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Preface

The recognition of the branch of mathematics now called homotopy theory
took place in the few years after the introduction of homotopy groups by
Witold Hurewicz in 1935. Since then, with numerous advances made by
~ various workers, it has been playing an increasingly important role in the
expanding field of algebraic topology. However, there exists no textbook
on the subject at any level except the extremely condensed Cambridge
tract of P. J. Hilton entitled “An Introduction to Homotopy Theory.”

The present book is designed to guide a reader, who might be a beginning
student or a newcomer to this branch of mathematics and who has a little
knowledge of elementary algebraic topology, through the basic principles
of homotopy theory. The author has aimed to provide the reader with
sufficient detail for him to understand the fundamental ideas and master
the elementary techniques so that he may be able to study the more ad-
vanced and more complicated results directly from the original papers.

The main problem in homotopy theory is the extension problem as
formulated in Chapter I and illustrated in Chapter II. The fiber spaces, which
are of fundamental importance, are defined and studied in Chapter III.
Homotopy groups are constructed and axiomatized in Chapter IV while
theelementary techniquesof computation are given in ChapterV.ChapterVI
gives an introduction to the obstruction theory of continuous maps, and
Chapter VII contains an account of the cohomotopy groups. In the next
three chapters, one will find an exposition of the spectacular results obtained
mostly by the French school after Leray’s discovery of the spectral sequence.
The techniques developed in these chapters are applied to compute the
first few homotopy groups of spheres in the final chapter.

As indicated in the second paragraph above, this book is by no means
deSigned to be an exhaustive treatment of its subject; for example, the
recent celebrated contribution of M. M. Postnikov is not included. Besides,
homotopy theory is advancing so rapidly that any treatment of this subject
becomes obsolete within a few years.

At the end of each chapter is a list of exercises. These cover material which
might well have been incorporated in the text but was omitted as not essential
to the main line of thought. The inexperienced reader should not be dis-
* couraged if he cannot work out these exercises. In fact, if he is interested
in one of the exercises, he is expected to read the papers indicated there.
___The bibliography at the end of this book has been reduced to the minimum
essential to the text and the exercises. References to this bibliography are
included for the convenience of the reader so that he can find more details

v



vi PREFACE

concerning the material; the references are not intended to be a historical
record of mathematical discovery. (Thesereferences are-cited in the text by
numbers enclosed in square brackets). Frequently, expository articles are
preferred to the earlier original papers. Whenever no reference is given
concerning some subject or in some exercise, it means only that the reader
does not have to look for further details in order to understand the material
or to work out the problem. Cross references are given in the form (II; 7.1),
where II stands for Chapter II and 7.1 for the numbering of the statement
in the chapter.

A list of special symbols and abbreviations used in this book is given
immediately after the Table of Contents. Certain deviations from standard
set-theoretic notations have been adopted in the text; namely, 0O is used to
denote the empty set and A\ B the set-theoretic difference usually denoted
by A-B. On the other hand, the symbol I indicates the end of a proof and
the abbreviation iff stands for the phrase “if and only if.” Finally, for the
algebraic terminology used in this book, the reader may refer to Claude
Chevalley’s “Fundamental Concepts of Algebra,”” published in this series.

The author acknowledges with great pleasure his gratitude to Professor
Norman Steenrod who has read several versions of the manuscript and whose
numerous suggestions and criticisms resulted in substantial improvements.
The author also wishes to express his appreciation of the friendly care with -
which Dr. John S. Griffin, Jr., and Professor C. T. Yang have read the final
manuscript, of the many improvements they suggested, and of their help
in the proofreading.

It is a pleasure to acknowledge the invaluable assistance the author
received in the form of partial financial support from the Office of Naval
Research when he was at Tulane University and from the Air Force Office of
Scientific Research while at Wayne State University.

Sze-TsEN Hu

Wayne State Uwivgrsz’iy, Detroit, Michigan
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CHAPTER |
MAIN PROBLEM AND PRELIMINARY NOTIONS

1. Introduction

There is a general type of topological problem which will be called the
extension problem. One of the principal objectives of the book is to show that
this problem is fundamental in topology. It will be shown that many
theorems of topology and most of its applications in other fields of mathe-
matics are solutions of special cases of the extension problem. |

The objective of the first chapter is to formulate the extension problem
precisely, and to study the problem in its most general terms. It will be shown
that various other problems are fully equivalent to extension problems.

We shall begin with a restricted form of the extension problem, and one
of its special cases, namely, the retraction problem. The solution is shown to
depend only on the homotopy class of the map involved, and then only on
the homotopy types of the spaces. These considerations lead naturally to a
more general type of problem. The latter is then shown to be reducible to
the simplest type of problem, namely, the retraction problem. Finally, dual
problems of deformation and lifting (finding a cross-section) are discussed
in an analogous fashion together with their interrelations with the extension
problem. Thus it will appear that underlying these various questions is one
central question, namely, the extension problem.

2. The extension problem

By a map, or mapping, f:X - Y of a space X into a space Y, we mean a
single-valued continuous function from X to Y. The space X is called
the domain of f or the anti-tmage of f; and the space Y is called the range of f.

We shall not recall the definition and the elementary properties of con-
tinuous functions, since these can be found in any textbook on general
topology, for example, [K; pp. 84-88]. On the other hand, we assume that
the reader is familiar with the popular notmns and notatmns concernmg
maps such as given in [E-S].

Let /:X > Y be a map and 4 a subspace of X. Then / defines a unique
map g:4 - Y such that g{x} = f{x) for each x € 4. This map g is called the
restriction of f to A or the partial map of f on A and is denoted by

g =114;
f will be called an extension of g over X.
1



2 I. MAIN PROBLEM AND PRELIMINARY NOTIONS

It h:A < X denotes the inclusion map defined by h(a) = a e X for each
a € 4, then the relation g = f | 4 is equivalent to the commutativity relation
fh = g in the diagram:

CAE sy
}\/’Z
X

The (restricted) extension problem is concerned with whether or not a
given map g:4 - Y defined on a given subspace 4 of a space X has an
extension over X. When X, 4, Y and g are given in some reasonably effective
manner, the problem is to find an effective procedure for deciding whether g
has an extension over X, and finding one when it exists. As will be seen,
solutions have been given in numerous special cases; these are quite varied
in nature, and the situations in which they apply are very restncted As yet
there is no reasonably complete theory.

Actually it is convenient to concentrate on a broader problem which will
be stated in § 9, but several important ideas arise in connection with this
problem. Let us begin by considering a few simple examples.

1. Let X be a given space and 4 be a subspace of X which consists of two
points x, and x;. Let Y be a O-sphere, say the boundary sphere of the closed
unit interval I. Consider the map g:4 ~ Y defined by g{x,) = 0and g(x,) = 1.
Then g has an extension over X iff %9, %1 lie in different quasi-components
of X,[E-S; p. 254]. Hereafter, the symbol ““iff"” will stand for “if and only if”".

2. Let X = I and A4 be the boundary sphere of I. Let Y be any given space,
and g:4 - Y a given map. Then g has an extension over X iff g(0), g{1) lie
in a compact, connected and locally connected subspace of Y satisfying
the second countability axiom. ‘

3. Let'A be the union of two disjoint closed subspaces B, C of a normal
space X, let Y = I, and let g:4 - Y denote the map defined by '

-

Then, by Urysohn’s lemma [L,; p. 27], g has an extension over X.

4. Let 4 be a closed subspace of a normal space X, let Y = I, and let
g:4 - Y denote any map. Then, by Tietze’s extension theorem [L,; p. 28],
g has an extension over X. See Ex. D at the end of the chapter.

~In the last example given above, the space ¥ = I has the property that
the extension problem is always trivial regardless of the domain (X, A}
provided that'X is normal and 4 is closed. The class of spaces.having this
property are the solid spaces. Precisely, a space Y is said to be solid if
every map g:4 - Y of any closed Subspace A of an arbitrary normal space

X has an extension over X.

Proposition 2.1. Any togbological product of solid spaces is solid.
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Proof. Let { Y, | u€ M } be a collection of solid spaces and ¥ =P,Y,
denote the topologlcal product of this collection, [L,; p. 10]. We are going
to prove that Y is solid. -

Let A be a closed subspace of a normal space X and g:4 - Y any given
map. Denote by p,:Y - Y,, p€ M, the natural projection of Y onto Y,

and set g, = pug:d > Y,

Since Y, is solid, g, has an extension f,: X - Y. Define a map f:X - Y
by taking ’ put(®) = f(x), (xeX).

It is obvious that f is an extension of g over X. |

Since the closed unit interval I is solid as noted above, it follows from (2.1)
that any compact parallelotope, [L,; p. 19], is solid; in particular, the
n-cube I™ and the Hilbert cube I are solid. Their homeomorphs are likewise
solid, hence the n-cell and the #-simplex are solid.

3. The method of algebraic topology

In the preceding section, we formulated the extension problem and gave
examples in which the extension existed. It is natural to look for examples
where the extension does not exist. The primary method of proving non-
existense is to apply homology theory and derive an algebraic problem from
the geometric one and finally, show that the algebraic problem has no
solution.

For this purpose, let us consider the triangle

A4 g»Y
AN

of maps as described in the preceding section. In any homology theory
satistying the Eilenberg-Steenrod axioms [E~S; pp. 10~12], the maps /, g, &
induce for each m the homomorphisms fy, gy, % indicated in the following

diagram: : 2,
Hp(A)—"—Hp(Y)

rd
N,
%)

Hm

According to Axiom 2, [E-S; p. 11], the relation f4 = g implies the com-
mhutativity relation Fohy =g :
® TV 7T B%

L | |
in the triangle of homomorphisms given above. Hence, the existence of an
extension/: X —+ Y of themapg:4 - Y givesa solutlon of a demved algebmzc

problem, namely, to find a homomorphism

¢:Hm(X) - Hn(Y)
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such that the commutativity relation ¢#, = g, holds. Thus, the existence
of the homomorphism ¢ is a necessary (though not generally sufficient)
condition for the existence of an extension of the given map g over X. On
many occasions, this necessary condition provides us a method to show that
a particular given map g:4 — Y fails to have an extension over X.

For example, let us take X to be the unit #-cell E” of the #-dimensional
euclidean space Rr, 4 =Y to be the boundary (#n-1)-sphere S*-1 of E=,
and g:4 - Y to be the identity map on S7-1. We shall prove the following

Proposition 3.4. For each n > 1, the ¢dent@ty map g.5"~1 > SP-1 has no
extension ovey En,

Proof. Assume that there is some extension f:E? —» S#-1 of g. We shall
deduce a contradiction as follows.

Assume # > 1 and consider the homology theory with the group Z of -
integers as the coefficient group. Take m = # — 1, then we have

Hu(E®) =0, Hp(SPY) ~Z.

Since g is the identity map on S»-1, it follows from Axiom 1 that g, is the
identity automorphism of Hm(S»-1). Since Hyp(S?-1) # 0, this implies that
g% # 0. On the other hand, since H;,(E®) = 0, the inclusion map 4:S7- < En
induces kg = 0. Thus, we obtain f, %, = 0 and g, s 0. This contradicts the
relation f A, = g,. In fact, the derived algebraic problem has no solution.

It remains to dispose of the case # = 1. In this case, S*-1 consists of two
points and hence is disconnected. On the other hand, E® is connected and so
is its continuous image f(E"). Since f is an extension of the identity map g,
we have f(E®) = S#-, This is a contradiction. |

Note. The case # = 1 of (3.1) can also be proved from the derived algebraic
problem provided that one uses the reduced homology groups, [E-S;
pp. 18-19].

As an important application of (3.1), we shall give the follow'ing

Theorem 3.2, (The Brouwer Fixed-Point Theorem). Every map f: En —En
has a fixed point, that is to say, theve exists a point x of E® such that f(x) =

Proof. Assume that f:E» - E7 is free of fixed points. Then, we may-define
amap 7: E# ~ S®-1as follows. Let x € E». Since f has no fixed points, we have
/(%) # x. Draw the line from f(x) to x and produce until it intersects S»- at
a point 7(x). One verifies that the assignment x - #(x) defines a_continuous
function. 7: E? » Sn-1, If x € S#-1, it is obvious from the construction that

7(x) = x. Hence 7 is an extension of the identity map on S#-1, This contra-

dicts (3.1). 1
‘This application of (3.1) shows that the negative nature of a “‘non-existence”’



4. THE RETRACTION PROBLEM 5

theorem may not diminish its interest. A reformulation sometimes gives it a
positive aspect.

In the derived algebraic problem formulated above, one may of course
use cohomology theory instead of homology theory.

4. The retraction problem

If Y = A andg = 4 is the identity map on 4, then we obtain an important
special case of the extension problem which will be referred to as the retraction
problem. If ¢ has an extension r:X -4, then 4 is called a retract of X, 7 is
called a retraction of X onto A, and we will write

r: XD A.

According to (3.1), the boundary (#—1)-sphere S7-1 of E7 is not a retract
of E», On the other hand, if X denotes the space obtained by deleting from
En an interior point which may be assumed to be the origin 0 without loss
of generality, then S#-1 is a retract of X. In fact, a retraction »: X > Sn-2
is given by

for every point x = (%;,...,%n) of X = E7» 0, where | x| denotes the
. distance between 0 and x. The same formula also gives a retraction # of
R2_0 onto S»-1,

For another example of retracts, let us consider the topological product
X = A x B. Pick a point b, from B. Then 4 can be considered as a subspace
of X by means of the homeomorphism %:4 - X defined by %(a) = (a, b,)

for each a € A. This having been observed, it becomes clear that the natural -

projection X = A x B - A gives a retraction of X onto 4. In partlcular
a meridian of the torus Ty = S! X S'is a retract of T,. -
Observe that if 4 is a retract of X then the ex_tension problem becomes
trivial regardless of the range Y. Indeed, we have the following
position 4.1. A4 is a vetract of X iff, for any space Y, every map g:4A - Y
has an extension over X.

Proof. If A is a retract of X with a retraction 7: X > 4, then gr: X - Y
is an extension of g. Conversely, assume that the condition holds and take
Y = A. Then the identity map ¢ on 4 should have an extension »: X - 4. |

The retraction problem gives rise to a derived algebraic problem as follows.
In any homology theory or cohomology theory satisfying the Eilenberg-

Steenrod axioms, the inclusion map 7:4 < X induces for éach m the homo-

morphisms . .
1y Hp(A) - Hp(X), *:Hm(X) > Hm(A).
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The derived algebraic problem is to determine whether or not there exist
homomorphisms
¢ Hp(X) - Hip(4), w:H™(A) -~ Hn(X)

such that ¢¢, and +*y are the identities on Hy,(A4) and Hm(A) respectively.

The existence of the homomorphisms ¢ and v is a necessary condition for
A tobearetract of X. Infact, if 7:X © A isaretraction, then 7 is the identity
map on 4 and hence¢ = #, andyp = #* are solutions of the derived algebraic
problem. Furthermore, since 7,1, and ¢*#* are the identities, it follows that
i4, 7* are monomorphosms, that 7., ¢* are epimorphisms, and that Hp,(X),
Hm(X) decompose into the following direct sums:

Hp(X) = Image 7, + Kernel 7,
Hm(X) = Kernel ¢* + Image 7*.

If the coefficient group of the cohomology theory is a ring, then the cohomo-
logy groups H™(X), m = 0,1, -+, constitute a ring A*(X) with the cup
product as multiplication. The inclusioni:4 < X and the retraction »:X > 4
induce the ring homomorphisms

P HHX) > HHA), r*:H*A4) » H¥(X).

Since 77 the identity map on A, it follows that ¢*#* is the identity auto-
morphism of the ring H*(A). Hence #* is a monomorphism, ¢* is an epi-
morphism, and A*(X) decomposes into the direct sum '

H*(X) = Kernel ¢* 4+ Image r*

-~ where Kernel ¢* is an ideal and Image #* is a subring isomorphic to H*(4)
under #¥. |

These necessary conditions can be used to prove that a particular given
subspace 4 of a certain space X fails to be a retract of X. For example, let X
denote the complex projective space of complex dimension # > 1 and 4
a linear subspace-of X of complex dimension # with 0 < # << #. Then 4 1s
not a retract of X. To prove this fact, let us assume that there is a retraction
7:X > A. Then we obtain a ring monomorphism »*: H*(4) - H*(X) of the
cohomology rings with integral coefficients. Let « and & denote generators
of the free cyclic groups H?(4) and H2(X) respectively. Sitee#* is a mono-
morphism, there is a non-zero integer % such that »*(&) = k§&. Since n > 7,
we have a® = 0. Since #* preserves multiplication, we obtain -

FrEn = py¥(am) = 0,

This contradicts the fact that £7 is a generator of the free cyclic group

H(X).. o o o
Finally, let us give an important example of retract in the form of the
following



5. COMBINED MAPS 7

Proposition 4.2. I/ (X, A) is a (finitely) triangulable pair, [E-S; p. 60],
then the closed subspace '
L=Xx0U(4x1I

of the product space M = X X T is a retract of M.

Proof. First, let us prove the special case where X is the unit n-simplex
An of the euclidean (# + 1)-space, [E-S; p. 55], and 4 is the boundary
(n-1)-sphere of A, which is empty if # = 0. Then a retraction ».M > L
can be constructed geometrically as follows. Since I < R, it follows that M
is a subspace of An X R. Then we define # to be the central projection of M
onto L from the point (¢, 2) of Ay X R, Where ¢ denotes the centroid of A,.
This proves the special case.

For a finitely triangulable pair (X, 4), we may assume that X is a finite
simplicial polyhedron and 4 is a subpolyhedron. Since a retract of a retract
is also a retract, one can easily prove the proposition by induction on the
number of simplexes in X but not in 4 and by the aid of the special case
proved above. |

A strengthened form of (4.2) will be given in § 10. Besides, (4.2) can also
be generalized to some non-triangulable pairs; see Ex.O at the end of the
chapter. '

5. Combined maps

Frequently, a function is constructed by prescribing it on pieces of its
~ domain. The purpose of this section is to give sufficient conditions, for the
continuity of functions so constructed.

Let { X, | € M } be a given system of subspaces of a space X, indexed
by the elements of a set M, such that the union of all subspaces X, u € M,
is the whole space X. Let D,, = X, N X, for each pair of indices y, » in M.

For any given map g:X -~ Y of X into a space Y, the partial maps

. = g | X, are well-defined and satisfy the relation g, | D,, = g, | D, for
every pair of indices u,» in M. Hence, our problem in this section is to
study the inverse of this process described as follows.

Let us assume that, for each index y € M, there is gwen amapf,: X, >Y

such that fu | Dyy = fo | Dys

for each pair of indices y and ¥ in M. Then we may define a function f XY
by taklng ' f i X e fy, (‘u' e M) s

We are concerned with the problem whether or not f is continuous.

Proposition 5.1. If M is finite and all the subspaces X,, pe M, are closed
m X, then the combmed function f is continuous.,

Proof Let F be any closed set in Y. Then it follows from the contmmty
of f,, w € M, that f7}(F) is a closed set of X,,. Since X, is closed in X, this
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implies that £;}(F) is a closed set of X. Since M is finite,
FHE) = U ey f31 (F)

isa cIosed set of X. Hence f is continuous. |
A frequent application of this proposition is as follows. Letfg: X X I=>Y

be two -given maps such that f(x,1) = g(x,0) for every x € X. Then we may
define a function 4:X X I - Y by taking:

Hx2l),  (eX,0<t<d);
h(xd) = { gx2t-1), (xeX, 3 <t <l

An application of (5.1) shows that % is continuous. This uniquely defined
map % will be called the sum of the maps f and g denoted by f + g. This
operation is obviously not commutative.

Proposition 5.2. If x is an interior point of some subspace X, then the
combined function f zs continuons at x.

Proof. Let U be an open neighborhood of the point /(%) = f,(*) in Y.

It follows from the continuity of /, that there is an open neighborhood
V of x in X, such that {,(V) < U. Call

W =V 0lInt(X,).

Then W is an open neighborhood of x in X and f( W) = f,(W)< U. Hence
f is continuous at «. |

Corollary 5.3. If all the subspaces X, ue M, are open in X, then the
combined function f is.continuous.

Finally, as a generaliiatioh of (5.1), we have the following

Proposition 5.4. I / the system { X, | &M } forms a locally-finite closed
covering of X, then the combined function f is continmous.

Proof. Let x be an arbitrary point of X, It suffices to prove that £ is contin-
uous at x. Since the system { X, | u e M } is locally finite, there exists a
neighborhood X, of x in X which meets only a finite number of the sub-
spaces { X, | e M }. Since X, is closed in X, it follows that X, n X, is
closed in X,. An application of (5.1) proves that the restriction f, = /| X, is
continous. So, we may enlarge the system { X, | u € M } by adjoining X,,.
The new system usually fails to be a closed covering of X. However, since x
is an interior point of X, (5.2) implies that / is continuous at . |

6. Topological identification

Suppose that X is a space in which an equivalence relation is given. Then
the points of X are divided into disjoint equivalence classes. Let us denote
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by Z the set of all these equivalence classes and by [#] the equivalence class
which contains the point x in X. The assignment x - [x] defines a function

p: X —> 27

of X onto Z called the natural projection.

The set Z can be topologized as follows: a set W in Z is called open 1ff
the inverse image p-1(W) is an open set in X. This topology of Z is called
the identification topology determined by p or the quotient topology defined
by the given equivalence relation in X. Having been topologized in this way,
Z is said to be the gquotient space obtained from X by topological identification.

This method of constructing new spaces from old is of extreme importance
in combinatory topology. Most well-known spaces can be obtained from
simpler spaces by topological identification. For example, the #-sphere is
obtained from the #-cell by identifying the boundary to a single point and
the real projective #-space is obtained from the n-sphere by identifying the
antipodal points.

As another example of topological identification, let us consider a given

~ groupz of homeomorphisms of a space X. The groupz defines an equivalence

relation in X as follows: two points 4, b in X are equivalent iff b = &(a) for
some & en. The quotient space thus obtained is called the orbit space and is
denoted by X/x.

More examples of topological identification will be found in the exercises
at the end of the chapter.

Proposition 6.1. Let f:Z + Y be a given function of the quotient space Z
into a space Y. If the composed functzon g = fp: X =Y is continnous, then
so 1s f.

Proof. Let V' be any open set in Y. It suffices to show that the inverse
image W = f-1(V) is an open set in Z, Since g = /p, we have

gV) = p7 (V)] = pH(W).

The eontinuity of g implies that g-1(V) is an open set in X. Hence, by defini-
tion of the identification topology, W is open. 1
For further information about quotient spaces, see [K; pp. 94-100].

7. The adjunction space

As an 1mportant application of the process of topological identification,
let us consider the construction of the adjunction space of a diagram

Xod 2y

| where g iswa'in‘ap' defined on a closed subépaée Aofa spaf.:e”X into another
space Y.
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For this purpose, consider the disjoint union
W=XUY

of the spaces X and Y. W is a'space with its topology defined as follows:
aset V< Wisopeniff ¥ N X and V' N Y areopensets of the spaces. X and Y
respectively. This space W will be called the fopological sum of the spaces
Xand Y. | :

If we identify each ¥ € 4 with g(x) € Y, W becomes a space Z which will
be called the adjunciion space obtained by adjoining X to Y by means of the
map g:A4 — Y. In more detail, Z is the quotient space obtained from W by
means of topological identification as follows. Two points xe X and ye Y
are said to be equivalent iff x€ 4 and g(x) = v; two points x and x’ of 4
are equivalent iff g(x) = g(x’). Letting, of course, each point be equivalent
to itself, we have an equivalence relation in W; we take Z to be the quotient
space of W with respect to this equivalence relation and $: W - Z the natural
projection.

One can easily verify that the natural pm]ectlon p maps Y homeo-
morphically onto a subspace (Y) of Z. By means of this imbedding, Y will
be considered as a closed subspace of Z. Obviously, Y =2 iff 4 = X.
Furthermore, we have the following | :

Proposition 7.1. Y is 1 retract of Z iff the map g:A -~ Y has an extension
over X. ‘

Proof. Necessity. Let #:Z > Y bea retraction. Using the natural projection
p:W - Z, we defineamap f: X — Y by taking

[®) =rp(x), (xeX<= W)

If xe€ A, then we have f(x) = rp(x) = 7g(x) = g(x). Hence } is an extension
of g over X.

Sufficrency. Let f:X - Y be a map with f|A = g. Define a function
v:Z =Y as follows. Let 2€Z. If z€ Y, we define #(z) = 2. If 2¢ Y, then
there is a unique point x € X \_4 such that p(x) = z. In this case, we define
r(z) = f(x). Let h =#p. Then 2| X = f and A|Y is the identity map.
According to (5.1), & 1s continuous. By (6.1), this implies that # is continuous.
Since # | Y is the identity map, # is a retraction. |

Thus the extension problem for the map g:4 - Y over X is equivalent
to a retraction problem which is a special case of the extension problem.

Next, let us note another interesting property of the adjunction space.
The natural projection p: W - Z maps X into Z and A into Y. Hence it

defines a map pi(X,A) > (Z,Y)

This map ¢ is evidently a relative homeomorphism, that is to say, it carries
- X \_4 homeomorphically onto Z\_Y.
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For examples of adjunction spaces, let us take X = E? and 4 = S»-1,
Consider a map g:S?-1 - Y and the adjunction space Z obtained by ad-
joining E® to Y by means of g. Then the pair (Z, Y) is called a relative n-cell.
In particular, if ¥ = P#-1 is the real projective (n-1)-space and if g: 571
Pr-1isthe map obtained by identifying antipodal points, then the adjunction
space -Z can be identified with the real projective #-space P*. Hence, the
pair (P», Pr-1) is a relative #-cell. Similarly, (CP?, CP?-1) is a relative
2n-cell, where CP* denotes the complex projective n-space which is of real
dimension 2. |

8. Homotopy problem and classification problem

A famﬂy of maps #::X - Y (0 <¢ < 1), indexed by the real numbers
1, is called a homotopy if the function H:X x I - Y, defined by

Hix {) = h(x), (xeX,tel)

is continuous. %, and A, are called the snitial map and the terminal map of
the homotopy %4: In the sequel, the homotopy %4; and the map H will be
considered essentially as the same thing and we shall use whichever appears
more convenient for the particular purpose at hand.

Two maps f:X - Y and g:X - Y are said to be homotopic (notation:
f =~ g), if there exists a homotopy, #: X - Y, (0 <? < 1), such that 4, = f
and %, = g. In this case, 4; is called a homotopy connecting f and g, and is
denoted by heif e g

Intuitively, / and g are homotopic iff each can be changed continuously
into the other. :

Given two maps f, g: X - Y, it is not always true that f and g are homo-
topic. For example, if X = Y is the n-sphere S#, f the identity map on S7,
and g a constant map, then it follows from the Homotopy Axiom of homo-
logy theory that f and g are not homotopic, [E-S; p. 11].

On the other hand, if f, g: X - 57 are two maps such that for any x € X
the points f(x) and g(x) are never antipodal, then f and g are homotopic.
In fact, there is always defined uniquely the minor arc of the great circle
joining /(%) and g(x) and we may define /;(x) as the point dividing this arc in
the ratio ¢: 1-f. As a consequence, if a map f: X — S7 leaves a point free from
the image f(X), then f is homotopic to a constant map.

The homotopy problem is to determine whether or not two given maps
f, g: X - Y are homotopic. This problem is actually a special case of the
extension problem of § 2. In fact, consider the product space X X I and

its subspace M = (X x0)U(X x 1)

that is to say, M consists of the bottom and the top of X X . Define a map
M—-YD tti
¢ YSHNg e 0) = (1), $lul) = &)
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for each x e X. Then every extension H:X X I -~ Y of ¢-is a homotopy
connecting f and g-and vice versa. Thus f and g are homotopic iff ¢ has an
extension over X X 1. |

The homotopy axiom of the homology and cohomology theories gives
~ necessary conditions for two maps to be homotopic. More precisely, if £, g:
X - Y are homotopic maps, then they induce the same homomorphisms on
the homology groups and the cohomology groups; that is, /4 = g, and
f* = g*.

These necessary conditions can be used to prove that two particular
given maps f, g:X — Y fail to be homotopic. For example, let X and Y be
two oriented closed #-dimensional manifolds. In the homology theory with
integral coefficients, let w € Hn(X) and fe H,(Y) denote the generators
determined by the orientations of X and Y. The degree of any given map
f:X ~Y is defined to be the integer deg(f) such that f,(x) = deg(f)-B.
Then two maps f, g: X - Y are not homotopic if deg(f) # deg(g).

Some special cases of homofopies are of importance. Let us suppose that
X is a subspace of Y. Then a homotopy %:: X = Y, (0 <t < 1), is said to
be a deformation of X in Y if hy is the inclusion map 7: X < Y. Furthermore,
if %, is a constant map, then the deformation %; is called a contraction of X
m Y. They are simply called deformations and contractions of X if ¥ = X.

If a contraction of X (in Y) exists, X is said to be contractible (in V).
If %y € X and a contraction 4;: X - Y, (0 <# < 1), exists such that /(x,) =
%o for each t€ I, then X is said to be contractible to the point x, in Y. For
example, every proper subspace of the n-sphere S# is contractible to a
point in 5%,

Now, for any two given spaces X and Y, let us denote the totality of maps
osznto Y by 0 vx

Proposition 8.1. The relation ~ between the maps 2 15 an equivalence
rvelation.

Proof. We have to show that the relation ~ is reflexive, symmetric, and
transitive. (1) To prove that it is reflexive, let us define for any fe 2 a
homotopy /i: X - Y (0 <t <1) by taking f; = f for every teI. Then
fi:f = [. (2) To prove the symmetry, let &;:f =~ g be a homotopy connecting
two given maps f € 2 and g € 2. Define a homotopy £: X - Y <t <)
by taking k; = %3-¢for each € I. Then k;:g =~ f. (3) To prove the transitivity
assumed;:f o~ g and y;:g =~ k. Define a system of maps %;: X — Y (0<¢< 1)

by taki
Y e \ m{‘ﬁza‘, 0 <t<,
Ty, B <t<).

By (5. I) X: is a homotopy. Since ¥, = qSO = f and Xy =w, =h, we have
As a co_nsequence of (8.1) the maps 2 are divided into disjoint equivalence
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classes, called the homotopy classes of these maps. Let us denote by #(X;Y)
the totality of these homotopy classes and denote by [f] the homotopy
class of f, that is to say, the homotopy class which contains the map fe 2.
If g: X -+ X' is a map and if the maps f,,/,: X’ - Y are homotopic, then
obviously we have fg o~ fig. This means that »(X; Y) is a contravariant
functor in X, [E-S; p. 111]. On the other hand, if g: Y’ - Y and if the maps
for f1:X - Y’ are homotopic, then gf, = gf,. This means that #(X; Y) is a
covariant functor in Y. Consequently, (X ; Y) ¢s a functor of two variables
contravariant in X and covariant in Y.
In a great many cases, it is possible to enumerate the homotopy classes
n(X; Y) whereas the set Y has the power of continuum. Given two spaces
X and Y, the classification problem is to enumerate the homotopy classes
7(X; Y) of the maps Y¥ and to exhibit a representative map in each homo-
- topy class.
For example, if X is a paracompact Hausdorff space and Y is a solid space,
then it is easily seen that any two maps are homotopic and hence #(X; Y)
consists of a single homotopy class; in symbols,

aX;Y) =0.

The same is true if X is any space and Y is contractible. Some interesting
non-trivial examples will be given in the next chapter.

9. The homotopy extension property

In the present section, we propose to relate the concept of homotopy to
the extension problem. The main result can be stated as follows: In a great
many cases, the extension problem for a giwen map g:4 Y over Xo 4
depends only on the homotopy class of g.

Let f: X - Y be a given map and 4 a given subspace of X. A homotopy
he:A Y (0 <t <1),is called a partial homotopy of fif | A = hy; it will
be simply called a komotopy of f in case 4 = X. Restrictions and extensions
of homotopies are defined in the same manner as those for maps.

Definition 9.1. A subspace 4 of a space X is said to have the komotopy -
extension property (abbreviated HEP) in X with respect to a space Y, if
every partial homotopy

hd Y, 0<t<l),

of an arbitrary map f: X — Y has an extension
XY, (0<t<l),

such.that g, = /. 4 is said to have the absolute homotopy extenston property.
(abbreviated AHEP) in X, if it has the HEP in X with respect to every

space Y.
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The homotopy extension property is basic to various constructions in
homotopy theory. Fortunately, this important property exists in reasonably
smooth spaces; in particular, we have the following two propositions.

Proposition 9.2. If (X, 4) is a (finitely) triangulable pair, then A has the
AHEP in X.

Proof. Let /:X - Y be a given map and %::4 > Y, (0 <¢ < 1), a given
. partial homotopy of /. Consider the product space M = X x I and its
closed subspace L = (X x 0) U (4 x I). Define a map H:L -» Y by settmg

Hix fx), ifxeX,t=0,
(. 7) *{kt(x), ifxed tel

According to (4.2), there is a retraction #:M > L. Define a homotopy
g: X >Y, (0 <?¢<1), by taking

gi(x) = Hr(x, 1), (xeX, tel).

Then g; is obviously an extension of 4; such that g, = f. Since Y is arbitrary,
this proves that 4 has the AHEP'in X. 1

A space X is said to be binormal if X x I is normal. Paracompact Haus-
dorff spaces {(and hence metrizable spaces) are binormal.

Proposition 9.3. I} Y s a (finitely) triangulable space, then every closed
subspace A of any binormal space X has the HEP in X with vespect to Y.

Proof. Without loss of generality, we may assume that Y is a subcomplex
of the unit #-simplex 4, where » depends on Y. According to a classical
theorem, [E-S; p. 72], there exists an open neighborhood U of Y in 4,
such that Y is a retract of U. Let »:U D Y be a retraction.

Let A be any closed subspace of a given binormal space X, /: X =Y a
given map, and %:4 - Y, (0 <¢ < 1), a given partial homotopy of /.
Consider the spaces M =X x T and L = (X x 0) U (4 x I), and define a
map H:L -+ Y as in the proof of (9.2). By §2, 4, is solid. Since L is closed
in the normal space M, the map H:L - Y < 4, has an extension G: M - Aq.

Let V = G-1(U). Then V is an open neighborhood of L in M. Since the
unit interval I is compact, one can easily prove that there exists an open
neighborhood W of 4 in X such that W x I is contained in V.

Since X is normal, it follows from Urysohn’s lemma, [L,; p. 27], that there
exists a continuous real function Z:X I such that (X \ W) = 0 and
X(4) = 1. Define a map F:M - Y by taking

F(xt) =r[G(x, y(#)8)], (xeX, tel.

Obviously F is an extension of H over M. Hence the partial homotopy #;
of / has an extension g;:X -+ Y, (0 <¢ < 1), defined by g;(x) = F(x,f) for
each x€ X and fe 1. Clearly g, = /. | :
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Generalizations of (9.2) and (9.3) will be given in Ex.N and Ex.O at
the end of the chapter.

Now let 4 be a given subspace of a space-X and g:4 + Y a given map.
If A has the HEP in X with respect to Y, then the restricted extension
problem in § 2 obviously depends only on the homotopy class of g. In this
case, the restricted extension problem is equivalent to a broadened form,
namely to ask whether there is a map [ X =Y such that fh ~g, where
h:A < X denotes the inclusion map.

This new broadened form is apparently weaker than the original restricted
form. However, once we reflect upon the concept of homotopy, we realize
that the original form of the problem was formulated in too narrow a fashion,
Hereafter, when we refer to the exiension problem, we shall mean its broad -
ened form unleas othervvlse stated.

10. Relative homotopy

Let M be an abstract set and X, Y be two given spaces. Let { X, }, { Y,}
be two systems of sets indexed by u€ M such that X, X and Y, <= Y
for each index u e M. For the sake of brevity, we shall denote by { M }
the detailed notation {X ' € M } whenever there is no danger ot

ambiguity.
Consider the maps f:X - Y such that f(X,) < Y, for each u€ M. The
totality of these maps will be denoted by '

Q=YX{M}=YX{X, Y, pcM}.

For example, if M consists of a single element y and if X, = 4, Y, = B,
then £ is the set of all maps f: (X, A) - (Y, B), see [E-S; p. 3]. For a second
example, let M contain two elements g and ». If X, =4, Y, = B are as
above and X, == { %, }, Y, = { ¥, } are singletons with x,€ 4, y, € B, then
£2 is the set of all maps /:(X, 4, x,) - (Y, B, yo) It is primarily these cases
that the notation is intended to cover.

‘Two maps f and g in £ are said to be homotopic relattve to the system { M }
if there exists a homotopy 4;: X ~+ Y, (0 <¢ < 1),such that by = f, A, =g
and %; € 2 for every ¢ € I. In notation,

fegrel {M}.
In this case, 4 is called a homotopy connecting f and g in 2-.and is denoted by
hyif ~grel{ M }.

If X, ié a single point and Y, = f(X,), we may identify 4 with X . If this

holds for all 4 € M, then M is 1dent1fled with a subset of X. In this 1mportant
case, we shall use the usual notation:

fexgrel M, hyf e~grel M.
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In particular, if M is the empty set, the notation will be simply f ~ g and
hy:f =~ gasin §8.

As in (8.1) one can easily prove that the relation of homotopy relative to
{ M } of the maps £ is an equivalence relation. Hence, 2 is divided into
disjoint classes, called the homotopy classes rvelative to { M } or the homo-
topy classes in . The classification problem of the maps £ is to enumerate
these classes in terms of known topological invariants.

Let B be a subspace of Y which intersects Y, for each ye M. A map
f€ 82 is said to be deformable into B relative to { M } if there exists a map

g:X - B such that
fezigrel{ M}

where 7 denotes the inclusion map ¢:B < Y. In particular, B may consist
- of a single point y,in the intersection of the subspaces Y,. Let 0 denote the
constant map 0(X) = ¥,. Then 0 is in 2. A map f is said to be n’ull—homoto;bz’c
or inessential velatve to { M } if f =~ 0 rel { M }, 0therw1se it is said to be
essential rvelative to { M }.

Now, let us define the important notion of deformation retract. A sub-
space A of a space X is said to be a deformation retract of X if there exists a
deformation A;: X - X, (0 <¢ < 1), such that %, is a retraction of X onto
A. If the deformation %; satisfies a further condition that %;(a) = a for each
a €A and each 7€ I, then 4 is said to be a strong deformation retract of X,
In this case, #; will be called a retracting deformation of X onto 4. In Ex.T
at the end of this chapter, we shall see that, in a great many cases, these
two notions are equivalent.

If X denotes the space obtained by deleting from E” an interior point which
may be assumed to be the origin 0 without loss of generality, then S7-1 is a
strong deformation retract of X. In fact, a retracting deformation %;: X + X,
(0 <¢ < 1), is given by

Ra(%) = (1-~t+,—f—|

for each x € X and te I, where | x | denotes the distance between 0 and x.
On the other hand, a point of the #-sphere S is a retract of S* but not a
deformation retract of S=.

For another example of strong deformation retract, we strengthen (4.2)
by the following proposition which can be proved by an easy modification
of the arguments used in the proof of (4.2).

Proposition 10.1 If (X, 4) is a (fnitely) triangulable pasr, then the closed
subspace L = (X X 0) U (A4 x I} s a strong deformation vetract of the pro-
duct space M = X x I. -

More examples of strong deformation retracts are given in Ex.S at the end
of the chapter.
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11. Homotopy equivalences

Under the general notations of the preceding section, let us consider two
gtven maps XY, g2V X

such that /(X,) < Y, and g{Y,) = X, for each u € M.

g is called a left homotopy inverse of f velative to { M } and f is called a
right homotopy inverse of g relative to { M }, if there exists a homotopy
hy: X - X (0 <¢ <1) such that 4, = gf, %, is the identity map on X, and -
h(X,) < X, for each ye M and each te I. g is called a fwo-sided homotopy
wnverse of f relative to { M } if it is. both left and right homotopy inverse
of f relative to { M }.

‘The map /:X — Y is said to be a homotopy equivalence velative to { M },
if it has a two-sided homotopy inverse relative to { M }. In notation,

[ X ~Yrel{ M}

The spaces X and Y are said to be homotopically equivalent velative to { M },
if there exists a homotopy equivalence f:X o~ Y rel { M }. In this case,
we also say that X and Y are of the same homotopy type velative to { M }
and we shall use the notation

Xe~Yrel{M}.

The following two special cases are of frequent occurrence in the sequel.

Firstly, if M = 0, that is to say, if there is no system of relativity, then
we simply omit the phrase “relative to { M } " in the terminology given
above. For example, two spaces X and Y are said to be homotopically equiva-
lent, X o~ Y, if there are maps /: X - Y and g:Y - X such that the com-
positions gf and fg are homotopic to the identity maps on X and Y respec-
tively. - ,

Secondly, assume that M consists of a single element x and that'X, = 4,
Y, = B. Then a map f:(X, 4) - (Y, B) is said to be a homotopy equivalence
and is denoted by f:(X,A) >~ (Y,B) if /X >~ Yrel{A, B}. The pairs
(X, A) and (Y, B) are said to be homotopically equivalent, (X, A) ~ (Y, B),
if there exists a homotopy equivalence f: (X, 4) ~ (Y, B).

The notion of homotopy equivalence introduced above is justified by
the fact that the extension problem as broadened in § 9 depends essentially
only on the homotopy type of the pair (X, 4) and that of the space Y. This
result can be precisely formulated as follows,

Assume that (X, 4) o~ (X', 4")and ¥ =~ Y" and let g:4 — Y be a given
map. Let 5:4 < X and 4":A’ = X’ denote the inclusion maps. By definition,
there exist maps

X, 4y > (XA, (X4 - (X, A, v Y - Y Y > Y
such that composed maps ¢'¢, ¢¢’, v’y and yy’ are homotopic to the corre-
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sponding identity maps. Let X:4 - A’ and X':A" > A denote the rn:;tps
defined by the maps ¢ and ¢’ respectively, and let

g =ypgx:Ad" - Y’

If the extension problem for g has a solution over X, i.e., if these exists a
map f:X - Y such that /A ~ g, then the extension problem for g’ also has
a solution over X'. In fact, }' = yf¢’: X’ » Y’ satisfies the relation

flh! — wf¢lhf —_ wfhx’ mqux.f — gf.

Conversely, if there exists a map ¢ X' - Y’ such that ¢'A’ =~ g’, then the
extension problem for g has a solution over X. In fact, e = y'e'¢: X » Y
satisfies the relation ‘

eh = y'e'dh = pe'h'X ~ y)'g’x - 'q)"q)gx’x o p.

Examples of homotopy equivalences: (1) If /:X »Yis a homeomorphism
of X onto Y, then f-! is obviously a'two-sided homotopy inverse of 7.
Hence homeomorphs are of the same homotopy type. (2) If X is a de-
formation retract of Y, then the inclusion map f:X < Y is a homotopy
equivalence. . : _

According to the homotopy axiom and the algebraic axioms, a homotopy
equivalence induces isomorphisms on the homology groups and the coho-
mology groups. Hence, homotopically equivalent spaces have isomorphic
homology groups and cohomology groups. A property of spaces is said to be
a homotopy invariant if it is preserved by homotopy equivalences. Almost
all invariants studied in algebraic topology are homotopy invariants.

~ The role of homotopy equivalences having been clarified, it is natural
to search for two-sided homotopy inverses, if any, of a given map /: X > Y
relative to a given system { M }. For this purpose, it is sometimes helpful
to observe the following fact. If a given map f: X — Y has both left and right
homotopy inverses relative to a given system { M }, then it has a two-sided
one. In fact, if g1 Y - X is a left homotopy inverse of f relative to {M}
and if g": Y > X is a right homotopy inverse of f relative to { M }, then
it is easy to verify that the composed map g = g'fg" Y - X is a two-sided
homotopy inverse of / relative to { M }.

12. The mapping cylinder

Let /:X - Y be a given map. By the pfocess of topological identification,
we shall construct a space My which is called the mapping cylinder of f.
For this purpose, let us consider the topological sum o

W=(XxDHuy

of the spaces X x T and Y. If we identify (x, 1) € X X I with f(x) € ¥ for
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every x € X, we obtain a quotient space My, the mapping cylinder of f, and
a natural projection W — M;. |

One can easily verify that » maps Y homeomorphically onto a closed
subspace p(Y) of My. By means of this imbedding, ¥ will be considered as
a closed subspace of M. On the other hand, the map

g: X —> My

given by g(x) = p(x, 0) for each x € X carries X homeomorphically onto the
closed subspace p(X x 0) of My. By means of this topological map g, X is
imbedded as a closed subspace of My. Thus X and Y are considered as
disjoint closed subspaces of My and will be called the domain and the range
of the mapping cylinder Mjy.

Proposition 12.1. The range Y of the mapping cylinder My of a map
{:X =Y is a strong deformation retvact of Mjy.

Proof. Define a system of functions As: My — My, (0 <¢ < 1), by taking

kt['p(xr S)] = ]5(5\7, s+ t— St)

ha(y) =y

for every xe X, ye Y, se I and te I. By (6.1), it is easily verified that
is a homotopy. It is obvious that %, is the identity map on My, 4, is a re-
traction of My onto Y, and 4; | Y is the identity map on Y for each fe [.
Hence Y is a strong deformation retract of M. |

Proposition 12.2. For any given map f:X - Y, the maps g: X - My and
pf: X — My ave homotopic.

Proof. Let h;: X - My, (0 <t < 1), denote the homotopy defined by
hi(x) = p(x, 1)

for every x € X and ¢ € I. Then we have h, = g and 4, = pf. Hence g =~ pf. |

Twomaps f: X - Y and /': X’ -» Y’ are said to be homotopically equivalent
if there exist homotopy equivalences ¢: X ~ X’ and :Y ~ Y’ such that
pf~f'dp. Let ¢": X'~ X and ¢:Y' =~ Y denote two-sided homotopy
inverses of ¢ and y respectively. Then the three conditions

wie f'd, [y’ yfd' ~f

are mutually equivalent. As an immediate consequence of (12.1) and (12.2),
we have the following theorem which justifies the introduction of the notion
of mapping cylinders.

Theorem 12.3. Every map f:X - Y is homotopically equivalent to an in-
clusion map, namely, g: X < Mjy. |
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Finally, the following special case of mapping cylinder is of importance.
If Y consists of a single point v, then the map f: X - Y has to be the constant
map f(X) = v. In this case, the mapping cylinder My is called the join
of X to v or the cone over X and will be denoted by £(X). The point v is called
the vertex of k(X).

13. A generalization of the extension problem

The extension problem as broadened in § 9 suggests a generalized problem
which can be displayed diagrammatically by

NA
Z
where / and g are given maps and 4 must be found such that Ag =~ f. How-
ever, this generalized problem is equivalent to the extension problem of

the map /X — Y over the mapping cylinder M, > X of the map g:X -~ Z.
More precisely, we have the following

Proposition 13.1. For any two maps {: X - Y and g: X - Z, the following
two statements are equivalent '

(¢) There is a map h:Z ~ 'Y such that hg ~ {.

(4) There is a map F:My ~ Y such that Fq ~ {, where q: X < M, denotes
lhe inclusion map. ‘

Proof. (¢) - (¢2). -According to (12.1), there is a retraction r:My; > Z
defined by Hplr, 1) = glx), (xeX,iel). |
Hence the map %:Z - Y has an extension F = ir:M, - Y. By (12.2),
we have Fq = hrg o hrpg = hg ~ f.

(#4) > (i). Let & = F | Z. Then, by (12.2), we have -

| hg = Fpg o~ Fg =~ f. |

The derived algebraic problem of this general problem is as follows.
In any homology theory or cohomology theory satisfying the Eilenberg-
Steenrod axions, the given maps /: X - Y and g : X ~ Z induce the homo-
morphisms fg, gq, 1%, g* indicated in the following diagrams:

n(X) Hop(Y) Hm(X) <L —pm(y)
Hm(Z) .

Then the derived algebraxc problem is to determine whether or not there
exist homomorphisms ¢ and y such that ¢g, = £, and g*y = f*,
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The existence of the homomorphisms ¢ and v is a necessary condition for
the existence of a map %: X - Y such that Ag =~ f. In fact, if such an %
exists, then ¢ = Ay and p = A* are solutions of the derived algebraic
problem.

In many cases, this necessary condition can be used to prove the non-
existence of 4. For example, let us assume X = Sm =V, Z = S* with
m#0 and m £ n If f: X Y is of degree different from zero and if
g: X —Z is any given map, then there exists no map %4:Z - Y such that
hg =~ f. '

14. The partial mapping cylinder

The objective of the present section is to show that the generalized problem
in § 13, which is so far the broadest form of the extension problem, is equiva-
lent to a retraction problem, which is apparently the narrowest form of the
problem. | _

For this purpose, let us introduce the partial mapping cylinder My(X) of
a given map g: 4 - Y defined on a subspace A of a space X. Consider the

topological sum W=XUAxDHUY

of the spaces X, 4 x I and Y. For each a € 4 = X, identify a with (a, 0)e
A x I, and (a, 1) with g(a) € Y. In this way, we obtain a quotient space
M,(X) which is called the partial mapping cylinder of g over X and a

natural projection b W —s My (X).
Then one can easily see that » maps X and Y homeomorphically onto disjoint
closed subspaces #(X) and p(Y) of My(X) respectively. Thus, X and Y will

be considered as disjoint closed subspaces of M,(X) and will be called the
domain and the range of the partial mapping cylinder M,(X).

Lemma 14.1. I] the range Y of My(X) is a retract of My(X), then there exists
amap f: X =Y suchthatf| A ~g.

Proof. Letr : My(X) > Y bearetractionanddefinef: X - Yby/f =7 | X.
Consider the homotopy 4#;: 4 - Y, (0 <t < 1), defined by f

hy(a) =r(pla, b)), (acd,iel).
It is obvious that 4, = f | 4 and 4, = g. |

Lemrha 14.2. I there exist a map f: X > Y suchthatf | A ~ g, then the
vange Y of My(X) is a retract of My(X).

Proof. Since f| A ~ g, there is a homotopy #:: 4 - Y (0 <t < 1) such
that 4y = f| 4 and &, = g. Let 7 : My(X) - Y be defined by

(%) (fz = p(x), x e X),
W) = (M) (i = g, hed xD,
o y iz =g yey).

Then 1t is obvious that 7 is a retraction. |
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Now, consider two given maps f: X - Y and g: X' - Z. Since X is a
subspace of the mapping cylinder My of g, the partial mapping cylinder
My(M,) of f over My is defined. Then we have the following

Theorem 14.3. There exists a map h: Z - 'Y such that hg ~ f iff the range
Y of My(My) is a vetract of My(My). '

Proof. Sufficiency. Assume that Y is a retract of My(My). Then, by (14.1)
there exists a map F : My - Y such that F | X =~ f. According to (13.1),
this implies the existence of a map 4 : Z - Y such that sg ~ /.

Necessity. Assume that there is a map k:Z — Y such that hg ~ f. Then,
by (13.1), there is a map F:My » Y such that F | X ~ f. According to
(14.2), this implies that Y is a retract of Ms(M,). |

The construction of the partial mapping cylinder is closely related to that
of the adjunction space given in § 7. In fact, for reasonable spaces X and 4,
(see Ex.P), the adjunction space obtained by adjoining X to Y by means of
amap g: 4 - Y is homotopically equivalent to M,(X).

Finally, if Y consists of a single point v, then the map g: A - Y has to
be the constant map g(4) = v. In this case, the partial mapping cylinder
- My(X) is called the partial cone over the subspace 4 of the space X. Ob-

viously, My(X) = X Uk(4) < kX).

15. The deformation problem

Let us consider a given map f: (X, A4) - (Y, B) and a given subspace
Y, of Y. According to our general definition in § 10, f is said to be deformable
into Y, if there exists a homotopy f;: (X, 4) - (Y, B), (0 <? <1), such
that f, = fand /(X)) = Y. ,

The deformation problem of f: (X, d) -~ (Y, B) into Y, is to determine
whether or not f is deformable into Y. Let B, = B N Y. Then this problem
can be described diagrammatically by

(X, 4)—L— (¥, B)
N A
(Yo, Bo)
where %:(Y,, By) < (Y, B) denotes the inclusion map and g: (X, 4) -
(Y,, B,) must be found such that 4g o= /.

For the important special case that 4 = O, we may always take B =n
and hence B, = 0. In this case, we just omit 4, B and B, from the notation
given above. Hence, the deformation problem is actually the dual problem
of the extension problem given in § 9. The derived algebraic problem and
the necessary conditions of the deformability are dual to those of the
extension problem in an obvious way. They can be formulated and applied

similarly and hence are omitted.
Now we are in a position to prove the interesting result that the broadest
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extension problem in § 13 is-equivalent to a deformation problem. For this
purpose, let f: X - Y and g: X — Z be given maps. Let

W = My(Mg), V = k(Y),
then Y< W and Y < V. Define a map ¢ : (W, Y) - (V, Y) by taking

W, (fweY),
d(w) = {v, (if w e M),
d(f(), 1 —1), (ifw = px 0, xe X, tel),
where v denotes the vertex of the cone A(Y) and p: M, U (X x I) U YW
and ¢:Y x I -V denote the natural projections.

‘Theorem 15.1. There exists a map h:Z Y such that hg ~ | iff the map
d:(W,Y)~>(V,7)is deformable into Y.

Proof. Necessity. According to (14.3) there is a retraction »: W> Y.
Define two homotopies &, n;: (W, Y) = (V, Y), (0 <t < 1), by taking

w, (ifweY),
§i(w) = {v, (if w e My),
' glrp(x, 1 — ¢ + st), 1 —s], (ifw = p(x,5),xeX,sel)
w, (ifweY),
) = | g, 1 — 1 (fwel,),
glrp(x, s), (1 —s) (1 —5)], (if w —ﬁ(x s),xeX,sel)

Then one can easily verify that & =¢, & =%, and %, = 7. Hence ¢ is
deformable into Y. | _

Sufficiency. There is a homotopy ¢;: (W, Y) - (V, Y), (0 <¢ < 1), such
that ¢, = ¢ and ¢,(W) < Y. Then we may define a retraction . WD Y
by taking

w, (ifweY),

) = P4 (w), | (if we My),
r(w a $1p(x, 26), | (if w = p(x, 1), XEX 0 <t <1,
bo-0: (%), (ifw = p(x,8), xe X, } <t <)

Hence, by (14.3), there exists a map 2 :Z - Y such that Ag o~ f. |

On the other hand, the deformation problem is equivalent to an extension
problem with side conditions. To see this, let f: (X, 4A) — (Y, B) be a given
map and Y, a given subspace of Y. Consider the subspace X X 0 of X x [
and the map F : X x 0 - Y defined by F(x,0) = f(x) for each x € X. Then
the following proposition is obvious.

Proposition 15.2. /. (X, 4) - (Y, B) is deformable into Y, iff F has an
extension G . X X I - Y such that G(A x I)< Band G(X x 1)< Y,

The special case of the deformation problem where Y, = B is of im-

portance. In this case, we have nice necessary conditions as given in the
following proposition the proof of which is immediate and hence omitted.
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Proposition 15.3. If a map f: (X, A) -~ (Y, B) is deformable into B, then
1t induces trivial homomorphisms on homology and cohomology groups, thai
is o say, fx = 0 and f* = 0.

In particular, if (X, 4) = (Y, B) and if {is the identity map, we have the
following definition. The pair (X, 4) is said to be deformable into A if the
identity map on (X, 4) is deformable into 4. If this is the case, then the
inclusion map 7: 4 < X is a homotopy equivalence. Furthermore, in case
A has the HEP in X with respect to 4, then the pair (X A) is deformable
into A4 iff 4 is a deformation retract of X.

16. The lifting problem

Consider a given map b E—>B
of a space E onfo a space B. Let X be a given space and f: X - B a given
map. Then the liffing problem in the restricted form is to look for a map
g : X - E such that pg = /. The map g is called a Zfting of f (relative to p).
This problem is dual to the restricted extension problem of § 2.

- Dual to the homotopy extension property of § 9, we have the following
important notion of covering homotopy property.

Definition 16.1. A map ¢ : E — B is said to have the covering homotopy
property (abbreviated CHP) for a space X, if, for .every map g: X — E and
every homotopy f¢: X - B, (0 <{¢ < 1), of the map } = g, there exists a
homotopy g:: X - E, (0 <¢ < 1), of g which covers f;, that is to say,
pgt = fr for everyte I,

The covering homotopy property is basic to many constructlons in homo-
topy theory. Fortunately, this important property holds in a great many
of cases, namely, the various fiber spaces. See Chapter III. ‘

Now, if p: E -» B has the CHP for X, then the restricted lifting problem
for f: X - B obviously depends only on the homotopy class of /. In this
case, it is equivalent to the broadened form, namely to ask for a map
g: X — E such that pg ~ {. Hereafter, when we refer to the lLifting problem,
we shall mean this broadened form unless otherwise stated.

Once the lifting problem is broadened as above, the original condition
that $ is onto is no longer important. In fact, we have a generalized problem

displayed diagrammatically by
X ————!——we- Y
N A
A

where f and % are given maps and g must be found such that sg =~ f.

This general problem is dual to the generalized extension problem of § 13.
If 4 is onto, then it is the lifting problem for f; if % is an inclusion map, then
it is the deformation problem for f into the subspace Z of Y. On the other
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hand, this general problem is equivalent to a deformation problem. More
precisely, we have the following

Theorem 16.2. For any two maps f: X > Y and h:Z Y, the jollowing
two Statements ave equivalent:

(¢) There exists a map g : X - Z such that hg ~ }.

(42) The map pf : X - My is deformable into Z, where p : Y < M}, denotes
the inclusion map.

Proof. (i) — (s2). According to (12.2), we have ph ~ ¢, where g: Z< My
denotes the inclusion map. Then, (7) implies that pf ~ phg ~ gg. Hence,
$1 is deformable into Z.

(#) - (¢). There is a homotopy g;: X - My, (0 <¢ < 1), such ‘that

= pf and g,(X) < Z. Let g: X »Z denote the map defined by g,. By
(12.1), there is a retraction 7 : Mp> Y such that 7 | Z = h. Let f;: X - ¥,
(0 <t < 1), denote. the homotopy given by /; = rge for each £ € 1. Then we
have f, = rpf = fand f; = rgg = hg. Hence hg = f. |

17. The most general problem

In this final section of the chapter, we shall formulate the most general
problem which contains essentially all problel!}ns described in this chapter
as special cases.

Consider three given spaces X, Y, Z together with three given systems of
subspaces { X, },{ Y, }, {Z, } indexed by ue M. Following our general
ideas in § 10, we are concerned with only those maps and homotopies
X >Y, X2, Z-Y which are relative to { M } in the obvious sense. Then
our most general problem can be displayed diagrammatically by

where the maps are understood to be relative to { M }, f and one of g, % are
given, and the other is to be found such that 4g ~ frel { M }.

Nearly everything done in this chapter for the simplest extension, de-
formation and lifting problems admits generalizations some of which will
be given in the exercises.

Although the problem is formulated in the most general form, the only
cases considered in remainder of the book have 0, 1 or 2 elements as the
domain M of the index pu.

EXERCISES

A. Elementary properties of retracts

1. Every retract of a Hausdorff space is closed. . .
2. Every subspace which consists of a single point is a retract of the con-
taining space.
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3. If A is a retract (deformation retract) of X and if B is a retract {de-
formation retract) of Y, then 4 X B is a retract (deformation retract)
of X xXY.

4, If X is a retract (deformation retract) of Y and if Y is a retract (de-
formation retract) of Z, then X is a retract (deformation retract) of Z.

B. More properties of solid spaces

1. A retract of a solid space is solid.
2. Any two maps of a binormal space into a solid space are homotopic.
3. A binormal solid space is contractible to a point.

C. AR’s and ANR’s

In classical algebraic topology, attention is confined to very well-behaved
spaces, namely polyhedra. One class of spaces whose members retain many
‘of the desirable properties of polyhedra is the absolute neighborhood retracts.

A subset 4 of a space X is said to be a neighborhood vetract of X7 1f itisa
retract of some open subspace U of X.

A metrizable space Y is said to be an absolute retract (abbreviated AR),
whenever a topological image of Y as a closed subset Z; of any metrizable
space Z is necessarily a retract of Z.

A metrizable space Y is said to be an absolute neighborhood retract (abﬂ
breviated ANR), whenever a topological image of Y as a closed subset Z,
of any metrizable space Z is necessarily a neighborhood retract of Z.

Prove that every compact AR is solid.

D. Dugundji’s extension of Tietze’s theorem

Let X be a metrizable space and 4 be a closed subspa.ce of X. Prove the
following assertions.

1. Existence of canonical coverings. There exists of canonical covering of
X \_4; by this we mean an open covering { U } of X \ 4 satisfying the
following conditions:

(CC1) { U } is locally finite, [K; p. 126].

(CC2) Every neighborhood of a boundary point of 4 in X contams in-
finitely many sets of { U }.

(CC3) For each neighborhood V of 2 € 4 in X, there exists a ne1ghborhood
Wofain X, W V,such that Uc Vif Ue{ U } and U meets W.

2. Replacement by polyhedra. By the aid of a canonical covering of X \A
prove that there exists a space Y and a map x: X - Y with the following

properties:
(RP1) The partial map u |A isa homeomorphlsm of A onto a closed subset

u(d)of Y. o e
(RP2) Y N\ u(4) is an infinite sirnpiicial polyhedron with Whitehead’s
weak topology and p{X \ 4) < Y\ u(4)
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(RP3) Every neighborhood of a boundary point of u(4) in Y contains
infinitely many simplexes of the simplicial polyhedron ¥ \_u(4

3. The extended Tietze’s theovem. If f: A > S is a map of 4 into a locakky~<
convex linear space S, then there exists an extension F: X - S of f such
that F(X) is contained in the convex hull of /(4) in S.

Proofs are given in [Dugundji 1].

E. Kuratowski’s imbedding

Let X be a given metrizable space and 4 a distance function which makes
X a metric space. Replacing 4 by d/(1 + d) if necessary, we may assume that
~ dis bounded. A metric space X with a bounded distance functlon 4 1s usually
called a bounded metric space.

L. Let S denote the totality of bounded continuous real functions defined
on X. Prove that S forms a Banach algebra with its norm defined by

[/l*supxexif()

2. For an arbitrary point a ¢ X consider the bounded continuous real |
function /4 € S defined by fal%) = d(a, 2)

for each x € X. Prove that the correspondence @ - f, defines an isometric
map X:X - S. X is called Kuratowski’s imbedding of the bounded metric
space X, [Kuratowski 17].

3. Wojdyslawski’s theorem. The image X(X) of Kuratowsk1 s imbedding
Z:X - Sisa closed subset of the convex hull Z of 2(X) in S. If X is separable,
then so.is Z, [Wojdyslawski 1], '

F. Spaces obtained by topological identification

1. Mébius strip. Take a rectangle ABCD and identify the side AB with
the side CD so that 4 goes into C and Binto D asshownin the following figure:

A D
M N
B C

Fig. 1. On the left, there is a rectangle ABCD with M and N as mid-points of two
sides. The figure on the right is obtained by pasting the two sides of the rectangle
- together so that A goes into C, B goes into D, and M goes mto

The quotient space X thus obtained is called the Mébius strip. Let the con-
struction -be so-carried out that the mid-points M, N of 4B and CD are
identified. As a consequence the line MN will go into a Jordan curve J
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on the strip X. Prove that J is a deformation retract of X and that X NJ
is pathwise connected.

2. Torus and Klein bottle. Take the 1-sphere S! represented as the com-
plex numbers z with | z | = 1 and consider the product space W = S x I.
If we identify (2, 0) and (z, 1) for each z € S1, we obtain from W a quotient
space T, called the forus. On the other hand, if we identify (z, 0) and (21, 1)
for each z € 5, we obtain from W a quotient space U, called the Klein bottle.
In each case, the line 1 x I will go into a Jordan curve ] on the quotient
space. Prove that [ is a retract of the quotient space but not a deformation
retract of the quotient space.

3. Closed orientable surfaces. Consider a plane convex region W bounded
by a 4g-sided regular polygon P. Let the sides of P be denoted by

P == alblcldl ree ﬂgbgngg

in a certain positive sense. For each 7 =1, -+, g, let us identify a; with ¢;-!
and b; with d;-1, where ¢;-1 denotes ¢; with reverse direction. The quotient
space 2y thus obtained is called the closed orientable surface of genus g.
Prove that the Betti numbers of X, are

RO=1, R'=2, R®=1.

4. Closed mon-orientable surfaces. Consider a plane convex region W
bounded by a 2n-sided regular polygon P. Let the sides of P be denoted by

P = ag,b,a,by <+ anbn

in a certain positive sense. Identify 4; with b; for each 2 = 1,2, -+, n.
- Thus we obtain a quotient space £,,, which is called the closed non-orientable
surface of characteristic 2 — n. Prove that the Betti-numbers of £y, are

RO=1 Rr=n—1, R?=0.

G. An application of the cone k(X)

Let us use the notation of § 10. Prove that a map f € £2 is null-homotopic
relative to { M } iff there exists a map F : k(X) — Y of the cone k(X) into
Y such that F | X =f, F(v) =y, and FR(X,)] < Y, for each ueM.
An important special case is as follows: a map f: 5% — Y is homotopic to a
constant map iff f has an extension F : E»+1 —» V. Using this, prove that the
identify map on S is not null-homotopic.

H. Extension properties

A subset A of a space X is said to have the extension property in X with
respect to a space Y, if every map f: A - Y can be extended over X. The
subset A is said to have the neighborhood extension property in X with respect
to Y, if every map f: 4 -~ Y can be extended over some open set U of X
which contains 4.
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Thus, a space Y is solid.iff gvery closed subset 4 of any normal space X
has the extension property in X with respect to Y.

The subset 4 is said to have the absolute extension property in X, if it has
the extension property in X with respect to every space Y. The subset 4
is said to have the absolute neighborhood extension property in X, if it has the
neighborhood extension property in X with respect to every space Y.

Prove the following two assertions:

1. Asubset 4 ofa space X is a retract of X iff it has the absolute extension
property in X.

2. A subset 4 of a space X is a nezghborhood refract of X iff it has the
absolute neighborhood extension property in X.

{
I. Borsuk’s extension theorems

By means of the results in the exercises D and E, prove the following
two extension theorems:

1. A metrizable space Y is an AR iff every closed subset 4 of an arbitrary
metrizable space X has the extension property in X with respect to Y.

2. A metrizable space Y is an ANR iff every closed subset 4 of an arbitrary
metrizable space X has the neighborhood extension property in X with
respect to Y.

As a consequence of the theorem 1, show that every convex subset of a
locally convex linear space is an AR; in particular, every simplex is an AR
and every euclidean space R" is an AR.

J. Separable ANR’s and compact ANR’s

Prove the following two theorems:

1. For a separable metrizable space Y, the following statements are
equivalent:

(3) Y is an ANR.

(#7) ‘A topological image of Y as a closed subset Z; of any separable
metrizable space Z is necessarily a neighborhood retract of Z. |

(497) Every closed subset A of an arbitrary separable metrizable space X
has the neighborhood extension property in X with respect to Y.

2. For a compact metrizable space Y, the following statements are
equivalent ; |

{2) Y is an ANR.

(#4) Y is homeomorphic with a neighborhood retract of the Hilbert
parallelotope I°.

(#75) Every closed subset A4 of an arbitrary normal space X has the
‘neighborhood extension property in X with respect to Y.

State and prove the analogous theorems for the AR's,

It follows from the theorem 1 that, for a separable metrizable space Y,
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the definitions of AR’s and ANR’s given in Ex.C are equivalent to Kura-
towski’s modifications of Borsuk’s original definitions. In fact, the statement
(#7) in theorem 1 is used as the definition of ANR'’s by Kuratowski as well
as by Lefschetz, [L,; p. 58].

K. Operations on ANR’s

Prove the following properties of ANR’s:

1. Every open subspace of an ANR i1s an ANR.

2. Let Y be an ANR and B a closed subspace of Y. Bis an ANR iff B is
a neighborhood retract of Y. '

3. Let Y and Z be metrizable spaces. The product space Y X Z is an
ANR iff both Y and Z are ANR's.

4, Let Y, and Y, be two closed subspaces of a metrizable space ¥ with
V=Y, UY,If'Y, Y, Y,;Nn Y,are ANR’s, then sois ¥. [Borsuk 2].

5. Let a metrizable space Y be covered by a collection { Y, |ue M}
of disjoint open subspaces. If Y, is an ANR for every y e M, thensois Y.

6. Let a metrizable space Y be covered by a countable collection { Y5 |
n =12, +--} of open subspaces. If Y, is an ANR foreachn =1,2, ---,
then so is Y. [Hanner 17,

L. Locally finite simplicial polyhedra

By induction on the number of simplexes and with the aid of the pro-
perty 4 in Ex.K, prove that every finite simplicial polyhedron is an ANR
and hence a compact ANR. [Borsuk 2]. Then, by means of the properties
1, 5 and 6 in Ex.K, prove that every locally finite simplicial polyhedron is
an ANR. [Liao 1; Hanner 1]. |

M. The general homotopy extension theorem

The notion of the HEP given in §8 can be localized and apparently
generalized as follows. A subspace 4 of a space X is said to have the
neighborhood homotopy extension property (abbreviated NHEP) in X with
respect to a space Y, if every partial homotopy

h:A4->Y, (0<t<1),
of an arbitrary map f : X — Y has an extension
| g:V-Y, 0<t<l),

over some open neighborhood ¥V of 4 in X such that g, = /| V.
However, if 4 is a closed subspace of a normal space X, then the NHEP

is equivalent to the HEP. In other words, 4 has the HEP in X with respect
to Y iff 4 has the NHEP in X with respect to Y. By the aid of a Urysohn’s’
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characteristic function [L,; p. 27], prove this gemeral homotopy extension
theovem.

N. Borsuk’s homotopy extension theorems

By means of Borsuk’s extension theorem in Ex.I and the general homo-
topy extension theorem in Ex.M, prove the following theorems:

1. If Y is an ANR, then every closed subspace 4 of an arbitrary metrizable
space X has the HEP in X with respect to Y. [H-W; p. 86].

2. If Y is a compact ANR, then every closed subspace 4 of an arbitrary
binormal space X has the HEP in X with respect to Y.

As an application of these theorems, prove that every contractible ANR
is an AR.

O. Closed ANR subspaces in an ANR

Let X be an ANR, 4 a closed subspace of X, and T denote the subspace
(X x0) U (A4 x I) of the product space X X I. Prove that the following
statements are equivalent, [Hu 3]:

(1) A has the AHEP in X.

(2) T is a retract of X x 1.

(3) T is an ANR.

(4) A is an ANR.

As a well-known special case, every subpolyhedron 4 of a locally finite
simplicial polyhedron X has the AHEP in X.

P. Relation between partial mapping cylinder and adjunction space

Let g: A - Y be a given map defined on a given subspace A of a space X
into a space Y. Consider the partial mapping cylinder My(X) and the ad-
junction space Z obtained by adjoining X to Y by means of g. There is a

natural map v My(X) > Z

defined by o - {q(w), (if u — p(w), we X UY),

gg(a), (iffu = p(a,t),acd, tel),

where p: X U(4d X I) UY = My(X) and ¢: X U Y —+Z denote the natural
projections. By means of these natural projections, Y can be considered
as a subspace of both My(X) and Z. Hence, 7 is actually a map (My(X), Y)
into (Z, Y) such that 7 | Y is the identity map on Y.

Using the equivalence of (2) and (4) in the preceding exercise, prove that

the map T (My(X), Y) > (2, Y)

is a homotopy equivalence if X is an ANR and 4 is a closed ANR subspace
of X,
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Q. Local contractibility of ANR’s

A space X is said to be locally contractible if, for each x € X and every
open neighborhood U of x, there is an open neighborhood VeUofx
which is contractible to the point x in U.

By means of Kuratowski’s imbedding, prove that every ANR is locally
contractible. As a partial converse of this result, [Borsuk 2] proved that
every locally contractible compact metrizable space of finite dimension is
an ANR.

R. Dominating polyhedra of ANR’s

A space X is said to be dominated by another space D if there are two maps
f:X-D, g:D~> X

such that the composed map gf is homotopic to the identity map on X
In this case, D is called a dominating space of X.

Prove the following assertions:

1. Every ANR has a dominating simplicial polyhedron.

2. Every separable ANR has a dominating locally finite simplicial poly-
hedron. .

3. Every compact ANR has a dominating finite simplicial polyhedron.

S. Some strong deformation retracts

Prove the following assertions:

1. If A is a strong deformation retract of a compact space X, Y is a Haus-
dorff space, and f: (X, 4) - (Y, B) is a relative homeomorphism, then B

is a strong deformation retract of Y. [Spanier 1; p. 208].

2. In the relative #-cell (Y, B) obtained by adjoining E? to B by means
of a map g: 57! » B defined on the boundary (#n — 1)-sphere S»- of En,
the subspace B of Y is a strong deformation retract of the space obtained
- from Y by deleting an interior point of E».

3. In the product space Sm x S#, the subspace S™\/S" = (Sm X #,) U
(so X S®), where s, € S™ and ¢, € S are given points, is a strong ‘deformation
retract of the space obtained from S™ x S* by deleting one point which is
‘not in S®\/ 5%, :

4. In the product space St X S™ x S7,thesubspace T = (S? X S™ X #) U
(S* X 89 X S U {7y X S™ x S™), where 7,€ S?, s,€S™, {,€ 57, is a strong
deformation retract of the space obtained from S? X Sm x S» by deleting
one point which is not in 7.

5. In the product space (S!\/ Sm) x S, the subspace S!\/ 57 \/ 5% is
a strong deformation retract of the space obtained from (S!\/5m) X S7
by deleting a point of S? X 5% not in S?\/ S$# and a point of S” X S% not in
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Sm\/ S», Generalize this result to the one-point union of a finite number
of spheres.

6. If 4 is a closed subspace of a metnzable space X and if both 4 and X
are AR’s, then 4 is a strong deformation retract of X.

7. If A is a strong deformation retract of a metrizable space X, then

T=XX0OUAXxHUX X1
is a strong deformation retract of the product space X x I. [Hu 2].

T. Relations between different notions of deformation retracts

Assume that X and 4 are ANR’s and that A4 is a closed subspace of X.
Prove that the following statements are equivalent, [Fox 1]:

1. The subspace 4 is a strong deformation retract of X.

2. The subspace 4 is a deformation retract of X.

3. There exists a homotopy % : (X, A) - (X, 4), (0 <¢ < 1), such that
kg is the identity map on X and 4,(X) < A.

uU. Expansion of the relativity of a null homotopy

Let X,Y be given spaces, A < X, B< Y given subspaces, and xy€ 4,
"y, € B given points. Consider the maps "

‘QEYX{A B.x(}:yﬂ}

- According to § 10, 2 consists of the totality of the maps f : X - Y such that
f(4) = B and f(xg) = ¥,

Let feQ and let 0 denote the constant map 0(X) = y,. Prove that
forOrel{ A, B }impliesf =~ Orel { A, B; %,, ¥, } provided that the following
side conditions are satisfied: '

(1) The subspace A U &(x,) of the cone 2(4) has the HEP in %(4) with

respect to B. .
(2) The subspace X U %(4) of the cone 2(X) has the HEP in %(X) with

respect to Y.
These side conditions are satisfied, for example, if X is a finite 51mp1101a1
polyhedron and 4 is a closed subpolyhedron of X. For more general cases

see N and O.

V. A general expansion theorem
Let X be a metrizable space and
NeMcA4dc X

be closed subspaces. Let ¥ be a space and B a subspace of Y not necessarily

closed. Establish the following
Theorem. Let f, g+ X =Y be two given maps such that

fA)e B, fIM=¢g|M, gld)< B.
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Then f~grel{A,B; N} implies f ~grel { A, B; M} provided that the
following conditions are satisfied. [Hu 47:

(1) N s a deformation retract of M.

(2) The subspace P = (A x O) U (M x I) U (A x 1) hasthe HEPin A x I
with vespect fo B. ' - '

(3) The subspace Q = (X x 0) U (A X I} U (X X 1) has the HEP in X x I
with respect to Y.

The conditions (2) and (3) are satisfied, for example, if X is a finite
simplicial polyhedron and A, M are closed subpolyhedra of X.



CHAPTER 1l
SOME SPECIAL CASES OF THE MAIN PROBLEMS

1. Introduction

In the first chapter, we have described the main problems in homotopy
theory. However, the examples and their solutions given there are essentially
trivial cases. The present chapter takes up the first nontrivial cases. Answers
will be obtained by using homology and cohomology groups.

By means of the elementary properties of the exponential map ¢ : R - S?
-in §2, we begin with the classification problem of the maps S* St in § 3.
Then, the classification problem of the maps of S into an arbitrarily given
space X is treated in § 4 and § 5 by studying the fundamental group. In this
connection, the classical relation between the fundamental group and the
first homology group is given in § 6. Dually, the classification problem of the
maps X - S* is studied in § 7 by means of the Bruschlinsky group. Finally,
we take up the higher dimensional sphere S», The Hopf theorems concerning
the maps 5% - 5% and K — S* are proved in § 8. Dual to the Hopf theorem
is the Hurewicz theorem, which is stated in § 9; the proof of this important
proposition is deferred until Chapter V, since it seems to depend in an
essential way on the elementary properties of the homotopy groups.

2. The exponential map p:R - S!

Represent the 1-sphere S? as the unit circle in the space K of all complex
numbers, that is to say Ste{zeK||z] =1}

Therefore, S is a compact abelian topological group with the usual multipli-
cation of complex numbers as group operation.
Consider the map p : R -~ S defined on the space R of real numbers by the

f(_)rmula plx) = exp (27x1) = 2 (xeR),

where ¢ denotes the base of natural logarithms and 7 the unit of imaginary
numbers. This map p will be called the exponential map of R onto S1. The
continuity of p and the following proposition are obvious.

Proposition 2.1. The exponential maﬁ p s a homomorphism, that is,
p(x + y) = p(x)p(y) for any x and y in R. The kernel P~Y1) is the subgroup Z of
all integers. e

Since p(x) = cos (27x) + ¢ sin ( Qﬁx), it is easy to see that $ is one-to-one on

35



36 I1. SOME SPECIAL CASES OF THE MAIN PROBLEMS

the open interval (- 1, 3) of R. By a standard theorem in general topology, P
maps every closed subinterval of (- , 4) homeomorphically and hence  is a
homeomorphism on the open interval itself. Since p is a homomorphism, this
implies that p is a homeomorphism on each translate of (-}, §). Therefore,
for every open interval (4, b) with & — a <1, carries (4, b) homeomorphi-
cally onto an open subspace of St. This and (2.1) imply. the following

Proposition 2.2. For every proper commected subspace U of S, p carries
every component of p~2(U) homeomorphically onto U.

- By a path in a space- X, we mean a map

g:1 X
of the unit interval I into X. The points ¢(0) and ¢(1) are called respectively
the initial point and the ferminal point of the path o. They are said to be
conmected by o. If 0(0) = o(1), then o is called a loop in X with ¢(0) = o(1) as
its basic poind. ’

Proposition 2.3. (The covering path property). For every path o : I - S1
and every point x,€ R such that p(xy) = o{0), there exists a unique path
7 : I - R such that ©(0) = x, and $7 = 0.

Proof. By the continuity of ¢ and the compactness of 7, there exists a
partition 0 =ty <ty <+rr <ty <ip=1

of I such that the image of every closed subinterval Iy = [f;, #14,], 0 <7<,
under ¢ is a proper connected subspace U; of S*.

We shall establish the proposition by proving inductively the following
assertion A;: There exists a unique map 7; defined on the closed interval
[0, ¢;] into R such that

. 74(0) =%, pTi=0][0, %]}

A, is obvious. Assume 0 <7 < n. Tt remains to prove that 4, implies 4;.,.

For this purpose, let us assume A4; By the choice of the partition,
U; = o(I;) is a proper connected subspace of SL. Let V; denote the component
of p-1(Uy) which-contains the point (). By (2.2), the partial map p; = p | Vs
is a homeomorphism of V; onto U; and hence the inverse p;=1: Uy ~ V) is
defined. Define a map 74, : [0, #144] — R by taking

e, (0 <t <t),
Tinlf) = { pilo(l), (iff <t <tg).

This proves the existence of 74,4. Since Vyis a component of p~1(U;) and p; is
a homeomorphism, it follows easily that 7, is also unique. |

If the reader is familiar with the logarithmic function and its analytic
continuations, he can easily see that the unique covering path v:7 >R
in (2.3) is given by

1
7(0) = %, T(f) = %loge a(t), tel.
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Proposition 2.4, (The covering homotopy property). For every map
f: X = R of a space X into R and every homotopy hy: X —S1, (0.<¢t < 1), of the
map h = pJ, there exists a unique homotopy f;: X > R, (0 <t < 1), of f such
that pfe = hy for every te 1.

Proof. For each point x € X, the partial homotopy %; | » gives a path in St.
Define /s: X - R, (0 <¢ < 1), by taking f; | x to be the unique path in R’
which starts from f(x) and covers %; | x. Let

H:X xI->S, F:XxI-+R

be defined by H(x,?) = Iy(x) and F(x, #) = f4(»). For the existence part of
the proof, it remains to establish the continuity of F. |

For this purpose, let %, € X. By the continuity of H and the compactness
of I, there exist a neighborhood M of x, in X and a partition

0=l <t < <ty <tn=1, Ii= [t t1y,]

of I such that the image of M x I; under H is contained in a proper connec-
ted subspace of S'. By an inductive construction similar to that used in the
proof of (2.3), we can define a map G: M x I - R such that

G, 0) = f(x), pGlx, 1) — H(x, 1)

for every x € M and t € I. By the uniqueness part of (2.3), this implies that
G =F|M x I. Since M is a neighborhood of %, in X, it follows. that F is
continuous at (x,, ) for every ¢ e I. Since x, is arbitrary, this completes the
. proof. 1

These properties of the exponential map p generalize to a very important
class of spaces, namely, the covering spaces. See Chapter III.

3. Classification of the maps S! - §! |

Let A denote the set of all maps of S! into itself. According to (I; §8),
these maps are divided into disjoint homotopy classes and the set of these
homotopy classes is denoted by 7(S?; S1), In this section we will see that the
members of 7(S* ; S) correspond in a natural way to the integers. Use will be
made of the homology group H,(S1), but the reader will realize that this may
be avoided by adopting some other definition of degree.

Before going further, let us first note that the classification problem of the
maps f : S +S1is equivalent to that of the maps ¢ : I - S* with #(0) = ¢(1).
In fact, the exponential map ¢ :7 - S1 of § 2 is an identification map,
(I; §6), and hence the assignment f - ¢ = fp gives a one-to-one correspon-
dence preserving homotopy. _

Now, let us consider the homology group H,(S%) which is isomorphic to the
additive group Z of integers. According to (I ; § 8), the degree of a given map
+f: 8t Stis-the integer deg(f) uniquely determined by the relation .

J4(c) = deg(f)-c



38 I7. SOME SPECIAL CASES OF THE MAIN PROBLEMS

for every c € H,(S?). Obviously, deg(f) depends only on the homotopy class
[f] of /. Hence we may define the degree of a homotopy class « € z(S1; S1) by
taking deg(a) = deg(f) where f € a. Thus we obtain a function

deg : (S1;.5%) - Z.

We are going ta show that deg mapsn(St;S?) ontoZis a one-to-one fashion.

The exponential map $: R - S! maps the open interval (0,1) homeo-
morphically onto the open subspace W = S1\_1. Let ¢: W - (0,1) denote
the unique homeomorphism such that pg is the inclusion map W< S,

To prove that deg is onto, let # be any integer and let

by : ST > St

denote the map defined by ¢, (z) = z® for every z € S1. One can easily see that
¢n 1s also given by the following formula

_(PEag(z),  (fzeSUN D),
Pal2) = { 1, o (if 2z = 1 €8,

where &, : I - R denotes the map defined by &,(f) = nf for every ¢ € I. The
following lemma is obvious and implies that deg is onto.

Lemma 3.1. deg (¢n) = 5.
To prove that deg is one-to-one, it suffices to establish the following

Lemma 3.2. I} the degree of a given map f: St - St is n', then | =< dy.

. Proof. Pick 0 € R such that $(8) = f(1). Define a homotopy f;: S? —%Sl,
(0 <t <1), by taking

filz) = f(2)/p(08), (2S5, tel).

Set g == f,. Then we have f o~ g and g(1) = 1.

Let ¢ = gp: T > S Since ¢(0) =1 = p(0), it follows from (2.3) that
there exists a unique path 7:7 - R such that 7(0) = 0 and $7 = 0. Since
p7(1) = o(1) = 1, (1) is an integer, say 7(l) = m. Define a homotopy
ns:I >R, (0 <t <1), by taking

ne(s) = () + tEm(s) — t2(s), (sel, tel).

Then ny = 1, 1y = &m and 7(0) = 0, (1) = m for every e 1.
Finally, define a homotopy g, : S > S, (0 <¢ < 1), by taking

pneq (), (itze SN 1),

eiz) = {1, (ifz = 1eSY.

Then g, = g and g, = ¢y,. This implies f o= g o« ¢y, It follows that deg
() = deg (¢m). Since deg (f) == » and deg {¢) = m, we obtain m = » and

hence f =~ d¢y. |
Thus we have proved the following
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Theorem 3.3, (Classification theorem). The homotopy classes m(S1; S1) are
tn a one-to-one corvespondence with the integers Z under the function deg:
7i(St; SN)—>Z. The homotopy class of degree nis represented by the map ¢y St S,

To strengthen (3.3), let us make use of the fact that S!is a topological
abelian group under the usual multiplication of complex numbers. The maps
A form a ring with addition and multiplication defined as follows: If .
/, g St - S are any maps, then f + g and fg are the maps in A defined by

(f +00() = f(2ea), (fo)z) = [le(»)]

for every ze S Since the homotopy classes [f + g] and [fg] obviously
depend only on the classes [f] and [g], this ring structure of A induces a
ring structure in 7(S*; S*). Now, (3.3) can be strengthened by the following

Corollary 3.4, The function deg is an isomorphism of the ring n(S; SY) onto
the ving Z of integers.

Proof. Let /, g € A. It suffices to prove that

deg(f + g) = deg(f) + deg(g), deg(fg) = deg(f)deg(g).

Let deg(/) = m and deg(g) = #. Then f ~¢,, and g ~d¢y. It is obvious
from the definitions that

Sm + bn = min, Pmbn. = dmn-
This implies the corollary. |

4. The fundamental group

Let X Dbe a space and let x,€ X; let £ denote the set of all maps of St
into X such that the point 1 of S is mapped at the point x, of X.

For any map /:5' > X in 2, the composition fp: I - X of f with the
exponential map p of §2 is a loop in X with its basic point at x,. This
correspondence is obviously one-to-one. Hence, by identifying f with fp,
we may consider £ as the set of all loops in X with given basic point X
In symbols, we have

Q= {1 I>X[}(0) =% = f(1) }.

We may define a multipltication in 2 as follows. For any two loops f, g2,
their product f-g is the loop defined by |

28, 0 <t <),
(g = {12 0=ty
g2t—1), (iff <t <.

Intuitively speaking, f-g is the loop traced by moving along the loops f and g

in succession.
Two loops /, g e 2 are said to be equivalent, (in symbols: f.~ g), if there .

exists a homotopy 4;: 7 - X, (0 <t < 1), such that hg = f, hy = g and
ht(0) = xy = hy(1) for every &. This relation ~ is reflexive, symmetric and
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transitive; hence the loops £ are divided into disjoint equivalence classes.
Let 7;(X, x,) denote the set of these classes and [f] denote the class con-

taining f € 2. The loop f is said to be a representative for the class [f].
~ Let 4 denote the degenerate loop 4(I) = %, For any loop f€, let f-!
denote the reverse of [ defined by jf-1{f) = f(1 —¢) for each tel. Then
clearly (/1) = {.

The following elementary properties can be easily verified.:

(WIff~fandg~g, thenf-g~f"¢g.

(@) (f8) b~ 1+ (g-B).

(3)frd~fr~d-}f.

(4) f-f~d ~1f.

According to property (1), the class [f-g] depends only on the classes
[f] and [g]. Hence we may define a multiplication in (X, x,) by taking

[f11g] = [/g].

By (2), (3) and (4), this multiplication makes 7, (X, #,) a group which is
called the Poincaré group or the fundamental group of X at %, The class
¢ = [d] is the neutral element of 7,(X, %), and the class [f-] is the inverse
element of [/].

For example, take X to be the S* of § 2 and #, the point 1 of St. Then ©
becomes a subset of the set 4 of all maps of S* into itself. The inclusion.
1:82 < /A induces a function

iy 170,(SL, 1) —>7u(ST; SY).

By (3.2), 7, is onto. On the other hand, 7, is also one-to-one. To prove this,
let f, g€ be any two maps such thdt f =~ g. Then there is a homotopy
he: ST+ S (0 <t < 1), such that 4y = f and %4, = g. Define a homotopy
ki : ST St (0 <t < 1), by taking ki(2) = Mu(2)/h(1) for each zeS* and
tel. Then ky, = f, k; = g and k(1) = 1 for every & . Hence, f ~ g rel 1.
This proves that 7, is one-to-one. Finally, it is not difficult to see that
bmp dnp is equivalent to ¢y, np. Therefore, 7,(S, 1) is a free cyclic group
generated by the class [p] of the exponential map p:I —-SL.

The definition of the fundamental group =,(X, x,) is by no means con-
structive and the problem of computing the group effectively is quite
difficult. In a finite simplicial- complex, an effective rule can be given for
writing down generators and relations (finite in number) for the group
(see Ex. A at the end of the chapter). This reduces the problem for finite
simplicial complexes to solving the word problem of group theory. For
many of the simpler complexes, this has been done.

Now let x; be another point of X and let 6: I -~ X be a path connectmg
%, to x,. For each ¢ = 0, 1, let £; denote the set of all loops in X with basic
point at x;. The path ¢ defines a transformation oy : 82, - £, as follows.
Let feR, and 7:I - X denote the reverse of ¢ defined by () = o{l —¥)
for each £ € I. Then o4¢(f) is the loop o /- 7 defined by
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&(31). (0 <t <}
(1) (8) = {f(st--—— ). (1 <i<3).
W3t—2). (3 <t<])

It is straightforward to verify the following three properties:
5) f f~g, theno -fr1~0cgT. '
(6) o+ (f-g) T~ (0f-7) (08 7).
(7) v (o f 1) o~/
According to (5), the class {o-f-7] depends only on the class [/]. Hence
o4t induces a transformation

oy (X, %) 70 (X, %)

The property (6) implies that ¢, is a homomorphism. Si[mila_rly, the reverse
7 of o determines a homomorphism

Ty (X, %) >y (X, %,).

It follows from (7) that the composition 7,0, is the identity automorphism
on 7v;(X, x,). Since the roles of ¢ and 7 are interchangeable, this implies
that o, is an isomorphism and 7, = (0,)~'. Thus we have proved the
following

Proposition 4.1. Every patho : I - X induces an isomorphism a,, n,_(X,xl)
~ 781 (X, %), wheve %y = o(0) and %, = o(l).

A space X is said to be pathwise connected if every pair of points of X can
be connected by a path in X. If X is pathwise connected, then it follows
from (4.1) that the fundamental groups #,(X; x,) at various basic points
%y € X are all isomorphic. As abstract groups, these may be considered as
ths same group which will be denoted by 7,(X) and called the (abstract)
fundamental group of the pathwise connected space X.

Any two paths g, 7: 7 - X are said to be equivalent, (in symbols, o ~ 1),
if 6(0) = 7(0), o(1) = (1), and ¢ = 7 relative to the extremities of 7. Then
one can easily verify the following

Proposition 4.2. If two paths ¢, v: 1 - X ave equivalent, then o, = T,.

If the path o : I -+ X is a loop with basic point x, € X, then ¢ represents an
element ¢ in 77;(X, x,). By the definition of g, one can easily see that

ox(w) = fwét
for every w in m;(X, x,). Hence o, is the inner automorphism of m,(X, x,)
determined by the element & = [¢].

. Finally, let ¢ : (X, %) — (Y, ¥,) be a given map. For every loop /in X with
%, as basic point, the composition ¢f is a loop in ¥ with v, as basic point. The
following properties are obvious:

(8) If f~ g, then ¢f ~ ¢g.
(9)If & = f-g, then dh = ¢f .
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(10) If two maps ¢, p : (X, %) — (Y, %,) are homotopic, then ¢f ~ yf.
By (8), the map ¢ : (X, %) = (Y, y,) induces a transformation

by 7y (X, %) > 71y (Y, 9y)-

The property (9) implies that ¢, is a homomorphism which will be called the
induced homomorphism of ¢ (on the fundamental groups). Thus the operations
(X, x,) »7((X, %) and ¢ — ¢, form a covariant functor for the categories
involved, [E-S; p. 111].

5. Simply connected spaces

A pathwise connected space X is said to be simply connected provided that
every pair of paths ¢, 7: I - X with ¢(0) = 7(0) and ¢(1) = 7(1) are homo-
topic with end points held fixed.

Proposition 5.1. A pathwise connected mnonvacuous space X 1is simply
connected iff 7,(X) = 0.

Proof. Necessity. Let o€ X and let /: I - X be any loop with «x, as basic
point. By the definition of simple connectedness, f is equivalent to the
degenerate loop 4 at x,. This implies that«; (X, x,) = 0 and hences,(X) = 0.

Suffictency. Assume that 7,(X) = 0 and let ¢, v : [ - X be two paths such
that ¢(0) = x, = 7(0) and (1) = x; = 7(1). Then we obtainaloop f: [ - X
with basic point #, defined by f = ¢-7-1, that is to say,

a(2t), (0 <?<3),

10 = { (2 — 2), (if 3 <t<l).

Since m,(X) = 0, f is equivalent to the degenerate loop at xo. It follows that
there exists a map F : I? - X such that

F(0,8) = %y, F(1,8) =z, F(0) =f{#), F(1) =

for every { € I. Now, it is net difficult to construct a homotopy & : I - X,
(0 <t < 1), such that §, = o, & = 7, and &(0) = x,, &(1) = x, for every
t e I. For this purpose, let us first consider the following geometric situation
in the unit square /2 in the euclidean plane R2

Let g denote the point (£, 0) of I2. Then the line L; through g with angle of
inclination (1 — #)z meets the boundary of I2 in ¢ and another point p; if
0 <t<l. Let p, = (0,0) and p, = (1,0). Define a homotopy #;: I - I?,
(0 <t < 1), by taking /(s) to be the point which divides the segment p;q
in the ratio s : (1 — s). '

Now, let & = Fh; for each {e I. Then one verifies immediately &, = o,
&, = v and &(0) = x,, &(l) = F{q) = %, for every ¢€]. Hence o ~ 7. |

It follows immediately from (5.1) that every contractible space is simply
- connected. For examples of non-contractible simply connected spaces, we
have the following
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Proposition 5.2. The n-sphere Sm is simply connected iff n > 1.

Proof. The O-sphere S° is not simply connected since it is not pathwise
connected. The 1-sphere S? is not simply connected since 7,(S!) ~ Z. It
remains to prove that 57, # > 1, is simply connected. For this purpose, we
shall prove that every loop f: I - S% at a basic point x, € S* is equivalent to
the degenerate loop 4 at x,. By the method of simplicial approximation
[E-S; p. 64], / is equivalent to a loop g: I —S» which is a simplicial map
on some triangulations of / and S, Since # > 1, g(I) is a proper subspace of
S* and hence is contractible in S to the point x, This implies g ~ d and
hence f ~d. | -

A space X is said to be locally pathwise connected at a point x, € X if, for
every open neighborhood U of %, in X, there exists an open neighborhood
V < U of x4 such that every pair of points in ¥ can be connected by a path
~ in U. If X is locally pathwise connected at every point of X, then it is said to
be locally pathwise connected. For example, triangulable spaces are locally
pathwise connected. |

An important property of spaces which are both simply connected and
locally pathwise connected is that the restricted lifting problem with respect
to the exponential map p : R > S in § 2 has a unique solution. More gene-
rally, we have the following - ' o

Proposition 5.3. (Covering map property). Let X be a connected and locally
pathwise connected space, and let %, be a given point in X. For every map
[:X St and every point vy € R such that p(r)) = f(xo) and fum,(X, %) =0,
there exists a unique map g : X - R such that g(x,) = 7, and pg = /.

Proof. We shall first construct g: X — R as follows. Let % be an arbitrary
point in X, then there exists a path m:7 - X such that z(0) = %, and
ni(l) = x. Let o : I - S* denote the path defined by o = fz. Then 6(0) = flx,)
and (1) = f{x). According to (2.3), there is a unique path 7 : I > R such that
7(0) = 7, and p7 = 0. Since f,7,(X, %) = 0, it is easy to see that different
choices of the paths in X give rise to equivalent paths ¢. = f in SL Hence,
by (2.4), one can readily prove that 7(1) does not depend on the choice of 7
and we may define g(x) = 7(1). Clearly we have pg = / and g(xy) = 7, For
the existence proof, it remains to prove that g is continuous.

Let x, be any point in X. To show the continuity of g, it suffices to prove
that g is continuous at x,. To this end, we shall prove that g coincides with a
map in some neighborhood of x, in X.

