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1 Computing homology

We will now describe a matrix algorithm for computing (persistent)
homology with coefficients in a fixed field F. As usual, we assume
F = Z, for simplicity, mentioning however when other choices of
coeflicients require modifications. The basic idea is to find a com-
patible basis for the subspaces B.(K) C Z.(K) C C.(K).

Remark 1. Let X C Zy be bases of vector spaces U C V. Then
(Zy \ Zp) is a set of representatives for a basis of the quotient space
V/U.

Proof. LetZy = {vi,...,vm}, Zv = {v1,...,Vv,}. We first show that
2w ={vm+1 + U,...,v, + U} spans V/U, and then show that Xy is
linearly independent.

Let v € V. Then there are unique coefficients A; such that v =
er-l:l /1,'\/,'. Now

v+ U=

n n
Avi+ U = Z /li(V,' + U),

i=1 i=m+1

and thus Xy spans V/U.



In order to show that Xy are linearly independent, we need to

show that 4; = Ofori = m+ 1,...,n whenever v+ U = 0, i.e.,
whenever
n
Z Aiv; € U.
i=m+1

Since Xy is a basis for U, we get (4;)", such that

But the v; are linearly independent, and thus 4; = 0 for all i =
1,...,n. O

Consider a simplicial complex K. The boundary matrix of K is
the matrix D of the boundary map 0 : C.(K) — C.(K) with respect
to the basis given by the simplices {o(,...,0,} of K.

Definition 2. Let M be a matrix. The pivot index of a column m; of
M is
pivot(m;) = min{j € N : my, = 0 for all k > j}.
We write
pivots M = {pivotm; : 1 < j <n}\ {0}.

A matrix M is reduced if the pivots of non-zero columns are distinct,
ie., i # jimplies either pivot(m;) # pivot(m;) or O = pivot(m;) =
pivot(m;).

Lemma 3. The nonzero columns of a reduced matrix M are linearly
independent.



Proof. Let (4;); be such that
V= Z /ljmj =0.
J

Then
0 = pivotv = max{pivotm; | A; # 0}

by the assumption that the pivots are unique. Thus, m; # 0 implies
A; = 0, meaning that the nonzero columns are linearly independent.
]

Homology with field coefficients can be computed using a vari-
ant of Gaussian elimination. Specifically, the following algorithm
finds an upper triangular matrix V such that R = D - V is reduced.

Algorithm 4 (matrix reduction).

Require: D: m X n matrix
Ensure: R = D -V isreduced, V is full rank upper triangular
function Repuce(D)
R=D,V =1(n)
while there exist i < j with pivot R; = pivotR; do
add column R; to column R;
add column V; to column V;
end while
return R,V
end function

Note that the reduced matrix R = D - V is not unique, and the
algorithm is not deterministic. To obtain a deterministic variant of
the algorithm, one may iterate over j = 1,...,n. For coeflicients
other than Z,, the columns R; and V; have to be rescaled so that
their pivot entries cancel to O in the column addition.



Example 5. Consider the empty triangle
K = {{a},{b}. {c},{a, b}, {a, c},{D, c}.

The boundary matrix is

[=NelNeleNeNe)
(=N eNeleNe Nl
SO OO OO
[=NeNeeN
SO O = O -
S OO == O

and a matrix reduction is given by

SO OO OO
SO OO OO
[N eNolBoNeNel
SO OO = =
= eNel =l
SO OO OO
el elelel S
SO OO = O
[=NeNel =]
SO = O OO
SO = O O O O
—_— = O O O

We have pivots R = {2, 3}; the non-zero column indices of R are
N = {4,5}, the zero column indices are P = {1,2, 3,6}, and the
non-pivot zero column indices are E = P \ pivots R = {1, 6}.

Theorem 6. The homology of K can be computed by reducing the
boundary matrix D.

(a) The columns
Xp={r; # 0}

form a basis of B.(K).



(b) The columns _
Xz={Vilri=0}

form a basis of Z.(K).
(c) Exchanging each basis cycle
Vi € 3y withi € pivots R
with the basis boundary
rj € Lp with i = pivotr; = pivoty;
extends Xp to another basis of Z.(K),
Y, =XpUZXg

with B
g ={vilr;=0,i ¢ pivotsR} C 3.

(d) The non-bounding basis cycles g generate a basis
Xy ={lvil=vi+ Ba(K) | r; =0,i ¢ pivotsR,d = dim o}
for H.(K).

(e) The Betti numbers By(K) can be read off from R, without know-
ing V:
Ba =card{i € E : dimo; = d}

(f) We can further extend Xz to a basis for C.(K):

ZCZZZU{VJ'|I"J‘¢O}
={rjlrj#0}U{v;|r; #0}U{v;| r; =0, i ¢ pivots R}.

The matrix of 0 with respect to this basis has at most one nonzero
entry in each row/column.



Proof. (a) The columns of the boundary matrix D are a generat-

(b)

(©

(d)

ing set for B, by definition. Since V is regular, the columns of
R = D -V are a generating set as well. The columns in X5 have
distinct pivot indices and therefore have to be linearly indepen-
dent, by Lemma@ Therefore the columns X form a basis.

Let z € Z,.. Since V is regular, its columns {v;}; form a basis for
C.(K), and we can write
= Z /1iVi-
i

0=0z= Z/liﬁv,- = Z/ll-rl-

implies, with the fact that Xp is a basis, that
;=0

for all j with r; # 0. Therefore we can write

7= Z Aivi,

i:r;=0

and so EZ is a generating set for Z.(K). The columns v; have
again distinct pivot indices and are thus linearly independent.
We conclude that X7 is a basis for Z.(K).

