. The functor that sends E to the sheaf associated to the étalé space .E �Y X; � 0/ is
naturally isomorphic to the inverse image functor f �1.

Proof. Denote by E0 WD F.E; �/ and F WD F.E �Y X; � 0/ the associated sheaves on Y
and X respectively.

For U � X we have F.U / D f sWU ! E �Y X I s section of � 0g and

f CE0.U / D f .V; s/ I V � Y open with f .U / � V , s 2 E0.V /g = �;

where .V; s/ � .V 0; s0/ if there exists W � V 0 \ V open with f .U / � W such that
sjW D s0 jW . Now let ŒV; s� 2 f CE0.U /. Then � ı .s ı f /jU D f ı i and we obtain
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a continuous map QsWU ! E �Y X; x 7! .s.f .x//; x/. Then Qs is a section of � 0 over U ,
i.e., Qs 2 F.U /. Notice that the construction of Qs does only depend on the values of s on
f .U / and is hence independent of the choice of .V; s/ within its equivalence class. We
get a morphism of presheaves !W f CE0 ! F by f CE0.U /! F.U /; s 7! Qs.

As E0 is the sheafification of E (Lemma 3.37) there is a morphism of presheaves

WE ! E0 that is bijective on stalks. We claim that the morphism of presheaves ! ı
f C.
/W f CE! F is also bijective on stalks. Let x 2 X , y WD f .x/, x 2 U � X , V � Y
open with f .U / � V and s 2 E.V /. By Lemma 3.35, the map 	x WFx ! .E �Y X/x ,
s 7! s.x/ is bijective. Furthermore the map f 0x W .E �Y X/x ! Ey; .e; x/ 7! e is bijective
as well and by construction we have Ey D Ey , so that f 0x ı 	x WFx ! Ey is bijective. Now

.! ı f C.
//x.sy/ D !y..fV;s /y/ D . QfV;s/x

and
.f 0x ı 	x/.. QfV;s /x/ D f 0x. QfV;s.x// D f 0x..fV;s.y/; x// D fV;s .y/ D sy :

Therefore .! ı f C.
//x and .f 0x ı 	x/ are inverse to each other.
Since f �1E is the sheafification of f CE and ! ıf C.
/ is bijective on stalks, it induces

an isomorphism f �1E
�! F. By construction it is functorial. �

Example 3.56 (Inverse image of constant sheaves). Let f WX ! Y be a continuous
map. Let E be a set, let EY be the sheaf of locally constantE-valued functions on Y . The
corresponding étalé space is the projectionE�Y ! Y , where we considerE as a discrete
topological space. Then the projection .E � Y / �Y X ! E � X is a homeomorphism
compatible with the projections to X (an inverse is given by .e; x/ 7! ..e; f .x//; x/).
Hence f �1EY D EX .

Remark and Definition 3.57 (Pullback of sections). Let f WX ! Y be a continuous
map, let G be a sheaf on Y , and let t 2 G.V /, V � Y open. Let � WG ! Y be the étalé
space corresponding to G and consider t as a continuous section t WV ! G of � . Then

f �1.t/W f �1.V /! G �Y X; x 7! .t.f .x//; x/

is a continuous section of G �Y X ! X . Hence we obtain a pullback map

f �1WG.V / 7! .f �1G/.f �1.V //; (3.13)

which is functorial in G and compatible with restrictions to smaller open subsets of Y .

Example 3.58. Let X be a topological space, let Z be a subspace of X , and denote by
i WZ ! X the inclusion. If E is a sheaf on X with corresponding étalé space � WE ! X ,
then the étalé space corresponding to FjZ is the usual restriction � j��1.Z/W��1.Z/ !



3.6 Limits and Colimits of Sheaves 63

Z. The pullback i�1.s/ of a continuous section sWX ! E of � over X is simply the
restriction sjZ and we usually write sjZ instead of i�1.s/.

An application is a simple proof of the following fact (Proposition 3.59), which general-
izes the sheaf property from open coverings to more general coverings.

Proposition 3.59. Let .Ai /i2I be a covering of a topological space X satisfying one of
the following hypotheses:

1. The interiors Aıi of Ai cover X .
2. The covering .Ai /i is locally finite and Ai is closed in X for all i .

Let E be a sheaf on X and let si 2 E.Ai / be sections such that si jAi\Aj D sj jAi\Aj for all
i; j 2 I . Then there exists a unique section s 2 E.X/ such that sjAi D si for all i 2 I .

Proof. Let � WE ! X be the étalé space corresponding to E. Then si is a continuous
section of � over Ai . By hypothesis, there exists a unique map sWX ! E with sjAi D si .
Hence s is a section of � . Moreover, s is continuous by Appendix Corollary 12.34 and
hence defines an element of E.X/. �

3.6 Limits and Colimits of Sheaves

We fix a topological space X . We will describe limits and colimits of sheaves and show in
particular that the category (Sh(X)) is complete and cocomplete. Let I be a small category
and let I 3 i 7! Fi be an I-diagram of sheaves on X .

Remark 3.60 (Limits of sheaves). Using the explicit construction of limits in the cate-
gory of sets (Appendix Example 13.33), one sees that U 7! limi Fi .U /, U � X open,
defines a sheaf of sets. It is a limit in the category of presheaves on X and in particular in
the category of all sheaves on X .

As special cases we obtain for a family of sheaves .Fi /i the product of sheaves
Q
i Fi

given by U 7!Q
i Fi .U /.

Remark 3.61 (Limits and stalks). Let x 2 X be a point. The mapsFi .U /! .Fi /x yield
maps limi Fi .U /! limi .Fi /x . Taking the (filtered) colimit over the open neighborhoods
of x we obtain a map

.lim
i
Fi /x �! lim

i
.Fi /x: (3.14)

As filtered colimits commute with finite limits (Appendix Proposition 13.39), we deduce
that (3.14) is an isomorphism if I is finite. In general, (3.14) is not bijective (Prob-
lem 3.15).
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Remark 3.62 (Colimits of sheaves). The map U 7! colimi Fi .U /, U � X open, is
a colimit of the I-diagram i 7! Fi in the category of presheaves onX . Hence the universal
property of the sheafification (Proposition 3.27) shows that the sheafification of U 7!
colimi Fi .U / is a colimit in the category of sheaves on X .

Remark 3.63 (Colimits and stalks). Let x 2 X be a point. The maps Fi .U / !
.Fi /x yield maps colimi Fi .U / ! colimi .Fi /x . As colimits commute with each other
(Appendix Remark 13.36) and sheafification does not change the stalks, we obtain an
isomorphism of sets

.colim
i

Fi /x
��! colim

i
.Fi /x: (3.15)

Remark 3.64. Let f WX ! Y be a continuous map of topological spaces. Let I be a
(small) category.

1. Let i 7! Fi be an I-diagram of sheaves on X . As the direct image functor
f
W (Sh(X)) ! (Sh(Y )) has a left adjoint (namely the inverse image functor f �1), it
commutes with arbitrary limits (Appendix Proposition 13.47) and hence we obtain an
isomorphism f
.limi Fi /

�! limi f
Fi of sheaves on Y . In particular, f
 is left exact
(Appendix Definition 13.48).

2. Dually, let i 7! Gi be an I-diagram of sheaves on Y . Then as f �1 has a right ad-
joint, we have an isomorphism colimi f

�1Gi
�! f �1.colimi Gi / of sheaves on X . In

particular, f �1 is right exact (Appendix Definition 13.48).

Remark 3.65 (Limits and colimits of sheaves in other categories). Instead of sheaves
with values in the category of sets we can also consider sheaves with values in the category
of groups or the category of R-modules (R a fixed ring). These categories are complete
and cocomplete and the forgetful functor to the category of sets preserves limits. Hence
the same constructions as above yield limits or colimits of sheaves with values in these
categories.

We can also consider the category of commutative rings or the category of R-algebras
(R a fixed commutative ring). These categories are complete and in them exist arbitrary
filtered colimits. Again the forgetful functor to the category of sets preserves limits. Hence
the constructions above yield limits and filtered colimits of sheaves in these categories.

3.7 Problems

Problem 3.1. Let F be the presheaf of bounded continuous functions onRn (n 2 N) with
values in R. Show that F is not a sheaf. Show that its sheafification is the sheaf CRnIR of
continuous R-valued functions.
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Problem 3.2. Let X be a topological space and let BX be the Borel-� -algebra of X (i.e.,
the � -algebra generated by the open subsets ofX). ForU � X open letMX.U / be the set
of measurable functions with value in R. Show thatMX is a presheaf of functions, which
is a sheaf if X is a Lindelöf space.

Problem 3.3. For U � Rn open, n 2 N, let L1.U / be the L1-space of R-valued
Lebesgue integrable functionsU ! Rmodulo the space of functions f such that jf j D 0
almost everywhere.

1. Show that U 7! L1.U / with the usual restriction map is a presheaf ofR-vector spaces
on Rn, which is not a sheaf.

2. Show that its sheafification is the sheaf U 7! L1loc.U /, where L
1
loc.U / is the quotient

of the space of Lebesgue measurable functions f WU ! R with
R
K
jf j dx < 1 for

each compact subspace K � U by the subspace of functions f such that jf j D 0

almost everywhere.

Problem 3.4. Let X be a topological space and let F be a presheaf. A subpresheaf of F
is a presheaf G such that G.U / � F.U / for all U � X open such that for all open subsets
V � U � X the restriction maps G.U / ! G.V / are induced by the restriction maps for
F.

Suppose that F is a sheaf. Show that a subpresheaf G of F is a sheaf if and only if for
every open subset U of X , for every open covering .Ui /i of U and for every s 2 F.U /

with sjUi 2 G.Ui / one has s 2 G.U /.

Problem 3.5. Let X be a topological space and define a presheaf ˝ on X by ˝.U / WD
fV � U I V � X openg. For U 0 � U the restriction ˝.U / ! ˝.U 0/ is defined by
V 7! V \ U 0.

1. Show that˝ is a sheaf.
2. Show that ˝ classifies subsheaves in the following sense. Let F be a sheaf on X and

let ˚ WF ! ˝ be a morphism of sheaves. Then U 7! f s 2 F.U / I ˚U .s/ D U g is
a subsheaf (Problem 3.4) G˚ of F and one obtains a bijection, functorial in F,

Hom(Sh(X )).F;˝/$ fsubsheaves of Fg; ˚ 7! G˚ :

Problem 3.6. Let X be a topological space, x 2 X and denote by ixW fxg ! X the
inclusion. For every set E (considered as a sheaf on fxg) we call .ix/
.E/ the skyscraper
sheaf in x with value E.

1. Show that E 7! .ix/
.E/ defines a functor (Sets) ! .Sh.X//, which is right adjoint
to the functor .Sh.X//! (Sets) that sends a sheaf F to its stalk Fx in x.

2. Show that for the stalks of the skyscraper sheaf one has .ix/
.E/y D E for y 2 fxg
and that .ix/
.E/y is a singleton for y … fxg.
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Problem 3.7. Let 'WF ! G be a morphism of sheaves on a topological space X . Show
that the following assertions are equivalent:

(i) ' is a monomorphism (respectively an epimorphism, respectively an isomorphism)
in the category of sheaves on X .

(ii) ' is injective (respectively surjective, respectively bijective).

Hint: To show “' epimorphism) ' surjective” use Problem 3.6.

Problem 3.8. Let X be a topological space. Show that the functor from the category of
sets to the category of sheaves on X that sends a set E to the constant sheaf EX is left
adjoint to the functor F 7! F.X/.

Problem 3.9. Let G be a sheaf, let f WX ! Y be a continuous map of topological spaces,
and let U � X be an open subset. Show that .f �1G/.U / can be described as the set
of s D .sx/x2U 2

Q
x2U Gf .x/ such that for all x 2 U the following condition holds:

There exist x 2 W � U open, V � Y open with f .W / � V , and t 2 G.V / such that
tf .w/ D sf .w/ for all w 2 W .

Problem 3.10. Let f WX ! Y be a continuous map. Show that the functor f CW
(PSh(Y ))! (PSh(X)) is left adjoint to the functor f
W (PSh(X))! (PSh(Y )).

Problem 3.11. Let f WX ! Y be a continuous map.

1. Let G be a sheaf on Y and let s 2 G.Y /. Show that supp.f �1.s// D f �1.supp.s//.
2. Let F be a sheaf onX . Then a section Qs 2 .f
F/.Y / is the same as a section s 2 F.X/.

Show that supp.Qs/ D f .supp s/.

Problem 3.12. Let X be a topological space. One says that an abelian sheaf F on X
satisfies the principle of unique continuation if every section of F over any open subset of
X has open support.

1. Let U � X be open and connected and s; t 2 F.U /. Suppose that sx D tx for one
point x 2 U . Show that s D t .

2. Let gWZ ! X be a continuous map. Show that g�1F also satisfies the principle of
unique continuation.

3. Show that every locally constant sheaf satisfies the principle of unique continuation.
4. Let X be an open subset of a finite-dimensional K-vector space. Show that the sheaf

of analytic functions on X satisfies the principle of unique continuation.
Hint: Appendix Problem 16.3.
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Problem 3.13. Let X be a topological space, let F be an abelian sheaf on X , and let
.E; �/ be the corresponding étalé space over X . Show that F satisfies the principle of
unique continuation (Problem 3.12) if and only if � is separated.

Problem 3.14. Let X be a path connected, locally path connected, semilocally simply
connected (Problem 2.19) space so that there exists a universal covering of X (Prob-
lem 2.20). Let R be a ring. A local system of R-modules is a locally constant sheaf of
R-modules. Choose x0 2 X . Show that the following categories are equivalent:

(i) The category of local systems of R-modules on X .
(ii) The category of functors˘.X/! (R-Mod) (here˘.X/ is the fundamental groupoid

of X , see Problem 2.9).
(iii) The category of representations of �1.X; x0/ on R-modules.

Problem 3.15. Let .Fi /i2I be a family of sheaves on X and let x 2 X .

1. Show that the map (3.14) .
Q
i2I Fi /x !

Q
i2I Fi;x is injective.

2. Let X D R, x D 0 and CR be the sheaf of continuous R-valued functions on R. For
n 2 N let fn 2 CR;0 be the germ of the function x 7! 1=.x � .1=n//. Show that
.fn/n2N is not in the image of .

Q
n CR/0 !Q

n CR;0.

Problem 3.16. Let f WX ! Y be a continuous map and let F be a sheaf on X . Define
the proper direct image fŠF as the sheaf on Y with (V � Y open)

.fŠF/.V / WD
˚
s 2 F.f �1.V // I f W supp.s/! V is proper

�
:

1. Show that fŠF is a subsheaf of f
F and that F 7! fŠF yields a functor fŠW (Sh(X))!
(Sh(Y )). Show that f
 D fŠ if f is proper.
Hint: Problem 1.18.

2. Let gW Y ! Z be a second continuous map. Show that the identification .g ı f /
 D
g
 ı f
 of functors (Sh(X))! (Sh(Z)) induces .g ı f /Š D gŠ ı fŠ.
Hint: Use Problem 3.11.

Problem 3.17. Let Z � X be a locally closed subspace of a topological space X , let
i WZ ! X be the inclusion, and let iŠW (Sh(Z)) ! (Sh(X)) be the proper direct image
functor (Problem 3.16).

1. Let F be a sheaf on Z. Show that for x 2 X one has

iŠ.F/x D
8
<

:

Fx; if x 2 ZI
f
g; if x 2 X nZ:

Show that iŠ yields an equivalence between (Sh(Z)) and the full subcategory of
(Sh(X)) of sheaves F such that Fx D f
g for all x 2 X nZ. The quasi-inverse functor
is induced by i�1. Deduce that iŠW (Sh(Z))! (Sh(X)) is left adjoint to i�1.
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2. For a sheaf F on X define for U � X open

FZ.U / D f s 2 F.U / I supp.s/ � Z g :

Show that FZ is a subsheaf of F and show that F 7! i ŠF WD i�1FZ yields a functor
(Sh(X))! (Sh(Z)). Show that i Š D i�1 if Z is open in X .

3. Show that i Š is right adjoint to iŠ.

Problem 3.18. Let X be a topological space, U � X open, Z WD X n U . Let F be an
abelian sheaf on X . Let j WU ! X and i WZ ! X be the inclusions. Show that there is
an exact sequence of abelian sheaves

0 �! jŠj
�1F �! F �! i
i�1F �! 0:

Hint: Problem 3.17.
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In this chapter we define a real (respectively complex) premanifold as a space together
with a sheaf of functions that locally resembles Rn (respectively Cn) for some n to-
gether with its sheaf of C˛-functions (˛ 2 N0[f1; !g fixed) (respective of holomorphic
functions). Hence we first define the abstract notion of a space together with a sheaf of
R-algebras for some ring R. These are called R-ringed spaces. Then a real (respectively
complex) premanifold will be a special case of an R-ringed (respectively a C-ringed)
space. A (real or complex) manifold is defined to be a premanifold whose underlying
topological space is Hausdorff and second countable. This implies several other nice
topological properties. In the last section we explain simple constructions for how to get
new (pre)manifolds from old ones. The most important constructions will be the product
and the gluing of (pre)manifolds.

4.1 Ringed Spaces

Ringed spaces formalize the idea of giving a geometric object by specifying its underlying
topological space and the “functions” on all open subsets of this space. This is motivated
by the observation that to say that a continuous map F WU ! Rn (U � Rm open) is a C˛-
map if and only if for every C˛-function f WRn ! R the composition f ı F WU ! R is
a C˛-map (in fact it suffices to take for f the projections to the coordinates). These func-
tions usually form some commutative algebra over some ring1. For instance the R-valued
C˛-functions on an open subset of Rm form a commutative R-algebra. An immediate
observation is that because of continuity the germs of such functions f at a point x either
satisfy f .x/ D 0 or 1=f exists in some open neighborhood of x. In other words, the stalk

1 Notable exceptions are for instance algebras of differential operators, which are almost never com-
mutative.
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of the sheaf of functions in x is a local ring whose maximal ideal consists of germs f with
f .x/ D 0. This leads to the notion of a locally ringed space.

The notion of a (locally) ringed space also gives us the flexibility to consider very
general notions of “functions”: Any sheaf of rings will do. It is not necessarily a sheaf of
functions. This is very useful in other geometric theories such as in the theory of complex
analytic spaces or in algebraic geometry. But in this book, for almost all ringed spaces the
underlying sheaf of rings will be a sheaf of functions.

We fix a commutative ring R. In the sequel, R will usually be the field R of real numbers
or the field C of complex numbers. But occasionally we will consider other cases, for
example R D Z.

Definition 4.1 ((Locally) ringed spaces).

1. An R-ringed space is a pair .X;OX/, where X is a topological space and where OX is
a sheaf of commutative R-algebras on X . The sheaf of rings OX is called the structure
sheaf of .X;OX/.

2. A locally R-ringed space is an R-ringed space .X;OX/ such that the stalk OX;x is
a local ring for all x 2 X . We then denote by mx the maximal ideal of OX;x and by

.x/ WD OX;x=mx its residue field.

As every ring has a unique structure as Z-algebra, we simply say (locally) ringed space
instead of (locally) Z-ringed space. Usually we will denote a (locally) R-ringed space
.X;OX/ simply by X .

Our principle example will be sheaves of real-valued C˛-functions (with ˛ 2 bN0 WD
N0 [ f1; !g) or holomorphic functions. Basic notions and properties of such functions
are recalled in Appendix 16.

Example 4.2. Recall that K denotes the field of real or of complex numbers. Let X be
an open subset of a finite-dimensional K-vector space. Let ˛ 2 bN0. We denote by C˛X the
sheaf of C˛-functions, i.e.,

C˛X.U / D f f WU ! K I f is C˛-functiong ; U � X open.

Then C˛X is a sheaf of K-algebras.
For ˛ D 0 this is the sheaf of continuous K-valued functions on X . If K D C and

˛ � 1, then C˛X is the sheaf of holomorphic functions on X and we will denote this sheaf
usually by OX or Ohol

X . If K D R and 1 � ˛ � 1, then C˛X is the sheaf of R-valued
˛-fold continuously differentiable functions. If K D R and ˛ D !, then C!X is the sheaf
of R-valued real analytic functions on X .
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The same argument as for sheaves of continuous functions (Remark 3.17) yields the
following observation: For all x 2 X the stalk C˛X;x is a local ring. In particular .X;C

˛
X/ is

a locallyK-ringed space. The maximal idealmx of C˛X;x consists of germs ofC˛-functions
with f .x/ D 0. The evaluation map f 7! f .x/ induces an isomorphism of K-algebras

.x/ WD C˛X;x=mx

�! K, where we consider K as K-algebra via idK.

Definition and Remark 4.3 (Morphisms of (locally) ringed spaces). Let X D .X;OX/
and Y D .Y;OY / be R-ringed spaces. A morphism of R-ringed spaces X ! Y is a pair
.f; f [/, where f WX ! Y is a continuous map of the underlying topological spaces and
where f [WOY ! f
OX is a homomorphism of sheaves of R-algebras on Y .

The datum of f [ is equivalent to the datum of a homomorphism of sheaves of R-
algebras f ]W f �1OY ! OX onX by Proposition 3.49. Usually we simply write f instead
of .f; f ]/ or .f; f [/.

Morphisms of locally ringed spaces have to satisfy an additional property. To state this
property, observe that a morphism f WX ! Y of R-ringed spaces induces morphisms on
the stalks as follows. Let x 2 X . Using the identification .f �1OY /x D OY;f .x/ established
in (3.12), we get a homomorphism of R-algebrasF17@Fx, stalk of a sheaf

fx WD .f ]/x WOY;f .x/ ! OX;x:

By Remark 3.52 there is the following more explicit description of this homomorphism:
For U an open neighborhood of f .x/ one has a map

OY .U /
f [U�! OX.f

�1.U //! OX;x:

These maps induce the map an stalks fx WOY;f .x/ D colimOY .U /! OX;x .
Now let X and Y be locally R-ringed spaces. We define a morphism of locally R-

ringed spaces X ! Y to be a morphism .f; f [/ of ringed spaces such that the homomor-
phism of local rings f ]

x WOY;f .x/ ! OX;x is local (i.e., f
]
x .mf .x// � mx).

In general there exist locally ringed spaces and morphisms of ringed spaces between them
that are not morphisms of locally ringed spaces (Problem 4.1). For spaces with functions
of C˛-functions such as the premanifolds defined below in Definition 4.13 we will see that
every morphism of ringed spaces is automatically a morphism of locally ringed spaces (see
Example 4.5).

Remark 4.4. The composition of morphisms of (locally) R-ringed spaces is defined in
the obvious way using the compatibility of direct images with composition (i.e., .g ı
f /
 D g
 ı f
, see Remark 3.45 (2)). We obtain the category of (locally) R-ringed
spaces.

In general, f [ (or f ]) is an additional datum for a morphism. For instance it might
happen that f is the identity but f [ is not an isomorphism of sheaves (Problem 4.5). We
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will usually encounter the simpler case that the structure sheaf is a sheaf of functions on
open subsets ofX and that f [ is given by composition with f . The following special case
and its globalization (Proposition 4.18) is the main example.

Example 4.5 (Principal example). Let X � V and Y � W be open subsets of finite-
dimensionalK-vector spaces V andW . Let ˛ 2 bN0.

Every C˛-map f WX ! Y defines by composition a morphism of locally K-ringed
spaces .f; f [/W .X;C˛X/! .Y;C˛Y / by

f [U WC˛Y .U /! f
.C˛X/.U / D C˛X.f
�1.U //; t 7! t ı f

for U � Y open.
The induced map on stalks fx WC˛Y;f .x/ ! C˛X;x is then also given by composing a K-

valued C˛-function t , defined in some neighborhood of f .x/, with f , which yields a
K-valued C˛-function t ı f defined in some neighborhood of x.

Conversely, let .f; f [/W .X;C˛X/ ! .Y;C˛Y / be any morphism of K-ringed spaces. We
claim:

1. .f; f [/ is automatically a morphism of locally K-ringed spaces.
2. For all U � Y open the R-algebra homomorphism f [

U WC˛Y .U /! C˛X.f
�1.U // is au-

tomatically given by the map t 7! t ıf . Note that then f is a C˛-map (choose a basis
of W ; considering for t projections to the coordinates shows that each component of
f is a C˛-map).

To show 1 let x 2 X . Set ' WD f
]
x , B WD C˛X;x , and A WD C˛Y;f .x/. Then 'WA ! B is

a homomorphism of local K-algebras such that A=mA D K and B=mB D K. We claim
that ' is automatically local, equivalently that '�1.mB/ is a maximal ideal of A. Indeed,
' induces an injective homomorphism of K-algebras

A='�1.mB/ ,! B=mB D K:

As a homomorphism ofK-algebras, it is automatically surjective, henceA='�1.mB/ Š K
is a field and hence '�1.mB/ is a maximal ideal.

Let us show 2. Let U � Y be open and x 2 f �1.U /. Consider the commutative
diagram of K-algebra homomorphisms

C˛Y .U /
f [U

t 7!tf .x/

C˛X.f
�1.U //

s 7!sx

C˛Y;f .x/
f
]
x

evf .x/ Wt 7!t .f .x//

C˛X;x

evx Ws 7!s.x/

K K:
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The evaluation maps are surjective. Hence there exists a homomorphism of K-algebras
�WK! K making the lower rectangle commutative if and only if one has f ]x .ker.evf .x///

� ker.evx/. But this latter condition is satisfied because f ]x is local by 1. Moreover, as
a homomorphism of K-algebras, one must have � D idK. Therefore we find f [

U .t/.x/ D
t.f .x//, which shows (b).

Remark 4.6. A morphism f WX ! Y of R-ringed spaces is an isomorphism in the
category ofR-ringed spaces if and only if f is a homeomorphism and fx WOY;f .x/ ! OX;x
is an isomorphism of R-algebras for all x 2 X .

Indeed, .f; f [/ is an isomorphism if and only if f is a homeomorphism and f [ is an
isomorphism of sheaves of rings. And the description of fx in Remark 4.3 shows that if
f is a homeomorphism, then f [ is an isomorphism if and only if fx is an isomorphism
for all x 2 X .

Next we define the notion of an open embedding of ringed spaces and of a local iso-
morphism of ringed spaces.

Remark and Definition 4.7. Let X be a (locally) R-ringed space and let U � X be
open. Then .U;OX jU / is a (locally) R-ringed space, which we usually denote simply by
U . Such a (locally)R-ringed space is called an open subspace ofX . There is an inclusion
morphism i WU ! X of (locally)R-ringed spaces, where the continuous map i WU ! X is
the inclusion of the underlying topological spaces and where i [ is given by the restriction
OX.V /! i
.OX jU /.V / D OX.U \ V / for all V � X open. Then i ]W i�1OX ! OX jU is
the identity. In particular ix is the identity for all x 2 U .

For a morphism f WX ! Y of (locally) R-ringed spaces we denote by f jU WU ! Y

the composition f ı i of morphisms of (locally) ringed spaces.
Finally, a morphism j W .Z;OZ/ ! .X;OX/ of (locally) R-ringed spaces is called

open embedding if U WD j.Z/ is open in X and j induces an isomorphism .Z;OZ/
�!

.U;OX jU /.

Definition 4.8. A morphism f WX ! Y of (locally) R-ringed spaces is called a local
isomorphism if there exists an open covering .Ui /i of X such that f jUi WUi ! Y is an
open embedding for all i .

In other words, a morphism f is a local isomorphism if there exists an open covering
.Ui /i of X and for all i 2 I an open subspace Vi of Y such that f induces for all i an
isomorphism Ui

�! Vi of ringed spaces.

Remark 4.9. Remark 4.6 shows that a morphism f WX ! Y ofR-ringed spaces is a local
isomorphism if and only if f is a local homeomorphism and fx WOY;f .x/ ! OX;x is an
isomorphism.
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Example 4.10. Let X � V and Y � W be open subsets of finite-dimensional K-vector
spaces V and W , let ˛ 2 bN, and let f WX ! Y be a C˛-map, which we consider as
a morphism of locally K-ringed spaces .X;C˛X/ ! .Y;C˛Y / (Example 4.5). Then the
inverse function theorem (Appendix 16.16) means that f is a local isomorphism if and
and only if for all x 2 X the derivativeDf.x/WV ! W is a K-linear isomorphism.

For ˛ � 1 it will follow from Proposition 5.11 thatDf.x/ is an isomorphism if fx is an
isomorphism.

We conclude our short introduction to ringed spaces by generalizing the gluing proce-
dure from topological spaces to (locally) ringed spaces. Suppose we have given a family
.Ui /i2I of locally R-ringed spaces, for all i; j 2 I an open subset Uij � Ui (considered
as open R-ringed subspace of Ui ), and for all i; j 2 I an isomorphism 'ji WUij ! Uji of
locally R-ringed spaces such that

(a) Uii D Ui for all i 2 I ,
(b) the cocycle condition holds: 'kj ı 'ji D 'ki on Uij \ Uik , i; j; k 2 I .

In the cocycle condition we implicitly assume that 'ji.Uij \Uik/ � Ujk , such that the
composition is meaningful. The cocycle condition implies for i D j D k that 'ii D idUi ,

for i D k that '�1ij D 'ji , and that 'ji induces an isomorphism Uij \ Uik �! Uji \ Ujk .
We call such a datum a gluing datum of locally ringed spaces.

Proposition 4.11. There exists a locally R-ringed space X together with morphisms
 i WUi ! X , such that:

(a) For all i the map  i is an open embedding.
(b)  j ı 'ji D  i on Uij for all i; j .
(c) X DSi  i .Ui/.
(d)  i.Ui / \  j .Uj / D  i.Uij / D  j .Uji / for all i; j 2 I .

Furthermore, .X; . i/i / has the following universal property (which determines it
uniquely up to unique isomorphism): If Z is a locally R-ringed space, and for all
i 2 I , �i WUi ! Z is a morphism of locally R-ringed spaces, such that �j ı 'ji D �i on
Uij for all i; j 2 I , then there exists a unique morphism �WX ! Z with � ı  i D �i for
all i 2 I .

In other words, the R-ringed space X is a colimit in the category of R-ringed spaces.

Proof. By forgetting the structure sheaves in the gluing datum, we obtain a gluing da-
tum of topological spaces, which we glue to a topological space X (Appendix Propo-
sition 12.27). It is endowed with open topological embeddings  i WUi ! X , we have
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X DSi  i .Ui /, and a subset U � X is open if and only if for all i the preimage  �1i .U /
is open in Ui .

To obtain an R-locally ringed space, we have to “glue” the structure sheaves on the
Ui so as to define a sheaf OX of R-algebras on X . The sheaf OX is uniquely determined
by its sections (and the corresponding restriction maps) on a basis of the topology (Re-
mark 3.13). It is thus sufficient to define it on those open subsets U � X that are contained
in one of the  i.Ui /, and to check that this is well defined and satisfies the sheaf axioms.
For each such U , we fix an i with U �  i.Ui /, and we set OX.U / D OUi . 

�1
i .U //. If

U � Ui \ Uj , then we identify the rings OUi . 
�1
i .U // and OUj . 

�1
j .U // with OUij .U /

via 'ji . This allows us to define restriction maps. We obtain a sheaf OX of R-algebras
on X that is independent of our choices. Since all the Ui are locally R-ringed spaces, the
same is true for X .

Furthermore, with this definition the i are morphisms of locallyR-ringed spaces; they
identify Ui with . i .Ui /;OX j i .Ui //.

The universal property follows from the universal property of the construction of the
underlying topological space (Appendix Proposition 12.27), which yields a continuous
map �WX ! Z, and that it suffices to give a morphism of sheaves �]W ��1OZ ! OX for
those open sets that are contained in one of the  i.Ui / (Remark 3.13). �

Example 4.12 (Disjoint union). As a (trivial) special case of this construction we have
the disjoint union of locally R-ringed spaces. We simply let Uij D ; for all i , j , so the
underlying topological space is indeed the sum of the topological spaces of the Ui . The
structure sheaf is the unique sheaf of rings whose restriction to Ui is OUi . We denote the
disjoint union by

`
i2I Ui and call it the sum or coproduct. The universal property of

the glued space means that this is indeed a coproduct in the category of locally R-ringed
spaces.

Proposition 4.11 and Example 4.12 are also valid in the category of arbitrary R-ringed
spaces (with the same proof).

4.2 Premanifolds andManifolds

In this section we fix ˛ 2 bN0 D N0 [ f1; !g. We now define premanifolds as locally K-
ringed spaces that are locally isomorphic to an open subspace of Km endowed with either
(forK D R) the sheaf ofR-valued C˛-functions or (forK D C) the sheaf of holomorphic
functions.

Definition 4.13.

1. A locally R-ringed space .M;OM/ is called (real) C˛-premanifold if there exists an
open covering M D S

i2I Ui such that for all i 2 I there exist m 2 N0, an open
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subspace Y of Rm, and an isomorphism of locally R-ringed spaces .Ui ;OM jUi /
�!

.Y;C˛Y / (called chart). Herem and Y may depend on i . In this case the structure sheaf
is denoted by C˛M and is called the sheaf of C˛-functions onM .
We call a real C1-premanifold a smooth premanifold and a real C!-premanifold a
real analytic premanifold.

2. A morphism of C˛-premanifolds .M;OM/ ! .N;ON / is defined as a morphism of
locally R-ringed spaces. Such a morphism is also called a C˛-map. Again, C1-maps
are also called smooth, and C!-maps are called real analytic maps.

We obtain the category of C˛-premanifolds. A (local) isomorphism in the category of
C˛-premanifolds is called a (local) C˛-diffeomorphism.

Definition 4.14.

1. A C-ringed space .M;OM/ is called complex premanifold if there exists an open
covering M D S

i2I Ui such that for all i 2 I there exist m 2 N0, an open sub-
space Y of Cm (both dependent on i) and an isomorphism of locally C-ringed spaces
.Ui ;OM jUi /

�! .Y;Ohol
Y / (again called chart).

2. A morphism of complex premanifolds .M;OM/! .N;ON / is defined as a morphism
of locally C-ringed spaces. Such a morphism is also called a holomorphic map.

Again we obtain the category of complex premanifolds. A (local) isomorphism in the
category of complex premanifolds is called a (locally) biholomorphic map.

Definition 4.15. A (real) C˛-manifold (respectively a complex manifold) is a C˛-
premanifold (respectively a complex premanifold) whose underlying topological space is
Hausdorff and second countable. A morphism of manifolds is a morphism of premani-
folds.

Terminology: To ease the handling of the different types of (pre)manifolds we will use
the following terminology. A (pre)manifold is

� either a real C˛-(pre)manifold where ˛ will be always an element in ON0; in this case
we set K WD R. This will be called the real case or that the (pre)manifold is of real
type;

� or a complex (pre)manifold. In this case we set K WD C. This will be called the
complex case or that the (pre)manifold is of complex type.

If not otherwise stated, the type of the premanifold is always the same within some
statement. For instance, if we speak of a morphism f of (pre)manifolds, then both
(pre)manifolds are real C˛ and f is a C˛-map (with the same ˛ everywhere) or both
are complex (pre)manifolds and f is holomorphic.
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All categories of real C˛-(pre)manifolds and complex (pre)manifolds will sometimes
be generically denoted by (PMfd) respectively (Mfd).

IfM is a premanifold of arbitrary type, we denote its structure sheaf by OM . A chart
is usually denoted by .U; x/ with U � M open, xWU ! Km an open embedding. Its
components are denoted by xi WU ! K, i D 1; : : : ; m. We denote by x�1W x.U / ! U

the inverse isomorphism of manifolds. For real C˛-premanifolds M the structure sheaf
will also be denoted by C˛M .

Remark and Definition 4.16 (Open submanifolds). Let M be a premanifold and let
U � M be an open subspace (Definition 4.7). Then .U;OM jU / is a premanifold, called
an open subpremanifold ofM . IfM is a manifold, then .U;OM jU / is a manifold, called
open submanifold of M , because every subspace of a Hausdorff (respectively a second
countable) space is again Hausdorff (respectively second countable).

Description of the Structure Sheaf and of Morphisms of Premanifolds
We will now see that the structure sheaf of a premanifold is the sheaf of K-valued mor-
phisms of premanifolds and any morphism between premanifolds is given by the underly-
ing map of topological spaces.

Let M and N be premanifolds. We denote by OM IN the sheaf on M of N -valued
morphisms, i.e., for an open subset U ofM , OM IN .U / is the set of all morphismsU ! N

of premanifolds. The restriction maps are given by the restriction of morphisms of locally
K-ringed spaces to open subspaces (Remark 4.7).

Let M be a premanifold. We claim that we have for its structure sheaf OM D OM IK.
More precisely, for every open subspace U ofM , a morphism t WU ! K of premanifolds
yields an element t [K.idK/ 2 OM.U /, where idK 2 OK.K/ is the identity.

Proposition 4.17. The map t 7! t [K.idK/ defines an isomorphism of sheaves K-algebras

�WOM IK ��! OM :

Proof. Indeed, � is clearly a morphism of sheaves of K-algebras. To see that � is an
isomorphism, we may work locally (Remark 3.23) and hence we may assume thatM has
a global chart xWM �! U � Km. By composing with the isomorphism x�1, we may
assume thatM � Km is open. In this case, � is an isomorphism by definition. �

Next we show that morphisms between premanifoldsM and N are given be the under-
lying continuous maps.

Proposition 4.18. A morphism of premanifolds f WM ! N is the same as a continuous
map f WM ! N satisfying the following condition:

t 2 ON .V /) t ı f 2 OM.f
�1.V // for all V � N open. (*)
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Proof. Let f WM ! N be a morphism of premanifolds. We have to show that f [ is
given by (*). As the equality of two morphisms of sheaves can be checked on stalks
(Proposition 3.18), we have to see that fx WON;f .x/ ! OM;x is given for all x 2 X by
composing a germ of a K-valued function at f .x/ with f . This can again be done locally
onM and N and hence we may assume thatM � Km andN � Kn are open. In this case
we have seen in Example 4.5 that fx has the desired form.

Conversely, let f WM ! N be a continuous map satisfying (*), then t 7! t ı f defines
by Proposition 4.17 a morphism f [WON ! f
OM of sheaves of K-algebras and hence
a morphism of premanifolds. �

Dimension of Premanifolds
LetM be a premanifold and let p 2M . An integer m � 0 is called dimension ofM in p
(denoted dimp.M/) if there exists an open neighborhood U of p and a chart xWU �! Y ,
where Y � Km is open.

The dimension is uniquely determined. Let yWV �! Z � Kn be a second chart and
consider the change of charts

'W xjU\V ı y�1jy.U\V /W y.U \ V / �! x.U \ V /;
which is an isomorphism of manifolds of an open subset ofKn onto an open subset ofKm.
We claim that the existence of such an isomorphism impliesm D n. Indeed in the complex
case and in the real case for ˛ � 1 this is clear because we may form the derivative of ' in
a point and obtain a K-linear isomorphism Kn �! Km. In the real case with ˛ D 0 this is
more difficult but a standard result from algebraic topology (for instance [tDi] (10.3.8)).

The function
M �! N0; p 7! dimp.M/

is by definition locally constant. If it is constant D m (for instance if M is connected),
then we say thatM has dimension m and write m D dimM .

Example 4.19 (Premanifolds of dimension 0). LetM be a set and consider it as a dis-
crete topological space. Let OM be the sheaf of all K-valued maps onM , i.e., OM.U / is
the K-algebra of all maps U ! K for every subset U � M (automatically open). Then
.M;OM/ is a C˛-premanifold for all ˛ 2 ON0 forK D R (respectively a complex manifold
for K D C) of dimension 0.

Conversely, every 0-dimensional premanifold is of this form. Such a premanifold is
automatically Hausdorff. It is second countable if and only ifM is countable as a set.

Let M be any premanifold and let Md be the underlying set of M endowed with the
discrete topology and consider Md as a 0-dimensional premanifold (of the same type as
M ) as explained above. Then idM WMd !M is a morphism of premanifolds.

Premanifold Structure Defined by an Atlas
An important alternative (and more classical) way to construct premanifolds is by way of
an atlas as follows.
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Figure 4.1 Charts of a pre-
manifold

M i
j

xi x j

U
U

Let M be a topological space. Suppose that there exists an open covering M D
S
i2I Ui and for all i 2 I homeomorphisms xi WUi �! Yi with Yi � Kni open satisfy-

ing the following condition. For all i; j 2 I the homeomorphism (change of charts)

xi .Ui \ Uj /
x�1i�! Ui \ Uj

xj�! xj .Ui \ Uj /

is a C˛-diffeomorphism (in the real case) respectively a biholomorphic map (in the com-
plex case), see Fig. 4.1. Such a family .Ui ; xi /i is called an atlas of M . It defines the
structure of a premanifold onM as follows. For V �M open define OM.V / as the set of
maps f WV ! K such that f jUi\V ı x�1i W xi.Ui \ V / ! K is C˛ respectively holomor-
phic for all i . This defines a sheaf of K-algebras on M and we obtain a K-ringed space
.M;OM/.

To see that this is a premanifold, fix i0 2 I . For V � Ui0 open let f WV ! K
be a map such that f ı x�1i0 W xi0.Ui0 \ V / ! K is a function (C˛ respectively holo-
morphic). Then f 2 OM.V / because the change of charts between i and i0 are
C˛-diffeomorphisms (respectively biholomorphic). Therefore xi0 yields an isomorphism

.Ui0 ;OM jUi0 /
�! .Yi0 ;OYi0 /, where OYi0 is the sheaf of C

˛ respectively holomorphic func-
tions on Yi0 . Hence .M;OM/ is a ringed space that is locally isomorphic to a manifold.
Hence it is a premanifold.

Conversely, if .M;O0M/ is a premanifold, we may choose a family of charts

.xi W .Ui ;O0M jUi /
�! .Yi ;OYi //i2I with Yi � Kni open and with

S
i2I Ui D M . We

obtain an atlas .Ui ; xi /i ofM defining a premanifold structure OM as above. For V �M
open, OM.V / is the K-algebra of maps f WV ! K such that f jV\Ui is a morphism
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of premanifolds V \ Ui ! K. Hence f is a morphism of premanifolds. This shows
OM D O0M by Proposition 4.17.

Altogether we see that for a topological space M the structure of a premanifold on
M can be either given by defining the structure sheaf or by specifying an atlas for M .
Different atlases giving rise to the same structure sheaf are called equivalent.

Example 4.20. If U � Km is an open subspace, then .U; idU / is an atlas defining on
U the structure of a real C˛-manifold for all ˛ (if K D R) or a complex manifold (if
K D C).

Similarly one has by Proposition 4.18 the following description of morphisms of pre-
manifolds.

Remark 4.21 (Description of morphisms via an atlas). LetM and N be premanifolds
and let f WM ! N be a continuous map of the underlying topological spaces. Then the
following assertions are equivalent:

(i) The continuous map f is a morphism of premanifolds (Proposition 4.18).
(ii) For every chart .V; y/ of N and for every chart .U; x/ ofM the composition

f.U;x/;.V;y/W x.f �1.V / \ U/ x�1�! f �1.V /\ U f�! V
y�! y.V /

is a C˛-map (respectively a holomorphic map).
(iii) There exists an atlas .Ui ; xi /i of M and an atlas .Vj ; yj /j of N such that the com-

position f.Ui ;xi /;.Vj ;yj / is a C˛-map (respectively a holomorphic map) for all i and
j .

Definition and Remark 4.22 (Charts of morphisms). Let M and N be premanifolds,
let F WM ! N be a continuous map and let p 2 M . A chart of F at p consists of
open neighborhoods F.p/ 2 V � N and p 2 U � M and a commutative diagram of
continuous map

U
F jU

x Š

V

yŠ

QU QF QV ;

where xWU �! QU � Km and yWV ! QV � Kn are charts, m D dimp.M/, n D
dimF.q/.N /.

Such a chart always exists: Choose a chart .V; y/ at F.p/ and a chart .U; x/ at p with
U � F �1.V / and define QF WD y ı F jU ı x�1.
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In addition one may assume:

1. x.p/ D 0 and y.F.p// D 0 (by composing x and y with a translation).
2. QU D B1.0/ and QV D B1.0/ for any chosen norms on Km and Kn (first shrink QV , then
QU so that we may assume QU D Bı.0/ and QV D B".0/, then compose x and y with
multiplication by 1=ı and 1=", respectively).

In Theorem 5.22 we will give an important criterion for a morphism F to have a chart
.U; x; V; y; QF / where QF is the restriction of a linear map.

Changing of Structure

Remark 4.23 (Weakening of structure). Let ˛; ˇ 2 bN0 with ˛ � ˇ and letM be a real
Cˇ-premanifold. Then every atlas ofM is also an atlas of a C˛-structure onM because
every Cˇ-change of charts is also a C˛-diffeomorphism. We obtain on M the structure
of a C˛-premanifold M˛ independent of the choice of the atlas. This structure is called
the underlying C˛-structure ofM . IfM is a manifold, so is M˛ because the underlying
topological spaces are the same.

If M is an open submanifold of a finite-dimensional real vector space V , then OM˛

is the sheaf of R-valued C˛-functions on M (take the atlas consisting of a single chart
M ,! V Š Km).

Every morphism of Cˇ-premanifolds F WM ! N is also a morphism F˛WM˛ ! N˛
of C˛-premanifolds and we obtain a faithful functor M 7! M˛ from the category of
Cˇ-premanifolds to the category of C˛-manifolds. The inclusion �WCˇM ! C˛M˛

defines
a morphism .idM ; �/WM˛ ! M of locally R-ringed spaces, called canonical, which is
functorial inM .

Let ˇ0 2 bN0 and let M 0 be a real Cˇ0 -premanifold. Suppose ˛ � minfˇ; ˇ0g. Then
a C˛-mapM ! M 0 is defined to be a continuous mapM ! M 0 that is a morphism of
C˛-premanifoldsM˛ !M 0

˛ .

Conversely, one can show that for ˛ 2 bN and for every real C˛-premanifoldM there
exists for all ˇ � ˛ the structure of a Cˇ-premanifold QM on M such that QM˛ D M

([KoPu]). If M is a manifold, then any two such Cˇ-manifolds are isomorphic ([Whi2]
and [Gra]). Both the existence and the uniqueness result are wrong for ˛ D 0 ([Mil],
[Ker]). The uniqueness result is also wrong ifM is not second countable or not Hausdorff
(for all ˛; ˇ 2 bN with ˛ < ˇ; see [KoPu] and Problem 4.11).

Remark 4.24 (Complex manifolds as real manifolds). Let M be a complex premani-
fold. By identifying Cm with R2m we may consider every chart xWU ! Cm of M as
a chart xRWU ! R2m. As every complex analytic map between open subsets of Cm is in
particular real analytic, we see that for an atlas .Ui ; xi /i ofM we obtain the structure of
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a real analytic premanifoldMR defined by the atlas .Ui ; .xi /R/i . This structure is inde-
pendent of the choice of atlas and we call MR the underlying real analytic premanifold.
IfM is a manifold, so isMR because the underlying topological spaces are the same.

Every holomorphic map F WM ! N between complex premanifolds is a real analytic
map FRWMR ! NR and we obtain a faithful functor M 7! MR from the category
of complex premanifolds to the category of real analytic premanifolds. The inclusions
OM ! OMRIC (here we consider C as a real analytic manifold) and OMR

! OMRIC
define functorial morphisms

MR  � .M;OMRIC/ �!M

of locally R-ringed spaces (for the left arrow) and locally C-ringed spaces (for the right
arrow), which we call canonical.

A map f WM ! N between complex premanifolds is called a real C˛-map (˛ 2 bN0)
if it is a C˛-mapMR ! NR (Remark 4.23).

4.3 Examples of Manifolds

Example 4.25 (1-dimensional real torus). Let T 1 WD R=Z be the 1-dimensional real
torus. Endow T 1 with the quotient topology with respect to the projection � WR ! T 1.
Then NeWT 1 ! S1 D f z 2 C I jzj D 1 g, Ne.t/ WD exp.2�it/ is a homeomorphism, in
particular T 1 is compact, Hausdorff, and second countable.

Define the structure of a real analytic manifold on T 1 as follows:

1. We may use an atlas. Set U1 WD f x C Z 2 R=Z I 0 < x < 1 g and U2 WD f x C Z 2
R=Z I �1=2 < x < 1=2 g. Then U1 and U2 are open in T 1 and U1[U2 D T 1. Define

˚1WU1 �! .0; 1/ � R; x C Z 7! x;

˚2WU2 �! .�1=2; 1=2/ � R; x C Z 7! x:

Then ˚1 and ˚2 are homeomorphisms and the change of charts

.0; 1=2/ D ˚1.U1 \ U2/
˚2ı˚�11�! ˚2.U1 \ U2/ D .0; 1=2/; x 7! x

is a real analytic diffeomorphism.
2. Alternatively, we can directly define the structure sheaf on T 1. For V � T 1 open

define a sheaf of R-algebras

C!T 1.V / WD
˚
f WV ! R I f ı � W��1.V /! R is C!

�
:

We obtain a R-ringed space T 1 that is a real analytic manifold. This can be checked
locally on T 1. Cover T 1 by open subsets V such that there exists U � R with �U WD
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� jU WU ! V a homeomorphism (any open V ¨ T 1 has this property). We claim that

� jU is an isomorphism of R-ringed spaces .U;C!U /
�! .V;C!

T 1 jV /. We have to show
that for all W � V open and f WW ! R map:

f 2 C!T 1.W / W, f ı � j��1.W / 2 C!R.�
�1.W //

, f ı .�U j��1U .W // 2 C!U .�
�1
U .W /„ ƒ‚ …
DU\W

/:

But ��1.W / D`n2Z.U \W /C n. Hence this equivalence is clear.

The projection � WR ! T 1 is a morphism of manifolds: Either one can use Proposi-
tion 4.18 and (2) or the description of morphisms via an atlas (Remark 4.21) using the
atlas .Ui ; ˚i /iD1;2 defined above.

Example 4.26 (Projective space). Recall that for a field k the projective n-space is de-
fined as follows:

P n.k/ D .knC1 n f0g/= � D ˚L � knC1 I L 1-dim. sub-v.s.
�

v 7! hvi

where v � v0 if and only if there exists � 2 k� such that v0 D �v. For .x0; : : : ; xn/ 2
knC1 n f0g we denote by .x0 W : : : W xn/ its equivalence class in P n.k/.

There is the following alternative description. Let

P WD ˚g D .aij /0�i;j�n 2 GLnC1.k/ I a10 D a20 D � � � D an0 D 0
�

and let L0 D he0i D h.1; 0; : : : ; 0/i 2 P n.k/. Then

GLnC1.k/=P
�! P n.k/; g 7! g.L0/

is bijective.
Now let k D K. Endow P n.K/ with quotient topologies in three ways by surjective

maps:

(i) KnC1 n f0g ! P n.K/, .x0; : : : ; xn/ 7! .x0 W : : : W xn/.
(ii) Sn WD ˚x 2 KnC1 I jjxjj2 WD

Pn
iD0 jxi j2 D 1

�! P n.K/,
.x0; : : : ; xn/ 7! .x0 W : : : W xn/.

(iii) GLnC1.K/! P n.K/, g 7! g.L0/.
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Then we have a commutative diagram of continuous maps

Sn
i Wx 7!x

�1

KnC1 n f0g
�2

x=jjxjj2 7 xWr
GLnC1.K/

.a00;:::;an0/ 7 .aij /Wp

�3

P n.K/;

where the right horizontal map p is open (being the restriction of a projection map). Hence
all three topologies onP n.K/ defined above are equal. Indeed, letU � P n.K/ be a subset.
Then ��11 .U / D i�1.��12 .U // is open if and only if ��12 .U / D r�1.��11 .U // is open.
Hence the quotient topologies of Sn and of KnC1 n f0g are equal. Furthermore ��12 .U / D
p.��13 .U // is open if and only if �

�1
3 .U / D p�1.��12 .U // is open. Therefore the quotient

topologies of KnC1 n f0g and of GLnC1.K/ are equal.
As P is closed in GLn.K/, Description (iii) shows that P n.K/ is Hausdorff (Appendix

Proposition 12.58). By Description (ii), P n.K/ is compact because Sn is compact (Ap-
pendix Proposition 12.52).

We define the structure of a real analyticR-manifold on P n.R/ (respectively a complex
manifold on P n.C/) by an atlas .Ui ; ˚i /0�i�n with

˚i WUi WD f .x0 W : : : W xn/ 2 P n.K/ I xi ¤ 0 g �! Kn;

.x0 W : : : W xn/ 7!
�
x0

xi
; : : : ;

xi�1
xi

;
xiC1
xi

; : : : ;
xn

xi

�

:

Then ˚i.Ui \Uj / D
˚
.y0; : : : ; yi�1; yiC1; : : : ; yn/ I yj ¤ 0

�
and for 0 � i ¤ j � n the

change of charts is given by

˚i.Ui \ Uj /! Ui \ Uj
! j̊ .Ui \ Uj /;

.y0; : : : ; yi�1; yiC1; : : : ; yn/ 7! .y0 W : : : W yi�1 W 1 W yiC1 W : : : W yn/
7!
�
y0

yj
; : : : ;

1

yj
„ƒ‚…

i

; : : : ;
yj�1
yj

;
yjC1
yj

; : : : W yn
yj

�

;

which is a real bianalytic (respectively a biholomorphic) map.

4.4 Topological Properties of (Pre)Manifolds

Remark 4.27. LetM be a premanifold.

1. Locally,M is homeomorphic to an open convex subspace of Rn. HenceM is locally
contractible (Definition 2.5), first countable, locally compact, and a T1-space.
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2. As M is locally contractible, it is in particular locally path connected. Hence in M
connected components and path components are equal and all connected components
are open and closed inM (Proposition 2.13).

3. If M has a countable atlas, then M is second countable (Remark 1.3 4). Therefore
every Hausdorff premanifold with a countable atlas is a manifold.

As a premanifold also has an open covering consisting of simply connected subspaces,
it is semilocally simply connected (Problem 2.19) and hence each connected premanifold
has a universal covering space (Problem 2.20). We will not use this fact in the sequel.
Proposition 4.31 then shows that the universal cover has a canonical structure of a pre-
manifold.

Theorem 4.28. Every manifoldM has the following properties:

1. M is paracompact and Lindelöf. More precisely, for every open covering .Ui /i ofM
there exists a countable locally finite refinement .Vn/n such that for all n the closure
Vn is compact and contained in some Ui .

2. There exists a sequence .Cn/n2N of compact subspaces of M such that M D S
n Cn

and Cn � C ınC1 for all n. In particularM is � -compact.
3. M is normal.

Moreover, Remark 1.14 (for which we did not give a proof) implies that every manifold
is metrizable. We will not use this fact in the sequel.

Proof. All assertions of 1 hold by Proposition 1.10 except for the property that Vn is con-
tained in some Ui for all n. This last property follows from the shrinking lemma 1.21.
Assertion 2 also follows from Proposition 1.10. Finally, asM is paracompact and Haus-
dorff,M is normal by Proposition 1.18. �

4.5 Basic Constructions and Further Examples of Manifolds

Products
Let M and N be premanifolds with atlases .Ui ; ˚i /i of M and .Vj ; 
j /j of N . Then
.Ui�Vj ;˚i�
j / is an atlas on the product spaceM�N makingM�N into a premanifold.
In particular for x 2M and y 2 N one has dim.x;y/.M �N/ D dimx.M/C dimy.N /.

If M and N are manifolds, then M � N is a manifold because the product of two
Hausdorff (respectively second countable) spaces is again Hausdorff (respectively second
countable).
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Figure 4.2 Möbius band

Example 4.29 (Real tori). In Example 4.25 we endowed T 1 WD R=Z with the structure
of a 1-dimensional real analytic manifold. Hence we obtain for all n � 1 the structure of
an n-dimensional real analytic manifold on the n-dimensional real torus T n WD Rn=Zn D
.T 1/n.

Gluing
Suppose that ..Ui /i2I ; .Uij /i;j ; .'ij /i;j / is a gluing datum of locallyK-ringed spaces such
that the Ui are all premanifolds. Then the glued locallyK-ringed space (Proposition 4.11)
is locally isomorphic to a premanifold. Hence it is a premanifold.

Example 4.30 (Möbius band). If I D f1; 2g consists of two elements, then the non-
redundant data of such a gluing datum consist of two premanifolds U1 and U2, open
subpremanifolds U12 � U1, U21 � U2 and an isomorphism 'WU12 �! U21.

For instance, identify S1 D f z 2 C I jzj D 1 g. Then the (open)Möbius band is glued
from the two rectangular strips U1 WD .S1 n f1g/ � .�1; 1/ and U2 WD .S1 n f�1g/ �
.�1; 1/ along the open submanifolds U12 WD U21 WD U1 \ U2 D W � .�1; 1/ with
W D ˚ z 2 S1 I Im.z/ ¤ 0 � using the real analytic isomorphism

U12 3 .z; t/ 7!
8
<

:

.z; t/; if Im.z/ > 0I

.z;�t/; if Im.z/ < 0;
2 U21

(see Fig. 4.2). We obtain a real analytic manifold.

Coverings of Manifolds

Proposition 4.31. LetM be a premanifold, let QM be a topological space and let f W QM !
M be a local homeomorphism. Then there exists a unique structure of a premanifold on
QM such that f is a local isomorphism of premanifolds.

This proposition can in particular be applied if f is a covering map, for instance if QM
is a universal covering of a connected premanifoldM .
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Proof. Existence: Define O QM WD f �1OM and let f ] WD idf �1OM W f �1OM ! O QM . Then
.f; f ]/W QM ! M is a morphism of K-ringed spaces such that f is a local homeomor-
phism and such that fx is an isomorphism. Hence it is a local isomorphism of K-ringed
spaces (Remark 4.9). Clearly, any K-ringed space that is locally isomorphic to a preman-
ifold is itself a premanifold (of the same type). Hence QM is a premanifold.

Uniqueness: If O0 is another sheaf of K-algebras defining a manifold structure on QM
such that f is a local isomorphism, then id QM is a local isomorphism and a homeomor-
phism and hence an isomorphism. �

Corollary 4.32. We keep the notation of Proposition 4.31. If M is a manifold and f is
a covering map with countable fibers, then QM is a manifold.

One can show that if QM is a path connected topological space, then the fibers of any
covering map � W QM ! M of a manifold M are automatically countable: By [LeeJo]
Prop. 1.9 the fundamental group �1.M;p/ is countable for every p 2 M and by Re-
mark 2.40 there is a surjection �1.M;p/! ��1.p/ if QM is path connected.

Proof. Every covering map is separated (Remark 2.30), hence QM is Hausdorff by Corol-
lary 1.27. As M is a Lindelöf space (Theorem 4.28), we find a countable open covering
.Un/n by charts such that ˚�1.Un/ D

`
l2Ln QUn;l and ˚ W QUn;l ! Un is a homeomor-

phism for all n and l . By hypothesis, Ln is countable. The countably many QUn;ls form an
open covering of QM . As every Un is homeomorphic to some open subset of Rm, Un and
hence QUn;l is second countable for all n and all l 2 Ln. Therefore QM is second countable
(Remark 1.3 4). �

4.6 Problems

Problem 4.1. Let R be a local integral domain that is not a field and let K be its field
of fractions. Show that the inclusion R ! K is not a local homomorphism. Use this
observation to construct locally ringed spaces whose underlying topological spaces consist
of a single point and a morphism of ringed spaces between them that is not a morphism of
locally ringed spaces.

Problem 4.2. Show thatR! R, x 7! �x, induces an automorphism of the real analytic
manifold T 1.

Problem 4.3. Let ˛ 2 bN, m;n 2 N, and let F WRnC1 n f0g ! RmC1 n f0g be a morphism
of C˛-manifolds that is homogeneous of degree d 2 Z (i.e., F.�x/ D �dF.x/ for
all x 2 RnC1 n f0g and � 2 R�). Show that F induces a morphism of C˛-manifolds
P n.R/! Pm.R/.

Remark: See also Problem 6.4 for a generalization.
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Problem 4.4. Let P be the topological space consisting of a single point * and define
a sheaf of K-algebras on P by OP .P / D K.

1. Show that P is a final object in the category of K-ringed spaces and in the category of
locally K-ringed spaces.

2. Let X be a locally K-ringed space. Show that f 7! f .
/ yields a bijection between
the set of morphisms of locally K-ringed spaces P ! X and the set of x 2 X such
that 
.x/ D K.

Note that P WD .P;OP / is the 0-dimensional manifold consisting of a single point.

Problem 4.5. Let KŒ"� be the K-algebra KŒX�=.X2/, where " denotes the image of X
in KŒ"�. Let P Œ"� be the K-ringed space whose underlying topological space consists of
a single point 
 with OP Œ"�.P Œ"�/ D KŒ"�. Let X be a locally K-ringed space.

1. Show that KŒ"� is a 2-dimensional K-vector space with basis 1 and " and that the
multiplication is given by .a1Cb1"/.a2Cb2"/ D a1a2C .a1b2Ca2b1/". Deduce that
KŒ"� is a local ring with maximal ideal K" WD fa" I a 2 K g and that P Œ"� is a locally
K-ringed space.

2. Show that i
WKŒ"� ! K, a C b" 7! a, is a K-algebra homomorphism that yields
a morphism of locally K-ringed spaces i WP ! P Œ"� (with P as in Problem 4.4).

3. Let t WP Œ"� ! X be a morphism of locally K-ringed spaces, x WD t.
/. Show that
tx WOX;x ! KŒ"� induces a K-linear map �t Wmx=m

2
x ! K" Š K (where the isomor-

phism is the map a" 7! a).
4. Show that the construction in 3 yields a bijection between the set of morphisms of

locally K-ringed spaces P Œ"�! X and the set

˚
.x; �/ I x 2 X with 
.x/ D K, � 2 .mx=m

2
x/
_� :

Problem 4.6. Let .X;OX/ be a locally ringed space.

1. Let U � X be an open and closed subset. Show that there exists a unique section
eU 2 � .X;OX/ such that eU jV D 1 for all open subsets V of U and eU jV D 0 for all
open subsets V of X n U . Show that U 7! eU yields a bijection

OC.X/$ Idem.� .X;OX// (*)

from the set of open and closed subsets of X to the set of idempotent elements of the
ring � .X;OX/ (e 2 � .X;OX/ is called idempotent if e2 D e).

2. Show that eU eU 0 D eU\U 0 for U;U 0 2 OC.X/.
3. Show that X is connected if and only if there exists no idempotent element e 2
� .X;OX/ with e ¤ 0; 1.
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4. Now suppose that X is locally connected (Appendix Problem 12.22). Show that the
bijection (*) induces a bijection between connected components of X and indecom-
posable idempotents (an idempotent is called indecomposable if it cannot be written
as a sum of non-zero idempotents).

Problem 4.7. Let n > 1 be an odd integer and endow the topological space R via the
two atlases .R; idR/ and .R; ˚/ with ˚ WR! R, x 7! xn, in two ways with the structure
of a smooth manifold. Show that these two structures are not equal but that the resulting
manifolds are isomorphic.

Problem 4.8. Show that a premanifold is Hausdorff if and only if for all p; q 2 M with
p ¤ q there exists U �M open with p; q 2 U and f 2 OM.U / such that f .p/ ¤ f .q/.

Problem 4.9. LetM be a Hausdorff premanifold. Show that the following assertions are
equivalent:

(i) The connected components ofM are second countable.
(ii) The connected components ofM are � -compact.
(iii) M is paracompact.

Problem 4.10. Show that a Hausdorff premanifold is a manifold if and only if it is para-
compact and has countably many connected components.

Hint: Problem 4.9.

Problem 4.11. Let U1 D U2 D R (considered as 1-dimensional real analytic manifold)
and glue U1 and U2 along idRnf0g to a premanifold X .

1. Show that X is a second countable connected real analytic premanifold that is not
Hausdorff. Let ˚i WD idRWUi �! R. Then A D .Ui ; ˚i /iD1;2 is an atlas of X . Sketch
X .

2. For ˛; ˇ 2 bN with ˛ < ˇ let ' D '
ˇ
˛ WR ! R be a C˛-diffeomorphism with

'˛.0/ D 0 and such that ' jRnf0g is a C!-diffeomorphism but that ' is not a Cˇ-
map in 0. Show that .U1; ˚1/ and .U2; ' ı ˚2/ form an atlas of the structure of a real
analytic premanifold X' on the topological space X . Show that the underlying C˛-
premanifoldsX˛ and .X'/˛ are isomorphic but thatXˇ and .X'/ˇ are not isomorphic.

3. Give an example of a map 'ˇ˛ with the above properties.

Problem 4.12. Let .˝;�/ be an infinite well-ordered set and let NL WD ˝�Œ0; 1/ endowed
with the lexicographic order (i.e., .!1; x1/ � .!2; x2/ , !1 < !2 or [!1 D !2 and
x1 � x2]). Endow NL with the order topology (Appendix Problem 12.24). Let !0 2 ˝ be
the smallest element and define the open long ray as the subspace L WD NL n f.!0; 0/g.
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1. Show that L is a connected normal Hausdorff space.
2. Let˝ WD N. Show that L is homeomorphic to R>0.
3. Suppose that ˝ is uncountable. Show that L is not second countable.
4. Endow L with the structure of a 1-dimensional real analytic premanifold.

Problem 4.13. LetM1,M2, andN be premanifolds. Show that a map F WN !M1�M2

is a morphism of premanifolds if and only if each componentN !Mi ofF is a morphism
of premanifolds.

Problem 4.14. Let M be a connected premanifold. Show that there exists a universal
cover space � W QM ! M and that there exists a unique premanifold structure on QM such
that � is a local isomorphism of premanifolds.
Hint: Problem 2.20.

Problem 4.15. LetM be a connected complex premanifold.

1. Show that every non-constant holomorphic function f WM ! C is open.
Hint: Appendix Problem 16.4.

2. LetM be compact. Show that every holomorphic function f WM ! C is constant.

Problem 4.16. Let N be a premanifold, let � WM 0 ! M be a surjective local isomor-
phism of premanifolds (for instance a covering map) and let F WM ! N be a map. Show
that F is a morphism of premanifolds if and only if F ı� is a morphism of premanifolds.



5Linearization of Manifolds

It is a standard and very useful technique to approximate geometric objects and maps by
linear objects and maps. A principal (trivial) example in basic analysis is approximating
an open subspace U of Kn at a point by the linear space Kn itself by visualizing Kn as
a tangent space to U at the given point. Another (less trivial) example is the derivative
of a differentiable map f on U in a point that is the best approximation of f nearby this
point by a linear map. In the first section we extend this technique to premanifolds and
morphisms of premanifolds. Thus we first define the tangent space of a premanifold at
a point, which will be a K-vector space that we visualize as the “best linear approxima-
tion” of the premanifold at the given point. Then we define the derivative in a point x of
a morphism f . This will be a linear map from tangent space at x to the tangent space at
f .x/.

In the next section we study local properties of morphisms of premanifolds, in par-
ticular those given by properties of the derivative. The main result of Sect. 5.3 then will
show that those morphisms whose derivative have locally constant rank as linear maps can
themselves be linearized locally by choosing an appropriate chart.

These techniques allow us in the following sections to study submanifolds, fiber prod-
ucts of manifolds (in particular intersection of submanifolds), and quotient manifolds.

Notation: From now on a premanifold will always be either a real C˛-premanifold
with ˛ 2 bN or a complex premanifold. Hence we no longer consider the case of a C0-
premanifold.

5.1 Tangent Spaces

We will now define the notion of the tangent space of a premanifold in a point. There are
several ways to think of tangent vectors at a point p on the premanifolds M . We start
by considering them as “derivatives c0.0/ of curves” cW I ! M (I � K a “small” open
neighborhood of 0) with c.0/ D p. Of course the notion of the derivative of the curve c

91© Springer Fachmedien Wiesbaden 2016
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onM does not exist yet (it is one of the goals of this section to define this notion!). But
if it existed, we would expect it to satisfy formal properties of the derivative such as the
chain rule

“Df.p/ ı c0.0/ D .f ı c/0.0/” (*)

for every K-valued morphism f defined in some neighborhood of p. Also by taking for
f the components of a chart at p we would expect that “c0.0/” is uniquely determined by
“Df.p/ ı c0.0/” if f runs through all such functions.

Now, c0.0/may not yet be defined, but the right-hand side of (*) perfectly makes sense
as f ıc is a map from the open subset I ofK toK for which a derivative is already defined.
Hence we simply define a tangent vector as an equivalence class of curves cW I !M with
c.0/ D p, where such curves c1 and c2 are called equivalent if .f ı c1/0.0/ D .f ı c2/0.0/
for all K-valued morphisms f defined in an open neighborhood of p.

The set of these tangent vectors will be the tangent space of M at p. We then endow
this set with the structure of a K-vector space by “transport of structure” via a chart.

Hence let us first explain what we mean by “transport of structure”. Given a set T and
a bijective map ˛W T ! V , where V is aK-vector space, we define an addition and a scalar
multiplication on T by t1 C t2 WD ˛�1.˛.t1/ C ˛.t2// and � � t WD ˛�1.�˛.t//. In other
words, we endow T with the unique structure of a K-vector space such that ˛ becomes a
K-linear isomorphism. If 'WV �! W is a K-linear isomorphism, then the structures on T
defined by ˛ and by ' ı ˛ coincide.

After this preparation we can now define tangent spaces via the procedure motivated
above.

Definition and Remark 5.1 (Tangent space). LetM be a premanifold, p 2 M a point,
m WD dimp.M/.

1. Define a set

Tp.M/ WD f.I; c/ j I � K open with 0 2 I;
cW I !M morphism with c.0/ D pg= �

where .I1; c1/ � .I2; c2/ if and only if for every germ f 2 OM;p one has .f ıc1/0.0/ D
.f ı c2/0.0/.

2. Let .U; x/ be a chart at p (i.e., p 2 U ), then the map

Tp.x/W Tp.M/! Km; .I; c/ 7! .x ı cjc�1.U //0.0/

yields a well-defined bijection (an inverse map is given by sending a 2 Km to the
equivalence class of .I; ca/, where ca.t/ WD x�1.x.p/ C ta/, restricted to a suffi-
ciently small neighborhood I of 0). We use this bijection to endow Tp.M/ with the
structure of a K-vector space via transport of structure as explained above. This is
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F

p

Tp(M)

T (F)

T     (N)F(p)

F(p)
p

Figure 5.1 Tangent map in a point p

independent of the choice of the chart as every change of charts has as derivative a
K-linear isomorphism Km �! Km. As m D dimp.M/ we find

dimK.Tp.M// D dimp.M/: (5.1)

This definition of tangent vectors makes it easy to define the derivative of a morphism
F : It is simply F applied to a tangent vector.

Remark and Definition 5.2 (Derivative). Let F WM ! N be a morphism of premani-
folds. Then we define the derivative of F at p or the tangent map of F at p (see Fig. 5.1)
by

dF.p/ WD Tp.F /W Tp.M/! TF.p/.N /; Œ.I; c/� 7! Œ.I; F ı c/�:
To see that this is a well-defined K-linear map let us first consider the case thatM and N
are open submanifolds of Km and Kn, respectively. As charts at p and F.p/ we choose
the inclusionsM ,! Km and N ,! Kn. We obtain isomorphisms

Km �! Tp.M/; a 7! Œ.I; ca/�;

TF.p/.N /
�! Kn; Œ.J; c/� 7! c0.0/;

where ca.t/ D p C ta and I is small enough such that p C ta 2M for all t 2 I . Hence

Km �! Tp.M/
Tp.F /�! TF.p/.N /

�! Kn; a 7! lim
t!0

F.p C ta/ � F.p/
t

;

in other words, this composition is the derivative of F at p. This shows that Tp.F / is
a well-defined K-linear map in this case.

In general, for all charts .U; x/ at p and .V; y/ at F.p/ the chain rule (Appendix
Proposition 16.5) shows

TF.p/.y/Œ.I; F ı c/� D .y ı F ı c/0.0/ D D.y ı F ı x�1/.x.p//.x ı c/0.0/
D D.y ı F ı x�1/TF.p/.y/Œ.I; c/�:
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The arguments above show in particular that we have the following description of the
tangent map.

Remark 5.3. Let F WM ! N be a morphism of premanifolds. Given a chart .U; x; V;
y; QF / for F (Definition 4.22) we obtain for all q 2 U a commutative diagram of K-linear
maps

Tq.M/
Tq.F /

Tq.x/ Š

TF.q/.N /

TF.q/.y/Š

Km D Tx.q/. QU /
Tx.q/. QF /

Ty.F.q//. QV / D Kn;

(5.2)

and Tx.q/. QF / is given by the Jacobi matrix of QF in x.q/ (Appendix Remark 16.18).

Remark 5.4 (Chain rule). Let F WM ! N and GWN ! Q be morphisms of preman-
ifolds. Then the definition of the derivative implies immediately the following elegant
version of the chain rule:

Tp.G ı F / D TF.p/.G/ ı Tp.F / “Chain rule”: (5.3)

It might be surprising that the chain rule seems to be a triviality. The difficulty is hidden
in the fact that our definition of derivative of a morphism of premanifolds is well defined.
This was proved in Remark 5.2 and used the classical chain rule.

We can express the chain rule also as follows. Let (PMfd*) be the category of preman-
ifoldsM together with a point p 2 M . Morphisms .M;p/ ! .N; q/ are morphisms of
premanifolds F WM ! N such that F.p/ D q. Then

.M;p/ 7! Tp.M/; .F W .M;p/! .N; q// 7! .Tp.F /W Tp.M/! Tq.N //

is a (covariant) functor (PMfd*) ! (K-Vec). In particular, if F is an isomorphism of
premanifolds, then Tp.F / is an isomorphism of K-vector spaces.

Remark 5.5.

1. Let M be a premanifold, U � M open (hence U is premanifold), p 2 U . Then
Tp.U / D Tp.M/.

2. LetM , N be premanifolds, p 2 M , q 2 N . If .U; x/ is a chart ofM at p and .V; y/
is a chart of N at q, then .U � V; x � y/ is a chart of M � N at .p; q/. Therefore
Remark 5.1 2 shows

T.p;q/.M � N/ D Tp.M/ � Tq.N /:

A similar statement holds for the derivative of a product of morphisms of premanifolds.
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Tangent vectors as derivations
We will now see that we can also consider tangent vectors more algebraically as deriva-
tions. Let us start with the general definition of a derivation.

Definition 5.6. Let A be a commutative K-algebra andM an A-module. An element of

DerK.A;M/ WD f�WA!M j � K-linear map,

�.ab/ D a�.b/C b�.a/ for all a; b 2 Ag

is called a K-derivation on A with values inM . Then DerK.A;M/ is a K-subspace (even
an A-submodule) of the A-module of all maps A!M .

Of course the same definition works just fine if we replaceK with an arbitrary commu-
tative ring but we will not need this generality.

Remark 5.7 (Tangent vectors as derivations). LetM be a premanifold, p 2M a point,
n WD dimp.M/. Then � D Œ.I; c/� 2 Tp.M/ defines a map

�WOM;p 7! K; f 7! .f ı c/0.0/:

Then � is K-linear and �.fg/ D f .p/�.g/ C g.p/�.f /. In other words, � is a K-
derivation on OM;p with values in K, where we consider K as an OM;p-module via the
scalar multiplication f � a D f .p/a for f 2 OM;p and a 2 K. We obtain a K-linear map

�W Tp.M/ ,! DerK.OM;p;K/; (5.4)

which is injective by the definition of Tp.M/. We use this map to consider Tp.M/ as a
K-subspace of DerK.OM;p;K/.

If F WM ! N is a morphism of manifolds, then the K-algebra homomorphism
FpWON;F.p/ ! OM;p , g 7! g ı F , induces a K-linear map

F
WDerK.OM;p;K/! DerK.ON;F.p/;K/; � 7! � ı Fp:

The diagram

Tp.M/
Tp.F /

�

TF.p/.N /

�

DerK.OM;p;K/
F
 DerK.ON;F.p/;K/

commutes. Indeed, let � D Œ.I; c/� 2 Tp.M/ identified with the derivation f 7! .f ı
c/0.0/. Then

F
.f 7! .f ı c/0.0// D .g 7! .g ı F ı c/0.0// 2 DerK.ON;F.p/;K/;
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which is identified with Œ.I; F ı c/� D Tp.F /.�/.

If we choose a chart we obtain the following coordinate description of the tangent
space.

Remark 5.8. Let m D dimp.M/ and .U; x/ be a chart at p with coordinate function

xi WU ! K. Then Tp.x/W Tp.M/
�! Tx.p/.x.U // D Km is a K-linear isomorphism with

coordinates dxi D Tp.x
i /W Tp.M/ ! K. In particular, .dxi /1�i�m is a K-basis of the

dual space Tp.M/_.
On Km we have the partial derivatives in direction of the standard basis vectors ei .

We use the chart to make these into derivations on OM;p . More precisely, we define for
i D 1; : : : ; m a derivation

@i WD @.�/
@xi

.p/WOM;p ! K;

@i .f / WD @f

@xi
.p/ WD @

@xi
.f ı x�1/.x.p// D d

dt
jtD0f .x�1.x.p/C tei //:

In other words, let cei W I ! U , cei .t/ WD x�1.x.p/C tei / (with 0 2 I � K so small such
that x.p/C tei 2 x.U / for all t 2 I ). Then

@i D Œ.I; cei /� 2 Tp.M/:

Clearly dxj .@i / D ıij (Kronecker delta). Hence .@i /1�i�m is linearly independent and
therefore a basis of Tp.M/ because dim Tp.M/ D m. It is the basis dual to the basis
.dxi /i of Tp.M/_.

For U open neighborhood of p and f 2 OM.U / we set
@f

@xi
.p/ WD @i .fp/.

We give a further description of the space of derivations. This is the following purely
algebraic fact applied to the K-algebra OM;p and its maximal ideal mp.

Remark 5.9. Let k be a field, let A be k-algebra that is a local ring with maximal ideal
m and residue field k, i.e., the composition k ! A ! A=m is an isomorphism that we
use to identify k with A=m. We claim that � 7! � jm induces an isomorphism of k-vector
spaces

Derk.A; k/
�! Homk.m=m

2; k/ D .m=m2/_: (5.5)

Indeed for a; b 2 m we have �.ab/ D a�.b/C b�.a/ D 0 and hence � jm2 D 0. Hence �
induces a homomorphism of abelian groupsm=m2 ! k, which is k-linear again because
of the Leibniz rule.

To see that this map is bijective, observe that we have a k-linear isomorphism A !
k ˚ m, a 7! . Na; a � Na/, where Na is the image of a in A=m D k. In other words, the
exact sequence 0 ! m ! A ! k ! 0 splits via the given k-algebra structure k ! A
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(Appendix Definition 14.5). If t Wm=m2 ! k is a k-linear map we obtain a k-derivation
�WA D k ˚m! k by �.�; a/ D t.a mod m2/. This defines an inverse map to (5.5).

