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Persistent homology

Given data X := {x1, . . . , xm} ⊂ Rd we want to study
geometrical and topological features.

Idea: Thicken X by ε and study its features.

Question: How do we choose ε?
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Multiparameter persistence

Pipeline

Thicken X using one or more metrics d1, . . . , dn.
Compute the nerve of Xε, where ε ∈ Rn.
Compute ith homology of the resulting simplicial complex.
The result is a functor F : Rn → Vectk called the ith
persistence module of X .

Figure: A bifiltered simplicial complex.
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Preliminaries

Persistence modules are functors F : Rn → Vectk .

The free functor K (v ,−) : R2 → Vectk on one generator:

K

id�!
K0

0

v

F is finitely gen. if there is a surjection ⊕m
i=1K (vi ,−)

φ
� F .

The minimal such m is called the rank of F .

F is finitely presented if it is f.g and the kernel of φ is also f.g.
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Multiparameter persistence

The categories of:

• finitely presented persistence modules

• f.g n-graded k[x1, . . . , xn]-modules

have the same formal properties:

enough projectives

all projectives are free

any object has a minimal resolution of length at most n.

Theorem (Carlsson and Zomorodian [4])

We can identify a finitely presented persistence module with a f.g
n-graded k[x1, . . . , xn]-module by restricting to a small enough grid
Nn ⊂ Rn.
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Multiparameter persistence

Sketch of proof

The dataset X is finite, which means that F : Rn → Vectk is
constant except at a finite number of critical points where it
changes value.

We can write it as F̃ : Nn → Vectk .

The maps F̃ (u)→ F̃ (v) for u ≤ v correspond to
multiplication by xv−u in the n-graded module

α(F̃ ) =
⊕
v∈Nn

F̃ (v)
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Invariants



Invariants

Algebraic  
Geometry

Finitely presented

F : Rn ! VectK

Finitely generated

modulesK[x1, . . . , xn]

Data Sets
Rank Invariant
Stable Rank

Betti Numbers
Euler Ch.
Hilbert Polynom
Primary Decomp.

Betti Diagrams

Need for stable invariants!
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List of invariants

For n = 1 there is a complete invariant called the barcode
[16].

Decomposing the module into indecomposables [6, 1, 10].

The rank invariant [4].

Persistence landscapes [2, 15].

The stable rank [14, 7].

Classical invariants from commutative algebra [9].
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Metrics on Persistence Modules

Most common distance is the interleaving distance [11].

F and G are ε-interleaved if there are maps s.t the following
diagram commutes for all v :

F (v)

$$

// F (v + ε)

&&

// F (v + 2ε)

G (v)

::

// G (v + ε)

88

// G (v + 2ε)

d./ = inf{ε | F and G are ε-interleaved}
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Barcode

For n = 1 there is a complete stable invariant called the barcode.

Note that k[x ] is a PID. By the structure theorem for f.g graded
modules over a PID there is a unique decomposition:

F ∼=
l1⊕
i=1

xaik[x ]/xbik[x ]⊕
l2⊕
i=1

xcik[x ]

The numbers ai , bi and ci yield intervals

{[ai , bi )}l1i=1 ∪ {[ci ,∞)}l2i=1

which constitute the invariant.
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Example

Figure: Illustration by U. Bauer depicting the barcode of the first
persistence module of X . 13 / 35



Decomposing F̃ : Nn → Vectk

The decomposition for n = 1 is a stable process [5].

The barcode is a multisubset of a countable set of
indecomposables

{[a, b)}a<b∈N ∪ {[c ,∞)}c∈N

By the Krull-Schmidt theorem there is a unique
decomposition of F̃ even for n > 1. But it is not stable.

A small perturbation of X can change the decomposition of F̃
by a lot.

The set of indecomposables is no longer countable and the
structure of the indecomposables can be very complicated [4].

Therefore there is no invariant analogous to the barcode for
n > 1.
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Rank invariant

Introduced by Carlsson and Zomorodian in [4].

The rank invariant is a function ρF : Rn × Rn → N taking
(u, v) to the rank of the map F (u)→ F (v).

For n = 1, ρF contains the same information as the barcode.

Extracting multivariate persistent information from ρF is likely
hard.

Software for visualizing the rank invariant RIVET [12].
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Example of RIVET

Figure: Illustration of the RIVET software [12] depicting the first
bigraded persistence module of X . 16 / 35



Persistence landscapes

Introduced by P. Bubenik [2] and generalized to
multipersistence by O. Vipond [15].

