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Preface

The language of geometry has changed drastically in the last decades. New and fun-
damental ideas such as the language of categories, sheaves, and cohomology are now
indispensable in many incarnations of geometry, such as the theory of complex analytic
spaces, algebraic geometry, or non-archimedean geometry. This book is intended as an
introduction to these ideas illustrating them by example with the most ubiquitous branch
of geometry, the theory of manifolds.

In its contemporary form, a “geometric object” is usually defined as an “object” that
“locally” “looks like” a “standard geometric object”. Depending on the geometry that one
is interested in, there will be very different “standard geometric objects” as the basic build-
ing blocks. For the theory of (finite-dimensional) manifolds one chooses open subsets of
finite-dimensional R- or C-vector spaces together with their “differentiable structure”.

To make the notion of a geometric object precise, one proceeds in general as follows.
First one introduces the language of categories yielding the notions of objects and the
precise meaning of “looks like” as being isomorphic in that category. Next one has to
find a (maybe very large) category C that contains the “standard geometric objects” as a
subcategory and in which it makes sense to use the word “locally”. Then finally one can
give the precise definition of a geometric object as an object of C that is locally isomorphic
to an object in the subcategory of standard geometric objects.

In this textbook we choose for such a category C the category of ringed spaces, al-
though other choices such as ringed topoi might even be more natural. But for the sake
of an introduction, ringed spaces seem to be the most accessible choice and they are also
adequate for many geometric theories such as differential geometry, complex geometry,
or the theory of schemes in algebraic geometry. Moreover a good grasp of ringed spaces
will help a great deal in understanding more abstract concepts such as ringed topoi.

For the theory of manifolds the basic building blocks are open subsets X of finite-
dimensional R- or C-vector spaces together with the collection of their “functions”, where
a “function” will be an a-fold continuously differentiable function for @ € Ny U {oo}
or an analytic function (also called C“-function) on some open subspace of X. Then a
continuous map between standard geometric objects is a C*-map (o € NyU{oo, w})if and
only if the composition with f sends a C*-function to a C*-function. This allows one to
view such standard geometric objects and their structure preserving maps as a subcategory

\"



Vi Preface

of (locally) ringed spaces over R or C. Hence one obtains the notion of a geometric object
by the general procedure explained above. These are called premanifolds.

A manifold will then be a premanifold whose underlying topological space has cer-
tain good properties (being Hausdorff and second countable). Let me briefly digress on
this choice of terminology. First of all I follow the classical terminology. But an even
more compelling reason to restrict the class of manifolds by asking for these topologi-
cal properties is a multitude of techniques and results where these topological properties
are indispensable hypotheses (such as embedding results or the theory of integration on
manifold). In this textbook this is not that visible as many of such results are not covered
here. Hence we will more often encounter premanifolds than manifolds and it would have
been tempting to change terminology, if only to get rid of the annoying “pre-" everywhere.
But I decided against this to remind the reader that the contents of this book are only the
very beginning of a journey into the wondrous world of differential geometry — a world in
which very often manifolds and not premanifolds are the central objects.

A fundamental idea in modern mathematics is the notion of a sheaf. Sheaves are needed
to define the notion of a ringed space but their usefulness goes far beyond this. Sheaves
embody the principle for passing from local to global situations — a central topic in math-
ematics. In the theory of smooth manifolds one can often avoid the use of sheaves as there
is another powerful tool for local-global constructions, namely partitions of unity. Their
existence corresponds to the fact that the sheaf of smooth functions is soft (see Chap. 9).
But this is particular to the case of real C*-manifolds with « < co. In all other geometries
mentioned before the theory of sheaves is indispensable. Hence sheaves will be a central
topic of this book.

Together with sheaves and manifolds (as ringed spaces), the third main topic is the co-
homology of sheaves. It is the main tool to make use of sheaves for local-global problems.
As a rule, it allows one to consider the obstruction for the passage from local to global
objects as an element in an algebraic cohomology object of a sheaf, usually a group.
Moreover, the formalism of cohomology also yields a powerful tool to calculate such ob-
structions. In addition, many interesting objects (such as fiber bundles) are classified by
the cohomology of certain sheaves.

It is not the goal of this book — and also would have been clearly beyond my abilities —
to give a new quick and streamlined introduction to differential geometry using clever
arguments to obtain deep results with minimal technical effort. Quite the contrary, the
focus of this book is on the technical methods necessary to work with modern theories
of geometry. As a principle I tried to explain these techniques in their “correct general-
ity” (which is certainly a very subjective notion) to provide a reliable point of departure
towards geometry.

There are some instances where I deviate from this principle, either because of lack
of space or because I think that the natural generality and abstractness would seriously
conceal the underlying simple idea. This includes the following subjects:
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1. One might argue that the natural framework for sheaves are sheaves on an arbitrary site
(i.e., a category endowed with a Grothendieck topology) or even general topos theory.
But in my opinion this would have seriously hampered the accessibility of the theory.

2. Instead of working with manifolds modeled on open subsets of R” or C”" one might
argue that it is more natural (and not much more difficult) to model them on open
subsets of arbitrary Banach spaces. I decided against this because the idea of the book
is to demonstrate general techniques used in geometry in the most accessible example:
finite-dimensional real and complex manifolds.

3. In the chapter on cohomology I do not use derived categories, although I tried to for-
mulate the theory in such a way that a reader familiar with the notion of a derived
category can easily transfer the results into this language'.

Moreover, there are several serious omissions due to lack of space, among them Lie alge-
bras, manifolds with corners (or, more generally, singular spaces), and integration theory —
just to name a few. The educated reader will find many more such omissions.

Prerequisits

The reader should have knowledge of basic algebraic notions such as groups, rings and
vector spaces, basic analytic and topological notions such as differentialbility in several
variables and metric spaces.

Further prerequisites are assembled in five appendix chapters. It is assumed that the
reader knows some but not all of the results here. Therefore many proofs and many exam-
ples are given in the appendices. These appendices give (Chap. 12) a complete if rather
brisk treatment of basic concepts of point set topology, (Chap. 13) a quick introduction
to the language of categories focused on examples, (Chap. 14) some basic definitions and
results of abstract algebra, (Chap. 15) those notions of homological algebra necessary to
cope with the beginning of cohomology theory, and (Chap. 16) a reminder on the notion of
differential and analytic functions on open subsets of finite-dimensional R- and C-vector
spaces.

Outline of contents

The main body of the text starts with two preliminary chapters. The first chapter (Chap. 1)
introduces more advanced concepts from point set topology. The main notions of the first
three sections are paracompact and normal spaces, covering important techniques like
Urysohn’s theorem, the Tietze extension theorem and the Shrinking Lemma for paracom-
pact Hausdorff spaces. The last two sections of this chapter focus on separated and proper
maps. In Chap. 2 basic notions of algebraic topology used in the sequel are introduced.
Here we restrict the contents to those absolutely necessary (but with complete proofs) and
ignore all progress made in the last decades.

! Of course, for most readers that are familiar with derived categories the cohomology chapter will
not contain that many new results anyway.



viii Preface

In the third chapter (Chap. 3) we introduce the first main topic of the book: sheaves. We
introduce two (equivalent) definitions of sheaves. The first one is that of a rule attaching
to every open set of a topological space a set of so-called sections such that these sections
can be glued from local to global objects. This is also the definition that generalizes from
topological spaces to more abstract geometric objects such as sites. There is another point
of view of sheaves that works just fine for sheaves on topological spaces, namely étalé
spaces. It is proved that both concepts are equivalent and explained that some construc-
tions for sheaves are more accessible via the first definition (such as direct images) and
some are more accessible via étalé spaces (such as inverse images).

In Chap. 4 we introduce the class of geometric objects that will be studied in this book:
manifolds. As explained above, we start by defining the very general category of ringed
spaces over a fixed ring. Then we explain how to consider open subsets of real or complex
finite-dimensional vector spaces as ringed spaces over R or C. This yields our class of
standard geometric objects. Then a premanifold is by definition a ringed space that is
locally isomorphic to such a standard geometric object.

The central topic of Chap. 5 is that of linearization. We start by linearizing manifolds
by introducing tangent spaces. Then the derivative of a morphism at a point is simply
the induced map on tangent spaces and we can think of it as a pointwise linearization of
the morphism. Next we study morphisms of (pre)manifolds that can even be locally lin-
earized. These are precisely the morphisms whose derivatives have a locally constant rank.
Examples are immersions, submersions, and locally constant maps. These linearization
techniques are then used in the remaining sections of the chapter to study submanifolds,
their intersections (or, more generally, fiber products of manifolds), and quotients of man-
ifolds by an equivalence relation.

Chapter 6 introduces the symmetry groups in the theory of manifolds, the Lie groups. It
focuses on actions of Lie groups on manifolds. The construction of quotients of manifolds
in Chap. 5 then yields the existence of quotients for proper free actions of Lie groups.

In Chap. 7 we start to study local-global problems by introducing the first cohomology
of a sheaf of (not necessarily abelian) groups via the language of torsors or, equivalently,
by the language of Cech cocycles.

This is used in Chap. 8 to classify fiber bundles that are important examples of locally
but not globally trivial objects. We start the chapter by introducing the general notion of
a morphism that looks locally like a given morphisms p. Very often it is useful to restrict
the classes of local isomorphisms. This yields the notion of a twist of p with a structure
sheaf that is a subsheaf of the sheaf of all automorphisms of p. Specializing to the case
that p is a projection and the structure sheaf is given by the faithful action of a Lie group
G on the fiber then yields the notion of a fiber bundle with structure group G. Specializing
further we obtain the important notions of G-principal bundles and vector bundles. We
explain that vector bundles can also be described as certain modules over the sheaf of
functions of the manifold. In the last two sections we study the most important examples
of vector bundles on a manifold, the tangent bundle and the bundles of differential forms.
In particular we will obtain the de Rham complex of a manifold.
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As mentioned above, for real C“-manifolds with ¢ < oo itis often possible to use other
techniques than sheaves for solving local-global problems. The sheaf-theoretic reason for
this lies in the softness of the sheaf of C“-functions. This notion is introduced in Chap. 9.
We deduce from the softness of the structure sheaf the existence of arbitrary fine partitions
of unity. In the last section we show that the first cohomology of a soft sheaf is trivial and
deduce immediately some local-global principles. For real C“-manifolds with ¢ < oo
all these results can also be obtained via arguments with a partition of unity. But these
examples illustrate how to use the triviality of certain cohomology classes also in cases
where partitions of unity are not available, for instance for certain complex manifolds.

After giving the rather ad hoc definition of the first cohomology in Chap. 7 (that had the
advantage also to work for sheaves of not necessarily abelian groups) we now introduce
cohomology in arbitrary degree in Chap. 10. After a quick motivation on how to do this,
it becomes clear that it is more natural not to work with a single sheaf but with a whole
complex of sheaves. This is carried out in the first three sections. Applying the whole
formalism of cohomology to the de Rham complex we obtain de Rham’s theorem relating
de Rham cohomology and cohomology of constant sheaves in Sect. 10.4. We conclude the
chapter by proving an other important result: the theorem of proper base change, either in
the case of arbitrary topological spaces and proper separated maps (giving the theorem its
name) or for metrizable spaces and closed maps.

In the last chapter (Chap. 11) we focus on the cohomology of constant sheaves. We
show that for locally contractible spaces this is the same as singular cohomology, which
is quickly introduced in Sect. 11.1. In particular we obtain the corollary that we can
describe the de Rham cohomology on a manifold also via singular cohomology. Then we
use the proper base change theorem to prove the main result of this chapter, the homotopy
invariance of the cohomology of locally constant sheaves for arbitrary topological spaces.
We conclude with some quick applications.

As with almost every mathematical text, this book contains a myriad of tiny exercises
in the form of statements where the reader has to make some straightforward checks to
convince herself (or himself) that the statement is correct. Beyond this, all chapters and
appendices end with a group of problems. Some of the problems are sketching further
important results that were omitted from the main text due to lack of space, and the reader
should feel encouraged to use these problems as a motivation to study further literature on
the topic.
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Standard Notation

For a set I and elements i, j € I we use the “Kronecker delta”

51']' — 1, ifi =j;
0, ifi #j.

We denote by N the set {1,2,...} of natural numbers (without 0), Ny := N U {0}. Z
denotes the ring of integers, Q the field of rational numbers, R (respectively C) the field
of real (respectively complex) numbers endowed with the metric given by the standard
absolute value. The symbol K always either denotes R or C.

To unify the notation for n-fold continuously differentiable, smooth, and analytic maps
we define

I’\\IO = Ny U {00, w}, N:=NuU {00, w}.

We extend the usual total order on Nj to I’\\To by requesting n < oo < w for all n € Nj.
We also define oo = o :=ococand w + o := w forall « € Nj.

A set [ is said to be countable if there exists an injective map / < N. In particular,
all finite sets are countable.

By a monoid we mean a set M endowed with an associative binary operation M xM —
M, (m,m’) — mm’, having an identity element ey;. A monoid homomorphism is a map
@: M — N such that o(mm’) = @(m)e(@m’) for all m,m’ € M and ¢(ey) = ey. A
monoid M is called commutative if mm’ = m'm forallm,m’ € M.

All rings are assumed to have a unit, usually denoted by 1, and ring homomorphisms
are assumed to preserve the unit. All fields are assumed to be commutative.

If R is aring, by an R-module we mean a left R-module if not stated otherwise (for a
reminder on some notions about modules see Appendix Section 14.1). If R is commuta-
tive, we will not distinguish between left R-modules and right R-modules.

In a metric space (X, d) we denote for xo € X and r € R>? the open and closed ball
by

B,(xo) :={xe X ;dx,xg) <r},
By (x0) :={x € X :;d(x,x0) <r}.

xi



Xii Standard Notation

Let V be a finite-dimensional K-vector space. If not otherwise stated, we endow a subset
X of V always with the topology induced by some norm on V. As all norms on V' are
equivalent, this topology does not depend on the choice of the norm. See Appendix 12 for
a reminder on topological spaces.
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Topological Preliminaries

In this chapter we prove some results on topological spaces that will be needed later and
go beyond the basic topological results and notions assembled in the Appendix Chap. 12.
The chapter consists of two independent parts.

In the first part (Sects. 1.1-1.3) we introduce, after a quick review of countability
properties, paracompact spaces. This is one of the central topological notions in this
book. We show that the following classes of topological spaces are paracompact: Metriz-
able spaces (Proposition 1.13) and locally compact, second countable Hausdorff spaces
(Proposition 1.10), see also Remark 1.14. Then we show that paracompact Hausdorff
spaces are normal (Proposition 1.18). Hence Urysohn’s separation theorem, the Tietze
extension theorem (Theorem 1.15), and the shrinking lemma (Proposition 1.20, Corol-
lary 1.21) are available for paracompact spaces.

The second part (Sects. 1.4 and 1.5) introduces relative versions of Hausdorff spaces
and compact spaces: separated maps and proper maps.

1.1 Countability Properties for Topological Spaces

Recall that we call a set M countable if there exists an injective map M — N (equiva-
lently, M = @ or there exists a surjective map N — M). Hence any finite set is countable.
Every subset of a countable set is again countable. Countable unions and finite products
of countable sets are again countable.

Definition 1.1 (Countability properties). Let X be a topological space.

1. X is called first countable if every point of x has a countable neighborhood basis.
2. X is called second countable if the topology has a countable basis.
3. X is called a Lindeldf space if every open covering of X has a countable subcovering.

© Springer Fachmedien Wiesbaden 2016 1
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2 1 Topological Preliminaries

4. X is called separable if it contains a countable dense subset.
5. X is called o-compact if it is the union of countably many compact subspaces.

Example 1.2. Let X be a topological space.

1. Every metrizable space X is first countable. Let d be a metric inducing the given
topology on X. For x € X the sets

{Bl/n(x) ={yeX;dkx,y)<l/n};n GN}

{Bsun(X) ={yeX:dx,y)=1/n};ne N}

both form countable neighborhood bases of x.
2. The space R” is second countable and o-compact for all # > 0: Choose a norm on R”
yielding a metric d. Then a countable basis is given by

{Bim(x): x€Q"\meN},

and R” is the union of the countably many closed balls By (0), N € N.
3. Let X be an uncountable set endowed with the discrete topology. Then X is first
countable but not second countable.

Remark 1.3.

1. Every subspace Z of a second countable space X is second countable: If By a count-
able basis of the topology of X, then { BN Z ; B € By } is a countable basis for Z.
In particular, every subspace of R” is second countable.

2. Let f: X — Y be a surjective open continuous map. If B is a basis of the topology of
X,then { f(U); U € B} is a basis of the topology of Y. In particular we see that if
X is second countable, then Y is second countable.

3. Let (X,), be a countable family of second countable spaces. Then ]_[n X, is second
countable: If B, is a countable basis for X,,, then

[1Un: Us € B, U, = X, for all but finitely many n
n

is a countable basis for [, X,.

4. Suppose that X has a countable open covering (U,), such that the subspace U, is
second countable for all n. Then X is second countable: If B,, is a countable basis for
U,, then | J, B, is a countable basis for X .
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Proposition 1.4. Let X be a topological space.

1. If X is second countable, then X is first countable, separable, and a Lindelof space.
2. Suppose that X is a metrizable Lindeldf space. Then X is second countable.

Problem 1.4 shows that a separable metrizable space is also second countable.

Proof. 1. LetB ={ B, ; n € N } be a countable basis for X. Then for every point x € X
the set { B € B; x € B} is a countable neighborhood basis of x. For every non-empty
B € Bchoose xg € Bandset Q := {xp; B € B}. Then Q is dense in X because it
meets every open subset of X. Hence X is first countable and separable.

It remains to show that X is Lindelof. Let (U;);<c; be an open covering of X. Let M
be the set of n € N such that there exists i, € I with B, € U;,. As (U;); is an open
covering and B is a basis, (B,),em is an open covering. Hence (U;,),em is a countable
subcovering of (Uj;);.

2. Fix n € N. As X is Lindelof, we can choose a countable subcovering U, of
{ Biu(x);xeX } Then the union of all ‘U, is a countable basis for X . O

Proposition 1.5. Let G be a topological group.

1. Suppose that G is connected and that the neutral element of G has a compact neigh-
borhood C. Then G is o-compact.

2. Suppose that G is o-compact. Then there exists for every neighborhood U of the
neutral element e of G a sequence (g,), in G such that G = | J, g,U.

3. If G is o-compact and first countable, then G is second countable.

Proof. 1. As G is connected, G is generated by C (Appendix Corollary 12.59). Re-
placing C by the compact subset C U C~' (with C™' := {g7': ge C}), we see
G = U,en C" with C" = {g182---gs; g € C}. But C" is compact, as the im-
age of the compact n-fold product C x --- x C under the n-fold multiplication map
Gx---xG—G.

2. Replacing U by its interior we may assume that U is open. Let G = |, K»
with K, € G compact subspace. For each n the open subsets kU for k € K, cover
the compact set K,. Therefore there exist k, 1,....k,,, € K, with K, € |, k,;U
and hence G € U,y U< <, kn.:U. Renumbering the countably many k, ; yields the
desired result. o

3. Let (U,),en be a fundamental system of neighborhoods of e. We first claim that for
all n € N there exists m € N such that U,; 1U,, € U,. Indeed, consider the continuous
map a: G xG — G, (g, h) — g~'h. Then o~ (U,) is a neighborhood of (e, e) in G x G.
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Hence there exist m,m’ € N such that U,, x U,y € o' (U,). Replacing m and m’ both
by some r € N with U, € U,, N U,y we may assume that m = m’. This proves the claim.

By 2. there exist for all n € N sequences (g, ) in G such that G = |J,cry &n ik Un-
We show that { g, 1U, ; k,n € N } is a basis of the topology of G. In fact, let V' be an
open subset of G and g € V. Then there exists n € N such that gU, € V. By our claim
above we may choose m € N such that U,;lUm C U,. If we choose k € N such that
g € gniUn, then g, Uy, € gU U, C gU, C V. O

Combining 1. and 3. of Proposition 1.5 we obtain:

Corollary 1.6. A connected locally compact first countable topological group is second
countable.

1.2 Paracompact Spaces

Definition 1.7 (Refinement). Let X be a topological space and let U = (U;);c; be
a covering. A covering (V;);ey is called a refinement of U if for all j € J there exists
i € I with V; C U;. In other words, there exists a map «: J — I such that V; C Uy
forall j € J.

A refinement (V;); of ‘U is called open, if V; is openin X forall j € J.

Any subcovering is a refinement.

Definition 1.8 (Paracompact spaces). A topological space X is called paracompact if
every open covering has an open refinement that is locally finite.

We do not suppose that paracompact spaces are Hausdorff (as it is often done, for
instance in [BouGT1]).

Example 1.9.

1. Every compact space is paracompact.

2. Every discrete topological space X is paracompact: The covering ({x}).cx is a locally
finite open refinement of every open covering.

Proposition 1.10. Let X be a locally compact and second countable Hausdorff space.
Then X has the following properties:

1. There exists a sequence (K,), of compact subspaces of X such that X = | J, K,, and
K, C K, foralln € N. In particular X is o-compact.
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2. Every open covering of X has a countable locally finite open refinement (V;);eN such
that V; is compact for all 1. In particular X is paracompact.

Proof. We first construct a countable base B such that B is compact for all B € B. Let
B’ be a countable base of X, C, a compact neighborhood of x € X (automatically closed
in X because X is Hausdorff). Define

B:={VNW;VeBadW € B with W C C, forsome x € X}.

Then B is a countable basis because X = |J, Cy. The closure of each set B € B is
a closed subset of C, for some x and hence compact. Write B = {Bj, B;,...}.

Proof of 1. 'We construct compact subspaces K, of X and i(n) € Ny with i(n) >
i(n —1) such that By U ---U B;,) € K, € K, forall n € Ny (then Upen Kn 2
UieN B; = X).

Define K, and i(n) inductively. Set Ky := @ and i(0) := 0. Now letn > 1. As
K, _1 is compact, we find i (n) € N withi(n) > i(n — 1) and K,,_; C Ulijgi(n) B;. Set
Ky :=U\<j<i(n) Bj- Then K, is compact and

K< |J B cKk;.

1<j<i(n)

Proof of 2. Let U = (U;); be an open covering of X. Let W = (W,);c; be the
refinement of ‘U consisting of those W € B with W C U; for some i. Fix n € N and set
Win:=W; N(K;,,\ K,_1). Then

o
U VVj.n 2 Kn+l \Kn .
jeJ —
compact

open covering consisting of W, ; forn € N and j € J(n) (it is a covering because
U, K» = X). Then "V is countable and a refinement of ‘U by construction. We have
W, ; € K,1» and hence V is compact for all /. Finally, "V is locally finite: For x € X let
n € N with x € K. Then K}, is an open neighborhood of x, which intersects only the
finitely many W; ,, with j € J(m) and m < n + 1 (by the definition of W ,,). O

Let J(n) € J be finite such that ;¢ i) Win 2 Kui1 \ K;. Let V = (V1); be the

Remark 1.11. Let X be a paracompact space. Then every closed subspace Y of X is
paracompact. Indeed, the proof is the same as for compact spaces. Let ‘U be an open
covering of Y. Hence U = (U;NY);¢; for open subsets U; of X with Y < | J; U;. Adding
X \Y to (U;);, we obtain an open covering of X . This has a locally finite refinement (V});
because X is paracompact. Then (V; N Y); is a locally finite refinement of U.

Open subspaces of paracompact spaces are not paracompact in general ([BouGT1]
Chap. I, §9, Exercise 11). Hence we introduce the following terminology.



6 1 Topological Preliminaries

Remark and Definition 1.12 (Hereditarily paracompact). A topological space X is
called hereditarily paracompact if the following equivalent conditions are satisfied:

(i) Every open subspace of X is paracompact.
(i) Every subspace of X is paracompact.

Indeed, suppose that every open subspace is paracompact and let Y € X be an arbitrary
subspace. An open covering of Y is of the form (Y N U;);, where (U;);¢; is a family of
open subsets with Y € U := (J; U;. As U is paracompact, there exists a locally finite
open refinement (V;); of the covering (U;); of U. Then (Y N V;); is a locally finite open
refinement of (Y N U;);.

Proposition 1.13. Every metrizable topological space is hereditarily paracompact.
There exist hereditarily paracompact spaces that are not metrizable (Problem 1.13).

Proof. As every subspace of a metrizable space is again metrizable via the restricted met-
ric, it suffices to show that every metric space (X, d) is paracompact. Let (U;);c; be an
open covering. Choose a well ordering on I (Appendix Proposition 13.27). Forn € N
define for all i € I open subsets V;, of X by induction onn € N. Let X;, be the set of
x € X with

@ xeU\U,, U,
(b) B3o-n(x) C U,
(c) x ¢ Vjuform <nandforall j €.

Now define V;,, := |, x;, Ban (x). We claim that (V;,);crneN is a locally finite open
refinement of (U;);. Y

Clearly we have V;, C U; by (b). To see that Um Vin = X,letx € X. Leti € I be
the smallest element such that x € U; and let n € N with Biyn(x) C U;. If x € Xy,
then x € V;,. Otherwise (c) does not hold, hence there exists j € I and m < n such that
x €Vim.

It remains to show that () is locally finite. Let x € X and let iy € I be the smallest
element such that x € Vj, ,, for some m € N. Choose p € N such that By-»(x) € Vi .

We claim that B,-n-p(x) meets only finitely many of the V;,. More precisely, we claim:

(i) Ifn > m + p, then By-m—p(x)NV;,, =0 foralli € I.
(ii)) If n < m + p, then there is at most one i € I with By-n—p(x) N V;, # 0.

Let us show (i). Leti € I andn > m + p. Since n > m, (c) implies that for y € X;,
one has y ¢ Vijm. As By-»(x) € Vjy,n we find d(x,y) > 277 forall y € X;,. Hence
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Bym—p N Byu(y) =@ forall y € X;, becausen > p+ landm + p > p + 1. This
proves (i).

To show (ii) let n < m + p. Suppose we have y € V;, andz € V;, withi < j. It
suffices to show that d(y, z) > 27"~P*!. By definition of the V;, we find y € X;, and
Z e X;, withy € By-(y) and z € By (Z). We have Bz, (y) € U; by (b)and Z ¢ U;
by (a). Hence d(7,%) > 3-27" and hence d(y,z) > 27" > 27"—r+1, O

Remark 1.14. One can also show that locally compact, second countable Hausdorff
spaces are metrizable (e.g., [Br1] Chap. 1, Theorem 12.12).

1.3 Normal Spaces

Theorem 1.15 (Urysohn’s theorem/Tietze extension theorem). Ler X be a topological
space. Then the following assertions are equivalent:

(i) For any two closed subsets A, B C X with AN B = 0 there exists a continuous
function f:X — [0, 1] such that f(a) = 0 foralla € A and f(b) = 1 for all
b € B.

(ii) For all disjoint closed sets A and B of X there exist open disjoint sets U and V such
that A C U and B C V (see Fig. 1.1).

(iii) For every closed subset A and every neighborhood W of A there exists an open
neighborhood U of A such thatU € W.

(iv) For every closed subspace A of X and continuous map f: A — R there exists a con-
tinuous function f: X — R such that f‘A = f.

(v) For every closed subspace A of X and continuous map f:A — [—1, 1] there exists
a continuous function f: X — [—1,1] such that f|A = f.

Figure1.1 Separation of two T e
closed subsets 4 und B !
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Of course, one can replace in (i) and in (v) the compact interval by any space home-
omorphic to it, for example any other compact interval in R or the extended real line
R = R U {£o0} (Appendix Example 12.9).

Proof. We prove
(1) = (i) = @) = 1) = (v) = ({v) = @).

We start with the easy implications. To see “(i) = (ii)" take U = {x € X ; f(x) < 1/2}
and V = {xe X; f(x)>1/2}. To see “(ii) = (iii)”, we may assume that W is an
open neighborhood of 4 in X. Let B := X \ W. Then (ii) implies that there exists an
open neighborhood U of A such that U N B = @ and hence U C W.

Next we show “(iv) = (i)”. Let A and B disjoint closed subsets of X. Then f:A4 U
B — Rwith f(A) = {0}and f(B) = {1} is continuous. Hence (iv) implies that f can be
extended to a continuous map f :X — R. Then g := min(max( f ,0), 1) is a continuous
map on X with values in [0, 1], equal to O on A and equal to 1 on B.

“(iii) = (i)”. Let A and B be disjoint closed subsets of X and denote by D C Q the
set of dyadic rational numbers in [0, 1]. First, we will construct open subsets U, C X for
every ¢ € D with the following properties:

1. Foreachqg € D, A C U,.
2. Uy = X andforeachg € D withg <1, BN U, = 9.
3. Forg,p € D withg < p, U, C U,.

Set U; := X. Then X \ B is a neighborhood of A and by (iii) we find an open subset
Uy € X suchthat A € Uyand Uy C X \ B.

We will continue this construction by recursion. Let m € N. Assume that U, has been
constructed forqg = a/2" € [0, 1] foralln < manda =0,...,2". For p = b/2" € [0, 1]
with 2 } b, set g1 := ((b + 1)/2)/2" ' € [0,1] and g5 := ((b — 1)/2)/2""! € [0,1] so
that p = (g1 + ¢»)/2. Therefore U,, and U,, have already been constructed and we have
Urh C U,,. By (iii) we find an open subset U, € X such that Uql C U, and Up cU,.

We now define f:X — [0,1] by f(x) := inf{g € D: x € U, }, which is well-
defined because U; = X. Then f(a) = 0 fora € A because A C U, and f(b) = 1 for
b € Bbecause B C Uy and BNU, = @ forg € D with g < 1. It is left to show that
f is continuous. Notice that the sets [0,¢) < [0, 1] for ¢ € (0, 1] and (c, 1] < [0, 1] for
¢ € [0, 1) generate the topology on [0, 1]. Hence it suffices to show that the preimage of
sets of this form are open in X.

Letc € (0,1] and x € X with f(x) € [0,c). Since D C [0, 1] is dense, we can choose
q € D with f(x) < g < c. By definition of f there exists p € D with p < ¢ and
x € U, so that we have x € U,. For y € U, we obviously have f(y) < g < c so that
x € U, € f7'([0.¢)) is an open neighborhood of x.

Letc € [0,1), x € X with f(x) € (c, 1] and choose ¢ € D with ¢ < ¢ < f(x). Then
there exists p € D with ¢ < p and x ¢ U, so that x ¢ U, because U, C U,. Hence,
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X\ Uq is an open neighborhood of x. Furthermore, for y € X \ Uq we have y ¢ U, for
p < q because U, C l_]q sothatc < g < f(y)and X \ l_]q C (e, 1]).

“(v) = (iv)”. Suppose first that f > 0. By choosing a homeomorphism [—1, 1] =
[0, 00] C R it follows from (v) that we find a continuous extension g, of f with values
in [0,00]. Then B := g;!(c0) is closed and A N B = . Define a continuous map
h:AUB — R-oby h4 := f and hjp = 0 and let g, be a continuous extension of 2 with
values in [0, co]. Then f := min(g, g2) is a continuous extension of f to X with values
in [0, 00).

For a general f extend max( f,0) and max(— f, 0) to continuous functions g; and g»,
respectively, on X with values in [0, 00). Then set f =g — &2

“(i) = (v)”. Let A € X be a closed subset and f: A — [—1, 1] a continuous map.
We find f~!([~1,—1/3]) € A4 and f~!([1/3.1]) € A to be disjoint and closed in A
and therefore also closed in X. Due to (i) with target interval [—1/3,1/3] instead of
[0, 1] there exists a continuous function g: X — [—1/3,1/3] with g(x) = —1/3 for x
with —1 < f(x) < —1/3 and g(x) = 1/3 for x with 1/3 < f(x) < 1. This implies
| f(x) —g(x)| <2/3 forx € A. We are now going to construct a sequence (g, )nen, of
continuous maps g,: X — [—1, 1] with the following properties:

1. |gn(x)] <(1/3)(2/3)" forx € X.
20 | Xm0 &m(x) = f(x)| = (2/3)"*! forx € A.

Forn = O set go := g. Letn € N and assume that g,, has already been constructed for
m < n. Then (3/2)" (Z::,;lo gm — f) maps into [—1, 1] by assumption. Hence, the above
construction yields a continuous map g": X — [—1/3, 1/3] with [(3/2)" (Z:;_:lo gm(x) —
f(x)) —g'(x)| =2/3forx € A. Set g, :=(2/3)"g’ so that g, (x)| = (2/3)"[g"(x)| =
(1/3)(2/3)" for x € X. Using the inductive hypothesis, we have | > _, g (x)— f(x)| =
| > om0 &m(X) = f(x) = (2/3)"¢'(x)| < (2/3)"* for x € A.

Now |g,| < (1/3)(2/3)" forn € Ny and (1/3) > ">"_,(2/3)™ is an absolute convergent
series with limit 1. Hence, > - g, converges absolutely and uniformly to a continuous
map g: X — [—1,1]. Forx € Awehave | " _, gu(x)—f(x)| < (2/3)""! and therefore
Y0 gn() = f(x) so that g4 = f. O

Definition 1.16 (Normal spaces). A topological space X is called normal if it satisfies
the equivalent conditions of Theorem 1.15.

Let X be a normal space. Every closed subspace of X is normal (use (ii) of Theo-
rem 1.15).

Very often some further separation axioms are included in the definition of “normal”.
We will state these properties always explicitly. For instance we will use the following

property.
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Definition 1.17. A topological space X is called T}-space if {x} is closed in X for all
xeX.

Every Hausdorff space is a T}-space. Conversely, if X is a normal 7;-space, then X is
Hausdorff.

Let (U;); be an open covering of a topological space X. As being a closed subset is
a local property (Appendix Proposition 12.32), the space X is a Tj-space if and only if
each U; is a T;-space.

Proposition 1.18. Every paracompact T;-space is normal and Hausdorff.
There exist normal spaces that are not paracompact ([BouGT2] IX, §4, Exercise 27).

Proof. As every normal Ti-space is Hausdorff, it suffices to show that X is normal. Let
X be a paracompact space, A, B € X be closed with A N B = @.

Claim: Let Y,Z C X be closed with Y N Z = @. If for all y € Y there exists
y €V, C Xopenand Z C W, C X open with V;, N W, = @, then there exists an open
neighborhood 7" of Y and an open neighborhood U of Z withU N T = @.

Let us first show that the claim implies that X is normal. As X is a 7}-space, we may
apply the claimto ¥ = A and Z = {x} for some x € B. Hence there exists an open
neighborhood 7" of A and U of x with T N U = @. Then we can apply our claim again to
Z = Aand Y = B to see that there exist open neighborhoods U of A and V of B with
U NV = 9. Hence X is normal.

Now let us show the claim. As X is paracompact, we find a locally finite open re-
finement (7;); of the open cover of X formed of X \ Y and of the V) for y € Y. Let
Iy :={i el ;Y NT; # 0} Being arefinement implies that for i € Iy one has

dy, €Y: T, CV,. (*)

Let T := Uiely T;. Then T C X openandY C T.

It remains to find U. For all z € Z there exists z € S; € X open such that
S intersects only finitely many 7; because (7;); is locally finite. In particular J, :=
{iely; T;NS, #@}is finite. Set U, := S, N ﬂiejz W,,. Then U. is an open neigh-
borhood of z. Fori € J. we have T; € V), by (¥) and hence W,, N\ T; = 0. Fori € Iy\ J.
onehas S:NT; =@. HenceU. N T =@. SetU := .., U-. ]

Proposition 1.19. Every metrizable topological space X is normal.
By Propositions 1.18 and 1.13 there are the following implications:
“metrizable” = “hereditarily paracompact and Hausdorff” = “normal and Hausdorft™.

As the proofs were somewhat delicate, we give also a simple direct proof.
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Proof. Let d be a metric on X inducing its topology. For Y C X closed, the map X € R,
X = d(x,Y) :=inf,cy d(x, ), is continuous with d(x,Y) = Oif and only if x € Y.
Let A, B € X be closed subsets with A N B = @. Then

o _ d(x, A)
f:X —[0,1], flx) = d(x,A) +d(x, B)

is a continuous function with f(a) = Oforalla € A and f(b) = 1forall b € B. O

We conclude this section with two versions of an important technical tool, the shrinking
lemma.

Proposition 1.20 (Shrinking lemma). Let X be a normal space and let (U;);c; be an
open covering such that for all x € X there exist only finitely many i with x € U;. Then
there exists an open covering (V;);c such that Vi C U; foralli.

The hypothesis on (U;); is of course satisfied if (U;); is locally finite.

Proof. We choose a well ordering on / (Appendix Proposition 13.27) and show by trans-
finite recursion (Appendix Proposition 13.26) that there exists a family (V;);c; of open
subsets such that for all i one has V; € U; and X = U« VivlU,s U

Leti € I and assume that we have already constructed V; for j < i. Set

e ([0)ue)

Then A; N U; is closed in U; for all j > i and A; NV} is closed in V; forall j < i.
Hence A; is closed in X because being closed is a local property (Appendix Proposi-
tion 12.32). As X is normal, there exists an open neighborhood V; of A; with VicU
(Theorem 1.15 (iii)). Clearly we have X = Ujsi VU Uj>l. U;.

It remains to show that X = | J;, V;. By the assumption on (U;); we find for all
x € X aniy € [ suchthatx ¢ U; for j > iy. Nowx € X =J;_; V; UU;,; U; and
hence x € U, _; V;. |

If X is a paracompact Hausdorff space, we can omit the hypothesis on (U;);.

Corollary 1.21 (Shrinking lemma). Let X be a paracompact Hausdorff space and let
(Ui)ier be an open covering of X.

1. There exists an open covering (T;)jey such that (T]) jes is a locally finite refinement
of (Up);.

2. There exists an open covering (V;)ie; such that Vi C U; foralli € I.
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Proof. As X is paracompact there exists a locally finite open covering (W;);c; and a map
a:J — I such that W; C Uy, forall j € J. As X is normal (Proposition 1.18) we can
apply Proposition 1.20 to (W;);. Hence we find an open covering (7});<; with T; € W;
for all j. In particular (7}), <, is locally finite again.

Foralli € I setV; := T;. Then (V;);es is an open covering of X. As (T/)J
is locally finite, | J

Yjea i)
i ca1 (i) T} is closed and hence
vie U e U weu. O

jea1(i) jea ()

1.4 Separated Maps

We now come to a relative version of Hausdorff for continuous maps, so-called “separated
maps”. To characterize separated maps (Proposition 1.25) we first introduce the following
notion for subspaces.

Definition 1.22 (Relatively Hausdorff subspace). Let X be a topological space. A sub-
space A of X is called relatively Hausdorff if any two distinct points in A have disjoint
neighborhoods in X.

If A is a relatively Hausdorff subspace of a topological space X, then A is Hausdorff.
The converse does not necessarily hold (Problem 1.16). If X is Hausdorff, then any sub-
space of X is relatively Hausdorff.

Proposition 1.23. Let A be a relatively Hausdorff subspace of X and let C and C’ be
compact disjoint subspaces of A. Then there exist disjoint open neighborhoods U of C
and U’ of C' in X.

Proof. Suppose first that C’ = {x’} for some x’ € X. As C is compact and A relatively
Hausdorff in X we find a finite open covering (Uj, ..., U,) of C in X and for eachi =
1,...,n an open neighborhood U/ of x" in X such that U/ N U; = @ for all i. We set
U=MNU/andU =, U;.

Now let C’ be arbitrarily compact. As we have just seen we find for each point x’ € C’
an open disjoint neighborhoods U, of x" and Uy of C in X. As C’ is compact, there
exists a finite subset ' C C’ such that (U,)cF is a covering of C’. Now we set U :=
ﬂx’eF Ugand U’ = Ux’eF U;" O

For the definition of separated maps recall that for a continuous map f: X — Y of
topological spaces the diagonal of f* (Appendix Example 12.29 5) is the map

AprX - Xxy X i={(x,x) e X xX; f(x) = f(x')}, x = (x,x).
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Definition 1.24 (Separated maps). A continuous map f: X — Y is called separated if
the diagonal map A;: X — X Xy X is a closed topological embedding (or, equivalently
by Appendix Example 12.29 5, if Ay(X) is closed in X xy X).

Every injective continuous map is separated by Appendix Example 12.29 5. This also
follows from (ii) of the following characterization of separated maps.

Proposition 1.25. For a continuous map f: X — Y of topological spaces the following
assertions are equivalent:

(i) The map f is separated.

(ii) All fibers of [ are relatively Hausdorff subspaces in X.

(iii) For every relatively Hausdorff subspace B of Y the inverse image f~'(B) is rela-
tively Hausdorff in X.

Proposition 1.25 (ii) shows in particular that the property “separated” is local on the
target.

Proof. “(i) = (ii)”. Lety € Y and x,x, € f~'(y) with x; # x,. Then (x;,x;)
isin (X xy X) \ As(X). Because Ays(X) € X Xy X is closed there exists an open
neighborhood U; of x; in X (i = 1,2) such that U; x U, N X Xy X is contained in
(X xy X)\ Ay (X). Hence U; N U, = 9.

“Gii) = (1)”. Let (x1,x2) € (X xy X)\ Ar(X) and y := f(x1) = f(x2). As
f~1(y) is relatively Hausdorff, there exist neighborhoods U; of x; and U, of x, such that
Uy N U, = 0. Therefore W := (U; x U;) N (X xy X) is a neighborhood of (x1, x;) in
X xy X and we have W N A (X) = @. Thus (X xy X) \ Ar(X) isopenin X xy X.

“(ii) = (iii)”. Let x, x, € f~"(B) with x; # x, and y, := f(x;), y» := f(x2). Sup-
pose first that y; # y,. Since B C Y is relatively Hausdorff, there exist neighborhoods
Vi of y; and V, of y, in Y such that V;, NV, = @. Then f~'(V}) and x, € f~!(V5) are
disjoint neighborhoods of x| and x; in X. Now suppose that y; = y,. Then x| and x; are
points of the same fiber of f. In this case the assertion follows from (ii).

“(ii1) = (ii)”. Clearly every one-point subspace is relatively Hausdorff. O

Corollary 1.26. Let f: X — Y, g:Y — Z be continuous maps.

1. If f and g are separated, g o f is separated.
2. If g o f is separated, f is separated.

Proof. Assertion 1 follows immediately from Proposition 1.25 (iii).
To show 2 let y be a point of Y. Then f~!(y) is a subspace of (g o f)~!(g(y)), which
is relatively Hausdorff in X. Hence f~'(y) is relatively Hausdorff in X . O
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Choosing for Z a point we obtain the following result.
Corollary 1.27. Let f: X — Y be a continuous map.

1. If Y is Hausdorff and f is separated, then X is Hausdorff.
2. If X is Hausdorff, then f is separated.

1.5 Proper Maps

There is also a relative version for continuous maps of the compactness notion. These
are the proper maps. We first prove a characterization for compact spaces. We start with
a lemma.

Lemma 1.28. Ler X and Y be topological spaces, A € X and B C Y compact subsets
and W C X x Y openwith A x B C W. Then there exist open neighborhoods U of A in
XandV of BinY suchthatU xV C W.

Proof. Forevery (a,b) € A x B there exist open subsets U, 5y € X and V{, ;) € Y such
that (a,b) € Up) X Viapy € W. Fixing b € B yields an open covering (U p))aea of the
compact set A so that there existay,...,a, with A C Uy, pU...... U U, »)- We define
opensets Uy := U, p)U...UUy, py and V, := Vi, pyN.. .0V, ) and observe A C Uy,
b € Vp. Furthermore U, x V} is contained in W. Now (V})scp is an open covering of

the compact set B so that there exist by, ..., b, with B € V},, U ... UV}, . For the open
subsets U :=Up, N...NUp, and V := V; U... UV, wefind A € U, B C V and
U xV C W as before. O

Proposition 1.29. A topological space X is compact if and only if the projection Zx X —
Z is closed for every topological space Z.

Proof. For every topological space Z denote by p;: Z x X — Z the projection. Suppose
that X is not compact. Then there exists an open covering (U;);c; of X that has no finite
subcovering. In particular / is infinite. Set

Z :={J < I; J finite and non-empty} U {/}.

Endow Z with the topology generated by the sets Vx := {J € Z; K C J } for every

finite subset K < [I. For finite subsets K, K’ € I we have Vx N Vxr = Vkyg and

Vs = Z so that these sets form a basis of the topology of Z (Appendix Remark 12.5).
We will show that p: Z x X — Z is not closed. Consider the subset

A::{(J,x)erX;xeX\Ul_eJU,-}
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of the product space Z x X. If (J,x) ¢ A there exists j € J with x € U; so that
(J.x) € Vijy x U;. Also for every (J',x") € Vij; x Uj we have x" € U; € | J;c, Ui,
hence the open subset V;;, x U; of Z x X is contained in (Z x X) \ A. Therefore A is
closed.

Now pi(A) = {J € Z; X\ U, Ui #0} = Z \ {I} because | J,., U; # X for
every finite subset J C I and | J;., U; = X by assumption. If Z \ {I} was closed, {I}
would be open in Z and therefore an element of the basis of topology given above. But
this is absurd because / is infinite. Hence p;(A) is not closed proving that p1: ZxX — Z
is not closed.

Conversely, assume that X is compact. Let Z be a topological space, let A € Z x X
be a closed subset, and let z € Z \ p;(A). Then p;'(z) = {z} x X € (Zx X)\ Aand X
and {z} are compact. Therefore we may apply Lemma 1.28 to find an open neighborhood
Uofzin ZwithU xX C(ZxX)\A. ThenU C Z \ p;(A). Because z was arbitrary
we see that Z \ p;(A) is open. O

We can now formulate the main result of this section and define the notion of a proper
map.

Definition and Theorem 1.30 (Proper maps). A continuous map f:X — Y between
topological spaces is called proper if it satisfies the following equivalent properties:

(1) For every topological space Z the mapidyz X f: Z x X — Z x Y is closed.

(ii) The map f is closed and for every compact subspace V of Y the preimage f~'(V)
is a compact subspace of X.

(iii) The map f is closed and f~'(y) is compact forall y € Y.

(iv) For every continuous map g:Y' — Y, the projection Y’ xy X — Y'is closed.

Sometimes a continuous map is defined to be proper if inverse images of compact
subspaces are again compact. In general this is strictly weaker than our definition (Prob-
lem 1.21). For locally compact Hausdorff spaces both definitions are equivalent (Prob-
lem 1.20).

Proof. “(i) = (ii)”. Taking for Z the topological space consisting of a single point shows
that (i) implies that f is closed.

Let V' C Y be compact and let Z be a topological space. As Z x X — Z x Y is
closed, the restriction Z x f~!(V) — Z x V is also closed. Due to Proposition 1.29
the projection Z x V' — Z is closed because V' is compact and therefore the composition
Zx f~Y(V) — Z xV — Z is closed. This composition is the projection Z x f~1(V) —
Z. As Z was arbitrary, Proposition 1.29 shows that £ ~!(V) is compact.

“(i1) = (ii1)”. A topological space with a single point is compact.

“(iil)) = (iv)”. Let g: Y’ — Y be a continuous map and f":Y’' xy X — Y’ the
projection. First we note that Im(f') = {y’ € Y': g(y/) e Im(f)} = g~ '(f(X)) is
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closed in Y’ because f is closed by assumption. Let A C Y’ xy X be a closed subset and
y' €Y'\ f’(A). We have to find a neighborhood of y’ in Y’ that does not meet f'(A).
Now we have two different cases.

If y’ ¢ Im(f”'), then Y'\Im( f’) is an open neighborhood of y’ contained in Y\ f'(A).

If y" € Im(f"), we have (f)7'(»") = {y'} x f~'(g()")) S (¥’ xy X)\ A. Since
Y’ xy X € Y’ x X is a subspace, there exists A” C Y’ x X closed with A = A’ N
(Y’ xy X). By hypothesis, {y'} x f~!(g(y")) is compact and we may apply Lemma 1.28
to{y'} x f~(g(y")) € (Y’ x X)\ A’. This yields V' € Y"and U C X open with {y’} x
f N g(y) CV'xUand V' xU C (Y'x X)\ A". Thentheset V' Ng (Y \ f(X\U))
is open in Y’ since f is closed, it contains y’, and has an empty intersection with f’(A).
Thus f’(A) is closed.

“@iv) = (1)”. Let Z be a topological space and g: Z x Y — Y the projection. Then the
projection (Z x Y) xy X — Z x Y isclosed by (iv) and itis equal toidz X f: Z x X —
ZxY. O

Example 1.31. Characterization (iii) shows that an injective continuous map is proper if
and only if it is a closed embedding.

Proposition 1.32. Let f: X — Y and g: Y — Z be continuous maps.

1. If f and g are proper, then g o f is proper.
2. Suppose that g is separated and that g o f is proper. Then f is proper.
3. Let g o f be proper and f surjective. Then g is proper.

Proof. Assertion 1 is clear by Theorem 1.30 (ii).

Let us show 2. By Appendix Example 12.294, I'r: X — X xz Y, x — (x, f(x)) isan
embedding. Its image is the inverse image of the diagonal Y xz Y under f xidy, and the
diagonal is closed in Y x 7 ¥ because g is separated. Hence I’ is a closed embedding and
hence proper (Example 1.31). Now f"is the composition of I'y followed by the projection
X xz Y — Y, which is proper by Theorem 1.30 (iv) because g o f is proper. Hence f is
proper by 2.

To show 3let z € Z. As f is surjective, it induces a surjective map f~'(g7!(z)) —
g7 '(2). As go f is proper, f ~'(g7'(z)) is compact. Hence g~!(z) is compact (Appendix
Proposition 12.51). Now let B € Y be closed. As f is surjective, we have g(B) =
g(f(f~"(B))), which is closed because g o f is closed. Therefore g is closed. O

We obtain a new proof of Appendix Proposition 12.52.
Corollary 1.33. Let f: X — Y be a continuous map. Suppose that X is compact and

that Y is Hausdorff. Then f is proper and the subspace f(X) of Y is closed in Y and
compact.
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Proof. Applying Proposition 1.32 2 to the special case that Z consists of a single point
shows that f is proper. Hence f(X) is closed in Y. Being the image of a compact space,
f(X) is compact (Appendix Proposition 12.51 2). |

Proposition 1.34. Let (fi: X; — Yi)ies be a finite family of proper continuous maps.
Then the product map (x;); +— (f; (x;)); is proper.

One can show that the product of an arbitrary family of proper maps is again proper
([BouGT1], I, §10.2, Corollary 3 of Theorem 1).

Proof. By induction we may assume that / = {1,2}. Let Z be a topological space. Then
Ji x f2 xidz is the composition of the proper maps f; x idy, xidz and idy, x f; x idz.
Hence it is proper by Proposition 1.32. O

1.6 Problems

Problem 1.1. Let X be a Lindelof space and let f: X — Y be a surjective continuous
map. Show that Y is again a Lindel6f space.

Problem 1.2. Show that the product of a Lindelof space and a compact space is again
a Lindelof space.

Problem 1.3. Let X be a topological space.

1. Suppose that X is a Lindelof space. Show that every closed subspace of X is again
a Lindelof space.

2. Show that every subspace of X is Lindelof if and only if every open subspace of X is
Lindelof. Such spaces are called hereditarily Lindeldf spaces.

Problem 1.4. Let X be a metrizable space. Show that the following assertions are equiv-
alent:

(i) X is second countable.
(i) X is a Lindelof space.
(iii) X is separable.

Problem 1.5. A topological space X is called regular if X is a Tj-space and if for all
x € X and closed subsets A € X with x ¢ A there exist disjoint open neighborhoods of
x and of A4.
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1. Show that every Hausdorff normal space is regular.

2. Show that a T}-space X is regular if and only if the closed neighborhoods of any x € X
form a fundamental system of neighborhoods of x.

3. Show that every subspace of a regular space is again regular.

4. Show that in a regular Lindel6f space X every open covering has a countable locally
finite open refinement. In particular X is paracompact.

Problem 1.6. Show that every locally compact Hausdorff space is regular (Problem 1.5).
Problem 1.7. Show that every compact Hausdorff space is normal.

Problem 1.8. Let X be a locally compact Hausdorff space. Show that X is paracompact
if and only if X is the sum of a family of o-compact spaces.

Problem 1.9. Let X be a topological space. A subset A of X is called meager if it is
a union of countably many nowhere dense subsets (Appendix Problem 12.35). Show that
the following assertions are equivalent:

(i) Every intersection of countably many open dense subsets of X is dense in X.

(i) Every countable union of closed subsets without interior points has no interior point
in X.

(iii) The complement of every meager subset is dense in X.

If X satisfies these conditions, then X is called a Baire space.

Problem 1.10. Show that every locally compact Hausdorff space is a Baire space (Prob-
lem 1.9).

Hint: Let (U,), <N be a family of open dense subsets, V' € X open. Construct by induc-
tion open subsets V,, with V| = V|, T—H C V, N U, and V, compact for n > 2 (use
Problem 1.6). Show that V N (", U, 2 ", Vi # 9.

Problem 1.11. Let X # @ be alocally compact Hausdorff space and let (A4,,),, be a count-
able family of closed sets such that X = [, 4,. Show that there exists an n € N such
that A, # 0.

Hint: Problem 1.10.

Problem 1.12. Let X be a paracompact space and let Y be a compact space. Show that
X x Y is paracompact.

Remark: The product of two paracompact spaces is in general not paracompact (Prob-
lem 1.13).
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Problem 1.13. Let X be the topological space whose underlying set is the set R of real
numbers and whose topology is generated by B := { (a,b]; a,b e R,a < b}.

1. Show that B is a basis of the topology, that the closed intervals are closed in this topol-
ogy, and that the topology is finer then the left order topology (Appendix Problem 13.3)
on R.

2. Show that every open subset of X is a countable union of intervals of the form (a, b]
and (a, D) that are pairwise disjoint. Deduce that X is normal and Hausdorff.

3. Show that X is hereditarily Lindelof (Problem 1.3). Deduce that X is hereditarily
paracompact (use Problem 1.5).

4. Show that X x X is not normal.

5. Deduce that X x X is not paracompact and that X is not metrizable.

6. Show that every compact subspace of X is countable. Deduce that X is not o-compact.

Problem 1.14. Show that every Hausdorff locally compact topological group is paracom-
pact.

Problem 1.15. Let (X, <) be a totally ordered set and endow X with the order topology
(Appendix Problem 12.24). Show that X is normal.

Problem 1.16. Let X be a set endowed with the particular point topology with respect to
some p € X (Appendix Problem 12.7). Show that any subspace A of X \ {p} is discrete
(in particular Hausdorff) but that A is not relatively Hausdorff in X if A consists of more
than one point.

Problem 1.17. Let f: X — Y, g:Y — Z be continuous maps. Suppose that g o f is
proper.

1. Let f be surjective. Show that g is proper.
2. Let g be injective. Show that f is proper.

Problem 1.18. Let f: X — Y be a continuous map. Let (B;); be a family of subsets
of Y and suppose: (a) that the interiors cover Y or (b) that (B;); is a locally finite closed
covering. Show that f is proper if and only if its restriction f~'(A;) — A; is proper for
alli.

Hint: Use Appendix Problem 12.13.

Problem 1.19. Let f: X — Y be a surjective map of topological spaces such that X
carries the inverse image topology of Y. Show that f is proper and open.

Problem 1.20. Let X and Y be Hausdorff spaces and suppose that Y is locally compact.
Show that a continuous map f: X — Y is proper if and only if for every compact subspace
C of Y the inverse image f~'(C) is compact.

Hint: Problem 1.18.
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Problem 1.21. Let (X;);<; be a non-countable family of discrete topological spaces each
having at least two points. Endow that product set [ [;; X; with the topology generated
by the subsets []..; M; with M; C X; for all i and M; = X; for all but countably many
iel.

iel

1. Show that in X every countable intersection of open subsets is again open. Deduce
that no point of X has a countable fundamental system of neighborhoods.

2. Show that X is regular and Hausdorff.

Show that any compact subspace of X is finite.

4. Let X' be the set X endowed with the discrete topology and let f: X’ — X be the
identity. Show that f is continuous and that f~!(C) is compact for every compact
subspace C of X. Show that f is not proper.

et



Algebraic Topological Preliminaries

In this chapter we briefly introduce some elementary notions and results on homotopy,
fundamental groups, and covering spaces that are used throughout the book.

2.1 Homotopy
We start with the notion of homotopy that is a central notion in topology.

Definition 2.1 (Homotopy). Two continuous maps f,g: X — Y of topological spaces
are called homotopic if there exists a continuous map H: X x [0,1] — Y such that
H(x,0) = f(x) and H(x,1) = g(x) for all x € X. Then H is called a homotopy
between f and g. We then write f ~ gor H: f ~ g.

One should think of H: X x [0,1] — Y as a continuously varying family of maps
H;:X — Y, x— H(x,t) parametrized by ¢t € [0, 1] interpolating between f = H, and
g = Hl.

Remark and Definition 2.2. Let X and Y be topological spaces. Then the homotopy
relation 2~ is an equivalence relation on the set of all continuous maps X — Y:

1. Clearly, one has f ~ f via the homotopy H: X x [0,1] = Y, (x,?) — f(x).

2. Givenahomotopy H: f >~ g,then H: g >~ f viathe inverse homotopy H™: (x,t) >
H(x,1—1).

3. Let H: f ~ gand K: g >~ hbe given. Then H % K: f >~ h via the product homotopy

H(x,2t), 0<t<1/2
K(x,2t—1), 1/2<t<1.

(H = K)(x,t) :=

© Springer Fachmedien Wiesbaden 2016 21
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The equivalence class of f: X — Y is denoted by [ f] and called the homotopy class of
f. We denote by [X, Y] the set of homotopy classes of continuous maps X — Y.

A continuous map X — Y is called null homotopic if it is homotopic to a constant
map.

Remark and Definition 2.3 (Homotopy category). We define the homotopy category
(h-Top) as follows:

(a) Objects are topological spaces.

(b) For two objects X and Y we define Hom,.top) (X, Y) := [X, Y], the set of homotopy
classes of continuous maps X — Y.

(c) The identity of a topological space in (h-Top) is the homotopy class of idy.

(d) For[f] € [X,Y]and [g] € [Y, Z] we define the composition by [g] o [ f] :=[g o f].
This is well defined. Indeed, let f, f": X — Y and g,g":Y — Z be continuous
maps, and let H: f ~ f’ and K: g ~ g’ be homotopies. Then go f >~ g’ o f' via
the homotopy (x,?) — K(H(x,t),1).

A continuous map f: X — Y whose homotopy class is an isomorphism in (h-Top) is
called a homotopy equivalence. This means that there exists a continuous map g: ¥ — X
such that go f ~ idy and f og ~ idy. Topological spaces X and Y are called homotopy
equivalent if they are isomorphic in (h-Top).

Example 2.4. Letn > 1 be an integer and let || | be the Euclidean norm on R”. Then the
(n — 1)-dimensional sphere

S"hi={xeR"; x| =1}

is homotopy equivalent to R” \ {0}: The inclusion i: S"~! — R” \ {0} and the map
p:R"\ {0} — S"' x g are mutually inverse homotopy equivalences. Indeed
poi =1idg1 andi o p = idgn\ (o) via the homotopy

(R"\ {0}) x [0, 1] — R™ \ {0}, (x,t) = (1 —t)x/|x| + tx.

This is in particular an example of homotopy equivalent spaces that are not homeomorphic
(S~ is compact, R" \ {0} not).

Definition 2.5 ((Locally) contractible spaces). A topological space X is called con-
tractible, if it is homotopy equivalent to a point (i.e., to the unique topological space
consisting of a single point). It is called locally contractible if every point has a funda-
mental system of open contractible neighborhoods.

In other words, X is contractible if and only if there exists a point xo € X such that the
constant map X — X, x — x( and idy are homotopy equivalent, i.e., if and only if idy is
null homotopic.
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Example 2.6. Let V' be a normed real or complex vector space.

1. Recall that a subset S of V is called star-shaped with star center sy € S if for all
s € S the line segment { s + (1 —#)so; 0 <t < 1} from s to s¢ is contained in S.
Then the subspace S of V is contractible: H: (s,t) — ts + (1 — t)so is a homotopy
between the constant map s > so and idg.

2. Every open ball in V' is star-shaped. As the open balls form a basis of the topology on
V', we see that every open subspace of V' is locally contractible.

2.2 Paths

We quickly introduce some notation for paths. In this section, let a,b € R witha < b.

Definition 2.7 (Paths). Let X be a topological space.

1. A continuous map y: [a,b] — X is called path in X . The point y(a) is called the start
point, y(b) is called the end point of y. We say that y is a path from y(a) to y(b). We
also set:

vy =vy(a.b) € X.
2. Avpathy:[a,b] — X is called closed or a loop if y(a) = y(b).

Let y:[a,b] — X be a map. Let ¢: [0, 1] — [a,b], p(t) = a + (b — a)t. Then y is
continuous if and only if y o ¢ is continuous and {y} = {y o ¢}. This allows us usually to
assume that [a, b] = [0, 1].

Definition 2.8. Let X be a topological space.
1. Lety:[0,1] — X be a path. Define
y 0.1l = Xy~ (1) =y(1 —1)

the inverse path.
2. Lety,6:[0,1] — X be two paths with y(1) = §(0). Define the product or the con-
catenation of paths by

y(2t), 0<t<1/2;
5t —1), 1/2<t<1,

y-6:[0,1] = X, t—

i.e., y - 6 is the path where one first “walks along y and then along § each time with
double velocity”.
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2.3 Path Connected Spaces

Let X be a topological space. We write x ~ y if there exists a path with start point x
and end point y. Then ~ is an equivalence relation on X as shown by the construction in
Definition 2.8.

Definition 2.9. An equivalence class with respect to ~ is called a path component of
X. The set of path components of X is denoted by 7¢(X). The space X is called path
connected if there exists a single path component, i.e., 7o(X) consists of a single point.

A topological space X is called locally path connected if every point of X has funda-
mental system of path connected neighborhoods.

The empty space is not path connected by definition.

Remark 2.10. Let f: X — Y be a surjective continuous map. If X is path connected,
then Y is path connected.

Indeed, let y, " € Y. Choose x,x’ € X with f(x) = y and f(x’) = y" and a path y
in X connecting x and x". Then f o y is a path connecting y and y’.

Example 2.11.

1. A discrete space X is locally path connected, but it is not path connected if it contains
more than one point.

2. Conversely, there are path connected topological spaces that are not locally path con-
nected (Problem 2.7).

3. Every open subspace of of a normed R-vector space is locally path connected.

Proposition 2.12. Every path connected topological space X is connected.

Proof. Assume that X is not connected. Then X is the disjoint union of two non-empty
open subsets U and V. Choose x € U and y € V and let y: [0, 1] — X be a path with
y(0) = x and y(1) = y. Then [0, 1] is the disjoint union of the open non-empty sub-
sets y~1(U) and y~! (V). This is a contradiction, because [0, 1] is connected (Appendix
Proposition 12.43). (|

In general there exist connected spaces that are not path connected (Problems 2.6
and 2.7). But for locally path connected spaces this cannot happen. More precisely we
have:

Proposition 2.13. Let X be a topological space such that every point has a path con-
nected neighborhood. Then a subset of X is a path component if and only if it is a con-
nected component. All path components are open and closed in X, i.e., X is the sum of its
path components.
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Proof. By Proposition 2.12 every path component A of X is connected (and hence con-
tained in a connected component). Let x € X and let A be the path component of X
containing x. By hypothesis there exists a path connected neighborhood V' of x. Then
A UV is path connected and hence contained in A. This shows that 4 is open in X. As
the complement of A is a union of path components, A is also closed in X .

Proposition 2.12 shows that every connected component B of X is a union of path
components. Each of theses path components is open and closed in X and hence in B. As
B is connected, B can only contain a single path component. O

Remark 2.14. Suppose that X is a locally path connected space. Then Proposition 2.13
holds also for every open subspace of X. This shows in particular that every point of X
has a fundamental system of open path connected neighborhoods.

Remark 2.15. Let f: X — Y be a continuous map. If x,x" € X are connected by
some path y, then f(x) and f(x") are connected by the path f o y. Hence f induces
amap 7mo(f): mo(X) — mo(Y). We obtain a functor my: (Top) —> (Sets). Moreover, if
f.g: X — Y are homotopic continuous maps, then 7o(f) = mo(g) and we even obtain
a functor

1o: (h-Top) — (Sets).

Hence every homotopy equivalence f: X — Y induces a bijection my(X) S mp(Y). In
particular, we see that every (locally) contractible space is (locally) path connected.

2.4 Fundamental Group

Definition 2.16. Let X and Y be topological spaces, let A € X be a subspace, and let
f,g: X — Y be continuous maps. A homotopy H: f ~ g is said to be relative to A if
H(a,t) = f(a) = g(a)foralla € A,t € [0, 1]. We write H: f ~ g (rel A) in this case.

The existence of such a homotopy implies in particular that f|4 = g4. The same
constructions as in Remark 2.2 show that “homotopy relative to A” is an equivalence
relation on the set of all continuous maps X — Y.

Definition 2.17. Let X be a topological space and let y, §: [0, 1] — X be two paths with
the same start and end points. A homotopy of paths between y and § is a homotopy
H:y >~ § (rel {0,1}),i.e., H is a homotopy that leaves the start point and the end point
fixed.

Remark 2.18. Let y, y1, ¥2, ¥3,61,02: [0, 1] — X be paths in X.

1. Let ¢:[0,1] — [0, 1] be continuous with ¢(0) = 0 and ¢(1) = 1. Then y >~ y o ¢
(rel {0, 1}).
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2. Set xg := y(0), x; := y(1), and let &; be the constant path ¢ — x;. Then
go-y =y x=y-g (rel {0, 1}).

3. Assume y;(1) = §;(0) fori = 1,2. Then y; >~ y, (rel {0, 1}) and 8; >~ &, (rel {0, 1})
imply that y; - 8; >~ y, - 6, (rel {0, 1}).

4. If one has y; >~ y, (rel {0, 1}), then y; - y; is null-homotopic.

5. Assume y;(1) = y,(0) and y,(1) = y3(0). Then

Y- (2-v3) = (y1-y2) - s (rel {0, 1}).

Proof. 1. A homotopy y o ¢ >~ y is given by (s,1) > y(ts + (1 — 1)p(s)).

2,5. Onehasgy-y = yogp witheg(t) =0for0 <t < %andfp(t) = 2t — 1 for
% <t <1.Henceey-y =~ y (rel {0, 1}) by 1. Similarly one shows y =~ y -&; (rel {0, 1})
and 5.

3. If H:y; >~ y, (rel {0,1}) and G:8; =~ &, (rel {0,1}), then y; - §; >~ yr - 6,
(rel {0, 1}). via the homotopy (s,?) — H(2s,t) for0 < s < % and (s, ) — G(2s — 1,1)
for % <s<1.

4. One has y; =~ y; (rel {0,1}) if and only if y; =~ y; (rel {0,1}). Hence we
may assume that y; = y, by 3. Then (s,7) > y1(2s(1 —¢)) for 0 < s < % and
(s,2) = y1(2(1 =s)(1 —1)) for % <s < 1is a homotopy between y - y~ and the constant
path with value y(0). |

Definition 2.19. Let X be a topological space, x € X. Define the fundamental group of
X with base point x by

(X, x) :={y:[0,1] - X ; y path with y(0) = y(1) = x} /(== (rel {0, 1}),

i.e., (X, x) is the set of homotopy classes [y] of closed paths y starting (and ending) in
x. Define a multiplication on (X, x) by

[V118] := [y - 8].

By Remark 2.18 this is well defined and yields a group structure on 7; (X, x). The neutral
element is the constant path with value x and the inverse of [y] € 71 (X, x) is [y7].
In the sequel we will often write y instead of [y] for elements in 71 (X, x).

Remark 2.20. Let (Toppt) be the category whose objects are pointed topological spaces,
i.e., pairs (X, x) consisting of a topological space X and a point x € X. Morphisms
(X,x) — (Y,y) are continuous maps f: X — Y with f(x) = y. Composition in
(Toppt) is given by composition of maps.

If f:(X,x) — (Y,y) is a morphism in (Toppt), then y + f o y defines a group
homomorphism 77, ( f): 71 (X, x) — m (Y, y). Itis easy to check that we obtain a functor

m1: (Toppt) — (Grp).



2.4 Fundamental Group 27

Remark 2.21. Let X be a topological space, xo, x; € X be points and let o be a path in
X with start point x¢ and end point x;. Then

0.1 (X, x0) = m1(X, x1), Y=o -y-0

is an isomorphism of groups: Remark 2.18 shows that o, is well defined and that for
v,y € m (X, xo) one has

ox(Y)o(y)=0"-y-0-0 -y oxo y-y-oxo -y-y -0 =o0.(yy).

Hence o, is a group homomorphism. An inverse is givenby o :§ >0 -8 -0".
In particular we see that for a path connected space X the fundamental group 7, (X, x¢)
is up to isomorphism independent of the chosen point xy € X.

Definition 2.22. A topological space X is called simply connected if X is path connected
and if 71 (X, x) = 1 for all (equivalently, for one) x € X.

In other words, X is simply connected if and only if every closed path in X is homo-
topic relative {0, 1} to a given constant path.

Remark 2.23. Let X and Y be topological spaces, xo € X, yo € Y, let p and g be the
projections from X x Y to X and Y, respectively. Then

(1 (p), m1(g)): T (X X Y, (X0, y0)) —> w1 (X, x0) x (¥, yo)

is an isomorphism of groups. An inverse is given by m;(i)7(j), wherei: X — X x Y,
x> (x,yp)and j:Y — X XY,y (x0, ).

We conclude this section by showing that homotopic maps induce isomorphic maps on
fundamental groups.

Proposition 2.24. Let fy, f1: X — Y be continuous maps and let H: fy >~ f be a ho-
motopy. Let x € X and define y; := f;(x) fori = 0,1. Then o(t) := H(x,t) is a path
from yq to y| and the following diagram commutes:

w1 (Y, yo)

7T1(X,)C) = | 0x

m

(Y, y1).
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Proof. Let [y] € m1(X, x). We have to show that

(fooy)-ox~ao-(fioy) (rel {0, 1}).

Let h:[0,1] x [0,1] — Y, (s,t) — H(y(s),t). Leta,b,c,d:[0,1] — [0,1] x [0, 1],
a(t) = (¢,0),b(t) = (1,1), c(t) = (0,1), d(t) = (¢, 1) be the sides of the square. Then
(fooy)-c = ho(a-b)ando-(fioy) = ho(c-d). Clearly there is a homotopy a-b >~ c-d
in [0, 1] %[0, 1] relative {0, 1} (e.g., a linear homotopy (s, ) + (1—t)(a-b)(s)+1(c-d)(s))
and this homotopy induces the desired homotopy by composition. O

Corollary 2.25. Let f: X — Y be a homotopy equivalence.

1. Letx € X. Then i (f): m(X,x) = m (Y, f(x)) is a group isomorphism.
2. The topological space X is simply connected if and only if Y is simply connected.

Proof. Let g:Y — X be a homotopy inverse map of f. As g o f (respectively f o g)
is homotopic to the identity, Proposition 2.24 implies that 7r; ( f') is injective (respectively
surjective). This shows (1).

Assertion (2) follows from (1) and because X is path connected if and only if Y is path
connected (Remark 2.15). O

Corollary 2.26. Every contractible space is simply connected.

Altogether we obtain the following implications for various notions of connectivity
(where the first two notions have been only defined for subspaces of normed vector
spaces):

“convex” = “star shaped” = “contractible” = “simply connected”

= “path connected” = “connected”.

Each of these implications is a proper implication: The union of the coordinate axes
{(x,y) eR?; xy = 0} is star shaped but not convex, R? \ {(x,y) Py =x2,x > O}
is not star shaped but contractible (Problem 2.8), R” \ {0} is simply connected for n > 3
(Problem 2.15) but not contractible (see Corollary 11.21 below), R?\ {0} is path connected
(Problem 2.5) but not simply connected (see Corollary 2.44 below), and Problems 2.6
and 2.7 give examples of connected spaces that are not path connected.
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2,5 Covering Spaces

Definition 2.27 (Covering space). Let X be a topological space.

1. A continuous map p: X — X iscalleda covering space of X or a covering map if for
all x € X there exists x € U C X open such that

pI(U) = ]_[ U; sum of topological spaces, I # @ some set 2.1

iel

for open sets U; C X such that Do U — Uisa homeomorphism for alli € I (see
Fig. 2.1).

2. A covering map p: X — X is called a universal covering map if X is simply con-
nected.

3. Define the category (CovSp(X)) of covering spaces of X as follows. Objects are cov-
ering spaces p: X —>X. A morphism between two covering spaces pi: X, — X and
V2% )22 — X is a continuous map o: )?1 — )?2 such that p, o = p;y.

For a justification of the notion of a “universal covering” see Remark 2.38 below.

A covering map p is always a surjective map: For every U as in (2.1) and for every
y € U we have a bijection p~!({y}) <> I and I # @ by definition. The cardinality of the
set p~!(x) is locally constant in x. If it is constant (e.g., if X is connected), we call the
cardinality of a fiber the degree of the covering p.

Sometimes we consider pointed covering spaces p: (X,%) — (X, x) of pointed topo-
logical spaces. By this we mean a covering map p: X — X with p(¥) = x. One has the
obvious notion of a morphism of pointed covering spaces.

Remark 2.28. Let X be a topological space. Let E # @ be a set considered as a discrete
topological space. Then the projection X x E — X is a covering map. Covering maps
that are isomorphic to a covering map of this form are called trivial covering maps.

A continuous map p: X — X is a covering map if and only if it is locally on X a trivial
covering map.

Figure2.1 Triviality of the
gur y ¥ ~
covering over U ~_~ Ui
—~
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Example 2.29.

1. The function p:R — S!' ={z € C; |z| = 1}, x — €>™* is a universal covering.
Indeed, R is simply connected because it is convex. The map is a covering: For j =
—1,11letU; = S"\{j}. Then U_;UU, = S'. Onehas p~'(U;) = ][,z (n.n+1) and
D|(n.n+1) 18 a homeomorphism (n,n + 1) S U similarly for p~'(U_;) = ],z (n —
%, n—+ %).

2. The function exp: C — C* is a universal covering (use (1) and the polar decomposi-
tion of complex numbers).

3. Forn > 2, the map f:C — C, z — z" is surjective, but there exists no open
neighborhood U of 0 such that # f ' ({zo}) = # ' ({0}) = 1 for all z, € U. Hence
f is not a covering. However its restriction to C \ {0} is a covering of degree n
(Problem 2.17).

Remark 2.30. The fibers of a covering map p: X — X are relatively Hausdorff, hence
every covering map is separated (Proposition 1.25). In particular, if X is Hausdorff, then
X is Hausdorff (Corollary 1.27).

Let p: X — X andlet f: Z — X be a continuous map. A continuous map f Z X
such that p o f = f is called a lifting of f along p.

Proposition 2.31 (Uniqueness of liftings). Fori = 1,2 let f Z — X be liftings of
f along a covering map p: X - X. Suppose that Z is connected and that there exists
z0 € Z with fi(z0) = fa(z0). Then fi = f.

Proof. Aspof = f, (fl,fz) yields a map f’Z — X xx X. Let A, C X xy X
be the diagonal. As p is a separated by Remark 2.30 and a local homeomorphlsm A,

is closed and open in X xy X (Proposition 1.25 and Appendix Remark 12.37). Hence
f a4, = {z eZ; fl (z) = fz(z)} is closed and open in Z. It contains z, and hence
is equal to Z because Z is connected. O

The proof shows that the same assertion remains true for separated local homeomor-
phisms p.

Proposition 2.32 (Lifting homotopies). Ler p: X — X be a covering map. Let Z
be a topological space, let H:Z x [0,1] — X be a homotopy and let f:Z — X be
a continuous map such that p( f (z)) H(z,0). Then there exists a unique homotopy
H:Z x[0,1] = X such that p o H = H and such thatf(z) H(z,0) forallz € Z.

The proof will show that if H is a homotopy relative to a subset A C Z, then H is also
a homotopy relative to A.
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Proof. If H exists, it is uniquely determined (apply Proposition 2.31 to H.(t) := H(z,1)
for all z € Z). Hence it suffices to construct H locally, i.e., to show that forall z € Z
there exists an open neighborhood W of z in Z and H: W x [0,1] — X such that po H=
H \wx0.1] and such that f(z) = H(z,0) forallz € W.

Let (Uy), be an open covering of X such that for all &, p~!(U,) is the sum of open
subspaces each of which is mapped homeomorphically to U,. As H is continuous, every
point (z, ¢) has a neighborhood of the form W, x (a;,b;) in Z x [0, 1] such that H (W, x
(a;,b,)) € U,. As |0, 1] is compact, we find 0 = ¢y, < t; --- < t, = 1 and a neighborhood
W of z such that foralli =1,...,r, H(W X [ti_1,t;]) is contained in some Uy,

By induction we may assume that H [, ,] has already been constructed As p
is a covering map, there exists an open subspace U cX containing H(z.1;_,) such

that p; := pyg, : Ual — U,, is a homeomorphism. After shrinking W we may assume
that H(W x {t;_1}) € U,,. Now we can extend H to W x [0,;] by ﬁ‘WX[,H,,,.] =
pfl o H|W><[[i—l~[i]' 0

Taking Z to be a point yields the path lifting property for covering spaces.

Corollary 2.33 (Lifting of paths). Let p: X — X be a covering map. Let y: [0, 1] - X
be a path and let Xy € p~'(y(0)). Then there exists a unique path 7:[0,1] — X with

poy =yandy(0) = X,.

Corollary 2.34. Let p: X — X be a covering map. For every topological space Z,
composition with p yields an injective map

Hom 1op)(Z. X) < Homg1op) (Z, X).

In other words, a covering map is an epimorphism in the category (h-Top). The image
of Homgp.topy(Z, X) — Hom.1op)(Z, X) can be described in terms of the fundamental

group.

Proposition 2.35. Let p: X — X be a covering map, Xy € X, xo = p(Xo). Let
fi(Z,z0) = (X,x0) be a morphism of pointed topological spaces, where Z is path
connected and locally path connected.

Then there exists a morphism f (Z,z9) — (X, Xo) of pointed topological spaces with
po f = fifandonlyif mi(f)((Z.20)) S m(p)(mi(X. X))

The morphism f is unique by Proposition 2.31 if it exists.

Proof. If there exists a morphism f :(Z,z0) — (X,X) of pointed topological spaces
with po f = f,then 7, (f) = (71(p)om(f)) and therefore clearly i (f)(71(Z, z)) <
71 (p) (1 (X, Xo)).
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Now assume 71 (/) (71(Z, z0)) € m1(p)(m1(X,%)). Let z € Z and let y be a path
from z( to z in Z, which exists because Z is path connected. Then f oy becomes a path
from x to f(z) in X so that Corollary 2.33 yields a unique path 7 in X starting at ¥, such
that poy = foy.Set f(z) = y(1)sothat (po f)(z) = (pep)(1) = (f o)) =
f(y(1)) = f(z). We will show that this is well defined (independent of the choice of y)
and defines a continuous map.

Let § be another path from z, to z in Z and let § be the unique path in X starting at
Xo such that p o § = f o 4. Furthermore set o := y - §~, which is a closed path in Z
starting at zo, and let & be the unique path in X starting at %, such that p o5 = f o 0.
By assumption we have 71 ( f)([o]) € m1(p)(my (X, X)) so that there exists a closed path
&' in X starting at Xy with 77;(p)([6']) = 71(f)([o]). Therefore there exists a homotopy
of paths H: (pod6’) ~ (f oo) (rel {0, 1}) and applying Proposmon 2.32 yields a unique
homotopy of paths H:5" ~ & (rel {0,1}) for a path ” in X such that po H = H.
This implies p o 6” = p o6’ and 6"(0) = 6(0) = Xy = 6'(0) so that ¢” = &’ by the
uniqueness of lifts. In particular ¢ has to be a closed path and due to the uniqueness of lifts
we have g = y - §~ and therefore 8(1) = y(1). Hence, f 7 — X is a well-defined map.

Nowletz € Z, x := f(z) and x = p(x) f(z). By definition there exist x € U C
X open and X € U C X such that Dlg: U—Uisa homeomorphism. Since Z is locally
path connected, there exists z € V € f~!(U) open and connected. It is sufficient to show
that f(V) C U so that f‘y = (py3)~" o f|v has to be continuous. Let v € V, let y be
apath from z to v in VV and § a path from z, to z in Z so that §-y becomes a path from z, to
v. Furthermore let § be apath from X, tofc with poS = fodandsety := (pm)*1 of?y.
Then (§-7)(0) = %o and po(8-7) = (pod)-(po7) = (f08)-(foy) = fo(s- )f) so that -y
lifts f o(8-y). Therefore /(v) = (§-7)(1) = ((p1g) " o foy)(1) = (pjp) ' (f(v) € U.

|

Corollary 2.36. The map f always exists if Z is in addition simply connected.

Corollary 2.37. Let X be path connected and locally path connected, x € X, and for
i = 1,21let p;: (X;. %) — (X, x) be covering maps such that X; is path connected. Set
C; = m(p)(m(X:, %)) € m1(X,x). Then there exists a unique morphism of pointed
covering spaces a: (X1, %) — (X, %) if and only if C; € C,.

If C; = (C;, then « is necessarily an isomorphism of covering spaces. By symmetry,
there also exists a unique morphism of pointed covering spaces f: (X 2,X2) — (X 1, X1)
and by uniqueness we havew o f =idy and f oo = idy, .

Remark 2.38. Let X be path connected and locally path connected, x € X. If p: X —
X is a universal covering map, X € p~'(x), then there exists for each covering map
q:(Y.7) — (X.x) a unique morphism of pointed covering spaces (X,%) — (¥,7)
(apply Corollary 2.37 to the path component of Y containing y). In other words, a pointed
universal covering (X , ¥) is an initial object in the category of pointed coverings of (X, x).



2.5 Covering Spaces 33

Remark 2.39. Let X be path connected and locally path connected, x € X. Corol-
lary 2.37 shows that the map

subgroups

path connected covering spaces
of (X, x)

p(X. %) = (X.x)
(p:(X.%) = (X, x)) — m1(p)(m1(X, 5))

isomorphism classes of pointed
—
(2.2)

is injective.

Let X be in addition semilocally simply connected (Problem 2.19, e.g., if X has an
open covering by simply connected subspaces), then one can show that (2.2) is in fact
bijective (Problem 2.20). In particular there exists a universal covering, corresponding to
the trivial subgroup.

The map (2.2) can also be extended to a functor on the category of (not necessarily path
connected) covering spaces as follows.

Remark 2.40. Let X be path connected and locally path connected and let p: X — X
be a covering map. Fix x € X, and let F := p~!(x) be the fiber. Then F is a discrete
subspace of X. Define a right action

Fxm(X,x) — F

as follows. Let X € F and y be a closed path representing an element in (X, x).
By Corollary 2.36 there exists a unique lifting to a path y in X with start point X. Let
X - [)/] = y(1) (this depends only on the homotopy class of y by Proposition 2.32). Let
p: X' — X be a second covering map and let g: X > X'bea morphism of covering
spaces. Then the induced map on fibers g,: p~!(x) — p'~!(x) is equivariant with respect
to the 71 (X, x)-action. We obtain a functor

@,: (CovSp(X)) —> (Sets-m (X, x)), p pil(x). 2.3)

Here (Sets-G) denotes the category of sets together with a right action by the group G.

The action of 7;(X,x) on p~'(x) is transitive if and only if X is path connected.
Indeed, the condition is clearly necessary. Conversely suppose that X is path connected.
Let § € p~!(x) and choose a path } in X from X to y. Theny =X -[poy].

If p: (X ,X) — (X, x) is a pointed path connected covering space, then the stabilizer
Iz of X € p~'(x) in the group m{(X,x) consists of those homotopy classes of paths
whose lift to X with start point X has also end point X. Hence I'; = m(p)(m; (X.%))
and we see that the functor (2.3) indeed generalizes (2.2) by attaching to a subgroup I" of
1 (X, x) the transitive 1 (X, x)-set of left cosets '\ (X, x).
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If X has a universal covering space, then one can show that the functor @, is an equiv-
alence of categories (Problem 2.21). Here we prove only the following easy very special
case.

Proposition 2.41. Let X be a simply connected locally path connected space. Then every
covering map of X is isomorphic to a trivial covering, i.e., to pr,: F x X — X for
a discrete topological space F.

Proof. Fix xo € X. Let p:X — X bea covering map and set F := p~'(xo). By
Corollary 2.36 there exists for every z € F a unique continuous map i;: X — X such
that p o i, = idy and i,(xg) = z. As p is separated (Remark 2.30), i, is proper (Proposi-
tion 1.32 2) and hence a closed embedding. As p is a local homeomorphism, 7, is an open
embedding (Appendix Remark 12.37 3). Therefore i, (X) is open and closed in X and
hence a connected component isomorphic to X (recall that connected components and
path components are the same because X is locally path connected [Proposition 2.13]).
Let ¥ € X, choose a path y from p(X) to x¢, and let y be the lift in X with start point
X. Then the end point of y is a point z € F and hence X and z are in the same path
component, i.e., ¥ € i-(X). This shows that X = [Lepiz(X) = FxX. |

2.6 Fundamental Groups and Coverings of Topological Groups

We now study the example of topological groups. We first show that their fundamental
groups are always abelian. This relies on the following simple remark.

Remark 2.42. Let X be a topological space, e € X, and let m: X x X — X be a con-
tinuous map such that m(x,e) = m(e,x) = x for all x € X. By functoriality we obtain
a homomorphism of groups

mi(m):m(X,e) xm(X,e) = 1 (X x X, (e,e)) »> m(X,e), (y,8) >y %6,

where the equality is by Remark 2.23.
We claim that 7y (m) coincides with group multiplication in 71 (X, e). Indeed, let ¢ be
the homotopy class of the constant path with image e. Then one has

y-§>(yxe)-(exd8)=(y-€)*(e-8) ~y*é.

As a group G is abelian if and only if the multiplication G x G — G is a homomor-
phism of groups, one sees in particular that | (X, e) is an abelian group, because 7 ()
is a homomorphism of groups.
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Proposition 2.43. Let G be a topological group with neutral element e € G and let
p: G — G be a covering map, where G is a path connected and locally path connected
topological space. Fix é € p~'(e).

1. There exists a unique group structure on G that makes G into a topological group with
neutral element é such that p is a homomorphism of groups.

2. The topological group G is abelian if and only if G is abelian.

3. One has an exact sequence of abelian groups

1 5 1(G. &) ™ 7,(G,e) 25> Ker(p) — 1. (2.4)

In particular we see that d; yields a group isomorphism 7,(G,e) — Ker(p) if G is
simply connected.

Proof. (1)and (2). Denote by m: G x G — G the group law on G. By Proposmon 2.35
we can lift m o (p x p) along p to a (necessarily unique) continuous map 7i: GxG—G
with (e, e) = é if

(m(m) o mi(p x p)(m(G x G, (€,8))) € m(p)(m1(G)).

But Remark 2.42 shows that (7 (m) o (p X p))([y1, ¥2]) = 71(p)([y1-y2]). Therefore m
exists. The uniqueness of liftings implies that 7 is associative and that /71 is commutative
if m is commutative. The same argument shows that G — G, g — g~ ! can be lifted to
amap G — G mapping & to & and defining an inverse for the multiplication 7.

As m is alifting of mo(p x p), p is a surjective homomorphism of groups. In particular
G is abelian if G is abelian.

(3). The homomorphism 7 (p) is injective by Proposition 2.32. By Remark 2.40 we
have a transitive | (G, e)-action on Ker(p), which yields a surjective map d;: 7, (G, e) —
Ker(p), [y] + ¢ - [y] with 8;'(¢) = Im(rr;(p)). The alternative description of the group
law of 7, (G, e) in Remark 2.42 shows that d; is a group homomorphism. |

By Example 2.29 we deduce:
Corollary 2.44. One has m(S',1) = 7 (C \ {0},1) = Z

The first equality is given by the inclusion S! < C \ {0}, which is a homotopy equiva-
lence by Example 2.4. Going through the construction of d; one sees that this isomorphism

is given by attaching to n € Z the closed path ¢ > e**/"!, The spheres S" for n > 2 are
simply connected (Problem 2.15).
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2.7 Problems

Problem 2.1. Let Y be a contractible space. Show that any two continuous maps X — Y
are homotopic.

Problem 2.2. Let / be an index set.

1. Let f;, g1 X; — Y; be continuous maps of topological spaces. Show that if f; ~ g;
foralli € I, then the maps [[; f; and [[; g; from []; X; to []; ¥; are homotopic.

2. Let X and Y be topological spaces, let Y be contractible. Show that the projection
X x Y — X is a homotopy equivalence.

Problem 2.3. Show that the inclusions O(n) — GL,(R) and U(n) < GL,(C) are
homotopy equivalences.
Hint: Use the polar decomposition and Problem 2.2.

Problem 2.4. Show that the union of the coordinate axes (R x {0}) U ({0} x R) in R? is
not homeomorphic to R.

Problem 2.5. Letn > 2 be an integer, let U € R” be an open subspace, and let F € U
be a finite subset. Show that if U is path connected, then U \ F is path connected.

Problem 2.6. Let X be an infinite countable set endowed with the cofinite topology (Ap-
pendix Problem 12.16). Show that every non-empty open subspace is connected and that
no open subspace is path connected.
Problem 2.7. Let X be the subspace

{(/n,y):neN,y€[0,1]3U{(0.y): y€[0,1]}U{(x.0);: x €[0,1]}

of R?, and let X° := X \ {0,0}.

1. Show that X is path connected but not locally path connected.
2. Show that X° is connected but not path connected.

Problem 2.8. Show that R? \ {(x,y) Py =x2,x > 0} is not star shaped but con-
tractible.
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Problem 2.9. Let X be a topological space. The fundamental groupoid IT(X) is the cate-
gory whose objects are the points of X. For x, y € X the set of morphisms Homp(x)(x, y)
is the set of paths from x to y modulo homotopy relative {0, 1}. Composition is defined

by [y]o[6]:=8-y.

1. Show that IT(X) is a groupoid (Appendix Problem 13.7). For x € X show that the
map Aut(x)(x) S (X, x), [y] = [y~] is an isomorphism of groups.

2. Show that every continuous map f: X — Y induces a functor [T(f): [T(X) — [1(Y).

3. Show thatif f is a homotopy equivalence, then IT( f') is an equivalence of categories.

Problem 2.10. Every group G can be considered as a category with a single object whose
set of endomorphisms is the group G. Composition is defined by group multiplication
(convince yourself that this is really a category and even a groupoid [Appendix Prob-
lem 13.7]).

Let X be a path connected, let I7(X) be its fundamental groupoid (Problem 2.9). Fix
a point x € X and consider the group m;(X, x) as a groupoid. Show that the natural
inclusion functor 7y (X, x) — I1(X) is an equivalence of categories.

