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Multiparameter persistence

Pipeline
m Thicken X using one or more metrics di, ..., d,.
m Compute the nerve of X, where ¢ € R".
m Compute ith homology of the resulting simplicial complex.
m The result is a functor F: R" — Vect, called the ith
persistence module of X.
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Figure: A bifiltered simplicial complex.
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Preliminaries

Persistence modules are functors F: R" — Vect,.

The free functor K(v, —): R? — Vect, on one generator:

. . . N @
m F is finitely gen. if there is a surjection & K(v;,—) — F.
m The minimal such m is called the rank of F.

m F is finitely presented if it is f.g and the kernel of ¢ is also f.g.
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Multiparameter persistence

The categories of:
e finitely presented persistence modules
e f.g n-graded k[xi, ..., xn|-modules
have the same formal properties:
m enough projectives
m all projectives are free

m any object has a minimal resolution of length at most n.

Theorem (Carlsson and Zomorodian [4

We can identify a finitely presented persistence module with a f.g
n-graded k[xi, ..., xn|-module by restricting to a small enough grid
N" C R".
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Multiparameter persistence

Sketch of proof

m The dataset X is finite, which means that F: R” — Vecty is
constant except at a finite number of critical points where it
changes value.

m We can write it as F: N — Vecty.

= The maps F(u) — F(v) for u < v correspond to
multiplication by xV~% in the n-graded module

ofF) =P F(v)

veNn
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List of invariants

m For n =1 there is a complete invariant called the barcode
[16].

Decomposing the module into indecomposables [6, 1, 10].
The rank invariant [4].

Persistence landscapes [2, 15].

The stable rank [14, 7].

Classical invariants from commutative algebra [9].

10/35



Metrics on Persistence Modules

Most common distance is the interleaving distance [11].

11/35



Metrics on Persistence Modules

Most common distance is the interleaving distance [11].

F and G are e-interleaved if there are maps s.t the following
diagram commutes for all v:

v) ——= F(v+¢) —— F(v + 2¢)

><X

V) —= G(v +¢€) —= G(v + 2¢)

11/35



Metrics on Persistence Modules

Most common distance is the interleaving distance [11].

F and G are e-interleaved if there are maps s.t the following
diagram commutes for all v:

v) ——= F(v+¢) —— F(v + 2¢)

><X

V) —= G(v +¢€) —= G(v + 2¢)

dw = inf{e | F and G are e-interleaved}
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Barcode

For n =1 there is a complete stable invariant called the barcode.

Note that k[x] is a PID. By the structure theorem for f.g graded
modules over a PID there is a unique decomposition:

I b
F 2= @D x7k[x]/x" k[x] & @D xk[x]
i=1 i=1

The numbers a;, b; and ¢; yield intervals

{[ar, b)Yy U {[ci,00)} 2,

which constitute the invariant.
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Example

)
0.1 0.2 0.4 0.8

Figure: Illustration by U. Bauer depicting the barcode of the first
persistence module of X.
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Decomposing F: N — Vecty

m The decomposition for n = 1 is a stable process [5].

m The barcode is a multisubset of a countable set of
indecomposables

{[av b)}a<b€N U {[C7 OO)}CEN

m By the Krull-Schmidt theorem there is a unique
decomposition of F even for n > 1. But it is not stable.

m A small perturbation of X can change the decomposition of F
by a lot.

m The set of indecomposables is no longer countable and the
structure of the indecomposables can be very complicated [4].

m Therefore there is no invariant analogous to the barcode for
n> 1.
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Rank invariant

m Introduced by Carlsson and Zomorodian in [4].

m The rank invariant is a function pg: R” x R” — N taking
(u, v) to the rank of the map F(u) — F(v).

m For n =1, pr contains the same information as the barcode.

m Extracting multivariate persistent information from pg is likely
hard.

m Software for visualizing the rank invariant RIVET [12].
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Example of RIVET

RIVET
File Edit Help

Line Selection Window Persistence Diagram
inf 0
3 <inf 0
o
e
5
2
°
L] L)
0.1;25 codensity a8 homology dimension: 1
circle_data_240pts_inv_density.txt
Angle: |4.8401 _  Bigraded Bettinumbers & Fit to window
Offset: |-1.5348 . o 1 2 & show barcode

Figure: lllustration of the RIVET software [12] depicting the first
bigraded persistence module of X. 16/35



Persistence landscapes

m Introduced by P. Bubenik [2] and generalized to
multipersistence by O. Vipond [15].

17/35



Persistence landscapes

m Introduced by P. Bubenik [2] and generalized to
multipersistence by O. Vipond [15].

m Goal: to do statistics on barcodes (compute mean and
variance etc).

17/35



Persistence landscapes

m Introduced by P. Bubenik [2] and generalized to
multipersistence by O. Vipond [15].

m Goal: to do statistics on barcodes (compute mean and
variance etc).

m The persistence landscape is the function \: N x R — R,
defined as

Ak, t) =sup{s € R | rank(F(t —s) — F(t+s)) > k}
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Persistence landscapes

124
0
10 1
8 112
s
g6 2 2 0 1 1
< 0 9
4 ) -
) 0 2 4 6 8 10 12
0 2 4 6 8 10 12
birth
2 A
1 Wy g
008 N R
0 2 4 6 8 10 12

Figure: lllustration by P. Bubenik [2] depicting a persistence landscape
and how it is constructed from the barcode and persistence diagram.
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Stable Rank

m Introduced by Scolamiero et. al. in [14].
m The stable rank is the function Bo(F): R — N defined as

Bo(F)(7) = min{rank(G) | d(F, G) < 7}

m This is a stabilization of a classical invariant, namely the
zeroth Betti number.

m Can be computed using the Topcat software [8].