Goal: to do statistics on barcodes (compute mean and
variance etc).

The persistence landscape is the function λ : N× R→ R∞
defined as

λ(k, t) = sup{s ∈ R | rank(F (t − s)→ F (t + s)) ≥ k}
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Persistence landscapes

Figure: Illustration by P. Bubenik [2] depicting a persistence landscape
and how it is constructed from the barcode and persistence diagram.

18 / 35



Stable Rank

Introduced by Scolamiero et. al. in [14].

The stable rank is the function β̂0(F ) : R→ N defined as

β̂0(F )(τ) = min{rank(G ) | d(F ,G ) ≤ τ}

This is a stabilization of a classical invariant, namely the
zeroth Betti number.

Can be computed using the Topcat software [8].

Using persistence contours, we can show:

Theorem (G. and Chachólski, 2017, [7])

For n ≥ 2, computing β̂0(F ) is NP-hard.
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Persistence Contours
(Metrics on persistence modules)



Persistence Contours

A persistence contour is a functor C : U ×R→ U s.t U ⊆ Rn
∞ and

for any v ∈ U and any ε, τ ∈ R:

1 v ≤ C (v , ε),
2 C (C (v , ε), τ) ≤ C (v , ε+ τ).

Similar to superlinear families by Bubenick et. al. [3].

The ε-shift,

F [ε] = 〈{F (vi ≤ C (vi , ε))(gi ) ∈ F (C (vi , ε))}〉
for any generating set {gi ∈ F (vi )} of F .

H
ϕ

��

ψ

��
F G

F and G are ε-close if kerϕ[a] = cokerϕ[b] = kerψ[c] =
= cokerψ[d ] = 0 and a + b + c + d ≤ ε.
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Examples

Let C : Rn × R→ Rn be the contour defined by

C (v , ε) = v + ε1

It’s called the standard persistence contour .

Let C : Rn
≥0 × R→ Rn

≥0 be defined by

C (v , t) = vekt

This is called the exponential persistence contour .

Let w ∈ R and let C : R× R→ R be defined by:

C (v , t) = min (v + t,max (v ,w))
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Persistence Contours

Given a choice of persistence contour:

d(F ,G ) := inf{ε | F and G are ε-close}

=⇒ a class of extended pseudometrics on persistence modules.

Theorem

For the standard persistence contour:

1

6
d(F ,G ) ≤ d./(F ,G ) ≤ d(F ,G )

We can define parametrized classes of metrics that can be
optimized over to solve classification problems. Contour learning
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Stabilization



Hierarchical Stabilization

Given the following data:

a set T ,

an extended pseudometric d : T × T → R,

an invariant f : T → R

Let Fun≥(R,R) denote non-increasing functions from R to R. We
define the hierarchical stabilization of f w.r.t d , to be the function

f̂ : T → Fun≥(R,R)

t 7→ (τ 7→ min{f (s) | d(s, t) < τ})

Define metric on Fun≥(R,R):

d./(f , g) := inf
{
ε | f (x+ε)≤g(x)

g(x+ε)≤f (x) for all x ∈ R
}
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Hierarchical Stabilization

Theorem (G. and Chachólski, 2017)

The function f̂ is 1-Lipschitz, i.e for any s, t ∈ T,

d(s, t) ≥ d./(f̂ (s), f̂ (t))

where the metric on Fun≥(R,R) is the interleaving distance.

Let

T be the set of persistence modules

d be the a distance from a persistence contour

the invariant f be the zeroth Betti number, β0.

Then the hierarchical stabilization of β0 is the stable rank, β̂0.

Using hierarchical stabilization we can stabilize classical invariants,
define mean, variance and do statistics.
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Approximating the stable rank



Approximations

What problem are we approximating?

Observation:

Theorem

β̂0(F )(ε) = min{rank(G ) | F [ε] ⊆ G ⊆ F and d(F ,G ) ≤ ε}

It suffices to minimize over the subfunctors of F .

{gi ∈ F (vi )} {F (vi ≤ C (vi , ε))(gi ) ∈ F (C (vi , ε))}
Generating set for F Generating set for F [ε]

For ε large enough, there is u s.t:

vi
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Approximations

What problem are we approximating?
Observation:

Theorem

β̂0(F )(ε) = min{rank(G ) | F [ε] ⊆ G ⊆ F and d(F ,G ) ≤ ε}

It suffices to minimize over the subfunctors of F .