Problem 2.11. State and prove a similar result as Remark 2.23 for the fundamental
groupoid of X x Y (Problem 2.9).

Problem 2.12. Let X be a topological space and fix x € X. Consider the map

o:S'—> X continuous§ {y: [0,1] — X closed path
— , Or>0goe,

o(l)=x y(0) = x

where e: [0, 1] — S! is the map ¢ > 7!,

1. Show that this map induces an isomorphism [(S', 1), (X, x)] = m1(X, x), where the
left-hand side denotes the set of continuous maps f:S! — X with f(1) = x up to
homotopy relative {1}.

2. Let y be aclosed path in X with start point x and let o be the corresponding continuous
map S' — X. Show that y is null-homotopic if and only if o can be extended to
acontinuousmap D :={ze€C; |z] <1} —> X.

3. Let G be a path connected topological group with neutral element e. Show that the
map “forgetting the base point” yields a bijective map [(S', 1), (G, e)] — [S', G].

Problem 2.13. Letn > 1 be an integer. A piece-wise affine path in a subspace A of R” is
a path y: [0, 1] — A such that there exist0 =ty < #; <--- <t, = land vy,...,v, € R”
such that y(¢t) = y(t;_1) + (t — t;_1)v; forall t with¢;_; <t <.

Let U € R” be an open subspace. Show that every path in U is homotopic relative
{0, 1} in U to a piecewise affine path in U.

Hint: Use that every homotopy of paths is uniformly continuous.
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Problem 2.14. Let n > 1 be an integer and let 0 # v € R”. Show that R” \ R=% is
contractible. Deduce that S"~! \ {x,} is contractible for any xo € S"~'.

Problem 2.15. Let n > 3 be an integer. Show that R” \ {0} and S"~' are simply con-
nected.

Hint: After replacing a closed path in R” \ {0} by a piecewise affine path (Prob-
lem 2.13), show that there exists 0 # v € R” such that R=%0 € R" \ {y}. Then use
Problem 2.14.

Problem 2.16. Show that a covering map of finite degree is proper. Show that a covering
map of degree 1 is a homeomorphism.

Problem 2.17. Let n > 1 be an integer. Show that C \ {0} — C \ {0}, z — z" is
a covering map of degree n.

Problem 2.18. Let X be a topological space.

1. Show that every morphism in (CovSp(X )) is again a covering map.

2. Let p: X —> Xbea covering map with X connected. Show that A := = Autcovspx ) (P)
acts properly discontinuous on X, ie. each ¥ € X hasan open neighborhood U such
that U Na(U) = @ forall o # idy.

Problem 2.19. A topological space X is called semilocally simply connected if every
point x € X has an open neighborhood U such that the map 7, (U, x) — m(X, x),
induced by the inclusion, is trivial.

1. Show that if X has an open covering by simply connected subspaces, then X is semilo-
cally simply connected.

2. Suppose that X has a universal covering. Show that X is semilocally simply con-
nected.

3. Forn e NletC, := BB% ((%, 0)) C R?andset X := |, C,, considered as a subspace

of R?. Show that X is not semilocally simply connected.

Problem 2.20. Let X be a path connected, locally path connected, semilocally simply
connected (Problem 2.19) space. The goal of this problem is to show that the map (2.2) is
surjective (and hence bijective). In particular X has a universal covering space.

Fix xo € X. Let X be the set of homotopy classes (relative {0, 1}) of paths in X starting
at xo and let p: X — X be the map [y] — y(1). Let X, € X be the homotopy class of the
constant path with value x¢. Fix a subgroup C of m; (X, xo).

1. Show that there exists a left action (X, xo) X X — X givenby [0] - [y] := [0 - y].
Let Xc = C\X be the set of C-orbits in X and ¥ Xc, be the image of X in Xc Show
that p induces a map pc: Xc — X.
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2. Let ‘U be the set of open path connected subspaces U € X such that (U, x) —
1(X, x) is trivial for one (equivalently, for all) x € U. Show that ‘U is a basis of the
topology of X.

3. For U € U and for y a path in X with start point x, and end point in U set Uy, :=
{[y -o]; o pathin U with 6(0) = y(1)}. Show that the U[V] form a basis for a topol-
ogy on X. Endow X¢ with the quotient topology.

4. Show that pc: (X¢,%co) — (X, xo) is a pointed path connected covering.

5. Show that 77, (pc ) (1 (Xc, Xcp)) = C. Deduce that X is simply connected.

Problem 2.21. Let X be a topological space and a point x. We want to show that the
functor @, (2.3) is an equivalence of categories if X has a universal covering space (see

Problem 2.20 for an existence criterion). Fix a pointed universal covering : (X,%) -
(X, x).

1. Let [y] € m(X,x) and let y be a lift of y in X with start point X. Show that there
exists a unique automorphism « of the covering space w such that «(X) = y(1). Show
that this construction yields a well-defined group isomorphism (X, x) = Aut(m).
In particular, we obtain a left action of 771 (X, x) on X.

2. Forevery set F (considered as a discrete topological space) with right 7; (X, x)-action
let I, (F) := F x™X-%) X be the quotient space of F x X by the 7y (X, x) right action
(f.%)-y — (fy.y '%). Show that F x X P2 % ., induces a continuous map
pr: I (F) — X and that pr is a covering map.

3. Show that for every morphism «: | — F; of sets with right r; (X, x)-action, the map
o x id g induces a morphism of covering spaces I («): I (F1) — Iz (F;). Show that
one obtains a functor

I:(Sets-m1(X, x)) —> (CovSp(X)).
4. Show that the functors @, and I, are mutually inverse equivalences of categories.

Problem 2.22. Let ¢: G — H be a continuous homomorphism of topological groups.
Show that ¢ is a covering map if and only if ¢ is open surjective and Ker(¢) is a discrete
subgroup of G.

Problem 2.23. Letzo € C andlet 7: C \ {zo} — S', z > =20

1. Show that / is a homotopy equivalence and induces isomorphisms

Wi [S1,C\ {zo}] = [S'.S'] = [(S". 1), (S". 1)]
= Homgz (m1(S', 1), 7 (S, 1)) = Z

(use Problem 2.12). For o: S' — C \ {zo}, W,,(0) is called the winding number of o
around z. We also write W (y) if y is the closed path corresponding to o.
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. Show that for a continuous map o: S' — C, the map C \ 6(S') — Z, z > W.(0) is

locally constant.

. Let y:{0,1] — C \ {0} be a closed path and let y: [0, 1] — C be a lifting along the

covering C — C \ {0}, z > exp(2miz). Show that Wy(y) = y(1) — y(0).
Let y: [0, 1] = C\{zo} be a piecewise continuously differentiable closed path. Deduce

from 3 that
1 dz

"o () = 27i ) z—zy
v




Sheaves

In this chapter we introduce one of the central notions in this book: sheaves. They are the
main tool to keep track systematically of locally defined data attached to an open subset
of a topological space. Giving such data are compatible with restriction to smaller open
subsets yields the notions of a presheaf. A sheaf is then a presheaf where such local data,
which are given on an open covering (U;); and are compatible with restriction to pairwise
intersections U; N U;, can be glued to a global datum. One basic example is to attach to
an open set U the R-algebra of continuous functions U — R: For an open covering (U; );
of X giving a continuous function on X is the same as giving continuous functions f; on
all U; such that fi\y;nu; = fjjuiny; foralli, j.

After defining presheaves and sheaves we make precise in the second section the notion
of “defined in some unspecified neighborhood of a point” and introduce stalks of sheaves
and germs of sections of sheaves. Section 3.3 explains how to make a presheaf into a sheaf.
In Sect. 3.4 we will see that one may view sheaves on a topological space X also as local
homeomorphisms £ — X, called étalé spaces. This second point of view for sheaves
will come in handy in Sect. 3.5 where we define for continuous maps the direct image and
inverse image of sheaves. The direct image can be easily defined in terms of sheaves. The
inverse image is more easily understood in terms of étalé spaces. In the final section we
construct limits and colimits of sheaves showing that the category of sheaves is complete
and cocomplete.

Notation: In this chapter X always denotes a topological space.

3.1 Presheaves and Sheaves

Definition 3.1 (Presheaf). A presheaf J on a topological space X consists of the follow-
ing data:

© Springer Fachmedien Wiesbaden 2016 4
T. Wedhorn, Manifolds, Sheaves, and Cohomology, Springer Studium Mathematik — Master,
DOI 10.1007/978-3-658-10633-1_3
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(a) For every open set U of X aset F(U).
(b) For each pair of open sets U € V of X a map resg: FV) = FU), called a restric-
tion map,

such that the following conditions hold:

1. resY = idgy) for every openset U C X.
2. ForU C V C W open sets of X, res], = res}, ores}/.

Let F, and F, be presheaves on X. A morphism of presheaves ¢:F; — F, is a family
of maps ¢y : F1(U) — F,(U) (for all U € X open) such that for all pairs of open sets
U C Vin X the following diagram commutes:

FIV) = F5(V)

14 |4
resy, \L \L resy,

F(U) -2~ 5,(U).

Composition of morphisms ¢ and 1 of presheaves is defined in the obvious way: oy 1=
(¢u o Yy)y- We obtain the category (PSh(X)) of presheaves on X.

If U € V are open sets of X and s € F(V) we will usually write 5| instead of resl‘; ().
The elements of F(U) are called sections of F over U. Very often we will also write
I'(U, J) instead of F(U).

Remark 3.2. We can also describe presheaves as follows. Let (Openy ) be the category
whose objects are the open sets of X and, for two open sets U,V < X, Hom(U, V)
consists of the inclusion map U — V if U € V and is empty otherwise. In other words,
(Openy) is the category attached to the set of open subsets of X partially ordered by
inclusion (Appendix Remark 13.32). Composition of morphisms is the composition of
the inclusion maps. Then a presheaf is the same as a contravariant functor F from the
category (Openy) to the category (Sets) of sets. A morphism of presheaves is the same as
a morphism of functors.

Remark and Definition 3.3. By replacing (Sets) in Remark 3.2 by some other category C
(e.g., the category of abelian groups, the category of rings, or the category of R-algebras,
R a fixed ring) we obtain the notion of a presheaf J with values in C (e.g., a presheaf of
groups, a presheaf of rings, a presheaf of A-algebras for some commutative ring A). This
signifies that F(U) is an object in C for every open subset U of X and that the restriction
maps are morphisms in C.

A morphism F; — F, of presheaves with values in C is then simply a morphism of
functors.
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If F is a presheaf, one should think of F(U) as some kind of maps on open subsets U of
X with a way to restrict to smaller open subsets. In fact most of the presheaves that we
will encounter will be presheaves of functions in the following sense.

Example 3.4 (Presheaf of functions). Let E be a set. For each open subset U C X let
Map(U) := Mapy.;(U) be the set of all maps U — E. For an open subset V' C U
we define res): Map;(U) — Map (V) as the usual restriction of maps. Then Mapy.; is
a presheaf on X.

More generally, a family J of subsets J(U) € Mapy(U), where U runs through the
open subsets of X, is called a presheaf of E-valued functions on X, if it is stable under
restriction, i.e., for all open sets V € U and all f € F(U) one has f|y € F(V). Then
J together with the restriction maps is a presheaf of sets. If E is a group (respectively an
R-module for some ring R, respectively an A-algebra for some commutative ring 4), then
J is a presheaf of groups (respective of R-modules, respective of A-algebras).

Example 3.5. Let X be a topological space.
1. Let Y be a topological space. For U € X open set
Cxy(U):={f:U —Y; f continuous}.

Then Cy.y is a presheaf of Y -valued functions on X.
IfY =K =RorK = C), then Cx.x(U) is a commutative K-algebra and Cy x is
a presheaf of K-algebras.

2. Let V and W be finite-dimensional R-vector spaces and let X be an open subspace of
V.Leta € NO. For U C X open set

CxwU) ={f:U— W fisaR-C*map}.

Then Cf.;, is a presheaf of functions on X. It is a presheaf of R-vector spaces. If
W = R we simply write C§. This is a presheaf of R-algebras.

3. Let V and W be finite-dimensional C-vector spaces. Let X be an open subspace of V.
For U C X open set

Oxw(U) := O;‘flw(U) :={f:U — W f holomorphic} .

Then Oy. (with the usual restriction maps) is a presheaf of C-vector spaces. For
W = C we simply write Oy or O%'. This is a sheaf of C-algebras.

4. Let E beasetand set F(U) := E forall U € X open. Define all restriction maps to
be the identity idg. Then JF is a presheaf the constant presheaf with value E. We can
also view this as the sheaf of constant E-valued functions on X.
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Example 3.6. Leto € N. For X = R and U C R open let dy: €% (U) — €% '(U) be
the derivative f — f”. Then (dy )y is a morphism of presheaves of R-vector spaces (but
not of R-algebras because usually (fg) # f'g’).

Definition 3.7 (Sheaf). Let X be a topological space. The presheaf F on X is called a
sheaf, if for all open sets U in X and every open covering U = | J,, U; the following
condition holds:

iel

(Sh) Given s; € F(U;) forall i € I such that s;y;ny; = 5j|uiny; foralli, j € I. Then
there exists a unique s € F(U) such that 5|y, = s; foralli € I.

A morphism of sheaves is a morphism of presheaves.

We obtain the category of sheaves on the topological space X, which we denote by
(Sh(X)).

In the same way we can define the notion of a sheaf of groups, a sheaf of rings, a sheaf of
R-modules (R afixed ring), or a sheaf of A-algebras (A a fixed commutative ring). Instead
of a (pre)sheaf of abelian groups (equivalently, of Z-modules) we sometimes speak just
of an abelian (pre)sheaf .

The uniqueness assertion in Condition (Sh) can be also phrased as follows.

Remark 3.8. Let X be a topological space, I a sheaf on X, let U € X be open and let
U = |J; U; be an open covering. Let s,s" € F(U) such that sy, = §'|y, foralli € I.
Then s = 5.

Remark 3.9. If F is a sheaf on X, F(0) is a set consisting of one element (use the
covering of the empty set U = @ with empty index set / = @ in Condition (Sh)).

In particular, if the only open subsets of X are X and @ (for instance if X consists of
one point), then a sheaf F on X is already uniquely determined by F(X') and sometimes
we identify F with F(X).

Remark 3.10 (Sheaf of functions). Let E be a set and let I be a presheaf of E-valued
functions on X (Example 3.4). Then JF is a sheaf if and only if the following condition
holds:

(ShF) For every open subset U of X, for every open covering (U;); of U and for every
map f:U — E such that fy, € F(U;) for all i one has f € F(U).

Remark 3.11 (Restriction of a sheaf to an open subspace). Let J be a presheaf on
a topological space X and let U be an open subspace of X. Then every open subset V'
of U is also open in X and we define a presheaf Iy on U by F|y (V) := F(V') with the
same restriction maps as for J. If F is a sheaf, then Jy is a sheaf.
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Example 3.12. Notations of Example 3.5. The presheaves Cy.y, Cy.y,, and Oﬂ‘("l are
sheaves.

The presheaf of constant functions with values in some set is in general not a sheaf: If
U, and U, are disjoint non-empty open subsets and if f;:U; — E and f,: U, — E are
constant maps that take different values, there exists no constant map f on U = U; U U,
whose restriction to U; is f; for i = 1,2. The problem is that “constant” cannot be
checked locally, i.e., does not satisfy Condition (ShF). If one takes instead the sheaf of
locally constant functions with values in some set E, then this is a sheaf.

To define a sheaf it suffices to give its values on a basis of the topology. For instance if
an open covering (U;); of X is given, it suffices to give the value of a sheaf only on those
open subsets that are contained in one of the U;s.

Remark 3.13. Let X be a topological space and let I be a sheaf on X. Let B a basis of
the topology on X. If we know the value F(U) of a sheaf on every element U of B, we
can use the sheaf property to determine (V') on an arbitrary open V' of X. We simply
cover V' by elements of B. Here is a more systematic way of saying this:

FV) = {Guv)e [[FW):forU' CU bothinB: sy = sur (3.1)
ey
= lim 5(U). (3.2)
vcv

Using this observation, we see that it suffices to define a sheaf on a basis B of open sets
of the topology of a topological space X: Consider B as a full subcategory of (Openy).
Then a presheaf on B is a functor F: BP? — (Sets). Every such presheaf F on B can be
extended to a presheaf F’ on X by using (3.2) as a definition, i.e., for I openin X,

F (V) = lim F(U). (3.3)

ucv

The restriction maps are then given by the projections via the description (3.1). A mor-
phism of presheaves on B is again defined as a morphism of functors.

Then the presheaf 3’ on X is a sheaf if and only if F satisfies the condition (Sh) of
Definition 3.7 for every U € B and for every open covering (U;); of U with U; € B for
all i. In this case, we say that J is a sheaf on B.

Attaching to a sheaf F on B the sheaf 3’ on X is clearly functorial in F and we obtain
an equivalence between the category of sheaves on B and the category of sheaves on X .

A similar remark holds for sheaves of groups, of R-modules (R some ring), or of A-
algebras (A some commutative ring).



46 3 Sheaves

3.2 Stalks

Let X be a topological space, I be a presheaf on X, considered as a functor F: (Openy, )PP
— (Sets), and let x € X be a point. Let

Ux):={U C Xopen; xeU}

be the set of open neighborhoods of x, ordered by inclusion. We consider U(x) as a full
subcategory of Open(X). By restricting F to U(x) we obtain a functor J: U(x)°P? —
(Sets). Note that the category U(x)°PP is filtered (Appendix Definition 13.37): For any
two neighborhoods U; and U, of x there exists a neighborhood V of x with V € U, N U,
(e.g., V = U1 N Uz)

Definition and Remark 3.14.

1. The colimit

Fy :=colimF 3.4)
U(x)

is called the stalk of J in x. More concretely (Appendix Example 13.33), one has
F. ={(U,s) ; U open neighborhood of x, s € F(U)}/ ~, 3.5)

where two pairs (U, s1) and (U,, 55) are equivalent, if there exists an open neighbor-
hood V of x with V' C U; N U, such that 51|y = sy (note that V' might be smaller
than Ul N Uz)

2. For each open neighborhood U of x we have a canonical map

FU) - F,, S > Sy, (3.6)

which sends s € F(U) to the class of (U, s) in F,. We call s, the germ of s in x.
3. If ¢:F — G is a morphism of presheaves on X, we have an induced map

@y := colimgy: F, — G,
Usx

of the stalks in x. It sends the equivalence class of (U,s) in F, to the class of
(U,pu(s)) in ;. We obtain a functor F +— F, from the category of presheaves
on X to the category of sets. For every x € X and every open neighborhood one has

a commutative diagram
SH>Sy

FU) — %«
ou ¢x
S(U) =G,
If J is a presheaf of functions one should think of the stalk F, as the set of functions
defined in some unspecified open neighborhood of x.
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Remark 3.15. If F is a presheaf on X with values in C, where C is any category in which
filtered colimits exist (for instance the category of groups, of R-modules [R ring], or of A-
algebras [A commutative ring]), then the stalk J, is an object in C and we obtain a functor
J +— J, from the category of presheaves on X with values in C to the category C.

Let us make this more precise for a sheaf G of groups. The underlying set of G, is
given by (3.5). The group law on 9, is defined as follows. Let g, h € G, be represented
by (U, s) and (V,t). Choose an open neighborhood W of x with W C U N V. Then
(U,s) ~ (W,s;w) and (V,t) ~ (W, t,w) and the product gh is the equivalence class of
(W, (s3)(t1w).

In the same way addition and multiplication (respectively scalar multiplication) is de-
fined on the stalk for a sheaf of rings (respective of R-modules).

Example 3.16. Let X = K and Ok be the sheaf of analytic functions on X. Fix zy €
K. Then two analytic functions f; and f, defined in open neighborhoods U, and U,
respectively, of zy agree on some open neighborhood V' € U; N U, if and only if they
have same Taylor expansion around z(. Therefore

Ok, = E a,(z — zo)" power series with radius of convergence > 0; .

n>0

We have a similar description of the stalk of the sheaf of analytic functions on any open
subset X of K for some m € N.

Example 3.17 (Stalk of the sheaf of continuous functions). Let X be a topological
space, let Cy = Cy.r be the sheaf of continuous R-valued functions on X, and let x € X.
Then

Cxx={(U, f);xeUC X open, f:U — R continuous} / ~,

where (U, ) ~ (V, g) if there exists x € W < U N V open such that fy = gw.
In particular we see that for x € V € U open and f:U — R continuous one has
U, f) ~ (V, fiv). As Cy is a sheaf of R-algebras, Cy . is an R-algebra.

If the germ s € Cyx, of a continuous function at x is represented by (U, f'), then
s(x) := f(x) € R is independent of the choice of the representative (U, f). We obtain
an R-algebra homomorphism

evy: Cxy = R, s s(x),

which is surjective because Cy , contains in particular the germs of all constant functions.
Let mt, := ker(evy) = {5 € Cxx; s(x) =0}. Then m, is a maximal ideal because
Cxx/m, = Risafield. Lets € Cx \ m, be represented by (U, f). Then f(x) # 0. By
shrinking U we may assume that f(y) # O forall y € Y because f is continuous. Hence
1/f exists and s is a unit in Cx . Therefore the complement of mt, consists of units of
Cx.x. This shows that Cy , is a local ring with maximal ideal m,.
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The same argument shows that for every open subspace X of a finite-dimensional R-
vector space (respectively a finite-dimensional C-vector space) the stalk €% | (respectively
O%!) is a local ring with residue field R (respectively C).

The following result will be used very often.

Proposition 3.18. Let X be a topological space, F and G presheaves on X, and let
0, V:F — G be two morphisms of presheaves.

1. Assume that F is a sheaf. Then the induced maps on stalks ¢: F, — G are injective
forallx € X ifand only of py: F(U) — G(U) is injective for all open subsets U € X.

2. IfF and G are both sheaves, the maps ¢, are bijective for all x € X if and only if oy
is bijective for all open subsets U C X.

3. If Fand G are both sheaves, the morphisms ¢ and  are equal if and only if ¢, = V¥
forall x € X.

Proof. For U C X open consider the map

FU) > [[Fe. s Goser.
xeU

We claim that this map is injective if J is a sheaf. Indeed let s, € F(U) such that s, = 7,
for all x € U. Then for all x € U there exists an open neighborhood V, € U of x such
that sy, = t|y,. Clearly, U = (J,. Vs and therefore s = ¢ by Remark 3.8.

Using the commutative diagram

?(U) - erU 3:-’5

<PU\L \Lnx Px

9 (U) er(] 9,’( s
we see that (3) and the necessity of the condition in (1) are implied by the above claim.
Moreover, a filtered colimit of injective maps is always injective again. Indeed, this
follows either from abstract nonsense (Appendix Example 13.50) or we can argue directly.

Let 5o, fop € F, such that ¢, (sg) = ¢, (f). Let s¢ be represented by (s, U) and 1, by (¢, V).
By shrinking U and V' we may assume U = V. As

¢u(s)x = ¢x(50) = ¢x(t0) = v 1)z,
there exists an open neighborhood x € W C U such that

ew (S)w) = ou()w = eu(O)w = ew (t|w).
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As @y is injective, we find s = ¢ and hence so = s, = 1, = fy. Therefore the
condition in (1) is also sufficient.

Hence we are done if we show that the bijectivity of ¢, for all x € U implies the
surjectivity of ¢gy. Let t € G(U). For all x € U we choose an open neighborhood
U~ of x in U and s* € F(U") such that (pyx(s*))x = t,. Then there exists an open
neighborhood V* € U~ of x with @y« (s¥|yx) = t|y~. Then (V) cy is an open covering
of U andforx,y e U

Qyravy (ST vrary) = Hysnvy = @y (87 veapy).

As we already know that yxnyy is injective, this shows s*|yxqyy = ¥ pxnyy and the
sheaf condition (Sh) ensures that we find s € J(U) such that sjyx = s* forall x € U.
Clearly, we have ¢y (s), = t, forall x € U and hence ¢y (s) = ¢. O

Definition 3.19. We call a morphism ¢: F — G of sheaves injective (respectively surjec-
tive, respectivelybijective) if ¢,: F, — G, is injective (respectively surjective, respectively
bijective) for all x € X.

Problem 3.7 relates these notions to the categorical notions of monomorphism (respec-
tively epimorphism, respectively isomorphism).

Remark 3.20. Let ¢: F — G be a morphism of sheaves.

1. Then ¢ is injective (respectively bijective) if and only if ¢y : F(U) — G(U) is injective
(respectively bijective) for all open U € X (Proposition 3.18).

2. The morphism ¢ is surjective if and only if for all open subsets U € X and every
t € G(U) there exist an open covering U = | J; U; (depending on ¢) and sections
s; € F(U;) such that ¢y, (s;) = ty;, i.e., locally we can find a preimage of ¢. But the
surjectivity of ¢ does not imply that oy: F(U) — G(U) is surjective for all open sets
U of X as Example 3.22 shows.

Similarly, as we defined the notions of injectivity or surjectivity “stalkwise”, we also

define the notion of an exact sequence of sheaves of groups “stalkwise”. Recall that
¢ . . .

a sequence G — H — K of homomorphisms of groups is called exact if Im(¢) =

Ker(y).

Definition 3.21. A sequence I 2, S L H of homomorphisms of sheaves of groups
on a topological space is called exact if for all x € X the induced sequence on stalks
F, —> G, — K, is an exact sequence of groups. A sequence -+ — I, — J; —
Fiv1 — ... iscalled exact if F;_y — F; — F; 4 is exact for all 7.

A homomorphism ¢: F — G of sheaves of groups is injective (respectively surjective)
ifand only if 0 - J N G (respectively F 2 G — 0) is an exact sequence.
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Example 3.22. Let Oy be the sheaf of holomorphic functions on an open subset X of C.
For every open subspace U C X and f € Ox(U) welet Dy (f) := f’ be the derivative.
We obtain a morphism D: Oy — Oy of sheaves of C-vector spaces. Then D is surjective,
because locally every holomorphic function has a primitive.

But there exist open subsets U of X and functions f on U that have no primitive., for
instance U = B,(zp) \ {zo} contained in X and f:z + 1/(z — zp). More precisely, by
complex analysis we know that Dy is surjective if and only if every connected component
of U is simply connected. The sufficiency of this condition will be also an immediate
application of cohomological methods developed later (Example 7.6).

We obtain an exact sequence of sheaves of C-vector spaces

0 —> Cy —> Oy —> Oy —> 0,

where Cy denotes the sheaf of locally constant C-valued functions on X and where ¢y is
the inclusion for all U € X open.

Remark 3.23. Let F and G be sheaves on a topological space X and let (U;); be an open
covering of X. A morphism of sheaves ¢:F — G is injective (respectively surjective,
respectively bijective) if and only if its restriction ¢|y,: F|y;, — Gy, to morphisms of
sheaves on U; is injective (respectively surjective, respectively bijective) for all i because
these notions are defined via the stalks.

But note that the existence of the morphism ¢ is crucial. There exist sheaves & and G
such that F|y, is isomorphic to Gy, for all i and such that I and G are not isomorphic (see
Example 3.42).

Definition 3.24. Let J be a sheaf of abelian groups (using additive notation) on a topolog-
ical space X, U C X open and s € F(U) a section. The support of s is the set supp(s) :=
{x €U ; sy #0}. The support of F is the set supp(F) ;= {x € X ; F, £0}.

Lemma 3.25. Let J be a sheaf of abelian groups on a topological space, U C X open,
and s € F(U) a section. Then supp(s) is closed in U.

Proof. For x € U \ supp(s) we have s, = 0 so that there exists V' C U open with
sjy = 0. This implies that s, = 0 for every x’ € V and therefore V' C U \ supp(s).
Hence U \ supp(s) is open. |

Example 3.26. Let X be a topological space. Let Cxy = Cy.r be the sheaf of continuous
R-valued functions on X. Let U € X be open and s € Cx(U) a continuous function
U — R. In the proof of Lemma 3.25 we have just seen that U \ supp(s) is the interior of
{x €U ; s(x) =0}. Therefore

supp(s) ={x e U ; s(x) #0} (closure in U).
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3.3 Sheaves Attached to Presheaves
There is a functorial way to attach to a presheaf a sheaf.

Proposition and Definition 3.27 (Sheaﬁﬁcatlon) Let F be a presheaf on a topologlcal

space X. Then there exists a pair (3" ty), where Fisa sheaf on X and 15:F — F

is a morphism of presheaves, such that the following holds: If G is a sheaf on X and

¢:F — G is a morphism of presheaves then there exists a unique morphism of sheaves

¢: F — G with ¢ oty = @. The pair (3" Ly) is unique up to unique isomorphism.
Moreover, the following properties hold:

1. Forall x € X the map on stalks 15 ,:F, — g"x is bijective.
2. For every presheaf G on X and every morphism of presheaves ¢:F — G there exists

a unique morphism ¢: F — G making the diagram

(3.7)

m%%
mx%@z

commutative. In particular, F +— Fisa functor from the category of presheaves on X
to the category of sheaves on X .

The sheaf F is called the sheaf associated to F or the sheafification of F.

We can reformulate the first part of Proposition 3.27 by saying that the sheafification
functor is a left adjoint functor to the inclusion functor of the category of sheaves into the
category of presheaves.

Proof. For U C X open, elements of F (U) are by definition families of elements in the
stalks of &, which locally give rise to sections of F. More precisely, we define

.’;"(U) = q(sy) € l_[ F.; Vx € U: 3 an open neighborhood W C U of x,
xeU

andt e F(W): Yw e W: sy, =t

For U C V the restriction map F ) - F (U) is induced by the natural projection
[Licy Fx = [l ey Fx- Then it is easy to check that F is a sheaf. For U C X open, we
define 15 ¢y: F(U) — f;"(U) by s > (sy)rev. The definition of F shows that, for x € X,
5’} = J, and that g, is the identity.
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Now let G be a presheaf on X and let ¢: F — G be a morphism. Sending (s, ), € f;"(U)
to (¢x(sy))x € G(U) defines a morphism F — G. By Proposition 3.18 (3) this is the
unique morphism making the diagram (3.7) commutative.

If we assume in addition that G is a sheaf, then the morphism of sheaves (g: § — é,
which is bijective on stalks, is an isomorphism by Proposition 3.18 (2). Composing the
morphism F— 9 with Lél, we obtain the morphism ¢: F — §. Finally, the uniqueness of
(.’;" ,Lg) is a formal consequence. O

Remark 3.28. If J is a presheaf of (abelian) groups, of rings, of R-modules, or of R-
algebras, its associated sheaf is a sheaf of (abelian) groups, of rings, of R-modules, or of
R-algebras.

Remark 3.29. From Proposition 3.18 (2), we get the following characterization of the
sheafification. Let F be a presheaf and G be a sheaf. Then G is isomorphic to the sheafi-
fication of JF if and only and if there exists a morphism ¢: F — G such that ¢, is bijective
forall x € X.

Example 3.30. Let E be a set and let I be a presheaf of functions with values in E. Then
its sheafification is given by

FWU) = {f:U — E |3 open covering (U;); of U
such that fy, € F(U;) forall i }.

Indeed, this is a sheaf by Remark 3.10 and the inclusions F(U) — f;"(U ) for U open
define a morphism of presheaves § — J that is bijective on stalks. Hence we can apply
Remark 3.29.

Example 3.31. Let £ be a set and denote by Ey the sheaf of locally constant func-
tions, i.e., Ex(U) = {f:U — E locally constant map}. This is the sheafification of the
presheaf of constant functions with values in E. The sheaf Ey is called the constant sheaf
with value E.

If E is a group, then the multiplication in £ makes E into a sheaf of groups. A similar
remark applies if £ is an R-module (R some ring) or an A-algebra (A some commutative

ring).
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3.4 Sheaves and Etalé Spaces
We now give a different description of sheaves via so-called étalé spaces.
Definition 3.32 (Etalé space). Let X be a topological space.

1. A pair (E, ), where E is a topological space and 7: E — X is a local homeomor-
phism (Appendix Definition 12.36), is called an éralé space over X .

2. Let(Eq,m) and (E,, ;) be étalé spaces over X. A morphism f: (E, ) — (E», m3)
of étalé spaces is a continuous map f: E; — E; such that 71y = mp 0 f.

Denote by (Et/X) the category of étalé spaces over X.

One can visualize an étalé space E as a puff pastry lying over the base space X (see
Fig. 3.1).

Definition and Remark 3.33. Let (E, ) be an étalé space over X. For U C X open,
a section of E over U 1is a continuous map s: U — E with w o s = idy. The fiber of E
over x € X isthe set E, := 7 ~'(x). A morphism of étalé spaces f:(E, ) — (E,, 1)
gives rise to maps fy: (E1)y — (Ey), forx € X.

We will now show that the notion of an étalé spaces over X is equivalent to the notion
of a sheaf (of sets) over X. More precisely, we will construct functors

F: (EVX) — (Sh(X)), G: (PSh(X)) — (E/X)
and we will show that G o F is isomorphic to the identity functor and that F o G is isomor-

phic to the sheafification functor. In particular, F and the restriction of G to (Sh(X)) yield
an equivalence of the categories (Et/X) and (Sh(X)).

Figure 3.1 Etalé space —
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Construction 3.34. Let (£, ) be an étalé space over X. Define a presheaf € of E-valued
functions by

E(U) :={s:U — E section} = {s:U — E ; s continuous, 7 os = idy } .

It is a sheaf of E-valued functions because being continuous and being a section of r is
local on X (Remark 3.10).

Let f:(Ey, ) — (E3, m;) be a morphism of étalé spaces and €, €, the correspond-
ing sheaves. For U € X openand s € £(U) we have m, o (f o) = m; o s = idy and
because f and s were continuous we have f os € £,(U). Now we are able to define the
morphism f: &1 — &, of sheaves by fU(s) = fosforU C X openands € £(U). We
obtain a functor denoted by

F: (EvX) — (Sh(X)).

The Lemma 3.35 gives a description of stalks and of the topology of an étalé space.

Lemma 3.35. Let (E, ) be an étalé space over X and & = F((E, )) the associated
sheaf on X.

1. The maps t,: Ex — E,,s +— s(x) are bijective for every x € X.
2. The topology of E is the finest topology such that every s € E(U), forany U C X
open, is continuous (direct image topology).

Proof. 1. For x € X, the stalk &, is the set of equivalence classes of pairs (U, s), where
U is an open neighborhood of x and s: U — E is a section of w. Here (U, s) and (V, 1)
are equivalent if there exists x € W C U N V open such that s;y = 1w .

Fore € E, x := 7m(e) (i.e., e € E,) there exists an open neighborhood e € V C
E such that 7|y is a homeomorphism onto its open image. Then (Jr|y)’1 is obviously
a section of 7w with (7)) 7! (x) = e. This shows that 7, is surjective for every x € X.

Lets:U — E,s": U’ — F be sections with s(x) = s(x’) =: eforapointx € UNU".
Then there exists e € V C E open such that wy:V — m(V) is a homeomorphism
onto its open image. We set W := (V) N U N U’ and replace V by 7|, (W). Now
myy:V — W is ahomeomorphism againand x € W € UNU"is open. Then sy omr|y =
idy = §'|w o m|y and therefore 5|y = 5’| . Hence 1, is injective for every x € X.

2. Recall that in the direct image topology a subset W of E is open if and only if
s~ (W) C X is open for every U € X open and s € &(U). This is true for the topology
of E because every section is a homeomorphism onto its open image and we have already
seen in the first part of the proof that £ admits an open cover by images of sections. [

Now we attach conversely to every presheaf an étalé space as follows.
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Construction 3.36. Let € be a presheaf on X. Define E := [ [,y € as a set, the map
w:E — X, & > e+ x, and define the maps fy,;:U — E, x — s, for U € X open,
s € E(U). Endow E with the finest topology such that all maps fy; are continuous.

To show that (E, ) is an étalé space, let e € E and x := mw(e). Then e € €, so that
there exist x € U € X openand s € E(U) with s, = e. Now m o fy, = idy and
with V' := fy,(U) this also implies fy, o w|y = idy so that w|y and fy, are inverse to
each other. Furthermore (fy¢)"'(V) = {y e U' N Visy, = sy} S X is open for every
U' C X open, s’ € F(U) sothate € V C E is open. Therefore (E, ) is an étalé space
over X.

Let f: &1 — &; be a morphism of presheaves and let (Ey, ), (E,, ;) be the étalé
spaces corresponding to £; and &,, respectively. Define the map

fiEi— Ey (&) 3 e fi(e) € (&),

so that 1y = 7y 0 f. Then (f o fus)(x) = f(sx) = fi(sx) = f($)x = [y ;) (x) and
therefore f o fus = fy #(s) 18 continuous for U C X open, s € E(U). By definition of
the topology of E;, f is continuous and therefore a morphism of étalé spaces. We obtain
a functor

G: (PSh(X)) — (EvX).

Lemma 3.37. There is a natural isomorphism from F o G to the sheafification.

Proof. Let € be a presheaf on X, (E,7) = G(€) and & = F((E, w)). By construction
fus:U — E,x — s, is asection of (E, 7) and therefore an element of £'(U) forU € X
open, s € E(U). We define a morphism of presheaves k: &€ — &' by E(U) — &'(U), s >
fus.

Let x € X be an arbitrary point. By construction E, = &, and due to Lemma 3.35
there is a bijective map 7,: £, — E, = &,,5 > §(x). For U € X open, s € E(U) we
have 7, (kx(5y)) = T ((fus)x) = fus(x) = sy so that 7, o k, = idg, and «, is bijective
for every x € X. It is straightforward to check that x defines a natural transformation
and due to Proposition 3.27 we attain an isomorphism from &’ to the sheafification of & in
a natural way making it a natural isomorphism. O

Lemma 3.38. There is a natural isomorphism G o F to the identity functor.

Proof. Let (E, ) be an étalé space over X, &€ = F((E,n)) and (E',7’) = G(E). By
Lemma 3.35 we have a bijection 7,: £, — E, and by construction E’ = | | _, €. This
defines a bijective map 1: E' — E withmot = n’. For U € X openand s € E(U)
we have t( fy,(x)) = 7(sy) = s(x) for every x € X so that t o fy;; = 5. The topology
of E’ is the finest such that fy;: U — E’ is continuous for every s, U and the topology
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of E is the finest such that s: U — E is continuous for every s, U. This implies that 7 is
a homeomorphism:

W C E isopen < s~ (W) C X is open forevery s: U — E
& fosl (7' (W)) C X is open for every s: U — E
< (W) € E'is open.

It is straightforward to check that this isomorphism is natural. O

As the sheafification of sheaf is the sheaf itself we deduce from Lemma 3.37 and
Lemma 3.38:

Proposition 3.39. Let X be a topological space X. The functors F and G yield an equiv-
alence between the category (Et/X) of étalé spaces over X and the category (Sh(X)) of
sheaves on X.

Example 3.40 (Etalé Spaces of constant sheaves). Let E be a set that we also consider
as a discrete topological space. Let Ey be the constant sheaf with values in £ on a topo-
logical space X (Example 3.31). Then the corresponding étalé space is (X x E,pr;)
because for U € X open the sections of pr; over U are just the maps x — (x,s(x)),
where s: U — E is locally constant.

Note that the map pr;: X x E — X is a trivial covering map. More generally, every
covering map is an étalé space that is locally on X a trivial covering map (Remark 2.28).
Hence we obtain the following result.

Definition and Proposition 3.41 (Locally constant sheaves). A sheaf J on X is called
locally constant if there exists an open covering (U;); of X such that Fy, is a constant
sheaf.

The equivalence of (Sh(X)) and (Bt/X) yields an equivalence between the full sub-
category of locally constant sheaves on X and the category of covering spaces of X
(Definition 2.27).

Example 3.42. Let £ be the sheaf of complex logarithms £ on C \ {0},

L(U) :={[:U — C holomorphic ; expo!/ =idy }, U c C\ {0} open.
For every simply connected open subspace U of C \ {0} the choice of a logarithm /, on
U yields an isomorphism of sheaves of abelian groups (2wiZ)y = Ljy: One attaches to

a locally constant function ¢ with values in 2ri Z on an open subset V' of U the logarithm
lojv + t. Hence L is a locally constant sheaf of abelian groups. But it is not constant
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because L(C \ {0}) = @. The associated étalé space to L is the covering map exp: C —

C\ {0}

Suppose that X is path connected, locally path connected, and semilocally simply con-
nected (Problem 2.19). This will for instance be the case if X is the underlying topological
space of a connected premanifold (see Sect. 4.2). Then the functor @, (2.3) is for all
x € X an equivalence of categories (Problem 2.20 and Problem 2.21). Hence we see that
the above equivalence also yields an equivalence between the category of locally constant
sheaves and the category of sets endowed with a right 7y (X, x)-action.

There is an analogous equivalence for sheaves of R-modules (R some ring), see Prob-
lem 3.14.

3.5 Direct and Inverse Images of Sheaves

In this section f: X — Y denotes a continuous map of topological spaces. We will now
see how to use f in order to attach to a sheaf on X a sheaf on Y (direct image) and to
a sheaf on Y a sheaf an X (inverse image). We start with the direct image.

Definition 3.43 (Direct image of a sheaf). Let /: X — Y be a continuous map. Let F
be a presheaf on X. We define a presheaf f,F on Y by (for V C Y open)

(LHOV) =T (V))

the restriction maps given by the restriction maps for F. Then f,.J is called the direct
image of F under f. Whenever ¢: F; — F, is a morphism of presheaves, the family of
maps fi(¢)y := ¢s-1(y) for V- C Y openis a morphism f(¢): f.F1 — f.F>. We obtain
a functor f, from the category of presheaves on X to the category of presheaves on Y.

Example 3.44 (Direct image of constant sheaves). Let p: X — Y be a continuous map.
Let E be a set and let Exy and Ey be the sheaf of locally constant E-valued functions
on X and Y respectively. For V' € Y open and for locally constant map g: V' — E the
composition g o p: p~!(V) — E is locally constant. Hence we obtain a morphism of
sheaves

¢: Ey — p.Ex.

Now suppose that p is surjective, that ¥ has the quotient topology of X, and that p has
connected fibers (for instance if p:Y x I — Y is the projection for a connected space
I). For V C Y open alocally constant map h: p~!(V) — E is the same as a continuous
map if we endow E with the discrete topology. The restriction of 4 to the fibers of p is
constant and hence by the universal property of the quotient topology there exists a unique
continuous map g: V' — E such that g o p = h. Hence we see that ¢ is an isomorphism
in this case.
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The following properties are immediate.
Remark 3.45.

1. If & is a sheaf on X, f,F is a sheaf on Y. Therefore f, also defines a functor
f.: (Sh(X)) — (Sh(Y)).

2. If g: Y — Z is asecond continuous map, there exists an identity g, ( f.F) = (go f).F
that is functorial in F.

We now define the inverse image of a sheaf.

Definition 3.46 (Inverse image of a sheaf). Let f: X — Y be a continuous map and let
G be a presheaf on Y. Define a presheaf S on X by

U dim §(V), (3.8)

Vo f(u).
V C Y open

the restriction maps being induced by the restriction maps of . Let f~'G be the sheafifi-
cation of fG. We call f~'G the inverse image of G under f.
If 1 is the inclusion of a subspace X of ¥, we also write G|y instead of f ~1G and we

write §(X) := (f~1(9)(X).
Note that even if G is a sheaf, /G is not a sheaf in general.

Remark 3.47. Let f: X — Y be a continuous map of topological spaces. Let G be
a presheaf on Y. The construction of G and hence of f —1G is functorial in G. Therefore
we obtain a functor

£~ (PSh(Y)) — (Sh(X)).

Remark 3.48. Let f: X — Y be an open continuous map and G a presheaf on Y. Then
for U € X open one has fTG(U) = S(f(U)). In this case, if G is a sheaf, G is
a sheaf and hence f+G = f~'G.

In particular if f is the inclusion of an open subspace U = X of Y. Then for every
sheaf Gon Y and V C U open

Gv)V) =39(V).
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Direct image and inverse image are functors that are adjoint to each other. More precisely:

Proposition 3.49. Let f: X — Y be a continuous map of topological spaces, let F be
a sheaf on X and let G be a presheaf on Y. Then there is a bijection

Homsh(xy (f 'S, F) <> Hompresnr)) (G, £ F),
9 ¢, (3.9)
ARCLES

which is functorial in & and S.

Proof. Let ¢: f~'G — F be a morphism of sheaves on X, and letz € G(V),V C Y
open. Since f(f~'(V)) € V, we have amap (V) — fTG(f~(V)), and we define
@} (1) as the image of 7 under the map

Pr=1v)

SWV) = 5V — fTIS(UTIV) ——— TSI (V) = LIW).

Conversely, let ¥: § — f,.JF be a morphism of sheaves on Y. To define the morphism
¥t it suffices to define a morphism of presheaves f+G — F, which we call again /"
Let U be openin X, and s € fTG(U). If V is some open neighborhood of f(U), U is
contained in ' (V). Let V be such a neighborhood such that there exists sy € G(V)
representing s. Then Yy (sy) € f£.F(V) = F(f~'(V)). Let wf](s) € F(U) be the
restriction of the section ¥y (sy) to U.

Clearly, these two maps are inverse to each other. Moreover, it is straightforward —
albeit quite cumbersome — to check that the constructed maps are functorial in F and G.

O

Example 3.50. Let X be a topological space, let i: A — X be the inclusion of a closed
subspace and let I be a sheaf on A. As X \ A is open in X, we have

F., ifx e A;
(), = o (3.10)
(), ifx e X\ A.

Via (3.9) there corresponds to id;, & a morphism of sheaves i 7' (i,F) — F. Looking at
stalks, (3.10) and (3.12) shows that this is an isomorphism.

Remark 3.51 (Inverse image and composition). Let f: X — Y, g:Y — Z be contin-
uous maps.

1. Leti:(Sh(Z)) — (PreSh(Z)) be the inclusion functor. By Proposition 3.49 the functor
f+:(Sh(X)) — (Sh(Y)) is right adjoint to f~':(Sh(Y)) — (Sh(X)), the functor i o
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g+:(Sh(Y)) — (PreSh(Z)) is right adjoint to g~': (PreSh(Z)) — (Sh(Y)), and the
functor i o (g o f), is right adjoint to (g o f)~'. Hence the isomorphism of functors
io(gof)s = (iogy)o f. (Remark 3.45) yields an isomorphism of their left adjoints

(gof)'=fog™ (.11
2. If x isa point of X and i: {x} — X is the inclusion, the definition (3.8) shows that
i'F =9,

for every presheaf F on X (more precisely: i ~}(F)({x}) = F,).
3. Inparticular, (3.11) yields for each presheaf G on Y a functorial isomorphism

(f7'9)x = G- (3.12)

The identification (3.11) and (3.12) will also follow immediately from the description
of the inverse image in terms of étalé spaces (Proposition 3.55).

Remark 3.52. We will almost never use the concrete description of f~'G in the sequel.
Very often we are given f, F, and G as in the Proposition 3.49, and a morphism of sheaves
¥:G — f.F. Then usually it will be sufficient to understand for each x € X the map

(3.12)

VS = (f'9) — T

induced by ¥*: f~'G — 7 on stalks. The proof of Proposition 3.49 shows that we can
describe this map in terms of i as follows. For every open neighborhood V' C Y of f(x),
we have maps "

S(0V) = F(f (V) — T,

and taking the colimit over all V' we obtain the map w}i: 9r@) = Fx.

Remark 3.53. Note that if J is a sheaf of rings (or of R-modules, or of A-algebras) on
X, f+F is a sheaf on Y with values in the same category. A similar statements holds for
the inverse image. Finally, Proposition 3.49 holds (with the same proof) if we consider
morphisms of sheaves of rings (or of R-modules, etc.).

We have already seen that there is a natural correspondence between sheaves and étalé
space and that it is possible to describe the sheafification of a presheaf in terms of associ-
ated étalé spaces. We will now show that the formation of the inverse image of a presheaf
has a simple description in terms of étalé spaces: The corresponding étalé space is given
by the fiber product. Hence let us consider continuous maps f: X' — X and 7: E — X
of topological spaces. We form the fiber product (Appendix Definition 12.28) and obtain
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the following commutative diagram, where g: E xy X’ — E and 7": E xx X' — X' are
the projections:

Exy X —= > X'

Pl

E— > X

For x’ € X’ the map g induces a homeomorphism 7'~!(x") S 7' (f(x)). The inverse
is given by e — (e, x’).

Lemma 3.54. Suppose that 7w has one of the following properties:

1. homeomorphism,
2. open topological embedding, or
3. local homeomorphism.

Then 1’ has the same property.

Proof. Assertion 1 is clear because w +> 7’ is functorial: If @ is a continuous inverse
of 7, then w’: x’ + (w(x), x’) is a continuous inverse of ’. If 7 induces a homeomor-
phism E S UforU € X open, then 7" induces a homeomorphism E’ > f~Y(U) by
1. This shows 2. Finally, if there exists an open covering (W;); of E such that 7y, is an
open embedding for all 7, then (g~ (W;)); is an open covering of E’ and 7' g1y 18 an
open embedding by 2. This proves 3. |

The fiber product construction above yields a functor (Et/X) — (Et/X) by sending a mor-
phism f: E; — E, of étalé spaces over X to the map E; xy X' — E; xy X' induced by
f X idxf.

Proposition 3.55 (Inverse image via étalé spaces). Let f: X — Y be a continuous map
of topological spaces, € a presheaf on Y and (E, ) the étalé space over Y associated
to &. The functor that sends & to the sheaf associated to the étalé space (E xy X, n') is
naturally isomorphic to the inverse image functor f~'.

Proof. Denote by &' := F(E,n) and F := F(E xy X, ) the associated sheaves on Y
and X respectively.
For U € X we have F(U) = {s:U — E Xy X ; s section of 7'} and

fTEWU)={(V,s);:V CY openwith f(U)CV,s €& (V)}/ ~,

where (V,s) ~ (V’,s) if there exists W < V' NV open with f(U) € W such that
sijw = 8'yw. Now let [V,s] € fT€(U). Thenw o (so f)jy = f oi and we obtain
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a continuous map §: U — E xy X,x +— (s(f(x)), x). Then § is a section of 7’ over U,
i.e., § € F(U). Notice that the construction of § does only depend on the values of s on
f(U) and is hence independent of the choice of (V/,s) within its equivalence class. We
get a morphism of presheaves w: f & — Fby fTE'(U) — FU),s — 5.

As €& is the sheafification of & (Lemma 3.37) there is a morphism of presheaves
k:E& — &' that is bijective on stalks. We claim that the morphism of presheaves w o
ft(k): fT& — Fisalso bijective on stalks. Letx € X,y := f(x),x e U C X,V CY
open with f(U) € V and s € £(V). By Lemma 3.35, the map 7,.:F, — (E xy X),,
s = s(x) is bijective. Furthermore the map f/: (E xy X), — E,, (e, x) — e is bijective
as well and by construction we have E, = &,, so that f/ o 7,: J, — &, is bijective. Now

(wo f+(K))x(sy) = wy((fv,s)y) = (f;/s)x

and

(fLot)((frs)e) = fl(frs(¥) = fU(Srs(3)x) = frs(0) =s,.

Therefore (w o f(k)), and (f/ o 7,) are inverse to each other.
Since f '€ is the sheafification of ¥ & and wo f (k) is bijective on stalks, it induces
an isomorphism f '€ S5 By construction it is functorial. O

Example 3.56 (Inverse image of constant sheaves). Let f: X — Y be a continuous
map. Let E be a set, let Ey be the sheaf of locally constant E-valued functions on Y. The
corresponding étalé space is the projection £ xY — Y, where we consider E as a discrete
topological space. Then the projection (E X Y) xy X — E x X is a homeomorphism
compatible with the projections to X (an inverse is given by (e, x) — ((e, f(x)), x)).
Hence f'Ey = Ey.

Remark and Definition 3.57 (Pullback of sections). Let f: X — Y be a continuous
map, let G be a sheaf on Y, andlett € G(V), V C Y open. Let 7: G — Y be the étalé
space corresponding to G and consider ¢ as a continuous section t: V' — G of . Then

SO V) - Gxy X, x = (1(f(5)), %)
is a continuous section of G Xy X — X. Hence we obtain a pullback map
7S = (ST, (3.13)
which is functorial in § and compatible with restrictions to smaller open subsets of Y.
Example 3.58. Let X be a topological space, let Z be a subspace of X, and denote by

i: Z — X the inclusion. If € is a sheaf on X with corresponding étalé space n: £ — X,
then the étalé space corresponding to &)z is the usual restriction 77|,-1(z): 7 YZ) -
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Z. The pullback i ~!(s) of a continuous section s: X — E of 7 over X is simply the
restriction 5|z and we usually write 5|z instead of i 7' (s).

An application is a simple proof of the following fact (Proposition 3.59), which general-
izes the sheaf property from open coverings to more general coverings.

Proposition 3.59. Let (A;);c; be a covering of a topological space X satisfying one of
the following hypotheses:

1. The interiors A; of A; cover X.
2. The covering (A;); is locally finite and A; is closed in X for all i.

Let € be a sheaf on X and let s; € E(A;) be sections such that s;a,na; = Sj|a;na; for all
i, ] € 1. Then there exists a unique section s € E(X) such that s\4, = s; foralli € I.

Proof. Let m: E — X be the étalé space corresponding to €. Then s; is a continuous
section of 7 over 4;. By hypothesis, there exists a unique map s: X — E with sy, = s;.
Hence s is a section of 7. Moreover, s is continuous by Appendix Corollary 12.34 and
hence defines an element of € (X). O

3.6 Limits and Colimits of Sheaves

We fix a topological space X. We will describe limits and colimits of sheaves and show in
particular that the category (Sh(X)) is complete and cocomplete. Let 7 be a small category
and let 7 > i — J; be an 7-diagram of sheaves on X.

Remark 3.60 (Limits of sheaves). Using the explicit construction of limits in the cate-
gory of sets (Appendix Example 13.33), one sees that U +— lim; J;(U), U € X open,
defines a sheaf of sets. It is a limit in the category of presheaves on X and in particular in
the category of all sheaves on X.

As special cases we obtain for a family of sheaves (J;); the product of sheaves [ [, JF;
givenby U +— [, F:(U).

Remark 3.61 (Limits and stalks). Let x € X be a point. The maps F; (U) — (F;), yield
maps lim; F;(U) — lim, (F;),. Taking the (filtered) colimit over the open neighborhoods
of x we obtain a map

(lilm Fi)y — lilm(&",-)x. (3.14)

As filtered colimits commute with finite limits (Appendix Proposition 13.39), we deduce
that (3.14) is an isomorphism if 7 is finite. In general, (3.14) is not bijective (Prob-
lem 3.15).
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Remark 3.62 (Colimits of sheaves). The map U + colim; F;(U), U C X open, is
a colimit of the 7-diagram i +— J; in the category of presheaves on X. Hence the universal
property of the sheafification (Proposition 3.27) shows that the sheafification of U +—
colim; F;(U) is a colimit in the category of sheaves on X.

Remark 3.63 (Colimits and stalks). Let x € X be a point. The maps F;(U) —
(&) yield maps colim; F;(U) — colim; (F;),. As colimits commute with each other
(Appendix Remark 13.36) and sheafification does not change the stalks, we obtain an
isomorphism of sets

(colim F;), —> colim(5F;),. (3.15)

Remark 3.64. Let f: X — Y be a continuous map of topological spaces. Let 7 be a
(small) category.

1. Let i — J; be an 7-diagram of sheaves on X. As the direct image functor
f+:(Sh(X)) — (Sh(Y)) has a left adjoint (namely the inverse image functor f 1), it
commutes with arbitrary limits (Appendix Proposition 13.47) and hence we obtain an
isomorphism f; (lim; ;) S limy f+«F; of sheaves on Y. In particular, f, is left exact
(Appendix Definition 13.48).

2. Dually, leti + G; be an 7-diagram of sheaves on Y. Then as f~! has a right ad-
joint, we have an isomorphism colim; /~'G; — f~!(colim; G;) of sheaves on X. In
particular, /! is right exact (Appendix Definition 13.48).

Remark 3.65 (Limits and colimits of sheaves in other categories). Instead of sheaves
with values in the category of sets we can also consider sheaves with values in the category
of groups or the category of R-modules (R a fixed ring). These categories are complete
and cocomplete and the forgetful functor to the category of sets preserves limits. Hence
the same constructions as above yield limits or colimits of sheaves with values in these
categories.

We can also consider the category of commutative rings or the category of R-algebras
(R a fixed commutative ring). These categories are complete and in them exist arbitrary
filtered colimits. Again the forgetful functor to the category of sets preserves limits. Hence
the constructions above yield limits and filtered colimits of sheaves in these categories.

3.7 Problems

Problem 3.1. Let J be the presheaf of bounded continuous functions on R” (n € N) with
values in R. Show that JF is not a sheaf. Show that its sheafification is the sheaf Cr» g of
continuous R-valued functions.
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Problem 3.2. Let X be a topological space and let By be the Borel-o-algebra of X (i.e.,
the o -algebra generated by the open subsets of X). For U € X open let My (U) be the set
of measurable functions with value in R. Show that My is a presheaf of functions, which
is a sheaf if X is a Lindelof space.

Problem 3.3. For U € R” open, n € N, let L'(U) be the Ll—space of R-valued
Lebesgue integrable functions U — R modulo the space of functions f such that | f| =0
almost everywhere.

1. Show that U +— L'(U) with the usual restriction map is a presheaf of R-vector spaces
on R”, which is not a sheaf.

2. Show that its sheafification is the sheaf U +— L} (U), where L} (U) is the quotient

of the space of Lebesgue measurable functions f:U — R with [ | f|dx < oo for

each compact subspace K € U by the subspace of functions f such that | f| = 0

almost everywhere.

Problem 3.4. Let X be a topological space and let F be a presheaf. A subpresheaf of F
is a presheaf G such that §(U) € F(U) for all U C X open such that for all open subsets
V C U C X the restriction maps G(U) — G(V') are induced by the restriction maps for
F.

Suppose that F is a sheaf. Show that a subpresheaf G of F is a sheaf if and only if for
every open subset U of X, for every open covering (U;); of U and for every s € F(U)
with 5|y, € G(U;) one has s € G(U).

Problem 3.5. Let X be a topological space and define a presheaf £2 on X by 2(U) :=
{VCU;V C Xopen}. For U C U the restriction 2(U) — £2(U’) is defined by
Vi VnU.

1. Show that £2 is a sheaf.

2. Show that §2 classifies subsheaves in the following sense. Let J be a sheaf on X and
let @:F — £2 be a morphism of sheaves. Then U +— {s € F(U); ®y(s) =U }is
a subsheaf (Problem 3.4) G4 of F and one obtains a bijection, functorial in F,

Homshx) (F, §2) <> {subsheaves of J}, D Gp.

Problem 3.6. Let X be a topological space, x € X and denote by i,:{x} — X the
inclusion. For every set E (considered as a sheaf on {x}) we call (i,)«(E) the skyscraper
sheaf in x with value E.

1. Show that E + (iy).(E) defines a functor (Sets) — (Sh(X)), which is right adjoint
to the functor (Sh(X)) — (Sets) that sends a sheaf F to its stalk F in x.

2. Show that for the stalks of the skyscraper sheaf one has (i,).(E), = E fory € {x}
and that (i).(E), is a singleton for y ¢ {x}.
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Problem 3.7. Let ¢:F — G be a morphism of sheaves on a topological space X. Show
that the following assertions are equivalent:

(i) ¢ is a monomorphism (respectively an epimorphism, respectively an isomorphism)
in the category of sheaves on X.
(i1) ¢ is injective (respectively surjective, respectively bijective).

Hint: To show “@ epimorphism = ¢ surjective” use Problem 3.6.

Problem 3.8. Let X be a topological space. Show that the functor from the category of
sets to the category of sheaves on X that sends a set E to the constant sheaf Ey is left
adjoint to the functor F - F(X).

Problem 3.9. Let G be a sheaf, let f: X — Y be a continuous map of topological spaces,
and let U C X be an open subset. Show that (f~'G)(U) can be described as the set
of s = (sc)xev € [lier 97 such that for all x € U the following condition holds:
There exist x € W C U open, V C Y open with f(W) € V,andt € G(V') such that
trw) = Sf) forallw € W.

Problem 3.10. Let /:X — Y be a continuous map. Show that the functor f™:
(PSh(Y)) — (PSh(X)) is left adjoint to the functor f,: (PSh(X)) — (PSh(Y)).

Problem 3.11. Let f: X — Y be a continuous map.

1. Let G be asheafon Y andlets € G(Y). Show that supp(f~'(s)) = f ' (supp(s)).
2. Let F be asheaf on X. Then asections € (f.F)(Y) is the same as a section s € F(X).
Show that supp(5) = f(supp s).

Problem 3.12. Let X be a topological space. One says that an abelian sheaf  on X
satisfies the principle of unique continuation if every section of J over any open subset of
X has open support.

1. Let U € X be open and connected and s, € F(U). Suppose that s, = ¢, for one
point x € U. Show that s = ¢.

2. Let g:Z — X be a continuous map. Show that g~'J also satisfies the principle of
unique continuation.

3. Show that every locally constant sheaf satisfies the principle of unique continuation.

4. Let X be an open subset of a finite-dimensional K-vector space. Show that the sheaf
of analytic functions on X satisfies the principle of unique continuation.
Hint: Appendix Problem 16.3.
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Problem 3.13. Let X be a topological space, let F be an abelian sheaf on X, and let
(E, ) be the corresponding étalé space over X. Show that JF satisfies the principle of
unique continuation (Problem 3.12) if and only if & is separated.

Problem 3.14. Let X be a path connected, locally path connected, semilocally simply
connected (Problem 2.19) space so that there exists a universal covering of X (Prob-
lem 2.20). Let R be aring. A local system of R-modules is a locally constant sheaf of
R-modules. Choose xp € X. Show that the following categories are equivalent:

(i) The category of local systems of R-modules on X.
(i1) The category of functors IT(X) — (R-Mod) (here IT(X) is the fundamental groupoid
of X, see Problem 2.9).
(iii) The category of representations of 771 (X, xo) on R-modules.

Problem 3.15. Let (J;);c; be a family of sheaves on X and let x € X.

1. Show that the map (3.14) ([ [;c; Fi)x = [l;c; Fi.x is injective.
2. Let X = R, x = 0 and Cg be the sheaf of continuous R-valued functions on R. For
n € N let f, € Cro be the germ of the function x — 1/(x — (1/n)). Show that

(f2)nen is not in the image of ([, Cr)o — [, Cr.o-

Problem 3.16. Let f: X — Y be a continuous map and let F be a sheaf on X. Define
the proper direct image f|F as the sheaf on Y with (V' C Y open)

(AWF)V) :={s e F(f'(V)): f:supp(s) — V is proper} .

1. Show that fF is a subsheaf of f,JF and that F — fF yields a functor f;: (Sh(X)) —
(Sh(Y)). Show that f, = fyif f is proper.
Hint: Problem 1.18.

2. Let g: Y — Z be a second continuous map. Show that the identification (g o f), =
g« o f; of functors (Sh(X)) — (Sh(Z)) induces (g o )1 = g0 f.
Hint: Use Problem 3.11.

Problem 3.17. Let Z € X be a locally closed subspace of a topological space X, let
i:Z — X be the inclusion, and let i;: (Sh(Z)) — (Sh(X)) be the proper direct image
functor (Problem 3.16).

1. Let F be a sheaf on Z. Show that for x € X one has

F., ifxeZ;
{x}, ifxeX\Z.

i!(?)x =

Show that 7, yields an equivalence between (Sh(Z)) and the full subcategory of
(Sh(X)) of sheaves F such that F, = {x} forall x € X \ Z. The quasi-inverse functor
is induced by i . Deduce that i\: (Sh(Z)) — (Sh(X)) is left adjoint to i ~'.
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2. For a sheaf 3 on X define for U C X open
F?(U) = {s €F(U); supp(s) S Z }.

Show that F7 is a subsheaf of J and show that F > i'F := i~'F? yields a functor

(Sh(X)) — (Sh(Z)). Show thati' = i~! if Z is openin X.
3. Show that i' is right adjoint to i,.
Problem 3.18. Let X be a topological space, U € X open, Z := X \ U. Let ¥ be an
abelian sheaf on X. Let j: U — X andi: Z — X be the inclusions. Show that there is
an exact sequence of abelian sheaves

0— jj 'F—F—ii'F—o.

Hint: Problem 3.17.



Manifolds

In this chapter we define a real (respectively complex) premanifold as a space together
with a sheaf of functions that locally resembles R” (respectively C”) for some n to-
gether with its sheaf of C“-functions (¢ € Ny U {oco, w} fixed) (respective of holomorphic
functions). Hence we first define the abstract notion of a space together with a sheaf of
R-algebras for some ring R. These are called R-ringed spaces. Then a real (respectively
complex) premanifold will be a special case of an R-ringed (respectively a C-ringed)
space. A (real or complex) manifold is defined to be a premanifold whose underlying
topological space is Hausdorff and second countable. This implies several other nice
topological properties. In the last section we explain simple constructions for how to get
new (pre)manifolds from old ones. The most important constructions will be the product
and the gluing of (pre)manifolds.

4.1 Ringed Spaces

Ringed spaces formalize the idea of giving a geometric object by specifying its underlying
topological space and the “functions” on all open subsets of this space. This is motivated
by the observation that to say that a continuous map F: U — R" (U € R™ open)isa C“-
map if and only if for every C*-function f:R” — R the composition f o F:U — R is
a C*-map (in fact it suffices to take for f the projections to the coordinates). These func-
tions usually form some commutative algebra over some ring'. For instance the R-valued
C*“-functions on an open subset of R” form a commutative R-algebra. An immediate
observation is that because of continuity the germs of such functions f at a point x either
satisfy f(x) = O or 1/f exists in some open neighborhood of x. In other words, the stalk

! Notable exceptions are for instance algebras of differential operators, which are almost never com-
mutative.
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of the sheaf of functions in x is a local ring whose maximal ideal consists of germs f with
f(x) = 0. This leads to the notion of a locally ringed space.

The notion of a (locally) ringed space also gives us the flexibility to consider very
general notions of “functions”: Any sheaf of rings will do. It is not necessarily a sheaf of
functions. This is very useful in other geometric theories such as in the theory of complex
analytic spaces or in algebraic geometry. But in this book, for almost all ringed spaces the
underlying sheaf of rings will be a sheaf of functions.

We fix a commutative ring R. In the sequel, R will usually be the field R of real numbers
or the field C of complex numbers. But occasionally we will consider other cases, for
example R = Z.

Definition 4.1 ((Locally) ringed spaces).

1. An R-ringed space is a pair (X, Oy), where X is a topological space and where Oy is
a sheaf of commutative R-algebras on X . The sheaf of rings Oy is called the structure
sheaf of (X, Oy).

2. A locally R-ringed space is an R-ringed space (X, Ox) such that the stalk Oy , is
a local ring for all x € X. We then denote by m, the maximal ideal of Oy, and by
k(x) := Oy /m, its residue field.

As every ring has a unique structure as Z-algebra, we simply say (locally) ringed space
instead of (locally) Z-ringed space. Usually we will denote a (locally) R-ringed space
(X, Ox) simply by X.

Our principle example will be sheaves of real-valued C“-functions (with ¢ € I’\\IO =
Ny U {00, w}) or holomorphic functions. Basic notions and properties of such functions
are recalled in Appendix 16.

Example 4.2. Recall that K denotes the field of real or of complex numbers. Let X be
an open subset of a finite-dimensional K-vector space. Let o € Ny. We denote by C§ the
sheaf of C*-functions, i.e.,

CYU)={f:U—K; fisC%function}, U C X open.

Then C¥ is a sheaf of K-algebras.

For a = 0 this is the sheaf of continuous K-valued functions on X. If K = C and
a > 1, then C¥ is the sheaf of holomorphic functions on X and we will denote this sheaf
usually by Oy or (91;(01. IfK =Rand 1 < o < oo, then C§ is the sheaf of R-valued
a-fold continuously differentiable functions. If K = R and o = w, then Cf is the sheaf
of R-valued real analytic functions on X.
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The same argument as for sheaves of continuous functions (Remark 3.17) yields the
following observation: For all x € X the stalk C% | is a local ring. In particular (X, C%) is
alocally K-ringed space. The maximal ideal m, of C§ | consists of germs of C*-functions
with f(x) = 0. The evaluation map f — f(x) induces an isomorphism of K-algebras
Kk(x):= C§  /m, = K, where we consider K as K-algebra via idx.

Definition and Remark 4.3 (Morphisms of (locally) ringed spaces). Let X = (X, Oy)
and Y = (Y, Oy) be R-ringed spaces. A morphism of R-ringed spaces X — Y is a pair
(f. "), where f: X — Y is a continuous map of the underlying topological spaces and
where f": Oy — f,Ox is a homomorphism of sheaves of R-algebrason Y.

The datum of f” is equivalent to the datum of a homomorphism of sheaves of R-
algebras f*: f~'Oy — Oy on X by Proposition 3.49. Usually we simply write f instead
of (£ fH) or (£ /).

Morphisms of locally ringed spaces have to satisfy an additional property. To state this
property, observe that a morphism f: X — Y of R-ringed spaces induces morphisms on
the stalks as follows. Let x € X. Using the identification (f ~'Oy), = Oy f(x) established
in (3.12), we get a homomorphism of R-algebrasF17@J,, stalk of a sheaf

foi= (D2 Oy o) = Oxr

By Remark 3.52 there is the following more explicit description of this homomorphism:
For U an open neighborhood of f(x) one has a map

0y (U) 25 0y (f ' (U)) — Oxr.

These maps induce the map an stalks f;: Oy, s(») = colim Oy (U) — Oy ..

Now let X and Y be locally R-ringed spaces. We define a morphism of locally R-
ringed spaces X — Y to be a morphism (f, f°) of ringed spaces such that the homomor-
phism of local rings fxn: Oy, r(x)y = Ox x is local (i.e., fxn(mf(x)) C my).

In general there exist locally ringed spaces and morphisms of ringed spaces between them
that are not morphisms of locally ringed spaces (Problem 4.1). For spaces with functions
of C%-functions such as the premanifolds defined below in Definition 4.13 we will see that
every morphism of ringed spaces is automatically a morphism of locally ringed spaces (see
Example 4.5).

Remark 4.4. The composition of morphisms of (locally) R-ringed spaces is defined in
the obvious way using the compatibility of direct images with composition (i.e., (g o
f)« = g« o fi see Remark 3.45 (2)). We obtain the category of (locally) R-ringed
spaces.

In general, f” (or f%) is an additional datum for a morphism. For instance it might
happen that f is the identity but £ is not an isomorphism of sheaves (Problem 4.5). We
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will usually encounter the simpler case that the structure sheaf is a sheaf of functions on
open subsets of X and that f” is given by composition with f. The following special case
and its globalization (Proposition 4.18) is the main example.

Example 4.5 (Principal example). Let X € V and ¥ € W be open subsets of finite-
dimensional K-vector spaces V and W. Let o € Ny,.
Every C*-map f:X — Y defines by composition a morphism of locally K-ringed

spaces (f, f7): (X,C%) — (Y, C%) by
fo:CHU) — f(CHU) = €5(f 1 (U)). t>tof

for U € Y open.

The induced map on stalks f:C§ e C% . 1s then also given by composing a K-
valued C*-function ¢, defined in some neighborhood of f(x), with f, which yields a
K-valued C“-function ¢ o f defined in some neighborhood of x.

Conversely, let (f, f°): (X, €%) — (¥, C%) be any morphism of K-ringed spaces. We
claim:

1. (f. f) is automatically a morphism of locally K-ringed spaces.

2. Forall U C Y open the R-algebra homomorphism fg: CL(U) — CL(f~1(U)) is au-
tomatically given by the map ¢ — ¢ o f. Note that then f is a C*-map (choose a basis
of W; considering for ¢ projections to the coordinates shows that each component of
fis a C*-map).

To show 1 let x € X. Set ¢ := fxn, B := G‘j‘(!x, and 4 := G‘;_f(x). Then ¢p: A — B is

a homomorphism of local K-algebras such that A/my = K and B/mp = K. We claim

that ¢ is automatically local, equivalently that ¢! (1) is a maximal ideal of A. Indeed,

¢ induces an injective homomorphism of K-algebras

A/p~'(mp) — B/mp =K.

As a homomorphism of K-algebras, it is automatically surjective, hence 4/¢~!(mp) = K
is a field and hence ¢! (mp) is a maximal ideal.

Let us show 2. Let U C Y be open and x € f~!(U). Consider the commutative
diagram of K-algebra homomorphisms

1y _
CHU) —= C5(/ ' (U))
t»—)tf(x)l \Ls}—)sx
fﬁ
o Y o
eY.f(x) eX.x
er(x)ifo(f(-’f))\L \Levx:sn—)s(x)

K K.
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The evaluation maps are surjective. Hence there exists a homomorphism of K-algebras
t: K — K making the lower rectangle commutative if and only if one has fxIi (ker(evys(x)))
C ker(evy). But this latter condition is satisfied because fxIi is local by 1. Moreover, as
a homomorphism of K-algebras, one must have ¢« = idg. Therefore we find fg t(x) =
t(f(x)), which shows (b).

Remark 4.6. A morphism f:X — Y of R-ringed spaces is an isomorphism in the
category of R-ringed spaces if and only if f is a homeomorphism and f: Oy, sx) = Ox.x
is an isomorphism of R-algebras for all x € X.

Indeed, (£, f”) is an isomorphism if and only if f is a homeomorphism and f° is an
isomorphism of sheaves of rings. And the description of f; in Remark 4.3 shows that if
f is a homeomorphism, then f* is an isomorphism if and only if f; is an isomorphism
forall x € X.

Next we define the notion of an open embedding of ringed spaces and of a local iso-
morphism of ringed spaces.

Remark and Definition 4.7. Let X be a (locally) R-ringed space and let U C X be
open. Then (U, Oy |y ) is a (locally) R-ringed space, which we usually denote simply by
U. Such a (locally) R-ringed space is called an open subspace of X . There is an inclusion
morphismi:U — X of (locally) R-ringed spaces, where the continuous map i: U — X is
the inclusion of the underlying topological spaces and where i” is given by the restriction
Ox (V) = i.(Ox1u)(V) = Ox(U NV) forall V' C X open. Then i%: i 'Oy — Ox v is
the identity. In particular i, is the identity for all x € U.

For a morphism f: X — Y of (locally) R-ringed spaces we denote by f|y:U — Y
the composition f o i of morphisms of (locally) ringed spaces.

Finally, a morphism j:(Z,0z) — (X, Oy) of (locally) R-ringed spaces is called
open embedding if U := j(Z) is open in X and j induces an isomorphism (Z, Oz) >
U, Oxv)-

Definition 4.8. A morphism f:X — Y of (locally) R-ringed spaces is called a local
isomorphism if there exists an open covering (U;); of X such that fy,:U; — Y is an
open embedding for all ;.

In other words, a morphism f is a local isomorphism if there exists an open covering
(U;); of X and for all i € I an open subspace V; of Y such that f induces for all i an
isomorphism U; — V; of ringed spaces.

Remark 4.9. Remark 4.6 shows that a morphism f: X — Y of R-ringed spaces is alocal
isomorphism if and only if f is a local homeomorphism and f;: Oy sy — Ox is an
isomorphism.
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Example 4.10. Let X € V and Y € W be open subsets of finite-dimensional K-vector
spaces V and W, let o € I’\\I, and let f: X — Y be a C*-map, which we consider as
a morphism of locally K-ringed spaces (X,C§) — (Y,C§) (Example 4.5). Then the
inverse function theorem (Appendix 16.16) means that f is a local isomorphism if and
and only if for all x € X the derivative Df(x): V — W is a K-linear isomorphism.

For o > oo it will follow from Proposition 5.11 that Df(x) is an isomorphism if f, is an
isomorphism.

We conclude our short introduction to ringed spaces by generalizing the gluing proce-
dure from topological spaces to (locally) ringed spaces. Suppose we have given a family
(Ui)ier of locally R-ringed spaces, for all i, j € I an open subset U;; C U; (considered
as open R-ringed subspace of U;), and for all i, j € I anisomorphism ¢;;: U;; — Uj;; of
locally R-ringed spaces such that

(a) U;; = U, foralli € I,
(b) the cocycle condition holds: ¢x; o ;i = @r; on Uy NUy, 0, j,k € 1.

In the cocycle condition we implicitly assume that ¢;; (U;; N Ujx) € Uji, such that the
composition is meaningful. The cocycle condition implies fori = j = k that ¢;; = idy,,
fori = k that (pi;l = ¢j;, and that ¢;; induces an isomorphism U;; N Uy > Ui NUj.

We call such a datum a gluing datum of locally ringed spaces.

Proposition 4.11. There exists a locally R-ringed space X together with morphisms
Yi:U; — X, such that:

(a) Foralli the map v; is an open embedding.

(b) Yj o =Y onUj; foralli, j.

© X =U; i)

@ vi(U) Ny (Uy) =i (Uyy) = ¥;(Uyi) forall i, j € 1.

Furthermore, (X, (Y;);) has the following universal property (which determines it
uniquely up to unique isomorphism): If Z is a locally R-ringed space, and for all
i €1, &:U; — Z is amorphism of locally R-ringed spaces, such that §; o ¢;; = & on
Ujj foralli, j € I, then there exists a unique morphism §: X — Z with § oy; = & for
alli € 1.

In other words, the R-ringed space X is a colimit in the category of R-ringed spaces.
Proof. By forgetting the structure sheaves in the gluing datum, we obtain a gluing da-

tum of topological spaces, which we glue to a topological space X (Appendix Propo-
sition 12.27). It is endowed with open topological embeddings ¥,;: U; — X, we have
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X =, ¥i(U;), and a subset U C X is open if and only if for all i the preimage v, (U)
is open in U;.

To obtain an R-locally ringed space, we have to “glue” the structure sheaves on the
U; so as to define a sheaf Oy of R-algebras on X. The sheaf Oy is uniquely determined
by its sections (and the corresponding restriction maps) on a basis of the topology (Re-
mark 3.13). It is thus sufficient to define it on those open subsets U C X that are contained
in one of the v; (U;), and to check that this is well defined and satisfies the sheaf axioms.
For each such U, we fix an i with U C v;(U;), and we set Ox(U) = Oy, (¥, 1(U)). If
U C U; N Uj, then we identify the rings Oy, (¥, (U)) and Oy, (' (U)) with Oy, (U)
via @;;. This allows us to define restriction maps. We obtain a sheaf Oy of R-algebras
on X that is independent of our choices. Since all the U; are locally R-ringed spaces, the
same is true for X.

Furthermore, with this definition the v; are morphisms of locally R-ringed spaces; they
identify U; with (y; (U;), Ox |y, w;))-

The universal property follows from the universal property of the construction of the
underlying topological space (Appendix Proposition 12.27), which yields a continuous
map £&: X — Z, and that it suffices to give a morphism of sheaves £%: £710, — Oy for
those open sets that are contained in one of the v; (U;) (Remark 3.13). O

Example 4.12 (Disjoint union). As a (trivial) special case of this construction we have
the disjoint union of locally R-ringed spaces. We simply let U;; = @ for all i, j, so the
underlying topological space is indeed the sum of the topological spaces of the U;. The
structure sheaf is the unique sheaf of rings whose restriction to U; is Oy,. We denote the
disjoint union by [[;.; U; and call it the sum or coproduct. The universal property of
the glued space means that this is indeed a coproduct in the category of locally R-ringed
spaces.

Proposition 4.11 and Example 4.12 are also valid in the category of arbitrary R-ringed
spaces (with the same proof).

4.2 Premanifolds and Manifolds

In this section we fix « € ﬁo = Ny U {00, w}. We now define premanifolds as locally K-
ringed spaces that are locally isomorphic to an open subspace of K”* endowed with either
(for K = R) the sheaf of R-valued C“-functions or (for K = C) the sheaf of holomorphic
functions.

Definition 4.13.

1. A locally R-ringed space (M, Oy) is called (real) C“-premanifold if there exists an

open covering M = |J;., U; such that for all i € [ there exist m € Ny, an open
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subspace Y of R™, and an isomorphism of locally R-ringed spaces (U;, Opy;) >
(Y, C$) (called chart). Here m and Y may depend on i. In this case the structure sheaf
is denoted by Cf, and is called the sheaf of C*-functions on M .
We call a real C*°-premanifold a smooth premanifold and a real C“-premanifold a
real analytic premanifold.

2. A morphism of C%-premanifolds (M, Oy) — (N,Oy) is defined as a morphism of
locally R-ringed spaces. Such a morphism is also called a C*-map. Again, C*°-maps
are also called smooth, and C“-maps are called real analytic maps.

We obtain the category of C“-premanifolds. A (local) isomorphism in the category of
C“-premanifolds is called a (local) C*-diffeomorphism.

Definition 4.14.

1. A C-ringed space (M, Qyy) is called complex premanifold if there exists an open
covering M = |J,;.; U; such that for all i € [ there exist m € N, an open sub-
space Y of C™ (both dependent on i) and an isomorphism of locally C-ringed spaces
(Ui, Oy 1) — (Y, 0% (again called charr).

2. A morphism of complex premanifolds (M, Q) — (N, Oy) is defined as a morphism
of locally C-ringed spaces. Such a morphism is also called a holomorphic map.

Again we obtain the category of complex premanifolds. A (local) isomorphism in the
category of complex premanifolds is called a (locally) biholomorphic map.

Definition 4.15. A (real) C%-manifold (respectively a complex manifold) is a C“-
premanifold (respectively a complex premanifold) whose underlying topological space is
Hausdorff and second countable. A morphism of manifolds is a morphism of premani-
folds.

Terminology: To ease the handling of the different types of (pre)manifolds we will use
the following terminology. A (pre)manifold is

e cither a real C“-(pre)manifold where o will be always an element in No; in this case

we set K := R. This will be called the real case or that the (pre)manifold is of real
type;
e or a complex (pre)manifold. In this case we set K := C. This will be called the

complex case or that the (pre)manifold is of complex type.

If not otherwise stated, the type of the premanifold is always the same within some
statement. For instance, if we speak of a morphism f of (pre)manifolds, then both
(pre)manifolds are real C* and f is a C%-map (with the same o everywhere) or both
are complex (pre)manifolds and f is holomorphic.
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All categories of real C*-(pre)manifolds and complex (pre)manifolds will sometimes
be generically denoted by (PMfd) respectively (Mfd).

If M is a premanifold of arbitrary type, we denote its structure sheaf by Oys. A chart
is usually denoted by (U, x) with U € M open, x: U — K" an open embedding. Its
components are denoted by x': U — K,i = 1,...,m. We denote by x": x(U) — U
the inverse isomorphism of manifolds. For real C*-premanifolds M the structure sheaf
will also be denoted by CY,.

Remark and Definition 4.16 (Open submanifolds). Let M be a premanifold and let
U C M be an open subspace (Definition 4.7). Then (U, Oy y) is a premanifold, called
an open subpremanifold of M. If M is a manifold, then (U, Oy v) is a manifold, called
open submanifold of M, because every subspace of a Hausdorff (respectively a second
countable) space is again Hausdorff (respectively second countable).

Description of the Structure Sheaf and of Morphisms of Premanifolds

We will now see that the structure sheaf of a premanifold is the sheaf of K-valued mor-
phisms of premanifolds and any morphism between premanifolds is given by the underly-
ing map of topological spaces.

Let M and N be premanifolds. We denote by Oy;.y the sheaf on M of N-valued
morphisms, i.e., for an open subset U of M, O,y (U) is the set of all morphisms U — N
of premanifolds. The restriction maps are given by the restriction of morphisms of locally
K-ringed spaces to open subspaces (Remark 4.7).

Let M be a premanifold. We claim that we have for its structure sheaf Oy = Op k.
More precisely, for every open subspace U of M, a morphism z: U — K of premanifolds
yields an element t]Ibg (idkx) € Op (U), where idg € Ok (K) is the identity.

Proposition 4.17. The map t t]Ibg (idk ) defines an isomorphism of sheaves K-algebras

L OM:]K ;) OM.

Proof. Indeed, ¢ is clearly a morphism of sheaves of K-algebras. To see that ¢ is an
isomorphism, we may work locally (Remark 3.23) and hence we may assume that M has
a global chart x: M — U C K™. By composing with the isomorphism x~!, we may

assume that M € K” is open. In this case, ¢ is an isomorphism by definition. O

Next we show that morphisms between premanifolds M and N are given be the under-
lying continuous maps.

Proposition 4.18. A morphism of premanifolds f: M — N is the same as a continuous
map f: M — N satisfying the following condition:

teOy(V)=tofeOu(f (V) forall V € N open. *)
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Proof. Let f: M — N be a morphism of premanifolds. We have to show that f” is
given by (¥). As the equality of two morphisms of sheaves can be checked on stalks
(Proposition 3.18), we have to see that fy: Oy sy — Opy is given for all x € X by
composing a germ of a K-valued function at f(x) with f. This can again be done locally
on M and N and hence we may assume that M C K™ and N C K” are open. In this case
we have seen in Example 4.5 that £ has the desired form.

Conversely, let f: M — N be a continuous map satisfying (*), then ¢ +— ¢ o f defines
by Proposition 4.17 a morphism f”: Oy — f,Oy of sheaves of K-algebras and hence
a morphism of premanifolds. O

Dimension of Premanifolds
Let M be a premanifold and let p € M. An integer m > 0 is called dimension of M in p
(denoted dim, (M )) if there exists an open neighborhood U of p and a chart x: U Sy,
where ¥ € K" is open.

The dimension is uniquely determined. Let y: V' 5 Z < K" be a second chart and
consider the change of charts

@:xXwav oy pwan:yUNV) S x(UNV),

which is an isomorphism of manifolds of an open subset of K" onto an open subset of K.
We claim that the existence of such an isomorphism implies m = n. Indeed in the complex
case and in the real case for ¢ > 1 this is clear because we may form the derivative of ¢ in
a point and obtain a K-linear isomorphism K” = K™. In the real case with « = 0 this is
more difficult but a standard result from algebraic topology (for instance [tDi] (10.3.8)).
The function
M — Ny, p — dim, (M)

is by definition locally constant. If it is constant = m (for instance if M is connected),
then we say that M has dimension m and write m = dim M.

Example 4.19 (Premanifolds of dimension 0). Let M be a set and consider it as a dis-
crete topological space. Let Oy, be the sheaf of all K-valued maps on M, i.e., Oy (U) is
the K-algebra of all maps U — K for every subset U € M (automatically open). Then
(M, Oyy) is a C*-premanifold for all & € NO for K = R (respectively a complex manifold
for K = C) of dimension 0.

Conversely, every 0-dimensional premanifold is of this form. Such a premanifold is
automatically Hausdorff. It is second countable if and only if M is countable as a set.

Let M be any premanifold and let M, be the underlying set of M endowed with the
discrete topology and consider M, as a 0-dimensional premanifold (of the same type as
M) as explained above. Then idy,;: My; — M is a morphism of premanifolds.

Premanifold Structure Defined by an Atlas
An important alternative (and more classical) way to construct premanifolds is by way of
an atlas as follows.
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Figure 4.1 Charts of a pre-
manifold

p
@

Let M be a topological space. Suppose that there exists an open covering M =
Ul.e ; Ui and for all i € I homeomorphisms x;:U; — Y; with ¥; C K"/ open satisfy-
ing the following condition. For all i, j € I the homeomorphism (change of charts)

1

-xi(l]i ﬂUj)i) U; ﬂUj i))Cj((]i ﬂl]j)

is a C*-diffeomorphism (in the real case) respectively a biholomorphic map (in the com-
plex case), see Fig. 4.1. Such a family (U, x;); is called an atlas of M. It defines the
structure of a premanifold on M as follows. For V' € M open define Oy, (V) as the set of
maps f:V — K such that f|y,ny o x;7':x;(U; N V) — K is C“ respectively holomor-
phic for all 7. This defines a sheaf of K-algebras on M and we obtain a K-ringed space
(M, Op).

To see that this is a premanifold, fix iy € I. For V. C U, open let f:V — K
be a map such that f o x; L xi, (Ui, N V) — K is a function (C“ respectively holo-
morphic). Then f € Oy (V) because the change of charts between i and i, are
C*-diffeomorphisms (respectively biholomorphic). Therefore x;, yields an isomorphism
(Uis» Omyuy,) = (Y, Oy, ), where Oy, is the sheaf of C* respectively holomorphic func-
tions on Y;,. Hence (M, Oy,) is a ringed space that is locally isomorphic to a manifold.
Hence it is a premanifold.

Conversely, if (M,0),) is a premanifold, we may choose a family of charts
(i (Ui, Oy 10) — (Y3, Oy))ier with ¥; € K" open and with | J,., U; = M. We
obtain an atlas (U, x;); of M defining a premanifold structure Oy, as above. For V C M
open, Oy (V) is the K-algebra of maps f:V — K such that f|yny, is a morphism



80 4 Manifolds

of premanifolds V' N U; — K. Hence f is a morphism of premanifolds. This shows
Om = 0), by Proposition 4.17.

Altogether we see that for a topological space M the structure of a premanifold on
M can be either given by defining the structure sheaf or by specifying an atlas for M.
Different atlases giving rise to the same structure sheaf are called equivalent.

Example 4.20. If U C K" is an open subspace, then (U, idy) is an atlas defining on
U the structure of a real C*-manifold for all o (if K = R) or a complex manifold (if
K = C).

Similarly one has by Proposition 4.18 the following description of morphisms of pre-
manifolds.

Remark 4.21 (Description of morphisms via an atlas). Let M and N be premanifolds
and let f: M — N be a continuous map of the underlying topological spaces. Then the
following assertions are equivalent:

(1) The continuous map f is a morphism of premanifolds (Proposition 4.18).
(ii) For every chart (V, y) of N and for every chart (U, x) of M the composition

Tomax(f 00 S oy nu Lv 2y

is a C*-map (respectively a holomorphic map).

(iii) There exists an atlas (U;, x;); of M and an atlas (V;, y;); of N such that the com-
position f(y; x;).(v;.y;) 18 @ C*-map (respectively a holomorphic map) for all i and
J-

Definition and Remark 4.22 (Charts of morphisms). Let M and N be premanifolds,
let F:M — N be a continuous map and let p € M. A chart of F at p consists of
open neighborhoods F(p) € V € N and p € U € M and a commutative diagram of

continuous map

Fu
—_—

U
g_F

[ ——

y

~—

<t

)

where x:U — U Cc K" and y:V — 1% € K" are charts, m = dim,(M), n =
dimp(q)(N).

Such a chart always exists: Choose a chart (V, y) at F(p) and a chart (U, x) at p with
U C F7'(V)and define F :=yo Fjyox™'.
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In addition one may assume:

1. x(p) = 0 and y(F(p)) = 0 (by composing x and y with a translation).