Let 2, = f(%;) and W = S*\ z; ¢™. Let J denote the component of p-1(1¥)
which contains»; = g(x,). Then J isan open interval of length 1 and pmaps J
homeomorphically onto W. Let ¢ : W - J denote the homeomorphism such
that pg(z) = z for every ze W. Let U = f-Y(W) and definea map #: U = R
by taking A(x) = gf(x) for every x € U. Obviously we have h(x,) = 7, and
ph = f| U. We are going to prove that g coincides with / in an open neigh-
borhood of x, in X.
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Since X is locally pathwise connected and U is an open neighborhood of
¥, In X, there exists an open neighborhood V' < U of x, in X such that every
point of ¥ can be connected to x; by a path in U. We shall prove that
g(x) = h{x) for every x € V. For this purpose, let x &V be given. Then there
is a path :I -+ Uc X such that 5(0) = %, and 5(l) = ». Since X is
pathwise connected, there is a path &:7 - X such that &(0) = x, and
&(1) = x4. Letr = §.7: I — X be the path defined in the obvious way. Set
p = f§and 0 = fn. Denote by 0 : I - R the unique path such that 6(0) = 7,
and $6 = p. By the very construction of g, we have 6(1) = g(x;) == #;. On
the other hand, we also have A(x,) = rl Hence, we may define a path

1.1 - R by takin
VS (e (0 <t <),

() =
hn(2t — 1), i <<l

Then (1) = A(x). On the other hand, since 0 = p = f& and phn = fn, we
obtain p7 = o. Further, we also have 7(0) = 6(0) = 7,. Hence, it follows
from the construction of g that 7(1) = g(x). This proves that g(x) = A(x)
whenever % is in V. Since V is an open neighborhood of #x, in X and 4 is
continuous, it follows that g is continuous at x;. This completes the existence
proof.

To prove the uniqueness, let g and g’ be any two maps of X into R such that

pg =1 = ¢, g(w) = 75 = g'(%).
We are going to prove that ‘g = ¢'. Let x be an arbitrary point in X. It
suffices to prove that g(x) = ¢'(x). There is a path m:I - X connecting
%y to x. Let 0 = fm, T = gmw and ©" = g'w. Then we have
- PpT =0 = pT’, 7(0) = 7, = 7'(0).
According to (2.3), we get 7 = 7’. In particular,

gx) = 7(1) = v'(1) = g'(x). |

6. Relation between m1(X,x0) and H:(X)

In the present section, we shall give a detailed exposition of the classical
result on the relation between the fundamental group ,(X, x,) of a pathwise
connected space X at any given basic point x, and the 1-dimensional integral
singular homology group H,(X) of X. We shall assume that the reader is
familiar with the singular homology theory as given in [E-S; Chapter VII]
and [Eilenberg 2]. | '

First of all, let us construct a natural homomorphism

Ry 701X, %) — H (X))
described as follows. Let « be any element of m; (X, %,). Choose a representa-—

tive loop F:81 =X, f(1) = x,
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for o. This map f induces a homomorphism f, : H;(SY) - H 1(X). Let ¢
denote the generator of the free cyclic group H,(SY) corresponding to the
counter-clockwise orientation of S'. By the homotopy axiom, the element
f+(¢) in H;(X) depends only on the class o and; therefore, we define h, by
taking 4, (x) = /4(¢). By an elementary property of induced homomorphisms
in homology theory, [E-S; p. 36], it is easy to see that 4, is a homomorphism.

Let us consider the wunit n-simplex A, in the (n + 1)-space R#+! which
consists of the points (4, ¢, - -, #5) such that ¢, + ¢, + -+ + 4, = 1 and
ti >0 for each ¢ = 0,1,--+, n. Let j: I - A, denote the homeomorphism
defined by j(f) = (1 —¢,7) for each € I and let & : A, - S denote the map
defined by k(Zy, £;) = p(t,) for every point (4, #,) of 4,, where p stands for
the exponential map in § 2. Then we have kf = p. As a singular 1-simplex
inX, T = fk:4,~ X is in the group C,(X) of integral singular 1-chains,
Since T = 0, T is a singular 1-cycle. It is not difficult to verify that T
represents the homology class 4,(x).

Since H,(X) is abelian, the commutator subgroup Comm {z,(X, %) } of
7;(X, %,) must be contained in the kernel of 4. In fact, we have the following
classical theorem. |

Theorem 6.1. I} X is pathwise connected, then the natural homomorphism
hy maps 7u,(X, %y) onto H,(X) with the commutator subgroup of m,(X, x,) as
uts kernel. Hence H,(X) is isomorphic with the group 7t,(X, x,) made abelian.

To prove this theorem, let us first carry out a preliminary reduction.
Consider the singular complex S(X) of X, [E-S; p. 186], and denote by
S,(X) the subcomplex of S(X) defined as follows. A singular simplex
T:4y~ X is in Si(X) iff T sends the vertices of 4, into the point x,. We
shall call S,(X) the first Eilenberg subcomplex of S(X). Since X is pathwise
connected, it follows from Eilenberg’s reduction theorem, [Eilenberg 2;
p. 440], that the inclusion cellular map

induces an isomorphism
Ay P Hy(Sy) ~ Hy(X).

On the other hand, let « be any element of 7, (X, %,) and choose a representa-
tive loop f:S' -~ X for a. Then the singular simplex 7' = fk: 4, > X is a
l-cycle in S; and hence determines a homology class u(a) € H,(S,) which
does not depend on the choice of f. The operation o — u(ea) defines a homo-

morphism w g (X, 25) > Hy(Sy).

Obviously we have the relation %, = A,u. Hence the theorem reduces to
the following

Lemma 6.2. The homomorphism u maps 7,(X, x,) onto H(S,) with the
commutator subgroup of wi(X, x,) as its kernel.
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Proof. To prove that u is onto, let § be an arbitrary element of H,(S, ).
Choose a l-cycle z of S, which represents f. Since z€C4(S,), it can be

written in the form »
z =2 ul;
=1

where T, « +, Ty, are 1-simplexes in S; and a,,- -, an are integers. Since T3
maps the vertices of 4, into #,, it is a 1-cycle in S; and hence represents an
element fB; of H,(S,). Then we have

n
B = 2 aips.
t=1
On the other hand, the loop Ty7 : I - X represents an element oy of 7, (X, %,).
According to the deﬁmtmn of u, we have u(os) = Bi. Let
o = ool o ey (X, %),

Sinice u is a homomorphism, it follows'that
plo) = 20 aglon) = 2 wipi = B

This implies that u maps 7,(X, x,) onto H(S).

To study the kernel of u, let us first note that, because of the commu-
tativity of H,(S,), the kernel of u contains the commutator subgroup
Comm {7,(X, %) } of 7, (X, %,). The quotient group

70, #(X, %) = m4(X, %) [Comm {7;(X, %) }

is commutative and is known as the group 71,(X, %,) made abelian. We shall
use the additive notation in 7, *(X, x,) and consider the natural projection

v 1oy (X, %) > 75,%(X, %)
Since the kernel of u contains Comm {7,(X, %,) }, # induces a unique homo-
morphism
P p* (X, %) > Hy(S))

such that y = p*». To prove that the kernel of y is Comm {7;(X, %) }, 1t
suffices to show that u* is a monomorphism.

Indeed, we will produce a left inverse s* for u*. Sinces,*(X, #,) is abelian
and C,(S,) is the free abelian group generated by the l-simplexes of 5;, we
may define a homomorphism

%1 Cy(Sq) ~7™(X, %)

“described as follows. Let T be any 1-simplex of S;. Then the loop 77:I - X -
represents an element [T7] of m,(X, %,) and % is defined by taking

#(T) = »([17])-

We assert that s maps B,(S;) into the zero element of ,*(X, %,). To prove
this, let T be an arbitrary 2-simplex in S;. Then T'is a map T: 4, > X
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which sends the vertices of 4, into x,. Let 7®, T®M, T® denote the 1 dl-—
mensional faces of 7'; then we have

#(0T) = #(TO —TO + TA) = 4(TA + TO— T®)
#(T®@) + 5(TO) — (T ®)

= »([TA7]) + »([TO]) — »([TH]])

= »([T®]] [TOf] [TH]]Y) =0

because of the relation [TMf] = [T®f] [T(] since 7T is defined throughout
A,. Since B (S,) is generated by all 8T with T running over the 2-simplexes
of S}, this proves our assertion. Thus » induces a homomorphism

w*  H((S,) > 7 (X, x,).

I

Finally, »*u* is the identity. To prove this, let «* be any element of
7t1*(X, %,). Choose a €7, (X, %) with () = «*. Let f: S — X be a represen-
- tative loop for «. Then the singular simplex T = f£: 4, - X represents the
- class pu(a«) and hence we have

w*pH(a¥) = w*pv(e) = x*u(a) = v([T7))
= v([/%]]) =9([/p]) = v(0) = a¥,

where p denotes the exponential map. This implies that u* is a mono-
morphism. 1

An important consequence of (6.1) is the fact that, for any pathwise
connected space X, the fundamental group m,(X) completely determines
the integral singular homology group H,(X).

1. The Bruschlinsky group

Let (X, 4) be an arbitrary pair consisting of a space X and a subspace
A of X which may be empty. Let us consider the set

W ={f:(X,A) - (S, 1)}

of all maps f of the pair (X, 4) into the pair (S, 1), where ST denotes the
unit circle in the complex plane as in § 2.

Since S? is an abelian group under multiplication of compiex numbers,
we may define an addition in W as follows. If f, g are any maps in W, then
{ + g is the map in W defined by

(7 + &) (%) = [(x) g(x)

for every x € X. In this way, W becomes an abelian group.
The homotopy class (relative to A) of the map f + ¢ depend-; only on
that of / and that of g. Hence the set #1(X, A) of all homotopy classes of the
“maps of W forms an abelian group under the addition defined as follows:
~ For any o, B inml(X, A), we have

a+ﬁ= [f+g]1 fEO(., gE‘B

e R
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This abelian group #*(X, A) will be called the Bruschlinsky group of the pair
(X,A4). If A is empty, then it will be denoted by #'(X) and called the
Bruschlinsky group of the space X. See [Bruschlinsky 1].

For example, we have |

A(SY) ~ (S, 1) A y(SYL 1) &~ Z,

To determine the structure of #1(X, A), let us assurhe throughout the
remainder of the section that the pair (X, 4) is triangulable. Thus, we assume
that X is a finite simplicial complex, [E-S; p. 56], and that 4 is a sub-
complex of X. Under these assumptions, let us consider the integral co-
homology group HYX, A) of the pair (X, 4) and construct a natural howmo-

mor phism W al(X, A) > HYX, A)

as follows. Let ¢ denote the generator of the free cyclic group H(S?, 1)
determined by the counter-clockwise orientation of S'. For an arbitrary
element o ent(X, 4), pick a map f: (X, 4) - (5%, 1) which represents a.
f induces a homomorphism \

f*: HYSY, 1) » HYX, A)

which depends only on & according to the homotopy axiom of cohomology
theory. Hence we may define #* by taking h*(oc) = f*(s). It remains to verify
that A* is a homomorphism.

Let o e5Y(X, A). By means of the homotopy extension property (I; § 9),
one can easily see that « contains a map f: (X, 4) - (5%, 1) which sends all
vertices of X into the point 1 of St. Such a map f determines an integral
cochain ¢1(f) e CY(X, A) as follows. Let' ¢ = vgv; be any 1-simplex of X and
let A:I —o denote the linear map which sends 0 to v, and 1 to v,. The com-
posed mapf4: I S is a loop in S and hence the degree of fAis a well-
defined integer deg(fA) which depends on f and o. Then the cochain ¢(f) is

defined by [cY(f)] (o) = deg(fA).

This cochain €'(f) is a cocycle. To prove this assertion, let v = vyv,v, be
an arbltrary 2—51mp1ex Then we have

0t = 0y — 0y + 03, Op = ”1”2, 01 = Upls, Oy = YUy

Let 4;:I »o04,4 = 0,12, denote the linear maps as described above. It
. follows that

[86¢4(£)](7) = [{H)(87) = [X(F)](og) — [M(f)](ox) + [¢(F)](o2)
= deg(fAy) — deg(fA,) + deg(/4z) =0

since f is defined throughout 7. This proves that ¢'(f) is a cocycle. By the
definition of the induced homomorphism /*, it is not difficult to see that this
cocycle c1(f) € ZY(X, A) represents the element f*(1) e HY(X, 4).

Now let § be another element of #1(X, 4) and pick a representative map
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g:(X,4) - (S, 1) of § which sends all vertices of X into 1. Then the map
{ + grepresentsa + S and sends all vertices of X into 1. For every l-simplex
o = V304, We have

deg ((f + g)4) = deg(/A) + deg(g?).
It follows that ¢'(f + g) = ¢'(f) + ¢(g) and hence
W+ ) = W*a) + h*(f).
This proves that %* is a homomorphism and completes its construction.

Theorem 7.1. The natural homomorphism h* is an isomorphism of m(X, A)
onto HY(X,A). |

Proof. Let z€ ZY(X, A) be arbitrarily given. To prove that A* 1s an epi-
morphism, it suffices to construct a map f: (X, 4) (S, 1) which sends
all vertices of X into 1 and such that ¢!(f) = 2. |

For each # = 0, 1,- - -, dim X, let K,, denote the subcomplex of X which
consists of all simplexes in 4 together with the simplexes in X N\ 4 of di-
mension not exceeding #. We are going to construct a sequence of maps

f‘n:Kﬂ“—}Sll %21,2',"',dimX,

as follows. To construct /,, let us take for each l-simplex ¢ = v, in X N\ 4
a loop g, : I - S such that :

8(0) = 1 =g,(1), deg (g,) = z(0).

Let ; : I - o denote the linear map which sends 0 to v, and 1 to »,. Then we
define f, : K; -+ S by taking

Fil) = { I, (if x € K),

gohzt(x), (ifxeaeKI\A).r

Next, let us construct the map /, : K, - S Let 7 = vyv,v, be an arbitrary
2-simplex in X \ 4 and 6y = v9,, 0y = vy9,, 65 = vyv,. Then f, |07 is a
loop in S? of degree .

z(ag) — z{oy) + z(az_) = 2(07) = (d2) (v) = O.

since z is a cocycle. By (8.3), f, | 87 is homotopic to the constant map. Hence
it follows from the homotopy extension property that /, | 7 has an extension
h.: 7 - S™. Then we define f, by the following formula:
x), ' if x € K,),
: h(x), (ifxere Ky \ 4).

N ov? we shall complete the construction of the sequence {fy} by in-
- duction. Let m > 2 and assume that f_; : Kpy_, - S* has already ‘been
constructed. Let 6 be an arbitrary m-simplex in X \ 4, and v, be a vertex
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of 0. Since m > 2, the (m — 1)-sphere 80 is simply connected by (5.2). Then,
according to (5.3), there is a unique map j,: 86 - R such that

jo(ve) = 0, ;f*’fe = fm-y | 00

where $ : R - S* denotes the exponential map in § 2. Since R is solid, the
map f, has an extension &y : 6 - R. Then we define f,, by setting

f (%) — [/mul(x), (if%EKm_ﬁl),
" pho(#), (ifrefeKn\ 4).

This completes the construction of the sequence { /x }.

Since fp | Kn_y = fn-1, We obtain a map f: X - S* such that f | Ky = fn.
In particular, /(Ky) =1 and /| K; = f;. By the construction of f,, this
implies that ¢l(f) = z. Hence, #* is an epimorphism.

To prove that 4* is a monomorphism, let « be any element of m1(X, A)
with #*(a) = 0. Pick a representative map f: (X, 4) > (5%, 1) of « which
sends all vertices of X to 1. Then the cocycle ¢!(f) is a coboundary of X
modulo A and hence there is a cochain ¢? € C%(X, A) such that c(f) = 6c®

For each # = 1,2,--+, dim X + 1, let J, denote the subspace of X x I

defined by Tu = (X X 0) U (Knoy x I) U (X x 1).

To prove that f is homotopic to the constant map 0(X) =1 relative to 4, let
us construct a sequence of maps '

Fn:Jun—=S, #=12+ dimX + 1

as follows. To construct F,, let us take for each vertex v in X N\ 4 a loop
&, I - S* such that : ‘

£,(0) =1 = &(1), deg(&,) = o).
Then we define F, : J, - S by taking

1, (if xe 4 orif ¢ = 0),
R%ﬂ={ﬂﬁ (if v = 1),
~ f(%), (if £ = 1).

Next, let us construct the map Fy: J, - S Let 0 = v,7,, be any l—si.mplex
in X \_4. Then the partial map F, | d(¢ X I) on the boundary d(c X I)
of ¢ x I'is a loop in ST of degree

O(w2) — [(f)] (o) — Ovg) = (8% (0) — [H/)] (@) = O.
Hence F, |d(c x I) has an extension 7, : ¢ X I -»S'. We define I, by the
following formula: ,
| Fi(y), (ifyefy)

Foly) —
2(7) {%(y), (ifyeo x I).

Now we shall complete the construction of the sequence {Fp} by in-
duction. Let m > 2 and assume that Fyp_;: Jm—y —S* has already been
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constructed. Let v be any (m — 1)-simplex in X\ 4. Since m > 2, the
(m — 1)-sphere 9(r X I) is simply connected. Hence, it follows just as
before, that F,_;/0(r x I) has an extension {,:7 X I —S1. Then we
define F,,: [, — S by setting

Fls)) = {Fm——l(y): (i y e Jmy)-
" £.(9), (ifyer x I).

This completes the construction of the sequence { F, }.

Since Fy | Ju_; = Fp—;, we obtain a map F:X x I »S! such that
F | Ju = Fy. In particular, we have F(x,0) = 1, F(x, 1) = f(x), F(a, ) =1
for every xe X, ae 4 and f{e1. This implies that f is homotopic to the
constant map 0(X) = 1 relative to 4. Hence « = 0 and A* is a mono-
morphism. |

Since HY(X, 4) is effectively computable, the theorem (7.1) solves the
classification problem for the maps (X, A) ~ (S, 1). In particular, if we take
A = 0, then it gives a solution of the classification problem for the maps
X - 8. On the other hand, it also solves the homotopy problem and the
extension problem in the form of the following corollaries.

Corollary 7.2. Two maps f, g : (X, A) - (S%, 1) are homotopic (velative to A)
i 1*(e) = g*(v).

This corollary is an immediate consequence of (7.1). In particular, let us
take 4 = 0. The inclusion map j:S'< (S, 1) induces an isomorphism
7%t HY(SY, 1) &~ HY(SY) and » = j*(:) is the generator of the free cyclic group
HY(SY) determined by the counter-clockwise orientation of S Then (7.2)
gives the following corollary as a special case.

Corollary 7.3. Two maps f, g : X - St are homotopic iff {*(x) = g*(x).

Corollary 74. A map [: A ->S* can be extended over X iff the element
1*(x) of HYA) is contained in the image of the homomorphism ¥ : HY(X) -
HMA) induced by the inclusion map i: A< X. In fact, if o is an element of
HYX) such that t* (o) = f*(a), then | has an extension g - X — Stwith g*(x) = .

Proof. The necessity of the condition is obvious. For the sufficiency, it
suffices to -establish the second assertion. By (7.1), there exists a map
k. X - $1such that (jk)* (¢) = a. Then'we have

(i)*() = #(GRI*(0) = i%(@) = [*() = [4*() = (1)*(0.
By (7.2), this implies that j&7 = jf and hence k¢ ~ f. According to the homo-
topy extension property, there exists an extension g : X — St of f such that
g~k ’Ihen we have

g¥(x) = R*(x) = B**(e) = (1R)*()) = . I

Following the definition of triangulable pairs in [E-S; p.60], we have
assumed above that X is a finite simplicial complex. However, the proof of
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(7.1) is so arranged that it extends to the case that X is an ¢ufindte simplicial
complex and 4 is any subcomplex of X provided that Whitehead’s weak
topology 1s used in X. Hence all results in this section are true for the
infinitely triangulable pairs (X, 4) defined in the obvious way. On the other
hand, these results can be extended to more general pairs (X, 4) by using
various Cech cohomology theories. Some of these generalizations will be given
as exercises at the end of the chapter.

8. The Hopf theorems

With some dimensional restrictions on the triangulable pair (X, 4), the
nice results of the preceding section for S! can be generalized to higher
spheres. For this purpose, let us first consider some preliminaries.

For every # > 1, let S” denote the boundary #-sphere of the unit (z + 1)-
simplex A = Ap,y. Foreach m = 0,1,«++, % + 1, let A denote the m-th
(n-dimensional) face of 4. Then S is the union of the #-simplexes 4, A®,
»++, A, The n-dimensional cocycle ¢ of S# defined by ¢ (4©®) = 1 and
$(Am) =0, m = 1,-++,n + 1, represents a generator % of the free cyclic
cohomology group H®(S%),

For any map /: X - 5%, the element f*(») of H#(X) depends only on the
homotopy class [f] of f and will be called the degree of the map f or of the class |
[/]. In particular, if X = S, then the element f*(x) of H?(S?) determines a
unique integer deg(f) such that f*(») = deg(f)x. In this case, it is this integer
deg(f) which is traditionally known as the degree of the map f:S? - S». If
#n = 1, this definition of deg(f) is obviously equivalent to the one given in § 3.

Let v, denote the leading vertex of S*. For each ¢ =0,1,---, % + 1, let
I'@ denote the union of all 4@ with m # ¢. Then the inclusion maps

E1SnC (Sm,90), mg: (S, 05 < (Sn, @)
induce isomorphisms &*, ¥ on the cohomoiogy groups of positive dimen-
sions. Let L= B8y, he = (o).

Then ¢ and Aq are generators of the free cyclic groups H?(S%, v,) and Hn(Sn,
I'@) respectively.

Next, let us consider the unit n-simplex 4, and its boundary (n— I)-
sphere 04,. The n-cocycle y of 4, given by (4,) = | represents a generator
p of the free cyclic group H?(Ay, 04,). For any map f: (dy, 04,) - (S7, vy), .
the element /*(¢) determines a unique integer deg(f) such that f*(z) = deg(f)- u
This integer deg(f) will be called the degree of the map 7.

Foreachq = 0,1, -+, n + 1,let {g: (4n, 84y) ~ (S», I'@) denote the map
defined by the order-preserving one-to-one assignment of vertices of A, into
4@, Then it is not difficult to verify that

(8.1) 8g* (Ag) = (— 1)op
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Now, let f/:57 » S7 be a map which sends the (n — 1)-dimensional
skeleton of S$” into v,. Then, by (8.1) and a theorem in cohomology theory,
[E-S; p. 37, Theorem 14.6¢], one can easily deduce the following relation

(8.2) deglf) = = (— 1)¢ deg(fLa).

g=0

Finally, let us prove the following

Lemma 8.3. For every integer m, there exists a map [ : (An, 045) = (S?, v,)
with deg(fm) = m.

Proof, If m = 0, then the constant map f,(4,) = v, is obviously of degree
0. Next, assume # > 0. Take a sufficiently fine simplicial subdivision K of
dy so that we may pick m mutually disjoint closed #-simplexes o4,°**, om
contained in the interior of A,. Let the vertices %4 of o; be ordered in such a
way that the orientation of

o1 = (Ugy, Hgg,° **, “inﬂ)

agrees with that of 4,,, We now define fy, to be the unique simplicial map of
K into S which sends uy; into the vertex v; of S» for each ¢ = 1,-+-, m and
eachj = 1,--+, % 4+ 1 and sends every other vertex of K into v, Then it is
easily seen that f,,(04y) = v, and deg(fm) = m. Finally, let A denote a linear
‘homeomorphism of A, which interchanges a pair of vertices of 4, and leaves
other vertices fixed. Then deg(fmd) = — m. |

An organization of the Hopf theorems is as follows.

Theorem H". (Homotopy). If a map f : S* - S® has degree deg(f) =0, then
| is homotopic to the constant map 0(S?) = v,

Theorem E". (Extension). Lef (X, A) be a triangulable pair with dim(X \ A4)
<n -+ 1and f: A >S5 be a given map. If there exists an element o € HHX)
such that t*(a) = f*(x), wheve 1: A< X, then [ admits an extension g: X —
S such that g*(x) = «. :

Theorem C". (Classification). If X is a triangulable space with dim X < »,
then the assignment | — f*(x) sets up a one-to-one corvespondence between the
homotopy classes of the maps f: X —S* and the elements of the cohomology
group H*(X), '

The converse of E" is trivial: if f admits an extension g: X - S, then
there exists an element « € H%(X) such that i*(«) = f*(x). In fact, we have
o = g*(x). | |

Since H'is a special case of (3.2), these theorems can be established induc-
tively by proving

H" = E, EM = H"H, Er = C"

for every » > 1. Also, it worth noting that H" is a special case of C", C'is a
special case of (7.1), and E' is a special case of (7.4).
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Proof of H" = E". Let X be a simplicial complex and 4 a subcomplex of X.
We may assume that f sends the (#» — 1)-dimensional skeleton of 4 into the
point vy of 5%, for otherwise we may replace f by a homotopic map which
satisfies this condition by applying the method of simplicial approximation
and observing that every proper subspace of S is contractible in S=.

Under these assumptions, we may define an #-cochain ¢?(f) of 4 as follows.
Let o be any #-simplex of 4 and 4, : 4, — o denote the linear homeomorphism
which preserves the order of vertices. Then fA, is a map of (4, d4,) into
(S, vy) and hence we may define the cochain ¢%(f) by taking

[e”(f)1(0) = deg(f2s)

for every n-simplex o of A. By (8.2), one can easily prove that c¢2(f) is a
cocycle. By the definition of the induced homomorphism f*, it is not difficult
to see that c®(f) represents the cohomology class f*(x) € H*(A).

Assume that o« is an element of H”(X) such that ¢*(a) = f*(%). Then it
follows that there exists an #-cocycle z# of X which represents o and satisfies
the relation ( ) [C”(f)]( )

for every n-simplex ¢ of 4. Let K denote the union of 4 and the #-dimensional
skeleton of X. We shall define a map %&: K - S” as follows. Let o be any
n-simplex of K which is not in 4. By (8.3), there is a map

fg . (An, adn) ~ (S s 'UO)

with deg(f,) = 2%(0). Let A, :‘An - ¢ denote the linear homeomorphism
which preserves the order of vertices. Then we define £ by setting

h(x) = { f(x), (if x € 4),
fohs™t (%), (if xeoce K\ 4).

Finally, we are going to construct an extension g: X ~ 5% of k as follows.
Let v be any (# + 1)-simplex of X \ 4 and 2, : 4., = 7 the linear homeo-
morphism which preserves the order of vertices. Denote %, = kA, [ S%. By
(8.2}, we have .

deg (k) = 2 (— Dian(7®) = 27(071) = 0z27(7) = 0.
| i=0 | .
According to Theorem H", this implies that %, is homotopic to the constant
map 0. Then it follows from the homotopy extension property that %; has
an extension g, : Ap,y - S% Then we define g : X - S# by taking

_( R{x) - (ifxe K),
8 = { g a1, (f xere X \_A).

Since g is obviously an extension of f, it remains to verify that g*(x) = a.
According to the construction of g, it can be seen that g maps the (z — 1)-
dimensional skeleton of X into v, and that ¢®(g) = z%. Since ¢?(g) represents
g*(x) and 2" represents «, this implies g*(x) = a. |
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Proof of EM = H"+. Let f : S7t1 —» S%+1 be a given map with deg(f) = 0. We
are going to prove that f is homotopic to a constant map.

Using the method of simplicial approximation, we may assume that fis a
simplicial map of a triangulation K of $#+! into a triangulation J of Sn+l,
Pick an (n + 1)-simplex ¢ = (u,, 4y," * *, #ny,) of J such that the cocycle ¢
defined by ¢(¢) = 1 and ¢(r) = 0 for every (#» + 1)-simplex 7 of J other than
o represents the generator » of An+1(S7+1),

Let M denote the subcomplex of K consisting of the closed (n + 1)-
simplexes of K which are mapped into ¢ by the simplicial map /. We may
assume that no two of these (# + I)-simplexes have a common vertex, for
otherwise we could replace K and J by their second barycentric subdivisions
K” and J”, and take for ¢ an (#n + 1)-simplex of J” none of whose vertices is
also a vertex of /. Under these assumptions, we have H¢(M) = 0 for every
g > 0. | | |

The simplicial map /: K — J induces an (# + 1)-cocycle y = f#(¢) of K
which represents the element

74(¢) = deg(f) % =0

of H?+1(K). Hence there exists an #-cochain ¢ of K such that v = dc.
The simplicial inclusion map $: M < K induces the following two cochains

of M
e =¥, = py) = pHAP) = (D))

The relation 9 = éc in K implies that y, = d¢; in M. Next, consider the
leading n-face 6(W = (#,,* * +, upn,,) of the (n + 1)-simplex o and let ¢, denote
the n~cochain of J defined by ¢o(c®) = 1 and ¢y(z} = 0O for other n-simplexes
t of J. Then the simplicial map fp: M — J induces an #u-cochain ¢, =
= (fp)H(¢,) of M. Since is the coboundary of$, on the subcomplex o of Jand
fp maps M into o, it follows that g, = &c,. Then §(c; — ¢;) = 9, — w; =0
and hence ¢, — ¢, is an n-cocycle of M. Since H*(M) = 0, this implies that
¢, — €y 1s a coboundary of M. '
. Let M? denote the n-dimensional skeleton of the complex M. Then f
defines a simplicial map X of M™ into the #-sphere do. By the construction
given above, it is clear that ¢, is a cocycle of M” and represents the degree of
the map X. Since ¢, — ¢, is a coboundary, the degree of X is also represented
by the cocycle ¢, of M7, |
Let N = (K \_M) U M? and consider the inclusion map g : N < K. Since
dc(t) = p(t) = 0 for any (n 4 1)-simplex 7 which is not in M, it follows that
¢, = g3 (c) is a cocycle of the complex N. Since ¢, is an extension of ¢,, we
may apply Theorem E® to conclude that ¥ has an extension p: N - do.
Define a map g : S»+ — S»+l by taking '

/(%) (if x € M),
p(x), (if x € N).
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Since f maps N into the space W = (J \ o) U o which is solid, the maps
f | N and p are homotopic in W modulo M=, This implies f ~ g. Next, since
the image of g is contained in o, it follows that g is homotopic to a constant
map. Since S#t! is pathwise connected, this implies that f &~ g ~ 0. 1

Proof of E? = C". Let X be a simplicial complex with dim X < #. First, let
a be any element of H?(X); we shall find amap /: X ~ 57 such that f*(x) =a
Let A denote the (# -— 1)-dimensional skeleton of X and ¢:4< X the
inclusion map. Then we have H%#{4) = 0 and *(«) = 0. Hence, by E", the
constant map k(4) = v, has an extension f: X —» S? such that f*(») = «.

Next, assume that f, g : X - 5% are two maps such that f*(x) = g*(x). We
~are going to prove f ~~ g. For this purpose, let us study some elementary
properties of the product space X X I. Obviously, X x I is triangulable and
dim(X X N <n+ 1. Let p: XXIwa-X and ¢: X > X x I, (£ =0,1),
denote the maps defined by

pix ) =% qx) =(x0), g =]l
Since pg; is the identity map on X, we obtain g;*p*(a) = « for every
o € H7(X). Next, consider the subspaces

of X x I. Then, according to an elementary theorem [E-S; p. 33],
Hn(A) is the direct sum of H*(X,) and H"(X,). Hence the elements of
Hn"(A) can be represented by the pairs (8, y) of elements of H7(X). Let
7: A < X x I denote the inclusion map. Then we have

rp¥(e) = (o, ).
- Define a map 4 : 4 - S» by taking
[f(x), (if e X and ¢ = 0),

g(x), (fxe X and? = 1),
Then, A*(x) = («, o) € H*(A). According to E™, there exists an extension
H : X x I - 57"such that H*(x) = p*(«). This proves f =~ g. |

Thus we have proved the celebrated Hopf theorems H", E", C" for every

n =1,2,.+-. In particular, if we take X = S* in Theorem C", we obtain
the following

Corollary 8.4. The homotopy classes of the maps -f :S” > S% are in a one-

to-one corvespondence with the integers. The corrvespondence 1s given by the
assignment | - deg (f).

Finally, the remarks given at the end of § 7 are also true in the present
circumstances.

k(x, t) ==

9. The Hurewicz theorem

The dual of the Hopf classification theorem is the Hurewicz theorem, the
statement of which is the main purpose of the present section. To this
aim, let us define the important notion of #-connected spaces.
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Let » > 0 be a given integer. A space X is said to be n-connected if, for
every triangulable space T of dimension < #, any two maps f,g: 7T - X
are homotopic. So, X is 0-connected iff it is pathwise connected, and X
is 1-connected iff it is simply connected. Using the extension property, one
can easily prove that an (#» — 1)-connected space X is #m-connected iff
every map f: 5" - X is homotopic to a constant map.

Now, let X be a given space and consider the maps

f:S”——:»X,

where S” denotes the boundary mu-sphere of the unit (# + 1)-simplex
4 = Ap,,. Since we have fully studied the case # = 1 in § 4 and § 6, we
will assume that # > 2. The fundamental #-cycle

n+1
1= 3 (— 1o
i=0 .
of S” represents a generator ¢ of the free cyclic gfoup Hy(S™).

For each map f:57 -» X, the element £,(:) of H,(X) depends only on the
homotopy class of f and will be called the degree of f. If X = S7, then one
can easily verify that f.(¢) = deg (f)-¢, where deg(f) denotes the integer
~ defined in § 8.

Theorem 9.1. (Hurewicz Theorem). If X is an (n — 1)-connected space
with n > 2, then the assignment f — f,(¢) sets up a one-to-one correspondence
between the homotopy classes of the mdps f:Sn —+X and the elements of the
singulay homology group Hp(X).

As an immediate consequence, we have the following important

Corollary 9.2, 4 szmply connected s;bace X 15 n-connected 1ff Hp(X) =0
for every m = 2,: -+, n.

In all existing proofs of the Hurewicz theorem, one must use the group
structure and a few elementary properties of the homotopy group. In the
sequel, we shall prove a much more general theorem. See (V; §4) and (X; §8).

EXERCISES

A. The fundamental group of a connected simplicial complex

Let X be a connected simplicial complex. Denote the vertices of X by
Vg, U1," **, Um. A brokem lime joining a vertex to another is a path which
consists of a finite number of 1-simplexes. Since X is connected, we can join
7, to v; by a broken line ;. Suppose that these broken lines A, (7 = 0,1, -+,
m), have been chosen such that 4, consists of only a single point v, Let ;1
denote the reverse of 1;. To each oriented 1-simplex vw; of X, consider the.

loo
P fig = e (vevg)- 471
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which represents an element oy €7,(X, vy). Prove that these elements oy
form a system of generators of 7,(X, v,) with the set of relations described
as follows. First, for the l-simplex v;v;, we have trivial relation

o = (otig) ™!
Second, for each 1-simplex vyv;, the loop fy is a product of the 1-simplexes

vey, of X, sa
M Y f = Py (vevy).
Then we have the relation
gy = Py (aey),

where Py (xg;) is the product obtained by replacing vev, with the corre-
sponding element g, in m,(X, v5). Third, for each 2-simplex ¢ = vyu, of
X, we have the relation
OlgjClip iy = i.

This gives an effective method for computing the fundamental group
704(X) of X. For examples, prove the following assertions: ’

1. The fundamental group #,(X) depends only on the 2-dimensional
skeleton X2 of X. More precisely, the inclusion map 7 : X2 < X induces an
isomorphism 7, : 7 (X?, vy) ~ (X, v,).

2. The fundamental group of a closed orientable surface of genus g is the
abstract group generated by 2g elements oy, i, (¢ = 1, - -, g), with a single

relation 101 101 18-1
ay By Byl o0y Bzt *ogfBgty ﬁﬁ = 1.

Hence the fundamental group of the (2- dimensienal) torus is the free abelian
group with two generators. If g > 1, then the fundamental group is non-
abelian.

3. The fundamental group of a closed non-orientable surface of genus g .

is the abstract group generated by g elements a,,- - *, «, with a single relation
| L0y Clally ™ ° 'Oﬁgdg = 1.

Hence the fundamental group of the pr0]ect1ve plane is the cyclic group of
order two. If g > I, then the group is non-abelian.

4. If a connected simplicial complex X is the union of two connected
subcomplexes 4 and B with connected intersection D = 4 N B, then
7,(X) is the quotient group of the free product 7,(4) Onl( , [S-T; p, 30],
obtained by identifying, for each element & e, (D), the element £.(0) e
7,(A) with the element 9, (6) €7, (B), where § : D<= 4 and % : D< B denote
the inclusion maps. In particular, if D is simply connected, then we have

71(X) > m1(4) Omy(B).

5. If X 1s a connected 1-dimensional simplicial complex, then s,(X) is a
free group. In particular, if X is the space which consists of two circles
intersecting at a single point, then s, (X) is the free group on two generators,
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B. The bridge theorems

Assume that (1) X is a normal space, (2) Y is a connected ANR, and (3)
either X or Y is compact. Let f/: X — Y be a given map and « be a finite
open covering of X. A map i Nuor Y

of the geometric nerve N, of o into Y will be called a bridge map for f if
goha = f for every canonical map %, : X - N,, [L,; p. 40]. If such a bridge
map g, exists, o is said to be a bridge for the given map /. Prove the following
assertions, [Hu 5j: g

1. Every map f: X - Y has a bridge.

2. Every refinement of a bridge is also a bridge.

3. If «, B are two bridges for a given map /: X - Y, where X is compact,
andifge: No— Y, gs: N g - Y are bridge maps, then there exists a common
refinement y of a and f§ such that gup,. == ggp,s, where $,,: N, > N, and
pys : N, > N are arbitrary simplicial projections.

Study the analogous assertions for a map f: X - Y of a paracompact.
Hausdorff space X into a connected ANR Y by considering the locally finite
open coverings of X.

C. Maps of compact spaces into spheres

The bridge theorems in Ex. B furnish us with a link between a map
on a compact Hausdorf space and maps of simplicial complexes. Therefore,
if one uses the Cech cohomology groups and the notion of dimension both
defined by means of finite open coverings, one can extend the results in
*§ 7 and § 8 to compact Hausdorff spaces. Establish the following theorems:

1. Hopf extension theorem. Let (X, A) be a compact Hausdorff pair with
dim X < # + 1, « a generator of the free cyclic group H?(S?),and f : 4 - S»
a given map. If there exists an element x € H?(X) such that *(a) = f*(u),
where 7:A4 < X, then there exists an extension g: X —S5% such that
g*(u) = o

2. Hopf classification theorem. If X is a compact Hausdorff space with
dim X < » and if # is a generator of H?(57), then the assignment f — f*(u)
sets up a one-to-one correspondence between the homotopy classes of the
maps f : X — 57 and the elements of the Cech cohomology group H®(X).

In the case # = I, the conditions on the dimension of X may be removed.
Furthermore, the assignment f - f*(%), in this case, is an isomorphism

¥ al(X) ~ HYX).
For further generalizations to non-compact spaces, sée [Dowker 1].

D. The degree of a suspended maps

Consider the n-sphere S” as the equator of an (# + I)-sphere S»+! with
north hemisphere E7+! and south hemisphere E%+l. By Tietze’s extension
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theorem, every map f:S” - S has an extension f* : S#+1 > §n+1 guch that
[HE") < En+l and f¥(Enil) < Enl which is called a suspended map
of /. Prove

1. deg (/*) = deg (/).

2. (8.3) can be obtained inductively by the construction of suspended
maps.of a map f: S - S* of degree .



CHAPTER Il
FIBER SPACES

1. Introduction

The concept of fiber space is crucial in homotopy theory: it usually appears
in the application of homotopy theory to geometric problems; it is a powerful
weapon in the computation of the homotopy groups of various spaces; and
it plays a key role in the axiomatization of homotopy theory. Thus, before
turning to the discussion of the homotopy groups themselves, it is appro--
priate to develop certain properties of fiber spaces in some detail.

Already we have seen one important example, namely the exponential map
p : R - S of Chapter II: in the language of the present chapter, we should
say that R is a fiber space (indeed a covering space) over S with projection .
As to the usefulness of this particular example, recall that upon it was based
the classification of maps of a space X into S of § 7 of Chapter II.

Historically, there were a number of examples, and definitions of fiber
spaces were abstracted from these in a variety of ways; but in each case it
was possible to prove a so-called covering homotopy theorem. It remained for
J.-P. Serre in 1950 to single this theorem out as the crucial property, and
to base on it his study of the singular homology of fiber spaces. The influence
of this study on homotopy theory has been profound, and it now seems quite
clear that his is the proper definition; hence we adopt it and consider some of
its immediate consequences in §§ 2-3.

On the other hand, the classical examples of fiber spaces belong to a much
more narrow class, in that all of them have a local product structure. This
concept, together with animportant example, the Hopf fiberings of spheres, is
considered in §§ 4-6.

After considering certain mappings of fiber spaces (§§ 7-8) we develop (for
later use, especially in Chapter IV) certain properties of spaces of paths
(§8 9-14). In particular, it will appear that they are fiber spaces in the sense of
Serre mentioned above, but they do not have a local product structure.

Finally (§§ 15-17) we study the case of discrete fibers and in particular the
classical covering spaces.

2. Covering homotopy property
Throughout the present section, we shall consider a given map
p:E-+B :
of a space E called the fotal space into a space B called the base space.
61
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Let X beagivenspace,f: X - Bagivenmap, andf; : X - B, (0 <? < 1),
a given homotopy of f. A map f* : X — E is said to cover f (relative to p) if
pf* = f. Similarly, a homotopy fi* : X — E, (0 < < 1), of f* is said to cover
the homotopy f; (relative to p) if pf* = f; for each {el; fi* i1s called a
covering homotopy of fs. '

The map p: E — B is said to have the covering homotopy property (abbre-
viated CHP) for the space X if, for every map f* : X — E and every homotopy
fi: X - B,(0 <t <1), ofthemap f = pf*: X - B, there exists a homotopy
fi* : X > E, (0 <t<1), of f* which covers the homotopy f;. The map
p 1 E - B is said to have the absolute covering homotopy property (abbreviated
ACHP) if it has the CHP for every space X. The map ¢ : E —» B is said to
have the polyhedral covering homotopy property (abbrevmted PCHP) if it has
the CHP for every triangulable space X.

The map p : E — B is said to have the covering homotopy extension property
(abbreviated CHEP) for the space X relative to a given subspace 4 of X if, for
every map f* : X - F and every homotopy f;: X - B, (0 <¢ < 1), of the
mapj = pf*: X - B, everyhomotopy gi* : A — E, (0 <t < 1),0fg* =f*|4
which covers f; | 4 can be extended to a homotopy f;* : X—>E, (0<t<l),
of f* covering f;. The map ¢ : E — B is said to have absolute covering homotopy
extension property (abbreviated ACHEP) if it has the CHEP for every space
- X relative to every closed subspace 4 of X. The map ¢ : E - Bissaid to have

the polyhedral covering homotopy extension property (abbreviated PCHEP)

if, for every triangulable pair (X, 4), it has the CHEP for X relative to 4.

If E is the topological product B x D and if : E - B is the natural

' projection, then $ obviously has the ACHP. In fact, let X be a given space,.
f¥: X - FEagivenmap,andf;: X — B, (0 <¢ < 1), agiven homotopy of the

map f = pf*. Then, f; has a covering homot()py fi¥: X - E, {0 <t<]1), of

/* defined by feE(x) = (fi(#), gf*(x))

for every xe X and tel, where ¢: E—~D denotes the other natural projection.

3. Definition of fiber space

A map ¢ : E - Bissaid to be a fibering if it has the PCHP. In this case, the
space E will be called a fiber space over the base space B with projection p :
E — B. For each point b € B, the subspace p~1(b) of E is called the fiber over b.

Remark. We do not assume that p(E) = B and hence the fiber -1(b) may
be vacuous for some point b of B. However, applying CHP for a point, one
can easily prove that p(E) is a union of path-components of B. Therefore, if B

is pathwise connected, we must have p(E) = B unless E itself is empty X

J
From time to time, it will be useful to know that, foramap ¢ : E > B, the

PCHP is equivalent to certain other covering properties. Precisely, we have
the following | | ‘
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Theorem 3.1. For an arbilvary map p . E - B, the following statements are

equivalent:
(i) p: E — B is a fibering, i.e. has the PCHP.

(i) For eachm >0, p: E -~ B has the CHP for the m-simplex Ay,

(iii) For eachm >0, p : E — B has the CHEP for the m-simplex Ay, velative
to its boundary (m — 1)-sphere Sm-1,

(iv) p: E - B has the PCHEP. _

(v) If (X, A) is a triangulable paiy such that A is a strong deformation retract
of Xand if f : X — B and g* 1 A — E ave maps such that pg* = f | A, then g*
has an extersion {* 1 X - E such that pf* = |.

Proof. (i) - (ii) is obvious.

(1) ~ (iii). If m = 0, then 4,, is a single point and its boundary sphere
Sm-1is empty. Hence, the implication (i1) — (iii) is obvious in this case.

For the general case m > 0, we construct a homeomorphism % of A,, x I
onto itself which carries (4, X 0) U (S™-1 x I) homeomorphically onto
Am x 0. For this purpose, let us first construct a homeomorphism %, of
(Am x 0) U (Sm-1 x I) onto A, x 0 as follows: For an arbitrary point w =
(%9, =+, %m ; 8) of (A x 0) U (Sm-1 x I), we define hy(w) to be the point
(%0s** *» ¥m 5 0) of A x 0, where ' |

| _
., :
! (xa o 1), | (ifwedm x 0),
Vi = I
1 . 1 — 1 m-—1
fz(xz+m+l)+~§(x¢ m+1)t, (if w e Sm-1 x ).
It follows that g (x4, =+, %3 1) = (%g," - =, %m; O) foreach (x,, * - -, xp) € Sm-1,

Similarly, we can define a homeomorphism hl of (A x 1V U (Sm-1 x I) onto
Am x 1 such that A, (xg,"*+, %m; 0) = (%4,-**, ¥m; 1) for each (x,,- ", %n)
e Sm-1, Next, we deﬁne a homeomerphlsm h, of the boundary N Am x I) of
Am X I onto itself by taking

- hg(w), ifwe (dy x 0) U (Sm-1 x I,

ho(w) = |
() {h;l(w), ifwe Ay x 1.

Finally, the homeomorphism %, of 8(4, X I) may be extended to a homeo-
morphism % of 4, x I by radial extension from the center (¢, 1) of A4, x I,
where ¢ denotes the center of A,,. Since % is an extension of 4,, it carries
(dm X 0) U (Sm-1 x I) onto Ay, X 0. The following picture

FE DC B D

A B F A B C
g

illustrates the homeomorphism 4 for the case m = 1.
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Now, let f* : A, ~ E beamap, fy : Ay — B, (0 <#¢ < 1), a homotopy of the
map f = pf*, and g*: Sm1 - E, (0 <f < 1), a homotopy of g* = f* | Sm-1
which covers f; | S®-1. The homotopy f; and the partial homotopy g:* give
rise to maps - ‘

F:dpxI->B, G*:(dp x0)U(Sm1xI)~>E
in the obvious way. Let
D =Fh: Ay X I>B, ¥* =G*5':4p X 0> E.

Then we have p¥P* = @ | 4, x 0. By (ii), ¥* has an extension @*: 4y, X
I — E such that p@* = @. Define a homotopy f¢*: 4, ~ E, (0 <¢ < 1), by

taking .
fg*(x) == @*h(%, t), (x EAm, te I).

Then it is easy to verify that f* = f*, f;* | S?-1 = g* and $fi* = f; for
every i€ l.

(iii) - (iv). Let (X, A) be a triangulable pair, f*: X - Eamap, f;: X - B,
(0 <t < 1),ahomotopy of themap / = pf*, and g* 14 > E, (0 <i <1),a
homotopy of g* = f* | A which covers f; | 4. We are going to extend gi* to a
homotopy fi* : X - E, (0 <? < 1), of f* covering f;. We may assume that X
is a simplicial complex and 4 is a subcomplex of X. For each m > 0, let X™
denote the m-dimensional skeleton of X. Let K,, denote 4 U X™. By succes-
sive application of (iii), one can construct for each integer m = 0, 1,2,-+- a
homotopy 4 : Ky, — E, (0 < ¢ < 1), such that

By = f* | K, P = fo | K,
WA = g*, WP Ky = B
Then the required homotopy f;* is defined by taking
* — pm

foreachm =0,1,2,--- fe* | K = Iy

(iv) = (v). Since. 4 is a strong deformation retract of X, there exists a
homotopy ;1 X - X, (0 <¢ < 1), such that 4, is a retraction of X onto 4,
%, is the identity map on X, and #; (a) = a for every a € A and ¢€ I. Definea
‘map f#: X - E and a homotopy f¢: X - B, (0 <? < 1), by taking f# = g*h,
and f; = fh; for each te I. Then f, = pf#. Since fi(a) = f(a) for each ac 4
and ¢ € I, we may define a partial covering homotopyg:*: 4 - E, (0 <?¢ <),
of fH by setting gi* = g* for every ¢ € I. According to (iv), g:* has an exten-
sion fi*: X - E, (0 <?¢<1), such that pf* = f; for every fel. Let
f¥=f*Thenwehave ¥ |4 =g*and pf* = f, = fh, = [.

(v) = (i). This implication follows inmmediately from the fact that X x 0
_1s a strong deformation retract of X x I. |

As noted at the end of § 2, the product space E = B X D is obviously a
fiber space over B relative to the natural projection 4 : E -+ B.
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4. Bundle spaces

A map p: E - B is said to have the bundle property (abbreviated BP) if
there exists a space D such that, for each b € B, there is an open neighborhood
U of b in B together with a homeomorphism

¢v: U X D - p-Y(U)
of U X D onto p-Y(U) satisfying the condition
(DF) . pou(u, d) = u, (weU,deD).

In this case, the space E is called a bundle space over the base space B relative
to the projection p : E — B. The space D will be called a director space. The
open sets U and the homeomorphisms ¢y will be called the decomposing
neighborhoods and the decomposing functions respectively.

As an immediate consequence of the definition, we have p(E) = B except
in the trivial case where E is empty. ‘

The main idea of this definition is that a bundle space is a space with a
local product structure over every point of the base space. In particular,
the product space E = B X D is a bundle space over B relative to the
natural projection ¢ : E - B with D as director space.

In this definition of bundle spaces, we have essentially followed that of
Ehresmann and Feldbau, [S; p. 18]. For relations with coordinate bundles
in the sense of Steenrod, see [S; pp. 18-20]. Many examples can be found in

[S].

Theorem 4.1. Every bundle space E over B velative to p : E -~ B s a fiber
space over B velative to 4. |

Since CHP is trivial for product spaces, the idea of the following proof is
to reduce the construction to local ones where the local product structure
is available.

Proof. Let X be a (compact) triangulable space, /*: X — E a given map,
and fs: X - B, (0 <t < 1), any homotopy of the map f = pf*: X - B.
It suffices to construct a homotopy f*: X - E, (0 <¢ < 1), of f* which
COVers f;. ,

Pick a collection w = { U} of decomposing neighborhoods U which
covers the base space B and define a map F : X x I — B by taking

F(x, 8) = fi(x), (xeX, tel.

The collection {F-}(U)|Ue€w} of open sets of X X I forms an open
- covering of X x I. Since X x I is compact, { F-Y(U) | U ew } has a refine-
ment of the form { W; x I,}, where { W3} is a finite open covering of X
and {1, } = {I,, -, Ir }is a finite sequence of open subintervals of I which
covers I. We may assume that I, meets only [,., and 1,4, for each y =
2,-++,7-— 1. Choose numbers '

O=f <ty << v <lp=1
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so that ¢, is in the intersectiont, N I,.,. We shall assume, inductively, that
the covering homotopy /¢* has already been defined for all ¢ <{, where
u >0 is a given integer less than ». We proceed to extend f:* over the
closed subinterval {t,,¢,,,] of 1.

Taking a sufficiently fine triangulation of X, we may assume that X is a
simplicial complex such that every closed simplex of X is contained in some
W, of the finite open covering { W;} constructed above. Hence, for each
closed simplex ¢, we may choose a decomposing neighborhood Usew

such that fix)e Us, (x€0,t, <t <lup)

Let yy,: U, X D - D denote the natural projection.
Let o be a vertex of X. Then f;* can be defined by taking

1¢#(0) = v, [felo), pubuat fo.*(0)],  (ta <t <lpia).
Thus /4* is defined on the zero-dimensional skeleton X° of X for each
t e [t,, ty.1])- Weshall assume that /;* has already been defined on the (# — 1)~
dimensional skeleton X#-1 for each te [t,,¢,,,], where # >0 is a given
integer. We proceed to extend f;* over the n-dimensional skeleton X* of X.
Let o be any closed #-simplex of X. Then f* has been defined on the
boundary do for every ¢€ [£,, ¢,.1]. Let M = o X [t,, t44,] and consider

the subspace N = (¢ x t,) U{0o X [t tui1)

of M. According te (I; 4.2), these exists a retraction p: M > N. Let 0:N->E
denote the map defined by 6(x, ¢) = f/*(x). Then we may extend f;* over ¢

by setting 164(5) = oo (1), poa bz Oplx, 1)
for every x € ¢ and ¢ € [{,, {,,,]. This completes the construction of f¢*. 1

The preceding theorem is a corollary of the following general theorem
which is known as the covering homotopy theorem of bundle spaces.

Theorem 4.2. If a map p: E -~ B has the BP, then it has the CHP for
every pavacompact Hausdorff space. '

For a proof of {4.2), see [Huebsch 1] and also [S; p. 30].

-

5. Hopf fiberings of spheres

Among the early examples of bundle spaces were the three fiberings of
spheres p:Sm-l8n  y—2 4,8
discovered by Hopf [2] in 1935. We shall examine the first of these (the case
" # = 2) in detail here, and show in § 6 that it may be applied to the classifi-
cation problem for the maps f: X —S?% where X denotes a triangulable
space of dimension not more than 3. |

To construct the fibering for # = 2, let us represent S® as the unit sphere
in the space C? of two complex variables, that is to say, S consists of the
points (2q, 2,) in C2 such that ' ' '

%1%, + 2325 = 1.
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Let S% be represented as the complex projective line, that is to say, as pairs
[21, 23] of complex numbers, not both zero, with equivalence relation
(21, 29] ~ [Azy, Az,] where 4 £ 0. Then the Hopf map 4 : 5% - S2is defined
by p(21, 25) = [2y, 2,] for each (2, 2,) € S3. The continuity of p is obvious
Since any pair [z, z,] can be normalized by dividing by (z:2; + 3222)
# maps S® onto S2. '

To prove that 5% is a bundle space over S? relative to p, let us represent S?
as the set of all complex numbers A with | 4| = 1. Consider the points
a = [1,0]and b = [0, 1] of S% and the open sets

U=5\a V=252 |
Then U and V cover 5% Every point in U can be represented by a pair
[2, 1]. Hence we may define a map qu of U x S!into S® by taking

A
pulle 13, 4) = \/zz—f-1 \/zz—i—l)

for each [z,17€ U and each 2€S. One can easily verify that ¢y maps
U x 8! homeomorphically onto p~3(U) and that pdy(u, d) = « for each
#€ U and d€D. Hence ¢y is a decomposing function. Similarly, we can
construct a decomposing function ¢y. This completes the proof that 53 is a
bundle space over S? relative to the Hopf map .

If (24, z;) € 5%, then one verifies immediately that the fiber p-1{z,, z,]
consists of all the points {4z, Az,) with 1€ S Hence the fibers are just
great circles of S$% In this way the 3-sphere is decomposed into a family of
great circles with the 2-sphere as a quotient space.

‘The Hopf fiberings #:57 -+ S* and p:5%% - S8 are constructed in an
analogous fashion from the quaternions and the Cayley numbers respectively;
a concise and clear description may be found in [S; pp. 105-110]. In these
fiberings, the fibers are 3-spheres and 7-spheres respectively.

The Hopf maps are all essential; in fact, thisis a consequence of the following

Proposition 5.1. If a sphere S* is a fiber space over a base space B which
contains more than one point, then the projection  : S* — B is an essential map.

Proof. Assuine that p were inessential. Then there exists a homotopy
byt S* -~ B (0 <t < 1) such that %, = ¢ and %,(S") is a single point b, of B.
Let ¢ denote the identity map on S” then we have pi = p. Accordmg to
the CHP, there exists a homotopy % : $* - S%, (0 <t < 1), such that k, = ¢
and pk; = h; for every ¢ € I. Now, %, maps S into the fiber p~1(b,) which is
a proper subset of 5 since B contains more than one point. Hence, according
to (I; § 8), kis inessential. This implies that the identity map ¢ is homotopic
to a constant map. This is impossible by (I; § 8). I

It is interesting to observe that the Hopf maps are algebmwally trivial,
that is to say, their induced homomorphisms on the homology groups and
the cohomology groups are all trivial. Historically, these Hopf maps were
the first examples of essential maps which were algebraically trivial. The
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existence of these maps shows that induced homomorphisms are not by
themselves sufficient to classify all maps.

6. Algebraically trivial maps X - §2

In the present section, we shall show that, by the aid of the Hopf map
p:5%>S% one can solve the classification problem of the algebraically
trivial maps f: X - S% of a. 3-dimensional triangulable space X into S2

Let X be any given trxangulable space. For an arbitrary map F:X 53
it is obvious that the composed map f = pF:X > S? is algebraically
trivial and that the homotopy class of f depends only on that of F.

Proposition 6.1. For any given triangulable space X, the assignment
F [ = §F sets up a one-to-one correspondence between the homotopy classes
of the maps F : X - S® and those of the algebraically trivial maps f: X - S2.

As an immediate consequence of (6.1) and the Hopf classification theorem
C3in (II; § 8), we have the following

Theorem 6.2. The homotopy classes of the algebraically trivial maps
[+ X —S® of a 3-dimensional triangulable space X into the 2-sphere S* are in
a one-to-one corvespondence with the elements of the integral cohoimology group

H¥X). For any o.€ H¥X), the homotopy class which corresponds to o contains
the map | = pF . X +S2, where F : X - S3% is a map with « as its degree.

In particular, if X = S3% then every map f: X »5? is algebralcally
trivial. Hence, we have the following

Corollary 6.3. The homotopy classes of the maps f:5% - S? are in a one-to-
one correspondence with the integers. For amy integer n, the homotopy class
which corresponds to n is vepresented by the composition f = PF : S3 52 of
the Hopf map p : S® - S? and a map F : S® — S3 with deg (F) = #.

The proof of (6.1) consists of the following two lemmas.

Lemma 6.4, If a map f: X - S2? is algebraically trivial, then theve exists a
map F : X - 5% such that pF = |,

Proof. Since S is a bundle space over S? relative to the Hopf map
p : S* > 5% we may choose a collection w = { U } of decomposing neighbor-
hoods U which covers S% Taking a sufficiently fine triangulation of X, we
may assume that X is a simplicial complex such that the given map f carries
every closed simplex o of X into some decomposing neighborhood U, e w.

Let Xm denote the m—dlmensmnal skeleton of X, and let f,, = f| Xm,
Foreachm = 2,3,---, we shall construct a map Fp, : X7 - 53 such that

me = fm: Fm+1 l Xm = Fp.

First, let us construct.F,. Since the given map f is algebraically trivial,
so is f,. According to the Hopf classification theorem €2 of (II; §8), /5 is
homotopic to a constant map which can be lifted. Hence it follows from the
CHP that there is a map F,: X2 > S3 such that F, = f,.

Next, assume that # > 2 and that F;, has been constructed for every
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m < n. Let ¢ be an arbitrary closed #-simplex.of X and choose a decom-
posing neighborhood U, € w which contains f(g). Let
¢o: Uy X ST —pYU,), Yo ! Up x §S1 81
denote the decomposing function and the natural projection respectively.
Define a map &, : 0o -» S* by taking
§o(%) = Yopz Fn—1(%) .
for every x € do. By (I1; § 7), £, has an extension #, : 6 > S. Then we define
a map Fy : X7 > S3 by taking
Fox) = { Fpy(%), (ff x € Xn-1),
bol n(%), ne(2)], (if ¥ € o € X7). |
Obviously we have pF, = f, and F, | X»-! = F,_,. This completes the
inductive construction of the maps Fp, m = 2,3, - -.
Finally, define a map F : X — §% by taking F | Xm = F,, for every m > 2.
Then we have pF = f. 1 _
Lemma 6.5. I/ I, G : X - 53 are two maps such that pF ~ pG, then F ~ G.

Proof. Since pF = pG, it follows from the PCHP that F is homotopic to

a map F' such that pF’ = $G. Hence we may simply assume that '
PF = $G.

Consider S® as the group of quaternions ¢ with g7 = 1. Then the fiber
which contains the quaternion 1is a subgroup S* of S?* and the other fibers
are cosets of S in S3. In fact, in the usual representation

g =%y + %l + Ko + %yl
= %1 + %l + (%3 + x4g)]

=2y + 2,]
where z; = x; + %% and 2z, = %, + %, the multiplication is based on the
rules j = — 1 and zj = j2. Then S* is the subgroup defined by z, = 0 and

the right cosets of ST are the fibers of the Hopf map p : $3 - S2.

Define a map H: X - S® by taking

H(x) = F(x) [G(x)]*
for every x € X. Since pF = pG, F(x) and G(x) are contained in a coset of
S* and hence H carries X into a proper subspace S! of S%. Then it follows
that there exists a homotopy H;: X - S3, (0 <t < 1), such that Hy=H
and H,(X) = 1. Define a homotopy J;: X =83, (0 <t < 1), by taking
Je(x) = Hi(x) G(x)

for each xe X and ¢e I. Then we have J, = F and J, = G. Hence F ~ G. |

Since the proof of (6.4) and (6.5) is based on special properties of St and S8,
there are no analogous results for the maps X - S$% and X - S8.

7. Liftings and cross-sections

Let E be a fiber space over a base space B with projection ¢ : E - B and
let /: X -~ B be a map of a space X into B. By a lifting of f in E, we mean
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a map g: X - E such that pg = f. As a special case of (I; § 16), the lifting
problem for the given map fis to determine whether or not f has a lifting in E.

For example, if $ : S - S2?is the Hopf map and X is a triangulable, space,
then (6.4) and (6.5) solve the lifting problem for any map f : X - 5% namely,
f has a lifting in S® iff { is algebraically trivial. ‘

If $: E > B has the CHP for X, then the lifting problem for a map
/: X — B is equivalent to a broadened lifting problem, namely, to find a map
g : X - E such that pg ~ f. According to the definition of fiber spaces, this
is always the case if X is triangulable. By (4.2), this is also true if £ is a
bundle space over B relative to $ and X is a paracompact Hausdorff space.

If X is a subspace of Band f: X - B is the inclusion map, then the notion
of a lifting for f reduces to that of a cross-section over X. A cross-section in
E over a subspace X of B is a map »: X — E such that

pr(x) = x, (xeX). _
Thus, a map »: X - E is a cross-section iff the image x»(x) of an arbitrary
point x € X is contained in the fiber over x. :

It is easy to verify that every cross-section x: X —>E maps X homeo-
morphically onto »(X) with ¢ | %(X) as its inverse. Therefore, a cross-section
2% :X - E is considered intuitively as lifting the subspace X of the base
space B up into E.

If E is a bundle space over B relative to$ : E - B and U< B is a decom-
posing neighborhood with decomposing function and natural projection

‘]-"U' U x D-p-1{U), Yy - UxD-D,
then, for any point ¢ in jb"'l( U), there is a cross-section #e: U — E given by

= ¢u(u, d), d=yupv(e)
for each ue U. If © = p( ¢), then x,(#) = e. Thus, in bundle spaces, local
cross-sections always exist.

However, the existence of a global cross~sect10n i.e. a cross-section over
the whole base space B, is a rather strong condition on the structure of the
fiber space. In fact, if a global cross-section #: B — E exists, then, in any
homology theory.satisfying the Eilenberg-Steenrod axioms, the projection
p:E — B and the cross-section % : B — E induce for each m the homo-

morphisms 4 : Hyy(E) > Hu(B), #: Hn(B) > Hu(E).
Since px is the identity on B, P, must be the identity on Hy,,(B). It follows
that #, is a monomorphism, that #, is an epimorphism, and that Hy(E)
decomposes into the direct sum

Hy(E) = Kernel p,, + Image x,,.

An immediate consequence of this necessary condition is that the Hopf
fiberings in § 5 do not have global cross-sections.

- Dually, one can deduce necessary conditions for the existence of a global

cross-section in terms of cohomology:

Hm(E) = Image $* 4 Kernel »*.
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These conditions (both those on the groups Hy,(E) and those on the groups
Hm(E)) resemble those for retracts. This is no accident: if x is a cross-section,
then the image of % is a homeomorph of B and is a retract of E.

Let x: X — E be a given cross-section. Corresponding to the extension
problem of maps in (I; § 2), we have the extension problem of cross-sections
to determine if % can be extended over the whole base space, that is to say,
whether or not there exists a cross-section »* : B — E such that x* | X = ».
This extension problem of cross-sections is a generalization of that of maps
n (I; §2). Indeed, if E = B X D where D is a given space, then F is a
bundle space over B with projection $ : E - B defined by (b, d) = b. For a
given map f : X - D on a subspace X of B, we have a cross-section np: X ~E

definedby ur(x) = (x, f(x))

for each x.€ X. Then it is obvious that f has an extension over B iff the cross-
section »y can be extended throughout B.

Similar to the classification problem for maps in (I; § 8) is the classification
problem of cross-sections. Let K denote the set of all cross-sections % : B - E.
Introduce an equivalence relation ~ in K as follows: For any two cross-
sections /, g € K, f ~ g iff there exists a homotopy 4;: B -~ E, (0 <t <1,
such that 4, = f, h; = g, and &, € K for every e I. Then the classification
problem of cross-sections is to enumerate the classes of K divided by this
equivalence relation ~. An argument similar to that used above for the
extension problem shows that this classification problem of cross-sections is
a generalization of that of maps in (I; §8).

8. Fiber maps and induced fiber spaces

Let p:E—~B and p': E' - B’ be any two fiberings. A map F: E - E’ is
said to be a fiber map if it carries fibers into fibers. Precisely, F is a fiber
map iff, for every point b in B, there exists a point 4’ in B’ such that F
carries p-1(b) into p'-1(¥").

Now let F:E - E' be a given fiber map. Then F induces a function
/: B - B’ defined by f(b) = p'Fp-1(b)

for every b € B. For any arbitrary set U in B’, we have

J1U) = pF-1p"Y(U).

Hence f is continuous if $.is either open or closed. If this is the case, /is
‘called the induced map of the fiber map F. In particular, if E is a bundle
space over B relative to p, then $ is obviously open and so /is continuous.
The following rectangle is commutative: '

E—F——-> E’
bl
vo5 ¥

B—B’
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Some special cases of fiber maps are important. First, let us take ' : E'» B’
to be the trivial fibering over B, that is to say, B’ = B, B’ = B, and ' is the
identity map. In this case, the projection $ : E — B is a fiber map and its
induced map is the identity map on B. Second, let us take 4 : E - B to be
the trivial fibering over a space X, that is to say, B=X,E =X, and p is
the identity. In this case, every map F : X — E’is a fiber map with f = $'F :
X -» B’ as induced map. This suggests the following extension of the hftmg
problem in § 7.

Let p: E - B and ' : E’ > B’ be two fiberings. By a [fting of a given
map f : B - B’, we mean a fiber map F : E - E’ which induces . Hence,
amap F: E —» E’ is a lifting of f: B —+ B’ iff p'F = fp. The lifting problem
for f: B ~» B’ is to determine whether or not f has alifting F: E -~ E’. As we
have seen in the special case of cross-sections, the answer to this problem
is not always affirmative.

However, for a given fibering ¢’ : E' >~ B’ and agivenmap f: B+ B’ of a
given space B into B’, we can construct a fibering p : £ - B together with
a lifting F : E - E’ of { as follows.

Let E denote the subspace of B X E’ given by

E={(be)eBxE|}b) =27}
and let ¢ : E - B denote the natural projection defined by (b, ¢’) = b.
Let F : E -~ E denote the map defined by F(b, ¢') = ¢’. We are going to
prove that ¢ : E - B is a fibering and that F is a lifting of /. =
By the preceding construction, we have fp = p'F. Hence it remains to

prove that ¢ : E - B is a fibering.
Let ¢: X - E be a given map of a triangulable space X into E and

hy: X - B, (0 <t < 1), be a homotopy of the map ¢ =p¢. Let

E=Fp: X FE, ki=fh: X->B,0<t<1).
Then %; is 2 homotopy of the map

ko = fhy = [pp = p'Fp = p'§

Since p’':E’'-> B’ is a fibering, there exists a homotopy k*:X - E’,
(0 <t < 1), of & which covers k;. Define a homotopy 4* : X - E, (0 <f <1),
by taking he*(x) = (la(%), ke*(@))
for every x € X and ¢ e I. This definition of A;* is justified by the relation
p'ke* = ky = fh;. Since _

ho*(x) = (ho(%), ko*(x)) = (p$(), Fp(x)) = ¢(x)
for every x € X, hs* is a homotopy of ¢. Since 2¢* obviously covers 4, this
completes the proof that ¢ : E — B is a fibering and F is a lifting of /.

The fibering ¢ : E - B constructed above is said to be induced by f; the

lifting F : E — E’ of { will also be said to be ¢nduced by f. Note that, for each

be B, F maps the fiber p-l( b) homeomorphically onto the fiber p'-1(’),
where b’ = f(b). Finally, it is straightforward to verify that, if E’ is a

bundle space over B’, then so is E over B.
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Finally, if %" : B’ > E' is a cross-section, then the map % : B -~ E defined
by x#(b) = (b, » f( )) is also a cross-section. We shall caH »x the induced
cross-section of #' by /.

The following special case will be used in the sequel. If B is a subspace of
B’ and f: B » B’ is the inclusion map, then E can be identified with »"-1(B)
and p with ¢’ | B in an obvious way. In this case, the induced fibering
p . E - B will be called the restriction of p' : E' - B’ on B. Hence we have
the following

Proposition 8.1. If F is a fiber space over a base space B with projection
P E > B and if A is any subspace of B, then p~H4) is a fiber space over A
with p | p~1(A) as projection. ‘

9. Mapping spaces

Let X and Y be arbitrarily given spaces and denote by
Q=YX

the totality of maps of X into Y. There are various ways of topologizing 2,
but we will be concerned only with the compact-open topology, [Fox 3]. It is
also called the k-topology, [Arens 2], and the fopology of compact convergence,
[B; II1] and [K]. |

For any two sets K< X and W< Y, let M (K, W) denote the subset of £
defined by M(K, W) ={{eQ|{(K)c W}.

M(K, W) will be called a subbasic set of Q if K is compact and W is open.
The compact-open topology of £2 is defined by selecting as a subbasis for
the ‘open sets of 2 the totality of the subbasic sets M{K, W) of 2. According
to the usual definition of a subbasis, every subbasic set is open in £ and
every open set of 2 is the union of a collection of the finite intersections of
subbasic sets.

Throughout the present book, mapping spaces are understood to be
topologized by their compact-open topologies, unless otherwise stated.

Lemma 941. If X 15 a Hausdorff space and { U} is a subbasis fov the open
sets of Y, then the totality of the sets M(K, U), for K a compact subset of X
and Ue{ U}, constitutes a subbasis for the compact-open topology of 2
[Jackson 2].

Proof. It suffices to show that if K is a compact subset of X and W an
open subset of Y, and if fe M(K, W), then there exist compact subsets
K,y,-+ -, Ky of X and members U,, -+, Uy, in { U } such that

FEMKL, UNN - N M(Em, Un) < M(K, W).

Let xe K. Since f(x) e W, there are a ﬁmte number of sets in { U},
say UY,> -+, Ug,, such that '

Hx)eUTN --- NUF < W
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S_ince { is continuous, thereis a neighborhood Gy of ¥ in X such that

Gy = Uin --- N UZ,.
As a compact Hausdorff space, K is regular. So there is an open neighborhood
H, of x in K such that the closure K; = Hy is contained in Gg.

The collection { Hy | x€ K } is an open covering of the compact space
K, and hence there are a finite number of points in K, say xq,-**, xg,

such that K = Hz U+ UHg,

In the subscripts and superscripts involved above, we shall simply replace

xbyj,f=1-".,¢
Now the sets K,,* -, K, are compact. Moreover,

FE)< (G = UIN - N UL W, (j =1, 9).

Hence we have 7 % .
fen [ﬂlM(Kj, Upl-

1‘=1 ez

Suppose that gef2 is contained in the set on the right-hand side of the
preceding formula. If x € K, then x is in some Hyand hence is in K. Therefore

gx)elin -+ n U,fjc w.
Thus ge M (K, W), and so

fe b [hME, U]e MK, W). 1

j=1 4=1
Next, there is a natural function
w: 2 xX->Y

defined by w(f, x) = f(x) for each f {2 and each x € X. @ will be called the
evaluation of the mapping space £2.

Proposition 9.2, If X is a locally compact vegular space, then the evaluation
‘w of 2 is continmous. ‘ '

Proof. Let e, xe X, and an open set W of ¥ which contains /(x) be
arbitrarily given. Since f is continuous, the inverse image /(W) is an open
set containing x. Since X is regular and locally compact, there exists an open
neighborhood ¥ of # such that the closure ¥ is compact and is contained in
f-Y{(W). Then U = M(V, W) is a subbasic open set of £ which contains f.
U = M(V, W) implies that @ maps U X V into W. This proves the con-
tinuity of w. 1 S .

For the necessity of the local compactness of X in (9.2), see Ex. J at the
end of the chapter. ‘

For each point y € Y, let j(y) denote the constant map in £ which maps X
into the single point y. The assignment y — j{y) defines a function

j:Y =2
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called the natural injection of ¥ into L. It can be easily verified that j maps
Y homeomorphically onto a subspace j(Y) of £2. Furthermore, if Y is a Haus-
dorff space, then §(Y) is closed in £2.

For any given point a € X, let

pa:QﬁY

denote the function defined by p(f) = f(a) for each fe£. Clearly, p, is a
map and sends the subspace j(Y) of 2 onto Y. We shall call p, the projection
of £2 onto Y determined by the given point 4 € X.

From the definitions given above, we observe that p,j is the identity map
on Y and jp, is a retraction of £ onto its subspace j(Y). Hence we have the
following

Proposition 9.3. The natural injection | maps Y homeomorphically onto a
retract j(Y) of £2.
Next, let us consider three given spaces 7, X, ¥ and the mapping spaces

Q=YX & =YXxXT =0T
For each map ¢: X X T - Y in @, define a function 8(¢): T - R by
taking g0 = $x 0, (teT, xeX).
0(¢) is said to be associated with ¢.
Proposition 9.4. The assoctated function 0(¢) of b € @ is continuous.

Proof. Let ¢ = 0(¢) and let U = M(K, W) be any subbasic open set in 2.
It suffices to prove that ~!(U) is an open set of T. Let ¢, be any given point
in »~Y(U). By definition, we have
K x ty< W) .
The continuity of ¢ implies that ¢-1(I¥) is an open set of X x T. Hence
¢~1(W) is the union of a collection of open sets of the form G, x H,, where
- G, and H, are open sets of X and T respectively. Since K is compact,
K X t, i< contained in the union of a finite number of these open sets, say
r.l X Hl’G2 X H2:'.':G’ﬂ; X H’ﬂ- 7
with ;€ Hyforeachz = 1, 2,- -+, n. Then
HmHlﬂHEH e an

is an open set of T containing #, and is contained in y-1(U). Therefore,
p~HU) 1s an open set of 7. |
As a consequence of (9.4) the assignment ¢ - 6(¢) defines a function

0: @ ¥
when continuous, this function will be called the assocmtzon map that thls

is usually the case is shown by the following

Proposition 9.5. If T is a Hausdorff space, then 0 : D - ¥ s continuous.
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Proof. Since T is a Hausdorff space and the totality of the subbasic sets
M (K, W) constitutes a subbasis of £, it follows from (9.1) that the subsets

ML, MK, W)] ={ye¥|ypl)= MK, W)}

form a subbasis for ¥, where L runs through the compact subsets of T, K
runs through the compact subsets of X, and W runs through the open
subsets of Y. It follows clearly from the definition of § that

6-1{ ML, M(K, W)]} = M(K x L, W).

Since K x Liscompact, M(K x L, W)isopenin®. Since { M[L,M(K,W)] }
is a subbasis of ¥, it follows that 8 is continuous. 1

It is obvious from the definition that § carries @ into ¥ in a one-to-one
fashion. In general, § is not onto. However, we have the following

Proposition 9.6. The evaluation w of 2 is continuous 1ff, for every space T,
the function 6 : @ - ¥ is onto.

Proof. Necessity. Let pye¥ and consider the map X: X X T'» 02 X X
defined by Xx, t) = (w(t), %), (xeX, teT).
Let ¢ — wX e ®. Since
B(@)(D1(x) = d(x,8) = wy(x,?) = o[y(), ¥] = [p(}](x)

for every e T and x € X, we have 6(¢) = o. Hence 0 is onto.

Sufficiency. Assume that the condition holds. In particular, select T = 2
and take ywe ¥ to be the identity map on 2. Then there is a map ¢ P
with 0(¢) = . Since

$(x, f) = [p(HIx) = K(#) = o, %)

for évery x¥ € X and f € 2, the continuity of ¢ implies that of w. |
As an immediate consequence of (9.2) and (9.6), we have the following

Corollary 9.7. If X is a locally compact regular space, then the function
6: D W sends @ onto ¥ in a one-to-one fashion.

Proposition 9.8. I} X and T are Hausdor[f spaces, then the association map
6 : D ¥ is a homeomorphism of @ onto a subspace of ¥ [Jackson 2].

Proof. Since 6§ is one-to-one and continuous by (9.5), it remains to prove
that 6-1 is continuous on 6(@) < ¥. For this purpose, it suffices to prove
that, if J is a compact subspace of X X T and W is an open set in Y, then
the image O{M (], W)] is an open set of 6(D).

Let we O[M (], W)] be arbitrarily given. Choose a ¢ M(J, W) with
0(¢) = . Let Jx and Jr denote the projections of J in X and T respectively.
For each point z = (x, {) € J, choose an open neighborhood U, of x in Jx
and an open neighborhood V; of ¢ in J7, such that

(U, x Vo) W.
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As compact Hausdorff spaces, Jx and Jr are regular. Hence we may shrink
U, and V, a little bit so that

HK, X L)< W,

where K, denotes the closure of U, in [y and L, that of ¥, in Jr. |
The collection { (U; X V) N J | z€ J }is an open covering of the compact
space J. Hence there is a finite number of points in [, say z,, -, 2,

such that J S (Usy X Vi) U -+ U (Us, X V).

For the subscripts in the notations of the various sets involved above, we
shall simply replace z; by 7, ¢ = 1,
Now the sets Kyand Ly, ¢ = 1,- - -, », are compact. Moreover,

[w(Li)] (Kq)) =Ky X Ly W

foreach 7z = 1,- -+, n. Heénce

Suppose that Xe¥ is contained in the set on the right-hand side of the
preceding formula. Since X € 6(®P), there is a £ @ with ¥ = §(&). If 2 =
(%,t) € J, then z is contained in some U; X V; and hence in K; X L;. Since
X isin M[L;, M(K;, W)] and since x € Ky, ¢ € L;, we have

E(z) = E(x, ) = [X(0)] (x) e W.

This proves that &(J) = W. Therefore, £ M(J, W) and hence X = 0(§) €
6{M (], W)]. Thus, we obtain

Y €0(@) 0 {1 MLy, M(Ks, W)]}< 0[M(], W)

This proves that 8[M (], W)] is an open set of 6(®D). I
As an immediate consequence of (9.7) and (9.8), we obtain the following

Theorem 9.9. Let X and T be H ausdorﬁ spaces and 'Y any space. If X is
locally compact, then the association map 0 is a homeomorphism of the mappmg
space @ = YXXT outo the mapping space ¥ = (YX)T.

Hereafter, when the assumptions of (9.9) are satisfied, the two mapping
spaces will be identified by means of the homeomorphism 6. In symbols,
we have YEXT — (YX)T, '

This will be called the exponential law of mapping spaces.

Now let us go back to (9.3) and look for a sufficient condition that §(Y)
be a strong deformatmn retract of £. Such a condition is given by the
following

Propositrioh 9.10. If X is a ldcally compact regular s;boice and contractible
to a pornt ac X, then {(Y) 1s a strong deformation vetract of 2.
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Proof. By (9.2) the evaluation w : 22 x X —» Y is continuous. Since X is
contractible to the point a € X, there exists a map

h: X XIT-X

such that W%, 0) = %, hix, 1) = a, (xeX);
ha,t) =a, (tel).
Define a map ¢ : X x 2 x I -+ Y by taking
dx, [, 1) =w[f,hx,1)], (xeX, feR tel).
According to (9.4), the associated function
| =0): 2 x>0

is continuous. Define a homotopy %; : £2 - £, (0. < ¢ < 1), by setting

X(f) =y(f.t) (feRtel)
Then it is easily verified that X, is the identity map, X, = jpq, and Xi(f) = f
fcrevery fej(Y)and fel. |
~ Since it is easily verified that

| L0 < 20), (yeY,tel),
we have proved the following

Proposition 9.11. I} X 1is a locally compact vegulay space and contractible
to a point ae X, then, for each y €Y, the subspace p'(y) 1s contractible to
the point §(y). ‘

10. The spaces of paths

Let Y denote a given space. By a path in Y we mean a map
| o.1->Y

of the unit interval I = [0, 1] into Y. The points ¢(0) and (1) are called
respectively the inifial point and the lerminal point of the path o, and are
said to be connected by the path o. :

The relation that two points 4 and & can be connected by a path in Y is
- obviously symmetric, reflexive and transitive; hence the points of Y are
divided into disjoint classes, called the path-components of Y. We shall
denote by Cy the path-component of Y which contains the point ye Y.
Y is said to be pathwise connected if it consists of a single path-component
and hence every pair of points in Y can be connected by a path.

The totality of paths in Y forms a space

Q=Y

with the compact-open topology defined in the previous section. This space
£2 together with certain of its subspaces is of fundamental importance in
homotopy theory as well as in the functional topology of Morse, [M; and M ,].

By a generalized triad (Y ; A, B), we mean a space Y together with two
subspaces 4 and B. (Y; 4, B) is said to be a tréad if the intersection 4 N B
is non-empty. For a given generalized triad (Y; 4, B), let us denote by

[Y; A, B]
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the subspace of £2 which consists of the paths ¢ in Y such that ¢(0) € 4 and
o(1) € B. The following particular cases are of importance.

It A = Y and B consists of a single point y € Y, then we shall denote the
subspa.ce [Y;Y,y] of 2 simply by £2y. It is called the space of paths in Y
with a given termmal point vy,

A loop in Y is a path ¢: I > Y such that ¢(0) = ¢(1). The point ¢(0) =
(1) will be called the basic point of the loop o. The set of all loops in Y forms
a subspace /1 of £ which will be called the space of loops in Y.

If both 4 and B of a given generalized triad (Y ; 4, B) consist of the same
single point y € ¥, then we shall denote the subspace [Y ; v, y] of 2 simply
by Ay. It is obviously a subspace of A and will be called the space of loops
in Y with a given basic point y. Clearly we have

.Ay=AﬂQy.

The projections p,, p, : 2 > Y determined by the points 0, I as in the
preceding section shall be called the initial projection and the terminal
projection respectively. If Y is a Hausdorff space, then the continuity of p,
and p, implies that the subspaces A, A, 2, of 2 are all closed.

Let dy denote the degenerate loop 84(I) = v. By (9.11), we have the
following

Proposition 10.1. 2, is contractible to the point dy.

Intuitively, a contraction of Q4 to the point d, is obtained by pushing
all paths of 2y along themselves simultaneously to the terminal point y.

11. The space of loops

Let Y denote a given space and y€ Y a given point. The space A, of
loops in Y with y as basic point has a central role in the study of homotopy
groups; therefore, we shall study its important properties in the present
section. ‘

There is a natural multiplication defined in Ay as follows. For any pair
of loops f, g € Ay, the product fg € Ay is the loop in Y defined by

_ren, o o<t<y,
e} () = { g(2%t— 1), 1<t <.

Intuitively speaking, fg is the lIoop in Y which travels along the loop f with
double speed while £ is in the first half of I; then fg travels along the Ioop g
with double speed while £ is in the second half of 7. _

~ The correspondence (f, g) - u(f, g) = fg defines a function

called the multiplication function in Ay,

~ Proposition 11.1. The natural multiplication in Ay is continuous; by this
we mean that the multiplication function y is continuous.
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Proof. Let U = M(K, W) N Ay be an arbitrary non-empty subbasic opeﬁ
set of Ay. It suffices to show that the inverse image u~*{U) is an open set of
Ay X Ay. Let ¢,y : I > I denote the maps defined by

$) =&, ) =3¢+ 1)
foreachte . Let A = ¢~1(K) and B = p~1(K); then 4 and B are compact
subspaces of I. Consider the subbasic open sets
F=MAW)NAdy, G=MB, W)NAy
of Ay. For any pair of loops f, g € Ay, it is easy to see that fge M(K, W) iff
fe M(4, W) and ge M(B, W). Hence u~Y(U) = F x G. This proves that
p-YU) is open. | '

Corollary 11.2. Every loop f € Ay determines two maps

Lf, Rf . A.y --)Ay
defined by Ls(g) = fg and Ry(g) = gf for every g € Ay,.

Proposition 11.3. If d € Ay denotes the degenerate loop 8(I) = vy, them Lg
and R ave deformations of Ay. In faci, theve exists a homotopy hy: Ay - Ay,
(0 <t < 1), such that hy = L, hy is the identity map, and hy(8) = & for each
tel; and analogously for Rj.

Proof. According to (9.2), the evaluation w: 4y X I - Y is continuous,
Hence we may define a map

¢: I xAyxI->Y

by taki | 1
o f4) = f(lz—fs-t)’«‘ (fGA“"tEIO< <~_2ij)
é(s, 1, 1) = y, | (fEAy,tEI L;__tg él).

By (9:4-), the associated function y = 6(¢) is continuous. It is easily seen that
p maps Ay X I into the subspace Ay of £ and, by definition, y is given by

W(f, 01(s) = (s, 1, 8), (fedy tel,sel)
Hence we may define a homotopy % : 4y -4y, (0 <# < 1), by taking

k() = (1, 0), (fedy, 0 <t <)

Then it is easy to verify that 2, = Rs, &, is the identity map, and £4(8) = ¢
for each € I. This implies that R is a deformation of A,. Similarly, we can
prove that L is a deformation of Ay. |

These properties of 4, show that it belongs to the class of H-spaces, which
are defined as follows. |

By a continuous multzplzcatwn in a space X ,wemeanamap u: X X X »
X. Let u be a given continuous multiplication in X. For any pair of points
a and b of X, u(a, b) is customarily denoted by ab and is called the'product
of a2 and b. For any given point a € X, the correspondences x - ax and
% - xa determine respectively the maps |

La:X—>X, Ru:X“PX
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called the left and the vight translation of X by a. A point a € X is said to be a
left homotopy unit if a is an idempotent, that is to say, aa = a, and if L,
is homotopic with the identity map relative to 4. Similarly, an idempotent
a € X is said to be a right homotopy unit if Ry is homotopic with the identity
map relative to 2. An idempotent a € X is called a komotopy unit if it is both
left and right homotopy unit. By an H-space, we mean a space X with a
given continuous multiplication 4 which has a homotopy unit.

According to the propositions (11.1) and (11.3), Ay is an H -space under its
natural multiplication with the degenerate loop 8 as a homotopy unst. As another
important example, any topological group is obviously an H-space under its
group multiplication with the neutral element as a homotopy unit.

An important property of H-spaces which will be used in the sequel is
expressed by the following

Proposition 11.4. I/ X is an H-space with x, as a homotopy unit, then the
fundamental group 7,(X, %,) ts abelian.

Proof, Let «, 8 be any two elements of m,(X, %,) and let f, g: I - X be
representative loops of «, f respectively. Since x, is an idempotent, we may
define a loop % : I -+ X at x, by taking

nt) = f{)g(t)

for each ¢€ 1. This loop % represents an element y of =;(X, %,) which ob-
viously depends only on « and §. It suffices to prove that y = af and y = fo.

To prove y = aff, we may assume that the representive loops f, g have been
so chosen that f(f) = #, for each ¢ > and g(f) = %, for each ¢ < 1. It

follows that o) -z, ([0 <t <),
%o:8(2), (i <t <.

Since #, is a homotopy unit of X, there exist two homotopies ¢s, s
X =X, (0 <s <1),suchthatgy(x) = xx,¢,(x) = ¥, Yo%) = %%, (%) = %
for each x € X and ¢s(x,) = %, = ws(%,) for each sel. So, we may define
a homotopy 4s: I - X, (0 <s < 1), by taking

h(f) = {

hs(t) - { ’PSf(t): (ifo <! < %);
s () (if3 <t <1).

Then we have &, = & and ks(0) = x, = hs(1) for each s € I. Since 4, satisfies
the relation hy(f) = ‘ f@), (if0 <t <)),
RV (it} <t <),

it obviously represents the element 8. This implies that y = «f.
Similarly, we can prove y = fa by choosing / and g such that f(f) = x,
for each ¢ < } and g(#) = x, for each ¢ > 1. 1
In the preceding proof, we have also proved the following
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Corollary 11.5. Under the hypothesis of (11.4),if two elements a, B €7y (X, %)
arve represented by the loops f, g : I - X at x,, then the element af} is vepresented
by the functional product h : I > X of {, g defined by

h(t) = 1) gt), (tel).

As we shall see later, this assertion also holds for the higher homotopy
groups. :

Now let us come back to the space Ay of loops and consider its path-
components. By (9.9), one cdn easily see that the path-components of
A, are exactly the equivalence classes of the loops of A, as defined in (II,
§4). Hence we have the following

Proposition 11.6. Under the natural multiplication of Ay, the path-com-
ponents of Ay form a group which is essentially the fundamental group m,(Y,y).

12. The path lifting property

In the present section, we are going to define, for any given map p: E -~ B
the path lifting property (abbreviated PLP) which was recently introduced
by Hurewicz and Curtis, and to prove that it is equivalent to the absolute
covering homotopy property (abbreviated ACHP) defined in § 2.

Roughly speaking, a map ¢ : E - B is said to have the PLP if, for each
e e E and each path f: I - B with /(0) = p{e), there exists apathg: [ - E
such that g(0) = ¢, pg = /, and that g depends continuously on ¢ and /.
For a precise definition, let Z denote the subspace of the product space

I
E x B' defined by 7 = { (e,f) cE X-BI I ]5(6) — f(O) }
Define a map g E' 2
by taking ¢(g) = (g(0), pg) for each g:I - E in E'. Then p : E ~ B is said
to have the PLP if there exists a map
v.:Z > E!
such that g7 is the identity map on Z. In this case, 7 is clearly a homeo-
morphism of Z onto a retract of E”. |
Proposition 12.1. 4 map p : E — B has the PLP iff it has the ACHP.

Proof. PLP = ACHP. Let g : X - E be any given map of a space X into
E and f/;: X ->B, (0 <t<1), a given homotopy of the map [ = pg.
According to (9.4), the homotopy f; gives a map & : X > B’ defined by

(A(x)] (8) = flx), (veX,tel).
Let 2: X —~ Z denote the map defined by
k(%) = (g(x), hlx)), (x€X).

Then the composition 7k is a map of X into E'. According to (9.9), we may
define a homotopy g : X - E, (0 </ <), by taking

gi(x) = [rR(x)](1), (xeX, tel).
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One can easily verify that g, = g and pg; = f for each fe I. This implies
ACHP.

ACHP = PLP. Let 5:Z - E denote the natural projection defined by
nle, }) = e for each (¢, /) € Z. Define a homotopy &::Z - B, (0 <t < 1),

by taking Eef) = 1), (/) eZ,tel).
Then we have &, = pn. According to ACHP, there exists a homotopy
n:Z-E, (0<?<1), such that 7, =% and pn = & for each ftel.
According to (9.4), 7; gives a map # : Z - E' defined by

(7210 = ne(2), (zeZ,tel).
Then it is easily verified that g#(z) = # for each ze Z. Hence, p : E > B has
the PLP. 1

Corollary 12.2. If a map p: E ~ B has the PLP, then E is a fiber space
over B velative to p. | |

13. The fibering theorem for mapping spaces

Let X be a locally compact ANR and A be a closed subspace of X which
is also an ANR. On the other hand, let Y be an arbitrary space.
Let us consider the mapping spaces

E=Y* B=Y"
p:E—-B
defined by p(f) = f| A4 for every map f: X - Y. We are going to prove

that E is a fiber space over B with p as projection; in fact, we have the follo-
wing stronger result.

Theorem 13.1. The map p : E -~ B has the PLP.

Proof. Let us consider the subspace Z of E x B’ and the map ¢: El>Z
described in the preceding section and try to construct a map »:Z —~ Ef
such that g is the identity map. g

Consider the closed subspace 7T = (X x 0) U (4 xI) of X x I. By
(I; Ex. 0), T is a retract of X X I. Let p: X x I > T denote a retraction.

Consider the mapping space Y'. For each g: T - Y in Y%, define two
maps ¢: X - Y and f: I - Y4 as follows:

e(x) = g(x,0), (xeX);

[f{#)](a) = gla,?), (tel,acd)

The continuity of f follows from (9.4). Hence, the assignment g - 8(g) =
(e, f) determines a function 0:vVT »Z.

There is a natural map

By the methods used in establishing the exponential law of mapping spaces
in § 9, one can prove that  is a homeomorphism of YT onto Z.
Using the inverse of 6, we can define a map »:Z - E? by taking

{ 7(&)1) } (%) = [07(2)]p(x, )
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for every tel and xe X. Since p is a retraction, it follows immediately
that ¢g7(2) = z foreach zin Z. |

Note. The condition that X is locally compact is inessential. In fact, the
theorem holds without this condition; for (9.7) may be replaced by Ex. L
at the end of the chapter.

Nowlet {A,|ueM }and { Y,|ue M} be given families of subspaces
of 4 and Y respectively, both indexed by the elements of a set M. Consider
the subspace B’ of B which consists of the maps g € B such that g(4,) < Y,
for each pe M. Let E’ = p-1(B’). Then E’ is the subspace of E consisting
of the maps f: X - Y such that f(4,) = Y, for every p e M. By (8.1) and
(12.2), we have the following

Corollary 13.2. The map p' : E' - B’ is a fibering.

In fact, it is also obvious that 4" : E’ - B’ has the PLP. So, this generalizes
(13.1).
~ For important examples, let us take X to be the unit interval I. First,
take A to be the single point 1 of I. In this case, the space E is the space
£ of all paths in Y, and the space B can be identified with Y in an obvious
way. Furthermore, the natural projection is essentially the terminal projec-
tion p;:£2~ Y. Hence p,: 2-Y has the PLP by (13.1). Let Z be a subspace

of Y, then pNZ) = [Y; Y, Z].
Therefore, by (13.2), we have the following

Corollary 13.3. For any subspace Z of a given space Y, the space [Y ;Y ,Z]
1S a fiber space over Z relative to the terminal projection. Similarly, the space
[Y; Z,Y] 1s a fiber space over Z velative to the initial projection.

Next, let X = I and take 4 to be the subspace of I which consists the
boundary points 0 and 1 of I. Let M be an index set containing a single
element u. Define 4, and Y, to be the single points 1 € 4 and y € Y, where
y is a given point. In this case, the space E’ in (13.2) becomes the space 2y
of all paths in Y with y as terminal point, and the space B’ can be identified
with the path-component Cy of Y in an obvious way. Furthermore, the
natural projection $’ is essentially the mltlal projection p,. Hence, we have
the following important

Corollary 13.4. The space 2y is a fiber space over Y velative to the initial
projection. The fiber over the given point 'y € Y is the space Ay of all loops in Y
with v as basic point.

Let Z be a subspace of Y. Then the following corollary is an immediate
consequence of (13.4) and (8.1).

Corollary 13.5. For every subspace Z of a space Y and any given point y
in Y, the space [Y ;Z,y] is a fiber space over Z velative to the initial projection.
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14. The induced maps in mapping spaces

Let X, Y, Z be arbitrarily given spaces and ¢ : Y -~ Z a given map. For
each fe Y¥, the composition ¢f is in ZX. The assignment f ->¢f defines a
function ¢ VX > ZX

which is obviously continuous and will be called the induced map of ¢ on Y¥
into Z%. Let C denote the category composed of all spaces and all maps,
[E-S; p. 110]. The operation Y - Y¥ and ¢ -~ ¢*, where X is a given space,
defines a covariant functor of C into itself, [E-S; p. 111].
Furthermore, if we consider the natural injection § and the projection p,
determined by a given point « € X, the commutativity relations
j$ =i, dpa = pad”

obviously hold in the following rectangles of maps:

X a X N
vx ¥ 7x yx 9 ox

Throughout the remainder of the present section, we are concerned with
the important special case that X = I. |

Consider a given map ¢ : Y - Z. Let y be a given point of ¥ and denote
2 = ¢(y) € Z. As above, we shall use the following notation:

Q,=[Y;Y,y], Ay=[Y;5Vy]

R,=1[Z;,2,z], A,=1Z;27z].
Then the induced map ¢* obviously sends £y into £, and Ay into A;. More
generally, ¢/ maps [Y ; 4, B] into [Z ;$(4), $(B)] for any given subspaces
Aand BofY.