Replacing all v; by r; for i = pivot r; = pivot v; yields pivots ;=
pivots Xz, so Xz also has distinct pivots and is therefore also a
maximal linearly independent set of cycles. Thus X7 is another
basis for Z.(K).

This follows from Remark[T]applied to 5 C %;.
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(e) The dimension S,(K) of H;(K) is the cardinality of its basis.

(f) Similarly to before, X¢ is obtained from the columns of V by
exchanging vectors with the same pivot index, and therefore ¢
has distinct pivots and is thus a basis. We have dv; = r; for all
rj # 0, while all other basis elements are cycles, implying the
claim. O

2 Persistent Homology

As it turns out, the same algorithm can also be used to compute the
persistent homology of a filtration.

Consider a simplexwise filtration K, of a simplicial complex K
such that K; = K;_1 U {07} for 1 <i < n, where o; € K is a simplex.
The boundary matrix of K, is the matrix D of the boundary map
0 : C.(K) — C.(K) with respect to the ordered basis (07;)<j<n. In
particular, D is the boundary matrix of the final complex K.

Remark 7. The persistent homology of K, can be computed by
reducing the boundary matrix D:

(a) The columns
ZB,kZ{rj¢0|jSk}

form a basis of B,.(Kj).

(b) The columns _
Yz ={Vilri=0, i <k}

form a basis of Z.(K).

(c) Exchanging each basis cycle

V; € EZ with i < k € pivots R



with the basis boundary
rj € g with i = pivotr;
extends Xpx to another basis of Z,(Kj),
Xz, =2Xp UZp UZE,
with
Spk ={rj # 0| i=pivotrj, k € [i, j)},
Yex=1{vilri=0, i # pivots R, k € [i, c0)}.
(d) The additional cycles generate a basis
Luk ={lz]l |z € Zpr UZEx)
for the homology H.(Kk).
(e) The inclusion-induced map H.(K;) — H.(K;) has rank

Card(sz N ZHJ).

Remark 8. Persistent homology (of a simplexwise filtration in-
dexed by natural numbers [n] = {1,...,n}) is a (commutative) dia-
gram of vector spaces V; = H.(K;), indexed by [n], and linear maps
fij ViV (i < j)with fi = fjkoﬁj (i <j<k)and f; = 1dy,.
Such a diagram is also called a persistence module.

Definition 9. The collection of intervals B = B(H.(K,)),
B ={[i,c0) | r; =0, i ¢ pivots R} U {[i, j) | i = pivotr;}

is the persistence barcode of the filtration K,.



Corollary 10. Let F be a field. For any interval I = [i, j) C N or
I = [i, o) C N, define a diagram R — Vect,

7 F ifkel,
F,. = _
0 otherwise,

with all maps IFi - ]F{ (k < 1) having maximal rank. Then

H.(K,) = @ FL.

IeB(H.(K.))

3 Reindexing

While we have seen examples of general filtrations indexed over R,
our algorithm requires a simplexwise filtration indexed over [n] =
{1,...,n}. We will now describe a straightforward way of applying
this algorithm to the more general setting.

There are two separate issues: transforming the indexing from
R to [n], and transforming a general filtration to a simplex-wise one.

Definition 11. We say that a diagram G : R — C (in any cat-
egory C) is essentially finite if there exists a diagram F : [n] =
{1,...,n} — C and a monotonic reindexing map r : R — [n] such
that G=For.

This way we can interpret G as a diagram H indexed over [n],
letting H; = G, for any ¢ € T;. We can also extend the index category
to N by setting H,, = H, for m > n, connected by the identity.
Conversely, given the n-indexed diagram together with the interval
partition, we can recover the R-indexed diagram.



Definition 12. We say that a simplexwise filtration L, : N — Simp
refines a filtration K, : N — Simp if there is a map m : N — N such
that K; = Lm(i) for all i € N.

Given a filtration K, : N — Simp of a simplicial complex K, we
can construct a refinement L, by extending the partial order induced
by the filtration on the simplices of K into a total order, and filter K
according to this total order.

Using these two definitions, we can use the matrix reduction al-
gorithm to compute the persistence barcode of any essentially finite
filtration.

Definition 13. A simplicial filtration G : R — Simp is finite if it is

essentially finite and the simplicial complex at any index is finite.
A persistence module M : R — Vect has finite type if it is essen-

tially finite and the vector space at any index is finite-dimensional.

Let (F;);cr be a R-indexed filtration of a finite simplicial com-
plex K. Then there exists a simplexwise filtration (K;)i<;<, and a
monotonic reindexing map r : R — [n] = {1,...,n} such that
F; = K,: extend the partial order on K induced by F; and the
partial order C on K (face order) to a single total order on K, which
defines the simplexwise filtration (K;);. Now each complex F; ap-
pears as some K; in the simplexwise filtration, and this defines the
mapr:te i

Corollary 14. The persistence barcode of the simplexwise filtration
K. determines the persistence barcode of the filtration F,:

H.(F,) = @ F:"(I)

IeB(Hx(Ke))
r~1(D#0
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Note that the barcode of F, is a multiset of intervals in R (either
of the form [a, b) or of the form [a, c0). Each interval corresponds
to homology in a certain dimension.

Note that the collection {Uy : I € B(H.(L.))} may contain empty
intervals and multiple copies of the same interval. We may define
the barcode of a general finite-type persistence module as a multiset
of intervals. These multisets can be formalized either as a function
Ir — N determining the multiplicity of each interval, or as a set of
pairs (1, k) € ITr X N, so that multiple instances of the same interval
can be distinguished by different indices k.
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