2. U = B(0) and V = B;(0) for any chosen norms on K™ and K” (first shrink V, then
U so that we may assume U = Bs(0) and V = B,(0), then compose x and y with
multiplication by 1/8 and 1/¢, respectively).

In Theorem 5.22 we will give an important criterion for a morphism F to have a chart
(U,x,V,y, F) where F is the restriction of a linear map.

Changing of Structure

Remark 4.23 (Weakening of structure). Leta, f € I,\\Io with @ < f and let M be a real
C#-premanifold. Then every atlas of M is also an atlas of a C%-structure on M because
every CP-change of charts is also a C*-diffeomorphism. We obtain on M the structure
of a C*-premanifold M,, independent of the choice of the atlas. This structure is called
the underlying C*-structure of M. If M is a manifold, so is M, because the underlying
topological spaces are the same.

If M is an open submanifold of a finite-dimensional real vector space V', then Oy,
is the sheaf of R-valued C“-functions on M (take the atlas consisting of a single chart
M =V =K™).

Every morphism of C#-premanifolds F: M — N is also a morphism F,: M, — N,
of C“-premanifolds and we obtain a faithful functor M +— M, from the category of
C#-premanifolds to the category of C®-manifolds. The inclusion ¢: Gf,l — Cj, defines
a morphism (idys,t): M, — M of locally R-ringed spaces, called canonical, which is
functorial in M.

Let 8/ € Ny and let M’ be a real C P _premanifold. Suppose & < min{g, 8’}. Then
aC%map M — M’ is defined to be a continuous map M — M’ that is a morphism of
C“*-premanifolds M, — M,,.

Conversely, one can show that for o € N and for every real C“-premanifold M there
exists for all B > « the structure of a C B -premanifold M on M such that Ma =M
([KoPu]). If M is a manifold, then any two such C P _-manifolds are isomorphic ([Whi2]
and [Gra]). Both the existence and the uniqueness result are wrong for ¢ = 0 ([Mil],
[Ker]). The uniqueness result is also wrong if M is not second countable or not Hausdorff
(forall, B € N with & < B; see [KoPu] and Problem 4.11).

Remark 4.24 (Complex manifolds as real manifolds). Let M be a complex premani-
fold. By identifying C™ with R?" we may consider every chart x: U — C” of M as
a chart xg: U — R?". As every complex analytic map between open subsets of C™ is in
particular real analytic, we see that for an atlas (U;, x;); of M we obtain the structure of
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a real analytic premanifold Mg defined by the atlas (U;, (x;)r);. This structure is inde-
pendent of the choice of atlas and we call Mg the underlying real analytic premanifold.
If M is a manifold, so is MR because the underlying topological spaces are the same.

Every holomorphic map F: M — N between complex premanifolds is a real analytic
map Fr: Mr — Ngr and we obtain a faithful functor M +— Mp from the category
of complex premanifolds to the category of real analytic premanifolds. The inclusions
Om — Opmg.c (here we consider C as a real analytic manifold) and Op, — Opgeic
define functorial morphisms

Mg «— (Mv OM]R:C) — M

of locally R-ringed spaces (for the left arrow) and locally C-ringed spaces (for the right
arrow), which we call canonical.

A map f: M — N between complex premanifolds is called a real C*-map (o € NO)
ifitis a C*-map Mr — Nr (Remark 4.23).

4.3 Examples of Manifolds

Example 4.25 (1-dimensional real torus). Let T! := R/Z be the 1-dimensional real
torus. Endow T'! with the quotient topology with respect to the projection 7: R — T!.
Then e: T! — S! = {ze€C; |z| =1}, e(t) := exp(2wit) is a homeomorphism, in
particular T!is compact, Hausdorff, and second countable.

Define the structure of a real analytic manifold on T as follows:

1. Wemayuse anatlas. Set U, :={x+Z e€R/Z;0<x<1}and U, :={x+Z €
R/Z; —1/2 < x < 1/2}. Then U; and U, are open in T' and U; UU, = T"'. Define

@:U; > (0,1)CR, x+Z>x,
DUy — (—1/2,1/2) CR,  x+Z > x.

Then @; and P, are homeomorphisms and the change of charts
Dr00;!
0,1/2) = &,(U; NUy) — &(U, N = (0,1/2), x> x

is a real analytic diffeomorphism.
2. Alternatively, we can directly define the structure sheaf on T!. For V € T! open
define a sheaf of R-algebras

L (V):={f:V->R; foma (V) > RisC}.

We obtain a R-ringed space T that is a real analytic manifold. This can be checked
locally on T!. Cover T by open subsets V' such that there exists U € R with 7y :=
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my: U — V a homeomorphism (any open V' & T! has this property). We claim that
7|y is an isomorphism of R-ringed spaces (U, Cf)) S, Cq1v)- We have to show
that for all W € V open and f: W — R map:

[ eCuW) & [ omeiw) € Crx™ (W)
& f o (i) € CY g (W)).
————

=Unw

But 7' (W) = [ [,z (U N W) + n. Hence this equivalence is clear.
The projection 7:R — T! is a morphism of manifolds: Either one can use Proposi-
tion 4.18 and (2) or the description of morphisms via an atlas (Remark 4.21) using the

atlas (U;, @;); =12 defined above.

Example 4.26 (Projective space). Recall that for a field k the projective n-space is de-
fined as follows:

P"(k) = (k"' \ {0})/ ~ = {L € k"*'; L 1-dim. sub-v.s.}

v > (V)
where v ~ v’ if and only if there exists A € k* such that v' = Av. For (x,...,x,) €
k"+1\ {0} we denote by (x : ... : x,) its equivalence class in P" (k).

There is the following alternative description. Let
P :={g = (aij)ozij<n € GLys1(k) : ajo =ax =+ =au =0}
and let Ly = (eg) = ((1,0,...,0)) € P"(k). Then
GLy41(K)/P = P"(k). g g(Lo)
is bijective.

Now let k = K. Endow P”(K) with quotient topologies in three ways by surjective
maps:

(i) K"\ {0} — P*(K), (X0, ..., X,) > (Xp:...:Xp).
() 8" :={x e K" x|y = Y o x> =1} - P"(K),
(Xgs .oy X)) > (X0 2 vttt Xp).

(i) GL,11(K) — P"(K), g = g(Lo)-
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Then we have a commutative diagram of continuous maps

g XX Kn+1 \{0} (@go....ano)<(aij):p GLn+1(K)

x/| x| <x:r

w2
il 3

P*(K),

where the right horizontal map p is open (being the restriction of a projection map). Hence
all three topologies on P” (K) defined above are equal. Indeed, let U € P"(K) be a subset.
Then 7' (U) = i 7' (n;'(U)) is open if and only if 7, ' (U) = r~'(z;'(U)) is open.
Hence the quotient topologies of S and of K" *!\ {0} are equal. Furthermore 7, (U) =
p(31(U)) is openif and only if 731 (U) = p~! (75 1(U)) is open. Therefore the quotient
topologies of K"*!\ {0} and of GL,, ;(K) are equal.

As P is closed in GL,, (K), Description (iii) shows that P" (K) is Hausdorff (Appendix
Proposition 12.58). By Description (ii), P"(K) is compact because S” is compact (Ap-
pendix Proposition 12.52).

We define the structure of a real analytic R-manifold on P” (R) (respectively a complex
manifold on P"(C)) by an atlas (U;, ®;)o<; <, With

DU i={(x0:...:xy) € P"(K): x; #0} > K",
(x0:...:x,) (ﬁ,...,—xi_l,—xi+l,...,x—").
Xi Xi Xi Xi

Then @; (U NU;) = { (Vos -+ Yie12 Vit1s---2 ¥n) 3 ¥; # 0} andfor0 <i # j <nthe
change of charts is given by

—)¢j(Ui ﬂUj),
(Yos o Yiets Vigts ey y) > (Vo oot yicr L i gt )
(e L
Vi Yj Vi Yj Yj
——

i

which is a real bianalytic (respectively a biholomorphic) map.

4.4 Topological Properties of (Pre)Manifolds

Remark 4.27. Let M be a premanifold.

1. Locally, M is homeomorphic to an open convex subspace of R”. Hence M is locally
contractible (Definition 2.5), first countable, locally compact, and a T;-space.
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2. As M is locally contractible, it is in particular locally path connected. Hence in M
connected components and path components are equal and all connected components
are open and closed in M (Proposition 2.13).

3. If M has a countable atlas, then M is second countable (Remark 1.3 4). Therefore
every Hausdorff premanifold with a countable atlas is a manifold.

As a premanifold also has an open covering consisting of simply connected subspaces,
it is semilocally simply connected (Problem 2.19) and hence each connected premanifold
has a universal covering space (Problem 2.20). We will not use this fact in the sequel.
Proposition 4.31 then shows that the universal cover has a canonical structure of a pre-
manifold.

Theorem 4.28. Every manifold M has the following properties:

1. M is paracompact and Lindeldf. More precisely, for every open covering (U;); of M
there exists a countable locally finite refinement (V,), such that for all n the closure
V, is compact and contained in some Uj.

2. There exists a sequence (C,),eN of compact subspaces of M such that M = |, C,
and C, € C; | forall n. In particular M is o-compact.

3. M is normal.

Moreover, Remark 1.14 (for which we did not give a proof) implies that every manifold
is metrizable. We will not use this fact in the sequel.

Proof. All assertions of 1 hold by Proposition 1.10 except for the property that V}, is con-
tained in some U; for all n. This last property follows from the shrinking lemma 1.21.
Assertion 2 also follows from Proposition 1.10. Finally, as M is paracompact and Haus-
dorff, M is normal by Proposition 1.18. O

4.5 Basic Constructions and Further Examples of Manifolds

Products

Let M and N be premanifolds with atlases (U;, ®;); of M and (V;,¥;); of N. Then

(Ui xV;, @;x¥;) is an atlas on the product space M x N making M x N into a premanifold.

In particular for x € M and y € N one has dim(, ,)(M x N) = dim, (M) 4+ dim,(N).
If M and N are manifolds, then M x N is a manifold because the product of two

Hausdorff (respectively second countable) spaces is again Hausdorff (respectively second

countable).
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Figure 4.2 Mobius band

Example 4.29 (Real tori). In Example 4.25 we endowed T! := R/Z with the structure
of a 1-dimensional real analytic manifold. Hence we obtain for all n > 1 the structure of

an n-dimensional real analytic manifold on the n-dimensional real torus T" := R" /7" =
(ThHy.

Gluing

Suppose that ((U;)ier, (Uij)i j, (@ij)i ;) is a gluing datum of locally K-ringed spaces such
that the U; are all premanifolds. Then the glued locally K-ringed space (Proposition 4.11)
is locally isomorphic to a premanifold. Hence it is a premanifold.

Example 4.30 (Mobius band). If / = {1,2} consists of two elements, then the non-
redundant data of such a gluing datum consist of two premanifolds U; and U,, open
subpremanifolds Uj, € Uy, U,; € U, and an isomorphism ¢: U}, = Uy;.

For instance, identify S!' = {z € C ; |z| = 1}. Then the (open) Mdbius band is glued
from the two rectangular strips U; := (S'\ {1}) x (=1,1) and U, := (S'\ {—1}) x
(=1, 1) along the open submanifolds Uy, := Uy := U NU, = W x (—1,1) with
W ={z e S': Im(z) # 0} using the real analytic isomorphism

1), if I > 0;
U129(Z,l)l—> (Z ) ! m(Z) e Uy

(z,—t), ifIm(z) <O,
(see Fig. 4.2). We obtain a real analytic manifold.

Coverings of Manifolds

Proposition 4.31. Let M be a premanifold, let M be a topological space and let = M —
M be a local homeomorphism. Then there exists a unique structure of a premanifold on
M such that f is a local isomorphism of premanifolds.

This proposition can in particular be applied if f is a covering map, for instance if M
is a universal covering of a connected premanifold M.
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Proof. Existence: Define O; := f~'Op and let fF* := ide1,, f71Ou — 0. Then
(. fHM > Misa morphism of K-ringed spaces such that f is a local homeomor-
phism and such that f, is an isomorphism. Hence it is a local isomorphism of K-ringed
spaces (Remark 4.9). Clearly, any K-ringed space that is locally isomorphic to a preman-
ifold is itself a premanifold (of the same type). Hence Misa premanifold.

Uniqueness: If O’ is another sheaf of K-algebras defining a manifold structure on M
such that f is a local isomorphism, then id,; is a local isomorphism and a homeomor-
phism and hence an isomorphism. O

Corollary 4.32. We keep the notation of Proposition 4.31. If M is a manifold and f is
a covering map with countable fibers, then M is a manifold.

One can show that if M is a path connected topological space, then the fibers of any
covering map m: M — M of a manifold M are automatically countable: By [Leelo]
Prop. 1.9 the fundamental group 7;(M, p) is countable for every p € M and by Re-
mark 2.40 there is a surjection 7 (M, p) — 7~ (p) if M is path connected.

Proof. Every covering map is separated (Remark 2.30), hence M is Hausdorff by Corol-
lary 1.27. As M is a Lindelof space (Theorem 4.28), we find a countable open covering
(Uy,), by charts such that ®~1(U,) = ]_[,eL U,,, and &: U,,, — U, is a homeomor-
phism for all #n and /. By hypothesis, L, is countable. The countably many U, 18 form an
open covermg of M. As every U, is homeomorphic to some open subset of R, U, and
hence U,, ; is second countable for all n and all [ € L,,. Therefore M is second countable
(Remark 1.3 4). (I

4.6 Problems

Problem 4.1. Let R be a local integral domain that is not a field and let K be its field
of fractions. Show that the inclusion R — K is not a local homomorphism. Use this
observation to construct locally ringed spaces whose underlying topological spaces consist
of a single point and a morphism of ringed spaces between them that is not a morphism of
locally ringed spaces.

Problem 4.2. Show that R — R, x — —Xx, induces an automorphism of the real analytic
manifold T!.

Problem 4.3. Leta € N, m,n € N, and let F: R"+1\ {0} — R”*+1\ {0} be a morphism
of C%-manifolds that is homogeneous of degree d € Z (i.e., F(Ax) = A?F(x) for
all x € R"*!1\ {0} and A € R*). Show that F induces a morphism of C%-manifolds
P"(R) — P™(R).

Remark: See also Problem 6.4 for a generalization.
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Problem 4.4. Let P be the topological space consisting of a single point * and define
a sheaf of K-algebras on P by Op(P) = K.

1. Show that P is a final object in the category of K-ringed spaces and in the category of
locally K-ringed spaces.

2. Let X be a locally K-ringed space. Show that f — f(x) yields a bijection between
the set of morphisms of locally K-ringed spaces P — X and the set of x € X such
that k (x) = K.

Note that P := (P, Op) is the O-dimensional manifold consisting of a single point.

Problem 4.5. Let K[¢] be the K-algebra K[X]/(X?), where & denotes the image of X
in K[e]. Let P[e] be the K-ringed space whose underlying topological space consists of
a single point * with Op[(P[¢]) = K[e]. Let X be a locally K-ringed space.

1. Show that KJ[e¢] is a 2-dimensional K-vector space with basis 1 and ¢ and that the
multiplication is given by (a; + b1&)(as + b2e) = ajay + (a1by + aby)s. Deduce that
K[e] is a local ring with maximal ideal Ke := {ae; a € K } and that P[e] is a locally
K-ringed space.

2. Show that i*: K[¢] — K, a 4+ be + a, is a K-algebra homomorphism that yields
a morphism of locally K-ringed spaces i: P — P [¢] (with P as in Problem 4.4).

3. Let t: P[e] — X be a morphism of locally K-ringed spaces, x := ¢(*). Show that
ty: Oy, — K[e] induces a K-linear map &,: m,/m2 — Ke =~ K (where the isomor-
phism is the map ae — a).

4. Show that the construction in 3 yields a bijection between the set of morphisms of
locally K-ringed spaces P[¢] — X and the set

{(x.£); x € X withk(x) =K, § € (m,/m})"}.
Problem 4.6. Let (X, Ox) be a locally ringed space.

1. Let U € X be an open and closed subset. Show that there exists a unique section
ey € I'(X, Oy) such that ey = 1 for all open subsets V' of U and ey = 0 for all
open subsets V of X \ U. Show that U + ey yields a bijection

OC(X) < Idem(I"(X, Oy)) (*)

from the set of open and closed subsets of X to the set of idempotent elements of the
ring I'(X, Ox) (e € I'(X, Oy) is called idempotent if e> = e).

2. Show that eyey = eyny for U, U’ € OC(X).

3. Show that X is connected if and only if there exists no idempotent element e €
I'(X,0x) withe # 0, 1.
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4. Now suppose that X is locally connected (Appendix Problem 12.22). Show that the
bijection (*) induces a bijection between connected components of X and indecom-
posable idempotents (an idempotent is called indecomposable if it cannot be written
as a sum of non-zero idempotents).

Problem 4.7. Let n > 1 be an odd integer and endow the topological space R via the
two atlases (R,idr) and (R, @) with @: R — R, x > x", in two ways with the structure
of a smooth manifold. Show that these two structures are not equal but that the resulting
manifolds are isomorphic.

Problem 4.8. Show that a premanifold is Hausdorff if and only if for all p,q € M with
p # q there exists U € M open with p,q € U and f € Oy (U) such that f(p) # f(q).

Problem 4.9. Let M be a Hausdorff premanifold. Show that the following assertions are
equivalent:

(i) The connected components of M are second countable.
(i) The connected components of M are o-compact.
(iii) M is paracompact.

Problem 4.10. Show that a Hausdorff premanifold is a manifold if and only if it is para-
compact and has countably many connected components.
Hint: Problem 4.9.

Problem 4.11. Let U; = U, = R (considered as 1-dimensional real analytic manifold)
and glue U; and U, along idg\ o, to a premanifold X.

1. Show that X is a second countable connected real analytic premanifold that is not
Hausdorff. Let @; := idr: U; = R. Then A = (Ui, @;);=1, is an atlas of X. Sketch
X.

2. For a,B € N with & < B let ¢ = (pf:R — R be a C%-diffeomorphism with
¢4(0) = 0 and such that ¢|r\s0; is a C*-diffeomorphism but that ¢ is not a C B
map in 0. Show that (U, @;) and (Ua, ¢ o &,) form an atlas of the structure of a real
analytic premanifold X% on the topological space X. Show that the underlying C“-
premanifolds X, and (X¥), are isomorphic but that X and (X¥)g are not isomorphic.

3. Give an example of a map (pg with the above properties.

Problem 4.12. Let (§2, <) be an infinite well-ordered set and let L= 2x [0, 1) endowed
with the lexicographic order (i.e., (w1, x1) < (w2,X2) & w; < w; or [w; = w, and
x1 < x3]). Endow L with the order topology (Appendix Problem 12.24). Let w, € §2 be
the smallest element and define the open long ray as the subspace L := L \ {(wy,0)}.
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Show that L is a connected normal Hausdorff space.

Let £2 := N. Show that L is homeomorphic to R ..

Suppose that £2 is uncountable. Show that L is not second countable.
Endow L with the structure of a 1-dimensional real analytic premanifold.

o=

Problem 4.13. Let M, M,, and N be premanifolds. Show thatamap F: N — M| x M,
is a morphism of premanifolds if and only if each component N — M; of F is a morphism
of premanifolds.

Problem 4.14. Let M be a connected premanifold. Show that there exists a universal
cover space M — M and that there exists a unique premanifold structure on M such
that 7 is a local isomorphism of premanifolds.

Hint: Problem 2.20.

Problem 4.15. Let M be a connected complex premanifold.

1. Show that every non-constant holomorphic function f: M — C is open.
Hint: Appendix Problem 16.4.
2. Let M be compact. Show that every holomorphic function f: M — C is constant.

Problem 4.16. Let N be a premanifold, let 7: M’ — M be a surjective local isomor-
phism of premanifolds (for instance a covering map) and let /': M — N be a map. Show
that F is a morphism of premanifolds if and only if F' o 7 is a morphism of premanifolds.



Linearization of Manifolds

It is a standard and very useful technique to approximate geometric objects and maps by
linear objects and maps. A principal (trivial) example in basic analysis is approximating
an open subspace U of K" at a point by the linear space K” itself by visualizing K" as
a tangent space to U at the given point. Another (less trivial) example is the derivative
of a differentiable map f on U in a point that is the best approximation of f nearby this
point by a linear map. In the first section we extend this technique to premanifolds and
morphisms of premanifolds. Thus we first define the tangent space of a premanifold at
a point, which will be a K-vector space that we visualize as the “best linear approxima-
tion” of the premanifold at the given point. Then we define the derivative in a point x of
a morphism f. This will be a linear map from tangent space at x to the tangent space at
f(x).

In the next section we study local properties of morphisms of premanifolds, in par-
ticular those given by properties of the derivative. The main result of Sect. 5.3 then will
show that those morphisms whose derivative have locally constant rank as linear maps can
themselves be linearized locally by choosing an appropriate chart.

These techniques allow us in the following sections to study submanifolds, fiber prod-
ucts of manifolds (in particular intersection of submanifolds), and quotient manifolds.

Notation: From now on a premanifold will always be either a real C“-premanifold
with e € N ora complex premanifold. Hence we no longer consider the case of a C°-
premanifold.

5.1 Tangent Spaces

We will now define the notion of the tangent space of a premanifold in a point. There are
several ways to think of tangent vectors at a point p on the premanifolds M. We start
by considering them as “derivatives ¢’(0) of curves” ¢: I — M (I C K a “small” open
neighborhood of 0) with ¢(0) = p. Of course the notion of the derivative of the curve ¢

© Springer Fachmedien Wiesbaden 2016 91
T. Wedhorn, Manifolds, Sheaves, and Cohomology, Springer Studium Mathematik — Master,
DOI 10.1007/978-3-658-10633-1_5
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on M does not exist yet (it is one of the goals of this section to define this notion!). But
if it existed, we would expect it to satisfy formal properties of the derivative such as the
chain rule

“Df(p)oc'(0) = (foc)(0) )

for every K-valued morphism f defined in some neighborhood of p. Also by taking for
f the components of a chart at p we would expect that “c’(0)” is uniquely determined by
“Df(p) oc’(0)”if f runs through all such functions.

Now, ¢’(0) may not yet be defined, but the right-hand side of (*) perfectly makes sense
as f oc is a map from the open subset / of K to K for which a derivative is already defined.
Hence we simply define a tangent vector as an equivalence class of curves c¢: I — M with
¢(0) = p, where such curves ¢| and ¢, are called equivalent if (f o c¢;)' (0) = (f oc2)(0)
for all K-valued morphisms f defined in an open neighborhood of p.

The set of these tangent vectors will be the tangent space of M at p. We then endow
this set with the structure of a K-vector space by “transport of structure” via a chart.

Hence let us first explain what we mean by “transport of structure”. Given a set 7" and
abijectivemapa: T — V, where V is a K-vector space, we define an addition and a scalar
multiplication on 7 by #; + t, := a~'(a(t;) + a(ty)) and A - t := a~'(Aa(t)). In other
words, we endow 7" with the unique structure of a K-vector space such that & becomes a
K-linear isomorphism. If ¢: V S W is a K-linear isomorphism, then the structures on 7'
defined by « and by ¢ o « coincide.

After this preparation we can now define tangent spaces via the procedure motivated
above.

Definition and Remark 5.1 (Tangent space). Let M be a premanifold, p € M a point,
m = dim,(M).

1. Define a set

T,(M) :={(,c)|I S K openwith0 € I,
¢: I — M morphism with ¢(0) = p}/ ~

where (11, ¢;) ~ (I, ¢;) if and only if for every germ f* € Oy , onehas (foc;)'(0) =

(f 0¢2)'(0).
2. Let (U, x) be achartat p (i.e., p € U), then the map

T,(x): T,(M) - K™, (I,¢) = (x o c|-1(1)) (0)

yields a well-defined bijection (an inverse map is given by sending a € K™ to the
equivalence class of (I,c,), where ¢,(t) := x~'(x(p) + ta), restricted to a suffi-
ciently small neighborhood I of 0). We use this bijection to endow 7,(M) with the
structure of a K-vector space via transport of structure as explained above. This is
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Trp M)

Figure 5.1 Tangent map in a point p

independent of the choice of the chart as every change of charts has as derivative a
K-linear isomorphism K" — K”'. As m = dim, (M) we find

dimg (T,(M)) = dim, (M). 5.1

This definition of tangent vectors makes it easy to define the derivative of a morphism
F: Ttis simply F applied to a tangent vector.

Remark and Definition 5.2 (Derivative). Let F: M — N be a morphism of premani-
folds. Then we define the derivative of F at p or the tangent map of F at p (see Fig. 5.1)
by

dF(p) :=T,(F): T,(M) = Tr,)(N), [((I,c)] [, F oc)].
To see that this is a well-defined K-linear map let us first consider the case that M and N
are open submanifolds of K” and K”, respectively. As charts at p and F(p) we choose
the inclusions M < K" and N < K”. We obtain isomorphisms

K™ 5 T,(M),  aw>[(I,c,)),
Trpn(N) = K", [(J.o)] = (0),

where ¢,(t) = p + ta and [ is small enough such that p + ta € M forall ¢ € 1. Hence
Tp(F)

~ ~ F ta) — F
K" 5 T,(M) *= Trp(N) > K", a>lim (P + ‘;) ()
t—

in other words, this composition is the derivative of F at p. This shows that T,,(F) is
a well-defined K-linear map in this case.

In general, for all charts (U, x) at p and (V,y) at F(p) the chain rule (Appendix
Proposition 16.5) shows

Trpy (WU, Foc) = (yoFoc)(0)=D(yoFox")(x(p)(xoc)(0)
= D(y o F ox )Tr (), o)l
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The arguments above show in particular that we have the following description of the
tangent map.

Remark 5.3. Let F: M — N be a morphism of premanifolds. Given a chart (U, x, V,
v, F) for F (Definition 4.22) we obtain for all ¢ € U a commutative diagram of K-linear
maps

Ty(F)
T, (M) Trg)(N)
Tq(x)l; ;lrp(q)(y) (5.2)
m ld Tx(q)(}':) ~ n
K™ = Ty(g)(U) Tyrgn(V) = K",

and 7', (F) is given by the Jacobi matrix of F in x(¢) (Appendix Remark 16.18).

Remark 5.4 (Chain rule). Let F: M — N and G: N — Q be morphisms of preman-
ifolds. Then the definition of the derivative implies immediately the following elegant
version of the chain rule:

T,(G o F) = Tp(y(G) o T,(F)  “Chain rule”. (5.3)

It might be surprising that the chain rule seems to be a triviality. The difficulty is hidden
in the fact that our definition of derivative of a morphism of premanifolds is well defined.
This was proved in Remark 5.2 and used the classical chain rule.

We can express the chain rule also as follows. Let (PMfd*) be the category of preman-
ifolds M together with a point p € M. Morphisms (M, p) — (N, q) are morphisms of
premanifolds F: M — N such that F(p) = ¢q. Then

(M., p) = Tp(M), (F:(M,p)— (N.q)) = (Tp(F): T,(M) — T;(N))

is a (covariant) functor (PMfd*) — (K-Vec). In particular, if F is an isomorphism of
premanifolds, then T),(F) is an isomorphism of K-vector spaces.

Remark 5.5.

1. Let M be a premanifold, U € M open (hence U is premanifold), p € U. Then
T,(U) = T,(M).

2. Let M, N be premanifolds, p € M,q € N. If (U, x) is a chart of M at p and (V, y)
is a chart of N at ¢, then (U x V,x x y) is a chart of M x N at (p,q). Therefore
Remark 5.1 2 shows

Tipgy(M x N) = T,(M) x T,(N).

A similar statement holds for the derivative of a product of morphisms of premanifolds.
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Tangent vectors as derivations
We will now see that we can also consider tangent vectors more algebraically as deriva-
tions. Let us start with the general definition of a derivation.

Definition 5.6. Let A be a commutative K-algebra and M an A-module. An element of

Derg (A, M) := {&: A - M | & K-linear map,
£(ab) = a&(b) + b&(a) foralla,b € A}

is called a K-derivation on A with values in M . Then Derk (A, M) is a K-subspace (even
an A-submodule) of the A-module of all maps A — M.

Of course the same definition works just fine if we replace K with an arbitrary commu-
tative ring but we will not need this generality.

Remark 5.7 (Tangent vectors as derivations). Let M be a premanifold, p € M a point,
n :=dim,(M). Then & = [(/,c)] € T,(M) defines a map

§:0mp — K, = (foce)(0).

Then £ is K-linear and £(fg) = f(p)E(g) + g(p)é(f). In other words, £ is a K-
derivation on Oy , with values in K, where we consider K as an Oy ,-module via the

scalar multiplication f -a = f(p)a for f € Oy, and a € K. We obtain a K-linear map
t:T,(M) — Derg (O, p, K), 5.4)

which is injective by the definition of 7),(M ). We use this map to consider 7,(M) as a
K-subspace of Derg (O, K).

If F:M — N is a morphism of manifolds, then the K-algebra homomorphism
F,:OnF(p) = Om,p, g = g o F, induces a K-linear map

F,:Derg (Op,p, K) — Derg (O, r(p), K), Er>EoF,.

The diagram

Ty(F
T,(M) p(F)

Trp)(N)

L L
Fy
Derk (O, p, K) — Derk (O, r(p), K)
commutes. Indeed, let § = [(/,c¢)] € T,(M) identified with the derivation f +— (f o
¢)'(0). Then

Fi(f = (f00)(0) = (g (g0 Fo0)(0) € Derk (On.r(p). K).
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which is identified with [(/, F o ¢)] = T,(F)(§).

If we choose a chart we obtain the following coordinate description of the tangent
space.

Remark 5.8. Let m = dim,(M) and (U, x) be a chart at p with coordinate function
x":U — K. Then T, (x): T,(M) S Te(p)(x(U)) = K™ is a K-linear isomorphism with
coordinates dx' = T,(x"): T,(M) — K. In particular, (dx')<;<» is a K-basis of the
dual space T,,(M)".

On K™ we have the partial derivatives in direction of the standard basis vectors e;.
We use the chart to make these into derivations on Oy, ,. More precisely, we define for
i =1,...,m aderivation

a(-
0, == 8§c’) (p):Om,p — K,
0 0 d
) = 20 (p) = (o x ) x(p) = Sl S (x(p) + 1),

In other words, let ¢,,: I — U, ¢, (t) := x"'(x(p) +te;) (with 0 € I < K so small such
that x(p) 4+ te; € x(U) forall t € I). Then

0 = [(,c)] € Tp(M).

Clearly dx/(d;) = 6, ; (Kronecker delta). Hence (9;)1<j<m is linearly independent and
therefore a basis of 7,(M) because dim 7,,(M) = m. It is the basis dual to the basis
(dx"); of T,(M)".

For U open neighborhood of p and f € Oy, (U) we set %(p) = 0; (fp).

We give a further description of the space of derivations. This is the following purely
algebraic fact applied to the K-algebra Oy, , and its maximal ideal m,,.

Remark 5.9. Let k be a field, let A be k-algebra that is a local ring with maximal ideal
m and residue field &, i.e., the composition k — A — A/m is an isomorphism that we
use to identify k with A/m. We claim that § - &y, induces an isomorphism of k-vector
spaces

Dery (A, k) — Homg (m/m? k) = (m/m?)". (5.5)

Indeed for a, b € m we have £(ab) = a§(b) + b&(a) = 0 and hence &), = 0. Hence &
induces a homomorphism of abelian groups m/m? — k, which is k-linear again because
of the Leibniz rule.

To see that this map is bijective, observe that we have a k-linear isomorphism A —
k & m, a — (a,a —a), where a is the image of @ in A/m = k. In other words, the
exact sequence 0 — m — A — k — 0 splits via the given k-algebra structure k — A
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(Appendix Definition 14.5). If : m/m? — k is a k-linear map we obtain a k-derivation
£:A=k@®m — kby&(A a) = t(a mod m?). This defines an inverse map to (5.5).

Altogether we obtain K-linear maps
T,(M) —> Derg (0,5, K) = (1m,/m2) (5.6)

for every premanifold M and every p € M. The first map ¢ is injective and the second
map is an isomorphism. After choosing a chart (U, x) at p, the image of ¢ can be de-
scribed as the derivations that are linear combinations of 9y, ..., d,, m = dim,(M). In
particular dimg (n1,/ mzzj) > dim, (M). For real C*-premanifolds with o < oo, the map
L is not an isomorphism (in fact, m, / mf] is an infinite-dimensional K-vector space in this
case, see Problem 5.3). But for C*°-premanifolds and (real or complex) analytic preman-
ifolds, we will now show that w,, /m has the same dimension as 7,(M) and hence ¢ is an
isomorphism. Indeed, by choosing a chart at p it suffices to prove the following lemma.

Lemma 5.10. Let X = K" with coordinate functions x': X — K. For K = R let Oy be
the sheaf of C*°-functions or of analytic functions on X. For K = C let Ox be the sheaf
of holomorphic functions on X. Let a = (ay,...,a,) € K™ and let m, be the maximal
ideal of Ox 4. Then my is generated by the germs of X' —a;, i = 1,...,m, and their
images in w, /m?2 form a K-basis.

Proof. We may assume that @ = 0. Let f € m := wmy, i.e., f is C*-function with
a € {00, w} defined on some neighborhood U of 0 with f(0) = 0. By shrinking U, we
may assume that U is convex. Set

1
Jilu) = ff),-f(tu) dt foru € U.
0

Then the fundamental theorem of calculus implies that f = Y7_, fix' (here we use
f(0) = 0). Moreover, as integration and partial differentiation commute, f; is again
a C*-function (here we need @ > oo; for @ < oo, we could only conclude that f; is a
C % !'-function). Therefore we see that the ideal m is generated by the coordinate functions
x!,...,x™. Hence their images in m/m? form a generating system. As we already know

that dimg (m1/m?) > m, these images form a K-basis. |
Summarizing we see that we have the following description of the tangent space.

Proposition 5.11. For real C*-premanifolds M with o« > 00 or for complex premanifolds
M and for all p € M one has K-linear isomorphisms

T,(M) = Derg (Op,p. K) = (m,/m?)".
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Finally, Problem 5.5 gives a further description of the tangent space of a premanifold
M as in Proposition 5.11: Let P [¢] be the locally K-ringed space whose underlying topo-
logical space is a single point * with Op[(P[¢]) = K[e] := K[T']/(T?), where ¢ denotes
the image of T in K[T']/(T?). Then one has for p € M

t: P[e] - M morphism of locally

T,(M) = (5.7)

K-ringed spaces with () = p

It is also possible to describe the K-vector space structure on 7),(M) via the right-hand
side (Problem 5.5). Moreover, it is not difficult to see that the map induced by a morphism
of premanifolds F: M — N on tangent spaces is given by

TP(M) El (tP[S]—)M)I—) Fote TF(p)(M).

We conclude the section by explaining that the tangent space does not change when the
structure is weakened.

Remark 5.12. Let M be areal C? -premanifold, let o € N with « < pB,andletiy;: M —
M, be the canonical morphism of locally R-ringed spaces, where M,, is the underlying
C“-premanifold (Remark 4.23). Then i” = #: 0y, — O M, 1s the inclusion and the re-
striction of derivations defines for all p € M a K-linear map pas: Derg (O, p, K) —

Derk (O, p, K), which is functorial in M, i.e., for every morphism of C B -premanifolds
F:M — N the diagram

Derk (Opm,.p, K) ————— Derk (On,.r(p), K)

Fy
Derg (Opr,p, K) Derk (On £(p), K)

commutes. The functoriality shows in particular that if we choose a chart (U, x) at p, then
the i-th partial derivative % for M, along the i-th coordinate (i = 1,...,dim,(M)) is
sent to the 7-th partial derivative for M. As these derivations form a basis of the tangent
spaces, one sees that py, induces an isomorphism

T,(My) = T,(M), (5.8)
which we use in the sequel to identify these tangent spaces. The functoriality of p,;s also

shows that for a morphism of C#-premanifolds F: M — N the derivatives of F and of
F, are the same via the identification (5.8).
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Remark 5.13. Let M be a complex premanifold, let Mk be the underlying real analytic
manifold, and let Mr.c := (M,Opy,.c) — Mg and Mg.c — M be the canonical
morphisms (Remark 4.24). Let p € M and let m,, mc , and mg , be the maximal ideal
of Oum.p» Opp:c.p and G%R_p, respectively. Then mc , = mg , ®r C and hence we
obtain a functorial isomorphism of C-vector spaces

T,(Mg.c) := (mc ,/me )" = (mr,/mg )" Or C = T,(Mg) ®& .C  (¥)

On the other hand, the inclusion Oy < Opp.c sends m, to mc, , and hence induces
a functorial C-linear map 7: T,,(Mg.c) — T,(M). Let

T: Ty(MR) — T,(M)

be the composition of the R-linear injective map 7,(Mr) — T,(Mr.c), § — £ ® 1,
followed by 7. Then 7 is a functorial R-linear map. We claim that 7 is an isomorphism.

Indeed, let (U, z: U — C™) be a chart of M and p with z(p) = 0. Let z; be the image
of the i-the coordinate function in m,/m, and let x/, and y} be the image of Re(z)
and Im(z") in mR,p/mﬁ&p. Lemma 5.10 shows that (z!, ..., z™) is a C-basis of mp/mzzj
and (x;,y;,...,xl’,”,y;,”) is an R-basis of mR,p/mﬂz&p. Then (z},f},...,z}f,fﬁ) is an
R-basis of m,/m’. As the standard real analytic coordinate change (z',Z') — (x',y")
is an isomorphism, we see that the dual map of r is an isomorphism. Hence 7 is an
isomorphism.

In the sequel we will use 7 to identify 7,,(Mg) with the underlying real vector space
of the C-vector space T,,(M). The functoriality of 7 shows that if F': M — N is a holo-
morphic map, then via this identification of tangent spaces the derivatives of F and of Fg
coincide.

5.2 Local Properties of Morphisms, Local Isomorphisms, Immersions,
Submersions

Local properties may be checked via charts.

Remark 5.14 (Chart principle). If P is a property of a continuous map F between pre-
manifolds M and N that is local on source and target (Appendix Sect. 12.5) and that
is stable under composition with isomorphisms of manifolds, then a continuous map
F:M — N has the property P if and only if for every p € M there exists a chart
U, x,V,y, F) of F at p such that F has the property P.

Examples are the properties P of being open or being a morphism of premanifolds.
Important applications of the chart principle are the following two results.
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Proposition 5.15. Let F: M — N be a morphism of premanifolds. Then F is locally
constant if and only if T,(F) = 0 forall p € M.

Proof. Both properties (“locally constant” and “T,,(F") = 0 for all p”) are local on source
and target and stable under composition with isomorphisms (for the second property this
follows from the chain rule, Remark 5.4). Hence by choosing charts for ' we may as-
sume that M and N are open in some K-vector space. Then the claim follows from the
analogous result of local analysis (Appendix Proposition 16.6). (|

The chart principle also yields immediately the following theorem of inverse functions.

Theorem 5.16. Let F: M — N be a morphism of premanifolds, let p € M. Then F is
a local isomorphism at p if and only if T, (F) is an isomorphism of K-vector spaces.

Proof. Again by choosing charts for F' we may assume that M and N are open in some K-
vector space, and the claim follows from the analogous result of local analysis (Appendix
Theorem 16.16). O

Definition 5.17. Let F: M — N be a morphism of premanifolds, let p € M and let
T,(F): T,(M) — Ty (N) be the induced tangent map.

1. 1k, (F) :=1k(T,(F)) is called the rank of F at p.

2. Fis called an immersion at p if T,(F) is injective. F is called an immersion if it is an
immersion at every p € M.

3. F is called an submersion at p if T,(F) is surjective. F is called an submersion if it
is a submersion at every p € M.

Remark 5.18.

1. The chain rule (5.3) implies that the composition of two submersions (respective of two
immersions) is again a submersion (respectively an immersion). Moreover if F o G is
a submersion and G is surjective (respectively if F' o G is an immersion), then F is
a submersion (respectively then G is an immersion).

2. By Theorem 5.16 a morphism of premanifolds is a local isomorphism if and only if it
is a submersion and an immersion.

Proposition 5.19. Let F: M — N be a morphism of premanifolds and fix r € Ny. Then
{peM:rk,(F)=r}isopenin M.

Proof. Again the chart principle allows us to assume that M < K™, N C K" open.
As F is a C'-map, the map M > p T,(F) € Homg(K™,K") is continu-
ous, and { A € Homg (K"™,K"); tk(A) > n} is open because via the identification
Homgk (K™, K") = M, (K) its complement is the closed set of all matrices whose
all r-minors vanish. Il
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Corollary 5.20. Let F: M — N be a morphism of premanifolds.

1. The set U := {p e M ; F isanimmersion at p} is open in M, and 1k,(F) =
dim,(M) forall p € U.

2. The set V := {p € M ; F isasubmersionat p} is open in M, and rk,(F) =
dimp ) (N) forall p € V.

5.3 Morphisms of Locally Constant Rank

In this section we will show that morphisms of locally constant rank are locally linear and
deduce some properties of such morphisms.

Corollary 5.20 shows that for immersions and for submersions F the map U > p +—
tk, (F) is locally constant. In other words, immersions and submersions are examples of
morphisms of locally constant rank in the following sense.

Definition 5.21. Let F: M — N be a morphism of premanifolds and let p € M. Then
F is called of locally constant rank at p if there exists p € W C M open such that
W — Ny, q = 1k, (F) is constant. The morphism F is called of locally constant rank if
it is of locally constant rank at all p € M.

Clearly, the set of points in M, where F is locally of constant rank, is open in M. One
can show that it is also dense in M (Problem 5.6).

The main result about morphisms of locally constant rank shows that they have partic-
ularly simple charts.

Theorem 5.22 (Rank theorem). Let F: M — N be a morphism of premanifolds and
let p e M, m := dim,(M), n := dimp(,)(N), k € No. Assume that there exists
p € W € M open such that 1k, (F) = k € Ny for all ¢ € W. Then there exists a chart
of F at p

Flu

19}

U V
x| ;\LY

M
K™ 2> U

cN
CcK

Vv

suchthatl*:(xl,...,x,,,) =(xX1,...,%,0,...,0) forall (x1,...,x,) € U.
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Proof. Let (U, x,V,y, F)beachartof F at p. By replacing U by U N W we can assume
U C W. Due to Remark 5.3, we obtain a commutative diagram of K-vector spaces

Ty(F)
Ty(M) ———— Tr)(N)

Tq(X)l: :lTF(q)(y)

r( )( )
Teiq)(U) — Ty(rgn(V).

forallg e U € W.In partlcular the rank of F at x(q) € U has to be k for everyg € U
so that U 3 g — rkg F is constant (with value k) because x(U) = U. Therefore we
may assume p € M C K”, N € K" open and F: M — N is a morphism of manifolds
of constant rank. Composing x with a permutation of coordinates we may also rearrange
coordinates.

Denote all elements g € M € K" as ¢ = (x, y) where x € K¥, y € K”* and set

» )y ) € Mnx(mfk)(K)
1<i<n,l<j<m—k

o= (5
ay 7 oy

for all morphisms of manifolds F between open subsets of K” and K". Moreover,
let F:M — KFand F': M — K" be the morphisms of manifolds with F(q) =
(F'(q), F"(q)) forq € M. As Jr(p) has rank k, we may assume that ( p) is invertible
after rearranging the coordinates. With this notation we have for the Jacob1 matrix

oF’ aF’
e 50

I (xy) L(x.y)

ay

JF(X,J’)=<

where the upper-left matrix is an invertible square matrix of size k for (x, y) = p.
Define ¢: M — K™, (x,y) = (F’(x,y),y). Then the Jacobi matrix of ¢ has for all

q € M the form
S = [F@
o= 0 Imfk

so that J5(p) € GL, (K). By the inverse function theorem (Appendix Theorem 16.16)
there exists an open neighborhood U of p such that ¢ := ¢;y: U — ¢(U) =: U cK”
is an isomorphism of manifolds. By shrinking U we may assume that U is connected and
of the form U = U’ x U”, where U’ € K¥, U” C K" * are open subsets. Then U’ and
U” are connected (Appendix Proposition 12.41).
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For (x,y) € U we have F(¢~'(x,y)) = (x,g(x,y)) where g: U — K"* is defined
as F" o ¢~!. Hence we find

It 0
JFop-1(x,y) = , .
e (g—f(x,y) g—";(x,y))

We have Jpq,-1(x,y) = Je(p~ ' (x, Y)Jy-1(x, y) by the chain rule. As J,-1(x,y) is
invertible, rk(J po,-1(x, y)) = tk(JF (¢~"(x,y))) is equal to k on U. Thus we must have
g—’;(x, y) = 0 forevery (x,y) € U’ x U” and since U” is connected, g does only depend
on x (Appendix Proposition 16.6).

Finally define V := U’ x K" * and y: V — V, (u,v) — (u,v — g(u)). This map is
an isomorphism of manifolds and for (x, y) € U we find

Fle,y) = y(Fe ' (@) = ¥(x.g(0) = (x.g(x) —g(x))
=(x1,...,x,0,...,0)

as desired. O

Corollary 5.23. Let F: M — N be a morphism of premanifolds, let p € M, m :=
dim, (M), n := dimg(,)(N). Assume that F is an immersion (respectively a submersion)
at p. Then m < n (respectively m > n) and there exists a chart (U,x,V,y, ﬁ) of F
at p such that F(xl,...,xm) = (X1,...,X,0,...,0) (respectively F(xl,...,xm) =
(X1,...,X0)).

Proof. If F is an immersion at p, then there exists an open neighborhood U of p such
that F is an immersion at ¢ for all ¢ € U and such that U > g > 1k (F) is constant
(Corollary 5.20). Now we can apply the rank theorem.

The same argument shows the claim if F is a submersion at p. O

Corollary 5.24. Let F: M — N be a submersion of premanifolds. Then F is an open
map.

Proof. By the chart principle and by Corollary 5.23 we may assume that I is a projection
map (xy,...,X,) — (x1,...,x,) with n < m. This is an open map. O

Proposition 5.25. Let F: M — N be a morphism of premanifolds and let Z be a third
premanifold.

1. Suppose that F is an immersion. Then a continuous map G:Z — M is a morphism
of premanifolds if and only if F o G is a morphism of premanifolds.

2. Suppose that F is a surjective submersion. Then a map G: N — Z is a morphism of
premanifolds if and only if G o F is a morphism of premanifolds.
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The hypothesis in 1 that G is continuous cannot be omitted (Problem 5.11), see how-
ever Problem 5.12.

Proof. Let us show 1. The property of a continuous map being a morphism of preman-
ifolds is local on source and target. Hence by the chart principle we may assume that
Z CK*, M C K" and N C K" are open. As F is an immersion, we may also assume
by Corollary 5.23, that F is of the form (xq,...,X,) — (X1,...,X»,0,...,0). Hence
it remains to show that a continuous map G: Z — K" is a C*-map if and and only if
Z - K", z+ (G(2),0,...,0) is a C%-map. But this is clear.

A similar argument shows Assertion (2) once we have seen that G is continuous. But
for V C Z open, we have G'(V) = F(F~'(G~'(V))) because F is surjective and this
is open in N because F is open (Corollary 5.24). O

5.4 Submanifolds

For every subspace S of a premanifold on M we define a function on S to be a map
S — K that is locally the restriction of a morphism U — K for some U € M open. We
obtain the sheaf Og of functions on S, and S is be defined to be subpremanifold if (S, Og)
is a premanifold. Then the main result (Theorem 5.34) will be that a subpremanifold is
always isomorphic to an embedding in the following sense.

Definition 5.26. A morphism t: M — N of premanifolds is called an embedding if ¢ is
a topological embedding (Appendix Definition 12.19) and an immersion.

Example 5.27. Any morphism:: M — N of premanifolds that is a section of a morphism
w: N — M (i.e., mor = idys) is an embedding: It is a topological embedding by Appendix
Remark 12.20 4 and for any p € M one has T,y () o T,(t) = T,(idy) = id7,(ar), which
shows that ¢ is an immersion.

In particular for every morphism of premanifolds FF: M — N its graph morphism
I'r:M — M x N, m + (m, F(m)), is an embedding. It is a section of the projection
MxN —> M.

Remark 5.28. An embedding is an injective immersion. The converse is not true. We
give two examples:

1. ¢:(—n/4,7/2) — R2, t +> (sin2t)(—sin(t), cos()). This is shown in Fig. 5.2.

2. Endow Q with the discrete topology (which makes Q into a 0-dimensional smooth
manifold). Then the inclusion Q@ < R is an injective immersion (here R is endowed
with the usual structure of a 1-dimensional smooth manifold).
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1,25 -1 -0,75 05 0,25 0 0,25 0,5 0,75 1 125

Figure 5.2 Locally around the origin the image of ¢ is not homeomorphic to an open interval

Remark 5.29. The composition Go F of two embeddings F and G is again an embedding
because G o F is a topological embedding by Appendix Remark 12.20 3 and an immersion
by the chain rule.

Definition and Remark 5.30 (Submanifolds). Let (M, O,,) be a premanifold.

1. Let S € M be a subspace. A function on S (C®-function if M is real C*-manifold;
holomorphic function if M is complex manifold) is a map f: S — K such that for all
s € S thereexists s € U € M open and g € Oy (U) such that gjyns = funs.
Define a sheaf Og of K-valued functions by

Os(V) :={f:V — K function on V}, V < S open.

Then (S, Og) is a K-locally ringed space (all stalks Og , are local K-algebras with
residue field K by the same argument as in Remark 3.17).
2. A (sub)premanifold of M is a subspace S of M such that (S, Og) is a (pre)manifold.

Remark 5.31. Let M be a premanifold, S € M a closed subspace and i: S — M the
inclusion. Let Jg be the sheaf of functions vanishing on S, i.e., for U € M open we
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define Jg(U) := { feOuW); fi1s=0 } Then we have an exact sequence of sheaves
of abelian groups
0—>TJ5 — Oy 251,05 —> 0, (5.9)

where ¢ is the inclusion and p is given by Oy (U) 3 g = gluns € ix0s(U). To show
the exactness of (5.9) we have to show that the induced sequence of stalks is exact. Fix
xeX.As X\ Sisopenin X, (i,05)y = 0and (Js), = Oy, forx € X \ S. Hence we
may assume that x € S. Then f € (i,Og), = Og is represented by a function (U, f),
where U is a neighborhood of x and where f: U NS — K is the restriction of a morphism
g:U — K. Hence we see that p,: Oy — (i.Og)y is surjective. Elements of its kernel
are represented by morphisms g: U — K (U some neighborhood of x depending on g)
whose restriction to U N S is zero, i.e., the kernel of p, is Jg .

Once we have the general formalism of O,,-modules available (Sect. 8.3), one checks
immediately that Jg is an ideal of Oy, and that (5.9) is an exact sequence of O,-modules.

The next goal is to show that a subspace of a premanifold is a subpremanifold if and
only if it is the image of an embedding. Such subpremanifolds are also often called regular
submanifolds. There are useful more general classes of submanifolds (see Problem 5.16
or Problem 5.18), which will not be used here.

We start with some easy remarks.

Remark 5.32. Let M be a premanifold, S € M a subspace.

1. If S is open in M, then (S, Oy) is the open subpremanifold of M defined in Defini-
tion 4.16.

2. If S is a discrete subspace of M, then § is a 0-dimensional subpremanifold of M.

3. Let ®: M — N be an isomorphism of premanifolds. Then S is a subpremanifold of
M if and only if @(S) is a subpremanifold of N.

4. Let U; € M be open fori € I suchthat S C (J; U;. Then S is a subpremanifold of
M if and only if S N U; is a subpremanifold of U; foralli € 7.

As an immersion looks locally as the inclusion of a subspace into a vector space, we
study this case first.

Example 5.33. Let M C K™ be open and W C K™ be a K-subspace. Let us show that
S := W N M is a submanifold of M of dimension dim(W).

Clearly, S € W is open. We may assume that S # @. After applying a K-linear
automorphism of K” (which is a bianalytic isomorphism) we may also assume that W =
{(x1,...,x(,0,...,0) e K" ; x; e K} forsome 0 < k < m.

Now there are two structures of a K-ringed space on S. One as an open submanifold
of W, call its structure sheaf C%. Then (S, €$) is a C*-manifold. The other is the sheaf
Oy defined in Definition 5.30.



5.4 Submanifolds 107

We claim that Oy = C§. Let V' € § be open. We have to show that a function
f:V — K is C% if and only if for every p € V there exists p € U C R” open and a
C“%-function g: U — K such that gjyny = flunv.

Clearly we have Og (V) € C% (V). Conversely, let f: V' — K be a C*-function. Let

U:={(X1,.os Xk lkp1s oo b) €K™ 5 x = (x1,...,x,) € VIN M.
Then U € M isopenand U N S = V. Define
g:U =K, gxXy, . Xty b)) 1= f(X, LX),
Then g € Cy;(U) with gy = f. Therefore f € Og(V).
Theorem 5.34. Let M be a premanifold.
1. Let S € M be a subpremanifold. Then S C M is locally closed and the inclusion
1: S < M is an embedding.
2. Conversely, leti: N — M be an embedding. Then S := i(N) is locally closed in M,
S is a subpremanifold and i: N — S is an isomorphism of premanifolds.
Proof. 2. By Corollary 5.20 we may assume that p — rk,(i) is constant and that N is
of constant dimension n. Let p € N. By the rank theorem there exists p € V =V, C N

open and a commutative diagram

i‘V

N2V UM
YJ/: :\Lx
K" > 17 T:(X1 e X ) (X1 5000,X0,0,,...,0) 0 c Km,

where U = U, openin M.

Asi isahomeomorphism N — S,i(V)isopenin S,sayi(V) = U'NS withU' C M
open. Replacing U by U N U’ and U by x(U N U’), we can assume that U N S = i (V).
Similarly we may assume 7(V) = U N (K" x {0}), hence i(V) € U closed and therefore
i(V) closed in U. Hence U is an open neighborhood of i (p) such that U N S is locally
closed in U. As p was arbitrary, this shows that S is locally closed.

Moreover, i (V) is a submanifold of U because 7(V') is a submanifold of U. As the U,
for p € N cover S, this implies that S is a subpremanifold of M .

Finally, the chart shows that for each U, the map i:i ~'(U, N S) =V, = U, N S is an
isomorphism of manifolds. Hence i: N — S is an isomorphism of premanifolds because
being an isomorphism can be checked locally on the target.

1. The map ¢ is a morphism of premanifolds: Let U € M be open, f € Oy (U). We
have to show that f o (¢,-1)) = fluns € Os(U N S). This holds by definition of O5.
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The map ¢ is an embedding: we have to show that ¢ is an immersion. Let p € S. By
definition of Og the homomorphism of K-algebras

tﬁl Om,p = Os p, (D] = [(fluns. U NS)]

is surjective. Hence the K-linear map
ty: Derg (Os », K) — Derg (Op,p, K)

is injective. Therefore T),(1) is injective by Remark 5.7.
Hence ¢ is an embedding and hence S is locally closed in M by 2. O

The proof of Theorem 5.34 2 shows that there is also the following more classical
characterization of a subpremanifold.

Remark 5.35. A subspace S of M is a subpremanifold if and only if for all p € S there
exists a chart x: U — K" of M at p such that x(U N S) = x(U) N L, where L is
a subspace of K" (here x can be chosen such that L = K¢ x {0} withd = dim,(S)).

This description in particular shows:

Corollary 5.36. Let M be a premanifold and let S be a subpremanifold. Then S is open
in M if and only if dim,(S) = dim,(M) forall p € S.

Corollary 5.37. Let M be a (pre)manifold, S a sub(pre)manifold of M, and let T be
a sub(pre)manifold of S. Then T is a sub(pre)manifold of M.

Proof. Leti:S — M and j:T — S be the inclusions. By Theorem 5.34 1 these are
embeddings. Hence i o j is an embedding and therefore 7" is a subpremanifold of M by
Theorem 5.34 2. O

Proposition 5.38. Let F: M — N be a morphism of premanifolds, let S € M and
T C N be subpremanifolds such that F(S) € T. Then the induced map F|s:S — T is
a morphism of premanifolds.

Proof. Leti:S — M and j:T — N be the inclusions. Then F oi = j o F|s. Hence
J o F|s is amorphism. As F g is continuous and j is an immersion, this implies that F'|g
is a morphism by Proposition 5.25. a

If F:M — N is a morphism of premanifolds, then a fiber of F is in general not
a subpremanifold of M. For instance the union of the coordinate axes in K? is the fiber
F~1(0) of the analytic map K> — K, (x,y) + xy, and this is not a submanifold of
K? (see Problem 5.13). The following result and its corollaries give criteria under which
a fiber of a morphism of premanifolds is a subpremanifold.
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Proposition 5.39. Let F: M — N be a morphism of premanifolds, let ¢ € N, and
assume that the rank of F is locally constant on an open neighborhood of F~'(q). Then
F~Y(q) is a subpremanifold of M. For p € F~'(q) one has

T,(F'(q)) = ker(T,(F): T,(M) — T,(N)), (5.10)
in particular dim,(F~'(¢q)) = dim,(M) — rk,(F).

Proof. By the rank theorem 5.22 we can choose for all p € F~'(g) a chart (U, x, V, y, F)
of F at p such that x(p) = 0, the rank of F on U is constant, and F is given by

K'"Qﬁ9(xl,...,xm)|—>(xl,...,xk,O...,O)eVQK”.

By Remark 5.32 4 it suffices to show that U N F~!(q) is a submanifold. By Remark 5.32 3
we may assume that F = F. But then F~'(qg) = F7'(0) = U N W with W =
{(0,...,0,Xk41,--.,Xp) € K™} and the claim follows from Example 5.33. O

Corollary 5.40. Let F: M — N be a morphism of premanifolds, let ¢ € N, and assume
that F is a submersion at p for all p € F~'(q). Then F~'(q) is a submanifold of M with
dim,(F~'(¢)) = dim,(M) — dimy(N) for all p € F~'(q).

A point ¢ € N such that F is a submersion at p for all p € F~'(g) is called a regular
value. Note that all ¢ € N \ f(M) are regular values.

Proof. By Corollary 5.20 there exists an open neighborhood U of F~!(g) such that Fy
is a submersion and in particular F'|y has locally constant rank. Hence we may apply
Proposition 5.39. (|
Corollary 5.41. Let U C K™ be open and let F:U — K be a C*-function. Let ¢ € K

such that for all p € F~'(q) there exists 1 <i < m with g—fi(p) #0. Then M := F~'(q)
is a C*-submanifold of U (and hence of K™) of dimension m — 1 with

", OF
T,(M)={y €K"Y yiz—(p)=0y.
i=1 !

Example 5.42. Let Q be a non-degenerate quadratic form on R”. Then
S:={xelR"; Q(x) =1}

is an analytic submanifold of R™”: By the classification of real quadratic forms we may
assume that Q (x) = x{ +--- 4 x] —x{,, — -+ — X, after a linear change of coordinates.



110 5 Linearization of Manifolds

Figure 5.3 Quadrik

As a polynomial function, Q is real analytic. For all p = (py,..., pu) € R™ we have
0; Q(p) # 0if p; # 0. Hence we can apply Corollary 5.41to F = Q andg = 1. Fig. 5.3
shows the set

{xeR’; x{+x3—x3=1}.

In particular we see that the n-sphere
S"i={(x1,....Xn41) € R x4 b xl, = 1}

is a real analytic submanifold of R"*+! with

n+1
T,(S") =3 (V1s-- s Yup1) € R™T; Zy,-xl- =0y, p=(xX1,....,Xp41) € S".

i=1

We conclude this section by stating several important results that we will neither prove
nor use in the sequel.

Remark and Definition 5.43. The first is Sard’s Theorem, which is the fact that for
a morphism F: M — N of manifolds “most” values are regular. More precisely, let N
be a second countable premanifold. Then every atlas has a countable subatlas (Proposi-
tion 1.4 1). We say that a subset Z C N is a zero set if there exists a countable atlas
Uy, @) nen of N such that @,(Z NU,) is contained in a subset of K that has Lebesgue



5.4 Submanifolds m

measure 0. Then Z has this property for all countable atlases (as the image of a set of mea-
sure zero under a C'-diffeomorphism is again a set of measure zero by the transformation
formula).

We can now state the theorem of Sard (see [Ste] II, §3 for a proof for real preman-
ifolds, the case of complex premanifolds can be reduced to the real analytic case by
Remark 5.13).

Theorem 5.44 (Theorem of Sard). Let M and N be second countable premanifolds and
let F: M — N be a morphism of premanifolds. Suppose that M and N are either complex
premanifolds or that M and N are real C*-premanifolds such that @ > max{dimg, N —
dim, M + 1,1} for all p € M. Then the set of non-regular values of F is a subset of
measure zero in N.

Remark 5.45. Sometimes it can be useful to know whether a premanifold M can be
embedded into the standard affine space KV for some N. As subspaces of Hausdorff (re-
spectively second countable) spaces are again Hausdorff (respectively second countable)
a necessary criterion certainly is that M is a manifold. We list the following results.

Suppose that M is a connected real C*-manifold of dimension n € N, with o € N.
Then there exists a closed embedding i: M — RY ([Whil] IV, Theorem 1A for | <« <
oo with N = 2n; the cases 2 < o < oo with N = 2n + 1 follow quite easily from Sard’s
Theorem, see [Ste] Il Theorem 4.4; for « = w this is shown in [Gra] Theorem 3).

Assume that M is a complex manifold. Then there do not exist holomorphic embed-
dings into C" in general. For instance, if M is compact and connected, then for all N
every holomorphic map M — C¥ is constant (Problem 4.15). Complex manifolds M
such that there exists N € N and a closed holomorphic embedding i: M — CV are
called Stein manifolds'. Every non-compact connected complex manifold of dimension 1
is a Stein manifold ([GuRo] Chap. IX, Sect. B, Theorem 10).

If M is a compact complex manifold, one can ask whether there exists an embedding
of M into some other nice “standard space”, for instance an embedding M < PV (C)
(automatically closed) for some N € N. But a result of Chow ([GuRo] Chap. V, Sec. D,
Theorem 7) shows that if there exists such an embedding, then M is projective, i.e., one
can find homogeneous polynomials fi, ..., f, € C[Ty,..., Ty] such that

M={z=(z::zy) ePY(O): filz) =+ = f,(2) = 0}.

This shows that compact manifolds that are embeddable in projective space are rather
special. For instance complex tori T (i.e., T = V/A, where V is a finite-dimensional C-
vector space of dimension g and A = Zv| ®- - -@ Z v, for R-linearly independent vectors
Vi,..., Uy € V) are almost never embeddable into projective space if dim(7") > 1 (more

! This is not the usual definition of a Stein manifold, and the fact that this property is equivalent
to the usual definition is a deep theorem by Remmert ([GuRo] Chap. VII, C, Theorem 13); it also
shows that one can always choose N = 2n + 1 if M is of (complex) dimension n € N.
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precisely the locus of projective complex tori in the g?-dimensional space classifying all
complex tori has dimension g(g + 1)/2).

5.5 Fiber Products of Manifolds

In Corollary 5.40 we saw a criterion for the fiber of a submersion to be a submanifold. This
is a special case of the following existence criterion of fiber products of premanifolds. Let
F:M — S and G: N — S be morphisms of premanifolds and define a set

M xs N :={(p.q) e M xN; F(p)=G(q)}. (5.11)

We endow M x g N with the subspace topology of M x N. In other words, M xg N is the
fiber product of F' and G in the category of topological spaces (Appendix Example 13.46).
If G is the inclusion of a subspace T of S, then M xg T = F~!(T) is the inverse image.
In particular, if 7" consists of a single point s € S, then M xg {s} = F~!(s) is the fiber in
s.

The goal in this section is to give a criterion when M xg N is a subpremanifold of
M x N. In this case we call M xg N the fiber product premanifold of F and G. It follows
then from Proposition 5.38 that M xg N is in fact a categorical fiber product (Appendix
Definition 13.43) in the category of premanifolds. It is even a fiber product in the category
of all K-ringed spaces (Problem 5.20).

Definition 5.46. Let F: M — S and G: N — S be morphisms of premanifolds and let
z=1(p,q) € M x N with F(p) = G(g) =:s. Then F and G are called transversal at z
if T,(F) + T,(G): T,(M) @ T,(N) — T(S) is surjective.

Theorem 5.47. Let F:M — S and G:N — S be morphisms of premanifolds, let
Z = M xg N and suppose that F and G are transversal at all points z of Z. Then
Z is a subpremanifold of M x N and for all z = (p,q) € Z we have

T.Z = {(£.n) € T,M x TN ; T,(F)(§) = T,(G)(n) } . (5.12)

If G is the inclusion of a point s € S, then F is transversal to G in all points of
Z = F~'(s) if and only if F is a submersion in all points of Z. Hence in this special case
the theorem is just Corollary 5.40. In the proof we will reduce to this case.

If G is the inclusion of a submanifold of S, then we identify Z with F~'(N) and (5.12)
can be written as

T,(F'(N)) = T,(F) "' (Tr(»(N)),  pe F'(N). (5.13)
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Proof. (i). We start with the following remark. Let (U;); be an open covering of S
and set Z; := F~'(U;) xy, G™'(U;). Then (Z;); is an open covering of Z and Z is
a subpremanifold of M x N if and only if Z; is a subpremanifold of F~'(U;) x G~'(U;).
As also the transversality condition is local on S, we may prove the theorem locally on S.

(ii). Now we show that we may assume that G is the embedding of a submanifold
of S. Indeed, we may write Z = (F x G)~!(Ag), where Ag € § x S is the diagonal
(a submanifold by Example 5.27). Moreover, we claim that F' and G are transversal in
(p,q) € Z if and only if F x G is transversal to the diagonal of S x S in (p, ¢). Indeed,
set P := T,(F)(T,M), QO = T,(G)(T;N), T := TS, where s = F(p) = G(q).
Then the claim follows from the easy linear algebra fact that P + Q = T if and only if
(P® Q)+ Ar =T & T, where Ay is the diagonal in 7' @ T'. Finally

{(E.n) eT,M xT,;N ; T,(F)(§) = T,(G)(n)}
= {(5,77,0) € (TpM X TqN) x TS ; (Tp(F)(é)’Tq(G)(n)) = (O’ a)}a

which shows that (5.12) holds if and only if the corresponding description of the tangent
space of the fiber product of F x G and Ag holds. Hence from now on we may assume
that G is a submanifold of S.

(iii). 'We now reduce to the case that G is the embedding of a single point of 5. By
(i) we may work locally on S. Hence by Remark 5.35 we may assume there exists an
open embedding @: S — K* and a subspace L of K* such that ®(N) = &(S) N L.
Let f: S — W := K*/L be the composition of @ with the projection K® — W. Then
f71(0) = N and hence F~'(N) = (f o F)~'(0). For p € F~'(N) the morphism F is
transversalto N — G ifand only if 7,,(@ o F)(T,M )+ L = K", i.e.,ifandonlyif f o F
is a submersion in p. Hence we may replace F by f, S by W, and N by {0}.

(iv). Now we apply Corollary 5.40. We obtain that F~!(N) is a subpremanifold of M
and hence that the graph of F'|p-1(y) is a subpremanifold of M x N. By (5.10) we find

T,(F~'(N)) = ker(T,(f): T,(M) — W)
=T,(@ o F) ' (L) = T,(F) " (Tr(,(N)). O

Remark 548. Let F: M — S and G: N — S be morphisms of premanifolds and let
Z = M xg N. The reduction steps in the proof of Theorem 5.47 show that the open-
ness of a set of points where a morphism is a submersion (Corollary 5.20) implies that
{z € Z; F and G are transversal in z} is open in Z.

Remark 5.49. Let F: M — S and G: N — S be morphisms of premanifolds, let Z :=
M xs N,letm:Z — M and w:Z — N be the projections, and suppose that F' and
G are transversal at all points z of Z. Then (5.12) implies that for z = (p,q) € Z,
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s := F(p) = G(q) the commutative diagram

T ()

1.7

Tz(m)l \LTF(F)
T,(G)
T,(N) —T,S

T,M

induces isomorphisms

Ker(T, () — Ker(T,(G)),
Coker(T;()) > Coker(7,(G))

(and similarly for 7% (¢) and 7, (F)).

As submersions are clearly transversal to all other morphisms, Theorem 5.47 and Re-
mark 5.49 imply Corollary 5.50.

Corollary 5.50. Let F:M — S and G: N — S be morphisms of premanifolds and
suppose that F is a submersion. Then M xs N is a subpremanifold of M x N and the
projection M xs N — N is a submersion.

5.6 Quotients of Manifolds

Let M be a premanifold and let R € M x M be an equivalence relation, i.e., R is a subset
of M x M such that for m, m’, m” € R one has

(a) (m,m')e R,(m',m") € R= (m,m") € R,
(b) (m,m) € R,
(¢) (m,m'y e R = (m',m) € R.

We denote by M/ R the set of equivalence classes. Let p: M — M /R be the projection
and endow M/ R with the quotient topology, i.e., V' € M/R is open if and only if p~' (V)
isopenin M.

We study the question when M/ R can be endowed with the structure of a premanifold.

Proposition 5.51. Let N be a topological space, M a premanifold and p: M — N
a surjective map. Then there exists at most one structure of a premanifold on N such that
p is a submersion.
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Proof. Let Ny and N, be premanifolds with underlying topological space N such that the
morphisms p;: M — Nj and p,: M — N, with underlying map p are submersions. Now
id: Ny — N, is a continuous map and we clearly have id op; = p, as maps of topological
spaces. By Proposition 5.25 2 id: N; — N, is already a morphism of premanifolds. By
the same argument id: N, — N is a morphism of premanifolds. Therefore N; and N,
carry the same premanifold structure. O

If there exists on N the structure of a premanifold such that p is a submersion, then
Proposition 5.25 2 shows that the structure sheaf of N can be described by

ON(V):={f:V—>Kmap; fop, 1 €O0up ' (V)}.

Remark and Definition 5.52 (Quotient manifold). Let M be a premanifold and let
R € M x M be an equivalence relation. Then Proposition 5.51 shows that there exists
at most one structure of a premanifold on M/ R such that the projection p: M — M/R is
a submersion. In this case the premanifold M/ R is called the quotient premanifold of M
by R and the equivalence relation R is called regular.

Theorem 5.53. Let M be a premanifold and let R € M x M be an equivalence relation.
Then the following assertions are equivalent:

(i) There exists the structure of a premanifold on M/ R such that the projection p: M —
M|/R is a submersion.

(i1) R is a submanifold of M x M and the restriction pr;: R — M of the first projection
M x M — M is a submersion.

If these assertions hold, M /R is Hausdorff if and only if R is closed in M x M.

Proof. “(i) = (ii)”. Assume that M/ R is a premanifold in such a way that the projection
p:M — M/R is a submersion. Then we have R = M x,;/g M as topological spaces.
Hence, Corollary 5.50 implies (ii).

“(ii) = (i)”. Conversely, let R be a submanifold of M x M such that pr;: R — M
is a submersion. Notice that this implies that pr,: R — M is also a submersion because
7: R — R, (x,y) — (¥, x) is an isomorphism with pr, = pr, ot.

Idea of proof. The idea to construct the premanifold structure on M/ R is rather simple:
If we already had constructed this structure and knew that p is a submersion, then locally
on an open subspace U of M the morphism p would have a section s (because locally
a submersion looks like a surjective linear map that clearly has a section). Then the image
of s is a submanifold N of U isomorphic to p(U) and every point of U is equivalent to
precisely one point of N. Hence we will construct U and N and then endow p(U) with
the premanifold structure of N.

To do this, we again think backwards: If we had already constructed M/R, then for
Xo € M the tangent map Ty, (p) would be surjective and hence the restriction to a subspace
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L' of Ty,(M) is an isomorphism. This would be a complement to the subspace L that we
expect to become the kernel of Ty, (p) (see (*) below). If N then is a subpremanifold of
M in a neighborhood of x, with T, (N) = L’, then N is locally isomorphic to M/R by
the theorem of inverse functions 5.16.

Step 1: p is open. For U C M open, we have

pl(pU) ={xeM:3yecU:(x.y)e R} =pr;(M xU)NR).

Since the submersion pr;: R — M is open (Corollary 5.24), p~'(p(U)) € M is open so
that p(U) € X/R is open by definition of the quotient topology.

Step 2: Locality on M. Next we show that we can define the premanifold structure
on M/R locally on M. Assume that there exists an open covering (U;);c; of M and
the structure of a premanifold on p(U;) such that the projection p\y,: Ui — p(U;) is
a submersion for i € I. Then p(U; N U;) is an open subset of p(U;) and of p(U;) for
i,j € I so that there are two structures of a premanifold on p(U; N U;) making it into
an open submanifold of p(U;) or p(U;) respectively. By assumption we find the map
puinu;: Ui N U; — p(U; N U;) to be a submersion for both structures on p(U; N U;) so
that both premanifolds structures on p(U; N U;) agree by Proposition 5.51. Hence, there
exists a unique structure on M /R compatible with the given structure on p(U;) fori € I
because (p(U;));es is an open covering of M/R.

After these preparations the main point of the proof is the following.

Main construction. For all xo € M there exists an open neighborhood U € M of xo,
a submanifold N of U containing x¢ and a morphism r: U — N of premanifolds such
that for all x € U, r(x) is the unique point of N equivalent to x.

Step 3: “Main construction = (i)”. Let us first show that the construction yields
a premanifold structure on p(U) such that p: U — p(U) is a submersion (then we have
shown (i) by Step 2). As the inclusion of N into U is a right inverse of r: U — N, we
find that r is a submersion. The continuous map p: N — p(U) is bijective and open,
hence a homeomorphism. Thus, transporting the premanifold structure of N to p(U) via
p:N — p(U) makes p:U — p(U) a submersion because we have pjy = pjy or.

Step 4: Construction of U, N, and r. Define

L:={§eTyM);: (§.0) € Tyx(R) } )

and choose a submanifold N of M such that X0 € Nand L' := Ty, (1\7 ) is a complemen-
tary vector space of L in Ty,(M ). Because pr;: R — M is a submersion, we find N x M
and R to be transversal in M x M and therefore

Y:=(NxM)NR

is a submanifold of M x M by Theorem 5.47.
Next we claim that pr,: ¥ — M is a local isomorphism at (xg, xo) € X. It suffices
to show that T, «,)(P12): T(xy.x0)(¥) = Ty, (M) is an isomorphism (Theorem 5.16). For
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the surjectivity let n € Ty,(M). There exists £ € Ty, (M) such that (§,7) € Ty, (R)
because pr,: R — M is a submersion. Choose &; € L, & € L’ with & + & = & so that

(%‘27 7]) = (Ev 7]) - (Els 0) € Txo,xo(R) and (SZ? 7]) S Txo (N) X Txo (M)

Thus (§2, 1) € Ty, x,(2) so that Ty, ) (pr,) is surjective. For (&, 1) € ker(T(x,,x) (Pr2))
we have n = 0 and (§,0) € Ty, (X). Hence, we must have (£,0) € Ty, ,(R) and
EeTy, (N) and therefore £ € L N L’ = 0 so that T{xo.x) (Pry) is injective.

By definition there exist open neighborhoods W, V' € M of x, such that pr,: X N (W x
W) — V is an isomorphism of premanifolds. In particular, its inverse has to be of the
form

V—->Xn0WxW), x = (r(x), x)

for a morphism r: V — N N W and we must have V C W. Moreover, for x € NNV
we have (x,x) € ¥ N (W x W) so that r(x) = x because pry: X N (W x W) — V' is
bijective.

SetU :=VNr'(NNV)and N := NNU. Then NNV C U because r|;j, = id.
Hence r(U) € U and we obtain a morphism 7: U — N. We have xo € U and hence
Xo = r(xg) € N. For x € U we have (r(x),x) € R so that r(x) is equivalent to x.
Conversely, suppose that x € U and y € N are equivalent. We have y,x ¢ V C W,
(y,x) € Rand y € N sothat (y,x) € X N (W x W). Because pry X N(WxW)—>V
is bijective, we must have (y, x) = (r(x), x).

Step 5: “M/R Hausdorff & R € M x M closed”. By Step 1, p x p is open
and surjective. Hence the diagonal Ay is closed in M/R x M/R if and only if (p x
p) '(Amyr) = Risclosedin M x M. O

Proposition 5.54. Let F: M — N be a morphism of premanifolds. Let R and S be
regular equivalence relations on M and N respectively. Suppose that I maps equivalence

classes with respect to R to equivalence classes with respect to S. Then the induced map
F:M/R — N/S is a morphism of premanifolds.

Proof. Letmy: M — M/Rand my: N — N/S the projections. Then Fomy = myoF.
Hence F o my, is a morphism. As ), is a surjective submersion, this implies that F is
a morphism (Proposition 5.25). O
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5.7 Problems

Problem 5.1. Let M be a real C*-premanifold with ¢ > oo or a complex manifold, let
peM,and f € Oy .

1. Choose a representative (U, f ) of the germ f and a chart (U, @) at p and define the
vanishing order of f at p as

ord,(f) :=inf{r € No; D" (f o @ ) (P(p)) # 0}.
Show that ord, (/') does not depend on the choice of U, f , or @ and that
ord,(f) = sup{r eNy: f em;}.

2. Let (V,] ||) be a normed K-vector space of finite dimension and suppose that M C V/
is open. Show that

ord, (/) =sup{r €Reo: lim |x—pl /() =0}
M>3x—p

and that ord, (/) is the supremum of all r € Ny such that the Taylor expansion up to
degree r of f at p is zero.

3. Let M be a real analytic or a complex premanifold. Show that ord,(f) = oo if and
only if f = 0 and hence ), m), = 0.

Problem 5.2. Let p € R”. Show that attaching to f € G]‘f{fn.p its Taylor series in p (in

variables ?1, .. ., t,) induces an isomorphism of R-algebras
Gﬁ{’n_p/(ﬂm;) S R[n.....0].
r>0
where the right-hand side denotes the R-algebra of formal power series in 71, . .., t, with
values in R.

Hint: The injectivity is Problem 5.1.

Problem 5.3. Let M be a real C*-premanifold with 1 <« < oo, let p € M and assume
that dim,(M) > 0. We wish to show that 1, /w is an infinite-dimensional R-vector
space.

1. Show that it suffices to consider the case M = R and p = 0, which we assume from
now on.
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2. For f € m := wmy define

o(f) := ordo(f) :=sup B = 0: lim |x| 7 f(x) = 0.

Show that o(f) > a + 1 oro(f) € N.
3. Show that { |x|’ ; @ < B < & + 1} is linearly independent in m/m?.

Problem 5.4. Let M and N be real C*-premanifolds with « > oo or let M and N be
complex premanifolds. Let f: M — N be a morphism of premanifolds. Show that f is
a local isomorphism if and only if f,: Oy s) — Ox y is an isomorphism for all x € X.

Problem 5.5. For every K-vector space V' define the K-algebra K[V] as follows. As a
K-vector space we set K[V] := K @ V. Define a multiplication on K[V] by

A, v) - (A, v) == (AL, 0 + L),

1. Show that these definitions make K[V] into a commutative local K-algebra whose
maximal ideal is V. Show that V2 = 0 and that K[K] = K[T]/(T?) =: K[e].

2. Show that for every K-linear map u: V' — W of K-vector spaces the map K[V] —
K[W], (A,v) = (A,u(v)), is a homomorphism of K-algebras and that one obtains
a functor V' +— KJ[V] from the category of K-vector spaces to the category of K-
algebras.

3. Let P[V] be the locally K-ringed space consisting of a singe point * and with
Opp(P[V]) = K[V]. Let M be a real C*-premanifold with & > oo or a com-
plex manifold. Show that the identification (5.7) yields for all r € N an identification

t: P[V] — M morphism of locally

Homg (V, T,(M)) = (*)

K-ringed spaces with (%) = p
Show that addition K x K — K and for A € K scalar multiplication K — K, @ > A«
induce via (*) the K-vector space structure on 7,,(M ) defined in Definition 5.1.

Problem 5.6. Let X be a topological space and let p: X — N, be a map such that
{xeX; p(x)>r}isopenin X for all r € Ny and such that there exists an open
covering (U;); such that p|y, is bounded for all i. Show that

{x € X ; 3 neighborhood W of x such that p|y is constant}
is open and dense in X.

Deduce thatif F': M — N is a morphism of premanifolds, then the set of points of M
where F is of locally constant rank is open and dense in M .
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Problem 5.7. Show that the underlying real analytic manifold of P!(C) is isomorphic to
the 2-sphere S2.

Problem 5.8. Let X := {(x lx) eR?; x eR } Is X a C'-submanifold of R??

Problem 5.9. Let M be a compact premanifold of constant dimension n. Show that M
cannot be embedded into K”.

Problem 5.10. Letn € N and consider det: M, (K) — K. Show that det is a morphism
of real analytic (for K = R) manifolds respectively of complex manifolds (for K = C).
Determine rk, (det) for all p € M, (K).

Problem 5.11. Show that F:(0,27) — R2, ¢ > (sin’#,sint cost) is an injective im-
mersion of real manifolds. Define a map

t+m, ift <m;
G:(0,27) — (0,2m), t— 140, ift = m;

t—m, ift>m.
Show that F o G is a morphism of real manifolds but that G is not continuous.

Problem 5.12. Let F: M — N be an embedding of premanifolds, let Z be a premani-
fold, and let G: Z — M be a map. Show that G is a morphism of premanifolds if and
only if F' o G is a morphism of premanifolds.

Problem 5.13. Show that § := {(x,y) € R*; xy = 0} is notareal C'-submanifold of
R2.
Hint: What would be Ty(S)?

Problem 5.14. Let F be an injective (respectively bijective) morphism of premanifolds
that is locally of constant rank. Show that F' is an immersion (respectively an isomor-
phism).

Problem 5.15. Let V and W be finite-dimensional K-vector spaces, n := dimg(})
and m := dimg (W) and let r be an integer with 0 < r < min{m,n}. Show that
{f € Homg (V, W) ; tk(f) = r } is a analytic submanifold of Homg (V, W) of dimen-
sionr(m+n—r).

Problem 5.16. Let M be a premanifold. A pair (N,7), where N is a premanifold and
i: N — M is an injective immersion is called immersed subpremanifold of M .

1. Show that every submanifold together with the inclusion is an immersed subpremani-
fold but that the converse does not hold in general.

2. Let (N, i) be an immersed subpremanifold and suppose that N is compact and M is
Hausdorff. Show that i () is a closed subpremanifold of M.
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Problem 5.17. Consider the real analytic map y: R — R2, ¢ > (sin’#,sint cost) and
let Ny := (—m, ) and N, := (0, 27) considered as open submanifolds of R. Show that
(N1,y|n,) and (N2, y|n,) are immersed subpremanifolds of M, that y(N;) = y(N,) but
that there exists no isomorphism of manifolds ¢: N, = N, such that YIN, = V|N, O Q.

Problem 5.18. Let M be a premanifold.

1. Show that for an immersed premanifold (N, ) (Problem 5.16) the following assertions
are equivalent:
(i) For each premanifold Z amap Z — N is a morphism of premanifolds if and only
ifi o f: Z — M is a morphism of premanifolds.
(ii) For each premanifold Z amap Z — N is continuousif and only ifio f: Z — M
is a morphism of premanifolds.
In this case (N, i) is called initial subpremanifold of M .
2. Show that every subpremanifold together with the inclusion is an initial subpremani-
fold.
Hint: Problem 5.12.
3. Let (Ny,i;) and (N,, i) be initial subpremanifolds of M with i;(N;) = i,(N;). Show
that there exists a unique isomorphism F: N; > N, such that i; = i, o ' (compare to
Problem 5.17).

Problem 5.19. Letr € R\ Q and R — R/Z, x + X the canonical map. Show that
i:R - R/ZxR/Z,x — (X,7X) is an injective immersion with dense image. Deduce
that 7 is not an embedding of manifolds.

Problem 5.20. Show that the fiber product constructed in Theorem 5.47 is a fiber product
in the category of all K-ringed spaces.

Problem 5.21. Let G be a finite group of automorphisms of a premanifold M and let
MC:={peM:;g(p)=pforallg € G}

1. Show that for all p € MY there exists a system of local coordinate at p with respect
to which G acts linearly.
2. Show that M ¢ is a submanifold of M and that T,(M ©) = T,(M )¢ for p € MC.

Problem 5.22. Let F: M — N be a submersion of premanifolds. Show that the equiv-
alence relation p ~ g :& F(p) = F(q) is regular and that M/~ =~ F(M) as open
premanifolds of N.



Lie Groups

A Lie group is a premanifold together with a group structure such that multiplication
and inversion are morphisms of premanifolds. They play an important role as symme-
try groups of premanifolds and this is also the main focus of this chapter. Hence after
defining Lie groups and Lie subgroups and studying their topology we will consider Lie
groups acting on premanifolds in Sect. 6.2. The main result is the existence of quotients
of premanifolds by a proper and free Lie group action in the last section.

6.1 Definition and Examples of Lie Groups

Definition 6.1. A real Lie group (respectively a complex Lie group) is a real analytic
premanifold (respectively a complex premanifold) G endowed with a group structure such
that

mg:GxG — G, (g.h)— gh,
ic:G — G, g g !

are real analytic maps (respectively holomorphic maps). As usual, we speak simply of a
Lie group if we consider the real and the complex case simultaneously.

A homomorphism of Lie groups is a morphism of premanifolds that is a group homo-
morphism.

We obtain the categories of real and of complex Lie groups.

In the real case we could also have defined Lie groups and their homomorphisms via
C“-premanifolds with some fixed @ € Ny U {oo}. But one would obtain the same notion:
One can show that weakening the structure from analytic to C* (Remark 4.23) yields an
equivalence from the category of real analytic Lie groups to the category of real C“-Lie
groups ([BouLiel] III, §8.1).

© Springer Fachmedien Wiesbaden 2016 123
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Remark and Definition 6.2. The group law on a complex Lie group G defines on the
underlying real analytic premanifold Ggr the structure of a real Lie group. We obtain
a functor G — Gg from the category of complex Lie groups to the category of real Lie
groups.

One can show that this functor has a left adjoint functor H +— Hc, and Hc is called
the complexification of the real Lie group H ([HiNe] 15.1.4).

The following result in particular shows that the analyticity of the multiplication al-
ready implies that the inversion is analytic.

Proposition 6.3. Let G be a real analytic premanifold or a complex premanifold endowed
with a group structure such that mg: G X G — G, (g, h) — gh is a morphism.

1. Then G is a Lie group.

2. Forg € G themapsly,:G — G, h— ghandr,: G — G, h— hg are isomorphisms
of premanifolds.

3. Themapicg:G — G, g — g~', is an isomorphism of premanifolds.

Proof. 2. Both maps [, and r, are bijective morphisms and their inverse, namely /,-1 and
rq-1 Tespectively, is again a morphism.

1. Leto:GxG — G xG,(g.h)— (g,gh). Forall (g,.h) € G x G, Ty (0) has
the form

( idr,q 0 )

1 2 ’

T(g,h)(mG) T(g,h)(mG)

where T'm¢ denotes the i-th partial derivative of mg. As Té’h) (mg) = Tu(ly) is an
isomorphism by 2, T{; ) (0) is an isomorphism. Therefore o is a local isomorphism
(Theorem 5.16) and hence an isomorphism because o is bijective. For g € G we have
o~ '(g.e) = (g.g7"). Hence ig is a morphism.

3. The morphism ig has as inverse again a morphism of premanifolds, namely itself.
O

Example 6.4. Letn € N,.

1. Let V be a finite-dimensional R- (respectively C-) vector space. Then (V, +) is a real
(respectively complex) Lie group.

2. GL,(R) is real Lie group, GL, (C) is a complex Lie group: multiplication of matrices
is polynomial and in particular analytic, we conclude by Proposition 6.3 (it also follows
directly from Cramer’s rule, that inversion of matrices is also polynomial).

More generally, if V is a finite-dimensional R- (respectively C-) vector space, then
GL(V) is areal (respectively complex) Lie group.
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A Lie group has the following topological properties.
Proposition 6.5. Let G be a Lie group.

1. G is Hausdorff and paracompact. All connected components of G are open and closed
in G and have the same dimension.

2. The underlying premanifold of G is a manifold if and only if G has countably many
connected components.

Proof. Every premanifold is a T}-space. In particular {e} is closed in G, where e € G is
the neutral element. Therefore G is Hausdorff by Appendix Proposition 12.58.

2. If G has uncountably many connected components, G cannot be second countable.
Conversely, suppose that G has countably many connected components. As countable
unions of second countable spaces are again second countable, it suffices to show that
a connected Lie group is second countable. This follows from Corollary 1.6.

1. As G is locally connected, its connected components are open and closed (Propo-
sition 2.13). If G! is a connected component, then left multiplication with any g € G'
yields an isomorphism G° = G, where G° is the identity component of G. In particular
dim(G') = dim(G°). By 2, G° is a manifold and hence paracompact (Theorem 4.28).
Therefore G is the topological sum of its paracompact connected components and hence
paracompact. O

Definition 6.6. Let G be a Lie group. A Lie subgroup of G is a subgroup of G that is
a subpremanifold.

Similarly, as there are more general notions of submanifolds, there are also more gen-
eral notions of Lie subgroups.

Proposition 6.7. Let H be a Lie subgroup of G.

1. H is a Lie group.
2. Hisclosedin G.

Proof. 1. By Proposition 6.3 it suffices to show that the multiplication H x H — H is
a morphism. This follows from Proposition 5.38 applied to the multiplication morphism
mg.

2. As a submanifold, H is locally closed in G. Every locally closed topological
subgroup is closed (Appendix Proposition 12.58). (|

It can be shown that if G is a real Lie group and H is any closed subgroup, then H
is a real Lie subgroup of G (e.g., [BouLiel] III, §8.2, Theorem 2). The analogous result
does not hold for complex Lie groups (for instance, R C C is a closed subgroup of the
complex Lie group (C, +) but it is not a complex Lie group).
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6.2 Lie Group Actions

We now consider the important case that a Lie group acts on a premanifold. Let us first
recall some notions of a group G acting on a set X. Then X is called a G-set and the
action is a map G x X — X, usually simply denoted by (g,x) — gx, that satisfies
Ix = x and g(hx) = (gh)x forall g,h € G and x € X.

1. The action is called transitive (respectively simply transitive) if for all x, y € X there
exists a (respectively there exists a unique) g € G with gx = y.

2. For x € X the subgroup G, := Stabg(x) := {g € G ; gx = x } of G is called the

stabilizer of x in G. The subset Gx := { gx ; g € G } is called the G-orbit of x. The

map G — X, g — gx, induces a bijection G/ G, = Gx of sets. The set of G-orbits

in X is denoted by X/G.

The action is called free if for all x € X its stabilizer G, is trivial.