According to § 11, there are natural multiplications defined both in Ay
and in A,. It follows from the definition that

(14.1) ¢'(fe) =4 (1)¢'(e)

for any fe Ay and g € Ay. Since ¢ is a map, it sends the path-components
of Ay into those of A,. Hence, (14.1) shows that ¢’ induces a homomorphism
of the group of path-components of Ay into that of A, which is the induced
homomorphism ¢, of 7,(Y, y) into x,(Z, 2).
Now let Y, Z be given spaces, A CY, BCZ given subspaces, and
vo €A, 2y € B given points. Let
U= [Y’ Y’y(}}: C = [Y;A:y[l]:
V=I[2:;Z2), D=I[Z;B,z]
and denote by u#, e C and v, € D the degenerate loops u,(I) = y, and ve({) =
z, respectively. Let p:U-Y, V-2

denote the initial projections. We are going to establish a covering map
theoremn which will be important in the next chapter.
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Theorem 14.2. If v : U —~ Z is a map such that v(C) < B and Y(ng) = z,,
then there exists a map v*: U~V such that gy* = v, p*(C)<= D, and
Y*(uo) = . |

Proof. According to (9.2), the evaluation w: U X I - Y is continuous.
Define a map ¢:1 X I X U~ Y by setting

0,8, f) =w(f,s +t—st), (sel,tel, fe U).
By (9.3), the associated function X: I x U -> U defined by
(X D) = als, 2, f), (tel,feU,sel),

is continuous. Let & =yX:I x U »Z. By (9.3), the associated function
p*: U -V defined by

[ (N1 =&t 1). (tel feU),

is continuous. It remains to verify the relations gy* =y, *(C) < D and
Y1) = vy

From the definition of X, one can easily see that X(0,f) = { for every
/€ U. Hence we have

gy* (1) = [w*(H))0) = 4X(0, /) = y(f)
for every fe U. This proves that gp* = p. p*(C)< D is an immediate °
consequence of gy* = y and y(C) = B . To check y*(u,), = v, we first note
that X(¢, uy) = u, for every ¢ e I. Then we have '

[y*(ue)](f) = &(2, o) = YA(f, ug) = p(ung) = z,.

for every £ € I. This implies 9*(u,) = v,. |

If we removed the condition ¢*(u,) = v, from the conclusion, then (14.2)
would be easier to prove. By (13.1), the map ¢:V - Z has the PLP and
hence also the ACHP. Since U is contractible, an application of the CHP
for U gives a lifting y*: U~V of the map w:U - Z. That ¢*(C) < D is ob-
vious but the condition y*(u,) = v, does not necessarily hold. The lifting y*
constructed in the proof of (14.2) may be called the canonical lLifting of .

15. Fiberings with discrete fibers

Motivated by the results concerning the exponential map p: R St in
Chapter II, we are going to establish similar results for fiber spaces with
discrete. fibers, i.e. in which all fibers are discrete. Let E be a given fiber space
over B relative to ¢ : E - B with discrete fibers.

Lemma 15.1. For each path o : I - B joining b, to b, and for each & € p1(by),
there exists one and only one (covering) path o* : I — E such that o*(0) = ¢,
and po* = o.

Proof. The path ¢ may be considered as a homotopy of the partial map
o | 0; hence, the existence of 6* is an immediate consequence of the covering
homotopy property. | '

To prove the uniqueness, let ¢*, ¢4 : 7 > E be any two paths in E such
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that po* = ¢ = pot and o*(0) = ¢, = o#(0). Let sel be arbitrarily
given. It remains to show that o*(s) = o7(s). For this purpose, let us define

a map g: 71— E by taking
o*(s — 2st), (0 <t <3,

t _
&) {G#(Qstws), (1 <t <1).
Then the map f = pg: I+ B has a homotopy f-: 1B, (0 <7 <),

defined b :
Yf 0 = { o(s — 2st -+ 2rst), (0 <t <P,
’ o(2rs + 2st — s — 2vst), i <t<l).

Since fr(0) = o(s) = fr(1) for every 7€ I, it follows from (iv) of (3.1) that g
has a homotopy gr: I = E, (0- << < 1), such that

pgr = Ir £(0) = a*(s), gr(1) = o¥(s)

for every 7 € I. Since f,(I) = o(s), pg, = f, implies that the connected set
g,(I) is contained in the fiber over o(s) which is discrete. Therefore, g;(f)
must be a single point. This implies that o*(s) = o%#(s). |

We recall that two paths o,7:[ - B joining &, to b, are equivalent,
¢ ~ 7, if they are homotopic with the end points held fixed. The paths in B
joining b, to b, are thus divided into disjoint equivalence classes which are
actually the path-components of the space [B ; by,-0,].

Lemma 15.2. The terminal point o*(1) of the covering path o* .1 ~E in
(15.1) depends only on ey p (b)) and the equivalence class of the path
¢.1—~B. :

Proof. Assume that o, 7:I — B are equivalent paths joining b, to b, and
that o*, t*:] -~ E are the covering paths with common initial point
e, € p1(b,). It suffices to prove that ¢*(1) = 7*(1). |

Since ¢ ~ 1, there exists a homotopy % : I - B, (0 << 1), such that
hy = o, by = 7 and hy(0) = by, A1) = b, for each te I. According to (iv)
of (3.1), there exists a homotopy A% : I ~ E, (0 <t < 1), such that 4,* = ¢%,
phe* = hy, he*(0) = ey, and h*(1) = o*(1) for every ¢ € I. Since 4 H0) = ¢
and ph* =hy =1, 1t follows from the uniqueness part of (15 1) that
h* = 7%, Hence we have

*(1) = hy*(1) =-0*(1). |

Lemma 15.3. For each by € B and each ey € p~(bq), the projection p (E, eg) >

(B, by) tnduces a monomorphism |
b 170 (E, eg) > 71(B, by)-

Proof, Assume that aen,(E, ¢) and py(a) = 1. Let g: I ~E be a re-
presentative loop of a. Since the loop f = pg : I - B represents the element
pyla) = 1, there exists a homotopy f¢: [ - B, (0 <¢ < 1), such that fo =1
fiI) = by and f(0) = b, = f¢(1) for each teI. According to (iv) of (3.1),
there exists a homotopy g¢: I ~ E, (0 < { < 1), such that g, = g, pg: = fe



88 III. FIBER SPACES

and g4(0) = ¢y = g4(1) for each e I. Since f,(I) = b, and pg, = f;, the
connected set g,(7) is contained in the fiber p~1(b,) which is discrete. Hence,
g:({) must be a single point. This implies that g,(/) = ¢, and a = 1. |

Therefore, 7,(E, ¢,) is isomorphic to a subgroup p,[7,(E, &,)] of 7,(B, b,)
which obviously depends on the choice of ¢,. In general, there are no relations
among these subgroups p,[7,(E, ¢,)] for various choices of ¢, & p~1(b,) unless
they can be joined by paths in E. Hence, let us assume that E is pathwise
connected. It follows, of course, that B must also be pathwise connected.

Now let ¢, be another point in p-1(b,). Since E is pathwise connected,

there exists a path ¢: I —~ E joining ¢, to ¢;,. According to (II; 4.1), o de-
termines an isomorphism

. O -7 (E, ey) ~ 7y (E, ). |
On the other hand, po : I -~ Bis a loop at b, and hence represents an element
w of 7my(B, by). By the definitions of $,, and oy, one can easily see that

PuOx(®) = w+py(a) -0t

for each aem,(E,e;). This implies that p,[n,(E, ¢;)] is the transform
Wl py[7i(E, )] w of py[my(E, )] A

Conversely, let w be an arbitrary element of 77,(B, b,). Pick a representative
loop 7 : I - B for w. By (15.1) there exists a path ¢ : I - E such that ¢(0) =
¢y and po = 1. By (15.2), the point ¢; = ¢(1) in p~*(d,) depends only on
the element w. One can also easily see that ¢, = ¢, iff w is in the subgroup
Px[71(E, ¢)]. Hence, we have proved the following

Theorem 15.4. If E is a pathwise connected fiber space over B velative to
p 1 E — B with discrete fibers, then, for each by e B, the images py[mi(E, ey)]
of the induced monomorphisms

. Py 17y (E, &) »my(B, by)
for all ey € p~2(by) constitute a class of conjugate subgroups of 7e,(B, b,). Further-
more, for a fixed eyc p-1(by), there is a natural ongto-one correspondence
between the points of p=1(by) and the vight cosets.of py [m,(E, )] in m,(B, by)
with ey corresponding to the subgroup p,[m(E, €,)].

This class X(E ;b,) of conjugate subgroups { p,[7,(E, €)] | o€ 9~ 1(b,) }
of my(B, by) will be called the characteristic class of E at b,. Fach group in
X(E ; by) is isomorphic to the fundamental group m,(E) of E. X(E ; b,) will
consist of a single group iff p,[7,(E, ¢,)] is an invariant subgroup of 7,(B, b,)
for some and hence every ¢, € p~1(by). If X(E, b,) consists of a single group,
then so does X(E, b;) for any other b, € B. In this case, we say that the
fibering (E, p, B) is regular.

For a fixed ¢, € p~1(b,), the natural one-to-one correspondence is defined
as follows: The right coset of p.[n(E, ¢,)] in 7,(B, b;) corresponding to
ey € p~1(by) is the one which contains the element w em,(B, b,) represented
by the loop po : I -~ B, where ¢ : I - E is any path joining ¢, to e,.

Note. All the assertions as well as their proofs obviously hold for fiber
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spaces with totally pathwise disconnected fibers. Here, a space is said to be
totally pathwise disconnected if it has no pathwise connected subspaces
except single points. '

16. Covering spaces

Throughout the present section, let B be a given connected and locally
pathwise connected space.

A connected space E is said to be a covering space over B relative to a
map p : E - B if the following conditions are satisfied:

(CS1) p maps E onto B.

(CS2) For each b € B, there is a connected open neighborhood V of b in B
such that each component of p—%(V) is open in E and is mapped homeo-
morphically onto V by #. |

As immediate consequences of (CS2), the following two conditions are also
satisfied:

(CS3) E is locally pathwise connected.

(CS4) p : E ~ B is an open map.

Examples. According to (II; 2.2), the real line R is a covering space over
S1 relative to the exponential map $ : R — S1. Next, let us consider the unit
n-sphere S* in the euclidean (n + 1)-space R7+., If we identify the anti-
podal points of S?, we obtain the real projective n-space P* with natural
projection ¢ : S» - P, It is easy to verify that S7 is a covering space over
P relative to p and the fibers are the pairs of antipodal points in S™.

Covering spaces are the earliest examples of fiber spaces. In fact, we have
the following theorem which is an easy consequence of (CS2) and the
connectedness of B.

Theorem 16.1. Every covering space E over B velative to p: E > B is a
bundle space over B velative to p with discrete fibers.

For generalizations and converses of (16.1), see Ex. P at the end of the
chapter. : '

Now, let us consider the lifting problem for amap f : X - B of a connected
and locally pathwise connected space X into the base space B of a covering
space E relative to a projection 4 : E - B. Pick %, € X and denote b, = /(%)
Let ¢, be a point of E with p(e,) = b,. The following theorem is a generaliza-
tion of (II; 5.3).

Theorem 16.2. (The lifting theorem). There exists a unique map g . X ~ E
such that g(xy) = e, and pg = [ iff the image of fy :71(X, %) >71(B, by) s
contatned in that of Py 17,(E, eg) » 7y (B, by).

Proof. The necessity of the condition is obvious. In fact, if a map g : (X, x,)
- (E, ¢,) exists such that pg = f, then we have p,g, = fi and hence the
image of f, is contained in that of $,. It remains to establish the sufficiency
of the condition. The remainder of the proof is motivated by that of the
special case (II; 5.3).
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To construct the map g, let x be an arbitrary point in X. Then there exists
a pathz: I — X with#(0) = %, and #(1) = ». The composed map ¢ = fn :
I -~ B'is a path in B with ¢(0) == f{x,) and (1) = f(x). According to (15.1),
there exists a unique path 7 : I - E such that 7(0) = ¢, and p7 = 0.

We assert that the point 7(1) of E does not depend on the choice of the
path sz : I -> X. To prove this, let #' : I — X be another path in X joining
%, to x and let v’ : I -~ E denote the unique path such that 7'(0) = ¢, and
pt’ = fa’. We are going to prove that t(1) = 7’(1). The loop A =7-n’'-1:
I - X represents an element a em,(X, x,) and so the loop fAi:71 B re-
presents the element f.(a) of 7,(B, b,). According to our condition, this
element is contained in the subgroup p,7,(E, ¢,). Hence there exists a loop
u:I—~E at ¢ such that pu = f4. Since 4 =n-a'-1, it follows from the
uniqueness of the path in (15.1) that z(f) = u(}#) and v'(t) = u(l — §¢) for
each ¢ € . In particular, 7(l) = u(3) = 7'(1). This proves our assertion.

Because of the preceding assertion, we may define a function g : X - E by
setting g(x) = 7(1) for each x € X. By the construction of the point (1), it
is obvious that g(x,) = ¢, and pg = /.

By the same method as used in the proof of (II; 5.3), one can establish the
continuity and the uniqueness of the function g: X - E. |

If we omit the condition g(x,) == ¢, in (16.2), we obtain the result that
there exists a map g: X — E with pg = fiff /, maps m,(X, %,) into a group
of the characteristic class y (E, b;).

Now, let £ be a covering space over B relative to ¢ : E - B, E’ a covering
space over B’ relative to ' E' - B’, and /: B > B’ a given map. Let
e€eE, byeB, ¢ge E’, and by € B’ be given points such that

pleg) = by, p'le'g) = by, [(bo) = ¥’y
The maps p, p* and f induce homomorphisms indicated in the following

ia, :
diagram -

7y (E, ey) ———> my{E’, &’y)
A
M 7+ ‘L, ’
7y (B, by) — > my (B, t'y)

Theorem 16.3. (The fiber map theorem). There exists a wumnique map
g E = E’ such that gley) = &'y and p'g = fp iff [« carries the image of P, into
that of p',.

Since X can be considered as the trivial covering space over itself, (16.2) is
a special case of (16.3). However, (16.2) also implies_ (16.3) by considering the
map fp: E - B’.

This fiber map theorem has quite a few 1mportant consequences to which
we devote the remainder of this section.

First, let us assume that B = B’ and that f is the 1dent1ty map on B. Then
we obtain the following
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Theorem 16.4. (The covering theorem). Let E and E’ be two covering spaces
over the same space B velativeto p . E - B and P’ : E' — B vespectively, and let
boe B. If ey E and ¢'y€ E' are such that

pleg) = by = p'(€'y), Pxlmi(E, e)] < P s [y (E', €y)],
then there exists a unigue map g: E — E' such that

gleg) = €, p'g =p.
Furtheyrmore, E is'a covering space over E' velative to g.

Proof. The first assertion is a special case of (16.3). Hence, it remains to
prove that E is a covering space over E’ relative to g.

For this purpose, let us first verify (CS1). Letee E, b = p(e) and &’ = g(e).
Choose a connected open neighborhood V of b in B such that (CS2) holds for
both covering spaces E and E’ over B. Let W denote the component of
#-3(V) containing e and W’ that of $'-1(V) containing ¢’. Then the restrictions

g=p|\W, ¢ =p|W
are homeomorphisms onto V. Since p'g = $, we have g | W = ¢'~1¢. Hence g
maps W homeomorphically onto W’. This implies that g(E) is both open and
closed in the connected space E’; so g maps E onto E’.

Next, let us verify (CS2). Let ¢’ € E’ and b = p’(¢’). Choose a connected
open neighborhood V of b in B such that (CS2) holds for both covering spaces
E and E’ over B. Let W’ denote the component of p'-1(}) which contains ¢’
Then W’ is a connected open neighborhood of ¢’ in E' and g-}(W’) is the
union of a set of components of p~*(V). It follows that every component of
- g~Y(W’) is open in E and is mapped homeomorphically onto W' by g. I

In particular, if E is simply connected, then (16.4) implies that E is a
universal covering space over B relative to p : E - B. Here, a covering space
E over B relative to  : E - B is said to be universal if, for every covering
space E’ over Brelative top’ : E' - B, there existsamapg : E -~ E’ such that
p'g = p and that E is a covering space over E’ relative to g.

Next, let us define the notion of equivalent covering spaces as follows.
Two covering spaces E and E’ over a same base space B relative to projec-
tions p: E - B and p': E' -+ B are said to be egquivalent if there exists a
homeomorphism g: E — E’ of E onto E’ such that p'g = p. By (16.2) and
(15.4), the characteristic classes X(E, by} and X(E’, by) are defined for every
b, € B.

Theorem 16.5. (The eQuiv’alence theorem). For any given pownt by € B, two
covering spaces E and E' over B relative to projectionsp 1 E - Bandp' . E' - B
are equivalent iff X(E, by} = X{E’, b).

Proof. Necessity. Letg : E — E’ be a homeomorphism of E onto E’ such that
p'e = p. Let ey € p~1(b,) and &'y, = g(e,). Then g induces an isomorphism g, of
7,(E, ¢,) ontom,(E’, ¢',). On the other hand, p'g = p gives P’y gy = Py This
implies p, [711(E, €5)] = P’y [71(E’, €'y}] and hence X(E, by) = X(E’, b,).
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Sufficiency. Assume that X(E, by) = X(E’, by). Then there are points ¢, € E
and €'y € £’ such that

Plea) = by = p'(e'0),  Pulmi(E, €)] = p'u[mi(E’, €'y)].
According to (16.3), there exists a map g : E - E’ such that g(e,) = ¢, and
p'g = p. Similarly, there exists a map %: E’ - E such that A(¢')) = ¢, and
ph = p’. Now, consider the composed map hg : E - E. Since kg(e,) = ¢, and
phg = p'g = p, it follows from the uniqueness part of (16.4) that Ag is the
identity map on E. Similarly, gk is the identity map on E’. Hence g is a
homeomorphism and the covering spaces E, E’ are equivalent. |

In particular, any two simply connected covering spaces over the same
base space are equivalent,

Next, let us consider the regular covering spaces. A covering space E over a
base space Brelative to p : E - B is said to be regular if the fibering p : E - B
is regular in the sense of § 15. Hence, E is a regular covering space over B iff
for every by € B, X(E, b,) consists of a single invariant subgroup of z,(B, b,).

Now, let E be a given regular covering space over B relative to  : E ~ B
and let by be a given point in B. Since X(E, b,) is an invariant subgroup of
71(B, by), the quotient group

W = my(B, by | X(E, by

is well-defined. One can easily verify that, as an abstract group, W does not
depend on the choice of the basic point b, € B. Then, we have the following

Theorem 16.6. The group W operates on the right of the regular covering
space E. Move precisely, to each element w of the group W and each point e of the
space E, theve corresponds a unique point ew of E such that

(ewy)wy = e(w w,)

and, }‘Of each w € W, the correspondence e — ew defines a homeomorphism w* of
E onto dtself. Furthermore, the operation has the following two properties:

(i) plew) = ple) for everyec E and we W.

(ii) For a given ec E, ew = ¢ implies w = 1.

In words, the condition (i) is equ1valent to saying that W operates
freely on E.

Proof, Pick a point ¢, € p~1(b,). According to (15.4), there is a natural one-
to-one correspondence v ; W — p-1(b,) of W onto p-1(d,) with »(1) = e¢,.

For an arbitrary element we W, let ¢; = »(w). Since E is a regular
covering space over B, we have

Pulmi(E, e0)] = pylmi(E, e)].

Hence, just as in the proof of (16.5), there is a unique homeomorphism w* of
E onto itself such that w*{¢,) = ¢, and pw* = p. By the construction of »
and w»*, one can easily verify that

(wlwa)* = Wy%w, ¥, (@, wye W),
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If the homeomorphism w* of E admits a fixed point ¢ E, then it follows
from the uniqueness part of (16.3) that w* must be the identity map on E.
This implies that ¢; = w*(g)) = ¢, and hence we have w = y1(g) = 1.

Then, the theorem follows immediately if we set ew = w*(e) for every
ecEandwe .1

In particular, if E is a simply connected covering space over a space B,
then the fundamental group z,(B) operates freely on E.

In the classical theory, the homeomorphisms w* in (16.6) are referred to as
the covering transformations (Deckbewegungen) of the regular covering
space E,

17. Construction of covering spaces

A space B is said to be locally simply connected if, for every point b € B and
every open neighborhood ¥ of b in B, there exists an open neighborhood
U< V of b in B such that, for any two points %, and », in U, every pair of
paths in U joining #, to #, are homotopic in V' with end points held fixed.
Obviously, every locally contractible space is locally simply connected and
hence so is every simplicial complex. For our purpose in the present section, a
slightly weaker condition is enough: we can replace the open neighborhood
V by the space B itself. In this case, the space B is said to be semz'—locally
simply connected. Observe that every locally simply connected space is semi-
locally simply connected and so is every simply connected space.

Throughout the present section, we assume that B is a given space which is
connected, locally pathwzse connected, and sem1—1ocally simply connected.
Let b, be a given point in B.

Theorem 17.1. (The existence theorem). For every subgroup G of the funda-
mental group 7, (B, by), there exist a covering space E over B velative to a projec-
tion p:E > B and a point ey € p-1b,) such that G is exactly the tmage of the

wmduced homomorphism by 2 701(E, eg) »my(B, by).

Proof. Let us consider the space of paths

= [B; b, B]."

As in § 10, we denote by p,:82 ~ B the terminal projection defined by
P1(0) = o(l) for each o € 2. We shall define a new equivalence relation in £2
as follows. Two paths ¢, © € 2 are said to be equivalent modulo G, (in symbols:
o ~ 7 mod G), if p,(0) = p,(7) and the element of 7, (B, b,) represented by
the loop o-7-1is in G. Let E denote the quotient space of 2 defined by this
equivalence relation. Then the points of E are equivalence classes (mod G) of
the paths 2. We shall denote by [¢] the class which contains the path ¢ € 2.
Define a map p:E->B

by taking plo] = $,(0) for every [o] € E. The continuity of p follows from
(I, 12.1). Since B is pathwise connected, it follows that $ maps E onto B.

We shall construct a convenient basis for the open sets of E as follows. For
a given ¢ € E and a given open neighborhood U of p(¢) in B, choose a path
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o € ¢ and denote by N(e, U) the subset of E which consists of the classes each
containing a path of the form v : I - B such that () = ¢(2¢) forevery ¢ <1
and (¢} € U for every ¢ > {. It is obvious that N(e, U) does not depend on
the choice of the representative path o from the class ¢ & E. Since B is locally
pathwise connected and semi-locally simply connected, it is straightforward
to prove that N(e, U) is open in E. Then it follows easily that the collection
{N{(e, U)} for all ¢ € F and all open neighborhoods U of p(e) in B constitutes
a basis for the open sets of E. An immediate consequence of this result is
that p: £ — B is open.

To prove that E is a covering space over B relative to p, let us establish
(CS1) and (CS2). Since p maps E onto B, (CSl) is satisfied. To prove (CS2),
let & be an arbitrarily given point of B. According to our assumption on B,
there exists a pathwise connected open neighborhood U of b in B such that,
for any two points #, and u, in U, every pair of pathsin U joining #, to #, are
homotopic with end points held fixed. Then it suffices to prove that p-1(U) is
the disjoint union of the open sets { N(¢, U) | e p~1(b) } in E each of which
is mapped homeomorphically onto U by ». |

For this purpose, we shall first prove that $ maps N{e, U) homeomorphi-
cally onto U for each ¢ in p-1(d). By the definition of N(e, U), it is obvious
that p maps N{e, U) into U. Since U is pathwise connected, there is a path
B :1 - U joining b to #. Choose a path ¢ € 2 with [6] = ¢ and consider the
path T = ¢-0. Clearly [t] € N(e, U) and $[r] = . This proves that  maps

Nfe, U) onto U. Let us assume that ¢; and ¢, are any two points in N(e, U)
such that p(e;) = ple,). There are two paths 1, €2, (4 = 1,2), such that
[7:] = e, 1(t) = 0(2f) whenever ¢ <}, and 7;(¢) € U whenever ¢ > 1. Since
pler) = ples), we have 7,(1) = 7,(1). Call this common terminal point v € U,
Denbfce by &; : I - U the path defined for each 7 = 1,2 by

1 + ¢

i) &) = m(——), (ted).
Then &, and &, are two pathsin U joining b to v. According to the choice of U,
&, and £, are homotopic in B with end points held fixed. This implies that 7,
and 7, are homotopic with end points held fixed and hence e, = ¢,. This
proves that p maps N{e, U) in a one-to-one fashion. Since $ is both open and
continuous, we conclude that » maps N(e, U) homeomorphically onto U.
Next, we are going to prove that the open sets N{e, U), e p~1(d), are
disjoint. Assume that N{e,, U) and N{e,, U) have a common point x. Choose
pathsg; € L2, (i = 1, 2), with [03] = ¢. Then there are paths 7; € 2, such that
[ml=x% w{) =02 if t <}, and (e U if t >3% Let &:1 U,
(¢ = 1, 2), denote the path defined by (i). Then &, and &, are two paths in
U joining & to p(x). By the choice of U, &, and &, are homotopic in B with
end points held fixed. This implies that
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Since [7y] == x = [7,], 71' 75 represents an element of G and so does
oy-03l. Hence e; = e,. This proves that the open sets N{e, U}, e e (),
are disjoint. ‘

Now, we shall prove that $-1(U) is the union of the collection { N{e, U) |
e € p~1(d) }. Since p maps N{e, U) into U, N(e, U) is contained in p~YU).
Let x € $~Y(U) be arbitrarily given. We have to prove that there is some
¢ € p-1(b) such that Nf{e, U) contains x. For this purpose, choose a path
7€ Q with [1] = x and let » = p(x) = 7(1). Since U is pathwise connected,
there exists a path § : I » U joining b to . Let ¢ = 7-0~tand & = ¢-6. Set
¢ = [o]. Since ¢(l) = 6(0) = b, we have ¢ p~1(b). By an easy homotopy,
one can prove that & and 7 are homotopic with end points held fixed. It
follows that x = [v] = [§]€ N{e, U). Hence, p~}(U) is the union of the
collection { N{e, U) | e € p~1(d) }. This completes the proof of (CS2).

As a continuous image of a pathwise connected space 2, E is pathwise
connected. This completes the proof that E is a covering space over B
relative to 4. _

Let 6 €2 denote the degenerate path at &, that is to say, 6(I) = b,.
Denote ¢, = [8] € E. Then p(e,) = b, and p induces a monomorphism

P 74 (E, €} ~ (B, by).

It remains to prove that the image of p, is exactly the given subgroup G
of 7,(B, by). '

For this purpose, let us first prove an assertion as follows. Let ¢: [ -~ B
be any path with ¢(0) = b,. According to (15.1), o has a unique covering
path o* : I - E with ¢%(0) = ¢, We assert that, for each te I, ¢*(f) is the
class which contains the path o;: I — B defined by o¢(s) = o(sf) for each
s e l. This follows immediately from the fact that the assignment ¢ — g,
defines a path 7:1 — £ according to (9.10) and that E is a quotient space of £2.

Now, let us prove that the image of p, is exactly G. Let « be any element
in m,(E, ¢,). Choose a representative loop ¢*: I - E for «, then the loop
o = po* represents the element p,(«) of 7, (B, b,). According to the foregoing
assertion, we have (6] = ¢*(1) = ¢, = [8].

This implies that ¢, («) € G. Conversely, let § be any element of &. Choose a
representative loop ¢ : I - B for f. By (15.1), ¢ has a unique covering path
o*: I -~ E with ¢*(0) = ¢, According to the foregoing assertion, we have
o*(1) = [¢]. Since ¢ represents f§ € G, this implies that ¢*(1) = ¢,. Hence o*
represents an element « of 7,(E, ¢,). This implies that f = p,{«). Thus, we
have proved that G is exactly the image of p,. |

In particular, if G is the trivial subgroup of m,(B, b;) consisting of the
neutral element 1 of 7,(B, b,), then E is a simply connected covering space
over B. According to (16.4) this implies that E is a universal covering space
over B. By (15.3) it follows that every universal covering space of B is simply
connected. Finally, by (16.5) we conclude that every pair of universal
covering spaces over B are equivalent. Hence, E is essentially the only
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universal covering space over B. Hereafter, E will be referred to as the
universal covering space of B.

Combining (16.5) and (17.1), we obtain the following classification of
COVering spaces.

Theorem 17.2, (The classification theorem). For any connected, locally
pathwise connected, and semi-locally simply connected space B, the equivalence
classes of the covering spaces over B ave in a one-to-ome corvespondence with
the conjugate classes of subgroups of the fundamental group m,(B).

The following simple examples are given to illustrate the preceding results.

(¢) Covering spaces of S. The real line R is the universal covering space
over S relative to the exponentzal map p : R - SL. Since ;(SY) is abelian,
it follows that every covering space over S! is regular., Since 7,(SY) is free
cyclic, the non-trivial subgroups of 7,(S') are the free cyclic subgroups
Gn, (n = 1,2, - ), where Gy, is of index # inz,(S1). The covering space which
corresponds to (r, is S itself relative to the projection py : St - St defined
by pn{z) = 2" for each z & S These are essentially all the covering spaces
over S This example reveals the fact that homeomorphic covering spaces
over the same base space are not necessarily equivalent.

(42) Covering spaces of S® and P» with » > 1. Since S* is simply connected,
every covering space over S* is equivalent to the trivial covering space by
which we mean the covering space S® over itself relative to the identity map.
On the other hand, $” is the universal covering space over P relative to
the natural projection p : 57 — Pn, Since the fibers of this covering space
are the pairs of antipodal points in S%, it follows from (15.4) thatz,(P?) is
the cyclic group of order 2. Hence, by (17.2), the universal covering space
is essentially the only non-trivial covering space over P,

(131) Covering spaces of closed surfaces. Let M denote a closed surface
other than S? and P2 Then, by (II; Ex. A), #;(M) is an infinite group. It
follows from (15.4) that the universal covering space E of M is not compact.
Hence, E is a simply connected infinite 2-manifold. In fact, it is a classical
theorem that E is homeomorphic to the euclidean 2-space, [V; p. 153].

As an application of the preceding results, we have the following

Theorem 17.3. Assume that X is a connected triangulable space and E s the
universal covering space over B relative to p : E -~ B. Then, for any x € X,
by € B and e, € p-*by), the assignment g > f = pg sets up a one-to-one corve-
spondence between the homotopy classes of the maps g (X, x5) — (E, ¢,) and
those of the maps [ : (X, xy) - (B, by) with [, sending m,(X, x,) into the neutral
element of 7t,(B, by). - '

Proof. Let us use the usual notation f, = 0 to denote the fact that f,
sends 7 (X, x,) into the neutral element of m,(B, b,).
- Iff = pgforsome g : (X, x,) ~ (E, ¢,), obviously we have f, = gy = O.
Hence, the assignment g -~/ = pg defines a function ¢ of the homotopy
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classes of the maps g: (X, %) — (E, ¢,) into those of the map f: (X, %) -
(B, by} with f, = 0.

Let f: (X, x4) > (B, by) be a map with f, = 0. According to (16.2) there
exists a unique map g : (X, %) — (E, ¢p) such that pg = f. Hence ¢ is onto.

Let g, g :(X, xg) = (E, ¢;) be any two maps such that pg =~ pg’ rel x,.
Then there exists a homotopy fi: (X, %) = (B, by), 0 < ¢ <1, such that
fo = pg and f; = pg’. According to (iv) of (3.1), there exists a homotopy
gt (X, %) > (E, ¢), 0 <t <1, such that g, = g and pg: = f; for every
tel. Since g,(x,) = ¢, = g'(x,) and pg, = f, = pg it follows from the
uniqueness part of (16.2) that g, = g’. Hence g =~ g’ 7el x,. This proves that
¢ is one-to-one. |

In particular, if X is simply connected, then the assignment g —>f = pg
sets up a one-to-one correspondence between the homotopy classes of the
maps g:(X, %) - (E, ¢p) and those of the maps f: (X, ;) - (B, by). For
example, let B = P% E = 5% and let $: 5% > P? denote the natural pro-
jection. If X is either S? or S8, then it follows that the homotopy classes of
the maps f: (X, %) - (B, b,) are in a one-to-one correspondence with the
set Z of all integers.

Note. In (17.3), the condition that X is triangulable can be replaced by
the weaker condition that X is locally connected. In fact, in the proof of
(17.3), one may use Ex. P instead of (3.1).

EXERCISES
A. Sliced fiber spaces '

Let p:E -~ B be a given map. By a slicing structure for p, we mean a
collection S = { w, ¢ } of the following entities:

(1) asystemw = { U } of open sets of B which covers B, called the slicing

neighborhoods.

~ {2) asystem of maps {¢y | U € w } indexed by the slicing neighborhoods,
called the slicing functions, where each ¢y, is defined on the subspace
U x p-1(U) of the product space B X E with images in E in such a way
that the following two conditions are satisfied:

(SF1) | Poulb, %) =b, (beU,xep-Y(U));

(SF2) Pu(p(x), %) = %, (vep-YU)).
If a slicing structure S = { w, ¢y } for p exists, we say that p : E - B has the
slicing structure property (abbreviated SSP).

We shall use the abbreviation Para CHP to stand for the covering
homotopy property for all paracompact Hausdorff spaces. Prove the
following implications, [Hu 8; Huebsch 1}:

BP = SSP = Para CHP

Hence, . E » B is a fibering if it has the SSP. In this case, E is called a
sliced fiber space over B relative to p, and in particular, every bundle space
is a sliced fiber space.
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Let E be a sliced fiber space over B relative to $: E — B. Prove the
following assertions:

I. The projection p : E — B is open, that is to say, it maps open sets onto
open sets.

2. If two points 2 and b of B can be connected by a path in B, then the
fibers p—1(a) and p-1(b) are homotopically equivalent.

3. E is a bundle space over B relative to p iff the following two conditions
are satisfied, [Griffin 1]: ' :

(GCl) There exists a space D which is homeomorphlc with every fiber
p-1(b), be B.

(GC2) For each point b € B, there exist a slicing neighborhood U which
contains b and a slicing function ¢y : U X $~1(U) - E such that, for every
pair of points # and v in U, we always have

pulu, dulv, %)] = %, (xep={u).

4, If £ and B are metrlza.ble then $ : E - B has the ACHP and hence the
PLP, [Curtis 1]. |

Now assume that £ and B are spaces such that B x E is a paracompact
Hausdorff space and Bis an ANR. Let p : E — B be a given map. Prove that
E is a sliced fiber space over B relative to p iff, for any map g: X - E of a
paracompact Hausdorff space X into E and any homotopy f;: X — B,
(0 <t <1), of the map f = pg, there exists a homotopy g : X - E,
(0 <t < 1), of g which covers f; and is stationary with f;, [Fox 2]. For the
definition of the stationary property, see [S; p. 50]. :

A sliced fiber space E over B relative to p is said to have a unified slicing
function if there exists a slicing structure S = { w, qSU} for  : E - B such
that, for any two slicing neighborhoods U and V in w, we always have
¢v = ¢y on the intersection of U X p-1(U) and V X p~4V). For such a
slicing structure S, we may define a unified slicing function ¢ on the union W
of the subspaces U X $~}(U) for all Uew by taking ¢ =d¢y on each
U x $p-1(U). The fiber spaces defined by Hurewicz and Steenrod [1] and
Fox [2] are those with unified slicing functions. Prove that every metrizable
sliced fiber space over an ANR has a unified slicing function, [H; p. 170].

B. Local path lifting property

A map p . E - B is said to have the local path lifting property (abbreviated
LPLP) if, for each b € B, there exists an open neighborhood U of b in B such

that th :
WREMAR WU, W=pU), g=p|W

has the PLP. Prove

1. SSP = LPLP = Para CHP.

2. I B is a paracompact Hausdorff space, then LPLP implies PLP.
[Hurewicz 2]. ,



EXERCISES 99

C. Relations between various notions of fiber space

Let us consider a given map $ : E - B having one of the following pro-
perties:

PCHP = CHP for polyhedra, (§ 2),

Para CHP = CHP for paracompact Hausdorff spaces, (Ex. A),

ACHP = CHP for arbitrary spaces, (§ 2),

PLP = path lifting property, (§ 12),

LPLP = local path lifting property, (Ex. B),

SSP = slicing structure property, (Ex. A),

BP = bundle property, (§4),
where the abbreviation CHP stands for the covering homotopy property,
(8§ 2). The first four properties are of global nature while the last three are
apparently local properties. '

A number of implications among these properties are known and can be
summarized by the following diagram

BP { para } = SSP { para } == LPLP { para } = PLP <> ACHP

¥ § ¥ ¢
BP = SSP == [ PLP A = Para CHP
. U '
PCHP

where the attached symbol { para } means that the base space B is assumed
to be a paracompact Hausdorff space. Check if all of these implications have
been established in the text and in the preceding two exercises.

D. Homogeneous spaces

Let E be a topological group and let F be a closed subgroup of E. Define an
equivalence relation in E as follows: two elements 4, b of E are said to equi-
valent iff there is an element f € F such that af = 5. Thus the elements of E
are divided into disjoint equivalence classes called the left cosets of F in E.
The left coset containing 4 € E is obviously the closed set aF of E. According
to (I, § 12), we obtain a quotient space B = E/F whose elements are left
cosets of F in E and a natural projection p : E - B which maps 4 € E onto the
left coset aFf € B. B = EJF is called the guotient space of E by F; it will be
called simply a homogeneous space. Prove the following assertions:

l. B = E[F is a Hausdorff space.

2. The natural projection # is an open map.

3. E operates transitively on B under the homeomorphisms ¢ : B+ B, ¢c E,

- defined by e(b) = ple-p~1(b)], (beB).

4. E is a bundle space over B relative to p iff there is a local cross-section of
B in E; by this we mean a cross-section % : ¥ -~ E defined on an open neigh-
borhood ¥ of the point b, = F in B.

5. If E is a Lie group, then a local cross-section of B in E exists and hence
E is a bundle space over B relative to $, [Che; p. 110].
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E. Spheres as homogeneous spaces

Let Q denote one of the three fields of real numbers, complex numbers, or
quaternions. Consider the right vector space 0 whose elements are ordered
sets & = (%, , %p) of # elements of Q The inner product xy of x and y in Qﬂ

is defined by Xy = Z1¥1 + '+ Xna,

where x; denotes the conjugate of x;. The topological group Gy, of all linear
transformations in Q% which preserve the inner productis called the orthogonal,
uwitary or symplectic group according as the scalars are real, complex or
quaternionic. It is a compact Lie group. Let S denote the unit sphere in Qy;
then S is the sphere of dimension # — 1, 2 — 1 or 4n — 1 according as the
scalars are real, complex or quaternionic. Prove the following assertions:

1. Gy, operates transitively on S.

2. Gy 1s a bundle space over S relative to the pr0]ect10n P : Gy — S defined
by p(f) = f(x,) for every f € Gy, where x, = (1,0,-++,0) e S.

3. Let Gp-, denote the subgroup of G, leaving x, ﬁxed. Then the fibers
p~1(x) are the left cosets of G-, in G, and hence S can be considered as the
homogeneous space Gy/Gp—;.

F. Fiberings of spheres over projective spaces

Consider the non-zero elements of the vector space @ in the preceding
exercise. Define an equivalence relation in X = @#\ 0 as follows: for any two
elements x and y in X, x ~ y iff there is a ¢ in Q such that xg = y. According
to (I, § 12), we obtain a quotient space M called the projective space associated
with Q" and a natural projection 7 : X — M. Let S denote the unit sphere in
Qm and p =z | S. Prove the following assertions:

1. S is a bundle space over M relative to 2.

2. The fibers p~1(b), b € M, are great spheres of dimension 0, 1 or 3 accor-
ding as the scalars Q are real, complex or quaternionic, '

3. The group G, operates transitively on M in some natural way; and
hence M can be identified with the quotient space of G, by its subgroup of the
elements leaving a given point of M fixed.

G. Stiefel manifolds

A k-frame, v¥, in R? is an ordered set of % linearly independent vectors. Let
V'n, k denote the set of all 2-frames in R#. Let L, denote the full linear group,
and let Ly, ; be the subgroup of L, leaving fixed each vector of a given frame

7,*. Then we may identify Viak = Lo [ Lnx

and hence V', x becomes a homogeneous space called the Stiefel mamfold of
k-frames in n-space. Let V,,, p denote the subspace of V', consisting of the
orthogonal k-frames. Prove the following assertions:

1. The orthogonal group O, operates transitively on Vp g If Op_g is
represented as the subgroup of 0, leaving fixed a given orthogonal k-frame
v, then one may identify v, , — 0, | On—r.
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2. If & < n, the rotation group R, operates transitively on ¥, r and hence
one may identify Vak = Ry | Rur, kB <n.

3. Va,x may be interpreted as the space of all orthogonal (2 — 1)-frames
tangent to 571, In particular, Vy,, = S?1 and V', , is the space of all unit
tangent vectors on S7-1,

4.V n,x can be identified with the space of all orthogonal maps $¥-*intoS#-1,

3. Let vy® be a fixed orthogonal #-frame in R” and let vy* denote the first 2
vectors of v,%. Let Oy, - be the subgroup of 0, leaving vy* fixed. Then we obtain
a chain of Stiegel manifolds and projections

Op = V'n ﬂ“"'Vnn—l “‘*"'**Vn,2~+Vn 1 = Sn-1,

Each projection or any composition of them is a bundle map, that is to say,
the projection of a bundle space over its base space.

H. Grassmann manifolds

Let My, r denote the set of all A-dimensional linear subspaces {%-planes
through the origin) of R». The orthogonal group O, operates transitively on
My, g If R% is a fixed k-plane through the origin and R#~¥ its orthogonal
complement, the subgroup of 0, mapping R¥ onto itself splits up into the
direct product Oy X Op_g of two orthogonal subgroups the first of which
leaves R»—% pointwise fixed and the second leaves R* pointwise fixed. Hence

- we may ldentify My 5 = On [ (O X Op-p).

Thus My, becomes a homogeneous space called the Grassmann manifold of
k-planes in n-space. Prove the following assertions:

1. The natural projection Oy - M, maps the rotation group R, onto
My, 5. Let Ry and R, . denote the rotation subgroups of Ok, Oy-x. Define

Mag = Ry | (Re X Ruog).

Then Mn x is called the manifold of ormented k-planes in n-space. Mn kisa
covering space over M ,x relative to the natural projection with O-spheres as
fibers.
2. Vp,x is a bundle space over M,,; relative to the natural projection
induced by the inclusion Oy_g< O X Opn-x. The fibers are homeomorphic to O.
3.1f & < u, Vy pisabundlespaceover M »,k with fibers homeomorphic to K.
4. The correspondence between any %-plane and its orthogonal (#n — %)
plane sets up a homeomorphism My, ;<> My n-k.
3. My, 4 is essentially the (n — 1)- dimensional real projective space P»-!

and Mﬁ,l , the (# — 1)-sphere S®-1,

l. Elementary properties of mapping spaces

Let 2 denote the mapping space Y* with the compact-open topology.
Prove the following assertions:

1. If Yisa Ty, Ty-, T 5, or regular space, then so is 2. Conversely, if 2 is a
Ty, Ty-, Ty, or regular space, then sois Y,
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2. If X is a locally compact Hausdorff space and if X, Y are both separable
(being separable means having a countable basis), then so is 2. On the other
hand, if £ is separable, then so is Y.

3. Assume that X is a compact metrizable space and Y is a metrizable
space. Then £ is an ANR iff Y is such; similarly, £ is an AR iff Y is such.

J. Admissible topologies

A great variety of topologies may be introduced into the set 2 = YX
making it a space. We shall denote by £2; the space obtained by topologizing
£2 with a topology 7. A topology 7 of 2 is said to be admaissible if the evalua-

tion w2, XX>Y

is a map. Thus, by (9.1), the compact-open topology of £ is admissible
provided that X is a locally compact regular space. Prove the following
assertions, [Arens 1]:

1. Any admissible topology of £2 contains every open set In the compact-
open topology of L.

2. If X 1s a completely regular space and Y is a 7'-space containing a
nondegenerate path, then a necessary and sufficient condition for the com- -
pact-open topology to be admissible is the local compactness of X.

K. The topology of uniform convergence

Let Y be a metrizable space and let d be a given bounded metric consistent
with the topology of Y. There is a natural metric 4* defined on 2 = YX by

d*(f, g) = supzex d[f(%), g(x) ]

for each pair of map f, g € 2. The metric 4* determines a topology of 2 called
the d*-topology, or the topology of uniform convergence with vespect to d. Prove
the following assertions:

1. The d*-topology of £2 is admissible.

2. If X is compact, then the compact-open topology of £ coincides with
the d*-topology induced by any given bounded metric 4 on Y. The word
“bounded” in this assertion might have been omitted.

3. If X is a completely regular Hausdorff space and Y a metrizable space
containing a nondegenerate path, then a necessary and sufficient condition
for the compact-open topology of £2 to coincide with the d*-topology induced
by a given bounded metric 4 on Y is the compactness of X [Jackson 1].

4. The d*-topology of £2 depends not only on the topologies of X and Y
but also on the metric 4 chosen for Y. Construct a few examples.

L. Maps on topological products
Consider three given spaces T, X, Y and the mapping spaces:
R =Y%50 = YXT W =0T

In §9, we have defined the association 6:@® --¥. Prove the following
assertions: .
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1. If both X and T satisfy the first countability axiom, then 6 sends
@ onto ¥, [Fox 3].

2. If X and T are Hausdorff spaces satisfying the first countability axiom,
then 0 is a homeomorphism of @ onto ¥ and hence the exponential law
holds in this case. YXXT — (YX)T

M. Borsuk’s fibering theorem

Let X be a compact metrizable space, 4 a closed subspace of X, and Y
a compact ANR. Consider the mapping space E = Y* and the subspace B
of the mapping space Y4 consisting of the maps g: 4 - Y which can be
extended over X. Prove that E is a sliced fiber space over B relative to the
natural projection p: E - B defined by p(f) = f |4 for every f€ E. By
Exercises C and I, show that this fibering has a unified slicing function.
[H; p. 173]. |

N. Change of the boundary sets

There are changes of the boundary sets 4 and B without changing the
homotopy type of the space [X; A, B] of paths. Because of symmetry, we
may study only the changes of the terminal set B.

Let B, and B, be two subspaces of X. A deformation of B, into B, in X is
a homotopy 4;: B, - X, (0 < ¢ < 1), such that 4, is the inclusion map and
hy(By) < B,. Such a deformation #%; induces a map A#: [X; 4, B,] -
[X; A, B;] described as follows: for each fe [X; A, B,], g = hH(f) is

given by o — (1) (0 <t<3),
i ”{hzmm), (3 <t <.

B, is said to be a deformation homeomorph of B,in X if there exists a homo-
topy 4t : B, - X, (0 <¢ < 1), such that %, is the inclusion map and %, is a
homeomorphism of B, onto B,.

Prove that the spaces [X;A4, By] and [X; 4, B,] are homotopically
equivalent if B, is either a strong deformation retract of B, or a deformation
homeomorph of B,. Consequently, if X is pathwise connected, then the
homotopy type of the space [X; a, b] is independent of the choice of the
points # and b. In particular, the spaces [X; a, b], A, and Ap are homo-
topically equivalent. .

O. The space of curves

In our definition of the space of paths, the domain [ is the same for all
- paths. In his studies on Pontrjagin products, J. C. Moore, has found that
it is more convenient to allow different domains for different paths. To avoid
possible ambiguity, these will be called curves. ,
Precisely, let Y be a given space. Then, a curve in Y consists of a real
number @ >0 and a map / of the closed interval [0, a] into Y. The points
{(0) and f(a) are called the initial point and the ferminal point of f respec-
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tively. A curve f: [0, a] - Y is said to be closed if f(0) = f(a); in this case,
7 (0) is called the basic point of the closed curve f.

Now, let I'denote the set of all curvesin Y. To topologize I', let us consider
the subspace [ of the real line R consisting of the real numbers 2 > 0 and
the space 2 = Y7 of all paths in Y. Define a function ¢ : I'>J X 2 by
taking ¢(f) == (a, oy) for every curve f: [0, a] - Y, where o7: I - Y is the
path given by o¢(f) = f(at) for each #e I. This function ¢ carries I” onto a
subspace ¢(I") of J x £ in a one-to-one fashion. We topologize I" in such a
way that ¢ becomes a homeomorphism. Prove that (J x £2) \ ¢(I") is the
subspace 0 X [2\_j(Y)] where j:Y —£ denotes the natural injection
7:Y>Q0f§9. '

Since I = [0, 1], every path in Y is also a curve in Y. The topology of I
defined above permits us to consider £ as a subspace of I'. Construct a
homotopy #;: I'>T', (0 <? < 1), such that the following conditions are
satisfied:

(2) Ay is the identity map on [

(2) k4 is a retraction of I" onto £2.

(¢42) Iy{f) = fforevery feRand te I.

(tv) For every f &€ I', the initial point and the terminal point of the curve
n(f) are the same as those of f for each fe I.

Iff:[0,a] » Y and g: [0,8] — Y are two curves in Y such that f(a) =
g(0), then we may define a product /-g: [0, @ 4 b] - Y by taking

_ IEAGE (if0 <t <a),
el = {g(t—m a), (ifa <t <a+b).

This multiplication (f, g) -+ f-g of curves is continuous and associative
whenever it is defined. .

Now, let ¥ be a given point in Y and let @, denote the subspace of I
consisting of the closed curves with ¥ as the basic point. Then the homotopy
hs shows that the space of loops Ay is a deformation retract of @y. On the
other hand, the multiplication (f, g) - f-g is defined for every pair f, g€ @y
with the trivial curve ¢: [0,0] >y as a two-sided unit. Hence, if YV is a
Hausdorff space, then @y is a mob with ¢ as a two-sided unit in the sense of
Wallace [1].

P. Generalized covering spaces

A space E is called a generalized covering space over a space B relative to
a map ¢ : E — B if the following conditions are satisfied: '

(GCS1) 4 maps E onto B.

(GCS2) For each be B, there exists an open neighborhood U of b in B
such that $-*(U) can be represented as a disjoint union of open sets in E
each of which is mapped homeomorphically onto U by 4.

Prove that every bundle space E over B relative to . E - B with
discrete fibers is a generalized covering space over B relative to 4.
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Let E be a generalized covering space over B relative to p : E - B. Prove
the following assertions:

1. E is a sliced fiber space over B relative to p with discrete fibers.

2. If B is connected, then E is a bundle space over B relative to p with
discrete fibers.

3. If E is connected and B is locally connected, then E is a covering
space over B relative to 5. '

4. Let ¢: X - Y be a given map of a space X intoaspace Y. Ifg: X - E
is a map and f;: Y —» B, (0 <t <1), a homotopy with fig = pg, then
there exists a unique homotopy g;: X - E, (0 <? < 1), of g such that
feg = pgs for every te I and that g is stationary with f;. In particular,
p: E - B has the ACHP. This assertion is also true for sliced fiber spaces with
totally pathwise disconnected fibers, [Griffin 1].

Q. Local homeomorphisms

A map p: E - B of a space E onto a space B is called a local homeo-
morphism of E onto B if every point x of E has an open neighborhood which
is mapped homeomorphically by $ onto an open neighborhood of p(x) in B.

Prove that, if p : E - B is a local homeomorphism of a regular Hausdorff
space E onto a space B such that p—1(b) is finite for every b€ B, then E is a
generalized covering space over B relative to .

R. The covering spaces of the torus

As an exercise to determine all equivalence classes of the covering spaces
over a given space B, let us study to case where B is the torus St x SL

According to (II; Ex. A), the fundamental group #,(B) is a free abelian
group with two free generators 2 and . Among the subgroups of =,(B) there
is a doubly indexed system

Gm.n, (M, n =0,1,2,-++),
where Gy, 5 is the subgroup generated by a™ and . Hence, Go,o = 0 and
Gyq = 74(B).

Prove the following assertions:

1. Every covering space over B is regular.

2. Corresponding to Gy, we have the universal covering space E = R? =
R X Rover B = S' x S! relative to the projection $o,0: £ - B defined by
Po,o(%,v) = (px, py), where p:R —S' denotes the exponential map of
(I1; §2).

3. Corresponding to Go,n, # > 0, we have the covering space E = R X S?
over B = S1 x S! relative to the projection #o,n: E - B defined by
Po,n(¥, 2) = (px, z7) for each x € R and ze€ S'. Similarly, we may get the
covering space corresponding to Gm,o, # > 0.

4. Corresponding to Gp,n, m >0, > 0, we have the covering space
E = St x S! over B = S! x S! relative to the projection pm,n:E - B
defined by pm,n (%, v) == (u™, v?) for each (u, v) € E.
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S. Maps of the torus into the projective plane

Consider the torus T and the projective plane P. Pick arbitrary basic
points 4, & T and p, € P, and study the maps f: (T, ) - (P, po)-

The fundamental group =,(7, £,) is a free abelian group with two free
generators a4 and b, while & (P, $,) is a group of order 2 generated by c.
Hence, there are four possible homomorphisms

B, n 2703 (T, bg) =721 (P, o),
- with m, #» running over 0 and 1, defined by
him,n(@) = me,  hpy,o(b) = ne.

By considering T as the unit square with the opposite sides identified,
construct for each (m, #) a map

fm,n 2 (T, bg) = (P, po)
such that (fm,n)x = #m,n- Hence, the homotopy classes. of the maps
f:(T,t,) = (P, p,) are divided into four disjoint coliectlons Com,n such that
1€Cpiniff fou = hpm n.
Next, prove that, for each (m, #), the homotopy classes in the collection
Cm,n are in a 0ne~t0-0he correspondence with the homotopy classes of the
maps (5%, sy) - (P, po) and hence with the integers.

T. Maps of a surface into a surface

Let X and Y be any two closed surfaces other than the sphere and the'pro-
jective plane. Study the classification problem of the maps f: X - Y as follows.
Pick arbitrary basic points x,€ X and y, € Y. Two homomorphisms

h, k :TC](X: x{)) ®%1(Y1 yﬂ)
are said to be eguivalent (notation: % =~ %) if there exists an element
ben,(Y,y) such that kla) = b1 -h{a)-b

holds for every aem(X, x,). Thus the homomorphisms 2 :m,(X, x5) ~
7t,(Y, v, are divided into disjoint equivalence classes. Let C denote the set
of these equivalence classes.

Prove that the homotopy classes of the maps f: X - Y are in a one- to-
one correspondence with the equivalence classes C by establishing the
following assertions:

1. Every map f: X ~ Y is homotopic to a map g: X - Y such that

g(%) = Yo
2. For any two maps f,g: X > Y satlsfymg Fxg) = v = g(x), fe=g

implies f, o~ g,.
3. For any heC, there exists a'map f:X - Y such that f(x,) =y, and f, =4A.
4. 1f {: X > Y is a map with f(x) =y, and A€ C is equivalent to f,
then there exists a map g: X - Y such that g(x,) = vy, g >~ f and g, = A.
51ff,g: X -+ Y are two maps such that f(x)) = v, = g{x,) and [y, =24,
then f ~g.



CHAPTER IV
HOMOTOPY GROUPS

1. Introduction

The basic problem which led to the discovery of “homotopy groups’” was
to classify homotopically the maps of an n-sphere S* into a given space X.
In the case # = 1, this was facilitated by pinning down a base point to
obtain a group structure as in (II; § 4). The same trick was found to work
in. higher dimensions; in fact, if we pinch the equator of S# to a point, we
obtain two #-spheres with one point in common. If # > 1, there is a rotation
of S® which gives a homotopy interchanging the two hemlspheres This
implies the striking feature that the group is abelian.

The relation between homotopy and homology groups and the existence
of relative homology groups H,(X, A) led quickly to the relative homotopy
groups ma(X, 4, x,), giving a system highly analogous to homology theory.
But it differs in several ways: my(X, %) and m,(X, 4, %,) are not ordinarily
groups; 7w (X, %p) and ;y(X, 4, x,) are not usually abelian; and the excision
property for homology does not hold for homotopy.

A very important fact in the minds of those involved in the development
of the theory was the result of Hopf in 1930 thats,(S2) is infinite. This showed
that the groups express some very deep topological properties of spaces.
A second important fact is that the definition of 7, is not effectively com-
putable; and there was no definition available which led immediately to
effective computations as in the case of homology groups of complexes.
Successful calculations in special cases came slowly. It is only recently that
methods have been fournid which apply to a reasonably broad variety of
cases. These are the subject of much current research.

The objectives of the present chapter are to define the groups and related
homomorphisms, to establish their main general properties, and to show
that certain of these properties are characteristic.

2. Absolute homotopy groups

Let (X, x,) be a given pair consisting of a space X and a point %, in X. Let
7mo(X, %,) denote the set of all path-components of X. The path-component
of X which contains x, will be called the neutral element of my(X, x,) and will
- be denoted by 0. As in (II; §4), we shall denote by 7, (X, xo) the fundamental
group of X at x,,.

For each integer # > 1, the deﬁmtxon of the n-th (absolute) homotopy
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group ma(X, %,) is strictly analogous to that of the fundamental group. We
replace the unit interval I by the n-cube I, i.e. the topological product of
n copies of I.

Every point ¢ € I” is represented by # real numbers ¢ = (¢, **, tp), hE€ 1,
(4 =1,2, -+, n), called the coordinates of t. The number # is called the i-th
coordinate of £. An (n — 1)-face of I™ is obtained by setting some coordinate
£; to be 0 or 1. The union of the (» — 1)-faces forms the boundary 01" of I*;
it is topologically equivalent to the unit (# — 1)-sphere S®»-1.

Consider the set F7 = Fr{X, x,) of all maps

fi (7, 8I7) - (X, %)

These maps are divided into komotopy classes (relative to 9I7). We shall
denote by 7, (X, %,) the totality of these homotopy classes. We shall also
denote by [f] the class which contains the map f and by 0 the class which
contains the unique constant map dy(I%) = %, Topologize F” by means of'
the compact-open topology as in (III; § 9); then m,(X, x,) becomes the set
of all path-components of the space F*. -

We may define an addition (usually non-commutative) in F as follows.
For any two maps f, g in F#, their sum f + g is the map defined by

f(2t1’ t2!.'.:t’n)‘: if 0 <t1 <%,
) =
(f +g)() {g(%l—l:tz,‘”tn), lf% ‘~<._t] 4\1,

for every point ¢ = (¢, * *, Iy) in I?. Obviously, f + g is in F®.
The homotopy class [f + g] clearly depends only on the classes [f] and
[¢]. Hence we may define an addition in 7,(X, %,) by taking

(/] + & =[f + ¢l

Just as in (II; § 4) for the fundamental group, one can easily verify that
this addition makes 7, (X, %,) a group which will be called the n-th homotopy
group of X at x,. The class 0 is the group-theoretic neutral element of
nn(X, %,), and the inverse element of [f] is the class [/6], where g:In > In
denotes the map defined by ‘

) B(t) == (1 _'-tlt t2)' 'Yy tn)

for every ¢t = (fy, 25, * *, tn) in I™, _

If the boundary 017 of I* is identified to a point, we get a quotient space
which is topologically equivalent to an #-sphere S* with a given basic point
sy € S It follows that one might equally well define an element of 7, (X, #,)
as a homotopy class (relative to sy) of the maps /: (S”, sp) — (X, %p). Since the
two halves of I, defined by the conditions ¢, <{ % and ¢, > } respectively,
correspond to two hemispheres of S%, one can clearly see how to define the
group operation of 71,(X, %,) from this point of view. For details, see [Hu 4].
Since, when # > 1, there exists a rotation of S# which leaves s, fixed and
interchanges the two hemispheres, this definition suggests the following
striking property of 7, (X, %,) which however will be proved in a different way.
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Proposition 2.1. For every n > 1,7,(X, %) is an abelian group,

Proof. As in (III; § 11), one can prove that F»-1is an H -space with the
constant map 4, € F*~1 as a two-sided homotopy unit. Hence, by (III;
9.9), we have

we have X _ xI"ixr _ ( X,n-—1) 7

Then one can easily see that m,(X, %,) and 7,(F#-1, d,) are essentially the
same group. Hencem, (X, x,) is abelian. 1 '
In the preceding proof, we have incidentally obtained an interesting result:

7an(X, %) = 7y (F*-1, dy).

Hence every homotopy group of a space ¢an be expressed as the fundamental
group of some other space. This relation can be used to define higher homo-
topy groups in terms of fundamental groups; indeed, Hurewicz used this
definition when he introduced these groups in 1935.

One can say more: let p be any positive integer less than #» and let
g = n— p. By (I1I; 9.9), we have
- X" _ xIPx1e _ (Xﬂ’)m.
By means of this relation, it is easy to deduce the following result:

(X, o) =mg(F?, d)), p+q=mn,

where d, denotes the constant map d,(I#) = %o In particular, when ¢ =1,
F? becomes the space W of loops in X with basic point %, and 4, the de-
generate loop at x,. Thus we have proved the following proposition which
will be used in the sequel.

Proposition 2.2. 7, (X, x;) = 7, (W, d).

Finally, the following proposition is an immediate consequence of the fact
that I” is pathwise connected.

Proposition 2.3. If X, denotes the path-component of X containing x,, then
ﬂn(Xo, xo) - nn(X, xo), (/4 > 0.

Examples. If X is a contractible space, then s, (X, x,) = 0 for everyn > 0.
Next, by (II; 7.1) we have

m(SY 1) =0, o (SL, 1) & Z,
n(SL 1) =0, ifn> 1,
On the other hand, by means of (II; § 8), one can prove that
m(S™, so) = 0, (i m < n),
70 (S, So) ~ Z.
Finally, by (II1; 6.3), we deduce the result

75(S%, sp) A~ Z.
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3. Relative homotopy groups

The objective of the present section is to generalize the notion of homo-
topy groups in § 2 by defining the relative homotopy groups ma(X, 4, o).

By a triplet (X, A, %,), we medn a space X, a nonvacuous subspace 4 of X,
and a point x, in A. If x, is the only point of 4, then the triplet (X, 4, %)
will be simply denoted by (X, x,) and may be considered as a pair con-
sisting of a space X and a point %, in X.

Let # > 0 and define the n-th velative homotopy set (X, A, x,) as follows.

Consider again the n-cube I®. The nitial (n — 1)-face of I" defined by
t, = 0 will be identified with I»-1 hereafter. The union of all remaining
(n — 1)-faces of I is denoted by J»~1. Then we have

gIn = In-1U Jn-1, @In-1 = [n-10 Jn-1,

By a map f: (I, I»-1, Jo-1) » (X, A, x,), we mean a continuous function
from I” to X which carries I#-1 into 4 and J»-! into x,. In particular, it
sends 9I® into A and @171 into x,. We denote by F7 =Fn(X, 4, x,) the set
of all such maps. These maps are divided into homotopy classes (relative to
the system {I#-1 4;J7-1 x,}). We shall denote by ma(X, 4, %,) the
totality of these homotopy classes. We shall also denote by [/] the class
which contains the map f and by 0 the class which contains the constant
map d,(I") = x,. Topologize F» by means of the compact-open topology ;-
then 7,(X, 4, %,) becomes the set of all path-components of the space F”.

If #> 1, we may define an addition (usually non-commutative) in F».
For any two maps f, g in F, their sum f + g € F» is defined by the formula
given in § 2 for the absolute case. The homotopy class [ + £] depends only
on the classes [f] and [g] and hence we may define an addition ins,(4,X,%)

by taking 14+ (g = [ + &l

Asin § 2, one can verify that this addition makes,(X, 4, x,) a group which
will be called the n-th relative homotopy group of X modulo 4 at xy. The class O
is the group-theoretic neutral element of 7,(X, 4, %), and the inverse
element of [f] is"the class [f0], where 6 : I* - I” denotes the map defined
in § 2.

If x, is the only point of 4, then we have

Fn(X, A, %) = Fn(X, %),

Hence, in this case, 7zs(X, 4, x,) reduces to the absolute homotopy group

 mp(X, x,) defined in § 2.

If J»-1is pinched to a point s, (I7, I*-1, [#-1) becomes a configuration
topologically equivalent to the triplet (E», S7-1,s,) consisting of the unit
n-cell E®, its boundary (# — 1)-sphere S#-1, and a reference point s, € 5*~*.
It follows that one might equally well define an element of 7,(X, 4, %) as a
homotopy class (relative to the system {S7-1, A; sy, %, }) of the maps of
(Em, Sn-1,5,) into (X, 4, x,). Since, when # > 2, there exists a rotation of
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E™ which leaves s, fixed and interchanges the two halves of E”, we see that

7n(X, 4, %)) is abelian for every # > 2. This commutativity property is also

an immediate consequence of the next proposition. n,(X, 4, %o) 1s in general
non-abelian. - |

Next, let us introduce the notion of the derived triplet of a given triplet
which will be frequently used in the sequel. Let

T =(X, A4, %)
be a given triplet. Consider the space of paths

X' =[X;X, %]
and the initial projection ¢ : X’ -~ X as defined in (III; § 10). Let

A" =pd) = [X; 4, 5] < X'
and denote by x'y€ A" the degenerate loop #'y(I) = x,. Thus we obtain a
triplet T — (X, A", #',),
called the derived triplet of T, an& a map
pi(X, A%, %) > (X, 4, %),

called the derived projection over (X, 4, x,).

Proposition 3.1. For every n > 0, we have
ﬂﬂ(X, A, xo) = nnwl(A’, x’{})-

Proof. If # = 1, this is obvious since each side can be considered as the set
of all path-components of A’. Assume %> 1. Since X* = (XI)/*~! hy
(IIT; 9.9), it follows that

F(X, A, xy) = FnY(d’, 'y).

Henceny(X, 4, %) and sy 4(4’, #y) coincide set-theoretically. It is also clear
that the group structures are the same for any # > 1. |

Another consequence of (3.1) is that every relative homotopy group can
be expressed as an absolute homotopy group and hence as a fundamental
group. , |

Since 9I" is pathwise connected for # > 1, the following proposition is
obvious.

Proposition 3.2. If X, denotes the path-component of X containing x,
and Ay that of A, then ,

| Tl X, A, %5) = mn(Xoy Ay, %)), #> 1.

Finally, the following proposition will be used in the sequel.

Pro'p'és'ition 33Ifoc emn{X, A, x,) 15 vepresented bj}.a.map feFr(X, A, x,)
such that f(I*) < A, then o = 0.

/
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Proof. Since fe F*(X, A4, x,) and f{I*)< A4, we may define a homotopy
fre Fn(X, A, %), 0 <t <1, by taking
felta,e -y tn-1s tn) = [t " *, ln-1, b+ by — ﬁn)- '

Then we have f, = f and f,(/?) = x,. Hence o = 0. 1
As an application of (3.3), let us prove the following

Proposition 3.4. If (X, A, %) is a triplet such that (X, A) is a relative n-cell,
then mm(X, A, %y) = O for every m satisfying 0 < m < n.

Proof. By the definition of relative n-cells in (I; § 7), X is the adjunction
space obtained by adjoining E* to 4 by means of a map g : S~ + 4 defined
on the boundary (n — 1)-sphere S»-1 of En. Let ¢, denote an interior point
of En. Then, by (I; Ex. S), 4 is a strong deformation retract of X ™\ ¢,

Let o emm(X, 4, %,) With 0 < m < # and choose a representative map

f:(Im, Im1, Jm-1) > (X, 4, %)

for a. Applying (II; Ex. C), we can easily prove that we may free e, from the
image of f by means of a suitable homotopy of f relative to { I™-1, 4 ; jm-1,
%, }. Since 4 is a strong deformation retract of X ™\ ¢,, this implies that there
exists a homotopy .

fp: (I, Im=2, Jm-t) 5 (X, A, %), (0 <t <1),

such that f, = f and f,(I™) < 4. By (3.3), we conclude that « = 0. Hencé
7im(X, A, %) = 0 for every m satisfying 0 < m < #.1 -

4. The boundary operator
Let (X, 4, x,) be a given triplet. For every # > 0, we shall define a trans-
formation 0 :en(X, A, %) > mn-1(4, %)

Let « be any element of ,(X, 4, %p). Then, by definition, « is a homotopy
class represented by a map

. fi(m, In-t, Jo-1) (X, A, x)..

If # =1, f*) is a point of A which determines a path-component .
Bem, (A, %) of A. If n> 1, then the restriction f| 1! is a map of
(I*-1, aIn-1) into (A, x,) and hence represents an element f € 7, (A, %y).
" Obviously, the element 8 €m,-,(4, %,) does not depend on the choice of
the map f which represents the given element x €7,(X, 4, %,). Hence we
may define the transformation @ by setting 0(«) = . Hereafter, 0 will be
called the boundary operator. :
The following two properties of @ are obvious from the definition.

Proposition 4.1. The boundary opevator 0 sends the neutral element of
(X, A, x4) into that of 7n (A, %p). :

Proposition 4.2. If n > 1, then the boundary operator 0 is a homomorphism.
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5. Induced transformations

Let (X, 4, %) and (Y, B, y,) be given triplets. By a map of (X, 4, x,)
into (Y, B, y,), we mean a continuous function X to Y which carries 4
into B and x, into y,. Consider such a map

f . (X:A’ xe) g (Y’ B’ yo)-
Since f is continuous, it sends the path-components of X into those of Y.
Hence, f determines an induced transformation
fa 1706( X, 2,) (Y, v)

which obviously sends the neutral element of 7o(X, %) into that of (Y, v,).
Now let # > 0. For any map ¢e Fr(X, A4, %), the composition /¢ is in
Fn(Y, B, yy) and the assignment ¢ — f¢ defines a map

I FMX, A, %) > Fn(Y, B, y,).

The continuity of fy implies that /4 carries the path-components of
Fn(X, A, x,) into those of F»(Y, B, y,). Hence it determines an induced

transformation Fi 17n(X, A, x5) >70a(Y, B, 3,)

which obviously sends the neutral element of m,(X, 4, %) into that of
7alY, B, o). -

Ifn =14 =x, B =y, orif n > 1, then n,(X, 4, %o) and 7, (Y, B, y,)
are groups. For any two maps ¢, y in F?(X, 4, x,), one can easily see that

1o +v) =1d+ fyp

in F*(Y, B, v,). Hence it follows that /, is a homomorphism. Thus we have
established the following two properties of f,.

Proposition5.1. If n = 0,4 = %, B = y,, o if n > O,ﬁihm the induced
transformation f, sends the neutral element of mn(X, A, %g) tnto that of
(Y, B, ).

Proposition 52, If # = 1,4 = ¥ B =y 0rif n> 1, then the induced
transformation [, is a homomorphism.

In the case of (5.2), f, will be called the induced homomorphism.
Now, consider the derived triplets (X', 4’, '), (Y’, B’, y',) of the given
triplets together with the derived projections

pXL ALY > (X, A, x), 7 (Y, By, > (Y, B, yy).
The givenmap f: (X, 4, o) > (Y, B, ¥,) considered as a map from X into Y
induces a map #o Xyl
according to (III; § 14). Since f(4) < B and f(x,) = ¥,, it follows that f!
carries X' into Y’, 4" into B’, and #', into y’,. Hence f! defines a map
FX AL > (Y, By
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which satisfies the relation /" = fp and which will be called the derived map
of f. Let } = f' | (4", #/g). Then f induces

}* T (A", %) >7tn-1(B’, ¥'o)-

Under the identifications in (3.1) it is obvious that f = fx.

Finally, the boundary operator d in § 4 is essentially a special case of
induced transformations. In fact, for any triplet (X, 4, %), consider the
pair (A4’, %"y) of the derived triplet and the restriction g = p | (4", #'y) of
the derived projection p. Then ¢ induces

Gy s Ttn—y (A", %'o) > Tn—y (A4, %)

Under the identification in (3.1), it is obvious that 0 = gx.

6. The algebraic properties

The homotopy groups 7x(X, 4, %,), the boundary operator 0, and the
induced transformations defined in the previous sections possess seven
fundamental properties which will be given in this and the next few sections.

By the definition of induced transformations, the following two properties
are obvious.

Property L If f: (X, 4, %)) > (X, A, x,) is the identity map, then fu 15 the
identity transformation on 7y (X, A, %) for every n.

Property Il I} f: (X, 4, %) = (Y, B, y,) and g : (Y, B, yo) ~(Z,C, z,) are
maps, then for every n >0 we have (gf )5 = &« Fse-

Hence, for any given #, the assignment (X, A, x) »mn(X, 4, %) and
f = f4 defines a covariant functor.

The next property gives a relation between the boundary operator and the
induced transformations. It is an obvious consequence of their definitions.

Property HL. Iff: (X, 4, %) ~ (Y, B, ¥} ts a map and if g (4, %) —
(B, y,) ts the vestriction of f, then the commutativity velation 0fy = g0 holds
in the following vectangle for every n > 0: |

a
ﬂn(X, A, xo) —r Wn_]_(A, xo)

lf* lg*
(Y, B, ¥g) —— Tn-1(B, Vo)

Note that Property III is also an easy consequence of Property 11. Tosee
this, let us consider the derived map

f! : (X!, AI’ x’(}) - (Y’) Bf’ yfo)

of f as well as the derived projections -
(XA x) = (X, A4, %), 7 (Y, B,y > (Y, B, ¥)-
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Letf=/f|(4, %), g=p]|(4", %y)ands =7 | (B, ¥'y). After the various
identifications described in (3.1) and § 5, the preceding rectangle reduces

to the foliqwi;_lg ﬁorm:

ﬂnm}_(A’: x’o) '—q"t“”‘* ﬂ:n—-l(Af xﬂ)

2 b
¥ 5y
Tn—1(B' ) —— An—1(B, Vo)

Since f’ satisfies the relation 7/ = fp, we have sf = gg. Hence, Property 11
implies that the commutativity relation s,f, = g4 holds in this rectangle.

7. The exactness property

Let (X, 4, x,) be any given triplet. The inclusion maps
i1 (4, %) E (X, %), (X, %) < (X, 4, %)

induce transformations 7, and j,. for each n > 0. Together with the boundary
operators @, they form a beginningless sequence:

oty iy (X, A, %) O wn(d, %) 2 mia(X. xﬂ dr (X, A, %) -2
s e o (X, A, 5) 2 my(A, xg) B (X, %)

which will be called the komotopy sequence of the triplet (X, 4, x;) and will
be denoted by n(X, 4, %,).

Every set inz(X, 4, x,) has a specified element called its neutral element
and every transformation in w(X, 4, x,) carries the neutral element into the
neutral element. We define the kernel of a transformation in #(X, 4, x,) to
be the inverse image of the neutral element. Such a sequence is said to be
exact if the kernel of each transformation coincides exactly with the image
of the preceding transformation.

/

Property V. The homotopy sequence of any triplet (X, A, x,) s exact.

The proof breaks up into the proofs of the following six statements:

(1) Jute =0, (2) O = 0, (3) 7,0 = 0. |

(4) If « emy(X, %) and jyo = 0, then there exists an element § e wa(4, )
such that 7, = a.

(5) If a e714(X, A, x,) and da = 0, then there exists an element § € 7a (X ,%,)
such that j,f8 = «. |

(6) If wemp-1(A, x,) and .0 = 0, then there exists an element §€m,
(X, A, x,) such that 0f = a.

In the preceding statements, the symbol 0 denotes either the neutral
element of the set involved or the transformation which sends every element
into the neutral element.

Proof of (1). For each # > 0, let « €my(4, %,) and choose a map feF”®
(4, %,) which represents o. Then the element 7, i,(x) in 7a(X, 4, %) is re-
presented by the composition jif € F#(X, 4, x,). Since obviously jif (") = 4,
it follows from (3.3) that j,i,o = 0. Since a is arbitrary, this implies j,2, = 0. |
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Proof of (2). For each #n > 0, let o € my (X, %) and choose a map f€ F*( X, x,)
which represents «. Then the element @j,a is determined by the restriction
if | Int = f| I»-1 Since f(I*1) = x,, we have 0j,a = 0. Hence 07, = 0.}

Proof of (3). For each # > 0, let aem,(X, 4, ;) and choose a map
feF*(X, A, x,) which represents . Then the element 7,00 is determined
by the restriction g = f | I7-1, Define a homotopy g;: I7-1 - X, 0 <?¢ <1,

by setting gilt, vy bneg) = fltye* ) tny, B).

Then g, = g, g,(I?1) = x,, and gteFﬂ YX,x,) if n>1. This implies
1400 = 0. Hence ¢,0 = 0.1

Proof of (4). Choose a map f e F?(X, x,) which represents «. The condition
jxo = 0 implies that there exists a homotopy f;: I%? - X, 0 <¢ < 1, such
that f, = f, f{{(I?) = x4, and fre F(X, A, x,) for each {€ I. Define a homo-
topy g¢: I* > X, 0 <¢ < 1, by setting

f2£n(t1’. " t’n—l: 0): : (lf 0 < Qtn < t),
gelt* "ty tn) = { Ut — ¢ .
fe (tl, et 2n—t ) (if t <28 <2).

Then g, = f, g:(I?) < A, and g¢(8I") = %, for every tel. Now, g, represents
an element 8 €my(4, x,) and the homotopy g; proves that 7,8 = «. 1

Proof of (5). First, assume that # > 1. Choose a map f e F»(X, 4, x,) which
represents «. Then the condition da = 0 implies that there exists a homotopy
ge:In15 4, 0<¢<]1, such that g, =/f]I?", g,(I*) =%, and
gi(0In-1) = x, for every fel. Define a partial homotopy #h;:0[" -~ A4,
0 <t <1, by setting

- hals) = {gt(s), (selnl tel),

Zo» (seJr-1iel).

Since &, = f ] 017, it follows from the homotopy extension property that the
homotopy /4 has an extension f;: 1% - X, 0 <{ <1, such that f, = /.
Since f,(0I") = b,(0I") = x,, f; represents an element f in m,(X, x,). Since
fre Fr(X, A, ) for tel, it follows that j.f = a. For the remaining case
n = 1, o is represented by a path f : I - X such that /{0) € 4 and /(1) = x,.
The condition do. = 0 means that f(0) is contained in the same path-com-
ponent of A as x,. Hence there exists a homotopy f;: / - X, 0 <¢ <1,
such that fy = f, /:{(0) € A, fi(1) = x,, and /,(0) = x,. Then, f; represents
an element g em,(X, x,) and the homotopy f; implies that 7,8 = «. 1

Proof of (6). First, assume that » > 1. Choose a map f € F*~1 (4, ,) which
represents «. Then the condition 7,& implies that there exists a homotopy

feiInt > X, 0 <t <1, such that f, = f, /,(I*1) = %, and ft(aln-l)% Xy
for every ¢ € I. Define a map g : I -+ X by taking

g(tl:. L. t’n"‘l’ tn) m= ftn(tl’. e, tn_]).



8. THE HOMOTOPY PROPERTY I1y

This map g is in F*(X, 4, x,) and represents an element o of 7,(X, 4, %,).
Since g | I7~1 = f, we have 08 = «. For the remaining case # = 1, a is a
path-component of A. The condition 7, = 0 means that « is contained in
the path-component of X which contains x,. Pick a point ¥ from «. Then
there exists a path f:I — X such that f(0) = « and f(1) = x,. This path f
represents an element § of (X, 4, x;). Since f(0) e, we have 08 = a. |

8. The homotopy property
Consider any two given triplets (X, A4, x,) and (Y, B, y,), and any two
glven maps 1, 81X, 4, %) > (Y, B, y,).

We recall that f and g are said to be homotopic (relative to { 4, B ; x,, ¥o } )
if there exists a homotopy

e (X, A, %) > (Y,B,yy), 0L
such that 4y, = f and %, = g.

H

Property V. If f and g are homotopic, then their induced transformations
f*: gu :n’n(X: 4, xo) """ﬂﬂ(Y: B, yo)
are equal for every .

Proof. Let a e7,(X, 4, x,). It suffices to prove that f.a = gyo.

First, assume that #» > 0. Choose a map ¢ € F*(X, 4, x,) which represents
o. Then the elements f.« and g.x are represented by the compositions fe
and g¢ respectively. The composition /i of ¢ and a homotopy 7;: f =g
gives a homotopy connecting f¢ and gé. Hence foo = gy

It remains to settle the case # = 0, 4 = x,, and B = y,. Here « is a path-
component of X. Pick a point x € «. Then f,« and g4« are the path-compo-
nents of Y containing the points /(x) and g(x) respectively. Let & : f o< g.
Define a path ¢: 1 - Y by taking o{f) = A(x) for each ¢e I. Since ¢ joins
f(x) to g(x), it follows that fyeo = go. |

We recall that a map f: (X, 4, x,) = (Y, B, v, is said to be a homotopy .
equivalence if there exists a map g: (Y, B, y,) > (X, 4, x,) such that gf
and fg are homotopic with the identity maps on the triplets (X, 4, x,) and
(Y, B, y,) respectively. As an immediate consequence of the propertles
I, II and V, we have the following

Corollary 8.1. If f: (X, A, x,) > (Y, B. v,) is a homotopy equivalence, then
the induced tmﬂsfwmatzm fx sends mu(X, A4, xn) onto ma(Y, B, y,) tn a one-
to-one fashzon

The significance of (8.1) is thatz,(X, 4, x,) depends only on the homotopy
type of (X, 4, x,). In particular; if 4 is a strong deformation retract of X,
then 4, sends m,(A, %) onto 7m,(X, %,) in a one-to-one fashion for every
n > 0. Hence, by Property IV, this implies that w,(X, 4, x;) = 0 forevery
7n > 0.
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9. The fibering property

Consider two given triplets (X, 4, xo) and (Y, B, ¥,) and a given map
11X, 4, %) ~ (Y, B, 3,).
We are concerned with the notion of fibering as defined in (III; § 3).
- Property Vf. If {: X =Y 15 a fibeving and A = [f~1B), then the trans-
formation Fo (X, A, %) > an(Y, B, 9
sends wn(X, A, x,) onto mp(Y, B, y,) in a one-to-one fashion for every n > 0.

Proof. To prove that f, is onto, let « be an arbitrary element of nn(Y B, y,).
By § 3, « is represented by a map

$: (In, In-1, 1) 5 (Y, B, y,).

Since J#-tis a strong deformation retract of I7%, it follows from (v) of (III;
3.1) that there exists a map g : I* - X such that fy = ¢ and p(J*) = x,.
Since 4 = f-1(B), fy = ¢ implies that yp(/#»-1)< 4 and hence we obtain

a map w: (In, In-1, Jn-1y 5 (X, A, %,).

This map yp represents an element f§ of 7,(X, 4, %,). Since fy = ¢, we have
f«8 = «. This proves that /, is onto.

To prove that f, is one-to-one, let @ and § be elements of 7, (X, 4, #,) such
that f,& = f,B. Choose representative maps

é,p: (I, In2, Jn-1) > (X A, %)

for.o and B respectively. Since fuo = f,8, the composed maps j¢ and fy
represent the same element of 7, (Y, B, v,). Hence, there exists a map

F:(InXI,Iﬂ—lxI,]n_lxj)—}(YJB)yﬂ)
such that F(z, 0) = ff(z) and F(z, 1) = fp(2) for each ze I”. Consider the
1 »
closed subspace T = (I x 0) U (Jn-1 x I) U (I* x 1)

of I* x I and define amap G : T — X by setting

&(z), (zeIn, t = 0),
G(z, 1) = {xo, (ze Jo-1, tel),
p(2), (zeln, i = 1).

Then we have fG = F | T. Since T is clearly a strong deformation retract of
In x 1,1t follows from (v) of (IIT; 3.1) that G has an extension G* : I* X [ -
X such that fG* = F. Since F maps I7-1 x I into B and 4 = f-1(B), the
condition fG* = F-implies that G*(I»~1 x I) < 4. Hence we obtain a map

G*:(In x I,In-2 x I, Jr-1 X I) > (X, A4, %)
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with G*(z, 0) = ¢(2) and G*(z, 1) = y(z) for each z & I”. This proves that ¢
and vy represent the same element of @, (X, 4, %). Hence « = g and f, is
one-to-one. |

In homology theory, the corresponding fibering property is false in general.
Instead of this, we have the famous excision property which does not hold
in homotopy theory.

As a special case, let us consider the derived projection p: (X', 4”, ¥'y) ~
(X, A, x,). By Properties VI and IV, p, and @ in the following diagram

(X, A, %) Pran(X', A, x')) O my_y(4", &)

are both one-to-one and onto. Furthermore, if 7,(X, 4, %,) and 7t,-,(47, £'y)
are identified as in (3.1) one can easily see that p, = @. On the other hand,
the identification in {3.1) may be considered as being effected by the one-
to-one correspondence

£ = 615;1 (X, A, %) > 700 4(4, %7y)

which will be called the natural corvespondence.

10. The triviality property

If X is a space which consists of a single point x,, then, for each #, the
constant map f(I”) = x, is the only map of I”? into X. Hence we have the
following

Property VL. If X is a space consisting of a single point x,, then 7on (X, %) =0
for every n > 0.

This property plays the role similar to that of the dimension property in
‘homology theory. Since it apparently has nothing to do with the choice of
the dimension # in 7, (X, %;), we propose to call it the triviality property.

11. Homotopy systems

In the preceding sections, we constructed geometrically the homotopy
groups 7, (X, A, x,) and established seven basic properties of these groups.
In next few sections, we shall show that they are characteristic; in fact,
these seven properties, stated in a certain apparently weaker form, together
with my(X, x,) for all pairs (X, x,) determines all 7,(X, 4, x,) for all triplets
(X, 4, x,) up to one-to-one correspondence.

A homotopy system H={mx7, 4}
- » K

consists of three functions s, @ and ,. The first function z assigns to each
triplet (X, 4, x,) and each integer #» > 0 an abstract set @,(X, 4, x,). The
second function 0 assigns to each triplet (X, 4, x,)- and each integer » >0

a transformation
0 . Wn(X, A, xg) _*nn“].(AJ xO)’
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where, in the case of n = 1,my(A4, x,) denotes the set of all path-components
of A as in §2. The third function , assigns to each map f: (X, 4, x;) >
(Y, B, yy) and each integer # > 0 a transformation ‘

fo 17X, A, x5) > 70 (Y, B, v,)-
Furthermore, the system H must satisfy the following seven axioms:

Axiom 1. If f: (X, A, %) ~ (X, A, x,) is the identity map, then f, is the
tdentity transformation on ma(X, A, %) for every n > 0.

Axiom IL If f: (X, A4, x,) = (Y, B,y,) and g: (Y, B, yy) = (Z,C, 2z,) are
maps, then for every n >0 we have (gf)y = Lufs

Axiom IIL If f: (X, A, xy) > (Y, B, v,) ts @ map and g : (A, x5} - (B, v,)
1S the vestriction of f, then the commutativity velation 0f, = g0 holds in the
following vectangle for every n > 0:

(X, 4, %) ~——a~-—> Ton—1 (A4, %)

Jx 8%
1

7n(Y, B, ¥y) —(—9——> 7n-1(B, Vo)
where, in the case of n = 1, g, 17y(4, xy) —>7(B, v,) denotes the induced

transformation in § 5.
Let (X, 4, x,) be any given triplet and consider the 1nclu31on maps

1. (A4, %) < (X, %), 7:(X, %)< (X, 4, x).

The transformations 4, j, and 0 form a beginningless sequence as in § 7
which will be called the homoto;by sequence of the triplet (X, 4, %,) in the
system H.

Axiom IV. The homotopy sequence of any triplet (X, A, x,) 15 weakly exact.
This means that, if 7, (X, x,) = 0 for all # >0, then 9 sends 7, (X, 4, x,)
onto g, (4, x,) in a one-to-one fashion for every # > 0.

Axiom V. If the maps f,8 (X, %) = (Y, v,) ave homotopic, then f, = g,
for every n > 0, :

Axiom VI. If p (X', A', x'y) ~ (X, A, %) is the derived projection over
(X, 4, %), then Dy sends m (X', A, x'y) onto mp(X, 4, %) 1n a one-to-one
fashion for every n > 0.

Axiom VII. If X is a space consisting of a single point x,, then nn(X %) =0
for every n > 0.

Since the derived projection p : X’ - X is a fibering by (111; 13.4), it follows
that the axioms I-VII are weaker than the properties I-VII respectively.
Hence, if we neglect the group operation inz,(X, 4, x,), the three functions
7, 0, 4 as defined in §§ 3-5 constitute a homotopy system. This proves the
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extstence of homotopy systems. One can also easily construct a homotopy
system by induction and without using any geometrical representation,
(see Ex. A at the end of the chapter).

12, The uniqueness theorem

Two homotopy systems H = {#, 8, ,} and H' = {a',0', # } are said
to be equivalent if there exists, for each triplet (X, 4, x,) and each » > 0,

a transformation T s tn( X, A, %5) — 7' n(X, A, %)

satisfying the conditions:
(E1} by sends 7y, (X, 4, x,) ontox's(X, 4, x,) in a one-to-one fashion.
(E2) For each triplet (X, 4, x,) and each » > 0 the commutativity
relation /%y,-, 0 = 0'hy holds in the following rectangle:

(X, A4, %) —-—Q~+ Ttn-1(A, %)

I : -
i

W’ﬂ(X: 4, xo) ———6,——% 75’%-—1(‘4: xﬂ)’

where, in the case of » = 1, %, denotes the identity map.
(E3) For each map f: (X, 4, z,) = (Y, B, v,), the commutativity relation
hufs = fiphn holds in the following rectangle:

X, 4, %) >, 7ma(Y, B, v,)

hn hip

! J
(X, 4, %) S 7Y, B, v,).

A collection of transformations 4 = { h, } satisfying the conditions (E1)
through (E3) is called an eguivalence between the homotopy systems H
and H’ and is denoted by b H ~ H

Theorem 12.1. Any fwo homotopy systems ave equivalent.v [Milnor 1.

Proof. Let H = {m, 0, . } and H' = {7, 0', 4 } be any two homotopy
systems. We are going to construct an equivalence % : H ~ H' as follows,
Let #» > 1 and assume that we have already constructed the transforma-

tions ‘
b s 7em( X A, x%g) 7' m{X, A, %)

for each m < n and each triplet (X, 4, x,) such that the conditions (E1)
through (E£3) are satisfied. Let us construct %, as follows.

Let (X, 4, x,) be any triplet. Consider the derived projection : (X', 4",%",)
- (X, 4, %y). By Axiom VI, 9, sends m,(X’, 4°, ¥’,) onto 7,(X, 4, %y) in a
one-to-one fashion and analogously for p... According to (’I'i"I 10.1), X"'is
contractible to the point x’;. Hence, by Axioms I, II, V and VII, we obtain
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(X', 2'y) =0 and @'y (X', x’y) = 0 for every m >0. By Axiom IV, 0
sends ;u( X', A," &'y} onto 7z, (A4’, x’y) in a one-to-one fashion, and analog-
ously for @’. By our assumption of induction, 4, _; sends 7,_,(4’, x’;) onto
7t'n—1(A4’, x'y) in a one-to-one fashion. Hence we may define a transformation

o - 7en(X, A, %) »7'n(X, A, %)

bY 'ta.kﬂlg hn — ?ﬂ,:{:a’"lhnula?;l,

where, in the case of n = 1, A, denotes the identity map.
Since (E1) is obviously satisfied, it remains to verify (£2) and (E3).
To check (E2),let ¢ = p | (4’, ¥'y). Then we have

0'hy = 0'p30"hy10p3t = q40'0" Ty, 0p*
= Qathn10p;* = In_1940p7* = hn—y0

by Axiom III. This proves that %, satisfies (E2).
To check (E3), let (Y, B,y,) be a second triplet and f: (X, 4, x,) -
(Y, B, v,) be any given map. Let

v (YL BLYy'e) > (Y, Byye), 1o (X AL ) (Y7, B, y')

denote respectively the derived projection over (Y, B, v,) and the derived
map of /. The relation fp = rf’issatisfied. Setf = f' | (4", #'y). Then we have

Fithn = fap40' iy 0Pt = rarf 420"~ Vhy_0p
= 7440" iphn 0P = v 40" hu o f5 0P
= 7#6'“1kn_laf ’*15_1 = 7;‘:}:6"1]2%_167’;1]‘* = hunf*

*
by Axioms II and IIIL. This proves that A, satisfies (E3).
Thus we have_ completed the inductive construction of an equivalence

h = { hy} between H and H' which will be called the natural equivalence
h:H~H'.I

- The natural equivalence is the only possible equivalence between H and
H' as will be seen in Ex. B at.the end of the chapter. -

- The uniqueness theorem (12.1) shows that the homotopy system con-
structed geometrically in §§ 3-5 is essentially the only homotopy system.
As a consequence of this, it follows that the set of seven properties in
~ §§ 6-10is equivalent to the set of seven axiome in § 11 which are apparently
weaker. In fact, one can deduce the seven properties right from the axioms
without using any geometrical representation of the sets w,(X, 4, x,). The
details of the proof will be left to the reader as an exercise. See Ex. C at the
end of the chapter.
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13. The group structures

In the last two sections, we have shown that, apart from the group struc-
tures in the homotopy sets 7,(X, 4, %,), the homotopy system constructed
in §§ 3-5 is completely characterized by the seven axiomsin § I1 and the
sets 7y (X, x,). To complete the axiomatic approach, it remains to determine
all the possible group structures that can be introduced into the essentially
unique homotopy system H=1{md )}

For this purpose, let us first consider the sets 7, (X, x,) in H. According to
the uniqueness theorem (12.1), we may assume m,(X, x,) to be the under-
lying set of the fundamental group of X at x,. The product in (X, %) as
defined in (II; § 5) will be called the cusfomary product which is denoted by
juxtaposition. The reverse of this product, denoted by a dot, is defined by

O!"IB = ‘80(, (OC’ 18 G%l(X, 750))

For any map f:(X, %)~ (Y,¥y,), the transformation f, : 7,(X, x,) -
7t,(Y, v,) 1s @ homomorphism under the customary product as well as its
reverse. These are the only group structures in all #»,(X, x,) such that f,
is a homomorphism for every map /. In fact, we have the following

Lemma 13.1. Therve arve exactly two ways of introducing a g?é%p structure
into the sets 7, (X, xy) n such a way that f,, is a homomorphism for every map
11X, x0) > (Y, 9). These two group structures arve defined by the customary
product and its veverse vespectively.

Proof. Assume that there is a new product, denoted by o f, in each
7,{X, xy) such that, for each pair (X, x,), 7,(X, x,) is a group under this
product and that f, is a homomorphism with respect to this product for every
map f: (X, %) = (Y, y,). It suffices to prove that either « o 8 = af for
any o, 8 €7,(X, x,) of every (X, %) or e 0 f = fa similarly.

Let Z be the space which consists of two circles, intersecting at a single
point z,. According to (IT; Ex. A5),n,(Z, z,) is a free group on two generators
@ and b. For any two elements «, § of 7,(X, %x,), obviously there is a map

12, 20) = (X, %)

such that f,(a) = « and f,(b) = §. Since f, is a homomorphism under the
duct h .
new product, we have f(aob) =aop.

In terms of the customary group structure of 7,(Z, z,), a0 b is equal to
some word w(a, b) of the free group. Since /, is also a homomorphism under
the customary product, we have

fxlacb) = fy[wla, b)] = wifi(a), 1.(0)] = w(x, §).

This implies that « o f = w(«, §). Thus it remains to prove that either
w(a, b) = ab or w(a, b) = ba.
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For this purpose, let us first prove that the word w(a, b) has the following
two propeties:
(1) w(a,l) =a, w(l,b) =05,

(2) wla, w(b, c)] = wlwa,b), ],

where (2) is an identity in the free group on three generators «, b, c.
To prove (1), note that the identity element 1 of #,(Z, 2,) can be defined
as the image of the homomorphism

Ty 2701 (20, 2o) ~T0{Z, %)

induced by the inclusion map 4 : (2, %) < (Z, ;). It follows that the new
product must have this same identity element. Hence

w(a,l) =aol =a, w(l,b) =10b=20

To prove (2), choose X to be the space which consists of three circles
tangent to each other at the same point x,. Then, asin (II; Ex. A5),7,(X, x,)
is a free group on three generators a, b, ¢. Sinceao b = w(a, b) and bo ¢ =
w(b, ¢), the associative law for the new product implies (2).

Finally, we shall complete the proof by showing that, if a reduced word,
w(a, b) in the free group on two generators satisfies the conditions (1) and (2),
then either w(a, b) = ab or w(a, b) = ba. The proof is a long but easy exercise
in the manipulation of reduced words sketched as follows.

Let w(a, b) be a reduced word which satisfies (1) and (2). By (1), w(a,
b)#a™,. More generally, it is impossible to have

w(a, b) == amibni- AR R 41
with non-zero (positive or negative) integers i, #q, * *, Mg, g, and Mmy.,.
To see this, let us assume that w(a, b) were of this form with 2 > 1. Then,

by (1), one can easily see that the reduced words of (w(a, b) )™1 and (w(b, ¢) )™
would be of the same form, say,

(w(a, b)) = aPibl1- - - aPib%iaPit,

(w(b, €) )1 = bricste « - breSibri+1,

-

with non-zero integral exponents. By (1}, 2 > 1 and § > 1. Then we would

have W[ﬂ, w(b’ C)] = gMpricsis .,

wlw(a, b),c] =aP1b%a’s + -+

as their reduced words. This contradicts (2).
Similarly, w(a, b) = b™ and it is impossible to have
- w(a, b) = bmighi- - - hMranRhMy 41
with non-zero integral exponents.
Next, assume that w(a, b) = amibnr- - - gmybi
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with non-zero integral exponents. If m, < 0, then the reduced word of
wlw(a, b), c] begins with b7 while that of w[a, w(b, c)] begins with a1,
This contradicts (2) and hence we have m, > 0. If #n; < 0, then the reduced
word of w[a, w(b, ¢)] begins with amic- while that of w[w(a, b), ¢c] begins
with amibra, This contradicts (2) and so we have both m, > 0 and #; > 0.
Then we have wla, w(b, ¢)] = amibMichi: -+,

wlw(a, b), ¢] = amb®i- - aMpbmy. - -

as their reduced words. By (2), it follows that % == 1 and hence w(a, b) =
amibm, Then, (1) implies that s, = 1 and #, = 1. Consequently, we have
w(a, b) = ab.

Similarly, we can prove that, if

w(a, b) = bMahie - DMpaiy

with non-zero integral exponents, then wf{a,d) = ba. This exhausts all
possible cases. 1 o

Theorem 13.2. There are exactly two ways of introducing a group structure
into the sets mu(X, 4, %), n > 2, and w,(X, x,), in such a way that the trans-
formations 0 and f,, ave homomorphisms. These two group structures are defined
respectively by the customary group operation given in § 3 and 1iis reverse.
[Milnor 1].