Altogether we obtain K-linear maps

Tp.M/
��! DerK.OM;p;K/

�! .mp=m
2
p/
_ (5.6)

for every premanifold M and every p 2 M . The first map � is injective and the second
map is an isomorphism. After choosing a chart .U; x/ at p, the image of � can be de-
scribed as the derivations that are linear combinations of @1; : : : ; @m, m D dimp.M/. In
particular dimK.mp=m

2
p/ � dimp.M/. For real C˛-premanifolds with ˛ < 1, the map

� is not an isomorphism (in fact, mp=m
2
p is an infinite-dimensional K-vector space in this

case, see Problem 5.3). But for C1-premanifolds and (real or complex) analytic preman-
ifolds, we will now show thatmp=m

2
p has the same dimension as Tp.M/ and hence � is an

isomorphism. Indeed, by choosing a chart at p it suffices to prove the following lemma.

Lemma 5.10. Let X D Km with coordinate functions xi WX ! K. For K D R let OX be
the sheaf of C1-functions or of analytic functions on X . For K D C let OX be the sheaf
of holomorphic functions on X . Let a D .a1; : : : ; am/ 2 Km and let ma be the maximal
ideal of OX;a. Then ma is generated by the germs of xi � ai , i D 1; : : : ; m, and their
images in ma=m

2
a form a K-basis.

Proof. We may assume that a D 0. Let f 2 m WD m0, i.e., f is C˛-function with
˛ 2 f1; !g defined on some neighborhood U of 0 with f .0/ D 0. By shrinking U , we
may assume that U is convex. Set

fi .u/ WD
1Z

0

@if .tu/ dt for u 2 U:

Then the fundamental theorem of calculus implies that f D Pn
iD1 fix

i (here we use
f .0/ D 0). Moreover, as integration and partial differentiation commute, fi is again
a C˛-function (here we need ˛ � 1; for ˛ < 1, we could only conclude that fi is a
C˛�1-function). Therefore we see that the idealm is generated by the coordinate functions
x1; : : : ; xm. Hence their images inm=m2 form a generating system. As we already know
that dimK.m=m

2/ � m, these images form a K-basis. �

Summarizing we see that we have the following description of the tangent space.

Proposition 5.11. For realC˛-premanifoldsM with ˛ � 1 or for complex premanifolds
M and for all p 2M one has K-linear isomorphisms

Tp.M/
�! DerK.OM;p;K/

�! .mp=m
2
p/
_:
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Finally, Problem 5.5 gives a further description of the tangent space of a premanifold
M as in Proposition 5.11: Let P Œ"� be the locally K-ringed space whose underlying topo-
logical space is a single point * with OP Œ"�.P Œ"�/ D KŒ"� WD KŒT �=.T 2/, where " denotes
the image of T in KŒT �=.T 2/. Then one has for p 2M

Tp.M/ D
(
t WP Œ"�!M morphism of locally

K-ringed spaces with t.
/ D p

)

: (5.7)

It is also possible to describe the K-vector space structure on Tp.M/ via the right-hand
side (Problem 5.5). Moreover, it is not difficult to see that the map induced by a morphism
of premanifolds F WM ! N on tangent spaces is given by

Tp.M/ 3 .t WP Œ"�!M/ 7! F ı t 2 TF.p/.M/:

We conclude the section by explaining that the tangent space does not change when the
structure is weakened.

Remark 5.12. LetM be a real Cˇ-premanifold, let ˛ 2 bN with ˛ � ˇ, and let �M WM !
M˛ be the canonical morphism of locally R-ringed spaces, where M˛ is the underlying
C˛-premanifold (Remark 4.23). Then �[ D �]WOM ! OM˛

is the inclusion and the re-
striction of derivations defines for all p 2 M a K-linear map �M WDerK.OM˛;p;K/ !
DerK.OM;p;K/, which is functorial in M , i.e., for every morphism of Cˇ-premanifolds
F WM ! N the diagram

DerK.OM˛;p;K/
.F˛/


�M

DerK.ON˛;F.p/;K/

�N

DerK.OM;p;K/
F
 DerK.ON;F.p/;K/

commutes. The functoriality shows in particular that if we choose a chart .U; x/ at p, then
the i-th partial derivative @

@xi
for M˛ along the i-th coordinate (i D 1; : : : ; dimp.M/) is

sent to the i-th partial derivative forM . As these derivations form a basis of the tangent
spaces, one sees that �M induces an isomorphism

Tp.M˛/
�! Tp.M/; (5.8)

which we use in the sequel to identify these tangent spaces. The functoriality of �M also
shows that for a morphism of Cˇ-premanifolds F WM ! N the derivatives of F and of
F˛ are the same via the identification (5.8).
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Remark 5.13. LetM be a complex premanifold, letMR be the underlying real analytic
manifold, and let MRIC WD .M;OMRIC/ ! MR and MRIC ! M be the canonical
morphisms (Remark 4.24). Let p 2 M and let mp , mC;p and mR;p be the maximal ideal
of OM;p , OMRIC;p and C!MR;p

, respectively. Then mC;p D mR;p ˝R C and hence we
obtain a functorial isomorphism of C-vector spaces

Tp.MRIC/ WD .mC;p=m
2
C;p/

_ D .mR;p=m
2
R;p/

_ ˝R C D Tp.MR/˝R :C (*)

On the other hand, the inclusion OM ,! OMRIC sends mp to mC;p and hence induces
a functorial C-linear map � W Tp.MRIC/! Tp.M/. Let

	 W Tp.MR/! Tp.M/

be the composition of the R-linear injective map Tp.MR/ ! Tp.MRIC/, � 7! � ˝ 1,
followed by � . Then 	 is a functorial R-linear map. We claim that 	 is an isomorphism.

Indeed, let .U; zWU ! Cm/ be a chart ofM and p with z.p/ D 0. Let zip be the image
of the i-the coordinate function in mp=m

2
p, and let xip and yip be the image of Re.zi /

and Im.zi / in mR;p=m
2
R;p . Lemma 5.10 shows that .z1p; : : : ; z

m
p / is a C-basis of mp=m

2
p

and .x1p; y
1
p; : : : ; x

m
p ; y

m
p / is an R-basis of mR;p=m

2
R;p . Then .z1p; Nz1p; : : : ; zmp ; Nzmp / is an

R-basis of mp=m
2
p. As the standard real analytic coordinate change .zi ; Nzi / 7! .xi ; yi /

is an isomorphism, we see that the dual map of 	 is an isomorphism. Hence 	 is an
isomorphism.

In the sequel we will use 	 to identify Tp.MR/ with the underlying real vector space
of the C-vector space Tp.M/. The functoriality of 	 shows that if F WM ! N is a holo-
morphic map, then via this identification of tangent spaces the derivatives of F and of FR

coincide.

5.2 Local Properties of Morphisms, Local Isomorphisms, Immersions,
Submersions

Local properties may be checked via charts.

Remark 5.14 (Chart principle). If P is a property of a continuous map F between pre-
manifolds M and N that is local on source and target (Appendix Sect. 12.5) and that
is stable under composition with isomorphisms of manifolds, then a continuous map
F WM ! N has the property P if and only if for every p 2 M there exists a chart
.U; x; V; y; QF / of F at p such that QF has the property P.

Examples are the properties P of being open or being a morphism of premanifolds.
Important applications of the chart principle are the following two results.
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Proposition 5.15. Let F WM ! N be a morphism of premanifolds. Then F is locally
constant if and only if Tp.F / D 0 for all p 2M .

Proof. Both properties (“locally constant” and “Tp.F / D 0 for all p”) are local on source
and target and stable under composition with isomorphisms (for the second property this
follows from the chain rule, Remark 5.4). Hence by choosing charts for F we may as-
sume that M and N are open in some K-vector space. Then the claim follows from the
analogous result of local analysis (Appendix Proposition 16.6). �

The chart principle also yields immediately the following theorem of inverse functions.

Theorem 5.16. Let F WM ! N be a morphism of premanifolds, let p 2 M . Then F is
a local isomorphism at p if and only if Tp.F / is an isomorphism of K-vector spaces.

Proof. Again by choosing charts forF wemay assume thatM andN are open in someK-
vector space, and the claim follows from the analogous result of local analysis (Appendix
Theorem 16.16). �

Definition 5.17. Let F WM ! N be a morphism of premanifolds, let p 2 M and let
Tp.F /W Tp.M/! TF.p/.N / be the induced tangent map.

1. rkp.F / WD rk.Tp.F // is called the rank of F at p.
2. F is called an immersion at p if Tp.F / is injective. F is called an immersion if it is an

immersion at every p 2M .
3. F is called an submersion at p if Tp.F / is surjective. F is called an submersion if it

is a submersion at every p 2M .

Remark 5.18.

1. The chain rule (5.3) implies that the composition of two submersions (respective of two
immersions) is again a submersion (respectively an immersion). Moreover if F ıG is
a submersion and G is surjective (respectively if F ı G is an immersion), then F is
a submersion (respectively then G is an immersion).

2. By Theorem 5.16 a morphism of premanifolds is a local isomorphism if and only if it
is a submersion and an immersion.

Proposition 5.19. Let F WM ! N be a morphism of premanifolds and fix r 2 N0. Then˚
p 2M I rkp.F / � r

�
is open inM .

Proof. Again the chart principle allows us to assume that M � Km, N � Kn open.
As F is a C1-map, the map M 3 p 7! Tp.F / 2 HomK.Km;Kn/ is continu-
ous, and fA 2 HomK.Km;Kn/ I rk.A/ � n g is open because via the identification
HomK.Km;Kn/ D Mn�m.K/ its complement is the closed set of all matrices whose
all r-minors vanish. �
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Corollary 5.20. Let F WM ! N be a morphism of premanifolds.

1. The set U WD fp 2M I F is an immersion at pg is open in M , and rkp.F / D
dimp.M/ for all p 2 U .

2. The set V WD fp 2M I F is a submersion at pg is open in M , and rkp.F / D
dimF.p/.N / for all p 2 V .

5.3 Morphisms of Locally Constant Rank

In this section we will show that morphisms of locally constant rank are locally linear and
deduce some properties of such morphisms.

Corollary 5.20 shows that for immersions and for submersions F the map U 3 p 7!
rkp.F / is locally constant. In other words, immersions and submersions are examples of
morphisms of locally constant rank in the following sense.

Definition 5.21. Let F WM ! N be a morphism of premanifolds and let p 2 M . Then
F is called of locally constant rank at p if there exists p 2 W � M open such that
W ! N0, q 7! rkq.F / is constant. The morphism F is called of locally constant rank if
it is of locally constant rank at all p 2M .

Clearly, the set of points inM , where F is locally of constant rank, is open inM . One
can show that it is also dense inM (Problem 5.6).

The main result about morphisms of locally constant rank shows that they have partic-
ularly simple charts.

Theorem 5.22 (Rank theorem). Let F WM ! N be a morphism of premanifolds and
let p 2 M , m WD dimp.M/, n WD dimF.p/.N /, k 2 N0. Assume that there exists
p 2 W � M open such that rkq.F / D k 2 N0 for all q 2 W . Then there exists a chart
of F at p

M � U F jU

x Š

V � N
yŠ

Km � QU QF QV � Kn;

such that QF .x1; : : : ; xm/ D .x1; : : : ; xk; 0; : : : ; 0/ for all .x1; : : : ; xm/ 2 QU .
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Proof. Let .U; x; V; y; QF / be a chart of F at p. By replacing U byU \W we can assume
U � W . Due to Remark 5.3, we obtain a commutative diagram of K-vector spaces

Tq.M/
Tq.F /

Tq.x/ Š

TF.q/.N /

TF.q/.y/Š

Tx.q/. QU /
Tx.q/. QF/

Ty.F.q//. QV /;

for all q 2 U � W . In particular, the rank of QF at x.q/ 2 QU has to be k for every q 2 U
so that QU 3 Qq 7! rk Qq QF is constant (with value k) because x.U / D QU . Therefore we
may assume p 2 M � Km, N � Kn open and F WM ! N is a morphism of manifolds
of constant rank. Composing x with a permutation of coordinates we may also rearrange
coordinates.

Denote all elements q 2M � Km as q D .x; y/ where x 2 Kk; y 2 Km�k and set

@F

@x
.x; y/ WD

�
@Fi

@xj
.x; y/

�

1�i�n;1�j�k
2Mn�k.K/;

@F

@y
.x; y/ WD

�
@Fi

@yj
.x; y/

�

1�i�n;1�j�m�k
2Mn�.m�k/.K/

for all morphisms of manifolds F between open subsets of Km and Kn. Moreover,
let F 0WM ! Kk and F 00WM ! Kn�k be the morphisms of manifolds with F.q/ D
.F 0.q/; F 00.q// for q 2M . As JF .p/ has rank k, we may assume that @F

0
@x
.p/ is invertible

after rearranging the coordinates. With this notation we have for the Jacobi matrix

JF .x; y/ D
 
@F 0
@x
.x; y/ @F 0

@y
.x; y/

@F 00
@x
.x; y/ @F 00

@y
.x; y/

!

2Mn�m.K/;

where the upper-left matrix is an invertible square matrix of size k for .x; y/ D p.
Define Q'WM ! Km, .x; y/ 7! .F 0.x; y/; y/. Then the Jacobi matrix of Q' has for all

q 2M the form

J Q'.q/ D
 
@F 0
@x
.q/ 

0 Im�k

!

so that J Q'.p/ 2 GLm.K/. By the inverse function theorem (Appendix Theorem 16.16)
there exists an open neighborhood U of p such that ' WD Q' jU WU ! Q'.U / DW QU � Km

is an isomorphism of manifolds. By shrinking U we may assume that QU is connected and
of the form QU D U 0 � U 00, where U 0 � Kk , U 00 � Km�k are open subsets. Then U 0 and
U 00 are connected (Appendix Proposition 12.41).



5.3 Morphisms of Locally Constant Rank 103

For .x; y/ 2 QU we have F.'�1.x; y// D .x; g.x; y// where gW QU ! Kn�k is defined
as F 00 ı '�1. Hence we find

JF ı'�1.x; y/ D
 

Ik 0
@g

@x
.x; y/

@g

@y
.x; y/

!

:

We have JF ı'�1.x; y/ D JF .'
�1.x; y//J'�1.x; y/ by the chain rule. As J'�1.x; y/ is

invertible, rk.JF ı'�1.x; y// D rk.JF .'�1.x; y/// is equal to k on QU . Thus we must have
@g

@y
.x; y/ D 0 for every .x; y/ 2 U 0 � U 00 and since U 00 is connected, g does only depend

on x (Appendix Proposition 16.6).
Finally define V WD U 0 � Kn�k and  WV ! V , .u; v/! .u; v � g.u//. This map is

an isomorphism of manifolds and for .x; y/ 2 QU we find

QF .x; y/ WD  .F.'�1.x; y/// D  .x; g.x// D .x; g.x/� g.x//
D .x1; : : : ; xk; 0; : : : ; 0/

as desired. �

Corollary 5.23. Let F WM ! N be a morphism of premanifolds, let p 2 M , m WD
dimp.M/, n WD dimF.p/.N /. Assume that F is an immersion (respectively a submersion)
at p. Then m � n (respectively m � n) and there exists a chart .U; x; V; y; QF / of F
at p such that QF .x1; : : : ; xm/ D .x1; : : : ; xm; 0; : : : ; 0/ (respectively QF .x1; : : : ; xm/ D
.x1; : : : ; xn/).

Proof. If F is an immersion at p, then there exists an open neighborhood U of p such
that F is an immersion at q for all q 2 U and such that U 3 q 7! rkq.F / is constant
(Corollary 5.20). Now we can apply the rank theorem.

The same argument shows the claim if F is a submersion at p. �

Corollary 5.24. Let F WM ! N be a submersion of premanifolds. Then F is an open
map.

Proof. By the chart principle and by Corollary 5.23 we may assume that F is a projection
map .x1; : : : ; xm/ 7! .x1; : : : ; xn/ with n � m. This is an open map. �

Proposition 5.25. Let F WM ! N be a morphism of premanifolds and let Z be a third
premanifold.

1. Suppose that F is an immersion. Then a continuous map GWZ ! M is a morphism
of premanifolds if and only if F ıG is a morphism of premanifolds.

2. Suppose that F is a surjective submersion. Then a map GWN ! Z is a morphism of
premanifolds if and only if G ı F is a morphism of premanifolds.
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The hypothesis in 1 that G is continuous cannot be omitted (Problem 5.11), see how-
ever Problem 5.12.

Proof. Let us show 1. The property of a continuous map being a morphism of preman-
ifolds is local on source and target. Hence by the chart principle we may assume that
Z � Kz , M � Km and N � Kn are open. As F is an immersion, we may also assume
by Corollary 5.23, that F is of the form .x1; : : : ; xm/ 7! .x1; : : : ; xm; 0; : : : ; 0/. Hence
it remains to show that a continuous map GWZ ! Km is a C˛-map if and and only if
Z ! Kn, z 7! .G.z/; 0; : : : ; 0/ is a C˛-map. But this is clear.

A similar argument shows Assertion (2) once we have seen that G is continuous. But
for V � Z open, we have G�1.V / D F.F �1.G�1.V /// because F is surjective and this
is open in N because F is open (Corollary 5.24). �

5.4 Submanifolds

For every subspace S of a premanifold on M we define a function on S to be a map
S ! K that is locally the restriction of a morphism U ! K for some U � M open. We
obtain the sheaf OS of functions on S , and S is be defined to be subpremanifold if .S;OS /
is a premanifold. Then the main result (Theorem 5.34) will be that a subpremanifold is
always isomorphic to an embedding in the following sense.

Definition 5.26. A morphism �WM ! N of premanifolds is called an embedding if � is
a topological embedding (Appendix Definition 12.19) and an immersion.

Example 5.27. Anymorphism �WM ! N of premanifolds that is a section of a morphism
� WN !M (i.e., �ı� D idM ) is an embedding: It is a topological embedding by Appendix
Remark 12.20 4 and for any p 2M one has T�.p/.�/ıTp.�/ D Tp.idM/ D idTp.M/, which
shows that � is an immersion.

In particular for every morphism of premanifolds F WM ! N its graph morphism
�F WM ! M � N , m 7! .m; F.m//, is an embedding. It is a section of the projection
M �N !M .

Remark 5.28. An embedding is an injective immersion. The converse is not true. We
give two examples:

1. 'W .��=4; �=2/! R2, t 7! .sin 2t/.� sin.t/; cos.t//. This is shown in Fig. 5.2.
2. Endow Q with the discrete topology (which makes Q into a 0-dimensional smooth

manifold). Then the inclusion Q ,! R is an injective immersion (here R is endowed
with the usual structure of a 1-dimensional smooth manifold).
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Figure 5.2 Locally around the origin the image of ' is not homeomorphic to an open interval

Remark 5.29. The compositionGıF of two embeddingsF andG is again an embedding
becauseGıF is a topological embedding by Appendix Remark 12.20 3 and an immersion
by the chain rule.

Definition and Remark 5.30 (Submanifolds). Let .M;OM/ be a premanifold.

1. Let S � M be a subspace. A function on S (C˛-function if M is real C˛-manifold;
holomorphic function ifM is complex manifold) is a map f WS ! K such that for all
s 2 S there exists s 2 U �M open and g 2 OM.U / such that gjU\S D f jU\S .
Define a sheaf OS of K-valued functions by

OS.V / WD ff WV ! K function on V g; V � S open:

Then .S;OS/ is a K-locally ringed space (all stalks OS;s are local K-algebras with
residue field K by the same argument as in Remark 3.17).

2. A (sub)premanifold ofM is a subspace S ofM such that .S;OS / is a (pre)manifold.

Remark 5.31. Let M be a premanifold, S � M a closed subspace and i WS ! M the
inclusion. Let IS be the sheaf of functions vanishing on S , i.e., for U � M open we
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define IS .U / WD
˚
f 2 OM.U / I f jS D 0

�
. Then we have an exact sequence of sheaves

of abelian groups
0 �! IS

��! OM
��! i
OS �! 0; (5.9)

where � is the inclusion and � is given by OM.U / 3 g 7! gjU\S 2 i
OS .U /. To show
the exactness of (5.9) we have to show that the induced sequence of stalks is exact. Fix
x 2 X . As X n S is open in X , .i
OS /x D 0 and .IS /x D OX;x for x 2 X n S . Hence we
may assume that x 2 S . Then f 2 .i
OS /x D OS;x is represented by a function .U; f /,
whereU is a neighborhood of x and where f WU \S ! K is the restriction of a morphism
gWU ! K. Hence we see that �x WOM;x ! .i
OS /x is surjective. Elements of its kernel
are represented by morphisms gWU ! K (U some neighborhood of x depending on g)
whose restriction to U \ S is zero, i.e., the kernel of �x is IS;x .

Once we have the general formalism of OM -modules available (Sect. 8.3), one checks
immediately that IS is an ideal of OM and that (5.9) is an exact sequence of OM -modules.

The next goal is to show that a subspace of a premanifold is a subpremanifold if and
only if it is the image of an embedding. Such subpremanifolds are also often called regular
submanifolds. There are useful more general classes of submanifolds (see Problem 5.16
or Problem 5.18), which will not be used here.

We start with some easy remarks.

Remark 5.32. LetM be a premanifold, S �M a subspace.

1. If S is open in M , then .S;OS / is the open subpremanifold of M defined in Defini-
tion 4.16.

2. If S is a discrete subspace ofM , then S is a 0-dimensional subpremanifold ofM .
3. Let ˚ WM �! N be an isomorphism of premanifolds. Then S is a subpremanifold of
M if and only if ˚.S/ is a subpremanifold of N .

4. Let Ui � M be open for i 2 I such that S � Si Ui . Then S is a subpremanifold of
M if and only if S \ Ui is a subpremanifold of Ui for all i 2 I .

As an immersion looks locally as the inclusion of a subspace into a vector space, we
study this case first.

Example 5.33. Let M � Km be open and W � Km be a K-subspace. Let us show that
S WD W \M is a submanifold ofM of dimension dim.W /.

Clearly, S � W is open. We may assume that S ¤ ;. After applying a K-linear
automorphism of Km (which is a bianalytic isomorphism) we may also assume thatW D
f .x1; : : : ; xk; 0; : : : ; 0/ 2 Km I xi 2 K g for some 0 � k � m.

Now there are two structures of a K-ringed space on S . One as an open submanifold
of W , call its structure sheaf C˛S . Then .S;C

˛
S / is a C

˛-manifold. The other is the sheaf
OS defined in Definition 5.30.
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We claim that OS D C˛S . Let V � S be open. We have to show that a function
f WV ! K is C˛ if and only if for every p 2 V there exists p 2 U � Rm open and a
C˛-function gWU ! K such that gjU\V D f jU\V .

Clearly we have OS .V / � C˛S .V /. Conversely, let f WV ! K be a C˛-function. Let

U WD f .x1; : : : ; xk; tkC1; : : : ; tm/ 2 Km I x D .x1; : : : ; xk/ 2 V g \M:

Then U �M is open and U \ S D V . Define

gWU ! K; g.x1; : : : ; xk; tkC1; : : : ; tm/ WD f .x1; : : : ; xk/:

Then g 2 C˛
M.U / with gjV D f . Therefore f 2 OS .V /.

Theorem 5.34. LetM be a premanifold.

1. Let S � M be a subpremanifold. Then S � M is locally closed and the inclusion
�WS ,!M is an embedding.

2. Conversely, let i WN ! M be an embedding. Then S WD i.N / is locally closed inM ,
S is a subpremanifold and i WN ! S is an isomorphism of premanifolds.

Proof. 2. By Corollary 5.20 we may assume that p 7! rkp.i/ is constant and that N is
of constant dimension n. Let p 2 N . By the rank theorem there exists p 2 V D Vp � N
open and a commutative diagram

N � V i jV

y Š

U �M
xŠ

Kn � QV Q{W.x1;:::;xn/ 7!.x1;:::;xn;0;:::;0/ QU � Km;

where U D Up open inM .
As i is a homeomorphismN ! S , i.V / is open in S , say i.V / D U 0\S withU 0 �M

open. Replacing U by U \ U 0 and QU by x.U \U 0/, we can assume that U \ S D i.V /.
Similarly we may assume Q{. QV / D QU \ .Kn � f0g/, hence Q{. QV / � QU closed and therefore
i.V / closed in U . Hence U is an open neighborhood of i.p/ such that U \ S is locally
closed in U . As p was arbitrary, this shows that S is locally closed.

Moreover, i.V / is a submanifold of U because Q{. QV / is a submanifold of QU . As the Up
for p 2 N cover S , this implies that S is a subpremanifold ofM .

Finally, the chart shows that for each Up the map i W i�1.Up \ S/ D Vp ! Up \S is an
isomorphism of manifolds. Hence i WN ! S is an isomorphism of premanifolds because
being an isomorphism can be checked locally on the target.

1. The map � is a morphism of premanifolds: Let U � M be open, f 2 OM.U /. We
have to show that f ı .�j��1.U // D f jU\S 2 OS .U \ S/. This holds by definition of OS .
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The map � is an embedding: we have to show that � is an immersion. Let p 2 S . By
definition of OS the homomorphism of K-algebras

�]pWOM;p ! OS;p; Œ.f; U /� 7! Œ.f jU\S ; U \ S/�

is surjective. Hence the K-linear map

�
WDerK.OS;p;K/! DerK.OM;p;K/

is injective. Therefore Tp.�/ is injective by Remark 5.7.
Hence � is an embedding and hence S is locally closed inM by 2. �

The proof of Theorem 5.34 2 shows that there is also the following more classical
characterization of a subpremanifold.

Remark 5.35. A subspace S ofM is a subpremanifold if and only if for all p 2 S there
exists a chart xWU ! Km of M at p such that x.U \ S/ D x.U / \ L, where L is
a subspace of Km (here x can be chosen such that L D Kd � f0g with d D dimp.S/).

This description in particular shows:

Corollary 5.36. LetM be a premanifold and let S be a subpremanifold. Then S is open
inM if and only if dimp.S/ D dimp.M/ for all p 2 S .

Corollary 5.37. Let M be a (pre)manifold, S a sub(pre)manifold of M , and let T be
a sub(pre)manifold of S . Then T is a sub(pre)manifold ofM .

Proof. Let i WS ! M and j W T ! S be the inclusions. By Theorem 5.34 1 these are
embeddings. Hence i ı j is an embedding and therefore T is a subpremanifold ofM by
Theorem 5.34 2. �

Proposition 5.38. Let F WM ! N be a morphism of premanifolds, let S � M and
T � N be subpremanifolds such that F.S/ � T . Then the induced map F jS WS ! T is
a morphism of premanifolds.

Proof. Let i WS ! M and j W T ! N be the inclusions. Then F ı i D j ı F jS . Hence
j ıF jS is a morphism. As F jS is continuous and j is an immersion, this implies that F jS
is a morphism by Proposition 5.25. �

If F WM ! N is a morphism of premanifolds, then a fiber of F is in general not
a subpremanifold of M . For instance the union of the coordinate axes in K2 is the fiber
F �1.0/ of the analytic map K2 ! K, .x; y/ 7! xy, and this is not a submanifold of
K2 (see Problem 5.13). The following result and its corollaries give criteria under which
a fiber of a morphism of premanifolds is a subpremanifold.
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Proposition 5.39. Let F WM ! N be a morphism of premanifolds, let q 2 N , and
assume that the rank of F is locally constant on an open neighborhood of F �1.q/. Then
F �1.q/ is a subpremanifold ofM . For p 2 F �1.q/ one has

Tp.F
�1.q// D ker.Tp.F /W Tp.M/! Tq.N //; (5.10)

in particular dimp.F �1.q// D dimp.M/� rkp.F /.

Proof. By the rank theorem 5.22 we can choose for all p 2 F �1.q/ a chart .U; x; V; y; QF /
of F at p such that x.p/ D 0, the rank of F on U is constant, and QF is given by

Km � QU 3 .x1; : : : ; xm/ 7! .x1; : : : ; xk; 0 : : : ; 0/ 2 QV � Kn:

By Remark 5.32 4 it suffices to show that U \F �1.q/ is a submanifold. By Remark 5.32 3
we may assume that F D QF . But then F �1.q/ D QF �1.0/ D QU \ W with W D
f.0; : : : ; 0; xkC1; : : : ; xm/ 2 Kmg and the claim follows from Example 5.33. �

Corollary 5.40. Let F WM ! N be a morphism of premanifolds, let q 2 N , and assume
that F is a submersion at p for all p 2 F �1.q/. Then F �1.q/ is a submanifold ofM with
dimp.F �1.q// D dimp.M/� dimq.N / for all p 2 F �1.q/.

A point q 2 N such that F is a submersion at p for all p 2 F �1.q/ is called a regular
value. Note that all q 2 N n f .M/ are regular values.

Proof. By Corollary 5.20 there exists an open neighborhood U of F �1.q/ such that F jU
is a submersion and in particular F jU has locally constant rank. Hence we may apply
Proposition 5.39. �

Corollary 5.41. Let U � Km be open and let F WU ! K be a C˛-function. Let q 2 K
such that for all p 2 F �1.q/ there exists 1 � i � m with @F

@xi
.p/ ¤ 0. ThenM WD F �1.q/

is a C˛-submanifold of U (and hence of Km) of dimension m � 1 with

Tp.M/ D
(

y 2 Km I
mX

iD1
yi
@F

@xi
.p/ D 0

)

:

Example 5.42. LetQ be a non-degenerate quadratic form on Rm. Then

S WD fx 2 Rm I Q.x/ D 1 g

is an analytic submanifold of Rm: By the classification of real quadratic forms we may
assume thatQ.x/ D x21 C� � �Cx2k �x2kC1� � � � �x2m after a linear change of coordinates.
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Figure 5.3 Quadrik

As a polynomial function, Q is real analytic. For all p D .p1; : : : ; pm/ 2 Rm we have
@iQ.p/ ¤ 0 if pi ¤ 0. Hence we can apply Corollary 5.41 to F D Q and q D 1. Fig. 5.3
shows the set

˚
x 2 R3 I x21 C x22 � x23 D 1

�
:

In particular we see that the n-sphere

Sn WD ˚ .x1; : : : ; xnC1/ 2 RnC1 I x21 C � � � C x2nC1 D 1
�

is a real analytic submanifold of RnC1 with

Tp.S
n/ D

(

.y1; : : : ; ynC1/ 2 RnC1 I
nC1X

iD1
yi xi D 0

)

; p D .x1; : : : ; xnC1/ 2 Sn:

We conclude this section by stating several important results that we will neither prove
nor use in the sequel.

Remark and Definition 5.43. The first is Sard’s Theorem, which is the fact that for
a morphism F WM ! N of manifolds “most” values are regular. More precisely, let N
be a second countable premanifold. Then every atlas has a countable subatlas (Proposi-
tion 1.4 1). We say that a subset Z � N is a zero set if there exists a countable atlas
.Un;˚n/n2N ofN such that ˚n.Z \Un/ is contained in a subset ofKm that has Lebesgue
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measure 0. ThenZ has this property for all countable atlases (as the image of a set of mea-
sure zero under a C1-diffeomorphism is again a set of measure zero by the transformation
formula).

We can now state the theorem of Sard (see [Ste] II, §3 for a proof for real preman-
ifolds, the case of complex premanifolds can be reduced to the real analytic case by
Remark 5.13).

Theorem 5.44 (Theorem of Sard). LetM andN be second countable premanifolds and
let F WM ! N be a morphism of premanifolds. Suppose thatM andN are either complex
premanifolds or thatM andN are real C˛-premanifolds such that ˛ � maxfdimF.p/ N �
dimp M C 1; 1g for all p 2 M . Then the set of non-regular values of F is a subset of
measure zero in N .

Remark 5.45. Sometimes it can be useful to know whether a premanifold M can be
embedded into the standard affine space KN for some N . As subspaces of Hausdorff (re-
spectively second countable) spaces are again Hausdorff (respectively second countable)
a necessary criterion certainly is thatM is a manifold. We list the following results.

Suppose that M is a connected real C˛-manifold of dimension n 2 N0 with ˛ 2 bN.
Then there exists a closed embedding i WM ,! RN ([Whi1] IV, Theorem 1A for 1 � ˛ �
1 with N D 2n; the cases 2 � ˛ � 1 with N D 2nC 1 follow quite easily from Sard’s
Theorem, see [Ste] II Theorem 4.4; for ˛ D ! this is shown in [Gra] Theorem 3).

Assume that M is a complex manifold. Then there do not exist holomorphic embed-
dings into CN in general. For instance, if M is compact and connected, then for all N
every holomorphic map M ! CN is constant (Problem 4.15). Complex manifolds M
such that there exists N 2 N and a closed holomorphic embedding i WM ! CN are
called Stein manifolds1. Every non-compact connected complex manifold of dimension 1
is a Stein manifold ([GuRo] Chap. IX, Sect. B, Theorem 10).

IfM is a compact complex manifold, one can ask whether there exists an embedding
of M into some other nice “standard space”, for instance an embedding M ,! PN .C/
(automatically closed) for some N 2 N. But a result of Chow ([GuRo] Chap. V, Sec. D,
Theorem 7) shows that if there exists such an embedding, thenM is projective, i.e., one
can find homogeneous polynomials f1; : : : ; fr 2 CŒT0; : : : ; TN � such that

M D ˚ z D .z0 W � � � W zN / 2 PN .C/ I f1.z/ D � � � D fr.z/ D 0
�
:

This shows that compact manifolds that are embeddable in projective space are rather
special. For instance complex tori T (i.e., T D V=�, where V is a finite-dimensional C-
vector space of dimension g and� D Zv1˚� � �˚Zv2g forR-linearly independent vectors
v1; : : : ; v2g 2 V ) are almost never embeddable into projective space if dim.T / > 1 (more

1 This is not the usual definition of a Stein manifold, and the fact that this property is equivalent
to the usual definition is a deep theorem by Remmert ([GuRo] Chap. VII, C, Theorem 13); it also
shows that one can always choose N D 2nC 1 ifM is of (complex) dimension n 2 N.
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precisely the locus of projective complex tori in the g2-dimensional space classifying all
complex tori has dimension g.g C 1/=2).

5.5 Fiber Products of Manifolds

In Corollary 5.40 we saw a criterion for the fiber of a submersion to be a submanifold. This
is a special case of the following existence criterion of fiber products of premanifolds. Let
F WM ! S and GWN ! S be morphisms of premanifolds and define a set

M �S N WD f .p; q/ 2M �N I F.p/ D G.q/ g : (5.11)

We endowM �S N with the subspace topology ofM �N . In other words,M �S N is the
fiber product of F andG in the category of topological spaces (Appendix Example 13.46).
If G is the inclusion of a subspace T of S , thenM �S T D F �1.T / is the inverse image.
In particular, if T consists of a single point s 2 S , thenM �S fsg D F �1.s/ is the fiber in
s.

The goal in this section is to give a criterion when M �S N is a subpremanifold of
M �N . In this case we callM �S N the fiber product premanifold of F andG. It follows
then from Proposition 5.38 thatM �S N is in fact a categorical fiber product (Appendix
Definition 13.43) in the category of premanifolds. It is even a fiber product in the category
of all K-ringed spaces (Problem 5.20).

Definition 5.46. Let F WM ! S and GWN ! S be morphisms of premanifolds and let
z D .p; q/ 2M �N with F.p/ D G.q/ DW s. Then F and G are called transversal at z
if Tp.F /C Tq.G/W Tp.M/˚ Tq.N /! Ts.S/ is surjective.

Theorem 5.47. Let F WM ! S and GWN ! S be morphisms of premanifolds, let
Z WD M �S N and suppose that F and G are transversal at all points z of Z. Then
Z is a subpremanifold ofM �N and for all z D .p; q/ 2 Z we have

TzZ D
˚
.�; �/ 2 TpM � TqN I Tp.F /.�/ D Tq.G/.�/

�
: (5.12)

If G is the inclusion of a point s 2 S , then F is transversal to G in all points of
Z D F �1.s/ if and only if F is a submersion in all points of Z. Hence in this special case
the theorem is just Corollary 5.40. In the proof we will reduce to this case.

IfG is the inclusion of a submanifold of S , then we identifyZ with F �1.N / and (5.12)
can be written as

Tp.F
�1.N // D Tp.F /�1.TF.p/.N //; p 2 F �1.N /: (5.13)
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Proof. (i). We start with the following remark. Let .Ui /i be an open covering of S
and set Zi WD F �1.Ui / �Ui G�1.Ui/. Then .Zi /i is an open covering of Z and Z is
a subpremanifold ofM �N if and only if Zi is a subpremanifold of F �1.Ui /�G�1.Ui /.
As also the transversality condition is local on S , we may prove the theorem locally on S .

(ii). Now we show that we may assume that G is the embedding of a submanifold
of S . Indeed, we may write Z D .F � G/�1.�S/, where �S � S � S is the diagonal
(a submanifold by Example 5.27). Moreover, we claim that F and G are transversal in
.p; q/ 2 Z if and only if F � G is transversal to the diagonal of S � S in .p; q/. Indeed,
set P WD Tp.F /.TpM/, Q WD Tq.G/.TqN /, T WD TsS , where s D F.p/ D G.q/.
Then the claim follows from the easy linear algebra fact that P CQ D T if and only if
.P ˚Q/C�T D T ˚ T , where �T is the diagonal in T ˚ T . Finally

˚
.�; �/ 2 TpM � TqN I Tp.F /.�/ D Tq.G/.�/

�

Š ˚ .�; �; �/ 2 .TpM � TqN / � TsS I .Tp.F /.�/; Tq.G/.�// D .�; �/
�
;

which shows that (5.12) holds if and only if the corresponding description of the tangent
space of the fiber product of F � G and �S holds. Hence from now on we may assume
that G is a submanifold of S .

(iii). We now reduce to the case that G is the embedding of a single point of s. By
(i) we may work locally on S . Hence by Remark 5.35 we may assume there exists an
open embedding ˚ WS ! Ks and a subspace L of Ks such that ˚.N / D ˚.S/ \ L.
Let f WS ! W WD Ks=L be the composition of ˚ with the projection Ks ! W . Then
f �1.0/ D N and hence F �1.N / D .f ı F /�1.0/. For p 2 F �1.N / the morphism F is
transversal toN ! G if and only if Tp.˚ ıF /.TpM/CL D Ks, i.e., if and only if f ıF
is a submersion in p. Hence we may replace F by f , S byW , and N by f0g.

(iv). Now we apply Corollary 5.40. We obtain that F �1.N / is a subpremanifold ofM
and hence that the graph of F jF�1.N / is a subpremanifold ofM �N . By (5.10) we find

Tp.F
�1.N // D ker.Tp.f /W Tp.M/! W /

D Tp.˚ ı F /�1.L/ D Tp.F /�1.TF.p/.N //: �

Remark 5.48. Let F WM ! S and GWN ! S be morphisms of premanifolds and let
Z WD M �S N . The reduction steps in the proof of Theorem 5.47 show that the open-
ness of a set of points where a morphism is a submersion (Corollary 5.20) implies that
f z 2 Z I F and G are transversal in zg is open in Z.

Remark 5.49. Let F WM ! S and GWN ! S be morphisms of premanifolds, let Z WD
M �S N , let � WZ ! M and $ WZ ! N be the projections, and suppose that F and
G are transversal at all points z of Z. Then (5.12) implies that for z D .p; q/ 2 Z,
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s WD F.p/ D G.q/ the commutative diagram

TzZ
Tz.�/

Tz.$/

TpM

Tp.F /

Tq.N /
Tq.G/

TsS

induces isomorphisms

Ker.Tz.�//
�! Ker.Tq.G//;

Coker.Tz.�//
�! Coker.Tq.G//

(and similarly for Tz.'/ and Tp.F /).

As submersions are clearly transversal to all other morphisms, Theorem 5.47 and Re-
mark 5.49 imply Corollary 5.50.

Corollary 5.50. Let F WM ! S and GWN ! S be morphisms of premanifolds and
suppose that F is a submersion. Then M �S N is a subpremanifold of M � N and the
projectionM �S N ! N is a submersion.

5.6 Quotients of Manifolds

LetM be a premanifold and let R �M �M be an equivalence relation, i.e., R is a subset
ofM �M such that for m;m0; m00 2 R one has

(a) .m;m0/ 2 R, .m0; m00/ 2 R) .m;m00/ 2 R,
(b) .m;m/ 2 R,
(c) .m;m0/ 2 R) .m0; m/ 2 R.

We denote by M=R the set of equivalence classes. Let pWM ! M=R be the projection
and endowM=R with the quotient topology, i.e., V �M=R is open if and only if p�1.V /
is open inM .

We study the question whenM=R can be endowed with the structure of a premanifold.

Proposition 5.51. Let N be a topological space, M a premanifold and pWM ! N

a surjective map. Then there exists at most one structure of a premanifold on N such that
p is a submersion.
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Proof. LetN1 and N2 be premanifolds with underlying topological space N such that the
morphisms p1WM ! N1 and p2WM ! N2 with underlying map p are submersions. Now
idWN1 ! N2 is a continuous map and we clearly have id ıp1 D p2 as maps of topological
spaces. By Proposition 5.25 2 idWN1 ! N2 is already a morphism of premanifolds. By
the same argument idWN2 ! N1 is a morphism of premanifolds. Therefore N1 and N2
carry the same premanifold structure. �

If there exists on N the structure of a premanifold such that p is a submersion, then
Proposition 5.25 2 shows that the structure sheaf of N can be described by

ON .V / WD
˚
f WV ! K map I f ı pjp�1.V / 2 OM.p

�1.V //
�
:

Remark and Definition 5.52 (Quotient manifold). Let M be a premanifold and let
R � M �M be an equivalence relation. Then Proposition 5.51 shows that there exists
at most one structure of a premanifold onM=R such that the projection pWM !M=R is
a submersion. In this case the premanifoldM=R is called the quotient premanifold ofM
by R and the equivalence relation R is called regular.

Theorem 5.53. LetM be a premanifold and let R � M �M be an equivalence relation.
Then the following assertions are equivalent:

(i) There exists the structure of a premanifold onM=R such that the projection pWM !
M=R is a submersion.

(ii) R is a submanifold ofM �M and the restriction pr1WR! M of the first projection
M �M !M is a submersion.

If these assertions hold,M=R is Hausdorff if and only if R is closed inM �M .

Proof. “(i)) (ii)”. Assume thatM=R is a premanifold in such a way that the projection
pWM ! M=R is a submersion. Then we have R D M �M=R M as topological spaces.
Hence, Corollary 5.50 implies (ii).

“(ii)) (i)”. Conversely, let R be a submanifold of M �M such that pr1WR ! M

is a submersion. Notice that this implies that pr2WR ! M is also a submersion because
	 WR! R; .x; y/ 7! .y; x/ is an isomorphism with pr2 D pr1 ı	 .

Idea of proof. The idea to construct the premanifold structure onM=R is rather simple:
If we already had constructed this structure and knew that p is a submersion, then locally
on an open subspace U of M the morphism p would have a section s (because locally
a submersion looks like a surjective linear map that clearly has a section). Then the image
of s is a submanifold N of U isomorphic to p.U / and every point of U is equivalent to
precisely one point of N . Hence we will construct U and N and then endow p.U / with
the premanifold structure of N .

To do this, we again think backwards: If we had already constructed M=R, then for
x0 2M the tangent map Tx0.p/would be surjective and hence the restriction to a subspace
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L0 of Tx0.M/ is an isomorphism. This would be a complement to the subspace L that we
expect to become the kernel of Tx0.p/ (see (*) below). If N then is a subpremanifold of
M in a neighborhood of x0 with Tx0.N / D L0, then N is locally isomorphic toM=R by
the theorem of inverse functions 5.16.

Step 1: p is open. For U �M open, we have

p�1.p.U // D fx 2M I 9y 2 U W .x; y/ 2 R g D pr1..M � U/ \R/:

Since the submersion pr1WR! M is open (Corollary 5.24), p�1.p.U // � M is open so
that p.U / � X=R is open by definition of the quotient topology.

Step 2: Locality on M . Next we show that we can define the premanifold structure
on M=R locally on M . Assume that there exists an open covering .Ui /i2I of M and
the structure of a premanifold on p.Ui / such that the projection pjUi WUi ! p.Ui / is
a submersion for i 2 I . Then p.Ui \ Uj / is an open subset of p.Ui / and of p.Uj / for
i; j 2 I so that there are two structures of a premanifold on p.Ui \ Uj / making it into
an open submanifold of p.Ui / or p.Uj / respectively. By assumption we find the map
pjUi\Uj WUi \ Uj ! p.Ui \ Uj / to be a submersion for both structures on p.Ui \ Uj / so
that both premanifolds structures on p.Ui \ Uj / agree by Proposition 5.51. Hence, there
exists a unique structure onM=R compatible with the given structure on p.Ui / for i 2 I
because .p.Ui //i2I is an open covering ofM=R.

After these preparations the main point of the proof is the following.
Main construction. For all x0 2 M there exists an open neighborhood U � M of x0,

a submanifold N of U containing x0 and a morphism r WU ! N of premanifolds such
that for all x 2 U , r.x/ is the unique point of N equivalent to x.

Step 3: “Main construction ) (i)”. Let us first show that the construction yields
a premanifold structure on p.U / such that pWU ! p.U / is a submersion (then we have
shown (i) by Step 2). As the inclusion of N into U is a right inverse of r WU ! N , we
find that r is a submersion. The continuous map pWN ! p.U / is bijective and open,
hence a homeomorphism. Thus, transporting the premanifold structure of N to p.U / via
pWN ! p.U / makes pWU ! p.U / a submersion because we have pjU D pjN ı r .

Step 4: Construction of U , N , and r . Define

L WD f � 2 Tx0.M/ I .�; 0/ 2 Tx0;x0.R/ g (*)

and choose a submanifold QN ofM such that x0 2 QN and L0 WD Tx0. QN/ is a complemen-
tary vector space of L in Tx0.M/. Because pr1WR!M is a submersion, we find QN �M
and R to be transversal inM �M and therefore

˙ WD . QN �M/ \R

is a submanifold ofM �M by Theorem 5.47.
Next we claim that pr2W˙ ! M is a local isomorphism at .x0; x0/ 2 ˙ . It suffices

to show that T.x0;x0/.pr2/W T.x0;x0/.˙/! Tx0.M/ is an isomorphism (Theorem 5.16). For
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the surjectivity let � 2 Tx0.M/. There exists � 2 Tx0.M/ such that .�; �/ 2 Tx0;x0.R/
because pr2WR!M is a submersion. Choose �1 2 L, �2 2 L0 with �1 C �2 D � so that

.�2; �/ D .�; �/ � .�1; 0/ 2 Tx0;x0.R/ and .�2; �/ 2 Tx0. QN/ � Tx0.M/:

Thus .�2; �/ 2 Tx0;x0.˙/ so that T.x0;x0/.pr2/ is surjective. For .�; �/ 2 ker.T.x0;x0/.pr2//
we have � D 0 and .�; 0/ 2 Tx0;x0.˙/. Hence, we must have .�; 0/ 2 Tx0;x0.R/ and
� 2 Tx0. QN/ and therefore � 2 L \ L0 D 0 so that T.x0;x0/.pr2/ is injective.

By definition there exist open neighborhoodsW;V �M of x0 such that pr2W˙\.W �
W / ! V is an isomorphism of premanifolds. In particular, its inverse has to be of the
form

V ! ˙ \ .W �W /; x 7! .r.x/; x/

for a morphism r WV ! QN \W and we must have V � W . Moreover, for x 2 QN \ V
we have .x; x/ 2 ˙ \ .W � W / so that r.x/ D x because pr2W˙ \ .W �W / ! V is
bijective.

Set U WD V \ r�1. QN \V / and N WD QN \U . Then QN \V � U because r j QN\V D id.
Hence r.U / � U and we obtain a morphism r WU ! N . We have x0 2 U and hence
x0 D r.x0/ 2 N . For x 2 U we have .r.x/; x/ 2 R so that r.x/ is equivalent to x.
Conversely, suppose that x 2 U and y 2 N are equivalent. We have y; x 2 V � W ,
.y; x/ 2 R and y 2 QN so that .y; x/ 2 ˙ \ .W �W /. Because pr2W˙ \ .W �W /! V

is bijective, we must have .y; x/ D .r.x/; x/.
Step 5: “M=R Hausdorff , R � M � M closed”. By Step 1, p � p is open

and surjective. Hence the diagonal �M=R is closed in M=R �M=R if and only if .p �
p/�1.�M=R/ D R is closed inM �M . �

Proposition 5.54. Let F WM ! N be a morphism of premanifolds. Let R and S be
regular equivalence relations onM andN respectively. Suppose thatF maps equivalence
classes with respect to R to equivalence classes with respect to S . Then the induced map
NF WM=R! N=S is a morphism of premanifolds.

Proof. Let �M WM !M=R and �N WN ! N=S the projections. Then NF ı�M D �N ıF .
Hence NF ı �M is a morphism. As �M is a surjective submersion, this implies that NF is
a morphism (Proposition 5.25). �
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5.7 Problems

Problem 5.1. Let M be a real C˛-premanifold with ˛ � 1 or a complex manifold, let
p 2M , and f 2 OM;p .

1. Choose a representative .U; Qf / of the germ f and a chart .U;˚/ at p and define the
vanishing order of f at p as

ordp.f / WD inf
˚
r 2 N0 I Dr.f ı ˚�1/.˚.p// ¤ 0 � :

Show that ordp.f / does not depend on the choice of U , Qf , or ˚ and that

ordp.f / D sup
n
r 2 N0 I f 2 mr

p

o
:

2. Let .V; jj jj/ be a normed K-vector space of finite dimension and suppose thatM � V
is open. Show that

ordp.f / D sup
�

r 2 R�0 I lim
M3x!p

jjx � pjj�r jf .x/j D 0
�

and that ordp.f / is the supremum of all r 2 N0 such that the Taylor expansion up to
degree r of f at p is zero.

3. Let M be a real analytic or a complex premanifold. Show that ordp.f / D 1 if and
only if f D 0 and henceTr�0m

r
p D 0.

Problem 5.2. Let p 2 Rn. Show that attaching to f 2 C1Rn;p
its Taylor series in p (in

variables t1; : : : ; tn) induces an isomorphism of R-algebras

C1Rn;p

, 
\

r�0
mr
p

!
�! RŒŒt1; : : : ; tn��;

where the right-hand side denotes the R-algebra of formal power series in t1; : : : ; tn with
values in R.
Hint: The injectivity is Problem 5.1.

Problem 5.3. LetM be a real C˛-premanifold with 1 � ˛ <1, let p 2M and assume
that dimp.M/ > 0. We wish to show that mp=m

2
p is an infinite-dimensional R-vector

space.

1. Show that it suffices to consider the caseM D R and p D 0, which we assume from
now on.
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2. For f 2 m WD m0 define

o.f / WD ord0.f / WD sup

�

ˇ � 0 I lim
x!0
jxj�ˇf .x/ D 0

�

:

Show that o.f / > ˛ C 1 or o.f / 2 N.
3. Show that

˚ jxjˇ I ˛ < ˇ < ˛ C 1 � is linearly independent in m=m2.

Problem 5.4. Let M and N be real C˛-premanifolds with ˛ � 1 or let M and N be
complex premanifolds. Let f WM ! N be a morphism of premanifolds. Show that f is
a local isomorphism if and only if fx WOY;f .x/ ! OX;x is an isomorphism for all x 2 X .

Problem 5.5. For every K-vector space V define the K-algebra KŒV � as follows. As a
K-vector space we set KŒV � WD K˚ V . Define a multiplication on KŒV � by

.�; v/ � .�0; v0/ WD .��0; �v0 C �0v/:

1. Show that these definitions make KŒV � into a commutative local K-algebra whose
maximal ideal is V . Show that V 2 D 0 and that KŒK� Š KŒT �=.T 2/ DW KŒ"�.

2. Show that for every K-linear map uWV ! W of K-vector spaces the map KŒV � !
KŒW �, .�; v/ 7! .�; u.v//, is a homomorphism of K-algebras and that one obtains
a functor V 7! KŒV � from the category of K-vector spaces to the category of K-
algebras.

3. Let P ŒV � be the locally K-ringed space consisting of a singe point * and with
OP ŒV �.P ŒV �/ D KŒV �. Let M be a real C˛-premanifold with ˛ � 1 or a com-
plex manifold. Show that the identification (5.7) yields for all r 2 N an identification

HomK.V; Tp.M// D
(
t WP ŒV �!M morphism of locally

K-ringed spaces with t.
/ D p

)

: (*)

Show that additionK�K! K and for � 2 K scalar multiplicationK! K, ˛ 7! �˛

induce via (*) the K-vector space structure on Tp.M/ defined in Definition 5.1.

Problem 5.6. Let X be a topological space and let �WX ! N0 be a map such that
f x 2 X I �.x/ � r g is open in X for all r 2 N0 and such that there exists an open
covering .Ui /i such that �jUi is bounded for all i . Show that

˚
x 2 X I 9 neighborhoodW of x such that �jW is constant

�

is open and dense in X .
Deduce that if F WM ! N is a morphism of premanifolds, then the set of points ofM

where F is of locally constant rank is open and dense inM .



120 5 Linearization of Manifolds

Problem 5.7. Show that the underlying real analytic manifold of P 1.C/ is isomorphic to
the 2-sphere S2.

Problem 5.8. Let X WD ˚ .x; jxj/ 2 R2 I x 2 R
�
. Is X a C1-submanifold of R2?

Problem 5.9. Let M be a compact premanifold of constant dimension n. Show that M
cannot be embedded into Kn.

Problem 5.10. Let n 2 N and consider detWMn.K/ ! K. Show that det is a morphism
of real analytic (for K D R) manifolds respectively of complex manifolds (for K D C).
Determine rkp.det/ for all p 2Mn.K/.

Problem 5.11. Show that F W .0; 2�/ ! R2, t 7! .sin3 t; sin t cos t/ is an injective im-
mersion of real manifolds. Define a map

GW .0; 2�/! .0; 2�/; t 7!

8
ˆ̂
<

ˆ̂
:

t C �; if t < � I
0; if t D � I
t � �; if t > �:

Show that F ıG is a morphism of real manifolds but that G is not continuous.

Problem 5.12. Let F WM ! N be an embedding of premanifolds, let Z be a premani-
fold, and let GWZ ! M be a map. Show that G is a morphism of premanifolds if and
only if F ıG is a morphism of premanifolds.

Problem 5.13. Show that S WD ˚ .x; y/ 2 R2 I xy D 0 � is not a real C1-submanifold of
R2.
Hint: What would be T0.S/?

Problem 5.14. Let F be an injective (respectively bijective) morphism of premanifolds
that is locally of constant rank. Show that F is an immersion (respectively an isomor-
phism).

Problem 5.15. Let V and W be finite-dimensional K-vector spaces, n WD dimK.V /

and m WD dimK.W / and let r be an integer with 0 � r � minfm;ng. Show that
f f 2 HomK.V;W / I rk.f / D r g is a analytic submanifold of HomK.V;W / of dimen-
sion r.mC n � r/.
Problem 5.16. Let M be a premanifold. A pair .N; i/, where N is a premanifold and
i WN !M is an injective immersion is called immersed subpremanifold ofM .

1. Show that every submanifold together with the inclusion is an immersed subpremani-
fold but that the converse does not hold in general.

2. Let .N; i/ be an immersed subpremanifold and suppose that N is compact and M is
Hausdorff. Show that i.N / is a closed subpremanifold ofM .
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Problem 5.17. Consider the real analytic map � WR ! R2, t 7! .sin3 t; sin t cos t/ and
let N1 WD .��; �/ and N2 WD .0; 2�/ considered as open submanifolds of R. Show that
.N1; � jN1/ and .N2; � jN2/ are immersed subpremanifolds ofM , that �.N1/ D �.N2/ but

that there exists no isomorphism of manifolds 'WN1 �! N2 such that � jN1 D � jN2 ı '.

Problem 5.18. LetM be a premanifold.

1. Show that for an immersed premanifold .N; i/ (Problem 5.16) the following assertions
are equivalent:
(i) For each premanifoldZ a mapZ ! N is a morphism of premanifolds if and only

if i ı f WZ !M is a morphism of premanifolds.
(ii) For each premanifoldZ a mapZ ! N is continuous if and only if i ıf WZ !M

is a morphism of premanifolds.
In this case .N; i/ is called initial subpremanifold ofM .

2. Show that every subpremanifold together with the inclusion is an initial subpremani-
fold.
Hint: Problem 5.12.

3. Let .N1; i1/ and .N2; i2/ be initial subpremanifolds ofM with i1.N1/ D i2.N2/. Show
that there exists a unique isomorphism F WN1 �! N2 such that i1 D i2 ıF (compare to
Problem 5.17).

Problem 5.19. Let r 2 R n Q and R ! R=Z, x 7! Nx the canonical map. Show that
i WR ! R=Z � R=Z, x 7! . Nx; rx/ is an injective immersion with dense image. Deduce
that i is not an embedding of manifolds.

Problem 5.20. Show that the fiber product constructed in Theorem 5.47 is a fiber product
in the category of all K-ringed spaces.

Problem 5.21. Let G be a finite group of automorphisms of a premanifold M and let
MG WD fp 2M I g.p/ D p for all g 2 Gg.

1. Show that for all p 2 MG there exists a system of local coordinate at p with respect
to which G acts linearly.

2. Show thatMG is a submanifold ofM and that Tp.MG/ D Tp.M/G for p 2MG .

Problem 5.22. Let F WM ! N be a submersion of premanifolds. Show that the equiv-
alence relation p � q W, F.p/ D F.q/ is regular and that M=� Š F.M/ as open
premanifolds of N .



6Lie Groups

A Lie group is a premanifold together with a group structure such that multiplication
and inversion are morphisms of premanifolds. They play an important role as symme-
try groups of premanifolds and this is also the main focus of this chapter. Hence after
defining Lie groups and Lie subgroups and studying their topology we will consider Lie
groups acting on premanifolds in Sect. 6.2. The main result is the existence of quotients
of premanifolds by a proper and free Lie group action in the last section.

6.1 Definition and Examples of Lie Groups

Definition 6.1. A real Lie group (respectively a complex Lie group) is a real analytic
premanifold (respectively a complex premanifold)G endowed with a group structure such
that

mG WG �G ! G; .g; h/ 7! gh;

iG WG ! G; g 7! g�1

are real analytic maps (respectively holomorphic maps). As usual, we speak simply of a
Lie group if we consider the real and the complex case simultaneously.

A homomorphism of Lie groups is a morphism of premanifolds that is a group homo-
morphism.

We obtain the categories of real and of complex Lie groups.
In the real case we could also have defined Lie groups and their homomorphisms via

C˛-premanifolds with some fixed ˛ 2 N0 [ f1g. But one would obtain the same notion:
One can show that weakening the structure from analytic to C˛ (Remark 4.23) yields an
equivalence from the category of real analytic Lie groups to the category of real C˛-Lie
groups ([BouLie1] III, §8.1).

123© Springer Fachmedien Wiesbaden 2016
T. Wedhorn,Manifolds, Sheaves, and Cohomology, Springer StudiumMathematik – Master,
DOI 10.1007/978-3-658-10633-1_6
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Remark and Definition 6.2. The group law on a complex Lie group G defines on the
underlying real analytic premanifold GR the structure of a real Lie group. We obtain
a functor G 7! GR from the category of complex Lie groups to the category of real Lie
groups.

One can show that this functor has a left adjoint functor H 7! HC , and HC is called
the complexification of the real Lie groupH ([HiNe] 15.1.4).

The following result in particular shows that the analyticity of the multiplication al-
ready implies that the inversion is analytic.

Proposition 6.3. LetG be a real analytic premanifold or a complex premanifold endowed
with a group structure such that mG WG �G ! G, .g; h/ 7! gh is a morphism.

1. Then G is a Lie group.
2. For g 2 G the maps lgWG ! G, h 7! gh and rgWG ! G, h 7! hg are isomorphisms

of premanifolds.
3. The map iG WG ! G, g 7! g�1, is an isomorphism of premanifolds.

Proof. 2. Both maps lg and rg are bijective morphisms and their inverse, namely lg�1 and
rg�1 respectively, is again a morphism.

1. Let � WG � G ! G � G, .g; h/ 7! .g; gh/. For all .g; h/ 2 G � G, T.g;h/.�/ has
the form  

idTgG 0

T 1.g;h/.mG/ T 2.g;h/.mG/

!

;

where T imG denotes the i-th partial derivative of mG . As T 2.g;h/.mG/ D Th.lg/ is an
isomorphism by 2, T.g;h/.�/ is an isomorphism. Therefore � is a local isomorphism
(Theorem 5.16) and hence an isomorphism because � is bijective. For g 2 G we have
��1.g; e/ D .g; g�1/. Hence iG is a morphism.

3. The morphism iG has as inverse again a morphism of premanifolds, namely itself.
�

Example 6.4. Let n 2 N0.

1. Let V be a finite-dimensional R- (respectively C-) vector space. Then .V;C/ is a real
(respectively complex) Lie group.

2. GLn.R/ is real Lie group, GLn.C/ is a complex Lie group: multiplication of matrices
is polynomial and in particular analytic, we conclude by Proposition 6.3 (it also follows
directly from Cramer’s rule, that inversion of matrices is also polynomial).
More generally, if V is a finite-dimensional R- (respectively C-) vector space, then
GL.V / is a real (respectively complex) Lie group.
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A Lie group has the following topological properties.

Proposition 6.5. Let G be a Lie group.

1. G is Hausdorff and paracompact. All connected components ofG are open and closed
in G and have the same dimension.

2. The underlying premanifold of G is a manifold if and only if G has countably many
connected components.

Proof. Every premanifold is a T1-space. In particular feg is closed in G, where e 2 G is
the neutral element. Therefore G is Hausdorff by Appendix Proposition 12.58.

2. If G has uncountably many connected components, G cannot be second countable.
Conversely, suppose that G has countably many connected components. As countable
unions of second countable spaces are again second countable, it suffices to show that
a connected Lie group is second countable. This follows from Corollary 1.6.

1. As G is locally connected, its connected components are open and closed (Propo-
sition 2.13). If G1 is a connected component, then left multiplication with any g 2 G1

yields an isomorphism G0 �! G1, where G0 is the identity component of G. In particular
dim.G1/ D dim.G0/. By 2, G0 is a manifold and hence paracompact (Theorem 4.28).
Therefore G is the topological sum of its paracompact connected components and hence
paracompact. �

Definition 6.6. Let G be a Lie group. A Lie subgroup of G is a subgroup of G that is
a subpremanifold.

Similarly, as there are more general notions of submanifolds, there are also more gen-
eral notions of Lie subgroups.

Proposition 6.7. Let H be a Lie subgroup of G.

1. H is a Lie group.
2. H is closed in G.

Proof. 1. By Proposition 6.3 it suffices to show that the multiplication H �H ! H is
a morphism. This follows from Proposition 5.38 applied to the multiplication morphism
mG .

2. As a submanifold, H is locally closed in G. Every locally closed topological
subgroup is closed (Appendix Proposition 12.58). �

It can be shown that if G is a real Lie group and H is any closed subgroup, then H
is a real Lie subgroup of G (e.g., [BouLie1] III, §8.2, Theorem 2). The analogous result
does not hold for complex Lie groups (for instance, R � C is a closed subgroup of the
complex Lie group .C;C/ but it is not a complex Lie group).
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6.2 Lie Group Actions

We now consider the important case that a Lie group acts on a premanifold. Let us first
recall some notions of a group G acting on a set X . Then X is called a G-set and the
action is a map G � X ! X , usually simply denoted by .g; x/ 7! gx, that satisfies
1x D x and g.hx/ D .gh/x for all g; h 2 G and x 2 X .

1. The action is called transitive (respectively simply transitive) if for all x; y 2 X there
exists a (respectively there exists a unique) g 2 G with gx D y.

2. For x 2 X the subgroup Gx WD StabG.x/ WD fg 2 G I gx D x g of G is called the
stabilizer of x in G. The subset Gx WD f gx I g 2 G g is called the G-orbit of x. The
map G 7! X , g 7! gx, induces a bijection G=Gx

�! Gx of sets. The set of G-orbits
in X is denoted by X=G.

3. The action is called free if for all x 2 X its stabilizer Gx is trivial.
4. The action is called faithful if 1 2 G is the only element g 2 G such that x 7! gx is

the identity for all x 2 X (in other words
T
x2X Gx D f1g).

If X and Y are G-sets, a map f WX ! Y is called G-equivariant of morphism of G-sets,
if f .gx/ D gf .x/ for all x 2 X and g 2 G. Then G-sets and G-equivariant maps
together with the usual composition form a category.

Definition 6.8. Let G be a real (respectively complex) Lie group. A C˛-G-premanifold
(respectively a complex G-premanifold) is a real C˛-premanifold (respectively a complex
premanifold)M together with aC˛-map (respectively a holomorphic map)G�M !M ,
which defines an action of the group G on the set M . In the real case we consider the
analytic premanifold G as a C˛-premanifold (Remark 4.23).

If we consider the cases of a real Lie group and a real C˛-premanifold (˛ 2 bN fixed)
and the complex case simultaneously, we simply speak of a G-premanifold or of the Lie
group G acting on the premanifoldM .

A morphism of G-premanifolds is a G-equivariant morphism of premanifolds.

We obtain the category of G-premanifolds.

Proposition 6.9. LetG be a Lie group, letM andN beG-premanifolds, and let F WM !
N be a morphism of G-premanifolds. For all p 2M and g 2 G one has

dimp.M/ D dimgp.M/; rkp.F / D rkgp.F /:

Moreover, F is a submersion (respectively immersion) at p if and only if F is a submersion
(respectively immersion) at gp.
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Proof. The map gM WM !M ,m 7! gm is an isomorphism of premanifolds with inverse
.g�1/M . Set q WD F.p/ 2 N . Then F.gp/ D gq and all assertions follow from the
commutative diagram

Tp.M/
Tp.F /

Tp.gM /

Tq.N /

Tq.gN /

Tgp.M/
Tgp.F /

Tgq.N /;

where the vertical arrows are isomorphisms. �

Corollary 6.10. Notation as in Proposition 6.9. Assume that the action of G on M is
transitive. Then F is of constant rank and for all q 2 N the fiber F �1.q/ is a subpreman-
ifold ofM .

Proof. By Proposition 6.9 the mapM 3 p 7! rkp.F / is constant. The second assertion
follows from Proposition 5.39. �

Example 6.11. Let ˇWKn � Kn ! K be a bilinear form with matrix B 2 Mn.K/ with
respect to the standard basis of Kn. Let

G WD fg 2 GLn.K/ I ˇ.gv; gw/ D ˇ.v;w/ 8 v;w 2 Kn g
D ˚g 2 GLn.K/ I t gBg D B

�
:

This is a closed subgroup of GLn.K/. For instance G D O.p; q/ for B D
�
Ip 0

0 �Iq
�
and

K D R, or B D Sp2m.K/ for n D 2m and B D 	 0 Im�Im 0



.

Then G D F �1.B/, where

F WGLn.K/!Mn.K/; F.A/ D tABA:

Let GLn.K/ act transitively on GLn.K/ from the left via .g;A/ 7! Ag�1 and let it act
on Mn.K/ by .g;X/ 7! t g�1Xg�1 for g 2 GLn.K/, X 2 Mn.K/. Then F is GLn.K/-
equivariant:

F.g � A/ D F.Ag�1/ D t g�1tABAg�1 D g � F.A/:
Hence G is a submanifold of GLn.K/ by Corollary 6.10 and hence a Lie subgroup of
GLn.K/.

Corollary 6.12. LetG be a Lie group and letM be aG-premanifold. Then for all p 2M
the stabilizer Gp of p is a Lie subgroup of G.

Proof. The morphism aWG ! M , g 7! gp, is G-equivariant if we let G act on itself via
left multiplication. Hence Gp D a�1.p/ is a Lie subgroup by Corollary 6.10. �
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6.3 Quotients by Lie Group Actions

Our next goal is a criterion when the quotient of a premanifold by a Lie group action is
again a premanifold. For this we first define the notion of a proper action.

Proper Actions

Definition 6.13. LetG be a topological group,X a topological space and suppose thatG
acts on X via a continuous map G �X ! X . Then we say that G acts properly on X or
that the action of G on X is proper if the map

� WG �X ! X �X; .g; x/ 7! .x; gx/

is a proper map (Definition 1.30).

Note that the condition does not say that the action map G �X ! X is proper.

Remark 6.14. The topological group G acts properly on X if and only if � is closed and
for all x 2 X the stabilizer Gx WD fg 2 G I gx D x g is a compact subgroup of G.

Indeed, by definition of properness, G acts properly on X if and only if � is closed
and for all .x; y/ 2 X � X the fiber ��1.x; y/ D Gx;y � fxg is compact, where Gx;y D
f g 2 G I gx D y g. But if Gx;y ¤ ; we can choose h 2 Gx;y and Gx ! Gx;y , g 7! hg,
is a homeomorphism with inverse k 7! h�1k.

We refer to Problem 6.2 for other characterizations of proper action.

Example 6.15. LetG be a topological group andH � G be a closed subgroup. Suppose
that G acts properly on a topological space X . Then Proposition 1.32 shows that H acts
properly on X because the closed embeddingH �X ,! G �X is proper (Example 1.31)
and separated.

Consider in particular the case that G acts on itself by left multiplication. Then G �
G ! G � G, .g; g0/ 7! .g0; gg0/ is a homeomorphism and in particular proper. Hence
the action of H on G by left multiplication is proper.

Actions of compact groups are always proper, more precisely:

Proposition 6.16. LetG be a compact Hausdorff topological group acting on a Hausdorff
spaceX . Then this action is proper and the canonical map � WX ! X=G is proper (X=G
endowed with the quotient topology of X).

Proof. AsG is compact, the projection pr2WG�X ! X is proper (Proposition 1.29). The
map aWG � X ! X , .g; x/ 7! gx is the composition of the homeomorphism G � X !
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G � X , .g; x/ 7! .g; gx/ (an inverse is given by .g; x/ 7! .g; g�1x/) followed by pr2.
Hence a is proper. The map � W .g; x/ 7! .x; gx/ is the composition of the diagonal
�WG � X ! .G � X/ � .G � X/ followed by the product of pr2 and a. The diagonal is
a closed embedding and in particular proper because G and X are Hausdorff. Hence we
see that � is proper because products and compositions of proper maps are again proper
(Proposition 1.34 and Proposition 1.32).

It remains to show that � is proper. Let A � X be closed, then ��1.�.A// D GA

is the image of G � A under the action map a. As we have seen that a is proper, GA is
closed in X and hence �.A/ is closed in X=G by the definition of the quotient topology.
Hence we see that � is closed. The fibers of � are the G-orbits in X , which are compact
by Lemma 6.17. Hence � is proper (Theorem 1.30). �

Lemma 6.17. Let G be a compact topological group acting on a Hausdorff topological
space. Then for all x 2 X the G-orbit Gx is compact and closed in X . The map aWG !
X , g 7! gx induces a homeomorphism G=Gx

�! Gx.

Proof. The stabilizer Gx D a�1.x/ is closed inG. Hence the quotientG=Gx is Hausdorff
(Appendix Proposition 12.58). As image of the compact space G it is also compact.
Therefore the bijective continuous map G=Gx ! Gx is a homeomorphism (Appendix
Corollary 12.53). Hence Gx is compact and thus closed in X . �

Remark 6.18. Let G be a topological group acting continuously on a topological space
X . Then the action of G on X is proper (respectively free) if and only if the map � WG �
X ! X �X , .g; x/ 7! .x; gx/ is proper (respectively injective). Therefore the action is
proper and free if and only if � is closed topological embedding.

Existence of Quotients by Lie Group Actions
We can now formulate the main result of this section.

Theorem 6.19. Let G be a Lie group and let M be a G-premanifold. Suppose that the
action is free and proper. Then there is a unique structure of a premanifold on the set of
orbitsM=G such that the projection � WM ! M=G is a submersion. Its topology is the
quotient topology ofM . It is Hausdorff.

Proof. The uniqueness follows from Proposition 5.51. If such a premanifold structure
exists on M=G, then � is surjective and open (Corollary 5.24) and hence the topology
of M=G is the quotient topology. It remains to show the existence of the premanifold
structure. We use Theorem 5.53. Hence we have to show:

1. R WD f .p; gp/ I p 2M;g 2 G g is a closed submanifold ofM �M .
2. pr1WR!M is a submersion.
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Now R is the image of � WG � M ! M � M , .g; p/ 7! .p; gp/ and � is a closed
topological embedding by Remark 6.18. Hence for (1) it suffices to show that � is an
immersion. For g 2 G and p 2M the derivative T.g;p/.�/ is of the form

 
0 idTp.M/

Tg.ap/ 


!

;

where apWG !M , g 7! gp. As the action is free, ap is injective and by equivariance, ap
is constant rank. Hence ap is an immersion and therefore T.g;p/.�/ is injective.

Let us show (2). As � yields an isomorphism G �M �! R, we have a commutative
diagram

G �M

pr2

.g;p/ 7!gp
�

R

pr1

pr2
M

�

M
�
M=R;

(6.1)

where the square is a fiber product diagram and where � is an isomorphism. As pr2WG �
M !M is a submersion, pr1WR!M is a submersion. �

The proof shows that to get a premanifold structure on M=G such that M ! M=G

is a submersion it suffices to assume that � WG �M ! M �M , .g; p/ 7! .p; gp/ is an
embedding (instead of the properness of the action). In this case the premanifoldM=G is
Hausdorff if and only if � is a closed embedding.

Example 6.20. Let V be a finite-dimensional K-vector space. The action of K� on V
by scalar multiplication is not proper as the stabilizer of 0 2 V is not compact. But its
restriction to V n f0g is a proper and free action. Its quotient is the projective space P .V /
of lines in V .

Remark 6.21. We keep the notation and hypotheses of Theorem 6.19. Let p 2 M and
apWG !M , g 7! gp. Then the sequence

0 �! Te.G/
Te.ap/�����! TpM

Tp.�/�����! T�.p/.M=G/ �! 0 (6.2)

is exact. In particular one has dim�.p/.M=G/ D dimp.M/� dimG. If dim.G/ D 0, then
� is a local isomorphism.

Indeed, in the proof of Theorem 6.19 we have seen that ap is an immersion, hence
Te.ap/ is injective. As � is a submersion, Tp.�/ is surjective. To show exactness in the
middle, we apply Remark 5.49 to (6.1) and obtain

ker.Tp.�// Š ker.T.p;ep/.pr1// Š ker.T.e;p/.pr2WG �M !M// Š Te.G/:
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Figure 6.1 Klein bottle

Example 6.22. LetM D S1 � S1 and consider the action by G D Z=2Z for which the
non-trivial element acts by .z; w/ 7! .1=z;�w/. This is a free action and it is proper by
Proposition 6.16. The quotient manifoldM=G is a 2-dimensional real analytic manifold
called the Klein bottle (see Fig. 6.1, note that there is a self intersection as the Klein bottle
cannot be embedded smoothly into R3).

Corollary 6.23. Let G be a Lie group and letH be a Lie subgroup.

1. There exists on G=H a unique structure of an analytic Hausdorff premanifold such
that the projection � WG ! G=H is a submersion.

2. If G has only countably many connected components, then G=H is an analytic mani-
fold.

3. The dimension of G=H is constant and dim.G=H/ D dim.G/ � dim.H/.
4. IfH is normal inG, then the induced group law onG=H makesG=H into a Lie group.

Proof. The Lie groupH acts properly (Example 6.15) and freely on G. Hence 1 follows
from Theorem 6.19. Remark 6.21 implies 3, and 4 follows from Proposition 5.54 applied
to the multiplication morphism of G.

Finally, if G has countably many connected components, then G is second countable
(Proposition 6.5). Therefore G=H is second countable because G ! G=H is surjective
and open (Remark 1.3 2). Hence G=H is a manifold. �

Corollary 6.24. Let 'WG ! G0 be a morphism of Lie groups and let H 0 � G0 be a Lie
subgroup. Then '�1.H 0/ is a Lie subgroup of G. In particular Ker.'/ is a Lie subgroup
of G.
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Proof. Let F be the composition of ' followed by the projection G0 ! G0=H 0 and let
Ne0 2 G0=H 0 be the image in the neutral element of G0. Let g 2 G act on G by left
multiplication and on G0=H 0 by left multiplication with '.g/. Then F is G-equivariant
and the action of G on G is transitive. Hence we can apply Corollary 6.10 to see that the
subgroup F �1.e0/ D '�1.H 0/ is a subpremanifold. �

Example 6.25. Let n � 1. Then SLn.K/ D Ker.detWGLn.K/! K�/ is a Lie subgroup
of GLn.K/.

Example 6.26 (Flag manifold). Let E D Kn and let n D .n1; : : : ; nr / be a tuple of
integers ni 2 N with

P
i ni D n. For j D 0; : : : ; r set mj WD n1 C � � � C nj and let

Flagn.E/ be the set of flags of type n of E, i.e., flags of subspaces

0 D W0 	 W1 	 � � � 	 Wr D E

with dimWi D mi . Then GLn.K/ acts on Flagn.E/ via .g; .Wi /i / 7! .g.Wi//i . By
basis extension this action is transitive. Let Ei be the subspace generated by the standard
vectors e1; : : : ; emi . Then the stabilizer Ln of the flag .Ei /i in GLn.K/ is the Lie subgroup
of matrices of the form 0

B
B
B
B
B
@

A1 
 � � � 

0 A2

: : :
:::

:::
: : :

: : : 

0 � � � 0 Ar

1

C
C
C
C
C
A

with Ai 2 GLni .K/. Hence we may apply Corollary 6.23 to endow Flagn.E/ D
GLn.K/=Ln with the structure of an analytic manifold.

Let 0 � d � n, then Grassd .E/ WD Flag.d;n�d/.E/ is the Grassmann manifold of
d -dimensional subspaces of E.

In Example 4.26 we endowed projective space P n.K/ with the structure of an analytic
manifold. As a set we have P n.K/ D Grass1.KnC1/ and it is not difficult to check directly
the manifold structure defined in Example 4.26 and in Example 6.26 are the same. This
can also be deduced from the following result.

Proposition 6.27. Let G be a Lie group, letM be a G-premanifold of type C˛ with ˛ 2
bN. Suppose that theG-action onM is transitive and choose p 2M . LetH WD StabG.p/
be its stabilizer. Suppose that G has only countably many connected components. Then
aWG ! M , g 7! gp induces an isomorphism of manifolds

NaWG=H �!M; gH 7! gp:
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Proof. The group H is a Lie subgroup by Corollary 6.12. Clearly, Na is bijective. It is
a morphism of premanifolds by Proposition 5.54. It suffices to show that Na is a submer-
sion (looking at charts [Corollary 5.23] we see that every injective submersion is a local
isomorphism and hence every bijective submersion is an isomorphism).