4. The action is called faithful if 1 € G is the only element g € G such that x > gx is
the identity for all x € X (in other words [),.y Gy = {1}).

W

If X and Y are G-sets, amap f: X — Y is called G-equivariant of morphism of G-sets,
if f(gx) = gf(x)forall x € X and g € G. Then G-sets and G-equivariant maps
together with the usual composition form a category.

Definition 6.8. Let G be a real (respectively complex) Lie group. A C%-G-premanifold
(respectively a complex G-premanifold) is a real C*-premanifold (respectively a complex
premanifold) M together with a C*-map (respectively a holomorphic map) GxM — M,
which defines an action of the group G on the set M. In the real case we consider the
analytic premanifold G as a C*-premanifold (Remark 4.23).

If we consider the cases of a real Lie group and a real C“-premanifold (o € N fixed)
and the complex case simultaneously, we simply speak of a G-premanifold or of the Lie
group G acting on the premanifold M .

A morphism of G-premanifolds is a G-equivariant morphism of premanifolds.

We obtain the category of G-premanifolds.

Proposition 6.9. Let G be a Lie group, let M and N be G-premanifolds, and let F: M —
N be a morphism of G-premanifolds. For all p € M and g € G one has

dim, (M) = dimg,(M), 1k, (F) = 1kg, (F).

Moreover; F is a submersion (respectively immersion) at p if and only if F is a submersion
(respectively immersion) at gp.



6.2 Lie Group Actions 127

Proof. Themap gyy: M — M, m +— gm is an isomorphism of premanifolds with inverse
(g Y. Setq := F(p) € N. Then F(gp) = gq and all assertions follow from the

commutative diagram

Ty(F)
TP(M) _— Tq(N)

Tp(gM)\L \LTq(gN)
Tgp(F)

Top(M) —— Tgq(N),

where the vertical arrows are isomorphisms. O

Corollary 6.10. Notation as in Proposition 6.9. Assume that the action of G on M is
transitive. Then F is of constant rank and for all ¢ € N the fiber F~'(q) is a subpreman-
ifold of M.

Proof. By Proposition 6.9 the map M > p — 1k, (F) is constant. The second assertion
follows from Proposition 5.39. O

Example 6.11. Let : K" x K" — K be a bilinear form with matrix B € M, (K) with
respect to the standard basis of K”. Let

G :={geGL,K): B(gv.gw) = Bv,w) Yv,w e K"}
={geGL,(K); ‘gBg=B}.

This is a closed subgroup of GL, (K). For instance G = O(p, q) for B = (I(’)’ _(}q) and

K =R, or B = Sp,,,(K) forn = 2m and B = (f;m 16").
Then G = F~!(B), where

F:GL,(K) > M,(K),  F(A) ='ABA.

Let GL, (K) act transitively on GL, (K) from the left via (g, 4) > Ag~! and let it act
on M,(K) by (g, X) — ‘g7'Xg~! for g € GL,(K), X € M,(K). Then F is GL,(K)-
equivariant:

F(g-A) =F(Ag™") ="g "ABAg™ = g - F(4).
Hence G is a submanifold of GL,(K) by Corollary 6.10 and hence a Lie subgroup of
GL, (K).

Corollary 6.12. Let G be a Lie group and let M be a G -premanifold. Then forall p € M
the stabilizer G, of p is a Lie subgroup of G.

Proof. The morphisma: G — M, g — gp, is G-equivariant if we let G act on itself via
left multiplication. Hence G, = a~'(p) is a Lie subgroup by Corollary 6.10. a
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6.3 Quotients by Lie Group Actions

Our next goal is a criterion when the quotient of a premanifold by a Lie group action is
again a premanifold. For this we first define the notion of a proper action.

Proper Actions

Definition 6.13. Let G be a topological group, X a topological space and suppose that G
acts on X via a continuous map G x X — X. Then we say that G acts properly on X or
that the action of G on X is proper if the map

0:GxX > X xX, (g,x) — (x,gx)
is a proper map (Definition 1.30).
Note that the condition does not say that the action map G x X — X is proper.

Remark 6.14. The topological group G acts properly on X if and only if 6 is closed and
for all x € X the stabilizer G, := {g € G ; gx = x } is a compact subgroup of G.

Indeed, by definition of properness, G acts properly on X if and only if 8 is closed
and for all (x,y) € X x X the fiber 7' (x,y) = G, x {x} is compact, where G, , =
{ge€G; gx =y} Butif G, # @ we can choose i € G, and G, — G, ,, g — hg,
is a homeomorphism with inverse k +— h~'k.

We refer to Problem 6.2 for other characterizations of proper action.

Example 6.15. Let G be a topological group and H € G be a closed subgroup. Suppose
that G acts properly on a topological space X. Then Proposition 1.32 shows that H acts
properly on X because the closed embedding H x X < G x X is proper (Example 1.31)
and separated.

Consider in particular the case that G acts on itself by left multiplication. Then G x
G —> GxG,(g.¢g)— (¢g,gg) is a homeomorphism and in particular proper. Hence
the action of H on G by left multiplication is proper.

Actions of compact groups are always proper, more precisely:
Proposition 6.16. Let G be a compact Hausdorff topological group acting on a Hausdorff
space X. Then this action is proper and the canonical map w: X — X /G is proper (X /G

endowed with the quotient topology of X ).

Proof. As G is compact, the projection pr,: G x X — X is proper (Proposition 1.29). The
mapa:G x X — X, (g,x) — gx is the composition of the homeomorphism G x X —
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G x X, (g,x) — (g, gx) (an inverse is given by (g, x) +— (g, g 'x)) followed by pr,.
Hence a is proper. The map 6:(g,x) — (x,gx) is the composition of the diagonal
A:G x X — (G x X) x (G x X) followed by the product of pr, and a. The diagonal is
a closed embedding and in particular proper because G and X are Hausdorff. Hence we
see that 0 is proper because products and compositions of proper maps are again proper
(Proposition 1.34 and Proposition 1.32).

It remains to show that 77 is proper. Let A C X be closed, then 7' (7(4)) = GA
is the image of G x A under the action map a. As we have seen that a is proper, GA is
closed in X and hence 7 (A) is closed in X /G by the definition of the quotient topology.
Hence we see that 7 is closed. The fibers of & are the G-orbits in X, which are compact
by Lemma 6.17. Hence x is proper (Theorem 1.30). O

Lemma 6.17. Let G be a compact topological group acting on a Hausdorff topological
space. Then for all x € X the G-orbit Gx is compact and closed in X. The map a: G —
X, g — gx induces a homeomorphism G/ G, — Gx.

Proof. The stabilizer G, = a~!(x) is closed in G. Hence the quotient G/ G, is Hausdorff
(Appendix Proposition 12.58). As image of the compact space G it is also compact.
Therefore the bijective continuous map G/G, — Gx is a homeomorphism (Appendix
Corollary 12.53). Hence Gx is compact and thus closed in X . |

Remark 6.18. Let G be a topological group acting continuously on a topological space
X. Then the action of G on X is proper (respectively free) if and only if the map 6: G x
X - X x X, (g,x) — (x, gx) is proper (respectively injective). Therefore the action is
proper and free if and only if 6 is closed topological embedding.

Existence of Quotients by Lie Group Actions
We can now formulate the main result of this section.

Theorem 6.19. Let G be a Lie group and let M be a G-premanifold. Suppose that the
action is free and proper. Then there is a unique structure of a premanifold on the set of
orbits M/ G such that the projection w: M — M /G is a submersion. Its topology is the
quotient topology of M. It is Hausdorff.

Proof. The uniqueness follows from Proposition 5.51. If such a premanifold structure
exists on M/G, then m is surjective and open (Corollary 5.24) and hence the topology
of M/G is the quotient topology. It remains to show the existence of the premanifold
structure. We use Theorem 5.53. Hence we have to show:

1. R:={(p,gp); p<€ M,g e G}isaclosed submanifold of M x M.
2. pri: R — M is a submersion.
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Now R is the image of 0:G x M — M x M, (g,p) — (p,gp) and 6 is a closed
topological embedding by Remark 6.18. Hence for (1) it suffices to show that 6 is an
immersion. For g € G and p € M the derivative T{, () is of the form

0 idTp(M)
T, (ap) *

where a,: G — M, g = gp. As the action is free, a, is injective and by equivariance, a,
is constant rank. Hence a,, is an immersion and therefore T(, , () is injective.

Let us show (2). As 6 yields an isomorphism G x M = R, we have a commutative
diagram

GxM
\ &.p)—>gp
0\
prp

R———M

- (6.1)
-
M — M/R,

where the square is a fiber product diagram and where 6 is an isomorphism. As pr,: G X
M — M is a submersion, pr;: R — M is a submersion. O

The proof shows that to get a premanifold structure on M/G such that M — M/G
is a submersion it suffices to assume that : G x M — M x M, (g, p) — (p, gp) is an
embedding (instead of the properness of the action). In this case the premanifold M/G is
Hausdorff if and only if 6 is a closed embedding.

Example 6.20. Let V be a finite-dimensional K-vector space. The action of K* on V/
by scalar multiplication is not proper as the stabilizer of 0 € V' is not compact. But its
restriction to V' \ {0} is a proper and free action. Its quotient is the projective space P (V)
of lines in V.

Remark 6.21. We keep the notation and hypotheses of Theorem 6.19. Let p € M and
a,:G — M, g — gp. Then the sequence

Te(“p) Tp(”)
0 —> T,(G) M Toipy(M/G) —> 0 (6.2)

is exact. In particular one has dim,(,)(M/G) = dim,(M) —dim G. If dim(G) = 0, then
7 is a local isomorphism.

Indeed, in the proof of Theorem 6.19 we have seen that a, is an immersion, hence
T, (a,) is injective. As r is a submersion, T), () is surjective. To show exactness in the
middle, we apply Remark 5.49 to (6.1) and obtain

ker(T,()) = ker(T(p.ep) (pry)) = ker(Te py(pro: G X M — M)) = T,(G).
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Figure 6.1 Klein bottle

Example 6.22. Let M = S! x S! and consider the action by G = Z /27 for which the
non-trivial element acts by (z, w) + (1/z, —w). This is a free action and it is proper by
Proposition 6.16. The quotient manifold M/ G is a 2-dimensional real analytic manifold
called the Klein bottle (see Fig. 6.1, note that there is a self intersection as the Klein bottle
cannot be embedded smoothly into R?).

Corollary 6.23. Let G be a Lie group and let H be a Lie subgroup.

1. There exists on G/H a unique structure of an analytic Hausdorff premanifold such
that the projection w: G — G/H is a submersion.

2. If G has only countably many connected components, then G/H is an analytic mani-
Sfold.

3. The dimension of G/H is constant and dim(G/H) = dim(G) — dim(H ).

4. If H is normal in G, then the induced group law on G/H makes G/H into a Lie group.

Proof. The Lie group H acts properly (Example 6.15) and freely on G. Hence 1 follows
from Theorem 6.19. Remark 6.21 implies 3, and 4 follows from Proposition 5.54 applied
to the multiplication morphism of G.

Finally, if G has countably many connected components, then G is second countable
(Proposition 6.5). Therefore G/H is second countable because G — G/H is surjective
and open (Remark 1.3 2). Hence G/H is a manifold. O

Corollary 6.24. Let ¢: G — G’ be a morphism of Lie groups and let H' C G’ be a Lie
subgroup. Then ¢~ (H') is a Lie subgroup of G. In particular Ker(¢) is a Lie subgroup
of G.
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Proof. Let F be the composition of ¢ followed by the projection G’ — G’/H' and let
¢’ € G'/H’ be the image in the neutral element of G’. Let g € G act on G by left
multiplication and on G’/H’ by left multiplication with ¢(g). Then F is G-equivariant
and the action of G on G is transitive. Hence we can apply Corollary 6.10 to see that the
subgroup F~!(e’) = ¢! (H’) is a subpremanifold. O

Example 6.25. Letn > 1. Then SL,(K) = Ker(det: GL, (K) — K*) is a Lie subgroup
of GL,, (K).

Example 6.26 (Flag manifold). Let £ = K" and let n = (ny,...,n,) be a tuple of
integers n; € N with Zi”i =n. For j =0,...,rsetm; := n; +---+ n; and let
Flag, (E) be the set of flags of type n of E, i.e., flags of subspaces

o=WycwWycCc---CcW,=E

with dim W; = m;. Then GL,(K) acts on Flag,(E) via (g, (W;);) — (g(W;));. By
basis extension this action is transitive. Let E; be the subspace generated by the standard
vectors ey, . . ., e,, . Then the stabilizer L, of the flag (E;); in GL, (K) is the Lie subgroup
of matrices of the form

Ay % *
0 A,
0 0 A,

with 4; € GL,,(K). Hence we may apply Corollary 6.23 to endow Flag,(E) =
GL, (K)/L, with the structure of an analytic manifold. -

Let 0 < d < n, then Grassy(E) := Flag,_, (E) is the Grassmann manifold of
d-dimensional subspaces of E.

In Example 4.26 we endowed projective space IP” (K) with the structure of an analytic
manifold. As a set we have P”(K) = Grass; (K"*!) and it is not difficult to check directly
the manifold structure defined in Example 4.26 and in Example 6.26 are the same. This
can also be deduced from the following result.

Proposition 6.27. Let G be a Lie group, let M be a G-premanifold of type C* with a €
N. Suppose that the G -action on M is transitive and choose p € M. Let H := Stabg (p)
be its stabilizer. Suppose that G has only countably many connected components. Then
a:G — M, g — gp induces an isomorphism of manifolds

a:G/H > M,  gH — gp.
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Proof. The group H is a Lie subgroup by Corollary 6.12. Clearly, a is bijective. It is
a morphism of premanifolds by Proposition 5.54. It suffices to show that a is a submer-
sion (looking at charts [Corollary 5.23] we see that every injective submersion is a local
isomorphism and hence every bijective submersion is an isomorphism).

As G acts transitively on G/H and on M, there exist m,k,r € Nj such that
dim,(M) = m, dim,(G/H) = k and tky(@) = r forall p € M, q € G/H.
Assume that r < m (in particular m > 0). As G/H is a second countable (Corol-
lary 6.23 2), G/H is Lindel6f (Proposition 1.4). Hence there exist countably many charts
(Un, Xn, Vi, Yn.dy), n € N, of a such that | J, U, = G/H and such that a, is given

by (z1,...,zx) +— (z1,...,2,,0,...,0). Hence Im(a,) is contained in a zero set (Re-
mark 5.43) of K™ and hence Im(@) has measure zero. But this is a contradiction to the
surjectivity of a. O

The hypothesis that G has only countably many connected components is necessary.
Let G = R be endowed with the discrete topology making G into a O-dimensional real Lie
group. Let G act on M = R (with the usual structure of a 1-dimensional real manifold)
via (g, p) = g + p. Then G/ G, = G is discrete for p € M but M is not.

If the underlying topological space of G is second countable, then G has only countably
many connected components. This is for instance the case if G is a closed subgroup of
GL, (K).

Example 6.28. Consider H := {z € C ; Im(z) > 0} as an open real analytic submani-
fold of C = R?. Let the real Lie group G := SL,(R) act on H by Mdébius transformation

a b az+b
z |~ .
c d cz+d
This makes H into a SL,(R)-manifold. The action is transitive and

i+ b
Stabg (i) = { (‘Cl Z) € SLy(R) ; Z;id =i§

zg(“ b)eSLz(R);a:d,b:—c§
¢ d

= S0(2).

Hence Proposition 6.27 shows that H = SL,(R)/ SO(2).

To see how many connected components a Lie group precisely has, the following re-
mark is often helpful.
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Remark 6.29. Let G be a Lie group. Its identity component G is an open and closed
normal subgroup, in particular it is a Lie subgroup with dim(G°) = dim(G). Hence if we
consider the abstract group my(G) as a O-dimensional Lie group, then the canonical map
ws: G — G/G° = my(G) is a surjective submersion.

Any homomorphism of Lie groups ¢: H — G induces a unique group homomorphism
7wo(p): mo(H) — mo(G) making the diagram of Lie group homomorphisms

12

H G

OH oG

o (H) 2224 70(G)

commutative. We obtain a functor 7y from the category of Lie groups to the category of
groups (identified with the category of 0-dimensional Lie groups).

Let H be a Lie subgroup of G and let I" be the image of mo(H) — mo(G). As
G — G/H is open and surjective, it induces a bijective map

m0(G)/T" = mo(G/H). (6.3)
In particular we see that G is connected if G/H and H are connected.

Example 6.30. The action of the real Lie group SO(n) on S"~! by matrix multiplication
is analytic. The stabilizer of (1,0,...,0) € S"~'is SO(n — 1) and we deduce S"~! =
SO(n)/ SO(n — 1). Arguing by induction on n starting with SO(1) = 1 we deduce via
Remark 6.29 that SO(n) is connected for all n. As SO(n) is of index 2 in O(n) we also
see that O(n) has two connected components and that O(n)° = SO(n).

Let B € GL,(R) be the subgroup of upper triangular matrices. As an analytic man-
ifold, B is isomorphic to R""~1/2 In particular, B is connected. By Gram-Schmidt
orthogonalization, multiplication of matrices yields an isomorphism B x O(n) > GL,(R)
of real analytic manifolds. Hence we deduce that GL,, (R) has two connected components.
Its identity component is the subgroup of matrices with positive determinant.

6.4 Problems

Problem 6.1. Let G be a topological group that acts properly on a topological space X.
Let Y be a G-invariant subspace. Show that the action of G on Y is proper.

Problem 6.2. Let G be a topological group acting continuously on a topological space X .

1. Suppose that G acts freely on X and let R := {(gx,x); g€ G, x e X} C X x X.
Show that w: R — G, (gx, x) > g is well defined. Show that G acts properly on X
if and only if R is closed in X x X and w is continuous.
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2. Suppose that G and X are Hausdorff and that G is locally compact. Show that G
acts properly on X if and only if for all x, y € X there exist neighborhoods U of x
and V of y such that { g € G; gU NV # @} is relatively compact in G (Appendix
Problem 12.31).

Problem 6.3. Let G be a finite group and let M be a G-manifold such that the action of
G on M is free. Show that there exists on M /G a unique structure of a premanifold such
that 7: M — M/ G is a submersion. Show that 7 is a local isomorphism.

Problem 6.4. Let G and H be Lie groups acting properly and freely on premanifolds M
and N, respectively. Let ¢: G — H be a homomorphism of Lie groups and F: M — N
a morphism of premanifolds such that F(gm) = ¢(g)F(m). Show that there exists
a unique morphism F: M/G — N/H such that the following diagram commutes:

M—E N

L,

M/G—E~ N/H .

Problem 6.5. Let M = (—1,1) x S' (considered as a real analytic manifold) and let
G = 7Z/27 act on M such that the non-trivial element acts by (¢,z) + (—t,—z). Show
that this action is free and proper and that M/ G is isomorphic to the M&bius band.

Problem 6.6. Show that the quotient manifold R/Z and the submanifold S' of R? are
isomorphic real analytic manifolds.

Problem 6.7. Let¢: G — G’ be ahomomorphism of Lie groups. Show that the following
assertions are equivalent:

(i) ¢ is a submersion (respectively a local isomorphism).

(i) Ti(p): T1(G) — T1(G’) is surjective (respectively bijective).

(iii) @|go: G° — G" is surjective (respectively a covering map), where H° denotes the
connected component of 1 in a topological group H.

Problem 6.8. Let G be a connected Lie group. Show that there exists a universal cover
space : G — G and that for all & € 7~ !(e) there exists a unique Lie group structure
on G such that ¢ is the neutral element of G and such that 7 is a local isomorphism of
premanifolds and a group homomorphism. Show that (G, 7) is unique up to a unique
isomorphism of Lie groups.

Hint: Problem 4.14.
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Problem 6.9. Let G be a Hausdorff locally compact second countable topologically
group that acts continuously and transitively on a Hausdorff Baire space X (Problem 1.9).
Letx € X and G, = {g € G ; gx = x }. Show that the map G x X, g > gx, is open
and that the induced map G/G, — X is a homeomorphism.

Hint: Problem 1.11.

Problem 6.10. Let G be a Lie group with countable many connected components, let M
be a G-premanifold, and let p € M. Let Gp € M be the orbit of p.

1. Show that the following assertions are equivalent:
(1) Gp € M is locally closed.
(i) Gp is a submanifold of M.
Hint: If Gp € M is locally closed, use Problem 6.9 and Problem 1.10 to see that
G — Gp, g — gp, is open.
2. Suppose that Gp is locally closed in M. Show that G — M, g — gp, induces a
G-equivariant isomorphism of premanifolds G/ Stabg (p) — Gp.
3. Suppose that the action of G on M is proper. Show that 1 and 2 hold for each orbit.
4. Letr € R. Show that R x S! x S, (x,(z1,22)) — (e*™*z;,e*"*z,), defines an
analytic action of (R, +) on S' x S'. Show that the equivalent assertions of 1 hold if
and only if r € Q.
Hint: Problem 5.19

Problem 6.11. For n > 2 show that there are isomorphisms of real analytic manifolds
§2+1 ~ U(n)/U(n—1) = SU(n)/ SU(n—1). Deduce that U(n) and SU(n) are connected
for all n > 1. Show that GL,,(C) is connected.

Problem 6.12. Let £ and F be finite-dimensional K-vector spaces with d := dim(F) <
dim(E). Let I(F, E) be the set of injective K-linear maps F' — E and define on I(E, F)
an equivalence relation by u ~ u’ :< Jv € GL(F):u’ = u o v. Show that I(F, E)
is an open submanifold of Homk (F, E), that ~ is a regular equivalence relation and that
I(F,E)/~ = Grassy (F).

Problem 6.13. Use the notations of Example 6.26.
1. Show that the Pliicker embedding
Grassy (E) — P(AY(E)) := Grass (A% (E)), F > AY(F)

is a closed embedding of analytic manifolds.
2. Show that

r—1
Flag,(E) — l—[Grassm,. (E), W cC---C W)= W)i<i<r—1
i=1
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is a closed embedding of analytic manifolds.
3. Deduce that Grass, (E) and, more generally, Flag, (E) are compact.

Problem 6.14. Let (V,(, )) be a symplectic K-space, i.e., V is a finite-dimensional
K-vector space with a non-degenerate alternating bilinear form (, ). Show that the sym-
plectic group

Sp(V,(,)) :={geGL(V); (gv,gw) = (v,w) forall v,w € V}
is a closed Lie subgroup of GL(V') and endow the set of Lagrangians of (V,{, )) (i.e.,

the set of K-subspaces U of V with U+ = U) with the structure of an analytic quotient
manifold of Sp(V, (, )).



Torsors and Non-abelian Cech Cohomology

Very often one is confronted with construction problems where it is easier to make the
construction locally. Then the question arises whether these local constructions “glue” to
a global object. For instance, on premanifolds it is often easier to construct objects if the
premanifold is isomorphic to an open ball in K™, which is locally always the case. In this
chapter we study a general technique to deal with such gluing problems — at least if the
difference of two possible local objects is given by a sheaf of groups. For instance two
primitives of a K-valued function always differ by a locally constant K-valued function
and these form a sheaf of groups.

7.1 Torsors

The precise mathematical notion that captures “local objects always differing by a sheaf
of groups” is that of a torsor. The idea is to encode all local objects into a sheaf on which
a sheaf of groups then acts simply transitively.

Definition 7.1 (Torsor). Let X be a topological space, let  and G be sheaves of sets on
X and let A be a sheaf of groups on X.

1. An A-sheaf on X is a sheaf of sets  on X together with a morphisms of sheaves of
sets
aAxTF —->7F

such that for every open subset U € X the map
ay: AU)xFU) - FU)
is an action of the group A(U) on the set F(U).

© Springer Fachmedien Wiesbaden 2016 139
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A morphism F — G of A-sheaves is a morphism ¢: F — G of sheaves such that for all
U C X the map
pu:F(U) = 5U)

is A(U)-equivariant. We obtain the category of A-sheaves on X.

2. An A-sheaf T on X is called an A-pseudotorsor if for all U € X open the action
AWU) x T(U) — F(U) is simply transitive.

3. An A-pseudotorsor 7" on X is called an A-torsor if there exists an open covering
X =, U; such that T(U;) # @ for all i.
We obtain the full subcategory of A-torsors of the category of A-sheaves. We denote
this category by (Tors(A)).

Example 7.2. Let M C C beopenandlet f: M — C be a holomorphic function. Define
a sheaf Primy on M by

Prim;(U) := { F: U — C holomorphic: F' = f |y}

for U € M open. Then any two primitives of f |y differ by a locally constant func-
tion. In other words, the constant sheaf Cy; acts on it (recall: Cy(U) = {h:U —
C ; h locally constant}) by addition:

Cu(U) x Primy (U) — Primy (U), (h,F)— h+ F.

This makes Primy into a Cj,-pseudotorsor because two primitives of a holomorphic func-
tions only differ by a locally constant function. Now the local existence of primitives just
means that the C;-pseudotorsor Primy is in fact a torsor. Here this is the case because we
may find a covering of M by convex open subsets U; and Primy(U;) # @ foralli € I.

Next we come to the question of global existence of objects on a space X . If the local
objects are encoded by a torsor 7" on X, then this is equivalent to the question of whether
T'(X) is non-empty.

Recall that a pointed set is a pair (H, x) consisting of a set H and an element x € H.
A morphism of pointed sets (H,x) — (H',x’) is amap ¢: H — H' with ¢(x) = x'.
We obtain the category of pointed sets. Every group G gives rise to a pointed set (G, e),
where e is the neutral element.

Definition 7.3. Let X be a topological space and let A be a sheaf of groups on X.

1. Let A act on itself by left multiplication. This makes A into an A-torsor. An A-torsor
that is isomorphic to A is called a trivial A-torsor.

2. Define H'(X,.A) as the set of isomorphism classes of A-torsors on X . It is a pointed
set; the distinguished element is the isomorphism class of trivial torsors. It is called
the (first) cohomology set of A.
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3. Let T be an A-torsor over X, and let U = (U;);<; be an open covering of X. Then
we say that ‘U trivializes T if T(U;) # @ foralli € I. We denote by H'(U,.A) the
isomorphism classes of A-torsors over X trivialized by ‘U. Then

H' (X, A) = JH'(U.A).
u

Proposition 7.4. Let X be a topological space and let A be a sheaf of groups on X.

1. Every morphism in the category (Tors(A)) is an isomorphism.
2. An A-torsor T over X is trivial if and only if T(X) # 0.

Proof. (1). Let T and S be A-torsors on X and let ¢: 7 — S be an A-equivariant
morphism of sheaves on X. If X = (J; U; is an open covering and ¢y, is an isomorphism
foralli € I, then ¢ is an isomorphism (Proposition 3.18). Choosing a covering (U;); that
trivializes S and 7 and replacing X by one of the U; we may assume that 7(X) # @ #
S(X). Then T(U) # @ # S(U) for all U € X open. Hence it suffices to show: Let
A be a group acting simply transitively on two non-empty sets X and Y. Then every A-
equivariant map ¢: X — Y is bijective. Let x € X, y := ¢(x). Then we have a diagram
with bijective diagonal maps

which commutes because ¢ is G-equivariant. Hence ¢ is bijective.
(2). If T = A, then T(X) # 0 because A(X) is a group, in particular it is non-empty.
Conversely, assume there exists s € 7(X). Then

A—=7F, AWU)>g+ g -(sv) e TU), U C X open
is an isomorphism of A-torsors. O

The first important result says that for constant group sheaves on simply connected
spaces H ! is trivial:

Proposition 7.5. Let X be a topological space. Let A be a locally constant sheaf of
groups on X. Suppose that X is simply connected and locally path connected. Then A is
a constant sheaf of groups and H'(X, A) = 0.
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Proof. As any A-torsor T is a locally isomorphic to A (Proposition 7.4), it is a locally
constant sheaf on X. Hence it suffices to show that any locally constant sheaf J on X
is constant. Let p: E — X be the étalé space corresponding to J. Then p is a covering
map (Example 3.41). As X is simply connected and locally path connected, this covering
map has to be trivial (Proposition 2.41), i.e., E = X x F, where F is some fiber of p,
considered as a discrete topological space. This shows that F is a constant sheaf. a

Using Example 7.2 we obtain the following criterion for the existence of global primi-
tives.

Example 7.6. Let M < C be open and let f: M — C be a holomorphic function. Then
the torsor Prim, (Example 7.2) is trivial if and only if there exists F': M — C such that
F' =f.

If H'(M,C);) = 0, then every holomorphic function on M has a primitive. Hence we
can deduce from Proposition 7.5 the classical result that if M is simply connected, then
every holomorphic function on M has a primitive.

Note that to get this result we used that Primy is a torsor (and not only a pseudotorsor),
i.e., that locally a primitive always exists. Hence the cohomological formalism allowed us
to extend a local existence result to a global one.

7.2 Non-abelian Cech Cohomology

Notation: Let X be a topological space and A a sheaf of groups on X.

We may also give a more concrete description of H'(X,A) in terms of cocycles,
which is often advantageous for concrete calculations. To ease the notation, for two sec-
tions s € I'(U,A) and t € I'(V, A) we will often write st € I'(U N V, A) instead of
Sjunvtiuny,and s = ¢ instead of sjyny = fjuny.

Definition and Remark 7.7 (Cech cohomology). Fix an open covering U = (U;);¢s
of X. Foriy,...,i, € I define U; =U,N---NU,.

Loy

1. A Cech I-cocycle of A on ‘U is a tuple 6 = (gij)i.jer, where g;; € A(U;;) such that

the cocycle condition
8k 8ji = &ki € A(Uijr) (7.1)

holds for all i, j, k. Choosing i = j = k we see that g;; = 1; choosing k = i we see
that g;; = gj_l-1 foralli, j € I. The set of all Cech 1-cocycles of A on ‘U is denoted
by Z'(U, A).

2. Two Cech 1-cocycles 6 and 6’ on ‘U are called cohomologous if there exist h; € A(U;)
for all i such that we have

higij = g;jhj € A(Uy)
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forall i, j € I. This is easily checked to be an equivalence relation on Z! (U, A). The
equivalence classes are called Cech cohomology classes, and the set of cohomology
classes of Cech 1-cocycles on U is called the (first) Cech cohomology of A on U and
is denoted by H '(U, A). This is a pointed set in which the distinguished element is
the cohomology class of the cocycle (e;;) with e;; = 1 forall i, j. It is denoted by 1.

Then a Cech 1-cocycle (gij) € Z (U, A) is cohomologous to 1 if there exist z; € A(U;)
such that g;; = h; 'h;.

Definition and Remark 7.8 (Refinement of Cech cohomology). Let V = (V});cs be
a second open covering of X. A morphism of open coverings V — Uisamap t:J — [
such that V; € U,(; forall j € J (then "V is a refinement of U). We obtain the category
of open coverings (Cov(X)) of X.

If (g;;7) is a Cech 1-cocycle on ‘U, then the tuple (8 = &r(j)e(jnIv;nV, 18 @ Cech
1-cocycle on V. It is easy to see that this construction induces a map

™ H' (U, A) — H(V, A).

Therefore we obtain a functor U — H (U, A) from (Cov(X)) to the category of
pointed sets. We leave it to the reader to make the (easy) check that the category
(Cov(X))°PP is filtered (Problem 7.1). The pointed set

I:II(X,A) = co1llim I—VII(U,A),

is called the (first) Cech cohomology of A on X. Note that the explicit description of
a filtered colimit of sets in Appendix Example 13.38 shows that the map from H! (U, A
to the colimit in the category of sets the distinguished points are all sent to the same point
e. Hence the colimit of the H' (‘U, A) in the category of pointed sets is the colimit in the
category of sets endowed with the point e.

Remark 7.9 (Abelian Cech cohomology). If A is a sheaf of abelian groups, the set
of Cech 1-cocycles of A on U forms an abelian group with respect to componentwise
multiplication (gij)(glf/.) = (gij g;j). The equivalence relation of being cohomologous
is compatible with the group structure and therefore H '(U, A) is an abelian group. For
every refinement 'V of ‘U the map H! (U,A) — H! (V, A) is ahomomorphism of abelian
groups. Therefore H'(X,.A) is an abelian group.

Example 7.10 (Cech cohomology of the circle). Let U = (Uy, U;) be an open covering
of X consisting of two open subsets. Then

ZY U, A) S AU, N UY),
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and a Cech 1-cocycle of A on ‘U is given by an element g = go; € A(UyNU;). Moreover,
g,g' € A(Uy N Uy) are cohomologous if and and only if there exist #; € A(U;),i =0, 1,
such that g’ = hogh;.

Let X = S!' = {z € C; |z] =1}, A be an abelian group, A = Ag: the associated
constant sheaf, Uy = S' \ {1}, U; = S'\ {—1}. Then

AUp) = AU) = A

because Uy and U; are connected. Moreover Uy N U; = W, U W_ with W, =
{z€S': £Im(z) > 0}. Hence

AUy NUy) = A x A, f=frwes fiw).

The restriction map A(U;) — A(Uy N U,) is givenby A 3 a +— (a,a) € A%. Hence we
see:

g=(ay,a_) € A*and g’ = (da/.,a’) cohomologous
<:>3b0,b1€A:a’+=b0+a++b1, a’_=b0+a_+b1
& 3be did =ay + b, a_ =a_+b

Sa,—ad =a;—a_.
In other words H'(U, A1) = A.
Remark 7.11. Let X = [ [, X;. Then H'(X, A) = [[,c; H' (X, Ajx,)-

Remark 7.12 (Cech cohomology and torsors). We will now construct an isomorphism
of pointed sets
HY(X,A) =~ H' (X, A). (7.2)

Let T be an A-torsor and let U = (U;);<; be an open covering of X that trivializes 7', i.e.,
T(Uj) # @foralli. SetU;; = U; N U, foralli, j € I. Choose elements t; € T(U;). As
A acts simply transitively, there exists a unique element g;; € A(U;;) suchthat g;;¢; = ;.
We have gx;gjiti = tr = gkit; and thus gx; g;; = gx;. Hence (g;;);; isa Cech 1-cocycle.
For a different choice of elements #; we obtain a cohomologous 1-cocycle. Hence this
construction yields a morphism of pointed sets

cau: H'(U,A) - H'(U, A). (7.3)
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If 7: 'V — ‘U is a morphism of open coverings, one easily checks that

H'(UA) 2% Fu, A)
lf* (7.4)
H'(V,A) % FY OV, A)

is a commutative diagram. By taking inductive limits we obtain a map of pointed sets

car HY(X, A) —> H' (X, A). (7.5)

Proposition 7.13. The maps c 4 4 are isomorphisms of pointed sets. In particular, c 4 is
an isomorphism.

Proof. We define an inverse of c4 ¢ as follows. Let (g;;) be a representative of a class in
H'(U,A). For V C X open we set

TV)={@) e [[AUNV) s 67 =gy ¢ . (7.6)

Endowed with the obvious restriction maps, 7" is a sheaf. We define an A-action on T’
via g - (t;); = (t;g~');. For a fixed k € I and for V C Uy the map A(V) — T(V),
g + (gixg™");, defines an isomorphism of Ay, -sheaves Ay, — Ty, whose inverse is
given by (;) > 1, ! Thus T is an A-torsor that is trivialized by U. If (g;;) is replaced
by a cohomologous cocycle (gl/.j) = (higijhjfl) with an associated A-torsor 7’, then

(t;) + (h;t;); defines an isomorphism T’ S T of A-torsors. O
Remark 7.14. The commutative diagram (7.4) then also shows that the maps t*: H!
(U, A) — H'(V,A) are injective and depend only on U and "V (but not on the choice
of a morphism 7: V — ‘U). In particular H'(U,A) — H'(X,.A) is injective.

Corollary 7.15. If A and A’ are two sheaves of groups on a topological space X, then
H' (X, AxA)=H'(X,A) x H'(X,A).

Proof. This is clear for Cech cohomology. O

For concrete calculations of H'! (X, A) it suffices very often to calculate H! (U, A) for
a sufficiently nice open covering ‘U by the following result.
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Proposition 7.16. Let U = (U;);c; be an open covering of X such that I:II(U,-,A) =0
foralli € 1. Then H' (U, A) - H' (X, A) is an isomorphism.

Proof. Tt suffices to show: Let V = (V});c; be a refinement of U and let 7: J — I be
a morphism of open coverings. Then t*: H' (U, A) — H'(V,.A) is bijective.

It is injective by Remark (7.14). Hence it remains to show that 7* is surjective. Let
UiNV := (U;NV;);e,;. This is an open covering of U;. As HYU;NV,A) > H'(U;, A)
is injective (Remark 7.14), we find

H'(U NV, A) =1. ()
Letn = (nj;7).jres € Z'(V,A) and define 1) € Z'(U; NV, A) by
(@)

Njjr == Njj'\uinv;nv; -
By (*) there exist gj(.i) € A(U; N V}) such that
N
njjr = (gf('l)) g
and hence foralli,i’ € I
, -1 . -1
g (gj(.”) =g (g/(-l,)) e AU N U NV N Vo). (%)

Now define 6 € Zl(u, A) by

. .\ —1
by =g (&)

-
This is possible because of (**). Moreover set h; := (gj(f(/))) € A(Ujy NV;). Then
we haveon V; NV = Uyjy NUyin NV, N Vi

. o — 1
hy (2 0)) = hyBeiyein = hygi” (gf v )))
.y -1 (i -1 (i
_ (g/( U ))) _ (g,( G ))) gj(/(/ ))hj/
= njjhjr,

and hence 7% () is cohomologous to 7. O

Corollary 7.17. Let X be a locally path connected space and let G be a group. Let
U = (U;); be an open covering of X such that U; is simply connected for all i. Then
H'(U,Gx) = H'(X. Gy).

Proof. We can apply Proposition 7.16 by Proposition 7.5. |



7.3 First Term Sequence of Cohomology 147

Example 7.18. Let X = S!, let A be an abelian group, and let U = (Up,U;) :=
(S'\ {1}, S\ {~1}). Then U; is homeomorphic to the open interval (0, 1) and hence
simply connected. Hence Corollary 7.17 implies that H'(S', Ag1) = H'(U, Ag1) =~ A
by Example 7.10.

7.3 First Term Sequence of Cohomology

An important tool to calculate cohomology pointed sets is by relating them to already-
known cohomology pointed sets using long exact cohomology sequences. This is particu-
larly useful if the cohomology sets carry a group structure but can be also used in general.
Hence we explain first what is meant by an exact sequence of pointed sets.

Definition 7.19. A sequence of morphisms of pointed sets

Pi—1 Pi Di+1
o= (Hi_1,ei1) —> (H;,e;) —> (Hij1,ei41) —>

is called exact if for all i

Ker(gi1) :={h € H; ; ¢iy1(h) = eiy1} =Im(¢;).

Note that if ¢: (H,e) — (H’,¢’) is a morphism of pointed sets, then Ker(¢) = {e}
does not imply that ¢ is injective in general.

Remark 7.20. Let ¢: A — A’ be a homomorphism of sheaves of groups. Sending a Cech
cocycle (g;;) of A to (¢(g;;)) defines a homomorphism of pointed sets

H'(p): H' (X, A) > H' (X, A). (1.7

We obtain a functor H ! (X, -) from the category of sheaves of groups on X to the category
of pointed sets.

We can also define H'(¢): H'(X,A) — H'(X,A’) via torsors as follows. Let T be
an A-torsor. We let A acton A’ x T via

(a,(@.1)) = (a'p(a™). at)

fora € A(U),a' e A/(U),t € T(U), U C X open. Let A’ x* T be the sheafification of
the presheaf that sends U C X open to the set of A(U)-orbits in A’ x T'. We let A’ act on
A’ x* T from the left by multiplication on the first factor. This makes A’ x* T into an
A'-torsor (see Problem 7.3) and T+ A’ x* T defines the map H'(¢) of pointed sets.
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Remark 7.21. Let X be a topological space and let
1A S5 A A -1 (1.8)
be an exact sequence of sheaves of groups on X. Define a connecting map
§:A(X) > HY(X, A (7.9)

as follows. For g” € A”(X) let U = (U;); be an open covering of X such that there
exist g; € A(U;) whose image in A”(U;) is g"|y,. Forall i, j let gl/.j e A'(U;j) be the
unique element that is mapped to g; gj’1 € A(U; N U;). Then (g/;) is a Cech cocycle on
‘U. A different choice of elements g; yields a cohomologous cocycle. Therefore its class
8(g”) in H (X, A) is well defined. It is clear that § is a morphism of pointed sets.

One can define § also via torsors as a map §: A”(X) — H'(X,A’) as follows. Let
g" € A(X"). Define a sheaf of sets Ty on X by

Ty (U):={tcAWU): n(t) =¢" v} . (7.10)

Then A’(U) acts on T, (U) by (g',1) — t(g')t and this makes T,~ into an A’-torsor.
Then §(g”) is the isomorphism class of Ty
Proposition 7.22. The following sequence of pointed sets is exact:

tx Y

1— A (X A(X A"(X
= A e (,;)1 (7.11)

s v H! v 7)o~
ooy Y gy 20 B x A,
Moreover, one has the following assertions.

1. Assume that A’ is a subgroup sheaf of the center of A (in particular it is a sheaf of
abelian groups). Then § is a homomorphism of groups, and H! (v) induces an injection
of the group Coker(8) into the pointed set H! (X, A).

2. Assume that A, A, and A" are abelian sheaves. Then the sequence (7.11) is an exact
sequence of abelian groups.

The same sequence exists with H ' instead of H' and it is an instructive (and not too
difficult) exercise to check all of the above assertions in the language of torsors.

Proof. ix injective. Proposition 3.18.

Im(iy) = Ker(my). “C”is clear. Let g € Ker(my). Then g, € Ker(w,) = Im(cy)
for all x € X. Hence there exists x € U* C X open and g* € A'(U*) such that
1(g™) = gu~. For x, y € X one has

l(g/xwmw) = gunuy = l(g/y\umm)
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and hence g”|yxnyr = &Y uxnyy because : /(U NUY) — A(U* N U?) is injective.
Hence there exists g’ € A’(X) such that «(g') = g.

Im(y) € Ker(8). Let g” = nx(g) € Im(sry). Then we may choose g; = gy, in the
definition of § and hence g ; = 1 and therefore g” € Ker(9).

Im(zy) 2 Ker(§). Let g” € Ker(d), i.e., we find an open covering (U;); of X,
gi € A(U;) and h; € A'(U;) such that

n(g) =¢"u, and t(h:-_lh}) = gigj_l & 1= [(h:')gigj_lt(h})_l

forall i, j € I. Replacing g; by t(h})g; we may assume that g; = g; € A(U; N U;).
Hence there exists g € A(X) such that gy, = g;. Then 7(g)jy, = g”|v; and hence
n(g) =g’ 5

Im(8) = Ker(H'(1)). Let (U;); be an open covering and let § = (g;j)i,j €
H'(U, A’). Then:

6 € Im(@) & H' (D) = (gig; iy with & € AU;)
& 11(8) is cohomologous to 1.

Im(I:I W) = Ker(l-? '()). This follows from Im(iy;) = Ker(nry,) for every open
subset U; of X.
Assertions (1) and (2) are easy to check. O

Remark 7.23. One can define the first terms of the cohomology sequence (7.11) in the
following more general situation. Let A’ be a sheaf of subgroups of a sheaf of groups
A and let A/ A’ be the sheafification of the presheaf of left cosets U +— A(U)/A'(U).
Then (A/A")(X) is a pointed set (the distinguished element is the image of 1 € A(X) in
(A/A)(X)). The same construction of § and the same arguments as above show that one
still has an exact sequence of pointed sets

I — AX) — AX) — (A/A)X)

5o . (7.12)
— HY(X,A) — H'(X,A).

7.4 Problems

Problem 7.1. Let X be a topological space. Show that the category (Cov(X))°*? is fil-
tered.

Problem 7.2. Let X be a topological space, G a sheaf of groups acting on a sheaf of sets
T. The action is called transitive (respectively free) if the morphism G x T — T x T,
(g,t) — (t,gt) for g € G(U),t € T(U), U € X open, is a surjective (respectively
injective) morphism of sheaves.
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1. Show that G acts freely on T if and only if for all U € X open and for all t € T'(U)
the stabilizer of ¢ in G(U) is trivial.

2. Show that T is a pseudotorsor if and only if the G-action is free and transitive.

3. Let e be the final sheaf, i.e., e(U) is the set consisting of a single element for all
U C X open. Show that e is a final object in (Sh(X)) and that a G-pseudotorsor 7" is
a torsor if and only if T — e is an epimorphism.

Problem 7.3. Let X be a topological space and G be a sheaf of groups on X. Let T
(respectively 7”) be a sheaf of sets on X that is endowed with a right action T x G — T
(respectively a left action G x T’ — T’) of G. Define a left G-action of T x T’ by
g-@t,t):= (tg' gt')forg € GU),t € TWU),t € T'(U), U C X open. The
contracted product T x° T’ is defined as the sheaf associated with the presheaf whose
value on U is the set of G(U)-orbits of T(U) x T'(U).

Let 9: G — G’ be a homomorphism of sheaves of groups on X and let G, be the sheaf
G’ with the right G-action given by g’ - g := g’¢(g) on local sections. Let G’ act on
G, xO T from the left on G, x¢ T via the first factor.

1. Show that for every sheaf E on X one has Homsyxy (E, Tx%T") = Homspxy (E, T x
T')¢, where ()¢ denotes G-invariants.

2. Show that T+ G/ xC T defines a functor from the category of sheaves with G-action
to the category of sheaves with G’-action. Show that this functor is left adjoint to the
functor 77 + T'¢, where T'? is the sheaf T’ with G-action (g,t") — ¢(g)t’.

3. Suppose that G acts transitively (respectively freely) on 7' (Problem 7.2). Show that G’
acts transitively (respectively freely) on G, xY T. Deduce that if T is a G-torsor, then
G, x9 T is a G'-torsor defining a map H'(¢p): H'(X,G) — H'(X,G’) of pointed
sets.

4. Show that the following diagram is commutative:

1
H'(X,6) YL nv(x, 6

v vl v
H'(x.6) % m1(x, 6.

Problem 7.4. Let M < C be open, f: M — C be a holomorphic map and let £/(U)
be the set of logarithms of f, i.e., the set of holomorphic maps g: U — C such that
expog = fy for U € M open. Endow £, with the structure of a Z-pseudotorsor,
which is a torsor if and only if f(z) # O for all z € M. Show that a holomorphic map
f:M — C* has alogarithm if M is simply connected.

Problem 7.5. Let X be a topological space, x € X, G a group, and let G be the skyscraper
sheaf in x with values G (Problem 3.6). Show that H'(X,G) = 1.
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Problem 7.6. Letn > 1 and let A be an abelian group.

1. Show H'(P'(R), Api(r)) = A and H'(P"(R), Aprr)) = {a € A; 2a =0} for
n>2.
2. Show that H'(P"(C), Aps(c)) = 0.

Problem 7.7. Let X = P!(C), U = (U,, U;) with Uy = P1(C) \ {(1 : 0)} and U; =
P'(C) \ {(0 : 1)}, and let Op1(c the sheaf of holomorphic functions on P'(C). Show
that H'(U, Op1(cy) = 0. In Theorem 10.22 we will see that H'(C, O¢) = 0. Deduce
that H'(P'(C). Op1¢)) = 0.

Hint: Use the theory of Laurent series.

Problem 7.8. Let X € C be open and let Oy be the sheaf of holomorphic functions. Let
f:X — C be a holomorphic function.

1. Show that the following sequence of sheaves of abelian groups is exact:
« i dlog
1 — (C)y — 05 — Oy — 0,

where dlog(g) := g'/g.

2. Show that if X is simply connected, then there exists a holomorphic map g: X — C*
with ¢'/g = f.

3. Show that the sheaf of holomorphic solutions of the differential equation u’ = fu is
a locally constant sheaf of 1-dimensional C-vector spaces. Show that the differential
equation has a solution without zeros if X is simply connected.



Bundles

We will now study morphisms of premanifolds w: X — B that look locally on B like
a fixed morphism p: Z — B. We then call & a twist of p. Important special cases are
fiber bundles, where p: B x FF — B is a projection. Moreover, one often endows twists
with an additional datum that restricts the changes between different local isomorphisms
of p and & to a fixed subsheaf of the sheaf all automorphisms of p. For fiber bundles
this subsheaf will usually be given by a faithful action of a Lie group G on the fiber F.
An important special case of a fiber bundle is the notion of a principal bundle for a Lie
group G. They are in a way the universal fiber bundles for a given structure group G
(Remark 8.22).

Most of the results in Sect. 8.1 hold verbatim if one replaces “premanifold” with “-
topological space” and “Lie group” with “topological group”. Notable exceptions are
Remark 8.10 and Example 8.21 as for topological groups the projection G — G/H does
not have local sections in general.

In the next section we study a very important special case of fiber bundles: vector
bundles. This is the main topic of this chapter. There are two ways to look at vector
bundles. The first point of view is that of a fiber bundle where the typical fiber is a vector
space and where the local coordinate changes are linear. This is explained in Sect. 8.2.
The second point of view is to consider vector bundles as locally free modules over the
structure sheaf. Hence we introduce such modules in Sect. 8.3 and prove in Sect. 8.4 that
both point of views are equivalent.

Among the most important vector bundles is the tangent bundle whose fiber at a point
p of a premanifold M is the tangent space 7,(M ). This will be described as a geometric
vector bundle as well as a locally free module. The dual of the tangent bundle is the
vector bundle of differential 1-forms and by taking exterior powers we obtain differential
forms of arbitrary degree. We conclude the chapter by defining the de Rham complex of
a premanifold.

© Springer Fachmedien Wiesbaden 2016 153
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8.1 Twists, Fiber Bundles, and Principal Bundles

Twists will be premanifolds endowed with a morphism to a fixed premanifold B, the “base
premanifold”. Hence let us introduce the following general terminology.

Definition 8.1. Let C be a category and let B be an object of C. Define the category of
B-objects of C, denoted by C,p:

(a) Objects in C;p are morphisms p: X — B in C, usually denoted by (X, p).
(b) A morphism (X, p) — (Y, q) in C/p is amorphism ¢: X — Y in C such thatgo f =
p. Itis called a B-morphism.
Composition is given by composition in C.

In the sequel we will take for C the category of premanifolds (real C* for a fixed o or
complex). We fix a premanifold B. Then objects in C,p are called B-premanifolds.

Twists
Let p: Z — B be a morphism of premanifolds, in other words, (Z, p) is a B-premanifold.
Let

Aut(p) = Autp(Z)

be the sheaf of groups on B that attaches to U C B the group of automorphism of U-
premanifolds oz p~'(U) — p~1(U).

Definition and Remark 8.2 (Twists). We fix a morphism p: Z — B and a sheaf G of
subgroups of Autg(Z).

1. For a morphism of premanifolds w: X — B a G-twisting atlas of p for m is a family
(Ui, hi)ic; where (U;); is an open covering of B and where /; is an isomorphism of
U;-premanifolds

hiin ™' (Uy) = p~ (U @.1)

such that for all i, j € I we have
gij = hijwy) o 15 1wy € S(Uip), (3.2)

where as usual U;; := U; N U;.
Note the similarity to the notion of an atlas of a premanifold, where one also has
a family of charts covering the premanifold such that the chart changes have certain
properties (namely being C*-maps).

2. Given such a G-twisting atlas (U;, h;);; and a refinement (V;); <, of (U;); defined by
©:J — I such that V; C Uy(jy we let k;: ' (V) = p~'(V;) be the restriction of
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he(j). Then (V;, k;);es is again a G-twisting atlas of p for m, called a refinement of
Wi, hi)ier-

Two G-twisting atlases (U;, h;)ier and (U/, h});cp are called equivalent if there ex-
ists refinements (V;, k;);es and (V}, k;. )jes of (Ui, hi)icr and (U], h}); e respectively
(with the same underlying open covering (V;);) such that k; o (k;-)’1 € (V).

3. A twist of p with structure sheaf G is a morphism of premanifold 7: X — B together
with an equivalence class of G-twisting atlases of p for 7.

4. Leté = (w: X — B,[Ui, hilies) and & = (n': X' — B, [U;, h}]ier) be twists of p
with structure sheaf G (after replacing G-twisting atlases by equivalent atlases we can
assume that the underlying open covering of both atlases is the same). An isomorphism
£ —> £ of twists of p with structure sheaf G is an isomorphism of B-manifolds
F:X 5 X’ such that for all i € [ there exists g; € G(U;) making the following
diagram commutative:

7N U) —L= 7 (U)

Lk

P (U) = p T (U).

Remark and Definition 8.3 (Twists with full structure sheaf). If § = Aut(p), then
any two G-twisting atlases are equivalent and it suffices to ask only for the existence of
an Aut(p)-twisting atlas. In other words, a twist of p with Aut(p)-structure is simply
a morphism 7: X — B of premanifolds such that there exists an open covering (U;);
of B and isomorphism of U;-premanifolds 7 ~!(U;) > p 1 (U;). In this case we simply
speak of a twist of p.

In general the equivalence class of a G-twisting atlas is a datum containing additional
information: There exist non-isomorphic twists of p with structure sheaf G such that the
underlying B-manifolds are isomorphic (Problem 8.1).

Remark 8.4 (Twists and Cech cohomology). Let p: Z — B be a morphism of preman-
ifolds and G a sheaf of subgroups of Autg(Z). Let§ = (w: X — B, [U;, h;];cr) be a twist
of p with structure sheaf §. Then the g;; defined in (8.2). Satisfy for all i, j,k € [ the
cocycle condition

gkj&ji = &ki € 9(Uijk). (8.3)

We obtain an element (g;;);j € Z'u, 9), where ‘U := (U;);. Let yy(&) be its class in
I:Il(’u, 9). Refining (U;, h;); by arefinement 'V replaces yq(§) by its image in I—VII(V, 9).
If one chooses an equivalent G-twisting atlas, then (g;;);; is replaced by a cohomologous
cocycle. Similarly, any isomorphism of twists replaces (g;;);; by a cohomologous cocy-
cle. Hence the image y(§) of y(§) in H! (B, 9) depends only on the isomorphism class
of the twist £ of p with structure sheaf G.
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Conversely, the twist & (or rather a B-premanifold isomorphic to 7: X — B) can be
glued from the family (p~'(U;)); along the p~'(U;;) using the automorphisms g;;, see
Proposition 4.11. Using the notation there, the isomorphisms /; are then given by the
inverse of the maps 1; considered as isomorphisms onto their image.

Altogether, we obtain the following classification result of twists.
Theorem 8.5. The map y constructed in Remark 8.4 yields a bijection of pointed sets

: isomorp?ism classes of twists of p -~ I:II(B, 9). 8.4)
with structure sheaf G

The trivial class in H Y(B, S) corresponds to the isomorphism class of the trivial twist
p: Z — B endowed with the equivalence class of the trivial G-twisting atlas (B,idz).

Via the isomorphism H '(B,G) = H'(B,9) (Proposition 7.13), every isomorphism
class of a twist with structure sheaf G also corresponds to the isomorphism class of a
G-torsor. This can even be made into an equivalence of categories; see Problem 8.2 for
details.

Remark 8.6. One can work more generally with a not necessarily injective homomor-
phism o: G — Aut(p). In this case one should add the (g;;); ; as an additional datum to a
G-twisting atlas. Using the obvious notion of “refinement” for such a §-twisting atlas one
obtains the notion of equivalence for such twisting atlases and hence a generalization of
a twist. The constructions in Remark 8.4 then still yield a bijective map

1som0rpl.nsm classes of twists of p -~ ﬁl(B, 9).
with structure sheaf G

We leave details to the reader.
Remark 8.7 (Pullback of twists). Let p: Z — B be a submersion and let r: B’ — B be
a morphism of premanifolds. We set Z’ := B’ xp Z. As p is a submersion, we obtain by

Corollary 5.50 a commutative diagram

7z ——7

B — > B

of premanifolds, where r*(p) := p’ is the projection. Moreover p’ is again a submersion.
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Let m: X — B be atwist of p. As & looks locally on B like p, r is also a submersion,
X’ := B’ xp X is a premanifold, and the projection r*(x) := 7": X' — B’ is a submer-
sion. If (U;, h;); is a twisting atlas of p for 7, then (f ~'(U;),idp: xh;); is a twisting atlas
of p’ for 7. In particular, 7’ is a twist of p/, called the pullback of 7 via r.

Sheaves of Groups defined by Lie Groups

The most important special case of a twist is a fiber bundle where the structure sheaf is
given by the action of a Lie group on the fiber. Hence let us first study how Lie groups
give rise to sheaves of groups on a premanifold B.

Definition and Remark 8.8. Let M be a premanifold. Let Op.) be the sheaf of mor-
phisms from B to M, i.e., for U € B open we let Op.;s (U) be the set of morphisms
of premanifolds U — M. Then Op.) is a sheaf of M-valued functions on B. If
¢: M — N is a morphism of premanifolds, composition with ¢ yields a morphism of
sheaves gp: Op.,y — Op.y. We obtain a functor from the category of premanifolds to the
category of sheaves of sets on B.

If M = G is a Lie group, then the group structure on G endows Op.¢ (U) with a group
structure by pointwise multiplication making Op.¢ into a sheaf of groups. For a homomor-
phism ¢: G — H of Lie groups, ¢p is a morphism of sheaves of groups Op.¢c — Op.y.
We obtain a functor from the category of Lie groups to the category of sheaves of groups
on B.

Example 8.9.

1. If G is an abstract group considered as a 0-dimensional Lie group, then Op.g is the
constant group sheaf Gg on B attached to G.

2. Let G = (K, +) considered as a 1-dimensional Lie group. Then Op.k is the underly-
ing sheaf of abelian groups of the structure sheaf Op on B.

3. Let G = GL,(K). Then GL, p := Op.L,x) is the group sheaf that attaches to
U < B open the group GL,(Op(U)). In particular O := Opxx is the sheaf of
K-valued nowhere vanishing morphisms.

To calculate H' (B, Op.) itis useful to have exact cohomology sequences. To use this
tool, we show that every short exact sequence of Lie groups yields an exact sequence of
sheaves on any premanifold.

Remark 8.10. Let :: H — G be the inclusion of a Lie subgroup into a Lie group G
and let G/H be the quotient manifold (Corollary 6.23). Then tp identifies Op.5 with
a sheaf of subgroups of Op.c. We claim that Op.g,y is the sheaf Op.g/Op.y of left cosets
(Remark 7.23).

Indeed, composition with the projection 7: G — G/H yields a morphism of sheaves
75:0p.¢ — Op,g/m and for two morphisms g,g":U — G, U C B open, one has
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mog = mog ifandonly if (g7'g’)(h) € H forall b € U. Hence mp induces an
injective morphism of sheaves Op.c/Op.n — Op.g/u. As 7 is a surjective submersion,
it has locally on G/H sections that are morphisms of premanifolds. This shows that 7 is
surjective. Hence Op.q/Op.n — Op.g/n is also surjective.

We obtain by Remark 7.23 a cohomology sequence

1 — Hompyisa) (B, H) —> Hompmta) (B, G) — Homepwmiay (B, G/H)

5o o (85)
— H (B, OB:H) — H (B, OB;G)-

If H isnormal in G, then G/H is a Lie group and (8.5) can be extended by H! (X,O0p.6/n)
on the right-hand side (Proposition 7.22). If G is an abelian Lie group, this sequence is an
exact sequence of abelian groups.

Example 8.11. We consider the complex exponential sequence

exp(2mi-
07 —>C 2 ox

which we consider as an exact sequence of complex Lie groups. Hence we obtain by
Remark 8.10 for every complex premanifold B an exact sequence of sheaves of abelian
groups

.-
0—> 2, 0, L2oer) 0% 1,

yielding a cohomology sequence

0 —> Z™®) — 0p(B) —> O3(B)

—> H'(B.Zy) — H'(B,03) — H'(B,03}). 0
Hence we deduce that every non-vanishing holomorphic function on B has a logarithm
if and only if H!'(B,Zg) — H'(B,Op) is injective. This is for instance the case if
H'(B,Zg) = 0 and hence if B is simply connected (Proposition 7.5).

Moreover, by (8.15) below we will see that H (B, O} ) classifies (complex holomor-
phic) line bundles on B. To use the cohomological formalism to study H '(B,03) it
would be desirable to extend (8.6) to the right by defining higher cohomology groups
H?(B,-) for p > 2. This will be the topic of Chap. 10.

Fiber Bundles

We now define fiber bundles over a fixed premanifold B as twists of the projection B x
F — B, where F is some fixed premanifold. The structure sheaf will be given by a faith-
ful action of a Lie group G on F.
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Remark and Definition 8.12 (Fiber bundles). Let us fix a premanifold F, a Lie group
G, and a faithful action of G on F by a morphism of premanifolds G x FF — F. Let
p: B x F — B be the projection. Then

Op.g — Aut(p), g+ (b, f) > (b.g(b) [)) (8.7)

(g € OpgU), (b, f) e U x F,U C B open) is a homomorphism of sheaves of groups
over B. It is injective because the G-action on F is faithful. We use it to consider Op. as
a sheaf of subgroups of Aut(p).

Atwist m: X — B of p: B x F — B (without specifying any structure group, Re-
mark 8.3) is called a fiber bundle with basis B and typical fiber F. A twist (7: X —
B, [U;, h;ilics) of p: B x F — B with structure group sheaf Op ¢ is called a fiber bundle
with basis B, typical fiber F, and structure group G. A Op.g-twisting atlas for a fiber
bundle with basis B and typical fiber F is called a G-bundle atlas. An equivalence class
of G-bundle atlases is called a G-bundle structure. In other words, a fiber bundle with
basis B, typical fiber F, and structure group G is the same as a fiber bundle with basis B
and typical fiber F together with the datum of a G-bundle structure.

An isomorphism of twists of p with structure group sheaf Op.; is called an isomor-
phism of fiber bundles with basis B, typical fiber F, and structure group G. We obtain
a category in which all morphisms are isomorphisms, denoted by (FIB . (B)). We denote
by Fibg g (B) the set of isomorphisms classes in (FIBy g (B)).

By Theorem 8.5 we have a bijection

Fibrg(B) — H'(B,05.). (8.8)

The trivial cocycle in H (B, Op.c) corresponds to the isomorphism class of the trivial
fiber bundle p: B x ' — B endowed with the equivalence class of the trivial G-bundle
atlas (B, idgxF).

Very often, one writes also simply H (B, G) instead of H'(B, Op.¢).

Remark 8.13. If the action of G on F is not faithful, the homomorphism (8.7) is not
injective and one has to fix the cocycle defining the fiber bundle as an extra datum (Re-
mark 8.6).

Example 8.14. Let F be a discrete space, considered as a 0-dimensional premanifold,
and consider the group Aut(F) of all permutations of F as a 0-dimensional Lie group.
Then the action of Aut(F) on F is faithful and a fiber bundle with basis B, typical fiber
F, and structure group Aut(F) is the same as a covering space p: B — B of B such that
p~'(b) = F forall b € B (Remark 8.3).

Example 8.15 (Mobius band). Let B =S!' ={zeC; |z| =1}, F = (—1,1) and let
G := {%1}, considered as a 0O-dimensional real Lie group, act on F via multiplication.
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By Example 7.18 we have H'(S', Gg1) =~ H'(U, Gg1) = Z'(U, Gg1)/ ~ where U =
(Up, Uy) := ST\ {1}, 81\ {—=1}). Moreover Z'(U, Gg1) = Gg1(UyNU;) = G x G and
(e4,8-) ~ (el ,el)ifeye_=¢ e .

Therefore there are precisely two isomorphism classes of fiber bundles with typical
fiber (—1, 1) and structure group {£1} over S!. The fiber bundle corresponding to the
trivial class is B x F'.

The non-trivial isomorphism class of the fiber bundle is given by the cocycle (+1,—1) €
Z! (U, Gg1) (or by the cohomologous cocycle (—1, +1)). If we write UyNU; = W, UW_
with W, = {z e St £Im(z) >0 }, then it is obtained from gluing Uy x F and U} x F
along (Uy N U;) x F via the automorphism

(b,x), ifxeWy
(b,—x), ifxeW..

(UyNU) X F > (b,x)—~

‘We obtain the Mobius band (Example 4.30).
Fiber bundles “inherit” the following properties from the trivial bundle B x F — B.

Proposition 8.16. Let F # () be a premanifold and let w: X — B be a fiber bundle with
basis B and typical fiber F.

1. Then 7 is a surjective submersion.
2. If F is Hausdorff, then m is separated. If B and F are manifolds, then X is a manifold.

Proof. 1. Working locally on B we can assume that X = B x F and that & is the
projection. This shows that m is surjective submersion.

2. To see that r is separated, we can again assume the 7 is the projection B X F' — B.
This is separated because F is Hausdorff. If B is also Hausdorff, then X is Hausdorff
by Corollary 1.27. If B is second countable, then B is a Lindelof space (Theorem 4.28).
Hence we can assume there exists a countable open covering (U,), of B such that for all
n one has isomorphisms £, Jt_l(U,,) = U, x F. As U, x F is second countable, X has

a countable covering by second countable open subspaces. Hence X is second countable.
O

Remark and Definition 8.17 (Pullback of fiber bundles). Let F' # @ be a premanifold
and let G be a Lie group acting faithfully on F' by a morphism of premanifolds G x F —
F.Letr: B'— B be a morphism of premanifolds. Then the projection B’ x3 (B X F) —
B’ x F is an isomorphism with inverse (b, f) +— (b',7(b’), ). Hence if 7: X — B is
a fiber bundle with typical fiber F, then its pullback 7" := r*(x): X' := B'xp X — B'is
a fiber bundle with typical fiber F over B’ (Remark 8.7). Note that the projection X' — X
induces isomorphisms of the fibers 7'~ (b’) Sl ().
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Now let (U;, h;); be a G-bundle atlas. We set

R = id,-1 g,y xhior TN (Up) xp, w7 (Uy) = 771 (rN(U)))
— r NU) xy, (Ui x F) = r~Y(U;) x F.

Then (r~!(U;),h}); is a G-bundle atlas for 7’. It is immediate that this construction
sends equivalent G-bundle atlases for 7 to equivalent G-bundle atlases for 7’. Therefore
we have constructed for every fiber bundle £ = (m, [U;, h;];) with typical fiber F and
structure group G over B a fiber bundle r*(£) with typical fiber F' and structure group G
over B’.

If 16, —> & is an isomorphism of fiber bundles with typical fiber F and structure
group G over B, then r*(f) := idg X f: B’ xp X S B’ xp X, is an isomorphism of
fiber bundles with typical fiber F and structure group G over B’. We obtain a functor

r*: (FIBf(B)) — (FIBrg(B")) (8.9)

called pullback under r.

If (gij: U; N U; — G);; is the cocycle of Op.¢ given by a G-bundle atlas (U, h;);
of &, then (g;; o r:r~'(U; NU;) — G);; is the cocycle of Op.; given by the G-bundle
atlas (r—"(U;), h}); of r*(§). The map (g;;);; > (gi; o r);; yields a morphism of pointed
sets r*: I:II(B, Op.g) — I—VII(B’, Op.¢). It is a homomorphism of abelian groups if G is
abelian. We obtain a commutative diagram

Fibs.¢ (B) —= H'(B,03.)

i l (8.10)

Fibrg(B) — > H'(B',0p5).

Definition and Remark 8.18 (Morphisms of fiber bundles). Let F' # @ be a preman-
ifold and let G be a Lie group acting faithfully on F by a morphism of premanifolds
G x F — F. Letr: B — B be a morphism of premanifolds and let § = (X —
B, [U;, h;];) (respectively & = (X’ — B’,[U/, h}];)) be fiber bundles with typical fiber
F and structure group G over B (respectively B’). A morphism & — & of fiber bundles
with typical fiber F and structure group G along r is an isomorphism R: &’ S r*() of
fiber bundles with typical fiber F and structure group G over B’. Sometimes one writes

~ . ~ . .. R pr.
(7, r) for such a morphism, where 7 is the composition X’ — B’ xg X 2 x.

Principal Bundles
An important special case of a fiber bundle is a principal bundle.
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Definition 8.19 (Principal bundle). Let G be a Lie group and consider the faithful action
on itself by left multiplication. A fiber bundle with basis B, typical fiber G, and structure
group G is called a principal G-bundle over B.

We denote by Princg (B) the set of isomorphism classes of principal G-bundles. By
(8.8) we have a bijection

Princg (B) — H'(B, 95.6). (8.11)
There is a different way to describe the G-bundle structure for a principal G-bundle.
Proposition 8.20. Ler G be a Lie group. The following data are equivalent:

(a) A principal G-bundle (x: X — B,[U;, h;lics) over B.

(b) A morphism of premanifolds w: X — B and a right action of G on X by a morphism
of premanifolds such that there exists an open covering (U;);c; of B andforalli € 1
an isomorphism of U;-premanifolds h;: =" (U;) = U; x G such that

h'(b.gg) =h7'(b.g)g. beU.g.g €G. (8.12)

Moreover, if these data are given, then the right action of G on X preserves the fibers
X(b) := n~'(b) and the induced action of G on X(b) is simply transitive for all b € B.

Proof. Let there be given a datum as in (b). Then 7: X — B is a fiber bundle with basis
B and typical fiber G. Let us show the last assertion. The G-right action preserves the
fibers because of (8.12) and because the h; preserve fibers. For x € X and g’ € G we
choose i € I with b := m(x) € U;. Let h;(x) = (b,g). Then xg’ = h;7'(b, gg’) by
(8.12) and hence 7 (xg’) = b. Moreover, the h; induce for all b an isomorphism

hipy: X(b) > {b}xG =G

and (8.12) shows that /1, 5 is G-equivariant if we endow the right-hand side with the (sim-
ply transitive) action of G by right multiplication. Hence the right action of G on X (b) is
simply transitive.

Let us now construct a G-bundle structure from a datum as in (b). Fori,j € I,
b € U N U; the map h;y o h‘l' G — G is a G-equivariant isomorphism. Hence it is
necessarily of the from g > g; ; ;g for some g; ;, € G. Therefore b — h; , oh , defines
amorphism U; NU; — G, b g; jp, fori,j € I,and (U;, h;); is a G- bundle atlas for
7. A different choice of (U;, h;); as in (b) yields equivalent G-bundle atlases. We obtain
a well-defined G-bundle structure on 7.

Conversely, let (7: X — B, [U;, h;]ics) be a principal G-bundle. For b € B choose
i € I withb € U;. Then h; induces an isomorphism of the fibers #4; ,: X (b) = {b}xG =
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G, which we use to define a right action on X (b) by transport of structure, i.e., the right
action is given by

(x.8) = hiy(hip(x)g).  x€X(b),geG.

For every j € I with b € U; there exists g; j, € G such that h; ,(x) = g; j»h;s(x) and
hence we obtain the same right G-action on X (b) if we use /; for the definition. Therefore
the G-action is independent of the choice of i and we obtain a right G-action on X. The
same argument shows that passing to an equivalent Op.g-twisting atlas does not change
the G-action on X. To see that this action is a morphism of premanifolds we may work
locally on B. Then over U; this follows because 4; is an isomorphism of premanifolds.

|

Example 8.21. Let G be a Lie group, let H be a Lie subgroup of G, let G/H be the
quotient (Corollary 6.23), and let 7: G — G/H be the projection. Then the action of H
on G by right multiplication makes 7 into a principal H -bundle over G/H .

Indeed, as = is a surjective submersion, it looks locally as a projection (Corollary 5.23)
and we find an open covering (U;); of G/H and for all i sections s;: G/H — G of «.
Then

hin WU = U x H, g+ (n(g),5:(n(g))'g)

is an U;-isomorphism with inverse morphism (b,h) + s;(b)h. Clearly, h;y!' satisfies
(8.12).

Remark 8.22 (Bundles associated with principal bundles). Let G be a Lie group and
let F be a G-premanifold.

Suppose that G acts faithfully on . Then we obtain from (8.11) and (8.8) isomor-
phisms of pointed sets

Princg (B) — H'(B,O5.6) —> Fibg.g(B). (8.13)

This isomorphism can be described by the following construction of fiber bundles from
a principal bundle. Let 7: X — B be a principal G-bundle over B whose G-bundle
structure is given by a right action X x G — X (Proposition 8.20). Then

(x.f)-g:=(xg.8"f)

defines a right G-action on X x F by a morphism of premanifolds. Let X x¢ F be the
set of G-orbits in X x F endowed with the quotient topology. Then

7:X x° F - B, [x, ] 7(x)

is a well-defined continuous map.
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Let us define the structure of a fiber bundle with typical fiber F' and structure group G
on 7. Let (U;, h;: 7='(U;) — U; x G) be a G-bundle atlas for the principal bundle 7 and
let (gi;) be the attached cocycle. Consider the continuous maps

kiUx F— 77" U), (b, f)w[h7'(b. 1), f].

By definition of the quotient topology, 7 ~!(U;) is open in X. Using that G acts simply
transitively on the fibers of 7 and that the h; are G-equivariant, one checks that k; is
bijective. We have

(5 0k) . )= b.gif) belnU.feF.

Therefore ]E/‘l o lgi is over U; N U; an isomorphism of premanifolds. In particular, lg,- is
a local isomorphism and hence an isomorphism because k; is bijective. As ]Ej—l o k; is an
isomorphism of premanifolds over U; N U,, there is a unique structure of a premanifold
on X x¢ F such that k; is an isomorphism onto the open submanifold 7 ~!(U;). Hence
7: X — B is a fiber bundle over B with typical fiber F. Setting hi = lgi’l, U, l;,) isa
G-bundle atlas for 77, which is given by the cocycle (g;;)i ;-

Note that for the construction of X x¢ F it was not necessary to assume that G acts
faithfully on F' (Remark 8.13). For instance we could have taken G acting trivially on
the one point manifold F = {*}. Then X x¢ F = X/G is the set of G-orbits in X.
Moreover, 7: X/G — B is a fiber bundle with typical fiber {*x} over B, hence 7 is an
isomorphism of premanifolds.

The construction above yields in particular the following functoriality in G for G-
principal bundles.

Remark 8.23 (Functoriality for principal bundles). Let ¢: G — H be a homomor-
phism of Lie groups. Then G acts on H from the left by (g, /) + ¢(g)h. This action is
faithful if and only if ¢ is injective. Let § = (7: X — B, X x G — X) be a principal G-
bundle over B and set ¢(£) := X x¢ H. By Remark 8.22 this is a fiber bundle over B with
typical fiber H. Then H acts on it from the right by the second factor [x, i]-h' + [x, h}']
making ¢ (&) into a principal H -bundle. We obtain a commutative diagram

Princg (B) —= H'(B, Op.6)
EHw(E)l lﬁ'«m

Princy (B) —> H'(B,Op.p).
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8.2 VectorBundles

Among the most important examples of fiber bundles are vector bundles. We continue to
denote by B a premanifold.

Definition 8.24 (Vector bundle). Let I be a finite-dimensional K-vector space. The Lie
group GL(V) acts faithfully on V' by left multiplication. A fiber bundle & with basis B,
with typical fiber V', and structure group GL(V') is called a vector bundle with typical fiber
V over B. We say that £ has rank n if dimg (V') = n. A vector bundle of rank 1 is called
a line bundle.

If B is a real C*-premanifold we may also choose for V' to be a finite-dimensional
complex vector space V' and consider GL¢ (V') as a real Lie group. In this case we speak
of a complex C%-vector bundle on B of complex rank dimc (V).

If B is a complex premanifold, we may also consider a real vector bundle in the cat-
egory of C*-premanifolds (o € N ) on the underlying real C* premanifold of B. In this
case we speak of a C*-vector bundle on B.

In the sequel, if we speak simply of a vector bundle over a premanifold B, we will
either mean

(a) vector bundles with a real vector space as fiber over a real C*-premanifold B (also
called real C%-vector bundle), or

(b) vector bundles with a complex vector space as fiber over a complex premanifold B
(also called holomorphic vector bundles).

Remark 8.25. By (8.8) we have a bijection

isomorphism classes of vector bundles
of rank n with basis B

} — H'(B,GL, p) (8.14)

and in particular

isomorphism classes of line bundles
with basis B

Pic(B) := { } — H'(B,0O}). (8.15)

As O = GL, p is a sheaf of abelian groups, Pic(B) has the structure of an abelian group.
It is called the Picard group of B.

Example 8.26. The map e: R x {£1} = RX, (x,&) > egexp(x) is an isomorphism of
real Lie groups. Its inverse is given by z — (log(|z]), sgn(z)). Let B be a real preman-
ifold. Applying the functor G — Op.; to the isomorphism e (Remark 8.8) we obtain
an isomorphism Op X (Z/27Z)p S O} of sheaves of abelian groups on B (identifying
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the groups {1} and Z/27Z). Therefore by (8.15) we obtain an isomorphism of abelian
groups
Pic(B) — H'(B,Op) x H'(B,(Z/2Z)3p). (8.16)

We will see that for real C*-manifolds B one has H 1(B, Op) = 0: For a < oo we will
prove this in Corollary 9.15; for real analytic manifolds see Remark 10.21. Therefore we
see

Pic(B) = H'(B,(Z/2Z)p) (8.17)

for real manifolds B.
The vector bundle structure can also be described as follows.

Proposition 8.27. Let V be a finite-dimensional K-vector space. The following data are
equivalent:

(a) A vector bundle (7w: E — B, [U;, h;licy) with typical fiber V over B.

(b) A morphism w: E — B of premanifolds and for each b € B the structure of a K-
vector space on E(b) := ' (b) such that there exists an open covering (U;); of B
and isomorphisms of U;-premanifolds h;: v~ (U;) 5 U; x V such that

iy = hijgwy: E(b) > (b} xV =V

is an isomorphism of K-vector spaces.

In the sequel we will denote vector bundles usually by (£, ) and it is understood that
they are endowed with both of the above structures. In particular the fibers E(b) will
always be endowed with the structure of a K-vector space.

Proof. The proof is similar to the proof of Proposition 8.20. Given a datum as in (b),
is a fiber bundle over B with typical fiber F. Moreover, we find that for i, j € I the map
b+ hjpo h]‘}] is a morphism U; N U; — GL(V). Hence (U;, h;); is a Op.gL(v)-bundle
atlas for w. Any two choices of (U;, h;);es as in (b) define equivalent Op.gr(v)-bundle
atlases for r and hence a well-defined O .r(v)-bundle structure on 7.

Conversely, let (U;, h;)icr be a Op.g1(v)-bundle atlas for 7. For b € B choose i € [
with b € U;. Then h; induces a bijection h; 5: E(D) S {b} x V =V, which we use to
define a structure of K-vector space on E(b) by transport of structure. For any i’ € I
with b € Uy, h;p and h;r, differ only by a linear automorphism of V' and hence define the
same vector space structure on Ej. Therefore the vector space structure is independent of
the choice of i. The same argument shows that passing to an equivalent Op.g(y)-twisting
atlas does not change the vector space structure on E(b). |
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Although for fiber bundles (over a fixed basis) we defined only the notion of an isomor-
phism, the alternative description in Proposition 8.27 allows us to define a more general
notion of morphism for vector bundles. First let us agree that we mean by a vector bundle
over B (without specifying a typical fiber or a rank) a decomposition B = [[; B; of B
into open and closed subpremanifolds and for all i/ a finite-dimensional K-vector space V;
and a vector bundle over B; with typical fiber V;. Then for a vector bundle (E, ) over B
its rank is a locally constant function B — Ny, b > 1k, (E).

Definition 8.28. Let (£, ) and (E’, n’) be vector bundles over B (possibly of differ-
ent rank and in particular with different typical fiber). A morphism of vector bundles
(E,m) — (E',7’) is a B-morphism @: E — E’ of premanifolds such that for all p € B
the maps @(p) := @|gp): E(b) — E’(b) are K-linear.

The composition of two morphisms of vector bundles is again a morphism. We obtain
the category of vector bundles over B, which we denote by (Vec(B)).

8.3 Ox-Modules

Vector bundles over a premanifold B can also be described as finite locally free modules
over the structure sheaf Op. Let us first explain what we mean by this. In this section let
(X, Ox) be an arbitrary ringed space.

The Category of Oy-Modules

Definition 8.29. An Oy-(pre-)module is a (pre-)sheaf F on X together with two mor-
phisms (addition and scalar multiplication) of sheaves

FxF—=TF, (s,8)>s+s fors,s’ € F(U), U C X open,
Ox xF—=>F, (a,5)—as fora € Ox(U),s € F(U), U € X open

such that addition and scalar multiplication by Oy (U) define on F(U) the structure of an
Ox (U)-module.

If ¥, and J, are Oy-premodules, a morphism of sheaves w:JF;, — I, is called a
homomorphism of Oy -premodules, if for each open subset U € X the map F1(U) —
F,(U) is an Ox (U )-module homomorphism, i.e.,

wy (s +5) = wy(s) + wy(s'),

wy (as) = awy(s)

for all s,s" € F(U) and a € Ox(U). A homomorphism of Ox-modules is a homomor-
phism of Oy -premodules.
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The composition of two homomorphisms of Oy-modules is again a homomorphism of
Ox-modules. We obtain the category of Ox-modules, which we denote by (Ox-Mod). The
Ox-module F such that F(U) = {0} for all open sets U X is called the zero module
and simply denoted by 0.

Example 8.30.

1. Let X be atopological space and let Zy be the constant sheaf of rings on X with value
Z. As Z-modules are simply abelian groups, a Zy-module is simply a sheaf of abelian
groups on X.

2. Let A be a commutative ring. Let X be a space that consists of a single point and let
Oy be the sheaf of rings with Ox (X') = A. Then an Oy -module JF is just an A-module
M (by attaching M = F(X) to F).

Remark 8.31. Let F be an Ox-module and x € X. The Oy (U)-module structures on
F(U), where U is an open neighborhood of x, induce on the stalk F, an Oy ,-module
structure. If Oy, is a local ring with maximal ideal m, and residue field x(x) :=
Oy.¢/m, then we call the « (x)-vector space F(x) := Fy/m, T, the fiber of F in x.

If w: F — F is ahomomorphism of Oy-modules, the induced map on stalks w: F, —
F’. is ahomomorphism of Oy -modules. If Oy , is local, it also induces a « (x)-linear map
w(x): F(x) — F(x) on fibers.

Remark 8.32. As the sheafification commutes with formation of finite products, addition
and scalar multiplication on an Oy-premodule J induce by functoriality an addition and
a scalar multiplication on the sheafification 3“ of J. Hence J“ is an Ox-module.

Definition 8.33. An Oyx-submodule of F is an Ox-module G such that G(U) is a subset
of F(U) for all open sets U € X and such that the inclusions ¢y: G(U) — F(U) form
a homomorphism ¢: § — J of Ox-modules.

The Oy -submodules of Oy are called ideals of Oy .

Example 8.34. Let M be a premanifold and let S € M be a subset. Then the sheaf Jg
of functions vanishing on S (Remark 5.31) is an ideal of Oy,.

Remark 8.35. Let F and ' be Oy-modules. If w; and w, are two homomorphisms
F — J, we can define their sum in the obvious way:

(w1 +wa)y = wiy +wry: FU) = F(U).
Leta € I'(X,0x) and w:F — JF be a homomorphism. Then we define a homo-

morphism aw:JF — J' by (aw)y := (ajy)wy. In this way we endow the set of
homomorphisms § — F’ of Oy-modules with the structure of a I" (X, Ox)-module. We
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denote this I"(X, Oy)-module by Homg, (F, 3’). The composition of homomorphisms is
I'(X, Oy)-bilinear. In particular, the additive group structures on the sets Homg, (F, F)
make (Ox-Mod) into a preadditive category (Appendix Definition 15.21).

Remark 8.36 (Construction with Oy-modules). As a general principle, functorial con-
struction for A-modules, where A is a commutative ring, can be generalized to construc-
tions for Ox-modules. Given a functor on usual A-modules, we apply it to all sets of
sections F(U). We obtain an Oy -premodule. If this is not already a sheaf, we sheafify to
obtain an Oy-module.

For instance let us consider limits and colimits of Oy/-modules. Let 7 be a small
category and let F: 7 — (Ox-Mod), i — J; be an 7-diagram of Ox-modules.

Remark 8.37 (Limits of Ox-modules). The explicit description of limits of R-modules
shows that the Oy-premodule U + limg F;(U) (taking the limit in the category of
Ox (U)-modules) is in fact an Ox-module denoted by lim; F; and called the limit of the
diagram J. As for sheaves (Remark 3.61) one obtains for all x € X a functorial morphism

(lim J7)x — Hm(F;).. (8.18)

which is an isomorphism if 7 is finite. This is a homomorphism of Oy ,-modules.

Taking for 7 a category whose only morphisms are the identities, we obtain as a special
case the product of the family (F;);e; with I := Ob(7). It is denoted by [[;., F;. The
universal property for products implies that composition with projections pr;: [ & —
J; yields for every Ox-module G a I'(X, Oy )-linear bijection

Homo, -mod) (9, I1 Cﬂ-) — [ [Homo, -woa (5. F)- (8.19)
iel iel
Another special case is the kernel of a homomorphism w: F — G of Oy-modules as the

limit of the diagram

F—=4. (8.20)
0
It is denoted by Ker(w) and it is the sheaf U +— Ker(wy: F(U) — G(U)). By (8.18) we
have Ker(w), = Ker(w,). In particular, w is an injective homomorphism of sheaves if
and only if Ker(w) = 0.

Remark 8.38 (Colimits of Oy-modules). Consider the Oy-premodule U +> colimg
JFi(U), where we take the colimit in the category of Ox(U)-modules. It is in general
not a sheaf. Its sheafification is an Ox-module denoted by colim; F; and called the colimit
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of the diagram F. The same argument as for sheaves (Remark 3.63) shows that one obtains
for all x € X a functorial isomorphism of Oy ,-modules

(colim ) = colim(F;),. (8.21)

Again taking for 7 a category whose only morphisms are the identities, we obtain as
a special case the direct sum of the family (F;);e; with I := Ob(Z). It is denoted by
D,., Fi. If F; = F forall i, we also write F@ . The universal property for direct sums
of modules (Appendix Sect. (14.3)) and the universal property of the sheafification yield
for every Ox-module G an isomorphism of I" (X, Oy )-modules

Hom(o, -Mod) (@ Fi, 9) — HHom(ox-Mod)(?i, 9). (8.22)
iel iel
If 1 is finite, then @, ., Fi = [[;¢; Fi-

Another special case is the cokernel of a homomorphism w:F — G of Ox-modules
as the colimit of the diagram (8.20). It is denoted by Coker(w) and it is the sheaf
associated with the presheaf U + Coker(wy:JF(U) — G(U)). By (8.21) we have
Coker(w), = Coker(w,). In particular, w is a surjective homomorphism of sheaves if
and only if Coker(w) = 0.

Let & be an Oy-submodule of G and let i: F — G be the inclusion. Then

G/F := Coker(i)

is called the quotient of G by F. It is the Oy-module associated with the Ox-premodule
U §U)/FWU).

For a homomorphism w: F — G of Ox-modules we can also define its image
w(F) := Im(w) := Ker(§ — Coker(w))

and its coimage
Coim(w) := Coker(Ker(w) — ).

It is the sheaf associated with the presheaf U +— Im(wy:F(U) — G(U)) respective to
U +— Coim(wy ). As kernel and cokernel are compatible with the formation of stalks, we
also have Im(w), = Im(w,) and Coim(w), = Coim(w,). As w, induces for all x € X
an isomorphism Coim(w,) > Im(w,) of Oy ,-modules, we deduce that w induces an
isomorphism Coim(w) = Im(w). In particular we see:

Proposition 8.39. The category of Ox-modules is an abelian category.

Therefore, we also have the notion of exact sequences of Oy-modules: A sequence
= F o F; AN Fi+1 — ... of homomorphisms of Ox-modules is called exact if
Ker(w;) = Im(w;_;) forall i.
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Finite Locally Free Oy-modules
As for modules over rings, every family of global sections of an Oy-module J yields
a homomorphism of a free Ox-module to J. More precisely:

Remark and Definition 8.40 (Bases of Oy-modules). Let F be an Oxy-module and let
s := (8;)ies be a family of sections s; € F(X). Then one obtains a homomorphism of
Ox-modules
wiO0Y) — T (fdier = Y filsi). (8.23)
iel
for U € X open and f; € Ox(U). As for modules over rings, s is called a generating
system (respectively a basis) if w, is surjective (respectively bijective).

Definition 8.41. An Ox-module J is called finite locally free if there exists an open cov-
ering (U;); of X such that for all i the Oy,-module J|y, is isomorphic to (‘)?/i for some
n € Ny (depending on 7).

The full subcategory of (Ox-Mod) whose objects are the finite locally free Ox-modules
is denoted by (FLF(X)).

If F is a finite locally free Ox-module, its stalk J is a finitely generated free Oy .-
module for all x € X. We set tk, (F) := rko,  (J) and obtain a locally constant function

X — N, x > 1k, (F),

called the rank of F.
Next we define the Oy-module of all homomorphisms between two Oy-modules. In

particular we obtain the dual of an Oy-module. The general principle is again the one
sketched in Remark 8.36.

Definition and Remark 8.42. Let (X, Oy) be a ringed space and let F and G be two
Ox-modules. The presheaf

U~ HomoX‘U(fﬂU, 9|U)

with the obvious restriction maps is a sheaf. The right-hand side is a I" (U, Ox)-module.
Therefore this sheaf has the structure of an Oy-module, and we denote this Oy -module by
Jome, (&, ). Moreover:

1. By (8.19) and (8.22) one has for every family (5;);c; of Ox-modules and every Oy-
module G isomorphisms of Oy-modules

Fomo, (9, I1 Cﬂ) — [[#0mo, (5.5,

iel iel

Fome, (@3’},9) — H%mox(ffng)-

iel iel

(8.24)
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2.

3.

As for modules (Appendix Example 14.7), evaluation on 1 yields an identification
Fomp, (Ox,F) = 7. (8.25)

If § and G are finite locally free, then Jomeo, (F,9) is finite locally free and
tky (Fome, (7, 9)) = ke (F) 1k, (G) forall x € X.

Indeed, let (U;); be an open covering such that ¥y, = 07, and Gy, = O, forall i.
Then

%mOX (3"5 9)\[/,' = %mOUi (9-|U,' ) 9|U,‘)

= Fomo,, (O, . O%)

(8.24)
= %moUi (OUI y oUi)nm

325 oum
= o,

. Forall x € X, sending a homomorphism of Ox-modules to its germ in x yields a ho-

momorphism of Oy -modules
Fomo, (F,9)x — Homo, (T, 9x). (8.26)

This is an isomorphism if & and § are finite locally free (see also Problem 8.5). Indeed,
by replacing X by a sufficiently small neighborhood of x we may assume that J and
G are free. Then by (8.24) we may assume that ¥ = G = Oy. Then this is clear by
(8.25).

