be the mmplmt,mat the most rlgorou_s.

A function is 8 ride thai describes a relationship between numbers. For
ea;ch' number. £, & fupction assigns a unigue number y according to some
rule.” Thus a ﬁmctlon can be indicated by describing the rule, as “take a
number and square it,” or “take a number and multlplv it by 2,” and so
on. We write these particular functions as ¥ = z?, y = 2z. Functions are
sometimes referred to as transformations.

Often we want to indicate that some variable y depends on some other
variable x, but we don’t know the specific algebraic relationship between the
two variables. In this case we write y = f(z), which should be interpreted
as saying that the variable y depends on z according to the rule f.

Given a function ¥ = f(z), the number z is often called the indepen-
dent v.ariable,,'é.tgd__'t_he number y is often called the dependent variable.
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The idea is that z varies independently, but the walue of y depends o the
value of z.

Often some variable y depends on several other va.riab!és. Ty, Ea, _and
s0 on, 50 we write ¥ = f(x1,z2) to indicate that both variables together
determine the value of y.

A.2 Graphs

A graph of a functlon depicts the behavior of a functlon phctanally Fzgure

Figure
Al -

A.3 Properties of Functions

A continuous function is one that can be drawn wijz-haouf.i‘._lifti:ng'a. pencil
from the paper: there are no jumps in a continuous function. A smooth
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function is one that has no “kinks” or corners. A monotonic function
is one that always increases or always decreases: a positive monotonic
function always increases as # increases, while a negative monotonic
function always decreases as ¥ increases.

A.4 Inverse FQRCtions

Recall that a function has the property that for each value of z therc is
a uiique value of y associated with it and that a monotonic function is
one.that is always inereasing or always decreasing. This implies that for a
monotonic ﬁmctmaiihem will be a unique value of r associated with each
value of . SRR

We call the : mn that relates « to y in this way an inverse function.
If you are given y-88 5 function of z, you can calculate the inverse function
just by solving for # s a function of y. If y = 2z, then the inverse function
is = y/2. If ¥ = &2, then there is no inverse function; given any y, both
T =+ /y and x= ~,/y have the property that their square is equal to y.
Thus there is not a unigue value of r associated with each value of y. as is
required by the definition of a function.

A5 'Equatio-ns; and ldentities

An equation asks when a function is equal to some particular number.
Examples of equations are

Ir=28
2:9
flz) =0

The. solution. to an- equation is a value of x that satisfies the equation.
The first equatlan ha.b a solution of x = 4. The second equation has two
solutions, = = 3 ami x = —3. The third equation is just a general equation.
We don’ t know its solution until we know the actual rule that f stands for,
but we ean denote its solution by z*. This simply means that z* is 2 number
such that f(z*) = 0. We say that 3;* satisfies the equation f(z) = 0.

An identity Is a relationship between variables that holds for all values
of the variables: Here are some examples of identities:

(x+y)? = 2% + 22y +9°
Hr+1)=2r+2.

The special symbol = means that the left-hand side and the right-hand
side are cqual for ell values of the variables. An equation only holds for
some values of the variables, whereas an identity is true for all values of the
variables. Often an identity is true by the definition of the terms involved.
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A.6 Linear Functions
A linear function is a function of the form
y=azr+b,
where a and b are constants. Examples of linear functions are

y=2rx+3
y=x-99.

Strictly speaking, a function of the form y = az +'
affine function, and only functions of the form y =
linear functions. However, we will not insist on this dlst ]

Linear functions can also be expressed implicitly in famm like: aff-!—by =
In such a case, we often like to solve for § as-a funct:mﬂ of s It éonvert t}ns
to the “standard” form:

_c_a,
y=3 "

A.7 Changes and Rates of Change

The notation Az is read as "the cha,nge 1 2” Tt doss i miss
. If z changes from z* to z**, then the chan_ge in zid

We can also write _
:1:"—2: +ﬁ:ﬁ L

to indicate that * is z* plus a change n e
Typically Az will Tefer to a small change in z. Wé
this by saying that Az represents a marginal change
A rate of change is the ratio of two ¢hanges. If:
given by y = f(z), then the rate of change of y with re
by

Ay flz+Az) - f(=)
Az Azx '
The rate of change measures how y changes as x changes. -

A linear function has the property that the rate of change of y Wlth
respect to x is constant. To prove this, note that if y =a -i-ba: then .-

Ay a+blr+Ar)-a-br bAJ’J_.E-
Az Ax T Az
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For nonhinear functions, the rate of chiange of the fuuction will depend
on the value of . Consider, for example, the function § — 29 For this
fum,tmn

Ay (z+ Ax)? - B
Ar Ax Ar
Here the rate of change from o to » + Ax depends on the valne of o and
on the size of the change, Az But f we consider very smadl changes in o
Az will be nearly zero, so the rate of change of 4 with respect 1o 2 will be
approximately 2.