As G acts transitively on G=H and on M , there exist m; k; r 2 N0 such that
dimp.M/ D m, dimq.G=H/ D k and rkq. Na/ D r for all p 2 M , q 2 G=H .
Assume that r < m (in particular m > 0). As G=H is a second countable (Corol-
lary 6.23 2), G=H is Lindelöf (Proposition 1.4). Hence there exist countably many charts
.Un; xn; Vn; yn; Qan/, n 2 N, of Na such that

S
n Un D G=H and such that Qan is given

by .z1; : : : ; zk/ 7! .z1; : : : ; zr ; 0; : : : ; 0/. Hence Im. Qan/ is contained in a zero set (Re-
mark 5.43) of Km and hence Im. Na/ has measure zero. But this is a contradiction to the
surjectivity of Na. �

The hypothesis that G has only countably many connected components is necessary.
LetG D R be endowed with the discrete topologymakingG into a 0-dimensional real Lie
group. Let G act onM D R (with the usual structure of a 1-dimensional real manifold)
via .g; p/ 7! g C p. Then G=Gp Š G is discrete for p 2M butM is not.

If the underlying topological space ofG is second countable, thenG has only countably
many connected components. This is for instance the case if G is a closed subgroup of
GLn.K/.

Example 6.28. Consider H WD f z 2 C I Im.z/ > 0 g as an open real analytic submani-
fold of C D R2. Let the real Lie groupG WD SL2.R/ act onH byMöbius transformation

  
a b

c d

!

; z

!

7! az C b
cz C d :

This makesH into a SL2.R/-manifold. The action is transitive and

StabG.i/ D
( 

a b

c d

!

2 SL2.R/ I ai C b
ci C d D i

)

D
( 

a b

c d

!

2 SL2.R/ I a D d; b D �c
)

D SO.2/:

Hence Proposition 6.27 shows thatH D SL2.R/= SO.2/.

To see how many connected components a Lie group precisely has, the following re-
mark is often helpful.
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Remark 6.29. Let G be a Lie group. Its identity component G0 is an open and closed
normal subgroup, in particular it is a Lie subgroup with dim.G0/ D dim.G/. Hence if we
consider the abstract group �0.G/ as a 0-dimensional Lie group, then the canonical map
$G WG ! G=G0 D �0.G/ is a surjective submersion.

Any homomorphism of Lie groups 'WH ! G induces a unique group homomorphism
�0.'/W�0.H/! �0.G/ making the diagram of Lie group homomorphisms

H
'

$H

G

$G

�0.H/
�0.'/

�0.G/

commutative. We obtain a functor �0 from the category of Lie groups to the category of
groups (identified with the category of 0-dimensional Lie groups).

Let H be a Lie subgroup of G and let � be the image of �0.H/ ! �0.G/. As
G ! G=H is open and surjective, it induces a bijective map

�0.G/=�
�! �0.G=H/: (6.3)

In particular we see that G is connected if G=H andH are connected.

Example 6.30. The action of the real Lie group SO.n/ on Sn�1 by matrix multiplication
is analytic. The stabilizer of .1; 0; : : : ; 0/ 2 Sn�1 is SO.n � 1/ and we deduce Sn�1 Š
SO.n/= SO.n � 1/. Arguing by induction on n starting with SO.1/ D 1 we deduce via
Remark 6.29 that SO.n/ is connected for all n. As SO.n/ is of index 2 in O.n/ we also
see that O.n/ has two connected components and that O.n/0 D SO.n/.

Let B � GLn.R/ be the subgroup of upper triangular matrices. As an analytic man-
ifold, B is isomorphic to Rn.n�1/=2. In particular, B is connected. By Gram-Schmidt
orthogonalization, multiplication of matrices yields an isomorphismB�O.n/ �! GLn.R/
of real analytic manifolds. Hence we deduce that GLn.R/ has two connected components.
Its identity component is the subgroup of matrices with positive determinant.

6.4 Problems

Problem 6.1. Let G be a topological group that acts properly on a topological space X .
Let Y be a G-invariant subspace. Show that the action of G on Y is proper.

Problem 6.2. LetG be a topological group acting continuously on a topological spaceX .

1. Suppose that G acts freely on X and let R WD f .gx; x/ I g 2 G; x 2 X g � X � X .
Show that$ WR! G, .gx; x/ 7! g is well defined. Show that G acts properly on X
if and only if R is closed in X �X and$ is continuous.
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2. Suppose that G and X are Hausdorff and that G is locally compact. Show that G
acts properly on X if and only if for all x; y 2 X there exist neighborhoods U of x
and V of y such that f g 2 G I gU \ V ¤ ; g is relatively compact in G (Appendix
Problem 12.31).

Problem 6.3. Let G be a finite group and letM be a G-manifold such that the action of
G onM is free. Show that there exists onM=G a unique structure of a premanifold such
that � WM !M=G is a submersion. Show that � is a local isomorphism.

Problem 6.4. Let G andH be Lie groups acting properly and freely on premanifoldsM
and N , respectively. Let 'WG ! H be a homomorphism of Lie groups and F WM ! N

a morphism of premanifolds such that F.gm/ D '.g/F.m/. Show that there exists
a unique morphism NF WM=G ! N=H such that the following diagram commutes:

M
F

N

M=G
NF

N=H :

Problem 6.5. Let M D .�1; 1/ � S1 (considered as a real analytic manifold) and let
G D Z=2Z act onM such that the non-trivial element acts by .t; z/ 7! .�t;�z/. Show
that this action is free and proper and thatM=G is isomorphic to the Möbius band.

Problem 6.6. Show that the quotient manifold R=Z and the submanifold S1 of R2 are
isomorphic real analytic manifolds.

Problem 6.7. Let 'WG ! G0 be a homomorphism of Lie groups. Show that the following
assertions are equivalent:

(i) ' is a submersion (respectively a local isomorphism).
(ii) T1.'/W T1.G/! T1.G

0/ is surjective (respectively bijective).
(iii) ' jG0 WG0 ! G00 is surjective (respectively a covering map), where H0 denotes the

connected component of 1 in a topological groupH .

Problem 6.8. Let G be a connected Lie group. Show that there exists a universal cover
space � W QG ! G and that for all Qe 2 ��1.e/ there exists a unique Lie group structure
on QG such that Qe is the neutral element of QG and such that � is a local isomorphism of
premanifolds and a group homomorphism. Show that . QG;�/ is unique up to a unique
isomorphism of Lie groups.
Hint: Problem 4.14.
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Problem 6.9. Let G be a Hausdorff locally compact second countable topologically
group that acts continuously and transitively on a Hausdorff Baire space X (Problem 1.9).
Let x 2 X and Gx D fg 2 G I gx D x g. Show that the map G � X , g 7! gx, is open
and that the induced map G=Gx ! X is a homeomorphism.
Hint: Problem 1.11.

Problem 6.10. Let G be a Lie group with countable many connected components, letM
be a G-premanifold, and let p 2M . Let Gp �M be the orbit of p.

1. Show that the following assertions are equivalent:
(i) Gp �M is locally closed.
(ii) Gp is a submanifold ofM .
Hint: If Gp � M is locally closed, use Problem 6.9 and Problem 1.10 to see that
G ! Gp, g 7! gp, is open.

2. Suppose that Gp is locally closed in M . Show that G ! M , g 7! gp, induces a
G-equivariant isomorphism of premanifolds G= StabG.p/

��! Gp.
3. Suppose that the action of G onM is proper. Show that 1 and 2 hold for each orbit.
4. Let r 2 R. Show that R � S1 � S1, .x; .z1; z2// 7! .e2�ixz1; e

2�irxz2/, defines an
analytic action of .R;C/ on S1 � S1. Show that the equivalent assertions of 1 hold if
and only if r 2 Q.
Hint: Problem 5.19

Problem 6.11. For n � 2 show that there are isomorphisms of real analytic manifolds
S2nC1 Š U.n/=U.n�1/ Š SU.n/= SU.n�1/. Deduce that U.n/ and SU.n/ are connected
for all n � 1. Show that GLn.C/ is connected.

Problem 6.12. Let E and F be finite-dimensionalK-vector spaces with d WD dim.F / �
dim.E/. Let I.F;E/ be the set of injectiveK-linear maps F ! E and define on I.E; F /
an equivalence relation by u � u0 W, 9 v 2 GL.F /Wu0 D u ı v. Show that I.F;E/
is an open submanifold of HomK.F;E/, that � is a regular equivalence relation and that
I.F;E/=� Š Grassd .F /.

Problem 6.13. Use the notations of Example 6.26.

1. Show that the Plücker embedding

Grassd .E/! P .�d .E// WD Grass1.�
d .E//; F 7! �d.F /

is a closed embedding of analytic manifolds.
2. Show that

Flagn.E/!
r�1Y

iD1
Grassmi .E/; .W1 	 � � � 	 Wr�1/ 7! .Wi /1�i�r�1
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is a closed embedding of analytic manifolds.
3. Deduce that Grassd .E/ and, more generally, Flagn.E/ are compact.

Problem 6.14. Let .V; h ; i/ be a symplectic K-space, i.e., V is a finite-dimensional
K-vector space with a non-degenerate alternating bilinear form h ; i. Show that the sym-
plectic group

Sp.V; h ; i/ WD f g 2 GL.V / I hgv; gwi D hv;wi for all v;w 2 V g

is a closed Lie subgroup of GL.V / and endow the set of Lagrangians of .V; h ; i/ (i.e.,
the set of K-subspaces U of V with U? D U ) with the structure of an analytic quotient
manifold of Sp.V; h ; i/.
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Very often one is confronted with construction problems where it is easier to make the
construction locally. Then the question arises whether these local constructions “glue” to
a global object. For instance, on premanifolds it is often easier to construct objects if the
premanifold is isomorphic to an open ball in Km, which is locally always the case. In this
chapter we study a general technique to deal with such gluing problems – at least if the
difference of two possible local objects is given by a sheaf of groups. For instance two
primitives of a K-valued function always differ by a locally constant K-valued function
and these form a sheaf of groups.

7.1 Torsors

The precise mathematical notion that captures “local objects always differing by a sheaf
of groups” is that of a torsor. The idea is to encode all local objects into a sheaf on which
a sheaf of groups then acts simply transitively.

Definition 7.1 (Torsor). Let X be a topological space, let F and G be sheaves of sets on
X and let A be a sheaf of groups on X .

1. An A-sheaf on X is a sheaf of sets F on X together with a morphisms of sheaves of
sets

aWA� F! F

such that for every open subset U � X the map

aU WA.U / � F.U /! F.U /

is an action of the group A.U / on the set F.U /.

139© Springer Fachmedien Wiesbaden 2016
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DOI 10.1007/978-3-658-10633-1_7
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A morphism F! G ofA-sheaves is a morphism 'WF! G of sheaves such that for all
U � X the map

'U WF.U /! G.U /

is A.U /-equivariant. We obtain the category of A-sheaves on X .
2. An A-sheaf T on X is called an A-pseudotorsor if for all U � X open the action

A.U / � T .U /! F.U / is simply transitive.
3. An A-pseudotorsor T on X is called an A-torsor if there exists an open covering
X DSi Ui such that T .Ui / ¤ ; for all i .
We obtain the full subcategory of A-torsors of the category of A-sheaves. We denote
this category by .Tors.A//.

Example 7.2. LetM � C be open and let f WM ! C be a holomorphic function. Define
a sheaf Primf onM by

Primf .U / WD
˚
F WU ! C holomorphic I F 0 D f jU

�

for U � M open. Then any two primitives of f jU differ by a locally constant func-
tion. In other words, the constant sheaf CM acts on it (recall: CM.U / D f hWU !
C I h locally constantg) by addition:

CM.U / � Primf .U /! Primf .U /; .h; F / 7! hC F:

This makes Primf into a CM -pseudotorsor because two primitives of a holomorphic func-
tions only differ by a locally constant function. Now the local existence of primitives just
means that theCM -pseudotorsor Primf is in fact a torsor. Here this is the case because we
may find a covering ofM by convex open subsets Ui and Primf .Ui / ¤ ; for all i 2 I .

Next we come to the question of global existence of objects on a space X . If the local
objects are encoded by a torsor T on X , then this is equivalent to the question of whether
T .X/ is non-empty.

Recall that a pointed set is a pair .H; x/ consisting of a set H and an element x 2 H .
A morphism of pointed sets .H; x/ ! .H 0; x0/ is a map 'WH ! H 0 with '.x/ D x0.
We obtain the category of pointed sets. Every group G gives rise to a pointed set .G; e/,
where e is the neutral element.

Definition 7.3. Let X be a topological space and let A be a sheaf of groups on X .

1. Let A act on itself by left multiplication. This makes A into an A-torsor. An A-torsor
that is isomorphic to A is called a trivial A-torsor.

2. Define H1.X;A/ as the set of isomorphism classes of A-torsors on X . It is a pointed
set; the distinguished element is the isomorphism class of trivial torsors. It is called
the (first) cohomology set of A.
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3. Let T be an A-torsor over X , and let U D .Ui /i2I be an open covering of X . Then
we say that U trivializes T if T .Ui / ¤ ; for all i 2 I . We denote by H1.U;A/ the
isomorphism classes of A-torsors over X trivialized by U. Then

H1.X;A/ D
[

U
H1.U;A/:

Proposition 7.4. Let X be a topological space and let A be a sheaf of groups on X .

1. Every morphism in the category .Tors.A// is an isomorphism.
2. An A-torsor T over X is trivial if and only if T.X/ ¤ ;.

Proof. (1). Let T and S be A-torsors on X and let 'W T ! S be an A-equivariant
morphism of sheaves onX . IfX DSi Ui is an open covering and ' jUi is an isomorphism
for all i 2 I , then ' is an isomorphism (Proposition 3.18). Choosing a covering .Ui /i that
trivializes S and T and replacing X by one of the Ui we may assume that T .X/ ¤ ; ¤
S.X/. Then T .U / ¤ ; ¤ S.U / for all U � X open. Hence it suffices to show: Let
A be a group acting simply transitively on two non-empty sets X and Y . Then every A-
equivariant map 'WX ! Y is bijective. Let x 2 X , y WD '.x/. Then we have a diagram
with bijective diagonal maps

A

g 7!gx g 7!gy

X
'

Y;

which commutes because ' is G-equivariant. Hence ' is bijective.
(2). If T Š A, then T .X/ ¤ ; because A.X/ is a group, in particular it is non-empty.

Conversely, assume there exists s 2 T .X/. Then

A! F; A.U / 3 g 7! g � .sjU / 2 T .U /; U � X open

is an isomorphism of A-torsors. �

The first important result says that for constant group sheaves on simply connected
spacesH1 is trivial:

Proposition 7.5. Let X be a topological space. Let A be a locally constant sheaf of
groups on X . Suppose that X is simply connected and locally path connected. Then A is
a constant sheaf of groups andH1.X;A/ D 0.
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Proof. As any A-torsor T is a locally isomorphic to A (Proposition 7.4), it is a locally
constant sheaf on X . Hence it suffices to show that any locally constant sheaf F on X
is constant. Let pWE ! X be the étalé space corresponding to F. Then p is a covering
map (Example 3.41). As X is simply connected and locally path connected, this covering
map has to be trivial (Proposition 2.41), i.e., E D X � F , where F is some fiber of p,
considered as a discrete topological space. This shows that F is a constant sheaf. �

Using Example 7.2 we obtain the following criterion for the existence of global primi-
tives.

Example 7.6. LetM � C be open and let f WM ! C be a holomorphic function. Then
the torsor Primf (Example 7.2) is trivial if and only if there exists F WM ! C such that
F 0 D f .

IfH1.M;CM/ D 0, then every holomorphic function onM has a primitive. Hence we
can deduce from Proposition 7.5 the classical result that if M is simply connected, then
every holomorphic function onM has a primitive.

Note that to get this result we used that Primf is a torsor (and not only a pseudotorsor),
i.e., that locally a primitive always exists. Hence the cohomological formalism allowed us
to extend a local existence result to a global one.

7.2 Non-abelian Čech Cohomology

Notation: Let X be a topological space and A a sheaf of groups on X .

We may also give a more concrete description of H1.X;A/ in terms of cocycles,
which is often advantageous for concrete calculations. To ease the notation, for two sec-
tions s 2 � .U;A/ and t 2 � .V;A/ we will often write st 2 � .U \ V;A/ instead of
sjU\V t jU\V , and s D t instead of sjU\V D t jU\V .

Definition and Remark 7.7 (Čech cohomology). Fix an open covering U D .Ui/i2I
of X . For i1; : : : ; ir 2 I define Ui1:::ir WD Ui1 \ � � � \ Uir .

1. A Čech 1-cocycle of A on U is a tuple � D .gij /i;j2I , where gij 2 A.Uij / such that
the cocycle condition

gkj gj i D gki 2 A.Uijk/ (7.1)

holds for all i; j; k. Choosing i D j D k we see that gii D 1; choosing k D i we see
that gij D g�1j i for all i; j 2 I . The set of all Čech 1-cocycles of A on U is denoted

by LZ1.U;A/.
2. Two Čech 1-cocycles � and � 0 onU are called cohomologous if there exist hi 2 A.Ui /

for all i such that we have

higij D g0ij hj 2 A.Uij /
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for all i; j 2 I . This is easily checked to be an equivalence relation on LZ1.U;A/. The
equivalence classes are called Čech cohomology classes, and the set of cohomology
classes of Čech 1-cocycles on U is called the (first) Čech cohomology of A on U and
is denoted by LH1.U;A/. This is a pointed set in which the distinguished element is
the cohomology class of the cocycle .eij / with eij D 1 for all i; j . It is denoted by 1.

Then a Čech 1-cocycle .gij / 2 LZ1.U;A/ is cohomologous to 1 if there exist hi 2 A.Ui /

such that gij D h�1i hj .

Definition and Remark 7.8 (Refinement of Čech cohomology). Let V D .Vj /j2J be
a second open covering of X . A morphism of open coveringsV ! U is a map 	 W J ! I

such that Vj � U	.j / for all j 2 J (then V is a refinement of U). We obtain the category
of open coverings (Cov(X)) of X .

If .gi i 0/ is a Čech 1-cocycle on U, then the tuple 	
.g/jj 0 D g	.j /	.j 0/jVj\Vj 0 is a Čech
1-cocycle on V . It is easy to see that this construction induces a map

	
W LH1.U;A/! LH1.V ;A/:

Therefore we obtain a functor U ! LH1.U;A/ from (Cov(X))opp to the category of
pointed sets. We leave it to the reader to make the (easy) check that the category
(Cov(X))opp is filtered (Problem 7.1). The pointed set

LH1.X;A/ WD colim
U
LH1.U;A/;

is called the (first) Čech cohomology of A on X . Note that the explicit description of
a filtered colimit of sets in Appendix Example 13.38 shows that the map from LH1.U;A/
to the colimit in the category of sets the distinguished points are all sent to the same point
e. Hence the colimit of the LH1.U;A/ in the category of pointed sets is the colimit in the
category of sets endowed with the point e.

Remark 7.9 (Abelian Čech cohomology). If A is a sheaf of abelian groups, the set
of Čech 1-cocycles of A on U forms an abelian group with respect to componentwise
multiplication .gij /.g0ij / WD .gij g

0
ij /. The equivalence relation of being cohomologous

is compatible with the group structure and therefore LH1.U;A/ is an abelian group. For
every refinementV ofU the map LH1.U;A/! LH1.V ;A/ is a homomorphism of abelian
groups. Therefore LH1.X;A/ is an abelian group.

Example 7.10 (Čech cohomology of the circle). Let U D .U0; U1/ be an open covering
of X consisting of two open subsets. Then

LZ1.U;A/ �! A.U0 \ U1/;
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and a Čech 1-cocycle ofA onU is given by an element g D g01 2 A.U0\U1/. Moreover,
g; g0 2 A.U0 \U1/ are cohomologous if and and only if there exist hi 2 A.Ui /, i D 0; 1,
such that g0 D h0gh1.

Let X D S1 D f z 2 C I jzj D 1 g, A be an abelian group, A D AS1 the associated
constant sheaf, U0 D S1 n f1g, U1 D S1 n f�1g. Then

A.U0/ D A.U1/ D A

because U0 and U1 are connected. Moreover U0 \ U1 D WC t W� with W˙ WD˚
z 2 S1 I ˙Im.z/ > 0 �. Hence

A.U0 \ U1/ �! A � A; f 7! .f jWC ; f jW�/:

The restriction map A.Ui / 7! A.U0 \ U1/ is given by A 3 a 7! .a; a/ 2 A2. Hence we
see:

g D .aC; a�/ 2 A2 and g0 D .a0C; a0�/ cohomologous

, 9 b0; b1 2 AW a0C D b0 C aC C b1; a0� D b0 C a� C b1
, 9 b 2 AW a0C D aC C b; a0� D a� C b
, a0C � a0� D aC � a�:

In other wordsH1.U; AS1/ Š A.

Remark 7.11. Let X D`i Xi . Then LH1.X;A/ DQi2I LH1.Xi ;AjXi /.

Remark 7.12 (Čech cohomology and torsors). We will now construct an isomorphism
of pointed sets

H1.X;A/ Š LH1.X;A/: (7.2)

Let T be anA-torsor and letU D .Ui /i2I be an open covering ofX that trivializes T , i.e.,
T .Ui / ¤ ; for all i . Set Uij D Ui \ Uj for all i; j 2 I . Choose elements ti 2 T .Ui /. As
A acts simply transitively, there exists a unique element gij 2 A.Uij / such that gij tj D ti .
We have gkj gj i ti D tk D gki ti and thus gkj gj i D gki . Hence .gij /ij is a Čech 1-cocycle.
For a different choice of elements ti we obtain a cohomologous 1-cocycle. Hence this
construction yields a morphism of pointed sets

cA;UWH1.U;A/! LH1.U;A/: (7.3)
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If 	 WV ! U is a morphism of open coverings, one easily checks that

H1.U;A/ cA;U LH1.U;A/

	


H1.V ;A/ cA;V LH1.V ;A/

(7.4)

is a commutative diagram. By taking inductive limits we obtain a map of pointed sets

cAWH1.X;A/! LH1.X;A/: (7.5)

Proposition 7.13. The maps cA;U are isomorphisms of pointed sets. In particular, cA is
an isomorphism.

Proof. We define an inverse of cA;U as follows. Let .gij / be a representative of a class in
LH1.U;A/. For V � X open we set

T .V / D
(

.ti / 2
Y

i

A.Ui \ V / I ti t�1j D gij
)

: (7.6)

Endowed with the obvious restriction maps, T is a sheaf. We define an A-action on T
via g � .ti /i D .tig

�1/i . For a fixed k 2 I and for V � Uk the map A.V / ! T .V /,
g 7! .gikg

�1/i , defines an isomorphism of AjUk -sheaves AjUk ! T jUk whose inverse is
given by .ti / 7! t�1k . Thus T is an A-torsor that is trivialized by U. If .gij / is replaced
by a cohomologous cocycle .g0ij / D .higij h

�1
j / with an associated A-torsor T 0, then

.ti / 7! .hi ti /i defines an isomorphism T
�! T 0 of A-torsors. �

Remark 7.14. The commutative diagram (7.4) then also shows that the maps 	
W LH1

.U;A/ ! LH1.V ;A/ are injective and depend only on U and V (but not on the choice
of a morphism 	 WV ! U). In particular LH1.U;A/! LH1.X;A/ is injective.

Corollary 7.15. If A and A0 are two sheaves of groups on a topological space X , then
H1.X;A �A0/ D H1.X;A/ �H1.X;A0/.

Proof. This is clear for Čech cohomology. �

For concrete calculations of LH1.X;A/ it suffices very often to calculate LH1.U;A/ for
a sufficiently nice open coveringU by the following result.
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Proposition 7.16. Let U D .Ui /i2I be an open covering of X such that LH1.Ui ;A/ D 0
for all i 2 I . Then LH1.U;A/! LH1.X;A/ is an isomorphism.

Proof. It suffices to show: Let V D .Vj /j2J be a refinement of U and let 	 W J ! I be
a morphism of open coverings. Then 	
W LH1.U;A/! LH1.V ;A/ is bijective.

It is injective by Remark (7.14). Hence it remains to show that 	
 is surjective. Let
Ui\V WD .Ui\Vj /j2J . This is an open covering ofUi . As LH1.Ui\V ;A/! LH1.Ui ;A/

is injective (Remark 7.14), we find

LH1.Ui \V ;A/ D 1: (*)

Let � D .�jj 0/j;j 02J 2 LZ1.V ;A/ and define �.i/ 2 LZ1.Ui \V ;A/ by

�
.i/

jj 0 WD �jj 0 jUi\Vj\Vj 0 :

By (*) there exist g.i/j 2 A.Ui \ Vj / such that

�jj 0 D
�
g
.i/
j

��1
g
.i/

j 0

and hence for all i; i 0 2 I

g
.i 0/
j

�
g
.i/
j

��1 D g.i 0/j 0
�
g
.i/

j 0
��1 2 A.Ui \ Ui 0 \ Vj \ Vj 0/: (**)

Now define � 2 LZ1.U;A/ by

�i 0i jVj WD g.i
0/

j

�
g
.i/
j

��1
:

This is possible because of (**). Moreover set hj WD
�
g
.	.j //
j

��1 2 A.U	.j / \ Vj /. Then
we have on Vj \ Vj 0 D U	.j / \ U	.j 0/ \ Vj \ Vj 0 :

hj .	

.�//jj 0 D hj �	.j /	.j 0/ D hjg.	.j //j

�
g
.	.j 0//
j

��1

D
�
g
.	.j 0//
j

��1 D
�
g
.	.j 0//
j

��1
g
.	.j 0//
j 0 hj 0

D �jj 0hj 0 ;
and hence 	
.�/ is cohomologous to �. �

Corollary 7.17. Let X be a locally path connected space and let G be a group. Let
U D .Ui /i be an open covering of X such that Ui is simply connected for all i . Then
H1.U; GX/ D H1.X;GX/.

Proof. We can apply Proposition 7.16 by Proposition 7.5. �
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Example 7.18. Let X D S1, let A be an abelian group, and let U D .U0; U1/ WD
.S1 n f1g; S1 n f�1g/. Then Ui is homeomorphic to the open interval .0; 1/ and hence
simply connected. Hence Corollary 7.17 implies that LH1.S1; AS1/ D LH1.U; AS1/ Š A

by Example 7.10.

7.3 First Term Sequence of Cohomology

An important tool to calculate cohomology pointed sets is by relating them to already-
known cohomology pointed sets using long exact cohomology sequences. This is particu-
larly useful if the cohomology sets carry a group structure but can be also used in general.
Hence we explain first what is meant by an exact sequence of pointed sets.

Definition 7.19. A sequence of morphisms of pointed sets

: : :
'i�1�! .Hi�1; ei�1/

'i�! .Hi ; ei /
'iC1�! .HiC1; eiC1/

:::�!

is called exact if for all i

Ker.'iC1/ WD f h 2 Hi I 'iC1.h/ D eiC1 g D Im.'i /:

Note that if 'W .H; e/ ! .H 0; e0/ is a morphism of pointed sets, then Ker.'/ D feg
does not imply that ' is injective in general.

Remark 7.20. Let 'WA! A0 be a homomorphism of sheaves of groups. Sending a Čech
cocycle .gij / of A to .'.gij // defines a homomorphism of pointed sets

LH1.'/W LH1.X;A/! LH1.X;A0/: (7.7)

We obtain a functor LH1.X; �/ from the category of sheaves of groups on X to the category
of pointed sets.

We can also define H1.'/WH1.X;A/ ! H1.X;A0/ via torsors as follows. Let T be
an A-torsor. We let A act on A0 � T via

.a; .a0; t// 7! .a0'.a�1/; at/

for a 2 A.U /, a0 2 A0.U /, t 2 T .U /, U � X open. Let A0 �A T be the sheafification of
the presheaf that sends U � X open to the set ofA.U /-orbits in A0 � T . We let A0 act on
A0 �A T from the left by multiplication on the first factor. This makes A0 �A T into an
A0-torsor (see Problem 7.3) and T 7! A0 �A T defines the map H1.'/ of pointed sets.
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Remark 7.21. Let X be a topological space and let

1! A0
��! A

��! A00 ! 1 (7.8)

be an exact sequence of sheaves of groups on X . Define a connecting map

ıWA00.X/! LH1.X;A0/ (7.9)

as follows. For g00 2 A00.X/ let U D .Ui /i be an open covering of X such that there
exist gi 2 A.Ui / whose image in A00.Ui / is g00jUi . For all i; j let g0ij 2 A0.Uij / be the

unique element that is mapped to gig�1j 2 A.Ui \ Uj /. Then .g0ij / is a Čech cocycle on
U. A different choice of elements gi yields a cohomologous cocycle. Therefore its class
ı.g00/ in LH1.X;A/ is well defined. It is clear that ı is a morphism of pointed sets.

One can define ı also via torsors as a map ıWA00.X/ ! H1.X;A0/ as follows. Let
g00 2 A.X 00/. Define a sheaf of sets Tg00 on X by

Tg00.U / WD
˚
t 2 A.U / I �.t/ D g00jU

�
: (7.10)

Then A0.U / acts on Tg00.U / by .g0; t/ 7! �.g0/t and this makes Tg00 into an A0-torsor.
Then ı.g00/ is the isomorphism class of Tg00 .

Proposition 7.22. The following sequence of pointed sets is exact:

1 �! A0.X/
�X����! A.X/

�X����! A00.X/
ı����! LH1.X;A0/

LH1.�/����! LH1.X;A/
LH1.�/����! LH1.X;A00/:

(7.11)

Moreover, one has the following assertions.

1. Assume that A0 is a subgroup sheaf of the center of A (in particular it is a sheaf of
abelian groups). Then ı is a homomorphism of groups, and LH1.�/ induces an injection
of the group Coker.ı/ into the pointed set LH1.X;A/.

2. Assume that A0, A, and A00 are abelian sheaves. Then the sequence (7.11) is an exact
sequence of abelian groups.

The same sequence exists with H1 instead of LH1 and it is an instructive (and not too
difficult) exercise to check all of the above assertions in the language of torsors.

Proof. �X injective. Proposition 3.18.
Im.�X/ D Ker.�X/. “�” is clear. Let g 2 Ker.�X/. Then gx 2 Ker.�x/ D Im.�x/

for all x 2 X . Hence there exists x 2 Ux � X open and g0x 2 A0.U x/ such that
�.g0x/ D gjUx . For x; y 2 X one has

�.g0x jUx\Uy / D gjUx\Uy D �.g0y jUx\Uy /
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and hence g0x jUx\Uy D g0y jUx\Uy because �WA0.U x \ Uy/! A.U x \ Uy/ is injective.
Hence there exists g0 2 A0.X/ such that �.g0/ D g.

Im.�X/ � Ker.ı/. Let g00 D �X.g/ 2 Im.�X/. Then we may choose gi D gjUi in the
definition of ı and hence g0ij D 1 and therefore g00 2 Ker.ı/.

Im.�X/ � Ker.ı/. Let g00 2 Ker.ı/, i.e., we find an open covering .Ui /i of X ,
gi 2 A.Ui / and h0i 2 A0.Ui / such that

�.gi / D g00jUi and �.h0�1i h0j / D gig�1j , 1 D �.h0i /gig�1j �.h0j /
�1

for all i; j 2 I . Replacing gi by �.h0i /gi we may assume that gi D gj 2 A.Ui \ Uj /.
Hence there exists g 2 A.X/ such that gjUi D gi . Then �.g/jUi D g00jUi and hence
�.g/ D g00.

Im.ı/ D Ker. LH1.�//. Let .Ui /i be an open covering and let � D .g0ij /i;j 2
LH1.U;A0/. Then:

� 2 Im.ı/, LH1.�/.�/ D .gig�1j /i;j with gi 2 A.Ui /

, �1.�/ is cohomologous to 1:

Im. LH1.�// D Ker. LH1.�//. This follows from Im.�Ui / D Ker.�Ui / for every open
subset Ui of X .

Assertions (1) and (2) are easy to check. �

Remark 7.23. One can define the first terms of the cohomology sequence (7.11) in the
following more general situation. Let A0 be a sheaf of subgroups of a sheaf of groups
A and let A=A0 be the sheafification of the presheaf of left cosets U 7! A.U /=A0.U /.
Then .A=A0/.X/ is a pointed set (the distinguished element is the image of 1 2 A.X/ in
.A=A0/.X/). The same construction of ı and the same arguments as above show that one
still has an exact sequence of pointed sets

1 �! A0.X/ �! A.X/ �! .A=A0/.X/
ı�! LH1.X;A0/ �! LH1.X;A/:

(7.12)

7.4 Problems

Problem 7.1. Let X be a topological space. Show that the category (Cov(X))opp is fil-
tered.

Problem 7.2. Let X be a topological space, G a sheaf of groups acting on a sheaf of sets
T . The action is called transitive (respectively free) if the morphism G � T ! T � T ,
.g; t/ 7! .t; gt/ for g 2 G.U /, t 2 T .U /, U � X open, is a surjective (respectively
injective) morphism of sheaves.
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1. Show that G acts freely on T if and only if for all U � X open and for all t 2 T .U /
the stabilizer of t in G.U / is trivial.

2. Show that T is a pseudotorsor if and only if the G-action is free and transitive.
3. Let e be the final sheaf, i.e., e.U / is the set consisting of a single element for all
U � X open. Show that e is a final object in (Sh(X)) and that a G-pseudotorsor T is
a torsor if and only if T ! e is an epimorphism.

Problem 7.3. Let X be a topological space and G be a sheaf of groups on X . Let T
(respectively T 0) be a sheaf of sets on X that is endowed with a right action T � G ! T

(respectively a left action G � T 0 ! T 0) of G. Define a left G-action of T � T 0 by
g � .t; t 0/ WD .tg�1; gt 0/ for g 2 G.U /, t 2 T .U /, t 0 2 T 0.U /, U � X open. The
contracted product T �G T 0 is defined as the sheaf associated with the presheaf whose
value on U is the set of G.U /-orbits of T .U / � T 0.U /.

Let 'WG ! G0 be a homomorphism of sheaves of groups on X and letG0r be the sheaf
G0 with the right G-action given by g0 � g WD g0'.g/ on local sections. Let G0 act on
G0r �G T from the left on G0r �G T via the first factor.

1. Show that for every sheafE onX one has Hom(Sh(X )).E; T�GT 0/ D Hom(Sh(X )).E; T�
T 0/G , where . /G denotes G-invariants.

2. Show that T 7! G0r �G T defines a functor from the category of sheaves with G-action
to the category of sheaves with G0-action. Show that this functor is left adjoint to the
functor T 0 7! T 0' , where T 0' is the sheaf T 0 with G-action .g; t 0/ 7! '.g/t 0.

3. Suppose thatG acts transitively (respectively freely) on T (Problem 7.2). Show thatG0

acts transitively (respectively freely) on G0r �G T . Deduce that if T is a G-torsor, then
G0r �G T is a G0-torsor defining a map H1.'/WH1.X;G/ ! H1.X;G0/ of pointed
sets.

4. Show that the following diagram is commutative:

H1.X;G/
H1.'/

cG

H1.X;G0/

cG0

LH1.X;G/
LH1.'/ LH1.X;G0/:

Problem 7.4. Let M � C be open, f WM ! C be a holomorphic map and let Lf .U /
be the set of logarithms of f , i.e., the set of holomorphic maps gWU ! C such that
exp ıg D f jU for U � M open. Endow Lf with the structure of a ZM -pseudotorsor,
which is a torsor if and only if f .z/ ¤ 0 for all z 2 M . Show that a holomorphic map
f WM ! C� has a logarithm ifM is simply connected.

Problem 7.5. LetX be a topological space, x 2 X ,G a group, and let G be the skyscraper
sheaf in x with values G (Problem 3.6). Show thatH1.X;G/ D 1.
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Problem 7.6. Let n � 1 and let A be an abelian group.

1. Show H1.P 1.R/; AP1.R// D A and H1.P n.R/; APn.R// D fa 2 A I 2a D 0 g for
n � 2.

2. Show thatH1.P n.C/; APn.C// D 0.

Problem 7.7. Let X D P 1.C/, U D .U0; U1/ with U0 D P 1.C/ n f.1 W 0/g and U1 D
P 1.C/ n f.0 W 1/g, and let OP1.C/ the sheaf of holomorphic functions on P 1.C/. Show
that H1.U;OP1.C// D 0. In Theorem 10.22 we will see that H1.C;OC/ D 0. Deduce
thatH1.P 1.C/;OP1.C// D 0.
Hint: Use the theory of Laurent series.

Problem 7.8. Let X � C be open and let OX be the sheaf of holomorphic functions. Let
f WX ! C be a holomorphic function.

1. Show that the following sequence of sheaves of abelian groups is exact:

1 �! .C�/X �! O�X
dlog�! OX ! 0;

where dlog.g/ WD g0=g.
2. Show that if X is simply connected, then there exists a holomorphic map gWX ! C�

with g0=g D f .
3. Show that the sheaf of holomorphic solutions of the differential equation u0 D f u is

a locally constant sheaf of 1-dimensional C-vector spaces. Show that the differential
equation has a solution without zeros if X is simply connected.
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We will now study morphisms of premanifolds � WX ! B that look locally on B like
a fixed morphism pWZ ! B . We then call � a twist of p. Important special cases are
fiber bundles, where pWB � F ! B is a projection. Moreover, one often endows twists
with an additional datum that restricts the changes between different local isomorphisms
of p and � to a fixed subsheaf of the sheaf all automorphisms of p. For fiber bundles
this subsheaf will usually be given by a faithful action of a Lie group G on the fiber F .
An important special case of a fiber bundle is the notion of a principal bundle for a Lie
group G. They are in a way the universal fiber bundles for a given structure group G
(Remark 8.22).

Most of the results in Sect. 8.1 hold verbatim if one replaces “premanifold” with “-
topological space” and “Lie group” with “topological group”. Notable exceptions are
Remark 8.10 and Example 8.21 as for topological groups the projection G ! G=H does
not have local sections in general.

In the next section we study a very important special case of fiber bundles: vector
bundles. This is the main topic of this chapter. There are two ways to look at vector
bundles. The first point of view is that of a fiber bundle where the typical fiber is a vector
space and where the local coordinate changes are linear. This is explained in Sect. 8.2.
The second point of view is to consider vector bundles as locally free modules over the
structure sheaf. Hence we introduce such modules in Sect. 8.3 and prove in Sect. 8.4 that
both point of views are equivalent.

Among the most important vector bundles is the tangent bundle whose fiber at a point
p of a premanifoldM is the tangent space Tp.M/. This will be described as a geometric
vector bundle as well as a locally free module. The dual of the tangent bundle is the
vector bundle of differential 1-forms and by taking exterior powers we obtain differential
forms of arbitrary degree. We conclude the chapter by defining the de Rham complex of
a premanifold.
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8.1 Twists, Fiber Bundles, and Principal Bundles

Twists will be premanifolds endowed with a morphism to a fixed premanifoldB , the “base
premanifold”. Hence let us introduce the following general terminology.

Definition 8.1. Let C be a category and let B be an object of C. Define the category of
B-objects of C, denoted by C=B :

(a) Objects in C=B are morphisms pWX ! B in C, usually denoted by .X; p/.
(b) A morphism .X; p/! .Y; q/ in C=B is a morphism �WX ! Y in C such that qıf D

p. It is called a B-morphism.
Composition is given by composition in C.

In the sequel we will take for C the category of premanifolds (real C˛ for a fixed ˛ or
complex). We fix a premanifold B . Then objects in C=B are called B-premanifolds.

Twists
Let pWZ ! B be a morphism of premanifolds, in other words, .Z; p/ is aB-premanifold.
Let

Aut.p/ D AutB.Z/

be the sheaf of groups on B that attaches to U � B the group of automorphism of U -
premanifolds ˛Wp�1.U / �! p�1.U /.

Definition and Remark 8.2 (Twists). We fix a morphism pWZ ! B and a sheaf G of
subgroups of AutB.Z/.

1. For a morphism of premanifolds � WX ! B a G-twisting atlas of p for � is a family
.Ui ; hi /i2I where .Ui /i is an open covering of B and where hi is an isomorphism of
Ui -premanifolds

hi W��1.Ui / �! p�1.Ui / (8.1)

such that for all i; j 2 I we have

gij WD hi j��1.Uij / ı h�1j jp�1.Uij / 2 G.Uij /; (8.2)

where as usual Uij WD Ui \ Uj .
Note the similarity to the notion of an atlas of a premanifold, where one also has
a family of charts covering the premanifold such that the chart changes have certain
properties (namely being C˛-maps).

2. Given such a G-twisting atlas .Ui ; hi /i2I and a refinement .Vj /j2J of .Ui /i defined by

	 W J ! I such that Vj � U	.j / we let kj W��1.Vj / �! p�1.Vj / be the restriction of
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h	.j /. Then .Vj ; kj /j2J is again a G-twisting atlas of p for � , called a refinement of
.Ui ; hi /i2I .
Two G-twisting atlases .Ui ; hi /i2I and .U 0i ; h

0
i /i2I 0 are called equivalent if there ex-

ists refinements .Vj ; kj /j2J and .Vj ; k0j /j2J of .Ui ; hi /i2I and .U 0i ; h
0
i /i2I 0 respectively

(with the same underlying open covering .Vj /j ) such that kj ı .k0j /�1 2 G.Vj /.
3. A twist of p with structure sheaf G is a morphism of premanifold � WX ! B together

with an equivalence class of G-twisting atlases of p for � .
4. Let � D .� WX ! B; ŒUi ; hi �i2I / and � 0 D .� 0WX 0 ! B; ŒUi ; h

0
i �i2I / be twists of p

with structure sheaf G (after replacing G-twisting atlases by equivalent atlases we can
assume that the underlying open covering of both atlases is the same). An isomorphism
�

��! � 0 of twists of p with structure sheaf G is an isomorphism of B-manifolds
F WX �! X 0 such that for all i 2 I there exists gi 2 G.Ui / making the following
diagram commutative:

��1.Ui/
F

hi

� 0�1.Ui /

h0i

p�1.Ui /
gi

p�1.Ui /:

Remark and Definition 8.3 (Twists with full structure sheaf). If G D Aut.p/, then
any two G-twisting atlases are equivalent and it suffices to ask only for the existence of
an Aut.p/-twisting atlas. In other words, a twist of p with Aut.p/-structure is simply
a morphism � WX ! B of premanifolds such that there exists an open covering .Ui /i
of B and isomorphism of Ui -premanifolds ��1.Ui /

�! p�1.Ui /. In this case we simply
speak of a twist of p.

In general the equivalence class of a G-twisting atlas is a datum containing additional
information: There exist non-isomorphic twists of p with structure sheaf G such that the
underlying B-manifolds are isomorphic (Problem 8.1).

Remark 8.4 (Twists and Čech cohomology). Let pWZ ! B be a morphism of preman-
ifolds and G a sheaf of subgroups ofAutB.Z/. Let � D .� WX ! B; ŒUi ; hi �i2I / be a twist
of p with structure sheaf G. Then the gij defined in (8.2). Satisfy for all i; j; k 2 I the
cocycle condition

gkj gj i D gki 2 G.Uijk/: (8.3)

We obtain an element .gij /ij 2 LZ1.U;G/, where U WD .Ui /i . Let �U.�/ be its class in
LH1.U;G/. Refining .Ui ; hi /i by a refinementV replaces �U.�/ by its image in LH1.V ;G/.
If one chooses an equivalent G-twisting atlas, then .gij /ij is replaced by a cohomologous
cocycle. Similarly, any isomorphism of twists replaces .gij /ij by a cohomologous cocy-
cle. Hence the image �.�/ of �U.�/ in LH1.B;G/ depends only on the isomorphism class
of the twist � of p with structure sheaf G.
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Conversely, the twist � (or rather a B-premanifold isomorphic to � WX ! B) can be
glued from the family .p�1.Ui //i along the p�1.Uij / using the automorphisms gij , see
Proposition 4.11. Using the notation there, the isomorphisms hi are then given by the
inverse of the maps  i considered as isomorphisms onto their image.

Altogether, we obtain the following classification result of twists.

Theorem 8.5. The map � constructed in Remark 8.4 yields a bijection of pointed sets

� W
(
isomorphism classes of twists of p

with structure sheaf G

)
��! LH1.B;G/: (8.4)

The trivial class in LH1.B;G/ corresponds to the isomorphism class of the trivial twist
pWZ ! B endowed with the equivalence class of the trivial G-twisting atlas .B; idZ/.

Via the isomorphism LH1.B;G/ Š H1.B;G/ (Proposition 7.13), every isomorphism
class of a twist with structure sheaf G also corresponds to the isomorphism class of a
G-torsor. This can even be made into an equivalence of categories; see Problem 8.2 for
details.

Remark 8.6. One can work more generally with a not necessarily injective homomor-
phism ˛WG! Aut.p/. In this case one should add the .gij /i;j as an additional datum to a
G-twisting atlas. Using the obvious notion of “refinement” for such a G-twisting atlas one
obtains the notion of equivalence for such twisting atlases and hence a generalization of
a twist. The constructions in Remark 8.4 then still yield a bijective map

(
isomorphism classes of twists of p

with structure sheaf G

)
��! LH1.B;G/:

We leave details to the reader.

Remark 8.7 (Pullback of twists). Let pWZ ! B be a submersion and let r WB 0 ! B be
a morphism of premanifolds. We set Z 0 WD B 0 �B Z. As p is a submersion, we obtain by
Corollary 5.50 a commutative diagram

Z 0

p0

Z

p

B 0 r
B

of premanifolds, where r
.p/ WD p0 is the projection. Moreover p0 is again a submersion.
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Let � WX ! B be a twist of p. As � looks locally on B like p, � is also a submersion,
X 0 WD B 0 �B X is a premanifold, and the projection r
.�/ WD � 0WX 0 ! B 0 is a submer-
sion. If .Ui ; hi /i is a twisting atlas of p for � , then .f �1.Ui /; idB 0 �hi /i is a twisting atlas
of p0 for � 0. In particular, � 0 is a twist of p0, called the pullback of � via r .

Sheaves of Groups defined by Lie Groups
The most important special case of a twist is a fiber bundle where the structure sheaf is
given by the action of a Lie group on the fiber. Hence let us first study how Lie groups
give rise to sheaves of groups on a premanifold B .

Definition and Remark 8.8. Let M be a premanifold. Let OB IM be the sheaf of mor-
phisms from B to M , i.e., for U � B open we let OB IM.U / be the set of morphisms
of premanifolds U ! M . Then OB IM is a sheaf of M -valued functions on B . If
'WM ! N is a morphism of premanifolds, composition with ' yields a morphism of
sheaves 'B WOB IM ! OB IN . We obtain a functor from the category of premanifolds to the
category of sheaves of sets on B .

IfM D G is a Lie group, then the group structure on G endows OB IG.U / with a group
structure by pointwise multiplication makingOB IG into a sheaf of groups. For a homomor-
phism 'WG ! H of Lie groups, 'B is a morphism of sheaves of groups OB IG ! OB IH .
We obtain a functor from the category of Lie groups to the category of sheaves of groups
on B .

Example 8.9.

1. If G is an abstract group considered as a 0-dimensional Lie group, then OB IG is the
constant group sheaf GB on B attached to G.

2. Let G D .K;C/ considered as a 1-dimensional Lie group. Then OB IK is the underly-
ing sheaf of abelian groups of the structure sheaf OB on B .

3. Let G D GLn.K/. Then GLn;B WD OB IGLn.K/ is the group sheaf that attaches to
U � B open the group GLn.OB.U //. In particular O�B WD OB IK� is the sheaf of
K-valued nowhere vanishing morphisms.

To calculate LH1.B;OB IG/ it is useful to have exact cohomology sequences. To use this
tool, we show that every short exact sequence of Lie groups yields an exact sequence of
sheaves on any premanifold.

Remark 8.10. Let �WH ,! G be the inclusion of a Lie subgroup into a Lie group G
and let G=H be the quotient manifold (Corollary 6.23). Then �B identifies OB IH with
a sheaf of subgroups of OB IG . We claim that OB IG=H is the sheaf OB IG=OB IH of left cosets
(Remark 7.23).

Indeed, composition with the projection � WG ! G=H yields a morphism of sheaves
�B WOB IG ! OB IG=H and for two morphisms g; g0WU ! G, U � B open, one has
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� ı g D � ı g0 if and only if .g�1g0/.b/ 2 H for all b 2 U . Hence �B induces an
injective morphism of sheaves OB IG=OB IH ! OB IG=H . As � is a surjective submersion,
it has locally on G=H sections that are morphisms of premanifolds. This shows that �B is
surjective. Hence OB IG=OB IH ! OB IG=H is also surjective.

We obtain by Remark 7.23 a cohomology sequence

1 �! Hom(PMfd).B;H/ �! Hom(PMfd).B;G/ �! Hom(PMfd).B;G=H/
ı�! LH1.B;OB IH/ �! LH1.B;OB IG/:

(8.5)

IfH is normal inG, thenG=H is a Lie group and (8.5) can be extended by LH1.X;OB IG=H /
on the right-hand side (Proposition 7.22). If G is an abelian Lie group, this sequence is an
exact sequence of abelian groups.

Example 8.11. We consider the complex exponential sequence

0 �! Z �! C
exp.2�i �/�����! C� �! 1;

which we consider as an exact sequence of complex Lie groups. Hence we obtain by
Remark 8.10 for every complex premanifold B an exact sequence of sheaves of abelian
groups

0 �! ZB ����! OB
f 7!exp.2�if /���������! O�B �! 1;

yielding a cohomology sequence

0 �! Z�0.B/ �! OB.B/ �! O�B.B/

�! LH1.B;ZB/ �! LH1.B;OB/ �! LH1.B;O�B/:
(8.6)

Hence we deduce that every non-vanishing holomorphic function on B has a logarithm
if and only if H1.B;ZB/ ! H1.B;OB/ is injective. This is for instance the case if
H1.B;ZB/ D 0 and hence if B is simply connected (Proposition 7.5).

Moreover, by (8.15) below we will see that LH1.B;O�B/ classifies (complex holomor-
phic) line bundles on B . To use the cohomological formalism to study LH1.B;O�B/ it
would be desirable to extend (8.6) to the right by defining higher cohomology groups
Hp.B; �/ for p � 2. This will be the topic of Chap. 10.

Fiber Bundles
We now define fiber bundles over a fixed premanifold B as twists of the projection B �
F ! B , where F is some fixed premanifold. The structure sheaf will be given by a faith-
ful action of a Lie group G on F .
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Remark and Definition 8.12 (Fiber bundles). Let us fix a premanifold F , a Lie group
G, and a faithful action of G on F by a morphism of premanifolds G � F ! F . Let
pWB � F ! B be the projection. Then

OB IG ! Aut.p/; g 7! 	
.b; f / 7! .b; g.b/f /



(8.7)

(g 2 OB IG.U /, .b; f / 2 U � F , U � B open) is a homomorphism of sheaves of groups
over B . It is injective because the G-action on F is faithful. We use it to consider OB IG as
a sheaf of subgroups of Aut.p/.

A twist � WX ! B of pWB � F ! B (without specifying any structure group, Re-
mark 8.3) is called a fiber bundle with basis B and typical fiber F . A twist .� WX !
B; ŒUi ; hi �i2I / of pWB � F ! B with structure group sheaf OB IG is called a fiber bundle
with basis B , typical fiber F , and structure group G. A OB IG-twisting atlas for a fiber
bundle with basis B and typical fiber F is called a G-bundle atlas. An equivalence class
of G-bundle atlases is called a G-bundle structure. In other words, a fiber bundle with
basis B , typical fiber F , and structure group G is the same as a fiber bundle with basis B
and typical fiber F together with the datum of a G-bundle structure.

An isomorphism of twists of p with structure group sheaf OB IG is called an isomor-
phism of fiber bundles with basis B , typical fiber F , and structure group G. We obtain
a category in which all morphisms are isomorphisms, denoted by .FIBF;G.B//. We denote
by FibF;G.B/ the set of isomorphisms classes in .FIBF;G.B//.

By Theorem 8.5 we have a bijection

FibF;G.B/
��! LH1.B;OB IG/: (8.8)

The trivial cocycle in LH1.B;OB IG/ corresponds to the isomorphism class of the trivial
fiber bundle pWB � F ! B endowed with the equivalence class of the trivial G-bundle
atlas .B; idB�F /.

Very often, one writes also simply LH1.B;G/ instead of LH1.B;OB IG/.

Remark 8.13. If the action of G on F is not faithful, the homomorphism (8.7) is not
injective and one has to fix the cocycle defining the fiber bundle as an extra datum (Re-
mark 8.6).

Example 8.14. Let F be a discrete space, considered as a 0-dimensional premanifold,
and consider the group Aut.F / of all permutations of F as a 0-dimensional Lie group.
Then the action of Aut.F / on F is faithful and a fiber bundle with basis B , typical fiber
F , and structure group Aut.F / is the same as a covering space pW QB ! B of B such that
p�1.b/ Š F for all b 2 B (Remark 8.3).

Example 8.15 (Möbius band). Let B D S1 D f z 2 C I jzj D 1 g, F D .�1; 1/ and let
G WD f˙1g, considered as a 0-dimensional real Lie group, act on F via multiplication.
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By Example 7.18 we have LH1.S1;GS1/ Š LH1.U; GS1/ D LZ1.U; GS1/= � where U D
.U0; U1/ WD S1 n f1g; S1 n f�1g/. Moreover LZ1.U; GS1/ D GS1.U0 \U1/ D G �G and
."C; "�/ � ."0C; "0�/ if "C"� D "0C"0�.

Therefore there are precisely two isomorphism classes of fiber bundles with typical
fiber .�1; 1/ and structure group f˙1g over S1. The fiber bundle corresponding to the
trivial class is B � F .

The non-trivial isomorphism class of the fiber bundle is given by the cocycle .C1;�1/ 2
LZ1.U; GS1/ (or by the cohomologous cocycle .�1;C1/). If we write U0\U1 D WC[W�
withW˙ WD

˚
z 2 S1 I ˙Im.z/ > 0 �, then it is obtained from gluing U0 �F and U1 �F

along .U0 \ U1/ � F via the automorphism

.U0 \ U1/ � F 3 .b; x/ 7!
8
<

:

.b; x/; if x 2 WCI

.b;�x/; if x 2 W�:

We obtain the Möbius band (Example 4.30).

Fiber bundles “inherit” the following properties from the trivial bundle B � F ! B .

Proposition 8.16. Let F ¤ ; be a premanifold and let � WX ! B be a fiber bundle with
basis B and typical fiber F .

1. Then � is a surjective submersion.
2. If F is Hausdorff, then � is separated. IfB and F are manifolds, thenX is a manifold.

Proof. 1. Working locally on B we can assume that X D B � F and that � is the
projection. This shows that � is surjective submersion.

2. To see that � is separated, we can again assume the � is the projection B�F ! B .
This is separated because F is Hausdorff. If B is also Hausdorff, then X is Hausdorff
by Corollary 1.27. If B is second countable, then B is a Lindelöf space (Theorem 4.28).
Hence we can assume there exists a countable open covering .Un/n of B such that for all
n one has isomorphisms hnW��1.Un/ �! Un � F . As Un � F is second countable, X has
a countable covering by second countable open subspaces. Hence X is second countable.

�

Remark and Definition 8.17 (Pullback of fiber bundles). Let F ¤ ; be a premanifold
and let G be a Lie group acting faithfully on F by a morphism of premanifoldsG �F !
F . Let r WB 0 ! B be a morphism of premanifolds. Then the projection B 0 �B .B �F /!
B 0 � F is an isomorphism with inverse .b0; f / 7! .b0; r.b0/; f /. Hence if � WX ! B is
a fiber bundle with typical fiber F , then its pullback � 0 WD r
.�/WX 0 WD B 0 �BX ! B 0 is
a fiber bundle with typical fiber F overB 0 (Remark 8.7). Note that the projectionX 0 ! X

induces isomorphisms of the fibers � 0�1.b0/
�! ��1.r.b0//.
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Now let .Ui ; hi /i be a G-bundle atlas. We set

h0i WD idr�1.Ui /�hi Wr�1.Ui/ �Ui ��1.Ui / D � 0�1
	
r�1.Ui /




��! r�1.Ui / �Ui .Ui � F / D r�1.Ui / � F:

Then .r�1.Ui /; h0i /i is a G-bundle atlas for � 0. It is immediate that this construction
sends equivalent G-bundle atlases for � to equivalent G-bundle atlases for � 0. Therefore
we have constructed for every fiber bundle � D .�; ŒUi ; hi �i / with typical fiber F and
structure group G over B a fiber bundle r
.�/ with typical fiber F and structure group G
over B 0.

If f W �1 �! �2 is an isomorphism of fiber bundles with typical fiber F and structure
group G over B , then r
.f / WD idB 0 �f WB 0 �B X1 �! B 0 �B X2 is an isomorphism of
fiber bundles with typical fiber F and structure group G over B 0. We obtain a functor

r
W .FIBF;G.B// �! .FIBF;G.B
0// (8.9)

called pullback under r .
If .gij WUi \ Uj ! G/ij is the cocycle of OB IG given by a G-bundle atlas .Ui ; hi /i

of � , then .gij ı r W r�1.Ui \ Uj / ! G/ij is the cocycle of OB 0IG given by the G-bundle
atlas .r�1.Ui /; h0i /i of r


.�/. The map .gij /ij 7! .gij ı r/ij yields a morphism of pointed
sets r
W LH1.B;OB IG/! LH1.B 0;OB 0IG/. It is a homomorphism of abelian groups if G is
abelian. We obtain a commutative diagram

FibF;G.B/
�

r


LH1.B;OB IG/

r


FibF;G.B 0/
� LH1.B 0;OB 0IG/:

(8.10)

Definition and Remark 8.18 (Morphisms of fiber bundles). Let F ¤ ; be a preman-
ifold and let G be a Lie group acting faithfully on F by a morphism of premanifolds
G � F ! F . Let r WB 0 ! B be a morphism of premanifolds and let � D .X !
B; ŒUi ; hi �i / (respectively � 0 D .X 0 ! B 0; ŒU 0i ; h

0
i �i /) be fiber bundles with typical fiber

F and structure group G over B (respectively B 0). A morphism � 0 ! � of fiber bundles
with typical fiber F and structure group G along r is an isomorphism RW � 0 �! r
.�/ of
fiber bundles with typical fiber F and structure group G over B 0. Sometimes one writes
.Or; r/ for such a morphism, where Or is the composition X 0

R�! B 0 �B X
pr2�! X .

Principal Bundles
An important special case of a fiber bundle is a principal bundle.
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Definition 8.19 (Principal bundle). LetG be a Lie group and consider the faithful action
on itself by left multiplication. A fiber bundle with basis B , typical fiber G, and structure
group G is called a principal G-bundle over B .

We denote by PrincG.B/ the set of isomorphism classes of principal G-bundles. By
(8.8) we have a bijection

PrincG.B/
��! LH1.B;OB IG/: (8.11)

There is a different way to describe the G-bundle structure for a principal G-bundle.

Proposition 8.20. Let G be a Lie group. The following data are equivalent:

(a) A principal G-bundle .� WX ! B; ŒUi ; hi �i2I / over B .
(b) A morphism of premanifolds � WX ! B and a right action of G on X by a morphism

of premanifolds such that there exists an open covering .Ui /i2I of B and for all i 2 I
an isomorphism of Ui -premanifolds hi W��1.Ui / �! Ui �G such that

h�1i .b; gg
0/ D h�1i .b; g/g0; b 2 Ui ; g; g0 2 G: (8.12)

Moreover, if these data are given, then the right action of G on X preserves the fibers
X.b/ WD ��1.b/ and the induced action of G on X.b/ is simply transitive for all b 2 B .

Proof. Let there be given a datum as in (b). Then � WX ! B is a fiber bundle with basis
B and typical fiber G. Let us show the last assertion. The G-right action preserves the
fibers because of (8.12) and because the hi preserve fibers. For x 2 X and g0 2 G we
choose i 2 I with b WD �.x/ 2 Ui . Let hi .x/ D .b; g/. Then xg0 D h�1i .b; gg

0/ by
(8.12) and hence �.xg0/ D b. Moreover, the hi induce for all b an isomorphism

hi;b WX.b/ �! fbg �G D G

and (8.12) shows that hi;b is G-equivariant if we endow the right-hand side with the (sim-
ply transitive) action of G by right multiplication. Hence the right action of G on X.b/ is
simply transitive.

Let us now construct a G-bundle structure from a datum as in (b). For i; j 2 I ,
b 2 Ui \ Uj the map hi;b ı h�1j;bWG ! G is a G-equivariant isomorphism. Hence it is

necessarily of the from g 7! gi;j;bg for some gi;j;b 2 G. Therefore b 7! hi;b ıh�1j;b defines
a morphism Ui \ Uj ! G, b 7! gi;j;b, for i; j 2 I , and .Ui ; hi /i is a G-bundle atlas for
� . A different choice of .Ui ; hi /i as in (b) yields equivalent G-bundle atlases. We obtain
a well-defined G-bundle structure on � .

Conversely, let .� WX ! B; ŒUi ; hi �i2I / be a principal G-bundle. For b 2 B choose
i 2 I with b 2 Ui . Then hi induces an isomorphism of the fibers hi;b WX.b/ �! fbg�G D
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G, which we use to define a right action on X.b/ by transport of structure, i.e., the right
action is given by

.x; g/ 7! h�1i;b .hi;b.x/g/; x 2 X.b/; g 2 G:

For every j 2 I with b 2 Uj there exists gi;j;b 2 G such that hi;b.x/ D gi;j;bhj;b.x/ and
hence we obtain the same rightG-action onX.b/ if we use hj for the definition. Therefore
the G-action is independent of the choice of i and we obtain a right G-action on X . The
same argument shows that passing to an equivalent OB IG-twisting atlas does not change
the G-action on X . To see that this action is a morphism of premanifolds we may work
locally on B . Then over Ui this follows because hi is an isomorphism of premanifolds.

�

Example 8.21. Let G be a Lie group, let H be a Lie subgroup of G, let G=H be the
quotient (Corollary 6.23), and let � WG ! G=H be the projection. Then the action of H
on G by right multiplication makes � into a principalH -bundle over G=H .

Indeed, as � is a surjective submersion, it looks locally as a projection (Corollary 5.23)
and we find an open covering .Ui /i of G=H and for all i sections si WG=H ! G of � .
Then

hi W��1.Ui / �! Ui �H; g 7! 	
�.g/; si .�.g//

�1g



is an Ui -isomorphism with inverse morphism .b; h/ 7! si .b/h. Clearly, h�1i satisfies
(8.12).

Remark 8.22 (Bundles associated with principal bundles). Let G be a Lie group and
let F be a G-premanifold.

Suppose that G acts faithfully on F . Then we obtain from (8.11) and (8.8) isomor-
phisms of pointed sets

PrincG.B/
��! LH1.B;OB IG/

��! FibF;G.B/: (8.13)

This isomorphism can be described by the following construction of fiber bundles from
a principal bundle. Let � WX ! B be a principal G-bundle over B whose G-bundle
structure is given by a right action X �G ! X (Proposition 8.20). Then

.x; f / � g WD .xg; g�1f /

defines a right G-action on X � F by a morphism of premanifolds. Let X �G F be the
set of G-orbits in X � F endowed with the quotient topology. Then

Q� WX �G F ! B; Œx; f � 7! �.x/

is a well-defined continuous map.
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Let us define the structure of a fiber bundle with typical fiber F and structure group G
on Q� . Let .Ui ; hi W��1.Ui / �! Ui �G/ be a G-bundle atlas for the principal bundle � and
let .gij / be the attached cocycle. Consider the continuous maps

Qki WUi � F �! Q��1.Ui /; .b; f / 7! �
h�1i .b; 1/; f

�
:

By definition of the quotient topology, Q��1.Ui / is open in X . Using that G acts simply
transitively on the fibers of � and that the hi are G-equivariant, one checks that Qki is
bijective. We have

� Qk�1j ı Qki
�
.b; f / D .b; gj if /; b 2 Ui \ Uj ; f 2 F:

Therefore Qk�1j ı Qki is over Ui \ Uj an isomorphism of premanifolds. In particular, Qki is
a local isomorphism and hence an isomorphism because Qki is bijective. As Qk�1j ı Qki is an
isomorphism of premanifolds over Ui \ Uj , there is a unique structure of a premanifold
on X �G F such that Qki is an isomorphism onto the open submanifold Q��1.Ui /. Hence
Q� WX ! B is a fiber bundle over B with typical fiber F . Setting Qhi WD Qk�1i , .Ui ; Qhi / is a
G-bundle atlas for Q� , which is given by the cocycle .gij /i;j .

Note that for the construction of X �G F it was not necessary to assume that G acts
faithfully on F (Remark 8.13). For instance we could have taken G acting trivially on
the one point manifold F D f
g. Then X �G F D X=G is the set of G-orbits in X .
Moreover, Q� WX=G ! B is a fiber bundle with typical fiber f
g over B , hence Q� is an
isomorphism of premanifolds.

The construction above yields in particular the following functoriality in G for G-
principal bundles.

Remark 8.23 (Functoriality for principal bundles). Let 'WG ! H be a homomor-
phism of Lie groups. Then G acts on H from the left by .g; h/ 7! '.g/h. This action is
faithful if and only if ' is injective. Let � D .� WX ! B;X �G ! X/ be a principal G-
bundle overB and set '.�/ WD X�GH . By Remark 8.22 this is a fiber bundle overB with
typical fiberH . ThenH acts on it from the right by the second factor Œx; h� �h0 7! Œx; hh0�
making '.�/ into a principalH -bundle. We obtain a commutative diagram

PrincG.B/
�

� 7!'.�/

LH1.B;OB IG/

LH1.'B/

PrincH.B/
� LH1.B;OB IH/:
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8.2 Vector Bundles

Among the most important examples of fiber bundles are vector bundles. We continue to
denote by B a premanifold.

Definition 8.24 (Vector bundle). Let V be a finite-dimensionalK-vector space. The Lie
group GL.V / acts faithfully on V by left multiplication. A fiber bundle � with basis B ,
with typical fiber V , and structure group GL.V / is called a vector bundle with typical fiber
V over B . We say that � has rank n if dimK.V / D n. A vector bundle of rank 1 is called
a line bundle.

If B is a real C˛-premanifold we may also choose for V to be a finite-dimensional
complex vector space V and consider GLC.V / as a real Lie group. In this case we speak
of a complex C˛-vector bundle on B of complex rank dimC.V /.

If B is a complex premanifold, we may also consider a real vector bundle in the cat-
egory of C˛-premanifolds (˛ 2 bN) on the underlying real C˛ premanifold of B . In this
case we speak of a C˛-vector bundle on B .

In the sequel, if we speak simply of a vector bundle over a premanifold B , we will
either mean

(a) vector bundles with a real vector space as fiber over a real C˛-premanifold B (also
called real C˛-vector bundle), or

(b) vector bundles with a complex vector space as fiber over a complex premanifold B
(also called holomorphic vector bundles).

Remark 8.25. By (8.8) we have a bijection

(
isomorphism classes of vector bundles

of rank n with basis B

)
��! LH1.B;GLn;B/ (8.14)

and in particular

Pic.B/ WD
(
isomorphism classes of line bundles

with basis B

)
��! LH1

	
B;O�B



: (8.15)

As O�B D GL1;B is a sheaf of abelian groups, Pic.B/ has the structure of an abelian group.
It is called the Picard group of B .

Example 8.26. The map eWR � f˙1g �! R�, .x; "/ 7! " exp.x/ is an isomorphism of
real Lie groups. Its inverse is given by z 7! .log.jzj/; sgn.z//. Let B be a real preman-
ifold. Applying the functor G 7! OB IG to the isomorphism e (Remark 8.8) we obtain

an isomorphism OB � .Z=2Z/B �! O�B of sheaves of abelian groups on B (identifying
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the groups f˙1g and Z=2Z). Therefore by (8.15) we obtain an isomorphism of abelian
groups

Pic.B/
�! H1.B;OB/ �H1.B; .Z=2Z/B/: (8.16)

We will see that for real C˛-manifolds B one has H1.B;OB/ D 0: For ˛ � 1 we will
prove this in Corollary 9.15; for real analytic manifolds see Remark 10.21. Therefore we
see

Pic.B/ Š H1.B; .Z=2Z/B/ (8.17)

for real manifolds B .

The vector bundle structure can also be described as follows.

Proposition 8.27. Let V be a finite-dimensional K-vector space. The following data are
equivalent:

(a) A vector bundle .� WE ! B; ŒUi ; hi �i2I / with typical fiber V over B .
(b) A morphism � WE ! B of premanifolds and for each b 2 B the structure of a K-

vector space on E.b/ WD ��1.b/ such that there exists an open covering .Ui/i of B
and isomorphisms of Ui -premanifolds hi W��1.Ui / �! Ui � V such that

hi;b WD hi jE.b/WE.b/ �! fbg � V D V

is an isomorphism of K-vector spaces.

In the sequel we will denote vector bundles usually by .E; �/ and it is understood that
they are endowed with both of the above structures. In particular the fibers E.b/ will
always be endowed with the structure of a K-vector space.

Proof. The proof is similar to the proof of Proposition 8.20. Given a datum as in (b), �
is a fiber bundle over B with typical fiber F . Moreover, we find that for i; j 2 I the map
b 7! hi;b ı h�1j;b is a morphism Ui \ Uj ! GL.V /. Hence .Ui ; hi /i is a OB IGL.V /-bundle
atlas for � . Any two choices of .Ui ; hi /i2I as in (b) define equivalent OB IGL.V /-bundle
atlases for � and hence a well-defined OB IGL.V /-bundle structure on � .

Conversely, let .Ui ; hi /i2I be a OB IGL.V /-bundle atlas for � . For b 2 B choose i 2 I
with b 2 Ui . Then hi induces a bijection hi;bWE.b/ �! fbg � V D V , which we use to
define a structure of K-vector space on E.b/ by transport of structure. For any i 0 2 I
with b 2 Ui 0 , hi;b and hi 0;b differ only by a linear automorphism of V and hence define the
same vector space structure on Eb . Therefore the vector space structure is independent of
the choice of i . The same argument shows that passing to an equivalent OB IGL.V /-twisting
atlas does not change the vector space structure on E.b/. �
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Although for fiber bundles (over a fixed basis) we defined only the notion of an isomor-
phism, the alternative description in Proposition 8.27 allows us to define a more general
notion of morphism for vector bundles. First let us agree that we mean by a vector bundle
over B (without specifying a typical fiber or a rank) a decomposition B D `

i Bi of B
into open and closed subpremanifolds and for all i a finite-dimensionalK-vector space Vi
and a vector bundle over Bi with typical fiber Vi . Then for a vector bundle .E; �/ over B
its rank is a locally constant function B ! N0, b 7! rkb.E/.

Definition 8.28. Let .E; �/ and .E 0; � 0/ be vector bundles over B (possibly of differ-
ent rank and in particular with different typical fiber). A morphism of vector bundles
.E; �/! .E 0; � 0/ is a B-morphism ˚ WE ! E 0 of premanifolds such that for all p 2 B
the maps ˚.p/ WD ˚ jE.b/WE.b/! E 0.b/ are K-linear.

The composition of two morphisms of vector bundles is again a morphism. We obtain
the category of vector bundles over B , which we denote by .Vec.B//.

8.3 OX -Modules

Vector bundles over a premanifold B can also be described as finite locally free modules
over the structure sheaf OB . Let us first explain what we mean by this. In this section let
.X;OX/ be an arbitrary ringed space.

The Category of OX -Modules

Definition 8.29. An OX -(pre-)module is a (pre-)sheaf F on X together with two mor-
phisms (addition and scalar multiplication) of sheaves

F � F! F; .s; s0/ 7! s C s0 for s; s0 2 F.U /, U � X open;

OX � F! F; .a; s/ 7! as for a 2 OX.U /, s 2 F.U /, U � X open

such that addition and scalar multiplication by OX.U / define on F.U / the structure of an
OX.U /-module.

If F1 and F2 are OX -premodules, a morphism of sheaves wWF1 ! F2 is called a
homomorphism of OX -premodules, if for each open subset U � X the map F1.U / !
F2.U / is an OX.U /-module homomorphism, i.e.,

wU .s C s0/ D wU .s/CwU .s0/;
wU .as/ D awU .s/

for all s; s0 2 F.U / and a 2 OX.U /. A homomorphism of OX -modules is a homomor-
phism of OX -premodules.
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The composition of two homomorphisms of OX -modules is again a homomorphism of
OX -modules. We obtain the category ofOX -modules, which we denote by (OX -Mod). The
OX -module F such that F.U / D f0g for all open sets U � X is called the zero module
and simply denoted by 0.

Example 8.30.

1. LetX be a topological space and let ZX be the constant sheaf of rings onX with value
Z. As Z-modules are simply abelian groups, a ZX -module is simply a sheaf of abelian
groups on X .

2. Let A be a commutative ring. Let X be a space that consists of a single point and let
OX be the sheaf of rings with OX.X/ D A. Then an OX -module F is just an A-module
M (by attachingM D F.X/ to F).

Remark 8.31. Let F be an OX -module and x 2 X . The OX.U /-module structures on
F.U /, where U is an open neighborhood of x, induce on the stalk Fx an OX;x-module
structure. If OX;x is a local ring with maximal ideal mx and residue field 
.x/ WD
OX;x=mx , then we call the 
.x/-vector space F.x/ WD Fx=mxFx the fiber of F in x.

IfwWF! F0 is a homomorphism ofOX -modules, the induced map on stalkswx WFx !
F0x is a homomorphism ofOX;x-modules. IfOX;x is local, it also induces a 
.x/-linear map
w.x/WF.x/! F0.x/ on fibers.

Remark 8.32. As the sheafification commutes with formation of finite products, addition
and scalar multiplication on an OX -premodule F induce by functoriality an addition and
a scalar multiplication on the sheafification Fa of F. Hence Fa is an OX -module.

Definition 8.33. An OX -submodule of F is an OX -module G such that G.U / is a subset
of F.U / for all open sets U � X and such that the inclusions �U WG.U / ,! F.U / form
a homomorphism �WG! F of OX -modules.

The OX -submodules of OX are called ideals of OX .

Example 8.34. Let M be a premanifold and let S � M be a subset. Then the sheaf IS
of functions vanishing on S (Remark 5.31) is an ideal of OM .

Remark 8.35. Let F and F0 be OX -modules. If w1 and w2 are two homomorphisms
F! F0, we can define their sum in the obvious way:

.w1 Cw2/U WD w1;U Cw2;U WF.U /! F0.U /:

Let a 2 � .X;OX/ and wWF ! F0 be a homomorphism. Then we define a homo-
morphism awWF ! F0 by .aw/U WD .ajU /wU . In this way we endow the set of
homomorphisms F ! F0 of OX -modules with the structure of a � .X;OX/-module. We
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denote this � .X;OX/-module by HomOX .F;F
0/. The composition of homomorphisms is

� .X;OX/-bilinear. In particular, the additive group structures on the sets HomOX .F;F
0/

make (OX -Mod) into a preadditive category (Appendix Definition 15.21).

Remark 8.36 (Construction withOX -modules). As a general principle, functorial con-
struction for A-modules, where A is a commutative ring, can be generalized to construc-
tions for OX -modules. Given a functor on usual A-modules, we apply it to all sets of
sections F.U /. We obtain an OX -premodule. If this is not already a sheaf, we sheafify to
obtain an OX -module.

For instance let us consider limits and colimits of OM -modules. Let I be a small
category and let FW I ! (OX -Mod), i 7! Fi be an I-diagram of OX -modules.

Remark 8.37 (Limits of OX -modules). The explicit description of limits of R-modules
shows that the OX -premodule U 7! limI Fi .U / (taking the limit in the category of
OX.U /-modules) is in fact an OX -module denoted by limI Fi and called the limit of the
diagram F. As for sheaves (Remark 3.61) one obtains for all x 2 X a functorial morphism

.lim
I

Fi /x �! lim
I
.Fi /x; (8.18)

which is an isomorphism if I is finite. This is a homomorphism of OX;x-modules.
Taking for I a category whose only morphisms are the identities, we obtain as a special

case the product of the family .Fi /i2I with I WD Ob.I/. It is denoted by
Q
i2I Fi . The

universal property for products implies that composition with projections prj W
Q
i Fi !

Fj yields for every OX -module G a � .X;OX/-linear bijection

Hom(OX -Mod)

 

G;
Y

i2I
Fi

!
��!
Y

i2I
Hom(OX -Mod).G;Fi /: (8.19)

Another special case is the kernel of a homomorphism wWF ! G of OX -modules as the
limit of the diagram

F
w

0
G: (8.20)

It is denoted by Ker.w/ and it is the sheaf U 7! Ker.wU WF.U /! G.U //. By (8.18) we
have Ker.w/x D Ker.wx/. In particular, w is an injective homomorphism of sheaves if
and only if Ker.w/ D 0.

Remark 8.38 (Colimits of OX -modules). Consider the OX -premodule U 7! colimI
Fi .U /, where we take the colimit in the category of OX.U /-modules. It is in general
not a sheaf. Its sheafification is an OX -module denoted by colimI Fi and called the colimit
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of the diagramF. The same argument as for sheaves (Remark 3.63) shows that one obtains
for all x 2 X a functorial isomorphism of OX;x-modules

.colim
I

Fi /x
��! colim

I
.Fi /x: (8.21)

Again taking for I a category whose only morphisms are the identities, we obtain as
a special case the direct sum of the family .Fi /i2I with I WD Ob.I/. It is denoted by
L

i2I Fi . If Fi D F for all i , we also write F.I /. The universal property for direct sums
of modules (Appendix Sect. (14.3)) and the universal property of the sheafification yield
for every OX -module G an isomorphism of � .X;OX/-modules

Hom(OX -Mod)

 
M

i2I
Fi ;G

!
��!
Y

i2I
Hom(OX -Mod).Fi ;G/: (8.22)

If I is finite, then
L

i2I Fi D
Q
i2I Fi .

Another special case is the cokernel of a homomorphism wWF ! G of OX -modules
as the colimit of the diagram (8.20). It is denoted by Coker.w/ and it is the sheaf
associated with the presheaf U 7! Coker.wU WF.U / ! G.U //. By (8.21) we have
Coker.w/x D Coker.wx/. In particular, w is a surjective homomorphism of sheaves if
and only if Coker.w/ D 0.

Let F be an OX -submodule of G and let i WF! G be the inclusion. Then

G=F WD Coker.i/

is called the quotient of G by F. It is the OX -module associated with the OX -premodule
U 7! G.U /=F.U /.

For a homomorphism wWF! G of OX -modules we can also define its image

w.F/ WD Im.w/ WD Ker.G! Coker.w//

and its coimage
Coim.w/ WD Coker.Ker.w/! F/:

It is the sheaf associated with the presheaf U 7! Im.wU WF.U / ! G.U // respective to
U 7! Coim.wU /. As kernel and cokernel are compatible with the formation of stalks, we
also have Im.w/x D Im.wx/ and Coim.w/x D Coim.wx/. As wx induces for all x 2 X
an isomorphism Coim.wx/

�! Im.wx/ of OX;x-modules, we deduce that w induces an

isomorphism Coim.w/
�! Im.w/. In particular we see:

Proposition 8.39. The category of OX -modules is an abelian category.