The surjectivity of (8.26) means that every Oy ,-linear map wy: Fy — G, is induced
by a homomorphism of Oy -modules wy: ¥y — G|y for some open neighborhood U
of x. The injectivity of (8.26) means that any two such homomorphisms wy and wy-
become equal after restricting to an open neighborhood of x contained in U N U’.

Definition 8.43 (Dual Ox-module). Let (X, Oyx) be a ringed space and let F be an Oy-
module. The Ox-module

FY := Homo, (F. Ox) (8.27)

is called the dual Oy -module of F.

Remark 8.44. If = O, then I =~ O} by Remark 8.42 2 and 1. Hence, if J is a finite
locally free Ox-module, then its dual FV is again locally free, and rk, (F") = rk, () for
allx € X.
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8.4 Vector Bundles and Finite Locally Free Modules

Now let M be a premanifold. We will show that the category of vector bundles over M
and the category of finite locally free Oy -modules are equivalent. We start by defining

a functor
Mod: (Vec(M)) — (FLF(M)). (8.28)

Let m: E — M be a vector bundle. In particular, all fibers E(p) := n~'(p) forp € M
are endowed with the structure of a K-vector space. We attach an Op-module € :=
Mod(E, ) to (E, 7) as follows. For U € M open set

EWU) := {s5:U — E morphism of premanifold ; 7 os = idy }.

For s,s" € E(U) define s + 5" € E(U) by (s + s")(p) := s(p) + s'(p) (addition inside
the K-vector space E(p)). For f € Oy (U), s € E(U) define fs € E(U) by (fs)(p) :=
f(p)s(p) (scalar multiplication inside E(p)). This makes & into an Oy,-module.

Let @: (E,w) — (E’,n’) be a morphism of vector bundles. Set & := Mod(E, ),
&' :=Mod(E’, n"). For U € M open define

py: EU) — &'(U), S @ 1y) 0.

As @ is linear on fibers, ¢y is a homomorphism of O (U)-modules. Therefore
Mod(®) := (¢y)y is a homomorphism of Oj/-modules. We obtain a functor Mod
from the category of vector bundles over M to the category of Oj,-modules.

Let & = Mod(E, m) for a vector bundle (E, 7). Let us show that & is finite locally
free. Let W € M be open such that 7 '(W) =W x K", forsomen € N. ForU € W
one then has

EWU) = {s:U — U x K" morphism ; s(p) = (p,v) for some v € K"}
= Homppmta) (U, K")
= 0n(U)"

and hence & = (Opw)". This concludes the construction of the functor (8.28).
Note that we have rk,(E) = 1k, () for p € M.

Proposition 8.45. The functor Mod from the category of vector bundles over M to the
category of finite locally free Oyr-modules is an equivalence of categories.

Proof. Construction of a functor G: (FLF(M)) — (Vec(M)). Let & be a finite locally
free Op-module. Let p € M. Recall that Oy, is a local K-algebra with maximal ideal
m, and residue class field Oy ,/m, = K. The stalk €, is a free Oy ,-module of rank
1k, (€). Let E(p) := €,/m,E, be the fiber of €. It is a finite-dimensional K-vector space
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of dimension 1k, (€). For p € U € M open and s € £(U) we denote by s(p) the image
of s, € €, in E(p). We define the set

E:=]]ew

peM

and the map 7: E — M such that 7=!(p) = &(p) for p € M.

Let U € M be open such that £y = (Opy)”. In other words, there exists a basis
e = (er,...,e,) of &y (Remark 8.40). In particular (e;(p),...,e,(p)) is a K-basis of
E(p). Hence we get a bijection

By UxK' > a'U) =[], (.2~ ) Xie(p).
i=1

peU

This bijection endows 7 ~! (U with the structure of a premanifold. For a different choice
U and é the “change of charts” <1§qule o @ ; is an automorphism of (U N U) x K" given
by a matrix in GL, (O (U N U)). This makes (E, 7r) into a vector bundle over M.

A morphism w: & — &’ between finite locally free Oj;-modules induces K-linear
maps w(p):E(p) — &'(p) forall p € M (Remark 8.31) and hence a map £ — E’ on
the attached vector bundles. Covering M by open subsets U as above, one sees that this
map is a morphism of vector bundles. Hence we obtain a functor G from the category of
finite locally free O,,-modules to the category of vector bundles over M .

G and Mod are quasi-inverse. Let (E, ) be a vector bundle over M and let & =
Mod(E, ). For p € M lets € €,, i.e., s is the equivalence class of a pair (U, 5), where
p€U C M ands:U — E is asection of 7. The homomorphism of Oy ,-modules

&, — E(p), s+ s(p)

is surjective and its kernel is m,&,. Hence we obtain an isomorphism of K-vector spaces
E(p) = E(p) = (G oMod)(E, w)(p) and hence a bijective map E — (G o Mod)(E, ).
Looking at charts @y, as above one sees that this is locally an isomorphism of vector
bundles. Hence it is an isomorphism of vector bundles. It is clear that this isomorphism is
functorial in (E, 7).

Conversely, let € be a finite locally free Op-module and let (E,7) = G(). Let
U C M beopen,s € E(U). Then s(p) € E(p) = E(p) and we obtainamap s: U — E,
p — s(p) such that 7 o s = idy. Looking at charts, it is easy to see that s is a morphism
of manifolds and hence an element of Mod(E, 7 )(U). We obtain maps E(U) — (Mod o
G)(E)(U) and it is immediate that these maps define an isomorphism of O,,-modules,
which is functorial in €. O

Let € be a finite locally free Oy-module and let (E, ) be the corresponding vector
bundle. Then the proof shows that the K-vector spaces E(p) and €/m,E, are identified.
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Definition and Remark 8.46 (Dual and direct sum of vector bundles). Let M be a pre-
manifold, let (E, ) and (E’, ") be vector bundles over M and let £ and &’, respectively,
be the corresponding finite locally free Oj,-modules.

1. The vector bundle (EY, ") corresponding to the dual Oy-module € is called the
dual of (E, ). For each point p € M the fiber of EV in p is given by the dual space
of E(p): Ga

(8.26)
E'(p)=¢&,/mé€; "=" (€,/myE,)7" = E(p)”.

2. The vector bundle corresponding to € & &’ is called the direct sum of (E, ) and
(E’,7’). Ttis denoted by (E @ E', 7w & n’). For p € M one has (E @ E')(p) =
E(p) @ E'(p).

Definition 8.47. Let (X, Oy) be a ringed space, let € be an Oy-module, and let F be an
Ox-submodule of €. Then JF is called a direct summand of € if there exists a submodule
Gof € suchthat F @ G = &. The submodule F is called a local direct summand if there
exists an open covering (U;); of X such that Jy, is a direct summand of &y, foralli € 1.

Remark 8.48. Let F be a submodule of an Oy-module €. Let i:F — & be the in-
clusion and let p: &€ — &/F be the projection. As for modules over a ring (Appendix
Remark 14.5) one sees that the following assertions are equivalent:

(i) The submodule ¥ is a direct summand of &.
(ii) There exists a homomorphism of Ox-modules r: € — F such that r oi = idg.
(iii) There exists a homomorphism of Oy-modules s: €/J — & such that p o s = idg 5.

Local direct summands of a finite locally free module € correspond to subbundles of
the vector bundle attached to &:

Proposition and Definition 8.49. Let M be a premanifold, & and ¥ finite locally free
Opr-modules and let E and F be the corresponding vector bundles over M. Let w: & — F
be a homomorphism of Opr-modules and let w: E — F be the corresponding morphism
of vector bundles.

1. The map w is surjective if and only if the morphism of sheaves w is surjective. In this
case we say that F is a quotient bundle of E.

2. The map @ is injective if and only if the morphism of sheaves w is injective and w(E)
is a local direct summand of F. In this case we say that E is a subbundle of F.
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Proof. The map @ is surjective (respectively injective) if and only if for all p € M the
induced linear map on the fiber w (p): E(p) — F(p) is surjective (respectively injective).

We show (1). Let m, be the maximal ideal of Oy , and let w(p) be the K-linear map
E(p) :=¢&,/m,E, — F(p) := F,/m,T, induced by w. In the proof of Proposition 8.45
we have seen that E(p) = &(p), F(p) = F(p) and w(p) = w(p). The stalk &, is
a finitely generated free Oy ,-module. Hence the first assertion follows immediately from
Nakayama’s lemma (Appendix 14.38).

Let us show (2). Suppose that w is injective and that w(€&) is a local direct summand
of F. Let p € M. To see that @ (p) is injective we may pass to a sufficiently small neigh-
borhood of p and can assume that there exists a homomorphism of Ox-modules r: £ — F
such that row = ide (Remark 8.48). Then r induces a K-linear map r(p): E(p) — F(p)
with 7(p) o w(p) = id. As w(p) = w(p), we see that w (p) is injective.

Conversely, assume that @ (p) = w(p) is injective for all p € M. Let ro: F(p) —
E(p) be a K-linear map with 7y o w(p) = idg(p). Let (fi,.. . Jn) be an Oy ,-basis of
J,. For all i let e; be the image of f; under §, — J(p) AN E(p)andlete; € &,
be an element whose image in £(p) is ¢;. Sending f; to ¢; defines an Oy ,-linear map
r':J, — &,. Thenr’ow, is an endomorphism of the finitely generated free O ,-module
&p, which is modulo m,, the identity. Hence it is bijective (Appendix Proposition 14.39).
Hence if we set rg := (r' o w,,)’1 or’ we have rp o w, = ide,.

As (8.26) is surjective for homomorphisms F — &, we find an open neighborhood U
of p and a homomorphism r: Fy — &y of Oy-modules such that r, = ro. As (8.26) is
injective for homomorphisms & — &, we have row|y = idg ,, after possibly shrinking U.
As p was arbitrary, this shows that w is injective and that w(€) is a local direct summand
of I by Remark 8.48. (|

The proof shows that if @ (p) is injective for a single point p, then there exists an open
neighborhood U of p such that E|y is a subbundle of F|y.

The local-global principle explained in Chap. 7 yields a cohomological criterion for
a local direct summand to be a direct summand and hence for subbundles to be global
direct summands:

Remark 8.50 (Splitting of submodules). Let (X, Ox) be a ringed space. Let € be a local
direct summand of an Oy-module F. Let p:F — F/E be the projection and let S be
the sheaf of splittings of p, i.e., for U € X open, $(U) is the set of homomorphisms
of Oy-modules r: (F/€)y — Fjy with pjy or = id. For any r,r’ € 8(U) one has
plu o (r—r')=0,ie,r —r' takes values in . Hence the sheaf

A 1= Fomg,, (T/E, &),
considered as a sheaf of abelian groups, acts simply transitively on 8 by (w, s) — w + s,

we AU),s € 8(U),U < X open. This makes § into a pseudo-A-torsor. By hypothesis
there exists on open covering (U;); with 8(U;) # @ for all i. Hence § is an A-torsor. Its
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class
o(&) € H' (X, Yomop,, (F/E,€))

is trivial if and only if (X)) # 0, i.e., if and only if € is a (global) direct summand of F.

Definition and Remark 8.51 (Split subbundles). We keep the notation of Defini-
tion 8.49. We call the vector bundle E a split subbundle of F if w is injective and w(€) is
a direct summand of J, i.e., if F is the direct sum of the image of w and a subbundle of
F.

If E is a subbundle of F, then Remark 8.50 shows that there exists a class 0(E) €
H' (M, Fome,,(F/&, €)) that vanishes if and only if E is a split subbundle of F.

8.5 Tangent Bundle

In this and the following section we will assume that we are either in the case of real C*°-
(pre)manifolds (real smooth case) or in the case of real C“-(pre)manifolds with K = R
(real analytic case) or in the case of complex (pre)manifolds with K = C (complex case).

Definition and Remark 8.52. Let M be a premanifold. We define the tangent bundle
Ty as a set

Ty == || T,(M).

PEM

Let 7 = my: Tyy — M be the map such that 77! (p) = T,(M) for all p.

Definition of an atlas of Ty,: Let x:U — U C K™ be a chart of M. For p € U we
obtain an isomorphism 7,(x): T,(M) — K™. Let V := n~'(U) C Ty and define as
a chart for T},

vV —V:i=UxK"CK™,  T,(M)>3 £ (x(p), T,(x)()).

If we define for a second chart (U’, x") of M a chart (V’, y’) of Ty, in the same way, the
change of charts y’ o y~! is given by

yVnV)y=x(UnNU)xK" — X' (UnNU)xK" =y nV,

(B, v) = (" 0 x™D (D), Jyor1 (D)), @

which is again an isomorphism of premanifolds. Hence if (U, x) runs through an atlas of
M the (V, y) form an atlas of Tj;. We obtain on T}, the structure of a premanifold'.

'If M was a C®-premanifold with & < oo, then the second component of (*) would be only C*~!
and hence T); would be only C%~!-premanifold. Taking this added complication into account, most
results of Sect. 8.5 also hold for real C*-premanifolds with o < co.
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Clearly, (Tys, ) is a vector bundle over M and we have 1k, (7)) = dim,(M). We
denote by Ty, the finite locally free Ojs-module corresponding to 7y, (Proposition 8.45).
If M is a manifold, then T}, is a manifold (Proposition 8.16).

Definition and Remark 8.53. Let F: M — N be a morphism of premanifolds. Define
TFI TM — TN, T,,(M) > E = Tp(F)(S) S TF(p)(N).

Then the diagram

Ty i>TN

M#—N

is commutative, and T is K-linear on fibers. We claim that 7' is a morphism of premani-
folds. Indeed, this can be checked locally on M and N and we may assume that M < K"
and N € K" are open. Then TF is given by

Tp:Ty = M xK" — N xK" =Ty, (p.x) = (F(p), DF(p)).

which is a morphism of premanifolds?.
For morphisms F: M — N and G: N — P the chain rule takes the following elegant
form:
Teor = Tg o TF. (8.29)

Sections of the O),-module Ty, are called vector fields:

Definition 8.54. Let M be a premanifold. For U € M open, elements of
TM(U):{SZU%TM; nos=idU}

are called vector fields over U. For a vector field X we sometimes write X, instead of
X(p)forpeU.

Example 8.55. Let V' be a finite-dimensional K-vector space and let M < V be a sub-
manifold. For every p € M we have T,(M) € T,(V) = V and hence we may view the
tangent bundle T), as the submanifold of V' x V'

Ty ={(p.v)eMxV veT,(M)}.

Hence a vector field X is the same as a morphism F: M — V' of manifolds with F(p) €
T,(M). The correspondence is given by X(p) = (p, F(p)) forall p € M.

2 Again, Tr would be only a morphism of C%~!-premanifolds for a < oo.
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As a special case let M = U C V = K” be open. Then 7y = U x K” and a vector
field X corresponds to a morphism F: U — K”.

Our next goal is to give a concrete description of Ty, by derivations generalizing the
description of a single tangent space by derivations (Proposition 5.11).

Definition and Remark 8.56. Let (X, Oy) be a K-ringed space.

1. A K-derivation of Oy is a K-linear homomorphism D: Oy — Oy of sheaves such that

Dy(fg) = fDy(g) + gDy(f) forall U € X open, f,g € Ox(U). Denote by
Derk (Ox) the K-vector space of K-derivations of Oy. It is an Ox (X)-module via

(g-Dy(f):=guDu(f)  for D € Derk(Ox), g € Ox(X), f € Ox(U).
2. Define an Oy-module via
Lerk (Ox)(U) := Derk (Oxv)-
Proposition 8.57. Let M be a premanifold.

1. Let X be a vector field over U. Then the Lie derivative of X

Ly: Oy (U) = O (U),  f = (p = Tp(f)(Xp)

is a K-derivation of Oy (U).
2. The morphism of sheaves

L:Ty — Terg(Oy),

(8.30)
‘TM(U) 5X (-EX‘V)V C U open € ‘DrK(OM)(U)
is an isomorphism of Oyr-modules.

Proof. Assertion (1) follows from the product rule.
Let us show that £ is Oy;-linear. For X,Y € Ty, (U) and g € O, (U) we have

Lox+v (N (p) = T,(H((eX +Y)(p) = T,(/)&(p)X(p) + Y(p))
=g, (NH(X(P) + T,(HX(p) = (gLx + Ly)(S)(p).

Let us construct an inverse map. Let (Dy)ycy open € Lerk (Op)(U). For p € U recall
that 7,,(M) = Derg (O, K) (Proposition 5.11). Define

Xp € Derg (Ou,p. K) by Xp([V. f]) := Dy (f)(p).

Using a chart it is easy to check that U 5 p = X, € T,(M) is a vector field on U and
that this defines an inverse map to L. |
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Remark 8.58. Let M be a premanifold. Let (U, x) be a chart with coordinate functions
x!, ..., x™ Then

d 0
4:OM|U_)OM\U5 OM(V)BfI—)iEOM(V), VgUopen
ox! ox!
is an element of Terg (0 )(U) and (%, cees %) is a basis of the free Oy-module

Terk (Opr)jv by Remark 5.8.

8.6 Differential Forms and De Rham Complex

Recall that in this section we only consider real C*-premanifolds with ¢ > oo and com-
plex premanifolds. Differential forms are by definition sections of exterior powers of the
dual of the Oj,-module T,,. Hence we introduce first the notion of “exterior powers” for
general Oy-modules using the construction principle of Remark 8.36. We refer to Ap-
pendix Sect. 14.3 for the notion of the exterior power of a module over a commutative
ring.

Definition and Remark 8.59 (Exterior powers of Oy-modules). Let (X,Oy) be
a ringed space, let 3 be an Oy-module, and let r > 0 be an integer. The Ox-module
attached to the Oy-premodule

,
AN (%)
I'(U.0x)
is denoted by A{, F orsimply A"F. Itis called the r-th exterior power of .
As the formation of exterior powers is functorial for modules over a ring, we see that
A" T is a covariant functor in JF.

Remark and Definition 8.60 (Exterior powers of finite locally free modules). Let I
be a finite locally free Oy-module of constant rank n € Ny. Then A" J is a locally free
Ox-module of rank ('r’) (Appendix Proposition 14.22).

In particular, det(J) := A" J is a locally free Oy-module of rank 1 that we call the de-
terminant of . If u is an endomorphism of the Oy-module O%,, then u is given by a matrix
A € M,(Ox(X)). By Appendix Proposition 14.22, A" (u) is given by the multiplication
with det(A4).

The construction in Appendix Remark 14.24 for modules yields a homomorphism of
Ox-modules

A (FY) — (A"F)V. (8.31)

We claim that this is an isomorphism if J is finite locally free. Indeed, this can be checked
locally on X. Hence we can assume J = O% and the claim follows because (14.24) is an
isomorphism for finitely generated free modules (Appendix Remark 14.24).
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Definition 8.61. Let M be a premanifold. Define locally free O, -modules

i
Q=T 2= N\&Ry). =0

In particular 91(1)/1 = Oy. The Oyp-module .Q}w is called the sheaf of i -differential forms.

For every U € M open we call an element of Qzlvz (U) ani-form on U. If M is a real

C*°-premanifold (respectively a real analytic premanifold, respectively a complex pre-

manifold), then elements of .Q]’M (U) are called smooth i-forms (respectively real analytic

i-forms, respectively holomorphic i-forms).

Remark 8.62. For every i > 0 we have i = Fom( /\i T, Opr) by Remark 8.60 and
hence for U € M open

.Q]’M U) ={a:Ty x---x Ty = Oy ; « alternating i -multilinear form} .

If M is a premanifold of dimension d € Ny, then rk £2 1{,1 =1k Ty = d and hence

Q2 = (‘f) (8.32)

by Remark 8.60. In particular, £2;, = 0 forr > d.
Remark and Definition 8.63. Let M be a premanifold. We define

d:Oy — 2,, (8.33)
as follows. For f € Oy (U) let df: Ty v = Terg (Oy, Oy) — Oy be the morphism that

sends d € Derg (Oy,Oy) to d(fy) for V C U open. Then d is a morphism of sheaves
of K-vector spaces (but not of Oy,-modules!) and

d(fg) = fdg + gdf, f.g €0y (U), U C M open.

For p € M one can think of (df)(p) € .(21{4 (p) = T,(M)" as the infinitesimal
variation of f at p in an unspecified direction, which gives after evaluation on a tangent
vector the derivative of f at p in that tangent direction.
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Remark 8.64 (Local description of differential forms). Let M be a premanifold, let
(U, x) be a chart with coordinate functions x',...,x": U — K (and hence dim,(M) =
m for p € M). Thendx' € 2},(U) and (dx',...,dx™) is a basis of £2},y. This basis
is dual to the basis (%)i of Ty (U) (Remark 8.58). For f € Oy, (U) one has

(evaluate both sides on % to see the identity).
Let r > 1 be an integer. Then 2,y is a free Oy-module and the

dx Ao Adxr, 1<ij<---<i,<m
form a basis (Appendix Proposition 14.22).

Proposition 8.65. Let M be a premanifold. There exists a unique family of morphisms
(d: 25, — 2, ")i=0 such that:

(a) d is a morphism of sheaves of K-vector spaces.
(b) d: .Q[?,I =0y — 91{4 is the morphism defined in Remark 8.63.
(c) ForU € M open, w € $23,(U), n € £2,,(U) one has

dlwnrn) =doAnn+ (—=D)"w Adn.

(d) dod =0: Qi7" — Qi1 foralli > 1.

Proof. As 2}, generates /\ £2), as O -algebra, there exists at most one such family.
Because of this uniqueness, it suffices to prove the existence locally. Hence we may
assume that M C K" is open. Let x!',...,x™: M — K be the coordinate functions.
Then £2;, is a free Opr-module and the dx A --- A dx" for 1 <i; <--- < i, <m form
a basis of §£2),. Conditions (a)—(d) imply that we must define

d(fdx" A---Adx")y =df Adx" A AdxT (8.34)
Then (a) and (b) are clearly satisfied. To check (c) and (d) is a straightforward computation

(for (d) one uses that taking partial derivations in different directions commute with each
other by Appendix Proposition 16.19). O
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Example 8.66 (Gradient, curl, and divergence). Gradient, curl, and divergence are all
special cases of the above construction. Let U € K™ be open. Then a section of Ty
over an V C U, i.e., a vector field X over V, can be considered as a morphism of
manifolds X:V — K™ (Example 8.55). Moreover, .(2[1] is a free Oy -module with ba-
sis (dx',...,dx™), where x': U — K is the i-th coordinate function. Hence the choice
of coordinates allows us to identify

Oy = Q) — I,
f fldx' Ao Adx™),

and
Ty — 2}, — Qnt,

X =i ) S fidx' 3 (=) 7 (dx! Ao Adx A A dx™),

i=1 i=1

where as usual (A) denotes an omission of that term.

The identification of 1-forms and vector fields identifies d: 2y, — 2, f
doini 5 O dx' with the gradient f > (()X1 . E,x,,,)

The identification of vector fields and (m — 1)-forms and of m-forms and functions

identifies d: 271~ — Q7" given by

m

ifi(—l)FI (dxl/\mAg;/\m/\dx’”) (Z
i=1

)(dx A Adx™)

with the divergence X = (fi,.... fu) = > .i aw'
Finally, if m = 3, then d: .Qllj — 27 is given by sending the 1-form fidx!'+ fodx?+
f3dx3 to

(3f2 afl)d 1 de_(%_%)dxl/\df_p(%—%)dxz/\dx3.

ox!  9x2 ox3  ox! ox2  0x3
Hence it is identified with the curl.

Definition 8.67. Let M be a premanifold. The complex

oy -5 2l Loy L (8.35)

is called the de Rham complex of M. Note that although the £2}, are Oj-modules, the
maps d are only morphism of sheaves of K-vector spaces.

For U € M an r-form w € £2},(U) is called closed (respectively exact) if dw = 0
(respectively if there exists n € £2;,'(U) such that dn = w). As d o d = 0, every exact
form is closed.
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Theorem 8.68. (Poincaré lemma) Let M = {z e K" ; Vi=1,...,m:|z;| <1} <
K"™. Then for every r € N every closed form w € §2;,(M) is exact.

We do not give a proof of this result here but refer to [AmEs3] XI Corollary 3.12 for
the real C*°-case. The explicit formula given there also shows the Poincare lemma in the
real analytic case. For the complex case we refer to [Wel] 1I, Example 2.13.

Corollary 8.69. Let M be a premanifold. Then the de Rham complex is an exact sequence
of sheaves of K-vector spaces.

Proof. The exactness of the de Rham complex means that locally every closed form is
exact. Hence we may assume that M is as in the Poincaré lemma 8.68. O

As the kernel of d: Oy — QI{,I is the sheaf of locally constant K-valued functions,
Corollary 8.69 means (by Appendix Example 15.3) that we have a quasi-isomorphism of
K s -modules Ny

Ky > 23, (8.36)
In Chap. 10 we will define the cohomology of a complex of sheaves and then (8.36) will
imply that K, and §2;, have the same cohomology.

Example 8.70. Let us give an immediate application of the Poincaré lemma to vector
fields. Let U € K™ be open. Identifying morphisms of manifolds X: U — K™, X =
(fi,-.., fm) with 1-forms wy over U, we see by Example 8.66 that d(wy) = 0 if and
only if

A _

dx/  oxi
Hence from the exact de Rham complex we obtain an exact sequence of sheaves of K-
vector spaces

Vi,j=1,....m. ()

0— Ky — Oy —s 950, )
where for V' € U open J(V') denotes the K-vector space of those vector fields (fi,.. .,
Jm): V. — K™ satisfying (*) and where grad is the morphism sending a function on V' to
its gradient.

Hence the cohomology sequence obtained from (**) shows that every vector field
(f1,---, fm) on U satisfying (*) is the gradient of a morphism U — K if and only if
H'(U,Ky) — H'(U,Oyp) is injective. This is for instance the case if U is simply con-
nected because then H'(U, Ky) = 0 by Proposition 7.5.
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8.7 Problems

Problem 8.1. Let the group G := {#1} act on S' by a rotation by 7, i.e., (—1) - e’? :=
e'0+m — _¢i% Show that there are precisely two isomorphism classes X and Y of fiber
bundles with basis B := S', typical fiber S', and structure group {£1}. Show that X and
Y are isomorphic as B-manifolds.

Problem 8.2. Let p: Z — B be a morphism of premanifolds, § € Aut(p) a sheaf of
subgroups. Let § = (w: X — B, [U;, h;];) be a twist of p with structure sheaf §. Denote
the trivial twist (p, [B,idz]) by &.

1. Show that for U C B open &y = (7-1v), [Ui N U, hjjz—1 @,y is a twist of
Ply-iwy: P~ (U) — U with structure sheaf .

2. ForU C B openlet T;(U) be the set of isomorphisms &y S €oju of twists of p,-1(y)
with structure sheaf §|y. Let G act on T; via composition. Show that T% is a G-torsor.

3. Show that § — T yields an equivalence of categories from the category of twists of
p with structure sheaf § (morphisms in this category are isomorphisms of twists) and

the category (Tors(9)). Show that this equivalence induces on isomorphism classes
the composition of (8.4) with the isomorphism H'(B,G) — H'(B,9) (7.5).

Problem 8.3. Let B and Z be premanifolds, let A be the group of automorphisms of the
premanifold Z, and let p: Z — B be the constant morphism with image {b} for some
b € B. Show that Aut(p) is the skyscraper sheaf in b with value A and deduce that there
are no non-trivial twists of p.

Hint: Problem 7.5.

Problem 8.4. Show that for a sequence of Oy-modules 0 — ¥ — F — F” (respectively
F — F — F’ — 0) the following assertions are equivalent:

(i) The sequence is exact.

(ii) The sequence 0 — Homg, (G, F') — Homy, (G, F) — Hom, (G, F") (respectively
0 — Homg, (",9) — Homyp, (F,9) — Homg, (¥, 9)) of I'(X, Ox)-modules is
exact for every Oy-module G.

(iii) The sequence 0 — Jomgp, (9, F) — Fome, (5. F) — Fome, (9, F") (respectively
0 — Jome, (F",9) — Fomo, (F,G) — Fome, (F'. G)) of Ox-modules is exact for
every Oy-module G.

Problem 8.5. Let (X, Oy) be a ringed space. An Ox-module ¥ is called of finite type
(respectively of finite presentation) if there exists an open covering (U;); of X and for all
i an exact sequence of Oy,-modules 07, — Fjy;, — 0 for some n € Ny (respectively
oy, = 0y, = Fjy; — 0 for some m, n € No).
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1. Show that every finite locally free Ox-module is of finite presentation.

2. Show that (8.26) is an isomorphism for every Oy-module G and for every Oy-module
J of finite presentation.
Hint: Use Problem 8.4 and the five lemma to reduce to & = Oy.

3. Let F and G be Ox-modules of finite presentation. Let x € X and let wy: Fy > G, be
an isomorphism of Oy ,-modules. Show that there exists an open neighborhood U of
x and an isomorphism w: ¥y = Gjv of Oy-modules such that w, = wy.

Problem 8.6. Let (X, Ox) be a ringed space and let F be an Oy-module of finite type
(Problem 8.5).

1. Let x € X and sq,...,s, € F(X) such that the germs (s;)y, ..., (s,), generate the
Oy x-module J,. Show that there exists an open neighborhood U of x such that
($1)y, ..., (sn), generate the Ox ,-module J, forall y € U.

2. Show that for every r € Nj the subset

{x € X ; J, can be generated as Oy ,-module by r elements}

isopenin X.
3. Deduce that Supp(J) :={x € X ; F, # 0}is closed in X.

Problem 8.7. Let F and G be two Ox-modules.

1. Show that
U JFU) Qoyw) 9(U)

defines an Ox-premodule. Its sheafification is an Oy-module, which is called the ten-
sor product of J and G and denoted by J ® ¢, G.

2. Lett: T x G — F ®p, g be the sheafification of the morphism of presheaves F(U) x
GWU) = FWU) ®oyw) SU), (f.g) = f ® g. Show that for an Oy-module H com-
position with 7 yields a Oy (X)-linear bijection from the set of Oy-linear morphisms
F ®oy § — H with the set of Oy-bilinear maps F x § — H.

3. Show that forall x € X there exists a functorial isomorphism of Oy .-modules (F® o,
9)x - 3:x ®Ox.x 9x-

4. Show that if F and G are finite locally free Ox-modules, then I ® o, § is finite locally
free and 1k, (F ® o, 9) = 1k, (F) rk,(9) forall x € X.

5. Suppose that (X, Oy) is a premanifold M and that & and § are finite locally free O, -
modules. Let F and G be the corresponding vector bundles and define F ® G to
be the vector bundle corresponding to J ® ¢, §. Show that for all p € M one has
(F ® G)(p) = F(p) ®k G(p) for the fibers.



8.7 Problems 187

Problem 8.8. Let ¥, § and H be Oy-modules. See Problem 8.7 for the definition of
tensor products.

1. Show that there exists a functorial isomorphism of Ox-modules
Fomoy (F ®oy G, H) —> Fomo, (F, Fome, (3, H)). (8.37)
2. Show that there exists a functorial homomorphism of Oy-modules
Fome, (F,9) @y H —> Fome, (F,95 ®, H), (8.38)
which is an isomorphism if I or J{ is finite locally free.

Problem 8.9. Let (X, Oy) be a ringed space. Denote by Pic(X) the set of isomorphism
classes of finite locally free Ox-modules of rank 1. Show that ([£], [M]) = [£ ®o, M]
defines the structure of an abelian group on Pic(X) such that for [£] € Pic(X) one has
(L] = [£Y].

Show that if (X, Ox) = B is a premanifold, then this group structure on Pic(B) coin-
cides with the group structure defined in Remark 8.25.
Hint: Problem 8.8.

Problem 8.10. Let (X, Oy) be a ringed space, let £, F, H be Ox-modules. Assume that
H is finite locally free.

1. Show that there are functorial isomorphisms of I"(X, Oy )-modules
Homo, (€ ®oy F, H) — Homo, (€,F" ®0, H) — Homo, (T, € @0, H).

An Oy-linear homomorphism f: € ® 9, F — H is called a pairing. If H = Oy, then
B is called a bilinear form. A pairing is called perfect if the corresponding Ox-module
homomorphisms sg: € — F¥ ®o, Hand rg: T — €Y ® o, I are both isomorphisms.

2. Show that if & and J are finite locally free, then r4 is an isomorphism if and only if sg
is an isomorphism.

Problem 8.11. Let (X, Oy) be a ringed space, n > 1 an integer, and let F be a locally
free Ox-module of rank n. Show that the wedge product yields for all 1 < r < n a perfect
pairing (Problem 8.10)

ANTF o, A""F — A"TF = det(9).
In particular we obtain an isomorphism of Oy-modules

AT S (AT @0, det(F).
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Problem 8.12.

1. Let A be a commutative ring, M a finitely generated free A-module and let w: M x
M — A be a symplectic pairing (i.e., @ is an A-bilinear map, w(m,m) = 0 for all
m € M, and the induced map M — M " is an isomorphism of A-modules). Show
that the rank of M is even, say 2n, and that there exists a basis of M such that w is
given with respect to the basis by the matrix

0o I,
J = e M,,(A),
(—I,, O) 2n( )

where 1, is the (n x n)-identity matrix.

2. Let (X,0Oyx) be a ringed space, let & be a finite locally free Ox-module, and let
w:€ ®o, € — Oy be an alternating bilinear form (Problem 8.10). It is called
symplectic if w is perfect.

Show that if w is a symplectic form on &, then there exists for all x € X an open
neighborhood U of x and integer n > 0 and an isomorphism of Oy-modules &,y >
O%}‘, which identifies w with the alternating form on the free module O%}‘ given by the
matrix J.

Remark: If (X, Oy) is a real manifold and € is the tangent bundle of X, then this result
is called the Theorem of Darboux.

Problem 8.13. Let V = K?" and w, be the symplectic form on V given by the matrix J
(notation as in Problem 8.12). Let Sp(V, wy) be the Lie group of K-linear automorphisms
of V preserving wy and let ¢: Sp(V, wy) — GL(V) be the inclusion. Let M be a pre-
manifold. Show that there exists an equivalence of the category of pairs (E, ®), where
E is a vector bundle of rank 27 and w is a symplectic form on E and where morphisms
are isomorphisms of vector bundles respecting the symplectic forms, and the category
(Tors(Ops:sp(v.p)))- In particular one obtains a bijection between isomorphism classes of
pairs (E, ) as above and H' (M, Opr:s5p(v.w)) = H' (M, Sp(V, wp)).

Show that H ! (1) corresponds to the map that sends the isomorphism class of (E, ) to
the isomorphism class of E.
Hint: Problem 8.12.

Problem 8.14. Let n € N. Show that for every premanifold M the category (Tors
(Opms1,))) is equivalent to the category of pairs (E,8), where € is a finite locally
free O);-module of rank n and §: A"E = Oy 1s an isomorphism of Oy,-modules and
where morphisms are isomorphisms of finite locally free modules preserving §. In par-
ticular one obtains a bijection between isomorphism classes of pairs (&, §) as above and
H'(M, Ops1,x)-

Let L be the line bundle corresponding to A” €. Show that the datum of an isomorphism
8 as above is equivalent to the datum of a global section s: M — L such that s(p) # 0
forall p e M.
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Problem 8.15. Let G be a Lie group, let H be a Lie subgroup. For every premanifold B
let t5: Princy (B) — Princg (B) be the map of pointed sets deduced by functoriality from
the inclusion H — G. Let £ € Princg(B) be given by n: X — B together with a right
G-action.

1. Consider G/H as a G-premanifold and denote by &§/H the fiber bundle over B with
typical fiber G/H and structure group G associated with & via (8.13). Show that the
quotient of X /H (with respect to the induced right action of H) exists, that 7 induces
a morphism of premanifolds 77,5 : X/H — B, and that the underlying B-premanifold
of £/H is given by /.

2. Let s € Homg(B,X/H), i.e., s: B — X/H is a morphism of premanifolds such
that 7/ o s = idg. Let {; € Princy (B) be the pullback of the principal H -bundle
X — X/H by s. Show that s — {; yields a bijection between Homg (B, X/H) and

5 (©).

Problem 8.16. Notation of Problem 8.15. Let § € Princy (G/H) be the class of the
principal H-bundle G — G/H . Show that g,y (&) is trivial.

Problem 8.17. Letr: B — B be a morphism of premanifolds.

1. Show that the pullback of fiber bundles yields a functor r* from the category of vector
bundles over B to the category of vector bundles over B’. Show that for ' € B’ and
for a vector bundle £ over B one has tky (r*(E)) = 1k, (E).

2. Show that if F' is a subbundle (respectively a quotient bundle) of a vector bundle E on
B, then r*(F) is a subbundle (respectively a quotient bundle) of r*(E).

Problem 8.18. Let (£, /%): (X,Ox) — (¥, Oy) be a morphism of ringed spaces and let
€ be an Oy-module.

1. Consider Oy as a f~'Oy-module via f*. Show that f~'€ isa f~'Oy-module and
define f*(€) := Ox ®f-10, f ~1€& endowed with scalar multiplication by Oy via the
first factor. Show that €& — f*€ defines a functor from the category of Oy-modules
to the category of Ox-modules, called pullback of Oy-modules.

2. Show that f*(€) is a finite locally free Ox-module if € is a finite locally free Oy -
module. In this case one has rk, (f*€) = rky()(€) forall x € X.

3. Let f:M — N be a morphism of premanifolds. Show that the pullback of finite
locally free O y-modules corresponds to the pullback of vector bundles (Problem 8.17)
via the equivalence (8.28).
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Problem 8.19. Recall that if A is a commutative ring and L is an A-module, then a Lie
bracket on L is an A-bilinear map L x L — L, (m,n) + [m, n] such that [m,m] = 0 for
all m € L and such that the Jacobi identity [[m,n], £] + [[n,{], m] + [[€,m],n] = 0 holds
forallm,n,f € L. A pair (L, [,]) consisting of an A-module L and a Lie bracket on L is
called a Lie algebra over A. A homomorphism (L1, [,]) — (L, [,]) of Lie algebras over
A is an A-linear map u: Ly — L, such that [u(m), u(n)] = u([m,n]) forallm,n € L.

Let (X, Oyx) be a K-ringed space. Show that [Dy, D,] := Dy o D, — D, o Dy defines
on Derk (Oy) the structure of a Lie algebra over the ring Oy (X).

In particular if M is a real C*-premanifold with ¢ > oo or a complex premanifold,
then via (8.30), the O, (M )-module of vector fields over M is endowed with the structure
of a Lie algebra.

Problem 8.20. Let M be a real C“-premanifold with @ > oo or a complex premanifold.
Show that there exists a functorial bijection between the set of morphisms of locally K-
ringed spaces P[¢] — M (Problem 4.5) and the tangent bundle 7}, .

Problem 8.21. Let M and N be real C*-premanifolds with @ > oo or complex preman-
ifolds. Show that Ty = Ty X T .

Problem 8.22. Let G be a (real or complex) Lie group with multiplication mg: G X
G — G. Show that T),,.: Toxc = T X T¢ — T¢ defines on T the structure of a Lie
group with identity element 0 € 7,(G). Show that the canonical projection T — G is
a homomorphism of Lie groups with kernel 7, (G).

Problem 8.23. Let G be a (real or complex) Lie group. For g € G let {,:G — G,
h +— gh. Show that

®:G xT,(G) — Tg, (g.x) = To(Lg)(x) (8.39)

is an isomorphism of vector bundles. Deduce that T and .Qg, p > 0, are free Og-
modules. Is @ a homomorphism of Lie groups if we endow 7 with the Lie group
structure defined in Problem 8.227?

Problem 8.24. Notation as in Problem 8.23. Let T4 (G) be the O (G)-module of global
vector fields on G.

1. Show that G x Tg(G) — Tg(G), (g, X) = T({y) o X o @gl, defines an action of
the group G on T (G) by K-linear automorphisms. Let Lie(G) be the K-subspace of
T (G) consisting of X € T5(G) suchthat X = T (£,) 0 X o Eé_,l forall g € G.

2. Show that Lie(G) is K-Lie subalgebra of the Lie algebra T (G) (Problem 8.19) and
that this construction yields a functor Lie from the category of real (respectively com-
plex) Lie groups to the category of Lie algebras over R (respectively over C).
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3. Show that the restriction of ®~! (Problem 8.23) to Lie(G) followed by the projec-
tion to 7,(G) yields an isomorphism of K-vector spaces Lie(G) ST, (G), which is
functorial in G.

4. Let G be a Lie group and let G° be its identity component. Show that Lie(G°) =
Lie(G).

5. Deduce from Problem 6.7 that a homomorphism of connected Lie groups ¢: G — G’
is a covering map if and only if Lie(¢): Lie(G) — Lie(G’) is an isomorphism.

Remark: One can show that the functor Lie induces an equivalence between the category
of simply connected Lie groups and the category of finite-dimensional K-Lie algebras
(e.g., [HiNe] 9.4.11 and 9.5.9) and deduce that two Lie groups have isomorphic Lie alge-
bras if and only if their universal covers (Problem 6.8) are isomorphic.

Problem 8.25. Let (X, Ox) be a locally ringed space and let £ be a finite locally free
Ox-module. Show that every local direct summand of € is finite locally free.
Hint: Use Problem 8.5 and Appendix Problem 14.31.

Problem 8.26. Let D := (n.).cc € ZC such that {z € C; n. # 0} is discrete and
closed in C (such a tuple is called a divisor on C). For U C C open let L (U) be the
set of meromorphic functions f on U such that ord,(f) > n, forall z € U. Show
that £p is via restriction of meromorphic functions a sheaf on C. Show that addition
of meromorphic functions and multiplication with holomorphic functions makes £ into
a locally free Oc-module of rank 1.

Problem 8.27. Notation of Definition 8.49.

1. Suppose that F is a quotient bundle of E. Show that w: & — F has locally on M
a section and deduce that Ker(w) is a local direct summand of € and hence corresponds
to a subbundle of &, denoted by Ker(z) and called the Kernel of . Show that for the
fibers one has Ker(w)(p) = Ker(w (p)) for p € M.

Hint: Problem 8.25.

2. Let E be a subbundle of F. Show that /€& is a finite locally free Oj-module. The
corresponding vector bundle is denoted by F/E and called the quotient of F by the
subbundle E. Show that for the fibers one has (F/E)(p) = F(p)/E(p) forp € M.

Problem 8.28. Let E be a finite-dimensional K-vector space and d an integer with
0 <d < dimg(E). Let M := Grassy(E). Forapoint p € M let U, C E be the
corresponding K-subspace of dimension d. Show that U := [],), U, is a subbundle
of rank d of the trivial vector bundle M x E called the tautological vector bundle on

Grassy (E).
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Problem 8.29. Notation as in Problem 8.28. Let U be the Ogyass, (£)-module correspond-
ing to the tautological vector bundle on Grass,;(E). It is a local direct summand of
€ = Ograss;(£) ®k E. Show that TG, ) = %mOcmd(E) (&/U,U). In particular
T,(Grassq(E)) = Homg (E/U,, U,) for all p € Grass;(E).

Problem 8.30. Let M be areal C*-premanifold with @ > co or a complex premanifold.
For p > 0 and U € M open identify .Q,{;(U ) with the set of p-multilinear alternating
morphisms T7, — Oy.

1. Let U € M be open, X a vector field over U, and w € .Q]ﬁ(U), p > 1. Define
ix(w) € 247 (U) by

l.X(w)(Els B Ep*l) = (U(X, Sls cee Sp*l)
for & € Ty (V), V C U open. For f € 23,(U) = Oy (U) define iy (f) := 0. Show

that this defines a homomorphism iy: .QAZ — .QAZ_I of Oy;-modules.
2. Show for p,q > 0 and forw € 2}, (U), n € £2{,(U) one has

ix(wAn) =ix(@) An+ (Do Nix(n).
3. For p > 0 define the Lie derivative
£XI.Q]€1—>.QAP4, Ly =doixy+ixod.

Show that for p = 0 this is the map defined in Proposition 8.57.
4. Show that for differential forms w and 1 one has

dO£X =£X0d,
Ly An) = Ly(w) An+ oA Lx(n).



Soft Sheaves

In this chapter we study soft sheaves. The class of soft sheaves is on one hand large enough
to include all kinds of interesting sheaves on real C“-manifolds if @ < oo, for instance
the structure sheaf. On the other hand the cohomology of soft sheaves vanishes, and this
yields immediately several local-global principles. The chapter starts with the definition
and general properties of soft sheaves. In particular we will see that every global section
has an arbitrary fine partition (Proposition 9.9). In Sect. 9.2 we will show that the structure
sheaf of a real C%-manifold for &« < oo is a soft sheaf. In the last section we show that
the first cohomology vanishes for any soft sheaf of groups on a paracompact Hausdorff
space. We obtain several immediate corollaries for real C“-manifolds with ¢ < co: The
fact that sections of vector bundles over closed sets can always be extended to a global
section (and in particular a smooth version of Tietze’s extension theorem), a description
of the Picard group, or the fact that every subbundle of a vector bundle is split.

9.1 Definition and Examples of Soft Sheaves

Let X be a topological space, let Z C X be a subspace, andleti: Z — X be the inclusion.
Let F be a sheaf on X. Recall that we defined F(Z) as (i ~'F)(Z), in other words

F(Z) = {(si. Unies :U; € X open with Z < | ) U;,

s; € F(U;) with (s;): = (si7): (CRY
foralli,i"andallz € ZNU; N U,-/}/ ~

with (U, si)ier ~ (Vj,tj)jes if (si); = (¢j)- foralli € I, j € J and for all z €
uinv,nZz.
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Our first goal is to show that under certain hypotheses, F(Z) has a simpler description.
For every open neighborhood U of Z we have a restriction map

FU) - F(2), st 851z = [(U,s)]
and hence obtain a map

ry = ré( = colljimrg:cgéigl&"(U) — F(2). 9.2)

Here the left-hand side has the simple description

cglcilljn.’f"(U) ={(U,s); U XopenwithZ CU,s e FU)}/ ~ 9.3)

with (U, s) ~ (V,t) if there exists Z C W C U N V open such that sy = #.

The map rz is always injective. Let (U, s) and (V, t) represent elements in F'(Z) with
s; =1, forall z € Z. Then there exists Z C W C X open with sy = t|. We have the
following criteria for r to be bijective.

Proposition 9.1. The map rz (9.2) is an isomorphism for every sheaf F on X if one of
the following hypotheses is satisfied:

1. The space X is Hausdorff paracompact and Z C X is closed.

2. The subspace Z has a fundamental system of Hausdorff paracompact open neighbor-
hoods.

3. The subspace Z is compact and a relatively Hausdorff subspace of X (Definition 1.22).

Hypothesis 2 is in particular satisfied for every subspace Z if X is Hausdorff and
hereditarily paracompact, for instance if X is a paracompact Hausdorff premanifold or if
X is metrizable (Proposition 1.13).

Proof. Lets € F(Z) be represented by (U;, s;)icy -

(i). Let us assume that Hypothesis 1 or Hypothesis 2 is satisfied. In this case we first
show that we may assume that (U;); is a locally finite open covering of X and that X is
paracompact Hausdorff. If 1 is satisfied, we first add Uy := X \ Z to the covering (with
5o € F(Uy) arbitrary) to obtain a covering of X and then replace it by a locally finite re-
finement. If 2 is satisfied, we replace X by an open Hausdorff paracompact neighborhood
X' of Z contained in | J; U; and replace (U; N X'); by a locally finite refinement. In both
cases there exists an open covering (V;); of X with V; € U; by Corollary 1.21. Clearly
(V;); is again locally finite.
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(ii). We now conclude the proof if Hypothesis 1 or Hypothesis 2 is satisfied. Note that
foralli,j € I theset Wy := {x € Uy N U; ; (s;)x = (s;), | is open in X. Define

Wi={xeX Vi jelxeV,NV;= (s = (5))x}
=) (V' UV uwy),

i,jel

where ()¢ denotes the complement in X. Then Z < W. It suffices to show that W is
open in X. Indeed, then Si\viav,ow = Sj|viav,ow forall 7, j € I implies that there exists
§ € F(W) such that §|y;nw = s;|y;nw for all i; hence (W, §) represents a preimage of s.

To see that W is open we choose for all y € X an open neighborhood W, of y such
that I(y) := {i el; wW,nV # @}isﬁnite. For y € W one has

WAW,={xeW,:Vijely):xeVinV = () =)},

which is open in X. Hence every point y of W contains an open neighborhood contained
in W, namely W N W,. This shows that W is openin X.

(iii). Now suppose that Hypothesis 3 is satisfied. By Appendix Proposition 12.54,
every z € Z has a compact neighborhood K- of z in Z contained in U;_ for some i, € I.
Since Z is compact, finitely many K, ..., K., cover K. Set K, := K., U, := U;, and
Sy =i, forr=1,...,n.

Forn = 1 we are done. Now s1)y,np, and $y|y,ny, are two sections whose restriction to
K| N K; is equal to s|g,nx,. Hence the injectivity of the map rlgl‘gfg (9.2) yields an open
neighborhood V' of K| N K3 in U; N U, with syjy = s3)1. As Z is relatively Hausdorff
in X and K; \ V is compact we find by Proposition 1.23 disjoint open neighborhoods
U' C U; of K; \ V fori = 1,2. The three sections S1|u]s S2|U35 and syjy = s7v glue to
a section on U] U U; U V, which extends s|k,ux,. We conclude by induction. O

Definition 9.2. Let X be a paracompact Hausdorff space. A sheaf I on X is called soft
if for every closed subspace A of X the restriction map F(X) — F(A) is surjective.

Even if one of the hypotheses of Proposition 9.1 is satisfied, the notion of sections over
a subspace is somewhat subtle. Consider the following example.

Example 9.3. Let X be a paracompact Hausdorff space and let Cy be the sheaf of con-
tinuous R-valued functions on X. We claim that Cy is soft.

Let A C X be closed and let s € Cx(A). We want to extend s to a section over X.
As paracompact Hausdorff spaces are normal (Proposition 1.18), it would be tempting
simply to apply Tietze’s extension theorem (Theorem 1.15 (iii)) to conclude that s can be
extended from A to X. But there is the following technical point to observe: The restric-
tion Cyx |4 is usually not the sheaf of continuous functions on A. For instance if A = {x}
for some x € X, then Cx4(A4) = Cx . and Cyx 4 is not the sheaf of continuous functions



196 9 Soft Sheaves

{x} — R. More generally Cx(A) consists by Proposition 9.1 of germs of continuous
functions defined in some open neighborhood of A as in (9.3). Hence there is only a map
p:Cx(A) — C4(A), which sends a representative (U, s) (U an open neighborhood of
A, s a continuous function on A) to the continuous function 54 on A. The composition
Cx(X) — Cx(A) N C4(A) is surjective by Tietze’s extension theorem but it is not
immediate that Cx (X) —> Cx(A) is surjective.

Nevertheless we can use Theorem 1.15 as follows. Let U be an open neighborhood
of A, § € Cx(U) extending s. Applying Theorem 1.15 (iii) twice we find a closed
neighborhood B of A and a closed neighborhood C of B with C C U. By Tietze’s
extension theorem (Theorem 1.15 (iv)) we find a continuous function f: X — R with
f(b) =1forallh € Band f(x) =0 forall x € X \ C°. Then the germ of f in every
point of A is 1 and hence § := f|y§’ also extends s. It can be extended to a continuous
function on X by 0.

Example 9.4. Let X be a connected paracompact Hausdorff space consisting of more
than one point. Then the constant sheaf Zy is not soft. Take x,y € X, x # y, 4 :=
{x,¥}. As X is Hausdorff, there exist open neighborhoods U > x and V > y with
U NV = @. The locally constant function f with value 0 on U and value 1 on V' defines
a section of Zy (A) that cannot be extended to X because every locally constant function
on X is constant.

Remark 9.5. Let X be a paracompact Hausdorff space, let A C X be a closed subspace,
and let F be a soft sheaf on X. Then JF |4 is a soft sheaf on A: If A is closed and B C A is
closed, then B is closed in X . Therefore the composition of restrictions F(X) — F(A) —
F(B) is surjective and hence F(A) — F(B) is surjective.

Proposition 9.6. Let X be a paracompact Hausdorff space and F be a sheaf on X. Sup-
pose that there exists a family (Z;);e; of subspaces such that the interior Z; cover X
and such that for all j and every closed subspace A of X with A C Z; the restriction
F(Z;) — TF(A) is surjective. Then T is soft.

Proof. We first remark that one can replace (Z;); by arefinement. Let (Y;);<; be a refine-
ment of (Z;); such that (Y,°); is an open covering. Foralli € I let j € J withY; € Z;. If
Ais aclosed subspace of X with A C Y;, then the surjectivity of F(Z;) — F(Y;) — F(A)
implies the surjectivity of F(Y;) — F(A).

Hence we may first replace (Z;); by the open covering (Z]‘.’) ; and then by a locally
finite open covering (U;); because X is paracompact. By the shrinking lemma (Corol-
lary 1.21) we find an open covering (V;);c; with Vi C U, for all i. As a subset of V;
is closed in X if and only if it is closed in V;, the restriction F |y is soft for all i by
Remark 9.5.

Let A € X be a closed subspace, s € F(A4). We want to extend s to X. For J C [ let
Cj:=AUl;, V:. This is a closed subset of X because (Vi)i is locally finite (Appendix
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Corollary 12.33). We have C; = X. Define
F:={(J.ty):J C 1,1, €F(Cy)witht; 4 =s}.

Then (9, s) € E. Define a partial order on Z by (J,¢) < (J',¢)if J € J' and t'|c, = t.
If F C T is atotally ordered subset, then F' has an upper bound: Set

j::UJ

(J.ty)eF

and let 7 € F(Cj) be the unique section such that 7|, =, (exists by Proposition 3.59).
Therefore we may apply Zorn’s lemma. Let (J, ¢,) be a maximal element of Z. It suffices
to show that J = 1.

Assume that there exists i € I\ J. As J |y is soft, there exists #; € F(V;) such that
lilvinc, = 11 vinc, - Let i € F(V; U Cy) be the element that restricts to #; and to ¢,. Then
(J Ui}, f) € £ with (J,t;) < (J U{i}, 7). This is a contradiction. O

Corollary 9.7. Let X be a paracompact Hausdorff space and F be a sheaf on X. Then
J is soft if and only if every point x € X has a closed neighborhood N such that J|y is
soft.

Proof. The condition is necessary by Remark 9.5 and sufficient by Proposition 9.6. O

Proposition 9.8. Let X be a paracompact Hausdorff space and let Ox be a sheaf of (not
necessarily commutative) rings on X. Suppose that Oy is soft. Then every left and every
right Ox-module is soft.

Proof. 1t suffices to show the assertion for left modules. Let A € X be closed and
s € F(A). By Proposition 9.1 there exists U € X open with A € U and § € F(U)
extending s. As X is normal (Proposition 1.18), we find by Theorem 1.15 (iii) a closed
neighborhood C of A contained in U. Then A and dC are disjoint closed subsets. As Oy
is soft, O(X) — Ox (A4 U dC) is surjective and we find u € Ox(X) with u, = 1 for all
x € Aand u, = O forall x € dC. Then §|cu|c extends s and can be extended to X by
Zero. O

Proposition 9.9 (Soft sheaves and partitions of sections). Let X be a paracompact
Hausdorff space, let A be a soft sheaf of abelian groups on X and let s € A(X). Then for
every open covering (U;);cy of X there exists a family (s;)ic; of s; € A(X) such that:

(a) supp(s;) C U, foralli € I.
(b) Forall x € X there exists x € U C X open such that {i el sy # 0} is finite.
(c) Forallx € X one has s, =), _;(8;)x (a finite sum by (b)).

Then (s;); is called a partition of s subordinate to (U;); and we write s = >_._; s;.
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Proof. (i). Assume first that (U;); is locally finite. By the shrinking lemma there exist
closed subsets S; with S; € U; and X = | J; S;.

For J C I set S; := J;o,; Si. Then S; is closed because (S;); is locally finite
(Appendix Corollary 12.33). Let £ be the set of pairs (J, (s;);es) With J C I, s5; € A(X)
with supp(s;) € U; forall i € J and such that (3", s;)s, = §|s,. Then (4,0) € Z, in
particular F # @.

The set Z is partially ordered by (J, (s;)icy) < (K, (t;)icx) if J € K and s5; = t; for
alli € J. Clearly, every totally ordered subset of F has an upper bound. Hence F has
a maximal element (J, (s;);cs) by Zorn’s lemma. It suffices to show that J = 1.

Assume there exists « € I \ J. There exists a unique section#z, € A((X \ Uy) U (S, U
S«)) such that

to, =0 onX\U, and ta:s—Zs,- onS;US,
ie

because s — ) ;8 = 0on (X \ Uy) N (S; US,) € S;. As A is soft, there exists
an extension s, € A(X) of #,. Hence (J U {a}, (5i)iesutey) € E is strictly larger than
(J, (8i)ics)- This is a contradiction.

(ii). 1In general, let (V;);cs be a locally finite refinement of (U;); such that V; C
Uy(j) for a map p: J — 1. Let (f;); be a partition of s subordinate to (V;). Define
S; 1= Zjep—l(i) t;, which makes sense because (V;);e, is locally finite. Then (s;);es is
a partition of s subordinate to (U;);. O

In fact, the existence of such partitions characterizes soft sheaves (Problem 9.5).

9.2 Softness of Sheaves of Differentiable Functions

The next goal is to show that the structure sheaf of a real C“-manifold with o < o0 is soft.
This is essentially equivalent to the fact that there exist arbitrary fine partitions of 1 (see
Corollary 9.13 and Problem 9.5). Hence it is not surprising that we start with a lemma
that is also a standard step in the construction of smooth partitions of unity.

Lemma 9.10. Let m € Ny, U C R"™ open and K C U compact. Then there exists a
C>-function ¢: R"™ — R with0 < ¢ < 1 and ¢|x = 1, supp(¢) € U.

Proof. Forp e R",r > 0setC,(p) :={x € R"; |x — plo, <7 }. Then (C,(rp))yezm
is a locally finite open cover of R”.
Let

exp (—I_IXQ), x € (—1,1);
0, x e R\ (—1,1).

0:R — R, X
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Then 0 is a C*°-function with supp(6) = [—1, 1]. Moreover, define for ¢ > 0 and p € R”

6,:R" — R, le_[:n:IG(%—p,-).
This is also a C*-function and we have supp(6;) = C.(ep) and 65 c.(epy > 0. Hence,
0% R" — R, x > 3 zn 0,(x) (afinite sum for every x € R™) is a C*°-function with
¢ > 0. Hence ¢, := 6,/6° is a well-defined C*-function and Zpezm @, (x) =1 for
every x € R™ and supp(¢,) = supp(6;).

As K C U is compact, there exists ¢ > 0 such that C,.(p) € U forevery p € K. Set
P, := {p € Z™ ; supp(p,) N K # @} and define ¢: R™ — R, x Zpeps @, (x). Since
Zl,ezm ¢,(x) = 1forevery x € R, the definition of P, yields ¢(x) = ZpeP&_ e, (x) =1
for every x € K. Also, we have supp(¢) < Upeps supp(¢,) < U because supp(p,) =
C.(p) € Co(p) € U forevery p € K. O

Theorem 9.11. Let M be a real paracompact Hausdorff C*-premanifold with o € Ny U
{oo}. Then €S, is a soft sheaf.

Proof. Every point p € M has a chart (U, x) at p and a compact neighborhood p € C C
U. By Corollary 9.7 it suffices to show that x,.(C},|c) is a soft sheaf on the compact subset
x(C) of R™, where m = dim,(M ). Then every closed subset of x (C) is compact. Hence
it suffices to show that every C*-function f defined on some open neighborhood U of
a compact subset K € R” can be extended to a C*-function on R after possibly shrink-
ing U. As K is compact, there exists ¢ > 0 such that K’ := {x e R"; d(x,K) <e}
U (d some metric on R™ defining the topology of R™).

Due to Lemma 9.10 there exists a C*-function g:R”™ — R such that gjx» = 1 and
such that supp(g) € U (we may even assume that g > 0). Let

(fe)x), xeU,;

h:R™ - R,
0, x e R"\ U.
Then / is the desired extension because 7 = f on the open neighborhood {x €
R™; d(x,K) <e}of K. O

Corollary 9.12. Let M be a real paracompact Hausdorff C*°-premanifold. Then the
tangent sheaf Ty, and the sheaves of differential forms §2,, r > 0, are soft sheaves.

Proof. Theorem 9.11 and Proposition 9.8. O

Finally, as we have for every soft sheaves and every global section arbitrary fine parti-
tions, we obtain in particular the existence of partitions of unity.
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Corollary 9.13 (Partition of unity). Let M be a paracompact Hausdorff C“-premanifold.
For every open covering (U;); there exist f; € C5, (M) such that:

(a) supp(f;) € U; and (supp f;)icr is locally finite.
) Xie fi=1.

Proof. Theorem 9.11 and Proposition 9.9. a

9.3 Triviality of H! for Soft Sheaves and Applications

In the previous section we have seen that many interesting sheaves are soft. Now we show
that the first cohomology vanishes for soft sheaves. This will allow us to prove several
global results that a priori hold only locally.

Theorem 9.14. Let X be a paracompact Hausdorff space and let G be a soft sheaf of
groups on X. Then H'(X,G) = 0.

Once we have defined higher cohomology groups in Chap. 10, we will show that
H?(X,A) = 0 for all p > 1 and for every soft sheaf A of abelian groups (Proposi-
tion 10.17).

Proof. Let T be a G-torsor. We have to show that T (X) # @ because then T is trivial by
Proposition 7.4. Let (U;); be an open covering of X such that there exist t; € T'(U;) for
all i. As X is paracompact, we may assume that (U;); is locally finite. By the shrinking
lemma we find S; € U; such that S; is closed in X and such that | J; S; = X.
For J C I set S; := |J;.; Si (note that S, is closed in X because (S;); is locally
finite) and define
E:={tJ); JCI,teT(S))}.

Then (x, @) € £ and hence £ # @. It is an ordered set with partial order (¢, J) < (¢, J')
if J € J'andt = t'|5,. As sections over the members of a locally finite closed covering
can be glued (Proposition 3.59), every totally ordered subset of Z has an upper bound.
Hence there exists a maximal element (¢, J) in £ by Zorn’s lemma. We claim that J = [/
(then T'(X) # 9).

Assume that there exists j € I \ J. Then there exists a unique g € §(S; N S;) such
that #|s,ns;, = gti|s,ns;- As G is soft, there exists g € §(X), which extends g. Replacing
t; by gs;t; we may assume that f|g,ns, = #;|s,ns; and hence we may extend # to S; U Sy
a contradiction to the maximality of (¢, J). (|

We now apply Theorem 9.14 to real C“-manifolds for « < oo using the fact that their
structure sheaf is soft. Note that all the results below apply slightly more generally to real
paracompact Hausdorff C *-premanifolds with @ < oo.
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Corollary 9.15. Let M be a real C*-manifold with a < oo and let € be a C§;-module.
Then H'(M, €) = 0.

Proof. The sheaf € is soft by Theorem 9.11 and Proposition 9.8. Hence H'(M, £) = 0
by Theorem 9.14. |

Corollary 9.16 (Smooth version of Tietze’s extension theorem). Let M be a real C%-
manifold with o < oo, S € M a closed subspace. Then for every f € Og(S) (i.e., for
every map f:S — R such that for every point s € S there exist an open neighborhood
Uand g € C5,;(U) with guns = f|uns) there exists f € C5 (M) such that | = f|g.

In particular, any C*-function S — R on a closed submanifold S of M can be ex-
tended to M.

Proof. Let Jg be the sheaf of C*-functions vanishing on S (Remark 5.31) and consider
the exact sequence (5.9) of Oyr-modules. The cohomology sequence (Proposition 7.22)
yields an exact sequence €4, (M) — Ogs(S) — H'(M,Js). As I is an ideal in C%,
H'(M,Js) = 0 by Corollary 9.15. Therefore C%, (M) — Os(S) is surjective. |

More generally, a similar argument shows that we can always extend sections of vector
bundles from closed subspaces to the whole manifold:

Corollary 9.17. Let M be a real paracompact Hausdorff C*-premanifold with @ € Ny U
{oo} and let (E, p) be any vector bundle over M. Then any section s of E over a closed
subspace S of M can be extended to a section of E over M.

Here by a section of E over S we mean amap s: S — E with pos = idg and such for
all p € S there exists an open neighborhood U of p in M and a C“-section ¢ of E over
U such that jyns = sjuns.

Proof. Again let Jg be the sheaf of C*-functions vanishing on S and let € be the sheaf
of sections of E that is a locally free Cf,-module. Then the global section s of the sheaf
€/J5€ can be lifted to a global section of € because H'(M,Js€) = 0 by Corollary 9.15.

O

Corollary 9.18. Let M be a real C*-manifold with o« < co. Then composition with sign
Oy — {£1}m = (Z/27Z)y induces on cohomology an isomorphism

w:Pic(M) = H' (M, (Z]27)y).
In particular Pic(M) = 1 if M is simply connected.

For a line bundle L over M the cohomology class w(L) € H'(M,(Z/2Z)y) is called
the (first) Stiefel-Whitney class of L.
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Proof. The first assertion follows from (8.16) and H ' (M, C%;) = 0. The second assertion
follows from Proposition 7.5. |

Example 9.19. Let M = S! considered as a real C%-manifold with « < oco. Then
HY(S',(Z)2Z)s1) =~ 7Z/27Z (Example 7.10). Hence Pic(S') = Z/2Z has exactly two
elements. As in Example 8.15 one sees that the two line bundles are the trivial line bundle
and the Mobius bundle (which is the line bundle constructed as the Mobius band (Exam-
ple 4.30) but with typical fiber R instead of (—1, 1)).

Corollary 9.20. Let M be a real C*-manifold with ¢ < oo and let E be a vector bundle
over M. Then every subbundle of E is split.

Proof. Remark 8.51 and Corollary 9.15. |

Corollary 9.21. Let M be a real C*-manifold with ¢« < oo, let E and F be vector
bundles over M, and let w: E — F be a surjective morphism of vector bundles. Then for
allU € M open the map on sections E(U) — F(U) is surjective.

Proof. Let w:€ — JF be the surjective homomorphism of finite locally free Oy-
modules corresponding to @ (Proposition 8.49). Then E(U) — F(U) is identified
with wy: E(U) — F(U). The exact sequence of Cf,-modules 0 — Ker(w)jy —
& v — Fu — 0 yields a cohomology sequence E(U) — F(U) — H'(U,Ker(w)) and
H'(U,Ker(w)) = 0 by Corollary 9.15. O

9.4 Problems

Problem 9.1. Let X be a hereditarily paracompact Hausdorff space and let A € X be
locally closed. Show that for every soft sheaf J on X its restriction JF|4 is a soft sheaf on
A.

Problem 9.2. Let M be a real analytic or a complex premanifold of dimension > 0.
Show that O is not soft.

Problem 9.3. Let X be a paracompact Hausdorff space and let Oy be a sheaf of (not
necessarily commutative) rings on X . Show that Oy is soft if and only if every point of x
has a neighborhood U such that for all disjoint closed subspaces A, B of U there exists
asection s € Ox(U) such that 5|4 = 1 and 513 = 0.

Problem 9.4. Let X be a paracompact Hausdorff space. Show that every colimit of soft
abelian sheaves is again soft.
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Problem 9.5. Let X be a paracompact Hausdorff space and let A be a sheaf of abelian
groups on X . Show that the following assertions are equivalent:

(i) A is soft.

(ii) For every closed subspace A of X, every s € A(A) and for every locally finite open
covering (U;); of A in X there exist s; € A(X) for all i with supp(s;) S U; and
Sy = i (s1)y forall x € A.

Suppose that A is a sheaf of (not necessarily commutative) rings. Show that A is soft if
and only if (ii) holds for A = X and s = 1.

Problem 9.6. Let X be a paracompact Hausdorff space. A sheaf of abelian groups A on
X is called fine if the sheaf Jomz, (A, A) is soft.

1. Show that a sheaf of abelian groups A on X is fine if and only if for every closed subset
A of X and for every neighborhood U of A there exists an endomorphism of A that is
1 on A and 0 outside U .

2. Show that every fine sheaf is soft.

3. Let Oy be a soft sheaf of (not necessarily commutative) rings. Show that every Oy-
module is fine.

4. Let A be a fine sheaf of abelian groups on X. Show that for every sheaf M of abelian
groups on X the tensor product (Problem 8.7) A ®z, M is fine.

Problem 9.7. Let M be a real C“-manifold with ¢ < oo and let p € M. Show that
forming the germ Oy (M) — Oy, p is surjective.

Problem 9.8. Let M be a real C*-manifold with ¢ < oo. Show that there exists a proper
morphism f: M — R.

Problem 9.9. A commutative monoid M (written additively) is called integral if for all
m € M the map M — M, n — m + n is injective. The integral monoids together with
homomorphisms of monoids form a category and one has the notion of a sheaf of integral
monoids.

1. Show that M is integral if and only if the canonical homomorphism M — M#P (Ap-
pendix Problem 13.22) is injective.

2. Generalize Proposition 9.9 to soft sheaves A of integral monoids.

3. Let M be a real paracompact Hausdorff C“-premanifold with ¢ < oo. Show that
U {f eCyW); f(p)=0VpelU } is a soft sheaf of integral monoids. Deduce
that in Corollary 9.13 one can assume that f; > 0 for all 7.
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Problem 9.10. Let U be a tautological line bundle on P'(R) = Grass;(R?) (Prob-
lem 8.28) and let p: S' — P'(R) be the canonical map. Show that the pullback p*(U)
(Problem 8.17) is isomorphic to the Mobius bundle.

Problem 9.11. Let X be a paracompact Hausdorff space, let 3 be a presheaf of sets on
X and 7 its sheafification. Suppose that for every locally finite open covering (U;); of X
and for all s; € F(U;) with s;y,nu; = $ju;ny; forall i, j there exists s € F(X) such that
sjy; = s; foralli. Show that F(X) — F(X) is surjective.

Problem 9.12. Let A be a topological space. For every topological space X let Sx(X)
be the set of continuous maps A — X. Let 4 be an abelian group and let S (X, A) be
the abelian group of maps Sx(X) — A, called the group of singular A-cochains of X
with values in A. If U € V C X are open subspaces, one has an injection Sy(U) —
S4(V) and hence restriction maps S4(V, A) — S4(U, A) making U + S?(U, A) into
a presheaf of abelian groups. Let U + 84(U, A) be its sheafification.

1. Deduce from Problem 9.11 that S2(X, A) — 84(X, A) is surjective.
2. Show that 84(X, A) is a fine sheaf (Problem 9.6).

Problem 9.13. Consider the smooth manifold P”(R), n > 1. Show that Pic(P"(R)) =~
Z]27.
Hint: Problem 7.6.



Cohomology of Complexes of Sheaves 1 O

In this chapter we generalize for sheaves of abelian groups (or more generally, for Oy-
modules, where (X, Oy) is a ringed space) cohomology groups in degree 1 to higher
degrees in such a way that we can extend the exact sequence of cohomology. The idea
(motivated in Sect. 10.1) is to replace an Oy-module by a quasi-isomorphic complex
of such Ox-modules whose cohomology we expect to be trivial (namely injective Oy-
modules), then to apply the functor of global sections to this complex to obtain a complex
of I'(X, Ox)-modules, and finally take the cohomology of this complex. Of course, once
one follows the strategy of first replacing an Oy-module by a complex, it is only natural to
start with an arbitrary complex of Oy-modules'. This will yield the (hyper-)cohomology
H?(X,3*) of a complex J* defined in Sect. 10.2. Much more generally, one may view
these constructions as a special case of the right derivation of a left exact functor between
abelian categories, which is here applied to the functor of taking global sections of an
Ox-module.

In Sect. 10.3 we will study classes of acyclic Oy-modules F (i.e., H?(X,J) = 0 for
all p > 1). Injective Ox-modules are acyclic, almost by definition. We will introduce
flabby sheaves as a technical tool and we will also prove that soft sheaves are acyclic.

The cohomological techniques developed in the first three sections will allow us in
Sect. 10.4 to define de Rham cohomology and to prove the de Rham isomorphism. We
can also compute some cohomology groups of sheaves of holomorphic functions and get
as a corollary the theorem of Mittag-Leffler from complex analysis in one variable.

After studying some functoriality properties of cohomology with respect to inverse
and direct images in Sect. 10.5 we formulate and prove in the last section the proper base
change theorem for bounded below complexes of abelian sheaves on arbitrary topological
spaces.

I'Even more natural would be to work systematically in a category of complexes, where quasi-
isomorphisms are defined to be isomorphisms, i.e., in the derived category. But the required amount
of homological algebra is beyond the scope of this book.
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Notation: In this chapter (X, Oy) will denote a ringed space and we set R := Oy (X).
If K is a commutative ring such that (X, Ox) is K-ringed, then R is a K-algebra.

Recall that the category of Ox-modules and the category of R-modules are abelian
(Appendix Definition 15.25).

10.1 Strategy for the Definition of Cohomology of Sheaves
Consider the additive functor (Appendix Definition 15.21)
I'(X,-): (Ox-Mod) — (R-Mod), F->TX,9) :=FX).

It is left exact, i.e., it commutes with finite limits (Remark 8.37). Equivalently (by Ap-
pendix Remark 15.27), for every exact sequence

0-F -F >3
of Oy-modules the induced sequence
0—->TIX,9)—>TIX,9 —TX,3
is exact.

Remark and Definition 10.1 (Goal of the construction of cohomology). We would like
to construct a so-called 8-functor extending I'(X,-), i.e.,

(a) a family of additive functors H"(X,-): (Ox-Mod) —> (R-Mod) for n > 0 such that
HY(X,) =T(X,),

(b) for every exact sequence 0 — F — F — F’ — 0 of Oy-modules a family of
homomorphisms of R-modules §: H"(X,5") — H"*'(X,F"),n > 0,

satisfying the following conditions:

1. For every exact sequence 0 - F — F — F” — 0 of Ox-modules the sequence

0— H°X,9)— H°(X,9) — H°(X,F")
2L HX, ) — H'(X,F) — H'(X, ")
2 HAX,F) — HX(X,F) —> ..

is exact.
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2. For every morphism (0 - F - 5 -3 -0 — (0—->9 - 3G —> G — 0) of
exact sequences of Oy-modules the diagram

H" (X, S,r//) $ HnJrl(X, C_F/)

| |

Hn(X, 9//) $_ Hn+l(X, 9/)

1S commutative.

Moreover, to characterize the cohomology up to unique isomorphism, we would like
this §-functor (H"(X,...),§), to be universal in the following sense: If (F",8),>¢ is
any §-functor extending I"(X, -) then there is a unique family of morphisms of functors
¢": H"(X,-) — F" compatible with § such that ¢ = id.

Clearly, a universal é-functor extending I"(X, -) is unique up to unique isomorphism
(once we have shown that it exists). It is then called the right derived functor of I' (X, ).

Remark and Definition 10.2 (Strategy of the construction of cohomology). To get an
idea of how to construct such a universal §-functor extending I" (X, -) we think backwards.
Assume that we have already constructed the right derived functors H" (X, -) of I' (X, -).
An Ox-module J is called I"-acyclic if H"(X,J) = 0foralln > 0.
Now let J be an arbitrary Oy-module. Assume:

There exists an exact sequence of Oy -modules
0—>F -3 =7 — . ©)
such that J" is I"-acyclic for all n > 0.

In other words, J is quasi-isomorphic to the complex J® of I"-acyclic Ox-modules.
Claim: The cohomology modules can be calculated as follows:

H'"(X,9)=H"(0—>TrX.7 > rx. 1) - rx.7» -...), (10.1)

where the right-hand side denotes the cohomology of a complex (Appendix Defini-
tion 15.2), i.e., the right-hand side is equal to

R" := Ker(I'(X,7") — I'(X,7"*Y)/Im(I"(X,7""") — (X, 9")).

Let us believe this claim for a moment. Then this suggests a way of defining right derived
functors H"(X,...):

1. Find a class 7 of Ox-modules that we expect to be always I"-acyclic once we have
defined (H"(X,...),8)n>o0.
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2. Show that (Q) is possible for every Oy-module I with J" in 7.
3. Then define H" (X, F) via (10.1).

As exact sequences of the form 0 — J — F — F’ — 0 with J injective Ox-module
always split, it is plausible to take all injective Oy-modules as this class. Then (Q) will be
always possible by Lemma 10.3 below.

Let us show the claim. Denote the right-hand side of (10.1) by R". Letn = 0.
Applying the left exact functor I'(X, ) to the exact sequence 0 — F — J° — J! we
get the exact sequence

0—>I'(X,9) - I'X, 9% - r'x.,7"
and hence
HYX,F) =TI'(X,F) =Ker(I'(X,7°) - I'(X,7")) = R".
Assume now that n > 1. Set 37! := X° := F and define for p > 1
KP = Coker(J72 — I~ 1) = Im(97~! — I7) = Ker(J? — J7*1),

where the isomorphism is induced by J7~! — J”. From the exact sequence 0 — K” —
JP — JP*+1 we get

H(X,X?) = Ker(H°(X,77) — H(X,97h)). (%)
The short exact sequence
0—K? - J7 - KPT =0
yields a long exact sequence

0 — H°(X,X") — H°(X,77) — H(X, X"
— H"(X,XP) - H"(X,I°) - H"(X, K"+
———
=0
— H"MY(X,XP) — H"TY(X,97) — ...
—_———
=0

and hence isomorphisms H” (X, K?™') > H" (X, K?) forn > 1. As F = K° we see
by induction that

Hn(Xa::F) = H"(X, j{O) o~ Hl(X,:anl)
= HO(X. %"/ In(H*(X.""") > HO(X.%") & R,
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10.2 Definition of Cohomology

The strategy outlined above suggests how to define cohomology of an Ox-module J as
follows:

1. Choose a quasi-isomorphism F SN J*, where J* is a complex consisting of injective
Ox-module J? for all p with 3”7 = 0 for p < 0.

2. Apply the functor I"'(X,-) to J* and take the cohomology of complexes of --- —
r(X,77) - rx, 7+ - ...

But if we replace a single Oy -module J by a complex, why not start with a whole complex
of Ox-modules 3°? Then it will turn out that the crucial property of J° is its K-injectivity
(Appendix Definition 15.18). Hence the starting point of the construction of cohomology
of arbitrary complexes of Ox-modules is the following result, which ensures that step (1)
is always possible.

Lemma 10.3. The following abelian categories have injective and K-injective resolutions
(Appendix Definition 15.28):

1. The abelian category of R-modules for a ring R.
2. The abelian category of Ox-modules for a ringed space (X, Oy).

We will not prove this lemma here but refer to [Spa] Theorem 4.5, [Stacks] Tag 079P,
or [AJS] Theorem 5.4.

Lemma 10.3 in particular shows that if 3° is bounded below, then we find a quasi-
isomorphism J*° RN J*, where J° is bounded below and consists of injective Oy-modules
(in particular J° is K-injective by Appendix Proposition 15.19). This is the only case
that we will apply in the rest of this book (and we refer to Appendix Problem 15.14
and Problem 10.1 for some hints on the existence of such injective resolutions). Hence
in the sequel we usually give proofs only in this case or even only in the case where
J* is concentrated in degree 0 and refer to the literature for the general arguments from
homological algebra.

Now we define the sheaf cohomology of a complex of Oy-modules as follows.

Definition and Theorem 10.4. Ler (X, Ox) be a ringed space and let R := I'(X, Oy).
s

Let F*° be a complex of Ox-modules. Choose a quasi-isomorphism F° RN J°, where J° is

a K-injective complex of Ox-modules and define for n € 7 the n-th cohomology of 3° by

H"(X,F*):=H"(---—> I'(X, 7" - I'(X,97) > ["(X, 97" - ...).
1. This defines for all n € Z additive functors

H"(X,-): K(Ox) — (R-Mod)
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such that for an Ox-module F (considered as a complex concentrated in degree 0) one
has a functorial isomorphism

H(X,9) — I'(X,9).

If the complex F* is bounded below, say there exists a € 7 such that F? = 0 for all
p <a,then H'(X,F*) =0 foralln < a.
2. For every short exact sequence of complexes of Ox-modules

07T 5 L9 50 (10.2)

ul vP
(i.e., 0 > FP — GP — HP — 0is an exact sequence of Ox-modules forall p € 7.)
there are connecting homomorphisms of R-modules §: H"(X, H*) — H"*'(X,TF*)
making the sequence

§ - . H™(X,u) . H"(X,v) .
—>H"(X,3")—>1 H"(X,S)—)1 H"(X,H*)
n+ n+
4 HnJrl(X’ 5’") H (X)) Hn+l(X’ 9.) H (X.v) Hn+l(X’ 9{.)

)

(10.3)

exact and this long exact cohomology sequence is functorial for morphisms of short
exact sequences of complexes.

If Z C X is any subspace, we simply write H"(Z, J*) instead of H"(Z,J°|2).

One should not confuse cohomology as a complex H?(F*) defined as the Ox-module
Ker(F? — FP*1)/Im(FP~' — FP) and the cohomology H" (X, F*) just defined, which
is an R-module. To distinguish these two notions, H" (X, F°*) is sometimes also called the
hypercohomology of the complex, but we will not use this terminology.

For a sheaf of abelian groups J, which is the same as a Zy-module, we now have for
the moment two definitions of H'(X,F): the definition given here and the definition via
torsors (or Cech cocycles) given in Chap. 7. We will see in Proposition 10.16 that these
definitions coincide.

Before proving Theorem 10.4 we make the following remark.

Remark 10.5. Let u:F* — G° be a morphism of complexes of Oy-modules. Let
I'(X, 3*) be the complex of R-modules

...— I'(X,F7) — (X, 97" — ...
and let I'(X,u): I'(X,3°) — I'(X,§*) be the morphism of complexes of R-modules

given by I'(X,u)? = I'(X,u?): I'(X,37) — I'(X,G”). This defines a functor
(Com(Ox)) — (Com(R)). Applying to a homotopy ¥ =~ v of homomorphisms of
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complexes (Appendix Definition 15.4 and Remark 15.26) the functor I"(X, -) yields a ho-
motopy I'(X,u) >~ I'(X,v). Hence I'(X,-) induces a functor of homotopy categories
(Appendix Definition 15.6 and Remark 15.26)

I'(X,-): K(Ox) — K(R).

In particular, H"(I"'(X,u)) = H"(I'(X,v)) for homotopic morphisms u and v of com-
plexes of Oy-modules for all n € Z.

Proof (Proof of Theorem 10.4). (i). We first show that H" (X, 3*) depends up to unique
isomorphism not on the choice of the K-injective resolution. Let s:3°* — J° and
rge 25 d° be two K-injective resolutions. Applying Appendix Lemma 15.20 to u =
id: ¥* — F* we obtain a unique isomorphism w: J° S g°in K(Oy) such that wo s = ¢
and hence a unique isomorphism

H"(I'(w)): H"(I'(X,3°)) — H"(I'(X,3*))

by Remark 10.5.

(ii). H"(X,-) defines an additive functor H"(X,-): K(Ox) — (R-Mod), again by
Appendix Lemma 15.20 and Remark 10.5.

(iii). Assume that 77 = 0 for all p < a. Then we may choose a K-injective res-
olution 7* 2% J°, where J7 = 0 for all p < a (Lemma 10.3). Hence H"(X,JF*) =
H"(I'(X,J°)) =0foralln < a. )

(iv). Let 3 be an Oxy-module. Then a K-injective resolution I 2 9% with 97 = 0 for
p < 01is an exact sequence

e —>0—>F 7"
As I'(X, ) is left exact, we obtain
I'(X,9) =Ker(I'(X,7°) — I'(X,7")) = HY(I'(X,7%)).

(v). Proof of (2): If F°, G°, and H* are bounded below: We claim that there exists
a commutative diagram in (Com(Oy))

0 JF* g° e 0
]
0 Je a° xe 0,

such that:

1. The complexes in the lower row are bounded below and consist of injective Oy-
modules and the vertical arrows are quasi-isomorphisms.
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2. The lower row is an exact sequence of complexes.

Let us briefly indicate the argument: By Lemma 10.3 we can find J° 2% 90 as desired.
Forming the componentwise pushout in the abelian category (Ox-Mod), we obtain a di-
agram as desired, but where J° and K* are arbitrary bounded below complexes. As J*
consists componentwise of injective objects, the sequence 0 — J* — J* — K* — 0Ois
componentwise split. Hence we can assume that (10.2) is componentwise split and that the
components of A* are injective (see also Appendix Problem 15.13). Then choose an injec-
tive resolution F* ~—> K* such that 7 — K” is injective for all p. Set J” := A? @ K?.
Then it is easy to see that there are homomorphisms §7: X? — AP*! such that

J 0 db.

makes J° into a complex and such that if we define §» — J? as the sum of id4» and
HP — KP, then (*) commutes.

As J? is injective, the exact sequences 0 — J7 — J? — K? — 0 even split. Hence this
sequence stays exact after applying I"(X,-). We obtain an exact sequence of complexes
of R-modules

0—>Ir@) —rg) —rx)y—o.

Now we can apply Appendix Lemma 15.14 to obtain (10.3).
(vi). For the proof of (2) in general we refer to [Stacks] Tag 0152. O

Remark 10.6. Let F° and G° be complexes of Oy-modules. Then every quasi-iso-
morphism u: F* — G° yields an isomorphism

H"(X,F*) > H"(X.S".

Indeed, if i: G* — J* is a K-injective resolution of G°, then i ou is a K-injective resolution
of F°.

To achieve all goals formulated in Remark 10.1 we still have to show that if we restrict
our construction of cohomology to a single Ox-module, then we obtain a universal §-
functor. To make sense of this we will always consider an Ox-module J as the complex
of Oy-modules

> 0->0->F—>0—->0— ...,

where J sits in degree O of the complex. Then we write H" (X, F) for its cohomology.

Corollary 10.7. Restricting the functors H" (X, ...) to the category of Ox-modules con-
sidered as complexes concentrated in degree 0 the family (H" (X, "), 8)n>0 is a universal
8-functor extending I'(X,-). Moreover, every injective Ox-module J is I"-acyclic (i.e.,
H"(X,J) =O0foralln > 0).
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Proof. Theorem 10.4 immediately implies that (H"(X,-),8),>0 is a §-functor that ex-
tends I'(X, ).

Let J be an injective Ox-module. If we consider J as a complex concentrated in degree
0, then id: J — J is a K-injective resolution. Hence the definition of H" (X, J) shows that
H"(X,J) =0foralln > 0.

It remains to show the universality of the §-functor. Let (7",8'),>0 be a §-functor
extending 1" (X, -). We have to show that for all » > 0 and for all Oy -modules F there exist
unique homomorphisms ¢.: H" (X, ) — T"(F) compatible with § and " and functorial
in F such that qog = idp(x,9. We proceed by induction on 7.

The assertion is clear forn = 0. Let n > 0. Choose an injective homomorphism
i:F — J with J an injective Oy-module and set Q := Coker(i). We obtain a short exact
sequence of Oy-modules

0-F—->J—->9—-0

and hence by induction hypothesis a commutative diagram

o H"™Y(X,)) —— H"Y(X,Q) —> > H"(X,F) —= H"(X,J) = 0

lw’}‘ J{%‘

N ()

(%)

with exact rows. Hence § is surjective and Ker(§) < Ker(8’ o ¢2~"). Therefore there
exists a unique ¢5: H"(X,J) — T"(JF) making the diagram commutative. It is straight
forward — albeit a bit cumbersome — to check that ¢ is functorial in F. O

For concrete calculations working with injective resolutions is often not advisable because
injective modules tend to be quite large (e.g., non-zero injective abelian groups are never
finitely generated Z-modules by Appendix Problem 15.14). But in fact the strategy of
Remark 10.2 required only to choose a resolution by a complex of I"-acyclic modules:

Proposition 10.8. Let F° be a bounded below complex of Ox-modules and let F* 5 A
be a quasi-isomorphism, where A® is a bounded below complex of Ox-modules such that

A" is I'-acyclic for alln € Z. Then

H"(X,5%) = H"(-+- — ['(X,A?) — I'(X,AP*') —> . .).

In the next section we will see several examples of I"-acyclic Ox-modules.

Proof. 1f 3* is concentrated in degree 0 and A" = 0 for all n < 0, we have seen the result
in (10.1). For the general case see [Stacks] Tag 05TA. O
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All of the results above can be vastly generalized with (almost) verbatim the same proofs.
Instead of the functor I' (X, -): (Ox-Mod) — (I" (X, Ox)-Mod) one considers an arbitrary
left exact functor between abelian categories

F: A — B.

Then all of the above notions, statements, and proofs generalize — if(!) A has injective
and K-injective resolutions. One obtains a universal §-functor from A to B extending
F, which is called the right derived functor of F and which is denoted by R" F' (in this
notation we would have H"(X,:) = R"I'(X,-)). More generally one obtains functors
R"F: K(A) — B with all the properties above. And one has R" F(I) = 0 for all injective
objects / in A and all n > 0.

Examples are the following.

1. Let f:(X,0x) — (Y,0Oy) be a morphism of ringed spaces. The left exactness of
the functors I"(f~!(V),-), V. C Y open, shows that the functor f,:(Ox-Mod) —
(Oy-Mod) is left exact. We obtain right derived functors R” f,.

This is in fact a generalization of the cohomology functors H"(X,-) above. Taking
for Y the one point space with Oy (Y) = I'(X,Oy) one has R" f, = H"(X,-) by
identifying the category of Oy-modules and the category of R-modules.

2. For any abelian category A and for every object Z in A the functor

A — (Ab), X — Hom4(Z, X)

is left exact. Hence if A has injective and K-injective resolutions, then there exist the
right derived functors X +— Ext (Z, X) := R" Homa (Z, X).

Finally, there exists a dual theory for right exact functors F by replacing all arrows in all
diagrams by an arrow in the opposite direction: The dual notion of an injective object and
a K-injective complex is called a projective object (see Appendix Problem 14.4) and a K-
projective complex, respectively. One obtains left derived functors denoted by L" F'. Note
however that if an abelian category has injective and K-injective (right) resolutions, then
the dual assertion, namely that there always exist projective and K-projective (left) resolu-
tions, might not be true. For instance, the category of R-modules (for any not necessarily
commutative ring R) also has projective and K-projective resolutions ([Spa] Theorem C)
but this is usually not the case for the category of Ox-modules for a ringed space (X, Oyx).
Often it is possible to circumvent this problem by working solely with acyclic resolutions.
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10.3 Acyclic Sheaves

We continue to denote by (X, Oy) a ringed space. Proposition 10.8 shows that we can
define the right derived functor of a left exact functor F of a bounded below complex also
via a resolution with F-acyclic objects. The following lemma will be the main tool to see
whether a certain class of objects is F-acyclic.