Proof. Let us denote the customary group operation by juxtaposition and
assume that there is a new group operation, denoted by a0 3, in the sets
(X, A, %5), n > 2, and m,(X, x,) such that the transformations ¢ and f,
are homomorphisms. We have to show that « o f is equal to aff or fa.
By (13.1), this is true if « and f are in 7, (X, %,). To prove the theorem by
induction on #, consider the natural one-to-one correspondence

X o= 0Pt imma(X, A, ) >y (A", 2')
of § 9. Since X is a homomorphism for both group operations, we have

X(oo B) = X(w) 0 X(B), X(xf) = X(x) X(6)
for any two elements «, § in 7, (X, 4, %), By the inductive hypothesis,
X(x) o X(B) is equal to X(«) X(f) or X(B) %(«). Hence X(x o f) is equal to
X(xB) or X(Bx). Since X is one-to-one this implies « 0 § = «f or fa. 1
The significance of (13.2) is that the group structure in the essentially
unique homotopy system H = {m, 0, , } is also essentially unique.
This completes the axiomatic approach. |

14. The role of the basic point

~ In the notion of the homotopy groups m,(X, x,) and s, (X, 4, x,) the basic
point x, is explicity used in any geometrical construction of these groups.
The objective of the next few sections is to study the role played by the basic
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point, to compare the homotopy groups with various basic points, and to
free these groups from the basic point wherever it is possible.
Let us consider a given space X and two given points ¥, %, connected

i th
by a given pa o:I>X, ol0) =zx, ofl) =
By the definition in § 2, we have
(X, %) = P(X) = my(X, %,)

as the set of all path-components of X. Moreover, since %, and x, are con-
tained in the same path-component of X, the neutral element of 7y(X, x,)
is the same as that of 7, (X, x,}. Let us denote by

0o - (X, x4) >y (X, %)
the identity map onmy(X, x,) = my(X, x,).

Theorem 14.1. For each n > 0, every path o : I -~ X gives in a natural
way an isomorphism _ |
on 7l X, %,) A~ (X, %), %, = 0(0), %, = o(l), |

which depends only on the homotopy class of the path o (relative to end points).

If o 1s the degenerate path o(I) = x,, then oy is the identity automorphism.

If o, v ave paths with 1(0) = o(1), then (a7)y, = optn. Finally, for each path
o:1 X and each map |: X - Y, we have a commutative rectangle

(X, %1) 2% w0 (X, %,)

lf* rf*
v v

(Y, ¥1) 2 7a(Y, ),
where © = fo, v, = [ (x,) and y, = f(xy).
As an immediate consequence of (14.1), we deduce the following

Corollary 14.2. The fundamental group 5, (X, x,) acts on ma(X, %), # > 1
as a group of automorphisms.

’

'S

To prove (14.1), let us construct o, as follows. Let « be any element of
7tn(X, x;) and choose a representative map

Fi(In,0In > (X, %)

for a. The geometrical idea of the construction is to pull the image of 9I»
along the path o back to the point x, with the image of I* being dragged
in an arbitrary way. The map obtained after this homotopy represents an
element f of m,(X, x,) which depends only on « and the homotopy class of .
Then, we define o,(x) = . The details are as follows.

First, let us prove that there exists a homotopy f;: I* - X, (0 <¢ < 1),
of f such that f;(0I") = ¢(1 — ¢} for every { e I. For this purpose, define a
partial homotopy ¢ : 017 — X, (0 <t < 1), of f by taking ¢,(0I") = ¢({1 —¥)
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for each fe 1. By (I; 9.2), 0I* has the AHEP in I Hence the homotopy ¢;
has an extension f;:I? - X, (0 <¢ <), such that f, =/ We call f; a
homotopy of | along o.

~ Since f, maps 0I* into o(0) = x,, it represents an element 8 of 7, (X, %,).
That 8 depends only on « and the homotopy class of ¢ is an obvious con-
sequence of the following

Lemma 14.3. If f,g: {(I", 0I*) - (X, x,) are maps homolopic relative to
oI*, o, v : I - X are paths homotopic relative to end points, and fy, g¢ . I* - X,
(0 <t << 1), are homotopies of | along o and of g along v respectively, then
f1, g1 are homotopic velative to OI™.

Proof. Define two maps F, G:I* x I - X by means of the homotopies
ft. g as usual. Consider the subspace 4 = (I X 0) U (09I X I) of I" X L.
By the hypothesis f ~ g and ¢ =~ 7, it follows that F |4 and G |4 are
homotopic relative to 817 x 0 and 9I7 x 1. Since 4 has the AHEP in
In x I by (I;9.2), there is a homotopy F;: I* x I - X, (0 <t < 1), such
that Fy = F,F, | A = G| A4, and F4(0I* x 1) = %, for every ¢ € I. The map
F, gives a homotopy 4; : I* - X, (0 <t < 1), of g along 7. Since F¢(dI* X 1)
= %, for each { € I, it follows that f, and %, are homotopic relative to 0I™.
It remains to prove that g, and %, are homotopic relative to 817,

Define a map M : I* X I - X by taking

{gz-zq(zb), (pel™r0 <g<3).
hog-1(P), (pelr § <g<l).

Then, for each p € 817, we have M(p, q) = M(p, 1 — g). Therefore we may
define a partial homotopy N;: B ~ X, (0 <#¢ <1}, of M on the boundary
B = 0(In x I) = (0I» x I) U (I® x 0I) by taking

M(p, 9), (peln, gedl),
Ne(. ) ={ Mp,q—t), (pedln0 <q <3,
Nip, 1 —gq), (pedlr, } <g <)

Since B has the AHEP in I# x I, the homotopy N; has an extension
M;:In x I +X,(0 <t <1), such that My = M. The map M, gives a
homotopy k;:I7 » X, (0 <¢ < 1), such that %, = g, and %y = A,. Since
k(017 = M,(0I» X f) = x,, this implies that g, and A, are homotopic
relative to 0I7. 1 |

Now let us continue the proof of (14.1). We have constructed a trans-

formation

M(fb: Q) =

O 7tn(X, %;) > mn(X, %)

which depends only on the homotopy class of the path ¢. Since the last two
assertions of (14.1) are obvious, it remains to prove that gy, is an iso-
morphism. '

Let «, 8 be arbxtrary elements of mu(X, »,) represented by the maps
f. g (I*, 017 — (X, x;). Letfy, g : I» - X, (0 <¢ < 1), be homotopies along
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o of f, g respectively; then f, represents oy, (a) and g, represents o,(f). Define
a homotopy h:: 17 - X, (0 <¢ <), by taking # = f; + g&. Then 4,
represents o -+ 8, A, represents op{a) + ox(f), and A is a homotopy along o.
This implies that ou(a + ) = on{®) + on{f) and hence o, is a homo-
morphism.

Finally, let us prove that the homomorphism ¢, is an isomorphism. Let 7
denote the reverse of ¢, that is to say, 7(¢f) = o(l —¢) forevery{ e I. Because
of symmetry, it suffices to show that g, is an epimorphism and 7, is a mono-
morphism. For this purpose, consider the product o7. Then we have 0,7, =
(67)n. Since 7 is the reverse of g, it is clear that o7 is homotopic to the
degenerate path at x, with end points fixed. It follows that (¢7), is theidentity
automorphism on 7,(X, %,). By an elementary group-theoretic argument,
it follows that ¢, is an epimorphism and 7, is a monomorphism. This com-
pletes the proof of (14.1).

Thus, for a pathwise connected space X, all the groups m,(X, x,) with
various basic points x,€ X are isomorphic. Hence, as an abstract group,
7n(X, %) does not depend on the basic point x, and may be denoted simply
by 7t,(X). This abstract group s, (X) will be called the n-th (abstract) homotopy
group of the pathwise connected space X. In this terminology, we have

7y (SY) =Z, ma(SY) =0, (n>1).
am(S?) =0, (m< 7@), 7 (S7) = Z.
75(S%) = Z.
Now, let us consider the spaces of loops
Wo = [X %0 %), Wy =1[X; %, 2]

as well as the degenerate loops w, & W, and w, & W,. Then a given path
o :I - X which connects x,to x, induces a map &: W; - W, defined as
follows: for each w e W, &(w) € W, is the loop defined by

-

(31), (0 <t <),
ﬁmmn={mw—n, (i1 <i <3,
o8 —3f), (it} <t<I)

Intuitively speaking, £(w) is the loop traced by running first from #, to #,
along the path o, next around the loop w once, and then back to x, along the
reverse of ¢. On the other hand, ¢ also induces a path #: 1 - W, defined
as follows: for each s &€ I, n(s) € W, is the loop defined by

&(3st), (0 <t <1,
MMMﬂ={d% (it <t<3),
o(3s—3st),  (if% <t <.

Thén, obviously we have 5(0) = w, and 5(l) = &(w,).
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Proposition 14.4. I} & : (W, w,) > (W, &(w,)) and 5 : I -~ W, are induced
by the path o, the commutativity holds in the following diagram

7l X, %4) In (X, %)
: i
a1 (W1, @) LN Tn-\(Wo, &(w1)) 122y g0y (W, 1,)
where n 1s any positive integey and X denotes the natural corvvespondence given
by (2.2).

Proof. Let « €m,(X, x,) and choose a representative map f: (I?, 01%) -
(X, x,) for «. Then it is not difficult to see that both o) and X—19, - &4 ()
are represented by the map g : (I#,0I?) - (X, x,) defined as follows:

oty = (12000 (16() <3),
f(gtlml:')Stn”’—l): (lfe(t) 2%),
where ¢ = (#4," ' *, In) is an arbitrary point of I and 8(¢) denotes the smallest
of the 2# real numbers &y, -+, ¢y, 1 — &, 0+, 1 — iy 1

The property (14.4) of the operations oy is characteristic. To formulate
this fact precisely, let us define the notion of a system of operations as
follows. By a system of operations in a homotopy system H = {=, 0, , },
we mean for each path o: 7 - X in any space X and each integer » >0 a
transformation

on X, %) >l X, %), %y = 0(0), x; = (1)

such that g,is the identity onzmy(X, x,) = my(X, xo). and that (14.4) is satisfied.
Since (14.4) implies 65, = X~'n,_,&:X, the inductive proof of the following
theorem is obvious.

Theorem 14.5. In any given homotopy system H = {m, 0, 4 }, there exists
one and only one system of operations. Furthermore, for awy two given homotopy
systems H and H', the natural equivalence h: H ~ H' commutes with the
operations in H and H'.

Analogously, for each path o:I - A4, one can define the operations oy
on the relative homotopy group and deduce similar results. See Ex. D at
the end of the chapter.

15. Local system of groups

The homotopy groups together with the operations ¢y constructed in the
preceding section motivated the notion of a local system of groups in a space
X, [Steenrod 1].

We shall say that we have a local system of grougbs { Gz} in a space X,
if the following conditions are satisfied:

(LSG1) For each point x € X, there is given a group Gy.

(I.5G2)-For-each path ¢ : I — X joining %, to x,, there is given a homo-
morphism g : Gay — Gap-
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(LSG3) If o is the degenerate path o(I) = x,, then oy is the identity
automorphism on Gy,. .

(LSG4) If two paths ¢, 7:1 - X are equivalent, i.e., if ¢, v have the
same end-points and are homotopic with end-points held fixed, then

Ok = T
(LSGS) If two paths ¢, 7v:1 - X are consecutive, ie., if a(l) = 7(0),

then (o7T)4t = o474,

- According to (14.1), the collection of the homotopy groups {m,(X, %,) |
%y € X }, for a given space X and a given integer » > 0, forms a local system
of groups in X. Similarly, the collection of the relative homotopy groups
{mn(X, A, %) | %964}, n> 1, forms a local system of groups in the sub-
space 4 of X.

As an easy consequence of (LSG3)-(LSGS); we deduce as in the proof of
(14.1) that every o4 is an isomorphism. Hence, if X is pathwise connected,
then all the groups G4, ¥ € X, are isomorphic.

Since the elements of the fundamental group atl(X %,) are homotopy
classes of the loops [X ; x,, #,] with end-points held fixed, we deduce as a
direct consequence of (LSG3)—(LSGY) that, for each %, X, #,(X, x,) acts
as a group of operators (or automorphisms) on G, in the sense defined as
follows.

A multiplicative group H is said to act as a group of operators on an
additive group G, (or, simply H acts on G), if, for every » & H and every
g € G, an element Ag € G 1s defined in such a way that

higy + ga) = gy + hga, hy(hig) = (Bohi)g, lg =g

where g, g1, 2. € G, A, hy, hy€ H are arbitrary elements and 1 € H denotes

the neutral element. :
Applying this to the local system of groups {7,(X, xy) | %€ X }, where
#n > 0, we obtain (14.2) restated as follows.

Proposition 154, For ecach xo€ X, the fundamental group n,(X, x,) acts
on the n-th homotopy group mn(X, x,) as a group of operators.

In the special case # = 1, one can easily see that, for any two elements
gand 2 inm, (X, x,), & acts on g as follows:
(15.2)  hig) = hghl.

Similarly, for each x,€ 4, n,(4, x,) acts on the u-th relative homotopy ‘
group 7mmy(X, A, x,), # > 1, as a group of operators.
As a consequence of these operations, let us consider two given homotoplc '

maps fg: X Y.

Let ; : X - Y, (0 <?¢ < 1), be a homotopy such that 4, = f and %, = g.
Choose a point x, € X and denote y, = f(x,) and y; = g(x,). Define a path

g. I — Y by taklng O-(t) p=== kt(xe): (t = I) ,~
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then ¢(0) = y, and (1) = y,. According to § 5, the maps f and g induce
homomorphisms

Fae 1ol X, %0) =700 (Y, yo)s g il X, %0) > (Y, 9y)
for each #n > 1. On the other hand, the path ¢ determines an isomorphism
On (Y, y1) 7Y, yy).

Proposition 15.3. 7, = opg,.

Proof. Let aemn(X, x,) and choose a map ¢ : (I7, dI*) - (X, x,) which
represents «. Define a homotopy v;: 17> 7Y, (0 <¢ <), by taking
Y¢ = Mg for every te I. Then y, represents f () and v, represents g,(«).
Since py(0I") = o(t) for each ¢ € I, it follows that f(«) = ongy(a). |

Corollary 15.4. If f, ¢ X >Y are homotopic maps such that f(xy) = vy, =
g{%,), then theve exists an element w € 7, (Y, yo) such that f, = wg,.

As another consequence of (15.3), we have the following

Proposition 15.5. I/ /. X — Y s a homotopy equivalence and if [ (%) = ¥,,
then
Vit 700X, %) >mn(Y, ¥o)
1S an isomorphism for every n > 0,

Proof. Since / is a homotopy equivalence, there exists a map g: Y - X
such that gf and fg are homotopic to the identity maps Let x, = g(v,).
Then g induces

8 gx (Y, o) >7a(X, 5y). |
Let 7;: X - X, (0 <?¢ < 1), be a homotopy such that %, = gf and %, is
the identity map on X. Define a path ¢: 1 -~ X by ¢(f) = hy(x,) for every
teI. Then, by (15.3), we have
Exlx = On.
Since oy is an isomorphism, this implies that f, is a monomorphism and g,
is an epimorphism. Since g is also a homotopy equivalence, it follows that g,
is also a monomorphism. Hence g,, is an isomorphism and so is f, = gtop. |

Similarly, if f: (X, 4) - (Y, B) is a homotopy equivalence and if f (x,) = v,,

th '
en Ts tmnlX, A, %) >7a(Y, B, v,)

is an isomorphism for every # > 1.

16. n-Simple spaces

A local system of groups { Gz } in a space X is said to be simple, if the
homomorphism o4 depends only on the initial point ¢(0) and the terminal
point ¢(1) of the path ¢ : I - X.

Let W be a group which acts on a group G. We shall say that W acts simply
on G if wg = g for every we W and ge G.
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The proofs of the following two propositions are straightforward and hence
are left to the reader.

Proposition 16.1. 4 local system of groups { Gz } wn a space X is simple iff,
for every xye X, mi(X, x,) acts simply on Gz,

Proposition 16.2. A local system of groups { Gz } in a pathwise connected
space X is simple iff theve exists a point xy€ X such that 7w, (X, x,) acts simply
on Gay. '

Corollary 16.3. A local system of groups { Gz } tn a simply connected space
X is always simple.

Let # > 0 be any given integer. A space X is said to be #n-simple if the
local system {mn(X, %) | o€ X } of the n-th homotopy groups in X is
simple. | |

The following assertions are immediate consequences of the definition
and (16.1)~(16.3). '

Proposition 16.4. A space X is n-simple iff, for ebery %€ X, 7,(X, %)
acts stmply on mwp(X, %),

Proposition 16.5. A pathwise connected space X is n-simple iff there exists
a point x, € X such that 7w, (X, xy) acts simply on 7, (X, x,).

Corollary 16.6. A simply connected space is n-simple for every n > 0.
Corollary 16.7. A pathwise connected space X is n—éimple if mp(X) = 0,

Corollary 16.8. A pathwise connected space X is l-simple 1ff n(X) s
commutative.

Thus, the m-sphere S is n-simple for every m > 0 and » > 0.
Now let us consider the unit #-sphere S* and a given point sy € 5%. The
geometrical meaning of n-simplicity is given by the following

Theorem 16.9. A S;bace X s n-simple iff, for every point, xy€ X and any
two maps f,g:S?~> X with f(sg) = %y = g(8y), [ =2 g implies | =~ g vel s,.

Proof. Assume that X is #n-simple. Then, by (16.4), (X, %,) acts simply
on (X, x,). Since f == g, there exists a homotopy %4 : S* - X, (0 <{ < 1),
such that s, = fand #; = g. According to the remark given in the paragraph
which precedes (2.1), the maps f and g represent elements « and 8 of 7,,(X, %)
respectively. Define a path ¢: 1 — X by taking o(f) = A(sy) for each z € 1.
Since ¢(0) = #x, = o(l), o represents an element w of 7, (X, x;). By § 14 and
ﬁﬁfit is easy to see that o = wf. Since 7,(X, %,) acts simply on wa(X, %),
we have wf = . Hence o == . This proves that f ~ g rel s,.
Next, let us assume that the condition is satisfied. Let w € wt,(X, %,) and
choose a loop ¢ which represents w. Let o be any element of 7, (X, x,) re-
presented by a map f:S7 - X with f(s,) = %, Then the element wa of
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7in(X, %) is represented by a map g: S » X with g(s,} = x, and satisfying
{ = g. By our condition, this implies that f ~ g 7el s5,. Hence wa = a. By
(16.4), X is n-simple. 1

As a consequence of (16.9), let us prove the following

Proposition 16.10. Every pathwise connected topologic‘al group is mn-simple
for every # > 0.

Proof. Let X be a pathwise connected topological group and %, its neutral
element. Let/, g : $” - X be any two homotopic maps such that (sy) = %, =
g(sy). Then these exists a homotopy 4;:S? > X, (0 <¢ < 1), with &, = f
and 4, = g. Define a homotopy %;: S* -~ X, (0 <t < 1), by taking

Ri(s) = [he(so)] 7t [ha(s)], (seSm tel).

Then we have &y = f, £, = g and Z&y(s;) = %, for each f& 1. Hence f ~¢g
rel s,. By the sufficiency proof of (16.9), #;(X, x,) operates simply on
Ttn(X, %), By (16.2) this implies that X is #-simple. 1

This proposition (16.10) can be generalized to the H-spaces as defined in
(I1I; § 11). See Ex. G.

The usefulness of #-simplicity is that, for a pathwise connected n-simple
space X, the abstract homotopy group 7,(X) as defined in § 14 has a natural
geometrical meaning as follows. . '

Let us define n,(X) to be the set of all homotopy classes of the maps of
S7 into X. In other words, m,(X) is the set of all path-components of the

mapping space D — X"

Choose an arbitrary basic point x,& X and consider the subspace ¥ of @
which consists of the maps of (57, s,) into (X, x,). Then the path-components
of ¥ can be considered as the elements of 7,(X, x;). Hence the inclusion
map ¥ < @ induces a transformation

X imn(X, x4) > 7n(X).

Lemma 16.11. If X is pathwise connected and n-simple, then X sends
Ton( X, x4) onto 70, (X) tn a one-to-one fashion.

Proof. Let aem,(X) and choose a map f:5% - X which represents «.
Since X is pathwise connected, there is a path ¢ : I + X such that ¢(0) = %,
and o(l) = x; = f(s,). By the method used in the construction of g, in § 14,
one can show that there is a homotopy f;: S* - X, (0 <t < 1), such that
fo = [ and fe(s;) = o(1 —¥) for each te . Then f, € ¥ and represents an
element § of m,(X, x,). The homotopy f; proves that ¥(f) = «. Hence X
is onto. J

Next, let «, fema(X, xy) be such that X{a) = X(B). Choose maps f, g:
(57, o) = (X, %) representing «, f respectively. Since X(«) = %(f8), we have
f =g Since X is n-simple, it follows from (16.9) that f =~ g rel s,. This
implies that « = 8. Hence X is one-to-one. |
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By means of X, we may define a group structure inz,(X) so that ¥ becomes
an isomorphism, which will be called the canonical isomorphism of ma(X, %)
onto 7z, (X). To justify our geometrical construction of 7z,(X) given above, it
remains to show that the group structure defined in 7,(X) by means of X
is independent of the choice of x, € X.

The geometrical meaning of the group operation defined ins,{X) by means
of X is clearly as follows. Let S® and S” denote the hemispheres defined
by #, <0 and £, > 0 respectively, where (¢, -, f,) denotes an arbitrary
point of S#. Then the basic point sy = (1,0, -, 0) is in the equator

Sn-1 — S S”,

Let o and f be arbitrarily given elements of n,(X). Then there exist maps
€ d h that
feaandgef sach that  ysm — x, — g(sm).

Define a map % : S* - X by taking

f(s), (if s 5%),
g(s), (if s € S%).

Then % represents the element « + f of 72,(X) which does not depend on the
choice of f from « and g from B. We call the attention of the reader to the
fact that, in case # = 1,7,(X) is commutative by (16.8) and hence the addi-
tive notation is preferred. '

Now let #; € X. Since X is pathwise connected, thereisa path ¢: [ > X
such that ¢(0) = %, and (1) = x,. By a standard method, one can show that
there exists a homotopy f;:5% =X, (0 < ¢ <1), such that fo =7 and
1157 = ¢(f) for each tel. Similarly, there is a homotopy g;:S* > X,
(0 < < 1), such that g, = g and g(S™) = o(f) for each ¢€ I. Define a
- homotopy %; : S* » X, (0 <# < 1), by setting

fi(s), (if se S,

h“”‘z{gdg, (if s € S™).

for each t€I. Then hy = h and }, o h. Hence %, represents o + 8. Also,
since .
> f10ST) = %y = g(S-),

this proves that« + 8 does not depend on the choice of the basic point %, € X.

Thus, for a pathwise connected #-simple space X, we have freed the basic
point from the definition of the #-th homotopy group.

We have just seen that the homotopy classes of the maps of S into a
pathwise connected #-simple space X form a groups,(X) which is isomorphic
with 7, (X, ,) for every x, € X. If X is pathwise connected but not #-simple
this is not true; in fact, the homotopy classes of the maps S7» X are in a
one-to-one correspondence with the equivalence classes in 7,(X, %,) under
the operations of 7r,(X, x,). The proof is left to the reader.



EXERCISES 135

EXERCISES

A. Inductive construction of a homotopy system

Construct a homotopy system H = {x, d, , } by induction as follows.

According to the definition of a homotopy system in § 11, the homotopy
set my(X, xy) and the induced transformation f, : 7y(X, %,) - (Y, v,) are
well-defined for every pair (X, x,) and every map f: (X, %) - (Y, v,).
Let n > 1 be a given integer and assume that we have already constructed
the homotopy sets mn(X, 4, %) for each 1 < m < # and each triplet
(X, A, x,), together with the boundary operators d and the induced trans-
formations f, on these homotopy sets, such that the seven axions in § 11
are satisfied. -

To construct the homotopy set 7,(X, 4, x,) of a given tnplet (X, 4, %),
consider the derived triplet (X', A’, x’,) of (X, A4, x,) and the derived
projection p : (X', A', x'y) > (X, A4, x,). We define

7n (X, 4, 50) = any(A', 7).

Next, let g = p | (4', 2y). Then, the boundary operator @ : 7, (X, 4, x(;) -

Ttn -1{4, %) 1s defined by
0 = gy 1n— (4", %'g) >7tn-1(4, %)- ,

Finally, let f: (X, 4, %) = (Y, B, y,) be a given map. Then, f induces a
derived map f': (X', A", x'y) ~(Y',B',y';). Let }=f"|(4',%). Then
define fo = Faimtual ', &) >0 (B, ')

Verify the seven axions of § 11 for the system H = {7, 0, 4 } constructed
above.

‘B. The equivalence theorem

Consider two given homotopy Syétems
H={m0,,} H ={a,04#)

together with their natural equwalence h={hy}: H~ H constructed
in § 12.

By an admusstble transformation k = { ky } : H - H', we mean for each
triplet (X, 4, x,) and each integer # > 0 a transformation

ko ion(X, 4, %) »7'n(X, 4, x,)

satisfying the conditions: | | |

(AT1) For each triplet (X, 4, x,) and each integer # > 0, we have the
commutativity relation %, ,0 = 8'k,, where, in case of » = 1, k, denotes
the identity map. .

(AT2) For each map /: (X, 4, x,).~ (Y, B, v,) and each integer n > 0,
we have the commutativity relation kyfy = Enfyt.

By (El), (E3) and (E4) of 8§12, every equivalence between H and H' is
an- admissible transformation. Conversely, prove the following
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Equivalence Theorem. Every admissible transformation k is an equivalence
between H and H'. In fact, it coincides with the natural equivalence h, that is
o say, kp = hy for every n > 0.

This shows that the natural equivalence % = { Ay, } is the only possible
equivalence between any two homotopy systems. Furthermore, in order
to construct geometrically the natural equivalence between two homotopy
systems given by geometric definitions, it suffices to establish an admissible
transformation by means of some natural geometric method.

C. Properties of the homotopy system

The uniqueness theorem (12.1) implies that the set of seven properties in
§§ 6-10 is equivalent to the set of seven axioms in § 11. The following is an
outline of deducing these seven basic properties together with other pro-
perties of the homotopy system right from the seven axioms. Since the pro-
perties I, 11, III, V, VII are stated exactly the same as the corresponding
axioms, it remains to prove the properties IV and VI.

1.If 7: (X, 4, %) ~ (Y, B, ) is a homotopy equivalence, then, for each
n >0, f, sends my(X, 4, %) ontom,(Y, B, v,) in a one-to-one fashion.

2. If X is contractible to the point x,, thenn, (X, x,) = 0 for every n > 0.

3. For any given triplet (X, 4, x,), consider the derived projection
b (X', A, x'y) ~ (X, 4, x). Then in the diagram

(X, A, %) <2ron(X', A, %)) O mni(4', &'y),
both p, and 9 are one-to-one and onto and hence we obtain a natural corre-
spondence L =0p7t ma(X, 4, %g) >7n—g(4", #'0)
which sends 7, (X, 4, x,) onto my—(4’, #'y) in a one-to-one fashion.

4, For every triplet (X, 4, x,) and every n > 0,7,(X, 4, %,) is non-empty.
Furthermore, one can uniquely define a neutral element of my(X, A, %) in
such a way that X,d and the induced transformations send the neutral

element into a neutral element.
5. In the homotopy sequence

s gt i(X, A, %) 2 mn(A, %) s n(X, x) By ma(X, A, %) 2s

Iy (X, A, xg) S0 mo(A, %) B (X, %)

of (X, 4, x,) every set has a specific neutral element. By the kernel of a
transformation in this sequence, we mean the inverse image of the neutral
element. Then prove simultaneously the following two theorems:

The exactness theorem. The homotopy sequence of any triplet is exact, ‘that’
is to say, the kernel of every transformation in the sequence coincides with
the image of the preceding transformation.

The fibering theorem. If f: X — Y is a fibering, A = [~YB) and %y € f (),
then the induced transformation fu carries mp(X, A, xy) onto m,(Y, B, y,) 0
- a one-to-one fashion for every n > 0. :

These two theorems cover the properties IV and VI respectlvely
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D. The role of the basic point in the relative homotopy groups

Consider a given space X, a given subspace 4 of X, and two given points
Xq, ¥y connected by a path

g: 14, ol0) =2z ofl) =2,
For each » > 0, define a transformation
on i 7ta(X, 4, %1) > 7mn(X, A, x,)
as follows. Let « €7,(X, 4, x,). Choose a representative map
L I ) 5 (X, 4, )

for o Pull the image of J»-1 retreating along the path ¢ back to x, with the
image of /* being dragged in such a way that the image of I7-1is always in 4.
The map obtained after this homotopy represents an element b ofmn(X, 4, %,)
which depends only on « and ¢. Then, we define o,(x = f. Give the details
of this geometrical construction asin § 14, and prove the following assertions:

1. For every # > 2, oy, is 2 homomorphism.

2. For every # > 0, a5, depends only on the class of the path g.

3. If o is the degenerate path o(I) = x, in 4, then o, is the identity
transformation on s, (X, 4, %,) for each # > 0.

4. If o, T are consecutive paths in 4, i.e. (1) = 7(0), then (67)s = ouTn
for each » > 0.

5. For every n > 0, g carries 7,(X, 4, x,) onto (X, 4, %,) in a one-to-
one fashion. Hence oy, is an isomorphism for every # > 2.

6. Each rectangle of the following ladder is commutative

.._q_> ﬂn(.A xo) X ﬂn(X xo) E ﬂ:/n,(X, A, xo) ._(2_> Jtﬁ_l(A, xG)..f:“.w.;,

o, On : 10,3 Op
¥

O (A, %) By (X, %) B ma(X, A, %) 2 qn_y(A, %) -

7. For any triplet (X, 4, x,),74(X, 4, x,) is a crossed [m,(4, x,), 8]-module.
By this, we mean that the following two cond1t10ns are satisfied for every

w in 7, (4, %) and «, § in w,(X, 4, x,):

(i) O(we) = w(0a)w1,

(i) (Oo)f == afoc1.

Hence jumy(X, x,) is contained in the center of my(X, 4, x,) and i,7,(4, ,)
acts as a group of operators on J,m,(X, x,). See [Hi, pp. 39-411.

The significance of the assertion (5) is as follows. If 4 is pathwise connected
and » > 2, then all the groups 7,(X, 4, x,) for various basic points x, are
isomorphic. Hence, as an abstract group, n,(X, 4, #,) does not depend on
the basic point x, and may be denoted simply by 7,(X, 4). This abstract
group 7, (X, A) will be called the #n-th (abstract) relative homotopy group of X
modulo 4. For example, we have |

Rm(E?, S7=1) =0, (m < #n), m,(E?, St-1) =
m(£2,SY) =0, (m>2), m(E3S% = Z
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Next, consider the spaces of paths
WO = [X’A’ xﬂ]’ Wl = [X:A’xl]
as well as the degenerate paths wye W, and w, € W,. Then a given path
o: 1 - A which connects x, to %, induces a map &: W, - W, defined as
follows: for each w e W,, &(w) € W, is the path defined by

| w(28), if0 <t <4,

w) |(§) =
L)) { o{2 — 2t), 1f1<t<1
On the other hand, ¢ also induces a path % : I — W, defined as follows: for
each s € I, (s) € W, is the path defined by .

_(ols), if0 <t <4,
[n(s)]() = {0(28_,23;), if1<t<l.

Then, obviously we have #(0) = w, and 5(l) = &(w;). Prove that commu-
tativity holds in the following diagram

x | X
\’
(W1, @) LN Tn—1 (W, E(y)) -1 (W, wy)

where X denotes the natural correspondences. Hence
Gvn = X“lnnmlf*x, (2 > 0.

E. Relative n-simplicity

Let # > 2 be a given integer. A space X is said to be n-simple relative to a
subspace A if the local system of groups {m.(X, 4, x(,) |x,64} in 4 is
simple. In this case, we also say that the pair (X, A) is n-stmple. Establish
analogues to (16 4)-(16.7), as well as these assertions:

1. If (X, A) is 2-simple, then m,(X, 4, x,) is abelian for every x,€ 4.

9. If, for every x e A, my(X, A, %) is abelian and 7, sends 7,(4, %,) into
the neutral element of 7, (X, %) then (X, 4) is 2-simple. |
3. A pair (X, A) is #-simple iff, for every point %, € 4 and any two maps |

1,81 (Em, 5772, s0) > (X, 4, %),

f o grel { Sn-1, A} implies that f ~ ¢ rel { Sm1, A ; s, %y }. ,
4. If (X, A) is n-simple and if 4 is pathwise connected the elements of the
abstract relative homotopy group 7,(X, 4) can be considered as the homo-

topy classes of the maps of (E#, S»-1) into (X, 4).

F. The Whitehead product

Consider a given space X and a given basic point %€ X. Let m > 1 and
n > 1 be given integers. For any two given elements

aEmm(X, %)), PBEm(X, %),
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we are going to construct an element [«, 8] of .51 (X, %,) Which will be
called the Whitehead product of o« and B.
For this purpose, let us choose representative maps
fr(Im,00m) > (X, x), g (I%,0%) > (X, x)

for a, § respectively. Since I™+2 = Jm x I#, we have dIm+n = (Im x 9In) U
(0I™ x I7). Hence we define a map % : dI™m+# - X by taking for each point
(s, ?) in QIm+n .- ot — {]‘(s), treom

T L), if s e gIm,
- Since the point 7, = (0, - -, 0) of dI™+n isin 9™ X 01", we have h(r,) = x,.
Since @I™+n is homeomorphic to S®n-1, } represents an element y of

Tomn—-1{X, ENE
Prove that ¢ depends only on the eIements o« and . So, we may define

[, ] = .

Establish the following properties of the Whitehead products:

1.If aem(X, %) and Bem(X, x,), then [o,f] is the commutator
oot of my (X, x,).

2. If a emm(X, %) and f €, (X, %,) with m > 1, then [a, ] is the element
fo — a of 7 (X, %)

3. If m > 1, then the assignment « > [a, ] for a given ﬁ emn(X, x,)
defines a homomorphism

Bx 1 om(X, %) > Tmin—(X, %).

- 4. I m + n > 2, then, for every « e mpm(X, %) and § emy(X, x,) we have
(B, o] = (—1)™[a, B].

5.If ¢: I - X is a path joining %, to x;, then, for every a €m,(X, x,)
and f emn(X, x,), we have
Omin-1lo, ] = [om(e), ou(B)].
6. If ¢: (X, x,) - (Y,,) is a map, then, for every aemy(X,x,) and

Bean(X, x), wehave ¢ o, 8] = [gu(a), u(B)]
7. For any a €7mn(X, xy), B €ma(X, x,), ¥ €my(X, %), the following Jacob:
identity holds:
(— D™l B1, ¥) + (— VW8, v, &) + (— Denlly, ), 1 = 0.

Whitehead products may be also defined between relative homotopy
groups and between mp(X, 4, x,) and 7y, (4, x,). See [Hu 11] and [Blakers
and Massey 2].

G. Homotopy groups of H-spaces

Let X be a given H-space as defined in (I11; § 11) and let %, be a homotopy
unit of X. Then the group operation in 7,(X, xo) is closely related to the
multiplication in X as follows.
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Let o, f be arbitrarily given elements of 7,(X, x,) with #.> 0. Choose
any representative maps i g s (In,0I7) > (X, x,)

for o and f respectively. By means of the multiplication in X, we may define
a map h: (In, 0I") - (X, x,) by taking

h(t) = f(2)-g(8), tel™

Prove that 4 represents the element « + 8 of mu(X, #,). Furthermore, if X
is a topological group and x, is the neutral element of X, then we may define
amap k: (I, 0I") > (X, x,) by taking

Bt) = F(0)Te0] Y teIn.

Prove that % represents the element o — 8 of 7, (X, %,).
Next, let a € (X, %) and f emy(X, x,). Choose representative maps

fo(Im oImy = (X, x), g: (I, 0I") (X, %)
for « and f and define a map A : I™*% — X by taking .
h(s,t) = f(s)-g(f), selm itecln
Prove that 4 | 9I™+n represents [«, f]. This implies that
[«, 5] = 0.

Hence, it follows from the assertion (2) of Ex. F that every pathwise con-
nected H-space is #-simple for every » > 0; in particular, we deduce again
that m,(X, #,) is abelian.

H. Semi-simplicial complexes

A semi-simplicial complex K is a collection of elements { o } called cells
together with two functions. The first function assigns to each cell o an
integer m > 0 called the démension of o, m = dim (o); we then say that ¢
is an m-cell. The second function assigns to each m-cell o, (m > 0), of K and
each integer 7, (0 <4 < m), an (m — 1)-cell 940 called the itk face of o,
also denoted by o¥¥}, subject to the condition {S5C)

‘ aiaja‘ = aj_laqz()'

for m > 1 and 0 <i < j < m. We call 0; the i-th face operator. It may
happen that 8;0 = ;o for some ¢ # j. Lower dimensional faces of o may be
defined by iterating the face operators. For any two cells ¢ and 7 of K, we
shall write 7 < ¢ if either 7 = o or 7 = 04" + *0y,,0 for some set {45, -, 9 }
of integers with 0 < ¢, < -+ < i, < m. Thus we obtain a proper reflexive
partial ordering relation < in K. [Eilenberg and Zilber 1].

1. A simplicial complex K is a set whose elements are finite subsets of a
given set V, subject to the condition that if o€ K and 7 is a non-empty
subset of ¢, then 7 € K. Prove that, if V is partially ordered in such a way
that every o € K is lineally ordered, then K is a semi-simplicial complex.
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2. Given a simplicial complex K, construct a semi-simplicial complex
O(K) as follows. The m-cells, m >0, are the (m + 1)-tuples (vg,- -+, Um),
repetltlons allowed of the vertices of somesimplex of K ; and Oz(vo, cr, U =
(vg,°* , Vg, Un), where the circumflex over v; means that v; is omitted.

3. Prove that the singular complex S(X) of a space X, [E-S; p. 185],is a
semi-simplicial complex.

4. Construct the homology and the cohomology groups of a given semi-
simplicial complex K modulo a subcomplex L over a given abelian coefficient

group.
I. Degeneracy operators

By a system of degeneracy operafors in a given semi-simplicial complex K,
we mean a function which assigns to each m-cell ¢, (m >0), of K and each
integer 4, (0 <¢ <), an (m + 1)-cell B;0 of K, satisfying the conditions:

0:65(0) = 05..0i(0), (1 <7);
0105(0) = o = 05,464(0);
0i8;(0) = 0;-10i(0), (m> 0,7 <j);
0ib5(0) = 0;01-3(0), (m>0,i>7+ 1),

We call 6; the i-th degeneracy operator of the system. An m-cell o, (1 > 0),
of K is said to be degenerate if 0 = 0;(t) for some (m — 1)-cell 7 of K and
some ¢ with 0 <7 <m — 1.

1. Prove that the semi-simplicial complex O(K) of a simplicial complex K
admits a system of degeneracy operators defined by

Bﬁ(vg,' "ty 'Um) = (v(}:' * ‘.: 'Ui, 'Ui, vi-ﬁ-ls' * Um)-

2. Prove that the singular complex S(X) of a space X admits a system of
degeneracy operators defined by

6@0'(#9, Yy, tm+1) = O‘(t();. Yy t‘i—l: t’& + t’5+1: ti+2!. " tm-i—l)'

3. Prove that the semi-simplicial complex obtained from a simplicial
complex by a partial ordering of the vertices admits no system of degeneracy.

4. Prove that every semi-simplicial complex of finite dimension admits no
- system of degeneracy.

J. Complete semi-simplicial complexes

A semi-simplicial complex K is said to satisfy the extension condition if
given m-cells ¢y, * *, Ox—q, Ok 41, * *» Om4y Of K such that

0wy = 0500, (U F kR JHR 1<),

for the case m > 0, then there exists an (m + 1)-cell ¢ such that dy0 = oy
for each ¢ # k. A semi-simplicial complex K is said to be complete if it satisfies
the extension condition and admits a system of degeneracy operators.
A complete semi-simplicial complex K with a given system of degeneracy
operators is called a Kan complex, [Kan 1].
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Prove that the singular complex S(X) of a space X is complete and that
the semi-simplicial complex O(K) of a simplicial complex K may fail fo be
complete. Hence, the class of Kan complexes is rather Timited.

K. Homotopy groups of Kan complexes

Let K be a given Kan complex. The 0O-cells and the 1-cells of K will be
called vertices and edges respectively. Two vertices v,, v; of K are said to be
equivalent, vy ~ v,, if there exists an edge ¢ € K with 0y¢ = v; and @.,¢ = v,.
By means of the extension property of K, prove that this relation ~ is sym-
" metric, reflexive and transitive, and hence the vertices of K are divided into
disjoint equivalence classes called the components of K. Let my(K) denote the
set of all components of K.

Next, let v be a given vertex of K. We are going to define a dertved complex.

K' = D(K, v)

as follows. The #- cells of K’ are defined to be the (# 4 1)-cells o of K such
that v is the only vertex < ¢ and that 0,0 = 6,%(v), where 8, is the n-fold
iteration of the degeneracy operator f,. The face operators 9’; and the de-
generacy operators 1y in K’ are defined by

B’icr = ai+10‘, 9’,50‘ === Biﬂo‘.

Verify that K’ is a Kan complex and v»" = 6,v is a vertex of K’. Then, for -
every # > 0, we define 7,(K, v) inductively by

(K, v) =mp(K', v"), my(K,v) = my(K).

‘Next, let us define the group structure ins,(K, v} for each » > 0. Because
of the inductive definition given above, it suffices to define a group structure
inme(K'). Let , B be any two components of K’ and pick vertices x € « and
y € . By the definition of K’, x and y are edges in K such that 0gx = v = 0
and 0y = v = 04y. By the extension property of K, there exists a 2-cell o
in K such that 0,06 = » and 0,6 = y. Then z = 8, ¢ is a vertex in K'. Prove
that the component y of K’ which contains z depends only on o and . Define
af = y. Prove that 7;(K’) becomes a group under this multiplication.

Prove the following assertions: |

1. (K, v) is abelian for each # > 2. |

2. If K is the singular complex S(X) of a space X and v the vertex de-
termined by a given point x, € X, thens,(K, v) and 7w, (X, x,) are isomorphic
for each .



| CHAPTER V
THE CALCULATION OF HOMOTOPY GROUPS

1. Introduction

Neither the geometrlcal construction nor the axiomatic approach to the
homotopy groups in the previous chapter leads to effective computation of
these groups. In the present chapter, we shall study a few methods which
yield successful calculations of the homotopy groups in various special cases.

In the first part of the chapter, we give the celebrated Hurewicz iso-
morphism theorem. For every integer # > 0, there is a natural homo-
morphism %y of 7t4(X, %,) into the integral singular homology group H. n(X).
If n > 2 and if X is (n — 1)-connected, then Hurewicz’s theorem states that
hn 1s an isomorphism. Hence the first non-zero homotopy group of a tri-
angulable space is effectively computable.

In the second part of the chapter, we give the exact homotopy sequence
of a fibering ¢ : E — B together with a few direct sum theorems. By employing -
the numerous known fiberings in conjunction with ‘this exact sequence,
many homotopy groups may be computed.

In the last part of the chapter, we introduce Freudenthal’s suspension
together with the notion of triad homotopy groups. These suspensions are
crucial in the calculation of the homotopy groups of spheres, some of which
will be given in the final chapter of the book.

2. Homotopy groups of the product of two spaces

Let X, Y be two given spaces and x,& X, y, € Y be given points. Consider
the product Z = X x Y and the point z, = (x,, ¥,) in Z. Let

P2, %) > (X, x), q:(Z,2) ~ (Y, 9,
denote the natural projections defined by p(2) = x and ¢(z) = v for each
z = (x,%) in Z. On the other hand, let L '

2! (X’xﬂ) +(Z:30): ] (Y, yo) —->(Z,2'0)

denote the maps (called the sujections) defined by z'( ) = (%, 9,) and j(y) =
(%9, y) for each x€ X and each ye Y. Hence 7, ¢j are identity maps and
$7, qi are constant maps.

For each # > 0, the maps p, ¢, 7, f induce the homomorphisms

Dy i7n(Z, 2) »mn(X, x0), Gy i7nlZ, 20) > 70n(Y, ¥y),
' ’t* .: ”ﬂ(X: xo) 'A"in'n(Z: 2’0), ]* :"’Tﬂ(Y! yD) -—>:rrn(Z, ZO):
143
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satisfying the relations

Pate = L Gufu =1, Pufs =0, guts = 0.
Hence 1, {4 are monomorphisms and p,, g4 are epimorphisms.
Let us consider the direct product of the groups 7, (X, %) and ma(Y, y,)-
If » > 1, these groups are abelian and their direct product is also called the
direct sum. We shall use the additive notation

7n(X, %) + 7n(Y, yo), (n>0),

for the direct product even in the case # = 1 where the groups are not
necessarily abelian.

Theorem 2.1. For every n > 0, we have
7wl Z, 2) ~ (X, %g) A 7a(Y, 90)-
Proof. Define a homomorphism
himnlZ, 25) > 7a(X, %) + 7walY, ¥o)
by setting A(x) = (ps(ct), ¢4(a)) for every a em,(Z, zn). It remains to prove
that 4 is an isomorphism.

For arbitrarily given « € 7, (X, %,) and 8 € 7w, (Y, ¥,), let y = t4a - 748 €
7tn(Z, 25). Then we have

By) = (Paisr + PadsBs  Gubstt + Gxfsb) = (o, f).
Hence 7 is an epimorphism. ‘

On the other hand, let 6 em,(Z, z,) be any element such that A(d) = 0.
Then, by definition, we have p,6 = 0 and ¢46 = 0. Let f: (I, 0I") — (Z, z,)
be any map which represents d. Since $,8 = 0 and ¢,0 = 0, there exist
two homotopies

gt (In,007) > (X, %), hy: (In,8I7) > (Y, ),

(0 < t < 1), such that g, = pf, g;(I") = %, ke = ¢f and A,(I") = Yor Define
a homotopy f;: I* = Z, (0 <t < 1), by taking

. Tels) = (gals), hels)), (se I tel).

Then clearly we have f, = 7, /;(I*) = z, and [,(0I"?) = 2z, for each /€ l.
This implies that 6§ = 0. Hence £ is also a monomorphism. |
The inverse of & is the isomorphism

B (X, %) + 7wal Y, vo) ~ 72, 2)

given by h(w, B) — ix(a) + fu(B)-

By means of finite induction, (2.1) can be easily generalized in an obvious
way to topological product of more than two factor spaces. In particular,
the homotopy groups of the m-dimensional torus Ty, i.e. the product
T = St % +++ x S!of m copies of the unit circle St, are as follows: 5z, (7'n)
is the free abelian group with m free generators and z,(Ty) = 0 for every

n>1.F
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3. The one-point union of two spaces

Let X, Y be two given spaces and x, € X, y, € Y be given points. Consider
the topological sum W= XUY as in (I, §7). If we identify the point
%y € X with the point y, € Y, we get a quotient space U of W with a specified
point u, which is the class consisting of x, and y,. This space U will be
called the one-point union of X and Y, and sometimes denoted by X\/Y.

Using the notations of § 2, we can imbed U as the subspace (X x y,) U
(29 X Y) of the product space Z by means of the map

k . (Us ’“0) - (Z’ 30)

(%! yO)! (IquX):
(%q, #), (ifueY).

defined by Al —
Theorem 3.1. For every #» > 1, we have
(U, 4g) ~ 7en( X, %) + 7Y, o) + tnsa(Z, U, 2,).
Proof. The inclusion maps ¢/, /* and the map % induce the homomorphisms
Vot X, %) >7ta(U, 4g), 4 70nlY, vy) »7alU, 1)
Ry c7enlU, wy) —~mnlZ, 2,).
Define a homomorphism ! : 74 (Z, z) »na(U, 4,) by taking
Ho) = &'ypala) + ['4gule), aema(Z, z,).
Since obviously 44’ = ¢ and &j’ = j, it follows that
Ballo) = Buli'pala) + 1'40a(0)] = Byl'spala) + Byf'sgulo)
= aDul(®) + fagule) = h7h(e) = o

for each a € mu(Z, 2,). Since % > 1, all the groups are abelian. This implies
that / is a monomorphism, %, is an epimorphism, and 7,(U, #,) splits into
the direct sum of the image of / and the kernel of &,.
Since / is a monomorphism, we have
Image ! ~ 7a(Z, 2) A 71a(X, %9) + 7Y, Vo)

by (2.1). To determine the kernel of k,, consider the homotopy sequence
s>y (U atg) oy 00,1 (Z,20) > tnsy(Z, U, 20) O 700 ( U 4g) oy Tn(Z, 20) >
of the triplet (Z, U, z,). Since k, is an epimorphism, it follows from the
- exactness of the sequence that @ is a monomorphism. Hence we have
Kernel &, = Image 0 ~ mp,4(Z, U, 2,). |

In fact, wa{U, u,) decomposes into the direct sum of the images of the three
monomorphisms ¢y, i’y and 0.

The condition # > 1 is used only once, namely, to assure that the Image
of /is a normal subgroup of 7, (U, #,). In general, this is not true for the case
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n = 1. However, we have anyway the weaker assertion that 7z,(U, %) is an
extension of my(Z, U, z,) by the direct product of 7,(X, %p) and m(Y, ).
If X and Y are polyhedra, we recall that m;(U, u,) is the free product of
7,(X, %) and 7, (Y, y,) by (II; Ex. A4). This is also true if X and Y are
regular and locally simply connected. '

As an application of (3 1), we have the following

Proposition 3.2. For every p >0, ¢ > 0 and n < p + q— 1, we have
70 (SPN/SY) ~s 75 (SP) + 70 (S9).
Proof. Since (S? x S%, SP\/59) is a relative (p + g)-cell in the sense of
(I; § 7), it follows from (IV; 3.4) that
m(SP X 5S¢, SPN/5¢) = 0

for every m < p + ¢. Hence (3.2) follows from (3.1) immediately. 1
For example, we have |

T(SNSY = 0, TSNS =2, my(SN/SY) =Z + Z.

4, The natural homomorphisms from homotopy
groups to homology groups

Let (X, A, x,) be any given triplet and consider the homotopy set
(X, A4,%), n>1

Let o be an arbitrary element of 7, (X, 4, %,) and choose a map

¢ (En, 571, 50} - (X, 4, %)
which represents «, where E? denotes the unit #-cell in the euclidean n-space
Rn, Sn~1 the unit (n — 1)-sphere in R#, and s, = (1,0, -+, 0). The natural
coordinate system in R” determines an orientation of R* and hence a genera-

tor &, of the free cyclic homology group H,(E®, Sﬂ-l) As a map of (E», S7-1)
into (X, A), ¢ induces a homomorphism

(}S* . Hn En, Snw—l) - Hn(X, A)

where H,(X, A) denotes the singular homology group with integral coeffi-
cients. According to the homotopy axiom of homology theory, ¢, depends
only on the given element a € 7,(X, 4, «,). Hence the assignment «— ¢y (&)
defines a transformation -

Hn :.TCn(X,A, xg) -‘>Hn(X, A).

Proposition 4.1. If cither n > 1 or A = x,, then uy is a homomorphism
which will be called the natural homomorphism of mu(X, A, x4) into Hy(X, A).

~Proof. Let o and B8 be any two elements of 7, (X, 4, x). Then we may
choose representative maps ¢,y : (E®, S*-1, 50 - (X, 4, %) such that
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Plen s tn) = % il £, >0 and w(¢y,"*+, ) = %, if ¢, < 0. Define a map
X:(En, 571 5) - (X, 4, x,) by taking
X(t]_:"',t:n) = {¢(t1"..’tn)’ Iftl <~0:
Pl ), ift, >0.

for an arbitrary point (#;, -+, #,) in E% Then X clearly represents a + 5.
By a theorem in homology theory, [E-S; p. 36], we have

This implies xpn(e + B) =xn(e) + 2#,(0) and hence x, is a homomorphism. |
The following proposition is obvious from the above construction of .
Proposition 4.2. For any map f:(X, 4, x) - (Y, B,v,), the following

rectangle is commutative

ﬂn(X; A; xe) i — Jtn(Y,'B, y())

Ho(X,4) I+, H,(Y,B)

For the case 4 = %,, we have an isomorphism
 jui Ha(X) A Ha(X, %)
and hence we obtain a homomorphism
b = 2% 2 0n(X, %) > Ha(X)

which will be called the natural homomorphism of mu(X, x,) into Hp(X).
Clearly, %, coincides with the homomorphism %, of (II; § 6).

Sinced : Hy (E?L, S*) &~ Hy(S?), it follows that 9, = 0&,4, is agenerator
of the free cyclic group H,(S%).

If we identify the boundary S»-* of E” to a single point s, we obtain an
n-sphere S” and a point s,. Hence there is a relative homeomorphism

p: (B, S71) (7, 59)
such that p,(&n) = Ji(7a), where
- Put HalE™, 577N &~ Ha(S™, o), 15 Hu(S™) ~ Hn(S™ s¢)
are the isomorphisms induced by the map p and the inclusion map j: 57 <
(S7, sp). ' '
Let a ey (X, x,) and pick a map ¢ : (E», 57-1) - (X, x,) which represents

«. Then there exists a unique map y : (57, sp) - (X, %) such that ¢ = yp.
We may consider o as represented by . As a map of S% into X, ¢ induces a

homomorphism Pyt Hp(S?) - Hu(X).

Then clearly we have /() = 9,(%a). This may be used as the definition of
the natural homomorphism 4.
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Then, the following proposition is obvious.

Proposition 4.3. For any triplet (X, A4, x,), the following rectangle 1s

commutative .
Jtn+1(X; AJ xo) —-—-'—--q“""—} -ﬂ;ﬂ(A, xo)

l’fn lhn
Huw(X, 4) 9 Hy(A).

Now consider the following homotopy-homology ladder:

ey iy (X, A, %) 25 n(A, %) s wta(X, %g) Do (X, A, %) 2

lxn jhn lhn _ J’xn
ey HpoolX, A) 0, Hp(d) By Hu(X) Jy Ha(X, A) 2,

By (4.3), the rectangle on the left is commutative. By (4.2), the middle
rectangle and the one on the right are also commutatlve Hence the whole
ladder is commutative.

The remainder of this section is devoted to the proof of the Hurewicz
theorem for polyhedra. Generalizations will be given in the exercises at the
end of the chapter and also in a later chapter.

In (II; § 9), we defined the notion of the #-connected spaces. In terms of
homotopy groups, one can easily prove that, for a given integer n >0,
a space X is n-commected iff it is pathwise connected and 7,(X) =0 for
every m <. #.

Theorem 4.4. (Hurewicz theorem). If X s an (n-— l)-connected finite
simplicical complex with n > 1, then the natural homomorphism hy ts an
isomorphism.

Proof. If X is the n-sphere S%, then the theorem is given already by the
Hopf theorem in (II; § 8). By (3.2), it follows easily that the theorem holds
for the case X = S™\/S7. Then, by means of (3.1) and finite induction, one
can easily prove the theorem for the case where X is the one-point union

of a finite number of n-spheres.
Next, assume that dim X <#. If we identify the (» — 1)- dzmensmnal
skeleton X#-1 of X to a single point y,, we obtain a quotient space Y with a

natural projection P (X, X1 > (Y, yy).

 If Y is different from v,, then it is obviously homeomorphic to the one-point
union of a finite number of #-spheres with y, as the common point. ”
Pick a vertex x,€ Xn-1. Since X is (# — l)-connected, X®~1 must be
contractible to the point %, in X. By an application of the homotopy exten-
" sion property, it follows that there exists a homotopy /;: X — X, (0<{¢<C1), "
such that f, is the identity map, fUX"Y) = %, and fy(%,) = %, for eacht e I.
By (I; 6.1), the map f, determines a map ¢: (Y, ¥) — (X, %) such that the
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composed map ¢p = f, is homotopic to the identity map on X relative to .
Now, consider the following diagram

ma(X, %) s Hy(X)

p*\JQ’* P:H:lL’?H:

I

(Y, yo) —Fn_, Ha(Y)

where /4y, k, denote the natural homomorphisms, p,, p4 are induced by the
natural projection p, and gy, ¢4 are induced by the map ¢. By what we have
proved above, k, is an isomorphism and g, p,, gip4 are identities. By
(4.2) we have pithy = kypy and hugy = gq4rky. These imply that &, is an
isomorphism. Indeed, let « €7,(X, #,) be such that A,{x) = 0. Then we have

knpslo) = pyhn{a) = p1£(0) = 0.

- Since &, and p, are monomorphisms, this implies « = 0. Hence 4, is a mono-
morphism. On the other hand, let §e H,(X). Let « = gk, p4:(B). Then

we have hn() = knq*kﬁlﬁ#(ﬁ) — qqq:knkilﬁzi:l:(ﬁ) = q#p#(ﬁ) = f.

Hence /, is also an epimorphism. This proves the theorem for the case
dim X < =. '
Now, assume that dim X = % + 1. Then the natural homomorphism

n+y  Tonp(X, X® %) > Huq(X, X7) = Cpy(X)

is an epimorphism. Indeed, Cy,,(X) is the free abelian group generated by
the (# - 1)-simplexes of X. Let s be any (# + 1)-simplex of X. Pick a vertex
%, of s. Since Js < X7, the inclusion map s < X represents an element o
of 7py,(X, X?, x,). Since X7 is pathwise connected, there exists a path
o:I > X" joining x, to x,. Then »x,., clearly sends the element o, ,(«) of
Tu+1(X, X?, xg) into the generator s of C,.,(X). Since s is arbitrary, this
proves that s, is an epimorphism.

By (IV; 3.4), we have m,(X, X®, x,) = 0. On the other hand, we have
Hy(X, X®) = 0. Then, in the homotopy-homology ladder of (X, X7, x,),
we have the following diagram .

i X, X7, %0} 0y (X, 20) Pxey ma( X, %) Jey O

J lkn | lk"

Huoo(X, X0y O, Hu(Xn) o, Huy(X) 5, 0

where .4, 1s an epimorphism and &, is an isomorphism. These imply that
%y 1s an isomorphism. In fact, let g€ H,(X). Since 4, carries H,(X™) onto
H,(X), there exists an element y € H,(X") such that 7,(y) = . Let a =
1k () €ma(X, x,). Then, we have ' .

hp{a) = ni*kﬁl(?) = i*knk?(?) = z*(?’) = .
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Hence 4, is an epimorphism. On the other hand, let o e my(X, x,) be any
element such that %,{«) = 0. Choose an element f§ €7, (X?, x,) With 4, (f) = a.
Since g kn(f) = huix(f) = An(a) = 0, it follows from the exactness that
there exists a y € Hp (X, X®) with 0(y) = kx(f). Since x4, is an epi-
morphism, there is a § ey, (X, X7, %) with %,.,(d) = y. Then, we have

140(8) = 1,5 %n0(8) = i,k 0%m 11(0)

Hence a ='1,0(8) = 0. This proves that 4, is also a monomorphism. So,
the theorem is proved for the case dim X = » + 1. Note that the argument
used in this paragraph is a special case of the “five” lemma, [E-S; p. 16].

Finally, let X be any (# — 1)-connected finite simplicial complex. Consider
the (» + 1)-dimensional skeleton X‘ﬂ+1 of X and the following diagram

ﬂn(Xﬂ+1 X) L ﬂn(X xo)
Ra [kn :
: v o
Hy(Xntt) S Hu(X)
where the natural homomorphism %, is proved to be an isomorphism. By
(IV; 3.4), it follows that 7, is an isomorphism. On the other hand, i3 is also
an isomorphism. Hence, 4y = 74tky3! is an isomorphism. |

5. Direct sum theorems

.In the present section, we shall derive three useful consequences of the
exactness of the homotopy sequence. ‘

Proposition 5.1. If A is a retract of X and x,e€ A, then
(X, %g) A an(d, %) + mta(X, A, %)

for every m =2 and iy :mp(A, x5) >7n(X, %) is a monomorphism for every
n > 1.

Proof. Let #: X A be a retraction. Since #i is the identity map on 4,
it follows that 7.7, is the identity automorphism on m,{4, x,) for every
#n = 1. This implies that 7, is a monomorphism and 7, is an eplmorphlsm R
for every n > 1. ’

If # > 2, then m,(X, %) is abelian. Hence it follows from 7,4, = 1 that
7in(X, %,) decomposes into the direct sum |

mn(X, %) = J + K, J = Imagei,, K = Kernel 7.

Since 4, is a monomorphism, we have ] s m4(4, ). Further, by the
exactness of the homotopy sequence of (X, 4, x,), it is easy to deduce that
Ix c7alX, %g) »7a(X, 4, x%,) is an epimorphism for every n > 2. By ex-
actness, the kernel of j,, is J and so j, sends K isomorphically ontos, (X, 4, %,).
Hence K ~ ma(X, 4, %). 1 |
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Consequently, if 4 is a retract of X, then z,(X, 4, x,) must be abelian.
| Proposition 5.2. If X is deformable into A velative to a point xy€ A, then
minld, %) ~ (X, %) + 75@+1(X» A, %)

for every m >2 and iy i7mn(4, xy) >7mn(X, %) is an epimorphism for every
n > 1.

Proof. According to the hypothesm there exists a homotopy 4;: X - X,
(0 <t < 1), such that

holx) = x, h(x)ed, hi(xg) = %,
for each x € X and ¢f € I. Define a map 4 : (X, x,y) — (4, x,) by taking A(x) =
hq(x) for each x € X. Since th = hy =< hyrvel x,, it follows that 7,A4, is the
identity automorphism on 7, (X, x,). Hence A, is a monomorphism and i,
is an epimorphism for every #» > 1,
If n > 2, then my(4, x,) is abelian. Hence it follows from 4,4, = 1 that
7tn(A, x4) decomposes into the direct sum _

(A, xy) = J + K, J = Imageh,, K = Kerneli,.

Since A, is a monomorphism, we have J a~ m,(X, x,). On the other hand,
since 4, is an epimorphism for every » > 1, it follows from the exactness
that 0 :7wp (X, 4, %) >7n(4, %) is 2 monomorphism. Hence

K = Kerneli, = Image 0 ~~ mn((X, 4, %,). |

For the case n = 1,7,(4, #x,) is an extension of 7,(X, 4, xy) by 7,(X, x,) |
if X is deformable into 4 relative to x,.

Proposition 5.3. If A is contractible in X velative to a point xoc A, then
(X, A, %y) &~ wn{X, %) + a—1(4, %)

for every n >3 and i, sends ma(A, ;) tnto the neutral element of my(X, xo)
for every n > 1.

Proof. By hypothesis, there exists a homotopy #;: 4 - X, (0 <t < 1),
such that 4y, = ¢, 2 {4) = %, and A(x,) = x, for each ¢ € I. This implies that
iy = 0 for every #n > 1. ‘

Now let # > 2. By the exactness of the homotopy sequence, 7z, = 0
implies that j, is a monomorphism and ¢ is an epimorphism. This proves
that 74(X, 4, x,) is an extension of 7w, (X, %) by 7wp_1(4, %y).

By means of the contraction %;, we define a homomorphism 24, : 7, _;(4,x,)
>y (X,4,%,) for each n >2 as follows. Let a emy._4(4,x,) be represented
by a map f:([2-1,0I*1) - (4, x,). Define a map g: (1?2, [n-1, Jn-1) »
(X, 4, %) by taking gltn o tn) = hey FlEn ) tumy) '

Then 4, («) is defined to be the element represented by g. Since g | [#-1 =,

it follows that 0%, is the identity automorphism on 7, _,(4, %,). Hence A,
is a monomorphism for every # > 2.
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If » >3, then m,(X, 4, x,) is abelian. Hence, 0k, = 1 implies that
7tn(X, A, x,) decomposes into the direct sum
(X, A, %) = J + K, J = Imageh,, K = Kerneld.
Since A, is a monomorphism, [ asmy_4(4, x4). On the other hand, we have
K = Kernel@ = Tmage j, wnn(X, %)

since f, is a monomorphism. |
For the case n = 2, the last argument of the preceding proof breaks since
7a(X, A, x,) is in general non-abelian. However, it can be proved that
7mo(X, A, x,) is isomorphic to the direct product of n,(X, %) and 7 (4, ).
The assumed relativity with respect to %, in (5.2) and (5.3) is convenient
but not essential; for proofs without this assumption see [Hu 1].

6. Homotopy groups of fiber spaces

Let E be a fiber space over a base space B with projection 4 : F - B.
Choose a basic point b,€ B such that the fiber F = p~1(b,) is not empty.
Call F the basic fiber and choose a basic point e, F.Thus, we obtain a triplet
(E Y F ’ 80) ‘

Since p(F) = by, the projection p:(E,e) - (B, by) defines a map
g:(E,F,e) (B, b,) and p = ¢f, where j: (E, ¢) < (E, F, ¢y) denotes the
inclusion map. According to (IV, §9), ¢, sends w,(E, F, ¢y} onto m,(B, by)
in a one-to-one fashion for each » > 1. Let

dy = 0g7L i 7a(B, by) > (F, &), (1 >1).

Since py = ¢4J4, We can construct from the homotopy sequence of the triplet
(E, F, ep) an exact sequence

s P (B, by) s mun(F, eg) P2 mulE, 60) Ps_ grn(B, by) Py e
Py 704(B, bo) Les 1o F, €g) s 70 E, &)
which is called the homotopy sequence of the fibering p : E — B based at ¢,.
Proposition 6.1, I} the basic fiber F s totally pathwise disconnected, then
e i ma(E, &) &~ mu(B,by), n >2,
and by 18 a monomorphism if n = 1.

Proof. If F is totally pathwise disconnected, then z,(F, ¢,) = 0 for every
n > 1. Hence the proposition is an immediate consequence of the exactness
of the homotopy sequence of the fibering : E - B. |

Proposition 6.2. If the fibering p : E — B admits a cross-section X . B - E,
then, for every bye B and ¢y = X(by) € F = p~{b,), we have

nlE, eg) ~ mn(B, by) + 7l F, eg)

for each n > 2 and py is an epimorphism for every n > 1.
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Proof. Since p¥ is the identity map on B, it follows that p, X, is the identity
automorphism on m,(B, by). Hence, ¥, is a monomorphism and p, is an
epimorphism for every # > 1.

If n > 2, then m,,(E, ¢p) is abelian. Then, p,4, = 1 implies that 7, (E, ¢,)
decomposes into the direct sum

mn(E, e0) = J + K, J =1ImageX,, K = Kernelp,.

Since X, is a monomorphism, we have J & 7my(B, by). On the other hand,
since p, is an epimorphism for every # > 1, it follows from an exactness
argument that 7, is a monomorphism for every # > 1. Hence

K = Kernel p, = Image i, ~ ma(F, ;). |

If » > 1, then (6.2) is a generalization of (2.1).
As immediate consequences of (5.1)—(5.3), we have the following three
propositions concerning the homotopy sequence of a fibering 4: E - B.

Proposition 6.3. If F is a retract of E, then
nnlE, €g) ~ 7tn(B, by) + 7a(F, €,)
for every m =2 and p, is an epimorphism for every n > 1.
Proposition 6.4. I} E 1s deformable into F, then
tn(F, eg) ~ 7u(E, €g) + Ttn4y(B, by)
for every m =2 and py, =0 for every n > 1.
Proposition 6.5. I I ¢s contractible in E, then
7n(B, by) ~ 7a(E, o) + mn_y(F, €,)
for every n > 2 and py ts a monomorphism for every n > 1.

As an application, let us consider the Hopf fiberings
pStm-l s Smo (=2, 4,8).

In each of these fibering, the fiber F is an (m — 1)-sphere Sm-1 and is
contractible in $S?*-1. Hence, by (6.5), we have

(6.6) T (S™) A R(S¥T) 4 74 (ST-1)
for every m = 2, 4, 8 and every # > 2. When m = 2, this gives
(6.7) 7ta(S%) A 7n(S?), n > 3.
When m = 4 or 8, we have
(S A~ e 1(S%), (2 <n <6).
a(S8) A~ 7, (S7), (2 <n < 14).

7,(SY) & Z - g SP).
7,5(S8) &~ Z + 7,,(S7).
As another application, let us consider the fibering p:5 - M in (III;
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Ex. F), where S denotes the unit sphere in the space Cnofn complex variables
and M the projective space associated with C%. Then S is an (2n — 1)-sphere
and the fiber F is a 1-sphere. If # = 1, M consists of a single point. For the
case # > 1, it follows immediately from the exactness of the homotopy
sequence of the fibering ¢ : S - M that
7, (M) =0, m(M)~Z,
(M) ~ 7p(S¥-1), m > 2.

7. Homotopy groups of covering spaces

As a special case of (6.1}, we have the following

Proposition 7.1. If E is a covering space over a base space B velative to a
projection p: (E, ey) — (B, by), then

Ds 1 Tn(E, eg) ~ 7(B, bé), n =2,

and py 1is a monomorphism if n = 1.

In particular, if E is the universal covering space‘ over B, then we have

m(E) =0, mp(E) ~ma(B), #n =>2.

Therefore, by Hurewicz theorem (4.4 and Ex. C), we have the following

Proposition 7.2. For every connected, locally pathwise connected and semi-

locally simply connected space B, the second homotopy group 7y(B) 1s isomorphic
to the second singular homology group Ho(E) of its universal covering space E.

Applying (7.1) to the universal covering p:S™ — Pm of the m-sphere
onto the real projective space P™, we have

7n(P™) m 70a(S™), n > 2.

For another example, since the euclidean 2-space is the universal covering
space of any closed surface M other than S% and P2, we have

Za(M) =0, n >2.

Now let B be a given space which is connected, locally pathwise connected,
and semi-locally simply connected. Let b, B and #» > 1. By (IV; 15.1),
71,(B, by) acts on zty(B, by) as a group of operators. Using the isomorphisms
b, for the universal covering p: E - B and the covering transformations
of E, these operators can be interpreted nicely as follows. Let w e, (B, b,).
By (III; 16.6), w determines a covering transformation of E which will be
denoted by %: E — E for the moment. Pick ¢, € E with p(g) = b, and let
e, = hley). Then p(e;) = b,. By the construction of # and that of the operator
w on 7B, b,), one can prove that commutativity holds in the following

diagram g'cn( E , go) _h’f__> Tcn(E ) 31)
Py JP*

7n(B, By) <2 1a(B, by)
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Since A, and $, are isomorphisms, we have
(7.3) w = phlpzt

For example, let B denote the one-point union S”\/S1 obtained by identi-
fying s, € S with 1 e€S?, where » > 2. Let b, denote the identified point
of sp and 1. By (II; Ex. A), we get

ﬂl(B, bﬂ) ~ 7

with a generator w represented by the exponential map p: 1 - S'< B of
(IT; § 2). In the product space S* x R of $* and the real line R, let us con-

sider the subspace E = (S* x Z) U (s, X R),

where Z denotes the subspace of R consisting of all integers. This space E is
pathwise connected and m,(E) = 0 for every m < ». In particular, since
n > 1, E is simply connected and hence #n-simple. The #-th homotopy
group 7,(E) as interpreted in (IV; § 16) is a free abelian group with a
countable set { «; | 7€ Z } of free generators, where o; is represented by the
map f; : S® - E which is defined as follows:

his) = (s,9)€Sn x Z< E, (seSn).

For a proof of this result, see Ex. C at the end of the chapter.
Define a map ¢ : E - B by taking

s, (seSn, telZ),
20, (s = 8o, tER),

where p : R - S! denotes the exponential map of (II; § 2). One can easily
verify that E is a covering space over B relative to g. Hence, 7,,(B, by) = 0
for each m with 1 <m <% and mx(B, b,) is a free abelian group with a
countable set { f;| i€ 7} of free generators, where f; corresponds to «; in
the natural way.. '

The generator w of m,(B,b,) determines a covering transformation
h: E - E given by k{s, t) = (s, + 1) for every point (s, {) of E. It follows
that %0 = oz41 for each 1€ Z and hence wf; = fi—, for each e Z. This
determines the operations of 7 (B, b,) on my(B, b,). Note that B is #ot
n-simple. |

8. The n-connective fiberings

The interesting property (7.1) of the universal covering space suggests
the notion of #-connective fiber spaces as follows. A fibering p: E - B
- over a given pathwise connected space B is said to be n-connective if E is
n-connected and by TmlE, ¢) ~ (B, b), m>m,

where ¢, € E and $(e;) = b,, and hence
| 7in+ 1B, by) ~ Hpiy(E).
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Thus, the identity map on B is a O-connective fibering and the universal
covering over B, if it exists, is a I-connective fibering. If p: E - B is an
n~connective fibering, then E is said to be an n-connective fiber space over B.
The main objective of the present section is to construct an #-connective
fiber space over a given pathwise connected space B.

Lemma 8.1, I/ B is a given space, by a given point in B, and n a given
positive integer, then theve exists a space X which satisfies the following three
conditions :

(1) X contains B as a closed subspace.

(ii) (X, by} = 0.

(iii) The inclusion map ¢ B < X induces an isomorphism

by t7tm(B, by) A~ (X, by)

for every m satisfying 0 < m < n.

Proof. Let A be a set of elements of 7,(B, b,) which generates 7,(B, b,)
and consider A as a space with discrete topology. Let E7+! denote the
(n + 1)-cell bounded by the unit #-sphere S” in the euclidean (» 4 1)-

space. Let W Entl x A, C=Snx A< W.
Lets, = (1,0,---,0) € S%. Foreacha € 4, choose a map g, : (S?, sy) = (B, b)
which represents a. Then, define a map ¢ : C - B by taking

g(s, o) = gols), (s,a)eC.

Let X denote the adjunction space obtained by adjoining W to B by means
of the partial map g : C - B. It remains to verify the conditions (i)~(iii).

Since C is closed in W, (i) is obvious from the definition of adjunction
space in (I; § 7). To verify (ii) and (iii), let us first prove that

(X, B, b)) =0, 0<m <n.
For this purpose, let & be an arbitrary element of 7z, (X, B, b,) and pick a
nep C [ (Im, I, Jm) > (X, B, b)
which represents &. Since m < #, it follows from the method of simplicial
approximation that, by a suitable homotopy of f, we can free an interior

point ¢, of E®+l x o from the image of f for every a € 4. Hence there
exists a homotopy |

foi:(Im, Im-1, Im-1) (X B b)), (0 <t <1).
such that f, = f and f1(J{m) < B. By (IV; 3.3), this implies that & = 0.

Hence m,,(X, B, b;) = 0 for every m with 0 < m <.
From the exactness of the homotopy sequence, we deduce immediately

that i\ 7t(B by) = 70m(X, By)
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is an isomorphism for s ==1,2,--., 2 —1 and is an epimorphism for
m = n. This verifies (1i1).

Since g, represents a, it is clear that 7, («) = 0. Since A generates nn(B, b,),
it follows that ¢, sends every element of 7,(B,b,) into 0. Since 7, is an epi-
morphism for m = #, this implies that m,(X, ) = 0. This verifies (i1). |

Lemma 8.2. If B is a given space, b, a given point wn B, and n a grven non-
negative integer, then theve exists a space X which satisfies the following three
conditions:

(1) X contains B as a closed subspace.

(ii) ;e (X, by) = O for every m > n.

(i) The inclusion map 1: B < X induces an isomorphism

g :Ttm(B, by) =2 71, (X, by)
for every m satisfying 0 < m < n.

Proof. By recurrent application of the construction given in the proof of
(8.1), we obtain a sequence of spaces X, X,- -+, Xp,- - - such that

(1) Xy = B,

(2) Xy contains X,_; as a closed subspace for every » > 0,

(3) 7wnr( Xy, by) = 0 for every # > 0, and

(4) the inclusion map 4r: Xy3 < X, induces an isomorphism (i),
Tm(Xr—y, bg) & wm(Xr, by) for every m satistying 0 <m <#n + 7.

As a set, let X denote the union of X; for all » > 0. Introduce a topology
in X as follows: a set U of X is said to be open iff U N X, is open in X, for
every 7 > 0. Thus, we obtain a space X. It remains to verify the conditions
(i)~ ().

By (2) and the definition of the topology in X, it follows that X, is a closed
subspace of X for every » > 0. In particular, (i) is true since X, = B.

Next, let us prove that the inclusion map jr: X, < X induces an iso-

morphism .
P (i) * ol X, Bo) (X, B)

for every s such that 0 << m << » -+ 7. To prove that (jr), is an epimorphism,
let aemy(X, b, and choose a representative map f: (I™, dIm) -~ (X, by)
for a. Since f(I™) is compact, there exists an integer ¢ > 0 such that
jIm) < Xy.q. Hence f also represents an element f of 7, (Xrig bp) with
 {jrsg)x (f) = a. According to (4), the inclusion %: X,< X4 induces an

isomorphism Byt tn( Xy, by) ~ Tp(Xr g, bg). Let y = R71(B). Then (fi)y(y) =
(rig)sPe(y) = (rig)«(f) = . So, (jr)x is an epimorphism. To prove that
(jr)x 1s a monomorphism, let &emy(Xy, b,) be an element such that
(7#)%{§) = 0. Choose a map g: (Im, 0I™) - (X;, b,) representing & Then
(7r)5(&) = O implies that there exists a homotopy g : (I™, 0Im) - (X, by),
0 <t <1, such that g, = g and g,({™) = b,. This homotopy g; defines a
map G:Im+l - X, Since G(I™+!) is compact, there is an integer ¢ >0
such that G(Im+) < X, ,. Hence 2, (£) = 0, where 2: X, < Xy 4. Since &,
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is an isomorphism by (4), this implies that & = 0. So, (j)4 1s also a mono-
morphism. This completes the proof that (ji), is an isomorphism. By means
of this, (ii) and (iii) follow readily from (3) and (4). |

Theorem 8.3. For any given pathwise connected space B and any non-
negative inieger n, there exists an n-connective fibeving p . E — B.

Proof. Let b, B and choose a space X satisfying the conditions (i)-(iii)
of (8.2). Thus we obtain a triplet (X, B, b,). Let (X', B', b'y) denote the
derived triplet of (X, B, b,) and ¢q: (X', B’, b’y > (X, B, by) the derived
projection as defined in (IV; § 3). Then X’ is a fiber space over X and B’ is
a fiber space over B relative to ¢. Let I = ¢~1(b,). The homotopy sequences
of the fiberings are connected by the following commutative diagram

:n:m(B’ b'o) 2x s (B, by)

&

z*

. f ,
7* * /-_me—l(F: b'o)

Fb’/ ,
\, P

T X, Vg) Loy 00( X, by)

where 7y, 7', 4, #4 are induced by inclusion maps, ¢y, ¢’y are induced by ¢,
and d,, &'y are the boundary operations. Now, since X’ is contractible, we
have my, (X, b'y) = 0 for every m > 0. Therefore, ', carries (X, b;) onto
7tm-1(F, b'y) in a one-to-one fashion for every m > 1.

If m > », then we have

Tem(F, o) ~ tmas (X, by) =0, Zmy(F, b'g) ~ wm(X, by) = 0.

Hence, ¢, is an isomorphism for every m > #. On the other hand, if m <=
then' &k, is an isomorphism and hence d, = d’, k, carries my (B, b,) onto
tm—(F, b'y) in a one-to-one fashion. Hence, mp(B’, b'g) =0 for every m
satisfying 0 < m < mn. Fmally, since i (F, b'y) ~ my.4(X, by} = 0, we obtain
mn(B’, b'y) =

Now, let E denote the path-component of B’ containing the point ¢, = &,
andlet p = ¢ | E. In other words, E denotes the path-component of the space
of paths [X; B, b,] which contains the degenerate path e¢,(I) = b,, and
p: E - B denotes the initial projection. Then, it follows from what we have
proved for ¢: B’ - B that p: E - B is a fibering, that E is n-connected,
and that p, :an(E, ;) ~ mn(B, by) for every m > n. Hence p: E+B is
n-connective. | '

Corollary 84. If B is an (n — 1)-connected space and p:E -> B is an
n-connective fibeving, then the fiber F = p~Yb,) over any given point by€ B

has the property: ‘ 7in-1(F, &) =~ 7a(B, by),
(. e) =0, mFEn—1,

where ey is any point of F.
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This corollary is an easy consequence of the homotopy sequence of the
fibering ¢ : E — B at the basic point e,.

9. The homotopy sequence of a triple

By a triple (X, A, B) we mean a space X together with two nonvoid sub-
spaces 4 and B such that 4 © B. Hence a triplet is a special case of triple
where B consists of a single point. Pick a basic point #, € B. In the homotopy
system {m, 0, , }, the inclusion maps

1 {A,B,x) < (X, B, %), j:(X,B, %)< (X, 4, x)
give rise to the induced transformations ;* and ;* On the other hand, the
inclusion map ki (4, %)< (4, B, x)
has the induced transformations %,. Define a boundary operator
97X, A, %)) »70u_1(4, B, %)

for every # > 0 by taking the composition § = £,0 of

(X, A, %) -2 qn_ (A4, %) By 7n4(4, B, x,).
Thus we obtain a beginningless sequence

oy g (XA %) O (A B xg) ey 0, (X, B %) T2y mun( X, A 5g) -2
FmeBmm%mXB%pﬁmmA@.

This will be called the homotopy sequence of the triple (X, A, B) at the basic
point x,.

Theorem 9.1. The homotopy sequence of a triple is exact.

Proof. Consider the spaces of paths
= [X; X, %], A" =[X;A, %], B =[X;B,x%,]
with x’; denoting the degenerate path 2’0(1 } = x,. Then the initial projection
p : X' - X defines a fibering
q:(4’, B, x'g) > (4, B, x).

We shall also make use of the inclusion maps 7: (B’, ¥'y) < (4, ¥’y) and
] (A, x'y) < (4', B, %'). Consider the following diagram

s .
ﬂ:n(A’,x o) RN nn(A B %) LN Ttp1 (B, % ‘o) LN N ;ﬁ-—> co—> g0(B’ 4 ) S mold’
z % X X % b
2 7 : - -
Ty (X, 4 ,2,) f@, 7t (4,B,xp) LN (X, B xo) s 1, (X, 4 Hg) —> e I 7, (X, B ,x) Ix s e, (X

As the homotopy sequence of the triplet (4, B’, x'y), the top row is exact.
By (IV; §9), X and ¢, are one-to-one and onto. One can easily verify that
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commutativity holds in each of the rectangles. These imply that the bottom
is exact. |

Since the part of the homotopy sequence of (X, 4, B) which ends with
7a(X, 4, x5) consists of groups and homomorphisms, the exactness of this
can also be derived from the algebraic axioms and the exactness of the
homotopy sequences of triplets. See [S; p. 77] and [E-S; pp. 24-28]. The
proof given above is considerably simplified by the fibering axiom
which does not hold in homology theory.

10. The homotopy groups of a triad

We recall that a #riad (X; 4, B) consists of a space X together with two
subspaces 4 and B such that the intersection C = 4 n B is not empty. Pick
a basic point x,€C. We shall define the homotopy groups of the triad
(X; A4, B) as follows.

Let us consider the spaces of paths

P=I[X;Bx], Q=I[4;Cx]

and denote by ¢, the degenerate path ¢y(f) = %, Since A< X and C< B,
it follows that o, € Q © P and hence we obtain a triplet (P, @, 6,)-
According to (IV; §9), we have the natural correspondences

X:imn(X, B, %y) &ty (P, 0p), X:imn(4,C, %) =~ mp—1(Q, a)
for every # > 0. Furthermore, we define for every #n > 1
mn(X; A, B, xy) = mn_1(P, Q, 0y).

If n > 3, then n,(X; 4, B, ;) is a group which is abelian in case » > 3.
This group is called the n-th homotopy group of the triad (X ; A, B) at the basic
point %, For completeness, we shall also call my(X; 4, B, x,), # > 2, the
n-th homotopy set of (X; A, B) at x,.

Thus, the homotopy sequence of the triplet (P, Q, ;) gives rise to the
following exact sequence

B T (XA B %) O (A, C %) P2s tn( X, B wg) J2 s 700 (XA, B,%g) O
de L my(XA,B ) 05 my(A, C, %) sy (X, B, %)

which will be called ke first homotopy sequence of the triad (X; A, B) at the
basic point x,,.
The homomorphisms

1y (a(d, C, %) »7u(X, B, %), n >2,

e

are called the excision homomorphisms, | E-S; p.207]. Thus the triad homotopy
setsmy(X; A, B, x,), # > 2, measure the extent by which the excision axiom
fails for the relative homotopy groups.

The above definition of 7u(X; A, B, x,), #n > 2, gives a geometrical re-
presentation as follows. An element of 7,(X; 4, B, %,) is represented by a
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map f:I% > X such that, for any point ¢ = (¢, - -,‘tn) in the boundary
oI* of I, f{fye A if t,_, =0, f({) e B if t, =0, and f(¢) == x, otherwise.
Precisely, the elements of 7,(X; 4, B, x,) are the path-components of the
space of these maps. See [Blakers and Massey 1].
Consider the homeomorphism % : I? — I* defined by
h’(tls' "ty tn»«g, tﬂ—l: f"n) .= (tl}' Tt tn—z: t’ﬂu tﬂ""l)'
Then the assignment f - f% induces an isomorphism
hy un(X; A, B, %) (X ; B, A, x,)

for every n > 2 and a one-to-one correspondence for # = 2. Hence the first
homotopy sequence of (X; B, 4) at x, gives rise to the following exact
sequence

e 'ﬁ—wmﬂ(X;A ,B,xo)ﬁ—:-ﬂn(B;C,xe)fiefﬁn(X,A,xo)i’i»ﬂn(X;A,B,xg)—é’-——> e
Ts 7my(X; A, B, %) & my(B, C, %) P2 (X, 4, %)

which will be called the second homotopy sequence of the triad (X; A, B) at the

basic point x,.

Another geometrical representation of m,(X; 4, B, x,), # > 2, can be
described as follows. Consider the unit #-cell E7 in the euclidean n-space R”
and its boundary (» — 1)-sphere S»-1, Let E?-! and E”-! denote the
hemispheres of S»-1 defined by #, >0 and ¢, <0 respectively. Let s, =

(1,0, ++,0). Then the elements of m4(X; 4, B, %,) are the path-components
of the space of maps

f:(En; E®, En, s)) > (X; A, B, %,).

As an illustrative example of the triad homotopy groups, let us take
(X, 4, B) to be the triad given by

X =5 A=FE, B-=E,

Then we have C == S'. Take x, = (I,0,0). Since A and B are both con-
tractible in themselves, it follows from the exactness of the homotopy
sequences of the triplets (4, C, x,) and (X, B, x,) that

(4, C, %) ~7tn-1(C, %), 7n(X, B, %)) ~ wn(X, %),
for every # > 0. On the other hand,
(A, C, %) ~ 7n-1(ST) =0

for every » > 3. This implies that j, in the first homotopy sequence of
(X, A, B) is an isomorphism for every # > 3. Hence

(X 4, B, %) ~mwa(S?, n>3.

Finally, it is easy to see that in the following part of the first homotopy
sequence of (X; A, B)

0— 705( X, B, %g)— 703X ;4,B %g)—> 70a(A,C %) 2 7o (X, B, %)~ 7o(X ;A,B %)~ 0,
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the groupsmy(4, C, x,) andm, (X, B, #,) are free cyclic and ¢, sends a generator
of ma(4, C, x,) onto a generator of m,(X, B, x,). Hence 7, is an isomorphism.

e imoli
This implies that y(X: 4, B, 1) =0,
my(X; A, B, xy) &~ 75(X, B, %) ~~73(S%) ~ Z.

11. Freudenthal’s suspension

Let (X; 4, B) be a given triad such that both 4 and B are contractible
in themselves. Set € = A N B and pick a basic point x, € C. Consider the
spaces of paths _[X:4,B], V =[C:C,C

and denote by o, the degenerate path o,(I) = x, Since g,V < U, we
obtain the following exact homotopy sequence of the triplet (U,V, o)

b '.jf_.g. ﬂﬂ+1(U V Gﬂ) -9—-—) ﬂn(V 0'0) -—~—)— ﬂﬂ,(U 60) —-———)- ﬂ:n(U, V, 0‘0)—9-—+

2 (U, V, 0) 2o oV, 0g) 225 7o(U, 6)-

According to (III; § 9), there is a homeomorphism &:C -V of C onto a
subspace &(C) of V. & is called the natural injection of C into V and is defined
by taking &(x) to be the degenerate path at x for every x € C. By (I1I; 9.10),
&(C) is a strong deformation retract of I/ and hence we have

Eg 17tn(C, %) ~ma(V, 0p), # >0.

On the other hand, let W = [X; x,, %,]. Since both 4 and B are con-
tractible, it follows from (III; Ex. N) that the inclusion map n: W U
has a homotopy inverse. This implies that

Ny (W, oo) (U, ap), 7 >0.
According to (IV; § 9), we have the natural correspondences
¥ Ttn (X, %) (W, 0q), #n =0.

Next, consider the space of paths = [U; v, oo]- By (III; 9.9), £ can
be considered as the space of maps /: I? - X such that

fO,8ed, F(1,)eB, f0eC, flt1) =,

for every t ¢ I. Let 8, denote the constant map ,(I%) = #,. Then, we have
the natural correspondences

Z:tn (U, V, ap) mma(f2,0), n >0.

On the other hand, let P = [X;B, xy] and Q = [4;C, x,] and consider
A =[P;Q,o,]. Then A can be considered as the space of maps g: 1% - X

with g0, ed, glt,00eB, g(l,1) =x, =gl 1)
for every te I. Obviously 0,€ /. According to the definition in § 10, we have
nsa(X, 4, B, %) — 7ta(P, Q, o) & 7tn_y(d, 0) n > 1.
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We are going to prove that 2 and /A are of the same homotopy type. Let
0I? denote the boundary of I2 and define a map 6 : 312 - 912 by taking for

hiel
cachte (26, 0), 0 <t <1

(1,2t — 1), it <t<l,
$(0,2) = (0,9), ¢ 1) =1, $(1,9 =(1,1).

On can easily see that ¢ is homotopic to the identity map on 012 and hence
has an extension @ : I% > I2, For each fe 2, the composed map /@ is in 4.
The assignment / - /@ defines a map {: (R, §,) - (4, 0,). By constructing
another but somewhat similar map ¥': I2 - I2, one can prove that { has a
homotopy inverse defined by g - g% for each g € /4. Hence we have

C¥ 1 tn-1(82, 0p) ~7n1(A4,60,), n >l
Now let us consider the following composed transformations
¥ = EFIOXTNZ K qn (X A, B, %) > ma(C, ),
s = X710 Ey 1 an(C, %) > 7n4a(X, %),
b= XWX fam s o o(X, %) >70na( X A, B, %)

for each # > 0. If » > 0, then all of these are homomorphisms. The homo-
topy sequence of the triplet (U, V, g,) gives rise to the following exact
sequence

#(t,0) =

s Eomtn o (XGA,B %) Lo un(Coxg) >t (X %) 71041 (X;4,B,x) L>---
o my (X A, B, %) Loy (C %) Sy (X, %)

which will be called the suspension sequence of the triad (X; 4, B). In parti-
cular, the transformations s are called the suspemsions. Thus, the triad
homotopy sets 77,(X; 4, B, x,) measure the extent by which the suspensions
s, n > 0, fail to be isomorphisms.

Proposition 11.1. For any integer m > 2, the following three statements are
equivalent -

(1) (X ; 4, B, x5) = 0 for every n < m.

(1) The suspension s .7y (C, %5) > Mni1(X, %) 95 an isomorphism for each
n =1, m—2 and is an epimorphism for n = m — 1.

(i) The excision iy :mu(A,C, %g) »mn(X, B, %) 15 an isomorphism for
each n = 2,-++,m— 1 and is an epimorphism for n = m. '

Proof, The equivalence of (i) and (ii) is a consequence of the exactness of
the suspension sequence of (X; A, B), and the equivalence of (i) and (iii) is a
consequence of properties of first homotopy sequence of {X; 4, B). |

If X is the »-sphere with » >2 and 4 = E, B = E’, then it will be
proved in the sequel that the statement (ii) is true for m = 27 — 2. See
(XI; 2.1).
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By the definition s = X131, &,, it is not difficult to see that a geometrical
represention of the suspension s:7,(C, %) +an (X, %) can be described
as follows. For any « €75, (C, x,), let us choose a representative map f: (5%, s4) >
(C, x,). Since both A and B are contractible, f has an extension F: (S#+1,s,) -
(X, x,) such that F(E?*) < 4 and F(E»+} < B. Then s(«) is the element
of 7ty41(X, x,) represented by this map F. This beautiful geometrical repre-
sentation of s is its original definition given by Freudenthal to the special
triad (S*; E7, E7).

As a generalization of the triad (S*; E%, E7), let C be a given non-empty
space. Consider the space X obtained by joining C to two distinct vertices
a and b. Precisely, X is obtained from C x I by identifying the subsets .
C % 0 and C x 1 into single points @ and b respectively. If p:C X I - X
denotes the natural projection, then C can be considered as a subspace of X
by the imbedding 7 : C - X defined by i(c) = p{(c, }) for each ceC. Let

A={plct)]|ceC0<t<}}, B={p(ct)]|ceC <t <]}

Then A and B are cones over C and hence are contractible in themselves.
Further, obviously we have C = 4 N B. Thus we obtain a triad (X; 4, B)
which satisfies the conditions given at the beginning of this section. In
particular, if C is the (» — 1)-sphere ST, then (X; 4, B) is topologically
equivalent to the triad (S”; E%, E7).

Finally, let us determine the suspension sequence of the triad (S%; E%, EZ).
In this case, we have C = S1; pick a basic point s, € St. Sincemy(S?, s5) = 0 =
77,(S1, 5,), We get the following part of the suspension sequence

0 —2(S?, 8o) —>15(S%; E2, E2, 50) > 1S, 5p) <> 755(S?, 50) >0

where each of the four groups is free cyclic. We assert that #is an epimorphism.
For, otherwise, the image of » would be of finite order equal to the index of
t[715(S?, so)] in m4(S?; E2, E?, so). Since m,(S%,sp) is a free group, this is
impossible. Hence s, ¢ are isomorphisms and 7 = 0. On the other hand, -
since 7r,(St, so) = 0 for every # > 2, we have

£ 7tn(S?, sg) ~ wa(S% ER, E2, 5)

for every # > 4.

EXERCISES

A. The homotopny addition theorem

Consider the unit n-simplex A, of the euclidean (» + 1)-space R”*,
[E-S; p. 55]. For every pair (X, x,) and any integer #» > 0, the elements of
7ta(X, x,) may be considered as the homotopy classes of the maps of (An, 04s)
into (X, x,) ; for details of this definition see [Hu 12].

Let # > 0 and denote by K#»-1 the (# — 1)-dimensional skeleton of the



EXERCISES 165

boundary #-sphere S? of the unit (% + 1)-simplex An., in the euclidean
(n + 2)-space. Consider any given map

fi(Sm, Kn-1) > (X, x,).

Since f sends the leading vertex of S* onto x,, / represents an element [f]
of 71, (X, %,). On the other hand, let

e Ay >Apyy, (G =0,++,2m+ 1),
denote the simplicial map defined in [E-S; p. 185]. Then, the composed map
fe? : (An, 04n) - (X, %)

represents an element [fe?] of mu(X, x,) for every ¢ =0,1,-+-, % + 1.
Prove the following
Homotopy addition theorem. For any map
f: (5" K ) > (X, %), n>2,
we alway have _—

11 = 2 (— 1F [feg].

For the exceptional case, m,(X, %,) is not necessarily abelian. However,
for any map /: (S, K% - (X, #,), the following relation is obvious:

[f] = [fes']- [feg']" [fes" 1.

In the remainder of this exercise, we shall give an analog for the maps of
cubic boundaries.

Let # > 0 and denote by K71 the (# — 1)-dimensional skeleton of the
boundary #u-sphere 017+t of the (# + 1)-cube I7+1, ie., K»~1 consists of
all points (¢,, -+, fny,) of I7*1 such that #(1 —4) = 0 for at least two
indices 7. Consider any given map ,

fi(0Int, Kn-1) » (X, x,).

Since f sends the point (0, -, 0) of dI7+! into x,, it represents an element
[/]1 of mu(X, %,). On the other hand, for each ¢ = 1,"-+, % + 1, let 7 and
{4 denote the homeomorphism of I into gI7+ defined by

ni(t]_;“',tﬂ,) = (tll..-)ti”j) 0; ti;'.':tﬂ-):
C?:(tla' R t’.”lr) = (tl;' ‘ ';ti—-l) ]-: ti:“ ':t?’r.',)-

Then, the composed maps f; and f&; of (I7,8I%) into (X, x,) represent
elements {/#;] and [f{;] of m,(X, x,) respectively. Then, prove that

%41
1= Z (= D[f8 —Ufml), »>2.

For the exceptional case, 74(X, #,) is non-abelian in general. However,
for an arbitrary map f: (012, K% — (X, x,), the following relation holds:

] = Unad - Ted - [0 [ma] ™
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B. The relative homotopy addition theorem

For any triplet (X, 4, x,) and any integer » > 2, the elements of the
group 7t,(X, 4, x,) can be considered as the homotopy classes of the maps
of (An, 0An, vy) into (X, A, %,), whete v, denotes the leading vertex of Ax.

Let # > 2 and denote by K#»-1 the (# — 1)-dimensional skeleton of the
boundary #-sphere S of Ay, ,. Consider any map

f: (!S”g Kn-1 y)) - (X, 4, x,).

“If we compose f with ¢;# : Ap - Ayyq, We obtain a map fe;* of (An, 044) into
(X, A) for each ¢ =0, 1,-++,n + 1. If 7 # 0, fe; maps the leading vertex
v, of Ay into x, and hence it represents an element [fe;?] of mu(X, 4, %,).
Set x, = [(v;). Then, fe,® sends v, into x; and so it represents an element
[fe,?] ofmen(X, 4,%,). Let o : I - A denote the path joining %, to x, defined by

olf) = f(1 —1,1,0,-++,0), tel.
By (IV; Ex. D), ¢ induces an isomorphism
on (X, 4, %) (X, A4, %).

Prove the following
Relative homotopy addition theorem. For any map

fi(Sn, Kn-10) - (X, 4,%), n>2,

we always have
n+1

Tx[f]1 = onlfeg®] + z‘§1 (— 1)* [fe™],

wheve [} is the element of mn(X, x,) vepresented by [ as a map of (S%, vy) into
(X, %) and jy is the homomorphism induced by the inclusion map | : (X, %) <
(X, 4, %)

State and prove the analogous theorem for the maps of (9I%+1, K#-1, v,)
into (X, 4, x,).