Therefore, we also have the notion of exact sequences of OX -modules: A sequence
� � � ! Fi�1

wi�1�! Fi
wi�! FiC1 ! : : : of homomorphisms of OX -modules is called exact if

Ker.wi / D Im.wi�1/ for all i .
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Finite Locally FreeOX -modules
As for modules over rings, every family of global sections of an OX -module F yields
a homomorphism of a free OX -module to F. More precisely:

Remark and Definition 8.40 (Bases of OX -modules). Let F be an OX -module and let
s WD .si /i2I be a family of sections si 2 F.X/. Then one obtains a homomorphism of
OX -modules

wsWO.I /X �! F; .fi /i2I 7!
X

i2I
fi .si jU /; (8.23)

for U � X open and fi 2 OX.U /. As for modules over rings, s is called a generating
system (respectively a basis) if ws is surjective (respectively bijective).

Definition 8.41. An OX -module F is called finite locally free if there exists an open cov-
ering .Ui /i of X such that for all i the OUi -module FjUi is isomorphic to OnUi for some
n 2 N0 (depending on i).

The full subcategory of (OX -Mod) whose objects are the finite locally free OX -modules
is denoted by .FLF.X//.

If F is a finite locally free OX -module, its stalk Fx is a finitely generated free OX;x-
module for all x 2 X . We set rkx.F/ WD rkOX;x .Fx/ and obtain a locally constant function

X ! N0; x 7! rkx.F/;

called the rank of F.
Next we define the OX -module of all homomorphisms between two OX -modules. In

particular we obtain the dual of an OX -module. The general principle is again the one
sketched in Remark 8.36.

Definition and Remark 8.42. Let .X;OX/ be a ringed space and let F and G be two
OX -modules. The presheaf

U 7! HomOX jU .FjU ;GjU /

with the obvious restriction maps is a sheaf. The right-hand side is a � .U;OX/-module.
Therefore this sheaf has the structure of an OX -module, and we denote this OX -module by
HomOX .F;G/. Moreover:

1. By (8.19) and (8.22) one has for every family .Fi /i2I of OX -modules and every OX -
module G isomorphisms of OX -modules

HomOX

 

G;
Y

i2I
Fi

!
��!
Y

i2I
HomOX .G;Fi /;

HomOX

 
M

i2I
Fi ;G

!
��!
Y

i2I
HomOX .Fi ;G/:

(8.24)
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2. As for modules (Appendix Example 14.7), evaluation on 1 yields an identification

HomOX .OX;F/ D F: (8.25)

3. If F and G are finite locally free, then HomOX .F;G/ is finite locally free and
rkx.HomOX .F;G// D rkx.F/ rkx.G/ for all x 2 X .
Indeed, let .Ui /i be an open covering such that FjUi Š OnUi and GjUi Š OmUi for all i .
Then

HomOX .F;G/jUi D HomOUi
.FjUi ;GjUi /

Š HomOUi
.OnUi ;O

m
Ui
/

(8.24)D HomOUi
.OUi ;OUi /

nm

(8.25)D OnmUi :

4. For all x 2 X , sending a homomorphism of OX -modules to its germ in x yields a ho-
momorphism of OX;x-modules

HomOX .F;G/x ! HomOX;x .Fx;Gx/: (8.26)

This is an isomorphism if F and G are finite locally free (see also Problem 8.5). Indeed,
by replacing X by a sufficiently small neighborhood of x we may assume that F and
G are free. Then by (8.24) we may assume that F D G D OX . Then this is clear by
(8.25).
The surjectivity of (8.26) means that every OX;x-linear map w0WFx ! Gx is induced
by a homomorphism of OU -modules wU WFjU ! GjU for some open neighborhood U
of x. The injectivity of (8.26) means that any two such homomorphisms wU and wU 0
become equal after restricting to an open neighborhood of x contained in U \ U 0.

Definition 8.43 (Dual OX -module). Let .X;OX/ be a ringed space and let F be an OX -
module. The OX -module

F_ WD HomOX .F;OX/ (8.27)

is called the dual OX -module of F.

Remark 8.44. If F D OnX , then F
_ Š OnX by Remark 8.42 2 and 1. Hence, if F is a finite

locally free OX -module, then its dual F_ is again locally free, and rkx.F_/ D rkx.F/ for
all x 2 X .
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8.4 Vector Bundles and Finite Locally Free Modules

Now let M be a premanifold. We will show that the category of vector bundles overM
and the category of finite locally free OM -modules are equivalent. We start by defining
a functor

ModW .Vec.M//! .FLF.M//: (8.28)

Let � WE ! M be a vector bundle. In particular, all fibers E.p/ WD ��1.p/ for p 2 M
are endowed with the structure of a K-vector space. We attach an OM -module E WD
Mod.E; �/ to .E; �/ as follows. For U �M open set

E.U / WD f sWU ! E morphism of premanifold I � ı s D idU g :

For s; s0 2 E.U / define s C s0 2 E.U / by .s C s0/.p/ WD s.p/ C s0.p/ (addition inside
the K-vector space E.p/). For f 2 OM.U /, s 2 E.U / define f s 2 E.U / by .f s/.p/ WD
f .p/s.p/ (scalar multiplication inside E.p/). This makes E into an OM -module.

Let ˚ W .E; �/ ! .E 0; � 0/ be a morphism of vector bundles. Set E WD Mod.E; �/,
E0 WD Mod.E 0; � 0/. For U �M open define

'U WE.U /! E0.U /; s 7! ˚ j��1.U / ı s:

As ˚ is linear on fibers, 'U is a homomorphism of OM.U /-modules. Therefore
Mod.˚/ WD .'U /U is a homomorphism of OM -modules. We obtain a functor Mod
from the category of vector bundles overM to the category of OM -modules.

Let E D Mod.E; �/ for a vector bundle .E; �/. Let us show that E is finite locally
free. Let W � M be open such that ��1.W / D W �Kn, for some n 2 N. For U � W
one then has

E.U / Š f sWU ! U �Kn morphism I s.p/ D .p; v/ for some v 2 Kng
D Hom(PMfd).U;K

n/

D OM.U /
n

and hence EjW Š .OM jW /n. This concludes the construction of the functor (8.28).
Note that we have rkp.E/ D rkp.E/ for p 2M .

Proposition 8.45. The functor Mod from the category of vector bundles over M to the
category of finite locally free OM -modules is an equivalence of categories.

Proof. Construction of a functor GW .FLF.M// ! .Vec.M//. Let E be a finite locally
free OM -module. Let p 2 M . Recall that OM;p is a local K-algebra with maximal ideal
mp and residue class field OM;p=mp D K. The stalk Ep is a free OM;p-module of rank
rkp.E/. Let E.p/ WD Ep=mpEp be the fiber of E. It is a finite-dimensional K-vector space
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of dimension rkp.E/. For p 2 U � M open and s 2 E.U / we denote by s.p/ the image
of sp 2 Ep in E.p/. We define the set

E WD
a

p2M
E.p/

and the map � WE !M such that ��1.p/ D E.p/ for p 2M .
Let U � M be open such that EjU Š .OM jU /n. In other words, there exists a basis

e D .e1; : : : ; en/ of EjU (Remark 8.40). In particular .e1.p/; : : : ; en.p// is a K-basis of
E.p/. Hence we get a bijection

˚U;e WU �Kn �! ��1.U / D
a

p2U
E.p/; .p; �/ 7!

nX

iD1
�i ei .p/:

This bijection endows ��1.U / with the structure of a premanifold. For a different choice
QU and Qe the “change of charts” ˚�1U;e ı ˚ QU ; Qe is an automorphism of .U \ QU/ �Kn given
by a matrix in GLn.OM.U \ QU//. This makes .E; �/ into a vector bundle overM .

A morphism wWE ! E0 between finite locally free OM -modules induces K-linear
maps w.p/WE.p/ ! E0.p/ for all p 2 M (Remark 8.31) and hence a map E ! E 0 on
the attached vector bundles. CoveringM by open subsets U as above, one sees that this
map is a morphism of vector bundles. Hence we obtain a functor G from the category of
finite locally free OM -modules to the category of vector bundles overM .
G and Mod are quasi-inverse. Let .E; �/ be a vector bundle over M and let E D

Mod.E; �/. For p 2 M let s 2 Ep, i.e., s is the equivalence class of a pair .U; Qs/, where
p 2 U �M and QsWU ! E is a section of � . The homomorphism of OM;p-modules

Ep ! E.p/; s 7! s.p/

is surjective and its kernel is mpEp. Hence we obtain an isomorphism of K-vector spaces
E.p/ Š E.p/ D .G ıMod/.E; �/.p/ and hence a bijective mapE ! .G ıMod/.E; �/.
Looking at charts ˚U;e as above one sees that this is locally an isomorphism of vector
bundles. Hence it is an isomorphism of vector bundles. It is clear that this isomorphism is
functorial in .E; �/.

Conversely, let E be a finite locally free OM -module and let .E; �/ D G.E/. Let
U � M be open, s 2 E.U /. Then s.p/ 2 E.p/ D E.p/ and we obtain a map sWU ! E,
p 7! s.p/ such that � ı s D idU . Looking at charts, it is easy to see that s is a morphism
of manifolds and hence an element of Mod.E; �/.U /. We obtain maps E.U /! .Mod ı
G/.E/.U / and it is immediate that these maps define an isomorphism of OM -modules,
which is functorial in E. �

Let E be a finite locally free OM -module and let .E; �/ be the corresponding vector
bundle. Then the proof shows that the K-vector spaces E.p/ and E=mpEp are identified.
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Definition and Remark 8.46 (Dual and direct sum of vector bundles). LetM be a pre-
manifold, let .E; �/ and .E 0; � 0/ be vector bundles overM and let E and E0, respectively,
be the corresponding finite locally free OM -modules.

1. The vector bundle .E_; �_/ corresponding to the dual OM -module E_ is called the
dual of .E; �/. For each point p 2 M the fiber of E_ in p is given by the dual space
of E.p/:

E_.p/ D E_p =mpE
_
p

(8.26)D .Ep=mpEp/
_ D E.p/_:

2. The vector bundle corresponding to E ˚ E0 is called the direct sum of .E; �/ and
.E 0; � 0/. It is denoted by .E ˚ E 0; � ˚ � 0/. For p 2 M one has .E ˚ E 0/.p/ D
E.p/˚E 0.p/.

Definition 8.47. Let .X;OX/ be a ringed space, let E be an OX -module, and let F be an
OX -submodule of E. Then F is called a direct summand of E if there exists a submodule
G of E such that F ˚ G D E. The submodule F is called a local direct summand if there
exists an open covering .Ui/i ofX such that FjUi is a direct summand of EjUi for all i 2 I .

Remark 8.48. Let F be a submodule of an OX -module E. Let i WF ! E be the in-
clusion and let pWE ! E=F be the projection. As for modules over a ring (Appendix
Remark 14.5) one sees that the following assertions are equivalent:

(i) The submodule F is a direct summand of E.
(ii) There exists a homomorphism of OX -modules r WE! F such that r ı i D idE.
(iii) There exists a homomorphism of OX -modules sWE=F! E such that p ı s D idE=F.

Local direct summands of a finite locally free module E correspond to subbundles of
the vector bundle attached to E:

Proposition and Definition 8.49. Let M be a premanifold, E and F finite locally free
OM -modules and letE andF be the corresponding vector bundles overM . LetwWE! F

be a homomorphism of OM -modules and let $ WE ! F be the corresponding morphism
of vector bundles.

1. The map$ is surjective if and only if the morphism of sheaves w is surjective. In this
case we say that F is a quotient bundle of E.

2. The map$ is injective if and only if the morphism of sheaves w is injective and w.E/
is a local direct summand of F. In this case we say that E is a subbundle of F .
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Proof. The map $ is surjective (respectively injective) if and only if for all p 2 M the
induced linear map on the fiber$.p/WE.p/! F.p/ is surjective (respectively injective).

We show (1). Let mp be the maximal ideal of OM;p and let w.p/ be the K-linear map
E.p/ WD Ep=mpEp ! F.p/ WD Fp=mpFp induced by w. In the proof of Proposition 8.45
we have seen that E.p/ D E.p/, F.p/ D F.p/ and w.p/ D $.p/. The stalk Ep is
a finitely generated free OM;p-module. Hence the first assertion follows immediately from
Nakayama’s lemma (Appendix 14.38).

Let us show (2). Suppose that w is injective and that w.E/ is a local direct summand
of F. Let p 2M . To see that$.p/ is injective we may pass to a sufficiently small neigh-
borhood of p and can assume that there exists a homomorphism of OX -modules r WE! F

such that r ıw D idE (Remark 8.48). Then r induces aK-linear map r.p/WE.p/! F.p/

with r.p/ ı w.p/ D id. As w.p/ D $.p/, we see that$.p/ is injective.
Conversely, assume that $.p/ D w.p/ is injective for all p 2 M . Let Nr0WF.p/ !

E.p/ be a K-linear map with Nr0 ı w.p/ D idE.p/. Let .f1; : : : ; fn/ be an OM;p-basis of
Fp . For all i let Nei be the image of fi under Fp �! F.p/

Nr0�! E.p/ and let ei 2 Ep
be an element whose image in E.p/ is Nei . Sending fi to ei defines an OM;p-linear map
r 0WFp ! Ep. Then r 0 ıwp is an endomorphism of the finitely generated free OM;p-module
Ep, which is modulo mp the identity. Hence it is bijective (Appendix Proposition 14.39).
Hence if we set r0 WD .r 0 ı wp/�1 ı r 0 we have r0 ıwp D idEp .

As (8.26) is surjective for homomorphisms F ! E, we find an open neighborhood U
of p and a homomorphism r WFjU ! EjU of OU -modules such that rp D r0. As (8.26) is
injective for homomorphismsE! E, we have rıwjU D idEjU after possibly shrinkingU .
As p was arbitrary, this shows that w is injective and that w.E/ is a local direct summand
of F by Remark 8.48. �

The proof shows that if$.p/ is injective for a single point p, then there exists an open
neighborhood U of p such that E jU is a subbundle of F jU .

The local-global principle explained in Chap. 7 yields a cohomological criterion for
a local direct summand to be a direct summand and hence for subbundles to be global
direct summands:

Remark 8.50 (Splitting of submodules). Let .X;OX/ be a ringed space. Let E be a local
direct summand of an OX -module F. Let pWF ! F=E be the projection and let S be
the sheaf of splittings of p, i.e., for U � X open, S.U / is the set of homomorphisms
of OU -modules r W .F=E/jU ! FjU with pjU ı r D id. For any r; r 0 2 S.U / one has
pjU ı .r � r 0/ D 0, i.e., r � r 0 takes values in E. Hence the sheaf

A WD HomOM .F=E;E/;

considered as a sheaf of abelian groups, acts simply transitively on S by .w; s/ 7! w C s,
w 2 A.U /, s 2 S.U /, U � X open. This makes S into a pseudo-A-torsor. By hypothesis
there exists on open covering .Ui /i with S.Ui / ¤ ; for all i . Hence S is an A-torsor. Its
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class
�.E/ 2 H1.X;HomOM .F=E;E//

is trivial if and only if S.X/ ¤ ;, i.e., if and only if E is a (global) direct summand of F.

Definition and Remark 8.51 (Split subbundles). We keep the notation of Defini-
tion 8.49. We call the vector bundle E a split subbundle of F if w is injective and w.E/ is
a direct summand of F, i.e., if F is the direct sum of the image of $ and a subbundle of
F .

If E is a subbundle of F , then Remark 8.50 shows that there exists a class �.E/ 2
H1.M;HomOM .F=E;E// that vanishes if and only if E is a split subbundle of F .

8.5 Tangent Bundle

In this and the following section we will assume that we are either in the case of real C1-
(pre)manifolds (real smooth case) or in the case of real C!-(pre)manifolds with K D R
(real analytic case) or in the case of complex (pre)manifolds with K D C (complex case).

Definition and Remark 8.52. Let M be a premanifold. We define the tangent bundle
TM as a set

TM WD
a

p2M
Tp.M/:

Let � D �M W TM !M be the map such that ��1.p/ D Tp.M/ for all p.
Definition of an atlas of TM : Let xWU ! QU � Km be a chart of M . For p 2 U we

obtain an isomorphism Tp.x/W Tp.M/ ! Km. Let V WD ��1.U / � TM and define as
a chart for TM

yWV ! QV WD QU �Km � K2m; Tp.M/ 3 � 7! .x.p/; Tp.x/.�//:

If we define for a second chart .U 0; x0/ ofM a chart .V 0; y0/ of TM in the same way, the
change of charts y0 ı y�1 is given by

y.V \ V 0/ D x.U \ U 0/ �Km �! x0.U \ U 0/ �Km D y0.V \ V 0/;
. Qp; v/ 7�! 	

.x0 ı x�1/. Qp/; Jx0ıx�1. Qp/.v/


;

(*)

which is again an isomorphism of premanifolds. Hence if .U; x/ runs through an atlas of
M the .V; y/ form an atlas of TM . We obtain on TM the structure of a premanifold1.

1 IfM was a C˛-premanifold with ˛ <1, then the second component of (*) would be only C˛�1
and hence TM would be only C˛�1-premanifold. Taking this added complication into account, most
results of Sect. 8.5 also hold for real C˛-premanifolds with ˛ <1.
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Clearly, .TM ; �/ is a vector bundle over M and we have rkp.TM / D dimp.M/. We
denote by TM the finite locally free OM -module corresponding to TM (Proposition 8.45).

IfM is a manifold, then TM is a manifold (Proposition 8.16).

Definition and Remark 8.53. Let F WM ! N be a morphism of premanifolds. Define

TF W TM ! TN ; Tp.M/ 3 � 7! Tp.F /.�/ 2 TF.p/.N /:

Then the diagram

TM
TF

�M

TN

�N

M
F

N

is commutative, and TF isK-linear on fibers. We claim that TF is a morphism of premani-
folds. Indeed, this can be checked locally onM andN and we may assume thatM � Km

and N � Kn are open. Then TF is given by

TF W TM DM �Km �! N �Kn D TN ; .p; x/ 7! .F.p/;DF.p//;

which is a morphism of premanifolds2.
For morphisms F WM ! N and GWN ! P the chain rule takes the following elegant

form:
TGıF D TG ı TF : (8.29)

Sections of the OM -module TM are called vector fields:

Definition 8.54. LetM be a premanifold. For U �M open, elements of

TM.U / D f sWU ! TM I � ı s D idU g

are called vector fields over U . For a vector field X we sometimes write Xp instead of
X.p/ for p 2 U .

Example 8.55. Let V be a finite-dimensional K-vector space and letM � V be a sub-
manifold. For every p 2 M we have Tp.M/ � Tp.V / D V and hence we may view the
tangent bundle TM as the submanifold of V � V

TM D
˚
.p; v/ 2M � V I v 2 Tp.M/

�
:

Hence a vector field X is the same as a morphism F WM ! V of manifolds with F.p/ 2
Tp.M/. The correspondence is given by X.p/ D .p; F.p// for all p 2M .

2 Again, TF would be only a morphism of C˛�1-premanifolds for ˛ <1.
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As a special case letM D U � V D Kn be open. Then TU D U � Kn and a vector
field X corresponds to a morphism F WU ! Kn.

Our next goal is to give a concrete description of TM by derivations generalizing the
description of a single tangent space by derivations (Proposition 5.11).

Definition and Remark 8.56. Let .X;OX/ be a K-ringed space.

1. A K-derivation of OX is a K-linear homomorphismDWOX ! OX of sheaves such that
DU .fg/ D fDU .g/ C gDU .f / for all U � X open, f; g 2 OX.U /. Denote by
DerK.OX/ the K-vector space of K-derivations of OX . It is an OX.X/-module via

.g �D/U .f / WD gjUDU .f / forD 2 DerK.OX/, g 2 OX.X/, f 2 OX.U /:

2. Define an OX -module via

DerK.OX/.U / WD DerK.OX jU /:

Proposition 8.57. LetM be a premanifold.

1. Let X be a vector field over U . Then the Lie derivative of X

LX WOM.U /! OM.U /; f 7! .p 7! Tp.f /.Xp//

is a K-derivation of OM.U /.
2. The morphism of sheaves

LWTM ! DerK.OM/;

TM.U / 3 X 7! .LX jV /V � U open 2 DerK.OM/.U /
(8.30)

is an isomorphism of OM -modules.

Proof. Assertion (1) follows from the product rule.
Let us show that L is OM -linear. For X; Y 2 TM.U / and g 2 OM.U / we have

LgXCY .f /.p/ D Tp.f /..gX C Y /.p// D Tp.f /.g.p/X.p/C Y.p//
D g.p/Tp.f /.X.p//C Tp.f /.Y.p// D .gLX C LY /.f /.p/:

Let us construct an inverse map. Let .DV /V�U open 2 DerK.OM/.U /. For p 2 U recall
that Tp.M/ D DerK.OM;p;K/ (Proposition 5.11). Define

Xp 2 DerK.OM;p;K/ by Xp.ŒV; f �/ WD DV .f /.p/:

Using a chart it is easy to check that U 3 p 7! Xp 2 Tp.M/ is a vector field on U and
that this defines an inverse map to L. �
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Remark 8.58. Let M be a premanifold. Let .U; x/ be a chart with coordinate functions
x1; : : : ; xm. Then

@

@xi
WOM jU ! OM jU ; OM.V / 3 f 7! @f

@xi
2 OM.V /; V � U open

is an element of DerK.OM/.U / and . @
@x1
; : : : ; @

@xm
/ is a basis of the free OU -module

DerK.OM/jU by Remark 5.8.

8.6 Differential Forms and De RhamComplex

Recall that in this section we only consider real C˛-premanifolds with ˛ � 1 and com-
plex premanifolds. Differential forms are by definition sections of exterior powers of the
dual of the OM -module TM . Hence we introduce first the notion of “exterior powers” for
general OX -modules using the construction principle of Remark 8.36. We refer to Ap-
pendix Sect. 14.3 for the notion of the exterior power of a module over a commutative
ring.

Definition and Remark 8.59 (Exterior powers of OX -modules). Let .X;OX/ be
a ringed space, let F be an OX -module, and let r � 0 be an integer. The OX -module
attached to the OX -premodule

U 7!
r̂

� .U;OX /

F.U /

is denoted by �rOXF or simply �rF. It is called the r-th exterior power of F.
As the formation of exterior powers is functorial for modules over a ring, we see that

�rF is a covariant functor in F.

Remark and Definition 8.60 (Exterior powers of finite locally free modules). Let F
be a finite locally free OX -module of constant rank n 2 N0. Then �rF is a locally free
OX -module of rank

	
n
r



(Appendix Proposition 14.22).

In particular, det.F/ WD �nF is a locally free OX -module of rank 1 that we call the de-
terminant of F. If u is an endomorphism of theOX -moduleOnX , then u is given by a matrix
A 2 Mn.OX.X//. By Appendix Proposition 14.22, �n.u/ is given by the multiplication
with det.A/.

The construction in Appendix Remark 14.24 for modules yields a homomorphism of
OX -modules

�r.F_/ �! .�rF/_: (8.31)

We claim that this is an isomorphism if F is finite locally free. Indeed, this can be checked
locally on X . Hence we can assume F D OnX and the claim follows because (14.24) is an
isomorphism for finitely generated free modules (Appendix Remark 14.24).
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Definition 8.61. LetM be a premanifold. Define locally free OM -modules

˝1
M WD .TM/_; ˝i

M WD
î

.˝1
M /; i � 0:

In particular ˝0
M D OM . The OM -module ˝i

M is called the sheaf of i-differential forms.
For every U � M open we call an element of ˝i

M.U / an i-form on U . If M is a real
C1-premanifold (respectively a real analytic premanifold, respectively a complex pre-
manifold), then elements of ˝i

M.U / are called smooth i-forms (respectively real analytic
i -forms, respectively holomorphic i-forms).

Remark 8.62. For every i � 0 we have ˝i
M D Hom.

Vi
TM ;OM/ by Remark 8.60 and

hence for U �M open

˝i
M.U / D f ˛WTU � � � � � TU ! OU I ˛ alternating i-multilinear formg :

IfM is a premanifold of dimension d 2 N0, then rk˝1
M D rkTM D d and hence

rk˝r
M D

 
d

r

!

(8.32)

by Remark 8.60. In particular,˝r
M D 0 for r > d .

Remark and Definition 8.63. LetM be a premanifold. We define

d WOM ! ˝1
M (8.33)

as follows. For f 2 OM.U / let df WTM jU D DerK.OU ;OU /! OU be the morphism that
sends @ 2 DerK.OV ;OV / to @.f jV / for V � U open. Then d is a morphism of sheaves
of K-vector spaces (but not of OM -modules!) and

d.fg/ D fdg C gdf; f; g 2 OM.U /, U �M open:

For p 2 M one can think of .df /.p/ 2 ˝1
M.p/ D Tp.M/_ as the infinitesimal

variation of f at p in an unspecified direction, which gives after evaluation on a tangent
vector the derivative of f at p in that tangent direction.
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Remark 8.64 (Local description of differential forms). Let M be a premanifold, let
.U; x/ be a chart with coordinate functions x1; : : : ; xmWU ! K (and hence dimp.M/ D
m for p 2 M ). Then dxi 2 ˝1

M .U / and .dx
1; : : : ; dxm/ is a basis of ˝1

M jU . This basis
is dual to the basis . @

@xi
/i of TM.U / (Remark 8.58). For f 2 OM.U / one has

df D
mX

iD1

@f

@xi
dxi

(evaluate both sides on @
@xj

to see the identity).
Let r � 1 be an integer. Then˝r

M jU is a free OU -module and the

dxi1 ^ � � � ^ dxir ; 1 � i1 < � � � < ir � m

form a basis (Appendix Proposition 14.22).

Proposition 8.65. Let M be a premanifold. There exists a unique family of morphisms
.d W˝i

M ! ˝iC1
M /i�0 such that:

(a) d is a morphism of sheaves of K-vector spaces.
(b) d W˝0

M D OM ! ˝1
M is the morphism defined in Remark 8.63.

(c) For U �M open, ! 2 ˝r
M .U /, � 2 ˝s

M.U / one has

d.! ^ �/ D d! ^ �C .�1/r! ^ d�:

(d) d ı d D 0W˝i�1
M ! ˝iC1

M for all i � 1.

Proof. As ˝1
M generates

V
˝1
M as OM -algebra, there exists at most one such family.

Because of this uniqueness, it suffices to prove the existence locally. Hence we may
assume that M � Km is open. Let x1; : : : ; xmWM ! K be the coordinate functions.
Then ˝r

M is a free OM -module and the dxi1 ^ � � � ^ dxir for 1 � i1 < � � � < ir � m form
a basis of ˝r

M . Conditions (a)–(d) imply that we must define

d.fdxi1 ^ � � � ^ dxir / D df ^ dxi1 ^ � � � ^ dxir : (8.34)

Then (a) and (b) are clearly satisfied. To check (c) and (d) is a straightforward computation
(for (d) one uses that taking partial derivations in different directions commute with each
other by Appendix Proposition 16.19). �
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Example 8.66 (Gradient, curl, and divergence). Gradient, curl, and divergence are all
special cases of the above construction. Let U � Km be open. Then a section of TU
over an V � U , i.e., a vector field X over V , can be considered as a morphism of
manifolds X WV ! Km (Example 8.55). Moreover, ˝1

U is a free OU -module with ba-
sis .dx1; : : : ; dxm/, where xi WU ! K is the i-th coordinate function. Hence the choice
of coordinates allows us to identify

OU D ˝0
U

��! ˝m
U ;

f 7! f .dx1 ^ � � � ^ dxm/;

and

TU
��! ˝1

U

��! ˝m�1
U ;

X D .f1; : : : ; fm/ 7!
mX

iD1
fidx

i 7!
mX

iD1
fi .�1/i�1.dx1 ^ � � � ^bdxi ^ � � � ^ dxm/;

where as usual b. / denotes an omission of that term.
The identification of 1-forms and vector fields identifies d W˝0

M ! ˝1
M , f 7!

Pm
iD1

@f

@xi
dxi with the gradient f 7! .

@f

@x1
; : : : ;

@f

@xm
/.

The identification of vector fields and .m � 1/-forms and of m-forms and functions
identifies d W˝m�1

U ! ˝m
U given by

mX

iD1
fi .�1/i�1

�
dx1 ^ � � � ^bdxi ^ � � � ^ dxm

�
7!
 

mX

iD1

@f

@xi

!

.dx1 ^ � � � ^ dxm/

with the divergenceX D .f1; : : : ; fm/ 7!
Pm

iD1
@f

@xi
.

Finally, ifm D 3, then d W˝1
U ! ˝2

U is given by sending the 1-form f1dx1Cf2dx2C
f3dx

3 to

�
@f2

@x1
� @f1

@x2

�

dx1 ^ dx2 �
�
@f1

@x3
� @f3

@x1

�

dx1 ^ dx3 C
�
@f3

@x2
� @f2

@x3

�

dx2 ^ dx3:

Hence it is identified with the curl.

Definition 8.67. LetM be a premanifold. The complex

OM
d�! ˝1

M

d�! ˝2
M

d�! : : : (8.35)

is called the de Rham complex of M . Note that although the ˝r
M are OM -modules, the

maps d are only morphism of sheaves of K-vector spaces.
For U � M an r-form ! 2 ˝r

M.U / is called closed (respectively exact) if d! D 0

(respectively if there exists � 2 ˝r�1
M .U / such that d� D !). As d ı d D 0, every exact

form is closed.
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Theorem 8.68. (Poincaré lemma) Let M WD f z 2 Km I 8 i D 1; : : : ; mW jzi j < 1 g �
Km. Then for every r 2 N every closed form ! 2 ˝r

M.M/ is exact.

We do not give a proof of this result here but refer to [AmEs3] XI Corollary 3.12 for
the real C1-case. The explicit formula given there also shows the Poincare lemma in the
real analytic case. For the complex case we refer to [Wel] II, Example 2.13.

Corollary 8.69. LetM be a premanifold. Then the de Rham complex is an exact sequence
of sheaves of K-vector spaces.

Proof. The exactness of the de Rham complex means that locally every closed form is
exact. Hence we may assume thatM is as in the Poincaré lemma 8.68. �

As the kernel of d WOM ! ˝1
M is the sheaf of locally constant K-valued functions,

Corollary 8.69 means (by Appendix Example 15.3) that we have a quasi-isomorphism of
KM -modules

KM

qis�! ˝�M : (8.36)

In Chap. 10 we will define the cohomology of a complex of sheaves and then (8.36) will
imply that KM and˝�M have the same cohomology.

Example 8.70. Let us give an immediate application of the Poincaré lemma to vector
fields. Let U � Km be open. Identifying morphisms of manifolds X WU ! Km, X D
.f1; : : : ; fm/ with 1-forms !X over U , we see by Example 8.66 that d.!X/ D 0 if and
only if

@fi

@xj
D @fj

@xi
8 i; j D 1; : : : ; m: (*)

Hence from the exact de Rham complex we obtain an exact sequence of sheaves of K-
vector spaces

0 �! KU �! OU
grad����! I! 0; (**)

where for V � U open I.V / denotes the K-vector space of those vector fields .f1; : : : ;
fm/WV ! Km satisfying (*) and where grad is the morphism sending a function on V to
its gradient.

Hence the cohomology sequence obtained from (**) shows that every vector field
.f1; : : : ; fm/ on U satisfying (*) is the gradient of a morphism U ! K if and only if
H1.U;KU / ! H1.U;OU / is injective. This is for instance the case if U is simply con-
nected because thenH1.U;KU / D 0 by Proposition 7.5.
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8.7 Problems

Problem 8.1. Let the group G WD f˙1g act on S1 by a rotation by � , i.e., .�1/ � ei� WD
ei.�C�/ D �ei� . Show that there are precisely two isomorphism classes X and Y of fiber
bundles with basis B WD S1, typical fiber S1, and structure group f˙1g. Show that X and
Y are isomorphic as B-manifolds.

Problem 8.2. Let pWZ ! B be a morphism of premanifolds, G � Aut.p/ a sheaf of
subgroups. Let � D .� WX ! B; ŒUi ; hi �i / be a twist of p with structure sheaf G. Denote
the trivial twist .p; ŒB; idZ�/ by �0.

1. Show that for U � B open � jU WD .� j��1.U /; ŒUi \ U; hi j��1.Ui\U/�/ is a twist of
pjp�1.U /Wp�1.U /! U with structure sheaf GjU .

2. ForU � B open let T�.U / be the set of isomorphisms � jU
�! �0jU of twists of pjp�1.U /

with structure sheaf GjU . Let G act on T� via composition. Show that T� is a G-torsor.
3. Show that � 7! T� yields an equivalence of categories from the category of twists of
p with structure sheaf G (morphisms in this category are isomorphisms of twists) and
the category .Tors.G//. Show that this equivalence induces on isomorphism classes
the composition of (8.4) with the isomorphism LH1.B;G/

�! H1.B;G/ (7.5).

Problem 8.3. Let B and Z be premanifolds, let A be the group of automorphisms of the
premanifold Z, and let pWZ ! B be the constant morphism with image fbg for some
b 2 B . Show that Aut.p/ is the skyscraper sheaf in b with value A and deduce that there
are no non-trivial twists of p.
Hint: Problem 7.5.

Problem 8.4. Show that for a sequence of OX -modules 0! F0 ! F! F00 (respectively
F0 ! F! F00 ! 0) the following assertions are equivalent:

(i) The sequence is exact.
(ii) The sequence 0! HomOX .G;F

0/! HomOX .G;F/! HomOX .G;F
00/ (respectively

0 ! HomOX .F
00;G/ ! HomOX .F;G/ ! HomOX .F

0;G/) of � .X;OX/-modules is
exact for every OX -module G.

(iii) The sequence 0 ! HomOX .G;F
0/ ! HomOX .G;F/ ! HomOX .G;F

00/ (respectively
0 ! HomOX .F

00;G/ ! HomOX .F;G/ ! HomOX .F
0;G/) of OX -modules is exact for

every OX -module G.

Problem 8.5. Let .X;OX/ be a ringed space. An OX -module F is called of finite type
(respectively of finite presentation) if there exists an open covering .Ui /i of X and for all
i an exact sequence of OUi -modules OnUi ! FjUi ! 0 for some n 2 N0 (respectively
OmUi ! OnUi ! FjUi ! 0 for some m;n 2 N0).
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1. Show that every finite locally free OX -module is of finite presentation.
2. Show that (8.26) is an isomorphism for every OX -module G and for every OX -module

F of finite presentation.
Hint: Use Problem 8.4 and the five lemma to reduce to F D OX .

3. Let F and G be OX -modules of finite presentation. Let x 2 X and let w0WFx �! Gx be
an isomorphism of OX;x-modules. Show that there exists an open neighborhood U of

x and an isomorphism wWFjU �! GjU of OU -modules such that wx D w0.

Problem 8.6. Let .X;OX/ be a ringed space and let F be an OX -module of finite type
(Problem 8.5).

1. Let x 2 X and s1; : : : ; sn 2 F.X/ such that the germs .s1/x; : : : ; .sn/x generate the
OX;x-module Fx . Show that there exists an open neighborhood U of x such that
.s1/y; : : : ; .sn/y generate the OX;y-module Fy for all y 2 U .

2. Show that for every r 2 N0 the subset

fx 2 X I Fx can be generated as OX;x-module by r elementsg

is open in X .
3. Deduce that Supp.F/ WD fx 2 X I Fx ¤ 0 g is closed in X .

Problem 8.7. Let F and G be two OX -modules.

1. Show that
U 7! F.U /˝OX.U / G.U /

defines an OX -premodule. Its sheafification is an OX -module, which is called the ten-
sor product of F and G and denoted by F˝OX G.

2. Let 	 WF � G! F˝OX G be the sheafification of the morphism of presheaves F.U / �
G.U /! F.U /˝OX .U / G.U /, .f; g/ 7! f ˝ g. Show that for an OX -moduleH com-
position with 	 yields a OX.X/-linear bijection from the set of OX -linear morphisms
F˝OX G! H with the set of OX -bilinear maps F � G! H.

3. Show that for all x 2 X there exists a functorial isomorphism ofOX;x-modules .F˝OX

G/x ! Fx ˝OX;x Gx .
4. Show that if F and G are finite locally free OX -modules, then F˝OX G is finite locally

free and rkx.F˝OX G/ D rkx.F/ rkx.G/ for all x 2 X .
5. Suppose that .X;OX/ is a premanifoldM and that F and G are finite locally free OM -

modules. Let F and G be the corresponding vector bundles and define F ˝ G to
be the vector bundle corresponding to F ˝OX G. Show that for all p 2 M one has
.F ˝G/.p/ D F.p/˝K G.p/ for the fibers.
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Problem 8.8. Let F, G and H be OX -modules. See Problem 8.7 for the definition of
tensor products.

1. Show that there exists a functorial isomorphism of OX -modules

HomOX .F˝OX G;H/
��! HomOX .F;HomOX .G;H//: (8.37)

2. Show that there exists a functorial homomorphism of OX -modules

HomOX .F;G/˝OX H �! HomOX .F;G˝OX H/; (8.38)

which is an isomorphism if F orH is finite locally free.

Problem 8.9. Let .X;OX/ be a ringed space. Denote by Pic.X/ the set of isomorphism
classes of finite locally free OX -modules of rank 1. Show that .ŒL�; ŒM�/ 7! ŒL˝OX M�

defines the structure of an abelian group on Pic.X/ such that for ŒL� 2 Pic.X/ one has
ŒL��1 D ŒL_�.

Show that if .X;OX/ D B is a premanifold, then this group structure on Pic.B/ coin-
cides with the group structure defined in Remark 8.25.
Hint: Problem 8.8.

Problem 8.10. Let .X;OX/ be a ringed space, let E, F, H be OX -modules. Assume that
H is finite locally free.

1. Show that there are functorial isomorphisms of � .X;OX/-modules

HomOX .E˝OX F;H/
�! HomOX

	
E;F_ ˝OX H


 �! HomOX

	
F;E_ ˝OX H



:

An OX -linear homomorphism ˇWE˝OX F! H is called a pairing. If H D OX , then
ˇ is called a bilinear form. A pairing is called perfect if the correspondingOX -module
homomorphisms sˇWE! F_ ˝OX H and rˇWF! E_ ˝OX H are both isomorphisms.

2. Show that if E and F are finite locally free, then rˇ is an isomorphism if and only if sˇ
is an isomorphism.

Problem 8.11. Let .X;OX/ be a ringed space, n � 1 an integer, and let F be a locally
free OX -module of rank n. Show that the wedge product yields for all 1 � r � n a perfect
pairing (Problem 8.10)

�rF˝OX �
n�rF �! �nF D det.F/:

In particular we obtain an isomorphism of OX -modules

�rF
�! .�n�rF/_ ˝OX det.F/:
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Problem 8.12.
1. Let A be a commutative ring, M a finitely generated free A-module and let !WM �
M ! A be a symplectic pairing (i.e., ! is an A-bilinear map, !.m;m/ D 0 for all
m 2 M , and the induced map M ! M_ is an isomorphism of A-modules). Show
that the rank of M is even, say 2n, and that there exists a basis of M such that ! is
given with respect to the basis by the matrix

J WD
 
0 In

�In 0

!

2M2n.A/;

where In is the .n � n/-identity matrix.
2. Let .X;OX/ be a ringed space, let E be a finite locally free OX -module, and let
!WE ˝OX E ! OX be an alternating bilinear form (Problem 8.10). It is called
symplectic if ! is perfect.
Show that if ! is a symplectic form on E, then there exists for all x 2 X an open
neighborhood U of x and integer n � 0 and an isomorphism of OU -modules EjU

�!
O2nU , which identifies ! with the alternating form on the free module O2nU given by the
matrix J .
Remark: If .X;OX/ is a real manifold and E is the tangent bundle ofX , then this result
is called the Theorem of Darboux.

Problem 8.13. Let V D K2n and !0 be the symplectic form on V given by the matrix J
(notation as in Problem 8.12). Let Sp.V; !0/ be the Lie group of K-linear automorphisms
of V preserving !0 and let �W Sp.V; !0/ ! GL.V / be the inclusion. Let M be a pre-
manifold. Show that there exists an equivalence of the category of pairs .E; !/, where
E is a vector bundle of rank 2n and ! is a symplectic form on E and where morphisms
are isomorphisms of vector bundles respecting the symplectic forms, and the category
.Tors.OM ISp.V;!0///. In particular one obtains a bijection between isomorphism classes of
pairs .E; !/ as above andH1.M;OM ISp.V;!0// D H1.M;Sp.V; !0//.

Show thatH1.�/ corresponds to the map that sends the isomorphism class of .E; !/ to
the isomorphism class of E.
Hint: Problem 8.12.

Problem 8.14. Let n 2 N. Show that for every premanifold M the category .Tors
.OM ISLn.K/// is equivalent to the category of pairs .E; ı/, where E is a finite locally

free OM -module of rank n and ıW�nE �! OM is an isomorphism of OM -modules and
where morphisms are isomorphisms of finite locally free modules preserving ı. In par-
ticular one obtains a bijection between isomorphism classes of pairs .E; ı/ as above and
H1.M;OM ISLn.K//.

LetL be the line bundle corresponding to�nE. Show that the datum of an isomorphism
ı as above is equivalent to the datum of a global section sWM ! L such that s.p/ ¤ 0

for all p 2M .
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Problem 8.15. Let G be a Lie group, let H be a Lie subgroup. For every premanifold B
let �B W PrincH.B/! PrincG.B/ be the map of pointed sets deduced by functoriality from
the inclusion H ! G. Let � 2 PrincG.B/ be given by � WX ! B together with a right
G-action.

1. Consider G=H as a G-premanifold and denote by �=H the fiber bundle over B with
typical fiber G=H and structure group G associated with � via (8.13). Show that the
quotient of X=H (with respect to the induced right action ofH ) exists, that � induces
a morphism of premanifolds �=H WX=H ! B , and that the underlying B-premanifold
of �=H is given by �=H .

2. Let s 2 HomB.B;X=H/, i.e., sWB ! X=H is a morphism of premanifolds such
that �=H ı s D idB . Let �s 2 PrincH.B/ be the pullback of the principal H -bundle
X ! X=H by s. Show that s 7! �s yields a bijection between HomB.B;X=H/ and
��1B .�/.

Problem 8.16. Notation of Problem 8.15. Let � 2 PrincH.G=H/ be the class of the
principalH -bundleG ! G=H . Show that �G=H .�/ is trivial.

Problem 8.17. Let r WB 0 ! B be a morphism of premanifolds.

1. Show that the pullback of fiber bundles yields a functor r
 from the category of vector
bundles over B to the category of vector bundles over B 0. Show that for b0 2 B 0 and
for a vector bundle E over B one has rkb0.r
.E// D rkr.b0/.E/.

2. Show that if F is a subbundle (respectively a quotient bundle) of a vector bundle E on
B , then r
.F / is a subbundle (respectively a quotient bundle) of r
.E/.

Problem 8.18. Let .f; f ]/W .X;OX/ ! .Y;OY / be a morphism of ringed spaces and let
E be an OY -module.

1. Consider OX as a f �1OY -module via f ]. Show that f �1E is a f �1OY -module and
define f 
.E/ WD OX f̋ �1OY

f �1E endowed with scalar multiplication by OX via the
first factor. Show that E 7! f 
E defines a functor from the category of OY -modules
to the category of OX -modules, called pullback of OY -modules.

2. Show that f 
.E/ is a finite locally free OX -module if E is a finite locally free OY -
module. In this case one has rkx.f 
E/ D rkf .x/.E/ for all x 2 X .

3. Let f WM ! N be a morphism of premanifolds. Show that the pullback of finite
locally free ON -modules corresponds to the pullback of vector bundles (Problem 8.17)
via the equivalence (8.28).
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Problem 8.19. Recall that if A is a commutative ring and L is an A-module, then a Lie
bracket on L is an A-bilinear map L�L! L, .m; n/ 7! Œm; n� such that Œm;m� D 0 for
all m 2 L and such that the Jacobi identity ŒŒm; n�; `�C ŒŒn; `�;m�C ŒŒ`;m�; n� D 0 holds
for all m;n; ` 2 L. A pair .L; Œ; �/ consisting of an A-module L and a Lie bracket on L is
called a Lie algebra over A. A homomorphism .L1; Œ; �/! .L2; Œ; �/ of Lie algebras over
A is an A-linear map uWL1! L2 such that Œu.m/; u.n/� D u.Œm; n�/ for all m;n 2 L1.

Let .X;OX/ be a K-ringed space. Show that ŒD1;D2� WD D1 ıD2 �D2 ıD1 defines
on DerK.OX/ the structure of a Lie algebra over the ring OX.X/.

In particular if M is a real C˛-premanifold with ˛ � 1 or a complex premanifold,
then via (8.30), the OM.M/-module of vector fields overM is endowed with the structure
of a Lie algebra.

Problem 8.20. LetM be a real C˛-premanifold with ˛ � 1 or a complex premanifold.
Show that there exists a functorial bijection between the set of morphisms of locally K-
ringed spaces P Œ"�!M (Problem 4.5) and the tangent bundle TM .

Problem 8.21. LetM and N be real C˛-premanifolds with ˛ � 1 or complex preman-
ifolds. Show that TM�N D TM � TN .

Problem 8.22. Let G be a (real or complex) Lie group with multiplication mG WG �
G ! G. Show that TmG W TG�G D TG � TG ! TG defines on TG the structure of a Lie
group with identity element 0 2 Te.G/. Show that the canonical projection TG ! G is
a homomorphism of Lie groups with kernel Te.G/.

Problem 8.23. Let G be a (real or complex) Lie group. For g 2 G let `gWG ! G,
h 7! gh. Show that

˚ WG � Te.G/! TG; .g; x/ 7! Te.`g/.x/ (8.39)

is an isomorphism of vector bundles. Deduce that TG and ˝p

G , p � 0, are free OG-
modules. Is ˚ a homomorphism of Lie groups if we endow TG with the Lie group
structure defined in Problem 8.22?

Problem 8.24. Notation as in Problem 8.23. Let TG.G/ be the OG.G/-module of global
vector fields on G.

1. Show that G � TG.G/ ! TG.G/, .g;X/ 7! T .`g/ ı X ı `�1g , defines an action of
the group G on TG.G/ by K-linear automorphisms. Let Lie.G/ be the K-subspace of
TG.G/ consisting of X 2 TG.G/ such that X D T .`g/ ıX ı `�1g for all g 2 G.

2. Show that Lie.G/ is K-Lie subalgebra of the Lie algebra TG.G/ (Problem 8.19) and
that this construction yields a functor Lie from the category of real (respectively com-
plex) Lie groups to the category of Lie algebras over R (respectively over C).
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3. Show that the restriction of ˚�1 (Problem 8.23) to Lie.G/ followed by the projec-
tion to Te.G/ yields an isomorphism of K-vector spaces Lie.G/

�! Te.G/, which is
functorial in G.

4. Let G be a Lie group and let G0 be its identity component. Show that Lie.G0/ Š
Lie.G/.

5. Deduce from Problem 6.7 that a homomorphism of connected Lie groups 'WG ! G0

is a covering map if and only if Lie.'/WLie.G/! Lie.G0/ is an isomorphism.

Remark: One can show that the functor Lie induces an equivalence between the category
of simply connected Lie groups and the category of finite-dimensional K-Lie algebras
(e.g., [HiNe] 9.4.11 and 9.5.9) and deduce that two Lie groups have isomorphic Lie alge-
bras if and only if their universal covers (Problem 6.8) are isomorphic.

Problem 8.25. Let .X;OX/ be a locally ringed space and let E be a finite locally free
OX -module. Show that every local direct summand of E is finite locally free.
Hint: Use Problem 8.5 and Appendix Problem 14.31.

Problem 8.26. Let D WD .nz/z2C 2 ZC such that f z 2 C I nz ¤ 0 g is discrete and
closed in C (such a tuple is called a divisor on C). For U � C open let LD.U / be the
set of meromorphic functions f on U such that ordz.f / � nz for all z 2 U . Show
that LD is via restriction of meromorphic functions a sheaf on C. Show that addition
of meromorphic functions and multiplication with holomorphic functions makes LD into
a locally free OC-module of rank 1.

Problem 8.27. Notation of Definition 8.49.

1. Suppose that F is a quotient bundle of E. Show that wWE ! F has locally on M
a section and deduce that Ker.w/ is a local direct summand of E and hence corresponds
to a subbundle of E, denoted by Ker.$/ and called the Kernel of$ . Show that for the
fibers one has Ker.$/.p/ D Ker.$.p// for p 2M .
Hint: Problem 8.25.

2. Let E be a subbundle of F . Show that F=E is a finite locally free OM -module. The
corresponding vector bundle is denoted by F=E and called the quotient of F by the
subbundle E. Show that for the fibers one has .F=E/.p/ D F.p/=E.p/ for p 2M .

Problem 8.28. Let E be a finite-dimensional K-vector space and d an integer with
0 � d � dimK.E/. Let M WD Grassd .E/. For a point p 2 M let Up � E be the
corresponding K-subspace of dimension d . Show that U WD `

p2M Up is a subbundle
of rank d of the trivial vector bundle M � E called the tautological vector bundle on
Grassd .E/.
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Problem 8.29. Notation as in Problem 8.28. Let U be the OGrassd .E/-module correspond-
ing to the tautological vector bundle on Grassd .E/. It is a local direct summand of
E WD OGrassd .E/ ˝K E. Show that TGrassd .E/ Š HomOGrassd .E/

.E=U;U/. In particular
Tp.Grassd .E// D HomK.E=Up;Up/ for all p 2 Grassd .E/.

Problem 8.30. LetM be a real C˛-premanifold with ˛ � 1 or a complex premanifold.
For p � 0 and U � M open identify ˝p

M.U / with the set of p-multilinear alternating
morphisms TpU ! OU .

1. Let U � M be open, X a vector field over U , and ! 2 ˝p
M.U /, p � 1. Define

iX.!/ 2 ˝p�1
M .U / by

iX.!/.�1; : : : ; �p�1/ WD !.X; �1; : : : ; �p�1/

for �i 2 TM.V /, V � U open. For f 2 ˝0
M.U / D OM.U / define iX .f / WD 0. Show

that this defines a homomorphism iX W˝p
M ! ˝

p�1
M of OM -modules.

2. Show for p; q � 0 and for ! 2 ˝p
M.U /, � 2 ˝q

M.U / one has

iX.! ^ �/ D iX.!/ ^ �C .�1/p! ^ iX.�/:

3. For p � 0 define the Lie derivative

LX W˝p
M ! ˝

p
M ; LX WD d ı iX C iX ı d:

Show that for p D 0 this is the map defined in Proposition 8.57.
4. Show that for differential forms ! and � one has

d ı LX D LX ı d;
LX.! ^ �/ D LX.!/ ^ �C ! ^ LX.�/:



9Soft Sheaves

In this chapter we study soft sheaves. The class of soft sheaves is on one hand large enough
to include all kinds of interesting sheaves on real C˛-manifolds if ˛ � 1, for instance
the structure sheaf. On the other hand the cohomology of soft sheaves vanishes, and this
yields immediately several local-global principles. The chapter starts with the definition
and general properties of soft sheaves. In particular we will see that every global section
has an arbitrary fine partition (Proposition 9.9). In Sect. 9.2 we will show that the structure
sheaf of a real C˛-manifold for ˛ � 1 is a soft sheaf. In the last section we show that
the first cohomology vanishes for any soft sheaf of groups on a paracompact Hausdorff
space. We obtain several immediate corollaries for real C˛-manifolds with ˛ � 1: The
fact that sections of vector bundles over closed sets can always be extended to a global
section (and in particular a smooth version of Tietze’s extension theorem), a description
of the Picard group, or the fact that every subbundle of a vector bundle is split.

9.1 Definition and Examples of Soft Sheaves

LetX be a topological space, letZ � X be a subspace, and let i WZ ! X be the inclusion.
Let F be a sheaf on X . Recall that we defined F.Z/ as .i�1F/.Z/, in other words

F.Z/ D
�

.si ; Ui /i2I IUi � X open with Z �
[

i

Ui ;

si 2 F.Ui / with .si /z D .si 0/z
for all i; i 0 and all z 2 Z \ Ui \ Ui 0

�

= �

(9.1)

with .Ui ; si /i2I � .Vj ; tj /j2J if .si /z D .tj /z for all i 2 I , j 2 J and for all z 2
Ui \ Vj \Z.
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Our first goal is to show that under certain hypotheses, F.Z/ has a simpler description.
For every open neighborhood U of Z we have a restriction map

F.U /! F.Z/; s 7! sjZ WD Œ.U; s/�

and hence obtain a map

rZ WD rXZ WD colim
U

rUZ W colim
Z�U

F.U /! F.Z/: (9.2)

Here the left-hand side has the simple description

colim
Z�U

F.U / D f .U; s/ I U � X open with Z � U , s 2 F.U /g = � (9.3)

with .U; s/ � .V; t/ if there exists Z � W � U \ V open such that sjW D t jW .
The map rZ is always injective. Let .U; s/ and .V; t/ represent elements in F0.Z/ with

sz D tz for all z 2 Z. Then there exists Z � W � X open with sjW D t jW . We have the
following criteria for rZ to be bijective.

Proposition 9.1. The map rZ (9.2) is an isomorphism for every sheaf F on X if one of
the following hypotheses is satisfied:

1. The space X is Hausdorff paracompact and Z � X is closed.
2. The subspace Z has a fundamental system of Hausdorff paracompact open neighbor-

hoods.
3. The subspaceZ is compact and a relatively Hausdorff subspace ofX (Definition 1.22).

Hypothesis 2 is in particular satisfied for every subspace Z if X is Hausdorff and
hereditarily paracompact, for instance if X is a paracompact Hausdorff premanifold or if
X is metrizable (Proposition 1.13).

Proof. Let s 2 F.Z/ be represented by .Ui ; si /i2I .
(i). Let us assume that Hypothesis 1 or Hypothesis 2 is satisfied. In this case we first

show that we may assume that .Ui /i is a locally finite open covering of X and that X is
paracompact Hausdorff. If 1 is satisfied, we first add U0 WD X n Z to the covering (with
s0 2 F.U0/ arbitrary) to obtain a covering of X and then replace it by a locally finite re-
finement. If 2 is satisfied, we replace X by an open Hausdorff paracompact neighborhood
X 0 of Z contained in

S
i Ui and replace .Ui \X 0/i by a locally finite refinement. In both

cases there exists an open covering .Vi /i of X with Vi � Ui by Corollary 1.21. Clearly
.Vi /i is again locally finite.
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(ii). We now conclude the proof if Hypothesis 1 or Hypothesis 2 is satisfied. Note that
for all i; j 2 I the set Wij WD

˚
x 2 Ui \ Uj I .si /x D .sj /x

�
is open in X . Define

W WD ˚ x 2 X I 8 i; j 2 I W x 2 Vi \ Vj ) .si /x D .sj /x
�

D
\

i;j2I

	
Vi
c [ Vj c [Wij



;

where . /c denotes the complement in X . Then Z � W . It suffices to show that W is
open in X . Indeed, then si jVi\Vj\W D sj jVi\Vj\W for all i; j 2 I implies that there exists
Qs 2 F.W / such that QsjVi\W D si jVi\W for all i ; hence .W; Qs/ represents a preimage of s.

To see that W is open we choose for all y 2 X an open neighborhood Wy of y such
that I.y/ WD ˚ i 2 I I Wy \ Vi ¤ ;

�
is finite. For y 2 W one has

W \Wy D
˚
x 2 Wy I 8 i; j 2 I.y/W x 2 Vi \ Vj ) .si /x D .sj /x

�
;

which is open in X . Hence every point y ofW contains an open neighborhood contained
in W , namelyW \Wy . This shows that W is open in X .

(iii). Now suppose that Hypothesis 3 is satisfied. By Appendix Proposition 12.54,
every z 2 Z has a compact neighborhoodKz of z in Z contained in Uiz for some iz 2 I .
Since Z is compact, finitely many Kz1; : : : ; Kzn cover K. Set Kr WD Kzr , Ur WD Uizr and
sr WD sizr for r D 1; : : : ; n.

For n D 1we are done. Now s1jU1\U2 and s2jU1\U2 are two sections whose restriction to
K1 \K2 is equal to sjK1\K2 . Hence the injectivity of the map rU1\U2K1\K2 (9.2) yields an open
neighborhood V of K1 \ K2 in U1 \ U2 with s1jV D s2jV . As Z is relatively Hausdorff
in X and Ki n V is compact we find by Proposition 1.23 disjoint open neighborhoods
U 0i � Ui of Ki n V for i D 1; 2. The three sections s1jU 01 , s2jU 02 , and s1jV D s2jV glue to
a section on U 01 [ U 02 [ V , which extends sjK1[K2 . We conclude by induction. �

Definition 9.2. Let X be a paracompact Hausdorff space. A sheaf F on X is called soft
if for every closed subspace A of X the restriction map F.X/! F.A/ is surjective.

Even if one of the hypotheses of Proposition 9.1 is satisfied, the notion of sections over
a subspace is somewhat subtle. Consider the following example.

Example 9.3. Let X be a paracompact Hausdorff space and let CX be the sheaf of con-
tinuous R-valued functions on X . We claim that CX is soft.

Let A � X be closed and let s 2 CX.A/. We want to extend s to a section over X .
As paracompact Hausdorff spaces are normal (Proposition 1.18), it would be tempting
simply to apply Tietze’s extension theorem (Theorem 1.15 (iii)) to conclude that s can be
extended from A to X . But there is the following technical point to observe: The restric-
tion CX jA is usually not the sheaf of continuous functions on A. For instance if A D fxg
for some x 2 X , then CX jA.A/ D CX;x and CX jA is not the sheaf of continuous functions
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fxg ! R. More generally CX.A/ consists by Proposition 9.1 of germs of continuous
functions defined in some open neighborhood of A as in (9.3). Hence there is only a map
�WCX.A/ ! CA.A/, which sends a representative .U; s/ (U an open neighborhood of
A, s a continuous function on A) to the continuous function sjA on A. The composition
CX.X/ �! CX.A/

��! CA.A/ is surjective by Tietze’s extension theorem but it is not
immediate that CX.X/ �! CX.A/ is surjective.

Nevertheless we can use Theorem 1.15 as follows. Let U be an open neighborhood
of A, Qs0 2 CX.U / extending s. Applying Theorem 1.15 (iii) twice we find a closed
neighborhood B of A and a closed neighborhood C of B with C � U . By Tietze’s
extension theorem (Theorem 1.15 (iv)) we find a continuous function f WX ! R with
f .b/ D 1 for all b 2 B and f .x/ D 0 for all x 2 X n C ı. Then the germ of f in every
point of A is 1 and hence Qs WD f jU Qs0 also extends s. It can be extended to a continuous
function on X by 0.

Example 9.4. Let X be a connected paracompact Hausdorff space consisting of more
than one point. Then the constant sheaf ZX is not soft. Take x; y 2 X , x ¤ y, A WD
fx; yg. As X is Hausdorff, there exist open neighborhoods U 3 x and V 3 y with
U \ V D ;. The locally constant function f with value 0 on U and value 1 on V defines
a section of ZX.A/ that cannot be extended to X because every locally constant function
on X is constant.

Remark 9.5. Let X be a paracompact Hausdorff space, let A � X be a closed subspace,
and let F be a soft sheaf on X . Then FjA is a soft sheaf on A: If A is closed and B � A is
closed, thenB is closed inX . Therefore the composition of restrictions F.X/! F.A/!
F.B/ is surjective and hence F.A/! F.B/ is surjective.

Proposition 9.6. Let X be a paracompact Hausdorff space and F be a sheaf on X . Sup-
pose that there exists a family .Zj /j2J of subspaces such that the interior Zıj cover X
and such that for all j and every closed subspace A of X with A � Zj the restriction
F.Zj /! F.A/ is surjective. Then F is soft.

Proof. We first remark that one can replace .Zj /j by a refinement. Let .Yi /i2I be a refine-
ment of .Zj /j such that .Y ıi /i is an open covering. For all i 2 I let j 2 J with Yi � Zj . If
A is a closed subspace ofX withA � Yi , then the surjectivity ofF.Zj /! F.Yi /! F.A/

implies the surjectivity of F.Yi /! F.A/.
Hence we may first replace .Zj /j by the open covering .Zıj /j and then by a locally

finite open covering .Ui /i because X is paracompact. By the shrinking lemma (Corol-
lary 1.21) we find an open covering .Vi /i2I with Vi � Ui for all i . As a subset of Vi
is closed in X if and only if it is closed in Vi , the restriction FjVi is soft for all i by
Remark 9.5.

Let A � X be a closed subspace, s 2 F.A/. We want to extend s to X . For J � I let
CJ WD A[

S
i2J Vi . This is a closed subset of X because .Vi /i is locally finite (Appendix
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Corollary 12.33). We have CI D X . Define

E WD ˚ .J; tJ / I J � I , tJ 2 F.CJ / with tJ jA D s
�
:

Then .;; s/ 2 E. Define a partial order on E by .J; t/ � .J 0; t 0/ if J � J 0 and t 0jCJ D t .
If F � E is a totally ordered subset, then F has an upper bound: Set

QJ WD
[

.J;tJ /2F
J

and let Qt 2 F.C QJ / be the unique section such that Qt jFJ D tJ (exists by Proposition 3.59).
Therefore we may apply Zorn’s lemma. Let .J; tJ / be a maximal element of E. It suffices
to show that J D I .

Assume that there exists i 2 I n J . As FjVi is soft, there exists ti 2 F.Vi / such that
ti jVi\CJ D tJ jVi\CJ . Let Qt 2 F.Vi [ CJ / be the element that restricts to ti and to tJ . Then
.J [ fig; Qt/ 2 E with .J; tJ / < .J [ fig; Qt/. This is a contradiction. �

Corollary 9.7. Let X be a paracompact Hausdorff space and F be a sheaf on X . Then
F is soft if and only if every point x 2 X has a closed neighborhood N such that FjN is
soft.

Proof. The condition is necessary by Remark 9.5 and sufficient by Proposition 9.6. �

Proposition 9.8. Let X be a paracompact Hausdorff space and let OX be a sheaf of (not
necessarily commutative) rings on X . Suppose that OX is soft. Then every left and every
right OX -module is soft.

Proof. It suffices to show the assertion for left modules. Let A � X be closed and
s 2 F.A/. By Proposition 9.1 there exists U � X open with A � U and Qs 2 F.U /

extending s. As X is normal (Proposition 1.18), we find by Theorem 1.15 (iii) a closed
neighborhood C of A contained in U . Then A and @C are disjoint closed subsets. As OX
is soft, O.X/ ! OX.A [ @C / is surjective and we find u 2 OX.X/ with ux D 1 for all
x 2 A and ux D 0 for all x 2 @C . Then QsjCujC extends s and can be extended to X by
zero. �

Proposition 9.9 (Soft sheaves and partitions of sections). Let X be a paracompact
Hausdorff space, let A be a soft sheaf of abelian groups on X and let s 2 A.X/. Then for
every open covering .Ui /i2I of X there exists a family .si /i2I of si 2 A.X/ such that:

(a) supp.si / � Ui for all i 2 I .
(b) For all x 2 X there exists x 2 U � X open such that

˚
i 2 I I si jU ¤ 0

�
is finite.

(c) For all x 2 X one has sx DPi2I .si /x (a finite sum by (b)).

Then .si /i is called a partition of s subordinate to .Ui/i and we write s DPi2I si .
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Proof. (i). Assume first that .Ui /i is locally finite. By the shrinking lemma there exist
closed subsets Si with Si � Ui and X D

S
i Si .

For J � I set SJ WD
S
i2J Si . Then SJ is closed because .Si /i is locally finite

(Appendix Corollary 12.33). Let E be the set of pairs .J; .si /i2J / with J � I , si 2 A.X/

with supp.si / � Ui for all i 2 J and such that .
P

i2J si /jSJ D sjSJ . Then .;;;/ 2 E, in
particular E ¤ ;.

The set E is partially ordered by .J; .si /i2J / � .K; .ti /i2K/ if J � K and si D ti for
all i 2 J . Clearly, every totally ordered subset of E has an upper bound. Hence E has
a maximal element .J; .si /i2J / by Zorn’s lemma. It suffices to show that J D I .

Assume there exists ˛ 2 I nJ . There exists a unique section t˛ 2 A..X nU˛/[ .SJ [
S˛// such that

t˛ D 0 on X n U˛ and t˛ D s �
X

i2J
si on SJ [ S˛

because s �Pi2J si D 0 on .X n U˛/ \ .SJ [ S˛/ � SJ . As A is soft, there exists
an extension s˛ 2 A.X/ of t˛ . Hence .J [ f˛g; .si /i2J[f˛g/ 2 E is strictly larger than
.J; .si /i2J /. This is a contradiction.

(ii). In general, let .Vj /j2J be a locally finite refinement of .Ui /i such that Vj �
U�.j / for a map �W J ! I . Let .tj /j be a partition of s subordinate to .Vj /. Define
si WD

P
j2��1.i/ tj , which makes sense because .Vj /j2J is locally finite. Then .si /i2I is

a partition of s subordinate to .Ui /i . �

In fact, the existence of such partitions characterizes soft sheaves (Problem 9.5).

9.2 Softness of Sheaves of Differentiable Functions

The next goal is to show that the structure sheaf of a real C˛-manifold with ˛ � 1 is soft.
This is essentially equivalent to the fact that there exist arbitrary fine partitions of 1 (see
Corollary 9.13 and Problem 9.5). Hence it is not surprising that we start with a lemma
that is also a standard step in the construction of smooth partitions of unity.

Lemma 9.10. Let m 2 N0, U � Rm open and K � U compact. Then there exists a
C1-function 'WRm ! R with 0 � ' � 1 and ' jK D 1, supp.'/ � U .

Proof. For p 2 Rm, r > 0 setCr.p/ WD f x 2 Rm I jjx � pjj1 < r g. Then .Cr.rp//p2Zm

is a locally finite open cover of Rm.
Let

� WR! R; x 7!
8
<

:

exp
	� 1

1�x2


; x 2 .�1; 1/I

0; x 2 R n .�1; 1/:
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Then � is a C1-function with supp.�/ D Œ�1; 1�. Moreover, define for " > 0 and p 2 Rm

�"p WRm ! R; x 7!
Ym

iD1 �
�xi

"
� pi

�
:

This is also a C1-function and we have supp.�"p/ D C"."p/ and �"p jC"."p/ > 0. Hence,
�"WRm ! R, x 7! P

p2Zm �"p.x/ (a finite sum for every x 2 Rm) is a C1-function with
�" > 0. Hence '"p WD �"p=�

" is a well-defined C1-function and
P
p2Zm '"p.x/ D 1 for

every x 2 Rm and supp.'"p/ D supp.�"p/.
As K � U is compact, there exists " > 0 such that C2".p/ � U for every p 2 K. Set

P" WD
n
p 2 Zm I supp.'"p/ \K ¤ ;

o
and define 'WRm ! R, x 7!P

p2P" '
"
p.x/. Since

P
p2Zm '"p.x/ D 1 for every x 2 Rm, the definition ofP" yields '.x/ DPp2P" '

"
p.x/ D 1

for every x 2 K. Also, we have supp.'/ � S
p2P" supp.'

"
p/ � U because supp.'"p/ D

C".p/ � C2".p/ � U for every p 2 K. �

Theorem 9.11. LetM be a real paracompact Hausdorff C˛-premanifold with ˛ 2 N0 [
f1g. Then C˛M is a soft sheaf.

Proof. Every point p 2M has a chart .U; x/ at p and a compact neighborhood p 2 C �
U . By Corollary 9.7 it suffices to show that x
.C˛M jC / is a soft sheaf on the compact subset
x.C / of Rm, wherem D dimp.M/. Then every closed subset of x.C / is compact. Hence
it suffices to show that every C˛-function f defined on some open neighborhood U of
a compact subsetK � Rm can be extended to a C˛-function on Rm after possibly shrink-
ing U . As K is compact, there exists " > 0 such that K 0 WD fx 2 Rm I d.x;K/ � " g �
U (d some metric on Rm defining the topology of Rm).

Due to Lemma 9.10 there exists a C˛-function gWRm ! R such that gjK 0 D 1 and
such that supp.g/ � U (we may even assume that g � 0). Let

hWRm ! R; x 7!
8
<

:

.fg/.x/; x 2 U I
0; x 2 Rn n U:

Then h is the desired extension because h D f on the open neighborhood f x 2
Rm I d.x;K/ < " g of K. �

Corollary 9.12. Let M be a real paracompact Hausdorff C1-premanifold. Then the
tangent sheaf TM and the sheaves of differential forms ˝r

M , r � 0, are soft sheaves.

Proof. Theorem 9.11 and Proposition 9.8. �

Finally, as we have for every soft sheaves and every global section arbitrary fine parti-
tions, we obtain in particular the existence of partitions of unity.
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Corollary 9.13 (Partition of unity). LetM be a paracompact HausdorffC˛-premanifold.
For every open covering .Ui /i there exist fi 2 C˛M .M/ such that:

(a) supp.fi / � Ui and .supp fi /i2I is locally finite.
(b)

P
i2I fi D 1.

Proof. Theorem 9.11 and Proposition 9.9. �

9.3 Triviality ofH1 for Soft Sheaves and Applications

In the previous section we have seen that many interesting sheaves are soft. Now we show
that the first cohomology vanishes for soft sheaves. This will allow us to prove several
global results that a priori hold only locally.

Theorem 9.14. Let X be a paracompact Hausdorff space and let G be a soft sheaf of
groups on X . ThenH1.X;G/ D 0.

Once we have defined higher cohomology groups in Chap. 10, we will show that
Hp.X;A/ D 0 for all p � 1 and for every soft sheaf A of abelian groups (Proposi-
tion 10.17).

Proof. Let T be a G-torsor. We have to show that T .X/ ¤ ; because then T is trivial by
Proposition 7.4. Let .Ui/i be an open covering of X such that there exist ti 2 T .Ui / for
all i . As X is paracompact, we may assume that .Ui /i is locally finite. By the shrinking
lemma we find Si � Ui such that Si is closed in X and such that

S
i Si D X .

For J � I set SJ WD S
i2J Si (note that SJ is closed in X because .Si /i is locally

finite) and define
E WD f .t; J / I J � I; t 2 T .SJ / g :

Then .
;;/ 2 E and hence E ¤ ;. It is an ordered set with partial order .t; J / � .t 0; J 0/
if J � J 0 and t D t 0jSJ . As sections over the members of a locally finite closed covering
can be glued (Proposition 3.59), every totally ordered subset of E has an upper bound.
Hence there exists a maximal element .t; J / in E by Zorn’s lemma. We claim that J D I
(then T .X/ ¤ ;).

Assume that there exists j 2 I n J . Then there exists a unique g 2 G.SJ \ Si/ such
that t jSJ\Si D gti jSJ\Si . As G is soft, there exists Qg 2 G.X/, which extends g. Replacing
ti by QgjSi ti we may assume that t jSJ\Si D ti jSJ\Si and hence we may extend t to Si [SJ ;
a contradiction to the maximality of .t; J /. �

We now apply Theorem 9.14 to real C˛-manifolds for ˛ � 1 using the fact that their
structure sheaf is soft. Note that all the results below apply slightly more generally to real
paracompact Hausdorff C˛-premanifolds with ˛ � 1.
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Corollary 9.15. Let M be a real C˛-manifold with ˛ � 1 and let E be a C˛M -module.
Then H1.M;E/ D 0.

Proof. The sheaf E is soft by Theorem 9.11 and Proposition 9.8. Hence H1.M;E/ D 0

by Theorem 9.14. �

Corollary 9.16 (Smooth version of Tietze’s extension theorem). Let M be a real C˛-
manifold with ˛ � 1, S � M a closed subspace. Then for every f 2 OS .S/ (i.e., for
every map f WS ! R such that for every point s 2 S there exist an open neighborhood
U and g 2 C˛M .U / with gjU\S D f jU\S ) there exists Qf 2 C˛M .M/ such that f D Qf jS .

In particular, any C˛-function S ! R on a closed submanifold S of M can be ex-
tended toM .

Proof. Let IS be the sheaf of C˛-functions vanishing on S (Remark 5.31) and consider
the exact sequence (5.9) of OM -modules. The cohomology sequence (Proposition 7.22)
yields an exact sequence C˛M .M/ ! OS .S/ ! H1.M; IS/. As IS is an ideal in C˛M ,
H1.M; IS/ D 0 by Corollary 9.15. Therefore C˛M .M/! OS .S/ is surjective. �

More generally, a similar argument shows that we can always extend sections of vector
bundles from closed subspaces to the whole manifold:

Corollary 9.17. LetM be a real paracompact Hausdorff C˛-premanifold with ˛ 2 N0[
f1g and let .E; p/ be any vector bundle overM . Then any section s of E over a closed
subspace S ofM can be extended to a section of E overM .

Here by a section of E over S we mean a map sWS ! E with p ı s D idS and such for
all p 2 S there exists an open neighborhood U of p inM and a C˛-section t of E over
U such that t jU\S D sjU\S .

Proof. Again let IS be the sheaf of C˛-functions vanishing on S and let E be the sheaf
of sections of E that is a locally free C˛M -module. Then the global section s of the sheaf
E=ISE can be lifted to a global section of E because H1.M; ISE/ D 0 by Corollary 9.15.

�

Corollary 9.18. LetM be a real C˛-manifold with ˛ � 1. Then composition with sign
O�M ! f˙1gM Š .Z=2Z/M induces on cohomology an isomorphism

wW Pic.M/
�! H1.M; .Z=2Z/M/:

In particular Pic.M/ D 1 ifM is simply connected.

For a line bundle L overM the cohomology class w.L/ 2 H1.M; .Z=2Z/M/ is called
the (first) Stiefel-Whitney class of L.
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Proof. The first assertion follows from (8.16) andH1.M;C˛M / D 0. The second assertion
follows from Proposition 7.5. �

Example 9.19. Let M WD S1 considered as a real C˛-manifold with ˛ � 1. Then
H1.S1; .Z=2Z/S1/ Š Z=2Z (Example 7.10). Hence Pic.S1/ Š Z=2Z has exactly two
elements. As in Example 8.15 one sees that the two line bundles are the trivial line bundle
and the Möbius bundle (which is the line bundle constructed as the Möbius band (Exam-
ple 4.30) but with typical fiber R instead of .�1; 1/).

Corollary 9.20. LetM be a real C˛-manifold with ˛ � 1 and let E be a vector bundle
overM . Then every subbundle of E is split.

Proof. Remark 8.51 and Corollary 9.15. �

Corollary 9.21. Let M be a real C˛-manifold with ˛ � 1, let E and F be vector
bundles overM , and let$ WE ! F be a surjective morphism of vector bundles. Then for
all U �M open the map on sections E.U /! F.U / is surjective.

Proof. Let wWE ! F be the surjective homomorphism of finite locally free OM -
modules corresponding to $ (Proposition 8.49). Then E.U / ! F.U / is identified
with wU WE.U / ! F.U /. The exact sequence of C˛U -modules 0 ! Ker.w/jU !
EjU ! FjU ! 0 yields a cohomology sequence E.U / ! F.U / ! H1.U;Ker.w// and
H1.U;Ker.w// D 0 by Corollary 9.15. �

9.4 Problems

Problem 9.1. Let X be a hereditarily paracompact Hausdorff space and let A � X be
locally closed. Show that for every soft sheaf F on X its restriction FjA is a soft sheaf on
A.

Problem 9.2. Let M be a real analytic or a complex premanifold of dimension > 0.
Show that OM is not soft.

Problem 9.3. Let X be a paracompact Hausdorff space and let OX be a sheaf of (not
necessarily commutative) rings on X . Show that OX is soft if and only if every point of x
has a neighborhood U such that for all disjoint closed subspaces A, B of U there exists
a section s 2 OX.U / such that sjA D 1 and sjB D 0.

Problem 9.4. Let X be a paracompact Hausdorff space. Show that every colimit of soft
abelian sheaves is again soft.
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Problem 9.5. Let X be a paracompact Hausdorff space and let A be a sheaf of abelian
groups on X . Show that the following assertions are equivalent:

(i) A is soft.
(ii) For every closed subspace A of X , every s 2 A.A/ and for every locally finite open

covering .Ui /i of A in X there exist si 2 A.X/ for all i with supp.si / � Ui and
sx D

P
i2I .si /x for all x 2 A.

Suppose that A is a sheaf of (not necessarily commutative) rings. Show that A is soft if
and only if (ii) holds for A D X and s D 1.

Problem 9.6. Let X be a paracompact Hausdorff space. A sheaf of abelian groups A on
X is called fine if the sheaf HomZX .A;A/ is soft.

1. Show that a sheaf of abelian groupsA onX is fine if and only if for every closed subset
A of X and for every neighborhood U of A there exists an endomorphism of A that is
1 on A and 0 outside U .

2. Show that every fine sheaf is soft.
3. Let OX be a soft sheaf of (not necessarily commutative) rings. Show that every OX -

module is fine.
4. Let A be a fine sheaf of abelian groups on X . Show that for every sheaf M of abelian

groups on X the tensor product (Problem 8.7) A˝ZX M is fine.

Problem 9.7. Let M be a real C˛-manifold with ˛ � 1 and let p 2 M . Show that
forming the germ OM.M/! OM;p is surjective.

Problem 9.8. LetM be a real C˛-manifold with ˛ � 1. Show that there exists a proper
morphism f WM ! R.

Problem 9.9. A commutative monoidM (written additively) is called integral if for all
m 2 M the mapM ! M , n 7! mC n is injective. The integral monoids together with
homomorphisms of monoids form a category and one has the notion of a sheaf of integral
monoids.

1. Show thatM is integral if and only if the canonical homomorphismM ! M gp (Ap-
pendix Problem 13.22) is injective.

2. Generalize Proposition 9.9 to soft sheaves A of integral monoids.
3. Let M be a real paracompact Hausdorff C˛-premanifold with ˛ � 1. Show that
U 7! ˚

f 2 C˛M .U / I f .p/ � 0 8p 2 U
�
is a soft sheaf of integral monoids. Deduce

that in Corollary 9.13 one can assume that fi � 0 for all i .
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Problem 9.10. Let U be a tautological line bundle on P 1.R/ D Grass1.R2/ (Prob-
lem 8.28) and let pWS1 ! P 1.R/ be the canonical map. Show that the pullback p
.U /
(Problem 8.17) is isomorphic to the Möbius bundle.

Problem 9.11. Let X be a paracompact Hausdorff space, let F be a presheaf of sets on
X and QF its sheafification. Suppose that for every locally finite open covering .Ui/i of X
and for all si 2 F.Ui / with si jUi\Uj D sj jUi\Uj for all i , j there exists s 2 F.X/ such that

sjUi D si for all i . Show that F.X/! QF.X/ is surjective.

Problem 9.12. Let � be a topological space. For every topological space X let S�.X/
be the set of continuous maps � ! X . Let A be an abelian group and let S�.X;A/ be
the abelian group of maps S�.X/ ! A, called the group of singular �-cochains of X
with values in A. If U � V � X are open subspaces, one has an injection S�.U / ,!
S�.V / and hence restriction maps S�.V;A/ ! S�.U;A/ making U 7! S�.U;A/ into
a presheaf of abelian groups. Let U 7! S�.U;A/ be its sheafification.