Lemma 10.9. Let F: A — B be a left exact functor between abelian categories and
suppose that A has injective and K-injective resolutions. Let 1 € Ob(A) such that the
following conditions are satisfied:

(a) For every object X of A there exists an injective morphism X — M with M € 1.
(b) If I is an injective object of A, then I € 1.
(c) Let

0-X —X—X"->0

be an exact sequence in A with X', X € 1. Then one has X" € 1 and F(X) —
F(X") is surjective.

Then every object in 1 is F-acyclic, i.e., R"F(I) =0 forall I € Tandn > 1.

Proof. Let M € 7 and choose an exact sequence

d(] dl d2
0O->M—1° > 512

with 7 injective for all p. As I° € 7 by (b), we can apply (c) to the exact sequence 0 —
M — I° — Im(d®) — 0. This shows that Im(d°®) € 7 and that 0 — F(M) — F(I°) —
F(Im(d®)) — 0 is exact. Then induction and the exact sequences 0 — Im(d?~') —
I? — Im(d”?) — 0 show that Im(d?) € 7 for all p and that 0 — F(Im(d?"'")) —
F(I?) — F(Im(d?)) — 0is exact. For n > 1 we find therefore

Im(F(I"™') - F(I")) = F(Im(d"™")) = Ker(F(I") — F(I"*1))
and hence R" F(M) = 0. O

The following class of sheaves will yield I"-acyclic objects.

Definition 10.10. A sheaf J on a topological space X is called flabby or flasque if the
restriction maps F(X) — F(U) are surjective for all open subsets U C X.
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Flabby sheaves will allow construction of I"-acyclic resolutions in an easy functorial
way as follows.

Remark 10.11 (Godement resolution). Let J be a sheaf on a topological space. Define
a sheaf 7% on X by 7O (U) := [] cevy Ix for U € X open, where the restriction maps
are given by the projections. The sheaf F1% is flabby and there is an injective morphism
of sheaves

L F s FO, FWU) > s (sy)rev € FUNU), U C X open.

Every morphism ¢: F — G of sheaves induces a morphism of flabby sheaves ¢%: F101 —
Gl with (pg)] = [ ey ®x- We obtain a functor ( ) from the category of sheaves to the
full subcategory of flabby sheaves. The morphism ¢5 is functorial in J.

Now suppose that F is an Oy-module. Then F1% is an Oy-module: addition is given
by the addition within the stalks and scalar multiplication of a € Oy (U) on (sy)ycy €
FONU) by (a,sy)cev. We obtain a functor ()[! from the category of Ox-modules to the
full subcategory of flabby Ox-modules. The morphism ¢ is a functorial homomorphism
of Oy-modules.

In particular we find for every Ox-module a functorial exact sequence of Ox-modules

0 — F —> F — Coker(t) —> 0 (10.4)

with 1% flabby. Applying the same argument to Coker(t) we obtain inductively a functo-
rial exact sequence of Oy-modules

0—F-Sg0 gl (10.5)

where F171 is a flabby Oy-module for all p > 0. This resolution of J is called Godement
resolution.

Finally, the variant of Appendix Lemma 15.11 for the abelian category of Ox-modules
shows that given a € Z there exists for every complex J° of Oy-modules with 37 = 0
for all p < a a quasi-isomorphism J* RLN A*, where A? is a flabby Ox-module for all p
and A? = 0forall p < a.

Proposition 10.12.

1. Let (X, Ox) be a ringed space. Then every injective Oy -module is flabby.
2. Let X be a paracompact Hausdorff space. Then every flabby sheaf F on X is soft.

Proof. (I). LetJ be an injective Oxy-module. By Remark 10.11 there exists an injective
homomorphism of Oy-module i:J — G where § is flabby. As J is injective, this makes J

into a direct summand of G. Hence J is flabby.
(2). Let A € X be closed, s € F(A). By Proposition 9.1 there exists an open
neighborhood U of A and § € F(U) extending s. As J is flabby, one can extend 5 to X.
O
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Proposition 10.13. Let X be a topological space and let F be a flabby sheaf on X .

1. For every open subset U of X the restriction F|y is again flabby.
2. Suppose that X is hereditarily paracompact and Hausdorff. Then for any subspace Z
of X the restriction J\z is flabby again.

Recall Proposition 1.13, which shows that any metrizable space satisfies the hypotheses
of 2.

Proof. The first assertion is clear. To show 2 let W € Z be open and let s € F(W). By
Proposition 9.1 2 we can extend s to a section s’ over an open neighborhood U of W in
X. As Jis flabby, we can extend s’ to a section § € FJ(X). Then 5§z € F(Z) extends s.

|

Lemma 10.14. Let X be a topological space.

1. Let G be a flabby sheaf of groups. Then every G-torsor is trivial.
2. Let1 -G — G — G” — 1 be an exact sequence of sheaves of groups and let §' and
G be flabby. Then §" is flabby and G(U) — G"(U) is surjective for all U C X open.

Proof. 1. The argument is very similar to the proof that torsors for soft sheaves are trivial
(Theorem 9.14) but as we can work with open sets we do not run into any topological
difficulties requiring such tools as the shrinking lemma. Indeed, let T be a G-torsor, let
(U;)icr be an open covering such that there exist t; € T(U;) for all i. For J C [ set
Uy :=U;c; Ui. ThenU; = X. Define £ :={(t,J); J €I, € T(Uy)}. Then E # @
because (*,0) € E. It is partially ordered by (¢, J) < (¢/,J)if J € J and t'\y, = t.
As T is a sheaf, every totally ordered subset of Z has an upper bound in E. Hence there
exists a maximal element (¢, J) in Z by Zorn’s lemma. It suffices to show that J = 1.

Assume there exists i € I \ J and let g € G(U; N U;) with t|y,nu, = gtiju,nu; -
As G is flabby, we can extend g to ¢ € G(X). Replacing #; by g|y,#; we may assume
Hu,nu; = tiju,;nu; and hence we can glue ¢ and f; to a section over Uyyy;y. This contradicts
the maximality of (¢, J).

2. As 9|y is flabby for every open subset U C X, H'\(U, 9'1v) = 1 by I (here we use
the cohomology defined in Definition 7.3) and the cohomology sequence attached to the
exact sequence 1 — G|y — Gy — §”jy — 1 shows that G(U) — G”(U) is surjective.
Hence we obtain a commutative diagram

9(X) —= §"(X)

o

S(U) —=9§"(U)

with §(X) — G(U) — 9”(U) a composition of surjective maps. Therefore §”(X) —
G”(U) is surjective. This shows that §” is flabby. O
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Proposition 10.15. A flabby Oy -module is I"-acyclic.
Proof. This follows from Lemma 10.9 using Remark 10.11 and Lemma 10.14. O

Proposition 10.16. Let X be a topological space and let A be a sheaf of abelian groups,
which we may consider a Zy-module. Then H'(X,A) as defined in Definition 10.4 and
H' (X, A) defined via torsors in Definition 7.3 coincide.

The proof will show that there is a functorial isomorphism between these cohomology
groups.

Proof. Denote for the moment the cohomology group defined via torsors in Definition 7.3
by H'(X,"). By Remark 10.11 there exists a functorial exact sequence of sheaves of
abelian groups 0 — A — A’ — C — 0 with A° flabby. Then H!(X, A% = 0
by Proposition 10.15 and H'(X, A% = 0 by Lemma 10.14 1. Hence the long ex-
act cohomology sequence (10.3) and the long exact sequence for H' (7.11) imply that
H'(X,A) = H' (X, A) = Coker(A°(X) — C(X)). O

Proposition 10.17. Let (X, Ox) be a ringed space such that X is paracompact and Haus-
dorff. Then every soft Ox-module is I" -acyclic.

Proof. We check the conditions of Lemma 10.9 for the class 7 of soft Ox-modules. By
Remark 10.11 we can embed every Oy-module into a flabby Ox-module A, which is soft
by Proposition 10.12. The same proposition also shows that every injective Oy -module is
soft.

It remains to show Condition (¢) of Lemma 10.9. Let 0 - F — F — F’ — 0 be
an exact sequence of Oy-modules with F and F soft. Then F(X) — F’(X) is surjective
because H'(X,J’) = 0 by Theorem 9.14. Let A C X be closed. Then F 4 is soft by
Remark 9.5 and therefore the same argument proves that F(A) — F”(A) is surjective.
Then the commutative diagram

F(X) — F"(X)

o

F(A) —=3"(4)
shows that F”(X) — F"(A) is surjective. Therefore F” is soft. O
Every complex of Oy-modules J*° is also a complex of sheaves of abelian groups (i.e.,

acomplex of Zy-modules), which we call “F* for the moment. Similarly, if M is a module
over aring R, we denote by “ M the underlying additive group.
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Proposition 10.18. Let F° be a bounded below complex of Ox-modules. Then we have
H"(X,“F%) =“H"(X,F°).

Proof. By Remark 10.11 there exists a quasi-isomorphism J* I A0 of Ox-module,
where A? is flabby for all p. By Proposition 10.8, I"(X, A®) computes the cohomology
of 3°. By Lemma 10.15 each A? is also I"-acyclic if considered as a Zx-module. Hence
it also computes the cohomology of “J°. O

10.4 Applications: Theorems of De Rham and of Mittag-Leffler

Definition and Remark 10.19 (De Rham Cohomology). Let M be a real C“-pre-
manifold with & > oo or a complex premanifold. Then

d d d
25y s 0> 2V — 24— 24, — ...

is a bounded below complex of Kj,-modules that is exact except in degree 0 (Corol-
lary 8.69). For n > 0 we call

H{x(M) := H"(M, $2;3,)
the n-th de Rham cohomology of M . The quasi-isomorphism (8.36)
qis
yields by Remark 10.6 for all # > 0 an isomorphism

H"(M,K ) — Hlo(M). (10.6)

If .Q]ﬁ is I'-acyclic for all p > 0, it calculates its own cohomology by Proposition 10.8

and we obtain
{closed n-forms on M }

Hpp (M) = (10.7)

{exact n-formson M}

If M is of dimension m € N, this implies in particular Hjz(M) = 0 forn > m.

If M is areal C*°-manifold, then .QAP,I is soft for all p > 0 (Corollary 9.12) and hence
I'-acyclic (Proposition 10.17). Hence we obtain:
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Theorem 10.20 (De Rham). Let M be a real C*°-manifold. Then for alln > 0

closed n-forms on M
H"(M,Ry) = Hjg(M) = { i

. 10.8
{exact n-forms on M} (108)

Note that this result in particular implies the surprising fact that the question of whether
every closed n-form is exact on M depends only on the underlying topological space of
M. We will even see in Corollary 11.19 below that H"(M,Ry) = H"(M',Ryy) if M
and M’ are homotopy equivalent’.

Remark 10.21. One can show that £2! is also I"-acyclic for all p > 0 if M is a real
analytic manifold (combine [Car] Théoreme 3 together with the fact that for every real
analytic manifold there exists a closed embedding into some R" by [Gra]). Hence one
has the isomorphisms (10.8) also for real analytic manifolds M .

For complex manifolds M one still has that H" (M, Cy) = H[5x (M) by the Poincaré
lemma (Remark 10.19) but (10.7) does not hold in general (see Problem 10.6 for M =
P!(C)). Still, there are interesting special cases where one still has an analogue of (10.8).
One of these cases relies on the following result.

Theorem 10.22. Let U C C be open and Oy be the sheaf of holomorphic functions.
Then H'(U,Oy) = 0 foralli > 0.

We use the following standard fact from complex analysis (the “Dolbeault lemma”):
For every C-valued C*°-function g on U there exists a C-valued C*-function f on U
such that % = g. For a proof see [Hoe] Theorem 1.4.4 in the case considered here or
[GuRo] Chap. VI, C, Lemma 1 for a version in an arbitrary complex dimension).

Proof. Let Cp be the sheaf of C-valued C*°-functions on U. Applying the Dolbeault

lemma to open subsets of U we see that a% Coc = Cpc is surjective. By the Cauchy—
Riemann differential equations we obtain an exact sequence
il

0—>OU—>C8‘§CE>C8‘§C—>O.

Hence Oy has a resolution by the complex
d
= 0= CU;(C — CU;(C —->0— ...,
SN—— SN——
degree 0 degree 1

2 This is formulated in a somewhat too dramatic way: The Poincaré lemma (Theorem 8.68), for
which we did not give a proof, is in the C *°-case often shown (for instance in the given reference) by
proving that smooth maps between premanifolds that are homotopic via a smooth homotopy induce
the same map on the right-hand side of (10.8). One then concludes that on a smoothly contractible
C*°-manifold every closed form is exact. Nevertheless it remains surprising that continuity of the
homotopy is already sufficient.
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which consists of soft (and hence I"-acyclic) sheaves. Hence the cohomology is calculated
by this complex. Clearly this implies H" (U, Oy) = 0 for n > 2. Moreover, the Dolbeault
lemma (now applied to U) shows that H'(U, Oy) = 0. |

Corollary 10.23. Let U C C be open. Then for alln > 0

{closed holomorphic n-forms on U}

H"(U.Cy) = Hlp(U) = (10.9)

{exact holomorphic n-forms on U}

As U has dimension 1 as complex manifold, §£2/, = 0 for n > 1. In particular, all terms
in (10.9) are O forn > 1.

Proof. By Theorem 10.22, Oy = .Q?/ is I'-acyclic. Denote by z the coordinate on U.
Then f + fdz defines an isomorphism Oy — 2}, of Oy-modules, hence £2/, is I'-
acyclic as well. We conclude by Remark 10.19. O

Much more generally, one has for every Stein manifold (Theorem 5.45) X that
H(X,F) = 0foralli > 0 and for all finite locally free Oy-modules J (a special
case of “Cartan’s Theorem B”, e.g., [GuRo], Chap. VIII, A, Theorem 14). Hence Corol-
lary 10.23 holds if U is an arbitrary Stein manifold.

Corollary 10.24 (Theorem of Mittag-Leffler). Ler U C C be open and let S C U be
discrete and closed. For each zy € S let there be given a finite principal part of a Laurent
series

Z a_i(z—zy)™ )
i=1

witha_; € C and r depending on z.

Then there exists a meromorphic function f on U such that f is holomorphicon U\ S
and such that for all zy € S the principal part of the Laurent series expansion at z is given
by (*).

Proof. Let Py be the sheaf on U of functions s: V — cCEN vy cu open, such that
{zo € V; s(z0) # 0} is discrete and closed in V. We think of such a function s as a map
that attaches to z the principal part Y, nai(z — zo)" if s(z0) = (a-1,a-2,a-3,...).
Let My be the sheaf of meromorphic functions on U. We obtain an exact sequence of
sheaves of C-vector spaces

principal part
0—)0[]—)3\/[[/—){.])(/—)0.

As HY(U,Oy) = 0 by Theorem 10.22, the map My (U) — Py (U) is surjective. O
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10.5 Cohomology and Inverse and Direct Image
Remark 10.25. Recall that we defined a functor f~':(Sh(Y)) — (Sh(X)) such that

(f7'9)x = S (10.10)

for every sheaf Gon Y and x € X. More precisely, f ~1G was defined as the sheafification
of the presheaf on X

(f*9)(U) := colim G(V).
Vo f(U)

If G; and G, are sheaves on Y, then f1(G; x G5) = f7(G1) x f7(G,) because filtered
colimits commute with finite limits (Appendix Proposition 13.39). As sheafification com-
mutes with finite limits, the inverse image functor f~! commutes with finite limits. In
other words, it is left exact.

In particular, if G is a sheaf of abelian groups on Y, then the group law a: G x § — G
defines via functoriality a group law

O G = £ x 9 = £E).
Hence f~' yields a functor
1 (Zy-Mod) — (Zx-Mod).

Here we identify (Zx-Mod) with the category of sheaves of abelian groups on X. We
obtain also functors

[Tl (Com(Zy)) — (Com(Zy)),  and  f71:K(Zy) = K(Zy)
by defining £~1(G*) := (--- — f71(G?) — fHGPT) — ...).
Proposition 10.26. The functor f~':(Zy-Mod) — (Zx-Mod) is exact. In particular, if
u:G* — H* is a quasi-isomorphism in (Com(Zy)), then f~'(u): f71G* — f~1H* is
a quasi-isomorphism.
Proof. 1t is left exact by Remark 10.25 and right exact because it is left adjoint to the
functor f, (Proposition 3.49 and Remark 3.53) and in particular commutes with arbitrary

colimits (Appendix Proposition 13.47). O

One can also use (10.10) to prove Proposition 10.26 with less abstract nonsense.
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Remark and Definition 10.27. Let G° be a complex of sheaves of abelian groups on
Y. Choose a K-injective resolution G° % ge. By Proposition 10.26 we obtain a quasi-
isomorphism £~1G* 2> £-19°. Now let s: £~19* -5 J* be a K-injective resolution.
We obtain for all n € Z homomorphisms of abelian groups

fTYH"Y,§") = H'(---— '(Y,J") - 'Y, — ..)
— H'"(--—>T'X, f'9) > X, f7'97thH > ..
S H"(--—>T(X,3") > T(X, ") - ..)
— H"(X, fflgc)’
where the first arrow is given by pullback of sections (Definition 3.57) in every degree. If

G° is concentrated in degree 0, then we can assume that J” = 0 and J” = 0 for all p < 0.
In particular we see that f~! is the usual pullback of sections for n = 0 in this case.

Lemma 10.28. Let F be an injective Zy-module. Then f,(F) is an injective Zy-module.

Proof. LetG — 3 be an injective homomorphism of Zy-modules. Then f~!'G — f~1H
is injective. Therefore the map

Hom(7(, £,9) = Hom(f '3, J) — Hom(f'G,J) = Hom(S, £.J)
is surjective. O

The proof generalizes immediately to the case where f is an arbitrary functor F: A —
B between abelian categories A and B that has an exact left adjoint functor.

Proposition 10.29. Ler f: X — Y be a continuous map, let F be a sheaf of abelian
groups on X and assume that R? f,(F) = 0 for all ¢ > 0. Then we get an isomorphism
H?(Y, f,.F) = HP(X,F) forall p > 0.

Proof. Let0 — F — J° — J' — ... be an injective resolution. Then R? £, (J) is by
definition the complex cohomology of £, (J®). Hence R? f,. () = 0 for all ¢ > 0 implies
that

0— fi(F) — fo(I°) — £i(0H) — ...
is exact. By Lemma 10.28 the abelian sheaves f, (J?) are injective. Hence
HP(Y, fo(F) = HP(+— 0= I'(Y, £(3°) — T (Y, (1) — ...)

=H(—>0->TX7)—IX—...)
= H"(X,9). O
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Corollary 10.30. Let X be a topological space, leti: A — X be the inclusion of a closed
subspace, and let F be an abelian sheaf on A. Then H?(X,i,F) = H?(A,F) for all
p=0.

Proof. Theni,: (Z4-Mod) — (Zx-Mod) is exact by (3.10) and therefore R%i, = O for all
q > 0. Hence we can apply Proposition 10.29. O

Proposition 10.31 (Mayer—Vietoris sequence). Let A and B closed subspaces of a topo-
logical space X. Then for every abelian sheaf F on X there is a long exact sequence

..—> HP(AUB,%) — H?(A,F) ® H?(B,F) — H’(AN B,¥)

10.11
— HP*' (AU B, %) — ... ( )

Here we write H7(A, J) instead of H?(A, J|4). Similarly for the other terms.

Proof. Leti:A— X, j:B— X,k:ANB — X,and[l: AU B — X be the inclusions.
Let G be an abelian sheaf with G, = O for all x € X \ A. Then § — i*(i_19) is
an isomorphism by (3. 10) Hence every morphism of sheaves 3 — §G factors ¥ —
i.(i7'F) — i.(i7'9) = G. As i factors through /, this shows that ¥ — i, (i "' F) factors
through [, (I7'F), similarly for j. These factorizations yield a morphism /,(I7'F) —
iv(i7'F) @ j.(j~'F). The same argument shows that the composition of F @ F — F,
(s,t) = s —t, and of T — k,(k~'F) yields a morphism i,(i 'F) & j.(j 'F) —
k. (k~'F). Moreover, the sequence

0> LI - i('F D j((7'F) = ku(k'F) >0

is exact on stalks by (3.10), hence it is exact. It induces the long exact sequence (10.11)
by Corollary 10.30. O

10.6 Proper Base Change

In this section we will prove the proper base change theorem. We will consider a commu-
tative diagram of topological spaces

w

Z

Let J be a sheaf of abelian groups on X. Then there is a functorial morphism of abelian
sheaves

Py
lf (10.12)
Y.

H—

g AT — qu(p7'TF) (10.13)
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defined as follows. As the functor g~' is left adjoint to g, it suffices to define a func-
torial morphism £,.F — g.(q+(p7'F)) = fi(p«(p~'F)). As p, and p~' are adjoint,
id,-15 corresponds to a morphism F — p,( p~'F). Now we apply the functor f; to this
morphism.

The universal property of a fiber product yields a continuous map W — X xy Z,
w > (p(w), g(w)) and (10.12) is called cartesian if this map is a homeomorphism.

Assume that this is the case and that g is the inclusion of a point Z = {y} to Y. Then
p is the inclusion f~!(y) — X and g, is given by the functor G +— I'(f~'(y). G). Hence
(10.13) is the morphism

(f:F)y — T (/710 F 1) (10.14)

defined as the composition

fi(F)y = ch(’%i?;en?(f (%)

Vay

(4)
i
— choxlror;en?(U) (10.15)

» U2f='(y)
—FUTON =T (0 Tl -

Remark 10.32. Suppose that (10.12) is cartesian. If f is proper (respectively separated),
then ¢ is proper (respectively separated).

Indeed, for “proper” this follows from Theorem 1.30 (iv): If Z’ — Z is a continuous
map, then Z’ xz W = Z’ xy X and hence the projection Z' xz; W — Z’ is closed.
For “separated” we use Proposition 1.25 (ii). Let z € Z and let w,w’ € g~'(z) with
w # w'. As (10.12) is cartesian, p induces a homeomorphism ¢! (z) — f~'(g(z)). In
particular p(w) # p(w’). Hence there exist open disjoint neighborhoods U of p(w) and
U’ of p(w’) in X. Then p~'(U) and p~'(U’) are open disjoint neighborhoods of w and
w’ respectively in W. Hence ¢~ (z) is relatively Hausdorff in .

Theorem 10.33 (Proper base change). Ler a cartesian diagram (10.12) be given and
let F* be a bounded below complex of abelian sheaves on X. Suppose that one of the
following hypotheses is satisfied:

1. The map f is separated and proper.
2. The spaces X and W are Hausdorff hereditarily paracompact (e.g., if X and W are
manifolds or — more generally — are metrizable) and the maps f and q are closed.

Then one has a functorial isomorphism
g (R [.5%) — R'q. (p7'9") (10.16)

foralln > 0, which is given by (10.13) forn = 0.
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For Z = {y} with y € Y we obtain the following corollary.

Corollary 10.34. Let f: X — Y be a continuous map of topological spaces. Let F* be
a bounded below complex of sheaves of abelian groups on X and y € Y. Denote by
iy: f “(y) = X the inclusion. Suppose that one of the following hypotheses is satisfied:

1. The map f is proper and separated.
2. The space X is Hausdorff and hereditarily paracompact and f is closed.

Then one has a functorial isomorphism
R £, = H" (£ 00).5;'(F) (10.17)
foralln > 0, which is given by (10.15) forn = 0.
For the proof of Theorem 10.33 we will use the following result.

Lemma 10.35. Suppose that the hypotheses of Corollary 10.34 are satisfied and let J be
a flabby abelian sheaf on X. Then J|s-1(,) is I'-acyclic forall y € Y.

Proof. 1f Hypothesis 2 is satisfied, then J| s-1(, is flabby by Proposition 10.13 2 and hence
I"-acyclic by Proposition 10.15. Now suppose that Hypothesis 1 is satisfied. Then f~!(y)
is compact and relatively Hausdorff in X. We show that J|s-1(, is soft and hence I'"-
acyclic (Proposition 10.17). Indeed, if A € f~!(y) is closed then A is compact and
relatively Hausdorff in X. Hence by Proposition 9.1 3 we can extend every section s €
J(A) to a section s’ over an open neighborhood U of A in X. As J is flabby, we can extend
5" to a section § over X . Its restriction to f~'(y) extends s. O

Proof (Proof of Theorem 10.33). (i). We first show the claim forn = 0 and for F* = &
concentrated in degree 0. We have to show that (10.13) is an isomorphism. This we can
do on stalks. Therefore we may assume that Z = {y} for some y € Y. Hence it suffices
to prove Corollary 10.34 for n = 0 and J°* = J. We show that the morphisms (A) and
(B) in (10.15) are isomorphisms.

Morphism (A) is an isomorphism because of Appendix Proposition 12.11 as both hy-
potheses imply that f is closed. To see that Morphism (B) is an isomorphism we can
apply Proposition 9.1. If Hypothesis 2 is satisfied, then every neighborhood of f~!(y) is
Hausdorff paracompact. If Hypothesis 1 is satisfied, then f~'(y) is compact because f
is proper and a relatively Hausdorff subspace because f is separated.

(ii). Next we show that for every flabby abelian sheaf J on X the pullback p~'J is
acyclic for the functor ¢.,.

For every z € Z we have (p’13)|,171(z) = J|f-1(¢(z)- Hence Lemma 10.35 shows that
the restrictions of G := p~!J to the fibers of ¢ are I'-acyclic.
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Let0 > G —>J°—>Jg!' — ... bean injective resolution. We have to show that

0—>q*9—>q*30—>q*31—>...

is exact. We check this on stalks at all z € Z. Now the hypotheses of Theorem 10.33
imply that the hypotheses of Corollary 10.34 are satisfied for the morphism ¢ (for Hypoth-
esis 1 use Remark 10.32). Hence we can apply Corollary 10.34 for the map g andn = 0
and for complexes concentrated in degree 0, which we already proved in (i). Therefore it
suffices to see that

0T (¢7(2).S11()
-1 0 -1 1 )
= I (¢7'2).81¢) = T @7 (@).8 1) — -
is exact. As J? is flabby (Proposition 10.12), Lemma 10.35 shows that Hp‘q—l(z) is -
acyclic for all p and all z € Z. Hence §j,-1(;) = J°4-1(-) computes the cohomology
of §j,-1(:) by Proposition 10.8. As we have already seen that §,-1(.) is I"-acyclic, (*) is
exact. _
(iii). 'We now conclude the proof. Choose an injective resolution J° 29 I
particular J* is bounded below and consists of flabby abelian sheaves (Proposition 10.12).
By definition of R" f, we have

R'f(F)=H"(--+ > (I — fIP ).
As taking inverse images is exact (Proposition 10.26), we deduce

g (R" £.(T%)

H" (= g '(£I7) — g ' (LI7TH) — ..))

(**)
H" (- = q(p7'97) — q.(p~ 177t — ..)

=
-

As p~! is an exact functor, we see that p~'J* is a resolution of p~!J*. It consists of
g«-acyclic sheaves by (ii). Hence (**) computes R"q,(p~'F*) by the analogue of Propo-
sition 10.8 for the functor g.,. O

Corollary 10.36. Let X, Y, f be as in Corollary 10.34 and let F be an abelian sheaf on
X. Assume that

H' (F70.i'F) =0 *)
foralln > landy €Y. Then

H"(Y, £.9) = H'(X, 7).

Proof. By Corollary 10.34, (*) implies R" f,(F) = 0 for all n > 1. Hence we can apply
Proposition 10.29. |
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10.7 Problems

Problem 10.1. Let (X, Ox) be a ringed space. Show that every bounded below complex
of Ox-modules has an injective resolution.

Hint: Let 3 be an Oy -module and for every x € X let F, < [, be an injective Oy ,-linear
map to an injective Oy ,-module /,, (Appendix Problem 15.14). Show that U +— J(U) :=
[1.cu I: is an injective Oy-module and that the canonical homomorphism ¥ — J of
Ox-modules is injective. Conclude by Appendix Problem 15.11.

Problem 10.2. Let A and A’ be abelian categories, let F: A — A’ be a left exact
functor and let (F",8),>0 be a §-functor extending F. Show that (F",§),>¢ is universal

if for all » > 1 and for every object X in A there exists a monomorphism u: X — Y in
A such that F"(u) = 0.

Problem 10.3. Let X be a topological space, x € X, A be an abelian group, and let A be
the skyscraper sheaf in x with values A (Problem 3.6). Show that H”(X, A) = 0 for all
p > 0.

Problem 10.4. Let (X, Ox) be a ringed space, let F* be a bounded below complex of Oy -
modules, and let U, V' € X be open. Show that there exists a Mayer—Vietoris sequence

...—> H(UUV,5*) - H' (U, F)® H(V,F*) > H (U NV, 5
— HPY U UV, 5% — ...

Hint: Show that for every flabby sheaf A of abelian groups on X the sequence
s> (s1U.51v) (s,t)>s—t
0—-AUUYV) — AU)dAWV) — AUNV)—=0

is exact.

Problem 10.5. Let A be an abelian group, n > 1, p > 0 and write H” (X, A) instead of
H?(X,Ax). Let A, :={a € A; 2a = 0}. Show that

A, if p=0orif p =n and n odd;

A/2A, if pisevenand 0 < p < n;

HY @' R). A) = 1/ pisey p=
A, if pisoddand 0 < p < n;

0, otherwise

and

HP(IFM(C),A) ~ A, lfpls even andO§ p 52}1;
0, otherwise.
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Problem 10.6. Let X := P!(C).

1. Show that H3;(X) =~ H2g(X) =~ C and Hz(X) = 0. Deduce that HJz(X) is not
isomorphic to the quotient of the space of closed holomorphic 2-forms by the space of
exact holomorphic 2-forms.

2. Show that H%(X,0x) =~ HY(X,2}) =~ C and HY(X, %) = 0 for all (p,q) ¢
{(0,0), (1. D).

Hint: Problem 10.4.

Problem 10.7. Generalize the results of Problem 10.6 (2) and show that

C, ifo< =q <n;
H (P"(C), o)) = pR=p=a=n
0, otherwise.

Problem 10.8. Let M be a real C%-manifold with ¢ < oo and let Picc (M) be the group
of complex C*-line bundles on M. Show that the complex exponential sequence induces
an isomorphism of abelian groups Picc (M) — H?(M, Zy).

Problem 10.9. Let f: X — Y be a continuous map and let F* be a bounded below

complex of abelian sheaves on X. Show that R" f,(J°) is the sheaf associated with the
presheaf V > H"(f~'(V),F*) foralln € Z.

Problem 10.10. Let M be a real simply connected manifold. Show that every closed
1-form is exact.

Problem 10.11. Show that on the real C *°-manifold S' there exists a non-exact 1-form
o that is unique up to multiplication with A € R*. What is @?

Problem 10.12. Let f: X — Y. Show that the proper direct image functor f; (Prob-
lem 3.16) from the category of abelian sheaves on X to the category of abelian sheaves
on Y is a left exact functor. Its right derived functor by R”" f, is called higher direct image
with compact support. If f is the unique map to the space Y consisting of a single point,
then we consider R" f(F*) as an abelian group for every complex JF* of abelian sheaves.
This abelian group is called the n-th cohomology with compact support and it is denoted
by H”(X,F*). We write I.(X,) instead of H?(X,").

Prove for locally compact Hausdorff spaces an analogue of the Mayer—Vietoris se-
quence for closed subspaces (Proposition 10.31) for the cohomology with compact sup-
port.
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Problem 10.13. Let X be a locally compact Hausdorff space (respectively a paracom-
pact Hausdorff space), U € X open, Z := X \ U. Show that the exact sequence in
Problem 3.18 yields for every abelian sheaf J a long exact sequence of cohomology with
compact support (Problem 10.12)

-+ — H!U,Fy) - H/(X,F) > HNZ,F7) > H'"' (U, Fjp) —> ...
(respectivey a long exact sequence

o= H"(U,Fy) - H"(X,F) - H(Z,F12) > H""' (U, F ) — ...)

Problem 10.14. Let X be a paracompact locally compact Hausdorff space and let I be
an abelian sheaf. Show that the following assertions are equivalent:

(1) Fis soft.

(i) H"(X, ji(F|y)) = Oforalln > 1 and for every open topological embedding j: U —
X.

(iii) H'(X, ji(F|v)) = 0 for every open topological embedding j: U — X.

Here j is the proper direct image (Problem 3.16).
Hint: Problem 10.13.

Problem 10.15. Let X be a locally compact Hausdorff space. A sheaf I on X is called
c-soft if the restriction map F(X) — F(K) is surjective for every compact subspace K
of X.

1. Show that for an abelian sheaf J the following assertions are equivalent:

(i) T is c-soft.

(i) H!(X, j)(Jy)) = 0 (Problem 10.12) for all n > 1 and for every open topological

embedding j: U — X.

(i) H!(X, ji(F|v)) = 0 for every open topological embedding j: U — X.

Hint: Problem 10.13.
2. Show that every colimit of c-soft abelian sheaves on X is a c-soft abelian sheaf.
3. Show that the functors H/ (X, ) commute with colimits.

Problem 10.16. Let M be a real C*-manifold with « < co. Show that any soft sheaf
on M is c-soft (Problem 10.15) and deduce that H (M, &) = 0 for all n > 1 and every
C4;-module €.

Problem 10.17. Let U C R be open and connected.

1. Show that Fs s
0— Ry — € ——C) —0

is an exact sequence of R-vector spaces.
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2. Show that H’(U,Ry) = R (Problem 10.12) forn = 1 and H!(U,Ry) = 0 for

n # 1. ,
Hint: The sequence 0 — I.(U,Cl)) dadd r.(U,¢Y) —[> R — 0 is exact, where

[ f= /% f(x)dx.

Problem 10.18. Let X be a topological space and A € X a closed subspace. For every
sheaf of abelian groups J define

Iy(X,9):={sel(X,F); supp(s) S A}.

Show that I4(X,-) is a left exact functor from the category of abelian sheaves to the
category of abelian groups. For every complex A°® of abelian sheaves H f (X, A% =
RP T4 (X, A®) is called the local cohomology group with support in A.

Problem 10.19. Let X be a topological space, A € X closed and U := X \ A. Show
that for every bounded below complex of abelian sheaves A°® one has an exact sequence

o> HI'(X,A%) > HP(X,A%) - HP(U,A*) - H'P' (X, A%) — ...,
where H} (X, -) denotes the local cohomology with support in 4 (Problem 10.18).

Problem 10.20. Let A be an abelian category with injective and K-injective resolutions.

s
Let M* and N *® be complexes of objects in A and choose a K-injective resolution N * RN
I°. For p € Z the abelian group

Ext) (M*®, N*®) := Homga)(M*, I°[p]).

is called the Ext group of M* and N°*. Here the shift [p] is defined in Appendix Prob-
lem 15.1.

1. Show thatif M* 2> J*isa quasi-isomorphism, then
EXt_l;l(M., N.) = HOIIlK(Jq)(J., I.LD])

2. Show that the group Extf,4 (M*, N*) does not depend on the choice of the K-injective
resolution of N *® up to unique isomorphism and that M *® Extf,4 (M*,N®)and N°*
Extly (M*, N*) define functors K(A)° — (Ab) and K(A) — (Ab) that send quasi-
isomorphisms of complexes to isomorphism of abelian groups.

3. Show that for all objects M and N of A (considered as complexes concentrated in
degree 0) one has Ext (M, N) = Hom4 (M, N).
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4. Show that for p,q € Z and for all complexes M* N ®, P* of objects in A and all
K-injective resolutions M * q—) J,N*—I°, P* 2% K the composition

Homg(a)(J*. I*[p]) x Homg(a)(K*, J*[q]) — Homg(a)(K*. I*[p + q]).

(v,u) > v[g]ou
yields a well-defined Z-bilinear map
U:Exth (M*,N®) x Ext), (P*, M*) — Extﬁ+q(P', N*®), (10.18)

which is called the Yoneda product. Show that the Yoneda product is associative and
makes P, Ext) (M*, M*) into a ring.

5. Show that for every object M of A the p-th right derived functor of the left exact
functor A — (Ab), X — Hom (M, X), is the functor X +— Ext’ (M, X).

Problem 10.21. Let (X,0Oyx) be a ringed space. Show that for all Oy-modules F
and all p € Z there is a functorial isomorphism H7” (X, ) = Extgx (Ox,F) (Prob-
lem 10.20). Deduce that the Yoneda product (10.18) endows EBP H?(X,0yx) with the
structure of a ring and @p H?(X,J) with the structure of a right module over the ring
@p H?(X, Oy). The scalar multiplication

H?(X,F)x H1(X,0x) — HPT(X,T), E.a)—EVUa
is called the cup product.

Problem 10.22. Let M be a real manifold. Show that via the isomorphism @ H?(M,

Kar) S @ H{x (M) the cup product (Problem 10.21) on the left-hand side corresponds
to the exterior product (w, 1) — w A n of differential forms on the right-hand side.

Problem 10.23. Let X be a topological space andlet 1 - A — G — H — 1 (¥) be
an exact sequence of sheaves of groups on X such that A is in the center of §. Show that
there exists a functorial morphism of pointed sets d: H'(X,H) — H?(X,A) such that
H'(X,9) — H'(X,H) 2 H 2(X,A) is an exact sequence of pointed sets and such that
d is the usual connecting morphism if (*) is a sequence of sheaves of abelian groups.
Hint: Apply () to (¥).

Problem 10.24. Let M be a real manifold. Show that every principal PGL, (R)-bundle
(respectively every principal PGL,, (C)-bundle, where we consider PGL,,(C) as a real Lie
group) over M comes from a principal GL, (R)-bundle (respectively a principal GL,, (C)-
bundle) by the functoriality of bundles (Remark 8.23) if and only if H*(M, (Z/27Z)y) =
0 (respectively H3(M, Zy;) = 0).

Hint: Use Problem 10.23 and the exponential sequence.

Remark: In Corollary 11.14 we will see H>(M,(Z/27)y) = H3(M,Zy) = 0if M is
a contractible manifold.



Cohomology of Constant Sheaves

In this chapter we focus on cohomology of constant sheaves. We start by defining singular
(co)homology and then show that for a locally contractible space X singular cohomology
with values in a ring R and the cohomology of the constant sheaf Ry are equal. We deduce
that Ry is acyclic if X is contractible and locally contractible.

Combining this result for X = [0, 1] and the proper base change theorem we deduce
homotopy invariance of cohomology of constant sheaves for continuous maps between
arbitrary topological spaces in Sect. 11.3. We conclude the chapter with some easy appli-
cations.

Notation: Let R always be a commutative ring and let X be a topological space.

1.1 Singular Cohomology

In this section we define singular cohomology and show that it vanishes on contractible
spaces.

Definition 11.1. Let n € Ny and set [n] := {0,...,n}. Lete; € R = R"*! be the i-th
standard unit vector fori = 0, ..., n.

1. The n-dimensional standard simplex is

A" ;:A[n] = (zo,,_,,t,,)e]R”“;Ztizl,t,’ZO .
i=0

Then A° = {1} C R. We identify

A ={(to.t)): 0<to=1—1, <1} =0, 1], (to, 11) > 1.

© Springer Fachmedien Wiesbaden 2016 233
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A? is an equilateral triangle, A? is a tetrahedron.
Every weakly increasing map «: [m] — [n] induces an affine map

m m
A(a): Alm] — Aln], Zliei — Zl‘iea(i)-
i=0 i=0

Then A(x o ) = A(a) o A(B) and A(id) = id.

. For0 <i <nletd!:[n—1] — [n] be the weakly increasing injective map that misses

the value i. Then §7*' 08! = 8" 087 fori < j (both compositions miss i and j).
Set
d' = A@S}): Aln — 1] — A[n].

This maps A[n — 1] injectively on the “i-th face of A[n]”. For instance
di()=(0,1)e A" 4d!/(1)=(1,0)e A
By functoriality one has

di*'od! =d!"" od} fori < j. (11.1)

j—1

Definition 11.2. Let X be a topological space, n € Nj,.

1.

2.

A continuous map o: A" — X is called a (singular) n-simplex in X. The set of n-
simplices in X is denoted by X, (X). The i-th face of 0 is 0 o d]' (an (n—1)-simplex).
Denote by S, (X) the free abelian group with basis the set of singular n-simplices in
X. Set S,,(X) :=0forn < 0. An element of x € S, (X) is called a singular n-chain.
We think of x as a formal finite linear combination x = ZU Neo,Nny € 7.

. Let G be an abelian group. A singular n-cochain with values in G is amap X,(X) —

G. Equivalently, it is a group homomorphism S,(X) — G. We denote the group of
singular n-cochains with values in G by S" (X, G) = Homgz(S,(X), G).

4. Define boundary operators for all ¢ € Z:
q .
0: Sy (X) > Sy (X). oY (1) (00df),
i=0
381X, G) » STUX,G),  3(p) = (=) (9 0 dyr1).
Example 11.3.
1. One can identify Xo(X) = X (as a set), So(X) = Z™) and

S%X,G) = {¢: X — G map}.
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2. Associatingtoo € X (X) the path [0,1] — X, + o (¢, 1 —t) yields an identification
of ¥1(X) and the set of paths in X. Hence ¢ € S!'(X,G) is a map that attaches to
each path in X an element in G. For 0 € X |(X), considered as a path [0,1] — X,
one has

d1(0) =a(1) —a(0) € Sp(X).

For ¢ € S°(X, G) considered as a map X — G one has
3(@)(0) = —p(81(0)) = ¢(6(0)) — ¢(a (1))
for a path o in X. In particular

Ker(3°) = {¢: X — G | ¢(x) = ¢(y) if x and y are in the same (11.2)
path-connected component}. '

Lemma 11.4. Forall g € Z one has d; 0 9,1 = 0 and 37 0 3~' = 0. In particular we
obtain complexes

—>Sz(X)—>S1(X)—>SO(X)—>0—> (11.3)
—>O—>S(XG)—>S(XG)—>S(XG) . (11.4)

Proof. It suffices to show 9, 0 9,1 = 0. We decompose

q q-1
04010 = Y Y (~1)i (aod;]odl-q_l)

j=01i=0

into the parts 3, _; and }_,_ ;. When we rewrite the first sum using (11.1), the result is
the negative of the second sum. O

Definition 11.5. We define for all n € Z the singular homology

Ker(d,: Sy(X) = S,_1(X))

Hsing X) = HSiﬂg X.7Z) :=
ae( ) n (X.Z) Im(9,41: Sy+1(X) = Sy(X))

and the singular cohomology or Betti cohomology with coefficients in G

Ker(d": S"(X,G) — S"™ (X, G))

(X.6) =1 (1. S" (X, G) — S"(X,G))’

smg

Hence both the fundamental group and H 15 ing (X, Z) consist of equivalence classes of
paths. These groups are related as follows (see Problem 11.5 or [tDi] (9.2.1)).



236 1 Cohomology of Constant Sheaves

Remark 11.6. Let X be a path connected space, xo € X . Attaching to the homotopy class
[y] € m1(X, xo) its class in H,"™(X, Z) yields a well-defined isomorphism of groups

(X, x0)™ > H'™(X, 7).

Here for any group G we denote by G its maximal abelian quotient, i.e., G =
G/|G, G], where the commutator subgroup [G, G] is the subgroup of G generated by all
commutators ghg~'h~!, which is a normal subgroup of G.

Definition and Remark 11.7. Let R be a commutative ring.

1. We also define H,fing(X, R) by replacing S, (X) by the free R-modules S, (X, R) :=
R (X)) with basis the set of singular n-simplices in X. Then

B S (X R) 2 81 (X, R) s Sp(X,R) —> 0 —> .. (11.5)

is a complex of R-modules and we obtain the singular homology with values in R,
denoted by H,"(X, R). Then S, (X) = S,(X,Z) and S,(X,R) = S,(X) ®z R.
2. If G = R, then (11.4) is a complex of R-modules with S”(X, R) = S, (X, R)" (dual
as R-module) and 97 is up to the sign (—1)7*! the dual map of dg+1. In particular,
Hs’i‘ng(X, R) is an R-module.
Example 11.8. Let R be a commutative ring. Then HJ"$(X,R) = R™(X) where
1o(X) is the set of path-connected components of X.

As forming the dual of an R-module is in general only left exact (and not an exact
functor), the relation between the dual of the homology of a complex of modules and the
homology of the complex of the dual modules is in general quite complicated and best
expressed via spectral sequences. We use only the following general fact for complexes of
free R-modules (e.g., [BouA3] Chap. X, §5.6, Cor. 3 and Cor. 4 de Théoreme 3). Variants
of the version given here are sometimes grouped under the universal coefficient theorem
for singular cohomology.

Proposition 11.9. Let n € Z and let R be a commutative ring. Assume one of the follow-
ing two conditions:

(@) R is a principal ideal domain and that H,,Sif‘lg(X, R) is a free R-module.
(b) Hy,"8(X, R) is a free R-module forallm < n — 1.

Then
H.,,(X.R) = H{"(X, R)" = Homg (H" (X, R), R) . (11.6)

sing



1.1 Singular Cohomology 237

Corollary 11.10. ‘

1. Let K be a field. Foralln € Z one has Hs’i’ng(X, K) =~ H,"(X,K)".

2. Let R be a commutative ring. If n < 1 then one has Hs’i’ng(X, R) =~ H,"®(X,R)¥
because Hy (X, R) is a free R-module for allm < 1 by Example 11.8.

We encourage the reader to prove 1 directly using the fact that every subspace U of a
K-vector space V is a direct summand and hence any linear map on U can be extended
to V.

Definition and Remark 11.11. Let Y be a topological space. Define the cone over Y by
C(Y) =¥ x[0.1])/ ~.

where (y,1) ~ (y',t')if y =y’ andt =t < lorift =t = 1. Endow C(Y) with the
quotient topology. Then C(A") = A"*!,

Proposition 11.12. Let X be a contractible space and let R be a commutative ring. Then
one has for alln > 0
H'"(X, R) = Hg, (X, R) =0.

More generally, one can show that if f, g: X — Y are homotopic continuous maps
of topological spaces, then they induce homotopic morphisms of complexes S, (X, R) —
Se(Y, R). In particular, they induce the same map on the singular homology. This gives
a connection between the topological notion of homotopy and the algebraic notion of
homotopy between morphism of complexes.

Proof. Set I := [0, 1]. By Proposition 11.9 it suffices to show that H;"(X, R) = 0 for
alln > 0. Let p € X andlet F: X x I — X be a homotopy of idy and the constant map
X — X, x> p.

Define a morphism of complexes €: S¢(X, R) — So(X, R) by ¢, := 0 forn # 0 and
e0(Y_ ey nxX) := (D_, ny)p (where we identify O-simplices in X and points of X). It
suffices to show that there exists a homotopy between the morphism of complexes & and
ids, (x.r) (then they induce the same maps on H, (X, R) and hence id psve gy = 0 for
alln > 0).

Leto: A" — X be an n-simplex in X. Then F o (o xid;): A" x I — X factors through
C(A") = A™! and hence induces an (n + 1)-simplex &,(0): A” — X. This defines
homomorphisms %,,: S, (X, R) — S,+1(X, R). One easily checks (h,), is the desired
homotopy (note that the numbering for homotopies is reversed because the differential in
the complexes here lowers the degree). O
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1.2 Cohomology and Singular Cohomology

We now compare singular cohomology with values in a commutative ring R and sheaf
cohomology of the sheaf of locally constant R-valued functions. In the sequel we will
write H" (X, R) instead of H" (X, Ry) forall n > 0.

Theorem 11.13. Let X be a locally contractible space (e.g., a premanifold) and let R be
a commutative ring. Then there is for alln € Z an isomorphism H" (X, R) = Hs’i’ng(X, R)
of R-modules.

Proof. (i). For V. € U € X open we have X, (V) € X,(U) and we define a surjective
map
S"(U, R)—)Sn(V,R), (pl—>q0|2”([/).

Let 8% be the sheafification of the presheaf of abelian groups U — S"(U, R). Then one
easily checks that for U € X open one has

8H(U) = 8"(U,R)/S"(U, R)o. (*)
where
S"(U, R)y = {(p € §"(U, R) ; 3 covering (V;); of U with ¢ 5, y;) = 0 for all i}.

As S"(U,R) — S™(V, R) is surjective for V' C U, (*) shows in particular that the
sheaves &', are flabby.

(ii). The map 9" yield morphisms of sheaves of abelian groups 0": 8%, —> 8’}’;rl and
we obtain a complex

a(] al 32
0 1 2 sk
00— 8% sk 82 (%)

of Zx-modules. As X is locally path connected, a map X — R is locally constant if and
only if it is constant on path-connected components. Hence (11.2) shows that Ker(3°) =
Rx.

Moreover, the complex (**) is exact in all degrees > 0. Let x € X. By hypothesis
on X we can compute stalks of presheaves in a point x by taking colimits only over
open contractible neighborhoods of x. Now Proposition 11.12 shows that for all open
contractible neighborhoods U of x the complex of cochains S*(U, R) is exact in degree
> 0. This implies that 8% is exact on stalks and hence exact in degree > 0. Therefore we
have seen that

qis e
RX —> SR

is a flabby resolution of Ry and hence

H"(X,R) = H" ( — 82(X) — LT (X) — )



1.2 Cohomology and Singular Cohomology 239

(iii). Let p:S*(X,R) — 8%(X) be the morphism of complexes induced by (*). It
remains to show that p is an isomorphism in the homotopy category K(R). This follows
from the “theorem of small chains” ([tDi] Theorem 9.4.5). O

Corollary 11.14. Let X be a contractible locally contractible space. Then H" (X, R) =
0 for all n > 0 and for every commutative ring R.

Proof. Proposition 11.12 and Theorem 11.13. O

Corollary 11.15. ' Let M be a contractible real C®-manifold, n > 1. Then every closed
n-form on M is exact.

Proof. We have

{closed n-forms on M} Theorem 10.20

= H"(M,R)
{exact n-forms on M}
Corollzﬂ/ 11.14

0. a

By Remark 10.21, Corollary 11.15 also holds for real analytic manifolds.
Let us give a proof of the Weierstra3 theorem from complex analysis using Corol-
lary 11.14.

Example 11.16. Let X be a connected 1-dimensional complex manifold (for instance an
open subset of C). Let U € X be open. A divisor on U is anelement D = (n.).cy € ZY
such that supp(D) :={z € U ; n,; # 0} is a closed and discrete subspace of U. Denote
the set of divisors on U by Dy (U). We obtain an abelian sheaf Dy of Z-valued functions
on X with stalks Dy , = Z forall x € X.

Let M} be the sheaf of those meromorphic functions f on open subspaces U of X
such that 1/ f exists as meromorphic function (i.e., a meromorphic function f on U is in
M3 (U) if fyw # 0 for every connected component W of U). Let zo € X. To describe
the stalk My . we choose a chart of X at zy and hence may assume that X € C is open.
Then My , is the abelian group of non-vanishing Laurent series with finite principal parts
Y nom @n(z — 20)", @y # 0, that converge in U \ {zo} for some open neighborhood U of
Zo 1;1 C.

Forevery f € M3 (U) letdivy (f) := (ord.(f)):ev € D(U), where ord. (/') denotes
the order of vanishing of f at z (equal to —k € Z  if z is a pole of order k for f). We
obtain a morphism of abelian sheaves div: My — Dy, which is given on stalks by sending

!'Note that this corollary is something of a circular statement because it uses the Poincaré lemma
for smooth manifolds, which is often proved by showing this corollary first.
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Zan ay(z — zp)" with a,, # 0tom € Z. In particular, it is surjective. Therefore we get
an exact sequence of abelian sheaves

1—>O§—>M§ﬂ>'DX—>O.

The long cohomology sequence shows that for every divisor D on X there exists a mero-
morphic function f on X with div(f) = D if and only if Pic(X) = H'(X, 03) —
H'(X,M3) is injective.

To analyze Pic(X) we use the complex exponential sequence (Example 8.11). It yields
an exact sequence

o> HY(X,0x) = Pic(X) > HX(X,Z) » H*(X,0x) — ...

If X € C is open, then H(X,0x) = 0forall i > 1 (Theorem 10.22) and we obtain
an isomorphism Pic(X) S H 2(X,Z). In particular it follows from Corollary 11.14 that
Pic(X) = 1if X is contractible’. Hence in this case every divisor on X comes from
a meromorphic function.

11.3 Homotopy Invariance of Cohomology

Lemma 11.17. Let X be a topological space and let p: X x [0, 1] — X be the projection.
Then the pullback maps (Definition 10.27)

p " H"(X,R) > H"(X x[0,1], R)
are isomorphism of R-modules for all n > 0 and for every commutative ring R.
Proof. As [0, 1] is Hausdorff and compact, p is proper and separated (Proposition 10.32).
Moreover we have p,(Rxxjo,1]) = Ry (Example 3.44).
By Corollary 11.14 we have H"(p~!(x), R) = H"([0,1], R) = 0 for all n > 0 and
x € X. Therefore the result follows from Corollary 10.36. (|

Theorem 11.18 (Homotopy Invariance of Cohomology). Let X and Y be topological
spaces, and let f,g: X — Y be homotopic continuous maps. Then

f'=g¢g "““H"(Y,R) - H"(X,R)

for all n > 0 and for every commutative ring R.

21In fact it can be shown that H?(X,Z) = 1 for every open subspace X of C (see for instance
[Ive] VI, 6.8., considering X as an open subset of P! (C)).
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Proof. Fort =0,11leti;: X — X x[0,1],4,(x) = (x,1). Let p: X x [0,1] — X be the
first projection. Then p o i, = idy. Hence the composition

L .
H"(X,R) 2> H"(X x [0,1], R) - H"(X, R)

is the identity. As p~' is an isomorphism by Lemma 11.17, we see that iy ' = i| ! and
that both maps are isomorphisms.

Let F be a homotopy between f and g. Then F oiy = f and F oi; = g and hence
fl=igloFl=ifloF =g O

Corollary 11.19. Let X and Y be topological spaces and let f: X — Y and g:Y — X
be continuous maps such that g o f is homotopic to idy and such that g o f is homotopic
toidy. Then [ and g induce mutually inverse isomorphisms

H"(X,R) =~ H"(Y,R)

for all n > 0 and for every commutative ring R.

1.4 Applications

Example 11.20. Letn € N and let R be a commutative ring. Let
S"={xeR"™; xj+--+x;=1}.

Define S} = {x € §"; £x,, > 0}. Each of these half spheres is homeomorphic to the
closed unit ball in R" and in particular contractible. Moreover, ST N S = § "=1 Hence
the Mayer—Vietoris sequence (Proposition 10.31) has the form

0— HS",R) > H"(S",R)® H°(S".R) - H°(S""".R) > H'(S", R)
N (11.7)
—-0—>--—>0—> H" ("' R) > H”’(S",R) > 0 — ...

Hence we see

H"(SI,R) _ R, forp=0,1I;
0, otherwise.

Moreover we have H°(S", R) = R because S” is connected. Hence (11.7) shows by
induction that for all # > 1 one has

Ho(st Ry = | & forp =0 (11.8)
0, otherwise.
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Corollary 11.21. Letn > 2. Let xg € R" and X := R" \ {x¢}. Then

R, forp=0,n—1I;
HP(X,R) = orp="5n (11.9)

0, otherwise,
for every commutative ring R. In particular we see that X is not contractible.

Proof. We may assume that xo = 0. The inclusion i: §"~! < X := R” \ {0} is a ho-
motopy equivalence (Example 2.4). Hence the claim follows from Example 11.20 via
homotopy invariance (Corollary 11.19). O

Corollary 11.22. Let f:R" — R™ be a homeomorphism. Then n = m.

Proof. The homeomorphism f induces a homeomorphism R” \ {0} SR \{f(0)} and
hence an isomorphism H”(R"\ {0}, Z) — H?(R™\{f(0)},Z) for all p. Now the claim
follows from Corollary 11.21 O

Corollary 11.23 (Brouwer’s fixed point theorem). For n € N let D" = {x €
R™; |x|, < 1} be the closed unit ball. Then every continuous map f: D" — D" has
a fixed point (i.e., there exists x € D" with f(x) = x).

Proof. Assume that there exists a continuous map f: D" — D" without fixed points.
Then we can construct a continuous map 7: D" — S~ as follows. Let r(x) denote the
point, where the half line starting in f(x) towards x intersects S"~!. Leti: S"~! — D"
be the inclusion. As r o i = id, the map

i~ H"\(D".Z) - H"'(S"". Z)
is surjective. But for n > 2 one has H"~!(D",Z) = 0 because D" is contractible and

H"1($""',Z) = Z by (11.8). Forn = 1 one has H*(D',Z) = Z and H°(S°,7Z) =
72. In both cases we obtain a contradiction! O

Forn = 1, D!is a closed interval and Brouwer’s fixed point theorem is also a standard
application of the intermediate value theorem.

1.5 Problems
In the problem section, R always denotes a commutative ring.

Problem 11.1. What is the chain complex S.(X) for X consisting of a single point?
What are H,"(X) and HE . (X, R)?
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Problem 11.2. Let X be a topological space and let (X;); be its family of path compo-
nents. Show that H, *(X) = @@, H, *(X;) forall n > 0.

Problem 11.3. Suppose that R # 0. Show that H},(X°, R) # H°(X°, R) with X°
defined in Problem 2.7.
Problem 11.4. Let R be a commutative ring without Z-torsion (e.g., if R is a Q-algebra).
Show that H,"(X, R) = H,"™(X) ®z R (¥).

Give an example such that (*) does not hold for R = Z/27Z.
Hint: R is a flat Z-module (Appendix Problem 14.9). For the example see Problem 7.6.

Problem 11.5. Let X be a topological space, let xo € X. Show that (X, X0)% =
H ls ""8(X, Z). The following steps might be useful:

1. Let o,t:[0,1] — X paths with o(1) = 7(0). Let w € X(X), (to,t1,12) +— (0 -
7)(t;/2 + t). Show that dr(w) =0 +7—0 - T.

2. Let H: A!' x [0,1] — X be a homotopy o ~ 1 of paths 0, 7: A' — X relative to
{0, 1}. Show that H factors through the quotient map Al x [0,1] — A2, (to, 11, 1) —
(to, t1(1—1), t;7) and hence yields an element n € X, (X). Show that d,(n) = c+o—t,
where c is a constant map.

3. Deduce from (1) and (2) that attaching to a path o in X with start and end point X its
class in Hy "% (X, Z) yields a well-defined group homomorphism /y v : 71 (X, x0)® —
H;"™(X,Z), where ()* denotes the maximal abelian quotient.

4. Suppose that X is path connected. Choose for every x € X a path y, from x, to x.
Let 0 € X (X) and let k(o) be the closed path (ys() - 0) Yo(1)- Show that the linear
extension k of k to Ker(0,) yields an inverse to hy .

Hint: To show that k maps Im(d,) to 0 use that A? is contractible and deduce that for
€ X5(X) one has w; - wy = w; if w; := w o d? is the i-th face of w.

Problem 11.6. Show that H”(R", R) = R (Problem 10.12) and H/(R", R) = 0 for
p#n.

Hint: Problem 10.13.
Problem 11.7. What is dimg (Hjz (R \ {0})) forn > 1, p > 0?
Problem 11.8. Let X be a topological space. Then

bi(X) := dimg H™(X,Q) e NgU {00}, k>0

is called the k-th (rational) Betti number of X. Suppose that by (X) < oo for all k and
that b (X)) # O for only finitely many k. Then

2(X) = (=1)Fbi(X)

k=0
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is called the Euler characteristic of X . Determine the Betti numbers of S”, of P”(R) and
of P"(C) and deduce that

2, ifniseven; 1, ifniseven;

x (8" = o x(P"(R)) = o
0, ifnisodd; 0, ifnisodd;

and y(P"(C)) = n + 1. Show that there exist no integers n,m > 1 such that P"(R) and
P (C) are homotopy equivalent. Show that S¥ is not homotopically equivalent to any
projective space for k > 3. What is with k = 1,2?

Hint: Problem 10.5.

Problem 11.9. Letn > 1. Show that Endz (H"(S",Z)) = Z. For every continuous map
f:8" — S"letdeg(f) := f~! € Endz(H"(S",7Z)) = Z.

1. Show that deg( /) depends only on the homotopy class of f and that deg(f o g) =
deg( /) deg(g) for all continuous maps f, g: S" — S”.

2. Identify S' = {z € C ; |z| = 1}. Show that deg(z > z¥) = k forall k € Z.

3. Let f:S" — S” be induced by an orthogonal matrix S € O, (R). Show that
deg(f) = det(S).

4. Let f:S" — S" be without fixed points. Show that f is homotopic to —idg» and
deduce deg(f) = (—1)"*!.

5. Show that a continuous map f:S” — S” is homotopic to a constant map if and only
if it is not surjective. Show that in this case there exist x, y € S” with f(x) = x and
J) =—y.

6. Let G be a non-trivial group that acts freely on S”. Show that G =~ Z /27 if n is even.

Problem 11.10. Show the hairy ball theorem. Let X = S" with n even. Show that every
continuous section s of the tangent bundle 7y — X has a zero.

Hint: Consider s as a continuous map s: S” — R”*!. If s has no zero then one can assume
that s(x) € S” for all x € S”. Then use Problem 11.9.
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In this appendix some basic notions in point set topology are recalled. We assume that the
reader has already some familiarity with the concepts in this chapter and in particular with
the notion of a metric space. For the convenience of the reader we included some proofs
such that this chapter might also serve as a rather brisk introduction to point set topology.
For a detailed introduction to this topic we refer to [BouGT1] and [BouGT2].

12.1 Topological Spaces

Definition 12.1 (Topological space). Let X be a set. A topology on X is a set T of
subsets of X such that 7 is stable under arbitrary unions and under finite intersections.
The pair (X, T), usually denoted simply by X, is called a ropological space and the
subsets in T are called open. A subset of X is called closed if its complement in X is
open.
If 7 and T are topologies on X, then we say that T is coarser than T or, equivalently,
that 7" is finer than T if T C T,

Note that the properties of a topology 7 on a set X in particular imply that 7~ contains
the union and the intersection of the empty family of sets in 7. Hence every topology
contains the empty set @ and the set X.

If S is any set of subsets of a set X, then the intersection of all topologies on X contain-
ing S is a topology. This is then the smallest topology containing S, called the topology
generated by S.

Example 12.2 (Discrete topology). A simple example of topologies on a set X is the set
of all subsets of X. This topology is called the discrete topology on X. As every subset is
a union of subsets consisting of a single element, a topological space X carries the discrete
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topology if and only if the sets {x} are open for all x € X. In other words, the discrete
topology is the topology generated by {{x}; x € X }.

Example 12.3 (Metric spaces and normed spaces as topological spaces). Let (X,d)
be a metric space. For xo € X and r € R>? set

By(xo):={xe X dx,x)<r},  Bg:={xeXi;dxx)=rj.

Recall that a subset U of X is called open if for all x € U there exists r € R>? such that
B,(x) € U. Then the open subsets form a topology on X, called the fopology induced by
the metric d. In the sequel we endow every metric space with the induced topology.

A topological space X = (X, T) is called metrizable if there exists a metric d on X
such that T is the topology induced by d.

Every norm on a real or complex vector space V' yields a metric and hence induces
a topology on V. Equivalent norms induce the same topology.

If V is finite-dimensional, then all norms are equivalent. Hence there exists in this
case a unique topology on V' induced by some norm. We will usually endow V' with this

topology.
Definition 12.4 (Neighborhoods and basis of a topology). Let X be a topological space.

1. LetY € X be asubset. A subset V' of X is called a neighborhood of Y if there exists
an open subset U of X suchthat Y € U C V. A fundamental system of neighbor-
hoods of Y is a set S of neighborhoods of Y such that for every neighborhood V' of
Y there exists W € S with W C V. For x € X, a neighborhood of {x} (respectively
a fundamental system of neighborhoods of {x}) is also called a neighborhood of x
(respectively a fundamental system of neighborhoods of x).

2. A set B of open subsets of X is called a basis of the topology if every open subset of
X is a union of sets in B.

A subset B of the topology on X is a basis if and only if B contains a fundamental
system of open neighborhoods of every x € X.

Remark 12.5. Let X be a set. Let S be a set of subsets of X and let T be the topology
generated by S. Then 7 consists of arbitrary unions of finite intersections of sets in S. In
particular the set of intersections of all finite families of sets in S is a basis of the topology

T.

In a metric space the open balls B,(x(), for r € R>°, xo € X, form a basis of the
topology.
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12.2 Continuous, Open, and Closed Maps

Definition 12.6 (Continuous maps, homeomorphisms). Let X and Y be topological
spaces and let f: X — Y be amap. Let xo € X. Then f is called continuous in x if for
every neighborhood V of f(xo) its inverse image f (V) is a neighborhood of xg.

The map f is called continuous if the following equivalent conditions hold:

(i) The map f is continuous in all xy € X.
(ii) For every open subset V' C Y its inverse image f~!(V) is openin X.
(iii) For every closed subset B C Y its inverse image f~'(B) is closed in X.

A continuous map f: X — Y is called a homeomorphism if there exists a continuous
map g: Y — X suchthat go f =idy and f o g = idy.

When we write that f: X — Y is a continuous map, it will be always tacitly understood
that X and Y are topological spaces.

The composition of continuous maps is continuous. Let S be a set of subsets of ¥
generating the topology on Y. Then a map f: X — Y between topological spaces is
continuous if and only if #~'(V)is openin X forall V € S.

A bijective continuous map f: X — Y is not necessarily a homeomorphisms because
its inverse map f~': Y — X might not be continuous (see Problem 12.10 for examples).

Example 12.7 (Continuity for metric spaces). For maps between metric spaces, con-
dition (i) for continuity can be expressed by the Weierstral’ e-6 condition: A map
f:(X,d) = (X',d’) between metric spaces is continuous if and only if for all ¢ > 0 and
for all xg € X there exists § > 0 such that d(xg, x) < § implies d’( f(xo), f(x)) < ¢ for
allx € X.

Example 12.8 (Continuity of linear maps). Let K be either R or C and let V and W
be finite-dimensional vector spaces over K endowed with the unique topology given by
anorm. Then it is a standard result from basic analysis that every linear map u: V. — W
is continuous. In particular, every bijective linear map is a homeomorphism.

More generally and more precisely, let V}, ..., V, and W be finite-dimensional vector
spaces over K and let : V} X --- x V, — W be an r-multilinear map (i.e., « is linear in
each component V;). Then there exist norms on V; and W such that

le(ur,.. vl < i+ Jor|

forallv; € V;,i = 1,...,r. This implies that « is continuous by Example 12.7.



248 12 Appendix A: Basic Topology

Example 12.9 (Extended real line). Let R := R U {£o00} be the extended real line.
Define a map

-1, X = —00;
e:R~ =L o) =7 x ek
1, X = 0Q.

It is easy to check that ¢ is bijective. We endow R with a metric via transport of structure,
i.e., we define
d:RxR — R, d(x,y) = |e(x) — ).

Then d is a metric on R and we obtain an induced topology on R. As ¢ preserves the
metrics (by definition), it is a homeomorphism of topological spaces.

It is easy to check, that R C R is an open subset with respect to this topology and
that the topology induced on this subspace is the usual topology on R (but note that the
restriction of d is not the standard metric on R).

Definition 12.10 (Open and closed maps). Let X and Y be topological spaces and let
f:X — Y be amap. Then f is called open (respectively closed) if for every open
(respectively closed) subset Z of X its image f(Z) is open (respectively closed) in Y.

The composition of open (respectively closed) maps is again open (respectively
closed). Every homeomorphism is open and closed. Conversely, a bijective continu-
ous map is a homeomorphism if and only if it is open (or, equivalently, closed).

Let B be a basis of the topology on X. As the image of a union of subsets is the union
of the images of these subsets, amap f: X — Y is open if and only if f(U) is openin Y
forall U € B.

Proposition 12.11. A continuous map f: X — Y is closed if and only if for all y € Y
and all open neighborhoods U of f~'(y) in X there exists an open neighborhood V of y
inY such that f~1(V) C U.

Proof. Let f be closed. Let y € Y, U an open neighborhood of f~!(y). Then B :=
f(X\U)isclosedinY andy ¢ B. Take V := Y\ B. Then f~'(V) = X\ f~(B) C U.

Conversely, the condition is also sufficient. Let A € X be closed. We have to show
that W := Y \ f(A) isopenin Y. Choose y € W. Then U := X \ A is an open
neighborhood of f~'(y). Hence there exists y € V C Y open such that f~!(V) C U
and hence V C W. O
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12.3 Closure and Interior

Definition 12.12 (Closure, interior, and boundary). Let X be a topological space, Y <
X asubset. The set
Y = m A

A closed
YCA

is called the closure of Y (in X). It is the smallest closed subset of X that contains Y . The

set
vo:=J U

U open
ucy

is called the interior of Y (in X). It is the greatest open subset of X that is contained in
Y. The set
Y =Y \Y°

is called the boundary of Y (in X).
Remark 12.13. Let X be a topological space and let Y be a subset of X. Then

. (X\Y)y=X\Y.

2. Y = {x € X ; for all neighborhoods U of x one has U N'Y # @}. In the definition
of the right-hand set it suffices if U runs through a fundamental system of neighbor-
hoods of x.

Example 12.14. Let (V.| - ||) be a normed real or complex vector space. Then for all
r € R*%and x € X one has

B,(x) = B, (x),  9By(xo) ={xeV:|x—xof=r}.
Analogous equalities do not hold in a general metric space (Exercise 12.5).

Proposition 12.15. Let X and Y be topological spaces and let f: X — Y be a map. If
f is continuous, then for every subset A of X one has f(A) € f(A).

The converse also holds (Problem 12.9).
Proof. If B is a closed subset of ¥ containing f(A), then f~!(B) is closed in X and

contains A. Hence f~'(B) contains A4, in other words f(4) C B. Therefore f(A) is
contained in the intersection of all such B. (I
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Definition and Remark 12.16 (Dense subsets). Let X be a topological space. A sub-
set ¥ of X is called dense in X, if the following conditions (which are equivalent by
Remark 12.13 2) are satisfied:

(i) The closure of Y in X is equal to X.
(ii) For every non-empty open subset U of X onehas U NY # @.

12.4 Construction of Topological Spaces

Definition 12.17 (Inverse and direct image topology). Let (X;);c; be a family of topo-
logical spaces.

1. Let Y be asetandlet f;:Y — X; be maps for i € /. Then the topology on Y gen-
erated by (J;.; { ;7' (Ui) ; U; € X, open} is called the inverse image of the topology
of the (X;); under (f;);.

It is the coarsest topology on Y such that all maps f; are continuous. In other words,
it satisfies the following universal property: If #: W — Y is a map from a topological
space W, then £ is continuous if and only if f; o & is continuous for all i € I.

2. Let Z be asetand g;: X; — Z be maps fori € I. Then (;.,{W € Z ; g7' (W)
is open in X;} is a topology on Z, called the direct image of the topology of the (X;);
under (g;);.

It is the finest topology on Z such that all maps g; are continuous. In other words, it
satisfies the following universal property: If 4: Z — W is a map to a topological space
W, then h is continuous if and only if /2 o g; is continuous for all i € 1.

A particularly important example is the subspace topology.

Example 12.18 (Subspaces). If Y is a subset of topological space X and f:Y — X
is the inclusion, then the inverse topology of X under f is simply called the induced
topology on Y and the topological space Y is called a subspace of X .

In this case, the open (respectively closed) subsets of Y are those of the form A N Y
for A C X open (respectively closed).

Let Y be a subset of a finite-dimensional vector space V' over R or over C. Then we
always endow Y with the topology induced by the unique topology on V' that is given by
some normon V.

Definition 12.19 (Topological embedding). A map j:Y — X between topological
spaces is called a fopological embedding, if j yields a homeomorphism ¥ — j(Y),
where j(Y) is endowed with the topology induced by the topology on X. An embedding
j:Y — X is called open (respectively closed) if j is an open (respectively a closed) map.
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Remark 12.20.

1. A topological embedding is injective and continuous. The converse does not hold in
general (Problem 12.10).

2. An injective continuous map j:Y — X is a topological embedding if and only if for
every open subset V of Y there exists an open subset U of X such that j ~/(U) = V.

3. The composition of two topological embeddings is again a topological embedding (by
2).

4. Let j:Y — X be acontinuous map such that there exists a continuous map p: ¥ — X
with p o j = idy (i.e., j is a section of p), then for every open V' C Y one has
j Y p~"(V)) = V. Hence j is a topological embedding by 2.

5. A topological embedding j: Y — X is open (respectively closed) if and only if j(Y")
is an open (respectively a closed) subset of X.

A very important example of the direct image topology are quotient spaces.

Example 12.21 (Quotient spaces). Let X be a topological space and let g: X — Z be
a surjective map. Then the direct image topology of g is also called the quotient topology
and the topological space Z is called a quotient space of X .

A subset A of Z is open (respectively closed) if and only if g~'(A4) is open (respectively
closed) in X. The universal property of the quotient topology is the following. Let Y
be a topological space. Then a map f:Z — Y is continuous if and only if f o g is
continuous.

An other important special case of the inverse image topology is the product topology.

Definition and Remark 12.22 (Product space). Let / be a set and let (X;);c; be a family
of topological spaces. Let X := [];_; X; be the cartesian product and let p;: X — X; be
the i-th projection. The inverse image on X of the topology of the (X;); under (p;); is
called the product topology and the set X endowed with this topology is called the product
of the topological spaces (X;);.

Hence the product topology is the coarsest topology such that the projections p; are
continuous for all i. A basis of the product topology is given by open subsets of the form
]_[1.61 U;, where U; C X; is open and U; = X, for all but finitely many i/ € /.

As openness of maps can be checked on a basis of the topology, one sees that the
projections p; are open for all 7.

Proposition 12.23 (Product and closure). Letr (X;);c; be a family of topological spaces
and let A; C X; be subsets for all i. Then the closure of [|,.; A; in the product space

l_[iel Xiis l_[iel Zi-

iel

Proof. Let x = (x;); be in the closure of [],.; A;. Then for all i € I its projection
pi(x) = x; lies in A4; (Proposition 12.15) and hence x € []; A;.
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Conversely, let y = (y;); € []; Aj;. The sets of the form [1; Ui containing y and with
U; € X; openforalli €i and U; = X; for all but finitely many i € / form a fundamental
system of neighborhoods of y. For every i € I the open neighborhood U; of y; contains
a point a; € A;. Hence [[; U; contains (@;); € [[,; A4;- This shows that y is in the
closure of [[;.; A4;. O

Corollary 12.24. Let (X;);e; be a family of topological spaces and let A; C X; be non-
empty subsets for all i. Then [ |, ., A; is closed (respectively dense) in [ |;., X; if and only
if A; is closed (respectively dense) in X; foralli € I.

iel

Remark 12.25. Let (X, d;) and (X;, d>) be metric spaces. Then

d((x1,x2), (y1,y2)) := max{d,(x1, y1), d2(x2, y2)}

defines a metric on X; x X;. Itis easy to check that d induces the product topology. In
particular, the product of two metrizable spaces is again metrizable.

More generally, one can show that the product of countably many metrizable spaces is
again metrizable (Problem 12.11).

Definition and Remark 12.26 (Sum of topological spaces). Let (X;);c; be a family of
topological spaces. Let X be the disjoint union of all the X; and let ¢;: X; — X be the
inclusion. Endow the set X with the direct image topology of the X; under ;. We obtain
a topological space X such that X; € X is open and closed for all i € /. The space X is
called the sum or the coproduct of (X;);e; and it is denoted by [ [,., X;.

The sum of topological spaces is a special case of the following more general construc-
tion of gluing topological spaces. Let (U;);¢; be a family of topological spaces, for all
i,j €l fixasubset Uj C U;, and forall i, j € I acontinuous map ¢;;: U;; — Uj; such
that:

(@) Uj; = U; and ¢;; = idy, foralli € 1,
(b) the cocycle condition holds: ¢y; o ;i = @r; on U;; N Uy for all triples (i, j, k) of 1.

In the cocycle condition we implicitly assume that ¢;; (U;; N Ujx) € Uji, such that the
composition is meaningful.

Proposition 12.27 (Gluing of topological spaces). Suppose that U;; is open (respectively
closed) in U; for alli,j € 1. Then there exists a topological space X together with
morphisms ;: U; — X, such that:

1. The map V; is an open (respectively a closed) embedding for all i € 1.
2. Yo =y onUy foralli, j.
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3. X =U vi(U).
4. i (Up) Ny (U;) = ¥ (Ui;) = ¥ (Uy;) foralli, j € 1.

Furthermore, (X, (Y;);) has the following universal property: If Z is a topological space,
and foralli € I, &:U; — Z is a continuous map such that &; o ¢;; = & on Uy; for all
i,j € 1, then there exists a unique continuous map &: X — Z with £ oy, = & for all
iel.

In particular, (X, (V;);) is uniquely determined up to unique isomorphism.

Proof. First note that the cocycle conditions for the triples (i, j,i) and (j, 7, j) show that
@;j and @;; are mutually inverse homeomorphisms. To define the underlying topological
space of X, we start with the sum [ [;_; U; of the U; and define an equivalence relation
~ on it as follows. Points x; € U;, x; € U;, i,j € I, are equivalent, if and only if
x; € Uij, x; € Uj; and x; = @;;(x;). The conditions (a) and (b) imply that ~ is in fact an
equivalence relation. As a set, define X to be the set of equivalence classes,

X:=]]ui/~.
iel
The natural maps v;: U; — X are injective, we have y;(U;;) = ¥; (U;) N ¢, (U;) for all
i,j € I, and properties (2) and (3) hold. We endow X with the direct image topology
of the U; under the ;. Hence a subset V' of X is open (respectively closed) if and only
if 1//i_1(V) is open (respectively closed) in U; for all i € I. The universal property then
follows from the universal property of the direct image topology.

To show that v; is an open (respectively a closed) embedding we have to show that
for all i € I asubset A; of U; is open (respectively closed) in U; if and only if for all
j € J the subset wj_l(w,- (A;)) is open (respectively closed) in U;. By choosing j = i one
sees that the condition is clearly necessary. Conversely, if 4; is open (respectively closed)
in U;, then we have 1///-_1(% (4;)) = ¢;i(4; N Ujj) by construction. This set is open
(respectively closed) in U; because ¢;; is a homeomorphism and Uj; is open (respectively
closed) in U;. O

The following construction of fiber products of topological spaces plays an important
role in several places in the book.

Definition 12.28 (Fiber products). Let f: X — S and g:Y — § be continuous maps
of topological spaces. Define

XxsY:={(x,y) e XxY; f(x) =g(»)}

endowed with the inverse topology of X and Y under the projections p: X xg ¥V — X
and g: X xgY — Y. This s also the topology induced by the product topology on X x Y.
The topological space X xg Y is called the fiber product of X and Y with respect to f
and g.
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Example 12.29. Let f: X — Sandg:Y — S be continuous maps of topological spaces.
Let p: X xgY — X and q: X x5 Y — Y be the projections.

1. Suppose that S consists of a single point. Then X xg Y = X x Y.

2. Suppose that Y consists of a single point y and set s := g(y). Then p induces
a homeomorphism X xg ¥ — f~!(s), where the fiber f~'(s) is endowed with the
subspace topology of X.

3. More generally, for arbitrary f and g the projection p induces for all y € Y a home-
omorphism ¢~ (y) = ' (g(»)-

4, Let h: X — Y be a continuous map such that g o h = f. Then its graph I},: X —
X x5 Y, x — (x,h(x)) is a topological embedding by Remark 12.20 4 because it is
a section of the projection X x5 ¥ — X.

5. Applying 4 to the special case X = Y, h = idy, the graph of idy

ApX > X xs X ={(x.x); f(x) = f(xN}, x> (xx)

is called the diagonal of f. The map f is injective if and only if A, is a homeomor-
phism.

12.5 Local Properties

Definition 12.30 (Coverings). Let X be a topological space and let Y be a subset of X.
A family (A;);e; of subsets of X is called a covering of Y in X if Y € |, 4.

A covering (A;)ic; of Y in X is called an open covering (respectively a closed cover-
ing) if all A; are open (respectively closed) in X.

In the sequel we will see many examples of properties that are local in the sense that
they can be checked after “restriction to an open covering”. Of course one has to explain
what this means precisely. We make this precise in some cases. Let P be a property of
maps of topological spaces.

We say that P is local on the target (respectively local on the source), if for every map
f:X — Y of topological spaces and for every open covering (V;);c; of Y (respectively
for every open covering (U;);<; of X) the map f has property P if and only if its restriction
SN (V;) — V; (respectively its restriction U; — Y') has property P for all i. Let us give
some easy examples.

1. The following properties are local on the target and local on the source: “continuous”,
“Open”.
2. The following properties are local on the target: “injective”, “surjective”, “bijective”,

“homeomorphism”, “closed”, “open topological embedding”, “closed topological em-
bedding”.
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As the properties “open topological embedding” and “closed topological embedding”
are both local on the target, one sees by considering inclusions of subspaces that for every
topological space X and every open covering (U;); of X a subset A of X is open (re-
spectively closed) in X if and only if A N U; is open (respectively closed) in U; for all
iel.

In fact there is a stronger result. To formulate it we need another example of a local
notion, which plays an important role when the notion of paracompact spaces is defined.

Definition 12.31 (Locally finite covering). Let X be a topological space. A family of
subsets (A )aea is called locally finite if there exists an open covering (U;);¢; of X such
that each U; meets only finitely many of the A4;.

Proposition 12.32. Let (A;);c; be a family of subsets of a topological space X satisfying
one of the following properties:

(i) The interiors A7 of A; cover X.
(1) (A;)ies is a locally finite closed covering of X.

Then a subset B of X is open (respectively closed) in X if and only if B N A; is open
(respectively closed) in A; foralli.

Proof. We have to show that the condition is sufficient. As (X \ B)NA4; = A; \(BNA4;),
it suffices by passing to the complement to consider either the case that for all i the subset
B N A; of A; is open or that for all 7 it is closed.

Suppose that (i) is satisfied and suppose that B N A; is openin A; forall i. Then BN A7
is open in A7 and hence open in X. By hypothesis, B = | J;(B N A?) and hence B is
open.

Suppose that (ii) is satisfied and suppose that B N A; is closed in A; forall i. As A4; is
closed in X, B N A; is closed in X. To see that B is closed we may work locally on X.
The hypothesis implies that (B N A;); is locally finite and working locally on X we may
assume that all but finitely many of the B N A; are empty. But then B = J;(B N 4;) is
closed. |

Corollary 12.33. Let (A;)ic; be a locally finite family of closed subsets of a topological
space. Then | J,, A; is closed in X.

Corollary 12.34. Let (A;); be a covering of a topological space X such that the interiors
A? of A; cover X or which is a locally finite closed covering. Let Y be a topological space
and let f:X — Y be a map such that f4,: A; — Y is continuous for all i. Then f is
continuous.

We introduce two local notions of properties already defined.
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Definition and Remark 12.35 (Locally closed subsets). Let X be a topological space
and let Z C X be a subset. Then Z is called locally closed if the following equivalent
conditions are satisfied:

(i) There exists a family (U;);c; of open subsets U; € X such that Z C [
such that Z N U; is closed in U;.

(i) Z is an open subset of its closure ZinX.

(iii) Z is the intersection of an open and a closed subset of X .

U; and

iel

Proof. “(ii) = (iii) = (1)” is clear.
“(i) = (). Let (U;); as in (i). As Z N U; is closed in U;, we have Z NU; = Z N U,
which is open in Z. Hence Z = U;(Z N U;) is open in Z. O

Definition 12.36 (Local homeomorphisms). A continuous map f: X — Y is called a
local homeomorphism if there exists an open covering (U;); of X such that fy,: U; — Y
is an open topological embedding.

In other words, f: X — Y is a local homeomorphism if and only if there exist open
coverings (U;); of X and (V;); of f(X) in Y such that f induces for all i a homeomor-
phism U; — V.

Remark 12.37. Let f: X — Y be a continuous map.

1. Every local homeomorphism is an open map. In particular, every injective local home-
omorphism is an open embedding.

2. If f is a local homeomorphism, then the diagonal As: X — X xy X is an open
embedding. Indeed, let (U;); be an open covering of X such that f |y, is an open
embedding for all i. Then Ar |y, is an open embedding (with image U; xy U;) for all
i. As Ay is injective, this shows that Ay is an open embedding.

3. Let g:Y — Z be a local homeomorphism and suppose that g o f is an open embed-
ding. Then f is injective and a local homeomorphism. Hence f is an open embedding.

12.6 Hausdorff Spaces

Definition and Proposition 12.38 (Hausdorff spaces). A topological space X is called
Hausdorff or a T,-space if it satisfies the following equivalent properties:

(i) Forall x,y € X with x # y there exist neighborhoods U of x and V' of y such that
unv =20.

(ii) The diagonal Ay := {(x,x); x € X }isclosedin X x X.

(iii) For every topological space Y and for all continuous maps fi, fo:Y — X the set
{yeY; fily) = fa(y) }isclosedin Y.
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Proof. “(i) = (ii)”. For (x,y) € (X x X) \ Ay clearly one has x # y so that there
exist neighborhoods U of x and V of y in X such that U NV = @. Therefore U x V is
aneighborhood of (x, y) in X x X that is contained in (X x X)\ Ayx. Hence (X x X)\ Ay
isopenin X x X.

“(ii)) = (1)”. Forx, y € X with x # y we have (x, y) € (X xX)\Ayx. As (X xX)\ Ay
is open, there exists a neighborhood of (x, y) in (X x X) \ Ax and by definition of the
product topology we can chose it to be of the form U x V, where U and V are open
neighborhoods of x and y respectively. Then U NV = @.

“(ii) = (iii)”. Let f:Y — X x X be the continuous map y — ( f1(x), f2(x)). Since
Ay € X x X is closed and f is continuous, f~'(Ay) = {y €Y : fi(y) = fr(y)}is
closedin Y.

“@il) = (i1)”. Applying (iii) to the projections pi, p»: X x X — X yields that
{(x,y) e X xX; p1((x,y)) = p((x,y)) } = Ay isclosed in X x X. O

Every metrizable topological space is Hausdorff. Every subspace of a Hausdorff topo-
logical space is Hausdorff. If (X;); is a family of Hausdorff topological spaces, then
[1;<; X; is Hausdorff.

Property (iii) in Proposition 12.38 for Hausdorff spaces implies the following result.

Proposition 12.39. Let X and Y be topological spaces, let f,g:Y — X. Suppose that
X is Hausdor{f and that there exists a dense subset D of Y such that f|p = g|p. Then

f=g

12.7 Connected Spaces and Locally Constant Maps

Definition 12.40. A non-empty topological space X is called connected if X and @ are
the only subsets of X that are both closed and open.

Note that we explicitly excluded the empty space to be connected.
Proposition 12.41 (Images and products of connected spaces).
1. Let f: X — Y be a continuous surjective map. If X is connected, then Y is connected.

2. Let (X;)icr be a family of topological spaces. Then the product space [],.; Xi is
connected if and only if X; is connected for alli € I.

iel

Proof. 1. Let A C Y be open and closed. Then f~!(A4) € X is also open and closed
because f is continuous and we have f~'(4) = @ or f~'(4) = X because X is con-
nected. Since f is surjective, we have A = f(f~!(A)) and therefore A = Gor A = Y.
Thus Y is connected.
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2. Assume that [[;.; X; is connected. For all j € I the j-th projection p;
[1ic; Xi = X; is continuous and surjective and hence X; is connected by 1.

Conversely, assume that X; is connected for every i € I. Let @ # U C [[,.; Xi
be open and closed. Let x € X and y € U such that x and y differ in at most a single
component, i.e., there exists iy € I with x; = y; foreveryi € I \ {io}. Then

) xi, 1€l \{i};
]:X,‘O—>1—[X,‘, Z|—>(Z,')i Z; = ! ) )
iel Z, 1 =lop,

is a section of p;, and therefore a topological embedding. By assumption X;, is connected
so that j(Xj,) is connected as well. Hence, y € j(X;,)NU < j(Xj,) is open and closed so
that j(X;)) N U = j(X;,). Since x € j(X,,) we have x € U. Using induction, this result
can be extend to the case where x and y differ in finitely many components. Now there
exists a non-empty open subset W C U of the form W = [],_, W; such that W; = X;
for all but finitely many i € /. This implies that for every point x € X there exists a point
y € W such that x and y differ only in finitely many components. Thus W = X by the
above argument and hence U = X. This shows that X is connected. O

Remark 12.42. Let A be a connected subspace of a topological space X. Then every
subspace B of X with A € B C A is connected. Indeed, A is dense in B and hence
every non-empty open and closed subset Z of B meets A. As A is connected we find
AN Z = A and hence Z = B, again because A is dense in B.

Recall that an interval in R is a subset I of R such that for all x, y € [ and z € R with
x<z<yonehasz e l.

Proposition 12.43 (Connected subspaces of R). A subspace of R is connected if and
only if it is an interval.

Proof. Let A C R be a connected subset and assume that 4 is not an interval. Then there
exista,b € Aandc € R\ A witha < c¢ < b. Then A N (—oo,c) and A N (¢, o0) are
disjoint non-empty open subsets of A such that their union is A. Thus they are both open
and closed in A. Contradiction.

Let A € R be an interval and assume that there exists U C A open and closed with
@ # U # A. Then A\ U has the same properties and after possibly replacing U by A\ U
we finda € U,b € A\U witha < b. Because A is an interval we have [a, b] C A so that
V :=U N|a,b] < [a,b] is open, closed and non-empty. Then V is bounded and closed
in R so that 8 := sup(}/) has to be an element of V. In particular this implies 8 # b
and it is clear that we must have 8 # a. Since V C [a,b]isopen and a < 8 < b, there
exists € > 0 with (8 — €, 8 + €) € V. This contradicts 8 = sup(}'), hence A has to be
connected. O
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Proposition 12.44. Let X be a topological space, let (A;);c; be a family of connected
subspaces such that (; A; # . Then A :=\J,;.; A; is a connected subspace of X.

Proof. Letx € (); A;. Let U C A be open and closed. After possibly passing to A \ U
we may assume that x € U. Then U N 4; is open and closed in 4; and non-empty. As A;
is connected, U N A; = A; forall i and hence U = A. O

Definition 12.45 (Connected components). Let X be a topological space and let x € X.
Then the union of all connected subspaces containing x is again connected by Proposi-
tion 12.44. It is therefore the largest connected subspace containing x. It is called the
connected component of x.

Remark 12.46. Let X be a topological space.

1. For x,y € X write x ~ y if y belongs to the component of x. This relation is clearly
reflexive and symmetric. Moreover, it is transitive by Proposition 12.44 and hence an
equivalence relation. The equivalence classes are the connected components of X .

2. As the closure of a connected set is again connected (Remark 12.42), the connected
components of X are closed.

In general, connected components are not open (Problem 12.20), see however Propo-
sition 2.13 (or Problem 12.21 and Problem 12.22) for a positive result.

Definition and Remark 12.47 (Locally constant maps). Let X be a topological space,
M aset,and t: X — M amap.