C. The Hurewicz theorem

Let X be pathwise connected space, 4 be a pathwise connected subspace
of X, and x, be a given basic point in A. The pair (X, 4) is m-connected if
7ta(X, 4, x,) = 0 for every = satisfying 1| < » < . By means of the relative
homotopy addition theorem in the previous exercise, prove the following

Hurewicz theorem. If n >2 and (X, A) is (n— 1)-connected, then the

natural homomorphism xn 7tn(X, A, %) = Ha(X, A)

in (4.1) is an epimorphism and its kernel is the subgroup gemerated by the
elements of the form o — wa, where o €mn(X, A, %) and w e w4, %;)-

For the special case # = 2, prove that the kernel of %, contains the com-
mutator subgroup of 7,(X, 4, %).
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As corollaries of the theorem given above, we have the following pro-
positions:
1. I (X, 4) is (n — 1)-connected and n-simple for a given # > 2, then

%n 17X, 4, %) &~ Hp(X, A).
2. If n > 2 and X is (n — 1)-connected, then
hn :ﬂn(X, xﬂ) s Hn(X).

The last proposition generalizes (4.4). As an illustrative example, let us
consider the space E = (S% X Z) U (sy X R) of §7. Then, E is (n— 1)-
connected and hence m,(E) ~ Hu(E). This implies that n,(E) is a free
abelian group with a countably infinite set of free generators. Finally, prove

3.If » >2 and X is (n — l)-connected, then Ay, is an epimorphism.
[G. W. Whitehead 1].

D. The Whitehead theorem

Let (X, 4, %,) be as assumed at the beginning of the previous exercise.
By the aid of the Hurewicz theorem and the following commutative exact
ladder :

vl (A EALIC NS ALEC W) .| ,xo)—g—wm_ A xg) e By, (X,4 ,x[})—g—a-O

SR R

v L (A) s B (X1 H (X, A) 25 Hy L (A) s T3 7 (X 4),

prove the following assertions:

1. Let m > 0 be a given integer. If 7, is an isomorphism for every n <m,
then so is 44. If 4, is an 1somorph15m for every » < m and is an epi-
morphism for # = m, then so is 74..

2. Assume that both X and 4 are simply connected and w > 0 is-a given
integer. If 43 is an isomorphism for every # < m and is an epimorphism for
# = m, then so is 7,. Furthermore, if 74 is an isomorphism also for # = m,
then the kernel of 44 inz,(4, x,) is contained in that of A,.

Next, let X and Y be pathwise connected spaces. Consider a given map
f:(X, %) > (Y, ,) and the induced homomorphisms

Fi i7mn(X, %) »mnlY, ¥0),  fat 2 Ho(X) - Ho(Y).

Using the mapping cylinder My, and (I; 12.1 and 12.2), prove the following
assertions: | .

3. Let mm > 0 be a given integer. If f, is an isomorphism for every n < m,
then so is f4. If /, is an isomorphism for every # < m and is an epimorphism
for n = m, then so is /4.

4. Assume that both X and Y are simply connected and m > O is a gwen
integer. If /4. is an isomorphism for every # < m and is an epimorphism for
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n = m, then so is f,. Furthermore, if f4 is an isomorphism also for # = m,
then the kernel of f, in 7,(X, x,) is contained in that of kg :mwa(X, %) ~
H,(X).

Note that the condition that there exists a map f: (X, %) - (Y, ¥,) such
that f, is an isomorphism for each # > 0 is much stronger than the condition
that m,(X, %) ~7a(Y, y,) for every »n > 0. In fact, there are pathwise
connected spaces which have isomorphic homotopy groups but some of whose
homology groups are different [Wang 1].

E. Homotopy groups of adjunction spaces
Let X be a given space and %,€ X a given point. Consider an ipdexed

family Foi(Sn s > (X, %), meM.
Give M the discrete topology and define a map
f:5" x M—-X
by taking f(s, ) = fu(s) for every seS® and pe M. Let ¥ denote the

adjunction space obtained by adjoining E»* x M to X by means oi the
map f, (I; § 7). The inclusion map 4 induces the homomorphisms

7’-* :ﬂm(X’ x[)) *ﬂm(y: x(})) m > 0. N

Prove the following assertions:

1. 7, is an isomorphism for every m < #.

2. For m — #, iy is an epimorphism and its kernel in 7,(X, %) is the sub-
group generated by the elements wa,, where wem (X, %) and a, is the
element of 7z, (X, %,) represented by the given map f, forallu e M. [J. H. C.
Whitehead 1, p. 281].

3. If f, ~ 0 for every u €M, the i, is a monomorphism for m = n - 1
and its image in 7y, (Y, %) is a direct summand. The complementary
summand is isomorphic to the relative homotopy group 7rn,,(Y, X, %)
which is a free abelian group with free generators wb,, where w e, (X, %y)
and b, €7, ((Y, X, %) is the element represented by the map '

g (EntL S oa0) » (Y, X, %)
defined by g,,('t) — p(¢, 1) where p: Entl x M - Y denotes the natural
projection. [J. H. C. Whitehead 1, p. 285].

F. Spaces of homotopy type (7, n)

Let 7z be a given group and # > 0 a given integer. If #» > 1, we assume
that 7 is abelian. "
A pathwise connected space X is said to be of the homotopy type (m, n)

ided
proviae mnlX) ~w, (X)) =0 imFan

Thus, by (8.4), if p: E — B is an n-connective fibering over an (n— I)-
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connected space B, then the fiber F = $-(8,) over any b, B is of the-
homotopy type (7,(5), n — 1).

Construct a space X of the homotopy type (7, #) as follows. If # = 1, then
7t can be represented as the quotient group of a free group F over a normal
subgroup R of F. If # > 1, then x is abelian and can be represented as the
quotient group of a free abelian group F over a subgroup R of F. Hence

7w = F[R.

Let M denote the set of free generators of F and let b, be a space consisting
of a single point &, Give M the discrete topology and adjoin E* x M to
b, by means of the map g:571x M —+b,. Let A denote the ad]tmctlon space
obtained in this way. Then prove that

For each v € R < m,{A), choose a map fr: (S%, sy) - (4, by) which represents
7. Let B denote the space constructed by means of the family {f,|7e R}
as in Ex. E. Then we have

mn(B) & FIR =m, wp(B) =0 if m <n.

Then, by (8.2), there exists a pathwise connected space X which contains
B as a closed subspace and

(X)) v, (X)) =0 im£n
This completes the construction.
Finally, prove that if X is a space of the homotopy type (7, #) with » > 1,

then the space of loops A(X) at a point x, € X is a space of the homotopy
type (m, n — 1).

G. The realizability theorems

By means of the spaces of homotopy type (x, #), prove the following
Realizability Theorem. Let |

ﬂ]’nz’.",%n’..'

be a sequence of groups. All groups except possibly the first one are abelian
and s, operates onsy, for every # > 2. Then there exists a pathwise connected
space X and a point x;€ X such that the following three conditions are
satisfied, []J. H. C. Whitehead 5] and [Hu 10]:

(1) There exists, for each # > 0, an isomorphism

hn . ﬂn(X, xo) Ry TTy.
(2) For any w en,(X, %) and « €my(X, %), # > 2, we have
halwo) = hy(w)hy(e).

(3) For every aemm(X, %) and g enmn(X, %), m > 2, n > 2, the White-
head product [«, ] = 0.
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By constructing a cone over X, deduce an analogous realizability theorem
for relative homotopy groups.

H. Topological realization of semi-simplicial complexes

For a given semi-simplicial complex K as defined in (IV; Ex. H}), we can
construct a space | K| associated with K as follows. To every integer
m > 0 and each m-cell ¢ of K, let us associate an open m-simplex | ¢ |, cal-
led the open m-cell corresponding to ¢, which is defined to be the topological

product lo| =0 X Int(dn), Int(dy) = 4,

of ¢ as a single point and the interior of the unit m-simplex Ay, Then we
define the closed m-cell Cl | o | to be the set

Cllo| = Uz<glTl

There is a natural function X, of 4,, onto C! | ¢ | defined linearly on each
open simplex of the complex A,, [Hu, 10]. Give Cl| ¢ | the identification
topology determined by %, (I; § 6). Next, let us denote by | K | the union
of all open cells | ¢ |, 0 € K, and define a topology of | K | as follows. A set
W in | K| is called open iff W N Cl|o | is an open set of Cl| o | for every
o € K. This topology of | K | will be called the Whitehead topology of | K |;

it is the largest topology of | K | such that the topology of every closed cell

Cl) o] coincides with the relative topology in | K |. Following a usual
custom in combinatory topology, we identify K with | K | and ¢ with | a |.
Thus, we may consider any semi-simplicial complex K as a topological
space which is a union of a collection { ¢ } of disjoint open cells. For example,
the singular complex S(X) of a space X will be considered as a topological
space in this way.

For each cell g of K, it follows immediately that the natural function

Xy: Ap—>Cloc K,

where # = dim (0), is a continuous map of 4,, onto C/ ¢ and the restriction -

Xy | Int (4p) is a2 homeomorphism of Int (4,,) onto the open m-cell . We
shall call X, the characteristic map for the cell o € K.
Prove the following assertions:

1. If X is a compact subspace of a seml-snnphaal complex K, then X

meets at most a finite number of open cells of K.
2. A function f: X - Y of a closed or open subspace X of a semi-

simplicial complex K into a space Y is continuous iff the restriction

/1 X n Clg is continuous for every closed cell Clo of K.
3. A family f;: X - 7Y, (0 <t < 1), of functions of a closed or open
subspace X of a semi-simplicial complex K into a space Y is a homotopy iff

the family f, | X n Clg, (0 <t < 1), is a homotopy for every closed cell

Clo of K.
4, Every subcomplex L of a semi-simplicial complex K is closed and has
the AHEP in K.

/
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3. A necessary and sufficient condition for a semi-simplicial complex K
to be a simplicial complex with locally ordered vertices is that, for each
m-cell o € K, the characteristic map 4, is a homeomorphism of A, onto Cl ¢
and, for any two cells ¢ and 7 of K, Clo N Cl 7 is either empty or a closed
cell of K, ,

6. For each n >2, the n-th barycentric subdivision, defined in the
obvious way, of a semi-simplicial complex K is a simplicial complex with
locally ordered vertices. Hence, every semi-simplicial complex is triangulable.

I. The projection w: $(X) - X

For any given space X, there is a natural projection w of the singular
complex S(X) onto X as follows. For an arbitrary point $ of the space
S(X), let ¢ denote the unique open cell of S(X) which contains $. Then, ¢

is a singular simplex 6: A~ X, m = dim (o)

and the characteristic map Xs sends Int Ay, homeomorphically onto the
open cell ¢ of S(X). The natural projection w : S(X) - X is defined by taking

w(p) = %N p), pec< SX).

Prove the following assertions:

1. The projection @ : S(X) - X is a map of S(X) onto X. For every sub-
space 4 of X, w carries the subcomplex S(4) onto A.

2. The space X is pathwise connected iff S(X) is connected.

Next, let (X, 4, x,) be any given triplet and let $, denote the vertex of
S(X) such that w(p,) = x,. Thus we obtain a triplet (5(X), S(4), ), and a

ma
’ w: (S(X), S(4), po) ~ (X, 4, x)
defined by the natural projection w. Prove the following important pro-
position, [Giever | and J. H, C. Whitehead 7]. |
3. The induced transformations w, of w are one-to-one correspondences,
RNy m(S(X), S(A), o) (X, A, 7,
wy  T(S{X), po) & p(X, %),
wy Tem(S(A), po) ~ 7Tm(4, x,).
The significance of this is that, in computing the homotopy groups of a

space X, we may assume without loss of generality that X is triangulable
and hence locally contractible. In fact, we may replace X by S(X).

J- Induced cellular maps

A cellular transformation T : K, - K, of a semi-simplicial complex K,
into another such complex K, is a function which assigns to each m-cell ¢
of Ky an m-cell v = T(g) of K, in such a fashion that

T = T(¢®), (=01, -, m).
.
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Prove that a cellular transformation T : K, - K, induces a unique map
fr: K, - K, which carries ¢ € K, barycentrically on 7 = T(0) € K,.

A map f: K, - K, is said to be cellular if it carries K™ into K,™ for
every m = 0, 1,- - -. Thus, the map fr: K; > K, induced by T is cellular.

Consider a given map ¢ : K - X of a semi-simplicial complex K into a
space X. ¢ induces a cellular transformation

qu : K > S(X)
as follows: For each m-cell g€ K, 7 = Ty(o) is defined to be the singular
m-simplex v =i Am > X

where X, denotes the characteristic map of ¢. Verify that 70 = qu(c(i)) for
every 71 =0, - -+, m. :

This cellular transformation Ty induces a cellular map ¢# : K - S(X)
which will be called the induced cellular map of . Prove that wéit = ¢.

As an application of this, let X = K and take ¢ to be the identity map.
Then ¢ maps K homeomorphically and barycentrically onto a subcomplex
of S(K). Hence, we may consider K as a subcomplex of its singular complex
S(K). Prove that K is a deformation retract of S(K) and that the cellular
transformation Ty defines a chain equivalence. The second assertion implies
that the homology and cohomology groups of a semi-simplicial complex K
are topological invariants.

Next, let X, Y be spaces and consider a given map f: X - Y. f induces
a cellular transformatmn Ty: S(X) - S(Y)

defined by v="Tio) =fo:An—>Y

for every singular m-simplex o € S(X). .

This cellular transformation Ty induces a cellular map f# : S(X) - S(Y)
which will be called the induced cellulay map of . Obviously, fiF is also the
induced map of ¢ = fw : S(X) » Y. Verify that, in the following diagram,
we always have fw = of#:

g =

S(X) - S(Y)
1&) w
¥
X N Y
This implies that, in studying the induced homomorphisms 7, of a given

map f: X - Y on the homotopy groups, we may always assume that X, Y
are simplicial complexes and that f is simplicial.

K. Admissible subcomplexes of S(X)

Assume that X is pathwise connected space and that a fixed point %, of
X has been selected as basic point.
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Two singular m-simplexes ¢ and 7 in X are said to be compatible if their
faces coincide, that is to say, ¢® = 7® for each ¢ = 0,- - -, m. Hence ¢ and

7 are compatible iff
o |Sm-l =g |Sm-1 Sm-l =G/,

Further, two compatible singular m-simplex o and 7 are said to be equivalent
if there exists a homotopy h;: Ay > X, (0 <t < 1), such that %, = o,
hy, = 7, and Iy(d) = o(d) for every d € Sm-! and every ¢t € I. For m = 0, any
two singular O-simplexes are compatible; and, since X is assumed to be
pathwise connected, they are also equivalent.

A singular simplex ¢ : 4y, = X is said to be collapsed if o{dp) = x,. The
set of all collapsed singular simplexes constitute the subcomplex S(x,) of
S(X) associated with x, as a subspace of X.

A subcomplex L of S(X) is called an admissible subcomplex of S(X) if the
following conditions are satisfied:

(AS1) S(x,) = L.

(AS2) If o is a singular simplex such that ¢® € L for each 7 =0, - -, dim (o),
then L contains at least one singular simplex 7 which is compatible and
equivalent with g.

If, in the condition (AS2), we require that L contains one and only one
singular simplex 7 which is compatible and equivalent with o, then L is
called a munimal subcomplex of S(X).

Obviously, S(X) is an admissible subcomplex of itself and every minimal
subcomplex of S(X) is admissible. Let the admissible subcomplexes of S(X)
be partially ordered by means of inclusion. Then a minimal subcomplex M
of S(X) is clearly minimal in the sense that, if any admissible subcomplex L
is contained in M, then L = M,

Prove the following assertions:

1. Every ad missible subcomplex L of S(X) contains a minimal subcomplex
M of S(X). '

2, If L is an admissible subcomplex of S(X), then there is a function D,
called a deformation of S(X) into L, which assigns to each singular m-simplex
o asingular (m 4 1)-prism D{o) = P,, [E-S; p. 193], subject to the following
conditions:

(i) D{c®) = (P;)®, ({=0,--+,m).

(ii) (Po)1 = 0.

(i) (P,), is in L.

(iv) If o € L, then P,(d, t) = o(d) for every d € Ay, and every ¢ € 1.

Now let 4 be a pathwise connected subspace of X which contains the basic
point x,. An admissible subcomplex L of S(X) is said to be relatively ad-
missible with respect to S(A) if L N S(A4) is an admissible subcomplex of
S(4). In this case, the deformation D can be so chosen that, for each
o€ S(A4), P; is a singular prism in 4.



174 V. THE CALCULATION OF HOMOTOPY GROUPS

3. If L is an admissible subcomplex of S(X) which is relatively admissible
with respect to S$(4), then the inclusion cellular map

A:(L, L0 S(A4) > (SX),S(4))

is a homotopy equivalence and defines a chain equivalence.

L. The Eilenberg subcomplexes of S(X)

Let X be a pathwise connected space, A a pathwise connected subspace
of X, and %, a given basic point selected from 4.

For each integer #» > 0, define a subcomplex Sy(X, 4) of the singular
complex S(X) as follows. A singular simplex ¢:4p - X is in Su(X, 4)
~ iff the following conditions are satisfied: :

(ES1) o sends the vertices of 4, into x,,.

(ES2) o sends all faces of 4y, of dimension less than # into 4.

In particular, if 4 = #,, then we simply write Sp(X) = Su(X, %g). Sa(X)
is called the n-th Eilenberg subcomplex of S(X); and, in the general case,
Sa(X, A) will be called the n-th relative Eilenberg subcomplex of S(X) with™>
respect to A. For completeness, we also define Sy(X, 4) = S(X). We thus
obtain a descending sequence of subcomplexes of S(X), namely,

S(X) = Sy(X, A) 2 SyX, A)D -+ D Sp(X, 4) > --- D S (X, 4) = S;(A).

Prove that, if (X, 4) is (» — 1)-connected for a positive integer #, then
Sa(X, 4) is an admissible subcomplex of S(X) and is also relatively ad-
missible with respect to S(4). In particular, S;(X)} is an admissible sub-
complex of S(X) provided that X is (# — I)-connected.



CHAPTER VI
OBSTRUCTION THEORY

T

1. Introduction

Having studied the homotopy groups in the previous chapters, we are
now in a better position to investigate our main problems described in the
first chapter.

For the sake of simplicity, we shall restrict ourselves to the study of the
maps of a finite cell complex K, [S; p. 100], into a pathwise connected space
Y. Therefore, we assume throughout the present chapter, that K is a finite
cell complex, L a subcomplex of K, and Y a given pathwise connected space
with a given point y, € Y. We shall denote by K the n-dimensional skeleton of
K which consists of the cells of dimension not exceeding # and use the

tation’ .
notation” Ton — LU Kn,

For example, let us study the extension problem. Consider an arbitrarily
given map LY. '

As described in (I; § 2), the extension problem for f over K in the restricted
sense is to determine whether or not f can be extended continuously
throughout K. Since L has the AHEP in K according to (I; 9.2), thisrestricted
extension problem is equivalent to the broadened problem described at the
end of (I; § 9). |

Since K is a cell complex and L is a subcomplex of K, there is a natural
approach to attack this problem, known as the obstruction method. We first
try to extend step by step the map f over the subcomplexes

Kr, 5n=20,12"--.

We shall carry on this stepwise extension until we meet some obstruction to
further extension. Then we propose to measure this obstruction and try to
change the already constructed partial extension of f so that this obstruction
might vanish and hence further extension would be possible.

- 2. The extension index

In order to study the extension problem, let us define the notion of
n-extensibility. A map /: L - Y is said to be #n-extensible over K for a given
integer #» >0 if it has an extension over the subcomplex K of K.

175
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Since Y is assumed to be pathwise connected, the following proposition
is obvious.

Proposition 2.1. Every map f: L - Y s l-extensible over K.

For a given map f: L - Y, the least upper bound of the set of integers »
such that f is n-extensible over K is called the extension index of f over K.
Since L has the AHEP in K=, the following proposition is obvious.

Proposition 2.2. Homotopic maps have the same extension index.

Now let ¢: Y > Y’ be any map and let g:(K',L") > (K, L) be any
cellular map, [S; p. 161]. Then the following proposition is obvious.

Proposition 2.3. If a map f: L —~ Y is n-extensible over K, then the com-
posed map |’ = efg: L' —~ Y' is n-extensible over K'.

In particular, let (K, L) be a subdivision of (K’, L') and g be the identity
map. If /:L > Y is n-extensible over K, then [’ = ]‘g L' - Y is also
n-exlensible over K'.

By the classical method of simplicial approximation, one can easily deduce
from (2.2) and (2.3) the following

Proposition 2.4. If (K, L) is a simplicial pair, then the extension index of
any map |:L - Y is a topological invariant, .., it does not depend on the
triangulation of the pair (K, L).

Because of this it seems that we should prefer simplicial complexes in
our treatment. However, to unify the study of the extension problem with
that of the homotopy problem and to avoid awkward repetitions, we have
to consider cell complexes which are not simplicial.

3. The obstruction ¢" *1(g)

Throughout §§ 3-12, let # be a given positive integer. For the sake of
convenience, we assume that the given pathwise connected space Y is
n-simple in the sense of (IV; § 16). In this important case, every map of any
oriented #-sphere into' Y determines an element of the homotopy group
7n(Y); the latter group is abelian and will be used as the coefficient group
of the cohomology groups in these few sections. If Y fails to be n-simple
and # > 1, then one can deduce similar results by using local coefficients.
See Ex. A at the end of the chapter. '

In the present section, let us consider a given map

g:Kn Y,

This map g determines an (# + 1)-cochain ¢»+i(g) of K with coefficients in
the homotopy group 7, (Y) as follows. Let ¢ be any (n + 1)-cell of K. Then
the set-theoretic boundary d¢ of ¢ is an oriented n-sphere. Since do < K",
the partial map g, = g | 0o determines an element [g;] of 7zn(Y). Then cnH{g)

is defined by taking [cn+(g) (o) = [g,] EmalY) /
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for every (n + 1)-cell o of K. This {(n + 1)-cochain c#+(g) of K is called
the obstruction of the map g.

Lemma 3.1. The obstruction c*tl(g) is a relative (n + 1)-cocycle of K
modulo L; in symbols, cn+i(g) € Z2+ K, L; m,(Y)).

Proof. Let us first prove that ¢#ti(g) is in C?»*(K, L;7,(Y)). For this
purpose, let ¢ be any (n + 1)-cell of L. Since g is defined on Clo < L, g, has
an extension over Clo and hence [g,] is the zero element of 7z, (Y). This proves
that c#+1(g) is a cochain of K modulo L.

Next, let us prove that ¢»+1(g) is a cocycle. For this purpose, let o be any
(n + 2)-cell of K. Tt suffices to show [dc?1(g)](c) = 0.

Let B denote the subcomplex do¢ of K and B” the n-dimensional skeleton
of B. Then we have the homomorphisms

Casas(B) ~2> Zn(B) = Zu(B®) = Hy(Bm) <" (B1) *e o (V),
where % denotes the natural homomorphlsm and %, is induced by the partial
map k& = g | B~

If » > 1, then B® is (n — 1)-connected and hence % is an isomorphism
according to the Hurewicz theorem in (V;44). If » =1, then % is an epi-
morphism and the kernel of % is contained in that of %, sinces,(Y) is abelian,
Hence, in either case, we obtain a well-defined homomorphism

¢ = Ry Zy(B) »mu(Y).

Since Cp-4(B) is a free abelian group, the kernel Z,(B) of 9 : Cy(B) -
Cp—1(B) is a direct summand of Cn(B). Therefore, the homomorphism ¢
has an extension 4 : Ca(B) = maY).

For every (u + 1)-cell 7 in B, the element [c?*}(g)](7) is represented by
the partial map % | 97. Therefore, it follows that

[c*TH(8)](z) = Ry~ (O7) = d(07).
This implies that
[0 (g)](0) = [e*+(g)](90) = d(005) = .

Hence ¢*t(g) e Z%+1(K, L; 7,(Y)). 1
Because of (3.1), ¢»*(g) is usually called the obstruction cocycle of g. The
following two lemmas are obvious.

Lemma 3.2, The map g : K» > Y has an extension over Kn+l iff c*tl(g) = 0.
Lemma 3.3, /f go: 1 Kr'Y are homotopic maps, then-c”“(gﬂ) = cnHl(g ),

Now let (K’, L) be another cellular pair and ¢ : (K, L") - (K, L) be a
proper cellular ma.p, [S; p. 161]. For a given map g: K" - Y, we obtain a
composed map g’ = gé : K'» - Y. Since ¢ is proper and cellular, it induces
aunique cochain homomorphism, {S: p. 161],

$¥F : Co (K, L; (V) » Cr YK’ L' 7ta(Y)).
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Lemma 3.4, cn+l(g') = ¢Fenti(g).

To prove this, one must show that the two sides have the same value on
an arbitrary (# -+ 1)-cell o of K’. For this purpose, one should consider the
minimal carrier of ¢ and pick an (# + 1)-cell from this minimal carrier;
then the lemma is a consequence of a number of trivial commutativity
relations. The details of the proof are left to reader, [S; p. 168].

4. The difference cochain

In the present section, we are concerned with two given maps
g0 81: K >Y
which are homotopic on K»-1; we shall see that the difference of the ob-
struction cocycles of g, and g, is a coboundary. For this purpose, consider
a homotopy B En1>Y, (0<t<1),

such that 4, = g, | K»- and %, = g, | K»-..
~ Regard the closed unit interval I as a cell complex composed of two
O-cells 0 and 1 and the l-cell I, where 80 = — I and 41 = I. Then the
topological product J=KxI

is also a cell complex. We shall denote by J” the n-dimensional skeleton of J
and use the notation

Jr=(LxI)UJn=(Erx0) U (EnrtxI) yKrxl).
Define a map F : J» > Y by taking

Zol¥)5 (xeKn, t =0),
Flx,1) = { hi(%), (xe Kn-ltel),
g:(%), (xeKn,t = 1).

Then, according to § 3, this map F determines an obstruction cocycle
¢+ (F) of the complex J modulo L x I with coefficients in 7, (Y). It follows

from the defimition of F that ¢»+(F) coincides with ¢#+1{g,) X 0 on K x0

and with ¢»+(g;) x 1 on K x L.
Let M denote the subcomplex (K X 0) U (L X I) U(K X l)of ] = K X I.
Then it follows that |

MY F) — cnt(gg) X 0 —cmH(gy) X 1

is a cochain of J modulo M with coefficients in 7tn(Y). Since ¢ »0 X [is a

1 — 1 correspondence between the z-cells of K\ L and the (n + 1)-cells
of J\ M, it defines an isomorphism

k:CrUE, Limn(Y)) m Co4(], M 0n(Y)).

Hence there is a unique cochain d”(g,, g1; %) in C*(K, L; 7n(Y)) such that

(1) kdn(gy, g1; ) = (— Lyw { 3(F) — om{gg) X 0 — e (gy) X 1}
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This cochain d#(g,, g,; %) will be called the deformation cochain. In particular,
if g, | Kn-1 =g, | K»* and kg(x) = g,(x) for every x € K»-! and every ¢,
we abbreviate d®(g,, gi; b)) by 47(g,, g1) and call it the difference cochain
of g, and g;.

The following lemma is an immediate consequence of (3.2).

Lemma 4.1, The homotopy hy: Kt Y has an extension h* : KoY,
(0 <t < 1), such that hy* = gy and h* = g, iff d*(g,, g4; ) = 0.

The importance of d%(g,, g; A) is shown by a coboundary formula given
in the following -

Lemma 4.2. ddn(g,, g4: he) = c?l(g,) — c®H{g,).
Proof. Since 8 = 0, it follows that the isomorphism % commutes with 4.
Hence, we have
_ kod™(gy, gu; he) = OkA™(gy, g1 ha).

On the other hand, since c#*+(F), c#+l(g,), c»+l(g,) are cocycles and since
80 = — I and 61 = I, we may apply & to both sides of (i) and obtain

Okd™gy, 81; ) = ™ (g) X T —cm{gy) X I.

~ Hence we have
kA" (8o, g1; hs) = R[c"(go) — c"H{g1)],
-Since % is an isomorphism, this implies the lemma. 1
Next, let us consider any given map g, : K» +Y and any given homotopy
he: Knt 5 Y, (0 <t < 1), such that 4, = g, | K»-1. We shall establish the
following existence lemma.

Lemma 4.3. For every n-cochain ¢ m CMK, L; mn(Y)), there exists a map
g1 Kn Y such that g | K»1 = hy and d*(g,, g1; hs) = ¢.

Proof. Let ¢ be any #-cell of K. Then the boundary

S={x0 U@ xDU(exl

of ¢ x I is an oriented n-sphere and hence there exists a map f,:S~>Y
which represents the element ¢(o) of 7,(Y). Since the subspace T = (¢ X 0) U
(0o x I) is contractible, any pair of maps defined on T are homotopic. Hence,
by the AHEP of T in S, we may assume that

X}, ifxec}', t - 0 )
fo(x, t) :{ gﬂ( ) ) ( )
hy(%), (if x€ do, te I).
Thus, we may define a map gy : En Y by taking
| By (), if x € Kn-1),
an = 1 ¢
fol, 1), (ifxeo,0€K).

Then it is obvious that d®(g,, g,; #¢) = ¢. |
As an immediate consequence of (4.2) and (4.3) we have the following
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Corollary 4.4. For each cocycle z € ZW(K, L;7y(Y)) such that z ~ cn+1(g,)
mod L, theve exists amap gy : K Y suchthat g, | K*' = h, and c"*(g,) =z.

In particular, if the homotopy 4 is given by k; = g, | K»-1for every te 1,
then the corollary gives the existence of a map g,:K”? - Y such that
g | Kt =g, | K»~* and c"H(g)) = .

Next, let us consider three given maps g, g5, £5: K# ~Y and two homo-
topies A, ;1 Kn1 - Y, (0 <t < 1), such that

hy = go | K"%, by =g | K" =y, [, =gy KrL,
Let £ : Kn-1 Y, (0 <t < 1), denote the homotopy defined by &; = ks,
ift <4 andk = ju,— if £ > % Then we have the following addition lemma
the proof of which is left to the reader, [S; p. 173].
Lemma 4.5. d%(gy, g5; ks) = d™(go, &1 Te) + d™(gy, 825 72)-

Finally, let us go back to the maps o, £, and the homotopy 4; described
at the beginning of the section. Let (K’, L) be another cellular pair and
¢ (K', L") - (K, L) be a proper cellular map. Let

gi=gp K>V, Wy=h¢:Kn157Y.
Since ¢ is proper and cellular, it induces a unique cochain homomorphism
¢F : Co(K, L;my(Y)) - Cr(K’, L'; 70 (Y)).
The following invariance lemma is an easy consequence of (3.4). -

Lemma 4.6. dn(g'y, g'y; I's) = dHdn(gy, g1; 7).

5. Eilenberg’s extension theorem

Asin § 3, let us consider a given map
g:Kn>Y.
According to § 3, g determines an obstruction cocycle ¢?+(g) in Z""»+\1(K , L
7ta(Y)) and hence an obstruction cohomology class

© e e HMHUK, Limy(Y))
represented by c#t(g).

Theorem 5.1. y*3(g) = O iff there exists a map h* : K > Y such that
B¥ | Kn-1 — g | KoL,

Proof. Sufficiency. Assume the existence of 4* and let # = A* | K». By
(3.2), we have ¢"+(h) = 0. Since g | K»-1 = k| K»-1, the difference cochain
ar(g, h)is defined. By (4.2), ¢»*+1(A) = 0 implies that ¢#+1(g) is the coboundary
of d»(g, k). Hence yn+(g) = 0. |

Necessity. Assume that y7+l(g) = 0. Then ¢**(g) ~ 0 mod L. By (4.4),
there exists a map 4 : K» - Y such that g | K#-1 = k| K#~1 and cn+i(h) = 0.
Then, by (3.2), 4 has an extension #* : K#+1 > Y. |
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Now, let us assume that g is an extension of a given map f: L - Y. If the
obstruction cocycle ¢?+1(g) is non-vanishing, then it follows from (3.2) that g
cannot be extended over K7+! and hence our stepwise extension process
faces an obstruction. The significance of Eilenberg’s extension theorem (5.1)
is that, if c?+1(g) ~ 0 mod L, then this obstruction is removable by modifying
the values of g on the open n-cells in K \ L only.

6. The obstruction sets for extension

Let f: L ~ Y bea given map. We are going to define the (n + 1)-dimensional
obstruction set Or\(f) = Ho (K, L ma(Y)

as follows. If f is not n-extensible over K, we define 07 +1(f) to be the vacuous
set. Now, suppose that f is #n-extensible over K. Then there exists an extension
g : Kn — Y of f. The cohomology class y#+1(g) in H*Y(K, L; 7,(Y)) is called
an (n + 1)-dimensional obstruction element of f. Then, O?*(f) is defined as
the set of all (# + 1)-dimensional obstruction elements of f. The following
proposition is obvious.

Proposition 6.1. Homotopic maps have the same (n + 1)-dimensional
obstruction set.

Next, let (K', L’) be another cellular pair and ¢ : (K’, L) > (K, L) be a
proper cellular map. This map ¢ induces a homomorphism

¢*  HVWUK, L;7y(Y)) » HPHY K, L'; my(Y)).
Then the following proposition is an immediate consequence of {3.4).
Proposition 8.2. If /' = f¢: L' — Y, then ¢* sends On+L(f) into OnH(f).

In particular, if (K, L) is a subdivision of (K’, L’) and if ¢ is the identity
map, then ¢* is an isomorphism and sends O7*+!(f)onto a subset of O#+i(f')
in a 1-1 fashion. Furthermore, if both (K, L) and (K’, L’) are simplicial, then
the identity map ¢~ is homotopic to a simplicial (and hence proper cellular)
map. This implies that ¢* sends O7+i(f) onto O»*+1(f'). Hence, the (n + 1)-
dimensional obstruction set is smaller on a subdivision and is smallest if
(K, L) is a simplicial pair. Thus, we have the following

Corollary 6.3. If (K, L) ¢s a simplicial pawy and {: L - Y is a map, then
On+1(f} 4s a topological invariant, i.e., it does not depend on the triangulation
of (K, L). '

Now, let (K, L) be a triangulable pair without any given triangulation
and f: L - Y be a given map. Because of (6.3), it makes sense to talk about
O7+Y(f). Further, if¢ : (K', L’) - (K, L) is a map of another triangulable pair
(K', L") into (K, L), then one can deduce easily from (6.1} and (6.2) that ¢*
sends O*+1(f) into On+1(f"}, where f' = fb: L'~ Y.

For the remainder of the section, let us go back to the cellular pair (K, L)
and the map f: L - Y given at the beginning of the section. The following
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two fundamental lemmas are easy consequences of the definition of Qn+1(f)
and Eilenberg’s extension theorem (5.1).

Lemma 64. The map [: L Y is n-extensible over K iff On+1(f) is non-
empty. -

Lemma 65. The map [: L Y is (n + 1)-extensible over K iff Om+i(f)
contains the zero element of HvY(K, L;7t,(Y)).

By recurrent application of these two Iemmas one can easily prove the
following

Proposition 6.6. If Y is r-simple and
H (K, L;n(Y)) =0

for every v satisfying n <7 < m, then the n-extensibility of f : L =Y over K
umplies its m-extensibility over K.

In particular, if K\ L is of dimension not exceeding m, then the hypo-
thesis of (6.6) implies that a map f: L - Y has an extension over K iff it is
n-extensible over K. Hence, we have the following

Corollary 6.7. I} Y is r-simple and
| Hr+(K, L; 7 (Y)) =0

for every v > 1, then every map f: L - Y has an extension over K.

7. The homotopy problem

Let us study two given maps
| f:K>Y, g:K=>Y

agreeing on L, that is to say, such that /| L = g | L. As described in (I; § 8),
the homotopy problem (relative to L) is to determine whether or not f and g
are homotopic relative to L, in other words, whether or not there exists a
homotopy h; K-Y, (0 <t <1),such that /

By = f, hl_g, hy|L = f| Lforeachiel.

The most important special case is that L = 0. Then the problem is to
determine whether or not two given maps f, ¢ : K - Y are homotopic.

Since the homotopy problem is a special case of the extension problem,
the obstruction method can be applied. Let us begin by defining the notion
of n-homotopy as follows. The maps f and g are said to be n-homotopic
relative to L if 7| K and g | K» are homotopic relative to L. If f and g are
homotopic relative to L, then they are obviously #-homotopic relative to L.
Since Y is assumed to be pathwise connected, the following proposition is
obvious.

Proposition 7.1. Every pair of maps f,g: K-> Y with f|L =g |L are
0-homotopic relative to L. |
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The least upper bound of the set of integers # such that f and g are
~n-homotopic relative to L is called the homotopy index of the pair (f, g)
relative to L. The following two propositions can be proved as in § 2.

Proposition 7.2. If f o~ f' and g ~ g velative to L, then the pasr (f',g’)
has the same homotopy index velative to L as the pair (f, g).

Proposition 1.3. If (K, L) is a simplicial pair, then the homotopy index of
any pair of maps f, g : K - Y relative to L is a topological invariant.

8. The obstruction ar(f,g;:he)

Throughout the present section, we are concerned with two given maps
g K=Y, [IL=g|L

which are (% — 1)-homotopic relative to L. Let
he:Knts Y, (0<t<1),

be a given homotopy such that 4, = 7| Kn-1, hy =g |Kr-1 and by | L =
{1 L foreverytel,

Since f and g are defined on K*, the construction in § 4 gives a deformation
cochain d#(f, g; k), which will be called the obstruction of the homotopy 4,
in connection with the pair (f, g).

- Lemma 8.1. The obstruction d®(}, g; k) 1s a relative m-cocycle of K modulo
L; in symbols, dn(f, g; hy) € ZMK, L; m,(Y)).

Proof. Since f and g are defined on K#+, it follows that c?#(f) = 0 =
c"+1(g). Hence, by (4.2) we have

odr(f, g5 by) = cnti(f) —enti(g) = 0.1

Lemma 8.2. Themhomotopy hy has an extension hy*: Kn Y, (0 <t <),
such that hy* = f| K® and h* = g | Ke 14ff dn({f, g; ) = 0.

Proof. Consider the pair (J, M), where ] = K x I and M = (K x 0) y
(L xI) U (K x I). Let '

Jr=MUJr = (K x0) U Er1xI)U (K x 1).
Define a map F: J» - Y by taking

f(x), (xeK,t=0),
F(x, 1) = { he(x), (xe K71 tel),
g(x), (xeK,t =1).

Then F determines an obstruction cocycle c#+(F) of the complex J modulo
M. By the formula (i) of § 4, we obtain

(1) . k™[, g5 ) = (— Hienii(F).

Since the homotopy /; has an extension %* iff the map F has an extension
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F#*: Jwtl 5 Y, the lemma is an immediate consequence of (3.2) and the
preceding formula (i) since % is an isomorphism. |
The cocycle d®{f, g; k) represents an obstruction cohomology class

on(f, g; h) € HMK, L;7ta(Y))-
Analogous to {(5.1), we have the following Eilenberg’s homotopy theorem.
Theorem 8.3. &%(f, g; b)) = O 4ff there exists a homotopy h* Kn 5 Y,
(0 <t < 1), such that
| hot =1 Kn, ¥ =g | K?,
he* | Kn-? = by | Kn-2, (bel).
Proof. Consider the map F defined in the proof of (8.2). Then A;* exists
iff there is a map F*: J#+l > Y such that F* | J»t = F | J7-1 and hence

iff cn+1(F) is a coboundary by (5.1). Since the isomorphism % in (i) commutes
with the coboundary operator, this implies the theorem. 1

9. The group R*(K,L;f)

Let f: K—~Y be a given map. We are going to construct a group
Rn(K, L;f) as follows. Consider the space £ of all maps of Kn-1into Y.
Let W denote the subspace of £ consisting of the maps g: Kn-1 5 Y such
that g | L = f| L and let w,€ W denote the restriction w, = f | Kﬂ"l Then

we define Rr(K, L; f) —ni(W wp).

An arbitrary element « of R#(K, L; f) is represented by a homotopy ht
Kr-15Y, (0 <t <1), such that
ho=fIEr 1 =hy, mIL=FL (0<t<I).

Hence we obtain an obstruction cohomology class 8(f,f; k) € HMK, L;
7n(Y)) which clearly depends only on a. The following lemma is an im-
mediate consequence of (4.53). f
Lemma 9.4. The assignment o - Ey(e) = O%(f,f; hi) defines a homo-
b
morphism Eu: RUK,L; f) » HY K, L;mn(Y)).

Note. If one removes the hypothesis that Y is n-simple, then &, becomes
a crossed homomorphism.

Let J;# = Jy(K, L;ma(Y)) denote the image of R*(K, L;f) under &n.
Then J¢# is a subgroup of H*K, L; my(Y)). We shall denote the quotient
roup b '
BIOWPDY ggn = QMEK, Lia(Y)) = HME, Lian(¥))/]5"

Lemma 9.2. The subgroup J;* {(and hence the quotient group Qr™) depends
only on the (n — 1)-homotopy class of f relative to L; that is to say, if f,8:
K - Y are (n — 1)-homotopic velative to L, then J5m = Jgm.
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Proof. Let k;: Kn»-1 Y, (0 <t < 1), be a homotopy such that Ry ==
fI|En1k =g |Kn1 andk | L = f | L for each t € 1. Because of symmetry,
it suffices to prove that Js» < Jy». For an arbitrary element a of R*(K,L;{),
the element &,(a) € J5® is represented by the cocycle d»(f, f; h;) described as
above. Define a homotopy 4% : K»-1 - Y, (0 <t < 1), by taking

k1-ge(%), (x EEn_l: 0<?<3),
he* (%) = { Pgu-1(%), (xe K, § <t <3,
ks‘t—z(x): (xEKn—l: 32_ <t “<- 1)'

Then 2,* = ¢ ]Kﬂ"l = h,* and * |L =g | L for every e I. Hence A*
represents an element f§ of R?(K, L; g). On the other hand, it follows from
(4.5) that

ar(g. g m*) = —dm(f, g; ke) + a™(L.f; ) + aM(], g5 ki) = a(}, [, l).
This implies that &,(x) = &,(f) € Jy» Hence Jyr< Jn. |

10. The obstruction sets for homotopy

Let f, g: K - Y be two given maps such that f| L = g | L. We are going
to define the n-dimensional obstruction set
as follows. If f and g are not (» — 1)-homotopic relative to L, we define
07({, g) to be the vacuous set. Now suppose that/and g are (# — 1)-homo-
topic relative to L. Then there exists a homotopy %; : K71 > Y, (0 <t < 1),
such that = 1 Ko,y =g | Knt, h|L =f|L, (te1).

The cohomology class 62(f, g; k) in H*(K, L;nm,(Y)) is called an n-dimen-
sional obstruction element of the pair (f, g). Then, O*(f, g) is defined to be the
set of all n-dimensional obstruction elements of (f, g). The following pro-
position is obvious. -

Proposition 10.1. If f~}' and g~ g' relative fo L, then O"(f, g) =
o™(1', ¢).

Next, let (K', L’} be another cellular pair and ¢ : (K', L") - (K, L) be a
proper cellular map. This map ¢ induces a homomorphism

¢* : HMK, L;m,(Y)) - HYK', L"; mu(Y)).

Then the following proposition is an immediate consequence of (4.6).

Proposition 10.2. If /' = fd and g = gd, then ¢* sends O%(f, g) into
on(f', g).

Corollary 10.3. If (K, L) is a simplicial pair, then O}, g) is a topological
wnvariant, 1.e. 1t does not depend on the triangulation of (K, L).

Lemma 104. The maps | and g are (n — 1)-homotopic relative to L iff

O(f,g) 1s a coset of the subgroup J;*(K, L;ma(Y)) in the cohomology group
Hn(K, L;7m,(Y)).
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Proof. Since the sufficiency is obvious, it suffices to prove the necessity of
the condition. For this purpose, assume that f and g are (» — 1)-homotopic
relative to L. Let 6%(f, g; ;) and *(f, g; #'s) be any two n-dimensional
obstruction elements of (7, g). Define a homotopy &; : Kr157, (0 <t <),
by taking ks = by, if £ <} and ky = A5y, if £ > }. Then k; represents an
element « of R*(K, L; f}. By (4.5), we have

Enle) = 0"(], &; he) — O"(f, &; W'y).
Since &p(x) € Jr?, this proves that O0=(f,g) is contamed in the coset
0*(f, &; t) + Jr™
On the other hand, let « be any element of R?*(K, L; f). Then « is re-

presented by a homotopy k¢ and &n(a) = 6%(/, /; k). Define a homotopy
By Kr-15Y, (0 <t <1), by taking #'s = ky; if £ < } and A’y = by -y If

t > 1. Then we have , :
: (1, g K = Enla) + n(f, g: ).
Hence every element of the coset 82(f, g; k) + J¢® is in O2(f, g).

Lemma 10.5. (The fundamental homotopy lemma). The maps f and g are
n-homotopic relative to L iff

| 0(1, 8) = Jr™K, L;7a(Y)).

Proof. Necessity. Suppose that f and g are m-homotopic relative to L.
Then there exists a homotopy #*: K» - Y, (0 <{ < 1), such that 4* =
fILE®, h* = g|K», and h* |L = f| L for every tel. Let by = he* | Kn-1,
By (8.3), we have 6#(f, g ; &) = 0. This implies that O*(f, g) contains the zero
element of H*(K, L; my(Y)). According to (10.4), it follows that O%(f,g) = J5™.

Sufficiency. Suppose O®»(f,g) = J/». Then O%(f,g) contains the zero
element of H*(K, L;7,(Y)). Hence there exists a homotopy #; : K1+ ¥,
(0 <t <1), such that h, = f | K», by = g | K»1, by |L = f| L for each
tel, and 6*(f,¢g; ) = 0. By (8.3), there exists a homotopy Ag* : Kr Y,
(0 <t < 1), such that h* = f | K», h* = g | K», and h* | Kn-2 = ht | Kn—2
for each t& I. Hence f and g are n-homotopic. 1

11. The general homotopy theorem

The following general homotopy theorem is an 1mmed1ate consequence
of (10.4) and (10.5).

Theorem 11.1. Any two maps f,g: K~Y with {|L = g|L which are
(n — 1)-homotopic relative to L determine a unique element X*(f, g) of the group
Qs"(K, L;7a(Y)). X2(}, g) = 0 4ff f and g ave n-homotopic velative to L.

This element X2(f,g) will be called the n-dimensional characteristic
element of (f, g). By (10.3), Xn{f, g) is a topological invariant if (K, L) is a
simplicial pair. ‘

By recurrent applications of (11.1), we obtain the following
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Proposition 11.2. Let f: K > Y be a given map and assume that 'Y is
v-simple and Q" (K, L;mr(Y)) = 0 for every v satisfying n <<v < m. If two
maps f,g: K —>Y with { | L = g | L are n-homotopic velative to L, then they
are also m-homotopic relative to L.

Corollary 11.3. If Y is r-simple and HT(K,L;m(Y)) = 0 for every ¥
satisfying 1 <7 < dim (K \_L), then every two maps f,g: K—>Y with
7 | L = g | L are homotopic relative to L.

“As an application of this general result, let us assume that K is connected
and L is vacuous. Take Y = K. Then we obtain the following

Proposition 11.4, The following statements ave equivalent:

(1) K s contractible.

(22} tr(K) = O for each v > 1.

(112) K is v-simple and HT(K; me(K)) = O for every v satisfying 1 <v
dim K.

(tv) K is r-simple and Qi (K, 7 (K)) = 0 for every v satisfying 1 <# <
dim K, where i : K - K denotes the identity map.

N

. 12. The classification problem

Let 4: L - Y be a given map and let us study the set W of all posszble
extensions of u over K. In symbols,

W= {fK>Y]| f[L=p}

The maps W are divided into disjoint homotopy classes velative to L. As in
(I; §8), the classification problem for these maps W is to enumerate these
homotopy classes by means of some convenient invariants.

The relation of #-homotopy relative to L among the maps W divides W
into disjoint n-homotopy classes relative to L. For each n > 1, every (n - 1)-
homotopy class relative to L contains a certain collection of s#-homotopy
classes relative to L. For the classification problem, we have to find a
reasonable way to count the z-homotopy classes contained in a given -
(n — 1)-homotopy class by means of some homology or cohomology
invariant. _

Throughout the remainder of the section, let 6 be a given (v — I)-
homotopy class relative to L of the maps W. We are going to enumerate
the n-homotopy classes relative to L of the maps W which are contained in 6.
According to (9.2), 6 determines a subgroup J¢®(K, L; @, (Y)) of the co-
homology group H™K, L;n,(Y)) and hence the quotient group |

Q"(K, L;7n(Y)) = HYK, L;mn(Y))/Jo™(K, L; 70(Y)).

Now let us choose a map f: K — Y from the class @ as our reference map.
According to (11.1), every map ge€ 0 determines a characteristic element
Xn(f, g) in the group Q¢*(K, L;7m,{Y)). An element o of Qg™ K, L; ny (Y))
is said to be f-admissible if there is a map ge 0 with X%{f,g) = a. The
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f-admissible elements of Qg*(K, L;7,(Y)) form a set A, which will be
called the f-admissible set in Qg"(K, L; 7y (Y)). The following proposition
is obvious. _

Proposition 12.1. For any two maps f, g : K - Y in the (n — 1)-homotopy
class 0, Ag™ is the image of Ag" under the translation determined by their
characteristic element X%(f, g), that 1s to-say,

Afn = X’n(]‘, g) + Aﬂn'

Now we are in a position to establish the following general classification
theorem. -

Theorem 12.2. Given an (n — 1)-howmotopy class 0 velative fo L of the maps
W, the n-homotopy classes relative to L of W which ave contained in G are in a
1 — 1 correspondence with the elements of the f-admissible set A in
QvMK, L;7my(Y)), where { is an arbitrarily given map in 0.

Proof. According to (11.1), every g € 6 determines an element X7(f, g) in
Asm. We assert that X7(f, g) depends only on the n-homotopy class relative
to L which contains g. In fact, if g, # € 6 are n-homotopic relative to L, then
it follows from (11.1) that

X[, b) —xn(f, 8) = X*(g, h) = O,

and hence X2(f, g) = Xn(f, h). Therefore, the correspondence g—>X7(/, g)
defines a function 7 of the #-homotopy classes relative to L contained in 6
into the elements of 4;7. That ¢ is onto follows from the definition of 4%,
It remains to prove that 7 is one-to-one. Suppose that £2(f, g) = X®(/, k).

then we bave  yn(e, ) = a(f, B) — 10/, g) = 0.
According to (11.1), this implies that g and % are #n-homotopic relative to L.
Remark. Since 4f" is, in general, not effectively computable, the general

classification theorem given above does not solve the problem. In each
particular case, it remains to compute 45” by special methods.

-

13. The primary obstructions

Throughout §§ 13-17, we shall assume one more condition, namely, that
the given space Y is (» — l)-connected for a given positive integer #.
According to (V; § 4), this means that n(Y) = O forevery r < wn. Ilf > 1,

then Y 1s simply connected and hence #n-simple. If #» = 1, we assume that ¥

|

is n-simple and hence the fundamental group 7, (Y) is abelian.
Let us consider an arbitrarily given map

'fIL~—>Y.

According to (6.6), f is always n-extensible over K. Hence the first non-
trivial obstruction is the (# 4 1)-dimensional O?+1(f). We are going to prove
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that O"*1(f) consists of a single element of the cohomology group
H YK, L; m,(Y)).

Let :L —~ Y denote the constant map (L) = y,. According to (11.2),
f and 0 are (» — 1)-homotopic and hence / is homotopic to a map which
sends the (# — 1)-dimensional skeleton L#-* of L into y,. Since homotopic
maps have the same (n + 1)-dimensional obstruction set, we may assume
that f(L2-1) = v,

Since f | L7 = § | Ln-!, the difference cochain ar(f, 0) of § 4 is defined.
By (4.2), d»(f, 8 is an n-cocycle of L with coefficients in 77, (Y). This cocycle
d"(f, 6) can be equivalently defined as follows. Let ¢ be any n-cell of L. Since
f(00) = v,, the partial map f, = /| o represents an element | /,] of a(Y).
Then d»(f, 8) is given by [d»(/, 6)] (0) = [fs].

The cocycle d@r(/, 6) represents a cohomology class #?(f) of L over 7,(Y),
which will be called the characteristic element of f.

Propos:tlon 134, The (n + 1) -dimensional obstruction set O"+1(f) consists
le el ¢
o gle SMENE () = gven(f) € HONE, Lisa())

which 1s called the p:iﬁlary obstruction ¢o extending f over K, where §* denotes
the coboundary homomorphism

0% : HML; mp(Y)) > HV YK, L;70a(Y).

Proof. First, let us prove that §*x»(f) is in Om*1(f). Since f(L#~1) = y,,

f has an extension f* : K» - Y such that f*(Kn» L) =y, Let 0* : Kn > Y
denote the constant map 6*(K#) = v,. Then it follows that the difference
cochain 4#(f*, 6%) is the trivial extension of d#(f, 6), i.e., for any #n-cell ¢
of K, we have :

[dn(f*, 6%)(a) = { [@*(f, 0)1(0), (ifoel),

0, (ifoe K\_L).
- Hence §*xn(f) is represented by the cocycle |
Odr(f*, 0%) = cn+1(f*) — cnt1(g¥) — C@n(ﬁé).

This implies that §%x7(f) = yn+1(f*) € On+1(f),

Next, leta be an arbitrary element of 0#*+1(f). Then there exists an extension
g*: K» Y of f such that yn+1(g*) = «. By (11.2), g* and /* are (n — 1)-
homotopic relative to L. Hence we may assume that g* | Kn-1 = f* | Kn-1,

By (4.2}, we have oHL(g*) = cnHL(fR) L Sdnigh, [¥).
Since d#(g*, 1*) is in C*(K, L;m,(Y)) according to §4, this implies that

ywH(g*) = ymi(f%). Hence o = 6%¢n(f). |
Next, let us turn to the homotopy problem and consider a pair of maps

Lg: K=Y, f|L=g]|L.
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Then their characteristic elements »"(f) and »%(g) in H*K; m,(Y)) are
uniquely defined and depend only on their homotopy classes.

Proposition 13.2. The n-dimensional obstruction set O%(f, g} consists of a
single element w(f, @) € HH(K, L; ma(Y))
which 1s called the primary obstruction fo homotopy relative to L of the pair

(1, g). Moreover w™(f) — xn(g) = j*wn(f, g),

where 1% HMK, L;7y(Y)) > H?(K; 7y (Y)) denotes the homomorphism in-
duced by the inclusion map | : K< (K, L). '
Proof. That O®+1(f, g) consists of a single element follows from (13.1) and

the definition of the deformation cochain in § 4. For the second part of the
proposition, we may assume that :

fIE"1) =y = g(E").
Let 6 denote the constant map. Then we have ,
| an(f, 0) — an(g, 0) = an(f, g).
This implies that »7(f) — »x®(g) = j*w®(f, g). |
Corollary 13.3 For any given map f: K - Y, we have
Jrt(K, Limea(Y)) =0, QMK Lima(Y)) = HYK, L, ma(Y)).

Finally, if (K, L) is a simplicial pair, then w®+i(f), 22(f), w®(}, g) are
topological invariants according to (6.3) and (10.3). ‘-

14. Primary extension theorems

By means of the primary obstructions, we shall be able to strengthen the
general results in § 6 and obtain an effective solution of the extension
problem for the case where K \_L is of dimension not exceeding # + 1.

An element of the cohomology group H®(L ; G) is said to be extensible
over K if it is contained in the image of the homomorphism

X ¥ Ho(K;G) -~ HYL;G).
induced by the inclusion map 7: L © K.

Theorem 14.1. For a given map . L~ Y, the following statements are
equivalent: . '

(1) f is (n + 1)-extensible over K.

(2) w™*(f) = 0.

(8) #%(f) 1s extensible over K.

Proof. The equivalence of (I) and (2} follows from (6.5} and (13.1), and
that of (2) and (3) follows from the exactness of the cohomology sequence. 1

If K\ L is of dimension # + 1, then we have the following corollary
which includes Hopf extension theorem (II; § 8) as a special case. See § 17,

Y
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Corollary 142. A4 map f: L - Y is extensible over K iff its characteristic
element »n(f) is extensible over K.

The following generalization of (14.2) is an immediate consequence of (5.6).

Theorem 14.3. If Y s r-simple and H YK, L;n{(Y)) =0 for every #
satisfying n < v < dim (K \_L)}, then a necessary and sufficient condition
for a given map f: L - Y to have an extension over K s that the characteristic
element xn(f) is extensible over K.

In particular, the hypothesis of (14.3) holds if @/(Y) = 0 whenever
n < v < dim (K \_L).

15. Primary homotopy theorems

The following theorem is an immediate consequence of the fundamental
homotopy lemma (10.5) and the corollary (13.3).

Theorem 15.1. Two maps f,g: K - Y with f| L = g| L are n-homotopic
velative to L 1ff w®(f, g) = 0.

If L is empty, then this can be given in the following form:

Corollary 15.2. For any two given maps f, g : K » Y, the following statements
are equivalent:

(1) f and g are n-homotopic.

(2) o"(f, g) = 0.

(3) #n(f) = 2(g)-

If K is of dimension #, then we have the following corollary which in-
cludes the Hopf homotopy theorem (II; § 8) as a special case. See § 17.

Corollary 15.3. Two maps f, g : K - Y are homotopic iff »*(f) = »"(g).

The following generalization of (15.3) is an immediate consequence of (11.2).

Theorem 15.4. I} Y is v-simple and H(K; 7,(Y)) = O for each r satisfying
n <y < dim K, then a necessary and sufficient condition for a given pair of
maps f,g: K - Y to be homotopic is that »*(f) = 2?(g).

In particular, the hypothesis of (15.4) is satisfied if (Y} = 0 whenever
n < v < dim K.

16. Primary classification theorems

Lemma 16.4. If Y is r-simple and H YK, L;ne(Y)) =0 for every »
satisfying n <<r < dim (K \_L), then, for each map {:K Y and each
element . € HM(K, L; 7t4(Y)), there exists a map g . K Y such that | | L =

¢ | L and wn(f, g) = o

Proof. Choose a cocycle z € Z#(K, L; m,(Y)) which represents o. According
to (4.3), there is a map #:Kr>Y such that f[Kﬂ'"l =} | Kn-1 and
ar(f, h) = z. By (4.2), we have

CHLf) — L) = ddn(f, B) = Oz = 0.
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Since £ is defined over K > K7+, we obtain ¢#+1(f) = 0. This implies that
c®*1(h) = 0 and hence % has an extension A* : K»+' » Y. By (6.6), one de-
duces that # has an extension g : K — Y. Then it is clear that f |L = ¢ | L
and w®(f,g) = a. |

It L is empty, then the preceding lemma can be formulated as follows.

Lemma 16.2. I} Y i5 r-sumple and H™(K; n(Y)) = O for every v satisfying
n < v < dim K, then, for each element o tn H* K, ?En( Y)), there éxists a map
f: K —Y such that 1*(f) = a.

Now let /: K - Y be a given map and let us consider the totality W of
the maps g: K - Y such that f|L = g|L. Since @y (Y) = 0 for every
m < n, there is only one (n# — l)-homotopy class of the maps W relative
to L. We are going to enumerate the #-homotopy classes of the maps W
relative to L.

Theorem 16.3. If Y is v-simple and H™YK, L;n(Y)) =0 for each 7
satisfying n <7 < dim (K \ L), then the n-homotopy classes relative to L
of the maps W are in a one-to-one correspondence with the elements of the group
H*(K, L;7ty(Y)). The corvespondence is given by the assignment g -~ w™(f, g).

Proof. By (13.3), we have :
Q5" (K, L'nn(Y)) = HMK, L, ma(Y)).
On the other hand, (16.1) implies that every element of Q*(K, L;m(Y)) is
f-admissible. Hence, we have
Agr = HMK, L; 7ty (Y)).

Then, (16.3) follows from (12.2). The second assertion is obvious. I
If L is empty, then (16.3) can be conveniently restated as follows.

Corollary 164, I} Y is r-simple and H™+YK;n,(Y)) =0 for each »
satisfying n < v << dim K, then the n-homotopy classes of the maps f . K > Y
are 1n a one-to-one corvespondence with the elements of the group HM K, ma(Y)).
The corvespondence is determined by the assignment | — x®(f).

- If K is of dimeénsion #, then we have the following corollary which in-
cludes the Hopf classification theorem (II; § 8) as a special case. See § 17.

- Corollary 18.5. The homotopy classes of the maps f : K -~ Y are in a one-to-
one corvespondence with the elements of the group H™(K;mn(Y)). The corve-
spondence 1s determined by the assignment | — x?(f).

The following generalization of (16.5) is an immediate consequence of
(11.2) and (16.3).

Theorem 16.6 I}/ Y is r-simple and
H+Y K, L;n/{Y)) = 0 = H (K, L; n(Y))

for every v satisfying n <<v < dim (K \_L), then the homotopy classes of the
maps W relative to L are in a one-to-one covvespondence with the elements of
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the group HMK, L; wn(Y)). The corvespondence is determined by the asstgnment
g - on(f, g). |

In particular, the hypothesis of (16.6) is satisfied if #(Y) = 0 whenever
Cn<r <dim (K\_L).

17. The characteristic element of Y

Throughout this last section of the chapter, we assume that Y is a finite
cell complex in addition to the conditions assumed at the beginning of § 13.
Then, according to § 13, the identity map ¢: ¥ - Y determined a unique

characteristic element w(1) = (1, 6) € H (Y ; ma(Y)),

where 0 denotes the constant map 6(Y) = y,. This will be called the charac-
teristic element of Y and will be denoted by »»(Y).

For example, if Y is the #-sphere, thenz,(Y) a Z. It can be easily verified
that the characteristic element »?(Y) is a generator of the free cyclic group
H®(Y) which depends on the given orientation of V.

Now, consider an arbitrary map f: L - Y. This map f induces a homo-

morphism ¥ HYY; mu(Y)) - Ho(L; 7, (Y)).

The following lemma can be proved by means of (4.6) and simplicial
approximation.

Lemma 17.1. »%(f) = f*[xn(Y}].

This lemma justifies the assertions of §§ 14-16 that (14.2), (15.3) and
(16.5) include the Hopf theorems given in (II; § 8).

EXERCISES

A. Minor generalizations of the theory.

1. Make use of the characteristic maps %, in (V; Ex. H) and establish the
obstruction theory for the case where K is any topologically realized semi-
simplicial complex instead of a finite cell complex and L is a subcomplex of K.

2. Study the notion of a CW-complex, [J. H. C. Whitehead 4], and generalize
the obstruction theory to the case where K is any CW-complex and L is a
subcomplex of K. :

3. By the use of local coefficients, construct the obstruction theory for
the case where Y is not necessarily #-simple.

B. The fundamental group of a semi-simplicial complex.

Let K be a given connected semi-simplicial complex and v, a given vertex
of K. Then, as in (II; Ex. A) for finite simplicial complexes, the fundamental
group (K, v;) may be given in terms of generators and relations as follows.

A broken line joining a vertex of K to another is a path which consists of
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a finite number of edges of K. Since K is connected, v, can be joined to any
vertex v of K by a broken line (v). Suppose that these broken lines (v) have
been chosen and that f(v,) consists of only a single point », To each
edge e of K, let us consider the loop

de = Pleqy) e [Blew)]™
which represents a element ge of (K, vy). Prove that the set {g.|ee€ K}
generates 7z, (K, v,).
It remains to find the relations among the generators { ge}. For each
edge ec K, the loop A consists of a finite number of edges of K; more

precisely,

— pt1 o0z, . . o000
Ao = el et vey

wherea; = + 1foreachs = 1,2, -, n. Then, deduce the relation

(Re) fo = &ol 8o " Lo
On the other hand, for each 2-cell o of K, verify the following relation
(Rs) : 8o.1) 8o(1,2) = Eo(0.2): |

Now prove that 7,(K, v,) can be defined as the group with generators { ge }
and relations { R } and { R, }.
By means of this expression of 7,(K, v,), estabhsh the following results:
1. Condition for 2-extensibility. Let L be a connected subcomplex of K
containing v, and f: (L, ) = (Y, v,) be a map into a pathwise connected
space Y. Then f and the inclusion map ¢ : L < K induce the homomorphisms
fa (L, vg) = 70(Y, 3), 4y i 7wy (L, vg) =704 (K, 7).
' Prove that the map f is 2-extensible over K iff there exists a homomorphism
himy (K, vg) »7,(Y, y,) such that f, =47, and that, for any such homo-
morphism %, there exists an extension g : K2 - Y of f such that g, = %.

2. Condition for 1-homotopy. Let us consider any two maps 7, g : (K, 2y) —
(Y, ¥o). They induce the homomorphisms

Tr 8x 17K, vg) > 74(Y, 3o)-
Prove that f and g are 1-homotopic iff there exists an element Eem (Y, yo)

h th '
such that ga(0) = E1 o) &, ;enl(K, Vo)-

For an indication of the proof, see [Hu, 7].

C. Generalizing the obstruction theory by using Cech cohomology theory

The obstruction theory studied in this chapter is formulated for finite cell
complexes so as to avoid the complications involved in limiting processes.
One can extend the theory to more general spaces by using Cech cohomology
theory as follows.-

Assume that X is a compact Hausdorff space, 4 a closed subspa.ce of X,
and Y a given ANR. For every finite open covering « = { ay," -, 4 } of X,
the nerve K, of « is a finite simplicial complex. The non—void sets AN ay,
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(1 =1, -, 7), form an open covering of A whose nerve L, is a subcomplex
of K,. With the aid of the bridge theorems in (II; Ex. B), we can formulate
an obstruction theory as follows.

A map f: 4 - Y is said to be n-extensible over X if it has a bridge « and a
~ bridge map o, : L, -~ Y which is n-extensible over K, in the sense of § 2.
- Prove the following assertion which gives set-theoretic meaning to the
n-extensibility defined above.

1. If X is metrizable with dim (X\ 4) <gq and if /: 4 > Y is n-ex-
tensible over X, then there exists a closed subspace B of X contained in
X\ 4 with dim B < ¢ — # and such that / has an extension g: X \ B
- Y. [Hu 5; p. 344].

Next, assume for sake of convenience that Y is #-simple and let m, =

7n(Y). Define the (n + 1)-dimensional obstruction set On+1(f) of a given map
]‘ A - Y in'the Cech cohomology group H#+(X, A ; mr) as follows.

11 / is not n-extensible over X, define On+1( f) to be the vacuous set. Assume
/ to be #n-extensible. There exists a bridge « with a bridge map Yo:Lg—>Y
which has an extension v’ : K,® - Y. The obstruction cocycle crti(y'y) of
K, modulo L, represents an element y#+i(y’,) of H*(X, A ;7,), called an
(n -+ 1)-dimensional obstruction element of f. Then, O7+1(f) is defined to be
the set of all (# + 1)-dimensional obstruction elements of 7. Homotopic
maps have the same (» + 1)-dimensional obstruction set.

Prove the following assertion from which one can deduce further results
as in §§ 6, 13 and 14.

2. Amapf:4->Yis (n+ 1)- _extensible over X iff O”+1( f) contains the
zero element of H*+(X, A ; n,). [Hu 5; p. 346].

Now let us turn to the homotopy problem. Two maps f,¢: X —+ Y are
said to be #-homotopic if there exists a bridge « for both f and g with bridge
maps ¢, : K - Y and y, : K - Y respectively such that ¢, | K# = y, | K7,

Prove the following assertion which gives set-theoretic meaning to
n-homotopy.

3. If X is metrizable with dim X <g¢ and f, g: X » Y are n-homotopic,
then there exists a closed subspace B of X such that dim B < ¢ —# and
1 XN Berg| XN\ B. [Hu 5; p. 349]. -

Next, assume that Y is n-simple and let 7y = m,(Y). Define the #u-
dimensional obstruction set O*(f, g), of a pair of given maps f,g: X - Y in
the Cech cohomology group H?(X;n,) and prove the following assertion
from which one can deduce further results on homotopy and classification
as in §§ 10, 11, 12 and 15.

4. The maps f, g: X - Y are n-homotopic iff O?+(f, g) contains the zero
element of H#(X ;7,). [Hu 5; p. 350]. . ‘

D. Generalizing the obstruction theory by using the singular complex

The generalizations of the obstruction theory by using Cech cohomology
as illustrated in the preceding exercise are very satisfactory except that one
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must assume either the domain X or the range Y to be reasonably smooth.
To avoid these conditions, one can also generalize the obstruction theory
by using the singular complex S(X) of the domain X as follows. [Olum I
and Hu 7].

Consider two spaces X, Y and a subspace 4 of X which might not be
closed. According to (V; Ex. I), we have a projection

w: (S(X), S(4)) - (X, 4).

A map f: A Y is said to be n-extensible over X if the map fw:S5(4) »Y
is n-extensible over S(X) in the sense of Ex. Al. Prove thatamapf: 4 - Y
is m-extensible over X iff, for every map ¢: (K, L) - (X, 4) of a semi-
simplicial pair (K, L) into (X, A), the map f¢ : L - Y is n-extensible over K.
Then, prove that, if (X, 4) is a semi-simplicial pair, the definition of
n-extensibility defined here is equivalent to that of Ex. Al.

Pick x,€ 4 and v, = f(%,) € Y. Then the map f : 4 - Y and the inclusion
1 : A< X induce the following homomorphisms

Fo i70i(A, %) > 7(Y, Yo}y s s 701 (A4, %) ”*th(X: X))

Assume X, A, Y to be pathwise connected and prove that f is 2-extensible
over X iff there exists a homomorphism % :7@,(X, #,) -7,(Y, ¥,) such that
fs = Piy. [Hu 7; p. 177].

Assume Y to be pathwise connected and #-simple with m, = 7a(Y, ¥,).
Define for any given map f: 4 - Y the (# + 1)-dimensional obstruction set
On+1(f) in the singular cohomology group H?+Y(X, 4; my) in obvious way,
and prove that 7 is (# + 1)-extensible over X iff O7+!(f) contains the zero
element of the group H**+(X, 4 ; 7t,). Deduce further results on the extension
problem.

Now, let us turn to the homotopy problem. Two maps f,g: X - Y are
said to be n-homotopic if the maps fw, gw : S(X) - Y are n-homotopic in
the sense of Ex. Al. Prove that f, g are n-homotopic iff, for every map.
¢: K -X of a semi-simplicial complex K into X, the maps /¢, gd are
n-homotopic. Then, prove that, if X is a semi-simplicial complex, the de-
finition of #-homotopy given here is equivalent to that of Ex. Al.

Pick x,€ X and y,€ Y and assume f(x,) = ¥, = g(#,). Then, the maps
f, g : X = Y induce the following homomorphisms

Far 8x 1701 (X, %) = 74(Y, ¥p)-

Assume X, Y to be pathwise connected and prove that f,g: X - Y are
I-homotopic iff there exists an element & emy(Y, y,) such that

gula) = &1 folo) &, aEm(X, %)

Assume Y to be pathwise connected and #-simple with mn = 74(Y, ¥o)-
Define for a given pair of maps f, g : X —+ Y the n-dimensional obstruction set
On(f, g) in the singular cohomology group H%(X;n,) in the obvious way,
and prove that f, g: X - Y are n-homotopic iff 07(f, g) contains the zero
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element of H?(X; 7). Deduce further results on the homotopy problem and
the classification problem.

E. The obstruction theory of deformation

Throughout this exercise, let (¥, B) be a given pair and (K, L) a given
finite cellular pair. A map f: (K, L) - (Y, B) is said to be deformable into B
if there exists a homotopy f; : (K, L) > (Y, B), (0 <¢ < 1), such that f, = f
and /,(K) < B. By the aid of the AHEP, one can easily prove that , in this
definition, we may require that f;(x) = f(x) for every xe L and te I.

In order to apply the obstruction method, let us define the notion of
n-deformability. Let K» = Kn U L. A map f: (K, L) > (Y, B) is said to be
%—deformable wnto B if the partial map f | (K», L)is deformable into B. Amap f
is said to n-normal if f(K*-') < B. Hence f is (n — 1)-deformable into B iff
it is homotopic (relative to L) to an #-normal map.

Hereafter, let us assume that both Y and B are pathwise connected and
pick ¥, € B. Then it is obvious that every map f: (K, L) - (Y, B) has to be
0O-deformable into B. Prove that every map f: (K, L) -~ (Y, B) is 1-deform-
able into B provided that 7,(Y, B, ¥,) = 0. The latter is equivalent to the
condition that the induced homomorphism

iy 170 (B, yo) > (Y, )
is an epimorphism, :

Next, let # > 1 and assume that (Y, B) is u-simple in the sense of
(IV; Ex. E). Then the #-th relative homotopy group s, = 7,(Y, B) is abelian
and may be used as coefficient group.-

For each #-normal map f: (K, L) » (Y, B), define an #-cochain c#(f)
of K with coefficients inm, in the obvious way. Prove the following assertions,
[Hu 9; p. 1947:

1. c®(f) is a cocycle of K modulo L. :

2. ¢n(f) = 0 iff there exists a homotopy f;: K - Y, (0 <t < 1), such
that f, = f, /(K™ < B, and fi(x) = }(x) for every x € K»-1 and te 1.

3.¢m(f) is a coboundary of K modulo L iff there exists a homotopy
fi: K=Y, (0 <?¢<1), such that f, =}, f,(K») < B, and fy(x) = f(x) for
every xe Kn—2 and te I.

Next, define the n-dimensional obstruction set O*(f) in the n-dimensional
cohomology group H*(K, L;m,) in the obvious way and prove the following
assertions: |

4. The map f: (K, L) - (Y, B) is (n — l)-deformable into B iff O»(f) is
non-empty. '

5. The map f: (K, L) » (Y, B) is n-deformable into B iff O»(f) contains
the zero element of Ho(K, L; my). '

6. Every map {: (K, L) - (Y, B) is deformable into B if 7,(Y, B, y,) = 0
and if, for each # > 1, (Y, B) is n-simple and H®(K, L;m,) = 0, where
7ty = mu(Y, B).
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7. Assume that K and L are pathwise connected and x,& L. Then, L is a
deformation retract of K iff y(K, L; x,) = O for every n > 1.

Develop this obstruction theory of deformation as far as possible and then
generalize this theory as in Exs. A, C and D. In particular, deduce a proof
of the following assertion, [Hu 9; p. 216].

8. If Y and B are ANR’s and if B is closed, then the following statements
are equivalent:

(?) B is a deformation retract of Y.

(#2) There exists a homotopy 4 : (Y, B) - (Y, B), (0 <¢ < 1), such that
hy 1s the identity map and %,(Y) < B. :

(112} (Y, B, vy) = 0 forevery n > 1.

F. Maps into a space of homotopy type (7, n)

Let Y be a space of homotopy type (7, #) as defined in (V; Ex. F) with a
given point ¥, € Y, and let K be a finite cellular complex with a given sub-
complex L and a given vertex vy L. If » = 1, we assume that both K
and L are connected. The extension, homotopy and classification problems
are completely solved for this special case as follows.

1. The case n = 1. Let f: (L, vy} > (Y, v,) be a given map. Then f and
the inclusion map ¢ : L © K induce the homomorphisms

Fa imi(L, vg) = 701(Y, vg), 14 i1 (L, vg) =, (K, vy).

Prove that /is extensible over K iff there exists a homomorphism % : 7z,(K,v,)
-7, (Y, y,) such that f, = ki, and that, for any such homomorphism 4,
there exists an extension g: K - Y of f such that g, = 4.

For the homotopy problem, let f, g : K —~ Y be two given maps. Without
loss of generality, we may assume that f(v,) = v, = g{vg). Then, we have
the induced homomorphisms

Fio 8 1704 (K, ”6) 7 (Y, ¥o)-
Prove that f and g are homotopic iff f,, and g, are equivalent, that is to say,
there exists an element & inm;(Y, ¥,) such that

a(0) = & fy(o) -, a€my (K, v).

For the classification problem, let us consider the set H of all homo-
morphisms of 7z, (K, v;) intos, (Y, ¥,). The equivalence relation defined above
divides H into disjoint equivalence classes. Prove that the homotopy classes

~of the maps K -~ Y are in a natural one-to-one correspondence with the
equivalence classes of the homomorphisms H.

2. The case n > 1. Then Y is n-simple and we may write @ = 7,(Y). The
following assertions are special cases of (14.3), (15.4) and (16.4). A

A map f: L - Y is extensible over K iff its characteristic element »?(f)
1s extensible over K.

Two maps /, g: K - Y are homotopic iff »"(f) = x"{g).
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The homotopy classes of the maps K -~ Y are in a one-to-one corre-
spondence with the elements of the cohomology group H*(K ; 7} determined
by the assignment f - x7(f).

3. Generalize the preceding results as in Ex. A and Ex. C.

G. Homology groups of (7, #)

Let K and L be two semi-simplicial complexes of the homotopy type
(7, n) and (7, #) respectively. Then, according to the previous exercise, the
classification problem of the maps K - L is solved as follows: the homotopy
classes of the maps K - L are in a natural one-to-one correspondence with
the equivalence classes of the homomorphisms sz —+ 7. If # > 1, then % and
are abelian and therefore these homotopy classes are in a natural one-to-one
correspondence with the homomorphisms % - v themselves. An important
direct consequence of this result is that K and L are homotopically equivalent
iff @ and 7 are isomorphic, |

It follows that, for any space X of the homotopy type (, #) and any
coefficient group G, the singular homology group Hy(X; G) and the singular
cohomology group H™(X; G) depend only on the integers m, # and the
groups 7, G. They will be called the m-th homology group and the m-th
cohomology group of the pair (m, n) with coefficients in G, denoted by
- Hplm, n; G) and H™(zw, n; G) respectively. The integer # will be simply
deleted from the notation if » = 1. Similarly, we shall omit the group G
if it is the group Z of all integers. In particular, if # = 1 and G = Z, these
are denoted by Hp() and H™(x) and called the m-th homology group and
the m-th cohomology group of the group 7. |

Finally, let # = 1 and let G be an, abelian group on which 7 acts as left
operators. Choose a space X of the homotopy (7, 1). Since the fundamental
group of X isz which acts on G, the singular groups H,(X; G), H®(X; G)
- with local coefficients in G are defined. Prove that these groups do not
depend on the choice of the space X and hence may be denoted by H m(7; G)
and H™(x;G).

H. The complex K(7) of a group

Let 7z be a given abstract group written multiplicatively. Define a semi-
simplicial complex K(n) as follows. [Eilenberg and MacLane 1].

L. The homogeneous definition. For each n >0, consider the set @7 of all
ordered sets (%y,- -+, ) of # + 1 elements of 7 called the n-sefs of 7. Two
n-sets (%g,* -, %p) and (Yo, -, yu) of m are said to be equivalent if there
exists an element x of % such that y; = xx; for each s = 0,-- -, #. The n-sets
D" of r are thus divided into disjoint equivalence classes, called the n-cells
of . If # > 0, the 7-th face of the #-cell ¢ = [(Xo," " xp] of m, 0 <7 < n,
is defined to be the following (n — 1)-cell

O'(i) = [xo,' ty x’i—]’ xi'l']" " xn]'
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Verify the condition (SSC) of (IV; Ex. H). Hence the n-cells ofm, (# =0, 1,- - ),
constitute a semi-simplicial complex K(z), called the complex of 7.

2. The non-homogeneous definition. For each # > 0, consider the set of all
n-tuples (x,, -, %) of elements x;€x If # >0, the 4-th face of the
n-tuple o = (%,,* * *,%n), 0 <7 <, is defined to be the (n — 1)-tuple o® as
follows: 6O = (g, 2a), O — (3, Tnma),

G(i) = (x]:. S x?:—-],t xixi.;..]_, xi-]-zs' " xﬂ): (O < 1: < n)'

Verify the condition (SSC) and hence obtain a semi-simplicial complex. Prove
that this semi-simplicial complex may be identified with K() by means of
the COmMespORAEnce -, xa] <> (17151, 2750, Ky ).

3. The matric definition. For each n > 0, consider the set of all (z 4- 1) X
(n + 1) matrices o = || dyg ||, (4,7 =0, -, n), with dyen satisfying the

condition .
| dydp = dw, (4,1, k8 =0,"-+,n).

If » > 0, the 7-th face of ¢, 0 <4 < m, is defined to be the matrix ¢® ob-.
tained from ¢ by erasing the 4-th row and the i-th column. Verify (SSC).
Hence, these matrices o constitute a semi-simplicial complex. Prove that
this semi-simplicial complex may be identified with K(z) by means of the
COMEPORIRCE  py sl dig N, iy = 577

4. Prove that K(x) is a space of the homotopy type (=, 1). See (V; Ex. H).

5. Let 7t and 7 be two groups and 4 : & - 7 a homomorphism. Prove that \
the assignment [xg, -, %n] - [A(xg), -+, A{xn)] defines a cellular map’
fn: K(7) - K(7). If two homomorphisms A, &k :7 -7 are equivalent, prove
that the cellular maps /3, f are homotopic.

I. Contractible complexes on which s acts freely

Let K be a contractible (finite or infinite) simplicial complex with the weak
topology, [E-S; p. 75]. Assume that a group z acts freely on K as a group
of simplicial homeomorphisms. Let X denote the orbit space K/z with
projection $: K — X. See (I; §6). Then prove that K is the universal covering
space over X relative to p. Hence X is a space of the homotopy type (=, 1).

Next, prove the existence of such complexes by the following construction.
Let 7z be a given group. Construct a simplicial complex K as follows: its
vertices are the pairs (£, n), where & is an element of zz and # is a positive
integer; and (&, #,), * * *, (£ #g) are vertices of a simplex of K iff 7y < - -+ <#g.
Give K the weak topology. If F is any finite subcomplex of K and (&, ») is a
vertex of K such that » > m for every vertex (n, m) of F, then the join of
F with (&, #) is in K. By using this and the weak topology, prove that
74(K) = 0 for every ¢ > 0..Hence K is contractible. For each & €z, define a
simplicial map £:K - K by means of the vertex assignment (7, n) -
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(én, n). In this way, & acts on K as a group of left operators. If & = 1, prove
that the homeomorphism & has no fixed point. Hence 7 acts freely on K.

J. The influence of the fundamental group

Let X be a pathwise connected space and x,€ X a given point as the
common basic point for all homotopy groups. Study the influence of the
fundamental group z = z,(X) upon the structure of homology and co-
homology groups of the space X as follows.

According to'(V; 8.2), X can be imbedded in a space Y of the homotopy
type (=, 1) such that the inclusion map 7: X < Y induces an isomorphism
1y 1 (X) ~m (Y).

Let n > 1 be a given integer such that 72,,(X) = O whenever | < m < #.
Verify the following assertions: ,

1. By the exactness of the homotopy sequence, (Y, X) = 0 for m < »
and 9y (Y, X) ~ stp-1(X) for m > .

2. By the relative Hurewicz theorem (V; Ex. C), Hp(Y, X) = 0 form <n
and the natural homomorphism g:7m,y,(Y, X) = Hpy (Y, X) is an epi-
morphism. - :

3. By the exactness of the homology sequence, the induced homo-
morphism it - H(X) > H(Y) ~ Hpl()

is an isomorphism for m < nand is an epimorphism for m = #.
4. In the following commutative ladder

vt (Y, X) 2 ma(X) o (V) — -

‘ P
v Hp (Y, X) 9H L H(X) L H(Y) — -
where g, &, & are natural homomorphisms, the spherical subgroup Ly(X) =
Im(h) of Hy(X) coincides with Im(04;) = Ker(i).
5. The induced homomorphism
H™(X) A Hm(Y) ~ Hm(m)
1s an isomorphism for m << # and is a monomorphism for m = n.
6. The subgroup An(X) = Im(i#) of H*{X) consists of all elements which
annihilate 2,(X). -
Summarizing these assertions, we obtain the classical theorem: If
72 (X) ~m and mp(X) = 0 whenever 1 < m < n, then
Hp(X) &~ Hylr), H™X) ~ H™7), m <mn,
Hu(X)[Z0(X) ~ Hy{n), AMX) ~ H?(x).

K. Computation of Hp(n;G) and Hm(x; G)

Let G be a given s-group; that is to say, G is an abelian group on which
7 acts as left operators. A m-group G is said to be m-free with {g,} as a
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m-basis if the elements &g, for all {emx and g€ { g } form a basis of G.

A homomorphism f : A - B of m-groups is called a m-homomorphism it
it commutes with the operators. A m-group G is said to be m-injective if, for
every m-group B and every m-subgroup 4 of B, every :rv-homomorphlsm
f: A - G has a m-extension g : B - G.

For any @-group G, we shall denote by I,(G) the subgroup of G which
consists of the elements ge G such that &g = g for all £en, and denote
by J,(G) the quotient group of G over its subgroup L,(G) generated by the
elements &g — g for all £em and geG.

Prove the following assertions:

1. Hen, G) ~ JL(G), Hm;G) ~ I(G).

2. If G is s-free, then Hy(m; G) = 0 for each m > 0; if G is m-injective,
then Hm(x; G) = 0 for each m > 0.

3. I1f w = 1, then Hy(m; G) =0 = Hm(w; G) for each m >0; if & is a
free (non-abelian) group, then Hyp(m; G) = 0 = H™(x; G) for each m > 2.

4. If ;r is a free abelian group with # generators and if & operates simply

onG, then g G) =0 — Hnw; G), form>r,
Hulw; G) ~ Gla) ~ Ho(z; G), form <7,

where G/ denotes the direct sum G + -+ G of j terms of G.

‘Now let 7z be a cyclic group of finite order # and G a @w-group. Let £ be a
generator of 7 and define a m-homomorphism 4 : G » G by taking A(g) =
g + &g + -+ -+ & -1g for each g€ G. Denote the image of A by M,(G) and
the kernel of A by N_{G). Then M(G) = I,(G) and L,(G) < NL(G).

5. If 7 is a cyclic group of finite order 7, then for each p >0 we have

Hypsa(; G) ~ I(G)[M(G) ~ H+¥m; G),
Hypio(m; G) &~ N (G)[LA(G) ~ H*PH(x; G).
In particular, ' |
Hopa(@) mow a HP (), Hopo(mw) =0 = H* (7).
6. Universal coefficient theorem. If z operates simply on G, then
Hu(7; G) ~ Hp(m) @ G + Tor (Hp—(7), G),
Hm(r; G) ~ Hom (Hu(m), G) + Ext (Hpu—y(n), G).
7. Kiinneth relations. For the direct productz x 7 of two groupsz and 7,

we have :
Hulm X 7) = % Hp(m@Hy(r) + = Tor (Hplm), H(7)).
p+g=m ptrg=m—1
The assertions 4-7 allow for a complete computation of the groups
Hplm; G) and Hm™(m; G) for a finitely generated abelian group 7t which
operates simply on G. ,
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L. The Eilenberg-MacLane complex K(w, #)

Letz be a given abelian group written additively and # a positive integer.
Define a semi-simplicial complex K(rw, #) as follows.

An m-cell ¢ of K(m, n) is an #-cocycle of the unit m-simplex A, with
coefficients in . To define the 4-th face o® of ¢, 0 <4 <, consider the
cellular map ey, : Ayy—y - Ay as defined in [E-S; p. 185]. It induces a

homomorphism (Eim)# Z'”‘(Am,%) -—>Z'”’(Am—1;n)'

Define 0@ = (efy)¥o. If m > 1 and 7 <, verify the condition (SSC). Thus
we obtain a semi-simplicial complex which is called the Eilenberg-MacLane
complex K(m, n), [Eilenberg-MacLane 1],

Prove that K(sm, 1) is essentially K(n) and that K(z, #) is a space of the
homotopy type (7, #).

M. The influence of 7,(X)

Let n > 2 be a given integer and X an (n — 1)-connected space. Study the
influence of # = 7,(X) upon the structure of homology and cohomology
groups of X as follows.

According to (V; 8.2), X can be imbedded in a space Y of the homotopy
type (7, ) such that the inclusion map ¢: X = Y induces an isomorphism
g 7tn(X) & 71y (Y).

Let ¢ > # be a given integer such that 7,,(X) = 0 whenever # < m < q.
Verify the following assertions as in Ex. J:

LY, X) =0 for m <gq and 8, :7wn(Y, X) ~ 7, (X) for m > ¢.

2. Hp(Y, X) = 0 for m < ¢ and the natural homomorphism g : 7y, ,(Y,X)
- Hy (Y, X) is an isomorphism.

3. The induced homomorphism

it 1 Hn(X) > HplY) '~ Hplm, n)

is an isomorphism for m < g and is an epimorphiém for m = gq.
4. In the following commutative ladder

st (V) T g (Y, X) 0 (XY e (V) s -

N

s Hy (V) 1, Hy(Y, X) P8, Hy(X) 6, Hy(Y) — -

where f, g, %, % are natural homomorphisms, the spherical subgroup 2,(X) =
Im(h) of Hy(X) coincides with Im(0y) = Ker(iss).
5. The induced homomorphism ## : H7(Y) - Hm(X) is an isomorphism
for m < g and is a monomorphism for m = g with A44(X) as image.
Summarizing the assertions (1)-(5), we obtain

Hp(X) s Hyploe, n), HMX) a~ H™(7, n), m < g,
Hy(X)[Z(X) ~ Hyl, n), A9(X) ~ Hal, n).
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6. The composed homomorphism
a*g"lj#  Hya{m, #) —mq(X),

considered as an element of H%+(x, #; my(X)), does not depend on the choice
of Y and is called the tnvariant k3+1(X) of the space X. The following con- -
ditions are equivalent: . |

(6) KH(X) = 0.

() & : my(X) - Hy(X) is a monomorphism.

(#44) 24t : Hyy1(X) - Hgua(ow, #) is an epimorphism.

7.1f g = n + 1, then k1 my(X) - Hy(X) is an epimorphism by (V; Ex. C).
This implies that Hpy,(w, #) = 0. Furthermore, k**%(X) =0 iff 4 is an_
isomorphism. -



" CHAPTER VI
COHOMOTOPY GROUPS

1. Introduction

Let (X, 4) and (Y, B) be any two pairs each consisting of a.space and a
subspace. As in (I; § 8), we denote by the symbol

n(X,4;Y,B)

the set of all homotopy classes of the maps of (X, 4) into (Y, B) relative to
{A, B }. As described in ( §8),n(X,4; Y, B) is a functor contravariant
in (X, 4) and covariant in (Y, B).

If X is the n-sphere 5%, 4 consists of a single point s, of S* and B consxsts
of a single point y, of Y, then n(X, 4; Y, B) is the underlying set of the
#n-th homotopy group 7, (Y, v} of Chapter IV. As shown in the preceding
two chapters, the group operation inn,(Y, y,) is very helpful in studying the
extension and classification problems especially for the maps of S# into Y.

On the other hand, if Y is the m-sphere S™ and B consists of a single point
so of S™, then #(X, 4; Y, B) will be simply denoted by (X, A) and called
the m-th cohomotopy set of (X, A). Under suitable conditions on (X, 4),
we shall see in § 5 that am(X, 4) forms an abelian group which will be called
the m-th cohomotopy group of (X, A). This group operation was first sketched
by Borsuk [3] and later studied in detail by Spanier [1]. It is useful in
studying the extension and classification problems for the maps of X into Sm.

Between the homotopy groups and the cohomotopy groups, there is an
informal duality given in § 12 by means of the usual composition operation.
- Precisely, for every pair (m, n) such that m,(X, 4, x,) and am™(X, A) are
abelian groups, the composition operation yields a homomorphism

In particular, if m = #, then the right side can be replaced by the additive
group Z of integers.

2. The cohomotopy set n™ (X, 4)

Let S™ denote the unit m-sphere in the (m + 1)-dimensional euclidean
space and let s, denote the point (1, 0,- - -, 0). Then, as described in the intro-
duction, the m-th cohomotopy set w(X, A) of a pair (X, A) is defined to be
the set of all homotopy classes of the maps of (X, 4) into (S™, s,) relative
to 4. It is a contravariant functor in (X, 4). If 4 is empty, then it will be

205
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simply denoted by #7(X) and called the m-th cohomotopy set of the space X.
The set »m(X, 4) has an exceptional element, namely, the homotopy
class of the constant map 0:X - s, This exceptional element will be
denoted by the symbol 0 and called the zero element of a(X, A).
Since { s, } is a closed set of S™, one can easily see that y

(X, A} = wm(X, A),

where 4 denotes the closure of 4 in X. Thus, we may assume that 4 is a
" closed subspace of X; however, we will not so assume unless explicitly
mentioned.

Finally, (X, A) can be considered as the set of all open and closed sub-
spaces of X not meeting 4. If so considered, then the zero element O of
7% X, A) is the empty subspace of X.

3. The induced transformations

Sincen™(X, A) is a contravariant functor in (X, 4), everymapf: (X, 4) -

(Y, B) induces a transformation
f*:am(Y, B) »am(X, 4),

- called the induced transformation of f on the m-dimensional cohomotopy sets.
For any element « in am(Y, B), choose a representative map ¢ : (Y, B) »
(S™, s,), then f*(a) is represented by the composed map ¢f : (X, A) — (S™,s,).
The zero element of n®(Y, B) is evidently mapped into that of #™(X, 4)
by f*; in other words, /* preserves the zero element 0. Furthermore, f*
depends only on the homotopy class of f relative to { 4, B }.

In the remainder of this section, we shall prove some important properties
of the induced transformations. |

Let us consider a pair (X, 4), where the subspace 4 of X is non-empty.
Identifying 4 to a point g4, we obtain a space X 4. Let

| f1(X, 4) > (X4, 94)
denote the natural projection. Then f is a map which sends X \ 4 homeo-
morphically onto X 4 \_q4. ' |

Lemma 3.1. The induced transformation f* carvies n™(X a4, qa) onlo
am(X, A) in a one-to-one fashion.

Proof. Let a en™(X, A) be an arbitrary element represented by a map
¢: (X, 4) -~ (S™, s). We may define a map y: (X4, g4) > (Sm, 54) by
| 1)), ifye Xa\ 94
wly) — {qb(f ) fy ¢
So» ity = qa.
The continuity of y follows from that of ¢ by (I; § 6). The map y represents

an element B of w™(X 4, q4). Since yf = ¢, it follows that f*(f) = «. Hence
f* is onto.
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Next, let &, 9 : (X4, g4) - (S™, so) be two maps such that & and 5f are
homotopic relative to 4. Then there exists a map

F:(X XI,A4XI) »(Sms,)

such that F(x,0) = &f(x) and F(x, 1) = nf(x) for every xe X. Define
G:(Xa x1I,q4xXI)—>(Sm sy by taking

GWJ)Z{FU4WL& ifyeXaNqa
So» | ify =qa.
Then (G is continuous and gives a homotopy between & and 7 relative to q4.
This proves that f* is one-to-one. |

The significance of (3.1) is that, in the computatlon of the cohomotopy
sets of a given pair (X, 4), we may assume that 4 consists of a single point
a if A is non-empty. For the case m > 1, since S™ is simply connected, one
can prove without difficulty that the inclusion map ¢ : X < (X, @) induces a
one-to-one transformation #* of a™(X, a) onto a™(X) provided that a certain
homotopy extension properties are satisfied. In particular, these homotopy
extension properties are satisfied if X is a paracompact Hausdorff space
and a is any given point of X. :

Theorem 3.2. (The map excision theorem). If f: (X,'A) > (Y,B) is a
relative homeomorphism, that is to say, f maps X \_A homeomorphically onto
Y \ B, and if X is a compact space, A is non-empty, Y is a vegular Hausdor[f
space and B 1is closed, then the induced transformation f* sends nm(Y, B)
onto (X, A) in a one-to-one fashion.

Proof. Since 4 is non-empty, so is B. It follows that we may identify 4
and B to single points g4 and ¢ respectively. Let

(X, A) > (X4,94), n:{(Y,B)~ (Yp, g8)

denote the natural projections of identification. One can easily verify that f
induces a one-to-one map ¢ (X4, 94) > (V5 qn) |
of (X 4, ¢a) onto (Y, gp) such that 5f = g&. Since X is compact, so is X 4.
Since Y is a regular Hausdorff space and B is closed, it follows that Ypis
a Hausdorff space. Hence, g is-a homeomorphism. ,

By a property of contravariant functors, we have f*n* = £*g*. Since g
is a homeomorphism, it is obvious that g* is' a one-to-one correspondence.
On the other hand, £* and #* are one-to-one correspondences according to -
(3.1). Therefore 1* = &*g*n*-lsendsa™(Y, B) onton™(X, A) in a one-to-one
fashion. I

The auxiliary conditions in (3.2) are essential, In fact we have the
following counter examples. '

‘First, let Y denote the unit m-cell of the euclidean m-space and B its
boundary (m — 1)-sphere. Let y,, ¥, € B where y, % y,. Let X = Y Yo
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and 4 = B\ ¥, Then clearly there is a deformation retraction of (X, A)
into the pair (y,, ¥,). Therefore z7(X, 4) = 0 although n™(Y, B) ~ Z. This
shows that the induced transformation #*:#m(Y, B) -am(X, A) of the
inclusion map ¢: (X, 4) < (Y, B), which is a relative homeomorphism,
cannot be one-to-one. In this example, X fails to be compact.

Next, let Y denote the unit (m -+ 1)-cell of the euclidean (m + 1)-space
and X the boundary m-sphere. Let A consist of a single point of X and let
B = (YN X) U A. Then (X, A) ~ Z while #7(Y, B) = 0. This shows
that the induced transformation * :7m(Y, B) »nm(X, 4) of the inclusion
map 1 : (X, A)< (Y, B), which is a relative homeomorphism, cannot be
onto. In this example, B fails to be closed.

Corollary 3.3. (The excision theorem). Let (X, A) be a pair where X is a
compact Hausdor{f space and A is a closed subspace of X. IV is any open set
of X contained in A, then the induced transformation e* of the inclusion map

e (XN TV, 4\ V)<= (X, 4)
carries w(X, A) onto (X \V, A\ V) in a one-to-one fashion.