1. Deduce from Problem 9.11 that S�.X;A/! S�.X;A/ is surjective.
2. Show that S�.X;A/ is a fine sheaf (Problem 9.6).

Problem 9.13. Consider the smooth manifold P n.R/, n � 1. Show that Pic.P n.R// Š
Z=2Z.
Hint: Problem 7.6.
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In this chapter we generalize for sheaves of abelian groups (or more generally, for OX -
modules, where .X;OX/ is a ringed space) cohomology groups in degree 1 to higher
degrees in such a way that we can extend the exact sequence of cohomology. The idea
(motivated in Sect. 10.1) is to replace an OX -module by a quasi-isomorphic complex
of such OX -modules whose cohomology we expect to be trivial (namely injective OX -
modules), then to apply the functor of global sections to this complex to obtain a complex
of � .X;OX/-modules, and finally take the cohomology of this complex. Of course, once
one follows the strategy of first replacing an OX -module by a complex, it is only natural to
start with an arbitrary complex of OX -modules1. This will yield the (hyper-)cohomology
Hp.X;F�/ of a complex F� defined in Sect. 10.2. Much more generally, one may view
these constructions as a special case of the right derivation of a left exact functor between
abelian categories, which is here applied to the functor of taking global sections of an
OX -module.

In Sect. 10.3 we will study classes of acyclic OX -modules F (i.e., Hp.X;F/ D 0 for
all p � 1). Injective OX -modules are acyclic, almost by definition. We will introduce
flabby sheaves as a technical tool and we will also prove that soft sheaves are acyclic.

The cohomological techniques developed in the first three sections will allow us in
Sect. 10.4 to define de Rham cohomology and to prove the de Rham isomorphism. We
can also compute some cohomology groups of sheaves of holomorphic functions and get
as a corollary the theorem of Mittag-Leffler from complex analysis in one variable.

After studying some functoriality properties of cohomology with respect to inverse
and direct images in Sect. 10.5 we formulate and prove in the last section the proper base
change theorem for bounded below complexes of abelian sheaves on arbitrary topological
spaces.

1 Even more natural would be to work systematically in a category of complexes, where quasi-
isomorphisms are defined to be isomorphisms, i.e., in the derived category. But the required amount
of homological algebra is beyond the scope of this book.
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Notation: In this chapter .X;OX/ will denote a ringed space and we set R WD OX.X/.
If K is a commutative ring such that .X;OX/ is K-ringed, then R is aK-algebra.

Recall that the category of OX -modules and the category of R-modules are abelian
(Appendix Definition 15.25).

10.1 Strategy for the Definition of Cohomology of Sheaves

Consider the additive functor (Appendix Definition 15.21)

� .X; �/W (OX-Mod) �! (R-Mod); F! � .X;F/ WD F.X/:

It is left exact, i.e., it commutes with finite limits (Remark 8.37). Equivalently (by Ap-
pendix Remark 15.27), for every exact sequence

0! F0 ! F! F00

of OX -modules the induced sequence

0! � .X;F0/! � .X;F/! � .X;F00/

is exact.

Remark and Definition 10.1 (Goal of the construction of cohomology). We would like
to construct a so-called ı-functor extending � .X; �/, i.e.,

(a) a family of additive functors Hn.X; �/W (OX -Mod) �! (R-Mod) for n � 0 such that
H0.X; �/ D � .X; �/,

(b) for every exact sequence 0 ! F0 ! F ! F00 ! 0 of OX -modules a family of
homomorphisms of R-modules ıWHn.X;F00/! HnC1.X;F0/, n � 0,

satisfying the following conditions:

1. For every exact sequence 0! F0 ! F! F00 ! 0 of OX -modules the sequence

0 �! H0.X;F0/ �! H0.X;F/ �! H0.X;F00/
ı�! H1.X;F0/ �! H1.X;F/ �! H1.X;F00/
ı�! H2.X;F0/ �! H2.X;F/ �! : : :

is exact.



10.1 Strategy for the Definition of Cohomology of Sheaves 207

2. For every morphism .0 ! F0 ! F ! F00 ! 0/ �! .0 ! G0 ! G ! G00 ! 0/ of
exact sequences of OX -modules the diagram

Hn.X;F00/ ı
HnC1.X;F0/

Hn.X;G00/ ı
HnC1.X;G0/

is commutative.

Moreover, to characterize the cohomology up to unique isomorphism, we would like
this ı-functor .Hn.X; : : : /; ı/n to be universal in the following sense: If .F n; ı/n�0 is
any ı-functor extending � .X; �/ then there is a unique family of morphisms of functors
'nWHn.X; �/! F n compatible with ı such that '0 D id.

Clearly, a universal ı-functor extending � .X; �/ is unique up to unique isomorphism
(once we have shown that it exists). It is then called the right derived functor of � .X; �/.

Remark and Definition 10.2 (Strategy of the construction of cohomology). To get an
idea of how to construct such a universal ı-functor extending � .X; �/we think backwards.
Assume that we have already constructed the right derived functorsHn.X; �/ of � .X; �/.

An OX -module I is called � -acyclic ifHn.X; I/ D 0 for all n > 0.
Now let F be an arbitrary OX -module. Assume:

There exists an exact sequence of OX -modules

0! F! I0 ! I1 ! : : :

such that In is � -acyclic for all n � 0:
(~)

In other words, F is quasi-isomorphic to the complex I� of � -acyclic OX -modules.
Claim: The cohomology modules can be calculated as follows:

Hn.X;F/ D Hn
	
0! � .X; I0/! � .X; I1/! � .X; I2/! : : :



; (10.1)

where the right-hand side denotes the cohomology of a complex (Appendix Defini-
tion 15.2), i.e., the right-hand side is equal to

Rn WD Ker.� .X; In/! � .X; InC1//= Im.� .X; In�1/! � .X; In//:

Let us believe this claim for a moment. Then this suggests a way of defining right derived
functorsHn.X; : : : /:

1. Find a class I of OX -modules that we expect to be always � -acyclic once we have
defined .Hn.X; : : : /; ı/n�0.
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2. Show that (~) is possible for every OX -module F with In in I.
3. Then defineHn.X;F/ via (10.1).

As exact sequences of the form 0 ! I ! F ! F00 ! 0 with I injective OX -module
always split, it is plausible to take all injective OX -modules as this class. Then (~) will be
always possible by Lemma 10.3 below.

Let us show the claim. Denote the right-hand side of (10.1) by Rn. Let n D 0.
Applying the left exact functor � .X; �/ to the exact sequence 0 ! F ! I0 ! I1 we
get the exact sequence

0! � .X;F/! � .X; I0/! � .X; I1/

and hence

H0.X;F/ D � .X;F/ D Ker.� .X; I0/! � .X; I1// D R0:
Assume now that n � 1. Set I�1 WD K0 WD F and define for p � 1

Kp WD Coker.Ip�2 ! Ip�1/ Š Im.Ip�1 ! Ip/ D Ker.Ip ! IpC1/;

where the isomorphism is induced by Ip�1 ! Ip . From the exact sequence 0 ! Kp !
Ip ! IpC1 we get

H0.X;Kp/ D Ker.H0.X; Ip/! H0.X; IpC1//: (*)

The short exact sequence

0! Kp ! Ip ! KpC1 ! 0

yields a long exact sequence

0 �! H0.X;Kp/ �! H0.X; Ip/ �! H0.X;KpC1/

�! : : :

�! Hn.X;Kp/! Hn.X; Ip/
„ ƒ‚ …

D0
! Hn.X;KpC1/

�! HnC1.X;Kp/ �! HnC1.X; Ip/
„ ƒ‚ …

D0
�! : : :

and hence isomorphisms Hn.X;KpC1/
�! HnC1.X;Kp/ for n � 1. As F D K0 we see

by induction that

Hn.X;F/ D Hn.X;K0/ Š � � � Š H1.X;Kn�1/

Š H0.X;Kn/= Im.H0.X; In�1/! H0.X;Kn//
.
/D Rn:
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10.2 Definition of Cohomology

The strategy outlined above suggests how to define cohomology of an OX -module F as
follows:

1. Choose a quasi-isomorphism F
qis�! I�, where I� is a complex consisting of injective

OX -module Ip for all p with Ip D 0 for p < 0.
2. Apply the functor � .X; �/ to I� and take the cohomology of complexes of � � � !
� .X; Ip/! � .X; IpC1/! : : : .

But if we replace a singleOX -moduleF by a complex, why not start with a whole complex
of OX -modules F�? Then it will turn out that the crucial property of I� is its K-injectivity
(Appendix Definition 15.18). Hence the starting point of the construction of cohomology
of arbitrary complexes of OX -modules is the following result, which ensures that step (1)
is always possible.

Lemma 10.3. The following abelian categories have injective and K-injective resolutions
(Appendix Definition 15.28):

1. The abelian category of R-modules for a ring R.
2. The abelian category of OX -modules for a ringed space .X;OX/.

We will not prove this lemma here but refer to [Spa] Theorem 4.5, [Stacks] Tag 079P,
or [AJS] Theorem 5.4.

Lemma 10.3 in particular shows that if F� is bounded below, then we find a quasi-
isomorphism F�

qis�! I�, where I� is bounded below and consists of injective OX -modules
(in particular I� is K-injective by Appendix Proposition 15.19). This is the only case
that we will apply in the rest of this book (and we refer to Appendix Problem 15.14
and Problem 10.1 for some hints on the existence of such injective resolutions). Hence
in the sequel we usually give proofs only in this case or even only in the case where
F� is concentrated in degree 0 and refer to the literature for the general arguments from
homological algebra.

Now we define the sheaf cohomology of a complex of OX -modules as follows.

Definition and Theorem 10.4. Let .X;OX/ be a ringed space and let R WD � .X;OX/.
Let F� be a complex of OX -modules. Choose a quasi-isomorphism F�

qis�! I�, where I� is
a K-injective complex of OX -modules and define for n 2 Z the n-th cohomology of F� by

Hn.X;F�/ WD Hn.� � � ! � .X; Ip�1/! � .X; Ip/! � .X; IpC1/! : : : /:

1. This defines for all n 2 Z additive functors

Hn.X; �/WK.OX/! (R-Mod)
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such that for an OX -module F (considered as a complex concentrated in degree 0) one
has a functorial isomorphism

H0.X;F/
��! � .X;F/:

If the complex F� is bounded below, say there exists a 2 Z such that Fp D 0 for all
p < a, thenHn.X;F�/ D 0 for all n < a.

2. For every short exact sequence of complexes of OX -modules

0! F�
u�! G�

v�! H� ! 0 (10.2)

(i.e., 0! Fp
up�! Gp

vp�! Hp ! 0 is an exact sequence ofOX -modules for all p 2 Z)
there are connecting homomorphisms of R-modules ıWHn.X;H�/ ! HnC1.X;F�/
making the sequence

: : :
ı�!Hn.X;F�/

Hn.X;u/������! Hn.X;G�/
Hn.X;v/������! Hn.X;H�/

ı�!HnC1.X;F�/
HnC1.X;u/������! HnC1.X;G�/

HnC1.X;v/������! HnC1.X;H�/
ı�! : : :

(10.3)

exact and this long exact cohomology sequence is functorial for morphisms of short
exact sequences of complexes.

If Z � X is any subspace, we simply write Hn.Z;F�/ instead ofHn.Z;F�jZ/.
One should not confuse cohomology as a complexHp.F�/ defined as the OX -module

Ker.Fp ! FpC1/= Im.Fp�1 ! Fp/ and the cohomologyHn.X;F�/ just defined, which
is anR-module. To distinguish these two notions,Hn.X;F�/ is sometimes also called the
hypercohomology of the complex, but we will not use this terminology.

For a sheaf of abelian groups F, which is the same as a ZX -module, we now have for
the moment two definitions of H1.X;F/: the definition given here and the definition via
torsors (or Čech cocycles) given in Chap. 7. We will see in Proposition 10.16 that these
definitions coincide.

Before proving Theorem 10.4 we make the following remark.

Remark 10.5. Let uWF� ! G� be a morphism of complexes of OX -modules. Let
� .X;F�/ be the complex of R-modules

: : : �! � .X;Fp/ �! � .X;FpC1/ �! : : :

and let � .X; u/W� .X;F�/ ! � .X;G�/ be the morphism of complexes of R-modules
given by � .X; u/p WD � .X; up/W� .X;Fp/ ! � .X;Gp/. This defines a functor
(Com(OX)) ! (Com(R)). Applying to a homotopy u ' v of homomorphisms of
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complexes (Appendix Definition 15.4 and Remark 15.26) the functor � .X; �/ yields a ho-
motopy � .X; u/ ' � .X; v/. Hence � .X; �/ induces a functor of homotopy categories
(Appendix Definition 15.6 and Remark 15.26)

� .X; �/WK.OX/! K.R/:

In particular, Hn.� .X; u// D Hn.� .X; v// for homotopic morphisms u and v of com-
plexes of OX -modules for all n 2 Z.

Proof (Proof of Theorem 10.4). (i). We first show that Hn.X;F�/ depends up to unique
isomorphism not on the choice of the K-injective resolution. Let sWF� qis�! I� and
t WF� qis�! J� be two K-injective resolutions. Applying Appendix Lemma 15.20 to u D
idWF� ! F� we obtain a unique isomorphism wW I� �! J� in K.OX/ such that w ı s D t

and hence a unique isomorphism

Hn.� .w//WHn.� .X; I�//
��! Hn.� .X; J�//

by Remark 10.5.
(ii). Hn.X; �/ defines an additive functor Hn.X; �/WK.OX/ ! (R-Mod), again by

Appendix Lemma 15.20 and Remark 10.5.
(iii). Assume that Fp D 0 for all p < a. Then we may choose a K-injective res-

olution F�
qis�! I�, where Ip D 0 for all p < a (Lemma 10.3). Hence Hn.X;F�/ D

Hn.� .X; I�// D 0 for all n < a.
(iv). Let F be an OX -module. Then a K-injective resolution F

qis�! I� with Ip D 0 for
p < 0 is an exact sequence

: : : �! 0 �! F �! I0 �! I1 �! : : : :

As � .X; �/ is left exact, we obtain

� .X;F/ D Ker.� .X; I0/! � .X; I1// D H0.� .X; I�//:

(v). Proof of (2): If F�, G�, and H� are bounded below: We claim that there exists
a commutative diagram in (Com(OX))

0 F� G� H� 0

0 I� J� K� 0;

(*)

such that:

1. The complexes in the lower row are bounded below and consist of injective OX -
modules and the vertical arrows are quasi-isomorphisms.
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2. The lower row is an exact sequence of complexes.

Let us briefly indicate the argument: By Lemma 10.3 we can find F�
qis�! I� as desired.

Forming the componentwise pushout in the abelian category (OX -Mod), we obtain a di-
agram as desired, but where J� and K� are arbitrary bounded below complexes. As I�

consists componentwise of injective objects, the sequence 0 ! I� ! J� ! K� ! 0 is
componentwise split. Hence we can assume that (10.2) is componentwise split and that the
components ofA� are injective (see also Appendix Problem 15.13). Then choose an injec-
tive resolutionH�

qis�! K� such thatHp ! Kp is injective for all p. Set Jp WD Ap˚Kp .
Then it is easy to see that there are homomorphisms ıpWKp ! ApC1 such that

d
p

J� WD
 
d
p

A� ıp

0 d
p

K�

!

makes J� into a complex and such that if we define Gp ! Jp as the sum of idAp and
Hp ! Kp , then (*) commutes.

As Ip is injective, the exact sequences 0! Ip ! Jp ! Kp ! 0 even split. Hence this
sequence stays exact after applying � .X; �/. We obtain an exact sequence of complexes
of R-modules

0! � .I�/ �! � .J�/ �! � .K�/ �! 0:

Now we can apply Appendix Lemma 15.14 to obtain (10.3).
(vi). For the proof of (2) in general we refer to [Stacks] Tag 0152. �

Remark 10.6. Let F� and G� be complexes of OX -modules. Then every quasi-iso-
morphism uWF� ! G� yields an isomorphism

Hn.X;F�/
�! Hn.X;G�/:

Indeed, if i WG� ! I� is a K-injective resolution of G�, then i ıu is a K-injective resolution
of F�.

To achieve all goals formulated in Remark 10.1 we still have to show that if we restrict
our construction of cohomology to a single OX -module, then we obtain a universal ı-
functor. To make sense of this we will always consider an OX -module F as the complex
of OX -modules

� � � ! 0! 0! F! 0! 0! : : : ;

where F sits in degree 0 of the complex. Then we writeHn.X;F/ for its cohomology.

Corollary 10.7. Restricting the functorsHn.X; : : : / to the category of OX -modules con-
sidered as complexes concentrated in degree 0 the family .Hn.X; �/; ı/n�0 is a universal
ı-functor extending � .X; �/. Moreover, every injective OX -module I is � -acyclic (i.e.,
Hn.X; I/ D 0 for all n > 0).
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Proof. Theorem 10.4 immediately implies that .Hn.X; �/; ı/n�0 is a ı-functor that ex-
tends � .X; �/.

Let I be an injective OX -module. If we consider I as a complex concentrated in degree
0, then idW I! I is a K-injective resolution. Hence the definition of Hn.X; I/ shows that
Hn.X; I/ D 0 for all n > 0.

It remains to show the universality of the ı-functor. Let .T n; ı0/n�0 be a ı-functor
extending� .X; �/. We have to show that for all n � 0 and for allOX -modulesF there exist
unique homomorphisms 'nFWHn.X;F/! T n.F/ compatible with ı and ı0 and functorial
in F such that '0F D id� .X;F/. We proceed by induction on n.

The assertion is clear for n D 0. Let n > 0. Choose an injective homomorphism
i WF ! I with I an injective OX -module and set Q WD Coker.i/. We obtain a short exact
sequence of OX -modules

0! F! I! Q! 0

and hence by induction hypothesis a commutative diagram

: : : Hn�1.X; I/

'n�1
I

Hn�1.X;Q/ ı

'n�1
Q

Hn.X;F/ Hn.X; I/ D 0

: : : T n�1.I/ T n�1.Q/ ı0
T n.F/

with exact rows. Hence ı is surjective and Ker.ı/ � Ker.ı0 ı 'n�1Q /. Therefore there
exists a unique 'nFWHn.X;F/ ! T n.F/ making the diagram commutative. It is straight
forward – albeit a bit cumbersome – to check that 'nF is functorial in F. �

For concrete calculations working with injective resolutions is often not advisable because
injective modules tend to be quite large (e.g., non-zero injective abelian groups are never
finitely generated Z-modules by Appendix Problem 15.14). But in fact the strategy of
Remark 10.2 required only to choose a resolution by a complex of � -acyclic modules:

Proposition 10.8. Let F� be a bounded below complex of OX -modules and let F�
qis�! A�

be a quasi-isomorphism, where A� is a bounded below complex of OX -modules such that
An is � -acyclic for all n 2 Z. Then

Hn.X;F�/ D Hn.� � � ! � .X;Ap/! � .X;ApC1/! : : : /:

In the next section we will see several examples of � -acyclic OX -modules.

Proof. If F� is concentrated in degree 0 andAn D 0 for all n < 0, we have seen the result
in (10.1). For the general case see [Stacks] Tag 05TA. �



214 10 Cohomology of Complexes of Sheaves

All of the results above can be vastly generalized with (almost) verbatim the same proofs.
Instead of the functor � .X; �/W (OX-Mod)! (� .X;OX/-Mod) one considers an arbitrary
left exact functor between abelian categories

F WA! B:

Then all of the above notions, statements, and proofs generalize – if(!) A has injective
and K-injective resolutions. One obtains a universal ı-functor from A to B extending
F , which is called the right derived functor of F and which is denoted by RnF (in this
notation we would have Hn.X; �/ D Rn� .X; �/). More generally one obtains functors
RnF WK.A/! Bwith all the properties above. And one hasRnF.I / D 0 for all injective
objects I in A and all n > 0.

Examples are the following.

1. Let f W .X;OX/ ! .Y;OY / be a morphism of ringed spaces. The left exactness of
the functors � .f �1.V /; �/, V � Y open, shows that the functor f
W (OX -Mod) !
(OY -Mod) is left exact. We obtain right derived functors Rnf
.
This is in fact a generalization of the cohomology functors Hn.X; �/ above. Taking
for Y the one point space with OY .Y / D � .X;OX/ one has Rnf
 D Hn.X; �/ by
identifying the category of OY -modules and the category of R-modules.

2. For any abelian categoryA and for every object Z in A the functor

A! (Ab); X 7! HomA.Z;X/

is left exact. Hence if A has injective and K-injective resolutions, then there exist the
right derived functors X 7! ExtnA.Z;X/ WD Rn HomA.Z;X/.

Finally, there exists a dual theory for right exact functors F by replacing all arrows in all
diagrams by an arrow in the opposite direction: The dual notion of an injective object and
a K-injective complex is called a projective object (see Appendix Problem 14.4) and a K-
projective complex, respectively. One obtains left derived functors denoted by LnF . Note
however that if an abelian category has injective and K-injective (right) resolutions, then
the dual assertion, namely that there always exist projective and K-projective (left) resolu-
tions, might not be true. For instance, the category of R-modules (for any not necessarily
commutative ring R) also has projective and K-projective resolutions ([Spa] Theorem C)
but this is usually not the case for the category of OX -modules for a ringed space .X;OX/.
Often it is possible to circumvent this problem by working solely with acyclic resolutions.
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10.3 Acyclic Sheaves

We continue to denote by .X;OX/ a ringed space. Proposition 10.8 shows that we can
define the right derived functor of a left exact functor F of a bounded below complex also
via a resolution with F -acyclic objects. The following lemma will be the main tool to see
whether a certain class of objects is F -acyclic.

Lemma 10.9. Let F WA ! B be a left exact functor between abelian categories and
suppose that A has injective and K-injective resolutions. Let I � Ob.A/ such that the
following conditions are satisfied:

(a) For every object X of A there exists an injective morphism X ,! M withM 2 I.
(b) If I is an injective object of A, then I 2 I.
(c) Let

0! X 0 �! X �! X 00 ! 0

be an exact sequence in A with X 0; X 2 I. Then one has X 00 2 I and F.X/ !
F.X 00/ is surjective.

Then every object in I is F -acyclic, i.e., RnF.I / D 0 for all I 2 I and n � 1.

Proof. LetM 2 I and choose an exact sequence

0!M �! I 0
d0�! I 1

d1�! I 2
d2�! : : :

with Ip injective for all p. As I 0 2 I by (b), we can apply (c) to the exact sequence 0!
M ! I 0 ! Im.d0/! 0. This shows that Im.d0/ 2 I and that 0! F.M/! F.I 0/!
F.Im.d0// ! 0 is exact. Then induction and the exact sequences 0 ! Im.dp�1/ !
Ip ! Im.dp/ ! 0 show that Im.dp/ 2 I for all p and that 0 ! F.Im.dp�1// !
F.Ip/! F.Im.dp//! 0 is exact. For n � 1 we find therefore

Im.F.I n�1/! F.In// D F.Im.dn�1// D Ker.F.I n/! F.InC1//

and hence RnF.M/ D 0. �

The following class of sheaves will yield � -acyclic objects.

Definition 10.10. A sheaf F on a topological space X is called flabby or flasque if the
restriction maps F.X/! F.U / are surjective for all open subsets U � X .
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Flabby sheaves will allow construction of � -acyclic resolutions in an easy functorial
way as follows.

Remark 10.11 (Godement resolution). Let F be a sheaf on a topological space. Define
a sheaf FŒ0� on X by FŒ0�.U / WD Q

x2U Fx for U � X open, where the restriction maps
are given by the projections. The sheaf FŒ0� is flabby and there is an injective morphism
of sheaves

�FWF ,! FŒ0�; F.U / 3 s 7! .sx/x2U 2 FŒ0�.U /; U � X open:

Every morphism 'WF! G of sheaves induces a morphism of flabby sheaves 'Œ0�WFŒ0� !
GŒ0� with 'Œ0�U D

Q
x2U 'x . We obtain a functor . /Œ0� from the category of sheaves to the

full subcategory of flabby sheaves. The morphism �F is functorial in F.
Now suppose that F is an OX -module. Then FŒ0� is an OX -module: addition is given

by the addition within the stalks and scalar multiplication of a 2 OX.U / on .sx/x2U 2
FŒ0�.U / by .axsx/x2U . We obtain a functor . /Œ0� from the category of OX -modules to the
full subcategory of flabby OX -modules. The morphism �F is a functorial homomorphism
of OX -modules.

In particular we find for every OX -module a functorial exact sequence of OX -modules

0 �! F
��! FŒ0� �! Coker.�/ �! 0 (10.4)

with FŒ0� flabby. Applying the same argument to Coker.�/ we obtain inductively a functo-
rial exact sequence of OX -modules

0 �! F
��! FŒ0� �! FŒ1� �! : : : ; (10.5)

where FŒp� is a flabby OX -module for all p � 0. This resolution of F is called Godement
resolution.

Finally, the variant of Appendix Lemma 15.11 for the abelian category of OX -modules
shows that given a 2 Z there exists for every complex F� of OX -modules with Fp D 0

for all p < a a quasi-isomorphism F�
qis�! A�, where Ap is a flabby OX -module for all p

and Ap D 0 for all p < a.
Proposition 10.12.

1. Let .X;OX/ be a ringed space. Then every injective OX -module is flabby.
2. Let X be a paracompact Hausdorff space. Then every flabby sheaf F on X is soft.

Proof. (1). Let I be an injective OX -module. By Remark 10.11 there exists an injective
homomorphism of OX -module i W I! G where G is flabby. As I is injective, this makes I
into a direct summand of G. Hence I is flabby.

(2). Let A � X be closed, s 2 F.A/. By Proposition 9.1 there exists an open
neighborhood U of A and Qs 2 F.U / extending s. As F is flabby, one can extend Qs to X .

�
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Proposition 10.13. Let X be a topological space and let F be a flabby sheaf on X .

1. For every open subset U of X the restriction FjU is again flabby.
2. Suppose that X is hereditarily paracompact and Hausdorff. Then for any subspace Z

of X the restriction FjZ is flabby again.

Recall Proposition 1.13, which shows that any metrizable space satisfies the hypotheses
of 2.

Proof. The first assertion is clear. To show 2 let W � Z be open and let s 2 F.W /. By
Proposition 9.1 2 we can extend s to a section s0 over an open neighborhood U of W in
X . As F is flabby, we can extend s0 to a section Qs 2 F.X/. Then QsjZ 2 F.Z/ extends s.

�

Lemma 10.14. Let X be a topological space.

1. Let G be a flabby sheaf of groups. Then every G-torsor is trivial.
2. Let 1! G0 ! G! G00 ! 1 be an exact sequence of sheaves of groups and let G0 and

G be flabby. Then G00 is flabby and G.U /! G00.U / is surjective for all U � X open.

Proof. 1. The argument is very similar to the proof that torsors for soft sheaves are trivial
(Theorem 9.14) but as we can work with open sets we do not run into any topological
difficulties requiring such tools as the shrinking lemma. Indeed, let T be a G-torsor, let
.Ui /i2I be an open covering such that there exist ti 2 T .Ui / for all i . For J � I set
UJ WD

S
i2J Ui . Then UI D X . Define E WD f .t; J / I J � I; t 2 T .UJ / g. Then E ¤ ;

because .
;;/ 2 E. It is partially ordered by .t; J / � .t 0; J 0/ if J � J 0 and t 0 jUJ D t .
As T is a sheaf, every totally ordered subset of E has an upper bound in E. Hence there
exists a maximal element .t; J / in E by Zorn’s lemma. It suffices to show that J D I .

Assume there exists i 2 I n J and let g 2 G.UJ \ Ui/ with t jUJ\Ui D gti jUJ\Ui .
As G is flabby, we can extend g to Qg 2 G.X/. Replacing ti by QgjUi ti we may assume
t jUJ\Ui D ti jUJ\Ui and hence we can glue t and ti to a section overUJ[fig. This contradicts
the maximality of .t; J /.

2. As G0jU is flabby for every open subset U � X ,H1.U;G0jU / D 1 by 1 (here we use
the cohomology defined in Definition 7.3) and the cohomology sequence attached to the
exact sequence 1! G0 jU ! GjU ! G00jU ! 1 shows that G.U /! G00.U / is surjective.
Hence we obtain a commutative diagram

G.X/ G00.X/

G.U / G00.U /

with G.X/ ! G.U / ! G00.U / a composition of surjective maps. Therefore G00.X/ !
G00.U / is surjective. This shows that G00 is flabby. �
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Proposition 10.15. A flabby OX -module is � -acyclic.

Proof. This follows from Lemma 10.9 using Remark 10.11 and Lemma 10.14. �

Proposition 10.16. Let X be a topological space and let A be a sheaf of abelian groups,
which we may consider a ZX -module. Then H1.X;A/ as defined in Definition 10.4 and
H1.X;A/ defined via torsors in Definition 7.3 coincide.

The proof will show that there is a functorial isomorphism between these cohomology
groups.

Proof. Denote for the moment the cohomology group defined via torsors in Definition 7.3
by QH1.X; �/. By Remark 10.11 there exists a functorial exact sequence of sheaves of
abelian groups 0 ! A ! A0 ! C ! 0 with A0 flabby. Then H1.X;A0/ D 0

by Proposition 10.15 and QH1.X;A0/ D 0 by Lemma 10.14 1. Hence the long ex-
act cohomology sequence (10.3) and the long exact sequence for QH1 (7.11) imply that
H1.X;A/ D QH1.X;A/ D Coker.A0.X/! C.X//. �

Proposition 10.17. Let .X;OX/ be a ringed space such thatX is paracompact and Haus-
dorff. Then every soft OX -module is � -acyclic.

Proof. We check the conditions of Lemma 10.9 for the class I of soft OX -modules. By
Remark 10.11 we can embed every OX -module into a flabby OX -module A, which is soft
by Proposition 10.12. The same proposition also shows that every injective OX -module is
soft.

It remains to show Condition (c) of Lemma 10.9. Let 0 ! F0 ! F ! F00 ! 0 be
an exact sequence of OX -modules with F and F0 soft. Then F.X/! F00.X/ is surjective
because H1.X;F0/ D 0 by Theorem 9.14. Let A � X be closed. Then F0jA is soft by
Remark 9.5 and therefore the same argument proves that F.A/ ! F00.A/ is surjective.
Then the commutative diagram

F.X/ F00.X/

F.A/ F00.A/

shows that F00.X/! F00.A/ is surjective. Therefore F00 is soft. �

Every complex of OX -modules F� is also a complex of sheaves of abelian groups (i.e.,
a complex ofZX -modules), which we call aF� for the moment. Similarly, ifM is a module
over a ring R, we denote by aM the underlying additive group.
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Proposition 10.18. Let F� be a bounded below complex of OX -modules. Then we have

Hn.X; aF�/ D aHn.X;F�/:

Proof. By Remark 10.11 there exists a quasi-isomorphism F�
qis�! A� of OX -module,

where Ap is flabby for all p. By Proposition 10.8, � .X;A�/ computes the cohomology
of F�. By Lemma 10.15 each Ap is also � -acyclic if considered as a ZX -module. Hence
it also computes the cohomology of aF�. �

10.4 Applications: Theorems of De Rham and of Mittag-Leffler

Definition and Remark 10.19 (De Rham Cohomology). Let M be a real C˛-pre-
manifold with ˛ � 1 or a complex premanifold. Then

˝�M W � � � ! 0! ˝0
M

d�! ˝1
M

d�! ˝2
M

d�! : : :

is a bounded below complex of KM -modules that is exact except in degree 0 (Corol-
lary 8.69). For n � 0 we call

Hn
DR.M/ WD Hn.M;˝�M/

the n-th de Rham cohomology ofM . The quasi-isomorphism (8.36)

KM

qis�! ˝�M

yields by Remark 10.6 for all n � 0 an isomorphism

Hn.M;KM/
��! Hn

DR.M/: (10.6)

If ˝p
M is � -acyclic for all p � 0, it calculates its own cohomology by Proposition 10.8

and we obtain

Hn
DR.M/ D fclosed n-forms onM g

fexact n-forms onM g : (10.7)

IfM is of dimension m 2 N0, this implies in particularHn
DR.M/ D 0 for n > m.

IfM is a real C1-manifold, then ˝p
M is soft for all p � 0 (Corollary 9.12) and hence

� -acyclic (Proposition 10.17). Hence we obtain:
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Theorem 10.20 (De Rham). LetM be a real C1-manifold. Then for all n � 0

Hn.M;RM/ Š Hn
DR.M/ Š fclosed n-forms onM g

fexact n-forms onM g : (10.8)

Note that this result in particular implies the surprising fact that the question of whether
every closed n-form is exact on M depends only on the underlying topological space of
M . We will even see in Corollary 11.19 below that Hn.M;RM/ D Hn.M 0;RM 0/ if M
andM 0 are homotopy equivalent2.

Remark 10.21. One can show that ˝p
M is also � -acyclic for all p � 0 if M is a real

analytic manifold (combine [Car] Théoreme 3 together with the fact that for every real
analytic manifold there exists a closed embedding into some RN by [Gra]). Hence one
has the isomorphisms (10.8) also for real analytic manifoldsM .

For complex manifoldsM one still has that Hn.M;CM/ D Hn
DR.M/ by the Poincaré

lemma (Remark 10.19) but (10.7) does not hold in general (see Problem 10.6 for M D
P 1.C/). Still, there are interesting special cases where one still has an analogue of (10.8).
One of these cases relies on the following result.

Theorem 10.22. Let U � C be open and OU be the sheaf of holomorphic functions.
Then Hi.U;OU / D 0 for all i > 0.

We use the following standard fact from complex analysis (the “Dolbeault lemma”):
For every C-valued C1-function g on U there exists a C-valued C1-function f on U
such that @f

@ Nz D g. For a proof see [Hoe] Theorem 1.4.4 in the case considered here or
[GuRo] Chap. VI, C, Lemma 1 for a version in an arbitrary complex dimension).

Proof. Let C1
U IC be the sheaf of C-valued C1-functions on U . Applying the Dolbeault

lemma to open subsets of U we see that @
@ Nz WC1U IC ! C1

U IC is surjective. By the Cauchy–
Riemann differential equations we obtain an exact sequence

0! OU �! C1U IC
@
@ Nz�! C1U IC ! 0:

Hence OU has a resolution by the complex

� � � ! 0! C1U IC
„ƒ‚…
degree 0

@
@ Nz�! C1U IC
„ƒ‚…
degree 1

! 0! : : : ;

2 This is formulated in a somewhat too dramatic way: The Poincaré lemma (Theorem 8.68), for
which we did not give a proof, is in theC1-case often shown (for instance in the given reference) by
proving that smooth maps between premanifolds that are homotopic via a smooth homotopy induce
the same map on the right-hand side of (10.8). One then concludes that on a smoothly contractible
C1-manifold every closed form is exact. Nevertheless it remains surprising that continuity of the
homotopy is already sufficient.
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which consists of soft (and hence � -acyclic) sheaves. Hence the cohomology is calculated
by this complex. Clearly this impliesHn.U;OU / D 0 for n � 2. Moreover, the Dolbeault
lemma (now applied to U ) shows thatH1.U;OU / D 0. �

Corollary 10.23. Let U � C be open. Then for all n � 0

Hn.U;CU / Š Hn
DR.U / Š

fclosed holomorphic n-forms on U g
fexact holomorphic n-forms on U g : (10.9)

As U has dimension 1 as complex manifold, ˝n
U D 0 for n > 1. In particular, all terms

in (10.9) are 0 for n > 1.

Proof. By Theorem 10.22, OU D ˝0
U is � -acyclic. Denote by z the coordinate on U .

Then f 7! fdz defines an isomorphism OU
�! ˝1

U of OU -modules, hence ˝1
U is � -

acyclic as well. We conclude by Remark 10.19. �

Much more generally, one has for every Stein manifold (Theorem 5.45) X that
Hi.X;F/ D 0 for all i > 0 and for all finite locally free OX -modules F (a special
case of “Cartan’s Theorem B”, e.g., [GuRo], Chap. VIII, A, Theorem 14). Hence Corol-
lary 10.23 holds if U is an arbitrary Stein manifold.

Corollary 10.24 (Theorem of Mittag-Leffler). Let U � C be open and let S � U be
discrete and closed. For each z0 2 S let there be given a finite principal part of a Laurent
series

rX

iD1
a�i .z � z0/�i (*)

with a�i 2 C and r depending on z0.
Then there exists a meromorphic function f on U such that f is holomorphic onU nS

and such that for all z0 2 S the principal part of the Laurent series expansion at z0 is given
by (*).

Proof. Let PU be the sheaf on U of functions sWV ! C.�N/, V � U open, such that
f z0 2 V I s.z0/ ¤ 0 g is discrete and closed in V . We think of such a function s as a map
that attaches to z0 the principal part

P
i2�N ai .z � z0/i if s.z0/ D .a�1; a�2; a�3; : : : /.

Let MU be the sheaf of meromorphic functions on U . We obtain an exact sequence of
sheaves of C-vector spaces

0! OU �!MU

principal part����������! PU ! 0:

As H1.U;OU / D 0 by Theorem 10.22, the mapMU .U /! PU .U / is surjective. �



222 10 Cohomology of Complexes of Sheaves

10.5 Cohomology and Inverse and Direct Image

Remark 10.25. Recall that we defined a functor f �1W (Sh(Y ))! (Sh(X)) such that

.f �1G/x D Gf .x/ (10.10)

for every sheaf G on Y and x 2 X . More precisely, f �1G was defined as the sheafification
of the presheaf on X

.f CG/.U / WD colim
V�f .U /

G.V /:

If G1 and G2 are sheaves on Y , then f C.G1 � G2/ D f C.G1/ � f C.G2/ because filtered
colimits commute with finite limits (Appendix Proposition 13.39). As sheafification com-
mutes with finite limits, the inverse image functor f �1 commutes with finite limits. In
other words, it is left exact.

In particular, if G is a sheaf of abelian groups on Y , then the group law aWG � G ! G

defines via functoriality a group law

f �1.G/ � f �1.G/ D f �1.G � G/
f �1.a/�! f �1.G/:

Hence f �1 yields a functor

f �1W (ZY -Mod)! (ZX -Mod):

Here we identify (ZX -Mod) with the category of sheaves of abelian groups on X . We
obtain also functors

f �1W (Com(ZY ))! (Com(ZX)); and f �1WK.ZY /! K.ZX/

by defining f �1.G�/ WD .� � � ! f �1.Gp/! f �1.GpC1/! : : : /.

Proposition 10.26. The functor f �1W (ZY -Mod) ! (ZX -Mod) is exact. In particular, if
uWG� ! H� is a quasi-isomorphism in (Com(ZY )), then f �1.u/W f �1G� ! f �1H� is
a quasi-isomorphism.

Proof. It is left exact by Remark 10.25 and right exact because it is left adjoint to the
functor f
 (Proposition 3.49 and Remark 3.53) and in particular commutes with arbitrary
colimits (Appendix Proposition 13.47). �

One can also use (10.10) to prove Proposition 10.26 with less abstract nonsense.
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Remark and Definition 10.27. Let G� be a complex of sheaves of abelian groups on
Y . Choose a K-injective resolution G�

qis�! I�. By Proposition 10.26 we obtain a quasi-
isomorphism f �1G�

qis�! f �1I�. Now let sW f �1I� qis�! J� be a K-injective resolution.
We obtain for all n 2 Z homomorphisms of abelian groups

f �1WHn.Y;G�/ D Hn.� � � ! � .Y; Ip/! � .Y; IpC1/! : : : /

�! Hn.� � � ! � .X; f �1Ip/! � .X; f �1IpC1/! : : : /
s�! Hn.� � � ! � .X; Jp/! � .X; JpC1/! : : : /

D Hn.X; f �1G�/;

where the first arrow is given by pullback of sections (Definition 3.57) in every degree. If
G� is concentrated in degree 0, then we can assume that Ip D 0 and Jp D 0 for all p < 0.
In particular we see that f �1 is the usual pullback of sections for n D 0 in this case.

Lemma 10.28. Let F be an injective ZX -module. Then f
.F/ is an injective ZY -module.

Proof. Let G! H be an injective homomorphism ofZY -modules. Then f �1G! f �1H
is injective. Therefore the map

Hom.H; f
I/ D Hom.f �1H; I/! Hom.f �1G; I/ D Hom.G; f
I/

is surjective. �

The proof generalizes immediately to the case where f
 is an arbitrary functor F WA!
B between abelian categoriesA and B that has an exact left adjoint functor.

Proposition 10.29. Let f WX ! Y be a continuous map, let F be a sheaf of abelian
groups on X and assume that Rqf
.F/ D 0 for all q > 0. Then we get an isomorphism
Hp.Y; f
F/

�! Hp.X;F/ for all p � 0.

Proof. Let 0 ! F ! I0 ! I1 ! : : : be an injective resolution. Then Rqf
.F/ is by
definition the complex cohomology of f
.I�/. Hence Rqf
.F/ D 0 for all q > 0 implies
that

0! f
.F/ �! f
.I0/ �! f
.I1/ �! : : :

is exact. By Lemma 10.28 the abelian sheaves f
.Ip/ are injective. Hence

Hp.Y; f
.F// D Hp.� � � ! 0! � .Y; f
.I0// �! � .Y; f
.I1// �! : : : /

D Hp.� � � ! 0! � .X; I0/ �! � .X; I1/ �! : : : /

D Hp.X;F/: �
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Corollary 10.30. LetX be a topological space, let i WA ,! X be the inclusion of a closed
subspace, and let F be an abelian sheaf on A. Then Hp.X; i
F/ D Hp.A;F/ for all
p � 0.

Proof. Then i
W (ZA-Mod)! (ZX -Mod) is exact by (3.10) and thereforeRqi
 D 0 for all
q > 0. Hence we can apply Proposition 10.29. �

Proposition 10.31 (Mayer–Vietoris sequence). LetA andB closed subspaces of a topo-
logical space X . Then for every abelian sheaf F on X there is a long exact sequence

: : :! Hp.A[ B;F/! Hp.A;F/˚Hp.B;F/! Hp.A \ B;F/
! HpC1.A[ B;F/! : : :

(10.11)

Here we writeHp.A;F/ instead ofHp.A;FjA/. Similarly for the other terms.

Proof. Let i WA! X , j WB ! X , kWA \ B ! X , and l WA[ B ! X be the inclusions.
Let G be an abelian sheaf with Gx D 0 for all x 2 X n A. Then G ! i
.i�1G/ is
an isomorphism by (3.10). Hence every morphism of sheaves F ! G factors F !
i
.i�1F/! i
.i�1G/

�! G. As i factors through l , this shows that F ! i
.i�1F/ factors
through l
.l�1F/, similarly for j . These factorizations yield a morphism l
.l�1F/ !
i
.i�1F/ ˚ j
.j �1F/. The same argument shows that the composition of F ˚ F ! F,
.s; t/ 7! s � t , and of F ! k
.k�1F/ yields a morphism i
.i�1F/ ˚ j
.j �1F/ !
k
.k�1F/. Moreover, the sequence

0! l
.l�1F/! i
.i�1F/˚ j
.j �1F/! k
.k�1F/! 0

is exact on stalks by (3.10), hence it is exact. It induces the long exact sequence (10.11)
by Corollary 10.30. �

10.6 Proper Base Change

In this section we will prove the proper base change theorem. We will consider a commu-
tative diagram of topological spaces

W
p

q

X

f

Z
g

Y:

(10.12)

Let F be a sheaf of abelian groups on X . Then there is a functorial morphism of abelian
sheaves

g�1.f
F/ �! q
.p�1F/ (10.13)
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defined as follows. As the functor g�1 is left adjoint to g
 it suffices to define a func-
torial morphism f
F ! g
.q
.p�1F// D f
.p
.p�1F//. As p
 and p�1 are adjoint,
idp�1F corresponds to a morphism F ! p
.p�1F/. Now we apply the functor f
 to this
morphism.

The universal property of a fiber product yields a continuous map W ! X �Y Z,
w 7! .p.w/; q.w// and (10.12) is called cartesian if this map is a homeomorphism.

Assume that this is the case and that g is the inclusion of a point Z D fyg to Y . Then
p is the inclusion f �1.y/! X and q
 is given by the functor G 7! � .f �1.y/;G/. Hence
(10.13) is the morphism

.f
F/y �! �
	
f �1.y/;Fjf �1.y/



(10.14)

defined as the composition

f
.F/y D colim
V � Y open

V 3y
F.f �1.V //

.A/�! colim
U � X open
U�f �1.y/

F.U /

.B/�! F.f �1.y// D � 	f �1.y/;Fjf �1.y/


:

(10.15)

Remark 10.32. Suppose that (10.12) is cartesian. If f is proper (respectively separated),
then q is proper (respectively separated).

Indeed, for “proper” this follows from Theorem 1.30 (iv): If Z 0 ! Z is a continuous
map, then Z 0 �Z W D Z 0 �Y X and hence the projection Z 0 �Z W ! Z 0 is closed.
For “separated” we use Proposition 1.25 (ii). Let z 2 Z and let w;w0 2 q�1.z/ with
w ¤ w0. As (10.12) is cartesian, p induces a homeomorphism q�1.z/

�! f �1.g.z//. In
particular p.w/ ¤ p.w0/. Hence there exist open disjoint neighborhoods U of p.w/ and
U 0 of p.w0/ in X . Then p�1.U / and p�1.U 0/ are open disjoint neighborhoods of w and
w0 respectively inW . Hence q�1.z/ is relatively Hausdorff in W .

Theorem 10.33 (Proper base change). Let a cartesian diagram (10.12) be given and
let F� be a bounded below complex of abelian sheaves on X . Suppose that one of the
following hypotheses is satisfied:

1. The map f is separated and proper.
2. The spaces X and W are Hausdorff hereditarily paracompact (e.g., if X and W are

manifolds or – more generally – are metrizable) and the maps f and q are closed.

Then one has a functorial isomorphism

g�1.Rnf
F�/
��! Rnq


	
p�1F�



(10.16)

for all n � 0, which is given by (10.13) for n D 0.
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For Z D fyg with y 2 Y we obtain the following corollary.

Corollary 10.34. Let f WX ! Y be a continuous map of topological spaces. Let F� be
a bounded below complex of sheaves of abelian groups on X and y 2 Y . Denote by
iy W f �1.y/! X the inclusion. Suppose that one of the following hypotheses is satisfied:

1. The map f is proper and separated.
2. The space X is Hausdorff and hereditarily paracompact and f is closed.

Then one has a functorial isomorphism

Rnf
.F�/y
��! Hn

�
f �1.y/; i�1y .F�/

�
(10.17)

for all n � 0, which is given by (10.15) for n D 0.

For the proof of Theorem 10.33 we will use the following result.

Lemma 10.35. Suppose that the hypotheses of Corollary 10.34 are satisfied and let I be
a flabby abelian sheaf on X . Then Ijf �1.y/ is � -acyclic for all y 2 Y .

Proof. If Hypothesis 2 is satisfied, then Ijf �1.y/ is flabby by Proposition 10.13 2 and hence
� -acyclic by Proposition 10.15. Now suppose that Hypothesis 1 is satisfied. Then f �1.y/
is compact and relatively Hausdorff in X . We show that Ijf �1.y/ is soft and hence � -
acyclic (Proposition 10.17). Indeed, if A � f �1.y/ is closed then A is compact and
relatively Hausdorff in X . Hence by Proposition 9.1 3 we can extend every section s 2
I.A/ to a section s0 over an open neighborhoodU ofA inX . As I is flabby, we can extend
s0 to a section Qs over X . Its restriction to f �1.y/ extends s. �

Proof (Proof of Theorem 10.33). (i). We first show the claim for n D 0 and for F� D F

concentrated in degree 0. We have to show that (10.13) is an isomorphism. This we can
do on stalks. Therefore we may assume that Z D fyg for some y 2 Y . Hence it suffices
to prove Corollary 10.34 for n D 0 and F� D F. We show that the morphisms (A) and
(B) in (10.15) are isomorphisms.

Morphism (A) is an isomorphism because of Appendix Proposition 12.11 as both hy-
potheses imply that f is closed. To see that Morphism (B) is an isomorphism we can
apply Proposition 9.1. If Hypothesis 2 is satisfied, then every neighborhood of f �1.y/ is
Hausdorff paracompact. If Hypothesis 1 is satisfied, then f �1.y/ is compact because f
is proper and a relatively Hausdorff subspace because f is separated.

(ii). Next we show that for every flabby abelian sheaf I on X the pullback p�1I is
acyclic for the functor q
.

For every z 2 Z we have .p�1I/jq�1.z/ D Ijf �1.g.z/. Hence Lemma 10.35 shows that
the restrictions of G WD p�1I to the fibers of q are � -acyclic.
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Let 0! G! J0 ! J1 ! : : : be an injective resolution. We have to show that

0! q
G! q
J0 ! q
J1 ! : : :

is exact. We check this on stalks at all z 2 Z. Now the hypotheses of Theorem 10.33
imply that the hypotheses of Corollary 10.34 are satisfied for the morphism q (for Hypoth-
esis 1 use Remark 10.32). Hence we can apply Corollary 10.34 for the map q and n D 0

and for complexes concentrated in degree 0, which we already proved in (i). Therefore it
suffices to see that

0! �
	
q�1.z/;Gjq�1.z/




! �
	
q�1.z/; J0jq�1.z/


! �
	
q�1.z/; J1jq�1.z/


 �! : : :
(*)

is exact. As Jp is flabby (Proposition 10.12), Lemma 10.35 shows that Jp jq�1.z/ is � -
acyclic for all p and all z 2 Z. Hence Gjq�1.z/ ! J�jq�1.z/ computes the cohomology
of Gjq�1.z/ by Proposition 10.8. As we have already seen that Gjq�1.z/ is � -acyclic, (*) is
exact.

(iii). We now conclude the proof. Choose an injective resolution F�
qis�! I�. In

particular I� is bounded below and consists of flabby abelian sheaves (Proposition 10.12).
By definition of Rnf
 we have

Rnf
.F�/ D Hn
	� � � ! f
Ip ! f
IpC1 ! : : :



:

As taking inverse images is exact (Proposition 10.26), we deduce

g�1.Rnf
.F�// D Hn
	� � � ! g�1.f
Ip/ �! g�1.f
IpC1/! : : :




.i/D Hn
	� � � ! q
.p�1Ip/ �! q
.p�1IpC1/! : : :


 (**)

As p�1 is an exact functor, we see that p�1I� is a resolution of p�1F�. It consists of
q
-acyclic sheaves by (ii). Hence (**) computes Rnq
.p�1F�/ by the analogue of Propo-
sition 10.8 for the functor q
. �

Corollary 10.36. Let X , Y , f be as in Corollary 10.34 and let F be an abelian sheaf on
X . Assume that

Hn
�
f �1.y/; i�1y F

�
D 0 (*)

for all n � 1 and y 2 Y . Then

Hn.Y; f
F/ D Hn.X;F/:

Proof. By Corollary 10.34, (*) implies Rnf
.F/ D 0 for all n � 1. Hence we can apply
Proposition 10.29. �



228 10 Cohomology of Complexes of Sheaves

10.7 Problems

Problem 10.1. Let .X;OX/ be a ringed space. Show that every bounded below complex
of OX -modules has an injective resolution.
Hint: Let F be anOX -module and for every x 2 X let Fx ,! Ix be an injectiveOX;x-linear
map to an injective OX;x-module Ix (Appendix Problem 15.14). Show that U 7! I.U / WD
Q
x2U Ix is an injective OX -module and that the canonical homomorphism F ! I of

OX -modules is injective. Conclude by Appendix Problem 15.11.

Problem 10.2. Let A and A0 be abelian categories, let F WA ! A0 be a left exact
functor and let .F n; ı/n�0 be a ı-functor extending F . Show that .F n; ı/n�0 is universal
if for all n � 1 and for every object X in A there exists a monomorphism uWX ! Y in
A such that F n.u/ D 0.

Problem 10.3. Let X be a topological space, x 2 X , A be an abelian group, and let A be
the skyscraper sheaf in x with values A (Problem 3.6). Show that Hp.X;A/ D 0 for all
p > 0.

Problem 10.4. Let .X;OX/ be a ringed space, let F� be a bounded below complex ofOX -
modules, and let U; V � X be open. Show that there exists a Mayer–Vietoris sequence

: : :! Hp.U [ V;F�/! Hp.U;F�/˚Hp.V;F�/! Hp.U \ V;F�/
! HpC1.U [ V;F�/! : : :

Hint: Show that for every flabby sheaf A of abelian groups on X the sequence

0! A.U [ V / s 7!.sjU ;sjV /�! A.U /˚A.V /
.s;t/ 7!s�t�! A.U \ V /! 0

is exact.

Problem 10.5. Let A be an abelian group, n � 1, p � 0 and write Hp.X;A/ instead of
Hp.X;AX/. Let A2 WD f a 2 A I 2a D 0 g. Show that

Hp.P n.R/; A/ Š

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

A; if p D 0 or if p D n and n oddI
A=2A; if p is even and 0 < p � nI
A2; if p is odd and 0 < p < nI
0; otherwise

and

Hp.P n.C/; A/ Š
8
<

:

A; if p is even and 0 � p � 2nI
0; otherwise:
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Problem 10.6. Let X WD P 1.C/.

1. Show that H0
DR.X/ Š H2

DR.X/ Š C and H1
DR.X/ D 0. Deduce that H2

DR.X/ is not
isomorphic to the quotient of the space of closed holomorphic 2-forms by the space of
exact holomorphic 2-forms.

2. Show that H0.X;OX/ Š H1.X;˝1
X/ Š C and Hq.X;˝

p
X/ D 0 for all .p; q/ …

f.0; 0/; .1; 1/g.

Hint: Problem 10.4.

Problem 10.7. Generalize the results of Problem 10.6 (2) and show that

Hq
�
P n.C/;˝p

Pn.C/

�
Š
8
<

:

C; if 0 � p D q � nI
0; otherwise.

Problem 10.8. LetM be a real C˛-manifold with ˛ � 1 and let PicC.M/ be the group
of complex C˛-line bundles onM . Show that the complex exponential sequence induces
an isomorphism of abelian groups PicC.M/

�! H2.M;ZM/.

Problem 10.9. Let f WX ! Y be a continuous map and let F� be a bounded below
complex of abelian sheaves on X . Show that Rnf
.F�/ is the sheaf associated with the
presheaf V 7! Hn.f �1.V /;F�/ for all n 2 Z.

Problem 10.10. Let M be a real simply connected manifold. Show that every closed
1-form is exact.

Problem 10.11. Show that on the real C1-manifold S1 there exists a non-exact 1-form
! that is unique up to multiplication with � 2 R�. What is !?

Problem 10.12. Let f WX ! Y . Show that the proper direct image functor fŠ (Prob-
lem 3.16) from the category of abelian sheaves on X to the category of abelian sheaves
on Y is a left exact functor. Its right derived functor by RnfŠ is called higher direct image
with compact support. If f is the unique map to the space Y consisting of a single point,
then we consider RnfŠ.F�/ as an abelian group for every complex F� of abelian sheaves.
This abelian group is called the n-th cohomology with compact support and it is denoted
byHn

c .X;F
�/. We write �c.X; �/ instead ofH0

c .X; �/.
Prove for locally compact Hausdorff spaces an analogue of the Mayer–Vietoris se-

quence for closed subspaces (Proposition 10.31) for the cohomology with compact sup-
port.
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Problem 10.13. Let X be a locally compact Hausdorff space (respectively a paracom-
pact Hausdorff space), U � X open, Z WD X n U . Show that the exact sequence in
Problem 3.18 yields for every abelian sheaf F a long exact sequence of cohomology with
compact support (Problem 10.12)

� � � ! Hn
c .U;FjU /! Hn

c .X;F/! Hn
c .Z;FjZ/! HnC1

c .U;FjU /! : : :

(respectivey a long exact sequence

� � � ! Hn.U;FjU /! Hn.X;F/! Hn.Z;FjZ/! HnC1.U;FjU /! : : : /

Problem 10.14. Let X be a paracompact locally compact Hausdorff space and let F be
an abelian sheaf. Show that the following assertions are equivalent:

(i) F is soft.
(ii) Hn.X; jŠ.FjU // D 0 for all n � 1 and for every open topological embedding j WU !

X .
(iii) H1.X; jŠ.FjU // D 0 for every open topological embedding j WU ! X .

Here jŠ is the proper direct image (Problem 3.16).
Hint: Problem 10.13.

Problem 10.15. Let X be a locally compact Hausdorff space. A sheaf F on X is called
c-soft if the restriction map F.X/ ! F.K/ is surjective for every compact subspace K
of X .

1. Show that for an abelian sheaf F the following assertions are equivalent:
(i) F is c-soft.
(ii) Hn

c .X; jŠ.FjU // D 0 (Problem 10.12) for all n � 1 and for every open topological
embedding j WU ! X .

(iii) H1
c .X; jŠ.FjU // D 0 for every open topological embedding j WU ! X .

Hint: Problem 10.13.
2. Show that every colimit of c-soft abelian sheaves on X is a c-soft abelian sheaf.
3. Show that the functorsHn

c .X; �/ commute with colimits.

Problem 10.16. Let M be a real C˛-manifold with ˛ � 1. Show that any soft sheaf
on M is c-soft (Problem 10.15) and deduce that Hn

c .M;E/ D 0 for all n � 1 and every
C˛M -module E.

Problem 10.17. Let U � R be open and connected.

1. Show that
0 �! RU �! C1U

f 7!f 0�����! C0U �! 0

is an exact sequence of R-vector spaces.
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2. Show that Hn
c .U;RU / D R (Problem 10.12) for n D 1 and Hn

c .U;RU / D 0 for
n ¤ 1.
Hint: The sequence 0 ! �c.U;C

1
U /

f 7!f 0�! �c.U;C
0
U /

R

�! R ! 0 is exact, where
R
f WD R1�1 f .x/ dx.

Problem 10.18. Let X be a topological space and A � X a closed subspace. For every
sheaf of abelian groups F define

�A.X;F/ WD f s 2 � .X;F/ I supp.s/ � A g :

Show that �A.X; �/ is a left exact functor from the category of abelian sheaves to the
category of abelian groups. For every complex A� of abelian sheaves Hp

A .X;A
�/ WD

Rp�A.X;A
�/ is called the local cohomology group with support in A.

Problem 10.19. Let X be a topological space, A � X closed and U WD X n A. Show
that for every bounded below complex of abelian sheaves A� one has an exact sequence

� � � ! H
p

A .X;A
�/! Hp.X;A�/! Hp.U;A�/! H

pC1
A .X;A�/! : : : ;

whereHp
A .X; �/ denotes the local cohomology with support in A (Problem 10.18).

Problem 10.20. Let A be an abelian category with injective and K-injective resolutions.
LetM � andN � be complexes of objects inA and choose a K-injective resolutionN �

qis�!
I �. For p 2 Z the abelian group

ExtpA.M
�; N �/ WD HomK.A/.M

�; I �Œp�/;

is called the Ext group of M � and N �. Here the shift Œp� is defined in Appendix Prob-
lem 15.1.

1. Show that ifM � qis�! J � is a quasi-isomorphism, then

ExtpA.M
�; N �/ D HomK.A/.J

�; I �Œp�/:

2. Show that the group ExtpA.M
�; N �/ does not depend on the choice of the K-injective

resolution ofN � up to unique isomorphism and thatM � 7! ExtpA.M
�; N �/ andN � 7!

ExtpA.M
�; N �/ define functorsK.A/opp ! (Ab) and K.A/! (Ab) that send quasi-

isomorphisms of complexes to isomorphism of abelian groups.
3. Show that for all objects M and N of A (considered as complexes concentrated in

degree 0) one has Ext0A.M;N / D HomA.M;N /.
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4. Show that for p; q 2 Z and for all complexes M �, N �, P � of objects in A and all
K-injective resolutionsM � qis�! J �, N �

qis�! I �, P �
qis�! K� the composition

HomK.A/.J
�; I �Œp�/ � HomK.A/.K

�; J �Œq�/! HomK.A/.K
�; I �Œp C q�/;

.v; u/ 7! vŒq� ı u
yields a well-defined Z-bilinear map

[WExtpA.M �; N �/ � ExtqA.P
�;M �/! ExtpCqA .P �; N �/; (10.18)

which is called the Yoneda product. Show that the Yoneda product is associative and
makes

L
p Ext

p
A.M

�;M �/ into a ring.
5. Show that for every object M of A the p-th right derived functor of the left exact

functor A! (Ab), X 7! HomA.M;X/, is the functor X 7! ExtpA.M;X/.

Problem 10.21. Let .X;OX/ be a ringed space. Show that for all OX -modules F

and all p 2 Z there is a functorial isomorphism Hp.X;F/
�! ExtpOX .OX;F/ (Prob-

lem 10.20). Deduce that the Yoneda product (10.18) endows
L

p H
p.X;OX/ with the

structure of a ring and
L

p H
p.X;F/ with the structure of a right module over the ring

L
p H

p.X;OX/. The scalar multiplication

Hp.X;F/ �Hq.X;OX/! HpCq.X;F/; .�; ˛/ 7! � [ ˛
is called the cup product.

Problem 10.22. Let M be a real manifold. Show that via the isomorphism
L

p H
p.M;

KM/
�!L

p H
p
DR.M/ the cup product (Problem 10.21) on the left-hand side corresponds

to the exterior product .!; �/ 7! ! ^ � of differential forms on the right-hand side.

Problem 10.23. Let X be a topological space and let 1 ! A ! G ! H ! 1 (*) be
an exact sequence of sheaves of groups on X such that A is in the center of G. Show that
there exists a functorial morphism of pointed sets @WH1.X;H/ ! H2.X;A/ such that
H1.X;G/! H1.X;H/

@�! H2.X;A/ is an exact sequence of pointed sets and such that
@ is the usual connecting morphism if (*) is a sequence of sheaves of abelian groups.
Hint: Apply . /Œ0� to (*).

Problem 10.24. Let M be a real manifold. Show that every principal PGLn.R/-bundle
(respectively every principal PGLn.C/-bundle, where we consider PGLn.C/ as a real Lie
group) overM comes from a principal GLn.R/-bundle (respectively a principal GLn.C/-
bundle) by the functoriality of bundles (Remark 8.23) if and only ifH2.M; .Z=2Z/M/ D
0 (respectivelyH3.M;ZM/ D 0).
Hint: Use Problem 10.23 and the exponential sequence.
Remark: In Corollary 11.14 we will see H2.M; .Z=2Z/M/ D H3.M;ZM/ D 0 if M is
a contractible manifold.
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In this chapter we focus on cohomology of constant sheaves. We start by defining singular
(co)homology and then show that for a locally contractible space X singular cohomology
with values in a ringR and the cohomology of the constant sheafRX are equal. We deduce
that RX is acyclic if X is contractible and locally contractible.

Combining this result for X D Œ0; 1� and the proper base change theorem we deduce
homotopy invariance of cohomology of constant sheaves for continuous maps between
arbitrary topological spaces in Sect. 11.3. We conclude the chapter with some easy appli-
cations.

Notation: Let R always be a commutative ring and let X be a topological space.

11.1 Singular Cohomology

In this section we define singular cohomology and show that it vanishes on contractible
spaces.

Definition 11.1. Let n 2 N0 and set Œn� WD f0; : : : ; ng. Let ei 2 RŒn� D RnC1 be the i-th
standard unit vector for i D 0; : : : ; n.

1. The n-dimensional standard simplex is

�n WD �Œn� WD
(

.t0; : : : ; tn/ 2 RnC1 I
nX

iD0
ti D 1; ti � 0

)

:

Then �0 D f1g � R. We identify

�1 D f .t0; t1/ I 0 � t0 D 1 � t1 � 1 g �! Œ0; 1�; .t0; t1/ 7! t1:
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�2 is an equilateral triangle, �3 is a tetrahedron.
2. Every weakly increasing map ˛W Œm�! Œn� induces an affine map

�.˛/W�Œm�! �Œn�;

mX

iD0
ti ei 7!

mX

iD0
ti e˛.i/:

Then �.˛ ı ˇ/ D �.˛/ ı�.ˇ/ and �.id/ D id.
3. For 0 � i � n let ıni W Œn� 1�! Œn� be the weakly increasing injective map that misses

the value i . Then ınC1j ı ıni D ınC1i ı ınj�1 for i < j (both compositions miss i and j ).
Set

dni WD �.ıni /W�Œn� 1�! �Œn�:

This maps �Œn � 1� injectively on the “i-th face of �Œn�”. For instance

d10 .1/ D .0; 1/ 2 �1 d11 .1/ D .1; 0/ 2 �1:

By functoriality one has

dnC1j ı dni D dnC1i ı dnj�1 for i < j : (11.1)

Definition 11.2. Let X be a topological space, n 2 N0.

1. A continuous map � W�n ! X is called a (singular) n-simplex in X . The set of n-
simplices in X is denoted by ˙n.X/. The i-th face of � is � ı dni (an (n�1)-simplex).

2. Denote by Sn.X/ the free abelian group with basis the set of singular n-simplices in
X . Set Sn.X/ WD 0 for n < 0. An element of x 2 Sn.X/ is called a singular n-chain.
We think of x as a formal finite linear combination x DP� n�� , n� 2 Z.

3. Let G be an abelian group. A singular n-cochain with values in G is a map ˙n.X/!
G. Equivalently, it is a group homomorphism Sn.X/ ! G. We denote the group of
singular n-cochains with values in G by Sn.X;G/ D HomZ.Sn.X/;G/.

4. Define boundary operators for all q 2 Z:

@qWSq.X/! Sq�1.X/; � 7!
qX

iD0
.�1/i 	� ı dqi



;

@qWSq.X;G/! SqC1.X;G/; @q.'/ D .�1/qC1.' ı @qC1/:

Example 11.3.
1. One can identify ˙0.X/ D X (as a set), S0.X/ D Z.X/ and

S0.X;G/ D f'WX ! G mapg:
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2. Associating to � 2 ˙1.X/ the path Œ0; 1�! X , t 7! �.t; 1� t/ yields an identification
of ˙1.X/ and the set of paths in X . Hence ' 2 S1.X;G/ is a map that attaches to
each path in X an element in G. For � 2 ˙1.X/, considered as a path Œ0; 1� ! X ,
one has

@1.�/ D �.1/ � �.0/ 2 S0.X/:
For ' 2 S0.X;G/ considered as a map X ! G one has

@0.'/.�/ D �'.@1.�// D '.�.0// � '.�.1//

for a path � in X . In particular

Ker.@0/ D f'WX ! G j '.x/ D '.y/ if x and y are in the same

path-connected componentg: (11.2)

Lemma 11.4. For all q 2 Z one has @q ı @q�1 D 0 and @q ı @q�1 D 0. In particular we
obtain complexes

: : :
@3�! S2.X/

@2�! S1.X/
@1�! S0.X/ �! 0 �! : : : ; (11.3)

: : : �! 0 �! S0.X;G/
@0�! S1.X;G/

@1�! S2.X;G/
@2�! : : : (11.4)

Proof. It suffices to show @q ı @q�1 D 0. We decompose

@q@q�1� D
qX

jD0

q�1X

iD0
.�1/iCj

�
� ı dqj ı dq�1i

�

into the parts
P

i<j and
P

i�j . When we rewrite the first sum using (11.1), the result is
the negative of the second sum. �

Definition 11.5. We define for all n 2 Z the singular homology

H sing
n .X/ WD H sing

n .X;Z/ WD Ker.@nWSn.X/! Sn�1.X//
Im.@nC1WSnC1.X/! Sn.X//

and the singular cohomology or Betti cohomology with coefficients in G

Hn
sing.X;G/ WD

Ker.@nWSn.X;G/! SnC1.X;G//
Im.@n�1WSn�1.X;G/! Sn.X;G//

:

Hence both the fundamental group and H sing
1 .X;Z/ consist of equivalence classes of

paths. These groups are related as follows (see Problem 11.5 or [tDi] (9.2.1)).
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Remark 11.6. LetX be a path connected space, x0 2 X . Attaching to the homotopy class
Œ�� 2 �1.X; x0/ its class in H sing

1 .X;Z/ yields a well-defined isomorphism of groups

�1.X; x0/
ab �! H

sing
1 .X;Z/:

Here for any group G we denote by Gab its maximal abelian quotient, i.e., Gab D
G=ŒG;G�, where the commutator subgroup ŒG;G� is the subgroup of G generated by all
commutators ghg�1h�1, which is a normal subgroup of G.

Definition and Remark 11.7. Let R be a commutative ring.

1. We also define H sing
n .X;R/ by replacing Sn.X/ by the free R-modules Sn.X;R/ WD

R.˙n.X// with basis the set of singular n-simplices in X . Then

: : :
@3�! S2.X;R/

@2�! S1.X;R/
@1�! S0.X;R/ �! 0 �! : : : (11.5)

is a complex of R-modules and we obtain the singular homology with values in R,
denoted byH sing

n .X;R/. Then Sn.X/ D Sn.X;Z/ and Sn.X;R/ D Sn.X/˝Z R.
2. If G D R, then (11.4) is a complex of R-modules with Sn.X;R/ D Sn.X;R/_ (dual

as R-module) and @q is up to the sign .�1/qC1 the dual map of @qC1. In particular,
Hn

sing.X;R/ is an R-module.

Example 11.8. Let R be a commutative ring. Then H sing
0 .X;R/ Š R.�0.X//, where

�0.X/ is the set of path-connected components of X .

As forming the dual of an R-module is in general only left exact (and not an exact
functor), the relation between the dual of the homology of a complex of modules and the
homology of the complex of the dual modules is in general quite complicated and best
expressed via spectral sequences. We use only the following general fact for complexes of
free R-modules (e.g., [BouA3] Chap. X, §5.6, Cor. 3 and Cor. 4 de Théoreme 3). Variants
of the version given here are sometimes grouped under the universal coefficient theorem
for singular cohomology.

Proposition 11.9. Let n 2 Z and let R be a commutative ring. Assume one of the follow-
ing two conditions:

(a) R is a principal ideal domain and thatH sing
n�1.X;R/ is a free R-module.

(b) H sing
m .X;R/ is a free R-module for all m � n � 1.

Then
Hn

sing.X;R/ Š H sing
n .X;R/_ D HomR

�
Hn

sing.X;R/;R
�
: (11.6)
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Corollary 11.10.
1. Let K be a field. For all n 2 Z one hasHn

sing.X;K/ Š H sing
n .X;K/_.

2. Let R be a commutative ring. If n � 1 then one has Hn
sing.X;R/ Š H

sing
n .X;R/_

becauseH sing
m .X;R/ is a free R-module for all m < 1 by Example 11.8.

We encourage the reader to prove 1 directly using the fact that every subspace U of a
K-vector space V is a direct summand and hence any linear map on U can be extended
to V .

Definition and Remark 11.11. Let Y be a topological space. Define the cone over Y by

C.Y / WD .Y � Œ0; 1�/= �;

where .y; t/ � .y0; t 0/ if y D y0 and t D t 0 < 1 or if t D t 0 D 1. Endow C.Y / with the
quotient topology. Then C.�n/ D �nC1.

Proposition 11.12. Let X be a contractible space and let R be a commutative ring. Then
one has for all n > 0

H sing
n .X;R/ D Hn

sing.X;R/ D 0:

More generally, one can show that if f; gWX ! Y are homotopic continuous maps
of topological spaces, then they induce homotopic morphisms of complexes S�.X;R/!
S�.Y;R/. In particular, they induce the same map on the singular homology. This gives
a connection between the topological notion of homotopy and the algebraic notion of
homotopy between morphism of complexes.

Proof. Set I WD Œ0; 1�. By Proposition 11.9 it suffices to show that H sing
n .X;R/ D 0 for

all n > 0. Let p 2 X and let F WX � I ! X be a homotopy of idX and the constant map
X ! X , x 7! p.

Define a morphism of complexes "WS�.X;R/ ! S�.X;R/ by "n WD 0 for n ¤ 0 and
"0.
P

x2X nxx/ WD .
P

x nx/p (where we identify 0-simplices in X and points of X). It
suffices to show that there exists a homotopy between the morphism of complexes " and
idS�.X;R/ (then they induce the same maps on H sing

n .X;R/ and hence id
H

sing
n .X;R/

D 0 for
all n > 0).

Let � W�n ! X be an n-simplex inX . Then F ı.�� idI /W�n�I ! X factors through
C.�n/ D �nC1 and hence induces an .n C 1/-simplex hn.�/W�n ! X . This defines
homomorphisms hnWSn.X;R/ ! SnC1.X;R/. One easily checks .hn/n is the desired
homotopy (note that the numbering for homotopies is reversed because the differential in
the complexes here lowers the degree). �
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11.2 Cohomology and Singular Cohomology

We now compare singular cohomology with values in a commutative ring R and sheaf
cohomology of the sheaf of locally constant R-valued functions. In the sequel we will
writeHn.X;R/ instead ofHn.X;RX/ for all n � 0.

Theorem 11.13. Let X be a locally contractible space (e.g., a premanifold) and let R be
a commutative ring. Then there is for all n 2 Z an isomorphismHn.X;R/ Š Hn

sing.X;R/

of R-modules.

Proof. (i). For V � U � X open we have ˙n.V / � ˙n.U / and we define a surjective
map

Sn.U;R/ �! Sn.V;R/; ' 7! ' j˙n.V /:

Let SnR be the sheafification of the presheaf of abelian groups U 7! Sn.U;R/. Then one
easily checks that for U � X open one has

SnR.U / D Sn.U;R/=Sn.U;R/0; (*)

where

Sn.U;R/0 D
˚
' 2 Sn.U;R/ I 9 covering .Vi /i of U with ' j˙n.Vi / D 0 for all i

�
:

As Sn.U;R/ �! Sn.V;R/ is surjective for V � U , (*) shows in particular that the
sheaves SnR are flabby.

(ii). The map @n yield morphisms of sheaves of abelian groups @nW SnR �! SnC1R and
we obtain a complex

: : : �! 0 �! S0R
@0�! S1R

@1�! S2R
@2�! : : : (**)

of ZX -modules. As X is locally path connected, a map X ! R is locally constant if and
only if it is constant on path-connected components. Hence (11.2) shows that Ker.@0/ D
RX .

Moreover, the complex (**) is exact in all degrees > 0. Let x 2 X . By hypothesis
on X we can compute stalks of presheaves in a point x by taking colimits only over
open contractible neighborhoods of x. Now Proposition 11.12 shows that for all open
contractible neighborhoods U of x the complex of cochains S�.U;R/ is exact in degree
> 0. This implies that S�R is exact on stalks and hence exact in degree > 0. Therefore we
have seen that

RX
qis�! S�R

is a flabby resolution of RX and hence

Hn.X;R/ D Hn
�
� � � ! S

p
R.X/! S

pC1
R .X/! : : :

�
:
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(iii). Let pWS�.X;R/ ! S�R.X/ be the morphism of complexes induced by (*). It
remains to show that p is an isomorphism in the homotopy category K.R/. This follows
from the “theorem of small chains” ([tDi] Theorem 9.4.5). �

Corollary 11.14. Let X be a contractible locally contractible space. Then Hn.X;R/ D
0 for all n > 0 and for every commutative ring R.

Proof. Proposition 11.12 and Theorem 11.13. �

Corollary 11.15. 1 LetM be a contractible real C1-manifold, n � 1. Then every closed
n-form onM is exact.

Proof. We have

fclosed n-forms onM g
fexact n-forms onM g

Theorem 10.20D Hn.M;R/

Corollary 11.14D 0: �

By Remark 10.21, Corollary 11.15 also holds for real analytic manifolds.
Let us give a proof of the Weierstraß theorem from complex analysis using Corol-

lary 11.14.

Example 11.16. Let X be a connected 1-dimensional complex manifold (for instance an
open subset ofC). Let U � X be open. A divisor onU is an elementD D .nz/z2U 2 ZU

such that supp.D/ WD f z 2 U I nz ¤ 0 g is a closed and discrete subspace of U . Denote
the set of divisors on U byDX.U /. We obtain an abelian sheafDX of Z-valued functions
on X with stalks DX;x D Z for all x 2 X .

Let M�X be the sheaf of those meromorphic functions f on open subspaces U of X
such that 1=f exists as meromorphic function (i.e., a meromorphic function f on U is in
M�X.U / if f jW ¤ 0 for every connected component W of U ). Let z0 2 X . To describe
the stalk M�X;z0 we choose a chart of X at z0 and hence may assume that X � C is open.
ThenM�X;z0 is the abelian group of non-vanishing Laurent series with finite principal partsP

n�m an.z � z0/n, am ¤ 0, that converge in U n fz0g for some open neighborhood U of
z0 in C.

For every f 2M�X.U / let divU .f / WD .ordz.f //z2U 2 D.U /, where ordz.f / denotes
the order of vanishing of f at z (equal to �k 2 Z<0 if z is a pole of order k for f ). We
obtain a morphism of abelian sheaves divWM�X ! DX , which is given on stalks by sending

1 Note that this corollary is something of a circular statement because it uses the Poincaré lemma
for smooth manifolds, which is often proved by showing this corollary first.
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P
n�m an.z � z0/n with am ¤ 0 to m 2 Z. In particular, it is surjective. Therefore we get

an exact sequence of abelian sheaves

1 �! O�X �!M�X
div�! DX �! 0:

The long cohomology sequence shows that for every divisorD on X there exists a mero-
morphic function f on X with div.f / D D if and only if Pic.X/ D H1.X;O�X/ !
H1.X;M�X/ is injective.

To analyze Pic.X/ we use the complex exponential sequence (Example 8.11). It yields
an exact sequence

� � � ! H1.X;OX/! Pic.X/! H2.X;Z/! H2.X;OX/! : : :

If X � C is open, then Hi.X;OX/ D 0 for all i � 1 (Theorem 10.22) and we obtain
an isomorphism Pic.X/

�! H2.X;Z/. In particular it follows from Corollary 11.14 that
Pic.X/ D 1 if X is contractible2. Hence in this case every divisor on X comes from
a meromorphic function.

11.3 Homotopy Invariance of Cohomology

Lemma 11.17. LetX be a topological space and let pWX� Œ0; 1�! X be the projection.
Then the pullback maps (Definition 10.27)

p�1WHn.X;R/
�! Hn.X � Œ0; 1�; R/

are isomorphism of R-modules for all n � 0 and for every commutative ring R.

Proof. As Œ0; 1� is Hausdorff and compact, p is proper and separated (Proposition 10.32).
Moreover we have p
.RX�Œ0;1�/ D RX (Example 3.44).

By Corollary 11.14 we have Hn.p�1.x/;R/ D Hn.Œ0; 1�; R/ D 0 for all n > 0 and
x 2 X . Therefore the result follows from Corollary 10.36. �

Theorem 11.18 (Homotopy Invariance of Cohomology). Let X and Y be topological
spaces, and let f; gWX ! Y be homotopic continuous maps. Then

f �1 D g�1WHn.Y;R/! Hn.X;R/

for all n � 0 and for every commutative ring R.