1. The map ¢ is called constant if t(x) = t(y) forall x,y € X.

2. The map ¢ is called locally constant if the following two equivalent conditions are
satisfied:
(i) There exists an open covering (U;); of X such that ¢y, is constant for alli € /.
(i) The map ¢ is continuous if we endow M with the discrete topology.

Proposition 12.48. A topological space X is connected if and only if every locally con-
stant map [ on X is constant.

Proof. Let X be connected and let f: X — S be locally constant. Then f(X) is con-
nected in the discrete space S (Proposition 12.41 1) and hence consists of at most a single
point.

Conversely, assume that X is not connected. Hence there exist non-empty disjoint open
subsets A, B € X whose union is X. Then the map f from X to a discrete space with
two elements a and b with f(A4) = {a} and f(B) = {b} is continuous. O
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12.8 Compact Spaces
Definition 12.49 ((Locally) compact spaces). Let X be a topological space.

1. X is called compact if every open covering of X has a finite subcovering.
2. X is called locally compact if every point has a fundamental system of compact neigh-
borhoods.

The definitions of “compact” and “locally compact” differ within the literature:

e Often compact spaces as defined above are called quasi-compact. Then compact spaces
are defined as quasi-compact spaces that are also Hausdorff.

e [ocally compact spaces are very often defined as spaces such that each point has a com-
pact neighborhood — a condition that is strictly weaker than our definition of “locally
compact” (Problem 12.32). For Hausdorff spaces both of these definitions of “locally
compact” are equivalent (Proposition 12.54).

Example 12.50. Let V' be a normed vector space over R or over C. Then a basic result
of analysis shows that V' is locally compact if and only if V is finite-dimensional (see also
Problem 12.28). In this case the Heine—Borel theorem shows that a subset of V' is compact
if and only if it is closed in V' and bounded (see also Problem 12.27).

Proposition 12.51. Let X be a compact topological space.

1. Every closed subspace of X is compact.
2. Let f:X — Y be a continuous surjective map of topological spaces. Then Y is
compact.

Proof. 1. Let X be a compact topological space, ¥ € X a closed subspace and (U;);
an open covering of Y. By definition of the induced topology there exist V; € X open
with V; N'Y = U; so that we obtain an open covering of X by adding the open subset
X \Y to (V;);. Since X is compact, we find finitely many i, ...,i, such that X =
X\Y)UV,U..--UV;, andtherefore Y = X NY = U; U---UU;, is afinite subcovering
of (U;);.

2. Let (V});es be an open covering of Y. Then (f~'(V}));e, is an open covering of
X. As X is compact, there exist ji,...,j, € J such that X = [J'_, f~'(V},). Hence
Y € J/_, V. Therefore Y is compact. O

Proposition 12.52. Let f: X — Y be a continuous map. Suppose that X is compact and
that Y is Hausdorff. Then the subspace f(X) of Y is closed in Y and compact.
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Proof. As Y is Hausdorff, the subspace f(X) is Hausdorff. By Proposition 12.51 2,
f(X) is also compact.

It remains to show that ¥ \ f(X)isopenin Y. Lety € Y \ f(X). Forall z €
f(X) there exist open neighborhoods U, of z and V, of y with U, NV, = @ (because
Y is Hausdorff). Then (U;). is an open covering of f(X). As f(X) is compact we
find zy,...,2, € f(X) with f(X) € U4, Uz. Then ()., Vs, € Y\ f(X)is
a neighborhood of y. Hence Y \ f(X) is opén_in Y. o |

Corollary 12.53. Let X be compact and let Y be Hausdorff. Then every injective con-
tinuous map f: X — Y is a closed embedding. In particular, every bijective continuous
map X — Y is a homeomorphism.

Proof. 1t suffices to show that f is a closed map. Let A € X be a closed subspace.
As X is compact, A is compact (Proposition 12.51). Hence f(A) is closed in Y by
Proposition 12.52. O

Proposition 12.54. A Hausdorff topological space X is locally compact if and only if
every point of X has a compact neighborhood.

Proof. We have to show that the condition is sufficient. Let x € X and let C be a compact
neighborhood of x. As X is Hausdorff, C is closed in X by Corollary 12.53. Let V' be
any neighborhood of x. We have to show that V' contains a compact neighborhood of x.
Replacing V' by the interior of V' N C we may assume that V' C C and that V' is open
in X. Then C \ V is closed in C and hence compact. As X and hence C is Hausdorff,
for each z € C \ V there exist in C open neighborhoods W, of z and U, of x such that
W.NU, =@. As C \ V is compact, there exist finitely many z{,...,z, € C \ V such
that C\V € W = J,.;., W-,. Then U := ",_,_, U, is an open neighborhood of
x in C not meeting W. Therefore its closure U is contained in C \ W and hence in V.
Moreover, U is compact (being closed in C) and a neighborhood because U is open in V
and V is openin X. O

Proposition 12.55. Let X be a topological space and let S be a set of open subsets of X
that generates the topology on X. Then X is compact if and only if every covering of X
by elements in S has a finite subcovering.

Proof. The condition is clearly necessary. To show that it is sufficient assume that X is
not compact. Denote by T the topology on X. As X is not compact, the set

U:=3ACT;:X = U U and U U # X for every finite subset A of A
UeA UeAy
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is non-empty. The set is partially ordered by inclusion and if Uy is a totally ordered subset
of U, then | acu, A € U. Hence we can apply Zorn’s lemma (see Proposition 13.28)
and see that there exists a maximal element A in U. Set B:= AN S.

To obtain a contradiction it remains to show that B is a covering of X (then B is a cov-
ering of X by elements in S that has no finite subcovering, otherwise A also would have
a finite subcovering). Assume that there exists x € X\ J, .4 U. Choose U € A with x €
U. As S generates the topology, we find V..., V, € Ssuchthatx € ﬂ1<i<,, Vi CU. As
V; contains x we have V; ¢ A. Now A U {V;} has a finite subcovering b§ the maximality
of A, i.e., forall j we find a finite union W, of elements in A such that W; UV, = X.
Hence (<<, Vi) U (U<j<, Wj) = X and hence X = U U (U,-,, W;). Hence A
has a finite subcovering. This contradiction proves that B is a covering. a

Theorem 12.56 (Theorem of Tychonoff). Let (X;);c; be a family of compact spaces.
Then the product space [ |;.; X; is compact.
Proof. Let p;: X = [[,.; Xi — X, be the projection. The topology on [[,., X; is
generated by open subsets of the form p;!(U;) with U; € X; open. Let A be a cover-
ing consisting of such sets. By Proposition 12.55 it suffices to show that A has a finite
subcovering.

Foralli € I set A; := {U C X; open; p7'(U) € A}. As A is a covering con-
sisting of sets of the form p; L(U;), there exists j € I such that A j is a covering of
X;. As X is compact, there exist U,...,U, € A; such that X; = |J,_; ., Ux. Then

{pj’l(Uk) k=1,..., r} is an open covering of X, which is a subcovering of A by
definition of A;. O

12.9 Topological Groups

Definition 12.57 (Topological group). A fopological group is a set G endowed with the
structure of a topological space and of a group such that the maps

GxG—>G, (g.¢)gg, G—>G, grg!
are continuous (where we endow G x G with the product topology).

A group G endowed with a topology is a topological group if and only if the map
GxG — G,(g.8)— gg'~", is continuous.

Let G be a topological group, a € G. Then left translation g — ag and right translation
g +— ga are homeomorphisms G — G. In particular the topology of G is uniquely
determined by a fundamental system of neighborhoods of one element of G.

Let G be a topological group and let H € G be a subgroup. We endow the set of
cosets G/H with the quotient topology (Example 12.21).
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Proposition 12.58. Let G be a topological group, H C G a subgroup.

. The canonical homomorphism G — G/H is open.

. The closure H is a subgroup of G.

. If H is locally closed in G, then H is closed in G.

. If H contains a non-empty open subset U of G, then H is open and closed in G.

. H is openin G (respectively closed in G) if and only if G/H is discrete (respectively

Hausdorff).

6. Let G| and G, be topological groups and let H; C G; be subgroups. Then the canoni-
cal bijective map a: (G| x G,)/(H| x Hy) —> G1/H; x G,/ H, is a homeomorphism.

7. If H is a normal subgroup, G/H is a topological group.

| O R S

Applying 5 to H = {e} one sees that G is discrete (respectively Hausdorff) if and only
if {e} is open (respectively closed) in G.

Proof. 1. Let U C G be open. Then p~'(p(U)) = U,y hU is open in G. Hence
p(U) is open by definition of the quotient topology.
2. Leta: G x G — G be the continuous map (g, h) — gh~'. Then

a(HxH)=a(HxH)ZCa(HxH)=H.

This shows 2.

3. We may assume that H is open and dense in G (by replacing G by the subgroup
H). Then for all g € G the two cosets gH and H have non-empty intersection hence
they are equal, i.e., g € H.

4. We have H = | J,,.; hU, hence H is open G. Therefore it is also closed by 3.

5. The quotient G/H is discrete if and only if gH is open in G for all g € G if and
only if H is open in G because left translation is a homeomorphism.

If G/H is Hausdorff, then eH € G/H is a closed point and its inverse image H in G is
closed. Conversely, if H is closed, then H = HeH is a closed point in the quotient space
H\G/H . Hence its inverse image under the continuous map G/H x G/H — H\G/H,
(g1H,g:2H) — Hgsy'g1H is closed. But this is the diagonal of G/H x G/H.

6. The map « is continuous by the universal property of the quotient topology (Ex-
ample 12.21). Moreover, G| x G, — G/H| x G,/H; is open by 1. Hence « is also
open.

7. The composition of G x G — G, (g,g') — gg'~' and of G — G/H induces
a continuous map G/H x G/H = (G x G)/(H x H) — G/H by the universal property
of the quotient topology (Example 12.21). |

Corollary 12.59. Let G be a connected topological group and let U be a non-empty open
subset of G. Then U generates the group G.
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Proof. By Proposition 12.58 4, the subgroup H generated by U is open and closed in G.
Hence H = G because G is connected. |

Proposition 12.60. Let G be a topological group with neutral element e. Let G° be the
connected component of e. Then G° is a closed normal subgroup of G.

The subgroup G is called the identity component of G.

Proof. For all g € G° the subset g7'G° is connected and contains e. Therefore g~'h €
G° for all g,h € G, which shows that G is a subgroup. This subgroup is stable under
all homeomorphisms G — G sending e to e, in particular G is stable under inner auto-
morphisms. Thus G is normal. Finally G is closed because all connected components
are closed (Remark 12.46 2). (I

12.10 Problems

Problem 12.1. Classify (up to homeomorphism) all topological spaces with < 2 points.

Problem 12.2. Let X be a set and let B be a set of subsets of X. Show that the following
assertions are equivalent:

(i) Bis a basis of a topology on X.
(ii) Onehas X = | J, .5 U andforallU,V € Band x € U NV there exists W € B with
xewcunlV.

Problem 12.3. Let X be a set. Show that d(x,y) := 0 for x = y and d(x,y) := 1
for x # y defines a metric on X whose induced topology is the discrete topology. This
metric is also called the frivial metric.

Problem 12.4. Let p be a prime number. Fix a real number 0 < p < 1. Define the p-adic
absolute value on Q by [0, := 0 and |p" 7|, := p" forn € Z, a,b € Z \ {0} such that p
does not divide ab.

1. Show that the topology on Q (the p-adic topology) induced by the p-adic metric
dy(x,y) := |x — y|, does not depend on the choice of p.

2. Show that for different prime numbers p and ¢ the p-adic and the £-adic topology on
Q are different. Show that they are also different from the topology on Q induced by
usual absolute value.

Problem 12.5. Show that the trivial metric (Problem 12.3) and the p-adic metric on Q
(Problem 12.4) both give examples of metric spaces, where the closure of B, (x) is not
B-,(x) in general.



1210 Problems 265

Problem 12.6. Let (X, d) be a metric space. Show that d”: X x X — R, d'(x,y) :=
min{d(x, y), 1} is a metric on X and that d and d’ induce the same topology on X .

Problem 12.7. A topological space is called a Ty-space or a Kolmogorov space if for
every pair of distinct points one of them has a neighborhood not containing the other. Let
X beaset, p € X. Define a subset U of X tobe openif U = @ orif p € U. Show that
this defines a topology on X (called the particular point topology on X). Show that X is
a Ty-space and that the closure of {p} is X (in particular {p} is not closed if X has more
than a single element).

Problem 12.8. Let X be a topological space. Write x ~ y if an open subset of X
contains x if and only if it contains y. Show that ~ is an equivalence relation and that
X/ ~, endowed with the quotient topology, is a Ty-space.

Problem 12.9. Let X and Y be topological spaces. Let f: X — Y be a map. Show that
the following assertions are equivalent:

(i) f is continuous.
(ii) For every subset A of X one has f(4) € f(A).

Problem 12.10. Show that the following maps are bijective and continuous but not
a homeomorphism:

1. Themapidr:R; — R, where R, is the set of real numbers endowed with the discrete
topology.
2. Themap [0,1) = S':={zeC; |z| =1}t ¥,

Problem 12.11. Let (X,,d,), be a countable family of metric spaces each also consid-
ered as a topological space. Let X = [, X, be the product space. Show that

1 dy(xn, yn)

d: X x X — R, (x,y) —~ __nvmJng
— 2" 1+ dy(xXn, yn)

defines a metric on X that induces the product topology.

Problem 12.12. Let X be a topological space.

1. Let Z C Y C X be subspaces. Show that Z is dense in X if and only if Z is dense in
Y and Y isdense in X.

2. Let Y be a subspace and let (U;); be an open covering of X. Show that Y is dense in
X ifand only if Y N U; is dense in U; for all i.
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Problem 12.13. Let f: X — Y be a continuous map. Let (B;); be a family of sub-
sets of Y and suppose (a) that the interiors cover Y or (b) that (B;); is a locally finite
closed covering. Show that f is open (respectively closed) if and only if its restriction
f~Y(B;) — B, is open (respectively closed) for all i.

Problem 12.14. Let (X;);c; be a family of non-empty topological spaces. Show that the
product space [ [;.; X; is Hausdorff if and only if X; is Hausdorff for all i € 1.

Problem 12.15. Let X be a topological space and let (U;);<; be an open covering.

1. Give an example where U; is Hausdorff for all i € I but X is not Hausdorff.
2. Show that X is Hausdorff if and only if forall i, j € I the set { (x,x); xeUnNU; }
is closed in U; x U;.

Problem 12.16. Let X be a set. Define a subset U of X to be openif U = Jorif X \ U
is a finite set.

1. Show that this defines a topology on X. It is called the cofinite topology on X .
2. Let X be endowed with the cofinite topology. Show that the following assertions are
equivalent:
(i) X is discrete.
(i1) X is finite
(iii) X is Hausdorff.
3. Show that X is compact.
4. Let X be infinite. Show that every non-empty open subspace of X is connected.

Problem 12.17. Let f: X — Y be a surjective map of topological spaces. Suppose that
f is open or closed. Show that Y has the quotient topology induced by X .

Problem 12.18. Let f: X — Y be a surjective map of topological spaces and suppose
that Y has the quotient topology induced by X. Show that if ¥ is connected and all fibers
of f are connected, then X is connected.

Problem 12.19. A topological space X is called totally disconnected if the connected
component of each point consists of the point alone.

1. Show that the subspace QQ of R is totally disconnected.

2. Show that Q endowed with the p-adic topology (Problem 12.4) is totally disconnected.

3. Let X be a topological space, let X be the set of connected components endowed with
the quotient topology with respect to the natural map X — X. Show that X is totally
disconnected.
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Problem 12.20.

1. Let X be a topological space. Show that the connected component of x € X is con-
tained in the intersection of all open and closed subsets of X containing x.
2. Consider the following subspace of R?:

X:={(/n,y):neN,ye[-1L1];U{(0.y): ye[-1L1\{0}].

Show that there exists x € X whose connected component is different from the inter-
section of the open and closed subsets of X containing x.

Problem 12.21. Let X be a topological space. Show that the following three conditions
are equivalent:

(i) The connected components of X are open.
(ii) For every x € X there exists a neighborhood of x that is contained in every subset
that is both open and closed and that contains x.
(iii) For every x € X the intersection of all open and closed subsets containing x is an
open subset of X.

Problem 12.22. A topological space X is called locally connected if every point of X
has a fundamental system of connected neighborhoods.

1. Show that a topological space X is locally connected if and only if every connected
component of every open subspace is open.
Hint: Problem 12.21.

2. Show that every quotient space of a locally connected space is again locally connected.

Problem 12.23. Let (X;);c; be a family of non-empty topological spaces and let X =
[; X; be the product space. Show that X is locally connected (Problem 12.22) if and only
if each X; is locally connected and X; is connected for all but finitely many i.

Problem 12.24. Let (X, <) be a totally ordered set (Definition 13.20) and endow X
with the topology generated by sets of the foorm X, := {x € X ; x <a}and X., :=
{x e X; x>a}witha € X. This topology is called the order topology on X .

1. Show that a basis of the topology is given by the open intervals, i.e., sets of the form
Xy, Xsgand (a,b) :={xeX;a<x<b}fora,beX.

2. Show that X is a Hausdorff space.

3. Show that X is totally disconnected (Problem 12.19) if X is well ordered (Defini-
tion 13.24).
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Problem 12.25. Let (X, d) be a metric space. Show that if C € X is compact, then C is
closed and bounded in X. Show that the converse does not hold in general.

Problem 12.26. Leta,b € R with a < b. Show that [a, b] is compact (without using the
Heine—Borel Theorem).

Problem 12.27. Let V' be a finite-dimensional K-vector space and let || | be a normon V.
Show the Heine—Borel Theorem: A subspace of I is compact if and only if it is closed in
V' and bounded.

Hint: Problem 12.26.

Problem 12.28. Let (V.| |) be a normed K-vector space. Show that the following asser-
tions are equivalent:

(i) V is locally compact.
(ii)) B<(0) is compact.
(iii) V is finite-dimensional.

Hint: Show that if B;(0) € |J/_, B%(v,-), then {vy,...,v,} is a generating system of V
to see that (ii) implies (iii).

Problem 12.29 (One-point compactification or Alexandroff compactification). Let X
be a topological space and set X* := X U {oo}, with oo ¢ X. Define a subset U of X*
to be open if U is an open subset of X or if U contains co and X* \ U is a closed and
compact subspace of X.

1. Show that this defines a topology on X *, that the inclusion X — X * is an open embed-
ding, and that X * is compact. The space X * is called the one-point compactification
or Alexandroff compactification of X .

2. Show that X* is Hausdorff if and only if X is Hausdorff and locally compact.

Problem 12.30. Show that no point of Q (considered as a subspace of R) has a compact
neighborhood. In particular Q is not locally compact.

Problem 12.31. Let X be a topological space and let A be a subset of X. Then A4 is
called relatively compact in X if A is contained in a compact subspace of X.

Now suppose that X is Hausdorff. Show that a A is relatively compact in X if and only
if A is compact.
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Problem 12.32. Consider the following conditions on a topological space X:

(i) Every point of X has a compact neighborhood.
(i) Every point of X has a closed compact neighborhood.
(iii) X is locally compact.

1. Show that (ii) and (iii) each imply (i).

2. Show that the one-point compactification of Q (Problem 12.29) satisfies (ii) but not
(iii).

3. Show that the particular point topology on an infinite set (Problem 12.7) satisfies (iii)
but not (ii).

4. Suppose that X is Hausdorff. Show that (i), (ii), and (iii) are equivalent.

Problem 12.33. Let X be a Hausdorff space.

1. Show that every locally compact subspace of X is locally closed.
2. Suppose that X is locally compact. Show that every locally closed subspace of X is
locally compact.

Problem 12.34. Let (X;); be a family of non-empty topological spaces. Show that the
product space [[; X; is locally compact and Hausdorff if and only if each space X; is
locally compact and Hausdorff and X; is compact for all but finitely many i.

Problem 12.35. Let X be a topological space. A subset A of X is called nowhere dense
if (A)° = @. Show that the union of a locally finite family of nowhere dense subsets is
again nowhere dense. Show that the boundary of a closed or of an open subset is nowhere
dense.

Problem 12.36. Let G be a topological group and let H be a normal subgroup. Show
that its closure H is a normal subgroup of G.

Problem 12.37. Let G be a topological group and let G° be its identity component. Show
that G/ G" is totally disconnected (Problem 12.19).

Problem 12.38. Let G be a Hausdorff locally compact topological group and let H be
a closed subgroup.

1. Show that G/H is Hausdorff and locally compact.

2. Show that the identity component G° of G is the intersection of all open subgroups of
G.

3. Show that the connected components of G/H are the closures of the images of the
connected components of G.
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The goal of this appendix is to make the reader familiar with the language of categories.
It is by no means a rigorous introduction to category theory. We will explain the most
important notions and give many examples. There will be almost no proofs in this chapter.
Many of the claims are easy to check and are left to the reader as “exercise”. A complete
exposition can for instance be found in the book [KS2] by M. Kashiwara and P. Schapira.
In particular it contains proofs of the statements that we leave as “exercises”. For some of
the more difficult results explicit references are given.

We start by introducing categories and functors. Important concepts are the notion of an
equivalence of categories and, more generally, the notion of adjoint functors. We then give
a short reminder on several notions of ordered sets and prove the principles of transfinite
induction and transfinite recursion. In the last section we introduce limits and colimits in
categories. This allows us to unify several important constructions such as kernels, prod-
ucts, fiber products, and final objects (which are all special cases of limits) or cokernels,
coproducts, pushouts, and initial objects (which are all special cases of colimits).

13.1 Categories

Definition 13.1. A category C consists of:!

' Here we ignore all set-theoretical issues. To avoid set-theoretical difficulties one should work
with a fixed universe in the sense of [KS2] Definition 1.1.1 and assume that the sets of morphisms
between two objects always lies in the given universe. Then a category C is called small if Ob(C)
is in that universe. Moreover it then will be sometimes necessary to pass to a bigger universe, for
instance when considering the category of functors between two categories (see Definition 13.13).
Finally one adds also the axiom that every set is an element of some universe to the axioms of
Zermelo—Fraenkel set theory. We refer to [SGA4] Exp. I for details. Alternatively one can also
work with classes as explained in [Sch].

© Springer Fachmedien Wiesbaden 2016 27
T. Wedhorn, Manifolds, Sheaves, and Cohomology, Springer Studium Mathematik — Master,
DOI 10.1007/978-3-658-10633-1_13
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(a) aset Ob(C) of objects,

(b) for any two objects X and Y a set Hom¢(X, Y) = Hom(X, Y) of morphisms from
XtoY,

(c) for any three objects X, Y, Z a composition map

Hom(X, Y) x Hom(Y, Z) — Hom(X, Z), (ffle)—~>gof

such that all morphisms sets are disjoint (hence every morphism f € Hom(X,Y) has
unique source X and a unique farget Y') and such that:

1. the composition of morphisms is associative (i.e., for all objects X, Y, Z, W and for all
f € Hom(X,Y), g e Hom(Y, Z), h € Hom(Z, W) onehas ho(go f) = (hog)o f,

2. for all objects X there exists a morphism idy € Hom(X, X), called the identity of X
such that for all objects Y and for all morphisms f € Hom(X, Y) and g € Hom(Y, X)
one has f oidy = f andidy og = g.

A category is called finite if it has only finitely many objects and morphisms.

Remark 13.2. For every object X of a category C the morphlsm idy is uniquely deter-
mined by Condition 2 for if idy and 1dX are identities of X, then 1dX = 1dX oidy = idy.

Definition and Remark 13.3. A morphism f: X — Y in a category is called an isomor-
phism if there exists a morphism g: Y — X such that f o g = idy and go f = idy. We
often write f: X = Y to indicate that f is an isomorphism. We also write X =~ Y and
say that X and Y are isomorphic if there exists an isomorphism X SY.

An morphism (respectively an isomorphism) with the same source and target X is
called an endomorphism (respectively an automorphism) of X. Composition yields the
structure of a monoid on the set End¢(X) of endomorphisms of X and the structure of
a group on the set Autc(X) of automorphisms.

Definition 13.4. A subcategory of a category C is a category C’ such that every object of
C’ is an object of C and such that Hom¢/ (X', Y’) € Home (X', Y') for any pair (X', Y”)
of objects of C’, compatibly with composition of morphisms and identity elements. The
subcategory C’ is called full if Home (X', Y’) = Hom¢ (X', Y') for all objects X" and Y’
of C'.

Example 13.5.

1. (Sets) the category of sets: Objects are sets, for two sets X and ¥ a morphism is a map
X — Y, composition in the category is the usual composition of maps, and the identity
of a set X is the usual identity map idy. An isomorphism in (Sets) is simply a bijective
map.
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2. (Grp) the category of groups: Objects are groups, morphisms are group homomor-
phisms, composition is the usual composition of group homomorphisms, and the iden-
tity is the usual identity. An isomorphism in (Grp) is a group isomorphism.

3. (Ab) is the full subcategory of (Grp) of abelian groups: Objects are abelian groups,
morphisms are group homomorphisms, composition is the usual composition of group
homomorphisms, and the identity is the usual identity.

4. Fix a group G. Then (G-Sets) denotes the category of G-sets: Objects are sets with
a left action by the group G and morphisms are G-equivariant maps. By (Sets-G) we
denote the category of sets with a right action by G.

5. (Ring) the category of rings: Objects are rings (always assumed to have a unit) and
morphisms are ring homomorphisms (preserving the unit).

6. (Top) the category of topological spaces: Objects are topological spaces and mor-
phisms are continuous maps. An isomorphism is a homeomorphism.

7. Let R be aring. Then (R-Mod) denotes the category of left R-modules: Objects are
left R-modules, morphisms are R-linear maps. An isomorphism is a bijective R-linear
map because its inverse is automatically R-linear again.

If R = k is a field, we obtain the category of k-vector spaces, usually denoted by
(k-Vec) instead of (k-Mod).

Definition 13.6. Let C be a category. A morphism f: X — Y in C is called a monomor-
phism (respectively epimorphism) if for all objects Z in C and all morphisms g, h: Z — X
(respectively g, h: Y — Z) one has

fog=foh=g=h (respectively go f =ho f = g =h).

Example 13.7. In the category of sets (respectively of groups), monomorphisms are in-
jective maps (respectively group homomorphisms) and epimorphisms are surjective maps
(respectively group homomorphisms).

In the category of rings the inclusion Z — Q is a monomorphism and an epimor-
phism. This gives in particular an example of a morphism that is a monomorphism and an
epimorphism but not an isomorphism.

Definition 13.8. For every category C the opposite category, denoted by C°PP, is the
category with the same objects as C and where for two objects X and Y of C°PP we set
Homcop (X, Y) := Hom¢ (Y, X)) with the obvious composition law.

Definition 13.9. Let C and D be categories. We define the product category C x D by
Ob(C x D) := Ob(C) x Ob(D) and Homexn ((X1, Y1), (X3, Y2)) := Home (X1, X5) X
Hom¢ (Y7, Y2). Composition of morphisms is defined componentwise.
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13.2 Functors

Definition 13.10. Given categories C and D, a (covariant) functor F: C — D is given by
attaching to each object C of C an object F(C) of D, and to each morphism f:C — C’
in C amorphism F(f): F(C) — F(C’), compatible with composition of morphisms, i.e.,
F(go f) = F(g) o F(f) whenever the composition is defined, and preserving identity
elements, i.e., F(idc) = idp(c).
If F:C — Dand G: D — T are functors, we write Go F': C — E for the composition.
A covariant functor C°P? — D is also called a contravariant functor from C to D.

By a “functor” we will always mean a covariant functor. If we write F: C — D, then
we always mean that F' is covariant. A contravariant functor F' from C to D will always
be denoted by F:C°" — D. It attaches to each object C in C an object F(C) in D
and to each morphism f:C — C’ in C a morphism F(f): F(C') — F(C) such that
F(go f) = F(f)o F(g) and F(idc) = idp(c).

Remark 13.11. Let F: C — D be a functor. Let C and C’ be objects in C and let
f:C — C’'be an isomorphism in C. Then F(f) is an isomorphism.

Indeed, as f is an isomorphism, there exists a morphism g: C’ — C suchthat go f =
idc and fog =id¢/. Hence F(g)o F(f) = F(go f) = F(id¢) = idp(c) and similarly
F(f)o F(g) = idp(). Therefore F(f) is an isomorphism.

Example 13.12. A simple example is the functor that “forgets” some structure. An ex-
ample is the functor F': (Grp) — (Sets) that attaches to every group the underlying set and
that sends every group homomorphism to itself (but now considered as a map of sets).

Definition and Remark 13.13. For two functors F, G: C — D we call a family of mor-
phisms «(S): F(S) — G(S) for every object S of C functorial in S if for every morphism
f:T — S in C the diagram

F(T) 2L 6(T)

F(f)l lG(f)
F(S) 2% G(s)

commutes. We also say that « is a morphism of functors F — G.

If B: G — H is a second morphism of functors, we define the composition 8 o o by
(B oa)(S) = B(S) oa(S). With this notion of morphism we obtain the category of
all functors from C to D, denoted by Func(C, D) or D€. The identity id is given by
idr(s), where S runs through all objects of C. In particular we obtain the notion of an

isomorphism F = G of functors.
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Example 13.14. Let k be a field.

1. For every k-vector space V let V'V := Homy(V, k) be its dual space and for every
k-linear map u: V. — W letu': WY — VV, A > A o u be its dual homomorphism.
We obtain a functor ()": (k-Vec)®® — (k-Vec).

2. For every k-vector space V' one has the biduality homomorphism of k-vector space

:V— VY)Y, v (A (D)), veV,leVV.

Moreover, if u: V' — W is k-linear, then the diagram

174 v (V\/)v

ul \L(uv)v

w2 (W)Y

is commutative. In other words, the ¢y for V' a k-vector space form a morphism of
functors id-vee) = (¥ 0 V).

3. If V is a finite-dimensional vector space, then V' if finite-dimensional and ¢y is an iso-
morphisms. Hence () restricts to a functor (k-vec) — (k-vec), where (k-vec) denotes
the full subcategory of (k-Vec) of finite-dimensional k-vector spaces, and V' + ¢y is
an isomorphism of functors id-yec) = o).

Definition 13.15. Let F: C — D be a functor.

1. F is called faithful (respectively fully faithful) if for all objects X and Y of C the
map Hom¢(X,Y) — Homp(F(X), F(Y)), f — F(f) is injective (respectively
bijective).

2. F is called essentially surjective if for every object Y of D there exists an object X of
C and an isomorphism F(X) = Y.

3. F is called an equivalence of categories if it is fully faithful and essentially surjective.

There are analogous notions for contravariant functors. A contravariant functor that is an
equivalence of categories is sometimes also called an anti-equivalence of categories.

Theorem and Definition 13.16. A functor F:C — D is an equivalence of categories
if and only if there exists a quasi-inverse functor G, i.e., a functor G: D — C such that

GoF ~idcand F o G =~ idp.

Proof. [KS2] Proposition 1.3.13. O
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Definition 13.17. Let C and D be categories and let F:C — D and G:D — C be
functors. Then G is said to be right adjoint to F and F is said to be left adjoint to G if
for all objects X in C and Y in D there exists a bijection

Homc(X, G(Y)) = Homp (F(X),Y),
which is functorial in X andin Y.

Example 13.18. If F': C — D is an equivalence of categories, then a quasi-inverse func-
tor G: D — C is right adjoint and left adjoint to F'. Indeed for all objects X in C and Y
in D we have bijections, functorial in X andin ¥

Home(X, G(Y)) = Home(G(F(X)), G(Y)) = Homp(F(X),Y).

This shows that F is left adjoint to G. A similar argument shows that F is also right
adjoint to G.

Example 13.19. Let k be a field and let F:(k-Vec) — (Sets) be the forgetful functor.
Then F is right adjoint to the functor G that sends a set / to the k-vector space

kD = {(Xi)ier ; xi € k, x; = 0 for all but finitely many 7 }

and which sends a map a: I — J to the unique k-linear map G(a): k) — k) such
that G(a)(e;) = eq) wWhere (e;);es (respectively (ej)jey) is the standard basis of kD
(respectively k(/)).

Indeed for every set I and every k-vector space V' we have a bijection, functorial in /
andin V,

Homg vee) (K", V) = Homsew) (1, V), [ = fle)).

13.3 Digression: Ordered Sets, Transfinite Induction,
and Zorn’s Lemma

Definition 13.20 (Ordered sets). Let / be a set.

1. A relation < on [/ is called a partial preorder or simply a preorder, if i < i for all
ielandi <j,j <kimplyi <k foralli,j kel.

2. A partial preorder < on [ is called a partial order or simply an order if i < j and
j <iimplyi = j foralli,j €.

3. A partial preorder < is called filtered if I # @ and if for all i, j € [ there exists a
kel withi <kandj <k.
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4. A partial order < is called a total order if for alli, j € [ onehasi < jorj <i.

If <is a partial preorderonaset / andi, j € I, wewritei < jifi < jandi # j; we
write i > jif j <i,andi > jif j <i. Wealsoset I; :=={j € I ; j <i}. Similarly
we define I;, Is;, and I.;.

If (I, <) is a preordered set, then every subset J endowed with the induced relation
(i.e., with the restriction of < to J x J) is again preordered. If [ is partially (respectively
totally) ordered, so is J. Every total order is filtered.

Example 13.21.

1. Let I be any set. The discrete order in I is defined by i < j < i = j. Thisis
a partial order. It is neither filtered nor a total order if / consists of more than one
element.

2. The chaotic order on a set I is the preorder such thati < j foralli,j € I.

3. The real numbers together with the usual ordering form a totally ordered set.

4. Forn,m € N we write n|m if n divides m (i.e., there exists k € N such that m = kn).
Then | is a filtered partial order on N, which is not a total order.

5. Let X be a topological space, let x € X. Let ‘U(x) be the set of open neighborhoods
of x in X. Endow ‘U(x) with the opposite of the inclusion relation, i.e., U < V if
V C U. Then < is a filtered partial order on U(x).

Definition 13.22. Let (/, <) be a partially ordered set.

1. Anelement iy € I is called minimal (respectively maximal) if there exists no element
i € I withi < iy (respectively i > ip).

2. Anelement iy € I is called the smallest element (respectively the greatest element) if
i > 1o (respectively i <iy)foralli € I.

3. Let S C I be asubset. An element iy € [ is called upper bound of S (respectively
lower bound of S) if i < i, (respectively i > iy) foralli € S.

A smallest and a greatest element of a partially ordered set is unique (if it exists). If
I is totally ordered, then every minimal (respectively maximal) element is the smallest
(respectively greatest) element.

Example 13.23. Consider the sets N and N, with the dividing order (Example 13.21 4).
In N>, the prime numbers are the minimal elements but N, has no smallest element. In
N, 1 is a smallest element with respect to |.
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Definition 13.24 (Well orders). A partial order < on a set [ is called a well order if every
non-empty subset of / has a smallest element.

A well order is always a total order: For i, j € I, the set {i, j } has a smallest element.
Every subset of a well-ordered set is again well-ordered with the induced order. Every
element i of a well-ordered set is either the greatest element or it has a successor i+,
which is defined to be the smallest element of { j € [ ; j > i }. We then have I_;, =
1 <i-

The natural numbers with the usual order are a well-ordered set. On the real numbers
the usual order is not a well order (the open interval (0, 1) has no smallest element). We
have the following principle of transfinite induction®.

Proposition 13.25 (Transfinite induction). Let (I, <) be a partially ordered set such
that every non-empty subset of I has a minimal element (e.g., if (I, <) is well ordered).
Let J C I be a subset such that for alli € I one has

1., CJ=iel.
Then I = J.

Very often transfinite induction is applied to prove that a property P(i), depending on
i € I,holds foralli € I by setting J := {i € I ; P(i) holds}. The special case / = N
with the usual order corresponds to the standard mathematical induction.

Proof. Assume I \ J # @. By hypothesis there exists a minimal element iy in / \ J. But
then I_;, € J and hence iy € J by our hypothesis. This is a contradiction. O

A method related to transfinite induction is the method of transfinite recursion, which
we state as follows.

Proposition 13.26 (Transfinite recursion). Let (I, <) be a well-ordered set, let X be
a set, and let W be the set of pairs (i, '), wherei € I and f':1.; — X is a map. Let
S C W be a subset and let G: S — X be a map satisfying the following two conditions:

@) If(i, f') € S, then (j,fi|1<j) e Sforall j el;.
(b) If (i, f) € S and i is not the greatest element of I, then (i+,(f'),) € S, where
(D daip = X with (f') 11, = f1and (f') () :== GG, f*).

Then there exists a unique map f:1 — X suchthat (i, f;_;) € Sand f(i) = G(, f1.,)
foralli € 1.

2 Partial orders satisfying the hypothesis of Proposition 13.25 are also called noetherian. Hence
Proposition 13.25 is also called the principle of noetherian induction.
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For instance, to construct a family of subsets (4;);<; of some set Z indexed by a well-
ordered set, it suffices to construct A; from (A4;);<;: Let X be the power set of Z, consider
(Aj)j<i asamap A:I; — X, and let G be the map that attaches to (i, A’) the set A;.
Often the construction of A4; from (4;);; will not be possible for an arbitrary family
(Aj)j<i of subsets and one has to restrict to a certain subset S of such families.

Proof. Uniqueness. Let f # f be two such maps and let i € I be the smallest ele-
ment such that £(i) # f(i). Then f(i) = GG, f|1,) = GG, fi1.) = f(i). This is
a contradiction.

Existence. Let us call a subset J of I a segmentif j € J,i € I,andi < j imply
i € J. Clearly the union of segments is again a segment. If J # [ leti € [ be the
smallest element in / \ J. Then J = I_;. In other words, the segments # [ are the
subsets J = I_; forsome i € I. The set of segments of / is well ordered by inclusion.

Let S be the set of segments J of I such that there exists a map f;:J — X such that
(J, fu.;) € Sand f(j) = G(j, fi1;) forall j € J. As J is well ordered, the above
uniqueness argument shows that f; is unique if it exists. If J/ € K are segments in 8,
then fx|; = f;. Hence the union of segments in 8 is again a segment in 8. Moreover
suppose I; € 8 forsomei € I. Then I; € 8 with f;_,. = (fi_,))+.

We conclude by showing that S contains every segment of /. Assume that there exists
asegment J of I with J ¢ 8. As the set of segments is well ordered we may assume that
J is the smallest segment with J ¢ 8. If J has no greatest element, then J is the union
of the smaller segments J_; for j € J. This is not possible because § is stable under
union. But if J has greatest element j, then J = J_;, € 8§ because J.; € 8. This is
a contradiction. (|

Transfinite induction and recursion is particularly useful because of the following re-
sult.

Proposition 13.27 (Well-ordering theorem). Every set can be endowed with a well or-
der.

The well-ordering theorem is equivalent to the axiom of choice and also to Zorn’s
Lemma:

Proposition 13.28 (Zorn’s Lemma). Let (I, <) be a ordered set such that every well-
ordered subset S has an upper bound in I. Then there exist maximal elements in I.

Very often Zorn’s Lemma is formulated with the stronger hypothesis that every totally
ordered subset has an upper bound.

We do not prove here that the axiom of choice implies the well-ordering theorem and
Zorn’s Lemma but refer to [BouTS] III §2.3, Theorem 1 and [BouTS] III §2.4, Proposi-
tion 4.
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13.4 Limits and Colimits
In this section 7 always denotes a small category.
Definition 13.29. Let C be a category.

1. An 7-diagram in C is a functor X:7 — C. A morphism of 1-diagrams is a morphism
of functors. We obtain the category of 7-diagrams in C, denoted by C?. We often write
X; instead of X (i) for an object i in 7.

2. A colimit or inductive limit of an 7-diagram X:7 — C is an object

colim X = colim X; = lim X;
7 i€l —>
i€l

in C together with morphisms s;: X; — colim; X in C for all objects i in 7 such

that:

(a) for every morphism ¢:i — j in 7 one has 5; = s5; o X(¢),

(b) for every object Z in C and for all morphisms #;: X; — Z such that for all mor-
phisms ¢:i — j in 7 one has t; = t; o X(¢) there exists a unique morphism
g:colimy X — Z suchthatt; =1t os;.

3. A limit or projective limit of a diagram X:7 — C is an object

limX =lim X; = lim X;
7 i€l <«

i€l

in C together with morphisms p;:lim; X — X; in C for all objects i € 7 such that:

(a) for every morphism ¢: j — i in 7, one has p; = X(¢) o p;,

(b) for every object Z in C and for all morphism g;: Z — X; suchthatq, = X(¢)ogq;
for all morphism ¢: j — i in 7, there exists a unique morphism g: Z — lim; X
such that g; = p; o ¢ forall i € Ob(7).

Remark 13.30. Limits and colimits are (if they exist) unique up to unique isomorphism
by the uniqueness requirement in the definition.

Remark 13.31. Suppose that in a category C all colimits of 7-diagrams exist. Every
morphism of functors X:7 — C to Y:7 — C induces a morphism colim; X — colim; Y
and we obtain a functor

co]}im: ¢! —c.

Similarly we have a functor lim;: C* — C if in C all limits of 7-diagrams exist.
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Remark 13.32. Every preordered set / can be made into a category, again denoted by
I. The objects are the elements of / and for two elements i, j € I the set of morphisms
Hom; (i, j) consists of one element if i < j and is empty otherwise. There is a unique
way to define a composition law making / into a category.

An [-diagram in a category C is then also called an inductive system in C indexed
by I. Ttis a family ((X;)ies, (¢ji)i<;), where X; is an object in C for all i € I and
@ji: X; — X; isamorphismin C forall i, j € I withi < j such that ¢;; = idy, for all i
and @i 0 @j; = @y; foralli < j <k.

An I°PP-diagram in C is also called a projective system in C indexed by I. Of course,
one can switch between the notions of inductive and projective systems by taking the op-
posite order. Usually one considers colimits of inductive systems and limits of projective
systems.

In a given category C only some limits or colimits may exist. A category in which
arbitrary limits (respectively colimits) exist is called complete (respectively cocomplete).
A category in which limits (respectively colimits) of all 7-diagrams exist for arbitrary finite
categories 7 is called finitely complete (respectively finitely cocomplete). The category of
sets is complete and cocomplete as the following example shows.

Example 13.33. Let 7 be a small category, / := Ob(Z), and let X:7 — (Sets) be an
7-diagram in the category of sets.

1. The limit lim; X exists in (Sets) and can be described by

li§nX = 9 (X;)ies € l—[X,- s Voii — jinT: X(p)(x;) = xj§. (13.1)

iel

For j € I the map p;:lim; X — X; is given by the projection (x;);e; = X;.
2. The colimit colims X exists in (Sets) and can be described by

colim X = (]_[ X,-) / ~, (13.2)

iel

where ([ [;c; X;) is the disjoint union of the sets X; and where ~ is the equivalence
relation generated by the relation x; ~ x; if x; € X;, x; € X; and X(p)(x;) = x;
for some ¢:i — j. For j € I the map s;: X; — colim; X is given by attaching to
x; € X; the equivalence class of x; € [ [;; Xi.

The definition of the equivalence relation ~ in the description of the colimit as an
equivalence relation generated by a relation makes it somewhat cumbersome to work with
~. We will use the colimit usually in the case that the index category 7 is filtered in the
sense of Definition 13.37. In that case the description of ~ simplifies (see Example 13.38).



282 13 Appendix B: The Language of Categories

Remark 13.34. Let X:7 — C,i — X; be adiagram in a category C. Then the universal
property of lim X; and colim X; can also by definition be described as follows.

An object lims X in C together with morphisms p;:lim; X — X; for all objects i of 7
is a limit of X in C if and only if for all objects Y in C the map

Home (¥, lim X;) e tpeni | liz Home (Y, X;)

is bijective, where the right-hand side denotes the limit in the category of sets.
Similarly, an object colim; X in C together with morphisms s;: X; — colim; X for all
objects i of 7 is a colimit of X in C if and only if for all objects Y in C the map

u—>(uos;);

Homc(coljim X,Y)— li%n Hom¢(X;,Y)
is bijective.
The category of topological spaces is also complete and cocomplete.

Example 13.35. If X:7 — (Top) is a diagram in the category of topological spaces, then
lims X exists in (Top). The underlying set of lim; X is the limit of sets described in (13.1)
and its topology is the subspace topology of the product topology.

Similarly colim; X exists in (Top). Its underlying set is given by (13.2) and its topology
is the quotient topology of the natural topology on [ [, X;.

One can also show that the category of groups is complete and cocomplete (Prob-
lem 13.11 and Problem 13.21). In Sect. 14.1 we will see that the category of left R-
modules (R a fixed ring) is complete and cocomplete.

Remark 13.36. Let 7 and 7 be (small) categories and let C be a category such that limits
(respectively colimits) of all 7-diagrams and all J-diagrams in C exist. Let X: 7x ] — C,
(i, )+ X;j be adiagramin C.

Then because of the definition of limits (respectively colimits) via a universal property
one obtains that lims, 5 X (respectively colimy, 4 X) exists and one has isomorphisms

th ~ hm hm X = hm th

ij = ij =
(resp. cohrn X;; = colimcolim X;; = colim colim X;; )

i j ] i

Definition 13.37. A category 7 is called filtered if Ob(7) is non-empty and if the follow-
ing two conditions are satisfied:
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(a) For all objects i and j in 7 there exists an object k and morphisms i — k and j — k.
(b) For all objects i and j and all morphisms f, g:i — j there exists a morphism /: j —
k suchthatho f =hog.

For instance, a partially ordered set [ is filtered if and only if the attached category is
a filtered category.

Example 13.38. Let 7 be a filtered category and let X: 7 — (Sets) be an 7-diagram in the
category of sets. In this case one has colim; X = (] [;.; X;)/~ where for x; € X; and
X; € X; one defines x; ~ x; if there exist morphisms ¢:i — k and ¥: j — k such that
X(¢)(xi) = X(¥)(x;) (the properties of a filtered category imply that ~ is an equivalence
relation).

Filtered colimits in the category of sets commute with finite limits ([KS2] Theo-
rem 3.1.6).

Proposition 13.39. Let 7 be a filtered category, let 7] be a finite category and let X:7 x
J — (Sets) be a diagram in the category of sets. Then the universal properties of limit
and colimit yield an isomorphism in the category of sets

colimlim X = lim colim X.
i J J 7

There is also a converse to this proposition (Problem 13.18).
There are several important special cases of limits and colimits.

Definition 13.40 (Products and coproducts). Let / be a set with the discrete order (i.e.,
i <j % i=j). Consider I as a category (equivalent to /°P?) and let X: I — C be
a diagram in a category C.

1. Then [],., X; := lim; X is called the product of X (if it exists). It is equipped with
morphisms p;:[[,.; X; — X, forall j € I, called projections. It is characterized by
the following universal property: For every object Z in C and every family (f;: Z —
X;)ier of morphisms there exists a unique morphism f:Z — [, X; such that f; =
piof.

2. Dually, [[;.; X; := colim; X is called the coproduct of X or the direct sum of X (if it
exists).

For I = {l1,...,n} we also write X| x --- x X,, for the product and X; LI --- I X,, for
the coproduct.
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Example 13.41 (Final and initial objects). Take / = ¢ in Definition 13.40. Then there
is a unique /-diagram in every category C. Its limit (respectively its colimit) is an object
P in C such that for every object X in C there exists a unique morphism X — P (respec-
tively P — X). The object P is called a final object (respectively an initial object). 1t is
unique up to unique isomorphism (if it exists).

Example 13.42. In the category of sets (respectively the category of topological spaces)
products and coproducts have the usual description:

1. The product of a family (X;);c; of sets (respectively topological spaces) is the usual
cartesian product X of sets (respectively of topological spaces) together with its pro-
jections p;: X — X;. For any set (respectively topological space) Z and any family of
maps (respectively continuous maps) ( f;: Z — X;);¢; there is a unique map (respec-
tively a unique continuous map) f:Z — X such that p; o f = f;, namely the map
(respectively the continuous map) z + (f;(z));c;- The final object is the singleton,
i.e., the set (respectively topological space) consisting of a single element.

2. The coproduct of the family (X;);c; is the disjoint union of the sets X; (respectively
the sum of the topological spaces X; in the sense of Definition 12.26).

The initial object is 9.

Remark and Definition 13.43 (Fiber products and pushouts). Let 7 be the category
with three objects j, i}, and i, and whose only morphisms except the identities are two
morphisms i; — j and i; — j. We represent 7 schematically by

W ——= ] <—10
Then an 7-diagram X in a category C is a diagram of morphisms in C of the form

x, oy -2 x,
The limit of X, if it exists, is called the fiber product of X, and X, over Y. It consists of
an object denoted by X Xy X, and morphisms p;: X xy X, — X; fori = 1,2, called
projections. It is characterized by the following universal property: For every object Z in
C and all morphisms g;: Z — X, and g,: Z — X, such that fjog; = f; 0 g, there exists
a unique morphism g: Z — X; Xy X, such that p; o g = g; fori = 1,2. We indicate
this universal property by the following diagram:

(13.3)
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The morphism g is also denoted by (g1, g2)y-
Dually, there is the notion of a pushout in a category C, which is the colimit of an
inductive system J — C, where 7 is represented schematically by

oO<—0 —> 0,

The pushout of a J-diagram X; <«— Y — X, in C is denoted by X, LIy X,.

Example 13.44. Let f: X — Y be a morphism in a category and assume that the fiber
product of
f f

X—Y <—X.

exists. Then Ay := (idy,idy)y: X — X Xy X is called the diagonal of f .

Remark and Definition 13.45. Let C be a category and f: X — Y a morphism in C.
Then f is a monomorphism if and only if the fiber product X xy X exists and the diagonal
Ar: X — X xy X is an isomorphism.

One has a similar characterization of epimorphisms via pushouts.

Example 13.46. Consider the category of topological spaces. Then fiber products always
exist in this category and are given by fiber products in the sense of Definition 12.28. The
diagonal of a continuous map f: X — Y is the diagonal A;: X — X xy X, x — (x,x).

Let F: C — D be a functor between categories. Let X:7 — C be a diagram in C such
that the limits lim; X and lim; (F o X)) exist in C and D, respectively. For every object i
in 7 the morphism lim; X — X; induces by application of F' a morphism F(lim; X) —
F(X;). The family of these morphisms corresponds by the universal property of lim;(F o
X) to a morphism

F(li%nX) — li;I,n(F o X). (13.4)

We say that ' commutes with limits if for every diagram X:7 — C such that its limit
lim; X exists in C, the limit of F o X exists in D and the morphism (13.4) is an isomor-
phism.

Dually, there is the notion a functor that commutes with colimits.

Proposition 13.47. Let F: C — D be a functor.
1. Suppose that F is right adjoint to some functor G: D — C. Then F commutes with
limits.

2. Dually, suppose that F is left adjoint to some functor. Then I commutes with colimits.

Proof. [KS2] Proposition 2.1.10. O
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Definition 13.48. Let C be a category that is finitely cocomplete, i.e., for all diagrams
X:7 — C, where 7 is a finite category, the colimit colim; X exists in C. Then a functor
F:C — ('is called right exact if it commutes with finite colimits.

Similarly we define for a finitely complete category C a functor F: C — C’ to be left
exact if it commutes with finite limits.

Remark 13.49. Let C be a finitely complete category and let F: C — D be a left ex-
act functor. As finite products, final objects, and fiber products are all special cases of
finite limits, /' commutes with all these constructions. Moreover, the characterization
of monomorphisms in Remark 13.45 implies that /' also maps monomorphisms in C to
monomorphisms in D.

Example 13.50. Let 7 be a filtered category. Then Proposition 13.39 shows that the
category of (Sets)? of 7-diagrams of sets is finitely complete and that colim;: (Sets)’ —
(Sets) (Remark 13.31) is left exact.

In particular colim; sends monomorphisms in (Sets)? to monomorphism in (Sets) (i.e.,
to an injective map).

13.5 Problems

Problem 13.1. Let (/, <) and (J, <) be ordered sets. A map f: 1 — J is called increas-
ing ifi <i’implies f(i) < f(i’) foralli,i’ € I. Show that ordered sets (as objects) and
increasing functions (as morphisms) define a category.

Problem 13.2. Let C be a category and id¢: C — C the identity functor. Show that the
monoid Endpunc(c,c)(ide) is commutative.

Problem 13.3. Let (1, <) be an ordered set. Let T, be the set of subsets U C I satisfying
the following condition: Foralli € U and j € I withi < j onehas j € U.

1. Show that 7, is a topology on I, the so-called right order topology on I .

2. Show that a map f:I — J between partially ordered sets (/, <) and (J, <) is in-
creasing if and only if it is continuous for the right order topologies on I and J. In
particular we obtain a fully faithful functor 7" from the category of ordered sets (where
morphisms are increasing maps) to the category of topological spaces.

3. Show that T yields an equivalence of the category of ordered sets with the category of
topological spaces X that are T-spaces (Problem 12.7) such that the intersection of an
arbitrary family of open subsets is again open (considered as a full subcategory of the
category of topological spaces).

Similarly, one can also define the left order topology on I in which the open subsets U
are those such that foralli € U and j € I withi > j onehas j € U.
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Problem 13.4. Show that the construction in Problem 12.8 yields a functor from the
category of topological spaces to the full subcategory of Tj-spaces that is left adjoint to
the inclusion functor. Deduce that any limit of Ty-spaces in the category of topological
spaces is again a Ty-space.

Problem 13.5. Let C be a (small) category and let id: C — C be the identity functor.
Show that if colim id exists in C, then it is a final object of C.

Problem 13.6. Let G be a group. Convince yourself that one can consider G as a category
with a single object whose set of endomorphisms is G and whose composition law is given
by multiplication in G.

1. Show that a G-diagram in the category of sets is the same as a G-set X (i.e., X is a set
endowed with a left G-action). Show that a morphisms of G-diagrams is the same as
a G-equivariant map between G-sets.

2. Let X be a G-set considered as a G-diagram. Show that limg X = X¢ :=
{xeX; gx=xVgeG}andthat colimg X = G\ X (the set of G-orbits).

Problem 13.7. A (small) category in which every morphism is an isomorphism is called
a groupoid. A category C is called connected if it is non-empty and if for all pairs of
objects X and Y in C there exists a finite sequence X = Xy, X;,..., X, = Y of objects
X; in C such thatforalli = 1,...,n one of the sets Hom¢(X;_;, X;) or Home(X;, X;_1)
is non-empty.

Now let C be a non-empty category. Show that C is a connected groupoid if and only
if C is equivalent to the category defined by a group (Problem 13.6).

Problem 13.8. Let 7 and C be categories. Let X be an object in C and let ex:7 — C be
the constant functor with value X (i.e., ex (i) = X for every objecti in 7 and ey (¢) = idy
for every morphism ¢ in 7). Suppose that 7 is connected (Problem 13.7). Show that
X — lim; ey and colimy ey = X.

Problem 13.9. Let 7 be the category with two objects O and 1 whose only morphisms
other than the identities are two morphisms O — 1. Hence an 7-diagram X in a category
C is simply a pair of two morphisms f, g: Xo — X; in C. We call Ker(f, g) := lim; X
(respectively Coker( f, g) := colim; X) the equalizer (respectively coequalizer) of f and
g (f it exists).

1. Let g,h: Xo — X, be a pair of morphisms in C such that Ker(f, g) (respectively
Coker( f, g)) exists. Let i:Ker(f,g) — Xo (respectively p: X; — Coker(f, g)) be
the natural morphism. Show that i is a monomorphism (respectively that p is an
epimorphism).

2. Let C be the category of sets and let f, g: X — X; be maps of sets. Show that
Ker(f,g) = {x € Xo; f(x) = g(x) }. Describe Coker( f, g).
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Problem 13.10. Let C be a category.

. Show that C is complete if and only if all products and all equalizers (Problem 13.9)

existin C.
Show that the following assertions are equivalent:
(i) C is finitely complete.
(i1) C admits all finite products and all equalizers.
(iii) C admits all fiber products and has a final object.

Dualize the above statements to obtain criteria for C to be (finitely) cocomplete.

Problem 13.11. Let C be either the category of all groups, of all rings, or of all left R-
modules (R a fixed ring). Show that all these categories are complete and that the forgetful

fun

ctor from C to the category of sets commutes with limits.

Problem 13.12.

. Show that in the category (Top) of topological spaces a continuous map f:X —

Y is a monomorphism (respectively an epimorphism) if and only if f is injective
(respectively surjective).

Let C be the category of all Hausdorff spaces (considered as a full subcategory of
(Top)). Show that again the monomorphisms in C are the injective continuous maps
but that every continuous map with dense image is an epimorphism. Are there other
epimorphisms?

Problem 13.13. Let 7 be a category and let X: 7 — (Top) be an 7-diagram in the category

of t

opological spaces. Show that if X; is Hausdorff for all i in 7, then lim; X is Hausdorff.

Problem 13.14. Let 7 be a small category and let i — X; be an 7-diagram of topological
spaces.

1.

2.

Suppose that X; is Hausdorff and compact for all objects i of 7. Show that lim; X;
(limit in the category of topological spaces) is Hausdorff and compact.

Let 7 = N°PP be the category attached to the set N endowed with the opposite of the
usual order. Fori € N let X; = N be endowed with the unique topology such that the
sets {1},...,{i} are open and closed in X; and such that the only open subsets of N,
are ¥ and N; itself. Let the transition maps be the identity of N.

Show that X; is compact but that lim; X; = N with the discrete topology. In particular
lim; X; is not compact.
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Problem 13.15. Let G be an abelian group, let F(G) be the set of finitely generated
subgroups of G and let C(G) be the set of cyclic subgroups of G. Endow both sets with
the partial order given by C and consider them as categories. Let v: F(G) — (Grp) and
u: C(G) — (Grp) be the inclusion functors.

1. Show that the universal property of the colimit yields maps

:colimv — G, rcolimu — G.
4 F(G) & Cc(G) s
2. Show that ‘F(G) is filtered and that f is an isomorphism.
3. Show that g is always surjective and that it is an isomorphism if the inclusion order on
C(G) is filtered.
4. Show that g is not an isomorphism for G = Z /27 x 7./ 27.

Problem 13.16. Let 7 be a category. Show that 7 is filtered if and only if for every
finite category 7 and any functor F:7J — 7 there exists an object i of 7 such that
limjgg HOIIlj(F(]), l) 75 Q.

Problem 13.17. Show that the categories (Sets) and (Sets)°P? are not equivalent.

Problem 13.18. Let 7 be a category such that for every finite category [ and every dia-
gram X:7 x J — (Sets) in the category of sets the map

colimlim X — limcolim X.
7 7 71

is bijective. Show that 7 is filtered.
Problem 13.19. Describe the gluing of topological spaces as a colimit.

Problem 13.20. Let R be a commutative ring. Show that each of the following forgetful
functors has a left adjoint functor:

1. The functor (Top) — (Sets) sending a topological space to its underlying set.

2. The functor from the category (R-Alg) of commutative R-algebras to (Sets) sending
an R-algebra to its underlying set.

3. The functor from (R-Alg) to the category of commutative monoids sending an R-
algebra to (R, ).

4. The functor (R-Alg) — (Ab) sending an R-algebra to its underlying additive group
(R.+).
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Problem 13.21. The category of groups is cocomplete:

1. Show that the forgetful functor from the category of groups to the category of sets has
a left adjoint F:(Sets) — (Grp). Show that the canonical map of sets S — F(S) is
injective and its image generates the group F(S). For a set S the group F(S) is called
the free group generated by S.

2. Show that every group G is isomorphic to a quotient of the form F(X)/N for some
set X and some normal subgroup N of F(X). If R € F(X) is a subset such that N
is the smallest normal subgroup containing R, then one says that G is generated by X
with relators R and we write G = (X; R).

3. Let (G;);es be a family of groups. Show that their coproduct exists in the category of
groups. It is often called the free product of the G;.

Hint: If G; = (X;; R;), show that ([ [, X;;][; R;) is a coproduct of the G;.

4. Show that the coequalizer of every pair of group homomorphisms f, g: Gy — G
exists in the category of groups. Deduce that the category of groups is cocomplete
(use Problem 13.10).

Problem 13.22. Let (Mon) be the category of monoids and monoid homomorphisms.

1. For M a monoid let M* := {me M ; 3ne€ M:mn =nm = e} be the set of
invertible elements. Show that M * is a group and that every homomorphism of
monoids M — N induces a group homomorphism M* — N*. We obtain a functor
()*: (Mon) — (Grp). Show that this functor is right adjoint to the inclusion functor
(Grp) — (Mon).

2. For M a commutative monoid (written additively) let M ®P be its Grothendieck group,
ie, M® = (M xM)/~with(im,m’) ~ (n,n') : < 3Is € M:s+m+n' = s+m'+n.
Show that ~ is indeed an equivalence relation, that the componentwise addition on
M x M induces the structure of an abelian group on M®P, and that M — M¥P,
m + [m,0] is a homomorphism of monoids, called canonical. Show that every ho-
momorphism of commutative monoids M — N induces a homomorphism of abelian
groups M — N&P. We obtain a functor ( )& from the category of commutative
monoids to the category of abelian groups. Show that this functor is left adjoint to the
inclusion functor.
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14.1 The Category of Modules over a Ring

Modules

Let R be a ring (with unit, but not necessarily commutative). We recall very briefly some
notions about R-modules: A left R-module is a “vector space over R”, i.e., it is an abelian
group (M, +) together with a scalar multiplication

RxM — M, (a,m) —am
such that forall a,b € R, m,m’ € M one has
(a+b)ym = am—+bm, a(m+m') = am+am’, (abym = a(bm), Im =m.

In the sequel we will usually speak simply of R-modules. For R-modules M and N, a
homomorphism of R-modules or an R-linear map from M to N isamap u: M — N such
that foralla € R, m, m’ € M one has

u(am +m')y = au(m) + u(m’).

We obtain the categories of R-modules denoted by (R-Mod), where composition is de-
fined as the usual composition of maps. There is a unique way to define a scalar multipli-
cation on the trivial group {0}. This R-module is called the zero module and it is denoted
by 0. Every bijective R-linear map is an isomorphism because the inverse of a bijective
R-linear map is automatically R-linear again.

The set of homomorphisms of R-modules M — N is denoted by Homg (M, N). For
u,w € Homg(M, N) we define u +w € Homg(M, N) by (u +w)(m) := u(m)+w(m).
This defines the structure of an abelian group on Homg (M, N). Let

C :=Cent(R) :={a € R;ab =baforall b € R}.

© Springer Fachmedien Wiesbaden 2016 291
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be the center of the ring R. This is a commutative subring of R. For a € C the map
au:M — N, au(m) := a(u(m)) is again R-linear and we obtain the structure of a
C-module on the abelian group Homz (M, N).

Example 14.1.

1. If R = k is a field, an R-module is simply a k-vector space.
2. If A is an abelian group, it is a Z-module by

na:=a-+---+a forn>0, na:= (—n)a forn <O0.
P——

n times

Conversely, forgetting the scalar multiplication makes every Z-module into an abelian
group. Therefore we see that it is the same to give an abelian group or to give a Z-
module.

Let M be an R-module. A subset N of M is called an R-submodule if N is a subgroup
of (M,+) and ifan € N foralla € R, n € N. Then addition and scalar multiplication
of M induce on N the structure of an R-module.

If (Ni)ies is a family of R-submodules of M, then (1), N; is an R-submodule. In
particular there exists for every subset S a smallest R-submodule of M, containing S. It
is called the R-submodule generated by S and it is denoted by (S) or (S) .

A subset S € M such that (S) = M is called a generating set of M. The R-module
M is called a finitely generated if there exists a finite generating set of M .

Let N be an R-submodule of M. Then the scalar multiplication of M induces a scalar
multiplication of the quotient group M/N making M/N into an R-module, called the
quotient module of M by N .

Categorical Constructions of Modules
Let u: M — N be a homomorphism of R-modules. Let N’ € N be an R-submodule.
Then u~!(N’) is an R-submodule of M. In particular

Ker(u) :={me M ; uim)=0}

is an R-submodule of M, called the kernel of u. As for groups one sees that u is injective
if and only if Ker(u) = 0.

Let M’ € M be an R-submodule. Then u(M") is an R-submodule of N. In particular
Im(u) := u(M) is an R-submodule of N, called the image of u.

We call Coker(u) := N/Im(u) and Coim(u) := M/ Ker(u) the cokernel and the
coimage of u, respectively. Then u is surjective if and only Coker(u) = 0.

As for groups one sees that every R-linear map u: M — N induces an isomorphism
of R-modules

u: Coim(u) S Im(u).
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We now construct limits and colimits in the category of R-modules. In particular we
will see that the category of R-modules is complete and cocomplete.

Let (M;);c; be a family of modules. The cartesian product ]_[l. M; with componen-
twise addition and scalar multiplication is an R-module. Together with the projections
pr;: [, Mi — M; it is a product in the category of R-modules in the sense of Defini-
tion 13.40. In other words, for every R-module N the map

Hompg (N, I M,-) O T Homyk son (N, M;) (14.1)

iel iel

is bijective. Note that (14.1) is C-linear, where C is the center of R.
More generally, let 7 be a small category and let M:7 — (R-Mod), i — M;, be an
7-diagram of R-modules. Then

li§nM = {(mi)iel € HM,- i Yeii — jinT: M(@)(m;) = m;

iel

is an R-submodule of [],.; M; and the projections limy M — M; yield a bijection

iel
Homp (N, 1i§n M) = liilrnHomR(N, M;), (14.2)

which shows that lim; M is indeed the limit of the 7-diagram M (Remark 13.34). Again,
(14.2) is a C-linear map.

To construct colimits in the category of R-modules, we proceed as in the category of
sets (Remark 13.33): We define them as suitable quotients of coproducts. Hence let us
construct coproducts (called direct sums for modules) for a family of modules (M;);<;
first. The submodule @, _; M; of [, M; consisting of tuples (m;); with m; = 0 for
all but finitely many i € [ is called the direct sum of (M;);. Together with the maps
s;iiM; — @;c; Mi, mj — (m;);, where m; = 0 forall i # j,itis a coproduct in
the category of R-modules: For every R-module N and every family (u;: M; — N); of
R-linear maps there exists a unique R-linear map u: €, _; M; — N suchthatuos; = u;
forall i € I. In other words, the map

iel

Homg_moq) (@ M;, N ) — l_[ Homz-moay(M;, N),

iel iel

(14.3)

ut> (uos;);

is bijective. An inverse map is given by (u;); — ((m;); — >, u;(m;) (a finite sum
because all but finitely many m; are zero).

Now let M:7 — (R-Mod), i — M;, be an 7-diagram of R-modules. For all objects j
of 7 we consider M; as a submodule of €P; cops) Mi Via s;: M; — €D, cop) Mi- Let N
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be the submodule of ), <Ob(1) M; generated by all m; —m; with m; € M;, m; € M; and
M(¢)(m;) = m; for some morphism ¢:7 — j in 7. Let

coljimM:: @ M; | /N
i€0b(7)

andlet#;: M; — colim; M be the composition of s; with the projection. Then composition
with all #; yields for all R-modules a bijective map

Hompg (co]}im M, N) = lim Hom g (M;, N) (14.4)

and hence colim; M is indeed the colimit in the category of R-modules. Again, (14.4) is
C -linear, where C is the center of R.

If 1 is a finite set, then @, _; M; = [[;c; M;. For I = @ we obtain the zero module,
which is an initial and a final object in the category of R-modules.

If M; = M for all i, then we write M’ (respectively M (Y instead of [1.c; M: (re-

iel
particular we have for M = R the R-modules R’, RY) and R”. We also usually write
ej :=s;(1) € RD.

Example 14.2. Consider the following diagram of R-modules:

M —= N.
0

Then the limit of this diagram consists of pairs (m,n) € M x N such that u(m) = n and
n = 0. Hence it is identified with Ker(u).

The colimit of this diagram is the quotient of M @& N by the submodule £ generated
of all elements of the form (1, 0) — (0, ) with u(m) = n and of all elements of the form
(m,0). Then E is the kernel of the projection M & N — N/ Im(u). Hence the colimit is
identified with Coker(u).

Note that the forgetful functor (R-Mod) — (Sets) commutes with limits. This we can
also deduce from Proposition 13.47 because the forgetful functor has a right adjoint as
we see in the next subsection. The forgetful functor does not commute with arbitrary
colimits as the example of coproducts shows. It does commute with filtered colimits
(Problem 14.3).

Free Modules and Matrices
As with vector spaces (Example 13.19) one sees that the functor > RY) is left adjoint
to the forgetful functor (R-Mod) — (Sets). In other words, we have for every R-module
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a bijection, functorial in / and in M,

Hom(g moa) (R, M) = Homse) (I, M) = M,

(14.5)
u = (u(e))ier

where e; € RU) is the tuple whose j-th entry is §; ; forall j € I. Hence to give a family of
elements m = (m;); withm; € M is equivalent to giving an R-linear map u,,: R — M.
One can also view (14.5) as a special case of (14.3).

We call m linearly independent (respectively a generating system, respectively a basis)
if u,, is injective (respectively surjective, respectively an isomorphism).

An R-module is called free if it admits a basis, i.e., if it is isomorphic to an R-module
of the form RY) for some set 1.

In contrast to vector spaces, R-modules are usually not free (Problem 14.6).

Remark 14.3. Let (m;);c; be a generating system (respectively a linearly independent
system) of an R-module M and let u: M — N be a surjective (respectively injective)
homomorphism of A-modules. Then (u(m;));¢; is a generating system (respectively a lin-
early independent system) of N.

As for linear maps between vector spaces one can express linear maps between free
modules by matrices after choosing a basis. For integers m,n > 0 we denote by M., (R)
the set of matrices with n rows and m columns and with coefficients in R. We also set
M,(R) := M,x,(R). The usual addition and scalar multiplication of matrices makes
M, «m(R) into an R-module. It is a free R-module: A basis is given by the matrices E;;
with all entries equal to 0 except the (i, j )-th entry which is equal to 1.

One has the usual matrix multiplication (p > 0 some integer)

Mpn(R) X Mysm(R) —> Mpum(R),
((aij)ijs (bjk)jx) = Zaijbjk
Jj=l ik

Note that here the order of multiplication of summands usually matters if R is not com-
mutative.

Let M and N be R-modules such that there exists a basis (e, . . ., e,,) of M and a basis
(fi,---, fu) of N. Let u: M — N be an R-linear map. Then forevery j = 1,...,m
there exist unique @;;,i = 1,...,m such that

u(e;) = Zaijfi

i=1

and (a;j)ij € Muxm(R) is the matrix of u with respect to the bases (e;) and (f;). As
for vector spaces, composition of linear maps is expressed by multiplication of the corre-
sponding matrices.
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Exact Sequences
A sequence of homomorphisms of R-modules

Uj—] Ui
...—)Mi,1—>Mi—>Mi+1—>...

is called a complex (respectively is called an exact) if u; o u;—; = 0 (respectively if
Im(u;_;) = Ker(u;)) for all i. A short exact sequence is an exact sequence of the form

0—M —M-—M —N0.
Remark 14.4. Let R be aring and let M;,i = 1,2,... be R-modules.

1. The sequence 0 — M, i> M, is exact if and only if f is injective. The sequence
M; — M, — 0Ois exact if and only if f is surjective.

2. Let M, AN M, LN M; AN M, be an exact sequence of R-modules. Then f,
induces an isomorphism of R-modules Coker(f;) — Ker(f3). In particular, f; is
surjective if and only if f3 is injective.

Definition and Remark 14.5. A short exact sequence 0 — M’ oML M S 00f
R-modules is called split if the following equivalent conditions are satisfied:

(i) There exists a section s: M” — M of p (i.e., a homomorphism of R-modules
s:M"” — M such that p o s = idy»).

(ii) There exists an R-submodule M” of M such that Pl M" — M" is an isomor-
phism.

(iii) There exists a retraction r: M — M’ of i (i.e., a homomorphism of R-modules
r:M — M’ suchthatr oi = idy).

In this case one has isomorphisms of R-modules

M eM' =M,
m',m"y — i(m') + s(m"),

(r(m), p(m)) <im.

Example 14.6. Every short exact sequence 0 — M’ s M -2 M” — 00of R-modules
with M"” a free R-module is split (more generally, this holds whenever M” is a projective
R-module, see Problem 14.4). Let (m]);c; be a basis of M”. As p is surjective, there
exist m; € M with p(m;) = m} forall i. Let s: M” — M be the unique R-linear map
with s(m}) = m; for all i. Then s is a section of p.
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14.2 Multilinear Algebra and Tensor Products
In this section we always denote by A a commutative ring and by M an A-module.

Modules of Multilinear Maps
Let r € Ny and let (N;)<; <, be a finite family of A-modules. A map

a:Nyx- XN, - M

is called r-multilinear if it is linear in every component. The sum of two r-multilinear
maps and the product of an r-multilinear map with a scalar in A4 is again an r-multilinear
map (for the second assertion we need that A is commutative). Hence the set of all such
r-multilinear maps obtains a structure of an A-module, denoted by L4(Ny,..., N.; M).

For r = 1, we obtain the A-module Hom, (N, M) := L4(N; M) consisting of all
A-linear maps N — M.

A O-multilinear map is an arbitrary map ¢: {0} — M. Identifying ¢ with £(0) gives an
identification of O-linear M -valued maps and elements in M .

Finally, 2-multilinear maps are also called bilinear.

Example 14.7. For every A-module the map Homy(A, M) — M, u +— u(l) is an
isomorphism of A-modules, which we will often use to identify Homy (A, M) and M.

The formation of Hom, (M, N) is functorial in M and in N. Let u: M — M’ be an
A-linear map. Then

Homy (u, N): Homy(M’, N) — Homy (M, N), v vou

is A-linear. We obtain a contravariant functor Homy (-, N') from the category of A-modules
to itself.
Similarly, one has a (covariant) functor Homy (M, -): (A-Mod) — (A4-Mod).

Remark 14.8. Let (M;);c; be a family of A-modules and let N be an A-module. The
bijection (14.3) is an isomorphism of A-modules. As multilinear maps are defined as
componentwise linear, it follows that for all integers 1 < s < r and for all A-modules

Py, ..., Py, Pgyy, ..., P, there is an isomorphism of A-modules, functorial if M;, P;
and N,
Ly (Pl,...,va,@Mi, PSH,...,P,;N)
iel (14.6)

—> [[La(Pr..... Pt My, Poy . P N).

iel
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Definition and Remark 14.9 (Dual module). For every A-module M the A-module
MY := Homy (M, A) is called the dual of M. As usual there is a functorial map

M — (MY)Y, m i (A A(m)). (14.7)
We have AY = A by Example 14.7. Hence for every set I we have
(A(I))v — AI

by (14.6).

In particular we see for that every A-module M with a basis of n € Ny elements its dual
M has also a basis with n elements. Moreover the biduality map ¢y, is an isomorphism
of A-modules.

Algebras

An A-algebra (with unit) is an A-module C together with a bilinear map C x C — C,
(c,d) — c -d, such that (C,+,") is a ring. Hence we always assume that the mul-
tiplication in an algebra is associative and has a unit. If the ring multiplication is also
commutative, C is called a commutative algebra. As usual we will often write cd instead
ofc-d.

Remark 14.10. An A-algebra C is the same as a ring C together with a homomor-
phism of rings t: A — C such that the image of ¢ is contained in the center Cent(C) :=
{ceC;cd =dcforalld € C} of C. Such a ring C becomes an A-module via the
scalar multiplication (a,c) + t(a)c fora € A, ¢ € C. Conversely, given an A-algebra
structure on C, the ring homomorphism ¢ is defined by t¢(a) := al¢ fora € A.

As Z-modules are nothing but abelian groups, Z-algebras are nothing but rings.
A map ¢: C — C’ between A-algebras C and C’ is called a homomorphism of A-
algebras if

(a) ¢ is A-linear,
(b) p(cd) = @(c)p(d) forall c,d € C and (1) = 1.

We obtain the category of A-algebras, denoted by (A4-Alg).
Our primary source of algebras will be algebras of R-valued or C-valued functions, for
instance:

Example 14.11. Let X be a topological space and denote by Cx.k(X) the set of con-
tinuous maps X — K (we refer to Example 3.5 for an explanation for this cumbersome
notation). Then Cx.x (X) is a K-algebra with the usual addition of functions, scalar mul-
tiplication of a function with a real number, and multiplication of functions.
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If F: X — Y is a continuous map of topological spaces,
F*Iey;K(Y) — ex;K(X), gl—)goF
is a homomorphism of K-algebras.

Example 14.12. Let M be an A-module. Then the composition of linear maps defines
on the A-module Ends (M) = Hom, (M, M) the structure of an A-algebra. If M admits
a finite basis (e, ..., e,), then attaching to a linear map its matrix with respect to (e;);
yields an isomorphism of A-algebras Endy (M) —> M, (A), where the multiplication on
the A-module M,,(A) is given by matrix multiplication.

Tensor Products
Let M and N be A-modules. Then there exists an A-module M ®,4 N and an A-bilinear
mapt: M xN — M ®, N, denoted by (m,n) — m ® n, which is universal, i.e., for all
A-modules P and for all A-bilinear maps b: M x N — P there exists a unique A-linear
map b: M ®4 N — P such that b(m,n) = b(m ® n) for all (m,n) € M x N. The pair
(M ®4 N, 1) is determined uniquely up to unique isomorphism by this definition. The
A-module M ®,4 N is called the tensor product of M and N over A. We will also often
write M ® N if it is clear over which ring we form the tensor product.

The construction of M ®,4 N is rather straightforward: For every A-module P, the set
Homy (A™>*N) | P) is the set of all maps a: M x N — P (14.5). Such a map « is bilinear
if and only if

alam +m',n) — (aa(m,n) +a(m',n)) =0

and a(m,an +n') — (aa(m,n) +a(m,n’)) =0

foralla € A, m,m" € M, n,n’ € N. Hence, if we denote by Q the A-submodule of
AMXN) generated by all elements of the form

€am+m'n) — (ae(m.n) + e(m’,n)) and €(m.an+n’)y — (ae(m.n) + e(m,n’)),

then an A-linear map u: AM*N) P corresponds to a bilinear map « if and only if
u(Q) = 0. Hence we can simply set M ®4 N := AM*N) /0 and define m ® n as the
image of e, ) in M ®4 N.

Remark 14.13. As the e, ,) form € M and n € N generate AMXN) their images
m@nin M ®, N form a generating system of M ® 4 N (Remark 14.3) (but usually not
every element of M ®4 N is of this form).

In particular, every A-linear map u: M ®4 N — P is already uniquely determined by
the elements u(m @ n) form € M and n € N. Conversely, a map given by specifying
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elements u(m ®@n) forallm € M andn € N inan A-module P extends to a well-defined
A-linear map M ®4 N — P if and only if

ulam @n) = u(m ® an) = au(m ® n),
u((m+m)®@n) =u(mn) +ulm Qn), (14.8)
um®@ n+n")) =umn) +u(mn')

foralla € A,m,m' € M,andn,n" € N.

The maps m @ n — n @m and n ® m — m @ n define mutually inverse isomorphisms,
functorial in M and N,
M®; N=N®Qy M, (14.9)

which we often use to identify these modules. Similarly, the map
M®(N®P)—>(MQEN)RQ P, menp > men) p (14.10)

defines an A-linear isomorphism, which we use to identify these modules. We simply
writt M @4 N®4 PorM QN Q@ Pandm@®nQ pforme M,ne N,pe P. We
use similar notations for the tensor product of finitely many modules.

Remark 14.14. For A-modules My, ..., M, the r-multilinear map
M x--xM, > M Q- QM,, my,....m)—>m®Q---Qm,
is universal, i.e., for every A-module N the A-linear map
Homy(M, ® ---® M,,N) — L,(M,,...,M,;N), UH>UOT (14.11)

is bijective. In other words, for every r-multilinear map o: M| X --- x M, — N there
exists a unique linear map u: M1 ® --- ® M, — N such that ¥ o 7 = «. One simply
checks that

um - Q@m, — a(my,...,m;)

is well defined.

The tensor product is functorial. Let u: M — M’ and v: N — N’ be A-linear maps.
Then m ® n + u(m) @ v(n) defines a well-defined A-linear map

UQUV M@y N— M ®4 N'.
‘We obtain a functor
() ® N:(A-Mod) — (A-Mod), M= M®yu N, uru®idy . (14.12)

It is isomorphic to the analogously defined functor N ® (-) by (14.9).
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Remark 14.15. Suppose that u: M — M’ and v: N — N’ are surjective. Then u ® v
is surjective because its image contains the generating set of all m ® n for m € M and
neN.

Even if v = idy, it is in general not true that u o idy is injective if u is injective
(Problem 14.8; see however Problem 14.9).

Remark 14.16. The maps A ®4 M — M,a@®m +— am,and M — A Q4 M,
m — 1 ® m yield mutually inverse isomorphisms

A®s M =M, (14.13)
which we will usually use to identify these two modules.

Remark 14.17. As we carefully recorded the universal property of all our constructions
with modules, we can use this to show several useful compatibilities. The key idea is the
fact that two A-modules M and N are isomorphic if and only if for every A-module P
there is a bijection of sets

Homy (M, P) = Homy (N, P), functorial in P. (14.14)

Indeed the condition is clearly necessary. Conversely, choosing P = N in (14.14), idy
corresponds to a map u: M — N and choosing P = M in (14.14), idys corresponds to
amap v: N — M. The functoriality in P implies that v o v = idy and v o u = idy,.

As an example of this principle we show that tensor products commute with direct
sums. Let (M;); be a family of A-modules and let N be an A-module. Then there is
a functorial isomorphism

(@ M,-) ®1s N =@PM; @4 N). (14.15)

iel iel

Indeed, let P be an A-module. Then there are isomorphisms of A-modules (in particular
bijective maps), functorial in P,

HOIIIA ((@M,) ®A N,P) a
iel

&~ Ls(M;,N;P
(14.6)[11 A( i )

I

&

L L (@M,-,N;P)

iel

(14.16)

I

[ [Homa(M; ®4 N.P)

iel

(1%6) Homy (@(M, ®4 N), P) .

iel

=
~

(14.11
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As all the isomorphisms in (14.16) are also functorial in the M; and in N, the isomor-
phism (14.15) is functorial in the M; andin N.

Remark 14.18. Let M and N be free A-modules with basis m = (m;);c; and n =
(n);es, respectively. Hence the maps u,,: AD - M, (a;)ics — Y ic;aim; and u,, are
isomorphisms of A-modules. Then we can combine several of the above isomorphisms to
obtain an isomorphism

M@, N=AD®, AV o (A®s A)) =~ : AP

1415 (1413

—_

sending m; ® n; to e ;). In particular, M ®,4 N is again a free module with basis
(m; ® nj)i jyerxJ-

Another useful fact is that the tensor product and the Hom-functor are adjoint to each
other. This is based on the easy observation that for all A-modules M, N, and P the map

L4y(M,N; P)— Homy(M,Homy (N, P)), o (m— (n+— a(m,n))

is an isomorphism of A-modules, functorial in M, N, and P: An inverse is given by
u > ((m,n) > u(@m)(n)). As Ly(M, N; P) = Homy (M ® N, P) we obtain a functorial
isomorphism

Homy(M ® N, P) =~ Hom,(M,Homy (N, P)). (14.17)

In particular, the covariant functor (-) ® N from (A-Mod) to itself is left adjoint to the
functor Homy (N, -). Hence Proposition 13.47 shows that (-) ® N commutes with col-
imits and is in particular right exact. This observation also gives a new argument, why
tensor products commute with direct sums because the direct sum is, as a coproduct in the
category of modules, a special case of a colimit.

There is also a functorial homomorphism of A-modules

Hom,(M, P) ®4 N — Homy(M,P ®,4 N),

(14.18)
unt> (m—u(lm)Qn).

This is an isomorphism if M or N is free with a finite basis. Indeed, assume that M =~
A" for some integer n > 0. As (14.18) is functorial, we may assume that M = A".
As the functors Homy (-, P) and Homu(-, P ®4 N) commute with finite direct sums
(Remark 14.8), we may assume M = A. Now the claim follows from Remark 14.7. The
proof in the case that N = A" is similar using that tensor products commute with direct
sums (14.15) and that Q ®4 A = Q for every A-module Q (14.13).

Taking P = A in (14.18) we obtain a functorial homomorphism of A-modules

§: MY ®4 N —> Homy(M, N), (14.19)

which is an isomorphism if M or N are free with finite basis.
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For every A-module Q we can compose the A-linear map Hom,(Q, §) with (14.17)
and obtain a functorial homomorphism of A-modules

Homy (Q, M"Y ®4 N) —> Homy(Q ®4 M, N), (14.20)
which is an isomorphism if M or N are free with a finite basis.

Example 14.19. Let M be a free module with a finite basis. Then (14.19) yields an
isomorphism
Endy (M) := Homy (M, M) S MY Q4 M. (14.21)

Composition with the linear map MY @ M — A, (A,m) — A(m), yields an A-linear map
tr: Endy(M) — A, (14.22)

called the trace map. Via the choice of a basis (e, ..., e,) of M we identify Ends (M)
and the matrix algebra M, (A). If (x', ..., x") is the dual basis of M, then x' ®¢; € M
corresponds via (14.21) to the matrix E;;, which has everywhere 0 coefficients except in
(i, j)-th place, where its coefficient is 1. Hence the above trace map coincides with the
usual trace map M, (A) — A because both maps are linear and agree on the basis (E;;); ;
of M, (A).

14.3 Tensor Algebra, Exterior Algebra, Symmetric Algebra

Tensor Algebra
Forr > 0 let
Tr(M) = T/{(M) = MO® = MR- Q4 M
S——

r times

be the r-th tensor power of M. Then T°(M) = A and T'(M) = M. Define the tensor
algebra of M
T(M) :=Ty(M) := P T (M)
r>0
with A-algebra structure defined as follows. Form := m; ® --- ® m, € T"(M) and
n:=n ®---®ns; € T*(M) we define the product by

men=mQ---Qm, n; ---Q ng ET"H(M),

then extend by linearity. This is well defined and makes 7'(M) into an associative A-
algebra with 1 (but not necessarily commutative).

The A-algebra T (M) is a graded A-algebra, i.e.,forw € T'(M),v € T/ (M) one has
w®uveT T/ (M)foralli,j > 0.



304 14 Appendix C: Basic Algebra

If u: M — N is a homomorphism of A-modules, then m| ® --- ® m, — u(m;) ®
-+ ® u(m,) defines an A-linear map 7" (u): T"(M) — T"(N). The map

Tu):=@T (u):T(M)— T(N)
is a homomorphism of A-algebras.
The formation of 7" (1) and of T (1) is compatible with composition and sends identi-
ties to identities. Hence we obtain functors

T’:(A-Mod) — (A-Mod),  T:(A-Mod) — (A-Alg).

Remark 14.20. Denote by : M > T'(M) C T(M) the inclusion. Then (T'(M), () has
the following universal property: For every associative A-algebra B with 1 the map

HOIIl(A_Alg)(T(M), B) —> HOITI(A,MOd)(M, B), Q= @ol

is bijective. In other words, the functor M +— T'(M) is left adjoint to the forgetful functor
(A-Alg) — (A-Mod).

Exterior Powers
Let M and N be A-modules. An r-multilinear map o: M" — N is called alternating if
a(my,...,m,) = 0 whenever there exists i # j with m; = m;.
Let Q, C T"(M) be the A-submodule generated by the set
E :={m ®- - ®m, € T"(M); thereexist | <i # j <r withm; =m;}.

Then an r-multilinear map o: M" — N is alternating if and only if the corresponding
A-linear map u: T"(M) — N sends Q, to 0. We set

AY(M) := Ay(M) :=T"(M)/Q,
and call it the r-th exterior power of M. The image of m| ®---®m, in A" (M) is denoted
bym; A---Am,. Wehave Qg = Q; = 0 and hence A°(M) = Aand A'(M) = M.
By construction, A" (M) has the following universal property. Let
M — AT(M), (my,...,m.)—>mg A--- Am,.
Then r is alternating and for every A-module N the map

Hom4moa) (A" (M), N) - {a: M" — N ; « alternating}, U uom

is bijective.
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The direct sum

AM) := As(M) := P A" (M) =T(M)/ P O,

r>0 r=>0

is called the exterior algebra of M. The multiplication on the A-algebra 7(M) induces
a multiplication on A(M') making the A-module A(M ) into an A-algebra. We denote the
multiplication in A(M) by (w,n) = w A 7.

As elements of the form m; ® --- ® m,, m; € M, generate T" (M), their images
my A --- Am, generate A"(M). A map u given on these elements with values in an A-
module N extends (necessarily uniquely) to an A-linear map u: A"(M) — N if and only
if u satisfies linearity conditions in each component (as in (14.8)) and if u sends every
elementin E, to 0.

The A-algebra A(M) is a graded A-algebra that is graded commutative, i.e., for v €
A'(M), n € AJ(M) one has

orn=D'nAw.

Let u: M — N be a homomorphism of A-modules. Then the homomorphism 7 (u)
of A-algebras and the A-linear maps 7" (u) induce a homomorphism of A-algebras
A): A(M) — A(N) and A-linear maps A" (u): A"(M) — A"(N) givenby m; A--- A
my > u(my) A--- Au(m,).

We obtain a functor M +— A(M) from the category (A-Mod) to the category of asso-
ciative graded commutative A-algebras and functors A”: (4-Mod) — (A-Mod).

Remark 14.21. Let M be an A-module. As A(M) is graded commutative one has for
my,my € M that my A my = —my A my in A>(M). As the group of permutations S, is
generated by transpositions of i and i + 1 and as sgn: S, — {£1} is a homomorphism of
groups, we deduce that for all m,...,m, € M and for every o € S, we have

My A+ AMgy = sgn(o)my A -+ A W,. (14.23)
For finitely generated free modules, the exterior power can be described as follows
([BouAl] III, §7.8 and §7.9). Let r,n > 0 be integers. Define

L'(n):={@,....i,); 1 <ij<---<i,<n}.

Let E be an A-module, ey,...,e, € E. For J = (iy,...,i,) € L"(n) define e; :=
e, N-Ne, € A"(E).
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Proposition 14.22. Let E be a free A-module of rank n € N.

1. Let r € Ny. The exterior power A" (E) is a free A-module of rank (;’) (with (f) =0
ifr >n). For1 <r <nafamily (ey,...,e,) of elements in E is a basis of E if and
only if (ej) jerr () is a basis of A" (E).