Proof. Since ¢ is a relative homeomorphism, (3.3) follows from (3.2, if
ANV is non-empty. If 4 \ V is empty, then A =V and hence 4 is both
open and closed in X. Therefore, every map ¢ : X \ 4 - S™ has a unique
‘extension y : (X, A) ~ (5™, sy). This proves that ¢* is a one-to-one corre-
spondence. | o

Remark. The condition in (3.3) that X is a compact Hausdorff space can be
removed if we assume that the closure of V' is contained in the interior of 4.
The verification is left to the reader.

4. The coboundary operator

In the present section, we are going to construct.a coboundary operator &
for cohomotopy sets which will be analogous to the coboundary operator
for cohomology groups. Unfortunately, this coboundary operator § is not
defined for a completely arbitrary pair (X, A4). Since, in the construction of
9, one has to use some form of Tietze’s extension theorem, it is necessary
to assume a normality condition on the pair (X, 4).

By a binormal pair (X, A}, we mean a binormal space X, (I; §9), and a
closed subspace A of X. Then, by definition, both X and X x I are normal
spaces. In particular, (X, 4) is a binormal pair if X is a semi-simplicial
complex and 4 is a subcomplex of X, or more generally, if X is a para-
compact Hausdorff space and A4 is a closed subspace of X. Throughout the
present section, we assume that (X, 4) is an arbitrarily given binormal pair.

Let Sm+1 denote the (m + 1)-sphere obtained by joining S™ to two points,
the north pole and the south pole. Denote by E%'+! and E”*1 the north and
the south hemispheres respectively. Then we have

Sml . gmily Fmil g e Smo— EmAl Emtd,
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Consider the following diagram
m(A; Sm) 7u(X, A; S+l g\
?
(X, A; 74, Sm) B, (X, A; Smt, Eml)

where the transformations are natural, namely, « is defined by restriction
while # and y are induced by inclusions. |
Since E%*1, Em*1 are contractible to the point s, and (X, 4) is a binormal

pair, it is straightforward to verify that both « and y are one-to-one corre-
spondences. Thus, we obtain a transformation

0 =y Ba-t am(Ad) »amii(X, 4),
which is called the coboundary operator.
Geometrically, the coboundary operator § can be determined as follows.

Let eea™(A4). Choose a map ¢ : 4 - Sm which represents e. Since Em+l js
contractible, ¢ has an extension |

H (X, 4) > (B3, Sm).
Then, ¢# represents a—1(e). Let
£ : (EMHL Sm) o (Sl Em+l) 0 <t < 1,

be a homotopy such that &, is the inclusion map and &; maps S™ into s,
and EP+1N S™ onto Sm+1\ s, homeomorphically. It is obvious that such
a homotopy & exists and that &, is essentially unique, i.e., unique up to a
homotopy relative to S, Then the map &,¢# : (X, 4) —(Sm+1, 5,) represents
the element d(e) = y~1Bu~1(e). |

Obviously, d sends the zero element of nm(4) into that of am+tl(X, A); in
other words, § preserves the zero element.

Now let (X, 4) and (Y, B) be two binormal pairs and f: (X,4) - (Y, B)
a given map. Let g: 4 - B denote the map defined by f. Since & = y~1fa—1
and since «, f§, y obviously commute with the induced transformations, we
obtain the following | :

| Proposition 4.1. The commutativity relation f*8 = g* holds in the rectangle:
am(A) 2, (X, A)

4
g f

mm(B) 0, gmH(Y, B).

5. The group operation in n™ (X, 4)

For convenience in using the obstruction method, we shall assume
throughout this section that (X, A) is a cellular pair, that is to say, X is a
finite cell complex and 4 is a subcomplex of X. Generalizations to more
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general pairs will be indicated in the exercises at the end of the chapter.

A cellular pair (X, A) is said to be n-coconnected if the cohomology group
Hu(X, A; G) =0 for every integer ¢ >>n and every coefficient group G.
In particular, (X, 4) is #n-coconnected if X "\ 4 is of dimension less than #.
However, the latter condition is undesirable because dimension is not a
homotopy invariant. By the universal coefficient theorems, it follows that
(X, A). is n-coconnected iff the integral cohomology group Hi(X,A) =0
for every g > n. '

For any given pair (Y, y,) consisting of a space ¥ and a point y,e Y,
consider the set (X, 4; Y, v,) of all homotopy classes of the maps (X, 4) -~
(Y, v,). Then every map f: (Y, yy) —~ (Y, ¥'y) induces a transformation

fs (X, 4; Y, yo) »a(X, 4 Y, o)

by means of composition. In particular, let us consider a triplet (Y, B, v,)
where Y and B are pathwise connected. Then the inclusion map ¢ : (B, Vo) <
(Y, y,) induces a transformation

iy (X, A; B, yg) >7(X, 45 Y, 3o)-

We recall that (Y, B) is said to be n-connected if mg(Y, B) = 0 for every
g < n. Then the following lemma can be easily established by the obstruction
~ method described in (VI; Ex. E).

Lemma 5.1. If (X, A) is n-coconnected and (Y, B} is n-connected, then iy
sends (X, A; B, o) onto (X, A; Y, y,) in a one-to-one fashion. '
Throughout the remainder of this section, let m be any given positive
integer and assume that (X, 4) is (2m — 1)-coconnected. Under this as-
sumption, we shall define a group operation in #™(X, 4). For this purpose,
let us consider the triplet ‘
Y =8Sm x Sm, B =Sm\/S™, 1y, = (8, Sp)-

Then, by (IV; 3.4), (Y, B) is (2mm — 1)-connected and hence 7, is a one-to-
one correspondence according to (5.1).

Next, consider the map 7: (B, ¥,) - (S™, s,) defined by j(s, sp) =5 =
i(sq, 8) for every s in S™. Then j induces a transformation

T (X, 4; B, vy) S>am(X, 4).
Finally, we shall define a transformation
| hy (X, A) X wm(X, A) »7(X, 4; Y, ¥o)

as follows. Let (a, B) be any pair of elements in a™(X, 4}. Choose represen-
tative maps ¢, w: (X, 4) -~ (S™,s,) for a«, f respectively. Then the map
é x w:(X,A4) > (Y,y,) represents an element of n(X,A; Y,y which .
obviously depends only on the ordered pair {«, ). We define hyle, B) to

be this element.
Composing these three transformations, we obtain a transformation

b= i g (X, A) X a(X, A) 7™ (X, A).
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For any pair («, §) of elements in #™(X, 4), the element %(«, B) of n#(X, A)
will be called the sum of &, § and denoted by « + S.

Theorem 5.2. If (X, A) is a (2m — 1)-coconnected cellular paiv, then
am (X, A} forms an abelian group with the addition o + 8 as its group operation
and O as its group-theovetic neutral element. If o e wm(X, A) is vepresented by
amap: (X, A) - (S™, s,), then its negative — o 1s vepresented by the composed
map v, wherve v . (S™, s0) — (S™, 5,) 45 an avbitrary map of degree — 1.

Proof. (a) Commutativity. Let us consider the homeomorphism & : (Y, y,) —
(Y, y,) defined by &(s, #) = (¢4, s) for every pair of points (s, f) in S™. Since
& maps B onto itself, it defines a homeomorphism #: (B, y,) = (B, ¥,).
Obviously we have 1 = & and jn = j. Therefore, the following diagram is
commutative:

m(X,A4;Y,y) <2 n(X, A; B,y \
. l X
(X, A, Y:yg) (X, 4; B, y,) /

Let o, § be any two elements of #(X, 4). It follows from the definition of
By that Exhylo, B) = Ry (B, o).
Hence B+ o = Juiz g (B, ) = fs¥% Exhise(, B)
, = Ialatn Palon B) = 1435 04 (o, B) = o0 + B.
(b) Associativity. Consider the triplet (Z, C, z,), where

= Sm ) SMm x Sm, C =Sm\/Sm\/ 5™, 2z, = (S, Sy, Sy)-

Then, by (I; Ex. S), it is easy to verify that (Z, C) is {2m — 1)-connected
and hence, by (5.1), the inclusion map »: (C, 2,) < (Z, z,) induces a one-
to-one transformation -~

(X, A;C,2) »m(X,4;Z, 2,).
Let 1:(C, 25) - (5™, 55) denote the map defined by

S1, (if 54 = 55 = 384),
A(S1, Sg, S3) = | Sq, (if 54 = §p = $y),
S (if s, = 8 = Sa).

Then A induces a transformation
Ay (X, A; C, zy) »nm(X, A).
Now, let o, §, v be any three elements of n#(X, A) and choose representa-
tive maps
o P ., L2 (X, 4) > (S™, 5,)

for «, f, y respectively. Then the map ¢ X w X X represents an element
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Uslo, B, v) of #(X, 4, Z, z) which depends only on the triple (e, 8, ¥).
Thus we obtain an element Auezluy(x, B,9) of #m(X, A). We are going to

rove that ,
P (@ + B) +y = Mgtuslon B, ) = & + (B + ).

For this purpoée, let p:(Z,z)—~(Y,y, denote the map defined by
p(S1, Ss, S3) = (53, S5). Since p sends C onto B, it defines a map 0:(C, z) ~
(B, v,). Then the rectangle

(X, A;Z, 7)) «2a(X,A4;C, %)

19* 19*
mX,A; Y,y <= (X, 4; B, y,)

is commutative. Furthermore, by the definition of p, it is clear that
Putis(o, B, 7)) = hala, ).

Choose a map f: (X, 4) - (C, z,) representing the element s u,(, 8, 7).
Then Af represents the element Az iy (e, B, ) and jOf represents the element
a + fB. Let w: (Z, z5) - (S™, s,) denote the map defined by w(s;, S, S3) = S,
Theén the map wf clearly represents y. Since f sends X into C, it is easy to
see that 6f X wf carries (X, 4) into (B, y,) and that j(j6f X wf) = 4.
This implies that (« + f) + ¢ = Awez sl B, 9)-

Similarly, we can prove & + (8 + ) = Awzus(x, B, 7). This completes
the proof of associativity.

(¢) Existence of neutral element. Let o be any element of z7(X, A) and
choose a representive map ¢ : (X, A) - (S™, sy) of a. Let {1 (X, 4) -~ (5™, So)
denote the constant map Z(X) = s,. Then ¢ x § sends (X, 4) into (B, y,)
and clearly j(¢ x {) = ¢. Thisimplies that « + 0 = a for every a en™(X, 4).

(d) Existence of negatives. Let a ewm(X, A) be represented by ¢ : (X, 4) -
(Sm,s,) and let 7: (S™, s4) > (S™, sg) be any map of degree — 1. Then r¢
represents an element § e x™(X, A) which depends only on «. We are going
to prove that ¢« + 8 = 0.

Without loss of generality, we may assume that 7 is defined by

(Xt " *, Xm—1s ¥m) = (%™ " *» Xm—1, — %m).

Let E and E™ denote the hemi-spheres of Sm defined by xp >0 and %y
< 0 respectively. Then » maps E?* onto E? and E™ onto E*.

Let B : (S™, 50) = (S™, 5,), 0 <¢ <1, be a homotopy such that A, is the
identity map and /,(E™) = s,. Then %¢ represents w and /,#¢ represents f.
Let M, = ¢-1{E™) and M, = ¢-(E™), then we have

X=M,0M,, AcM, OM,, I (M) == sy = hyrd(M,).
Hence the map %A, X 5,7¢ sends X into B and the composed map p =
(A X h,rd) Tepresents the element o« + f. Furthermore, it is obvious that

Y(x) = hd(x)ifx € M andyp(x) = hyd(x)if x € M,. Then, define a homotopy
we: (X, A) — (S™,50),0 <¢ <1, by taking

l
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I (x), (if x e M,),

i) = | Do (), (if ¥ € M,).

Then v, also represents a + . Since 4, is the identity map, it follows that g,
sends X into E7* and hence y, is homotopic (relative to 4) with the constant
map ¢(X) = s,. This proves that « + 8 = 0. |

For the special cases m = 1 or 3, S™ is a topological group with s, as
neutral element. Then there is a natural multiplication in the cohomotopy
set (X, A) of any pair (X, 4) defined as follows. Let «, B be any two
elements of a™(X, A) represented by ¢,y : (X, 4) - (Sm, s,) respectively.
Let X: (X, 4) - (S™, s,) denote the map defined by X(x) = ¢(x)p(x). Then ¥
represents an element [X] of a™(X, 4) which obviously depends only on «
and f. This element [¥] will be called the product of « and B, and will be
denoted by af. Obviously, #™(X, A) forms a group with this multiplication
as group operation.

Proposition3.3. If m =1 or 3 and if (X, A) is a (2m — 1)-coconnected
celiular pair, then aff = o + B for any paiv («, B) of elements of (X, A).

Proof. Let u: (Y, y,) - (5™, s,) denote the map defined by u(s, ) = st
for any pair (s, #) of elements in the topological group S®. By (5.1), there
exists a homotopy f¢: (X, 4) - (Y, 5,), 0 <t <1, such that f, =¢ X v
and f,(X) < B, where ¢, y are representative maps of a, § respectively. Then
ufe represents off and jf, represents o + B. Since f,(X) < B, it follows that
pfy = if,. Hence the homotopy uf; implies that «f = o« + 8. |

In the remainder of the section, we shall establish that the induced
transformations and coboundary operators are homomorphisms.

Proposition 54. [f (X, A) and (X', A") are two (2m — 1)-coconnected
cellular pairs and if f: (X, A) - (X', A") 1s a map, then the induced trans-
formation f* :am(X', A") »am(X, A) is a homomorphism.

~ Proof. Let «, # be any two elements of #7(X’, A’) and choose representative
maps ¢, g : (X', 4") - (S™, sy) for &, § respectively. By (5.1) there exists a
homotopy g:: (X', A') - (Y, ), 0 <t <1, such that g, =¢ x p and
g:1(X) < B, Then jg, represents a + 8 and hence jg,f represents f*(a + f).

On the other hand, since @/, pf represent f*(«), f*(8) respectively and since
g/ = ¢f X f, it follows that jg,f also represents f*(a) + f*(8). Hence

fHo + B) = f*(o) + 1%(B). 1

| Proposition 5.5. I/ (X, 4) is a (2m -+ 1)-coconnected cellular paiv such that
A s (2m — 1)-coconnected, then the coboundary operator 6:mm(A) —»am*1
(X, A) 1s a homomorphism. '

~ Proof. Let «, § be any two elements of #™(4) and choose representative
maps ¢, p : A - S™ respectively for «, §. By (5.1}, there exists a homotopy
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gr: A »Sm x Sm, 0 <t <1, such that g, = ¢ X v and g,(4) = Sm\/ Sm,
Then jg, : A - S™ represents the element o + S.
Since EM+\/ E™H js contractible over itself to (s,, So), g; has an extension
gt 1 (X, A) > (Em\/ EmH, Sm\/ Sm).

Let j# : Em+1\/ Em+1 s EM+1 denote the map analogous to § : Sm\/ Sm
Sm: then ]#gl# is an extension of jg,. Hence, &,j¥g,# represents d(a + f).
Let p;: EMH+ x ETH » ET+ (7 = 1,2), denote the projection defined.
by #i(v1, ¥o) = ¥¢. Then the map p,g,# : (X, 4) - (E™+1, Sm) is an extension
$1£, which obviously represents «. Similarly, p,g,# is an extension of pyg,
which represents 8. Therefore, &,,¢, represents 8(«) and &,9,¢,7* represents

%P1t . (pmayy Em+, Sm\/ Sm) > (SmH1\/ SmHL, (5., 5,))
denote the map defined by ¥(y,, yq) = (&:1(vy), &1(v2)). Then we have

Eip1ga X Eppogytt = WeiF

Let J : Sm+1\/ Sm+1 _, Sm+1 denote the map analogous to 7 : S™ \/ Sm  Sm,
- Then the map J¥Wg,# represents &(e) + 6(f).
Since clearly JWg,# = &j¥Fg, ¥, it follows that

8o + B) = 8(«) + B(B). |

6. The cohomotopy sequence of a triple |

By a binormal triple (X; A, B), we mean a binormal space X and two
closed subspaces A and B such that 4 > B. Throughout the present section,
let (X, A, B) be a given binormal triple. Then (X 4), (X, B and (4, B) are
binormal pairs. - '

By §3, the mclusxon maps 7: (4, B)c (X, B) and j: (X, B) < (X, 4)
induce transformations ' | o o

i* :qm(X, B) >am(A, B), j*:am(X,A) 7™ (X, B)
defined for every s > 0. On the other hand, the 1ncluszon map & : A < (A B)

f
induces-a trans ormation B* . (4, B) - nm(A).

If we compose k* with the coboundary operator
O :am(A) »>mmii(X, A),
we obtain a transformation
| 8 cm(4, B) »am+i(X, A)

which will be called the coboundary operator for the triple (X, A, B). Thus,
0% = OR*.
Therefore, we obtain the followmg sequence of sets and transformations:
(X, 4) 2, a%(X,B) Z, n“(A,B) 2 M X, A) 2, w(X, B)

vor & am(X,4) I, am(X, B) 2., am(A.B) 2%, nm+1(X Ay L,
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which will be called the cohomotopy sequence of the triple (X, A, B). In
particular, if B = 0, it is called the cohomotopy sequence of the pair (X, A).

As usual, we define the #mage of the transformation &* (A4, B) -
Mt (X, A) to be the set Im(0*) = §*(nm(A, B)) and the kernel Ker(6*) of 6*
to be the inverse image 0*~1(0) of the zero element 0 of 7m+1(X, 4). Analo-
gously, one may define the images and the kernels of s* and j*. This being
done, it makes sense to ask whether or not the cohomotopy sequence is
exact in the usual sense, namely the image of each transformation should
coincide with the kernel of the subsequent transformation. As usual, to
prove its exactness, one has to prove the following six statements:

Im (j%) < Ker (%),

(1)

() Im (i%) < Ker (6%),
(3) Im (0*%) < Ker (),
(4) Im (%) > Ker (3%),
(5) Im (1*) > Ker (6*),
(6) I'm (6%) = Ker (%)

Theorem 8.1. The statements (1)—(4) hold for every binormal triple (X,A,B).

Proof. To prove (1), let aeam(X, A) be represented by ¢ : (X, 4) -
(5™, s). Then, by definition, £*;*(«) is represented by the partial map ¢ | 4.
Since ¢(A) = sy, we get 7*j*(«) = 0. This proves (1).

To prove (2), let Beam™(X, B) be represented by (X, B) > (S™, s,).
Then the partial map ¢ = | A represents *(f). Define an extension
¥ 1 (X, A) ~ (E™+1, Sm) of ¢ by taking ¢#(x) = y(x) for each x € X, Then,
¢HH(X) = Sm and hence &;¢H(X) = s,. Since &,¥ represents 0**(pB), we
deduce 6*:*(f) = 0. This proves (2)

To prove (3), let yeam(4, B) be represented by X: (4, B) - (S™, s,).
Take an extension y# : (X, d) » (E™#,Sm) of X. Then &X¥ represents
the element 6*(y) of mm+1(X, 4). Since ¥#(B) = X(B) = s,, we may define
amapF: (X X 0)U(B x ) U (X x 1) - E™+ by

AF (%), (xe X, t =0),
Fix,8) = { Sor {xeB,tel),
Sps xeX,t=1).

Since (X, B) is binormal and E”+1is solid, F has an extension F# : X x I -
ET+1. Define a homotopy f; : (X, B) — (Sm41, 53}, (0 <¢ < 1), by taking

fox) = & FH(x, 8, (xeX, tel).

Then f, = &X%j and f,(X) = s,. Hence j*6*(y) = 0. This proves (3).

To prove (4), Iet « be an element of #7(X, B) such that ¢*(«)} = 0. Pick
a map ¢ : ( — (5™, 5y) which represents «; then ¢i = ¢ | A represents
1*(e) = 0. Hence there exists a partial homotopy ;: (4, B) - (5™, s,)
(0 <t <1), of ¢ such that g, = ¢ |4 and y,(4) = s, Since (X,4) is a
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binormal pair and S7 is a compact ANR, it follows from (I; Ex. N) that ¢,
has an extension ¢;: (X, B) - (S™,5,), (0 <?¢ <1), such that ¢, = ¢.
Hence « is also represented by ¢,. Since ¢,(4) = y,(4) = s, ¢; represents
an element § e nm(X, A) and j*(f) = «. This proves (4). |

There are examples which show that (5) and (6) may {fail (see Ex. B at
the end of the chapter); under additional hypotheses, (6) and (5) will be
proved in § 8 and § 9 respectively.

7. An important lemma

Lemma 7.1. Assume that A is a (finitely) triangulable space which ts 2m-
coconnected and that X denotes the cone over A with veriex v. Then the coboundary
operator § carries mm{A) onto nm+ (X, A).

Proof. First, let us prove the lemma under a further condition that either
dimd <2m-—1orm=1.
For this purpose, let a be any element of z7#+1(X, 4}, then « is represented

by a map ]c :.(X, A) - (Sm+1, So)'

Give S™+1 a finite triangulation such that s, is a vertex, 5™ is a subcomplex
and the north pole # of S™+1 is an interior point of some (m + 1)-simplex
which is not in the star of s,. By the usual process of simplicial approxima-
tion, we may assume that f is a simplicial map on some finite triangulation
of the pair (X, 4) such that the cone K over the (2m — 1)-dimensional
skeleton B = A%m~1 of A is a subcomplex of X. Let

#: (K, B) > (5™, 5,

denote the restriction of f on the pair (K, B). Since ¢ is a simplicial map and
% is an interior point of an (m -+ I)-simplex, the inverse image C = ¢—2(%)
is of dimension less than m. It is obvious that B and C are disjoint.

Let 6: B x I - K denote the identification map which defines the cone
K over B. Then § carries B X | on the vertex v and carries the remainder
of B x I homeomorphically onto K ™\ v. Since C is compact, disjoint from
B, and of dimension less than m, there exist a positive real number 7 < 1
and a closed subset D of B with dim D < m such that every point of C \ v
can be expressed in the form 6(d, ¢) with de€ D and » <{¢ < 1. Let E denote
the set of all points 0(d, t) with d€ D and » <¢ < 1. Then we have

C<E, BNE=nqg, dim £ < m.

The proof depends on the construction of a few homotopies of ¢ sketched
as follows. The details are left to the reader, [Spanier 1, p. 229].

Since dim £ < m, ¢ is homotopic to a map y: (K, B) - (S™*1, s,) rela-
tive to B such that p~1(u) = C and sy ¢ p(£).

Since s, ¢ 9(E), thereis an open set W of K such that E < W and s, ¢ p(W).
Pushing p(E) to « along line-segments in the euclidean space Sm+1 7\ s, by
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the aid of a continuous real function p: K — I such that p-1(0) = E and
p~H1) = K\ W, one can construct a map X: (K, B) - (Sm+, 5)) which
is homotopic with ¢ relative to B and such that ¥-1(u) = E.

By means of a continuous real function 7 : K - I such that #~1(0) = D,
one can constructamap M : (K, B) - (K, B) which sends E into the vertex v,
carries K\ E homeomorphically onto K\ v, and is homotopic with the
identity map relative to B. Then » = XM-1: (K, B) - (Sm+., 5;) is a map
homotopic with ¥ relative to B and such that »x~1(x) = v.

Since %(v) = u, there exists a positive real number s < 1 such that »8(x, £)
is in the north hemisphere E™+1 for every xe Band s <¢ < 1. Let

P={0x1]|xeBands <t <1}
Q ={0(x,%|xeBand 0 <E<sh

Then »(P) < ET* and %(Q) < Sm+1N\_ s,. Pushing #(Q) along geodesic arcs
from # until  is mapped into the south hemisphere E™+1, one can easily
- see that » is homotopic with a map

A (K, B) » (Sm+1, )

- relative to B such that A(P) < E™+l and A(Q) < EmH,

Since ¢ o~y o ¥ o~ % o ] relative to B, it follows from the homotopy
extension property that the representative map f of « can be so chosen
that f | K = A and hence we may assume that

f(P)< ET+, f(Q)< EmH, (PN Q)< Sm.

Now we are going to construct a map g: 4 - S™ as follows. First, define
amap u : B - S™ by taking u(x) = f8(x, s) foreveryx e B. If dim 4 < 2m-1,
then B = 4 and weset ¢ = u. On the otherhand,if m = 1, then y determines
an obstruction cocycle ¢%(u) of 4. Since f is defined throughout X, it follows
from (II; Ex. D) that ¢*(4) = 0 and hence u is 2-extensible over 4. Then,
by (LI; 7.4), p has an extension g : 4 - S, This map g represents an element
p of mm(A4). We are going to prove that §(f) = a.

Define a map % : (K, B) - (E™+, Sm) by setting A0(x, ¢) = f0(x, s +i—st)
for every x€ B and € I. Since & | B = g | B, we may define an extension
k:KUA —E?H by taking k(x) = g(x) if x4 and k(x) = h(x) ifxe K.
By Tietze’s extension theorem, % has an extension g# : (X, 4) - (E™+1, Sm),
Composing with the relative homeomorphism &; of § 4, we obtain a map

= &g (X, A) » (SmH, s,).

Since g# | 4 = g, fiF represents the element §(f) according to § 4.

We have to prove that f and f# are homotopic relative to 4. Since
g | K = h, we can easily see that /| K ~ &k = f3# | K relative to B.
Since f(A4) = sy = fH#(4), this implies that /| K U A = f# | K U 4 relative
to A. The cones over the simplexes of 4 constitute a triangulation of X,
In this special triangulation of X, we have K U A = X?» U A, Hence f and
¥ are 2m-homotopic relative to 4. Since 4 is 2m-coconnected and X is
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contractible to a point, it follows that (X, 4) is (2m + 1)-coconnected.
Hence, by (VI; 11.2), f and f# are homotopic relative to 4. |
" Thus we have proved the lemma for the special case that either dim
A <2m—1lorm=1 |

Next, let us prove the lemma with the condition that m > 1 and 4 is simply
connected. |

In this case, we shall first prove that A is dominated by its (2m — 1)-
dimensional skeleton B. Since 2m-—1 >3 and 4 is simply connected,
so is B. Hence the pair (4, B) is n-simple for every # > 2m. Consider the

inclusion map e: (4,42 c (4, B),

and apply the obstruction method described in (VI; Ex. E) for deforming
e into B. Since Hn(A, Am-2) — H”(A) -0

for every # > 2m, it follows that e is deformable into B with A2m-2 held
fixed. In particular, there is a map j: 4 - B such that the composition ¢j
with the inclusion map 7 : B< A is homotopic to identity map on A. This
proves that B dominates 4.

Since X and K are the cones over-4 and B respectwely, the maps ¢, §

extend to maps 4 i: (K, B) > (X A), 7 (X, 4) - (K, B)

in the obvious way so that : ] is homotopic to the identity map on (X, A)
This gives a commutative diagram

am(d) " am(B) 1", am(A)

i Pl
am+(X, A) P, am (K, B) I, amii(X, A).
Given aenmti(X, 4), then z";"(a) enamti (K, B). Since dim B <2m —1,
we have prove that § sends a™(B) onto am+1(K, B). Hence there exists an

element y e (B) such that 8(y) = 1%(«). Let § = 7%(y) ew(4). Then we
have - , A A A ,
O(f) = 0j*(y) = j*oly) = *¥(a) = o

Thus we have proved the lemma also for the case that m > 1 and 4 is
simply connected.

Finally, let us prove the lemma for the general case m > 1. Let 4’ < X
denote the union of 4 and the cone over its 1-skeleton. Then 4’ is simply
connected and 2m-coconnected. Consider the inclusion maps k: A < A’ and

k (X, A)c (X, A’). We obtain the commutative rectangle

an(d’y ¥, am(a)

Pl

(X, A7) B gmi (X, A).
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Since dim (4’ A4) <2 and m + 1 > 2, it follows that B* is an epi-
morphism. Let X’ denote the cone over 4’. Then (X, A") is homotopically
equivalent to (X', A’). Hence 3 sends am(4’) onto mm*+1(X, 4') since A’
is simply connected and 2m-coconnected. Then it follows from the commu-
tativity of the rectangle that § carries am(A4) onto nm+1 (X, 4). |

8. The statement (6)

A triple (X, 4, B) is said to be (finitely) friangulable if there exists a finite
triangulation of X such that 4 and B are both subcomplexes.

Lemma 8.1. I} (X, 4,B) is a m'ahgulable triple such that (A, B) 1s 2m-
coconnected, then the statement (6) of § 6 holds. More explicitly in the sequence

am(A, By &, gmti(X, A) I, g+t X, B)
the image of 0* contains the kernel of j*.

Proof. We shall be dealing with subsets of X x I and will use the following
abridged notation. If Y is a subset of X, we define

Yr=YxI Y,=Yx0, Y, =YxL
Let f: (X, A4, B) - {Xr5, X; U4,U By, X, U By) denote the map defined by
f(x) = (x,0) for every x € X. Let
fr=11{4,B), [,=/f(X 4).
According to § 3 and § 4, commutativity holds in the following diagram:

(A, B) o ami (X, A) 1 qmi\(X, B)

H* | 12
(X, U A, U By, X, U B2, amiy(Xy, X, U 4, U By

Since /, is essentially the excision map obtained by excising (Br N\ By VX,
from X, U A, U By, it follows from (3.3) that f;* is one-to-one and onto.
By the definition of homotopy, one can easily see that

Im (f;*) = Ker (j%).
By the commutativity relation §*f;* = f,*d,%, it suffices to prove that the
coboundary operator d§,* is onto. )

Let g: (X, UAr X; U4, U By < (X1, X, UA, U By) denote the inclusion
map. Since X; U Ay is a deformation retract of X7 according to (I; 10.1), it-
is easy to see that the induced transformation g* is one-to-one and. onto.
By the commutativity of the triangle

(X, U A, U By, X, U Bp) 22 am+i(X; X, U 4, U By)
’ 62* . g*
e
amti(X, UAdr, X, U4,V By,
it remains to prove that the coboundary operator d,* is onto.
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Identify B to a point ¢ and X to a point #, and let
h:(X,UAr X, UAyU By, X, UBp) ~(Ag, 48U §,9)

denote the identification map, where if Y is a subspace of 4, = 4, Y denotes
the join of Y with the point », and Ap denotes 4, with B, identified to a
point ¢. Let

hy =h|(X; U4,V B, X, UBnp, ky —-—k](X UAr X; U4, U Bj).
According to § 3 and § 4, the following rectangle is commutative:
(X, U Ay U By, X, U Br) 22 m+3(X, U 4y, X, U 4, U By)
Byt By

am(Ap U g, §) %, ami(Ap, Ag U §).

Since k, and %, are obviously relative homeomorphisms, it follows from
(3.2) that both A,;* and A,* are one-to-one and onto. Hence, it remains to
prove that dy* is onto. .

Con51der the inclusion map

k: (A Ap, o)< (Ap, Ap U g, §)

andletk, = k| (4dp,0)and 2y = £ | (ffg, AB)'. Then, we obtain a commuta-
tive rectangle:

(A5 U §,8) S (g, 45 U §)

kl* kz*
O,* 1
D‘Em(AB) — 4 ., gmil (AB, AB)
Let aenm(Ap) be an arbitrary element represented by ¢:Ag—>Sm.
Since S™ is pathwise connected, we may assume that ¢(g) = s,. Then ¢ has

a unique extension r,b (4 U §,g) > (S™, s,). Hence %,* is onto. Since 45 is
astrong deformation retract of A U g, it follows that &,* is one-to-one and
onto. Since (4, B) is 2m-coconnected, so is 4 5. Hence, by (7.1), §,* is onto.
This implies that d,* = £¥-10,*%,* is also onto. |

9. The statement (5)

Lemma 9.1. If (X, A, B) is a triangulable triple such that (X, A) is 2m-
coconnected, then the statement ( ) of § 6 holds. Move explicitly, in the sequence
am(X, B) _, wm(A, B) 2, ami(X, A),

the tmage of i* contains the kernel of 6*.

Proof. Let a €n™({A4, B) be an arbitrary element with ¢*(x) = 0. Let
é: (4, B) - (S, s,) be a map which represents .. We are going to extend ¢ ‘
throughout X by means of stepwise inductive construction over the #-.
dimensional skeletons X7 = X» U 4 of X.
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It is obvious that ¢ can be extended over X=. Assume that # is an integer
with m <#n < 2m — 1 and that ¢ has an extension ¢y : (X7, B) - (5™, 5,).
Consider the inclusion maps

(4, B) 22 (X, By In, (Xu 4) P, (X, 4) B2y (X, X)

and the coboundary operators &%, §,*, d,* given in the following diagram:

N A

(X, Xn) Bt omii(x ) A).

This diagram has the following properties:

(a) 0%45* = kp*d,* by § 3 and § 4.

(b) 83*ja* = 6;* by the definition of §,* and §,*.

(c} Im (8,*) = Ker (ky*) by § 6 and § 8.

(d) Im (fo*) = Ker (in*) by § 6.

The map ¢, represents an element 8 of 77(X®, B). Since ¢, is an extension
of ¢, we have i,*(f) = . Hence

kn*02*(B) = 0%in*(B) = 0*(a) = 0. |
By (c), there exists an element y in #7m(X», A) such that 8,*(y) = 8.*%(B).
Since dim ( X’n\A =n<2m—1 and (X, X») is 2m-coconnected, it

follows that mm(X~», A) and sm+1(X, Xn) are abelian groups accordlng to
(5.2). By the proof of (5.5), §,* is a homomorphism. Hence

02%(B) + 02%1n* (— ) = 8.%(B) +0:*(—7) = 85%(B) — 8,*(y) = 0.
Let o: (Xn, A) - (S™, so) represent -—y. Consider f =¢, X p. Since
flAd)c Sm X sy SmN\/ Sm, it follows from (5.1) that f is homotopic to a
map g relative to 4 such that g(X») < Sm\/ Sm. Consider the composed map

Z = ].g: (Xn, B) - (Sm: s{}):

where j:S5™\/S5m - Sm denotes the map in §5. Since g|4d = f| 4 and
P(4) = s, we have X | 4 =y |4 = ¢. Hence ¥ is also an extension of ¢
over X». X represents an element 8’ of #™(X®, B). As in the proof of (5.5),

we have 8*(B)) = 8,*(B) + & ¥ (—9y) = 0.

Let Iy*:am({X, Xn) —zm(Xn+, Xn) be induced by inclusion and Og% :
nm(Xn, B) ~»qm+l(Xn+l, Xn) the coboundary operator. Then O5% = Ip*d,*
and hence d3*(8") = 0. According to Ex. D at the end of the chapter,
X has an extension ¢, ; over X»+1, This completes the inductive construction
of an extension ¢,,,_; of ¢ over X2m-1, Since (X, A) is 2m-coconnected, it
follows that ¢ has an extension qS# throughout X. Hence « is contained in
the image of 7*.1

Summarizing the results of (6.1), (8.1) and (9.1) we state the following
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Theorem 9.2. I} (X, A, B) is a triangulable triple such that
Hn7(A, B) = 0 = H*X, A)
for every n > 2m, then the following ﬁart of the cokomotoj)y sequence z's exact:
am (X, A) I, am(X, B) ——nm(A,B) r, amt(X, A) 2 —+:n;m“'“1(X B)

Corollary 9.3. If (X, A) is a triangulable paiv such that HMA) = 0 =
He(X, A) for every n = 2m, then the following pari of the cohomotopy sequence
1s exact:

y

(X, A) Ly am(X) Z s am(d) O gmr (X, 4) T gmy(x) 2, o

10. Higher cohomotopy groups
Theorem 10.1, If (X, A) is an m-coconnected cellulay paiv, thenmm(X,A) =

Proof. Since S™ is (m — l)-connected, every two maps ¢,y : (X, 4) -
(Sm, s,) are (m — 1)-homotopic relative to 4. Then, by (VI; 11. 3) ¢ and p
are homotopic relative to 4. 1

The significance of this theorem is that, for a (finite) cellular triple
(X, 4, B), the cohomotopy sequence of (X, 4, B) ends with a term 0.

Corollary 10.2. [ X is an m-coconnected triangulable space, thenwm(X) = 0.

In particulé,r, the corollary includes the obvious special case: If X consists
of a single point, then a™(X) = 0 for every m > 0; on the other hand,
n®(X) clearly consists of two elements.

11. Relations with cohomology groups

In (V; §4), we constructed a natural homomorphism 4y, from the homo-
topy group mm(X, A) into the homology group Hp(X, A) over integral
coefficients. In the present section, we shall define a similar operation -

mogm(X, Ay - Hn(X, A; wm(S™, s0)), m >0,

which will be a homomorphism if (X, 4) is an (2m — 1)-coconnected
cellular pair. . ) '

Since m;,(S™, s,) is free cyclic and the identity map on 5™ represents a
generator, it can be identified with the group Z of integers in a natural way.
Hence we may denote the cohomology group H™(X, 4 ; mn(S™, s,)) simply
by Hm(X, 4). -

In order to construct the natural homomorphism 4™, let us denote by %y,
the characteristic element of the cohomology group H™(S™, s;) as defined
in (VI; § 17). This characteristic element %, can also be defined by the natural
homomorphism Ay, : 7w (S™, 5p) = Hp(S™, s,) as follows. By Hurewicz’s
theorem, (V; §4), &y is an isomorphism and hence the inverse 4,1 is a well-
defined homomorphism of Hy;,(S™, s,) into sp(S™, s,) = Z. Therefore, A1
determines a generator of Hm(S™, s} which can be easily proved to be 4.
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Now let us define the natural operation 47 as follows. Let o enm(X, A)
be an element represented by a map ¢: (X, 4) - (Sm,s,). ¢ induces a

homomorphism ¢* 1 Hm(Sm, s)) — Hm(X, A).

If we use singular cohomology, than ¢* depends only on « according to the
homotopy axiom. In this case, we define

™) = ¢*(m)
This completes the definition of the natural operation A7.

Proposition 11.1. If (X, 4) s a (2m — 1) ~coconnected cellular paiv, then
h™ 1s a homomorphism.

Proof. Let p;:S5m x Sm —»Sm, (i = 1,2), denote the projections defined
by pi(y1, ¥2) = yi; let j:Sm\/Sm » Sm denote the map defined in §5;
and consider the inclusion map % : Sm \/ Sm < Sm x Sm, These maps induce -
the homomorphisms

po* 2 Hm(Sm, s0) — Hm(S™m % S, (3o, 5o)),
J¥ L Hm(S™, 50) — Hm(S™ N/ S™, (s, 59)),
k¥ HM(S™M X Sm, (54, So)) = H®(S™ N/ S™, (s, 5p) ).
It is easy to see that j*(Xy) = k*p *(Xy) + E*p,*(Xm).

Now let «, 8 en™(X, A) be represented by ¢, y : (X, 4) - (S™, s,) respecti-
vely. By (5.1), ¢ X u is homotopic to a map g: (X, 4) - (Sm \/ Snm,
(So» So)) relative to A. Then we have ¢ ~ pikg and y ~ pykg relative to 4.
FENC ) o (E) — () + )

= g*h*py*(Xm) + ¥k po* (Xom)

= &*1*(Xm).
On the other hand, since jg : (X, 4) — (S™, s,) represents a + § by definition,
e have W+ ) = (18)*(Xm) = &*]*(Xm).
This implies that A7 (o + ) = h™(«) + Am(B). |

Proposition 11.2. For any map f: (X A) (Y, B), the following rectangle
1S commutative:

(X, A) L _am(Y, B)
Hm(X, 4) S H™Y,B).

Proof. Let a€a™(Y, B) be represented by é: (Y, B) - (Sm,s,). Then
f*(«) is represented by &f and hence

¥ () = (Af)*(Xm) = [HP*(Xpm) = f*hm{a). |
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Proposition 11.3. For any binormal pair (X, A), the following rectangle is

commutative am(A) 8, g (X, A)

l m lﬁm
Hm(A) 8 _, HnH(X, A).
Proof. Consider the map &, of § 4. Then we have
Hm(Sm, s 0, Hm+l(EM+1 Gmy  &°  Hm+1(Smtl, 50).
By the definition of the characteristic elements X, it can be seen that
O*(Xm) = & (Xmaa)- )
Now let & be any element of n7(A4). Choose a representative map¢ : 4 -S™.
Then, by §4, 6(«) is represented by &y : (X, 4) - (5™, sy), where p:
(X, A) > (E™+1, Sm) is any extension of ¢. Hence we have
() = (E9)* (Kmar) = 9*&1* Xmsa)
= P¥*(Xp) = 0*(Xp) = O™ (ar). |

As a consequence of the last two propositions, we have the following

Proposition 11.4. For every binormal triple (X, A, B), the natural operators
hmom = 1,2,--, define a transformation of the cohomotopy sequence of
(X, 4, B) into its integral cohomology sequence, that is to say, each vectangle
of the following ladder is commutative: |

(X, A) > o > am(X,4) > aX,B) - am(4,B) » g (X,A) - -

lkl lhm km l},,m Lﬁmﬁl_l
HYX,A) » +++ > Hn(X,A) - HMX,B) - HMA,B) -~ H"{(X,4) > - -

Theorem 11.5. (Hopf theorem). I} m is a positive integer and (X, A) 1s an
(m + 1)-coconmected cellular pasr, then hm sends (X, A) onto H®(X, A) n
a one-to-one fashion.

This is merely a special case of (VI; 16.6). The significance of this theorem
is that, for an (m + 1)-coconnected cellular pair (X, 4), we have

(X, A) ~ Hn(X, A), an(X, 4) = 0 for n > m.

12, Relations with homotopy groups

If we neglect the group operations, 7, (S™, s,) and z™(S™, s,) are identical.
If w < 2m—2, wm(Sn, s,) has a group operation as defined in § 5; on the
other hand, 7,(S™, s,) is always a group. We are going to see that these two
group operations are the same.

Let o, § be any two elements of am(S%, sy). Let E} and E” denote the
north and the south hemispheres of S®. As in (IV; §2), we can choose re-
presentatives ¢, y : (5%, s,) = (5™, 5¢) of a, B respectively such that

P(EZ) = sy = p(EL).
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Then the map g = ¢ X u sends X into Sm\/ S™ and jg represents the sum
of o and B in#z™(S7, sy), where j denotes the map defined in § 5. On the other

hand, since .
o gb(x), ifxe E?,
jg(%) =
w(x), ifxe E?,
jg also represents the sum of « and f in 7,(S™, s,). Hence we obtain the
following

Proposition 12.1. The cohomotopy group mm(Sn, s;) is exactly the homotopy

o :
group qn(S™, so), that 1s (S, o) = T0a(S™, So).

Now let us consider a pair (X, 4) and a given point x,€ 4. Let a€my
(X, 4, %) and g enn(X, A) be represented by the maps
¢ . (Im’ -Im_l: ]mwl) > (X: A: xo):
p (X, 4) = (S7, s,).

The composition y¢ is a map of (I™, dI™)into (5%, s,) and therefore represents

an element [y¢] of 7, (S”, s,) which obviously depends only on « and .

We denote 8O« = [ye]

and call § O a the composition of o and . If m = n, then § O a €7, (S™, s4)
and hence is an integer. '

The following proposition is an immediate consequence of the definition
of addition in mp(X, 4, s) and in 75, (S®, s).-

Proposition 12.2. If ay, oy €7m(X, 4, %y) and fenn(X, 4), then we have
ﬁO(“l + o) = (O a) + (8O ay)

Now, if we assume that z7(X, 4) forms a group according to § 5, then

we have the following
Proposition 12.3. If aemy,(X, 4, x,) and §,, Bycn®(X, A), then we have

By +B) Qa =500 + (0.

Proof. Let¢ : ([m, Im-1, Jm-1) (X A, x,) represent a and y,, 9, : (X, 4) —»
(Sm, so) represent 8y, B,. Let g: (X, 4) - (S2\/ S7, (s,, s,)) be a normaliza-
tion of p, X y,; then g is a normalization of

(1 X palp = 1 X pop: (I, 0I™) - (57, 5;).
This and (12.1) imply the proposition. |

Combining (12.2) and (12.3), we obtain that the composition operation

defines a homomorphism
(X, A, %) @ X, A) =7 (ST, sg).

The following properties of the composition operation can be easily
verified.
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Proposition 12.4. Let f: (X, A4,%,) - (Y,B,y,) be a map and a€mn(X, A4, %),
penr(Y, B). Then we have

(1) Oa = p O (fs),

that is, the induced transformations {* and fy are “‘dual’” to each other.

Proposition 12.5. Let (X, A, B) be a binormal triple with x e B. If
a €aml{X, A, xp) and fenn-YA, B), then we have

(8*) O = Z[BO (041,

where 2 :Ttm-1(S?Y) >y (S?)  denotes the suspension of Freudenthal,
(V; §11).

Thus, in case X is an isomorphism, d, and 6* can be looked on as dual
operations.

EXERCISES

A. Generalizations to compact pairs

For the sake of simplicity, most of the operations and results in this
- chapter are formulated and proved for triangulable pairs. However, by using
Cech cohomology theory, these can be generalized to the finite dimensional
compact pairs (X, A), that is to say, X is a finite dimensional compact
Hausdorff space and 4 is a closed subspace of X. The pair (X, 4) is said to
be n-coconmected if the integral Cech cohomology group He(X, A) =0 for
every g = #. |

Prove that, if (X, 4) isa (2m — 1)-coconnected finite-dimensional compact
pair, then it is possible to define a commutative group operation ina™(X, 4)
by the method of § 5. See [Massey 1, p. 283]. Also prove that the induced
transformations f* and the coboundary operator § are homomorphisms for
finite-dimensional compact pairs satisfying similar conditions concernmg
coconnectivity.

Now let (X, A) be a compact pair with dim X << 2m — 1. Consider any
finite open covering o« = { U } of X. Let K, denote the geometric nerve of o
and L, the geometric nerve of the open covering a N A ={UN A} of 4,
Then {K,, L,) is a finite simplicial pair. Since dim X < 2m — 1, the finite
open coverings « of X such that dim K, << 2m — 1 form a cofinal subset M
of the directed set of all finite open coverings of X. For each . € M, n™(K,, L)
is an abelian group; and hence we obtain a direct system of abelian groups
{7tm(Ka, L) | @ € M }. Prove that mm(X, A) is isomorphic to the limit group
of this direct system, [Spanier 1; p. 227]. Consequently, the cohomotopy
groups satisfy the continuity axiom. This can be used to extend results from
finitely triangulable pairs to compact pairs. For example, generalize (9.3) to
compact pairs. ‘
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B. Connection with Freudenthal’s suspension |
Consider the inclusion maps p:(Sm+1, s)) < (Sm+, E+1) and g:(EM+1, Sm) <
(Sm+l, E™+1). By (3.3), ¢* is one-to-one and onto and hence g*-1 is well-

defined. Prove the commutativity of the following diagram:

an(Smsy) 9%, v tL(Em+1 Sm) L, gniy(Smit Frery P¥ | pakiSmit o)

I(=) I(-——-—)

Tom{S™, Sy) ' £ > TTm41(S™H, $g)

where 2. denotes the suspension. Since p* is also one-to-one and onto, this
shows that the coboundary operator * is essentially the suspension 3.

Now consider the following part of the cohomotopy sequence of the triple
(EmHL, Sm, 50):

%n(ETH,S“) LN an(Sm,s,) - St nn+1(Em+1 Smy 1", nﬂ-l-l(EmH So)-
Since Ef'+1is contractible, we have Im(i*) = 0 and Ker(j*) = mnt+i(E™+1,Sm),
If m = 2andn = 1, then (6) of § 6 is false since7,(S?) = 0 whiles,(S?) ~ Z.
On the other hand, if m =3 and » = 2, then (5) of §6 is false since
7, (S?) ~ Z, while 715(S?) ~ Z.

C. Connection with cochain groups

Let (K, L) be a finite cellular pair. Denote K™ = Km U L. Let « be any
element of z#(K™, Km-1) and pick a representative map ¢ : (K=, Km-1)
(5™, sq) for a. For each simplex o™ of K, the partial map ¢; =& | (547, Og;™)
represents an element [¢¢] of 7,,(S”, sg) which depends only on « and ;™.
Hence « determines an m-dimensional cochain (o) of K modulo L with
coefficients in 7, (S, s,). Prove that n#(Km, Km-1) forms an abelian group
with addition defined as in § 5 and that the correspondence a (o) defines

an isomorphism . pu(Fm Bm-1) ny C(K, L ; 1t(S™, So))-

Furthermore, verify that ¢ commutes with the induced homomorphisms.
Prove also that the following rectangle is commutative:

| Km Km-ui) nnﬂ(]{mﬂ _Km)
v o
v
CE, L 2om(S™, o)) =2 CHHK, L 7tm 14 (S™H, 0))-

D. Connection with the obstruction

Let (K, L) be a pair as in Ex. C. Let « be any element of 7#(&Km) and
¢ : Km — Sn be a representative map of a. By (VI; §4), ¢ determines an

obstruction cocycle cm () € CmHYUK, L; 7p(S™, s,)),

which depends only on «. Prove that
pola) = X (em+i(¢h)),
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where 6 : gn(Km) »gn+i(Km+1, Km) is the coboundary operator, ¢ denotes
the 1somorph15m in Ex. C, and % is the homomorphlsm determined by
the suspension in the coefficient group. Hence, if X is an isomorphism,
pd(a) is essentially the obstruction cocycle cm+1{¢). Therefore, ¢ has an
extension over Km+1 iff §(«) is the zero element of gL Km+1, Km),

E. The structure of 7%(X,4)

Let (X, A) be a given (2n — 1) coconnected cellular pair. Define a sequence
of Subg_roups ﬂ”(X, A) —Dn-1o D> -2 D¥In-2 = (
as follows: an element of 7#(X, A) is in D™ iff it can be represented by a map
f:(X,A) — (S, s,) such that /(X™) = s,. Asin [Hu 6] and [Chen 1], define
the presentable subgroup and the regular subgroup of Hm(X, A; 7tm(S?, so))
and consider their quotient group

Jo™(X, A; wm{S®, 50)) = Py™(X, A; m(S™, sp) )[R m(X, A; am(S™, Sg))-

. |
hen prove that Dm-1Dm ay J (X, A; 7tm(S™, o))

for every m = 0, **, 2n — 2.

F. Relations between induced homomorphisms

Let (X, A) be a triangulable pair such that H*X) =0 = Hn{A) for every
n > 2m — 1, where m is a given positive integer. Prove that the following
four statements are equivalent:

1. The induced homomorphism ¢* ; H?(X) — H"(A) of the inclusion map
i:A< X is an isomorphism for every # > s and is an epimorphism for
n = m.

2. H"(X, A) = 0 for every n > m.

3.an{X,A) = 0 for every n > m.

4. The induced homomorphism ¢* :72%(X) »7n"(4) of the inclusion map
i:Ac X is an isomorphism for every # > m and is an eplmorphlsm for
" = M.

Next, let X and Y be any two (2m — 1)-coconnected triangulable spaces
and f: X - Y a map; prove that the following two statements are equivalent.

5. The induced homomorphism f* : H*(Y) — H®(X) is an isomorphism
for every # > m and is an epimorphism for # = m.

6. The induced homomorphism f* : 7#(Y) -n#(X) is an isomorphism for
every # > m and is an epimorphism for n = m. '



CHAPTER VIl
EXACT COUPLES AND SPECTRAL SEQUENCES

1. lntroduction

Spectral sequences were orlglnally devised by Leray to exhibit relations
among the Cech groups of the various spaces of a fibering; but they have
proved useful, indeed crucial, in numerous other investigations. Serre, for
example, established the same results for the singular groups, and, using
relations between homotopy groups and singular groups, he was able to
obtain important information about the homotopy groups of spheres; and
Eilenberg, Massey, and Spanier found spectral sequences to be useful in the
study of the homotopy groups of a complex.

Leray'’s original device involved imbedding the homology or cohomology
groups in question in a much larger system of groups and homomorphisms,
namely the spectral sequence; this sequence, after the first term, is itself an
invariant of the fibering. Being quite complicated, it is not amenable to
successful computation except in special cases; but it always provides much
information, and it furnishes a pattern for deeper investigation.

Massey improved Leray’s device by imbedding in a still larger but much
more versatile system which he called dn exact couple. The present chapter
will be devoted to this formulation of the machlnery of spectral sequences;
an outline of Leray’s direct construction appears in Ex. A, There follows in
Chapter IX Serre’s version of homology and cohomology theory of a fibering,
together with several immediate applications; results from Chapter IX will
then be used in the computation of certain of the groups 7,,(S").

2. Differential groups

Let 4 be an abelian group. An endomorphism
d:4 -4
is said to be a differential operator on A if
dd = 0,

i.e., d[d(a)] = O for each a € A. An abelian group A furnished with a given
d}ff_erentlal operator @ is called a differential group, or simply a d-group.
With the d-groups as objects and the homomorphisms which commute with
d as mappings, we obtain a category %y called the category of diffevential
groups. For the definition of a category, see [E-S; p. 109].

229
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If f: A > B is a mapping in % such that 4 < B and f(a) = a for each
ac A, then A4 is called a subgroup of the d-group B. Let C = BJA; then we
can define a differential operator on C so that the projection g: B —»C
becomes a mapping in %g. When furnished with this differential operator,
C is called the guotient d-group. We obtain an exact sequence

(2.1) O A_J .B_&.,C_0.

Conversely, if an exact sequence (2.1) of d-groups and mappings is given,
then 4 can be identified with a subgroup of the d-group B by means of the
monomorphism f and the quotient d-group B/4 can be identified with C
by means of the epimorphism g. _

Given a d-group 4, we shall denote by Z(4) the kernel of 4 {called the
group of cycles of A), and by %(A) the image of 4 (called the group of
boundaries of A). The condition dd = 0 implies that #(4) = Z(4) and that
they are subgroups of the d-group 4 with 4 = 0 on each of them. Hence we
may define the quotient d-group

H(A) = Z(4)/B(A)

with d = 0 which is called the derived group of the d-group A.
Let f: A B be a mapping in %4 Then the commutativity df == - fd
implies that f maps Z(A4) into #(B) and #(4) into #(B) and hence f induces

a mapping A (f) :%(A) - (B).

One can easily verify that the operation # is a covariant, functor from %
to itself, [E~-S; p. 111].

Two mappings f, g : A - B in % are said to be homotopic (notation /=g
if there is a homomorphism £ : 4 - B such that

f—g =dE + &d.

The homomorphism £ is called a homofopy (notation: &:f o2 g). One can
easily prove that f o g implies 5 (f) = 5 (g).
Let an exact sequence (2.1) in g be given. We shall define a mapping

Q :H(C) > H(A)

as follows. Let a €3 (C) and choose ¥ € Z(C) which represents «. There is
some v € B with g(y) = x. Since gd(y) = d(gy) = 0, there is a z€ 4 with
(2) = d(y). Since fd(z) = d(fz) =0, d(2) =0 and z represents a f e (4)
which depends only on &. Then @ is defined by d(er) = . Since the differential
operators ons# (C) and#°(4) are trivial,disa mappmg in 4. Thus we obtain
a triangle in %g:

w4 29, B

k\ /{f
#(C)
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One can verify that this triangle is exact in the sense that the kernel of each
- homomorphism is precisely the image of the preceding.

3. Graded and bigraded groups

An abelian group 4 is said to be graded, or to have a graded structure, if
there is prescribed to each integer #, (positive, zero, or negative), a subgroup
Agn of A such that 4 can be written as a (weak) direct sum

A = EAn.

The elements of the subgroup 4, are said to be homogeneous of degree n.

Similarly, an abelian group 4 is said to be bigraded, or to have a bigraded
structure, if there is prescribed to each (ordered) pair (, n) of integers a
subgroup 4, of 4 such that A can be written as a direct sum

wmn

The elements of the subgroup Ay, , are said to be howmogeneous of degree
(2, m). | |

When dealing with graded or bigraded groups, only a certain limited class
of homomorphisms are of interest, namely, the homogeneous homo-

morphisms. If A=XAnn B=3ZByn.
mmn ",

are bigraded groups, then a homomorphism f: 4 - B is said to be homo-
geneous of degree (p, q) if H(Amm) S Binup. nad
for every pair (m, n). With bigraded groups as objects and homogeneous
homomorphisms as mappings, we obtain a category %, called the category
of bigraded groups. Similarly, one can define the category Gq of graded groups.

Iff:A->Bisa mapping in %y of degree (0, 0) such that 4 < B and
f(a) = a for each ae 4, then 4 is called a subgroup of the bigraded group
B. Let C = BJA. Then one can verify that C is isomorphic to the direct sum
of the groups Bu,n/Am,n. We agree to identify these naturally isomorphic
groups. Then C is bigraded and the projection g: B —C is a mapping in
% of degree (0,0). With this bigraded structure, C is called the quotient
bigraded group. Note that both the kernel and the image of a mapping in
¥y are subgroups of the corresponding bigraded groups. One can easily
formulate the analogous concepts for graded groups. :

In algebraic topology, we have to deal with graded (or bigraded) groups
with a differential operator which is homogeneous. In this case, the derived
group is also graded (or bigraded). For example, let us consider the group
C{X) of all singular chains in a space X with integral coefficients as defined
in [E-S; p. 187]. C(X) has a natural graded structure

C(X) = 2 Cu(X).
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where C,(X) is the group of n-chains if # >0 and Cy(X) =0 if n << 0. The
boundary homomorphism 0 : Cp(X) - Cp—y(X) extends to a differential

operator d =a:C(X)~>C(X)

which is homogeneous of degree — 1. Hence the kernel Z (X) of 4 and the
image B(X) of d are subgroups of the graded d-group C(X) with graded

structures Z(X) — 3 Zn(X), B(X) — EBn(X)

Furthermore, the derived group H(X) of C(X) has a graded structure
H(X) = 2 Hp(X),

where Hy(X) is the n-dimensional singular homology group of Xifn >0
and Hyp(X) = 0 for v < 0.

4, Exact couples

By an exact couple, we mean a system
% =<D,E;i,1, k>
which consists of two abelian groups D and E, and three homomorphisms
i:D->D, j:D-E, kR:E->D

such that the following triangle is exact:

There is an operation which assigns to an exact couple ¢ another exact
Couple %I — < Dl, Ef; 1:’, ]'I’ k! >
called the derived couple of € constructed as follows. Define an endo-
morphism : d:E—~E
by d = jk. Since kj = 0 by exactness, it follows that dd = j&kjk = j(kj)k = 0.
This implies that 4 is a differential operator on E. Let
D' =1i(D), E'=4#(E),
then D’ is a subgroup of D and E’ is the derived group of the d-group E.
Since D' < D, i(D’) < D’. We may define an endomorphism
| :D"-> D’
by i’ = ¢ | D’. Since one can easily verify that
HZ(E)]< D', RHE)] =0,

k induces a homomorphism  z. g7 . D’.
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Let xe D’ and choose a y € D with i(y) = x. Then j(y) is in Z(E) and the
coset of j(y) mod #(E) does not depend on the choice of y. Denote this
coset by j’(x). The assignment x - j’(x) defines a homomorphism
"D - E'.

This completes the construction of %”. The verification that i" &’ form
an exact triangle is straightforward and is left to the reader.

This process of derivation can be applied to €’ to obtain a second derived
couple €”, and so on. In this way, we obtain a sequence of exact couples

@n = <Du,En;in o jn>, n=1,2,--,
defined inductively by - |
€Cr=%, %= (€N, n>l.

The sequence { €” } has two important properties. Firstly, the groups D=
form a decreasing sequence

D=DioDi> ...D Dn> Dutls ...

with ¢# : D% — D7 defined by the restriction of ¢ to D». The intersection of
the groups D7 is denoted by D, .
Secondly, it has been shown above that the endomorphism
arn — ]'n,kn cEn 5
is a differential operator on E» and En*! is the derived group of E* with
respect to 4", Hence we obtain a sequence of differential groups
E=ELE? ... En ...
such that En+ = ¢ (En) for each » > 0. This will be called the spectral
sequence associated with the exact couple %.
In the spectral sequence { E” } there exist natural homomorphisms
hp : Z(En) - Enil

defined by assigning to each element of Z(En) its coset modulo HB(En),
Thus 4, is an epimorphism of a subgroup of E® onto E#»+.. We can define an
epimorphism % of a subgroup of E# onto E*+? by the formula

W, = bnspshmsp=g = ha.

Then k], = hy. The precise domain 2% of definition of 42 can be defined
inductively as follows: 7! _ (B,

Zh = {ac P | Y a) € Z(EmD-Y) )}, p> 1.

Let E7 denote the intersection of.ali subgroups 2%, p = 1,2, -, then,

for each a € E», hf(a) is defined for all values of p. Define #y ; En — Entl
to be the restriction of %, to E». Then the sequence of groups { £#} and

homomorphisms { %, } constitutes a direct sequence of groups in the usual
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sense, [H-W; p. 132]. The limit group E® of this direct sequence of groups
will be called the limit group of the spectral sequence { E" }.
In particular, if there is an integer 7 > 1 such that d® =0 for eachn > 7,

then g’(En) = En, hy E? En+l

and therefore En = E» and hy = hy for each # >7. This implies that
E® ~ B,

Returning to the general case again, we can express the limit group E*®
in terms of the original exact couple % as follows. Consider the epi-

morphisms . . )
p 1,(?3) — 1%3%—-1. . .1,1 : D - _Dn+1 = D_

Since i» = ¢ | D for each # > 1, ¢® is actually the n-fold iteration of the
homomorphism 7 : D - D. Let
o 0 ¥ '
D®= N Dr=n Im[®], D°= YU Ker[1™],
n=1l n=1 n=1
where I [#®] and Ker (4] denote the image and the kernel of 4 respec-
tively. Then it is easy to verify that

E® ~ k-D%JiD".

In the following chapters as well as in the exercises at the end of this
chapter, we shall give detailed accounts of some of the important exact .
couples. For the moment, let us be content with a simple illustrative
example. | |

Consider a (finitely) filtered space, i.e., a space X furnished with a finite
increasing sequence of subspaces

(D) - pn=X_,cX,c XX =X
Usiﬁg total singular homology groups over a given coefficient group G, we
define . D=ZH(X) E=3HXpXp)

Then the homology sequence of the pairs (Xp, Xp_,) give rise to an exact
couple : @u(®@) =<D,E;i,j, k>
called the homology exact couple of the filtered space X.

5. Bigraded exact couples

In the exact couples ¥ = <D, E;1,j, &> which we shall deal with in
the sequel, the groups D, E are usually bigraded and the homomorphisms.
7, , & are homogeneous. In this case, in the successive derived couples €7
of €, the groups D#, E® are also bigraded, i.e.,

pr = 5Dy, Er=ZE,

and the homomorphisms in, jn, kr, and dn = jnk® are homogeneous. The
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elements of D}  and E} , are said to be homogencous of degree (p, q). We
shall call 4 the ﬁmmary degfee q the complementary degree, and p + g the
total degree.

Itis easy to verify the following relations about the degree of homogeneity:

deg (1%) = deg (¢), deg (k") = deg (k),
. deg (j7) = deg (j) — (n— 1) [deg (i)].
Hence the degree of the differential operator d» is given by the formula:
deg (A") = deg (f) + deg (k) — (n — 1) [deg (1)].
The following two special classes of bigraded exact couples are important.
A blgraded exact couple ¥ = <D, E;4,{, k> will be called a 0-couple

if 7 is of degree (1, — 1), { is of degree (0, 0) and % is of degree (— 1, 0). In
this case, the degrees of 2, j#, k%, and d» are listed as follows:

(01) 47 is of degree (1, —1);

(02) j» is of degree (—n + 1, n — 1);
(03) & is of degree (— 1, 0);

(04) dn is of degree (— n, n — 1).

Similarly, € will be called a d-couple if 7 is of degree (— 1, 1), 1 is of degree
(0, 0), and % is of degree (1, 0) Then the degrees of 2, j#, k», and d» are listed
as follows:

(81) 47 is of degree (— 1, 1);

(02) jm is of degree (n — 1, —n + 1);
(03) A7 is of degree (1, 0);

(64) 47 is of degree (n, —#n + 1).

A O-couple € =<D,E;4,{,k>is a quite elaborate structure; it can be
developed into a ‘““lattice-like” diagram as follows:

h

"k

7
e > Dp,q+z—-"“> E'p.q+1

R

Y

k

y .
e > Dp+z,q—““'> Ep+1,q

4

%

i

i

k

k

> DP:(I

3

A

M

i

V'

£

7
—> Dp_y,q4i—— Ep-1,q11

i

i

k

k

Ep,q

3

Vv

i

-

7
—> Dp_g,g41—— ..

%

7
—3 Dpwl’q_"'""""'a' .

R

i

A

| j B j ; j
v+ => Dpis.0-1—"> Eprg,q-1-—> Dpirig-1 = Epiy,g1—> Dpgy—L— ...
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The steps from upper left to lower right are exact sequences, for example,

k i j k i i
vrvro——>Dy_y.ge1— Dp, g Ep,gq—> Dp—y,q— Dyp,gy—> "

is an exact sequence. Similarly, one can develop the derived couples €™,
n = 2,3, -, into analogous diagram.

It is more or less evident that the notions of d-couple and d-couple are
dual to one another. Thus, let € = <D, E, i, j, k> be any given bigraded
exact couple. We shall construct another bigraded exact couple €* =
< D*, E*; 4% * k*> called the dual of € by merely reindexing the groups
Dy, q and Ep 4 as follows:

Dyp.g=D-p-¢ Epg=E-p-a
Then we obtain D* = D and E* = E; therefore, we may take ¢* =1,
i* = j, and k* = k. Their degrees are given by
deg (1%) = —deg (3), deg (j*) = —deg (7), deg (k¥) = —deg (k).

Hence the dual of a d-couple is a d-couple and vice versa.
For example, the homology exact couple Fu(®) of §4 is a 0-couple
Indeed, the groups D and E are bigraded, namely, '

Dp,q = Hp+q(sz)- Eﬂ,q = Hp+q(pr X:o-z)i

and the homomorphisms 1,7, # are obviously homogeneous of degree
(1, —1), (0,0}, (— 1, 0) respectively. |

6. Regular couples

A d-couple ¥ = <D, E; i, |, k> is said to be regular provided:
(R01) Dyp,q = 0if p < 0;
(RO2) Ep,q = 0if g < 0.
(R1) and the exactness of
’ Dp,q‘i”’ Ep,qi‘* Dyp-1,q
imply that Ep,q = 0 if $ < 0. Hence, for any positive integer 7, we have
(R0O3) Ej, =0=Ep, ifp<Oorg<0.

If n > p, each element of E} isa cycle since d7 is of degree (—n, n — 1).
If » > ¢q + 1, nonon-zeroelement of E}  canbe a boundary under 4%. Hence

(R04) E;, = Epft = =Ep, ifn> max (p,q + 1),
Since each 4 is of degree (1, — 1), we have

(Ros) Dy, = intint -+ it (Dpons,gend)-

This and (RO1) imply

(R06) D, =0 = Dp, ifn>p -+ 1.
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Consider the homomorphismz : Dyp,q - Dp,1,4-1. (RO2) and the exactness of
3 i j
Epiy,9 — Dp,g —> Dpy1,q-1 = Epi1a

imply that ¢ is an epimorphism if ¢ <0 and an isomorphism if g < 0. Thus
we obtain a sequence

% 7 ) i i 7 )
0~ Do, m—— **+ > Dy, g—— Disim1 R Dpyp o™ -+ & Dy, —r ~o -+

where ¢ : Dy, o - Dpy.yq,—1 is an epimorphism. This suggests defining a graded
rou
SR (€)= THu), Hn®) = Dy = Dy
Then D7, ., is a subgroup of #,(%) and (R35) gives a homomorphism
bp.q: Dp,g >Hpg(%), (¢ >0),

where Zé,,q =12+ 4¢ -+ -*q1 js actually the (g + 1)-fold iteration of the homo-
morphism ¢ : D - D. Denote the image of 1,,, by

*%a:n,q(%) = Ap,q(Dp,q) = D;’{-’Ifgﬂ,wz-

If p <O, then 5#p,4(%) =0 since Dy 4y =0. If ¢ =0, then Hp,q(€) =
H'p1q(€) since Ap,q reduces to the epimorphism 7. Hence, for each m > 0,
we obtain a finite decreasing sequence:

(RO7) Hn(E) =, o(€) 2 Hmy,1(F)> - - DH0,m(C) D H 1, m1(F) = 0.
Let # > max (p, ¢ + 2) and consider the diagram:

P+R—1,4-N+2 P+i—~2,4-N+2 D+u-1,4-n+1 ” P4 ?-1.q9

Hp-1,0n(%) Lo Hp,o(%)
The first row is exact since it is a part of ¥”. Since ¢ maps Dy, gir,—r iSO~
morphically onto Dy g,r.1,-r-y for each # > 1, we obtain two natural iso-

morphisms o and f.y denotes the inclusion and the rectangle is commutative.
Since » is greater than max (p, ¢ + 2), we get

Epin-t,q-n+e =0, E,q = Ep,q» Dp-1,¢ = 0
according to (R@3), (R#4), and (RA6). Hence we have
(Ro8) - . Hp,d(€)[H p-1,011(F) ~ Epq.
In other words, s, (%) is an extension of #p_y,4.1(%€) by Eqyg.
_SimiIarly, a d-couple ¥ =< D, E; 1,7, k> is said to be regular provided:
(R81) Dy,q =01if g < 0;
(Ro2) Ep g =0ifp < 0.
By methods dual to those used above, one can prove the following assertions.
(R03) Efq=0==Ep, ifp<Oorg<O.
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(Ré4) Epg=Ests = -+ =Epq ifn>max(p,q+1).
(Rd5) Dp,q=1in14#% -+« 1 (Dpiny,q-n41)-
(R36) DE,—0=DZ,ifn>g+1.

The homomorphism % : Dy, ¢ - Dpq,44, 1S an isomorphism if p < 0. Thus
we obtain a sequence
0 ‘*Dm,ol-+ Dm—],lj“" e s Dy,m R D_y,m R R D _r,mr A
This suggests defining a graded group

H(€) = E*}fm(%p): Hm(€) = Do,m ~ D2y, my.

Let #p,4(%) denote the subgroup D¥*)  0fo#p,4(%). Then, for each m >0,
we obtain a finite decreasing sequence:

(RO7) Hn(€) =Ho,n(€) 2 Hr,mo() D ++ 2 Hop,o(€) 2 Koy, 2(6) = 0
which satisfies the relations: | |

(R(SB) %p,q((g)/%ﬂpﬂ,q—l(% _ E;;O,q-

Let us consider again the 0-couple ¥a(®P) of § 5. (R01) is obviously true
while (R02) is false in general. However, in case X is a finite simplicial com-
plex and X, is a subcomplex of X containing the p-dimensional skeleton of
X, then (R2) is also satisfied. Hence, in this case, ¥x(P) is a regular J-couple.
If, in particular, X is the p-dimensional skeleton of X, then Ep,4 = 0 for
each ¢ 5= 0 and Ep,, = Hp(Xyp, Xp-,) is the group of p-chains of X over G.
One can verify that the differential operator d: Ep, o~ Ep-q,, is precisely
the boundary operator on $-chains. Hence we obtain

. E}y = Hp(X), Elq=0ifq#0.
If n > 2, d* = 0 since it increases the complementary degree ¢. Hence we

obtain H(X) = E? = E% = -+« = E™,

7. The graded groups R(%¥) and S(%)
Let ¢ = <D, E;1,j, k> be a regular d-couple. Define a graded group
R(€) = ER(®), Ry(®) = Eoq.
Since 4» is of degree (— #, # — 1), each element of EJ 4 is a cycle. Thus we
obtain epimorphisms .
Ry(€) = E%.qﬁ'* Ecz),qji%—* - St Efy =Egq.
Let % denote the composition. By (R38) of § 6, we have
EG g~ #0,o( %) = Hy(B).

Denote the composed monomorphism by ¢. Then we have

(RO9) Ry(€) Zs EQy——> H((F).
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On the other hand, define a graded group
S(€) = X 55(%), Sp(®) = Epo

If » > 2, no non-zero element of Eg, o can be a boundary under 4. Thus we
obtain the monomorphisms

Ef o= Eflo—2> B (07 - B, B o B = 5p(€).
Let ¢ denote the composition. By (Ra8) of § 6, we have
Ep o A ﬁp,o( )/‘;fﬂf‘ly 1(%) = '}?p(%)/%pp—l, 1(%)-

Let % denote the natural epimorphism. Since
#p(%) = Dpii—1. Sp(€) = E},,

we have 2 : S#p(%) - Sp(%). One can verify commutativity in the triangle

(RO10) | Hp(E) L, 5p(%)

Thus j2 is factored into the composition of an epimorphism and a mono-
morphism.

If € is a regular §- couple then we define the graded groups R(%) and S(%)
exactly as above. Since d7 is of degree (n, — # + 1), no non-zero element
of Egq can be a boundary under 4» and every element of E} , with # > 2
is a cycle. Hence, one may establish the epimorphisms and the mono-
morphisms ¢ in an analogous way as above with the roles of R(%) and S(¥)
interchanged. Furthermore, since #(%) = Dy, 4 and R,(%) = E,, 4, we have
]: #g(%) —+ Ry(¥). Thus we get |

(R69) Sp(€) S EZy 1> Hp(¥)

and a commutative triangle

(RO10) ! L R%

R

o0
Eﬁq

Note. One might define R,(¥) to be E} ; instead of E,, 4 Then all the
results in this section stand as they are except that the 7in (RGIO) should be
replaced by j2 Our choice of E,,, is based on the fact that it gives a natural
- expression for Ry(%) if ¥ is defined by a filtered graded differential group.
See § 11 below. ‘
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8. The fundamental exact sequence

let € =<D,E;4,j, k> be a regular 0-couple and » > 0 an integer.
Under certain conditions on the bigraded group E?, we shall obtain a useful
exact sequence which will be referred to as the fundamental exact sequence.

Theorem 8.. I/ E? has only two rows which might be non-trivial, more
precisely, if there ave two integers a < b such that

E,, =0 ifp #Aaand p # b,

then we obtain a fundamental exact sequence

. > E? m Hom(€) s Eg.m-b—zﬁ'* B m- g, Hm-r(€) > -

a,m-a

Proof. The hypothesis implies that E} = 0 for each » >2 and hence
Ep, = 0if p #aand p # b. Then (R07) and (R08) of § 6 give rise to an

exact sequence 0> E® - me(qg) ~Eg,, 0.

-2

Since d» is of degree (— n, n— 1) and @ < b, every element E7_  is a
cycle if » > 2. Hence we obtain epmaorphmms

2

# 33
] 3 w41 _ oo
Ea,ma ————r e 7 "7 Eam -2 E a,m-a’

where # = max {(a, m — a + 1). Similarly, if » > 2, no non-zero element
of E},,, can be a boundary under 4" and we obtain monomorphisms

Eg, byn-b T En,+-1
where # = max (b, m — b-++1). Thus we obtain an exact sequence

B (B) ¥, B,

a,m-a

-1

ol Ebm-b’

To determine the kernel of ¢, we have to study that of »7, 7 = 2, v, N,
The kernel of 7 consists of those elements of E7, , which are boundaries
under dr. There are only two terms of E7 of total degree m + 1 which might
be non-trivial, namely, E/,, . 1, and Ej,, .4, The elements of the first are
cycles; and 4" maps the second into Eama iff # = b— a. Hence ¢, is a
monomorphism ifb—a=1 Nowlet » = b-—a >2; we have an exact
sequence

r ar 4 -1
E bym+1-b - Eama Ea,ma
Furthermore, E? — E*_and E’*! = E® . A similar argument shows
a,m-a -0 a,m-a - a’ g
that B} .14 = Eb e 1-b" Thus we obtain an exact sequence
4 mt1 e
b,m+16 = Eama ‘,5m '%OM(%)’

where ¥, = 0ifb—a = 1 and Xpyy = arifb—a =7 >2.
By similar methods, one can prove the exactness of the sequence
,;f’m((g) "—'"—-"‘> Ebmb""—"”* Eimla
The fundamental exact sequence is obtained by putting the various parts
together. }
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It was proved above that X, =0 if 5—a = 1. Hence we have the
following

Corollary 8.2. If wn the hypothesis of (8.1), b—a = 1, then, for each m,
we have an exact sequence ‘
0> B, 3" () ¥, B2, 0.
Hence ', (€) is an extension of E} by E} ..

Analogously, one can prove the following

Theorem 8.3. If E? has only two colummns which might be non-trivial, more
precisely, if theve are two integers a << b such that

E;,q =0, tfgstaandg #b,

then we obtain a fundamenial exact sequence
s By I () Y B2 K B o (B) e

Corollary 8.4. I/, in the hypothesis of (8.3), b —a = 1, then, for each m,
we have an exact sequence

0> B2y 2 H(®) ¥, B2 0.
Hence S (€) is an extension of Efn,b,b by E; i

Although the preceding two theorems cover most of the applications, it is
sometimes necessary to deal with fundamental exact sequences obtained
‘under weaker conditions.

The two-term condition. Let X, u, » be integers such that 1 < pand vy > 1.
We shall say that € satisfies the two-term condition { A, u;»} if the
bigraded group E” has the following properties. For each integer # such that
A<m<pu, E, =0if p + ¢ =m and (p, g) is different from two given
pairs (am, bp) and (¢, dm), where

Am + b = m = cp + dp, Ay < Oy

Moreover, we require that the following two conditions should also be
fulfilled: '

(1) E;,q=0ifp+q=m——1,p <ay—v,and A <m
2y E;;,q=0if;b+q=m+ Lp Zep+v,and A <m

With some obvious modifications of the proof of (8.1) one can prove the
following theorem which includes (8.1) and (8.3) as special cases.

S Us
< W

Theorem 8.5. I} € satisfies the two-term condition { A, Wi v}, then we have
a fundamental exact sequence

v : 4
Ealhbﬂ I —>'E;;m»bm _}’;fmﬁg) - E:m;dm > E;m-l;bm»l ™t EGZ,dA
Corollary 8.6. Let v > 1 and { ap, } be a sequence of integers such that
A << Am-1 + ¥
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for each m >0. If E; =0 for every pair (p, q) such that p + q = m and
pF# am then o @)~ B b b = m— am.
Proof. Put ¢y, = am + 1 and d, = by — 1. Then € satisfies the two-term

condition {0, u; »} for every u > 0. Since E¢p dn =0 for each m > 0,
the fundamental exact sequence implies the conclusion of this corollary. |

If % is a regular -couple, then the two-term condition is stated by precisely
the same words. The fundamental exact sequence in (8.5) becomes

v _ v » » Y
Euﬂ:b,u Rt Eam,bm @%m((g) A Ecm:dm < Eﬂm-l’bm-l e Eck;dl

and similarly in (8.1) and (8.3).
Regular §- and é-couples are considered further in Ex. B at the end of
the chapter.

9. Mappings of exact couples
Lef br = < Dp, E¢;dr, Ir, Br >, 7 = 1,2, be two exact couples. By a
mappin, _ |
prme ($9): %1~ 6,
we mean a pair of homomorphisms ¢ : D; - Dy and p: E, » E, such that

Pty = 10, Y1 = jop, PRy = ko

If dy = jrky, thenyd, = dyy and y is a mapping in the sense of § 2. y induces
a homomorphism ' W E| > E},

$(D}) = diy(Dy) = iyh(Dy) < 74(Dy) = D},

we may define a homomorphism ¢’ : D - D; by ¢’ = ¢ | Dy. It can be
readily verified that the pair (¢',%") of homomorphisms constitutes a
mapping of the derived couples. This mapping (¢, y'): €1~ €y is called
the derived mapping of (¢, y). Thus, the set of all exact couples and their
mappings forms a category, and the operation of derivation is a covariant

functor.
If we iterate this process, we obtain a sequence of successive derived

mappings (67, y) 1 Gyn > Bp, (n—1,2,+).

Since

In particular, the homomorphisms y# : E;® - Et, (n = 1,2,-+), of the
spectral sequences commute with the differential operators dr, and ynt! is
the induced homomorphism of . S

If the exact couples €, and €, are bigraded, then only a limited class of
mappings are of interest, namely, the homogeneous mappings. The mapping
(#,v) is said to be homogeneous of degree (p, q) if both ¢ and y are homo-
geneous of the same degree (p, q). By reindexing one of the given exact
couples, we may always assume that (¢, y) is of degree (0, 0); in this case,
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we say that (¢, y) preserves degree. Then each of the derived mappings
(¢, y) also preserves degree.

Now let €., %, be regular d-couples, and (¢, p) : €, > ¥, a mapping which
preserves degree. Then the homomorphism ¢? defines a homomorphism

(P, 9)* H(E) ~H(¥,)

which carries 3#y,(%;) into #,(%,) and #p,¢(%,) into Hp,4(%,). Further-
more, ¢ and p? define homomorphisms

R(€:) ~ R(%,), S(%:) > S(%y).

These obviously commute with the ep1m0rphlbms % and the monomorphisms
tin § 7.

Proposition 9.1. (¢, w)* is an isomorphism if either of the following two
equivalent conditions is satisfied.

(6) $2: D2 ~s D2, (i) y*: Ey% m E 2.

Proof. It is obvious that (4) implies that (¢, %)* is an isomorphism. That
(4) = (d1) is an immediate consequence of the “five” lemma, [E-S; p. 16].
Finally, that (s2) = (s) follows from an easy induction on the primary degree
by using (R01) and the “five” lemma. |

Note. (9.1) remains true if we replace the superscripts 2 in (¢) and (¢7) by
any positive integer #. In fact, it can be easily seen from § 6, that (7) implies
that (¢, )* is an isomorphism while the equivalence of (¢) and (¢) is proved
exactly as above. | ‘

Obviously, similar results can be obtained for regular d-couples.

Now, let us go back to the general case where €,, %, are any two exact
couples and consider two mappings

(D, v), (0,7): €, > ¥,

They are said to be homotopic (notatlon: (&, y) == (0, 7)) if there is a homo-
morphism & : E, - E, such that

o(%) — (%) = ky&71(x),
T(y) —p(y) = &di(y) + d&(y)

for every x € D, and y € E|. Then one can easily prove the following obvious
but important

Proposition 9.2. If the mappings (¢, y) and (v, T) are homotopic, then the
derived mappings (@', w') and (o', ©') ave equal.

Hence, (¢7, ") = (0%, %) for every n > 2. In particular, if ¥, %, are
regular 6-couples or regular d-couples and if (¢, y), (o, 7) preserve the degree,
then (¢, p) = (o, 7) implies that (¢, ¥)* = (o, 7)*.
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10. Filtered differential groups

Let A be a d-group. By an increasing filtration in A, we mean an increasing
sequence of subgronps {A’P} of the d-group 4, rang}.ng over all integers,
with their union equal to 4 ; in symbols, we have

Upd? = A, APc Ar+l, 4(4P)c AP,

If an increasing filtration { A% } is given in 4, A will be called an increasing
. filtered d-group. | ,
Let 4 be an increasing filtered d-group. For each 4 € 4, the greatest lower
bound of the integers p such that @ € A? is called the weight of  and is denoted
by w(a). The following properties are obvious:

w(a —b) <max [w(a), w(b)], w(da) < w(a).

Conversely, if there is given a function w defined on a d-group 4 with
integral values (including — oo) which has the properties given above, we
can define an increasing filtration { 42 } by taking

A? = {acd |wla) <p}
Let 4 and B be increasing filtered d-groups. A homomorphism f: 4 - B
is called a mapping if it commutes with 4 and preserves the filtration,
that 1s, = df, {(Av)< Bp. .

The set of all increasing filtered d-groups and their mappings constitutes a
category #;. :
Subgroups and quotient groups of groups in &; are defined in a manner
analogous to that of § 2. They are also groups in ;. In particular, for each
A in &, the derived group ##(4) is also in %. One can verify that the opera-
tiont # of § 2 defines a covariant functor from &; to itself.
To each 4 in&;, there is an associated graded group 9(A) of A defined by

GA4) = 4 = % Ay, Ay = AvjAr-t

and each mapping f:4 — B induces in an obvious way a homogeneous
homomorphism of degree 0 '

G(f) = f: 9(4) > 9(B).

One can verify that the operation ¢ is a covariant functor from the category
F; to the category ¥, of § 3. The associated graded group of the derived
groups#’(A) is important and will be denoted by

GH () =H(4) = ZHp(4).

Since A?-1, A?, A, are d-groups, the exact sequence
0 > AP-1 5 AP Ap -0

gives rise to an exact triangle
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Ap-—-l m_____;, %Ap

\/

according to § 2. Define two graded groups

E=3E, Ep=#(dy).

Then the homomorphisms 4, §, & of the precedlng exact triangle define
bomomorphisms . fy i DSE h:EoD

and we obtain an exact céuple
€A) =<D,E;4,{,k>

which will be referred to as the exact couple associated with A. The groups
D and E are graded and the homomorphisms ¢, {, £ are homogeneous of
degree 1,0, — 1 respectively.

Now let f:4->B be a mappmg in #;. Then { defines two mappings

fp:A? -~ B? and fp Ay~ Bp in %g. One can easﬂy verify that, by passing
to direct sums, the derived homomorphisms

H(fo) : H(A7) > H(BD), H#(fy) : #(Ay) > #(By)

define a mappin
RS %) = oy #14) > €(B)
in the sense of § 9. One verifies that the operation % is a covariant functor
from & to the category of § 9.
Similarly, a decreasing filtration in a d-group A consists of a decreasing
sequence of subgroups { A? } of 4 such that

ﬂp AP =0, AP>D Ar+l, J(AP)< Ap

The weight w(a) of a € 4 is defined to be the least upper bound of the integers
p such that a € 47,

By an obvious analogy, one can formulate all of the preceding concepts
for the category Fq of decreasing filtered d—groups and their mappings.

By a filtered d-group A, we mean either an increasing or a decreasing
filtered d-group. The associated exact couple %(A) constructed above and
its associated spectral sequence { E#, # = 1,2,--+ } will be referred to as
those of the filtered d-group 4.

11. Filtered graded differential groups

By an increasing (or decreasing) filtration in a graded d-group A, we mean
an increasing (or decreasing) filtration { A% } of the d-group 4 such that
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each A? is a subgroup of the graded group 4. Such a filtration {42} is
said to be regular if
(RF1) 0 <wla) <deg(a)
for every non-zero homogeneous element ¢ of 4. In other words, the weight
and the degree are both non-negative, and the weight does not exceed
the degree. |

The filtered d-groups with which we have to deal in the sequel usually
belong to two limited classes, namely, the filiered 0-complexes and the
filteved 8-complexes. A filtered d-complex is a graded d-group, where 4 is of
degree — 1, with a regular increasing filtration; a filtered §-complex is a
graded d-group, where d is of degree 1, with a regular decreasing filtration.

Theorem 11.1. The associated exact couple
%(A4) =<D,E;4,j, k>
of a vegular -complex A is a vegular d-couple.
Proof. Since 47 and A, = A?{AP-1 are graded d-groups, the derived groups
A (AP) and H#°(A,) are also graded. So we may put
Dyp,q =#pa(4?), Ep,q =HpialAp)-

Thus the groups D and E of ¢(4) are bigraded. One can easily verify that
i is of degree (1, —1), 7 is of degree (0, 0), and % is of degree (— 1, 0). This
proves that #(4) is a d-couple.
For an increasing filtration { A? } of 4, the regularity condition (RF1) is
equivalent to the following two conditions:
(RF02) : AP =0 ifp < 0;
(RF03) Ap< A? forall p.-
(RF#2) implies Dp,q = 0 if p < 0; (RF93) implies Ep,g =0 if 4 <0.
Hence %(A) is regular. | |
Next, let us investigate the graded groups (%), R(%), and S (%) of the

regular d-couple.¥ = %(A) associated with a given regular §-complex 4.
The inclusion 4?2 < A induces homomorphisms

hp.q: Dp,g = Hpig(AP) > Hpag(4)-
By (RF83), one can verify that %y, is an epimorphism if ¢ <0 and an iso-
~morphism if ¢ < 0. Hence
Fomiq, -1 : Hom(E) ~ HmlA).
Passing to direct sums, we obtain a homogeneous isomorphism of degree 0
b H(C) ~H(A).

According to § 10,5#(A4) is filtered ; hence # ,.4(4) is also filtered. Tt is clear
that the image Ap,¢(Dp,q) is the subgroup of#.,4(4) with filtration . This
will be denoted by #p, 4(A4). Then it is easy to show that Am.,, -, maps
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# p,g(€) isomorphically onto £, (4

) if m = p + ¢g. Thus, the following
theorem is a consequence of (RA7) and

(R 08) in § 6.
Theorem 11.2. The filtration of #(A) is given by the finite sequence
(RE0Y) H'm(d) =Hm,o(4) 2 Hmy,1(A) D "D H o, m(A) 2 H# -1, mig(4) =0
and 1ts associated graded group GH ym(A) is isomorphic with Zp,q_m ED, a
given by the relation
(RF05) - Hp(d)[Hp,qn(d) ~ B,
Since A-' = 0 by (RF02), we have

Ry(F) = E,,q = #4(4°)
and hence R(¥) =#°(A"%. Then one can verify that the composition ¢ of
(R@9) in § 7 gives the derived homomorphism

H(f)y 1 (A% - H#(A)

of the inclusion f: A%< A. Thus #(f) is factored into the composition of
an epimorphism and a monomorphism.

Define a graded group 4 = £ 4, by 4, = E,,, Since d is of degree
(—1,0) on E, 4 is a subgroup of the d-group E and

Sp(€) = Ej}, = H#p(4).

Hence we have S(%) =#(4). ,

There is a natural epimorphism g: 4 -4 defined as follows. Let x & 4,.
Then x € A? by (RF93), and dx € Ap_, = A?-1, This implies that x is a cycle
of A, and represents an element g(x) of Ay = Ep,,. The assignment x - g(x)
defines an epimorphism g : 4 - 4 which preserves the degree and commutes
with d. One can verify that the derived homomorphism

Hlg) 1 H(A) »#(4)

reduces to the homomorphism 2:3#(%) -~ S(%¥) in (R010) of § 7 after
identifying s#(A) with #(€) and #°(A) with S(%). Thus #(g) is factored into
the composition of an epimorphism and a monomorphism. As a consequence
of this, the kernel of 5#(g) in H#p(A4) is #p_,, ,(A4) and theimagein #,(d) =
E} o 1s the subgroup ED,

One can establish the foregoing results for regular §-complexes analogously,
The theorems (11.1) and {11.2) can be stated and proved with some obvious
modifications. The graded groups (%), R(%), and S(%) are identified to be

-~

H(B) = H#(4), R(%) =H(4,), S(¥) =#4).

where Ay = A%/A! = A/A* and 4 = X E,,,. After these identifications, the
homomorphism j :5(¥) -~ R(%¥) in (R010) of § 7 reduces to the derived

homomorphism "
P SH(f) : H(A) (4,

of the natural projection f: A -4, There is a natural monomorphism
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g : A -~ A which preserves degree and commutes with 4. The derived homo-
morphiem #1(g) : #(A) > H#(4)

is given by the composition ¢ in (Rd9) of § 7.
As an example of regular d-complexes and d-complexes, let us consider
a filtered space

{@) E}ﬂX_ICchch...cXT=X

where X is a finite simplicial complex and X, is a subcomplex of X. Assume
that X, contains all p-simplexes of X. Then, for any given coefficient group
G, the group 4 = C(X) of chains form a regular g-complex with

g AP = C(Xyp), Ap = Cp(X).

One can easily see that #(A4) is precisely the exact couple €u(P) of §4.
Hence €u(P) is also a regular d-couple in this case. Similarly, the group of
cochains of X over G forms a regular d-complex.

12. Mappings of filtered graded d-groups

Let A and B be two regular @-complexes. A homomorphism f:4 -~ B
is said to be a mapping if it commutes with & and preserves both degree and

! ) _
filtration, i.e fi—df, }{An)< Bm [(AP) < BP.

The set of all regular #-complexes and their mappings constitutes a category
A 5 which is a subcategory of &;. |
Now let f: A — B be a mapping in 3. According to § 10, / induces a

TR (/) = ($r,97) : 6(4) > (B
in the sense of § 9. On the other hand, we have a derived homomorphism

H(f): H(A) » H(B).

-

The following proposition is a corollary of (9.1) and its note.

Proposition 12.1. For any mapping [:4 =B in Ay, H(f) is an iso-
morphism if there exists an integer n > 1 such that either of the following two
equivalent conditions is satisfied.

(i) ¢y : DMA) ~ DM(B); (i) yf - En(A) ~ En(B).

| Similarly, one can define the mappings of regular é-complexes and the
category A5 of regular d-complexes and their mappings. The preceding
proposition is also true for any mapping in #s.
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EXERCISES

A. Direct construction of the spectral sequence of a filtered differential
group

Let A4 be a filtered d-group with an increasing filtration { 4% }. Introduce
the following notations:

Zp = {xedv |dx) ~0},
2y ={x€d?|dx)edrn}, (n >0),
B} = d(Z},,), (n>0).
Verify the following inclusions and equalities:
Zp< Zpyy,
d(Ap) — BgC B;C P Bf;C B;+1c: A - Zp,
Zp <+ S 28 c Zylc-c Zhc 28 = A2,
L Zy, =Zyn dvic zgn,
Bi_, — BR1n 4»-1c Bu-1,
Then define the following quotient groups:
Dy =Zpnu/Byhe, 2>
= Z/(Z37 + By Y, (n >

-

1)
1),

and the graded groups
Dr = ZD”, En = ZE”’.

The inclusions Zp_n < Zp-poy and Bj—h < BgL,, define a homomorphism
i : D% > D% which is homogeneous of degree 1. The inclusions Zy._5,; <
Z% iy and BEL < (Z271 + B27L ) define a homomorphism j» : D% — En
which is homogeneous of degree — (n — 1). Finally, since d(Z}) < Zp.y,
ad(Z%Y) = BL, and d(B%') =0, the differential operator 4 mduces a
homomorphism %7 : E®? - D” which is homogeneous of degree — 1. Prove
‘that <Dn En:in, ]n kno>

is an exact couple foreach#n = 1, 2,-- -, and in fact is precisely thé associated
exact couple €7(4) defined in § 10. The differential operator d also induces
the homomorphlsm dn — jugn : En + En

of degree —». Thus one obtains Leray’s direct construction of the spectral
sequence { £7 } of the filtered d-group 4. See [Leray 1].

Formulate a similar construction for the case that the filtration {AP}
is decreasmg
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B. Regular couples satisfying two-term conditions

Let € = <D, E; 1, {, k> be either a regular d-couple or a regular d-couple,
‘Prove the following assertions, [Moore 1; p. 327]:

1. Let p > 0and» > 2. IfE;’,,q = 0 whenever$ 0,9 #0,andp + ¢ <
U, then ¥ satisfies the two-term condition { 0, u; v } with

ag=—1, by=1, ¢,=0, dy =0,
Ay =0, bp=m, tm=m, dy=0 (0<m<u).

2. Let v, Py, P1, P2 and ¢, be integers such that » > 1, py > £, > $. >0,
and ¢, > 0. Then % satisfies the two-term condltlon {0, po + go—2; 7}
if the following two conditions are satisfied:

() B}, = 0ifp < po, p 7 py1, and p # Py

(1) B}, = 0if ¢ < g¢.

3. Let v, $o, p1, 4o and g, be integers such that » > 1, 5> p; > 0 and
go > ¢q1 > 0. Then € satisfies the two-term condltlon {0,900 +qo— 1,7}
if the following two conditions are satisfied: |

(2) £3, =0 if p < ppand p # Py,

(¢7) E}, , = 0if ¢ < gy and g # ¢;.

C. Multiplicative structures

Let A be a regular é-complex. A multiplication in 4 which makes 4 a
ring is said to be allowable if it satisfies the following three conditions:

(M1) If x € A7 and y € A9, then xy € AP+2.

(M2) If x € Ap and y € Aq, then xy € Ap.q.

(M3) d is an anti-derivation, i.e., for x € Ap and y € A, we have

d(xy) = (dx)y + (— 1)Px(dy).

Assume that an allowable multiplication has been given in 4. By using
(M1)-(M3), define multiplicative structures in the bigraded groups D7 and
Er of the exact couples

(gn(A) e & Dn, En; z‘n, j'n, B>
for each # = 1, 2,- - . Prove the following assertions, [Massey, 2]:

1. If x is homogeneous of degree (p, ¢) and v is homogeneous of degree
(, s), then xy is homogeneous of degree (p + 7, ¢ + ).

2. 1" is a transducer of D7, 1.e.,

n(xy) = x[in(y)] = [*(x)]y.

3. jn is mulitplicative, i.e. jr(xy) = jn(x)-?(y). ’
4, dr = jgn is an anti-devivation of E®, ie., for ¥ € Ep,q and y e E7,

we have dn(xy) = [dnx)]y + (— 1)ptax [do(y)].
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5. For x € D}, 4 and y € E*, we have
Re[Mx) ] = (— L)jptax-kn(y),
Rry-mMx)] = kn(y) %

D. The exact couples of a bundle space over a finite simplicial complex

Let X be a bundle space over a base space B with projection w : X - B
and fiber F as defined in (III, §4). Assume that B is a finite simplicial
complex with B? denoting its p-dimensional skeleton and that G is an abelian
group. Define the bigraded groups D and E by taking the singular homology

ro S
group Dy = Hpio(Xp; G), Epg = Hpoo(Xp, Xpy; G),

where Xp = w1(B?), and the homomorphisms ¢: D - D, j:D - E, and
k: E - D as in the example of § 5. Thus one obtains an exact couple

¢ =<D,E;i, ], k>

which is called the homology exact couple of the bundle space X over B.
Consider the derived couples €% = <D», En; ¢n j» kn> of C and prove the
following assertions:

1. €™ does not depend on the triangulation of Bifn > 2.

2. E} , is naturally isomorphic to the homology group Hp(B; Hy(F; G))
of the complex B with local coefficients in Hy(F; G).

3. € is a regular g-couple with Dy , ~ Hp o(X; G) if ¢ < 0.

Similarly, one can construct the cohomology exact couple and prove the
analogous assertions.