2 In fact it can be shown that H2.X;Z/ D 1 for every open subspace X of C (see for instance
[Ive] VI, 6.8., considering X as an open subset of P 1.C/).
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Proof. For t D 0; 1 let it WX ! X � Œ0; 1�, it .x/ D .x; t/. Let pWX � Œ0; 1�! X be the
first projection. Then p ı it D idX . Hence the composition

Hn.X;R/
p�1�! Hn.X � Œ0; 1�; R/ i�1t�! Hn.X;R/

is the identity. As p�1 is an isomorphism by Lemma 11.17, we see that i�10 D i�11 and
that both maps are isomorphisms.

Let F be a homotopy between f and g. Then F ı i0 D f and F ı i1 D g and hence
f �1 D i�10 ı F �1 D i�11 ı F �1 D g�1. �

Corollary 11.19. Let X and Y be topological spaces and let f WX ! Y and gW Y ! X

be continuous maps such that g ı f is homotopic to idX and such that g ı f is homotopic
to idY . Then f and g induce mutually inverse isomorphisms

Hn.X;R/ Š Hn.Y;R/

for all n � 0 and for every commutative ring R.

11.4 Applications

Example 11.20. Let n 2 N and let R be a commutative ring. Let

Sn D ˚ x 2 RnC1 I x20 C � � � C x2n D 1
�
:

Define Sn˙ D fx 2 Sn I ˙xn � 0 g. Each of these half spheres is homeomorphic to the
closed unit ball in Rn and in particular contractible. Moreover, SnC \ Sn� D Sn�1. Hence
the Mayer–Vietoris sequence (Proposition 10.31) has the form

0! H0.Sn;R/! H0
	
SnC; R


˚H0
	
Sn�; R


! H0.Sn�1; R/! H1.Sn;R/

! 0! � � � ! 0! Hp�1.Sn�1; R/
�! Hp.Sn;R/! 0! : : :

(11.7)

Hence we see

Hp.S1;R/ D
8
<

:

R; for p D 0; 1;
0; otherwise.

Moreover we have H0.Sn;R/ D R because Sn is connected. Hence (11.7) shows by
induction that for all n � 1 one has

Hp.Sn;R/ D
8
<

:

R; for p D 0; n;
0; otherwise.

(11.8)
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Corollary 11.21. Let n � 2. Let x0 2 Rn and X WD Rn n fx0g. Then

Hp.X;R/ D
8
<

:

R; for p D 0; n � 1;
0; otherwise,

(11.9)

for every commutative ring R. In particular we see that X is not contractible.

Proof. We may assume that x0 D 0. The inclusion i WSn�1 ,! X WD Rn n f0g is a ho-
motopy equivalence (Example 2.4). Hence the claim follows from Example 11.20 via
homotopy invariance (Corollary 11.19). �

Corollary 11.22. Let f WRn ! Rm be a homeomorphism. Then n D m.

Proof. The homeomorphism f induces a homeomorphismRn n f0g �! Rm n ff .0/g and
hence an isomorphismHp.Rn nf0g;Z/ �! Hp.Rm nff .0/g;Z/ for all p. Now the claim
follows from Corollary 11.21 �

Corollary 11.23 (Brouwer’s fixed point theorem). For n 2 N let Dn WD f x 2
Rn I jjxjj2 � 1 g be the closed unit ball. Then every continuous map f WDn ! Dn has
a fixed point (i.e., there exists x 2 Dn with f .x/ D x).

Proof. Assume that there exists a continuous map f WDn ! Dn without fixed points.
Then we can construct a continuous map r WDn ! Sn�1 as follows. Let r.x/ denote the
point, where the half line starting in f .x/ towards x intersects Sn�1. Let i WSn�1 ! Dn

be the inclusion. As r ı i D id, the map

i�1WHn�1.Dn;Z/! Hn�1.Sn�1;Z/

is surjective. But for n � 2 one has Hn�1.Dn;Z/ D 0 because Dn is contractible and
Hn�1.Sn�1;Z/ D Z by (11.8). For n D 1 one has H0.D1;Z/ D Z and H0.S0;Z/ Š
Z2. In both cases we obtain a contradiction! �

For n D 1,D1 is a closed interval and Brouwer’s fixed point theorem is also a standard
application of the intermediate value theorem.

11.5 Problems

In the problem section, R always denotes a commutative ring.

Problem 11.1. What is the chain complex S�.X/ for X consisting of a single point?
What areH sing

n .X/ andHn
sing.X;R/?
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Problem 11.2. Let X be a topological space and let .Xi /i be its family of path compo-
nents. Show thatH sing

n .X/ DLi H
sing
n .Xi / for all n � 0.

Problem 11.3. Suppose that R ¤ 0. Show that H0
sing.X

0;R/ ¤ H0.X0;R/ with X0

defined in Problem 2.7.

Problem 11.4. LetR be a commutative ring withoutZ-torsion (e.g., ifR is aQ-algebra).
Show thatH sing

n .X;R/ Š H sing
n .X/˝Z R (*).

Give an example such that (*) does not hold for R D Z=2Z.
Hint: R is a flat Z-module (Appendix Problem 14.9). For the example see Problem 7.6.

Problem 11.5. Let X be a topological space, let x0 2 X . Show that �1.X; x0/ab Š
H

sing
1 .X;Z/. The following steps might be useful:

1. Let �; 	 W Œ0; 1� ! X paths with �.1/ D 	.0/. Let ! 2 ˙2.X/, .t0; t1; t2/ 7! .� �
	/.t1=2C t2/. Show that @2.!/ D � C 	 � � � 	 .

2. Let H W�1 � Œ0; 1� ! X be a homotopy � ' 	 of paths �; 	 W�1 ! X relative to
f0; 1g. Show that H factors through the quotient map �1 � Œ0; 1�! �2, .t0; t1; t/ 7!
.t0; t1.1�t/; t1t/ and hence yields an element � 2 ˙2.X/. Show that @2.�/ D cC��	 ,
where c is a constant map.

3. Deduce from (1) and (2) that attaching to a path � in X with start and end point x0 its
class inH sing

1 .X;Z/ yields a well-defined group homomorphism hX;x0 W�1.X; x0/ab !
H

sing
1 .X;Z/, where . /ab denotes the maximal abelian quotient.

4. Suppose that X is path connected. Choose for every x 2 X a path �x from x0 to x.
Let � 2 ˙1.X/ and let k.�/ be the closed path .��.0/ � �/ � ���.1/. Show that the linear

extension Qk of k to Ker.@1/ yields an inverse to hX;x0 .
Hint: To show that Qk maps Im.@2/ to 0 use that �2 is contractible and deduce that for
! 2 ˙2.X/ one has !2 � !0 D !1 if !i WD ! ı d2i is the i-th face of !.

Problem 11.6. Show that Hn
c .R

n; R/ D R (Problem 10.12) and Hp
c .Rn; R/ D 0 for

p ¤ n.
Hint: Problem 10.13.

Problem 11.7. What is dimR.H
p
DR.R

n n f0g// for n � 1, p � 0?

Problem 11.8. Let X be a topological space. Then

bk.X/ WD dimQH
sing
k .X;Q/ 2 N0 [ f1g; k � 0

is called the k-th (rational) Betti number of X . Suppose that bk.X/ < 1 for all k and
that bk.X/ ¤ 0 for only finitely many k. Then

�.X/ WD
X

k�0
.�1/kbk.X/
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is called the Euler characteristic of X . Determine the Betti numbers of Sn, of P n.R/ and
of P n.C/ and deduce that

�.Sn/ D
8
<

:

2; if n is evenI
0; if n is oddI

�.P n.R// D
8
<

:

1; if n is evenI
0; if n is oddI

and �.P n.C// D nC 1. Show that there exist no integers n;m � 1 such that Pn.R/ and
Pm.C/ are homotopy equivalent. Show that Sk is not homotopically equivalent to any
projective space for k � 3. What is with k D 1; 2?
Hint: Problem 10.5.

Problem 11.9. Let n � 1. Show that EndZ.Hn.Sn;Z// D Z. For every continuous map
f WSn ! Sn let deg.f / WD f �1 2 EndZ.Hn.Sn;Z// D Z.

1. Show that deg.f / depends only on the homotopy class of f and that deg.f ı g/ D
deg.f / deg.g/ for all continuous maps f; gWSn ! Sn.

2. Identify S1 D f z 2 C I jzj D 1 g. Show that deg.z 7! zk/ D k for all k 2 Z.
3. Let f WSn ! Sn be induced by an orthogonal matrix S 2 OnC1.R/. Show that

deg.f / D det.S/.
4. Let f WSn ! Sn be without fixed points. Show that f is homotopic to � idSn and

deduce deg.f / D .�1/nC1.
5. Show that a continuous map f WSn ! Sn is homotopic to a constant map if and only

if it is not surjective. Show that in this case there exist x; y 2 Sn with f .x/ D x and
f .y/ D �y.

6. Let G be a non-trivial group that acts freely on Sn. Show that G Š Z=2Z if n is even.

Problem 11.10. Show the hairy ball theorem. Let X D Sn with n even. Show that every
continuous section s of the tangent bundle TX ! X has a zero.
Hint: Consider s as a continuous map sWSn ! RnC1. If s has no zero then one can assume
that s.x/ 2 Sn for all x 2 Sn. Then use Problem 11.9.
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In this appendix some basic notions in point set topology are recalled. We assume that the
reader has already some familiarity with the concepts in this chapter and in particular with
the notion of a metric space. For the convenience of the reader we included some proofs
such that this chapter might also serve as a rather brisk introduction to point set topology.
For a detailed introduction to this topic we refer to [BouGT1] and [BouGT2].

12.1 Topological Spaces

Definition 12.1 (Topological space). Let X be a set. A topology on X is a set T of
subsets of X such that T is stable under arbitrary unions and under finite intersections.

The pair .X;T /, usually denoted simply by X , is called a topological space and the
subsets in T are called open. A subset of X is called closed if its complement in X is
open.

IfT andT 0 are topologies onX , then we say thatT is coarser thanT 0 or, equivalently,
that T 0 is finer than T if T � T 0.

Note that the properties of a topology T on a set X in particular imply that T contains
the union and the intersection of the empty family of sets in T . Hence every topology
contains the empty set ; and the set X .

If S is any set of subsets of a setX , then the intersection of all topologies onX contain-
ing S is a topology. This is then the smallest topology containing S, called the topology
generated by S.

Example 12.2 (Discrete topology). A simple example of topologies on a set X is the set
of all subsets of X . This topology is called the discrete topology on X . As every subset is
a union of subsets consisting of a single element, a topological spaceX carries the discrete

245© Springer Fachmedien Wiesbaden 2016
T. Wedhorn,Manifolds, Sheaves, and Cohomology, Springer StudiumMathematik – Master,
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topology if and only if the sets fxg are open for all x 2 X . In other words, the discrete
topology is the topology generated by f fxg I x 2 X g.

Example 12.3 (Metric spaces and normed spaces as topological spaces). Let .X; d/
be a metric space. For x0 2 X and r 2 R>0 set

Br.x0/ WD f x 2 X I d.x; x0/ < r g ; B�r WD fx 2 X I d.x; x0/ � r g :

Recall that a subset U of X is called open if for all x 2 U there exists r 2 R>0 such that
Br.x/ � U . Then the open subsets form a topology on X , called the topology induced by
the metric d . In the sequel we endow every metric space with the induced topology.

A topological space X D .X;T / is called metrizable if there exists a metric d on X
such that T is the topology induced by d .

Every norm on a real or complex vector space V yields a metric and hence induces
a topology on V . Equivalent norms induce the same topology.

If V is finite-dimensional, then all norms are equivalent. Hence there exists in this
case a unique topology on V induced by some norm. We will usually endow V with this
topology.

Definition 12.4 (Neighborhoods and basis of a topology). LetX be a topological space.

1. Let Y � X be a subset. A subset V of X is called a neighborhood of Y if there exists
an open subset U of X such that Y � U � V . A fundamental system of neighbor-
hoods of Y is a set S of neighborhoods of Y such that for every neighborhood V of
Y there exists W 2 S with W � V . For x 2 X , a neighborhood of fxg (respectively
a fundamental system of neighborhoods of fxg) is also called a neighborhood of x
(respectively a fundamental system of neighborhoods of x).

2. A set B of open subsets of X is called a basis of the topology if every open subset of
X is a union of sets in B.

A subset B of the topology on X is a basis if and only if B contains a fundamental
system of open neighborhoods of every x 2 X .

Remark 12.5. Let X be a set. Let S be a set of subsets of X and let T be the topology
generated by S. Then T consists of arbitrary unions of finite intersections of sets in S. In
particular the set of intersections of all finite families of sets in S is a basis of the topology
T .

In a metric space the open balls Br.x0/, for r 2 R>0, x0 2 X , form a basis of the
topology.
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12.2 Continuous, Open, and ClosedMaps

Definition 12.6 (Continuous maps, homeomorphisms). Let X and Y be topological
spaces and let f WX ! Y be a map. Let x0 2 X . Then f is called continuous in x0 if for
every neighborhood V of f .x0/ its inverse image f �1.V / is a neighborhood of x0.

The map f is called continuous if the following equivalent conditions hold:

(i) The map f is continuous in all x0 2 X .
(ii) For every open subset V � Y its inverse image f �1.V / is open in X .
(iii) For every closed subset B � Y its inverse image f �1.B/ is closed in X .

A continuous map f WX ! Y is called a homeomorphism if there exists a continuous
map gW Y ! X such that g ı f D idX and f ı g D idY .

When we write that f WX ! Y is a continuousmap, it will be always tacitly understood
that X and Y are topological spaces.

The composition of continuous maps is continuous. Let S be a set of subsets of Y
generating the topology on Y . Then a map f WX ! Y between topological spaces is
continuous if and only if f �1.V / is open in X for all V 2 S.

A bijective continuous map f WX ! Y is not necessarily a homeomorphisms because
its inverse map f �1W Y ! X might not be continuous (see Problem 12.10 for examples).

Example 12.7 (Continuity for metric spaces). For maps between metric spaces, con-
dition (i) for continuity can be expressed by the Weierstraß’ "-ı condition: A map
f W .X; d/! .X 0; d 0/ between metric spaces is continuous if and only if for all " > 0 and
for all x0 2 X there exists ı > 0 such that d.x0; x/ < ı implies d 0.f .x0/; f .x// < " for
all x 2 X .

Example 12.8 (Continuity of linear maps). Let K be either R or C and let V and W
be finite-dimensional vector spaces over K endowed with the unique topology given by
a norm. Then it is a standard result from basic analysis that every linear map uWV ! W

is continuous. In particular, every bijective linear map is a homeomorphism.
More generally and more precisely, let V1; : : : ; Vr and W be finite-dimensional vector

spaces over K and let ˛WV1 � � � � � Vr ! W be an r-multilinear map (i.e., ˛ is linear in
each component Vi ). Then there exist norms on Vi andW such that

jj˛.v1; : : : ; vr /jj � jjv1jj � � � jjvr jj

for all vi 2 Vi , i D 1; : : : ; r . This implies that ˛ is continuous by Example 12.7.
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Example 12.9 (Extended real line). Let R WD R [ f˙1g be the extended real line.
Define a map

'WR! Œ�1; 1�; '.x/ WD

8
ˆ̂
<

ˆ̂
:

�1; x D �1I
x

1Cjxj ; x 2 RI
1; x D 1:

It is easy to check that ' is bijective. We endowR with a metric via transport of structure,
i.e., we define

d WR �R! R; d.x; y/ WD j'.x/ � '.y/j:
Then d is a metric on R and we obtain an induced topology on R. As ' preserves the
metrics (by definition), it is a homeomorphism of topological spaces.

It is easy to check, that R � R is an open subset with respect to this topology and
that the topology induced on this subspace is the usual topology on R (but note that the
restriction of d is not the standard metric on R).

Definition 12.10 (Open and closed maps). Let X and Y be topological spaces and let
f WX ! Y be a map. Then f is called open (respectively closed) if for every open
(respectively closed) subset Z of X its image f .Z/ is open (respectively closed) in Y .

The composition of open (respectively closed) maps is again open (respectively
closed). Every homeomorphism is open and closed. Conversely, a bijective continu-
ous map is a homeomorphism if and only if it is open (or, equivalently, closed).

Let B be a basis of the topology on X . As the image of a union of subsets is the union
of the images of these subsets, a map f WX ! Y is open if and only if f .U / is open in Y
for all U 2 B.

Proposition 12.11. A continuous map f WX ! Y is closed if and only if for all y 2 Y
and all open neighborhoods U of f �1.y/ in X there exists an open neighborhood V of y
in Y such that f �1.V / � U .

Proof. Let f be closed. Let y 2 Y , U an open neighborhood of f �1.y/. Then B WD
f .X nU/ is closed in Y and y … B . Take V WD Y nB . Then f �1.V / D X nf �1.B/ � U .

Conversely, the condition is also sufficient. Let A � X be closed. We have to show
that W WD Y n f .A/ is open in Y . Choose y 2 W . Then U WD X n A is an open
neighborhood of f �1.y/. Hence there exists y 2 V � Y open such that f �1.V / � U

and hence V � W . �
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12.3 Closure and Interior

Definition 12.12 (Closure, interior, and boundary). Let X be a topological space, Y �
X a subset. The set

Y WD
\

A closed
Y�A

A

is called the closure of Y (inX). It is the smallest closed subset ofX that contains Y . The
set

Y ı WD
[

U open
U�Y

U

is called the interior of Y (in X). It is the greatest open subset of X that is contained in
Y . The set

@Y WD Y n Y ı

is called the boundary of Y (in X).

Remark 12.13. Let X be a topological space and let Y be a subset of X . Then

1. .X n Y /ı D X n Y .
2. Y D f x 2 X I for all neighborhoods U of x one has U \ Y ¤ ;g. In the definition

of the right-hand set it suffices if U runs through a fundamental system of neighbor-
hoods of x.

Example 12.14. Let .V; jj � jj/ be a normed real or complex vector space. Then for all
r 2 R>0 and x 2 X one has

Br.x/ D B�r .x/; @Br.x0/ D f x 2 V I jjx � x0jj D r g :

Analogous equalities do not hold in a general metric space (Exercise 12.5).

Proposition 12.15. Let X and Y be topological spaces and let f WX ! Y be a map. If
f is continuous, then for every subset A of X one has f .A/ � f .A/.

The converse also holds (Problem 12.9).

Proof. If B is a closed subset of Y containing f .A/, then f �1.B/ is closed in X and
contains A. Hence f �1.B/ contains A, in other words f .A/ � B . Therefore f .A/ is
contained in the intersection of all such B . �
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Definition and Remark 12.16 (Dense subsets). Let X be a topological space. A sub-
set Y of X is called dense in X , if the following conditions (which are equivalent by
Remark 12.13 2) are satisfied:

(i) The closure of Y in X is equal to X .
(ii) For every non-empty open subset U of X one has U \ Y ¤ ;.

12.4 Construction of Topological Spaces

Definition 12.17 (Inverse and direct image topology). Let .Xi /i2I be a family of topo-
logical spaces.

1. Let Y be a set and let fi W Y ! Xi be maps for i 2 I . Then the topology on Y gen-
erated by

S
i2I
˚
f �1i .Ui/ I Ui � Xi open

�
is called the inverse image of the topology

of the .Xi /i under .fi /i .
It is the coarsest topology on Y such that all maps fi are continuous. In other words,
it satisfies the following universal property: If hWW ! Y is a map from a topological
space W , then h is continuous if and only if fi ı h is continuous for all i 2 I .

2. Let Z be a set and gi WXi ! Z be maps for i 2 I . Then Ti2I fW � Z I g�1i .W /
is open in Xig is a topology on Z, called the direct image of the topology of the .Xi /i
under .gi /i .
It is the finest topology on Z such that all maps gi are continuous. In other words, it
satisfies the following universal property: If hWZ ! W is a map to a topological space
W , then h is continuous if and only if h ı gi is continuous for all i 2 I .
A particularly important example is the subspace topology.

Example 12.18 (Subspaces). If Y is a subset of topological space X and f W Y ! X

is the inclusion, then the inverse topology of X under f is simply called the induced
topology on Y and the topological space Y is called a subspace of X .

In this case, the open (respectively closed) subsets of Y are those of the form A \ Y
for A � X open (respectively closed).

Let Y be a subset of a finite-dimensional vector space V over R or over C. Then we
always endow Y with the topology induced by the unique topology on V that is given by
some norm on V .

Definition 12.19 (Topological embedding). A map j W Y ! X between topological
spaces is called a topological embedding, if j yields a homeomorphism Y ! j.Y /,
where j.Y / is endowed with the topology induced by the topology on X . An embedding
j W Y ! X is called open (respectively closed) if j is an open (respectively a closed) map.



12.4 Construction of Topological Spaces 251

Remark 12.20.
1. A topological embedding is injective and continuous. The converse does not hold in

general (Problem 12.10).
2. An injective continuous map j W Y ! X is a topological embedding if and only if for

every open subset V of Y there exists an open subset U of X such that j �1.U / D V .
3. The composition of two topological embeddings is again a topological embedding (by

2).
4. Let j W Y ! X be a continuous map such that there exists a continuous map pW Y ! X

with p ı j D idY (i.e., j is a section of p), then for every open V � Y one has
j �1.p�1.V // D V . Hence j is a topological embedding by 2.

5. A topological embedding j W Y ! X is open (respectively closed) if and only if j.Y /
is an open (respectively a closed) subset of X .

A very important example of the direct image topology are quotient spaces.

Example 12.21 (Quotient spaces). Let X be a topological space and let gWX ! Z be
a surjective map. Then the direct image topology of g is also called the quotient topology
and the topological space Z is called a quotient space of X .

A subsetA ofZ is open (respectively closed) if and only if g�1.A/ is open (respectively
closed) in X . The universal property of the quotient topology is the following. Let Y
be a topological space. Then a map f WZ ! Y is continuous if and only if f ı g is
continuous.

An other important special case of the inverse image topology is the product topology.

Definition and Remark 12.22 (Product space). Let I be a set and let .Xi /i2I be a family
of topological spaces. Let X WDQi2I Xi be the cartesian product and let pi WX ! Xi be
the i-th projection. The inverse image on X of the topology of the .Xi /i under .pi /i is
called the product topology and the setX endowed with this topology is called the product
of the topological spaces .Xi /i .

Hence the product topology is the coarsest topology such that the projections pi are
continuous for all i . A basis of the product topology is given by open subsets of the form
Q
i2I Ui , where Ui � Xi is open and Ui D Xi for all but finitely many i 2 I .
As openness of maps can be checked on a basis of the topology, one sees that the

projections pi are open for all i .

Proposition 12.23 (Product and closure). Let .Xi /i2I be a family of topological spaces
and let Ai � Xi be subsets for all i . Then the closure of

Q
i2I Ai in the product space

Q
i2I Xi is

Q
i2I Ai .

Proof. Let x D .xi /i be in the closure of
Q
i2I Ai . Then for all i 2 I its projection

pi .x/ D xi lies in Ai (Proposition 12.15) and hence x 2
Q
i Ai .
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Conversely, let y D .yi /i 2 Qi Ai . The sets of the form
Q
i Ui containing y and with

Ui � Xi open for all i 2 i andUi D Xi for all but finitely many i 2 I form a fundamental
system of neighborhoods of y. For every i 2 I the open neighborhood Ui of yi contains
a point ai 2 Ai . Hence

Q
i Ui contains .ai /i 2

Q
i2I Ai . This shows that y is in the

closure of
Q
i2I Ai . �

Corollary 12.24. Let .Xi /i2I be a family of topological spaces and let Ai � Xi be non-
empty subsets for all i . Then

Q
i2I Ai is closed (respectively dense) in

Q
i2I Xi if and only

if Ai is closed (respectively dense) in Xi for all i 2 I .

Remark 12.25. Let .X1; d1/ and .X2; d2/ be metric spaces. Then

d..x1; x2/; .y1; y2// WD maxfd1.x1; y1/; d2.x2; y2/g

defines a metric on X1 � X2. It is easy to check that d induces the product topology. In
particular, the product of two metrizable spaces is again metrizable.

More generally, one can show that the product of countably many metrizable spaces is
again metrizable (Problem 12.11).

Definition and Remark 12.26 (Sum of topological spaces). Let .Xi /i2I be a family of
topological spaces. Let X be the disjoint union of all the Xi and let �i WXi ! X be the
inclusion. Endow the set X with the direct image topology of the Xi under �i . We obtain
a topological space X such that Xi � X is open and closed for all i 2 I . The space X is
called the sum or the coproduct of .Xi/i2I and it is denoted by

`
i2I Xi .

The sum of topological spaces is a special case of the following more general construc-
tion of gluing topological spaces. Let .Ui /i2I be a family of topological spaces, for all
i; j 2 I fix a subset Uij � Ui , and for all i; j 2 I a continuous map 'ji WUij ! Uji such
that:

(a) Uii D Ui and 'ii D idUi for all i 2 I ,
(b) the cocycle condition holds: 'kj ı 'ji D 'ki on Uij \Uik for all triples .i; j; k/ of I .

In the cocycle condition we implicitly assume that 'ji.Uij \Uik/ � Ujk , such that the
composition is meaningful.

Proposition 12.27 (Gluing of topological spaces). Suppose thatUij is open (respectively
closed) in Ui for all i; j 2 I . Then there exists a topological space X together with
morphisms  i WUi ! X , such that:

1. The map  i is an open (respectively a closed) embedding for all i 2 I .
2.  j ı 'ji D  i on Uij for all i; j .
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3. X DSi  i .Ui /.
4.  i.Ui/ \  j .Uj / D  i.Uij / D  j .Uji / for all i; j 2 I .

Furthermore, .X; . i/i / has the following universal property: IfZ is a topological space,
and for all i 2 I , �i WUi ! Z is a continuous map such that �j ı 'ji D �i on Uij for all
i; j 2 I , then there exists a unique continuous map �WX ! Z with � ı  i D �i for all
i 2 I .

In particular, .X; . i /i / is uniquely determined up to unique isomorphism.

Proof. First note that the cocycle conditions for the triples .i; j; i/ and .j; i; j / show that
'ij and 'ji are mutually inverse homeomorphisms. To define the underlying topological
space of X , we start with the sum

`
i2I Ui of the Ui and define an equivalence relation

� on it as follows. Points xi 2 Ui , xj 2 Uj , i; j 2 I , are equivalent, if and only if
xi 2 Uij , xj 2 Uji and xj D 'ji.xi /. The conditions (a) and (b) imply that � is in fact an
equivalence relation. As a set, define X to be the set of equivalence classes,

X WD
a

i2I
Ui= � :

The natural maps  i WUi ! X are injective, we have  i.Uij / D  i.Ui/ \  j .Uj / for all
i; j 2 I , and properties (2) and (3) hold. We endow X with the direct image topology
of the Ui under the  i . Hence a subset V of X is open (respectively closed) if and only
if  �1i .V / is open (respectively closed) in Ui for all i 2 I . The universal property then
follows from the universal property of the direct image topology.

To show that  i is an open (respectively a closed) embedding we have to show that
for all i 2 I a subset Ai of Ui is open (respectively closed) in Ui if and only if for all
j 2 J the subset �1j . i .Ai // is open (respectively closed) in Uj . By choosing j D i one
sees that the condition is clearly necessary. Conversely, if Ai is open (respectively closed)
in Ui , then we have  �1j . i .Ai // D 'ji.Ai \ Uij / by construction. This set is open
(respectively closed) in Uj because 'ji is a homeomorphism and Uji is open (respectively
closed) in Uj . �

The following construction of fiber products of topological spaces plays an important
role in several places in the book.

Definition 12.28 (Fiber products). Let f WX ! S and gW Y ! S be continuous maps
of topological spaces. Define

X �S Y WD f .x; y/ 2 X � Y I f .x/ D g.y/ g
endowed with the inverse topology of X and Y under the projections pWX �S Y ! X

and qWX�S Y ! Y . This is also the topology induced by the product topology onX�Y .
The topological space X �S Y is called the fiber product of X and Y with respect to f
and g.
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Example 12.29. Let f WX ! S and gW Y ! S be continuousmaps of topological spaces.
Let pWX �S Y ! X and qWX �S Y ! Y be the projections.

1. Suppose that S consists of a single point. Then X �S Y D X � Y .
2. Suppose that Y consists of a single point y and set s WD g.y/. Then p induces

a homeomorphism X �S Y �! f �1.s/, where the fiber f �1.s/ is endowed with the
subspace topology of X .

3. More generally, for arbitrary f and g the projection p induces for all y 2 Y a home-
omorphism q�1.y/

�! f �1.g.y//.
4. Let hWX ! Y be a continuous map such that g ı h D f . Then its graph �hWX !
X �S Y , x 7! .x; h.x// is a topological embedding by Remark 12.20 4 because it is
a section of the projection X �S Y ! X .

5. Applying 4 to the special case X D Y , h D idX , the graph of idX

�f WX ! X �S X D f .x; x0/ I f .x/ D f .x0/ g ; x 7! .x; x/

is called the diagonal of f . The map f is injective if and only if �f is a homeomor-
phism.

12.5 Local Properties

Definition 12.30 (Coverings). Let X be a topological space and let Y be a subset of X .
A family .Ai /i2I of subsets of X is called a covering of Y in X if Y �Si2I Ai .

A covering .Ai /i2I of Y in X is called an open covering (respectively a closed cover-
ing) if all Ai are open (respectively closed) in X .

In the sequel we will see many examples of properties that are local in the sense that
they can be checked after “restriction to an open covering”. Of course one has to explain
what this means precisely. We make this precise in some cases. Let P be a property of
maps of topological spaces.

We say that P is local on the target (respectively local on the source), if for every map
f WX ! Y of topological spaces and for every open covering .Vi /i2I of Y (respectively
for every open covering .Ui /i2I ofX) the map f has property P if and only if its restriction
f �1.Vi / ! Vi (respectively its restriction Ui ! Y ) has property P for all i . Let us give
some easy examples.

1. The following properties are local on the target and local on the source: “continuous”,
“open”.

2. The following properties are local on the target: “injective”, “surjective”, “bijective”,
“homeomorphism”, “closed”, “open topological embedding”, “closed topological em-
bedding”.
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As the properties “open topological embedding” and “closed topological embedding”
are both local on the target, one sees by considering inclusions of subspaces that for every
topological space X and every open covering .Ui /i of X a subset A of X is open (re-
spectively closed) in X if and only if A \ Ui is open (respectively closed) in Ui for all
i 2 I .

In fact there is a stronger result. To formulate it we need another example of a local
notion, which plays an important role when the notion of paracompact spaces is defined.

Definition 12.31 (Locally finite covering). Let X be a topological space. A family of
subsets .A�/�2� is called locally finite if there exists an open covering .Ui /i2I of X such
that each Ui meets only finitely many of the A�.

Proposition 12.32. Let .Ai /i2I be a family of subsets of a topological space X satisfying
one of the following properties:

(i) The interiors Aıi of Ai cover X .
(ii) .Ai /i2I is a locally finite closed covering of X .

Then a subset B of X is open (respectively closed) in X if and only if B \ Ai is open
(respectively closed) in Ai for all i .

Proof. We have to show that the condition is sufficient. As .X nB/\Ai D Ai n.B\Ai /,
it suffices by passing to the complement to consider either the case that for all i the subset
B \ Ai of Ai is open or that for all i it is closed.

Suppose that (i) is satisfied and suppose thatB\Ai is open inAi for all i . ThenB\Aıi
is open in Aıi and hence open in X . By hypothesis, B D S

i .B \ Aıi / and hence B is
open.

Suppose that (ii) is satisfied and suppose that B \ Ai is closed in Ai for all i . As Ai is
closed in X , B \ Ai is closed in X . To see that B is closed we may work locally on X .
The hypothesis implies that .B \ Ai/i is locally finite and working locally on X we may
assume that all but finitely many of the B \ Ai are empty. But then B D S

i .B \ Ai / is
closed. �

Corollary 12.33. Let .Ai /i2I be a locally finite family of closed subsets of a topological
space. Then

S
i2I Ai is closed in X .

Corollary 12.34. Let .Ai /i be a covering of a topological spaceX such that the interiors
Aıi ofAi coverX or which is a locally finite closed covering. Let Y be a topological space
and let f WX ! Y be a map such that f jAi WAi ! Y is continuous for all i . Then f is
continuous.

We introduce two local notions of properties already defined.



256 12 Appendix A: Basic Topology

Definition and Remark 12.35 (Locally closed subsets). Let X be a topological space
and let Z � X be a subset. Then Z is called locally closed if the following equivalent
conditions are satisfied:

(i) There exists a family .Ui /i2I of open subsets Ui � X such that Z � S
i2I Ui and

such that Z \ Ui is closed in Ui .
(ii) Z is an open subset of its closure NZ in X .
(iii) Z is the intersection of an open and a closed subset of X .

Proof. “(ii)) (iii)) (i)” is clear.
“(i)) (ii)”. Let .Ui /i as in (i). As Z \Ui is closed in Ui , we have Z \Ui D NZ \Ui ,

which is open in NZ. Hence Z DSi .Z \ Ui/ is open in NZ. �

Definition 12.36 (Local homeomorphisms). A continuous map f WX ! Y is called a
local homeomorphism if there exists an open covering .Ui /i ofX such that f jUi WUi ! Y

is an open topological embedding.

In other words, f WX ! Y is a local homeomorphism if and only if there exist open
coverings .Ui /i of X and .Vi /i of f .X/ in Y such that f induces for all i a homeomor-
phism Ui

�! Vi .

Remark 12.37. Let f WX ! Y be a continuous map.

1. Every local homeomorphism is an open map. In particular, every injective local home-
omorphism is an open embedding.

2. If f is a local homeomorphism, then the diagonal �f WX ! X �Y X is an open
embedding. Indeed, let .Ui /i be an open covering of X such that f jUi is an open
embedding for all i . Then �f jUi is an open embedding (with image Ui �Y Ui ) for all
i . As �f is injective, this shows that �f is an open embedding.

3. Let gW Y ! Z be a local homeomorphism and suppose that g ı f is an open embed-
ding. Then f is injective and a local homeomorphism. Hence f is an open embedding.

12.6 Hausdorff Spaces

Definition and Proposition 12.38 (Hausdorff spaces). A topological space X is called
Hausdorff or a T2-space if it satisfies the following equivalent properties:

(i) For all x; y 2 X with x ¤ y there exist neighborhoods U of x and V of y such that
U \ V D ;.

(ii) The diagonal�X WD f .x; x/ I x 2 X g is closed in X �X .
(iii) For every topological space Y and for all continuous maps f1; f2W Y ! X the set
fy 2 Y I f1.y/ D f2.y/ g is closed in Y .
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Proof. “(i) ) (ii)”. For .x; y/ 2 .X � X/ n �X clearly one has x ¤ y so that there
exist neighborhoods U of x and V of y in X such that U \ V D ;. Therefore U � V is
a neighborhood of .x; y/ inX�X that is contained in .X�X/n�X . Hence .X�X/n�X
is open in X �X .

“(ii)) (i)”. For x; y 2 X with x ¤ y we have .x; y/ 2 .X�X/n�X . As .X�X/n�X
is open, there exists a neighborhood of .x; y/ in .X � X/ n �X and by definition of the
product topology we can chose it to be of the form U � V , where U and V are open
neighborhoods of x and y respectively. Then U \ V D ;.

“(ii)) (iii)”. Let f W Y ! X � X be the continuous map y 7! .f1.x/; f2.x//. Since
�X � X � X is closed and f is continuous, f �1.�X/ D fy 2 Y I f1.y/ D f2.y/ g is
closed in Y .

“(iii) ) (ii)”. Applying (iii) to the projections p1; p2WX � X ! X yields that
f .x; y/ 2 X �X I p1..x; y// D p2..x; y// g D �X is closed in X �X . �

Every metrizable topological space is Hausdorff. Every subspace of a Hausdorff topo-
logical space is Hausdorff. If .Xi /i is a family of Hausdorff topological spaces, then
Q
i2I Xi is Hausdorff.
Property (iii) in Proposition 12.38 for Hausdorff spaces implies the following result.

Proposition 12.39. Let X and Y be topological spaces, let f; gW Y ! X . Suppose that
X is Hausdorff and that there exists a dense subset D of Y such that f jD D gjD . Then
f D g.

12.7 Connected Spaces and Locally Constant Maps

Definition 12.40. A non-empty topological space X is called connected if X and ; are
the only subsets of X that are both closed and open.

Note that we explicitly excluded the empty space to be connected.

Proposition 12.41 (Images and products of connected spaces).

1. Let f WX ! Y be a continuous surjective map. IfX is connected, then Y is connected.
2. Let .Xi /i2I be a family of topological spaces. Then the product space

Q
i2I Xi is

connected if and only if Xi is connected for all i 2 I .

Proof. 1. Let A � Y be open and closed. Then f �1.A/ � X is also open and closed
because f is continuous and we have f �1.A/ D ; or f �1.A/ D X because X is con-
nected. Since f is surjective, we have A D f .f �1.A// and therefore A D ; or A D Y .
Thus Y is connected.
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2. Assume that
Q
i2I Xi is connected. For all j 2 I the j -th projection pj WQ

i2I Xi ! Xj is continuous and surjective and hence Xj is connected by 1.
Conversely, assume that Xi is connected for every i 2 I . Let ; ¤ U � Q

i2I Xi
be open and closed. Let x 2 X and y 2 U such that x and y differ in at most a single
component, i.e., there exists i0 2 I with xi D yi for every i 2 I n fi0g. Then

j WXi0 !
Y

i2I
Xi ; z 7! .zi /i zi WD

8
<

:

xi ; i 2 I n fi0gI
z; i D i0I

is a section of pi0 and therefore a topological embedding. By assumptionXi0 is connected
so that j.Xi0/ is connected as well. Hence, y 2 j.Xi0/\U � j.Xi0/ is open and closed so
that j.Xi0/\ U D j.Xi0/. Since x 2 j.Xi0/ we have x 2 U . Using induction, this result
can be extend to the case where x and y differ in finitely many components. Now there
exists a non-empty open subset W � U of the form W D Q

i2I Wi such that Wi D Xi
for all but finitely many i 2 I . This implies that for every point x 2 X there exists a point
y 2 W such that x and y differ only in finitely many components. Thus W D X by the
above argument and hence U D X . This shows that X is connected. �

Remark 12.42. Let A be a connected subspace of a topological space X . Then every
subspace B of X with A � B � NA is connected. Indeed, A is dense in B and hence
every non-empty open and closed subset Z of B meets A. As A is connected we find
A \Z D A and hence Z D B , again because A is dense in B .

Recall that an interval in R is a subset I of R such that for all x; y 2 I and z 2 R with
x < z < y one has z 2 I .

Proposition 12.43 (Connected subspaces of R). A subspace of R is connected if and
only if it is an interval.

Proof. Let A � R be a connected subset and assume that A is not an interval. Then there
exist a; b 2 A and c 2 R n A with a < c < b. Then A \ .�1; c/ and A \ .c;1/ are
disjoint non-empty open subsets of A such that their union is A. Thus they are both open
and closed in A. Contradiction.

Let A � R be an interval and assume that there exists U � A open and closed with
; ¤ U ¤ A. Then AnU has the same properties and after possibly replacingU by AnU
we find a 2 U , b 2 AnU with a < b. Because A is an interval we have Œa; b� � A so that
V WD U \ Œa; b� ¨ Œa; b� is open, closed and non-empty. Then V is bounded and closed
in R so that ˇ WD sup.V / has to be an element of V . In particular this implies ˇ ¤ b

and it is clear that we must have ˇ ¤ a. Since V � Œa; b� is open and a < ˇ < b, there
exists � > 0 with .ˇ � �; ˇ C �/ � V . This contradicts ˇ D sup.V /, hence A has to be
connected. �
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Proposition 12.44. Let X be a topological space, let .Ai /i2I be a family of connected
subspaces such that

T
i Ai ¤ ;. Then A WD

S
i2I Ai is a connected subspace of X .

Proof. Let x 2 Ti Ai . Let U � A be open and closed. After possibly passing to A n U
we may assume that x 2 U . Then U \Ai is open and closed in Ai and non-empty. As Ai
is connected, U \ Ai D Ai for all i and hence U D A. �

Definition 12.45 (Connected components). LetX be a topological space and let x 2 X .
Then the union of all connected subspaces containing x is again connected by Proposi-
tion 12.44. It is therefore the largest connected subspace containing x. It is called the
connected component of x.

Remark 12.46. Let X be a topological space.

1. For x; y 2 X write x � y if y belongs to the component of x. This relation is clearly
reflexive and symmetric. Moreover, it is transitive by Proposition 12.44 and hence an
equivalence relation. The equivalence classes are the connected components of X .

2. As the closure of a connected set is again connected (Remark 12.42), the connected
components of X are closed.

In general, connected components are not open (Problem 12.20), see however Propo-
sition 2.13 (or Problem 12.21 and Problem 12.22) for a positive result.

Definition and Remark 12.47 (Locally constant maps). Let X be a topological space,
M a set, and t WX !M a map.

1. The map t is called constant if t.x/ D t.y/ for all x; y 2 X .
2. The map t is called locally constant if the following two equivalent conditions are

satisfied:
(i) There exists an open covering .Ui /i of X such that t jUi is constant for all i 2 I .
(ii) The map t is continuous if we endowM with the discrete topology.

Proposition 12.48. A topological space X is connected if and only if every locally con-
stant map f on X is constant.

Proof. Let X be connected and let f WX ! S be locally constant. Then f .X/ is con-
nected in the discrete space S (Proposition 12.41 1) and hence consists of at most a single
point.

Conversely, assume thatX is not connected. Hence there exist non-empty disjoint open
subsets A;B � X whose union is X . Then the map f from X to a discrete space with
two elements a and b with f .A/ D fag and f .B/ D fbg is continuous. �
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12.8 Compact Spaces

Definition 12.49 ((Locally) compact spaces). Let X be a topological space.

1. X is called compact if every open covering of X has a finite subcovering.
2. X is called locally compact if every point has a fundamental system of compact neigh-

borhoods.

The definitions of “compact” and “locally compact” differ within the literature:

� Often compact spaces as defined above are called quasi-compact. Then compact spaces
are defined as quasi-compact spaces that are also Hausdorff.

� Locally compact spaces are very often defined as spaces such that each point has a com-
pact neighborhood – a condition that is strictly weaker than our definition of “locally
compact” (Problem 12.32). For Hausdorff spaces both of these definitions of “locally
compact” are equivalent (Proposition 12.54).

Example 12.50. Let V be a normed vector space over R or over C. Then a basic result
of analysis shows that V is locally compact if and only if V is finite-dimensional (see also
Problem 12.28). In this case the Heine–Borel theorem shows that a subset of V is compact
if and only if it is closed in V and bounded (see also Problem 12.27).

Proposition 12.51. Let X be a compact topological space.

1. Every closed subspace of X is compact.
2. Let f WX ! Y be a continuous surjective map of topological spaces. Then Y is

compact.

Proof. 1. Let X be a compact topological space, Y � X a closed subspace and .Ui /i
an open covering of Y . By definition of the induced topology there exist Vi � X open
with Vi \ Y D Ui so that we obtain an open covering of X by adding the open subset
X n Y to .Vi /i . Since X is compact, we find finitely many i1; : : : ; in such that X D
.X nY /[Vi1[� � �[Vin and therefore Y D X \Y D Ui1[� � �[Uin is a finite subcovering
of .Ui /i .

2. Let .Vj /j2J be an open covering of Y . Then .f �1.Vj //j2J is an open covering of
X . As X is compact, there exist j1; : : : ; jn 2 J such that X D Sn

iD1 f
�1.Vji /. Hence

Y �Sn
iD1 Vji . Therefore Y is compact. �

Proposition 12.52. Let f WX ! Y be a continuous map. Suppose thatX is compact and
that Y is Hausdorff. Then the subspace f .X/ of Y is closed in Y and compact.
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Proof. As Y is Hausdorff, the subspace f .X/ is Hausdorff. By Proposition 12.51 2,
f .X/ is also compact.

It remains to show that Y n f .X/ is open in Y . Let y 2 Y n f .X/. For all z 2
f .X/ there exist open neighborhoods Uz of z and Vz of y with Uz \ Vz D ; (because
Y is Hausdorff). Then .Uz/z is an open covering of f .X/. As f .X/ is compact we
find z1; : : : ; zn 2 f .X/ with f .X/ � S

1�i�n Uzi . Then
T
1�i�n Vzi � Y n f .X/ is

a neighborhood of y. Hence Y n f .X/ is open in Y . �

Corollary 12.53. Let X be compact and let Y be Hausdorff. Then every injective con-
tinuous map f WX ! Y is a closed embedding. In particular, every bijective continuous
map X ! Y is a homeomorphism.

Proof. It suffices to show that f is a closed map. Let A � X be a closed subspace.
As X is compact, A is compact (Proposition 12.51). Hence f .A/ is closed in Y by
Proposition 12.52. �

Proposition 12.54. A Hausdorff topological space X is locally compact if and only if
every point of X has a compact neighborhood.

Proof. We have to show that the condition is sufficient. Let x 2 X and let C be a compact
neighborhood of x. As X is Hausdorff, C is closed in X by Corollary 12.53. Let V be
any neighborhood of x. We have to show that V contains a compact neighborhood of x.
Replacing V by the interior of V \ C we may assume that V � C and that V is open
in X . Then C n V is closed in C and hence compact. As X and hence C is Hausdorff,
for each z 2 C n V there exist in C open neighborhoods Wz of z and Uz of x such that
Wz \ Uz D ;. As C n V is compact, there exist finitely many z1; : : : ; zn 2 C n V such
that C n V � W WD S

1�i�n Wzi . Then U WD T
1�i�n Uzi is an open neighborhood of

x in C not meeting W . Therefore its closure NU is contained in C n W and hence in V .
Moreover, NU is compact (being closed in C ) and a neighborhood because U is open in V
and V is open in X . �

Proposition 12.55. Let X be a topological space and let S be a set of open subsets of X
that generates the topology on X . Then X is compact if and only if every covering of X
by elements in S has a finite subcovering.

Proof. The condition is clearly necessary. To show that it is sufficient assume that X is
not compact. Denote by T the topology on X . As X is not compact, the set

U WD
8
<

:
A � T I X D

[

U2A
U and

[

U2A0

U ¤ X for every finite subset A0 of A

9
=

;
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is non-empty. The set is partially ordered by inclusion and ifU0 is a totally ordered subset
of U , then

S
A2U0

A 2 U . Hence we can apply Zorn’s lemma (see Proposition 13.28)
and see that there exists a maximal elementA in U . Set B WDA \ S.

To obtain a contradiction it remains to show that B is a covering of X (then B is a cov-
ering of X by elements in S that has no finite subcovering, otherwise A also would have
a finite subcovering). Assume that there exists x 2 X nSU2B U . ChooseU 2Awith x 2
U . As S generates the topology, we find V1; : : : ; Vr 2 S such that x 2T1�i�r Vi � U . As
Vj contains x we have Vj …A. NowA[fVj g has a finite subcovering by the maximality
of A, i.e., for all j we find a finite union Wj of elements in A such that Wj [ Vj D X .
Hence .

T
1�j�r Vj / [ .

S
1�j�r Wj / D X and hence X D U [ .S1�j�r Wj /. Hence A

has a finite subcovering. This contradiction proves that B is a covering. �

Theorem 12.56 (Theorem of Tychonoff). Let .Xi /i2I be a family of compact spaces.
Then the product space

Q
i2I Xi is compact.

Proof. Let pi WX WD
Q
i2I Xi ! Xi be the projection. The topology on

Q
i2I Xi is

generated by open subsets of the form p�1i .Ui / with Ui � Xi open. Let A be a cover-
ing consisting of such sets. By Proposition 12.55 it suffices to show that A has a finite
subcovering.

For all i 2 I set Ai WD
˚
U � Xi open I p�1i .U / 2A

�
. As A is a covering con-

sisting of sets of the form p�1i .Ui /, there exists j 2 I such that Aj is a covering of
Xj . As Xj is compact, there exist U1; : : : ; Ur 2 Aj such that Xj D

S
1�k�r Uk . Thenn

p�1j .Uk/ I k D 1; : : : ; r
o
is an open covering of X , which is a subcovering of A by

definition of Aj . �

12.9 Topological Groups

Definition 12.57 (Topological group). A topological group is a set G endowed with the
structure of a topological space and of a group such that the maps

G �G ! G; .g; g0/ 7! gg0; G ! G; g 7! g�1

are continuous (where we endow G �G with the product topology).

A group G endowed with a topology is a topological group if and only if the map
G �G ! G, .g; g0/ 7! gg0�1, is continuous.

LetG be a topological group, a 2 G. Then left translation g 7! ag and right translation
g 7! ga are homeomorphisms G ! G. In particular the topology of G is uniquely
determined by a fundamental system of neighborhoods of one element of G.

Let G be a topological group and let H � G be a subgroup. We endow the set of
cosets G=H with the quotient topology (Example 12.21).
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Proposition 12.58. Let G be a topological group,H 	 G a subgroup.

1. The canonical homomorphism G ! G=H is open.
2. The closureH is a subgroup of G.
3. IfH is locally closed in G, thenH is closed in G.
4. IfH contains a non-empty open subset U of G, then H is open and closed in G.
5. H is open in G (respectively closed in G) if and only if G=H is discrete (respectively

Hausdorff).
6. Let G1 andG2 be topological groups and letHi � Gi be subgroups. Then the canoni-

cal bijective map ˛W .G1�G2/=.H1�H2/ �! G1=H1�G2=H2 is a homeomorphism.
7. IfH is a normal subgroup, G=H is a topological group.

Applying 5 toH D feg one sees thatG is discrete (respectively Hausdorff) if and only
if feg is open (respectively closed) in G.

Proof. 1. Let U � G be open. Then p�1.p.U // D S
h2H hU is open in G. Hence

p.U / is open by definition of the quotient topology.
2. Let aWG �G ! G be the continuous map .g; h/ 7! gh�1. Then

a.H �H/ D a.H �H/ � a.H �H/ D H:

This shows 2.
3. We may assume that H is open and dense in G (by replacing G by the subgroup

H ). Then for all g 2 G the two cosets gH and H have non-empty intersection hence
they are equal, i.e., g 2 H .

4. We haveH DSh2H hU , henceH is open G. Therefore it is also closed by 3.
5. The quotient G=H is discrete if and only if gH is open in G for all g 2 G if and

only if H is open in G because left translation is a homeomorphism.
IfG=H is Hausdorff, then eH 2 G=H is a closed point and its inverse imageH inG is

closed. Conversely, ifH is closed, thenH D HeH is a closed point in the quotient space
HnG=H . Hence its inverse image under the continuous map G=H �G=H ! HnG=H ,
.g1H; g2H/ 7! Hg�12 g1H is closed. But this is the diagonal of G=H �G=H .

6. The map ˛ is continuous by the universal property of the quotient topology (Ex-
ample 12.21). Moreover, G1 � G2 ! G1=H1 � G2=H2 is open by 1. Hence ˛ is also
open.

7. The composition of G � G ! G, .g; g0/ 7! gg0�1 and of G ! G=H induces
a continuous map G=H �G=H Š .G �G/=.H �H/! G=H by the universal property
of the quotient topology (Example 12.21). �

Corollary 12.59. LetG be a connected topological group and let U be a non-empty open
subset of G. Then U generates the group G.
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Proof. By Proposition 12.58 4, the subgroupH generated by U is open and closed in G.
HenceH D G because G is connected. �

Proposition 12.60. Let G be a topological group with neutral element e. Let G0 be the
connected component of e. Then G0 is a closed normal subgroup of G.

The subgroup G0 is called the identity component of G.

Proof. For all g 2 G0 the subset g�1G0 is connected and contains e. Therefore g�1h 2
G0 for all g; h 2 G0, which shows that G0 is a subgroup. This subgroup is stable under
all homeomorphisms G ! G sending e to e, in particular G0 is stable under inner auto-
morphisms. Thus G0 is normal. Finally G0 is closed because all connected components
are closed (Remark 12.46 2). �

12.10 Problems

Problem 12.1. Classify (up to homeomorphism) all topological spaces with � 2 points.

Problem 12.2. Let X be a set and let B be a set of subsets of X . Show that the following
assertions are equivalent:

(i) B is a basis of a topology on X .
(ii) One hasX DSU2B U and for all U; V 2 B and x 2 U \V there existsW 2 B with

x 2 W � U \ V .

Problem 12.3. Let X be a set. Show that d.x; y/ WD 0 for x D y and d.x; y/ WD 1

for x ¤ y defines a metric on X whose induced topology is the discrete topology. This
metric is also called the trivial metric.

Problem 12.4. Let p be a prime number. Fix a real number 0 < � < 1. Define the p-adic
absolute value onQ by j0jp WD 0 and jpn ab jp WD �n for n 2 Z, a; b 2 Z n f0g such that p
does not divide ab.

1. Show that the topology on Q (the p-adic topology) induced by the p-adic metric
dp.x; y/ WD jx � yjp does not depend on the choice of �.

2. Show that for different prime numbers p and ` the p-adic and the `-adic topology on
Q are different. Show that they are also different from the topology on Q induced by
usual absolute value.

Problem 12.5. Show that the trivial metric (Problem 12.3) and the p-adic metric on Q
(Problem 12.4) both give examples of metric spaces, where the closure of Br.x/ is not
B�r .x/ in general.
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Problem 12.6. Let .X; d/ be a metric space. Show that d 0WX � X ! R, d 0.x; y/ WD
minfd.x; y/; 1g is a metric on X and that d and d 0 induce the same topology on X .

Problem 12.7. A topological space is called a T0-space or a Kolmogorov space if for
every pair of distinct points one of them has a neighborhood not containing the other. Let
X be a set, p 2 X . Define a subset U of X to be open if U D ; or if p 2 U . Show that
this defines a topology on X (called the particular point topology on X). Show that X is
a T0-space and that the closure of fpg is X (in particular fpg is not closed if X has more
than a single element).

Problem 12.8. Let X be a topological space. Write x � y if an open subset of X
contains x if and only if it contains y. Show that � is an equivalence relation and that
X= �, endowed with the quotient topology, is a T0-space.

Problem 12.9. Let X and Y be topological spaces. Let f WX ! Y be a map. Show that
the following assertions are equivalent:

(i) f is continuous.
(ii) For every subset A of X one has f .A/ � f .A/.

Problem 12.10. Show that the following maps are bijective and continuous but not
a homeomorphism:

1. The map idRWRd ! R, whereRd is the set of real numbers endowed with the discrete
topology.

2. The map Œ0; 1/! S1 WD f z 2 C I jzj D 1 g, t 7! e2�it .

Problem 12.11. Let .Xn; dn/n be a countable family of metric spaces each also consid-
ered as a topological space. Let X DQn Xn be the product space. Show that

d WX �X ! R; .x; y/ 7!
X

n

1

2n
dn.xn; yn/

1C dn.xn; yn/

defines a metric on X that induces the product topology.

Problem 12.12. Let X be a topological space.

1. Let Z � Y � X be subspaces. Show that Z is dense in X if and only if Z is dense in
Y and Y is dense in X .

2. Let Y be a subspace and let .Ui /i be an open covering of X . Show that Y is dense in
X if and only if Y \ Ui is dense in Ui for all i .
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Problem 12.13. Let f WX ! Y be a continuous map. Let .Bi /i be a family of sub-
sets of Y and suppose (a) that the interiors cover Y or (b) that .Bi/i is a locally finite
closed covering. Show that f is open (respectively closed) if and only if its restriction
f �1.Bi /! Bi is open (respectively closed) for all i .

Problem 12.14. Let .Xi /i2I be a family of non-empty topological spaces. Show that the
product space

Q
i2I Xi is Hausdorff if and only if Xi is Hausdorff for all i 2 I .

Problem 12.15. Let X be a topological space and let .Ui /i2I be an open covering.

1. Give an example where Ui is Hausdorff for all i 2 I but X is not Hausdorff.
2. Show thatX is Hausdorff if and only if for all i; j 2 I the set

˚
.x; x/ I x 2 Ui \ Uj

�

is closed in Ui � Uj .

Problem 12.16. Let X be a set. Define a subset U of X to be open if U D ; or if X nU
is a finite set.

1. Show that this defines a topology on X . It is called the cofinite topology on X .
2. Let X be endowed with the cofinite topology. Show that the following assertions are

equivalent:
(i) X is discrete.
(ii) X is finite
(iii) X is Hausdorff.

3. Show that X is compact.
4. Let X be infinite. Show that every non-empty open subspace of X is connected.

Problem 12.17. Let f WX ! Y be a surjective map of topological spaces. Suppose that
f is open or closed. Show that Y has the quotient topology induced by X .

Problem 12.18. Let f WX ! Y be a surjective map of topological spaces and suppose
that Y has the quotient topology induced by X . Show that if Y is connected and all fibers
of f are connected, then X is connected.

Problem 12.19. A topological space X is called totally disconnected if the connected
component of each point consists of the point alone.

1. Show that the subspace Q of R is totally disconnected.
2. Show thatQ endowed with the p-adic topology (Problem 12.4) is totally disconnected.
3. Let X be a topological space, let NX be the set of connected components endowed with

the quotient topology with respect to the natural map X ! NX . Show that NX is totally
disconnected.
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Problem 12.20.

1. Let X be a topological space. Show that the connected component of x 2 X is con-
tained in the intersection of all open and closed subsets of X containing x.

2. Consider the following subspace of R2:

X WD f .1=n; y/ I n 2 N; y 2 Œ�1; 1� g [ f .0; y/ I y 2 Œ�1; 1� n f0g g :

Show that there exists x 2 X whose connected component is different from the inter-
section of the open and closed subsets of X containing x.

Problem 12.21. Let X be a topological space. Show that the following three conditions
are equivalent:

(i) The connected components of X are open.
(ii) For every x 2 X there exists a neighborhood of x that is contained in every subset

that is both open and closed and that contains x.
(iii) For every x 2 X the intersection of all open and closed subsets containing x is an

open subset of X .

Problem 12.22. A topological space X is called locally connected if every point of X
has a fundamental system of connected neighborhoods.

1. Show that a topological space X is locally connected if and only if every connected
component of every open subspace is open.
Hint: Problem 12.21.

2. Show that every quotient space of a locally connected space is again locally connected.

Problem 12.23. Let .Xi /i2I be a family of non-empty topological spaces and let X D
Q
i Xi be the product space. Show thatX is locally connected (Problem 12.22) if and only

if each Xi is locally connected and Xi is connected for all but finitely many i .

Problem 12.24. Let .X;�/ be a totally ordered set (Definition 13.20) and endow X

with the topology generated by sets of the form X<a WD f x 2 X I x < a g and X>a WD
f x 2 X I x > a g with a 2 X . This topology is called the order topology on X .

1. Show that a basis of the topology is given by the open intervals, i.e., sets of the form
X<a, X>a and .a; b/ WD fx 2 X I a < x < b g for a; b 2 X .

2. Show that X is a Hausdorff space.
3. Show that X is totally disconnected (Problem 12.19) if X is well ordered (Defini-

tion 13.24).
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Problem 12.25. Let .X; d/ be a metric space. Show that if C � X is compact, then C is
closed and bounded in X . Show that the converse does not hold in general.

Problem 12.26. Let a; b 2 R with a < b. Show that Œa; b� is compact (without using the
Heine–Borel Theorem).

Problem 12.27. Let V be a finite-dimensionalK-vector space and let jj jj be a norm on V .
Show the Heine–Borel Theorem: A subspace of V is compact if and only if it is closed in
V and bounded.
Hint: Problem 12.26.

Problem 12.28. Let .V; jj jj/ be a normedK-vector space. Show that the following asser-
tions are equivalent:

(i) V is locally compact.
(ii) B�1.0/ is compact.
(iii) V is finite-dimensional.

Hint: Show that if B�1.0/ �
Sn
iD1 B 1

2
.vi /, then fv1; : : : ; vng is a generating system of V

to see that (ii) implies (iii).

Problem 12.29 (One-point compactification or Alexandroff compactification). LetX
be a topological space and set X
 WD X [ f1g, with1 … X . Define a subset U of X


to be open if U is an open subset of X or if U contains1 and X
 n U is a closed and
compact subspace of X .

1. Show that this defines a topology onX
, that the inclusionX ! X
 is an open embed-
ding, and that X
 is compact. The space X
 is called the one-point compactification
or Alexandroff compactification of X .

2. Show that X
 is Hausdorff if and only if X is Hausdorff and locally compact.

Problem 12.30. Show that no point of Q (considered as a subspace of R) has a compact
neighborhood. In particularQ is not locally compact.

Problem 12.31. Let X be a topological space and let A be a subset of X . Then A is
called relatively compact in X if A is contained in a compact subspace of X .

Now suppose thatX is Hausdorff. Show that aA is relatively compact in X if and only
if NA is compact.
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Problem 12.32. Consider the following conditions on a topological space X :

(i) Every point of X has a compact neighborhood.
(ii) Every point of X has a closed compact neighborhood.
(iii) X is locally compact.

1. Show that (ii) and (iii) each imply (i).
2. Show that the one-point compactification of Q (Problem 12.29) satisfies (ii) but not

(iii).
3. Show that the particular point topology on an infinite set (Problem 12.7) satisfies (iii)

but not (ii).
4. Suppose that X is Hausdorff. Show that (i), (ii), and (iii) are equivalent.

Problem 12.33. Let X be a Hausdorff space.

1. Show that every locally compact subspace of X is locally closed.
2. Suppose that X is locally compact. Show that every locally closed subspace of X is

locally compact.

Problem 12.34. Let .Xi /i be a family of non-empty topological spaces. Show that the
product space

Q
i Xi is locally compact and Hausdorff if and only if each space Xi is

locally compact and Hausdorff and Xi is compact for all but finitely many i .

Problem 12.35. Let X be a topological space. A subset A of X is called nowhere dense
if . NA/ı D ;. Show that the union of a locally finite family of nowhere dense subsets is
again nowhere dense. Show that the boundary of a closed or of an open subset is nowhere
dense.

Problem 12.36. Let G be a topological group and let H be a normal subgroup. Show
that its closure NH is a normal subgroup of G.

Problem 12.37. LetG be a topological group and letG0 be its identity component. Show
that G=G0 is totally disconnected (Problem 12.19).

Problem 12.38. Let G be a Hausdorff locally compact topological group and let H be
a closed subgroup.

1. Show that G=H is Hausdorff and locally compact.
2. Show that the identity componentG0 of G is the intersection of all open subgroups of
G.

3. Show that the connected components of G=H are the closures of the images of the
connected components of G.
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The goal of this appendix is to make the reader familiar with the language of categories.
It is by no means a rigorous introduction to category theory. We will explain the most
important notions and give many examples. There will be almost no proofs in this chapter.
Many of the claims are easy to check and are left to the reader as “exercise”. A complete
exposition can for instance be found in the book [KS2] by M. Kashiwara and P. Schapira.
In particular it contains proofs of the statements that we leave as “exercises”. For some of
the more difficult results explicit references are given.

We start by introducing categories and functors. Important concepts are the notion of an
equivalence of categories and, more generally, the notion of adjoint functors. We then give
a short reminder on several notions of ordered sets and prove the principles of transfinite
induction and transfinite recursion. In the last section we introduce limits and colimits in
categories. This allows us to unify several important constructions such as kernels, prod-
ucts, fiber products, and final objects (which are all special cases of limits) or cokernels,
coproducts, pushouts, and initial objects (which are all special cases of colimits).

13.1 Categories

Definition 13.1. A category C consists of:1

1 Here we ignore all set-theoretical issues. To avoid set-theoretical difficulties one should work
with a fixed universe in the sense of [KS2] Definition 1.1.1 and assume that the sets of morphisms
between two objects always lies in the given universe. Then a category C is called small if Ob.C/
is in that universe. Moreover it then will be sometimes necessary to pass to a bigger universe, for
instance when considering the category of functors between two categories (see Definition 13.13).
Finally one adds also the axiom that every set is an element of some universe to the axioms of
Zermelo–Fraenkel set theory. We refer to [SGA4] Exp. I for details. Alternatively one can also
work with classes as explained in [Sch].

271© Springer Fachmedien Wiesbaden 2016
T. Wedhorn,Manifolds, Sheaves, and Cohomology, Springer StudiumMathematik – Master,
DOI 10.1007/978-3-658-10633-1_13
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(a) a set Ob.C/ of objects,
(b) for any two objects X and Y a set HomC.X; Y / D Hom.X; Y / of morphisms from

X to Y ,
(c) for any three objects X , Y , Z a composition map

Hom.X; Y / � Hom.Y;Z/! Hom.X;Z/; .f; g/ 7! g ı f

such that all morphisms sets are disjoint (hence every morphism f 2 Hom.X; Y / has
unique source X and a unique target Y ) and such that:

1. the composition of morphisms is associative (i.e., for all objectsX , Y ,Z,W and for all
f 2 Hom.X; Y /, g 2 Hom.Y;Z/, h 2 Hom.Z;W / one has hı .g ıf / D .hıg/ıf ,

2. for all objects X there exists a morphism idX 2 Hom.X;X/, called the identity of X
such that for all objects Y and for all morphisms f 2 Hom.X; Y / and g 2 Hom.Y;X/
one has f ı idX D f and idX ıg D g.

A category is called finite if it has only finitely many objects and morphisms.

Remark 13.2. For every object X of a category C the morphism idX is uniquely deter-
mined by Condition 2 for if idX and QidX are identities of X , then QidX D QidX ı idX D idX .

Definition and Remark 13.3. A morphism f WX ! Y in a category is called an isomor-
phism if there exists a morphism gW Y ! X such that f ı g D idY and g ı f D idX . We
often write f WX �! Y to indicate that f is an isomorphism. We also write X Š Y and
say that X and Y are isomorphic if there exists an isomorphism X

�! Y .
An morphism (respectively an isomorphism) with the same source and target X is

called an endomorphism (respectively an automorphism) of X . Composition yields the
structure of a monoid on the set EndC.X/ of endomorphisms of X and the structure of
a group on the set AutC.X/ of automorphisms.

Definition 13.4. A subcategory of a category C is a category C0 such that every object of
C0 is an object of C and such that HomC0.X 0; Y 0/ � HomC.X 0; Y 0/ for any pair .X 0; Y 0/
of objects of C0, compatibly with composition of morphisms and identity elements. The
subcategory C0 is called full if HomC0.X 0; Y 0/ D HomC.X 0; Y 0/ for all objects X 0 and Y 0

of C0.

Example 13.5.

1. (Sets) the category of sets: Objects are sets, for two sets X and Y a morphism is a map
X ! Y , composition in the category is the usual composition of maps, and the identity
of a set X is the usual identity map idX . An isomorphism in (Sets) is simply a bijective
map.
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2. (Grp) the category of groups: Objects are groups, morphisms are group homomor-
phisms, composition is the usual composition of group homomorphisms, and the iden-
tity is the usual identity. An isomorphism in (Grp) is a group isomorphism.

3. (Ab) is the full subcategory of (Grp) of abelian groups: Objects are abelian groups,
morphisms are group homomorphisms, composition is the usual composition of group
homomorphisms, and the identity is the usual identity.

4. Fix a group G. Then (G-Sets) denotes the category of G-sets: Objects are sets with
a left action by the group G and morphisms are G-equivariant maps. By (Sets-G) we
denote the category of sets with a right action by G.

5. (Ring) the category of rings: Objects are rings (always assumed to have a unit) and
morphisms are ring homomorphisms (preserving the unit).

6. (Top) the category of topological spaces: Objects are topological spaces and mor-
phisms are continuous maps. An isomorphism is a homeomorphism.

7. Let R be a ring. Then (R-Mod) denotes the category of left R-modules: Objects are
leftR-modules, morphisms are R-linear maps. An isomorphism is a bijectiveR-linear
map because its inverse is automatically R-linear again.
If R D k is a field, we obtain the category of k-vector spaces, usually denoted by
(k-Vec) instead of (k-Mod).

Definition 13.6. Let C be a category. A morphism f WX ! Y in C is called a monomor-
phism (respectively epimorphism) if for all objectsZ in C and all morphisms g; hWZ ! X

(respectively g; hW Y ! Z) one has

f ı g D f ı h) g D h (respectively g ı f D h ı f ) g D h).

Example 13.7. In the category of sets (respectively of groups), monomorphisms are in-
jective maps (respectively group homomorphisms) and epimorphisms are surjective maps
(respectively group homomorphisms).

In the category of rings the inclusion Z ! Q is a monomorphism and an epimor-
phism. This gives in particular an example of a morphism that is a monomorphism and an
epimorphism but not an isomorphism.

Definition 13.8. For every category C the opposite category, denoted by Copp, is the
category with the same objects as C and where for two objects X and Y of Copp we set
HomCopp.X; Y / WD HomC.Y;X/ with the obvious composition law.

Definition 13.9. Let C and D be categories. We define the product category C �D by
Ob.C �D/ WD Ob.C/ � Ob.D/ and HomC�D..X1; Y1/; .X2; Y2// WD HomC.X1;X2/ �
HomC.Y1; Y2/. Composition of morphisms is defined componentwise.
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13.2 Functors

Definition 13.10. Given categories C andD, a (covariant) functor F WC ! D is given by
attaching to each object C of C an object F.C / of D, and to each morphism f WC ! C 0

in C a morphismF.f /WF.C /! F.C 0/, compatible with composition of morphisms, i.e.,
F.g ı f / D F.g/ ı F.f / whenever the composition is defined, and preserving identity
elements, i.e., F.idC / D idF.C/.

IfF WC ! D andGWD! E are functors, we writeGıF WC ! E for the composition.
A covariant functor Copp ! D is also called a contravariant functor from C to D.

By a “functor” we will always mean a covariant functor. If we write F WC ! D, then
we always mean that F is covariant. A contravariant functor F from C to D will always
be denoted by F WCopp ! D. It attaches to each object C in C an object F.C / in D
and to each morphism f WC ! C 0 in C a morphism F.f /WF.C 0/ ! F.C / such that
F.g ı f / D F.f / ı F.g/ and F.idC / D idF.C/.

Remark 13.11. Let F WC ! D be a functor. Let C and C 0 be objects in C and let
f WC ! C 0 be an isomorphism in C. Then F.f / is an isomorphism.

Indeed, as f is an isomorphism, there exists a morphism gWC 0 ! C such that g ıf D
idC and f ıg D idC 0 . Hence F.g/ıF.f / D F.g ıf / D F.idC / D idF.C/ and similarly
F.f / ı F.g/ D idF.C 0/. Therefore F.f / is an isomorphism.

Example 13.12. A simple example is the functor that “forgets” some structure. An ex-
ample is the functor F W (Grp)! (Sets) that attaches to every group the underlying set and
that sends every group homomorphism to itself (but now considered as a map of sets).

Definition and Remark 13.13. For two functors F;GWC ! D we call a family of mor-
phisms ˛.S/WF.S/! G.S/ for every object S of C functorial in S if for every morphism
f W T ! S in C the diagram

F.T /
˛.T /

F.f /

G.T /

G.f /

F.S/
˛.S/

G.S/

commutes. We also say that ˛ is a morphism of functors F ! G.
If ˇWG ! H is a second morphism of functors, we define the composition ˇ ı ˛ by

.ˇ ı ˛/.S/ D ˇ.S/ ı ˛.S/. With this notion of morphism we obtain the category of
all functors from C to D, denoted by Func.C;D/ or DC. The identity idF is given by
idF.S/, where S runs through all objects of C. In particular we obtain the notion of an

isomorphism F
�! G of functors.
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Example 13.14. Let k be a field.

1. For every k-vector space V let V _ WD Homk.V; k/ be its dual space and for every
k-linear map uWV ! W let u_WW _ ! V _, � 7! � ı u be its dual homomorphism.
We obtain a functor . /_W (k-Vec)opp ! (k-Vec).

2. For every k-vector space V one has the biduality homomorphism of k-vector space

�V WV ! .V _/_; v 7! .� 7! �.v//; v 2 V; � 2 V _:

Moreover, if uWV ! W is k-linear, then the diagram

V
�V

u

.V _/_

.u
_
/_

W
�W

.W _/_

is commutative. In other words, the �V for V a k-vector space form a morphism of
functors id(k-Vec) ! ._ ı _/.

3. If V is a finite-dimensional vector space, then V _ if finite-dimensional and �V is an iso-
morphisms. Hence . /_ restricts to a functor (k-vec)! (k-vec), where (k-vec) denotes
the full subcategory of (k-Vec) of finite-dimensional k-vector spaces, and V 7! �V is
an isomorphism of functors id(k-vec)

�! ._ ı _/.

Definition 13.15. Let F WC ! D be a functor.

1. F is called faithful (respectively fully faithful) if for all objects X and Y of C the
map HomC.X; Y / ! HomD.F.X/; F.Y //, f 7! F.f / is injective (respectively
bijective).

2. F is called essentially surjective if for every object Y of D there exists an object X of
C and an isomorphism F.X/ Š Y .

3. F is called an equivalence of categories if it is fully faithful and essentially surjective.

There are analogous notions for contravariant functors. A contravariant functor that is an
equivalence of categories is sometimes also called an anti-equivalence of categories.

Theorem and Definition 13.16. A functor F WC ! D is an equivalence of categories
if and only if there exists a quasi-inverse functor G, i.e., a functor GWD ! C such that
G ı F Š idC and F ıG Š idD.

Proof. [KS2] Proposition 1.3.13. �
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Definition 13.17. Let C and D be categories and let F WC ! D and GWD ! C be
functors. Then G is said to be right adjoint to F and F is said to be left adjoint to G if
for all objects X in C and Y in D there exists a bijection

HomC.X;G.Y // Š HomD.F.X/; Y /;

which is functorial in X and in Y .

Example 13.18. If F WC ! D is an equivalence of categories, then a quasi-inverse func-
tor GWD ! C is right adjoint and left adjoint to F . Indeed for all objects X in C and Y
in D we have bijections, functorial in X and in Y

HomC.X;G.Y //
�! HomC.G.F.X//;G.Y //

�! HomD.F.X/; Y /:

This shows that F is left adjoint to G. A similar argument shows that F is also right
adjoint to G.

Example 13.19. Let k be a field and let F W (k-Vec) ! (Sets) be the forgetful functor.
Then F is right adjoint to the functor G that sends a set I to the k-vector space

k.I/ D f .xi /i2I I xi 2 k, xi D 0 for all but finitely many ig

and which sends a map aW I ! J to the unique k-linear map G.a/W k.I/ ! k.J / such
that G.a/.ei / D ea.i/ where .ei /i2I (respectively .ej /j2J ) is the standard basis of k.I/

(respectively k.J /).
Indeed for every set I and every k-vector space V we have a bijection, functorial in I

and in V ,

Hom(k-Vec).k
.I /; V /

�! Hom(Sets).I; V /; f 7! .i 7! f .ei //:

13.3 Digression: Ordered Sets, Transfinite Induction,
and Zorn’s Lemma

Definition 13.20 (Ordered sets). Let I be a set.

1. A relation � on I is called a partial preorder or simply a preorder, if i � i for all
i 2 I and i � j , j � k imply i � k for all i; j; k 2 I .

2. A partial preorder � on I is called a partial order or simply an order if i � j and
j � i imply i D j for all i; j 2 I .

3. A partial preorder � is called filtered if I ¤ ; and if for all i; j 2 I there exists a
k 2 I with i � k and j � k.
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4. A partial order � is called a total order if for all i; j 2 I one has i � j or j � i .

If� is a partial preorder on a set I and i; j 2 I , we write i < j if i � j and i ¤ j ; we
write i � j if j � i , and i > j if j < i . We also set I�i WD f j 2 I I j � i g. Similarly
we define I<i , I�i , and I>i .

If .I;�/ is a preordered set, then every subset J endowed with the induced relation
(i.e., with the restriction of � to J � J ) is again preordered. If I is partially (respectively
totally) ordered, so is J . Every total order is filtered.

Example 13.21.

1. Let I be any set. The discrete order in I is defined by i � j , i D j . This is
a partial order. It is neither filtered nor a total order if I consists of more than one
element.

2. The chaotic order on a set I is the preorder such that i � j for all i; j 2 I .
3. The real numbers together with the usual ordering form a totally ordered set.
4. For n;m 2 N we write njm if n dividesm (i.e., there exists k 2 N such thatm D kn).

Then j is a filtered partial order on N, which is not a total order.
5. Let X be a topological space, let x 2 X . Let U.x/ be the set of open neighborhoods

of x in X . Endow U.x/ with the opposite of the inclusion relation, i.e., U � V if
V � U . Then � is a filtered partial order on U.x/.

Definition 13.22. Let .I;�/ be a partially ordered set.

1. An element i0 2 I is called minimal (respectively maximal) if there exists no element
i 2 I with i < i0 (respectively i > i0).

2. An element i0 2 I is called the smallest element (respectively the greatest element) if
i � i0 (respectively i � i0) for all i 2 I .

3. Let S � I be a subset. An element i0 2 I is called upper bound of S (respectively
lower bound of S) if i � i0 (respectively i � i0) for all i 2 S .

A smallest and a greatest element of a partially ordered set is unique (if it exists). If
I is totally ordered, then every minimal (respectively maximal) element is the smallest
(respectively greatest) element.

Example 13.23. Consider the setsN andN�2 with the dividing order (Example 13.21 4).
In N�2 the prime numbers are the minimal elements but N�2 has no smallest element. In
N, 1 is a smallest element with respect to j.
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Definition 13.24 (Well orders). A partial order� on a set I is called a well order if every
non-empty subset of I has a smallest element.

A well order is always a total order: For i; j 2 I , the set fi; j g has a smallest element.
Every subset of a well-ordered set is again well-ordered with the induced order. Every
element i of a well-ordered set is either the greatest element or it has a successor iC,
which is defined to be the smallest element of f j 2 I I j > i g. We then have I<iC D
I�i .

The natural numbers with the usual order are a well-ordered set. On the real numbers
the usual order is not a well order (the open interval .0; 1/ has no smallest element). We
have the following principle of transfinite induction2.

Proposition 13.25 (Transfinite induction). Let .I;�/ be a partially ordered set such
that every non-empty subset of I has a minimal element (e.g., if .I;�/ is well ordered).
Let J � I be a subset such that for all i 2 I one has

I<i � J ) i 2 J:

Then I D J .

Very often transfinite induction is applied to prove that a property P.i/, depending on
i 2 I , holds for all i 2 I by setting J WD f i 2 I I P.i/ holdsg. The special case I D N
with the usual order corresponds to the standard mathematical induction.

Proof. Assume I n J ¤ ;. By hypothesis there exists a minimal element i0 in I n J . But
then I<i0 � J and hence i0 2 J by our hypothesis. This is a contradiction. �

A method related to transfinite induction is the method of transfinite recursion, which
we state as follows.

Proposition 13.26 (Transfinite recursion). Let .I;�/ be a well-ordered set, let X be
a set, and let W be the set of pairs .i; f i /, where i 2 I and f i W I<i ! X is a map. Let
S � W be a subset and let GWS ! X be a map satisfying the following two conditions:

(a) If .i; f i / 2 S , then .j; f i jI<j / 2 S for all j 2 I<i .
(b) If .i; f i / 2 S and i is not the greatest element of I , then .iC; .f i /C/ 2 S , where

.f i /CW I<iC ! X with .f i /CjI<i WD f i and .f i /C.i/ WD G.i; f i /.