{gi ∈ F (vi )} {F (vi ≤ C (vi , ε))(gi ) ∈ F (C (vi , ε))}
Generating set for F Generating set for F [ε]

For ε large enough, there is u s.t:

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

u
<latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit>

C(vi, ✏)
<latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit>
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Approximations

What problem are we approximating?
Observation:

Theorem

β̂0(F )(ε) = min{rank(G ) | F [ε] ⊆ G ⊆ F and d(F ,G ) ≤ ε}

It suffices to minimize over the subfunctors of F .

{gi ∈ F (vi )} {F (vi ≤ C (vi , ε))(gi ) ∈ F (C (vi , ε))}
Generating set for F Generating set for F [ε]

For ε large enough, there is u s.t:

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

u
<latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit>

C(vi, ✏)
<latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit>
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Approximations

What problem are we approximating?
Observation:

Theorem

β̂0(F )(ε) = min{rank(G ) | F [ε] ⊆ G ⊆ F and d(F ,G ) ≤ ε}

It suffices to minimize over the subfunctors of F .

{gi ∈ F (vi )} {F (vi ≤ C (vi , ε))(gi ) ∈ F (C (vi , ε))}
Generating set for F Generating set for F [ε]

For ε large enough, there is u s.t:

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

u
<latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit>

C(vi, ✏)
<latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit>
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Approximations

What problem are we approximating?
Observation:

Theorem

β̂0(F )(ε) = min{rank(G ) | F [ε] ⊆ G ⊆ F and d(F ,G ) ≤ ε}

It suffices to minimize over the subfunctors of F .

{gi ∈ F (vi )} {F (vi ≤ C (vi , ε))(gi ) ∈ F (C (vi , ε))}
Generating set for F Generating set for F [ε]

For ε large enough, there is u s.t:

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

u
<latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit>

C(vi, ✏)
<latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit><latexit sha1_base64="RXFmdRQgr2ShIqbsnhaM+Bizjm0=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahgpRdEfRY7MVjBfsB7bJk02kbmk2WJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWcaeN5305hY3Nre6e4W9rbPzg8co9PWlqmikKTSi5VJyIaOBPQNMxw6CQKSBxxaEfj+txvT0BpJsWTmSYQxGQo2IBRYqwUum69MgnZFe5BohmX4jJ0y17VWwCvEz8nZZSjEbpfvb6kaQzCUE607vpeYoKMKMMoh1mpl2pICB2TIXQtFSQGHWSLy2f4wip9PJDKljB4of6eyEis9TSObGdMzEivenPxP6+bmsFdkDGRpAYEXS4apBwbiecx4D5TQA2fWkKoYvZWTEdEEWpsWCUbgr/68jppXVd9r+o/3pRr93kcRXSGzlEF+egW1dADaqAmomiCntErenMy58V5dz6WrQUnnzlFf+B8/gA9cJK/</latexit>
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Approximations

Want to find minimal number of elements in:⋃
i

F (u ≤ vi )
−1(F (vi ≤ C (vi , ε))(gi )) ⊆ F (u)

that generate F [ε].

Can be phrased as the following matrix rank minimization problem
with an affine constraint set:

Input Vectors x1, . . . , xm ∈ kn and subspaces L1, . . . , Lm ⊆ kn

Output min{rank(
[
c1 . . . cm

]
) | ci − xi ∈ Li}

This is NP-hard, by reduction from a graph colouring problem [7].
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Example

Calculating β̂0(F )(2) for the following functor requires you to solve
such a rank minimization problem:

5 0 0 0 0 0 0

4 k k2 k3/L2 0 0 0

3 k k2 k3 k3/L1 0 0

2 k k2 k3 k3 k3/L0 0

1 0 k k2 k2 k2 0

0 0 0 k k k 0

0 1 2 3 4 5
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Approximations

min
A∈C⊆km×m

rank(A)

Case k = R: The problem can be efficiently approximated by the
nuclear norm [13]:

min
A∈C

rank(A) ∼ min
A∈C

||A||∗

where ||A||∗ =
∑
σi (A).

Case k = Z/2Z: For each l , we can write the determinants of the
l × l minors as Boolean clauses. Can be solved using a modern
SAT solver, which can handle millions of variables and clauses.

Case F = H0(X (−); k): The F is a functor F : Rn → Sets and the
matrix rank minimization turns into a vertex covering problem
(which can be approximated).
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Thank you!
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