E. The homotopy exact couple

Let K be a connected cellular complex and » be a vertex of K. Denote by
K? the n-dimensional skeleton of K. Then, for each pair (K2, K»-1), there is
an exact homotopy sequence

. o Am(EPL0) Sy p(KPw) L mn(KEEPw) Ly g (K10) e

Define two bigraded groups D and E as follows:

D _{:frp+q(K2?,v), Cifp >0andp + g >2,
na 0, for other values of pand q;
TopsgKP, KP-1,v), Hp =landp +q >3,
Ep,q = { /7t +g (K2, v)], ifp>landp +q =2,
0, for other values of p and g.

The homomorphisms 4, §, & in the homotopy sequences of the pairs (K2, K»-1)
may be extended in a unique way to define homomorphisms

1:D->D, j:D->E, k:E->D.



252 VIII. EXACT COUPLES AND SPECTRAL SEQUENCES

Prove that the following triangle is exact:

D - D
E

Thus we obtain an exact couple (K, v) = <D, E; i, §, k> which is called
the homotopy exact couple of K at v. Prove the following assertions [Massey 1]:

1. The homomorphisms 7, j, k in #¥(K,v) are homogeneous of degree
(1, — 1), (0,0), (— 1, 0) respectively. Hence (K, v) is a d-couple in the
sense of § 5.

2. Dpg=01f p<2 or p+9<2; Dy,¢g~ap (K, v) if ¢g<0 and
p+g>1

3. Epg=0ifp<2org<Oorp+qg<<?.

4. ¥(K, v) is a regular §-couple in the sense of § 6.

5. If v, and v, are any two vertices of K, and if ¢: 1 — K' is a path
joining v, to vy, then & induces a natural isomorphic mapping

C(&) = (de, we) : €K, vy} &~ C(K, vy)

in the sense of § 9. Furthermore, if two paths &, % :1 - K! from v, to v,
are homotopic in K with endpoints fixed, then €(&) = %(n). These facts can
be concisely expressed by saying that the set of homotopy exact couples
% (K, v) for various vertices v of K constitutes a local system of exact couples
in K. The same remarks hold for the successive derived couples (K, v).

6. Let K, L be connected cellular complexes, v, w be vertices of K, L
respectively, and f: (K, v) - (L, @w) be a cellular map. Then / induces a

mapping 1) = (¢, 9p) : GUK, 0) > €(L, w).

Let A" denote the category in which the objects are all pairs (X, v) of a cellular
complex K with a vertex ve K and the mappings are all cellular maps.
Let €4 denote the category of all regular d-couples and their mappings. Then
the operation (K, v) -~ ¥(K, v) and f - €(f) is a covariant functor from
A to €. ,

7. Let K be a comnected covering complex over K with projection

w:K->Kand 7bea vertex of K with w(v) = v. Then
Fw): CK, ) ~ CK,v).

The significance of this result is that there is no essential lack of generality if
we assume that K is simply connected when discussing the properties of
% (K, v) and its derived couples.

8. The derived couple F3(K, v) = <D?, E%; 42, 52, k2> is an invariant of
the homotopy type of K.

9.D;,=0ifp <3o0rp + g <2



EXERCISES 253

10. D}, ~mp. (K, v)if g <Oand p + ¢ > L.

1I.E; , =0 il p <2 0rqg<0.

12. If K is simply connected, then E} , is isomorphic to the homology
group Hy(K)} of the complex K for each p > 2.

13. If K is r-connected, then D}, =0 for p <7+ 1 and E},, =0
for p < 7.

14. The exact couple €*(K, v) contains the following exact sequence of
J. H. C. Whitehead:

?;2

AN D%,o—f—% D%er. -1 T E%,OL D%-l,o ~—— T
If K is simply connected, then, by 10 and 12, there are natural isomorphisms
Dby, -1 o ap(K, v), E},, ~ Hp(K)

for each p > 2. Hence we obtain the following exact sequence for a simply
connected K:

+ Db, L mp(K, ) Ly Hyp(K) By Dy, 0 2,
As a consequence of this and 12, we obtain the result that, if # > 2 and K
is (7 — l)-connected, then j%:mp(K, v) - Hp(K) is an isomorphism for
P <# and an eplmorphlsm for p = n + 1. This includes essentially the
Hurewicz theorem.

15. Since ¥ = ¥ (K, v) is a regular d-couple we fnay apply the results of
§ 6 and § 7. Thus we obtain that

Hp(8) ~np(K,v), Rp(®) =0, Sy(%) ~ Hyp(K)

for every > 2 and that these groups are all trivial whenever p < 2. Then,
(RO10) of § 7 gives a commutative triangle for each p > 2:

ap(K, 1) —1 s Hy(K)

This implies that E5 is isomorphic to the image of my(K, v) in Hp(K) under j2,
16. The inclusion K? < K induces homomorphisms

Ap,q  7p4g(KP, ) > 1 o(K, v).
Let us denote the image of A, 4 by mp,4(K, v). Then
Hp,o(€) ~7p oK, v) ifp >2andp + g >2;
Hp,g(€) =0 i p<2o0rp+qg<?2.
Hence (R37) of § 6 gives a finite sequence
Am(K, v) = 70, (K, ¥) D My, 1 (K, 0)D Dy (K. v) =0
for every m > 2. Furthermore (R08) of § 6 implies that |
72,0 K, ) [tp—1,q.4(K, v) &~ EF .
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If ¢ = 0, the triangle in 15 shows that ap_,, (K, v) is the kernel of the
homomorphism j2.

17. Generalize the foregoing results to semi-simplicial complexes or, more
generally, to CW-complexes,

18. Finally, let X be a pathwise connected space and x, a given point in X.
Consider the singular complex K = S(X). Then K is a connected semi-
simplicial complex and x, determines a vertex v of K. ¢(K, v) is a homotopy
_invariant of the pair (X, %) and will be called the homotopy exact couple
of X at x,, denoted by €(X, x,). By means of the relations

7tm(K, v) ~ wm(X, x), Hp(K) = Hn(X),

deduce results concerning 7, (X, %,) and Hp,(X) analogous to those given
above for the pair (K, v).

The usefulness of the homotopy exact couple and its associated spectral
sequence is limited by the fact that we know very little about the groups Ep,q.

F. The cohomotopy exact couple

Let K be a finite cellular complex of dimension #. Let # denote the least
integer greater than 1(n - 1). Then we have the following exact cohomotopy
sequence of the triple (K, K»+1, K?):

nr (K KP+H1) Sy oo o (B EDHY) s o (K KD) L s qom (KP+1,KP)
| o am (B K

where ¢+ and § are homorriorphisms induced by the inclusions and % denotes
the coboundary operator. Define two bigraded groups D and E as follows:

Do {azﬂ’+fl(K, K?»), ifp+qg>=v7,
e 1, ifp +g<r7;
nP+e( Ko+, K?), ifp+q>7,
Epg = { i-1{0) < 7 (K, Kp+Y), ifp+g=r—I,
0, ifp+q<vr—L

The homomorphisms ¢, §, 2 in the cohomotopy sequence may be extended
in an obvious way to define homomorphisms ¢, §, & of the triangle

D—*' D
N /
¥
E
which are homogeneous of degrees (— I, 1), (0,0) and (I, 0) respectively.
Prove that the triangle is exact. Thus we obtain a d-couple ¥*(K) =

<D, E; 1, j, k> which is not necessarily regular in the sense of § 6;itis called
the cohomotopy exact couple of K, [Massey 1] and [Peterson 1].
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Study #*(K) and its derived couples as in the previous exercise. In

particular the exact couple ¥ *2(K) contains the following exact sequence
L Dyoyyy Lo Dy, p 2 By, X DY,
Prove that, for each » >, we have _
Dy1q = Fp( ), Dz&z, 2 = ?(K), b-1,1 ~ HP(K),
where I'?(K) denotes the image of the homomorphism i:7?(K, K?) -
7P (K, KP-1). Hence the preceding exact sequence becomes
Ff_.__;, s Fp_____"_)np(K)_ﬁ_) H_’p(K)__é__} Fp+1__-—>

where % denotes the natural homomorphism defined in (VI; § 11). Prove that
I'? = 0 for all p > n. This implies that % is an isomorphism for $ = # and
is an epimorphism for p = # —l Thus we obtain the Hopf theorems as
corollaries.

G. The Gamma functor of abelian groups

A function f: 4 - B of an abelian group A4 into another B is said to be
quadratic if

Ha+b+0) —f(b+0) —fle+a) — Ha+b) -+ F(a) + () + (o) =
forallelementsa, b, cinA4. Let¢y: A x A ~ B denote the function defined by

br(a, b) = f(a + b) —f(a) — {(D)
for every pair of elements in 4 ; in other words, ¢ is the deviation of f from
a homomorphism. Prove that f is quadratic iff ¢r is bilinear. Hence every
homomorphism is quadratic. Also prove that compositions of quadratic
functions with homomorphisms are quadratic.
A quadratic function f: A - B is said to be homogeneous if

f(—a) = [{a)
for every a € 4. Prove that every quadratic function is the sum of a homo-
morphism and a homogeneous quadratic function.

Define an abelian group I'(A4) as follows. Let F(A) denote the free abelian
group generated by a set of generators in a 1 — 1 correspondence with the
elements aeA. Let R(A4) denote the subgroup of F(A4) generated by the
elements of the forms '
| w(a) — w(— a),
w(a@+b+c¢) — wb+c) — wc+a) — wla+b) + wa) + wd) + w)

for all elements a, b, ¢ in 4, where w(a) denotes the generator of F(4) which
corresponds to the element 2 € A. Then the group I'(4) is defined by

I'(4) = F(A)/R(A).

Foreacha € 4, let [a] denote the element w(a) + R(A) in I'(4). Prove that
the assignment a - [a] gives a homogeneous quadratic functiony : 4 - I'(4).
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If /: A - Bis any given homogeneous quadratic function, prove that there
exists a homomorphism % : I'(4) - B such that Ay = f.

Next, let f: 4 - B be a homomorphism. Prove that the assignment
[a] = [fa] gives a homomorphism

I'(f) : I'(4) - I'(B)

called the homomorphism induced by f. Verify that the assignments
A - I'(A) and f - I'(f) define a covariant functor I" from the category of
abelian groups and homomorphisms into itself and hence f: 4 ~ B implies
I'(f) : I'(4) ~ I'(B). |

Prove the following elementary properties, [J. H. C. Whitehead 7]:

1. If A is additive group of rationals, then I'(4) ~ A4

2. If every element in A4 is of finite order and also divisible by its order,
then I'(4) = 0. In particular, if 4 is the group of rationals mod 1, then
I'4) =0. |

3.If A is a free abelian group with a free basis { a; } indexed by an
ordered set { 7 }, then I'(A4) is the free abehan group freely generated by the
elements y(ag), dy(ay, ag) with § < &.

4. If A is a finite cyclic group of order % and if # is a generator of 4, then
I'(A4) is a cyclic group of order 4 or 24, according as 4 is odd or even, and is
generated by y(a). |

5.1f A is the direct sum X 4, of its subgroups { Ap} indexed by an
ordered set { $ }, then '

I'4) = %I’(Ap) o4 q%f Ay ® Ay.

Properties (3)—-(5) provide a complete computation of the group I'(4) for
A an abelian group with a finite number of generators.

6. If f is an epimorphism, so is I'(f).

7.1f A4 is finitely generated, then I'(f):I(4) ~ I'(B) implies that
f: 4 ~ B.

8. If  is a group of operators for 4, then x also operates on /7(4) according
to the rule &y(a) = y(&a) for §emw and a € 4.

9. If w operates on A and B and if f commutes with the operators, then so
does I'(f). ‘

10. I'" commutes with the direct limit functor.

Finally, prove that the group Dj, in (14) of Ex. E is isomorphic to
I(y(K, 9)).

H. Transgression and suspension

Let A be a regular 9-complex. Consider the natural epimbrphism g: A4
defined in § 11, Let A = A°N Ap. If p < 0, then g maps A into 0 and
hence defines a homomorphism

h . A:p/Ag +Ap.
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If p > 1, then # commutes with 4 and hence induces a derived homo-
morphism

P i Hp(A]AY) > Hp(d),  (p >2).
Prove that the images of g, = 5#(g) and A, in 5#,(4) are

gu[Hp(A)] = EZEL hy[#y(4]AY)] = EZ

Next, consider A, together with the boundary homomorphism @:
| h ‘ 3
Hp(d) = Hp(A[AY) = Hp (49, (p >2).

Denote by J the image of &, K the kernel of %,, L the image of 3, and M
the kernel of 0.

Let x € J. Choose y € #°p(A/A% with h,(y) = x, and consider O(y). It is
an element of #°y_,(4°% which, when y varies, describes a coset mod 9(K).
Hence we obtain a homomorphism

T: ] > #py(A90(K
called the transgression.

As the image of /4, we have | = EJ . By § 7, E(, p-1 18 2 quotient group
of 2} .1(4%. Denote the projection by x. Prove that the rectangle

Hp(A]A%) 2 Ay (4Y)

j By j *
de
Epo——— Egp
is commutative and 0(K) is the kernel of %. Hence # induces an isomorphism
#y : Hp-y(A)[0(K) ~ Efp-r, (P >2).
After this identification, the transgression T reduces to the differential

operator
p ar : E’p 0 '*Eo -1

For an arbitrary 0-couple, we may define the transgression to be this
differential operator 42.
Analogous to the transgression, define a homomorphism

2 L tp(A) 1, (M)

called the suspenszon I #p(A) =0 =3#p_4(4), then 0 becomes an iso-
morphism and the suspension reduces to

T = b0t Aoy (AY) > Hp(d).
In this case, the transgression 4? = T is an isomorphism and in the
diagram
Hp-1(4°) —=— Hp(4)

’ 4

v

d
E(Q;D,p—l 2

»
ELD,O
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the image of X coincides with the image of the monomorphism ¢ and the
kernel of X is precisely the kernel of the epimorphism #%. Furthermore, prove
that the following relation holds:

3 = (@) 1x.

Establish analogous results for a regular d-complex 4.

1. Properties of Steenrod squares

Let (X, A) denote any pair consisting of a space X and a subspace 4 of X,
and Z, denote the cyclic group of order 2. Reproduce the definition of the
Steenrod square operations

‘ Sqt: Hn(X, A;Zy) -~ H(X, A; Z,), >0,

and prove the following properties of these operations, [Steenrod 2 and
Cartan 1]:

1. S¢¢ O f* = f* 0 S¢t for any map /: (X, 4) - (Y, B).

2.S¢* 0 6 = 0 O Sqt, where 0 denotes the coboundary operator in the
cohomology sequence.

3.5¢Haup) = 2S¢ uSeE(p)-

4. Sgt{a) ~—01fd1m( ) < t.

5. Sqt(a) ——OLUoclfd]m( ) = 1.

6. Sq%(er) =

7. 5¢* commdes with the coboundary operator induced by the exact

sequence
a 0>Zy>Zy>Zy>0
and hence we have an exact sequence

s HMX, A Z) > HMX, A Z ) ST, guii(X, A Z,)~ Hv(X, A Z)~



CHAPTER 1X
THE SPECTRAL SEQUENCE OF A FIBER SPACE

1. Introduction

We turn now to the study of the relations among the homology and co-
hemology groups of the various spaces of a fibering. As already indicated,
the principal tool is the machmery of spectral sequences developed in the
preceding chapter.

Since we shall follow Serre, we use the singular groups; our principal
hypotheses will be that the fibering have the covering homotopy property
and that the fiber be pathwise connected. It is convenient to use cubes rather
than simplexes in defining the singular groups, and hence we begin with an
outline of this construction of the singular complex of a space. The associated
exact couple Jf a fibering is then introduced, and the term E? of this exact
couple is computed (§§ 3-10; the main result appears in §§ 5-6).

A variety of applications follow. Relations among the Poincaré poly-
nomials of the fiber space, base space, and fiber are deduced in § 11; and
several exact sequences, including those of Gysin and Wang, are constructed
in the next three sections.

In the final sections of this chapter (§§ 15-18), regular covering spaces
are treated: there is a difficulty, namely that the fiber fails to be connected,
but this is avoided by the introduction of certain auxillary fiberings. A
spectral sequence due to H. Cartan is constructed and used to deduce certain
facts about the action of finite groups on a sphere and the celebrated results
on the determination of certain homology and cohomology groups in terms
of the fundamental group.

2. Cubical singular homology theory

In the traditional simplicial singular homology theory, [E-S; pp. 185-211],
the unit n-simplex A, is used as the anti-image in defining the n-chains of a
space. However, to study the spectral sequence of a fiber space, it will be
more convenient to use the cubical definition in which the n-cube I plays
the role of Ay. In the present section, we shall give a sketch of the cubical
theory. As to the equivalence of the cubical theory and the simplicial theory,
a proof is given in [Eilenberg and MacLane 2].

By a singular n-cube in a space X, we mean a map u: I* - X. I[f n = 0,
then # is interpreted as a single point in X. If # > 0, we define the i-t4 lower
and upper faces 4% and A;'u of u to be the singular (# — 1)-cubes given by

259
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(Ziau) (t]_,. Yy tn—]) = %(t})- ) t?:'-*].x g, t?:). ", t'nr'—])
forevery s = 1,2,+++,m, e =0, 1, and (t,"* -, ta—y) € I7~% Then, for ¢ < b,

we have
e 1 __ A &

where & and 9 may be either 0 or 1.
Define Q,(X) to be the free abelian group generated by all singular n-cubes
in X if n >0 and Qu(X) = 0if n < 0. Then the operation

ou = p> (--- l)i(ﬂ.@:lu —— M’u)
, i=1
determines a homomorphism
0 : Qu(X) > Qn—(X)

for every n. It is straightforward to verify that 00 = 0. This yields a chain
complex { Qn(X),03}, [E-S; p.124]. Unlike the simplicial theory, this
chain complex { On(X), 0 } does not give the “correct” homology groups of
X ; for example, if X consists of a single point, a simple computation reveals
that the #-th integral homology group of { Qn(X),0} is infinite cyclic for
every n > 0. Hence, we have to “normalize” { Qn(X), 0 }.

For each singular (# — 1)-cube # in X, #n > 0, we define a singular n-cube
Du in X by taking

(D%) (tl!' .. t“"l’ tn) = u(tl‘. .. tn_l)_

A singular #-cube v in X is said to be degenerate if v = Du for some #. In other
words, v is degenerate iff it does not depend on the last coordinate #, of the
point (¢, * -, ) in 7. The degenerate singular #n-cubes in X, # > 0, generate
a subgroup Dy (X) of Qn(X). Since

it follows that AD = Daf, i<n D=1,

n #n—1
0Dy = 3 (— )¢ (4'Du— A*Du) = T (— DHD A — D 1)

i=1 i=1
and hence @ carries Dy (X) into Dy (X). So, the degenerate singular #-cubes
for all # form a subcomplex { Dy(X), 8 } of the chain complex { Qn(X), d }.
For each integer #, the quotient grou

Cu(X) = On(X)/Du(X)

is obviously a free abelian group and Will be called the group of novmalized
cubical singular n-chains in X. Since 0 carries Dy(X) into Dy, _;(X), it induces

a homomorphism _
P 8 : Ca(X) = CaalX)

for every =, which will be called the boundary homomorphism. Since 00 = 0,
we obtain a chain complex { Cy(X),d}. For an arbitrarily given abelian
group G, the homology group Ha(X; G) and the cohomology group H?(X ; G)
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of this chain complex over G are called respectively the n-dimensional cubical
singular homology and cohomology group of the space X over the coefficient
group G.

Let C(X) denote the direct sum of the groups C,(X) for all #. Then, C (X)
is a graded differential group with a homogeneous differential operator

9 : C(X) - C(X)

of degree — 1. We shall call C(X) the group of all normalized cubical singular
chains tn X.

For any subspace X, of X, the group C,(X,) can be considered as a sub-
group of the group C,(X). The quotient group

CalX, Xy) = Ca(X)[Ca(X,)

is obviously isomorphic to the free abelian group generated by the non-
degenerate singular #-cubes in X not contained in X o- Since 0 carries Cp(X)
into Cp—_y(X) and Cn(X,) into C,_,(X,), it induces a boundary homo-

morphism 9 : CalX, X) - Cuy(X, X,).

Since 00 = 0, we obtain a chain complex { Cy(X, X,),d} and hence the
relative homology groups H,(X, X,; G) and the relative cohomology groups
H™X, X,; G) over an arbitrarily given abelian group G. Furthermore,
if G ={Gy|xeX} denotes a local system of abelian groups in X, then
one can define the groups H,(X, X,; G) and H#(X, X,; G) with local
coefficients in & in a way similar to that in the traditional singular homology
theory. See [Steenrod 1] and [Eilenberg 3]. '

The direct sum C(X, X,) of the groups C,(X, X, o) 1s a graded differential
group, called the group of all normalized cubical singular chains in X modulo
Xy The direct sum H(X, X,; G) of the groups Hy(X, X,; G) will be called
the lotal singular homology group of X moduio X o 0ver G, and the direct sum
H*(X, X,; G) of the groups H*X, X,; G) will be called the fotal singular
cohomology group of X modulo X, over G. :

For the important special case that both X and X o are pathwise connected,
pick a point %, of X as basic point and assume ¥y € X, if X is non-empty.
Just as in the traditional singular theory, it may be proved that we may
consider only the singular cubes with all vertices at %o Let G = { G| xe X}
denote a local system of abelian groups in X. Since all vertices of the singular
cubes are at =, the coefficients of the chains and the cochains with local
coefficients in G are all in the group Gy, on which the fundamental group
7, (X, %y} operates. For this particular case, the homology groups with local
coefficients can be simply defined as follows.

Let G denote an abelian group on which 77,(X, %) acts as left operators.
For each #, consider the group

CalX, Xy; G) = Cu(X, X)) ® G,
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where Cp(X, X,) denotes the group of normalized cubical singular n-chains
in X modulo X, (defined by the n-cubes with all vertices at x,). Define a
boundary homomorphism

9 CalX, Xg; G) - Cry(X, Xo; G)

as follows. Consider a generator # ® g of the group Cu(X, Xo) ® G, where

u: I* > X is a nondegenerate singular cube not in X, with all vertices at

x4 and g is an element of G. Foreach = 1, - -+, n, we define a loop ogu: 1 +X

by takin
y & ouu(t) = u{ty, -+, tn)

where t; = £ and = #0 for every | 5 ¢. The loop oy represents an element

(o] of 71, (X, %,). Then 0 is defined by

duog = & (—1H{ue owmlg— A'u® g}
i=1

Tt can be easily verified that 39 = 0. Hence we obtain a chain complex
{ Cu(X, X,; G), 0 }. The n-th homology group of this chain complex is defined
to be the n-dimensional homology group Hp(X, X,; G) of X modulo X, with
local coefficients in G. Analogously, one may define the n-dimensional co-
homology group HMX, Xo; G) of X modulo X with local coefficients in G.

In the sequel, we shall need a slight refinement of the notion of the de-
generacy of a singular cube. A singular cube u:I? - X is said to be of de-
generacy ¢ iff there exists a non-degenerate singular cube v: I?~¢ > X such
that % = D%, where D? denotes the g-fold iteration of the operation D.
Hence the degeneracy of a non-degenerate cube is 0, and degeneracy of
u : I™ > X is not less than ¢ if

u’(t:{l'.'siﬂ) = u(tly' ) tn—q» 0)"';0)

for every point (£, -, ts) of I”.

3. A filtration-in the group of singular chains in a fiber space

Throughout §§ 3-14, let w: X — B be a given fibering as defined in (III;
§ 3). In other words, X is a fiber space over a base space B with o as projec-
tion. Pick a point %, € X and let b, = w(#,) € B. The subspace

F = w(by)

of X will be called simply the fiber. We assume that both B and F are path-
wise connected. As an immediate consequence of the existence of covering
paths, X is also pathwise connected. Hence, according to a remark of §2,
we may consider only the singular cubes with all vertices at x, or b, when
dealing with the cubical singular theory. We assume once for all that every
singular cube considered in the sequal is of this limited kind.
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A singular cube » : 7" - X is said to be of weight $ (in notation : w(u) = P)
if the singular cube wu : I* - B is of degeneracy # — p; thus # is of weight
P iff u(ty, + - -, £;) remains within a fixed fiber as Ipy1,t ", by vary, but moves
from fiber to fiber as #; varies. For each singular cube # in X , the weight
w(u) satisfies the condition

(3.1) 0 <w(u) <dim (u).

It is also straightforward to verify the foliovving two relations:
(3.2) w(Afu) <w(u)if ] <7 <ww)ande =0,1;
(3.3) w(Afu) = w(u) if wu) < i <dim (4) and ¢ = 0, 1.

Let B, be a pathwise connected subspace of the base space B which
contains &, if B is not empty. Let X, = w~1(B,); then X, is also pathwise
connected.

Let C = C(X, X,) denote the group of all normalized cubical singular
chains in X modulo X,. Then there is a natural isomorphism between C
and the free abelian group generated by the non-degenerate singular cubes
in X not contained in X,. Let us identify these two groups by means of this
natural isomorphism. Then C is a graded differential group with C,, =
Cm{X, X;) and with a homogeneous differential operator 0 of degree — 1.
Furthermore, we may define an increasing filtration {C?} by taking C? to
be the subgroup of C generated by the non-degenerate singular cubes of
weight not exceeding p. It is obvious that

UpCP =C, Cpc CrH, 9(CP)c Cp

and that C? is a subgroup of the graded group C. In fact Ct =C? N Cy,.
If we extend the weight function w over C by defining w(c), ¢ € C, to be the
greatest lower bound of the integers p such that ¢ e C?, then (3.1) implies

(3.4) | 0 <w(c) <dim (c)

for every non-zero homogeneous element ¢ e C. Furnished with this filtration
{C?}, C becomes a regular §-complex in the sense of (VIII; § 11).

4. The associated exact couple

Consider the regular d-complex C = C(X, X;) of the previous section.
- According to (VIII; 11.1), the associated exact couple

%(C) =<D,E;i,j k>

is a regular 0-couple. We shall determine the structure of the bigraded
differential group E. Since

Ep,q =#p.(C?), CP = CP[CP-1,

we have to analyze the graded differential group C?,



264 THE SPECTRAL SEQUENCE OF A FIBER SPACE

By definition, €2, = C%/C%-1. Let # be a non-degenerate singular cubein
C?, then w represents an element [#] in C?. By (3.2) and (3.3), it is evident
that the differential operator @ on C? sends [u] into the following element
of C¢_,: N |
(2) 0u] = X (—1){ [Adu] — (4] }.

i=p+1

Now let #:Im - X be a singular cube with w(u) < p. Set ¢ = m —p

and define two singular cubes

Bp%'.Ip—)'-B, Frpu:lq—)'F
as follows:
Bp%(tl). ce tp) — w%(tl,. s, tp’ O’. o, O);

Fpulty,--«, tg) = u(0,- -+, 0,4, -, tq).
For the second, since
0)%(0,‘ ‘T, 0, tl’. vy, tq) = {!)%(0,' * 0) == bo,

we have Fpu(t;," - -, ty) € F. Thus, for a given #, we can define Byu and Fyu
for all $ such that w(u) <p < dim (#). The following properties of By
and Fyu can be easily verified:

() If w is in X, then Byu is in B,,

(2) If w(u) < p, then By is degenerate.

(3) If # is degenerate and ¢ = 0, then By is degenerate; if # is degenerate
and g > 0, then Fpu is degenerate.
 (4) If i > p, then BpAfu = Bpu and Fpldi®u = A7 Fpu for ¢ = 0, 1.

Let K? = Cp(B, By) ® C(F); then K7 is a graded group with KP =
Cp(B, By) ® Cm—p(F). Define a differential operator dr on K? by

(1%) drb® f) = (—1)P b 0f
for each generator b® f of K?. Then dp is of degree — 1. Define a homo-
morphism ¢ : C? — K? by taking -

d(u) = Bpu @ Fpu

for every generator # of C?. This definition is justified by the properties
(1) and (3) listed above. According to (2), ¢ carries C#~1 into the zero element
of K? and hence induces a homomorphism

'q);é’!’ﬁ»KP

by passing to the quotient group C? = C?/CP-1. By using (1) through (4),
one can verify that ¢ commutes with the differential operators g in C? and
dp in K?. Hence v is a mapping in the sense of (VIII; § 12).

Since Cp(B, B,) is free, we have

- HpigKP) = Cp(B, By) @ Hy(F)
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where H,(F) denotes the g-dimensional singular homology group of F.
Hence p induces a homomorphism

%p,q: Ep,q > Cp(B, By) ® Hy(F)
for each pair of integers (p, ¢).

Theorem 4.1, X, , is an isomorphism of Ey, q onto Cp(B, By) @ Hy(F).

To prove this theorem, it suffices to construct a mapping u:Kp (o
such thatyu is the identity endomorphism of K? and uy is homotopic to
the identity endomorphism of C»,

Lemma A. For every pair of singular cubes w:I? > B and v: 1% - F, we
can construct a singular cube

2= M(u,v): [P+ > X

satisfying the conditions:

(ALY w(z) <.

(A2) Bpz = u and Fpz = v.

(A3) lj,ﬂ-z = M(u, 1v) for eachi < gand e = 0, 1.

(Ad) If v is degenerate, so is z.

(AD) If uisin By, then z is in X,

‘The proof of this lemma will be given in § 8.

The singular cube 2 = M(#, v) represents an element M[u, v] of C? because
of (Al). If u is degenerate, then (A2) implies that w(z) < $ and hence M,
v] = 0. If v is degenerate, then so is z and hence M[u, v] = 0. If u is in B,
then z is in X, and hence M{[w, v] = 0. Therefore, we may define the homo-
morphism p by taking W ® ) = Mlu, v]
for each generator # ® v of Cp(B, B,) ® C(F).

The condition (A3) implies that 4 commutes with the differential operators.
Hence u is a mapping. The condition (A2) shows that wu 1s the identity on
K?. It remains to prove that uy is homotopic to the identity of 2.

Lemma B. For every singular cube u:I?+ X with w(u) <, we can
construct a singular cube

v = Dyu: IP+e+l 5 X
satisfying the conditions:

(Bl) w(v) <.

(B2) pr = Bpu.

(B3) v ( VO Gt tg) = u(0,---,0,4,, 0, 4).
(B4) A PHU = u and J{IHU = M(Byu, Fpu).

(B5) A31yv = Dpliffu for each 1 > p and ¢ = 0, 1.
(B6) If ¢ > 0 and u is degenerate, so is v.

(B7) If wis in X, so is v.
The proof of this lemma will be given in § 9.
Now the proof of the theorem can be completed. The correspondence
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# ~ (— 1)PDpu defines a homogeneous endomorphism & C? > (P of degree 1.
To justify this, it suffices to note the facts: if # is degenerate and ¢> 0,
then Dyu is degenerate by (B6); if # is degenerate and ¢ = 0, then (B2)
implies that w(Dpu) < p; if u is in X, then Dyu is also in X, by (B7); and
if w(u) < p, then w(Dpu} < p according to (B2). By means of the formula
(7) and the conditions (B4) and (BJ), one can easily verify that

d(éc) + &(0c) = ¢ — py(c)

for every ¢ € CP. Hence uw is homotopic with the identity endomorphism
of C». 1

The isomorphism Zp,q: Ep,q &~ Cp(B, Bg) ® Hy(F) indicates the signifi-
cance of the various degrees. We shall call the primary degree p the base
degree, and the secondary degree ¢ the fiber degree. The total degree p + ¢
is usually called the dimension.

5. The derived couple

In the preceding section, we studied the associated exact couple (C) =
<D,E;1%7{, k> of the regular g-complex C and established an important

isomorphism X:E =~ C(B, By ® H(F)

which is homogeneous of degree (0, 0). According to (VIII; §4), €(C) has a
derived couple FC) — < D*, E%; 2, 2, k2>,

The key to all applications is the bigraded group E2, and hence we shall
determine its structure. To this end, we must analyze the differential operator
d = jk on E. If we identify E and C(B, By) ® H(F) by means of the iso-
morphism ¥, then our problem is to determine how & operates on C(B,B,) ®
H(F).

For this purpose, let us first show that the fundamental groupz;(B, by)
acts on H(F) as a group of left operators.

Lemma C. For each loop o:1 - B with ¢(0) = b, = a(l), there exists a
homogeneous homomorphism Dy : C(F) - C(X) of degree | which assigns to
each singular n-cube v in F a singulay (n + 1}-cube Dgv tn X satisfying the
conditions: |

(Cl) A°Dyv = v.

(CQ) ((UDU'U) (t: bet s tn) = G(t)

(C3) Dyhifv = A5 Dev, (¢ = 0, 1).

(C4) I} v is degenerate, so 1s Dgv.

The proof of this lemma will be given in § 10.

Such a homomorphism D, will be called a deformation of C(F) covering o.
By (C2), D, determines a homogeneous endomorphism [,:C(F) ~ C(F)
as follows. For each singular n-cube v in F, J4v is the singular n-cube il})F

defined by (Jot) (E1,7« =, tn) = (D) (1, 21,7+, tn).
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By (C4), it follows that [,v is degenerate if v is degenerate. By (C3), we have
Jo0 = 0], Hence [, induces an endomorphism of H(F) which, by the
next lemma, depends only on the element [¢] of 7;(B, b,).

Lemma D. If two loops a, T 7e;’>resent the same element of 7, (B, by), then [,
and [, are chain homotopic.

The proof of. this lemma will be given in § 10.

Thus, it is clear that m,(B, b;) acts on H(F) as a group of left operators.
So, we may define a differential operator dg on C(B, B,) ® H(F) by taking
dp to be the boundary operator on chains with local coefficients in H(F) as
defined in § 2.

Now we can settle our problem by saying that, if we identify the groups
E and C(B, B,) @ H(F) by means of ¥, then the differential operator 4
coincides with dp. Precisely, this can be stated in the form of the following

Lemma 5.1. The tsomorphism X is a mapping, that is to say, dgX = Xd.

Proof. We shall prove that dg = ¥dX-!. Consider the generator # ® %
of C(B, By} ® H(F) described above. The homology class % € Hy(F) can be
represented by a singular g-cycle

4
[= Z agy,
j=1

where the v;’s are g-dimensional singular cubes in F and the a4’s are integers.
Consider the singular (» -+ g¢)-chain

.
7= X ajM(u, 'Uj)
j=1
in X. By the definition of u and X, z represents the elements
wue f)elr, 1 u® h)e Ep,,

The boundary of the chain z is given by

v b
0z = X Eq (— 1Yeay { A M (u, v5) — ALOM (u, v4) }.

f=1 i=1

If : > p, it follows from (A3) of § 4 that
MM (u, v) = M(u, 23 ,v5), (e =0,1).

Since f is a cycle, the expression

=y

,
Z X (— Day(Adv; — Avy)
=1 i=1
is equal to a linear combination of degenerate singular cubes in F. Hence,
if we neglect the degenerate terms, we can write 0z in the following form:

LA 4
0z = X X (— 1)tay{ AdM(u, v;) — AOM (u, vj) }.

j=1 i=1
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According to (3.2), 0z is a cycle in C?-L. Projecting to the quotient group
(21, 0z represents a cycle of C?-1 and hence an element y of Ej_1,q. By the
definition of d, we have = Y (ue h).

Hence the element X(y) = XdX-1(» ® A} is represented by the cycle
r P
¥ = 2 2 (— iay{ Bp— A M(u, v5) ® Fp_ At M{u, vj) —

fml f=1

Bp-1 A M(u, v5) ® Fp_ A° M(u, vy) }

of Cp-,(B, By) ® C(F) under dp. We have to consider the singular cubes
Bp_2® M(u, v5) and Fp_,A¢ M(u, vg) for © < p. The first is evidently A,
the second is defined by

(F:l)w—lz"is M(%,'Uj)) (t]:' b 'th) = M(%,'Uj) (O;‘ * .:0: g, OJ' 'Y 0; t]:' "ty tq):

where ¢ is at the i-th place. Obviously we have Fp_;4,°M(u, v5) = v;; hence

A

M~

(— 1 { Au®g—Alu® [},

=1

where g; denotes the cycle

4
g = 2 ajFp_lﬂzl M(u, 'Uj)
of C(F). o=l
To determine the homology class of g, let us construct for each ¢-di-
mensional singular cube v in F a (g + 1)-dimensional singular cube Dv in X
defined by

(D6) (6, 1y, Bg) = M(u,0) (0,2, 0,,0,+,0, 13,7+, ),
where £ is at the -th place. Since
(D) (8, by, 1) = (ow) (1),

where gy : I - B denotes the path defined as in § 2, one can easily verify
that the assignment v -~ Dv determines a deformation

D : C(F) »C(X)

covering the path oyu. Since
(Dvg) (0,81, tg) = vslts, =+, Yo),
(Do) (1, by, -+, tg) = Fpmy A M, v7) (b3, o),
it follows that g; represents the element [oyu]h of Hy(F). Therefore, we obtain

X u@ k) = 3 (— 1)1 { Mu® [omlh — A ® b} = dp(u ® h).
i=1

Hence we have ¥dX-1 = dp. 1
As an immediate consequence of the lemma, we have the following
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Theorem 5.2. The isomorphism X induces for. each pair (p, q) of integers
an isomovphism
P #p.q: B2, ~ Hy(B, By; Hy(F))

of EZ,, onto the p-dimensional singular homology group of B modulo B, with
local coefficients in Hy(F).

The isomorphisms sy, ; reveal an important fact, namely that the bigraded
group E2 is the same for all fiber spaces having the same base space B, the
same subspace B, of B, the same fiber F, and the same operations of 7z, (B) on
H(F). Inparticular, ifz,(B) operates simply on H(F), the bigraded group E?
is the same as that of the product space B x F. The deviation from the
product structure is bound up in the deviation of the differential operator
d* from 0.

6. Homology with arbitrary coefficients

In the preceding two sections, we restricted ourselves to integral coefficients
for the sake of simplicity. However, the results can be easily generalized to
arbitrary coefficients as follows.

Let G be an abelian group and C denote the regular g-complex C(X, X,)
of the previous sections. Consider the group |

4dA=CeG
of normalized singular chains of X mod X, with cbefﬁcients in G. Then 4
is a graded group with Ap =Cp® G
and a differential operator @ of degree 1 Define an increasing filtration
{ 4% } by taking 4P — Cr g G,
ThusjA becomes a regular g-complex. We shall study the associated exact

couple %(4) =<D, E;i, i, k>
and its derived couple

CHA) = <D2 E?; 42 j2 E%>,
Since C? is a direct summand of C, it follows that
AP = AvjAr-1 = (2 g G,
Next, let us consider the group
K? = Cyp(B, By) ® C(F) ® G.
Define a differential operator dp on K? by
Airb®® g = (— )22 0f® ¢
for every generator b ® / ® g of K2, Then
Hp1q(BP) = Cp(B, By) ® Hy(F; G),
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where Hy(F; G) denotes the g-dimensional singular homology group of F

with coefficients in G.

~ The homomorphism ¢ of § 4 defines in this case a mapping qp:zii’ - KP
and hence induces the homomorphisms

The lemmas of § 4 imply the following

Theorem 6.1. X, 4 is an isomorphism of Ep,q onto Cp(B, By) ® Hy(F; G).

By the lemmas C and D in § 5, 715(B, by} acts on H(F; G) as a group of left
operators. Let dp denote the boundary operator in C(B, By) ® H(F; G) as
chains with local coefficients in H(F; G). Then, one can easily verify that
(5.1) is also true in this general case. Hence we have the following

Theorem 6.2. The isomorphism X induces for each pair (p, q) of integers an
isomorphism
p %p,q:E‘_g’q %Hp(B, Bﬁ’ .Hq(F; G))

of Ef,, g onto the p-dimensional singular homology group of B modulo By with
local coeffictents in Hy(F; G).

An important special case of (6.2) is that 4 = C(X ) ® G. Then By is empty
and »y, 4 is an isomorphism of EZ,, onto the homology group Hy(B; Hy(F; G))
with local coefficients in Hy(F; G).

Analogous results hold for cohomology with arbitrary coefficients. See
Ex. A at the end of the chapter.

In most of the applications, we shall deal with the case where 7t,(B, by)
operates simply on the homology and cohomology groups of the fiber F.
In particular, this is the case if B is simply connected or if X is a fiber
bundle over B with a pathwise connected structural group, [Serre 1; p. 445].

Now assume that the coefficient group G is either the additive group of
integers or a field. Then the isomorphism %p,q in (6.2) is actually an iso-
morphism of G-modules. If 7,(B, by) operates simply on Hy(F; G), then the
group Hp(B, By; Hy(F; G)) in (6.2) reduces to the singular homology group
with coefficients in H,y(F; G) in the usual sense. Hence, by the Universal
Coefficient Theorem, [E-S; p. 161], we obtain the following

Theorem 6.3. If m,(B, b,) operates simply on Hy(F; G), then
E2,, ~ Hy(B, By; G) ®¢ Hy(F; G) + Torg(Hp-(B, By; G), Hy(F; G)).

The torsion product Torg has the important property that Torg(L, M) =0
if L or M is a free G-module, [E-S; p. 134]. Hence we have the following

Corollary 6.4. If Hy (B, By; G) or Hy(F; G) s a [ree G-module, then
EZ,, ~ Hyp(B, By; G) ®a Hy(I'; G).
Note that the hypothesis of (6.4) is always true if G is a field.
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7. The spectral homology sequence

Let us consider the regular 9-complex

A=Co6G, C=CX, X,
of the preceding section. As in (VIII; § 4), we denote by

qgn(A) =< Dn En; ]'n, k>
the successive derived couples of the associated exact couple #(4) = #4(A)
of A. Then, E* is a bigraded differential group with d» = jrk» as differential
operator and is the #n-th term of the associated spectral sequence

(Evin =12}

of € = ¥(4), which will be called the spectral homology sequence of the
fiber space X modulo X, over the coefficient group G.

Since 4 is a regular §-complex, we may apply theresults of (VIII; §§10-11).
In particular, - H(€) = #(4) = H(X, X,; G).
Then H(X, X,; G) is filtered with E® as its associated graded group; more
precisely,
Hip(X, Xo; G) = Hm, ()= Hmn(€)2 -2 Ho,m(€) > H 3, mus(€) =0,

Hp, ()| p-1,44:1(F) ~ E;(:q-

Hereafter, we sifall use the notation Hy, (X, X; G) = #p, 4(€).

For further studies in this section, we have to specify whether or not X,
is empty. Let us first consider the case that X, is empty.

According to (VIII; § 11), Ry(€) = 5#4(AY). A singular cube #% in X is of
weight w(x) =0 if and only if the image of wu is a single point. Since all

vertices of # are assumed at x,, this single point must be b, and hence # is
in F. Therefore, A° = C(F) ® G. Then it follows that

Ry(®) = Hy(F; G).
Next, Sp(%) = s#p(4) with Ay = Ep, .. However, by means of X,,,, we

may identify Ep,, with Cy(B) ® Hy(F; G). Since F’is pathwise connected,
Hy(F; ) may be identified with G on which 7,(B) operates trivially. Hence

A = C(B)@Gand Sp(%) = Hp(B; G).

Then, we may apply the results of (VIII; § 7) and obtain the followmg
two commutative triangles

Hy(F; G) 2 H/(X, G) Hy(X; G) —2 (B, G)
N4 NI
B Egy

where 0y, wy are induced by the inclusion §: F = X and the projection
w: X - B, the »’s are epimorphisms, and the ¢'s are monomorphisms. It is
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an immediate consequence of these triangles that H,o(X; G) is the image
of 0, and Hyp_; (X ; G) is the kernel of Wy

It remains to study the case that X is not empty Then F < X, One can
easily see that 4° = 0 and hence Ej, = 0 = Eg ;in partmular Rq(%) = 0.
On the other hand, we have

Sp(®) = Hyp(B, By; G).
Thus, we still have a non-trivial commutative triangle

HXXM%Wé%Bmﬁ)

N’

The kernel of w, is Hp-q,1(X, Xy; G) and the image of w, is isomorphic
to EJ, :
S1m1larly, one can study the spectral cohomology sequence. See Ex. B.

8. Proof of Lemma A

We shall prove the lemma by induction on the integer g.
First, assume that ¢ = 0. Then the singular cube v reduces to the point x, ;
~ and the problem reduces to constructing, for each singular cube #: I? - B,
a singular cube z = M(#u, v) : I? > X such that wz = u. "

Let V,denote the leading vertex (0,- - -, 0) of I?. Since V, is a strong de-
formation retract of I?, we may apply (III; 3.1) and obtain a map y: [? - X
such that wy = u and y(V,) = %, Let ¥, denote the various vertices of I?.
Since #(V4) = b, and wy = #, it follows that y(V,) is a point of I, Since F
is pathwise connected there exists a path g, : I - F such that 6,(0) = y(V)
and o,(1) = x,.

Let Q denote the subspace of I? which consists of all vertices of I?. Define
a homotopy f;: I? - B, (0 <¢ < 1), anda homotopy g:: @ ~ X, (0 <Z <1),

by takin
y e : fo=u gV = )
for every ¢ € I and every vertex V, of I?. Then we have

g=y10 owg=F|0

for evé“ry t e I. According to (I11; 3.1), there exists a homotopy g I? > X,
(0 <t < 1), such that :

- — * b J—
for every te 1. £o Y, 8t _gt | @, wg ft

Let 2 = g,*. Then zis a singular cube in X with all vertices at %y and such
that wz = . This proves the lemma for g = 0.

Next let ¢ > 0 and assume that we have constructed M(u, v) for all u
and all v with dim (v) < ¢ satisfying the conditions of the lemma. We are
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going to construct a singular cube z = M(u, v) for a given pair of singular
cubes % : I? - Band v: I? - F as follows.

To construct the singular cube z = M(x%, v), let us first dispose of the
special case where v is degenerate. Then v does not depend on the last variable
and 4,%(v) = A¢'(v). Define z = M(u, v) by means of the formula:

Zty, o, tpag) = M(u, A) (8,0 -+, bprg—1)-

We have to verify the conditions (A1)-(A5) of the lemma. The conditions
(Al), (A4) and (A5) are obviously satisfied. The condition (A2) is verified
as follows: '
sz(t;_,' e, tp) = CUZ(_tl,’ . ',. tp, 0,‘ e, O)
= wM(u, Ag%) (t;,- . 1,0, -+, 0)
=ty -, tl);
sz(tl’. tq) — Z(O,' .. 0) tl:' <. tq)
m M(%, Z,qe'v) (O,' tt, 0, tl,' Tty tq,..l)

= Aqov(t1,° Yy, tq_]) = ‘U(tl,' T, tq).

To verify the condition (A3), we consider two cases. If 1 = ¢, then we
have :

3';-%92' (b m v s tpag—y) = 2{ty, 00, tp-q-1, &) '
= M(u, Ag™) (1, *, bprg—y)-
If + < g, we have

;t;ﬁz {1 s tpag) = 2ty bpaiys & bpais 7, tpig—1)
= M(u, 2%) (b1, ) tpsi-1 & bpsie* * * s Epagy)
= };H M(u, 2%) (¢, ) tpig—s)
= M{u, AP2%) (£, *, tpsg-a).

On the other hand, since ¢ << ¢ and v is degenerate, it follows that ;% is
also degenerate and so is M (#,4;°0). Therefore, we have

. M(M, /’l'iev) (tl:' T Z‘[’£‘9+Q'—1) = M(%, ’liev) VAPRR tZ’+Q"2'J0)
= l§+q-1 M(u, Av) (4, **, bpags)

= M(u, 22—1}-?78”) (b2 "5 tpag—a)-

Since 4;°A% = /'Lg_llfv, this completes the verification of the condition (A3).

It remains to construct z = M (u, v) for a non-degenerate v.

Let P=JIpt¢ = J?» x J¢ and Q =V, x I7U I? x 312, where V, denotes
the vertex (0,---,0) of I? and 019 the set-theoretic boundary of 7¢. Then
is contractible, because it is clearly deformable into ¥V x I? UV, x 014 =
Vo X 12 which is contractible. Hence,  is a strong deformation retract of P
and we may apply (I1I; 3.1) once again.
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Define maps /: P > B and g: Q - X as follows:

fEy, =+ tp, S1pe* s Sq) = ully,* ++, p);
g(0,--+, 0,81, %, 8g) = v(S,"**, 8g), onVy X I?;
gt Ipy Sp** *s Sicts & Sir***, Sge)

= M(u, Afv) (8.7, bp, Sy, *, Sg—g),0n 12 X ole,

It is straighforward to verify that g is one-valued and hence, by (1; 3.1),
g is continuous. Besides, it is obvious that wg = /| Q. Therefore, according
to (II1; 3.1), there exists a map z: I?*¢ - X such that wz = fand z | Q = ¢.

Since ¢ > 0, Q contains all vertices of /2+¢. This implies that z = M (u,v)
is a singular cube in X with all vertices at x,. The conditions (Al) through
(A5) are all obviously satisfied. This completes the inductive construction
of M(u, v) and proves the lemma.

9. Proof of Lemma B

The proof of this lemma is analogous to that of Lemma 4 and is based
on a construction % - Dgu by induction on the integer ¢. It will be sketched
as follows.

First assume that ¢ = 0. Let

P=Jrti=Jox], Q=12 x0)VU{T,xH)U{IP x1)<= P

where ¥V, denotes the leading vertex (0,---,0) of /7. Then @ is a strong
‘deformation retract of P. Define two maps f: P > Band g : Q - X by taking

f(tl,”',tp,t)’:Q)M(tl,"',tp), OHI?XI;
glty, ,0p,0) = ully, -, tp), onl? x 0;
g(0,-++,0,8) = x, onVy x I;

g(tlﬁ'.')tﬂ: 1) = M(Bpu;Fp%) (t]," ’,tp), on IZ) x ].

Applying (II1; 8.1), we obtainamapv : P > X such thatwv = fandv|[Q =g.
Since Q contains all vertices of P, v is a singular cube with all vertices x,.
Let Dyu = v and the conditions (B1)-(B7) are obvious.

. Next let ¢ > 0 and assume that we have constructed Dyu for every u
with w(u) < and dim(#) < p + ¢. Now let # be a singular cube in X
with w(#) < ¢ and dim(s) = p + ¢. To construct v = Dpu, let us dispose
of the special case where  is degenerate. Then « does not depend on the last
variable and A, u = A}, u. Define v = Dyu by taking

O(fy, 0, bpaged) = Dplgm“ (b s tp1g)-

By means of the hypotheses of induction, one can easily verify the conditions
(B1)-(B7).
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It remains to construct v = Dyu for a non-degenerate » with w(u) <4
and dim(#) = p + ¢. For this purpose, let
P = Jp x I wx Ia mII)+Q+1,
Q={I?x0xXIOU(I?x1xI) UV, xIxI)U({?xIxdald,
where V,, denotes the leading vertex of I? and 01¢ the set-theoretic boundary
of I4. Define two maps f: P - B and g : Q — X by taking
f(t]:' "y tp’ £, Spt s SQ) = Bﬂu’(tl:' "y tp)'
g(tli' "t tp: O) S]_;. * Sq) == u(t}}' ) tP} 813. ) SQ):
g(tl" "ty tiﬂi 1, Sttty SG.’) = M(Bpu’ Ffpu) ('J‘IJ' crylp, Sp,t SQ):
g(O,' "ty O: t: 31:. Y, Sq) = %(0,' Y, 0: 81;. Y Sq) = Fjl)u(sly' T Sq):
g(tls. v tf[b t 811' Yy S‘i-—]_: 8: S’l‘:)' Tty Sq-—]) =
Zpﬂu ((pm o tpy 8,80, " * %y Sg—1)-
Since Q is a strong deformation retract of P and wg = f | Q, there exists a
map v : P - X such that wv = fand v | Q = g. Since () contains all vertices

of P, v is a singular cube with all vertices at x,. Let v = Dyu and the con-
ditions (Bl) through (B7) can be easily verified. This completes the proof.

10. Proof of Lemm_a-s Cand D

To prove Lemma €, we consider ¢ as a singular l-cube in B. For each
singular z#-cube v in F, we take

Dy = M{o, v)

given by Lemma A. Then Dy is a singular (# + 1)-cube in X. The assign-
ment v - D,v defines a homogeneous homomorphism

Dy : C(F) = C(X)

of degree 1. The conditions (Al)-(A4) imply the conditions (C1)}-(C4). This
proves Lemma C. |

To prove Lemma D, let ¢, v be two loops in B representing the same
element of 77,(B, b,). Then there exists a singular 2-cube % : I2 - B such that

w(0,8) = by = u(1,8), ult,0) =olt), ult,1) =zt

for each e I. Let D, and D, be deformations of C(F) covering the paths ¢
and 7 respectively. For each singular #-cube v in F, we shall construct a
singular (n + 2)-cube Qv in X satisfying the conditions:
(D1) w(Qv) <2.
(D ) ByQv = u.
(D3) A,°Qu(t, ty,- -, tn) = v(ty," -, tn).
(D4) lonv = Dgv; A,3Qv = Dy,
(D5) Qﬁ.zv =A0v,(e=0,1;¢=1,-+,n).
(D6)

6) If v is degenerate, so is Qv.
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The cube Qv will be constructed by induction on the dimension # of v.
First assume # = 0. Then v reduces to the point x,. Consider the subspace

| 4:(I><0)U(I><1)U(O><I)
of I? and define a map f: A - X by taking
14,0} = Dyu(), f(t,1) = Dw(t), [f(0,8) = x,
for every ¢ € I. Since wf = u | A and since 4 is a strong deformation retract
of I2, f has an extension g:I?-> X covering ». We define Qv to be the
singular 2-cube g. The conditions (D1)-(D6) are obviously satisfied.
Next assume that # > 0 and that Qv has been constructed for every

singular cube v in F of dimension less than #. Let v be a singular cube in F
of dimension #; we are going to construct Quv. If v is degenerate, we set

Quis, b, 2y, " tn) = QAn%0(s, ¢, £y,° ) tny).
If v is non-degenerate, let us consider the subspace
A=(Ix0xIMUI x1 xIn)U (0 xTIxIvyU({I xIxoIn

of In+2 = J2 x J» and define two maps f: 4 -~ X and ¢: I > B by
setting

b(s, 8,8y, 07, tn) = ufs, 8},

F(s,0,8, . tn) = Dov(s, ty," -+, tn),

f(s, Ly, -, tn) = Dov(s, 2y, * -, ta),

F00, 8, 8, b)) = v(ty, ), tn),

F(s, 8, 80,0, tiey, & beym v o tnmy) = QAU(S, 4, by, 0, tnmy)-
Since wf =¢ | A and 4 is a strong deformation retract of /#*2, f has an
extension g : I#+2 -~ X covering ¢. We define Qv to be the (n + 2)-cube g.
The verification of the conditions (D1)-(D6) is left to the reader. The in-

ductive construction of Qu is complete.
Now consider the endomorphisms

Jo J«: C(F) »C(F)

defined by the deformations D,, D, respectively. Let K denote the homo-
geneous endomorphism of C(F) of degree 1 defined by

(K'U) (tx tl’. y tn) =. (Q'U) (ls t: tl;' ) tﬂ)
for each singular cube v : I* - F. Then, one can easily verify that
0Kv + Kdv = Jv — Jov.

Hence, J, and J; are chain homotopic. This completes the proof of Lemma D.
Remark. If X is a bundle space over B with respect to the projection
w : X - B, then the proofs of the lemmas A-D can be simplified as follows.
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For a given singular cube #:I? + B, one considers the bundle space U over
I? induced by #. By a theorem of Feldbau [S; p. 53], U is equivalent to
the product space I? X F and hence the constructions can be easily carried
out in U instead of X.

11.- The Poincaré polynomials

‘Throughout this section, let G be a field. We shall consider vector spaces
M over G graded by the spaces My; the dimension of M, is called the p-th
Betti number of M and is denoted by R,(M). Then M is of finite dimension
iff the Betti numbers { Ry(M) } are all finite and only a finite number of
them are different from zero. We assume once for all that, unless there is a
statement to the contrary, a given graded vector space M is of finite di-
mension over G and M, =0 if p < 0. For such an M, we define the
Porncaré polynomial p(M) and the Euler charvacteristic X(M) by

Y(M) = Z Ry(M)tp, 2M) — = (— 1)PRy(M).
P P

A few elementary properties of the Poincaré polynomials are listed as
follows. Proofs are left to the reader.

(1) If L is a subspace of M and N = M/L, then 9(N) = w(M) —(L).

(2) For any two graded vector spaces M and N, we have p(M ®¢N) =
P(M)p(N). -

(3) If M is a graded vector space with a linear differential operator
d:M — M of degree — 1, then we have p(#(M)) = p(M) — (1 +-t)p(d(M)).

For any two polynomials f and g, the symbol f < g will mean that g — f
is a polynomial with non-negative coefficients.

(4) Let M be the same as in (3). If L is a subspace of the graded vector
space M such that L N d(M) =0, then N = L N Z{M) is isomorphic to the
subspace of 5#°(M) represented by the cycles N and y(L) — u(N) < tw(d(M)).

(9) Let M be the same as in (3). If L is a subspace of Z(M) and N denotes
the subspace of 5#(M) represented by the cycles L, then we have (L) —
() <p(d(M)).

Let (Y, Y) be a pair of a space Y and a subspace Y,of Y. If H(Y, Y,; G)
1s of finite dimension, then its Betti numbers, its Poincaré polynomial, and
its Euler characteristic will be defined to be those of the pair (Y, Y,) over G
denoted by Ryp(Y, Yy; G), (Y, Y,; G), and X(Y, Y,; G) respectively.

Now let us consider the spectral homology sequence of § 7. Assume that
7ty (B, by) oprates simply on H(F; G) and that H(B, B,; G) and H(F; G) are
of finite dimension. Then we have the following two theorems:

Theorem 11.1. Ry, (X, X; G) < 2 Rp(B, B,; G)R,{(F; G).

p+Hg=m
Theorem 11.2. (X, X,; G) = X(B, By; GX(F; G).

In words, (11.1) states that the Betti numbers of the fiber space X cannot
be greater than those of the product space B x F and (11.2) states that the
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Euler characteristic of the fiber space X is the same as that of the product
space B x F.

These two theorems are immediate corollaries of the general theorem below
on Poincaré polynomials. Since H(B, B,; G) and H(F, ) are assumed to
be of finite dimension, their Poincaré polynomials are of the form:

(B, By; G) = bl + byt + -+ + b, (B >a >0),
PEF;G) =14 ¢yt + 652+ -+ + 8", (y =0).
We shall also consider the following four polynomials:
P = ba+2t°'+2 SR bﬁtﬁ, Q = bgf® 4+ bp_ztﬁ*z,
U=cif+cgd?t-tctt, V=1+ct+ -+ cpyft

If M is a vector space over G bigraded by the subspaces My, 4, then M can
be graded by means of the total degree p + ¢ and its Poincaré polynomial
(M) is defined in terms of this grading. Now let

A= 3 dn(Ew).
n>2

Then A is a bigraded vector space over G of finite dimension. The general
theorem mentioned above can be stated as follows.

Theorem 11.3. If H(B, By; G) and H(F; G) are of finite dimension, then
so is H(X, X ; G) and its Poincaré polynomial ts given by

X, X 03 G) = p(B, By; CWp(F; G) — (1 + Hy(d).
Furthermore, the polynomial w(A) satisfies the following inequalities:
- p(d) <PV, ywd) <QU.
Proof. Consider the spectral homology sequence of § 7. By (6.4}, we have
E2 ~ H(B, By; G) ¢ H(F; G).
This implies that E* is of finite dimension and so is H(X, X,: G). According
to (2), we have W(E?) = p(B, By; C)u(F; G). |
P(EW) = p(E) — (1 + Qpldn(EN)).
Hence it follows that
X, X3 G) = p(E=) = p(E?) — (1 + thy(4).

This proves the first part of the theorem and it remains to establish the two
inequalities.
For each # > 2, consider the subspace

Mnr = S E, + L E0,,, + S E},
q q P

By (3), we obtain
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of E™. Since d* is of degree (— #n, n— 1), every element of M» is a cycle
and hence we have the epimorphisms

M2 M3 s oo > M0 5 Mrtl 5 oot 5 M
By (5), we have P(Mm) — (MP+) < g(dn( En))

for each # > 2 and hence .
(M%) <p(M=) + p(d) <p(E®) + p(4)
- =p(ER) — (1 + fy(d) + p(4)

= p(E?) — ().

Since clearly we have
M2~ [Ho(B, By; G) + Hay1(B, Bo; G) 106 H(F; G) + H(B, By; G) ®¢ H,(F; G),
it follows that v(M?) > y(E?) — PV, Hence we deduce

p(d) <PV,
Next, let us consider, for each # > 2, the subspace
Nt =X Ep,,+ ZE;, + X E}
q q 4
of E”. No non-zero element of N# can be a boundary under 4# and hence
we have the monomorphisms
N®s oo 5 Notl o No» oo 5 N3 5 N2

By (4), we have
PV®) — (N 1) < dyp(dn(E™))

for each # > 2 and hence we obtain
PN <p(EY) —yp(d)
as before. On the other hand, we have
p(V?) > y(E?) — QU.
Hence we obtain p(A4) < QU. I
Corollary 11.4. R;,(X, X; G) = Ry(B, By; G) R,(F; G).
Rpiy-1(X, Xo; G) = Rg(B, By; G) R3—y(F; &) + Rg—(B, B,y; G)Ry(F; G).

As an application of (11.3), let us study the fiber spaces where the base
space and the fiber are homology spheres over G. For this purpose, let us

assume that WB;G) =1+t2, pF;G) =1+nu

with > 1 and ¢ > 0. Leaving aside the critical case ¢ = p-— 1, the
Poincaré polynomial of X over G is completely determined by B and F:

Proposition 11.5. (X ; G) = (1 + ) (1 +10) if g £ p— 1.
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Proof. P =17, Q = 1, U =14,V = 1. According (11.3), we have
P(X; G) = (1 + 1) (1 + 18 — (1 + t)p(4)
with p(4) < -1 and p{d) <te. Since ¢ #p—1, the latter conditions on
w(4) imply that p(4) = 0.1
For the critical case g = p— 1, the conditions on y(d4) imply that either
w(4) = 0 or p(4) = t#-1. Hence we obtain the following ‘

Proposition 11.6, If ¢ = p — 1, then p(X; G) is either (1 + t2) (1 4 ¢P-1)
or 1 ++ 271,

A consequence of (11.5) and (11.6) is that the only possibility for a homo-
logy n-sphere X to be a fiber space over a simply connected homology
p-sphere B with a homology g-sphere F as fiber is the critical case g = p — 1
andn = 2p —1, [S; p. 145]. Examples for p = 2, 4, 8are the Hopf fiberings,
(I11; § 5). ,

12. Gysin’s exact sequences

Let G denote either the additive group of integers or a field. Assume that
~ the fiber F is a homology #-sphere for some # > 1 and that 7, (B, b,) operates -
simply on the total homology group H(F;G) and the total cohomology

group H*(F; G). Then we have the following .

Theorem 12.1. There 1s an exact sequence
coo 2% Hoo (B, By G) 22> Hyyo(B, By; G) 2> Hyy(X, X3 G) =2
H,(B,B,;G) S oL

called Gysin's homology sequence, where w, 1s induced by the projection
W :.(X’ XO) - (B’ BO)

Proof. Since F is a homology #-sphere, it follows that E? contains only
two columns which might be non-trivial, namely

Efp;o ~ Hy(B,By:G), Ef;,r ~ Hp(B,B,;G) ®¢ Hr(F;G) ~ Hy(B, By; G).

Applying (VIII; 8.3) and the commutative triangle at the end of § 7, we
obtain the theorem. |
Similarly, one can establish the following

Theorem 12.2. There ts an exact sequence
. ' s Hm(B, By;G) 2> HM(X, X,;G) L Hm~1(B, B; G) +—
Hm (B, By; G) 2, ...
called Gysin’s cohomology sequence, where w* 1s induced by the projection
w (X, X,) » (B, By)-
If B, = 0O, then HYB; G) ~ G. Let s = ¢*(1) € H*1(B; G). Then it can
be proved that $*(x) =xUs=sUx
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for every x € Hm—"(B; ) and that 2s = 0 if 7 is even. Since this result will
be used only in the present section, the proof is omitted. See [Serre 1;
p- 470].

As an application of Gysin’s sequences, let us consider the fiberings of
spheres by spheres and study the structure of the integral cohomology ring
of the base space. For this purpose, assume that X itself is a homology
n-sphere for some # > 7 and consider the cohomology ring H*(B). By the
exactness of Gysin’s cohomology sequence, we deduce that the homo-

morphism | ¢* : Hm—7-YB) - Hm(B)

is a monomorphism if m =0 or m = #, is an epimorphism if m =1 or
m = n -+ 1, and is an isomorphism for other values of m. It follows im-
mediately that

Hn(B) ~Z, m=0mod (v + 1), 0 <m <n,
Hm(B) =0, ms=0mod (r + 1), 0 <m < n.
The structure of H™(B) with m > #» depends on the relation between #

and 7. If n=pr+1)+gq 0<Lg<r,

then it is easy to verify that the cohomology ring H*(B) is generated by
three elements 1 € HY(B) ~ Z, s = ¢*(1) € H™*(B), and ¢ € H*(B) with w*(¢)
as a generator of H?(X) a Z. More precisely, the cohomology group H*(B)
is free abelian and has a free basis

(12.3) {1,s,8% - ¢ st s¥%,- -},
where juxtaposition denotes cup product. If

n=pF-+1) +7
we have to consider the exact sequence
0 - Hr(B) 2> Hn(X) s Hpe+D) (B) £ Hn+1(B) 2 0,

where we have H?(X) ~ Z and HPU+)(B) ~ Z. Since H*(B) is isomorphic
with a subgroup of H»(X), it follows that either H®(B) ~ Z or H*(B) = 0.
If H*(B) ~ Z, it follows that * = 0 and hence w* and ¢* are both iso-
morphisms. In this case, H*(B) is free abelian and has (12.3) as a free basis.
If H»(B) = 0, then it follows that H»+(B) is a cyclic group of finite order
k& > 1. In this case, the groups H™(B), m > n, are given by

Hn(B) ~ Zr, m=0mod (r + 1),

H™B) =0, wms=0mod (r + 1).
Hence H*(B) has a system of generators
(12.4) {1,8% -},

where st is free if 7 < p and s? is of finite order 2 if 7 > p.
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13. Wang’s exact sequences

Let G denote either the additive group of integers or a field and assume
that the base space B is a simply connected homology #-sphere over G for
some 7 > 2. First, let us consider the case By = 0.

Theorem 13.1. There is an exact sequence
I Hopyia(F 1 G) 22> Hyy(FG) 22> Hyp(X; G) 2> Hypo(F ; G) 22
called Wang's homology sequence, where 0, is induced by the inclusion §:F< X.

Proof. Since B is a homology #-sphere, it follows that E? contains only
two rows which might be non-trivial, namely ‘

E2, ~ Hp(B; G) @c Hy(F; G) ~ Hy(F; G), (p =0,7).

Applying (VII; 8.1) and one of the commutative triangles in § 7, we obtain
the theorem. |
Similarly, one can establish the following

Theorem 13.2. There is an exact sequence
s (X G) L H(F;G) L Hmr(F;G) S HPH(X, G)
called Wang's cohomology sequence, where 0% is induced by the inclusion
6. Fc X.
The homomorphisms p* define an endomorphism
" ¥ : HYF; G) ~ H*(F; G).

According to Leray, this endomorphism p* is a derivation if 7 is odd and an
anti-derivation if 7 is even, that is to say,

prxUy) = p*(x) Uy + (— )02 2 U p¥(y)

for each » € H?(F; G) and y € H*(F; G). The proof of this result is left to the
reader. [Serre 1; p. 471].

Next, conszder the case By = b, and hence X, = F. Sifice Bis a homology
y-sphere, Hy(B, by; G) &~ G and Hu(B, by; G) = 0 for m # 7. Then E? and
E*2 contain only one row which might be non-trivial, namely

El, ~ Hy(F;G), E:g ~ HUF;G).
Hence, by (VIIL; 8.1) we obtain the following
Theorem 13.3. For every integey m, we have
HuX,F;G) ~ Hp4(F; G), H™X,F;G) ~ H""F;G).
As an application of these theorems, let us consider the fiber space
= [B; B, b,]
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over B with the initial projection w : X — B as defined in (III; § 10). Then
h
we have F = [B; by, by].

Since 7;(B) = 0, it follows from (IV; §2) that F is pathwise connected.
Therefore, we may apply (13.1) to this case. Since X is contractible, we

obtain
Hn(F) &~ Hpyr44(F)

for every m > 1. Together with Hy(F) ~ Z, this implies the following
theorem of Morse.

Theorem 13.4. If B is a simply connected homology r-spheve and F =

B; by, by, th . '
LB bar bol, then Hu(F) ~ Z if m=0mod (v — 1),
Hup(F) =0 if m=E£0mod (r — 1).
For another application, let us consider the sphere bundles over spheres.
Assume that the fiber F is a homology s-sphere for some s > 1 and consider
the integral homology groups Hpy(X).

Assume that s > 2. Then, by the exactness of Wang’s homology sequence,
we deduce that the induced homomorphism

Oy : Hn(F) > Hp(X)

is an epimorphism if m =7 —1 or m = 7 4+ s —1, is a monomorphism if
m = v or m =7 - 5, and is an isomorphism for other values of m. Therefore,
1t remains to compute Hy,(X) for the four critical valuesy — 1,7, 7 +5s— 1,
v + s of m.

First, let us compute Hy(X). If r — 1 5 s, then it follows that

Hy(X) = 04 [Hr(F)] =0

since F is a homology s-sphere. If # — 1 = s, we define a numerical invariant
%k of this fibering as follows. Consider the homomorphism

P+ Ho(F) > Hs(I).

If p, =0, then k1is defined to be zero; otherwise, the quotient group Hs(F)/
pxlHo(F)] is a finite cyclic group and % is defined to be the order of this
finite cyclic group. Hence, if » — 1 = s, we have

zZ, ifk =0,

Hr (X)) ~
r1() {z,g, if & # 0.
Next, let us compute Hy(X). From the exact'seque'nce

0L, HT(F) AN HT(X) I, HO(F) By 0,
it follows that Z, if7 s,

Z+ Z, ifr = s.

Hi{X) ~ {
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Then, let us compute Hy,s.1(X). Since » > 1, we have Hys_,(F) = 0.
Hence, we obtain Hypsy(X) = 0%[Hy 5 4(F)] = 0.
Finally, let us compute H; 4(X). In the following exact sequence
Hyys(F) =2 Hy.s(X) 2> Hy(F) L2 Hris-1(F),
)

we haVE .HT.;.s(F) = 0 == Hr+8-1(.F
| Hy ool X) ~ Ho(F) ~ Z.

and hence

For the remaining case s = 1, the induced homomorphism

is an epimorphism if m = # — 1, 1s @ monomorphism if m =7 4 1, and is
an isomorphismifm < # — 1 orm > # + 1. Therefore, it suffices to compute
the group Hyp(X) for three critical values of m, namely, m =7 — 1, #, and
7 + 1. The computation is similar to the case s > 1 and hence is left to the
reader. _

Note that the same results can be obtained by using Gysin’s homology
sequence instead of Wang’s homology sequence.

14. Truncated exact sequences
: | £

Let G denote either the additive group of integers or a field. Assume that
X, = 0 and that , (B, b,) operates simply on H(F;G).

Theorem 14.1. If Hy(B, G) =0 for 0 <m < p and Hup(F; G) =0 for
0 < m << q, then we have an exact segumce ‘

Hp'sgrF5 G) 22 + - Loy (F G)- 22 Hon (X3 G) 22 Hn(B; G) > Hrmey (F3 G)
22 HL(B;G) < H,(F;6) 2> H(X;G) “*> H,(B;G) => 0

where 0y and w, are induced by the inclusion § : F < X and the projection
w: X - B, and T is called the transgression.

Proof. According to (6.3), we have
E}; ~ HyB; G) ©¢ Hy(F; G) + Tore[H;-((B; G), Hy(F; G)].

Therefore, E?, = 0if £ 520, { % 0, and 5 + j < + ¢— L. It follows that,
for each total degree m with 0 <m < p + ¢— 1, E? contains only two
terms which might not be zero, namely,

E% ~ Hp(B;G), E},~ Hn(F;G).

According to (VIII; 8.5}, we have a fundamental exact sequence in which,
by the results in (VIII; § 7), one can verify the assertions about the homo-
morphisms 0, w,, and T. 1 '
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Corollary 14.2. If Hy(F; G) = 0 for each m > 0, then wy : Hp(X; G) &~
Hu(B; G) for each m > 0.

Proof. Apply (14.1) with » = 1 and ¢ = co. |

Corollary 14.3. If Hu(B; G) = 0 for each m > 0, then 8, Hm(F G) ~
Hpu(X; G) for each m > 0.

Proof. Apply (14.1) with p = o0 and ¢ = 1. 1

Corollary 144, If Hy(X) =0 for each m >0 and Hp(B; G) =0 for
0 <m < p, then we have T:Hu(B; G) ~ Hp(F; G) for 2 <m < 2p — 2.

Proof. Applying (14.1) with ¢ = 1, we find that Hp(F;G) =0 for
0 <m < p — 1. Then, apply (14.1) again with ¢ = p — 1. |

Similar results hold for cohomology groups.

}
15. The spectral sequence of a regular covering space

Let X be a pathwise connected regular covering space over a Iocé.lly
pathwise connected base space B with a projection

w:X->B

in the sense of (I1I; § 16). Then it follows readily that B is pathwise con-
nected and X is locally pathwise connected. Pick a basic point %, e X and
call b, = w(x,) the basic point in B. Then the basic fiber

F = w(b)
is discrete and w induces a monomorphisrﬁ
Wy 17y (X, %) ~>7ty(B, by).
Since X is a regular covering space over B, the image
X, %) = wyfm(X, %)]
is an invariant subgroup of 7,(B, b,) and the quotient group
7 = 70y(B, bo) [X(X, %)

~acts on X as a group of right operators; see (III; 16.6). If £ # | is any
element ins, then & is a homeomorphism of X onto itself without fixed point.

Let W be a contractible (finite or infinite) simplicial complex (with weak
topology) on which 7 acts freely as a group of simplicial homeomorphisms.
For the existence of such a complex, see (VI; Ex. I). Let P denote the orbit
space W/m with projection 7. W - P. Then P is a space of the homotopy
type (@, 1) and 7 is the universal covering.

Following a procedure introduced by Ehresmann, we shall construct a
space Y as follows. Let m operate on the left of the product space W x X by

E(w, x) = (8w, 2871, Efem,weW,xeX.



286 IX, THE SPECTRAL SEQUENCE OF A FIBER SPACE

Then Y is defined to be the orbit space (W x X)/n. Define two maps
P«—WxX->B

by taking I(w, ¥) = 7(w) and #(w, x) = w(x). Since obviously /£ =/ and
r& = r for every £ ez, they induce two maps

Pé—LY—-&e-B

One can verify that the maps A:Y -~ P and p: Y — B are fiberings in the
sense of (III; §3). In fact, ¥ is a bundle space over P with X as fiber and 1
as projection, and Y is-also a bundle space over B with W as fiber and p
as projection. These will be called the bundle spaces associated with the regular
covering space X over B.

Let G be an abelian group on which  acts as left operators. Since P is a
space of the homotopy type (=, 1), it follows from (VI; Ex. G)

Hulw: G) = Hu(P; G), Hm(zm; G) — H™P; G)

with local coefficients in G.

Throughout the remainder of the section, let G denote an abelian group
on which the group 7 operates simply.

First, consider the associated fibering p : Y — B. Since the fiber W in this
fibering is contractible and hence acyclic, it follows from (14.2f that
ps : Hm(Y) &~ Hp(B) for each m >0 and therefore

(15.1) pe Hu(Y; G) ~ Hn(B; G), (m >0).

Next, consider the associated fibering A: Y — P with fiber X. According
to § 6 and § 7, this fibering determines a homology exact couple

%:<D1E:i;]:k>

and a spectral homology sequence { E# } which will be referred to as those
of the regular covering space X over B.

According to § 5, the fundamental group 7,(P, p,) ~ = acts on H (X; G)
as a group of left operators. Hence, by (6.2), we have

(15.2) B3, ~ Hp(P; Hy(X; G)) = Hplm; Hy(X; G));

and, by § 7, the group #(%) = H(Y; G) ~ H(B; G) is filtered with E®
as its associated graded group. More precisely, we have

Hu(B;G) = #m,o(€) @ Hm1,1(€) 22 #Hom(€) 2 H 4,mn(?) =0,
_ ‘%’?»Q(%)/'%ﬂp‘"'lsQ“Fl(%) E;c:q

Furthermore, we have '

Ry(€) = Hy(X; G), Sp(¥) = Hpl7; G)

together with two commutative triangles
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Hy(X; G) =2~ HyB; G)  Hy(B;G) -
\ ! / \ /
E5) Egy
where w, is induced by the projection w:X - B, u, = A,p;1, the »’s are
epimorphisms, and the ¢'s are monomorphisms; u, will be called the
natural homomorphism. As immediate consequences, 5, 4(%) is the image

of wy and H#p_,, (%) is the kernel of u,.
Similarly, we have the cohomology exact couple

G* — <D*, E*; ¢%, j* k¥ >

and a spectral cohomology sequence { E*# } of the regular covering space X
over B. In particular,

(15.3) E* ~ H¥P; H¥YX; G)) = H*n; H*(X; G))
and 3¢ (€*) = H*(B; G) is filtered with E*® as 1ts associated graded group.
Furthermore, Ry(%%) = HYX; G), Sp(¥*) = HP(n; G)

and we have two commutative triangles

H(B; G) "> H(X;G)  Hr(n; G) "> H?(B; G)

NS NS

By Ey3

0.9

with properties analogous to those in the homology case. If ¢ is a commu-
tative associative ring with unity element, then (15.3) is a ring isomorphism.

16. A theorem of P. A, Smith

In the present and the following two sections, we shall give a few of the
applications of the spectral sequences obtained in § 15.

Theorem 18.1. I} a discrete group s acts freely on a locally contractible

acyclic space X of finite dzmenswn then ; has no element of finite order other
than 1.

Proof. Assume, on the contrary, that & has an element & of order » £ 1.
The subgroup of 7 generated by § is a cyclic group of order # and acts freely
on X. Thus we may assume that n itself is a cyclic group of order 7. Let
B = X/n denote the orbit space. Then X is a regular covering space of B
with z as quotient group. This implies that B is locally contrac‘mble and
finite dimensional.

Let G = Z be the addltlve group of integers and let 7z operate simply on
G. Consider the spectral homology sequence of § 15. Since X is acyelic, it
follows that EZ  ~ Hp(n) and Ej =0 if ¢ # 0. Then, by (VIII; 8.3),

we obtain Hp(B) ~ Hp(n), (p >0).
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Since B is locally contractible, Hy(B) = 0if p > dim B. However, Hp(7) ~n
if 4 is odd. See (VI; Ex. K5). This is a contradiction. |

17. Influence of the fundamental group on homology
and cohomology groups

Let B denote a pathwise connected space. Since the singular complex
S(B) has the same homotopy and homology structure as B, (V; Ex. 1), we
may assume without loss of generality that B is locally contractible. Then the
universal covering space X of B is defined and the fundamental group
7 = m,(B) operates freely on X.

Theorem 17.1. Ifnp(B) = Qfor | <p < v, then we have the natural iso-

morphisms
ty:Hp(B; GY &~ Hplm; G), u*:HP(n; G) ~ HP(B; G)

for each p < v and every coefficient group G on which 7 operates simply.

Proof. Consider the spectral homology sequence of § 15. Then the assump-
tion implies that Hy(X; G) = 01if 0 < ¢ < 7. By (15.2), we have

Ei =0, ifp +g<randg #0.

Then it follows from (VIII; 8.5) and one of the commutative triangles in
§ 15 that u, is an isomorphism whenever p < 7. By considering the spectral
cohomology sequence, one can also show that x* is an isomorphism when-
ever p < 7. 1

Thus we see that the fundamental group of B determines the homology
groups and the cohomology groups of B for all dimensions less than » if
7p(B) = 0 for every p satisfying 1 < p <7,

To study the groups of the critical dimension 7, let us consider the homo-

morphisms
wy He(X; G) > Hy(B; G), w*:H"(B;G)~H'(X;G)

induced by the pfojection w : X - B. Denote by Zy(B; G) the image of wy
and by A7(B; G) the kernel of w*.

Theorem 17.2. If 71,(B) m 0 for 1 << p << 7, then we have the exact sequences
(a) Hy(X: G) 22~ Hy(B, G) 22~ Hy(m; G) ~ 0,
(8) Hr(X; G) <2 Hr(B; G) <~ Hr (m; G) < 0,
andhence g . G)I5.(B; G) ~ Hi(m; G), Ar(B; G) ~ Hr(z; G).

Proof. Consider the spectral homology sequence of § 15 and in particulé.r
the terms of E2 with total degree # — 1 and 7. Let

ap = 0, by == W, ¢ = M, dpy, =0, (m=7r—1,7).
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Then it is easﬂy verified that the two-term condition {7 —1,7;2} of
(VIIL; § 8) is satisfied. Since E3, ; =0 and E?2 70 ~ Hy(B; G), we obtain
an exact sequence
(c) H:(B; G) **~ H,(xn, G) - 0.
According to § 15, the kernel of py is5#;_,,,(%) and the image of w,:Hy
(X; G) - He(B; G) is #y+(€). Since E® contains only two terms of total
degree » which might be different from zero, namely, EF and Ef’o, it follows
that 5 ;,,(%) = #,,+(€). Hence we obtain the exact sequence (a). By
considering the spectral cohomology sequence of § 15, one can also establish
the exactness of the sequence (3). 1

In the proof of (17.2), we did not make full use of the two-term condition
{r—1,7;2}. Indeed, we actually have longer exact sequences given in
the following

Theorem 17.3. If7p(B) = 0 for 1 < p < 7, then we have the exact sequences :
(@) Hryy(B;G)=2>Hy oy (70, G) 22> ] (HH(X ; G) )22 HA(B; G) L2 Hy(m; G) 0,
(e) Hr+1(B;G)<—£HT+I(W;G)4—‘—IR(HT(X;’G))<——HT(B;G)<———H7(JI;G)<*~O.

For the definition of the operators I, and [, see (VI; Ex. K).

Proof. Applying the two-term condition {7 —1,7;2} as in the proof of
(17.2), we obtain instead of (c) a longer exact sequence

(4) E2,%* H.(B; G) L2 Hy(n; G) -0,

where Ej, ~ Hy(m; H/{(X; G)) is isomorphic with J_(H.(X: G)) according
to (VI; Ex. K1). For further extension of this exact sequence, we have to |
consider the terms of E2 with total degree # + 1. There are only three such
terms which might be different from zero, namely

Eﬁ,m, El,n EE—H o & Hpyy(m; G).

- Let #n > 2. Since the differential operator 4" in E7 is of degree (— n, n — 1),
the elements of Ej,,; and Ef, are cycles and d” sends E%,;,, into Ey, iff
n = 7 + 1. Since every element of EG, is a cycle, we get an exact sequence

r+1
(47) Eifly 2o, Egj;l ~Z— E7t? 0.
Since E}, o = E}T1,, E3, = Ejt!, and EF, = Eji% we can combine (2)
and (#7) so that we obtain an exact sequence
(143) B2 5% B2 Y*s H,(B; G) L2 Hy(m; G) -0

with ¢, = a1 Since the kernel of dr+! is obviously Ejfiy = ER 1,0 and
since E7, | o ~ Hy,y(n; G), one of the commutative triangles in § 15 gives
an exact sequence
(2v) Hyy (B; G) 22~ Hy (7, G) > EL..

Combining (v77) and (iv), we obtain the exact sequence (d). Similarly, one
can deduce (e). |
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Note. If G is the group of integers, then the groups Z(B; G) and A(B; G)
are essentially the groups Zy(B) and A7(B) as defined in (VI; Ex. J). See also
[Eilenberg-MacLane 1].

18. Finite groups operating freely on $'

Let 7z be a finite group operating freely on the r-sphere X = Sr. Let
B = Srjm denote the orbit space and w:S5" - B the projection. By the
finiteness of 7z, one can easily show that S is the universal covering space of B
with o as projection and that 7z can be considered as the fundamental group
of B. To apply the results of § 17, let us take the additive group Z of integers
as the coefficient group and let & operate simply on Z.

By (17.1) and (17.3), we have the natural isomorphisms

(4) uy : Hp(B) ~ Hp(w), u*: HP(m) ~ H?(B)

for each p < 7 and the exact sequences

@ 0 > Hyyy(m) 22> Jo(H(ST)) 2~ Hy(B) “2~ Hy(m) -0,
(#44) 0 « Hrid(m) <& I (Hr(Sr)) <2 Hr(B) «*— Hr(m) <0,

since dim (B) = # and therefore Hy((B) = 0 = H™(B).

Proposition 18.1. If there is an element & €7 which changes the orientation
of S7, then v must be even.

Proof. Since & changes the orientation of 57, & is of order % > 1. The sub-
group of i generated by £ is a cyclic group of order % and operates freely on
Sr. Therefore, we may assume that z itself is the cyclic group of order A
genérated by §&. Since ¢ changes the orientation of S*, we have §(%) = —x
for every element x of the free cyclic group H"(S). It follows that I (H(S))=
0 and the exact sequence (74) reduces to

0 < Hr#i(z) « 0 < Hr(B) <~ Hr(m) < 0.
This implies that
(10) ~ Hrtl(m) =0, w*:Hr(mw) ~ H(B). '
By (VI; Ex. K5), the first equality implies that » must be even. 1

Proposition 18.2. If m contains ai element & # 1 which preserves the
ovientation of ST, then v must be odd.

Proof. We may assume that 7 is the cyclic group generated by &. Since &
preserves the orientation of S?, & operates simply on Hy(S7). It follows that
J (H(S")) = Hy(S7) and the exact sequence (#) becomes

(v) 0 - Hy, (7)) > He(S") — Hy(B) - Hy{m) - 0.
This implies that Hy,(n) is isomorphic to a subgroup of the free group

H,(S7) and hence it is also free. According to (VI; Ex. K5), we conclude that
Hy.(7) = 0 and so » must be odd. |
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Proposition 18.3. If 7 is even and 7 contains more than one element, then n

is a cyclic growp of order 2 and, for each p with | < p < v, we have:
Hp(B) =0, H?(B) a~ @, if p s even;
Hy(B) ~=, H?(B) =0, ifpisodd.

Proof. Let £ 54 1 and # £ 1 be any two elements inn, then, by (18..2), both &
and  must change the orientation of S” and hence &1 preserves the orienta-
tion of S*. Using (18.2) once more, we deduce that £ny-! = 1. This proves that
7 is cyclic of order 2. For the rest of the proposition, (z) and (4v) give all the
homology and cohomelogy groups except Hy(B). The latter can be computed
either from the relations between homology and cohomology groups or as
follows. In the exact sequence (¢), since both Hy, (%) and J,(Hx(S7)) are of

order 2, ¢, must be an isomorphism. On the other hand, we have Hy(m) = 0.
Therefore, it follows easily from the exactness that H,(B) = 0. 1

Proposition 18.4. I v is odd and n is abelian, then m must be cyclic, H(B) ~
Z ~ H7(B), and for each p with 0 << p < 7 we have:

Hy(B) = 0, HP(B) ~m, if pis even;
Hy(B) ~m, H?(B) = 0, if p s odd.
Proof. According to (18.1), every element of  preserves the orientation of
St, It follows that T (HA(S7)) = Hy(S"),
and hence the exact sequence (¢7) becomes
(v5) 0~ Hy () 22 Hy(ST) 25> Hy(B) £5> Hy(n) - 0.

Since every element of sz preserves the orientation of S7, B is an orientable
manifold of dimension 7 and hence we have Hy(B) ~ Z ~ H7(B). Assume
-that o is of order 4. Then, by the definition of w,, one can easily see that we

can choose generators « € H,(S7) and § € Hy(B) such that w,(«) = #8. Hence -

the exact sequence (vz) implies that Hy(s) is a cyclic group of order 4.

According to (¢) and (VI; Ex. K), it remains to prove that z is cyclic. Let
us assume that 7 is not cyclic. Then there is a prime number $ such that =
contains a subgroup of the form Z; 4 Z,, where Z, denotes the cyclic group
of order p. We may assume that 7 itself is of the form Z, + Z,; then n is of
order $2 Therefore, H,(7) is a cyclic group of order $2. Since Hy(Zp) ~ Zy,
it follows from (VI; Ex. K) that Z, is a direct summand of Hy(z). This is
impossible. |

Note. 1. If = is a discrete group operating freely on the 7-sphere S7, then
the compactness of S* implies that x is finite. 2. One can deduce all the
homology and cohomology groups of the real projective spaces from (18.3)
and (18.4).
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EXERCISES

A. Cohomology with arbitrary coefficients

Let G be an abelian group and C denote the regular g-complex C(X, X,).
Consider the group 4* of singular cochains of X modulo X, with coefficients
in G. Then A* is a graded group with 4% = Hom(Cp, G) and a differential
operator ¢ of degree 1. Since Hom (C, G) is the direct product of the groups
Hom(Cp, G), [see E-S, p. 147], A* is a subgroup of Hom(C, G). Define a
decreasing filtration { A*? } in 4* by taking

A% = {fe A* [[(CP-1) =0}

Then A*P is a subgroup of the graded group 4* with A} =A*? AL,
Define a weight function w on 4* by taking w(f), fe A*, to be the least
upper bound of the integers p such that feA*?. Prove that 0 < w(f) <
dim (f) for every non-zero homogeneous element f € A*. Therefore, with
the filtration { A*? }, A* becomes a regular d-complex.

Study the associated exact couple

F(A*) = <D*, E*; i*, j* k*>

A

and its derived couples, as follows: prove that
E}, ~ Hom(Cp(B, B,), HU(F, G)),
EX: ~ H?(B, By; HUF; G)),
where H?(B, B,; HY(F;G)) denotes the p-dimensional singular cohomology
group of B modulo B, with local coefficients in H4(F;G); and thatif Gis a

commutative associative ring with a unity element, then these are ring
isomorphisms. :

B. The spectral cohomology sequeﬁce
~ Consider the regular é-complex 4* of the preceding exercise. Denote by
- %n(A *) = < D*’n’ E*n; i*n, ]-*rn, k*'n >

the successive derived couples of the associated exact couple € = E(A*).
“Then the associated spectral sequence { E*®|n =1,2,---} of ¥ will be
called the spectral cohomology sequence of X modulo X, over G.

Prove that #(%) = #(4%) = H*(X, X,; G) is filtered with E*® as its
associated graded group; more explicitly,

H™(X,Xy;G) = Ho,m(€) 2 H#1,m1(€) 2 -+ -2 Hm,o(€) > sy, (%) =0,
Hop,o(€) | prr,q-1(€) ~ Eggy.
Hereafter, we shall use the notation H?4(X, X; G) = #p,q(¥).

Next, assume X, = (1 and prove that Ry(%¥) = H4(F; G) and Sp(¥) =
H?(B; G). Then we obtain the following commutative triangles
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H(X; G) -2 HoF; G) H?(B; G) 2~ HP(X; G)

N NS

ESe Epo

where 0% w* are induced by §:F< X and w: X - B, the »’s are epi-
morphisms, and the ¢'s are monomorphisms. Prove that H Le-}(X; G) is the
kernel of §* and H?.9(X; G) is the image of w*.

Now, consider the transgression. According to (VIII; Ex. H), there are
equivalent definitions:

(1) The transgression is the differential operator g*m : B¢ ~ E g

(2) In the following homomorphisms

HmYF; G) =" Hn(X, F; G) <~ Hn(B, G), (m > 2),
let M denote the image of w* and K the kernel of w*. Then the transgression
1s the homomorphism T : 8-4(M) - H™(B; G)/K

defined as in (VIII; Ex. H).
A comparison of these definitions shows that Ex% is isomorphic to the
image of H™(B; G) in H™(X, F; G) under the induced homomorphism w*.
Let G be the group of integers mod 2. Prove that the transgression T
commutes with the square operations and the reduced powers of Steenrod.
Investigate analogously the transgression in the spectral homology

sequence of § 7.

C. The maximal cycle theorem

In addition to the assumptions of § 3, assume that G is a field. Then prove
the following

Theorem. If Hp(B, B,; G) =0 for each m > p and H,(F; G) =0 for
each m > g, then we have:

Hp(X, Xy; G) =0, (m > P+ q);
Hpo(X, Xy, G) ~ Hyp(B, By; G) @ Hy(F; G).

Deduce the following assertions: :

LLIf G 550 and Hp(X; G) = 0 for each m > 0, then at least one of the
following three statements must be true: :

(@) Hu(B; G) = 0 = H,u(F; G) for each m > 0.

() Hn(B; G) # 0 for infinitely many values of .

(¢) Hm(F; G) # 0 for infinitely many values of .

2. If a euclidean space X = R* has a bundle structure over a base space
B with a connected fiber F, then both B and F are acyclic.

D. An isomorphism theorem

In addition to the assumptions of § 3, assume that X, # 0 and hence
B, # 0. Prove the following
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Theorem. 1f Hpy(B, By; G) = 0 for each m <p and Hp(F;G) =0 for
0 < m < ¢, then we have

Wy Hu(X, Xy G) ~ Hu(B, By; G), (m <p +q),

4

and an exact sequence
Hpiq1(X, X G) 2> Hp,q:1(B, By G) —s Hyp(B,B,;G) ®¢ Hy(F;G)
~Y> Hyp (X, X0;G) = Hp1g(B, By; G) 0.
Establish a similar theorem for the spectral cohomology sequence.

. &
E. Some special cases of § 15

Prove the following assertions:

1. If 7 is a free cyclic group and acts simply on the homology groups
Hun(X;G), m >0, then Hy(B; G) is an extension of Hp(X ; G) by Hp—(X;G).
Hence, in particular, if G is a field, then Hun(B;G) is the direct sum of
Hp(X;G) and Hp (X G).

2. Ifnis a finite group of order 4 and G is a field of characteristic zero or
prime to %, then

' Hu(B36) ~ Jo(Hn(X;G)), H™B:G) ~ L(H™X;G)).

3. T is the direct product of a free cyclic group and a finite group of order
h, G is a field of characteristic zero or prime to %, and & acts simply on the
homology groups Hp(X;G), m >0, then Hp(B;G)~ Hu(X; G) +
Hp(X; G).

F. Relations between the cohomology algebras of a2 space and its space
of loops

Let B be a pathwise connected and simply connected space and b, a given
point in B. Let X = [B; B, b,]. Then, X is a contractible fiber space over B
with fiber F = A(B), the space of all loops in B with b, as basic point. Prove
the following assertions: | |

1. I{ K is a field and the cohomology algebra H*(F; K) is isomorphic to
an exterior algebra over K generated by an element of odd degree #, then
the cohomology algebra H*(B; K) is isomorphic to a polynomial algebra
generated by an element of even degree » + 1. [Serre 1; p. 5017].

2. If K is a field of characteristic zero and the cohomology algebra H*(F'; K)
is isomorphic to a polynomial algebra generated by an element of even .
degree #, then the cohomology algebra H*(B; K) is isomorphic to an exterior
algebra generated by an element of odd degree 7 + 1. [Serre |; p. 501].

3. If K is a field and the cohomology algebra H*(B; K) is isomorphic to a
polynomial algebra generated by an element of even degree n > 2, then the
cohomology algebra H*(F; K) is isomorphic to an exterior algebra generated
by an element of odd degree n — 1. [Serre 1, p. 492].

4.1f K is a field of characteristic zero and the cohomology algebra
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H*(B; K) isisomorphic to an exterior algebra generated by an element of odd
- degree #, then the cohomology algebra H*(F; K) is isomorphic to a polyno-
mial algebra generated by an element of odd degree n—1. [Serre 1; p. 489].

5.If K is a field of characteristic zero and the cohomology algebra
H*(B; K) is isomorphic to an exterior algebra generated by an element of
even degree # > 2, then the cohomology algebra H*(F; K) is isomorphic
to the tensor product of an exterior algebra generated by an element of
degree n — 1 and a polynomial algebra generated by an element of degree
2(n — 1). [Serre 1; p. 489].

6. If K is a field of characteristic p % 0 and H"(B; K) ~ H™(S»; K) for
every m < p{n— 1) + 1, where » > 3 is an odd integer, then the subspace
of the cohomology algebra H*(I'; K) formed by the elements of degree not
exceeding p(n — 1) admits a homogeneous basis which consists of the
elements { 1, y, ¥%---, y?-%, 2}, where [Serre 1; p. 494]

deg (y) = n—1, deg (z) = p(n— 1), y? = 0.

7. If K is a field of characteristic $ 7= 0 and the subspace of the cohomo-
logy algebra H*(B; K) formed by the elements of degree not exceeding 4g,
where ¢ > 2 is an even mteger admits a homogeneous basis which consists -
of the elements { 1, y, ¥%,- -+, y7-1, 2}, where

deg (y) = q, deg (z) = pq, y? =0,

then the subspace of H*(F; K) formed by the elements of degree not
exceeding pg — 2 admits a homogeneous basis which consists of the elements
{1, u, v}, where [Serre 1; p. 495]

deg (u) = q—1, deg (v) = pg — 2.
G. The cohomology algebra of (Z, n)

Let Z be the free cychc group. Prove that the cohomology a.lgebra H*(Z)
over the ring of integers is isomorphic to the exterior algebra generated by
an element of degree 1 and the cohomology algebra H*(Z, 2) over the ring
of integers is isomorphic to the polynom1a1 algebra generated by an element
of degree 2. ‘

Next, let K be a field of characteristic zero. By means of the relations 1
and 2 in Ex. F, prove that the cohomology algebra H*(Z, n; K) over K is -
isomorphic to an exterior algebra generated by an element of degree # if »
is odd and is isomorphic to a polynomml algebra generated by an element of
degree # if # is even.