Then there exists a unique map f W I ! X such that .i; f jI<i / 2 S and f .i/ D G.i; f jI<i /
for all i 2 I .
2 Partial orders satisfying the hypothesis of Proposition 13.25 are also called noetherian. Hence
Proposition 13.25 is also called the principle of noetherian induction.
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For instance, to construct a family of subsets .Ai /i2I of some set Z indexed by a well-
ordered set, it suffices to constructAi from .Aj /j<i : LetX be the power set ofZ, consider
.Aj /j<i as a map Ai W I<i ! X , and let G be the map that attaches to .i; Ai / the set Ai .
Often the construction of Ai from .Aj /j<i will not be possible for an arbitrary family
.Aj /j<i of subsets and one has to restrict to a certain subset S of such families.

Proof. Uniqueness. Let f ¤ Qf be two such maps and let i 2 I be the smallest ele-
ment such that f .i/ ¤ Qf .i/. Then f .i/ D G.i; f jI<i / D G.i; Qf jI<i / D Qf .i/. This is
a contradiction.

Existence. Let us call a subset J of I a segment if j 2 J , i 2 I , and i � j imply
i 2 J . Clearly the union of segments is again a segment. If J ¤ I let i 2 I be the
smallest element in I n J . Then J D I<i . In other words, the segments ¤ I are the
subsets J D I<i for some i 2 I . The set of segments of I is well ordered by inclusion.

Let S be the set of segments J of I such that there exists a map fJ W J ! X such that
.j; f jI<j / 2 S and f .j / D G.j; f jI<j / for all j 2 J . As J is well ordered, the above
uniqueness argument shows that fJ is unique if it exists. If J � K are segments in S,
then fK jJ D fJ . Hence the union of segments in S is again a segment in S. Moreover
suppose I<i 2 S for some i 2 I . Then I<iC 2 S with fI<iC WD .fI<i /C.

We conclude by showing that S contains every segment of I . Assume that there exists
a segment J of I with J … S. As the set of segments is well ordered we may assume that
J is the smallest segment with J … S. If J has no greatest element, then J is the union
of the smaller segments J<j for j 2 J . This is not possible because S is stable under
union. But if J has greatest element j , then J D J<jC 2 S because J<j 2 S. This is
a contradiction. �

Transfinite induction and recursion is particularly useful because of the following re-
sult.

Proposition 13.27 (Well-ordering theorem). Every set can be endowed with a well or-
der.

The well-ordering theorem is equivalent to the axiom of choice and also to Zorn’s
Lemma:

Proposition 13.28 (Zorn’s Lemma). Let .I;�/ be a ordered set such that every well-
ordered subset S has an upper bound in I . Then there exist maximal elements in I .

Very often Zorn’s Lemma is formulated with the stronger hypothesis that every totally
ordered subset has an upper bound.

We do not prove here that the axiom of choice implies the well-ordering theorem and
Zorn’s Lemma but refer to [BouTS] III §2.3, Theorem 1 and [BouTS] III §2.4, Proposi-
tion 4.
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13.4 Limits and Colimits

In this section I always denotes a small category.

Definition 13.29. Let C be a category.

1. An I-diagram in C is a functor X W I ! C. A morphism of I-diagrams is a morphism
of functors. We obtain the category of I-diagrams in C, denoted by CI . We often write
Xi instead of X.i/ for an object i in I.

2. A colimit or inductive limit of an I-diagram X W I ! C is an object

colim
I

X D colim
i2I

Xi D lim�!
i2I
Xi

in C together with morphisms si WXi ! colimI X in C for all objects i in I such
that:
(a) for every morphism 'W i ! j in I one has si D sj ı X.'/,
(b) for every object Z in C and for all morphisms ti WXi ! Z such that for all mor-

phisms 'W i ! j in I one has ti D tj ı X.'/ there exists a unique morphism
qW colimI X ! Z such that ti D t ı si .

3. A limit or projective limit of a diagram X W I ! C is an object

lim
I
X D lim

i2I
Xi D lim �

i2I
Xi

in C together with morphismspi W limI X ! Xi in C for all objects i 2 I such that:
(a) for every morphism 'W j ! i in I, one has pi D X.'/ ı pj ,
(b) for every objectZ in C and for all morphism qi WZ ! Xi such that qi D X.'/ıqj

for all morphism 'W j ! i in I, there exists a unique morphism qWZ ! limI X
such that qi D pi ı q for all i 2 Ob.I/.

Remark 13.30. Limits and colimits are (if they exist) unique up to unique isomorphism
by the uniqueness requirement in the definition.

Remark 13.31. Suppose that in a category C all colimits of I-diagrams exist. Every
morphism of functors X W I ! C to Y W I ! C induces a morphism colimI X ! colimI Y
and we obtain a functor

colim
I
WCI �! C:

Similarly we have a functor limI WCI ! C if in C all limits of I-diagrams exist.
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Remark 13.32. Every preordered set I can be made into a category, again denoted by
I . The objects are the elements of I and for two elements i; j 2 I the set of morphisms
HomI .i; j / consists of one element if i � j and is empty otherwise. There is a unique
way to define a composition law making I into a category.

An I -diagram in a category C is then also called an inductive system in C indexed
by I . It is a family ..Xi /i2I ; .'j i/i�j /, where Xi is an object in C for all i 2 I and
'ji WXi ! Xj is a morphism in C for all i; j 2 I with i � j such that 'ii D idXi for all i
and 'kj ı 'ji D 'ki for all i � j � k.

An I opp-diagram in C is also called a projective system in C indexed by I . Of course,
one can switch between the notions of inductive and projective systems by taking the op-
posite order. Usually one considers colimits of inductive systems and limits of projective
systems.

In a given category C only some limits or colimits may exist. A category in which
arbitrary limits (respectively colimits) exist is called complete (respectively cocomplete).
A category in which limits (respectively colimits) of all I-diagrams exist for arbitrary finite
categories I is called finitely complete (respectively finitely cocomplete). The category of
sets is complete and cocomplete as the following example shows.

Example 13.33. Let I be a small category, I WD Ob.I/, and let X W I ! (Sets) be an
I-diagram in the category of sets.

1. The limit limI X exists in (Sets) and can be described by

lim
I
X D

(

.xi /i2I 2
Y

i2I
Xi I 8'W i ! j in I: X.'/.xi/ D xj

)

: (13.1)

For j 2 I the map pj W limI X ! Xj is given by the projection .xi /i2I 7! xj .
2. The colimit colimI X exists in (Sets) and can be described by

colim
I

X D
 
a

i2I
Xi

!

= �; (13.2)

where
	`

i2I Xi


is the disjoint union of the sets Xi and where � is the equivalence

relation generated by the relation xi � xj if xi 2 Xi , xj 2 Xj and X.'/.xi / D xj
for some 'W i ! j . For j 2 I the map sj WXj ! colimI X is given by attaching to
xj 2 Xj the equivalence class of xj 2

`
i2I Xi .

The definition of the equivalence relation � in the description of the colimit as an
equivalence relation generated by a relation makes it somewhat cumbersome to work with
�. We will use the colimit usually in the case that the index category I is filtered in the
sense of Definition 13.37. In that case the description of� simplifies (see Example 13.38).
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Remark 13.34. Let X W I ! C, i 7! Xi be a diagram in a category C. Then the universal
property of limXi and colimXi can also by definition be described as follows.

An object limI X in C together with morphisms pi W limI X ! Xi for all objects i of I
is a limit of X in C if and only if for all objects Y in C the map

HomC.Y; limI
Xi/

u7!.pi ıu/i��������! lim
I

HomC.Y;Xi/

is bijective, where the right-hand side denotes the limit in the category of sets.
Similarly, an object colimI X in C together with morphisms si WXi ! colimI X for all

objects i of I is a colimit of X in C if and only if for all objects Y in C the map

HomC.colimI
Xi ; Y /

u7!.uısi /i��������! lim
I

HomC.Xi ; Y /

is bijective.

The category of topological spaces is also complete and cocomplete.

Example 13.35. If X W I ! (Top) is a diagram in the category of topological spaces, then
limI X exists in (Top). The underlying set of limI X is the limit of sets described in (13.1)
and its topology is the subspace topology of the product topology.

Similarly colimI X exists in (Top). Its underlying set is given by (13.2) and its topology
is the quotient topology of the natural topology on

`
i Xi .

One can also show that the category of groups is complete and cocomplete (Prob-
lem 13.11 and Problem 13.21). In Sect. 14.1 we will see that the category of left R-
modules (R a fixed ring) is complete and cocomplete.

Remark 13.36. Let I and J be (small) categories and let C be a category such that limits
(respectively colimits) of all I-diagrams and all J-diagrams in C exist. Let X W I �J ! C,
.i; j / 7! Xij be a diagram in C.

Then because of the definition of limits (respectively colimits) via a universal property
one obtains that limI�J X (respectively colimI�J X) exists and one has isomorphisms

lim
i;j
Xij Š lim

i
lim
j
Xij Š lim

j
lim
i
Xij

�
resp. colim

i;j
Xij Š colim

i
colim
j

Xij Š colim
j

colim
i

Xij

�
:

Definition 13.37. A category I is called filtered if Ob.I/ is non-empty and if the follow-
ing two conditions are satisfied:
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(a) For all objects i and j in I there exists an object k and morphisms i ! k and j ! k.
(b) For all objects i and j and all morphisms f; gW i ! j there exists a morphism hW j !

k such that h ı f D h ı g.

For instance, a partially ordered set I is filtered if and only if the attached category is
a filtered category.

Example 13.38. Let I be a filtered category and let X W I ! (Sets) be an I-diagram in the
category of sets. In this case one has colimI X D .

`
i2I Xi /=� where for xi 2 Xi and

xj 2 Xj one defines xi � xj if there exist morphisms 'W i ! k and  W j ! k such that
X.'/.xi/ D X. /.xj / (the properties of a filtered category imply that� is an equivalence
relation).

Filtered colimits in the category of sets commute with finite limits ([KS2] Theo-
rem 3.1.6).

Proposition 13.39. Let I be a filtered category, let J be a finite category and let X W I �
J ! (Sets) be a diagram in the category of sets. Then the universal properties of limit
and colimit yield an isomorphism in the category of sets

colim
I

lim
J
X
�! lim

J
colim

I
X:

There is also a converse to this proposition (Problem 13.18).
There are several important special cases of limits and colimits.

Definition 13.40 (Products and coproducts). Let I be a set with the discrete order (i.e.,
i � j , i D j ). Consider I as a category (equivalent to I opp) and let X W I ! C be
a diagram in a category C.

1. Then
Q
i2I Xi WD limI X is called the product of X (if it exists). It is equipped with

morphisms pj W
Q
i2I Xi ! Xj for all j 2 I , called projections. It is characterized by

the following universal property: For every object Z in C and every family .fi WZ !
Xi/i2I of morphisms there exists a unique morphism f WZ ! Q

i Xi such that fi D
pi ı f .

2. Dually,
`
i2I Xi WD colimI X is called the coproduct of X or the direct sum of X (if it

exists).

For I D f1; : : : ; ng we also write X1 � � � � �Xn for the product and X1q � � � qXn for
the coproduct.



284 13 Appendix B: The Language of Categories

Example 13.41 (Final and initial objects). Take I D ; in Definition 13.40. Then there
is a unique I -diagram in every category C. Its limit (respectively its colimit) is an object
P in C such that for every object X in C there exists a unique morphismX ! P (respec-
tively P ! X). The object P is called a final object (respectively an initial object). It is
unique up to unique isomorphism (if it exists).

Example 13.42. In the category of sets (respectively the category of topological spaces)
products and coproducts have the usual description:

1. The product of a family .Xi /i2I of sets (respectively topological spaces) is the usual
cartesian product X of sets (respectively of topological spaces) together with its pro-
jections pi WX ! Xi . For any set (respectively topological space)Z and any family of
maps (respectively continuous maps) .fi WZ ! Xi/i2I there is a unique map (respec-
tively a unique continuous map) f WZ ! X such that pi ı f D fi , namely the map
(respectively the continuous map) z 7! .fi .z//i2I . The final object is the singleton,
i.e., the set (respectively topological space) consisting of a single element.

2. The coproduct of the family .Xi /i2I is the disjoint union of the sets Xi (respectively
the sum of the topological spaces Xi in the sense of Definition 12.26).
The initial object is ;.

Remark and Definition 13.43 (Fiber products and pushouts). Let I be the category
with three objects j , i1, and i2 and whose only morphisms except the identities are two
morphisms i1 ! j and i2 ! j . We represent I schematically by

i1 j i2

Then an I-diagram X in a category C is a diagram of morphisms in C of the form

X1
f1

Y X2:
f2

The limit of X , if it exists, is called the fiber product of X1 and X2 over Y . It consists of
an object denoted by X1 �Y X2 and morphisms pi WX1 �Y X2 ! Xi for i D 1; 2, called
projections. It is characterized by the following universal property: For every object Z in
C and all morphisms g1WZ ! X1 and g2WZ ! X2 such that f1 ıg1 D f2 ıg2 there exists
a unique morphism gWZ ! X1 �Y X2 such that pi ı g D gi for i D 1; 2. We indicate
this universal property by the following diagram:

Z

8g1

8g2
9Šg

X1 �Y X2
p2

p1
X1

f1

X2
f2

Y:

(13.3)
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The morphism g is also denoted by .g1; g2/Y .
Dually, there is the notion of a pushout in a category C, which is the colimit of an

inductive system J ! C, where J is represented schematically by

� � �:

The pushout of a J-diagram X1  � Y �! X2 in C is denoted by X1qY X2.

Example 13.44. Let f WX ! Y be a morphism in a category and assume that the fiber
product of

X
f

Y X:
f

exists. Then �f WD .idX; idX/Y WX ! X �Y X is called the diagonal of f .

Remark and Definition 13.45. Let C be a category and f WX ! Y a morphism in C.
Then f is a monomorphism if and only if the fiber productX�Y X exists and the diagonal
�f WX ! X �Y X is an isomorphism.

One has a similar characterization of epimorphisms via pushouts.

Example 13.46. Consider the category of topological spaces. Then fiber products always
exist in this category and are given by fiber products in the sense of Definition 12.28. The
diagonal of a continuous map f WX ! Y is the diagonal�f WX ! X �Y X , x 7! .x; x/.

Let F WC ! D be a functor between categories. Let X W I ! C be a diagram in C such
that the limits limI X and limI.F ı X/ exist in C and D, respectively. For every object i
in I the morphism limI X ! Xi induces by application of F a morphism F.limI X/ !
F.Xi /. The family of these morphisms corresponds by the universal property of limI.F ı
X/ to a morphism

F.lim
I
X/! lim

I
.F ıX/: (13.4)

We say that F commutes with limits if for every diagram X W I ! C such that its limit
limI X exists in C, the limit of F ı X exists in D and the morphism (13.4) is an isomor-
phism.

Dually, there is the notion a functor that commutes with colimits.

Proposition 13.47. Let F WC ! D be a functor.

1. Suppose that F is right adjoint to some functor GWD ! C. Then F commutes with
limits.

2. Dually, suppose that F is left adjoint to some functor. Then F commutes with colimits.

Proof. [KS2] Proposition 2.1.10. �
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Definition 13.48. Let C be a category that is finitely cocomplete, i.e., for all diagrams
X W I ! C, where I is a finite category, the colimit colimI X exists in C. Then a functor
F WC ! C0 is called right exact if it commutes with finite colimits.

Similarly we define for a finitely complete category C a functor F WC ! C0 to be left
exact if it commutes with finite limits.

Remark 13.49. Let C be a finitely complete category and let F WC ! D be a left ex-
act functor. As finite products, final objects, and fiber products are all special cases of
finite limits, F commutes with all these constructions. Moreover, the characterization
of monomorphisms in Remark 13.45 implies that F also maps monomorphisms in C to
monomorphisms in D.

Example 13.50. Let I be a filtered category. Then Proposition 13.39 shows that the
category of (Sets)I of I-diagrams of sets is finitely complete and that colimI W (Sets)I !
(Sets) (Remark 13.31) is left exact.

In particular colimI sends monomorphisms in (Sets)I to monomorphism in (Sets) (i.e.,
to an injective map).

13.5 Problems

Problem 13.1. Let .I;�/ and .J;�/ be ordered sets. A map f W I ! J is called increas-
ing if i � i 0 implies f .i/ � f .i 0/ for all i; i 0 2 I . Show that ordered sets (as objects) and
increasing functions (as morphisms) define a category.

Problem 13.2. Let C be a category and idC WC ! C the identity functor. Show that the
monoid EndFunc.C;C/.idC/ is commutative.

Problem 13.3. Let .I;�/ be an ordered set. Let Tr be the set of subsets U � I satisfying
the following condition: For all i 2 U and j 2 I with i � j one has j 2 U .

1. Show that Tr is a topology on I , the so-called right order topology on I .
2. Show that a map f W I ! J between partially ordered sets .I;�/ and .J;�/ is in-

creasing if and only if it is continuous for the right order topologies on I and J . In
particular we obtain a fully faithful functor T from the category of ordered sets (where
morphisms are increasing maps) to the category of topological spaces.

3. Show that T yields an equivalence of the category of ordered sets with the category of
topological spacesX that are T0-spaces (Problem 12.7) such that the intersection of an
arbitrary family of open subsets is again open (considered as a full subcategory of the
category of topological spaces).

Similarly, one can also define the left order topology on I in which the open subsets U
are those such that for all i 2 U and j 2 I with i � j one has j 2 U .
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Problem 13.4. Show that the construction in Problem 12.8 yields a functor from the
category of topological spaces to the full subcategory of T0-spaces that is left adjoint to
the inclusion functor. Deduce that any limit of T0-spaces in the category of topological
spaces is again a T0-space.

Problem 13.5. Let C be a (small) category and let idWC ! C be the identity functor.
Show that if colimC id exists in C, then it is a final object of C.

Problem 13.6. LetG be a group. Convince yourself that one can considerG as a category
with a single object whose set of endomorphisms isG and whose composition law is given
by multiplication in G.

1. Show that a G-diagram in the category of sets is the same as aG-set X (i.e., X is a set
endowed with a left G-action). Show that a morphisms of G-diagrams is the same as
a G-equivariant map between G-sets.

2. Let X be a G-set considered as a G-diagram. Show that limG X D XG WD
f x 2 X I gx D x 8g 2 G g and that colimG X D GnX (the set of G-orbits).

Problem 13.7. A (small) category in which every morphism is an isomorphism is called
a groupoid. A category C is called connected if it is non-empty and if for all pairs of
objects X and Y in C there exists a finite sequence X D X0;X1; : : : ; Xn D Y of objects
Xi in C such that for all i D 1; : : : ; n one of the sets HomC.Xi�1; Xi / or HomC.Xi ; Xi�1/
is non-empty.

Now let C be a non-empty category. Show that C is a connected groupoid if and only
if C is equivalent to the category defined by a group (Problem 13.6).

Problem 13.8. Let I and C be categories. Let X be an object in C and let "X W I ! C be
the constant functor with valueX (i.e., "X.i/ D X for every object i in I and "X.'/ D idX
for every morphism ' in I). Suppose that I is connected (Problem 13.7). Show that
X

��! limI "X and colimI "X
��! X .

Problem 13.9. Let I be the category with two objects 0 and 1 whose only morphisms
other than the identities are two morphisms 0 ! 1. Hence an I-diagram X in a category
C is simply a pair of two morphisms f; gWX0 ! X1 in C. We call Ker.f; g/ WD limI X
(respectively Coker.f; g/ WD colimI X) the equalizer (respectively coequalizer) of f and
g (if it exists).

1. Let g; hWX0 ! X1 be a pair of morphisms in C such that Ker.f; g/ (respectively
Coker.f; g/) exists. Let i WKer.f; g/ ! X0 (respectively pWX1 ! Coker.f; g/) be
the natural morphism. Show that i is a monomorphism (respectively that p is an
epimorphism).

2. Let C be the category of sets and let f; gWX0 ! X1 be maps of sets. Show that
Ker.f; g/ D f x 2 X0 I f .x/ D g.x/ g. Describe Coker.f; g/.
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Problem 13.10. Let C be a category.

1. Show that C is complete if and only if all products and all equalizers (Problem 13.9)
exist in C.

2. Show that the following assertions are equivalent:
(i) C is finitely complete.
(ii) C admits all finite products and all equalizers.
(iii) C admits all fiber products and has a final object.

Dualize the above statements to obtain criteria for C to be (finitely) cocomplete.

Problem 13.11. Let C be either the category of all groups, of all rings, or of all left R-
modules (R a fixed ring). Show that all these categories are complete and that the forgetful
functor from C to the category of sets commutes with limits.

Problem 13.12.

1. Show that in the category (Top) of topological spaces a continuous map f WX !
Y is a monomorphism (respectively an epimorphism) if and only if f is injective
(respectively surjective).

2. Let C be the category of all Hausdorff spaces (considered as a full subcategory of
(Top)). Show that again the monomorphisms in C are the injective continuous maps
but that every continuous map with dense image is an epimorphism. Are there other
epimorphisms?

Problem 13.13. Let I be a category and letX W I ! (Top) be an I-diagram in the category
of topological spaces. Show that if Xi is Hausdorff for all i in I, then limI X is Hausdorff.

Problem 13.14. Let I be a small category and let i 7! Xi be an I-diagram of topological
spaces.

1. Suppose that Xi is Hausdorff and compact for all objects i of I. Show that limi Xi
(limit in the category of topological spaces) is Hausdorff and compact.

2. Let I D Nopp be the category attached to the set N endowed with the opposite of the
usual order. For i 2 N let Xi D N be endowed with the unique topology such that the
sets f1g; : : : ; fig are open and closed in Xi and such that the only open subsets of N>i

are ; and N>i itself. Let the transition maps be the identity of N.
Show thatXi is compact but that limi Xi D N with the discrete topology. In particular
limi Xi is not compact.
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Problem 13.15. Let G be an abelian group, let F.G/ be the set of finitely generated
subgroups of G and let C.G/ be the set of cyclic subgroups of G. Endow both sets with
the partial order given by � and consider them as categories. Let �WF.G/ ! (Grp) and
�WC.G/! (Grp) be the inclusion functors.

1. Show that the universal property of the colimit yields maps

f W colim
F.G/

� ! G; gW colim
C.G/

�! G:

2. Show that F.G/ is filtered and that f is an isomorphism.
3. Show that g is always surjective and that it is an isomorphism if the inclusion order on

C.G/ is filtered.
4. Show that g is not an isomorphism for G D Z=2Z� Z=2Z.

Problem 13.16. Let I be a category. Show that I is filtered if and only if for every
finite category J and any functor F W J ! I there exists an object i of I such that
limj2J HomI.F.j /; i/ ¤ ;.

Problem 13.17. Show that the categories (Sets) and (Sets)opp are not equivalent.

Problem 13.18. Let I be a category such that for every finite category J and every dia-
gram X W I � J ! (Sets) in the category of sets the map

colim
I

lim
J
X �! lim

J
colim

I
X:

is bijective. Show that I is filtered.

Problem 13.19. Describe the gluing of topological spaces as a colimit.

Problem 13.20. Let R be a commutative ring. Show that each of the following forgetful
functors has a left adjoint functor:

1. The functor (Top)! (Sets) sending a topological space to its underlying set.
2. The functor from the category (R-Alg) of commutative R-algebras to (Sets) sending

an R-algebra to its underlying set.
3. The functor from (R-Alg) to the category of commutative monoids sending an R-

algebra to .R; �/.
4. The functor (R-Alg) ! (Ab) sending an R-algebra to its underlying additive group
.R;C/.
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Problem 13.21. The category of groups is cocomplete:

1. Show that the forgetful functor from the category of groups to the category of sets has
a left adjoint F W (Sets) ! (Grp). Show that the canonical map of sets S ! F.S/ is
injective and its image generates the group F.S/. For a set S the group F.S/ is called
the free group generated by S .

2. Show that every group G is isomorphic to a quotient of the form F.X/=N for some
set X and some normal subgroup N of F.X/. If R � F.X/ is a subset such that N
is the smallest normal subgroup containing R, then one says that G is generated by X
with relators R and we write G D hX IRi.

3. Let .Gi /i2I be a family of groups. Show that their coproduct exists in the category of
groups. It is often called the free product of the Gi .
Hint: If Gi D hXi IRi i, show that h`i Xi I

`
i Ri i is a coproduct of the Gi .

4. Show that the coequalizer of every pair of group homomorphisms f; gWG0 ! G1
exists in the category of groups. Deduce that the category of groups is cocomplete
(use Problem 13.10).

Problem 13.22. Let .Mon/ be the category of monoids and monoid homomorphisms.

1. For M a monoid let M � WD fm 2M I 9n 2M Wmn D nm D e g be the set of
invertible elements. Show that M � is a group and that every homomorphism of
monoidsM ! N induces a group homomorphismM � ! N �. We obtain a functor
. /�W .Mon/ ! (Grp). Show that this functor is right adjoint to the inclusion functor
(Grp)! .Mon/.

2. ForM a commutative monoid (written additively) letM gp be its Grothendieck group,
i.e.,M gp D .M�M/=�with .m;m0/ � .n; n0/ W, 9 s 2M W sCmCn0 D sCm0Cn.
Show that � is indeed an equivalence relation, that the componentwise addition on
M � M induces the structure of an abelian group on M gp, and that M ! M gp,
m 7! Œm; 0� is a homomorphism of monoids, called canonical. Show that every ho-
momorphism of commutative monoidsM ! N induces a homomorphism of abelian
groups M gp ! N gp. We obtain a functor . /gp from the category of commutative
monoids to the category of abelian groups. Show that this functor is left adjoint to the
inclusion functor.
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14.1 The Category of Modules over a Ring

Modules
Let R be a ring (with unit, but not necessarily commutative). We recall very briefly some
notions aboutR-modules: A left R-module is a “vector space overR”, i.e., it is an abelian
group .M;C/ together with a scalar multiplication

R �M !M; .a;m/ 7! am

such that for all a; b 2 R, m;m0 2M one has

.aCb/m D amCbm; a.mCm0/ D amCam0; .ab/m D a.bm/; 1m D m:

In the sequel we will usually speak simply of R-modules. For R-modules M and N , a
homomorphism ofR-modules or anR-linear map fromM toN is a map uWM ! N such
that for all a 2 R, m;m0 2M one has

u.amCm0/ D au.m/C u.m0/:

We obtain the categories of R-modules denoted by (R-Mod), where composition is de-
fined as the usual composition of maps. There is a unique way to define a scalar multipli-
cation on the trivial group f0g. This R-module is called the zero module and it is denoted
by 0. Every bijective R-linear map is an isomorphism because the inverse of a bijective
R-linear map is automatically R-linear again.

The set of homomorphisms of R-modulesM ! N is denoted by HomR.M;N /. For
u;w 2 HomR.M;N /we define uCw 2 HomR.M;N / by .uCw/.m/ WD u.m/Cw.m/.
This defines the structure of an abelian group on HomR.M;N /. Let

C WD Cent.R/ WD f a 2 R I ab D ba for all b 2 Rg :
291© Springer Fachmedien Wiesbaden 2016
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be the center of the ring R. This is a commutative subring of R. For a 2 C the map
auWM ! N , au.m/ WD a.u.m// is again R-linear and we obtain the structure of a
C -module on the abelian group HomR.M;N /.

Example 14.1.

1. If R D k is a field, an R-module is simply a k-vector space.
2. If A is an abelian group, it is a Z-module by

na WD aC � � � C a
„ ƒ‚ …

n times

for n � 0; na WD .�n/a for n < 0:

Conversely, forgetting the scalar multiplication makes everyZ-module into an abelian
group. Therefore we see that it is the same to give an abelian group or to give a Z-
module.

LetM be anR-module. A subsetN ofM is called anR-submodule ifN is a subgroup
of .M;C/ and if an 2 N for all a 2 R, n 2 N . Then addition and scalar multiplication
ofM induce on N the structure of an R-module.

If .Ni /i2I is a family of R-submodules of M , then
T
i Ni is an R-submodule. In

particular there exists for every subset S a smallest R-submodule ofM , containing S . It
is called the R-submodule generated by S and it is denoted by hSi or hSiR.

A subset S � M such that hSi D M is called a generating set ofM . The R-module
M is called a finitely generated if there exists a finite generating set ofM .

Let N be an R-submodule ofM . Then the scalar multiplication ofM induces a scalar
multiplication of the quotient group M=N making M=N into an R-module, called the
quotient module ofM by N .

Categorical Constructions of Modules
Let uWM ! N be a homomorphism of R-modules. Let N 0 � N be an R-submodule.
Then u�1.N 0/ is an R-submodule ofM . In particular

Ker.u/ WD fm 2M I u.m/ D 0 g

is an R-submodule ofM , called the kernel of u. As for groups one sees that u is injective
if and only if Ker.u/ D 0.

LetM 0 �M be an R-submodule. Then u.M 0/ is an R-submodule of N . In particular
Im.u/ WD u.M/ is an R-submodule of N , called the image of u.

We call Coker.u/ WD N= Im.u/ and Coim.u/ WD M=Ker.u/ the cokernel and the
coimage of u, respectively. Then u is surjective if and only Coker.u/ D 0.

As for groups one sees that every R-linear map uWM ! N induces an isomorphism
of R-modules

NuWCoim.u/ �! Im.u/:
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We now construct limits and colimits in the category of R-modules. In particular we
will see that the category of R-modules is complete and cocomplete.

Let .Mi/i2I be a family of modules. The cartesian product
Q
i Mi with componen-

twise addition and scalar multiplication is an R-module. Together with the projections
prj W

Q
i Mi ! Mj it is a product in the category of R-modules in the sense of Defini-

tion 13.40. In other words, for every R-module N the map

HomR

 

N;
Y

i2I
Mi

!
u7!.pri ıu/i��������!

Y

i2I
Hom(R-Mod).N;Mi/ (14.1)

is bijective. Note that (14.1) is C -linear, where C is the center of R.
More generally, let I be a small category and let M W I ! (R-Mod), i 7! Mi , be an

I-diagram of R-modules. Then

lim
I
M WD

(

.mi /i2I 2
Y

i2I
Mi I 8'W i ! j in I: M.'/.mi / D mj

)

is an R-submodule of
Q
i2I Mi and the projections limI M !Mi yield a bijection

HomR

�

N; lim
I
M

�
��! lim

I
HomR.N;Mi/; (14.2)

which shows that limI M is indeed the limit of the I-diagramM (Remark 13.34). Again,
(14.2) is a C -linear map.

To construct colimits in the category of R-modules, we proceed as in the category of
sets (Remark 13.33): We define them as suitable quotients of coproducts. Hence let us
construct coproducts (called direct sums for modules) for a family of modules .Mi/i2I
first. The submodule

L
i2I Mi of

Q
i Mi consisting of tuples .mi /i with mi D 0 for

all but finitely many i 2 I is called the direct sum of .Mi/i . Together with the maps
sj WMj !

L
i2I Mi , mj 7! .mi /i , where mi D 0 for all i ¤ j , it is a coproduct in

the category of R-modules: For every R-module N and every family .ui WMi ! N/i of
R-linear maps there exists a unique R-linear map uWLi2I Mi ! N such that u ı si D ui
for all i 2 I . In other words, the map

Hom(R-Mod)

 
M

i2I
Mi ;N

!

�!
Y

i2I
Hom(R-Mod).Mi ;N /;

u 7! .u ı si /i
(14.3)

is bijective. An inverse map is given by .ui /i 7! ..mi /i 7!
P

i2I ui .mi / (a finite sum
because all but finitely manymi are zero).

Now letM W I ! (R-Mod), i 7! Mi , be an I-diagram of R-modules. For all objects j
of I we considerMj as a submodule of

L
i2Ob.I/ Mi via sj WMj !

L
i2Ob.I/ Mi . Let N
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be the submodule of
L

i2Ob.I/ Mi generated by all mi �mj with mi 2Mi , mj 2Mj and
M.'/.mi / D mj for some morphism 'W i ! j in I. Let

colim
I

M WD
0

@
M

i2Ob.I/
Mi

1

A =N

and let ti WMi ! colimI M be the composition of si with the projection. Then composition
with all ti yields for all R-modules a bijective map

HomR

�

colim
I

M;N

�
��! lim

I
HomR.Mi ;N / (14.4)

and hence colimI M is indeed the colimit in the category of R-modules. Again, (14.4) is
C -linear, where C is the center of R.

If I is a finite set, then
L

i2I Mi D Q
i2I Mi . For I D ; we obtain the zero module,

which is an initial and a final object in the category of R-modules.
If Mi D M for all i , then we write MI (respectively M.I/) instead of

Q
i2I Mi (re-

spectively
L

i2I Mi ). For every integer n � 0 we set Mn WD M f1;:::;ng D M.f1;:::;ng/. In
particular we have for M D R the R-modules RI , R.I/ and Rn. We also usually write
ej WD sj .1/ 2 R.I/.

Example 14.2. Consider the following diagram of R-modules:

M
u

0
N:

Then the limit of this diagram consists of pairs .m; n/ 2M �N such that u.m/ D n and
n D 0. Hence it is identified with Ker.u/.

The colimit of this diagram is the quotient ofM ˚ N by the submodule E generated
of all elements of the form .m; 0/� .0; n/ with u.m/ D n and of all elements of the form
.m; 0/. Then E is the kernel of the projectionM ˚N ! N= Im.u/. Hence the colimit is
identified with Coker.u/.

Note that the forgetful functor (R-Mod)! (Sets) commutes with limits. This we can
also deduce from Proposition 13.47 because the forgetful functor has a right adjoint as
we see in the next subsection. The forgetful functor does not commute with arbitrary
colimits as the example of coproducts shows. It does commute with filtered colimits
(Problem 14.3).

Free Modules and Matrices
As with vector spaces (Example 13.19) one sees that the functor I 7! R.I/ is left adjoint
to the forgetful functor (R-Mod)! (Sets). In other words, we have for every R-module
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a bijection, functorial in I and inM ,

Hom(R-Mod).R
.I/;M/

�! Hom(Sets).I;M/ DMI ;

u 7! .u.ei //i2I ;
(14.5)

where ei 2 R.I/ is the tuple whose j -th entry is ıij for all j 2 I . Hence to give a family of
elementsm D .mi /i withmi 2M is equivalent to giving anR-linear map umWR.I/ !M .
One can also view (14.5) as a special case of (14.3).

We callm linearly independent (respectively a generating system, respectively a basis)
if um is injective (respectively surjective, respectively an isomorphism).

An R-module is called free if it admits a basis, i.e., if it is isomorphic to an R-module
of the form R.I/ for some set I .

In contrast to vector spaces, R-modules are usually not free (Problem 14.6).

Remark 14.3. Let .mi /i2I be a generating system (respectively a linearly independent
system) of an R-module M and let uWM ! N be a surjective (respectively injective)
homomorphism ofA-modules. Then .u.mi //i2I is a generating system (respectively a lin-
early independent system) of N .

As for linear maps between vector spaces one can express linear maps between free
modules by matrices after choosing a basis. For integersm;n � 0 we denote byMn�m.R/
the set of matrices with n rows and m columns and with coefficients in R. We also set
Mn.R/ WD Mn�n.R/. The usual addition and scalar multiplication of matrices makes
Mn�m.R/ into an R-module. It is a free R-module: A basis is given by the matrices Eij
with all entries equal to 0 except the .i; j /-th entry which is equal to 1.

One has the usual matrix multiplication (p � 0 some integer)

Mp�n.R/ �Mn�m.R/ �!Mp�m.R/;

..aij /i;j ; .bjk/j;k/ 7!
0

@
nX

jD1
aij bjk

1

A

i;k

:

Note that here the order of multiplication of summands usually matters if R is not com-
mutative.

LetM andN beR-modules such that there exists a basis .e1; : : : ; em/ ofM and a basis
.f1; : : : ; fn/ of N . Let uWM ! N be an R-linear map. Then for every j D 1; : : : ; m

there exist unique aij , i D 1; : : : ; m such that

u.ej / D
nX

iD1
aij fi

and .aij /i;j 2 Mn�m.R/ is the matrix of u with respect to the bases .ei / and .fj /. As
for vector spaces, composition of linear maps is expressed by multiplication of the corre-
sponding matrices.
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Exact Sequences
A sequence of homomorphisms of R-modules

: : : �!Mi�1
ui�1�! Mi

ui�!MiC1 �! : : :

is called a complex (respectively is called an exact) if ui ı ui�1 D 0 (respectively if
Im.ui�1/ D Ker.ui /) for all i . A short exact sequence is an exact sequence of the form

0 �!M 0 �!M �!M 00 �! 0:

Remark 14.4. Let R be a ring and letMi , i D 1; 2; : : : be R-modules.

1. The sequence 0 ! M1

f�! M2 is exact if and only if f is injective. The sequence
M1

f�!M2 ! 0 is exact if and only if f is surjective.
2. Let M1

f1�! M2

f2�! M3

f3�! M4 be an exact sequence of R-modules. Then f2
induces an isomorphism of R-modules Coker.f1/

�! Ker.f3/. In particular, f1 is
surjective if and only if f3 is injective.

Definition and Remark 14.5. A short exact sequence 0!M 0 i�!M
p�! M 00 ! 0 of

R-modules is called split if the following equivalent conditions are satisfied:

(i) There exists a section sWM 00 ! M of p (i.e., a homomorphism of R-modules
sWM 00 !M such that p ı s D idM 00 ).

(ii) There exists an R-submodule QM 00 of M such that pj QM 00 W QM 00 ! M 00 is an isomor-
phism.

(iii) There exists a retraction r WM ! M 0 of i (i.e., a homomorphism of R-modules
r WM !M 0 such that r ı i D idM 0 ).

In this case one has isomorphisms of R-modules

M 0 ˚M 00 ŠM;
.m0; m00/ 7! i.m0/C s.m00/;

.r.m/; p.m// 7 m:

Example 14.6. Every short exact sequence 0!M 0 i�!M
p�!M 00 ! 0 ofR-modules

withM 00 a free R-module is split (more generally, this holds wheneverM 00 is a projective
R-module, see Problem 14.4). Let .m00i /i2I be a basis of M 00. As p is surjective, there
exist mi 2 M with p.mi/ D m00i for all i . Let sWM 00 ! M be the unique R-linear map
with s.m00i / D mi for all i . Then s is a section of p.
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14.2 Multilinear Algebra and Tensor Products

In this section we always denote by A a commutative ring and byM an A-module.

Modules of Multilinear Maps
Let r 2 N0 and let .Ni /1�i�r be a finite family of A-modules. A map

˛WN1 � � � � �Nr !M

is called r-multilinear if it is linear in every component. The sum of two r-multilinear
maps and the product of an r-multilinear map with a scalar in A is again an r-multilinear
map (for the second assertion we need that A is commutative). Hence the set of all such
r-multilinear maps obtains a structure of an A-module, denoted by LA.N1; : : : ; Nr IM/.

For r D 1, we obtain the A-module HomA.N;M/ WD LA.N IM/ consisting of all
A-linear maps N !M .

A 0-multilinear map is an arbitrary map "W f0g ! M . Identifying " with ".0/ gives an
identification of 0-linearM -valued maps and elements inM .

Finally, 2-multilinear maps are also called bilinear.

Example 14.7. For every A-module the map HomA.A;M/ ! M , u 7! u.1/ is an
isomorphism of A-modules, which we will often use to identify HomA.A;M/ andM .

The formation of HomA.M;N / is functorial in M and in N . Let uWM ! M 0 be an
A-linear map. Then

HomA.u;N /WHomA.M 0; N /! HomA.M;N /; v 7! v ı u

isA-linear. We obtain a contravariant functor HomA.�; N / from the category ofA-modules
to itself.

Similarly, one has a (covariant) functor HomA.M; �/W (A-Mod)! (A-Mod).

Remark 14.8. Let .Mi/i2I be a family of A-modules and let N be an A-module. The
bijection (14.3) is an isomorphism of A-modules. As multilinear maps are defined as
componentwise linear, it follows that for all integers 1 � s � r and for all A-modules
P1; : : : ; Ps�1; PsC1; : : : ; Pr there is an isomorphism of A-modules, functorial if Mi , Pj
and N ,

LA

 

P1; : : : ; Ps�1;
M

i2I
Mi ; PsC1; : : : ; Pr IN

!

��!
Y

i2I
LA.P1; : : : ; Ps�1;Mi ; PsC1; : : : ; Pr IN/:

(14.6)
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Definition and Remark 14.9 (Dual module). For every A-module M the A-module
M_ WD HomA.M;A/ is called the dual ofM . As usual there is a functorial map

�M WM ! .M_/_; m 7! .� 7! �.m//: (14.7)

We have A_ D A by Example 14.7. Hence for every set I we have

.A.I//_ D AI

by (14.6).
In particular we see for that everyA-moduleM with a basis of n 2 N0 elements its dual

M_ has also a basis with n elements. Moreover the biduality map �M is an isomorphism
of A-modules.

Algebras
An A-algebra (with unit) is an A-module C together with a bilinear map C � C ! C ,
.c; d/ 7! c � d , such that .C;C; �/ is a ring. Hence we always assume that the mul-
tiplication in an algebra is associative and has a unit. If the ring multiplication is also
commutative, C is called a commutative algebra. As usual we will often write cd instead
of c � d .

Remark 14.10. An A-algebra C is the same as a ring C together with a homomor-
phism of rings �WA ! C such that the image of � is contained in the center Cent.C / WD
f c 2 C I cd D dc for all d 2 C g of C . Such a ring C becomes an A-module via the
scalar multiplication .a; c/ 7! �.a/c for a 2 A, c 2 C . Conversely, given an A-algebra
structure on C , the ring homomorphism � is defined by �.a/ WD a1C for a 2 A.

As Z-modules are nothing but abelian groups, Z-algebras are nothing but rings.
A map 'WC ! C 0 between A-algebras C and C 0 is called a homomorphism of A-

algebras if

(a) ' is A-linear,
(b) '.cd/ D '.c/'.d/ for all c; d 2 C and '.1/ D 1.

We obtain the category of A-algebras, denoted by (A-Alg).
Our primary source of algebras will be algebras ofR-valued orC-valued functions, for

instance:

Example 14.11. Let X be a topological space and denote by CX IK.X/ the set of con-
tinuous maps X ! K (we refer to Example 3.5 for an explanation for this cumbersome
notation). Then CX IK.X/ is a K-algebra with the usual addition of functions, scalar mul-
tiplication of a function with a real number, and multiplication of functions.
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If F WX ! Y is a continuous map of topological spaces,

F 
WCY IK.Y /! CX IK.X/; g 7! g ı F

is a homomorphism of K-algebras.

Example 14.12. Let M be an A-module. Then the composition of linear maps defines
on the A-module EndA.M/ D HomA.M;M/ the structure of an A-algebra. IfM admits
a finite basis .e1; : : : ; en/, then attaching to a linear map its matrix with respect to .ei /i
yields an isomorphism of A-algebras EndA.M/

��! Mn.A/, where the multiplication on
the A-moduleMn.A/ is given by matrix multiplication.

Tensor Products
LetM and N be A-modules. Then there exists an A-moduleM ˝A N and an A-bilinear
map 	 WM �N !M ˝A N , denoted by .m; n/ 7! m˝ n, which is universal, i.e., for all
A-modules P and for all A-bilinear maps bWM � N ! P there exists a unique A-linear
map NbWM ˝A N ! P such that b.m; n/ D Nb.m˝ n/ for all .m; n/ 2M �N . The pair
.M ˝A N; 	/ is determined uniquely up to unique isomorphism by this definition. The
A-moduleM ˝A N is called the tensor product ofM and N over A. We will also often
writeM ˝N if it is clear over which ring we form the tensor product.

The construction ofM ˝A N is rather straightforward: For every A-module P , the set
HomA.A.M�N/; P / is the set of all maps ˛WM �N ! P (14.5). Such a map ˛ is bilinear
if and only if

˛.amCm0; n/� .a˛.m; n/C ˛.m0; n// D 0
and ˛.m; anC n0/ � .a˛.m; n/C ˛.m; n0// D 0

for all a 2 A, m;m0 2 M , n; n0 2 N . Hence, if we denote by Q the A-submodule of
A.M�N/ generated by all elements of the form

e.amCm0;n/ � .ae.m;n/ C e.m0;n// and e.m;anCn0/ � .ae.m;n/ C e.m;n0//;

then an A-linear map uWA.M�N/ ! P corresponds to a bilinear map ˛ if and only if
u.Q/ D 0. Hence we can simply set M ˝A N WD A.M�N/=Q and define m˝ n as the
image of e.m;n/ inM ˝A N .

Remark 14.13. As the e.m;n/ for m 2 M and n 2 N generate A.M�N/, their images
m˝ n inM ˝A N form a generating system ofM ˝A N (Remark 14.3) (but usually not
every element ofM ˝A N is of this form).

In particular, every A-linear map uWM ˝A N ! P is already uniquely determined by
the elements u.m ˝ n/ for m 2 M and n 2 N . Conversely, a map given by specifying
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elements u.m˝n/ for allm 2M and n 2 N in an A-module P extends to a well-defined
A-linear mapM ˝A N ! P if and only if

u.am˝ n/ D u.m˝ an/ D au.m˝ n/;
u..mCm0/˝ n/ D u.m˝ n/C u.m0 ˝ n/;
u.m˝ .nC n0// D u.m˝ n/C u.m˝ n0/

(14.8)

for all a 2 A, m;m0 2M , and n; n0 2 N .

The mapsm˝n 7! n˝m and n˝m 7! m˝n define mutually inverse isomorphisms,
functorial inM and N ,

M ˝A N Š N ˝A M; (14.9)

which we often use to identify these modules. Similarly, the map

M ˝ .N ˝ P /! .M ˝N/˝ P; m˝ .n˝ p/ 7! .m˝ n/˝ p (14.10)

defines an A-linear isomorphism, which we use to identify these modules. We simply
writeM ˝A N ˝A P orM ˝ N ˝ P and m˝ n˝ p for m 2 M , n 2 N , p 2 P . We
use similar notations for the tensor product of finitely many modules.

Remark 14.14. For A-modulesM1; : : : ;Mr the r-multilinear map

	 WM1 � � � � �Mr !M1 ˝ � � � ˝Mr; .m1; : : : ; mr / 7! m1 ˝ � � � ˝mr

is universal, i.e., for every A-module N the A-linear map

HomA.M1 ˝ � � � ˝Mr;N / �! LA.M1; : : : ;Mr IN/; u 7! u ı 	 (14.11)

is bijective. In other words, for every r-multilinear map ˛WM1 � � � � �Mr ! N there
exists a unique linear map uWM1 ˝ � � � ˝Mr ! N such that u ı 	 D ˛. One simply
checks that

uWm1˝ � � � ˝mr 7! ˛.m1; : : : ; mr/

is well defined.

The tensor product is functorial. Let uWM ! M 0 and vWN ! N 0 be A-linear maps.
Then m˝ n 7! u.m/˝ v.n/ defines a well-defined A-linear map

u˝ vWM ˝A N �!M 0 ˝A N 0:

We obtain a functor

.�/˝N W (A-Mod) �! (A-Mod); M 7!M ˝A N; u 7! u˝ idN : (14.12)

It is isomorphic to the analogously defined functor N ˝ .�/ by (14.9).
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Remark 14.15. Suppose that uWM ! M 0 and vWN ! N 0 are surjective. Then u ˝ v
is surjective because its image contains the generating set of all m ˝ n for m 2 M and
n 2 N .

Even if v D idN , it is in general not true that u ı idN is injective if u is injective
(Problem 14.8; see however Problem 14.9).

Remark 14.16. The maps A ˝A M ! M , a ˝ m 7! am, and M ! A ˝A M ,
m 7! 1˝m yield mutually inverse isomorphisms

A˝A M ŠM; (14.13)

which we will usually use to identify these two modules.

Remark 14.17. As we carefully recorded the universal property of all our constructions
with modules, we can use this to show several useful compatibilities. The key idea is the
fact that two A-modules M and N are isomorphic if and only if for every A-module P
there is a bijection of sets

HomA.M;P / Š HomA.N;P /; functorial in P . (14.14)

Indeed the condition is clearly necessary. Conversely, choosing P D N in (14.14), idN
corresponds to a map uWM ! N and choosing P D M in (14.14), idM corresponds to
a map vWN !M . The functoriality in P implies that u ı v D idN and v ı u D idM .

As an example of this principle we show that tensor products commute with direct
sums. Let .Mi/i be a family of A-modules and let N be an A-module. Then there is
a functorial isomorphism

 
M

i2I
Mi

!

˝A N Š
M

i2I
.Mi ˝A N /: (14.15)

Indeed, let P be an A-module. Then there are isomorphisms of A-modules (in particular
bijective maps), functorial in P ,

HomA

  
M

i2I
Mi

!

˝A N;P

!

Š
(14.11)

LA

 
M

i2I
Mi ;N IP

!

Š
(14.6)

Y

i2I
LA.Mi ;N IP /

Š
(14.11)

Y

i2I
HomA.Mi ˝A N;P /

Š
(14.6)

HomA

 
M

i2I
.Mi ˝A N /; P

!

:

(14.16)
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As all the isomorphisms in (14.16) are also functorial in the Mi and in N , the isomor-
phism (14.15) is functorial in theMi and in N .

Remark 14.18. Let M and N be free A-modules with basis m D .mi /i2I and n D
.nj /j2J , respectively. Hence the maps umWA.I/ ! M , .ai /i2I 7!

P
i2I aimi and un are

isomorphisms of A-modules. Then we can combine several of the above isomorphisms to
obtain an isomorphism

M ˝A N Š A.I/ ˝A A.J / Š
(14.15)

	
A˝A A/.I�J


 Š
(14.13)

A.I�J /

sending mi ˝ nj to e.i;j /. In particular, M ˝A N is again a free module with basis
.mi ˝ nj /.i;j /2I�J .

Another useful fact is that the tensor product and the Hom-functor are adjoint to each
other. This is based on the easy observation that for all A-modulesM , N , and P the map

LA.M;N IP / �! HomA.M;HomA.N;P //; ˛ 7! .m 7! .n 7! ˛.m; n//

is an isomorphism of A-modules, functorial in M , N , and P : An inverse is given by
u 7! ..m; n/ 7! u.m/.n//. As LA.M;N IP / D HomA.M ˝N;P / we obtain a functorial
isomorphism

HomA.M ˝N;P / Š HomA.M;HomA.N;P //: (14.17)

In particular, the covariant functor .�/ ˝ N from (A-Mod) to itself is left adjoint to the
functor HomA.N; �/. Hence Proposition 13.47 shows that .�/ ˝ N commutes with col-
imits and is in particular right exact. This observation also gives a new argument, why
tensor products commute with direct sums because the direct sum is, as a coproduct in the
category of modules, a special case of a colimit.

There is also a functorial homomorphism of A-modules

HomA.M;P /˝A N �! HomA.M;P ˝A N /;

u˝ n 7! .m 7! u.m/˝ n/: (14.18)

This is an isomorphism if M or N is free with a finite basis. Indeed, assume that M Š
An for some integer n � 0. As (14.18) is functorial, we may assume that M D An.
As the functors HomA.�; P / and HomA.�; P ˝A N / commute with finite direct sums
(Remark 14.8), we may assumeM D A. Now the claim follows from Remark 14.7. The
proof in the case that N Š An is similar using that tensor products commute with direct
sums (14.15) and thatQ˝A A D Q for every A-moduleQ (14.13).

Taking P D A in (14.18) we obtain a functorial homomorphism of A-modules

ıWM_ ˝A N �! HomA.M;N /; (14.19)

which is an isomorphism ifM or N are free with finite basis.



14.3 Tensor Algebra, Exterior Algebra, Symmetric Algebra 303

For every A-module Q we can compose the A-linear map HomA.Q; ı/ with (14.17)
and obtain a functorial homomorphism of A-modules

HomA.Q;M
_ ˝A N / �! HomA.Q˝A M;N /; (14.20)

which is an isomorphism ifM or N are free with a finite basis.

Example 14.19. Let M be a free module with a finite basis. Then (14.19) yields an
isomorphism

EndA.M/ WD HomA.M;M/
�!M_ ˝A M: (14.21)

Composition with the linear mapM_˝M ! A, .�;m/ 7! �.m/, yields an A-linear map

trWEndA.M/ �! A; (14.22)

called the trace map. Via the choice of a basis .e1; : : : ; en/ of M we identify EndA.M/

and the matrix algebraMn.A/. If .x1; : : : ; xn/ is the dual basis ofM_, then xi˝ej 2M_

corresponds via (14.21) to the matrix Eij , which has everywhere 0 coefficients except in
.i; j /-th place, where its coefficient is 1. Hence the above trace map coincides with the
usual trace mapMn.A/! A because both maps are linear and agree on the basis .Eij /i;j
ofMn.A/.

14.3 Tensor Algebra, Exterior Algebra, Symmetric Algebra

Tensor Algebra
For r � 0 let

T r.M/ WD T rA .M/ WDM˝r WDM ˝A � � � ˝A M
„ ƒ‚ …

r times

be the r-th tensor power ofM . Then T 0.M/ D A and T 1.M/ D M . Define the tensor
algebra ofM

T.M/ WD TA.M/ WD
M

r�0
T r .M/

with A-algebra structure defined as follows. For m WD m1 ˝ � � � ˝ mr 2 T r.M/ and
n WD n1 ˝ � � � ˝ ns 2 T s.M/ we define the product by

m˝ n WD m1 ˝ � � � ˝mr ˝ n1 ˝ � � � ˝ ns 2 T rCs.M/;

then extend by linearity. This is well defined and makes T .M/ into an associative A-
algebra with 1 (but not necessarily commutative).

TheA-algebra T .M/ is a graded A-algebra, i.e., forw 2 T i .M/, v 2 T j .M/ one has
w ˝ v 2 T iCj .M/ for all i; j � 0.
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If uWM ! N is a homomorphism of A-modules, then m1 ˝ � � � ˝ mr 7! u.m1/ ˝
� � � ˝ u.mr/ defines an A-linear map T r.u/W T r.M/! T r.N /. The map

T .u/ WD
M

T r.u/W T .M/! T .N /

is a homomorphism of A-algebras.
The formation of T r.u/ and of T .u/ is compatible with composition and sends identi-

ties to identities. Hence we obtain functors

T r W (A-Mod)! (A-Mod); T W (A-Mod)! (A-Alg):

Remark 14.20. Denote by �WM �! T 1.M/ � T .M/ the inclusion. Then .T .M/; �/ has
the following universal property: For every associative A-algebra B with 1 the map

Hom(A-Alg).T .M/;B/! Hom(A-Mod).M;B/; ' 7! ' ı �

is bijective. In other words, the functorM 7! T .M/ is left adjoint to the forgetful functor
(A-Alg)! (A-Mod).

Exterior Powers
Let M and N be A-modules. An r-multilinear map ˛WMr ! N is called alternating if
˛.m1; : : : ; mr/ D 0 whenever there exists i ¤ j with mi D mj .

LetQr � T r.M/ be the A-submodule generated by the set

Er WD
˚
m1 ˝ � � � ˝mr 2 T r.M/ I there exist 1 � i ¤ j � r with mi D mj

�
:

Then an r-multilinear map ˛WMr ! N is alternating if and only if the corresponding
A-linear map uW T r.M/! N sendsQr to 0. We set

�r.M/ WD �rA.M/ WD T r.M/=Qr

and call it the r-th exterior power ofM . The image ofm1˝� � �˝mr in�r.M/ is denoted
by m1 ^ � � � ^mr . We haveQ0 D Q1 D 0 and hence �0.M/ D A and �1.M/ DM .

By construction, �r.M/ has the following universal property. Let

� WMr ! �r.M/; .m1; : : : ; mr/ 7! m1 ^ � � � ^mr:

Then � is alternating and for every A-module N the map

Hom(A-Mod).�
r.M/;N /! f˛WMr ! N I ˛ alternatingg ; u 7! u ı �

is bijective.
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The direct sum

�.M/ WD �A.M/ WD
M

r�0
�r .M/ D T .M/=

M

r�0
Qr

is called the exterior algebra of M . The multiplication on the A-algebra T .M/ induces
a multiplication on�.M/ making the A-module�.M/ into an A-algebra. We denote the
multiplication in �.M/ by .!; �/ 7! ! ^ �.

As elements of the form m1 ˝ � � � ˝ mr , mi 2 M , generate T r.M/, their images
m1 ^ � � � ^ mr generate �r.M/. A map u given on these elements with values in an A-
module N extends (necessarily uniquely) to an A-linear map uW�r.M/! N if and only
if u satisfies linearity conditions in each component (as in (14.8)) and if u sends every
element in Er to 0.

The A-algebra �.M/ is a graded A-algebra that is graded commutative, i.e., for ! 2
�i.M/, � 2 �j .M/ one has

! ^ � D .�1/ij � ^ !:

Let uWM ! N be a homomorphism of A-modules. Then the homomorphism T .u/

of A-algebras and the A-linear maps T r.u/ induce a homomorphism of A-algebras
�.u/W�.M/! �.N / and A-linear maps�r.u/W�r.M/! �r.N / given by m1 ^ � � � ^
mr 7! u.m1/ ^ � � � ^ u.mr/.

We obtain a functorM 7! �.M/ from the category (A-Mod) to the category of asso-
ciative graded commutative A-algebras and functors�r W (A-Mod)! (A-Mod).

Remark 14.21. Let M be an A-module. As �.M/ is graded commutative one has for
m1;m2 2 M that m1 ^m2 D �m2 ^ m1 in �2.M/. As the group of permutations Sr is
generated by transpositions of i and i C 1 and as sgnWSr ! f˙1g is a homomorphism of
groups, we deduce that for all m1; : : : ; mr 2M and for every � 2 Sr we have

m�.1/ ^ � � � ^m�.r/ D sgn.�/m1 ^ � � � ^ wr: (14.23)

For finitely generated free modules, the exterior power can be described as follows
([BouA1] III, §7.8 and §7.9). Let r; n � 0 be integers. Define

Lr.n/ WD f .i1; : : : ; ir / I 1 � i1 < � � � < ir � n g :

Let E be an A-module, e1; : : : ; en 2 E. For J D .i1; : : : ; ir / 2 Lr.n/ define eJ WD
ei1 ^ � � � ^ eir 2 �r.E/.
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Proposition 14.22. Let E be a free A-module of rank n 2 N.

1. Let r 2 N0. The exterior power �r.E/ is a free A-module of rank
	
n
r



(with

	
n
r


 D 0

if r > n). For 1 � r � n a family .e1; : : : ; en/ of elements in E is a basis of E if and
only if .eJ /J2Lr .n/ is a basis of �r.E/.

2. Let F be a free A-module with basis .f1; : : : ; fm/ with m 2 N0 and let uWE ! F be
an A-linear map given by u.ej / D

Pm
iD1 aij fi for a matrix .aij / 2 Mm�n.A/. Then

the matrix of �r.u/ with respect to the bases .eJ /J2Lr .n/ of �r.E/ and .fI /I2Lr .m/ ofVr
.F / is the matrix

.det.AI;J //I2Lr .m/;J2Lr.n/;

where I D fi1 < � � � < irg, J D fj1 < � � � < jrg and

AI;J D .ai�;j�/1���r
1���r

the submatrix of A consisting only of rows (respectively columns) numbered by ele-
ments in I (respectively in J ).

3. In particular, if r D n D m, then det.E/ WD �n.E/ and det.F / WD �n.F / are free
A-modules of rank 1 and det.u/ WD �n.u/ is given by det.A/ with respect to the bases
e.1;:::;n/ and f.1;:::;n/.

Let E be a free A-module of rank n 2 N and let uWE ! E be an A-linear endomor-
phism. Then det.u/ is an endomorphism of the free A-module det.E/ of rank 1 and hence
is given by multiplication with an element in A that we call again det.u/.

Proposition 14.23. The endomorphism u is bijective if and only if det.u/ is a unit in A.

Proof. Let .e1; : : : ; en/ be a basis of E and set xi WD u.ei /. Then

x1 ^ � � � ^ xn D det.u/.e1 ^ � � � ^ en/: (*)

The linear map u is bijective if and only if .x1; : : : ; xn/ is a basis of E. By Proposi-
tion 14.22 1 this is the case if and only if .x1 ^ � � � ^ xn/ is a basis of the free A-module
�n.E/ of rank 1. As .e1 ^ � � � ^ en/ is a basis, (*) shows that .x1 ^ � � � ^ xn/ is a basis if
and only if det.u/ is a unit in A. �

Remark 14.24. Let M be an A-module and let ˛1; : : : ; ˛r WM ! A be A-linear maps.
Then

Mr �! A; .m1; : : : ; mr/ 7! det..˛i .mj //1�i;j�r /

is an alternating r-multilinear map and hence corresponds to an A-linear map �r.M/!
A, which we denote by ˛1 ^ � � � ^ ˛r . The map

.M_/r ! �r.M/_; .˛1; : : : ; ˛r/ 7! ˛1 ^ � � � ^ ˛r
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is r-multilinear and alternating. Hence it corresponds to an A-linear map

�r.M_/ �! �r.M/_: (14.24)

Now suppose that M is finitely generated and free. We claim that (14.24) is then an
isomorphism. Indeed, let .e1; : : : ; en/ be a basis of M , and let ."1; : : : ; "n/ be the dual
basis ofM_. Then (14.24) sends for J 2 Lr.n/ the J -th basis vector "J of �r.M_/ to
the J -th basis vector in the dual basis of the basis .eJ /J2Lr.n/ of�r.M/. In particular our
claim follows.

Symmetric Products
A similar construction as for alternating multilinear maps also works for symmetric mul-
tilinear maps. Again let M and N be A-modules. An r-multilinear map ˛WMr ! N

is called symmetric if ˛.m1; : : : ; mr/ D ˛.m�.1/; : : : ; m�.r// for all permutations � in the
symmetric group Sr of f1; : : : ; rg.

Let Pr � T r.M/ be the A-submodule generated by all elements of the form

.m1 ˝ � � � ˝mr/ � .m�.1/ ˝ � � � ˝m�.r//

with mi 2 M and � 2 Sr . Again an r-multilinear map ˛WMr ! N is symmetric if and
only if the corresponding A-linear map uW T r.M/! N sends Pr to 0. We set

Symr .M/ WD Symr
A.M/ WD T r.M/=Pr

and call it the r-th symmetric power of M . The image of m1 ˝ � � � ˝ mr in Symr .M/

is denoted by m1m2 � � �mr . We have P0 D P1 D 0 and hence Sym0.M/ D A and
Sym1.M/ D M . The A-module Symr .M/ has again a universal property, now with
respect to symmetric r-multilinear maps. As above, the direct sum

Sym.M/ WD SymA.M/ WD
M

r�0
Symr .M/

is a graded A-algebra, called the symmetric algebra of M It is commutative in the usual
sense. Again all these constructions are functorial yielding functors Sym from (A-Mod)
to the category of commutative graded algebras and Symr from (A-Mod) to itself. Finally,
by [BouA1] III, §6.6, Theorem 1 we have the following result about the symmetric powers
of free modules.

Proposition 14.25. Let M be a free module with basis .ei /i2I . Let N.I /
0 be the set of

maps ˇW I ! N0 such that ˇ.i/ D 0 for all but finitely many i . Write

eˇ WD
Y

i2I
e
ˇ.i/
i ;
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product in the commutative A-algebra Sym.M/. Then .eˇ/
ˇ2N.I /

0

is a basis of the A-

module Sym.M/. For all r � 0 the elements eˇ with
P

i2I ˇ.i/ D r form a basis of
Symr .M/.

14.4 Modules over Commutative Rings

Now let A be a commutative ring. We denote by A� WD fa 2 A I 9 b 2 A W ab D 1 g its
group of units.

Recall that an ideal of A is an A-submodule of A. In other words, an ideal a of A is
a subgroup a of .A;C/ such that ba 2 a for all b 2 A and a 2 a.

Trivial examples of ideals of A are f0g and A itself. For an ideal a of A one has a D A
if and only if 1 2 a. The commutative ring A is a field if and only if A ¤ f0g and f0g and
A are the only ideals of A.

Remark 14.26. If a is an ideal of A then the multiplication A � A ! A induces a map
A=a � A=a ! A=a on the quotient group A=a making A=a again into a commutative
ring. The projection � WA! A=a is then a ring homomorphism.

Sending an ideal Nb of A=a to ��1. Nb/ yields a bijection between the set of ideals inA=a
and the set of ideals in A containing a.

Definition 14.27. Let a � A be an ideal andM an A-module. The product of a andM
is the A-submodule ofM defined by

aM WD
nXn

iD1 aimi I n 2 N0; ai 2 a; mi 2M
o
:

Proposition 14.28. Let a � A be an ideal andM an A-module. Then the map uWM !
M˝A A=a,m 7! m˝1 induces an isomorphism ofA-modulesM=aM

��!M˝A.A=a/.

Proof. For a 2 A or m 2 M let Na (respectively Nm) be its image in A=a (respectively in
M=aM ). For a 2 a and m 2 M we have .a � m/ ˝ 1 D m ˝ .a � 1/ D m ˝ Na D 0

so that aM is contained in the kernel of u. Denote by i WM=aM ! M ˝A .A=a/ the
induced homomorphism. Conversely, define a mapM � .A=a/! M=aM by .m; Na/ 7!
am. This assignment is well defined and A-bilinear so that it induces an A-linear map
j WM ˝A .A=a/!M=aM .

Now j ı i D idM=aM hence i must be injective. Moreover i is also surjective because
M ˝A .A=a/ is generated by elements of the form m˝ Na D .a �m/˝ N1 for m 2 M and
a 2 A. Hence i and j are mutually inverse isomorphisms. �

Definition 14.29. An idealm ¨ A is called maximal if there exists no proper ideal a ¨ A

with m ¨ a.
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Remark 14.30. Fix an ideal a ¨ A. If .ai /i2I is a family of proper ideals of A, totally
ordered by inclusion such that a � ai for all i 2 I , then

S
i ai is a proper ideal of A

containing a. Hence we can employ Zorn’s lemma 13.28 to see that every proper ideal a
of a commutative ring is contained in a maximal ideal. Applying this to a D f0g, we see
in particular there always exist maximal ideals of A if A ¤ f0g.
Remark 14.31. An ideal a of A is maximal if and only if A=a is a field (Remark 14.26).

Definition 14.32. Let 'WA ! B be a homomorphism of commutative rings. For every
A-module M the base change of M along ' is defined as MB WD M ˝A B . There is
a unique A-linear mapMB � B !MB with .m˝ b; Qb/ 7! m˝ .b � Qb/, makingMB into
a B-module.

If f WM ! N is an A-linear map, then fB WD f ˝ idB WMB ! NB is B-linear.
These constructions define a functor . /B from the category of A-modules to the cate-

gory of B-modules.

For commutative rings A ¤ f0g free A-modules have a well-defined rank:

Definition and Remark 14.33 (Rank of a free module). Let A ¤ 0 and letM be a free
A-module, hence M Š A.I/ for some set I . Then the cardinality of I is called the rank
ofM . It is denoted by rkA.M/.

To see that the rank is well defined it suffices to prove that the existence of an A-linear
isomorphism f WA.I/ �! A.J / implies that I and J have the same cardinality. As A ¤ 0,
we can choose a maximal ideal m 	 A and set k WD A=m. One has k.I/ Š A.I/ ˝A k

because tensor products commute with direct sums. Hence

fk W k.I/ Š A.I/ ˝A k
�! A.J / ˝A k Š k.J /

is also an isomorphism (of k-vector spaces). Since k is a field (Remark 14.31), it is
a standard result of linear algebra that I and J have the same cardinality.

For free modules over non-commutative rings the rank is in general not well defined:
There exist non-commutative rings B and an isomorphism of B-modulesB

�! B2 (Prob-
lem 14.28).

Example 14.34. LetM andN be freeA-modules of finite rankm and n respectively and
let r � 0 be an integer. Above we have expressed bases ofM ˝N ,�r.M/, and Symr .A/

in terms of bases ofM and N . In particular we see that

rkA.M ˚ N/ D mC n; rkA.M ˝A N / D mn;
rkA.HomA.M;N // D mn; rkA.M

_/ D m;

rkA.�
r .M// D

 
m

r

!

; rkA.Sym
r .M// D

 
mC r � 1

r

!

:
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Remark 14.35. Let M be a free A-module and let 'WA ! B be a homomorphism of
commutative rings. Choose an isomorphism f WM �! A.I/ for some set I . Its base
change via ' is an isomorphism fB WMB

�! B.I/ because tensor products commute with
direct sums. HenceMB is a free B-module of the same rank as the free A-moduleM .

Definition 14.36 (Local ring). A commutative ring A is called local if it has a unique
maximal ideal m 	 A. The field A=m is called the residue field of A.

In particular a local ring is always non-zero.

Remark 14.37. A commutative ring A is local if and only if A n A� is an ideal. In this
case m WD A n A� is the unique maximal ideal of A. In particular for a 2 m we have
1C a 2 A�.

Proposition 14.38 (Nakayama’s lemma). Let A be a local ring with residue field k, let
M 0 and M be A-modules, and let f WM 0 ! M be an A-linear map. Suppose that M
is a finitely generated A-module. Then f is surjective if and only if the induced map
Nf WM 0=mM 0 !M=mM is surjective.

Proof. We have a commutative diagram

M 0 f
M

M 0mM 0 Nf
M=mM

where vertical maps are the projections. In particular the condition is necessary. Now let
Nf be surjective. Let N WD Coker.f /. Our aim is to show N D 0. As Nf is surjective, we
haveN=mN D 0 and henceN D mN . As a quotient ofM ,N is again finitely generated.
Hence it remains to show that for a finitely generated A-moduleN the equality N D mN

implies N D 0.
Assume N ¤ 0 and N D mN . Since N is finitely generated, there exists a minimal

set of generators n1; : : : ; nr 2 N for r 2 N. As nr 2 N D mN , we find a1; : : : ; an 2 m

with nr D a1n1 C : : : C arnr . Since A is local, we find 1 � ar 2 A� so that nr D
.1 � ar/�1.a1n1 C : : :C nr�1nr�1/ and therefore n1; : : : ; nr�1 already generate N . This
contradicts the minimality of r 2 N. �

Proposition 14.39. Let A be a local ring with maximal ideal m, k WD A=m. Let E be
a free A-module of finite rank and let uWE ! E be an A-linear endomorphism. Then u
is an automorphism if and only if the k-linear map NuWE=mE ! E=mE induced by u is
an automorphism.
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Proof. The determinant det. Nu/ 2 k is the image of det.u/ 2 A. Hence det. Nu/ is a unit in
k (i.e., det. Nu/ ¤ 0) if and only if det.u/ is a unit in A (i.e., det.u/ … m). We conclude by
Proposition 14.23. �

The conclusion of Proposition 14.39 also holds for arbitrary finitely generated A-
modules E: If Nu is an automorphism, then u is surjective by Nakayama’s lemma. Then
conclude by Problem 14.30.

14.5 Problems

In the problem section let R be always a ring and A a commutative ring.

Problem 14.1. Let R be a ring. Show that a morphism in the category of R-modules is
a monomorphism (respectively an epimorphism) if and only if it is injective (respectively
surjective).

Problem 14.2. Let u; vWM ! N be a homomorphisms of R-modules. Show that
Ker.u; v/ WD Ker.u � v/ (respectively that Coker.u; v/ WD Coker.u � v/) is an equal-
izer (respectively a coequalizer) in the category of R-modules (Problem 13.9). Deduce
that the category of R-modules is complete and cocomplete (use Problem 13.10).

Problem 14.3. Let I be a small filtered category and let M W I ! (R-Mod) be an I-
diagram of R-modules. By composition with the forgetful functor (R-Mod) ! (Sets)
we also obtain an I-diagram QM of sets. Define on colimI QM D .

`
i2Ob.I/ QMi/=� an

addition and a scalar multiplication as follows. For a 2 R and m;m0 2 colimI QM choose
representatives Qmi 2 QMi D Mi and Qm0j 2 QMj D Mj and choose morphisms 'W i ! k

and  W j ! k in I for some object k in I. Define m C m0 as the equivalence class of
QM.'/. Qmi/ C QM. /. Qm0j /. Define am as the equivalence class of a Qmi . Show that this

defines the structure of a left R-module on colimI QM , that the canonical maps si WM D
QMi ! colimI QM are R-linear, and that .colimI QM; .si /i / is a colimit in the category of
R-modules.

Problem 14.4. Let P be an R-module. Show that the following conditions on P are
equivalent:

(i) Every short exact sequence of R-modules of the form 0 ! M ! N ! P ! 0 is
split.

(ii) For every surjective homomorphism pW QM ! M of R-modules and for every R-
linear map uWP !M there exists an R-linear map QuWP ! QM such that p ı Qu D u.

(iii) P is a direct summand of a free module (i.e., there exists an R-module P 0 such that
P ˚ P 0 is a free R-module).
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If P satisfies these conditions, P is called projective.
Show that an R-module is projective and finitely generated if and only if it is a direct

summand of a finitely generated free R-module.

Problem 14.5. Let P be an A-module. Show that P is projective and finitely generated
(Problem 14.4) if and only if the homomorphism P _ ˝A P ! EndA.P / (14.19) is an
isomorphism.

Problem 14.6. A non-zero commutative ring R is called an integral domain if for a; b 2
R the equality ab D 0 implies a D 0 or b D 0. Suppose now thatR is an integral domain.
An R-module M is called torsion free if for a 2 R and m 2 M the equality am D 0

implies a D 0 or m D 0.

1. Show that Z and kŒT � (k a field) are integral domains. Let n � 1 be an integer. Show
that Z=nZ is an integral domain if and only if n is a prime number.

2. Show that every free R-module is torsion free.
3. Let a 2 R with a ¤ 0. Show that the R-module R=.a/ is not torsion free (and hence

not free).
4. The field of fractions of R, denoted by Frac.R/, is the set of pairs .a; s/ with a 2 A

and s 2 A n f0g modulo the equivalence relation .a; s/ � .b; t/ , at D bs. The
equivalence class of .a; s/ is denoted by a

s
. Define addition and multiplication as usual

for fractions and show that this is well defined and endows Frac.R/ with the structure
of a field. Observe that Frac.Z/ D Q.

5. Show that the map �WR! Frac.R/, a 7! a
1
is an injective ring homomorphism satisfy-

ing the following universal property: If K is a field and 'WR! K is an injective ring
homomorphism, then there exists a unique homomorphism '0W Frac.R/ ! K such
that '0 ı � D '.

6. Show that Frac.R/ is a torsion free R-module. Show that Frac.R/ is not a free R-
module if R is not a field.

Problem 14.7. Let n;m 2 Z be non-zero and let d be a greatest common divisor of m
and n. Show that the rings (considered as Z-algebras) Z=mZ˝Z Z=nZ and Z=dZ are
isomorphic (in particular Z=mZ˝Z Z=nZ D 0 if m and n are coprime).

Problem 14.8. For integers r; n � 2 consider the inclusion uW rZ=nrZ ,! Z=nrZ of
Z=nrZ-modules. Show that u˝ idZ=rZ is not injective.

Problem 14.9. Let E be an A-module.

1. Show that the following assertions are equivalent:
(i) For every injectiveA-linear map uWM !M 0 the map u˝idE WM˝E !M 0˝E

is injective.
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(ii) For every short exact sequence 0! M 0 i�! M
p�! M 00 ! 0 of A-modules the

sequence 0!M 0 ˝E i˝idE�! M ˝ E p˝idE�! M 00 ˝E ! 0 is exact.
In this case E is called flat.

2. Show that every free A-module is flat. Deduce that every projective A-module (Prob-
lem 14.4) is flat.

3. Suppose that A is an integral domain (Problem 14.6). Show that a flat A-module is
torsion free.

Problem 14.10. Let M and N be A-modules. An r-multilinear map ˛WMr ! N is
called skew-symmetric if ˛.m�.1/; : : : ; m�.r// D sgn.�/˛.m1; : : : ; mr/ for every permuta-
tion � 2 Sr and for all m1; : : : ; mr 2M .

1. Show that every alternating r-multilinear mapMr ! N is skew-symmetric.
2. Show that an r-multilinear map ˛WMr ! N is alternating if and only if
˛.m1; : : : ; mr/ D 0 whenever there exists 1 � i � r � 1 such thatmi D miC1.

3. Show that every skew-symmetric r-multilinear mapMr ! N is alternating if the map
N ! N , n 7! 2n is injective.

The injectivity of N ! N , n 7! 2n, is satisfied if 2 is a unit in A (for instance if A is
a commutative algebra over a field of characteristic ¤ 2).

Problem 14.11. LetM be an A-module and let r � 0 be an integer. Show that

m1 ^ � � � ^mr 7!
X

�2Sr
sgn.�/.m�.1/ ˝ � � � ˝m�.r//

defines an A-linear map ar W�r.M/! T r.M/. If pr W T r.M/! �r.M/ is the canonical
projection, then pr ı ar D .rŠ/ id�r .M/. Show that ar is injective ifM is a free A-module
or if rŠ is invertible in A. Give an example of a ring A and an A-moduleM such that a2
is not injective.

Problem 14.12. LetM be an A-module, r � 0 an integer, ! 2 �r.M/. Show that if r is
odd, then ! ^ ! D 0. Give an example of a moduleM and an element ! 2 �2.M/ such
that ! ^ ! ¤ 0.

Problem 14.13. Let M be an A-module generated by a single element. Show that
Sym.M/ D T .M/ and that �r.M/ D 0 for all r � 2.

Problem 14.14. Let R be a commutative ring, let n � 2 be an integer, and let
A D RŒT1; : : : ; Tn� be the ring of polynomials over R in n indeterminates. Let a WD
.T1; : : : ; Tn/ be the ideal in A generated by T1; : : : ; Tn. Show that �nA.a/ D A=a D R.
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Problem 14.15. Let uWM ! N be a homomorphism of A-modules.

1. Suppose that u is surjective. Show that T r.u/, �r.u/, and Symr .u/ are surjective for
all r � 0.

2. Show that an analogous assertion for “injective” does not hold.
Hint: For T r take the inclusionZ-modules uW 2Z=4Z! Z=4Z and use Problem 14.13
for Symr . For �r use Problem 14.14.

3. Suppose that u is injective and u.M/ is a direct summand of N (i.e., there exists
a submodule N 0 of N such that N D u.M/ ˚ N 0). Show that T r.u/, �r.u/, and
Symr .u/ are injective for all r � 0 and their images are direct summands (see also
Problem 14.17).

Problem 14.16. Let M be a projective A-module (Problem 14.4), m1; : : : ; mr 2 M .
Show that .m1; : : : ; mr/ is linearly independent if and only if there exists no 0 ¤ a 2 A
such that am1 ^ � � � ^mr D 0.

Hint: Consider first the case thatM is a free A-module.

Problem 14.17. Let uWM ! N be an injective homomorphism of projective A-modules
(Problem 14.4). Show that �r.u/ is injective for all r � 0.