A.8 Slopes and Intercepts

The rate of change of a function can be interpreted graphically as the
slope of the function. Tn Figure A.2A we have depicted a linear function
y = —2x + 4. The vertical intercept of this himetion is the value of y
when z = (, whichi is ¥ = 4. The horizontal intercept is the value of &
when y = 0, which is & = 2. The slope of the function is the rate of change
of ¥ as x changes. In this case. the slope of the function is —2.

Tanhent
line

tercepts Pa,,xei A depwts Ihﬁ, ﬁmcmcm ) - Figure
panel B depu‘ts the function = .rz o Az

In general, if a Hupear fancrion has the form y o= oo+ b the vorsieal
imtercept will be 4* = & and the hovizontal intercept will be " -
a lincar function is expressed i the fomy

thyuty = dadly =so
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then the horizontal intercept will be the value of r; when z3 = 0, which is
;ri‘ = ¢/ey. and the vertical intercept will occur when z; = O which means
&3 = e/oy. The slope of this function is —aq/a;. '

A nonlinear function has the property that its slope cha.nges as T changes
A tangent to a function at some point x is a linear function that has the
same slope.  In Figure A.2B we have depicted the function z2 and the
tangent line at = = 1. -

If y increases whenever x increases, then Ay will always have the same
sign as Ax, so that the slope of the function will be posxtive If on the
other hand y decreases when x increases, or ¥ increases Wh__en x decreases,
Ay and Az will have opposite signs, so that the slope of the function will
be negative.

 A.9 Absolute Values and Logarithms

The absolute value of a number is a function f{z) defined by the followmg

Crule:
:{ x fx>0

if @ < 0.

Thus the absohite value of a number can be found by dropping the sign of
the number. The absolute value function is usually written as-|z|.

The (natural) logarithm or log of o describes a particular function of
-, which we write as y = Inz or y = In(x). The logarithm function is the
unique function that has the properties

In(zy) = In(z) + In(y)
for all positive numbers z and y and
lh(e) = 1.

{In this last equation, e is the base of natural logarithrs whi¢h is equal to

© 2.7183...) In words, the log of the product of two numbers is the sum of
~ the individual logs. This property implies another 1mp0rta.nt property of
~ logarithms:

In{z¥) = yIn{x),

which says that the log of z raised to the power y is equal to y times the
log of x.

A.10 Derivatives

The derivative of a function ¥ = f(r) is defined to be

df(;r . f(r—f—A:t)—er
lim
Cddr T Aroo Axr
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in words, the denvatwe is the limit of the rate of change of y with respect
to-r as the chaaage In x goes to zero. The derivative gives precise meaning
to the phrase “he rate of change of y with respect to z for small changes
in z.”- The derivative of f(x) with respeet to z is also denoted by f (x).

We have: already seen that the rate of change of a linear function y =
ax + b is constant. Thus for this linear function

4tz _
-

t;mn the rate of change of y with respect to = will
We saw’ that-in. the case of’ “f(#) = 22, we had

Applymg the deﬁmtmn of the derivative
df{ﬁ) hm 2:; + A:a = 2.7:
Cdr
Thus the f 2% with respect to x is 2.
It can ¥ more advanced methods that if y = Inz, then
df(x) 1
e

i

A1 Second Dérivatives

) ! "_' 1§e of 8 funct;oﬁ is the derivative of the derivative of
that functiéi:H = f(z), the second derivative of f {z) with respect to z
is written as_t? iiftf:c or f?{x). We know that

f_"___d(ﬂ?i«“i‘
. d(:r:g)
. dx =2z

Thus '
d*(2z) d(2) -0
det  dr

d*(z?)  d(2x)

. dz? ~ dz

The second denmtlve measures the curva,ture of a function. A function

with a negative second derivative at some point is concave near that point;

its slope is decreasing. A function with a positive second derivative at a

point is convex nesr that point; its slope is increasing. A function with a

zero seamd denvat:ve at a pomt is flat near that point.