" H. The cohomology algebra of /1 (S")

Consider the sphere S* of dimension # > 2 and study the cohomology
algebra of the space 27 = A(S?) of loops in S* with s, as basic point. Let

= [S%; 57, s,]. Then T is a contractible fiber space over S* with projection
o : T - S and fiber 27 = w(s,). From (13.2), deduce an isomorphism

P* : Hm(Qn) Ay Hm«—nﬂ(gn)
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for each m; p* is a derivation or an anti-derivation according as # 1s odd or
even. Thus, a homogeneous basis {¢;},¢ =0,1,2,--+,0f H *(.Qn) is given by

€ =1, e = p*¥Hey), 0 = 1,2,
with dim (e;) = 4(» — 1). Prove the following

Theorem. The multiplicative structure of the integral cohomology algebya H*(£2")
is given by the rule epeq = Cp,qtpiq, Where cp, ¢ is an integer given as follows:

() If n is odd, then oo (b + ¢!
D.q — .
plygl A
(¢3) If n is even, then cp,q = O if both p and q are 0dd ; otherwise
[ + 9/2]

C = 2
T Il [g/2]!
where [x] denotes the largest integer not exceeding x.

Then prove

1. If # is odd, then {e;)? = (pV)ep. If n is even, then (¢,)* =0, (¢;)? =
(pl)eap, and eye0p = €9p€y = Eap.1-

2. If # is even, then H*(7) is isomorphic to the tensor product of the
algebras H*(S»-1) and H*(£2%»-1).

3. Let K be a field of characteristi¢ zero. If » is odd then H*(Q27; K) is
isomorphic to a polynomial algebra generated by an element of degree # — 1.
If % is even, then H*(Qn; K) is isomorphic to the tensor product of an
exterior algebra generated by an element of degree # — 1 and a polynominal
" algebra generated by an element of degree 2(n — 1).

4. Let K be a field of characteristic p 5= 0. If # is odd, then H*(£%; K) is
isomorphic to a polynomial algebra with infinitely many generators
fi, (i = 0, 1, ), modulo the ideal generated by (f¢)?, (¢ = 0, 1,- ++), fi being
of degree pt{n — 1).

5. The cohomology algebra H*(S#-1 x £2?»-1) is isomorphic to the tensor
product H*(S#-1) @ H*(Qn-1).

I. The connective fiber spaces of S*

For each # > 3, let X, denote an #n-connective fiber space over S3. Verify
the following results on the cohomology algebra H*(X,; Z,) due to [Serre 3]:

1. For the dimensions <11, H*¥(X,;Z,) has a homogeneous basis
{1,a,b,c, d} wheredim (a) = 4, dim (6) = 5, dim (¢) = 8, dim (d) = 9, and
where b = S¢la, ¢ = a? d = ab. '

2. For the dimensions <8, H*(X,;Z,;) has a homogencous basis
{1,e,/,g h i} where dim(¢) =5, dim(f) =56 = dim (g), dim (h) =17,
dim (i) = 8, and where f = Sgle, & = S¢'g = Sq%, © = S¢*f, S¢*g = 0.

3. For the dimensions < 7, H*(X,; Z,) has a homogeneous basis { 1, j, & }
where dim (j) = 6, dim (k) = 7, and where Sg'j = 0, 5¢% = 0.

4. H'(X4; Z,) has a basis formed by a single element with Sglm 7 0.



CHAPTER X
CLASSES OF ABELIAN GROUPS

1. Introduction

Our principal remaining object is the computation of certain of the groups
7m(S"). To facilitate these computations, a digression on Serre’s class theory
of abelian groups is necessary. It is to this digression that the present chapter
- is devoted; the study of the groups mn(S*) is deferred to the next {and final)
chapter.

In §§ 2-6, we introduce the formal definitions. In §§ 7-10, certain im-
mediate topological consequences are obtained ; the most important of these
is the generalized Hurewicz theorem, from which one deduces that the
homotopy groups of a simply connected finite polyhedron are finitely
generated. ' |

2. The Definition of Classes

A collection € of abelian groups is called a class if the following four con-
ditions are satisfied: :

(CG1) € contains a group which consists of a single element.

(CG2) If a group 4 is isomorphic to some group in &, then A is in %.

(CG3) If a group 4 is a subgroup or a quotient group of some group in %,
then A4 is in %.

(CG4) If an abelian group 4 is an extension of a group in % by a group
in %, thendisin €.

Examples of classes are listed as follows. Verifications are left to the reader.
1) The class & of all abelian groups.

2) The class @ of all groups consisting of a single element.
3) The class o/ of all finitely generated abelian groups.
4) The class % of all finite abelian groups.

(5) The class of all finite abelian groups with order not divisible by any
prime number of a given family of prime numbers. In particular, if the given
family consists of all prime numbers except #, this reduces to the class .7,
of all finite abelian groups of order p7,#» = 0,1, 2,---.

{6) The class J of all torsion groups. An abelian group A is called a
torsion group if every element of 4 is of finite order.

Other examples of classes will be given in the next section and in Ex. A
at the end of the chapter.

(
(
(
(
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It is an easy exercise to prove that a non-empty collection ¥ of abelian
groups is a class iff, for every exact sequence L - M — N of abelian groups,
the following condition is satisfied:

(CG5) Le¥ and N e¥ imply M €.

Furthermore, it can also be verified that every class % has the following
properties:

(CG6) If Ae¥and Be%, then 4 + Be€?.

(CG7) If A €% and B is finitely generated, then A@ B and Tor(A, B)
are in %.

(CG8) If 4 is finitely generated and 4 € €, then Hp(4) € ¥ for every m. -
See (VI; Ex. G).

Tt is, of course, necessary to observe that a class ¢ cannot be a set; thus
the usual precautions must be taken to avoid contradictions. See [E-S;

p- 120].

3. The Primary Components of Abelian Groups

~ For any given prime number p, the p-primary component of an abelian
group A is defined to be the subgroup of A consisting of the elements of
order p, 7 = 0,1,2,--. If 4 is a torsion group, then it is the direct sum of
its p-primary components for all p. Hence, in order to compute a certain
torsion group A4, it suffices to compute all of its primary components.
See [Kal].

If, for some prime number $, an abelian group A reduces to its p-primary
component, that is, if all elements of 4 have orders which are powers of $,
then 4 is said to be a p-primary group. A finitely generated abelian group 18
p-primary iff it is of order " for some 7. It is evident that, for a given prime
number p, the p-primary groups form a class #p.

Let F be a given family of prime numbers. Then the torsion groups with
null p-primary components for each prime number p in the family F con-
stitute a class. If F contains all prime numbers, then this class reduces to
the class @; if F consists of all primes except a given prime number $, then it
becomes the class @p; if F is empty, then it is the class.J". |

4. The %-Notions on Abelian Groups

For a given homomorphism f:4 -» B, let Im(f), Ker(f), and Coker(f) -
denote respectively the image, kernel, and cokernel of f; this latter is
defined by .

Coker(f) = B[Im(f).

The following sequence is obviously exact:

0> Ker(f) - A4 L B> Coker(f) - O.
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Furthermore, any pair of homomorphisms
A L B-LtsC
gives tise to a natural exact sequence S(f, g):

0 - Ker(f) — Kerlgf) — Ker(g) - Coker(f) — Coker(gf) — Coker(g) — 0.

In the applications of class theory, the groups in a class  are usually to be
neglected in a certain sense. Thus we are led to the following terminology:
Let € be a given class. A group 4 issaid to be G-null if Ac€. Letf: 4 > B
be a homomorphism. Then f is said to be a ¥-monomorphism it Ker(f) € ¥,
a C-epumorphism if Coker(f) €€, and a €-isomorphism if it is both a %-
monomorphism and a ¥-epimorphism. If a €-isomorphism f : A - B exists,
then A is said to be @-isomorphic to B. If ¥ is the class @, these notions
coincide with the corresponding classical notions; and it is more or less
obvious that, for an arbitrary class €, these notions have the same formal
properties as the classical notions. The detailed statement of these facts is
deferred to Ex. B at the end of the chapter.

Two abelian groups 4 and B are said to be @-equivalent if there exists an
abelian group L with two #-isomorphisms f : L+ 4 and ¢ : L > B.

Proposition 4.1. Two abelian groups A and B are €-equivalent if there exists
an abelian group M and two G€-isomorphisms h A — M and k . B— M.

Proof. Sufficiency. Let L denote the subgroup of the direct sum 4 4-B
consisting of the elements (a, &) such that %(a) = %&(b). Define homo-
morphisms f : L—>A and g : L—+ B by f(a, b) = a and g(a, b) = b. Then one
can verify that f and g are %-isomorphisms.

Necessity. Let A and B be #-equivalent. Then there exists an abelian
group L together with two @-isomorphismsf:L—»>Aandg :L—-B. Let M
denote the quotient group of the direct sum A + B over the subgroup con-
sisting of the elements (f(}), g(!)) for all Ie L. Let p : 4 + B~ M denote
the natural projection. Define homomorphisms 4 .4 -+ M and k: B> M
by s(a) = p(a, 0) and k(b) = p(0, b). Then one can verify that % and % are
%-isomorphisms. |

The relation of being #-equivalent is obviously reflexive and symmetric.
It is also transitive. |

To verify this, assume that 4, B and B, C are both %-equivalent. By
definition and (4.1}, there are two abelian groups L, M and four #-iso-
morphisms '

J:L>A g:L>B, h:B->M, k:C->M.

Since g : L - M is a%-isomorphism, it follows that 4 and C are #-equivalent.
This proves the transitivity and the relation of being €-equivalent is an
equivalence relation.
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5. Perfectness and Completeness

The classes of abelian groups with which we will deal in the sequel usually
satisfy some further conditions described as follows.

A class € is said to be perfect if A €€ implies that Hy(4) € € for every
m > 0. € is said to be complete if A€¥ implies that A®@ B€¥ and
Tor(A, B) €% for every B. % is said to be weakly complete if A €€ and
Be®% imply that A ® Be¥ and Tor(4, B) € €. % is said to sirongly com-
plete if every finite or infinite direct sum of groups in % is also in €. Every
complete class is obviously weakly complete, and it can be verified that -
every strongly complete class is complete and perfect. See Ex. C at the end
of the chapter.

The usefulness of these completeness conditions can be illustrated by the
following

Proposition 5.1. If € is a complete class, X a pathwise connected space,
X, a subspace of X, and G = { Gz | x € X } a local system of groups in X with
each Gz €€, then Hy(X, X,; G) 1s iniff for each m = 0.

Proof. Pick x, € X asin (IX; § 2) and denote Gz, also by G. Then Hp(X,X,;
() is isomorphic with a quotient group of some subgroup of Cn{X,X)®G
which is in €. Hence Hp (X, Xy G) isin €. 1

As to the examples of classes (1)—(6) in § 2, one can verify that (1), (2),
(6) are strongly complete, and that (3), (4), (5) are prefect and weakly com-
plete but not complete. The classes in § 3 are all strongly complete; in
particular, the class &, of the p-primary groups is strongly complete. For
an example of a class which is perfect and complete but not strongly com-
plete, see Ex. A2, at the end of the chapter.

In the sequel, we will deal with two different kinds of applications. For
the first kind, it suffices to assume that the class € involved is weakly
complete (and, sometimes, perfect). For the second kind, we have to assume
that € is complete. However, this difference is not of much practical im-
portance. In fact,-the homotopy and homology groups considered in the
applications are usually finitely generated; and if € is a given class and %r
is the class consisting of those abelian groups all of whose finitely generated
subgroups are in €, then €y is strongly complete and

(gfﬂ&ffﬂ(gﬂ&ff.

6. Applications of Classes to Fiber Spaces

Let us go back to the notation of (IX; § 3) and assume that m,(B, &)
operates simply on the homology and cohomology groups of the fiber F.
Unless otherwise stated, the coefficient group G is the group of integers and
hence is omitted from the notations. :
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Let € be any given class of abelian groups. Let us consider the spectral
homology sequence of (IX; § 7).

Lemma 6.1. I}, for somen > 1, E} €€, then EP €%,

Proof. Since Eg,‘gi is the quotient group of a subgroup of E% it is in %.
Then it follows by finite induction that Ep, isin¥. 1

Lemma 6.2. If, for a given pair (p, q), ES€€ whenever i + ] =p + ¢
and v < p, then Hp (X, Xo) € €. In particular, if ES;€€ whenever © + | =
P+ g, then Hyp (X, X)) € ¥.

Proof. The lemma follows from the fact that Hy (X, X,) 1s an extension
of Hi.y,3.,(X, X,) by E?: and that Hy n(X, X)) = ESy 1

Proposition 6.3. If € is a weakly complete class and if, for some integer
¥ >0, Hu(B, By) €€ and Hp(F) €€ whenever 0 <m < v, then we have
Huy(X, X)) € € whenever 0 < m < 7.

Proof. According to the above lemmas, it suffices to show that Ef,,qe%
whenever 0 < p + ¢ <». By (IX; 6.3), | '

E}, ~ Hy(B, By) © Hy(F) + Tor(Hp_y(B, By), Hi(F)).
Ifp>1,¢>0 and 0 < p + ¢ <7 the weak completeness of € implies
E; €% If g=0and 0 <p <7, we have E%, ~ Hpy(B, By) €¥ since
Hy(F) ~ Z. | |

To verify the proposition for the cases p = 0 and p = 1, let us first assume
By # 0. Then H(B, B,) = 0 and hence

E2, =0, E},my ~ Hy(B,By) ® Hy,(F) €€

whenever 0 << < 7. Next, assume that B, = 0. Then HyB,By) ~ Z
and hence

Eg,m ~ Hp(F)e¥, E%,m_l ~ H(B, By) @ Hyp—(F) €%
whenever 0 < m <. |

Proposition 6.4, If % is a complete class and if, for some integer p>0
and g > 0, Hw(B, By) € € whenever m > p and Hu(F) € € whenever m > g,
then Hp(X, X,) € € whenever m > p + q.

Proof. By the completeness of %, it follows that E@?’je% whenever,
¢+ j > $ + q. Hence the proposition is an immediate consequence of the
above lemmas. |

Throughout the remainder of the section, we assume that B, %4 0 and
hence Hy(B, B,) = 0.

Theorem 6.5. If € is a weakly complete class and if, for some iniegers
p > 0andq > 0,wehave H,(B, By) = 0, Hy(B, B,) € € whenever | < m <p,
and Hy(F) € € whenever 0 < m << q, then the induced homomorphism

Wy + Hp(X, Xg) = Hp(B, By)
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is a G-isomorphism whenever m <v and is a G-epimorphism whenever
m=r + 1, wherer = Inf (p, g + 1).

Proof, The kernel of wy is Hpm_1,1(X, X,) according to (IX; § 7). There-
fore, in order to prove that w is a ¥-monomorphism for m <7, it suffices
to show that EZ,€ ¥ whenever ¢ + j <7and j > . Since

E%, ~ Hy(B, By) ® Hy(F) + Tor(Hiy(B, By), Hy(F)),
it follows that E}

=0, E};, =0, and El,€ ¢ whenever i > 1,7 =1,
and 7 + § <. This proves that w, is a €-monomorphism for m <.

It remains to prove that e, is a ¥-epimorphism whenever m <7 + 1.
By (IX; § 7), the image of w, is E .. Furthermore, we have

Epy=Epit < - EJ < B < o0 © E; o= H,(B, By),
Ep, JEntt a0 dMED, ) © Ep . (2 < <)

Since E” is of total degree m — 1 <7, it isin @ for 2 << < m. This

wm-n,n-1
implies that the cokernel E2 [Entl of o, isin €. |
Note. If p < g -+ 1, the condition H,(B, By) = 0 may be replaced by
H,(B, B,) € %. 1n fact, only this is used in the proof of E2, E%.

Theorem 6.6. I} € is a complete class and tf, for some integers p > 0 and
g > 0, we have Hpy(B, B,) € € whenever 0 < m < P and Hp(F) € € whenever
0 < m < q, then the induced homomorphism |

wy P Hu(X, X¢o) > Hm(B, By)
is a G-isomorphism whenever m <7 and 1s a C-epimovphism whenever
m=v+ 1, whereryr = p +qg— L.

The proof of this theorem is analogous to that of (6.5).
In the remainder of the section, we are concerned with the important
special case where'the subspace B, consists of a single point b,. Then we have

Hy(B, By) = 0, Hm(B, By) ~ Hu(B), (m > 1).

Proposition 6.7. If € is a weakly complete class, if Hm(X) € for each
m > 0, and if Hy(B) = 0 and Hu(B) €€ whenever | < m < p for some given
integer p > 0, then Hu(F) €€ whenever 0 < m < p—1 and the howmo-

morphisms 3 W
i Hy_y (F) <2~ Hyl(X, F) 2 Hy(B, b)) ~ Hy(B)
define a G-equivalence of Hp_,(F) and Hp(B).

Proof. We shall prove this proposition by means of induction. The case
p = 1 is trivial. Assume that > 1 and the proposition is true for p — 1.
Then, by the hypothesis of induction, we have H m{F) € € whenever
0 < m < p—2 and Hp_o(F) is ¥-equivalent to Hy_4(B) and hence is in €.
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Applying (6.5) with ¢ =p — 1 and By = b,, we deduce that Hp(X, F) is
%-isomorphic to Hjp(B, by) under w,. In the exact sequence

o> Hp(X) > Hp(X, F) 2 Hp_y(F) > Hp_y(X) >+,

we have Hp(X)e¥ and Hp_,(X)e ¥. This implies that 9 is a %-iso-
morphism. | -

Proposition 6.8. If € is a complete class, Hp(X) €€ for each m > 0, and
Hu(B) € € whenever 0 < m < p for some given integer p > 0, then Hpy(F)e¥
whenever 0 < m < p— 1 and the homomorphisms

Hu(F) <= Hpy(X, F) “2 Hyp1(B, by) & Hy.1(B)
define a €-equivalence of Hy(F) and Hy, ,,(B) whenever p — 1 <m < 2p — 2.

The proof of this theorem is analogous to that of (6.7).
A space X is said to be €-acyclic if Hp(X) € € for each m > 0.

Theorem 6.9. If ¥ is a weakly complele class, H,(B) = 0, and two of the
spaces X, B, F are €-acyclic, then so 1s the thivd.

Proof. If the two spaces are B and F, then it follows from (6.3) with # = o0
and B, = 0 that X is %-acyclic.

If the two spaces are X and B, then it follows from (6.7) with p = oo that
F is €-acyclic.

If the two spaces are X and F, then we shall prove Hy(B) € € by induction
on p. The case p = 1 is trivial. Assume p > 1 and Hy(B) € Fif | < m < p.
By (6.7), Hp(B) is %-equivalent to Hp_,(F) and hence Hy(B) €¥%. |

As an application of these results, let us consider the special case where

= [B; B, by] and w : X ~ B is the initial projection. In this case, the fiber
F becomes the space A(B) = [B; by, b,]

of all loops in B with &, as basic point. Assume that B is simply connected
and hence /(B) is pathwise connected. Therefore, we may apply the results
of this section. Since [B; B, b,] is contractible, the following theorem is an
immediate consequence of (6.7) and (6.8).

Theorem 6.10. [} € 1s a class and H,,(B) € € whenever 0 << m < p, then
Hy(A(B)) 1s €-equivalent to Hpy, 1 (B) for the following values of m:

() 0 < m < p if € is weakly complete. -

(12) 0 < m < 2p — 2 4f € is complete.

Therefore, for a weakly complete class €, A(B) is %-acyclic iff B. is
€-acyclic.

In particular, if B is a space of the homotopy type (m, #) with » > 1,
then A(B) is a space of the homotopy type (7, # — 1). Thus, we may apply
(6.10) to this special case and obtain

Hp(m,n—1) & Hypp(m, n), 0<m < 2n—2.
Furthermore, we have the following obvious
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Proposition 6.11. For an abelian group m, an integer n > 1, and a weakly
complete class €, the following two statements are equivalent .

(3) Hu(n) € € for each m > 0.

(¢2) Hp(o, n) € € for each m > 0.

7. Applications to n-connective fiber spaces

) . .
Let L%be a pathwise connected space and b, a given point in B. According
to (V; §8), we may construct inductively a sequence of spaces (B, #)},
n=0,1,2,++, and a sequence of maps ‘

ﬁﬂ:(B’%)-—)‘(BlnFI)J %':1:2:3:".,

as follows. Let (B, 0) = B. For each # > 0, let (B, #) be an n-connective
fiber space over (B, #n — 1) with projection §,. This system { (B, n), Bn }
will be referred to as a connective system of the space B. If B is locally path-
wise connected and semi-locally simply connected, then of course we may
take (B, 1) to be the universal covering space over B with f3; as the projection.

Now let { (B, ), Bn } be any connective system of B. Since (B, n) is an
n-connective fiber space over an (n — l)-connected space (B, n— 1) with
Bn as projection, it follows that the fiber of this fibering is a space Fj of the
homotopy type (mu(B), » — 1). Next, let

wn=ﬁ1ﬁ2-..ﬂﬂ:(‘8!%)+‘83 nml,Q»”"
then it is clear that (B, #) is an n-connective fiber space over B with wy as

projection.
Applying (6.9) and (6.11) to the fibering By, we obtain the following

Proposition 7.1. If € is a perfect and weakly complete class, n > 1, and
7tu(B) €€, then the following two statements are equivalent:

(4) (B, ») is €-acyclic. ‘

(#2) (B, n — 1) is €-acychic.

Applying (6.6) with ¢ — co to the fibering f, We obtain the following
Proposition 7.2. If € is a perfect and complete class, n > 1, andwa(B) € €,
them (Ba)w : Hu(B, n) > Hn(B,n— 1)
is a C-isomorphism for each m = 0. |
Finally, if B is (n% 1)-connected, then we may take (B,m) = B for

every m < n — L. The following proposition will be used in the sequel.

Proposition 7.3. Let € be a perfect and weakly complete class. If B is (n—1)-
comnected, my(B) € €, n > 1, and p > n is an integer such that Hy(B)e €
whenever n < wm < p, then the induced homomorphism

(Bn)x : Hum(B, #) > Hn(B)

is a €-isomorphism for m < p and s €-epimorphism for m = p + 1.
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Proof. Since the fiber F = F;, of the fibering B, is of the homotopy type
(7n(B), #n—1), it follows from (6.11) that H,,(F)e & for every m > (),
Let By< B consist of a single point, then we have H (B, By) =0 and
Hm(B, By) € € for each m < . Thus we may apply (6.5) with ¢ = oo.
Hence the induced homomorphism

(Bn)4 : Hn(X, F) > Hp(B, By)), X = (B, #),

is a %¥-isomorphism whenever m < and is a %-epimorphism whenever
m = p + 1. Since Hy(F) € € for each m > 0, it follows from the homology

sequence that ]-Hm(X) = Hm(X: F)
is a #-isomorphism for every m > 0. Finally, using the isomorphisms
k:Huyu(B) ~ Hy(B, By), m >0,

we obtain (Bu)e = k- (Ba)ef. |

8. The generalized Hurewicz theorem

Theorem 8.1. Lot € be a perfect and weakly complete class. I f X is a simply
connecled space and n >2 is an infeger such that m(X) € C whenever
1 <m <, then the natural homomorphism

B (X)) > Hp(X)

15 a G-isomorphism whenever 0 < m < n and is a C-epimorphism whenever
m = #n -4 1. ‘

Proof. We are going to prove this theorem by induction on #. If # — 2,
then this is implied by the usual Hurewicz theorem since 75(X) = 0 and
784(X) = 0. See (V; 4.4) and (V; Ex. C).

Let $ > 2 be an integer and assume that the theorem is true for # < p.
Let us prove the theorem for # = p. By the inductive hypothesis, it follows
that /g, is a €-isomorphism whenever 0 < m < $ and is a €-epimorphism
for m = p. It remains to prove that 4, is a %-monomorphism and A, is a
%-epimorphism. '

Consider a connective system { (X, 7), 5 } of the space X as defined in
§ 7. Since X is simply connected, we may assume (X, 1) = X. Then (X,
? — 1) is a (p — 1)-connective fiber space over X with

w = Bofis " Ppy: (X, p— 1)‘ - X

as projection. Thus we obtain a commutative rectangle

(X, p— 1) L~ Hpy(X, p— 1)

- s

(X)) — > Hp(X)
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where wy, w3 are induced by w, and gm, h,, are the natural homomorphisms.

By the definition of (p — 1)-connective fiber space, wy is an isomorphism
for m > p. Since (X, p — 1) is (p— 1)-connected, it follows from the usual
Hurewicz theorem that g is an isomorphism and gp., is an epimorphism.
Hence, it suffices to prove that w4 is a €-isomorphism for # = p and a -epi-
morphism for m = p + 1.

Since w = Byfs" * ‘Pp-y, it suffices to prove that, for each v =2,3,- -,
p — 1, the induced homomorphism, :

(B4 : Hu(X, 7) > Hu(X, 7 — 1)

is a @-isomorphism for m = p and is a €-epimorphism for #m = "+ I. For
this purpose, let B = (X, v — 1). Then, B is (r — 1)-connected and we may
take a connective system of B with (B,#—1) = B and (B,7) = (X, 7).
Since B is simply connected and #,(B) € € whenever 1 << m <, it follows
from the inductive hypothesis that Hp(B)€ % whenever 0 <m <p.
Therefore, by (7.3), (fr)4 is a F-isomorphism for m = p and is a %-epi-
morphism for m = p +'1. 1

| Corollary 8.2. Let € be a perfect and weakly complele class. If X is a
simply connected space and n > 2 is an integer such that Hup(X) € € whenevey
1 < m < n, then (X)) € € whenever 0 < m < n.

This corollary follows from (8.1) by finite induction on . Therefore, if X
is simply connected and %-acyclic, then X is G-aspherical, i.e. wp(X)€ €
for all m > 1. In particular, we have the following

Corollary 8.3. The homotopy groups of awy simply connected finitely
triangulable space are finitely genevated.

9. The relative Hurewicz theorem

Theorem 9.1. Let € be a perfect and complete class, X a simply connected
space, and X, a simply connected subspace of X. I} 7to(X, Xo) =0 and n >2
is an integer such that wp(X, Xo) € € whenever 2 <m < u, then the natural

homomorphism P 7o X, Xo) = H( X, Xo)

is a G-isomorphism whenever 2 <m < n and 1S a C-epimorphism whenevey
wm = n -+ L.

Proof. We prove this theorem by induction on #. If # = 2, the theorem is
true since H,(X, X,) = 0 and hg is an isomorphism by (V; Ex. C). It follows
from the hypothesis of induction that ky is a @-isomorphism whenever
2 <m < n. Hence Hp(X, X,) € ¢ whenever 0 <m < n. It remains to
prove that Ay is a €-isomorphism and Zg4, is a %-epimorphism,

Pick a point x,€ X, and consider the space of paths Y = [X; X, %]
Then, Y is a fiber space over X with projection w:Y — X defined by
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w(§) = £(0) for each £€Y. Let Y, = [X; X,, %,]. Then Y, is pathwise
connected and 7 Yo) ~ ey (X, X)) (m > 1),

Hence,7,(Y,) = 0 andmwn(Y,) € € for2 <m < n— 1. By (8.1), the natural -
homomorphism g, : 7w (Y,) > Hp(Y,) is a $-isomorphism for m = n — 1
and 1s a €-epimorphism for m = #.

Since F = w(xy) = A(X) is pathwise connected and Hpu(X, X,) e ¥
whenever 0 << m < %, we may apply (6.6) with = » and ¢ = 1. Hence the
induced homomorphism w4 : Hy(Y, Vo) -~ Hp(X, X,) is a €-isomorphism
for m = n and is a ¥-epimorphism for m = % + 1. In the diagram

Tim(X, Xo) 22— (Y, Yo) —2* 5 7pn (V)

SRk

g
HulX, Xo) <2 Ho(Y, Yo) —2F , Hpy(Y)

we obtain Ay, = w04 gn-10,0,. Therefore, Ay, is a €-isomorphism for
m = #n and is a F-epimorphism for m = » 4 1. |

Corollary 9.2. I} X and X, are simply conmected, (X, Xo) = 0, and.
Hp(X, Xy) 1s wn a perfect and complete class € whenever 2 < m < n, then
7m(X, Xy) 15 also in € whenever 2 < m < n.

“Remark. The theorem (9.1) does not hold if we merely assume that € is
perfect and weakly complete. For example,let X = A x Band X, = 4 X b,
where A and B are simply connected, B is ¥-acyclic, and b € B. By making
various choices of 4, one can see that (9.1) is true for a given class ¥ iff ¥
is perfect and complete. Similarly, (8.1) is true iff % is perfect and weakly
complete. |

10. The Whitehead theorem

Theorem 10.1. Let € be a perfect and complete class. If X and Y are simply
connected spaces, [ X =Y is a map such that f, 17wy(X) >my(Y) is an epi-
morphism, and n > 2 1s a given iuteger, then the following two statements are
equivalent '

(1) fs 270 (X) > 7m(Y) os a C-isomorphism for m < n and is a €-epr-
morphism for m = n.

(2) /i s Hi(X) > Hp(Y) 15 a €-isomorphism for m < n and is a €-epr-
morphism for m = n.

Proof. Consider the mapping cylinder Z; of the map /. By (I; § 12), both
X and Y can be naturally imbedded in Zy and Y is then a strong deformation
retract of Z5. Thus the map f is decomposed into the composition #7 of the
inclusion map 7: X < Z; and a strong deformation retraction #:Z; - Y.
Since » induces isomorphisms on homotopy and homology groups, (1) and
(2) are equivalent respectively to the following two statements:
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(1) iy : wm(X) »7n(Zy) s a B-isomorphism for m < # and is a €-epi-
wmorphism for m = n.

(2') igg - Hu(X) > Hm(Z5) 15 a C-isomorphism for m < n and is a E€-epi-
morphism for m = n.

Then it follows from the homotopy sequence and the homology sequence
of (Z;, X) that (1) and (2') are equivalent respectively to the following two
statements: \

(1) wm(Zs, X) € € whenever 2 < m < n.

(2") Hp(Zs, X) € € whenever 2 <m < . ‘

By (9.1), we conclude that (1”) and (2") are equivalent. This entails the -
equivalence of (1) and (2). 1 _

EXERCISES

A. Examples of Classes of Abelian Groups.

In addition to the classes given in § 2 and § 3. we give the following
examples:

1. The class of all abelian groups with power not exceeding a given infinite
cardinal number §,. In particular, if ¥, is the power of the set of natural
numbers, this reduces to the class &7, of all countable abelian groups.
Verify that this class is perfect and weakly complete but not complete.

‘9. The class of all abelian groups 4 such that there is an integer N de-
pending on A with Na = 0 for every « € 4. Verify that this class is perfect
and complete but not strongly complete.

3. The class of all abelian groups satisfying the descending chain condition.
Verify that this class is perfect and weakly complete but not complete.

B. C;)mposed Homomorphisms

By using the natural exact sequence S(f,g) of two homomorphisms
f:A-~Bandg:B —C,provethe following six assertions for a given class €

1. If f and g are ¥-monomorphisms, then so is gf.

2. If f and g are ¢-epimorphisms, then so is gf.

3. If ¢f is a ¥-monomorphism, then sois f.

4, If gf is a €-epimorphism, then so is g.

5. If gf is a #-monomorphism and f is a #-epimorphism, then g is a
%-monomorphism.

6. If gf is a #¥-epimorphism and g is a %-monomorphism, then f is a
%-epimorphism.

C. On Perfectness and Completeness

Prove the following assertions:
1. For any class % of abelian groups, the following three statements are

equivalent:
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(a) € is complete.

(b) 4 € % implies 4 ® B € ¥ for every abelian group B.

(c) For any A € ¥, every finite or infinite direct sum of groups iso-
morphic to 4 isin €. :

2. Every strongly complete class is perfect and complete.

It is unknown whether there is a class which is not perfect or not weakly
complete.

D. The C-Generalization of the “Five’’ Lemma

Prove that the “five”” lemma, [E-S; p. 16], remains true modulo a class Z.
Precisely, if we have two exact sequences each with five terms and five
homomorphisms of the groups of the first sequence into the corresponding
groups of the second sequence with the commutativity relations being
satisfied, and if the four extreme homomorphisms are %-isomorphisms, then
the middle homomorphism is also a %-isomorphism.

E. The C-Inverse Homomorphism Theorem
Consider a class € and an exact sequence
A ] fl — A 2 fB 5 A 3 fs A4 f'l 5 A 5
Assume that there exist two homomorphisms ¢, : 4, -~ 4,, and ga: A=A,
such that the endomorphisms f,g, and 7484 are @-isomorphisms. Define a
homomorphism %: 4, + A5+ A, by taking A(x, y) = f4(x) + g5(v). Prove
that % is a ¥-isomorphism.

F. The Products of C-Eq'uivalent Groups

Let € be a complete class, Prove that, if 4 and B are %-equivalent
respectively to 4’ and B, then 4 @ B and Tor(A, B) are %-equivalent
respectively to A’ ® B’ and Tor(4’, B).

G. C-Exact Sequences

Let € be a class and 4, B two subgroups of an abelian group G. We say
that 4 and B are %-equal if the inclusion homomorphisms A N B+ A4 and
A N B > B are %-isomorphisms. Replacing equality by #-equality, one can
define the notion of a %-exact sequence.

1. Establish the elementary properties of %-exact sequences as in [E-S;
p. 50].

2. Generalize the results in (VIII; § 8) to obtain various fundamental
%-exact sequences.

H. On Induced Homomorphisms

Let X,Y be simply connected spaces, f: X > Y a map such that
I+ :75(X) ~7,(Y) is an epimorphism. Assume that the homology groups are
finitely generated.
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1. Let & denote the class of all finite abelian groups, I the class of all
torsion groups, and G a field of characteristic zero. Prove that the following
four statements are equivalent:

(2) fa 1 Hn(X) - Hp(Y) is an J-isomorphism for m <# and is an
Z -epimorphism for m = #.

(b) fag - H(X) ~ Hp(Y) is a F-isomorphism for m < # and is a 7 -epi-
morphism for m = #.

(c) f4 : Hu(X; G) —~ Hn(Y; G) is an isomorphism for m < # and is an
epimorphism for m = #. ' :

(d) f#: HMY, G) > Hm(X; G) is an isomorphism for m < n and is a
monomorphism for m = #. ,

9. Let &, denote the class of all finite abelian groups of order not divisible
by a given prime number 2, T p the class of all torsion groups with null
p-primary component, and G a field of characteristic $. Prove that the
following four statements are equivalent:

(a) fax: Hu(X) > Hp(Y) is an F p-isomorphism for m < » and 1s an
F p-epimorphism for m = #.

(b) fag : HulX) = Hp(Y) is a I p-isomorphism for m <7 and is a  p-epi-
morphism for m = 7.

(c) fax : Hu(X: G) > Hp(Y: G) is an isomorphism for m <7 and is an
epimorphism for m = #. -

(d) fAF: HMY; G) »~ H™M(X; G) is an isomorphism for m <% and is a
monomorphism for m = n.

The usefulness of these two propositions is that, on many occasions, we
may replace the calculus mod % by the calculus with coefficients in a field.
Secondly, sinceZ and Jp are perfect and complete, we may apply (10.1).
Finally, the statements (b), (c}, (d) are equivalent even if the homology
groups are not finitely generated. '



CHAPTER Xi
HOMOTOPY GROUPS OF SPHERES

1. Introduction

Finally we come to the determination of certain of the homotopy groups
of spheres. The calculations are particularly based on the results of the
previous two chapters, and, since they are quite technical, we will not
attempt to summarize them here. However, in the course of the develop-
ment, several topics of independent interest appear: Freudenthal’s suspen-
sion theorem (stated in § 2 and proved in §§ 2-5), pseudo-projective spaces
and Stiefel manifolds (§§ 10-11), and the Hopf invariant of a map f : S?-1
Sn (§ 14). ‘

We have already seen that if » <C 0 then m,.,,(S%) is the zero group, and,
that if #» = 0 then this group is free cyclic; and now in §§ 15-17 we shall
settle the cases7 = 1,2, 3, and 4. A brief report of the cases 5 <7 < 151is

~given in the final section.

2. The suspension theorem

Let » > 1 and consider the n-sphere S* as the equator of the (n + 1)-
sphere S»*+1 with # and v denoting respectively the north and south poles
of S#+1, Pick a point s, in S” and consider the space

W = A(SH)

of loops in S”+! with s, as basic point.

There is a natural imbedding ¢ : S* - W described as follows. For each
x € 57, i(x) is the loop in S#+! joining s, to #, % to x, x to v, and v back to s,
all by shortest geodesic arcs. That ¢ is a homeomorphism of S* into W is
obvious. Furthermore, the loop i(s,) is homotopic to the degenerate loop
wy € W which maps I into s, by means of a natural homotopy; in other
words, the points w, and i(s,) of W are connected by a natural path ¢ in W.

Hereafter, we shall identify x and i(x) for every x € S®. Thus, S® becomes
the subspace #(57) of W and 7 : 5% -+ W reduces to the inclusion map. For
each w > 0, 7 induces a homomorphism

g - 7om(S™, So) = Tm(W, Sg),
the path ¢ induces an isomorphism

G* :U'L'm(W, SQ) Ry ﬂm(W: wﬂ)’
311
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and, according to (IV; 2.2), we have an isomorphism
B Tom(W, Wo) & T 1(S™H, ).
Composing 4y, oy, and A,, we obtain a homomorphism
3 = B0y (S, o) — T4 (S, Sp)

for each m > 0, called the suspension. One can verify that this definition is
equivalent to the more general one given in (V; § 11) for this special case.

Theorem 2.1. (The Suspension Theorem). The suspension % is an 150-
morphism if m < 2n— 1 and is an epimorphism if m = 2n—1.

Proof. Since o, and %, are isomorphisms, it suffices to prove that 7, is an
isomorphism if m < 2n — 1 and is an epimorphism if # = 2# — 1. Thus,
according to Whitehead theorem, (X; 10.1), it suffices to prove that the
induced homomorphism | ‘

ikt Hn(S?%) = Hpu(W) |
is an isomorphism if m < 2% —1 and is an epimorphism if m=2n—1.
Since Hu(W) ~ Z, it m==0mod(n),
Hnp(W) =0, ifm 7 0mod(n),
by (IX; 13.4), it remains to prove the following
Lemma 2.2. 3. . Hy(S?) ~ Hp(W).

This lemma will be proved in the next three sections; we conclude this
section with one immediate consequence of the suspension theorem. Let
U and V denote respectively the north and south hemispheres of Sn+1; then,
using (V; 11.1), we have the following

Corollary 2.3. The excision homomorphism
Cy :ﬂm(U, Sn) *‘*ﬂ:‘m(sn.*-l, V)
is an isomorphism whenever 2 <m < 2n and.1s an epimorphism whenever
wm = 2n.

The identity map on S” extends to a map f: (E»*, 5%) - (U, S7). If we
compose this map with the excision ¢: (U, S%) = (5%, V), we obtain a map

¢ = ef : (En+L, Sn) > (SH, V).

Since V is contractible to the point sy, g is homotopic in (S?+1, V) to a map

b (Entl, Sn) - (S7H 5)

which represents a generator of 7,4, (S?*%, s,). For any element « of 7t (S™, So)»

choose a map ¢:S™—S» which represents «. The map ¢ has an extension -

p: (Em+1, Sm) > (Entl, Sn),
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Then it can be seen that the composed map Iy represents the element X(x)
in gop.,1(S™H, ).
3. The canonical map

Consider the space of paths X = [SnHl; g Sn+1]. According to (III;
§ 13), X is a fiber space over S+ with a projection w : X — S+ defined
by w(x) = x(1) for every path x € X and with fiber W = w=1(sy).

Let U and V denote the north and the south hemispheres of S#+! re-
spectively and let

Xy = 05", Xy=owLU), Xy,=oLV).
We are going to define a map
% (UXW,57 x W)~ (Xy, X,)
which will be called the canonical map.
For each point b € U, let y(b) € X, denote the path joining s, to # and
then # to & by geodesic arcs. The assignment b - v(b) defines a cross-section
¥ 1 U~ Xy. Then x is defined by (8, f) = f-y(b) for each be U and fe W,

where f-p(b) denotes the product of the paths f and y(8). As a consequence
of the construction, we have

wxb, ) =0, (beU,feW).
Lemma 3.1. The canonical map x is a homotopy equivalence.
Proof. Iet A :(Xy, XU) ~ (U X W,S% x W) be the map defined by
) = (), 5 [yo@]), (re Xa).
where [yw(x)]-! denotes the reverse of the path yw(x). Then we have
| #AE) = wol@), 5 [yo()]F) = (@ o] yo),
W(,f) = MFy(@®) = @, [f-9(B)]- [y(2)].

Hence, %2 and Ax are both homotopic to the identity maps. 1
Next, let us define a map
uiSt X W->Ww
by taking u(b, f) = f-4(b) for each beSn and fe W, where 7:5% - W de-
notes the imbedding in § 2.

Lemma 3.2. The map p is homotopic in Xy to the map v:S* x W > X,
defined by v = 2 | Sn x W.

Proof. Intuitively, a homotopy of  to » is accomplished by “unwinding”
the path 4() to half its original length. More precisely, define a homotopy
he 1 S* - Xy, (0 <t < 1), by taking \

[Fe(B)1(s) = [i(x)] (i"i“’i) (beSn, sel, tel).
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Then h, = 1 and %, = y. Define a homotopy & : 5" X WXy, (0 <t <1),
by taking Falb, f) = f-R(b), (beSt feW, tel)
Then ky = p and &y = ». I

4. Wang’s isomorphism p,
In the present section, we shall construct for each integer ¢ >0 an
. hi
1SOmOTPHIE Py Ha(S®) ® Hy(W) ~ Huyg(W).

Let m = n + ¢ + 1. The construction of p, will be made in six steps as

follows.

Step 1. Since the south hemisphere V of S#+1is contractible to the point s,
an application of the covering homotopy theorem proves that W is a strong
deformation retract of X, Hence the inclusion map induces an 180~

morphism £ Hu(X, W) ~ Hn(X, Xo).
Step 2. The inclusion map induces a homomorphism
n : Hp(Xu, Xo) » Hm(X, Xy).
Dy = Sn+i\ v, Dy = S#+i\u, D = Dy N Dy;
Yy = 0-YDa), Yo = @ 4Dy), ¥ = YuN Yo.

Since Y, and Y are open sets whose union is X, the excision theorem holds
and hence the inclusion map induces an isomorphism

Hun(Yy, Y) &~ Hu(X, Yo).

Since U, V, S are strong deformation retracts of Dy, Dy, D respectively, an
application of the covering homotopy theorem proves that X, Xy, X, are
strong deformation retracts of Yy, Yo, ¥ respectively. Hence # is an iso-

morphism. |
Step 3. Since the canonical map # is a homotopy-equivalence, it induces an

isomorphism - 7 W, Sm x W) ~ H(Xu, Xo)-
Step 4, By the Kiinneth theorem, we get an isomorphism
E Huoy (U, S?) @ Hf(W) =~ Hn(U X W, 5" X w).
Step 5. Since X is contractible, we have an isomorphism
0 Hu(X, W) &~ Hpu(W).
Step 6. Since U is contractible, we have an isomorphism
Hyi(U, Sn) av Hp(S™).
Taking tensor products, we obtain an isomorphism

0 Ho,yy(U, S®) @ Hy(W) ~ Hu(S™) © Ho(W).

Let
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Composing these steps, we get an isomorphism
Px = 05 Yape, L6 Hu(S") @ Hy(W) ~ Hy . g(W).
This isomorphism p, is the same as the homomorphism ps In. Wang’s
exact sequence (1X; 13.1) for the fibering e : X - S7*1, See also [Wang 2].
5. Relation between p, and iy

The space W of loops has a continuous multiplication
M:WxW->W
defined in (III; § 11). The total homology group

H(W) = % Hyp(W)

m=0

becomes a ring under the Pontrjagin multiplication defined as follows.
Let a € Hp(W) and g e Hy(W). By the Kiinneth theorem, « and g de-
termine a unique element a0 X B of Hp (W x W). The map M induces a

homomorphlém My: Hu(W X W) > Hyp(W)
for every m. Then the Pontrjagin product of o and f is defined to be the
element

‘ wf = Mylo X ) € Hpo(W).

Proposition 5.1. For cvery a € Hy(S?) and f € Hy(W), we always have
P(e® f) = Big(w),

where iy Hn(Sﬂ)/~+ Hp(W) denotes the homomorphism induced by the im-
bedding 1 : S* - W of § 2. :

Proof. Consider the diagram

Hy(U X W, 57 X W) 2t Hy(Xy, Xo) -1 Hp(X, Xo) < Hu(X, W)
l@ \ [ b

Hypy(S® X WY =2~ Hpoy(X) = Hpy(Xy) «Z Hypy(W)

where ¢ and 7 are induced by inclusion maps and the homomorphisms @ are
- boundary operators. The rectangules are all commutative and hence

(1) | 0& 1y = o l1v,0.
- By (3.2), we have
(2) TVy = Ol

By the Kiinneth theorem, we have an isomorphism
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and a commutative rectangle

Husy(U, S7) ® Ho(W) == HyiguaU x W, 5% X W)

[ [
Ho(S™) ® Ho(W) 2~ Huig(S* % W).
Hence we obtain
(3) 1 =000
Using (1), (2) and (3), we deduce

py = 0& e, (O = “1yp, 0001 = 0001 = paX.

Then it follows from the definition of u that
pela® f) = paX(a® f) = i) 1

In particular, if ¢ ~ 0, then H (W) is a free cyclic group generated by the
element e represented by @, as a O-cycle of W. For each o € Hp(S?), we have

dap(e) = erigp(a) = pyla @ e).
This proves Lemma 2.2.

‘ 6. The triad homotopy groups
Consider the space of paths
T = [W; S, 4]
m(T) = Fm+1 (W, S™)

for every m. Hence the homotopy sequence of the pair (W, S®) gives rise to
an exact sequence

> 7(T) = (S > T (SP1) = Ama(T) >0

By (IV; 3.1), we have

This is essentially the suspension sequence of the triad (S»+1; U, V), wm (1)
being essentially” the triad homotopy group Tmso(SP; U, V). See (V;
§8 10-11). : :

Because of this exact sequence, it is.desirable to determine the triad
homotopy groups (7). The following lemma is an immediate consequence
of the suspension theorem (2.1).

Lemma 6.1. 71,,(T) = O for every m <2n— 2.

To determine the higher homotopy groups of T, let us study the space of
paths | 0 = [W;Sn, W)
which is of the same homotopy type as S#. Consider the projection @ : QW

defined by w(o) = o(1) for every ¢ € (; then Q becomes a fiber space over w
with fiber w(sg) = 1.
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Since Hp(W) =0 whenever 0 <m < # and Hu(T') =0 whenever
0 <m < 2n-— 1, we have by (IX; 14.1) an exact sequence

Hyn—o(T) =+ > Hm1(Q) > Hymyy (W) > Hyg(T) ~ H( Q) - - 1> Hy (W)-0.

Since @ is of the same homotopy type as S, 'we have Hp11(Q) = 0 = Hp(0Q)
for every m > #n. This implies that H,,(T ) &~ Hip (W) whenever n < m <
3n — 2. Hence, we deduce the following

Lemma 6.2. Hy, ((T) ~ Z and Hp(T) =0 whenever 2n— 1 < m < 35 — 2.

Choose a map f : S?»-1 - T which represents a generator of the free cyclic
8roup My, (1) ~ Hyp-1(T). Then f induces an isomorphism

Pt Hono(S*7Y) & Hypo(T).

Then, by (6.1) and (6.2), it follows that Fa : Hip(S*1) & Hpy(T) for every
m < 3n—2. An application of Whitehead’s theorem proves that the
indUCEd homomorphism f* 2.7tm(52”"1) “*ﬂm(T)

is an isomorphism if m << 3» — 3 and is an epimorphism if m = 3un — 3.
Hence we have proved the following

Proposition 6.3. swn(T') is isomorphic 1o mu(S*-1) for every m. < 3n — 3

and gy -o(T) is isomorphic to a quotient group of rrq,_o(S?-1).,

7. Finiteness of higher homotopy groups
of odd-dimensional spheres

In the present section, we are concerned with an odd-dimensional sphere
S%. Since the homotopy groups of the I-sphere S are completely computed
in (IV; § 2), we may assume that » > 3.

Consider an #-connective fiber space X over S# with a projection w: X —»S7,
By definition, wn(X) = 0, (m <n),
Oy (X)) A Tt (S™),  (m > n).

Then it follows that the fiber F is a space of the homotopy type (£, n — 1).

By (X; 8.3), 7n(S?) is a finitely generated abelian group for every .
An application of the generalized Hurewicz theorem proves that Hy(X) is
finitely generated for every m. :

Let K be a field of characteristic zero. Since # — 1 is even, it follows from
(IX; Ex. G) that the cohomology algebra H *(F; K) is isomorphic to a poly-
nomial algebra over K generated by an element of degree #— 1. Let
« € H*-1(F; K) be a generator of H*(F; K).

Consider Wang’s cohomology sequence (IX; 13.2):

voo > Hm(X; K) - Hm(F; K) LAl Hm=nYF K)  Hot (X K) > - -,
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where p* is a derivation since # is odd. Since H*(X; K) = 0 = H*»(X; K)
p* sends Hn-1(F; K) isomorphically onto HY(F; K). Therefore, p*(«) is a
non-zero element of HYF; K) ~ K. Now let us prove that

p* : Ho@-0(F; K) ~ H®-D-D(F; K)
for every positive mteger #. In fact, the vector space H?@-1(F; K) over K
admits a® as a basis. Since p* is a derivation, we have
p¥(ka?) = php*()o?-t, (ke K).
Hence p* is an isomorphism for every s > 0. Then an exactness argument
proves that Hm(X; K) = 0 for every m > 0. Since Hp(X) is finitely gener-
ated and K is of characteristic zero, this implies that Hy(X) is finite for every

m > 0. An application of the generalized Hurewicz theorem (X; 8.1} proves
that 7,,(X) is finite for every m. Thus, we have proved the following

Theorem 7.1. If S* is an odd-dimensional spheve and m > n, then mwm(S™)
1s finite.
8. The iterated suspension

The natural imbedding S#+tc A(S#+2) of § 2 induces an imbedding
§ 1 A(SnHY) - A2(Sn+2),
Composing with the natural imbedding ¢:S"->/4(S7+!), we obtain an imbedding
k= ji:87 > A% Snt),
For each m, k induces a homomorphism
by 0m(S™, 57) ~7m(AX(S™), 55).
Asin § 2, we have a natural isomorphism
Ly oo A2(SPH2), 5g) & T4 (ST, 8p).
Proposition 8.1. [,k is equal o the iterated suspension %2
Proof. By § 2, there is an isomorphism \
& = B0y L TTm(A(STY), o) R T 11 (SPHL, ).
Similarly, there are isomorphisms
B e AX(S™H), 50) 5 o (A(S™H), ),
Y o1 (A(SPHR), o) A Tom (ST, 5g).
Then /, = yf and &, = j4i4. The proposition is a consequence of the com-
mutativity of the dlagram

m(SP, So) 2 T A(S7H), 39) L2 7 AXSH), )
DV P
Tm41(SP, o) e Tom 41 (A(S™+2), o)
y
N J
Tm2(ST2, So). |

The following proposition is an immediate consequence of (8.1) and (2.1).
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Proposition 8.2. The homomorphism ky is an isonéorph'ism if m<<2n—1
and is an eprmorphism if m = 2n — 1.

If we study the p-primary components instead of the whole homotopy
groups, then we can deduce more detailed information from the iterated
suspension 22 |

Theorem 8.3. Let n > 3 be an odd integer, p a prime number, and € the
class of all finite abelian groups of ovder prime to p. Then the ilevated suspension

22 70m(S™) > Tom45(S™HE)
is a €-isomorphism if m < p(n + 1) — 3 and 1s a G-epimorphism if m =
pin + 1) —3.

Proof. According to (8.1), it suffices to prove the theorem for,the homo-
morphisms B Tom(S™) — i (A2(S742))
induced by the natural imbedding % : S - A2(Sn+2).

Let K be a field of characteristic 4. Then % induces the homomorphisms

kAR . Hm(A2(S7+2); K) — Hm(S»; K).
By Whitehead theorem (X; 10.1) and (X; Ex. H2), it suffices to show that
k¥ is an isomorphism for every m < p(n + 1) — 3.

By (8.2) k4 is an isomorphism if m < 2% — 1 and is an epimorphism if
m = 2n — 1. An application of (X; 10.1) and (X; Ex. H2) proves that Ay
is an isomorphism for m << 2n — 1. By (IX; Ex. F6 and F7), we have

Hm(A2(Sn+2); K) =0, (n<m <pn + 1)—3).
Since # >3, it follows that %¥ is an isomorphism for every m < p(# + 1) —3.1

Corollary 84. Ifn > 3 1s an odd wnteger, p a prime number, and m << n +
4p — 6, then the p-primary components of mm(S®) and sm—n.5(S%) are iso-
wmorphic.

Proof. We shall prove the corollary by induction on #». When # = 3, there
is nothing to prove. Assume that ¢ > 5 is an odd integer and the corollary
is true for every odd integer » with 3 <# < g¢. |

By (8.3), the p-primary components of m,;,(S?) and 7,;,-,(5¢%) are iso-
morphicifm — 2 < p(g— 1) — 3. Since¢q > 5, wehave (p — 1) (g —3) =0
and hence g+ 4p—-8 < plg—1) —3.

This implies m — 2 < p(g — 1) — 3 whenever m < ¢ + 4p — 6.

By the hypothesis of induction, the p-primary components of 7z, (5772
and 7t -q.5(S?) are isomorphic if m < g + 4p — 6. Hence, the corollary is
also true for w =g¢. 1

9. The p-primary components of x,,(S°)

The corollary (8.4) reveals the importance of finding the p-primary com-
ponents of the homotopy groups of the 3-sphere S3.
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Consider a 3-connective fiber space X over S8 with a projection e : X »S3
and fiber F which is a space of homotopy type (Z, 2). ’

Lemma 9.1. The integral homology groups of X are as follows: Hp(X) =0
if m is odd; H,,(X) is cyclic of order n for every n > 0. Thus, the first few
homology groups are:

Z: O) 0: O: Z2: O:Z:s: O:Z:}: O,ZS;' v
Proof. Consider Wang’s cohomology sequence (IX; 13.2):
e o H(X) - H™(F) LN Hm—2(F) > Hn(X) -+ -

where p* defines a derivation of H*(F). By (IX; Ex. G), H*(F) is isomorphic
to a polynomial algebra over the ring of integers generated by an element

of degree 2.
Since mm(X) = 0 for m < 3, we have H?(X) = 0 for m < 3. Hence we

obtain p* . H¥(F) ~ HYF) = Z.

Let o denote element of H2(F) with p*(«) = 1. Then « generates the algebra
H*(F) and p*(a®) = no®-L.
Let m = 2n with n > 2. The sequence becomes

0 > Hn(X) — HW(F) £ H-(F) > H*+1(X) - 0.

Since H2n(F) is free cyclic with a® as-generator and p*(a?) = no®~, it follows
that p* is a monomorphism and its cokernel is cyclic of order #. Then the
exactness implies that

Hm(X) =0, H2H(X) ~ Zn.

The lemma follows from this and the duality between homology and
‘cohomology. 1

Theorem 9.2. If p is a prime number, then the p-primary component o f
7t (S3) 15 0 ¢f m < 2p and s Zp if m = 2p.

Proof. Let % dendte the class of all finite abelian groups of order prime to p.
By (9.1), we have Hp(X) € € whenever 0 < m < 2p. An application of the
generalized Hurewicz theorem proves that s, (X) € ¥ whenever 0 <m < 2p
and 7,,(X) is ¥-isomorphic to Zp. Since X is a 3-connective fiber space over
53 we have mm(S?) ~ 7tm(X) for each m > 3. This implies the theorem. }

Corollary 9.3. If n >3 is an odd integer and p a prime number, then the
p-primary component of up(S?) is 0 of m <n + 2p— 3 and is Zp 1f m =
. on+ 2p—3. A
Proof, Since p > 2, we have n + 2p — 3 <n+4p—6. Then it follows

(8.4) that the p-primary components of 7n(S*) and Tom-n43(S%) are iso-
morphic. | '
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10. Pseudo-projective spaces

If we adjoin to the n-sphere S* an (n -+ 1)—ce11 Ent1 by means of a map
¢ 1 JEmH! = S7 — S» of degree hasin (I; § 7), we obtain a space

P = prtl

which is called a pseudo-projective space, [A-H; p. 266]. We shall assume
that # > 0; in this case, the homology groups of P are

HyP) ~Z, HulP) ~ Za;

Hp(P) =0, m#£0,m +#n.
Lemma 10.1. For every m << 2n — 1, we have an exact sequence
0 > 7wm(S™) ® Zn = m(P) — Tor{my—(S®), Zn) - 0.

Proof. The map ¢ extends to a map y : E#*1 - P in an obvious way. We
obtain a commutative dlagram

> 1 (P, S®) 2 1) > P) 7t (P, SP) ~2> g2y () >

T"f’* I * I’l’* I *
Tomsq (B, Sn) 2 Tom{(S™) o (Ent1 Sny -2, Tm—g(S7)
where the top row is the homotopy sequence of the pair (P, $#) and
B 1 Tm(SP) >0m(S7), Py : 70 (EBHL, S1) > (P, S7)

are induced by the maps ¢ and . Since ¢ is of degree %, we have Pulo) = Aot
for each a €7, (S™) whenever m << 2n — 1; on the other hand, Py 15 an iso-
morphism for every m <2n — 1. See Ex. A and Ex. B at the end of the
chapter. Hence we may replace the homotopy sequence of (P, S%) by the
exact sequence _

Tn(S") 2 un(S7) > (P) ey (S7) 42> 11, (S)
for every m < 2n — 1. Since the kernel and the cokernel of ¢, : 7,(S7) —
mm(S™) are isomorphic to Tor(7m(S?), Zp) and mpy(S™) ® Zp respectively, the
exactness of this sequence implies the lemma. |

Let X denote a 3-connective fiber space over S® with projection @ : X — S3.
Since the p-primary component of 7z,,(X) is cyclic of order , there exists a
map f:5% - X which represents a generator [f] of this p-primary com-
ponent of 7,,(X).

Consider the pseudo-projective space P = PZ?’““ Then S < P. Since
p[f] =0, fcan beextendedtoamapg: P - X. Composzng with @ : X - S8,
we get a map X = wg : P — 5% which induces the homomorphisms

Xy i om(P) - 70m(S3).
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Lemma 10.2. X, s a monomorphism for m < 4p — 1 and sends mem(P) onto
the p-primary component of mm(S3) for m < 4p— 1.

Proof. It suffices to prove the lemma for the induced homomorphisms‘
&y 7om(P) - tm(X).

It follows from the generalized Hurewicz theorem (X; 8.1) that 7, (P) is a
p-primary group for every . Hence g, sends sp,(P) into the p-primary -
component of sy (X).

Let ¥ denote the class of all finite abelian groups of order prime to 5.
It remains to prove that g, is a $-isomorphism for m << 4p — 1 and is a
%-epimorphism for m = 4p — 1.

From the construction of g, one can see that gy : Hyp(P) ~v Hyp(X).
Then, by (9.1), g4 : Hn(P) - Hp(X) is a €-isomorphism for m < 4p. An
application of the Whitehead theorem (X; 10.1) completes the proof. |

This lemma reveals the importance of finding the homotopy groups of
P = P+l |

Theorem 10.3. If p is a prime number and m < 4p — 2, then wp(P) = 0
if m s different from 2p, 4p — 3, and 4p — 2, while:

Top(P) ~ Zp;
Tap-a(P) ~ Zp;
Tap—ol P) o Zp, tf p > 2.

Proof. According to Hurewicz’s theorem, we have 5, (P) = 0 for each
m << 2p and 7mp(P) &~ Zp. Applying (10.1) with n =2p, 2 =, and m <
4p — 3, we obtain an exact sequence

0 "'*ﬂm(sz'p) ® Zp ““}nm(P) - Toy(ﬂm_l(szp), Zp) - 0.

By the suspension theorem (2.1), we have 77,,(S%P) & 7 - (S22-1) for every
m < 4p— 3. Since 26— 1 > 3, it follows from (9.3) that the p-primary
component of 7y, (S?°-1) is 0 if m < 4p — 3 andis Zp if m = 4p — 3. Hence

‘we obtain: am(P) =0, (2p <m < 4p—3);

Rap-5(P) & Zp.

By (10.2), the p-primary component of 71,(S3%) is 0 whenever 2p < m <
4p — 3 and is Zp if m = 4p — 3. Then, by (8.4), we deduce that, if » >3
is odd, the p-primary component of 7,,(S%) is 0 whenever # + 2p —3 <
m < n+ 4p—6. By (2.1), mpn(S%?) A iy (S*PH) for every m < 4p —2.
Hence, the p-primary component of my;,,,(S%11) is 0 whenever 4p — 3 <
m << 6p — 6.

If $ > 2, then 4p — 2 < 6p — 6 and hence the p-primary component of
Typ-o(S¥) is 0. By (10.1) with n = 2p, h=p, and m = 4p —2, we get
Typ-o(P) ~ Zp. | .
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Corollary 10.4. I} $ is a prime number, then the p-primary component of
m(S%) 15 0 if 2p <m < 4p—3 and is Zp is m = 4p — 3. If P> 2, then
the p-primary component of myy-_o(S3) is Z,.

Corollary 10.5. If n > 3 is an odd integer and p a prime number, then the
p-primary component of mp(S") is O if n + 2p — 3 < m-< n + 4p — 6 and
that of 7tp.,4p-4(S™) is 0 or Zy.

11. Stiefel manifolds

Let » > 4 be an even integer and consider the Stiefel manifold V' — Viii,e
of all unit tangent vectors on S#, (II1; Ex. G). Then, V is simply connected
and its homology groups are as follows: ~

H\V)~Z, HypV)~Zy, Hp (V)2

and all other homology groups are zero, [Stiefel 1, 2] and [S; p. 132].
Since V'is the tangent bundle of S=, it is a fiber space over S® with a pro-

jection w: ¥V — S and fibers homeomorphic to S»-1. According to (V; § 6),
this fibering gives an exact sequence

co i (V) s g (S1) L2 o1 (SPY) 2> g (V) > - -

This exact sequence is usually used to deduce properties of the homotopy
groups of V. Here, on the contrary, it will be used to study the groups
Tem(S?).

Let #;, denote the generator of 7,,(S™) represented by the identity map.
Consider the following part of the sequence:

s Tl V) L 1y (S8) L g, (01 s (V) 0,

By Hurewicz’s theorem, 7y _y(V) ~~ Z,. Since 7, is an epimorphism, the
exactness of the sequence implies that the image of 4, is a subgroup of
7tn-1(S"1) of index 2. Hence we deduce that d,(u,) = + 2u,_,. In fact, it is
known that d,(uy) = 2u,.,, but we shall not need this refinement.

The structure of the homomorphism 4, with # > # is described by the
following

Lemma 11.1. If X is a fiber space over S* with a pathwise connected fiber F,
then the homomorphism dy in the exact homotopy sequence

s > T(X) > m(SP) 2 gy () > gty (X) > - -

sends the suspension X(x) of any element « € mp_,(SP-Y) nto the composition

Ay (un) O o

If a map % :S7-! — F represents d,(u,), then % induces a homomorphism
Ry 1 7m-1(S"7Y) — ug o (F) which gives kAy(w) = dy(#z) O « for each « in
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7tm—y (S*1). Hence the relation stated in the lemma means that the fol-
lowing triangle is commutative:

T -1(SPY) _Z_, 7w (S?)

\/

ﬂm]

Proof. The projection @ : X - S7 1nduces an isomorphism wy, : 7t (X, F) A
7m(S?). By definition, d is w}! followed by the boundary homomorphism
0 l:’zm(X, F) —>7L’m...](F).

A representative map & : S?-1 > F of dy(uy) can be constructed as follows.
Let & : (En, Sr-1) — (S%, s,) be a map which represents #y,. It follows from
the covering homotopy theorem that there exists a map H: (E®, S71) —
(X, F) such that wH = k. Then the restriction & = H |57 represents

Ay {thy). _ :
- Let a €y (S?Y). It remains to prove R,(o) = d, X («). Let ¢ : 571
Sn-1 represent «; then k,(«) is represented by k¢. Extend ¢ to a map
y: (Em,Sm-1) » (En, Sn-1), By § 2, hy represents X(«). Since wHy = hy,
Hy represents w;! % (o) and hence kd = Hy |S™~1 represents dy, 2 (a).

Next, let us study the homotopy groups of the Stiefel manifold V = Viyq,,.
Using the generalized Hurewicz theorem, we can deduce that:

(1) (V') is finitely generated.

2 mn(V) =0ifm <n—1.

(3) - (V) &~ £, | <

(4) (V) is a finite 2-primary group whenever » — 1 <m < 2n — L.

(5) 7wgn—4(V) is isomorphic to the direct sum of Z and a finite 2-primary

group.

Lemma 11.2. I} € denotes the class of all finite 2-primary groups, then there
exists a map q : S¥-1 >V such that the induced homomorphism '

9'*‘37Tm(52nh1) =7t (V)
is a G-isomoyphism for every m.

Proof. By (5), there is a map ¢ : S?»~1 ¥ which represents a free element
o of 714, (V) such that the free cyclic subgroup generated by « is of index
some power of 2, Since the natural homomorphism of 7y, (V) into Hyay,—(V)
is a @-isomorphism, it follows that the induced homomorphism

gt Hu(S*07Y) > Hy(V)

is a @-isomorphism for m = 2n — 1 and hence for every m. An application
of Whitehead’s theorem (X ; 10.1) proves the lemma. |

We list the following additional results on the homotopy groups of V;
these are immediate consequences of (10.2).

(6) 7w (V) is finite if m > 2n — 1.
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(7) If p is an odd prime number, then the p-primary component of
7m(V) is isomorphic to that of my,(S2-1),

12. Finiteness of higher homotopy groups
of even-dimensional spheres

Theorem 12.1. [/ S” is an even-dimensional spheve and m is an integer
such that m > n and m % 2n-— 1, then y,(S") is finite and Tap—1(S?) 1s
isomorphic to the divect sum of Z and a finite group.

Proof, Since mm(S?) A 7,(S?) for every m > 2, the theorem is true for
# = 2. Hence we may assume # >4 and apply the results of § 11. If m > #
and m # 2n — 1, then both 7 (V) and 7z, _, (S7-1) are finite. Therefore, the
exactness of the sequence wp(V) (S —mpm_;(S?-1) implies that m,(S»)
is finite, '

To study the critical case m = 2u— 1, let € denote the class of all finite
abelian groups. It follows from the exact sequence that

Wy 1Ty (V) >4y 1 (S7)

is a #-isomorphism. This implies that 7,, ,(S®) is isomorphic to the direct
sum of Z and a finite group. 1 -

13. The p-primary components of homotopy groups
of even-dimensional spheres
In the present section, we are concerned with the p-primary components
of the homotopy groups 7,,(S?) of an even-dimensional sphere S7. Since
m(S?) ~ 7w (S for every m >3, we may restrict ourselves to the case
n >4 and apply the results of § 11,
Consider the following part of the exact sequence appearing in §11:

T 11(S%) > 7(S81) v g0 (V) 22> g (ST) L2s g, (1),
Using the homomorphism w, and the suspension ¥, we define a homo-
morphism T:50n(V) + 7o —y(SP1) > 7m(S")
by setting (o, f) = wy(a) + Z(B) for each a € my(V) and B empm_, (So-1).

Lemma 13.1. I} € denotes the class of all fimite 2-primary groups, then I'is a
€-isomorphism.

Proof. According to (11.1), the suspension X followed by d, is the induced
endomorphism %, onss,—,(S*1) of a map & : Sn-1 - Sn-1 of degree d = 4 2.
By Ex. A6 at the end of the chapter, %, is a ¥-automorphism. Hence the
lemma follows as a consequence of (X; Ex. E). |

Theorem 13.2. I/ % denotes the class of all finite 2-primary groups, then the
homotopy group mm(S™) of an even-dimensional sphere S* is G-isomovphic to
the divect sum of mwp(S*-1) and rpy, - (Sn-1).
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Proof. Since 7 (S?2) a mwm(S8) for every m > 3, the theorem holds for n = 2.
If n >4, then (13.2) is a direct consequence of (13.1) and (11.2). 1

The importance of (12.1) and (13.2) is that the calculation of the homotopy
groups of an even-dimensional sphere, except for their 2-primary com-
ponents, reduces to that of the homotopy groups of odd-dimensional
spheres. Precisely, we have the following

Corollary 13.3. I} n is even and P an odd prime, then the p-primary com-
ponent of my(Sn) is isomovphic o the divect sum of those of m,(S*-1) and
ﬂm_l(sn”—]‘).

14, The prf invariant

In order to strengthen (13.2), we propose to present Serre’s version of the
notion of Hopf invariant. :

Consider the #-sphere S* and a given point s, € S, Let 22 = /A{S") denote
the space of loops in S” with s, as basic point. Consider the natural iso-
morphusim ] Tan-o(2") Ao oy -1(5™)
and the natural homomorphism

BTy —o(27) > Hgyo(02") &~ Z.

Let f.S2m-1 . Su be a given map representing an element {f] €mgn—1(S™).

The Hopf invariant of f is the integer H(f) uniquely determined by

Ri=YfD) = H(f)u,

where #, denotes the generator p,%(1) of Hy, 5(£2%) determined by the
homomorphisms p, in (IX; 13.1). For other definitions of Hopf invariant,
see Ex. C at the end of the chapter. '

When # is odd, H(f) is always zero; when # is even, there exists a map f
with H(f) = 2; if » = 2, 4 or 8, then there exists a map f with H(f) = 1,
namely the Hopf maps of (ITI; § 5). See [Hopf 2] and [S; p. 113].

Theorem 14.1. Lot n be an even integer and | : S~ — S* a map with Hopf
invariant H(f) = k # 0. Let € denole the class of all finite abelian groups of
order dividing some power of k. If '

Xp 2 1 (SP1) + 7tp(S#Y) —> 77 (ST)
1s the homomorphism defined by
X, B) = B() + [«(B), a€mm-y(S"), BEemm(S™),
then X5 1is a €-isomorphism for every m > 1. '

Proof. The theorem is obvious if » = 2. Hence we assume # > 4.
The map f defines a map g : £2*#-1 — Qn in the obvious way and g induces

a homomorphism g% . H¥(Qn) - H*(§2n-1)
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of the cohbmology algebras with integral coefficients. According to (IX;
Ex. H), H*(Q7) admits a homogeneous basis { #; } with dim (1) = i(n—1)
foreach7 =0, 1,--- such that

@ =1, (a;)? =0, (a)? = (phag, ajagp = “229“:1 = dop+1-

- Similarly, H*(2*#-1) admits a homogeneous basis { & } with dim (b)) =
t(2n — 2) for each 4 = 0, 1,- - - such that

bo =1, (b)? = () bp.
Since H(f) = #, it follows that g*(a,) = kb,. Then we get

(PN)g*(azp) = g*{as?) = kP(b))? = kP(p!)by;

and therefore g*(ayp) = APby. Since obviously g*(agp.,) = 0, it follows that
g* is completely determined.

Now let ¢:57-1 > Qn denote the natural imbedding in § 2 and consider
the induced homomorphism

i ; H¥(Qn) > H*(Sn-1),

By (2.2), e = i*(a,) is a generator of H»-1(Sn-1), _

By means of the multiplication in 27, we may define a map ¢:Sn-t x
Pl > O by setting ¢(x, w) = i(x)-g(w) for each xeS*1 and w € Qn1,
By (IX; Ex. H), H*(S»-1 x Q1) is naturally isomorphic to the tensor
product H*(S»-1) @ H*(£220-1), This enables us to determine the induced

homomorphism B+ EH(Qn) o HH (S Qe _
. ﬁb#(azp) = kP 1® by,
$H(agp.1) = $H(a1)¢H(agp) = ke ® by,

Hence, ¢¥:Hm(Qm) > Hm(Sn-1 x Q-1) is a monomorphism and its
cokernel is finite of order equal to a power of % for every dimension . By
duality, this implies that Pt : Hp(Sn1 x Q-1) » H,,(Qn) is a @-iso-
morphism for every m. An application of the Whitehead theorem shows that
the induced homomorphism

P 1T (ST X 22171) gy, (O7)

as follows:

Is a ¥-isomorphism for every m.

The group 7, (S»~1 x 222-1) is isomorphic to the direct sum my,(Se-1) +
7m(£2°%-1); on the other hand, 7,(2%) A 7p.,(S?). Then, the construction
of ¢ shows that ¢, reduces to the homomorphism %;. 1

Corollary 14.2. If H(f) = 4 1, then X; is an isomorphism and hence the
SUspension X : fum_ (SP1) —mp(S®) s a monomorphism for every m > 1.

Because of the existence of a map f with H(f) = 2, (14.1) implies (13.2).
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* 15. The groups =, 1(5") and #,,2(5")

Since 7wy {(SY) = 0 for each m > 1 and 7, (S?) ~ 7p(S3) for every m > 2,
we may assume # > 3.

Theorem 15.1. 7., (S?) is cyclic of order 2 for every n > 3.

Proof. Let X denote a 3-connective fiber space over S3% Then, by (9.1),
we have 70,(S?) mv my(X) ~ Ho(X) = Z,,
By the suspension theorem (2.1), we deduce
my(S?) A mg(Sh) A e A (ST) A

Hence my,,,(S?) a0 Z, for every #n > 3. |

One constructs the generator of 7,.,,(S?%) as follows. Let us consider the
Hopf map p:S%—~S2 defined in (III; §5). According to (V; §6), re-
presents the generator of m,(S%). Since the suspension X :7w,(S?) —>74(S?%) 1s
an epimorphism, the suspended map Xp : S* - S3 represents the generator
of 7,(S3). Then the generator of 7,,;(S™) is represented by the (z — 2)-times
iterated suspension %7~%p of the Hopf map .

Theorem 15.2. 77, ,(S?) s cyclic of order 2 for every n 2= 3.

Proof. Applying (10.1) with # =4, A =2, m = 5, we obtain an exact
§equence 0->Zy® Zy—>my(P3) — Tor(Z,Zy) 0.

Since Z,® Zy ~ Z, and Tor(Z,Z,) =0, this implies 75(P3) ~ Z,. Then,
by (10.2), the 2-primary component of 77;(S3) is isomorphic to Z,. Since the
p-primary component of 7;(S8) is 0 if » > 2 by (9.2), it follows that
75(S3%) &~ Z,.

Since the Hopf map S7 - S%is of Hopf invariant 1, we may apply (14.2)
with # = 4 and m = 6. Hence, (2.1) and (14.2) imply that X :my(S®) ~
75(S%). Thus, 4(S%) ~ Z,. |

Finally, by (2.1). we deduce

756(54) %767(55) Ay s %ﬂn+2(5n) PR

»

Hence 7y, o(S™) &~ Z, for every #n > 3. |

To obtain the generator for 7, ,(S%), let 4 : S¢ - P} denote the imbedding -
given by the definition of P}. Then, by the proof of (10.1), the generator of
75(P3) is represented by the composition of ¢ and 2%p : 5% - 5% Composing
with the map ¥: Pj--S%in § 10, we obtain a representative map Xi Xi%p
for the generator of 774(S3). This implies that X7 represents the generator of
7,(S% and hence is homotopic to Zp : S* - S3. Therefore, the generator of

7t5(S8) is represented by g=23pOT2p:S55>88
where p : S3 - S? denotes the Hopf map. Then it follows that the generator

of 7t,,4(S%) is represented by the (# — 3)-times iterated suspension X»—3g
of g for every n > 3.
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Corollary 15.3. 73(S?%) ~ Z,7,(S?) ~ Z,, n5(S?) ~ Z,.

By (V; §6), the generators of these cyclic groups are represented by
respectively the maps

p:S3->S2 pOTp: 5182 p O Tp () T2p: S8 52,

16. The groups =, 3(5")
Theorem 16.1. 7,(S%) ~ Z,,.
Proof. Applying (10.1) with n =4, & =2, m = 6, we obtain an exact
Sequience 0~ Z,® Zy > mg(P3) = Tor(Z,, Z,) 0.

Since Z,®8 Zy, ~ 2,y and Tor(Zy, Zy) ~ Z,, mg(P3) is isomorphic to an ex-
tension on by Z, and hence has 4 elements. Hence, by (10.2), the 2-primary
component of 74(S%) has 4 elements.

By (9.2), the 3-primary component of 74(S3) is isomorphic to Z4 and the
p-primary component of 74(S3) is O for every prime p > 3. It follows that
7g(S®%) has 12 elements and hence is isomorphic to either Z,, or Z, + Z,.

. Suppose that 74(S%) ~ Z, + Z,. Let X denote a 5-connective fiber space

over S3, then
Hy(X) moe(X) ~v 70g(S?) & Z, + Zy,
and it follows from the universal coefficient theorem [E-S; p. 161] that
HYX; Zy) ~ Hom (Hy(X); Z,) ~ Zy + Z,,

This contradicts to (IX; Ex. I); hence, we conclude that 74(S%) & Z,,. |
Examination of the first paragraph of the proof reveals that the com-
position of the maps

g6 =2, <5 % SaZ? g3

represents an element of 7g(5%) of order 2. A generator of 74(S3) is represented
by the characteristic map &: 5% > S3 of the fiber bundle Sp(2) over S® with
Sp(1) as fiber, [Borel and Serre 1; p. 442]. For the definition of the charac-
teristic map, see [S; p. 97].

Corollary 16.2. 7,(S?) & Z,,.
A generator of 714(S%) is represented by the composed map p& : S8 - S2

Theorem 16.3. 77,(SY) ~ Z + Z,,.

Proof. Let us denote by g:S7 5% the Hopf map in (III; §5). Since
H{g) = 1, we may apply (14.2) with » =4, m = 7, and / = ¢. Thus, we
obtain an isomorphism

P g (S + ,(S7) A 70,(SY).

Since 7,(S7) & Z and 74(S?) & Z,,, this proves the theorem. 1
From the preceding proof, it follows that g represents the generator of
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the free component Z of 7,(S%) and the suspended map & : S7 - S* represents
an element of order 12 which generates the torsion component Z,, of 7;(54).

Theorem 16.4. 71,,,.5(S?) &~ Z,, if n > 5.

Proof. By the suspension theorem (2.1), X maps ,(S% onto m,(S%).
According to Ex. D at the end of the chapter, the kernel of X is the free cyclic
subgroup of m,(S%) generated by the Whitehead product [e, ¢], where e
denotes the generator of 77,(5%) represented by the identity map on S4.

On the other hand, it follows from a theorem on characteristic maps,

S; p. 121], that

Sip 120 [0,¢) = 2[g] — ¢ X [£)

where ¢ = - | depends on the conventions of orientation. Hence, in
5

7t5(S%), we have 28] = 62 [4]

This implies that 714(5®) is isomorphic to Z,4 with X [g] as a generator.
Finally, by the suspension theorem (2.1), we deduce

T4(S%) A (S8 A - AR A y(ST) A e

Hence 7y, 5(S?) &~ Z,, for every n > 5. 1 7
Obviously, a generator of 7,,.4(S%), # > 5, is represented by the (n — 4)-
times iterated suspension %7-%g:Sn+3 » S7 of the Hopf map ¢: 57 > 54

17. The groups x, . 4(S")

Theorem 17.1. 7,(S%) ~ Z,.

'Proof. By (9.2), the p-primary component of 7,(S?) is 0 for every prime
p > 3. By (10.4), the 3-primary component of 7,(S3) is also 0. Hence 7;(S?)
is a 2-primary group.

Next, consider a 6-connective fiber space X over S3 Then 7,(S%) ~
757(X) H,(X) and hence we have

- Hom (m,(S%), Zy) ~ Ho( X Z)).

By (IX; Ex. 14), H'(X; Z,) ~ Z,. This implies that 7,(S%) is isomorphic to
a cyclic group Z, with ¢ = 2%, & > 1. If 2 > 1, every homomorphism of
7t,(S®) into Z 4 can be factored into

:71'7(53) —>Z4 %Zz.

Then it follows from the exact sequence in (VIII; Ex. I7) that S¢'« =0
for every element a € H'(X; Z,). This contradicts (IX; Ex, I4). Hence 2 = 1
and 7,(S%) &~ Z,. |

According to [Hilton 2; p. 549], the two maps

EQXP:85"-53% XHp(0Dq: 5753
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'

are both essential. Hence they are homotopic and represent the non-zero
element of 7,(S53).

Corollary 17.2. 7,(S?) ~ Z,.

The no._n-iero element of 77,(S?) is represented by the homotopic maps
POEQXW:S5"=-52 pOXZpOgq:5" Sz
Theorem 17.3. 7,(S%) ~ Z, + Z,,.

Proof. As in the proof of (16.3), we obtain an isomorphism
Kg i 70,(S3) 4 75(S7) ~ mg(S9).

Since 7,(S%) & Z, and m,(S7) & Z,, the theorem is proved. |
The group 7,4(S*) is generated by two elements « and g of order 2. « is re-
presented by the homotopic maps.,

T(EQTH):S8>5% T(SpOq): S84,
and ,6 is represented by ¢ (O X85 : S8 - S¢,
Theorem 17.4, 71,(S%) ~ Z,.

Proof. Consider the following part of the suspension sequence in § 6:
7 T) = 7(S) = 057~ 1y (T) £ 725( %) Z 72y(55) 0.

As mentioned in the proof of (16.4), the kernel of X :7,(S%) —my(SP) is a
free cyclic group. By (6.3),7,(7) ~ m,(S7) a Z. It follows from the exactness
of the sequence that ¢:m,(T) »n,(S%) is a monomorphism and hence
2 1 7g(SY) ~>my(S5) is an epimorphism. |

Since my(T) ~ my(S?) & Z,, the kernel of X :7my(S%) - m,(S%) contains at
most two elements. On the other hand, consider the element « of 75(S%)
represented by 2 (£ O Z4p) : S8 - S4. In m,(S%), we have

() = Z[£]10 Z9[p] = (622 [g)) O (Z6[p]) = (£ 3(g]) O (22°[4)) 0.

Hence the kernel of X :my(S%) - (S5 consists of exactly two elements,
namely, 0 and a. This implies that 7,(S%) ~ Z,. |

The non-zero element of 75,(S%) is X(f) represented by the map Z(g(OXp) :
S? — S5, On the other hand, the Whitehéad product [e, ¢] of the generator
e of 725(S®) is also non-zero and hence [¢, ¢] = X(B), [Serre 3; p. 230].

Theorem 17.5. 7, ,(S") = 0if n > 6.

Proof. By the suspension theorem (2.1), X maps m,(S% onto 7,,(S8).
According to the delicate suspension theorem in Ex. D at the end of the
chapter, 2 [¢, e] = 0. Hence we obtain 7,,(S%) = 0. Finally, by (2.1), we
deduce 710(SY) 71y (S7) A ¢t A T g(ST) A

Hence 74.,4(S") = 0 for every # > 6. |
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18. The groups 7,..(5"), 5 <r <15

In this final section of the book, we will list the groups mx.,(S?) for the
cases # = 5, 6, 7, 8. For more detailed information, see [Serre 5, 6]. H. Toda
has computed the groups ma,(S®) for 9 <7 < 15. We will not list his
results here; the interested reader should refer to [Toda 1, 2] with recent cor-
rections given in {Toda 3].

r = 5.

7,(S%) ~ Z,

(5% &~ Z,

7y(SY) ~ Zy 4+ 2,

710(S%) A~ Z,

71,(S%) ~ Z

nyr(S?) = 0, (n >7)
r=20

75(S%) ~ £,

71g(S%) A~ Zg

710(S%) A~ Zys + 2

Tnt6(S™) A Ly, (n > 3)
y =7

75(S?) R Ly

710(5%) & £y

7131(5%) ~ Z 15

7749(S°) & Zgy

713(S%) & Zgo

714(S7) ~ Z14

715(S%) A~ Z + Z1og

. N7 (S™) A Z 495 (n >9)

r =8

71o(S?) &~ Zy5

711(S%) &~ Z,

719(St) A Z,

713(S%) ~ Z,

714(S%) ~ Zyy + 2,

71587 A~ Ly +Zy + 2y

(S Ly + 23+ 2, +2Z

(S ~Zy+Zy+ 2

Anse(S?) N Zy + 2y (n>10).



EXERCISES 333

EXERCISES
A. The distributive laws

Let o € (S™, so) and B €ma(X, %,). If « and B are represented by the maps
f1 (Em, Sm1) > (Sn, 57), g2 (Sm5p) > (X, %)

respectively, that the composed map gf represents an element y of mp (X, %,).
Prove:

1. The element y depends only on the elements «, 8 and will be called the
composition O a of & and f.

2. The right dustributive law. For a given femy(X, x,), the assignment
« - fB (O« defines a homomorphism. In fact, this is the induced homo-
morphism g,.

3. The left dvstributive law. 1f X is an H-space with x, as homotopy unit or
if « is the suspension Z(d) of some element &€y, (S, So), then the
assignment 8 - O « defines a homomorphism. [S; p. 122]. |

In particular, let (X, %) = (S%, sy). Consider a map g: (S%, sy) - (57, s,)
of degree 4 and study its induced homomorphism

&% - tm(S™, s) > wm(S?, 5,).
Prove: -
4. golat) = do for every a €mp(S?, sg) if v = 1,3, 7or if m < 2n—1.
5. 1f m = 3 and n = 2, then g, («) = d% for every o €74(S?, so). [Hopf 1].
6. If € denotes the class of all finite abelian groups of order dividing a
power of d, then g, is a ¥-automorphism for every m > 0 and # > 3.

B. On relative (n + 1)-cells

Let (X, A) be a relative (» -+ 1)-cell obtained by adjoining E»+! to A by
means of a map g:5” - 4. Then g has an extension j: (E#*+1, S8} — (X, A)
defined by f(x) = x for every xe€ Entl\ S» = X \ 4. This map f is called
the characteristic map of (X, A). 1f we identify 4 to a single point, we obtain
an (n -+ l)-sphere S#+! as quotient space with projection 4 : X - Sntl,
Choose s, €S and let x, = f(s,) € A. Use s, and x, as basic points of the
homotopy groups, Verify that the rectangle

o EPH, S7) RN 7m(X, A)
P
Tom 1 (S7) ~ gu(S+1)

is commutative, i.e. A.f, = 2 0. Prove
1. If X is a monomorphism, so is f,. If X is an epimorphism, so is /.
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2. If m < 2, then f, is a monomorphism, %, is an epimorphism, and
- 7tm(X, A) decomposes into the direct sum of Im(f), and Ker(h,).
3. If A4 is r-connected for some 7 < %, then £, is an epimorphism whenever
m <n + 7. See [J. H. C. Whitehead 6; p. 14] and [Hilton 1; p. 464].
As an application of these results, consider the relative (p + g)-cell (X, 4)
with X = S? x S¢ and A = S? \, S¢. By 2 and (V; 3.1), we obtain natural
isomorphisms

m(SP X S, 5P \, S9) a2 71y, (SPHEY)  Ker(hy),
Tom—1(SP v S9) A 7 —1(SP) + -1 (S9) + 7m 1 (SPHT) + Ker(hy)

for every m << 2p + 2¢— 2. Finally, by 3, Ker(hy) =0 it m <p + g +
min (P, q) — 2.

C. Other definitions of the Hopf invariant

In § 14, we gave Serre’s definition of the Hopf invariant H(f) of a given

map fiSm1 580 g >2,

There are a few different but equivalent definitions given by various authors
listed below. Each of these definitions has a natural generalization but the
various generalized Hopf invariants are not necessarily equivalent.

1. Hopf’s definition. By using a homotopy if necessary, we may assume

that f is a simplicial map relative to some triangulations. Choose a pair of
distinct interior points, #, v of n-simplexes of S®. Then f-'(u), /-}(v) are
disjoint (# — 1)-manifolds in S2#-1; and H(f) is the linking number of the
(n — 1)-cycles /(%) and f-*(v). See [Hopt 2] and [S; p. 113]. This definition
can be generalized to manifolds.
- 2. Steenrod’s definition. Let M denote the mapping cylinder of f with
Src M and S-1< M. The integral cohomology algebra H*(M, S2#-1) has
a homogeneous basis {a, b} with dim (a) =»n and dim (b) = 2n. Then,
H({) is the integer defined by a? = H(f)b. See [Steenrod 3; p. 983] and
- [Serre 2; p. 286]. This definition can be generalized to the maps f : S#+¢-1 - 5%
as follows. In this case, H*(M, S#+t-1; Z,) has a homogeneous basis { «, b }
with dim {(a) = n and dim (b) = #n + 4. Then, H(f) € Z, is defined by S¢ta =
H(f)b.

3. Whitehead's definition. Identifying the equator S»-1 of S% to a single
point, we obtain a quotient space S* \, S” with projection g : S7 - S5% |, S%.
The composed map gf represents an element [gf] of 7e,—1(S? v S?). Then
H(f) is obtained by projecting [gf] into the direct summand g -,(S**1) ~
Z of 7typ1(S* \ S?). Since |

Tm(S® v 1) 5 70m(S™) + (ST + (SN + Ker(hy)

for every m < 4n —4, this definition can be generalized to the maps



EXERCISES 335

:S™m S for m <4n—4 in an obvious way. See [G. W. Whitehead 2]
and [Hilton 1]. Thus, for each m < 4n — 4, we obtaina H opf homomorphism

H : 510(SP) - 71 (S22-1).

Among the properties of this generalization of Hopf invariants, verify the
following few: :
(4) It « emup(S?), m < 3n—3, and B,, B, €ma(X), then

(B +)82) Qa=p0a+80Qu«+ (B B2] O H(w).

(#7) If a €7 (S with m < 4n — 4, then H Z(o) = 0.

(299) If % is odd and m < 4% — 4, then 2H(x) = 0 for every « €7,,(S%).

(1) If a€mp(S") with m <4n-—4 and X(«) = 0, then H(a) = 0 if #
is odd H(a) € 201, (S?#-1) if # is even.

4. Hiliow'’s definition. If we identify the subset S» ., S of the product .
space 5 X 5% to a single point s,, we obtain a 2xu-sphere S as quotient
space with projection J

hi(Sn x Sn Sn., Sn) > (S, 5,).
For each m > 0, define a homomorphism
H* 1500 (5%) - 70014 (S%8)
by taking H* to be composition of the sequence

Tom(S?) £ gy (S ) S1) ~Eor g1y, (57 3 S, S, Sn) P2y g (Somy

where gy, A, are induced homomorphisms and $ denotes the projection of
7tm(S™ v S®) onto its direct summand 7y, ,,(S? X S®, 57, 1), Prove the
following relations:

(¢) H* = ZH whenever m < 4n-—4. [Hilton 1; p. 473] and [Hilton 3;
p- 166].

(42) If o €720(S9), B €7t (S™), then

H*o O f) = H*(@) O Z(B) + Ze(o) O T(w) O H*(B).

(722) If # is odd and & € mp(S*), then 2H*(«) = 0.
(2v) If n is even, « € wp(S™) is of odd order, and H*(«) = 0, then o = X(f)
for some B e my_y (S*Y).

D. The delicate suspension theorem

The suspension theorem (2.1) is the easy part of Freudenthal’s result and
is usually called the crude suspension theorem. The delicate part of Freuden-
thal’s result has been slightly strengthened to the following form, [G. W.
Whitehead 2]:

1. The image of 2 :7yn(S%) —~yn 11 (S7) is the subgroup of 7y, (S*H1)
consisting of the elements of Hopf invariant zero.
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2. The kernel of 2:gg_((S?) »;an(S?*) is the cyclic subgroup of
Tan-1(S™) generated by the Whitehead product fe, €], where ¢ denotes the
generator of 7,,(S%) represented by the identity map. If # is even, [e, ¢] has
Hopf invariant 2 and therefore has infinite order. If # is odd, 2[¢, ¢] =0,

and [e, ¢] = 0 iff there is an element of 7y, ,(S?*!) with Hopf invariant 1.
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inductive construction of, 135

13-15,

properties of, 136 _
uniqueness theorem for, 121
Homotopy theorem
Hopf, 53
primary, 191
Homotopy type, 17, 198
Hopf '
classification theorem, 53, 59
extension theorem, 53, 59
fiberings of spheres, 66
homotopy theorem, 53
invariant, 326-327, 334-336
map, 66
theorems, 52-56, 59, 255
H-space, 81 .
Hurewicz theorem, 57, 148, 166, 253
generalized 305
relative, 306

Induced transformation of a map
on cohomotopy groups, 206, 213
on fundamental groups, 42
on homotopy groups, 113, 125

K

Kan complex, 141-142
Klein bottle, 28 _
Kiinneth relations, 202
Kuratowski’s imbedding, 27

L .

Leray, 229, 249

Lifting, 24, 69, 72, 86

Lifting problem, 24, 70, 72

Local system of groups, 129
simple, 131

Loop, 36, 311

degenerate, 40
equivalent, 39
product of, 39, 79
representative, 40
reverse, 40

space of, 79-82, 295

M
Map, 1
algebraically trivial, 67-69
association, 75
canonical, 313
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cellular, 172 P
characteristic, 170, 333 Pair

combined, 7
deformable into a subset, 16, 22, 24, 197
derived, 114
essential, 16
exponential, 35
fiber, 71
homotopic, 11, 15
inclusion, 2
inessential, 16
n-extensible, 175, 194196
n-homotopic, 182, 194-196
n-normal, 197
null-homotopic, 16, 33
of surfaces, 106
of exact couples, 242-243
of filtered d-groups, 244
of torus into projective plane, 106
on topological products, 102
partial, 1
suspended, 60
Map excision theorem, 207
Mapping, 1
Mapping cylinder, 18
partial, 21, 31
Mapping space, 73-78, 101-102
evaluation of, 74, 76
exponential law for, 77
fibering theorem for, 83-84
induced map in, 85
subbasic sets of, 73
Maximal cycle theorem, 293
Méobius strip, 27

N

Natural correspondence, 119

Natural equivalence, 122

Natural homomorphism, 44, 48, 287, 305
Natural projection, 9, 21, 143

o

.Obstruction, 175-204, 227
cocycle of a map, 177, 195
cohomology class, 180, 184
of a homotopy, 183
of a map, 177
primary, 188-190
set, 181, 185
One-point union of two spaces, 145

binormal, 208
n-coconnected, 226
n-simple, 197
Path, 36
component, 78
equivalent, 41
space of, 78-79, 313, 316
Path lifting property, 82-83, 98-99
Poincaré
group, 40
polynomial, 277-280
Primary component, 298, 319, 325

Realizability theorem, 169
Regular couple, 236-238
d-, 236
d-, 237
graded groups of, 238-239
two-term condition for, 250
Relative homeomorphism, 10
Relative homotopy, 15
addition theorem, 166
class, 16 .
Relative homotopy group, 110-112, 137
Relative n-cell, 11, 333 :
Restriction of a map, 1
Retract, 5, 25
absolute (AR), 26, 29
absolute neighborhood
29-32, 59, 194, 216
deformation, 16, 33
neighborhood, 26
strong deformation, 16, 32, 33~
Retraction, 5
Retraction problem, 5

(ANR), 26,

S

Semi-simplicial complex, 140-142
complete, 141
degeneracy operators in a, 141
fundamental group of a, 193
of a group, 199
topological realization of, 170
Singular complex, 45, 196
admissible subcomplex of, 172
first Eilenberg subcomplex of, 45, 174
Singular n-cube, 259
degenerate, 260
faces of, 259



of degeneracy ¢, 262
weight of, 263
Singular simplex, 45, 196
Space
adjunction, 9-11, 31
base, 61, 65
binormal, 14
bundle, 65, 286
connective system of, 304
contractible, 12
covering, 89-97
director, 65
dominating, 32
fiber, 62
filtered, 234, 248
generalized covering, 104
H-, 81
homogeneous, 99
homotopically equivalent, 17
locally contractible, 32
locally pathwise connected, 43
locally simply connected, 93
mapping, 73-78
n-coconnected, 210, 226
#n-connected, 57, 148, 166, 210
#n-connective, 155
#n-simple, 131-134
of curves, 103
of homotopy type (x, »}, 168, 198
orbit, 9, 200, 286
pathwise connected, 41, 78
pseudo-projective, 321-323
quotient, 9, 99
real projective, 321-323
regular covering, 92
semi-locally simply connected, 93
* simply connected, 42
solid, 2, 26
topological sum of, 10
total, 61
totally pathwise disconnected, 89
universal covering, 91
Spectral cohomology sequence, 292
Spectral homology sequence, 271
Spectral sequence
associated with exact couple, 233
limit group of, 234
of a fiber space, 259-285
of a regular covering space, 285-287
of filtered d-groups, 249
Sphere
as homogenous space, 100
connective fiber space over, 296

INDEX

finite groups operating freely on,
290-291
homotopy groups of, 311-336
Hopf’s fiberings of, 66
Steenrod square, 258
Stiefel manifold, 100-101, 323-325
Suspension, 163, 257, 312, 335
iterated, 318
theorem, 311, 312, 335
Suspension sequence of a triad, 163

T

Tietze's extension theorem, 26
Topological identification, 8, 27
Topology

admissible, 102

compact-open, 73

identification, 9

of uniform convergence, 102

quotient, 9

weak, 200

Whitehead, 170
Torus, 28
Transgression, 256-258, 284, 293
Triad, 78, 160

generalized, 78

homotopy groups of, 160, 316
Triple, 214-216, 219-222

binormal, 214

cohomotopy sequence of, 214

Homotopy sequence of, 159
Triplet, 110

derived, 111

homotopy sequence of, 115, 120, 136
Two-term condition, 241

U

Uniqueness theorem for homotopy, 121
Unit #-simplex, 7

Universal coefficient theorem, 202, 329
Universal covering space, 91

w

Wang o :
exact sequence, 282-284, 320
isomorphism, 314

Weight, 244-245

Whitehead
exact sequence, 253
product, 138-139, 330, 336
theorem, 167, 307
topology, 170

Wojdyslawski’s theorem, 27
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