Problem 14.18. Let m;n 2 N0 and uWAm ! An be an A-linear map. Show that if u is
injective (respectively surjective), then m � n (respectively m � n).

Hint: One could use Problem 14.17 and Problem 14.15.

Problem 14.19. Let M be a free A-module or rank d 2 N0 and let uWM ! M be an
A-linear endomorphism. Show that u is injective if and only if �d.u/ is injective.

Problem 14.20. Let d 2 N0 and let M be an A-module generated by elements
m1; : : : ; md . Suppose that there exists an A-linear injection Ad ,! M . Show that
.m1; : : : ; md / is a basis ofM .

Hint: Use Problem 14.19.

Problem 14.21. For every A-module M let �M WM ��! T 1.M/ � T .M/ be the inclu-
sion. Show that for every homomorphism uWM ! N of A-modules T .u/ is the unique
homomorphism of A-algebras such that

M
u

�M

N

�N

T .M/
T .u/

T .N /

commutes. Formulate and prove an analogous statement for the exterior algebra and the
symmetric algebra.
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Problem 14.22. Let M be an A-module and let �0M WM
��! �1.M/ ,! �.M/ be the

inclusion. Show that for every A-algebra C and for every A-linear map uWM ! C

with u.m/2 D 0 for all m 2 M there exists a unique homomorphism of A-algebras
QuW�.M/! C such that u D Qu ı �0M .

Problem 14.23. Let A be an integral domain and let K be its field of fractions (Prob-
lem 14.6). Show that �2A.K/ D 0.
Problem 14.24. LetM be an A-module and r 2 N0.

1. Suppose that �r.M/ D 0 (respectively that�r.M/ is a finitely generated A-module).
Show that�s.M/ has the same property for all s � r .

2. Let uWM ! N be a homomorphism of A-modules and suppose that �r.u/ D 0.
Show that�s.u/ D 0 for all s � r .

Problem 14.25. LetM be an A-module, let r � 0 be an integer and assume that�r.M/

is generated by d 2 N0 elements. Show that �s.M/ D 0 for all s > r C d .
Problem 14.26. Let M be an A-module, let N be a free A-submodule of M of rank
d 2 N, and let .e/ be a basis of the free A-module �d.N / of rank 1. Suppose that N is
a direct summand of M . Show that an element m 2 M is contained in N if and only if
e ^m D 0.
Problem 14.27. Show that the functor M 7! Sym.M/ is left adjoint to the forgetful
functor from the category of commutative A-algebras to (A-Mod).

Problem 14.28. Let k be a field, let V be a k-vector space with basis .ei /i2N , and let
R D Endk.V / be the ring of endomorphisms. Define f1; f2 2 R by f1.ei / D e2i�1
and f2.ei / D e2i . Show that .f1; f2/ is an R-basis of the R-left module R. Deduce that
Rn Š Rm for all n;m 2 N.

Problem 14.29. Show the following version of Nakayama’s lemma. LetM be a finitely
generated module over a commutative ring A, let a � A be an ideal. If M D aM , then
there exists a 2 A such that aM D 0 and a 
 1 mod a.

Problem 14.30. LetM be a finitely generated module over a commutative ring A and let
uWM !M be a surjective A-linear endomorphism. Show that u is bijective.
Hint: ViewM as an AŒT �-module by setting T �m WD u.m/ and use Problem 14.29.

Note that injective A-linear endomorphisms u are not necessarily bijective (e.g.,M D
A D Z and uW n 7! 2n).

Problem 14.31. Show that every finitely generated direct summand of a finitely generated
free module over a local ringA is again free. In other words (Problem 14.4), every finitely
generated projective A-module is free.
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In this appendix we recall some basic notions from homological algebra. We start by
defining complexes of modules and the notion of homotopy between morphisms of com-
plexes. This is in fact the cohomological shadow of the topological notion of homotopy
(see the remark after Proposition 11.12). One obtains the homotopy category of modules,
which is a fundamental notion in homological algebra. After a short interlude on diagram
chases we introduce a central notion for the definition of cohomology: injective modules
and K-injective complexes. Until then all notions were explained for modules over a ring,
but in fact they make sense much more generally in arbitrary abelian categories. This is
explained in the last section of this appendix.

Notation: If not otherwise specified, R always denotes a ring, not necessarily commu-
tative. An R-module is always a left R-module.

15.1 Homotopy Category of Modules

Definition 15.1 (Complexes). A sequence

M � D .� � � !Mi�1 d i�1�!Mi di�!MiC1 ! : : : /

of homomorphisms of R-modules is called a complex if d i ı d i�1 D 0 for all i 2 Z
(equivalently Im.d i�1/ � Ker.d i /). Sometimes we write d iM instead of d i .

A morphism of complexes of R-modules uWM � ! N � is a family ui WMi ! N i of
homomorphisms of R-modules such that for all i 2 Z the diagram

Mi
diM

ui

M iC1

uiC1

N i
d iN

N iC1

(15.1)

317© Springer Fachmedien Wiesbaden 2016
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commutes. We obtain the category (Com(R)) of complexes of R-modules.
A complexM � is called bounded below if there exists a 2 Z such thatMi D 0 for all

i < a.

We consider every R-moduleM as a complexM � withM0 D M andMi D 0 for all
i ¤ 0.

Definition 15.2 (Cohomology and quasi-isomorphisms). Let M � be a complex of R-
modules. Then

Hi.M �/ WD Ker.d i /= Im.d i�1/

is called the cohomology of the complex M �. For every morphism uWM � ! N � of
complexes of R-modules the commutativity of (15.1) shows ui .Ker.d iM // � Ker.d iN /
and ui .Im.d i�1M // � Im.d i�1N /. Hence ui induces a homomorphism of R-modules

Hi.u/WHi.M/! Hi.N /

for all i 2 Z.
The morphism u is called a quasi-isomorphism or shorter qis if Hi.u/ is an isomor-

phism for all i 2 Z.

Example 15.3. Let � � � ! Mi�1 d i�1�! Mi di�! MiC1 ! : : : be an exact sequence. Fix
j 2 Z. Then the vertical arrows of

: : : M j�1 dj�1

uj�1WD0

Mj

uj WDdj

0

ujC1WD0

: : :

: : : 0 MjC1 djC1
M jC2 : : :

yield a quasi-isomorphism of complexes: This is clear in degree ¤ j . In degree j , dj

induces an isomorphismMj= Im.d j�1/ DMj=Ker.d j /
�! Im.d j / D Ker.d jC1/.

Definition 15.4 (Homotopy of morphisms of complexes). LetM � andN � be complexes
of R-modules and let u; vWM � ! N � be two morphisms of complexes.

1. A homotopy h between u and v is a family of homomorphisms hi WMi ! N i�1, i 2 Z,
such that

ui � vi D d i�1N ı hi C hiC1 ı d iM :
2. The morphisms u and v are called homotopic if there exists a homotopy between u

and v. We then write u ' v.
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Remark 15.5. LetM � and N � be complexes of R-modules.

1. The relation ' is an equivalence relation on Hom(Com(R)).M
�; N �/: h D 0 defines

a homotopy between u and u. If h is a homotopy between u and v, then �h is a ho-
motopy between v and u. If h is a homotopy between u and v, and h0 is a homotopy
between v and w, then hC h0 is a homotopy between u and w.

2. If u ' v then uCw ' v Cw for every w 2 Hom(Com(R)).M
�; N �/.

3. Let t WL� ! M �, u; vWM � ! N �, wWN � ! P � be morphisms of complexes of R-
modules. Let h be a homotopy between u and v. Then .wi�1ıhi ıt i /i2Z is a homotopy
between w ı u ı t and w ı v ı t .

Remark 15.5 allows us to define:

Definition 15.6 (Homotopy category of modules). The homotopy category of complexes
of R-modules is the following category K.R/:

(a) Objects are complexes of R-modules.
(b) For two complexesM � and N � we set

HomK.R/.M
�; N �/ WD Hom(Com(R)).M

�; N �/= ' :

Addition of morphism of complexes endows HomK.R/.M �; N �/ with the structure of
an abelian group.

(c) The identity is the identity morphism of complexes. Composition is given by compo-
sition of morphisms of complexes (this is well defined by Remark 15.5).

Proposition 15.7. Let u; vWM � ! N � be morphisms of complexes ofR-modules that are
homotopic. Then

Hp.u/ D Hp.v/WHp.M �/! Hp.N �/

for all p 2 Z.

In particular we see that it makes sense to say that a morphism in K.R/ is a quasi-
isomorphism.

Proof. By considering u � v it suffices to show: If there exists a homotopy h of u and 0,
thenHp.u/ D 0 for all p. Let i WKer.dpM /!Mp be the inclusion. As up D dp�1N ıhpC
hpC1 ıdpM we find that up ı i D dp�1N ıhp ı i and hence factors through Im.dp�1N /. Hence
Hp.u/ D 0. �
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Remark 15.8. One also has the notion of a complex with decreasing numbering, i.e., of
complexesM� of the form � � � ! MiC1

diC1�! Mi

di�! Mi�1 ! : : : with di ı diC1 D 0. If
we want to distinguish between these notions, we call complexes with increasing number-
ing (i.e., complexes as defined in Definition 15.1) cochain complexes and complexes with
decreasing numbering chain complexes. All of the above definitions and results can also
be made for chain complexes.

For the proof of the next two less trivial results we refer to [GeMa] Chap. III, §4,
Theorem 4.

Lemma 15.9. Every diagram in K.R/ of the form

M � s

qis

u

N �

P �;

where s is a quasi-isomorphism, can be completed to a diagram

M � s

qis

u

N �

v

P �
qis

t
Q�;

(15.2)

that commutes in K.R/ and such that t is a quasi-isomorphism.

It is in general not possible to find the commutative diagram (15.2) in (Com(R)).

Lemma 15.10. Let wW I � ! J � be a morphism of complexes. Then the following asser-
tions are equivalent:

(i) There exists a quasi-isomorphism sWM � qis�! I � such that w ı s ' 0.
(ii) There exists a quasi-isomorphism t W J � qis�! N � such that t ıw ' 0.

Finally, we will use the following result for which we refer to [Stacks] Tag 05T6.

Lemma 15.11. Let I be a set of objects in (R-Mod) containing 0 such that for every R-
moduleM there exists an injective homomorphismM ! I of R-modules with I 2 I. Let
a 2 Z. Then for every bounded below complexM � ofR-modules withMp D 0 for p < a
there exists a quasi-isomorphism M � qis�! I � with Ip 2 I, withMp ! Ip injective for
all p, and with Ip D 0 for all p < a.
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15.2 Diagram Chases

Lemma 15.12. (Five lemma) Consider a commutative diagram of R-modules with exact
rows

M1

u1

M2

u2

M3

u3

M4

u4

M5

u5

N1 N2 N3 N4 N5:

Assume that u2 and u4 are isomorphisms, u1 is surjective and u5 is injective. Then u3 is
an isomorphism.

Proof. This is a simple exercise of diagram chasing, which we leave to the reader. Al-
ternatively, one can also work simply with the universal properties of kernel and coker-
nel. Such a proof then will also generalize to arbitrary abelian categories (see Defini-
tion 15.25). Let us illustrate this by proving that Coker.u3/ D 0.

Denote by vi WMi ! MiC1 and wi WNi ! NiC1 the homomorphisms in the diagram.
Let n3WN3 ! P be a homomorphism such that n3 ıu3 D 0. We have to show that n3 D 0.
As n3 ı w2 ı u2 D n3 ı u3 ı v2 D 0 and as Coker.u2/ D 0 we find n3 ı w2 D 0. Hence
Ker.w3/ D Im.w2/ � Ker.n3/ and there exists n4W Im.w3/ ! P with n4 ı w3 D n3. As
n4 ı u4 ı v3 D 0 we find

Ker.w4 ı u4/ D Ker.u5 ı v4/ D Ker.v4/ D Im.v3/ � Ker.n4 ı u4/

and hence Im.w3/ D Ker.w4/ � Ker.n4/ because u4 is an isomorphism. Therefore
n4 D 0 and hence n3 D n4 ıw3 D 0. �

Lemma 15.13. (Snake lemma) A commutative diagram of R-modules with exact rows

M1

u1

M2

p

u2

M3

u3

0

0 N1
i

N2 N3:

induces an exact sequence

Ker.u1/! Ker.u2/! Ker.u3/
@�! Coker.u1/! Coker.u2/! Coker.u3/;

where “@ D i�1 ı u2 ı p�1”.

The informal definition of @ means that for x 2 Ker.u3/ one first chooses z 2M2 with
p.z/ D x and then defines @.x/ as the image of an element y 2 N1 with i.y/ D u2.z/.

Note that ifM1 ! M2 is injective, then Ker.u1/! Ker.u2/ is injective. If N2 ! N3
is surjective, then Coker.u2/! Coker.u3/ is surjective.
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Proof. Diagram chase. �

Lemma 15.14. Let 0 ! M � u�! N �
v�! P � ! 0 be a short exact sequence of

complexes of R-modules (i.e., for all i 2 Z the sequence of R-modules 0 ! Mi !
N i ! P i ! 0 is exact). Then there exist for all i 2 Z homomorphisms ıWHi.P �/ !
HiC1.M �/ such that the sequence

: : :
ı�! Hi.M �/

Hi .u/�����! Hi.N �/
Hi .v/�����! Hi.P �/

ı�! HiC1.M �/
HiC1.u/�����! HiC1.N �/

HiC1.v/�����! HiC1.P �/
ı�! : : :

(15.3)

is exact and such that this long exact sequence is functorial for morphisms of exact se-
quences.

Proof. Applying the the snake lemma to

0 M i�1

d i�1

N i�1

d i�1

P i�1

d i�1

0

0 M i N i P i 0

shows that the rows of the following commutative diagram are exact:

Coker.d i�1M /

diM

Coker.d i�1N /

diN

Coker.d i�1P /

diP

0

0 Ker.d iC1M / Ker.d iC1N / Ker.d iC1P /:

(*)

Note that

Ker.Coker.d i�1M /
diM�! Ker.d iC1M // D Hi�1.M �/;

Coker.Coker.d i�1M /
diM�! Ker.d iC1M // D Hi.M �/:

Hence applying the snake lemma to (*) yields an exact sequence

Hi.M �/! Hi.N �/! Hi.P �/
ı�! HiC1.M �/! HiC1.N �/! HiC1.P �/

and the long exact sequence (15.3) is obtained by pasting these sequences together. We
omit the proof of the functoriality of ı in morphisms of exact sequences. �
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15.3 Injective Modules and K-injective Complexes

We will define the cohomology of sheaves – or more general derived functors – using
injective objects and K-injective complexes. These are introduced here.

Definition 15.15 (Injective module). An R-module I is called injective if for every dia-
gram of R-modules

M 0 i

u

M

I

with i injective, there exists a homomorphism of R-modules QuWM ! I such that Qu ı i D
u.

The notion of an injective module is dual to the notion of a projective module (Prob-
lem 14.4).

Proposition 15.16. Let I be an R-module. Then the following assertions are equivalent:

(i) I is an injective R-module.
(ii) Every short exact sequence of R-modules of the form 0 ! I ! M ! M 00 ! 0

splits.
(iii) For every complexM � of R-modules every quasi-isomorphism sW I ! M � has a left

inverse in K.R/ (i.e., there exists a morphism of complexes r WM � ! I , where I is
considered as complex concentrated in degree 0, such that r ı s ' idM �).

Proof. “(i)) (ii)”. Let 0 ! I
i�! M ! M 00 ! 0 be an exact sequence. As I is

injective, there exists a homomorphism QuWM ! I with Qu ı i D idI . Hence the sequence
splits.

“(ii)) (iii)”. Let sW I ! M � be a quasi-isomorphism. In particular Ha.M �/ D 0

for a ¤ 0. Consider the complex 	�0M � given by

: : : �! 0 �! Coker.M�1 ! M0/ �!M1 �!M2 �! : : :

where the cokernel term is in degree 0. Then M � ! 	�0M � is a quasi-isomorphism
because Ha.M �/ D 0 for a < 0. Hence we may assume thatMa D 0 for a < 0. Then
s0W I !M0 is injective and hence has a left inverse by applying (ii) to the exact sequence
0! I

s0�!M0 �! Coker.s0/! 0. This yields a left inverse of s.
“(iii)) (i)”. Let t0WM ! N0 be injective and uWM ! I be arbitrary. Let N � be

the complex that is the canonical homomorphism N0 ! Coker.i/ in degree 0 and 1 and
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that vanishes in all other degrees. Then t0 yields a quasi-isomorphism t WM ! N �. By
Lemma 15.9 there exists in K.R/ a commutative diagram

M
t

u

N �

u0

I
s

P �;

where s is a quasi-isomorphism. By (iii) there exists a left inverse r for s. Let QuWN0! I

be the map given by r ı u0 in degree 0. We have r ı u0 ı t ' r ı s ı u ' u and hence
.r ı u0/ ı t D u because homotopic homomorphisms between complexes concentrated in
degree 0 are equal. In particular we find Qu ı t0 D u. �

Example 15.17.
1. If R D k is a field, then every k-vector space is injective because every short exact

sequence of k-vector spaces splits (by Example 14.6).
2. Let R be a principal ideal domain (e.g., R D Z). Then an R-moduleM is injective if

and only if a 2 R, a ¤ 0, the scalar multiplicationM ! M , m 7! am, is surjective
([BouA3] §1.7, see also Problem 15.14).
For instance, let K D FracR be the field of fractions of R. Then K and K=R are
injective R-modules.

Definition 15.18. A complex I � of R-modules is called K-injective if for every complex
M � and for every quasi-isomorphism uW I � ! M � there exists a left inverse in the cate-
gory K.R/ (in other words, there exists a morphism of complexes r WM � ! I � such that
r ı u ' idM � ).

Proposition 15.19. Let I � be a complex that is bounded below and such that I n is an
injective R-module for all n 2 Z. Then the complex I � is K-injective.

Proof. If I � is concentrated in degree 0, this is the implication “(i)) (iii)” of Proposi-
tion 15.16. For the general case we refer to [Stacks] Tag 070J. �

Lemma 15.20. Consider a diagram in K.R/

M � s

qis

u

I �

N �
qis

J �;

where the horizontal morphisms are quasi-isomorphisms and assume that J � is K-
injective. Then there exists a unique morphism wW I � ! J � in K.R/ making the diagram
commutative.
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Proof. Existence. By Lemma 15.9 we find a diagram

M � qis

u

I �

vN �

qis

J �
t

qis
K�:

As J � is K-injective, there exists a left inverse r WK� ! J � of t in K.R/ and we may set
w WD r ı v.

Uniqueness. For the uniqueness it suffices to show that if u ' 0 then one has neces-
sarily w ' 0. But u ' 0 implies w ı s ' 0 and hence there exists a quasi-isomorphism
t W J � ! P � such that t ı w ' 0 by Lemma 15.10. As J � is K-injective, there exists
a left-inverse r of t . Hence w ' .r ı t/ ıw ' 0. �

15.4 Abelian Categories

All of the above notions forR-modules can be generalized to so-called abelian categories.
These are categories that capture those properties of the category of R-modules that are
essential to define most notions in homological algebra: One has an abelian group struc-
ture on the set of all morphisms between two objects, there exist finite direct sums and
finite direct products, and for every morphism there exist kernels, cokernels (and hence
images and coimages) and a morphism always induces an isomorphism from its coimage
to its image (“fundamental homomorphism theorem”).

Definition 15.21 (Preadditive category). A preadditive category is a category A to-
gether with the structure of an abelian group on HomA.X; Y / for all objects X and Y
such that the composition HomA.X; Y / � HomA.Y;Z/ ! HomA.X;Z/ is Z-bilinear
for all objects X , Y , and Z of A.

A functor F WA ! B between preadditive categories is called additive if the map
HomA.X; Y /! HomB.F.X/; F.Y // given by F is a homomorphism of abelian groups
for all objects X and Y of A.

The category of R-modules (R a fixed ring) together with the structure of abelian
groups on the sets of homomorphisms defined by addition of R-linear maps is a preaddi-
tive category.

Definition and Remark 15.22 (Zero object). LetA be a preadditive category. An object
Z of A is called a zero object if it satisfies the following equivalent properties:
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(i) Z is an initial object in A.
(ii) Z is a final object in A.
(iii) idZ D 0 2 HomA.Z;Z/.

Indeed, clearly (i) and (ii) both imply that HomA.Z;Z/ consists of a single element,
hence idZ D 0. Conversely, if (iii) holds, then for every morphism uWX ! Z (respec-
tively vWZ ! Y ) one has by bilinearity of composition that u D idZ ıu D 0 (respectively
v D v ı idZ D 0). Hence (ii) and (i) hold.

A zero object is unique up to unique isomorphism (if it exists) and is denoted by 0.

Condition (iii) shows that if F WA ! B is an additive functor between preadditive
categories, then F sends a zero object of A to a zero object of B.

Next we define kernels, cokernels, images, and coimages in preadditive categories.

Remark 15.23 (Kernel, cokernel, image, and coimage). Let A be a preadditive cate-
gory in which all finite limits and finite colimits exist, and let uWX ! Y be a morphism
in A. Consider the following diagram in A:

X
u

0
Y:

Then its limit (respectively its colimit) is called the kernel of u (respectively cokernel of
u), denoted by Ker.u/! X (respectively Y ! Coker.u/).

Kernels have the following universal property: A morphism i WK ! X is a kernel of u
if and only if u ı i D 0 and if for any morphism i 0WK 0 ! X with u ı i 0 D 0 there exists
a unique morphism vWK 0 ! K such that i 0 D i ı v.

Dually, a morphism pW Y ! X is a cokernel of u if and only if p ı u D 0 and if for
every morphism p0W Y ! C 0 with p0 ı u D 0 there exists a unique morphism vWC ! C 0

with v ı p D p0.
The image of u is defined as Im.u/ WD Ker.Y ! Coker.u// and the coimage of u as

Coim.u/ WD Coker.Ker.u/! X/.

If A is the category of R-modules for some ring R, then these notions of kernel and
cokernel coincide with the usual notions by Example 14.2. Therefore the same holds for
images and coimages.

Remark 15.24. Let uWX ! Y be a morphism in a preadditive category A in which all
finite limits and finite colimits exist. Then there is a unique factorization of u

X �! Coim.u/
Nu�! Im.u/ �! Y: (15.4)

Indeed, as Ker.u/ ! X ! Y is zero, there exists a unique factorization X !
Coim.u/ ! Y of u. The composition Coim.u/ ! Y ! Coker.u/ is the unique mor-
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phism giving rise to X ! X ! Coker.u/, which is zero. Hence Coim.u/ ! Coker.u/
is zero and there exists a unique factorization Coim.u/! Im.u/! Y of Coim.u/! Y .

Definition 15.25 (Abelian category). A preadditive category is called abelian if all fi-
nite limits and finite colimits exist and if for every morphism u the induced morphism
Coim.u/! Im.u/ is an isomorphism.

The hypothesis that all finite limits and colimits exist is highly redundant (see Prob-
lem 15.10).

We call a morphism uWX ! Y in an abelian category injective or X a subobject of Y
if Ker.u/ D 0 and write X � Y . The morphism u is called surjective or Y a quotient of
X if Coker.u/ D 0. If X � Y is a subobject, then we write Y=X WD Coker.X ! Y /.

Remark 15.26. Many notions like “(split) exact sequences” and results for R-modules
work verbatim in the same way in an arbitrary abelian category. This holds in particular
for all of the notions and results in Sects. 15.1–15.3. In particular we have the category
Com.A/ and the homotopy categoryK.A/ of complexes inA and the notions of injective
objects in A and of K-injective complexes in A. Note that all references given above for
results that we did not prove formulate their results in arbitrary abelian categories.

Recall that we defined in Definition 13.48 a functor to be left exact (respectively right
exact) if it commutes with finite limits (respectively finite colimits).

Remark 15.27 (Left exact functors). Let F WA ! B be an additive functor between
abelian categories. Then F is left exact (respectively right exact) if and only if for every
exact sequence 0 ! X 0 ! X ! X 00 (respectively X 0 ! X ! X 00 ! 0) in A the
sequence 0 ! F.X 0/ ! F.X/ ! F.X 00/ (respectively F.X 0/ ! F.X/ ! F.X 00/ !
0) is exact.

The easy proof is left to the reader (see also [KS2] Proposition 8.3.18).

One can show that every left or right exact functor is automatically additive (Prob-
lem 15.9).

Definition 15.28 (Existence of injective and K-injective resolutions). Let A be an
abelian category. We say that A has injective and K-injective resolutions if for every
complexM � in A one has the following quasi-isomorphisms:

(a) There exists a quasi-isomorphism sWM � qis�! I �, where I � is a K-injective complex.
This is called a K-injective resolution ofM �.

(b) If there exists a 2 Z such thatMn D 0 for all n < a, then one can in addition assume
that I n is an injective object in A for all n 2 Z, that I n D 0 for all n < a, and that
snWMn ! I n is injective for all n. This is called an injective resolution ofM �.
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Every complex I � as in (b) is K-injective by Proposition 15.19.
If A has injective and K-injective resolutions, then there exists in particular for every

object X of A an exact sequence

0 �! X �! I 0 �! I 1 �! : : : ;

where Ip is an injective object, because such an exact sequence is the same as a quasi-
isomorphism X

qis�! I � with Ip D 0 for p < 0.

15.5 Problems

Problem 15.1. Let A be an abelian category and let M � be a complex of objects in
A with boundary maps dpM � WMp ! MpC1. For k 2 Z define the k-shifted complex

MŒk�� by MŒk�p WD MkCp and dpMŒk�� WD .�1/kdkCpM � . If uWM � ! N � is a morphism
of complexes, uŒk�WMŒk�� ! N Œk�� denotes the morphism of complexes with uŒk�p D
ukCp.

1. Show that Œk� defines a functor Com.A/ ! Com.A/ that induces a functor
Œk�WK.A/! K.A/.

2. Let M � and N � be complexes of objects in A and let uWM � ! N � be a morphism
of complexes. Show that a homotopy u ' u is the same as a morphism of complexes
M � ! N Œ�1��.

Problem 15.2. Prove Lemma 15.11.

Problem 15.3. Let X1 and X2 be objects in a preadditive category A. Show that the
product .pi WX1 � X2 ! Xi/i exists if and only if the coproduct .sj WXj ! X1 q X2/j
exists. Show that in this case there is a unique morphism r WX1 q X2

�! X1 � X2 with
pi ı r ı sj D 0 for i ¤ j , and pi ı r ı sj D idXi for i D j . Show that r is an isomorphism.

Write X1 ˚ X2 for X1 q X2 D X1 � X2. A preadditive category in which all finite
products exist is called an additive category.

Problem 15.4. Let A be a preadditive category, X and Y objects in A, u1; u2 2
HomA.X; Y / and assume thatX˚X and Y ˚Y exist (Problem 15.3). Show that u1Cu2
coincides with the composition

X
�X�! X ˚X u1˚u2����! Y ˚ Y ˙Y�! Y;

where �X is the diagonal and where˙Y is the unique morphism whose composition with
the two component maps Y ! Y ˚ Y is the identity.
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Problem 15.5. Consider a complex M � of R-modules as a Z-diagram n 7! Mn in the
category of R-modules. What is limn M

n and colimn M
n?

Problem 15.6. Prove Lemma 15.12 and Lemma 15.13 for diagrams in arbitrary abelian
categories.

Problem 15.7. Let A be an additive category (Problem 15.3) and let F WA ! (Sets) be
a functor commuting with finite products. Show that there is a functor QF WA! (Ab) such
that F is isomorphic to the composition of QF with the forgetful functor (Ab) ! (Sets).
Show that QF is unique up to unique isomorphism.
Hint: Problem 15.4.

Problem 15.8. Prove Remark 15.27.

Problem 15.9. Let A and B be additive categories (Problem 15.3) and let F WA! B be
a functor. Show that F is additive if and only if F commutes with finite products.
Hint: To see that the condition is sufficient apply Problem 15.7 for all objects X to the
functors Y 7! HomA.X; Y / and Y 7! HomB.F.X/; F.Y //.

Problem 15.10. LetA be an additive category (Problem 15.3) such that every morphism
u has a kernel and a cokernel and such that the induced morphism Coim.u/ ! Im.u/ is
an isomorphism. Show that A is an abelian category.
Hint: Problem 13.10.

Problem 15.11. Let A be an abelian category. Show that every bounded below complex
of objects in A has an injective resolution if and only if for every object X of A there
exists an injective morphism X ! I , where I is an injective object of A.

Problem 15.12. Let A be an abelian category and let .I˛/˛ be a family of objects of
A such that the product

Q
˛ I˛ exists. Show that

Q
˛ I˛ is injective if and only if I˛ is

injective for all ˛.

Problem 15.13. Let 0 ! M 0 u�! M
v�! M 00 be an exact sequence in an abelian

category A, and let a0WM 0 ! C 0 and a00WM 00 ! C 00 be injective morphisms in A.
Suppose that C 0 is an injective object in A. Show that there exists an injective morphism
aWM ! C 0 ˚ C 00 such that the diagram

M 0 u

a0

M
v

a

M 0

a00

C 0 i
C 0 ˚ C 00 p

C 00

commutes, where i.c0/ D .c0; 0/ and p.c0; c00/ D c00.
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Problem 15.14. Let R be a ring.

1. Show that an R-left module I is injective if and only if for every left ideal a of R and
for everyR-linear map uW a! I there exists x 2 I such that u.a/ D ax for all a 2 a.
Deduce that an abelian group A is an injective Z-module if and only if A is divisible
(i.e., A! A, a 7! na is surjective for all 0 ¤ n 2 Z).

2. Show that the R-left module IR WD HomZ.R;Q=Z/ is injective and a cogenerator of
the category ofR-left modules (i.e., for everyR-left moduleM and for every 0 ¤ m 2
M there exists an R-linear map uWM ! IR with u.m/ ¤ 0).

3. For every R-module M set I.M/ WD I
HomR.M;IR/
R and let eWM ! I.M/, m 7!

.u.m//u2HomR.M;IR/. Show that I.M/ is an injective R-left module and that e is an
injective R-linear map.

4. Deduce from Problem 15.11 that in the category of R-left modules every bounded
below complex of objects has an injective resolution.
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In this appendix we recall some notions on differentiable and analytic functions of open
subsets of finite-dimensional K-vector spaces, where K either denotes the field of real
numbers R or the field of complex numbers C. These will be the local building blocks in
the theory of manifolds. Most of the results are topics in any standard calculus class and
we will give no proofs.

16.1 Differentiable Functions

Recall that all norms on a finite-dimensional K-vector space V are equivalent and hence
that there is a unique topology on V that is induced by some norm. If not stated otherwise,
we will always endow all subsets of V with the induced topology. For K-vector spaces V
andW we denote by HomK.V;W / the K-vector space of K-linear maps V ! W .

We recall some basic notions and definitions about differentiable functions. Our main
reference is [La]. In the sequel let V andW be finite-dimensionalK-vector spaces and let
U � V be an open subset.

Definition 16.1 (Differentialbility). Let f WU ! W be a map.

1. The map f is called differentiable or K-differentiable if for all u 2 U there exists a
(necessarily unique)K-linear map Df.u/WV ! W such that

lim
V 3h!0

jjf .uC h/ � 	f .u/ �Df.u/.h/
jj
jjhjj D 0;

where we choose some norms on V and W (the notion of differentiability is indepen-
dent of the choice because all norms are equivalent). The map

Df WU ! HomK.V;W /

331© Springer Fachmedien Wiesbaden 2016
T. Wedhorn,Manifolds, Sheaves, and Cohomology, Springer StudiumMathematik – Master,
DOI 10.1007/978-3-658-10633-1_16
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is also independent of the choice of norms and is called the derivative of f . If we
want to stress whether we are in the case K D R or K D C, we use the notions “real
differentiable” and “complex differentiable”, respectively.

2. Let f WU ! W be differentiable. For v 2 V we call

Dvf .u/ WD .Df .u//.v/ D lim
K3t!0

f .uC tv/ � f .u/
t

the partial derivative at u in direction v. The map

Dvf WU ! W

is then called the partial derivative in direction v.
3. For ˛ 2 N0 the notion of a C˛-map and its ˛-fold derivative D˛f is defined in-

ductively. The map f is called a C0-map or K-C0-map if f is continuous. We
set D0f WD f . For all ˛ 2 N the map f is called a C˛-map or K-C˛-map
if f is K-differentiable and Df WU ! HomK.V;W / is a K-C˛�1-map. We set
D˛f WD D.D˛�1f /.
If f is a C˛-map for all ˛ 2 N0, then f is called a C1-map or a smooth map.
If we want to stress whether we are in the case K D R or K D C, we speak of real
C˛-maps and complex C˛-maps, respectively.

If .e1; : : : ; en/ 2 V is a basis and .x1; : : : ; xn/ 2 V _ is the dual basis, we also set

@if WD @xi f WD
@f

@xi
WD Dei f WU ! W: (16.1)

Note that this is a misuse of notation because @if D @f

@xi
depends for a fixed i only on the

choice of ei but not only on xi (as ei is not determined by xi alone but by the whole basis
.x1; : : : ; xn/). We usually use this notion only if V D Kn, where we always choose the
standard basis when we write @if .

Remark 16.2. Let ˛ 2 N0 [ f1g.

1. If f WU ! W is differentiable, then f is continuous. If f is C˛ , then f is also Cˇ

for all ˇ � ˛.
2. The set of all C˛-functions U ! W is denoted by C˛.U;W /. It is a K-subspace of

the vector space of all maps U ! W and for f; g 2 C˛.U;W / and a 2 K one has

D.af C g/ D aDf CDg:
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Remark 16.3. Formally the real caseK D R and the complex caseK D C are very simi-
lar. Let V andW be finite-dimensionalC-vector spaces, U � V open and let f WU ! W

be a map. Of course, we may consider V and W also as finite-dimensional R-vector
spaces. Then by definition f is complex differentiable if and only if f is real differen-
tiable andDf.u/ is C-linear for all u 2 U .

On the other hand, the behavior of real and complex differentiable functions is very
different – a topic that we will touch upon again and again. For instance, in the real case
there exist for all ˛ 2 N0 functions f˛WR! R that are C˛ but not C˛C1, for instance

f˛.x/ WD
8
<

:

�x˛C1; x < 0I
x˛C1; x � 0:

But from elementary complex analysis we know that for K D C every differentiable
map f WU ! C, U � C open, is automatically a C1-map. In fact a much stronger
assertion holds, namely f is automatically analytic (i.e., locally given by a convergent
power series). We will make this more precise below.

Calculus (for instance by induction on [La] XIII, Theorem 7.1) tells us that real C˛ can
also be defined via partial derivations:

Proposition 16.4. Let K D R, let ˛ 2 N, and let X be a generating system of the
R-vector space V (e.g., a basis or X D V ). Then a map f WU ! W is a (real) C˛-
map if and only if for every tuple .v1; : : : ; v˛/ 2 X˛ the iterated partial derivatives
Dv1Dv2 � � �Dv˛f WU ! W exist and are continuous.

In the complex case an analogous result is made superfluous by the fact that every
complex differentiable map is automatically analytic (see Theorem 16.15).

The next two propositions are well known from elementary calculus – at least for
K D R. We deduce the complex case from the real case by considering complex dif-
ferentiable maps as real differentiable maps whose derivation has complex linear values
(Remark 16.3).

Proposition 16.5 (Chain rule). Let V1, V2, and V3 be finite-dimensionalK-vector spaces,
let U1 � V1 and U2 � V2 be open subsets and let f WU1 ! V2 and gWU2 ! V3 be maps
with f1.U1/ � U2. If f and g are differentiable, then g ı f is differentiable and for
u1 2 U1 and u2 WD f .u1/ one has

D.g ı f /.u1/ D Dg.u2/ ıDf.u1/:

If f and g are C˛-maps, then g ı f is a C˛-map.
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Proposition 16.6. Let F WU ! W be a map. Then F is differentiable with DF.u/ D 0

for all u 2 U if and only if F is locally constant.

Example 16.7. Let V , V1; : : : ; Vr , W be finite-dimensionalK-vector spaces.

1. It follows immediately from the definition of the derivative that every K-linear map
f WV ! W is differentiable and we have Df.u/ D f for all u 2 V , i.e., Df WV !
HomK.V;W / is the constant map with value f . In particular f is a C1-map with
Drf D 0 for all r � 2 by Proposition 16.6.

2. More generally, every r-multilinear map ˛WV WD V1 � � � � � Vr ! W is a C1-map.
For u D .u1; : : : ; ur / 2 V we have

.D˛.u//.v/ D
rX

iD1
˛.u1; : : : ; ui�1; vi ; uiC1; : : : ; ur /

for all v D .v1; : : : ; vr / 2 V .
3. A homogeneous polynomial map pWV ! W of degree r 2 N0 is by definition the

composition of the linear map V ! V �� � ��V ! V , v 7! .v; : : : ; v/ followed by an
r-multilinear map V � � � � � V ! W . Hence any polynomial map V ! W (defined
to be a sum of homogeneous polynomial maps, not necessarily of the same degree) is
a C1-map.

Example 16.8. Let F WU ! W be a C˛-map and let LWW ! W 0 be a linear map
between finite-dimensional K-vector spaces. Then an easy induction and the chain rule
shows thatDr.L ı F /.u/ D L ıDr.u/ for all u 2 U and r � ˛.

16.2 Analytic Functions

We recall some facts on analytic functions, i.e., of maps that are locally given by conver-
gent power series. For proofs we refer to [Ser] Part II, Chap. II.

Definition 16.9 (Analytic function). Let U � Kn be open, u D .u1; : : : ; un/ 2 U .
A function f WU ! K is called analytic at u if there exists an open neighborhood QU of u
in U such that f j QU is given by an absolutely convergent power series

f .x/ D
X

.i1;:::;in/2Nn
0

ai1;:::;in .x1 � u1/i1 : : : .xn � un/in ; x 2 QU ; (16.2)

with ai1;:::;in 2 K for all x 2 QU . Such a power series is called power series expansion of
f at u.

The function f WU ! K is called analytic if it is analytic at every point u of U . A map
F WU ! Km is called analytic if each component is analytic.
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Example 16.10. Every polynomial map is analytic, in particular every linear formKn !
K is analytic. Therefore every linear map Kn ! Km is analytic.

For r 2 .R>0/n and u 2 Kn we call

Pr.u/ WD f x 2 Kn I jxi � ui j < ri for all i D 1; : : : ; ng

the polydisc of radius r around u. Its closure P�r .u/ consists of those x 2 Kn with
jxi � ui j � ri for all i .

Proposition 16.11. Let U � Kn be open, u 2 U . Let f be a power series as in (16.2).
Let r 2 .R>0/n such that

P
.i1;:::;in/2Nn

0
jai1;:::;in jr i11 : : : r inn converges.

1. The power series f converges uniformly on P�r 0.u/ for all r 0 2 .R>0/n with r 0i < ri
for all i and it converges absolutely in all points x 2 Pr.u/. In particular it defines
a continuous map Qf WPr.u/! K.

2. The map Qf is analytic and there is a unique power series expansion of Qf at u, namely
the one given by f .

3. The map Qf is differentiable and for all j D 1; : : : ; n the partial derivative @j Qf is
given by the absolutely convergent power series

@j Qf .x/ D
X

.i1;:::;in/2Nn
0

ai1;:::;in ij .x1 � u1/i1 : : : .xij � uij /ij�1 : : : .xn � un/in : (16.3)

In particular @j Qf is again analytic.

Corollary 16.12. Let U � Kn be open. Every analytic map F WU ! Km is a C1-
function.

Proposition 16.13. Let V � Km be open and let f WU ! Km and gWV ! Kp be
analytic maps such that f .U / � V . Then g ı f WU ! Kp is analytic.

As linear maps are analytic, we can define the notion of an analytic function also in
a coordinate-free setting.

Remark and Definition 16.14. Let V and W be finite-dimensional K-vector spaces,
U � V open. Then a map f WU ! W is called analytic if for one choice (equivalently,
for all choices) of K-linear isomorphisms xWV �! Kn and yWW �! Km the composition
y ı f ı x�1jx.U /W x.U /! Km is analytic.

To see the mentioned equivalence suppose that y ı f ı x�1jx.U / is analytic and let

QxWV �! Kn be another K-linear isomorphism. As we have just remarked that composi-
tions of analytic with linear maps are again analytic, we see that

y ı f ı Qx�1j Qx.U / D y ı f ı x�1jx.U / ı xjU ı Qx�1j Qx.U /
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is also analytic. The same argument works if one replaces y by another linear isomor-
phism.

Every analytic map f WU ! W is a C1-map. The composition of analytic maps is
again analytic.

Sometimes we will also call analytic maps C!-maps. Every C!-map is also a C˛-map
for all ˛ 2 N0 [ f1g. To ease the notation we define

bN0 WD N0 [ f1; !g; bN WD N [ f1; !g:

We extend the usual total order on N0 to bN0 by requesting n < 1 < ! for all n 2 N0.
We also define1˙ ˛ WD 1 and ! ˙ ˛ WD ! for all ˛ 2 N0.

Then every C˛-map is also a Cˇ-map for all ˛; ˇ 2 bN0 with ˇ � ˛. For K D R
there always exist functions that are Cˇ but not C˛: For ˛ < ! an example was given in
Remark 16.3. A standard example of a real C1-function that is not analytic is given in
Problem 16.1.

In the complex case, a map is C1 if and only if it is C! . More precisely:

Definition and Theorem 16.15. LetK D C. Then a map f WU ! W is called holomor-
phic if the following equivalent assertions hold:

(i) f is complex differentiable.
(ii) f is analytic.
(iii) There exists a basis .e1; : : : ; en/ of V such that the partial complex derivativesDei f

exist for all i D 1; : : : ; n.
(iv) For all ˛ 2 N and for all tuples .v1; : : : ; v˛/ of vi 2 V the iterated partial derivatives

Dv1Dv2 � � �Dv˛f WU ! W exist.

For the proof we essentially refer to the literature.

Proof. The implications “(i)) (iii)” and “(iv)) (iii)” are trivial and the implications
“(ii) ) (i)” and “(ii) ) (iv)” hold (for arbitrary K) because analytic maps are C1

(Corollary 16.12). For the proof of the (difficult) implication “(iii) ) (ii)” we refer to
[Hoe] Theorem 2.2.8. �

Theorem 16.16 (Inverse function theorem). Let ˛ 2 bN and let f WU ! W be a
C˛-map. Let Qu 2 U and assume that Df. Qu/WV ! W is bijective. Then there exist
open neighborhoods U0 of Qu in U , and W0 of Qw WD f . Qu/ in W , such that the restric-
tion f jU0 WU0 ! W0 is bijective and f j�1U0 WW0 ! U0 is a C˛-map with D.f j�1U0 /. Qw/ D
Df. Qu/�1.
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Proof. For K D R and ˛ < ! this is a standard result from calculus ([La] XIV Theo-
rem 1.2). For K D C we only have to prove the result for ˛ D 1 by Theorem 16.15. But
then it follows from the real case, that f j�1U0 WW0 ! U0 exists and is a real C1-map whose
differential is complex linear at every point. Hence it is a complexC1-map (Remark 16.3).
Finally, for the case K D R and ˛ D ! we refer to [KrPa] Theorem 2.5.1. �

16.3 Higher Derivatives

Let us take a closer look at higher derivatives. If f WU ! W is a C˛-map with ˛ � 2,
then D.Df / is a map U ! HomK.V;HomK.V;W //. More generally its r-th derivative
(for 1 � r � ˛) is a map

U ! HomK.V;HomK.V;HomK.V; : : : ;HomK.V;W / : : :///

forming “HomK.V; �/” r times. To ease the bookkeeping we first identify the right-hand
side with HomK.V

˝r ;W / as follows.
For K-vector spaces V1, V2, andW recall that by definition of the tensor product there

is an isomorphism of K-vector spaces, functorial in V1, V2, andW

HomK.V1;HomK.V2;W //
�! fˇWV1 � V2 ! W I ˇ is K-bilinearg
D HomK.V1 ˝K V2;W /

(16.4)

given by attaching to the linear map 'WV1 ! HomK.V2;W / the linear map ˇ' W v1˝v2 7!
.'.v1//.v2/. More generally, there is a functorial isomorphism

HomK.V1;HomK.V2;HomK.V3; : : : ;HomK.Vr ;W / : : :///
�! HomK.V1 ˝K � � � ˝K Vr ;W /

(16.5)

for K-vector spaces V1; : : : ; Vr and W by identifying an element ' of the left-hand side
with the K-linear map

v1 ˝ � � � ˝ vr 7!
	
: : :
	
'.v1/



.v2/



: : : .vr /



:

Finally recall that we write V ˝r WD V ˝K � � � ˝K V , r factors of V .
Hence if f WU ! W is a C˛-map, we can (and will) consider for all r � ˛ and u 2 U

the r-th derivative Drf .u/ 2 HomK.V;HomK.V; : : : ;HomK.V;W / : : :// as a K-linear
map

Drf .u/WV ˝r ! W: (16.6)
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Remark 16.17. Let W D Qm
iD1 Wi for (finite-dimensional) K-vector spaces Wi . For

a map f WU ! W let fi WU ! Wi be the i-th component. Then f is a C˛-map if and
only if fi is a C˛-map for all i . In this case for r � ˛ one has

Drf .u/ D .Drf1.u/; : : : ;D
rfm.u//WV ˝r �! W D

mY

iD1
Wi :

In both the real and the complex case we can describe higher derivatives via partial
derivatives as follows.

Remark 16.18. Let f WU ! W be aC˛-map. Let .e1; : : : ; en/ be aK-basis of V defining
the partial derivative @j f in direction ej for j D 1; : : : ; n (16.1). For r � ˛ and u 2 U
we considerDrf .u/ as a map V ˝r ! W via (16.5).

Let us first consider the case V D Kn, W D Km and r D 1. Then Df.u/WKn ! Km

is given by the Jacobian matrix

Jf .u/ WD .@j fi .u//1�i�m;1�j�n 2Mm�n.K/:

Now let 1 � r � ˛ be arbitrary. Then the ej1 ˝ � � � ˝ ejr for 1 � j1; : : : ; jr � n form
a basis of V ˝r and one has

Drf .u/.ej1 ˝ � � � ˝ ejr / D .@jr : : : @j1f /.u/ 2 W: (16.7)

Indeed, forK D R this is a well-known result from calculus. It can be proved by induction
on r using the description of the first derivative by the Jacobian matrix. The same proof
works for K D C.

More generally, let v1; : : : ; vr 2 V arbitrary vectors and vd D
Pr

iD0 ai;d ei with ai;d 2
K. By linearity we deduce from (16.7)

Drf .u/.v1 ˝ � � � ˝ vr/ D
X

.i1;:::;ir /

ai1;1 � � �air ;r .@jr : : : @j1f /.u/: (16.8)

If W D Km and f1; : : : ; fmWU ! K are the components of f , then .@jr : : : @j1fi /.u/,
i D 1; : : : ; m, are the components ofDrf .u/.ej1 ˝ � � � ˝ ejr /.

Proposition 16.19. Let V and W be finite-dimensional K-vector spaces, let U � V be
open and let f WU ! W be a C˛-map. For r � ˛ consider the r-th derivative as a map
Drf WU ! HomK.V

˝r ;W /. Then for every permutation � 2 Sr one has
Df.u/.v�.1/ ˝ � � � ˝ v�.r// D Df.u/.v1 ˝ � � � ˝ vr/

for all u 2 U , v1; : : : ; vr 2 V . In other wordsDrf .u/ induces a map

Drf .u/W Symr .V /! W:
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Proof. In the case K D R this is a standard fact from calculus (e.g., [La] XIII Theo-
rem 6.2). In the complex case this follows from the fact that F is automatically analytic
and from the concrete description of the derivative of a power series (16.3). �

Every C˛-function can be approximated via its Taylor expansion by polynomials. For
analytic functions (and hence for all differentiable functions in the case K D C) this is
clear by definition. Hence we focus on K D R.

Proposition 16.20. Suppose that K D R. Let f WU ! W be a C˛-map, u 2 U and
� 2 R>0 such that B�.u/ � U for some choice of a norm jj jj on V . Let v 2 V such
that jjvjj < �. Write v˝r for v ˝ � � � ˝ v 2 V ˝r . Then one has for all r � ˛ the Taylor
expansion

f .uC v/ D
rX

mD0

Dmf .u/.v˝m/
mŠ

CRr;u.v/;

with

lim
y!0

Rr;u.y/

jjyjjr D 0
locally uniformly in u.

Proof. This is again a standard fact from calculus (see [La] XIII Theorem 6.3, in particular
the “Estimate of the Remainder” there). �

Remark 16.21. Let f WU ! W be a (real or complex) C˛-map, u 2 U . Choose a basis
.e1; : : : ; en/ of V defining partial derivatives @i D @

@xi
. The summands in the Taylor

expansion have the following coordinate version (valid both for K D R and K D C). We
write v DPn

iD1 vi ei with vi 2 K. Then

Drf .u/.v˝r /
rŠ

D
X

i1C���CinDr

1

i1Š � � � inŠv
i1
1 � � �vinn

@rf

@x
i1
1 � � � @xinn

.u/; (16.9)

where the sum is taken over all .i1; : : : ; in/ 2 Nn
0 whose sum is r . This follows from

(16.8) and because
rŠ

i1Š : : : inŠ

is the number of decompositions of a set E with r elements into a tuple .E1; : : : ; En/ of
disjoint subsets with #Ej D ij .

Now suppose that f WU ! W is a real C1-map, let � 2 R>0 such that B�.u/ � U for
some norm jj jj on V and let v DPn

iD1 vi ei 2 V with jjvjj < �. Then
1X

mD0

Dmf .u/.v˝m/
mŠ

D
X

.i1;:::;in/2Nn
0

@
i1
1 � � � @inn f .u/
i1Š � � � inŠ v

i1
1 � � �vinn (16.10)

is called the Taylor series of f at u.
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Remark 16.22. For an analytic map f WU ! W its power series expansion in some point
u 2 U is its Taylor series in u ([Ser] Part II, Chap. II p.73).

16.4 Problems

Problem 16.1. Define f WR ! R by f .x/ WD 0 for x � 0 and by f .x/ WD exp.�1=x/
for x > 0. Show that all derivatives in 0 exist and are equal to zero. Deduce that f is C1

but not analytic.

Problem 16.2. Let V andW be finite-dimensionalK-vector spaces and let r 2 N. Show
that the maps

T r WHomK.V;W /! HomK.T
r.V /; T r .W //; u 7! T r.u/

�r WHomK.V;W /! HomK.�
r.V /;�r.W //; u 7! �r.u/

Symr WHomK.V;W /! HomK.Sym
r .V /;Symr .W //; u 7! Symr .u/

are homogeneous polynomial maps of degree r and deduce that these maps are analytic.

Problem 16.3. Let U � Kn be open and let f WU ! K be analytic. Show that
f x 2 U I Dmf .x/ D 0 for all m � 0g is open and closed in U . Deduce that the follow-
ing assertions are equivalent if U is connected:

(i) There exists a point x 2 U such that @i11 � � �@inn f .x/ D 0 for all .i1; : : : ; in/ 2 Nn
0 .

(ii) There exists a non-empty open subsetW of U such that f jW D 0.
(iii) f D 0.

Problem 16.4. Let V be a finite-dimensional C-vector space, let U � V be open and
connected, and let f WU ! C be a non-constant holomorphic map. Show that f is open.
Hint: Deduce this from the classical result for V D C.
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(Ab), category of abelian groups, 273
(Com(R)), category of complexes, 318
(Cov(X )), category of open coverings, 143
(CovSp(X )), category of covering spaces of X ,

29
(Ét/X ), category of étalé spaces, 53
.FIBF;G.B//, category of fiber bundles, 159
.FLF.X//, category of finite locally free

OX -modules, 171
(Grp), category of groups, 273
(G-Sets), category of sets with left G-action,

273
(h-Top), homotopy category of topological

spaces, 22
(k-Vec), category of k-vector spaces, 273
(Mfd), category of manifolds, 77
.OpenX/, category of open subsets, 42
(OX -Mod), category of OX -modules, 168
(PMfd), category of premanifolds, 77
(PSh(X )), category of presheaves, 42
(Ring), category of rings, 273
(R-Mod), category of left R-Modules, 273
(Sets), category of sets, 272
(Sets-G), category of sets with right G-action,

273
.Sh.X//, category of sheaves, 44
(Top), category of topological spaces, 273
.Tors.A//, category of A-torsors, 140
.Vec.B//, category of vector bundles, 167
Œf �, homotopy class of a continuous map, 22
Œn� D f0; ; : : : ; ng, 233
ŒX; Y �, set of homotopy classes of continuous

maps X ! Y , 22

A
aM , a ideal,M module, 308

A�, units in a ring, 308
AutB.Z/, sheaf of automorphisms of

B-manifold Z, 154
Aut.p/, sheaf of automorphisms of a morphism,

154
abelian category, 327
abelian sheaf, 44
action

of a group on a set, 126
faithful, 126
free, 126
simply transitive, 126
transitive, 126

of a sheaf of groups, 139
free, 149
transitive, 149

proper, 128
acyclic, 207
additive category, 328
additive functor, 325
Alexandroff compactification, 268
algebra, 298

commutative, 298
graded, 303

alternating multilinear map, 304
analytic map, 334, 335
anti-equivalence of categories, 275
associated sheaf, 51
atlas, 79

equivalent, 80
G-bundle, 159
twisting, 154

automorphism, 272

B
B�r .x0/, closed ball, xi, 246
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Br.x0/, open ball, xi, 246
Baire space, 18
base change of module, 309
basis

of topology, 246
basis of a module, 295
basis of OX -module, 171
Betti cohomology, 235
Betti number, 243
biholomorphic map, 76
bijective morphism of sheaves, 49
bilinear form of OX -modules, 187
bilinear map, 297
boundary, 249
bounded below complex, 318
bundle

Möbius, 202
G-bundle atlas, 159
G-bundle structure, 159

C
C.Y /, cone of topological space, 237
C=B , category of B-objects, 154
C˛-function on subspace, 105
C˛-map, 332
C˛X IW , sheaf of C˛-maps, 43
C˛-map, 81
C˛-vector bundle, 165
C, complex numbers, xi
Cent.R/, center of ring, 292
Coim.w/, coimage of homomorphism of

OX -modules, 170, 292
Coker.u/, 292
Coker.f; g/, equalizer in a category, 287
Coker.w/, cokernel of homomorphism of

OX -modules, 170
colimI X , 280
Copp, 273
`
i2I Ui , sum of ringed spaces, 75
[, Yoneda product, 232
C! -map, 336
CX IY , sheaf of continuous maps, 43
cartesian square, 225
category, 271

abelian, 327
additive, 328
cocomplete, 281
complete, 281
connected, 287

filtered, 282
finite, 272
finitely cocomplete, 281
finitely complete, 281
of vector bundles, 167
opposite, 273
preadditive, 325
product, 273
small, 271

category of objects over a base object, 154
Čech 1-cocycle, 142

cohomologous, 142
Čech cohomology, 143

on an open covering, 143
Čech cohomology class, 143
center of a ring, 292
chain complex, 320
chain rule, 94
change of charts, 79
chaotic order, 277
chart, 76
chart of a morphism, 80
Chart Principle, 99
closed covering of subspace, 254
closed form, 183
closed map, 248
closed path, 23
closed subset, 245
closure, 249
coarser topology, 245
cochain complex, 320
cocomplete category, 281
1-cocycle

Čech, 142
cocycle condition, 74, 252
coequalizer, 287
cofinite topology, 266
cogenerator, 330
cohomologous, 142
cohomology class

Čech, 143
cohomology of a complex, 318
cohomology of a complex of sheaves, 209
cohomology of a sheaf, 209
cohomology set, 140
cohomology with compact support, 229
coimage, 326
coimage of homomorphism of OX -modules,

170
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coimage of linear map, 292
cokernel, 326
cokernel of homomorphism of OX -modules,

170
cokernel of linear map, 292
colimit, 280
colimit of OX -modules, 170
commutative algebra, 298
commutative monoid, xi
compact space, 260
compactification, 268
complete category, 281
complex, 317

bounded below, 318
K-injective, 324

complex case, 76
complex differentiable, 332
complex Lie groups, 123
complex manifold, 76
complex of modules, 296, 317
complex premanifold, 76
complex type, 76
complex vector bundle, 165
complexification, 124
composition, 272
concatenation of paths, 23
cone of topological space, 237
connected category, 287
connected component, 259
connected space, 257
connecting homomorphisms, 210
connecting map, 148
constant functor, 287
constant map, 259
constant presheaf, 43
constant sheaf, 52
continuous, 247
contracted product of G-sheaves, 150
contractible space, 22
contravariant functor, 274
coproduct in a category, 283
coproduct of ringed spaces, 75
coproduct of topological spaces, 252
countable set, xi, 1
covariant functor, 274
covering map, 29
covering of subspace, 254

closed, 254
open, 254

covering space, 29
c-soft, 230
[, cup product, 232
cup product, 232

D
@Y , boundary, 249
@i , partial derivation, 96
ı, connecting homomorphism of cohomology,

210
�.˛/, morphism of standard simplices, 234
ıij , Kronecker delta, xi
�n D �Œn�, standard simplex, 233
�X , diagonal of topological space, 256
DerK.A;M/, derivations, 95
det.F/, determinant of OX -module, 180
Df , derivative, 331
dF.p/, derivative, 93
�f , diagonal of a morphism, 285
�f , diagonal of a continuous map, 254
dim.M/, dimension of a premanifold, 78
dimp.M/, dimension of a premanifold in

a point p, 78
L

i2I Fi , direct sum of OX -modules, 170
L

i Mi , direct sum of modules, 293
dni , i -th face of standard n-simplex, 234
d!, exterior derivation of differential form, 182
Drf , higher derivative, 337
DerK.OX/, sheaf of derivations, 179
Dvf , partial derivative, 332
Darboux’ theorem, 188
De Rham cohomology, 219
De Rham complex, 183
degree of covering map, 29
dense, 250
derivation, 95
derivative, 93, 332

partial, 332
determinant of OX -module, 180
ı-functor, 206

universal, 207
diagonal of a morphism, 285
diagonal of continuous map, 254
diagram, 280
diffeomorphism, 76
differentiable map, 331
differential form, 181
dimension of premanifold, 78
direct image of presheaf, 57
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direct image of topology, 250
direct sum in a category, 283
direct sum of modules, 293
direct sum of OX -modules, 170
direct sum of vector bundles, 175
direct summand of OX -module, 175
discrete order, 277
discrete topology, 245
divisible abelian group, 330
divisor, 239
divisor on C, 191
dual of a module, 298
dual of OX -module, 172
dual of vector bundle, 175

E
.E_; �_/, dual vector bundle, 175
ej , standard basis vector, 294
.E ˚E 0; � ˚ � 0/, direct sum of vector bundle,

175
EX , constant sheaf, 52
ExtpA.M

�; N �/, Ext group, 231
embedding, 104

open, 73
topological, 250

closed, 250
open, 250

end point of path, 23
endomorphism, 272
epimorphism, 273
equalizer, 287
equivalence of categories, 275
equivalent atlases, 80
equivalent twisting atlases, 155
equivariant, 126
essentially surjective functor, 275
étalé space, 53
Euler characteristic, 244
exact form, 183
exact sequence

of pointed sets, 147
of sheaves of groups, 49

exact sequence of groups, 49
exact sequence of modules, 296
exact sequence of OX -modules, 170
exact sequence of sheaves of groups, 49
Ext group, 231
exterior algebra, 305
exterior power, 304

exterior power of OX -module, 180

F
F.x/, fiber of an OX -module, 168
f
, direct image functor, 57
f C, inverse image functor as presheaf, 58
f �1, inverse image functor, 58, 222
f �1, pullback of sections, 62
.f; f [/, morphism of ringed spaces, 71
f [, underlying sheaf homomorphism of f , 71
FibF;G.B/, isomorphism classes of fiber

bundles, 159
X �S Y , fiber product of topological spaces,

253
X1 �Y X2, fiber product in a category, 284
Flagn.E/, flag manifold, 132
F˝OX G, tensor product of OX -modules, 186
f ], underlying sheaf homomorphism of f , 71
fŠF, proper direct image, 67
QF, sheafification, 51
F_, dual of an OX -module, 172
Fx , stalk of a sheaf, 46
FjY , restriction of a sheaf to a subspace, 58
F.Y /, evaluation of a sheaf in a subspace, 58
face of simplex, 234
faithful functor, 275
faithful group action, 126
fiber bundle, 159
fiber of OX -module, 168
fiber product in a category, 284
fiber product of premanifolds, 112
fiber product of topological spaces, 253
field, xi
field of fractions, 312
filtered category, 282
filtered preorder, 276
final object, 284
fine sheaf, 203
finer topology, 245
finite category, 272
finite locally free, 171
finitely cocomplete category, 281
finitely complete category, 281
finitely generated module, 292
first countable space, 1
flabby, 215
flasque, 215
flat module, 313
form, 181
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free action of a sheaf of groups, 149
free group, 290
free group action, 126
free module, 295
free product of groups, 290
full subcategory, 272
fully faithful functor, 275
function on subspace, 105
functor, 274

additive, 325
anti-equivalence of categories, 275
commuting with colimit, 285
commuting with limit, 285
constant, 287
contravariant, 274
covariant, 274
equivalence of categories, 275
essentially surjective, 275
faithful, 275
fully faithful, 275
left adjoint, 276
left exact, 286
quasi-inverse, 275
right adjoint, 276
right exact, 286

functorial, 274
fundamental group, 26
fundamental groupoid, 37
fundamental system of neighborhoods, 246

G
G=F, quotient of OX -modules, 170
G=X , set of G-orbits, 126
� -acyclic, 207
f�g, image of a path � , 23
��, inverse path, 23
� � ı, concatenation of paths, 23
hSiR, R-module generated by a set, 292
GLn;B , sheaf of invertible matrices, 157
�h, graph of a continuous map, 254
Grassd .E/, Grassmann manifold, 132
Gx , stabilizer, 126
Gx, G-orbit, 126
generating set of submodule, 292
generating system, 295
generating system of OX -module, 171
generators of a group, 290
germ, 46
gluing datum for ringed spaces, 74

Gluing of topological spaces, 252
Godement resolution, 216
graded algebra, 303
graded commutative, 305
graph morphism, 104
graph of continuous map, 254
Grassmann manifold, 132
greatest element, 277
Grothendieck group, 290
group

topological, 262
groupoid, 287

H
H�, inverse homotopy, 21
H 
K, product homotopy, 21
H1.X; �/, 140
LH1.X; �/, Čech cohomology, 143
H1.U; �/, 141
LH1.U; �/, Čech cohomology, 143
H, upper half plane, 133
Hi.M �/, cohomology of a complex, 318
Hn.X;F�/, cohomology, 209
Hn
c .X;F

�/, cohomology with compact support,
229

Hn
DR.M/, De Rham cohomology, 219

H
sing
n .X/, singular homology, 235

Hn
sing.X;G/, singular cohomology, 235

HomC.X; Y /, morphisms in a category, 272
', homotopy of continuous maps, 21
', homotopy of morphism of complexes, 318
HomOX .F;F

0/, homomorphism of
OX -modules, 169

HomOX .F;G/, sheaf of homomorphisms of
OX -modules, 171

HomR.M;N/, R-linear homomorphisms, 291
H

p
A .X;A

�/, local cohomology group with
support in A, 231

f ' g .rel A/, homotopy relative to subspace,
25

H
sing
n .X;R/, singular homology, 236

hairy ball theorem, 244
Hausdorff space, 256
hereditarily Lindelöf space, 17
hereditarily paracompact space, 6
higher direct image with compact support, 229
holomorphic form, 181
holomorphic function on subspace, 105
holomorphic map, 76, 336
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holomorphic vector bundle, 165
homeomorphism, 247

local, 256
homogeneous polynomial map, 334
homomorphism

of algebras, 298
of Lie algebras, 190
of Lie groups, 123
of modules, 291
of modules over a sheaf of rings, 167
of monoids, xi
of premodules over a sheaf of rings, 167

homotopic
morphisms of complexes, 318

homotopic continuous maps, 21
homotopy

relative to a subspace, 25
homotopy category of complexes, 319
homotopy category of topological spaces, 22
homotopy class of a continuous map, 22
homotopy equivalence, 22
homotopy of continuous maps, 21
homotopy of morphisms of complexes, 318
homotopy of paths, 25
hypercohomology of a complex of sheaves, 210

I
I�i , I<i , I�i , I>i , 277
Im.u/, 292
Im.w/, image of homomorphism of

OX -modules, 170
IS , ideal of functions vanishing on S , 105
Š, isomorphic, 272
�!, isomorphism, 272
ideal, 308

maximal, 308
ideal of OX , 168
idempotent, 88

indecomposable, 89
identity, 272
identity component, 264
image, 326
image of homomorphism of OX -modules, 170
image of linear map, 292
immersed subpremanifold, 120
immersion, 100
increasing map, 286
indecomposable idempotent, 89
induced topology on subset, 250

inductive limit, 280
inductive system, 281
initial object, 284
initial subpremanifold, 121
injective module, 323
injective morphism in an abelian category, 327
injective morphism of sheaves, 49
injective resolution, 327
integral domain, 312
integral monoid, 203
interior, 249
interval, 258
inverse homotopy, 21
inverse image of presheaf, 58
inverse image of topology, 250
inverse path, 23
isomorphism, 272

of fiber bundles, 159
of twists, 155

J
Jacobi identity, 190
Jacobian matrix, 338

K
K.R/, 319
Ker.f; g/, coequalizer in a category, 287
Ker.w/, kernel of homomorphism of

OX -modules, 169
K, real or complex numbers, xi

.x/, residue field at a point x, 70
Ker.u/, 292
kernel, 326
kernel of homomorphism of OX -modules, 169
Kernel of homomorphism of vector bundles,

191
kernel of linear map, 292
K-injective complex, 324
K-injective resolution, 327
Klein bottle, 131
Kolmogorov space, 265
K-projective, 214

L
LA.N1; : : : ; Nr IM/, multilinear maps, 297
�r

OX
F, exterior power of OX -module, 180

Lie.G/, Lie algebra of a Lie group, 190
limI X , 280
�A.M/, exterior algebra, 305
LnF , left derived functor, 214
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�r
A.M/, exterior power, 304

LX , Lie derivative, 179
Lagrangian, 137
left adjoint functor, 276
left exact functor, 286
left module, 291
left order topology, 286
Lemma

Nakayama, 315
Lie algebra, 190
Lie bracket, 190
Lie derivative, 179, 192
Lie group, 123
Lie subgroup, 125
lifting, 30
limit, 280
limit of OX -modules, 169
Lindelöf space, 1
line bundle, 165
linear map, 291
linearly independent tuple, 295
local cohomology, 231
local diffeomorphism, 76
local direct summand of OX -module, 175
local homeomorphism, 256
local isomorphism of ringed spaces, 73
local on source, 254
local on target, 254
local ring, 310
local ring homomorphism, 71
local system, 67
locally biholomorphic map, 76
locally closed, 256
locally compact space, 260
locally connected space, 267
locally constant map, 259
locally constant rank, 101
locally constant sheaf, 56
locally contractible space, 22
locally finite, 255
locally free

finite, 171
locally path connected space, 24
locally ringed space, 70
long ray, 89
loop, 23
lower bound, 277

M
M=R, quotient premanifold, 115
MapX IE , sheaf of maps, 43
M �, complex, 317
M_, dual of a module, 298
MI ,M module, 294
M.I/,M module, 294
Mn,M module, 294
Mn�m.R/, matrices, 295
Mn.R/, quadratic matrices, 295
M �S N , fiber product of premanifolds, 112
M A̋ N , tensor product, 299
mx , maximal ideal of germs vanishing at x, 47,

70
M �N , product of premanifolds, 85
manifold, 76

over a base manifold, 154
projective, 111
Stein, 111
with Lie group action, 126

matrix of a linear map, 295
maximal element, 277
maximal ideal, 308
Mayer–Vietoris sequence, 228
meager subspace, 18
metrizable topological space, 246
minimal element, 277
Mittag-Leffler theorem, 221
Möbius band, 86
Möbius bundle, 202
Möbius transformation, 133
module, 291

dual, 298
finitely generated, 292
flat, 313
free, 295
injective, 323
projective, 312
quotient, 292
torsion free, 312

module over sheaf of rings, 167
monoid, xi

commutative, xi
integral, 203

monoid homomorphism, xi
monomorphism, 273
morphism, 272

of algebras, 298
of complex premanifolds, 76
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of complexes, 317
of covering spaces, 29
of diagrams, 280
of étalé spaces, 53
of fiber bundles, 159, 161
of functors, 274
of G-sets, 126
of Lie algebras, 190
of Lie groups, 123
of locally constant rank, 101
of locally ringed spaces, 71
of manifolds, 76
of modules, 291
of modules over a sheaf of rings, 167
of pointed covering spaces, 29
of pointed sets, 140
of premanifolds, 76
of premanifolds with Lie group action, 126
of premodules over a sheaf of rings, 167
of presheaves, 42
of ringed spaces, 71
of sheaves, 44
of sheaves with action of a sheaf of group,

140
of twists, 155
of vector bundles, 167

multilinear map, 297

N
N, natural numbers, xi
N0, non-negative integers, xi
bN , completed natural numbers, xi
bN0, completed non-negative integers, xi
Nakayama’s lemma, 315
neighborhood, 246

fundamental system, 246
noetherian induction, 278
noetherian order, 278
normal space, 9
nowhere dense, 269
null homotopic continuous map, 22

O
Ob.C/, objects of a category C, 272
OB IM , sheaf of morphisms, 157
O�B , sheaf of nowhere vanishing functions, 157
˝�M , de Rham complex, 183
˝i
M , sheaf of i -forms, 181

O.p; q/, orthogonal group, 127

OS sheaf of functions on subspace, 105
OX D Ohol

X , sheaf of holomorphic functions, 43,
70

OX -module of finite presentation, 185
OX -module of finite type, 185
objects of a category, 272
of finite presentation, 185
of finite type, 185
one-point compactification, 268
open covering of subspace, 254
open embedding, 73
open map, 248
open refinement, 4
open subset, 245

of metric space, 246
open subspace of a ringed space, 73
opposite category, 273
orbit, 126
order, 276

chaotic, 277
discrete, 277

order topology, 267

P
p-adic absolute value, 264
p-adic metric, 264
p-adic topology, 264
˘.f /, fundamental groupoid functor, 37
�0.X/, set of path components, 24
�1.X; x/, fundamental group, 26
Pic.B/, Picard group, 165
˘.X/, fundamental groupoid, 37
P n.K/, projective n-space, 83
P .V /, projective space, 130
Pr.u/, polydisc, 335
PrincG.B/, isomorphism classes of principal

bundles, 162
C �D, product of categories, 273
Q
i Mi , product of modules, 293

Q
i2I Xi , product of topological spaces, 251

P�r .u/, closed polydisc, 335
X1 qY X2, pushout in a category, 285
pairing of OX -modules, 187
paracompact space, 4
partial derivative, 332
partial order, 276
partial preorder, 276
particular point topology, 265
partition of a section, 197
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path, 23
closed, 23

path component, 24
path connected space, 24
perfect pairing, 187
Picard group, 165
piece-wise affine path, 37
Plücker embedding, 136
pointed covering space, 29
pointed set, 140
polydisc, 335
polynomial map, 334
power series expansion, 334
preadditive category, 325
premanifold, 75, 76

complex, 76
over a base premanifold, 154
real analytic, 76
smooth, 76
with Lie group action, 126

premodule over sheaf of rings, 167
preorder, 276
presheaf, 41

constant, 43
of algebras, 42
of functions, 43
of groups, 42
of rings, 42
on a basis, 45
with values in a category, 42

principal bundle, 162
principle of unique continuation, 66
product

of ideal and module, 308
product category, 273
product homotopy, 21
product in a category, 283
product of modules, 293
product of OX -modules, 169
product of paths, 23
product topological space, 251
product topology, 251
projection of a product, 283
projection of fiber product, 284
projective, 214
projective limit, 280
projective manifold, 111
projective module, 312
projective space, 83

projective system, 281
proper action, 128
proper direct image, 67
proper map, 15
pseudotorsor, 140
pullback

of OX -modules, 189
pullback map for sections, 62
pullback of fiber bundle, 161
pullback of twists, 157
pushout in a category, 285

Q
qis, quasi-isomorphism, 318
qis, 318
Q, rational numbers, xi
quasi-inverse functor, 275
quasi-isomorphism, 318
quotient bundle of vector bundle, 175
quotient module, 292
quotient object, 327
quotient of OX -modules, 170
quotient of vector bundle, 191
quotient premanifold, 115
quotient space, 251
quotient topology, 251

R
rkA.M/, rank of a module, 309
rkp.F /, rank of morphism, 100
rkx.F/, rank of finite locally free module, 171
RnF , right derived functor, 214
R, real numbers, xi
rank of module, 309
rank of morphism of premanifolds, 100
rank of OX -module, 171
rank of vector bundle, 165, 167
real analytic form, 181
real analytic map, 76
real analytic premanifold, 76
real C˛-map, 82
real case, 76
real differentiable, 332
real Lie group, 123
real manifold, 76
real type, 76
refinement of a covering, 4
refinement of twisting atlas, 155
regular equivalence relation, 115
regular space, 17
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regular submanifold, 106
regular value, 109
relations in a group, 290
relatively compact subset, 268
relatively Hausdorff subspace, 12
residue field, 310
restriction map, 42
right adjoint functor, 276
right derived functor, 207, 214
right exact functor, 286
right order topology, 286
ring, xi

local, 310
ring homomorphism

local, 71
ringed space, 70

locally, 70

S
� -compact space, 2
˙n.X/, set of n-simplices, 234
SLn.K/, special linear group, 132
Sn, n-sphere, 110
Sn.X/, set of singular n-chains, 234
Sn.X;G/, set of singular cochains, 234
Sp2m.K/, symplectic group, 127
StabG.x/, stabilizer, 126`
i2I Xi , sum of topological spaces, 252

supp.F/, support of an abelian sheaf, 50
supp.s/, support of a section, 50
sx , germ of a section, 46
SymA.M/, symmetric algebra, 307
Symr

A.M/, symmetric power, 307
scalar multiplication, 291
second countable space, 1
section of étalé space, 53
section of presheaf, 42
segment, 279
semilocally simply connected space, 38
separable space, 2
separated map, 13
set

pointed, 140
set with group action, 126
sheaf, 44

abelian, 44
associated to a presheaf, 51
constant, 52
c-soft, 230

fine, 203
flabby, 215
flasque, 215
locally constant, 56
of algebras, 44
of C˛-functions, 76
of groups, 44
of modules, 44
of rings, 44
skyscraper, 65
soft, 195
structure, 70
with action of a sheaf of group, 139

sheaf on a basis, 45
sheafification, 51
shift of complex, 328
short exact sequence, 296
simplex, 234
simply connected space, 27
simply transitive group action, 126
singleton, 284
singular chain, 234
singular cochain, 204, 234
singular cohomology, 235
singular homology, 235, 236
singular simplex, 234
skew-symmetric multilinear map, 313
skyscraper sheaf, 65
small category, 271
smallest element, 277
smooth form, 181
smooth map, 76, 332
smooth premanifold, 76
soft sheaf, 195
source, 272
space

topological, 245
sphere, 110
split exact sequence, 296
split subbundle, 177
stabilizer, 126
stalk, 46
standard simplex, 233
star center of a star-shaped space, 23
star-shaped space, 23
start point of path, 23
Stein manifold, 111
Stiefel-Whitney class of a line bundle, 201
structure sheaf, 70
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subbundle of vector bundle, 175
subcategory, 272

full, 272
submanifold, 105

open, 77
regular, 106

submersion, 100
submodule, 292
submodule of OX -module, 168
subobject, 327
subpremanifold, 105

open, 77
subpresheaf, 65
subsheaf, 65
subspace, 250

meager, 18
relatively Hausdorff, 12

successor, 278
sum of ringed spaces, 75
sum of topological spaces, 252
support, 50
surjective morphism in an abelian category, 327
surjective morphism of sheaves, 49
symmetric algebra, 307
symmetric multilinear map, 307
symmetric power, 307
symplectic form on an OX -module, 188
symplectic group, 137

T
T0-space, 265
T1-space, 10, 82
T2-space, 256
TF , tangent map, 178
TM , tangent bundle, 177
Tp.F /, tangent map, 93
Tp.M/, tangent space, 92
tr, trace, 303
T rA .M/, tensor power, 303
TM , tangent module, 178
Tn, n-dimensional real torus, 86
tangent bundle, 177
tangent map, 93
target, 272
tautological vector bundle, 191
Taylor expansion, 339
Taylor series, 339
tensor algebra, 303
tensor power, 303

tensor product of modules, 299
tensor product of OX -modules, 186
theorem

hairy ball, 244
Mittag-Leffler, 221
of Darboux, 188
universal coefficient, 236

topological embedding, 250
closed, 250
open, 250

topological group, 262
topological space, 245

Baire, 18
compact, 260
connected, 257
contractible, 22
coproduct, 252
discrete, 245
fiber product, 253
first countable, 1
gluing, 252
Hausdorff, 256
hereditarily Lindelöf, 17
hereditarily paracompact, 6
Kolmogorov, 265
Lindelöf, 1
locally compact, 260
locally connected, 267
locally contractible, 22
locally path connected, 24
metrizable, 246
normal, 9
paracompact, 4
path connected, 24
product, 251
quotient, 251
regular, 17
� -compact, 2
second countable, 1
semilocally simply connected, 38
separable, 2
simply connected, 27
subspace, 250
sum, 252
T0, 265
T1, 10
T2, 256
totally disconnected, 266

topology, 245
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coarser, 245
cofinite, 266
direct image, 250
discrete, 245
finer, 245
generated by a set of subsets, 245
induced by metric, 246
induced on subset, 250
inverse image, 250
left order, 286
order, 267
p-adic, 264
particular point, 265
product, 251
quotient, 251
right order, 286

torsion free module, 312
torsor, 140

pseudo, 140
trivial, 140

torus
real 1-dimensional, 82
real n-dimensional, 86

total order, 277
totally disconnected space, 266
trace, 303
transfinite induction, 278
transfinite recursion, 278
transitive action of a sheaf of groups, 149
transitive group action, 126
transversal morphisms of premanifolds, 112
trivial metric, 264
trivial torsor, 140
twist, 155

twisting atlas, 154

U
U.x/, set of open neighborhoods of x, 46
underlying C˛-structure, 81
underlying real analytic premanifold, 82
universal coefficient theorem, 236
universal covering map, 29
universal ı-functor, 207
upper bound, 277

V
vanishing order, 118
vector bundle, 165, 167

C˛-, 165
complex, 165
holomorphic, 165

vector field, 178

W
well order, 278
winding number, 39

Y
Y , closure, 249
Y ı, interior, 249
Yoneda product, 232

Z
LZ1.U; �/, Čech 1-cocycles, 142
Z, integers, xi
zero module, 291
zero object, 325
zero set, 110
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