2. Let F be a free A-module with basis (fi,..., fm) withm € Ny and let u: E — F be
an A-linear map given by u(e;) = > i-, a;; f; for a matrix (a;;) € My, (A). Then
the matrix of A" (u) with respect to the bases (e;) jerr ) of A"(E) and ( f1)i1eLr(m) of
/' (F) is the matrix

(det(A7. 7)) reLr(my.seLr ),

Where] ={ll <“‘<l.r}’ J ={J1 <<Jr}and

Ary = (ai, j,)1<a<r
l<p=r
the submatrix of A consisting only of rows (respectively columns) numbered by ele-
ments in I (respectively in J ).
3. In particular, if r = n = m, then det(E) := A"(E) and det(F) := A"(F) are free
A-modules of rank 1 and det(u) := A" (u) is given by det(A) with respect to the bases

Let E be a free A-module of rank n € N and let u: E — E be an A-linear endomor-
phism. Then det(u) is an endomorphism of the free A-module det(E) of rank 1 and hence
is given by multiplication with an element in A that we call again det(u).

Proposition 14.23. The endomorphism u is bijective if and only if det(u) is a unit in A.
Proof. Let (ey,...,e,) be abasis of £ and set x; := u(e;). Then
X| A A X, =det(u)(e; A Aey). (*)

The linear map u is bijective if and only if (xi,...,x,) is a basis of E. By Proposi-
tion 14.22 1 this is the case if and only if (x; A --- A X,,) is a basis of the free A-module
A"(E) of rank 1. As (e; A --- A ey) is a basis, (*) shows that (x; A --- A x,,) is a basis if
and only if det(u) is a unit in A. O

Remark 14.24. Let M be an A-module and let oy, ..., M — A be A-linear maps.
Then
M"— A, (my,...,m;) — det((c;(m;))i<i j<r)

is an alternating r-multilinear map and hence corresponds to an A-linear map A" (M) —
A, which we denote by @) A -+ A .. The map

(MY — A"(M)Y, (@i, ...,0) > A A,
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is r-multilinear and alternating. Hence it corresponds to an A-linear map
AT(MY) — A" (M) (14.24)

Now suppose that M is finitely generated and free. We claim that (14.24) is then an
isomorphism. Indeed, let (e, ...,e,) be a basis of M, and let (¢y,...,¢&,) be the dual
basis of M. Then (14.24) sends for J € L"(n) the J-th basis vector 5 of A"(M") to
the J-th basis vector in the dual basis of the basis (e;) e () of A" (M). In particular our
claim follows.

Symmetric Products
A similar construction as for alternating multilinear maps also works for symmetric mul-
tilinear maps. Again let M and N be A-modules. An r-multilinear map a: M" — N
is called symmetric if a(my,...,m,) = a(my(), ..., My(r) for all permutations o in the
symmetric group S, of {1,...,r}.

Let P, C T"(M) be the A-submodule generated by all elements of the form

(ml by ®mr) _(mU(l) by "'®ma(r))

with m; € M and o0 € S,. Again an r-multilinear map o: M" — N is symmetric if and
only if the corresponding A-linear map u: 7" (M) — N sends P, to 0. We set

Sym" (M) := Sym (M) :=T"(M)/P,

and call it the r-th symmetric power of M. The image of m; ® --- ® m, in Sym" (M)
is denoted by mymy,---m,. We have Py = P; = 0 and hence SymO(M) = A and
Sym!(M) = M. The A-module Sym’ (M) has again a universal property, now with
respect to symmetric r-multilinear maps. As above, the direct sum

Sym(M) := Symy, (M) := @Sym"(M)

r>0

is a graded A-algebra, called the symmetric algebra of M It is commutative in the usual
sense. Again all these constructions are functorial yielding functors Sym from (A-Mod)
to the category of commutative graded algebras and Sym” from (4-Mod) to itself. Finally,
by [BouA1] III, §6.6, Theorem 1 we have the following result about the symmetric powers
of free modules.

Proposition 14.25. Let M be a free module with basis (e;);c;. Let N(()I) be the set of
maps B: 1 — Ny such that (i) = 0 for all but finitely many i. Write

ef = l_[ef(i),

iel
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product in the commutative A-algebra Sym(M). Then (eﬂ)ﬂeN(z) is a basis of the A-
0

module Sym(M). For all r > 0 the elements P with Y., B(i) = r form a basis of
Sym" (M).

iel

14.4 Modules over Commutative Rings

Now let A be a commutative ring. We denote by A* := {ae A; Ibe A:ab=1}Iits
group of units.

Recall that an ideal of A is an A-submodule of A. In other words, an ideal a of A is
a subgroup a of (4, +) such that ba € aforallb € Aanda € a.

Trivial examples of ideals of A are {0} and A itself. For an ideal a of A one hasa = A4
if and only if 1 € a. The commutative ring A is a field if and only if A # {0} and {0} and
A are the only ideals of A.

Remark 14.26. If a is an ideal of A then the multiplication A x A — A induces a map
A/a x A/a — A/a on the quotient group A/a making A/a again into a commutative
ring. The projection 7: A — A/a is then a ring homomorphism.

Sending an ideal b of A/a to 7! (b) yields a bijection between the set of ideals in A/a
and the set of ideals in A containing a.

Definition 14.27. Let a C A be an ideal and M an A-module. The product of a and M
is the A-submodule of M defined by

n
aM::{E ) la,-m,-;neNo,a,-ea,m,-eM}.
ie

Proposition 14.28. Let a € A be an ideal and M an A-module. Then the map u: M —
M@y A/a, m — m@]1 induces an isomorphism of A-modules M/aM — M Q4(A/a).

Proof. Fora € Aorm € M let a (respectively i) be its image in A/a (respectively in
M/aM). Fora e aandm € M wehave (a - m)@ l =mQ®@ @-1) =m®a =0
so that aM is contained in the kernel of u. Denote by i: M/aM — M ®4 (A/a) the
induced homomorphism. Conversely, define a map M x (A/a) — M/aM by (m,a)
am. This assignment is well defined and A-bilinear so that it induces an A-linear map
JiM®4(A/a) > M/aM.

Now j oi = idps/qp hence i must be injective. Moreover i is also surjective because
M ®,4 (A/q) is generated by elements of the formm ® @ = (a -m) ® 1 form € M and
a € A. Hence i and j are mutually inverse isomorphisms. O

Definition 14.29. Anideal m C A is called maximal if there exists no properideal a & A
withm C a.
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Remark 14.30. Fix an ideal a € A. If (a;);¢; is a family of proper ideals of A, totally
ordered by inclusion such that a C «; for all i € I, then | J; a; is a proper ideal of A
containing a. Hence we can employ Zorn’s lemma 13.28 to see that every proper ideal a
of a commutative ring is contained in a maximal ideal. Applying this to a = {0}, we see
in particular there always exist maximal ideals of 4 if A # {0}.

Remark 14.31. An ideal a of A is maximal if and only if A/a is a field (Remark 14.26).

Definition 14.32. Let ¢: A — B be a homomorphism of commutative rings. For every
A-module M the base change of M along ¢ is defined as My := M ®, B. There is
a unique A-linear map Mg x B — Mp with (m ® b, by > m® (b-b), making Mp into
a B-module.

If f: M — N is an A-linear map, then fp := f ® idg: My — Np is B-linear.

These constructions define a functor ( ) from the category of A-modules to the cate-
gory of B-modules.

For commutative rings A # {0} free A-modules have a well-defined rank:

Definition and Remark 14.33 (Rank of a free module). Let A # 0 and let M be a free
A-module, hence M = A") for some set I. Then the cardinality of 7 is called the rank
of M. It is denoted by rk4 (M).

To see that the rank is well defined it suffices to prove that the existence of an A-linear
isomorphism f: A S AD implies that / and J have the same cardinality. As A # 0,
we can choose a maximal ideal m C A and set k := A/m. One has k) =~ A ®, k
because tensor products commute with direct sums. Hence

fokD = AD @, k > AV @4 k =~ k)

is also an isomorphism (of k-vector spaces). Since k is a field (Remark 14.31), it is
a standard result of linear algebra that / and J have the same cardinality.

For free modules over non-commutative rings the rank is in general not well defined:
There exist non-commutative rings B and an isomorphism of B-modules B — B? (Prob-
lem 14.28).

Example 14.34. Let M and N be free A-modules of finite rank m and n respectively and
let r > 0 be an integer. Above we have expressed bases of M @ N, A" (M), and Sym” (A4)
in terms of bases of M and N. In particular we see that
tka(M & N)=m +n, rtky(M ®4 N) =mn,
rky(Homy (M, N)) = mn, ky(M") = m,

ks (A7(M)) = (’f) ks (Sym’” (M) = (’" +r’ - 1).
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Remark 14.35. Let M be a free A-module and let ¢: A — B be a homomorphism of
commutative rings. Choose an isomorphism f: M S AD for some set 1. Its base
change via ¢ is an isomorphism fz: Mp = B because tensor products commute with
direct sums. Hence My is a free B-module of the same rank as the free A-module M .

Definition 14.36 (Local ring). A commutative ring A is called local if it has a unique
maximal ideal m C A. The field A/ is called the residue field of A.

In particular a local ring is always non-zero.

Remark 14.37. A commutative ring A is local if and only if A \ A* is an ideal. In this
case mt := A\ A* is the unique maximal ideal of A. In particular for a € m we have
l+aeA”

Proposition 14.38 (Nakayama’s lemma). Let A be a local ring with residue field k, let
M’ and M be A-modules, and let f: M’ — M be an A-linear map. Suppose that M
is a finitely generated A-module. Then f is surjective if and only if the induced map

f:M'JmM' — M/mM is surjective.
Proof. We have a commutative diagram

/

M—sM

L,

MaM —~ M/mM

where vertical maps are the projections. In particular the condition is necessary. Now let
f be surjective. Let N := Coker(f). Our aim is to show N = 0. As fis surjective, we
have N/mN = 0and hence N = mitN. As a quotientof M, N is again finitely generated.
Hence it remains to show that for a finitely generated A-module N the equality N = mN

implies N = 0.

Assume N # 0 and N = mN. Since N is finitely generated, there exists a minimal
set of generators ny,...,n, € N forr € N. Asn, ¢ N =mN,wefinday,...,a, em
with n, = an; + ... 4+ a,n,. Since A is local, we find 1 —a, € A so that n, =
(1 —a,)Yan, + ...+ n,_in,_;) and therefore n, ...,n,_; already generate N. This
contradicts the minimality of r € N. O

Proposition 14.39. Let A be a local ring with maximal ideal w, k := A/wm. Let E be
a free A-module of finite rank and let u: E — E be an A-linear endomorphism. Then u
is an automorphism if and only if the k-linear map u: E/mE — E/mE induced by u is
an automorphism.
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Proof. The determinant det(it) € k is the image of det(u) € A. Hence det(if) is a unit in
k (i.e., det(u) # 0) if and only if det(u) is a unit in A (i.e., det(u) ¢ m). We conclude by
Proposition 14.23. O

The conclusion of Proposition 14.39 also holds for arbitrary finitely generated A-
modules E: If u is an automorphism, then u is surjective by Nakayama’s lemma. Then
conclude by Problem 14.30.

14.5 Problems
In the problem section let R be always a ring and A a commutative ring.

Problem 14.1. Let R be a ring. Show that a morphism in the category of R-modules is
a monomorphism (respectively an epimorphism) if and only if it is injective (respectively
surjective).

Problem 14.2. Let u,v:M — N be a homomorphisms of R-modules. Show that
Ker(u,v) := Ker(u — v) (respectively that Coker(u, v) := Coker(u — v)) is an equal-
izer (respectively a coequalizer) in the category of R-modules (Problem 13.9). Deduce
that the category of R-modules is complete and cocomplete (use Problem 13.10).

Problem 14.3. Let 7 be a small filtered category and let M:7 — (R-Mod) be an 7-
diagram of R-modules. By composmon with the forgetful functor (R-Mod) — (Sets)
we also obtain an 7-diagram M of sets. Define on colim; M = = (Uicone) M;)/~ an
addition and a scalar multiplication as follows. For a € R and m,m’ € colim; M choose
representatives m1; € M; = M; and ﬁ1; € Mj = M; and choose morphisms ¢:i — k
and ¥: j — k in 7 for some object k in 7. Define m + m’ as the equivalence class of
M (@)(i;) + M (¥)(m’;). Define am as the equivalence class of arm;. Show that this
defines the structure of a left R-module on colimy M , that the canonical maps s;: M =
M; — colim; M are R-linear, and that (colimy M, (s;);) is a colimit in the category of
R-modules.

Problem 14.4. Let P be an R-module. Show that the following conditions on P are
equivalent:

(i) Every short exact sequence of R-modules of the foom0 - M — N — P — 0Ois
split.

(ii) For every surjective homomorphism p: M — M of R-modules and for every R-
linear map u: P — M there exists an R-linear map u: P — M such that pou=u.

(iii) P is a direct summand of a free module (i.e., there exists an R-module P’ such that
P @ P’is afree R-module).
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If P satisfies these conditions, P is called projective.
Show that an R-module is projective and finitely generated if and only if it is a direct
summand of a finitely generated free R-module.

Problem 14.5. Let P be an A-module. Show that P is projective and finitely generated
(Problem 14.4) if and only if the homomorphism PY ®4 P — End4(P) (14.19) is an
isomorphism.

Problem 14.6. A non-zero commutative ring R is called an integral domain if for a,b €
R the equality ab = O implies @ = 0 or b = 0. Suppose now that R is an integral domain.
An R-module M is called forsion free if fora € R and m € M the equality am = 0
impliesa = 0orm = 0.

1. Show that Z and k[T] (k a field) are integral domains. Let n > 1 be an integer. Show
that Z /nZ is an integral domain if and only if » is a prime number.

2. Show that every free R-module is torsion free.

3. Leta € R with a # 0. Show that the R-module R/(a) is not torsion free (and hence
not free).

4. The field of fractions of R, denoted by Frac(R), is the set of pairs (a,s) witha € 4
and s € A\ {0} modulo the equivalence relation (a,s) ~ (b,t) < at = bs. The
equivalence class of (a, s) is denoted by ¢. Define addition and multiplication as usual
for fractions and show that this is well defined and endows Frac(R) with the structure
of a field. Observe that Frac(Z) = Q.

5. Show that the map : R — Frac(R), a + { is an injective ring homomorphism satisfy-
ing the following universal property: If K is a field and ¢: R — K is an injective ring
homomorphism, then there exists a unique homomorphism ¢°: Frac(R) — K such
that 9% o1 = ¢.

6. Show that Frac(R) is a torsion free R-module. Show that Frac(R) is not a free R-
module if R is not a field.

Problem 14.7. Let n,m € Z be non-zero and let d be a greatest common divisor of m
and n. Show that the rings (considered as Z-algebras) Z/mZ ®yz Z./nZ and Z/d 7 are
isomorphic (in particular Z/mZ @z Z/nZ = 0 if m and n are coprime).

Problem 14.8. For integers r,n > 2 consider the inclusion u:rZ/nrZ <« Z/nrZ of
Z/nr Z-modules. Show that u ® idz,,z is not injective.

Problem 14.9. Let E be an A-module.

1. Show that the following assertions are equivalent:
(i) For every injective A-linearmapu: M — M’ themapu®idg: M QE — M'QE
is injective.
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(i1) For every short exact sequence 0—> M —l> M -2 M” — 0 of A-modules the
sequence 0 — M/®El—> M®E — i M" ® E — 0 is exact.
In this case E is called flat.
2. Show that every free A-module is flat. Deduce that every projective A-module (Prob-
lem 14.4) is flat.
3. Suppose that 4 is an integral domain (Problem 14.6). Show that a flat A-module is
torsion free.

Problem 14.10. Let M and N be A-modules. An r-multilinear map o: M" — N is
called skew-symmetric it a(mq (1), . .., Mg@)) = sgn(o)a(m, ..., m,) for every permuta-
tiono € S, and forall my,...,m, € M.

1. Show that every alternating r-multilinear map M" — N is skew-symmetric.

2. Show that an r-multilinear map o: M" — N is alternating if and only if
a(my,...,m,) = 0 whenever there exists 1 <i <r — 1 such that m; = m; ;.

3. Show that every skew-symmetric r-multilinear map M" — N is alternating if the map
N — N,n + 2n is injective.

The injectivity of N — N, n + 2n, is satisfied if 2 is a unit in A (for instance if A is
a commutative algebra over a field of characteristic # 2).

Problem 14.11. Let M be an A-module and let » > 0 be an integer. Show that

My A AN, > Z sgn(0)(Me1) @ -+ Q@ Mg(r))

o€eS,

defines an A-linear map a,: A" (M) — T"(M). If p,: T" (M) — A" (M) is the canonical
projection, then p, o a, = (r!) idr(x). Show that a, is injective if M is a free A-module
or if ! is invertible in A. Give an example of a ring A and an A-module M such that a,
is not injective.

Problem 14.12. Let M be an A-module, r > 0 an integer, w € A" (M). Show that if r is
odd, then @ A @ = 0. Give an example of a module M and an element w € A*(M) such
that w A w # 0.

Problem 14.13. Let M be an A-module generated by a single element. Show that
Sym(M) = T(M) and that A"(M) = O forall » > 2.

Problem 14.14. Let R be a commutative ring, let » > 2 be an integer, and let
= R[Ti,...,T,] be the ring of polynomials over R in n indeterminates. Let a :=
(Ti,...,T,) be the ideal in A generated by 77, ..., T,. Show that A} (a) = A/a = R
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Problem 14.15. Letu: M — N be a homomorphism of A-modules.

1. Suppose that u is surjective. Show that 7" (u), A" (u), and Sym’ (1) are surjective for
allr > 0.

2. Show that an analogous assertion for “injective” does not hold.

Hint: For T" take the inclusion Z-modules u: 27 /47 — 7 /4Z and use Problem 14.13
for Sym”. For A" use Problem 14.14.

3. Suppose that u is injective and u(M) is a direct summand of N (i.e., there exists
a submodule N’ of N such that N = u(M) @& N’). Show that T"(u), A" (u), and
Sym” (u) are injective for all r > 0 and their images are direct summands (see also
Problem 14.17).

Problem 14.16. Let M be a projective A-module (Problem 14.4), my,...,m, € M.
Show that (my,...,m,) is linearly independent if and only if there exists no 0 # a € A
such thatam; A --- Am, = 0.

Hint: Consider first the case that M is a free A-module.

Problem 14.17. Letu: M — N be an injective homomorphism of projective A-modules
(Problem 14.4). Show that A" (u) is injective for all 7 > 0.

Problem 14.18. Let m,n € Ny and u: A™ — A" be an A-linear map. Show that if u is
injective (respectively surjective), then m < n (respectively m > n).
Hint: One could use Problem 14.17 and Problem 14.15.

Problem 14.19. Let M be a free A-module or rank d € Nj and let u: M — M be an
A-linear endomorphism. Show that u is injective if and only if A?(u) is injective.

Problem 14.20. Let d € Ny and let M be an A-module generated by elements
my,...,my. Suppose that there exists an A-linear injection AY <> M. Show that
(my,...,my) is a basis of M.

Hint: Use Problem 14.19.

Problem 14.21. For every A-module M let ¢;: M = T'(M) € T(M) be the inclu-
sion. Show that for every homomorphism u: M — N of A-modules T (u) is the unique
homomorphism of A-algebras such that

M—" >N

T (u)

T(M) —2~T(N)

commutes. Formulate and prove an analogous statement for the exterior algebra and the
symmetric algebra.
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Problem 14.22. Let M be an A-module and let ¢),: M — AY(M) < A(M) be the
inclusion. Show that for every A-algebra C and for every A-linear map u: M — C
with u(m)?> = 0 for all m € M there exists a unique homomorphism of A-algebras
u: A(M) — C such thaty =1 o 1),.

Problem 14.23. Let A be an integral domain and let K be its field of fractions (Prob-
lem 14.6). Show that A%(K) = 0.

Problem 14.24. Let M be an A-module and r € Ny.

1. Suppose that A" (M) = 0 (respectively that A" (M) is a finitely generated A-module).
Show that A*(M ) has the same property for all s > r.

2. Let u: M — N be a homomorphism of A-modules and suppose that A" (u) = 0.
Show that A*(u) = Oforall s > r.

Problem 14.25. Let M be an A-module, let » > 0 be an integer and assume that A" (M)
is generated by d € Nj elements. Show that A*(M) = O forall s > r + d.

Problem 14.26. Let M be an A-module, let N be a free A-submodule of M of rank
d € N, and let (e) be a basis of the free A-module A?(N) of rank 1. Suppose that N is
a direct summand of M. Show that an element m € M is contained in N if and only if
eAm=0.

Problem 14.27. Show that the functor M +— Sym(M) is left adjoint to the forgetful
functor from the category of commutative A-algebras to (A-Mod).

Problem 14.28. Let k be a field, let V' be a k-vector space with basis (e;);cn, and let
R = Endi (V) be the ring of endomorphisms. Define fi, f, € R by fi(e;) = eni_
and f>(e;) = ey;. Show that (fi, f2) is an R-basis of the R-left module R. Deduce that
R" =~ R™ foralln,m € N.

Problem 14.29. Show the following version of Nakayama’s lemma. Let M be a finitely
generated module over a commutative ring A4, let a € A be an ideal. If M = aM, then
there exists a € A such thataM = 0 and a = 1 mod a.

Problem 14.30. Let M be a finitely generated module over a commutative ring A and let

u: M — M be a surjective A-linear endomorphism. Show that u is bijective.

Hint: View M as an A[T]-module by setting 7 - m := u(m) and use Problem 14.29.
Note that injective A-linear endomorphisms u are not necessarily bijective (e.g., M =

A =Zandu:n + 2n).

Problem 14.31. Show that every finitely generated direct summand of a finitely generated
free module over a local ring A is again free. In other words (Problem 14.4), every finitely
generated projective A-module is free.
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In this appendix we recall some basic notions from homological algebra. We start by
defining complexes of modules and the notion of homotopy between morphisms of com-
plexes. This is in fact the cohomological shadow of the topological notion of homotopy
(see the remark after Proposition 11.12). One obtains the homotopy category of modules,
which is a fundamental notion in homological algebra. After a short interlude on diagram
chases we introduce a central notion for the definition of cohomology: injective modules
and K-injective complexes. Until then all notions were explained for modules over a ring,
but in fact they make sense much more generally in arbitrary abelian categories. This is
explained in the last section of this appendix.

Notation: If not otherwise specified, R always denotes a ring, not necessarily commu-
tative. An R-module is always a left R-module.

15.1 Homotopy Category of Modules
Definition 15.1 (Complexes). A sequence
. i 4 d i+1
M =(C->M"T"—-M —>M7T —>..)

of homomorphisms of R-modules is called a complex if d' o d'~' = 0 foralli € Z
(equivalently Im(d'~") C Ker(d")). Sometimes we write d}, instead of d".

A morphism of complexes of R-modules u: M* — N* is a family u': M' — N' of
homomorphisms of R-modules such that for all i € Z the diagram

Cod,
M Mz+1

l l"m (15.1)
di

Ni N Nitl
© Springer Fachmedien Wiesbaden 2016 317

T. Wedhorn, Manifolds, Sheaves, and Cohomology, Springer Studium Mathematik — Master,
DOI 10.1007/978-3-658-10633-1_15
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commutes. We obtain the category (Com(R)) of complexes of R-modules.
A complex M* is called bounded below if there exists a € Z such that M’ = 0 for all
i <a.

We consider every R-module M as a complex M* with M® = M and M’ = 0 for all
i #0.

Definition 15.2 (Cohomology and quasi-isomorphisms). Let M* be a complex of R-
modules. Then
H'(M*) := Ker(d")/Im(d'™")

is called the cohomology of the complex M*. For every morphism u: M* — N°* of
complexes of R-modules the commutativity of (15.1) shows u’(Ker(d},)) < Ker(d})
and u’ (Im(dj; ")) € Im(d;"). Hence u' induces a homomorphism of R-modules

Hi(u): H (M) — H'(N)
foralli € Z.

The morphism u is called a quasi-isomorphism or shorter gis if H'(u) is an isomor-
phism for all i € Z.

. qi—1 .odl . .
Example 15.3. Let--- — M~! — M’ — M'*! — ... be an exact sequence. Fix
j € Z. Then the vertical arrows of
s My 0
ujlz—O\L \Luﬁ:dj \Luj“:—o
0 MI+! d/t! M2

yield a quasi-isomorphism of complexes: This is clear in degree # j. In degree j, d’
induces an isomorphism M/ /Im(d/~") = M/ / Ker(d/) — Im(d/) = Ker(d/*").

Definition 15.4 (Homotopy of morphisms of complexes). Let M ® and N °® be complexes
of R-modules and let u, v: M'* — N°® be two morphisms of complexes.

1. A homotopy h between u and v is a family of homomorphisms h': M’ — Ni='i € Z,
such that
u —v' = d]’;,_l oh! +hi*lo d]{,l.

2. The morphisms u and v are called homotopic if there exists a homotopy between u
and v. We then write u >~ v.
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Remark 15.5. Let M*® and N° be complexes of R-modules.

1. The relation ~~ is an equivalence relation on Homcomry (M *, N®): h = 0 defines
a homotopy between u and u. If & is a homotopy between u and v, then —#4 is a ho-
motopy between v and u. If & is a homotopy between v and v, and A’ is a homotopy
between v and w, then & + /' is a homotopy between u and w.

2. Ifu ~vthenu + w >~ v 4+ w for every w € Homcomry(M*®, N°).

3. Lett:L* - M*, u,v:M* — N°, w: N* — P* be morphisms of complexes of R-
modules. Let 4 be a homotopy between u and v. Then (w'~'oh’ ot');.7 is a homotopy
between wou ot andwovot.

Remark 15.5 allows us to define:

Definition 15.6 (Homotopy category of modules). The homotopy category of complexes
of R-modules is the following category K(R):

(a) Objects are complexes of R-modules.
(b) For two complexes M * and N*® we set

HOII]K(R)(M., N.) = Hom(COm(R))(M', N.)/ ~ .

Addition of morphism of complexes endows Homg gy (M ®, N *) with the structure of
an abelian group.

(c) The identity is the identity morphism of complexes. Composition is given by compo-
sition of morphisms of complexes (this is well defined by Remark 15.5).

Proposition 15.7. Letu,v: M* — N°* be morphisms of complexes of R-modules that are

homotopic. Then
H?(u) = H?(v): H?(M*) — HP(N°®)

forall p € 7.

In particular we see that it makes sense to say that a morphism in K(R) is a quasi-
isomorphism.

Proof. By considering u — v it suffices to show: If there exists a homotopy 4 of u and 0,
then H?(u) = 0 forall p. Leti:Ker(dj;) — M? be the inclusion. As u? = dlf,fl oh? +
hP+'od] we find that u? oi = d? " oh? oi and hence factors through Im(d/"). Hence
H?(u) =0. O
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Remark 15.8. One also has the notion of a complex with decreasing numbering, i.e., of
complexes M, of the form --- — M; iy M; BN M, — ... withd;od;y; =0.If
we want to distinguish between these notions, we call complexes with increasing number-
ing (i.e., complexes as defined in Definition 15.1) cochain complexes and complexes with
decreasing numbering chain complexes. All of the above definitions and results can also

be made for chain complexes.

For the proof of the next two less trivial results we refer to [GeMa] Chap. 111, §4,
Theorem 4.

Lemma 15.9. Every diagram in K(R) of the form

M®— = N*
qis

lu

P,

where s is a quasi-isomorphism, can be completed to a diagram

M* ; No
qis
lu J{ (15.2)

L] t L]
P T‘ Q .
that commutes in K(R) and such that t is a quasi-isomorphism.

It is in general not possible to find the commutative diagram (15.2) in (Com(R)).

Lemma 15.10. Let w: I®* — J*® be a morphism of complexes. Then the following asser-
tions are equivalent:

. . . . qis
1) There exists a quasi-isomorphism s: M ®* —> 1° such that w o s >~ 0.
q P
.. . . . o 9S4
(ii) There exists a quasi-isomorphism t: J* —> N°* such thatt o w >~ 0.

Finally, we will use the following result for which we refer to [Stacks] Tag 05T6.

Lemma 15.11. Let 7 be a set of objects in (R-Mod) containing 0 such that for every R-
module M there exists an injective homomorphism M — I of R-modules with I € 1. Let
a € Z. Then for every bounded below complex M ® of R-modules with M? = 0 for p < a
there exists a quasi-isomorphism M * 2 T with TP € 1, with M? — I7 injective for
all p, and with I? = 0 forall p < a.
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15.2 Diagram Chases

Lemma 15.12. (Five lemma) Consider a commutative diagram of R-modules with exact
rows

M, M, M; M, Ms
ull uzl L@\L Lml u5l
Nl N2 N3 N4 N5.

Assume that u, and uy are isomorphisms, u, is surjective and us is injective. Then us is
an isomorphism.

Proof. This is a simple exercise of diagram chasing, which we leave to the reader. Al-
ternatively, one can also work simply with the universal properties of kernel and coker-
nel. Such a proof then will also generalize to arbitrary abelian categories (see Defini-
tion 15.25). Let us illustrate this by proving that Coker(u3) = 0.

Denote by v;: M; — M, and w;: N; — N, the homomorphisms in the diagram.
Letns: N3 — P be ahomomorphism such that n; ous; = 0. We have to show thatn; = 0.
As nzowyouy, =nzouszo v, = 0andas Coker(u,) = 0 we find n3 o w, = 0. Hence
Ker(w;) = Im(w;) € Ker(n3) and there exists n4: Im(wz) — P with ny o w3 = n3. As
ngouy o vy =0 we find

Ker(wy o uy) = Ker(us o vg) = Ker(vy) = Im(v;) € Ker(ng o uy)

and hence Im(w;) = Ker(wy) < Ker(ny) because uy4 is an isomorphism. Therefore
n4 = 0 and hence n; = ny o wz = 0. U

Lemma 15.13. (Snake lemma) A commutative diagram of R-modules with exact rows

p

M, M, M; 0
ull uzl u3l
0 N —- =N, N;.

induces an exact sequence

Ker(u;) — Ker(uy) — Ker(us) 2, Coker(u;) — Coker(u,) — Coker(us),

1 OMZOp_l n-

where “0 =i~
The informal definition of d means that for x € Ker(u3) one first chooses z € M, with
p(z) = x and then defines d(x) as the image of an element y € N; with i (y) = u,(z).
Note that if M| — M, is injective, then Ker(u;) — Ker(u,) is injective. If N; — N3
is surjective, then Coker(u,) — Coker(u3) is surjective.



322 15 Appendix D: Homological Algebra

Proof. Diagram chase. O

Lemma 15.14. Let 0 — M* —> N°* —> P* — 0 be a short exact sequence of
complexes of R-modules (i.e., for all i € Z the sequence of R-modules 0 — M —
N — P! — 0 is exact). Then there exist for all i € 7 homomorphisms 8: H' (P*®) —
HI*(M?®) such that the sequence

§ e HW e HUW) S
S H WMy s g vy s H(PY)
s i1 Hi+1(u) it Hi+ it
S HIYY (M) HYY(N®) ——— HT'(P*) (15.3)

)

is exact and such that this long exact sequence is functorial for morphisms of exact se-
quences.

Proof. Applying the the snake lemma to

0 Mi—l Ni—l Pi—l 0
\Ldil \Ldil ldil
0 M N P! 0

shows that the rows of the following commutative diagram are exact:

Coker(dj; ') —— Coker(d}; ') — Coker(d}™') ——=0

i I I

0—— Ker(dj’;l) Ker(di,“) Ker(dj,“).

Note that

. dl . .
Ker(Coker(di; ') —> Ker(di')) = H'='(M*),
. d! . .
Coker(Coker(di;') = Ker(d! 1)) = H'(M*).

Hence applying the snake lemma to (*) yields an exact sequence
HI(M*) > H'(N*) — H'(P*) > H'*\(M®) - H'*\(N*) - H'*'(P*)

and the long exact sequence (15.3) is obtained by pasting these sequences together. We
omit the proof of the functoriality of § in morphisms of exact sequences. O
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15.3 Injective Modules and K-injective Complexes

We will define the cohomology of sheaves — or more general derived functors — using
injective objects and K-injective complexes. These are introduced here.

Definition 15.15 (Injective module). An R-module [ is called injective if for every dia-
gram of R-modules

M — M

"i

with i injective, there exists a homomorphism of R-modules ti: M — [ such thattioi =
u.

The notion of an injective module is dual to the notion of a projective module (Prob-
lem 14.4).

Proposition 15.16. Let I be an R-module. Then the following assertions are equivalent:

(i) I is an injective R-module.

(ii) Every short exact sequence of R-modules of the form 0 — I — M — M"” — 0
splits.

(iii) For every complex M *® of R-modules every quasi-isomorphism s: I — M *® has a left
inverse in K(R) (i.e., there exists a morphism of complexes r: M®* — I, where I is
considered as complex concentrated in degree 0, such that r o s >~ idyye).

Proof. “(i) = (ii)”. Let0 — [ s M — M” — 0 be an exact sequence. As [ is
injective, there exists a homomorphism %: M — I with 7 o i = id;. Hence the sequence
splits.

“(ii) = (iii)”. Lets:I — M?* be a quasi-isomorphism. In particular H4(M*) = 0
for a # 0. Consider the complex t>oM *® given by

co.— 0 —> Coker(M ' > M%) — M' — M?> — ...

where the cokernel term is in degree 0. Then M*®* — (M * is a quasi-isomorphism
because H*(M*) = 0 for a < 0. Hence we may assume that M4 = 0 for a < 0. Then
s T — M % is injective and hence has a left inverse by applying (ii) to the exact sequence
0—>1-">M" — Coker(s”) — 0. This yields a left inverse of s.

“(iii) = (i)”. Lett: M — N° be injective and u: M — I be arbitrary. Let N°® be
the complex that is the canonical homomorphism N° — Coker(i) in degree 0 and 1 and
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that vanishes in all other degrees. Then ¢° yields a quasi-isomorphism #: M — N°*. By
Lemma 15.9 there exists in K(R) a commutative diagram

M —~N°*

I —>s pe,

where s is a quasi-isomorphism. By (iii) there exists a left inverse r for s. Letii: N — I
be the map given by r o u’ in degree 0. We have r ou’ ot >~ r os o u >~ u and hence
(r ou’) ot = u because homotopic homomorphisms between complexes concentrated in
degree 0 are equal. In particular we find i 0 ° = u. a

Example 15.17.

1. If R = k is a field, then every k-vector space is injective because every short exact
sequence of k-vector spaces splits (by Example 14.6).

2. Let R be a principal ideal domain (e.g., R = Z). Then an R-module M is injective if
and only if @ € R, a # 0, the scalar multiplication M — M, m + am, is surjective
([BouA3] §1.7, see also Problem 15.14).

For instance, let K = Frac R be the field of fractions of R. Then K and K/R are
injective R-modules.

Definition 15.18. A complex /° of R-modules is called K-injective if for every complex
M* and for every quasi-isomorphism u: I* — M * there exists a left inverse in the cate-
gory K(R) (in other words, there exists a morphism of complexes r: M* — [° such that
rou > idye).

Proposition 15.19. Let 1° be a complex that is bounded below and such that 1" is an
injective R-module for alln € 7. Then the complex I° is K-injective.

Proof. If I° is concentrated in degree 0, this is the implication “(i) = (iii)” of Proposi-
tion 15.16. For the general case we refer to [Stacks] Tag 070J. O

Lemma 15.20. Consider a diagram in K(R)

M*——1°
qis

u\L
qis

N® ——J°,

where the horizontal morphisms are quasi-isomorphisms and assume that J°® is K-
injective. Then there exists a unique morphism w: I°* — J* in K(R) making the diagram
commutative.
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Proof. Existence. By Lemma 15.9 we find a diagram

Mc qis Ic

:

N°* v

\Lqis
qis

J*——=K".

As J* is K-injective, there exists a left inverse r: K* — J* of ¢ in K(R) and we may set
wi=rouv.

Uniqueness. For the uniqueness it suffices to show that if u ~ 0 then one has neces-
sarily w ~ 0. But u >~ 0 implies w o s >~ 0 and hence there exists a quasi-isomorphism
t:J* — P°®suchthatf ow =~ 0 by Lemma 15.10. As J* is K-injective, there exists
a left-inverse r of . Hence w >~ (r ot) ow >~ 0. O

15.4 Abelian Categories

All of the above notions for R-modules can be generalized to so-called abelian categories.
These are categories that capture those properties of the category of R-modules that are
essential to define most notions in homological algebra: One has an abelian group struc-
ture on the set of all morphisms between two objects, there exist finite direct sums and
finite direct products, and for every morphism there exist kernels, cokernels (and hence
images and coimages) and a morphism always induces an isomorphism from its coimage
to its image (“fundamental homomorphism theorem”).

Definition 15.21 (Preadditive category). A preadditive category is a category A to-
gether with the structure of an abelian group on Hom4 (X, Y) for all objects X and Y
such that the composition Hom 4 (X, Y) x Hom4 (Y, Z) — Hom4 (X, Z) is Z-bilinear
for all objects X, Y, and Z of A.

A functor F': A — B between preadditive categories is called additive if the map
Hom 4 (X,Y) — Homg(F(X), F(Y)) given by F is a homomorphism of abelian groups
for all objects X and Y of A.

The category of R-modules (R a fixed ring) together with the structure of abelian
groups on the sets of homomorphisms defined by addition of R-linear maps is a preaddi-
tive category.

Definition and Remark 15.22 (Zero object). Let A be a preadditive category. An object
Z of A is called a zero object if it satisfies the following equivalent properties:
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(i) Z is an initial object in A.
(ii) Z is afinal object in A.
(iii) id; = 0 € Hom4(Z, Z).

Indeed, clearly (i) and (ii) both imply that Hom4(Z, Z) consists of a single element,
hence id; = 0. Conversely, if (iii) holds, then for every morphism u: X — Z (respec-
tively v: Z — Y) one has by bilinearity of composition that v = idz ou = 0 (respectively
v = v oidyz = 0). Hence (ii) and (i) hold.

A zero object is unique up to unique isomorphism (if it exists) and is denoted by 0.

Condition (iii) shows that if F': A — B is an additive functor between preadditive
categories, then F sends a zero object of A to a zero object of B.
Next we define kernels, cokernels, images, and coimages in preadditive categories.

Remark 15.23 (Kernel, cokernel, image, and coimage). Let A be a preadditive cate-
gory in which all finite limits and finite colimits exist, and let u: X — Y be a morphism
in A. Consider the following diagram in A:

X—=Y.

0

Then its limit (respectively its colimit) is called the kernel of u (respectively cokernel of
u), denoted by Ker(u) — X (respectively ¥ — Coker(u)).

Kernels have the following universal property: A morphismi: K — X is a kernel of u
if and only if u o i = 0 and if for any morphism i": K" — X with u o i’ = 0 there exists
a unique morphism v: K’ — K such thati’ =i o v.

Dually, a morphism p: Y — X is a cokernel of u if and only if p o u = 0 and if for
every morphism p’: Y — C’ with p’ o u = 0 there exists a unique morphism v: C — C’
withvo p = p'.

The image of u is defined as Im(u) := Ker(Y — Coker(1)) and the coimage of u as
Coim(u) := Coker(Ker(u) — X).

If A is the category of R-modules for some ring R, then these notions of kernel and
cokernel coincide with the usual notions by Example 14.2. Therefore the same holds for
images and coimages.

Remark 15.24. Let u: X — Y be a morphism in a preadditive category A in which all
finite limits and finite colimits exist. Then there is a unique factorization of u

X —> Coim(u) — Tm(u) —> Y. (15.4)

Indeed, as Ker(u) — X — Y is zero, there exists a unique factorization X —
Coim(u) — Y of u. The composition Coim(u) — Y — Coker(u) is the unique mor-
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phism giving rise to X — X — Coker(u), which is zero. Hence Coim(u) — Coker(u)
is zero and there exists a unique factorization Coim(u) — Im(u) — Y of Coim(u) — Y.

Definition 15.25 (Abelian category). A preadditive category is called abelian if all fi-
nite limits and finite colimits exist and if for every morphism u the induced morphism
Coim(u) — Im(u) is an isomorphism.

The hypothesis that all finite limits and colimits exist is highly redundant (see Prob-
lem 15.10).

We call a morphism u: X — Y in an abelian category injective or X a subobject of Y
if Ker(u) = 0 and write X C Y. The morphism u is called surjective or Y a quotient of
X if Coker(u) = 0. If X C Y is a subobject, then we write Y /X := Coker(X — Y).

Remark 15.26. Many notions like “(split) exact sequences” and results for R-modules
work verbatim in the same way in an arbitrary abelian category. This holds in particular
for all of the notions and results in Sects. 15.1-15.3. In particular we have the category
Com(A) and the homotopy category K (A) of complexes in A and the notions of injective
objects in A and of K-injective complexes in A. Note that all references given above for
results that we did not prove formulate their results in arbitrary abelian categories.

Recall that we defined in Definition 13.48 a functor to be left exact (respectively right
exact) if it commutes with finite limits (respectively finite colimits).

Remark 15.27 (Left exact functors). Let F: /A — B be an additive functor between
abelian categories. Then F is left exact (respectively right exact) if and only if for every
exact sequence 0 — X’ — X — X’ (respectively X' — X — X” — 0) in A the
sequence 0 — F(X') — F(X) — F(X”) (respectively F(X') - F(X) - F(X") —
0) is exact.

The easy proof is left to the reader (see also [KS2] Proposition 8.3.18).

One can show that every left or right exact functor is automatically additive (Prob-
lem 15.9).

Definition 15.28 (Existence of injective and K-injective resolutions). Let A be an
abelian category. We say that A has injective and K-injective resolutions if for every
complex M* in A one has the following quasi-isomorphisms:

(a) There exists a quasi-isomorphism s: M * RNy °, where I° is a K-injective complex.
This is called a K-injective resolution of M ®.

(b) If there exists a € Z such that M" = 0 for all n < a, then one can in addition assume
that /" is an injective object in A for all n € Z, that " = 0 for all n < a, and that
s": M"™ — I" is injective for all n. This is called an injective resolution of M*®.
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Every complex /°® as in (b) is K-injective by Proposition 15.19.
If A has injective and K-injective resolutions, then there exists in particular for every
object X of A an exact sequence

0—>X—>I°—>Il—>...,

where /7 is an iI}jective object, because such an exact sequence is the same as a quasi-
. . LS .
isomorphism X — [°® with /7 = 0 for p < 0.

15.5 Problems

Problem 15.1. Let A be an abelian category and let M*® be a complex of objects in
A with boundary maps d/.: M? — MP*!. For k € 7 define the k-shifted complex
M{[k]* by M[k]? := M**7 and d}; . = (=D)*d&t?. If u: M* — N* is a morphism
of complexes, u[k]: M[k]®* — N|[k]°® denotes the morphism of complexes with u[k]? =
uk+p.

1. Show that [k] defines a functor Com(A) — Com(A) that induces a functor
[k]: K(A) - K(A).

2. Let M* and N°* be complexes of objects in A and let u: M* — N° be a morphism
of complexes. Show that a homotopy u =~ u is the same as a morphism of complexes
M*® — N[-1]°.

Problem 15.2. Prove Lemma 15.11.

Problem 15.3. Let X; and X, be objects in a preadditive category “A. Show that the
product (p;: X; x X, — X;); exists if and only if the coproduct (s;: X; — X; LI X>);
exists. Show that in this case there is a unique morphism r: X; 1I X, S X 1 X X5 with
pioros; =0fori # j,and p;oros; = idy, fori = j. Show that r is an isomorphism.

Write X; & X, for X; I X, = X; x X,. A preadditive category in which all finite
products exist is called an additive category.

Problem 15.4. Let A be a preadditive category, X and Y objects in A, uj,u, €
Hom_4 (X, Y) and assume that X @& X and Y @Y exist (Problem 15.3). Show that u; + u,
coincides with the composition

u1Puy

Ay Xy
X—>XpX—YpY —Y,

where Ay is the diagonal and where Xy is the unique morphism whose composition with
the two component maps ¥ — Y @ Y is the identity.
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Problem 15.5. Consider a complex M *® of R-modules as a Z-diagram n — M" in the
category of R-modules. What is lim,, M" and colim, M"?

Problem 15.6. Prove Lemma 15.12 and Lemma 15.13 for diagrams in arbitrary abelian
categories.

Problem 15.7. Let A be an additive category (Problem 15.3) and let F': A — (Sets) be
a functor commuting with finite products. Show that there is a functor F: A — (Ab) such
that F is isomorphic to the composition of F with the forgetful functor (Ab) — (Sets).
Show that F is unique up to unique isomorphism.

Hint: Problem 15.4.

Problem 15.8. Prove Remark 15.27.

Problem 15.9. Let A and B be additive categories (Problem 15.3) and let F': A — B be
a functor. Show that F is additive if and only if F' commutes with finite products.

Hint: To see that the condition is sufficient apply Problem 15.7 for all objects X to the
functors Y — Hom4(X,Y) and Y — Homg(F(X), F(Y)).

Problem 15.10. Let A be an additive category (Problem 15.3) such that every morphism
u has a kernel and a cokernel and such that the induced morphism Coim(u) — Im(u) is
an isomorphism. Show that A is an abelian category.

Hint: Problem 13.10.

Problem 15.11. Let A be an abelian category. Show that every bounded below complex
of objects in A has an injective resolution if and only if for every object X of A there
exists an injective morphism X — I, where / is an injective object of A.

Problem 15.12. Let A be an abelian category and let (/,), be a family of objects of
A such that the product [], /, exists. Show that [], I, is injective if and only if I, is
injective for all «.

Problem 15.13. Let 0 — M’ —> M —> M’ be an exact sequence in an abelian
category A, and let a’: M’ — C’ and a”: M" — C” be injective morphisms in A.
Suppose that C’ is an injective object in A. Show that there exists an injective morphism
a:M — C’ @ C” such that the diagram

M — M —" M

C/ i C/ @ C// 4 C//

commutes, where i (¢’) = (¢’,0) and p(c’,c¢”) = ¢”.
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Problem 15.14. Let R be a ring.

1. Show that an R-left module / is injective if and only if for every left ideal a of R and
for every R-linear map u: a — [ there exists x € I such that u(a) = ax foralla € a.
Deduce that an abelian group A is an injective Z-module if and only if A4 is divisible
(i.e., A —> A, a + na is surjective for all 0 # n € 7).

2. Show that the R-left module /; := Homgz (R, Q/Z) is injective and a cogenerator of
the category of R-left modules (i.e., for every R-left module M and for every 0 # m €
M there exists an R-linear map u: M — [ with u(m) # 0).

3. For every R-module M set (M) := IgomR(M’IR) and let e M — I(M), m +—
(u(m))yetomg(M.1z)- Show that /(M) is an injective R-left module and that e is an
injective R-linear map.

4. Deduce from Problem 15.11 that in the category of R-left modules every bounded
below complex of objects has an injective resolution.
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In this appendix we recall some notions on differentiable and analytic functions of open
subsets of finite-dimensional K-vector spaces, where K either denotes the field of real
numbers R or the field of complex numbers C. These will be the local building blocks in
the theory of manifolds. Most of the results are topics in any standard calculus class and
we will give no proofs.

16.1 Differentiable Functions

Recall that all norms on a finite-dimensional K-vector space V' are equivalent and hence
that there is a unique topology on V' that is induced by some norm. If not stated otherwise,
we will always endow all subsets of V' with the induced topology. For K-vector spaces V'
and W we denote by Homk (V, W) the K-vector space of K-linear maps V — W.

We recall some basic notions and definitions about differentiable functions. Our main
reference is [La]. In the sequel let 1 and W be finite-dimensional K-vector spaces and let
U C V be an open subset.

Definition 16.1 (Differentialbility). Let /: U — W be a map.

1. The map f is called differentiable or K-differentiable if for all u € U there exists a
(necessarily unique) K-linear map Df(u): V' — W such that

. (/) = Df )W) _
1m =

V3h—0 |2

07

where we choose some norms on V' and W (the notion of differentiability is indepen-
dent of the choice because all norms are equivalent). The map

Df:U — Homg (V, W)
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is also independent of the choice of norms and is called the derivative of f. If we
want to stress whether we are in the case K = R or K = C, we use the notions “real
differentiable” and “complex differentiable”, respectively.

2. Let f:U — W be differentiable. For v € V we call

Su+1v) — fu)
m

t—0 t

D, fw) := (Df()(v) = li
the partial derivative at u in direction v. The map
D,f:U—->W

is then called the partial derivative in direction v.

3. For ¢ € Nj the notion of a C*-map and its «-fold derivative D¢ f is defined in-
ductively. The map f is called a C%-map or K-C-map if f is continuous. We
set D°f := f. Forall « € N the map f is called a C%map or K-C*-map
if f is K-differentiable and Df:U — Homg (V, W) is a K-C* '-map. We set
D*f := D(D* ' f).

If f is a C*-map for all @ € Ny, then f is called a C*°-map or a smooth map.
If we want to stress whether we are in the case K = R or K = C, we speak of real
C“-maps and complex C*-maps, respectively.

If (e1,...,e,) € Visabasisand (x',...,x") € V" is the dual basis, we also set

3,-f:=3xif:=F:=De,.f:U—>W. (16.1)

af

X
Note that this is a misuse of notation because d; f = % depends for a fixed 7 only on the
choice of e; but not only on x* (as €’ is not determined by x' alone but by the whole basis
(xl, ...,x")). We usually use this notion only if V' = K”, where we always choose the
standard basis when we write 0, f.

Remark 16.2. Let o € Ny U {oo}.

1. If f:U — W is differentiable, then f is continuous. If f is C%, then f is also C#
forall 8 < «.

2. The set of all C*-functions U — W is denoted by C*(U, W). It is a K-subspace of
the vector space of all maps U — W and for f,g € C*(U, W) and a € K one has

D(af +g)=aDf + Dg.
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Remark 16.3. Formally the real case K = R and the complex case K = C are very simi-
lar. Let V and W be finite-dimensional C-vector spaces, U C V openandlet f:U — W
be a map. Of course, we may consider V' and W also as finite-dimensional R-vector
spaces. Then by definition f is complex differentiable if and only if f is real differen-
tiable and Df' (1) is C-linear forallu € U.

On the other hand, the behavior of real and complex differentiable functions is very
different — a topic that we will touch upon again and again. For instance, in the real case
there exist for all @ € N, functions f,: R — R that are C* but not C**!, for instance

_(X+1, <0;
fuyi=4 50

xetl x> 0.

But from elementary complex analysis we know that for K = C every differentiable
map f:U — C, U < C open, is automatically a C*-map. In fact a much stronger
assertion holds, namely f is automatically analytic (i.e., locally given by a convergent
power series). We will make this more precise below.

Calculus (for instance by induction on [La] XIII, Theorem 7.1) tells us that real C* can
also be defined via partial derivations:

Proposition 16.4. Let K = R, let « € N, and let X be a generating system of the
R-vector space V (e.g., a basis or X = V). Then amap f:U — W is a (real) C-
map if and only if for every tuple (vy,...,v4) € X% the iterated partial derivatives
Dy D,, - Dy, f:U — W exist and are continuous.

In the complex case an analogous result is made superfluous by the fact that every
complex differentiable map is automatically analytic (see Theorem 16.15).

The next two propositions are well known from elementary calculus — at least for
K = R. We deduce the complex case from the real case by considering complex dif-
ferentiable maps as real differentiable maps whose derivation has complex linear values
(Remark 16.3).

Proposition 16.5 (Chain rule). Let V), V,, and V; be finite-dimensional K -vector spaces,
let Uy € Vi and U, C V, be open subsets and let f:U, — V, and g: U, — V3 be maps
with f1(Uy) C U,. If f and g are differentiable, then g o f is differentiable and for
uy € Uy and uy :== f(uy) one has

D(g o f)(u1) = Dg(uz) o Df (uy).

If f and g are C*-maps, then g o f is a C*-map.
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Proposition 16.6. Let F: U — W be a map. Then F is differentiable with DF (u) = 0
forallu € U if and only if F is locally constant.

Example 16.7. Let V, Vi, ..., V,, W be finite-dimensional K-vector spaces.

1. It follows immediately from the definition of the derivative that every K-linear map
f:V — W is differentiable and we have Df(u) = f forallu € V,ie., Df:V —
Homg (V, W) is the constant map with value f. In particular f is a C*°-map with
D’ f = 0 forall r > 2 by Proposition 16.6.

2. More generally, every r-multilinear map a: V := V} x --- x V, — W is a C*°-map.
Foru = (uy,...,u,) € V we have

r

(D)) = Yoo Ui Vi Ui Uy)

i=1

forallv = (vy,...,v,) € V.
3. A homogeneous polynomial map p:V — W of degree r € Ny is by definition the
composition of the linearmap V — V x---xV — V, v (v,...,v) followed by an

r-multilinear map V' x --- x V' — W. Hence any polynomial map V- — W (defined
to be a sum of homogeneous polynomial maps, not necessarily of the same degree) is
a C*°-map.

Example 16.8. Let F:U — W be a C*-map and let L: W — W’ be a linear map
between finite-dimensional K-vector spaces. Then an easy induction and the chain rule
shows that D" (L o F)(u) = L o D"(u) forallu € U and r < a.

16.2 Analytic Functions

We recall some facts on analytic functions, i.e., of maps that are locally given by conver-
gent power series. For proofs we refer to [Ser] Part II, Chap. II.

Definition 16.9 (Analytic function). Let U C K” be open, u = (uy,...,u,) € U.
A function f:U — K is called analytic at u if there exists an open neighborhood U of u
in U such that f|; is given by an absolutely convergent power series

= > a.i,@—u)" . (—u)". xel. (16.2)
(i1,e0in) ENG
witha;, ; € Kforall x € U. Such a power series is called power series expansion of
fatu

The function f: U — K is called analytic if it is analytic at every point u of U. A map
F:U — K™ is called analytic if each component is analytic.



16.2  Analytic Functions 335

Example 16.10. Every polynomial map is analytic, in particular every linear form K" —
K is analytic. Therefore every linear map K” — K™ is analytic.

For r € (R>%)" and u € K" we call
P.(u):={xeK"; |x; —u;| <riforalli =1,...,n}

the polydisc of radius r around u. Its closure P-,(u) consists of those x € K" with
|x; —u;| <r; foralli.

Proposition 16.11. Ler U C K" be open, u € U. Let f be a power series as in (16.2).

Letr € (R*%)" such that > i)eNz lai, i |ry" .. .rln converges.

1. The power series f converges uniformly on P, (u) for all ¥’ € (R*°)" with r| < r;
for all i and it converges absolutely in all points x € P,(u). In particular it defines
a continuous map f: P,(u) — K.

2. The map f is analytic and there is a unique power series expansion of f at u, namely
the one given by f.

3. The map f is differentiable and for all j = 1,...,n the partial derivative 9; f is
given by the absolutely convergent power series

In particular 0; f is again analytic.

Corollary 16.12. Let U C K" be open. Every analytic map F:U — K" is a C*°-
function.

Proposition 16.13. Let V. C K" be open and let f:U — K™ and g:V — KP? be
analytic maps such that f(U) C V. Then g o f:U — K7 is analytic.

As linear maps are analytic, we can define the notion of an analytic function also in
a coordinate-free setting.

Remark and Definition 16.14. Let IV and W be finite-dimensional K-vector spaces,
U C V open. Then amap f:U — W is called analytic if for one choice (equivalently,
for all choices) of K-linear isomorphisms x: V = K" and y:w = K™ the composition
yo fo x’l‘x(U): x(U) — K™ is analytic.

To see the mentioned equivalence suppose that y o f o x*I‘X(U) is analytic and let
%:V S K" be another K-linear isomorphism. As we have just remarked that composi-
tions of analytic with linear maps are again analytic, we see that

yofoxilzwy=yo foxxwoxwoX zxw
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is also analytic. The same argument works if one replaces y by another linear isomor-
phism.

Every analytic map f:U — W is a C*°-map. The composition of analytic maps is
again analytic.

Sometimes we will also call analytic maps C“-maps. Every C“-map is also a C*-map
for all @ € Ny U {oo}. To ease the notation we define

I’\\IO = Ny U {00, w}, N:=NuU {00, w}.

We extend the usual total order on Nj to ﬁo by requesting n < oo < w for all n € Ny.
We also defineoco £ @ :=coand w + o := w for all @ € Ny.

Then every C*-map is also a C#-map for all o, 8 € N, with B <o ForK =R
there always exist functions that are C# but not C*: For & < @ an example was given in
Remark 16.3. A standard example of a real C°°-function that is not analytic is given in
Problem 16.1.

In the complex case, a map is C! if and only if it is C*. More precisely:

Definition and Theorem 16.15. Let K = C. Thenamap f:U — W is called holomor-
phic if the following equivalent assertions hold:

(1) f is complex differentiable.
(ii) f is analytic.

(iii) There exists a basis (ey, . .., e,) of V such that the partial complex derivatives D,, f
exist foralli = 1,...,n.
(iv) Foralla € N and for all tuples (vy, . ..,vy) of v; € V the iterated partial derivatives

Dy Dy, -+ Dy, f:U — W exist.

For the proof we essentially refer to the literature.

Proof. The implications “(i) = (iii)” and “(iv) = (iii)” are trivial and the implications
“(ii)) = (1)” and “(ii) = (iv)” hold (for arbitrary K) because analytic maps are C*
(Corollary 16.12). For the proof of the (difficult) implication “(iii) = (ii)” we refer to
[Hoe] Theorem 2.2.8. O

Theorem 16.16 (Inverse function theorem). Ler o € N and let f:U — W bea
C%map. Let u € U and assume that Df(u):V — W is bijective. Then there exist
open neighborhoods Uy of i in U, and Wy of w := f(u) in W, such that the restric-
tion f\uy,:Uy — Wy is bijective and f@i: Wy — Uy is a C*-map with D(f@i)(u?) =
Df@)~".
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Proof. For K = R and o < o this is a standard result from calculus ([La] XIV Theo-
rem 1.2). For K = C we only have to prove the result for « = 1 by Theorem 16.15. But
then it follows from the real case, that f @é: Wy — U exists and is a real C'-map whose
differential is complex linear at every point. Hence it is a complex C '-map (Remark 16.3).
Finally, for the case K = R and « = w we refer to [KrPa] Theorem 2.5.1. (I

16.3 Higher Derivatives

Let us take a closer look at higher derivatives. If f:U — W is a C%-map with « > 2,
then D(Df) is amap U — Homg (V, Homk (V, W)). More generally its r-th derivative
(for1 <r < w)isamap

U — Homg (V, Homg (V, Homg (V, ..., Homg (V, W) ...)))

forming “Homg (V,-)” r times. To ease the bookkeeping we first identify the right-hand
side with Homg (V®", W) as follows.

For K-vector spaces V), V5, and W recall that by definition of the tensor product there
is an isomorphism of K-vector spaces, functorial in Vi, V;, and W

Homg (Vi, Homg (V,, W)) S {B:V1 xV, - W ; B is K-bilinear} (16.4)
= Hom (V; ®k Va. W) ’
given by attaching to the linear map ¢: Vi — Homg (V>, W) the linear map B,: v ® v, —
(¢(v1))(v2). More generally, there is a functorial isomorphism

Homg (V;, Homg (V,, Homg (V3, . .., Homg (V,, W) . ..))) (16.5)
S Homg (V; ®k -+ ®k Vy, W) ‘

for K-vector spaces V1, ..., V, and W by identifying an element ¢ of the left-hand side
with the K-linear map

MR QU > ( .. (@(v1))(vz)) .- -(vr))-

Finally recall that we write V& := V Qk --- Qk V, r factors of V.

Hence if f:U — W is a C*-map, we can (and will) consider forall » < ¢ andu € U
the r-th derivative D" f (1) € Homg (V, Homxk (V,...,Homg (V,W)...)) as a K-linear
map

D" f(u): V¥ — W. (16.6)
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Remark 16.17. Let W = []/_, W; for (finite-dimensional) K-vector spaces W;. For
amap [:U — W let f;:U — W, be the i-th component. Then f is a C%-map if and
only if f; isa C*-map for all i. In this case for r < « one has

D" f(u) = (D" fi(w),....D" f(): V" — W =[] W.

i=1

In both the real and the complex case we can describe higher derivatives via partial
derivatives as follows.

Remark 16.18. Let f: U — W bea C%-map. Let (eq, ..., e,) be aK-basis of V defining
the partial derivative 0; f in direction e; for j = 1,...,n (16.1). Forr <o andu € U
we consider D" f(u) as amap V® — W via (16.5).

Let us first consider the case V = K", W = K” and r = 1. Then Df(u): K" — K"
is given by the Jacobian matrix

Jf(“) = (ajfi(“))lsism.lfjsn € Myyn (K).

Now let I < r < « be arbitrary. Thenthe ¢;; ® --- ® ¢;, for 1 < ji,..., j, < n form
a basis of V®" and one has

D' fu)(e;, ® - ®e;,) = (), ...0, f)(u) € W. (16.7)

Indeed, for K = R this is a well-known result from calculus. It can be proved by induction
on r using the description of the first derivative by the Jacobian matrix. The same proof
works for K = C.

More generally, let vy, ..., v, € V arbitrary vectors and vy = Z;ZO a;qe; witha; 4 €
K. By linearity we deduce from (16.7)

D f)(0i ® - ®@v,) = Y ai1-a; 3, ...0; f)w). (16.8)
(i1seemsir)

If W =K"and fi,..., fiu: U — K are the components of f, then (9, ...9;, f;)(u),
i =1,...,m, are the components of D" f(u)(e;, @ --- ® ej, ).

Proposition 16.19. Let V and W be finite-dimensional K-vector spaces, let U C V be
open andlet f:U — W be a C*-map. Forr < « consider the r-th derivative as a map
D" f:U — Homg (V®", W). Then for every permutation o € S, one has

Df ) (Vo) ® ++ ® V() = Df ) (v) ® - @ v;)
forallu e U, vy,...,v, € V. Inother words D" f(u) induces a map

D" f(u): Sym" (V) — W.
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Proof. In the case K = R this is a standard fact from calculus (e.g., [La] XIII Theo-
rem 6.2). In the complex case this follows from the fact that F' is automatically analytic
and from the concrete description of the derivative of a power series (16.3). O

Every C*-function can be approximated via its Taylor expansion by polynomials. For
analytic functions (and hence for all differentiable functions in the case K = C) this is
clear by definition. Hence we focus on K = R.

Proposition 16.20. Suppose that K = R. Let f:U — W be a C*-map, u € U and
p € R>Y such that B,(u) € U for some choice of anorm | | on V. Letv € V such
that |v|| < p. Write v® for v ® --- @ v € V®". Then one has for all r < a the Taylor
expansion

fu+v)=7"

m=0

CARIC Uy S
m:

with
Rru(y) _
=0yl

locally uniformly in u.

Proof. This is again a standard fact from calculus (see [La] XIII Theorem 6.3, in particular
the “Estimate of the Remainder” there). O

Remark 16.21. Let f: U — W be a (real or complex) C*-map, u € U. Choose a basis
(e1,...,ey) of V defining partial derivatives 9; = ﬁ The summands in the Taylor
expansion have the following coordinate version (valid both for K = R and K = C). We

write v = Y ¥_, v;e; with v; € K. Then

D" f(u)(v®" ; 4 a"
D7) ®) = Z —] '”Uilniifi(u)’ (16.9)
r! i1+---+in:r11!'”l”! dxy' -+ 0xy'
where the sum is taken over all (iy,...,i,) € Ny whose sum is r. This follows from
(16.8) and because
r!
i .d,!

is the number of decompositions of a set £ with r elements into a tuple (Ey, ..., E,) of

disjoint subsets with #E; = i;.
Now suppose that f: U — W is areal C*-map, let p € R”° such that B,(u) C U for
some norm | | on V andletv = Y/_, v;e; € V with |v| < p. Then

© m ®m ., gin . .
3 2T s A B (16.10)

m! ileeeiy!
m=0 (ireigeNy 1T

is called the Taylor series of f at u.
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Remark 16.22. For an analytic map f: U — W its power series expansion in some point
u € U is its Taylor series in u ([Ser] Part II, Chap. II p.73).

16.4 Problems

Problem 16.1. Define f:R — R by f(x) := 0 for x < 0 and by f(x) := exp(—1/x)
for x > 0. Show that all derivatives in 0 exist and are equal to zero. Deduce that f is C*™
but not analytic.

Problem 16.2. Let V' and W be finite-dimensional K-vector spaces and let r € N. Show
that the maps

T":Homg (V, W) — Homg (T"(V), T"(W)), u > T (u)
A":Homg (V, W) — Homg (A" (V), A" (W)), u > A" (u)
Sym”: Homg (V, W) — Homg (Sym” (V), Sym" (W)), u + Sym’ ()

are homogeneous polynomial maps of degree r and deduce that these maps are analytic.

Problem 16.3. Let U < K” be open and let f:U — K be analytic. Show that
{xeU; D" f(x) =0forall m > 0} is open and closed in U. Deduce that the follow-
ing assertions are equivalent if U is connected:

(i) There exists a point x € U such that 83‘ - f(x) =0 forall (iy,...,i,) € N .
(ii) There exists a non-empty open subset W of U such that f |y = 0.
Gii) f =0.

Problem 16.4. Let V' be a finite-dimensional C-vector space, let U € V be open and
connected, and let f: U — C be a non-constant holomorphic map. Show that f is open.
Hint: Deduce this from the classical result for V = C.
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transitive, 149
proper, 128
acyclic, 207
additive category, 328
additive functor, 325
Alexandroff compactification, 268
algebra, 298
commutative, 298
graded, 303
alternating multilinear map, 304
analytic map, 334, 335
anti-equivalence of categories, 275
associated sheaf, 51
atlas, 79
equivalent, 80
G-bundle, 159
twisting, 154
automorphism, 272

B
B, (xp), closed ball, xi, 246
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B, (x¢), open ball, xi, 246
Baire space, 18
base change of module, 309
basis
of topology, 246
basis of a module, 295
basis of Ox-module, 171
Betti cohomology, 235
Betti number, 243
biholomorphic map, 76
bijective morphism of sheaves, 49
bilinear form of Ox-modules, 187
bilinear map, 297
boundary, 249
bounded below complex, 318
bundle
Mobius, 202
G -bundle atlas, 159
G -bundle structure, 159

C
C(Y), cone of topological space, 237
C/p, category of B-objects, 154
C“*-function on subspace, 105
C%-map, 332
@?‘(;W, sheaf of C*-maps, 43
C%-map, 81
C“-vector bundle, 165
C, complex numbers, xi
Cent(R), center of ring, 292
Coim(w), coimage of homomorphism of
Oy -modules, 170, 292
Coker(u), 292
Coker( f; g), equalizer in a category, 287
Coker(w), cokernel of homomorphism of
Oy -modules, 170
colimy X, 280
CoPP 273
L1;c; Ui, sum of ringed spaces, 75
U, Yoneda product, 232
C“-map, 336
Cx.y, sheaf of continuous maps, 43
cartesian square, 225
category, 271
abelian, 327
additive, 328
cocomplete, 281
complete, 281
connected, 287

filtered, 282
finite, 272
finitely cocomplete, 281
finitely complete, 281
of vector bundles, 167
opposite, 273
preadditive, 325
product, 273
small, 271
category of objects over a base object, 154
Cech 1-cocycle, 142
cohomologous, 142
Cech cohomology, 143
on an open covering, 143
Cech cohomology class, 143
center of a ring, 292
chain complex, 320
chain rule, 94
change of charts, 79
chaotic order, 277
chart, 76
chart of a morphism, 80
Chart Principle, 99
closed covering of subspace, 254
closed form, 183
closed map, 248
closed path, 23
closed subset, 245
closure, 249
coarser topology, 245
cochain complex, 320
cocomplete category, 281
1-cocycle
Cech, 142
cocycle condition, 74, 252
coequalizer, 287
cofinite topology, 266
cogenerator, 330
cohomologous, 142
cohomology class
Cech, 143
cohomology of a complex, 318
cohomology of a complex of sheaves, 209
cohomology of a sheaf, 209
cohomology set, 140
cohomology with compact support, 229
coimage, 326
coimage of homomorphism of Oy-modules,
170



Index 345

coimage of linear map, 292 covering space, 29

cokernel, 326 c-soft, 230

cokernel of homomorphism of Ox-modules, U, cup product, 232
170 cup product, 232

cokernel of linear map, 292
colimit, 280
colimit of Ox-modules, 170
commutative algebra, 298
commutative monoid, xi
compact space, 260
compactification, 268
complete category, 281
complex, 317
bounded below, 318
K-injective, 324
complex case, 76
complex differentiable, 332
complex Lie groups, 123
complex manifold, 76
complex of modules, 296, 317
complex premanifold, 76
complex type, 76
complex vector bundle, 165
complexification, 124
composition, 272
concatenation of paths, 23
cone of topological space, 237
connected category, 287
connected component, 259
connected space, 257
connecting homomorphisms, 210
connecting map, 148
constant functor, 287
constant map, 259
constant presheaf, 43
constant sheaf, 52
continuous, 247
contracted product of G-sheaves, 150
contractible space, 22
contravariant functor, 274
coproduct in a category, 283
coproduct of ringed spaces, 75
coproduct of topological spaces, 252
countable set, xi, 1
covariant functor, 274
covering map, 29
covering of subspace, 254
closed, 254
open, 254

D

dY, boundary, 249

d;, partial derivation, 96

8, connecting homomorphism of cohomology,
210

A(w), morphism of standard simplices, 234

d;;, Kronecker delta, xi

A" = A[n], standard simplex, 233

Ay, diagonal of topological space, 256

Derg (A, M), derivations, 95

det(¥), determinant of Oy -module, 180

Df, derivative, 331

dF(p), derivative, 93

Ay, diagonal of a morphism, 285

Ay, diagonal of a continuous map, 254

dim(M), dimension of a premanifold, 78

dim,, (M), dimension of a premanifold in
a point p, 78

D, .; Fi, direct sum of Oy -modules, 170

D, M;, direct sum of modules, 293

d]', i-th face of standard n-simplex, 234

dw, exterior derivation of differential form, 182

D" f, higher derivative, 337

Terk (Oy), sheaf of derivations, 179

D, f, partial derivative, 332

Darboux’ theorem, 188

De Rham cohomology, 219

De Rham complex, 183

degree of covering map, 29

dense, 250

derivation, 95

derivative, 93, 332

partial, 332
determinant of Oy -module, 180
S-functor, 206
universal, 207

diagonal of a morphism, 285

diagonal of continuous map, 254

diagram, 280

diffeomorphism, 76

differentiable map, 331

differential form, 181

dimension of premanifold, 78

direct image of presheaf, 57
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direct image of topology, 250
direct sum in a category, 283
direct sum of modules, 293
direct sum of Oy-modules, 170
direct sum of vector bundles, 175
direct summand of Oy-module, 175
discrete order, 277

discrete topology, 245

divisible abelian group, 330
divisor, 239

divisoron C, 191

dual of a module, 298

dual of Oy -module, 172

dual of vector bundle, 175

E
(EY, "), dual vector bundle, 175
e;, standard basis vector, 294
(E ® E',m & n'), direct sum of vector bundle,
175
Ey, constant sheaf, 52
Extl (M*, N*), Ext group, 231
embedding, 104
open, 73
topological, 250
closed, 250
open, 250
end point of path, 23
endomorphism, 272
epimorphism, 273
equalizer, 287
equivalence of categories, 275
equivalent atlases, 80
equivalent twisting atlases, 155
equivariant, 126
essentially surjective functor, 275
étalé space, 53
Euler characteristic, 244
exact form, 183
exact sequence
of pointed sets, 147
of sheaves of groups, 49
exact sequence of groups, 49
exact sequence of modules, 296
exact sequence of Oy-modules, 170
exact sequence of sheaves of groups, 49
Ext group, 231
exterior algebra, 305
exterior power, 304

exterior power of Oy-module, 180

F

F(x), fiber of an Oy-module, 168

f«, direct image functor, 57

f T, inverse image functor as presheaf, 58

f —1 inverse image functor, 58, 222

/!, pullback of sections, 62

(f. f*), morphism of ringed spaces, 71

f°, underlying sheaf homomorphism of £, 71

Fibr ¢ (B), isomorphism classes of fiber
bundles, 159

X xg Y, fiber product of topological spaces,
253

X Xy X», fiber product in a category, 284

Flag, (E), flag manifold, 132

F ®(_9X g, tensor product of Oy-modules, 186

/!, underlying sheaf homomorphism of f, 71

1T, proper direct image, 67

F, sheafification, 51

FY, dual of an Ox-module, 172

F, stalk of a sheaf, 46

Ty, restriction of a sheaf to a subspace, 58

F(Y), evaluation of a sheaf in a subspace, 58

face of simplex, 234

faithful functor, 275

faithful group action, 126

fiber bundle, 159

fiber of Oy-module, 168

fiber product in a category, 284

fiber product of premanifolds, 112

fiber product of topological spaces, 253

field, xi

field of fractions, 312

filtered category, 282

filtered preorder, 276

final object, 284

fine sheaf, 203

finer topology, 245

finite category, 272

finite locally free, 171

finitely cocomplete category, 281

finitely complete category, 281

finitely generated module, 292

first countable space, 1

flabby, 215

flasque, 215

flat module, 313

form, 181
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free action of a sheaf of groups, 149
free group, 290
free group action, 126
free module, 295
free product of groups, 290
full subcategory, 272
fully faithful functor, 275
function on subspace, 105
functor, 274
additive, 325
anti-equivalence of categories, 275
commuting with colimit, 285
commuting with limit, 285
constant, 287
contravariant, 274
covariant, 274
equivalence of categories, 275
essentially surjective, 275
faithful, 275
fully faithful, 275
left adjoint, 276
left exact, 286
quasi-inverse, 275
right adjoint, 276
right exact, 286
functorial, 274
fundamental group, 26
fundamental groupoid, 37

fundamental system of neighborhoods, 246

G

G/F, quotient of Ox-modules, 170
G/ X, set of G-orbits, 126

I'-acyclic, 207

{y}, image of a path y, 23

y~, inverse path, 23

y - 8, concatenation of paths, 23

(S)r, R-module generated by a set, 292
GL,, g, sheaf of invertible matrices, 157
Iy, graph of a continuous map, 254
Grass, (E), Grassmann manifold, 132
G, stabilizer, 126

Gx, G-orbit, 126

generating set of submodule, 292
generating system, 295

generating system of Oy-module, 171
generators of a group, 290

germ, 46

gluing datum for ringed spaces, 74

Gluing of topological spaces, 252
Godement resolution, 216
graded algebra, 303
graded commutative, 305
graph morphism, 104
graph of continuous map, 254
Grassmann manifold, 132
greatest element, 277
Grothendieck group, 290
group

topological, 262
groupoid, 287

H

H ™, inverse homotopy, 21

H x K, product homotopy, 21

H'(X,-),140

I;(l(X, ), Cech cohomology, 143

H'(U,-), 141

H'(U,-), Cech cohomology, 143

H, upper half plane, 133

H(M?*), cohomology of a complex, 318

H"(X,3*), cohomology, 209

H!'(X,3*), cohomology with compact support,
229

H{r (M), De Rham cohomology, 219

H,"(X), singular homology, 235

Hs’;ng (X, G), singular cohomology, 235

Hom¢ (X, Y), morphisms in a category, 272

~, homotopy of continuous maps, 21

~, homotopy of morphism of complexes, 318

Homy, (¥, F’), homomorphism of
Oy -modules, 169

Fome, (T, G), sheaf of homomorphisms of
Oy -modules, 171

Homg(M, N), R-linear homomorphisms, 291

HY (X, A*), local cohomology group with
support in 4, 231

f ~ g (rel A), homotopy relative to subspace,
25

H,"8(X, R), singular homology, 236

hairy ball theorem, 244

Hausdorft space, 256

hereditarily Lindelof space, 17

hereditarily paracompact space, 6

higher direct image with compact support, 229

holomorphic form, 181

holomorphic function on subspace, 105

holomorphic map, 76, 336
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holomorphic vector bundle, 165
homeomorphism, 247

local, 256
homogeneous polynomial map, 334
homomorphism

of algebras, 298

of Lie algebras, 190

of Lie groups, 123

of modules, 291

of modules over a sheaf of rings, 167

of monoids, xi

of premodules over a sheaf of rings, 167
homotopic

morphisms of complexes, 318
homotopic continuous maps, 21
homotopy

relative to a subspace, 25
homotopy category of complexes, 319
homotopy category of topological spaces, 22
homotopy class of a continuous map, 22
homotopy equivalence, 22
homotopy of continuous maps, 21
homotopy of morphisms of complexes, 318
homotopy of paths, 25
hypercohomology of a complex of sheaves, 210

|
I<i, 1, 15, 15,277
Im(u), 292

Im(w), image of homomorphism of
Oy -modules, 170
Js, ideal of functions vanishing on S, 105
=, isomorphic, 272
:>, isomorphism, 272
ideal, 308
maximal, 308
ideal of Oy, 168
idempotent, 88
indecomposable, 89
identity, 272
identity component, 264
image, 326
image of homomorphism of Oy-modules, 170
image of linear map, 292
immersed subpremanifold, 120
immersion, 100
increasing map, 286
indecomposable idempotent, 89
induced topology on subset, 250

inductive limit, 280
inductive system, 281
initial object, 284
initial subpremanifold, 121
injective module, 323
injective morphism in an abelian category, 327
injective morphism of sheaves, 49
injective resolution, 327
integral domain, 312
integral monoid, 203
interior, 249
interval, 258
inverse homotopy, 21
inverse image of presheaf, 58
inverse image of topology, 250
inverse path, 23
isomorphism, 272
of fiber bundles, 159
of twists, 155

J
Jacobi identity, 190
Jacobian matrix, 338

K

K(R), 319

Ker( f, g), coequalizer in a category, 287

Ker(w), kernel of homomorphism of
Oy -modules, 169

K, real or complex numbers, xi

Kk (x), residue field at a point x, 70

Ker(u), 292

kernel, 326

kernel of homomorphism of Oy-modules, 169

Kernel of homomorphism of vector bundles,
191

kernel of linear map, 292

K-injective complex, 324

K-injective resolution, 327

Klein bottle, 131

Kolmogorov space, 265

K-projective, 214

L

L4(Ny, ..., Ny; M), multilinear maps, 297
A{DX T, exterior power of Oy-module, 180
Lie(G), Lie algebra of a Lie group, 190
limg X, 280

A4(M), exterior algebra, 305

L"F, left derived functor, 214
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A’ (M), exterior power, 304
Ly, Lie derivative, 179
Lagrangian, 137
left adjoint functor, 276
left exact functor, 286
left module, 291
left order topology, 286
Lemma

Nakayama, 315
Lie algebra, 190
Lie bracket, 190
Lie derivative, 179, 192
Lie group, 123
Lie subgroup, 125
lifting, 30
limit, 280
limit of Ox-modules, 169
Lindelof space, 1
line bundle, 165
linear map, 291
linearly independent tuple, 295
local cohomology, 231
local diffeomorphism, 76

local direct summand of Oy-module, 175

local homeomorphism, 256

local isomorphism of ringed spaces, 73

local on source, 254
local on target, 254
local ring, 310
local ring homomorphism, 71
local system, 67
locally biholomorphic map, 76
locally closed, 256
locally compact space, 260
locally connected space, 267
locally constant map, 259
locally constant rank, 101
locally constant sheaf, 56
locally contractible space, 22
locally finite, 255
locally free

finite, 171
locally path connected space, 24
locally ringed space, 70
long ray, 89
loop, 23
lower bound, 277

M
M/ R, quotient premanifold, 115
Mapy ., sheaf of maps, 43
M*, complex, 317
MY, dual of a module, 298
M', M module, 294
MDD, M module, 294
M", M module, 294
M« (R), matrices, 295
M, (R), quadratic matrices, 295
M xg N, fiber product of premanifolds, 112
M ®4 N, tensor product, 299
m,, maximal ideal of germs vanishing at x, 47,
70

M x N, product of premanifolds, 85
manifold, 76

over a base manifold, 154

projective, 111

Stein, 111

with Lie group action, 126
matrix of a linear map, 295
maximal element, 277
maximal ideal, 308
Mayer—Vietoris sequence, 228
meager subspace, 18
metrizable topological space, 246
minimal element, 277
Mittag-Leffler theorem, 221
Mobius band, 86
Mobius bundle, 202
Mobius transformation, 133
module, 291

dual, 298

finitely generated, 292

flat, 313

free, 295

injective, 323

projective, 312

quotient, 292

torsion free, 312
module over sheaf of rings, 167
monoid, xi

commutative, xi

integral, 203
monoid homomorphism, xi
monomorphism, 273
morphism, 272

of algebras, 298

of complex premanifolds, 76
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of complexes, 317
of covering spaces, 29
of diagrams, 280
of étalé spaces, 53
of fiber bundles, 159, 161
of functors, 274
of G-sets, 126
of Lie algebras, 190
of Lie groups, 123
of locally constant rank, 101
of locally ringed spaces, 71
of manifolds, 76
of modules, 291
of modules over a sheaf of rings, 167
of pointed covering spaces, 29
of pointed sets, 140
of premanifolds, 76
of premanifolds with Lie group action, 126
of premodules over a sheaf of rings, 167
of presheaves, 42
of ringed spaces, 71
of sheaves, 44
of sheaves with action of a sheaf of group,
140
of twists, 155
of vector bundles, 167
multilinear map, 297

N
N, natural numbers, xi
Ny, non-negative integers, xi
N, completed natural numbers, xi
No, completed non-negative integers, xi
Nakayama’s lemma, 315
neighborhood, 246

fundamental system, 246
noetherian induction, 278
noetherian order, 278
normal space, 9
nowhere dense, 269
null homotopic continuous map, 22

(0]

Ob(C), objects of a category C, 272

Op.um, sheaf of morphisms, 157

O;, sheaf of nowhere vanishing functions, 157
§23;, de Rham complex, 183

i, sheaf of i-forms, 181

O(p, q), orthogonal group, 127

Os sheaf of functions on subspace, 105
Ox = O?("l, sheaf of holomorphic functions, 43,
70
Ox-module of finite presentation, 185
Ox-module of finite type, 185
objects of a category, 272
of finite presentation, 185
of finite type, 185
one-point compactification, 268
open covering of subspace, 254
open embedding, 73
open map, 248
open refinement, 4
open subset, 245
of metric space, 246
open subspace of a ringed space, 73
opposite category, 273
orbit, 126
order, 276
chaotic, 277
discrete, 277
order topology, 267

P

p-adic absolute value, 264

p-adic metric, 264

p-adic topology, 264

I1(f), fundamental groupoid functor, 37

70(X), set of path components, 24

1(X, x), fundamental group, 26

Pic(B), Picard group, 165

I1(X), fundamental groupoid, 37

P"(K), projective n-space, 83

P (V), projective space, 130

P, (u), polydisc, 335

Princg (B), isomorphism classes of principal
bundles, 162

C x D, product of categories, 273

['1; M;, product of modules, 293

[1;<; Xi. product of topological spaces, 251

P, (u), closed polydisc, 335

X, Ly X», pushout in a category, 285

pairing of Ox-modules, 187

paracompact space, 4

partial derivative, 332

partial order, 276

partial preorder, 276

particular point topology, 265

partition of a section, 197
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path, 23

closed, 23
path component, 24
path connected space, 24
perfect pairing, 187
Picard group, 165
piece-wise affine path, 37
Pliicker embedding, 136
pointed covering space, 29
pointed set, 140
polydisc, 335
polynomial map, 334
power series expansion, 334
preadditive category, 325
premanifold, 75, 76

complex, 76

over a base premanifold, 154

real analytic, 76

smooth, 76

with Lie group action, 126
premodule over sheaf of rings, 167
preorder, 276
presheaf, 41

constant, 43

of algebras, 42

of functions, 43

of groups, 42

of rings, 42

on a basis, 45

with values in a category, 42
principal bundle, 162
principle of unique continuation, 66
product

of ideal and module, 308
product category, 273
product homotopy, 21
product in a category, 283
product of modules, 293
product of Oy -modules, 169
product of paths, 23
product topological space, 251
product topology, 251
projection of a product, 283
projection of fiber product, 284
projective, 214
projective limit, 280
projective manifold, 111
projective module, 312
projective space, 83

projective system, 281
proper action, 128
proper direct image, 67
proper map, 15
pseudotorsor, 140
pullback

of Ox-modules, 189
pullback map for sections, 62
pullback of fiber bundle, 161
pullback of twists, 157
pushout in a category, 285

Q

qis, quasi-isomorphism, 318
qis, 318

Q, rational numbers, xi
quasi-inverse functor, 275
quasi-isomorphism, 318

quotient bundle of vector bundle, 175

quotient module, 292
quotient object, 327

quotient of Oy-modules, 170
quotient of vector bundle, 191
quotient premanifold, 115
quotient space, 251

quotient topology, 251

R
rk4 (M), rank of a module, 309
1k, (F), rank of morphism, 100

Kk, (F), rank of finite locally free module, 171

R" F, right derived functor, 214
R, real numbers, xi
rank of module, 309

rank of morphism of premanifolds, 100

rank of Ox-module, 171

rank of vector bundle, 165, 167
real analytic form, 181

real analytic map, 76

real analytic premanifold, 76
real C“-map, 82

real case, 76

real differentiable, 332

real Lie group, 123

real manifold, 76

real type, 76

refinement of a covering, 4
refinement of twisting atlas, 155
regular equivalence relation, 115
regular space, 17
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regular submanifold, 106
regular value, 109
relations in a group, 290
relatively compact subset, 268
relatively Hausdorff subspace, 12
residue field, 310
restriction map, 42
right adjoint functor, 276
right derived functor, 207, 214
right exact functor, 286
right order topology, 286
ring, xi

local, 310
ring homomorphism

local, 71
ringed space, 70

locally, 70

S
o-compact space, 2
X, (X), set of n-simplices, 234
SL, (K), special linear group, 132
S, n-sphere, 110
Sy (X), set of singular n-chains, 234
S"(X, G), set of singular cochains, 234
Sp,,, (K), symplectic group, 127
Stabg (x), stabilizer, 126
[l;<; Xi, sum of topological spaces, 252
supp(J), support of an abelian sheaf, 50
supp(s), support of a section, 50
Sy, germ of a section, 46
Sym, (M), symmetric algebra, 307
Sym/, (M), symmetric power, 307
scalar multiplication, 291
second countable space, 1
section of étalé space, 53
section of presheaf, 42
segment, 279
semilocally simply connected space, 38
separable space, 2
separated map, 13
set
pointed, 140
set with group action, 126
sheaf, 44
abelian, 44
associated to a presheaf, 51
constant, 52
c-soft, 230

fine, 203

flabby, 215

flasque, 215

locally constant, 56

of algebras, 44

of C“-functions, 76

of groups, 44

of modules, 44

of rings, 44

skyscraper, 65

soft, 195

structure, 70

with action of a sheaf of group, 139
sheaf on a basis, 45
sheafification, 51
shift of complex, 328
short exact sequence, 296
simplex, 234
simply connected space, 27
simply transitive group action, 126
singleton, 284
singular chain, 234
singular cochain, 204, 234
singular cohomology, 235
singular homology, 235, 236
singular simplex, 234
skew-symmetric multilinear map, 313
skyscraper sheaf, 65
small category, 271
smallest element, 277
smooth form, 181
smooth map, 76, 332
smooth premanifold, 76
soft sheaf, 195
source, 272
space

topological, 245
sphere, 110
split exact sequence, 296
split subbundle, 177
stabilizer, 126
stalk, 46
standard simplex, 233
star center of a star-shaped space, 23
star-shaped space, 23
start point of path, 23
Stein manifold, 111

Stiefel-Whitney class of a line bundle, 201

structure sheaf, 70
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subbundle of vector bundle, 175
subcategory, 272

full, 272
submanifold, 105

open, 77

regular, 106
submersion, 100
submodule, 292
submodule of Ox-module, 168
subobject, 327
subpremanifold, 105

open, 77
subpresheaf, 65
subsheaf, 65
subspace, 250

meager, 18

relatively Hausdorff, 12
successor, 278
sum of ringed spaces, 75
sum of topological spaces, 252
support, 50

surjective morphism in an abelian category, 327
surjective morphism of sheaves, 49

symmetric algebra, 307
symmetric multilinear map, 307
symmetric power, 307

symplectic form on an Ox-module, 188

symplectic group, 137

T

To-space, 265

T;-space, 10, 82

T»-space, 256

TF, tangent map, 178

Twm , tangent bundle, 177
T,(F), tangent map, 93
T,(M), tangent space, 92

tr, trace, 303

T; (M), tensor power, 303
T, tangent module, 178

T", n-dimensional real torus, 86
tangent bundle, 177

tangent map, 93

target, 272

tautological vector bundle, 191
Taylor expansion, 339

Taylor series, 339

tensor algebra, 303

tensor power, 303

tensor product of modules, 299

tensor product of Oy -modules, 186

theorem
hairy ball, 244
Mittag-Leffler, 221
of Darboux, 188
universal coefficient, 236
topological embedding, 250
closed, 250
open, 250
topological group, 262
topological space, 245
Baire, 18
compact, 260
connected, 257
contractible, 22
coproduct, 252
discrete, 245
fiber product, 253
first countable, 1
gluing, 252
Hausdorft, 256
hereditarily Lindelof, 17
hereditarily paracompact, 6
Kolmogorov, 265
Lindelof, 1
locally compact, 260
locally connected, 267
locally contractible, 22
locally path connected, 24
metrizable, 246
normal, 9
paracompact, 4
path connected, 24
product, 251
quotient, 251
regular, 17
o-compact, 2
second countable, 1

semilocally simply connected, 38

separable, 2

simply connected, 27

subspace, 250

sum, 252

Ty, 265

T1, 10

T», 256

totally disconnected, 266
topology, 245
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coarser, 245

cofinite, 266

direct image, 250

discrete, 245

finer, 245

generated by a set of subsets, 245

induced by metric, 246

induced on subset, 250

inverse image, 250

left order, 286

order, 267

p-adic, 264

particular point, 265

product, 251

quotient, 251

right order, 286
torsion free module, 312
torsor, 140

pseudo, 140

trivial, 140
torus

real 1-dimensional, 82

real n-dimensional, 86
total order, 277
totally disconnected space, 266
trace, 303
transfinite induction, 278
transfinite recursion, 278
transitive action of a sheaf of groups, 149
transitive group action, 126
transversal morphisms of premanifolds, 112
trivial metric, 264
trivial torsor, 140
twist, 155

twisting atlas, 154

U

U(x), set of open neighborhoods of x, 46
underlying C*-structure, 81

underlying real analytic premanifold, 82
universal coefficient theorem, 236
universal covering map, 29

universal §-functor, 207

upper bound, 277

A\
vanishing order, 118
vector bundle, 165, 167
C*-, 165
complex, 165
holomorphic, 165
vector field, 178

w
well order, 278
winding number, 39

Y

Y, closure, 249

Y°, interior, 249
Yoneda product, 232

V4

Z! u,-), Cech 1-cocycles, 142
Z, integers, Xi

zero module, 291

zero object, 325

zero set, 110
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