=2
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A.12 The Product Rule and the Chain Rule

‘Suppose that g(x) and h(zx) are both functions of z. We '."can define the
function f(z) that represents their product by f (:c) g(z)h(m) Then the
derivative of f(x) is given by :

Y@ _ o nydhia)

o) 9( 22 i dg(m).

+ h(x)

Given two functlons y= g(.:a:) and z= h(y) the co' Wibsite function is
Cfz)= b,(g (ﬁ))

 For example, if g(z) = 22 and h(y) =2y + 3, then t,he:-’cé}!ﬁ%dsite fimetion

LS

f( z) == 22 +3

.. The chain rule says that the derivative of a composite finction, f(z),
~ with respect to z is given by

df(z) _ dh{y) dg(z)
dz dy dx

- In our example, dhi{y}/dy = 2, and dg{zx)/dx = 2z, so. the chain rule says
- that df (z)/dz = 2 x 2z = 4z. Direct caleulation ver'
" derivative of the function f (x) 2z 43,

7 A3 Partial Defiﬁaﬁi‘és' -

) Suppose that y depends on both z, and &3, so that
- the partial demvatwe of f(a:l, mg} thh respect to.z

af(ﬂflsl‘z) ~ Lm f(£E1 +A$1,$2)“’f(___
8:]’,‘1 Az —0 . A.’I,'l it

The partial derivative of f(z,zq} with respect to ;18 11151: the denvatlve

" of the function with respect to z,, holding zo fized. Su:nﬂa.rly, the partial

' derivative with respect to zg is

Of (w1,22) _ . f(z1,22 4 Aza) ~ f(w_z} T2)
6-’172 Axa—0 ﬁfﬂz e

~ Partial derivatives have exactly the same properties as cli'dmé“ry derivatives;
" only the name has been changed to. protect the mnocent {that 1s, people
who haven't seen the 8 symbol).
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In partienlar, partial derivatives obey the chain rule. but with an extra
twist. Suppose that ; and zz both depend on some variable t and that
we define the function ¢{7) by

| 9(0) = Sl (0 a2(1)).

Thé.n the derivative of ¢(7} with respect to £ is given by
| dg(t) _ Of(zi.wz) deilt)  9f(y,32) dralt)
—— -+ .
dt iy dt Oxo di

When ¢ changes, it affects both zi(¢) and x2(t). Therefore, we need to
calculate the derivative of f{x;,x2) with respect to each of those changes.

A.14 Optimiiatian

If = f(a), theza f(a:) achieves a maximum at z* if f{z*) > f(z) for
all 2. It can be:shown that if f(r) is a smooth function that achieves its
maximum value'at z*, then

af (") _
dr v
2y
d ) f(jf <o
dz? —

These expressions are referred to as the first-order condition and the
second-order condition for a maximum. The first-order condition says
that the function is flat at x*, while the second-order condition says that
the function is concave near x*. Clearly both of these properties have to
hold if z* is indeed a maximum.

We say that f{z) achieves its minimum valne at x* if f(x™) < f(z) for
all z. If f{z) is'a smooth function that achieves its minimum at x”, then

df;;r: ) _0
x

2P
a7 L‘f ) > 0.

P

&

The first-order condition again says that the function is flat at 7,
the second-order condition now savs that the function is convex near z*.

If .—y = flzy,we) i& a swooth funection that achieves its muxihmum or
winimum at some point {27.:23). then we must satisfy

Gf (=] e}

while

S =0
a;-'..'l

Ofley. ”‘:} =
E}Jig ‘

These are referréd to as the first-order conditions. There arc also second-
order conditions for this problem, but they are more difficult to describe.
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A.15 Constrained Optimization

Often we want to consider the maximum or minimum of somie function over
some restricted values of (24, :1:2)' 'The notation

max f (5'11, 2}
r1,%2

" such that o(zza) =c.
means

find 371 and :]:2 SllQh tl’mt f(;ri,xz} > f(fﬁ},xg) fﬁr aﬂ
that satisfy the equation g(xy, $2) =¢

The function f(z1,z2) is called the abjectlve funct
tion g{z1,z2) = c is called the constraint. Methods'
of constrained mammmatzon pmb}em are’ descrlbed it
Chapter 5.