Using persistence contours, we can show:

Theorem (G. and Chachdlski, 2017, [7

For n > 2, computing B\O(F) is NP-hard.
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forany v € U and any ¢,7 € R:

v < C(v,e),

C(C(v,e),7) < C(v,e+ 7).
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A persistence contour is a functor C: U xR — U s.t U CR] and
forany v € U and any ¢,7 € R:

v < C(v,e),

C(C(v,e),7) < C(v,e+ 7).
Similar to superlinear families by Bubenick et. al. [3].

m The e-shift,

Flel = ({F(vi < C(vi, €))(&i) € F(C(vi, €))})
for any generating set {g; € F(v;)} of F.

|
H
N
F G
F and G are e-close if ker p[a] = coker ¢[b] = ker ¢[c] =
= cokeryy[d] =0and a+ b+ c+d <e.
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Examples

m Let C: R" x R — R" be the contour defined by
C(v,e) =v+el

It's called the standard persistence contour.
m Let C: RY; x R — R, be defined by

C(v,t) = vekt

This is called the exponential persistence contour.
mLet we Randlet C: R xR — R be defined by:

C(v,t) =min(v + t,max (v, w))
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= a class of extended pseudometrics on persistence modules.

Theorem

For the standard persistence contour:

%d(F, G) < dw(F,G) < d(F,G)

We can define parametrized classes of metrics that can be
optimized over to solve classification problems. Contour learning
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Hierarchical Stabilization

Given the following data:
maset T,
m an extended pseudometricd: T x T — R,
maninvariant f: T —- R

Let Fun=(R, R) denote non-increasing functions from R to R. We
define the hierarchical stabilization of f w.r.t d, to be the function

f: T — FunZ(R,R)
t— (7 — min{f(s) | d(s,t) < 7})

Define metric on Fun=(R,R):
d(f, g) = inf{e | [0TIZEED for all x € R}
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Hierarchical Stabilization

Theorem (G. and Chachdlski, 2017)

The function f is 1-Lipschitz, i.e for any s, t € T,
d(s, t) > dua(F(s), F(t))

where the metric on Fun=(R,R) is the interleaving distance.
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Hierarchical Stabilization

Theorem (G. and Chachdlski, 2017)

The function f is 1-Lipschitz, i.e for any s, t € T,
d(s, t) > dua(F(s), F(t))

where the metric on Fun=(R,R) is the interleaving distance.

Let
m T be the set of persistence modules
m d be the a distance from a persistence contour
m the invariant f be the zeroth Betti number, fy.
Then the hierarchical stabilization of g is the stable rank, B\O-

Using hierarchical stabilization we can stabilize classical invariants,
define mean, variance and do statistics.
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Approximations

What problem are we approximating?
Observation:

Bo(F)(€) = min{rank(G) | F[e] € G C F and d(F,G) < ¢}

It suffices to minimize over the subfunctors of F.

{gi € F(vi)} {F(vi < C(vi,e))(&i) € F(C(vi,€))}
Generating set for F Generating set for F|e]
C(viy€)
For € large enough, there is u s.t: u

Ui
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Approximations

Want to find minimal number of elements in:

UF(U <)) H(F(vi < C(vi, 0))(8i)) S F(u)

that generate Fle|.
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Want to find minimal number of elements in:

U Fu < vi) H(F(vi < C(vie))(&1) € F(u)

that generate Fle|.

Can be phrased as the following matrix rank minimization problem
with an affine constraint set:

Input Vectors xi,...,xnm € k" and subspaces Ly,...,L,, C k"
Output min{rank([c1 ... ¢m])|c —x €L}

This is NP-hard, by reduction from a graph colouring problem [7].
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Example

Calculating BAO(F)(2) for the following functor requires you to solve
such a rank minimization problem:

5/0]0 0 0 0 |0
al k| K2 K3/ 0 0 |0
3| k| k2] K K/ 0 |0
2| k| K2 K3 kK3 [ k3/Ly |0
1]0] k| K? k? Kk |0
o/0] 0 k k k |0

0 2 3 4 5
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min rank(A)
AECCkmxm
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min rank(A)
AECCkmxm

Case k = R: The problem can be efficiently approximated by the
nuclear norm [13]:
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min rank(A)
AECCkmxm

Case k = R: The problem can be efficiently approximated by the
nuclear norm [13]:

min rank(A) ~ min ||A]|.

AeC AeC
where ||All. = > gi(A).
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Case k = R: The problem can be efficiently approximated by the
nuclear norm [13]:

min rank(A) ~ min ||A]|.
AcC AcC

where [|A||« = > gi(A).

Case k = 7 /27: For each I, we can write the determinants of the
I x | minors as Boolean clauses. Can be solved using a modern
SAT solver, which can handle millions of variables and clauses.
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Approximations

min rank(A)
AeCCTkmxm
Case k = R: The problem can be efficiently approximated by the
nuclear norm [13]:

min rank(A) ~ min ||A]|.
AcC AcC

where [|A||« = > gi(A).

Case k = 7 /27: For each I, we can write the determinants of the
I x | minors as Boolean clauses. Can be solved using a modern
SAT solver, which can handle millions of variables and clauses.

Case F = Hyo(X(—); k): The F is a functor F: R” — Sets and the
matrix rank minimization turns into a vertex covering problem

(which can be approximated).
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Thank you!
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